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heen formulated within

Zecently some intera
the model of macroeconvmic scrivity proposed by Dornmbusch (1976). The
solution to that model often has a saddlepoint property. The assoclated
instability is “handled” by the device, suggested by Sargent and Wallace
{1973}, of nominating an endogenocus variable which "jumps”™ by exactly the
amount required to keep the model on the stable manifold. This asuxiliary
assumption has the advantage of allowing the introduction of ”faxw&gé
aie wmodels and of suggesting an

E

18

explanation for the sharp changes which have assel prices

iz no mechanism

general and exchange rates in g

in the model itself to motivate the suwxiliary assumption. There are, for

the wvariszbles in Dernbusch's

into the possibility of other

¢ the usefulness sand

wage/price macroeconomic

plausibility of
framework. Our starting point is to note that many models are specified in

for esase of manipulation,

an entively

ot

certainly not for reslism. Now it can be shown that the zdditvtion of
o

gtochastic shocks can make an ctherwise unstable deterministic model

stable, in a stochastic sense. Thus it may be possible to add to the
alism of mmeromodels while simultanecusly maintalning their gtability.



In fact, in this particular application, attention is directed to
the stabilising function of stochastic processes by excluding the
possibllity of any variable "fumplog”, so that the deterministic model
would be strictly unstable.

The paper is set cut as follows. 1In section 2 the deterministic
model is set out. Section 3 {ntreduces the concept of stochastic
stabllity. In section 4 the design of a series of stochastic simulation
edxperiments is ezplored with alternative sets of parameters of the
deterministic model representing, broadly, Keynesian and monetarist
positions, and with parameters of stochastic parts chosen to ensure
stability and to explore the consequences of varving the “signal-to-noise”
ratios of structural equations. Section 5 summarises the results of the
similations in terms of regressions, time series properties and spectral

decompositions.

2. The Deterministic Model

The model is straightforward: we have oo contribution to make ia
terme of deterministic wodelling. The model is very similar to the one

employed by Dornbmsch (1976) and is represented in four equations.

(1) m o= ky — Ar + p kA >0
(% y = =y{r-hp) + &(e-p} v,8 > 0
(3) Dp = ¢y b > 0
{4} De = ¢

m nominal money balauces

i domestic price levels

¥ real tncome

v domestic interest rate



@ nominal exchange rate (domestic currency price of foreign
currency’
D differential operator, d/dt

A1l variables except r are in logs. The equations are the LM curve
{1}, the IS curve {2}, Phillips curve (3), the interest parity condition
(4). The world price level and the world interest rate are assumed
constant and omitted. Otherwise the term in the IS curve would read
§{a-p + ?w} snd the interest parity condition would have r, subtracted from

the right~hand side. Variables y, r, Dp and De are endogenous in the

shorf~run.
Defining real money balances £ = w-p and the real exchange rate ¢ =
e~p the system has the vector first order state-space representation, usad

by Buiter and Miller (1981}
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with A = 1{A
i S{ax~-1}

and & = yv{$r~k)} -~ A«

With the parameters having signs as indicated and with A < O the
matrix A has two elgenvalues, one with positive real part, the other with
negative real part. Denoting the roole by )l, —a2 with x1,x2 > 0 the

B “ e St
equilibrium trajectory for ¢, say is given by c* = Bye + Boe
(unstable) eigenvector dominating for large t. A& "jump” in c% to the
stable trajectory is equivalent to gsetting By to zerd.

Our alternstive approach to maintaining stability is introduced in

the next section.



3. Stochastie Stability

In this section we extend the wodelling so as Lo describe £ and ¢ as
stochastic wrocesses. For this purpose we étart with the d@té?ﬁimistia
model (3) and add continuous martingales Lo £ and ¢. Ag the deterministic
part has the Markov property; that is, all the {nformation relevant to
determining the change in % and ¢ ig embodied in the current values of &
and ¢, it 1s convenient and elegant to retain this property in wmedelling
the stochastic part. With the additional assumption that the covarlance
matriz is continuvous with respect to f,¢ and €, £ and ¢ caun be taken to be

diffusion processes. Thus we write

e

(6} Em&ﬁ—% 4
dg_f = 4 L{: dr + zéﬁ

where b is & vacior Brownlan motlon containing independent standard motlons

and % is a watrix of functions of £ and ¢ gpecifying the instantanecus

covarlance structure. Even though the matrix A in {3} has an eigenvalue

with a positive veal part, indlicating instabilicy of the ‘dererministie’
part of the system, the stochastle process given by (8) can be stable in
that there exlsts an invariant joint distribution for £, ¢ and the ergedic
process f,c comverges Lo a stationary stochastic process with the ilanveriant
digstribution ag ite limiting statlonary jeoint distribution (Kushmner,
19673. Examples in ons dimension provide an illustration and an
iantroduction to the technlcalities involved.

Consider the one dimensional system in x given by
dx = ax df + YBx db for b a one dimensional standard Brownian motion. The
dererministic part is mnsiabié for o » 0. However this egquation can be
explicicly solved for % in termsg of ¢ and b vielding

2(t) = =(0) explat -~ 8/2¢ + /8b(t)) so that x(t) tends to zero with

probability one provided 8/2 > & (Kushner 1967, pp.55-363. The point x=0
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is an absorbing state for this process for if x(t) = 0 then x{t+s) = O for

X ra ¢ i sy wrped ol o e o B o - o ¥
in order to avold an absorbing state at zero we alter the egquation
P 2 - m.%f*?‘
ta dx = zx dr + Ly + ame} db. A positive v insures that there is no
2

P 1 E e . _— <% o 2

bsorbing state and the variance rat @ 1s approximately proportional te x
as in the above example. This example is gxplicitly studied by Rozanov
10 TEAY where 1  eheen i o F S f : .

(1969, p.274) whevre it ls shown that for R/2>0a>0 and v<B, x(t} converges

€6 a stationary stochastic processz with inveriant distribution given by

3
% Z oo, fna/B-1 . -
pla) = A(x"+y/B)*P7%, Note that x hae infinite variance as

?msigﬁiﬂ}gxgzﬁ has finite variance only for 8<1/2 ~ 0/B. Hence, as slgn
preserving power Lransforms of x are finlte variasnce stationary stochastic
processes, thelr dynamic structures may be anal yzed by the spplization of
spectral and time series snalysis, w
HWe turn now to the stabilization of the two dimensional svstem {6}§

: L to be a disgonal 2x2 matrix with diagonals

&

Pirstly we defin
Z 2
{y1+81%& )}, (y3#82c ), heteroskedastic disturbances which have been

h

discrete time case by Engle (1982).
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Note that without loss of generality one may suppose the egquilibriam

~of 1 and ¢ to be zero as they are log + ables. The proposed
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diffusion specificstion makes varlance rates proportional to the absolute
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deviation from eguilibrium, independent of direction. This is fairly

o

changes to be stronger the

L]
o
&
W
2
el
e
w
fomst
&
iy
e
g
o
fns
W
P
]
!
,w&
e
‘%
r;;}
e
¢
(s
oy
o
]
£ j"x
=iy

further the system deviates from equilibrium snd variance rates essentially

measure the vncertainty in the results of such forces.

abilicy of the two
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dimensional diffusion procasses (§) we employ the criteria developed by

&
e

Bhattacharya (1978}, which is explained fully in the appendix.



T&e stahilization strategy we adopted was Uo seb Yi,vz at 0%, a
relatively small value, to avold zero becoming an absorbing state, and to
choose £y, B; such Uhat the model iz stochastically stable. In eperatlounal
cerms this means that a variable berabar, defined in the appendiz iz less

than unity. An Intuitive grasp of the role and interpretation of betabavr

2

can be ohtained by referring, once again, to the one dimensional case dx =
ax dt + /Bx db.

Tn this case batabar equals 1/2 + off so that as betabar rises
towards unity, the signal o nolse ratio is increasing. Returning to the
twe dimensional case, it is simple to show, by caleulating betabar at f=c
that, for betabar < 1, the trace of A in eguation (5) mast be negative.
Hence our stabilising procedure camnct stabilise a deterministic system in
which both roots sre unsitable. PFurthermore, in ocur system with just a
gingle unstable root another restriction is necessary for stability. With
rows of A represented by a, b and ¢, 4 we need a%é%%b%ﬁg < 0. Thus our

1,

choices of parameters have been made subject to this congtraint. Within
this iimitation we have chosen the parameters to reflect Reynesian and

monetarist heliefs. The specific cholees are explained in the next

gection.

&4 The Slwmulstions

Yhe simulations were designed to explore the significance of three

dimengions of the modelling: the traditlonal Keynesian—-monetarist

contributions, and the relative stochastic contributions of L and ¢. This
makes eight possible simulations. In fact we conducted only six. The
Keynesian variant proved difficult to gtabilise, requiring large values for
8 and 8. (the slope coefficients in the heteroskedastic evror processes).

1
Thus rhere are no Keynesian simulations with low variance stochastic paris.



To generate an alternative Keynasian model would have reguired us Co

inecrease the variances sven morse, giving rise Lo a

stable bui dominated by white nolse.

model which would be

The varicus models are summarised in
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table 1.
Table 1
Pargmeter Valuves for Simulations
Monetarist Keynesian
&qu&ii sgual unequal | unequal | equal ynegual
high Low high Low nigh | high
Parameters | MEQH MEGL MUCH MUQL REQ KOG
k g 2.0 I 0.75
A ] 0.5 ! 2.5
Y [ 2.5 | 2.5
8 | 0.25 § g.1
D | 3.0 % 0.5
! | E |
Y 0.05 % 0.05 % 0.025 % 0.025 0.05 % 0.025
By 20 | o5 | 1O | oazs | 20 | 10
g 0.05 % 0.05 % 0.05% % 0.05 | 0.05 | 0.05
B, 2.0 % 0.5 % 2.0 % 0.5 % 2.0 % 2.0
eigenvalue 1] 0.1 1 S B | 0.1 | 0.0 | 0.04
eigenvalue 2| =4.31 | -4.31 | ~-4.31 | -4.31 | -1.08 | -1.08
betabar 0.72 8.97 | 0.95

(= ]

=20 and “low" means § =0,

The word “high” means § 5
2

@

and Tunequal” wmeans 8&

“equal” means a}wﬁ

= 1/Z R,. Thus the first four gimelations - all
o

Z



monetarist - explore the consequences of varying the varisuvces in the
diffusions for & and ¢, both in absolute and in relative terms. The two

Kevnesian simulations are both "high varisnce”, the "low varisuce”

alternatives being unstable.

&3

Turning to the choice of the parameters of equations ! to 4, we

The ipcome elasticity of money demand,
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applied the

k, was put at 2.0 in the wmonetarist case and 0.75 in the Kevaneslan case.

J
L

The interest semi-elasticity, &, ig set at 0.5 and 2.5 in the monetarist
and Kevnesian cases, glving 2 relatively steep LM cuvve for the monetarist
medel as {(at least a) rextbook exposition might lead us to expect is the
case. The slope of the 1§ curve in each cagse {s 2.5 while the elasticity
of domestic demand to changes in the real exchange rate, §, iz 0.25 in the
monetarist case and 0.1 in the Xevnesian case, srguably reflecting the
additional enthusiasm with which monetarists tend to view the efficacy of
changes in velative prices. Finally the slope of the Phillips curve 1s
raken at 3.0 for the monetarist variant and 0.5 in the Keynesian variant,
again a rather natuvral interpreiation of the differing views.

The remaining informstion in the table is related to the stabllity
of the model. HNote that, in the Kevnesisn case, both the stable eigenvalue

(~1.08) and the unstable one {0.04) arve rvather small. Alsc note that

-

betabar is closs to its upper bound of unity in both cases {(0.%7 and 0.93}
imposed by the reguirements of stochastic stability. The monetarist values
for betabar ave lower, the corresponding values (MEQH and MUQH) being 0.57
and 0.56.

In simelating the diffusion of equation (6) we followed ¢

procedure developed by

partitioned inte 1000 intervals of length A=.001 and the discrete time

approximation of Yavin (equations 3.48 and 3.4%) were used to construct
x(e+A} from x{t}.® In this way observations on simulated values of lg,

ey af multiples of unit time were generated. In order to induce finite

Le
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variance, a sign preserving power transformation was performed defining

) g .
vy = sign(i} ii% , vz = gign(el}je| , with 6=0.1,
The cholce of & equal to 0.1 may be motivated by noling that, in the

11 ba

fods

one dimensionsl example used above, a finite variance variable w
generated provided 6 < 1/2 - o/, or, equivalently 8 less than
(1~betakar}. We have used this relationship as a gulde in the two
dimensional case., Thus 6=0.1 emerges as a value which leaves a wide range
for betabar, may mot "flatten” the original variables too much and which
can be usad for all simelations, a requirement reflecting our view that a
common power transformation is desirable 1f we ave Lo make comparigons
across simulations. This said, 1t remains the case that our cholce of &
value for 68 has been only partially justified.

Tn the next section we analyse, using regression, time sevies and
spectral analysis, the simulated series of on L, ¢ and §§3 vz for the

gimulations summarised in table 1.

5. Basulte

% models for simulation. Three had

Jobr

The previcus section listed s
equal variances in the heteroskedastic error terms and the other three set
the variance in the df equation equal to one half the variance im the de
egquation. In fact, the equal and unequal varlance results were alwost
identical, so the “unequsl varlance” simulations are not reporfed. We are
left with three models: monetarist high variance, (MEQH), wmonetarist low

variance (MEQL) and Keynesian (KEQ) for each of which 100 ohservations ars

pet)

gimulated. Initially the results of the gpectral analysie ave discusged.
Figures 1 and 2 display the spectral densities for real halances and the

real exchange rate.’ Figure 1 shows that the monetarist high variance and

the Keynesian models have guite similar spectra, with the monetarist high



variance model having two significant peaks and the Keynesian model

¢ variance model has wmost
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of the spectral density concentrated at low frequencles, with no proncunced
eycles. This pattern ig repvoduced in figure 2 for the resl exchange rate.
In a1l models the cyelical patterns for rveal balances and the real
exchange Tate are very siwmilar. All models have a long cycle, between 39
and 56 veasrs, while the monetarist high variance model 33& Eevynesian wodels
also poszess a wedlum tern cvele of agbout 7 yvears and, additionslly, the
Keynesian model plausibly has a short cyecle of 4-5 years.®

It is important at this point te spell out the nature of the

comparison bebween MEQH, MEQL and KEG. Two comparisons are obvicus: MEQE

gn..e

with MEQL, and MEQH with XEQ. HEQH and MEQL are based on identical

deterministic models and differ Thus the

differences exposed by the figures ave sclely due to the stochastic

influsnce. HWEQH and KBGQ ave, obviously, based on different pasrameter sdtis,

3

as the upper half of table ! shows. helr stochastic parts are, however,
identical, as the lower half of the table shows, so thst compariszon between
MEQH and KEQ reveals the effects of the deterministic differences which
frequently form the basis of monetarist~Keynesian debates. Note now, and
this is important, that MEQL and KEQ can form the basis of a useful
comparison. Thase twe models differ in their deterministic parts aund thelr
stoechastic parts. However they have siwmilar values, by coustroction, fo
betabar (.72 and .97}, On our interpretation bhetabar is related to the
signal to nolse ratio for stochastic processes. Thosg the MEQL and XKEQ
simulation have similar relative contributions frowm the stochastic parts.
An important feature of the results, vevealed in figures 1 and 2 is
that, by increasing the heteroskedastic error component in the monetavist
model {i.e. golog from wmonetarist low varisnce to monetarist hig

variance}, it iz guite possible to so change the freguemey characteristlcs

of the
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Keynesian cage. This suggests (hat stochastic specification is important
in wodel description with the differences between the wonetarist properties
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1. Of course the unstable trajectory impllies that some price ig tending
to zerce as L tends to infinity. If forward wmarkets exlsted for many
periods into the future there would be a case for neglecting the unstable
solution. This would also be Che case 1f we were to require the agentse in
the model to be infinite horizon discounted utility maximiser {Brock,
1975). Both rationales are, we feel, misplaced in a short-run
macroeconomic model, 7

2. In section 3 above we pointed out that the distribution function

generating £ znd ¢ has an Infinite varlance. A4s the spectral density
describes the frequencles whiﬁh‘@aka up the variance, the application of
spactral methods in this case presents z problem. Our approach was to
calculate spectra for the variables of intervest and for thelr teath vosis.
For all three models the original real balances and thelr respective teath
rools possessed simlilar qualitative and quantitative cyclical patterns.
This conclusion applilies also to exchange rates for the two monetarist
models. In the Keyvanesizn model the oviginal variable possessasg an
additional higher frequency cvele. In view of these close associations we
present only the spectras for the original series.

3. These statistiecs are obtained by averaging the density over five
frequencies arcund the peak fzaqa&mai&$;

4. The cohersnce for the m@ﬁetafigt high variance model is not shown as
iv ig close to unity over z2il fregusncies.

5. The &RMA (1,1} model for real balances, given by

e ~1
=z . te + Be : v be rewrltten £ =g  + {atf)/{l-a}{{I~-ak 3
Lo=et, , *te +Be ., can be rewritten § =e (a+B)/(1=a) | (1-aL) &g~1}

and, using o, § from the table, (a+8}/{l-a} = 12,
6. The continuous tiwe econometrics of heteroskedastic diffusion
disturbances is a8 vet guiie undevelnped. Some progress has been made by

Frngle (1987} in studying discrete time conditional heteroskedastic wmodelsz.
o L~
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