Chapter 1

Introduction

A striking development in mathematics in recent decades has been use of ideas in mathe-
matical physics to study the topology of low dimensional manifolds. In 1983, Donaldson
used self-dual Yang-Mills theory to study 4-manifolds, leading to the development of new
topological invariants of 4-manifolds [Do83, Do87, D090]. In 1988, Witten introduced the
concept of a topological quantum field theory (TQFT) [Wi88|, which provided a unifying
principle for Donaldson’s 4-manifold invariants and Floer’s invariants of oriented integral
homology 3-spheres [F188]. In 1989, Witten showed a connection between the Jones poly-
nomial of links and quantum Chern-Simons theory that “gave a (formal) 3-dimensional
interpretation of the Jones polynomial” [Wi89, O02]. The quantum Chern-Simons theory
has also been a rich source of topological invariants of 3-manifolds. Its study has led to
much progress in the area of knot theory and 3-manifold theory. In particular, the influen-
tial work of Reshetikhin and Turaev [RT91] gave a mathematically rigorous construction
of the 3-manifold invariants using quantum algebras.

This provides the first of the two general subject areas encompassing the work presented
in this thesis: the study of topological invariants of 3-manifolds. The other general subject
area is quite distinct from the first and can be easily studied without reference to the first.
The genesis of this thesis is in some very interesting work by Reshetikhin amongst others
who showed unexpected connections between this second area and the area of topological
invariants of links and 3-manifolds, and it is this connection that has essentially led to the
theme of our research. This second general subject area is the study of quantum algebras
and quantum superalgebras and their representations.

Each of these two subject areas is very interesting and offers many unanswered ques-
tions, some of which we discuss below. In this thesis we obtain some new results in both
of these areas and then weave them together yielding further results.

In this thesis, we firstly study the quantum superalgebra U,(osp(1|2n)) and its repre-
sentations at roots of unity in Chapters 3 and 4 and then use the results obtained to study
topological invariants of 3-manifolds in Chapter 5.

Quantum algebras have been the subject of much research since Drinfel’d [Dr86] and
Jimbo [Ji85, Ji86] introduced quantum groups to the mathematical world in approximately
1985. Quantum superalgebras were introduced in [BGZ90, Y94] and other papers. Quan-
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tum algebras and quantum superalgebras related to classical Lie algebras and simple basic
Lie superalgebras, respectively, are g-deformations of the universal enveloping algebras of
the relevant Lie algebra or Lie superalgebra. The representation theory of quantum alge-
bras and quantum superalgebras has attracted a lot of attention, not only for the intrinsic
interest in the representations of these new algebras, but also for the possibility that it could
solve already existing problems, and in addition, potential applications. The potential for
applications was quite strong as the quantum groups introduced by Drinfel’d admitted an
element satisfying the Yang-Baxter equation, an important equation in statistical mechan-
ics. The existence and explication of these elements, called universal R-matrices, has been
one of the goals in the study of quantum algebras and quantum superalgebras.

The representation theories of quantum algebras and quantum superalgebras are at
present not completely known, but aspects of them are somewhat known. In some ways
the known representation theory depends dramatically on the nature of ¢: if ¢ is non-
zero and not a root of unity, the representation theory of quantum algebras and quantum
superalgebras is much better known than if ¢ is a root of unity. In one sense, this may
arise from the fact that the centres of the quantum algebras and quantum superalgebras
are much larger when ¢ is a root of unity.

The representation theory of quantum algebras at roots of unity has attracted much
research (eg [An92, AJS94, AP95]). However, the representation theory of quantum su-
peralgebras at roots of unity is not nearly as well known. For example, the representation
theory of U,(osp(1]2n)) at roots of unity was barely studied before. The first part of this
thesis studies the structure and representations of U,(osp(1]2n)) at roots of unity.

In particular, we fix ¢ = exp (27i/N) where N > 3 is an integer. In this case, the
quantum superalgebra U,(osp(1]2n)) has a much larger centre than that at generic ¢. A
two-sided ideal Z is generated by certain central elements, which is also a Hopf ideal.
The quotient quantum superalgebra Uq(N)(osp(1|2n)) = U,(osp(1|2n))/Z is again a Zo-
graded Hopf algebra, and, importantly, admits a universal R-matrix. It transpires that
v (osp(1]2n)) is a Zs-graded ribbon Hopf algebra.

We construct a set of U (osp(1]2n))-modules, each of which is characterised by an
element from a truncated Weyl chamber A};. We prove that each of these modules is self-
dual, and, more importantly, their tensor products decompose in a very nice way. It is the
tensor product decomposition theorems which we need for the cosntruction of 3-manifold
invariants.

The second major theme in this thesis is the construction of topological invariants of
closed, connected, orientable 3-manifolds. We review the construction of the topological
invariants from modular Hopf algebras introduced by Reshetikhin and Turaev [RT91], and
show that topological invariants, similar to those introduced in [RT91], can be constructed
from a more general class of algebras which we call pseudo-modular Hopf algebras. The
conditions for an algebra to be modular are quite prescriptive, and we define pseudo-
modular Hopf algebras to be much more general, so that topological invariants can be
constructed following our work for as many ribbon Hopf algebras as possible.

After these two independent strands of study, we tie them together by showing that
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the quotient quantum superalgebra Uq(N)(osp(1|2n)), when ¢ = exp (27i/N) and N > 6
satisfies N = 2 (mod 4), together with a set of finite dimensional representations, is a
pseudo-modular Hopf algebra, and thus yields topological invariants of closed, connected,
orientable 3-manifolds.

We now turn to a discussion of 3-manifold invariants, proper.

Despite the relative age of the programme of studying 3-manifolds (it being initiated
in the 1880s [Gor99]), there are still many avenues of research, as evidenced by the recent
claim of the proof of the Poincaré Conjecture [MO04]. In addition, it is still unknown
whether the problem of classifying 3-manifolds into homeomorphism equivalence classes,
one of the major goals of the research programme, is solvable [002]. This contrasts with
what is known for simply connected n-manifolds for all integers n > 2 except n = 3. Here
the classification problem has been solved one way or the other: it has been solved for
n = 2 and n > 5, and is known to be algorithmically unsolvable for n = 4, as “the set
of fundamental groups of 4-manifolds is sufficiently large to be algorithmically unsolvable
as a word problem in group theory” [O02]. The discovery of new topological invariants of
3-manifolds should shed light on the classification problem; this is the general goal towards
which part of the work presented in this thesis is directed.

While it is not known whether the classification problem for 3-manifolds is solvable,
Lins has discussed a potential conjecture for completely classifying connected 3-manifolds
[Lin95]. This potential conjecture uses a combinatorial algorithm for classifying 3-manifolds
using the so-called 3-gems, or 3-dimensional graph-encoded manifolds [KL94, Lin95]. Using
3-gems, Kauffman and Lins calculated topological invariants for a large number of 3-
manifolds [KL94] and while the algorithm works on the elements of a proper subset of
all connected 3-manifolds where the calculations are computationally tractable, it is not
known whether the algorithm works in general.

Even if one does not have a complete topological invariant of connected 3-manifolds, a
collection of topological invariants may altogether be a complete topological invariant. In
any event, different topological invariants may have different properties, so it is useful to
have as many topological invariants as possible when studying individual 3-manifolds and
the classification problem.

This provides the raison d’etre for part of this thesis: we will construct a topologi-
cal invariant of closed, connected, orientable 3-manifolds. Our invariants are one of the
class of quantum invariants [O02], which are a large collection of topological invariants
of knots and 3-manifolds that have been discovered since Jones discovered a new polyno-
mial of links in 1985 [Jo85] (for examples of quantum invariants of tangles and knots see
[FYHLMOS85, BLM86, Ho86, LM87, T88, PT87, DA90, Re90, RT90, Kau91, Zh91, ZGB9I1,
LG92, Zh92a, Gou93, GTBI3, T94, GLZ9I6, Z1.96, DeW99]). The Jones polynomial was the
first link invariant discovered since Alexander discovered, in 1928, the Alexander-Conway
polynomial [A128] (see also [C70]). The topological invariants of 3-manifolds generated by
TQFTs are also quantum invariants.

The topological invariants of 3-manifolds we construct in this thesis were inspired by
the construction of Reshetikhin and Turaev in 1991 [RT91]. Their construction was for-
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mulated using a modular Hopf algebra, which is a ribbon Hopf algebra together with a
finite collection of finite dimensional irreducible representations with non-zero quantum
dimension, satisfying certain criteria including a subtle tensor product rule. These criteria
encapsulate the necessary conditions for the construction of the 3-manifold invariants fol-
lowing [RT91], although, as we shall discuss below, it is possible to construct 3-manifold
invariants using ribbon Hopf algebras satisfying less restrictive criteria than those satisfied
by modular Hopf algebras.

The essential method for constructing the topological invariants presented in [RT91]
is as follows. One uses a result of Lickorish [Lic62] to present each closed, connected,
orientable 3-manifold M}, as the result of performing surgery on the 3-sphere S? along a
framed link L C S3. From the work of Kirby [Kirb78] and Fenn and Rourke [FR79], two
such 3-manifolds, My, and Mp,, are homeomorphic if and only if the links L; and Ly are
equivalent with respect to the so-called Kirby moves, which are a set of equivalence rela-
tions on planar projections of a link. This enables one to turn the study of homeomorphism
classes of closed, connected, orientable 3-manifolds into the study of equivalence classes of
framed links in S® where the equivalence is generated by the Kirby moves. Then, upon
taking any isotopy invariant of framed links that is invariant under the Kirby moves, one
obtains a topological invariant of closed, connected, orientable 3-manifolds. Reshetikhin
and Turaev put this scheme into effect in [RT91] by using an isotopy invariant of framed
links they had constructed in 1990 from quantum algebras [RT90]. Interestingly, the iso-
topy invariant that they used from [RT90] can be seen as a generalisation of the Jones
polynomial. By taking a linear sum of isotopy invariants of framed links that remained
unchanged if the Kirby moves were applied to the framed link, Reshetikhin and Turaev
obtained a topological invariant of closed, connected, orientable 3-manifolds.

Since Reshetikhin and Turaev’s work in 1991, many topological invariants of 3-manifolds
have been constructed from a variety of different viewpoints, for example, they have been
constructed following the general idea of [RT91] by taking linear sums of invariants of
framed links that are unchanged under the Kirby moves (eg see [Lic91la, Lic91b, Wa9l,
BHMV92, Lic92, TW93, Zh95]), by taking averages over all possible cablings of invariants
of framed links [We93|, by taking a state-sum over an arbitrary triangulation of the 3-
manifold using quantum 6j-symbols [TV92] and by using a Heegard decomposition of a
3-manifold [K092].

The topological invariants of 3-manifolds constructed since 1991 have been much stud-
ied: in particular the invariants of Reshetikhin and Turaev have been greatly studied due
to the comparative ease of their calculation (eg see [KM90, Lic93, Ke97]). In addition
to their status of new topological invariants, this study yielded applications to classical
3-manifold topology — for example the Reshetikhin-Turaev invariants were used to develop
obstructions to embedding one 3-manifold in another [FKBO1].

The construction of 3-manifold invariants in [RT91] is general, in that it provides a
way to construct the invariants from any modular Hopf algebra. It was shown in [RT91]
that a quotient of U,(sly) at 4k primitive roots of unity was modular. This naturally led
researchers to ask whether other quantum algebras were also modular. But the modularity
criteria involves representation-theoretic conditions, and the relevant representation theory



of quotients of other quantum algebras at primitive roots of unity was not known.

However, Turaev and Wenzl managed to somewhat circumvent this problem in 1993
by constructing topological invariants of closed, connected, orientable 3-manifolds from
quasimodular Hopf algebras, which are more general than modular Hopf algebras [TW93].
The essential difference between modular and quasimodular Hopf algebras is that the
condition that the modules be irreducible is relaxed for quasimodular Hopf algebras. The
quantum algebras related to the families of complex Lie algebras A, B,,C, and D,, are
quasimodular at even primitive roots of unity, and the authors constructed 3-manifold
invariants using these algebras [TW93].

In 1994 Turaev reformulated modular Hopf algebras using the language of categories,
and showed that modular categories, which are tensor categories with additional structures,
could be used to construct 3-manifold invariants [T94]. Informally, the key features of a
modular category are a finite set of objects satisfying a certain tensor product property
and the invertibility of a certain matrix commonly called the S-matrix. This was followed
by the study of pre-modular categories by Bruguieres [BrOOa, BrOOb], which are a class of
categories more general than modular categories, in which the S-matrix is not necessarily
invertible. Invariants of links and tangles and sometimes 3-manifolds can be constructed
using a pre-modular category [BBO1]. Although we have not explored the possibility, it
appears plausible that the pseudo-modular Hopf algebras we define in this thesis may yield
examples of pre-modular categories.

In 1995, the construction of Reshetikhin-Turaev 3-manifold invariants was extended
to modular Hopf algebras derived from Zs-graded ribbon Hopf algebras by Zhang [Zh95],
and the first such topological invariants were constructed from quotients of the quantum
superalgebras U,(osp(1]2)) [Zh94], and U,(gl(2|1)) [Zh95] at odd roots of unity. This
construction slightly differed from that of [RT91], in that it was not shown that the algebras
were modular, but the author found a way to avoid this requirement by using known
features of the representation theory of these algebras.

In contrast to the construction of topological invariants of 3-manifolds using quotients of
quantum algebras at roots of unity and their representations, the construction of topological
invariants of 3-manifolds using quotients of quantum superalgebras at roots of unity and
their representations, has, unfortunately, been quite limited, this limitation having arisen
from the limited knowledge of the representation theory of quantum superalgebras and
their quotients at roots of unity. This was the motivation for our earlier-mentioned study
of representations of a quotient of U,(osp(1]2n)) at roots of unity in this thesis.

As mentioned previously, we then show that topological invariants of closed, connected,
orientable 3-manifolds can be constructed from a class of Zs-graded ribbon Hopf algebras
(together with a finite set of their representations) satisfying more general conditions than
those satisfied by a modular or quasimodular Hopf algebras. We call these algebras pseudo-
modular Hopf algebras. The key difference between a pseudo-modular and a modular Hopf
algebra is that the S-matrix of a pseudo-modular Hopf algebra is not necessarily invertible,
while it is invertible for modular Hopf algebras.

After defining pseudo-modular Hopf algebras and showing that 3-manifold invariants
can be constructed from pseudo-modular Hopf algebras, we show that the quotient algebra
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Uq(N)(osp(1|2n)), where ¢ = exp (2mi/N) and N > 6 satisfies N = 2 (mod 4), together
with a set of its representations, is pseudo-modular and thus yields 3-manifold invariants.
A preliminary announcement of the work presented in this thesis was given in [B103].

1.1 Summary of new results

We now briefly summarise the new results of each chapter, and refer to the body of the
thesis for the precise statement of each result mentioned here.

Chapter 3

Let Ugqpay(0sp(1|2n)) denote the Drinfel'd version of the quantum superalgebra over the
ring C[[h]], for an indeterminate h. Write the universal R-matrix of Ucypy(osp(1]2n)) as
R = KR (eg see [KT91]), where R is an infinite sum of root vectors in Ucny (0sp(1]2n)).
One of the problems in dealing with Jimbo’s quantum superalgebra U,(osp(1|2n)) over C
is that U,(osp(1|2n)) is not complete and thus does not admit a universal R-matrix.

In Section 3.3 we define R-matrices for finite dimensional representations of U, (osp(1]2n))
at generic ¢, as is done in quantum algebras over C [CP94, KS97]. We do this by defining
a completion U;(osp(1|2n)) of U,(0sp(1]|2n)) which contains the factor R of the universal
R-matrix. There is the problem of dealing with the factor K of the universal R-matrix of
Ucyny(0sp(1|2n)), as it is not clear which element of U:(osp(1|2n)), if any, corresponds to
K. We define an element, &, € Uy(osp(1|2n)) for each integral dominant weight y such that
&, has the same action on V,, ® V), for any integral dominant A, as would K if it existed.
Then EME is an ‘R-matrix’ for V,, ® V) in that it is an R-matrix for representations.

In Section 3.4 we define some useful elements of U;L(osp(1|2n)). These elements act
in finite dimensional irreducible representations of U,(osp(1|2n)) in a similar way as the
elements u and v of a Zy-graded ribbon Hopf algebra. Let V) be the finite dimensional
irreducible U, (osp(1]|2n))-module with integral dominant highest weight . For each inte-

gral dominant A, define the elements wuy, vy € U;r(osp(lﬂn)). Even though vy does not
necessarily commute with each element of U,(0sp(1|2n)), it acts on V) as multiplication by
the scalar ¢~ +20),

In Section 3.5 we state and prove the spectral decomposition of the element
Rvy € Endy,ospajany(V @ V)

defined by Ryy(r ®y) = P o Ryy(z ®y), where P is the graded permutation operator
and Ry, is the R-matrix for the tensor product of U,(osp(1|2n))-representations V ® V.
In Section 3.6 we show that there exists a representation of the Birman-Wenzl-Murakami
algebra B ¢(—¢*", q) in Endy, (osp(1j2n)) (VEY).
In Section 3.8 we use the elements vy of U;(osp(lﬂn)) to define a set of mutually
orthogonal idempotents in Enqu(osp(1|2n))(V®f ) that project down from V®/ (which is
completely reducible) onto its irreducible U,(osp(1]|2n))-submodules.



In Section 3.9 we define matrix units in Enqu(OSp(”Qn))(V@f ) which we obtain from the
projections in Section 3.8 and the matrix units in a semisimple quotient of Z% ;(—¢*", q).
The intertwiner matrix units in Endy, (osp(12n)) (VE!) are Uy(osp(1]2n))-linear maps be-
tween isomorphic irreducible U,(0sp(1]2n))-submodules of V&7,

Chapter 4

In this chapter we define the quotient algebra U™’ (osp(1]2n)) and its relevant representa-
tions. The new results in this chapter are as follows. Fix ¢ = exp (27i/N) where N > 3
is an integer. In Theorem 4.1.1 we prove that a certain left ideal Z C U,(osp(1|2n)) is a
two-sided Hopf ideal, thus

UM (osp(1[2n)) = Uy(osp(1[2n)) /T,

is a Zsy-graded Hopf algebra. This quotient algebra has apeared in the literature but only
for the case n = 1 where N > 3 is odd [Zh94]. The proof of Theorem 4.1.1 involves many
intricate and involved calculations and we leave these calculations to Appendix D.

In Proposition 4.1.1 we state the universal R-matrix of U™ (0sp(1|2n)), which was
originally given in [Zh92a]. In Theorem 4.1.3 we prove that U (0sp(1]2n)) is a Zo-graded
ribbon Hopf algebra.

We then construct representations of UéN)(osp(1|2n)) that we will use in constructing
the topological invariant. Lemma 4.1.1 discusses the fundamental irreducible U (osp(1]2n))-
module V; all the Uq(N)(osp(1|2n))—modu1es that we later define are submodules of tensor
powers of V. In Subsection 4.2.1 we introduce the set A} of integral weights in the trun-
cated fundamental Weyl alcove. In Subsection 4.2.2 we define a U (0sp(1|2n))-module
V), associated with each integral dominant A € A}. In Lemma 4.2.6 we give the quantum
superdimension of each of these U\ (osp(1]2n))-modules. The quantum superdimension
of V) has the same expression as does the quantum superdimension of the irreducible
U,(osp(1|2n))-module with highest weight A but we specialise ¢ to the appropriate root of
unity. We do not know whether the UéN) (osp(1]2n))-modules defined in Subsection 4.2.2
are irreducible or even indecomposable, but we conjecture that they are all irreducible.

In Proposition 4.2.1 we prove that each UéN)(osp(HQn))-module defined in Subsection
4.2.2 is self-dual.

In Section 4.3 we prove tensor product theorems for the Uq(N)(osp(1|2n))-m0dules de-
fined in Subsection 4.2.2 at even N. The proofs are based on the proofs of similar tensor
product theorems for representations of quantum algebras at even roots of unity [TW93,
Thm. 5.2.2]. The new tensor product theorems are reminiscent of similar tensor prod-
uct theorems for modular and quasimodular Hopf algebras, and are perhaps analogues of
them.

Chapter 5

In this chapter we construct a topological invariant of closed, connected, orientable 3-
manifolds. In Subsection 5.4.2 we define pseudo-modular Hopf algebras which generalise
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modular Hopf algebras. In Section 5.5 we prove that a topological invariant of closed,
connected, orientable 3-manifolds can be constructed from a pseudo-modular Hopf algebra
and its representations.

The essential differences between a pseudo-modular Hopf algebra and a modular Hopf
algebra are three-fold: (i) the irreducibility conditions on the modules are relaxed for
a pseudo-modular Hopf algebra, (ii) the condition that a certain matrix equation has a
unique set of solutions is relaxed to a condition that the matrix equation has at least one
set of solutions, and (iii) a certain sum must be non-zero. In modular Hopf algebras the
result corresponding to (iii) is automatically true, which is a consequence of the fact that
the matrix equation has a unique set of solutions (see [TW93]). The condition in (ii) for
modular Hopf algebras that the matrix equation has a unique set of solutions boils down to
a condition that the S-matrix be invertible, and the importance of this is that the solutions
to the matrix equation are exactly the weights in the linear sum of isotopy invariants of
framed links giving rise to the 3-manifold invariant. For pseudo-modular Hopf algebras
we merely require that there exists at least one set of (non-zero) solutions to the matrix
equation.

Theorem 5.6.2 contains the core result of this thesis: we prove that UéN) (osp(1]2n)),
together with a set of its representations {V)\} A€ AL} (here Af; C AY), and a collection
of other data, is a pseudo-modular Hopf algebra when N > 6 satisfies N = 2 (mod 4).
Furthermore, in Theorem 5.8.1 we prove that Uq(N)(osp(1|2n)) is not a pseudo-modular
Hopf algebra when N > 4 satisfies N = 0 (mod 4), and that 3-manifold invariants cannot
be constructed from Uq(N)(osp(l\Zn)) when N =0 (mod 4).

A relevant question to ask is whether our topological invariants are complete or even
new invariants. These are very difficult questions to answer, and it is more tractable to
ask whether our topological invariants are the same as existing invariants. The set A} for

UéN)(osp(HQn)) when N > 6 satisfies N = 2 (mod 4) is identical to the corresponding set
for UM (so(2n+1)), and in Section 5.7 we compare the topological invariants constructed

using U (osp(1]2n)) to the invariants constructed using Ui (so(2n+1)). We show that
the invariants from these algebras are not the same.

Appendices A-D

In Appendix B we prove two generalisations of the ¢-binomial theorem that we use in
Appendix D. In Appendix D we prove that the left ideal Z C U,(osp(1|2n)) at roots of
unity is a two-sided Hopf ideal.



Chapter 2

Notation and background

In this chapter we introduce some notation that we use in this thesis and we also give
relevent background material.

The plan of this chapter is as follows. In Section 2.1 we introduce some of the notations
and conventions that we use in this thesis. In Section 2.2 we introduce the elementary
algebraic structures that we will refer to and often use in this thesis. In Section 2.3
we define Zo-graded quasitriangular Hopf algebras, which are a class of Zs-graded Hopf
algebras admitting a certain element called the universal R-matrix. These algebras are
intrinsically mathematically interesting and are also important in physics (eg in statistical
mechanics [KS82]), as the universal R-matrix furnishes a solution to the Yang-Baxter
equation in each representation of the algebra.

We then define Zy-graded ribbon Hopf algebras. This last class of algebras is useful in
constructing knot invariants (eg see [002]) and is very important in our construction of
topological invariants of 3-manifolds in Chapter 5.

2.1 Notation
In this section we introduce the notation and conventions that we will use in this thesis:
7. the set of integers,
Z the set of non-negative integers,
Zy =Z/NZ,
N the set of positive integers,
C the field of complex numbers,

R the field of real numbers.
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For each N € Z, set

2N, if N is odd,
N=<{ N, ifN=0 (mod4),

N — { N, if N is odd,
N/2, if N=2 (mod 4).

N/2, if N is even,

For each ¢ = pe € C where 0 < § < 27 and p > 0, set ¢'/? = +,/pe'?/%.
For each ¢ € C not equal to 0 or 1, define

1 — g"
== =l 1) e, 01 =1,
and the Gaussian binomial
n 17 [n]!
) -t , < n. 2.1
{z} g =" 21)
We also define
_1—(=9r L L
(n)q = 174_(]7 (n>q- = (n>q<n - 1)q T <1>qa neN, (O>q- =1,

and the pseudo-Gaussian binomial

(@)q:% i <n. (2.2)

t (i)q!(n — i)q!’

Note that (n), = [n]~? but we introduce the two notations as this is convenient when ¢ is
a root of unity. We also define

-n/2 _ (_1)nqn/2
g2+ qi/2

], = ¢ (n), = 2 . meN,

, < n.

and [n]q! = [n]g[n —1]g- -+ [1]g, [0];! =1 and { Tzl } B %’ '

For each non-empty set A, we define the delta function 6 : A x A — C by

1, =y,
5m7y—{ 0. ifzfy for all z,y € A.

2.2 Background algebraic structures

In this section we introduce the background algebraic structures that we refer to and often
use in this thesis [Sc79, GZB93]. Throughout this section we denote the two elements of
Zs by 0 and 1.
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Definition 2.2.1. Let V' be a vector space over C. A Zs-gradation of the vector space V
is a family (V5)ez, of subspaces of V' such that

V=@,

YEZL2
The vector space V' is said to be Zy-graded if it is equipped with a Zo-gradation.

An element of V' is called homogeneous of degree vy, v € Zs, if it is an element of V.. The
elements of V; (resp. V;) are called even (resp. odd). We define a mapping [-] : V,, — {0, 1}
for each v € Zy by setting [y] = v for each y € V.

Each element y € V' has a unique decomposition of the form

y:Zyy, nyVV.

YEZL2

The element y., is called the homogeneous component of y of degree .
A subspace U of V is called Zs-graded if it contains the homogeneous components of
all of its elements, that is, if

U=, U, =(UNV,).

YEZ2

Definition 2.2.2. Let V =
over C. A C-linear mapping

ezs Vo and W = @yez, Ws be two Zs-graded vector spaces

YV =W,

1s said to be homogeneous of degree v € Zs, if
Y(Va) € Wayy,  forall a € Zos.

The mapping 1 is called a homomorphism of the Zs-graded vector space V' into the
Zy-graded vector space W if 1) is homogeneous of degree 0.

Let V. =D ez, Vo and W = P, Ws be two Zy-graded vector spaces over C. The
vector space Home (V, W) of C-linear maps from V' to W admits a Zs-gradation

HomC(V, W) = @ HomC(V, W)on

a€Zs

where Home(V, W), = {¢ € Home(V,W)]| ¢ is homogeneous of degree a@ € Z}. We
denote Endc(V) = Home(V, V).

If W = C is regarded as a Zs-graded vector space with zero odd subspace, Homg¢(V, C)
is called the dual space of V' and is denoted by V*, which is clearly Zs-graded.
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Definition 2.2.3. Let V' be a Zy-graded vector space over C. Define the map v € Endc (V)

by
() = (=) (v),

for all homogeneous v € V.. We define the supertrace by
str: Endc(V) — C, str(z) = tr(yz),
where tr : Endc(V) — C is the standard trace functional.

We write V @ W to denote V ®¢ W where each of V and W are vector spaces over C,
unless otherwise specified.

Remark 2.2.1. Let V and W be two Zs-graded vector spaces over C, then V& W has a
natural Zs-gradation defined by

VoWw), = o V, @ Ws, v € Zo.
(a+B)=y (mod 2)

Let V and W be two Zs-graded vector spaces over C. The graded permutation operator
P: VoW —W®®V is defined for all homogeneous v € V and w € W by

Plv@w)=(—1)"My o,
and extended to all inhomogeneous elements by linearity.

Definition 2.2.4. An associative Zs-graded algebra A over C is a Zo-graded vector space
equipped with graded vector space homomorphismsm : AQA — A andu : C — A satisfying
the following properties:

mo (m®id) = mo (id ® m), (2.3)

where id : A — A is the identity homomorphism and we regard both sides of (2.3) as maps
ARAR®RA— A, and
mo (u®id) = mo (id ® u), (2.4)

where A — C® A and A — A®C are the natural maps and we regard both sides of (2.4) as
maps A — A. The maps m and u are called the multiplication and unit of A, respectively.

A Zs-graded algebra A is called commutative if
mo (v®w)=mo P(v®w), Yo, w € A.
In this thesis we assume that all Z,-graded algebras are associative algebras.

Definition 2.2.5. Let A be a Zs-graded algebra with unit and let V' be a left A-module.
The A-module V' is said to be Zs-graded if the underlying vector space is Zs-graded and if

AV C Vagg, A, € A, for all o, B € Zs.
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Right Zs-graded A-modules are similarly defined. In this thesis we assume that all
modules are finite dimensional left modules unless otherwise stated.

A homomorphism of Zs-graded A-modules is by definition a homomorphism of the A-
modules as well as of the underlying Z,-graded vector spaces. Each such homomorphism
is A-linear and homogeneous of degree 0. Let V =V, & V] be a Zs-graded A-module. If
V' =Vy @ V] is a Zy-graded A-module with Vi = V; and V| = Vj, then we regard V' and
V' as not being isomorphic as A-modules.

Note that if A and B are two Z,-graded algebras, then A ® B is a Zo-graded algebra
with the multiplication

Mags = (Mma @mp)o (id® P ®id),

and the unit
UsoB = Uy O UB.

Let V' (resp. W) be a Zy-graded A-module (resp. B-module), then V' ® W has a unique
structure as a Zs-graded (A ® B)-module given by

(a®b)(v@w)= (1) @ bw, acA, beB, wveV, well

Definition 2.2.6. A Zs-graded co-algebra C' is a Zo-graded vector space V' together with
Zs-graded vector space homomorphisms A : C — C ® C and € : C — C, where A satisfies

(A®id)oA = (id®A)o A, (2.5)

with id : C' — C' being the identity homomorphism (we regard both sides of (2.5) as maps
C—-CC®C)ande and A satisfy

(e®id)o A=id = (id®¢€) o A, (2.6)

where we regard each side in (2.6) as a map C — C. The maps A and € are called the
co-multiplication and co-unit of C, respectively. We refer to Eq. (2.5) by saying that the
co-multiplication A : C'— C' ® C' is co-associative.

For a co-multiplication A : C — C' ® C we define the opposite co-multiplication A’ :
C - C®Cby A =PoA. A Zsgraded co-algebra C' is called co-commutative if
A(z) = Al(x) for all z € C. A C-linear subspace I of a Zy-graded co-algebra C'is called a
two-sided co-ideal if

Alx) CI®A+A®I, and e(x) =0, Vo e 1. (2.7)
We inductively define the n'* co-multiplication A™ : C®" — C®(+1) by
A = (A @id®" D)o AP,

where we fix A® = A. Similarly, we inductively define the n'* opposite co-multiplication
A/(n) N O C®(n+1) by

A/(n) _ (AI ® id@(n71)> o A/(nfl)’
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where we fix A/ = A,
We may use Sweedler’s Sigma notation in writing down the co-multiplication of an
element of a Zy-graded co-algebra C' [Sw69]. In this notation we write

Ax) =) z0)@re,  AP@) =)z @1 @ xs),
@ @

A(n)(l‘) = ZZL‘(U QX2 Q& Tpr1), N > 2, Vo e C.
(z)

A consequence of the co-associativity of the co-multiplication is that
AW (z) = (1d®™ ® A @id®*™ ™ D) o AP V(g), for each m =0,1,...,n—1,

for each z € C.
Observe that if A and B are Zy-graded co-algebras with co-multiplications A 4, Ag, and
co-units €4, eg, respectively, then A® B is a Zs-graded co-algebra with the co-multiplication

Augp = (id® P ®id) o (A4 ® Ap),
and the co-unit
€A@B = €4 K €R.

Definition 2.2.7. Let A and B be Zs-graded co-algebras over C. A homomorphism f :
A — B of the co-algebras is defined to be a homomorphism of the underlying Zo-graded
vector spaces satisfying

(fefloAs=Apof, (2.8)

and
epo f = ea, (2.9)
where both sides of (2.8) are maps A — B ® B, and both sides of (2.9) are maps A — C.

Definition 2.2.8. Let A be a Zo-graded algebra with multiplication m and unit u, and also
a Zo-graded co-algebra with co-multiplication A and co-unit €. Then A is called a Zo-graded
bi-algebra if one of the following equivalent conditions is satisfied:

(i) A and € are Zy-graded algebra homomorphisms,
(ii) m and u are Zs-graded co-algebra homomorphisms.
If, furthermore, there exists a Zo-graded vector space homomorphism S : A — A satisfying
mo(id® S)oA=uoe=mo(S®id)o A, (2.10)

then A is called a Zsy-graded Hopf algebra. Such a Zso-graded vector space homomorphism
is called the antipode of A.
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The antipode S of A has the following properties:
(i) Som=moPo(S®79),
(i) Sou=u,

(i) €o
(iv) Po(S®S)oA=Ao0S,

(v) if H is commutative or co-commutative, S? = id.

Definition 2.2.9. Let A be a Zo-graded Hopf algebra over C with antipode S. Given the
A-module V', we define the dual A-module V* as follows. Let V* = Homg¢(V,C) and let
(-,) : V* x V — C denote the dual space pairing. We define the action of A on V* by

(av*,w) = (=) S(a)w), forall ac A, v eV*, weV.

2.3 Zs-graded quasitriangular Hopf algebras

Definition 2.3.1. We call a Zs-graded Hopf algebra A a Zs-graded quasitriangular Hopf
algebra if there exists an invertible even element R € A ® A satisfying the equations

RA(x) = A'(2)R, Vo € A, (2.11)
(A®id)R = Ry3Rs3, (2.12)
(id® A)R = Ry3R9, (2.13)

where id is the identity map on A. Write R = Y, o4 ® B, then Ris = Y, o0u @ 5, ® 1,
Ris=>,0®1® 0 and Ryg = >, 1 ® oy ® B. The element R is called the universal
R-matriz of A.

Lemma 2.3.1. Let A be a Zs-graded quasitriangular Hopf algebra with universal R-matrix
R e A® A. The universal R-matriz satisfies the following equations

R12R13R23 = R23R13R127 (2'14>
(S®S)R =R, (S@1)R=R, (1®S)R'=R, (2.15)
(e®id)R = (id®e)R = 1. (2.16)

Equation (2.14) is called the graded Quantum Yang-Bazter equation.
Proof. The proofs are standard (eg see [KS97]), for instance the proof of Eq. (2.14) is

RisRi3Ry3 = R12((A ® id)R) = ((A/ ® id)R) Ris = RozRi3Rs.

The proofs of the other equations similarly follow those of the corresponding equations for
ungraded quasitriangular Hopf algebras [KS97]. O]
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Let A be a Zs-graded quasitriangular Hopf algebra over C with universal R-matrix R.
Let V and W be finite dimensional A-modules and let 7y, my be the representations of A
afforded by V and W, respectively. Fix Ryw = (my @ my )R and let Ry € Home(V ®
W, W ® V') be the map defined by

Ryw(v®@w)=Po (Ryw(vew)), forallveV, weW.
The actions of Ryw and Ryw onv@w € V@ W are respectively

Ryw(v®w) Zwv v ® i (By)w(—1) B0,

RVW V& w Zﬂ'W ﬁt w ®7TV<04t) ( 1>[at}+[w}([v]+[at]).

Lemma 2.3.2. Let A be a Zs-graded quasitriangular Hopf algebra with universal R-matrix
R. Let V be a finite dimensional A-module and let w be the representation of A afforded
by V. For each integer t > 2, define

R; =id®0Y @ Ryy ®id®0+D) ¢ Ende(VY),
P =id®0 @ PRid®0) ¢ Ende(V®),
for each 1 <i <t —1, whereid = idy, then
(i) R; is an element of the centraliser algebra £, = Enda(VE®), for each 1 <i <t —1,
(ii) RiR; = R;R;, for all |i — j| > 1,
i) RiRi Ry = Ri1 RiRia oralll <e¢<t—2.
(iii) RiRiy Ry = Riy 1 RiRi i1, for all 1 2

Proof. (i) The proof is standard. For an arbitrary = € A, we have

Ryv((r@m)A(r)) = P((r®m)RA(z))
= P((r@m)A'(z)R)
= ((remA@))(P(r@T)R)
= ((r@m)A(x))Ryy

(ii) This is obvious.
(i) We consider the case ¢ = 1, the other cases are similar. We write R;; to mean

(7'('\/ RQ Ty X Wv)Rij. Now

RiRsRy = PiaRiaPasRosPiaRyo
= PioPo3Ri3Ra3P1aRyo
= P12P23P12R23R13R127
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where we have used the easily verified results: RisPo3 = PysRi3 and Ri3ResPis =
PisRy3R15. A similar calculation shows that

RyRy Ry = Py Py Pa3 Ria Rz Ros,
The equality PisPo3Pio = Po3Pio Pog then yields what we seek to prove.

From [LR97] we obtain the following lemma.

Lemma 2.3.3. Let A be a Zs-graded quasitriangular Hopf algebra with universal R-matrix
R=>,a,®b, and let R" = >, b; ® ag(—1)ledlbd - Let V' and W be finite dimensional
wrreducible A-modules and let my, Ty be the representations of A afforded by V and W,
respectively. Then

(i) (my @ mw)(RTR) € Enda(V @ W), and
(ii) for each integer t > 3, the element
(7' @ mv ) (AYY ®@id)(RTR) = RyRi—y -+ RiRy - Ry Ry € Ende(VEEY),
is an element of End (VD).
Proof. (i) Let x € A be arbitrary. Applying P to the equation RA(z) = A'(x)R gives
RTA'(z) = A(z)RT. Hence A(z)RTR = RTA'(z)R = RTRA(x).

(il) We introduce some notation we will use later on. For each integer ¢t > 3, let i,j € N
satisfy 1 <1 < j <t, and fix

Ry =) id*ga®id ™ b @id") e A%,

t

R =) id*"" V@b eid ) ®a @id" ) (-1)l e A%
t

We inductively prove that (A®2®id) Ry = Ry Ry, - - “R_1) for each t > 3. The induction
hypothesis is true for ¢ = 3 from (2.12) and assume that it is true for some ¢ > 3, then

(AY @id)R = (A®id* ) (A gid)R
= (A® id@a*l))RuR% < Ry
= RigrnRagrr) - Begr)-
In a similar way, we can prove that
(AD @id)RT = Ry1y Rierayi—1) - - - R
Let P = PiaP3 - - - Pyi41y. Then the above formulae lead to
]S(W®(t+1)(A(t71) ®id)R) = RiRy - Ry,
OO (ACD @id)RT) P = BBy - Ry,

Combining these equations together completes the proof.
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Lemma 2.3.4. Let A be a Zy-graded quasitriangular Hopf algebra with universal R-matriz
R=),a,®b, and let u € A be defined by u=mo Po (id® S)R, that is

w=>Y (=1)"S(b)a.

t

Then u is invertible, and
e(u) =1, A(u) = (u®u) (RTR)_l :

Furthermore,
S?(x) = uau™ !, for all x € A.

Proof. The proofs are standard: we follow the proofs of the corresponding equations for
ungraded quasitriangular Hopf algebras [Dr90, KS97]. From Lemma 2.3.5, S%(z)u = uzx
for all z € A. Let u =Y, S (dy)cs(—1)14] where R™' =Y ¢, ® dy; we will show that @
is a two-sided inverse of u. Firstly

ui = Y uS ' (dy)ey(—1)1*!
= ) S(dy)ucy(—1)1!

= ) S(bids)ase,(— 1)L,
s,t

Applying the map mo Po (1 ® S) to RR™! = Zs,t arcs ® bydg(—1)Ples] gives

3 S(bd,)ae,(— 1)l o] —
s,t

Hence uu = 1.
In exactly the same way we can also show that u is a left inverse of u, thus w is a
two-sided inverse of u and we write & = u~!. We now show that e(u) = 1: firstly

e(w) =Y e(Sl))elan)(=1) I =3 " e(br)e(ar) = Y e(ar)e(by),
t t t
as €o S =e€and e(x) = 0if [x] = 1. Applying € to the equation (e ® id)R = 1 gives

e(u) =Y e(a)e(by) = 1.

t

The proof of the equation A(u) = (u ® u) (RTR)f1 is given explicitly in [ZG91] and
will not be repeated.
U
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Lemma 2.3.5. Let A be a Zy-graded quasitriangular Hopf algebra with universal R-matriz
R=>",a,®b, then S*(z)u = ux for all x € A.

Proof. The proof is well known. But as this is important to us later, we give a proof here.
For each = € A,

> RA(zg) @w Z A (zq))R @ ()

(z)

which we rewrite explicitly as

Z a1y ® by @ w3 (—1) P
t,(z)
- Z T(2)ar @ T(1)b & :1:(3)(—1)[93(1>Mx(2)}+[m(1)}[at].
t,(z)

Using this we obtain

Z T(3) © bir() @ apr)(—1)FelFo e el oD Hre DHbdow]
t,(x)
_ Z 23 @ )by @ x@)at(_1)[96(3)]([x(l)}+[$(2)D+([at]+[x(2)])([bt]+[x(l)})
t,(x)
x (—1)FolEeltadlzm] (2.17)

Note that R is even, thus ([a;] + [b]) =0 (mod 2) for all ¢. In addition, ([z)] + [z@)] + [z@)]) =
[z] (mod 2). Using these facts we can simplify the sign factors in the equation considerably.
Applying the map (id ® m) o (id ® S ® id) to both sides of (2.17) gives

Zx(?’) ® S(x(Q))ux(l)(_1)[x(s)}([$]+[9€(3)])+[J»‘(1)][96(2)}
(z)
— Zx 3 ® S bt 5’3(1 ) 2)at< 1)([at]+[m(3)})([a:]+[m(3)])+[at]

— Zx@) ® S(by)ase(x ) (—1) @D (oD o]
t,(z)
=T ®u. (2.18)

Applying the map m o (S? ® id) to (2.18) gives

S*(r)u = ZS 2(2)S(2(3)) Juz ) (—1)PolEE e

= ZS :U(g x(3 ()( 1)[1(1)]([93H[$(1)])

:USL’
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We can readily prove the following lemma using induction.

Lemma 2.3.6. Let A be a Zy-graded quasitriangular Hopf algebra with universal R-matrix
R and the element u=mo Po (id ® S)R, then

i—1
A(i)(u) — u®(i+1)((RTR)—1 ® id@(i—l)) H ((A(j) ® id®(i—j)) (RTR)*l )’ for all i > 1,

j=1
where we fix the product to be equal to 1 ® 1 if i = 1.

Definition 2.3.2. A Zy-graded quasitriangular Hopf algebra A is called a Zo-graded ribbon
Hopf algebra if it is equipped with an invertible central even element v € A satisfying

v? = uS(u), S(v) =, e(v) =1, (2.19)

1

A(w)=(wev) (R'R) . (2.20)

Definition 2.3.3. Let A be a Zs-graded ribbon Hopf algebra over C. Let V' be an A-
module, 7 the representation of A afforded by V, and f an element of Endc(V). The
quantum supertrace of f is defined to be

stry(f) = str (m(v"'u) o f).

The quantum superdimension of V is defined to be the quantum supertrace of the identity
endomorphism on V :

sdimg (V) = str (m(v""u)) .



Chapter 3

Quantum osp(1|2n) at generic ¢

In this chapter we introduce the quantum superalgebra U,(osp(1|2n)) over C and discuss
its finite dimensional irreducible representations. We define R-matrices for representa-
tions of U,(osp(1]2n)), and construct projections from tensor powers of the fundamen-
tal irreducible U,(osp(1|2n))-module V onto irreducible U,(osp(1]|2n))-submodules of V.
By using matrix units in the Birman-Wenzl-Murakami algebra B% ;(—¢*",q), we con-
struct U, (osp(1|2n))-linear maps between isomorphic irreducible U, (0sp(1|2n))-submodules
of V&

The structure of this chapter is as follows. In Section 3.1 we introduce the quan-
tum superalgebra U,(osp(1|2n)). In Section 3.2 we discuss finite dimensional irreducible
U,(0sp(1|2n))-modules, including the fundamental irreducible module V', and show that
V® is completely reducible. In Section 3.3 we introduce R-matrices for representations
of U,(osp(1]2n)). In Section 3.4 we investigate the properties of two useful elements of a
completion U;(osp(1|2n)) of U,(osp(1|2n)). In Section 3.5 we determine the spectral de-
composition of ﬁv,v. In Section 3.6 we show that there is a representation of Z# ;(—¢*", q)
in an algebra generated by the ﬁv,v-matrices acting on the i"* and (i + 1) tensor powers
of V¥ fori=1,...,t—1. In Section 3.7 we recall Bratteli diagrams and path algebras. In
Section 3.8 we construct projections from V& onto irreducible U,(osp(1|2n))-submodules
of V¥ In Section 3.9 we construct matrix units in Endy,(osp(1j2n)) (V") from matrix
units in B ,(—¢*", q) and prove that the algebra Endy, osp(ij2n)) (V") is generated by the
ﬁv,v—matrices.

3.1 The quantum superalgebra U,(osp(1|2n))

In this section we introduce the algebra that is at the core of this thesis: the quantum
superalgebra U, (osp(1|2n)) [Zh92a, KT91, Y94].

Let us begin by describing the root system of osp(1]2n). Let H* be a vector space over
C with a basis {¢;| 1 <i < n} and let

(,-): H" x H* = C, (3.1)

21
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be a non-degenerate bilinear form defined by (€;,€;) = 0, ;.
The set of simple roots of osp(1|2n) is {a;| 1 < i < n} where

{Ei_€i+17 izl,...,n—l,

a; =
‘ €n, t=n,

which forms another basis of H*.
Let ®T denote the set of the positive roots of osp(1|2n), we have

Ot ={e;tej, 6,26 1<i<j<n, 1<k<n}.
We further define the subsets ®F, ®7 C ®* and 63 C ®f by

O ={e;te;,26] 1<i<ji<n, 1<k<n}, OF ={e] 1<k <n},
=+
B, ={a e di| a/2¢ e}

We call ®f (resp. @) the set of positive even roots (resp. positive odd roots). The set of
negative roots of osp(1]2n) is @~ = —®*, and & = & U &~ is the set of all the roots.
We denote by 2p € H* the graded sum of the positive roots of osp(1]2n):

2p:Zoz—Zﬁ.

acdf Bedf

Explicitly, 2p = > (2n — 2i + 1)¢;. The element 2p satisfies (2p, ;) = (o, ;) for each
1 <17 < n, and will play an important role in this thesis.

Let A= (aij)ijl be the Cartan matrix of osp(1|2n). The components of A are defined
by a;; = 2 (a4, a;) / (e, o), and we have explicitly

2 -1 0 - 0 0

-1 2 -1 -- 0 O

o -1 2 ... 0 O

A= S o
o o0 0 --- 2 -1

o o o0 - =2 2

The Lie superalgebra g = osp(1]2n) over C can be defined in terms of a Serre presen-
tation with generators {F;, F;, H;| 1 <1i < n} subject to the relations

(H;, E;] = (o, o) Ej, [H;, F}] = — (o, a;) Fj, Vi, 7,
(ad E)'"" " E; =0, (ad F)'“ F; = 0, i # j, (3.2)

where [+, ] represents the Zs-graded Lie bracket and (ad a)b = [a,b]. The Zy-grading of
the generators is

E]=[F]=[H]=0, [BJ=[F]=1  1<i<n—1,  1<j<n.
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The universal enveloping algebra U(g) of g is a unital associative Zs-graded algebra,
which may be considered as being generated by {E;, F;, H;| 1 < i < n} subject to relations
that are formally the same as (3.2) but with the bracket [-,-] interpreted as a Zy-graded
commutator [+, -] : U(g) x U(g) — U(g) defined by

(X, Y] = XY — (-)XVy X, (3.3)

If each of two elements X,Y € U(g) has a grading, then the grading of XY € U(g) is
defined by

[(XY] = ([X]+[Y]) mod 2.

The graded commutator [X,Y] of any two homogeneous elements of U(g) is defined by
(3.3) and is extended to inhomogeneous elements of U(g) by linearity. Note that U(g) ®
U(g) has a natural Zs-graded associative algebra structure, with the grading defined for
homogeneous X, Y € U(g) by

(X ®Y] = ([X]+[Y]) mod 2.

The universal enveloping algebra U(g) has the structures of a Zs-graded Hopf algebra.
The co-multiplication A, co-unit € and antipode S are defined on each generator X € g —

U(g) by
AX)=X®1+10X, «X)=0, ¢1)=1,  SX)=-X.

The quantum superalgebra U,(g) is some “g-deformation” of U(g). We describe its
Jimbo version here.

Definition 3.1.1. The quantum superalgebra U,(g) over C, in the sense of Jimbo, is an
associative Zy-graded unital algebra generated by the elements {e;, fi, K;, K; | 1 <i < n}
subject to the relations

K — Kt
[eiafj] = 61] q— qil )
Kie; Kt =qe;,  KifiK;h=q @),
[KF K = [KF K7 =0 KAKF =1
1) 7 ) 7 ’ 7 7 )
(adye;)'~"e; =0, (adyfi)' = f; = 0, Vi, j, (34)

where 0 # q € C and ¢*> # 1, and the adjoint actions are defined by
(adye) X = e X — (=) K X K e,

(ady f)X = f;X — (-)VINIK XK f;,
for all X € Uy(g). In (5.4), the bracket [-,-] is as defined in Eq. (3.3).
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As is well known, there exists a Zs-graded Hopf algebra structure on U,(g) with the
co-multiplication A, the co-unit €, and the antipode S defined on each generator by

ele;) =€(f;) =0, e(K)=¢(1)=1.
S(e) = —e: Y, S(fi) = —Kifi, S = K7

There are a number of subalgebras of U,(g) which will be quite useful. We define
U,(b.) to be the subalgebra of U,(g) generated by {e;, K;"'| 1 <i < n}, and U,(b_) to be
the subalgebra of U,(g) generated by {fz, Kf1<i< n}

We note that the action of S™! on each generator of U,(g) is

S7He) = —K; e, S7Hfi) = —fiK;, STHKH) = K

Finally, for each 5 =" , m;a; where m; € Z, we define Kg =[], (K;)™.

The quantum superalgebra Uy(g), in the sense of Drinfel’d, is a Zs-graded algebra
over the ring C[[h]] for an indeterminate h, completed with respect to the h-adic topology
[KT91]. The Zs-graded algebra Uy (g) is generated by {F;, F;, H;| 1 < i < n} subject to
the relations

ehHi _ o—hH;
[Ez‘, Fj] = 5ijW’ [Hiij] =0,
[H;, Ej] = (ci, o) Ej, [H;, Fj] = — (i, o) F,
(ad,E;)' " E; =0, (ad,F;)' "% F; = 0, Vi, j,

where the adjoint functions are defined by
(ad,E) X = E; X — (—1)PIXIhti x o=hHi

(ad,F))X = F;X — (—1)FIX]g=hli x ohtli .

where we fix ¢ = e".

There is a Zy-graded Hopf algebra structure on Uy(g) with the co-multiplication A :
Un(g) — Un(g) ® Upn(g), the co-unit €, and the antipode S defined on each generator by

AB)=E e +10E, AFR)=Fl+te"™oF AH)=H®1+1eH,.
€(B) =e(F) =e(H) =0,  e(1)=1,
S(EZ) = _Eie_hHia S(E) - _ehHi-F;‘, S(HZ) = —HZ

The quantum superalgebra Uy (g) admits a universal R-matrix [KT91] and is a Zo-
graded ribbon Hopf algebra [ZG91].
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3.2 Finite dimensional irreducible U, (0sp(1|2n))-modules

Throughout this section we assume that ¢ is non-zero and not a root of unity. In this case
the representation theory of U,(g) is completely understood [Zh92b, Zo098].

For a Zy-graded algebra A, we will write V), in this thesis to denote an A-module labelled
by A € I, for some index set I, and we write 7, to denote the representation of A afforded
by V)\.

We say that an element A € H* is integral if

. 2()\, O[Z‘)

i =
(Oéz‘, Oéi)

A
€7, Yi<n, = ) g
(O, )

where (-,-) : H* x H* — C is the bilinear form in (3.1). Let P denote the set of all integral
elements of H*. We say that an element \ € P is integral dominant if l; € Z, for all i. We
denote the set of all integral dominant elements of H* by PT.

We call a U,(g)-module V' a highest weight module if there is a non-zero vector v € V
satisfying

(i) ev=0, 1<i<n,
(i) Kiw=ww, w,€C, 1<i<n,
(ii) V C U,(b_)o.

The vector v is called a highest weight vector of V. Similarly, we call a U,(g)-module V" a
lowest weight module if there is a non-zero vector w € V satisfying

(i) fw=0, 1<i<n,
(i) Kjw=ww, w,eC, 1<i<n,
(ili) V C U, (bs)w.

In this case w is called a lowest weight vector.
Let V be a U,(g)-module on which all the K; act semisimply. For each sequence
B = (B, P, ...,0,) where §; € C for each j, define

Ve={z e V| Kz =iz, 1 <i<n}.

If V3 # 0, we say that 3 is a weight of V, and that Vj is a weight space of V. The nonzero
elements of Vj are called weight vectors.

Zou investigated the representation theory of the quantum superalgebra U,(g) over the
quotient field C(v) for an indeterminate v [Z098], which is related to ¢ via ¢ = v%. Zou’s
results can be adapted to our setting where we take ¢ to be a transcendental number. Let
V/q be any square root of the complex number ¢. Call a U,(g)-module V' integrable if V' is
a direct sum of its weight spaces and if e; and f; act as locally nilpotent endomorphisms
of V foreachi=1,...,n.
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Let V(w) be a highest weight U, (g)-module with highest weight vector v where Kjv =
wiv, w; € C, for each i =1,...,n. The U,(g)-module V' (w) has a unique maximal proper
U,(g)-submodule M (w), and the quotient

V(w) =V(w)/M(w)

is an irreducible U,(g)-module with highest weight w = (wy,ws, ..., wy,). Theorem 3.1 of
[Z098] can be stated in our setting as follows.

Theorem 3.2.1. The irreducible highest weight U,(g)-module V (w), withw = (w1, wa, . .., wy),
1s integrable if and only if

where m; € Z,, (2 =1, and

W = :tqm’ me € Z-‘ra
"l V-1, ifmeZy+ 1

Note that every finite dimensional integrable U, (g)-module is semisimple [Z098, Sec. 5.
If w=(¢™,qm,...,q¢") with m; € Z, for each i, there exists an irreducible U(g)-
module V' (w), with highest weight A € P satisfying (A, ;) = m; for each ¢, and V(w) and
V(w)g have the same weight space decomposition [Zh92b]. In this thesis, we are mostly
interested in these irreducible U,(g)-modules, and for A € Pt we let V) denote V(w) and
call A the highest weight of V).
The following lemma is from [Zh92b, Thms. 2.2, 3.3-3.5].

Lemma 3.2.1. Let V,, and V, be finite dimensional irreducible Uy(g)-modules with highest
weights j1 and v respectively, where p,v € P*. Then V, ® V, can be decomposed into a
direct sum of irreducible U,(g)-modules V with highest weights A € PT.

Throughout this thesis we always take the grading of the highest weight vector of
the finite dimensional irreducible U,(g)-module V) with integral dominant highest weight
" even, if (3.1 A\;) mod2=0,
A=2ihie €PTtobe g %’gzi AS mod 2 = 1.
In the next lemma adapted from [LZ99] we consider the fundamental U,(g)-module V
which will play a very important role in this thesis. This lemma is proved by elementary
calculations.

Lemma 3.2.2. There exists a (2n+ 1)-dimensional irreducible U,(osp(1|2n))-module V' =
Ve, with highest weight €1. This module admits a basis {v;| —n < i < n} with vy being the
highest weight vector. The actions of the generators of U,(osp(1]2n)) on the basis elements
are

fivi = vig1,  faUn =00,  faUo =v_pn,  fiv_i1 = v,

€Vit1 = Vs, €U0 = VUp, EpU_p = —Vo, EU_; =V_i1,
+1 +(aj,€
Koy, = g7y,
where 1 <i<n,1<j<n, —n<k<n, =0, and e_; = —¢;. All remaining actions

are zero.
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Note that the highest weight vector v; of the fundamental irreducible U,(osp(1|2n))-
module V' always has an odd grading in this thesis.

Proposition 3.2.1. There exists a U,(g)-invariant, non-degenerate bilinear form ({, )) :
V xV — C. Thus the dual U,(g)-module of V is isomorphic to V.

Proof. Let {v;] —n < i < n} be the basis of V' given in Lemma 3.2.2. Now define a
non-degenerate C-bilinear form

((,)):VxV—=C,

by
((v,v-1)) = 1,
((vi,v)) = —¢  {{vic1,v_goyy)), 2<i<n,
((vo,v0)) = ¢ {{vn,v_n)),
((Vons o)) = —((vo,v0)),
((v—j,v5)) = ({v_(41)y V1)), 1<j<n—1,

((vk,vl» ; 0, 1fk3+l7é0

A direct calculation shows that
(evs o)) = (—)F00 (0, S(@)vy)), Vo € Uyla), vty € V.

thus proving the U,(g)-invariance of the bilinear form. This form identifies V' with its dual
module. O

Let us discuss in more detail the dual module of V. Recall the definition of the dual
U,(g)-module V* to V. Let {v;| —n <1i < n} be a basis of V* such that (v}, v;) = d;; and

*

[vF] = [v;] where (, ) : V* x V — C is the dual space pairing. Now define a homogeneous

bijection T' € Homge(V, V*) of degree 0 by

T:v— (1) Dy = (=) g™, v (=), 1<i<n.

(3.5)
A direct calculation shows that this map is an element of Homy, ) (V,V*) and that it
satisfies

(T(v;),v5) = ((vi,v5)), for all v;,v; € V.

3.3 R-matrices for representations of U, (osp(1|2n))

Drinfel’d’s quantum superalgebra U, (g) has a universal R-matrix [KT91]. We will show
that there does not exist an element of U,(g) over C that corresponds to the universal
R-matrix of Up(g) in an obvious way. However, there is a completion U:(g) of U,(g) such
that one of the multiplicative factors of the universal R-matrix of Uy (g) maps to an element
R of U;(g). Although R is not an element of U,(g), only a finite number of terms of R
act as non-zero endomorphisms on each tensor product of finite dimensional irreducible
U,(g)-modules, and thus the action of R on these tensor products is well-defined.



28 Chapter 3. Quantum osp(1|2n) at generic q

3.3.1 The universal R-matrix of Uj(osp(1]2n))

The Drinfel’d quantum algebras admit universal R-matrices [LS90, KR90|, and the ex-
plicit expressions of these universal R-matrices employ infinite sums of root vectors in the
quantum algebra corresponding to the positive roots of the associated Lie algebra [CP94].

The simple root vectors in the quantum algebra are just the generators e; and f;,
and the non-simple root vectors are obtained by applying Lusztig’s automorphisms to the
generators [Lu90, CP94]. The non-simple root vectors are not uniquely defined in general
[DeCK90, CP94]. Different choices for the decomposition of the longest element of the
Weyl group of the associated Lie algebra into a product of reflections generated by the
simple roots may lead to non-simple root vectors that may not even be proportional to
each other, and a prior: there is no canonical choice for the decomposition of the longest
element of the Weyl group into a product of such reflections [CP94].

Khoroshkin and Tolstoy wrote down the universal R-matrix of Up(osp(1|2n)) [KT91]
using a different method. They employed infinite sums of root vectors in Uy(g), but these
root vectors were defined in a different way to how the root vectors in quantum algebras
were defined. Khoroshkin and Tolstoy’s procedure is general for quantum superalgebras
and we write it down for Uy(g) here.

In Uy (g), root vectors are only defined for the elements of the reduced root system ¢ of
g. The reduced root system ¢ of g is the set of all positive roots of g except those roots «
for which a//2 is also a positive root, and the reduced root system of g = osp(1]2n) is just
¢ =Dy UDY.

A total ordering of ¢ called a normal ordering is then introduced, and the root vectors
of Uy(g) are recursively defined using the normal ordering of ¢ and a map involving the ¢-
bracket that we introduce below. We denote a normal ordering of ¢ by N (¢). A difference
between the root vectors in quantum algebras and the root vectors in U,(g) is that the
latter are defined by a map that is not necessarily an algebra automorphism. The way the
universal R-matrix of Uy(g) is formally written down depends on N ().

A normal ordering of a reduced root system of g is defined as follows [KT91, Def. 3.1].

Definition 3.3.1. A normal ordering N'(¢) of ¢ = 53 U @] is a total order < of the set
¢ such that if « < B and a+ 3 € ¢, then a« < a+ 3 < [3.

In general, there is more than one normal ordering of ¢ [KT91]. For example, the
reduced root system of osp(1]4) is ¢ = {€1, €2, €1 = €5} and there are two different normal
orderings of ¢:

a1 < a1 + oy < oy + 209 =< Qo,

042-<061—|—2042-<041—|—062-<041,

where we write the elements of ¢ as sums of the simple roots.
We now write down the universal R-matrix of Uy (osp(1]|2n)) [KT91], which we adapt
slightly to take account of the different co-multiplication used in this thesis. Writing

00
l‘k

q = €" € C[[h]], let us firstly define exp, () = Z A
k=0 '
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We now construct the root vectors in Uy (osp(1|2n)). The easiest root vectors are the
simple root vectors: we fix E,, = E;, F,, = F; and H,, = H; for each simple root a;. Now
we recursively construct the non-simple root vectors. Let «, 3,7 € ¢ be roots such that
v =a+ ( and a < 3, and in addition let no other roots o', 3’ € ¢ exist which satisfy
(i) '+ 0 =7, (ii) a <o < B and (iii) @« < #' < B. Then, if all of the root vectors
E.,Es, F,, s € Uy(g) have already been defined, we define

E'y = [Eon Eﬁ] F’Y = [Fﬁ’ Fa]q—l ’

q )
where the g-bracket |-, ], is defined by
[Xa, Xgly = XX — (—1)XelXalg@h) X x

where X stands for F or F.
For each v € ¢, set

R, =exp, ((=1)"(a)) (¢ = ¢ VE, @ F,) € Un(g) © Un(g), (3.6)
where ¢, = (—1)Plg=") and a,, € C[[h]] is defined by

a, (¢ —q~')

E
EyFy — (_1)[ V]F’YE’Y - q—q!

It is important to observe that a, is a rational function of ¢. Now we can write down the
universal R-matrix of Uy (g) [KT91, Thm. 8.1].

Theorem 3.3.1. Define H; =37 H; € Uy(g) for eachi=1,...,n, then

R = exp <h i H; ® H) 115 (3.7)
i=1

vEP

is the universal R-matriz of Un(g), where the product is ordered with respect to the same
normal ordering N'(¢) used to define the root vectors in Un(g) so that [[ o4 Ry, = Ry Ry, - -+ R,
where y1 < y2 < -+ <y, i N ().

k

3.3.2 R-matrices for representations of U,(osp(1|2n))

It is unknown whether Jimbo’s quantum algebras over C have universal R-matrices. How-
ever, there exist R-matrices for representations of these quantum algebras. Let 7y and m,
be finite dimensional irreducible representations of the quantum algebra A, then there is
an invertible element R, € Endc(V\ ® V) satistying

Ry (Mm@ m,)(A)) = (my @ 7,) (A (2)) - R Vo € A, (3.8)

which we note is just Eq. (2.11) in m) ® m,. We follow a similar scheme for U,(osp(1|2n)).
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For each pair of finite dimensional irreducible U,(g)-modules, we will construct an
element R, € Endc(Vy ®V,) satisfying (3.8) for all € U,(g). We do this following the
method laid out in [CP94, KS97] for quantum algebras.

We firstly define a completion U:(g) of U,(g) following [KS97, Subsec. 6.3.3]. Let
U,(n;) (resp. U,(n_)) be the subalgebra of U,(g) generated by the elements {e;| 1 <
i < n} (resp. {fi] 1 <i < n}). We say that a non-zero element = € U,(g) has degree

A=Y may, m; € Z, if KoK ' = q™dy for alli = 1,2,...,n. We define qu(g) by

—
Uy(0) = ][ Ua(6)U7" (nz),
BeEQ+
where U (nz) is defined by
U;Eﬁ(ni) = {r e U,(ny)| Kz K; ' = ¢t Pz}, i=1,2,...,n,

and Q; is defined by Q4 = {d> ", nja;| n; € Zy }.

The elements of U;E(g) are sequences = (z4)geq. where 25 € Uy(b1)UF’(ng). Let us
write this sequence formally as an infinite sum z = ) 5Za. The results of [KS97, Subsec.
6.1.5]) imply that U,(g) can be expressed as a direct sum

Uy(g) = €D Uy(b)U, P (n),

BeQ+

and thus U,(g) can be considered as the subspace of U:(g) formed by the sums z =} ;75
for which all but finitely many terms vanish.

The multiplication in U,(g) extends to a multiplication in qu(g). Let B,v € Q, let
zg € U;P(n_), and let y, € Uy(by) have degree 7. From the commutation relations of
U,(g), we have

TgYy € @ Uq(b+)U;5(n,),
6

where the direct sum ranges over all § € @, satistying |8 — |y| < |0] < |5|, where
6] = >, my; for B =31 ma;. Thus U;(g) is an algebra, and similarly U, (g) and
U;t(g)@~ : ~®U;t(g) are algebras. The algebras qu(g) and U;t(g)®~ : ~®U;t(g) (with m
factors) contain U,(g) and U,(g)®- - -®@U,(g) (with m factors), respectively, as subalgebras.

We now construct an element in U:(g) corresponding to the element Hve s By In
(3.7). Given a normal ordering N (¢) for a reduced root system ¢, we construct root
vectors E., F., € U,(g) following the same procedure as in Uy(g) by setting E,, = e; and
F,, = f; and thinking of ¢ a complex number. Then R, is well-defined as an element of

U;@;)@U: (g), and to simplify R, we normalise the root vectors:

ey = E,, fy=F/a,.
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This is well-defined as a, # 0 [KT91, Egs. (8.3)-(8.4)]. Simplifying the expression for R,
we have

T
R, = kooo _ k k
R e =1
k=0 :

Define R € U:(g)@ﬁ;(g) by R = [[,cs Ity where the product is ordered using the
same normal order NV (¢) that we used to define the root vectors in U,(g) and such that

[[ey By =Ry Ry, -+ Ry, where N(@) =71 < 72 < --- < . Clearly R is invertible as
[I,cs By € Un(9) ® Un(g) is invertible and ¢ is not a root of unity.

Lemma 3.3.1. Define an automorphism ¥ of U,(g) ® U,(g) by

VKT =K"®1l, VY1oK™)=1®K",
Ueol)=go K, Ul =K',
U(fi®l)=fi® K V(1® f;) =K ® f.

The automorphism VU satisfies the following relations:
(i) RA(z) = W(A'(2)) - R, for all z € Uy(g),
(ii) (A ®@id)R = Wy3(Ry3) - Ros,

(iii) (id ® A)R = U15(Ry3) - Rua,

where Ui = YV ®id and Vo3 = 1d @ V.

Proof. We prove (i) for each generator of U,(g). We firstly wish to prove the following
equations:

Rle @K, +1®¢) = (e; ® K" +1®e)R, (3.9)
R(fi@l+K'®f;)=(fiol+ K ® f)R, (3.10)

R(KF @ KF') = (K @ KR, (3.11)
Now Eq. (3.11) is true by inspection and Egs. (3.9)—(3.10) follow from the corresponding

results in Uy (g) [KT91, Prop. 6.2]. The proof of (i) then follows from the definition of ¥
and the proofs of (ii) and (iii) follow similarly from [KT91]. O

We now examine the usual approach used to create R-matrices for representations of
a quantum algebra A. For each tensor product W; ® W5 of finite dimensional integrable
A-modules, an invertible element Ew, w, € Endc(W; @ W3) is constructed implementing
the automorphism W, in the sense that Ew, w, satisfies

Ent wy - (Tw @ mwe) (@) - Ewywy, = (Twy, @ )W (), forallz e A® A
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This Ew, w, is defined by fixing its action to be
€W17W2 (w)\ ® wu) = q()\’u) (ZU)\ ® wu)a

on all weight vectors wy € Wy, w, € Wy with weights A and p, respectively [CP94, Prop.
10.1.19).

We could have used the same method to construct R-matrices for representations of
U,(0sp(1|2n)) but we have found a more useful approach. Note that in the above we need
to know the weight space decompositions of both W; and W5, before defining Ew, w,, but
if we have this information we can use it in a more interesting way: instead of defining an
element of Endc(W, ® Ws) we can define an element Eyw, w, € U,(g) with the property
that (7w, ® mw,) Ew,.w, = Ewyw,. We define this Eyw, w, for each tensor product of finite
dimensional irreducible U,(g)-modules following a related idea in [Zh92a].

Foreachi=1,...,n, set

The action of J; on a weight vector we with weight § = Z?Zl ¢e; € H* of a Uy(g)-module
is
Jiwe = qgiwg.

Consider the weight space decomposition of a finite dimensional irreducible U,(g)-
module V,, with integral dominant highest weight pu. The weight of the weight vector
we €V, is & =>" &6 € @, Ze;. Now define

n S S

Jo—q°
EM = H (Ja)b®Pa[b]7 Pa[b] - Hm, (A Z, (312)
a=1 b=p c=p
c#b

where p and s are any integers satisfying p < s and the following condition:
o Jywe = ¢*wg for some & satisfying p < & < s, for each weight vector we € V,.

Once we have any such p and s, we can use any p’ and s’ satisfying p’ < p and s’ > s in
(3.12) instead of p and s, respectively.

The element E), is well-defined and invertible in U,(g) ®@U,(g), and for all weight vectors
vy € V) and v, € V,, we have

EM(UN ® UM') = q()\/’ul) (U)\/ ® ,UMI)’ (313)

where the weights of vy and v, are A" and p', respectively. The element £, is not a
universal element in that it does not satisfy (3.13) for all representations of U,(g). It
would be very useful if one could construct such a universal element in U,(g).

From this we obtain R-matrices for tensor products of finite dimensional irreducible
U,(g)-modules in the following sense. Let V) and V|, be irreducible U,(g)-modules with
integral dominant highest weights A and pu, respectively. Then we have the following
important theorem.



R-matrices for representations of U(osp(1]2n)) 33

Theorem 3.3.2. Define Ry, = E, R € U:(g)@ﬁ;(g) and Ry, = (my @ m,) Ry ., then
R (my® WM)(A(I‘)) = (m\ ® WM)(A’(x)) R Vo e Uy(g). (3.14)

Proof. This is similar to the proof of the corresponding theorem in quantum algebras
[CP94, Prop. 10.1.19], and we follow that proof. By direct calculation we can readily show
that

(M @ m,) U (A(z)) = () @ m,) (E;1 -A(z)- E,), Vo € Uy(g),
then by using RA(z) = U (A (z)) - R from Lemma 3.3.1 we have
(my @) (Ra,A(2)) = (my @ 7,) (A (2) Ry ), (3.15)
which is precisely Eq. (3.14). O]

A similar calculation shows that
(A ® WM)(RiAA’(x)) =(m\® WM)(A(?L‘)R?;)\), Vo e Uy(g).
We now determine some useful results involving R, ,.

Proposition 3.3.1. The element Ry, has the following properties:

(6 & id)R}HM = (ld (%9 E)R)\7M = 1, (316)
(M @m,) ((S®id)Ryy,) = (M@ )Ry, (m@m)((d®S)Ry,) = Ry (3.17)
(7T>\ X 7'['“) ((S X S)R)\7M) = (71')\ X WM)R)MM' (318)

Proof. Eq. (3.16) is proved by inspection. The proofs of (3.17)—(3.18) are straightforward
and almost identical to the proofs of the corresponding equations in Zs-graded quasitrian-
gular Hopf algebras. O

Let vy and v, be weight vectors of U,(g)-modules with weights X\, v € @], Ze;, re-
spectively and let v, € V), be a weight vector with weight 4, then it can be easily shown
that

[(A ® 1)Eu} (1A ® v, ®uy) = q(#/’AJrV)(UA ® v, ® V),

[(1®A)E,](va®v, ®vy) = g™ (vy @ v, @ vw),

where in (1 ® A)E, we change the limits p and s if necessary.
We now consider analogues in U,(g) of the equations (A®1)R = Ri3Re3 and (1QA)R =
Ry3Ry5 of a Zy-graded quasitriangular Hopf algebra. By definition, we have (A®1)R, , =

[(A®1)E,] - Wy3(Ry3) - Ras. Let Vi and V), be finite dimensional irreducible U,(g)-modules,
then from the properties of £, we have

(memnern)[(A®)Ry,] = (men e, [(A @ 1)E,, - (E2) " Ri3E% Ry

= (Mmem e, [E;?’ngEﬁ?’égg , (3.19)
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where writing E, = >, oy ® ff we have E}* =3~ 0, ®id ® §; and E2* = 37, id ® oy ® ;.
Note that (3.19) uses the result

(my ® my @ ) [(A ®1E, - (Eis)il} =(m®m® Wu)E}Lsa
rather than an equality in U,(g)®®. Similarly, we have
(1® ARy, = [(1@A)E,] - U1p(Ris) - Ria,

and
(M ®@m, @m)[(1®A)Ry,] = (my @ T @ m,) E}L?’EBEPEH] : (3.20)

Together with Theorem 3.3.2, this shows that R, , satisfies the defining relations (2.11)-
(2.13) of the universal R-matrix of a Zy-graded quasitriangular Hopf algebra in each
triple tensor product of finite dimensional irreducible U,(g) representations, if one care-
fully chooses the limits in the definition of E, (which can always be done). Furthermore,

Egs. (3.15) and (3.19)—(3.20) imply that
(my @ my\ @ Ty ) R12R13Ra3 = () ® Ty @ my) Roz R13Ra2, (3.21)

where we have fixed R = R) .

For later use we note the following easily proved results. Define an automorphism
U, - Uy(9)®™ — Uy(g)®™ generalising the automorphism ¥ : U,(g)®U,(g) — U,(g)®@U,(g)
in Lemma 3.3.1 by

U, (1% @ K @ 19m=i-0) = 1% g K g 19Mm-i-1)
U (197 @ e @ 1°077070) = (K™ @ e @ (K )27,
U, (199 @ fio 19 I7D) = (K)¥ @ fi @ (IK;)*" 7Y,

foreach 1 <i<mandall 0 <j<m—1. Then

(A®id®t)‘1’2,3 ..... t+1(§1(t+1)) = ‘1’2,3 ..... t+2(§1(t+2))"1’3,4 ..... t+2(§2(t+2))7 (3-22>
(id®t®A)\1’1,2 ..... t(Rigrny) = Wi (Rigs2) - Wi o (Rigs))s (3.23)

..........

it may be easily shown that

(r @) (A @id)R = (7% @ 7) Rieen Baen) - Ruger),
(7'(' ® 7T®t) (ld & A(t_l))R == (7'(' & 7T®t) Rl(t+1)R1t s ng,

where we fix R = Ryy.
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3.4 Useful elements of U;(g)

Define a set of elements {u, € U;r(g)| A € Pt} by uy = 37, S(by, )ay, (—1)1* upon writing
Ryy=>,ax ®@by,.

Lemma 3.4.1. The element uy has the following properties:
(i) e(ur) =1,
(it) m\(S*(x)uy) = m\ (uaz), Vo € Uy(g).
(iii) T (uatin) = mA(1) = mr(Waun ), where y is defined by Uy = 3., S (dy,)en, (= 1)),
where R\ =Y, cx, ® dy,,

(i) (1 @ m) (Aw)) = (72 @ ) [ (12 @ ) (REARan) ],

where Ty is the representation of Uy(g) afforded by the finite dimensional irreducible U,(g)-
module V.

Proof. Part (i) is proved is by inspection. To prove part (ii), u € Uy(g) can be written
as u = ZctS(Ft)q_(Z?:lH?)Et(—l)[Et}, where the universal R-matrix is written as R =
t

qZ?:l H;®H; Zt CtEt ® Ft- In U:(g),

Pa[b](Ja)_”> E,(—1)".

S
I

gk

D

2

=
-~

—1=

The proof follows by noting that [[;_; >, Pa[b](J,) " ‘implements’ the action of g~ (EZim B
in the U,(g) representation m,. Part (iii) is proved by formally undertaking the proof of

uu = 1 in Lemma 2.3.4 for Zs-graded quasitriangular Hopf algebras but using the expres-

sion for R ) instead of R and also using (ii) above.

The proof of part (iv) is similar to the proof of A(u) = (v ® u) (RTR)_1 in Zs-graded
quasitriangular Hopf algebras, but much of the calculation is done in the representations
of U,(g) afforded by tensor products of finite dimensional irreducible U,(g)-modules. Al-
though the proof can be understood by following [ZG91, Lem. 1], we give it here for
completeness. Firstly (7m) ® WA)RFSC)\R)\,)\ € Endy,g)(Va ® Vy), thus

(m2 & m) [RLARaA(0)] = (1 @ m) 3 (5 © S)A'(br) - BB - Aar)(<1).

Introduce the operation

(1 @ 3) 0 (a1 ® as ® az ® ay)
= S(as)zia1 ® S(aq)waas(—1) 2+ aslHas) (1] +HoalHar)+ oo +laal (1] +ar])
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where x1, T2, a;, i = 1, 2,3, 4, are homogeneous elements of U,(g). Straightforward calcula-
tions show that

(x1 @ 29) 0 (bc) = [(x1 ® x3) o b] o ¢, Vb, c € Uy(g)®*

and that
A(uy) Ry \Rop = B3 o [RIA (A ® ARy, -

By using Egs. (3.19)—(3.21) we obtain
(73 ® 73) [A(UA)RKARM] — (m®m) (R, o [RARYRERMRA]),
= (m@m) (R o [RARARARALRY]) -
Straightforward calculations then show that
(m@m) (RXh o RY) = (mem)(1e1), (1@1)oRY\=uy®1, and

(my@m) [(ux @ 1) o (R RYL)] = (m @ m)(uy @ 1),
and thus it follows that

(7T>\ X 7'[')\) [A(UA)RZ;)\RA,)\} = (77')\ X 7T>\) [(u@ 1) o Riﬁ})\} = (77')\ X 7T>\)(U)\ ®U>\),

completing the proof.

]
Define a set of elements {vy € U:(gﬂ A€ Pt} by
oy = un Ky, (3.24)
Lemma 3.4.2. The element vy has the following properties:
e(vy) =1, my(vaz) = my(zvy), Vo e Uylg),
(72 ® TR )A(W) = (T ® 73) [(m ® v) (R{ARA,A)”] . (3.25)

Proof. The proofs of €(vy) = 1 and (3.25) follow from the deﬁnition of vy. To prove
the remaining relation, note that S%(e;) = Kie;K; ' = Kype; K. 2p, S2(f) = KiK' =
Ky, fiK. 2_0, and S?(Ki') = KngilK '. As S? is a homomorphism we have S%(z) =
Ko,z K, for all o € Uy(g) and then

m(vazvy ') = WA(u)\KgplxKgpugl) = m(unS(z)uy ") = A (S*(S73(2))) = ma(w),
completing the proof. O

Let V) be an irreducible U,(g)-module with integral dominant highest weight A.
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Lemma 3.4.3. The element vy acts on each vector in V) as the multiplication by the scalar
_()\+2l77)\)
q }

Proof. Note that vy is even and that my(vy) € Endy,qg)(Va). Write Ryy = E)\E and
R =732 a; ® b, where a, € Uy(b,), by € Uy(b_) and ag = by = 1. Then

TA(Ux) = Ty (i S(bt)EatKZpl(_l)[at}> ,

t=0

where E is an even element of U,(g) satisfying Fw, = q_(f’f)w5 for each weight vector
we € Vy of weight & € @), Ze;. Let wy be a non-zero highest weight vector of V), then
a;wy = 0 for all t > 0, which yields

Uy Wy = EKQ_plwA = g2 Ny,

As V) is irreducible and my(vy) € Endy,g)(Va) (and 7, (vy) is a homogeneous map of
degree zero), vy acts on each weight vector w in V) as the multiplication by the claimed
scalar from Schur’s lemma. O
We may denote ¢~ **27%) by vy (vy). Note that it may be true that v, acts on each
weight vector w in V) as the multiplication by the salar ¢~ **2#) even if 4 # ), and in
this case we also write y»(v,) to denote g~ 20N,

Following [Zh95], we define the quantum superdimension of the finite dimensional U,(g)-
module W to be

sdimg(W) = str(mw (Ka,)).

We now prove the following lemma originally given in [Zh92b, p. 323].

Lemma 3.4.4. Let V) be a finite dimensional irreducible U,(g)-module with integral dom-
inant highest weight A. The quantum superdimension of V) is

2(Mpe) _ 2\ +p,8) 41
. _ A, —(A2 q (S
sdimg(Vy) = (_1)[ }q (*.20) H < 20 — 1 ) < 2(PB) + 1 ) ’ (3.26)
04653 5€¢1+

where [A] is the grading of the highest weight vector of V.

Proof. We follow the usual proof for the formula for the quantum dimension of a finite
dimensional irreducible module over a quantum algebra. We have not seen the proof of
Eq. (3.26) in the literature and so write it down explicitly here.

The weight space decomposition of the U,(g)-module V) is the same as for a U(g)-
module with highest weight A, so we can use Kac’s supercharacter formula (see Appendix
C) to calculate str (7?,\(K2p)). Fix e" € C by e = ¢ and define in the notations of Appendix
C a homomorphism f : H* x E' — C[[h]] by f,(e) = ") n v e H*.
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By definition, schy =Y H(—l)[“]m(u)e“, where the sum is over all weight spaces of V),
where [u] is the grading of the vectors in the weight space p, and m(u) is the multiplicity
of the weight space ;. Applying fs, to schy gives

fap(schy) = Z(_l)[u]m(ﬂ)eh(Zp,u)’
m

which is just sdim,(V)).
Applying fs, to schy, and using the variant of Weyl’s denominator formula in Appendix
C, gives

H (eewr) — g=hlan)) H (eMBP) 4 ¢=h(B0)) Z(—l)[“}m(,u)eh(zp’”)
acdy peef #

- (_1)W Z ef(a)eh(Qp,a(M-p))’

oceWw

= (=) fara, Y €(0)e®. (3.27)

oeEW
Rewriting the right hand side of (3.27) as
(_1)[A] H (eh(a,Hp) _ e—h(a,w)) H (eh(mm + e—h(ﬁ,Mp))’
acdy pedf
yields the desired result. H
The quantum superdimension of the fundamental U,(osp(1|2n))-module V' is

q2n _ q72n

sdim,(V)=1—
(I< ) q_q_l

, (3.28)

where the grading of the highest weight vector of V' is odd.

3.5 Spectral decomposition of Ry

Let Vi and V), be finite dimensional irreducible U,(g)-modules with integral dominant
highest weights A and p, respectively. Let Ry, be as in Theorem 3.3.2 and define Ry, v, €
HOII]((:(VA ® VM’ VM ® V)\) by

ﬁv)uv,u (U)\ ® Uﬂ) = P o (RA,;L(U)\ ® U/J))7 (329)
where vy € V) and v, € V), are weight vectors and P is the graded permutation operator.

Lemma 3.5.1. Let V) be an irreducible U,(g)-module with integral dominant highest weight
A, then )
Ry, v, € Enqu(g)(V)\ ® V)\).
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Proof. We follow Lemma 2.3.2 (i) to prove that

Ruy s - (M @) (Az)) = (my @ ) (A(2)) - Ry 1,
then the result follows. ]

For n = 1, V ® V decomposes into a direct sum of irreducible U,(g)-modules (see
[Z1h92b]):
VeV=V, ®V, &V, (3.30)

and for n > 2, we have
VRV=V ®Viie, V. (3.31)

Lemma 3.5.2. Let n > 2 and let {P[u] € Endy,q)(V @ V)| 1 = 261,61 + €,0} be a
set of even Uy(g)-linear maps: Plu] : V@V — V ® V, where the image of Plu] is V),
and the maps satisfy (P[u])2 = Plu] and Plp|Pv] = 6, Pp]. Then there is a spectral
decomposition of Ryv:

kv,v = —qP[261] + ¢ ' Ple; + €] + ¢~ P[0)].
Proof. As 7’(’,‘/,‘/ € Endy,q)(V ® V), we can write

Ryy = Boe, P[2€1] + Bey1en Pler + €2] + B0 P[0],

for some set of constants {3, € C| 1 = 2¢1, €1 +€2,0}, where 3, is the scalar action of 7V€V7V
on the irreducible U,(g)-submodule V,, C V ® V. We explicitly calculate each 3, using
Ryy.

Let {v;] —n < i < n} be the basis of weight vectors of V' given in Lemma 3.2.2.
The highest weight vector of Vs, is wge, = v; ® vy, the highest weight vector of V,, 4, is
We, e, = V1 @9 —q vy ®@w; and the highest weight vector of the trivial module Vo C V@V

1S
n

Wy = E Civ; @ Uy,

i=—n
where {¢; € C| —n <7< n} is a set of non-zero constants inductively defined by
— _ 1
Cn = —Co, Cn = (¢ "“Co
Ch—1 = —(Cn, C_(n-1) = _qilc—na
¢ = —(qCit1, c—p = —qflcf(z‘ﬂ),

where i =1,2,...,n — 2 and we fix ¢y # 0.
To study the action of Ry, on the highest weight vectors wa, , we, 4+, and wg, we note
that the weight space decomposition of V' gives rise to the following results:

m(fe,)? =m(e,)? =0, foralli=1,... n, (3.32)
m(f,)* = m(e,)? =0, for all v € ¢ where v # ¢;. (3.33)
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Using (3.32) and (3.33), we have
(romR=(rem) ][R, (3.34)
YEP

where the product is ordered according to the same normal ordering N (¢) used to con-
struct the root vectors so that given N'(¢) = v < 72 < -+ < 5, we fix [[ ., R,
R, Ry, - R,,, where

2,
(q I_Q)k 67®fv)k . .
Z [k],q—ll ) if Y = €,
Ro= T “1yk k
(=g )" (e, ®[fy) T
[k]q72' ) 1 f}/;éez
k=0 ’
. (@ =y, ® ) .
— 1®1+<q1_Q)(6v®fv)+ (l—q;yl) R ’ 1f7:€i,
1®1+(q—q71)<€7®f7), lf’}/#q
Using this, we have 7V€v7v(w251) = —quwy, and 7V€V7V(w€1+62) = ¢ We,4c,. Calculating 3y is
more difficult: note that
Ruy | ccivi@ui+ > coi®@vy | =—q s @voy + Y duo @,
iz 21
for some set of non-zero constants {¢; € C| —n < j <n, j # —1}. Recall that Ry (wo) =
Bowo, so we obtain By by comparing —g'c_; and ¢;. Now ¢ ; = (=1)""'¢ "¢y and
c1 = (=1)"q" ¢y, thus By = ¢~2". O

Lemma 3.5.3. Letn =1 and let {P[u] € Endy,q) (V@ V)| u = 2€1,€,0} be a set of even
U,(g)-linear maps: Plu] : V@V — V ®V, where the image of Plu| is V,, and the maps
satisf; (P[u])2 = Plp] and P[p|Plv] = 6,,Pp]. Then there is a spectral decomposition of
RVJ/.' B
Rvv = —qP[2e] + ¢ ' Pler] + ¢ *Pl0].
Proof. The proof is almost identical to the proof of Lemma 3.5.2 with just the following
minor difference. The decomposition of V' ® V' is given in (3.30) and the highest weight
vector of V¢, is we, = v; ® vy + ¢ vy ®v;. To complete the proof we note that Ryy(we,) =
~1
q We- ]

From this we can write down the following important result:
Corollary 3.5.1. For eachn > 1, 7?,‘/,‘/ satisfies
(7@\/,\/ + q)(']évy — qil)(ﬁvy — qun) =0. (3.35)

Note that the expression for (7 ® TR in (3.34) readily allows the use of (7 @ )Ry
and Ry y in calculations.
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3.6 A representation of the Birman-Wenzl-Murakami
algebra

In this section we will define a map from the Birman-Wenzl-Murakami algebra Z% ¢(r, q)

[BW89, We90] to a subalgebra C; of the centraliser algebra of V®/. This will allow us to

map matrix units in B# ¢(r,q) (see [RW92]) to matrix units of Cj.

Before defining the map from %% ;(r,q) to Cy, we need to obtain some preliminary
results.

Definition 3.6.1. Define C; to be the algebra over C generated by the elements
{RF' € Endy, (V)| 1<i<t—1}, where

R =1d®CY @ Ryy @ id® ) € Endy, o) (V™). (3.36)

Let us investigate C;. Let {v;| —n < i < n} be the basis of weight vectors of V' given
in Lemma 3.2.2 and let {v;| —n < i < n} be a basis of V* such that (v, v;) = §;; and

*

[vF] = [vs]; we have
av; = Z(v;, av;)vj, av; = Z(avf, vj)V5, Va € Uy(g).
J J
Define ¢ € Endc(V @ V*) by
ér@y’) = (DY v ) Y v e,
where v and u are the elements v, u,, € U; (g) respectively.
Lemma 3.6.1. The map € satisfies
(i) (€)% = sdimy(V)e,
(11) aé =e€(a)é, Va e U,(g),
(111) éa = e(a)é, Va € Uylg),
(iv) &y R1éy = ¢*"é,, where
E=1dy®e:VaVealV - VaVeV*
R =Ryy Qidy« : VRVeV* -VeVe V.

@’ (z@y) = (DI v tur) Y (=) 0w o) Y v @
( J
= sdimg(V)(=D)Y Wy 07w ) > "0 @ vf = sdimy(V)é(z @ y7).

J
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(ii) By definition, aé = ay gy« o é; we calculate that

wlzy’) = (=) v lug) Z (vF, aqyvi) (v;, Sa@))v)v; @ vy,
(a),i,5,k

= (=)W o) Z (v7, a0)S(a@)ve)v; @ vy,
(a)7j7k

= e(@) (DY 0 ur) Y o @ o = ea)é(z @ y).
k
Similar calculations prove (iii) and (iv) (see [LR97] for the corresponding calculations
in ungraded quasitriangular Hopf algebras). O
Define é € Endc(V* @ V') by

n

ez @y) = (2% y) Y (=D @ vu v,

where v and u are set to be v., and wu,,, respectively.
Lemma 3.6.2. The map é satisfies
(i) (&)* = sdim,(V)e,
(11) aé =e(a)é, VYa e Uylg),
(111) éa =e(a)é, Va e Uylg),
(iv) ésR7 ey = q ey where

o =1dy»@e: V'V eV VeV eV

Proof. The proofs of (i)—(iv) are similar to the proofs of parts (i)—(iv) of Lemma 3.6.1. O

Remark 3.6.1. The maps ¢ and é are U,(g)-invariant maps onto one-dimensional Uy(g)-
submodules in V@ V* and V* ® V', respectively.

Recall that V@V has the decomposition into irreducible U, (g)-modules given in (3.30)—
(3.31) and that there exists an even U,(g)-invariant map P[0} : V@V — V ®V, the image
of which is V C V ® V, defined in Lemmas 3.5.2-3.5.3. Recall that V* = V and define

E=({d®T oéo(id®T)=(I'"'®id)oéo (T ®id) = sdim,(V)P[0],

where T is the isomorphism 7' : V' — V* given in Eq. (3.5). Furthermore, define the
elements

E; =id®" Y @ E@id®" ) € Endy, o (VE), i=1,...,t—1.
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Lemma 3.6.3. The elements R;, E; € Endy, (V) satisfy the relations

(i) RiRi\Ri = Rip RiRiy, 1<i<t—2,

(i) RiR; = RjR;, |i —j] > 1,

(iii) (Ri+q)(Ri — ¢ ") (R —¢") =0, 1<i<t—1,

() =R+ R = (q— ¢ )1 - Ey),

(v) E;RF\E; = ¢*"E;,

(vi) BiRF = RF'E; = ¢t"E;, 1<i<t-—1.
Proof. The proofs of (i) and (ii) follow from Lemma 2.3.2 and the proof of (iii) follows from
Corollary 3.5.1. The proof of (v) follows from Lemmas 3.6.1-3.6.2. The proofs of (iv) and

(vi) follow from the definition of Ej, Eq. (3.28) and the fact that Riactson Vo, c V@V
as a scalar multiple of the identity: Ryw = ¢~ *"w for all w € Vj. O

We recall the definition of the Birman-Wenzl-Murakami algebra % ¢(r, ¢) from [RW92].
Let r and ¢ be non-zero complex parameters and let f > 2 be an integer. The Birman-
Wenzl-Murakami algebra %% ;(r,q) is the algebra over C generated by the invertible
elements {g;| 1 <7 < f — 1} subject to the relations

9i95 = 959, li —j| > 1,
9i9i+19i = Gi+19iGi+1, 1 <i< f—2,
eigi =1 e, 1< < f—1,
eigiie; = rtle, 1<i< f—1,
where e; is defined by
(g—ag")1—e)=g—g" 1<i< f-1

It can be shown that each g; also satisfies
(9: =779 +a )gi —q) = 0.
From Lemma 3.6.3 we have the following result:

Lemma 3.6.4. Let ¢ € C be non-zero and not a root of unity. Then there is an algebra
homomorphism T : BW ;(—¢*",q) — Cy C Endy, (V') defined by

T:g;— —R;.
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3.7 Bratteli diagrams and path algebras

3.7.1 Bratteli diagrams

To proceed further with the study of A% ((r,q) we now need the notions of Bratelli
diagrams and Path algebras related to Bratelli diagrams, both of which we take from [LRI7].
(The reader is also referred to [GHJ89, Chap. 2]).

A Bratteli diagram is an undirected graph that encodes information about a sequence
C= Ay C Ay C Ay C --- of inclusions of finite dimensional semisimple algebras [RW92].
In a graph-theoretic sense, the properties of a Bratteli diagram are that

(i) the vertices are elements of certain sets A, ¢ € Z,, and

(ii) if we let n(a,b) € Z, denote the number of edges between the vertices a and b, then
n(a,b) = 0 for any vertices a € A; and b € A; where |i — j| # 1.

Assume that ZO consists of a unique vertex we denote by (. We call the elements of Zt
shapes and say that A; is the set of shapes on the t'" level of the Bratteli diagram. If
A € A, is connected to u € A;yq in the Bratteli diagram we write A < p.

A multiplicity free Bratteli diagram is a Bratteli diagram in which any two vertices are
connected by no more than one edge. All Bratteli diagrams considered in this thesis are
multiplicity free. B B

Let A be a Bratteli diagram and let A € A, and p € A; for some 0 < r < t. We define
a path from X to p to be a sequence of shapes

P = (8p, 8041, 5t),

where A = 5, < 5,41 < --- < 5,1 < s, = p and each s; is a shape on the i level of A.
Given a path 7" = (A,...,u) from A to p and a path S = (u,...,v) from p to v we
define the concatenation of 7" and S to be the path from A to v defined by

ToS=(\...;1...,V).

We define a tableau T of shape A to be a path from () € ZO to A and we write shp(T') = \.
We say that the length of 7" is ¢ if there are t 4+ 1 shapes in the tableau.

3.7.2 Path algebras related to Bratteli diagrams

We now define the concept of a Path algebra for a Bratteli diagram A. For each t € Z,
let 7' be the set of tableaux of length ¢ in A and let Q' C 7* x T* be the set of pairs (S, T')
of tableaux where shp(S) = shp(T'), that is S and T" both end in the same shape. Let us
also define an algebra A; over C generated by

{Esr| (5,T) € Q'},
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where the algebra multiplication is defined by
EsrEpg = 0rpEsq.

Note that Ay = C. Each element a € A; can be written in the form

a= Z astEsr, asr € C.
(S,T)eq

We refer to the collection of algebras A, t € Z, , as the tower of path algebras corresponding
to the Bratteli diagram A.

Each of the algebras Ay is isomorphic to a direct sum of matrix algebras. The irreducible
representations of A; are indexed by the elements of A;, that is, the set of shapes on the
t'" level of A. Let 77 denote the set of tableaux of shape A, then the cardinality d of
TN T is equal to the dimension of the irreducible A;-module indexed by A € A,. We

record this in the formula
A= @ My, (C),
Ay
where M;(C) denotes the algebra of d x d matrices with complex entries.

We now define some useful sets. Let 7} be the set of paths in A from the shape X to
the shape u and let 7! be the set of paths starting on the r** level of A and going down to
the ¢ level. Furthermore, let 7\ be the set of paths in A from the shape \ to any shape
on the ¥ level of A.

We also define Qf C 7T} x T} to be the set of pairs (S,7') of paths S,T € T} and
QL € 7! x T! to be the set of pairs (S,T) of paths where in both situations we have
shp(S) = shp(T).

We define the inclusion of path algebras A, C A; for 0 < r < t as follows: for each pair
(P, Q) € Q" we fix Epg € A by

Epg = Z Eporqor,  where A = shp(P) = shp(Q).

TeTINT!

In particular, we have A, C Ay, for each s € Z,.

Let A € A; and let V, be an irreducible representation of A; indexed by A. The
restriction of V, to the subalgebra A;_; C A; decomposes into irreducible representations
of A; 1 according to

12\ lﬁi_lg EB V0, where \™ = {v € A,_1| v < A}.

HENT

This decomposition is multiplicity free as the Bratteli diagram A is multiplicity free.
For each r € Z, satisfying r < t, the centraliser of A, contained in A; is defined by

L(A CA) ={a€ A ab=ba, Ybe A,}.
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Let now (S, T) be a pair of paths each starting on the 7" level of A at the shape A and
ending on the ¢ level of A at the shape p. For each such pair we define Egp € A; by

EST = g EPoS,PoTa

PeT \NTT

which we can think of as the sum of all ‘paths’ ending in (S, 7"). We then have the following
lemma, stated in [LR97, Prop. (1.4)] and proved in [GHJ89, Sect. 2.3].

Lemma 3.7.1. A basis of L(A, C Ay) is given by the elements
{Esr| (S,T) e 4NQt, Ne A, ne A}

From Lemma 3.7.1 we have the following corollary, which is proved in [LR97, Cor. (1.5) —

(1.6)].

Corollary 3.7.1. Let the collection of algebras Ay, t € Z., be a tower of path algebras
corresponding to a Bratteli diagram A and suppose that g; € A;yq, i € N, are elements
such that

(i) for each t, the elements {g;| 1 <i <t — 1} generate Ay, and

(11) gig9; = g;0; for all i,j satisfying |i — j| > 1,

then
g1= Y. (9-1)reErq. (g-1)pq €C.
(P.Q)EQ_,
Furthermore, if the elements g1, g, . . ., g1 satisfy the relation g;9;119; = gi+19:9i+1 for all
1 <i<t—2, then the element

Dy =gi1Gi—2- - 191 Gr—2G1—1 € Ay

can be expressed as

D;= > DssEss, Dgs € C.
SeT

3.7.3 Centraliser algebras

Let U be a Zs-graded Hopf algebra over C. Let V be a finite dimensional U-module
with the property that V®' is completely reducible for each t € Z_,. We will now define
the concepts of a Bratteli diagram for tensor powers of V and the Bratteli diagram for
V@ Furthermore, we aim to show that the centraliser £; of U in Endc(V®") defined by
L; = Endy (V') is isomorphic to the path algebra A; of the Bratteli diagram for V®.

In this subsection we regard all modules as being graded. By convention V®° = C and
thus £, = C. If V is an irreducible U-module then £; = C by Schur’s lemma. For all
0 <r <t we define the inclusion £, C L; by a — a ® id®® " for all a € £,. Now L, acts
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on V® in the obvious way. Since U and £; commute, V®' has a natural £; ® U-module
structure.

Let {Ax] A € I} be the set of non-isomorphic finite dimensional irreducible U-modules.
Then by the double centraliser theorem there exists a finite subset Et of I such that

et o @E)\@AA’

AEZt

where each £* is an irreducible £;-module such that £ % L if A # p.
We now assume that V' is an irreducible U-module and we consider the Bratteli diagram
for tensor powers of V. Let A € L; for some ¢. Then we have the decomposition

MRV = K)"", nx(p) € Zy (3.37)

peELipr

of Ay ® V into a direct sum of irreducible U-modules. The non-negative integer n,(u) is
the multiplicity of A, in the decomposition. We say that the decomposition of Ay ® V' is
multiplicity free if ny(pn) < 1 for all p € Lo

The branching rule for inclusion L; C L, describes the decomposition of the L; -
module £ into L£;-modules

=@ )Y W) ez (3.38)
AEZt

Note that the positive integers n)(v) appearing in (3.37) and (3.38) are the same [LRI7].

The Bratteli diagram for tensor powers of V' is defined as follows: for each ¢t € Z fix
the vertices on the tth level of the Bratteli diagram to be the elements of £;. Then a vertex
A € L, is connected to a vertex pu € L4411 by ny(u) edges.

For a fixed t, the Bratteli diagram for V®' is an undirected graph with vertices given
by the elements of Ul;:o L;, and the edges are such that a vertex A € £; is connected to a
vertex p1 € Li11 by na(p) edges for each 0 <i <t — 1.

Let V be a finite dimensional irreducible U-module with the property that for every
irreducible U-module W, the decomposition of the tensor product W & V' is multiplicity
free. In this case, we say that tensoring by V' is multiplicity free. We will show that the
centraliser algebra £; = Endy(V®") is isomorphic to the path algebra A; associated with
the Bratteli diagram for V®.

We construct an algebra isomorphism A; — L£; inductively. Assume that there is an
identification of £; with the path algebra A; for some t > 0, so that

@ @ )
)\EZt TeT Tt

is a decomposition of V®! into irreducible U-modules Ay where the U-submodule ErpV®!
is isomorphic to Ay when shp(T) = X. The map Erpr is a U-invariant map from V" onto
a U-submodule isomorphic to Aj.
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Let T = (), s1,52,...,\) € T* be a tableau of length ¢ and let EppV® =2 Ay for some
A € L;. As tensoring by V' is multiplicity free, the decomposition

(BrrVEY eV = Vi, (3.39)

is multiplicity free and thus unique, where 7" o v is the tableau
Tov=/(0,s1,89,...,\v), X<v,

and Vo, = A,.

The next step is to identify Ero, 1o, With the unique U-invariant projection operator
mapping (Er7V®) @ V onto Vio,. This way we identify each element Fgg of the path
algebra A, 1, where S € 7', with an element of £, ;. Thus we have the decomposition

Vo) _ @ ( @ ESSV@)(HU),

vEL 1 \SETYNTHHL

of VD into irreducible U-modules EggV®t) = Vg 22 A, where v € L1 and S €
TV AT

We now identify the other elements in the basis {Epg € Ai1| (P,Q) € Q') with
elements of £;,;. For each pair of paths (P, Q) € Q' we choose non-zero elements

Epg € EppLii1Eqg, Eqgp € EgqoLi1Epp,

normalised in such a way that EpgFgp = Epp and EgpEpg = Egg. Thus there is an
algebra isomorphism A;, 1 — L;41.
We then have the following theorem.

Theorem 3.7.1. Let V' be a finite dimensional irreducible U-module such that V® is
completely reducible for each t € Z, and such that tensoring by V is multiplicity free.
Then for any t € Z,, the centraliser algebra L, = Endy(V®') is isomorphic to the path
algebra A; corresponding to the Bratteli diagram for V®¢.

3.8 Projections from V' onto irreducible U, (g)-modules

In this section we define projections from V' onto irreducible U,(g)-modules V), C V&,
A € P, using elements of C;. No substantially new results appear in this section, however,
we are not aware of this specific formulation of the projections in the literature. In addition,
this work provides a model for the definition of the Uq(N) (g)-modules in Chapter 4.

Let V,, be a finite dimensional irreducible U,(g)-module with highest weight © € P*.
Since each weight space of V' is one-dimensional, V, ® V' is multiplicity free.
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Definition 3.8.1. We define P,i C P* to be the set such that for each A\ € P}, Vy appears
in'V, ®V as an irreducible submodule.

Now each A\ € 73:[ can only have one of the following three forms: p, u + €;, 1 — ¢; for
some 7. Thus

PrCPl={mpteaecP1<i<n}

Definition 3.8.2. Let V), be an irreducible U,(g)-module with highest weight p € P, then
V, oV = @,\GP,T Vi. Let {p.[\] € Endy,(V, @ V)| X € 77:[} be a set of even maps

PNV, @V =V, 0V
such that

(i) the image of p,[A] is Vi,

(i) (pu[N)” = pulN,
(iii) pup‘] 'pu[’/] = 5>\upu[>‘]'

We call each such p,[\ a projection.

Recall that for each integral dominant A, there exists an element vy € U:(g) defined

in Eq. (3.24) that acts on each vector in the finite dimensional irreducible U,(g)-module

Vy as the multiplication by the scalar g=A+20),

For each y1 € P* and each A € P, define p,[\] € Endy,)(V, ® V) by

A(U&) - q—(y+2p,u)
p“P\] - (W“ ® ﬂ-) H q*(A+2p,>\) — q*(u+2p,l/) ’ (3'40)
VEP,’J[

VF#EN

where vg is the element vy € Pt with A = &, for some integral dominant ¢ which is
chosen so that ve acts as the multiplication by the scalar g~ *+20%) on each vector in the
irreducible U,(g)-module V,, for each v € PF. For each integral dominant p there al-
ways exists at least one such . To see this, all we need is some E, given by Eq. (3.12):

Ee = H Z(Ja)b ® P,[b], such that the element E = H Z P,[b](J,)7" acts as the multi-
a=1 b=p a=1 b=p
plication by the scalar ¢~(©<) on each weight vector we €V, €V, ®V, where w¢ has the
weight ¢, and this is true for each v € P}
The element E has this action whenever s is sufficiently large enough and the absolute
value of the negative integer p is sufficiently large enough, and so all we need do is to
choose some ¢ for which this is true.
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To do this, for each v € 73:[ let I, be the set of distinct weights of the weight vectors
of V,, then ((,,¢;) € Z for each weight (, € I, and each i = 1,...,n. Let

m =max {|(¢, &) € Zy| G, €L, vePHi=1,...,n},

then fixing £ = )" | me; yields elements E¢ and E with the desired properties.

Note that (7, @ m)A(ve) in (3.40) is diagonalisable as V,, ® V' is completely reducible
and A(ve) acts on each irreducible U,(g)-submodule V,, C V,, ® V' as the multiplication by
the scalar ¢~ +2P¥).

Lemma 3.8.1. The maps p,[\] are well-defined and satisfy
(i) (ulA)” = Pl
(i) puAl - pulv] = OavpulA],

(iii) Z pulA] = idv,ev.

AP
Proof. If a and 3 are the highest weights of irreducible U,(g)-submodules in V,, ® V', then
(a+2p,a) = (B + 2p, §) implies that & = F. Then p,[A] is well defined as tensoring by
V' is multiplicity free and ¢ is not a root of unity. The proof of (i) follows from the result
(pu[)\])z(VM ®@ V) = pu[A](Va) = V). For (ii) the case A = v reduces to (i), and for A # v

we have

Afog) = W) Afrg) = )
pu[)‘] 'pM[V] = (ﬂ-u ®7T) H q_()\+2p)\) —q (N +2p,\) H —(v+2p,0) —q V'+2p,0) = 0.

NePh v e7>+
N#X oty
i) Y pN(VaeV)=Pn=V.eV.
\EP; \EP;F

Note that (7, ® ) H (A(vg) - q’(’\”p’)‘)) = 0.
XeP;F
We introduce some notation. Let 7 be the set of tableaux of length ¢ derived from the
Bratteli diagram for V®!. Let

’it = (0,81,82,...,8,5) S Tt.

We write \! = i* where \ = s;.
Let i' € T" and s;, s;41 € i'. Define a map

P s, 0] (Vi @ V) @ Ve Ly

J J Sj+1

® VEt=G+1)

t—(j+1)

psj [Sj+1] = Ps; [3j+1] ® id®(t7(j+1)).
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Lemma 3.8.2. The map pg(jﬂ)[sjﬂ] satisfies

2
(Z) (pgj G+D) [Sj-i—l]) —psj (]+1)[8]‘+1];

—(i+ 1)[ 5 t—(j+1)

(ZZ) pS] [S]+ ] pS] T]+1] Sji+1, 7‘]+1ps] [8]+1]7

(’LZZ) Z p§;(1+1) [Sj+1] = istj ®V®(t*j) .

Sj+1 67’%

Proof. The proofs of parts (i) and (ii) follow from Lemma 3.8.1 (i) and (ii), respectively.
The proof of (iii) follows from Lemma 3.8.1 (iii): explicitly, we have

sj+le7vs+j
U
Definition 3.8.3. Let pi[A] € Endy, ) (V®") be a map pi[A] : VE' — Vy C V' defined by
BN = L, [Nlps, L [sea] - e, *[s2],

where Xt € Tt. We say that pt[\] projects from V® onto Vy by the path A\ € T and we
call pi[A] a path projection of length ¢.

Lemma 3.8.3. The map pi[)] satisfies
(i) (PIN)" = N,
) - = { Dy 7
(iit) Pi[A] - B (1] = 0 if X # p.

Furthermore, the map P, = Z DL is the identity on V®!,
teT?t

Proof.
(i) This follows from Lemma 3.8.2 (i).

(i) For ¢* = j* the case reduces to (i), let i* # j* where

-
i = (0,581,892, Sk—1, Sky Thals- - Tt—2,Tt—1,A),
-t
J = (07317527---73k7175k75k+17---7515727515717)\)-
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Now i, j* € T' and 7441 # Sgp41 for some 2 < k+ 1 < t, then

PN - BEIN = pY N, [reea] - ol T el [sk]pl M s ] -+ 0l P e
ngt,l [)\]pit,Q [s¢-1] - 'pi;kil[skﬂ]piil [Sk]pi;fjl[skfl] " 'pZQ[Sz]
= oy AP Pr, ey, lsea] - o e el s
xpl® lsklpl slpl S sl sk - pl sl *[so)
= ()7
as pﬁ;k_l[rml] -p';;"“_l[skﬂ] = 0.
(iii) Assume that
it = (0,851,802, Sko1y Sk Thils - s Tee2, Te1, A),
G = (0,51, 80, ..y Ske1, Sky Shils - -+ Sty St—1, L),

where 7,1 # spy1 for some 2 < k + 1 < t. The calculations are similar to those of
(ii) and we have pi[A] - pf[u] = 0.

The last claim follows inductively from the result in Lemma 3.8.1 that Z pul[A] = idy,ev.
AePr

0

Recall that C; is the algebra over C generated by the elements
{Rf' € Endy,(VE)| 1 <i<t—1}.
Proposition 3.8.1. For each path \! € T, pt[\] € C;.

Proof. We prove the proposition inductively. Firstly, for some appropriately chosen integral
dominant weight &,

(r@m)Ae) = (r @ ) |(ve @ ve) (RLRee) | =g 2 IR 2 e ¢,

Now assume that 5\ " [u] € Cy_1) where p{'"[u] is a path projection i’ "[u] : VO -

V, and V,, is an irreducible U,(g)-submodule of V=Y. We will show that (7, ® m)A(v¢)
is an element of C; for some appropriately chosen (. Let ¢ be an integral dominant weight
such that the element v, € U:(g) acts as the multiplication by the scalar g~**+2* on each
vector in the irreducible U,(g)-submodule V) C V,, ® V' for each A € Pf. Now

(ra @ MA(e) = (me @) [(e @) (RERee) ™|
e G ) (v @ 7) (A i) (RE )
g U R GV @id) R R, - RyRY - RO,
where we have used the identity (fixing R = R¢¢):
(7r®(t*1) ® 7r) (A(td) ® id) R = (7r®(t*1) ® 7r) Ryt Rog -+ - Ri—1ye,

which arises from (3.22).

1
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3.9 Matrix units for C;

It is clear that the Bratteli diagram for V®! is multiplicity free, as tensoring by the funda-
mental U,(g)-module V' is multiplicity free. It follows then from Theorem 3.7.1 that the
centraliser algebra £, = Endy, () (V®") is isomorphic to the path algebra A, obtained from
the Bratteli diagram for V®'. Clearly, we have the inclusion C; € £;,. The aim of this
section is to show that C; and L; are in fact equal:

Theorem 3.9.1. The centraliser algebra L, = Endy, ) (V®") is generated by the elements
(RE' € Endy, (V)| i=1,2,....t—1}.

To prove this theorem we firstly partition the matrix units in A; into two groups: the
projectors {Ess € Ay (S,8) € Q'} and the intertwiners {Esr € Ay (S,T) € Q'S # T}
and we use an invertible homomorphism to map matrix units in A; to matrix units in C;.

Recall that V®' is completely reducible. Each matrix unit in C; corresponding to a
projector in A; projects down from V®' onto an irreducible U,(g)-submodule V) C V.
Each matrix unit in C; corresponding to an intertwiner in A; maps between isomorphic
irreducible U,(g)-submodules of V®*.

Recall that the homomorphism Y : g; — —R;, given in Lemma 3.6.4, yields a represen-
tation of B# ;(—q¢*", q) in C;. In Subsection 3.9.1 we will write down the matrix units in a
semisimple quotient of Z# ;(—¢*", q) that map via T onto the projectors and intertwiners
in C;. We will do this for the intertwiners, but we choose to define the projectors more
straightforwardly using our previous work.

The projections Esg that project down from V' onto irreducible U,(g)-submodules
Vinp(s)y € V@ that we defined in Section 3.8, are elements of C;, and they satisfy the
equations satisfied by the projector matrix units: (Egsg)? = Egg and Y sert Ess = idyer.
We fix the projectors in C; as follows: we map the projector Egs € A; to pt[\| € C;, where
A =5 € T"is a path of length ¢: Egg < pi[A].

All we need to do now is to construct the matrix units in C; corresponding to the
intertwiners in A;. We denote the matrix unit in C; corresponding to Eyp € A; by the
same label Fjy;p. This should not cause confusion: the precise meaning of Ej/p in any
given situation will be clear.

3.9.1 Matrix units in Z% (—¢**,q)

In this subsection, we say that an algebra B is semisimple if it is isomorphic to a direct sum
of matrix algebras, ie B = @,.; M, (C), where M,,(C) is the algebra of b; x b; matrices
with complex entries. The algebra Z%# ;(—q¢*",q) is not semisimple at generic q [We90,
Cor. 5.6] but Ram and Wenzl have constructed matrix units for the semisimple Birman-
Wenzl-Murakami algebra %, defined over C(r,q) (the field of rational functions in r and
q) for indeterminates r and ¢ [RW92]. By replacing the indeterminates r and ¢ with the
complex numbers —¢*" and ¢, respectively, we obtain matrix units in a semisimple quotient
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of BW (—q*",q). By then applying the map YT to these matrix units, we obtain matrix
units in C;.

Before doing this, let us introduce Young diagrams and discuss a relation between cer-
tain Young diagrams and the integral dominant highest weights of irreducible U, (osp(1|2n))-
modules. For each non-negative integer m, there exists a Young diagram for each partition
of m. Let m = mqy + mo + --- + my be a partition of m, where m; — m;,; € Z, for each
1 =1,2,...,1—1and m; € Z,. The Young diagram representing this partition is a col-
lection of m boxes arranged in [ left-aligned rows where the i** row from the top contains
exactly m; boxes. If m > 1, let ¢;, i = 1,2,...,my, be the number of boxes in the i** col-
umn from the left in the Young diagram, then ¢; — ¢;11 € Zy foreach i =1,2,...,m; — 1
and ¢,,, € {1,2,...,1}.

Recall that an integral dominant highest weight A of an irreducible U, (osp(1|2n))-
module V) is of the form A = >~ | \je; € P where \;— ;1 € Z; foreachi=1,2,...,n—1
and A\, € Z,. We can use a Young diagram to label the highest weight of V: this Young
diagram consists of Y, \; boxes arranged in n left-aligned rows, where the i’ row contains
exactly \; boxes. Let u be a Young diagram containing no more than n rows of boxes and
let 1; be the number of boxes in the i** row from the top for each i = 1,2,...,n. We
can use p to label an integral dominant highest weight of an irreducible representation of
U,(0sp(1]2n)): the integral dominant highest weight that p represents is > . | p;6; € PT.

The algebra %,

The Birman-Wenzl-Murakami algebra %, with r and ¢ indeterminates, is equipped with
a functional tr : B#; — C(r,q) which satisfies, amongst other relations [We90, Lem. 3.4

(d)],
tr(axb) = tr(x)tr(ab), Va,b€ BW 1, X E€{g-1,€1-1}, (3.41)

where we regard each element of Z%# ;_; as an element of % ; under the obvious inclusion.
The algebra Z%; is semisimple [We90, Thm. 3.5]. To discuss its structure, we introduce
the Young lattice.

The Young lattice is the following infinite graph [We90, Sec. 1]. The vertices of the
Young lattice are the Young diagrams; the vertices are grouped into levels so that each
Young diagram with exactly ¢ boxes labels a vertex on the t"* level of the Young lattice.
The edges of the Young lattice are completely determined as follows: a vertex A on the t™*
level is connected to a vertex u on the (t+1)* level by one edge if and only if A and p differ
by exactly one box. We show the Young lattice up to the 4 level in Figure 3.1, where
the circle represents the Young diagram with no boxes. We say that the level containing
the Young diagram with no boxes is the 0% level. Note that the Young lattice is (apart
from the 0% level) identical to the Bratteli diagram for the sequence of inclusions of group
algebras of the symmetric group: CS; C CS; c CS3 C ---.

Let 'y be the set of vertices on the ¢ level of the Young lattice, that is, I'; is the set of
Young diagrams containing ¢t — 2k > 0 boxes, where k ranges over all of Z,. Then B%,
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Figure 3.1: The Young lattice up to the 4% level

is isomorphic to a direct sum of matrix algebras [We90, Thm. 3.5]:

BW = P M, (C).

;LEI‘t

Ram and Wenzl defined matrix units for %, [RW92]. We will write down these matrix
units below.

To label the matrix units of Z%#'; we need to discuss the Bratteli diagram of A%,
which is the following graph. The vertices of the Bratteli diagram of %, are divided into
levels; for each s = 0,1,...,t, the elements of I', are the vertices on the s level of the
Bratteli diagram of 2% ,. The edges are as follows: a vertex u on the s level is connected
to a vertex A on the (s + 1)% level if and only if x4 and X differ by exactly one box.

We say that R is a path of length ¢ in the Bratteli diagram of %, if R is a sequence
of t + 1 Young diagrams: R = ([0], [1],rs,...,7;) where ry € Ty for each s =0,1,...,t and
where r; is connected to 74 for each 0 < ¢ <t — 1. We say that shp(R) = r;. Let w,
be the set of pairs (R, S) of paths of length ¢ in the Bratteli diagram of Z%# ; satisfying
Ty = Sy

Ram and Wenzl defined a set of matrix units {esr € B# | (S,T) € w;} in [RW92].
This set is a basis of Z#, and the matrix units satisfy

€EQREST — 5RS€QT-

We obtain the matrix units in % ,(—q¢*", q)/ _Z:(—q¢*", q) by taking a certain proper subset
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of the matrix units in &%, and replacing the indeterminates r and ¢ with the complex
numbers —¢?" and ¢, respectively.

Let us fix some notation that we will use in the rest of this chapter and in Chapter 4.
Given a sequence T of t 4+ 1 elements

T = (07 51,82, - -+ St—1, st)a
we fix T" to be the following sequence of ¢ elements:
TI = (0, 51,82, ..., Stfl).

If T is a path of length ¢, then 7" is the path of length ¢t — 1 obtained by removing the last
vertex and edge of T

Before defining the matrix units of %', we define some ‘pre-matrix units’. Let T be
a path of length ¢ in the Bratteli diagram for 8% ; such that shp(T') has t boxes. We can
identify T" with a standard tableau containing the numbers 1,2,...,¢ in a canonical way.
We do this by placing the number 1 in the top left hand box of shp(T) and we then fill
each box of shp(T') with increasing numbers according to the path 7' [TW93, Sec. 4.2].

For each path T of length ¢ in the Bratteli diagram for % ,, we define the number
d(T,i), for each 1 =1,2,...,t —1, by

d(T,4) = c(i + 1) — (i) — r(i + 1) + (i), (3.42)

where ¢(j) and r(j) denote the column and row, respectively, of the box containing the
number j in the standard tableau corresponding to T'. For each d € Z\{0}, we define

¢'(1 —q)
1—q¢

Let T be a path of length ¢ in the Bratteli diagram for % ,. Firstly fix o) = 1 € ZW,.
Let R be a path of length ¢t — 1 defined by R = 7" and inductively define

ba(q) =

0 o —b
H RYt—10R d(S,t— 1)(61 Jor - cBY,
baeri-1)(q?) — base—1)(¢?)

where the product is over all paths S of length ¢ where shp(S) contains ¢ boxes such that
S # T and S = R. We write opr = o7.

Let M and P be paths of length ¢ in the Bratteli diagram for %, where (M, P) € w,
and shp(M) = shp(P) has exactly t boxes and shp(M') = shp(P’), then we define

OMPpP = OpM/p'OPP-

Let M and P be paths of length ¢t where (M, P) € w; and shp(M) = shp(P) has exactly
t boxes and shp(M') # shp(P'), then the pre-matrix unit op/p is defined more intricately.
Choose paths M and P of length t that satisfy shp(M) = shp(M), shp(P) = shp(P) and
the following three conditions:
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i) M =P
(ii) shp(M') = shp(M"),

(iii) shp(P') = shp(P").

It may appear that these conditions cannot always be satisfied. However, paths M and P
can always be obtained satisfying these conditions from the following construction [RW92].

By considering M and P as standard tableaux, we obtain the desired paths M and P
by ensuring the following is true. Firstly, fix ¢ to be in the same box in M (resp. P) that
tisin M (resp. P). Then, fix (t — 1) to be in the same box in M (resp. P) that t is in P
(resp. M). Lastly, for each i = 1,2,...,t — 2, fix i to be in the same box in M that it is
in P.

We then define

1_q2d
oMp = 0,7 0t—105 p,OPP,
MP \/(1—q2(d+1))(1—q2(d_1)) MR 9t—105 piOPP

where d = d(M,t — 1) is as given in (3.42).

This completes the definition of the ‘pre-matrix units’; now we define the matrix units
for BW ;.

Assume that the matrix units are known for %, 1. Let M and P be paths of length
t in the Bratteli diagram for %, where shp(M) = A = shp(P) and A contains strictly
fewer than t boxes, then we define

_ Qx(7, q)
VQu(r,)Qx(r, q)

where S and T are paths of length ¢ — 1 satisfying

EmMm’sei—1€rpr,

(i) shp(S) = shp(M') = u, and

)
(ii) shp(T) = shp(P') = 1, and
)

)

(iii) S"=1T", and
(iv) shp(S’) = X\ = shp(T").

It may appear that these conditions cannot always be satisfied. However, there always
exists a pair of paths S and T of length ¢ — 1 satisfying these conditions for the following
reasons. Firstly, by examining the relevant Bratteli diagrams, it is clear that there are no
intertwiner matrix units in &% 1 and A% 5. Now for each t > 3, a shape \ that has at
most ¢ —2 boxes and which labels a vertex on the ¢ level of the Bratteli diagram for %/,
also labels a vertex on the (t —2)" level of the Bratteli diagram. Hence there always exists
at least one path of length ¢t — 2 in the Bratteli diagram for % ; ending at the vertex
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shp(M) on the (t — 2)"? level, as shp(M) contains no more than ¢ — 2 boxes (this shows
that (iii) and (iv) might be satisfied).

In the Bratteli diagram for % ;, two vertices A\ and u are connected by an edge only
if their shapes differ by exactly one box. Now the vertices shp(M') and shp(P’) on the
(t — 1)t level are connected to the vertex shp(M) on the ' level by one edge each, and
they are also connected to the vertex shp(M) on the (t —2)™ level by one edge each. It
follows, then, that by fixing S and T to be paths of length ¢ — 1 that coincide on the
first t — 2 levels of the Bratteli diagram and that pass through the vertex shp(M) on the
(t — 2)"? level, and also fixing shp(S) = shp(M’) and shp(T) = shp(P’) (which is always
possible), we obtain the desired paths S and T

Let M and P be paths of length ¢ in the Bratteli diagram for %, where (M, P) € wy,
and where shp(M) contains t boxes. Then we define

emp = (1 — z)onp,

where 2, = >, epp with the summation going over all paths P of length ¢ such that shp(P)
contains fewer than ¢ boxes.

The following fact is important [We90, Lem. 4.2]: let M be a path of length ¢ in the
Bratteli diagram for %, where shp(M) = A, then

tr(eans) = Qa(r, q) /2", (3.43)

-1

7"‘ —
where z = —

+ 1 and Qx(r, q) is the polynomial given in (3.45).

It is interesting to note that the quantum superdimension of the fundamental irreducible
U,(0sp(1]2n))-module V is (—¢** + ¢ *")/(¢ — ¢ ') + 1, which is just the polynomial z
introduced in the preceding paragraph with the indeterminates ¢ and r replaced with the
complex numbers g and —¢?"*, respectively.

The algebra Z% ,(r,q)

The algebra B# (r,q), with r,q € C, is equipped with a functional tr : Z# (r,q) — C
which satisfies, amongst other relations [We90, Lem. 3.4 (d)],

tr(axb) = tr(x)tr(ab), Va,b € BW 1 1(r,q), x € {gi-1,ei-1}, (3.44)

where we regard each element of % ,_1(r, q) as an element of B# ,(r, q) under the obvious
inclusion.
Define the annihilator ideal _#;(r,q) C B ,(r,q) with respect to tr by

Ii(r,q) ={be BW(r,q)| tr(ab) =0, Ya € BW (r,q)}.

If ¢ is not a root of unity and r # +¢* for any k € Z, #,(r,q) = 0 and B (r,q) is
semisimple [We90, Cor. 5.6]. If r = £¢* for some k € Z, then #,(+¢* q) # 0 and
the quotient B¥ (+¢*,q)/ #i(£q",q) is semisimple [We90, Cor. 5.6]. Let us now fix
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k = 2n and r = —¢*"; recall that the homomorphism Y : ¢; — —R; yields a representa-
tion of B ;(—q¢*",q) in C;. The next task is to determine the structure of the quotient
BYW (—¢*,q)] F+(—¢*",q). We do this in the following work.

We now introduce a subgraph I'(—¢®*,q) of the Young lattice that we will use to
describe the structure of B (—¢*", q)/ _Z:(—¢*", q). We inductively obtain the vertices of
['(—¢*", q) as follows. Firstly fix the Young diagram with no boxes to belong to I'(—¢*", q).
The inductive step is that if the Young diagram p belongs to I'(—¢*", ¢), the Young diagram
A then also belongs to T'(—¢*", q) if A differs from p by exactly one box and if Qx(—¢*", q) #
0, where Qx(r, q) is given in (3.45).

We now give the polynomial @, (7, ¢q). Given a Young diagram A, let (7, j) denote the
box in the i row and the j* column of )\, and let \; (resp. A;) denote the number of
boxes in the i row (resp. j* column) of X. We introduce some notation: we may denote

the Young diagram A by A = [A;, Ao, ..., A\x] where the i'® row contains \; boxes for each
i=1,2,...,k, and the I row contains no boxes for each [ > k. The polynomial Q\(r, q)
is

Tq)\j_)\/j _ ,r,—lq—>\j+>\;- + q)\j+)\3—2j+1 o q—>\j—>\9+2j—1

Ao = 1] D) — ghGd)
(J:5)EA
d(%]) — -1 —d(Z,j)
rq T q
<11 ¢ — ght) (3.45)
(1.3)EN i)

where the hooklength h(3, j) is defined by h(i, j) = A\i —i + A — j + 1, and where

d(m)—{ N = No+itj— 1, >

More intuitively, the hooklength A(7, j) is the number of boxes below the (i, j) box in the
4™ column plus the number of boxes to the right of the (4, j) box in the i row, plus one.

Now h(i,j) > 1 for all (i,7) € \, so Qx(—¢*", q) is well-defined for all A. Also, for each
(7,7) € A we have

242 -0) 72n7/\j+>\;+q/\j+/\372j+1_ =X =N +2j—1

—-q q q

_ (q—n+>\;.—j+1/2 . qn—)\3+j—1/2)<qn+>\j—j+1/2 + q—n—)\j+j—1/2>’

50 Qx(—q*", q) = 0 if and only if one (or both) of the following conditions is satisfied:
(a) ¢**2d09) =1 for some (i, ) € A where i # j,
(b) ¢TI = 1 or 22N 204 — 1 for some .

Now ¢ is non-zero and not a root of unity, so (b) is never satisfied for any A, and (a) is only
satisfied if d(i,j) = —2n. We now determine the circumstances for which d(i, j) = —2n.
If i > j, we can see that min(d(i,7)) = d(2,1) = —A] — A, + 2 from the constraints on
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the lengths of the columns of a Young diagram and it follows that Qx(—¢**,q) = 0 if
A] 4+ Ny, = 2n + 2. Let us call a Young diagram A allowable if \| + N, < 2n + 1.

Across all the allowable Young diagrams, let us calculate min(d(4,j)) where i < j. If
the first column of the allowable diagram A contains 2n + 1 boxes, ie A] = 2n + 1, then all
the other columns must contain no boxes from the definition of an allowable diagram. For
such a ), there does not exist any box (i, j) in the i row and the j column with i < j
and so there is nothing more to consider in this case. Now if the first column of A contains
strictly fewer than 2n + 1 boxes, ie A} < 2n, then the following relations hold: i < 2n,
Ai—j>0and A; > 0. Then d(i,j) =\ + A\j —i —j+ 1> —2n+ 1, which means that
d(i,7) # —2n for all i < j.

It follows that Qx(—¢**,q) = 0 if X} + X, = 2n + 2 and that Q,(—¢*",q) # 0 for all
allowable Young diagrams \. Consequently, the vertices of T'(—¢?", q) are all the allowable
Young diagrams, that is, all the Young diagrams \ satisfying A} + A, < 2n + 1.

Now Zi(—¢**,q) # 0 and B# (—¢*",q) is not semisimple. However, the quotient
BY (—¢*",q)] F:(—¢*", q) is semisimple:

BV~ )] S0 = @ M,(O)

AeT(—¢27,q)t

where T'(—¢*", q); is the set of Young diagrams belonging to I'(—¢*",q) with t — 2k > 0
boxes, where k ranges over all of Z, [We90, Cor. 5.6].

We can obtain matrix units for B%,(—¢*",q)/_Z:(—¢*",q) from the matrix units of
BW . We replace the indeterminates r and ¢ in some of the latter matrix units with the
complex numbers —¢?" and ¢, respectively, to obtain matrix units for % (—¢*", q)/ _Z:(—¢*", q).

To label the matrix units for B%+(—¢*", q)/ #i(—¢*", q), we use the Bratteli diagram
for BW \(—q¢*",q)] #1(—¢*", q), which we define in the same way as we defined the Bratteli
diagram for % ; but we replace I'y with the I'(—¢*", q), detailed in the next paragraph,
for each s =0,1,...,t.

Recall that the sets I'(—¢*", q), are given as follows. The graph I'(—¢*", q) is a subgraph
of the Young lattice and the vertices of I'(—¢®", q) are all the allowable Young diagrams,
that is, all the Young diagrams A satisfying Aj + A, < 2n+1. Then, for each s =0,1,...,1,
['(—q¢*",q)s is the set of Young diagrams belonging to I'(—¢*",q) that contain exactly
s — 2k > 0 boxes, where k ranges over all of Z .

We say that T" = (0, s1, S2,...,5) is a path of length ¢ in the Bratteli diagram for
B (—¢*",q)] F(—¢*",q) if s; € T'(—¢*", q); for each i and if s; is joined to s;11 for each

j=0,...t—1.
Let w(—¢*", q); be the set of pairs (R, S) of paths of length ¢ in the Bratteli diagram
for BY (—q*", q)/ _Z:(—¢*", q) where r; = s;, that is shp(R) = shp(S). The matrix units

{ers € BW 4| (R,S) € w(—¢"",q):}

are all well-defined and non-zero if the indeterminates r and ¢ are replaced with the complex
numbers —¢** and ¢, respectively. Henceforth we write epg to mean the matrix unit
ers(—q*", q) € BW (—¢*",q)] Z:(—¢*", q). Tt is very important to note that tr(egs) # 0

for all (S, S) € w(—¢*", q); and that egs & _Z;(—q¢*", q) for all (R, S) € w(—¢*", q):.
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Matrix units in 8% ,(—¢*",q)/ _7:(—¢*",q) and C,

We now relate the idempotent matrix units in ,%’Wt(—q/zi,-g)//t(—q%, q) to the projec-

tors in C; we defined at the start of this section. Let B% ;(—q*", q) be the semisimple
subalgebra of B% (—¢*",q) spanned by the matrix units in B% (—¢*", q)/ _Z:(—¢*", q),
ie {ers| (R, S) € w(—¢*",q)}.

Firstly, we will show that B% (—q¢*", q) = %t(—qzn,q) ® 7i(—¢*",q). Any [ €
Wt(—q%, q) can be written as

f= Z fsresr, fsr € C,

(8, T)ew(—q*",q)t

where fgr # 0 for at least one pair (S, 7T) of paths. Fix (A, B) to be such a pair, then
tr(epaf) = tr(fapepacan) = faptr(eps) # 0,

as tr(egp) # 0. Thus any non-zero f belonging to %t(—q%,q) does not belong to
Ji(=a*",q), yielding

t%/Wt(_q2n7 Q) = t%\%t(_q2n7 Q) EB /t<_q2n7 q)

Then we can write a = a + a; for each a € B¥ (—q¢*",q), where a € %t(—q%, q) and

a; € 2i(—¢*",q).
Now define

gzt = Z €ss € t%\/%15<_612n7 Q)a

(S,8)ew(—q?",q)t

then Z,a%; = a, which can be seen by regarding Z# ;(—¢*", q) as a matrix algebra.
Let us now turn our attention to C;. Define J; C C; to be the annihilator ideal of C;
with respect to the quantum supertrace:

Jy = {b € C stry(ab) =0, Va € C;}.
Now define a map ¢ : C; — C by
W(X) = stry(X)/ (sdimy(V))",
then ¢ (X) = 0 if and only if str,(X) = 0, and furthermore,
@/}(T(a)) = tr(a), Ya € BY (—¢*",q), (3.46)

from Lemma 3.9.1. Thus we can regard J; as the annihilator ideal of C; with respect to .
Now we will use Eq. (3.46) to show that

T( 7:(—¢*".q) = J;. (3.47)
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We firstly show that T(/t(—q%, q)) C J;. Let b be an arbitrary element of _#;(—q¢*", q),
then tr(ab) = 0 for all a € B ;(—¢*", q), and the surjectivity of T, in addition to the fact
that ¢ (Y (ab)) = tr(ab), means that Y(a) € J;.

Now let B be an arbitrary element of .J;, then there is some b belonging to Z# ;(—q¢*", q)
satisfying B = Y (b), and furthermore, b € _#,(—¢*", q) as tr(ab) = ¢(T(a)Y (b)) = 0 for
all a € B (—¢*,q). Then T(_Z(—¢*".q)) 2 J;, proving Eq. (3.47).

The surjectivity of T implies that

C =Y (B (—¢*",q)) + I,

and we will show that this sum is direct. To see this, assume that there exists some non-

zero element F of C; belonging to T(%t(—(f", q)) and also to J;, then stry(XF) = 0 for
all X € C;. However, F' is the image of a linear combination of matrix units:

F = Z fsrY(esr), fsr € C,

(S, T)ew(—q?",q)t

where fsr # 0 for at least one pair (S,7). Assume that (A, B) is such a pair, then by
similar reasoning as previously, str,(Y(epa)F’) # 0 which contradicts the assumption that

F € J,. Thus T(%t(—qzn,q)) NJ;, =0, and

It is clear that the image of each matrix unit egr € BW +(=¢*", q) in C; under the map T

is again a matrix unit. Each matrix unit egg € BW +(=¢*", q) is an idempotent, thus each
T(ess) is an idempotent that is also U,(g)-linear. Now (Y (ess))V® # 0 as stry(T(ess)) =
(sdimy(V))tr(ess) # 0, and as V@' is completely reducible, Y (egs) projects down from V"
onto a direct sum of irreducible U,(g)-submodules of V®*. The matrix units {egs| (5, 5) €
w(—q*, q):} are all orthogonal, thus all the Y(egs) are orthogonal.

Let S be a path of length ¢ in the Bratteli diagram for B (—q¢*", q); let A = shp(S).
If A\, as a Young diagram, contains no more than n rows of boxes, then we can interpret
Y(ess) as the projection from V®' onto an irreducible U,(g)-submodule V), C V¥ where
we use the Young diagram A to label the integral dominant highest weight of V) as discussed
in the third paragraph of Subsection 3.9.1. If A, as a Young diagram, has more than n
rows of boxes (that is, A} > n), then we must consider Y (egg) more carefully. In this case,
A does not have an immediate interpretation as the highest weight of a finite dimensional
irreducible representation of U,(g). However, there is a completely standard way of dealing
with this problem. Each such A satisfies \] + A}, < 2n+ 1 and we can regard A as labelling
an irreducible c representation of the Lie group SO(2n+1) as follows. Let X be the following
diagram: fix )\' =2n+1-—X\] and )\' = X, for all j > 2, then Nis a Young diagram (see the
next paragraph) and the characters assocnated with the SO(2n-+1) representations labelled
by A and X are the same [CK87, Sec. 2]. Furthermore, the OSp(1|2n) supercharacters of
the representations labelled by A and A are the same up to a factor of +1 [Fa86, CK87].
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If R and S are paths of length ¢ in the Bratteli diagram for BW +(—¢*", q) satisfying
shp(R) = X and shp(S) = X, then Y(erg) and Y(ess) project down from V® onto
isomorphic irreducible U,(g)-submodules of V%,

We now show that the A mentioned above is in fact a Young diagram. Write \| = A, +Ek
where k > 1, then X, =2n+ 1 — (Ay + k). Now X is a Young diagram if X, > X, (which is
just 2n 4+ 1 — k > 2)}) and this is true as \| + Ny = 2\, + k£ < 2n + 1.

Let A be a Young diagram with more than n rows of boxes satisfying \] +\, <2n+1
and let \ be the Young diagram given by X'l =2n+1— )] and X; = )} for all j > 2. We
now show that there do not exist idempotent matrix units ezr and egg in W +(=¢*", q)
where shp(R) = A and shp(S) = A. We show this important result using an easy even/odd
number argument. If the number of boxes in A is even (resp. odd), then the number of
boxes in A is odd (resp. even), as

N mod2=(2n+1—-XN)mod2= (N, +1)mod?2 and X;.:)\;, Jj>2.

Now let r be an even (resp. odd) number satisfying 0 < r < ¢, then the vertices on the r"
level of the Bratteli diagram for BW +(=q*", q) are all the Young diagrams in I'(—¢*", q)
with k& boxes where £ < r is an even (resp. odd) number. Let |A| denote the number
of boxes in the Young diagram A, then |A| mod 2 = (JA| + 1) mod 2, and consequently
it is not possible that A and X are vertices on the same level of the Bratteli diagram for
’@Wt(_q2n7 q) "

A;As it is not possible that both A and A are vertices on tlrielt/h level of Bratteli diagram for
BYW ((—q*", q), at most only one of err and egg exists in BH# (—¢*", q) where shp(R) = A
and shp(S) = \, and thus no more than one of Y(err) and T(egs) exists for any ¢.

Let S be a path of length ¢ in the Bratteli diagram for Wt(—q%, q) and let R be a
path of length ¢ in the Bratteli diagram for V®'. We can directly compare the orthogonal
idempotents T(egs) with the orthogonal projectors Frg € C; by examining the paths S
and R. It can be seen from the definitions of the idempotents egg and the map T that the
idempotents T(egs) act on V® from the left-most tensor powers as follows. If R is a path
of length 2, then Y(egg) as an element of C; is T(erg) ® id®¢=2 If S is a path of length
i where 2 < i < ¢, then T(egg) as an element of C; is T(egg) ® id®¢~.

Now let R be a path of length ¢ in the Bratteli diagram for Wt(—q%, q). Let S be
the same path of length ¢ as R except that if a Young diagram A on the path R has more
than n rows of boxes, we take the transformed Young diagram A to be in S instead of
A. Then S is a path of length ¢ in the Bratteli diagram for V%', Recall that the integral
dominant highest weights of the irreducible U,(g)-submodules of V& where k < t, are
the vertices on the k™ level of the Bratteli diagram for V®. Then Y(egr) € C; and
Ess € C; project onto the same irreducible U,(g)-submodule of V®' and we also have
Qshp(r) (—¢*", q) = sdimg(Vipp(s)) from (3.43) and (3.46).

Let Egg € C; be a projector with the property that (FssV®) N (Y (egr)V®") = 0 for all
idempotent matrix units egr € BW +(=¢*", q). We will show that no such projector exists.



64 Chapter 3. Quantum osp(1|2n) at generic q

Suppose that such a projector does exist, that Fgg is a projector that is orthogonal to
Y(err) for each idempotent matrix unit egp € B# 1(—q¢*", q). Then Egg is orthogonal to

Y(egr) for each matrix unit egr € B ;(—¢*",q) where R # T and (R,T) € w(—q¢*", q):,
as

EssY(err) = EssY(errerrerr) = 0 = Y(errerrerr)Ess = Y(err)Ess,

as T is a homomorphism.

As Fgg is orthogonal to T (egrr) for each matrix unit egr € %t(—q%,q), (R, T) €
w(—q¢*",q)s, it is true that Egs € J;. To see this, assume the contrary, then

Ess = Egs + Ej, (3.49)

where Egg € T(Wt(—q%, q)) and E; € J; (we can write any element of C; as a sum of
elements of T(B# :(—¢*",q) and J; from (3.48)). Then

ESS = Z cRTT(eRT), CRT € C, (350)

(RT)ew(=¢>"q)s

where crr # 0 for at least one pair (R, T) € w(—¢*", q);. Assume that (A, B) € w(—¢*", q):
is such a pair so that cap # 0, then

stry (T(eBA)ESS) = str, (Z cATT(eBT)> = capstry (Y(egp)) # 0, (3.51)

as cap 7 0 and stry(Y(egp)) # 0.
We will show that (3.51) is not true. Recall that Fgg satisfies

Y(epa)Ess = Y(epa)(Ess + E;) =0, (3.52)

and note that (T(eBA)ESS) € T(%t(—q%,q) and (T(epa)E;) € J,. This last fact
means that Y(ega)Ess # —Y(epa)E; if T(epa)Ess # 0 and Y(epa)E; # 0, and by
re-examining (3.52) it is then clear that Y(epa)Ess = Y(epa)E; = 0.

An implication of the result Y(ez4)Ess = 0 is that stry (T(eBA)ESS> = 0, however,

this contradicts Eq. (3.51). This then implies that the assumption in (3.50) that cgr # 0
for at least one pair (R,T) € w(—¢*", q); is false, thus we have Egg = 0.

It then follows that it must be true that Egs = E; € J; from (3.49). However, this
is not true as stry(Egss) = sdimy(EssV®") # 0. Thus, our original assumption that there
exists a projector Esg € C; with the property that (EssV®) N (T(egrr)V®) = 0 for all

2n

idempotent matrix units egzp € %t(—q ,q) is not true.
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3.9.2 Matrix units in C;

We have not yet proved that £; = C;. We will complete the proof in this subsection by
defining a complete set of intertwiners in C;, which we will obtain by applying the map T
to the intertwiner matrix units in Z# (=¢*", q).

There is a one-to-one map between paths in the Bratteli diagram for BW +(—¢*", q) and
paths in the Bratteli diagram for V**. Recall that each Young diagram on the k" level of
the Bratteli diagram for % ;(—q¢*", q) contains an even (resp. odd) number of boxes if k
is an even (resp. odd) number. Each vertex A on the k% level of the Bratteli diagram for
B +(=¢*", q) appears on the k" level of the Bratteli dlagram for V® unless A has more
than n rows of boxes, in which case the Young diagram Py appears instead, where \ is the
Young diagram defined in the second paragraph after Eq. (3.48).

Given a path T of length ¢ in the Bratteli diagram for V®!, we can write down the
corresponding path T of length ¢ in the Bratteli diagram for B +(=¢*", q) as follows.
Write T = (0,81, 59,...,5) where s; is a Young diagram on the i level of the Bratteli
diagram for V®. 1If i is an even (resp. odd) number and s; contains an even (resp.
odd) number of boxes, then s; is also a vertex on the i'* level of the Bratteli diagram for
BN +(—¢*", q). If, however, i is an even (resp. odd) number and s; contains an odd (resp.
even) number of boxes, then s; = X is the vertex that is obtained by taking a vertex A on
the i*" level of the Bratteli diagram for B +(—=¢*", q) and defining A by X’l =2n+1- )\
and X; = A, for j > 2. Using this, we can define a path T of length ¢ in the Bratteli
diagram for BW +(=¢*", q) corresponding to the path T of length ¢ in the Bratteli diagram
for V&,

It is easy to define the intertwiners in C; between the isomorphic irreducible U,(g)-
submodules of V® obtained by using the projectors Err € C;, where R is a path of length
t in the Bratteli diagram for V®*. All we need do is to check that the images in C; of the
intertwiner matrix units are well-defined and non-zero.

We construct the intertwiners in C; recursively. To do this, assume that all the matrix
units in C;_; have already been defined, and that they are non-zero. Note that the decom-
position of V' ® V' into irreducible U,(g)-submodules is multiplicity free, so no intertwiners
exist in Cy.

In the remainder of the subsection, let M and _ P be a _pair of paths of length ¢ in the
Bratteli diagram for V' where shp(M) = shp(P) and M # P. Let M and P be the
corresponding paths in the Bratteli diagram for BW +(—¢*", q). The intertwiner Er;5 € C;
is precisely Eys = T(emp).

Let us firstly deal with the situation that shp(M) = shp(P) = X\ where A contains
strictly fewer than ¢ boxes. Referring back to Subsection 3.9.1 we see that

Q,\(— " q)
\/Qu o q)Qn(—q

where S and T are paths of length ¢ — 1 in the Bratteli diagram for BW +(=¢*", q) such

Eﬁlg = T(BMP)

)EﬁlgT(et—1)E'T“ﬁn et—1 € @Wt(—q%acﬂ,
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that
(i) shp(S) = shp(M') = p, and
(ii) shp(T) = shp(P') = fi, and
(iii) ' =T, and

(iv) shp(S') = A = shp(T").

(Recall that such paths always exist.) Note that Q,.(—¢*", ¢) # 0 and Qz(—¢*",q) # 0; if
it were true that Q,(—¢*",¢) = 0 then u would not be a vertex in the Bratteli diagram

for B +(—¢*", ). Similar remarks hold for i and A. Thus Eq75 is well-defined. (We will
later show that E3;5 is non-zero.)

Now let us deal with the situation that shp(M) = shp(P) = A where A contains exactly
t boxes and shp(M') = shp(P'). Referring back to Subsection 3.9.1, we see that

Eyp = Y(emp) = T((1 — z)oump),

where opp = onprpropp and 2z, = ) g egs with the summation going over all paths S of
length ¢ such that shp(S) contains fewer than ¢ boxes. It is not difficult to see that each
such T(egg) is some projection Egz € C;.

Now let us deal with the situation that shp(M) = shp(P) = X where A contains
exactly t boxes and shp(M') # shp(P'). Choose paths M and P of length ¢ such that
shp(M) = shp(M) and shp(P) = shp(P) and

(i) M =P, and
(i) shp(ﬁl) = shp(M'"), and
(iii) shp(P') = shp(P').

Such paths can always be chosen. Then

where

OopMp = Op3f 9t—10p pOPP,  Gt—1 € @Wt(—q%ﬂ), (3.53)

V= F )T = )

where d = d(M,t — 1) is the integer defined by (3.42). The integer |d(M,d)| + 1 is the
number of boxes in the hook going through the boxes containing the numbers 7 and (i + 1)
[TWO3].

We now prove that the coefficient on the right hand side of (3.53) is well-defined and
non-zero. It is not difficult to see that the coefficient is well-defined if |d| # 1, and we now
show that this is always true. As |d|+ 1 is the length of the hook going through the boxes
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containing the numbers (¢ — 1) and ¢, it is always true that |d| + 1 > 2 as each such hook
contains at least two boxes. Now the only situation in which it could possibly be true that
|d| = 1is when the boxes containing the numbers (¢ —1) and ¢ are immediately horizontally
or vertically adjacent. However this cannot occur for the following reason: from the above
construction, the number ¢ is in the same box in M as the number (¢t — 1) is in P, and
the number ¢ is in the same box in P that the number (¢ — 1) is in M. It follows that if
the numbers (¢ — 1) and ¢ are immediately horizontally or vertically adjacent in M, each
must be in the corresponding ‘swapped’ box in P, and then at least one of M or P cannot
be a standard tableau. This contradicts the assumption that both M and P are standard
tableaux, thus |d| # 1 and the coefficient in (3.53) is well-defined.

It remains for us to show that the coefficient in (3.53) is non-zero. This follows imme-
diately from the fact that |d| # 0. Note that we have not yet proved that the matrix units
are all non-zero.

Let us write Ejp to denote E3;5. We note that the matrix unit Eyp € C;, where
M # P, is an intertwiner between the isomorphic irreducible U,(g)-modules Epp(V®")
and EMM<V®t)I

Eup : EPP(V®t) - EMM(V®t)7

and that the whole collection of matrix units satisfy

FEqrEsr = drsEqr.

To show that each intertwiner E);p is non-zero, it suffices to note that each projector Epp
is non-zero and that Epp = EPMEMP-

We then have the complete sets of projectors and intertwiners in C;. This means
that £; = C;, and also that J; = 0. To see this last claim, note that the matrix units
{Esr| (S,T) € Q'} are a basis for C;. Let X be an arbitrary element of C;, then

X = Z rsrEsr, zsr € C,

(S,T)eqt
where xg7 # 0 for at least one pair (S,77). Let (A, B) be such a pair, then
stry(EpaX) = stry(vapEpaFEap) = vapstry(Epp) # 0,

thus X ¢ J;. As X is arbitrary, J; = 0. B

Note that we obtained C; = L; by using the fact that A and A do not appear on the
same level of the Bratteli diagram for Z# ,(—¢*",q). If A and X did appear on the same
level, we could only conclude from our work that there is a proper inclusion of C; in L,
rather than an equality. Of course, in that event, there may actually be an equality, but a
different method would have to be used to obtain all the intertwiners.

We now present the two lemmas used in this section.

Lemma 3.9.1. Let ¢ : C; — C be a map defined by
B(X) = stry(X)/ (sdim(V))',
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and let tr be the trace functional on BW ((—q*",q) mentioned in (3.44). Then
$(T(a)) =tr(a),  Yae€ BW (¢, q).

Proof. Any functional ¢ on B# . (—q*", q) satisfying Eq. (3.44) for all ¢t € N is identical
to tr [We90, Lem. 3.4 (d)], and we will show that ¢ o T has this property.
To show that v o T satisfies Eq. (3.44), it suffices to show that for each ¢t € N, we have

—¢(T(Q)Rt—1T(b)) =—1 (Rt—1)¢(T(ab))a Va,be BW 1 (—¢*", q), (3.54)

as the element e; | € ZB# (—q¢*",q) can be written as a function of the g;_1’s. We will
show that Eq. (3.54) is true using Lemma 3.9.2, which we give after this proof.
The left hand side of Eq. (3.54) is

t

—str®(AR_1B) / (sdimy(V))’, (3.55)

where we write str;@t to mean that we take the quantum supertrace over all ¢ tensor factors,
and we also write A = T(a) and B = T(b). Now we can regard each X € C;_; as an element
of C; under the mapping X — X ®id, then by applying the identity to the first ¢t — 1 tensor
powers of (3.55) and taking the quantum supertrace over the t** tensor power of (3.55), we
obtain, using Lemma 3.9.2 and applying some simple but tedious calculations,

b_ —xv (vFh) stry (AB
sdimg (V) (sdimy(V))'™"

—str (AR, B) / (sdimg(V)) (3.56)

Now 5
U (Ria) = xv (™) /sdimy(V),

and the right hand side of Eq. (3.56) equals the right hand side of Eq. (3.54). Now Eq.
(3.54) is true for all a and b belonging to B# ;_1(—¢*",q), and it remains to show that
¥ oY is a functional on B ..(—¢*", q) satisfying Eq. (3.44) for all natural numbers .
This follows from the fact that ¢(A ® id) = ¥(A) for all A € C;, thus we can regard ¢ as
well-defined in the inductive limit C; C C3 C C4 C ---. This completes the proof.

0

The following lemma, which we used in the proof of Lemma 3.9.1, appears in [LG92,
Lem. 2] and is proved in [Zh92a, Lem. 3.1].

Lemma 3.9.2. Let V' be the fundamental irreducible U,(osp(1|2n))-module with highest
weight €, and let m be the representation of U,(osp(1|2n)) afforded by V. Let Ryy €
Endy, osp1j2n)) (V @ V') be as given in Eq. (3.29). Then

id @ str) [(id ® 7)(id @ Ks,)|RE, = ¢Fea+20id = vy (vFh)id.
p)| vy



Chapter 4

Quantum osp(1|2n) at roots of unity

In this chapter we define a Zy-graded ribbon Hopf algebra U™ (0sp(1|2n)) that is a certain
quotient of U,(osp(1|2n)) where ¢ = exp (27i/N) for some integer N > 3, and we also study
aspects of its representation theory. We define certain representations of US™ (osp(1]2n)),
show that each of these representations is self-dual, and most importantly, prove tensor
product decomposition theorems for these representations at even N. The results in this
chapter are almost entirely new.

The structure of this chapter is as follows. In Section 4.1 we define the quotient algebra
UéN)(osp(HQn)) and prove that it is a Z-graded ribbon Hopf algebra. In Section 4.2 we
define a finite number of finite dimensional Uq(N)(osp(1|2n))—modu1es and prove that the
dual Uq(N) (osp(1]2n))-module to each of these modules is isomorphic to the original module.
In Section 4.3 we prove tensor product theorems for these modules at even N. In Section 4.4
we present the technical proof that the projections defining the U™ (0sp(1]2n))-modules
are all well-defined.

In this chapter we use g to denote osp(1]2n), and fix ¢ = exp (2mi/N) where N > 3 is
an integer.

4.1 The Z,;-graded ribbon Hopf algebra UéN)(Osp(HQn))

In this section we introduce a quotient algebra of U,(g) and prove that it is a Zy-graded
ribbon Hopf algebra.

We firstly generalise the g-bracket from Chapter 3 to arbitrary elements of U,(g). Each
element in U,(g) is a linear combination of products of Kl-ﬂ, e, fi, 1 = 1,2,...,n, and
every product X of the generators satisfies

KXK' = gwtX)ed x i=1,2,...,n, (4.1)

for some integral element wt(X) € H*. Needless to say, (wt(X),«;) € Z for all i. Then
the g-bracket is a bilinear map [-, -], : U,(g) x U,(g) — U,(g) defined by

[X,Y], = XY — (—1) K] 4wtOwtY )y x|

69
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If both X and Y satisfy (4.1) for some wt(X) and wt(Y'), the meaning of [X, Y], is clear.
The definition is generalised to arbitrary elements by linearity.

4.1.1 Definition of Uq(N)(osp(1|2n))

We now define root vectors in U,(g) using a particular normal ordering of the elements of
¢, the set of positive roots of the reduced root system of g. Recall that ¢ = {e;,€; L€, 1 <
i<n, 1<j<k<n}. We use the following notation to help in writing elements of ¢ in
terms of the simple roots:

Oél'—|—"'+06j = Zak,

k=i
j—1
o+ -+ 205 = Zak+2aj,

k=i
7j—1 n

o+ 205+ -+ 20, = Zak+22am.
k=i m=j

Then
€& = o+ -+ ay, 1=1,...,n,
€ —€ = o;+ -+, I1<i<jyj<m,

6+e = o+ +ajg+ 20+ + 20, 1<i<y<n.

We fix the normal order N (¢) that we use in this chapter to be:

o) <o) t+o<oaptoataz<...<optat+--Ftop<...<0;+- - +oa, <
o+ 20, <o+ 200 + 20, < <o+ 20+ 0+ 200, <
oy + 209 + -+ 20, <

g <ogtoag<oaptoagtayu<...<optag+--F+op<...<oag+-+o, <
Qg+ -+ 20, <ay+ -+ 20, 1+ 20, < ... <ag+ -+ 200 + -+ 20, <
Qg + 203 + -+ - + 20, <

a; R+ <. =R tra e tap < Rt o, <
aj+ -+ 20, <o+ 20,0 + 20, <<+ 20 4+ 200, <
Oéj+20(j+1+"‘+2an'<

Qp_1 = Qp_ 1+ < ap1+ 200, < Q.
We also define a second normal order N(¢), which we call the opposite normal order to

N (@), by y < x whenever x < y in N (¢).
Using N (¢), we recursively define the root vectors e, f, € U,(g) for each p € ¢ as
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follows: firstly fix e,, = e; and f,, = f; for each i = 1,... n, then recursively define
Ca;tairr — [617 el-i-l]q) 1= 17 sy — 17
eai+"'+oéj = [eaz-i- a1 ej]qa J =1 + 17 sy 1
Ca;++2am [6 ~tam en]qv
CajtA2aj 4420, = [eaﬂr A2a 11+ +20m e J=t+1,...,n—1,
fai+ai+1 - [fi—i—lafi]q*la Z.Zla"'an_lv
fai+"'+ocj = [fja fai+"'+o¢j_1]q*17 J=1+ 17 sy 1
faitt20n = [fm fa¢+---+an]q*17
Jostt2054 420, = L5, fai+---+2aj+1+---+2an]q—17 j=i+1,...,n—1

Using NV (¢), we define a further set of elements €, f € U,(g) for each p € ¢. Firstly

fix e; = e; and f;, = f; for each i = 1,...,n, then €, and f are recursively defined by
€a¢+ai+1 = [el+17 ez]qv L= 17 s, — 17
Castta; = [€Castotaj_ilg j=i+1,...,n,
Caitt2an = |En,Coittanle:
Cajt 20 ++2an = [‘3]7 Coribr 2051+ 20 0> J=i1+1...,n—1,
fai+0li+1 = [fiafi-i—l]q*la 'L.Zla"wn_l?
fai+~~~+ozj = |:fai+"'+04j—1’fji| q_l, ] = 1+ 1,. ..,
fOéi+"'+206n - |:fa’i+"'+04n’ f"} -1’
q
fai+"'+2aj+“'+2an - [fai+---+2aj+1+---+2an> fj:| o J = +1,...,n—-1L
q

With these elements of U,(g) we define the quotient algebra UM (g) in Theorem 4.1.2
below. Recall that we fix

. . 2N, if N is odd,
N’:{%’/2 ii%i:g\c}jﬁ and N={ N, ifN=0 (mod4),

N/2, if N=2 (mod 4).

Theorem 4.1.1. The left ideal T C U,(g) generated by the elements of the set I below is
a two-sided Hopf ideal of U,(g):

1= {(e)" ()™ @), @), ()Y o)V )Y ()Y (N =1 1< i <
(4.2)
where J; = K; K1 -+ K, for eachi=1,2,...,n, and v (resp. ) ranges over all the even
(resp. odd) elements of ¢ ={e;,e; £ex] 1 <i<n, 1 <j<k<n}.

Proof. The proof of this result is technical and very lengthy. Thus we relegate it to Ap-
pendix D. 0
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It immediately follows from this theorem that

Theorem 4.1.2. The quotient algebra Uq(N) (g) defined by

18 a Zo-graded Hopf algebra.

We denote the image of x € U,(g) in ™M (g) under the canonical homomorphism by z.
The algebra U,;N) (g) has appeared in the literature, but only for the case n = 1 and then
only for N > 3 an odd integer [Zh94]. The representation theory of UéN) (g) is unknown
except in this case, and in this case it is only partially known [Zh94, AB97].
We now introduce a very important representation of UéN) (g) that we will extensively

use in this thesis: the representation afforded by the fundamental irreducible UéN) (9)-
module V. As a matter of notation, we will henceforth write V9" to denote the funda-
mental irreducible module over U, (g) where g # 0 is not a root of unity.

Lemma 4.1.1. There exists a (2n+ 1)-dimensional irreducible Uq(N)(osp(1|2n))-m0dule Vv
with highest weight e, € P*. Let a basis of V' be {v;] —n < i < n} where each v; is
a weight vector of weight €;, where we fix €e_; = —e; and ¢g = 0. Let vy be the highest
weight vector of V.. The action of an element x € UéN)(osp(1|2n)) on the weight vector v;

is identical to the action of the pre-image of x in U,(osp(1|2n)) on the weight vector v; of
the fundamental U,(osp(1|2n))-module V' in Lemma 3.2.2 if we fix ¢ = exp (2mi/N).

Proof. Besides what is contained in the proof of Lemma 3.2.2, the only additional matter
that we need to prove is that elements of I all act by zero and this is easily seen to be
true. 0

We always take the grading of the highest weight vector v; € V' to be odd.

4.1.2 The universal R-matrix of Uq(N)(osp(l\Qn))

As the ideal Z C U,(g) is a two-sided Hopf ideal, we can immediately write down the
universal R-matrix of U™ (g) following [Zh92a]:

Proposition 4.1.1. The universal R-matrixz of UéN) (g) is

R = <H : (Ja)b®Pa[b]> 'HR%

a=1 b=

where
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and where the product H’Y€¢> R, is ordered in accordance with the normal order N'(¢) used
to define the root vectors, so that [[ .4 Ry = Ry Ry, - -+ Ry, where N(¢) =71 <9 < -+ <
Y. Here, Ry 1s

kz (q - Q[lz]q(_iz X f’Y) ’ Zf [67] _ 0’
Ry = Ni)
-1 _ k(e k
kZ—O ‘ [Z])((]_Y!@; E e =1

Note that [[ ., R, is well-defined and each R, can be thought of as a truncation of the

infinite sum of the corresponding factor of R in the universal R-matrix of U, (@) so that it
is well-defined for ¢ at a root of unity.

Universal R-matrices have been written down for quotients of other quantum algebras
and quantum superalgebras at roots of unity. This was first done for U,(sly) at 4k™ roots
of unity where k& € N [RT91], then for the quantum algebras connected with the classical
series of Lie algebras at odd roots of unity [ZC96] (also implied in [Kiri96]) and then for
the quantum algebras connected with the exceptional Lie algebras Gs, Fy, Fs at odd roots
of unity [Zh97]. Amongst quantum superalgebras, universal R-matrices have been written
down for quotients of U,(0sp(1|2)) [Zh94] and U,(gl(2|1)) both at odd roots of unity [Zh95].

An immediate consequence of Proposition 4.1.1 is the

Corollary 4.1.1. The quotient algebra UéN) (g) is a Zs-graded quasitriangular Hopf alge-
bra.

Write the universal R-matrix of U{" (g) as R = ) ,a; ® by, then the element u =
>, S(by)ay(—1)l) satisfies

e(u) =1, Au) = (u®u) (RTR)_l, S*(z) = uzu™, Vx e UM(g).
Furthermore, we have the following important theorem.

Theorem 4.1.3. The quotient algebra Uq(N) (g9) is a Zy-graded ribbon Hopf algebra.

Proof. Define the even element
v = uKQ_p1 € Uq(N)(g).
It suffices to prove that v is central in Uq(N) (g) and that it satisfies the following relations:
e(v) =1, v? = S(u)u, S(v) = v, (4.3)
A(v) = (v®v) (RTR) ™. (4.4)

We firstly prove that v is central in UéN) (g). The proof is standard but we repeat it
here as the elements u and v are crucial for later applications. Firstly, the homomorphism
S? satisfies S%(z) = Kgp:pKQ_pl for all z € UM (g) (see Lemma 3.4.2). As v is invertible,

vavt = uky aKopu !t = uS T ()ut = S5 @) =, Ve e UM(g),



74 Chapter 4. Quantum osp(1|2n) at roots of unity

proving that v is central in Uq(N) (g). The proofs of Eq. (4.4) and the first equation in (4.3)
follow from the properties of u, and the proof of the third equation in (4.3) is similar to the
proof of the corresponding equation in quantum algebras [Dr90, Prop. 5.1]. The second
equation in (4.3) follows from the third. O

Definition 4.1.1. Define Ry € Ende(V @ V) by Ryy(v; @v;) = Po (1@ 7)R(v; ®v;)
for allv;,v; € V; Ryy is an element of EndU(m(g)(V ®@ V). Define C; to be the subalgebra

of End V) generated by the elements

U™ ()
{R;“ € Bndyo o (V)| 1<i <t — 1},

where ) _ . _
R; = id® Y @ Ryy @ id®E- ), (4.5)

Remark 4.1.1. Note that if we take the explicit expression of R; in (8.36) and set q to
the appropriate root of unity, we obtain the R; defined here.

4.2 U£N>(osp(1|2n))-modules

In this section we define certain Uq(N) (g)-modules for each N > 3, we calculate their
quantum superdimensions, and we also show that each of these modules is self-dual, that
is, each of these modules is isomorphic to its dual UéN) (g)-module.

4.2.1 The truncated Weyl alcoves

In this subsection we define the truncated Weyl alcoves A}; C AY;, which are proper subsets
of X = @), Ze; C H* that we will extensively use in the definition of the U™ (g)-modules
in Subsection 4.2.2. In the usual definition, many non-integral elements of H* belong to
the truncated Weyl alcoves. However, we only ever use the term in this thesis to refer
to the relevant integral elements given below. The truncated Weyl alcoves are defined in
terms of inequalities connected with the formula for the quantum superdimension of finite
dimensional irreducible U,(g)-modules for ¢ # 0 not a root of unity (see Eq. (3.26)). In
this subsection, (-,-) : H* x H* — C is the non-degenerate, bilinear form given by (3.1)
and n is the rank of U (9).

In this work it proves convenient to introduce the following notation: we write 73; to
denote A}, NPT

Definition 4.2.1. We define E C X as follows:

(i) for N =0,1,3 (mod 4),

2
AE:{)\EX‘OSM

< N, Va € &f
(o) =70 }
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(i1) for N =2 (mod 4),

ﬁ:{xexlogwgm Vaeéguq)j}.
o,

Definition 4.2.2. We define AL, C A}, as follows:
(i) for N =0,1,3 (mod 4),

2(A
A}:{AeX’O<w<N’,Vae®g}, (4.6)

(o, @)
(i1) for N =2 (mod 4),

200+ p, )
(o, )

Lemma 4.2.1. For each A € X let \; = (A €;) for each i = 1,...,n. There is an
alternative description of A% and f; = AL NPT

A}:{)\eX’O< <N, Vae@ruq)l*}. (4.7)

INePH| M +X <N —2n+2}, when N=0,1,3 (mod 4), forn > 2,
(i) AL, =< {AePT| A\ <N}, when N =0,1,3 (mod 4), forn =1,
{ANePT| M <N/4—n+1/2},  when N =2

INePH A+ X <N —2n+2}, when N =0,1
(i) Py =4 {AePH A <N}, when N = 0, 1

,3 (mod 4), forn > 2,
3 )
INePH N <N/4A—n+1/2},  when N =2 (mod 4).

, forn=1,

Proof. We will only prove (i). The proof of (ii) is similar and will be omitted. We will
assume throughout this proof that A € AL. Set N =0,1,3 (mod 4). We will firstly show

that A must be an element of P if it is an element of A}. Fixing a = 2¢, in (4.6) shows
that \ satisfies

2()\+p7 26") < NI7
(2€,, 2¢,)
which is just 0 < A, + 1/2 < N’; note that A, > 0 as A € X. This completes the proof

forn =1 for N = 0,1,3 (mod 4). For n > 2 we use the following arguments. Fixing
a=¢—¢€y fori=1,...,n—1in (4.6) shows that A satisfies

0<

2(A + p, € — €iy1)

(61‘ — €41, € — €i+1)

0<

< N,

which tells us that \; — \;;; > 0 for each . Then A must be an element of P™ as A € X
and A\, > 0. Fixing @ = €; + € in (4.6) shows that

2(A +p,e1 + €)

0<
(€1 + €2, €1 + €2)

< N/, (4.8)
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and s0 0 < A+ A < N —2n+2as A€ PT. Fix a = ¢ £ ¢; for i < j where a # €; + €,
then

2(\ 2(\
( —i—p,a)< A +pate) for each v # €; + €.

(v, @) (e1+e2,6 +e)
Finally, note that
2\ + p, 2€; 2\ + p,
WMtp2a) gy 20 tpate)
(263, 2¢;) (€1 + €2, €1 + €2)

From this, any A € P satisfying (4.8) also belongs to A}, and so
Ay ={XeP M+ <N —2n+2}, when N =0,1,3 (mod 4).

Let us consider the case that N = 2 (mod 4); again, fix A € AY. As above, we can
show that A € P*. Fixing o = €; in (4.7) shows that \ satisfies
2()‘ + P, 61)

(€1,€1)

0< <N, (4.9)

which means that 0 < A\; < N/4—n+1/2 as A € P*. It is also true that

2A+pa) 200+pa)

(av Oé) (Elv 61)

., Va=e¢xe,ea 1<j k>2.

From this, any A € P satisfying (4.9) also belongs to A, and so
Ay ={X eP* M <N/M4-n+1/2}, for N=2 (mod4),

which completes the proof of part (i). O

4.2.2 U(](N)(osp(l\Qn))—modules

We now define the Uq(N) (g)-modules of interest in our work, and in doing so we use the
truncated Weyl alcoves.

We have already defined the fundamental irreducible UéN) (g)-module V for all n > 1
and all N > 3. In this subsection we define a further set of UéN) (g)-modules V) for all
S f} when N > 4 is even. For technical reasons, we only define the UéN) (g)-modules
for A an element of a proper subset of f; when N > 3 is odd.

We define each of these new UéN) (g)-modules V) by using a projection operator V& —
V). This projection operator is an element of EndUéN)(g)(V®t) that we obtain by setting ¢

to the appropriate root of unity in the projection (V9")®" — VI we defined in Section
3.8. Here, V9" and V" are finite dimensional irreducible U,(g)-modules where ¢ # 0 is
not a root of unity, and the highest weight of Vy“" is A\ € P*. It is crucially important
that these projections are well defined and we deal with this problem in Section 4.4.

The projections are all well-defined for even N, but for odd N they are only well-defined
if A\ belongs to a proper subset of 5;; this is the reason we only define these modules for
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A an element of a proper subset of f} when N is odd. We have not been able to resolve
this ill-definedness problem, but we conjecture that well-defined projections do exist for all

A€ Py at odd N.

Recall that the Bratteli diagram for (V9¢")®* defined in Chapter 3 encodes the decom-
position of (V9¢")®" into irreducible U,(g)-submodules for ¢ # 0 not a root of unity. Recall
further that the elements on the j level of the Bratteli diagram for (V9¢")®! for each
j <, are called shapes, and that a sequence of (¢ + 1) elements:

t
)\i = (0,61, S92y ...,85t—1, )\),

is called a tableau of length ¢ if s; is a shape on the j level of the Bratteli diagram for each
j. We let Tt denote the set of all tableaux of length ¢ derived from the Bratteli diagram
for (V9em)®t,

We now define two proper subsets of 7! that we will use in creating the projections
from V® onto U™ (g)-submodules of V&,

Definition 4.2.3. Define the two proper subsets Tt and Tt of Tt by

’i’t:{it:(so,sl,...,st)E’Tt| s; € AL forall0 < j <t}
’j\'t:{it:(so,sl,...,st)GTt‘ sjGAJJ(,foreachOSjSt—l,andstéﬁx}.

e The set 7 is the set of all tableaux of length ¢ where each shape in each tableau is
an element of AJ.

e The set 7 is the set of all tableaux of length ¢ where the first ¢ shapes in each tableau
are elements of A} and the last shape in each tableau is an element of 73;.

e Note that 7% is a proper subset of 7. Also, it is convenient to write Al to mean i if
shp(i') = .

Let Af = (0,€1,82,...,8_1,\) € T* be a tableau and let PiA9" € Endy, ) (VIer)® he
a path projection at generic q:

B (V)= = Vet (Ve (410)

then pi[A]9¢" can be written as the ratio z1/z5 where 2 is an ordered polynomial in the ele-
ments { ;' € Endy, ) (Voery®t i =1,...,t — 1} with coefficients in {q~(+201)| 1 € P}
and 2, is a non-zero product of elements of the form {g=(*+21) — =W +200)| 1y € PT}

Definition 4.2.4. For each tableau N\ = (0,€1,82,...,8.1,\) € T, we define the path
projection

PN € End ven, (4.11)

UM (g) (

to be an identical expression in the RE' and the 4q~ (20w as in the definition of pj[AJ*"
in (4.10) except that we fix g = exp (2mi/N) and we also fiv R € Endg;m (Ve.
q
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Explicitly, the projection pi[A] from (4.11) is pi[A] = p2 _ [Alpk _,[si-1] - - - pL2[s2], where

3 A(tflfj) ('U) — qf(y+2pvl’) .
1 L ®t : 187 s _
pgt_(ﬁl) [st—;] = | | P T oY) ® id ., J=0,1,...,t—2,

VEP$7

(G+1)
VFESt_j

where 7 is the representation of Uq(N) (g) afforded by the fundamental irreducible module
V.

Lemma 4.2.2. For each tableau \! = (0,€,89,...,8_1,\) € Tt, the path projection
Pi[A] € End, ) © (V&) is well-defined if either one of the two following conditions is met:
q

(a) N >4 is even, or
(b) N >3 is odd and

(i) M < (N—-1)/2—n+1, or

(i) the components of s,y = X € A, satisfy Ay = (N —1)/2—n+1 and Xy = Ay,
and \ is given by A = X\ + €.

The proof of this lemma is easy but very lengthy. To avoid interrupting the flow of
thought we relegate the proof to Section 4.4 at the very end of this chapter. Here we
wish to make the following remarks. Part (a) of the lemma means that at even N > 4,
all projections that project down by a path in Tt onto a UéN) (g)-module labelled by an
element of f;\r, are well-defined. Part (b) means that at odd N > 3, only certain of the path
projections are well defined. The significance of (b) is that we cannot prove tensor product
theorems of the form of Theorem 4.3.3 for Uq(N) (g)-modules at odd N. As mentioned
previously, we conjecture that at odd N there exist well-defined projections onto each
module labelled by an element of fﬁ.

In the proof of Lemma 4.2.3 we use an argument that we will repeatedly use throughout
this thesis, and here we wish to make some relevant comments. The idea in this argument is
to take an element p?" belonging to Endc(V9")®! at generic ¢ # 0, and to then specialise
q to a root of unity yielding the element p € Endc(V®"). It is essential that pe" is
well-defined upon specialising ¢ to the desired root of unity.

Let us write Cl[[q,¢7!]] to mean the ring of power series in ¢ and ¢~
in C. Let ¥ be a vector subspace of V' over C|[[q,¢™!]] with a basis

I with coefficients

{'Uil ®Ui2®"'®vit| 21,22,...,2t:—n,...,n},

where each v; is a weight vector of the fundamental U, (g)-module V9¢". In order that p?°" is
well-defined when ¢ is specialised to the root of unity, we only ever apply the specialisation
argument to



UéN)(osp(HQn))-modu]es 79

(i) those p9e™ that we know are well-defined if ¢ is specialised, or
(ii) those p?°™ belonging to Endcyi.qe-17(¥).

In the proof of Lemma 4.2.3 (amongst other lemmas and propositions in this thesis),

we claim that certain elements in EndU(N)(g)(V@) can be obtained by taking correspond-
q

ing elements in Endy,g)(V9")®" and specialising ¢ to the appropriate root of unity. In

particular, we claim this for 7®(A®(v)) (where v € UM (g)) and for the well-defined
projections pi[A] of C; from Lemma 4.2.2.
To see this, firstly note that the matrices Rfl of EndU(N)

Endy, g (V9")®" are exactly the same relative to the basis

Ve and (RI™)* of

(9)<

{vi1®vi2®---®vit|21,22,...,2t:—n,...,n}

of both V¥ and (V9")®" if we consider ¢ to be an indeterminate (see Remark 4.1.1). The
same is true for 7% (A® (v) ® id®(t*k*1)) for each K = 0,1,...,t — 1 as it is a product in
the R with coefficients in C[[g, ¢']] in both cases.

Now the projections pi[A] of C; in Lemma 4.2.2 are polynomials in products of the
(AW (v) @ id®(t*k*1)) with coefficients in C(g), but we know from Lemma 4.2.2 that
they are all well-defined if ¢ is specialised to the appropriate root of unity.

We will use specialisation arguments to prove various claims throughout this thesis.
In each of these proofs we will rely on the comments here and we will show that any
coefficients in C(q) appearing in the calculations are well-defined if ¢ is specialised to the
appropriate root of unity.

Lemma 4.2.3. Let X! = (0,¢1, 82,...,5.1,\) € T* be a tableau of length t and p'[N] € C,
be a well-defined projection referred to in Lemma 4.2.2, then

(i) (BN])" = BLIA]L

(i) PN - PEN = { giw, Z[fzt iit

(i) BN - l) = 0 if A .

Proof. To prove this lemma we consider similar equations in Endy,g)(V9")*" where ¢ # 0
is not a root of unity, and we apply a specialisation argument.

Consider the elements pi[A]" € Endy, (V9")®" that project down from (V/9em)%!
onto irreducible U,(g)-submodules with highest weights in P*. For each such pi[A]9*", we
can define a matrix valued function Mz (pi[A]9“") of a complex parameter g, for all g # 0
that are not roots of unity, such that

Mg (pi[AJ"")




80 Chapter 4. Quantum osp(1|2n) at roots of unity

for each ¢ # 0 that is not a root of unity. Each component of the matrix M (pi[A]9°") is
a continuous function in § and has no poles for all non-zero g that are not roots of unity.
Furthermore,

lim [ M (5 [\*") | = Mg (F[N*")

q—q

)

where in taking the limit we take the limit of each component of Mz (pi[A]9¢").

Let Al = (0, €1,89,...,81,\) € T* be a tableau of length ¢ where the path projection
Pi[A € End,w) © (V®') is well-defined from Lemma 4.2.2. Then we can extend the domain

in g of My (pi[A]?*") to include § = exp (27i/N) by defining

My (RIN%") = BN € Bndyon ) (V).

U™ (e)
No component of M 2~,~ (pi[A]9°") has a pole, and furthermore, pt[\] = M zri/n (PE[A]9S") =
hquQQﬂ-i/N [Mq (ﬁz@f[}\]gen) ] .

Now consider the equations in Endy, g (V") given in Lemma 3.8.3 (i)-(iii) corre-
sponding to parts (i)—(iii) of this lemma. For each non-zero ¢ that is not a root of unity,
the equations in Lemma 3.8.3 (i)—(iii) are true. As each component of M (pi[A]9") is a
continuous function of § and has no poles for all g, the product of two such matrix valued
functions is again a matrix valued function where each component of the product is a con-
tinuous function in ¢ with no poles for all §. It follows then that each equation in Lemma
3.8.3 (i)—(iii) can be obtained by taking the limit § — ¢ € C of the products of the matrix
valued functions Mg (pi[A]9").

The proof of Eqgs. (i)—(iii) of this lemma is then given by taking the limit § — e
of the corresponding equations in Endy,q) (Voen)®t, O

2mi/N

We now define the specific collection of new UéN) (g)-modules of interest.

Definition 4.2.5. Let X! = (0, €1, 82,...,5.1,\) € T* be a tableau and let pi[\] € C; be
a well-defined projection referred to in Lemma 4.2.2. We define the finite dimensional
UéN) (g)-module Vy depending on the tableau \: by

Vi = BiA[ (V). (4.12)

We conjecture that each of the U (g)-modules defined in (4.12) is an irreducible
UéN) (g)-module. We now investigate properties of these UéN) (g)-modules. Note that P, C

ﬁ for each 1 € A}, and we write PJ N ﬁ below to make clear that each A € 77;“ is also

an element of E

Lemma 4.2.4. Let i' = (0, €1, 89,...,8-1,1) € T' be a tableau of length t and let V, be a
UéN) (g)-module defined by V,, = pi[u](V®') as given in Definition 4.2.5. Then there is a

decomposition of V,, ® V into a direct sum of UéN) (g)-submodules:

v.oV= @ W (4.13)

AEPFNAY
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where each Vy is a U (g)-submodule defined by Vi = ﬁgﬁl)[}\] (VD) where ﬁ§t+1)[)\] €
EndU(N)(g)(V@’(t“)) is a path projection of length t+1, and j*V = (0, €1, 89, ..., 81, 1, \) €
q

T s g tableau of length t + 1.

Proof. Firstly, note that 73:[ C E for each p € A},. Lemma 4.2.3 (ii) implies the only
vector belonging to any pair of distinct summands on the right hand side of Eq. (4.13) is

the zero vector. As j+D € T+ the path projection ﬁ§t+1)[)\] € EndU(m(g)(V@(t“)) is
- q

well-defined for each \ € 73:[ N A} from Lemma 4.2.2. To complete the proof we need only

show that the inclusion U Vi €V, ®V is actually an equality, and this follows from

AEPF AT,
the equation

> PV = idy,ev,

AEPFNAS

which can be shown to be true by applying an argument similar to the one we used in the
proof of Lemma 4.2.3 to the corresponding matrix equations at generic q. O

We can prove the following lemma by also applying a similar idea to the one we used
in the proof of Lemma 4.2.3 to the corresponding matrix equations at generic q.

Lemma 4.2.5. Let ! € T* be a tableau of length t and let Vy be a Ui (g)-module defined
by Vi = pLA|(V®'). Then

vew=q ATy, Yw € Vy,
where v = uKQ_p1 e UM (9).

Lemma 4.2.6. Let \ € f; and let Vy be the U (g)-module given in Definition 4.2.5,
then

(i) the quantum superdimension of V is
2\ +pa) _ 20:+p8) 41
: — (—1) W20 c—— ¢ T
Sdlmq<V>\) - ( 1) q H ( q2(p,a) 1 ) H ( q2(p”8) +1 ) ) (414>
=+ +
acd, Bed]

where [ is the grading of the highest weight vector of the irreducible U,(g)-module
VI with highest weight A € P* where g # 0 is not a root of unity,

(ii) sdim,(Vy) # 0 if X € AL,

(iii) sdimq(V3) =0 if A € Py \AL.
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Proof. (i) The quantum superdimension of V) C V® is
sdimg (V) = str(pi[\] - 7 (AV (Ky,))),

and by using the idea in the proof of Lemma 4.2.3, one can show that this gives the
right hand side of (4.14) provided that it is well-defined. This is indeed the case for
all A € f} as the denominator of the right hand side of (4.14) is non-zero. This is
very easy to see, but nevertheless we present the detailed proof.

Set N =0,1,3 (mod 4). For each o € 5:{ we have 2(p,a) € 2Z and 0 < 2(p,a) <
2N’, which implies that ¢»® # 1. Now if N is odd, ¢*»% #£ —1 for all 3 € ®}.
If N =0 (mod 4) then ¢*»% = —1 for some 3 € ® if and only if 2(p, 3) = N/2
(mod N). However, it is not possible that 2(p, 5) = N/2 (mod N), as 2(p, ) is odd
and both of N and N/2 are even, thus ¢*#?) # —1 for all 8 € . Now if N = 2

(mod 4) then 0 < 2(p, ) < N for all a € 5:, and 0 < 2(p, 8) < N/2 for all 3 € .
It follows that the right hand side of (4.14) is well defined.

(ii) If A € A%, none of the factors in the numerator of the right hand side of Eq. (4.14)
is zero. The proof of this fact is easy thus omitted.

(iii) Consider A € f;\/\} From the definitions of E and A}, we obtain

2(A+ p,a) = 2N/, forsomeozé@ér, if N=0,1,3 (mod 4),
2(A+ p,e1) = N/2, if N=2 (mod4).

Thus the right hand side of Eq. (4.14) is zero.
U

Proposition 4.2.1. Let \ € f} and let Vy be the UéN)(g)-module giwen in Definition
4.2.5, then V) is self-dual.

Proof. 1t suffices to show that there is a non-degenerate, Uq(N) (g)-invariant, bilinear form
(,+) : Vi x V), = C; and we do this inductively.

Firstly, we will show that there exists such a form on V, x V,, for any Uq(N) (g)-summand
V., on the right hand side of the decomposition

V ® V - ‘/261 @ ‘/61-1—62 @ ‘/07 (415)

where we write €1 + €2 to mean €; if n = 1. Let ((, )) : V x V — C be the non-degenerate
bilinear form from Proposition 3.2.1, the UéN) (g)-invariance of which is given by

((a-z,9) = D, S(@)y)),  YaeUM(g), wyeV.
Now define a new bilinear form ((, )): (V@ V) x (Ve V) — C by

(1 @Y1, 22 D ya)) = (—1)[91””““2]«371,x2)><<y1,y2)>, T1,%2,Y1,Y2 €V,
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which is evidently non-degenerate. Elementary calculations show that this form satisfies
<<a $1 & yl) To @ y2>> [a](m ) <<$1 & Y1, A’ (S(a))(fz & y2)>>7 Va € Uq(N)(QL

but this is not our desired UéN) (g)-invariance. To deal with this, we introduce a new

bilinear form that is non-degenerate and has the desired Uq(N) (g)-invariance. Define the
new bilinear form ((, )" : (Ve V)x (V®V)— C by

new

(1 @y, 22 @12))" " = (11 @y, R+ (22 Q@ 2))), T1,T2,Y1,Y2 €V,

where R is the universal R-matrix of U,gN) (g). This new form is non-degenerate as R is
invertible and ((, )) is non-degenerate. We now claim that ({ , ))"" is ol (g)-invariant.
To see this, note that for each a € U (g) we have

({a-(v1®@y1), 22 @ o))"
=(a-(r1 @), R- (12 ®@12)))
= Z a1 ® Aoy, s ® fugo))(—1) a3

—Z ayrs, o) {ag, frye)) (1) @ D edsledtmllel el (4 16)

where we write the universal R-matrix as R = ), a; ® ;. Using the Uq(N) (g)-invariance of
((,)):VxV — C, we can rewrite (4.16) as

({1 @ y1, (S ® S)A(0))R - (22 @ yo)))(—1) eIl +lza])
= ({11 @ y1, A(S(a)) R - (22 ® y2))) (— 1)al<yﬂ+m>
{z1 @ y1, R- A(S(a))(z2 @ y2)))(—1)il+lza])
= (21 @ y1, A(S(a)) (w2 @ yo))) " (—1) el +a)

({z1 @y, S(a) - (32 ® y2))) e (— 1)l lwil+lza]),

thus ((, )™ : V&2 x V&2 _ C is U (g)-invariant. We now show that (( , )" is
non-degenerate on each of the Uq(N) (g)-summands of V®V on the right hand side of (4.15).

Let \,v € P} N A% be non-equal and let x € V3 and y € V,, be arbitrary non-zero vectors.
The fact that the projections from V ® V' onto its summands are well-defined comes about
from the fact that x,(v) # x,(v) for all these A and v satisfying A # v. Furthermore, we
have ya(v) # 0 # x,(v), and it follows that

xa)((z,y)) = ({v-2,9)) = ((z,v-y)) = xu(0)((z,9)), fand onlyif {(z,y)) =0,

where we have used the fact that S(v) = v. The non-degeneracy of ({, ))"** : V2 x V&2 —
C then implies that ({, ))™" is non-degenerate on V, x V, for each summand V, on the
right hand side of (4.15).
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We have shown that ({ , ))™% : V2 x V®2 — C is Uq(N) (g)-invariant, thus the form
((, ) :V,®V, — C is non-degenerate, Uq(N) (g)-invariant, and bilinear as desired.

Now we do the inductive step, using an almost identical argument. Let V,,, p € A},
be a UéN) (g)-module from Definition 4.2.5 and let V}, be equipped with a non-degenerate,
Uq(N) (g)-invariant, bilinear form (( , )), : V,, x V,, — C, where the Uq(N) (g)-invariance is

((a-z,)), = (=D ((z, S(@)y)),, va € UM (g), 2,y € V.

Now let Vi, A € PFn ﬁ, be the UéN) (g)-module defined in Definition 4.2.5 by V) =
Pty [Al(V, ® V). Define a bilinear form

J

((,):V,@V)x(V,®V)—=C, by (4.17)

<<x1 ® Y1, T2 ® y2>> == (_1)[y1}[x2]<<x17x2>>u<<y17y2>>7 X1, T2 S V;m Y1, Y2 S V

As ((, ))u : V. xV, — C is non-degenerate, so is the form in (4.17). Now define a new
bilinear form ((, ))**: (V,®V) x(V,®V) — C by

((T1 @ Y1, 22 @ y2))"" = ({21 @ y1, R+ (12 ® 12))),

where R is the universal R-matrix, then by an almost identical argument as before, ((, ))""

is also non-degenerate, and furthermore, is UéN) (g)-invariant:
((a-(21@p1), 22®y2))" " = (—1)1 D (2,01, A(S(0)) (22012)))" ", Va € UM (g).
Recall that V,, ® V' decomposes into the following direct sum of Uq(N) (g)-modules:

V.oV= @ W (4.18)
AEPF AT,

new

Using almost exactly the same argument as previously, we can show that ({ , ))™" is non-

degenerate on each of the summands on the right hand side of (4.18). Now the fact that
((, Nrew - (V,eV)x(V,eV) — Cis Uq(N) (g)-invariant implies that ((, ))™ : VyxV), — C
is also U (g)-invariant, thus we have our non-degenerate, Ui (g)-invariant, bilinear form
((, ) Vy x V), — C as desired.

One easily completes the proof of the proposition using induction.

)

4.3 Tensor products of U; ’(osp(1]|2n))-modules

In this section we prove some of the most important results of this chapter. We present
certain tensor product theorems for the Uq(N) (g)-modules Vi, where A € A}, in the following
cases:
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(i) n=1and N > 6 satisfies N =2 (mod 4), and
(ii) n > 2 and N >4 is even.

We then give the detailed proofs of these tensor product theorems. Note that we do not
consider the case that n = 1 and N > 4 satisfies N = 0 (mod 4). We leave this case for
future study, but conjecture that the results in this case are similar to the results for the
cases that we do consider.

In obtaining this result we use many of the techniques of Sections 4 and 5 of [TW93],
in which a corresponding result was obtained for modules of quantum algebras associated
with the A, B, C and D families of Lie algebras at even roots of unity.

4.3.1 Technical Lemmas

Recall that C; is the subalgebra over C of End @ (V') generated by

)
Ri — id®G-1) ® 7sz,\/ ® id®(t*(i+1))7 1<i<t-—1.
Also recall that
e T'is the set of all tableaux of length ¢ derived from the Bratteli diagram for (1 9¢)%*,

e 7' isthe proper subset of 7 consisting of all those sequences A= (0,€1,82,...,8) €
7' where s; € A} for each 1 < i <,

o 7'isafurther proper subset of 7 consisting of all those sequences AL = (0, €y, sa, ..., 8;) €
Tt where s; € A} foreach1<i<t—1ands; € f;.

We now define some matrix units in C; that will play a key role in the proof of the
tensor product theorems for certain UéN) (g)-modules later in this section. In constructing
these matrix units in C;, it is convenient to define the set

O = {(5, T)e Q| S, T e T, shp(S) = shp(T)}

of pairs of paths in Tt that end at the same shape.

Now for each (S,T) € Q' we define a matrix unit Egr € C; using precisely the same
method we used to define the matrix unit Esr € Endy, ) (V9")®" in Subsection 3.9.2,
except that here we fix ¢ = exp (27i/N) and also fix R; to be the appropriate element
of EndUéN)(g)(V@)t). Note that we only define a matrix unit Egp in C; here for each pair

(S,T) € Q.
We need to show that these matrix units in C; are all well-defined and non-zero. Firstly,
each of the projectors {Esg €Cl (5,9) € Qt} is defined by FEgs = pi[A] € C; where

S=Xe T ! and these are well-defined and non-zero by construction. It takes more work
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to prove the corresponding result for the intertwiners {EST €| (5,T) e, S+ T}, and
we will do this inductively.

Assume firstly that the matrix units {EST €C| (5,T) € Q”}, are all well-defined and
non-zero for some positive integer r > 1. We will show that the intertwiners

{EMP € Con| (M, P) €+t M + P}

are also all well-defined and non-zero. To do this, we firstly recall from Subsection 3.9.2
that each path S of length ¢ in the Bratteli diagram for (V9¢")®* corresponds to a path S of
length ¢ in the Bratteli diagram for BW +(=¢*", q) and that this is a one-to-one relationship.
In the following discussion concerning intertwiner matrix units, in discussing a path S of
length ¢ in ’j‘t, we always use this instead to refer to the corresponding path S of length
t in the Bratteli diagram for B +(=¢*",q). The reason we do this is that although the
intertwiner matrix units are defined using paths in the Bratteli diagram for BW (=", q),
it is easier to discuss paths in Tt.
We now define the intertwiners Eyp € C,11; let us partition them into two sets:

(a) the intertwiners Ejysp for which |shp(M)| = |shp(P)| =r + 1,
(b) the intertwiners for which |shp(M)| = |shp(P)| < r + 1.

We will show that the intertwiners in each set are well-defined and non-zero. Firstly
consider (a): let the paths M and P satisfy |shp(M)| = |shp(P)| =+ 1 and shp(M') #
shp(P’), then the intertwiner Eyp € C,41 is well-defined if the coefficient

1 — q2d
VL= @721 — g22)

is well-defined, where d = d(M,r) is an integer defined in Subsection 3.9 and M is a
particular path in 77! also defined in Subsection 3.9 such that shp(M) = shp(M). The
number |d(M,7)|+1 is the length of a hook going through the boxes containing the numbers
r and r + 1 in the standard tableau obtained from M in the canonical way.

The question of whether the coefficient (4.19) is well-defined and non-zero evidently
depends on the values that d can take, and we will show that (4.19) is indeed well-defined
and non-zero. As |d|+ 1 is the length of a hook in the standard tableau obtained from M,
we can calculate the values that d can take by considering all possible hooks of shp(M).

Clearly, the minimum length of a hook is 2, ie |d| + 1 > 2. We now break the problem
down into a number of sub-cases:

(4.19)

(i) n>2and N =0 (mod 4).

Here A € A} if and only if A is an element of P satisfying 0 < \;+ Xy < N/2—2n+1.
We want to find the greatest possible length of a hook over all allowable Young
diagrams that also satisfy 0 < A; + Ay < N/2 — 2n + 1. Recall from Chapter 3 that
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a Young diagram p is said to be allowable if ) + py < 2n + 1. By considering the
geometry of the relevant Young diagrams we can see that the greatest such length
appears in a hook in any allowable Young diagram A satisfying A\; = N/2 — 2n and
A} = 2n. Now the greatest possible length of any hook in any such Young diagram
is 2n + N/2 — 2n — 1, thus d satisfies 2 < |d| + 1 < N/2 — 1.

(i) n > 2 and N =2 (mod 4).

Here A € A}, if and only if X is an element of PT satisfying 0 < \; < N/4—n —1/2.
We want to find the greatest possible length of a hook over all allowable Young
diagrams that also satisfy 0 < A\ < N/4 —n — 1/2. By considering the geometry of
the relevant Young diagrams we can easily see that the greatest such length appears
in a hook in any allowable Young diagram \ satisfying Ay = N/4 —n — 1/2 and
A} = 2n. Now the greatest possible length of a hook in any such Young diagram is
2n 4+ N/4 —n — 3/2, thus d satisfies 2 < |d|+ 1 < N/4+n — 3/2.

(ili) n =1 and N is even.
Intertwiner matrix units Ejyp € C,41 do not exist in this sub-case. Each element of
A% belongs to Z, €; and after examining the geometry of the relevant Young diagra~ms,
the Bratteli diagram shows us that the path M is M = (0, €y, 2¢1, ..., (r+1)e;) € 77

as this is the only path in 77+ that ends on a shape with r+ 1 boxes. As this is the
only such path, there is no P and no intertwiner Fy;p.

This allows us to analyse the cofficient (4.19) of Eyp. Firstly, (4.19) is well-defined if
¢**? # 1. By examining the values of d from (i)—(ii) above, it is not difficult to see that
¢*2 £ 1 and ¢**=2 # 1 unless |d| = 1. However, in Subsection 3.9 we showed that |d| > 2,
thus ¢?4*2 #£ 1.

We now show that (4.19) is non-zero: to do this it suffices to show that ¢* # 1. In
sub-case (i) above we have
and in (ii) we have
thus it is indeed true that ¢*? # 1 and therefore (4.19) is non-zero. Note that we have not
proved that the intertwiner E),p itself is non-zero, but we will show this momentarily.

Now we consider the remaining intertwiners in case (b): the intertwiners Ejp where
|shp(M)| = |shp(P)| < r 4 1. The coefficient of Ey/p is

sdimq (V:ehp(M))
\/Sdimq (Vshp(M’) )Sdimq (Vshp(P’) )

which is well-defined and non-zero as M, P € ’j‘r“, each vertex on the paths M and P is
an element of A}, and sdim,(V3) # 0 for all A € AJ.

Now we need to prove that Eyp € C,,1 is non-zero at the appropriate root of unity.
We showed that the coefficient of Ej/p is non-zero at roots of unity in our work above.

: (4.20)
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Now recall that EypEpy = Eyg at all generic ¢, then by using arguments similar to
those we used in the proof of Lemma 4.2.3, we can show that Ej;p is non-zero when ¢ is
specialised to the appropriate root of unity, as Epys has no poles at these roots of unity.
Furthermore, stry(Epy Envp) = stry(Epp) # 0, so Eyp # 0. Thus the intertwiner Eyyp is
well-defined and non-zero at roots of unity. This completes the proof that the intertwiners

in {EMP €C1| (M,P) € @TH} are all well-defined and non-zero.

We have shown that all the {EST €C| (5.T) e ﬁt} are well-defined and non-zero when
q = exp (2mi/N). Now we wish to show that

Lemma 4.3.1. Fach projector Esg € C;, S € ’i't, is a minimal idempotent in Cy, ie, Fgg
cannot be written as a sum of orthogonal idempotents Egs(1) and Egs(2) in C; where both
Ess(1) and Ess(2) are non-zero.

We will show this by drawing on work of Wenzl [We90]. Before proving Lemma 4.3.1,
we define the annihilator ideal J; C C; with respect to the quantum supertrace, which we
will use in the proof of Lemma 4.3.1 and in the proof of the tensor product theorems later
in this chapter.

Definition 4.3.1. Define the ideal J; C C; by J; = {y € C¢| stry(zy) =0, Vo € C;}.

Note that for any y € J;, stry(avy) = (—=1)EW¥str (yx) = 0 for all € C;, thus J; is a
two-sided ideal.
Recall from Lemma 3.6.4 that for § # 0 not a root of unity, the algebra homomorphism

T: g — —RI, 1=1,...,t—1,

furnishes a representation of the Birman-Wenzl-Murakami algebra 2% ;(—¢*", q) in C/°".
In a similar way, we can show that for ¢ = exp (2wi/N) where N > 3 is an integer, the
algebra homomorphism

T:g — —R;, 1=1,...,t—1,

n

furnishes a representation of B% (—q¢*",q) in C;.

We now prove Lemma 4.3.1.

Proof. In this proof we shall say that an algebra B is semisimple if it is isomorphic to a
direct sum of matrix algebras: B = @, ; My, (C), where M;,(C) is the algebra of b; x b,
matrices with complex entries [We90, Sec. 1].

As g = exp (2mi/N), —q is a root of unity and [We90, Thm. 4.4] states that there is an
isomorphism

BV (—¢"q)] I = q) = BV ()™ —a) | J: (=)™ —a). (4.21)
where right hand side of Eq. (4.21) is semisimple [We90, Thm. 4.4 (d), Thm. 6.4}, thus

BV (- 0) (a2 B M),

i€l (—¢%",q)t



Tensor products of Uq(N)(osp(1|2n))-modu]es 89

where T'(—¢®", q); is the set of Young diagrams containing ¢ — 2k > 0 boxes where k € Z
appearing in a certain graph I'(—¢®",q) [We90, Thm. 4.4 (d)]. We obtain the graph
['(—¢*", q) by following [We90, Thm. 4.4]. To obtain I'(—¢*", q), we firstly define a sub-
graph f(—qQ", q) of the Young lattice [We90, p. 407]. Firstly, let the Young diagram with
no boxes belong to f(—q%, q), then a Young diagram A belongs to f(—qzn, q) if

(a) @x(=¢*,q) #0, and
(b) there is at least one subdiagram of A with |A| — 1 boxes that belongs to I'(—¢*", q).

From f(—an, q), we obtain the graph I'(—¢®", q) using [We90, Thm. 4.4], the relevant
parts of which we now quote. In this theorem, the concept of an N/2 regular diagram is
used. We say that a Young diagram A\ is N/2 regular if its largest hook has fewer than
N/2 boxes, ie A\; + N — 1 < N/2 [We90, Eq. (2.5)].

Before stating the relevant parts of [We90, Thm. 4.4], we again stress the important
fact that 2% (—¢*",q)/ #:(—q*", q) is semisimple for all £ € N.

Theorem 4.3.1. Theorem 4.4 of [We90]. Let ¢* be a primitive (N/2)" root of unity, then

(b) Assume that f(—qQ",q), as defined above, does not contain a hook diagram with
N/2 — 1 bozes. Then T'(—¢*",q) = ['(=¢*", q) with edges inherited from the Young
lattice and it only contains N/2 reqular diagrams.

(c) If f(—an,q) contains only one hook diagram p with N/2 — 1 boxes with, say, p =
[N/2 — 2n,1?"71] and it does not contain its successor [N/2 — 2n,2,12"72], then
['(—=¢*, q) consists of all N/2 reqular diagrams in f(—q2”, q) and, if Qx\(—¢*",q) # 0,
also the diagram X\ = [N/2 —2n+1,1?>""'. The edges of T(—q*",q) are exactly those
inherited from the Young lattice.

(d) These graphs completely determine the direct sum of matriz rings that is isomorphic

to BW (—¢*",q)] Z:(—a*", q).

The first step is to construct f(—qzn,q). Fix the Young diagram with no boxes to
belong to I'(—¢*", q). For convenience, we again state Qx(—¢*",q) from (3.45):

o 2n4N =N —2n—X;+X, Xj+HN—254+1 =N =Ni+2j—1
o . q i 4+q i 4q J q J
QA( q 7q) - (]J)\ qh(.]v]) — qih(jvj)
J1J)€
_ 2n+d(i,5) —2n—d(i,5)
q +4q
X( )H7é PG — ke (4.22)
1,7)ENIFE]

where we recall the meanings of d(i, j) and h(i,j) from Eq. (3.45). As discussed after Eq.
(3.45), Qx(—¢*", q) = 0 if and only if one (or both) of the following conditions is satisfied:

(a) ¢*"*+2463) =1 for some (4,7) € A where i # j,
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(b) #2271 = 1 or @?*2N =2+ = _1 for some j.

Fix ¢ = exp (2mi/N) where N > 4 is an even number. Note the overarching result
that Qx(—¢*",q) = 0 if N\ + X\, > 2n + 2 [We90, p. 422]. We firstly determine when
the numerator of Qy(—¢*", q) vanishes. Let us determine for which A the first equation in
condition (b) above is true. Here ¢*"~2%2~1 = 1 if and only if N, =rN/2+n+j—1/2 for
some r € Z, but this is not possible as A, must be an integer. Similarly in relation to the
second equation in condition (b) we have ¢?**?%~2%%! £ 1 for N = 0 (mod 4). However,
for N =2 (mod 4) we have ¢?"+t?% -2+l = 1 if

Aj=N/4+rN/2—n+j—1/2, for any r € Z, (4.23)

where we note that the right hand side of (4.23) must be an integer. Recall that we have
fixed N to satisfy the inequality N/4 > n+1/2 so that A}, # 0, then N/4—n+j—1/2 > j.
Also, we have —N/4 —n+j—1/2 < —2n+ j —1 <0, so the least non-negative value on
the right hand side of (4.23) is obtained by fixing r = 0. Now max{\;} = A;, and so the
numerator of Qx(—q¢*", q) is zero if

M=N/d—n+1/2 (4.24)
We claim that Qx(—¢*",q) # 0 for N =2 (mod 4) if ) satisfies
M <N/4d—n-—-1/2. (4.25)

It may be observed that (4.23) is never satisfied by any A satisfying (4.25). Furthermore,
any A satisfying (4.25) and \| + A, < 2n + 1 also satisfies the hook length condition that
h(1,1) < N/2—1 as

[ 2n+1< N/2-2 if Ay =1,
max(h(l,l))—{ N/4+n—3/2< N/2—4, if \; > 1.

The statement for \; = 1 comes about from the condition in (4.24) that 1 < N/4—n—1/2.
The statement for A\; > 1 comes about from the condition in (4.24) that n — 3/2 <
N/A— )\ —2< NJ/4— 4.

Now we will show that for N = 2 (mod 4), condition (a) mentioned just after Eq.
(4.22) is never satisfied by any Young diagram A satisfying (4.25) and A} + A\, < 2n + 1.
Fix N =2 (mod 4). Condition (a) is true if and only if d(i, j) = rN/2 —2n for some r € Z
where i # j. Recall that

NN —i—g 1, i<,
d(m)—{_/\;_)\;+¢+j—1, it 7 > j,

then for all ¢ # j,

o max (d(i, 7)) = d(1,2) = A, + A — 2, and
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e min (d(i,j)) =d(2,1) = =\] = \) + 2.
It follows that ¢*"*+2?) = 1 for some i # j if and only if

N+ = rN/2—2n4i+j—1, if i < j, (4.26)
XNoAN = rN/242n+i+j—1, ifi> j, (4.27)

for some r € Z.
Let us consider the case where i < j. From the previous condition in (4.25) that
A < N/4—n—1/2, we have

0<X\+A\<N2-—2n—1, Vi<j (4.28)

Note that for these i and j, we have i < n and j < N/4 —n — 1/2. The right hand
side of (4.26) with r = —1is —=N/2—-2n+i+j—1 < —N/4 —2n —3/2 < 0, and
thus \; + A\, > —N/2 —2n + i+ j — 1. The right hand side of (4.26) with r = 1 is
N/2—=2n+i+j—1> N/2—2n+2, but we always have \; +\; < N/2—2n+2 from (4.28)
and so \; + \; < N/2—-2n+i+4+j—1. Eq. (426) withr =0is \; + \; —i—j+ 1= —2n,
and as at generic ¢, this is not true. (Recall the argument from generic ¢: we have i < 2n,
Ni—j>0and \; >0, thus \; + A\; —i—j+ 1> —2n+1.) It follows that (4.26) is not
true at these roots of unity.

Let us consider the case where ¢ > j with N again fixed as N = 2 (mod 4). We have
already imposed the condition A] + Ay < 2n + 1, s0 A{ + A} < 2n for all (i,5) # (2,1). As
A+, < 2n+1, a necessary condition on the integer r for \j 4+, = rN/2+2n+2 to be true
is that r < —1. Setting r = —2 into this equation gives \] + ), = —N +2n+ 2, however, it
is true that — N +2n+2 < —2n as N satisfies N > 4n+2, and thus A} +X, > —N +2n+2.
Fixing then r = —1, the equation is \| + A, = —N/2 + 2n + 2, and from the conditions on
N we have \] + A, = =N/2+4+2n+ 2 < 1. Now —N/2 4 2n + 2 is odd so this condition
is M+ M\, = —=N/2 4+ 2n + 2 = 1 which is precisely the Young diagram [1]. But this
Young diagram has already been ruled out for N/2 = 2n + 1 as we have the condition
M < N/4—n—1/2=0. Thus (4.27) is not true for (z,5) = (2,1) at these roots of unity.

Now consider (4.27) for i > j where (i, ) # (2,1): recall that 0 < A] 4 X} < 2n. Here
2n+2>i+j>4,s0rN/2+2n+i+j—12>rN/2+ 2n+ 3, and then a necessary
condition on r for Eq. (4.27) to be true is that » < —1. For r < —2 we have

rN/242n+i4+j—1<-N+2n—+i+j—1<-N+4dn+1< —1,

and so a necessary condition on r for Eq. (4.27) to be true is that r = —1.

We now show that (4.27) is not true with » = —1 for all i > j where (7,7) # (2,1)
by considering all the possible relevant Young diagrams. Consider the Young diagram [1¥]
where k € {3,4,...,2n + 1}. Here (i,5) = (i,1) where i € {3,4,...,k} and A\, = 0 and
Ap = k. Eq. (4.27) is true here only if

X, —i=—N/2+2n. (4.29)



92 Chapter 4. Quantum osp(1|2n) at roots of unity

However, A} —i > 0 and N/2 > 2n+ 3, thus the left hand of (4.29) is non-negative and the
right hand side is strictly negative, thus (4.29) is not true. Consider now a Young diagram
A with more than one column of boxes. Fix i > n+1, then j = 1 (note that i < 2n). Then
(4.27) is true here only if

N+ N —i=—N/2+2n. (4.30)

Now the left hand side of (4.30) is non-negative as \; > 0 and A} —i > 0, but N/2 > 2n+3,
so the right hand side is strictly negative, thus (4.30) is not true. Consider again a Young
diagram A\ with more than one column of boxes. Fix ¢ < n, then j <i— 1, and (4.27) is

true only if
N+ N, —i=—-N/2+2n+j— 1. (4.31)

Now A > 0 and A} —i > 0 so the left hand side of (4.31) is non-negative. Note that
_N/24+2n+j—1<—N/d+n—3/2<-3,

as j < N/4—n—1/2 and N/2 > 2n+3, so the right hand side of (4.31) is strictly negative,
thus (4.31) is not true.

It follows from these calculations that for N =2 (mod 4), Q\(—¢*",q) # 0 for all the
Young diagrams A satisfying

M<N/MA—n—1/2, and N 4N, <2n+ 1. (4.32)

We can then write down the Young diagrams that comprise the vertices of f(—q2”,q)
at these roots of unity; these are all the Young diagrams A satisfying (4.32). Note that
f(—qzn, q) contains no hook diagrams with exactly N/2 — 1 boxes.

Now we determine the vertices of I'(—¢2", ¢) when N satisfies N = 0 (mod 4); fix such
an N. As previously mentioned, neither of the equations in condition (b) is true at these
roots of unity; we now determine whether the equation in condition (a) is true at these
roots of unity. This condition can be expressed as the two equations (4.26)-(4.27). Recall
the overarching result that Qx(—¢*",q) = 0 if A} + A, > 2n + 2. Let us consider Egs.
(4.26)—(4.27) for i < j.

Firstly, fix (7,7) = (1,2), then Eq. (4.26) is

for some r € Z. Now (4.33) can only be true for Young diagrams containing at least one
box if r > 1, and we have Qy(—¢*",q) = 0if A + Xy = N/2 — 2n + 2. We claim that Eqs.
(4.26)—(4.27) are not true for all Young diagrams A satisfying

The proof of this claim is very similar to the proof of the corresponding result for N = 2
(mod 4) for all Young diagrams satisfying (4.32), thus we omit it.

Then for N = 0 (mod 4), the vertices of the graph f(—qQ", q) are all the Young dia-
grams \ satisfying (4.34). We need to check that all such A also satisfy the hook length
condition. However this is easy to do and we omit the proof.
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Now we wish to determine the number of vertices of I'(—¢2",¢q) for N = 0 (mod 4)
that are hook diagrams with exactly N/2 — 1 boxes. As N > 4, we are examining the
Young diagrams with at least one box. For all of these Young diagrams, \; > 1 and thus
N/2 > 2n.

Consider the case that N/2 = 2n. Here A; + Ay < 1 which means that the only non-
empty Young diagram in I'(—¢®", ¢) is [1]. This is a hook diagram, but it contains exactly
N/2 — 1 boxes only if N =4 and n = 1.

Consider the case that N/2 = 2n + 2. Here A\; + Ay < 3, and the hook diagrams in
I'(—¢*", q) with exactly N/2 — 1 boxes are

e (3], [2,1] and [1%], if n =1,
o [1?"M] and [2,1%"71] if n > 2.

Consider the case that N/2 > 2n + 4. The hook diagrams in f(—q2”, q) with exactly
N/2 — 1 boxes are

e [N/2—1] and [N/2 —2,1],if n =1,
o [N/2— 20,121, if n > 2.

We can now work out the vertices belonging to the graph I'(—¢*", ¢) using Theorem
4.3.1. For N = 2 (mod 4), I'(—¢*", q) contains no hook diagrams with exactly N/2 — 1
boxes, and so the vertices of I'(—¢?", q) are all the Young diagrams satisfying

M <N/M4A—n—1/2, and N+ X, <2n+1.

Now for N = 0 (mod 4), we have the following cases. For N/2 = 2n, the Young
diagram [1] is a hook diagram with N/2 — 1 boxes if N =4 and n = 1. However, in this
case Qp(—¢*", ¢) = 0 and so the hook diagram [2] is not a vertex in the graph I'(—¢*", q).
Then, for N/2 = 2n and N/2 = 2n + 2, and also N/2 > 2n + 4 where n = 1, the vertices
of T'(—¢*", q) are all the Young diagrams satisfying

M+ A< N/2-2n+1, and N +X,<2n+1.

For N/2 > 2n + 4 where n > 2, ['(—¢*", q) contains one hook diagram with N/2 — 1
boxes: [N/2 — 2n,1?"7!] and it does not contain its successor [N/2 — 2n,2,1?"72]. In
addition, the OSp(1|2n) supercharacters of [N/2—2n+1,1?""!] and [N/2—2n+1] are the
same up to a sign, so Q(n/2—2nt1,120-1](—¢*", q) # 0. The vertices of I'(—¢*", ¢) are then all
the Young diagrams A in the set

{A A+ SN2 =20+ 1, A+ X, < 20+ 1 U{[N/2— 20+ 1,17 1]}.

Now we can write down the Bratteli diagram for B% ;(—q¢*",q) as we did at generic
¢, and then write down the matrix units in B#(—¢*",q)/ #(—¢*",q). For each s =
0,1,...,t, let T'(—¢*, q)s be the set of Young diagrams belonging to I'(—¢*", q) with



94 Chapter 4. Quantum osp(1|2n) at roots of unity

s — 2k > 0 boxes, where k ranges over all of Z,. We say that R is a path of length t if R
is a sequence of ¢t + 1 Young diagrams: R = ([0],[1],7s,...,r:) where r, € T'(—¢*", q), for
each s and r; is connected to 711 for each j = 0,1,...,t — 1. Let w(—¢*", q); be the set of
pairs (R, S) of paths of length ¢ such that r; = s;.

We obtain a complete set of matrix units for B ,(—¢*",q)/ _Z:(—¢*", q) by taking all
the matrix units egs € B#, where (R, S) € w(—¢*",q); and fixing ¢ = exp (27i/N) and
r = —q**. These are all well-defined and non-zero.

Let us define Wt(—q%, q) to be the semisimple subalgebra of ¥ ;(—¢*", q) spanned
by the matrix units {esy € B# (—¢*",q)| (S,T) € w(—¢*",q);}. Note that Y(esr) =
Egr € C; for each (S,T) € w(—¢*", q), where we recall that T is the algebra homomorphism
T:g — —R;.

Now define a map ¢ : C; — C by

W(X) = stry(X)/ (sdim,(V))",
then
Y(Y(a)) = tr(a), for all a € BW (—q*", q), (4.35)

which we can prove in the same way that we proved LemmaVu 3.9.1. Note here that Lemma
3.9.2 holds true if we write U™ (g) instead of U,(g) and fix Ry, € EndU(N)(g)(V®V) to be

as given in Definition 4.1.1. Furthermore, note that ¢(X) = 0 if and only if str,(X) = 0,
thus we can regard J; as the annihilator ideal of C; with respect to .

Note that Z# t(=¢*",q) N _Z:(—¢*,q) = 0 for the following reasons. Any element

f e BW(—q*, q) is a linear combination of the matrix units:

f= Z fsresr,  fsr € C,

(S, T)ew(—q?",q)t

where for # 0 for at least one pair (S,7T). Fix (A, B) to be such a pair, then Eq. (4.35)
implies that

tr(egaf) = Sth(fABEBAEAB)/(Sdimq(V))t = strq(fABEBB)/(sdimq(V))t #0,

as stry(Epp) # 0 for all (B, B) € w(—¢*", q);. Thus any non-zero f belonging to BW (—q*", q)
does not belong to _#;(—¢*", q), giving the direct sum decomposition

B (", q) = BV (—*",q) & _Fo(—¢"",q). (4.36)

Then for all @ € BH# (—q¢*",q), we have a = @ + a;, where a € %t(—q%,q) and
a; € Ji(=¢"q).
Let us define
1@15 = Z err € '@Wt(_q?n? Q)a

(T T)ew(=q*",q)t
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then we have Z,a %, = a for all a € BH# (—¢*",q), which can be seen by regarding
BW (—q¢*", q) as a matrix algebra.
Using Eq. (4.35), we can prove that

(=4, q) = . (4.37)

in the same way that we proved Eq. (3.47). The surjectivity of T implies that
Ct = T(%Wt<_q2n7Q)) + Jt7

and we will show that this sum is direct. To see this, assume that there exists some non-
zero element F' of C; belonging to T(%t(—q%, q)) and also to J;, then stry(XF) = 0
for all X € C;,. However, F' is the image of a linear combination of matrix units: F =
Z(S,T)ew(—q%,q)t fstY(esr), where for € C and fsr is non-zero for at least one pair (S, 7T).
Assume that (A, B) is such a pair, then by similar reasoning as previously, str,(Y (epa)F') #

0 contradicting the assumption that F' € J,. Thus T(Wt(—q%,q)) NJ; = 0, and we
have

Co = T(Wt(—qzna(ﬁ) @ J;.

We note the important fact that each element of T(W t(—qQ”,q)) is a linear com-
bination of the matrix units {Esy € G| (S,T) € '} we defined previously. Note that
the two sets w(—¢*", q); and Ot are identical if we apply the map A — X to the Young
diagrams in the relevant paths if appropriate, where X’l =2n+1— )\ and X; = M} for

j > 2. As Egg = Y(epp) for each (B, B) € Qf (where we think of the vertices on each
path appropriately), this completes the proof.
]

After showing that the projectors in C; are minimal idempotents, we move back to the
main track of our argument and define P;, which will be an extremely useful element of C;.

Lemma 4.3.2. For each t € N, define

P, = ZETTGCta

TeT?
then P, satisfies
(i) (P)? =P,
(ii) strq(P;) = sdimg (VE),
(i1i) stry(1 — P;) = 0.

Note that P(V®) = >, 5 Err(V®) = @reze Vinpr)-
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Proof. The proof of (i) follows from the fact that the set of projections {ETT €C|TEe ’i’t}
is a set of mutually orthogonal idempotents. We now inductively show that str,(FP;) =
sdim, (V®).

Firstly P, = idy and stry(P;) = sdimgy (V). Secondly V@V = Vs, &V, 4., ® Vy, where
each of 2¢1, € + €,0 are elements of f;; obviously sdim,(V ® V) = Euepeﬁ sdimg(V,,)
where Pt = {2¢;, €+ €, 0}. (Note that for n = 1 we write €; 4 €, to mean €;.) Now if each
element of P} is an element of A}, then P, = idygy and stry(P2) = sdimg(V®?). Now

any element of P+ that is not in AL is an element of Py A} denote any such element b
y 1 N N\AN y y

i, then sdimy(V,) = 0. Now

AePd NAY

and if there is at least one element of P} that is not in A}, then P # idygy. Let S, be
the subset of {2¢1,€; + €2,0} consisting of those elements not in A}, then str, (]53 [)\]) =0
for each A € S,. As

VOV =V, ®Viya®@Vo= | R+ Y 52 | VOV,
)\6861

we have
stry(Py) = stry | P+ Z B[N | = sdimg (V@ V).
AES,

Now we do the inductive step. Assume that str,(P;) = sdim,(V®?) for some j > 2,
and let V, CV® e A, be a Uq(N) (g)-module defined by V,, = Esg(V®7) where S € T/

and Egg is a path projection of length j. As S € 77, we have sdimy(V,,) # 0.
Let us define a useful set:

S, = {Aeﬂjmﬁ} AgA;}. (4.38)

Recall from Lemma 4.2.4 the following result: V, ® V = \ePHORE V\ where we have the
p AN

important facts that sdim, (V) # 0 if A € A}, and sdim,(Vy) =01if X € f;\/\} Then
sdimgy(V, ® V) = Z strq(Eson,s01)

AePNAT,

— Z stry (ESo@Sog) + Z stry (ESOQSOC)

EEPINAL, (ESu

= Z Sth (ESog,Sof)a

cePinAg

as sdimg(V;) =0 for all ( € S,,.
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Now this result is true for all U (g)-modules Vy € V¥ defined by V,y = Egg(V®)
where R € 77 and Egrp is a path projection of length j, that is

sdimg(ErpV® @ V) = > stry(Epeg ree)- (4.39)

§e73jhp(R)mA;
Summing over all distinct R € 77 on both sides of Eq. (4.39) gives
sdimq (P;V® @ V) = stry(Pj41), (4.40)
as
P Y b= X[ X B
QeT G+ RETI \&€PF mPA%

and the left hand side of Eq. (4.40) is sdim,(V®U™V) by assumption. This completes the
induction and the proof of (ii), and the proof of (iii) then follows.
U

We now consider a proposition that will be extremely useful in proving the tensor
product theorems in this chapter:

Proposition 4.3.1.
(i) (1 — P,) generates J; as a two-sided ideal in C;,
(ii) the mapping C; — P,C,P; defined by a — P,aP; is an algebra homomorphism.

We now present two technical lemmas that we will use, in addition to Lemma 3.9.2; in
the proof of Proposition 4.3.1.

Lemma 4.3.3. Each element in Cy can be written as a linear combination of elements
(a®id) and (a ®id) R, (b @ id) where a,b € Cy_;.

Proof. From [BW89, Lem. 3.1], each element of the Birman-Wenzl-Murakami algebra
PBW (z,q) can be written as a linear combination of elements ayb where v € {g;_1,€;-1, 1}
and a, b are elements of B# ', 1(z,q). We complete the proof by applying the algebra
homomorphism Y : B% (—¢*", q) — C; to the appropriate equations in % ;(—¢**,q). 0O

Lemma 4.3.4. Let B € TN\T" and Epp = pt[\], where pt[\] : V&' — Vy is a well-defined
projection. Then Egg € J;.

Proof. Let B € TY\T", then shp(B) = A € f;\AE and sdim,(Vy) = 0, which implies that
stry(Egg) = 0. Now let f € C; be arbitrary, then

Sth(fEBB) = StT‘q(EBBfEBB) = ﬁStT‘q(EBB) = 0,

for some complex constant (3. O
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We now prove Proposition 4.3.1.

Proof. We prove (i). We will firstly show that P,C;P, N J, = 0. Assume that this is not
true, that is there exists some f € C; such that P,fP, # 0 and P,fP; € J;, then

PfP = Z EssfErr = Z fsrEsr, fsr € C.

S, TeTt (8,T)eQt

The fact that P,fP, # 0 implies that fs # 0 for at least one pair (S,T) € Q. Fix (S,T)
to be such a pair, then

strq(ETSPtfPtETT) = stry | Ers Z fapEapErT
(A,B)efit

= sirg Z JspErpETT
BeTt
= stry(Err) fsr
# 0,
as stry(Epr) # 0 for all T' € Tt However, the fact that P, f P, € J; implies that
strq(BErsP, fP,Err) = strq(ErrErsP fP) =0,

which is a contradiction, thus there does not exist any such f € C; and thus P,C,P,NJ; = 0.

We define the inclusion a € C; — C;y1 by a — a®id, and we can regard each element of
Ji as an element of J;;1 under this inclusion. From Lemma 4.3.3 each element in C;;q can
be written as a linear combination of elements (a®id) and (a®id) RF! (b®id) where a,b € C,
and E’tﬂ = id®t D g 7V2V7V € Ci41. Let x € J;, then we claim that str, (ali’tilb:c) = ( for all

a,b € Cy, which we now prove using Lemma 3.9.2, which we recall is still valid for Uq(N) (g9)
as discussed after Eq. (4.35):

st'rff(t“) (aRf'bz) = strit (id® @ stry) (bzaR;)
= xv(uT)stre (bxa) = xv (v™)str? (abx) = 0,
where stry" means that we take the quantum supertrace over V",
Let T € T*. Under the inclusion C; — C;; discussed above we have

Erp — E EToP,ToP,

+
PEPShP(T)

which corresponds to the decomposition of V,, ® V' into a direct sum of Uq(N) (g)-submodules
in Eq. (4.13) where p = shp(T) and V,, = Epr(V®):

(ErrV)@V=V,aV= € Ve= > Ereprr (V). (4.41)

PeP;nAT; PeP;nAT;
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Using the set S, defined by (4.38), we can rewrite (4.41) as

V,@V = @ V| @ @VQ

PEPFNAY, QeSy
t4+1 t+1
= E EToP,ToPV®( MRS E ETOQ,TOQV®( * )7
PePnAL, QES,

where the quantum superdimension of the module Er.g 100 (V®(t+1)) is zero for QQ € S,

as Q € Py\AL and T o Q is a path belonging to 7"+'\T*+!. It is very important to note
that Er.groq belongs to Jiy; from Lemma 4.3.4, and that ZQesu Ereq roq also belongs
to Jt+1.

We will now show that there is some integer r > 2 such that (1 — Ps) belongs to J; for
each integer s > r. To prove this we firstly note that ¢; € A}, and that P, = idy ¢ J;.
Now A}, is a proper subset of E and of Py, thus there is some integer m > 2 such that
T™ contains at least one path that is not in T™. Let us fix r > 2 to be the smallest integer
such that 7" contains at least one path that is not in ’j'r, then

P(T‘*l) — idv@(r—l), and PT’ % idv@r.
Note that P; = idye: for all integers ¢+ =1,2,...,r — 1.

Recall the definition (4.38) of Sguy(r) for a path T' of length » — 1. Under the inclusion
C,_1 — C, we have

P,y = Z Z Eroprop + Z Eregroq | »

TeT(r=1 \ PEP], 1 NAL QEShp(T)
= E Err + E E Ereq,r0q
TeT" TeT(r=1) \QESsnp(T)

= P+ ) > Erequreq | - (4.42)

TeT (=1 \QESshp(T)

As P,_1) = idyer-1 and we have P,_1) — FPy_;) ® id under the inclusion C,_; — C,,
(4.42) equals idyer. We reiterate once more that P, # idyer.
As Pi_1) ® id = idyer, rewriting (4.42) gives us

(1-P)= Z Z Ereqroq |

TeT(r=1) \QESsnp(T)
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and the two summations on the right hand side of this expression can be rewritten as a
single sum:

Z Z Eregreg | = Z Epp,

Tef'(rfl) QESShP(T) Defj\‘r\"f‘r

and therefore

(1-P)= Y Epp,
DeT™\Tr
where each Epp is an element of J, from Lemma 4.3.4.
Now for each integer s > r we can similarly show that

Py = Psy1) = Z LEqQq € Jist);
Qef’sﬁ»l\%s«kl
and by expressing (1 — Ps41)) as the sum:
(]-_P(S-l—l)):(1_Pr)+(PT‘_P(T‘+1))+"'+(PS_P(S+1))7

we have (1 —Py1y) € Js41) as (1= P,) and (P; — P11)) belong to J4qy foralli =r, ... s
under the inclusion C; < C(;41). This proves that (1 — F;) € J; for all j € N.
Note that

G = (B+1-P)CG(P+(1-P))
= PCP,+(1—P)CP + PC(1—P)+(1—P)C(1—P). (4.43)

Now (1 — P,) is in J;, and each of (1 — P,)zFP;, Px(1 — P,) and (1 — P,)z(1 — P,) are in J;
for each x € C;, thus

(1= P)CP + PC(1 = P) + (1= P)Ci(1 = P,)) C Jy.

We previously proved that P,C,P, N J; = 0, thus any element = € C; belonging to J; must
also belong to ((1—P,)C, P+ FCi(1— P+ (1— F)Cy(1— P,)) from (4.43). We thus obtain

Ct = PtCtPt @ Jt-

We wish to show that (1 — P;) generates J; as a two-sided ideal. To do this we will prove
two assertions:

(a) (1 — P,)y belongs to J, for all z,y € C;, and
(b) each element of J; belongs to C;(1 — P;)C;.

The proof of (a) follows easily from the fact that (1 — P,) € J; and the properties of the
quantum supertrace, but the proof of (b) is more involved. Let z be an arbitrary element
of J;, then

z2=DPzP,+ (1= P)zP,+ Piz(1 — P) + (1 — P)z(1 — P,).
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As PtZPt c Jt, but PtCtPt N Jt = O, we have PtZPt = 0. Then
z2=1-=P)zP+Pz1-P)+(1—-F)z(1-F) ==2(1—-PF)+ (1 - B)zP,

which belongs to C;(1— P;)C;, proving (b). This completes the proof that (1 — P;) generates
J; as a two-sided ideal.

We now prove part (ii) of Proposition 4.3.1. Let a, b € C; be arbitrary, then
PtCLth = Pta(Pt -+ (1 — Pt))bpt = PtaPtth = (PtCLPt)<Ptth),

aSPta(l—Pt)thEJtandPtCtPtﬂJtIO. O

4.3.2 The Tensor Product Theorems

We now prove the tensor product theorems.

Theorem 4.3.2. Let n > 2 and N > 4 be even, orletn =1 and N > 6 satisfy N = 2
(mod 4). Furthermore, let N be sufficiently large enough so that €; € A;. Then for each

t € Z., there is a decomposition of V& into a direct sum of UéN) (g)-submodules
V=V Z, (4.44)

where V is of the form

V=@ v,

+
Aert;

with ny(A) € Z, being the (possibly zero) number of copies of the v (g)-submodule Vy in
V. Here Z is a possibly vanishing Uq(N) (g)-submodule with the property that stry(f) =0
for all f € C; satisfying f(V®') C Z.

Proof. Let P, be as given in Lemma 4.3.2 and fix V = P,V® and Z = (1 — P)V®. As
P, and (1 — P,) are orthogonal idempotents, the sum on the right hand side of (4.44) is
direct. To prove that Z has the claimed property, let f € C; satisfy f(V®') C Z. Then
f=(P+(1=P)f Now Pf(V®) C BZ = P(l1 — P)V® = 0, thus P,f = 0 and
f = (1—=P)f. Then stry(f) = stry((1 — P)f) = 0as (1 — F) € J;, completing the
proof. O

Lemma 4.3.5. Assume that the given conditions onn and N are the same as in Theorem
4.8.2. Let VO =V, @ Z; be the decomposition of V®' into UéN) (g)-submodules for each
t € N given in Eq. (4.44). Then Z, @V C Z,.;4.
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Proof. This is similar to the proof of [TW93, Thm. 5.5.2]. From the definition of P, and
the inclusion P, — P, ® id € C;1 we have

Poid = Y Ess®id= Y | > Esousop (4.45)
SeTt SeTt nenl
shp(S)<p
= Puy+ Y, Err (4.46)
TeTt+1\Tt+!

To be certain that (4.45) is true, note that Fgg is a path projection of length ¢ projecting
down from V® onto a UL (g)-submodule V, where v = shp(S) € A, and recall from
(4.13) that

v,eV= & V.

pePF AT

Then (4.45) follows from the fact that P N E is the set of all elements £ of E where

v < &, that is, P,;NAY is the set of all the £ connected to v in the relevant Bratelli diagram

where £ is on the level of the Bratteli diagram immediately below the level containing v.
To see that (4.46) is correct, note that each vertex v € A} on the ¢ level of the Bratteli

diagram is connected to vertices on the (¢ + 1)** level of the Bratteli diagram where all of

these latter vertices are elements of f;
Note that the image of Z Err is contained in Z;,,. Hence
TeTt+1\Tt+1

Z@V=|0-Pn)— Y Epp|VEHICzZ,,

TeTt+1\Tt+1
U

Theorem 4.3.3. Assume that the given conditions onn and N are the same as in Theorem
4.3.2. Let s € N and \; € A}, for each 1 <i <'s. Let Vy, be a UéN) (g)-module defined in
Definition 4.2.5:

PrN] V=V, i=1,...,s.

Then there is a decomposition of Vy, @ --- ®@ V), into a direct sum of UéN) (g)-submodules:
Vi@ @V, =V]2Z, (4.47)

where V is a direct sum of q-admissible submodules and Z is a possibly vanishing submodule
with the property that stry(f) =0 for all f € C; satisfying f(V,\1 ® - ® V,\S) C Z.
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Proof. We can write the left hand side of (4.47) as
V)\1 R---® V>\s — e(v@tl R ® V®ts) g V®t,

where t =) 7 | t;, and
e=p M@ - @p [\ €Ch

Then e? = e, and we can use Proposition 4.3.1 (ii) to prove that
(PeP,)? = PePeP, = PeP,. (4.48)

In the same way, we can show that eP,eP,e is an idempotent, and thus so is e — eP,ePe.
Clearly these two idempotents are orthogonal to each other. The method we use to prove
the theorem is to show that ePtePte(V®t) is isomorphic to PeP,(V®"), which is a direct
sum of g-admissible modules, and that (e — eP;ePie)V®" satisfies the given properties of Z
in (4.47).

Firstly, we will show that (e —eP,eP,e) € J;. Clearly, (1—P,)(e—ePiePe)(1—P,) € J,
and

(1 - Pt)<€ — ePt€Pt€>(1 — Pt)
= (e — ePiePe)(1 — P,) — (P,e — PePie)(1 — P)
= (e—eptepte)—(ept—€Pt€Pt>+(Pt€Pt€—Pt€)(1—Pt).

Now P,(eP, — eP,eP;) = 0 as P, and P,eP, are idempotents, and so we can write

(1—-P)(e—ePePe)(l—-F)
= (e—ept€Pt€)+(Ptepte—Pt€>(1—Pt)—(1—Pt)(€Pt—€Pt€Pt)7

which implies that
(e — ePiePie) € Jy,

as both (PePe — Pe)(1 — B,) and (1 — P,)(eP, — eP,eP,) are elements of J;. Clearly
stry(f) =0 for all f € C; satistying f(V,\1 ®-® V,\S) C (e — ePePe)Vet.
Fix A = eP,eP,e and B = PieP,, then A and B are Uq(N) (g)-linear idempotents satisfy-
ing
ABA=A, and BAB=B. (4.49)
Write
Va=AV®), and Vp=B(V®),

then V4 = V. While this is easy to show, we prove it here for clarity. Clearly A(VB) C Va,
SO BA(VB) - B(VA), and we can rewrite this using (4.49) as Vg C B(VA). In addition,
B(VA) C Vg, so AB (VA) C A(VB), and we can rewrite this using (4.49) as V4 C A(VB).
Then

A(VB) =V4 and B(VA) = V5.
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The idempotents A and B are Uq(N) (g)-linear intertwiners between V4 and Vg, so V4 = Vp.
Now Vg = PtePt(V@) is a direct sum of g-admissible modules, so V4 = ePtePte(V®t)
is also a direct sum of g-admissible modules. Fixing V = ePtePte(V®t) and Z = (e —
ePiePe)V® completes the proof.

O

We say that a UéN) (g)-module W, is g-admissible it W,, = p,(V®") for some idempotent
pu € Cp and if W, is isomorphic to a UéN) (g)-module V) = Epr (V®t) for some \ € A%,

Here Err € End, ) (g)(V@’t) is the path projection associated with the path T € Tt of
q

length ¢ with shp(T) = A. Each g-admissible UM (g)-module has non-vanishing quantum
superdimension.
We finish off this section by making the following conjecture.

Conjecture 4.3.1. Assume that the given conditions on n and N are the same as in
Theorem 4.3.2. Let s € N and \; € A}, for each 1 < i < s. Let Vy, be a Uq(N) (g)-module
defined in Definition 4.2.5:

PN VO SV =1, s,
Let Vy,@---®@Vy, CV® wheret =3 :_, t;, then given any decomposition of Vy, ®--- @V},
into a direct sum of U (g)-submodules:

V@0V, =V Z, (4.50)

where V is a direct sum of q-admissible submodules and Zisa possibly vanishing submodule
with the property that str,(f) = 0 for all f € C; satisfying f(Vy, @ --- @ Vy,) C Z, then
V=V and Z = Z where Vv @--- @V, =V ® Z is the decomposition of Vy, @ -+ - ® V),
into U™ (g)-submodules given in Eq. (4.47).

4.4 The well-definedness of the projection operators

In this section we present the detailed proof of Lemma 4.2.2. Let A\l = (0, €1, 82, 83,...,81,\) €
7'. The projection pi[A] : V&' — V) is well defined if for each s; € AL,

IT (e (@) = xu(@) #0. (4.51)

ueP%
M?ésj-ﬂ

We now write \ instead of s;. From Def. 3.8.1, Py C P = {)\, AtegePt|1<;< n}
Clearly the following equation

H (XSJ--H(U) - XM(U)) 7& 07 (452>

uEPg
HFSj+1
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implies (4.51). Note that (4.52) is true if and only if
((s541+2p,8541) = (u+2p,p)) 0  (mod N), (4.53)

for all s;,1, 0 € P) where p # s;41. Let us write £ instead of s;11 for convenience.
In order to show that (4.53) is true, we will find the largest and smallest elements of

S= {}(u+2p7u) —(E+2p.8)] €R ’ mEE P, 1t %S}-

To help with this we note the following inequalities for each A\ € P* and each i =

1,2,...,n—1:
A+20,0) <A +e1+20, A+ e41) < (A +6+20, M+ €),
(A—€+2p, A =€) < (A =€ +2p, A —€i41) < (A+2p,A).

From these inequalities, the largest element of S is
A+ter+20, A 4+€)—(A—€e1+2p,A—€) =4\ +4n — 2,

and the second largest element of § is

A+e+20, A +6)—(A—ea+2p, X —€) = (2N + 2p, €1 + €3) = 2X1 + 29 + 4n — 4.

We now determine the smallest element of S. For each A € PT and i =1,2,...,n — 1,
we have

2< (A4 e6+20, A +€) — (A + €101 +2p, A+ €41),
2<(A—€1+ 200 —€41) — (A —€+2p, X — &),
and
2< (A + e +2p, A+ €,) — (A +2p,N),
2<20, < (A +2p,0) — (A —€n+ 20, A — €,),
as A — €, is an integral dominant weight.

Lemma 4.4.1. The projections from Lemma 4.2.2 (a) are well defined when N = 0
(mod 4).

Proof. The projections are well-defined if for each A\ € A}, we have

(1 + 20, 1) — (€+2p,€)| Z0  (mod N), (4.54)

for all p, & € PY where pu # €. As before, the smallest value of the left hand side of (4.54)
is 2 and the largest is 4\; +4n — 2. From the definition of A}, the components of \ satisfy
0< A+ A <N/2—2n+1, thus

0 <4\ +4n—2 < 2N —4dn + 2,

and 2N —4n+2 < 2N. As A\ € Z,, we have 4\ +4n — 2 € 47, + 2, then it follows that
A M +4n—2%# N as N =0 (mod 4).

To complete the proof, we note that the second largest value of the left hand side of
(4.54) is 2A1 + 2X\y + 4n — 4. Now from the inequality A; + Ay < N/2 — 2n + 1 we obtain
2A1 + 2Xy +4n — 4 < N — 2, completing the proof. U
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Lemma 4.4.2. The projections from Lemma 4.2.2 (a) are well defined for N = 2 (mod 4).

Proof. For A € A}, we have 0 < \; < N/4 —n — 1/2. As previously, the projections are
well-defined if (4.54) is true. The smallest value of the left hand side of (4.54) is 2 and the
largest value is 4\; + 4n — 2. Thus

6<4\ +4n—2< N —4,

and the projections are well-defined.
O

Lemma 4.4.3. For each odd N > 3, the projection pt[\ is well-defined for each A € T if
(i) i <(N—-1)/2—n+1, orif

i) the components of s,y = X € AL satisfy \y = (N —1)/2—n+1 and s = Ay, and
(i) p S N )
A s such that A = \ + ¢;.

Proof. As previously, the projection is well-defined if (4.54) is true for all pairs (u,&) €
P x P) where p # £, for each A € A},. We will show that this is true only when parts (i) or
(ii) of the lemma are satisfied. As before, the smallest value of the left hand side of (4.54)
is 2, the largest value is 4\; + 4n — 2, and the second largest value is 2A\; + 2X\y + 4n — 4.
Consider the largest value. Let \ € A}, then 0 < A\ + Xy < N —2n + 1, thus

0 <4M\ +4n —2 < 4N.

Note that 4\; +4n — 2 # N and that 4\; + 4n — 2 # 3N as the left hand sides of each of
these is even. However, we may have 4\; + 4n — 2 = 2N and it transpires that this results
in part (i) of the lemma.

Let us consider the second largest value of the left hand side of (4.54). From the
relations 0 < Ay + Ay < N — 2n — 1 we have

4<2\ 42\ +4n —4 < 2N — 2.

Thus if we can show that the left hand side of (4.54) is always even, the only possible case
in which (4.54) is not satisfied is when 4\, +4n —2 = 2N. We will now show that the left
hand side of (4.54) is always even. To do this, we consider all the possible cases below, in
which we let 4,5 € {1,2,...,n}.

(i) Set = A+¢; and & = A. Then (A¢€;+2p, A+¢€;)—(A+2p, A) = (2A+2p,€;)+1 € 2Z,.
(ii) Set u = Aand £ = A—¢;. Then (A+2p, A\)—(A—€;4+2p, A\—€;) = (2A+2p,€;)—1 € 27Z,.

(ili) Set pr = A€ and & = A—¢; where i # j. Then (A+€;4+2p, A €;) —(A—€;+2p, A—¢;) =
(2)\ + 2p, € + €j> € 2Z+

(iv) Set p = A—¢; and &€ = A—¢;j where i # j. Then (A—e;42p, A\—€;) —(A—€;4+2p, A—¢;) =
(2)\ + 2p, €j — €i> € 27.
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(v) Set pp = M€ and & = A+e; where i # j. Then (A+€;4+2p, A -€;) —(A+€;4+2p, A €;) =
(2X +2p,€; — €;) € 2Z.

(vi) Set u=A+¢ and E =X —¢. Then A+ 6 +2p, A +¢€) —(AN—€ +2p,\—¢€) =
(2X\ 4+ 2p, 2¢;) € 2Z, and

4N, when i =1,

(2N +2p,2¢;) =22\ +2n— 21+ 1) < { 9N, wheni> 2.

The only possible case in which (4.54) is not satisfied is when g = A+ ¢; and £ = X — €y,
and here it may be possible that (£ +2p,&) — (u+2p, 1) = 2N. We will show that for each
odd N > 3 there always exists at least one element A of A}, with the property that

A+e+2p, A +€)—(AN—€+2p,A—¢€)=2N. (4.55)

If (4.55) is satisfied, the notionally existing projection P[A +¢1] € End v (g)(VA ® V') that
would act if it was well-defined as

P[}\—FEl]ZV)\@VHV)\JrﬂCV)\@V?

is only well-defined if A —¢; ¢ Py N E Additionally, if (4.55) is satisfied, the notionally
existing projection P[\ — €] € End v (g)(VA ® V') that would act if it was well-defined as

PA—¢]: V@V =V, CVheV,

is only well-defined if A + ¢ ¢ Py N A%

If A\ — ¢ and A\ + €; are elements of PY for any given A\ € AL, then they are elements
of Py N AY. By inspection, both A — €; and A + ¢; are elements of P} if and only if the
components of A satisfy

)\QS)\I_l, and ()\1+1)—|—)\2§N—2n+2

The first condition implies that both A — €; and A\ + ¢; are elements of P;L and the second

condition is necessary so that A + ¢ is an element of A% .

Let us determine the conditions on the components of A so that (4.55) is true. This
equation states that 4\; +4n —2 = 2N which we rewrite as Ay = N/2 —n+1/2. Consider
an integral dominant weight A where \y = N/2 —n + 1/2 and Ay < A\ — 1. Then
A +A2 < N—2nand Aisin A} This means that for each A}, there is at least one A € A}
where the notional projections P[A + €;] and P[\ — €] are not well-defined. In general
there are many such elements of A}, for which this is true. This proves (i).

We now prove (ii). Consider an element A € A}, where \; = N/2—n+1/2 and Ay = \;.
Then A\ —¢; ¢ Py and (M +1)+ Xy = N —2n+2, thus we have A+¢; € AL\AL. Then the
projection P[X + 61:| V5V — Vi, is well-defined as A—e & 77% proving (ii). Note

that sdimg(Vx,.,) = 0.
U



108 Chapter 4. Quantum osp(1|2n) at roots of unity



Chapter 5

Topological invariants of 3-manifolds

from UéN) (osp(1]2n))

The structure of this chapter is as follows. In Section 5.1 we introduce knots and links and
the equivalence relations of ambient and regular isotopy generated by the Reidemeister
moves on planar projections of links. We describe how each closed, connected, orientable
3-manifold M}, can be obtained by performing surgery on the 3-sphere S® along a link
L c S3, and we describe the equivalence relations, called the Kirby moves, on two links L
and L' embedded in S? such that the 3-manifolds they give rise to upon performing surgery
are homeomorphic.

In Section 5.2 we introduce directed ribbon tangles and the category of coloured di-
rected ribbon tangles following Reshetikhin [Re90] and Reshetikhin and Turaev [RT90],
as a precursor to constructing isotopy invariants of coloured directed ribbon tangles, and
thereby regular isotopy invariants of links later in this chapter.

In Section 5.3 we state the Reshetikhin-Turaev functor F', a covariant functor from the
category of coloured directed ribbon tangles to the category of finite dimensional represen-
tations of a Zy-graded ribbon Hopf algebra. This definition follows directly from [Zh95] and
is a generalisation of the covariant functor from the category of coloured directed ribbon
tangles to the category of finite dimensional representations of an ungraded ribbon Hopf
algebra [Re90, RT90, RT91]. The functor yields isotopy invariants of coloured directed
ribbon tangles and thereby regular isotopy invariants of links.

Sections 5.4-5.8 contain the new results in this chapter.

In Section 5.4 we generalise the definition of a modular Hopf algebra to the Zs-graded
case. Drawing on this generalisation, we define a new algebra that we call a pseudo-
modular Hopf algebra. Pseudo-modular Hopf algebras are Zs-graded ribbon Hopf algebras
together with a finite set of finite dimensional representations satisfying slightly weaker
conditions than those satisfied by modular Hopf algebras. We define these algebras as there
exist quotients of quantum algebras and quantum superalgebras that are not modular, or
are not known to be modular, from which topological invariants of 3-manifolds can be
constructed. Later in this chapter we construct topological invariants of 3-manifolds from
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pseudo-modular Hopf algebras.

In Section 5.5 we prove that topological invariants of closed, connected, orientable
3-manifolds can be constructed using pseudo-modular Hopf algebras.

In Section 5.6 we prove that the Z,-graded ribbon Hopf algebra Uq(N)(Osp(1|2n)), where
N > 6 satisfies N = 2 (mod 4), together with a set of non-isomorphic finite dimen-
sional Uq(N)(osp(1|2n))-m0dules {VAl A € A§} defined in Chapter 4, is a pseudo-modular
Hopf algebra. We also prove that 3-manifold invariants cannot be constructed from
v (osp(1]2n)) when N > 4 satisfies N =0 (mod 4).

In Section 5.7 we compare the 3-manifold invariants arising from Uy (0sp(1|2n)) when
N > 6 satisfies N = 2 (mod 4), with the invariants arising from other ribbon Hopf al-
gebras. This is difficult to do, and for tractability we only compare our invariants with
those arising from U{"/? (so(2n+1)) at the same N. We do this as the quantised universal
enveloping algebras of osp(1|2n) and so(2n + 1) are known to be related at generic q. We
show that the 3-manifold invariants arising from Uq(N)(osp(1|2n)) and Uq(N/Q)(SO(QTL +1))
are not the same.

In Section 5.8 we give some side results.

5.1 Knots and links
We take the following definitions from [Ro90, CP94, Lic97].

Definition 5.1.1. A link L = J;", L; of m components embedded in S® is a subset of S*
consisting of m disjoint smooth 1-dimensional submanifolds of S®. A knot is a link with
one component.

This definition of a link ensures that we do not deal with wild links in this thesis.

Definition 5.1.2. An oriented link L is a link with an orientation assigned to each con-
nected component of L.

Definition 5.1.3. Two oriented links L, L' C S3 are said to be equivalent if there exists
an orientation preserving diffeomorphism f of S such that f(L) = L' and such that f
takes the orientation of L into that of L'.

Let S® denote the 3-sphere, then S* = R3 U {oo}. Let a link L C S® be embedded in
S3 such that

(i) LN{oo} =10, and
(ii) given the standard projection p : R® — R?, p(L) has only transversal crossings where

in some sufficiently small neighbourhood of each crossing there are projections of at
most two branches of L.
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Here we define a branch of L to be a closed proper subset of a single connected component
of L. We define the planar projection of a link L C R® C S to be p(L) together with
information at each crossing in p(L) specifying which of the branches is the overcrossing
branch. The overcrossing branch is represented by an unbroken line and the undercrossing
branch is represented by a broken line, the line being broken at the crossing [CP94].

We detail the Reidemeister moves in Figure 5.1 [Kau91]. Let L C S be a link such
that L N {oo} = 0. Each of the Reidemeister moves replaces a configuration of arcs and
crossings in the intersection of p(L) with a 2-disc D?, with another collection of arcs and
crossings, such that the complement of p(L) is left unchanged [Lic97]. Each Reidemeister
move is an equivalence relation: two links L, L’ C S3 are said to be ambient isotopic if
their planar projections are elements of the equivalence class of planar projections of links
generated by the Reidemeister I, IT and III moves. Two links L, L' C S? are said to be
reqularly isotopic if their planar projections are elements of the equivalence class generated
by the Reidemeister II and III moves.

/ \
-0 -]

\ /

/

(

117

Figure 5.1: The Reidemeister I, IT and III moves

We associate a linking number 41 or —1 with each crossing of any pair of components
of an oriented link as given in Figure 5.2.

Definition 5.1.4. Let L; and L; be connected components of an oriented link L. The
linking number 1k(L;, L;) of L; and L; is half of the sum of the linking numbers associated
with each crossing of L; and L; in a planar projection of L.

Definition 5.1.5. Let L C S3 be an unoriented link. The writhing number w(L;) of
a connected component L; of L is the sum of the linking numbers associated with each
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Figure 5.2: Linking numbers

crossing of L; with itself in a planar projection of L, where L is assigned an arbitrary
orientation.

The writhing number of a connected component of a link is independent of the orien-
tation of the link, thus the writhing number of a connected component of an unoriented
link is well-defined using the above definition [Kau91].

Definition 5.1.6. A framed link L C S® is a link L together with an assignment of integers,
each connected component of L being assigned an integer which we call the framing number
of that component.

Let L = U, L, C S® be a framed unoriented link with m connected components
where the framing number of the connected component L; is n;. We can equip L; with a
normal vector field as follows: let U; C S3 be a small tubular neighbourhood of L; such
that U;NU; = 0 if i # j. Let K; C U; be a connected link such that we can equip L; with
a normal vector field where the tips of the vectors trace out K; and such that if we assign
an orientation to L; and a parallel orientation to K;, the linking number of L; and K; is n;
[Kau91]. For each such normal vector field there exists an integer n;, and for each integer
n; there exists such a normal vector field.

A natural normal vector field to use gives the so-called blackboard framing. Set the
normal vector field to L; to lie in the planar projection of L. Then the tips of the vectors
sweep out a link K; parallel to L; [Kau91] and the linking number of L; and K is w(L;).
The normal vector field of a framed link can always be presented in the blackboard framing.

The blackboard framing allows us to define a convenient notion of ‘equivalence’ of
framed links. We say that two framed links are equivalent if the links are regularly isotopic
when presented in the blackboard framing.

An important element in the study of 3-manifolds is the notion of surgery [Kau91, p.
252]:

Definition 5.1.7. Performing surgery on a 3-manifold M? along a link L C M3.

Let M? be a 3-manifold and L C M? an unoriented link with one component and
framing number ny. Let o : ST x D* — M? be an embedding and o(S* x 0) an embedding
of L. A longitude of a(S* x D?) is a(S* x 1) C a(0(S* x D?)) where (S* x D?) denotes the
boundary of S* x D*. Let L' C a(9(S* x D?)) be a closed twisted longitude of a(S* x D?)
such that 1k(L, L") = ny, where we now fix L and L' to have the same orientation.
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We perform surgery on M?® along L by gluing D* x S* to M® — Int(a(S* x D?)) along
the boundary of S* x S* C M3 —Int(a(S' x D?)) so that the meridianm = S'x1 C D*x S*
matches the closed twisted longitude L'. We conduct surgery on links with more than one
component by performing surgery on each component simultaneously.

The following theorem [Lic62] (see also [Lic97]) establishes a connection between closed,
connected, orientable 3-manifolds and links embedded in S® that underpins our approach
to developing topological invariants of such 3-manifolds.

Theorem 5.1.1. Any closed, connected, orientable 3-manifold My can be obtained by
performing surgery on S* along a framed link L C S3.

We refer to [Ro90, Chap. 9] and [Kau9l, Part I, Chap. 16| for detailed discussion
concerning, and examples of, surgery on S? along framed links.

Let L, L' C S® be two regularly isotopic links with the same framing. Let My (resp.
M7p/) be the closed, connected, orientable 3-manifold obtained by performing surgery on 53
along L (resp. L'), then there exists an orientation preserving homeomorphism M — M.

A question which immediately arises is whether there are any other relations between
framed links such that the 3-manifolds they give rise to upon performing surgery are
related by an orientation-preserving homeomorphism. Kirby answered that question by
finding a complete collection of such relations between framed links and proving that closed,
connected, orientable 3-manifolds M and Mj, are related by an orientation-preserving
homeomorphism if and only if the framed links L and L’ are related by a certain set of
transformations [Kirb78].

Fenn and Rourke subsequently proved a similar result but with the advantage that
their transformations were local transformations, that is, their transformations occur on
some subset of the planar projection of a link [FR79]. These transformations are called
the Kirby moves and are detailed in Figures 5.3-5.5. Let L, L' C S® be two links that
are regularly isotopic outside of their intersections with a 3-disc D3. Each Kirby move in
Figures 5.3-5.5 relates the intersection of a 2-disc D? with p(L) and p(L’), respectively.

We say that L and L’ are equivalent under the Kirby moves if the intersection of p(L)
with D? is regularly isotopic to one diagram of a move, and the intersection of p(L’) with
D? is regularly isotopic to the other diagram of the move. The relation equivalent under
the Kirby moves is an equivalence relation. The reader is referred to [Kau91, Part I, Chap.
16] and [KL94, Chap. 12] for examples of links equivalent under the Kirby moves.

The /if) and £'” moves are called the special Kirby (+) move, and the special Kirby (-)
move, respectively. The x, and k_ moves are called the Kirby (+) move, and the Kirby
(-) move, respectively.

We now explain the origin of the Kirby moves [Kau91, KL94, Lic97]. Let L C S? be
a framed link and L’ C S? an unknot with framing number 41 such that L U L' is a split
link, that is, that LU L’ is the disjoint union of links L, L’ such that L and L’ are mutually
unlinked. Surgery on S® along L’ gives rise to a 3-manifold homeomorphic to S?® [KL94].
Let M}, be a closed, connected, orientable 3-manifold obtained by performing surgery on
S3 along the framed link L C S3. Let M #S? denote the connected sum of M; and S®
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<> nothing Q} <= nothing
(0) (0)

Ky K_

Figure 5.3: The Kirby KJSS) and £ moves

K+

Figure 5.4: The Kirby x, move

and let = denote an orientation-preserving homeomorphism. Then M;#S® = M;, and
the relations My = Mp# M, = My imply the existence of the n(f) and /i(,o) moves.

The k; and k_ moves arise from an application of the band connected sum move as
detailed in the following theorem [Kau91].

Theorem 5.1.2. Let K, K' C S? be two links related by a band connected sum move and let
My, Mg be the closed, connected, orientable 3-manifolds obtained by performing surgery
on S? along K and K', respectively. Then My = M.

We now explain the band connected sum move. Let L; and L; be two disjoint connected
components of a link L € S3. The action of the band connected sum move on L; is to
replace L; with the band connected sum L;#,L;, which we define as follows. Let b be
the image of a smooth embedding e : [0,1] x [0,1] — 5* where ¢([0,1] x {0}) is glued
smoothly to L; and e([O, 1] x {1}) is glued smoothly to L; such that the linking number of
e({O, 1} x [0, 1]) is zero, and furthermore, we require that the only part of b that intersects
L; (vesp. L) is e([0,1] x {0}) (resp. e([0,1] x {1})). We define

We now detail an example of the band connected sum move to be concrete. Let L; and
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KR_

Figure 5.5: The Kirby x_ move

L; be components of a split link in Figure 5.6, then L;#;L; is the left most component in
Figure 5.7.

Li L

Figure 5.6: Link components L; and L;

The band connected sum move gives rise to the x, move. In Figure 5.8 we show
this in the situation that the left hand side of the x; move has one component. The
multicomponent case is similar. In Figure 5.8, <% indicates the band connected sum move,
<", indicates the f@f)
the k_ move is similar.

The existence of the band connected sum move suggests that there may be a large num-
ber of moves on links that give rise to homeomorphic 3-manifolds. However, a convenient
result is that the Kirby moves are a sufficient generating set of such moves [FR79, Thm.

p. 1]:

Theorem 5.1.3. Orientation preserving homeomorphism classes of closed, connected, ori-
entable 3-manifolds correspond bijectively to equivalence classes of framed links in S where
the equivalence is generated by the Kirby mowves.

move and the remaining move is regular isotopy. The generation of

It transpires that the four Kirby moves are not a minimal generating set of the Kirby
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Li#to L,

Figure 5.7: The links L;#,L; and L;

Figure 5.8: The derivation of the x, move

calculus: the fs(f) moves in addition to either of the x, or k_ moves generates the entire
Kirby calculus [Kau91].

We will use all of these facts to create topological invariants of closed, connected,
orientable 3-manifolds later in this thesis. Let Mj be a closed, connected, orientable 3-
manifold obtained by performing surgery on S® along a framed link L C S3. We will create
a topological invariant of M, by taking such sums of regular isotopy invariants of L as are
unchanged after applying each of the Kirby moves to L. A convenient way to study regular
isotopy invariants of links is to consider isotopy invariants of ribbon tangles.

5.2 Tangles and ribbon tangles

We now examine tangles, directed ribbon tangles and coloured directed ribbon tangles
before constructing isotopy invariants of directed ribbon tangles. The work in this section
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is well known: it first appeared in [Re90] and then in [RT90, RT91] and it often appears
and is referenced in the literature. We state it here to be complete.

5.2.1 The category of directed ribbon tangles

The basic element in this work is the ribbon. A ribbon is defined to be a square [0, 1] x [0, 1]
smoothly embedded in R?® [RT91], and the images of the segments [0, 1] x {0} and [0, 1] x {1}
under the embeddings are the bases of the ribbon. We call the image of {1/2} x [0, 1] the
core of the ribbon.

We call the image of a cylinder S! x [0, 1] smoothly embedded in R an annulus, and
the image of S' x {1/2} the core of the annulus.

We define the writhe of a ribbon to be the linking number of the image of {0} x [0, 1]
and the image of {1} x [0, 1] where we assign the edges of the ribbon parallel orientations.

Ribbons and annuli are orientable surfaces in R3 and an orientation of a ribbon or
annulus is equivalent to a choice of one side of the ribbon or annulus.

We say that a ribbon or annulus is directed if its core is oriented, and we orient the
core of a ribbon by labelling one of the bases of the ribbon the initial base and the other
base the final base. Each ribbon and annulus can be directed in two ways and oriented in
two ways.

For k,l € Z, we define a (k,1)-ribbon tangle I" to be the union of a finite number of
disjoint oriented ribbons and annuli embedded in R? x [0, 1] such that T' satisfies:

I (R x {1}) = {[i —1/4,i+ 1/4] x {0} x {1} | i =1,2,...,k},

I'N(R*x{0}) ={[j —1/4,j+1/4 x {0} x {0} | s = 1,2,...,1},
and such that the same side of each ribbon faces the reader at TN (R? x {1}) and T'N(R? x
{0}).

We define the (k,[)-tangle associated with a particular (k,[)-ribbon tangle I' to be the
union of the cores of all the components of I'. This corresponds to our intuitive notion of
a (k,[)-tangle.

So far we have not imposed any directions on the (ribbon) tangles. In Reshetikhin and
Turaev’s isotopy invariants of ribbons, one uses oriented and directed ribbon tangles, and
so we now define a directed (k,)-ribbon tangle.

We define a directed (k,l)-ribbon tangle T' to be a (k,l)-ribbon tangle where all the
ribbons and annuli of I' are directed. We can intuitively think of this by drawing an arrow
on each ribbon and annulus parallel to the core of the ribbon or annulus.

For each directed (k,l)-ribbon tangle I" there are two sequences which specify the di-
rections of the ribbons of I":

(T) = (4é...,€",
() = (eq,€,...,€).

Here each €', ¢; is either —1 or +1. Intuitively, ¢/ = +1 (resp. ¢ = —1) if the arrow on the
i ribbon from the left at the top of the ribbon tangle is pointing down (resp. up), and
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€ = +1 (resp. €; = —1) if the arrow on the i** ribbon from the left at the bottom of the
ribbon tangle is pointing down (resp. up). Technically, we set €' = +1 if

i —1/4,i+1/4] x {0} x {1}

is an initial base and ¢’ = —1 if it is a final base. Similarly, we set €; = +1 if
[ —1/4,5 +1/4] x {0} x {0}
is a final base and €¢; = —1 if it is an initial base.

We depict directed ribbon tangles as the disjoint union of ribbons and annuli, the
directions of the ribbons and annuli denoted by arrows drawn on them. On ribbons we
point the arrows in the direction of the final base. An example of this is in Figure 5.9.

Figure 5.9: An example of directed ribbons and annuli

Two directed (k,1)-ribbon tangles I', I are said to be isotopic if there exists a smooth

isotopy
hy : R? x [0,1] — R? x [0, 1], t €10,1],

of the identity hy = id such that each h; is a diffeomorphism of the strip R? x [0, 1] fixing
its boundary R? x {0,1} and h; transforms I' into I preserving the decomposition into
ribbons and annuli, the directions of cores and the orientations of the ribbons and annuli
[RT91]. Isotopy is an equivalence relation.

In referring to a particular directed (k,[)-ribbon tangle I' we are referring to any element
of the equivalence class of directed (k, [)-ribbon tangles containing I where the equivalence
is generated by isotopy.

If T" is a directed (k, m)-ribbon tangle and I'" is a directed (m,n)-ribbon tangle then we
can vertically compose them to produce a new directed (k,n)-ribbon tangle I" o I'" if the
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directions of I" and I are compatible. By ‘compatible’ we mean that e.(I') = ¢*(I"), or
more intuitively, the ‘up, down’ sequence of arrows at the bottom of I' is the same as the
‘up, down’ sequence of arrows at the top of I".

We technically define I" o I to be the directed (k, n)-ribbon tangle obtained as follows.
Take the union I' U (I” 4 ¢) where ¢t is the vector ¢t = (0,0,—1) € R3 such that the bases
of the ribbons are smoothly glued together. Then I' o I” is the image of T' U (I + t)
under the map (z,v, 2) — (z,y, (z +1)/2), for all (z,y,z) € R* x [-1,1], so that we have
FoI” C R? x [0,1]. Then I' oI is a directed (k,n)-ribbon tangle with two sequences
encoding the directions of the ribbons:

(T o) = €"(I),

e.(T o) = e, (),
as expected. We heuristically depict I' o IV in Figure 5.10.

T
Fol¥ =

F/

Figure 5.10: The vertical composition I" o I

Let T" be a directed (k,)-ribbon tangle and I a directed (m, n)-ribbon tangle, then the
horizontal composition I' ® I is always defined. This I' ® I'" is a directed (k + m,l + n)-
ribbon tangle I' ® IV depicted by placing I immediately to the right of I such that I and
[ are mutually unlinked. We heuristically depict I' ® I in Figure 5.11.

el =T | I"

Figure 5.11: The horizontal composition I' ® I/

Now let I'y, I}, I'y and I', be directed ribbon tangles where I'; o I} and I'y o I}, exist,
then
Note that (I'y ® I'y) o (I} ® I'y) may exist even if I'; o I} and I'y o T, do not.

We now introduce the category of directed ribbon tangles drib [RT91, CP94]. The
objects of drib are finite sequences:

€ = (61,62,...,6k),
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where ¢; € {—1,+1} for each i = 1,2,..., k. We can think of an object € of drib as being
€*(I") or €, (I") for some directed ribbon tangle I'. Isotopy equivalence classes of directed
ribbon tangles are the morphisms of drib.

If T" and I are two directed ribbon tangles where ['oI” exists, and f : €*(I') — €,(I") and
[ ef(I") — €. (I") are two morphisms of drib, then we define fo f': e*(I'oI”) — €, (I'oI")
tobeI'oI".

Let

€a = (€ays €ans - - - €ay ) € = (€bys Ebys - - - » €1y

be two objects of drib. The tensor product of ¢, and ¢, is an object €, ® €:

€q Q€ = (€a17€a27---7€ak76b176b27---76bl)-

Now let f : e, — €, and g : ¢, — €, be two morphisms of drib that are the directed
ribbon tangles I and I", respectively. The tensor product of f and ¢ is a morphism f ® g:

[y c®ea—e e,

which is just the directed ribbon tangle I' ® I".
Let f, f’, g and ¢’ be morphisms where f o f’ and g o ¢ exist, then

(fof)®(gog)=(f®g)o(f ®7).

Note that (f ® g) o (f' ® ¢') may exist even if each of fo f" and go ¢’ do not exist.

A directed ribbon tangle can be expressed as some combination of vertical and hori-
zontal compositions of the directed ribbon tangles in Figure 5.12 [RT91]. For convenience
we call the directed ribbon tangles in Figure 5.12 the directed ribbon tangle atoms.

5.2.2 Coloured directed ribbon tangles

We now introduce coloured directed ribbon tangles, which we can intuitively think of as
directed ribbon tangles where each component of the ribbon tangle has been ‘coloured’
with an element of some set.

Let S = {s1,59,...,5:} be a non-empty finite set and let I' be a directed (k,[)-ribbon
tangle with m disjoint directed ribbons:

We say that I'; is coloured with s,, € S if we associate s,, with I';. Let each ribbon I’
be coloured with s,,, then we say that I' is coloured with (s, Say,- - - Sa,,) € S*™. We
denote any involution * of S by *(s,,) = (s4,)*

Two coloured directed (k,[)-ribbon tangles I',T" are said to be isotopic if they are
isotopic as directed (k, 1)-ribbon tangles and if the isotopy takes the colouring of I' into the
colouring of I'" [RT91].



Tangles and ribbon tangles 121

I* I~ Xt X~

B
N

Figure 5.12: The directed ribbon tangle atoms

U-

To each coloured directed (k,[)-ribbon tangle I' we associate two sequences encoding
the colourings and directions of its ribbons:

(X", ) = ((il,el),(i2,62),...,(ik,ek)),
(Xeedr = ((i1,e1), (i2,€2), ..., (i, &),

where #/,i; € S and €,¢; € {—1,+1} for each j. Intuitively, the sequences €*(I') =
(e',€2,...,€") and €,(T") = (€1, €0,...,6) are just the corresponding sequences if we think
of I' as uncoloured. The sequences

XH(T) = (i4,42,...,i%), X, (T) = (iy, 49, .. .,10),

encode the colourings of the ribbons, such that i/ (resp. i;) is the element of S that colours
the component of I' with non-empty intersection with [j — 1/4,j + 1/4] x {0} x {1} (resp.
[ — 1/4,5 + 1/4] x {0} x {0}).

The vertical composition I' o I of a coloured directed (k, m)-ribbon tangle I' and a
coloured directed (m,n)-ribbon tangle I' exists if the directions and colourings of I' and
[ are compatible, that is if (X,,e)r = (X, €*)r. We technically define I' o I” to be the
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coloured directed (k,n)-ribbon tangle with the underlying directed ribbon tangle to be
the vertical composition of I and I and with two sequences encoding the colouring and
directions of the ribbons:

(X*, 6*>FOF’ = (X*u 6*)F7 (X*7€*>FOF/ = (X*7€*>F/-

The horizontal composition I' ® IV of a coloured directed (k,[)-ribbon tangle I" and
a coloured directed (m,n)-ribbon tangle I'" is always defined to be the coloured directed
(k+m, 1+ n)-ribbon tangle depicted by placing I immediately to the right of I" such that
[ and I are mutually unlinked.
Let I'y, T, 'y and I, be coloured directed ribbon tangles where I'; o I} and I'y o T
exist, then
(F1ol) @ (Myol%) = (T @) o (I @ T%).

Note that (I'y ® I'y) o (I} ® I';) may exist even if I'; o I} and I'y o I}y do not.

Any coloured directed (k,1)-ribbon tangle, where the ribbon tangle is coloured with
elements of a set S, can be written down as some combination of vertical and horizon-
tal compositions of the directed ribbon tangle atoms, where each ribbon tangle atom is
coloured with an element of S [RT91]. We denote a colouring of the directed ribbon tangle
atoms as follows:

(i) IF means that I* is coloured with i,

(ii) X;r] means that X is coloured so that the ribbon passing from the top right hand
corner to the bottom left corner is coloured with 7 and the other ribbon is coloured
with 7,

(ili) X, ; means that X~ is coloured in the same way that X' is,
(iv) W; means that W is coloured with i, where W is any one of Q, Q= U™* and U~.

We now introduce the category of coloured directed ribbon tangles cdrib(S) for a finite
non-empty set S [Re90, RT91, CP94]. The objects of cdrib(S) are sequences of pairs

(X,€) = ((il, €1), (2, €), ..., (ig, ek)),

where i; € S and ¢; € {—1,+1} for each i = 1,2,..., k. Each object (X,¢) of cdrib(S)
can be thought of as (X*, €*)r or (X, €,)r for some coloured directed ribbon tangle I'. The
morphisms of cdrib(S) are equivalence classes of coloured directed ribbon tangles coloured
with elements of S.

Lemma 5.2.1. All morphisms in cdrib(S) can be expressed as vertical and horizontal
compositions of the coloured directed ribbon tangles I, I, X5, X5, QF, Q7 , U and
U, wherei,j € S.

(2

Proof. This follows from [Re90, Prop. 1.4]. O]
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Let I' and I" be two coloured directed ribbon tangles where I' o [V exists. Let f :
(X" e)r — (Xs,e&)r and f' 1 (X", €")p — (X, &) be two morphisms. We define the
morphism f o f’ : (X* € )prorr — (X, €4)rorv to be the coloured directed ribbon tangle
Lol

Let (X,,€,) and (X,, €5) be two objects of cdrib(S):

(Xav ea) - ((iap 601)7 (ia2v 602)7 SO (iaw Eak))v
(Xb7 6b) = ((ib17 661)7 (%27 6b2>7 ceey (ibnﬂ 6bm))'

The tensor product of (X,,€,) and (Xj, ) is an object (X,, €,) ® (X, €):

(ch €a> ® (va Eb) = ((iU«l? 66&1)7 (iaw 66&2)7 SR (iak7 eak)v (ib17 6b1)7 (ibzu Ebz)v SR (ibm7 6bm))'

Let f and g be morphisms of cdrib(S):
f : (Xa,Ea)F i (Xclp ela)Fa g: (Xba eb)F/ i (Xlga 52)1“’-

The tensor product of f and ¢ is a morphism f ® g which is the coloured directed ribbon
tangle I' @ I':
f ® g: (Xa7 Ea)F ® (Xb7 Eb)F’ - (X(/p 6;)1—‘ ® (Xlga 52)1“’-

Note that if f, f’, g and ¢’ are morphisms of cdrib(S) where f o f’ and g o ¢’ exist, then
(fof)®(gog)=(f@g)e(f ©@d)

Closing a coloured directed ribbon tangle

Let ' be a coloured directed (k, k)-ribbon tangle with (X, e,)r = (X*, €")r. For each j €
{1,2,...,k} let r; be a ribbon that is the image of a smooth embedding e : [0,1] x [0, 1] —
R? given as follows. The ribbon r; has disjoint intersection with I': call e([0,1] x {0})
the beginning of the ribbon and e([(), 1] x {1}) the end of the ribbon. Smoothly glue
the beginning of r; to I' at [j — 1/4,j + 1/4] x {0} x {1} and the end of r; to I' at
j—1/4,74+1/4] x {0} x {0} in such a way that r; is unlinked with each component of I',
and also so that the linking number of the two edges e({0} x [0,1]) and e({1} x [0, 1]) of
r; is zero if they are given parallel orientations.

Now orient and direct r; to be consistent with the orientation and direction of the
components of I' to which it is glued, and colour r; with ¢; € S. After attaching, orienting,
directing and colouring the k ribbons we obtain from I' a coloured directed (0,0)-ribbon
tangle I' heuristically depicted in Figure 5.13 (here T is a coloured directed (k, k)-ribbon
tangle). Sometimes we refer to I as the closure of T.

5.2.3 Representing framed links as (0,0)-ribbon tangles

Let L =J;", L; C S® be a framed link with m connected components and let the framing
number of the component L; be n; for each i = 1,2,...,m. We can associate L with a
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Figure 5.13: A coloured directed ribbon tangle I' and its closure r

(0,0)-ribbon tangle T'(L) in a natural way. Recall that each ribbon tangle is a subset of R3
and that S® = R®U {oco}. Any link L C S? can be deformed so that L C R? and ambient
isotopic links in S? give rise to ambient isotopic links in R? [T94]. In the remainder of this
subsection we consider L as a subset of R3.

We obtain the (0, 0)-ribbon tangle T'(L) for each framed link L C S as follows. For
each connected component L; of L fix U; C R? to be a small tubular neighbourhood of L;
such that U;NU; = 0 if i # j. Let K; C O(U;) be a parallel of L; such that 1k(L;, K;) = n;,
then we can equip L; with a normal vector field so that the tips of the vectors sweep out
K;.

The links L; and K; are the boundary of a (0, 0)-ribbon tangle where each element of
the normal vector field to L; coincides with some proper subset of the (0, 0)-ribbon tangle.
Repeating this for each connected component of L defines a (0, 0)-ribbon tangle for L.

5.3 The Reshetikhin-Turaev functor F

The Reshetikhin-Turaev functor F' is a covariant functor from the category of coloured
directed ribbon tangles to the category of finite dimensional representations of a Zs-graded
ribbon Hopf algebra. The functor provides the machinery allowing us to construct isotopy
invariants of ribbon tangles and thereby regular isotopy invariants of links. The functor
was first defined for ungraded ribbon Hopf algebras and their representations [Re90, RT90,
RT91] and extended to Zs-graded ribbon Hopf algebras and their representations [Zh95].

Let A be a Zs-graded ribbon Hopf algebra over C. Recall from Section 2.3 that A
admits an invertible even element, called the universal R-matrix,

R=> a,®bcA® A, (5.1)
t
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satisfying Eqs. (2.11)-(2.13). As usual we set
u=Y _S(b)a,(~1)k. (5.2)
t

Recall that there exists an invertible even central element
veA, (5.3)
with the following properties:
ev)=1, v =uS), Sk)=v, AW)=@wev)(RTR)™,

where RT = 3", b, @ a,(—1)l).

Let Rep(A) be the category of finite dimensional Zs-graded left A-modules. The objects
of Rep(A) are Zs-graded left A-modules over C. The morphisms of Rep(A) are A-linear
homomorphisms of degree 0. Let {V;| i € I} be a set of objects of Rep(A) for some index
set I such that for each i € I, the dual A-module of V;, which we denote by (V;)*, is
isomorphic to V; for some j € I. Now let

n= ((i17 61)7 (i27 62)7 sy (an Ek))a
be an object of cdrib([/), then for each such object n we define the A-module

Vi=VieVee eVl
where we fix V' = V; and V;™! = (V;)". If n = ) then we set V3 = V5 = C, which is the
one-dimensional A-module.

We now present the theorem defining the covariant functor F [Re90, RT90, RT91,
Zh95]. This theorem is a generalisation of a theorem defining F' as a covariant functor
from the category of coloured directed ribbon tangles to the category of finite dimensional
representations of an ungraded ribbon Hopf algebra [Re90, RT90, RT91]. The proof of
Theorem 5.3.1 is similar to the proof of the theorem it generalises.

Theorem 5.3.1. Let H = cdrib(I). Let A be a Zo-graded ribbon Hopf algebra over C
with universal R-matric R € A® A stated in (5.1), the element u € A stated in (5.2), and
the even central element v € A stated in (5.3).

Let {V;| i € I} be a set of objects of Rep(A) such that for eachi € I, (V;)* is isomorphic
to V; for some j € 1. There exists a covariant functor F': H — Rep(A) with the following
properties:

(i) F transforms any object n of H into the object V,, of Rep(A),
(ii) For any two coloured directed ribbon tangles T', 1",

FITel')=FI) F(I),



126 Chapter 5. Topological invariants of 3-manifolds

(1ii) F is defined by
F(I7) =idi : Vi — Vi F(I1])(x) =
=idp : (V)" — (V)"; F(I )(z*

=PoR: V@V, —-V;®@V;
Ry) = 3, by ® agr (—1)FE+lad @)
R7oP: ViV, - V@ Vs

®@y) = >, Sla)y @b (-1 Wil +odd)

y) = (" y),

*

)Zx,

): (Vi) @Vi—C; F(Q) (=" ®

D) Vie (Vi) = C F()(z@y) = (1) Iy, (v71) ),

) C—=Vio (V)5 FUN(e) =c), oy,

F(UT):C— (Vi)' @ Vi F(U7)(0) =X, (=D i @ (vu) v,

where {v,.} and {vF} are dual bases of V; and (V;)*, respectively, such that (vF,vs) =

dps and [v,] = [vF].
Needless to say, if I' and I are coloured directed ribbon tangles where I' o I exists,
then we have

F(Tol")=F()o F(I').

Let L be an oriented (k,!)-tangle with m connected components (note that &, and
m > 1 can all be different non-negative integers). Given such an oriented (k,[)-tangle
L, fix T to be the associated coloured directed (k,[)-ribbon tangle with m connected
components, where there are two associated sequences of pairs that encode the directions
and colourings of all the ribbons of I" as given in Subsection 5.2.2:

(X5 €)= ('), (e, .., (1", ),
(X*,e*)F = ((1/1,61),(1/2,62),...,(1/1,61)),

where u',v; € I. The sequence (X *, e*)F uniquely specifies the colourings and directions
of the ribbon tangles intersecting the top of the ribbon tangle diagram. In particular, the
i* ribbon tangle from the left at the top of the ribbon tangle diagram is coloured with
p' € I and is directed downwards (resp. upwards) if €/ = +1 (resp. € = —1).

Similarly, the sequence (X*, e*)F uniquely specifies the colourings and directions of the
ribbon tangles intersecting the bottom of the ribbon tangle diagram: the j** ribbon tangle
from the left at the bottom of the ribbon tangle diagram is coloured with v; € I and is
directed downwards (resp. upwards) if €; = +1 (resp. €; = —1).

For such a I, F(I") is a map

FO):VaeVsee Vs —VieV2e @Vl (5.4)

As the functor F' maps morphisms of H to A-linear homomorphisms of degree 0, the
map (5.4) must commute with the action of A, that is

FO)(r @7 @ @5 (A¥ () = (13 @2 @ - @ i (AD(a))) F(D),
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for all a € A, where m;'" (resp. 7; ') denotes the representation of A afforded by the
A-module V; (resp. the dual A-module (V;)").

To illuminate this fact, we give a direct proof of it. Each coloured directed ribbon
tangle I" can be expressed as some combination of horizontal and vertical compositions of
the coloured directed ribbon tangle atoms in Figure 5.12, thus the homomorphism F(T")
of A-modules can be expressed as some appropriate combination of tensor products and
compositions of the homomorphisms of A-modules obtained by applying the functor F' to
the coloured directed ribbon tangle atoms in Figure 5.12. To prove the theorem it suffices
to prove it for each case in which I' is a coloured directed ribbon tangle atom.

The theorem is trivially true for F'(I;") and F(I;"), and it may be shown to be true for
F(X}5;) and F(X,;) by simple calculations using RA(z) = A’(z)R, Yz € A. Now

F(QNa(z* @y) = F(Q) Za(l)x* ® agy(—1)* e
(a)

— Z(x*,S(a(1))a(2)y>(_1)[m[a}
(a)
= e(a)F(Q)(z" @),

where we have used the fact that ¢(a) = 0 if [a] = 1. Also,

aF (U )(c) = Cza(l)vr ® a(z)v,’f(—l)[”*”“@)}
(a),r

- ¢ Z amyvr ® (a@yvy, vi)vr(—1)Prlee)]
(a),myi

= ¢ an(v}, Sla)vi)v, @ v]

(a),ri

The proofs for F'(§2;) and F(U;") are similar.

Corollary 5.3.1. Let I'(L, \) be a coloured directed (1,1)-ribbon tangle with m components
where the ribbon joining R?* x {0} and R* x {1} is coloured with \; € I and directed
downwards at its bases. Then the map F(I(L, N)) : Vi, — V), is an element of Enda(Vy,).

Remark 5.3.1. Let I'(L, \) be a coloured directed (0,0)-ribbon tangle associated with the
framed oriented link L. Then from the definition of the functor F, the map F(F(L, /\)) :
C — C s an invariant of isotopy of I'(L) and thus an invariant of reqular isotopy of L

[Re90].
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5.3.1 Calculations using the functor F

We now do some calculations using the functor F'. These results will be needed in the later
sections.

Let A be a Zs-graded ribbon Hopf algebra and {V;| i € I} a set of non-isomorphic
irreducible A-modules such that for each ¢ € I, (V;)* = V; for some j € I. Consider the
two framed oriented links L, L' C S® in Figure 5.14, the planar projections of which are
equivalent with respect to the Kirby move x,. Here T is an arbitrary oriented (m, m)-tangle
represented by the rectangle, the orientation of which is compatible with the orientations
of L\T and L'\T. Let the directed ribbon tangles associated with L and L’ be coloured as

L L

Figure 5.14: Two links L, L’ related by the Kirby x, move

follows: let I'(L;) (resp. I'(L})) denote the directed (1, 1)-ribbon tangle derived from the
i tangle of L\T (resp. L'\T) intersecting the line P from the left. Colour both I'(L;) and
I'(L;) with A\; € I, and colour the unique component of I'(L’\T") isotopic to an unknotted
annulus with p € I. We denote these coloured directed (m, m)-ribbon tangles, respectively,
by

INUAVIO VI CRD WL (LT, (A1, A2y Ay ).

Lemma 5.3.1. Assume that v acts on V,, as the multiplication by a scalar. Fiz m =1,
then

F(T(L\T, X)) = v:Vi— V), (5.5)
F(T(IN\T, (A p)) = xu(vHC,: Vi =V, (5.6)
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where
C, = (id®str) [([d® m,)(id @ v 'u)R"R], (5.7)

is a central element of A, and x,(v™') is the eigenvalue of v in the A-representation .
Lemma 5.3.2. For each m > 2, the map
F(T(L\T, M, - e Am)) Vo, @@ Va,, = Vi, @@ Vy,,

acts as

AP D)V, @@V, > Vy, @@V,
Proof. Assume that Lemma 5.3.1 is true (we will prove it below), then Figure 5.15 proves
the lemma for m = 2. Now assume that the inductive hypothesis is true for some m > 2,

then the proof follows for (m + 1) by using Figure 5.16 and the representation of A™(v)
in tensor product representations of A. O

E/*b

r

Figure 5.15: Regularly isotopic (2, 2)-tangles

Remark 5.3.2. The results of Eq. (5.5) in Lemma 5.3.1 and Lemma 5.3.2 still hold true
if the modules are not irreducible.

We now prove Lemma 5.3.1.

Proof. We consider the first claim. Theorem 5.3.1 implies that F(T'(L\T, A)) : Vi — Vj is
given by

F(D(INT, A)) = idy o (idy ® Q3) o (X5, @idy) o (idy @ Uy") o idy.

Let = be a basis vector of Vy and let {v,}, {v*} be dual bases of Vy, (V))", respectively,
such that (v¥ vs) = 0,5 and [v}] = [v,], where (-,-) : (V})* x V), — C is the dual space
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(m + 1) components

N

1 component

m components

Figure 5.16: Regularly isotopic (m + 1, m + 1)-tangles

pairing. We calculate the action of F(I'(L\T,\)) on z to be

(idr\@UY)
— E TR U K U:
T

(X5 A®idy

)
— Z S(at)vr R bz ® v;f(_l)[x][vr]"’[bt][vr}
t,r

idy®Q5
(da6s) Z(v:,v_lubtx)S(at)vr

t,r

= v S (w)ux = va,

as v2 = S(u)u.

We now consider the second claim. We will calculate the action of F(I'(L'\T, (X, 1))
on a basis vector x € V) where the annulus is coloured with p. Consider the regularly
isotopic oriented (1,1)-tangles in Figure 5.17, where «— indicates regular isotopy. As
L’ and M’ are regularly isotopic, F(I'(L,v)) = F(T'(M’,v)), and we will now calculate
F(T(M',v)). Consider the coloured directed (1,1)-ribbon tangle I'(M”, (A, 1)) in Figure
5.18: note that I'(M", (A, u)) is identical to I'(M’, (A, p)) ‘modulo’ a twist. The map
F(F(M”, ()\,,u))) . V)\ — V)\ is

F(D(M", (A ) = idyo (idy ® Q) 0 (X, @ id,e) 0 (X5, ®id,r) 0 (idy ® Uy ) oiid,.
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Bo=Cp (P~ e

LI M/

Figure 5.17: Regularly isotopic oriented (1, 1)-tangles

Figure 5.18: The coloured directed (1, 1)-ribbon tangle I'(M”, (A, u))

Let z be a basis vector of V), then we calculate F(I'(L, (A, 1)) (z) to be

(idr®U;)
x —" g TRU QU
T

(X5, ®id,«
[ —

) Z biv, @ T ® U:(—l)[xHUTH‘[at](l-‘r[UT])
t,r

+ .
S S b © 0y, @ v (—1) bl Hadie
s,t,r
G SN02, (07 ) sy Ybsap(—1) el B e o a0 o+ )
s,t,r

= (id®str) [(i[d® m,)(id @ v 'u)RTR] x = C,,(x).
Note that C, is a central element of A [ZG91, Prop. 3] and x(C,) = sdimy(V,).

Adding a twist with framing number 41 into the annulus coloured with p gives precisely

L(L'\T, (X, pt)). Lemma 5.3.3 (i) below implies that F'(I'(L'\T, (X, p))) = x(v,)+ (v F(D(L, (A, 1)),
where x(,)-(v™!) is the scalar action of v™! on (V},)*. As v is even and S(v) = v, we have

X (v = xu(v™h), 0

Lemma 5.3.3.

(i) LetT(L, \) be the coloured directed (1, 1)-ribbon tangle in Figure 5.19, then F (T'(L, X)) =
vV — V.
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(ii) Let T'(L', \) be the coloured directed (1,1)-ribbon tangle obtained by reversing the
direction of T(L, \), then F(D(L',\)) =v=": (V3)" — (Vi)".

Figure 5.19: The coloured directed (1, 1)-ribbon tangle I'(L, \)

Proof. We prove (i). The map F(T'(L, X)) : Vi — Vy is
F(T(L, ) =idy o (idy ® Q3 ) o (X, ®idy+) o (idy ® UY) o idy.
Let z be a basis vector of Vj, then we calculate F (I'(L, ))(z) as follows:
(idﬁ;) Zx@vr ® vy

+ .
e e R ) S
t,r

(id\®93)
>

Z(v:, vl agx)by, (—1)

LI Ll/

Figure 5.20: Two regularly isotopic oriented (1, 1)-tangles
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We now prove (ii). Consider the two regularly isotopic oriented (1, 1)-tangles L’ and L”
in Figure 5.20. As these tangles are regularly isotopic, we can rewrite the map F’ (F(L’ , )\)) :

(VA)" — (V)" as

F(D(L,N) = F(D(L",N))
id)ﬁ o (ldA* & Q;) o (ldA* & Q;\r X ld)\ & ldA*) o (id)\* & id)\* X X;CA & ldA*)

Let x be a basis vector of (V)", then the action of the right hand side of (5.8) on x is

U, ®idyx*
e O e e ea(-1)
id\* QU ®id)®id y*
A*® &A@ A Zv: ® U; ® (qul)vp ® (qul)vr ® x(_l)[vr]ﬂvp}
mp
. . + .
1dm®1d,\ﬁ(>\,>\®1d,\* Z U: 2 U; ® btvuflvr ® atvuflvp ® x(_l)[vr}Jr[vp}Jr[at}(1+[vr])+[vp}[vr}
r,p,t
id)\*®Q':\’£ﬁ()h®id>\* Z<UU_1S_1(bt)v;, ’UT>U: ® atvu_lvp ® :L,(_l)[vp}[bt]—l—[Up}+[at]+[w](1+[at]+[vp])
r,p,t
= Zuv Yb)vy ® agou v, @ o(— 1)leel+ladd+lepllbe] (5.9)
ld/\*®Q

p,t

= Z<5(at)x Up>uv—15—1(bt)U;(_1)[vp}(1+[w]+[bt])+[ad

= Zuv )S(ag)x(—1) = vty

Note that (5.9) is obtained by using the fact that (uv='S~!(b;)v}, v,) vanishes unless [v,] =
([vp] + [b¢]) (mod 2), allowing us to simplify the sign factors. O

Proposition 5.3.1. Let I'(L, \) be the coloured directed (1, 1)-ribbon tangle in Figure 5.21
such that the map F(F(L, )\)) : Vv — Vi acts on V) as the multiplication by the scalar C.

Now let T'(L, \) be the closure of T(L,\) in Figure 5.22, then F(f(L, A) : C — C acts as
the multiplication by (sdim,(Vy).

Proof. Explicitly, we have

F(T(L, X)) = Qy o (¢idy ®idy) o Uy : C — C, (5.10)
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A

M P
I'(L, 1)

Figure 5.21: A coloured directed (1, 1)-ribbon tangle I'(L, \)

(L, 1)

Figure 5.22: The closure I'(L, \) of the ribbon tangle T'(L, \)

and for any ¢ € C,
Uy dA®idyx
c;—%cgvr ;‘CHIA CEUHXW

B, CCZ vr, (v v ) (=) = ¢ Csdimg(Vy).

5.4 Pseudo-modular Hopf algebras

5.4.1 Modular Hopf algebras

We now introduce the notion of modular Hopf algebras that play a central role in the
construction of topological invariants of 3-manifolds in [RT91]. We extend the definition
to the Zs-graded case in the obvious way.

Definition 5.4.1. Let A be a Zy-graded ribbon Hopf algebra over C with universal R-
matriv R € A® A stated in (5.1), the element u € A stated in (5.2), and the even central
element v € A stated in (5.3).
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Let I be a finite index set with an involution x : I — I denoted by (i) = i*, and let
there exist a distinguished element 0 € I satisfying *(0) = 0 = 0. Let {V;| i € I} be a
set of A-modules, where Vj is the one-dimensional A-module, and let there exist a set of
A-linear isomorphisms

{wz(V;)*—ﬂ/Z* iEI},

where wy = id and (V;)* is the dual A-module to V;.

The Zs-graded ribbon Hopf algebra A is called a Zo-graded modular Hopf algebra if the
following axioms are satisfied:

(i) The A-modules {V;|i € I} are irreducible, finite-dimensional, mutually non-isomorphic
and each V; has non-vanishing quantum superdimension.

(i) Foreachi € I, let {x;}, {x}} and {x}*} be bases of V;, (V;)* and ((V;)*)*, respectively,

such that (e, @})) = (a7, 2;) = 6,5 and [a}"] = [22] = [a;], where ((-,)) : (V)")*

(Vi)* — C is the dual space pairing. Then the map
(wi)™ o (wir) ™" Vi = ((Vi))",
is given by x; — (—1)["”1']uv*1:p;‘»*, V.
(111) For any t € N and any sequence 0 = (iy, 1o, ...,1;) € I,
V;l ® Vi2 R ® Vit — (EB (‘/i)eane(i)) ® Z,,
icl

where ng(i) € Zy is the number of copies of the A-module V; in the direct sum and
Zy is a possibly vanishing A-module that satisfies axiom (iv).

(iv) For each 0 = (iy,i2,...,1;), t > 2, and all A-linear homomorphisms ¢ : Zy — Zy,
stry(¢) = 0.

(v) Let f = (fru)auer be the matriz with complex entries given by
= (str@str) [(m @ m,) (v 'u®@ v 'u)RTR] .

The matriz f is invertible and there exists a unique set {d; € C| i € I} of constants
satisfying the relations

Xa(v)sdimy(Vy) = Zdﬂxﬂ(vfl)f,\“, forall A € 1. (5.11)

nel

Here m, is the irreducible A-representation furnished by V,,, and x,(v) denotes the
etgenvalue of v in m,.
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Using results of Subsection 5.3.1, we have

I = 5dimq<V/\)XA<Cu)v

where C), is the central element of A defined by Eq. (5.7).
An additional axiom was included in the original definition of modular Hopf algebras
[RT91]. This axiom stated that the scalar

z = Zd,\x,\(v)sdimq(v,\) (5.12)

el

should not vanish. However, this automatically follows from the other axioms [Wa91, Lem
8.20],[TW93, Sec. 1]. The proof for the Zy-graded case is exactly the same, thus we omit
it here. However, note that the proof of Lemma 5.6.5 for pseudo-modular Hopf algebras
bears much similarity to it.

Lemma 5.4.1. For a Zs-graded modular Hopf algebra A, the complex constant z defined
by
z= Z daxx(v)sdimy(Vy), (5.13)
Ael
18 non-zero.

Another consequence of the axioms of a modular Hopf algebra is that d,« = d,, for all
w € I. See [RT91, Sec. 5.2] for a detailed proof.

Finally, we note for interest that Turaev and Wenzl defined a slightly more general class
of ribbon Hopf algebras that can be used in constructing 3-manifold invariants. They de-
fined quasimodular Hopf algebras [TW93, Sec. 2.1] so as to construct 3-manifold invariants
from the quantum algebras U,(g) associated with the A, B, C' and D families of Lie alge-
bras at even roots of unity without knowing whether the relevant modules were irreducible
[TW93]. The essential difference between quasimodular and modular Hopf algebras is that
this irreducibility condition is relaxed for quasimodular Hopf algebras.

5.4.2 Pseudo-modular Hopf algebras

We now introduce the notion of pseudo-modular Hopf algebras that play a central role in
this chapter. A pseudo-modular Hopf algebra is a Zs-graded ribbon Hopf algebra together
with a collection of finite dimensional representations satisfying slightly weaker conditions
than those satisfied by modular Hopf algebras. We will prove in Section 5.5 that one can
construct topological invariants of closed, connected, orientable 3-manifolds from pseudo-
modular Hopf algebras.

The essential difference between a pseudo-modular Hopf algebra and a modular Hopf
algebra is that relations (5.11) do not necessarily have a unique set of solutions in pseudo-
modular Hopf algebras, thus the set of constants {d, € C| v € I} is not necessarily unique.
Consequently, one must independently prove that the z in (5.12) is nonvanishing. Examples
of algebras for which the constants {d,| v € I} are not unique are pad (osp(1]2)) at odd
roots of unity [Zh94] and UM (gly) also at odd roots of unity [Zh95].
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Definition 5.4.2. Let A be a Zy-graded ribbon Hopf algebra over C with universal R-
matric R € A® A stated in (5.1), the element u € A stated in (5.2), and the even central
element v € A stated in (5.3).

Let I be a finite index set with an involution x : I — I denoted by x(i) = i*, and let
there exist a distinguished element 0 € I satisfying *(0) = 0 = 0. Let {Vi| i € I} be a
set of A-modules, where Vi is the one-dimensional A-module, and let there exist a set of
A-linear isomorphisms

{wi: (V)" = Vil i€ I},

where wy = id and (V;)" is the dual A-module to V;.
The Zso-graded ribbon Hopf algebra A is said to be a pseudo-modular Hopf algebra if the
following axioms are satisfied:

(I) The A-modules {V;| i € I} are finite dimensional, mutually non-isomorphic and
sdimy(V;) # 0 for alli € 1.

(II) Let T'(L, \) be a coloured directed (1,1)-ribbon tangle with m components, and let the
ends of I'(L, \) be directed downwards and lie in a component coloured with i € 1.
Then the corresponding map F(T(L, )\)) - Vi — V; acts by multiplication by a complex
scalar. Furthermore, the even central element v € A acts on each A-module Vi, 1 € I,
as a complex scalar.

(III) Foreachi € I, let {x;}, {x}} and {x}*} be bases of Vi, (V;)* and ((V;)*)*, respectively,

such that ((x3*, z})) = (), x;) = 6;x and [z]*] = [x}] = [z;], where ({-,-)) : (Vi)*)* X

(Vi)* — C is the dual space pairing. Then the map
(wi) o (wer)™H 1 Vi = (VD))
is given by x; — (—1)Fuv et ;.
(IV) For any t € N and any sequence 0 = (iy,1iz,...,1;) € I,
‘/;1 ® Vi2 R--® Vit — <@ (Vi)@ne(i)> ) ZO,
icl

where ng(i) € Z, is the number of copies of the A-module V; in the direct sum and
Zy is a possibly vanishing A-module such that stro(a) = 0 for any A-linear map
a € Endy(Vy, @ Vi, ® --- @ V;,) obtained by applying the functor F to a directed
oriented (m, m)-ribbon tangle, where the module map a € Enda(V;, @ Vi, @ --- @ V;,)
also satisfies a(V;, @ Vi, @ --- @ V;,) C Zy.

(V) Let f = (fr)aver be a matriz with complex elements given by

o= (str@str) [(m o) (v 'u@v 'u)RTR].
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Then there exists at least one set {d, € C| v € I} of constants satisfying the relations

xa(v)sdimy(Vy) = Z dyxy(v ) faw,  forall X €1, (5.14)

vel

where d,« = d, for allv € I. Here m, is the A-representation furnished by V,, and
Xv(v) = m,(v).

(VI) The scalar z = Zd,\x,\(v)sdimq(v,\) is non-zero.

el

5.5 Reshetikhin-Turaev invariant arising from pseudo-
modular Hopf algebras

We will construct a topological invariant of a closed, connected, orientable 3-manifold
from each pseudo-modular Hopf algebra following the general approach of Reshetikhin and
Turaev [RT91] and Turaev and Wenzl [TW93]. The main result of this section is Theorem
5.5.1.

Let us fix a pseudo-modular Hopf algebra as defined in Definition 5.4.2. Let L C S3
be a framed oriented link with m connected components. Let A = (A, Ag, ..., A\pn), A € 1,
and fix C(L, I) to be the set of all different A. Define

Y@= > J[dnF(T(LN), (5.15)

AeC(L,I) i=1

where {d,| v € I} is a set of constants satisfying Eq. (5.14). Note that > (L) is a regular
isotopy invariant of L as each F (F(L, /\)) is a regular isotopy invariant of L.

We now prove that > (L) = > (L') if L and L' are two links that are equivalent with
respect to the k, move. This > (L) is a core part of Reshetikhin and Turaev’s 3-manifold
invariants.

Consider the two framed oriented links L, L’ C S? presented in the blackboard framing
in Figure 5.23. The planar projections of L and L’ are equivalent with respect to the
Kirby move k.. In this figure, 7" is an arbitrary oriented (m,m)-tangle represented by
the rectangle, where the orientation of 7" is compatible with the orientations of L\T and
L'\T. We colour the directed ribbon tangles I'(L) and I'(L’) associated with L and L/,
respectively, as follows. Firstly, let I'(L;) (resp. I'(L})) denote the directed (1, 1)-ribbon
tangle obtained from the " tangle of L\T (resp. L'\T) intersecting the line P from the
left in both diagrams. Each of I'(L;) and I'(L}) is coloured with \; € I. Lastly, colour the
unique component of I'(L’\T") isotopic to an unknotted annulus with £ € I. We denote
the resulting coloured directed (m,m)-ribbon tangles as

D(L\T, (A, Mg, - Am)), D(LNT, Ay Ags -5 A, €)),

respectively. We have the following result.
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L L

Figure 5.23: Two links L, I’ that are equivalent with respect to the Kirby x, move

Proposition 5.5.1. For each m > 1,
F(DINT, My A)) =A™ D@0) V@@V, = Vi, ® @V,
and
FT(IN\T, (A1, A, €)) = xe(0 AT (Ce) : Vi @ @V, = Vi, @@ T,
where Cg¢ is defined by (5.7).

Proof. The first claim follows from Remark 5.3.2. For m = 1, the second claim follows
from Eq. (5.6), which is still true as v™! acts as a scalar in the A-representation ¢, and
for m > 2 by induction. O

Proposition 5.5.2. Consider the two framed, oriented links L, L' in Figure 5.23 where
m > 1 and T is an arbitrary oriented (m,m)-tangle the orientation of which is compatible
with that of L\T and L'\T, then

> (L) => (1) (5.16)

Proof. By definition,

Yy = > ZHd,\istrl(ml(vlu)®7r,\2(v1u)~-®7r,\m(vlu)) (5.17)

XeC(L,I) €T i=1

X F(D(L\T, Ay Mgy -3 Ay €))) 0 F(T(T, (A Aas - An))) |
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where in writing str we mean that we take the supertrace over Vy, @ V\, ® --- @ V).
Let 0 = (A, Ag, ..., A\p) € 1™, From Axiom (IV) of a pseudo-modular Hopf algebra,

ViV, -V, = <€B§GI< )@"9 )> @ Zy for some non-negative constants ngy(&),

which allows us to rewrite (5.17) as

S 1o (z - )

AeC(L,I) =1 gel

[ (Z dexe(v fgg/sdzmq(Vé)> F(D(T, (A1, Mg,y - -, Am)))] (5.18)

cel

where in writing stry, we mean that we take the supertrace over the submodule Vi C
Vi, ®Vy, ®---®V),,,, and strz, has a similar meaning. Axiom (V) allows us to rewrite the
right hand side of (5.18) as

> de (an strvé+str39> {(Ulu)o(xg(v))F(F(T, (Al,)\Q,...,Am)))},

AeC(L,I) gel

which is equal to > (L). In the derivation of this equality, we used Eq. (5.14) and Axiom
(IT). Note that > (L") = > (L) relies on the equality of the quantum supertraces of certain
A-linear maps, not on an equality of the A-linear maps themselves. O

Remark 5.5.1. The proof of Proposition 5.5.2 is similar to the proof of the corresponding
theorem for modular Hopf algebras. See [RT91, Par. 7.2] for details.

Proposition 5.5.3. Let T'(L, (A1, ..., A\n)) be a coloured, directed (0,0)-ribbon tangle, with
its i™" component coloured by X\;. Let T'(L,(A1,..., \m)) be the coloured, directed (0,0)-

ribbon tangle obtained by changing the direction of the i component of T(L(A1, ..., Am)).
Then

F(F/(L7 (>\17 ) )\ifh )\ia )\i+17 ) Am))) = F(F(L7 (>\17 ) )\ifh ()\Z)*7 )\i+17 ceey )\m)))
Proof. The proof is almost identical to the proof of [RT91, Lem. 5.1], thus omitted. O

We can now define the topological invariant. Let L = |JI*, L, C S® be an unoriented
framed link with m connected components, and let M, be the closed, connected, orientable
3-manifold obtained by performing surgery on S? along L. We introduce some notation by
writing Ay, = (a;;)]"%—; to mean the linking matrix of L, defined by

(i) a; = w(L;), the writhing number of L;, for each i,

Note that Ay is real and symmetric. We define 0(Ay) to be the number of non-positive
eigenvalues of Ay. Following [RT91] we introduce the topological invariant F(M).
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Theorem 5.5.1. Let L be a framed link. Then

F(Mp)=z""% (L)

is a topological invariant of My, where in calculating > (L) we assign an arbitrary orien-
tation to L.

Proof. Observe that > (L) does not depend on the orientation chosen for L. Let L have
m components and assign an orientation to each component of L. Then

my= > HdA (A ).

\eC(L,I) j=1

Now let L' be the link obtained by reversing the orientation of the i"* component of L. By
using Proposition 5.5.3 we have

> () ZHdA O A D) A5 ), (5.19)

where the right hand side of (5.19) is a m-fold summation over all \; € I, j # ¢, and
(Xi)* € 1. Since dy, = d(»,)~, we can rewrite ) (L') as

> (W) ZHdA LAty ity 0 At An))).- (5.20)

J#Z

On the right hand side, we sum all the \;’s independently over I. Hence the right hand
side of (5.20) is equal to > (L), that is

D (L) = (L)

We now need to show that F(M) = F(M;) if the links L and £ are equivalent with
respect to a (y of the Kirby moves. Each Kirby move can be expressed as some composition
of the /<;+ , and x4 Kirby moves [RT91, Thm. 6.3]; we will show that F(My) = F(M;)
if L and L are equivalent with respect to any of these moves.

We firstly show that F (M) = F(Mj,) if the two links L and L’ are equivalent with
respect to the KJSP) move. Let Oy, denote the unknot with framing +1 given in Figure 5.24
and let L' = L U O, be a split link.

It immediately follows from the definition (Eq. (5.15)) that > (L") = > (L) > (O41), and

Z O+1 Zd)\X)\ sdzmq(V,\)

el
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(Cr (o

O+1 O—l

Figure 5.24: The unknots O4; and O_;

where we have used the relation fo\ = sdim,(V))/sdim,(Vy) = sdimy(Vy). As L' is a split
10 --- 0
0

link, Ay is the (m + 1) x (m + 1) matrix Ay, = (1) ® A) = | . , thus
: L
0

0(Ap) =0(Ar) and F(Mp) = F(Mp).

We now show that F (M) = F(M;) if the two links L and L are equivalent with
respect to the % move. Let O_; denote the unknot with framing —1 given in Figure 5.24

andlet L=LUO_, be a split link, then

7
Sl
I
7
=
7
o
I

D (L)Y daxa(v)sdimg(Va) =z Y (L).

Ael

-1 0 --- 0

Now Ay is an (m+1) x (m+1) matrix given by Ay = ((=1)®AL) = 1
L

thus 0(Az) = 0(AL) + 1 and F(My) = F(M;).

It remains to show that F (M) = F(My,) if the two links L and L are equivalent with
respect to the k; move. Let L and L’ be the two framed oriented links presented in the
blackboard framing in Figure 5.23. The planar projections of L and L’ are equivalent with
respect to the k. move. In Figure 5.23, T'is an arbitrary oriented (m, m)-tangle represented
by a rectangle, the orientation of which is compatible with the orientations of L\T and
L'\T. From Proposition 5.5.2, > (L") = > (L). We now show that c(Ap) =o(AL): AL is
an m X m matrix and Ay, is an (m+ 1) x (m + 1) matrix both of which we give below. In
these matrices, Ar is the m x m linking matrix of 7. We have

-1 -1 -1 - -1
-1 -1 -1 - -1
A= -1 -1 -1 - =1 | + A,

~1 -1 -1 - -1
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and
1 11 1
100 - 0
A, =| 100 0 |+ (0 @A),
100 0
0 0 0
0
where ((0) ® A7) = | | A is an (m+ 1) x (m + 1)-matrix. Let
: T
0
1 00 0
-1 0 0 0
X=| 100 - 0]4(0)®l),
-1 0 0 0
then
10 0
XApXT = (1)@ AL) = :
Ar

0
where X7 is the transpose of X and I,,, is the m x m identity matrix. Now the matrices
Ap and ((1) @ Ap) are real and symmetric. As X is invertible, Az and ((1) & Ar) are
congruent. Congruent real symmetric matrices have the same numbers of positive, zero and
negative eigenvalues [Fi66, Thms. 8.7, 8.9], thus 0(Ar) = o(AL) and F(My) = F(My).

It follows that F(My) = F (M) if the two links L and L are equivalent with respect
to any of the Kirby moves, and thus F (M) is indeed a topological invariant of My. O

Note from our definition that F(M}) is normalised to 1 on S3.

Explicitly calculating F (M) for a particular closed, connected, orientable 3-manifold
M7y, is quite a difficult problem in general, and this is true for all the Reshetikhin-Turaev
topological invariants. While topological invariants have been calculated for various classes
of 3-manifolds (eg for the Lens spaces from quotients of the quantum algebras arising from
the A, B,C, and D series of Lie algebras [ZC96] and the G5, Fy, Eg Lie algebras [Zh97] at
odd roots of unity), we are only aware of one other collection of invariants that have been
explicitly calculated for a substantial number of 3-manifolds [KL94, Chap. 14]. These
invariants were constructed from Uq(N)(SZQ) where N =0 (mod 4).

5.6 Invariants of 3-manifolds from U(](N)(osp(l\Qn))

The following theorem is one of the main results of this thesis.
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Theorem 5.6.1. Set ¢ = exp (2wi/N), where N > 6 satisfies N = 2 (mod 4). For the
Zo-graded ribbon Hopf algebra UL (g) = Uq(N)(osp(1]2n)), fix the set of non-isomorphic
UéN) (g)-modules {Vy| A € AL} defined in Definition 4.2.5 by:

V= BNV, (5.21)
where t € N is given in Definition 4.2.5 and pi[\ € EndU(N)(g)(V@) is defined in Eq.
(4.11). Fiz an involution x : Af, — AL by x = idA; and define a set of constants

{dy e C| A€ AL} by
d>\ = dosdimq(V,\), (522)

where dy = QQ(0) and

2ntnqn3fn/2
[CETNA
Q(0) = H (q(a,p) _ qf(a,p)) H (q(ﬁ,p) + qf(ﬁ,p)) ) (5.24)

aeig BE(I)T

Q= t =™/, (5.23)

Let z = (—i)"¢*>"" ™" Let L C S® be a framed unoriented link with m connected com-
ponents and let My, be the closed, connected, orientable 3-manifold obtained by performing
surgery on S along L. Let Ay, be the linking matriz of L and let o(AyL) denote the number
of non-positive eigenvalues of Ar. Then

F(Mp)=z7") - ﬁdAiF(F(L,)\)),

AeC(L,AY) =1
s a topological invariant of M.
Proof. This is an immediate consequence of Theorems 5.5.1 and 5.6.2. O

Theorem 5.6.2. Let N > 6 satisfy N =2 (mod 4), then Uiy (osp(1]2n)) and the follow-
ing data give rise to a pseudo-modular Hopf algebra:

(i) the set {Vi| A € AL} of non-isomorphic Uq(N)(osp(l\Qn))—modules given in (5.21),
(ii) an involution * : A} — AL defined by x = id,
(111) an isomorphism w : V* — V where we fiv w™' to be the bijective homogeneous map
of degree 0, T € EndU(N)(g)(V, V*), defined in Eq. (3.5),

(iv) a set of constants {dy € C| A € AL} defined by Eq. (5.22).

Remark 5.6.1. Unfortunately Uq(N) (g) does not have a pseudo-modular Hopf algebra struc-
ture when N =0 (mod 4). See Theorem 5.8.1 for details.

We now prove that all the six axioms of pseudo-modular Hopf algebras are satisfied by
v (osp(1]2n)) when N > 6 satisfies N =2 (mod 4).
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5.6.1 Proof of Axioms (I)—(IV)
In the proof of this theorem we let N > 6 satisfy N =2 (mod 4).

(1)
(i)

(iii)

The proof that Axiom (I) is satisfied is contained in Chapter 4.

To prove that Axiom (II) is satisfied, we consider all of the UéN) (g)-modules V,,
X € AL, given in the data above, as being defined by Vy = pi[A](V®?) for some ¢.

For each such module, there exists an irreducible U,(g)-module V" with integral
dominant highest weight A, for all non-zero ¢ that are not roots of unity, defined
by VI = pi[A]9en(V9em)®t where pi[A]9*" is an element of the algebra C/" over C
generated by {R; € Endy, (V™) i=1,...,t—1}.

Recall from the proof of Lemma 4.2.3 that we obtain the matrix pi[\] by fixing ¢ to the
appropriate root of unity in the matrix pt[A]?". We wish to show that the even central
element v € Uq(N) (g) acts as a scalar on the Uq(N) (g)-module V). To do this, recall from
Lemma 3.4.3 that there exists an invertible even element v, € U:(g) that acts as the
scalar g~ A2 (here ¢ is generic) on the finite dimensional irreducible U, (g)-module

V" Furthermore, A=Y (v,) acts as the same scalar on the finite dimensional
irreducible U,(g)-module V" C V¥ defined by pi[A]9e" : (VI )&t — VI,

Consider the matrix (A (v)) where v € U (g). We can obtain this by
specialising ¢ to the appropriate root of unity in (w9¢")®! (A(tfl)(v)\)), where v, €
U:(g). Thus 7" (A=Y (v)) also acts as a scalar on V), and this scalar is precisely
q~A*+20N where g = exp (27i/N).

Now let I'(L, A) be a coloured directed (1, 1)-ribbon tangle with m components, and
let the ends of I'(L, \) be directed downwards and lie in a component coloured with
1 € I. We want to show that the map F(T(L, )\)) : Vi — V; acts as the multiplication
by a scalar. Needless to say, F(F(L, )\)) can be expressed in terms of the universal

R-matrix of U (g).

We embed V; in the U (g)-module V. As pt[A] belongs to C;, under the embedding
F(T(L,\)) becomes an element of C;.

To determine the action of F(I'(L,A)) on V; C V¥, we take the element f9" € C{"
that corresponds to F'(I'(L, \)) at all generic g. Note that we obtain F(I'(L, \)) by
specialising ¢ to exp (2mi/N) in f9¢". At all generic ¢, f9¢" acts as the multiplication
by a scalar on the irreducible U,(g)-module V7" C (V9¢")®* We then just take the
limit of f9°" as ¢ goes to exp (27i/N).

To prove that Axiom (III) is satisfied, firstly note that Vy = pi[A](V®') for some ¢
for each A € Af. Also note that A* = X for each A € Af,. Thus we need only show
that Axiom (III) is satisfied for the map w* ow™ : V — (V*)* where w : V* — V
and w* : V* — (V*)* are isomorphisms. Note that we fix \* = X as (V)\)* = V) for
each A\ € A}, which is proved in Chapter 4.
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Let {v;] —n < i < n} be the basis of V' given in Lemma 4.1.1 and let {v}} and {v}*}
be bases of V* and (V*)*, respectively, such that ((v;*,v})) = (vj,v;) = d;; and
[v*] = [vF] = [v;] for each i, where ((-,-)) : (V*)* x V* — C is the dual space pairing.

We want to show that the map w* ow™ : V — (V*)* has the following action:
(w* 0w ™ (1) = (=1)Pluw=tur, —n <1i<n. (5.25)
For UéN) (g), uv™! = Ky, with K5, a product of K;’s satisfying KQPeiK;pl = ¢Pride;.

Vi, where 2p = Y (2n — 2i+ 1)¢;. The isomorphism w™' : V' — V* is precisely the
bijective map T' € End

U(m(g)(V, V*) defined in Eq. (3.5). The map w*: V* — (V*)*
q
is given by
o (1T e (<1 g
V¥ = (1), 1<i<n.
Thus
(w*ow_l) Sy _q2n—2i+1v;<*’ vy — Ug*a Vi _q—(2n—2i+1)vi>(;’ 1<i< n,

which shows that (5.25) is true for all .

(iv) Axiom (IV) directly follows from the tensor product theorems: Theorems 4.3.2 and
4.3.3.

5.6.2 Proof of Axiom (V)

We now find a set of constants {dy € C| A € A} satisfying the relations (5.14). To do
this, we need first to compute the f, for all u, A € AJ.

Recall Lemma 5.3.1. Because of part (ii) in Subsection 5.6.1, v=! acts on V) as the
multiplication by the scalar y(v™!) = ¢**+2* and O, also acts on V,, as the multiplication
by a scalar which we denote by x,(C)). It immediately follows that

Jur = Xu(Cr)sdimy(V,), Vi, A € A
Using calculations similar to those in Subsection 5.3.1 and [ZG91, Lem. 2], we obtain

X,u(C)\) = str (7T>\ (K2u+2p)) )

where 7, is the representation of UéN) (g) furnished by the module V). Here Ky, 4, is a
product of K;’s such that K2M+2pe,~K2:}+2p = 2tpi)e, Y

Now Vj can always be embedded in V® as a direct summand. Let pt[A] be the projection
operator mapping V®* onto V). Then

Xu(C)) = stryer (Kaysop - BiA]).
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As we have argued repeatedly, the right hand side can be obtained by first evaluating the
corresponding quantity at generic ¢, then specialising ¢ to a root of unity. This way we ob-
tain, with the help of the supercharacter formula for irreducible osp(1|2n)-representations,

N e € (o )q2Ht2e.0(Atp)
EOEW € ( )q(2ﬂ+2P»U(P)) !

where W is the Weyl group of osp(1]2n). See Appendix D for further information. It is
important to observe that for all 4 € AL, the denominator of the above formula is always
NnonN-Zero.

For convenience, let us introduce some notation. Recall that X = ;" | Ze; C H*. Let
S: X xX —Cand@:X — C be two mappings defined by

Xu(Cr) = (—1) A p € A, (5.26)

(M) = S = (=D Y7 € (o)gPHHroten, (5.27)
oeW
TR Q(u)zze’(a)QQ(u-mU(p))_ (5.28)
oceEW

Then we have the following result.
Lemma 5.6.1. S, , has the following properties:
(i) Spr = (=1)NHHS,
(1) Sxw(utp)—p = € (W) S, w € W.
Proof. (i) Sy = (—1)l Z ¢ (o) P rtrotn) — (_1)[)\]““}5/\,#-

oceWw
(1) Syurenr-p = (~DP 3 o)A = () 37 € g)g o)
oceWw cEW

O

Restricting the domain of S to A} x A} and the domain of Q to A} gives mappings
with non-empty image. We can rewrite (5.14) as

= 3 o) ($0,/Q).  Vue A (5.29)

AeAt,

The invertibility of the matrix (Si,./Q(u)), ueat 1 unknown. However, U™ (g) may still
) N

satisfy Axiom (V) of a pseudo-modular Hopf algebra. This is the advantage of working
with pseudo-modular Hopf algebras.

We shall now work towards proving Theorem 5.6.2. Fix N =2 (mod 4) where N > 6,
and also define S , = (=1)MS, .. We will solve the following set of linear equations for

the constants {d) € C| A € A}} where dy = (—1)PMd,:

= > doo ), Y e A (5.30)

AeAL
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Note that Q(u) # 0 for all 4 € A}, and the set (5.30) of equations is identical to the set
(5.29) of equations.
Define Xy = X/NX and let p: X — Xy be the canonical projection defined by

= . vie; + NX, V= Y vie; € X.

We distinguish between elements of X and Xy by writing A € X and A = p(\) € Xy.
Note that ¢***27) makes sense for all A € X. Furthermore, if p(\) = p(u), then gA+20) =
qW#20) thus we can regard ¢*+20) as a function Xy — C defined by p(\) — ¢* 20,
where to evaluate q(X’X”p) we take any representative A € X of A and calculate ¢ +20).
Similarly we can regard S} ., as a function Xy x Xy — C.

We will encounter expressions of the form o()), where ¢ € W, in our calculations. To
be completely clear, we note that in writing o(X) we actually mean p(c())), where A € X
is any representative of X in Xy.

Following [ZC96], we introduce the auxiliary equations:

v) = Z xXXX(U’I)S'X’E, (5.31)
XEXN
where 71 varies over all elements of p(Af;) and we choose T to be the representative of p(1)
in AY. Note that the sum in the right hand side of (5.31) is over all distinct elements of
Xn.
We would like to solve (5.31) for the xy. Let us try the following solution: zy = ¢q ~(A20)
where ¢ € C is some nonzero constant yet to be determined. Substituting thls into (5.31)

gives
Q(ﬁ)q—(ﬁ,ﬁﬂp) — Z cq()‘ A) Z 2(Mp,0 u+p)) (5.32)

NeXpy oceEW

We now aim to obtain an expression for ¢ independent of i. To help do this, we apply
the following mapping to each term on the right hand side of (5.32) for each fixed pair
(7, 0) € p(AY) x W L

X o(N) - o(f) € Xy.

Lemma 5.6.2. Let (1,0) € Af x W be a fized pair. Then for any A\, ' € X,
p(oN) — o) =p(o(¥) = o)) Fandonly if p(N)=p(X).  (533)
Proof. Write A = (A1, Ag, ..., A,) and X = (N[, A, ..., \)). Fix 0 € W and assume that
p(A) = p(X), then
Ai =X, (mod N), foreachi=1,2,...,n,

( ()\,))i (mod N) for all ¢ = 1,2,...,n. It follows that (a()\) — 0(,&))- =

2

((D

( —o(p)), (mod N) for all i = 1,2,...,n, and that

p(o(X) —a(p) = p(e(N) — o(n))-
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Now let us assume that p(o(\) — o(n)) = p(a(N) — o(n)), then clearly

(c(N) — a(,u))i = (o(XN) — O'(M))i (mod N), i=1,2,...,n,
and
(e(N), = (a(X)), (mod N), i=1,2,...,n. (5.34)
From Eq. (5.34) we obtain
A =X, (mod N), i=1,2,...,n,
and thus p(\) = p(\') as desired. O

It follows from Lemma 5.6.2 that for each fixed pair (7, o) € p(A}) x W, the following
component of the right hand side of (5.32) is invariant under the mapping A — o(\) —
o(p) € Xn:

Z q(>\ A) 2(A+p0(Ti+p)) (5.35)

)\EXN

Applying this mapping to (5.35) gives us

(o) ¥ (TN o @) =0(m) (2N ~o @) +ro (o)

XGXN

= c€ (o) Z q(X,XH(A,ﬁ)Hﬁ,ﬁ)q2(Xﬁ+p)f2(ﬁ,ﬁ+p)q2(p,o(ﬁ+p))

= ¢ (o) Z q(X,XHp)f(ﬁ,ﬁHp)q2(p»o(ﬁ+p))7

XEXN

which allows us to rewrite (5.31) as

—(@,+2p) Z 20p,0(E+p) — Z q(A >\+2p) —(@,f+2p) Z pU(quﬂ))
ceWwW AeXn ceWwW

for each 71 € p(Af). As Q(m) # 0 for each 1w € p(A}), we easily obtain the following

expression for ¢!
C*l — Z q(X,X+2p)’ (536)

XEXN

which satisfies |c7!| = (2N)"/?, as is shown presently. We can rewrite the sum in (5.36) as

R (+iIVA] .
Z X 20) HG+ (N, 2k +1) = -——— 11 o | L= e (wi/2N),

(5.37)
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where G (N, m) is a Gaussian sum defined in Appendix A. In proving (5.37), we used
Lemma A.2.3 and the fact that ¢t2F+D* = tg**+1) By inspection, the modulus of the far
right hand side of (5.37) is (2N)™?, and we obtain the well defined expression:

(R20)n (TP k()
o5 =1 (ITizo ), (5.38)

[(1+z’)\/Nr

Now consider the right hand side of (5.31):

> axg S (5.39)

XEXN

Recall that we use N’ to mean N/2. We will rewrite (5.39) as a sum over all the elements
of Xy = X/N'X and then we will use certain results in [ZC96] to express (5.39) as a sum
over all the elements of A},. We now consider some useful calculations. Let X =X+ N
for some i € {1,2,...,n}, then

q(X',X’+2p) _ q(X+N’ei,X+N’ei+2p) _ q(X,X+2p)+N/(2X¢+2n—2z’+1+N/)_

As N =2 (mod 4), this equation leads to
N N +2p)

q = g2, (5.40)

Thus

ry = ko = e =~y (5.41)

(+i)VN] (1+i)VN|

q—(X+N'si,2p)tn (Hn—l k(k+1)) _q_(X,Qp)tn (Hn;l qk(k—f—l))

and furthermore

L= Y (o)A e )
oceW

— Z 6/<0_)q2(/\+p»0(ﬁ+p))+N (61,0’(2ﬁ+2p)) _ —SIX7E (542>
cewW

hS

Using Egs. (5.41)—(5.42), we obtain
xqu(xl;/“p) SIX/,ﬁ = qu(X,XHp) S (5.43)
Note that | X | = 2" X[, then (5.40) and (5.43) allow us to rewrite (5.39) as

Z qu(X,XJer) S&,ﬁZQn Z qu(X,XHp) Siﬁ- (5.44)

XGXN XEXN/
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We now aim to write the summation in the right hand side of (5.44) in terms of a

summation over the elements of E, and in doing this we will follow the general approach
of [ZC96], which studied a similar problem for ordinary quantum groups at odd roots of

unity. In particular, we consider the analogous problem for U’ (so(2n+1)). Consider the
affine Weyl group W5, of a classical Lie algebra g, where M > 3 is an integer, generated
by the maps Sopn : X — X, a € @;, k € 7, where @; is the set of positive roots of g,
and where the action of S, xps on p € H* is defined by

Sakm = 0o(p+p) — p+ EMa.
We derive the following from [Jan87, Sec. 6.2].

Remark 5.6.2. Set M > 3 to be odd, then the affine Weyl group W3, of a classical Lie
algebra g acts on the chambers, that is the open connected components of

Y Ul B -

aqu nez

transitively, with a fundamental domain

2
uexlogwgmmeqﬁ . (5.45)
(o, @) ¢

Proposition 5.6.1. Set N = 2 (mod 4), N > 6. The truncated Weyl alcove ﬁ c X
giwen in Definition 4.2.1:

2(A+p, )
(@, )

AL = {)\ eX) 0< < N/2, Va e@fucbf}, (5.46)

1s identical to the fundamental domain of X wunder the action of the affine Weyl group

W;,O/(;nﬂ) stated in (5.45).

Proof. The set of positive roots ®* of so(2n + 1) is identical to the subset 53 U ®] of
positive roots of osp(1]|2n), and the expression for 2p in so(2n + 1) is given by

20 = Z [(ei —€;) + (6 + €5)] + Zek = Z(Qn —2i+ 1)e;,

i<j
which is identical to the expression for 2p in osp(1|2n). The result follows. O

Let § € H* be arbitrary and let {s,| @ € ®7} be a subset of elements of the Weyl
group of osp(1]2n). Now s, () = sa, () for each i = 1,... n, and we identify s,., with
Se;, thus every element of VW can be expressed as some ordered product of the elements

of {sa € W] a € 5:{ UdT}. As (D;(%H) = 6; U ®f, the Weyl groups of osp(1]2n) and

so(2n + 1) are identical.
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We define the action of S, xy € W3, on an element of X, by
Soers(pp+ MX) = Sapn(p) + MX.
This coincides with the action of the Weyl group W? on X, defined by
olp+MX)=0(p) +MX, Vo e W9, ne X,

and we can deduce from this that the image of A}, under the canonical projection PNJ2
X — Xyyp furnishes a fundamental domain for X under the action of the Weyl group W
[ZC96].

There is the following important result [ZC96]: for any A, pu € pya(AY) C Xn/2 and
any o, w € Wsen+l),

ocA+p)—p=w(p+p) —p iff A=pando=w. (5.47)

This result also holds for any o, w € WoP(112n) a5 YWeosp(1i2n) — ) so(@nt1)

In order to rewrite the right hand side of (5.44) in terms of a summation over the ele-
ments of A}, we will show that S} , = 0if A € AL\AY orif u € AZ\AY. The corresponding
result is easily proved for Uq(N/Z)(so(Qn + 1)) [ZC96] but for UéN)(osp(HQn)) the proof is

more intricate, principally due to the different properties of €(o) and € (o) where o is an
element of Wo1127) " Recall that N = 2 (mod 4) and that A} is defined by

2(p+p, )

A}:{MEX‘O< o.a)

< N, vae60+u<1>1+},

which is similar to the definition of E in (5.46).
The following two important properties of S} , are easily proved: for each A, 1 € X,

(1) SS\,M = S;/h)n
(i) S pp)—pp = € (5a)S},, for any s, € W.
Lemma 5.6.3. [fAEA\A orueA \AL, Sy, =

Proof. Define hp, = {p € X| (u, ) = 0} for each o € 6:; U ®; hp, is the subset of X
invariant under the action of s, € W. For an element A € AL\AJ, the definitions of

A% and A imply that % = kN/2 for some k € Z, and some a € &y U®;. For
a=¢ tej, where 1 <i < j <n, wehave (A\+p, ) =kN/2, thus (A+p—kNa/4,a) =0,
and A + p — kNa/4 € hp,. Consequently, so(A 4+ p — kNa/4) = A+ p — kNa/4, and

Sa(A+p) —p+ kNa/2 =\, and it follows that

! / !
S)\u sa()\—i—p) p+EN' o, — S a(Ap)— =€ (SOJ)S)\,;N

which vanishes identically as €'(s,) = —1 for each a = ¢; £ ¢; € 53.
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Now let A € AL\AS and let o = ¢;, where 1 < i < n, then ((A;p)o‘) = kN/2 for some
k € Z. Consequently, we have 2(A+p, a) = kN /2 which implies that (A+p—kNa/4, o) = 0,
and also that A+ p —kNa/4 € hp,. It follows that s,(A+p —kNa/4) = A+ p—kNa/4,
and that

Sa(A+p) —p+EkNaj2 =\

Consequently, we have

S;\u S/ a(A+p) p+k:N’oz,u:€/(Sa)S;\+kN’a,u ( 1)k ,(SOJ)S)\M ( 1)k53\,u7 (548)

where we have used the result €'(s,) = 1 as a € ®], and we have also used the following
calculations:

S\tkNiay = Z € (o) P RN atpolutp))
oceWw
! S if k£ 1s even
= / 2()\+p,0'(/.l,+p)) (kN 0‘70(2H+2p)) _ S ,
;\}6 o) ! { =5 o ik is odd.

Here the last equality arises from the following calculation:

(kN'aso(2ut2p)) _ J +1 if k is even,
1 = =1 ifkis odd.

If k is odd, S} ,, vanishes identically by (5.48), and this completes the proof of the assertion

that S} , = 0if A € E\A;{, To show that k is indeed odd we note that the equation
(A + p,a) = EN/4 implies that \; + n — i+ 1/2 = kN/4, and thus we have k ¢ 27 as
A € X. It follows then that s,(A+ p) — p+ ENa/2 = A for some odd k, and thus

Sy =5

o o

To complete the proof, we note that S} , =S, ,, and thus S} , =0if u € AL\AL. O

Corollary 5.6.1. If X or i belongs to PN/2 (AE\A}) C Xny2, then SIXﬁ =
Lemma 5.6.4. The set {dy € C| X € A},} of constants defined by
dy = dosdimg(Vy),  do = Q0Q(0), (5.49)

with ,
Zntnqn —n/2

[(1 +i)VN ] "
Q(0) = H (q(p,a) _ qf(p,a)) H (q(pﬁ) + q*(pﬁ))’ (5.51)
aGEg BE(I)T

satisfies the relations (5.14).

Q= (5.50)
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Proof. Using (5.47) and Corollary 5.6.1, we can rewrite the right hand side of (5.44) as

XeX AeAf oW

= 2” Z Z xo’()\+p)—pq(>\7)\+2p) €/<0>Sé\,ﬁ,

AeA; oew

and we consequently obtain from Eqs. (5.31) and (5.30) the following equation for d.:

D dg@ S, =20 Y Y (0) T ot L, V€ AR (5.52)

veAR A oW

Eq. (5.52) is obviously satisfied by

dy =2"> " €(0)orip)—p

oceWw

and we now evaluate d}:

dy, = 2" Z e (o)g O+ =p20) Z ¢ ™7+

oeW veEXN

= an(%p)g(wo) Z Ef(g)q—(woa(ﬂrp),?p) / Z q(ﬁ,ﬂ?p)

oeWw veXN

an(%p) Z Ef(g)q(ff()\+p)72p)/ Z q(ﬁﬁr?ﬂ)’

oeWw veXn

where wy = S, Se, * * * S¢,, 18 the longest element of W; note that €' (wg) = 1. Therefore,

n

[)\} 2nq(2P7P) sdzmq(V)\)Q(O)
ZDEXN q(ﬁj—ﬂp) |

2nq2rP) sdim,, (V) Q(0)
q(U,PJer)

a = (-1)

dy =

veEXN
(Recall that dy = (—1)Md,.) Evaluating the Gaussian sums gives

on (2p,p) di \V4 0)t" "o gFD
0 — q®P) sdimg(Va)Q(0)t™ (TThz, )7 (5.53)

[(1+i)\/ﬁr

which is non-zero for each A € A},. Writing

dy = dosdimg(V3), do = QQ(0), A e Y,
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we then have
n n n—1
2 q(2p7p)t (szo qk(k+1))
[(1 + z’)m}
2nq(4n3—n)/6tnq(n3—n)/3
[(1 + z’)\/ﬂ
Qntnqnsfn/2

[(1+i)\/ﬁ]n.

In this calculation we used the result (2p,2p) = (4n® —n)/3. O

The constants d are proportional to sdim,(V)) with constant of proportionality dy # 0
for each A € A} A similar phenomenon occurs for all other Reshetikhin-Turaev 3-manifold
invariants constructed from quotients of quantum algebras and quantum superalgebras at
even and odd roots of unity [RT91, TW93, Zh94, Zh95, ZC96, Zh97].

5.6.3 Proof of Axiom (VI)

We now show that z is as claimed.

Lemma 5.6.5. Set z = Z(L) = Z dxg~ M2 sdim, (Vy). Then

AeAl
z = (—i)"g¥ (5.54)
which clearly satisfies |z| = 1.

Proof. We calculate as follows:

z = Zd,\q’()‘”\”p)sdimq(%\)

AeAL
= 0Q0) Y ¢ (sdimg(Vh))
AeAT
Q 2
- —(AA+2p) A )
0 ;q QM) (5.55)

2

where we have used (5.49) and the relation (Sdimq<V)\))2 = (S,\O/Q(O))2 = (Q(X\)/Q(0))".

Let us examine ¢~ ***+20) and (Q()\))2 under the action of the map A — a(\ + p) — p,
where ¢ € W. It is not difficult to show that for each ¢ € W we have

~(AW+20) and (Q(o—()\—l—p) —p))2 _ (Q()\))Z

—(o(A+p)—p,o(A+p)—p+2p)

q =4q
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Now Eq. (5.40) states that

—(A+N'e;, A +N'e;+2p) —(A\A+2p)

q =4q

Furthermore, by using the fact that ¢(N'¢»v(>?) = —1 for each i € {1,2,...,n}, we obtain
2 2
QN+ N'e))” = (QN)™.

Now pn/2 (ﬁ) is a fundamental domain for X under the action of the affine Weyl group

Wy and Q(N\) = 0if X € E\A;{, The calculations in the previous paragraph imply that
we can write the sum in (5.55) as a sum over the elements of X+, which considerably
simplifies the calculations:

S O (Q( |W| S A (), (5.56)

AeEAT XEX

where we note that |W| = 2"n! [Hu72, p. 66, Table 1]. By using Eqgs. (5.40) and (5.42)
we can further rewrite the sum on the right hand side of (5.56):

lvlw >0 MMM = 2"|W| > QM) (5.57)

)\EXN/ )\EXN

which we will now evaluate. We firstly rewrite the right hand side of (5.57):

Z —(A\2+2p) (Q(X))Q

2"IWI
)\EXN
GXN o,w
_ in)/v Y €0)e (w)gP o) N T gm XAl (5.58)
| | o,weW AeX N

We wish to disentangle the summation indices in the exponents of ¢ in (5.58) so that
we can factorise the summations into a sum over the elements of YW x W and a sum over
the elements of Xy, both of which we can calculate relatively easily. To do this, for each
pair (o,w) € W x W in (5.58) and each A\ € Xy we apply the following map:

A= A +a(p) +w(p) € Xy. (5.59)

Now

p(A+0o(p) +w(p)) =p(u+olp) +wlp)) if  p\)=pp), YAueX,
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thus the summation in (5.58) is unchanged under the mapping (5.59). Applying this map
to the right hand side of (5.58) and equating the result with the left hand side of (5.56)
gives

q(2p7p)
2|

~—

Z € (0)€ (w)g2 @) Z q—(XHM). (5.60)

o,weW AEXN

ST Q)2 =

+
AEAR

It is not difficult to evaluate the right hand side of (5.60): note that

Y ) (W)@ e = wiQ(0).

o weW

This can be seen in the following way: firstly fix o; € W, then

> (W) 0D = N ¢ (y)e (w) 2D = ¢ (01)Q(0),

weWw weWw

thus

Y o) Y )P = N (w)g? ) =y Q(0) = WIQ(0).

oceWw weWw o,weW oew

Additionally, Lemma A.2.5 implies that

Z q (M+2p,0) _ HG N ok + ) — " |:<1 . Z)\/N:|n <T]L] qk(k+1)> )

XN k=0

where t = exp (mi/2N). By combining these results we obtain

5 = 2 Z qf(A,M?p)(Q()\))Q

CQ(O) XeA
B QIW|Q(0)q2eP)¢m [(1 —-i)x/j?]n (Iln ]qu(k+1))
E 2 W[Q(0)
Qq(2p7p)tn [(1 _ Z)\/ﬁ] (Hn 1 qk(kﬂ))
— -
- q2p2e)§2n [(1 _ Z)\/ﬁ]" (HZ;S k(k+1))2
) (a+ivN]"
= (=) e,
and |z| = 1. -

This completes the proof of Theorem 5.6.2.
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5.7 Comparing the invariants from UéN)(osp(HQn)) and

Uq(N/Q)(SO(Qn + 1))

Our construction of 3-manifold invariants from Uq(N)(osp(1|2n)) immediately gives rise to
three important questions:

1. Are our topological invariants of 3-manifolds obtained from Uq(N)(osp(1|2n)) new
invariants?

2. Are the 3-manifold invariants obtained from UéN)(osp(HQn)) complete invariants,
that is, do they distinguish non-homeomorphic 3-manifolds as well as telling us when
two 3-manifolds are homeomorphic?

3. If the invariants are not complete, are they better than other invariants in distin-
guishing non-homeomorphic 3-manifolds?

These are difficult questions to answer. The first requires a comparison between our
invariants and all other existing invariants, a positive answer to the second would solve the
classification problem for closed, connected, orientable 3-manifolds and the third requires
a theoretical investigation of the properties of the various invariants, or the calculation of
various invariants for numerous 3-manifolds and directly comparing their performance in
distinguishing non-homeomorphic 3-manifolds with the performance of our invariant. We
do not know of any theorems that would allow such a theoretical investigation, and the
numerical work needed to compare the performance of the various invariants is itself a
non-trivial exercise, similar to that done to compare how well polynomial link invariants
distinguish links that are not ambient isotopic (eg see [DeW99, Ch. 7]).

A fact touching on question 2 is that the Reshetikhin-Turaev method for constructing
3-manifold invariants does not ensure completeness: it does not necessarily distinguish
non-homeomorphic 3-manifolds. For example, the topological invariants derived from
UéN)(slg), where N > 4 satisfies N = 0 (mod 4), do not distinguish all non-homeomorphic
3-manifolds [KB93, Lic93, KL94].

Given the difficulty of answering these questions, we consider a more tractable problem.
We will compare our invariants with the invariants derived from one quantum group at
odd roots of unity, and ask the following question: are the invariants from Uq(N) (osp(1]2n))
the same as those from UéN/Q)(so(Qn + 1)) when N > 6 satisfies N = 2 (mod 4)7 By the
same, we mean that given a closed, connected, orientable 3-manifold M, we have

F(My)

F(Mp) (5.61)

Uth)(OSP(”Qn)) - UéNm)(so(Zn-‘rl)) :

It is interesting to ask this question as the sets of integral weights in the truncated Weyl
chambers A} of UM (osp(1]2n)) and UéN/Q)(so(Qn + 1)) are the same, thus in calculating
the topological invariant for any given 3-manifold M}, we sum over the same module labels.
The reader may ask the obvious question why we are not comparing the invariants from
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quantum osp(1|2n) and quantum so(2n + 1) at the same roots of unity. The reason is
that the sets of integral weights in the truncated Weyl alcoves of quantum osp(1|2n) and
quantum so(2n + 1) are different when N = 2 (mod 4).

Our topological invariant has an S® normalisation:

F(5%) — 1= F(5%

U™ (0sp(1)2n)) N (so(2n+1))°

and therefore we choose a 3-manifold other than S on which to compare the two families of
invariants. For calculational ease we will determine the invariants associated with S2 x S*,
and we recall that we can obtain S? x S! by performing surgery on an oriented unlink
L C 83 with zero framing. We now calculate F (5% x S1): the linking matrix of L is
Ar = (0), thus o(Ar) =1 and

Fistx s = Y0 = = Y dodimy(14)

+
AEAR

where in calculating F(S?) /2 we take the quantum dimension of the irreducible
q

(so(2n+1))
UéN/ 2 (so(2n+1))-module V) with highest weight A instead of the quantum superdimension.
We firstly calculate F(S? x St) Let N > 6 satisfy N =2 (mod 4) and let

q = exp (2mi/N), then

ST = Y dasdimg(Va) = QQ(0) Y (sdimg(Va))®

U™ (osp(1]2n))°

XeAd AeA
2 S NI e
- WE@ Q)" = G XXJ QM) = 3w ng (QM)°.

(5.62)

Using the expressions for » 5.y (Q(X))2 (Lemma 5.7.1) and for 2 and z (Egs. (5.50) and
(5.54)):

2nqn37n/2tn

Q=--—1 " _ 2 = (=i)"g® T, t =exp (mi/2N),
[(1 + i)\/ﬁ}
we have
n/2 —nwi/4,n3—n/4
2 1 1 (N/2> € q
F(S XS )UlgN)(osp(1|2n)) = < Q(O)

(_,l)fn (N/2>W/2 efnm'/4q73(p,p)
HQEESL (q(a,ﬂ) — q*(a,ﬂ)) Hﬁe<1>1+ (q(:&ﬂ) —+ q*(ﬁvp)) '

We now calculate F(S? x St)
f(52 X Sl)Uth)(

UL (soan+1))" With N as given in the calculation of

) above, fix N = N/2 and ¢ = ¢*. From [ZC96, p. 635], we

osp(1]2n)
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immediately have

+ N n
(-1) Pso(2n+1) (§)~ I+ +L/2@e0) (G ()
f(SQ X Sl)UlgN/Q) — ( ) ’

(so(2n+1)) Q2]<0)
N-1
where G(q) is a Gaussian sum: G(q) = Z(@)kﬂ, and
=0
Qylp) = D elo) ()20,
oew

(Compare this to Q(u) = >,y € (0)q P +220) ) From [KL94, p. 150], we have

Gi(d) = (N)Y2 if N=1 (mod 4),
W=V iW)Y2 i N=3 (mod 4).
As (D;(ZRH) = {e,¢5te|1<i<n, 1<j<k<n}, we have (—1) q>s+°<2"+1>‘ = (—1)",
: : : 2., al :
which leads to the following expression for F(S% x S )UgN/Q)(so(zn L))
— 1) (—4)(2p.20) (N /2)V/2 5-3(pp) N =
F(S* % SN0 gofansry) = o A(( )/ : X { N3 e
! Hae@TUcbj (qloor) — () @, if N=3 (mod 4)
Elementary algebra shows that F(S? x Sl)U§N>(osp(1|2n)) = F(S? x Sl>U§N/2)(SO(2 41y if and
only if
e/t = Co20300) TT (¢ + @) T (¢ — @) x o, HN=1
(=)™, if N=3 (mod 4)
aeig ,GGCI’]L
(5.63)

Eq. (5.63) is never true for n = 1, and for all odd n > 3 a necessary (and not sufficient)
condition for it to be true is that (n® —n/4) € Z(k* + k + 1/4) where N = 2(2k + 1). For
each odd n > 3 we can easily choose a sufficiently large enough N so that (n® —n/4) ¢
Z(k* + k + 1/4), and this relation then holds true for all N = 2(2k" + 1) where k' > k.
Thus the invariants from Uq(N)(osp(l\Zn)) and Uq(N/z)(so(Qn + 1)) are not the same.

Let us now prove the following result which has been used in the derivation of

F(S? x S

UéN)(osp(1|2n))'
Lemma 5.7.1. > 5« (Q(X))2 = (2N)™n!

Proof. Recall that Q(X) is defined by Q) = > € (0)q2@@2+0) for each X € Xy Now
we claim (i) and (ii) below, where o,w € W:
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N PO = 0 if o(p) +w(p) # 0,

XEXN

(ii) €(0)e(w) Y PE@OreIAte) = N if o(p) + w(p) = 0.
XEXN

We will prove these results momentarily. Using these results we calculate that:

S = > )o@ X

AEXN AeXy OWEW
— Z Z 6/(0.)6/(w)q2(o(p)+w(p)5+p)
XEX o, wEW

N o(p)+w(p)#0

+ Z Z 6/(g)Ef(w)q2(a(p)+w(p)5+p)

o,weEW
o(p)+w(p)=0

— Y ) 3 e (56)

XGXN

o weW XeXy
— |[WIN" = (2N)"n! (5.65)

where we obtain (5.64) from the fact that o(p) + w(p) = 0 if and only if w = —0o, and we
obtain (5.65) from the fact that the order of W is 2"n!

Now we prove the claimed results (i) and (ii) above. We prove (i). Assume that
o,w € W are such that o(p) + w(p) # 0, and let us write o(p) + w(p) = >, pi€e;. The
properties of the reflections generated by the elements of YV mean that u; € Z for each 1.

By assumption, p; # 0 for some ¢ = 1,...,n. Fix such an i, then by considering the
action of o,w € W on p, we have

2 < 12u;] < 4n —2. (5.66)
Now the assumption that A}, is non-empty means that N > 4n+2. To see this, recall that
A} is defined when N = 2 (mod 4) by AL, = {A e P 0< )\ < N/4—n—1/2}. Then

q** # 1 from Eq. (5.66). To complete the proof of (i), all we need is the following trivial
calculation:

N-1 N-1
E q(o(p)+w(p),2X) — E q2u1 Al 201 N1 201 i1 20 An E qQ/Ji)\i
NeXpy ALy X 1,Nit 1500, A0 =0 Ai=0

= 0.

We now prove (ii). Assume that o,w € W are such that o(p) + w(p) = 0, then
w = —o0 = wyo where wy = 0,0, - 0., is the longest element of W, and we have

€ (w) =€ (wo)e' (o) = 6’(0). Finally,

Z q2(o p)+w(p),A+p) _ Z 1= N"

AeX AEXN
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5.8 Some side results

5.8.1 An observation

We now discuss an observation of Turaev and Wenzl [TW93], who showed that in certain
circumstances the Reshetikhin-Turaev 3-manifold invariants could be calculated by taking
a weighted sum of the F' (F(L, /\)) where the link is cabled and each component of the
cabled link is only ever coloured with the same module. Their observations equally apply
to the 3-manifold invariants constructed from pseudo-modular Hopf algebras in this thesis.
We briefly discuss this here and refer the reader to [TW93] for details and a proof.

Let A be a modular or pseudo-modular Hopf algebra with universal R-matrix R, and
let {V)\| A € I} be the collection of A-modules used to construct the 3-manifold invariants.
For each p € I, let C,(V,,) be the algebra over C generated by the elements

{ﬁzﬂ € Enda (V,u,)@t |1<i<t-— 1} , where

7?’;(1<Uj1 ORI th) = Uy, - Uiy ® Po (Rjd(Uji ® Uj¢+1>) ® Uji 1o - ® Uy -

If each V) is isomorphic to py(V,)®" for some idempotent p, € C,(V,), for some p in I,
we say that V, is a generating module. For Uq(N)(osp(1|2n)) at even roots of unity, the
fundamental module V' is generating. Turaev and Wenzl’s observations only apply if the
algebra has a generating module; we only consider such algebras below and denote the
generating A-module by V.

The module V) is isomorphic to py(V®') for some idempotent p, € C; where we can
write py = E;Zl c;#j, c; € C. Here each Z; is an ordered product in the 7@;“.

Now in calculating the 3-manifold invariants, one takes a weighted sum of the F' (F(L, /\))
where the sum is over all different possible colourings A of T'(L). The fact that V) is
isomorphic to py(V®") means that we can express F(I'(L,)\)) differently: we can write
F(T(L,X\) = Yo ¢ F(T(L},V)) where L} is a link obtained from cabling L and V
means that each component of I'(L) is coloured with the generating A-module V.

To see this, we consider a framed oriented knot L; the multicomponent case follows.
Regard I'(L) as being coloured with A\ € I. Foreach j =1,...,r, let f; be a framed oriented
link with ¢ components obtained by cabling L. By referring to #; we construct a new link
L. Of course, Z; = 7’(’,2117'(’,222 o 7@2’;, where ¢, € {—1,+1} and k; € {1,2,...,t —1}.

Now let b; = 00,2 -0} be an element of By, the Braid group on ¢ strings, where
ot and 07! are the elements of B, in Figure 5.25, and O'ZH € B, acts as o=! on the k'
and (k + 1)% components of the (¢,¢)-tangle (from the left) and leaves all other compo-
nents unchanged. Now we construct the new t-component link L’ by doing the following.

Consider the intersection of f; with a 3-disk D? in such a way that all the components

of Z; in the intersection are parallel and oriented downwards. We obtain L’ by replacing
the oriented (t,t)-tangle in the intersection with an oriented (¢,t)-tangle given by applying
bj € By to the t parallel components. We do this by firstly applying ;! to the top of the

t components, and then inductively applying JZE below o}” for each r =1,...,m — 1.
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AKX

+1 -1

o o

Figure 5.25: The elements o, 071 of B,

After obtaining each L', we have
T

F(R(L, ) = 3¢ F(T(L, 1),

J=1

which follows from the properties of F'.

5.8.2 A further result

Theorem 5.8.1. The algebra U (0sp(1|2n)) and the set {Vi| A € Ay} of modules is not
a pseudo-modular Hopf algebra when N > 4 satisfies N =0 (mod 4).

Proof. We will show that UéN)(osp(1|2n)) and the set of modules do not satisfy Axiom
(V) of a pseudo-modular Hopf algebra. To do this, we will show that the set (5.29) of
equations is inconsistent if N =0 (mod 4), N > 4.

We will show that for each € A}, there exists some p’ € A, where p/ # pu, such that

(i) qf(u’7u’+2p) - _qf(u,u+2p)’ and

(i) Sxu/Q(W) = Sxu/Q(1), and

we have the following pair of inconsistent equations:

g0 = N Ay (v S/ Q1) (5.67)
AeAl

—(W'n'+2p) Z d)\X)\ S)\“/Q( ) (568)
AeAt,

Let N > 4 satisfy N = 0 (mod 4). Let u € A}, and fix s, € W to be the element of
W that reflects H* in the subspace hp., = {x € H*| (x,€¢;) = 0}. The element s, acts on
V= Z?:l Vi€; € H* via

S VI —U€ + Z V;i€;.
=2
Define the map o, v : X — X by

O, N1 2 > S (1t p) — p+ Ney.



164 Chapter 5. Topological invariants of 3-manifolds

In the foregoing we will use Proposition 5.8.1, to which the reader is temporarily referred.

Set 41/ = o, a+(p): the next two calculations will show that ¢~ #+20) = —g=(r+20)  Now
g~ BN anNa+2) q—((u,u+2p>+N<u,e1)+N’(2p,sl>+<N’>2)
— q*((u,u+2p)+N’(2p761))
_q—(uazﬂr?p) ’

and for any w € W we have

q*(w(wp)*p,w(wp)*ﬁ?p) — q*(w(u+p)7w(u+p))+(p,p) — qf(mw?p)7

thus ¢~ H+20) = —g=(mp+20),

The equality Sy ,//Q(r') = Si,./Q(n) results from the following properties of Sy,
which derive from direct calculations and from Lemma 5.6.1:

S)\,sel (u—l—p)—p/Q(Sq (,u + ﬂ) - p) = S)\,M/Q(:u)a
S)\“u,JrN’el/Q(,u + NIEI) = S)\,M/Q(:u)
The second relation follows from the equality Sy ,4nve; = —Sh -
It follows that for each u € A} there exists some p’ € A} where p' # p, such that

we have an inconsistent pair of equations (Egs. (5.67) and (5.68)). As u/ = o, n(p) and
= o n (1), there are [A}|/2 such pairs. O

Proposition 5.8.1. Let o, n : X — X be a map given in Theorem 5.8.1 and let p € AY,,
then e, nv(p) = (N' — iy — 2n+ L)ey + >0, p€;. Furthermore,
(i) oer.v (Oe v (1) = p,
(1) oenr (1) # 1,
(iii) 0 (1) € ATy
Proof. The action of o, yv on  is shown by trivial calculations. The proofs of (i)—(iii) are:
(i) oe,n: (UEI,N'(M)) = Uel,N/((N/ — = 2n+ e+ 300, /ME@') = M-

(ii) Assume that o, n/(p) = p, then (N — py — 2n + 1)e; = py€;, which implies that
211 = N' —2n+1 and p; € Z+ 1/2. However, this is not possible as p € @7, Z¢;
and therefore o, n/(p) # p.

(iii) The definition of A}, implies that p/ € AL if and only if 0 < pf + phy < N’ — 2n + 2.
Now as p € AJ;, the components of p satisfy —1 < py — s < N’ — 2n + 1 which we
can rewrite as

0< N — s —2n+1+p < N —2n+2. (5.69)
The statement of the proposition tells us that o, y/(p) = (N — 1 — 2n 4+ 1) +
Yo, i€, that is g} = N'—py —2n+1 and pfy = po. This allows us to rewrite (5.69)
as 0 < pf 4+ ph < N —2n+ 2, which is precisely the condition under which o, y/(p)
is an element of A.

O



Appendix A

Gaussian binomial identities and
Gaussian sums

In this Appendix we give certain identities involving the Gaussian binomial coefficients
and we also investigate Gaussian sums. The pseudo-Gaussian binomial coefficients are
closely related to the Gaussian binomial coefficients by (n), = [n]9 ', but we consider them
separately to aid comprehension.

A.1 Gaussian binomial identities

In this section we give certain identities involving the Gaussian and pseudo-Gaussian bino-
mial coefficients. Lemmas A.1.1 and A.1.2 are given without proof; they are easily proved
by induction.

Lemma A.1.1. The Gaussian binomial coefficients satisfy the following relations, where
,n€Zy andi < n:

oL )

Lemma A.1.2. The pseudo-Gaussian binomial coefficients satisfy the following relations,
where i,n € Z, and i < n:

o ("1 )q=(?)q+<—q>n+1-f(if1 )
0 (1) () (),



166 Appendix A

A.2 Gaussian sums

In this section we consider some properties of Gaussian sums. Here we fix ¢ = exp (27i/N)
where N > 3 is some integer, and we fix G (N, m) and G_(N, m) to mean the following
Gaussian sums:

N-1 N-1
G+(N, m) _ Z qn(n-i-m)’ G_(N, m) _ Z q—n(n-&-m).
n=0 n=0

Lemma A.2.1. Let N =2 (mod 4) where N € Z,, then G, (N,0) = 0.
Proof. As qUtN/2? — gi*+N*/4 — _4i* for each j =0,1,..., N/2 —1, we have G(N,0) =

Lemma A.2.2. Let N =0 (mod 4) where N € Z,, then G (N,0) = (1+i)v/N.
Proof. See [KL94, Sect. 12.8]. O

Lemma A.2.3. Let m > 1 be an odd integer, N = 2 (mod 4) where N € Z., and let
t =exp (mi/2N), then

(14 i)VN
Gy (N,m) = T mz
Proof. Observe that
N-1 2N
n(n+m) _ — n(n+m)

and that ¢n("+m) = ¢@ntm)? gm?® then

2N—1
]. 2 2 2 2 2
G.(N — t(2n+m) — (tm t(2+m) t(4+m) . t(4N_2+m) )
+( ) m) 2tm2 g thg + + + +
1 1
= oo (t12 I S t(4N71)2) = 5o (G4(4N,0) — 2G(N,0))
(1+i)VN
= gm? )
which follows from the observation that G4 (N,0) =0 as N =2 (mod 4). O

Lemmas A.2.4 and A.2.5 are proved by noting that G_ (N, m) is the complex conjugate
of G+ (N, m) .

Lemma A.2.4.
(i) Let N =2 (mod 4) where N € Z,., then G_(N,0) =0,
(i) Let N =0 (mod 4) where N € Z, then G_(N,0) = (1 —4)v/N.

Lemma A.2.5. Let m > 1 be an odd integer, let N =2 (mod 4) where N € Z, and let
t = exp (wi/2N), then G_(N,m) = t"" (1 —i)v/N.
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The ¢g-binomial theorem and
generalisations

The ¢-binomial theorem is given in Lemmas B.0.6 and B.0.7 without proof; each of these
lemmas is easily proved. The lemmas are identical in the sense that applying the map
q — —q to Lemma B.0.6 gives Lemma B.0.7. We state both lemmas as their properties
differ when ¢ is a primitive root of unity.

Lemma B.0.6. Let a and b be elements of an associative algebra over C satisfying the

q
relation ba = qab, where 0 # q € C. Then (a + b)" = Z [ ZL } a'b"™" for alln € N.

=0

Lemma B.0.7. Let a and b be elements of an associative algebra over C satisfying the

relation ba = —qab where 0 # q € C. Then (a +b)" = Z < 7; ) a't™™" for alln € N.
q

1=0

Now we investigate these lemmas when ¢ is a primitive root of unity. Set ¢ = exp (27i/N)
for some integer N > 3 and let a and b be elements of an associative algebra over C satis-
fying ab = ¢*ba, then we have

N’ N 2 - A
i=0
as ,
N Y (1, ie{0,N'},
) | 0, otherwise,

which follows from the fact that [i]7° = 0 if and only if s = kN’ for some k € Z.
Now let a and b be elements of an associative algebra over C satisfying ab = —gba, then

N —
(a+b)N:Z<Zj) biaN—i:aIN+bN’
=0 q

167
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N\ [ 1, ie{0,N},
( i )q N { 0, otherwise,
which follows from the fact that (i), = 0 if and only if i = kN for some k € Z.
We give two further generalisations of Pascal’s binomial theorem below, each of which
is a generalisation of the ¢-binomial theorem. We are unaware of these generalisations
appearing in the literature, so we present them with the relevant proofs. Note that we

obtain the ¢-binomial theorem in Lemma B.0.8 if we fix ¢ = 0, and we obtain the g¢-
multinomial theorem if we artificially fix £ = 0 in Lemma B.0.9.

as

Lemma B.0.8. Let a,b and c be elements of an associative algebra over C satisfying
ab = —qba + ¢, ac = ¢*ca, cb = ¢°be,

where 0 # q € C and ¢*> # 1, then

a "= (n)! “cBa? n
o= D, Cimieun, e, lC nEn

a,B,7€Ly
a+28+y=n

Proof. By using the algebra relations we can inductively prove that
a"b = (—q)"ba" + (—q)" (n),ca" ", neN,

which we can use to obtain the following relations, where we use - to denote the algebra
multiplication and let «, 3, be non-negative integers:

Wlara = bPlart,

b*Pa? b = (=g AT 4 (=) (), DT
We can prove that a + 28 + v = n if b*c%a” is a component in (a + b)", thus we have

(a+b)" = Z O(c, B,7) b*cPa?, n €N, (B.1)
a,ﬁ,weZ+

a+28+vy=n

for some set of coefficients {0(a, 3,7) € C| o, 8,7 € Z }.
From (B.1) and the algebra relations, the coefficients 6(«, 3, ) satisfy the recursion
relation

0, 8,7) = 0(, 5,7 = 1) + (—=q)""0(a— 1,8,7) + (=) (v + 1)gbf(, 1,7 +1) (B.2)

and the boundary conditions 6(1,0,0) = 6(0,0,1) = 1. In (B.2) we fix 8(a, 8,7) = 0 if any
of a, B or v are negative. To complete the proof we just need to show that the

(a + 26+ 7)(1!

(@) (1al(2)4(4)g - (28),” (B-3)

O(c, B,7) =
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furnish a solution to the recurrence relation that also satisfy the boundary conditions. It
is easy to see that the 0(«, 3,) satisfy the boundary conditions, and substituting them
into the right hand side of (B.2) gives

(Rt e M L8 i
@0~ D@, 29, (o= D) (0, -+ 25),
o (a+26+~—1),
O D D)W, (25 -2,
ey (O (0, + (0)(29),
(a+206+7),!

(@)g!(7)g!(2)4(4)g - - - (25)q’

as required. O

Lemma B.0.9. Let a,b and c be elements of an associative algebra over C satisfying
ac = ¢’ca + £b, ab = ¢*ba, be = ¢°cb,

where 0 £q € C, > # 1 and £ = —(1+q)?/(q — q71), then

n [ ]q2| ¢5 e 6]
(a+b+c)" = b7a”, n € N,
2 W
a+0B+y=n

where ¢pg € C is recursively defined by
(b(] = 17 (bl = 17 ¢5 = (bﬁfl + 5[5 - 1]q2¢ﬁ*27 ﬁ S N\{l}
Proof. By using the algebra relations we can inductively prove that
a"c = ¢*ca” + £V n)? v, n €N,

and by using this we obtain the following relations, where we use - to denote the algebra
multiplication, and let «, 3, be non-negative integers:

AVaa = Ao
APa’ b = ¢Pe e
AVar o = Pty 4 §q2(7_1)[’y]q20ab6+2ay_1.

We can prove that a + 3+~ = n if ¢*b’a” is a component in (a + b+ ¢), thus

(a+b+c)" Z (o ) c*Va?, n €N, (B.4)

o,B, €Ly
a+0B+y=n
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for some collection of coefficients {0(«, 3,7) € C| a, 8,7 € Z }.
From (B.4) and the algebra relations, the coefficients 6(«, 3,) satisfy the recursion
relation

0, 3,7) = 0(a,8,7=1)+¢"0(c,3—1,7) + ¢*0(a — 1,8,7)
+6 [y + 17 0(c, B— 2,7 + 1) (B.5)

and the boundary conditions 6(1,0,0) = #(0,1,0) = 6(0,0,1) = 1. Here we fix 0(c, 5,7) =
0 if any of «a, 3, are negative. To complete the proof all we need do is show that

2
[ + 8+ 5
[e]1[B]* [y]e !
solves the recurrence relation and satisfies the boundary conditions, where ¢ is itself re-

cursively defined (as stated in the lemma). Clearly, (B.6) satisfies the boundary conditions,
and substituting (B.6) into the right hand side of (B.5) gives

O(a, B,7) = (B.6)

o+ By =171 és o fa+B+y—1" 65
R e T B T RS R
4 21+ o+ B+ — 171 ¢4

[o = 7 I[F ]

o+ B+7 =171 ¢59
)18 — 2J° 1y + 1]°1

+E¢7 [y + 17

_1q2! 2 2 2 2 2
e (6170 81 0y 4 7l 6+ €T~ 1705
o+ 8+ — 1)

GGG (M‘fgbgs + @[ b + [T [%-1 +¢[8 - 1](12@55_2}) (B.7)

By writing ¢3 = ¢g_1 + £[3 — 1] ¢3_5 for each § € N\{1}, we can rewrite (B.7) as

o+ B+~ — 1] [+ B+ 771 ¢
GEIEGERE PEIEGEGER

which proves the lemma. O

(P17 65 + ¢ *7[a]"* 95 + ¢ (517 65) =

We obtain an explicit expression for the ¢3 appearing in Lemma B.0.9 below.

Lemma B.0.10. Let 0 # q € C satisfy ¢*> # 1 and let ¢35 € C be recursively defined by
(b(] = 17 (bl = 17 ¢5 = (bﬁfl + 5[5 - 1]q2¢ﬁ*27 ﬁ S N\{1}7
where £ = —(1+q)*/(q — q¢"). Then ¢z is given by
¢o =1, ¢1 =1, G = (1 —q) "W, Paiv1 = [20 + 1),
12]¢ [44]4

mq . [22' — 1](1%
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Proof. We firstly calculate ¢q:

¢r=1+€1]7 =(1+¢*)/(1—q) = (1—q)'[4]7/[2),

thus the claimed solution for ¢g is true for 5 = 0,1,2. Assume that ¢; is as given in the
lemma for some ¢ € N, then we calculate that

2
Prit1 = Q2 — (qu—qq)l 1207 i
1 44]4
= - —+q?1 % (=¢7" = [20)%) $ais
= (1-¢q) '[2i — 1]Q%[2@' + 1] o
= [2i + 1]y,
as required, and we have
2
Goive = [20+1]"¢0 — (quqq_)l [2i + 1] ¢
= ¢y ([2@ + 1] — ;1_2?)1 [4i + 2]q> (B.8)
—q (1 21 4 1747 + 4]4
o (g

4 [20 4 1]9[4d 4 4]
[20 + 2]9

= (1 —Q) ®2;.

Here we used (1 + q) [2i + l]q2 = [4i + 2]? to obtain (B.8).
U

We now examine the two generalisations of the binomial theorem when ¢ is a primitive
root of unity. Set ¢ = exp(27i/N) where N > 3 is an integer, and let a, b and ¢ be elements
of an associative algebra over C satisfying

ab = —qba + c, ac = ¢’ca, cb = ¢°be.

Then Lemma B.0.8 implies that

B a®N 40N 4 (1)4(3)4(5)g - (2N = 1),cY, N=1,3 (mod 4),
(a+0)N =< a¥ +bY +(1),(3)y(5)g - (N =1),cV2 N=0 (mod 4),
a2 4+ pN/2, N =2 (mod 4).

Now redefine a, b and ¢ to be elements of an associative algebra over C satisfying

ac = ¢*ca + £b, ab = ¢*ba, be = ¢>cb,
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where £ = —(1 4+ ¢)?/(q — ¢~ '). Then Lemmas B.0.9-B.0.10 imply that

(a+b+c)N =aV + o™+,

where
(1= q)"WV=DRIN]"W N, — 0, fN=1,3 (mod4),
(bN/ frnd (1 — q>_N/4\I]N/2 — O, lf N = 0 (mOd 4),
(1 — q>_(N/2—1)/2 [N/Q]q\I/N/Q_l % O, ifN=2 (mod 4)
Using this result for ¢y we have
aV + ¢V, if N=1,3 (mod 4),
(a+b4+c)V = a2 4 N2 if N=0 (mod 4),

a2 4 ¢N/2bN/2 + N2 if N=2 (mod 4).
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The Weyl supercharacter formula

In this appendix we recall the Weyl supercharacter of a finite dimensional irreducible
U(osp(1]2n))-module with integral dominant highest weight [Kac78a, Kac78b].
For each A € H* let D(A) C H* be defined by
Ny € Z+} .

D(A) = {A — Z N
acdt
Let E be the algebra of functions on H* that vanish outside the union of finitely many
sets of the form D(A). The convolution of two elements f,g € E is defined by f - g(\) =
> pen- f(A—)g(p). This sum is well-defined as only a finite number of terms in the sum
are non-zero. The algebra F is a commutative algebra with respect to convolution.
Let e* € E be a function defined by

(V) = S

The convolution of two such functions e*, e* € E is

et -el(v) = Z My — Z Oy Opy = Z Orpp = (V).

yeH* yeH* peH*

The element ¢° is the unit of £. Any function f € E can be expressed as a sum f =
Doremr f(A)er

Let W9 be the Weyl group of the Lie (super)algebra g and let @, be the set of roots
of g. The Weyl group W9 is generated by the elements {s,| o € 4}, where s, is the map
Sq : H* — H* defined by
2(a, N

(@, )

Sa(A) = A —

I

where (-,-) : H* x H* — C is the non-degenerate bilinear form defined by (e;, €;) = d;;.
Let E' be the set of rational expressions in the elements of F. By definition, the Weyl
supercharacter of a finite dimensional irreducible U(osp(1|2n))-module V, with integral
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dominant highest weight A € H* is

schy = Z(—l)[)‘]m()\)e)‘,

A

where the sum is over all weight spaces of V}, [\] is the grading of the vectors of V} in the
weight space A\, and m(\) is the multiplicity of the weight space A. Define a homomorphism
€W — {—1,+1} by:

—1, if the number of reflections in the expression of o with respect to
(o) = the elements of 63 is odd,
+1, otherwise.

(Recall that 53 is the set of roots {¢; £ ¢;| 1 <7 < j < n}.) Then the supercharacter of
Vi is [Kac78b]:

schy = (_1)[A}(L/)—1 Z GI(U)GO(A—HJ))
oceEW

where we write [A] to mean the grading of the highest weight vector of V}, and

B Haecbg (€22 —eme/?)
HBECI)T (65/2 _ 6—5/2) .

The expression for schy dramatically simplifies for U(osp(1]2n)). From the root system
of osp(1|2n), we have

L/ — H (ea/2 _efa/2) H (6,8/2_'_67,6’/2) )

ae$0+ BE(I)T

L/

0

Now the supercharacter of the trivial (one-dimensional) U(osp(1|2n))-module Vj is €” (as

the grading of the highest weight vector of Vj is even), thus

60 — EUGW €,<0>€U(p)
oo (7 — ¢ /%) e (9 + ¢ %)

which yields a variant of Weyl’s denominator formula for U(osp(1|2n)):

Z el(a)ea(p) — H (ea/2 _ efa/2) H (eﬁ/2 + efﬁ/2)_

oEW aEES pedy

We thus obtain the following expression for schy:

] e € ()70
ZO’EW 6’(0’)60(/’) ’

schy = (—1)
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Hopf ideal of U,(osp(1]2n)) at roots of
unity

In this appendix we prove that the left ideal Z C U,(0sp(1|2n)) given in Chapter 4, where
g =exp (2mi/N) and N > 3 is an integer, is a two-sided Hopf ideal. We have not seen the
results in this appendix appearing in the literature, and we present them in full, together
with all relevant proofs, for completeness.

The calculations in this appendix are often quite involved. In particular, the calcula-
tions showing that 7 is a two-sided co-ideal in which we obtain expressions for powers of
the co-multiplication of each root vector in U,(osp(1|2n)), are very intricate. We do these
particular calculations by using the generalisations of the binomial theorem in Appendix
B. Note that in this appendix we always fix ¢ = exp (27i/N) where N > 3 is an integer,
and we use g to denote osp(1|2n).

D.1 Preliminaries

ecall that the g-bracket ['> ']q is defined for homogeneous x,y € Uq(g) with weights wt(x),
wt(y) respectively, by
[ffa ?/]q =Ty — (—1)[ﬂﬁl[y}q(wt(ﬂc),wt(y))yﬂ

We obtain the graded commutator if we formally fix ¢ = 1 in the ¢-bracket. The g-bracket
satisfies the following useful identities:

2y, 2], = wly, 2], + (~)VEE g 2]y, (D.2)
n—1

[w,y"), = D (1) FMgEI@etyi g ) yn 7 e, (D.3)
=0
n—1

@ y), = Y (1) EIOwtigr i y] 2 ne N (D.4)
=0
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Note that we can obtain (D.2) (resp. (D.4)) from (D.1) (resp. (D.3)) by using the obvious
symmetry properties of the g-bracket. We will extensively use Egs. (D.1)—(D.4) in this
appendix.

D.2 Root vectors in U,(osp(1|2n))

We will extensively use the following theorem due to Khoroshkin and Tolstoy in this ap-
pendix [KT91, Prop. 3.3], which we will refer to as Khoroshkin and Tolstoy’s proposition.

Theorem D.2.1. Let N (¢) be a normal order of the elements of ¢ and let the root vectors
e, € Uyg), v € ¢, be constructed with respect to N (¢) following Subsection 3.3.2. Let
a, B € ¢ satisfy a < B with respect to N'(¢), then

[60” eﬁ]q - Z C(“fl,khnw%,kt)(e%)kl (672)k2 e (e%)kt’
=y ===

where y1,...,7% € @, 22:1 kivi = a+ B and the coefficients Cy, ky,..y k) aT€ cOmplex
constants.

An important consequence of this theorem is that [e,, eg]q = 0 if there does not exist any

set of elements ~q,...,7 € ¢ satisfying a <y, < ... <9 < and 2221 kiv; = a4+ ( for
any set of constants k; € N. A further useful result is that [eg,€,], = 0 if [e,, e5], = 0.
Henceforth in this Appendix we fix the normal order A (¢) and the root vectors in
U,(g) to be as we defined in Subsection 4.1.1.
We now prove some very useful identities.

Proposition D.2.1.
(i) Foralll <i<j<n, [ei,eai+l+...+aj}q = Cayttay-
(it) For eachi=1,...,n—2, |e;, eai+1+...+2an}q = €oytot20m -
(iii) For eachi=1,...,n—2 and each j=i+2,....,n—1,
[62‘, eai+1+---+2aj+~~~+2an] q = eai+...+2aj+...+2an .
Proof. We prove (i). Firstly, for each i =1,...,n — 2,
[ez, €a¢+1+a¢+z}q = e, €z‘+1]q Civa +q e [er, €i+2]q —q ' e, €i+2]q Civ1 —q eirales, €i+1]q

_ -1 o
= Cajtai1Cit2 74 Cit2Caitair T Coitoipitaite:

Keeping 7 fixed, assume that [ei, €a¢+1+---+aj]q = €q;t-ta; fOr sOME j =i+2,...,n—1,
then

[6i7 eai+1+"'+0¢j+l:| q [6i7 ea’i+1+"'+04j:| q €j+1 Tt q_leai+1+---+aj [eiv 6j+1]q

-1 -1
—-q [6i7 6j+1]q Caip1+-+a; —4q €+l [eiv 604i+1+"'+0¢j] q

-1 o
= Coitta; G+l = d  €j+1Ca;+tay; = Coyttajps
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as [e;, ej1], = 0.
We now prove (ii). A simple calculation shows that [en,g, ean_lﬁan} ¢ = Canatan—1+2an-

Assume that [ei, eai+1+...+2an}q = €q,+-+2a, fOr some i =2,...,n — 2, then

€i—1,Cayt-A2an
[ lq
lei1, eozi+~~~+ozn]q €n + q_leai—I—---—I—an lei1, en]q + lei-1, en]q Cait-tan T €n[€i1, eai+"'+0¢n]q

= CoiytotanCn T €nfo; ytotan = Cailitot2an

as [e;_1, en]q = 0.

We now prove (iii). A simple calculation shows that [ei, eai+1+...+2an71+2an} g = Coitt20m_1+20n

foreach7 =1,...,n—3. Assume that [ei, eai+1+...+2aj+.-.+2an]q = €a;t-t2a;++2a, [OT SOME
1=1,...,n—3 and some j =i+ 3,...,n— 1, then

[62‘, €a¢+1+---+2aj,1+---+2an] q
= [ee | ejsi+q e lei, e 1]
1y Cajpr+t205 4+ 2an q 7j—1 Qi1+ 204420 (G Ej—1 q
—1 —1
—q [ei7 ej—l]q Caipi++205++2a, — d €j-1 [eiv 604i+1+"'+204j+"'+204n:| q
_ —1 o
= Cajt A2+ +20nCj—1 T §  €j-1Ca;t 42054 +2an T Coaytet2a5-1+ 4200

as [e;,ej1], = 0. O

D.3 The left ideal Z C U (osp(1|2n))

From Chapter 4, T C U,(0sp(1|2n)) is the left ideal generated by the elements of the set

I= {(e“/)Nla (eﬁ)Nv (EW/)Nla (éﬁ)Nv (fv)va (fﬁ)Nv (ffy)Nl’ (fﬁ)Na (Ji)iN - 1| 1< < n} )
(D.5)

where ~ (resp. [3) ranges over all the even (resp. odd) elements of ¢. Recall that the
even (resp. odd) elements of ¢ are {¢; e, 1 <j <k <n} (resp. {1 <i<n}). Itis
convenient to introduce a convention in this section and in Sections D.4-D.5 that v (resp.
() means an even (resp. odd) element of ¢, and 7 means any element of ¢.

We now define a graded antiautomorphism w : U,(g) — U,(g) to map between e, and
[y Slightly generalising the definition of a similar map in [Zh92a], we define w by

w:e— fi fi— e, K& K ¢+ G,
where € is the complex conjugate of ¢ € C. By definition,
w(zy) = (=1 Ww(y)w(z), Va,y € Uy(a), (D.6)
and it is easy to see that [w(z)] = [z] for each = € U,(g).

Proposition D.3.1. The graded antiautomorphism w s an involution.



178 Appendix D

Proof. Firstly w?(x) = x for each generator z € U,(g). Now assume that w?(y) = y and
w?(z) = z for two elements y and z of U,(g), then

Wi (yz) = (—1)[y][z]w(w(z)w(y)) = W (Y)W (2) = yz, and we also have

w? (cry + 22) = w(zlw(?/) + 5200(2)) = Y + 27, Vey, e € C

Proposition D.3.2. The graded antiautomorphism w commutes with the antipode, ie
Sow=wol.
Proof. Recall that the action of the antipode on the generators of U,(g) is
S e —e Kt fi— —Kifi, K KT

and that [S(z)] = [z] for each x € Uy(g). A direct calculation shows that S(w(z)) =
w(S(z)) for each generator x € U,(g). Now assume that there exist elements y and
z in Uy(g) such that S(w(y)) = w(S(y)) and S(w(z)) = w(S(z)), then an elementary
calculation shows that S(w(yz)) = w(S(yz)) and that S(w(c1y + c22)) = w(S(c1y + c22))
for all complex constants ¢; and cs.

O
Proposition D.3.3. The graded antiautomorphism w satisfies the relation
(wWRw)oA'=Aow. (D.7)

Proof. A direct calculation shows that (D.7) is true for each generator of U,(g), and the
result then follows by a straightforward calculation. O

Recall that if e, is defined by e, = [e, e;] , then f, is defined by f, = [f;, f4],
graded antiautomorphism w maps between e, and f, as follows.

Proposition D.3.4. For all1 <1 < j <n, we have
(Z) (6041 +Oéj) = fai+~~~+aj:
(i) W(€astt20;4t2an) = —fasttraztet2an

(1) w(€a;+ +2aj+~~~+2an):—?ai+---+2aj+m+2an-
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Proof. By definition, w(e;) = f; for each simple root «;. We now prove (i): assume that
W(ea;+-ta;) = faitta, for some j=1i,...,n—1, then

w<eai+“'+a]’+1) = fj+1fai+"'+a] qfaﬂr +041f]+1 faHr Fogye

We now prove (ii): for each i =1,...,n—1,
W(eatt2an) = = (frfaittan T faittanfn) = = fartt2a,-
Now assume that w(€a, 4120, +-+2an) = —fai+-t20;+-+2a, fOT SOME j =i+2,...,n, then
W(Cast2a; 14 t2an) = (f] Vfaitt2a; 4 t2an — QU aitt20,+ +2anfj71)

- _fai+---+204j—1+---+204n'
The proof of (iii) (resp. (iv)) is almost identical to the proof of (i) (resp. (ii)). O

Proposition D.3.5. The action of the antipode on e,, for eachn € ¢, is S(e,) = annKn_l
for some scalar c,) # 0.

Proof. Fixing €; = e;, the proposition is trivially true for all simple roots «; with ¢,, = —1.
Assume now that the proposition is true for some n € ¢ and define e, = [e,, e;], where
p=mn+aw; € ¢, then e, = [e;,€,),, and

= (~D)ellelgmtade (e, — (—1)dlelgmadg o) 1

m
CGKl
uweptry

where ¢, = —(—1)lenlleilg=maide, - This formula determines ¢, recursively. O

Proposition D.3.6. The action of the antipode on €,, for eachn € ¢, is S(e,) = dnenKrTI
for some scalar d,, # 0.

Proof. The proposition is trivially true for all simple roots «; with d,, = —1. Assume now
that the proposition is true for some 7 € ¢ and define €, = [e;, €,], where 1 =1+ a; € ¢,
then e, = [e;, ], and

S(En) = S(edy) — (~1)g 05 (@)
— (=Dl med g (epe; — (—1)Edlenlgrege ) K1

o
_ -1
= dye K",

where d,, = —(—1)lenlledg=(mai)q, - This formula determines d,, recursively.
0

Proposition D.3.7. The action of the antipode on f,, for eachn € ¢, is S(f,) = ¢, K, [,
for some scalar ¢, # 0.
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Proof. As the antipode commutes with the graded antiautomorphism w, for each 1 <17 <
7 < n we have

S(fai+“'+aj> = S(W(eai+...+aj>) = W(Cai+...+aj€ai+...+ajKOZIJF___JFQJ,) = Eai‘i’""ﬂljKai+"'+aj7ai+m

where Cq, 1...1o; 7 0 is a scalar, and we have used Proposition D.3.5. An almost identical
calculation proves the corresponding result when n = o; +- - -+ ;1 + 205+ - -+ 2a,. 0O

Proposition D.3.8. The action of the antipode on ?n’ for eachn € ¢, is S(?n) =d,K,f,
for some scalar d,, # 0.

Proof. The fact that the antipode commutes with the graded antiautomorphism w means
that for each 1 <7 < 7 <n we have

S(?Oéi'f'""f'aj) = S(W(éai+...+aj)) = w(dai+"'+ajeai+"'+ajK(;i1+---+aj) = Eai‘i’""ﬂljKai+"'+0ljfai+"'+aj7

where Eai+...+aj # 0 is a scalar, and we have used Proposition D.3.6. An almost identical
calculation proves the corresponding result when n = o; +-- -+ ;1 + 205+ - - +2a,. 0O

D.4 The left ideal 7 is a two-sided ideal

In this section we prove that Z is a two-sided ideal of U,(osp(1|2n)). To do this, we show
that each element of the set I from (D.5) commutes or anticommutes with each generator
of U,(g). We firstly show that (e,)" and (eﬁ)ﬁ have this property for each v, 5 € ¢, then
it is not difficult to show that (,)™", (&)~ (f,)™', (fs)", (f,) and (f4)" also have this
property using the antipode and w.

Trivially, (K;)*" is central in U,(g) and thus so is (J;)*" — 1. We now show that (e;)"’

and (e, )" commute or anticommute with each generator of U,(g) for each i =1,...,n—1.

D.4.1 (e)" and (e,)"

Set 1 <i<n-—1and 1 < j < n, then trivially (ei)N/ and Kfl (anti)commute. We
now show that (e;)™' f; = fij(e:)™'. The U,(g) relations state that e; and f; commute for

all 7 # i, thus we need only consider the relations between e; and f;. The quadruple
{e:, fi, K;'} generates a U,(sly) subalgebra of U,(osp(1]2n)), and for each ¢t € N,

(ei)tfi = fi(ei)t
+

: {(1 T q—2(t—1))Ki _ (1 T q2(t—1))Ki—1 (&)t

*2t+2KA _ K<_1
q 7 — 7 ) (ei)tfl.
q—4q

q9—q

— fte)t + 10

As [N,]qQ =0, (ei)lei = fi(ei>Nl'
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We now compute the relations between (e;)™" and e; for all i # j. If |i — j| > 1, the
relevant Serre relation tells us that e; and e; commute, so assume that j =i41. The Serre
relation is

(ei)%eix1 — (q+ q Veseivrer + eixr(e)® = 0. (D.8)
By repeatedly using (D.8), we have
(e)feics = (q+q ")(e) eirrer — (€)' *eixi(e;)?
= [(¢+ g ') - 1] () Peixi(e)” — (g + g ") (&) Peia(e)’

= ar(ei)tiliTei:tl(ei)lJrr + br(ei)t72ireii1(ei)2+ra

for all 0 <r <t — 2, where a,, b, € C satisfy the recurrence relations

a1 = (¢+q Ha, + by,
br+1 = —Q,
where ag = ¢+ ¢! and by = —1. The solution for a, and b, is

b, ¢'—q\ —1 g—q '\ —1)’
and by setting » =t — 2, we obtain

i —t t—1 1—t
- N s
(e)'eix1 = (q 1 ) eiciz (€)' ! + <u> eir1(e;).

q—q! q—q!

Setting t = N’, we have

(e)Vei1 = emi(e)N,  if N is odd,
(ei>N/2€ii1 = —eiﬂ(ei)N/Q, if N is even.

We now consider (e,,)": fix 1 < i < n. Trivially, (e,)" and K*' (anti)commute. The
U,(g) relations state that e, and f; commute for all i < n, thus we consider the relations
between e, and f,. The quadruple {e,, f,, K} generates a U,(0sp(1|2)) subalgebra of
U,(osp(1|2n)), and for each t € N,

(en)'fu = (=1)"f(en)’
+(6n)t71

—(L =gt (—Q)’(”*”)K;l}

= D)+ ey (T (o, ) |

q—q!
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We now compute the relations between (en)ﬁ and e; for all i < n. If n —¢ > 1, the
relevant Serre relation tells us that e,, and e; commute, so fix ¢ = n — 1. The Serre relation
1s

(en)?en1— (g—1+qg H(en)en1en— (@ — 14+ ¢ Henen1(en)* +en1(en)? =0. (D.9)
By repeatedly using (D.9), we have

(€n>t€n71 = ar<en)t717ren71(en>1+r + br<en)t72ir€n71<en)2+r + Cr<en)t73irenfl<en)3+r7
(D.10)

for each 0 <r <t — 3, where a,, b,, ¢, € C satisfy the recurrence relations

ar = (q -1+ q_l)a'r—l + br—h

br = (q -1+ qil)arfl + ¢,
Cr = —Qp-1,
where ap = by = (¢ — 1+ ¢~') and ¢y = —1. The solution for a,, b,, ¢, is
ay —q! 1 q
by | =dig" | 1=q" | +do(=1)" | —g—q" | +dsg" | ¢—1 |,
¢ 1 1 1
where . 5
dy = dy = —1 dy = d

(> = 1)(g+1) (g +1)%

By setting r =t — 3, we obtain
—¢ 1+ 9+ (=D'q(¢® - 1) +¢" (g +1)
)

(¢ -1 +Q>2 ’
b~ - )+ g+ (=D glg+¢ )@ D)+ (g —1)(¢+1)
o (¢ = 1)(1 +q)? ’

o = )+ (=)'l 1) —¢'(1+4q)
o (¢° = 1)(1+¢q)°

Fixing t = N, we have ay_s = 0, by_s = 0 and ¢x_s = (—1)V, thus

(en)Nen 1= (_1)N6n 1(6n)N

D.4.2 Relations between (¢,)", (¢5)" and ¢

We now prove that (e,)Y" and (e3)™ (anti)commute with each generator of U,(g) for each
non-simple root 7,3 € ¢. These calculations are simplified by noting that if we can
show that [e,, e;] = 0 or that [e,, ¢;], = 0, then (e,)"" automatically (anti)commutes with
e;, and if we can show that [eg, e;] = 0 or that [es, e;], = 0, then (eg)" automatically
(anti)commutes with e;. In the following we write x to mean any element of ¢.

We will determine the relations between e; and (e,)™', (eg)", for a fixed i, by breaking
the problem into 4 sub-problems:
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Case 1: aj;0 < jt.

Here pp = ajyo+---+aj or pp = qiipo+- - -+ a1 +205+- - -+ 20, for some j =1+3,...,n.
From Khoroshkin and Tolstoy’s proposition, [ei,eu]q = 0, which also follows from the
following Serre relation: e;e; = eje; if |i — j| > 1.

Case 2: o; < it < qy1.

Here p=o; +---+aojor p=a; + -+ a1 +2a; +-- -+ 2a, for some j =7 +1,...,n.
From Khoroshkin and Tolstoy’s proposition, we have

[62‘, eai+"'+04j]q = O, 1 <] S n,

|:€i7 eai+...+2aj+...+2an:|q = O, 14+ 2 S j S n, and

[ez" 604i+2ai+1+"'+204nj| q

n—i—1
2
= E Ckeai+---+ai+k€ai+---+2ai+k+1+---+2an +Chi (eai+---+an) , Cp e C.
k=1

The first two identities dispose of much of this case. To deal with the remaining problem,
we claim that the right hand side of Eq. (D.11) below vanishes identically:

Nl
[ei, (eai+204i+1+"'+206n) }
q

N'—1

m N'—1-m
= E (6041'+204i+1+~'+204n) [6,‘, eai+20¢i+l+“'+204n:| q (eai+2ai+1+~~~+2an) : (D'll)
m=0
To show this, we use the identities:
[eai—l—----i—ozka eai+2ai+1+~~~+2an]q = 07 i + 1 S k S n,
[eai+"'+2ak+'“+2an7 eai+2ai+1+"'+2an]q = 07 i+2<k< T,

which can be rewritten, respectively, as

Ca;+tapCoit20ii1+420n = GCa;+2a;114+2anCaitFay

o+ 204 +2an Cai+205 14+ +2an =  Q€a;+2044 144200 Coy 204+ 20n -
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Using these, we rewrite the right hand side of (D.11) as

N'—1

—2m N'-1
E q [eiv eai+2a¢+1+---+2an] q (ea¢+2a¢+1+---+2an) - 07
m=0

/

as Zﬁ:(]l ¢ ™ =0. Thus (ea;+20s114-+20,) (anti)commutes with e;.

Case 3: a1 < i < jta.

This is the most difficult of the four cases. The identity: [eai+...+aj, €a; +1+---+aj]q = 0, for
J < n, will be useful here. Note that we can rewrite this identity as eq,1..1a;€a;p1+-ta; =
q€a;i1+ta;€aitta;- 1O prove this case we break it into a number of sub-cases, each of
which we consider in the following proposition.

Proposition D.4.1. We have

(i) |ei, (eai+1+...+aj)N/] =0, foreachj=14+2,...,n—1,
L q

(ZZ) :6i7 (eai+1+---+an)ﬁ :|q =0,

[ N’ .
(iii) | €i, (Capyrtt2a;+t20m) } =0, foreachj=1i+1,...,n.
. q

Proof. We use Egs. (D.3)—-(D.4) in this proof. We firstly prove (i):

N'—1

N’ ok N'—1
|:62~, (eai+1+"'+0¢j) }q = E q Cait-+aj (eai+1+---+aj) =0.

k=0
We prove (ii):
N
|:€i7 (ea¢+1+---+an) ]q

N-1
- Z qik (eai+1+---+an)k Cajt-tan (eaz’+1+"'+an)N_1_k
k=0

N-1
N-1 — k N-1-k
= Cajttan (€a¢+1+---+an) + g " (€a¢+1+---+an) Cait-tan (eai+1+'“+an)
k=1
Fo1 | N
-1 _ -1
= Cajttan (eai+1+~~~+an) + (—q) keai+"'+0¢n (6041'+1+"'+Oén)
k=1
N-1 _
_ N-2
+ ql 2k(k:)q [6041'+~~~+0m7 eai+1+"'+04nj|q (eai+l+"'+0¢n) ) (D'12)

i

1
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where we have used the following calculation:

k
Cajt-+an (6041'+1+~"+04n) - (_1 g (6041'+1+---+0m) Cait-+an

. k
- Ca;ttam» (eai+1+“'+an)

q
k—1
— Z(_l)m (eai+1+"'+0¢n)m [eai+__.+an, 6Oéi+1+"'+an] q (6ai+1+...+an)k*17m
m=0
k—1

(_1>mqim [ea¢+---+an7 eai+1+---+an]q (eai+1+---+an)k '

M)

I
=)

k-1

I
AS

Q) k+1<k)q [ea¢+---+an7 ea¢+1+---+an]q (ea¢+1+---+an)

Here we used the following calculation: from Khoroshkin and Tolstoy’s proposition, we
have

[eai+---+an7 eai+1+---+an} q

= Uit1€0;420 41+ +2an -+ E Cpeai+"'+2ap+“'+2aneai+1+"'+ap—l7 Cp € (C, (D13>
p=i+2

and we also have

[ea¢+1+---+ap_17 eai+1+"'+an:|q 0, p=i+2,...,n,
|:€ai+"'+2ap+"'+2an7 6ai+1+._+an}q = 0, p= 1+ 2, ,n,
[eai+2ai+1+---+2an> Caip1++an q 0.
We can now re-write (D.12) as
N/ N—
(_Q)l (N) Cajt-tan (eai+1+---+0¢n)
N-1 .
_ N-2
+ ql 2k<k)q [eai‘f’""‘l’an? eai+1+"'+an]q (eai+1+"'+an) <D14)
k=1
7 N-2 o
q [N] [eai+"'+an7 ea¢+1+---+an}q (eaz+1+ +an) ) N = 17 3 (HlOd 4)7
N-2
== q N N/Q] [ea +odaun ) €ai+1+...+anj| ( Olz+1+"'+0ln) s N=0 (mOd 4),
N-2
q N/2 N 2)/4] [eai+...+an, eai+1+"'+04nj| q (eai+1+"'+04n) s N =2 (mOd 4),

= 0,

as the first term in (D.14) vanishes from (N), = 0, and the second term in (D.14) vanishes
from Proposition D.9.1 as [N]q2 = 0 for an odd integer N, [N/Q]q2 =0if N =0 (mod 4),
and (N/2),=0if N =2 (mod 4).
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We prove (iii): for each j =i+ 1,...,n,
N/
[6i7(eai+1+“'+204j+---+2an) ]q
N'—1
K k N'-1—k
E q (€a¢+1+---+2a]~+---+2an) Co++2aj++2an (eai+1+---+2aj+---+2an)
N'—1
—2k N-1
E d  Coyt+2aj+-+2an (€a¢+1+---+2aj+---+2an) =0,
k=0
where we have used the identity [ea¢+---+2aj+---+2an7 oyt 20+ +2an] =0. O

q

Case 4: u < .

We deal with this case by breaking it into a number of subcases in the following proposition.

Proposition D.4.2. We have

(i) [€a;+tap: ei}q =0, foralll <j<k<i—2,

(i1) [ea+ oy l,ei] =0, foreach j=1,...,i—2,
q

(iti) [eq,+- +al,€¢} =0, foralll<j<i<n-—1,
(iv) [ea+ +an en}qzo,foreachj:1,...,n—1,
(v) [€a;+tap€ } =0, foralll <j<i<k<n,
(Vi) [€a+-t20+- +2an,ez] =0, foralll <j<k<i<n,
(vii) [ Covjtt2ais1 4+ +2an)N/,ei]q =0, foreach j=1,...,i —1,

(Viii) €t t2054-t20ms ei]q =0, forall1 <j<i<k-—2, where k <n.

Proof. The proof of (i) follows from the Serre relation stating that e, and e, commute if
|r —t] > 1. We prove (ii):

N'—1

_ N'—1-2k N'-1 _
= E q €ajttay (€aj+---+a¢71) =0.
k=0

|:(eaj+-"+0li—1)N/ ) ei:| .

A trivial calculation proves (iii), and we now prove (iv):

N—

[(eaj+---+an)N > en}

—_
—~

—k N-1 o
eaj+...+2an (eOéj+"'+O¢n) =0.
7 k=0



Hopf ideal of U,(osp(1]2n)) at roots of unity 187

The proofs of (v), (vi) and (viii) are trivial, and to complete the proof we prove (vii):

N'—1
N Z N'—1-2k N'-1
[(eaj+---+2ai+1+---+2an) 7€i] = q Cajt 420+ +20n (eaj+---+2a¢+1+---+2an) =0.
T k=0
]

D.4.3 The relations between (&)Y, (e5)" and f;

To complete the proof that (e,)Y" and (eg)N (anti)commute with each generator of U, (g),
we now prove that (e,)" and (eg)"V each (anti)commute with f; for each i = 1,...,n.
By writing = " | p;o; and examining the definition of f, and the U,(g) relations, it is
apparent that e, commutes with f; if 1; = 0, which gives a partial solution to the problem.
To complete the consideration of this problem, we prove Propositions D.4.3 and D.4.4.

Proposition D.4.3. We have
(i) [eai+...+aj, fil = —q*IKi_leaer...Jraj, foralll <i<j<n,
(it) [€aittass [5] = Kj€assota; 1, Jor all1 <i < j <mn,
(iii) [€artotay, fu] =0, forall1 <i<k<j<n,
(10) [€a;t-t20p+t2ams Fj] =0, forall1 <i < j <k <mn,
(v) [ean71+2an, fn—l} =—¢ 1+ ¢ MK, (en)?,
(Vi) [€a;t-t2ams Jn] = —Kn€a;ttan, for eachi=1,...,n—2,
(Vii) | €ty 20+t 20m f]} Kjeott20;41+t2an, for each j=i+1,...,n—1,
(Viii) |€att 20,4t 20 n] =0, for each j =1+ 1,. -1,

(iv) [€aitt20;1t2ams fu] =0, foreachk=i+2,....n—1, and j=i+1,....k—1,

' —17-—1 —37—1
(SUZ) eaz+2az+1+ +2an7f2] = —q Ki Cay1+2aiso+ 420, Cit1 T4 Ki €it1€0y1+20i 1 04+20n 5

[
[
[
(%) [€artt20,+t20m: fi] = —qflKi—leaHﬁ...mj+...+2an,for eachj=i+2,...,n,

Proof. We prove (i): firstly, for each i =1,...,n — 1,

[eai+ai+1,fi] = [6i6i+1—q_16i+16i,fi}

= e leirs, fil + e, fi) eivr — q eiv [ei, fil — ¢ e, fil e = —¢ 7 K e
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Now for each j =7+ 2,...,n,

[eOéi-f-----‘:—Oéja fZ} - [eieai+1+---+a]‘ - q_leai+1+---+aj €, fz}
= 6 [ea¢+1+---+aj7 fl} + [eiv fl] Caip1++aj

—1 —1 171
_q eai+1+---+oc]' [6i7 f’l] - q [eai+1+---+a]‘7 f2:| € = _q Kz eai+1+---+ocja

as [eai+1+“'+aj7 fl} =0.
We prove (ii) using a similar approach to the proof of (i). Firstly, for each j = 2,...,n,

[eaj—l-i-aja fj} = [ej—lej - q_lejej—la f]]
= e ey, fil + (DY [e;, files — a7 e lejon, fi] — M eg fil e
= Kjej_l.

Foreachi=1,...,5 — 2,

|:€Oli+"'+0lj7 fj] = [eai+"'+aj—1ej - qilejeai+"'+0£j—17 fj]
= Coytetajq [6]', fj] + (_1)[fj] [eai+"'+aj—17 fj:| €j

—1 —1
—q € [Gm+---+aj_1,fj} —q [ejafj] Cojtotay_1 — Kjeai+~~~+aj_1>

as [€a,4-ta,_1,fj] = 0. We now prove (iii) using (i) and induction. For each k =
2,....,n—1,
_ -1
[eak,1+ak+ak+17 fk] - [eak,1+akek+1 - q €k+1€ak,1+ak7 fk:|

Cop_r+an [€h+1s [i) + [€ap_r+ans [r] €xt1
_qilekJrl [eak,1+ak7 fk] - qil [ekJrlu fk] €aj_1+ay

= Kpep_1€p41 — Kpepprep—1 = 0.
Keeping k fixed, assume that [eai+...+ak+1, fk] =0 for some ¢t =2,...,k— 1, then

[eai—1 +otagyr fk] = [ei—leai+---+ak+1 - q_leai+"'+ak+1 €i-1, fk]
€i—1 [eai+---+ak+17 fk] + [e’iflu fk] ea¢+---+ak+1

-1 -1
—q Coittopg lei1, fi] — ¢ [eai+---+ak+1, fk} ei-1 =0,

as [eai+...+ak+1,fk] = [ei_1, fx)] = 0. Now assume that [eai+...+aj,fk] = ( for some ¢ =
1,...,k—1,and some j =k +1,...,n— 1, then

—1
[eai+~~~+o¢j+1a fk] = [eai-l—----i—ocjej-l—l — 4 €j+1€a;+ - +ay, fk} =0,

as [€ay4tayr fr] = [€j41, i) = 0, which completes the proof of (iii).
We now prove (iv). Foreach j =i+ 1,...,n—1,

[eai+"'+2an7 fj] = [eaiJr---JrOénen T+ €nayt-tan> f]] = 07
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as [€a;+-tan, J5] = 0 from (iii) and [e,,, f;] = 0. Keeping j fixed, assume that [eq,+...120,++2an, [5] =
0 for some k =7+ 2,...,n, then

— -1 _
[eai+---+2ak_1+m+2an,fj] = [eai+~~~+2ak+---+2anek—1 -9 ek—leai+---+2ak+m+2anafj] =0,

as [€a, 4t 20544200 1] = len-1, f3] = 0.
We prove (v) using (i):
[Canr+2ams fre1] = [Can_rtan€n T €nCap_r+ans fn-1]
Ca_1tan [€ns fr1] + [€an_1tans fa1] n
+en [eanfﬁ-am fn—l] + [ens fa1] €ap_i+an
= —q (g HE ()

We prove (vi) using (ii):

[eai+---+2an> fn] = [eai+~~~+anen + enla;+tans fn]
= Cajt-+an [ena fN] - [eozi—l—---—i—ana fn] €n
+en [€a;t-tans fn] = [€ns fn] €aittam
= —Kpea+ta, 6n+ q_1Kneneo{iJr...JrOMk1 = —Kp€a;+tan,

as [en, fn] commutes with e, 4. 1q,-
We prove (vii) using (iv). Foreach j =i+ 1,...,n—1,

-1
[eai+~~~+2aj+~~~+2ana fj] = [eai+~~~+2aj+1+---+2an€j — 4 €iCait-A2a;41++20n> fj}
= Coyt 42051+ +2an lej, fi] + [ea¢+---+2a,~+1+---+2an7 fj} €
—1 -1
—q € [eai+---+2aj+1+~~+2amfj} —q [ fj] Coit-+2aj 11+ +2an

= Kj€a,+.42a;1 1+ +2an-
We now prove (viii) using (vi). Firstly, for each i =1,...,n — 2,
_ -1
[eai+---+2an_1+2ana fn} - [ea¢+---+2anenfl —q €en—1€a;+-+2an> fn]
= Ca;+-+2an [en—la fn] + [eai+---+2an7 fn] €n—1

_qilenfl [eai+---+2ana fn] - qil [enfla fn] CaitA2an

= Kn(en-1€a;ttan = Caytotann-1) =0,

as e,_1 commutes with e, ;..4q,. Assume that [eaﬁ...ﬁaﬁ...ﬁan, fn} = 0 for some j =
1+2,...,n—1, then

— -1 —
[eai+---+2aj_1+---+2an7 fn} - [eai+---+2aj+~~~+2anej—1 —dq ej—leai+~~~+2aj+---+2an7 fn] - 07

as [€aytt20;4-42an> fn] = [€j-1, fn] = 0, which proves (viii).
We now prove (ix). Recall from (vii) that

(€t t2ap -t 20> fR] = Kyloit420p 41 ++20m 5
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foreach k =i+ 1,...,n—1. Now foreach k =i+ 2,...,n—1,
[eai+---+2ak_1+---+2am fk} = [eai+---+2ak+---+2an6k—1 - q_lek—leai+~~+2ak+~~+2an, fk]
Covitt 20+ 20m [€h—15 Jk] + [€ast-t20p 1+t 20m s fk] €11
—q ' epo1 [Cayttrantt2ans Sr] — @ [Er—15 fi] Cartt20p+t2an
= Kkeai+...+2ak+1+...+2%ek_l — Kkek—1eai+~~~+2ak+1+~~~+2an = 0,
as er_1 commutes with eq, ... 120, +12a,- We now do the inductive step: assume that
[Gai+...+2aj+...+2an, fk] = 0,
for some j =i+ 2,...,k— 1, then
[€a¢+---+2aj71+---+2an7 fk} = [ea¢+'--+2aj+---+2anejfl - q_1€j*1€ai+“'+2aj+"'+2an7 fk] =0,

as (€4 t20;+t2an Ji]| = [€j-1, ] = 0, which proves (ix).
We now prove (x). Firstly, for each i =1,...,n —2 (the i = n — 1 case is dealt with in
(v)), we have

[Caitt2an> fi] = [€aittantn T €nla;ttans fil
Caittan [€ns [i] T [€aitotans [i] €n + €n [Caittan, fil + [en; fi] €arttan
= —q_lKZ-_1 (eai+l+...+anen + eneai+1+...+an) = —q_lKi_leaiHJr...Han.
Ifi<n-—2,

[eai+---+2an71+2anv fl]

_ -1

- [eai—i—---—l—Zanen—l — 4 En_1€a;+-42an> fz}

_ -1 -1

= Captt2an [€n—1, fi] T [€aittoan: [i] en-1 = @ €n—1 [€aittran: i) =4 [€n—1, fi] Castt2an

11 -1 11

= —q Kz (6041'+1+~~~+20m6n—1 —q en—leai+1+"-+2an) = —q Kz Caipr+ 420 -1+2an

_ 11 S

Let us assume that [eaﬁ...waﬁ...wan, fz] = —q K €a;py 1204420, fOr sOMe j =i+
3,...,n—1, then
[eai+---+2aj71+---+2anv fl} - [ea¢+---+2aj+---+2an€j71 — 4 €j1€q;t A 204+ 2an> fz]
Covitort 20+ +2am (€515 fi] + [eai+~~~+2aj+~~~+2ana fz’] €j-1

-1 -1
—q ' ejo1 [Cattza;tran, [i| — @ (€515 fi] €asttra; 4+ t20n

—1p—1 -1
—q KZ (eai+1+~~~+2aj+~~~+2an6j—1 —(q ej—leozi+1+~~~+2aj+~~~+20¢n)

_ —1p-—1
= —q K Capitt2a, 44200

which proves (x).

We now prove (xi). For each i =1,...,n—2,

fil = = e fi
[eai+2ai+1+"'+20¢n7 Z] - [eai+ai+1+2ai+2+m+2aneH—l 4 Cit1€Co;+oyf1+20 1044200 2}
= Cojtai1+2ai 1 0++2an [6i+17 fi] + [eai+ai+1+2ai+2+m+2ana fz’] €i+1
-1 -1
—q €it1 [ea¢+ai+1+2ai+2+---+2anv fl} - q [€i+17 fl] Covitoviq1+20 4o+ +2an
—1p-—1 -3 -1

= -9 Kz Caip1+20i o+ +2an Citl +4q Kz €i+1€a; 142004 +200m -

O
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The following proposition completes the proof that (e,)" and (ez)" (anti)commute

with f; for all v, 8 € ¢.

Proposition D.4.4. There are the identities:

(i) :(ew...w)N’ , f,} —0, forall1<i<j<n-—1,
(i1) :(eai+...+an)ﬁ, fl} =0, foreachi=1,...,n—1,

(iii) | (carrvas)” s fi] =0, forall 1 <i<j<n—1,
(iv) :(eai+...+an)ﬁ, fn] =0, foreachi=1,...,n—1,
) [(anrr20)™ S| =0,

(vi) :(eai+...+2an)N/ , fn} =0, foreachi=1,...,n—2,

(vii) (eai+...+2aj+...+2an)N, , f]] =0, foreachj=1i+1,....,.n—1,

(viii) (€a¢+--.+2aj+...+2an)N/ , fz] =0, for each j =1+2,...,n,

(ix) _(ea¢+2ai+1+---+2an)N/ , fl} =0, foreachi=1,...,n— 2.
Proof. We prove (i): forall 1 <i<j<n-—1,

N'—1

N’ -17--1 2N’ —2-2¢ N'-1
[(eai+~~.+aj) 7fi] =—q¢ K; Z q Cajpr+-+a; (eai+~~~+aj)
t=0

We prove (ii). Foreachi=1,...,n—1,

—~

N-1
€attan)

N N—-2 1
[(ea¢+---+an) 7fi] = —q¢ K, €aip1+tan

N-1

= 0.

_qN72Ki71 Z qit (eaiJr---Jran)N_l_t Ca;y1+-+an (ea¢+---+an>t

t=1
N-1 -
N— — - N-1
= —q 2Ki ! (_Q) ! (eOéH—--'-i-Oén) Caip1++an
t=0
_qN_QK@'_l q1_2t (t)q (eaiJr---Jran)NiQ Cait1++an

=0,
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which vanishes for the same reasons that (D.15) vanishes. Here we used the following
result:

(eai+~"+an)t Caipi+tan = (_l)teai+1+"'+an (6041'+-"+Oén)t

= |:(604i+"'+a’n)t ) 604i+1+~~~+ozn] q
t—1

— —1
(=1)°¢* (eai+~~~+an)t [eai—l—---—i—ana eai+1+---+an]

q
5=0
= (—q)"" (t)q (eai+---+an)t_1 [ea¢+---+ana eai+1+---+an}q 5
in which we have used Eq. (D.13) and the following results:
[eai+---+an7 eai+2ai+1+'“+2anj|q 07
[eai+~~~+ameai+---+2ap+---+2an}q = 0, p=i+2,...,n,
[eai+"'+an7 ea¢+1+---+ap_1}q = 0, p=i+2,...,n
We prove (iii). Forall 1 <i<j<n-—1,
N'—1
N’ N N'—1
[(eai+"'+a1) ’f]} - Kj Z q A (eaiJr---Jraj) Cajttaj1 = 0.
=0
We prove (iv): foreach i =1,...,n —1,
N N-1
|:(604i+"'+04n) 7.fn] = K, (_Q)t (Casttan) Caitrtan = 0.
=0
We prove (v):
N'—1
N _ RIS _ N'—1
|:(€an_1+2an) 7fn71] = —q 1<1 + q 1)[(nfll q 2 (ean—1+2an) <€n)2 =0.
=0
We prove (vi): foreach i =1,...,n — 2,
N'—1
|:(€ai+"'+2an)N 7fn:| = _Kn Z qiN 2 (eai+---+2an)N - €o;+-tan — 0.
=0
We prove (vii): foreach j =i+ 1,...,n—1,
N/
[(€a¢+---+2a]~+---+2an) 7fj]
N'—1 N
N 1
= K; g N (eai+---+2aj+---+2an) Catet 20 1442, = 0-

t=0
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We prove (viii): for each j =i+2,...,n,

N/
[(eai+~~~+2aj +~~~+2an) ) fl]
N'—1

_ —17-—1 N'—1-2t
= —q¢ K; E q (eai+~~~+2aj+~~~+2an
t=0

N’'—1
) Caip1++2aj++2an = 0.

We prove (ix): foreach i =1,...,n — 2,

N/
|:(€ai+2ai+1+"'+2an) 7fz}

N'—1 /

_ —1p-—1 2 : —2t N'—1

= —q Ki q (eai+2ai+1+---+2an) Cai 14200+ +20m Citl
=0
N'—1 )

371 —2t N'—1 _
+q Ki E q (6041'+204i+1+---+20m) €i+1€a; 1 +20 0+ +20m — 0,
=0
where we have used [eai+gai+1+...+2an, eiﬂ]q = [eai+2ai+1+...+2an, 6ai+1+2ai+2+...+2an:|q =0.

O

D.4.4 The remaining elements of

We have proved that (e,)™" and (e5)V (anti)commute with each generator of U,(g) for
each positive root 7,3 € ¢. In this subsection we use the antipode S and the graded
antiautomorphism w to prove that each of (f,)"", (f5)~, (&,)"", ()", (f,)" and (fz)"
also (anti)commute with each generator of U,(g) for each positive root v, 5 € ¢.

As w is a graded antiautomorphism, w(z™) = (—1)™m=DlE/2(y(2))™ for each m € N.
Now for each generator z € U,(g), we have

N’ N’
(eai+...+aj) T ==tz (eai+...+aj) s
and applying w to this equation shows that ( fai+.._+aj)N also (anti)commutes with z. Using

almost identical arguments, we can show that each of (fai+...+an)N and (fai+...+2aj+...+2an)N/
also (anti)commute with each generator of U,(g) for each j =i+1,...,n.
Recall that S is a graded antiautomorphism, that S(e,) = ¢,é,K, ! where 0 # ¢, € C,

and that S(f,) = CnKn?n where 0 # ¢, € C, for each n € ¢. It is then almost trivial to
prove that the remaining elements of I (anti)commute with each generator of U,(g). This
completes the proof that the left ideal Z C U,(g) is a two-sided ideal.

D.5 The co-multiplication of ¢, i1 € ¢

We now prove that the two-sided ideal Z is a two-sided co-ideal, that is, that
Alz) eZT@U,g)+U,(g) ®Z, Vo e T.
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To prove that 7 is a two-sided co-ideal, it suffices to show that
Az)eToUg)+U,(g) ®Z, Vo el,
which we will show in a straightforward way. We will firstly prove that

A(GV)N/ €Z®Ulg) +Uyg) ®Z, (D.16)

Ales)N € T® Uy(g) + Uy(g) ® T, (D.17)

for each v, 3 € ¢, and then by using the antipode S, the graded antiautomorphism w, the
relations

AoS=(S®S8)oA Aow=(wRw)o A’

and Propositions D.3.4-D.3.8, we will prove the appropriate results for all other elements
of I except (JFN —1): trivially, A(JFY —1) € Ze U,(g) + U,(g) ® T.

We now explicitly determine the components of A(e,) before calculating powers of
A(e,) for each p € ¢. In succeeding sections, we will calculate the commutation relations
between the components of A(e,), and then by using these commutation relations, the
g-binomial theorem and the two generalisations of the binomial theorem in Appendix B,
we will prove relations (D.16)—(D.17) for all v and [ in ¢.

The co-multiplication of e,, for each simple root «; is given in the definition of U,(g)
and will not be further considered.

It is not a trivial matter to calculate the co-multiplication of e, for each non-simple root
i € ¢, as the method for constructing e,, does not ‘commute’ with the co-multiplication. (A
similar situation occurs for quantum algebras [CP94].) We will directly calculate A(e,): it
is not difficult to calculate A(eq, +...4q;) for all 1 <i < j < n, nor is it difficult to calculate
A(€q; 1 42a,). However, it is much more difficult to calculate A(eq, +...42a,+-+24, ) for each
j=i+1,...,n—1.

After calculating A(e,), we can calculate A(e,), A(f,) and A(f,) by applying the
antipode S and the graded antiautomorphism w to A(e,) as in the following equations. In
these equations the proportionality sign means that the left hand side is proportional to
the right hand side with a non-zero scalar constant of proportionality:

A(fu) Afw(en)) x (w®w)oAle,),
A@) o A(SE))AK,) o [(S®S)oAe,)] A(K,).
A(f,) o A(w(e,)) x (w®w)oA(e,).
D.5.1 A(eai+...+aj), 1 S 1 < j S n
Lemma D.5.1. For each j =i+ 1,...,n, the co-multiplication of €, ... 4o, I8
Aleaitta;) = €ajtota; @ Kajpota; +1® €aitntay

J
+(q _ q71> Z eak+“'+aj X Kak+"'+ajeai+"'+akf1' (D18>
k=i+1



Hopf ideal of U,(osp(1]2n)) at roots of unity 195

Proof. Obviously, A(ea,4va;) = Al€astta; i) A(€;) — ¢ A(E;) Alaytta,_,). We will

prove the lemma inductively. Firstly, we calculate A(eq,4q,,,) for each i =1,...,n —1:

Aleaitai) = (@@ Ki+1®e)(ei1 @ Kiyr +1® ei41)
¢ i1 ®Kip1 +1®e) (e @K +1®¢)
= eiein1 QKK —q lee @ K K+ 1 ®eei — ¢ (1@ eipe;)
+e; @ Kieiy1 — ¢ (ei1 @ Kiy16;) + €01 @ €Ki — ¢ (e ® €11 K;)
= Carrain @ Kavrary T 1@ €apran, + (0 —a7") (€1 ® Kipres) -

Now assume that (D.18) is true for some j > i + 1, then we need to calculate
A(eai+"'+04j+1) = A(eai-l—--'-f-aj)A(ej-f-l) - q_lA(ej-f-l)A(eOéi-f—----f-Oéj)'
Firstly,

(Caitta; @ Kaytta; 1@ €aprotay) (€11 @ Kjp1 +1® ¢j41)
—¢ (611 @ K +1®e41) (Cartta; ® Koroga; + 1@ €aprotay)

— —1
= Cajt-tajq ® KOéi+"'+a’j+l +1® Caittajqr + (q -9 )ej-l-l ® Kj+1eai+"'aj’

and to determine the remaining components of A(eq,...a,,,) We calculate that

(Gak+...+aj & Kak+"'+ajeai+"'+ak—1) (6j+1 & Kj+1 +1® 6j+1)
_q_l (6j+1 ® Kj+1 +1® 6j+1) (eOék+"'+(l’j ® Kak-i-'"-f—ozj 604i+"'+0!k—1)

eak+---+a]‘+1 ® Kak+"'+0lj+1 Cojttag_1-

D.5.2 A(eai+...+2an), 1= 1, e, = 1

Lemma D.5.2. For eachi=1,2,...,n — 1, the co-multiplication of ey, +...+24, 15
Aleait-+2a,) = €astt2an @ Kojtotra, 1@ €aypoioa,
n—1
-1
+g—q) E Captt2an @ Kajtt20nCoittar_;
k=i+1

+(q — q_l) ((1 +q) (en)Q ® (Kn)zeai-i-w-i-oznq +en ® Kneai+~~+an>'
Proof. Recall that e, 1...424, = €a;++an€n + En€ajttan- NOW from Lemma D.5.1,

Aleaittan) = Captotan @ Kojtotan T1® €aitotan
n

_'_(q _ qfl) Z Cap+-+an X Kak+"'+aneai+“'+ak717 (D19>
k=i+1
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and we determine A(eq, +...42q4,,) from the following calculations. Firstly,

(eai+~~~+an ® Kojtotan +1® eozi—l—----i-ozn)A(en) + A(en)(eai+~~+an ® Kojtotan +1® eozi—I—---—I—an)
Caittantn @ Kot t20m + EnCoittan @ Kajtt2an T 1@ €aittantn + 1 ® ot tan

= Catt2an © Kojtota, +1® €a;1- 120,

and furthermore,

n

E |:604k+"'+a’n ® Koyt tanCait-tap_ Aen) + Alen) eyt ta, @ Kak+~~~+an6ai+---+ak_1]
k=i+1

= Q(en)2 ® (Kn)Qeozi—f—---—f—anq + (en)2 ® (Kn)Qeozi—f—---—f—anq
t+en ® Kn€ot-tan_16n — qilen ® Knenla;t-tan_1

n—1
-+ E |:€Olk+"'+0lnen X Kak+---+2anea¢+---+ak71 —+ EnCay+-+an X Kak+"'+2aneai+“'+akf1
k=i+1
+€ak+...+an X Kak+---+anea¢+---+akflen — Cap4-tan &® Kak+---+anea¢+---+akf1€n
n—1
= E Cap+-+20,En & Kak+"'+204n606i+"'+04k—1
k=i+1

+(1+q) (en)Q ® (Kn)zeai-i-w-i-oznq + en @ Kneat+tan-

D.5.3 A(eai+"'+2aj+"'+20én)7 1 S ) <] <n

Lemma D.5.3. For all 1 <i < j <n, the co-multiplication of eq, 1.1 20,4+ 420, 15

A(€aysizaytiza,) = Do+ (g — ¢ Z Dy+(q—q¢ "D+ (g—q ZFz +F

k=i+1
where
DO = ea¢+---+2aj+---+2an ® Kai+"'+2a]’+"'+2an7
Dk = eak+...+2aj+...+2an ® Kak+"'+2a]’+"'+20{neai+"'+ak717 k =1+ 1, cees ] 1’
o -1
D = (qeaj+2aj+1+---+2an€j —q "€jCa;+2a 1+ +2an

2
®(KJ coe Kn) 6ai+"'+04j—17
Dk = Caj+ 20541+ 4200 ® Kaj+~~~+2ak+1+~~~+2aneai—l—---—i—ak7 k= Iy 17

Dp, = eajttan @ KajtotanCoittan
F, = Cajt-tap @ Kaj+---+apea¢+---+2ap+1+---+2an7 pP=1Jy...,n—1

Fj,1 = 1®€ai+...+2aj+...+2an.
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Proof. Firstly, recall that

o -1 .
Cajte42a;++2an = Cajtt2a4144+20,65 T4 €jCat 420511+ 4200 Jg=i+1...n—1

In proving this lemma, we firstly determine A(eq,...19q,_,+2a, ), and then prove the re-
maining cases by induction.

We now obtain two very useful results. Set k =4+ 1,...,n—2and k < j < n, and in
Writing €q,+...+a,_, i the calculations below we will always consider this to be identically
equal to 1 if £k — 1 < 7. Furthermore, if £ — 1 = 4, then in writing o; + - - - + a1 we will
always take this to mean «;. The first useful result is

(Captt20 11t 420m @ Koyt 2054141200 Carttay_r ) A7)
—qflA@j) (eak+---+2aj+1+---+2an ® Kak+---+2aj+1+---+2an€a¢+---+ak71)

= 60!]g+"'+204j+1+"'+206n6j & Kak+"'+2aj+"'+204n604i+"'+04k_1
_qilejeak+~~~+2aj+1+~~~+2an ® Kak+"'+2a]’+"'+206n604i+"'+0lk_1
teaptt20j1t420n @ Koyt d20;41 44 20m Caittan_1 €
_eozk+"'+204j+1+"'+204n & Kak+"'+204j+1+"'+206n6j604i+'“+04k—1

= €ak+...+2aj+...+2an &® Kak+"'+2aj+'“+2aneai+"'+ak717 (D20>

as e; commutes with eq,+..4q,_,. The second useful result is as follows: set 7 < j < n, then

(1 ® eai+"'+2a]’+1+"'+20{n) Alej) — g Aley) (1 ® eai+"'+2aj+1+'“+2an)
= (= q7") (& ® Kjeatiaajrtt20n) + 1 Caytoian; 4 t20,- (D.21)

These results imply that

|:604i+"'+204n ® Kajtot2a, T 1 ® €aptotoa,
n—2
-1 E
—|—(q —( ) Cag+-+2an &® Kak+"'+2aneai+“'+ak711| A(enfl)
k=i+1

_qilA(en*I) [eai+---+2an ® Kojtot20, + 1 ® €04 120,

n—2

+(@—q7) Captt2an @ Mgt t20n Cayttag_y
k=i+1

= Captt2an-2+2an © Kajtot2a, 3420, +1® €aitt20,_242an
n—2
-1
+g—q) E Capt+20m_1+20n @ Koyt 200 1+200 Caittag_,
k=i+1

_'_(q - qil) (enfl & anleai+...+2an> .
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To complete the proof, we need only simplify

[ea%l“an ® Ko, 1 +2anCaittan_ s
(14 g)(En)* @ (Kn)eartsans + n @ Kn€arssan| Alen 1)
—q ' Aen—1) [€a, 14200 ® Koy 14200 Carttana
F(1+q)(en)? @ (Kn) et tan o, +€n © Kneaﬁ...mn} . (D.22)
To simplify (D.22) we perform the following calculations:

(ean—1+2an ® Kan—l+2aneai+“'+an—2) A(‘en*l)
_q_lA(en*1> (ean—l+2an ® Kan—1+20lneai+"'+an—2)
= (qean71+2anen—1 - q_len—leanq-i-?an) ® (Kan71+04n)2604i+"'+a’n72

+€an—1+2an ® Kan—1+2an €ai+-Fan_1s

and

((en)? ® () eartans ) Alen-t) =g Alen-r) ((00)? @ (K)ot )

= q_l(en)Qen—l ® Kn—l(Kn)zeai+---+an71 - q_len—l(en)Q ® Kn—l(Kn)zeaﬁw-i-anq
"‘(en)? ® (Kn>2ea¢+---+an_1enfl - q(€n>2 ® (Kn)2€nflea¢+---+an_1

= q_l ((en)zen—l - en—l(en)2> ® Kn—l(Kn)Qeai-l—“--i—anfU
where we have used the fact that [eq,+..+a, 1, €n—1]q = 0. Furthermore,

(en ® Knéa;ttan) Alen-1) — q_lA(en—l) (en ® Knea;t-tan)
= €enepn1® anlKneaiJr---Jran - qilenflen ® anlKneaiJr---Jran
+en ® KneaiJr---Jranenfl - qilen X enflKneahL---Jran
= €ap_itan @ Kn—lKneai+~~~+an7
where we have used the fact that [eq,+..+a,, €n—1]q = 0.
Combining these results, we can rewrite (D.22) as
(qean—1+2anen71 - qilenflean—ﬁ?an) ® (Kn71)2<Kn)2ea¢+---+an_2
+ |:6an71+204n +(1+ q_l) ((en)Qen—l - en—l(en)Q) } ® Koy 14200 €aittan—1
+ean1+an @ Kno1Kpea, 4 tan
= (qean—1+2anen71 - qilenflean—1+2an) ® (Kn71)2<Kn)2ea¢+---+an_2

tean_142an @ Kop_i 1200 Caittan_ T Can_itan @ Kn 1Kn€a;ttay;

where we have used the elementary result that

Con14+2an = Can_i 420, + (1 +¢ ) [(en)%nfl - enfl(en)ﬂ :
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Combining these calculations gives us

A(eai+---+2an_1 +2C¥n)

= Cajtt2an_1+2an O Kai+"'+2an71+20¢n

n—2
-1
+@—q) E Capt+20m_1+20m @ Kapt 12001 +20m it tag_y
h—it1

+

(q— q_l (qeanq—l—mnen—l - q_len—leanf1+2an) ® (Kn—lKn)zeai—f—----i-anfz}

(a-a e

)

) ean—1+2an ® Kan—l+2an eai+"'+an—l:|
(a—a)]

)

éan—l‘i’an ® Kan—1+0£n eai+"'+an]
-1
+(a—q

+1 ® €yt t20m_1+20m

_I_
L)
()

_I_
L)
<

€n—1 & Kn—leai+~~~+2an]

which proves the lemma for A(eq, 24, 1420 )-

Now assume that the lemma is true for A(eq, ;... 120, 1 +2a,) for some j =i+2,...,n—1,
then Egs. (D.20)-(D.21) allow us to write

1| Aej1) — qflA(ejfl) Do+ (¢—q Z Dy + F

k=i+1

Do+ (q—q~ Z Dy +F
k=1+1

= Coytt2aj 1 +-t2an & Kai+"'+2aj—1+“'+2an

j—2

+a—q") ® K,

q q eak+"'+2a]’71+'“+20{n ak+---+2a]’71+---+2anea¢+---+ak71
k=i+1

+(q - qil) (ej—l ® Kj—leai+~~~+2aj+~~~+2an)
_'_1 X eai+...+2aj71+...+2an.

We now perform another calculation that will greatly assist the proof of this lemma.
Let ¢ be any element of ¢ satisfying o; < ¢ < a;1; with respect to N'(¢), then

(ég, ® Kg,e(aﬁ...+2aj+...+2an,g,)) Aej_1) — q_lA(ej,l) (ég, ® Kg,e(aﬁ...+2aj+...+2an,g,))
= @,ej_l & Kwe(aﬁ...+2aj+...+2an_¢)Kj_1 + Ecp & Kgoe(ozi+~~~+204j+---+20m—<p)ej—l

—q 7' ej18p @ Kj 1K€ (a1t20, 4t 20m—9)€j-1 — @ € @ €j-1K €0, 120, 44200 —p)
= [ESO’ ej_l]q ® Kj—lKgoe(aﬁr---+2aj+---+2anf<p)

T © Kp(aitt2a++20m—9)€j-1 — €p @ K€ 1€(a; 420, +-+20n )

= éaj,1+4p X Kj,lee(ai+...+2aj+...+2an_¢),

where we have used the fact that [e(ai+_..+2aj+.._+2an,¢), ej,l]q = 0 (note that this can be
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TeWTitten as €(q; .. 42a,4-+2an—¢)€j—1 = €j—1€(ai+-+2a;++2an—g))- Lhis allows us to write

n—1
(g—q" ZDk+ ¢—q ) F|Alej)
=

n—1
—q'Aej) [(a—q ZDk +q—q ")) F
=

n—1

_ -1 >
= (¢—q7) E €1+t 21 ++2an & Koy i tot2ap 1+ t20n Caittay,
k=j

+(q — q_l) (Eﬂéj—1+"'+204n ® Kaj—1+"'+04neai+"'+204n)

n—1

-1 —
+g—q) E (604j—1+"'+061 ® Kaj_1+---+oqeai+~~~+2al+1+~~~+2an) J
I=j

and to complete the proof of the lemma we need only calculate
(E + Dj—l) A(ej—l) — q_lA(ej_l) (E + Dj—l) .
Now

Da 1A(ej1) — a7 Aej-1) Dy
= (ea] 14205+ +20n © Koy i +20;++20m Casttay 72) Alej-1)

—q " Alej1) (eaj_1+2ocj+---+2an ® Kaj_l+2aj+~~~+2an€ai+~~~+aj_2) (D.23)
= (Ca; 1+20j++20,Cj—1 & (Kaj71+---+an)2€a¢+---+ajf2

—q_lejfleaj,1+2aj+---+2anejfl X (Kaj71+---+an)26ai+"'+0‘j*2

+€aj_1+2aj+---+2an ® Kozj_l+2aj+~~~+2aneai+~~~+ozj_2ej—l

_qileaj,1+2aj+---+2an ® Kaj71+20{j+---+2anej*leai+---+a]’,2
= (qeaj_1+2aj+---+2an€j—1 - q_lej—leaj_1+2aj+---+2an) ® (Kaj_1+~~~+an)zeai+---+aj_2

Fea;_1+2a54-+2an @ Koy 12044200 Casttaj_1> (D.24)

and

DA(ej-1) — g~ Alej—1)D

-2
€aj+20 4144200 €5€5—1 — 4 €jCa;t2a; 1+ +2anCi—1

-2
_ej,leaj+2aj+1+___+2anej +q €j,1€j€aj+2aj+1+...+2an

QK1 +20+-+20n Cay -ty - (D.25)
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We combine (D.25) and the second line of (D.24) using the following calculation:

eaj,1+2aj+---+2an + eaj+2aj+1+---+2anej€jfl - ejfleaj+2aj+1+---+2an€j
_q_26j604j+20¢j+1+---+2an6j—1 + q_26j_16jea’j+20¢j+1+"'+204n

= _qileaj+20lj+1+"'+2anejflej - qf1€j€j71€aj+2aj+1+---+2an

+604j+204j+1+"'+20¢n6j6j_1 + q_er—lejeﬂéj+206j+1+"-+206n

eozj+2aj+1+~~~+2an€ozj_1+ozj - q_léaj_l—i—aj eozj+2aj+1+~~~+2an

— [eaj+2aj+1+---+2an7éaj,1+aj]q

= éozj_1+2aj+~~~+2an7

where the last equality arises from Proposition D.9.8. It follows that

(D + Dj-1) Alej—1) — g~ Alej-1) (D + Dj-1)

-1 2
- (qeaj_1+2aj+---+2anej—1 -9 ej—leoéj_1+2aj+---+204n) ® (Kaj—1+"'+an) Cajt-+aj_o

+Ca; 14205+ +20n ® Ko 14205+ 4200 Casttaj_1-

O

D.6 The commutation relations between the compo-
nents of A(e,)

The commutation relations between the components of A(e,) are, in general, quite com-
plicated, and the algebraic structures they give rise to come in three families depending on
the nature of pu.

In this section we prove the following results. The algebra underlying the components
of A(e;), where i = 1,...,n, is the ¢g-binomial theorem. The algebra underlying the com-
ponents of A(eq,4..4q;), Where i < j < n, is the g-multinomial theorem. The algebra
underlying the components of A(eq, .14, ) is more complicated: it is a combination of the
g-binomial theorem and the associative algebra given in Lemma B.0.8. The algebra under-
lying the components of A(eq,+...42a;4-+a,) 15 @ combination of the g-binomial theorem
and the associative algebra given in Lemma B.0.9.

The g-binomial theorem and the two generalisations of the binomial theorem given in
Appendix B allow us to compute any desired power of A(e,,).

D.6.1 A(e),i=1,...,n
Here A(e;) = e; ® K; + 1 ® e;, and elementary calculations show that
(61®K2)(1®62) :q2(1®61)(62®KZ), 1< n,

(e, @ Ky)(1®e,) =—q(l®e,)(e, @ K,).
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D.6.2 A(eai+...+aj), 1 S 1 <] <n

For each j =i+ 1,...,n— 1, we write
J
Alaytota;) =Di+ (g—q7") Z Dy + Do, where
k=i+1
Di = eai+...+aj ® Kai+...+a].,
Dk = eak+"'+aj X Kak+"'+ajeai+“'+ak—17

Dy = 1®e€q,1ta,-
We will show that the commutation relations between the components of A(eq,...1q,) are
D,D, = ¢°D,D,, Vr < s.
For each k =i+ 1,..., 4, the relations between D; and D, are

Dsz = qeak+...+a].€ai+...+aj X Kai+"'+0£jKak+"'+aj€ai+"'+akf1

2 2
= q eak+"'+ajeai+"'+04j (%9 Kak+"'+0¢j604i+"'+04k—1K06i+"'+04j =q DkD27

where we have used [€a¢+-..+aj, eak+...+aj]q = 0. The relation between D; and D is

2 2
DZDOO =(q eai+...+aj ® eOéi+"'+0¢jK04i+"'+04j =q DOODZ

Now for each k =i+ 1,...,j — 1, and each [ satisfying k < [ < 7, the relation between Dy
and D is

Dle = qeal+__.+aj€ak+...+a]. X Kak+"'+ajeai+"'+ak—1Kal+"'+ajeai+'“+al—1

2
q eal+"'+aj€ak+'“+aj X Kal+"'+0¢jKak+"'+ajeai+"'+a171€ai+'“+akf1
2

= q Dle

Finally, the relation between Dy and D, for each k=174 1,...,7, is

Dk:DOO - eak—f—---—l—aj ® Kak+~~'+04jeai+"'+0¢k_1eOéi-f—----f—aj

2 2
= {q Capt-ta; ® eOéi+"'+OCjKa’k+"'+0¢j604i+"'+0¢]g—1 =dq D Dy,.

These calculations give the flavour of many of the calculations in this section.

D.6.3 A (6ai+...+an), 1= ]_7 N 1

This case is more difficult than the previous one. We write

Alea,+tan) = Di + Z Dy + Do, where
k=it1
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D; = Cattay & Ka¢+---+an7
Dk = (q — q_l) (eak+"'+an X Kak+"'+aneai+'“+ak71) y k=1 + 17 o, n,
Doo = 1® Coi4tap-

We will show that the commutation relations between the components of A(eq, ..ta,)
are (D.26)—(D.32) below, where we fix i < p,r,s,t < n throughout these equations, r < t
in (D.26)—(D.31), r < s < tin (D.29), and p < r < t in (D.30)—(D.31):

DrDt = _thDr + Er,tu ( )
DrEr,t = q2Er,tDr7 ( )
Er,tDt = q2DtE7",t7 ( )
DsEr,t = Er,tD37 (D29>
DyE.; = qur,tDp + Fprts ( )

O = prrvt _'_ (1 - q2>Ep,tDT7 ( )
DDy = —qDyD,. ( )

Note that relations (D.26)—(D.28) imply the following relations
DpET,t — q2Er,tDp = Ep,TDt — q2DtEp,T7 p<r< t, (D33)

Ep,TEp,t = q2Ep,tEp,T7 Ep,tEr,t = q2Er,tEp,t7 p <r<t. (D34)

The following proposition shows that if the components of A(eq, .. ta, ) satisfy (D.26)—
(D.32), then we can use Lemma B.0.8 to give an expansion of (D; + D;yq + -+ D,)™
for each m € N. Note that relations (D.35)—(D.37) in Proposition D.6.1 are precisely
the relations between the elements a, b, ¢, respectively, in the associative algebra given in
Lemma B.0.8.

Proposition D.6.1. For each k =1+ 1,...,n, and each j satisfying 1 < j < k, we have

(Dj + Dj+1 + -+ Dk—l)Dk
= —qDp(Dj + Djy1+ -+ Dy1) + (Ejp + Ejprp + -+ Ey1p),  (D.35)

where

k-1 k—1
(Z Eb,k) Dy = ¢°Dy, <Z Eb,lc) : (D.36)
b=j b=j

Proof. Relation (D.35) follows from (D.26) and (D.36) follows from (D.28). The proof of
(D.37) is only slightly more difficult: firstly, the elements Dy_; and Dy, satisfy the relations

Dy_1Dy, = —qDyDy_1 + Ekfl,ka Dqukq,k = q2Ek71,ka717 Ekfl,ka = q2DkEk71,k7
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which proves (D.37) for j = k — 1. Now assume that (D.37) is true for some j < k — 1, we
will prove that (D.37) is true for j —1if j — 1 > 4:

k—1 k—1
a=j—1 b=j—1
k-1 k—1
- [Dj_l + <Z Da) Ej_l?k + (Z Eb’k)
a=j b=j
k-1 k—1 k—1 k-1
= D Ej_ 1+ (Z Da> (Z Eb,k) +D;, <Z Ec,k) + (Z Dd) Ei 1g
a=j b= c=j d=j
k-1 k—1 k—1
= QQEjkaqu +q° <Z Eb,k) (Z Da> =+ Z (QQEc,ijfl + F}'fl,c,k)
a=j

b:] c:j

k-1 k—1
+q2Ej71,k) <Z Dd) + (1 — QQ)Ejfl,k <Z De)
d=j e=j
k—1 k—1 k1 b1
g q2 ( Z Ec,k) Djfl _'_ q2Ejfl7k (Z Da> + q2 (Z Eb7k> <Z Da> (D38>
a=j b=j

c=j5—1 a=j

k—1 k—1
= q2<z Eb,k) <Z Da);
b=j—1 a=j—1

where (D.38) follows from (D.31), completing the induction. O

We now show that the components of A(eq,+...1q,) satisfy the claimed commutation
relations. We firstly prove relation (D.32):

DiDo = et tan @ KojtotanCoittan
= Qeattan ® CajtotanKajttan = —qDooDi,
and for each Kk =17+ 1,....,n, the relation between D; and D, is
DyDy = (q - q_l) (eak+---+an ® Kak+---+an€ai+---+akf1eai+---+an)
= q(q— q_l) (eak+---+an ® eai+~~~+anKak+---+an€ai+---+ak_1) = —qDo Dy,

proving relation (D.32).
We now prove relation (D.26). For each k =i+ 1,...,n, the relation between D; and
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Dk is

D; Dy,

—1
= (¢—q) (€a¢+---+an€ak+---+an ® Ka¢+---+anKak+---+an€ai+---+ak,1)
= (¢—a) (- +1 )
= g—q Cop+-tonCoit+an T [Cajttan) Cop+Fanly
®Ka¢+---+anKak+---+anea¢+---+ak71
_ —1
- (q —q )< — QCap+-tom Cajttan ® Kak+---+aneai+---+ak71Ka¢+---+an (D-39>

+ [€ai+tam eak+---+an]q ® Kai+---+anKak+---+an€ai+---+ak,1)
= —qDpD;+ Ej,

where we have used the relation [€q,..+a,; €ayt-tan), = 0 to obtain (D.39), and where we

set

E;

_ -1
r=@—q") ([€a¢+---+ana eak+---+an]q ® Kai+---+anKak+---+an€ai+---+ak,1) .

For all £, p satisfying ¢ +1 < k < p < n, the relation between D; and D, is

DD, =

where we
set

—1\2
(¢—aq) (eak+---+an€ap+---+an ® Kak+---+an€a¢+---+ak,1Kap+---+an€a¢+---+ap_1)

2
<_€ap+---+ozneak+~~+an + [eozk—l—----i-ozm eap+~~~+an]q>

-1
(¢—q)
QK+ +an Kapt-tanCasttag_; Coittap 1
—1\2
—q(qg—q) (eap+---+aneak+---+an ® Kak+---+anKap+---+an€ai+---+ap_1eai+---+ak,1)
—1\2 [ ] K K

+(@—q ) Copt-tan) Capttan], @ Kt tan L aptetan Casttag_1 Caztetap_1
(D.40)

_quDk + Ek,pa

have used the relation [ea¢+---+ak,17 €a¢+---+ap_1}q = 0 to obtain (D.40), and we

_ —1\2
Erp=1(a—q") ([eak+---+am eap+---+an}q ® Kak+---+anKap+---+an€ai+---+ak71ea¢+---+ap_1) .

It follows that the components of A(eq,+...1q,) satisfy relation (D.26).

We now consider the relations between the Dy, and Ej, ,: we will show that D and Ey
satisfy relation (D.27) for all £ < p. For calculational ease we will write F;, and Ej, as
the following sums:

n n
— J — J ;
Eivp - Z Ei,p? Ek,p — Z Ekm, k > 1,
J=p J=p
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where the components of these sums are given in Proposition D.9.2:

El, = (=) (0" (Carrt20pt-t20n © Kototan Koy ttanCattap 1) »
Eij,p = (¢— q71)2<_Q)n7j (€a¢+---+2aj+---+2aneap+---+aj71
®Kai+---+anKap+---+an€a¢+---+ap_1)7 J>Ds
Ef,p = (¢— q_1)2<_Q)n_p (eak+---+2ap+---+2an ® Kak+---+anKap+---+an€ai+---+ak,1eai+---+ap_1) )
Ei,p = (=47’ (=0)"7 (Cat-t20; 4+ 20n Cap bty 1
®Kak+~~~+anKap+---+anea,-+~~+ak_1eai+~~~+a,,,1)- ] >0p.

The following identities allow us to determine the relations between D; and FE;,, and

between Dy, and Ej ,, quite easily:
[eai+...+an,eai+...+2aj+...+2an}q = 0, 1<i<n—1, i+1<j<n, (D41)
[Caittans Captrasa], = 0, 1<i<n—2, i<p<j—1<n.(D.42)

We can rewrite (D.41) and (D.42), respectively, as

Cajttan Cajtt2aj++2an =  GCoyt 42054420 Cait tans
CajttanCapttaj1 = Captotaj1Caittan:
Using these identities we compute the relations between D; and E; , where i =1,...,n—1
and p > i:
p

= (@—q (="
X (eai+...+aneai+...+2ap+...+2an ® Kaﬁ...ﬁlnKai+.._+anKap+...+aneai+...+ap_l)
= ¢la—qa)(=a)""
X (Caytt20p -t 20 Carttan @ Kot tan Koyt tanCaittop 1 Kot tan)
= quzp,pDz‘,
and for p > i and j > p we have
D;E],
= (a—q (="
X (eai+...+aneai+...+2aj+...+2aneap+...+aj_1 ® Kai+...+anKai+...+anKap+...+aneai+...+%71)
= ¢*lg—a ) (=g’
X (eai+.._+2aj+...+2aneap+.._+aj71eai+.._+an ® Ka¢+---+anKap+---+anea¢+---+ap_1Ka¢+---+an)
= ¢’El D;.
These calculations show that D;E;, = ¢*E;,D; for p =i+ 1,...,n. Now we determine
the relations between Dy and the components of Ey,. For k=i+1,...,n—1andp >k
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we have
DkE;ip
= (=g (="
X (eak+"'+an604k+"'+204p+"'+206n
®Kak+___+aneai+.._+ak71Kak+...+anKap+._.+aneai+...+ak71eai+...+%_l)
= Plg—q ) (="
X (eak+...+2ap+...+2aneak+...+an
®Kak+---+anKap+---+anea¢+---+ak,1eai+---+ap_1Kak+---+anea¢+---+ak,1)
= ¢’E} Dy,
and for 5 > p,
DyE],
= (¢g—q (=g
X (Cag bt Ca -t 20+ 20 Cap b1
®Kak+---+an€ai+---+ak,1Kak+---+anKap+---+an€a¢+---+ak,1€a¢+---+ap_1)
= Plg—q ) (="
X (eak+---+2a]~+---+2aneap+---+ajf1eak+---+an
®Kak+---+anKap+---+anea¢+---+ak,1eai+---+ap_1Kak+---+anea¢+---+ak,1)
= ¢’E] Dy
This shows that Dy Ey, = ¢*Ey,, Dy, for p=k+1,...,n. Together with D;E;, = ¢*F; ,D;,

this proves that Dy and Ej, satisfy relation (D.27).
We now show that Dy and Ej, satisfy relation (D.28). The identity

[Caitt2apttran Copttan) , = 0, I+1<p<im,
which we can rewrite as €q,4...42ap++2an Capttan = QCaptanCastt2ap+t2an, Will be
useful. The following calculations are similar to those immediately above. For each k =
1+ 1,...,n—1and p >k,
El,Dy = (a—a )’ (="
X (eai+---+2ap+---+2an€ap+---+an
®Kas - tan Koyt tanCait-tap 1 KagttomCaittap 1)
= qlg—q )’ (~0)""
X (eaer---Jranea¢+---+2ap+---+2an
DKt tan Koyt tanCot oy 1 Koyt tanCarttay 1)
= la—a )’ (="
X (eaer---Jranea¢+---+2ap+---+2an

@Koyt tanCaittay 1 Kavt - tan Koyt tanCorttay 1)
_ 2 P
— ¢’D,E’,
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For each j =p+1,...,n, we have [eai+...+2aj+...+2an, eap+...+an]q =0, and

El,D, = (¢—q ')’ (—=q)"
X €yt 20yt 20 Carp-tortary 1 Cap-torotam
Ko, 4 tran Koyt tan aittap_1 Koyt tan Casttap s
= qlg—q ") (=g"
XCap - tan Cajt 420+ +2an Capttaj_1
Ko, 4 tan Koyt tan ot tap_1 Koyt tan Casttay
= Plg—qg ) (=g
XCap - tan Cajt 420+ +2an Capt+aj_1

®Kap+...+an eai+...+%71 Kai+...+an Kozp—l—----i-ozn eai+"'+04p71
— 2 J
— ¢D,E!

Foreach k=1+1,...,n—1and p > k,

E} D, = (qg—q ") (—q)""
Xeak+"'+20¢p+"'+2an Gap+...+an
QK oyt tan KapttanCayttan_1 Casttap 1 Kapt+anCas+tap_
= qlg—q )P (="
><eap+...+aneak+...+2%+...+2an
QK oyt tan Kapttan Casttan_1 Casttap1 KapttanCa+tap_
= Plg—q )P (=g)" "
><eap+...+aneak+...+2%+...+2an
QK oyt tanCaittap1 Bapttan K apttanCo;+tap_1 Cas+tap_

= QQDpEg

7p’

and for j=p+1,...,n,

El,D, = (¢—q ")(-"
Xeak"r""‘l‘zaj+"'+20¢n604p+"'+04j—160(p+"'+04n
QK oyt tan Kapttan Casttan_1 Casttap1 KapttanCas+tap_
= qlg—g¢ (="
><eap+...+aneak+...+2aj+...+2aneap+...+aj_l
QK oyt tan Kapttan Cayttan_1 Casttap1 KapttanCattap_
= Plg—q¢ ) (=g
><eap+...+aneak+...+2aj+...+2aneap+...+aj_l

QKo+t Castertap s Kagttan Koyt tanCasttar_1 Casttay_
— 2 J
— ¢D,E,
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These calculations show that Ej,D, = ¢*D,Ey, for each k = i,...,n — 1, and p > k,
proving (D.28).

We now show that DyFEy, , = Ej ,D; for all i <k < s < p <n; and in doing so we will
use the following identity: for all i < k < s < p < n we have

[eak+---+2ap+---+2ana eas+---+an]q =0,

which we can rewrite as €q, 4...42a,++2an Cas+-tan = Cast-tanCap+-t2aptt2a,- Lhe rela-
tion between D, and EY, is

/4 _ —1\2 n—p
D,E;, = (4= ¢ ) (—0)" PeasttanCaitt2a,+-+2an
QK4 tanCaitrtas1 Kasttan Kaytetan Caittap_
_ —1\2 n—p
- (q - q ) (_q) eai+"'+204p+"'+204neas+"'+04n

®Kai+"'+04n Kap+---+()cn 6ai+...+%71 Ka5+...+an Cai+tas_1
_ /4
~ E',D,.

Foreach j=p+1,...,n,

DE!l, = (q—q ") (—q)"
X €yt tan Caytr 420044200 Cap+--taj_1
QK gt tanCaittas 1 Kaittan Kapt-tanCasttap_1
= (g—q )’ (="’
Xyt t205++2an Capt-taj_1 st tan
Kot tran Kapttan€aittap_1 Kasttan Casttas_

X (€asttan ® KayttanCaittas i)
_ J
- E D,

Fork=i+4+1,...,.n—1and k < s < p,

D.Ey, = (q—q ')’ (="
XEat-tan Capt+2ap+-42an
QK gt tanCait-tas 1 Koyt ton KapttanCasttag_; Caittap_1
= (¢—q)’(=a)""
X Copt- 420 ++++2an Cas++an

QK+ tan Kapt-tanCasttap_1 Caittap 1 BKagttanCasttas_1
_ /4
= kD,
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and for j > p,

D.E], = (¢—q¢ ) (-9
X €t tom Cagot 4204+ 20 Captorrta_y
®Kas+---+anea¢+---+as—1Kak+---+anKap+---+anea¢+---+ak71ea¢+---+ap_1
= (g—q )=
X €yt 200+ 200m Cipt-+rj 1 Carstrrrtam
®Kak+---+anKap+---+aneai+---+ak,1eai+---+ap_1Kas+---+anea¢+---+a5—1
= E| D,
These calculations show that D Ej, = Ej,D, for all 1 < k < s < p < n, proving relation
(D.29).
Foralli <p<r <t<n,F,,;isdefined by F,,;, = D,E,;—¢*E,;D,, and we calculate

it from its alternative definition in relation (D.33): F,,; = E,,D; — qQDtEW. We firstly
calculate Fj

E,r,t = Ei,rDt_QQDtEi,r

n
_ ~1\3 n—j
= (¢—q) E (—q) Ca;++2aj++2an Carttaj_1 Carttan
Jj=r+1
t—1
- (=™
q Capttan Cajt+2aj++2an Cart-+a; 1
j=r+1
[ )nft
q Capt-tanCayt+2as+-+20n Carttay_1
n
- > (-
q Catt-tan Cajt42aj++2an Cart-taj 1
j=t+1
OKattan o otran Kayotan Caittar1 €aittau-
n
= (@—a ") (="
= @—q q4)" "CajtA2aj+420n Carttaj1 Carttan
J=t

n—t —1
~(=0)"'q Caytt 2004t 20 Cay ot an Cap oty

n
n—j
- (=)™ €+ t20; 4+ 200 Carttan Carttay_y
j=t+1

OKattan o otran Kaytotan Caittar1 €aittau—

= (¢-— q_1)3 (_q)n_teai+"'+204t+"'+206near+"'+an

n

-1 n—j
+ E (¢ = 47 ) (—0)" 7 €astrt2a;++20n Cartotan Cartotayy
j=t+1

OKattan o otan Koy o tan Caittar1 €aittar1 -
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In obtaining the last equality we used the two identities
-1 —
4 CattanCortotars = “Captotan T Cartotay1 Cartotans
— —1 .
Cart-taj_1Coyttan T Coytooton Carttay_r T (q —q )eOér+"'+OéneOét+"'+Oéj—17 t< J— 17

which arise from Propositions D.9.3 and D.9.4 respectively.
Now we will show that F;,; + (1 — ¢*)E; D, = 0. Note that

(1-¢»E:D, = 1-=¢)(qg—q ")

n—t
X (_Q) Ca;+ - +2a++20m Copttan

n

-1 n—j
+a—q) E (—@)" 7 €at-t20; 44200 €ar-totay_1 Carttan
j=t+1

QK oyt tan KasttanCasttar KarttanCasttar_s -

An elementary calculation shows that Fj,; + (1 — q2)Ei,tDr = 0 after manipulating the
expansion of F;, D, using the following identities:

Car+taj_1Carttan =  CapttanCoarttaj_is
Casttar1 Bartotan = KaptotanCaittaris

-1
Caittar—1CaitFar_1 4 Cajttar—1Caittar—1-

Set i < p <r <t <n. Using similar calculations as those above gives
Fp,r,t Ep,rDt - q2DtEp,r
= (¢—q")!

n—t
X (_Q> Capt- 4204+ +2an Carttan

n

—1 n—j
+(@—q) E (—q) Cap+-+2aj++2an Cart-tan Cart++a;_1
j=t+1

QKo +tan K apttan Karttan €aittap_1 €astetar_1 €ai+tas_1>

and by using the following identities

Catttaj1Carttan = CaptotanCouttaj1)
_ -1
Cajttar1Caittar—r = 4 Coajttor1Caittar1s
Caitrtap_1 Caittar 1 Baptotan = HKaytotan ot tap_1 Casttar_1s

one can easily show that
Fpre+ (11— q2>Ep,tDr =0,

proving relation (D.31).
We have shown that the components D;, D;y1, ..., Dy, Dy of A(eq, 1. ta, ) satisfy all
the claimed relations, thus we can calculate (A(eai+...+an))m for each m € N.
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D.6.4 A(eai+...+2an), 1= 1, e, n = 1

We now determine the commutation relations between the components of A(eq,+...42a,)-
We write A(eq;+-42a, ) aS

n—1
Alea;++2a,) = Z Dy + Dy + Do + Do, where
k=i
Di = Ca;+-+2an &® Kai+"'+2an7
Dy = (q¢- q_l) (eak+"'+20¢n ® Kak+---+2aneai+---+ak—1) ) k=i+1,...,n—1,

Dy = (q—q¢ H(1+q)(en)? ® (Kn)easttan
Do = (q—q ") (en ® Knayitan)
De = 18 €asoiza,

We claim that the commutation relations between these components are

DiDy = ¢*D.D;, k=0,i+1,....n, 00,

DjDk = q2Dij, ’l+1§]<k‘§n—1,

D;D,, = q2Dij, 1+1<7537<n—-1, m=0,n,oc0,
D,Dy = q2DODn>

D,Dy = q2DooDn+§(D0)27 §= _(14‘(])2/((]_(]71)7

DODoo = q2DooD0-
The following easily proved identities will assist in proving these commutation relations:

1<i<k<n—-1,
1<1<n—1,

1<i<k<n—-2,
1<i<j<k<n,

[ea¢+---+2an7eak+"'+2a"]q -

I
—~ oo oo

)

[eai+...+2an s €n]q
[t tags Castt2an]

q )

[eai-l—“'-f—aj, eai+...+akj|q —
]

)
[eai+'“+an—17 Ca;+-+2an 1+ q)(€astran)®

q

We now prove that the components of A(eq,t...124, ) do satisfy the claimed commutation
relations. For each k =7+ 1,...,n — 1 the relation between D; and Dy, is

—1
Dsz = (q —q ) (eai+...+2an€ak+...+2an &® Kai+"'+2anKak+"'+2an€0li+"'+akf1)
2 -1 2
= q¢(¢g—q) (eak+---+2an6ai+---+2an ® Kak+---+2aneai+~~+ak_1Kai+---+2an) = q"DyD;.

Similar (although not identical) calculations show the following:
e D;D, =¢*D,D;,
o D;Dy = ¢*DyD;,
e D;Dy = ¢*DyD;,
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e D;.D; =¢*D;Dy, foreach k=i+1,...,.n—2andeach j=k+1,...,n—1,
e D.D, =¢*’D, D), foreach k=i+1,...,n—1,
DDy = ¢*DyDy, foreach k=i +1,...,n— 1,

DDy = ¢*?Do Dy, for each k=i +1,...,n—1,

D,Dy = ¢°DyDy,
e DyDy = ¢*Dy Dy,
and to complete the proof, the relation between D,, and D, is
DyDo = (q—q (1 +q) ((en)® ® () €arttan, Carttan)
= (= a )1+ ) (e ® (K[ €arts3muCarttans + (L @) (Carsrar)?])

= q2(q - qil)(l +q) ((en>2 ® ea¢+---+2an(Kn)Qeaﬁ---Jran_l)
+(q — q71)<1 +4q 2 ((en)2 ® (Kn)2<ea¢+---+an)2) = q2DooDn + f(DO)Qa

)
where £ = —(1+4q)?/(¢—q¢7").

D.6.5 A(6a¢+~~+2aj+~~+2an)a 1 S 1 < ] S n—1

We write the co-multiplication of Cot 4204120 forall 1 <i<j<n-—1as

A(astt2a;+t20n) = Do+ Z Dy+D+ ZDk + ZF +F

k=i+1
where
D(] = eai+...+2aj+...+2an X Kai+"'+2aj+”'+2an7
Dy = (q - qf ) (Captt20s4-t20n © Koypotoa;tot2onCototap), k=i+1,...,5—1,
D = (¢g—q (q6a1+20¢1+1+ +20n, €5 — 4 16jeaj+2aj+1+---+2an
®(Ka’j+"'+04n)2604i+"'+04j—17
Dy, = (¢g—q (6 o 20p 41 ot 20n & Kaj+---+2ak+1+-"+2anea¢+"-+ak) , k=g, ,n—1,
D, = (¢—q (eaj tan @ Kot tanCaittan) »
Fp = (q —q ) (ea]+ ap ® Kaj+"'+apeai+"'+2ap+1+'“+2an) ) p= ja (e 17
Fio1 = 1®eat 120442005

noting the slightly different normalisations compared to those used in the previous section.
We claim that the commutation relations between the components of A(eai+...+2a].+.._+2an)
are

(D+Dj+ Djs1+ -+ Dpa)(Foor + Fyg + -+ Fj1)
=" (Foa+ Foat -+ F;0)(D+ Dj+ Dj1 + -+ Dyy) + £(Dy)?, (D.43)
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where § = —(14¢)*/(¢ —¢7"), and

D()Dk = qukDo, k’:Z+1,,j—1,
Doﬁ = qzﬁDo,

DODk = q2DkD07 k:j7"'7n7
DoF, = ¢*F,Dy, p=j—1,...,n—1,
DkDp = qupDku Z+1§k<p§j—1,

DkD = qzﬁDk, k:Z+1,,j—1,

DyD, = ¢D,Dy, k=i+1,....,5—1, p=j,...,n,

Dy F, ¢PF,Dy, k=i+1,...,7—-1, p=j—1,...,n—1,
EDk = q2Dk5, k:j,...,n,

BFP = qQFPE, p=17J,...,n—1,

Dy D, ¢*D,Dy, j<k<p<n,

DyF, = ¢*F,Dy, k=j,....n, p=7—1,....n—1, k#p,
FF, = ¢FF, n—1>k>1>j—1.

If the components of A(eq,+...42a,+-+2a, ) do satisfy these commutation relations then the
following relations

(D + Di+Djy1+- -+ Dy ) Frnaa+Foot+--+ Fjq)

= (F1+Fat+ F; )(D+Dj+Dji1 4+ D)+ £(Dn)?,
(D+Dj+Djy1+-+ Dy 1)Dy=¢*Dp(D+ Dj+ Djy1+ -+ D),
Dy(Fyy+Foot -+ Fja) = ¢4 (Fui + Fug + -+ Fj1) Dy,

show that (E+Dj +Dj+--+Dy1), Dy and (F,—1+ F,,_o+- - -+ F;_4) satisfy the same
relations as do the elements a, b and ¢, respectively, in Lemma B.0.9. This means that we
can immediately use the g-binomial theorem and Lemma B.0.9 (one of the generalisations
of the Binomial theorem) to obtain an expression for (A(eaﬁ...ﬁaﬁ...ﬁan))m for each
m € N.

We now prove that the components of A(eai+_..+2a].+.._+2an) do satisfy the claimed com-
mutation relations. We firstly consider the easier relations, and then we consider the more
complicated calculations needed to prove (D.43). In showing this last relation we must con-
sider the most complicated commutation relations in this problem, namely those between
D and F;_y, and between D and F}, for each k = j,...,n — 1.

We firstly consider some relations that we will extensively use. For each p=j,...,n,

[eak+---+2a]~+---+2am ep]q =0, (D.44)
which we can rewrite as

Cap+-+2a;++20n €5 T  4C€jCap+-+2a;++20n s

Captt205 420 m = EmCayietla;tet2an, LM =J+1,.. 0.
Equation (D.44) implies the following result: for each v € ¢ satisfying a; < v < a;41 we
have

[eak+---+2a]~+---+2an7é’y:|q =0,
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which we can rewrite as €q, 1.2, 1-+2an 6y = 7€ Cayt-t2a;++2a,- FOr all © <k we have
[eai+---+2aj+---+2ana eak+---+2aj+---+2an}q =0,
which we can rewrite as
CajtA2aj++20n Cap+-+2aj++2an = QCajt-+20;++20n Cait-+2a;++2an -
A further useful identity is [eai+...+2aj+...+2an, €a; 120, +1+...+2an}q = 0, which we can rewrite
as
Cajt 42044200 Caj+2a; 144200 = QCaj+2aj 11+ +2an Cait 42054420
We now prove that the components of A(eq, .20, +-+2a,) do satisfy the claimed com-
mutation relations. We will firstly prove that DyDy, = ¢>D; D foreach k =i+1,...,5—1.
For each such k,
_ —1
DoDk = (q —dq )eai+...+2aj+...+2aneak+...+2aj+...+2an
®Kai+---+2aj+---+2anKak+---+2aj+---+2aneai+~~~+o¢k_1
2 -1
= (¢ = ¢ )eapt-t20;++2a, Castt20;++2an
®Kak+“'+2aj+"'+2aneai+"'+ak71Kai+"'+20{j+"'+20{n
2
= q DkDO
We now prove that DyD = ¢>DDy:

DoD = (¢ =" (Casrt205++20n @ Koytt20, 44200
X (qea]’+2a]’+1+'--+2an€j - qilejeaj+2aj+1+---+2an) ® (Kaj+"'+an)2€ai+"'+a]’—1
= ¢*(g—q") (qeaj+2aj+1+---+2an€j - q_lejeaj+20¢j+1+'“+204n) Cait-+205++2an
®(Kaj+'“+an)26ai+"'+a]’71Kai+"'+2aj+“'+2an = QQﬁDO-
In a similar way, we can prove the following:

e DyD;, = ¢*D; D, for each k=j,...,n—1,
e DyD, = CJQDnDo,
o DyF}, = ¢*F, Dy foreach k =n—1,...,7,

o DoF; = q2ijlD0-
We now prove that DyD, = ¢*D,Dy, for each k = i +1,...,5 — 2 and each p =
E+1,...,7—1:
DDy = (¢ = ¢ 1) €ay st 204t 200 Cap -t 20, -t 200
QK g4 200 4+ 20 €y bt 1 P gt 204+ 200m Cati b ap_1
= (@ = § ) Captt 204t 20 Ca ot 20 4t 20
QK o 1ot 20 -t 20m Koyt 20 44 200m Cavi b1 Cavs bt ap—1
= ¢*(¢g— qfl)2€ap+---+2aj+---+2aneak+---+2aj+---+2an
@Ko+t 2044200 Cazttap_1 Kag+t20; 44200 €ai+tay_1
= QQDPDk.
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We now prove that DD = ¢*DD), foreach k=1i+1,...,5 — 1:

DD = ¢ (¢g—q ') (qeaj+2aj+1+---+2an€j — qflejeaj+2aj+1+---+2an) Covgt-+ 2004+ 200n
DKy 4t 205 44200 (Kot tan) Carttag, Cartto;
= ¢*(g—q')? (qeaj+2aj+1+---+2an€j - qilejeaj+20¢j+1+'“+204n) Caj+--+2a;++2an
®Kak+“'+2aj+"'+2an (Kaj+"'+an)2€ai+'“+a]’—1eai‘i’""i’akfl
= ¢*(q—q')? (qeaj+2aj+1+---+2an€j - q_lejeaj+20¢j+1+'“+204n) Caj+-+2a;++2an
®(Ka]’+"'+an)2€C‘li+'“+aj71Kak+"'+2aj+“'+2aneai‘i’""i’akfl

In a similar way, we can show the following:
e DD, =¢*D,Dy foreach k=i+1,...,5—land each p=17,...,n—1,
e DD, =¢’D,D; foreach k=4+1,...,5 —1,
e DyF,=q¢*F,Dyforeach k=i+1,....,j—1landeachp=j,...,n—1,
e DiF; 1 =¢*F;_ 1Dy foreach k=di+1,...,5— 1.

We now prove that DF}, = ¢?F,D for all k = j,...,n — 1:

DF;
= (q — q71>2€0¢j+"'+ak (qeaj+2aj+1+...+2anej — q71€j€Qj+2aj+1+...+2an)

®(Kaj+---+an)2€a¢+---+aj,1 Kaj+---+ak €t 4241+ 20

= q(g— Q_l)zéaj+m+ak (qeaj+2aj+1+---+2an€j - q_lejeaj+2aj+1+m+2an)
®Ka]~+---+ak(Kaj+---+an)2€ai+---+aj71eai+---+2ak+1+---+2an

= qz(q — q_l)Qéaj+...+ak (qeaj+2aj+1+...+2anej — q_1€j€Qj+2aj+1+...+2an)
®Ka’j+"'+ﬂék(KOéj+"'+Oln)26ai+"'+204k+1+"'+206n604i+"'+04j—1

= q2(q — q71>2€a]~+---+ak (qeaj+2aj+1+...+2anej — q71€j€Qj+2aj+1+...+2an)

2 _2n
QKo+ tap it t2aps1++2an (Kajttan) Catta;y = ¢ FiD.

In this calculation we used the fact that the element

-1
(qeaj+2aj+1+“'+2anej —q ejeaj+2aj+1+“'+2an)

commutes with e for each k = j,...,n (see Proposition D.9.7). We can also show the

following:
e DiD,=¢*D,Dy forall j <k<p<n-—1,

e DD, =¢’D,D,, for each k = j,...,n— 1.
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We now prove that DiyF, = ¢°F,Dy for all k = j,...,n —land all p = j,...,n — 1
satisfying k # p:
_ —1\2 (= -
Dka = (q —dq ) (eaj+...+2ak+1+...+2anea].+...+ap
®Ka]’+"'+2ak+1+"'+2aneai+"'+akKCV]’“F"'JFCVpeai+"'+2ap+l+“'+2an)
_ —1\2— -
= (g — ") a4 tapCaytt2ap 1+t 2an
®Kaj+---+apKaj+---+2ak+1+---+2aneai+---+akea¢+---+2ap+1+---+2an
_ 2 —1\2= _
= q¢(qg—q) CajttapCajt+2ap i1+ +2an
®K04j+"'+Q’p604i+"'+206p+1+'“+204nKaj+"'+204k;+1+"'+2an6ai+“'+a’k
2
= q FpDk7
where we used the relations
[eaj+...+ap7 eaj+"'+2ak+1+"'+2an]q = 0, [éaj+"'+2ak+1+”'+2an7Eaj+"'+ap:|q = O, k 7é p.
We can also show the following are true:
e DD, = ¢*Dy,D for each k = j,....,n — 1,
e DD, = q2DnDa
e DyF;_ 1 =q¢*F;_1Dy foreach k=j,...,n— 1.
We now prove that D, F}, = ¢*F,D,, for each k =n —1,...,5:
_ —1\2— -
Dan = (q —(q ) eaj+...+an€aj+...+ak X Kaj+"'+aneai+"'+anKaj+"'+akeai+"'+2ak+1+"'+2an
_ —1\2— -
= q(q— 4" ) €aj4tarCojttan ® Koyt tar Kajttan it tanCaitet2apr+-+2an
2 —1\2— -
= q¢(¢—q) Coyj+-tayCaytetan ® Kajttay ot t2appi+t20m KajttanCasttan

quan7

as [eai+...+an, eai+...+2aj+...+2an}q = 0, and the relation between D,, and F}_; is

2 —1\= 2
DnFj 1 =q°(q—q )eaj+---+an ® eai+~~~+2aj+---+2anKaj+~~~+ocneai+~~~+an =q Fj1D,.
We now prove that F.F, = ¢°F,F foreach k=n—1,...,j+landeachp=Fk—1,...,:
_ —1\25 -
Fka = (q —dq ) eaj+...+ak€a].+...+ap
QK a4ty it et 2ap 144200 F oyt tray €ait -t 20p 1 +++20n
_ 2 —1\2—= —
= q¢(qg—q) Caj++oapCajt+tay,
QK a4 tay K ttag €aitt2aps 144200 Castert2ap 1 ++2an
2
= (g Fkaa
where we have used the identity [eai+...+2ak+l+...+2an, eai+...+2%+1+___+2an} .= 0. In addition,

foreach k=n—-1,...,7,

_ 2 —1\= _ 2
FkF}‘—l =dq (q —dq )eaj+---+ak ® eai+---+2aj+---+2anKaj+---+akeai+---+2ak+1+---+2an =dq F}‘—le-
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This completes the proof of the easier commutation relations. We now prove the more
complicated relations. The relation between D and Fj_; is:

ﬁFj,l
= (q— _1)(6 e, —q tee )
- q q q aj+2a 41+ 4200 q JCa; 20541+ +2an
2
®(Kaj+---+ocn) Coattay_1 Caytrt20++2an

-1 -1
= (¢—q ) (qeaj+2aj+1+---+2an€j —q ejeaj+2aj+1+---+2an)
2
O(Kojttan) <€ai+~~~+2aj+---+2aneai+~~~+aj_1 + [eai+~~~+aj_1>eai+---+2aj+---+2an}q>

= *(0 = q7") (qCayt20541++200€ — 4 €j€ay 120,414+ 20n )
®eai+"'+2aj+“'+2an (Kaj+"'+an)2€ai+"'+a]’71
(4 = ¢7") (qCaj4+20;01++200€5 — 4 €j€a; 42041 ++20n)
D(Kajttan) [eai+~~~+aj_1>eai+---+2aj+---+2an}q
= ¢F;.1D+(q—q) (qeaj+2aj+1+---+2an€j — qflejeaj+2aj+1+---+2an)
®(Kaj+---+an)2 [ea¢+---+aj717 €a¢+---+2aj+---+2an] q’
The relation between Dy and Fj, for each k= j,...,n — 1 is:
DiFe = (40— q ") a4 t20pss+t20m Cay oty
QK o442 1 44200 €ai o Koyt tay €ai ot 20p 4 1+ 4200
= (¢ = q ) a4 tapCay+ot2ap 14+t 20m
QK a4t 2ap s 1++200 Casttap FKaj4tay Cast -t 2ap 144200
+g—q) [éaj+---+2ak+1+~~~+2an€aj+~~+ock]q
QKo 4420 41+ +20m it Boaj bt g Cavy oot 204+ 20m
= ¢ (g = 0 1) oyt tay oyt t2ap -t 20n
®(Kaj+'“+an)2eai+"'+akeai+"'+2ak+1+“'+2an
+q g—q ") [éaj+---+2ak+1+---+2an§aj+---+ak]q
(Kot tan) Costta Con bt 20ps1 4+ 20n
= (¢ = q ) a4t apCay+ot2ap 14+t 20
QK4 tap Casrt ot 2ap 144200 Koyt 2ap 144 200 Caytortay,
44— 47 ) Cay o oy bt 2041 4t 20

®(Ka,~+---+an)2 [€a¢+---+ak7 eai+---+2ak+1+---+2an]q

-1 12 [ _
+q¢ (g—q ) [eaj+---+2ak+1+---+2anaeaj+---+ak}q
2
(Ko +tan) CaittayCaitet2ap+-+2an
_ -1 “1\2= _
= FiDp+q (@ —q ) Cayttan Cajtt20p 1 +-t2an

®(Kaj+"'+ozn)2 [eai+"'+ak7 eai+...+2ak+l+...+2an} q
+q N g—q ") [Eaj+~~~+2ak+1+---+2améaj+---+ak}q

2
®(Kaj+---+an) Ca;+tag Coit+2ap 41+ +20an -
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We can rewrite this relation as

DiFy = @FiDi+q ' (1= ¢°)(q = 47" @yt tan oyt t 2041+t 20m
(Kot tan) Caitt 20y 41+ 200 Cait-tay
""qil(q - q71)2€aj+"'+0lk€aj+"'+2ak+1+“'+2an
®(Kaj+---+an)2 [CH——— 604i+"'+204k+1+"'+204nj|q
+q g —q7') [éaj+~~+2ak+1+~~+2anaéaj+---+ock}q
®(Kaj+...+an)2€ai+...+akeai+...+2ak+1+...+2an

= q2Fka + (g — q71)2 [(q71 - Q)Eaj—f—---—l—akéaj+~~~+2ak+1+---+2an

—1 [— —
+q [eaj+"'+204k+1+"'+206n’ 604j+"'+04k}q:|
2
(Ko +tan) CaitetayCaitet2ay1+-+2an
—1\2— —
F4(q = ) Cay -y, oyt 20 1+t 200m

®(Kaj+...+an)2 [eai+...+ak, eai+...+2ak+1+...+2an:|

.
From these calculations we have the following relation:
(D+Dj+ D1+ +Dpy) (Foo1 + Fao + -+ + Fj)
= QQ(Fn—l +F o+ + Fj—l) (E+ Dj+Djy+---+ Dn—l)
+(q - qil) (qeaj+204j+1+"'+2anej - qilejeaj+2aj+1+-“+2an)
®(Kaj+“'+an>2 [eai+"'+0lj—17 eai+---+2aj+---+2an}q (D.45)
+(g—q ') (D.46)
n—1
X ([(ql — Q)@ 4oty Crj oot 2ty s 1 420
k=j
_'_q*l [éaj+___+2ak+1+...+2an 5 éaj+"'+ak] q ]
®(Kaj+"'+an)2eai+“'+akeai+"'+2ak+1+“'+2an (D47>

TGCa;+-tayCojt-t20p 41 +-+2an

®(Kaj+---+an)2 [eai+"'+ak7 eai+"'+2ak+1+”'+2an:| q) :
(D.48)
To simplify this expression we will expand out the terms in the second tensor power and

sum the terms accordingly. The easiest part of this calculation is as follows: the com-
ponent in the expansion for which the second tensor power contains a term of the form
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Coittoy; Cait 420541+ +2an, 18
(g7 .
q—4q Caj+2aj14+2an€j — 4 €jCa;+20a5 41+ +2an

1= —
+q Ca;+2a 11+ +20n €5 T 4€j€Ca;+20 1+ +20m

®(Kaj+---+an)2€ai+---+aj Cajt42aj 11+ +2an (D.49)
— 0,
where (D.49) arises from (D.45) and the k = j term in (D.47), and Proposition D.9.9 then
implies that (D.49) vanishes.

To simplify the remaining terms in the above expression we need to know the expansions
of

[6041'4‘"'4-04]'—17 eai+"'+206j+"'+204n]q and [éaj+"'+20¢k+1+“'+20¢n’éaj+"'+akj|q

which we have detailed in Propositions D.9.5 and D.9.6 respectively. Using these proposi-
tions, we can determine the component in the expansion of the above expression for which
the second tensor power contains a term of the form e,y ..4a,,,€ait 420 ps1++2an 1OT
each p=1,...,n— 7 — 1. This component is

P —1\2 ~1
[<_Q) (q - q ) (qeaj+2aj+1+“'+2anej —q ejeaj+2aj+1+“'+2an)

Jj+p—1

+ Z (—q)? P+ 1g(q - qil)Béa]“i’""i’akéaj+"'+2ak+1+'“+2an
k=j

—1\2 — ~ —1= =
+(q —q ) (_qeaj+---+aj+pea]’+---+2a]’+p+1+"'+2an +4q eaj+"'+2aj+p+1+'”+2aneaj+"'+aj+p) i|
2
®(Kaj+---+an) Coa+ - tayypCait 4204 pp1++2an -

The element of U,(g) in the first tensor power of this component is

(q - q71>2 |:(_q>pqejéaj+2aj+1+---+2an - qil<_Q)péaj+2aj+1+---+2anej

+(—=0)" 'q(q — ¢ ")ej8a, 420,11+ 20n
J+p—1

+ Z (_q)]+p—k—1Q(q — q_l)éaj+~"+04k€04j+"'+204k+1+"'+204n
k=j+1

_ — i —
“GCat-tayypCojt A 204 ppr ot 20n TG eocj+~~~+2aj+p+1+~~+2aneaj+---+aj+p],

which we can rewrite as

(¢—q ') |:(_]‘)pqp_lejéaj+2aj+l+"'+204n — (—1)Pq" Cay 20,01 44200 (D.50)
Jj+p—1
+ Z (=) 7771 (q = ¢ )Pay b Py 4ot 2y 4t 200
k=j+1

— — 1= —
TQCayt iy Cayt 20 pr ot 2an TG eaj+~~~+2aj+p+1+~~~+2an€aj+---+aj+p]-
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Now we calculate that
p,p—1(, = _ 3z .
(1) (ejeozj+2aj+1+~~+2an eaj+2aj+1+---+2an€])

q
= (- )p*l [g e-]
- q aj+2a 11+ +2any ©j q
p—1 ) e . .
(_Q> €j+1€a;+ay 14200+ +2an — 4 Coytajii+20 044200 Cj+15 € q

p—1 > -1 ) )
_Q> (q [€j+17 ej] Coajtajii+2a40++2an — 4 Cajtoayy1+2a 0+ +2an [€]+17 6]] )
qotay q

and substituting this into (D.50) gives

—1\2
(¢—q)
x[(—q)"" (qe e —q'e e )
q q ajtajrr bajtajr1+2a5 0+ +2an q ajtajr1+2a 4o+ +20n Cajtag

j+p—j2 )z -
_'_(_Q) Q(q —q )eaj+aj+1eaj+aj+1+2aj+2+'“+2an
Jj+p-1
J+p—k—12 > >
+ E (_Q) (q - 1)604j+"'+06keaj+"'+2ak+l+“'+206n
k=j+2

_ — 1= —
TQCajttayip Coytt 20 ppatot2on T4 Caybt 20 patet 20m Cag bt

= (¢g—q ') (D.51)
X [(_q>p—2 [éaj+aj+1+2aj+2+“'+2an7Eaj+0lj+1:| q (D52>
j+p—1
+ Z (—q)? P+ (g® — 1)@ oty Couj 4ot 2 s 1 420 (D.53)
k=j+2

_ — —1—= —
T 4CoyttajipCaytot 20 pyatot2an TG Cagbt 20 it 20m G btag g |-

(D.54)

We can dramatically simplify this expression by using the following calculation:

p—m [5 =
(_q) [eaj+"'+2aj+m+"'+2an ) eaj+---+aj+m—1} q

+(_q)p—m—1 (q2 - ]‘)éaj +"'+04j+m€04j+"'+206j+m+1 + 420

p—m = -1 ) =
- (_Q> |:ej+m€aj+"'+2aj+m+1+'“+2an 4 CajtA20pmr1t++2an Citm, eaj+"'+aj+m—1]q

H(=@)" "G = 1)Cayttaysm Cay bt 2y i1t t20m

= (= @) (GCay -ty m oy bt 20y bt 20m — § Cogtot 200 i+t 20m Cory oty )
+(_Q>pim71<q2 - 1)éaj+"'+aj+méaj+"'+2aj+m+1+"'+2C|ln

(D.55)

- (_q)p—m—l [éaj+"'+204j+m+l+"'+204n7éaj+"'+aj+m]q :

By repeatedly using this identity in (D.52)—(D.53), we can rewrite (D.51)—(D.54) as the
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following expression for each t =2,...,p— 1:
(a—q ")
X [(—Q)pft [éaj+---+2aj+t+---+2améaj+~~~+aj+z_1}q
Jj+p-1
+ Z (—q) P Ng? - 1)@+t Cay bt 201+t 20m
k=j+t

oyt tasy Caybe 20 pa b 2an T q_léaj+~~+2aj+p+1+~~~+2an5aj+---+aj+p] '
(D.56)
Substituting t = p — 1 into (D.56) and using (D.55), we can rewrite (D.51)—(D.54) as

(q—q") [ LS . S sr—

_ — 1= —
_qeaj+~~'+Oéj+p6aj+"'+206j+p+1+"'+204n + q eaj+"'+206j+p+1+“'+204n eaj+...+aj+p:|
= 0’

where we have used the following result:

[ T S ST

_ 1= _
[€j+p€aj+---+2aj+p+1+---+2an — 4 Caj++A2051pr1++2anCitp; eaj+---+aj+p71]q

_ _ i _
= QCajttajipCajttajipiitot2an T 4 Cajbet2agpp it 2an Caj bty

This substantially simplifies the problem. All we now have to do is to determine the
component for which the second tensor power contains a term of the form (eq,...4q,)*
This is not difficult to do: the first tensor power of this component is

(=) 7(1+q)(g—q ") (0€a;+20;41++20n€5 — q_lejeaj+2aj+1+---+2an)

3
—_

(_Q)n_k_lq(l + Q) (C] - q_l)zéaj+~~~+o¢k€o¢j+---+2ak+1+~~~+20m' (D57)
J

i

Now by repeatedly using (D.55), we have

n—j -1
(_Q) (qeaj+20¢j+1+---+2anej —q ejeaj+2aj+1+---+2an)
n—1
n—k—1/, 2 - —
+ g (_Q) (q _1)eaj+"'+04k606j+"'+204k+1+"'+206n
k=j

(a4t 20ms Caytetan_i]
= (1+9) (Eaj+~~~+an)2 ;
and thus (D.57) is

(1 + Q)Z(q - q_l) (Eaj+"'+04n)

as required.

q

2

= &(Dy)?, E=—(1+9?/(g—q"),
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D.7 7 is a two-sided co-ideal

In this section we prove that Z is a two-sided co-ideal. We firstly note the almost trivial
result that e(x) = 0 for each x € I and thus e(x) = 0 for all x € Z. We now deal with the
more substantial problem: we will prove that

A(z) € Z® Uy(g) + Uy(g) ® I,
for each x € I. Firstly,

which is an element of 7 ® Uy(g) + Uy(g) ® Z. The remaining problems are harder and we

break them down into a number of subcases. Initially we will show that (e,)" and (eg)™
are elements of Z ® U,(g) + U,(g) ® Z; then we will use the antipode S and the graded
antiautomorphism w to prove the remaining cases.

In writing down the components of A(e,) we will use the notation used in Section D.5,
although we may use slightly different normalisations. Any alternative normalisations will
not significantly affect the calculations.

Case 1. (e))V, (en)V, 1 <i<n

The components of A(e;) satisfy the g-binomial theorem for each i, thus we have the
following results from Appendix B:

(A)" = (@@K)N +(1@e)N = ()Y o (K)V +1@ (), i<n,

(Ae)) = (en@K)Y +(1®e)N = (e)¥ @ (K,)Y + 1@ (e)".

/

As (e)N € T and (e,)N €T, (A(ei))N and (A(en))ﬁ are elements of Z&@U,(g)+U,(g) ®Z.

Case 2. (eq,1.ta,)Y, 1<i<j<n

By writing A(eq; 4 ta,) = i:z’ D, + Do, and noting the relations D, D, = ¢*D,D, for all
r < s we can use the g-multinomial theorem to immediately obtain

J
N/ ’ ’
(A(eai+~~+o¢j)) = Z(Dk)N + (DOO)N .
k=i
As (eak+...+aj)N/ € Iforalll <k <j<n,wehave that (D;)" and (D)™ belong to
IT®U,(g)+Uy(g) ®T for all i < k < j, and thus

(Aleaita)) €T@ U (g) + Uyg) ®T.
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Case 3. (€aqsa,)Vsi=1,...,n—1

Recall that A(eq;+.tan) = D pey Dk + Doo. We claim that
~ _
(A (earttan) ) = (Doo)™

Z(DR)QN +(1)g(3)g--- 2N = 1), [ > (BN

i<r<t<n

, f N=1,3 (mod 4),

1<r<t<n

k=i
+ Z(Dk)N + (1)g(3)g -+ (N = 1), Z (Er,t)Nﬂ] , f N=0 (mod 4),
2

(D)2, if N=2 (mod 4).

\ k=i
Firstly, from the relation DD, = —qDy, Dy, for all i < k < oo, we have

N

<i Dy +DOO> = (D)N + <i Dk> ,

and we now use induction to obtain an expression for (ZZ:Z Dk)N. The elements D; and
D, satisfy the relations

DiDiyy = —qDi1 D + Ez',z'+17 DiEi,i+1 = qui,iJrlDia Ez',iJrlDiJrl = quz’JrlEz',z’Jrla
and therefore
(Di + Dz‘+1)N

(Di)*™ + (Dir1)*™ + (1)g(3)g -+ (2N = 1)o(Biis)™, f N=1,3 (mod 4),
= ¢ D)V + (D)™ + (1)(3)g - (N = 1)g(Eiin)V?, i N=0 (mod 4),
(D)N? + (D)2, if N=2 (mod 4).

Using induction, it is quite simple to prove the following expansion for each j =i+1,...,n:

(&)

D (D + (1)g(3) - (2N — 1), [ > (BN

k=i i<r<t<j

, f N=1,3 (mod 4),

= 0D (D) H (1)g(3)g -+ (N = 1), [ > (Er,t)Nﬂ], if N=0 (mod4),

i<r<t<j

> (D), if N=2 (mod 4),
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where for the inductive step we use the relations
(Di+ Dis1+ -+ + Dj) Dy
= —qDj1(Di+ Diga+ -+ + Dj) + (Eijia + Eiprjpn + - + Ejjpa),
(Di+ Diyr+ -+ Dj)(Eijy1 + Eipa o+ + Ej i)
= ¢*(Eiji1 + Eix1js1 + -+ Ejj1)(Di + Diga + - + D),
(Eijr1+ Eiriji + -+ Ejjr)Djsa
= ¢*Di1(Eiji1 + By + -+ Ejj).
This proves the claimed expression for (A(eai+...+an))N.

Now (eak+...+an)ﬁ € T for each k =1,...,n and thus
(DY €T@Uy(8) +Uy@) ® L, i<k <oo.

It remains to show that (E, ;)N € Z® U,(g) + U,(g) ® Z when N =0, 1,3 (mod 4) for all
t <r <t <n. To show this, we note that the second tensor power of E;, is

Ko totanKapttanCaittap_1 p=i+1,...,n,
and the fact that (eai+...+%_1)N’ € 7 means that
(Eip)N' € ToUy(9) + Uy(g) ® T, p=i+1,...,n
The second tensor power of Ej, foreach k =¢+1,...,n—landeachp=Fk+1,...nis
Kojvtan Koy ttanCaittay_1 Caittap_i-

Using the fact that [eai+...+%_1, eai+...+%71}q = (0 and that (eai+___+%71)N' € 7, it is quite
easy to see that
(Erp)™ € T@Uy(g) + Uyle) ® I,

which completes the proof of this case.

Case 4. (ea¢+---+2aj+---+2an)N ,1<i<ji<n

We firstly consider (A(eai+...+2an))N,. Writing A(eq,+...424, ) = Z;Zl Dy+ D, + Do+ D,
the ¢-binomial theorem and one of the generalisations of the binomial theorem immediately
gives

(A(eai+"'+20¢n))N,

n—

1
_ (D)™ + (Dy + Do+ Doo)™’

S =
—_

B (D) + (DN + (Do), if N=0,1,3 (mod 4),
T = F (Do)N" + (Doo)N + ¢ 2 (Do)N if N =2 (mod 4),

7
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where ¢/ # 0. Now

U

(eak+...+2an>N EI, k:i,...,n—l,

and the fact that (en)ﬁ € 7 means that (e,)?M" € Z. By using these facts and examining
some simple calculations it follows that

(Dp)N', (Doo)N € T Uylg) + Uy(g) @ T, k=i,...,n.

It remains to show that (Do)N' € T® U,(g) + Uy(g) ® Z when N = 2 (mod 4); this
follows from (e, )" € Z.
We now consider the more general problem: write

n n—1
AlCaysoniaytoizan) = Do+ > Dp+D+ Y F.
k=i+1 I=j—1

Using the g-binomial theorem we immediately obtain

7j—1

(Aleaiiza o) = (Do)¥+ Y (D)™ (D.58)

k=it+1
+(D+Dj+- 4Dy +Dy+Fy g+ Fpgt- -+ F )"

We can expand out the last component of the right hand side of this expression by using
the following relations:

(D+Dj+ -4 Dy1)(Fp1 + Fpo+ -+ Fj_1)
= *(Foi+ Faca+ -+ Fa)(D+ Dj+ -+ + Do) +€(Da)?,
(D+Dj+ -+ Dy1)Dy = ¢*Dyp(D + Dj+ -+ Dy 1),
Dp(Foa+Foo4 -+ Fiy) = C(Foa+Fpat-+ F;_1)D,,
where £ = —(1+ ¢)?/(q — ¢~ !). Consequently,

(D+Dj+--+Dy 1+ Dy+Fyy+Fy gt +F )"
(§_|_ Dj+-+ anl)Nl + (B + Fpg + -+ ijl)Nz if N=0,1,3 (mod 4),
(D+Dj+- 4Dy )V + (Focr + Fup -+ Fj_)Y

+onja(Dn)Y, i N=2 (mod 4),

where ¢y/2 # 0. The g-binomial theorem then implies that

—1
(D+Dj+ -+ Dy )V = (D)N + > (D)"Y, (D.59)
k=j

3
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(For+ Fyod -+ F )Y = (F)Y'. (D.60)
Now the facts that (€at.t2a,+-+20,)" € Z for each k = 4,...,n — 1 and each j =
k+1,...,n, and that (eai+...+ak)N/ € 7 for each k =4+ 1,...,n — 1, mean that each
component of the right hand sides of (D.58)—(D.60) belongs to Z ® U,(g) + U,(g) ® Z.

It remains to show that the same is true for (D,)Y when N = 2 (mod 4). To see
this, note that (EajJr...Jran)N € T and that N = N/2 for N = 2 (mod 4), thus (D,)"" €
ZT®U,(g)+U,(g) ®Z when N =2 (mod 4). This completes the proof of this case.

The remaining elements of [/

We have shown that A (e,y)N, and A (e3)" are elements of Z ® U,(g) + U,(g) ® Z. We now
prove that the same is true for the remaining elements of Z in the following calculations,
in which we write the proportionality sign to mean that the left hand side is proportional
to the right hand side with a non-zero scalar constant of proportionality. The cases we do
not consider here are almost identically proved:

!

A(fV)N/ x A (w(efyvl)> x (w®w)oAe,)V,
A@)Y o A (S(e)) A o [(S @ 8) 0 Alle,)V'] AK)Y,

INGAREIN (w (éfj’)) o (w®w) o Al(e,)V.

Each of these expressions is an element of Z ® U,(g) + U,(g) ® Z from Proposition D.8.1,
thus 7 is a two-sided co-ideal.

D.8 7 is a two-sided Hopf ideal

We have proved that 7 is a two-sided ideal and a two-sided co-ideal of U,(osp(1]2n)). To
prove that 7 is a two-sided Hopf ideal all we need do is prove that S(z) € Z for each x € 7,
and to show this it suffices to show that S(z) € Z for each x € I.

Proposition D.8.1. For each x € I, w(x) € T and S(z) € T.

Proof. Firstly note that w(JN —1) = (JF¥ —1) € T and S(JFN —1) = (JFV - 1) € T.
The rest of the proof follows from Propositions D.3.4-D.3.8 and the facts that w is an
involution and that w and S are graded antiautomorphisms. U

D.9 Technical results

In this section we prove technical results used previously in this appendix.
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Proposition D.9.1. For each j € Z,

2j 2j+1

_ _A5 . 102 _ _ ; . . 2
> a (kg = V(25 + 1)[5]7 D (k) = g7 P25 + 1), [j + 1]
k=1 k=1

Assume that the proposition is true for Eijzl q?*(k),, then

2j+1
STaR), = Y@+ DT + a2+ 1),

= ¢ Y22+ )P+ + ) g2+ 1),
—Aq— . . 2
= ¢ Y725+ 1), i+ 17,

as required. Now assume that the proposition is true for Zij +11 q ?*(k),, then

2542

jZ k), = TR+ Dl + T + g2+ 2),

k=1
= ¢ M2+ D@+ "+ g7+ (2 +2),)
= ¢ 2+ gl + 1]q2 + (=) (=) 4+ ()
= @+ ), [+ 1] + (=) + (=) [ +1)7)

g5+ 3), [+ 1)7
completing the proof. O

Proposition D.9.2. For all k,p satisfying 1 < k < p < n,

[eak+---+ana€ap+---+an}q = (_Q)nipeak+---+2ap+---+2an (D.61)
n—p
_'_(q - qil) Z(_Q)J71€ak+---+2an,j+1+---+2aneap+---+an,j
j=1
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Proof. The relation [eq, 4. t+ay, s en]q = €qy++2a, Droves the proposition for p = n and all
k. Assume that k < n — 1, then
_ ~1
[eak%~n+anaean_1+an]q - [eak+~~+anaen71€n —dq enenfl]q
= [eapttans en,l]q en + €n—1 [Capttan en]q
~1 ~1
—q [eock—l—----i-ocm en]q en—11tq €n [eak—l—---—i—ana en—l]q
-1
= €n-1€ap+-+20n — 4 Cap+-+20,6n—1,
as [€ayttans En-1], = 0. By re-writing the relation [ea,+..+2a,: €n—1], = €aytt2a0_1+20n
AS €p—1Cap++2an = Q€ap+t2anCn1 — QCoy+-+2an_1+2an, WE Obtain
_ ~1
Cartotan: Can_rtan ], = TqCay++20m 1420 T (¢ — ¢ )eaptt20,€n—1,
proving the proposition for p = n — 1. Now assume that the proposition is true for some

p=k+2,....,n—1, then

[eak+~~~+ana eozp71+---+an] q

= [Capttans Ep—1Capttan — q_leap+...+anep_1}q

= [eaj+-tan; ep—l]q Capt-tan T Ep-1 [eak+"'+an’ eozp+~~~+ozn}q

¢ [Capttans eap+~~~+an}q €p1+ 4 Coprtan [Copttans ep—1,

= Ep-1 [eak+---+am eap+---+an}q - qil [eak+---+an7 eap+---+an}q €p—1; (D'62>

as [€ay+-tan, €p—1], = 0. Substituting (D.61) into (D.62) gives
(=)™ Pep—1€aytt20p 4420,
n—p

—1 -1
+g—q) E (—@) ™ ep—1€aytt2an_j11++20n Capttan_;
=1

—1 n—p
—q " (—q) Cap+-+2ap+-+2a, Ep—1

n—p
—q¢ Ng—q7") Z(—Q)]_leak+~~+2an_j+1+---+2aneap+---+an_j ep—1
=1
= —q(—q@)" Peaptt20p 1 +-t2an + (@ — qfl)(—Q)nipeak+---+2ap+---+2an€p71
n—p
+g—q7") Z(—Q)]fleak+---+2an,j+1+---+2an€p71€ap+---+an,,~
=1

—1 j—1
—q (_Q> Cap+ 420 j11++2an Capt-tan_; Cp—1

)n—p+1

= (—¢ Cap+--+20p—1++2an

n—p+1

+g—q7) Z (_qyfleak+---+2anfj+1+---+2aneap_1+---+an7j 3
j=1
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completing the induction.

Proposition D.9.3. Forall1 <1<t <mn,
[eai‘i‘""f'a’tfl’ 604t+"'+04nj|q = Coittap

Proof. Firstly [eai+...+an_1,en]q = €q;++a,- Now assume that [€a¢+---+at_17eat+---+an]
€a;++ay, for some i + 2 <t <n, then

0

[eai+"'+at—27 eat—l+"'+an:| qg [eai+"'+at—27 €t—1Cay+-+an — qileat+___+anet71] q

= [eai+"'+at—27 etfl]q Cortotan T4 €11 [eai+"'+at—27 eat+"'+an:|q
_q_l I:eai+"'+04t72’ 604t+"'+04n:| q €t—1 — q_leat+~~~+an |:604i+"'+06t727 et—l] q

= Cayttar1Corttan — 0 CoaptotanCorttay

= [eai+"'+at—l7 eat+---+an]q = Cait-tan;

as [6041'+---+Oct72a 604t+"'+06n]q =0.

Proposition D.9.4. Foralll1 <i:<t<j—1<n,
-1
I:eai+"'+0£j—17 eat+---+an]q =(qg—q )eai‘i’""f’aneat‘f’""i’a]’fl'
Proof. Firstly [eq, 4 ta; eaj+...+an}q = €t tan, and

_ -1
[eai+...+aj_1, 604j—1+"'+06n] ¢ [eai+"'+04j—17 ej—leaj+~~~+ozn —( eaj+"'+04nej—1j|q
= [eai+"'+04j—17 6]'_1} q eaj+"'+a’n + qe;—1 [eai+...+aj_l, eaj+"'+04nj| q
“ Joei1—a” [ 1]
—q Cajt-+aj_1) Caj++an q €j—1 =4 Caj+-tan |Cajt+aj_1)Cj—1 q
= ¢€j1€aittan — 4 Cattan€iol = (0 —q )€t tan€j-t
AS €j_1Ca;+-tan = Cajt-tantj—1- NOW assume that
[ J,=la—q"
Caittaj1s Cortotan|, = (¢—q )eai+~~~+an6at+---+aj—1a

for some i 4+ 2 <t < 7 —1, then

[eai+"'+aj—17 eat—1+"'+an] q
_ -1
= I:eai+"'+0£j—17 €t-1Cay+-tan — 4 eat+---+an€t71]q
= I:eai+"'+0£j—17 et,l]q Copttan T €1-1 [€a¢+---+a]~717 eat+---+an]q
_g 1 -1
9 [Caittaj_1) Carttan]y €t-1 = 4 Capttan |Cajttaj_1s Ct-1],
-1

= 61 [eai+"'+aj—1 ) eat+"'+04n:| q q [eai-l—----i-ozj_la eat+"'+an] q €t—1

-1 -1 -1
(q —4q )et_l604i+"'+0!n604t+"'+04j—1 —q (q —4q )6041'+"'+Oén604t+“'+06j—1et—l
_ -1
- (q —dq )eaiJr---Jraneat—1+---+a]’717

as [eai+...+a].71, et,l}q = 0 and e;—; commutes with e, +...+q,,- O
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We can easily prove Propositions D.9.5 and D.9.6 inductively using elementary calcu-
lations.

Proposition D.9.5. Forall1 <1< j <mn,

= (_thjil(l +Q>(eaz+ +an)2

|:€C‘fi+"'+0lj7 €a¢+---+2aj+1+---+2an} q

n—

+(g—q")

M)+

p—1
(_q> CaittajppCout+20 4 pr1t+2an

S
Il
—_

Proposition D.9.6. Forall1 <1< j <n,

= ()" 1+ 9)(Fartan)’
n—j—1

+g—q E a4 20 4y bt 20m Cari bty
p=1

[éai+"'+2aj+1+"'+2an ) €a¢+---+aj ) } q

Proposition D.9.7. The element (qeaﬁgaﬁﬁ...wanej — q’lejeaﬁgaﬁﬁ...ﬁan) commutes
with ey for each k=1,...,n

Proof. Firstly, the Serre relations state that e, commutes with e; if |k —i| > 1. For each
k=7+2,...,n, we have the relation

[eaj+2aj+1+---+2an7 ek‘} q =0,

which states that each such e; commutes with eq; 190, + 20, -
. . 1
Now we will show that e;; commutes with (qeaj+gaj+1+...+2an ej —(q €j6a1+2a1+1+-..+2an)-
We calculate that

(qeaj+2aj+1+~~+2an€j - q_lejeaj+2aj+1+---+2an) €j+1
= QCoj+2aj 41+ +2anCiCi+1 T €5Ci+1Ca ;420 41+ +20m
= 4Cq; 42041+ +2anCajtaji + Ca;+2aj 11+ +20n Cj+1€5
“Coj+ayq1 Caj205 41+ 20 T q_l6j+16j604j+20¢j+1+---+204n

_ —1
= Cj+1 (qeaj+2aj+1+---+2an€j - q €j€aj+2aj+1+---+2an) )

where we have used the relations

|:604j+204j+1+“~+204n7 6j+1] q = 07 |:ea’j+04j+17 eozj+2aj+1+~~~+2an] q = 0.

To complete the proof we will show that

-1
€5 (qeaj+2aj+1+---+2anej —q ejeaj+20¢j+1+“-+204n)

— —1
- (qeaj+2aj+1+“'+2anej —dq ejeaj+2aj+1+“'+2an) €4,
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and to prove this we note that

[6]', eaj+2aj+1+---+2an]q = €iCa;+2aj 11+ +2an T Caj+20541+ 4200 €
n—1
2
= E Ckeozj—l—---—i—ozkeozj+---+2ak+1+---+2an + Cn(eozj—i—----l—ozn) ; Ck € C7
k=j

and that [ej, eaj+..,+ak]q =0 and [ej, eaj+...+2ak+1+-“+2an} =0foreachk=7+1,...,n—1,

q
and thus
ejeaj+...+ak = q@aj+...+ak€j,
€iCot- A2y 1+ +2an = CajtA2ap 1 ++200 Cj-
Consequently,

-1
€;j (qeaj+2aj+1+---+2an€j —dq ejeaj+2aj+1+---+2an)

n—1

2 2
= g eaj+2aj+1+~~~+2an(ej) + E Ckeaj—l—---—l—akeaj+~~~+2ak+1+---+2anej +Cn(6aj+~~+ozn) €
k=j

n—1

—~1 2
—q € €aj+2aj+1+...+2an€j -+ E Ckeaj+...+ak eaj+...+2ak+1+...+2an + Cn<€aj+...+an>
k=j

-1
- (qeaj+204j+1+"'+2anej —q ejeaj+2aj+1+“-+206n) €.

Proposition D.9.8. For each j =2,3,....,.n—1,

[eOéj+204j+1+"'+204n’ 604j—1+0!j]q = Coy_1+20a++20m -

Proof. The proof of this proposition is lengthy, and we prove in in a number of stages.
Firstly consider [eaj+aj+1,€aj_l+aj]q for each 7 =2,3,...,n—1:

_ 1 _
[Gaj+aj+1, eaj—1+ajj|q [6J6j+1 — 4 €j+165; 6%‘—1+0¢j}q
~ —1
— ejeaj,1+aj+aj+1 _'_ q [€j7 [ej7 6.7'71](1](1 €j+1
1 _
—q €j+1 [€j7 [6]', ejfl](I]q - eaj71+aj+aj+1€j

€jCaj_1+aj+aji1 — Cajitata; 165 = 0,

as [ej, [ej,€j-1]q], = 0 is just a restatement of the Serre relation (adge;)*(ej—1) = 0 for

J <n,and [eaj_1+aj+aj+l, e]}q = 0 implies [ej,éaj_lJrajJraHJq = 0.
Now we will show that

[eaj+...+ak7éaj71+aji|q = O,
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for each k = j + 1,...,n. The calculation immediately above states that this is true for
k = 7+ 1, now assume that it is true for some k& > 5 + 1, then
[e €, } = [e e — q’le e €, }
ajt-tapg) CPajo1tag q aj+-+apCk+1 k+1Ca 4+ apy Caj_1+aj q
= eaj+---+ak [ek+17 Eaj,1+aji| q + [eaj+---+ak7€aj,1+aji| q €k+1
-1 _ 1 _
+ aj+-tapy) Cajo1+a; y a1ty aj+-tag
—q k41 |€ € ¢ 4 1Ck+1 Cayoitay ], Cajtt
= ()7
as [ekﬂ,éarﬁ%]q =0 and [eaj+---+ak,§aj,1+aj}q = 0 by assumption.
Now for each j <n — 1, we claim that
[eaj+~~~+2ak+---+2an7Eaj_p‘rozj} q = 07
for each k =7+ 2,...,n. We firstly show that this is true for k = n:
[eozj+---+2ana€ozj_1+ocj] q = [eaj—l—----‘,-oznen + eneozj—i—----l—oznaéaj_l-‘raj} q
eozj—l—---—i—ozn [ena éozj_l—i—aj] q + [eaj+~~~+ozn7€aj_1+ozj} q €n
“+éen [eaj‘F""Hln?Eaj—l‘Faj] q + |:€n7 éa].71+ajj| q ea].+...+an
= ()7
as the preceding calculation implies that [eaj+...+an,€aj_1+aj}q =0 and [en, Eaj_lJraj] . 0
from the Serre relations. Now assume that
[eaj+"'+2ak+1+“'+2an ) Ea]’71+a]’] q = 07
for some k+1=743,...,n, then
|:604j+---+204k+---+204naEaj_l-i-aj] q
_ -1 -
- [eozj+---+2ak+1+---+2anek — 4 CkCq;+42ap 1+ +2an eaj_1+ozj}q
= eaj+"'+204k+1+"'+20¢n [ek, EOéj—l-f—Oéj] q + [eaj+"'+20¢k+1+"'+20¢n’éOéj—l'f'Oéj] q €L
-1 _ -1 _
—q € [eaj+~~~+2ak+1+---+2ana eozj_l-l—ozj] q —dq [ekn eaj_1+04jj| q eaj+~~~+2ak+1+---+2an
= 0,
as [ek,éajfﬁaj]q =0 and [ea].+...+2ak+1+...+2an,éajfﬁaj}q = 0 by assumption.

Now consider [eaﬁgaj +1+---+2an7éaj71+aj}q3

[eaj+2aj+1+-“+2an ) Eaj—ﬁaj} q

= [eaj+aj+1+2aj+2+'“+2anej+1 - qi1€j+1eaj+aj+1+2aj+2+“'+2an7éaj—1+0£j:|q

= Cajtaji1+20540+ 4200 [ejJrla éaj,ﬁraj} g + qil I:eaj+a]’+1+2a]’+2+"'+2an7ECV]'71+CV]':| q €j+1
_qilejJrl [eaj+aj+1+2aj+2+"'+2an7éaj71+aj:| q - qil [€j+1, Eaj—l‘f’aj] q eaj+aj+1+2aj+2+“'+2an
6Oéj+Oéj+1+20¢j+2+---+20tn€aj—1+Oéj+aj+1 - q_léaj—1+aj+04j+1 Cajtajr14+20j42++2an

- [ea1+aj+1+2aj+2+"'+2am eaj—1+aj+aj+1} q’
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as [eaj+aj L1420, +2+...+2an,éaj71+aj] . 0 from the preceding calculation.
Now we claim that

[eaj+~~+2ak+m+2an>éaj_1+---+ak_1}q = [eaj+---+2ak+1+---+2an,éaj_1+~~+ak]qa

for each k = j + 1,...,n. This is true for £k = j + 1 from the preceding calculation, now
assume that it is true for some k > j + 1, then

(a4t 204t 2an s Cay_ 14 tap1 ) q
_ —1 -
= [eaj+---+2ak+1+m+2an€k — 4 CkCojt-t2api1++20m eaj_1+---+ak_1}q
= e, J, a7 e |
= eaj+"'+20¢k+1+"'+20¢n €L, 604j—1+"'+06k—1 q + q 604j+"'+20¢k+1+"'+20¢n’ 604j—1+"'+06k—1 q (A
-1 — 1 —
—q "€ [eaj+"'+20¢k+l+“'+204n7 eaj_1+...+ak_l} q —q [ek, 606j—1+"'+04k—1j| q eaj+"'+20¢k+1+"'+20¢n
— -1 —
= 6Oéj+"'+20¢k+1+"'+20¢n [Gk, 604j—1+"'+06k—1] q —(q [ek, 604j—1+"'+06k—1] q 604j+"'+204k+1+"'+204n

= [eaj+---+2ak+1+m+2an,éaj_1+---+ak}q7

where we have used the result [eaj+...+2ak+1+._.+2an,éaj71+...+ak71}q = (0 which we will now
prove. To prove this last result recall that [eaj+...+2ak 20 oy +aj} .= 0. Now assume

that [eaj+...+2ak+1+...+2an,éajflJr_..Jram}q = 0 for some m satisfying j < m < k — 2, then

|:ea’j+"'+204k;+1+"'+20¢n’Eaj—l+"'+am+1j|q
_ .
|:604j+"'+204k;+1+"'+20¢n’ Cm+1€a;_1++am — 4 eaj_1+~~~+ocmem+1]q
[eaj+---+204k+1+"'+20¢n’ 6m+1} q éOéj—l-l—"--f—OCm + emt1 [eaj+"'+204k+1+"-+204n ) Eaj—1+"'+04mj| q

-1 _ —1—
—q [eaj+---+2ak+1+---+2an7 eaj,1+---+am}q €m+1 — 4 Caj_i+-tam [eaj+---+2ak+1+---+2an7 €m+1}q

= 0,

as [eaj+_..+2ak+1+_..+gan,Eaj71+...+am]q = 0 by assumption and [eaj+...+2ak+1+...+2an, emﬂ}q =
0. We have thus shown that

[eaj+2aj+1+“'+20ln y éaj71+aj]q - [eaj+---+2an ) éaj71+“-+an—l](I'

Now

[eaj+---+2an7éaj71+---+an_1]q
= [eozj—l—----i-ocnen + EnCaj++om> E043-_1—l—----i-Oénq]q
= Ca;ttan [€n7 éaj,1+---+an_1]q + qil[eaj‘i’""i’a'nﬂéaj—l“r“"i’an—l]qen
+en [eaj+"'+0ln7Eaj—l‘f’""f’an—l]q + [em éaj—l‘i’""f’an—l]qeaj+"'+an
= Caj+-Fan [677/7€aj—1+"'+04n71]q + [enaEaj—1+---+anf1]qeaj+~~~+ozn

- [eaj+"'+an ) éaj—1+"'+an]q7
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where we have used the result [e4;+...4a,, €aj_;+-tan_1]g = 0 Which we now prove. Recall

that [eaj+...+an,€aj_1+aj}q = (0 foreach j =2,...,n—1. Assume that [eaj+...+an,Eaj_1+...+ak}q =

0 for some k = j,...,n — 2, then

[Caytrans Bayorttani]
[eOéj-i—----l—Om’ 6k+1€aj—1+"'+04k - q_léaj—l-f—----l—ockek-f—l]q

= [eozj—l—---—i—ana 6k+1j|q€aj—l+"'+06k + €rp1 [eaj+~~~+ocn>Eaj_1+~~~+04k]q

-1 _ —1—
—q [eaj+---+ana eaj71+---+ak]q Ck+1 — 4 Coy_q+-tay [eaj+---+ana €k+1]q

= 0,

as [6a1+---+an, ek+1]q =0 and [eaj+---+an7éaj,1+---+ak}q = 0 by assumption. An implication
of this is [€a; 4 tan, Ca;_1+-tan_1)q = 0. It follows that

[ea]’+---+2an ) Eaj—l‘f’""f’an—l]q = [eaj+---+an ) éaj—l‘i’""i’an]Q'

Now

[eaj+"'+an’EOéj—1+"'+06n]q
= [eozj—i—---—l—anqen - q_leneaj—i—----‘ranqaéaj_1+---+ozn]q
= eaj+---+an_1 [enaéaj71+---+an]q - [eaj+---+an—17Eaj71+---+an]qen
_q_len I:eaj+"'+04n—1 ) éozj_l—l—---—i—an]q - q_l[ena Ea’j—l+"'+04n:|q604j+"'+04n—1

— —1—=
= Cajttan-1Cajit+2an T 4 CojitA2anCajttant
J J

[eaj+---+an_17Eaj71+---+2an]q7
as [eaj‘f'""f’anfl’éOéj—l‘f’""f'an]q = 07 and

[eaj+~~~+04n717éaj—1+"'+20¢n]q
= [Ca;ttans€n1 — § €n—1€a;ttan_s: Cajy+t2anlq

= C€aj+4-tan_o [enfl,éaj71+.._+2an]q + q*l [eaj+"'+an—2 , Eaj,1+---+2an]qen71

_q_len—l[eaj—l—---—l—anfwéozj_1+---+2an]q - q_l[en—la E043'—1-i-~~~-i-20¢n]q604j-i—~~~-i—ocnfg

eozj+---+anf2[en—laéaj_1+---+2an]q - qil[en_l’éOéj—1+"'+204nj|q604j+"'+06n72

= [eaj+---+an—2 ) éaj71+"'+2an—1+2an]q7

as [eaj+"'+anf2’éOéj—l‘f’""f'zan:Iq = 0.
We now claim that

[eﬂéj+"'+ak+1 ) Eaj—l+"'+204k+2+"'+20¢n]q = [eaj +otoy Eaj—1+"'+204k+1 +~~~+20¢n]q>

foreach k+1=j+2,...,n—1. This is true for k+1 =n — 1, and assume that it is true
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for some k+1=743,...,n— 1, then

[eaj+"'+ak7éaj71+"'+2ak+1+'"+2C|ln]q
= [eOéj-l—----i-Oék—lek - q_lekeﬂéj+"'+ak—1’EOéj—1+---+2ak+1+“'+204n]q
= Caj+tag_q [ek7 Eaj—l+"'+2O¢k+1+"'+20¢n]q + q_l [eaj+--'+ak—1 ) éOéj—1+---+204k+1+"'+20m]q6/€
_qilek‘ [eaj+"'+ak—1 ) Eajfl+"'+2ak+1+“'+2an]q - qil [ekv Eaj—l+"'+2ak+1+'“+2an]qeaj‘i’""i’akfl
€ay 4oy €k oyt 2o g1+t 2am g — 0 (€ Cay ot 2aup gy 4+ 200 g€ty oany
[eOéj-l—----i-Oék—l?éaj—1+---+20¢k+"~+2an]q)
as [eaj+"'+ak—1’éa’j—l+"'+2ak+1+"'+204n]q =0.
To complete the proof it is a simple matter to show the following results using calcula-
tions almost identical to those immediately above:

[eaj+aj+l’ eOéj_l+Oéj+04j+1+20¢j+2+'“+204n]q = [eOéj’ 604j—1+a’j+20¢j+1+"'+20¢n]Q’

[eaja eaj—1+04j+204j+1+"'+20¢n]q = Coj_1+2a++20m -

Proposition D.9.9.

_ —1—
q€j—1€a;_1+2aj++2an — 4  Caj_14+2aj++2a,Cj-1
_ -1
= (€a;_1420++20,65-1 — 4 €5 1€a;_ 1420+ 2 (D.63)

Proof. Proposition D.9.8 implies the following result for each 7 =2,....n — 1:

Eaj,1+2aj+---+2an = [eaj+2aj+1+---+2an7Eaj,htaj]q )
which we can use to rewrite the left hand side of (D.63):

G€j—1€a; 1420+ +20 — qfléaj,1+2aj+---+2an€jf1

= qejf1eaj+2a]~+1+---+2anéaj,1+aj - ejfléaj,ﬁrajeaj+2aj+1+---+2an
_q_lea’j+20¢j+1+"'+204n€a’j—1+04jej_l + q_QEQ’j—l“FOéjeaj+20¢j+1+"'+2anej_1

— qejf1eaj+2a]~+1+---+2anéaj,1+aj - eaj+2aj+1+---+2anejfléaj,ﬁraj

_q_léa’j—l"l‘ajej—leaj+2@j+l+“'+204n + q_QEQ’j—l“FOéjeaj+20¢j+1+"'+204n6j_1 (D64)

qea’j—l+Q’j+204j+1+"'+206n€04j—1+04j - q_léaj—l-f—aj Caj_14a;4+2041++20m

= (Cq;_ 140205401+ +20,65€5—-1 7 Cay_1+aj+2011 44200, €165
_q_lejej—leaj—1+Oéj+204j+1+~~~+2an + q_er_lejea’j—l+04j+204j+1+"'+206n

= Co;_i+aj+2aj414+2a,C5C5-1 — qilej—leaj—1+Oéj+204j+1+"'+20¢n6j (D65)
—€j€a; 1+aj+20 41+ +20, Ci—1 T q726j71ejeaj71+aj+2aj+1+---+2an

= (€a; ;+2a;++20,Cj—1 — q_lej—leaj_1+2aj+---+2an'

We used the relation €n, ,ya,€j-1 = ¢€j-1€a, ,1a,; to obtain (D.64) and the relation

€j-1€a; 1 +a;+20;41++2an = QCaj_i+aj+2aj,1++2a,Cj—1 tO Obtain (D.65).
U
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