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ABSTRACT 

This thesis is aimed to be a detail study on the Papkovich-

Neuber solution and is designed to bring forwards certain of its 

(novel) applications. 

The solution is introduced in its chronological order Of 

development in the first part of chapter 1. The remaining part 

of the chapter (and also part of chapter 9) examines, in detail, 

its applicability. Chapter ~ brings to light the underlying 

theorems of the applicability of the solution, and also certain 

interesting properties related to the solution. The studies in 

chapter 3 then go into the elimination of the scalar harmonic 

function from the solution. In that chapter, a "simple" proof 

is derived to replace the existing "difficult" proof, and also 

a counter example is given to clarify a (previously) unclear 

situation. 

A few (novel) specific applications of the solution are 

presented in the following three chapters. Chapter 4 presents 

the transformation of the solution, in axi-symmetric deformations, 

to the forms used by Lur' e, Sadowsky, Boussinesq, Love, and Timpe. 

The equivalence between the Papkovich-Neuber solution and Airy 

stress function, for plane problems, is dealt with in Chapter ~· 

This equivalence is a stepping stone in extending plane problems 

to some three-dimensional problems; it also shows that the 

Papkovich-Neuber solution is complete in terms of two harmonic 

functions, for plane strain problems. Chapter ~ uses the 

Papkovich-Neuber solution to reveal some relationships between 

two-dimensional plane problems and axi-symmetric problems. This 

chapter also brings in the role of the Fourier and Hankel (mathe-

matical) transformation in those relationships. The example at 
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the end of that chapter also serves to introduce the method of 

using complex harmonic functions in the Papkovich-Neuber solution. 

The next two chapters of the thesis deal with some practical 

engineering problems. Chapter] is an extension of the plane­

strain strip problems to the finite-thickness ones. This chapter 

carries further the concept of complex harmonic functions intro­

duced in chapter 2· Improved assymptotic formulae for eigenvalues 

are also presented there. Chapter ~ is an application of the 

Papkovich-Neuber solution to the axi-symmetric problems. Improved 

algebraic results as well as a proposed "Generalised Least Square 

Method" are presented there. The latter is possible after over­

coming some difficulties involved in certain kind of integrals of 

Bessel functions. 

The last chapter 9 oontains miscellaneous side issues that 

has been left outside the main theme of the thesis for the purpose 

of clarity. One of these issues involves the Galerkin's vector. 

An epilogue at the end of the chapter gives an overview of some 

(current) work being done by other authors that can be of relevance 

to the work presented in this thesis. 

Except for the assistance provided by those people indicated 

in the acknowledgements, and except where expressly stated 

otherwise, all the work and ideas presented in this thesis is 

wholely due to the author. 



CHAPTER 1 

The Papkovich-Neuber solution to 
Lame's equation in elasticity. 

3 

This chapter introduces to the readers certain fundamental ideas 

and equations of elasticity. Once the basis has been built, the 

Papkovich-Neuber solution is directly introduced, neglecting all 

other unrequired concepts and developments. 

l.l Introduction to elasticity and its fundamental equations. 
--------------------------------------------------------
l.l.l - Introduction to some fundamentals of elasticity. 

Elasticity is the branch of engineering that studies the very 

small deformations of, and the forces applied on, elastic materials, 

which possess the property of returning to their original forms once 

the applying forces are removed. (The word small is in the sense of 

small almost everywhere). 

In all this thesis, each elastic body is assumed to be homogene-

ous, that is each small cut element of the material is indistinguish-

able from any other, and isotropic, that is the properties of each 

cut element do not depend on the orientation of the element. It is 

also assumed that there are enough constraints to prevent the body 

from moving as a rigid body, so that no displacements of the body 

are possible without a deformation of it. 

Only small deformations such as commonly occur in engineering 

are considered. The small displacement V of the point (x,y,z) is 

resolved into its cartesian components {along x,y,z) as u, v and w 

respectively. 

The strains at a point (x,y,z) are the quantities which describe 

the deformations at that point. There are three direct strains 

(£'s), which describe the elongations of a cut element at that 

point, and six shear strains (y's), which describe the angular 

deformations of the same cut element. For small deformations, 

strains are related to displacements by the Cauchy's equations, 

which are 



au 
Exx = dx' 

av 
Eyy = oy' 

ow 
Ezz = aZ"' 

au av 
Yxy = Yyx = oy + ox ' 

au aw 
Yxz = Yzx = az + 3X 

av OW 
Yyz = Yzy = az + oy· 

4 

(l.l.l) 

The study of elasticity also requires the definitions of 

stresses, they are denoted by OXiXj and 'xiXj (0 for i j, and 

T fori~ j), they are the Xj component of the force acting on a 

(small) surface normal to Xi of a cut element at the point (x,y,z). 

For economy reasons Ox·x· is sometimes written as Ox· as the nota-
~ J ~ 

tion Ox·x· is used only fori= j. 
~ J 

Consideration of the equilibrium of each (very small) element 

of the material leads to 'x·X· being equal to 'x·x· for each choice 
1 J J 1 

of i and j. Furthermore, the equilibrium conditions also give the 

following (Navier's) equations 

oOx oTxy 
"1iX + ay 

oTxz 
+ ---az - p Fx, 

oTyx + ~ + oTyz = _ pF 
ox y oz Y' 

oTzx oTzy oOz F ax + oy + az = - p z' 

(1.1.2) 

where p is the specific mass of the material at the point considered 

(pis a constant in a homogenous material), and Fx, Fy, Fz are the 

components of body force per unit mass a.t the point considered. It 

is noted that F = (Fx,Fy,Fz) need not be the usual (conservative) 

gravity force, it can be any kind of body force or even a combina-

tion of them. Sometimes the body forces can be non-conservative 

such as electromagnetic forces in a varying electromagnetic field. 

When displacements and strains at a point (x,y,z) are small, 

the stresses and strains are related by Hooke's Law, which gives 
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1 
Exx = E [Oxx - vayy - VOzzl (l.l. 3a) 

1 
Eyy = E [ayy - vazz - vaxxl (l.l.3b) 

1 
Ezz = E [Ozz - vaxx - VOyyl (l.l.3c) 

where E is called the Young's modulus of the material and v, called 

the Poisson's ratio, expresses the lateral contraction due to each 

longitudinal elongation. For non-isotropic material, there are 

three different sets of E and V for the three directions x, y and z. 

However this thesis only considers homogenous, isotropic materials, 

hence the Young's modulus and the Poisson's ratio, each is one 

single constant for any elastic body considered. 

By a different orientation of direct stresses and elongations in 

an isotropic material, the following three relations can be derived 

from the last three, 

Yxy = 
2 (l+V) 

Txy' E (1.1. 3d) 

2 (l+V) 
Yyz = E Tyz• (l.l. 3e) 

2 (l+V) 
Yzx = E Tzx· (l.l.3f) 

The six equations (1.1.3) will be called the equations relating 

stresses and strains. 

1.1.2 - Lame's equation. 

Combining the above three sets of equations [(1.1.1), (1.1.2), 

and (1.1.3)], the Lame's equation in elasticity is obtained, as 

V2v + - 1- V(V•v) = 1-2v 
2 (l+V) pF, 

E 

where V is the notation for the operator 

v . a 
1- + - ax 

. .l_ 
J ay 

a + k .,.... 
- oz 

(1.1.4) 

Very oft~en, the body force F is identically zero throughout the 

material region, in this case, the Lame•s equation reduces to its 

homogeneous form 

V2v + - 1- v (V•v) 
l-2V = 0. (l.l.4a) 
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The general solution to the above equations is named after its 

(independent) discoverers, Papkovich and Neuber. This solution and 

its applications will be the subject of study in this thesis. 

1.1.3 -A survey on alternative methods of solution to elastic-

ity. 

Although the solution of Papkovich and Neuber to the equation 

(1.1.4) appears to be the most straightforward method to deal with 

problems in elasticity, this solution is only obtainable recently, 

due to the intricacy of Lame's equation. The following is a (non-

comprehensive!) survey that lists most of the methods which are 

independent of the Papkovich-Neuber solution. It should be real-

ised that despite the neatness of the Papkovich-Neuber solution, 

the other methods (some of them are much older than the former) are 

in no way obsolete with the appearance of the former. Rather each 

method has its own role and position in elasticity. 

Before the discovery of the general solution to (1.1.4), 

stresses and strains are often taken as the basic unknowns in elas-

ticity. However, when using strains as basic unknowns, there is a 

problem of the integrability of displacements from strains. Dis-

placements in a simply connected region are integrable from strains 

if and only if the following system of equations is satisfied. 

~= ayaz 

a2£ -
~-

1 a ( 2 ax 

1 a 
2 ay ( 

~ + l'Lzx. + ~) ' ax ay az 

lr=+~+~) ay az ax ' 

~-1 a 
axay - 2 az ( - dl:y + ax~z + ax~x) ' 

2 
~= axay 

~= ayaz· 
2 
~= azax 

2 
~+ ay2 

~+ az 2 

a2£ v 
~ ay2 

a2E a2£ 
~+~ ax2 az2 

(1.1.5) 
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The proof that (1.1.5) 's are the necessary and sufficient condi­

tions for the integrability of displacements is due to Cesaro [47] 

and can be found in the present text book of Sokolnikoff [5], p. 28. 

The above six equations are called the compatibility equations, and 

were first obtained (in a different way) by Saint-Venant in 1860 

(see [23], p. 237-238). 

In this thesis, displacements are taken as the basic unknowns, 

hence there will be no question of the compatibility conditions 

being satisfied. The above equations (1.1.5) are mentioned only as 

a point of interest. 

When the number of (required) independent coordinate variables 

is less than three (for example, in plane-strain or axi-symmetric 

problems), certain functions can be devised to give displacements 

or stresses, such examples are the use of Airy stress function (see 

[23], p. 32) or Love's f~nction [18], p. 274. Complex variables 

can also be ingeneously used in plane strain (or equivalent plane 

stress) problems. This method was put forward by Kolosoff [45] and 

the book of Muskhelishvili [48] is a famous treatise on it. 

The problems of twisted, infinite prisms also require only two 

coordinate variables. Prandtl [43] had used the membrane analogy 

for their solutions (see also [23], Chapter 10), his ideas were 

further pursued by Griffith and Taylor [44]. 

Numerical methods developed rapidly since the advance of digital 

computers. These methods either assist in solving for mathematical 

quantities upon which the physical quantities are based, or solve 

for the physical quantities directly. Such examples are the finite­

difference method and the finite-element method (the latter was first 

named by Argyris [49]). 

The finite-difference method replaces the defining, differential 

equation with equivalent difference equations. The results are 

numerical values of the functions at discrete points or nodes 

throughout the body. From those values, the physical quantities 

are derived. 
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The finite-element method depends upon access to a large digital 

computer. This method divides the elastic body into a number of 

standard shapes called elements. The elements are analysed approxi-

mately by elasticity theory and assembled to form the elastic body, 

using either the Principle of Virtual Work or the Principle of Com-

plementary Virtual Work. 

Of the theoretical methods, most (at least!) of them are some-

how connected to the Papkovich-Neuber solution. The relationships 

between the Papkovich-Neuber solution and Airy's, Love•s, Boussinesq's, 

Timpe's,Sadowsky's functions will be specially treated in Chapters 

4 and 5 of this thesis. 

Recently, Naghdi and Hsu [7] also put forward their own general 

solution to the Larn6's equation. This solution uses only three 

harmonic functions, but it involves more differential and integral 

operations than the Papk9vich-Neuber solution. The Naghdi-Hsu solu-

tion has not as yet been commonly used in elasticity and whether 

this solution will be widely used is an open question. 

1.1.4 Some auxiliary equations. 

The following definitions and equations assist in the rapid con-

versions of the results presented in this thesis to and from those 

appearing in standard texts, and also between formulae in this thesis. 

The shear modulus is defined as 

G 
E 

(1.1.6) 
2 (l+V) 

The relations between stresses and displacements can be alterna-

tively written as 

l+V au V rau av aw) 
T 0x = ax + 1-2v ax + ay + az ' 
l+V av V [au av aw) 
E 0Y = ay + l-2V ax + ay + az ' 

l+V aw V [au av awl E Oz = az + l-2V ax + oy + az ' (l.l. 7) 
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[au avJ TXY = G oy + dX ' (l.l. 7) 

[dV dWJ Tyz = G ~ + oy , 

raw au) Tzx = G ox + ~ ' 

It should be stressed that all the equations (1.1.5), (1.1.6) and 

(1.1.7) are non-essential to the work in this thesis: 
(1.1.5) is 

irrelevant since there is no question of compatibility when displace-

ments are take~ as the basic unknowns; (1.1.6) is only a convenient 

definition; and finally (1.1.7) is just another form of (1.1.3). 

1.2 Papkovich's method in deriving the general solution for Lame's 
--------------------------------------------------------------

equation (1.1.4) . 
........................................... --------

The Lame's equation (1.1.4) is a synthesis of the three groups of 

equations (l.l.l), (1.1.2) and (1.1.3). It expresses the equilibrium 

of each element of the elastic body, and at the same time the charac-

teristic deformation of the elastic body, given its Young's modulus, 

Poisson's ratio and the acting forces. From these considerations, 

the equation plays an enormous role in elasticity. However solutions 

for this equation have been successful only in very simple cases (see 

for example, [46] p. 316, and the reference [54] cited there). 

Stress functions, such as those of Maxwell or Morera (see [22], 

p. 259) have been used as the general solution for (l.l.4)is unobtain-

able. On the other hand, Galerkin [50] extended Love's biharmonic-

function idea and developed the strain functions named after him. 

(Westergaard [55] developed Galerkin's functions further, and at a 

latter date has them treated in his book [56]). These developments 

(except the works of Westergaard, they appeared after 1932) have 

nevertheless prepared a platform for Papkovich's work on Lame's 

equation .. 
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In 1932, Papkovich [l] presented his solution to the Lame's 

equation (1.1.4). The following is a summary of his paper. 

Assuming that the displacement vector field V in (1.1.4) is the 

body-force field acting on another elastic body of the same shape, 

having the Young's modulus E, Poisson ratio a and constant specific 

weight ~. then the Lame equation of the new elastic body gives 

v = 17 2 w + -
1

- \I (ll•w) 
- l-2a 

(1.2.1) 

h 
2 (l+a) h d. l h . f w ere - E 11 ~ represents t e 1sp acement vector at eac po1nt o 

the new, elastic body. 

Replacing V from (1.2.1) into equation (1.1.4), one has 

\/ 2W + _l_ [l + 2 (1-V) J \/ 2 \/ ('1/•W) = _ 2 (l+V) pF 
- l-2V l-2a - - - E 

By equating a to (~- v], the above equation becomes quite simple. 

Hence 

v 'V2w - - . _l . \I ('V•w) ' (1.2.2) 

where 

v2v2w = _ 2(l+Vl 
- E P~> (1.2.3) 

As the special solution ~o of the equation (1.2.3) is quite 

simple to construct, one is only interested in its homogeneous 

solution. 

W of (1.2.3) can be expressed as 

W = Wo + A1 + A2, (l. 2 .4) - -
where A1 is an arbitary special solution of 

\/2AI = B - -
with B, and A2 being the genera] expression for harmonic vector field, 

satisfying 

'V 2B = 0, 

'V 2A2 = 0. 

Expressions (1.2.4) and (1.2.2) then give 

l V = Vo + B- ,, . .- \/[\/• (AI + A2)], 

where Vo is a special solution of (1.1.4) given by 

(1.2.5) 
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2 1 
Vo = V W0 - 2 (l-V) V(V•W 0 ). (1.2.6) 

As V2 (V•A,) is only a special solution of V•B, (V.A,) can be 

chosen to be 

1 'V•A 1 = - r•B, 
- - 2 - -

where : = (x,y,z) is a vector pointing from the origin to the field 

point considered. 

Substitution of this equation into (1.2.5) gives 

v = Vo + B- V(r•B + 2V•A2). 
4(1-V) ---

J 

As 2(V•A2) is a harmonic function, it is written as B0 , and the 

expression for V becomes 

V = Vo + B- 4 (l-V) (r•B + B0 ), 
'~ (1.2.7) 

with 

V2B = 0, V2Bo = 0. (1.2.8) 

As pointed out by Papkovich, his solution given by [(1.2.7) and 

(1.2.8)], is the generalised form of solutions obtained by Galerkin 

[50], Hertz [51], Boussinesq [15], and of the generalised solution 

of Hertz and Boussinesq, given by Savin [53]. 

For some mysterious reason, Papkovich mixed up the meanings of 

.general and speciaL (in the ideas of general solution and special 

solution) and wrongly concluded that V•A2 can be set to zero, result-

ing in Bo being set to zero in (1. 2. 7) . The case for this (~1rongly 

concluded) omission will be considered in Chapter 1 of this thesis. 

It should be noted that if o is set to (%- v), the new elastic 

body with the Poisson's ratio o may get a negative potential energy 

for an increase in external static pressure. This implies that as 

the external pressure increases, the new elastic body expands its 

volume! This point is a weakness of Papkovich's proof and it certainly 

needs a remedy. 
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1.3 Derivation of Papkovich's solution by Mindlin's method. 
-----------------------------------------------~-·w __ ,_ 
Realizing the weakness of Papkovich's proof, Mindlin [2] offered 

another proof tu Papkovich's solution. This proof replaces the fie-

titious material with Poisson ratio a by the use of the Helmholtz 

transformation. The new proof is much more rigorous and it is re-

produced in the following. 

Helmholtz (transformation) theorem states that for any vector 

function V in a region D, the vector can be written as 

V = 17$ + 17 X S 

where $ is a scalar potential function and S is solenoidal (17·s = O). 

The region D must satisfy certain conditions, but these are not of 

our concern at this stage. 

as 

Since S is solenoidal, S can be written as 

S = - 17 X W. 

The function $ is independent of s and can, therefore, be written 

1 
$ = - 17•W. 

fl - -

with fl being a constant. 

With v as a function of W, expressible by 

1 
~ = 6 ~(~·~) - 17 X 17 X W, 

the function V can now be written in the following form 

v = 17 2~- (1 - ih(~·~). (1.3.1) 

where the identity 172 = 17(17•) - 17x(l7x) has been used. It is noted 

here that Papkovich had to resort to an imaginary elastic body to 

arrive at equation (1.2.1) which is similar to the equation (1.3.1) 

derived by Helmholtz theorem. 

By settin? the constant fl 

2(1-\1) 
fl = 1-2\1 ' 

the Lame's equation (1.1.4) for the elastic body becomes a quite 

simple equation 
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v2n2w - 2 (l+\!) 
v - - pF' (1.3.2) 

With the above value of S, V takes the form 

v = 'V 2w l 
2 (1-\!) 'V ('V •W) , (1.3.3) 

Expressions (1.3.2) and (1.3.3) are identical to (1.2.3) and 

(1.2.2) in Papkovich's proof. The rest of this proof can then 

follow the same argument as that of Papkovich. 

As the weakness of Papkovich's proof is removed, some restric-

tions are instead placed on the shape of the material region D under 

study, One of the restrictions is that D must be non-periphractic. 

(The definition of this word will be found in section 2.2), this is 

because a solenoidal vector S is expressible as the curl of another 

vector W only in a non-periphractic region (see the theorem by 

Stevenson, in section 2.2). It will be proved later (section 2.3) 

that the proof is valid whenever the Helmholtz transformation is 

applicable. One sufficient condition for the applicability of Helm-

holtz transformation is that the region is finite, simply connected 

(The definition of this word will be found in subsection 1.5.1) and 

has a smooth boundary (or boundaries), 

Hence the expression (1.2.7), in conjunction with (1.2.8), is 

indeed the general solution to Lame's equation in a material region 

D, where the Helmholtz theorem applies. 

The conditions for the applicability of Helmholtz theorem will 

become clear to readers at the end of section 2.3. 

1.4 Neuber's solution for the homogeneous Lame's equation. 
-----------------------------------------------------
Independent of Papkovich's work, in 1934, Neuber [3,4] suggested 

that the solution to Lame's equation can be worked out in the follow-

ing way. 

Neuber stated that the displacement vector V can be written as 

~v 
l+V -

- 'V<j> + 2i3B, (1.4.1) 
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where B is a constant, $ a scalar function, and B a harmonic vector 

function, satisfyinq 

17 2B = n. (1.4.2) 

Replacing (1.4.1) into the homogenous Lame's equation (l.l.4a), 

one has 

E 1 
-172 174> + - -- 17<17·v> = o. l+v 1-2v 

(1.4.3) 

This gives 

17 ~ ~ ~1-- 17•v - 17 2 $ J = o, l+V l-2V - -

or 

E 1 
l+V 1-2v ?·~ - 17

2
<1> = constant. (1.4.4) 

Since the constant which appears on the right hand side i~ non-

essential, it can be set to zero, and then 

1!v [?·~] = (l-2V)V
2

<J> 
(l.4.4a) 

On the other hand, the divergence of equation (1.4.1) gives 

E 2 n -- 17•v =- 17 <I> + 2Bv•B. 
l+V 

Equations (l.4.4a) and (1.4.5) then give 

2(l-V)I7 2$ = 2BI7•B. 

(1.4.5) 

Thus the desired relationship between the stress function and the 

three harmonic functions has been found. Whereas the corresponding 

equation could only be solved in integral form in its former proposi-

tion, it can here be satisfied in a simple way. 

By setting 

<P = r•B +<Po, 

and 

B = 2 (1-V) ' 

the equation" for displacement is satisfied. 

Hence the solution v to the homogeneous Lame's equation (l.l.4a) 

is expressible in the following form 
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E -- v = 
l+V-

4(1-V)B- V(r•B + ~ol, (1.4.6) - --
where V2B = O, V 2~o = o. (1.4. 7) 

Although the expression of V [as in (1.4.1) and (1.4,2)] does not 

appear as restricted as the conditions for the Helmholtz transforma-

tion, it does require certain conditions to be satisfied. These con-

ditions will be the subject of study in the next section of this 

thesis. 

After the expression fOr ~ has been derived, Neuber gave an in­

conclusive proof for the omission of ~O· This omission will be 

further discussed in Chapter 3 of this thesis. 

1.5 The applicability of Neuber's method of solution. 
------------------------------------------------
This section presents some discussions and clarifications on cer-

tain points which have not been convincingly dealt with by Neuber. 

The first obscure point in Neuber's proof is the setting to zero 

of the constant on the right hand side of (1.4.4). Neuber stated 

that the constant is non-essential but gave no reason. It is found 

that if the constant is retained, and the proof carried out to its 

end, the constant only represents uniform dilation of the elastic 

body. The constant can thus be easily incorporated into the harmonic 

vector B. Hence the constant on the right hand side of (1.4.4) is 

indeed non-essential, 

The second, but major, point in Neuber's proof is the expression 

of a given displacement vector in the form given by (1.4.1) and 

(1.4.2). If it can not be proved that an arbitrary solution v of 

the homogeneous Lame's equation (l.l,4a) is expressible in this form, 

then the solution [(1.4.6) and (1.4.7)] is not the general solution 

to the homogemous Lame's equation. 

The following subsections 1.5.1 and 1.5.2 present the proposed 

proof for the expression of V in the form [(1.4.1) and (1.4.2)]. 
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1.5.1- Proof on the expression of a vector function Fin the 

form of (1,5.1) and (1.5.2). 

First, a necessary and sufficient condition is stated. 

A necessary and sufficient condition for the expression of a 

vector function F in the following form 

F = 'ii'cjJ + B {1.5.1) 

where ¢ is a scalar function and B is a harmonic vector function, i.e. 

'i7 2B = 0, {1.5.2) 
- -

is that there is a function·~ such that 

'i7 'i72~ = 'i72F, {1.5.3) 

for the given vector function F. 

The proof for this necessary and sufficient condition is omitted 

due to its simplicity. 

Next, another condition is considered. 

A necessary and sufficient condition for the expression of the 'i7
2 

of an arbitrary vector function F, in a finite, simpl~ connected 

region D, in the form 

'i72F = 'i7 \i'2ljJ, {1.5.4) 

is that the given function F must satisfy 

\i' X {\i' 2F) = 0, (1.5.5) 

{A region D is simply connected if every closed circuit in it can 

be reduced in size to a single point, without crossing the boundary 

of the material region). 

Proof ---
If 'i7 2F is equal to the gradient of 'i7 2 ~, then obviously (1.5.5) is 

necessary. 

On the other hand, since the material region is simply connected, 

a function f can be constructed such that 

'ii'f = 'i7 2F 

as 'i7 x {'i7 2F) is zero. The function ~{x,y,z) defined by 



17 

lj!(x,y,z) 
4
1
11 J 

D 

f(i;,n,i;l dT 

l(x-i;)2+(y-n)2+(z-1;)2 

certainly satisfies 

17 2 lj! = f, 

and thus 

17 17 2 lj! = 17 2
F. 

The above two necessary and sufficient conditions lead to the 

following, necessary and sufficient condition. 

In a finite, simply connected region, every vector function F is 

expressible in the following form 

F = 17<j> + B 

where 

17 2B = 0, 

if and only if 

17x (17 2F) = 0. 

(1.5.1) 

(1.5.2) 

(1.5.4). 

We are now in a position to clarify Neuber's proof. This is done 

as in the following. 

1. 5. 2 Proof on the expression of a solution V to the homogeneous 

Lame's equation, in the form [(1.4.1) and (1.4.2)]. 

The homogeneous Lame's equation (1.1.4a) is rewritten as 

17 2v- --1-- 17(17•V) = 0, 
- 1-2\! - - -

where V is the displacement vector in the elastic body. Taking curl 

of this equation, one has 

17x(I72 V) = 0. 

Using the last necessary and sufficient condition of the preceed-

ing subsection, V is expressible in the following form 

V = 17<)> + B, 

where 

17 2 B = 0 

if the material region D is finite and simply connected. 
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A special solution to the non-homogeneous Lame's equation (1.1.4) 

must be found if the general solution to the non-homogeneous Lame's 

equation is to be found. The vector function Vo given by the equa-

tion (1.2.6) in Papkovich's proof can serve this purpose. 

It should be noted that a solution V to the non-homogeneous 

Lame's equation (1.1.4) is not expressible in the form [(1.4.1) and 

(1.4.2)] if the body force F on the right hand side of (1.1.4) is 

non-conservative a 

1.5.3- Generality of Neuber's solution. 

The preceeding subsection has shown that 

In a finite, simply connected material region D, the general 

solution V to the homogeneous Lame's equation (1.1.4a) is given by 

1 
V = B- 4 (l-V) V(r•B + B0 ), (1.5.5) 

where V2B = 0, V2
Bo = O. (1.5.6) 

Equations (1.5.5) and (1.5.6) were obtained from (1.4.6) and 

(1.4.7) with only a slight change in notation. 

1.6 - Comparison of the three approaches to the solution of 
----------~-----------------~------------------------

~~~:~=-=~~~~~~· 
This section will compare the three methods of solving the Lame's 

equation (1.1.4) as put forward by Papkovich, Mindlin (he offered a 

modification of Papkovich's proof), and Neuber, respectively. The 

three will be compared on their rigorousness, achievements, founda-

tions and finally on their applicability. But the comparisons will 

be brief and not in depth, as not to disproportionate the contents 

of the thesis. 

The method of Papkovich (section 1.2) is obviously non-rigorous 

as it requires the exitence of some exotic elastic material with its 

Poisson 1 s ratio a of more than ~ (0 > ~) • Furtherrrvre, even if such 

a material exists, its equilibrium state for the required loading 

may be non-existent. However, a hint in Papkovich's proof has led 
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Mindlin in successfully developing a rigorous proof, using Helmholtz' 

theorem. Despite its weakness, the proof due to Papkovich has 

offered a special solution ~o [equation (1,2.6)] to the non-homogene­

ous Lame's equation. This solution Vo is valuable as it permits the 

construction of one special solution to (1.1.4)) for any given body 

force field F [on the right hand side of (1.1.4)]. (The property of 

special solutions is that it does not matter how the solutions were 

obtained, it is sufficient as long as we have them), 

Mindlin's proof to the Papkovich solution is rigorous and elegant. 

It will be shown in Chapter 2 that the proof can be easily extended 

to cover periphractic region where the Helmholtz transformation 

applies. For Mindlin's proof to stand, it is sufficient that there 

exist a solution to the external Neumann's problem on the outer boun­

dary of the material region, and an individual solution to the 

internal Neumann's problem on each of the inner boundaries, once the 

boundary values are correctly set, These conditions require that, at 

least, each of the boundary surface of the material region must be 

smooth enough for the corresponding Neumann's problem to be solvable 

(see section 2.2 for more details). In brief, if Stevenson's theorem 

(in section 2.2) is used to validate the required Helmholtz transfor­

mation, then Mindlin's proof to Papkovich's solution is applicable 

to finite, simply connected, periphractic (or non-periphractic) 

regions with smooth boundaries. The foundation for Mindlin's proof 

evidently involves very extensive mathematical arguments. 

Let us turn now to Neuber's method of solution. His method cer­

tainly can not given a special solution to the non-homogeneous Lame•s 

equation. But it can easily borrow the special solution Vo [in 

equation (1.2.6)] from Papkovich's proof and hence the method can 

give the ge~eral solution to the non-homogeneous Lame's equation 

(1.1.4). On the other hand, the advantage of Neuber's method is 

overwhelming. It is much more "fundamental 11 than Mindlin's proof, 

is quite presentable in "simple" theory of elasticity, its applica-
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bility is quite clear (on any finite, simply connected material 

region), and finally it is better than the non-rigorous proof of 

Papkovich. 

Neuber's and Mindlin's proofs are applicable to different classes 

of material shapes. The former is applicable to finite, simply 

connected shapes while the latter to "Helmholtz-theorem-applicable" 

shapes. 

If the Helmholtz theorem can only be proved by the use of 

Stevenson's theorem then Mindlin's proof is less general than 

Neuber's, since it is applicable only to finite, simply connected 

(periphractic or non-periphractic) material regions with smooth 

boundaries (or boundary). On the other hand, if the Helmholtz 

theorem is applicable to more than the above class of regions then 

Mindlin's proof also has wider application. But a comparison 

between Mindlin's and Neuber's proofs in the latter case is imposs-

ible as there is still uncertainty on the applicability of 

Helmholtz' theorem. 

On infinite size elastic bodies, one may be led into believing 

that Mindlin's proof is more applicable than Neuber's proof. It can 

only be said that such a belief is untenable, since Mindlin's proof 

places as much restriction on the decay behaviour of~ at infinity 1 

as Neuber's proof. ThE> reasoning !or the last statement is very 

lengthy and is not included herein. 

1.7- Conclusions. 

Elasticity is always a complex and diverse subject. A study of 

the general solution to Lame's equation would appear to provide a 

unification of the different solution methods in this field. The 

(independent} discovery of the general solution is quite an achieve-

ment credited to Papkovich and Neuber. (The works of Mindlin on 

Papkovich's solution should also be mentioned as it gives the required 

rigour to the latter) . 
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The Papkovich-Neuber general solution to Lame's equation can be 

written down as 

v 1 
B- 4 (l-V} V(r•B + Bo}, (1. 7.1} 

where V2B ~ 0, V2 B 0 ~ 0. (1. 7.2} 

The (finite} material region must either be simply connected or 

be such that the Helmholtz transformation is applicable. The dis-

placement vector V must of course be continuous anc1 differentiable 

for a certain number of times, for the general solution to be valid. 

For infinite-sized elastic bodies certain decay characteristics of 

V are also required. 

Note 

The above conclusion only states the sufficient conditions for 

(1.7.1} and (1.7.2} to be the general solution to (1.1.4}. 

A region which is not simply connected can also have (1.7.1} 

and (1.7.2} as its general solution if it is z-convex with respect 

to one of its constant-z cross-sections; for a proof, see [56], 

p. 123. 
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Except for the very simple case of a parallelepiped, the applica-

bility of the Helmholtz transformation, such as the one used in 

section ~·~• is not simple to prove. Thus, the proof to the Papko-

vich-Neuber solution due to Mindlin (section 1.3) needs some precise 

descriptions of the topology of the material region. The theorem 

cited in the next section ~·~· of this chapter, is the one that can 

clarify this point. Using this theorem, it is even possible to 

extend Mindlin's proof to cover simply connected, periphractic 

material regions. 

An interesting observation in elasticity is the deep involvement 

of biharmonic functions· in solutions to problems of this discipline. 

The general form of biharmonic functions will be proved in an alter-

native way to the proof due to Fosdick [11). The proposed proof is 

based solely on a theorem due to Stevenson [13], and is not explic-

itly dependent on some 11 H0lder continuous partial derivatives 11 of 

the biharmonic functions. In a remarkably similar way to the 

reduction of the Papkovich-Neuber solution (Chapter~), the 

biharmonic functions do have their own reductions, these will be 

brought to light in section 2.6. Finally, still another method to 

derive the Papkovich-Neuber solution will be proposed. The method 

made use of the expression of a harmonic function in terms of 

divergence of another harmonic vector function. The results of this 

method lead to some observation on the role of Bo in (1.7.1), and 

also pose certain questions. 
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2.2 The expression of a divergence-free vector field in terms of curl 
~-~-----------------------------------------------------N--------(Vx) of another vector field by the solutions of Neumann's problems. - ---------------------------------------------------------------
In 1953, Stevenson [13] used the solution of the Neumann's prob-

lems to prove the following theorem: 

Theorem. 

For f satisfying 

V•f = 0 in a region D1 
(2.2.1) 

t ~·!! dG = 0, i 0,1,2 . • .m, (2.2.2) 

where Si is the smooth boundaries oDi' s of the finite, simply 

connected region D(S0 is the external boundary, all other Si'S are 

internal boundaries), f can be expressed as 

f = Vx(VxA) (2.2.3) 

where A is defined by 

A(x,y,z) = ;11 Lu !e 
space v'(x-f;)2+(y-n)2+(z-1;;) 2 dT(f;,n,l;;) (2.2.4) 

with ~e being the extension of ~ over the whole three dimensional 

• 
space such that~·!! and ~e"!! are equal on each of the surfaces Si's • 

The theorem is a much stronger version of the commonly known 

theorem regarding the expression of a divergence-free vector such as 

those appearing in standard mathematics texts. The following is a 

summary of his proof. 

using the identity V2 =- Vx(Vx) + V(V•), the function :<x,y,z) 

can be written as 

41Tf (x, y, z) =-
2 r f(f;,n.z;;l 

V ~v'{x-f;)2+(y-n)2+(z-z;;)2 dT 

- vX vx -"["i f(f;,n,z;;l 
- - v'(x-~)2+(y-n)2+(z-z;;J2 dT] 

v[ v r i<f;.n,l;;) . 
- - • ~ v' (x-~) 2+ (y-n) 2+ (z-1;;) 2 

dT J 
If the boundary surfaces are smooth enough, then the quantity 

inside the square bracket of the second term can be written as 
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V r £U;,11,~) 

·~l(x-tl 2 +Cy-11) 2 +[z-tl 2 dT = -
( V•f(t,11,tl 

~.; (x-tl 2 + Cy-11) 2 + (z-0 2 
dT 

- - dO i f.n 

lcx-tl 2 +(y-11) 2 +(z tl 2 • 

Hence 

4TTf (x, y, z) 'Vx [ 'Vx r f ( t ' 11 
,1;) d T J + 'V r r===;;::::;::~='=~=:::;;::==::=:::;; 

- - ~I (x-tl 2 + (y-11) 2 + (z-t) 2 - Js.; (x-t) 2 + (y-11) 2 + (z-t) 2 

since 'V•f is zero throughout the material region D. 

The solutions of the Neumann's problems are then used to cancel 

out the second term in the above equation, resulting in 

f(x,y,z) = ~x[ ~ 41rr tll space I (x-0 2.f. (y-i]-) 2+ (z-t) 2 

£ 
dT l 

where the function ~e has been defined earlier. 

Stevenson then reasoned that the function ~e(x,y,z) must vanish 

at infinity to an order r~ at least. Hence he concluded that his 

integral on the right hand size of the last equation converges. 

The solutions of Neumann's problems are not of a simple nature, 

and they are rather put in the class of "advanced" mathematical 

problems. The existence of these solutions requires extensive 

discussion. Therefore the theorem by Stevenson is taken for granted 

in this thesis. 

The importance of Stevenson's theorem is that it is applicable 

to finite simply connected, non-periphractic or periphractic regions. 

(A region is periphractic if it possesses a boundary surface which 

encloses at least one point not contained in the region) while the 

more commonly known version is (mostly) applicable only to parallele-

pipeds. The theorem will be used as a fundamental to the study of 

the applicability of the Papkovich-Neuber solution to be considered 

in this chapter. (The theorem can also be used to prove the applica-

bility of the Helmholtz transformation to finite, simply connected, 

periphractic or non-periphractic regions). 

dO, 
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2.3 Extension of Mindlin's method to cover periphractic regions. 
----------------------------------------~--------~---------

The theorem of the previous section has established the validity 

of Mindlin's proof (section 1,3) for finite, simply connected, non-

periphractic regions. Thus the Papkovich-Neuber general solution to 

elasticity, given by the equations (1.7.1) and (1.7.2), is applic-

able to any finite, simply connected, non-periphractic material 

region with a sufficiently smooth boundary. 

It is clear that the original proof due to Mindlin is not applic-

able to periphractic regions. Thus we are in a position where 

assumptions have to be made about the suitability of the Papkovich-

Neuber solution for a specific application (say, a hollow sphere) 

before the actual solution can be derived by matching the conditions 

on the boundary surfaces of the.material region. 

An alteration of Mindlin's proof is proposed here, It allows 

the Papkovich-Neuber solution to be applicable to finite, simply 

connected, periphractic material regions, such as the one in fig. 

2.1. 

The proposed modification is presented in the following; 

Taking the divergence of V over the whole (finite, simply 
~ 

connected and periphractic) material region D and integrating it 

over this region gives 

~t(x,y,z) ; - ;n JD (~·~) 
dT(f.:,n,~l 

-l(x-f,;)2+(y-n)2+(z-~)2 

The function (~-~~ 1 ) is thus divergence-free in the material 

region D. 

Further define 

1 P; 
~2(x,y,z) ; - 4n I (x,y,z) - ~il 

i=l, ~ .. ,m, 

where ~i• i;l, ... ,mare the vectors pointing from the origin of 

the coordinates to fixed points enclosed by the internal boundaries 

Si, i=l, ... ,m respectively; the constants, Pi' i=l, , .. ,mare 

defined by 

Pi ; l (V 
si 

V~t)·n dcr i=l, ... ,m. 
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Then the function V- ?C$1 + $2l has the following properties 

?• (V- ~<$1 + $2ll = 0 over D 

and 

t (~ ?C$1 + $2ll•n dcr 0, i :;: 1, ... , m. 

Hence V is expressible as 

v = ?$ + ?xc, 
~ 

where $ is the sum ($ 1 + $ 2) and ~ is a vector function, with its 

existence guaranteed by the theorem of section 2,2. 

For finite ?•V, the functions $ and C are finite in the material 

region D but they may be singular inside any internal boundary ($ cer-

tainly has at least one singularity point at ~i inside each internal 

surface Sil. 

The function C is, in turn, written as 
N 

m qi 
c = - ?xw + ?1/!1 - ? L ...!... 

lr - a· I N N N - .. i=1 411 N _l. 

where 1jJ and qi's are defined by 

- 1 ( d< <!;, n, r;J 
1/J1(x,y,z) - - 411 Jo (~·~) I (x-!;) 2+ (y-n) 2+ (z--1;) 2 

Hence 

% = t (C 
1 

?1/Jt)•n dcr, - -
v = ?$ - ?x?xw. 

i=l, ... ,n. 

The above proof for ~ implies that W can be chosen such that it 

is divergence-free. Adding a term of 

Wo(x,y,z) 
N 

=-..l?( $ d<<!;,n,~;> 
411- Jo l(x-!;J2+(y-nJ2+(z-~;J2 

to the function ~· which is divergence-free, leads to a relationship 

between the new value of W and $. The relationship is 

1 
$ = s y·~· 

Thus V is expressible by 

1 
v = B ~<y·~l - ?x?xw. (2.3.1) 
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Equation (2.3.1) is identical to (1.3,1) and also (1.2.1). The 

remainder of the proof can be carried out as has been done previously 

in section 1.3. 

Hence the Papkovich-Neuber solution, as given by (1.7.1) and 

(1.7.2), in the form 

1 
V ~ B - . .. ll(r•B + Bo), 

where IJ 2B ~ 0, 

IJ2Bo ~ o, 

(1. 7.1) 

(1. 7 .2a) 

(l.7.2b) 

is the general solution to the homogeneous Lame's equation (l.l.4a) 

when the material region D is finite, simply connected and has smooth 

boundary surface(s). This statement holds whether the region Dis 

non-periphractic or periphractic. 

As a consequence, when using the Papkovich-Neuber solution to 

solve for problems involving finite, simply connected, and peri-

phractic regions, the soiution is known beforehand to cover those 

cases. Thus, when working with cases such as hollow spheres, or mat-

erial with cavities, it is certain that the solution given by (1.7.1) 

and (1.7.2), does cover these cases, the only remaining problem is 

then to match the harmonic functions B, Bo to the boundary conditions. 

The proof in this section can also be carried out when D is 

infinite, simply connected (periphractic or non-periphractic) if 

certain restrictions are placed on the decay characteristics of v. 

2.4 History of the general solution of biharmonic equations. 
---------------------------------~----------------------

Let us turn now to biharmonic functions. These functions very 

often mingle with the solutions of elasticity. This is obvious in 

the case of plane strain (or equivalent plane stress), using Airy 

stress function, or in the case of axi-symmetric loadings, using 

Love's function. This section here will bring to light certain use-

ful properties of biharmonic functions, some of these properties 

bear remarkable similarity to those of the Papkovich-Neuber general 

solution. 
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First, the general solution to biharmonic equations is under 

study. The first two theorems which express the general form of 

biharmonic functions are due to Alrnansi [14]. These theorems can 

be found in the present text book of Fung [10]; they are restated 

in the following. 

Theorem 

A biharmonic function f in a region D1 can be expressed as 

f = E + zC, (2.4.1) 

where E and care harmonic functions in D1. 

Theorem 

A biharmonic function f in a region D2 can be expressed as 

f = F + r 2G (2.4.2) 

where F and G are harmonic functions in D2. 

However, the above theorems still leave something to be desired. 

It is because the first one is valid only when D1 is z-convex and 

the second one valid only when 0 2 is star-shaped with respect to 

the origin, 

Recently, Fosdick Ill] established the following theorem, which 

is 

Theorem 

Let D be a regular three-dimensional region with boundary 
m 

s = u Si· The outer boundary 50 as well as each inner boundary Si, 
i:;::;;O 

i ::; 1, • • • I m are assumed to be twice continuously differentiable. 

Let f have the following properties 

f e: c"+a(Dl n c" (Dl 

f is biharmonic in D. 

Then there exist constants ki 1 i = 1 1 ••• , m and harmonic func--

tions A,B,C,E in D such that 
m 

f = xA + yB + zC + E + L kilr- ail 
i=l - -

(2.4.3) 

where r is the vector (x,y,z) and ai, i::; 1, 2, ... , m represents a 

vector pointing to an arbitrary fixed point not in D, but enclosed by 

the inner boundary Si, i = 1, 2, ... , m, for each choice of index i. 
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In the above theorem, the notation CN+a denotes the class of 

functions which are N times continuously differentiable and has Nth 

order Holder continuous partial derivatives with exponent a. 

The proof of this theorem is based on the existence of a vector 

field such that its curl is equal to another given field in the 

region D. The original proof of the latter (theorem) is due to 

Lichtenstein [12]. The proof of the general form of biharmonic 

function, due to Fosdick, is a straight application of Lichtenstein's 

theorem to the biharmonic f, using Green's theorem. 

In the following section an alternative method of deriving the 

general form of biharmonic function is proposed. This method is 

based on Stevenson's theorem (which is similar to Lichtenstein's 

theorem but does not involve the Holder continuous partial deriva-

tives), and is quite different from the method used in Fosdick's 

proof. 

2.5 ~~:-2:~::~~-~~~~:~~~-~~-~~~~:~~~~-:~~~:~~~~-~~~:~-~~-:~: 
~~~~:~~~~-~~-~:~~~~~~-~:~~~~~~: 

The method proposed in this section is based on the theorem in 

section ~-~ due to Stevenson, and the latter is in turn based on the 

existence of the solutions of Neumann's problems. 

First of all, a theorem is proposed, which will be of convenience 

to subsequent works in this chapter. 

Proposed theorem 

In a finite, simply connected region D, which has a smooth boun-

dary s = . i'! si • 
l.=O 

(S0 is· the external boundary, all other Si's are 

internal boundaries), every scalar harmonic function A is expressible 

in the form 

with 

m 
A = ll•B + L 

i=l 

17 2 B 0, 

q. 
(2.5.1) 

1:- ~il 

(2.5.2) 
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where r is the vector (x,y,z), qi's, i = 1, 2, ... ,mare m constants, 

and ~i, i = 1, ... , m represents a vector pointing to an arbitrary 

fixed point not in D, but enclosed by the inner boundary Si, i l, 2, 

... , m, for each choice of index i. 

Proof 

Define the constants qi's by 

q· = - ~ r VA•n do 
1 41T J ..... .... , 

si 

then, by the theorem in section 2.2, the function ~(A 

is expressible as 
m 

V(A - \ qi 
- . L [ r· -

1.=1 .,.1 
a·[) = 'VxG. 
..,.1 .... -

Two new functions can now be defined: 
m 

<jl(x,y,z) = 
l 

4lT 

A- I~ 
f i=l I:: - ~i I 
bl<x-x 1)2+(y-y1)2+(z-z 1)2 

dT(x,y,z) 

H(x,y,z) = 
l 

4lT 
r -:;;;=:=::::;=:=;=~G~=;:=:=;:::;=:=::::;::::;=, d T (X , y , Z ) • b v(x-x1)2+(y-y1)2+(z-z 1)2 

Then the function B defined by 

B = 'V<jl - 'VxH 

m qi 
I-[r-

i=l ... 
a·[) _1 

certainly satisfies the equations (2.5.1) and (2.5.2) in D. Hence 

the proposed theorem has been proved. 

We are now ready to prove the following proposed theorem about 

the general form of a biharmonic function. 

Proposed theorem 

For a finite, simply connected region D with smooth boundary 
n 

S = i~0Si (50 is the external boundary, all other si's are internal 

boundaries), the general form for a biharmonic function f satisfying 

'V2('V2f) = 0. (2.5.3) 

is 
m 

f xA + yB + zC + E + L qi [ri- ai[, 
i=l ... -

(2.5.4) 

where A, B, C, E are four harmonic functions, qi's, i = l, 2, ... , m 



are m vectors pointing from the origin to m points enclosed by m 

inner surfaces Si' s, i = 1, 2, ... , m. 

Proof 

A biharmonic function f satisfying 

'1/2 ('l/2f) = 0 

is the solution of 

'l/ 2 f = G, 

where G is a general harmonic function. 

Using the preceeding proposed theorem, the function f is the 

solution of 

V2 f = 2V•H + 
m 
I~ 

i=ll!') - ~i I 
where H is a general harmonic vector function. 

A particular solution f 0 to the above equation can be easily 

found, which is 
m 

f 0 = XA + yB + zC + L q· Jr. - a·l, ~ _1 _1 
i=l 
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where A, B, C are the three scalar components along the x,y,z direc-

tions of vector H. 

Thus f is expressible in the form 
m 

f = XA + yB + zC + E + L qilti- ail• 
i=l - -

where E, a harmonic function, is the general solution of the homogene-

ous equation 

V2 f = o. 

Hence, the proposed theorem has been proved, Furthermore, it has 

been proved by the use of the theorem due to Stevenson (section 2.2), 

which does not involve the Holder continuous partial derivatives of f. 

It should be observed that f assumes the form (2,5.41 if it is 

possible to express every harmonic function as the divergence of 

another harmonic vector function. This requirement is certainly sat-

isfied when the theorem due to Stevenson is applicable, but whether 

the requirement is equivalent to the applicability of Stevenson's 

theorem is unknown. 
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2.6 ~~:_::~~~!~?~:_?~-:~:-2:~::~~-~?~-?~-~~~~~~~~-~~~~!~?~: 

When the region D, in the second proposed theorem of section 2.5, 

is z-convex or star-shaped with respect to the origin, then the 

general form of bih~rmonic functions, as given by (2.5.4), reduces to 

(2.4.1) and (2.4.2) respectively. It is so as the theorems due to 

Almansi (section ~-~) are applicable to these cases. 

It is proposed in this section that there is another reduction 

theorem concerning the representation of a biharmonic function in a 

star-shaped region. 

Proposed theorem 

If the definition region of a biharmonic function f is star-

shaped with respect to the origin then f can be represented as 

f ; xA + yB + zC + constant (2.6.1) 

where A, B, C are harmonic functions, 

Proof 

As the region is star-shaped, using the second proposed theorem 

of section ~·2• f can be written as 

f ; xHx + yHy + zHz + E + k 

where H and E are harmonic functions, k a constant, and E satisfies 

E(O,O,O) ; 0. 

Consider the function W defined by 

Ir E 
w = r dr, 

ro 

we have 

r2'V2w = [ dar [ r2 aar) + 'V2* Jw 

a [ a [r E ) [r 'V2*E = -- r 2-- - dr + ---- dr 
ar ar r r 

0 0 

aE ;r--+E 
ar 

rr \72*E 
+ ), -r-- dr, 

ro 

where the operator \7 2* stands for 

\72* ; \72 _ __!_ .1..[r2 .1..) 
r2 ar dr . 



Since 

[
r ..!. [l... r2 

r or 
0 

we can write 

oE)dr 
or [r oE 

ar r.+ [ E I: 
r

2
1J

2w = r ~ IJ
2
E dr + [ r ~~ + E J 

ro r=ro 
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As the region is star-shaped with respect to the origin, r 0 can 

be set to zero, leaving W harmonic, satisfying 

IJ 2w = o. 

f can now be written as 

f = x [ Hx + ~:) + y [Hy + ~~) + Z h + ~=J + k. 

By replacing the symbols, the desired form of (2.6.5) is arrived 

at. 

The reductions of the general representation (2.5.4) for biharmonic 

functions are considered in this section because of the analogy between 

them and the reductions for the Papkovich-Neuber general solution 

(1.7.2) for elasticity (to be considered in Chapter 3). 

2.7 !~~-~~~~~~~:~=~~~~:-~~~~~~~~-~~-~~:~~~~-!:~~-~~~~~~~:_!~:~~?~~· 

It is observed that biharmonic functions appear very often in the 

solutions of the problems of elasticity. The reductions theorems in 

the previous sections are also remarkably similar to those of the 

Papkovich-Neuber solution. It is thus interesting to know how much 

interaction is there between the Papkovich-Neuber solution and bihar-

monic function. To throw some light on this question, this section 

proposes still another way of deriving the Papkovich-Neuber solution 

from the general form of biharmonic functions. 

Consider a finite, simply connected, non-periphractic material 

region. Taking the divergence of the homogeneous Lam~'s equation 

(1.1.4), we have 

IJ 2
(1J•V) = 0. (2. 7.1) 
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Hence ~·~ is a harmonic function, the first proposed theorem of 

section 2.5 guarantees the existence of a vector A such that 
~ -

'V•V = 'V•A, (2. 7.2) 

where A is harmonic, satisfying 

'i/ 2A = 0. (2. 7.3) 

Equations (2.7.2) and (2.7.3) show that V can be split into two 

components, one is harmonic and the other is divergence-free 

V =A+ C 

with~ satisfying (2.7.3) and c satisfying 

'i/•C = 0. 

Back substitution of ~ and ~ into (1.1.4) gives 

'i/2c =- _l_'i/('i/•A). 
- 1-2\! - - -

(2.7.4) 

(2. 7.5) 

(2.7.6) 

The application of another Laplacian operator to (2.7.6) shows that 

c is biharmonic. This suggests that a special solution C1 to the 

system (2.7.5) and (2,7.6) should be looked for in the form 

~~ = (~·~ + Gx)~ + (~·~ + Gy)~ + (~·~ + Gz)~, (2. 7. 7) 

where 

'i/ 2o = 'i/ 2E = 'i/2F = 'i/ 2 (Gx,Gy,Gz) = 0. - - - (2.7.8) 

It should be stressed that (2.7.7) and (2.7.8) are just suggestions 

to the form of C1. 

A special solution C1 for (2.7.5) and (2.7.6) is 

c 1 =- 2(1:2\!) [ (r·aax ~h + kaay ~h + (r·aaz ~Jk] + 2(1:2\!) ~· 
This special solution C1 is arrived at simply by equalizing the 

components of (2.7.6), giving 

_1_ 'i/•- A, ( a ) 2'i/•D = - 1-2\! - ax -

1 'i/•[_l_A), 2'ii•E = - l-2v ay -

1 'i/• -A , ( a ) 2'i/•F = - 1-2\! - dZ -

and then by adding 2 (1: 2\!) ~into C1 such that (2.7.6) is satisfied. 
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c
1 

can also be written in a more convenient form 

c, = 
1 1 -- 17 (r•A) + --A 

2(1-2Vl - -- l-2V-
(2. 7.9) 

Then c = c, + Co 
(2.7.10) - -

where ~0 is the general solution of the homogeneous equations corres-

pending to (2.7.5) and (2,7.6), i.e, ~0 satisfies 

~·~o = 0, 
(2.7.11) 

and 

17 2c = o. 
_o -

(2.7.12) 

V can now be written as 

_ 2(1-V) A _ l 17(r•A) + ~o 
V- 1-2v _ 2(1-2V) - --

with A satisfying (2.7.3) and c0 satisfying (2,7.11) and (2.7.12). 
N 

Since C
0 

is harmonic, V can also be expressed as 
- N 

1 1 v = B-
411 

l 17(r•B) + 411 l 17(r•C0 ), 
-v - - - -v - - -

where B is a general harmonic vector function, defined by 

2(1-V) A+ C
0

• 
B = l-2V - -

By noting that 

17 2 <:·~0 ) = 2~·~0 + :17 2~0 = 0, 

V can be rewritten in its final form 

J 
v = B - 4 (l-vl 17 (r•B + Bel, 

where 17 2B = 0, 

17 2 B0 = 0. 

(2.7.13) 

(2.7.14a) 

(2.7.14b). 

Equations (2.7.13) and (2.7.14) are obviously the familiar Papke-

vich-Neuber general solution, 

The proof presented above covers only finite, simply connected, 

non-periphractic regions. This proof is based on the expression of a 

harmonic function in terms of divergence of another harmonic (vector) 

function. It is certain that this requirement is satisfied whenever 

the theorem due to Stevenson is applicable, but the converse of this 

statement is not known to be true or false. (If the converse statement 
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is false then new and interesting problems will probably surface in 

both elasticity and vector analysis). The proof in this section can 

not be simply extended to cover finite, simply connected, periphrac-

tic material regions. The reason for it is still another unanswered 

question. 

In finite, simply connected, non-periphractic regions, the proof 

in this section also serves to demonstrate that the harmonic function 

B0 required in the Papkovich-Neuber general expression (1. 7. 2) for 

displacements is (probably) not due to certain arbitrary chosen 

method. Rather it may be a real entity, appearing in every different 

method of solution. A confirmation of this (tentative) observation 

will be found in section 3.6. 

2.8 Conclusions 

This chapter has shown that 

(a) The Papkovich-Neuber general expression for displacements [(1.7.1) 

and (1. 7. 2)] is applicable to finite 1 simply connected material reg-

ions with smooth boundaries, whether the region is non-periphractic 

or periphractic. 

(b) Without any assumption regarding the "Holder continuous partial 

derivatives" of a biharmonic function f, the function has been proved 

to have the form (2.5.4) which is identical to the form (2.4,3) due to 

Fosdick. The only assumption used is that the definition region D of 

f is finite, simply connected and has a smooth boundary (or boundaries). 

(c) When the definition region of a biharmonic function f is star-

shaped with respect to the origin, the function f is expressible in 

the form (2.6.1). 

(d) Finally, the Papkovich-Neuber solution for non-periphractic regions 

can be derived if every harmonic scalar function in the material region 

is expressible as the divergence of another harmonic vector function. 

The resulting solution is still identical with those given in Chapter 1. 



CHAPTER 3 

Completeness of the Papkovich-Neuber solution 
in terms of three harmonic functions. 

3.1 Historical development of the three-harmonic function 
-----------------------------------------------------

representation .. ---- .... ---------
The Lame equation for an elastic body, without any body 

force, is written as 

v2y_ + l-12v ~ ~~. y_> = o ' (3.1.1) 

where y_<x,y,z) is the displacement vector at the point (x,y,z) 

and \1 is the Poisson ratio of the material. 
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As already known in chapter ~· both Papkovich [1] and Neuber 

[3], [4] independently established the general solution of the 

above equation as 

1 
V = B- 2 (l-V) V(~r.B +Bolo (3.1.2) 

where V2B = 0, V2
B 0 = 0. (3.1.3) 

Here r is the position vector of a field point, referring 

to an arbitrarily chosen (fixed) origin. 

In this chapter, the validity of the solution given by 

the above system of (3.1.2) and (3.1.3) will neither be quest-

ioned nor investigated. Rather, they are accepted as starting 

points for a study which is completely different from those done 

in the preceding two chapters ~ and ~· 

Having established (3.1.2), Papkovich [1] claimed that Bo 

can be set to zero without affecting the generality of the sol-

ution. This unsupported claim has aroused much controversy over 

the generality of his (and also of Neuber's) final form for the 

displacement field v, 

V = B _ 1 2 (1-\1) V (~r.B). (3.1.4) 

Neuber [3], [4] also asserted that any of the four harmonic 

functions Bo, B , B and B , where the last three are the scalar 
X y Z 



components of ~· can be s.et to zero without altering the gen­

erality of (3.1.2). His statement regarding B0 has also been 

shown to be unsupported and inconclusive [5], [6] since he 

assumed the existence of a function satisfying a pair of sim­

ultaneous partial differential equations. 
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Eubanks and Sternberg [6] showed that (a) if the region is 

convex with respect to one direction, the scalar component of B 

in that direction can be set to zero without .affecting the com­

pleteness of (3.1.2), or (b) the scalar function Bo may be set to 

zero without loss of completeness if the region is star-shaped 

with respect to the origin and when 4V is not an integer. When 

4v is an integer, they demonstrated, using a counter example, 

that Bo can not be dropped from (3.1.2). 

However, their proof for ~~e omission of Bo made use of 

its expansion into a series of solid spherical harmonic functions. 

This expansion gives rise to superficial difficulties when 4V is 

an integer, also it does not allow the proof to be presented in 

"simple", "elementary" theory of elasticity. Stippes [8] also 

worked on the omission of B0 , but he used even more sophisticated 

mathematical methods, hence his work can neither be presented along 

"simple", "elementary" line of argument. 

This chapter presents a method which uses only ordinary 

differentiation and integration rules to establish the necessary 

and sufficient conditions under which Bo can be dropped from 

(3.1.2). This method also offers some insight into the signif­

icance of the starred-shape required by (6], the role of spherical 

harmonics, and also the significance of 4V being an integer. At 

the end of the chapter, a counter example will show that the starred 

shape required by [6] is intrinsic to the omission of Bo, and is 

not a mathematical "over-condition". 



39 

3.2 The nullification of Bo in (3.1.2) 
----------------------------------
Accepting the completeness of the system of (3.1.2) and 

(3.1.3), the term Bo may be dropped if and only if for any 

arbitrary harmonic function $, we can find a vector function 

C satisfying 

ac - ~(r.c) = ~$. (3.2.1) 

and 

~2c = o, (3.2.2) 

where a is a notation denoting the commonly occuring quantity 

4(1-V). 

The proof for this condition is omitted due to its simp-

licity. Note that, when a is not equal to 2, by taking the 

divergence of (3.2.1), it can be shown that any such vector 

c satisfying both (3.2.1) and (3.2.2) will have its divergence 

equal to zero, i.e. 

~.c = o. (3.2.3) 

Similarly, we also have C irrotational for non zero a,i.e. 

~XC= 0. (3.2.4) 

3.3 A necessary and sufficient condition for the existence of C 

-----------------------------------------------------------

In this section, a necessary and sufficient condition for 

the existence of vector c will be established. Assuming that 

a is a constant not equal to zero nor two (0~~2) and $ is a 

given harmonic function, then there exists a vector function 

C satisfying 

ac - ~(r.C) = ~$. (3.2.1) 

and 

~2 c = o, (3.2.2) 

if and only if there is a function A satisfying 

aA - r. ~A = $, (3.3.1) 
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and 

'iJ2A = 0 (3.3.2) 

3.3.1. - Sufficient condition 

If there is a function A satisfying (3.3.1) and (3.3.2), 

then the vector C defined by c = 'VA will certainly satisfy (2.2.1) 

and (2.2.2). 

3.3.2. - Necessary condition 

If there is a vector function C satisfying (3.2.1) and 

(3.2.2), then cis irrotational, as pointed out in section 3.2, 

and can be expressed as 

C = 'VA'. 

Substitution of this equation into (3.2.1) gives 

aA' - r.'JA'= ~ + k, 

where k is an unknown constant. 

Since a is non-zero, a function A may be defined, with A' 

already in existence, as 

k 
A = A' - (i . 

The new function A satisfied (3.3.1), and since A differs 

from A' only by a constant, we also have 

C = 'VA; 

and thus A satisfies (3.3.2) by virtue of (3.2.3). 

Having the necessary and sufficient condition for the ex-

istence of C, it is not difficult to recognize the equivalence 

between the setting to zero of Bo in [1], and of ~o in [ 4]. 

3.4 :~~-~~~~:~~~~-~~-~-~~~~:~~~-~~:~~~!~~2-i~:~:~~-~~~-i~:~:~~ 
for a given harmonic function ~(x,y,z). 
--------------------------------------

Consider the transformation from t.~e rectangular coordin-

ates (x,y,z) into the coordinate (a,6,y) specified by 
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X a log(x~ + y< + z2)~ 

y - a = a 

z y y 

where a and y are the ordinary longitudinal and azimuthal angles 

in spherical coordinates. 

For the function P(a,a,y) which is the "logarithmic-

spherical" form of A(x,y,z), we have 

a.a 
e ta3

a (e -a.ap (a, a' yill 
a, Y 

= -a.A(x,y,z) + 

+ x[~i) + Y(~~) + z[~!) 
y,z z,x x,y 

(3.4.1) 

here the subscripts denote the fixed variables in the partial diff-

erentiation processes. 

Equation (3.3.1), with ¢<x,y,z) replaced by its "logarithmic-

spherical" form O(a,a,y), gives 

-a.A + r.VA = O(a,a,y), - -
this equation is then written as 

a.a [a ( -a.a )] e [aa e P(a,a,y) = O(a,a,y). 

a•y 

(3.4.2) 

Equation (3.4.2) allows P(a,a,y) to be integrated and 

transformed to the cartesian f.orm A(x,y ,z) as in the following 

+a.a -a.a [fa J A(x,y,z) = P(a,a,y) = -e e O(a,a,y)da + s(a,y) , 

ao=logro ( 3 • 4 • 3) 

where s(a,y) is a function of only a andy, and ro is an arbit-

rarily chosen reference radius. 

If W(r,a,y) denotes the spherical form of $(x,y,z), the 

function A(x,y,z) can also be expressed as 

a. [fr -a.-1 J A(x,y,z) = -r r W(r,a,y)dr + s(a,y) . ( 3. 4. 4) 

ro 

In general, (3.4.3), or its alternative form (3.4.4), allows 

A(x,y,z) satisfying (3.3.1) to be determined. 
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Note that the term ras(6,y) allows s(6,y) to assume different 

functional forms, differing only by surface harmonic function 

Sa(6,y), without altering the harmonicity of A. 

3.4.1. - The harmonicity of A 

The Laplacian operator in spherical coordinates can be 

written as 

where 

1 v2 = ~ 
r [..!_ (r2 ..!.) + V2*] 

ar ar ' 

a 
V2* = cosecy ay ( . a) 2 S1nY ay + cosec y 

a2 

w 

(3.4.5) 

Application of this operator to the terms on the right hand 

side of (3.4.4) gives 

2[ a fr -a-1 '] (a-2) [ -o.__ V _r r W(r,6,y)dr = r (a+l)ro w(ro,6,y) 

ro 
-a+l (aw) .] 

+ ro ar at (ro 'e 'y)· 
(3.4.6) 

and 

V2 [ras(6,y)J = r(a-
2

) [<a+l)as(6,y)+ V2*s(6,y)]. (3.4.7) 

The proof of (3.4.6) is deferred until section 3.5 due to its 

length. 

Hence, for a given harmonic function ~. there is a function A 

satisfying (3.3.1) and (3.3.2) if both of the foll~~ing conditions 

are satisfied. 

a - The function 

a fr -a-1 A*(x,y,z) = -r r W(r,e,y)dr ( 3. 4. Sa) 

ro 

is differentiable at least to second degree over the material region. 

b - The equation 

(a+l)as(6,y) + V2*s(6,y) = -r~af(a+l)W(ro,e,y) + ro(~~) ] L at(ro,e, y) 

(3.4.8b) 

has a solution s(6,y). several such solutions may exist but differ 

only by a surface harmonic of degree a. 

It is worth remembering that ro is the lower limit for the 
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integration in (3.4.4) and can be set at any value which facilitates 

the solving of (3.4.8b) for s(6,y). 

The above conditions are also sufficient for the omission of 

Bo in (3.1.2) 

3.4.2. - Some special cases 

a - If the material region is outside a closed surface and 

the straight line drawn through the origin and every point on that 

surface can extend to infinity withoutleaving the material region, 

and if W is differentiable over that region and remains finite when 

r tends to infinity, then the right hand side of (3.4.8b) can be 

shown to vanish for increasing ro. Thus there is a solution s(6,y) ; 0 

for (3.4.8b) when r 0 is infinite. Hence Bo in (3.1.2) can be omitted 

in this case. This result is similar to one of Sokolnikoff's as dis-

cussed in [5], p. 333 et seq. 

b - An argument similar to the case just mentioned results in 

the solution A(x,y,z) of (3.3.1) to any harmonic polynomial of order 

less than a in x, y and z, irrespective of the form of the material. 

c - If the material region is finite and star-shaped with res-

pect to the origin, and a is not an integer then Bo can also be 

omitted. The proof is to follow. 

Since the region is finite, ~(x,y,z) can be expanded into a 

polynomial of x, y and z, using Taylor's theorem, with the remainder 

of order higher than a as in the following 

~(x,y,z) ; I 
k,R.,m~O 

k+R-+m~ [a) 

k R, m 
X y z EkR-m + W(x,y,z), 

where [a] denotes the largest integer not exceeding a. It can be 

easily proved, using the limiting technique, for successive higher 

order, as r tends to zero, that each value of (k+R-+m) gives a harm-

onic polynomial. Hence the summation is harmonic. 

Since the solution of 

aA 1 - :·~Al 
;\ kR-m 

L xyzR 
k,R.,m~O -kR-m 
k+R-+m.;; [a] 
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can be easily found, and is certainly harmonic, it is only import-

ant to consider the solution corresponding to W(x,y,z). The sol-

ution for 

aA2 - r.~A2 = W(x,y,z) 

can be found using (3.4.4), with W(r,9,y) replaced byw(r,9,y), the 

spherical form of w<x,y,z). 

Since w(r,9,y) is of order higher than a, the right hand side 

of (3.4.8b) tends to zero for r 0 tending to zero. Thus, there is 

a solution s(8,y) = 0 for (3.4.Bb) corresponding to A2, and A2 is 

now harmonic. 

The sum A of A1 and A2 is harmonic and is the solution to 

aA- r.~A = $(x,y,z). 

Thus in this case, Bo can also be omitted which corresponds 

to that given in [6]. 

d - If a is non-integer and Bo is a harmonic polynomial in 

x,y and z then Bo can be dropped from (3.1.2) irrespective of the 

form of the material region. 

e - If there is a harmonic function Bo such that 

a 
$(x,y.z) = W(r,$,y) = Bo(x,y,z) = r S (9,y) a 

(3.4.9) 

then A*(x,y,z) defined by (3.4.Ba) is not differentiable at the 

origin, and any function A satisfying (3.3.1), differeing from A* 

by only a function ras(9,y), is also not differentiable at the 

origin, hence Bo can not be dropped from (3.1.2). This leads to 

the counter example cited in [G] , i.e. the representation (3.1.4) 

is incomplete when a is an integer (since there exist solid spher-

ical harmonic functions of degree a). 

It is interesting to know that the proof of part c of this 

subsection requires that the [a]+ l partial derivatives of a harm-

onic function $(x,y,z) be finite within a small open sphere cantered 

on the origin of the coordinates (x,y,z). A simple proof for that 

will be reproduced in the following section 3.5. 
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3.5 Proofs of some properties required in the preceding section 
-----------------------------------------------------------

This section provides the proofs for (3.4.6) and for the 

differentiability of ~(x,y,z) as mentioned in the last paragraph 

of L~e preceding section. These proofs were brought out of the 

last section solely due to their lengths and their numerous details. 

3.5.1 - Proof for (3.4.6) 

Consider the quantity M, defined by 

M = V2*[ra f
r -a-1 J 

r W(r,8,y)drJ. 
ro 

Since V2* is defined in the spherical coordinates as 

n2 a ( . a) 2 a
2 

v * = COSeCYay s1ny ay + cosec y ~ 

the quantity M is rewritten as 

a fr -a-1 r r V2*W(r8,y 
ro 

M ) dr. 

Using the harmonicity of W(r,8,y), 

'V2*W(r,8,y) = - aar (r2 aar) W(r,8,y)' 

it is arrived at 

f
r a -a.-1 

M =- r r 
ro 

a 
ar (r

2 ~)dr. 

After two successive partial integrations, the quantity M 

becomes 

a[ -a+1 M = -r r 
awlr 
arJ 

ro 

- (a + [ ~
r a -a 

1) r r w - f
r a -a-1 a(a+l)r r Wdr. 
ro 

ro 

On the other hand, consider the quantity N defined by 

N = [aar (r2 aar)J [ra I::-a-1(r,8,y)dr]. 

Applications of elementary rules for differentiation gives 

a Jr -a-1 N = a(a + l)r r W(r,8,y)dr + 
a 

aw(r,8,y) + ar (rW). 

ro 

By noting that 

G fr ] 2 a -~1 l V r r W(r,8,y)dr ~ rT (M + N); 
ro 

the final result is arrived at 

v2 [ra fr -a- 1 ::1 
r W(r,8,y)d:J 

ro 

a-2 [ -a_ ~ r (a+l)r0 W(ro,8,y) + 

-a+1 [aw) ]. 
+ ro ar at (ro,8,y) 
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3.5.2. - Proof on the differentiability of a harmonic function ~ 

The proof in this subsection is widely available in standard 

texts on electrostatics. It is reproduced here solely for the 

purpose of comparison between the method presented in this chapter 

and that of expanding ~(x,y,z) into series of spherical harmonic 

functions. 

The harmonic function ~(x,y,z) = W(r,8,y) is defined on the 

material region, which encloses at least a small closed sphere of 

surface S and radius R, centered on the origin 0. Hence W(r,8,yl 

is defined and finite for all values of 8 andy. 

The solution of the Dirichlet problem ( Appendix A) gives the 

value of ~(x,y,z) on this closed sphere of radius R as 

1 
~(x,y,z) = 411 

J ~(~,n.~l R2 - (x2+y2+z2l 
R[ (x-~)2 + (y-nl2 + ( z-1;)2 ] 9/2 

where the value of ~ ( ~ , n , l; ) is that of W (R, 8, y) since 

~ 2 + n 2 + z; 2 = R2 • 

ds (~.n, ~>, 

The above expression shows that the first derivative of 

~(x,y,z) along any direction is defined on the open sphere of 

radius R, centered on 0. 

Choosing Rl slightly smaller than R, the same reasoning can 

be used on the sphere Rl to prove that all second degree partial 

• 
derivatives of ~ is defined on the open sphere of radius R1, 

centered on 0. 

This process can be repeated for any number of times, and 

R1 can be chosen as close to R as we like. Thus ~ has all the 

partial derivatives up to degree m, where m is a finite positive 

integer, on the open sphere of radius R, centered on 0. 

Hence, the omission of Bo has been proved, in this chapter, 

by a method which uses less mathematical requisites than those 

required by [6]. 
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3.6 Counter example for the three harmonics representation in 
---------------------------------------------------------

~~~=~~~~=~~~E:~-~~2~~~~ 

It may be thought that the star-shape required in subsection 

3.4.2 for the omission of B0 is artificial and is due to a part-

icular method. This (wrong) observation may thus lead one to cap-

italise on the use of various different methods aiming at removing 

the star-shape required in 3.4.1. This section will give a counter-

example on the incompleteness of (3.1.4) in a non-star-shaped region. 

The counter-example thus serves to demonstrate that the star-shape 

required in 3.4.1 is inherent to the problem and is not due to any 

particular chosen method. 

Consider now the function A (x,y,z) defined by 
I 

Ai[x(r,a,y), y(r,a,y), z(r,a,y)] = -/J. Jr -a-1 r W(r,a,y)dr, 
0 (3.6.1) 

where W(r,a,y) is the spherical form of the function 1/IMc·l, see 

fig. 3.1. The function so constructed is defined for the region DL 

which is the region D minus a half line starting from C pointing 

away from 0. The half line is named L. Close to L, the function A1 

will get infinitely large negative values. Thus, the function A1 

satisfies the system (3.3.1), (3.3.2) and is defined on DL. 

Consider a solution A (if it ever exists) of the system (3.3.1), 

(3.3.2) such that it is defined in the whole region D. The difference 

between this solution and A1 in the region DL is a function named A2. 

A2 satisfies the homogeneous system of (3.3.1) and (3.3.2). 

Integration of the homogeneous equation (3.3.1) gives 

a A2 = r s (a, y) , 

where s(a,y) is a function of only a andy. 

(3.6.2) 

As A2 is harmonic and defined inside a sphere of radius locl/2, 

centered on O, its form, given by (3.6.2), assures that it is defined 

and harmonic everywhere in the three-dimensional space. 

Since A1 is the difference between two functions A and A2, both 
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of them are harmonic and defined in the whole D, A must be defined 

and harmonic on the whole D. This contradicts its singularity 

property on the half line L. 

It is now clear that the star-shape required for the omission 

of Bo in (3.1.2) is not a mathematical "over-condition", but is really 

intrinsic to the problem itself. 

It is also noted that the function Az can be shown to be ident-

ically zero in the case of non-integer a, as in the following. 

Since A2 assumes the form 

a Az = r s(8,y), 

the nth partial derivative of A2 with respect to r is 

n 
3 A2 = 1 +a-n 

a(a-l) ..• (a-n+l) r s(8,y). 
arn 

It is known in 3.5.2 that Az has partial derivatives of any 

finite order inside a sphere centered on the origin 0. The last 

equation is contradictory to this property unless s(8,y) is 

identically zero. 

Hence Az must be identically zero for non-integer a. 

3.7 Conclusions 
............................................ 

If the aim of mathematics is to find the simplest route to 

arrive at certain results, then the proofs in this chapter, regard-

ing the omission of Bo, can be considered as having been done just 

that. The chapt.er does not present any new results but it does 

give a new insight to the problem of the omission of B0 • The results 

of the work done in this chapter can be sllllllllarised as in the follow-

ing: 

(a) When the material region in finite and star-shaped with 

respect to the origin and the value of 4V is non-integer, then the 

representation (3.1.4) is complete. 

(b) The representation (3.1.4) is incomplete when 4V has an 

integer value. 
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(c) The representation (3.1.4) is incomplete when the material 

region is not star-shaped. 

(d) When the material region is infinite and outside a closed 

surface such that every point on the surface can be joined to infinity, 

keeping the values of 6 and y unchanged, without leaving the material 

region and 4V is not an integer then every harmonic function Bo which 

is finite at infinity can be dropped from (3.1.2). 

(e) The surface spherical harmonic functions S (6,y)'s are n 

inherent to the necessary and sufficient conditions for the omission 

of Bo in (3.1.2), as manifested by the left hand side of (3.4.8b). 

(f) There is an equivalence between the following two systems 

ac - 'il(r.c) = 17<1> 

'i72c = o 

and 

etA - r.'i7A = <j>, 

'i7 2A = 0, 

where <I> is harmonic and a is neither 0 nor 2. 

(g) The equation 

oA oA oA 
etA - X OX - y oy - z dZ = <j>(x,y ,z) 

can be integrated, in general, to give the function A explicitly, 

as in the following 

I
r a -a-1 a A(x,y,z) = -r r W(r,6,y)dr- r s(6,y), 
ro 

where W(r,6,y) is the spherical form of <j>(x,y,z) and s(6,y) is a 

function independent of r. 

(h) Depending on appropriate conditions being satisfied, the 

harmonicity of <j>(x,y,z) will entail that of A(x,y,z), in the above 

paragraph. 

(i) When the definition region of <I> contains a singularity point 

c, the semi-infinite straight line starting from C pointing away 

from 0 is a singularity line for the equation in paragraph (g). The 

equation does not have a solution such that it is defined wherever 

<I> is defined. 
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As presented in [6], an application of the Papkovich-Neuber solu-

tion to the cylindrical coordinates gives rise to the already known 

Boussinesq solution [15]. Another application of the same Papkovich-

Neuber solution to cylindrical coordinates can also give rise to 

another form of solution. The latter has already been used by Lur'e 

[16] although he had no formal proof for it. 

This chapter supplies the required proof for the solution used by 

Lur'e. This solution is then proved to be equivalent to various forms 

of solution for torsion-free axi-symmetric problems. A short dis-

cussion on the choice of one form over the others will also be made 

at the end of the chapter. 

4.2 The cylindrical form used by Lur'e and its origination from the 
-~----------~----------------------------------··---------------

Papkovich-Neuber form. 
------~~-~------------

The solution given by Papkovich 11] to Lame's equation for the 

equilibrium of a three dimensional elastic body in the Cartesian co-

ordinate system (x,y,z) is written as 

Ux 
a 

= 4 (1-vl Ax - Clx (xAa + yAy + zAz + A0l , (4,2.lal 

Uy 
a 

= 4(1-V)Ay- Cly (xAx +yAy+ ZAz + A0 ), (4.2.lb) 

a 
Uz = 4(1-v)Az- Clz (xAx +yAy+ zAz + A0 ), (4,2.lc) 

where (Ux,Uy,Uz) is the displacement vector and Ax,Ay,Az,Ao are four 

harmonic functions, 

When this solution is applied to the case of torsion-free axi-

symmetric deformations, with z being the axis of symmetry, Ax and Ay 

can be omitted, as shown by [6], giving the well known Boussinesq 

solution [15], with A0 , Az being functions of only rand z. This 
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solution is widely used in elasticity theory due to its generality 

and simplicity. 

On the other hand, when the conditions for the omission of Bz are 

satisfied (see [6]), the solution for torsion-free axi-symmetric 

deformations assumes the following form 

a 
u(r,z) = 4(1-V)D{r,z,8) - ar {rD(r,z,8) + B(r,z 1 8)], (4.2.2a) 

0 
1 a 

v(r,z) = 4(1-V)C(r 1 z 1 8) - raB (rD(r,z,8) + B(r,z,8)], (4.2.2b) 

w (r, z) 
a =-a; (rD(r,z,8) + B(r,z,8)] 1 (4.2.2c) 

where B(r 1 z,8) is the cylindrical form of A
0

(x,y,z); D(r,z 1 8) and 

C(r 1 z,8) are given from Ax(x,y,z) and Ay(x,y,z) as 

Ax(x,y,z) + iAy(x,y,z) = (D{r,z,8) + iC(r,z,8)]ei
8

, (4.2.3) 

and (u,v,w) is the displacement vector in cylindrical coordinates. 

The difficulty involved in the use of this form of solution is 

the dependence of B, C and 0 on 8, a point not noted by previous 

authors on this subject. 

In this chapter it will be proved that there exist other func-

tions d0 (r,z) and b0 (r,z) such that 

a 
u(r,z) = 4(1-vldo(r,z) - ar (rdo(r,z) + bo(r,z)], 

v(r,z) = 0, 

w(r,z) 

and 

= -
a 

az [rdo(r,z) + bo(r,z)], 

17 2d0 (r,zl 
_ dq(r,zl 
- r2 

17 2b0 (r,z) = 0. 

(4.2.4a) 

(4.2.4b) 

(4.2.4c) 

(4.2.5a) 

(4.2.Sb) 

This representation for displacements will be called the alterna-

give form to the Boussinesq form for torsion-free axi-symmetric prob-

lems. The representation has already been used by Lur'e in his book 

(16], but no convincing derivation of it has been offered, and thus 

it has not previously been systematically incorporated into the 

Papkovich-Neuber solution. 
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Once this representation is derived, it can be readily transformed 

to and from its various equivalents, namely those associated with 

Boussinesq [15), Sadowsky [17), Tirnpe[32) and Love [18). 

4.3 ~~:E~~~:~:~::-~~-::~:-~~-:~~-~~~~:~~~:~-~~~:r:~~:~:-~~-~-

The application of Papkovich-Neuber solution to torsion-free axi-

symmetric deformations give rise to (4.2.2), with C(r,z,8) and D(r,z,8) 

defined by (4.2.3). 

Since Ax and Ay are harmonic, c and D must satisfy 

172 [ (D + iC) e iS J = 0, 

or 

17 2o - ~ _ 2 ac 
r2 rz ()8 = o, 

C 2 ()D - 0 
172c - rr + rr as - . 

Using the equations (4.2.2) , the above two equations, together 

with the equation for B(r,z,8), can be written as 

2 D l ()2 
17 D(r,z,8) = ;2 + 2 (l-v)r 3 082 (rD +B), (4,3,la) 

17 2B(r,z,8) = o, (4,3.lb) 

2 c 2 ac 
17 C(r,z,8) =- rr- ~or (4.3.lc) 

Using the equations (4. 2. 2c) , (4. 2. 2a) and (4. 2. 2b), in this 

order, it is straightforward to prove that 

;
8 

(rD +B) =function of (r,8), 

ao as =function of (r,8), 

rC 

As a result, 

oB 
ao 

=function of (r,8). 

=function of (r,8). 

Hence, B, C and D can be rewritten as 

D(r,z,8) = d(r,8) + d1 (r,z), (4.3.2a) 



B(r,z,O) 

C (r,z,O) 

b(r,O) + bz (r 1 z), 

l 
- c(r,O). 
r 

By the use of (4.2.2) and (4.3.2), it can be shown that 

oc(r,O) 
or 

()d(r,O) 
ae 
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(4.3.2b) 

(4.3.2c) 

This equation establishes the existence of a potential function 

cj> (r,O) defined by 

cj>(r,6) ~ 
f

(r,8) 
[d(r,6)dr 

(ro,6o) 
+ c(r,6)d6], 

where r 0 ,8 0 are arbitrary reference values. cj>(r,6) has the property 

that 

and 

aq, ( r' e) 
ar 

3cj>(r,8) 
ae 

d(r,6), 

~ c(r,6). 

With this newly defined function q,, the functions D and C can be 

rewritten as 

D(r,z,6) ocj>(r,6) + d, (r,z)' 
ar 

C(r,z,8) ~ _.!:. 3cj>(r,6) 
r ()6 

(4.3.3a) 

(4.3.3c) 

Using (4.3.3a), (4.3.3c) and (4.3.2b), v(r,z) can now be written 

as 

v(r,z) 
4(1-V) ocj>(r,6) 

r ae 
1 a 
r ae [ 

3<jl(r,6) 
r ' or 

+ b(r,6) J = 0. 

Thi~ equation allows b(r,6) to be related to cj>(r,6) by 

4(1-v)cj> - r aq,- b ~ f(r), ar 

where f(r) is a function of r only. Thus B(r,z,8) can now be written 

as 

B(r,z,O) 
()cj>(r,6) 

4 (l-v)cj>(r,6) - r , - f(r) + bz (r,z), 

or 
o<jl(r,6) 

B(r,z,6) ~ 4(l-v)cj>(r,6)- r ()r + b, (r,z), (4.3.3b) 

with b 1 (r,z) equal to the sum of- f(r) and b 2 (r,z). 

Equations (4.3.3) allow displacements to be written as 

a 
u(r,z) ~ 4(1-V)d, (r,z) -or [rd1 (r,z)+b!{r,z)], (4.3.4a) 
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v(r,z) o, (4.3.4b) 

w(r,z) 
a - (lz [rdl(r,z) + bl(r,z)). (4.3.4c) 

It should be noted that no attempt has been made to demonstrate 

that d1 (r,z) and b1 (r,z) are harmonic. 

4.4 Displacements in terms of one harmonic and another harmonic-
--------------------------------------------------------,---

or 

related functions. 
-----------------

Equations (4.3.lc) and (4.3.3c) give 

92 [! <l<j>(r,8) J 
r ae 

a 2 as 9 <j>(r,8) 0. 

This implies 

9 2 <j>(r,8) = h(r), 

1 o<j>(r,8) 
+ rT ae 

2 a +-­r or 

where h(r) is a function of only r. 

[~ <l<j>(r,8) -] 
ae 0, 

Another function W(r,8), which is harmonic, can be defined by 

w<r,8) 
rr 1 rr 

<j>(r,8) - J. ~ l rh(r)dr dr. 
ro ro 

Hence, D,B and C can be rewritten as 

D(r,z,8) 

B(r,z,8) 

o1jl(r,8) + do(r,z)' 
or 

= 4(l-\I)W(r,8) - r ow(r,8) + bo(r,z), 
or 

C(r,z,8) = .!_ ow(r,8) 
r ae ' 

where the functions d0 (r,z), b0 (r,z) are given by 

da(r,z) 1 [r 
~ rh(r)dr + 

ro 
d1 (r,z) 

and 

rr 1 rr 
b0 (r,z) = 4(1-\1) l ~ J. rh(r}drdr-

ro ro 

f.r rh(r)dr + b1(r,z). 
ro 

(4.4.1) 

(4.4.2a) 

(4.4.2b) 

(4.4.2c) 

Displa~ements can now be written in the desired form (4.2.4), 

which is 

u(r,z) 4(1-vi d
0

(r,z) -
0
°r [rda(r,z) + b0 (r,z)L (4.2.4a) 
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v(r,z) 0, (4.2.4b) 

W(r,z) 
d 

~ - dZ [rd0 (r,z) + b0 (r, z)]. (4.2.4c) 

Using (4.3.la), (4.3.lb) together with (4.4.2c), (4.4.2b) it can 

be shown that 

V2do - ~ + [ aar V21)! J = o, 

V2 b + 0 [ 4 (1-\!) V 21)! (r2V21j!) J l d 
r 3r 

o. 

Knowing that $ is harmonic, the above equations can be rewritten in 

the form of (4.2.5), which is 

V2 d0 (r,z) 
d 0 (r,z) 

r 

V2b0 (r,z) = 0. 

(4.2.5a) 

(4.2.5b) 

Thus, the displacements in torsion-free axi-symmetric deformation 

are expressible by (4.2.4) with d
0

(r,z) and b 0 (r,z) satisfying (4.2.5), 

when the conditions for the omission of A2 in th~ Papkovich-Neuber 

general solution are satisfied. 

4.5 Alternative form of (4.2.4) and (4.2.5). 
-~~~-~-----------------------------~--~ 

If displacements are given by the equations (4.2.4) and (4.2.5), 

then a function a(r,z) can be defined by 

a(r,z) J.r d
0

(r,z)dr, 
r 

where r1 is an arbitrary reference value. Hence 

3 2 2 3a l 3a 
- V a (r z) = V - - ::2-
3r ' dr r ar 

V2 d 0 - ~ = 0. 

This leads to 

V2 a(r,z) = p(z), 

where p(z) is a function of only z. 

Define the function a 0 (r,z) by 

a
0

(r,z) = a(r,z) - lz [z p(z)dzdz, 

z 1 z 1 



where z 1 is an arbitrary reference value. 

Then 

with 

u ~ 
d 

- Clr 

v = o, 

[- 4(l-l>)a0 + r 

w=-1._[r~+b l Clz Clr o ' 

V2 a 0 = 0, 

17 2 b 0 = 0. 

~ 
Clr 

l 
+ bo J' 
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(4.5.la) 

(4. 5.lb) 

(4.5.lc) 

( 4 . 5. 2a) 

(4.5.2b) 

On the other hand, if displacements are given by (4.5.1) and 

(4.5.2), by defining 

d
0

(r,z) 
() 

dr 3 o(r,z), 

then displacements are also expressible by (4.2.4) and (4.2.5). 

Thus (4.5.1) and (4.5.2) are an equivalent form of (4.2.4) and 

(4.2.5). 

A trivial variation of (4.5.1) and (4.5.2) gives the following 

form 

u = -~ [ r Cl<h + tjJ ,] 
Clr Clr 

(4.5.3a) 

w = a"r [ 4(1-v)<jl, + r "a<l>rl + lj!, J. (4.5.3b) 

with 

17 2\j!, = o, (4.5.4a) 

17 2$, = 0. (4.5.4b) 

This latter form is thought to have been used by Sadowsky in his 

unpublished lecture notes [17]. 

4.6 ~:~~~~~~~~~~-~~~~::~-~~~~~~L~-~~~~~~L-~~~-~~~-~~::~~~~~-~?~~~~?~· 

As mentioned in section 4.2, the Boussinesq solution and the solu-

tion of the form (4.5.1), (4.5.2) can be obtained by zeroing different 

harmonic functions in the Papkovich-Neuber solution. However, these 

two forms, obtainable along two different paths, can be conveniently 

linked to each other as in the following. 
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Assuming that displacements are given by (4.5.1) and (4.5.2), 

define E(r,z) and F(r,z) by 

E(r,z) -~ 
3z 

- ~ ~ 4(1 ) F (r, z) - r or + z 02 + b 0 - -v a 0 . 

Then, by the use of the above equations together with (4.5.1), dis-

placements can be written as 

u(r,z) =- a"r [ zE + F J, (4.6.la) 

w(r,z) = 4 (1-V)E-
0
°
2 

[ zE + F J (4.6.lb) 

using (4.5.2), it is only routine calculation to show that E and F 

are harmonic, i.e., 

V2E(r,z) 0, (4.6.2a) 

V2F(r,z) 0. (4.6.2b) 

On the other hand, if displacements are given by (4.6.1) and (4.6.2), 

then by defining 

a(r,z) =- iz E(r,z)dz, 
Z1 

it can be shown that 

or 

a 2 > -V a(r,z az 0, by virtue of (4.6.2a), 

V2a(r,z) = q(r), 

where q(r) is a function of only r. 

Define another function 

[
r 1 rr 

a 0 (r,z) = a(r,z) - ~ l rq(r)drdr, 
1 r 1 

which is harmonic, and another one 

b
0

(r,z) = F(r,z) + 4(1-V)a + r ~ + z ~ 0 3r 3z 

which is also harmonic by (4.6.2) and the harmonicity of a 0 • 

Using (4.6.1), it is trivial to show that displacements are also 

expressible by (4.5.1), and since a 0 and b 0 are harmonic, (4.5.2) is 

satisfied. 
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4.7 Relationship between the Boussinesq solution and the Love solution. 
------------------------------------------------------------------
The Boussinesq solution and the Love solution were derived by two 

independent methods ( [15], [18]). The relationship between them, as 

established in the following, enables one form of solution to be trans-

formed to and from the other. Eventually each form of solution presen-

ted in this chapter can be transformed to and from another. 

Assuming that displacements are given by (4.6.1) and (4.6.2), 

define Xo by 

Xo(r,z) = fz (zE + F)dz, 
ZJ 

then it can be shown that 

_l_ V2 xo 
dZ 

~"~ ~-az· 

The above equation implies 

'V 2 Xo = 2E + s(r), 

where s(r) is a function of only r. 

Define another function 

rr 1 rr 
X= Xo - 1 ~ l rs(r)drdr. 

rl rl 

Then X has the property of 

fl. 
(lz 

zE + F, 

and V2 x = 2E. 

Hence displacements are given, using the above two equations in 

conjunction with (4.6.1), by 

u 
_1_2 
3r3z ' 

(4.7.la) 

w 2(1-vlV 2 x b 
(lz2 

(4.7.lb) 

Since E is harmonic, the equation relating X and E gives 

v•x 0. 
(4.7.2) 

On the other hand, when displacements are given by (4.7.1) and (4.7.2), 

the functions E and F defined by 

1 2 
E = 2 'V X• 



~ - .!:_ z'V 2 Xo F = OZ 2 
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can obviously satisfy (4.6.1). They are also harmonic, due to X being 

biharmonic, satisfying (4.6.2). 

4.8 Equivalence between (4.5.3), (4.5.4) and the Timpe solution. 
-----------------------------------------------------------
The transformation from Timpe's two stress functions to Boussin-

esq's two stress functions has been established in [20) under appro-

priate conditions. However this is not sufficient for the equivalence 

between the two sets of stress functions. Thus it has not been shown 

that the Timpe form of solution can be derived from the Boussinesq 

form or to and from any of the forms appearing in the previous sections 

of this chapter. 

This section will show that the Timpe solution is equivalent to 

the solution expressed by (4. 5. 3) and (4. 5.4), and thus to all the 

solutions appearing in this chapter. 

Displacements in terms of Timpe's two functions G and Hare 

u 

v 

w 

oH H G 
-- 4 (l-V) - + -
or r r 

0, 

oH oG 
OZ + Or 0 

with G and H satisfying the following requirements 

'I/ 2G(r,z) = 0, 

'V 2 H(r,z) 
2 oH -;: -ar· 

(4.8.la) 

(4.8.lb) 

(4.8.lc) 

(4.8.2a) 

(4.8.2b) 

It will be first proved that any displacements expressible by 

(4.8.1) and (4.8.2) are also expressible by (4.5.3) and (4.5.4). To 

this end, it is only necessary to find ~~ and ~~ satisfying 

'1/ 2 ~1 (r,z) = 0, (4.8.3a) 

'1/ 2 ~1 (r,z) = o, (4.8.3b) 

and 

0 [ ~ ] 
oH H 

or r or + ~I = - - 4 ( 1-v) - • 
or r 

(4.8.4a) 



!_ r 4 (1-V) <1>1 
az I + r 2.h + lj!l = az-· ar J 

aH 
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(4.8.5b) 

as the resulting 1)! 1 can be increased by G to satisfy (4.8.3) and 

(4.8.4). 

The functions ¢ 2 and 1)! 2 defined below will satisfy the above 

equations (4.8.5) if they take the places of ¢ 1 and 1)! 1 , 

¢2 ir H r dr, 
ro 

ir H 
1)!2 =- 4(1-V) ~ dr, 

ro 

where r0 is an arbitrary datum. 

Using (4.8.6a) and (4.8.6b), it can be shown that 

aar (v 2¢2) = 0, 

or V2<j>,(r,z)=t(z), 

where t(z) is a function of only z. 

(4.8.6a) 

(4.8.6b) 

Now consider the functions ¢ 1 and 1)! 1 defined in the following 

¢1 <!>2 - J.z [z t(z)dzdz, 
2 o o 

(4.8. 7a) 

1)!1 =- 4(1-V)cj>l, (4.8.7b) 

where z
0 

is an arbitrary datum. These functions obviously satisfy 

(4.8.5) and also (4.8.3). 

Thus, any displacements expressible by (4.8.1) and (4.8.2) are 

also expressible by (4.5.3) and (4.5.4). 

It will next be proved that any displacements expressible by 

(4.5.3) and (4.5.4) are also expressible by (4.8.1) and (4.8.2). For 

this aim, it is only necessary to find G and H satisfying (4.8.2) and 

oH H aG a [~ ] (4.8.8a) - - 4 (1-v)- + - = - + 1)!1 , 
ar r ar ar ar 

aH oG a [ 2_h -, (4.8.8b) - +- =- 4(1-v)¢ 1 + r + lj!l 
az dZ az ar j 

Again, for the same reason as in the last proof, it is only necess-

ary to find G and H satisfying (4.8.2) and 



and 

aH a-r- H aG a ( a"' ·j 4(1-v)- +--;-- r ~ r ar ar l ar • 

aH aG -+­az az 
a 
az [ 4 (l-V) <PJ + r aa<jlrl J 

The functions G and H defined by 

G; 4(1-v)¢1, 

H ; r ~ ar 
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(4.8.9a) 

(4.8.9b) 

(4. 8.l0a) 

(4.8.l0b) 

obviously satisfy (4.8.9). Using the harmonicity of ¢ 1 and ~!• as 

given by (4.5.4), it is only straightforward calculation to show that 

G and H satisfy the equation (4.8.2). 

Thus, any displacements expressible by (4.5.3) and (4.5.4) are also 

expressible by (4.8.1) and (4.8.2). 

To this point, it has been established that any of the solution 

forms appearing in this and the previous sections of the chapter can be 

analytically transformed to and from any other. The actual transforrna-

tions may be long and tedious, but for a solution given in any of the 

above forms, its equivalent in other forms can certainly be derived. 

4.9 ~~:_::~~~~~:-~~~~::_?~-~~~~:::~~-~~~:?~~~=:· 

The solution form (4.2.4) and (4.2.5), formally derived in this 

chi>pter has been successfully used by Lur'e [16] for the axi-symmetric 

problems of a cylinder. Boussinesq's solution has also been used in 

the same book [16], p. 391, this solution has an advantage of having z 

multiplying one harmonic function, an example where this is used to 

its advantage can be found in [22], p. 280. The form given by Sadowsky 

[(4.5.3) and (4.5.4)] has been fruitful in the variational approach to 

the end problem of a cylinder [21]. Timpe's solution is rarely used 

but Love's biharmonic function is unquestionably very familiar and is 

widely adopted in various works and texts, such as [23]. 

A simple guide in choosing a particular solution for a given prob-

lem can be expressed as: 
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a/Compatibility conditions being satisfied. (All the methods consid-

ered in this chapter do meet this requirement). 

b/Simplicity of the form of the solution. 

c/Separation of a dimension from the rest. 

d/Ease of adopting the solution form to a particular method (as 

illustrated in [21]). 

A few more points relating to the choice of the various forms can 

also be found in [41]. 

However, it is apparent that there is no rigid guide in evaluating 

a method for a particular problem. The choice is almost entirely de-

pendent on the ingenuity of users. 

4.10 Conclusions. 

When the conditions for the omission of Az in the Papkovich-Neuber 

solution [(4.2.1) and (4.2.2)] are satisfied, displacements in torsion-

free axi-symmetric problems are expressible in terms of two functions 

d
0

(r,z) and b
0

(r,z) in the manner specified by (4.2.4) and (4.2.5). 

The conditions for this representation are thus more restricted than 

the corresponding ones for Boussinesq representation. 

The various representations of [(4.2.4), (4.2.5)], of [(4.5.1), 

(4.5.2)], of Boussinesq [(4.6.1), (4.6.2)], of Love [(4.7.1), (4.7.2)], 

and of Timpe I (4.8.1), (4.8.2)] are all interconnected. When the 

transformations between any two of the above forms are possible, the 

two forms are equivalent and if one is complete, so is the other. 

For displacements which are expressible in more than one of the 

equivalent representations, the choice of one over the others depends 

only on its convenience. 



CHAPTER 5 

The application of Papkovich-Neuber 
solution to plane strain problems. 

5.1 Introduction . 
.............................................................. 
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For plane strain problems, it is always convenient to work with 

Airy biharmonic stress function, or the complex variable method. The 

transformation between these two methods is standard and can be found 

in standard texts, such as [23], p. 175-179. 

This chapter will show that the Airy stress function can be 

transformed into, or derived from, a Papkovich-Neuber solution, 

as applied to plane strain cases. The two transformations presented 

in this chapter also allow the omission of one of the three harmonic 

functions in the Papkovich-Neuber solution for plane strain. 

Compared to the Airy stress function, the Papkovich-Neuber form 

is less convenient to work with, however it can be extended to three 

dimensions while the other can not. The transformation from an Airy 

stress function to the Papkovich-Neuber functions is thus the first 

step toward extending two-dimensional problems to three-dimensional 

ones, as will be shown in Chapter 7. 

5.2 ~::~~~!~~~-~~-~-:~€~~~~~~=~:~:-~~~~!~~~-~:~~-~-2~~:~-~~~ 
stress function . 
.................................................................................. 

Given an Airy biharmonic stress function cj>(x,y) satisfying 

'1/2 (V2cj>) ~ o, 

the gradients of displacements can be written as 

E dU 
l+V dX 

E dV 
l+V Cly 

()2cj> 
~ + (l-V)'V2cj>, 

()2cj> 
3y2 + <1-vl v2cp. 

(5.2.1) 

(5.2.2a) 

(5.2.2b) 
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It has been shown ([23], p. 173-174) that any biharmonic 

function ~(x,y) is expressible as 

~(x,y) = yt(x,y) + n(x,y). (5.2.3) 

where V2t(x,y) 0 ( 5. 2. 4a) 

V2n(x,y) 0. (5.2.4b) 

The equation (5.2.2) can now be written as 

Since 

E dU 32 
l+V dX = - 3x2 (yttn) + 2 (1-V) ()I; 3y' 

_£ 3v 02 
Hv 3y = - ay2 <yt+nl + 2 (1-vl at ()y 

at = ["t] JY o
2

t oy ay + oy2 dy = 
y=c c 

(at] r o 2

t 
oy y=c - ox> dy, 

c 

(5. 2. Sa) 

(5.2.5b) 

where c is a constant, 

ou b . dx can e wr1tten as 

E au o2 (yi;tnl 
l+V ox = - ox2 

a JY at ["t] 2(1-V) -- -- dy + 2(1-V) --
dX ax oy o y=c 

Integration of the last equation, and of (5.2.5b) gives 

E 
-- u = 
l+V 

d Jy ox (yt+n) - 2(1-V) 
c 

at; 
dX dy + 

E () 
l+V v =- oy (yt+n) + 2(1-V)t + f(x) . 

2(1-v)J[¥) dx + g(y), 
Y y=c 

(5. 2. 6a) 

(5.2.6b) 

On the other hand, the relation between ~ (x,y) and T gives xy 

. ~- l~~ + ~:1 = 
a>~ 

- ox3y 
(5.2.7) 

Replacing the values of u, v, $ as given by (5.2.6) and 

(5.2.3), into equation (5.2.7), it is shown that 

dg(y) + of(x) ~ 
3y ox 

0, 

or 

f(x) = ax + b, 

g(y) = -ay +d. 
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The last two equations show that f(x) and g(y) represent only 

rigid body displacements, hence they can be safely omitted from 

(5.2.6). 

After the omission of f(x) and g(y), equations (5.2.6) can be 

written as 

E 
-- u 
l+V 

- ;x[Y~ + n + 2(1-V) J: ~dy- 2(1-V) ff (a~) dxd~l 
ay -c ) 

y- (5 .2.8a 

E 
l+V V 

a 
= 4(1-V)i; - ay ~~ + n + 2(1-vl JY t;dy­

c 
2 (1-V) f f (~;) y=c dxd.x]. 

Since 

17
2 

[ r i;dy - If(~~) dxdJ = ~~ + 
Y y=c ~ Y 

ry a• t; 
J. ax2 dy 
c 

- (~;) y=c 

= (~t;) + (l 17 2 t, ay - (~~J = o, 
Y y=c Jc y y=c 

a new harmonic function ~ can be defined as 

~(x,y) = n + 2 (1-V) r ~dy - 2 (1-V) If (~~~ dxdx. 
Jc y)y=c 

(5.2.8b) 

(5.2.9) 

Hence, displacements are expressible by the Papkovich-Neuber 

form as 

and 

u(x,y) = 
a 

ax ~( l;Vf,) + (l;V ~JJ ' 
(
l +v ) a [ [ Hv ) (l+" TI v(x,y) = 4(1-V) Ef, - ayJ.: ? + ~ . 

With the definitions of 

A = 
y 

l+V f; ' 
E 

- l+V ~ ' Ao - E 

displacements can be written as 

u(x,y) 
a 

= - - (yA +A ) ax Y a • 

v(x,y) 
a 

= 4(1-V)A - ~ (yA + Ao) , 
y oy y 

where A , Ao satisfy 
y 

(5.2.10a) 

(5.2.10b) 



and 

\/ 2A (x,y} ~ 0, 
y 

\/ 2 A 0 (x,y} ~ 0. 
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(5.2.lla} 

(5.2.llb} 

It is noted that simple (harmonic} terms can be added to Ao, 

A to take up any solid body displacements in the plane (x,y}. Thus 
y 

the Papkovich-Neuber form (5.2.10} and (5.2.11} can express any 

displacements of the given Airy stress function (5.2.1} after the 

some slight modification of the functions A , Ao. 
y 

5.3 Derivation of an Airy stress function from a given Papkovich-
................................................................................................................................................................................................................................. ----

Neuber solution. 
---------------

If a plane strain problem has its displacements given as 

where 

u(x,y} ~ - 3ax l~Ay + Ao] ' 

v(x,y} 4 (1-V} Ay - a~ ~Ay + A~, 

'J2 Ao (x,y} ~ 0, 

\/2A (x,y} ~ 0, 
y 

( 5. 3 .la} 

(5.3.lb} 

then by defining a function B(x,y}, 

2(1-v}JY A dy + 2(1-v>JJ(a:vJ dxdx 
c Y Y y~c 

B(x,y} ~ Ao(x,y} - (5.3.2} 

which is harmonic, u and v can be written as 

u ~ 
J

y aA 
-2 ( 1-\!) _____:t_ d ax y 

c 
+ 2 (1-V} f (a:y) dx 

y y~c 

v ~ 2(1-V}A 
y 

a 
ay (yAY + B) . 

a 
- - (yA + B) 

ax y 

The last two equations and the harmonicity of A and B give y 

au aA a2 
-;;- ~ 2 (1-\!} --.!- - = (yA + B), 
oX oy ox Y 

(5.3.3a} 

av aA a2 
-;;- ~ 2 (1-V} --.!- -~ (yA + B), 
oy oy oy Y 

(5.3.3b} 

au av a
2 

-;;- + -;;- ~ - 2 ..,.---,;- (yA + B). 
oy ox oxoy y 

(5. 3. 3c) 

If the quantity yA + B is named ~(x,y}, it is obvious that 
y 



and 

'12 Iv2cp(x,y)J = o, 

au 
ax 

av __ 
ay -

a2cp 
~ + (l-V)V

2 cj>, 

a2cp 
ayz-+ (l-V) 'J2cj>, 

au + av = _ 2 ~ 
ay ax axay 
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For plane strain problem, the relations between stresses and 

strains are 

l+V --o au v =-+--
ax l-2V E X 

l+V av V 
-- 0 = - + -­

E y ay l-2V 

2 (l+V) T 
E xy 

au av =-+-
ay ax 

(
au + av) 
ax ay 

(
au + ov) 
ax ay ' 

The last six equations give 

a 
()2 

(l!v <~>) XX = ayz 

0 
a2 

(l!v <~>) yy = ax2 ' 

T 
a2 (~) xy = - axay . 

The function l!v <P is also biharmonic, i.e. 

v2 {v2 
[ 1!v cp (x,y>]} = o, 

hence it is the required Airy stress function. 

(5. 3. 4a) 

(5.3.4b) 

(5.3.4c) 

(5.3.5) 

It should be noted that the accepted Papkovich-Neuber form for 

plane strain problem is 

() 
u = 4(1-V)A -a- (xA + yA + Ao), 

X X X Y 
(5.3.6a) 

a 
v = 4(1-V)A -a- (xA + yA + A0 ), y y X y 

(5.3.6b) 

with 

'J2A x(x,y) = 0, (5.3. 7a) 

V2A y (x,y) = 0, (5.3. 7b) 

V2Ao (x,y) = 0. (5.3.7c) 
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The treatment in this section gives an individual Airy stress 

function for each of the functions A , A , Ao; the sum of all the 
X y 

three stress functions is the Airy stress function for the displace-

ments described by (5.3.6). 

Generally, for three given harmonic Papkovich-Neuber functions 

A , A , Ao , an Airy stress function is generated, from this function 
X y 

two new Papkovich-Neuber harmonic functions A* , A*o are derived. y 

The last two functions give the same displacements as the given three, 

except for solid body displacements of the form 

u ay + b, (5. 3. Ba) 

v = -ax + d. (5.3.8b) 

As the two functions A* , A*o can be easily modified into two 
y 

harmonic functions A* *, A*o* to absorb the solid body displacements 
y 

given by (5.3.8), these final functions A* *, A*o* then give the y 

displacements described by (5.3.6). 

The above observations prove that in general, one of the 

functions A , A in the Papkovich-Neuber form (5.3.6) for plane 
X y 

strain can be set to zero without losing the completeness of the 

form. 

5.4 ~-:~~~~:_?~-~~:-~::~~~~~?~-?~-~~:_:~~~?~~~~=~:~::_:?z~~~?~ 
from a given Airy stress function. 
---------------------------------

In this section, a derivation of the Papkovich-Neuber solution 

from a known Airy stress function is made. The derived functions 

will be of good help in comparing the results in section 7.5, which 

is an extension of a plane strain problem into a three-dimensional 

one. 

If the known Airy stress function ~(x,y) is given as 

~ = sinox(k,coshOy + k 2 sinhOy + k 3y coshOy + k4ysinhOy) 

where k
1

, kz, k3, k 4 , 6 are constants, then the function ¢(x,y) 

can be written as 
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<jJ = yA(x,y} + B(x,y}, 

where 

V2A = 0, 

V2B = 0. 

In this case, the functions A and B are easily found, they are 

A (x, y} sinox (k 3 cosh6y + k4sinh6y} , 

B (X, y} sinox (k 1 cosh6y + k 2 sinhoy}. 

A new harmonic function C(x,y} can then be defined, in the manner 

specified by (5.2.9}, as 

C(x,y} = B(x,y} + 2(1-V}J: Ady- 2(1-v}JJ (~~t= 0 dxdx 
sinox I, . J ~ B + 2(1-V} ~ ~ 3 s1nhoy + k 4 cosh6~ 

= sinox {[k 2 + 2(l;;v> 
l . I, 2(1-V} ·1 } 

k '_] swhoy + ~ 1 + 0 k':J cos hoy • 

The displacements u, v are now expressible by 

E -u 
l+V 

- a - - dX (yA + C) , 

E v 
l+V 

a = 4(1-V}A - ay (yA + C) , 

where A and C are harmonic functions satisfying 

V2 A = V2 c = 0. 

After some interchanging of notation, the results from this 

section will be able assist in comparing the results from section 

7.5 with those in plane strain cases. 

5.5 Conclusions 
----~-------

The Airy stress function approach and the Papkovich-Neuber approach 

to plane strain problems are equivalent, except for some solid body 

displacement. Comparing the convenience between the Papkovich-

Neuber approach, the Airy stress function approach and the complex 
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variable approach, the first one is certainly more cumbersome to 

use, and also redundant in its pure form, i.e. in the form containing 

three harmonic functions A, A and Ao of (5.3.6). 
X y 

The transformations in this chapter constitute the first step 

toward extending a plane strain solution to a three dimensional 

solution as will be shown in chapter 7. 



CHAPTER 6 

Some relationships between plane strain 
and torsion-free axi-symmetric problems. 

6.1 Introduction. 

Symmetric plane strain (or equivalent symmetric plane stress) 

and torsion-free axi-symmetric problems are both two-dimensional. 
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The existence of relationships between these two types of problems 

are thus expected both from the theoretical and economical points 

of views. 

The forward and reverse transformations from a torsion-free axi-

symmetric state to a symmetric plane state can be carried out 

according to the following plans: 

(i) Rotation of the symmetric plane state around its axis of symm-

etry to give a torsion-free axi-symmetric state. 

(ii) Linear translation of a torsion-free axi-symmetric state along 

a direction perpendicular to its axis of rotation to give a symmetric 

plane state. 

Using a stress function approach for axi-symmetric problems, 

C. Weber [24], [42] pointed out the analogy between his approach and 

the Airy stress function approach. Transformations between the two 

types of stress functions were carried out according to plans (i) 

and (ii). However, only their shear stresses and direct stresses 

along the direction of the axis of symmetry can be related; the 

relationships for their other stress components and for displacements 

between the two states remains unclear. 

A. Ia. Aleksandrov [26], on the other hand,worked exclusively 

with stresses and displacements, for the transformations between the 

two states according to plans (i) and (ii). Although his paper gives 

much physical meaning to the transformations, the relationships for 

the stress functions were left out. 

Therefore, although stress functions can be transformed according 

to {i) and {ii) in a similar manner to the physical quantities 
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(displacements, strains, .stresses, etc.), there is no theory dealing 

with all of them. A theory which deals with the functions and their 

physical quantities as a whole, is of practical importance as it 

permits better understanding of the relationships and lends to a 

more effective use of them. 

This chapter applies the transformations (i} and (ii} to the 

Papkovich-Neuber expressions for displacements in the symmtric plane 

strain and torsion-free axi-symmetric problems. The functions of 

the two states are thus related and they are shown to be the same 

functions which generate the corresponding physical displacements. 

Then, using the uniqueness theorem for stresses, these are shown to 

be similarly related. The harmonic functions, their displacements, 

strains, stresses are thus related according to the appropriate 

(tensorial) transformation rules. 

The plan (ii} is also shown to correspond to successive applica-

tions of zeroth order Hankel and inverse Fourier cosine transforma-

tions. The two mathematical transformations, in turn, offer some 

more means for relating the harmonic functions of the two geometries. 

Finally, the method of transformation is illustrated in section 

~-~· through the problems of side loading of an infinite strip and 

of an infinite cylinder; this shows that the two problems are analo-

gous in every aspect. 

6.2 ~~=~~~::~~~:=~~~~:::~=-~~-~~~~~~~-~~~::~~~~: 

For plane strain problems, displacements are given by 

UJ (x, z} 
a 

- a;{ (zA + B) ' 
(6.2.la} 

a 
w1 (x,z} = 4 (1-\I}A - az (zA + B), 

(6.2.lb} 

where ul(x,z), w1 (x,z) are displacements along the x and z directions, 

Vis the Poisson ratio, and A(x,z), B(x,z) are two harmonic functions 

in the Cartesian coordinates (x,z). 



73 

On the other hand, the Boussinesq solution for a torsion-free 

axi-symmetric state gives 

u 2 (r,z) 
a or (zC + V) , (6.2.2a) = -

wz (r,z) 
a 

4(1-V)C - az (zC + Vl, (6.2.2b) 

where u2(r,z}, wz(r,z) are displacements along the rand z directions, 

C(r,z) and V(r,z) are two axi-symmetric harmonic functions in the 

cylindrical coordinates (r,8,z). 

This chapter will relate the symmetric plane strain state and the 

torsion-free axi-symmetric state by the use of the above four equa-

tions. These equations allow a simple physical interpretation of the 

generation of a torsion-free axi-symmetric (or symmetric plane strain) 

state from a symmetric plane strain (or torsion-free axi-symmetric) 

one. 

It is interesting to note that although the procedures (i) and 

(ii) have been used in both [24) and [26], without the use of (6.2.1) 

and (6.2.2) neither paper dealt with the functions and the physical 

quantities as a whole. 

It is also worth noting that torsion-free axi-symmetric states 

are quite difficult to relate to symmetric plane stress states 

(although the latter are sometimes considered to be equivalent to 

symmetric plane strain states) because of the following considera-

tions. 

a - Plane stress problems require one more equation to account for 

displacement in the third Cartesian direction. As a result, 

expressions like (6.2.1) may need more than two harmonic 

functions for completeness of the solutions. 

b - Plane stress and plane strain problems are known to be equivalent 

only approximately. It therefore requires more than the proof 

in sections 6.3 and 6.4 to relate symmetric plane stress and 

torsion-free axi-symmetric states. 
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A proof which relates a torsion-free axi-symmetric state to a plane 

state, where the latter state is not exactly specified, is therefore 

imprecise and prone to misinterpretation. 

6.3 ~~:~:~~~-~~-~-:~:::~:_€z~~:_:::~~~-::~::_:~-2~~:-~-:~::~~~=~::: 
~~~==~:::~=-=:~::· 

The given symmetric plane strain state has its displacements 

satisfying the equations (6.2.1). A super-imposition of finely and 

equally spaced of an infinite number of this state, each rotated 

around its axis of symmetry, gives a torsion-free axi-symmetric state. 

The Cartesian harmonic functions A(x,z) and B(x,z) then give two 

cylindrical harmonic functions A(r,z) and 8(r,z), 

A (r, z) JTIA(r cos6,z)d6, 
0 

B (r,z) • JTIB(r cos6,z)d6. 
0 

(6.3.la) 

(6.3.lb) 

Displacements U! (x,z) and WJ(x,z) of the same equations (6.2.1) 

give 

u, (r,z) 

w,(r,z) 

As 

JTiu!(r cos6,z)cos6 d6, 
0 

JTiw 1 (r cos6,z)d6. 
0 

u 4 (r,z) J
n a 
a (r cos6) 

0 

[zA(r cos6,z) + B(r cos6,z)]cos6 d6 

In a - or [zA(r cos8,z) 
0 

+ B(r cos8,z)]d8 

a - ar [zA(r,z) + 8(r,z)J. 

and 

(6.3.2a) 

(6.3.2b) 

w4 (r,z) • f{4(1-V)A(r 
0 

a 
cos6,z) - oz [zA(r cos8,z) + B(r cos6,z)J}d8 

a 
• 4(1-v)A(r,z) - oz [zA(r,z) + B(r,z)], 

it is clear that u,(r,z) and w4 (r,z) are the displacements generated 

by the axi-symmetric harmonic functions A(r,z) and B(r,z). Thus, the 
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rotation has trnasformed (6.2.la) and (6.2.lb) into 

3 - - (zA + Bl 3r ' u4(r,z) (6.3.3a) 

3 
w4 (r,z) = 4(1-V)A- ~ (zA +B). (6.3.3b) 

Hence, the rotation of a symmetric plane state gives a torsion-

free axi-symmetric state whose harmonic functions, displacements and 

displacement derived quantities (to follow) are the transformed vari-

ables from the plane state. 

Since the displacements of the transformed state (as specified by 

(6.3.2a) and (6.3.2b) are generated according to plan (i) of 

section 6.2, all other physical quantities, which are derived from 

displacements, such as stresses, strains, dilation ... are also genera-

ted according to plan (i). The quantities at (r cos8,z) are thus 

projected (tensorially) to the required (tensorial) direction, and 

then integrated for the range of 8 from 0 to TI. 

For example, the stresses in the axi-symmetric state are the 

transformed variables of those in the plane state: 

Orn = JTI 
0 

oee. = r 
u 

Ozz" = JTI 
0 

2 2 [OXXI (r cos8,z)cos 8 + Oyy 1 (r cos8,z)sin 8]d8, 

[Oxx
1 

(r cos8,z)sin2 8 + Oyy 1 (r cos8,z)cos
2
8]d8, 

OZZJ (r cos8,z)d8, 

Trz 4 = JTI•xzl (r cos8,z)cos8 d8, 
0 

(6.3.4a) 

(6.3.4b) 

(6.3.4c) 

(6.3.4d) 

where the subscripts 1 and 4 denote the original plane state and its 

transformed axi-symmetric state, respectively. 

Concerning the irtverse of this rotation, it is sufficient to 

point out that all the equations (6.3.1) to (6.3.3) (for (6.3.4a) and 

(6.3.4b), their sum and difference) are of the Abel type; therefore 

their inverses are given by 

A(x,z) 
1 
TI 

X 

~J A(r,z) 
3z 

0 

rdr (6.3.5a) 
,tx2-r2 



B(x,z) 

Ul (x,z) 

w1 (x, z) 

1 a rx rdr 
iT ax jB(r,z) 

0 
lxZ-rZ ' 

1 a 
1TX ax 

Jxu,(r,z) 
0 

1 a Jx iT ax w,(r,z) 
0 

r 2dr 
.,lx2-r2' 

rdr 
/xz-rz 
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(6.3.5b) 

(6.3.6a) 

(6.3.6b) 

Stresses in the plane state can also be worked out from stresses 

of the transformed state. For a detailed treatment of this inverse 

transformation, readers are referred to [26]. 

6.4 ~~~:~~-~=~~:~~~~~~-~~-~-~~=:~~~:::::_~~~=:~:~:~:_::~::_:~-2~~= 
a symmetric plane state. 
-----------------------

The superimposition of an infinite number of finely and equally 

spaced axi-symmetric states, each has been translated along a direc-

tion which is perpendicular to the axis of rotation of the initial 

state, gives a symmetric plane state. 

The cylindrical harmonic functions C(r,z) and V(r,z) of equations 

(6.2.2) give the following cartesian harmonic functions 

C(x,z) 
roo 
J C(/x2+y2,z)dy, (6.4.la) 

-00 

D(x,z) 
roo 
J V(/x2+y2,z)dy. (6.4.lb) 

-00 
Displacements uz(r,z) and wz(r,z) of the same equations (6.2.2) 

give 

u3 (x,z) 

W3 (x, z) 

As 

U3 (x, z) 

J:oouz(/x2+y2,z) 
x ___ dy, 

~~·2...1..·•2 

J:oowz(/;2+y2,z)dy. 

[00 
a a(/:K2+y2) [zC(/x2+y2,z) + V(vx2+y2,z)]dy, 

foo ~ [zC(ix2+y2,z) 
ax 

+ V(lx2+y2 ,z)) x dy, 
,lx2+y2 

-oo 

a - ax [zC(x,z) + D(x,z) L 

(6.4.2a) 

(6.4.2b) 
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and 

w3 (x, z) [j4(1-v)C(/;2-I-y2 ,z) -
d a-; lzC (vx'+y2 ,z) + V (.lx 2+y 2 , z) I }dy, 

d 
4(1-V)C(x,z) - 3; [zC(x,z) + D(x,z)], 

it is also clear that u 3 (x,z) and w3 (x,z) dre the displact"'!ments 

generated by the cartesian harmonic functions C(x,z) and D(x,z). 

Thus, the translation has effectively transformed (6.2.2a) and (6.2.2b) 

into 

u, (x, z) 
d 

dX (zC + D) , (6.4.3a) 

w3 (x,z) ~ 4(1-V)C 
d 

dZ (zC + D) • (6.4.3b) 

Similar to section §-~, a symmetric plane strain state has be~;n 

derived from a torsion-free axi-symmetric state according to plan (ii) . 

The harmonic functions, displacements and all other derived quantities 

are generated according to plan (ii). The quantities at (~,z) 

are projected (tensorially) to the required (tocusorial) direction and 

then integrated for the range of y from - 00 to 00 • 

Stresses of the derived plane state are related to those of the 

original axi-symmetric state by 

Oxx::~(x,z) f
oo 2 

-•~Orrz (r'x2+y2 ,z)xt+'Y2 + 

00 2 

2 

( I 2 2 ) y l 0882 X +y ,z 2 2 dy, 
X +y 

2 

(6.4.4a) 

0 yY3(x,z) I 2 2 y + [ 0 ( V X +y , Z) 2 ' rr2 x +y 
I 2 2 X 

08G2(X +y ,z)x2+y? ]dy, (6.4.4b) 
-00 

0 zZ3 (x,z) J
oo 

I 2 2 -wOzzz( X +y ,z)dy, (6.4.4c) 

Tr23 {x,z) J
oo X 

_ (.lx2+y2 ,z)---,=:;;::::5' ~ -oo l rz:- .lx2+y2 
dy, (6.4.4d) 

where the subscripts 2 and 3 denote the original axi-synunetr.ic state 

and its transformed plane state respectively. 

The inverse of equation (6.4.la) is worked out as in the following. 

C(x,z) 

00 

J -ooC (.;x2+y2 ,z)dy 

J:
00

C(Ix2+y2,z)dt 1 , 
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so 

J:
00

c(/x2+t2 2,z)dt 
roo Joo j_oo -~(/x2+t 1 2+tz 2 ,z)dt1dt2 

Hence 

or 

Then 

or 

J
2 Joo 'IT 2 2 = d8 C(lx +t 3 ,z)t 3dt, 

0 0 

= 2rr ~C(t 4 ,z)t,dt,. 

a Joo - ax -oo C(/x2+t2 2 ,z)dt2 = 2rrC(x,z)x, 

C (x, z) 

C(r,z) = 

C (r, z) 

l a Joo 
- 2ITX ax -oo C(lx2+tz

2
,z)dtz. 

l a Joo 
- 2rrr ar c(/r2+t2 ,z)dt, 

if r 

-oo 

ac(x,z) 
ax 

dx 
1;?-r2 

(6.4.5a) 

Similarly, 

V(r,z) 
= _ ! j·00

aD(x,z) 
rr ax 

r 
~rz 

dx (6.4.5b) 

Following essentially the same argument, displacements are given 

by 

uz (r,z) ! r au, (x,z) xdx 
rr ax r/X2-r2' 

r 

(6.4.6a) 

! 100 

aw,(x,z) dx 
rr ax v'x2-r2 r 

(6. 4. 6b) wz{r,z) = 

(6.4.4c) and (6.4.4d) can also be dealt with in the same manner. 

For (6.4.4a) and (6.4.4b) their sum and difference are used instead. 

For a detailed treatment of the inverse transformation in this sec-

tion, readers are referred to [26]. 

6.5 The role of Fourier-cosine and zero-order Hankel transformations 
~-~-------------------------------------------------------------
in the relationship between plane and axi-symmetric states. 
----------------------------------------------------------
The Fourier-cosine transformation on a symmetric plane harmonic 

function f(x,z) which satisfies 
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02 f 
oz" = O, 

gives a function ~(s,z} which satisfies the corresponding transformed 

equation 

-s 2 ~(s,z} + 
02~ 
oz2- 0. 

On the other hand, the Hankel transformation of order zero of an 

axi-symmetric harmonic function F(r,z), which satisfies 

o2 F 1 oF --+--+ or2 r or 
o2F 
0z2 = O, 

is a function ~(s,z) which satisfies 

2 ()2<1> 
-s <l>(s,z} + 2!z2C = 0. 

By equating ~(s,z} and <l>(s,z}, transformations between symmetric 

plane and axi-symmetric harmonic functions can be carried out as in 

the following sub-sections. 

6.5.1 Cylindrical to plane. 

With 

and 

<l>(s,z} = Joo rF(r,z}J0 (sr}dr, 
0 

f(x,z} = Joo <!> (s,z} cos(sx}ds, 
0 

it is deduced that 

or 

Since 

f(x,z} = ~ Joo cos(sx} Joo rF(r,z}J0 (sr}drds, 
g:;:o r=o 

(oo [ Joo J f(x,z} = ~ Jr=orF(r,z} s=ocos(sx}J0 (sr}ds dr. 

r:00<(<<)00 (<<)0< " l I<:-·· r > x 

r < x, 

f(x,z} 

f(x,z} 

is written in its final form as 

_ /~ r F(/h2+x2,z)dh. 
0 

(6.5.1} 

(6.5.2} 

(6.5.3} 

(6.5.4} 

(6.5.5} 

k 
Apart from the constant -(2n)- 2

, the above relationship is identi-

cal to (6.4.la} and (6.4.lb}. 



6.5.2 Plane to cylindrical. 

and 

With 

<f>(s,z) ~ Joo f(x,z) cos(sx)dx, 
0 

F(r,z) = Joo s<f>(s,z)J0 (sr)ds, 
0 

it is deduced that 

F (r, z) 
2 foo roo 

= /n sJ0 (sr) J f(x,z)cos(sx)dxds. 
s===o x=o 
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(6.5.6) 

(6.5.7) 

It should be noted that interchanging the order of integration of 

the above double integral is not permitted. Instead, additional 

assumptions are needed to reduce the above integral to an amenable 

form. 

Partial integration gives 

~f(x,z)cos(sx)dx 
0 

[ l -100 = - f(x,z)sin(sx) -
s - x=o roo ~ sin(sx) dx. 

ax s 
J x=o 

With the assumption that f(x,z) vanishes at infinities along the 

x direction, the square bracket in the above equation is eliminated, 

leaving 
roo 

jo 
=- r ~~ 

0 
s 

sin(sx) dx. f(x,z) cos (sx) dJ< 

Thus 

F(r,z) A (=osJO(sr) u:=o s 
af sin(sx) 

dx J ds. ax 

-A f Jo(sr)[(=o ~~ sin(sx)dx }s 

-A (=o ~~ [ (=
0

J 0 (sr)sin(sx)ds }x. 

A standard result is that 

Hence, 

Joo Jo(rs)sin(xs)ds = { 
s=o 

0 r > x 
l 

-; 2 z r < x. x -r 

F (r, z) 1
12 Joo af dx 
TI dx v'x2-r2 · x=r 

(6.5.8) 

(6.5.9) 

(6.5.10) 

(6.5.11) 
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-~ 
Apart from the constant -(2rr) 2 in front of F(r,z), this equation 

is identical to the equation (6.4.5a). 

The mathematical processes carried out in sub-sections 6.5.1 and 

6.5.2 thus correspond to the forward and reverse linear translation 

of a torsion-free axi-symmetric state to give a symmetric plane state. 

If the cosine function in (6.5.2) is replaced by a sine function, 

then another kind of transformation is obtained 

f 6 (x,z) = lx F 5 (/x2-t2,z)dt (6.5.12) 

" 
where the subscripts 5 and 6 denote the original cylindrical and the 

transformed cartesian states, respectively. 

When certain additional conditions are imposed on Fs(r,z) then 

its harmonicity induces that of f6(x,z). 

The formulation of (6.5.12) also suggests another kind of trans-

formation, from a symmetric plane state to a torsion-free axi-symmetric 

state. It is 

F7(r,z) = Joo fa(r cosh6,z)d6, 
0 

(6.5.13) 

where the subscripts 8 and 7 denote the original cartesian and the 

transformed cylindrical states, respectively. 

As for (6.5.12), when certain additional conditions are satisfied, 

the harmonicity of f 8 (x,z) induces that of F 1 (r,z). 

The transformations for harmonic functions as specified by 

(6.5.12) and (6.5.13) are purely mathematical and their physical 

meanings are still lacking. As their physical meaning (if any) is 

not simple, these transformations may not have any practical value. 

6.6 ~~~p~:-~~-:~:_::~~:~~~:~~P-~::~::~-~-:~:::~~-:~~-~~~:~:~~~~~ 
state and an axi-symmetric state. 
--~-----------------------------

As an example of the relationship between a symmetric plane 

strain problem and an axi-symmetric one, this section considers the 

problem of an infinite strip and of an infinite cylinder loaded on 
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their sides. The section also introduces the technique of using com-

plex harmonic functions in the Papkovich-Neuber solution. This tech-

nique will be the one in use in the next two chapters 7 and 8. 

The infinite strip along the z direction, with sinusoidal loadings 

on the sides of x = ±l (fig. 6.1), has its complex harmonic functions 

as 

A(x,z) 

and 

B(x,z) 

_ io ioz 
2rry e cosh(yx), 

ioz 
e 21T [ x sinh (yxl + io y 

(6.6.la) 

z cosh(yx) 

K+2(l-V) J - y cosh(yx) , (6.6.lb) 

where y, 8 and K are three constant. The constants y and 8 are 

further required to satisfy 

y2 = 02. (6.6.2) 

Actually, it is possible to use only one of these two constants. 

However, the following arguments are simpler with both of them retained. 

Displacements, according to (6.2.1), are given by 

u1 (x,z) 
ioz [ 

e
2

1T (K+l-2V)sinh(yx) - yx cosh (yx) J , (6.6.3a) 

Wi (x, z) 
e K-2(1-V) ioz [ J io ~ -x sinh(Yxl + y cosh(yx) . (6.6.3b) 

Stresses in plane strain problems are related to displacements by 

the following equations 

l+V 
""E 0 xx 

l+V 
E Ozz 

l+V 
2--Txz 

E 

au v -+-
ox l-2V 

ow \) 
-+-­
az 1-2\! 

au aw 
az + ax· 

(
au ow) 
OX + oz ' 

[
au ow) ax+ az ' 

These three equations give the values of Oxx 1 , 0 221 and lxz 1 as 

1+\! 
E 0 xxl 

ioz 

e 21T Y [- yx 
(6.6.4a) sinh (yx) + K cosh (yx) J, 

1+\! 
E 0 zz 1 

ioz [ -~ e 
2

1T y yx sinh (yx) + (2-K) cosh (yx) _ , (6.6.4b) 
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ioz [ l+V = .!:_o_e__ (K-1) sinh 
-- Txz1 211 E 

(yx) - yx cosh (yx) J . (6.6.4c) 

As (y,o) are replaced by (y,-6), the quantities A, B, u,, w,, Oxx!' 

Ozz 1 , Txz 1 all change into their complex conjugates. Thus, their 

real and imaginary parts each form a system of real loading. 

For real K and y(and so 6), the above system can represent any 

x-symmetric loading which varies sinusoidally along the z direction 

with wavelength 1/y. Since any x-symmetric loading on the sides 

x = ±l of the strip can be Fourier analysed into constituent modes 

such as the two modes (one from the real, the other from the imaginary 

parts of A, B, u1, w1, aXXl' Ozzl' Lxzl) considered above, it is thus 

sufficient to investigate only these two. 

It is also noted that if all the functions sinh(yx) and cosh(yx) 

in the previous calculations of this section are replaced by cosh(yx) 

and sinh(yx) respectively, then a x-anti-symmetric loading of the 

strip is obtained. However, this anti-symmetric loading is of no 

interest to this chapter and will not be mentioned any further within 

the chapter. 

A rotation of the above plane state around its z-axis gives an 

axi-symmetric state (fig. 6.2), the harmonic functions of which are 

given by (6.3.1) as 

and 

A(r,z) J1T A(r cos8,z)d8, 
u 

B(r,z) = J1T B(r cos8,z)d8. 
0 

With the values of A and B given in (6.6.1), and the help of the 

following formulae 

1 
Io(c) =iT J1T cosh(c cos8)d8, 

0 

I 1 (c) 1 J1T iT sinh(c cos8)cos8d8, 
0 

the functions A and B are evaluated as 

A (r, z) 
i6 
2y 

iaz 
e I 0 (yr), 

(any complex c) 

(any complex c) 

(6.6.5a) 
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and 

i6z i6 K+2 (l-V) 
B(r,z) = l--,e [ri, (yr) + y zi0 (Yr) - " I 0 (Yr) 1, (6.6.5b) 

where y, 6 and K are the three constants defined earlier at the end 

of equation (6.6.1). The constants y and 6 still have to satisfy 

the equation (6.6.2), which is 

y2 = 62. (6.6.2) 

Similarly to the last case, only one of the two constants y and 6 is 

really needed. However, for the following arguments to be simple, 

both of them are retained. 

Displacements, which satisfy (6.2.2) as well as (6.3.2), for this 

case of axi-symmetric deformation are written as 

u.(r,z) 
ei

2
6z [ 

and 

(K+2-2V) I 1 (yr) - yri0 (yr) l J ' 

. e K-2+2V i6z [ J w4(r,z) = 16--
2
-- -rll (yr) + y I 0 (yr) . 

(6.6.6a) 

(6.6.6b) 

Stresses as deduced from the above displacements, also satisfying 

(6.3.4), are given by 

l+V 
E: 0 rn 

l+V 
E 0 zZ'+ 

and 

l+V = 
~rz• 

i6z [ ( e
2 

-K-2+2V 
- y 2 r)I 1 (yr) + (K+l)yi0 (yr) J, 

_ ei6z 
- -2·y [ yri 1 (yr) + (2-K) 1 0 (yr) J, 

i6ei6z 

2 
[ KI 1 (yr) - yri0 (yr) J . 

(6.6.7a) 

(6.6.7b) 

(6.6. 7c) 

As (y,6) are replaced by (y,-6), the quantities A, B, u 4 , w4, 

Orr 4 , Ozz 4 , Trz'+ all change into their complex conjugates. Thus, 

their real and imaginary parts each forms a system of real loading. 

For real K and y(and so 6), the above derived system can repres-

ent any torsion-free axi-symmetric loading (on the cylindrical 

surface r=l of the cylinder) which varies sinusoidally along the z 

direction with wavelength 1/y. Since any torsion-free axi-symmetric 

loading on the surface r=l can be Fourier analysed into constituent 

modes such as the two modes just considered, it can be said that 
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any torsion-free axi-symmetric loading on the surface r=l can be 

treated by the method derived above. 

To this point, the solution for a torsion-free axi-symmetric 

loading on the cylindrical surface r=l of an infinite cylinder has 

been derived from the solution for an infinite (plane strain) 

strip, symmetrically loaded on its sides x = ±1. 

Moreover, the homogeneous solutions of these two problems are 

actually related, as in the following. 

Applying the homogeneous conditions (OxxJ = TxzJ = 0 on x = ±1) 

to the equations (6.6.4a) and (6.6.4b), the values of K and y are 

required to satisfy 

and 

-ysinh(y) + K cosh(y) = 0, 

(K-l)sinh(y) - y cosh(y) = 0. 

(6. 6. Sa) 

(6.6.Bb) 

As the plane state is rotated around its axis, the equations 

(6.6.4a) and (6.6.4b) have their counterparts in the axi-symmetric 

state the equations (6.6.7a) and (6.6.7b). The homogeneous condi­

tions (Orr, = Trz 4 = 0 on r=l) of a torsion-free axi-symmetrically 

loaded cylinder require that the right hand sides of (6.6.7a) and 

(6.6.7c) are equal to zero for r=l. Hence, for the axi-symmetric 

case, K and 8 are required to satisfy 

(-K-2+2\!- y 2 )IJ (y) + (K+l)yi0 (Y) o, (6. 6. 9a) 

and 

KIJ(Y) - YI0 (Y) = 0. (6.6.9b) 

The relationship between (6.6.7) from (6.6.4) has thus given 

some insight to the similarity between the eigenvalues of the prob­

lems of a semi-infinite strip and of a semi-infinite cylinder. 

These eigenvalues will be encountered in chapters Z and 8 respectively. 

It is finally observed that as o is replaced by y in all the 

equations of this section, the real and the imaginary parts of the so 

obtained harmonic functions, displacements, strains and stresses form 

two system of real loading, one corresponds to all the real parts, 

the other to all the imaginary parts. This observation will prove to 

be useful in the next two chapters. 
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6.7 Conclusions. 

A translation of a torsion-free axi-symmetric state gives a 

symmetric plane strain state, which has its harmonic functions, dis-

placements and derived quantities as the transformation of those in 

the former state. Conversely, a rotation of a symmetric plane 

strain state by an angle TI around its axis of symmetry gives a 

torsion-free axi-symmetric state which has its stress-functions, 

displacements and derived quantities as the transformation of those 

in the plane state. 

The translation of a torsion-free axi-symmetric state, described 

in the above paragraphs, corresponds to the successive applications 

of Hankel (of zeroth order) and inverse Fourier cosine transforms. 

The inverse of this translation (which is not the rotation described 

in the above paragraph) then corresponds to the successive applica-

tions of Fourier cosine and inverse (zeroth order) Hankel transfer-

mations. 

The two methods of transformation presented in the first para-

graph can be applied to symmetric plane strain and torsion-free axi-

symmetric problems of corresponding shapes to reveal their 

relationships. Section 6.6 is such an example. It is also easy to 

see that when the boundary conditions are given on constant-z cross-

sections, and the solutions are known to vanish from the axis of 

symmetry, each symmetric plane strain (or torsion-free axi-symmetric) 

problem corresponds to another torsion-free axi-symmetric (or 

symmetric plane strain) one with the transformed boundary conditions. 
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Some interesting problems in elasticity. 
---------------------------------------

In the following chapters, two interestiwJ problems will be 

examined. The clamped prism problem and the ""d loading problem 

for a cylinder. 

The clamped prism problem is an extension of the two-dimensit..•J . ...s.l 

strip problem; the extension is made by the use uf tho Papkovich-

Neuber solution to the strip problem. The end loading problem is 

considered along the method of least square error as proposed by 

Lur'e, also some numerical and algebraic results are vresented to 

advance the method from the state appearing in Lur'e's book ll6]. 

These problems serve to demonstrate the usefulness of the 

Papkovich-Neuber solution, as well as the difficulties which m"y be 

encountered when dealing with a particular problvm. 
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CHAPTER 7 

The finite thickness, frictionlessly clamped prism. 

7.1 Introduction. 

The problems of rectangular strips have been treated by a number 

of authors, such as J. Fadle [29], P. F. Papkovich [30], and others 

(see [23], p. 62 footnotes}. However, all the problems having been 

considered are in two dimensions, with the simplification that all 

the strains related to the third dimension are zero. This simplifi-

cation limits those treatments to infinitely thick strips (plane 

strain} or their equivalent infinitely thin strips (plane stress}. 

It is difficult to extend those two-dimensional treatments to 

cover three-dimensional cases because of their use of the Airy 

stress function. As have been pointed out before, an Airy stress 

function can be used to deduce its corresponding Papkovich-Neuber 

displacement functions. This chapter will use the Papkovich-Neuber 

equivalents of the Airy stress-functions to extend the treatments 

to three-dimensional cases, where the strains related to the third 

dimension do not need to be identically zero. The results given in 

this chapter reduce to those of two-dimensional cases if variations 

along the third dimension are set to zero. 

A clarification should be made in advance that the treatment in 

this chapter is incomplete in the sense that it can not deal with 

some given shear stresses ('Ixy and 'Izyl on the unclamped sides of 

the prism. 

7.2 :~:_.€:?~~:~-?~-~-~:~:~~?~~:~~~~-:~~€:~!-~~~~~:-~~~:~~:~~-~= 
symmetrically loaded prism, solved by the Papkovich-Neuber 
~--~------------------------------------------------~-----

functions. 
-..----------

In this chapter, the (x,z} plane corresponds to the two-dimensional 

plane for other two-dimensional treatments. Thus the direction y is 

the one for infinite thickness in two-dimensional treatments. Also, 
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in this chapter, only the stresses a X' a z, 'T xz are considered in 

boundary conditions on the unclamped sides. Generally, the shear 

stresses Txy and Tzy can not be given in advance in this chapter 

but they depend on the other stresses Ox, Oy, Oz and Txz· 

Consider now the Papkovich-Neuber form for displacement 

a 
u = 4(1-V)Ax- ax (xAx +yAy+ ZAz + A0 ), (7.2.la) 

a 
V = 4(1-V)Ay- ay (xAx +YAy+ ZAz + Ao), (7.2.lb) 

a 
W = 4(1-V)Az - ~ (xAx +yAy+ ZAz + A0 ). (7.2.lc) 

For a prism as in figures 7.1, the representation is still com-

plete when either Ay or Az is set to zero. In the treatment here, 

both of them will be set to zero, and the remaining functions Ax, A0 

are assumed to vary sinusoidally as 

Ax= cos(n~y) C(x,z), (7.2.2a) 

A0 = cos(n~y) D(x,z), (7.2.2b) 

Ay = 0, (7.2.2c) 

Az = 0. (7.2.2d) 

Hence the functions given in (7.2.2) can not be expected to 

represent all loading on the prism. 

When the forms given in (7.2.2) for the Papkovich-Neuber func-

tions are substituted into the expression (7.2.1) for displacements, 

the results are 

u = cos(n11y) {4(1-V)C - J-(xC+D) }, 
L ox 

(7.2.3a) 

v = n: sin (n~y) {xC+D}. (7.2.3b) 

w = cos (nlly) { - .l_ (xC+D) }, 
L dZ 

(7.2.3c) 

with C(x,z) and D(x,z) satisfying 

[ 
()2 a2) n2112 
ax2 + oz2 C(x,z) = ~ C(x,z), (7.2.4a) 

( 
a2 
ox2 + 

02 ) 
oz2 

n2TI2 
D(x,z) = ~ D(x,z). (7.2.4b) 

where n is a non-negative integer. 



The gradients of displacements are then given as 

dU 
dX 

dV _ 
dy -

dW 
az 
dU 
dZ = 

dW _ 
dX -

ac 32 
(mry) { 4 (1-v) " - a;{2 cos L ' ox 

(n1Ty) { n 21T2 } cos L ~ (xC+D) , 

nrry { 02 
} cos (L) - :lz2 (xC+D) , 

{ 
ac ~ 

(n1Ty) 4 (1-\J) az - axaz cos L 

cos (n1Ty) {-~ 
L dXdZ 

(xC+D)}, 

(xC+D)}, 

(xC+D)}, 

dU = - sin(n1Ty)n1T { 4 (1-\J)C - a"x (xC+D) }• 
ay L L 

ov 
ax = -

aw = -oy 

sin(n1Ty)n1T { 
L L 

sin(n?Jn; { 

a 
- ax 

a --az 

ov 
dZ = 

- sin (n1Ty) n1T { _ l_ 
L L az 

(xC+D)}, 

(xC+D) }• 

(xC+D)}. 
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(7.2.5a) 

(7.2.5b) 

(7.2.5c) 

(7.2.5d) 

(7.2.5e) 

(7.2.5f) 

(7.2.5g) 

(7.2.5h) 

(7.2.5i) 

The equations (l.l.l) and (1.1.3) give the values of shear 

stresses on a surface of constant y as 

and 

E 
'xy = 2 (l+\J) 

E 
Tzy 2(1+\J) 

(
au + av) 
ay ax 

(
aw av) 
dy + az . 

With the values of the gradients of displacements given by 

(7.2.5)' it is clear that Txy and Tzy all vanish along with v at the 

zeros of sin(0~Y). The given boundary conditions of "frictionlessly 

clamped on the surfaces y = ± L/2" can be written as 

v = Txy = Tyz = 0 for y = L/2, (7.2.6a) 

and 

v = Txy = Tyz = 0 for y = -L/2. (7.2.6b) 

~his situation, as illustrated in figures 7.1, can arise realis-

tically when a small rectangular prism is clamped between two smooth, 

well oiled jaws of a giant vice. Naturally, the displacement v is 

not zero on the two clamped surfaces y ~ ±L/2 in this case, but after 

taking away the simple uniform compression mode of (u ; -vx, v = y, 
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w = -Vz) , the remaining displacements will have zero v on the 

two clamped surfaces. 

As pointed out previously, sin(n~y) must be zero on the two 

boundary surfaces y = ±L/2 , so the integer n must satisfy 

. (n11) sJ.n 2 = 0, 

or 
n=0,2,4,6, 

Hence, n can take only even integer values for the case 

illustrated by figures 7.1 • For zero n, the problem becomes the 

standard plane strain problem in the (x,z) plane. 

7.3 !~~-e:~~~~~-~~-~-~:~~~~~~~~~~~¥-~~~e~~!-~~~~~~-~~~~~~~~~! 
y-antisyrnrnetrically loaded prism, solved by the Papkovich-
------~---------------------------------------------------

Neuber functions. 

An argument similar to the one in the last section will be 

used here, and the differences between the two sections are only 

subtle details. 

It is assumed that 

A = 
X 

sin(n~Y) C(x,z), (7.3.la) 

A = sin(n~Y) D(x,z), 
0 

(7.3.lb) 

A = 
y 

o, (7.3.lc) 

and 

A = o, 
z 

(7.3.ld) 

then displacements will be 

. (nlly) a u = Sl.n L {4(1-V)C- ax(xC+D)} (7.3.2a) 

v = n11 (n11y) - L cos L {xC+D}. (7.3.2b) 

. (n11y) a }. w = { - -(zC+D) Sl.n L az 
(7.3.2c) 



with C(x,zl and D(x,z) still satisfying the equations (7.2.4). 

The gradients of displacements are given in this case as 

au 
ax = 

av = 
ay 

aw 
az = 

au 
az = 

sin(n11Y) 
L 

sin(n~y) 

{ ac a2 
} 4 (1-V) ax - ax2 (xC+D) , 

{ 

n2112 

L2 (xC+D) }• 

sin(n?) {- ~:2 (xC+D) } ' 

sin(nc) { 
ac L 

4 (1-V) az - axaz (xC+D) }• 

aw = sin f-~Y) {- a!~z (xC+D) } , ax 

(7.3.3a) 

(7.3.3b) 

(7.3.3c) 

(7.3.3d) 

(7.3.3e) 
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au (n11v·) n11 { a } - = cos="'- - 4(1-V)C-- (xC+D) 
ay L L ax ' 

(7.3.3f) 

av (!!.'!1:) n 11 { a } - = cos - - - (xC+D) ax L L ax ' 

aw = 
ay 

av 
-= az 

cos l-P'J ~11 
{- a! (xC+Dl } , 

cos l-~Y) ~ 11 
{- a! (XC+ D) } • 

(7.3.3g) 

(7.3.3h) 

(7.3.3il 

Shear stresses T and T vanish along with v at the zeros 
xy zy 

of cos(n~Y), similarly to the last section. 

The situation, illustrated by figures 7.2 , is different 

from that of figures Z·~ as a compression on the surface y = L/2 

requires a tension on y = -L/2. However this can also arise 

after the simple uniform compression mode (u = -vx, v = y, 

w = -vzl has been taken out of the actual loading. 

Similarly to the last case, the boundary conditions of 

"frictionlessly clamped" on the sides y = ±L/2 require that 

V = T = T = 0 xy yz 

The above, in turn, require that 

cosf-~) = 0, 

for y = ±L/2. 
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or 

n=l, 3, 5, 7, ... , 

for the case illustrated by figures 7.2 • 

For problems with the following boundary conditions 

V = Ci , 1: = 1: = 0 xy zy 
on the surface y • L/2, 

v = C2 I 1: =1: =0 
xy zy 

on the surface y = -L/2, 

it is only a simple step, using translation and uniform comp-

ression or tension, to reduce the given conditions to 

v = 1: = 1: = 0 on y = L/2 , (7.3.4a) 
xy zy 

v = 1: = 1: = 0 
xy zy 

on y = -L/2 • (7.3.4b) 

The boundary conditions expressed in (7.3.4) allow the 

prism and its loading to be extended from the range (y = -L/2, 

y = L/2) to the range (y = -L/2, y = 3L/2). The new double 

thickness prism then has a periodic loading in the y dimension 

with a period of 2L. Hence, if only a , a , 1: are specified 
X Z XZ 

on the remaining four sides of the original prism, the treatment 

in this and the previous sections will completely analyse the 

loading since the loadings considered in these two sections 

have periods of 2L, 2L/2, 2L/3, 2L/4, ••• etc. 

It should be emphasised again that if all the stresses a , 
X 

a , 1: , 1: and 1: are specified on the four unclamped sides 
z xz xy zy 

of the prism then the treatment in these two sections will not 

be able to analyse the given loading. This is easily seen as 

all the modes of these two sections can not give certain non-

trivial 1: and 1: loading while a , a , 1: , are kept zero on 
xy yz x z xz 

the same four unclamped sides. 
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7. 4 ~~~~~:~-~:r~:~:~:~:~~~-~~~-t=~~::~~:-~~~-t=~~:~~~::~~: 

~~~~~~2~-~~-~-~~~::~~~~:~~~r_:~~~r:~~-~~~~::_:~~:~~:~~-r~~~~-

The two preceding sections laid the foundations for this 

section. For reasons of economy, some properties which would 

have been investigated in the preceding two sections have been 

delayed until this section. To be self-contained and also for 

subsequent references, this section has been made independent of 

the preceding two sections. 

The Papkovich-Neuber form for displacements is written again 

as 

a (7.4.la) u = 4(1-v)A - a-<xA + yA + zA + A ) 
X X X y Z 0 

a (7.4.lb) v = 4(1-v)A- a-(xA + yA + ZA +A ) . 
Y Y X y Z 0 

a (7.4.lc) w = 4 (1-V) A - a-<xA + yA + zA + A ) . Z Z X y Z 0 

For a finite thickness, frictionlessly clamped prism, the 

two previous sections showed that the following Papkovich-Neuber 

functions can describe completel 11 all the stresses cr , cr , T 
X Z XZ 

on the four unclamped faces of the prism (except for simple 

uniform compression or tension): 

1 [ . n1Ty 1T n . n1Ty 1T J Ax= /2 s~n( L + 4> - (-1) s1n( L - 4> C(x,z) , (7.4.2a) 

1 r. . n1Ty 1T n . n1Ty 1T J A
0 

= /2 Ls1n( L + 4) - (-1) s1n( L - 4) D(x,z) , (7.4.2b) 

A = 0 
y ' 

A = 0 • 
z 

(7.4.2c) 

(7.4.2d) 

The above Papkovich-Neuber functions are equal to those of 

equations (7.3.1) for odd and positive n; and to those of equa-

tions (7.2.2) for even and non-negative n. For zero n, the 

problem becomes a plane strain one. 

The function C(x,z) and D(x,z) are required to satisfy 
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a2 a2 n2 112 
(ax2 + a;2) C(x,z) = --2- C(x,z) ' 

(7. 4. 3a) 
L 

a2 a2 n2112 

(ax2 + az2) 
D (x,z) = --2- D(x,z) . (7.4.3b) 

L 

Displacements are then given as 

u = 1 [ . n11y 11 n n11y 11 J { a } - sJ.n ( + -) - (-1) sin ( - -) 4 (1-V) c- -(xC+D) , /2 L 4 L 4 ax 

n1T 1 r: n1Ty 11 n n11y 1T J { } v = ----Leos( + -) - (-1) cos( - -) xc + D 
L,i2 L 4 L 4 ' 

w = ~ [sin (n1Ty + :!!.) L 4 -
n n1Tv 11 J { a } (-1) sin(:.:;.;.L.- -) - - (xC + D) , 

L 4 az 

(7.4.4a, b, c) 

and their gradients as 

au 1 [ . n1Ty 1T n n1Ty - =- sJ.n( + -)-(-1) sin( -
ax /2 L 4 L 

n }{ ac o2 
} -) 4 (1-V)- - -- (xC+D) , 

4 ox ox2 

av- 1 
ay - ./2 [sin(n~y + 

1T n n1Ty 1T J{n21T2 -)-(-1) sin( - -) -- (xC + 

aw 
az = 

4 L 4 L2 

1 [ . n1Ty 11 n n1Ty 11 ] { a
2 

- sJ.n( + -)-(-1) sin( - -) --- (xc + 12 L 4 L 4 az2 

Dl} 

D)} ' 
(7.4.Sa, b, c) 

au 
az = 

1 ,- [sin(n1Ty + 
'2 L 

1T n n1Ty 1T ] { ac a 
2 

} -)-(-1) sin( - -) 4(1-V)-- --(xC+D) 
4 L 4 oz ax3z 

aw 1 [ . nny 11 n . n1Ty 11 J { a
2 

} - = - sJ.n( + -)-(-1) SJ.n( - -) - -- (xC + D) , 
ax ,i2 L 4 L 4 axaz 

(7.4.Sd, e) 

au n1T 1 [ nny 1T n n1Ty 1T 1 { a } - =- -· cos( + -)-(-1) cos( - -) 4(1-V)C- -(xC+D) , 
oy L /2 - L 4 L 4 ax 

av n1T 1 [ n1Ty 1T n n1Ty 1T J { a } -- =-- cos( + -)-(-1) cos( - -) - -(xC+D) , 
ax L 12 L 4 L 4 ox 

(7.4.Sf, g) 

aw nn 1 G nny n n nny n J { a } - =-- cos( + -)-(-1) cos( - -) - -(xC +D) 
oy L 12 L 4 L 4 oz 

av n1T 1 [ n1Ty 1T n n1Ty 1T J { a } - =-- cos( + -)-(-1) cos( - -) - -(xC +D) 
oz L 12 L 4 L 4 oz 

The formula for a 

l+v 
E 

z 

au 
a = - + 

X ax 

(7.4.Sh, i) 

gives 

v (au av aw) 
l-2V ox + oy + ~ • 

With the values of the gradients of displacements as given by 

(7.4.5), the stress a becomes 
X 



l+V --a 
E X 

1 [ . n1Ty 1T n . n1Ty 1T J { ac =- s1n( + -)-(-1) s1n( - -) 2(1-vl--12 L 4 L 4 ox 
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a2c o2o} 
xox2 - ax2 • 

(7.4.6a) 

Similarly, the other two direct stresses are given by 

l+V O 
E y 

and 

= _! [sin(n1Ty + ~)-(-l)nsin(n1Ty -
12 L 4 L 

~l] ~(xC+D) 
{ 

2 2 

4 L2 
ac} + 2V ax ' 

(7.4.6b) 

l+V --a 
E z 

1 [ . n1Ty 1T n . n1Ty 1T ] { ac a2 
} =- s1n( + -)-(-1) S1n( - -) 2V --- (xC+D) • /2 L 4 L 4 ox oz2 

(7.4.6c) 

The shear stresses are given by equations (1.1.1) and (1.1.3). 

For T , the formula is 
xz 

2(l+V) T = 
E xz 

au ow - +­
az ax 

With the values of the terms on the right hand side given in 

(7.4.5), the value of T is 
xz 

l+V 
-- T = 

E XZ 
1 [. n1Ty 11 n n1ry 1TJ{ ac o

2 
} - s1n( + -)-(-1) sin( - -) 2(1-V)-- --(xC+D) • /2 L 4 L 4 oz axaz 

(1.4.6d) 

Similarly, the value for T and T are given by 
xy yz 

l+V n1T 1 r n1Ty 
-- T = -- Leos ( + 

E xy Lfi L 
1T n n1Tv 1TJ{ a } 4)-(-1) cos(~- 4l 2(1-V)C- ox(xC+D) , 

and 

l+v 
-- T = E yz 

n1T 1 [ n1Ty 1T n n1TV 1T J { -- cos( + -)-(-1) cos(~--) -
Lfi L 4 L 4 

a a-z<xe 

(7.4.6e) 

+ D) }· 

(1. 4. 6f) 

From the equations (7.4.4) and (7.4.6), it is clear that T , xy 
. r n1Ty 1T n n1TV 11 J 

T and vall van1sh at the zeros of Leos( + -
4
)-(-1) cos(~- -41 • 

zy L L 

It is also quite simple to show that the quantity in the square 

brackets vanishes for all non-negative, integer value of n on the 

surfaces y = ±L/2. Hence the functions given in the equations 

(7.4.2) are the ones for the problem of a frictionlessly clamped 

prism. 
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As have been mentioned earlier, after the simple uniform 

compression mode has been taken out, the loading of a , a , T 
X Z XZ 

on the remaining four sides of the clamped prism can be decomposed 

into y-symmetric and y-antisymmetric components. Each component 

can then be extended from the range (-L/2, L/2) to the range 

(-L/2, 3L/2). The loading on the new double thickness prism can 

be Fourier analysed completely with all the modes of loading pre-

sented in this section, with n = 1, 2, 3, ••• (This is possible 

since simple uniform compression has been taken out). 

Equations (7.4.6d) and (7.4.6e) show that T and T are xz xy 

related by 
!!.:!!1. 'If n n'lfy 'If cos( + -) - (-1) cos( - -) 

a n'lf 
L 4 L 4 

---T =- T . (7.4.7) 
az xy L xz 

sin(n'lfy + :!!.) - (-l)nsin(n'lfy - :!!.) 
L 4 L 4 

On the surfaces of constant x, the equation (7.4.7) prevent 

T from being specified independently of T • Hence, up to this 
xy xz 

point, it is only certain that all the Papkovich-Neuber functions 

presented here can completely analyse a , a , and T when T 
X Z XZ xy 

and T are not specified on the four unclamped surfaces of the 
yz 

prism. 

A further observation reveals that there is no constraint at 

all on the values of a , T and T on a surface of constant z. 
z xz yz 

Hence, it is only a simple proof to show that the loading on a 

clamped prism can be completely described by the three Papkovich-

Neuber functions A , A and A , which are 
0 X Z 

1 [ . n'lfy 'If n . n'lfy 'If J A =- sw( + -)-(-1) s1n( - -) C(x zl 
X/2 L 4 L 4 ' ' 

(7 .4.8a) 

1 [ . n'lfy 'If n . n'lfy 'If ] A =- sw( + -)-(-1) sm( - -) D(x z) 
of2 L 4 L 4 ' ' 

(7.4.8b) 

A = __!_ [sin (n'lfy + :!!.) - ( -1) nsin (!!.:!!1. - :!!.) J E (x z) 
z/2 L 4 L 4 ' ' 

(7.4.8c) 

A = 0 . (7.4.8d) 
y 



lr/SI~d <1Jdl-lt177 11:10 9f\/IC!fl01 '3([15' : Q'L :J?i(]9/:f 

N \:1 1d ------

------ --------( 

-~-t 

I 
I 

I 

I 

I 

~------_] 

I 
I 



98 

The functions C, D and E are required to satisfy 

a2 a2 n2 11 2 
(- + oz2) c (x,zl = --2- C(x,zl . (7.4.9a) 
ox2 L 

a2 a2 n21T2 
(- + az-2) D (x, z) = -- D(x,zl . (7.4.9b) 
ox2 L 

a2 
lax2 + 

a2 
oz2) E (x, z) 

n2TT2 
= -L- E(x,zl (7.4.9c) 

However, for the rest of the chapter, only the forms 

(7.4.2) and (7.4.3) are used and any loading of T and T is xy yz 

considered as of only secondary importance. 

7.s ~~~:-~~~~~~~~~~-~~~:~~~~~~~:~~~Y-~~~~~:~~~~~~~!:~!~~~~~:~~~ 

~~~~~~!:~Y~~~~2~_::~!~~2~~~:-~:~~~· 

The problems of an infinitely thick (or thin) rectangular 

strip of infinite length have been previously treated, as 

mentioned in section 7.1 In this section, the problems will be 

generalised, by the use of constituent modes for a clamped, finite 

thickness, infinitely long prism. The problem is defined as in 

figures 7.3 for the case of n = 3. 

The Papkovich-Neuber functions for a frictionlessly clamped 

prism is given by the last section as 

1 [ . n1Ty 11 n . nrry 11 J A =- s1n( + -)-(-1) sw( - -) C(x z) 
X,/2 L 4 L 4 ' ' 

1 [ , n1Ty 1T n . n1Ty 1T J A =- s1n( + -)-(-1) s1n( - -) D(x,z), 
o/2 L 4 L 4 

Ay = 0, 

A 
z 

0. 

Take the functions C(x,zl and D(x,z) as 

C(x,z) = [Btcosh(yx) + B2sinh(yxl]sin(oz) 

D(x,zl = [s3cosh(yxl + s,sinh(yxl]sin(<Szl , 

(7.5.la) 

(7.5.lb) 

(7.5.lc) 

(7.5.ld) 

(7.5.2a) 

(7.5.2b) 
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with Bt, B2, B3, B4, y, o being six constants; y and n are 

further required to satisfy 

y2 - 02 = 
n2112 

L2 
(7.5.3) 

The conditions on the clamped surfaces, namely 

v=T =T =0 
xy zy 

for Y ±r"/2 ' (7.5.4) 

are automatically satisfied, due to the proof in the last sec-

tion. It remains to see what kind of loading can be applied to 

the remaining sides (x = ±l) of the prism. 

The equation for direct stress o is 
X 

l+V O = 
E X 

au 
X 

+ 
\) (au av ow) 

1-2\l ax + oy + ()z 

From this and the first three of equations (7.4.5), o is X 

given as 

l+V --o 
E X 

or 

l+V --o 
E X 

1 [ . n11y 11 n . n11y 11 ] { oC ( a 
2
C o 2D)} =- S1n( + -)-(-1) S1n( - -) 2(1-V)-·- x-+-./2 L 4 L 4 dX ox2 ax2 ' 

= .J::. [sin(n1ly + :!!.)-(-l)nsin(n1ly- :!!.l] sin(oz) x 
/2 L 4 L 4 

x { [2 (1-V) sinh (yx) -xycosh (Yxl J YBI + 

+ [2 (1-vl cosh (yx) -xYsinh (Yxl]YB2 -Y
2
cosh (Yx) B3 

-y2sinh(Yx)B4} • (7.5.5) 

Similarly, from the equations for shear stresses 

2(1+\l) T = 
E xz 

it is deduced that 

au aw 
()z + ax ' 

=2C!(.::l.:..+V~) T = _1 [sin (n1ly + 
E XZ ,/2 L 

1l n . n11y 1l ] { oC a
2 

} -)-(-1) s1n( - -) 4(1-v)- -2--(xC+D) , 4 L 4 Clz oxClz 

or 
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l+\1 1 [ n'Tiy '71 n n'Tiy '71 ] -- T =- sin( + -)-(-1) sin( - -) cos(oz) x 
EXZ/2 L 4 L 4 

x { [ (1-2\1) cosh (yx) -xysinh (yx) J oB1+ 

+ [ (1-2\1) sinh (yx) -xycosh (yx) 1 oB2-yosinh (yx) B 3 

-yocosh(yx)B,} . (7.5.6) 

If the loadings on the sides of x = ± 1 are given as 

l+v 1 [ n'Tiy '71 n . n'Tiy '71 ] • -- o =-sin( + -)-(-1) s1n( - -l s1n(oz)K1 at x = 1, 
E x ,12- L 4 L 4 

!.)-(-l)nsin(~- !.l] sin(ozlK2 at x = 
4 L 4 

l+\1 # . n'Tiy -- o =- s1n( + 
E X L 

-1, 

l+\1 1 [ . n'Tiy '71 n . n'Tiy '71 -1 ~ -- T =- s1n( + -)-(-1) sm( - -) cos(uz)LI at x = 1, 
E XZ /2 L 4 L 4 

l+\1 1 [ . n'Tiy '71 n . n'Tiy '71 J -- T =- s1n( + -)-(-1) s1n( - -) cos(oz)L2 at x = -1 
EXZ/2 L 4 L 4 ' 

where K1, K2 , L1, L2 are constants, then the constants B1, B2, 

B3 and B, can be determined from the following system of equa-

tions 

[2 (1-vl sinh (y) -ycosh (y) ]ya1 + [ 2 (l-\1) cosh (y) -ysinh (y) ]ya2 

-y2cosh(y)B,-y2sinh(y)B• = K1 , 

- [2 (1-v) sinh(y) -ycosh(yl] YB1+ [ 2 (1-v) cosh (y) -ysinh(yl] YB2 

-y2cosh(y)B3+y2sinh(y)B• = K2 , 

[ (1-2\1) cosh (y) -ysinh (yl] oB1+ [ (l-2\1) sinh (y) -ycosh (y)] 0B2 

-yosinh(y)a,-yocosh(ylB• = L1 , 

[ (1-2\1) cosh (y)-ysinh(y)] OBI- [ (1-2\1) sinh (y) -ycosh (yl] OB2 

+yosinh(y)B3-yocosh(y)B• = Lz . 

(7.5. 7a) 

(7.5. 7b) 

(7.5.7c) 

(7.5.7d) 

The natural coupling between a1 and a., also between az and 

a, enables the above system to be split into two systems of two 

equations in two unknowns. one of the new system contains only 

a1 and a,, the other contains az and B3. The solutions for (7.5.7) 

are therefore very simple. 
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The system (7.5.7) is only slightly more complicated than 

the one for plane strain case. It does reduce to the plane strain 

system when n is equal to zero. A comparison to the plane strain 

system such as the one in (23), pp. _53-60, can be made with the 

use of equations from section 5.4. 

Similar results are also obtained when sin(oz) and cos(oz) 

are replaced by cos(oz) and -sin(oz). 

After all the coefficients Bt, B2, B3 and s, are determined, 

the shear stress T is given by (7.4.6e) as 
xy 

l+v mr 1 [ mry 7T n n1TV 7T ] • 
·- T = -- cos ( + -)- (-1) cos (::.:.:.:.L - -) s1n (oz) x 

E xy L/2 L 4 L 4 

x{ [ (1-2\!) cosh (yx) -xysinh (yx) J B 1 

+ [ (1-2\!) sinh(yx) -xycosh (yxl] B2- [ysinh (yxl] B 3 

-[ycosh(yx)]s,} . 

On the boundary surfaces of x = ±1, the two stresses T and 
xy 

T are obviously connected by equation (7.4.7). In order that 
xz 

the solution in this section be applicable, the boundary shear 

stress must be set to the above calculated stress. 

As far as the method here is concerned, all applications of 

Fourier series to the plane-strain strip problem apply equally 

to this clamped, rectangular prism problem (provided T and T 
yx yz 

are left to be determined by the solution). The problem of a 

point force applied to the side of a plane strain strip (see [31), 

[32). [33). [34). [35)) has its equivalent as forces applied to 

a line (x = 1 and z = constant) on a clamped prism. The latter 

problem can be solved analogously to the former if T and T 
yx yz 

are left to be determined by the solution. 

Similarly to the point force problem, the side loading of a 

plane strain strip also has its equivalent. If T and T are yx yz 

left to be determined by the solution then the problem of side 
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loading of a prism will be easily solved by the use of the cons-

tituent modes presented in this section. 

7.6 End loading of a finite thickness, frictionlessly clamped, 
----------------------------------------------------------

~:~~=~~~~~~::!_::~:~~~~:-~:~:~· 

As in section 7.5 , the problem of end loading of a semi-

infinite rectangular strip has been previously investigated, but 

only for plane strain case. In this section, the problem will 

be generalised to the end loading of a finite thickness, clamped 

semi-infinitely long rectangular prism. The problem is defined 

as in figures 7.4 • 

Again, the Papkovich-Neuber functions are given by (7.4.2) 

1 [ . !!!X 11 n !!!X 11 ] A =- sm( + -)-(-1) sin( - -) C(x z) 
Xfi L 4 L 4' • (7.6.la) 

A = .J:. [sin (nlly + !.) - ( -1) sin (nlly - !.) } D (x z) 
ofi L 4 L 4' • (7.6.lb) 

A = 0 • (7.6.lc) 
y 

A = 0 . (7 .6.ld) 
z 

In this case, the function C(x,z) and D(x,z) are complex (the 

reason for this will become clear at the end of the section) , 

being 

C (x, z) = 

D(x,z) = 

ioz 
BtCOSh(yx)e 

. h < 1 ioz B,sl.n yx e 

(7.6.2a) 

(7.6.2b) 

where Bt, a,, y, o are complex constants, withy, o satisfying 

y2 - 02 = 
n2112 

L2 

The conditions on the clamped surfaces, namely 

v = T = T = xy zy 
0 for y = ±L/2 

are automatically satisfied. 

(7.6.3) 

(7 .6.4) 
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Manipulations similar to those in the last section lead to 

1+\1 (J 

E X 
1 [ n11y 11 n . n11y 11 J ioz 

=- sin( + -)-(-1) s>.n( - -) e x /2 L 4 L 4 

x {[2!1-v)sinh(yx)-xycosh(yxl]YBt-y2sinh(yx)B4},(7.6.Sa) 

l+\1 1 [ . n11y 11 n . n11y 11 ] i6z 
-- T =-=. sm( + -)-(-1) sm( - -) toe x 
Exzh L 4 L 4 

x { [ (1-2\1) cosh (yx) -xysinh (yx)] Bt-ycosh (yx) 84}, (7. 6. 6a) 

and 

l+\1 n11 1 [ n11y 11 n n11y 11 ] itSz 
-- T =-- cos( + -)-(-1) cos( - -) e x 

E xy L/2 L 4 L 4 

x {[!1-2\l)cosh(yx)-xysinh(yx)]Bt-ycosh(yx)Bd. (7.6. 7a) 

The conditions of no loading on the two sides x = ±1, namely 

(J =T =T =0 for x = ±1, 
XX XY XZ 

require that the determinant of the following system 

[2!1-V)sinh(Y) - yoosh(y)]YBt - y
2
sinh(Y)B4 = 0 , 

[!1-2\l)cosh(y) - ysinh(yl]tSBt - y6cosh(y)B4 = 0 

to be zero. This leads to the following eigenvalue equation 

0 = 2y sinh (2y) • (7.6.8a) 

Obviously, y = 0 is one root of the above equation, but 

this value of y correspond to no loading at all on the prism, 

hence only the non-zero roots of (7.6.8a) are of interest. The 

first ten (complex) roots of (7.6.8a) are given by table 7.1 

If the functions C(x,z), D(x,z) are instead taken as 

C (x, z) = B . h 1 > ioz 2s>.n yx e (7.6.2c) 

D (x, z) = 
ioz 

B3cosh(yx)e , (7.6.2d) 

where B2, B3, y, 6 are complex constants withy, 6 still satisfying 



(7.6.3), then a similar treatment gives 

l+v cr 
E X 

1 [ . mry 11 n . n11y 11 ] io z =- sJ.n( + -)-(-1) sl.n( - -) e x /2 L 4 L 4 
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x { [2 (1-vl cosh (yx) -xysinh (yx) Jya2-y2cosh (yx) ad, (7. 6. Sb) 

l+v 1 [ . n11y 11 n . n11y 11 ] . i6z 
-- T =- Sl.n( + -)-(-1) Sl.n( - -) l.Oe X 
Exz,i2 L 4 L 4 

x {[<l-2V)sinh(yx)-xycosh(yxl]B>-ysinh(yx)D3}, (7.6.6b) 

l+V n11 1 G n11y 11 n n11y 11 J ioz -- T =-- cos( + -)-(-1) cos( - -) e x 
E xy L,i2 L 4 L 4 

x { [ (l-2v) sinh (yx) -xycosh (yx) J D2 -ysinh (yxl B 3}. (7. 6. 7b) 

The conditions on the clamped surfaces, being 

v=T =T =0 
xy yz 

for Y = ±L/2 (7.6.4) 

are automatically satisfied by the choice of the Papkovich-

Neuber functions. The conditions on the remaining sides of 

x = ±1 lead to the following equations 

[2(1-V)cosh(y) - ysinh(Yl}YB> - y
2
cosh(y)B3 = 0 , 

~d 

[<l-2V)sinh(Y) - ycosh(yl]6a2 - yosinh(y)B3 = 0 . 

The eigenvalue equation for the above system is 

0 = 2y + sinh(2y) . (7.6.8b) 

Table 7.1 gives the first ten non-zero roots of (7.6.8b). 

The roots of (7.6.8) appear in quadruple, i.e. if y is a root 

to either (7.6.8a) or (7.6.8b) so are (-y), y, (-y) to the same 

equation. 

The modulus of the roots of the equations (7.6.8) increases 

steadily as their order increases. The assymptotic formula for 

large roots of (7.6.8) presented here is 
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ln [ (2rn+l) rr] 2{ln[!2rn+llrr] }2 -4fln[!2rn+l) rr]} -1 
y = + m 2 2 [!2rn+l) ij 2 

{ (2rn+l) If ln[!2rn+llrr] } ' 
+ i - (7.6.9) 

4 (2m + 1) 11 

with m = 1, 3, 5, •.• for roots of sinh(2y ) + 2y = 0 m m 

m = 2, 4, 6, ••• for roots of sinh(2Y l - 2Y = 0 m m 

The assyrnptotic expression (7.6.9) for y is essentially in m 

agreement with that appearing in [36] except that the latter 

contains an error of ~(2rn+l)- 2 , and also it applies only to the 

case of odd m. 

is 

The order of the remainder of the above assyrnptotic formula 

Q (remainder R(ym)) a 

R(y ) 
m 

o(rernainder I(ym)J = 

I(y ) 
m 

{ln[ (2rn+l) rr] P 

[ (2rn+ll rr] ~ 

(7.6.10) 

Form= 19, that is for the tenth non-zero root of (7.6.8b), 

the order of the remainder is 

o(rernainder R(ym)] = 

R(y ) 
m 

(

remainder I(y )) 
0 m " 

I (y ) 
m 

5Xl0- 7 , 

and the precise and assymptotic values of the root Y1• are listed 

for comparison as 

Y1o = 2.405013 + 30.591295 (precise value) , 

and Ylo = 2.40501(2) + 30.5912(84) (assyrnptotic value) • 

It may be asked why only certain combinations of B1, B2, B3 

and a, are used in the equations (7.6.2). The answer is that 

those combinations are the ones involved in the natural coupling 

of the equations in the system (7.5.7). 

As mentioned earlier, the roots y of (7.6.8) occur in m 

quadruples. This fact, together with (7.6.3) lead to the values 

of cS occur also in quadruples of (o, -cS, &, -"&).However, for 

each value of y , the corresponding value of cS (or -o) must share 
m 
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the same quadrant of the complex plane. By choosing suitable 

combinations of the complex modes of loading, it is possible to 

sum them up giving real modes of loading. 

For example, with L = 1, n = 2, m = 4, the values of y and m 

o are given by table 7.2 as 
m,n - -

y = 1.6761 + i6.9500 

0 = 1.2522 + i9.3027 

The functions A , A are then 
X 0 

A = 
X 

A = 
0 

ioz 
cos(2Tiy)cosh(yx)e 

a, ioz 
--- cos(2Tiy)sinh(yx)e 

B1 

with (B 1/B,) given by 

Bl 

a, = 
2(1-V)sinh(y)-ycosh(y) 

ysinh(y) 

(7.6.11) 

As 8 can be replaced by (-o) without upsetting any equation 

derived in this section, there is another solution 

A = 
X 

A = 
0 

- -i6z 
cos(2Tiy)cosh(yx)e , 

(8•] - -i<fz 
~Bl cos(2Tiy)sinh(yx)e , 

(7. 6.lla) 

The right hand side members of (7.6.11) and (7.6.lla) are 

just complex conjugates of one another. Hence the real and the 

imaginary parts of A and A in (7.6.11) are each a solution to 
X 0 

the problem. 

Corresponding to (7.6.11), displacements and stresses under 

consideration are 

u 
ioz{ 8 • . } = cos(2Tiy)e (3-4V--- y)cosh(yx) - xys1nh(yx) , 

B1 

ioz a, } 
v = 2Tisin(2Tiy)e {xcosh(yx) + Bl sinh(yx) 

w = -cos(2Tiy)ioeioz{xcosh(yx) + 

and 

a, 
B1 

sinh(yx)} , 

(7.6.12) 



l+v a 
E X 

l+v a 
E z 
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icSz [ J 2 B4 = cos(2ny)e { 2(1-V)sinh(yx)-xycosh(yx) y-y sinh(yx)Bl} 

icSz 2B4 2 = cos(2ny)e {(2vy+cS Bl)sinh(yx)+o xcosh(yx)} , 

l;v T xz = cos (2Tiy) ioeicSz{ [ (l-2V) cosh(yx) -xysinh (yx) J -ycosh (yx) ::} 

l+v a 
E y 

= cos (2Tiy) eicSz{ [2Vy+4n284~ sinh (yx) +4n2 xcosh(yx)} , 
Bl 

l+V T = -sin(2ny)2TieicSz{-xysinh(yx)+(l-2V-
8

8
4 y)cosh(yx)} 

E ~ I 

l+V . . icSz{ B4 } 
-E T = -sl.ll (2Tiy) 2TI1.6e - - sinh (yx) -xcosh (yx) yz Bl 

(7.6.13a, b, c, d, e, f) 

When (y, 6) are replaced by (y,-6) the right hand side members 

of (7.6.12) and (7.6.13) change into their complex conjugates. 

Hence the real (or imaginary) parts of equations (7.6.11), 

(7.6.12), (7.6.13) form a real solution for the problem of end 

loading of a clamped prism. 

Similar results are also obtained for different values of 

L, n and m. 

From table Z·~ , or alternatively by a simple proof, the 

argument of 6 is known to be closer to the value of n/2 than the 

argument of y. Also the modulus of 6 is always greater than that 

of y. Hence the eigenfunctions of this problem decay faster with 

z as n/L increases (The plane strain case corresponds to n equal 

to zero). 

For any loading a , T on the end of a clamped semi-infinite 
z xz 

rectangular prism, the loading can be analysed into a Fourier 

series in the y direction, each term of the series is a consti-

tuent mode considered in this section. The sum of these consti-

tuent modes gives the required end loading. Similarly to the 

previous sections, although T is zero on the sides x = ±1 yx 

the shear stress T must be left to be determined by the 
yz 

solution. 
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7.7 Conclusions. 

The problem of a frictionlessly clamped rectangular prism is 

not much more difficult than the problem of a plane strain rect-

angular strip (provided that T and T are left to be determ-xy yz 

ined by the solutions). The difference is only in the modulation 

of displacements and stresses by sine and cosine functions 

across the thickness y, and the more rapid modulation along the 

z direction, compared to the plane strain case. 

If T and T are included in the boundary conditions for xy yz 

this problem then the complete Papkovich-Neuber solution (7.4.8) 

must be used. Although this Papkovich-Neuber solution is complete, 

the matching of all the stresses cr , cr , T , T , T on the x z xz xy yz 

four unclamped surfaces is not simple, and is beyond the scope 

of this chapter. 
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!~~~:_?:~' Roots of equations (7.6.8), as appeared in [37) 

(see also [38) and [39]). 

' 
Order ; Roots of sinh (2y) +2y = 0 Roots of sinh (2y) -2y = 0 
of ,.,,, "--+--, _____ , __ , 

I root Real Imaginary ! Real Imaginary 
------r--------- --------

1 1.125 365 2.106 196 1.384 339 ).748 838 

2 1. 551 575 5.356 269 1.676 105 6.949 980 

3 1. 775 544 8.536 683 1.858 384 10.119 259 

4 1.929 405 11.699 178 1. 991 571 13.277 274 

5 2.046 853 14.854 060 2.096 626 16.429 872 

6 2.141 891 18.004 933 2.183 398 19.579 409 

7 2.221 723 21.153 414 2.257 320 22.727 036 

8 2.290 553 24.300 342 2.321 714 25.873 384 

9 2.351 048 27.446 203 2.378 758 29.018 831 

10 2.405 013 30.591 295 2.429 959 32.163 617 
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Table 7.2: Typical values of o (L =lin this table). 
-. .... -..................... ..... 

~'Z 0 l 2 3 4 

- -r---------
1.1254 0.6461 0.3624 0.2470 I o.1867 

l 

t----+_2_._1_06_li I +=~~-~83~ I +6.5406i 

1.3843~ 1.0781 I 0.7187 

+9.5946i I +12.6932i 

0.5158 I 0.3978 

2 
+3.7488i +4.8134i +7.2203i I +10.0613i I +13.0464i 

1.5516 1. 3484 1.0169 0. 7726 0.6117 

3 
+5.3563i +6.162li +8.1728i I +10.7567i I +13.5857i 

. --" l. 5334 t---1--:-2522--1- l. 0014 1.6761 0.8154 

4 
+6. 9500i +7. 5970i +9.3027i I +11.6328i I +14.2854i 

··--~---------- ---~ 

1.7755 1.6699 1.4369 1.1983 1.0024 

5 
~------1_:~-53~6~ I __ +9.0763i I +10. 5482i I +12.6485i I +15.1208i 

1. 8583 f 1. 7771 I 1. 5840 I 1. 3655 I 1.1102 
6 

+10.1192i I +10.5817i I +11.8715i I +13.7708i I +16.0695i 

-----&.-------~----· -· _..,.___ ----------------
1.9294 1.8649 1. 7037 l. 5073 l. 3191 

7 
+11.699li I +12.1035i I +13.2487i I +14.9748i I +17.1114i 

1.9915 1. 9391 1.8031 ---t---i-.62so 1.4504 

8 
+13.2712i I +13.6363i I +14.6645i I +16.2418i I +18.230li 

---~ -·-----
2.0468 2.0033 1.8874 1. 7316 1.5662 

9 
+14.8540i I +15.1768i I +16.1088i I +17.5578i I +19.4118i 

---- ----+·--·- --------·- -.. ---- --- --1-- -------- -- ----
2.0966 

10 
+16.4298i 

2.0599 1.9600 1.8214 1.6685 

+20.6456i +16.7229i I +17.5745ij +18.9126i _____ __j______________ ----· ___ _.L_ ___ ___J 

( 02 a y2 -
n21r2 
--) 

L2 



CHAPTER 8 

The end problems of a cylinder and their application 
to an annular crack in an infinit~ cylinder. 

B.l Introduction. 

111 

This chapter follows the general line of argument presented 

by Lur'e ((16],p.380-439), the reader is assumed to be familiar 

with that reference. 

The chapter will first present some improvements on the 

accuracy of the eigenvalues of the end problems. 11 "generalised 

least square method" will be presented in section 8.4 • This 

method is an extension of Lur•e•s to cover some "mixed known-

conditions" at the end of the cylinder. Application of this 

method is made, in section 8.5, to the problem of an annular 

crack in an infinite solid cylinder. The results give a fair 

description of stresses and displacements caused by the crack. 

Finally, some "difficult to integrate" integrals, which are 

frequently involved in this method, will be calculated and 

listed in section 8.6. 

8.2 ~~E~~-~~~~~-!~E-~~~-~~~-fE~~~~~-~!-~-~X~~~~~E· 
Lur'e method uses (without proof) the two harmonic function 

form derived in chapter 4 of this thesis, namely the form 

a 
u(r,z) = 4(1-V)ao - ar (rao + bo) (8.2.la) 

v(r,z) = 0 (8.2.lc) 

a 
w(r,z) = - az (rao + bo) (8.2.lb) 

where u,v,w are the radial, tangential and axial displacements 

in the cylindrical coordinates, and ao, bo satisfy 

'l2 ao(r,z) = 0 

2 1 ('l ----rlbo(r,z)=O 
r 

over the material region. 

(8.2.2a) 

(8.2.2b) 

The particular points in Lur'e's treatment are his assurnp-
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tions that 

il3z ao = f(r)e 

il3z 
bo = g(r)e 

(8.2.3a) 

(8.2.3b) 

with the functions f, g being complex. This may seem strange at 

first sight, but due to the appearance of eigenvalues in quad-

rubles, the real and imaginary parts of displacements can be 

separated and each part constitutes a valid solution to the 

problem, as already illustrated in section Z·~· 

The harmonic equations for ao and bo gives the following 

equations for f and g 

as 

1 2 1 f"(r) +- f'(r)- (13 + - 2) f(r) = 0, 
r r 

g" (r) + ! g' (r) - 13 2g(r) = 0 • 
r 

(8.2.4a) 

(8.2.4b) 

From the above equations, the functions f and g are known 

f(r) = Cill(l3rl + C2K1(I3r) (8.2.5a) 

g(r) = C!Io(l3rl + C~Ko(l3rl (8.2.5b) 

From (8.2.3) and (8.2.4), together with the properties of 

the modified-Bessel functions I , K , the displacements and 
n n 

stresses are written as 

u = [_4(1-11) (C1l1 (13r) + C2K1 (13r)) - 13(C!ll (13r) - C~K1 (13r)) 

l il3z 
- 13r(C!Io (13rl - C2Ko (13r)) e (8.2.6a) 

w = [c,ro (13rl + c,Ko (13rl + r(C 1Idl3rl + C2Kdi3rll] • 

1 - cr 
2G rr 

1 
2G 

0 ee 

•(-il3)eii3z (8.2.6b) 

= {c•[!3-211)13Io (13rl - (4 (!-ll) + 13 2r)Il (13rl] 

+ C2[-!3-211)13Ko(l3rl - (4 (!-ll) + 13 2r)Kdi3rlJ 

+ C,[~ Idl3rl - 132Io(l3rl] 

[ 13 0 2 ] } il3z + C,- r K1(l3r) - ~ Ko(l3r) e (8.2.6c) 

{ 
4(1-11) 

= C1[ r I1 (13rl - (1-211) 13Io !13rlJ 

4(1-11) 
+ C2[ r K1 !13rl + (1-211) 13Ko (13rl] 

13 . 
+ c,[-- Ii!l3rll 

r 

rs J} il3z + c,_r Kdl3rl e (8.2.6dl 
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__.!. o = {c 1[2v8I 0 (8rl + B2ridBrl] 
2G zz 

+ c2[-2vBKo <Brl + 82rK1 <Brl] 

+ C3 [B 2Io <Brl] 

+ c. [B2Ko (Brl]} eiBz (8.2.6e) 

__.!. T = {ci[Bri 0 (Brl - 2(1-v)Ii <Brl] 
2G rz -

+ C2 [-BrKo !Brl - 2 (1-vl K1 (Brl] 

+ C3 [er 1 <Brl] 

+ c, [-BK! <Brl]} (-iBl eiBz (8.2.6f) 

For a solid cylinder, if the stresses and displacements at 

its central axis are to be finite, the coefficients C2 and c, 

must be zero, as required by (8.2.6). Hence, there are only two 

coefficients C1 and C3 to be determined in the formulae (8.2.6) 

for a solid cylinder. 

The infinite solid cylinder with free lateral surface has 

the boundary conditions as 

and 

0 = 0 rr 

T = 0 rz 

at 

at 

r = 1 , (8. 2. 7a) 

r = 1 .. (8.2. 7b) 

The above conditions lead to the equation for possible 

values of 8, which is 

'1'(8) = B 2 [I~(BJ- I~(Bl]- 2(1-V)I~(Bl = 0. (8.2.8) 

There are an infinite number of possible values of B, they 

are called the eigenvalues for an axi-symmetrically end loaded 

cylinder. Lur'e has proved that the roots of (8.2.8) occur in 

quadrubles so that if B is a root, so are e, <-Bl. and <-SJ. 

Of course, B = 0 is a solution for (8.2.8) but this value of a 
gives no loading at all on the cylinder. The non-zero roots of 

(8.2.8) which lie in the first quadrant of the complex plane are 

ordered by their absolute values. Lur'e has given the values of 

the first three roots in the first quadrant of the complex 

plane. Other authors have then supplied the values of more roots 
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and at the same time improved their accuracy. Tables B.la and 

B.lb give further improved values of B , which are much more 
- -- n 
accurate than those supplied by [16], [2B], and [25]. 

is 

For large values of 8 , the assymptotic formula given by Lur'e 
n 

f3 'V n1Ti + ....!_
2 

log(41ln) - i[lo~(4 1Tn) - -
2

1 (2V-~l], (B.2.9) 
n 1ln 1ln • 

the formula was said to satisfy the eigenvalue equation (B.2.B) 

up to the term of order (log n)/n , but there is no mention of 

the order of the remainder for the assymptotic formula (B.2.9). 

With the values of 8 known, and by setting C1 = [SI!(Sl]-
1

, 
n 

the values of displacements and stresses are given by (B.2.6) 

as 

u(r,z,S ) = 1 [-ri !S r) + (2(1-V) 
n IdS ) 0 n B n n 

Io(S ) 
+ n } dB l IdS rl] • 

n n 

•exp (iS z) n • 
(B.2.10a) 

-i [ (2 (1-V) 
w(r,z,Snl = I!(S) ri!(Snr) + a 

Io!S ) 
_ .~.n 1 }Io(8nrl]• 

1 
- (J ( 2G rr r,z,S 

n n 
•exp(iS z) , 

n 

n 

I o (8 ) 
= _ ~n ) [Io <Snrl (1 + Bni

1 
(8:1 } -

n 

(B.2.10b) 

(8 ) I o (13 ) } I! nr (2(1-V) n + 8 r2) • 
8 + IdS l n 

r n n 

•exp (iS z) 
n • (B.2.10c) 

1 1 [ IdS r) 

2
G cr

99
<r,z,Snl =IdS l -(l-2V)I 0 (8nr) + n 

n r 

2(1-V) Io(S) 
• ( S + I !Snl}]exp(iSnzl • (B.2.10d) 

n 1 n 
1 1 Io(Snl 

2G (Jzz (r,z,Snl = IdS ) [(2 - 8n IdS ,)Io <Snr) + 
n n 

+ rS I! <S rl] exp(i8 z) , n n n 
(B. 2.10e) 

1 
- T ( 2G rz r ,z, S ) n 

-i [ = _ • x ) S rio ( S r) -
Io (Snl 

I 1 !Snl 
IdS rl] • 

n ' n n n 

•exp(iS z) 
n 

(B. 2 .lOf) 

As various use will be made to the real and imaginary parts 
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of the above displacements and stresses, the following abbrevia-

tion will be used in the subsequent sections of the chapter: 

u( n,r,z) = Real[u(r,z,a >] n 

u (in, r, z) = rm[u(r,z,a >] n 

w( n,r,z) = Real[w<r,z,an>J 

w(in,r,z) = rm[wtr,z,an>J 

a ( n,r,z) = Real[a (r,z,a >] 
r rr n 

a (in,r,z) = rm[a (r,z,a >] 
r rr n 

aa< n,r,z) = Real [a88 (r ,z, an)] ' 
(8.2.11) 

aa(in,r,z) = rm[aaa (r' z' an> J 
a ( n,r,z) = Reallo (r,z,a >.] 

z zz n · 

a (in,r,z) = rm[a (r,z,a >"] 
z zz n · 

and 

t ( n,r,z) = Real[t (r,z,a >J 
rz rz n 

t (in,r,z) = rm[t (r,z,a >J 
rz rz n 

8.3 :~£~~~:~~=~-~~-=~:-~~~~~~-~~-:~~:~~~~~:~· 
The values of a , as given by Lur'e and subsequent authors 

n 

(e.g., [28], [41]), have been further improved in tables~·~~ 

and ~·~~- These tables are obtained with the use of a digital 

computer and careful programming for the Newton-Raphson's method 

of root finding. 

The technique used here consists of expanding ~tal and ~·tal 

into series, instead of using the Bessel functions. As n increa-

ses, the number of terms required for the valuation of ~<a> and 

~·tal increases much faster; for value of n > 25 this method is 

unapplicable to the computer available due to accumulative 

errors (The computer in use is a PDP ll-40 with an available 

relative accuracy of better than l0- 16
). Although it is possible 

to devise special programs to improve the relative accuracy, it 

is too cumbersome to use such technique, as it is only possible 

-32 
to go to n = 35 for a relative accuracy of 10 • The tables are 
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:~~~~-~:~~:Eigenvalues for a solid cylider ( v = 0.25 ). 

-- ·-·- -·-

n Real(8 ) n 
Imaginary(fl ) . n 
---- --·---------------~------ -· 

1 1. 367 356 999 2.697 651 804 

2 1. 638 147 085 6.051 222 300 

3 1. 828 534 160 9. 261 273 455 

4 1.967 428 297 12.438 444 451 

5 2.076 421 142 15.602 204 445 

6 2.166 039 326 18.759 055 655 

7 2.242 108 030 21.911 845 435 

8 2.308 175 643 25.062 031 889 

9 2.366 560 685 28.210 443 716 

10 2.418 860 400 31.357 588 567 

11 2.466 221 463 34.503 795 629 

12 2.509 494 714 37.649 288 138 

13 2. 549 328 779 40.794 223 059 

14 2.586 229 395 43.938 714 111 

15 2.620 598 480 47.082 845 781 

16 2. 652 760 712 50.226 682 205 

17 2.682 982 119 53.370 272 973 

18 2. 711 483 391 56.513 657 060 

19 2.738 449 628 59.656 865 536 

! 
20 I 2.764 037 595 62.799 923 483 ' ' I 

------------- ··---- ------- ---- . ------. 
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:~~~~-~:~~: Eigenvalues for a solid cylinder ( v = 0.3 ) . 

---------- ----- ----] 
n : Real (fl ) j Imaginary(fln) 

n 
-----~----·------

I 

1 1. 362 197 076 2.722 175 533 

2 1. 637 624 407 6.060 083 224 

3 1.828 255 822 9.266 835 313 

4 1. 967 241 172 12.442 529 146 

5 2.076 283 753 15.605 440 657 

6 2.165 933 153 18.761 738 397 

7 2.242 023 045 21.914 137 705 

8 2.308 lOS 814 25.064 033 571 

9 2.366 502 128 28.212 220 544 

10 2.418 810 481 31.359 186 155 

11 2.466 178 328 34.505 246 947 

12 2.509 457 014 37.650 617 799 

13 2.549 295 509 40.795 449 930 

14 2.586 199 787 43.939 852 978 

15 2.620 571 938 47.083 908 449 

16 2.652 736 765 50.227 678 247 

17 2.682 920 389 53.371 210 263 

18 2.711 463 573 56.514 542 153 

19 2.738 431 470 59.657 703 945 

20 2.764 020 890 62.800 719 891 
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thus left to stop at n = 20 

The assymptotic formula (8.2.9) for large values of 8 's, 
n 

as given by Lur'e, is not of sufficient accuracy for today's 

numerical computations. Also Lur'e has not specified the accu-

racy of his formula. Further investigation into the assymptotic 

form of 8 is therefore desirable. 
n 

Following Lur'e's method for developping the assymptotic 

formula for B , but with more terms, the following formula is 
n 

arrived at 

8 "' i(11n) + 
n 

1 
2 

i [ 7 J log(411n) - 411n log(411n) - (4V - 2 ) 

+ 1 [(log(411nl) 2 + (5-8V)log(411n) + ~ 2J 16(1-V) • 
(411n) 2 

(8.3.1) 

with the order of the remainder to be 

o(remainder R(8n)) a 

R(8 ) 
n 

o(remainder I(8nl) = 

1(13 ) 
n 

(log (411n)) 3 

(4nn) • 

For n = 20 , the relative accuracy of i3 is thus predicted n 

to be 

(R(f3n)) and (I(8n)J 
(log(411n) )3 

= o. 3 * 10 -s . < = 
R(8 ) I (8 ) (411nl" 

n n 

To examine the remainder of 8 as given by (8.3.1) it is only 
n 

necessary to consider the expansion of ~(8) in terms of 8, it is 

00 

o = ~ < B > = B 2 l [ 1 - c 1-v l 
Dt=O 

2m+l J 
(m+l) (m+2) 

(2m) I (~)2m. 
(m+l) I (ml) 3 

With the first few terms for large 8 given by (8.3.1), as 
n 

B "' iAn + B + iC .!. + D 
1 

n n n2 

1 
+ X - + • • •• 

n' 

where the real constants A, B, C, D may contain log(411n), 

(log(411nl) 2 , but not any power of n, we can expand ~(8) to the 

power of (1/n) 3 to prove that X must be purely imaginary. 

Hence B can now be written as 
n 



ll 'V 
n 

iAn + B + iC l 
n 

1 . 1 1 
+ D -2 + iE -3 + F -. + •••• 

n n n 

where the coefficients A, B, C, D, E, F, ••• are all real. 
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Furthermore, each coefficient, from c, D onward, can contain only 

powers of log(4nn) not exceeding that of n, i.e. c can contain 

only log(4nn), D can contain log(4nn), (log(4nnl) 2 , E can con­

tain only log(4nn), (log(4nn)) 2
, (log(4nn)) 3

, and so on. 

For v = 0.25 , n = 20 the precise value of 1l is 
n 

B2o = 2.764037595 + i 62.799923483 • 

This value can be used to judge the value given by the new 

assymptotic formula (8.3.1), which is 

820 = 2.764037(25) + i 62.7999(15) , 

and also the value given by Lur'e assymptotic formula (8.2.9), 

as 

B2o = 2.76(337) + i 62.7999(15) • 

The digits in brackets are those given by the corresponding 

assymptotic formula but is not correct when compared to the 

precise values. 

8.4 Least square method for the end problems of a cylinder. 
------------------------------------------------------
The least square method presented by Lur'e in [16] is 

carried a little bit further in this section, as the loading is 

known for only part of the end surface of the cylinder and other 

quantities are known on the remaining of the surface. The least 

square method here has to minimise the difference between the 

calculated quantities and the given quantities, whether they are 

stresses or strains or a combination of them. 

The functions which measure the difference between the given 

and the calculated quantities are called the measuring functions, 

and are evaluated only from the center of the end surface to 

certain radius R. For a problem where the measuring function 

must change in type as one goes from one zone to another zone 

of the end surface, the sum of these measuring functions can be 
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used (provided that they are compatible) to make a single 

measuring function for the problem. This will be done in section 

!!·2· 

If the known quantities on the end face .of the cylinder are 

stresses, as 

o (r, z) = S (r) for z = 0 .o~r~R~l z (8.4.1) 
T (r,z) = T(r) for 
rz 

z = 0 , O~r~R~l 

then the measuring function is defined as 

'l'(R,Mi,M2,••••Mn•Ni,N2••·••Nn) = 

= r { [s (r) 
0 

n 
- I(Ro (k,r,O) + Nko (ik,r,o>)J 2 

k=l-1< z z 
+ 

[T(r) - r(RT (k,r,O) + NkT (ik,r,Ol)J 2} r dr, 
k=l-1< rz rz 

(8.4.2) 

where the notations O(k,r,z) and T(k,r,z) follow the rules 

established by (8.2.11). 

The conditions for minimum 'l' are derived from (8.4.2) as 

a'!' 
af\ a 0 • 

a'!' 
aNk 

- 0 , k = 1, 2, ••• , n. 

Using the notations 

~(R) = J[o (k,r,O)o (m,r,O) z z 
0 

+ T (k,r,O)T (m,r,O)]r dr , rz rz 

Bkm (R) = J[o (ik,r,O)o (m,r,O) + T (ik,r,O)T (m,r,O)]r dr , z z rz rz 
0 

ckm (R) = J[o (ik,r,O)O (im,r,O) + T (ik,r,O)T (im,r,O)]r dr, 
0 

z z rz rz 

= J[s(r)o (k,r,O) + T(r)T (k,r,O)]r dr , z rz 
0 

4>k (R) 

= f[s(r)cr (ik,r,O) + T(r)T (ik,r,O)]r dr z rz 
0 

r k (Rl 

(8.4.3) 

the conditions of minimum 'l' become 

n 
I (~f\ + BkmNk) = 4> , m=l,2, ... ,n 

k=l m 

and (8.4.4) 
n 
I (Bmkf\ + CkmNk) = r m' m = 1, 2, ••• , n 

k=l 



In order to facillitate the computation of ~· Bkm, Ckm, 

the following integrals are introduced 

J±(R,Sk,Sml - JR[cr (r,o,Sklcr (r,o,S l 
z z m 

0 

± • (r,o,ek>• (r,o,s l] r dr , rz rz m 
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where the functions a (r,z,Skl and T (r,z,Bkl are those given z rz 

by the equation (8.2.10). 

The coefficients ~· Bkm, ckm for ~· Nk can now be written 

as 

~(R) = 
1 
4 

[J+(R,Bk,Bml + J+(R,Bk,Bml + J_(R,Sk,Bml + J_(R,Bk,Bml], 

-i - - - -
Bkm(R) = ~ [J+(R,Sk,Sml - J+(R,Sk,Bml + J_(R,Sk,Bml - J_(R,Sk,Bml], 

1 - - - -
Ckm(R) = ~[-J+(R,Sk,Bml - J+(R,Sk,Sml + J_(R,Bk,Bml + J_(R,Sk,Bml]. 

(8.4.5) 

The values of J+(R,Sk,B) are given in tables 8.3, their evalua-
- m 

tions are to be found in section 8.6. 

It is also noted that 

~k(R) + irk(R) = JR[S(r)crz(r,O,Sk) 
0 

+ T(r)T (r,O,Skl] r dr • rz 

(8.4.6) 

The coefficients Akm(l), Bkm(l), Ckm(l) are evaluated once 

and for all, their values are given in the following system of 

equations 

1.075M1- .401Nl- .265M2+ .049N 2- .123M3+ .092Ns- .052M~+ .065N~=~l• 

-.401M1+ .290Nl+ .526M2 - .236Nz+ .083Ms- .124Ns+ .020M~- .057N~=rl, 

-.265M1+ .526N 1+2.694M2-1.670N 2 - .674M3 - .172Ns- .388M~+ .183N~=~z, 

+.049Ml- .236N!-1.670Mz+l.434N2+1.530Ms- .579Ns+ .203M~- .371N~=r2, 

-.123M1+ .083N!- .674M2+1.530N2+4.152M 3-2.840Ns- .955M~- .638N~=~s, 

+.092Ml- .124N!- .172M2- .579N2-2.840Ms+2.859Ns+2.697M~- .866N~=rs, 

-.052M!+ .020N1- .388M2+ .203N2- .955Ms+2.697Ns+5.718M~-3.955N~=~~. 

+.06SM1- .OS1N1+ .183M2- .371N2- .638Ms- .866Ns-3.955M~+4.455N~=r~, 

(8.4. 7) 
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where the coefficients ~'s, f's are evaluated at R = 1 . 

By solving systems like the above, the quantity ~ can be 

set to its minimum. 

On the other hand, if displacements are known on the end 

surface of the cylinder, as 

u(r,z) = U(r) for z = o O<r<R<l 
(8.4.8) 

w(r,z) = W(r) for z = 0 O~r~R~l 

then the measuring function is defined as 

lji(R,Mi,M2•· .. ,Mn,Nl,N2, ••• ,Nnl = 

= JR {[u(r) - Y(~u(k,r,O) + Nku(ik,r,Dl)] 2 + 
0 k=l 

[W(r)- ~(1\w(k,r,O) + Nkw(ik,r,Ol)l 2} r dr, 
k=l 

(8.4.9) 

where the notations u(l,r,z) and w(l,r,z) follow the rules 

established by (8.2.11). 

The conditions for minimum 1/1 are then 

~ = 
a~ 

0 • ~ = 
oNk 

Using the notations 

0 • k = 1, 2, ••• , n. 

a (R) = J[u(k,r,O)u(m,r,O) + w(k,r,O)w(k,r,O)]r dr , 
km 

0 

bkm(R) = J[u(ik,r,O)u(m,r,O) + w(ik,r,O)w(m,r,Ol]r dr 
0 

ckm(R) = J[u(ik,r,O)u(im,r,O) + w(ik,r,O)w(im,r,O)]r dr , 
0 

~k(R) = J[u(r)u(k,r,O) + W(r)w(k,r,O)]r dr , 
0 

yk(R) = J[u(r)u(ik,r,O) + W(r)w(ik,r,O)]r dr 
0 

the conditions for minimum 1jJ become 

n 
I (ak ~ + bkmNk) = 

k=l m 
<Pm' m=l,2, ... ,n 

and 
n 
I (bmk~ + ckmNk) = 

k=l 
Ym' m=l,2, ... ,n 

(8.4.10) 

(8. 4 .11) 
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Similarly to the previous case, the following integrals are 

introduced 

L±(R,Bk,Bm) = JR[u(r,O,Bklu(r,O,Bml 
0 

± w(r,O,Bklw(r,O,Bml] r dr , 

where the functions u(r,z,Bkl and w(r,z,Bkl are those given by 

the equations (8.2.10) and L±(R,Bk,Bml are given in table ~·~· 

With the introduced functions L+(R,Bk,B), the coefficients - m 

akm' bkm' ckm for ~ and Nk can be written as 

1 - - - -
akm(R) = ~ [L (R,Bk,B) + L (R,Bk,B l + L (R,Bk,B l + L (R,Bk,B l], 

+ m + m- m- m 

-i - - - -
bkm(R) = ~ [L+(R,Bk,Bml - L+(R,Bk,Bml + L_(R,Bk,Bml - L_(R,Bk,Bml], 

1 - - - -
ckm(R) = ~[-L+(R,Bk,Bml - L+(R,Bk,Bml + L_(R,Bk,Bml + L_(R,Bk,Bml]. 

(8.4.12) 
In this case, the functions ~k and yk are evaluated by 

~k(R) + iyk(R) = J:[u(r)u(r,o,Bkl + W(r)w(r,o,Bkl] r dr 

(8.4.13) 

Similarly to the last case, the coefficients akm(l), bkm(l), 

ckm(l) are evaluated once and for all, and their first few 

values are given in the following system 

O.l068M 
1
-. 0590N

1
-. 0287M2-. 0033N2 -. 0085Ms+. 0021N 3-. 0035M~+. 0013N~~~ 1 , 

-.0590M 1+.1043N 1 +.0312M2+.0078N2+.0069M3+.0021N3+.0034M~+.0015N~zyl • 

-.0287M 1+.0312N 1+.0734M2-.0413N2-.0165M3-.0044N 3 -.0059M•+.0021N•=~2 • 

-.0033M
1
+.0078N 1-.0413M2+.0434N2+.0266M 3-.0027N 3+.0037M,-.002SN•=Y2 • 

-.OOBsM 1+.0069N 1-.0l65M2+.0266N2+.0505M 3 -.0311N 3 -.0lOBM•-·0060N~=~3 ' 

+. 0021M &.0021N 1- .0044M 2-.0027N 2-. 0311M3+. 0327N3+. 023oM~-. 0035N.=y3 • 

-.003sM 1+.0034N 1 -.0QSgM2+.0037N2-.0108M 3+.0230N 3+.03BgM~-.024SN•=~. • 

+.0013M 1+.001~ 1+.002lM2-.002sN2-.006oM 3-.003sN 3-.024sM.+.0276N•=y. • 

(8.4.14) 

where the coefficients ~·s, y's are evaluated at R = 1 
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Solving for the coefficients Mk, Nk from systems as (8.4.4) or 

(8.4.11) then gives the minimum possible value with 2n real eig-

enmodes (n modes with coefficients M's, n with N's) for the mea-

suring function. Hence, the more modes are used the smaller is the 

minimum for the measuring function. The next logical thing is 

thus to establish a quantity which indicates the variation of 

the minimum of the measuring function with increasing n, this 

quantity will be named the "standardised deviation" function. 

The purpose of this "standardised deviation" function is to 

indicate how well the calculated quantities can fit the given 

ones. An example on this newly defined function is given below. 

Suppose that the function ~ defined by (8.4.2) is the meas-

uring function for a given case, then the standardised deviation 

function s is defined as 

'¥ (R, Mt ,M2 , ••• , Mn, N 1 , N 2 , ••• , Nn) 
s(R,n) = 

~(R, 0, 0, •.. , 0, 0, 0, •.• , 0) 

where M's, N's are the solution of (8.4.4). 

If no mode is used (2n = 0), then s(R,n) is equal to unity, 

and if the given boundary conditions can be expressed by a line-

ar combination of 2n real modes corresponding to M1 , M2, ••• , Mn, 

N,, N2•···• Nn then s(R,n) is equal to zero. Hence as n increa-

ses, s(R,n) decreases, and if all the eigenmodes entering the 

measuring function can express any arbitrary given loading, then 

the value of s(R,~) is zero. For any non-zero value of n, a value 

of s(R,n) greater than unity is certainly the indication of some 

erroneous calculation(s) I 

The standardised deviation is generally defined for any mea-

suring function as 

s(n) = 
( 

Minimum possible of measuring function ) 
with Mt ,M2, .•. ,Mn,Nt ,N2, ... ,Nn 

( 
Measuring function with all ] 

M's, N's equal to zero 

(8.4.15) 
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A standardised deviation function defined as above will be 

used in the next section 

8.5 Least square method applied to the external crack in an 
-------------------------------------------------------

infinite cylinder. 
-----------------

In this section, the least square method proposed in the 

last section is used to investigate the problem of an external 

crack in an infinite cylinder. 

The crack starts at the radius R < 1 and goes right through 

to the lateral surface of the cylinder. This crack not only re-

duces the cross section of the cylinder, but also increases 

drastically, stresses at its tip, that is at the radius r = R-£, 

where £ is a very small length. It is thus interesting to inves-

tigate the behaviours of the physical quantities like displace-

ments and stresses around this crack. 

The problem is equivalent to the problem of a semi-infinite 

cylinder under the following conditions on the end surface 

cr (r,z) = 0 for z = 0 , R < r ~ 1 ' 
(B.S.la) 

z 

t (r, z) = 0 
rz 

for z = 0 • 0 < r < 1 , (B.S.lb) 

E ow(r ,z) 
= 0 for z = 0 , 0 ~ r < R , (8.5.lc) 

1+\1 or 

and for very large value of z, 

cr (r,z) + 1 for z-~ooo. (8.5.ld) 
z 

t (r,z) + 0 
rz 

for z-+oo .. (B.S.le) 

E ow(r,z) + 0 for z-+oo. (8.5.lf) 
l+\1 or 

Superimposing a uniform compression of cr (r,z) = -1 on the z 

loading of the semi-infinite cylinder, the following system of 

boundary conditions is arrived at 

cr (r,z) = -1 
z 

t (r, z) = 0 
rz 

for z = 0 

for z = 0 

R < r < 1 (B.5.2a) 

0 < r .5_ 1 (8.5.2b) 
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E Clw(r,z) ; 0 
l+V ar for z ; 0 , 0 ~ r < R , (8.5.2c) 

and 

cr (r ,z) 
z 

-+ 0 for z + co (8.5.2d) 

T (r,z) -+ 0 
rz 

for z + oo (8.5.2el 

E aw(r,z) .... 0 
l+V ar 

for z + oo (8. 5. 2f) 

The eigenfunctions for end-loading of a semi-infinite cylin-

der as given by (8.2.10) will well suit this problem. However, 

the determination of the coefficients for the eigenmodes is not 

a simple task. 

It is noted that as the actual value of w(r,z) in the region 

of (z ; 0, r < R) is unknown, the elegant "biorthogonality me-

thad" developed by Little and Childs [28] is not applicable to 

this problem. Even if a new set of biorthogonal functions invol­

ving a,t ,and 
z rz 

aw 
az is developed, the method is still unsui-

table as there is no free lateral surface at the radius R. (The 

biorthogonality method is based on the Sturm-Liouville system of 

equations which, in turn, depends on the known conditions at its 

two end points, i.e. at the radii r = 0 and r = R.) 

The least square method as proposed in the last section is 

thus the only reasonable choice left, and it will be used to 

investigate the problem. 

As for the proposed least square method, the known quantiti-

es must be first defined, they are 

cr (r,z) 
z = s (r) = -1 for z = 0 , R < r ~ 1 , (8.5.3a). 

T (r,z) = T(r) = 0 for z = 0 , 0 ~ r ~ 1 , (8.5.3b) rz 
E aw(r,z) 

= V(r) = 0 for z ~ 0 , 0 ~ r ~ Rc. (8.5.3c) l+V ar 

Since all the eigenmodes die away from the end z = 0, their 

use ensures that the conditions (8.5.2d) to (8.5.2f) are auto­

matically satisfied. The value of aw 
ar is fitted to the known 

value V(r) = 0 for only 0 ~ r ~ Rc. The reason is that initial 

attempts at letting R (named here the "continuity radius") c 
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equal to R (named here the "crack radius") led to some non-

convergence on the coefficients of the eigenmodes. 

The measuring function is now defined as 

Q(R,Rc,Ml,M2 1 ••• ,Mn,Nl,N2r•••,Nn) = 

= J: {[s<r> -kri~oz<k,r,z> + Nkoz<ik,r,z>}J
2
} r dr + 

+ r {(T(r) 
0 

- r(~T (k,r,z) + NkT (ik,r,z))j 2}r dr + 
k~l-K rz rz 

+ (c{ [V(r) 
n _ ~ H~ aw<k,r,z> 

l+Vk=lK tlr 
aw(ik,r,z))l2}r dr. 

+ Nk ilr 

(8.5.4) 

The factor E 
l+V 

is placed in front of ~; to make this 

term of the same dimension and magnitude to stresses. Without 

this factor, ~; will be either too large or too small for 

stresses, and henoe the measuring function may neglect the 

smaller term(s). The meaning of the word "compatible" used in 

the second paragraph of section 8.4 is thus illuminated here. 

In this section, to simplify the calculations, the value of 

E/(l+v) is assumed to be unity. 

The conditions for minimum 0 are now 

an 
a~ 

= 0 , 
an 
aNk 

= 0 , k=l,2, ... ,n. 

Using the notations 

Dkm(R,Rc) = fl [o (k,r,O)o (m,r,O)jr dr + 
R z z 

+ f1 
[T (k,r,O)T (m,r,O)jr rz rz 

0 

dr + 

+ rc[aw(~;r,O) aw(m,r,O)]r dr , 
ar 

0 

Ekm (R,Rc) = f1 
[o (ik,r,O)o (m,r,O)jr dr + 

R Z Z 

+ f1 
[T (ik,r,O)T (m,r,O)jr rz rz 

0 

dr + 

+ JRc[aw(ik,r,Ol 
ar 

0 

ilw(m,r,O)Jr dr , 
ar 

(8.5.5a) 

(8.S.Sb) 



Fkm (R,Rc) 

and 

~k(R,Rc) 

nk(R,Rcl 

= f
1 

[cr (ik,r,O)cr (im,r,Ol]r dr + 
R z z 

+ f
1 

[T (ik,r,O)T (im,r,O) ]r rz rz 
0 

dr + 

+ JRcraw(ik,r,o> 
ar 

aw(im,r,O)]r dr , 
ar 

0 

= f
1 

(S(r)cr (k,r,O)jr dr + 
R z 

+ f
1 

[T(r)T (k,r,O)]r dr + rz 
0 

+ fRc(V(r) aw(~:r,O)]r dr ' 
0 

= J
1 

(s(r)cr (ik,r,Ol]r dr + 
R Z 

+ fl [T(r)T
0 

(ik,r,Ol]r dr + 
0 

rz 

+ JRc(V(r) aw(i~:r,O)]r dr , 
0 

the conditions for minimum n become 

n 

k~l (Dkm~ + EkmNk) = ~m m=l,2, ... ,n 

and 
n 

k~l(EmkMk + FkmNk) = nm m=l,2, ... ,n 
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(8.S.Sc) 

(8.S.Sd) 

(8.S.Se) 

(8. 5.6) 

To evaluate D's, E's, F's, the following formulae are 

are needed 

JR cr (k,r,O)cr (m,r,O) r dr = 
z z 

0 

= 
1 
4 

[ Jt(R,Sk,Sml + Jt(R,Bk,Bml + Jt(R,Sk,Bml + Jt(R,Bk,Sml], 

(8.5.7a) 

J
R a (ik,r,O)cr (m,r,O) r dr = 

z z 
0 

-i - - - -
= 4 [ Jt (R,Sk,Sml - Jt (R,Sk,Bml + Jt (R,Sk,Bml - Jt (R,Sk,Sml], 

(8. s. 7b) 
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JR a (ik,r,O)cr (im,r,O) r dr = 
z z 

0 

1 - - - -
= --

4
-- [-Ji(R,Sk,Sml - Ji(R,Sk,Sml + Ji(R,Sk,Bml + Ji(R,Sk,Sml], 

(8.5.7c) 

where the function Ji(R,a,b) is defined by 

1 Ji(R,a,b) = --
2

- [ J+(R,a,b) + J_(R,a,b) ] • (8.5.8) 

With the help of the above formulae, the coefficients D's, 

E's, F's can be evaluated as 

1 - - - -o, __ = --
4
-- l J 11, e,_. e 1 + J 11, e,_. e 1 + J 11, e,_. e 1 + J 11, e,_. e 11 

.run + 1\. m + """ m - 1\. m - n.. m 

1 
4 

Ji!R,Sk,Bml + Ji!R,ek.em> + Jl!R,Sk.em> + Jj(R,ek.Bm>l 

1 - - - -+-
4 

[ K(R .~ •.• S) + K(R ,8~,8) - K(R ,B~,S) - K(R ,8~,8 )], 
CAm CAM CI'I.ID C.n..m 

(8.5.9a) 

-i - - - -E~- = ---
4 

[ J <l,S~.e 1 - J <l,s~.e 1 + J <l,s,_.e 1 - J <l,S~.e 11 
r...m + A m + ,.., m - 1\. m - ~~.. m 

+ ~ [ Jj(R,Sk,em> - Ji!R,ek.eml + Jj(R,Sk.em> - Ji!R,ek.sm>l 

~ l K(R .ek.e > - K(R .ek.e 1 - K(R ,ek.e > + K<R .ek.e > 1. c m c m c m c m 

(8.5.9b) 

1 - - - -
Fk = --

4
-- [-J <l,ak.e 1 - J <l,sk.e 1 + J <l,ek.e 1 + J <l,sk.e >1 m + m + m- m- m 

1 - - - -4 [-J1 (R,Sk,Sml - J1 (R,Sk,Sml + J1 (R,Bk,Sml + J1 (R,Sk,Sml] 

1 - - - -+ -
4 

[-K<R ,ek.e 1 - K(R .ek,e 1 - K(R ,e,_.e 1 - K(R ,e,_.e >1, c m c m c.r..m cl\.m 

where the function K(R ,Sk,S ) is defined by c m 

K(R " o JRc c'Pk'"m) = [ 
0 

ow(r,O,Skl 

or 

and its value is given in table 8.5. 

ow(r,O,Sml ]r dr , 

or 

(8.5.9c) 

(8.5.10) 

Since T(r) and V(r) vanish on their known ranges, the coeffi-

cients ~k and nk involve only the integrals containing S(r). The 
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values of ~k and ~k are thus given by 

~k + i~k = 
J

l [ S(r)cr (r,o,ek>] r dr • 
1\: z 

(8.5.11) 

According to the defining equation (8.4.15), the standardised 

deviation function is 

!l(R,Rc,M ,M , .•• •Mn•N ,N , ••• ,Nnl 
(8.5.12) s(R,R ,n) = 

c !l(R,Rc, 0, 0, ••• , 0, 0, 0, ••• , 0) 

where M1, Mz, ••• , ~· N1, Nz, ••• , Nn are the solution of the 

system (8.5.6). 

For R = 0.5 , Rc = 0.4 , the coefficients M's and N's are 

given in table 8.6 for n equal to 8 and 12 • Their stresses a , z 

T and axial displacement w are plotted in figures 8.3a, 8.3b, 
rz 

and 8.3c. The standardised deviation function s takes the values 

of 0.287 and 0.183 for the cases n = 8 and n = 12 respectively. 

This fact shows that the least square method used here did give 

some relatively good results. 

Regarding the gap left between R and R, it is possible that 
c 

R can be made very close to R if computational errors can be 
c 

made extremely small. For the accuracy in use (l0- 7for addition, 

substraction, multiplication and division), the chosen value of 

R = 0.4 is not very close to the value of R = 0.5 , however 
c 

this chosen value gives consistently smaller s for larger n. 

8.6 ~!~~~~:~~~~-~!-~~~=-~::2~~~~-~=!=~~r=~-!~~-:~~~-=~~r::~· 

Section 8.4 introduced the integrals J±(r,a,b), J,(r,a,b) 

etc ••• , whose evaluations are not simple and are deferred until 

this section. 

For the sake of clarity, the following integrals will be 

first evaluated 

i!oo(r,a,b) 1 
I1 (a) I! (b) Jr Io(ar)Io(br) r dr , 

0 



i 1,!(r,a,b) 1 
- I1 (a) I! (b) 

i2o1(r,a,b) 
1 

- I I (a) I 1 (b) 

i21o (r,a,b) 
1 

- I 1 (a) I 1 (b) 

i3oo (r,a,b) 
1 

- I 1 (a) I 1 (b) 

b1 dr ,a, b) 
I!(a)I!(b) 

1 

Ir I 1 (ar) I 1 (br) r dr , 
0 

Ir Io(ar)I!(br) r 2dr , 
0 

I: I 1 (ar) I o (br) r 2dr , 

J: I 0 (ar)I 0 (br) r 3dr , 

Ir I!(ar)I!(br) r 3dr • 
0 

The first two integrals can be calculated with the aid of 
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tables of indefinite integrals such as those on p. 484 of [40). 

The next four integrals can be calculated using the following 

relations, as is done in Lur'e's book, 

bf Io(ax)I,(bx) x2dx + af I,(ax)Io(bx) x 2dx = 

= x2 Io(ax)Io(bx) - 2I Io(ax)Io(bx) x dx , 

af Io(ax)I,(bx) x 2dx + bf I 1 (ax)Io(bx) x 2dx = 

= x2I 1 (ax)I,(bx) , for the middle equations, and 

af Io(ax)Io(bx) x 3dx + bf I 1 (ax)I 1(bx) x 3dx = 

= x 3I,(ax)Io(bx) - 2I I 1 (ax)I 0 (bx) x2dx 

bf Io(ax)Io(bx) x 3dx + af I 1 (ax)I 1 (bx) x 3dx = 

x 3I 0 (ax)I,(bx) - 2I I 0 (ax)I 1 (bx) x 2dx, 

for the last two equations. 

Thus one obtains the results presented in table 8.2a for 

a 'I b • 

The integrals i(r,a,a)'s are evaluated in the following 
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I~(a)iJoo(r,a,a) =lim b+a [IJ(a)IJ(b)iJoo(r,a,bl] 

= lim b+a r [ai 1(ar)Io(br)-bio(ar)IJ(br)] 
a2-b2 

r 2 2 2 = -
2
- [I 0 (ar) - I 1 (ar)] , 

I~(ali11dr,a,a) =lim b+a [IJ(a)IJ(b)illdr,a,bl] 

= lim b+a 
r [aio(ar)II(br)-bii(ar)Io(br)] 

a2-b2 

r2 
= ---

2 
[I~(ar) - I~(ar)] + 

r --- I o (ar) I 1 (ar) 
a 

The first equation for each integral made use of Arzela's 

theorem to bring the limit outside the integration sign. However 

this should not bother readers since those equations can be 

considered only assumptions in deriving the (correct) final 

results; as the final results can be verified by direct diffe-

rentiation, there is no need for the proof of the first equations 

evaluating each integral. 

Using the following equation 

2afr I 0(ar)I 1(ar) r 2dr = r 2I 0 (ar)I 0 (ar) -
0 

2Jr I 0(ar)I 0(ar) r dr , 
0 

the integral i 20 1!r,a,a) can be evaluated as 

i2o1!r,a,a) = 
1 

I~ (a) 

r2 
2a 

I 1 (ar)I 1 (ar) 

For the last two integrals, consider the relation 

a 
ar [ 

r~ 

2 
( I! (ar) - I~ (ar) ) ] 

or 

2Jr I~(ar)r 3dr- Jr I~(ar)r 3dr 
0 0 

and the relation 

Jr I!(ar)r 3dr + Jr 
0 0 

I~(ar)r 3dr 

= 

= 

2r 3I!(ar) - r 3 I~(ar) , 

r~ 

2 
[I~ (ar) - I~ (ar)] , 

r3 
= a I 1 (ar)I 0 (ar) 

2 fr -a I 1(ar)I 0 (ar)r2dr. 
0 



They give 

Jr Io(ar)Io(ar)r3dr = 
0 

r~ 
~ [I~(ar)-I~(ar)] + 

r3 
3
a I j(ar) I o (ar) 

2 Jr 
3

a Io(arlit(ar)r2dr 
0 

The integral i 311 (r,a,a) is determined from 
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Jr It(ar)It(ar)r3dr = 
0 

r~ [I~(ar)-I~(arl] + 
6 

2 2 3a r I o (ar) I 1 (ar) 

4 fr 
3

a 
0 

Io(ar)It(ar)r2dr 

Table 8.2b lists the results of the above derivations. 

The functions J±(r,a,b) are then given as 

J+(r,a,b) = [4- 2(aA + bAb) + abA Ab]i 100 (r,a,b) 
- a a 

+ abAaAbittt!r,a,b) 

+ (2b- Aaab! Abab)izot!r,a,b) 

+ (2a- Abab! Aaab)izto!r,a,b) 

+ abi3oo(r,a,b) + abi31t(r,a,b) , 

and J±(r,a,a) are obtained by replacing b by a in the above 

formula. 

It should be noted that the above derived formula is correct 

only when a ~1d b are eigenvalues derived from the equation 

(8.2.8) 0 

Substitution of the values of the i(r,a,b) integrals into 

the above formula gives the value of J±(r,a,b) as in table 8.3. 

The function J 1(r,a,b) defined as 

J1 (r ,a,b) = 
1 -
2 

[J (r,a,b) + J (r,a,bl] 
+ -

has its value easily worked out from table 8.3. 
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By definition L±(r,a,b) is 

L±(r,a,b) = Jr (u(x,O,a)u(x,O,b) ± w(x,O,a)w(x,O,b)]x dx. 
0 

Substitution of the values for u and w corresponding to the 

eigenvalues a and b gives 

L±(r,a,b) = + (aA~- a- Aa) (bA~- b- Abliloo<r,a,b) 

+ (aA~- a+ \l(bA~- b + \li 1,!(r,a,b) 

[2(1-\1) (! ±!) + (Ab +A l]i2odr,a,b) 
b a a 

- [2(1-V)( !! ! ) +(A + Ab)]i2lo(r,a,b) 
a b a 

+ i3oo(r,a,b) + i311(r,a,b) 

The formula for L±(r,a,a) is obtained from the above by replac­

ing b by a. 

Substitution of the values of the i integrals into the 

formulae for L gives the results in table 8.4. 

Similarly, the function K(r,a,b) is defined as 

K(r,a,b) =I: 
ew(x,O,a)) (ow(x,O,b)) x dx 

ax ox 

Substitution of the values for 
ow 
ax corresponding to the eigen-

values a and b gives 

K(r,a,b) =- ab(aA!- a- Aa) (bA~- b- Ablilll(r,a,b) 

- ab(bA~- b- Abli2o1(r,a,b) 

- ab(aA2 - a- A li21o (r,a,b) 
a a 

- abboo (r,a,b) 

The function K(r,a,a) is obtained by replacing b by a in the 

above formula. 
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Simple substitution for the values of the i integrals into 

the above formula gives the results in table B.S. 

8.7 Conclusions. 

(a) The application of the Papkovich-Neuber solution to the end 

problem of an axi-symmetrically loaded semi-infinite cylinder 

is a nice demonstration of typical techniques and also of some 

difficulties involved in the use of this kind of solution. 

(b) The improved values for S presented in section 8.3 enable 
n 

more accurate numerical evaluations of eigenmodes of the cylin-

der than would be possible with previous literatures. However, 

even more accurate values are desirable if more than the first 

twenty eigenmodes are used in a particular problem. 

(c) The generalised least square method presented in section 

8.4 and its relative success in dealing with the annular crack 

give a fair idea on its applicability and capacity. The crack 

problem solved by this generalised least square method can have 

only fair describtion of its stresses and displacements. However, 

this is a typical characteristic of problems solved with the use 

of non-orthogonal eigenmodes. 
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Table 8.2a: Indefinite integrals of products of some Bessel 

----------
functions. 

For any complex numbers a ~d b ( 0 'I a 'I b 'I 0) : 

i1oo (r,a,b) 

= 

i11dr,a,bl 

= 

i201 (r,a,bl 

= 

i21o(r,a,b) 

= 

i3oo(r,a,b) 

= 

i31 t(r,a,b) 

= 

1 
I 1 (a) I 1 (b) 

J: Io(ar)Io(br) r dr 

1 ____!:. [ait(ar)Io(br) - bio(ar)It(brl] 
I1(ali1(b) a2-b2 

1 
Il(a)II(b) 

fr It(ar)It(brl r dr 
0 

1 ____!:. [ai 0 (ar)It(br) - bit(ar)Io(brl] 
I dal It (b) a2-b2 

1 
II (a) I 1 (b) 

r: Io(arlii(br) r
2
dr 

1 __£ [ai1(arli1(brl - bio(ar)Io(brl] 
I 1 (a)II(b) a2-b2 

2 + b itoo (r,a,b) 
a2-b2 

1 
I 1 (a)I I (b) 

l 
Ii{a)I!(b) 

fr I!(ar)Io(brl r 2dr 
0 

rz 

a2-b2 
[ai o (arl I o (brl - bi 1 (arl I 1 (brl] 

2 a i!oo(r,a,b) 
az-bz 

1 
I1 (a) It (b) 

1 
I-1-(a) I 1 (b) 

fr Io(ar)Io(br) r 3dr 
0 

r3 

a2-b2 
[ai!(ar)Io(br) - bio(arlii(brl] 

2 [a izlo(r,a,b) - b i2o1(r,a,bl} 
a2-b2 

1 
I1(ali1(b) 

J: I 1 (ar) I 1 (br) r
3
dr 

1 r 3 

I 1 (a) I 1 (b) a2-b2 
[ ai o (ar) I t(br) - bi dar) I o (brl] 

+ 2 [b iziO(r,a,b) -a i2ot<r,a,bl] 
a2-b2 



Table 8.2b: Indefinite integrals of the squares of some 

Bessel functions. 

For any complex number a (a~ 0): 

ilOo(r,a,a) -

= 

i111 (r ,a,a) -

= 

i2o1 (r,a,a) 

= 

i3oo (r,a,a) 

= 

iu dr,a,a) 

a 

1 
I1(a)I1(a) C Io (ar)Io (ar) r dr 

1 r2 [ 
-

2
- I~ (ar) - I~ (arl] 

d (a) 

1 
I 1 (a)Ij(a) Jr Il(ar)I 1 (ar) r dr 

0 

1 r2 
- 2- [I~(ar) - I~(arl] 

If (a) 

1 r + -- Io (ar)II (ar) 
I~ (a) 

a 

1 
Il(a)I!(a) Jr Io(ar)II(ar) r 2dr 

0 

1 

I~ (a) 

1 

r2 
--I2 2a 1 (ar) 

I 1 (a)I 1 (a) Jr Io(ar)Io(ar) r 3dr 
0 

1 

If (a) 

1 
+ 

r~ 

6 [I~ (ar) - I~ (ar) J 

r3 
3a 

I o (ar) I 1 (ar) 
I~ (a) 

2 
- 3a i20dr,a,a) 

1 
II (a) II (a) Jr I1(arli1(ar) r 3dr 

0 

1 

I~ (a) 

1 
+ ---

r~ 

6 [I~(ar) - I~(arl] 

2r 3 

3a 
I o (a:t) I 1 (ar) 

I 2 (a) 

4 
i2o1!r,a,a) 

3a 
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Table 8.3: Integrals of eigenvalued stresses. 

For any two different eigenvalues a and b (a ~ b and 

'!'(a) = '!'(b) = 0): 

J±(r,a,b) - Jr [cr (x,O,a)cr (x,O,b) z z 
0 

± T (x,O,a)T (x,O,b)]x dx 
rz rz 

1 
= I1(a)I1(b) 

r Io (ar) I 1 (br) {ab (a±b) (r2.f A Ab) 
2 b2 a a-

+ 2b(a\ + bAb) + 2~~ [(±A - Ab) ± ~b ]} 
a+ a a+ 

+ I 1 (a) I 1 (b) 
1 

!__ Il(ar)Io(br){ab(a±b) <+r2+A A) 
a2-b2 a b 

- 2a(aAa + bAb) + ;a;\ [ (.j:Aa + Ab) :;: ~b ] } 

+--1 
I 1 (a) I 1 (b) 

+--1 
I 1 (a) I 1 (b) 

r2 { a.fb Io(ar)Io(br) 2(a.fb)± 2ab a.fb + ab(±Aa-Ab)} 

r 2ab 
a .f b I 1 (ar) I 1 (br) {- -

2
- + (-A ± A l} a.fb a b 

For any eigenvalue a ('!'(a) = 0): 

J±(r,a,a) = 

= 

Jr[Oz(x,O,a)Oz(x,O,a) ± 
0 

T (x,O,a)T (x,O,a))X dx rz rz 

r2 
2 

I 1 (a) 
I:(ar){- t a 2r 2 (1±1) + t [4-4aAa+a2 A~(l±l)]} 

+ r
2 

I 2 (ar){! a 2r 2 (1±1) +! [ ~ (±1-2) 
I~ (a) I 6 2 3 

+ 2(l±l)aA - (l±l)a2A2]} 
a a 

+ ~ Io(ar)II(ar){t r 2 (+1+2) + ). 2} 
I~ (a) a 



Table 8.4: Integrals of eigenvalued displacements. 

For any two different eigenvalues a and b (a ~ b and 

~(a)= ~(b) = 0): 

L±(r,a,b) = Jr [u(x,O,a)u(x,O,b) ± w(x,O,a)w(x,O,hl]x dx 
0 

= I!(a~I!(b) a 2:b2 Io(ar)I!(br){-(b±a)r
2 

± b(aA~-a-Aa) (bA~-b-~) + a(aA~-a+Aa) (bA~-b+Ab) 

+ 

b 
[4 ::~ + 2(a±b) (Aa+Ab) ± 2ab(A~-~>l} 

a2-b2 

l 
I1 (a) I! (b) 

_r __ I!(ar)I 0 (br){(a±b)r 2 

a 2-b2 

+ a(aA 2-a-A l (bA 2-b-A ) 
a a b b 

b(aA~-a+Aa) (bA~-b+Ab) 

+ a [4 a:~+ 2(a±b) (A +Ab) ± 2ab(A~-A2 l]} 
2 b2 a+ a a 

a -

l r 2 { 2 (a±b) 
+ 

Ii(a)Ii(b) 
I o (ar) I o (br) - """""lb" 

a2-b2 a 

+ (b ±a) (Ab +A)+ ab(A
2

- A
2
)} a b a 

+ l r 2 { 2 (b±a) 
I1 (alii (b) 

I! (ar) I 1 (br) ~ 
a2-b2 a 

+ (b ± a) (Aa + Ab) - ab(A~ - A~)} 

For any eigenvalue a (~(a) = 0): 

L±(r,a,a) _ Jr [u(x,O,a)u(x,O,a) ± w(x,O,a)w(x,O,al]x dx 
0 
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r
2 

2 { r
2 

= -- I 0 (ar) - (l±l) -
I 2 (a) 6 

l 2 2 l 2 2} -(aA -a+A ) + -(aA -a-A ) 
2 a a 2 a a 

I 

r2 { 2 2 r l 2 2l 2 2 
+ I (ar) - - (l±l) + -(aA -a+A ) ± -(aA -a-A ) 

I~ (a) 
I 6 2a a 2a a 

1+2 (l ± l) (A 2 - ll - ~a (l + l)} -
3a2 a 

+ r Io(ar)I!(ar){ f2
(1+2) + 

ai~(a) 
(aA 2 -a+A ) 2} 

a a 



Table 8.5: Integrals of eigenvalued 
aw 
ar 

For any two different eigenvalues a and b (a ~ b and 

~(a) =~(b) = 0): 

K(r,a,b) = Jr (aw(x,O,a)) (aw(x,O,b)) 

0 

~~ ~~ x dx 

- 1 
- I 1 (a) I 1 (b) 

rab 

a2-b2 
Io(ar)I1(br){ br2 
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- a(a;l. 2-a-;l. l (b;l. 2-b-). l + 
a a b b 

-2b-(a;l. -b). + 
2 b2 a b a -

2 a2+b2) } 
a2-b2 

1 
+ 

I 1 (a) I 1 (b) 
--=-r=ab=- I 1 (ar) I a (br) {-ar2 

a2-b2 

+ b(a;l. 2-a-A l (bA 2-b-). ) 2a 2 2 } - (aA -bA + 2 a +b ) 
a a b b a2-b2 a b 2 2 a -b 

+ 1 r 2ab { 2 2 } 
h (a) I 1 (b) 2 2 

Io(ar)Io(br) aA -bA + 2 a +b 
a -b a b 2 2 a -b 

+ 1 
I I (a) I 1 (b) 

r
2
ab { 

2 2 
I1 (ar)II (br) b(aA2-A ) 

a -b a a 

- a(b~-Ab) _ 4 ab } 
a2-b2 

For any eigenvalue a (~(a) = 0): 

K( ) = Jr (aw(x,O,al) (aw(x,O,a)) d r,a,a - :lv :lv X X 

0 

= 
1 

I~ (a) 

1 

---- I 2 (ar) -- + (a;l.2-a-A ) 2 r2a2 { r2 } 
2 a 3 a a 

+ --
I~ (a) 

r~a
2 

I~(ar){ 

2 2 2 } - -(a). -a-A ) + ---
a a a 3a2 

r2 
3 

+ 
1 

raio(ar)II(ar){-
I~ (a) 

(a). 2-a-A ) 2 

r2 
3 

a a 

(a;l. 2-a-A >2} 
a a 
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Table 8.6: Values of coefficients M's and N's in figures 8.3. 

Coef. I 2n = 16 

Ml -1.026 254 4 

N1 -1.497 217 8 

M2 0.727 703 0 

N2 0.352 294 5 

M3 0.773 838 7 

N3 1.419 885 2 

H~ -1.132 698 5 

N~ -0.357 506 2 

Hs -0.696 338 5 

Ns -1.414 991 3 

M& 1.053 299 5 

N& 0.161 524 4 

M7 0.467 118 5 

N7 0.772 639 5 

Me -0.403 237 3 

Ne -0.013 086 3 

Mg 0 

Ng 0 

M1 o 0 

N1 0 0 

M11 0 

N11 0 

Ml2 0 

1-3 0 

I s(R,Rc,n) i 0.287 

(R = 0. 5 , R = 0.4) 
c 

I 2n = 24 
~-~------ '" 

-1.208 941 2 

-l. 790 214 3 

0.905 629 8 

0.486 759 2 

0.909 433 7 

l. 710 143 2 

-l. 369 013 9 

-0.528 785 l 

-0.604 603 7 

-1.562 642 0 

1.467 353 3 

0.722 913 l 

0.100 369 3 

1.296 839 7 

-1.529 171 3 

-0.913 577 3 

0.042 876 5 

-1.133 646 4 

1.086 646 4 

0.559 093 8 

-0.110 057 8 

0.282 338 0 

I -0.122 844 2 I 
I 

i 0.010 038 5 I 

--·---·----- --

0.182 

--- -r 

------~-
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CHAPTER 9 

Miscellaneous issues and Epilogue. 

This chapter presents some ofthe side issues which have 

been left aside in order to permit free flow of thought during 

the previous chapters. The epilogue will give some concluding 

notes for the thesis. 

9.1 Notes on the Galerkin's vector. 

During the study in chapter 1, there has been only one 

reference to the Galerkin's [50] vector. In the book of 

Westergaard [56], he states that the special solution (1.2.6) to 

the homogeneous Lame's equation is due to Galerkin (but not in 

the vector form). Westergaard also worked ingeniously with this 

vector. He proved that the Galerkin's vector can completely 

describe all displacements satisfying the Lame's equation in a z-

convex material region ([56], p. 123). His proof requires neither 

simple connectivity nor the Helmholtz transformation. 

The solution using Galerkin's vector and the Papkovich-Neuber 

solution are really equivalent in a finite region. Precisely, 

their equivalence can be expressed in the following proposition. 

Proposition. 

In a region D, if V is expressible by 

V = a.'i/2F 2'il('i/•F) (9.1.1) 

where a. is a constant, and F satisfies 

'i/2 ('i/2F) = 0 (9.1.2) 

then v is also expressible as 

V = CXB 'i/(r•B + Bo) (9.1.3) 
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where 

'72B = 0 '72Bo = 0 (9.1.4) 

and vice-versa if D is finite and the constant a is different 

from 2 • 

Proof: 

If (9.1.1) and (9.1.2) hold, define 

B = '72F 

which is harmonic, then one has 

'72 ('7•F) = '7•B 

Thus '7•F is given as 

'7•F = ~ r•B + Bo , 

where Bo is harmonic. Hence (9.1.3) and (9.1.4) hold. 

This proof is essentially the same as the one due to 

Papkovich (section !·~). 

Conversely, let (9.1.3) and (9.1.4) hold. It will be proved 

that (9.1.1) and (9.1.2) also hold. 

Define E by 

E(P) 
= 1 J B(Q) 

- 41T - r dT (Q) 
D PQ 

then one has 

'7 2E = B 

and '72 ('72E) = 0 

Since 

'7 2 [~·~ - ~<:·~ + Bol} = 0 , 

one has 



r•B + Bo = 2~·~ + ~ 

where ~ is harmonic function. 

Define another function n by 

n<P> = 
1 f ~(Q) 

- 411 r dT(Q) 
D PQ 

which satisfies V2n = ~ , and is biharmonic. 

The function F defined by 

F = E 
1 

a-2 ~n 
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is obviously biharmonic, satisfying (9.1.2). Simple substitution 

shows that Vis a function of: as given by (9.1.1). 

The two pairs of equations [(9.1.1) and (9.1.2)] and [(9.1.3) 

and (9.1.4)] are thus really equivalent. 

Westergaard has shown that any one (say the z) component of 

the Galerkin's vector F can be set to zero if the region Dis 

convex in that (z) direction and one more direction (orthogonal 

to z). If Almansi's theorems (see section~-~> are then applied 

to the remaining biharmonic components of ~ , the Papkovich-

Neuber solution in terms of three harmonic functions will result. 

This is also the result obtained if B is omitted (see [6]) in z 

the region D. (This point was brought to the author's attention 

by Dr. J.R. Barber of the university of Newcastle upon Tyne, 

U.K.) 

If the region D does not allow any reduction neither in the 

number of components of F , nor in the form of each component, 

then the Galerkin's vector form [(9.1.1) and (9.1.2)] will look 

terribly awkward in terms of its twelve harmonic functions 

9.2 The use of Helmholtz transformation. 
-----------------------------------
The authors of [6] are probably convinced that proofs which 

avoid using the Helmholtz transformation to deduce [(1.7.1) and 



(1.7.2) J would be untenable. This thesis has shown that it is 

not so for Neuber's or Westergaard's proofs. 
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It should be pointed out that the necessary representation 

[(9.1.1) and (9.1.2)] for displacement~ needs only one single 

value of a, the value is 4(1-V). On the other hand, the Helmholtz 

transformation requires that (9.1.1) must be possible for any 

arbitrary given value of a. It is this point which yields the 

"over-requirement" in Mindlin • s proof. 

It should be noted that the Helmholtz transformation is only 

superficiallysimple. Indeed, it involves the theories of harmonic 

functions, of function spaces, of Fredholm's integrals, and many 

more. Its use, therefore, should be avoided as much as possible. 

The proof due to Westergaard ([56], p. 123) consists of find­

ing a harmonic (vector) function whose divergence is equal to 

another given harmonic (scalar) function. This point can be read­

ily proved with the use of [(2.5.1) and (2.5.2) ], which is a 

consequence of the Helmholtz transformation, for some shapes of 

material regions. But Westergaard's proof has a wider applicabi­

lity than to just those shapes. 

In [6], there is also mention of a paper by M.G. Solobodyansky 

[General forms of solution in terms of harmonic functions, to 

the equation of elasticitu for simplg and multinly connected 

regions (in Russian), Prikl. Mat. Mekh. Akad. Nauk. SSSR, 18, --
1954-55], which "seemingly avoids" the use of the Helmholtz 

transformation. In the opinion of the authors of [6], his proof 

is "untenable". Also, at a later stage, he made some "sweeping 

claims" (on the completeness in terms of three harmonic functions) 

which are not proved, and even erroneous (when compared to the 

results of section 3.6 of this thesis). It was considered 

unwarranted for the author of this thesis to investigate that 

paper during the time span allowed for this thesis (The paper is 
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not readily obtainable, not easy to be translated into English 

and it was also published considerably after the pioneering works 

of Galerkin, Papkovich, Neuber, Mindlin and Westergaard). 

9.3 ~~~~~-~~-~~~-~~e!~~~~~~~-~~-~~~-~~e~~~~=~~~~~~-~~!~~~~~-~ 
terms of only three harmonic functions. 
--------------------------------------
It needs to be kept in mind that the Papkovich-Neuber solution 

requires only three harmonic functions in any sphere totally 

contained in the material region. This is a local property, it 

does not necessarily entail the corresponding global property 

(i.e. property which applies to the whole region under study). 

This is analoguous to the the following cases: the expression of 

a solenoidal vector in terms of the curl of another vector, or 

the expansion of a complex function in terms of power series 

etc. The counter-example in section 3.6 is a strong enough 

dissuation for any attempt aiming at the omission of Bo for a 

general shape of the material region D. 

9.4 The completeness of the eigenmode expansion for end loadings. 
------------------------------------------------------------
The authors of [21] have pointed out that there has been no 

proof for the completeness of the eigenmode expansion for end 

loadings of a strip or a cylinder. The completeness has been 

taken for granted in literatures and in chapters 7 and 8 of this 

thesis. 

A sketch of the proofs for that completeness is presented in 

the following: 

As the order m of the eigenvalues increases, the assymptotic 

formulae (7.6.9) and (8.3.1) show that they assymptote to the 

values {i(2m+l)11/4 + log[(2m+l)11]/2} for a strip, and {i1!m + 

log(411m)/2} for a solid cylinder. Substitution of the latter 

values into the formulae for eigenmodes, it is easily proved that 



these values give a complete base for all loadings. It can be 

shown that a non-linearly-dependent system of bases which 

assymptotes another complete system of bases (the number of 

elements in both partial systems are equal) is also complete. 

Hence, the eigenmodes are complete. 
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The actual proofs may contain a lot of algebraic manipulations, 

but their essence will be that given above. 

9.s ~r~~~2~:· 

Elasticity is never a simple or a dead subject. It involves 

as much and as diverse mathematical arguments as one likes. 

The applicability of the Papkovich-Neuber solution alone can 

carry one as far as to Neumann's problems, elliptic operators, 

functional spaces, Fredholm's integrals, and even to very 

fundamental mathematics. This could be carried further by includ­

ing arguments and mathematics associated with Papkovich's 

fictitious materials (section 1.2). The elimination of one 

harmonic function in the Papkovich-Neuber solution may also lead 

to as many fundamental problems as the applicability of the 

solution. 

Chapter ~ of the thesis brought in the relationship between 

a number of approaches to axi-symmetric problems, but their 

comprehensive conditions of equivalence are still to be investi­

gated. Chapter ~ gave the equivalence between the Papkovich­

Neuber solution and the Airy stress function. But the relation­

ship between the former and the complex variable approach has 

not been entered as it is not justifiable in the time span allowed 

for this thesis. 

Chapter § threw some light on the transformations between 

plane and axi-symmetric states. This chapter also gave some 

insight into other methods of transformation. There should be 
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more investigation along this direction although the subject is 

not an easy one. Aleksandrov, Papkovich, Polozii (as cited by 

[26] and its references) are the few authors who have worked on 

that subject. 

Chapter Z is just a natural extension of a two-dimensional 

problem to a three-dimensional one. The method can be considered 

as a cross wise application of Fourier transform in the directions 

of x and z. The method is somehow similar to that used for asym­

metric problems of a cylinder in a cylindrical coordinate system; 

the latter problems are now the current subject of interest. 

Chapter ~ is rather an exercise on the eigenmodes of end 

loadings. There should be mention of a method [21] which sacri­

fies the equilibrium conditions in order to achieve at certain 

"close enough eigenmodes"; but this method is still far from full 

development. Another method, the biorthogonal method [28], which 

is based on the theory of eigenfunctions, does give some impress­

ive results to certain problems; but one would question the 

amount of time spent in developing the biorthogonal series for a 

specific application. The use of complex-variable method in 

axi-symmetric problems has also been investigated; a few author 

on that approach are Aleksandrov and Polozii. 
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Some fundamental theorems. 

A.l Uniqueness of the solution to a Dirichlet Problem. 
-------------------------------------------------
The Uniqueness Theorem states that: 

If f(x,y,z) and g(x,y,z) are harmonic functions in a region 

R (of the three dimensional space) with a smooth boundary E and 

f = g on E then f = g in R • 

Proof: 

Consider the equality 

fRr ~(f- g) ] 2dT + fR (f- g)\7
2
(f- g) dT = 

= f R~· [!f-g) ~ (f-g)] dT = f 
(f- g)\l(f- g)•n do 

E - -

Taking note that f =gonE, and \72 (f-g) = 0 in R, it is 

arrived at 

\7 (f - g) = 0 in R • 

Hence f = g in R, as f = g on E • 

Similarly, two solutions to a Neumann's problem can be proved 

to differ by only a constant. 

A.2 ~~r~~~~~-~~~~~~~~-~~-~~=-~~==~~~-~~=~:~~=~-:=~~~=~-~~=-~ 

~E~===-~~-=~~~~~-e_::~====~-~~-~~=-~=~2~~· 
The internal Dirichlet Problem for a sphere n, of radius p 

centered at 0, is to find a harmonic function f(x,y,z), defined 

on the inside of the sphere, which has its value on the surface 

E of the sphere as 

f[x(r,8,y) ,y(r,8,y) ,z(r,8,yl] = g(8,y) , 

where g(8,y) is a given function on the surface of the sphere, 



and (r,6,y) are the spherical coordinates corresponding to 

(x,y ,z). 

Consider a fixed point M at (xM,yM,zM) and its associated 

fixed point N with coorcinates (~,yN,zN) defined by 

-- 2 OM.ON = p • 
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The Green's function G(P) at the variable point P situated 

at (x,y ,z), with respect to the surface E and its fixed pole H 

is defined by 

= 
1 p 

--X 
1 

G (P) 

I PMI JoMJ PN 

This Green's function is harmonic for all P(x,y,z) inside 

the sphere Q except at the point M. Furthermore, it vanishes on 

the surface E of the sphere Q. 

Application of the identity 

JR(ull
2
v 

v172u) dT = J (vllu- ullv)•n dO 
E -

to the region inside the sphere Q and outside the sphere w 

centered on M, of radius o (o << p) , gives 

f (f~G- G~f)·~ do = 
s 

f (f~G- G~f)·~ do , 
s 

where S and s are the surfaces of the sphere Q and w respectively. 

Letting o tend to zero, the following identity is arrived at 

f(xM,yM,zM) = -/- J f(x,y,z) (~G) ( )dO(x,y,z) 
~ 

5 
n at x,y,z 

Hence, the explicit solution to the Dirichlet problem for the 

sphere n is 

f(xM,yM,zM) = 
1 

411 t g(6 ,y) (~~}at (P ,a ,yl do (6 ,yl 

since f(x,y,z) has its value on the surface of the sphere equal 

to g(6,y). 
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Finally, the solution is written in Cartesian coordinates as 

f(x,y,z) = f 
p2-(x2+y2+z2) 

1 - f(i;;,n,z;l 3 
411 s p[(x-1;)2+(y-nl2+(z-z;l 2] 12 

do(i;,n,z;l 

where the value of f(l;,n,z;l is that of g(S,y) since 1;
2
+n

2
+1;

2
=p

2
• 

N 

~~2~:~-~:!' The internal Dirichlet's problem for a sphere. 



Appendix B .................. ----
Some useful formulae for Bessel functions. 

For an arbitray v, the Bessel function Iv(z) is given by 

IV (z) = 
v oo ('>!zz)k 

(~zl L klr(v+k+ll 
k=O 

For a fixed v and a large value of lzl, let~= 4v 2
, the 

assymptotic formula for Iv(z) is then 
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I (z) "' _e__ 1 - -- + 
z { ~-1 

V h1rz Bz 

(~-1) (~-9) 

21(8z) 2 

(~-1) (~-9) (~-25) 

31 (Sz) 3 
+ •••• } • 

if Jarg(zll < ~1T 

The derivatives of Iv(z) are given by 

( ! .2. ) k { z v I (z)} = 
z dz v 

V-k I (z) 
z v-k 

for k = 0, 1, 2 , 3, •••• , 

in particular 

I~ (z) = I I (z) , 

Ij (z) = 
1 

I 0 (z) -z-I 1 (z) 

The functionsi 0 (z) and I 1 (z) are also expressible in the 

following forms 

Ig(Z) = ; r exp(±z cos6) d6 • 
0 

I 1 (z) = 1 r 1l 
0 

exp(z cos6) cos9 d6 , 

or 

1 r I 1 (z) = 11 
0 

sinh(z cos6) cos6 d9 , 

the last three formulae are valid for all z. 
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