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Abstract

Several models of economic behavior currently compete for an explanation of
individual wealth accumulation. Hewever, most focus upon a very limited set of
saving motives. In thig paper we build a general model of economic behavior, sel
in a stochastic environment, which incorporates multiple motives and which
yields closed form solutions for wealth accumulation and consumption funetions.
Depending upon the degree of prudence assumed, total private wealth holdings
can be attributed to retirement, income uncertainty, lifetime nncertainty and
interlemporal substitution motives, The paper then addresses the claims of a
number of recent contributions in the area. An exact measure of the equivalent
precautionary premium is developed and estimated.
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1. Introduction

Since the 1950s, France Modigliani and Richard Brumberg’s life cycle model (1954) has
been viswed as providing perhaps the most significant reason for private wealth accurmlation.
In the life cycle model individuals save for a retirement period which may be characterized
by an uncertain date of death.

But two developrments in the 19805 made economists review their beliefs on this proposi-
tion. One was the examination of the role of income uncertaingy, the other was the recognition
that intergenerational transfers of wealth could be impertant. The income uncertainty models
of Jonathan Skinner (1888), Stephen Zeldes (1989) and Ricardo Calallero (1991} oll imply
that income uncertainty could account fur a substantial proportion of private wealth. An
excentiom to this Bnding is the work of Luigi Guiso, Tullio Jappelli and Daniel Terlizzese
(1992). Zeldes obtsined his results using numerical methads, Skinner by approximating the
Euler equation resulting from a constant relative risk aversion (CRRA) utility function, and
Caballero by choosing a specific ntility function and income generating process which result
in closed form sclutions. These are all representative agent simulation models. In contrast,
Guiso et al use survey data to test the implications of the theory of prudent behavior, and
find that income uncertainty may account for as little as two percent of household wealth.

While slow wealth decummnlation patterns of the elderly has long been recognized (e.g.
Anthony Shorrocks, 1973, or Paul Menchik and Martin David, 1983), it was only with Lau-
rence Kotlikofl and Lawrence Summers’ paper (1981} that the extent to which such transfers
conld he important was recognized.

The purpose of the present paper is Lo provide a framework within which several wealth
accnrmlation motives can e analyzed. From a methodological standpoint, the reasons for
saving and wealth accurmalation can be assessed more realistically in this way. When taken
together, models which focns upon a single, or limited set of, motives imply that the wealth
stack can be explained several times over: for example, Modigliani {1988) believes that about
T0% of private wealth is life cycie wealth, Kotlikoff and Summers (1981) believe that 80% is
attributable to intergenerational transfers, and Skinner (1988} and Caballero (1981) Lelieve
that income unecertainty might account for as much as 60% of such wealth.

A significant obstacle to life cyele model building in the presence of income uncertainty
is that closed from solutions for consumption and seving equations can only be derived for
very parlicular functional forms. Guisa, Jappelli and Terlizzese {1991} and Caballero {1991)
obtain such solnions by choosing a constant absolute risk aversion (CARA) utility function
and a random walk specification for income. Their models have no retirement period (during
which income is zero or non stochastic}, and their solutions require that the rate of time
preference equal the rale of inierest. Irvine and Wang (1994) relaxed the assumption that
the rate of interest equal the rate of time preference, and their results indicate great sensitivity
to this seemingly small generalization.

Not only do the CARA class of models discussed above require the same recursive stochas-



tic income process until the time of death, but so too do the nwmerically optimized models of
Skinner (1988} and Zeldes (1959). Introducing a retirement motive means that the nature of
the income generating process changes at the point of retirernent, and the standard Bellmen
techniques cannat be applied to the whole horizon. We use a solution algorithun which yields
closed form solutions for the consumption, saving and wealth accumulation equations, despite
this discontinuity,

While the model we develop is also a member of the CARA class and involves some
technical detail, it is a more realistic representation of behavior than the other members of
its class which have addressed the guestion of why pecple save. The assumption of a stachastic
income process to the time of death, without an explicit retirement phase, might be thought
justifiable on the grounds that, even though the incomes of the retired are not stochastic, their
needs are unpredictalile. Hence the assumption of a stochastic incume 1o the time of death
might Le assumed to proxy this. {For example, health expenditures are highly unpredictable).
Hawever, there is a major ditference between the income uncertainty experienced during the
working lifs cycle and the expenditure uncertainty during retirement: In the latter case
well developed insurance markets exist, while in the former case the presence of morai hazard
means that full insurance is not available. Consequently, achieving a target wealth level at the
point of retirement means that needs-related nncertainties can be eliminated. Furthermore,
the numerical resulis we report inclicate that the explicit treatment of & retirement period
characterized in this way has a significanl impact on the roles played by the various savings
motives.

The second point to nate about the retirement, phase is that if individuals are risk averse in
the presence of an uncertain date of death. they may behave in & munner which is consistent
with the possibility of a long retirement phase. This means that retirement can be more
important in acenrnulation and decumulation patterns (relative to the working phase) than
if individials behave in accordance with certainty equivalence - intending to accumulate
sufficient wealth only for the expected value of their lifetime.

We model behavicy by generalizing what has become a fairly widely recognized frarnework
- the maximization of expected utility wver the lifecycle, where the instantanecus ntility
luriction i= of the exponential type and the income stream is a random walk. Both the
tractability characteristics and the peculiarities of this model are well known. For exarnple,
Philippe Weil {1990, 1993) has developed functions based on the approach of Kreps and
Porteus (1978), which do not constrain the intertemporal elasticity of substitution to equal
the coefficient of pelative risk aversion, nor suffer from the problem of a finite marginal utility
of consymption when consumption tends towards zero. While the latter problemn may permil
negative consumption as part of an optimal program, such an event occurs with an extremely
small probability in the model we develop.

The paper proceeds as follows., In the next section the basic model is developed and
equaticns ate presenied for the consumption, saving and wealth sccunmlation eguations. The
derivations are relegated to the appendix. We also develop an eXact monetary measire of the

cost of income uncertainty. This is similar to Miles Kimball's {1990} equivalent precautionary

preminm. This provides 2 money metric of the utility cost of Income uncertainty. Id section
3 the model is parameterized and sinmlated subject to a variety of assumptions, This enables
us to evaluate the relative importance of the different savings motives, In the final section
we offer conclusions, and examine some of the well recognized characteristics of the CARA
model.



2. The Model
2.1. The Setup

Consider an overlapping generations (OG) economy in which each agent can live for a
maximum of T4 N periods. Individuals are identical at birth, with the same preferences and
endowment (initial nonhuman wealth and future income process). These individuals may die
at the end of any particular perivd with probability 1 — p. Such an occurrence is termed an
accidental death. Individuals who survive to period T+ N die of a natural death at the
end of that period. Following the development of Caballero {1990, 1991} and IrvineWang
(1994}, the population size is normalized at 1 for each period. Accordingly, the number of
individuals dying aceidentally in any period is 1 — p, and the number of individuals having
a natural death in any period is i-_-l—p}*'}m)r"""", which is equal to the number of individuals

who survive to the natural life span T+ N. The number of births in each period is assurned

to be T‘"]E?i_!" which equals the sum of deaths from acecidental and natiral causes, so that

the population size is maintained at 1.

Each individual has the same tastes and these are defined by the exponential utility
funetion which has constant absolute risk aversion. Accordingdv a representative individual
faces the following lifetime utility maximization prohlem:

TN p 3
V{Ap) = max fi ; -3¢ e (I—M)
st Ay=(1+rA 1 +w—a, ¥Yi
Y1 =+, (=1...7T-1 Bl
e =0, r=7,..., I+ N

Aryn =0, given Ag,

where F; is the expectations operator conditional on information available at time ¢, 0 is
the coefficient of absolute risk aversion, ¢, is conswmnption, 1 is income, A; is nonhuman
wealth, 7 is the interest rate, J is the rate of time preference, p is the per period survival
probability, and {w,} is iid. and wyls, ~ N(0,0?), ¥ L.

This is not a recursive prollem and consequentiv the standard Bellman approach cannot
be applied directly. To get around this difficulty, we break the optimization into two periods,
each of which has the same recursive stricture and within which the Bellman approach can
therefore be applied.

« There are two periods: working period = 1,...,7; and retirement periad (=T +
1....,T+ N

s I each period, there are T and N years respectively.

In the working period, the consumer problem is
T 1 N p oyt
U{Apg, Ay) =max Fy ; —t—je e (m)
st A= (14140 +9 —c, (2.2)
Yee1 = Yo+,
given Ag and Ay,

This is a recursive problem, and therefore can be solved using the Beliman equation.
In the retirement period, the consumer prollem is

U(Ar) = max ——pO (~——)
t=T+1 ¢ 1+4

st Ap=(T+r)iq — o (2.3}
A =10,

given Aqg-.

Sinee this is also a recursive problem, it can be zolved using the Bellman equation. The
overall problem for lifetime optimization is

V{dg) = max UfAp, Ap) +T7(A7)
AT (2.4)
given Ay.

The initial wealth Ap is determined by the intergenerational equilibrium condition that. ike
wealth stack of those dying in any period is passed on to those who are born in that veriod.
We assume furthermore that such wealth is distributed evenly among the new born.!
To facilitate the development of the results we use the lollowing notation.
1 14+

1
. 8 xp——, =-1Ing, r
T+r T+s =ghnf

a=

%9n2, I"=T 4~

Alsa denote

1ep o . 1 Tp'
i, = S B e
£ .‘sz 1-p 1-p7’

which is the average age of the working individuals.

Since the derivations and proofs are all quite long they are presented in the appendix.
However, as implied Ly equations (2.1} - (2.4) the solution strategy is simply to optimize
in each of the two periods conditional upon a fixed wealth target Ay and then choose an
optimal As as the final step in the optimization.

3The assumption that the inheritance is received at the begiining of the economic life can be relaxed withour
affecting the clased form nature of the solutivns. The assumption that hequests are equal is necessary, since
this is « representative agent model. IMowever, since we are interested primarily in the apgregate stick ol
waalth rather than its distribution within a given age cohaort, this restriction is nol too serions.



2.2. The Working Period

The utility maximization problem (2.2] for the working period gives the consumption

fuetion:
_ r T (A T G & T S B .
C:*yz+m(ﬂt—l*ﬂ AT) + ﬁﬂT_; " (2.5)
Let s =y, — ¢t be saving, Then, by (2.5) and the budget equation, we have
1 [TH+1-t)alH—] r T4t
St=|:;_ T Grri=t I +1_a7'+l—t (a Ap - Ay ])
1 "
Ap==4; | + 5 1‘2'6}
£
given Ap and Ar.
Recursively using {2.6) gives the individual wealth profile:
1 —al=t ol=t _ ol 1 al-t—al
= Art -t - ———T ]I 2.7
A T gf B0 & g 47 1—aT ’ @)
for ¢+ — 1,2,.... 7. Finally, the maximum expected utility for the working period can he
shown 1o be
} . 1-a7 --u[yc+—',.(,a,_an)+-,_z‘.r-]
UlAg A= ————= b . 2.8
{(Aa. AT) ﬂ(l—u)e (2.8)

2.3. The Retirement Period

The utility maximization problem (2.3) for the retirement period gives the consumption

function:
Let 8¢ = —¢; be the saving, Then, by (2.9} and the budget equation, we have
1 [T+ N41—g)aTtH-4 T
= 1 -l th+i-t J“r— 1#(17'*““"/1"_]
1 (2.10}

A; = —.f‘.‘;f] +SL
3

given Ap.

BRecursively using {2.10} gives the individnal wealth profile:

1 —adtN-t 1 i G g e
A‘=W‘4T+; t—-7 +TTN A {211}

for t=1T,...,T 4+ N. The maximum expected mility for this period is

BT —at) o[ rrar({E-2)d]

tHade) = = 01 — o)

(212
2.4. The Lifetime Problem

The optimal Ay from the lifetime maximization problem (2.4} is obtained from the
solutions (2.8) and (2.12):

x 1—aV (1- a1 -am) T Nal
A=t Sy e o treaew )7 B

Substituting this in turn into (2.8) and (2.12) vields the maximum lifetime utility

® s R _pl+N E
Lo Tty S{L TR O P v a1 (T Tix 7%771,\,),,]
e 7 E o ;

s (1—a)d

(2.14)

With optimal A%, by (2.7} and (2.11), the individnal wealth profile is

- TN =t (1 -—(t‘v) al bl T Na't
N Ao+ ( )[yo—tn1‘+( R Ry )?]

1— TN r(l~al!™ 1—af 1-—oF
al t_af \1s
+(1f—1'_7'f T (2.15}

for t=1,...,7, and

. 1 _ TNt (1-a"){1-a™tV 1 T NaV
A = s At ( ) yo—tal + [ ——= - =17

1—aftn {1 - al t¥) 1—af 1-a¥

N TNt
+ (f T+ %——}V) g. (2,16)

fort=T,..., T+ N.
2.5. Aggregate Wealth
The aggregate wealth in this economy, M7, is the sum of individual wealth holdings:

TR L. . Y 2T
:W Zp Ag. {2.17)
t=1

-]



Following our earlier asswnption on Ag, the equilibrium condition on the transfer of wealth
is
l-p

]—7—;;?1‘}3‘/10 bt (1 —p)VV. (218)

The right side is the expected total wealth left from the newly dead, and the left side is
the total amount of initial wealth endowment with each new-born getting Ay. Substituling
(2.18) into (2.15) and (2.16) gives A, t =1,...,T+ N, depending on W; then substituting

these A; in turn {eto {2.17} determines a unique aggregate wealth:

. al - " 1—p” . T N
L= o (a'm-w TRTTR T piw ) (e oL = T=af )07

1 1 1 —al—p¥ o —p¥ ”
2 L . s s N M M
- (p’i"+N NSy + 3 _pT-l-N) [(] Pl — )T < (1 m— — + r— Nilpl~p.

(2.19)
In viewr of this model's pirpose, several comuments are in order. First, consumption in
the working period is stochastic, yet saving is non stochastic. This is because consumption
adjusts fully to the income shocks in each period. A corollary of this is that each individual
of the same age holds the same amount of wealth regardless of past income innovations. This
explains why agpregate wealth W in {2.19) is nonstochastie, in the sense of being independent
of the actual realizations of y,.
Second, the aggregate stock of wealth depends upon all of the parameters which are
contained in (2.19). Consequeixly, the effect of particular savings motives upon the econemy's
aggregate wealth stock can be examined by setting these parameters to specific limiting

? can be

values. For example, to ascertain the effect of income uncertainty the parameter o
permitted to tend to zero; or to ascertain the role of intertemporal substitution the rate of
time preference 4 can be set equal Lo Lhe rate of interest r.

Third, even though considerable stacks of wealth can be passed between generations, there
is no bequest motive. Conseqnently, inheritances are received because of an uncertain date
of deazh, vet the amount of such inheritances will depend upon the strength of all savings
matives. For example, an individnal whao is sirongly risk averse to her uncertain income
stream will leave a larger (expected) bequest than one who is less risk averse or who has a
smaller income variance. This illusirates that the aggregate wealth stock is not simply the
addition of several components, each corresponding 1o one particular saving motive. At the
same time, there is no reason why a non zero value for Arpn could not be specified in the
model as it stands. Such a terminal condition would cbvicusly lead to an increase in the

wealth stock.
Fourth, the implications of the assumptions regarding nsurance markets in 1his model

should be clarified. To this peint we have assumad that insurance is available neither for
incceme nor lifetime nncertainty. The absence of Income insurance is realistic and standard

in these models, due to the moral hazard problems which would be associated with its intro-

duction, While we have not introduced an insurance market for lifetime uncertainty, Yaari
{1965) has shown that the conditions governing the evolution of the equations of motion for
savings and consumption are the same in the no-lifetime uncertainty case as in the case where
hfetime is uncertain but with an annuity market where the rate of interest is “fair’. Thus,
if the terminal conditions on the problem were the same in each of these cases, the actual
path of wealth accumulation would be the same and the inclusion of a market for life insur-
ance would be equivalent to the path under a certain lifetime. However, Kotlikoff (1988) has
argued that 'fair’ annuities are difEcult to supply in practice because of agent heterogeneity
and the self selection which this implies.

Fifth, it is interesting to examine the type of individual wealth profiles which emerge.
Several such profiles are presented in figures 1 and 2 for a variety of specifications on the
model parameters, which we discuss more fully in the next section of the paper. Generally,
wealth reaches a peak at the point of retirernent, but not in all cases. [t is shown in the
appendix that the growth rate gap in the individual wealth profile at retirement is

aA; A7 1 1 brycx
—£] .. b= — +——+T )T —yp| —. .2
at . at Iy [(111a+1—r1+1)r LU Ll

Finally, following the work of Miles Kimball (1990), this model} lends itself to a computa-
tion of compensating and equivalent precautionary premia. These are simply the changes in
mean income yp which compensate for, or are equivalent 1o, a change in the variance of 1he

2

income process 2. We show in the appendix that the total cost of ¢? measured in terms

of goods yp, evaluated at the ntility level where ¢? is not zero, is

: (1 —ali, - (1 ~pTit,
costi{u} = - IE (2.21)
9



3. Parameterlzation

The basic set of values we have chosen for the parameters is given in the first colwnn
of Table 1. The real interest rate r is set at 4% and the rate of time preference & is
set at 2%. The difference between these two values determines the degree to which the
preference for a growing consumption stream - which we also term 'intertemporal substitution’
- generates saving and wealth. We normalize the income stream such that Y5 = 100 in the
certain lifetime case, and set the coefficient of absolute risk aversion £ at 3%. The value
of average consumption {7, nsed in computing the coefficient of relative risk aversion, which
is consistent with the normalization on ¥y and the values of the model’'s parameters, is
obtained numerically through the equations of the model. This gives rise to a coefficient of
relative risk aversion 67 in the range 3.3 to 4.2. Since average consumpticn equals average
income minus average savings, average consumption can either be greater or less than average
income, depending upon the initial stock of assets inherited, Ag. The coefficient of variation
on the income process o/Y is set at 0.07. This is consistent with the values chosen by
other authors. For example, Caballero suggests a value of 0.10 based upon the findings of
MaCurdy (1982}, although Guiso el al suggest a value as low as G.02.

The expected length of the economic life of an agent is set equal to 50 years, with a
working life of 40 and a retirement period of 10 years in the certain lifetime case. When the
liferime is uncertain there is an infinite nurnber of combinations of p and T which will give
the same expected lifetime of 30 years. We choose T'4+ N = 57 and p = 0.99523 as one
such combination, simply because it is approximately what Cabaliera chooses and therefore
it provides us with a comparison point.

This set of parameter values generates a wealth to consumption ratio W/C' of 3.38,
which is a typical value for a developed economy. In this sense the parameter set can be
considered reasonable.

10

4. Results

We can now address the question posed at the onfset: why do people save and which saving
motives are most important? Several conceptual experiments can be designed to answer this
question. But before examining the simulation results we reiterate that the impact of any
particular saving motive will depend upon what other motives are in the model. Accordingly,
when we examine the effect of removing income uncertainty, the result is conditional upon
the peneral behavior assumed for the individual - as summarized by the parameter values
specifled. With this in mind, consider the first set of resutts which are in Table 1.

The basic set of parameter values for the complete model is given in the top half of
the first column. The lower half of the table yields the values for the variables of interest:
aggregate consumption of the populaticn €, the coefficlent of relative risk aversion 6C,
agoregate wealth W, the ratio of aggregate wealth to aggregate consumption W/C, the
expected bequest Ay, the maximal asset value over the life evele Ana , the expected value
of lifetime utility U, and the cost of o2 — defined as the number of units of ¥; which would
be equivalent to abolishing income uncertainty,

Two constraints govern the comparisons. One is that the expected income stream be the
same in each simulation, the other is that the expected lifetime be the same. Colunms (2), (3)
and (4) define the marginal effect on wealth accumulation of eliminating one motive from
the agent’s optimization. The final column contains the results for the case of na uncertainty
and where the interest rate equals the rate of time preference. It can be considered analogous
to the simplest type of lifecycle model developed by Modigliani and Brumberg (1954) or
Atkinson (1971).

If we consider the reduction in aggregate wealth in the economy, following a restric-
tion placed on the mandel reflecting a particular saving motive being amitted, then columns
(2}, {3) and (1) paint & very clear picture. The most influential saving motive is clearly
lifetime uncertainty, followed by the intertemporal substitution motive, and lastly income
uncertalnty. If there were no hfetime uncertainty the aggrepaie wealth stock would be re-
duced by 37.8% [751.54 - 467.14)/751.54]. If individuals have a preforence for a constant
consumption stream over the lifecvcle (v = £), saving wonld fall and the wealth stock would
be reduced by 21%. The elimination of income uncertainty would reduce aggregate wealth
by just 2.1%. Finally, a pure lifecycle model would have a wealth stock equal to 43.6% of
the more complete representation of the economy given in column (1).2

These results have sharp implications for the two debates we outlined earlier. First, the
result that the income uncertainty motive, when interpreted in this way, explains so little
of the aggregate wealth stock swrprised us greatly, After all, Caballero, Skinner and Zeldes
each built simulation models guite similar in spirit to this one {although less general) and

found that income uncertainty might account for half of all wealth accnpmilation. This raises

*Nate that we cannot examine the effect of omitting the Tetirement perind without vilating the constraint
that the expected horizon in the model be the same in all simulations.

11



two questions: (¢) is the degree of income uncertainty which we specify too low? (i) Could
income uncertainty be interacting with some of the nther motives in such a way as fo be
really responsible for a greater fraction of total wealth than appears from Table 17

To examine the first possibility, we deubled the value of the ¢/Y to 14% and resstimated
the aggregate wealth stock for each of the cases considered in Table L. In this case we found
that the marginal effect of income uncertainty on the wealth stock was 11.3%, still far below
the numbers alluded to above, but consistent with the findings of Guise et al. [We have
alsu investigated the effect of the intertemporal substitution effect using other, equal value,
combinations of + and 4. While choices of r and 4 certainly Influence the agpregate wealth
level, choosing different egunl valites has no perceptible effect on the role played by income
uncertainty.)

The second poessibiiity, that income uncertainty may be interacting with other motives is
examined inn Table 2. Here, in columns {(6), (7) and (8) motives are eliminated pairwise.
The first and last columns are the same as in Table 1. For example column (6) defines
the joint inflience of income uncertainty and a preference for a rising consumption stream
(intertemporal substitution). What emerges is that the joint effect of the motives on the
wealth stock is not very different from the sum of their marginal effects as given in Table 1,
though the motives interact with une another differently. That is, the joint effect of income
uncertainty and lifetime uncertainty exceeds the sumn of their marginal effects, while the joint
effect of lifetime uncertainty and intertemporal substitution is less than the sum of their
marginal effects.

Tiespite the scemingly small effects of income uncertainty on wealth acoumulation, this
finding says nothing about the utility cost of income nneertainty. Indeed, the cost of incorne
uncertainty, in terms of Kimball’s precautionary premium, is high — if o/Y were reduced
from 7% to zera, an individual would be willing to sacrifice 9.0% of expected annual income,
every year, while attaining the same levet of expected utility. Furthermore, if, from a value
of 14%, /Y is reduced to zero the precautionary premium is 33.3% of expected annual
income. Consequently, even though income uncertainty may have a small effect on wealth
accumulation it s6ll has a very great effect on individeal welfare. These vutcomes imply
that, given that individuals save for a variety of ather motives, utility optimization dictates
only a moderate saving response Lo an increase in uncertalnty, despile the utility loss.

The reason why cur results are su different from those of Calbralleru, Skinner and Zeldes iz
relatively straightforwerd. By introducing a retirement period into the model, when income is
zero, we recognize two aspects of real world behavior which are omifted by income uncertainty
models where the stochastic income stream continnes until the time of death. Not only is the
period of income uncertainty reduced from an expected value of 50 years to 40, but those
last years in the lifeevcle have & much greater varianee than earlier years, For example, with
the rundom walk income process, the variance of income in year 46 is 46 times the variance
in year 1, or twice the variance of income in vear 23, Consequently, assuming that income is

stochastic in the retirement period, when in fact it is not, (incorrecily) adds additional years

of income uncertainty whose variance is relatively high.

The second issne upon which these resnlts can shed light is the Kotlikoff /Summers -
Modigliani debate. Our results indicate that a simple lifecycle model with retirement. as the
sole reason for saving can account for just under half (43.6%) of the wealth stock associated
with a more complete characterization of the economy , while lifetime nncertaimy can account
for about one third of the wealth stock. This 43.6% number lies between Modigliani’s
estimate of three gquarters and Kotlikoff and Summers’ estimate of less than one quarter, We
have not incorporated a bequest motive, and accordingly bequests arise because agents die
at an unknown time. In this context, the average bequest {4} in Table 1 amounts 1w as
mnch ag one quarter of the aggregate wealth stocl.

Kotlikoff and Summers’ work focuses primarily upon Aow rauch of the wealth stock can
be attributed to a pure life cycle model and how mueh to non life cycle influences, rather
than upon simply bequests induced by lifetime uncertainty. Accordingly, iIn comparing our
results with those of Kotlikofl and Summers, it would not be unreasonahle to compare our
wealth accumulation fizures, net of pure life cycle effects, with theirs. Qur value would thus
be 56.4% (100.0 — 43.8}, while theirs is about 20%. A further way of making comparisons
would be to take the typical beguest (4p) and curmilate it at the interest rate to some point
in time. But, as has been pointed out Ly Kessler and Masson (1988}, the effect of bequests
upon wealth accumulation depends on how saving behavior is influenced by inheritances. In
our model, inherited wealth is treated exactly like wealth from savings.

In eoncluding this discussion, we should report that we have also exarined the behavior
of the wealth stock hy calculating wealth elasticities with respect 1w various parameters.
Specifically we have caiculated the percentage change in the wealth stock resulting from a
percentage change in the interest rate, the variance of the income process and the length of
the retirement period. These elasticities corresponded to what the preceding discussion led
s to expect: the elasticity with respect to extending the retirement period was larse, with
respect to the income variance very small, and with respect to the interest rate moderate,

Several weaith accurmulation profiles for a typical individual are portrayed in Figures 1
and 2, each corresponding to a particular column, as [abeled, in Tables | and 2. For the set
of values in those tables each profile peaks at the point of retirement. However, this is not

a necessary outcome of the model: when we set o2

or r high enough, peaks can occur well
before retirement. The rate of growth in the profies is very differeut, even for profites which
penak at the same age. Likewisc, the rate at which wealth starts to decumulate, as shown in

equation (2.20), varies.



TABLE 1
TABLE 2
COXNDITIONAL EFFECT OF SAVING MOTTVES

ON WEALTH ACCUMULATION JOINT CONDITIONAL EFFECTS OF SAVING MOTIVES

ON WEALTH ACCUMULATION

Complete  Zero income  Zerc lifetime  No intertemparal  Retirement as e : : s T
model uncertainty  uncertainty substitution sole motive Complete No income No income  No intertemperal  Retirement as
model uncertainty, urltertainty, snbstitution, sole motive
1 2 3 4 5
no intertemporal  no lifetime no lifetime
- 0,04 0.63¥ 0.03% substitution uneeriaingy uncertainty
5| o002 0.03* 0.03* b & ¥ B 8
F| 0.99323 1.0% 1.0% s 0.04 0.03% 0.03* 0.03*
4 40 ] .02 0.03* D.o3™ 0.03*
N 17 10 10 »| 099523 1.0% 1.0 1.0%
i 0.03 o 40
of/Y 0.7 0.0* . 0.0* N i 10* 10* 1n*
—_tﬂu 139.67 13873 118.63 12743 109.84 003
oc | 419 116 3.56 3.82 3.30 | e S il -
C 139.67 127.03 117.12 110.90 109.84
W 7hL.54 72821 467.14 593.98 327.89 ac 419 351 3.51 333 3.5G
Wi 5.3 9.23 3.94 4.66 299
Ao 179.29 1753.72 0.0 141.70 0a i8 7ol.54 580.68 427.80 363.22 327.89
Amaz | 1303.87 1448 22 805, 08 167555 THE.32 Wi 5.38 4.587 3.68 3.28 %es
Ag | 17929 138.53 0.0 (.0 0.0
cost{o) | 12.57 = 11.58 13.7% = Amex | 130387 123020 240,97 67254 766,32
r 0.883 0.0 0.733 0.883 0.0
7 D.488 0.458 0.847 H0.159 0.0 cost{o) 1267 o — 12.24 =
1 -61.88 -43.35 -89.10 -64.06 -69.66 I 0.583 0.0 0.0 0.735 0.0
J ) 0.488 -0.139 0.647 0o 0.0
* denotes a change in value relative to eol {1) | -81.88 -44.18 -65.06 -82.97 -55.66

* denotes a change in value relative to col (1)
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Figure 1. Wealth Profiles with Single Parameter Restrictions

Figure 2.

Wealth Profiles with Double Parameter Restrictions

5. Conclusion

In this paper we have assessed the contributicn of different saving motives to the expla-
nation of the stock of wealth, within the confines of 2 specific overlapping generations model.
Rather than reiterate our conclusions, some comments on the nature of the framework we
have used are appropriate: First, the use of instantaneous utility of the expanential type is
restrictive, and the particular characteristics of this function are well known. However, to this
point we are unaware of any medels which arc as general as the one we have developed here,
in the sense of incorporating a retirement period and both lifetime and incorne uncertainty.
This model supports a number of results, particularly on the role of income uncertainty,

which could not ctherwize he addressed.
A fairly common criticism of the exponential utility framework is that it may Iead to

the cheice of negative consumption values as part of the optimal consumption program. For
example, Deaton (1992, p150) and Weil (1993) have made this point. However, the probability
of this pecurrence is very small with the set of purameter valies we have chesen. Some Monte
Carlo experiments indicate that it will occur less than 1% of the time. The reason for this
low occurrence is that, given the nature of the income generating process, a negative value for
income will likely take several periods before materializing. But by this point, a significant
addition to the inherited wealth stock Ap will have taken place. Consequently, this stock will
considerably reduce the possibility of negative consumption. Further, if an explicit bequest
target were introduced, wealth accumulation would be greater and the probability of negative
consumption values correspondingly even less.

We have not addressed the issue of binding liguidity constraints, primarily because the
intergenerational nature of the model means that irheritances are received and agents are,
therefore, generally not constrained. Thus even if we were to set the rate of time preference
high relative to the interest rate as, for example, Christopher Carroll {1992) does, this wowld
not necessarily lead to the consumer belng liquidity constrained. At the same time we note
that consuription, as defined in equation (2.5), respends strongly to changes in current
income values, and thus corresponds to the concerns that reasonable consumption processes

respund “excessively” to current income changes.

17



Appendix

A.1. The Working Period — Section 2.2

The Bellman equalion for {2.2) is

U{A_y, Ar) = max{ ; R ML}L (A:, /1-,-)} , subject to the same conditions.

1+46

The first-order condition and Envelope Theorem imply the Euler equation:

- 1 a8
#r a
e Bt
B Lot
One can easily verify that the solution is
cpi1 =T A cp 41,

Then ]
op—er= (T = 1" = yr = . (A1)

By the Ludget constraint, (A.1) implies

ce=(l+r}dr_y ~ Ap + 1 — (T - ). (A.2)
The budget. constraint and {A.2) then inply

l+r) A — A= — = (1 +r)Ar_ — Ap — (T — &)™

Then,

Ar1—adi = Ay —eAr — ol — 0" {A3)

Let 5 =one step forward. Then {A .3} becomes
(1 —xS)Aiy = Aroq — adr — (T = )T,

implying

1 . - Loi 3 *
A = m[/ﬁu] — oAy —a(T — T = ga S Ay — ady — (T — OT7].

Then

Apy — Ay T y?
gy ———— T*T ¢ .
A1 1—a ( )1,, (lfu) :

which is a special solution of (A.3).? Since the solution fur the homogeneous equation Ay —

% N 2 - E
dy =0 is (7 (—‘1- | , where ' is some constant, the general solution of (A.3) is
/

¢ . 2
/lm:(?(é) | R EBAT e o +r‘( - ) (A.4)

l-a 1-a 1 -

"We can actually verily this directly.
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By initial condition A, 1= Ar_; when ¢t =T, (A.4) implies

INT Ay —ady L f o A
ara=o(2) + 2T (7)) (A5)

Eliminating & using (A.4) and (A.5) then gives the solution of (A.3):

1 — gT+1-t a{l —aT™") Fher al*
= = Ao — (T — {1 ~ o) — ——. (AB
Ay G e e [u (T8l ~a)—o J(1—a]2 (A.6)
Substituting {A.B) into (A.2) then gives the optimal consumption:
l-—a (1-a)e™?  [(P+l-t)a™?!? 2 .
G =+ a1 _Q’I'cl--f)At LT oy P T aliTt 1 & I (A7)
{2.6) implies
1= aT=t 1—a)e’? o T i1 — )ttt 5
Ay o= %;- _':1+( ) T ——7(—;‘-# (A.b)
1 - aT+i-t T—altl l-ca 1. ot
We can then use (A.8) reeursively to find the closed-form sclution of A,
1_QT2 TtTll\lfﬂ] ]—(1 t a (.T*l )‘T‘+I=
A= 4°+ATZ 1 al = Tzl—u I—a  1—aT+l=
(A.9)
for + =1,2,...,T. Let us now simplify the formulas. We have
I i B aT= (1 - w)
I_al 12 ahTE T ol )l —alrigy
Then,

(1 —aT a1 - a) QT” —a”
Z(lfﬂT T (1 Q‘Ti-l x) ].—():T

We also have

TH1 1 T-i l-«a I 2 7(T+1—i)QT+]_j
1o—altl i 1-al— g4 1-al~|l—a 1 — @l :

Then,

t — Tt TS B _ Tt
z1 I a  (T+1 1)07 __o Tl & oY
11‘--0[7'“ l—n 1 —altl=s 1-a 1—at



{A.9) can then be simplified to (2.7). Substituting (2.7) into (2.6) then gives the saving

function (2.8).
The Fuler eqmation is

e*'—"&—l - »'?F‘t lg—ﬁn:. :

Then,
E_ge %1 = 3F,_4e™%,
Thus,
C—Gc. R ﬁE:f‘ztt_gC‘Ll - I@?Et_zc—ﬂc..
Recursively,
rltiim i e Bk,

Using (A.10}, we then have

T \ tm N -
: I hat S =1
Uidodr) = Bati 3o =g () =G 3 () T e
t=1 ) !

\1-+ 6 ]
Thus,
UiAo, Ay) = 741—% (Lo},
By (2.7},
) =wy+ 1,
where

_ 1-n (I —a)a!? TaT a o
= u(l—nT}Aoi 1 —naT Ar+ T 1 0) Fa

We then have
Ege™81 = o O o ~fun omfathte?

Substituting this into (A.11) then gives

T .
_ 1 — iy oiftotoga _ 1—_rx_7:‘
81 — o)

8l )
81 a1

U(An, AT) =
which is (2.9).

A.2. The Retirement Period — Section 2.3

The derivation process is similar to the one for the working period.

(A.10}

(A.11}

A 3. The Lifetime Proklemn — Section 2.4
The first order condition for (2.4) is

(1 - Q)(zT‘ L

—w)4
U(Ap, AD) e (1—a) ]:0,

+OGR |

implying

l—af ab 1 Ta® o o
AL = —_ — ™ T4+— - -
o (]~QT+1—QN) g (l—af 1—&) +( +1—cr 1—of

L=
Tt Tary

This equation immediately gives {2.15). By (2.9} and (2.14), we have

V=uwoo &

(1~ a) (1~e)d
Substituting (2.15) into this and using the fact Ag= {1 —p"! NI gives
o |- el i (ya—rur‘)+“;,;':)i::ﬁf.;;w‘W Py (J-f] L ey

T

o747l - o™y e
{1 —a)o

Since 6y =TInd = m{F7), we then have

Vo e

which can be simplified a little biz further to {2.16).

A4, Aggregate Wealth — Seclion 2.5

{2.19) and {2.20) imply

1 T-1 T+N
i Ag= Y pl+ TRl W Z PAL
g =1 t=T+1

1 S A T T G
e —tal S n P e = W T _1'1"1,0 =

wti—oV

{ T : »
1 -af _6'[y"+ﬁ3'A'“_“;ﬁ'f'f_"‘i"”]“")"’_ﬂ"ﬂ a1 —aV ]e—-‘-i—lgn
( Pl i

e

Nl

1-aN

PSR
L

T-a®

)=

] N ik oy d=w1=pT My Sl T Ao ¥ ol !
471 - &7 '”)e-”[ﬁwm"&““ﬁ:ﬁvr"“+,‘“‘;’rw Ty e (e -

_—

Nol

1ol T-a

‘”‘*(133’ .

).



Substituting (2.15), (2.17) and (2.18) into (A.12) gives

-1 oT+N-t 1—a™ Thiv | —gT+N-t
Zpt 1 _p']"—-l : i Z pz—l 6
1 ).(ITH\ 1 gl 1= i+¥
t=T+1
a2l _— LS
! Lol K o
—ra -
afl —a®) Tal 1 T NaW = S PN
(1—a)(l—a?*t¥) ¥ 1 T 1-a bk T—af 1-a7 )7 ;p (ﬂ Aﬂ)

e N T T AV
4oqofl — ot} {1 — o) To! 1 r T  No
E Ty rampce ol LU g - wel R e S W

T+N N _ S T+N-2
(430 Z p = (f o P £ i)‘—l'_gﬁﬁﬁ"\:)
—ER

:_’1‘+l

a(l -al) i ToiT 1 T Nal = —
+(1fa)(17aT+N}ly°+ T e vy SRl S 2 i 1-am ')'

t=T}1

Since
gy (1 —p)aTH (1 - a)pTt™ 4

i—1 TNy )p PO
I G 0= plo - o) ;

{A.12} Lecumes

(1 _ Q)Q(}:}T* N Vﬂ'f".fv) 11 _
a(lfp)(Pfa)(lfaT“\’)’“ ’

Tt T TN b TNt
1" p (!.7 T o 1) by P ([ T+ - .N)
£ =9

EY - Ta’ 1 A i T NaW
Ho 1-aT 1-u 1—aT 1-aV E

T-1 & TEX

. N - =
[11_,;:4:\ Zp I(O‘T-t_“r)* —oFn Zp (l_arm l)]

This equation gives an explicit sohition of Ag. Using (2.20), the aggregate wealth is then
all —p)p — ) (l—aT""") {

4 Tol L T Na?
(1 — a)2(pT ¥ — oTHN ] — pTH+V) o 1—nT 1—w t T—al l—a¥ &

le—a® T N J -,
{TT?I%T%” I(Q. :_a1)+1 - Lp (l_aTm r)]
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QT _ TN a¥ _ TNt
+I“Zpt l(t— = =+ z p t—T-’-*——l‘-Tf\’ .

=1 =T+l
Further simplification reduces this fornmla te (2.21).

5. Growth Pattern of Individual Wealth -— Equation (2.20)

For ¢t < T, by (2.17), we have

84; ol thna a’'Ina o a™lna
= Af ~ A 1 Ty, A13
at 1-af % 1-af T+lfu R : ¢ )
and thus,
dA; I e Ina I Ine
—— = Al = A% 1 0.3 Ald
| 1—(1T4U 1—(1T41+1—0¢(+1—QT ) ! !

For t > T, by (2.18), we have

84; oM tna PRI B Tl A15)
- 1-—aN T T 0 ) ek
and thus,
aA; a¥na [ Ina
E Af e — 11 N Al6
o |J+ Trlogwt 1—(1(+1—r 1) ( )

{A.14) and {A.16) can then be substituted into the definition of & in (2.22) to give (2.22),

A.6. Cost of Income Variability — Equation (2.21)
The term in V* that relates yy to o is

J g THY
o - LT 4 =P, (A17)

After substituting W* in (2.19) into (A.17), we find that only this term relates yg to o :

1o pTew - { gt 2
§ = vl T | g _pTHR T TN (0~ taT'}

R g 1 L T i AlE
T (PTH'—N TN W 1 -pT"’N) (1—p M —ta)T (A.18)
{A.18) can then be simplified to
" = o)1~ TN (L p(ty — ta)
{= PN TNy — or) Y07 tl + T —af Fp ]
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This is the only term in V* that relates yo to . With ¢ = 0, suppose the value of £ is
£o. With any given o, suppose wyq is increased by Agg to make £ = &, By (A.19), A

satisfles the equation:

_ @1'_01')(1_0{7*1\!) )
o= (PTTN gyl gty |¥ + Ly — I+

(1 _.'pT)(fp — ta]F
p’I‘_QT_ :

We can easily solve for Ay

1—pTi(t, — Ly
B [:a . %} T, {A.20)

which is the cost of a, measured in terms of goods . (A.20) can be simplified 1o (2.21).
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