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1. INTRODUCTION

The outcome of a bargaining process has in traditional economics
frequently been claimed to be indeterminate. Nash (1950) proposed a
unique axiomatic solution, but it was not until Rubinstein (1982) that a
satisfactory solution based on individually rational behaviour emerged.
By imposing a particular structure on the bargaining game, Rubinstein
showed that a unique perfect equilibrium solution exists. The basic
idea behind Rubinstein’s approach is that bargaining takes time and time
is valuable, either because the players discount the future or because
there is a cost incurred in each bargaining round. Hence the players in
the bargaining game will rationally be impatient and it turns out that,
at least in the special cases Rubinstein considered, this impatience is

enough to induce a unique, perfect equilibrium (PE) outcome.

The structure assumed by Rubinstein is as follows. Two players bargain
for shares in a cake of size 1. If they cannot agree, they get nothing.
Each player in turn makes an offer to (demands a share of the cake from)
the other. If an offer is refused, the bargaining round ends and in the
next (discrete) time period the player who refused the offer must walke
an offer to his opponent. If an offer is accepted, the game ends with

the cake being divided on the agreed basis.

The cases considered by Rubinstein were:

(a) the discounting case, where each player discounts the future at a
constant rate and where the players’ utility functions are linear
in the cake to be divided between them; and

(b) the fixed cost case, where after each bargaining round each player

must pay a fixed cost.



In both these cases, Rubinstein presented solutions only for the two-
person game. In this paper we generalise his results in a number ﬁf
directions. First, we extend his result by allowing the players’
utility functions to be non-linear, so that the utility frontier is also
non-linear. A similar result is contained in Hoel (1986), though the
proof is different. Secondly, we show how our method of proof provides

a solution of one natural extension of the setting to an N-person game
(N 2 2). Finally, we discuss the implication of allowing

coalition formation in the general case. Throughout the paper we make
use of simple economic principles and simple mathematics. Our method,
which considers outcomes rather than strategies, is related to, though
not identical with, that of Shaked and Sutton (1984), who give a simple

proof of case (a) when the number of players is two.

The plan of the paper is as follows. In section 2 we introduce our
method of proof by providing simple proofs of Rubinstein’s results in
his original cases (a) and (b). In section 3, we consider non-linear
utility functions in the two-person discounting case. We show in
particula; that if the utility frontier is concave, then there is a
unique perfect equilibrium outcome. In section 4, we show that in an N-

person (N 2 2) game with discounting, there are again perfect

equilibrium solutions which parallel those for the N = 2 case. In
particular, in the discounting case the PE outcome is, under certain
conditions, unique and each player’'s share approaches 1/N as the
players’ discount factors approach onme. These solutions for the N-
person game assume no coalitions. So in section 5 we consider whether
the possibility of coalitions formation affects our results. Somewhat
surprisingly, we find that, at least in the case where all players have

identical discount factors, coalitions are unprofitable. This result



may be viewed as strengthening the case for considering the unique PE

outcome of the N-person version of Rubinstein’'s game to be a

satisfactory solution.

2. A NEW METHOD OF DERIVING THE SOLUTION OF RUBIRSTEIN’S
BARGAINING GAME

In the present section we shall introduce a simple method of proving

existence of a (unique) pefect equilibrium in the eriginal bargaining

game considered by Rubinstein {1982). This proof will form the basis

for the various extensions to be discussed in the following sections.

For an exact definition of a perfect equilibrium the reader is referred
to Rubinstein (1982). Loosely stated a set of strategies for the 2
players form a perfect equilibrium if in every subgame of the original

game the corresponding strategies form a Nash equilibrium.

We shall in the following only deal with the question of existence of

stationary perfect equilibria, {i.e. perfect equilibria, where the

supporting strategies are history independent.

An outcome achieved in a PE of the game will be referred to as a perfect
equilibrium partition (PEP) of the cake. As Selten (1975) has shown, at
least one PE exists. Let ¥yg be the outcome achieveable by player { (i =
1, 2) in some (stationary) PE. Obviously, © s yi 3 1. By the basic
structure of the game, Yy is invariant over time - for example, what
player 1, who moves first, can achieve in 2 PE if the game ends in the
first time period ( when t = 0, where t is time) must be the same as

what he could achieve were the game to continue until it {s his turn to

make an offer again (when t = 2).



2.1 The discounting case when N = 2
Following Rubinstein we now assume that the utility functions of the
players are linear in cake and the players apply a constant discount

factor 51 (0 s 61 <1, 1 =1, 2) to future cake.

The following is a table of the outcomes that each player could achieve
in some PE if the game were to end in time period t:

TABLE 1

Time (t) Player making Outcome attainable in some PE by player:

first demand 1 2
0 1 yl 82y2
1 2 61yl y2
2 1 yl 62y2

The explanation of the entries in the table is as follows. Consider
first player 1. At t = 2, by definition ¥y is the outcome achieveable
by player 1 in some PE. In the previous time period, player 1 would
therefore accept any offer from player 2 which is greater than or equal
to the present value of what 1 could obtain by waiting one time period,
namely Glyl. On the other hand in a PE player 1 would not be offered
more than this amount by player 2, were the game to continue until t =
1. Therefore Slyl is player 1's outcome at t = 1. An identical
argument establishes that 62y2 1s player 2's outcome at t = 0. The

other entries in the table can be filled in by symmetry.



Suppose now that player 2 accepted 1's offer at t = 0 and thac‘2
actually received his achieveable outcome 82y2. Then 1 would receive 1
- 62y2, so we have

yy=1- 6,5, (1)
Suppose that the game did not end at t = 0 but continued until t = 1,
Then by identical reaéoning

Yo =1 - &y, | (2)
These two equations have the unique solution

yp = (1 - 6)/(1 - 6,85,)
and C Yy = (1 - 81)/(1 - 8182) (3)
Therefore, there is a unique perfect equilibrium, that is, a unique
division of the cake, which can be supported as a P.E. Furthermore the
-game will end at t=0 with player 1 receiving Yy = (1 - 62)/(1 - 8162)
’ and player 2 receiving £2y2 - 62(1 - 61)/(1 - 6152). These formulae are

of course the ones given in Rubinstein (1982).

We stress that our very simple proof only applies to stationary PE.
Rubinstein’s original proof (and the simplified version by Shaked and
Sutton (1984)) does not assume stationarity. There it is part of the

result on the existence of a unique PE.

2.2 The fixed costs case when N = 2

As before, let ¥y be the outcome attainable in some PE by player 1 if it
is his turn to move. Let ey > 0 be the additional cost incurred by
player i if the bargaining continues an extra time period. Therefore,
if agreement is reached in period t, then player i will have incurred
total bargaining costs of ¢t ey (¢=0,1, ...). However, if the game

does continue into time period t+l, then the costs incurred up to this



point by player {1 (tci) are bygones and so have no effect on his actions

at t+l. Players need only take into account future bargaining costs.

The players’ utility functions are no longer necessarily linear in cake
but the bargaining costs are assumed to be paid in effect in cake.

Players do not discount the future.

With these assumptions a table analogous to table 1 can be drawn up.

TABLE 2

Time (t) Player making Outcome attainable in some PE by player:

first demand 1 2
0 1 yl max (0, yz-cz)
1 2 max (O, }'1‘01) yz
2 1 yl max {0, yz-cz)

Consider player 1 and suppose first that S Zo. At t = 2, by

definition his achieveable outcome in some PE is yl. At t = 1, he would
accept any offer from player 2 greater than or equal to ¥y - e which
is the share of the cake he could obtain by waiting one extra period (by
waiting, he would obtain ¥y, at a cost of s for a net gain of ¥y -
cl). On the other hand, since he would accept Y1 © e in a PE player 2
would not offer him more than this. Hence Y1 -9 is 1's maximum
potential payout at t = 1. Suppose now that Yy ¢ < 0. Since 2
cannot make 1 accept a negative amount of cake, 1 would accept an offer

from 2 greater than or equal to zero. The (clearly inferior)



alternative would be for 1 to wait an extra period and gain ¥y &t a cost
of €y & net gain of only yp - ¢ < 0. Since player 2 will not offer 1
more than zero in a PE, zero is 1's outcome, if yl - cl < 0. Therefore

in general 1’s maximum potential payout is max (0, ¥y - cl).

A parallel argument shows that max (0, Yy - c2) is 2's maximum potential

payout at t = 0. The other entries in the table follow from symmetry

considerations.

Suppose now that player 2 accepted 1's offer at t = 0 and that 2
actually received his maximum potential payout, max (0, y2 - cz). Then
1 would receive 1 - max (0, Yy - cz), s0

¥y = 1 - max(0, Yy - cz) (4)
Suppose instead that the game continued into the next time period
(t = 1). Then a parallel argument shows that

y2 = 1 - max{0, y1 - cl) (5)
By substitution, these two equations can be re-written as follows:

¥y = 1 - max(0, 1 - max(O, ¥y - cl) - c2)

Yo = 1 - max(0, 1 - max(0, Yo - c2) - cl) (6)
These equations can be solved by an exhaustive consideration of all

possible cases. For example, for the first equation the cases to

consider are:

Case A: Yy - ¢ = 0 Case B: -9 <0
(1 c1 > c2 (1) ¢ > cz
(ii) c1 =c, (i1} ¢y = <,
(ii)) 2 < <, (ii1) ¢ < <,



The solutions for y, are:

(D c, > ¢

(3) ¢p<ey iy =1 (7)

Interpreting these solutions we obtain that if either €, > ¢, or

>
€ <cypore - €, = ¢ = 1, then there is a unique PEP,

if €y =c, =c< 1, then any solution for player 1 in the closed
interval [c, 1] is a PEP. These results differ slightly from those

given by Rubinstein, who implicitly assumes that ¢, < 1, i=1, 2,

We might add that there seems to be a hidden (rather strange) assumption
concerning the structure of costs in this type of bargaining situation,
a point not mentioned in Rubinstein’s original paper. 1In connection
with each bargaining round the players incur costs s in general these
costs cannot be paid out of the cake, hence the players must have other
resources. However, as the game in principle might involve an infinity
of bargaining rounds, it is an implicit assumption that both players

have infinitely large resources.



3. MORE GENERAL UTILITY FUNCTIONS

In the section above we discussed the bargaining problem in the original
setting, given by Rubinstein. There utility functions were assumed to
be linear in ‘cake’ in the discounting case, whereas in the fixed costs
case, utility could be any monotonically increasing function of ‘cake’,
but only of ‘cake’ i.e. a single argument utility function. In this
section, we consider more general utility functions. Our results in
this section are partly contained in Hoel (1986), though our method of
proof is different. Also, while Hoel only considers situations which

guarantee existence of a unique PE, we also illustrate the situation

when multiple equilibria may be present.

3.1 The discounting case

Two players are assumed to bargain with each other in exactly the same
way as in section 2. But now there is not necessarily only one source
of utility (cake), nor need the utility function be linear in its
arguments, whatever these are. The bargaining situation facing the two
players can be summed up in the utility frontier, f:

u, = f(ul), f' <0 (8)
where uy is player i's utility level, assumed to be time invariant,
There is some maximum level of utility which each player could in
principle attain, if his opponent gained nothing from the bargaining
outcome. By choice of utility units, each player’s maximum utility
level is 1 and his minimum level is 0, that is, both u, and uz lie in
the closed interval [0, 1]. Hence we have

£(1) = 0, £(0) = 1, £71¢0) = 1 and £ 1(1) = 0 (9)
If the players fail to agree at some time t, then both receive zero

utility at that time. The utility today of receiving utilicy &i in
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the next time period is 5131' where 81 is player i's discount factor

035, <1).

i

Let Yy be the level of utility, achievable by player 1 in some PE when
it is his turn to make an offer to the other. Applying the method of
section 2, we start by drawing up a corresponding table. It will be
identical to table 1, except that we must interpret ¥, as a quantity of

utility, not cake.

Take player 1. At t = 2, by definition the achievable level of his
utility is ¥y - In the previous time period, if the game reaches this
point, he would accept an offer of Slyl or greater, since élyl is the
present value of the level of utility achievable by waiting one period.
Since he would accept Slyl, player 2 would not offer him more than this
in a PE, so 61y1 1s his outcome. Similarly, 62y2 is player 2's

achieveable level at ¢t = 0,

Now if at time t = 0, player 2 were to receive his achievable level of
utiliey, 62y2, then player 1 would get f-l(ézyz). Hence

¥y = £,y (10)
If the game lasted until t = 1, then the same argument shows that

y, = £(6,y)) (11)
By substituting (11) into (10) and vice versa, we obtain

vy = £716,£5,y,0)
and

¥, = £06,87 1 (6,y,) (12)
So ¥, is a fixed point of the function g(.), where

<

g(z) = f'l(szqulz)), 0525 (13)
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and is a fixed point of the function h(.), where
Y2

h(z) = f(alf’l(szz>), 05;% (14)

We may remark that the functions g(.) and h(.) both have at least one
fixed point, since they are continuous maps of a closed interval into
itself. 1If, however, each function possesses only one fixed point, then

the game has a unique PEP. This is the content of:

Proposition 1 In the generalised, two-person Rubinstein bargaining

game, where the players’ utility frontier is given by
u2 - f(ul), f' < 0, there is a unique PEP if either (a) 52 = 0 or

(b) f¢ s 0 (the utility frontier is concave}. In both these cases the
y

game ends at t = 0, with player 1 obtaining Zqs where zy is the (unique)
solution to

z, = 8(zy),
and with player 2 obtaining f(zl). If (a) holds and 62 =0,

then z1 = 1 and player 2 obtains f(l) = 0.

Proof Consider the function g(z) = f-l(Szf(Slz)):
g'(2) = §,6,£'(5,2) /£ (g(2)) (15)

20, since £'(.) < 0

(a) First we note that if 62 = 0, then g(z) = f'l(O) = 1, all z, and

g'(z) = 0. So the only fixed point is zy = 1 (see Figure 1(a) below).

(b) Now suppose 62 is different from zero and consider g(z) at its
endpoints, g(0) and g(1):
£(0) = f'l(szf(O)) - f’l(sz) >0

and g(l) = f‘1(52f<51)) <1.
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So the graph of g(z) would start above the 45° line and finish below it
as shown in Figure 1(b). Now consider the slope of g{z) at a fixed
peoint (when g(z) = z).

From (15),

g'(2) = 6162f'(61z)/f'(z). (16)

If £ S 0, then - £'(6,2) < - £'(z), and so

g'(z) < 1.
Now consider Figure 1(b) again. Since g'(z) <1 at a fixed point, it
follows that when g(z) intersects the 45° line it must do so from above.
But we have already shown that g{z) starts above the 45° line and
finishes below it. Therefore g(z) intersects the 45° line only once,

i.e. there is a unique fixed point.

Thus g(z) has a unique fixed point if either 62 = 0 or f" s 0. So

there is a unique PEP, which completes the proof of Proposition 1.[]

Remark 1 This result was originally established by Binmore (See
Binmore and Dasgupta (1987, Chapter IV)). A proof similar to ours has

independently been presented in van Damme (1987).

Remark 2 If no sign restrictions are put on £", then more than one
fixed point may exist. However it is still the case that g(0) > 0,

g(l) <1 and g’ > 0. So generically the g-curve must intersect the 45°
line an odd number of times, an example of three intersections being
depicted in figure 1(c). However, even if f is convex (£* > 0),
consideration of (16) shows that assuming a sufficiently small curvature
of £ (i.e. allowing f to be only "slightly convex") would still imply
that g’'(z) < 1 for all z¢[0,1], and hence there would still be only one

fixed point.
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Figure 1
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(a) 6, = 0 (b) 0<6,,£°5 0 (¢) £ not concave
Remark 3 Rubinstein proved that there is a unique PEP in the special

case of a linear utility frontier (f" = Q). Proposition 1 thus

geheralises his result.

Remark 4 The solution to the generalised game of Proposition 1 has tﬁe
same qualitative properties as Rubinstein’s original game. In
particular, the more patient is a player and the less patient his
opponent, then the higher is the former’s share:
621/681 - {l/f'(g(zl))}Szf'(zl)z1 >0
= §,z, > 0

271 :
and 621/862 - {l/f'(g(zl))} f(6121)

oo f(6121)/f'(21) <0,

both derivatives being evaluated at the fixed point.

3.2 A Comparison with the Nash bargaining solution

In the discounting case analysed by Rubinstein, which corresponds to the
special case f" = 0 in our analysis, the solution approached the Nash

bargaining solution as the discount factor of both players approached 1.
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We shall now show that the generalisation given in section 3.1 possesses

the same property.

The Nash bargaining solution of the game of section 3.1 i{s the solution
to

subject to u, = f(ul) (see e.g. Binmore & Dasgupta (1987, Chapter 1V)).
If £(.) is concave, then a necessary and sufficient condition for the
Nash bargaining solution to obtain is

f'(ul) - -uz/u1 (17)

Proposition 2 If there is a unique PE solution to the generalised

Rubinstein game of section 3.1, then this solution approaches the Nash
bargaining solution as 61, 62 - 1.

Proof We first note that by definition, zy = fhl(ézf(slzl)), so applying
f to both sides,

f(z,) = 62f(6

1 171)
Now put 61 == 62 = &é. Using the definition of a derivative,
f’(zl) == lim[f(SZl) - f(zl)]/{éz1 - zl]
51
= lim[£(62,) - §£(621)1/1-2,(1-8)],
§-1
and using the remark about z1 from above,
- lim{-f(Szl)/zl]
§-1

= ~f(zl)/zl
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Next consider (17) again., At the PE solution, Uy = z1 and u, = f(zl),

so the Proposition is proved. [:]

Remark. This result originally appeared in Binmore (1980).

4. THE N-PERSON GAME, WITH DISCOUNTING

In the present section we shall investigate an extension of Rubinstein’s

bargaining game to the case where there are N(N 2 2) players to share a

cake of size 1. Extensions of Rubinstein's original game to situations
with more than 2 players have already appeared in the literature. Among
these suffice it here to mention two representative contributions by
Herrero (1985) and Haller (1986). They both apply the same ba#ic
structure of the extended game: in the first round piayer 1 suggests a
complete partitioning of the cake, and player 2, ..., N then vote on
this partitioning. If all players accept the suggested division the
game ends (and everybody receives a share of the cake in accordance with
the agreed division). If, however, one (or more) player(s) reject(s),
the partitioning is rejected and the game moves to the second round,
where player 2 suggests a division (the size of the cake is now reduced
to 6.1, as all players are assumed to have the same discount factor §,

0§6<1). The procedure now repeats itself as above ete. The only

substantial difference‘between Herrero's and Haller’'s description of the
game lies in the voting procedure. In Herrero players vote successively
(with perfect information) whereas Haller assumes that all players vote
simultaneously (i.e. not knowing how the other players vote). This
difference does seem to have implications for which of the suggested
divisions of cake can be realized as a PEP, as only Haller gets the

(negative) result that any partitioning is a PEP, independent of the
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size of the discount factor. Herrero's approach only leads to non-
uniqueness of PEP, if the discount factor § 2 1/(N-1). However, if

the equilibrium concept is changed to that of strong perfect
equilibrium, Herrero shows that Rubinstein’s uniqueness result still
applies to the case with N (N 2 2) players, where the players now are
allowed to split into two coalitions. This result should therefore

be compared to Proposition 3 of this section and Proposition 5 of
section 5, where we for our different version of the N-person bargaining
game show that there is a unique stationary PEP, and that any type of

coalition formation is without benefits to the players.

In the present paper we.consider a slightly different (though natural)
extension of Rubinstein’s original game. Our extension has the
advantage that the method of proof introduced in section 2 can be

applied straightforwardly to the N-player case (N z 2). The structure

of the generalized game is as follows.

At t = 0, player 1 demands a share of the cake for himself. Player 2
can either accept or reject this demand. If he accepts, player 2 then
demands a share of what is left of the cake for himself. Player 3 can
either accept or reject this, and so on. If any player rejects a
demand, this round of bargaining comes to an end. If no player has
rejected a demand, the game ends and the cake is shared out on the
agreed basis. If agreement has not been reached at t = 0, then at t = 1
a new round of bargaining commences in which player 2 is thé first to
make an offer to player 3. If it ran its full course, this round of
bargaining would finish with player N making an offer to player 1. If
the game continues sufficiently long, each player will get the chance to

make the first demand in a bargaining round - in time period i
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(1 2 0) the jch player is the first to make a demand, where J-1e=1i

mod N,

In this section we consider non-cooperative solutions, deferring to
section 5 the possibility of allowing coalition formation. As before
let ¥s be the outcome achieveable by player { (i = 1, 2, ..., N) in some
PE, if the game ends after a bargaining round in which it was i’'s turn
to make the first demand. Let 61 {0 s 61 < 1) be player i'; discount

factor. As above we get a table of achieveable outcomes of the

following form:

TABLE 3
Time (t) Player masking Achieveable outcome in some PE by player:
first demand 1 2 N

N-1

0 1 4! 8272 SN T
H-1 N-2

1 2 51 Yy Y, . SN N
N-2 N-1 N-3

2 2 61 1 5y 7y SN Ty
N-1 R 6.7 82y ¥
171 272 RN R

The argument is exactly the same as in the two-person case. Consider as
usual player 1. At t = N-1, he is one period away from being the first
to make a demand, when by definition his achieveable outcome will be yi-

So at t = N-1, his outcome is Slyl and in general his achieveable
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outcome at time t'is 81 times his outcome at time

t+1(1S¢e SN,

Now suppose that at t = 0 all players except player 1 receive their
achieveable outcome. Then player 1, who gets the remainder, must

recelive

N
-1 - 3-1
y =1 j§2 8j Y4 (18)

By applying the same argument to each player in turn at respectively

t =20, 1,..., N-1, we obtain in general
1-1 N |
y,=1- sy o5 gl i=1,2, ..., N (19)
=13 3 gagn 17

4.1 The special case of equal discount factors
Before seeking a general solution of these N equations, consider first
the special case where 6j = §, all j. Then the players are identical
except for the order in which tbey make their demands. Hence it must be
the case that all the y; are the same, so we can assume yi = v, all {.
(For example, if all players have the same discount factor, then if
player 2 gets the opportunity to make the first demand, his chances must
be exactly the same as those of player 1 when it was the latter's turn
to make the first demand.) Therefore in this special case all but one

of the equations (19) become redundant and we need to consider only (19)

for 1 = 1, which can Be rewritten as

y=1-Ky (20)

where K=(6+624+ ...+

-s1-6"hHa -850 (21)
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So we have the following result

Proposition 3 In the generalised, N-person, Rubinstein bargaining

game, if all players have the same discount factor (0 s § < 1), then

there is a unique (non-cooperative) PEP in which player 1 receives

y = (1- 8/ -8 (22)
and in general player i’s share is given by

stly, 1.1, 2, N (23)

The game ends at t = 0 with agreement on these shares.

Remark 1. This proposition appears in Herrero (1985) with a different
proof.

Remark 2. We stress again that we here only prove uniqueness of a
stationary PE. However, it may be worth noting that the examples, which
have been constructed to demonstrate non-uniqueness of PE in the N>2
case (see e.g. Sutton (1986)) all require rather peculiar strategies
like demanding a large share of the cake for a third party rather than
for oneself. Under our structure, this is not allowed, so maybe the
stationary PE is the only PE, if our kind of:festriction is put on the
allowable strategies.

Remark 3. Herrero (1985) shows that if §<1/(N-1) then the unique PE is

the stationary PE,

Corollary If the conditions of Proposition 3 are satisfied then
(1) a rise in § lowers the share of player 1:
(2) as § - 1, the share of each player approaches 1/N.

Proof of corollary Obvious, from consideration of (22) and from the

fact that (1 - §)/(1 - sN) - 1/(1 + 6 + 62 + ...+ JN'I). [:]
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4.2 The general case

We now revert to the general case where the discount factors 8j may
differ and the set of equations to solve is given by (19).

let y = [yl, Yor +ves yN]' and { = [1, 1, ..., 1]’ be Nxl column

vectors, let I be the NxN identity matrix and define the NxN matrix D by

2 N-1 |
0 52 63 SN
N-1 N-2
61 0 63 SN
N-2 N-1 N-3
8§ 5, 0 by (24)
D o
2 3 4
51 52 5y Sy
2 3
61 62 63 0
e —
The equations (19) can thus be written in matrix form as
Y=1-D0y (25)

and wve get immediately the fellowing result,

Proposition 4 1In the generalised, N-person, Rubinstein bargaining game,

where the discount factors Sj may differ, if the matrix (I + D) is non-
singular then there is a unique (non-cooperative) PE in which
-1
Yy=(I+D) i {26)

Denoting the typical element of (I + I))'1 by hij' the solution for

player 1 is
N
¥y, = Zh,,, i=1,2, ... N (27)
i =1 13 ,
Consequently, the actual shares which will be agreed at t = 0 are:
N
i-1
61 z h1j » i=1, ..., N : (28)

3=1
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