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Abstract

The objective of this paper to introduce the Slutsky demand curve as a tool in
welfare analysis. It 1s shown that the compensating or equivalent variation can
in most cases be measured to within a fraction of a percent of their true value
without any numerical integration techniques. Two well known examples in the
literature are explored. A theoretical measure of the accuracy of the Slutsky
based measure, relative to the Marshallian measure, is developed. The approach
is locally path independent and can be used to measure the money value of a
ration. Finally its application to models of labor supply is explored and an error
in the literature is corrected.
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1. Introduction

The measurement of deadweight loss has seen a ¢hange in focus since the papers
of Willig (1976) and Hausman (1981). At the present time, the major emphasis
is on cases where the Hicksian demands cannot readily be obtained throngh in-
tegration. As a consequence, numerical methods which are applicable ta either
single or multi equation systems dominate. Since Vartia’s paper (1983). Hayes
and Porter-Hudak (1987), Porter-Hudak and Hayes (1986, 1991), Hausman and

Newey {1992), and Breslaw and Smith (1995a, 1995b), among others, have pro-
posed numerical methods for calculating the compensating variation, OV, and
equivalent variation, £V, and their associated standard errors.

In this paper we propose a simple one-step procedure for estimating the C'V
or BV associated with one or many price changes where the Hicksian demands
are unknown. This method is applicable without any numerical integration and
requites only an understanding of a basic graduate course in consumer theory.
The paper proceeds as follows: In section 2 we illusirate the ideas generally and
then apply them in sections 3 and 4 to two well known examples in this literature -
Hausman’s (1981) gasoline example, and McKenzie and Pearce’s (1976) two good
indirect addilog example. We find that our method approximates the CV and
EV to within a fraction of a percent. In developing these results, we demonstrate
an equivalence between the method we propose and what has become known
in the literature as the McKenzie and Pearce (MP) method for the Hausman
linear demand example. In section 5 we develop the theoretical properties of our
measure. We show that it is locally path independent and develop a "Willig type”
result on relative errors which supports the results from the numerical examples.
[n section 6 we examine the welfare cost of a ratiun, and the measurement of the
deadweight loss of wage taxes.

2. A Slutsky compensation based algorithm

A standard exercise in introductory graduate microeconomics is to examine the
relationship between Hicksian and Slutsky compensated demand curves. Figure
1 is typically used in such exercises - see, for example, Friedman (1962} ar Silber-
berg (1990). We shall use the term Slutsky compensation to dencte the income
compensation required so that a consumer can afford the bundle of gouds pur-
chased prict to a price change. The amount of a good purchased at a given set of
prices with such compensation we will denote by ¥ = 2° (p‘mu) where ¥ is the
specific good or vector of goods which the consumer chooses at the initial price

vector pP. In contrast, Hicksian compensation is the amount required to reach a
partienlar level of indifference. The associated demand is o = 2% (p,u?) where
1u%z") is the initial level of utility attainable. The Marshallian demand will be
denoted by #¥ = 1M (p,4") where 3% is the initial income and z is assumed to
be a normal good. The standard relationship between these demands is that the
Slutsky dernand is above, but tangent to the Hickstan demand at the point where
they intersect the Marshallian demand' - point f in figure 1 2. Slutsky compen-
sation is the basis of revealed preference and index number theory (e.g. Diewert,
1976), but to date has not been used as a basis for measuring CV or BV,

When the Hicksian demand is known, the area to the left of the Hicksian de-
mand represents the monetary value to the consumer of a price change. When the
integration is with respect to the original level of utility, ©”, the resulting measure
is the CV and when it is with respect to the new (post price change} utility level it
is the EV. When the Hicksian demand is unknown an approximation is required,
The proposal presented in this paper is to use the Slutsky demand to approximate
these measures. In addition to being straightforward to derive from an estimated
Marshallian demand. we show that it provides an accurate approximation ta the
CV and/or EV, even for very large price changes or where the share of a good
whose price is changed forms a significant component of the consumer’s budget.
In the case of a single good the proposal is simply to measure the area p°fdp’ in
figure 1 and use it as an approximation of the unknown area p®fep'. Estimation
of the CV is only slightly mere complicated in the multigood case, but essentially
the same tocls ran be used.

To examine the relationship between the Slutsky demand-based measure of
the C'V and other methods, it is convenient to define the CV mathematically.
Letting e denote the expenditure function, the CV is given by

CV =e(p® 4% ~ e(p ,u") (2.1)

where p is a vector of prices at the initial (p°) and final (p') equilibria. Expanding

e(p’,'u") around the initial price and utility combination by means of & Taylor
series, and considering only one price change for the moment, we obtain

'The demands in figure 1 come from a Cobb Douglas utilily function u — 7,72 with a
bucget constraint x; + 2z = 4. The proximity of 2% ta = is thus not simply constructed to
support our approach. All figures are developed witk Maple V' A3 nsing exact functions. and
are presented to scale. We have curtailed part of the horizontal axis in some figures so that the
various demands can be distingmished.

?If = were inferior the Marshallian demand would be the steepest of the three demands and
the Slutsky demand curve would hie everywhere beneath the Hicksian curve, except at. the point
of tangency. The relationship between these three demand functions is investigated further in
Appendix B.
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where R is the remainder term in the series, and A is the price change (p' — p°).

If the quadratic terms alone form a good approximation, then the C'V may be
approximated by

A*+ R (2.2)

3z (p, u")
ap
since the derivative of the expenditure function is the Hicksian demand. McKenzie

and Pearce (1976) - henceforth MP - suggested that '}‘—ﬁ%“—ol can be evaluated by
the Slutsky equation for small changes in p. That is:

OV = - (% u"Aa - 05 A? (2.3)
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and this gradient is therefore obtainable from a knowledge of the parameters in
the Marshallian demand [unction. Geometrically, the MP method amounts to
taking the tangent (Z) to the Hicksian demand at the initial equilibrium and
approximating the area g°fcp'by p®fbp’. Clearly, if the Hicksian demand is rea-
sonably close to being linear (i.e. if the remainder in the Taylor series expansion
is small}, this will yield a good estimate of the CV.

A variation of the MP approach is to break down the price change into a
series of smaller changes and to compensate the consumer at each stage. Such a
procedure will reduce the error for large deviations from the original equilibrium.
This is essentially the approach adopted in Breslaw and Smith (1994a, 1994b).
They also present estimates for the variances of CV and EV.

We now examine the accuracy of the Shatsky compensation methed of measur-
ing the CV. ® While this method need be used only in cases where the Hicksian
demands are unobtainable, we test it by using three well known examples for
which exact measures are available. We use Hausman’s gasoline example (1981)
and labour supply example {1980, 1981) for the case of a single price change, and
MP’s example for multiple price changes.

(2.4)

3n the interest of brevity we omit the development and estimation of the £V, despite its
desirable characteristics (Kay, 1980).

Figure 1 - Compensation measures
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3. Hausman’s gasoline example

Heausman’s frequently used example is of a linear demand function for gasoline of
the form

e = ap 4 by oy (3.1)

where p is the price of gasoline, y is income and 7 a constant. The corresponding
indirect utility function is
x
i + )] (3.2
The values Hausman chose are y = 720, initial price p® = 0.75 and new price
¢ = 1.5. The estimated parameter values are o = —14.22 § = 0.082, ~ = 4.95.
The utility values for each price are u® = —1,377.154 and v = —1,410.019. The
Marshallian, Slutsky and Hicksian demands are shown in figure 2. The Hicksian
demand is

1
vip,y) = e Py + lap+

2 = e — /b (3.3)

and the Slutsky demand is obtained by substituting the initisl consumption bundle
for yin 3.1

¥ = (a4 65")p+ 62"+ (8.4}

where z is a composite of all other goods consumed ar the normalized price of
urity.

For the linear Marshallian demand curve, the Hicks compensated demand is
concave rather than convex*. The exact value of the compensating variation (the
area left of 2% between p° = 0.75 and p' = 1.3) is -37.167, with the net of tax
revenue deadweight loss component being 5.172. The residual is accounted for by
the tax revenue generated of 31.995. The Marshallian approximation to the CV
is -35.994 - an error of 3.17%.

Finally, it should bLe noted that when he discusses deadweight loss, Hausman
always refers to a triangular area. However, as emphasized in Zabalza (1982},

4Hausman's illustrative concave Hicksian demands should not he confused with the convex
Hicksian demand corresponding te the linear Marshallian demand he uses. Alse, the secund
form of bis equation (15} should be written as a funetion of utility rather than income. as he
writes it. As it stands, it is correct only if evaluated at the original equilibrium and p and ¥ are
interpreted in this way.

the CV corresponding to this tax induced price increase, when considered net
of the tax revenue raised, is the {rapezoid abfk in figure 2°. This accounts for
the difference in deadweight loss measures reported here (5.176) and by Hausman
(2.88).
Integrating behind the Slutsky demand, 3.4, between p® and p’ yvields:
£ L 0y 2 (1}
f.r dp = [§(a+6.t ipt + 6z p+";p}

'
P

pi= 075

(3.5)

o= 15

The value of this integral is -37.2242, representing an error of one seventh of
one percen‘c.6

There is an interesting equivalence between our Shitsky based measure and
what we term the MP measure in the case of the linear Marshallian demand
curve: in this case they are identical. Graphically this simply means that the
tangent to 2" at f intersects the line p’ = 1.5 at the same point as the Slutsky
compensated demand function. But in this instance the Shitsky demand curve is
linear in p (see equation 3.4) and thus is itself the tangent to z¥ at f since by
definition 8z /dp = Bz /Ap st f.

“In contrast the KV is a triangular area in such a case and can be obtained using the Hicksian
demand through the new equilibrinm at paint o; 2 (p’, u’).

8The Slutsky measure of deadweight loss is 3.2202: an ervor of about 1.1%. This compares
with an error of over 22% for the equivalent Marshallian measure,

7



4. Multiple price changes.

The welfare effects of multiple price changes can also be estimated using Slutsky
Figure 2 - Hausman’s gasoline example demands. To illustrate this, consider the example from MP. Their example differs
from Hausman’s substantially. In Hausman’s case the price change considered
was very large -100%, but the share of the budget attributable to the good whose
price changes was arguably small - 5.6% at base prices. In the MP example the
price changes are smaller - between 10% and 15%, but the budget shares are
much larger. At base prices good 1 accounts for 66.7% of expenditure and good
2 aceounts for 33.3%.

Consider the indirect utility function

ulp, ) =y(i+l) (4.1
P P2

This is a restricted form of the Indirect Addilog’, and the demands are given by

.y Yy : gl up} : B Pty + 2] (4.2)
Yo+ (pi + p5)? C o opt R
The expenditure funclion is obtained by inverting 4.1 and is of the form

oo MPITL (43)

L+ P2

MP set 3 = 220, ! = 1.0, and p = 2.0. They change the price of goad 1 to
p; = 1.1 and then lower the price of good 2 to pf; = 1.692308. The prices are
changed so that final utility equals initial utility: w =" = 330.

The value of the C'V attributable to the incr aioppode —14.1935. The
demands in market 1 are illustrated in figure @ 7 larshallian approximation
to the CV in market 1. obtained by integrating behind the Marshallian demand
curve, is -13.7545.

The Slutsky estimate of the CV is obtained by integrating 5. That is,

v}
Py

i = 3
5 c) + eopy f o /' 1
dpy = | —————dp =y | —————dp) + 3 | ————————d
A | : [I' PR Tvan T T ™ 7% sl v o)™
+ By

%0 45 50 55 50 71 B B

5 2

where ;) =:1:?1 g pgzg] %} pgl

"The direct utility Runction corresponding to this is, ulay, #2) =2y 4 T2 + 2T 22 Thisisa
CFS form, with the distribution parameters set equal to unity and an elasticity of substitution
equal to 2. Bt thus exhibits a relatively high degrec of substitutabihty.
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= [L—}lﬂ(l +egpr) 4 celn(pg) = calnl(l + CaPl)]
c3 py=1.1
Evaluating this integral yields a value of -14.2032, an error of 0.068 of one
percent. The ratio of the Marshallian error to the Slutsky error is 45:1.

Consider now the messurement of the €'V in market 2 after the price change in
market 1. As a result of a change in p, the demands for good 2 shift. The Hicksian
demands are shown in figure 4. The C'V associated with this price change is given
as the area behind the new Hicksian demand z¥ (py; u% p, = 1.1}, i.e. pPacp’. The
CV associated with the joint price change in p) and py is invariant with respect to
the order in which these integrals are evaluated when using the Hicksian demands.
The Hicksian measure of the C'V of this price fall in market 2 is 14.1935.

The Slutsky estimate of the 'V is obtained by again integrating behind the
Slutsky demand curve. Care must be exercised st this point in defining the
appropriate Slutsky demand for the integration®. To obtain the Slutsky demand
which is tangent to the Hicksian, 2 (ng; u% p; = 1.1) at py = 2.0, define & as the
vector of Hicksian demands at the intermediate price vector pu (1 = 1.1, s =
2.0). Then this is the bundle upen which the Slutsky demand in market 2 must
be conditioned, because at p, z2{£(p), 5) = xF (vP(2(p)), p), where x yields utility
levet u®. The two demands are not only equal at this point, but are tangent®.
In figures 3 and 4, #; and #; can be read from the Hicksian demand curves at
{f1 = 1.1, P2 = 2.0). In practice the Hicksian demand curves are unknown, but
the vector Z can readily be inferred by using MP’s suggestion that the change in
quantity consumed can be approximated by the Slutsky equation. Thus in market
1, £, can be obtained from the approximation

At = (82} fop) + 3,05] [6y) Ap,

8For example, if the Slutsky is conditioned on 13 ~ 146.68667 and z3 = 36.66667, the bundle
consumned at p; — 1.0 and py = 2.0, the corresponding measure of CV s 14 3028 an error
of 08, Ho»\ever this Slutsky demand can be shown to be tangent ta the Hicksian demand,

(pg u? pl = L1}, at py = 2.2, nov at pp = 2.0. A better estimate of CV is obtained if an
’ddjusr.ed Slutsky demand, which is tangent to the relevant Hicksian at ps = 2.0, is used,

?The Hicksian demand is in fact an envelope of Slutsky demands. Therefore, for any price
P there exists a Slutsky demand which is tangent to I;;" at g, provided it is cunditioned on the
bundle # such what & = ¥ (W (E(F}). 7). See Appendix B.
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and in market 2, &, can be obtained similarly :

Az = (023 J8py + 20z} Joy) Ap 0

The Slutsky demand curve 23 {#(p}, p) is given in figure 4. The estimate of the
CV obtained in this way is 14.1925 - an error of less than one thousandth of one
percent, without any knowledge of the underlying utility function.

Finally, the estimate of the C'V in market 2 using the Marshallian demand
curve is 13.7545. It is worth noting that, in the case analvzed, the Marshallian
demands yield the correct value of the total welfare impact of the multiple price
change (i.e. zero): this despite large errors in the measurement of the welfare
impact of each individual price change. As is shown in Appendix A, this result is
not general, and occurs in this case becanse the underlving utility is homothetic
and because the price changes analyzed were designed to hold utility constant.
In reality these circumstances will rarely, if ever, arise and, even if they do, this
will generally not be known. As s result, it is best to adopt that procednre which
yields the most aceurate estimate of the welfare impact of each individual price
change t.e. the Slutsky based measure.

The values so obtained are &, — 136 83880, and §, — 41.553554, whereas the true values
are £7 = 136.6667 and I, = 41.55047.

11



Figure 3 - McKenzie Pearce example, Market | Figure 4 - McKenzie Pearce, Market 2
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5. Theoretical Properties

As is clear from the examples pravided, there is strong evidence that the Shutsky
demand provides an excellent method of approximating the welfare effects of price
changes. In this section, the theoretical relationship between the errors from mea-
suring C'V with the Slutsky and Marshallian demands are developed in & manner
which does not depend on the functional forms of the demands. In additior, the
thecretical path independence of the Slutsky approach is investigated,

5.1. A Willig type result

Rabert Willig (1976) derived a measure of the error associated with the nse of a
Marshallian, rather than a Hicksian demand to estimate the OV or EV. Willig’s
result can be illustrated, following Boadway and Bruce (1984, 218}, with the use
of figure 5. A fall in price from p° to p’ yields a welfare gain, as measured by the
OV, equal to the area pladp’. The Marshallian approximation to this is PPacp’,
yielding an error acd. Geometrically this can be approximated by 4dcAp" and
an expression for this is easily derived: de is the income effect associated with an
income change of CV (= pYadp’). That is de =~ dx/8m Am where Am = CV,
Accordingly the Marshallian error is given by

L =
ade o= 5 }E(CV)&‘D (5.1)

where # is the incame elasticity of demand.

The errcr associated with using the Slutsky demand is given by adf. As before
we can easily derive an expression for the distance df: The movement from ¢ to f
is attributable to the Slutsky compensation - in this case negative. The Slutsky
compensation is defined by z°Ap (= p’aep’} in the case of a single good. It
therefore follows that the Slutsky income effect, df, is due simply o an increase
in income defined by the area sed. Accordingly the error associated with using
the Slutsky demand is

l .
adf = —ni(aed)Ap (5.2
2'm

The area aed can be interpreted as a gain from the elimination of a deadweight
loss if the price fall resulted from eliminating a tax equal to Ap'?, Referring to

MMaking triangular assumptions is equivalent to using the linear terms of a Taylor series
expansion,

2This suggests the existence of an interesting anomoly. While it was shown in section 3 that
the imposition of a tax resulled in a deadweight loss, as measured with CV, which was not a

triangle, but rather a trepezoid, the removal of the same tax leads to a reduction in deadweight
loss, again measured with C'V, whicl is a triaungle,
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aed as the deadweight loss, DW L, we therefore have the result that the ratio of
the Slutsky error to the Marshallian error is approximately DW L/CV.

A corresponding result can be derived for a price increase or for the EV, The
magnitude of the ratio, for a given initial consumption, depends upon the price
elasticity of the Hicksian demand. Specifically, the smaller its price elasticity the
greater is the error from using the Marshallian demand. In the limit, if the good
in question is perfectly complementary with the aggregate of cther goods, the
Slutsky and Hicksian demands coineide and DW L, as measured by the Hicksian
demand tends to zero.

While these results are remarkably simple, they essentially illustrates that
there is no need to use Marshallian demands to estimate CV or E'V, when the
Hicksian demand cannot be obtained. If the Marshallian demand can be in-
tegrated, so can the Slutsky demand, and it yields an estimate of the welfare
change which is an order of magnitude smaller than that which comes from the
Marshallian demand.

5.2. Path Independence

An important property of Hicksian demands, which is of sperial concern when de-
termining the welfare effects of multiple price changes, is path independence. This
characteristic of demand systems requires symmetric cross partial price deriva-
tives: 0zf /8p; = Gx! /8p;. Slutsky demands possess this property locally. That
is, at the conditioning price vector p = g%, @af /8p; = 827/ 0p s because the
functions £ and 2% are tangent™. While path independence thus holds only
locally, it should be noted that Marshallian demands generally do nat have this
property even locally 4.

¥From the equality of their first derivatives at 2% it follows that the lincar Taylor series
expansions of each are equal.

14 We have experimented with some non homothetic functions for maderate price changes and
found that the order of price changes has an imperceptible effect on the measurement, However,
as mentioned earlier, Marshallian dewiands derived from homothetic utility functions, such as
in the McKenzie-Pearce paper. do exhibit global path independence.

15



Figure 5 - Marshallian and Slutsky ervors
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6. Extensions

6.1. Quantity constraints

The application of this approach to measuring the weifare cost of a ration where
the Hicksian demand function is unknown, but the parameters of the Marshallian
demand function are known, is straightforward'. It simply requires that a set
of virtual prices be computed which support the constrained equilibrium. The
welfare value of removing or imposing the ration, either in whole or in part, can
then be evaluated at whatever set of prices is desired. For purpeses of illustration,
consider again Hansman's gasoline example. We need no new calculations, merely
a reinterpretation of the example.

Suppose a ration is imposed which is designed to reduce consumption by 20%
from its current level of 33.325, which is demanded at p = 0.75. At an income level
of §720, it turns out that the gasoline price which supports such an equilibrium
is exactly p = 1.5. The cost of the ration can therefore be interpreted as the
deadweight loss measured in section 3. We have already seen that the Slutsky
compensation method we propose gives a very accurate measure of this welfare
cost.

6.2. Labor Supply

The use uf Slutsky demands in measuring the cost of taxes in the labor market
provides a stringent test of the technique's usefulness, due to the large ’income’
effects which accompany a change in the value of the endowment as a result of an
Income tax.

The most widely cited case is again from Hausman {1980). It is a model which
is discussed extensively even in recent reviews (e.5. McCurdy, Green and Psarsch,
1992}, because it affords a means of testing the reasonableness of imposing Slutsky
conditions cn the labor supply function. The linear Marshallian labor supply is
given by

P = aw+ Sy 4 s (6.1

where w is the wage rate, ¥ is nonlabour income and s a constant dependent upon
demographics. This can be integrated to yield a utility function whose indirect,

Y“Neary and Roberls (1980} have developed the theory underlying behavior under binding
rations in terms of cost functions and virtual prices. Qur [oeus is upon cases where the cost
function and Hicksian demands are ot known.

17



form is

u=e"{y+ %w PR {6.2)

i
where ¢ is the exponential sperstor. The Hicksian labor supply function LY can
be obtained from B.2 and js

= ‘—; + 6o~y (6.3)
where u can be either the initial (4°) or fina} (u'} level of utility attained. Finally,
the Slutsky labor supply, L% is

)

L5 =wla — 8L + 6 + 5 (6.4)

where ¢ is & composite of all goods consumed, except leisure, at the normalized
price of unity. For the set of values given in Hausman (1980 and 1981} these
demands are illustrated in figure 6. Again the Hicksian labor supply has a positive
second derivative. The true value of the OV is -§1,246.63 and the C'V computed
as the integral behind the Slutsky demand is -$1,238.3. The error is thus less
than one percent. In contrast, the welfare measure using the Marshallian supply
function is -$1,315.4 - an erver of almost 6%,

It is of interest to naote that Hausman's estimate of the C'V incorporates a
serious error. His estimate is -$2,056, which, as he points out imputes an error of
44% to the Marshallian approximation (1981, p672). However, this is clearly at
odds with the well known relationship which implies, in the case of a single price
reduction, that the absolute value of the Marshallian measure will be bounded
from below by the absolute value of the C'V and from above by the absolute
value of the EV. The EV value is -8§1,382.93. It follows that, as a meesure of
the true welfare loss, the Marshallian measure is not as faulty as Hausman pro-
poses and his injunction egainst the use of Willig's approach is not fully justified.
Notwithstanding this, as a measure of the pure deadweight loss component, the
Marshallian measure deviates considerably from the CV or £V based measures,
due to the greater than unit elastic value assaciated with his labor supply function
(elasticity = 1.13). The deadweight loss using CV is $101.80. The Marshallian
approximation is $170.55 and the Slutsky is $93.45.

In conclusion, this example provides an illustration of the use of the Slutsky
labor supply function. In general, the Hicksian labor supply cannot be obtained
from estimated ecunometric equations, but the Slutsky demand can. It is also

8y s set at $8.236, u¥ is $4.15, w! is $3.32.  The estimated parameter values are
a = 4951 & = —0.125 s — 765.1. These valnes yield ntility of u® = —27,3872, o =
—28,210.4.

18

straightforward to derive a theoretical result of the type given in section 6 above
which relates the Slutsky and Marshallian approximations to the Hicksian based
measure.

19
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7. Conclusion

The recent literature on welfare measurement has focussed upon cases where ex-
act theoretical measures are unavailable - i.e. where the cost function or Hicksian
demands cannot be generated from estimated Marshallian demands. Our ob-
jective in this paper has been to show that a simple and intuitive measure of
welfare changes associzted with price movements js readily available without any
numerical integration techniques. An understanding of the relationships between
Hicksian, Marshallian and Slutsky demand functions as described, for example,
by Milton Friedman {1962) is 2ll that is required. Tests of the procedure indi-
cate that it 13 accurate to within a fraction of a percent, even in cases where
price changes or budget shares are large. On a thecretical level, following Willig’s
methodology, it is straightforward to demonstrate that the error associated with
the Slutsky demand is an order of magnitude smaller than that asscciated with
the Marshallian demand and is easy to obtain. Since the Slutsky demand based
measure is also locally path independent, we conclude first that there is no reason
ever to have recourse to Marshallian based measures of welfare, and second that
the numerical methods recently proposed in the literature need not be used unless
an error of a fraction of ene percent is deemed unreasonably large.
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A. Measuring the welfare effects of multiple price changes
with Marshallian demands

Tt was noted in Section 4 that the overall welfare impact of a multiple price change
was measured correctly using Marshallian demands, when the example from MP
was used. This tesult is not general and, as shown below, is a result of the
particular utility function chosen and, the type of price change investigated. In
particular, it is shown that if the Marshallian demand is based on a homothetic
utility function and if the multiple price changes are designed to hold utility
constant, the resulting change in welfare always equals the correct value, despite
the fact that the welfare impacts of individual price changes, as measured by the
Marshallian approximation to C'V, can be excedingly inaccurate!

Assume that {7 = U(z,.2;) is homothetic. A well known result is that the
indirect utility function is then separable in p and ¥

U =v(py) =y (A1)
and by Roy’s identity the Marshallian demand will always take the form,

M_ (3¢/3P£)y P ;
ST ) Hely (A.2)

and the Marshallian approximation to any CV is thus,

n} ) 4 L
N/ Bpi)y y ] vy ™
UM = f»:“ :f,(L___ = |ainreds| | = |pln—2— A3
o= [l = |- T )l T P el Y
By Py * *

Now following MP, assume that p; increases from p} to p;and p, falls from pj
to p; such that 7 remains constant:

v, ph,y) = vipy, Py ) (Ad)

The overall welfare change resulting from these two price changes is the sum of
twe O'V's: one related to the increase in py, (CV;) and the other to the decline in
py, (CV3). These are approximated as,

Civ.\l _ CI"']AJ o C‘;?.’\if_

v P [ Y ]
1 : l
[y " u(p‘?,rlhp; Rl L

-
y¢ln il ———s
v{pl. 1%, v) w(pr. 72, )

22

7

‘

P2

and this equals zero from A4

B. The Slutsky Demand

The Slutsky demand can be derived by solving the foliowing problem:
Maximize /(z) subject top- 2% =p- =z (B.1}

where, = is & vector of commodities, p are the corresponding prices, =% is the
bundle of goods on which the demand is conditioned and U is a strictly guasi-
conecave utility function. The resulting Slutsky demand takes the general form,

x =z (p; 2°) {B.2)
It is also clear that the following identity holds:

£ (pa”) = 2 (g 3 pad) = 2 (piolp Y paad)) (B.3)

where v is the indirect utility function, M is the Marshallian demand and ¥ is
the Hicksian demand. Differentiating (B.3) with respect to p;. and applying Roy’s
Identity ,
dxf  Oalf dz
R Y (BA)
ap, Ap; S

H
where £ is the demand for z; when m = ¥ p;z{ and d—a?_— is the slope of the

Hicksian demand, 7, conditioned on U(z"), at any p.

Two results follow from this, when comparing the Hicksian demand condi-
tioned on U{z%) and the Slutsky demand conditioned on %

i) When prices and income are such that the quantity actually demanded (z})
is equal to the bundle on which the Slutsky is conditioned (x7), then the Hicksian
and the Slutsky demands have the same slope. That is they are tangent as is
shown in figure 1.

i) When prices and income are such that 3 > 27, then the Hicksian is steeper
than the Slutsky demand at x¥, assuming that z; s a normal good. Conversely,
when prices and income are such that @ < 2, then the Hicksian is flatter than
the Slutsky demand at ¥, assuming that x; Is a normal good.

This demonstrates that any particular Hicksian demand is an envelope of Slut-
sky demands, since this result can be demonstrated for any arbitrary bundle, T,
that corresponds to a point on the Hicksian demand conditioned on U(z").

If (B.3) is differentiated with respect to p;, the resulting equation demonstrates
the lucal path independence property discussed in section 5.2,
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