1 Introduction

Suppose Fi, Fs, ..., Fj are probability distributions. Then the probability
distribution

pily + polo + -+ ik,

where p; +ps + - - -+ pr = 1, is called a finite mixture distribution. Observa-
tions from this mixture distribution can be thought of as being drawn from
F; with probability p;, 1 = 1,2,..., k. We call Fy, F;, ..., Fj the components
of the mixture.

Finite mixture distributions have enjoyed much attention over the last few
decades for various reasons. One of these is that when testing the hypoth-
esis of one component against the alternative of two components (a test of
homogeneity), usually well-behaved test statistics exhibit strange behaviour
when the hypothesis is true. For instance, when testing the hypothesis of
N(0,1) against the alternative of

(1 =p)N(0,1) +pN(6.1)

where both p and 6 are unknown, it is shown in an early paper (Hartigan
(1985)) that the likelihood ratio based on an independent and identically
distributed sample tends to infinity in probability (albeit very slowly) as the
sample size increases. The main problem is one of non-indentifiability; when
p = 0, 8 can be anything, and when # = 0, p can be anything and we still
just have A/(0,1). The approach in Hartigan (1985) is to firstly suppose that
6 is known and fixed, and just test p = 0. This ‘sub-problem’ is more or less
standard with a reasonably well-behaved likelihood ratio statistic, which can
be approximated in terms of the standardised score statistic. However, to
obtain the likelihood ratio for the full problem we have to maximise over a
stochastic process indexed by 6. It is the maximum of the score process that
tends to infinity in probability, which then gives the result.

Few authors pursued this problem directly; most imposed conditions on
the range of 6. If € is restricted to a finite interval, then the statistic no
longer tends to infinity in probability under the hypothesis; it behaves like
the maximum of a certain Gaussian process on the interval, which is bounded
in probability. There exist many generalisations based on this approach, but
each involves a parameter restriction of some sort to prevent this ‘divergent’
behaviour of the statistic under the hypothesis. Possibly the most general



result of this type is in Dacunha-Castelle & Gassiat (1997), where mixtures of
general parametric families satisfying certain differentiability conditions are
considered. However there is still an effective parameter space restriction; the
collection of score functions needs to be a Donsker class, which ensures that
the score process converges to a tight Gaussian limit process. However this
condition is not satisfied even in the simple problem examined in Hartigan
(1985).

In Bickel & Chernoff (1993) the composite hypothesis version of the Har-
tigan problem is considered: the test of the hypothesis of AN (6,1) with 6
unknown against the alternative of

(1 —p)N(01,1) + pN(62,1)

for unknown p, 6; and 6. Rather than considering the likelihood ratio
statistic A,, directly they show that the maximum of the efficient(composite-
hypothesis) score process M,, behaves asymptotically like the maximum of a
stationary standardised Gaussian process over a slowly growing interval. So
M, tends to infinity in probability, but the quantity

v/loglogn (Mn — /loglog n) + log 27

has an asymptotic Gumbel extreme value distribution, with cumulative dis-
tribution function G(x) = exp{—e~*} (whether or not M,, and A,, are asymp-
totically equivalent is not addressed). The method of proof utilises various
known results and tools, including the so-called Hungarian construction of
Komlés et al. (1975) for approximating the U(0, 1) empirical process with
a Brownian Bridge. The phenomenon that guides the whole analysis is that
the efficient score process behaves as we would expect over a certain range
but then degrades rapidly to zero outside this range; in turn this ‘range of
activity’ grows slowly with the sample size.

We provide a generalisation of the Bickel & Chernoff (1993) result moti-
vated by a problem in neurobiology. A model for the duration of ion-channel
openings is that there are 3 states: ‘closed’” < ‘openl’ < ‘open2’, and times
in each state follow a continuous time Markov chain. However the detection
mechanism cannot distinguish between the two open states. It is shown in
Colquhoun & Hawkes (1981) that the distribution of durations of detectable
openings is then a two component mixture of exponential distributions with
density

(1 —p)fie™ " + plhoe= " .
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A simpler model is that there are just two states, ‘closed” and ‘open’, in which
case open times would follow a single exponential distribution. So a test to
distinguish these models would be exactly a test of homogeneity, that is a
test of the hypothesis of one exponential component against the alternative
of a mixture of two exponential components.

Following Bickel & Chernoff (1993) we in fact provide a limit theorem for
the asymptotic distribution of the maximum of the efficient score process for
testing the hypothesis of Gy against an alternative of

(]' - p)G91 +pG92

where Gy is a member of a general one-parameter exponential family, that is
the density is of the form

_ @)K (0)

9o() go() .

The development is again guided by the fact that the efficient score process
behaves nicely within a certain range of activity and then outside this range
degrades rapidly to zero. We simultaneously cover the simple-hypothesis
score and composite-hypothesis efficient score versions of the test for homo-
geneity by studying a third approximate score process.

Before embarking on the main development, we briefly discuss results
from Lindsay (1995), which provide among other things results for tests of
homogeneity when the sample space is finite, using geometric arguments. We
provide a heuristic extension of these ideas to the infinite sample space case,
in particular discussing the concept of the arc length of a one-parameter fam-
ily of standardised functions, and its effect on the behaviour of the maximum
of the empirical process indexed by this family.

The main development is in essentially three stages: a stage involving
approximation theorems, a stage involving Gaussian processes and a final
assembly stage.

The first stage concerns the approximation of the the approximate score
process {S,(0) |0 € ©,n € N} by a sequence of Gaussian processes {Z,(0) |0 € ©,n € N}.
This is facilitated by an improvement of the Komlés et al. (1975) approxi-
mation theorem provided by Csorgo et al. (1986), which nicely explains the
degradation phenomenon by approximating the U(0, 1) empirical process by
a Brownian Bridge over the interval [%, 1-— %] . The ‘range of activity’ of the
efficient score process corresponds to this interval; the ‘range of degradation’
corresponds to the complementary end-segments (O, %) and (1 — %, 1). Use
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of the result requires that the exponential family has a monotone likelihood
ratio property, and that the densities satisfy a certain tail condition.

The second stage studies the maxima of the sequence of Gaussian pro-
cesses

M,, = sup Zn(Q) ,
9co

where Z,(0) = Z,(0) + ca(0)X, cn(6) is a certain sequence of functions and
X ~ N(0,1) independently of Z,(f). The addition of the extra term here
gives the resultant sequence of Gaussian processes nice covariance functions;
this is an adaptation of a trick used in Bickel & Chernoff (1993). The ex-
tra term is only significant for small values of 6, and so its overall effect is
negligible. A limit theorem for M,, is obtained by extending results from
Hiisler (1990, 1995). Results there pertain to the maximum over a growing
interval of a single Gaussian process which is not necessarily stationary, not
necessarily standardised but has a smooth covariance function:

sup {Xo(0) |0 € R} .

0cO,
We extend the result to the maxima of a sequence of such processes whose
covariance functions don’t change too dramatically as n changes:

sup {X,(0) |0 € R,n e N} .

0cO,
We see that the limiting distribution of the the maxima of such a sequence of
Gaussian processes is the same as that of the maximum of a single Gaussian

process over a slowly growing interval, generalising precisely the result in
Bickel & Chernoff (1993). In fact we have that the quantity

\/21ogT, (Mn — \/210ng) + log 2w

has an asymptotic Gumbel extreme value distribution, where in most cases
the quantity 7,, can be written as

~ ~

T, = P(bn) — ¢(an) ’
2

where a, = G;'(1/n) and b, = Gy'(1 — 1/n) are the lower and upper
1/n quantiles of the true distribution, and ¢(-) is the maximum likelihood
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estimate of the variance-stabilised transformed parameter based on a sin-
gle obseration. The numerator is basically the ‘expected sample range,’
transformed onto the scale of the variance-stabilised parameter. Since T}, ~
Vv2logn when Gy = N(0, 1), this indeed reduces to the Bickel & Chernoff
(1993) result.

The final assembly stage just shows that the limit theorem for Mn also
applies to M,,, as well as to the maxima of the score and efficient score
processes from the simple- and composite-hypothesis versions of the original
testing problem. The steps there follow closely the corresponding steps in
Bickel & Chernoff (1993).

There are two sources of error in using the limit theorem to approximate
the finite-sample distribution:

1. the error in approximating the distribution of the maximum of the em-
pirical score process with the distribution of the maximum of a Gaus-
sian process;

2. the error in approximating the distribution of the maximum of a Gaus-
sian process with its limit distribution.

It is well known that the rate of convergence of the maxima of Gaussian
processes to their limiting distribution is very slow, so the second source of
error above is likely to be appreciable. However errors due to the first source
may be small. We use computer simulations to show that the sampling
distribution of the maximum of the Studentised version of the score process,
is very close to that of the maximum of a certain Gaussian process. A test
which simulates Gaussian processes to compute approximate p-values is thus
very accurate while using much less computing resources than a straight
Monte-Carlo approximation.



2 Framework and Notation

We now discuss the general framework and define some notation that is
used throughout what follows. We give a general discussion of testing for
homogeneity for mixtures of parametric families, where the parameter is
possibly vector valued, even though our main results that follow pertain only
to one-parameter families.

Let A be a fixed o-finite measure on (R*, B*), where R is the real line
and B the Borel o-field, for some fixed integer £ > 1. Usually A is ei-
ther Lebesgue measure on (possibly a subset of) R* or counting measure
on {0,1,2.. }k . Let F) denote the set of all probability distributions on
(R*, B*) dominated by \. Let F = {Fy|60 € ©} C F) denote a parametric
family of such distributions, with ©® C R? For any measurable function
g: (R* BF) — (R, B), we write Fyg = [ gdF, for the expectation. For the
n-fold product measure of Fy on (R, B*") we write Pp. For any measur-
able function X: (R, B*) — (R, B), we again write Py)X = [ X dP, for
the expectation. For any B € B, {X € B} is short for the inverse image
{weR"|X(w)e B} € B™. For any A € B, 1,: R" — {0,1} is an
indicator function: 14(w) =1 if w € A, 0 otherwise. For any B € B write
Py(X € B) as shorthand for Pplixcp.

Given any 0 < p < 1 and any two elements 7,6 € © we can consider the
mixture distribution

G(p,n,0) = (1 —p)F, + pFy .

We refer to the values 1 and 6 as the components of the mixture, and p
as the mixing proportion. We refer to F as the generating family. We are
essentially interested in testing the hypothesis of one component versus the
alternative of two components, that is a test of homogeneity. On the surface
this appears to be a usual parametric testing problem. However, beneath
this deceptive exterior lies a complicated testing problem.

The central issue is one of identifiability. Suppose G = {G(y)|y €'} isa
general parametric family of distributions. A particular distribution Gy € G
is said to be identifiable under the parametrisation v — G(7) if there is only
one value 7y € I' such that Gy = G(7), that is for any other v # 7 in the
parameter space I', G(v) # Go.

Referring to the mixture distribution G(p,n,6) above, the single distri-



bution F3 may be represented as

Fs = G(0,5,0) for any 0,
= G(1,n,8) for any n or
= G(p,B,0) for any p.

So in the Euclidean representation of this mixture model, the single distri-
bution Fj is represented as the set

So(B) ={(0,5,0)|0 € ©rU{(1,n,8)[neOFU{(p,5,8)|0<p<1}. (1)

So specifying the hypothesis in terms of the parameters is unusual. A test of
homogeneity is testing p =0 or p =1 or n = #. This causes a problem when
we come to consider hypothesis testing asymptotics. The usual approach is
as follows: expand the log-likelihood ratio as a function of the parameters in a
Taylor series about the true value and evaluate it at the maximum likelihood
estimates.

R T
) P —Po

Ln(p,1,0) = Ln(po,m0,00) + [ 1—m0 | Ly,(po,m0,00) + - -
0 — 0

This relies on the fact that the three differences above all get small. However,
what are the true values (po, 70, o) when there is only a single component?
Also, when Fj is the true distribution, how do the maximum likelihood es-

timates perform? Does p —— 0? Does i or 0 L, 37 In fact Redner (1981)
showed that (p, 7, ) is eventually in a neighbourhood of the set Sy(3) in (1)
above. However, this still does not answer all of our questions.

The reason why there is a problem is because the Euclidean representation
does not capture the true geometry of the model. For example, in a nice
model like A = {N (i, 0?) | € R,0 > 0}, the Euclidean representation © =
R x (0, 00) actually does capture the geometry of the normal location-scale
model. There are really only two ‘dimensions’ to the problem, we could only
move away from, say A (0,1) toward any of the other distributions in A
in one of two ‘orthogonal’ directions, that is by changing the mean and/or
the variance. And for two distributions N (g, 0%) and N (ug, 03) in A that
are ‘close together’, the Euclidean distance between the points (i1, 07) and
(2, 09) is also small. However, if we consider our mixture model

G={Gp,n.0)=(1-p)F,+pF|0<p<1}
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it is clear that we can find distributions that are obviously ‘close together’
but such that the Euclidean distance between their parameter vectors in the
parameter space is large. Indeed there are many distant points corresponding
to the same distribution.

We could consider a reparametrisation, replacing p with = = p|n — 6|, or
indeed anything of the form

T =pd(F), ),

where d( -, -) is any measure of distance between distributions; in particular
it must equal zero if and only if the two distributions are the same. Then
m = 0 if and only if there is one component. Then we would have

™ s

& (mm0) = (1 - d(Fme) bt )

and the model can now be expressed as
G={G"(m,n,0)|0 <7 <d(F,, Fy),n,0 €O} .

We now have that G*(m,n,0) = Fj implies 7 = 0 and n = 3. However 6
is still a problem. Indeed if Fj is the true value, then the expansion of the

log-likelihood would look like
L(#,1,0) = Lu(0, 5, 60) + (7,7 — 8,8 — 60) L1, (0, 8, 6) + - -

So then presumably, we would have 7 L, 0, n L, 0, that is, the param-
eters could be consistently estimated. However, it seems that 6 cannot be
consistently estimated, since it vanishes when the hypothesis is true. We call
it then a vanishing parameter.

Before we proceed, we refine slightly the reparametrisation 7. Note that
now the parameter space is of the form

{(m,n,0)|0 <7 < d(F,), Fy),n,0 €O},

which depends on the choice of distance chosen. We can get around this by
noticing that we are only interested in testing m = 0, so we can replace it
with something which is like 7 for small 7, but does not have an upper bound
that depends on the distance d( -, -). One such choice is

7(p,n,0) = —log(1 — p)d(F,, Fp) .

10



This then gives us a mixture model with only one vanishing parameter with
a nice parameter space as follows:

M =A{Mqy(r,n,0)|r = 0;7,0 €O},
where
Ma(r,n,0) = [L=p(r,n,0O)|Fy + p(r,n,0)Fy
and
p(r,n,0) = 1— e~/ dFn:fo)

We use this notation because this parametrisation is much like a polar
co-ordinate system; 7 is like an origin, r is like a radius and 6 is like an angle,
or direction. When the radius parameter r = 0, the direction parameter
vanishes, and we are just at the origin n. Otherwise, we are a radial distance
r away from 7 in the direction 6.

We consider both simple and composite versions of the test for homo-
geneity. The composite version is just a test that r = 0 against the alterna-
tive that r > 0, where both components are regarded as unknown nuisance
parameters. This can also be phrased as follows: suppose we have observa-
tions modelled as independent and identically distributed random variables
X1, Xo, ..., X, with common distribution F', assumed to be a member of M.
Then we are testing that F' € F.

The simple test of homogeneity is a test of » = 0 against the alternative
that r > 0, where the contaminating component 6 is regarded as an unknown
nuisance parameter, but the component ‘being contaminated’, n = 7, is
regarded as known. We can also phrase this by assuming that F'is a member
of My, = {My(r,n9,0)|r > 0,0 € ©}, where ny € © is regarded as fixed and
known. Then we are testing that /' = F,,. This test is often described in the
literature as the test of homogeneity in the contamination model. Note that
in both the simple and composite tests of homogeneity, the contaminating
component # vanishes under the hypothesis.

Much of the literature addresses the problem of deriving the asymptotic
distribution of the log-likelihood ratio statistic for both the simple and com-
posite (full) problems. We take the following approach. For each fixed 6y we
identify random variables S} (6,) (simple sub-problem) and S () (compos-
ite sub-problem) that are asymptotically equivalent to various optimal test
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statistics (including the likelihood-ratio statistic) in each sub-problem. These
then become stochastic processes {S(#) |6 € © } and {S;(f) |6 € ©} in the
setting of the (full) simple and composite problems where 6 is allowed to vary.
The test statistics we consider for the (full) simple and composite problems
are the maxima M, = sup {Si(0)|0 € ©} and M; = sup{S;(0)|0 €O}
respectively. Note that these maxima may or may not be asymptotically
equivalent to the likelihood ratio statistics for the full problems (although
see Liu & Shao (2001)).

12



3 The four testing problems

We now describe four different versions of the test of homogeneity in a two-
component mixture model. The four versions have different nuisance param-
eters known and unknown.

In all cases we start with a parameteric family F = {Fy |60 € O } for some
Euclidean parameter space © € R? for some positive integer d. Later we
restrict attention to the case d = 1, but for the moment keep it general.

We define the mixture distribution

M(T7n70) = [1 _p(ranae)]Fn +p(7‘,7’/,0>Fg 5
where

p(r,n,0) =1 —exp{—r/d(F,, Fp)}

and d(-, -) is a metric defined on F (we see later that the choice of metric
is relatively unimportant, as long as it is a true metric, in that it equals zero
only if the two distributions are the same and it is smoothly differentiable in
the parameters n and 0).

We assume that we have X, X5, ..., X,, independent and identically dis-
tributed random variables with common distribution

1. M(r,no,0y) for some unknown r > 0 and known 7y, 6y € © (the simple
sub-problem);

2. M(r,n,0) for some unknown r > 0, some unknown n € © and known
0o € O (the composite sub-problem);

3. M(r,no, ) for some unknown r > 0, known 7y € © and some unknown
6 € © (the full simple problem);

4. M(r,n,0) for some unknown r > 0,7,0 € O (the full composite prob-
lem).

In each case we are testing the hypothesis that = 0 (against the alternative
that » > 0), that is a test of one component against two components; a test
of homogeneity.

The first two sub-problems are studied as preludes to their full versions.
The third problem has most of the technical difficulty of the fourth problem
without the added complication of the extra nuisance parameter.

13



We define here the following quantities which are referred to below. The
densities are fp = dFy/d\, m(r,n,0) = dM (r,n,0)/d\. The log-likelihood is

Ln (Ta 7, 6) = Z lOg TTL(T, 7, 6) (Xl) .
=1

When r = 0 or n = 6 we sometimes write L, (0,7n,0) or L,(r,n,n) as just

Ln(n) =321, log f,(Xa).
Define

: dlogm(r,n, 0
i(-smp) = 2emtnnd)

= fe/fn_17
v, 0) = B, (IC50.07) = B (f3/42) -1

Also define the partial derivatives f,. = 0fp/00;]¢=, for j = 1,2,...,d and
define the j-th element of the d-vector u(n) as f;./f,. Finally define C(n) as
the d-vector with j-th element

r=0

Fy 800001/ 1] = B Loy 1)

and I(n) as the d-by-d matrix with (i, j)-th element
fore,7=1,2,...,d.

3.1 The simple sub-problem

Since both 1y and 6y are fixed, r only acts through the function p(r, 1o, 0o).
Also, M(0,no, 6y) = F), for each 6y. So to test r = 0 we may as well regard
r = r(p) and write

M(r(p),no, 00) = (1 — p)Fy, + pFy, -

The test statistic we consider is the standardised (Rao-simple-hypothesis)
score statistic

SH (10, 60) = [nv(no, 60)]*> U(Xi;mo, bo) -

i=1

14



We have immediately that the Studentised score statistic satisfies

Zyzlé(Xi;ﬁo,eo)
\/Z?:lé(Xi§770790)2
= S} (n0,60) + 0, (1) .

T} (no,00) =

If certain regularity conditions hold we can write the log-likelihood ratio as
1 2
A (10, 00) = sup L, (r(p), mo, 0o) — Ln(mo) = 5 {0V Sf(n0,60)} + 0, (1)
p

(see for example Hartigan (1985) or Dacunha-Castelle & Gassiat (1997) for
a derivation).

The statistics S (1o, 00), T (10, o) and A, (10, 0) each have various op-
timality properties. In particular, under a local asymptotic normality con-
dition any statistic differing from Si(no, ) by a quantity tending to zero
in probability is (locally) asymptotically most powerful in the sense of Choi
et al. (1996).

3.2 The composite sub-problem

The random variable we consider is the efficient score given by

Sn(no,00) = [”U*(ﬁoaeo)]_m Zé*<Xi;7707‘90) )

i=1

whete £%(+;7,0) = ((+37,0) — C(n, )" I(n)u(n) and v*(n,8) = v(n,6) —
Cm)"I(n)~'C(n).

Since the efficient score depends on the unknown value of the nuisance
parameter, this is not a statistic; but under a local asymptotic normality
condition any test statistic that differs from the efficient score by a quan-
tity tending to zero in probability is (locally) asymptotically uniformly most
powerful in the sense of Choi et al. (1996).

Under regularity conditions it can be shown that the (composite-hypothesis)
Rao score statistic S} (7)), where

Mo = arg I,?Eaé( z; log f(X;)
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is the maximum likelihood estimate under the hypothesis, satisfies

SH (7o, 00) = Sp(no,60) + 0, (1) -

In fact 7y can be replaced with any any asymptotically efficient estima-
tor of 79 under the hypothesis » = 0, that is any estimator 7, such that

n'2 (159 — o)) LN (0,1(no)~") when the true distribution is F,,. A deriva-
tion of this follows closely the proof of proposition 4(i), section 4 of Hall &
Mathiason (1990). It also follows by continuity that the corresponding Stu-
dentised score statistic T0I (Ao, 60) = S (1o, 6) + 0, (1).

Under regularity conditions it can also be shown that the log-likelihood
ratio for the composite sub-problem

A:L(GO) = Sup LTL(T? 7, 00) — Sup Ln<07 7, 00)

r>0,meO neO

satisfies
1
Anu(Bo) = 5 {0V 5 (10, 00)} + 0, (1)

(see for example Ghosh & Sen (1985) or Dacunha-Castelle & Gassiat (1997)
for a derivation).

3.3 The full simple problem

We consider the test statistic

M (no) = sup S} (no, ) ,
0cO

when the true distribution of the X;’s is F;,. We give some motivation for
this based on earlier discussion of the simple sub-problem.

The log-likelihood ratio statistic for the simple sub-problem where 6, is
fixed satisfies

1
An(m0,00) = 5 {0V S{(m0, 00)}” + Rl (o, bo) .

where ST (10, 6p) is the standardised score statistic for the simple sub-problem
and

P, (‘RL(T}O,QO)‘ > 5) — 0
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for any € > 0 as n — oo.
The log-likelihood ratio for the full simple problem is exactly

Al(no) = supAl(no,0)
0cO

1
= sup {— {OVSIL(T)O,Q)}QJrRL(nO,Q)} )
9co |2

If
P (SUP ‘RL(%’@O)‘ > 6) —0 (2)
€0
for any € > 0 as n — oo, then we can say
1
Al (m) = 5 {0V MY +0,(1)

where M, = supyce Si(0). The condition (2) is difficult to show, but an un-
published (at the time of writing) manuscript (Liu & Shao (2001)) is claimed
to have a proof of this in the case where F = {N(0,1)|6 € R}.

Whether (2) holds or not, the statistic M/ is worth studying in its own
right. A large value of S} (6) is evidence against the pure distribution F},, and
suggests a contamination from the distribution Fy. Also S (6) has the same
asymptotic distribution for each 6. So if there is a suggestion of a (small)
contamination of any kind, Si(#) should be large for some 6, making the
maximum M large.

3.4 The full composite problem

For the full composite testing problem we study the asymptotic distribution
of the random variable

M (no) = sup Sy (10,6)
0cO

when the true distribution of the X,’s is F,.
The log-likelihood ratio for the composite sub-problem where 6, is fixed
satisfies

1
A () = 5 {0V S5 (00, m0)} + R (60, m0)

17



where S*(0y,10) is the efficient score for the composite sub-problem and for
each € > 0, as n — o0,

Py, (IR}, (60,m0)| > €) — 0.
The log-likelihood ratio for the full composite problem is

A, = supAL(0)
6co

1
= sup [— {0V .S5(0, 770)}2 + Ry, (6o, 770)} .
9co |2

If for any € > 0 we have

P, (sup IR (10, 60)] > ) 0 3)
0cO
as n — oo, then we can say

N = G LOVALY +o,(1)
where M = supycg Si(0). Again, the relation (3) is difficult to show, but if
the Liu & Shao (2001) result is true, then it should be able to be extended
to the composite case with little difficulty. Just as for M in the full simple
problem, the statistic M, is worth studying in its own right, regardless of
whether (3) holds or not.
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4 Geometric Interpretation

We now present a geometric interpretation of the problem, based on the pre-
sentation given in Lindsay (1995), culminating in the definition of a certain
property of a one-parameter family of standardised functions, the arc length.
We firstly set up the geometric framework.

We are interested in the behaviour of statistics of the form

M, =sup S,(f) and sup{0V S,(0)} ={0V M,} ,
00 00

where
Sn<9) = 7171/2289()(2‘) y
i=1

X1, Xo, ..., X, are independent and identically distributed random variables
with common distribution /' and S = {sy |6 € O} is a one-parameter family
of standardised random variables, that is functions satisfying F'sy = 0 and
Fs? =1 for all # € © C R. We restrict attention to parameter sets © that
are intervals.

In particular,

SCLy(F)={a|Fa®* <},

which is an inner-product space, with inner-product (a,b) = Fab and norm

lal| = {(a,a)/? = {Fa2}1/2. Since the members of S have mean zero and
variance one, (sg, s,) gives the correlation of between s¢(X) and s,(X) when
X~ F.

4.1 Finite dimensional case

Suppose for a moment that & lies in a d-dimensional linear subspace of
Lo(F'), for some positive integer d; this occurs for any S if the sample space
X is finite, for example when X = {0,1,2,...,d}. Then there exists an
orthonormal basis by, by, ..., b, satisfying (b;,b;) = 1{¢ = j}, such that for
each § € ©, and each x € X,

so(@) =) _{s0,b;)b;(2) -

j=1
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In particular, each function sy can be identified with a point (sg1, Se2, - - -, Seq) €
R, where each sg; = (sg,b;).
Moreover,

<877750> = FSnSG

() )

d d
= D) syise;(bi by)

i=1 j=1
d

= E Snjsej >
j=1

so the Ly(F) inner product of the functions s, and sy is given by the usual
Euclidean dot-product of the corresponding vectors in R?. Also note that
since ||sq]| = E;l:lsgj =1 for all # € ©, S can (so long as it is “smooth” in
some sense) be identified with a curve on the unit sphere in R?.

Now we can write

S.(0) = n*1/2259(xi)

n d
= YN suibi(X0)
i=1 j=1
d

— Zsej <n—1/22bj (Xi)>

= ZSGjan = (s9, Bn) ,

j=1

where (Bp1, By, . .., Bng) is a random point in R? corresponding to the ran-
dom function given by

x> By(z) = Zanbj(x) :
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So n'/?2B,, is a random d-vector whose components are sums of independent
and identically distributed standardised, uncorrelated random variables. So

B, 2, N4(0, 1), the d-dimensional Normal distribution with zero mean and
covariance matrix equal to the d-by-d identity matrix.

The projection of B,, onto the line 7y = {tsy |t € R} passing through the
origin and the point corresponding to sy is given by

Proj (B,|7y) = argmin| B, — v
v€ETy
= <89,Bn>89 .
The projection of B,, onto the positive ray Cy = {csg|c > 0} is given by
PI‘Oj (Bn|CG) = {0 \ <397 Bn>} Sg -

Thus the length of this projection is just {0 V (sg, B,)} = {0V S,(0)}. Define
now the tangent cone as

C= {CS@|CZ 0,0 € @} = UpeoCy .
Then (assuming that C is closed) we have that
Proj (B,|C) = argmi(rjl | B, — vl -
S

We can write

min |B, —v|| = min (min | B, — cs(;H)
veC 0cO c

= min || B, — Proj (Ba|Cy)|

Now for each 6, Proj (B,|Cy) is either the zero vector or is orthogonal to B,
so we always have ||Proj (B,|Co)||” + || Bn — Proj (B,|Co)|I> = || Ball>. So min-
imising || B, — Proj (B,|Cy)|| over € is equivalent to maximising ||Proj (B,|Cs)|l,
and so the projection onto the whole tangent cone Proj(B,|C) is just the
‘longest’ of the projections {Proj (B,|Cy) |0 € O}, and

IProj (BlC)| = max||Proj (B,|Co)|
= max {0V Su(0)}
= {0V M} .
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Thus the asymptotic distribution of {0V M, } is exactly the distribution of
the length of the projection of a random point By with distribution Ny(0, 1)
onto the tangent cone C. This is exactly the distribution of {0V My}, where

My = sup {So(0) = (s¢, Bo) |0 € ©}

is the supremum of a standardised Gaussian process indexed by © with cor-
relation function p(6,7n) = (sg, sp)-

A geometric treatment of this situation is given in Lindsay (1995). An
important geometric property described in the development is the arc length
A(S) of the curve created where the tangent cone C intersects the unit sphere
in R?. The arc length A(S) is shown to be equal to the integral

689
d@
/ \/ 80

It is shown that for the special case where the tangent set lies in a plane,
that

AlS)

1
fwmﬁzt)zéPuﬁzw+—2ﬂ

P(x5>1) .

Then it is explained that in the general case, where the tangent set is not
restricted to the plane, that the above equality becomes an inequality, with
the left hand side is less than or equal to the right hand side. The inequality
is sharp in the sense that the ratio of the two sides tends to 1 as t — oo.

4.2 The infinite dimensional case

Now consider the situation where & = {sy|60 € O} is not necessarily con-
tained in a d-dimensional linear subspace of Lo(F'). In this case we iden-
tify each function s, with the sequence sg1, s, ..., where sg; = (sg,b;) and
b1, by, . .. is an orthonormal basis for all of Ly(F'). So each sy is now identified
with a point on the unit sphere in R, or more precisely with a point on the
unit sphere in

€2 = {(al,ag,...) € R*

Za§<oo},

J
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the space of all square-summable real sequences. As before, the Ly(F') inner
product can be written as

(S 50) = D SnjSt5 »
j

the {5 dot-product. Also we can again write

S.(0) = n*1/2259(xi)
= YN subi(X0)
SO0 yAE)

J

= Zngan .

J
However we need to be careful how we interpret this. Naively we could
interpret this as the /5 dot-product of sy and a “random sequence”

Bn - (BnlaBn27 .. ) 5

but this is not possible because B, is not an fs-sequence. Although for any

other Ly(F) function a with /5 sequence ay, as, ..., the “dot-product”
Z (ljan = TLUQZ(I(XZ‘)
j i=1

is well defined, it would appear that the “norm” of B,

I1Ba|* = ZBELJ
= Z{nl/zzbj()(i)}

J

is infinite, as it is the sum of squares of an infinite sequence of uncorrelated
(although highly dependent) standardised random variables.
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We can, however, still interpret this as a random point in R* and think
of the length of its “projection” onto the tangent cone

C={csg|lc>0,0cO}

as we do in the finite case, since we can always define this as just sup, {0V S, (6)} =
{0V M,}.

We can also consider the arc length A(S), defined in exactly the same
way as in the finite case. It may be that results similar to that of Lindsay

(1995) would carry over to the infinite-dimensional case, so long as the arc
length A(S) is finite.

4.3 Infinite arc length

The methods that we develop in subsequent sections pertain only to cases
where the arc length is infinite. In fact we can provide at this stage another
interpretation of what it means for a one-parameter family of mean-zero,
variance-one functions to have an infinite arc length.

Suppose that X, X, ..., X,, are independent and identically distributed
random variables with common distribution F'. Suppose S = {sy|0 € O}
is a one-parameter family of functions such that for all 6 € ©, F'sy = 0
and Fs} = 1. Define the empirical process S,(0) = n=Y/23"" s4(X;) and
consider the statistic

M, =sup S,(0) .
90

Then under certain conditions we would expect

A {:Po,,u) if A(S) < o0,

— 00 if A(S) =o00.

The heuristic _for this is as follows. Define the transformation 7: © —
[0, A(S)] (where © denotes the closure of the interval ©) via

7(9)2/61{77§9} F(%—?)an,

and define 6, implicity via 7(6;) = t. Then the stochastic process
{Zn(t) = 5u(6:) [0 <t < A(S) }
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has mean zero, variance one for each t. Further, it has a standardised deriva-
tive:

8Zn(t) SV - 880t(Xi)

7! = =
= 2" 50
e 050( X)) do
12N 990l Xi) | dby
" ; 96 |,y dt

Now if we can differentiate inside the integral sign,

5 0
F(%) = —Fs=0,

since F'sg = 0 for each 6. Implicit differentiation gives

@ 1
dt 7! (Qt)
1

=
9se
F(ae o:9t>

So Z! (t) has mean zero and variance

e 0s9(X7)
o 1/2 0 7
VarZ! (t) = Var (n ;:1 a0

AN dsp(X1)
_ —1/24Y1 LA
(n dt) nVar( 20

o,
g—p,

06,5)

If the arc length A(S) is finite, and if the correlation structure of the
process is nice enough, then we imagine that the maximum M, should be
like My = sup, Zy(t), where {Zy(t) |0 <t < A(S)} is a standardised, differ-
entiable Gaussian process with standardised derivative with the same corre-
lation structure as {Z,(t) |0 <t < A(S)}. Also My should be bounded in
probability.

However if the arc length is infinite, then the best we can hope for is that
there is a sequence of slowly growing sub-intervals

= 1.

{6, |n €N}
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with the properties ©,, C 0,1 and U,0, = O, such that the restricted
maximum

M, = sup S,(0)
0€O,,

behaves like the supremum of a standardised Gaussian process with stan-
dardised derivative over an interval of length A(S,) — oo, where S, =

{s¢|0 € ©,}. Then we would have M, = O, (log A(S))? (see subsection

7 or Hiisler (1990, 1995)). This would mean M,, > M, -2 co. This in fact
agrees with what we show in later sections.
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5 Overview of results

5.1 Literature Review

We review relevant results on the full simple and composite testing problems.

An early paper by Hartigan (1985) examines the log-likelihood ratio
statistic for the simple testing problem, where F = {N(6,1)|0 e R}. Tt
is shown there that for each finite-dimensional sub-problem obtained by fix-
ing 6, the log-likelihood ratio statistic

An(0) = sup Ln(p, 0)
P
is equivalent to the Studentised score statistic (the difference goes to zero in
probability for each fixed §). Then by examining the correlation structure of
the Studentised score process, it is shown that the supremum of this process
is not bounded in probability. It is in fact conjectured to be O, (loglog n)l/ 2,
This is exactly the type of behaviour we expect when the set of standardised
score functions has infinite arc length.

Ghosh & Sen (1985) examine a general class of composite infinite-dimensional
testing-for-homogeneity problems. Under restrictions, including a strong sep-
aration condition and that the parameter space © is a compact set, they show
that the log-likelihood ratio statistic

A, =sup A, (0)
2C)
is asymptotically equivalent to the maximum of the standardised efficient
score process, which in turn has the same asymptotic distribution as the max-
imum of its limiting Gaussian process. Similar results are obtained by Davies
(1977, 1987). In many cases where the parameter space is one-dimensional,
the restriction to a compact parameter set is effectively a restriction that the
set of standardised (efficient) scores have finite arc length.

Later Dacunha-Castelle & Gassiat (1997) generalised further the class of
problems studied in Ghosh & Sen (1985), removing the separation condition
and considering more general hypotheses regarding the number of compo-
nents in mixtures. They imposed strong differentiability conditions, and still
effectively restricted the parameter space © to be a compact set, more pre-
cisely that the set of standardised score functions

So = {s4]0cO}
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be a Donsker class. This is a rather technical condition, which controls the
size of the set of functions Sg in some sense. It also ensures that the empirical
process of score functions converges weakly to a tight Gaussian process. In
certain one-dimensional examples this is effectively a restriction that the set
of standardised (efficient) scores have finite arc length.

In Bickel & Chernoff (1993) the problem considered in Hartigan (1985)
is revisited. It is shown there that if © = R, not restricted to a compact set,
then the maximum of the standardised efficient score process has asymptotic
distribution the same as

sup So(0) ,

0]<+/(logn)/2

where {50(9) CAS R} is a certain standardised stationary Gaussian process.

Extreme value theory for stationary Gaussian processes then gives that the
maximum can be written as
G, —log V2

ap + ;
7

where a,, = (loglogn)'/?, and G,, has asymptotic Gumbel distribution, with
distribution function x +— exp{—e~*}. This extends the result of Hartigan
(1985), and agrees even more with our heuristic regarding the maximum
when the set of standardised efficient scores has infinite arc length

The bulk of what follows constitutes a generalisation of the Bickel &
Chernoff (1993) result to a general one-parameter exponential family.

5.2 Formulation and Notation

We wish to derive the asymptotic distributions of certain score statistics for
testing for homogeneity in the two component mixture model

(1 - p)Gwo + prl

generated by a general one-parameter exponential family G = {G, |w € 2 C R}
with densities of the form

9o () = exp{n(w)t(z) — B(z) — A(w)} . (4)
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We consider the simple and composite testing problems when the true dis-
tribution is Gy,,.

We call n(-) and ¢(-) in (4) respectively the canonical parameter and the
(accompanying) canonical statistic. Such a representation is not unique, for
let t*(z) = a + bt(x) be a linear transformation of the canonical statistic, or

n'(w) = ¢+ dn(w) a linear transformation of the canonical parameter. Then
we can write

go(z) = exp{n(w)[t*(x) —d]/b— B(x) — A(w)}

— ep{ M (w) - B(a) ~ [AG) + o)1)
= el () - Bla) - A')) 5)

or

0(@) = ep{lri(w) - diz)/d - B) - Aw)}
~ i@ - 1B + artw)/a - )}
— e {y (@) - Bi(x) - AW)} .

For any choice of canonical statistic ¢(-) we can arrive at a most convenient
representation as follows. Start with any representation as in (4). Define the
linear transformation

O(w) = n(w) —nlwo) - (6)

Now 6 = 0 corresponds to w = wy. We assume this transformation admits
an inverse 0 — w(6). Write the density as

go(z) = exp{[n(w) —n(wo) + n(wo)lt(z) — B(x) — A(w)} ,
exp{f(w)i(z) — B*(z) — A(w)}

where B*(x) = B(x) 4+ n(wo)t(x). Define now

9% () = Guo)(r)
exp{ft(z) — B*(x) — K(0)} ,

where K () = A(w(#)). Denoting by G the probability measure with density
gs, we see that Gy = G, ), and the family of distributions is now G =
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{G; |0 € ©=0(Q2) }. We call this the most convenient representation of the
family, based on the choice of canonical statistic £(-). Note that in this form
the function K(-) is the cumulant generating function of the random variable
T = t(X) where X ~ Gf = Gy,.

Let X4, Xo,..., X, be independent and identically distributed random
variables with common distribution G,,,. The statistics are sup,ce S (#) and
SUPgee Sy (6) where

n

SIO) = (vgn)™/2Y " (MFVTKO 1) (7)
=1
where
Ve oK (20)-2K(0) _ : (8)
and

SHo) = (v;n)lﬂzn: <€€t(Xi)K(9) 1 (o — pro) (H(X) — Mo)) ()

2
o
i=1 0

where

2
vy = oK (20)-2K(©0) _ 1 _ (11 —QMO)
99

: (10)
and pp = K'(f) and o7 = K”() are the mean and variance of T = #(X)
if X ~ Gj. These both only depend on X; through 7; = ¢(X;), and 6 only
through the function K and its derivatives. Thus the distribution of these
statistics when X; ~ G} only depends on the distribution of the canonical
statistic ¢(X;) when X; ~ G§. So for any two families whose canonical
statistics have the same distribution, the distributions of the mixture model
score statistics will be the same for each family.

If X ~ G then the canonical statistic T = ¢(X) has distribution Fyp with
density

fo(t) = exp{bt — G(t) — K(0)}
for some other function G(-). So the collection of distributions

f:{Fg‘ee@}
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is also an exponential family. We call this the linear exponential family (see
Barndorff-Nielsen (1978), page 113) generated by the distribution Fj with
density fo(t) = e ¢® since the canonical statistic is linear in the observa-
tions, and 6 = 0 corresponds to Fj.

Now the canonical statistics, and thus the mixture model score statistics,
have the same distribution for these two families. In some extreme cases, we
need to use a ‘method-of-sieve’-type approach, and consider an ‘increasing
sequence’ F,, = {Fy |0 € ©, }, where {©,,|n € N} is a sequence of intervals
such that for each n € N ©,, C 0,,.;. Thus we suppose we have such a
sequence {O,, |n € N} and define the statistics

M! = sup SI(#) and M* = sup S:(6) (11)
0€On, 0€0n,
in terms of them. We note that in many of the examples we consider, ©,, = ©.
The specification of {6, |n € N} is influenced by the outcome of the first
stage of the procedure which we describe later.

It is convenient at this stage to define the following quantities in relation
to exponential families. See Barndorff-Nielsen (1978, 1980) for more infor-
mation. Define the maximum likelihood estimate based on one observation
é(az) as the solution of py = x, Define the variance-stabilising transformation
as ¢(0) = foe o, dn and another transformation we label 7(0) = ¢(26)/2, and

also define ¢(z) = ¢(6(x)). Note that ¢(-) is defined on all of ©, but 7(-) is
only defined for 0 € © = {0/2|6 € ©}.

Now as detailed below we approximate both M) and M} with a third
quantity M, = supyeg, Sn(f#), where

Sn(e) _ n—1/gzeexi—%f((2o) ’

i=1

which behaves much like both ST () and S (6) for large 6. Of primary interest
is the sequence of arc lengths A (S,,), where S,, = {s¢ |0 € ©,, }.
It turns out that

R (2 2—K”(29)
0 60 - )

so we have that

sup O,

A(S,) = VvV K"(20)d0 = t(sup ©,,) — 7(inf ©,,) .

inf ©,,
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Our methods that follow only pertain to cases where the arc lengths tend to
infinity. Write 7(©,,) for the image of ©,, under the transformation 7. We
assume in all that follows that

limsup 7(6,,) — liminf 7(0,,) = oo . (12)
This condition characterises the mixture problems that our methods apply
to; those with infinite arc length.

5.3 Examples

We now present some examples of exponential families with densities of the
form (4), derive for each a convenient generating distribution F and accom-
panying full and restricted linear exponential families Fand F respectively.
We also indicate what restrictions are required for a sequence of parameter
spaces {O,, |n € N} to satisfy (12). We cover mixtures of Normal means,
Gamma shape parameters, Gamma scale parameters (which includes mix-
tures of Normal variances), Beta shape parameters, Poisson means and Neg-
ative Binomial failure probabilities. We also examine mixtures of Binomial
success probabilties, which don’t ordinarily satisfy our condition (12), but we
indicate an artificial version of the Binomial problem that does satisfy (12),
namely where the number of trials increases with the sample size.

5.3.1 Normal mean mixtures

Let the family be
G={G.=N(po))|neR},

where the variance o7 is known, and suppose that the true value is fg.
The density can be written as

T 1 122 1p?
- | “logay — ~= — ZH 13
gu(x) exp{ - + log Ner: 0g og 207 302 (13)

The term involving both p and z is the leading term px/c?. So the
canonical statistic £(x) has to be a linear function of z, and we should choose
it so that Fj, the distribution of #(X) when X ~ N (ug,0?), is the most
convenient, possible. We list some possibilities:
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o i(z) =z, Fy = N(wo,03);
o i(x) =1x/0g, Fy = N(uo/00,1);
o t(x) = (v — po)/o0, Fo = N(0,1).

The third choice seems the most convenient. Now

/eex dFy(z) = e”/? < o0

for every 6 € R, so the full parameter space 0= R, and the restricted space
© = R also. So the cumulant generating function K () = 0%/2, and Fy is
the distribution with density fy, given by

folz) = KO fy(x)
= (2m) " exp{af — 0*/2 — 2?/2}
= (27T)_1/Qexp{(:p—9)2/2} ,

which is the density of N'(6,1).
Thus to solve the problem for G, for any values of the known variance o2
and the true value pg, we need only solve it for the linear family

F={N(®,1)]0 R},

when the true value is 6 = 0.
Note that K'(f) = 6, so K”(¢) = 1. Thus the variance stablising trans-

formation is ¢(0) = foe df = 0 and 7(0) = ¢(20)/2 = 0 also.

So any sequence of families
Fo={N(0.1)|0€0,}

where the length of the intervals ©,, tends to infinity satisfies (12). Thus our
methods do not apply to the case of ©,, C I, a fixed bounded interval.

5.3.2 Gamma shape mixtures

For future reference we define the Gamma(a, A) distribution as that distri-
bution on (0, 00) with density

g(x) = 2 e\ T(a) .
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Let the (full) family be G = {G, = Gamma(a, o) |a > 0}, for some
known value A\g. Suppose that the true distribution is G,,. Write the density
as

Ja(x) = exp{(a — 1) logx — Aoz + alog \g — log I'(a) } .

The leading term tells us that the canonical statistic needs to be a linear
function of logz. A sensible choice is

t(z) = logx + log A\g = log Ao .
In this case, when X ~ G,

PU(X)<t) = P(oglX <1)
P(X S et/)\o)
Gaol€'/X0) -

So the density of ¢(X) is

fo(t) = gao(e'/X0)e' /X
= exp{tag — " —logT'(ap)}

which does not depend on Ag. This is the density of a distribution F{, which
is positive on the whole of R. Now,

/ % dFy(x) = T(ap + 0)/T(a0) .
which is finite for ag + 6 > 0, so the full linear family is

F= {FQ)QE O = (—ozo,oo)} ,
where Fy is the distribution with density

folw) = " KO fy(x)
= exp{fz —log'(ap + 0) +log (o)} fo(x)
= exp{(0 +ag)r —e” —logT'(0 + ag)} .

This is the distribution of log A\g X when X ~ Gamma(ag + 6, \g).
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The restricted family is
F= {F9’9€ 0=06/2= <—a0/2,oo)} ,
which corresponds to a restricted family of Gamma distributions
G = {Gamma(a, \g) |a > ap/2} .

Now the cumulant generating function K(0) = logI'(ag + 0) — log I'(cv).
So K'(0) = (ag+0) and K"(0) = ¢’ (g + 0), where ¢(z) and ¢'(x) are the
first and second derivatives of logI'(x). A closed form does not exist for v’
in general, however we can approximate ¢'(x) for very small and very large
x as follows:

U(x) = (14)

x~!  for large x

{xz for small x ,

(see Jensen (1995), Appendix A.2 and Abramowitz & Stegun (1964), Section
6.4 for details). So for large 6,

0
6(0) = /0 VET@) di

0
/O(Ozo+n)1/2dn

= (a0 +0)"* ~ "]
201/2

Q

as 6 — oo and for 6 near —ay,

o0) = [ VETan
/G(Ofo +n)"tdny

0
= log(ag+0) —log g

Q

asag+6 0.
So

— 00 as 0 — oo

7(0) = 56(20) {

— —o0 asf — —ay/2.
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Thus any sequence of intervals {©,, | n € N} such that either inf ©,, — —ay/2
or sup©®,, — oo will yield sequences of families F,, = {Fp|0 € ©,,} that
satisfy (12).

5.3.3 Gamma scale mixtures

Now let G = {G, = Gamma(ag, \) | A > 0} for some known ay, and consider
mixtures of A when )\ is the true value. Write the density as

ga(z) = exp{=Az+ aglog A+ (ap — 1) logz —logT'(ag)} .

The leading term here tells us that the canonical statistic has to be a linear
function of x. A convenient choice is t(z) = Aoz, since when X ~ G,
t(X) = MX ~ Gy = Gamma(ay, 1). We have

/eexdGl(:p) = /eexxao_le_xdx/F(ao)
_ / 220102 4 T ()

1

So the full linear family is
ﬁ: {Fg’@éé:(—(}o,l)} s
where Fj has density

folx) = K0 (x)
(1 — 9)*z 1™ /T (ay)

= g1o(z) .

So Fy = G1_¢ and so the full linear family is just the family itself:

F = {m|oed}
= {Gi9|0<1}
= {G\|A>0}.
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However, the restricted parameter space is © = {9/2 ’ 0 € é} = (—o00, 1),

so restricted family is

F = {F|0co)
= {G179|9< 1/2}

This corresponds to restricting the original family G to G = {Gamma(ag, A) | A > Xo/2}.

So to solve the problem for G, for any known value of the shape parameter
ap and any true value \g, we need only restrict attention to the case when the
known value is \j = 1. However we note that not all mixtures are allowed;
we must restrict attention to A > Ag/2.

So we can handle the following (maximal) simple and composite versions
of the original problem: if Xi, X5, ..., X,, are independent and identically
distributed random variables with common unknown distribution G, we test
the hypothesis H: G = Gammal(ay, §y) against the alternative A: G = (1 —
p)Gamma(ay, Fy) + pGamma(ay, By), where 5y > 0 is known, a3 > /2 and
one of the following cases is true:

1. ag is known (simple problem);
2. «p is unknown (composite problem).

The cumulant generating function is K (0) = —aglog(1l — 0), so K'(0) =
ao(1 —0)t and K”(0) = ap(1 —0)2. So

0 1/2
Q
0) = 0O 46
o) = [ 5
= —oz(l]/Q log(1 —0)

and

— 00 as€—>%

— —00 asf — —00.

7(0) = —a* log(1 — 26) /2 {

So any sequence of intervals {©,,|n € N} such that either inf ©,, — —o0 or
sup ©,, — % will yield sequences of families F,, = {Fy |0 € ©,,} that satisfy
(12).

37



5.3.4 Normal variance mixtures

Let G = {Go2 = N(p9,0?) |0 > 0} for some known value ji, and consider
mixtures of 02 when the true distribution is Gg2. The density can be written
as

go2(2) = exp{—i(x — tio)* — logax/ﬁ} ,

202

so the canonical statistic must be a linear function of (z — )% A convenient
choice is

tHx) = %

since then if X ~ G2 = N(po, 03), then

(X — po)?
203

t(X) = ~ 1y} = Gamma(1/2,1) .
So this is in fact a special case of Gamma scale mixtures from the previous
section, with ag = 1/2.

In fact, writing the density as

9o2(7) = exp{n(c*)t(z) — B(z) — A(e*)} ,

we see that the canonical parameter corresponding to our choice of canonical
statistic is

2 2
o5 O

So Fy corresponds to N (ug, 02(6)), where

i

T 1-602°

o (9)
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and the usual Gamma scale restriction that 6 < 1/2 corresponds to

202
02 < 0

2—o0f "
All other general restrictions apply as they do in the general Gamma scale
mixtures case.
5.3.5 Beta
Let G, be the distribution on (0, 1) with density
galz) = 2°7'(1—2)*7!/B(a, )
= exp{(a—1)logz + (o — 1)log(l — x) — log B(a, o)} -
where the Beta function is given by

['(a)I'(5)

I(a+p0)

Suppose we are interested in mixtures of the a parameter, 5y > 0 is fixed
and the true distribution is G, .

It is convenient to take the canonical statistic as just log x, which under
G, has density

fo(z) = exp{apx — (B — 1) log(1 — €*) — log B(av, (o) }

for z < 0 and 0 otherwise.

B, ) =

0 0
/ e fo(x)dr = %/ et (1 — ) ™ dx/Bag + 6, B)

B(ag + 0, 5o) _ C(ap + 0)T(Bo) T(ag + Bo)
B(ao, o) [(ao + Bo +0) T(ao)T'(Bo)

Doy + 0y + So)

[+ Bo + 0)' (o)

so long as 0 > —ay. So K(0) = log B(ag + 0, 3y) — log B, By) and we
define Fj as the distribution on (—oo,0) with density

folw) = " fy(a)
= ol0Fa) (1 — e~ B(0 + g, fo) |
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and the full family is
F={F|0>—ag}
so the restricted family is
F=A{Fp|0>—-ay/2} .
We also have that

K() = logT'(ag+0)—logT(ag + Bo + 0) +logT'(ag + Fy) — logT'(avg)
K'(0) = Y(ao+0) —¢(ao+ B +0),
K"0) = ¥(a+0) =" (ag+ B +0).

Utilising the approximations in (14), we can say that for large 6,

1 1
V(g +0) = (ag+ By +0) ~ a0+0_a0+ﬁ0+0
_ B
(ag+0) (v + o+ 0)
~ /6

as 8 — oo. Thus

0
¢(6) ~ 65/2/ ntdy = (3% log
0
for large 6. For 6 near —ay,

'(ag+0) = (g +Bo+0) =~ (ag+0)2 = (5)
~ (Oéo + ‘9)72

as (o +6) | 0. So then

|
9%/ d
o(0) Nl

0
= log(ag + 0) — log oy = log (1 — —) :
Qo
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for small (g + 6). So

— 00 as f — oo

dmzwmm{

— —o0  asf — —ap/2.

So any sequence of intervals {O,, |n € N} such that either inf ©,, — —ay/2
or sup 0©,, — oo will yield sequences of families F,, = {Fy |0 € ©,,} satisfying
(12).

5.3.6 Poisson
Let Pois(A) denote the distribution on 0,1, 2, ... with probability mass func-
tion

eI\
ga(r) = 7

= exp{xlog\ —logz! — A} .

Suppose G = {G, = Pois(A) | A > 01}, and we wish to test for homogeneity of
the mean parameter \ against an alternative of a two-component mixture,
and Ag is the true value.

If we let Fy = G),, then

K(0) = log/eexdFo(x)
X e ()\Oee)l“

= log
x!

=0
= log {e’AO €A069}
= )\0(60 — ]_) <0

for all real §. Thus © = © = R, that is the full and restricted families
coincide:

F = {Fy =Pois (\oe”) [ e R} .
Also K'(0) = K"(0) = Xe?. So

6
wmz%ﬁlemmvz,Wﬁ%mﬁ

= 2)%[e"? — 1]
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and

— 00 as 6 — oo

7(0) = $(20)/2 = X[ — 1] {

—>—)\(1]/2 as  — —oo .

So any sequence of intervals {©, |n € N} with sup©, — oo will yield a
sequence of families F,, = {Fy |0 € ©,,} satisfying (12).

5.3.7 Negative Binomial

Let Neg(m,q) denote the distribution on 0,1,2... with probability mass
function

m+x—1\ , m
gq(x):( 1 )q(l—q) forz =0,1,2... .

This is the so-called negative binomial distribution; if X gives the number of
failures before the m-th success in a series of independent Bernoulli trials with
success probability 1 — ¢, then X ~ Neg(m, q). The case m = 1 yields the
familiar Geometric distribution. Suppose G = {G, =Neg(m,q)|0<qg<1},
and we wish to test for homogeneity of the failure probability ¢ against the
alternative of a two-component mixture. Suppose the true distribution is

Gy, for some fixed 0 < gy < 1. We can write the density (with respect to
counting measure) as

—1
gq(z) = exp{xloqurlog (m;:p 4 ) + mlog(1 — q)} )

Let the canonical statistic be ¢(z) = z, and put fo(z) = g4 ().

x - z m+x—1 x m
[ean = e (" T - )
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if goe? < 1, or 0 < —logqy. Let

fo(z) = " RO fy(x)

("0 ey - ey

Ggoet ()

be the density of Fy = G, = Neg(m, goe’). So the full family is
F={Fp]0 < ~logae} = {Neg(m,q)|0 < ¢ < 1}
and the restricted family is

F=A{F|0<— (logqo)/Q}—{Negmq‘O<q<q1/2}.

We have
K(0) = mllog(1l—q) — log (1 — qoee)] ,
o
kg — Mo
K”(Q) _ mf]oeo 5
(1 — qoe”)
So
6 1/2677/2
0) = mY
= m' 1—qoe? z\/l—z
using a change of variable z = 1 — gge", dn = —dz/(1 — z). Now since
d | <1 —v1-= z) 1
—lo e _
dz 8 14+v1—2z 21—z
we have that
1=V 1 —/qo¢’
6(0) = log g [ LoV
L+ Vo 1+ v/qoe’



and

r(0) = ¢<2@)/2=;[10g(1—¢q_o)

=
—log | ——;
T+ q I+ /qe€

— 00 as@—>—%logq0
— %log (11\/@) as  — —oo .

So any sequence of intervals {©,, |n € N} with sup©,, — —% log q yields a
sequence of families F,, = {Fy |0 € ©,,} satisfying (12).

5.3.8 Binomial

Let Bin(m, p) denote the distribution on 0,1,...,m with probability mass
function

(?)pm = exp{xlog (%) +log (7:) + mlog(1l —p)}

_ exp{m<p>+1og (ffj) —mlog(He"(p))} |

forx =0,1,...,m, where n(p) = log (ﬁ) is the canonical parameter. This

is the well-known Binomial distribution, governing the number of successes
in m independent Bernoulli trials with success probability p.

Suppose for the moment that m is fixed and known, and we are interested
in mixtures of the success probability, and the true distribution is Fy =
Bin(m, pg), taking x as the canonical statistic.

So

/QGwdFO(:c) = Zexp{ [0+ n(po)] + log (7:) —mlog [1+ 677(170)}}

= eXp{mlog [1 4 €9+n(po)} —mlog [1 + en(po)}}

m
Zexp{ [0 4+ n(po)] + log (:c) —mlog [1+ en(9+po)] }
1 4 ef+n(po)
- ( 1 4 en(po) )
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for all real 6. So K(6) = m {log [1 + e?T0)] —log [1 + "P0)] }. Then Fy is
the distribution with density

fo(z) = " KO fo(x)
so Fp = Bin(m, p(0)), where

6‘9+77(p0)

p(0)

- 1 + ef+nlpo) °

So the full and restricted families are the same:
F=F={F|0cR}={Bin(m,p)|0<p<1}.
However,

K'(0) = mp(0) ,
K"(0) = mp@)[1-p@)],

SO

o60) = m!? / VP = p)] dn

12 /p(9) 1
m —dy
Po \V y(l - y)

= m'?[arcsin(+/p(0)) — arcsin(y/po)] ,
using a change of variable y = p(6), df = ﬁ.
ues on [—m /2, w/2], for fixed m (12) cannot be satisfied. Tests of homogeneity
in this ‘finite arc-length’ Binomial example are in fact treated in Chernoff &
Lander (1995) and Lindsay (1995).

However we can construct an admittedly artifical situation which is at
least of theoretical interest; if we allow m = m,, — oo as n — oo, then
we can satisfy (12), although we need to be careful that all our subsequent
methods can handle having a different base measure for each n. We do not
pursue this any further here, but defer for later work.

Since arcsin only takes val-
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5.4 Summary of our method

Define a third (empirical) process

n

Su(0) = ”_WZ [yo(X;) — Foye] where (15)

wie) = UG/ s { | [fe/fo]2dFo}l/2 | (16)

and its maximum M, = supgee, Sn(f). Our plan in brief is to derive the
asymptotic distribution of M,,, and then to show that both M and M} have
the same asymptotic distribution as M,,.
1
When fy(x) = %K) fy(2), yo(x) = 5@ and
Sn(e) _ n—1/22 (eaxi—K(a) _ 1) eK(G)—%K(QG) .
i=1

The method we outline below borrows heavily from Bickel & Chernoff
(1993) who treated the case Fy = N (0, 1), but there are significant differences
and generalisations. There are essentially three stages:

1. We show that there exists a sequence of mean-zero Gaussian processes
{Z,(0)]0 € ©,,n € N} such that

€S€U®p 1S (0) = Zn(0)| = Op(rn)

for some r, — 0 as n — oo.

2. Defining

Zn(0) = Z,(0) + c,(0)Y |
where Y is a standard normal random variable independent of {Z,,(6) |6 € ©,,}

and {c,(0) |6 € ©,,n € N} is a sequence of real-valued functions gives
us a sequence of Gaussian processes with a nice covariance structure.

We then present methods for deriving the asymptotic distribution of
M,, = supyee. Zn(0). In the cases we consider (that is where (12) holds)
for a certain B,, — oo depending on Fy,

P(B,(M, — B,) +log2r < z) — ¢ *

—x

(17)

for each x as n — oo. Typically B,, = O (loglog n)l/Q.
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3. We show that for relatively large 6 all of the processes Z,(6), Z,(6)
S,(0), St(0) and S*(0) are very close, and that for relatively small
0 the contributions to their suprema are (asymptotically) negligible.

Thus the limit theorem for M, is applicable to M,,, and so also to M}
and M.
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6 Approximation Theorem

Our first step is to approximate M,, with supgeg Z,(6), where {Z,(0) |60 € ©,}
is a certain sequence of mean-zero Gaussian processes. This is done by view-
ing M, as a certain function of a sample Uy, Us, ..., U, of independent and
identically distributed U(0, 1) random variables as follows:

M, = sup S,(0)

0cO,
= sup Y " yo(Xi) — Fouel
9co,, P
n 1
= s Y (o £ ) = [ o i)
0c0, Py 0
1
= sup/ ygoFO_l(u)dozn(u), (18)
0o, Jo

where I, !(u) = inf {x | Fy(z) > u} is the inverse cdf of the X;’s,
an(u) = 12 {Fy (u) - u} (19)

is the empirical process based on

1 n
Fn(u) = EZ]_{UZSU} s
i=1

the empirical cdf of Uy, Us,,...,U,. Note that if Fj is right-continuous then
FO_1 is left-continuous. We present below a strong approximation theorem
from Csorgo et al. (1986) which permits the approximation of the empirical
process «,, by a sequence of Brownian Bridges. We then present a slight
refinement suited to our purposes.

Let £* denote the collection of all left-continuous nondecreasing functions
defined on (0,1). We say that any class £ of functions defined on (0,1) is
L*-decomposable if each ¢ € L can be written as ¢ = ¢; — {5 where ¢; € L*,
1=1,2.

Let L be a function defined on (0, %] slowly varying near zero. For any
L*-decomposable class £ define

N8, £,L) = sup sup {([x(u)] + |f2(w)] + [62(1 = w)| + |£2(1 — w))) u'/?/L(u)} .

teL 0<u<s
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Proposition 6.1 (Csorgo et al. (1986) Theorem 3.2). Suppose L,,,n =
1,2... 15 a sequence of L*-decomposable classes of functions and that there
exists a slowly-varying-near-zero function L defined on (0, %] such that, with
6 =n"Y?logn,

N(0p, Ly, L) — 0 (20)
as n — oo. Then there exists a probability space (S0, B, P) with independent
U(0,1) random variables Uy, Us, ... and a sequence of Brownian Bridges

{Bi(u)|[0<u<1,i=1,2,...} (21)

such that the empirical process given by (19) satisfies

SUDPger, ’fol (u)do,(u) — fll/;l/n l(u)dB,,(u)
L(1/n)

= op(1) . (22)

This theorem is proved by breaking up the left-hand side of (22) into
pieces and bounding each piece above by a quantity of the form

Op(1)N,y (8, Lo, L) .

The condition (20) then gives the result. If it is possible to quantify N,,(d,, L,, L),
then it is possible to quantify the rate of convergence of the op(1) term. The
proof of the following proposition, where we consider the special case where

L =1 (which is certainly slowly varying near zero), is immediate.

Proposition 6.2. Using the notation of Proposition 6.1, suppose that N(6,,L,,1) =

O(ry), for some rate r, — 0 as n — oco. Then

sup = Op(rn) - (23)

el

/0 (e () — /1 T By w)

n

If the functions in each class £,, are either non-decreasing or non-increasing,
then N (0, L,, 1) can be expressed in terms of the envelope function (sequence)

= sup |/ . (24)
teL,
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Proposition 6.3. If all elements of each class L,, are left-continuous and
either non-decreasing or non-increasing, then
N(8,L,,1) < sup {[0u(u) + 0,(1 — uw)] u'/?} .
0<u<d
Proof. If each ¢ € L, is left-continuous and either non-increasing or non-

decreasing, then it can be written as ¢ = 1 — {5, where ¢; € L* and either
ly =0,y =0or ly =—L, {1 = 0. In either case, |¢1] + |¢2] = |¢|. So then

N(8,L,,1) = sup sup {[|l(uw)]+ [((1 —u) 1/2}
eLy 0<u<s

< sup { [sup [¢(u)| + sup |[¢(1 — u)@ u1/2}
LeLn

0<u<s | Leeln
U

We are now in a position to address our original problem. We are inter-
ested in M, = supycg Sn(f) where

5.(0) = / o 0 Fy(11) dovy ()

and Uy, Us, ..., U, are those U(0, 1) random variables referred to in Propo-
sition 6.1. Define now

1-1/n
Zu0)= [ o By (u)dBuu). (25)
1/n
where {B,(u)|0<u <1, neN} are the Brownian Bridges referred to in
Proposition 6.1. Then {Z,(0) |60 € ©,n € N} is a sequence of mean-zero
Gaussian processes.
We state the following condition:

Condition 1 (Monotone likelihood ratio). The family F = {F, |0 € © C R}
is said to have monotone likelihood ratio if for 8 # n both in O, the distribu-
tions Fy and F,, are distinct, and for n < 8, the ratio of the densities fy/f,

18 a nondecreasing function on the sample space.

We note that this is a special case of the more general definition of monotone
likelihood ratio given in, for example, Lehmann (1986), which is in terms of
a statistic T'(z) which we have taken here as T'(x) = .
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Define the envelope function of ), = {ys |0 € ©,,} as
Un(z) = sup |yo(x)] - (26)
00,

We now come to our first main theorem.

Theorem 6.4. Suppose the family F = {Fy|0 € © CR} has monotone
likelihood ratio. If in addition the envelope function defined in (26) satisfies
(with 6, = n~?logn)

sup  gjn () Fo(2)"/* = O(ry) (27)
FO($)§67L
and
sup  gn(2) [1 — Fo(2)]'* = O(ry) (28)
Fo(z)>1—6,,

for some rate r,, — 0 asn — oo, then S, (0) defined in (15) and Z,(0) defined
in (25) satisfy
sup |5 (0) — Zn(0)| = Op(rn) - (29)
0€cO,,
Proof. The monotone likelihood ratio condition implies that the functions

yp, for # > 0 are nondecreasing and for 6 < 0 are nonincreasing. Thus
proposition 6.3 gives that

N(6p, Ly, 1)
< sup {[Gno Fyt(u) +gno By (1 —u)] u'?}
0<u<dn

< sup {[gn o Fofl(u)} u1/2} + sup {[gn o F(;l(l - u)] u1/2} (30)

0<u<én 0<u<én
since £, = Un © Fo_l. Next note that
Fylo Fy(z) = inf{w|F(w) > F(z)} <=z

since x is included in the set over which the infimum is taken. Then writing
u = Fy(z) in the first term in (30), and u = 1 — Fy(x) in the second gives

N(Gn,Layl) < sup ga(@)Fo(2)' +  sup  gale) [1 = Fy(a)]"”?

Fo(z)<én Fo(x)>1—6n
= O(r)
by (27) and (28). Proposition 6.2 then implies (29). O
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6.1 Linear exponential family examples

In this subsection we apply Theorem 6.4 to each of the examples from section
5.3. We need to show that they have monotone likelihood ratio and we need
to compute the rate r,, from (29). For each the density is of the form

folw) = RO fy(x)

so they all have monotone likelihood ratio; for n < 6,

Jo(x)/ () = expfa(d —n) — K(0) + K(n)}

which is nondecreasing in z. So all that remains is to find r,, for each case.
We outline below a general approach.

To use Theorem 6.4 we need to compute the envelope functions for the
classes YV, = {yo |0 € ©,,} where

yg(:c) _ 69:1:7%[((20) .

The functions yy are such that this is relatively easy:
Oyo(x)/00 =[x — K'(20)]ys(z) .

Recalling that 6(x) is the solution of pg = K'(f) = z, since K’ is necessarily
increasing (see Barndorff-Nielsen (1978, 1980)), as a function of 6

(2) i increasing in 6 for 6 < 6(z)/2 ,
x) is .
v decreasing in 0 for 6 > 0(z)/2

for fixed x. So if the interval ©,, is of the form © N[, 6], then the envelope
function is given by

Yo () for < pigy
Un(®) = § Yoy 2(2) 10T pog- < T < figpt (31)
Yo+ (x) for z > pypt

since 20 < 0(z) < jigg < 1.
We also need to approximate tail probabilities and quantiles. Appendix C
details an integration-by-parts approach for approximating tail probabilities,

52



applicable in many of our examples. In particular conditions are given under
which

fol) fol)
S () < Ale) < =g
fol) fol)

14 ry(x)] <1— Fy(x) <

G'(x) T G(x)

where G = —log fo, r1(x) — 0 as Fy(x) — 0 and ro(z) — 0 as Fy(z) — 1. In
cases where O, = O, or at least when p,)- <z < piyy+, we then have that,
for suitably small x,

(@) Fo(@)' = gy (2) Fo(a)/?

Similarly for the upper tail

Uy 1/2
T )) (33)

in ()1 — Fo(x 12 <
(@)1 = Fo(@)] 2 < (G,@

for suitably large z (see appendix C for details).

We also give in appendix C.3 an approach for approximating quantiles
based on a convergent iterative scheme method, which applies in many cases
where an approximation for a tail probability is dominated by an exponential
factor.

6.1.1 Normal mean mixtures

For Fy = N(0,1), K(0) = 62/2, g = K'(0) = 0, so 6(z) = 2. Thus
fow (@) = (2m)~Y2. Also G(x) = 22/2, so G'(z) = . It is well-known that
(32) and (33) hold in this case. So then for any x < 0,

() Fo()2 < ﬁ .

93



Similarly for any x > 0,

(@l - R < —— .

Defining x,, via 1—Fy(z,) = 6, = n~/?log n, we have from (108) in appendix
C.3 that

22 =logn — 3loglogn — log 27 + o(1) .
So then
1
sup G (@)[1 = Fo(2)]? < sup

Fo(z)>1-dy, Fo(z)>1-6, V2T
1

N aR2m
= O(logn) "4,

and by symmetry the same holds for the lower tail. So proposition 6.4 holds
with 7, = (logn)~4 for ©,, = © = R.

A faster rate of convergence to zero can be obtained by restricting the
parameter space; if ©,, = [—0,,,0,] where 6, = é(xn)/Q — A, =2,/2 - A,

for some 0 < A, = o (z,,) = o(logn)/? tending to infinity, we have, for large
x’

Jn(@) = yo, (2) = """
So then

61,1(9”79273;31/4

- 0 (exp{_(;pn/Q — Hn)Z} x;l/z)
= O (exp{-A2} (logn)*1/4) .

The same holds in the lower tail by symmetry.

Ga(za)[1 = Fo(za)]'? ~

6.1.2 Gamma shape mixtures

In what follows we use the following approximations for the Gamma function
and its derivatives. We are only interested in the behaviour for very large
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and very small values. For details see appendix A.2 of Jensen (1995) which
in turn refers to Section 6 of Abramowitz & Stegun (1964).

log I'(z) —logx for small = .
ogl'(x
& (x — 3)logz — x + 1 log(2m)  for large x|
d 1)—1  f 11
o) = LiogT(x) ~ YP(1) — . for small z,
dz log for large z
d? L for small x
' = —logl'(z) ~{ ** ’
Vi) dz? 08 (=) {% for large x .

where —1(1) ~ 0.577 is Euler’s constant.
Let Fy be the distribution on R with density

fol) = eove—elowT(e0)

The cumulant generating function is K(0) = logI'(ag + 0) — log'(a), for
0 € (—ap,00) = O. So g = K'(0) = ¢p(ag + ). According to appendix C,
the integration-by-parts method of approximating tail probabilities is valid
for both tails, so we can use both (32) and (33).

We start with the upper tail. @ = ;) ~ log(ao + 0(x)) for large z. So

we approximate é(;g) ~ ¢* — . Then
fé( )(.T) — el'[oé()'f'é(l‘)]_ez_logr(a0+é(x))

~ exp{ze’ —e" —[(e" — 3)z — " + Llog(2m)]}
/2
e

V2T
Also G'(z) = L1og fo(z) = €” — ag. So then

Jo@) (@) 2 _ ( ev/? )1/2
(G’(x) =0 er — ayp

= 0 (e_m/‘l)

as r — 00.
Writing z,, = F, '(1 — 4,,), where &, = n~'/?logn, we have from (111) in
appendix C.3 that x,, satisfies

e’ = 1Llogn+ (2— ag)loglogn +logT (ap) + (ap — 1) log 2,
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SO

) 1/2
sup g(2)[1 - Fo(2)]'? < sup (G/(x) )

Fo(z)>1-6n Fo(z)>1-6n

Now for the lower tail. For small z, writing ¢ = (1),

- 1
= K'(0(x) =9 — ————
v o= K@)~y
0(zx) =~ ;—ao.

v —x

So for small z,

fiw(@) = {ao+e ) — e = [log D(ao +6(x))] |

eXp{ log(y) — )}

= _ N ——

w—x x

Q

= O(|z))™ asz — —o00.

Also G'(z) = ag — € — ap as ¥ — —o0, and y,, = F,, '(,,) satisfies
1
Yn = — [—1logn + loglogn + log I'(a) ] + o(1)
0

(see (112) in appendix C.3). So

fiw(@)]"
swp () o) < e
1/2
B fé(mn)(xn)
n -G (xy)

= O(logn)™ /2.
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6.1.3 Gamma scale mixtures

Let Fy = Gamma(ag, 1). Then
fo(z) = exp{0z + [(a0 — 1) logz — 2 — log I'(ap)] — [~ log(1 — 0)]} |

K(0) = —aplog(l —0), K'(0) = ap/(1 — 0) and

(z) = 20

T

So the unrestricted envelope function is

i) = exp{”;@ - %K(ém)}

z—ag [ ap/2
= 2 —_— . 34
(@) o
From (101) we get that
xCVO*le*JB
1— F ~N— 35
O(x) P(O[Q) ( )

as r — 00. So

e ap/2 :LvOZO*le*I 1/2

j(2)[1 — Fo(z)] 2 ~ —0(@) [
H@)L ~ o) N
670{0/20[8’0/2

xI'(ap)

= O(x)"1/?

as xr — 0.

Since (35) is true, (see appendix C), x, = F;'(1 — §,) where 6, =
n~?logn is of the form

2, = zlogn + (- 2)loglogn — log I'(ag) — (g — 1) log 2 + o(1) .

So for the upper tail bound

sup  §(2)[1 — Fo(2)]"? = O(x,) ™/ = O(logn)~'/2 . (36)
Fo(z)>1-6n
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As for the lower tail bound, (103) or (102) give that

o

F(](SL’) ~ P(CYQ + 1)

(37)

so from (34), as x — 0 we get

&%)

H@)Fo()” = (22)™ Dlag +1)72

e
not tending to zero.

So a further restriction on the parameter space is needed so that this lower
tail bound goes to zero, moreover at a sufficiently fast rate. We describe below
the effect of restricting the parameter space to ©,, = (Hn, %) with 0, — —o0
sufficiently slowly.

Redefining z,, = F; *(6,), (37) gives us that

5n = F(](xn) ~ -

so that
T, = O(6,)Y0 . (38)

For any 6,, — —oo, the envelope function evaluated at z,, (according to (31))
1s

In(n) = yp, () = lront S lsl1220)

so long as 0, > 0(x,)/2.

Let 6 — 0 in such a way that 6,/6% — 0, that is 9, = o(d}). If we
then define z* = Fj; 1(6*) and 6, = 0(x*)/2, note that z* = O(5%)"/*°, and
Zn/x% — 0. So then since 0(z) = 1 — ap/x,

Inl@a) Folea)'? = 0021 — 0(a;))0"5))

a0/2
= exp ﬁ _ QoTn % 51/2
2 2z xk "

5. 1/2
=0 (&)

since both terms in the exponent go to zero and x¥ = O(d*)%/o.
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So if we want to match the upper tail and have ¢, (z,,) Fo(2,)"/? = O(logn)~'/2,
choose any 0% = C(logn)*?n~'/2 for some constant C so that 6,/0" =
O(logn)~'/2, in which case

zi ~ {C(log n)3/2n*1/2F(a0)}1/a0

n

and 0, = 0(zF)/2
~ L%

*
2z

1 C*nl/(Zao)
2 (logn)3/(a0)
for another constant C*. So it seems that any sequence 6, — —oo of order
O (n*?*(logn)~% 2)1/ “* yields a sequence of families
Fo={Fp|0,<0<3}

satisfying theorem 6.4 with the rate in (29) equal to (logn)~'/2.

The fact that this is only determined up to a multiplicative constant
means that it is difficult to specify in practice, and so we note that this is of

primarily theoretical interest, at least as an example of a sequence of families
with a changing parameter space.

6.1.4 Poisson

For the case Fy = Pois(\g), K(0) = Xo(¢? — 1), K'(6) = Xoe?, O(z) =
log(z/Xo). So the envelope function is

y(z) = yé(x)/z(x)

_ exp{ ‘”Z(x) - %K(é(az))}

x/2
— <£) o—t/200/2
Ao

Also from (107), as © — oo,

_)\0)\3[; \ z
1 — Fo(x) ~ ‘ 5 0 ~ g0 (Le) (2mz) /2




using Stirlings formula. So

2\ /2 e\ 1/2
I~ @)~ () e (e (20) (o)
)\0 i
= (27rx)’1/4

as r — 00.
Defining z,, = F;, *(1 — 4,), where again &, = n~'/2logn, we have from
appendix C.3 that

o y%n—gb@n+§b&n+%bgM—Am+dD
n logy n — loggn — log 2

_ 0 ( logn) '
logy, n

m%m—%@mwzo(

So then

log, n /4
logn '

For the lower tail, for large enough n Fy(0) > 4, so the set {z | Fy(z) < d, }
is empty and only the upper tail is relevant.

6.1.5 Negative Binomial

Let Fy = Neg(m,qy). Then K(0) = m [log(l — qo) — log (1 — qoe(’)} and
K'(0) = mqoe?/ [1 — qoee}. So

So
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and the unrestricted envelope function is

y(z) = Yé(x) /2 (z)

- {x9<x> B K<9<x>>}

5 P
- exp{glog [ﬁ] e [(1 —q;lﬁm)”

- L(wim)r/z{a—q)n(lwmﬂm/z'

From appendix C.2, we have that

log[l — Fy(x)] = xloggo+ (m —1)logx + C + o(1)

for some uniformly bounded (in > 0) constant C' = C, and that 1—Fy(z) =
O (¢gx™ 1) as x — oo.
So we have that

r /2 m m/2 y
J(2)[1 — Fy(x)]V? ~ C [ } /2 (m=1)/2
y( )[ 0( )] 1—6]0)(374-771) 4o
Smy2 zim
-1/

1 —q| |+ m}
am/2 (z+m)/
} =1/

1 —q| i r+m
r qm/2
~ C m o—m/2,—1/2
[ 1—q]
= 0O (:c’l/Q) )

Defining z,, = F; '(1—46,), where §,, = n=1/2logn we have from appendix

C.3 that
slogn —mlog,n — C + (m — 1)[log 1 + log(—log go)]

T, = + o(1
— log qo M)

as n — oo. In particular x,, = O (logn). So then
Y(@n)[1 - FO(xn)]l/2 = O(logn)_1/2 :

For the lower tail, for large enough n Fy(0) > 4, so the set {z | Fy(z) < J, }
is empty and only the upper tail is relevant.
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7 Gaussian Processes

We now consider the second stage of our general procedure. Having shown
that

sup [Sp(0) = Zn(0)] = Op (1)
0€O,,
for some rate ,, — 0, we now derive the limiting of distribution of supyce , Z,(0),

or more precisely supycg Zn (0), where Z,, is similar to Z, but has a simpler
covariance function.

Define a,, = F, '(1/n) and b, = F; *(1 — 1/n), and write A, = [a,, b,].
The covariance of Z,,(0) and Z,,(n) is the same as that of the random variables

Un(0) and U, (n) where

Un(0) = X251, (X) | and X ~ F, .

We have
EU,(6) = /A 72K £ (1) da
_ eK?e);K(ze)/ eex’K(e)fo(:c)dq:
_ eK(‘g)’%K(w)ngZn
and

EU,(0)U,(n) = / 0K @O ne=3 KC) £ () doe

n

_ eK(9+n)—%K(2o)—%K(2n)/ el ITe= KO f () da
An
=: p(@,n)Fe—mAn )

Writing
po(8) = p(0,0) = K O-3KC0)
we can write
Cov(U(8), Un(n)) = p(0.1)Fusn Ao = (po(O)Fard) (o) Fy )
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This is the covariance function of Z,(0). As in Bickel & Chernoff (1993) we
obtain a new process with a less complicated covariance function by adding
a relatively insignificant term:

Zn(0) = Z,(0) + XPO(Q)FGAn )

where X ~ N(0,1) independently of Z,(#). The new process Z,(6) now has
covariance function

p(07 n)FG-i—nAn .

The idea is that the extra term only makes a difference for small 8. We show
later that the contribution to the maximum for small 6 can be ignored, and
so it suffices to derive the limiting distribution of

M, = sup Z,(0) .
0€O,,

Now Z,(#) has mean zero but is not standardised; the variance of Z,(6)
is FyA,, that is the amount of weight the distribution Fyy assigns to the
interval A,, = [a,,b,]. For # = 0 this is 1 — 2/n. For 6 close to 0 this should
be close to 1, for 6 far from 0 this should be close to 0. It turns out that
for @ values in the bulk of the interval [0(ay)/2,0(b,)/2], VarZ,() ~ 1, for
most of the range outside this interval Var’Zn(Q) ~ 0, and there are relatively
short transitional intervals containing 6(a,)/2 and 8(b,)/2 where VarZ, ()
is somewhere between 0 and 1.

7.1 Extreme values of Gaussian processes

We now present an overview of results for the asymptotic distribution of the
maxima of stationary and locally stationary Gaussian processes. Suppose
{X(0)]0 >0} is a standardised Gaussian process with correlation function

p(0,n) = EX(0)X(n) .

If p(0,n) = (|6 — n|) for some symmetric function r then the process is
stationary. If r can be written as

2

r(h) =1— %h +o(h?)
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as h — 0, then the process is differentiable in quadratic mean (or just differ-
entiable). That is there is a process {X’(0) |6 > 0} such that as h — 0,

Vo (X,<9) _X(0+h) —X(e)) o

h

and X'(0) ~ N (0, \) independently of X (0) for each 8. So we can interpret
the quantity A\ as the variance of the derivative of X.

Any differentiable stationary standardised Gaussian process can be trans-
formed into one which has standardised derivative by a change of scale. The
process

{Y(t) =X\ |t >0} (39)
satisfies
EYt)Y(t+h) = EX\Y2O)X\ Y2t +h))
= 1- %2 + o(h?) (40)
as h — 0.

Let {Y(t)|t >0} be a standardised, stationary Gaussian process with
standardised derivative, and define M(T) =sup {Y(¢) |0 <t <T}. We now
summarise two slightly different approaches to the derivation of the asym-
potic distribution of M(T) as T' — oo.

If up satisfies

Te_u%/Q
2T

then so long as r decays quickly enough, as T" — oo,

O, (41)

P{M(T) <ur}—e“. (42)
In particular, if we write ar = (21ogT')"/2, and define up = ap + 736_;052”, we
have that
T —u2./2
o = o(1)]
so that
P{ar[M(T) — ar] + log2m < 2} — exp{—e""} , (43)
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the cumulative distribution function of the so-called Gumbel distribution.
See Leadbetter et al. (1983) for the details of the proof of this result under
the decay condition

r(t)logt — 0 (44)

as t — oo.
A refinement of this result is derived in Piterbarg (1996). Write

T
lr =/2log — .
2m

Suppose that for some a > 0 the apparently stronger decay condition

/ Ir(£)]* dt < oo (45)
0
holds. Then there exists a ¢ > 0 such that

PALr[M(T) - 7] < o} = exp{—e =20 } L O(T9) (46)

This is not a limit theorem as such, as the first term on the right hand side
is not a distribution function, but an approximating function that converges
to a distribution function. Noting that

2 /92 .TQ
exp{—e_“”_x / T} =exp—e “(1+e " — ],

we have that
P{lr[M(T) —tr] <2} =exp—e* +O(logT) ™" . (47)

So the polynomial rate of convergence of the approximating functions in (46)
is an improvement on the logarithmic rate of convergence of the limit theorem
form (47).

A result of Hall (1991) is relevant here. It says that if the correlation
function satisfies

Aot? A\t
rt) = 1- 24+ 4 o(th) ast—0,

2 24
,/ r(t)? dt < oo
0

r(t) — 0 ast— oo
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then the rate of convergence to the Gumbel distribution is O(logT) ™!, even
if the convergence is to be uniform over as few as three points, for example
the upper 0.1, 0.05 and 0.01 quantiles. We refer back to this point in a later
section.

The method of proof of (43) does not depend heavily on the stationarity
of the process; the important features are the local behaviour described by
conditions like (39) and (40), and long range behaviour, described by decay
conditions like (44) and (45). Analogous results for processes which sat-
isfy these conditions but are not necessarily stationary are derived in Hiisler
(1990, 1995). The processes are termed locally stationary following a defini-
tion given in Berman (1974).

A standardised Gaussian process {X(#) |6 > 0} is said to be locally sta-
tionary if the correlation function can be written as

EXO)X(0+A) = 1- )\(9)% + o(A%) (48)
for some 0 < a < 2, where A(f) is continuous in § and o(A?) is uniform in
6 > 0. If (48) holds with o« = 2, the process is also differentiable, and as
before we can interpret \(#) as the variance of the derivative.

As in the stationary case, we can transform any differentiable, locally
stationary standardised Gaussian process into one which has standardised
derivative by applying a variance-stabilising transformation (that is one which
stabilises the variance of the derivative). Define the transformation

6
7(0) = /0 VO b,

and define the inverse mapping ¢ — 6, implicitly via 7(6;) = ¢. Then the pro-
cess {Y(t) = X(0;) |t > 0} is locally stationary with standardised derivative.
In the case where A(f) = A is constant (or indeed the process is stationary),
this reduces exactly to the change of scale in (39).

It is shown then that if Y is locally stationary with standardised derivative
with correlation function r(,-), then (43) holds (with the same definition of
M(T)) under the decay condition

sup 7(s,t)logh — 0
ls—t1>h

as h — oo.
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An additional refinement contained in the results of Hiisler (1990, 1995)
is that the probability of exceeding a growing level in (42) is generalised to
the probability of crossing a general boundary:

PIX(t) <up(t),0<t<T} .

The corresponding generalisation of the condition (41) is
I >
— | ew® 24t - C (49)

2m J,

(note that when ur(t) = ur is constant this reduces to (41).)

If the boundary functions {ur(t)|0 <t < T} satisfy other conditions,
including a smoothness condition and others which among other things imply
that the minimum

inf wup(t) — oo
0<i<T

as T'— oo, then if (49) holds,
P{X(t) <up(t),0<0<T}—e?.

This enables us to derive the limiting distribution of the maximum of a non-
standardised process; if {WW(0) |60 > 0} is a Gaussian process with EW (0) =
w(0) and VarW (0) = o(0), then W*(0) = [W(0)—u(0)]/c(0) is standardised

and
P{W(0) <u}=P{W"(0) <u(0)} .

where u*(0) = [u — p(0)]/0(6), and so the methods of Hiisler (1990, 1995)
can perhaps be applied.

In the next section we consider sequences of locally stationary Gaussian
processes. We build upon the idea of expressing the probability of a boundary
crossing in terms of an integral. In particular, if we have a sequence of locally
stationary standardised Gaussian processes with standardised derivative

{X,(t)|t e R,n e N},

and have a corresponding sequence of boundary functions(possibly infinite-
valued outside an interval)

{u,(t)|t e Ryn e N} |
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then if the sequence of integrals
1 o0
2m J_

e W2 gt ¢ (50)

as n — 00, we might expect that under certain conditions
P{X,(t) S u,(t),t e R} — e C .

In the next section we give sufficient conditions on the correlation functions
of the processes and also on the boundary functions for this to hold.

These results permit us to derive the limiting distribution of M,, by com-
paring it to

MP = sup {zo(e) ‘é(an)/Q << é(bn)/Q} , (51)

where {Zy(0) |0 € ©} is a single standardised Gaussian process with corre-
lation function

p(0,m) = exp{ K (0 +n) — 3K(20) — 3K(2n)} .

It turns out that the corresponding sequences of integrals for both cases are
equivalent in the sense of (50), so their limiting distributions are the same.

7.2 Theorem 7.1

We now outline the statement of and sufficient conditions for our second
main result. The proof is lengthy and appears in a separate section.

Suppose that {X,,(t) |t € R,n € N} is a sequence of standardised differ-
entiable Gaussian processes with standardised derivative, continuous sample
functions and correlation functions

EX,(8)X,(t) =ra(s,t) .

Define R, (t, h) via

h2
ro(t,t+h)=1-— 0 + R, (t,h) .

We assume that the remainder

R,(t,h) = o(h*) , uniformly in n and t. (52)
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This implies that for each fixed n, {X,(¢)|t € R} is locally stationary. We
also make an assumption about the rate of decay of the correlation.

dn(t) log(t) — 0, uniformly in n , (53)
where
8, (t) = sup{r,(s,s'): |s—s'| >t} . (54)

Let {u,: R — (0,00]|n € N} be a sequence of (possibly infinite-valued)
boundary functions.

Writing ¢(u) = (2r)~/2e*/2 for the standard normal density, we wish
to approximate the sequence of integrals

/_oo Slun(®)]dt , n €N

by sequences of upper and lower Riemann sums We do this by dividing the
real line into intervals of width h,, — 0 as n — oo. The rate at which h,, gets
small needs to be carefully controlled. It needs to be fast enough that the
upper and lower Riemann sums converge to the integral, but slow enough
so that maxima of X,,(¢) on each interval have appropriate large deviation
behaviour.

Define I; = I;(n) = ((j — 1)hn, jhy), for j = 0, £1,£2, .. .. Define also u,,
and u;} to be step functions identically equal to (respectively) the minima and
maxima of X,, over each interval. That is define u,, (jh,) = inf {u, () |t € I; }
and .t (jh,) = sup {u,(t) |t € I;}; also define u,, (t) = u,, (jh,), t € I;, and
define u.f(t) in a similar way.

Writing m,, = infycg u,(f), we assume that there is a sequence 0 < h,, — 0
as n — oo such that both

hnmy,(log mn)’l/2 — 00 (55)
and
> b {dluy (ha)] = Slut (iha)]} — 0 . (56)
Note that (55) implies
my, — o0 asn — OO . (57)
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Theorem 7.1. Let {X,(t)|t € R} be a sequence of standardised Gaussian
processes with standardised derivative satisfying the uniformity assumption
(52) and the decay condition (53). Let {u,:R — (0,00]|n € N} be a se-
quence of (possibly infinite-valued) boundary functions satisfying (55) and
(56). If

7%/mw%mm:mgéc (58)

as n — oo then
P{X,(t) <up(t),t e R} — e ©

The following corollary applies theorem 7.1 to a sequence of locally sta-
tionary standardised Gaussian processes that are do not necessarily have
standardised derivative.

Corollary 7.2. Suppose
{Y,(0)|0 e R,n e N} |

s a sequence of locally stationary standardised Gaussian processes with cor-
relation functions EY,(0)Y,(n) = pn(0,n), and variances of derivatives given

by

G

0=n

Then if we define

Z/Oex/mdn,

and 0, implicitly via 1,(0;) = t, then the processes {X,(t) = Y,(6;) |t € R}
have standardised derivative, with correlation functions r,(s,t) = p,(6s,0;).
For a sequence of boundary functions {w,(0) |0 € R,n € N}, define an-
other sequence of boundary functions via {w}(t) = w,(0;) |t € R,n € N}.
Suppose that the correlation functions {ry,(-,-) |n € N} satisfy the condi-
tions (52) and (53), and that the boundary functions {w}(-)|n € N} satisfy
(55) and (56). If the sequence of integrals

/ vV "0 49 — C | (59)
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then
P{Y,(0) <w,(0),0 e R} — e © . (60)

Proof. Equation (60) follows after an application of theorem 7.1 to the se-
quence of events

(X, (t) < wi(t),t € RY = {Yo(0) < w,(0),0 € R} .

If (59) holds then by a change of variable, t = 7,,(6), dt = \/\,(0) df, we get

1 odwn@? gg - L [T .
o /Oo\/An(e) df = m/mgb[ ()] dt — C,
So
P{Y,(0) <w,(0),0 € R} = P{X,(t) <w:(t),t cR} — e ©

by theorem 7.1, and so (60) is proved. O

7.3 Applying theorem 7.1

In this subsection we present a corollary that shows how we use theorem 7.1

to derive the limiting distribution of M,,. We firstly recall some definitions.
Recall that we have a sequence of linear exponential families F = {Fy |0 € ©,, }

generated by a distribution Fj with cumulant generating function K(-). We

are interested in deriving the limiting distribution of Mn, the supremum over

0 of {ZL(H) |0 €0O,, ne N}, a sequence of mean-zero Gaussian processes

with covariance functions

p(07 77>F€+n14n )

where

C(0,n)

SN TR

C/(G), n) = exp{K(0+n)}, Ay, = [an, by, a, = F; ' (1/n) and b, = F; (1 —
1/n).
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Define

and
T, = /_\/K”(Qé)dé.

Define v, (0) = VarZ,(0) = FyA,, and the sequence of standardised Gaus-
sian processes

{Yn(e) — 0,(0) 2 2,(8) |6 € O,,n € N} ,

with covariance functions

_ Cn(0,m)
VCn(8,0)C(n,m)

Pn(0,1)

and
Cn(0,m) = C(0,n)FpinAn .

Using results from appendix B and differentiating under the integral sign we
have that

M(0) = = Ppu(0,m) /00| _,
[ dPa() [ dPa@) |

which coincides with the conditional variance of a random variable X ~ Fyy
given that a, < X <b,.

Corollary 7.3. Let C > 0 be some constant and {u, |n € N} a sequence
with u, — 0o as n — oco. Consider the following three statements:
T,e~zun

27

—C, (61)

72



1 1 _
5= | VAO) e 2@ g — ¢
T On

and

If a sequence {u, |n € N} satisfies (61) for some C,
then it also satisfies (62) with the same C.

If (63) holds, then with B, = (2logT,)"/?, for all x € R,

P {Bn (Mn — Bn) + log 27 < x} — exp{—e’:”} )

Proof. Consider the sequence

x — log 27
n — Bn
u B,
Now
= iB2+ (z—log2m)+ O(B,)”"
= logT, +x —log2m +o(1) .
So
1,2
e 2Un T,
=1 1) .
I 14 o1)

If (63) holds, then this implies

L VA (0) e 2uen O gy o
27 Jo,
also. So then
P{Mn < un} = P{Zn(e) < u,,0¢€ @n}
= P{Y,(0) <uv,(0)"?0€0,}
— exp{—e_x} ,

using (65) and corollary 7.2. Hence (64) is proved.
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7.4 Examples

We now show that the condition (63) holds in some of our examples; we do
not show it for all, as the proofs for the simpler examples we have given are
lengthy. We defer the proof for our other examples as later work.

Before we proceed we provide a lemma concerning conditional variances
that is useful in what follows.

Lemma 7.4. Suppose X is a random variable with E(X) = u, E(X —u)? =
o?. Then

Var(X|la < X <b) <o?/p,
where p = P(a < X <D).

Proof. Write F' for the cumulative distribution function of X. Then the
conditional mean is p, = p~* fabxdF(q:) Then

Var (X|a < X <b)

(& — pe)* dF (z)

/b (0= ol dF ()}

>+2m—ua/kx—MdFu»+m—ua%}

—= pil

T~

I
&

I
&

>+%u—ﬂaww—umdF@>+w—M»%}

I

&)
e
@\\@\

%—w—u»%}

—p)?dF(x)=a/p.

I
&

A
S
|\
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7.4.1 Normal mean mixtures

Consider the case Fy = N (0,1) and ©,, = R, that is

Fo=F ={N(6,1)|0 €R} .
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Let @ and ¢ now denote the N(0,1) cumulative distribution function
and density, respectively. Let a, be the solution of ®(a,) = 1/n, and let
b, = —a,. We have from (109) from appendix C.3 that

b, = (2logn — log, n — log 47)"* + o(1) .

Define
A, = (logyn — 3logs n)l/2 ,
O = (an—An) /2,
00 = (an+An)/2,
8:1 - (bn - An) /2 )
Oy = (bn+240)/2,
O, = (—00,0,) .
O = [9;27 1)
Om (01, 0]
On = (001,00]
Ons = (05,0)

Define also

0(bn)/
T, = / VA(0) db
0

(an)/2

b /2
.

— b, = (2logn — logyn — log4m)"* + o(1) .
Suppose u,, is a positive increasing sequence satisfying

Tne*“%/2 bne*“%/2
or 27
as n — 00. Define v, (6) = ®(b, — 20) — ®(a,, — 26).

— C

Theorem 7.5. If a positive sequence u,, satisfies

—u2/2
€u"/bn

C
2 -

75



Then
/ VA (@) 24 @7 g9 s C

We prove this theorem by partitioning the range of integration into the
five regions O, ©,,, 0,1, O, and O;. We show that the integral over ©,,

n3» n2’

tends to C', and the others tend to 0.

Proposition 7.6. Asn — oo,

sup |An(0) —1| — 0.

€01
Proof. A\, (0) is the conditional variance of X given a, < X < b,, when
unconditionally X ~ A(20,1). This is the same as the conditional variance
of Y given a,, — 20 <Y < b, — 26 when unconditionally Y ~ N(0,1). So we
can write

An(6)

Lo v do(y) {fb”ﬁﬁyd¢<y>}2
Jradey) s de(y)

Define for j =0,1,2, I,,;(6) = fb” 293 dd(y). Tt suffices to show that

Gé%£1 In] (0) -1

for j = 0,2 and

sup [,1(6) — 0.
0€0,1

Now for 0 € ©,,1,
a, —20 <a, —20,=—-A, <A, =0b,—20t <b,—20

SO

inf 1,,(6) > /%@mwwﬁ1, (66)

0€0,1 A,

for j = 0,2 as n — oo.

e = [ wldee)- [ pldeq)

— 00

76



SO

sup [L(6)] < sup max{ /a"_26|y|d<1><y>7 | |y|d<1><y>}

€€®n1 €€®n1 —00 n*29
< / yd®(y) — 0

as n — 00. ]

Proposition 7.7.

]_ 1,2 —1
— VA (@)e 2O q9 — C

2 O

Proof. We have from the previous proposition that there exists a positive
sequence ¢, — 0 such that for all 6 € ©,,,

1—c, < A(0) <1+4¢,
and
1—c, <v,(0)<1.

The first equation follows from the statement of the proposition itself; the
second from (66). Thus

[1 _Cn]l/Zeéu%[lcn}li/ o < i /)\n<9) ef%u%vn(e)ﬂ 20
enl

27T 27T On1
12 1
< [1+cn]1/2e2“%—/ db
T On1
Thus,
1 1,2 -1 —u7 /2
— Aa(0) e 35O g = E / dA[1 + o(1)]
2 On1 2m On1
e—u%/Q
= b, —A,) 1 1
(b — D) [1+0(1)]
e o1
= S bl +o(1)
— C.
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Proposition 7.8.

Vo (@)e O g — 0
ShPS
Vo (@)e O g — 0

On2

Proof. Now \,(0) is the conditional variance of X given a,, < X < b, when
X ~N(20,1), and v,(0) = P(a, < X <b,). So lemma 7.4 gives that

M(0) < ua(0)7F, (67)
since if X ~ N(20,1), E(X —20)% = 1. For 0, < 6 < 6}, we have

Un(‘g:zrl)il < Un(9>71 < Un(‘ng{Q)il )

SO
s e
/ )\n(e)e—u%vn(e)—l/ZdQ < vn(Q:{Q)_l/Qe_“%”"(ezl)/Q/ do
o 0%
< (0 Pe A,
Now

Un(%) = vy ([bn — As]/2)
= &b, — b, +A4A,) —P(—2b, +A,) .

The first term tends to 1 as n — oo, the second tends to zero. On the other
hand

vn(erE) = v ([bn + Ay]/2)
= O(—-A,) — d(—2b, — A,)

and both terms tend to zero, the first one more slowly. So then

Un(e:zg)il/2 ~ (I)(_An)il/z

A, 1/2
- (¢<An>)
- O(A}L/QeAi/“) '
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Now e /2 = O(logn)/2, A, = O(log,n)'/? and e27/* = exp{1logyn — 3logyn} =
(logn)'/*(log, n)~3/*, so

or,
n )\n(e)e*u%vn(é)*lﬂde - 0 <e—u%/2Ai/2eAgl/4)
o
= 0(1)(logn)~2(logy n)*"* (log n)'/* (log, n) ~*/*
= O(log,) /" =0(1).

Thus the proposition is proved for the integral over ©,. By symmetry the
same holds for the integral over ©,,. U

Proposition 7.9.

Vo (@)e 5w g —
O3
Vo (@)e e @O g —
O3
Proof. Using (67), we have that

I; = VAR (@)een @712 g < / 0 (0) 2O /2 g
Oz 02

For 6 > b,/2, v,(6)~" is monotone increasing, so has a well defined inverse
h., satisfying

holvn(0)7] =6 and v,|h,(z)] ' =2 .

If we change variables z = v,(0)7!, then 6 = h,(z), d0 = h/,(x)dr and the
integral above becomes

I3 < / xl/ge_%“%xh;(x) dr .
Un(e:LFQ)_l
For 6 > b, /2, v,(0)~! is also strictly convex, so the inverse h,(x) is strictly

concave, and so the derivative h/, is strictly decreasing. Moreover, the deriva-
tive is given by

, -1
= )

n
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where v/ (0) = —2[¢p(b, — 20) — ¢(a, — 20)]. So

I; < R, [vn(Q:{Q)_l}/ g\ Pem e g
un (0,55) !
< —1 /OO :L,l/Ze—u%J:/Q dr
N [Un(e:zr2)_1]2v1,1{hn[vn(erg)_l]} 0
—u(0)* T(3/2)
U (0h2)  (u}/2)32

Sinice v, (60) = ® (b, — 20) — B(an — 20) < B(b, — 20) ~ H(by, — 20)/(20 — by),

(b — 20)
2(20 — b,)?

_Un(9)2
vy, (0)

n

=0(1) —0 as 0 — o0,
so since u, — 00, I3 — 0 as n — oo. The result holds also for the integral
over ©,; by symmetry. O

Hence the theorem is proved.

7.4.2 Exponential (Gamma(1,1)) scale

Now let Fy = Gamma(1, 1), then Fjy = Gamma(l,1 — ) (see section 5.3.3).
We show in section 6.1.3 that we cannot deal with the (full) two sided prob-
lem, so we consider the (maximal) one-sided version, letting F, = F =
{Fyp|0 <60 <1/2} (we note that we could consider a ‘method-of-seive’ type
approach, involving a slowly growing two sided set, but restrict attention to
the one-sided case for simplicity).

In this case we have Fy(z) = 1 — e %, so I, '(u) = —log(1 — u). Thus
an = Fy ' (1/n) = —log(1 — 1/n) ~ 1/n, and b, = F, (1 — 1/n) = logn.

Also K(0) = —log(1—0), KY9(0) = (j —1)!/(1—0)77 for j = 1,2,... and
f(x) =1 —1/x. Further 7(0) = —1 log(1 — 26).

Define

v (0) = Fog(by) — Foglan)

bn
= / (1 —20)e =0=20) gy

o—(1-20)an —(1-20)b,,

— €
_ (1 . 1/n)1—29 . 67(1729) logn (68)
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MO) = K"(20) = (1 — 20)*

and
0(bn)/

T, = \/ 6) df
= [ log(l — 29)}6(1)” /2
= —1log[l — (b)) = —21log(1/logn) = Lloglogn .

Define A\, (0) as the conditional variance of X given a, < X < b,, when
unconditionally X ~ Fyy. Then

:: 22(1 — 20)e=(1=20) gy {f 2(1 —20)e==(1=20) gy }2

)\n<9) = bn —1‘(1—29) —x 1—29)
fan (1 - 2‘9)6 dx fan (1 o 20)6 dz

Theorem 7.10. Suppose that u,, satisfies

2
Tne uy /2

C
2 -

asn — o0o. Then

/ V(@) 24 @7 g — ¢

also.

We prove this theorem by partitioning the interval [0, ) into pieces. Write
log, n = loglogn and log; n = loglog, n. Note that logy,n > 0 for n > 3 > e.
Define

0. 1 logy

"7 2 2lognloggn
1 logs n

Oy = = — -8
2 2lognlog,n

So then for n > 16 > e,

0(b,) 1 1
01 < = - — —— < 0.
! 2 2 2logn "
We then show that the integral over [0,6,;) tends to C, and the integrals

over [0,1,0,2) and [0,,2, 2) tend to zero.
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Proposition 7.11. Asn — oo, fori=20,1,2,

f;: 2t dFy(x)

it
0<0<6,1 [~ a? dFy(x)

Proof. For1=0,1,2,

. . bn(1-20) ,; _
St dFy(x) [ ai(1 - 20)e” (00 dy ((1_29)) y'e v dy

an

[ atdFy(z) [T a1 —20)e0-0edr [Fylevdy

So it suffices to show that info<p<g,, bn(1 — 20) — oo and supgcpey,, an(1l —
20) — 0. But

inf  b,(1—20) = by(1—20,)

0<0<0n1
| log, n
= logn | ——
& lognlogsn

log, n
—_
logsn

0

and

sup a,(1—-20) = a,—0.
0<0<0n1

Proposition 7.12.

1 On 1.2 (9)_1

— An(0)e 28O dp — ¢
2m Jo

Proof. The previous proposition implies that both

inf v,(0) —1

0<0<6n1

and

An(0)
O

sup
0<0<0n1

—1‘—>O.
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So

1 On1 7%u% On1
= M(@)e 34O g = 14 0(1)]% JNO) do
21 Jo 2r - Jo
Now
O ,
i VAWB)dd = —1log(1l—26)];"
log, n
= -1 o2
2 %8 <lognlog3n)
= 1 (logyn — logzn + log, n)
= T.[1+40(1)] .
So
1 On1 e—%u%

An(0)e 2ton @O g = I [1+0(1)]—C.

%0 2

Proposition 7.13. As n — oo,
€n2

VAn(@)e 25O dg — o

On1

Proof. Suppose X ~ Fyy. Then A, (0) is the conditional variance of X given

an < X < b,. Since KV)(20) is the j-th cumulant of X we have
E(X) = pop=K'(20)=(1-20)"
B(X —pg)* = o059 =K"(20) = (1 —20)"%(= \(#) also ) ,
Lemma 7.4 then gives that
M(0) < AO)va(0)7F
Now, (1 — 20,,2) logn = logsn/log,n — 0, so (68) gives

1-26, 1—26,
Up(Ope) = |1— 2 Yo ( 2)} _ o (1-2002) logn
n n

= [1— e s/ osn] 4 0 (log_sn)

nlognlogy,n

logsn
= 1 D] .
1+ o(1)]

83

(69)



Also

VAo = [~Llog(1 - 20)],”
log, n log, n
- 12 o3 ) o2
2 { °8 (lognlog2n> o8 <lognlog3n
logs n 2
- -1 3
2 Og{<10g2”) }
b logy, n
- logsn

= logsn —log,n ,

where log,n = loglogsn. Note also that e~2% = O(T,)™* = O(log,n)~".
So then

Gng en
Von(@)e 2w O qg <y, (0,0) 26200 VA0) do

‘9n1 ‘9n1
log, n i 1
= 0O(1) <log3n) (logyn)~ " loggn
| 1/2
- 0<°g3”) = o(1) .
log, n

Proposition 7.14. As n — oo,

1/2 1,2 -1
/‘ (@) O gg g
On2

Proof. (69) gives that

1/2 Ly . 1/2 L, B
I = / \/ )\n<9>€_§unvn(9) db = O(l)/ ,Un<9>—1/2 )\(0) e—iunvn(e) do .
6712

On2

Change variable to t = 7(0), dt = \/A(f) df. Then with 7(6;) = t,

oo

L= o [T @)t g
7(0n2)
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Changing again, via z = v,,(6;)~*. The inverse of this transformation is h,,,

satisfying h,[v,(0;)7!] = t for all t > 7(0,2) and v, (Ghn(x))_l = z for all

T > v,(0,2) " . Implicit differentiation gives that
—1

9

hy(x) =
where 6, = 7(6;)7".
We assume that the function v, (0;)~! is strictly convex in ¢ > 7(6,).
Then R/, is decreasing and we get

I = OQ)h, [vn(6n2)1]/ a%em 2

'Un(en2)71

vn(0n2)2 > —L1u24
= o) / 22 e gy
n\Yn2)Y7r(9,2) 40

_ Un(0n2) 7 (On2)
= O, B

/
T

It is shown in (70) that v,(6,2) = O(logsn/logyn). Also u? = O(logT;,) =
O(logg n), and

T(0n2) = —3log(l —26,,)

log, n
= -1 _ o3
2798 (lognlogzn

= 1 (logyn +loggn —log,n) = O (log,n) .

Next,
—,(Ona) = 2bue” 1T —9q, e (17 2n2)en
= 2(logn)e~ g™/ 1o82m _ O(1 /n)
= O(logn) .

Substituting these rates into (71) gives

1/2

=o(1) .

logs 1\ > logy, n (logsm)
I=0(1 =0(1)—————
@ (log2 n) log n(log n)/? (log, n)(log n)
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7.5 Proof of theorem 7.1

The proof follows very closely the proof in Hiisler (1990). In essence we are
replacing finite-term sums with infinite-term sums, but the general argument
is mostly unchanged. In this subsection we write ¢(u) = (27)~1/2e~%*/2 for
the standard normal density to facilitate comparison with Hiisler (1990).
It does not denote the variance-stablising transformation of an exponential
family as it does in other sections.

Lemma 7.15 (Small intervals-stationary case). Suppose {X(t)|t € R}
1s a stationary standardised Gaussian process with standardised derivative.
If h — 0, u — oo such that hu — oo, then

P{X(t)>u,0<t<h} /hé(u) — % | (71)

Proof. See Leadbetter et al. (1983). O
Lemma 7.16. Suppose {X,,(t) |t € R, n € N} is a sequence of standardised

Gaussian processes with standardised derivatives, satisfying the uniformity
assumption (52). Then if h,, — 0, u,, — 0o and h,u, — 00, then asn — oo,

1

P{X,(s) > up,t <s<t+h,}/ho(u,) — \/7
T

(72)

uniformly in t.
Proof. Define D,, = {t|u,(t) < co}. Note that

o(h) = supl sup rn(t,t+h)}

n Ltt+heD,
h2
= sup{ sup ll — — + R, (t, h)] }
n \tt+heDy 2
h2
= 1——+4sup sup R,(t,h)
2 n tt+heDy,
h2
= 1- ? + 0(h2)

by (52). In a similar way,

d(h) = inf| inf r,(t,t+h)

n |tt+heDy
2

h
= 1—?—|—O(h2).
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Thus if {Y(t)|t € R} and {Y(t)|t € R} are two stationary standardised
Gaussian processes with respective correlation functions 0(-) and §(-), they
also both have standardised derivative. Now since

EY (s)Y(t) < EX,(3)Xa(t) < EY ()Y (1)

for all s and ¢, Slepian’s Lemma (see Leadbetter et al. (1983), Theorem 7.4.2
and Piterbarg (1996), Theorem C.1) gives that for any v and any appropriate
time set S,

P {supx(s) < u} <P {sup X, (s) < u} <P {squ(s) < u} . (73)

SES SES SES

So then (71) gives that

< liminf P{Y(s) < up,t < s<t+h,}

1
Nz

IA

liminf P{X,(s) < up,t < s <t+h,}

IA

limsup P {X,(s) < up,t <s<t+h,}

IA

lim sup P {7(3) <up,t<s<t+ hn}

IA

1
/T

Lemma 7.17.

1.

0 < P{X,(t) <ut(t),t € R} — P{X,(t) <un(t),t € R} — 0

0 < P{X,(t) <uy(t),t e R} — P{X,(t) <uj(t),t ER} =0

87



Proof. Following Hiisler (1990), both differences are proved in the same way.

0 < P{X,(t) <ut(t),t € R} — P{X,(t) < un(t),t € R}

< i P {Xn(t) <wult(t),te L, sup (X (8) — un(s)] > 0}

< }Z P {uy, (jh) < My(I;) < ut(jh)}

= f Z h {0y, (Gha)|[1+ 0(1)] = @lust (ha)][1 + 0(1)]} (74)
= o(1), (75)

where in (74) the o(1) is uniform in j (by (72)) and (75) follows from (56). O

Instead of writing statements concerning both w«f(-) and w; (), as in
Hiisler (1990), if we say that a property holds for w(-), we mean that it
holds for both « () and w,, (-).

Lemma 7.18. Let {h,|n € N} satisfy (55) and (56). Let ¢ = ¢, be such
that €,/h, — 0 but e,m, — oo, where m, = inf,cg u,(t). Define Iy =
L\ (jhy — €n, jhn]. Then as n — oo,

o0

0<P{X () <upt),te |J I;}—P{Xn(t)gu;(t),teR}ﬁO.

j=—o0

Proof. The difference is bounded above by

3 P{sup (Xa(0)t € (Gl = 2 hul) > i)}
_ % 3 endlu )i+ o(0)] (76)
= (en/hn) Z hydluy, +o(1) (77)

j*—oo

= (en/hn) O(1) = 0(1) ,
where in (76) o(1) is uniform in j by (72) and (77) follows from (56). O
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For a given ¢y > 0, define
9 = ¢;(n) = qo/uy,(jha) -
Lemma 7.19.
0 < limsup (P {X,(ig;) <u(jh),iq; € I},j = 0,41, £2,.. .}

— P{X,(t) <ui(t),t e U2 _I'}) =0

j=—00"]
as qo — 0.

Proof. Recal the proof of (72), the processes Y (¢) and Y (t) and the inequal-
ities in (73). Writing M (I, X) = sup{X(¢) |t € I}, we have that for any [;
and any u,
P{X,(ig;) <wig; € I;} — P{M(I;, X,) < u}
< P{?(in) < quJ S Ij} - P{M([]WZ) < u}
= [P {?(lq]) < u,in S ]j} - P {M(Iﬁ?) < UH
+ [P{M(1;,Y) <u} — P{M(I;,Y) < u}]
As in the proof for Lemma 3.2 in Hiisler (1990), the first difference is bounded
by
1

LS

with p(qo) — 0 as gy — 0 since

ho(u)p(go) + ¢(u)/u

hu = hpuy (jhy) > hym, — oo

and u’ (jh,) = qo. Also ¢(u))/u = o(h,¢(u))) using the same argument.
Both terms in the second difference are {h,o[u’(jh,)]/v/7}[1 + o(1)], with
o(1) — 0 as n — o0, not depending on j, by (71).

The sum over j is thus bounded by

1 « y
[p(q0) + 0(1)]ﬁ j:zoo han @[y, ()] -
Letting n — oo, (56) gives that the limsup is O (p(qo)). The result follows
letting g — O. O
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Having reduced attention to a Gaussian sequence, we utilise the normal
comparison lemma, the basic form of which appears below:

Lemma 7.20 (Normal comparison lemma). Suppose (X1, Xs,...,X,)
and (Y1,Ya,...,Y,) are N(0,1) random vectors with respective correlation
matrices {r*} and {r¥}. Let r;; = max (’rf]( 7}7“3;' ). Let uy,us, ... u, be

real numbers. Then

P{X;,<wu;,i=12,....n} — P{Y; <w;,i=1,2,...,n}

1 ~1/ l(u?+u2)
R e B

1<i<j<n L+ 7y
where ()T = max(0,x).
Proof. See Leadbetter et al. (1983), Theorem 4.2.1. O

We intend to show that sup {Xn(iqj) } ig; € I7 } are asymptotically inde-
pendent for different 5. We use the normal comparison lemma, but following
Hiisler (1990), we first show that we can ignore certain intervals. This is an
adaptation of a method first introduced in Hiisler (1983).

Define, for each n,

a; = min{u, (jh,) |7 =0,£1,£2,...} and Jy = {j|a1 <u,(jh,) <2a,} .
Then define
as = min{u) (jh,) > 2a1} and Jo = {j|as <u,(jh,) <2as2},

and continue defining a,,, J,,, for each positive integer m. A finite or pos-
sibly countably infinite number of J,,’s are defined in this way, depending
on whether sup {u,(t) | u,(t) < oo} is finite or infinite. Thus {.J,, |m € N}
forms a partition of the positive integers (possibly truncated at some H, <
00).

For each m, define

fm = Z¢[u2(jhn)]h/q]'
= Z (b[u;(Jhn)]u;(jhn)hn/qo

J€JIm
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The size of f,, for each m determines whether the corresponding set .J,,

contributes significantly to the probability of an upcrossing. Define

G ={m| fm>exp{—a;,/4}} ,

and then define Jy = {J,,|m € G}. Note that since there is at least one j

in each J,,,

fm Z ¢(am)amhn/q0 .
Lemma 7.21. For each fized qo,

> hadluy(jha)] = 0.

J&Jo

Moreover,

> haolu(jhn)]/g0 — 0 hudlu(jha)] = 0 .

J¢Jdo J¢Jo
not depending on qq.

Proof. Since j € J,, = apy < u(jhy) < 2am,

S hadlu i)l < 3 b g (n) - 01)

J€Im JE€EIm

- aifm% + 0(1)

m

where o(1) is uniform in m by (56). Now if m ¢ G we get

1

m m am

(78)

Note that since a4 > 2a,,, we have a,, > 2™ ta;. Adding over all m ¢ G

gives
1
> hadlu(jha)l < qoem VY D —
j€Jm m¢G
S qoe_a’%/zl i
A
m=1
. ge 1t N 1
— m—1
aq m:12
= qoo(1)
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as a; — oo, for every qo > 0, proving the first (79). Dividing by go proves
(80). O

Lemma 7.22. As n — oo,
0 < P{X.(ig;) < up(jhn),iq; € 1,5 € Jo}
Proof. The difference is bounded by

Z P{X,(ig;) > uy(jhy,) for some ig; € I;,j € Jp,}
me¢G

< ST ol (i)l s (i)

méG ]EJm ’quEIJ

< >0 D (hafap)olus (Gha))/[ur, (k)]

m¢GjEJm
m%GjEJm
— 0
by (80). O

Having shown that we can restrict attention to the time subset Jy, we
need to consider the possibility that Jy is made up of a countably infinite
number of intervals. Intuition suggests this is not the case, but it is possible
to prove the result without enforcing this.

As in the proof of Slepian’s Lemma in Piterbarg (1996) (Theorem C.1),
the comparison lemma can be extended to two infinite N (0, 1) sequences
using a separability argument.

Then we need the following lemma:

Lemma 7.23. Define
o 5 (un(Ghn)® + w3 (5"hn)?)
Sy, 1= Z Z |rn(ij,z’qj/)|exp{—2 }

1+ r,(2q;,¢q;
ig; €15 j#j'€Jo +ra(ig;, 7'q)

i/qjlef;,

If S,, — 0 then

P{X,(igj) < u}(jhn),iq; € I}, j € Jo} — [[ P{Xuliay) < w}(jhn),iq; € I}} — 0

J€Jo
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Proof. Uses the normal comparison lemma, where the two correlation matri-
ces v~ and r¥ are the same, except that off-diagonal blocks corresponding to
correlations between points in different intervals in rX are replaced by zero

matrices in Y. ]

Lemma 7.24. If (52),(53),(55) and (56) hold, then S,, — 0 as n — oo.

Proof. Exactly as Lemma 3.4 in Hiisler (1990). The only difference is that
here we allow the sum S, to have an infinite number of terms. At every
stage in that proof each finite-term sum may be replaced with an infinite-
term sum without affecting the argument. The proof is quite lengthy so we
omit it here. O

Lemma 7.25.

" \jedo j€do

as qo — 0.
Proof. Uses same argument as Lemma 7.19. U
Lemma 7.26.
[[P{x.(t) <uj(jha) t €I} —e €. (81)
Jj€Jo

Proof. We use Lemma (A.2), which says that if
1. ZjEJo P {Xn(t) > ut(jhy),t € I]*} — (C and
2. sup;c g, P{Xn(t) > u}(jha), t € 7} — 0
as n — oo then (81) holds. Firstly we have from (72) that

P{Xu(t) > up(jhn) t € I}} = (hn — €a)8[uy, (5hn)][1 + 0(1)]
= hnolug (7hn)][1 + 0(1)] (82)

where o(1) is uniform in j.
This implies that

limsup P {X,,(t) > u}(jha),t € I} < hysup ¢[us(jh,)] — 0
J J
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since u’(jhy,) > mingeg u,(t) — oo by (57), thus proving 2. Finally (82)
implies that

ZP{X > u (jhy) te[j} = {Z hnqb[u;(jhn)]} 1+ o0(1)]

Jj€Jo JGJO
= Z handlu, — ) haolu, +o(1)
J=—o0 i¢Jo
= / Gun,(t)] dt 4 of
= C+o
proving 1.
O
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8 Final Assembly

In subsection 7.3 we derive the limiting distribution of Mn We need to show
that this has the same limiting distribution as M, and hence M| and M?*.
Recall that

[ V) do,
On

where ©,, = ©,, N [0(ayn)/2,0(b,)/2], where a, = F; *(1/n) and b, = F; *(1 —
1/n). So then we have that

(bn)/2
T, < / VO df
il

) an)/2

_ / bn/Q\/WdH
O(an

- [égb >/2]—7Lé< a)/2

= [6(0(6u)) — 0(0(a))]/2
9(6.) — dan)]/2

with the inequality becoming an equality if ©,, = © (or indeed for any ©,,
such that [6(a,)/2,0(b,)/2] C ©,,).
Define

tho = loglog T, .
Recall also that pg = K'(6), that 6, satisfies 7(6;) = $¢(26;) = ¢, and
po(0) = p(0,0) = 72D
The following condition is used to prove the results of this section:

sup (po, — o) po(6) = o(logT,)~"/* . (83)

|t‘>tn0

Note that since (12) holds, supy;~,,, (e, — ft0) is bounded away from zero,
so (83) implies

sup po(6;) = o(logT,) "/ . (84)

|t‘>tn0
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Lemma 8.1. If (84) holds and

sup [5,(6) = Z,(6)] = 0, (105 T,) ™ . (55)
e n

then M, = supyce Sn(0) is distributed as

V., —log 27

2log T,)V/? 4 ~n— 08T
(2log L) + G 1oaT )12 °

(86)

where for each x € R,
P{V, <z} — exp{—e"}

as n — o0o. Moreover, with high probability the supremum is attained in
{0;: |t| > tno}, that is with probability tending to 1

sup Sp(0;) =  sup  S,(6) . (87)

0:€On, 9t€@n,‘t|>tn0

Proof. We already have that Mn = SUPyco,, Zn(ﬁ) has the same asymptotic
distribution as

s Zol0)

f(an) 6(bn)
l;n SGS Qn

(see (51)), so M, = (21og T;,))Y? 4+ O, (log T,) /2. A similar argument shows
that

sup Z,(6;) and sup Zo(6,)

[t <tno [t]<tno
have the same asymptotic distribution, so that

sup ant) = (2 log tnO)l/Q + Op (log tnO)_1/2

|t\§tn0

= (2logy T,)"/? + 0, (logy T,) ™/ .
So then with high probability,

sup Z,,(6;) = sup Zn(6;) . (88)

t |t‘2tn0
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Since Z,(0) = Z,(0) + O, (1) po(6), by (84),

2.(0) Z,(0) + 0, (1) for |t| < tao
" Zn(0) 4 0, (log T,,) ™ for |t| > tno -

So then
sup Zn(0) = sup Z,(0)+0,(1)
\t|§tn0 It\ﬁtno
= O (10g3Tn)1/2
and
sup Z,(0) = sup Z,(0)+ o, (logT,) "/
[t|>tno [t|>tno
= 0, (logT,)"*

So then with high probability,

Sngn(Gt) = sup Z,(0) (89)

|t‘>tn0
= sup Zn(ﬁ) + 0, (log Tn)fl/2

|t‘>tn0

= sup Zn(ﬁ) + 0, (log Tn)fl/2
t

because of (88). Equation(86) follows from (85) and an application of theo-

rem 7.1.
(85) also implies that

sup Sn(6:) = sup Z,(6:) + o, (log Tn)_l/2
0:,€0, 0:€0,
= SUp  Zn(0;) + 0, (log T,,) (90)

gteeny‘t|>tn0

= sup  S,(6)) + 0, (log T;,)* |

gteeny‘t|>tn0

where (90) follows from (89). Thus (87) is proved.
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We now proceed to show that M! and M* have the same asymptotic
distribution as M,. We firstly express Si(f) and S*(6) as certain functions
of S, (0). Firstly write

sa(x) _ (eex—K(e) N 1) 61{(9)-%1{(29)

= (O 1) )

Now write
sh@) = (eMKO) 1) (KE-2KE) _ 1)
= (7O 1) (po(0) — 1)
= (KO 1) po(0) (1 - po(6)?) "
= s9(2)h'(0) .
Now
W) = (1-po()2) ™% = 1+ 0(po(0))* .
So
for |t| > tno, h'(0,) =1+ o(logT,)™* (91)
by (84).

In a similar way we write

(e KO — 1 — (2 — po)(po — po)/0?)
(KEN-2KO) — 1 — [(1g — pg) /o))"

(eeme(G) —1—(z— po)(pe — MO)/Ug)

(po(6) 2 = 1 = [(pt0 — o) /e0]?)"?
(KO —1 — (& — po) (1o — 110)/3) po(0)
(L= po(®)* {1+ [(pt0 — o) ou]2})"”

_ (eeme(G) — 1= (z = po) (o — 10)/5) po(0)*(6)
= so(x)h*(0) — po(0)1"(0) (2 — po) (1o — p10) /7

So, as in (91) above we have that

P0) = (1= po(0)* {1+ [(to — 10)/0]’})
= 140 (g — po)po(0))°

so(r) =

—-1/2
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So
for [t| > tno, h*(6;) = 1+ o(logT},)~* (92)

by (83). B
Writing Z; = (X; — po) /0o, and Z,, = n_l/ZZ?:lZi, we have

Sn<¢9) = n71/2ZSQ<XZ'),
i=1

SiO) = n'PY sh(X)
i=1

— S,(0)41(0)
Si0) = WY sl

= Su(0)h*(0) — po(0)1*(0)Zn(po — 110) /00 -

Now, assume that the derivatives of h' and h* tend to zero. Assume that
there exists a constant ¢ such that for all s, ¢,

2[1 — p(6s,0,)] < c(s—1)*. (93)
The following lemma is taken from Bickel & Chernoff (1993).

Lemma 8.2 (Kolmogorov Bound). If {Z(t)|0 <t <1} is a stochastic
process satisfying

E[Z(s)—Zt)]* <c(s—1)* forall 0<s<t<1, (94)

then

P{ sup |Z(t) — Z(0)| > z} < Kc/z*,
0<t<1

where K is an absolute constant.

Note that for any given € > 0, this implies that there is an M. = \/Kc¢/e
such that

P{sw (200 - 2012 20} = PLe s 120) - 20) = VETE}

0<t<1 0<t<1

IN

€,
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So then (94) implies

sup |Z(t) — 2(0)] = €70, (1) . (95)

0<t<1
Now suppose we have a process {X (t)|0 <t < L} satisfying
BIX(s) = X < e(s — 1) . (96)
Then defining {Z(t) = X(tL)|0 <t <1} we have
E[Z(s)— Z(t)? = BE[X(sL) — X(tL)]* < c(sL — tL)* = [cL?] (s — t)? ,
so this and (95) imply
sup | X (t) = X(0)| = sup |Z(t) — Z(0)| = cL?0, (1)

0<t<L 0<t<1
(compare with Bickel & Chernoff (1993)).

Lemma 8.3. If (83) and (93) hold then M, and M} have the same asymp-
totic distribution as M,,.

Proof. Firstly we have that
SHO) = Su(0) + Su () (0) — 1]

SO

sup S1(6,) = sup S,(6;) + O, (log T,)"Y? o(log T,) "
|t‘>tn0 |t‘>tn0
= sup S,(0) + o, (log T,)/?
0cOn,

by (87). In a similar way
Sn(0) = 8u(0) + Su(O)[1"(0) — 1] = po(0)h" (0) Z (16 — 110) /70

SO

sup Sp(6;) = sup S;(6:)+ O, (log Tn)l/2 o(log Tn)*1 + 0, (1) o(log Tn)’l/2
|t‘>tn0 |t‘>tn0
= sup S,(0) + o, (log Tn)fl/2 ,
0€O,,
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using (92), (83) and (87).
Now, for |s — t| > €, for some fixed € > 0, we have

4
2[1 — p'(0s,0,)] < 4= ?52 <CO(s—1)?*.
where C, = ;%. Now the transformation ¢ +— 6; is chosen so that
(0.6
0s?

s=t

Now p(0,71) and p'(6,7) are very close. We can in fact show that for some
constant C,

o 82pT (937 915)

0s? =C

s=t

for all ¢, and that the corresponding first derivative is identically zero. So we
can show that for some other constant C,

L’

P (0, 0pip) > 1 — 5

for all t and |h| < e. Thus there is a ¢! so that

E{[S1(6.) - SI0)]°} = 201-p'(6,.6)
< cl(s—1t)?

Similar (but more tedious) calculations show in a similar way that

E{[S;(0:) — S; (607} = 2[1— p*(6,,6,)]
< (s —1t)?

for some constants ¢’ and ¢*. Hence by the Kolmogorov Bound,

sup [S1(6;) — S1(0)] = O, (loglog T;,) = o, (log Tp,)"/*

MStnO

and

sup [S5(6:) = S5(0)] = O, (loglog T,,) = 0, (log T,)'"* .

MStnO
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Hence with probability tending to one,

M= sup SiB) =  sup  SL(0)
€0, [t|>tn0,0:€60,
= sup S,(0) + o, (log T;,)~"/*
0€0,
and
My = sup Sp(0) = sup  S;(0)
€Oy, [t|>tn0,0: €O,
— sup S,(0) + o, (log T;,) /% .
0€O,
And so
Mi = M,+o,(logT,) "
V, —log 27 _
_ ~1/2 | Vn —logam 1/2
= (2logT,) + 2logT,) /2 + 0, (logT,)
_ Vo +o0,(1)] —log2m
— 21 Tn 1/2 [ n P
(21ogT,) + (2log T,,) 1/
V! —log2m
= (2logT, -2 4, "n FoLT
( 0g ) + (2 long)_1/2
where

P{V, <z} — exp{—e "}

as n — o0o. Thus the result is proved for M. Tt is proved for M} in the same
way. ]

8.1 Examples
Here we show that conditions (83), (85) and (93) hold for certain examples.

8.1.1 Normal mean

Consider the case where Fy = N(0,1) and ©,, = R. We show earlier that
T, =b, = Fy ' (1 —1/n) = (2logn)"/?[1 + o(1)]. We also show in subsection
6.1.1 that

sup S, (0) — Z,(0)] = O (logn) ™

0eR

= o(logyn)V? .
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Since (log T,,)"? = O (log, n)"?, (85) holds in this case.
Also tng = log, T, = loggn + 0(1), 6, = g, = t and py(8;) = e /2. So as
n — 0o,

1

sup (pe, — po)po(0:) = O <10g3neXp{_§(log3 n)2})

|t‘>tn0
3
= 0 <log3 n exp{ —3 log, n})

= 0 (log3 n (log, n)_3/2>

- 0 (k)g_3n) (log, n)*1/2

logy, n

= o(logyn) * .

Again, since (log T,,)~/? = O(log, n) /2, (83) holds.
Finally, since K (0) = 6%/2, K"(0) = 1, ¢() = 7(0) = 6, so 6, = t. So
K(0s+6;) = (s +t)*/2, and

KO, +6,) — 1K(26,) — LK (20,) = 3s* + st + 317 — s =t = —(s — 1)?/2..

So
EZy(05)20(0;) = p(bs,06;)
= exp{K(0;+6,) — 1K(26,) — LK (26,)}
= exp{—(s—1)*/2} .

Since this is a function of |s — t|, the process {Zy(6;) |t € R} is stationary.
Since 1 — e~z < x, we have that

2[1 = p(04, 0rn)] = 2[1 - e_h2/2]
h2

IA

for all ¢, so (93) holds with ¢ = 1.

8.1.2 Gamma scale

Consider the one-sided Gamma-scale example where Fy = I'(ap, 1), and ©,, =

(0,3)-

103



We have that
1 — Fy(x) ~ xao*le*m/l"(ozo) ,

so if b, = F; (1 — 1/n), then using a convergent iterative scheme we find
that

b, = logn+ (ag—1)logyn —logT' () + o(1)
= logn[l +o(1)] .

Also, 0(z) = 1—ag/x and ¢() = —a(l)/z log(1—0), so ¢(x) = —a(l)/z log(ap/z),
and

3(bn) = ap’*[logy n — log(ag)] + o(1) .

0(bn)/2
T, = Vv K"(0)do
= 7(0(b)/2)
= ¢(bn)/2
= O (logyn) .

So (log T,,)~'/? = O(logz n) /2. According to (36) we have that

sup [S,(0) — Z,(0)] = O (logn)™"?

0<6<3

= o(log Tn)fl/2 ,

so (85) holds.
Let Fy = Gamma(ag,1). Then K(0) = —aglog(l — @), and 7(0) =
—ag " log(1 — 26)/2 and

0 = 5 [1 — exp{—Qt/aéﬂH .
So

K@s+6,) = —aglog(l—06s—16,)
= —aplog [exp{—Qt/aé/Q} + exp{—Qs/aé/Z}] .
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So

r(s,t) = EZy(05)Z0(0;) = p(bs,6;)
= exp{K(@s +6,) — %K(QHS) — %K(Qét)}

exp{—Qt/aé/Q} —l—exp{—Qs/aé/Q} -

Zexp{—(t + 5)/0451/2}

In particular,

—ag

—exp{—Qt/aé/z} - exp{—Q(t + h)/aé/Q}
I 26Xp{—(2t+h)/0z61/2}

—exp{h/aép} + exp{—h/aé/g}
2

r(t,t+h) =

—ag

= cosh(h/aéﬂ)_““ :

so again the process {Zy(6;) |t € R} is stationary (incidentally, cosh(h/ ozé/ )0

2
e /% as ap — o0).

Since cosh(h/a(l)/z)_o‘“ > 1 — h?/2 for all h and all ap, (93) holds with
¢ = 1. Also we have that as t — oo, 0; — % and pg, — 2aq. Finally we have
that

po(0) = 7(0,t) = cosh(t/ag) @ = O (e—a”?t)

as t — 0o. So since t,9 = log, T,, = O(log, n),
,al/QtnO —_al/2
Sup (10, — 1o)po(0) = O (=) = 0 (1ogy m)

‘t|>tno

Since log T, = O (logz n), (83) holds for all ag > 1/4 (which includes mixtures
of normal variances).

8.1.3 Poisson

Consider the case where Fy = Pois()\y) and ©,, = R. Define a, = F, '(1/n)
and b, = F; ' (1 — 1/n). For large enough n, a, = 0.
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Now, K'(0) = \e?, so 0(x) = log(z/Xo). Also ¢() = 2)\(1)/2 (€2 —1]. So

o) = 2|Va—Vh .
So for large enough n,

T, = Tg by)/2) — 7(0(a,)/2)
= [o(
N

From appendix C.3, we have that

b — O(logn)’
logy, n

1 1/2
r-0(2n)
log, n

We have from section 6.1.4 that

so we have that

1 1/4
r, =0 ( Oan) = O(T,;l/z) = o(long)*l/2
logn

so (85) holds in this example.
Then K (0) = Mo(¢? — 1), 7(8) = Ay/* [ — 1] and 6, = log(1 +t/\y/?).

S t

= st+)\(1]/2(s+t) :

K(@s _'_‘915) = )\0

So
K(0, +6;) — 1K (26,) — 3K(26,) = —1(s —t)* .

Thus p(6s, 6;) = e~ (5=9*/2 ig the same as it is for the normal case; in particular
(93) holds with ¢ = 1.
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Finally, we have 9, = Moe? = \g + )\(1]/215 = O(t) as t — o0, and also

1 1
logT, = gllogyn —loggn] = S logyn[l +o(1)]
tho = logy T, =logsn —log2+o(1),
and po(6,) = r(0,t) = e /2. So
sup (10, = 10)po(0) = O (tuge™%0/2)
[t|>tno
(1og3 n e~ 3llo% nP)

loggn e 2 198 ”) (for large enough n)

I
S O O

(12222 tog, )

log, n
= o (log, n)_1/2 = o(log Tn)’l/2 ,

so (83) holds.

8.1.4 Negative Binomial

Consider the case where Fy = Neg(m, o) and ©,, = (—o0, —1 log qy). Now
asn — o0, T, =0 (qg(bn)/2>, where b, = F; ' (1 — 1/n). Now

_ . 1 —v/qoe’

where (Y is a constant depending only on ¢y. Also

f(z) = log [m} .
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So

—_
|
T
|
Tz
| I— Sl_l
=
[\
v

o(x) = C’O—log<
1+ [1--2
= Cy—log (ﬁ[l - 0(1)]>

= 00—10g<
= O (logx)

4(x +m)

as £ — oo. We also have that
b, log go + (m — 1) log b, + C,, = —logn + o(1)

for some uniformly bounded sequence {C, |n € N}. A convergent iterative
scheme based on this relation yields that

_logn + (m —1)log —2n + C, N

by,
—log qo

o(1)
for some other uniformly bounded sequence {C! |n € N}. So

T, = O (logyn) .

Since already have that r,, = (logn)~'/2, we certainly have that r,, = o(log T},) /2,

so (85) holds.

Now
7(0) = v/m |log Cy — log (1+q7§//269>]
1—qy e
and
0; = IOg(et/\/m —Cp) — log(et/\/m + Co) — %log qo ,
where




Then
(es/\/ﬁ _ Co) (et/x/ﬁ _ Co)

665 +6t —

W Gy (G
and
| gttt — Gl e
(es/vVm + Cp) (e/vV™ + Cp)
Finally,
0t exp{K (0, + )}

\/exp{K(QGS)} exp{ K (26,)}
:[¢O—W%MLWW%]

1 — q0603+9t

{2&M@+W@wm}]m
exp{s/v/m} + exp{t/ym}]

In particular,

- 2 exp{(2t + h)/(2y/m)} "

p(0, 0rn) = [exp{t/\/m} + exp{(t + h)/\/ﬁ}}
e—h/(@Vm) 4 oh/@2ym) ™

- [t

= cosh[h/(2y/m)]™™ ,

so as in the Gamma scale case, (93) holds with ¢ = 1.

Finally, po(6;) = cosh(t/(2y/m))™™ = O (e7'V™/?) as t — co. We have
that as § — —1logqy, () — co. So since 6, satisfies 7(6;) = ¢, we have
that as t — oo,

Ho, = K'(6,) — K (=[log qo)/2) = may/* /(1 = q*) < o0 .

So with t,,0 = loglogT,,,

sup (pg, — po)po(0y) = O (eftnomﬂ)

‘t|>tno

= O(logT,) V™* |
so (83) holds for all m > 1.
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9 Computer Simulation

In this section we use computer simulation to assess the accuracy of the limit
theorem in approximating the finite-sample distribution of the maximum of
the standardised score process. In brief, the approximation is poor, however
this is not surprising, as we now explain.

The approximation can be thought of as being in two stages. Firstly the
maximum of the standardised score process is approximated by the maxi-
mum of a Gaussian process. The second stage is then to approximate the
distribution of the maximum of the Gaussian process by its limiting distribu-
tion. It is well known that the rate of convergence of the maxima of Gaussian
processes to their limit distributions is extremely slow, see for instance Hall
(1991), so we expect the error involved in the second stage of the approxi-
mation to be poor. However, the error involved in the first stage may not be
so bad.

In practical applications we wish to approximate upper tail areas to ob-
tain p-values. When testing a simple hypothesis, no matter how compli-
cated the sampling distribution of the statistic is, we can always compute
an arbitrarily accurate Monte-Carlo p-value, that is by generating a large
number of pseudo-random samples from the null distribution and computing
the statistic in each case. For a large enough number of such samples we
can approximate the null distribution of the statistic arbitrarily accurately.
This being the case, the only reason to consider some other method is that it
provides comparable accuracy to the Monte-Carlo method while at the same
time using considerably less computing resources.

Given that there are fast methods of simulating Gaussian processes avail-
able, then a possible alternative to the Monte-Carlo p-value is to instead
simulate a large number of realisations of a Gaussian process, and then com-
pute the maximum of each. If

1. the error involved in the first stage of our approximation is small, that
is the distribution of the Gaussian process maximum provides a good
approximation to the sampling distribution and

2. the computing resources involved are much less than generating a com-
parable number of pseudo-random samples from the null distribution,

then the alternate method would be “admissible” in some sense.
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In our simulations we identify a particular Gaussian process that ought to
satisfy these requirements, but unfortunately again we find that the approxi-
mation is poor, although considerably less computing resources are required.
All is not in vain, however, because the distribution of the same Gaussian
process maximum provides a very accurate approximation to the sampling
distribution of the maximum of the Studentised score process supgeg U, (6),
where

_ i o (Xi)
n 1/2
(i)
and ug(z) = e’ KO — 1 (this is in fact the statistic studied in Hartigan

(1985)). We present a heuristic discussion as to why this is to be expected
after the results of our simulations.

Un(0)

9.1 Simulation method

Our method of simulation is as follows. We firstly, for F, = N(0,1) and
Gamma(1, 1), generate N pseudo-random samples from Fj of size n, and
compute in each case the (simple-hypothesis) standardised score process

52(915) _ n—1/22n: (eetxi—K(et) . 1) (BK(QGt)—QK(Gt) . 1)—1/2

i=1
1
= / ygt o Fo_l(u) dov, (1)
0

and Studentised score process U, (6;) for m = 200 equally spaced values of
t over a certain interval [tyin, tmax), for (n, N) = (100, 10000), (1000, 10000),
(10000, 1000) (we reduce N in the third case due to constraints on computing
resources).

The second stage is to generate M = 10000 realisations of the Gaussian
process

1-1/n
716, = / yh o By (u) dB,(u) |
1

n

where B,, is a U(0, 1) Brownian Bridge, evaluted over the same grid of ¢ values
as the two empirical score processes. The Gaussian processes are computed
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as follows. Z1(6,,0;) has covariance function r] (s, t) = p! (s, 6;), where

f;g_ll((ll/_;/n) (eesz(e) _ 1) (enme(n) _ 1) dFQ(ZL‘)
0 n

{(eK@0)=2K(©0) _ 1) (eK(@n)—2K(m) — 1)}1/2

pl(6,m) =

Denote the grid of t-values by tnm = t1,%9,t3,...,tm = tmax. An m-by-m
matrix C is computed, with (4,7)-th element 7 (¢;,¢;). A square-root ma-
trix is then computed as C'/? = VDVT where D is a (diagonal) matrix
with the square-roots of the eigenvalues of C' on the diagonal and zeroes
elsewhere, and V' is a matrix whose columns are the corresponding eigen-
vectors of C. Finally an M-by-m matrix Y of pseudo-random A (0, 1) vari-
ates is generated, and then the matrix Y C'/? is a pseudo-random realisation
of a mean-zero multivariate Normal random m-vector with covariance ma-
trix C'. Our computations are performed using S-PLUS, using the function
eigen(...,symmetric=TRUE) (technical note: in forming the matrix D, the
positive part of each eigenvalue is used, as theoretically zero eigenvalues are
sometimes computed as small negative values, due to numerical error).

9.2 Typical realisations

The phenomenon driving our whole analysis is that there is an interval of 0
values within which the score process has more or less expected behaviour,
but outside this interval the score process degrades rapidly to zero. Also, this
‘interval of activity’ slowly increases with the sample size n. The Gaussian
process, defined via an integral with respect to a Brownian Bridge over the
interval [1/n,1 — 1/n], also has this ‘degrading’ behaviour.

Below are three typical realisations of the standardised score process
S1(6;) (with the corresponding Studentised score process U, (6;) shown as
a dotted line) followed by three typical realisations of the Gaussian process
Z1(6;), for various choices of Iy and n.

Note that there is a discontinuity at ¢ = 0. This is because as |0| — 0,

e@x—K(G) -1

so(@) = {eK(QG)—QK(G)_1}1/2

Ol = K'(0)] + o)
{2R7(0) + 0(6°)}

x — K'(0)
W + 0(|Q|) .

= sign(0)
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So then as 6 | 0, S,(0) — [nK"(0)]7*/2[X — K'(0)], and as 6 T 0, S,(6) —
K" (0)] (X — K'(0)].

Note also that U,(6;) has strange behaviour for large ¢. It is not com-
pletely clear why this is the case, but we remark that it has no apparent
affect on the behaviour of the maximum.

3 typical realisations of SI(6;), followed by
3 realisations of Z1(6;),
for Fy = A°(0,1) and n = 100, 1000, 10000.

N(0,1), n=100 N(0,1), n=100 N(0,1), n=100

15

1.0
0.5

0.5
0.0

Sn
0.0
Sn

-0.5
-0.5

-1.0
-1.0

N(0,1), n=100 N(0,1), n=100
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Typical Realisations, Fy = Gamma(1,1).
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9.3 Simulation Results

We now present the main simulation results, in the form of QQ-plots of
simulated sup, Z7 (6;) against both sup, Sf(6;) and sup, U,(6;), along with
tables showing the actual level of accept-reject tests at certain nominal levels,
using the distribution of sup, Z! (;) to determine critical values.

Recall that for the case Fy = N (0, 1), the generating family is the full
(two-sided) family F = {Fy|60 € R}, whereas when Fy = Gamma(1,1), we
are only considering the one-sided family F = {Fg } 0<0< %} Conse-
quently, in light of the discontinuity at ¢ = 0, we always get a positive
maximum sup, S} (6;) for the normal case, but for the Gamma scale (expo-
nential) case we expect to get some instances where sup, S (6;), and thus
also sup, Z}(6;), is zero. Thus we have plotted {0V sup, Z}(6,)} against
{0V sup, Si(6;)} and {0V sup, U,(6;)} in the Gamma(1,1) case.
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In the tables below, M! = sup, S,(6;) and T, = sup, U, (6;).

Actual level of tests using simulated distribution

of sup, Z!(6;) to determine critical values

(based on Monte-Carlo simulations).

FO :N(0,1>

Nominal Level

n | Stat. | 0.1 0.05 [0.025 [0.01 ]0.005 |0.0025 |0.001
100 | M; ] 0.2206 | 0.1481 | 0.1034 | 0.0646 | 0.0514 | 0.0398 | 0.0284
T, | 0.1233 | 0.0643 | 0.0321 | 0.0124 | 0.0070 | 0.0029 | 0.0008

1000 | M} [ 0.1906 | 0.1188 | 0.0811 | 0.0502 | 0.0387 | 0.0289 | 0.0222
T, | 0.1081 | 0.0503 | 0.0242 | 0.0077 | 0.0040 | 0.0020 | 0.0010

10000 | M} |0.155 [0.093 [0.057 |0.039 [0.028 |0.024 |0.019
T, |0.093 ]0.041 |0.017 |0.007 [0.005 |0.003 |0.002

Fy = Gamma(1,1)
Nominal Level

n | Stat. | 0.1 0.05 [0.025 [0.01 ]0.005 |0.0025 |0.001
100 | M] ] 0.1688 | 0.1088 | 0.0742 | 0.0454 | 0.0338 | 0.0271 | 0.0189
T, | 0.1211 | 0.0580 | 0.0277 | 0.0088 | 0.0049 | 0.0027 | 0.0004

1000 | M | 0.1406 | 0.0829 | 0.0484 | 0.0278 | 0.0192 | 0.0145 | 0.0102
T, | 0.1034 | 0.0478 | 0.0230 | 0.0081 | 0.0038 | 0.0026 | 0.0008

10000 | M | 0.133 |0.085 |0.054 |0.022 |0.014 |0.012 |0.008
T,|0.115 |0.059 |0.024 |0.011 |0.005 |0.001 |0.001

Note that in each case, M = 10000 replications of sup, Z,(6;) are used to

determine critical values.

Note also that for n = 100, 1000, the number

of Monte-Carlo simulations is N = 10000, but for n = 10000, computing
resources limit us to N = 1000.

9.4 Discussion of simulation results

The simulations reveal several interesting things. Firstly, note that in all
cases the distribution of M = sup, S!(6;) is close to that of sup, Z(6;) in
the lower tail, but the upper tail is much larger. This leads to a high false
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rejection rate, which admittedly does decrease slightly across all levels as the
sample size n increases, although even at n = 10000 the test is still grossly
over-sensitive, rejecting up to 10-20 times more often than it should at the
lower levels.

On the other hand, the distribution of 7, = sup, U, (6;) closely follows
the distribution of sup, Z}(6;) in all cases across all levels, and is particularly
close in the upper tail. If anything the test is slightly conservative, at least
for the larger sample sizes, so that in these cases the actual level of the test
does not exceed its nominal level.

It is also of interest to compare the computing time required to complete
the simulations. The table below shows the approximate time required to
generate N pseudo-random samples of size n and evaluate S (6;) at m = 200
values of t,

(n,N) Approx. time
(100,10000) | 30 mins.
(1000,10000) 4 hours
(10000,1000) 4 hours

whereas for all values of n, generating M = 10000 pseudo-realisations of
the Gaussian process Z!(6;) at the same m = 200 values of ¢ requires 25-30
seconds of computer time. Now the absolute times are not so important; on
a sufficiently high-powered machine these times could be made arbitrarily
small. The important point is that over the same grid of m = 200 ¢ values,
it takes about 30 seconds to generate M = 10000 sup, Z!(6;) values, but it
takes about 30(n/2) seconds to generate the same number N = 10000 of
sup, ST (0;) values based on samples of size n. So in this sense the computing
time for the empirical process simulation is about 7/2 times the computing
time for the Gaussian process simulation.

9.5 The Studentised score process

It is quite remarkable that the maximum of the Studentised score process
follows the distribution of the maximum of the Gaussian process so closely,
whereas the maximum of the standardised score process follows it so poorly.
We can offer a heuristic explanation for this.

The standardised score process is a normalised sum of independent and
identically distributed standardised random variables which are very skewed.
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In fact the skewness of sq,(X), where X ~ Fj, increases as [t| increases.
Consequently for larger values of ¢, a larger n is needed before Si(6;) is
approximately normal. So for any fixed n, for a range of small |¢| values
S1(6;) is ‘quite Normal’, and so is well approximated by the Gaussian process
Z1(6;). However for larger values of |t|, the Gaussian process provides a poor
approximation to S} (6;), which for larger values of |t| is very non-normal, in
particular has a much fatter upper tail than a A(0, 1) variable. Thus when
S1(6;) is maximised for small values of [t|, the behaviour is much like the
maximum of Z(6;). However when ST(6;) is maximised for larger |t|, the
maximum will tend to be larger than the maximum of Z](6;). This explains
why the distributions of the two maxima sup, S} (;) sup, Z} (6;) disagree most
in the upper tails.
However the Studentised score process

2is (MO 1)

(5 @nro 1y}

Un(9> =

can be thought of as a partly “skewness corrected” version of S} (6;), because
when the numerator is large, the denominator is large too. In fact, technically
the Studentised score statistic is over-corrected, as in fact it theoretically has
negative skewness. However for each fixed ¢ the upper tail of the distribution
of U,(6;) is still quite ‘normal-like’ by comparison to the fat upper tail of its
non-Studentised counterpart, especially for large |t|. Also, examination of
the typical realisation graphs earlier in this section reveal that as a process,
U,(6;) is very unlike the Gaussian process Z!(6;); however, as far as the
maximum is concerned they are very alike.
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A Infinite Products

We recall some results from real analysis regarding convergence of infinite
products.

Lemma A.1. If {z;|i € N} is a real sequence with each x; > —1, then
Z x; converges absolutely = H(l + x;) converges
i=1 i=1

& Zlog(l + x;) converyges.
i=1

Proof. See for instance Bartle (1976), page 305. O
Next we apply these results to a sequence of such products.

Lemma A.2. Let {p,; |n € N,j € N} be a triangular array of real numbers
such that 0 < p,; <1 for alln,j € N. Suppose that for each n,

anj = Cn < oo, (97>
j=1

and the maximum term ¢, = sup;pn; — 0 as n — oo. Suppose also that
C, — C < o0 asn — oo. Then for each n the infinite product

[T —psy)
j=1
converges, and tends to e=¢ as n — 0.

Proof. Since 0 < p,; < 1for all n and j, for each n the sequence {—p,; |j € N}
satisfies the conditions for Lemma A.1. Further, because each summand has
the same sign, > (—pn;) converges absolutely, and so both [];(1 — py;) and
>_;log(1 — py;) converge for each n. In particular,

o0

[[a-py) = exp{zlog(l—pnj)}-

J=1
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Using Taylor’s theorem with the integral form of the remainder we see that

1
log(1—p) +p| < / 11— p— it/ dt
1-p

p*/(1-p)?

IA

So then

Zlog — Pnj) + Pnj| < leog — Pnj) + Dnj

IA IA
— Mg
.

R §3
N NgE:

F

— 0

since by assumption g, = sup; p,; — 0, and the sum Zj pn; — C' < o0o. We
have that

Zlog p”] - _Zp”]_'_zlog pn] + Dnj
=—Zm+m>
j=1

— —C
SO
1= puy) —eXp{ZIOg pnj)}—w‘c-
Jj=1 j=1
]

Note that since a finite sequence can be identified with an infinite sequence
which has all terms beyond a certain point equal to zero, the above holds for
a infinite sequence of finite sequences, that is triangular arrays of the form
{pnjli=1,2,...,m, < oo,n €N} also.
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B Differentiating correlation-like functions

Suppose C': O x O — R is symmetric in its arguments, for some © C R, and
has continuous mixed partial derivatives up to order 2. Define

C(64,06
p(01702) = ( - 2) 1/2
{C(01,6,)C(02,05)}
Then, with
C(i’j) (0) _ 8i+J'C(01, 02) ’

80% 80% 01=02=0

we have that

p(0,0+¢)=1-— )\(9)%2 +0(e?%) ,

as € — 0 for each 6, where

Aoy = S0 (ca,m(@))Q

C(0,0) C(0,0)
82 lOg 0(01, 92)
96,00, |y o
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C Approximating tail probabilities and quan-
tiles

We collect together various results on asymptotic approximations of tail prob-
abilities and quantiles for exponential families. We present three subsections:

1. a subsection on the general integration-by-parts method of approxi-
mating tail probabilities, pertaining to the Normal and Gamma distri-
butions

2. a collection of elementary and established equalities and inequalities for
tail probabilities for the Gamma, Beta, Binomial, Poisson and Negative
Binomial distributions;

3. a subsection on asymptotic approximation of quantiles for all the ex-
amples considered in the first two subsections.

Although most of the material is well-known (the integration-by-parts sub-
section contains a few novel remarks), we collect it here in an appendix as a
convenient reference. In particular although the convergent iterative scheme
used in the quantile subsection is not new, there is apparently no easily
accessible reference for the approximations obtained there.

C.1 The integration-by-parts method of approximat-
ing tail probabilities

Suppose F' is a continuous cdf on the real line with density f, and write
L =log f. Formally integrating by parts once gives

[ [ g (g0« [ Fipros

In many cases of interest

b L//(y) ' b L”(y)
—00 </a e fly)dy <0, thatis 0< /a “Ty)? fly)dy < oo . (98)
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Integrating by parts once more gives

/beL(m 4y = [f(y)r [ L"(y } "3L"(y)* — L'(y)L® (y) ) dy

L'(y) L' (y)? L’(y)4
f(y) L” — L'(y) L (y)
o (14 )] o an
In many cases of interest
"3L"(y)* — L'(y) LD (y)
0< / o Fy)dy < oo (99)

When both (98) and (99) hold, we have

[%) <1 * f(i%))] : / s [%)]Z |

We now consider some examples where we verify (98) and (99). We begin
with the well known results for Normal tail probabilities to illustrate our
methods.

Normal Bounds for tail probabilities for the Normal distribution are well
known, but for the sake of illustration we verify them using our general
method.

f(z) = ¢(x) = (2m)"Y2e~#*/2, Then L'(z) = —x, L"(z) = —1, L®) () =

0. Also we have
L'y) 1 3L"(y)?—-L'(yL®y) 3

S D(yp 2 L'(y)* ot
For any = > 0,
<[ - _ [ 1 o1 _
0 —/x R /x AWy < 5 | dly)dy< 55 <oo
and
) 3L”(y)2 —L® (y)L’(y) % 3 3
= _ < .
o< [ R gy = [T Doty < <o

So (98) and (99) hold in this case, giving,
1

) (1 1) <oy <21
x T

Since ¢ is symmetric about 0 the corresponding result holds for the lower
tail.
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Gamma Consider the general gamma density which we write as
gly) =y e A T(a) , fory >0.
We apply our general method to the upper tail. We get

L'(y) = (a=1)y ' =X,
L'(y) = —(a—1)y~?,
LOy) = 2(a—1)y>

Write
B _L”(y) B a—1 .
Li(y) W a1 - P d
" 2 _ 71/ (3)
Ly) = L () L’(Z )(E)L ()
312 (a-Dlla—1)- Ny
(v = 1) = Ay}
2@ =1P2+(a—1)\y
R CERVERVE

Now these two functions are, for a > 1, postive everywhere except for vertical
asymptotes at y = (o — 1)/A. Also,

, 2(a—1)A
S (R Vi

,  3(a—=1DAB(a—1) + Ay
BW) = TR T TP

So for aw > 1, both [; and I, are increasing on (0, (aw — 1)/\) and decreasing
on ((a—1)/\),00). For o < 1, the opposite is true for (for sufficiently large
y in the case of I5). However so long as a > 1 we can verify (98) and (99)
for upper (and lower) tail probabilities.

For any y > (o — 1)/,

0 < / T Lwg@)de < L) /Oogmdas
a—1

[(a—1) = My]?

< o0
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and

0< [ ng@ds < ) [ ge)ds
20— 1)+ (e = 1)y

S e
So for any a > 1, we have
yo‘e_Ay)\O‘ B a—1 B yo‘e_)‘y)\o‘
e e e ] ERRE IR v e (L0

We can in fact improve these bounds in the sense that we can find similar
bounds that are valid for all a > 0. The trick is to perform a monotone
transformation to get a new distribution, apply the general method to obtain
upper and lower bounds, then transform back. The bounds should be close
to the original ones, but they may be valid for all a > 0.

Suppose that Y has cdf G, and let X =log AY. Then X has cdf F(z) =
G(e”/\), and density

f(x) = exe¢"—loel@) | for o0 < z < 0.

Then L'(z) = a — e®, L"(z) = —e® = LB (x). Also

B L”(:L’) B v
MO TR T e—ap
e = S

so is increasing for z < log @ and decreasing for x > log a. Also

3L"(x2)? — LO(2) L' (z)  3e* +e®(a—e®) 2% 4 ae®

(@) = D(z) R CET
, —(4€3® + Tae* + a?e®
Jy(z) = ( (" — )b ) )

so is also increasing for x < log o and decreasing for x > log a. Both functions
have vertical asymptotes at z = log a.
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For the upper tail, for i = 1,2, since J; is decreasing on (log «v, ),

0 < /wuy)f(y)dy

< Jx) / T Fy) dy < Ji(x) < o0

for any a > 0 and any = > log a. So (98) and (99) hold and we have

az—e*—log'(a)

eor—e’—log I'(«) [ et e

| s1-r <

er — o eﬂﬁ_a) er — o

Now, since G(y) = F(log \y), we can transform back to get, for any y > o/,

ye W\ B Ay B ye W\
o)y — @) [1 Dy~ af] S1=CW < mny—a)

It is of interest to compare (101) with (100). It seems we have got something
for nothing here; the bounds in (101) are valid for all @ > 0, whereas those
in (100) are only valid for & > 1. However, we have paid a price for this,
since the relative error factor [in square brackets] is of the form 1+ O (y~!)
as y — oo in (101), whereas it is of the form 1+ O (y—2) in (100).

Since J; is increasing on (—oo, log ) for ¢ = 1,2, we can perform identical
calculations to verify (98) and (99) in the lower tail case. We thus get for
any a > 0 and x < log o,

(101)

eozx—e””—log I'(a) |: er eozx—e””—log I'(«)

o —e* o —e*
and thus using G(y) = F(log \y), for any o > 0 and y < /A,

a —)\y)\a A a —)\y)\oz
L{ _7@14 <Gy < L
[(a)(a = Ay) (a = Xy) [(a)(a = Ay)

which affords a slight refinement of the elementary bounds obtained below
in (103).

(102)

C.2 Other equalities and inequalities

Gamma We can use a simple method for bounding the lower tail of the
Gamma distribution as follows:

efAyya)\a N /y ‘,L,afl)\m Yy xaflef)\mAa Yy xafl)\a ya)\a
R 7dy§/7dy§/ dy = 2-2(103)
al'(a) o T'(a) o Do) o Dla) al'(a)
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Negative Binomial, Binomial and Beta Tail probabilties for the Beta
distribution are related to those of the Binomial and Negative Binomial dis-
tributions. Suppose that X represents the number of failures occuring before
the m-th success in a series of independent Bernoulli trials with success prob-
ability 1 —¢. We then say that X has a Negative Binomial distribution with
parameters m and ¢, or just X ~ Neg(m,q); we call m the required number
of successes and ¢ the failure probability.

If X > x, then the m-th success falls on or after the (z 4+ m)-th trial.
So in the first (z + m — 1) trials, no more than (m — 1) successes occur.
So if we define Y as the number of successes in the first (x +m — 1) trials,
{X >z} < {Y <m—1}. So then

P{X>z}=P{Y <m-—1} .
where Y ~ Bin(z +m — 1,1 — q).
Now let Z ~ Beta(xz, m); that is, Z has pdf
f(z) =2"""1~2)"""/B(z,m)
where

[(a)0(B)

B(a, ) = /0 R e T

is the Beta function and
[a) = / e dy
0

is the Gamma function. Note that for positive integer o, I'(a) = (o — 1)L
So B(z,m) = [(x — 1)l(m — D)!]/(x + m — 1)L

By changing variable via z = ¢(1 — v) it can be shown (see Kendall et al.
(1987), section 5.7) that

q z+m—1 e 2!
| e - > -y
= PY<m-1),

thus connecting the Negative Binomial, Binomial and Beta distribution func-
tions:

P{Neg(m,q) >z} = P{Bin(r —m+ 1,1 —q) <m — 1} = P{Beta(x,m) < q} .
(104)
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Thus by approximating tail probabilities and quantiles for the Beta distribu-
tion we also do the same for the Negative Binomial and Binomial. We are
interested in approximating the upper tail of the Negative Binomial distri-
bution and also both tails of the Binomial (m,,, p), with m,, — oc.

Upper and Lower bounds for Beta tail probabilities are obtained from the
simple relation

al] — B—1 e T T &
Sk =(1- x)ﬁl/ 2 dz < / 21— 2t dz < / oy =
« 0 0 0 «

(105)
for > 1 and
« T « _ /-1
T S/ Za—l(l_z)ﬁ—ldzgw
a 0 a
for g < 1.
So (104) gives that
(1 —q)™ (z+m-—1) ¢“(x+m—1)!
< P{N > <
zl(m —1)! < P{Neg(m.q) 2 v} < zl(m —1)!
Now,
(x+m—-1! = (x4+m—-1)(x+m—2)!
= (x4+m-=1)(z+m—2)(x+m—3)!
(x+m—-1)(z+m—2)---(x+1)a!.
So
—1)!
(LUUL') = (z+m—-1)(z+m—2)---(z+1)

= (0 = 1)1 b= 2/ (L 1)
= 2" 1+ o0(1)]

as x — 00. So log P {Neg(m, q) > x} differs from
xlogq+ (m —1)logz — log(m — 1)!

by a constant C' satisfying (m — 1) log(1 — ¢) < C' < 0 plus a term that goes
to zero as ¥ — oo. In particular,

P {Neg(m,q) >z} = O (¢"z™") .
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Poisson We can use the previous section to establish approximations for
the upper tail of the Poisson distribution. Suppose X ~ Pois(A) and Y ~
Gamma(z, 1), for some integer x. Since I'(z) = (z—1)! for integer x, repeated
integration by parts gives

1

A
P(Y S A) = m/ov y$_16_y dx

()
- uilﬂ{fi?TZ‘[T%QQ’%}

7)\)\1' 1 A
_ ¢ + = yre Y dy
0

z! z!
7)\)\1 1 A zr+1
_ ¢ + — e Yd Y
x! x! Jo x+1
e M\

7)\)\m+1 1 A "
7] x+1)!+(x+1)!/0 yre oy

+ e
(

67)\)\1 efA)\erl efA)\erQ
T

106
PR YO TR v T (106)

= PX>uz).

So we can use our lower tail inequalities for the Gamma distribution to obtain
bounds on the upper tail of the Poisson distribution. Using (102) we have

Ae™A A Ae™A
1—-— | <P(X > < .
T | ) P29 S ey,
In particular, as x — oo,
2\ -2
P(X > )~ ; , (107)

confirming the well known result that the first term in (106) dominates the
sum as & — 00.

C.3 Quantiles

In the course of our analysis we need to be able to approximate quantiles for
various distributions corresponding to tails of n='/?logn and n~!. We now
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provide these approximations all in one place for each of the examples we
consider.

Having established methods of approximating tail probabilities, we have
a complementary and quite general procedure for approximating quantiles as
the corresponding tail probability gets small at a certain rate. The method
is described as a convergent iterative scheme, and is outlined in Barndorff-
Nielsen & Cox (1989), Section 3.5, Example 3.13. The method is generally
applicable wherever the corresponding tail probability is approximated by a
function including an exponential term that dominates as the tail probability
gets small.

Normal If X ~ A(0,1), the well-known approximation for the upper tail
is

6712/2
P(Xz2) = S—I1+o(1)

as x — 00. Suppose z,, satisfies P(X > x,) = n~"/?logn. Then as n — 0o,

671%/2 1/2
= n “logn|l +o(1
Nz gn[l +o(1)]
2
—?" — %logQw—logwn = —%logn+log2n+o(1)
2 = logn — 2log,n — log2m — 2logx, +o(1) .

after taking logs and writing log, n = loglogn.
The plan is to define a sequence x(y, x(2), ... where x4y is defined in
terms of z(; via

x?kﬂ) = logn —2logyn — log2m — 2logx ) .

If all goes well, we choose a sensible x(;y, and iterate until a:?kﬂ) = :L‘%k) +o(1).

Such a :E%Hl) will agree with z2 up to o(1) as n — oo.
A sensible starting point would be z) = (log n)'/?

z(1) = 1 to illustrate our method. Then we get

, but we start with

:L’%Q) = logn —2log,n —log2m —0
= logn[l+o(1)] .
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Taking logs gives
2logxz) = logyn+o(l), so then

wly = logn —2logyn —log2m — 2log ()

logn — 3logyn — log 2w + o(1) .
= logn[l+o(1)].

Taking logs again gives

2logwziy = logyn+o(l), so
55%4) = logn —2logyn —log 2w — 2log (3,

logn — 3logyn — log 2w + o(1)
= xé) +o(1) .
Thus z,, satisfies
22 =logn — 3logyn — log 27 + o(1) .

Now write a, = F;'(1/n) and b, = Fy; *(1 — 1/n). The upper tail ap-
proximation of 1 — Fy(x) gives that, as n — oo,

e—bi/2
1= Rob) = 1/n = Sl +o(1)].
2
so —logn = —%" — logb,, — %log27r +0o(1)

b2 = 2logn —2logh, —log2m + o(1) .
Defining b%l) = 2logn and iterating via
b?kﬂ) = 2logn — 2log by — log 2w

we construct a convergent sequence iteratively; after a few iterations we find
that

lim b?k) = 2logn — logyn — log4m + o(1) .

k=00
In summary, if Fy = N(0, 1),
EyY(1—=n""Y2logn) = (logn —3log,n —log2m)"* +o(1), (108)
Ey'(n™logn) = —F;'(1—n""Y?logn)
Fy'(1—1/n) = (2logn —logyn —log4m)* +0(1)  (109)
FyY(1/n) = —Fy7'(1—1/n) . (110)
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Gamma shape When considering mixtures of the Gamma shape param-
eter we consider the generating distribution F{, with density

fo(z) = exp{aoz — " —logT'(ag)} .
From the previous subsections we have that as x — oo,

6(cuofl)mfe

So writing z, = F, '(1 — 6,), where 6, = n~'/?logn, taking logs and
rearranging gives

T 1

e’ = 5logn —logyn + (ag — 1)z, —logI'(a) + o(1)

We use this to construct a convergent sequence (1), T(2)y - - - constructed it-
eratively via

"+ = Llogn — logy n 4 (g — 1)z — log N(ay) -
Start with z(;) = 1. Then
e"® = Llogn —logyn+ (g — 1) —logI'(ey)
= llogn[l+o(1)] .
So z(s) = log 2 + log, n + o(1) and
e*® = %logn —logyn + (ap — 1) [log% + log, n] —log I'(avg) + o(1)

= 1logn + (ap — 2)logyn + (ap — 1) log 3 — log () + o(1)
= 1logn[l+o(1)].

So x(3) = log 5 + logyn + 0(1) = z(2) + o(1), so we need iterate no further.
So we conclude that z,, satisfies

Tn

e = $logn+ (ag —2)logyn + (ag — 1) log § — log T'(ag) + o(1[111)

Things are easier for the lower tail. From earlier sections we have that
Since

Fo(.’,lj‘) ~ 60{03376;011(0[0 + 1) y

as ¥ — —oo (see appendix C), defining y,, = F; *(,) we have that

1
Yo = — [~4logn +loglog n + log I'(ao)] +o(1) . (112)
0
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Poisson We can also use (107) and the convergent iterative procedure
outlined in appendix C.3 to approximate x, = F; (1 — §,), where again
6, = n~Y?logn. We have

67}\0)\§n

!

~ 0y,
SO

1 1 1
—Xo + z(log g+ 1 —logx) — 510g27r— iloga: = logyn — élogn—i-o(l) .

We can use this to define the iterative scheme via

%logn—loggn— %log:v(k) — %logQw— Ao

Tl = log zp) —logAg — 1

Starting with z(;) = %log n, and iterating three times gives that

. %logn—%10g2n+%10g3n+%10g4ﬂ—>\0+0(1)
n logy n —loggn — log 2

_ 0 < logn) .
log, n

Now suppose that Y ~ Pois(A). Using (107), we have, as y — oo,

PY >y) = eyﬁy 1+ 0(1)] .
Define y,, = inf {y | P(Y > y) > 1/n}. Then
P(Y 2 ) = 1L+ o(1)] = 1+ o(1)

Using log z! = zflogz — 1] + L logz + £ log 27 + o(1),

—logn+o(l) = —A+y,logA— {y,llogy, — 1] + L logy, + 3 log 27}
logn — %logyn — %log%r — A

pu— 1 .
Yn logy,, — log\ — 1 +o(l)

We can use this last relation to construct a convergent interative scheme to
approximate y,. Use a sensible starting value y), define y11) in terms of

Yx) via

logn — %logy(k) — %log%r —A

Y1) log y) — log A — 1
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and continue until y(41y) = y) +o0(1). Such Y1) agrees with y,, up to o(1).
As in the previous example, we use a constant (if unusual), starting value
of yay = Ae? to see how the method performs. Then log yq) = 2+ log A and

logn — %logy(l) — %log27r — A

Yo = logyn) —logh —1
_ logn—1—3logA—jlog2m — A
- 2+ log A —log A —1
logn[1 + o(1
_ M (hence the strange y(1))
logy@ = loggn+o(1) .

We now iterate until the increment is o(1) (note that logs n = logloglogn):

logn — %logy@) — %logQw - A

Yo = log y(2) — logA — 1

_ logn — %loan— %logQW— A +o(1)
logon —log A — 1
logn[l + o(1)]
logy n[l + o(1)]
logy@s = logyn —loggn + o(1)
logn — %logy@) — %logQw - A

Yo = log y(3) —logA —1
_ logn — 3log,n + 3loggn — 1log2m — A o)
logyn —logzn —log A — 1
logn[l + o(1)]
logyn[1 4 o(1)]
logyuy = logyn —loggn +o(l) .

Since this is the same as logys) up to o(1), no more iterations are necessary,
and we find that as n — oo,

logn—%1og2n+%log3n—%log27r—)\

= 1) .
Y logyn —logsn —log A — 1 +ol)

So in summary, if £y = Pois(\),

logn—%log2n+%log3n—%log27r—/\

FyY(1—1/n) = +0(1) (113)

logon —logsn —log A — 1
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Negative Binomial Defining =, = F;, (1 — §,), where 6, = n~/%logn
gives us that
1logn —logyn — (m —1)logz, — C

T, = +o(1) .
—log qo )

We use this to construct a convergent iterative scheme. Starting with x(;) =
(2logn —log, n) /(—log o), after two interations we find that

_ tlogn —mlogyn — C + (m — 1)[log 5 + log(— log qo)]
—logqo

+o(1)

n

as n — oo. In particular x,, = O (logn). So then

G(zn)[1 — Fy(z,)]Y% = O(logn)~Y2 .
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