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Abstract

While quarterly consumption data are known to be well fitted by an integrated
first-order moving average process, IMA gi,;&}, with a positive coeflicient, it is found
that monthly consumption data are well fitied by the same type of process, but
with a negative coefficient. This sign reversal has three main implications. First, if
the random walk hypothesis of consumption behavior is true, then the agents’ deci-
sion interval must be greater than & month. In particular, this evidence rejects the
possibility of continuously taken decisions of Hall's type. Second, quarterly daia
can be indistinguishably generated by temporal aggregstion of either 2 random
walk or an IMA{1,1) process with negative coefficient. Third, if consumption deci-
sions are generated as an IMA{1,1) process &t intervals shorter than a month, then
the coefficient must be negative. The theoretical effects of temporal aggregation on
IMA(1,1) processes are also investigated, and some implications for empirical infer-
ence discussed.
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Some new evidence on the timing of consumption declsions antd

on thelr generating process (¥)

1. Introduction

W{}r&img‘ [1960] showed that & random walk process under emporal aggregation {TA) becomes a
first-order moving average process in the frst differences, IMA(L L), with a positive cosfficient whose
magnitude depends on the interval of apgregation, The fact that guarterly U.S. data on consumption of
non-durable goods and services are satisfactorily figted, &t least in a univariate framework, by an
IMA(1,1) model with positive coefficient has led some authors to conjecture that consamption decisions
may indeed be generated by the agenis as a random walk, in line with the ﬁr@ﬂ known Hall [1978]
model, but at a time interval smaller than a quarter; hence the observed quarterly data would be neces-
sarily affected by the TA effect. Christiano et al. {1987], by adopting 2 continuous-time approach, deter-
mined that quarierly consumption data are consistent with the temporal aggregation of Hall-type deci-
sions taken continupously. Ermini [1987], arguing that the "true” consumption decision interval is more
plausibly in the vicinity of 2 month because of certain relationships between the timing of consumption
decisions and income receipts, concluded that ail reporied tests on Hall theory of consumption behavior
conducted with guarterly data are likely to be biased towards rejection, and showed that the bias reduces
considerably if the null hypothesis is based on the IMA(1,1) representation and not on the random walk.
In both investigations the estimated coefficient of the IMA(1,1) model ﬁ;&é 1o quarterly consumption
data was consistent with the theoretical value predicted by Working.

This paper presents @m& new empirical evidence indicating that, if the random walk model of
consum;:ﬁima is true, then the true consumption decision interval must be strictly greater than a month,
Ag described in Section 2, ti.rz fact, it is found that when ftting an IMA(LY model to monthly data of
consumption of non dumables and sereices, the cosfficient of the first-order moving average is
significantly negative, Since a random walk process cannot turn under TA into an IMA(1,1) with a nega-

tive coefficient, one implication of this finding is the srong rejection of the continucus-time approach of

%3 1 thank Clive LW. Granger for helpful comments and Mark Kamstrs for assisiance in computstions,
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Christiano et al [1987]: ¥ the agents ruly make Hall-type decisions continuously, then monthly data
should Bt an IMA(L1) mode! with & positive coeflicient as well,

Another implication is the following, Based on the theoretical effects of TA on IMA(LD
processes presented in the Appendix, it is shown in Section 3 that a monthly IMA(1,1) with negative
coeflicient can twn under TA into a quarterly IMA(L1) with positive coefficient. Particularly, it is
shown that in some cases an IMA(LI) with negative coefficient can be sransformed into an IMA(LD
with a positive coefficient consisient with the value that would be obiained, through Working's deriva-
tion, from aggregating a random walk. This fact indicates that the same observed gquarterly series can be
indistinguishably generated from the temporal aggregation of either a random walk model of consump-
ton or an IMA(1,1) model of consumption. This result clearly weakens any erapirical infercnce about
the validity of Hall model in the case where the null hypothesis of a2 TIMA(L,1) model is not rejected, as
in Christiano et al [1987], against an aliormative model,

In Section 3 it is also shown that there exisis a specific interval of aggregation that can fwn an
IMA(L,1) with negative coefficient inio a random walk; particularly, for the observed monthly EMA{LB.
this interval of aggregaiim is two months., This result raises some important guestions for economic
theory. On the one hand, if Hall model is wue, the evidence presented here would indicate that consu-
mers make their decisions at intervals closs 1o two months. In this case the problem is to interpret the
observed monthly IMA(,1). Current life-cycle economic models do not provide insights on how agents
behave between consumption decision times. Some resulis in this direction can be found in Ermini
[1987b]. On the other hand, if agents truly make consumption decisions at intervals shorier than two
months, then the problem is to suitably modify Hall model 5o 1o explain the generation of an IMA(LD)
- with a negative coefficient. Life-cycle models of consumption behavior that generate IMA(L,1) processes
have been proposed, among others, in Brmint [19876] and Zin [1987]. However, the conditions under
which i};‘?@ coefficient of the moving average component is negative are not cloar. Moreover, it is worth
mentioning the result in Backus @€ al [1988} that a positive risk-premivm of ecuitdes over riskless assels

apparently implies 3 consumption funcdon following an IMA(1,1) process with sesitive coefficient.



2. The empirical resulls

Let C, be a flow variable gencrated at every Af,; (the decision interval} sccording fo a random
walk process, that is AC, = g, with g a zero-mean white noise process of variance o’ Let af, the
{non-overlapping) temporally aggregated version of C,, that is, for all integers £:

i}

Co= 3 Caeir o
j

with mAs, the interval of aggregation and m the sampling ratio. It is shown in Working [1960}" that
AC, is a first-order moving average MA(1), with variance R, (0}, first-lag autocovariance R, (1) and

first-lag autocorrelation p,, given by

2 <

R 0)= T o7 @
m (1)

Ra(n= "0 2, ®

Ro()  m%1
P = e )
ROy 200m%+D)

For m =oo {equivalent 1o C, being generated in continuous time and i C, being observed at any
discrete interval), p,, =0.25. Further, for all m>1 p, is swictly positive, which implies that the first-
order coefficient of the moving average AC; = ¢ + he,1 is also positive, since P, = BIRY).

Fig. 1 reports the autocorrelogram of the first differences of US guarterly consumption of services
and non-durable goods (per capita, seasonally adjusted, constant 1982 dollars, from 1947-1 1o 1985-1V?),
For consistency of notation, this series will be denoted as C,. The probability value of the first 18 lags

10 be white noise is 3.7%. By fining an IMA(1,1) to the data, we get (t-statistics in parenthesis):

AC, = 006 +e + 0211 ey, 3
0.02) (267

from which the estimated §, = 0.202. The 95% confidence interval for the Tue Py, is (0.042, &362)1 20

: Wgﬁ?ﬁn&*x paper concems svernges of stock veriebles (specifically, prices); that s, in our noiation, 5’; =
(1m) Y, Cpej. To account for this difference, the expressions (2) md (3 have been suitably modified from the
Fuld
somesponding ones of the original paper.

? Segros: Cihenk  dasbase 1986, The seres was olbtained (n Chibank notmion) s {GONBL +
GOSRmIGYDPCRYGYDEZ)



that from (4} all values of m greater than one (including m =} gee consistent with thbs data. Further,
the probability value of the first 18 autocorrelation lags of the residuals & o be white noise rises to
10.5%. Thus, (5) is a "good" model for quarterly consumption, at least in 2 univariate framework, In
{act, from the apparent significance in Fig. 1 of at least the third-lag autocorrelation, higher order mov-
ing average terms should also be included. Fitting an IMA(1,3) to the data, we get for the first, second
and third coefficient (t-statistics in parenthesis): 0.188 (2.14), 0.105 {1.323, 0.243 (3.08). (Fitdng an
IMA(L,6) confirms that the only significant coefficients are the first and the third}). The probability vale
of the first 18 autocorrelation lags of the residuals to be white noise rises 1o 36.3%. However, with a
log-liketihood ratic LR = 5.99 and a valve of the central ¥? distribution with 2 df. of 5.99 at 5%, the
null IMA{1,1) is not rejected against the aliernative IMA{1.3). The IMA(1,1) is also not rejecied against
more compiex univariate ARIMA models, even withont penglizing the Iatter ones for their number of
parameters. For example, against an ARIMA(3,1,3) the log-likelihood ratio LR= 11,32 and the value of

the cenwral 2 distibution with § d.f. is 11.07 at the 5% and 12.83 at the 2.5% levels of significance.

Fig. 2 reports the autocorrelogram of the frst differences of US monthly consumption of services
and non durable goods {per capita, seasonally adjusted, constant 1982 dollars, from 1959 1o 1985%. Not
only do we observe a sign reversal of the first-lag autocorrelation, but also a marked insignificance of
any other lag (some residuals of seasonality appear at lags 12 and 24). The mrobability valpe of the first

18 lags 1o be white noise is 0.5%. By fising an IMA{L,1) to the data, we get:

AC, = ~0.045 +e, ~ 0221 £,,. 6
{(-0.004) -4.0%

The corresponding estimated §,, = -0.211 and the 95% confidence interval for the wue e 38 (D321,
-0.101}. Fitting, in analogy 1o the quarterly case, the IMA{1.3) to the data, we ger -0.234 (-4.17), 0.059
(102}, 0.036 (0.65); further, the log-likelihood is practically zero. This confirms that monthly data in the

first differences exhibit a marked first-order moving average component with & negative coefficient,

3 This modet iz dominated by bivaviate consinpption-nuome represenistions. In peniodar, it is rejected sgainst the
ermt-comrection model that corresponds 1 being quanedy ncome and conwnption co-imegrated. However, the focus of
the paper is st on deviving the best specification for quasierly consumption dsta, bot on evidencing the ¢ of &
significant positive Srst-leg autocorrelaion of its Grst differences.

¢ Seme souscs of guarierly data. This series was oltained ae (GMOCNEZ + GMOSEZm{GRYDPEW MY DIRZ)
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Thus, the shilt from quarierly (o monthly data roverses the sign of the MA coeficient, or equivalently of
the first-lag autocorrelation of consumpiion in the Brst differences,

To check the robusmess of this sign reversyl, the monthly sample was split In three subsamples of
equal length, and an IMACLZ) fined io each, In all dwee cases the frst-order coefficient only was
significant and signiicantly negative, thus suggesting that this sign reversal phenomenon indeed reflects
a consistent property of monthly consumption data. As a further check, the monthly data were em-
porally aggregated with w= 2, 3, 4, again obiaining a sign reversal,

Finally, the monthly serics was sublect o the Dickev-Fuller wst for unit root and o the test for
colntegration with monthly income, obigining equivalent resulis & those zhready knowsn for quartedy

data (for instance, as in Engle and Granger [19871.

3. Temwporal agpregation of an IMA(LY) process

In the Appendix the effects of the temporal aggregation {1} on IMA(L1I) processes are invest-
gated. The main results from the Appendix ares

1. Effect of TA on the process order. if €, is IMA{L,1) then also C, is IMA(LD forall m > 1.

Let oy be the Brst-lag autocorrelation of AC, and recall that p,, is the first-lag autocorrslation of
&{::; Then:

2. Effect of TA on the first-lag awtocorrelation:

o (=13 + 2m™ 2y py -
T Ime 4 BnA-Typy
forall m > 1. For b = 0 (and hence py = 0}, (7) reduces 1o (4), the case of temporal aggregation of ran-

dom walk processes. Some implications of these expressions are:

(i} Hm p, =025 for all values of oy,
8 it

This iz the same Hmil eamblishod by Working [1960] for the mndom walk process. This result shows,

for example, that guarterly data can be consisient with 2 continuons-tme IMA{LY) process ss well



(i) max g, = 025
8

for ali values of m > 1 and all values of gy in the admitied nterval (0.5, 0.5). Therefore, if the first-lag
antocorrelation of an IMA{1,1) process is greater than 025, this process cannot be produced by temporal
aggrogation of another IMA(LD) DEOCESS.

Giy py > O=>p, > @
This shows that monthly daw cannot be the result of wmporal sggregation of an IMA(L1) process with
positive coefficient, Thus, if consumption decisions are truly taken at intervals shorier than a month,
they cannat follow an IMA{LL) process with positive coefficient

. It
() p1 = 1 F <=> P =0,

This shows that there exist IMA(L1) processes with negative o, that at a specific sampling ratio are
aggregated into a random walk. For example, the IMALL1) with p; = -0.25, which is consistent with the
monthiy data, turns into 3 random walk with m=2. This shows that, had consumption dala been available
bimonthly and had it appeared as generated by a random walk, it would be impossible to infer whether
agents make decisions bimonthly and thus follow Hall model, or make decisions more frequently, in
which case they must follow an IMA(L1) with negative cosfficient.

{v) thers exist some s > 1 such that gy < O=> g0, > 0,
In other words, the observed sign reversal phenomenon between monthly and guarterly data is consisient
with the theory. In panticular, with m = 3, 0, = {4110 04194+320) 5o that the 95% confidence interval
for the wue g, (0321, -0.101), reported in Section 2 for monthly data, produces a theoretical 95%
confidence interval for the true gq, (0.054, 0.183), which is a subset of, and hence is congisient with, the
empirical 5% confidence inte rval reported in Section 2 for quarierly data,

P

{(vi) there exist a sampling radon m greaer than one bul less than infiaite such that
gy < B=2p, <G
That is, the monthly IMA(L,1) with negative coefficient can be the result of temporally aggregated con-

sumption tuly generated by an IMA(LD with negative cosfficient.



4. Conclusions

The analvsis of monthly and guarterly consumption data reveals a phenomenon of sign reversal of
the first-lag autocorrelation of consumption in the first differences: positive for quarterly data and nega-
tive for monthly data. This sign reversal has twee wmain implications. ﬁmﬁ: if the random walk
hypothesis of consumption behavior is true, then the agemts” decision inferval must be greater than a
month, In particolar, this results rejects the possibility of continuously made decisions of Hall ype.
Second, guarterly dats can e indistinguishably genersted by tomporal aggregation of either 2 random
walk or an IMA(LL) with negative cosfficient. Third, if consumption decisions are generated as an
IMALLY) process &t intervals shorier than 2 month, then the coefficient must be negative.

These implications raise some questions about the possibility of even finding the "true” model that
generates consumption behavior, It sesms, in fact, that different pairs (model, decision mierval) are con-
sistent, under suitable temporal aggregation, with both monthly and guarterly data. Some light on this
problem may be shed by research effons aimed at determining theoretical reasons for the negative

cosfficient of the monthly IMA{LLL

Appendix: The effect of tempors! sggregation on IMA(LT) processes,
Let O, follow the IMA{LL) process
(B3, =2, +b g, {1}

with B the backward operator {e.g., BC, = C,.;) and €, 3 zero-mean while noise process of vardance ¢%.

Let
- -] 7
= }ﬂ, i’gmfw; =T{E ) Co @
Fud

#r-]

where T(B} = ¥ B/ is the temporal aggregation operator. Then:
jiy

40, =C, =~ Coa = TBIC = Copoiny = TEYI-B™) C oy . (3

Multiplying and dividing by (1-8), and considering that (1-87 ¥ (-8 = T(B),
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AC, = \TE N (1-B) o = ITEIF(L+5B) £, .

For simplicity of notation, let AC, =7, and », = {(1+58) £, Then (4) becomes:

W= ITEMN u, .
The awtocovariances B, (1) of u, are:

R(=01+bhdo%
R(=R,(~D=b %
B (O=R,(-0)=0 forall 1> 1,

and the autocovariances of v, from (5) are:

R ()= (IT@WP R, (m7),

where
[ ]
(T@ENY=m?+2m S (n~j)BI 4B ]+
j=1
[ET T o o o -
+ % 2 i Y m-i BB 4B BT
j=l sl
Thus:

(i) variance:

Ru(0)=(IT@R(0)=

ol
=m R Q)+ 2m G, ()R (PR ()] +

Ful
ma-d el .
+ 30 2 Am— i Yo~ YR GH R (i pR (1 PR, G 7)1
=l f=l

@

)

&

{7

&

From (6} the second swmmation is equal 10 20m—-DR,(1). Wih regard w the third RHS term, the double

sumnation of both B, (/- ) and B, (~j—i} is zero; the double summation of both B, {j~i} and R, (i—j)

is egual to

i

ok #em]
T =i PR O+ T (n—Ym—j+ DR, (D + 5 (m~j ) ~1)R, (1) .
= j= f\

=i

Since the second and third terms of this expression are equal, the thisd RHS term of the variance

becomes form > 2



- 3.

sl a1
23, (YR AD+4 T (m—j Yom—j+DRL(1)
=1 Fh

-]
and for m = 2 it simply equals 2 ¥, (m —j V'R, (0). Hence, collecting terms:

j=

Ty g ¢ . 3»“; I
Ra(®)=Ru© 22 4 g ()M o 50

3
RA0) = Ru®) 2™ R, (1) 4 (1)

wt

Letting py = R, (1), (0) be the first-lag autocorrelation of the fiust differences of the original series C,,

and recalling (6), we get

o £ 2{& p f Z..1y
Ra(©@= (1 +59 0% (D AmOLD) oy g 52 ©
-
R0 =(1+57) % 122D ¢ g1y pu) a0

-

For b = 0 (and hence p; = 0), (%) and (10) reduce to (2} of Section 1, the case of iemporal aggregation

of g random walk,
(i) first-lag mwtocovariance:

Ru(D)=(ITENP R, (m) =

g
=mR, (m)+2m S, (m—~f YR (m+j HR, (m— )] +

=
el ol
+ 3 2 (mf Yo YR, O f i VR (e f i YRy (m 4] - VR (e —~f 483}
F=1 =l

From {6}, the first RHS tem is zero; in the second RHS term the summation of R, (n 7} is zero and the
summation of R, {m~J} is equal o R, (1). In the third RHS term the double summation of B, (m i+,

R (ri+j~i) and R, {m—j+i} is zero, while the double summation of B, (m— -1} is:

A=t E ] m
2 m-1) Ra@+ T im0+ D RAD+ 5, on=) Y- R (-1}
Fel F=1 F=2
a5l
For m = 2 only the first term of this expression iz different from zero. Since 2 - ¥ji+l) =
j=
=l
2, (m—j+1)j, rearranging terms, and using (6) and the definition of oy, we obtain:
=z
" " Sim} 2,
Ru()=(1+56Y0% (2020 m30) 0 pem > 2 an

& 3



Ra(1y=(1+5% {g%gmgﬁ;:ﬁ +2m ] u (12)

For b=0, (11} and {(12) reduce 1w (3) of Section 1. Finally, let p, = B, (1¥R,,(0) be the first-lag auto-

4

correlation of the first differences of the temporally aggregated series €. Then:

(213 + Um™2) py
22m* 1)+ Bm>=1) oy

{13+ 120, f§~§~é%g:5r;
W2ma1) + 2m—Typ; | 6+ 8p;

form » 2 {133

s =

= (14)

Note that the value py = (1440 /(6+8p,) in (14) can also be obtained divectly from (13) with m = 2.

Finally, with regard (o the effect of femporal aggregation on the model order, the proposition that

)

an IMACL DY under TA remaing IMALLY) for il m gresier than one can be easily verifisd from B (0 =
0 for all lags T > 1. This result is eguivalently obiained from the formula reported, for example, in Weiss

[1984].
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Fipure 1. — Avtocorrelogram of first differences of guarterly consumption
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Figure 2. — Autocorvelogram of First differences of monthly consumption
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