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ABSTRACT

A risk peutral principal hires a risk avarse agent te produce gquality which
is unobearvable by the principal but generates a random stream of
observable revenuas, Unobservable effort and smome other input callad
capltal costa are perfact complements ion the product of gquallty. Tha
winimum lavel of capltal costs reguired te produca a particular laval of
quality is random but provides a signal of agent effort. 1In particular
agent affert serves to incraeasae both expected capital costs and axpactad
Trevenles. Wa assume that the principal offers a contract which specifies a
set of linear revenus and capital cost sharaes and then examine how the
correlation between capital costs and revenues determinas whethar the agant
is rewardsd or punished for incurring high capital costs.
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INTRODUCTION

The motivation fer this paper arose from discussions with
academics concerning whether successful grant applications should be
counted as a measure of performance. There are three views that one
can take. Firat 1is the double-counting wview which says that
successful grant applications result in publications and only the
iater should be counted, otherwise double-counting occurs. The
double-counting view thus implies Lhat the successful grant
application should get a zere weighting. A second view is the input
view which conterds that grants are inputs in the productien of
publications and thus should be given a negative weighting. A final
view 1s the outpul view which states that grant applications
Lhemseives reflect research and thus should be given a positive
weighting. If one presumes that the measuring of research output is
done for the purpose of compensation and encouraging research effert
and sharing risk then it is not at all clear which of the three views
is appropriate.

One characterization of the academic research example which
encompasses a wide variety of other siluations is the following. A
risk neutral principal hires a risk averse agent to preduce guality
which is unobservable by the principal but generates a random stream
of revenues. Unobservable effort and observable capital costs are
perfect complements in the productien of quality. The minlmum level
aof capital cost required to preoduce a pgiven level of guality is
determined by a random production shock which is observed by the agent
before choasing cffort. The agent then chooscs cffort and selects the

minimum level of cost to induce the level of quality indicated by his



effort., Revenucs are then determined by quality and a random shock.

In the above model expected capital costs and reveoues are
increasing in effort and furthermore there is ne relalionship beltween
the random process which generates revenues and that which generales
costs.  As a result both can be fruitfully used as signals regarding
agent efiort, as shown in a general context by Hilmstrom (1979). The
purpese of our analysls is thus to explore the manner In which the
princlpal wuses these twa slgnals Lo compensate the agent. in
partlcular we address the lssue of whether or not the principal will
reward or punish the lincurring of caplital costs, In the latter
instance the agent will have an incentive Lo overstate the caplilal
costs reguired to implement his effort. Consequently the principal
w1ll be induced to set up a menitoring system to detecl bogus capital
expense claims reported by the agent. We argue that in this instance
these monitoring costs will be sufficently low to merit using capital
costs as a signal. Furthermore we assume that the principal offers a
contract which specifies a set of linear revenue and capital cost
shares. The linearity assumption ls restrictive but has the virtues of
simplicity. Furlhermore Holmstrom and Milgrom (1987) and Laffant and
Tirole (198&, 1987) have shown that in certain cases linearity is
optimal.

The paper is organized as follows. In Section I we describe the
model and consider the benchmark observable effort case. The

uncbservable effort case is then discussed in Section I7T.

| THE MoDEL aND OBSERVABLE EFFORT

A risk ncutral principal hires a rilsk averse agent to produce
quality q which requires agent effort x and capltal costs C as
inputs. The two inputs are perfecit complements and the minimum level
of C required to produce a given level of q is determined by the

randem variable 8. The productien of quality 1s thus glven by
{1} g = min{x, C - 8)}

The contract offerred by the principal specifics a level of quallty or
effort and a wage schedule w(g,8). Assuming that the agent observes
the production shock and selects the minlmum level of capital cost

assocliated with the level of effort or quality implles

(2) g

x

(3) C=x+08 = C(x,8)

Now assume that revenues are determined by g = % and a random term e

in the following llinear fashion
(4) R = ax + £ = R{x,€) vhere a > 1

Agenl utility U depends on wealth W which is defined as the wage minus
effort costs e(x). Now let subscripts dencte partial derivatives then

risk aversjon and the assumption of convex effort costs imply
(5a) Utility : Uw > 0 and wa <0
(5L} Effort : e > 0 and e » 0

I— X XX

Mow Jet E{*} or <denote expectation then the objective functicns for

agent and principal are given by A and P respectively as fellows

(6a) A = E{A} = E{U[W)} where W = w{g, 8) - e(x)



(6b) P = E{P} = E{R[x,s] - C(x,a) ~ w(e,ﬂ)}

If competition between agents ensures that each agent recelves only

his reservation utility A and if XA denotes a LaGrange multiplier then

the first-best problem of the prineipal is to choose x and wle,8) to

maximize
(7y #°() = E{R(x,c) - Clx,8) - m(c,e)} * R[E{U(m(s,@) - e{x})} - 3]

Differentiating (7) with respect w {in plecewlse fashion) and x gives

(8a) zib -1 + AU_ =0 for ail € and @

R -C -2ale =20
X x WX

b
(8b) fx

Substituting (8a) inte (8b) we obtain the productive efficiency
condition

[BB)' R - C_-e =20
.4 b4 X

[l UNOBSERVABLE EFFORT

Now assume that agent effort and quality are both unobservable.
Furthermore assume that the contract offerred by the principal
specifies the agent’s salary S and his linear share of revenues (r}

and costs (k) then
(9) wle,0) =S + rRix,£) - kC(x,8)

We continue to assume that the agent observes the production shock and
selects the minimum level of capital costs for any level of quallity.
As a result the agent's cholice of effort also implies a level of
capital cost and is given by substituting (9) into (6a) and then

maximizing with respect to x to obtaln

(10) Ax = E{Uw[rRx - ka = ex]} =0

Since R ,C_and e are non-randem then (10) implies
(10)" rR_ - kC_~-e =20
x x X

Furthermere the solution te (10}’ is non-random is given by

(11a) x = x(r,k) where
(11b) x = ase_ >0

r ®
(11c] x = —llexx <0

represent comparative statics and were obtained by differentiating
(10)* and then using {3), (4) and (5b). Substituting (2) and (1ta)

into {7) then ylelds
(12) £™() = E{[l - rIR{x{r,k),e) - [1 - ch(x(r.k),a)} -5

+ A E{U{S + rR{x(r.k),&) - kC(x{r,k),0) - E[x[r,k))] ~ &

as the principal’s second-best problem. Now let terms with{out) bars

denote expectation of (non)-random terms and deflne
(13 PxE E{[l = r]Rx = [3 = k]Cx} = [1 - r]Rx - [1 - lex

as the principal’s marginal bene{it of agent effort then maximizing

{12) with respect to r,k and S ylelds

sb _ = mh n =
[14a) Er = -R + ?er + A[UWR + Axxr] 0

sb _ = T n =
(14b) Ek = C + Pxxk + A[ Uw + Axxk] 0
(14c) &% = -1 + Al =0

s W

Now set Rx = 0 by the Envelope Theorem and then substitute (i4c} inte

(14a) and {14b] to obtain



(15a} [—ﬁ + Px]ﬁ + UR = 0
Xl W W

1
o

{15b) [C + Pxxk]uw - UWC
Now substlitute
(16a) UR = cov(U , R} + UR
W W W
(16b) UC = covil , C) + U C
W W W
into (15) to obtalin
{15a) cov(Uw.R) + Uwaxr =

{15b) —cov(Uw,C) + Uwaxk = 0

which yield the following proposition

PrROPOSITION 1 : The optimal risk sharing and productive efficiency
conditions assoclated with the second best unobservable cffort case

are glven by

(17) xrcov(Uw, c) = —xkcov[Uw,R) frisk sharingl
Cov[Uw,C)
(18) R, -C_-~e = —— {productive efficiency]
X bs X i %
Wk
Proof : (17) is directly implied by (15)'. To derive (18] we

substitute (13) into (15b)" to obtain
CDV(UH,C)
(19) R -C --———"—=TrR - kC,
U x
Wk

which when substituted into (10)' implies {18). Q.E.D.

In order so say something about the signs of r and k we consider

a first-order Taylor serites expansion around {e,8) of the marginal

utility of wealth evaluated at x(r,k} (sec Thomas {1972)). Since x =

x{r,k) is non-random then this approximatlion is given by

U4

(20) U, (x,2,0) = U (6,2.8) + U (68 [e - 5] +u_ 06586 - 3]

where

(2la) UWS(X,E,EJ} = Uw(x,'é,é)r

(21b) antx,E.él = —wa{x,E.ﬁ)k
Now substitute (21} into (20) to obtain
(203" U (x,¢,8) = Uw[x.E,é) + wa(x,g,él[r[c - e)] - kl8 - 6]]

which yields the following proposition. (see Appendix for proof).

PROPOSITION 2 : Let T and L denote standard deviations and p denote

the correlation coefficient between £ and 8. Now define p. = o /ao-9 >
€

0. If marginal utility is approximated using a first-order Taylor

serles expansion then the following properties arise

*
Lif p>p <1 thenr >0 andk >0
11} if p> 1/p° < 1 then r < 0 and k < O
-
111) if p < minfp, 1/p ) then r > 0 and k < 0

- 2
iv) if p" = 1 then the first best is attained using the following

scheme
B~ B R - C
alif p=lithenr=_—* ¥ ndxe X £
T o |
v (e, [
9 C_Ix X
By = & R - C
b} if p=-1thenr e -2 X ,ndke_X X
r2d -0"
R+ |-Sig |l o g
x 4 (¢ x X
g | €




v} if p2 # 1 then effort is underprovided.

Proposltion 2 states that when the revenue and cost signals are
not sufficliently positively correlated {parts {1iil} and {iv) b))} then
there 1s relatively less risk and thus the principal is malinly with
providing incentlves. He does so by rewarding the agent for ipcurring
costs [k < 0) as well as earning revenues {r > 0). On the other hand
when the cost and revenue signals arc too positively correlated (parts
(1), (ii) and (iv) al)) then the incomec stream becomes more risky
thereby inducing the prinecipal ta become more concerned about
minimizing agent risk. As a result the principal rewards revenues or
costs but not both. In particular revenues (costs) are rewarded and
costs (revenues) are punished when revenues {costs) have relatively
low variance. Furthermore effort is underprovided because the
principal trades-off reduced productive efficiency for risk-sharing

gains.

APPENDIX : PROOF OF PROPOSITION 2

1) Taking an expectation of (20}’ we obtain the following cxpression

for expected marginal utility of wealth evaluated at x
(A1) U (x,e,8) = U (x,£,8)
W W
which when combined with (20)° yields
(A2) U (x,c,0) - U (x,¢,0) = UW(X,E,é)[r[c b E] - k[a - é]]

Using (3) and (4) we obtain

[= - 7]
[0 - 5]

Now {(A3a) and [(A2) result in

(A3a) Rlx,e) - Rix, e}

{A3b) Clx,8) - C(x.8)

m

(A4q) CGV(UW,R] E{[Uw(x,e,s) - Gw(x,e.e)][Rtx.c} - ﬁ{x.c)]}

[
2l
=]
L
kY
P
&
IxH
DI
=
e |
™
H
el
[
)
I
'
—
Ly
i
x2
[ B
]
e
\
()]
—

[t
<
g
f‘) [}
L1ak]
-

9

1
_§‘
9

Similarly (A2) and-(AEb) derive
. = o
(AS) cov(Uw,C] = wa(x,c,ﬂ) rpr oy koe

Substituting (A4), (A5), (1ib) and (ilec) into (17} we obtain the
following relationship between r and k which can be written in one of

twe ways



1¢

2
ar. - po oo
(ABa) r =k + |—2 £ 2
apr o, L
1
P T e
=% p " o
(ABb) r =k - . where p = e S
a > ar
- p

Substituting [(A6a) into rRx - ka and cov{Uw,C) vields

2
[a@e 08] + Zaccae[l = p]
(A7) rRx = ka = k - — and
ape oo - T

{AB) cov(U ,C)
W

n
=

Now let wa[x.E,é) = wa(-) and then substitute (A7), (A8) and p‘ =

¢8/a¢ into (19) to obtain

3]
(+) (+) (+)

Uw[Rx = Cx]awcag[p -~ }
(A9) k =

2 = 2z 2 2
[aaﬂ = ae] + ZaGCwB[l = p] Uw # aeae[p & l]wa(-]exx
{(+) (+) (+) (+} (+; () -1 (+2
Substituting (A6b) Inte (A9) gives

(-} (+) (#)

-1 [R =4 ]@ c_|lp -~ 1/p.
wh x e 8
(A10) r

n

[rog = o] + 2angzls - 6, + o262 - 1Ju,000e,

{+) (+)  {+) (+) (+)  (+} (=) (#)

-
i} If p > g < 1 then k < 0 from (A9). Furthermore since p‘ < t then

11

L] L] -
1/p > 1 and thus p € 1/p slnce -1 = p # 1. Since p < 1/p then from

(A10) we obtain r > 0 as required.

1i) If p > l/p. <1 then r < 0 from (AlC). Furthermore slnce 1/p' <1
then p. > 1 and thus p < p' since -1 = p = 1. Since p < p' then from

(A9) we obtain k < 0 as required.
1i1) p < i/p and (Al0) lmply r > 0. p < p and (A9) imply k < O.

iv} In order te show that the agent recelves a riskless return when p2
= 1 we examine the variance of the marginal utillty of income. Taking

an expectaticn of the sguare of [(AZ) vields

E{[U (x,¢,8) - U (x.c.B]]z}
W W

__1e 3 l2
E{|U_ (x,e,8) r[e - c] - k[B - B]
Wi

2
S R &

Substituting p = § and p = -1 into (Allc) yields

[wa[x,g,a)]z[rwc = kve]z If p

(A11a) var{U )
W

(Al1b)

ne

(Allc}

1]

1]
—-

it

(Ai2a) var{Uw)

"’

(A12b) var{u ) [U [x.::,é]:lz[ru‘ + ko ]2 if p = -1
W Wi £ L&)

Substituting p = 1 and p = -1 into (A6a) gives

(A13a) r

112

kaafﬁc irep=1

(A13b) r

12

—kaefwc if p=+1

Substituting (Al13) into (Al2) we obtain that var(Uw) = 0 when p° = 1



12

which implies that the agent bears none of the risk. Furthermore by
substituting p2 = 1 into (A8) we obtain that cov(Uw.C) =z 0 which
implies that (18) and (8b)' coincide and thus that the flirst-best
level of effort ls provided. The ilncentlve scheme which gives rise to
this first-best ocutcome is obtained by substituting cov(Uw,C] = 0 into

(19} to obtain

Rx - Cx Rx - Cx
(Al4) k & ~:-———— and/or r £

[r/k}Rx - Cx Rx - [k/’r]Cx

Substituting (A13) into (A14) yields the result.

. -
v) Now substitute (A9) into (A8) and then divide by wak and use p =

o _/ar, to obtalin
>4 2]

(+} (+} (=) (=) [}
2 2 2
cov{(U ,C) [Rx " Cx]acws[P h l]uww{')exx

(A15) — 2 — = >0

U x

wk 2

= [ 2 2_ ] .
[309 ¢c] " Zaocrg[l el Uw * acwa[p t wa[ )exx

(+) (+)  (+)  (#) (+] (-3 (=)} (+)

which lmplies underprovislon given (18], (8k)’ and (5b). Q.E.D.

13
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