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ECONOMIC PCLICY AND CATASTROPHE THECRY

Introduction

Wwhen scientists want to describe & phenomenon, they often do this
by constructing a mathematical model. If this model is successful it is
often said that the problem has been “explained” by the model. Until
recently a typical methed in wmathematical wodelling has been the use of
differential calculus and more specifically differential equations have
been used to describe the behaviour of a phencmenon. But this method has
a severe drawback, as it can only describe situations where the changes
that take place are smooth and continucus. In other words solution functions
to the differential eguations must be differentiable. But obvicusly only
rather few phenomenon behave that nicely. More often we observe sudden
transformations and unpredictable divergences. This seems to call for a

description by non~differentiable functions.

Catastrophe theory ls a mathematigal method for modelling such
discontinuous phenomena, It applies to situations where gradually changing
forces produce sudden effects. As our minds almost take for granted that
continucus causes produce continuocus effects, we are tempted to call it a
catastrophe, when a continuous cause results in a discontinuous effect.

Hence the name.

Catastrophe theory was invented during the sixties by Réne Thom, a
French mathematician, and the ideas are presented in his book "Stabilité
Structurelle et Morphogénesé®. Briefly the idea in catastrophe theory
can be described as follows. A system may be resting dquietly in

equilibrium while the underlying forces are slowly changing, causing



the equilibrium position to move slowly. Eventually a point is reached,
where that equilibrium breaks down, and the system "jumps" suddenly to a

new position of equilibrium.

From this description it is clear that the basic concept for the
theory concerns the points of equilibrium. As underlying forces vary, the
corresponding equilibria can be described by smooth surfaces in multi-
dimensional spaces. The aim in catastrophe theory is to describe the
shapes of all possible equilibrium surfaces. Thom has done this in terns
of a few archetypal forms, the elementary catastrophes., Thom's theora
states specifically that for processes controlled by no more than four

factors, there are zt most seven elementary catastrophes.

Proof of Thom's theorem is complicated. It lnvolves theorems fraom
several branches of mathematics: topology, geometry, commutative algebra,
and differential cguations, so from a purely mathematical viewpoint,
catastrophe theory can be seen as a catalyst to stimulate work in the
theory of singularities. Fortunately the resuits of Thom's theorem are
relatively easy to understand, and what seems very relevant to economiots
for example, is that the elementary catastrophes themselves can be undergiood
and if carefully handled, applied to problems without reference to the

proct.

The paper falls into three parts. First I shall state Thom's theorem
in a simple ferm. Then I shall go on to a more application oriented point
of view and outline when it seems reasonable to take catastrophe theory
into account in constructing a model. Finally I shall present three
examples to show how catastrophe theory may have implications for economic

theory and policy making.
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Thom's classificaticn theorenm

Roughly speaking tae conbant of Thom's theovem can be stated as
follows. Suppose we are Glven some parametsr space "control space”
P £, : i , . ;
¢ {2 indicates the dimension), a state space ¥ , and a smooth generic
: ; gy L i ] 2 . G
function £:07XX° + IR . Then the equilibrius surface given by 4f/dx = O

can have only fold and cusp singularivies, i.e. the equilibrium surface

ig locally cf the form as in Figure 1.

7
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To make this statement precise I shall have to introduce a Few concepts.
s

® n ! T oE . )
Let £: IR X+ B ke & smoorth (f.e. O function, which represents

a dynamical system in (he Wt the system ilecally minimises {or

i y ; . o i . s k
maximises) the "potential®™ f. For Yixed control peint o ¢R we have a

leogal potential funciiom f_: R + R defined by fﬁ(x}r flic,x). The

hypothesis ¢an then he expressed sxplicitly by the differential equation

¢

where x = (X, ....,x ! ¢R and qrad £ = (IF/0% 4.0, 38/3x ), so the
Fe L

1 i1 &

state ®x will flow towards 2 wminimas of £ . More generally we could just
L®3
it

assume that we have a differential equstion on R, parametrised by ¢,

such that fc dacreasas along orbits.



We now deflne M, Lo ke the gset

of stationary values (eguilibria}

of £ , il.e. %E il given by ibhe eguation grad £ = (. Define the
e : = <
catastrophe map ¥, mf~ 8 boobe ©he map induced by the prejection
k+n e . ) ] 0 By, ;
R Falk he the et ol gularities of this map and call
B = xf(s} the bifurcation set. Finally let 7 dencte the space of smooth
. Kby . 5 - ¢ A5 ¢ i
functions on ' endow=3d with the Whitney C  -topology. We then have,
THEOREM Thom, (1975)
1f k=% there is an open dense set I ¢ J, which we call the generic
(o]
functions. If [ is genesric, then
i Mf 1f a k-manifoid,
& Any singularity of ¥, is equivalent to cne of a finite number

of types cailed elementary cat

K¢ is stable under small pertu

The nunber of elementary catastrophe

astyophes.

rhations of £.

depeands only upon k as follows:

K | 1 i3 14 4 [ 6
= i i | O
I H E i
na. of ele. | i % j [
i | ! ; i
i b } Vo
catastrop. | 1 2 h B 0§ oSl | @ —
i il i ; ; P
Definition of eguivalence. y:M*H, ':M'+N' are said to be equivalent, if
there exist diffeomorphisms h,k such that the follewing diagram is
commutative
L
Moo N
¢ f
; ! 3
oo ) |3
% X

I ¥o¥" have singularities xoM, x'sM

equivalent, 1f this definition holds

means that y fo

‘

is equivalent to ¥
G

', the saingularities are said to be

tocally with x' = hix). ¥, 1z stable

L

P
i

all g in a neighbourhood of £.



The elementary catastrophes are given by simple polynomials. In
order to illustrate the theorem I shall return to the picture aboye,
which depicts the simplest elementary catastrophe of some subtlety. It
is called the cusp catastrophe., Here k = 2, so let {a,b) be the
coordinates of the control space. Take n = 1 and let % be the coordinate

of the state space. Finally let f:IRZNﬂ?ﬁm'be given hy
4 2,
fla,b,x) = x /4 + ax /2 + bx

Then Mf is determined by the eguation 3f/dx = x3 + ax + b+ 0. A

2 ; _
: M >R ovcurs when a local maximum and a local minisuam

singularity of £

f(f
. 4., 2 2 ; ;

of £ coalesce, i.e. 37£/39x” = 3x” + a = 0. &o the singularity set

5 consists of the two fold curves {(~3t2,2t3,t)}, t>0, t<0, and a cusp

singularity at (0,0,0). The bifurcation set B is given by

3 "
{a,b) = (—3t2 2t3), which is the cusp 4a” + Z7p = 0.

r

ntrol space

Fig.2.

The theorem states that the eguilibrium surface iz a smooth
manifold, which contains only folds and cusps as sinqularities. Therefore

locally, the picture above is the most complicated we can have.



If we increase the dimension of the control space by 1, this will
result in an increase of Mf's dimension by 1. Now Mf will not be folded
along curves but instead feolded along surfaces and the bifurcation set
will consist of surfaces in three dimensions with cusped edges. 1In this
case a new type of singularity will appear, called the swallow tail
catastrophe. I shall not go further inte this geometric discussion,
but just mention that a complete presentation of the elementary catastrophes

may be found in Thom's boock.

Before ending this mathematical discussion it should be stressed
that the statement of the thecrem says nothing about the dynamical system
introduced above as a hypothesis. In fact the theorem does not assume
anything but genericity of the function f. However, in most applications
we start out with some dynmaics on the state space and then make no
reference to the potential function. This is justified by the theorem as
follows. 1In practice the dimension of the state space will often be
very high. Then the internal dynamicsdescribing the phenomena will be
very complicated, and the potential £ impossible to calculate, i.e. the
potential can only be implicit. But when we for example are studying
the effect of two specific control variables, the theorem says that the
cusp catastrophe is the most complicated to arise. This is independent
of the dimension of the state space. So locally the implicit catastrophe
map is equivalent to the explicit three dimensional model above. This
allows us tc forget the implicit complicated description related to the
nigh dimensicnal state space and instead look at the explicit description
with a one dimensional state variable. And in this three dimensional wmodel

there is no meaningful potential which represents the dynamics.
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When to apply catastruphe theory

The best way to understand when Lt miaht he appropriate to try to

apply catastrophe theory o wconsoraci aomedael, 18 to desorpine tho

stropbe model is able to handle. Again in order

specific propertvies a cal

to keep things simple ¥ shall ow discuss the gualities of the cusp

catastrophe. This is chuaracterized Ly five aualities, Limodality,

catastrophe jumps, hysteresis, divevuerce and naccessibility.  These

will now be explained.

Tne main gualitative feature of the cusp catastrophe is the bimodality,
which emerges because the equilibrium surface is folded over to form a pleat.
At points in the contrel space outside the bifurcation set (which is here
cusp) the surface is single-sheeted, while it is triple-sheeted inside., Thiso
represents the fact that outside the cusp there is only one stable ecuilibrinm
point, while ingide there are two stable points and one unstable point.

As there ususlly is some "nouise"™ connected with a specific system it is not

likely to remain irn an uerstoble ecuilibrium situation. It is therefore

acceptable to foous on the i part of the surface, and the behaviour

iz then bimodal inside the susp and unimodal outside.

e
p» e £ BT
i cauliipriul surface

state 7

SINACE




in order to describs the second gualiiy, the catastropha

consider the {control) polat F The line . The corresponding

state O on the eguilibrium surface movas smoothly until it orosses the
folo curve at the point ©.  Hers the stability of the equilibrium breaks
down snd the point jumps oo 2 new egullibriuvm position at the point D.

This ig the catastrophe jump.

L i
T

If we now move the control point P backwards sleng the line F the
aguilibrium point will wove smeothly on the upper sheet until the point F

iz reached. Here stability breaks dewn and there is a sudden jump down

to the poinc V. aprence in the contyol space betwsen the points A

and B where bdumps take niace, 1% failsd the hvsteresis.

Now look ot the ftwo points X oand L, near to each other, in the control

space and the corvresponding poinis LF aid B in the egullibrium surface.

As we move K oand Loalong tve parallel lines o and 5 oit wall be scen that
wne polnts B and E_ stay on the two different stable sheets of M, and
- _-l

in this way move away from easch cother. This property is called divergence.
What lo important to npotloe 1s that the changs of bebhaviour along the paths
o and § has been smooth withoub eny catastrophlc JTamps.  So divergence may

e described as the possibility that marginal Jdifferences at the outset

may eventually produce major ditferences in the states.

The Jast quality, called inaccessibility, is descriled by the fact

that as goon ag & point T has passed the cusp point on the line v, there
will be some states that cannot be obtained on the eguilibrium surface,

the unstable eguilibrium points.



Example 2. Savings hehaviour in a

R ¢ e A et it

L podel

The first ewampie I shall develop 18 inspired Sy recant work in
disequilibrium theory as presented by £. Malinvawd (1978). It is assumed
that the veader is familiar with the basic ideas in this thecry, where
prices are assumed fixed such that equilibrium 1z abtained only oy
adijustment in quantities. “The spepific application is related to a
pager by ¥, RShm {1278). This paper presents one of the first attempts
to incovporate some dynamics inte these diseqguilibrium medels in order to
descrrbe the davelopment of disequilibrium states over time. A geheral
presentation of Bihm's podel 15 not intanded; just & Few facts which are

necessary to explore my example, are explained.

% ougual in s ddsewmulilibriuvm medel Bohon diztinguishes betwean three
types of egnllibria, Keynesian eguilibriz, where consumers are rationed

on the labour marketr and producsrs ars vationed on the goods market,

Classical ggquilihria, where consumars v soth markets, and
Repressed Inflation eguilibria, where conswiers arve rationed on the
goods market and producers are rvalionsd on Phe labour market. Corresponding

o these thiee cagsesn BSbm obdains the foliowing dlagram

2

Wevneshan wepressed coftarion
& i
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Here W is the real wage rate, M is tobael real balances

iz the Walrasian equilibrium with ao raticuing at all.
d -

The dynamics is introduced to & model by Jocking at diseguilibrium
savings through time {i.e. changes in money holdaings) under the assumption
that the real wage rate is kept fixed. By restricting tbe range of the
wage rate Béhm assuves that tihe equilibrium is either of the Keynesian

or the Repressed Inflation type. 38hm then obtains the following

qualitative picture of the savings behavicur through time, supposing

positive savings at the temporary Walvasian equilibrium.

e v

O

£l

o) 7
LE]
o

Fixing the wage rate st a ieval below W we gel the following

aA

plicture of savings as & function of M

A
|
i

This is the picturs on which I shall elaborate, inspired by ideas

expounded in a paper by E.C. Zeeman (1973a).



in contimous time a first simple

Looking

approximatiocn 1o seraplion of Mis wvariation with M iz given by

the following
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Oy 8 oone dimensional dynamical
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wncreased apd in the limit (L=0; it umps instantanesusty. 50 we have

o

a) The siow manifold iz determined oy the fasl eguation.

) The slow eguation Jdeterminss fhe behavicur on the siow manifold.

In this way we have now transformed the Tirst picture, where the
- k: {4
dynamical system was only defined on a line, inte a more general situation

with a dynamical system defined in the olane.
b o

We now make a small change in the slow equation as we want to look

at the following systemr

i
in

s

S = Big & P

The slow manifold is the same {the fast egquabtion is unchangedy. The
1

beraviour on the siow manifeld is also wnchanged because an the slow aaniiold

we have ~M = M. So the sicow egustion is in effact Lhe same. 'The gubtlety

Pt

of thnis chanve may not seem gquite clear. But perhaps the following
consideration will clarity the idea. Befors the change was made, £ was

samply defined by H. Now 5 is intvoduced dirgotly into the system as a

behavieur variable witnh an interest of its ows, ahd it must therefoare bo

benaviounr ol M.

3

Rext we make snothér swell change in order to get the following

squations

R T AR N I
Tha che T ErReRass 3 by geifiiTies o ety fes S & d mern gt AL
The change is obbtained by adding a cubile term to Lhe second egoation, and
this gives us the Tigst non-linear situation %o consider. Let us lack at

a graphical representabion of those sguations
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Around the origin the linear approximation to ihis examp i

the example given above. It can therefore ba considered
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The pictures desaribe o situation whore there ise o ayclical chango
between positive and necative savings. How may bthis be rea’ized? In the

3 4 5

initial situetion consumers' savings moved directly towards the single

point of i nged L Ve BUpLOSEe
extarnal force cause o | Selidn wl o8 oawny from v . This

external foroe sy Caums 4 Cliioas o e

changing in sign ot 8 is

the additzon of 3 cubice ¢

delay is that

B S e

behave in the

happens drastics jy.

In order to nmontlon ond

Toree that might cause

this change in consumer b attention to the imp

assunption made u
has been kept fixed. It sesns reasonable oo sughgest that en ‘ncrease

in this exogenous demand night

behaviour, and se we end up with the Inllowing cetastreophe model,
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If G i1s not too large we have a description of the savings behaviour
3 ¥
as in Bohm's paper. But as ¢ is increased it might introduce the

possibility of & cusp singulavity and hones o sescripition of the savings

behavicur as above,

This description seems oo oVfer un intercsiing explanation to a
statement in Bohm's paper, whore b s propwosad fost oo sufficlently large

increase in government conswnhilion may prevent the systen Srom staving

"trapped" in a Keynesian egquiiibiroam. P Snawer i3, us Ly £0e rasuits
developed above, obtained in Lie "o, iowing woy. Lutting A dencte the

@uLalalana, Tne situation 1n Bohm's

stable egquilibrium and B the o

paper 1s as follows

M
—/"”I'F; o

With a sufficiently large inc we obtain the [ollowing plecturs

for the model developed abave.



b

It is seen that instead of staying trapped in the c¢yclical moiion, the
catastrophic jump at the “right® fold point P owill take the svstem to
the "right' of the saddie point 3 and sa the movement after the Jurmp will

pe away to infinity.

Example 2. A Dynamic Evelution ol o Rationea Equilib

ium Ecunomy

The second example takes ziso itz starting point from Malinvaud's
book (1878). The aim this time is Lo present o generic (:.e. "typical™)
plcoture of the evolution of a ratiuvned agquilibrium economy over time,
when prices and wages are changing in response Lo alfective demands/supplies

on the various markets.

The analysis is presented in a recentc paper by M. Blad {1981} to which
the reader is referred for the details of the model and specific
explanations of the results. Here we shall only try to outline how the
results may be interpreted as connected to cconomic policy making and

catastrophe theory.
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Following Malinvaud we define three types of rationed equilibria
{as in example 1} in a highly aggregated macro model with only ‘goods!
{price p), labour (price w}, and money (unit price). TFor fixed value of
(p,w) exactly one of the three types of equilibria is realized by "fasts"
guantity adjustments. Adding a “siow” adiuvstment process in (p,w), the

evolution of the economy cover time is determined by the interaction between

these two types of adjustment processes.

It turns out that for each fixed value of (p,w) the generic picture
of the evolution of the economy exhibits three egquilibria, a stable, an
unstable, and a ‘duzl’' ztable, and the local pichture of the egquilibrium

surface is a cusp.

"
.
N \

Here (h,k) are twc 'hidden' new paramerters. We name them hidden,
ag they weére non-visible in the original non-generic description of the
evalution; (h,k} emerges as a result of requiring & stable description

of the evolution of the economy.

When (p.,w) varies we therefore now obtain a family of cusps,

parametrised by (p,w,].
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Next it can be chown that when we analyrze the evolutlon of the

economy along o specific {p,w)-trajectory, depending on the values of

{h.,K}, the path traced oul by the eguilibrium polnt in state (i.e.
quantity) Space is either a smooth curve or s non-smeoth curve containing

catastrophe jumps, for i(p,w) belonging te 2 neighbourhoocd of the boundary

between two equilibrium regions in the {(p,w,) plane.

g
The economic interpretation of the stable eguilibria shows that
these are elither typical ratioconed equilibria {zs introduced above) or
they belong to a new ‘dual'’ typs of rationed eguilibria, where either
consumers or produrers are forced to perform at a level above their

utility/profit maximising one.

One way this can be considered an acceptable type of equilibria is
by allowing the government to introduce specific neasures that forces
this type of behavicur upon the agents in the economy. With this possibility
one may interpret the role of the hidden parametcrs as performing exactly
that task. Therefore in this framework we cbtaln the description of a
government policy, which may lead te a nen-~smoeth evelution of the economy

over time with drastic changes as ({p,w) approaches a boundary between two

equilibrium regions.

Example 3. Divergence snd Heonomy Polioy

While the two examples above mainly related to the quality cf

catastrophic jumps that are connechad with eguilibrium surfaces, which are



shaped locally as cusps, we shall in ¢he last example shortly outline
an idea, which applies to the divergence property of the cusp. This

application was presented by Zeeman, {(1974).

To fix ideas suppose we have the following situvation. Let ¥ be the
space of states of an economy and let C be a two dimensional control space,
corresponding to two policy variables available to the government. Suppose
the economy initially rests in an equllibriwm situation, Next assume that
some external changes are added. The government may then decide to
respond to these external changes by varying the values of the two policy
measures. We shall now show how o qualitative medel can explain how the
order in which the two measures are applied may lead to different new

equilibrium states of the econcmy.

Suppose we have the following local proture.

A

state

space

i



Let the economy initially be in the eguilibrium point A. If the

government changes the policy variables v, and v_, we immediately see
P ; ; 5

=

that the result leads to an evolution along one of the gualitatively
different evolutionary paths, Pl or p,. If vy is applied first and

thereafter ) the equilibrium point will move along the path Py towards

ot

the point B an the
5

if v, 15 applied first and thereafter vy, the egquilibrium point will move

ower sheet 2f the eguilibrium surface. Contrary,

along the path p2 towards the point Bp on the upper sheet.
2

To substantiate this type of application Zeeman presents one
gquantitative example, comparing U.K. poiicy in 1967 with the policy applied
in France the following vear. Here (v},vj) corresponds to a deflationary
policy followed by a devaluation, while {vz, vl) corresponds tc the reversed

order of these palicies, and the state of the economy is given by its growth.

Py would then typiczily be a path with & small growth of the economy,
because the firms would not be able Lo take the advantage of the devaluation,

whereas p, would be a path alung which there would be substantial growth,
s

as firms would be asble to i1acrease thelr exports.

Nc doubt the interested reader will he able to find lots of similar

examples.
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