
Chapter 2

Eye Detection Using Support

Vector Machines

2.1 Introduction

Software and hardware applications for human face image processing are be-

coming more ubiquitous. One form of biometrics uses human face recognition

[WPB+98, GL02, LW02, CR02, Tit02, LY98] to identify or verify a person’s iden-

tity. Such a system automatically extracts and recognises a person’s face from any

digitised image, usually obtained from a video or still camera. Its main uses are in

surveillance, security and access control. Face processing is also being developed for

non-security applications enhancing human computer interactions (HCI) [AMR02].

Systems have been developed that attempt to recognise human facial expressions

and respond accordingly to the user’s mood [CDCT+01].

In general, the first step of processing in any application that incorporates facial

information is to locate the faces in the scene. This is also known as face detection.

Interestingly, a recent study using magnetoencephalography (MEG) found evidence

that a region in the human brain responds to faces in general whether or not the

face is later recognised. This occurs at 100 ms after stimulus onset. Another region
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of the brain seems to perform categorisation at a later stage to extract the identity

of the face [LHK02].

Due to their importance in face processing applications many face detection algo-

rithms have been researched and proposed. These include multiresolution [YH94],

skin color [MGR98], texture [DN96], template [LTC95] and neural network based

methods [RBK98a] to name a few. Support Vector Machines (SVM) have been

used successfully for pattern classification and have been applied to face detection

[ALX01, BKP01, SB02, SB98, SCB99, RTSB01, OFG97]. Related to face detection

is eye detection. Naturally, once the eyes are located, the location of the face is

also known. An eye detection approach using an infrared camera and based on the

physiological properties of the eye is proposed by Haro et al. [HFE00]. Kalman

trackers are used to model the dynamics of the eye/head and a probabilistic method

is used to represent the appearance of the eye.

As pointed out by Yang et al. [YKA02] face localisation is a simplified form of

face detection that assumes a single face in the input image. We propose an

SVM based system for detecting left-right eye pairs of the face, which can then

be used to implement face localisation or detection. Emphasis is placed on face

localisation and its use in access control applications. In this situation we usu-

ally have some degree of control over environmental conditions and only one per-

son attempts an access. For simplicity, we will disregard the possibility of back-

ground faces and photographs held up to the camera, but this does not imply

that they are easy problems to solve. The XM2VTS face database (available

at http://www.ee.surrey.ac.uk/Research/VSSP/xm2vtsdb) [MMK+99, MHJ+00] is

used for our experiments because it contains one face per image taken in a con-

trolled environment with variations in pose, facial expressions, facial hair and with

and without eye glasses.

SVMs [CST00, SBS99] are learning machines that can be trained with respect to

a higher dimensional feature space using learning algorithms from optimisation

theory. It implements Structural Risk Minimisation, which minimises a bound on
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the generalisation error by controlling the capacity of the machine. A non-linear

feature space A is induced by the kernel k. Non-linear kernels are dot products on

feature vectors Φ(x) mapped from vectors x in the input space. The feature map Φ

is associated with k, and is normally defined in such a way that the feature vector

resides in a higher dimensional space. Kernels with feature maps Φ : <N → A are

defined as,

k(x,y) = Φ(x) ·Φ(y). (2.1)

The map Φ is non-linear for a non-linear kernel. The choice of Φ can be explicit or

implicit. Normally Φ is defined implicitly by using a kernel function. A symmetric

function k(x,y) on a finite input space X is a kernel function if, and only if, the

matrix,

K = (k(xi,xj))
n
i,j=1 (2.2)

is positive semi-definite for any finite subset {x1, . . . ,xn} ⊂ X .

The training algorithm finds the optimal decision hyperplane in A with a maximal

margin by treating it as a linear problem in that space. The decision function

associated with this hyperplane (for the two-class case) is given by

f(x) =
l∑

i=1

yiαiΦ(x) ·Φ(xi) + b = w ·Φ(x) + b (2.3)

where xi are the support vectors, yi = {−1, 1} are the class labels, αi are the

parameters that solve the quadratic optimisation problem, w =
∑l

i=1 yiαiΦ(xi)

and b is a bias for the hyperplane. The value of f(x) represents a decision on x,

where a positive value indicates that x is classified as class “1”, and a negative

value represents class “-1”. The magnitude of f(x) can be interpreted as the level

of confidence in that classification.

Support vectors are subsets of the original set of training vectors. The number of

support vectors are usually significantly less than the original number of vectors.

However, the number of support vectors can still range in the thousands or more

for some problems. With the run-time complexity proportional to the number of

support vectors, non-linear SVMs are still too slow for many real-time applications.
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Reduced set methods [SMB+99, OG99] have been proposed that successfully reduces

the number of support vectors required to define the decision hyperplane.

Our system performs exhaustive searching of an input image using SVM classifica-

tion for potential eye locations. Exhaustive searching has advantages over methods

that use heuristics as there are fewer parameters to tinker with. An obvious disad-

vantage is the computational overhead. This is alleviated with our novel approach

of combining the decision functions of an SVM with the Fast Fourier Transform

(FFT) to perform correlation in the frequency domain, which ultimately creates a

complete SVM classification map of the input image. The method requires simpli-

fied decision functions and we propose a new approach to approximating them for

non-linear SVMs using only two vectors to reduce the number of required compu-

tations. This approach is along the lines of reduced set methods using two vectors.

However, our vectors are defined differently. Our method produces a more accu-

rate approximation of the decision hyperplane than the reduced set method, using

the same number of vectors. This is demonstrated in experiments using the ORL

database.

An SVM classification map of every point in the input image is generated, and

a knowledge base is used to reduce the number of false eye locations. Knowing

the location of the eyes permit faces to be normalised in terms of size and in-plane

rotations with respect to the camera’s view plane, which is useful for face processing

applications such as face recognition.

In this chapter the word image has two different meanings. The first refers to

an element of a range in relation to a function that assigns to each element of a

domain a unique element in the range. The corresponding element in the domain

is called the pre-image. The second meaning refers to the image that is a pixelised

representation of a picture. The desired meaning in different parts of the chapter

should be clear from the context in which it is used.

Section 2.2 of this thesis describes how simplified decision functions are obtained,

followed by a section describing how SVMs can be combined with the FFT to achieve
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fast exhaustive classification. Section 2.4 describes the eye detection system, which

also contains a sub-section on experiments using the XM2VTS database to test the

performance of the system.

2.2 Simplified Decision Functions

The eye detection system uses FFT-assisted correlation, which requires simplified

SVM decision functions. In this section we will show how this can be achieved using

any trained SVM. Solutions for linear and non-linear SVMs are treated separately

because an analytically exact simplified decision function can be easily derived for

linear SVMs. Non-linear SVMs require special treatment that are dependent on the

kernel type.

2.2.1 Linear Kernel

As described in the literature, the decision function for a linear SVM can be sim-

plified and expressed in terms of the vector w,

fL(x) =
l∑

i=1

yiαix · xi + b =
l∑

i

yiαixi · x + b = w · x + b. (2.4)

2.2.2 Non-linear Kernels

Usually one cannot find w as in the linear case because Φ is not known explicitly, but

defined implicitly by the kernel function. The non-linear kernel functions treated

in our work are the Gaussian radial basis function kernels,

k(x, z) = e−γ‖x−z‖2 (2.5)

and the inhomogeneous polynomial kernels,

k(x, z) = (x · z + c)d. (2.6)
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Figure 2.1: Illustration of the concept of η and ρ-prototype vectors used to represent
the decision hyperplane of an SVM. The segment joining the two vectors is bisected
by the hyperplane. The ρ-prototype is chosen so that it has a pre-image in the
input space. In many cases the η-prototype does not have a pre-image so it is
approximated by c1Φ(x′1).

If the input space is of dimension N , then the image of the input space will be at

most an N -dimensional surface S in A. Only those points on this surface have a

corresponding pre-image in the input space [SMB+99].

The decision function of a trained non-linear SVM is simplified by approximating

it with what we call ρ-prototype and η-prototype vectors. Figure 2.1 shows these

prototypes in relation to the decision hyperplane. There are many ways to define

these prototypes, but only one possibility is described here. The ρ-prototype vector

is selected so that it lies on the surface S. The simplest way to do this is to choose
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one of the support vectors of the SVM. The η-prototype vector is then defined as,

Φ′(xη) = Φ(xρ)− 2γρw

‖w‖2 (2.7)

where γρ is the signed margin of the ρ-prototype to the decision hyperplane, defined

as

γρ = w ·Φ(xρ) + b. (2.8)

With this definition of the η-prototype vector, the vector from the η to ρ prototype

is normal to the decision hyperplane. The segment joining the prototypes is normal

to, and bisected by, the decision hyperplane. The vector from the η to ρ prototype

is a scaled version of w, namely 2γρw

‖w‖2 . The factor 2γρ

‖w‖2 is derivable by requiring the

margin γη of the η-prototype to be equal to γρ. We now state the equivalent SVM

decision function:

Proposition 2.1 Let η and ρ-prototypes represent vectors in feature space A. Sup-

pose the vector from the η-prototype to the ρ-prototype is a positively or negatively

scaled version of w of a trained SVM. The decision function can then be expressed

as

fN(x) =
‖w‖2

4γρ

{Φ′(xη) ·Φ′(xη)−Φ(xρ) ·Φ(xρ)−
2 [Φ(x) ·Φ′(xη)−Φ(x) ·Φ(xρ)]} (2.9)

The parameter γρ = w · Φ(xρ) + b is the signed margin of the ρ-prototype to the

decision hyperplane.

Proof: Let the straight segment from the η-prototype to the ρ-prototype be

normal to the decision hyperplane that also bisects it. And let the η-prototype be

defined as shown in (2.7). Then,

Φ′(xη) ·Φ(x) = Φ(xρ) ·Φ(x)− 2γρ

‖w‖2w ·Φ(x) (2.10)

that is,

w ·Φ(x) =
‖w‖2

2γρ

[Φ(xρ) ·Φ(x)−Φ′(xη) ·Φ(x)] . (2.11)
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The decision function can then be written as

fN(x) = Φ(x) ·w + b

= Φ(x) ·w −Φ(xρ) ·w + γρ. (2.12)

It is desirable to remove references to w in the decision function as it is the term that

requires the kernel evaluation of all support vectors, which is inefficient. References

to ‖w‖2 are acceptable as it can be easily calculated before-hand by evaluating
∑l

i

∑l
j αiαjyiyjk(xi,xj) or approximated as

∑l
i=1 αi. Now, substituting (2.11) into

(2.12) gives

fN(x) =
‖w‖2

2γρ

[Φ(xρ) ·Φ(x)−Φ′(xη) ·Φ(x)]−Φ(xρ) ·w + γρ

=
‖w‖2

2γρ

Φ(xρ) ·Φ(x)− ‖w‖2

2γρ

Φ′(xη) ·Φ(x)− ‖w‖2

4γρ

Φ(xρ) ·Φ(xρ)

+
‖w‖2

4γρ

Φ(xρ) ·Φ(xρ)−Φ(xρ) ·w + γρ

=
‖w‖2

4γρ

{Φ′(xη) ·Φ′(xη)−Φ(xρ) ·Φ(xρ)− 2 [Φ(x) ·Φ′(xη)

− Φ(x) ·Φ(xρ)]} (2.13)

as required.

2.2.2.1 Approximating the η-prototype

The map Φ′ is distinct from Φ, because in general Φ′(xη) ∈ A does not lie on S. It

is difficult to determine Φ′, so we aim to approximate Φ′(xη) using Φ induced by

the kernel. This equates to solving the pre-image problem, an approximate solution

to which is described in the literature. The solution used here has a similar vein

to approximating some vector Ψ ∈ A with a reduced set expansion as described by

Schölkopf et al. [SMB+99]. Specifically, Φ′(xη) can be approximated with
m∑

i=1

ciΦ(x′i) (2.14)

where m is the number of vectors, and 1 ≤ m ≤ ma. m is also the smallest integer

such that ∥∥∥∥∥Φ
′(xη)−

m∑

i=1

ciΦ(x′i)

∥∥∥∥∥ < τh1 (2.15)
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where τh1 is a preset threshold. If (2.15) is not satisfied, then m = ma, where ma is

the upper bound on the number of terms. The vectors x′i and their weights ci can

be determined by using reduced set selection or construction methods [SMB+99].

Our work focuses on the real-time application of SVMs to eye detection, so we

concentrate on improving computational speed while not sacrificing too much on

performance. This can be achieved by minimising the number of kernel evaluations

in (2.9). Therefore, as well as for simplicity, we set ma to 1 so that Φ′(xη) is

approximated by c1Φ(x′1). This requires only two kernel function evaluations to

determine (2.9) for each x at run-time as evident in (2.22). The terms Φ′(xη)·Φ′(xη),

Φ(xρ) ·Φ(xρ) and ‖w‖2
4γρ

can be pre-calculated. Although only two vectors are used,

namely Φ(xρ) and Φ(x′1), a good approximation to the decision vector w is possible,

as shown in the experiments described below.

The image vector x′1 and its corresponding weight c1 can be determined by min-

imising the following objective function

h1 = ‖Φ′(xη)− c1Φ(x′1)‖2
=

∥∥∥∥∥Φ(xρ)− 2γρw

‖w‖2 − c1Φ(x′1)

∥∥∥∥∥
2

. (2.16)

As pointed out by Schölkopf et al. [SMB+99], rather than minimising (2.16) it is

preferable to minimise the distance from Φ′(xη) to the orthogonal projection of

Φ′(xη) onto span (Φ(x′1)) because it is a lower-dimensional problem and is inde-

pendent of c1 so scaling problems are avoided. The problem in turn reduces to the

minimisation of the following objective function

h2 = −Φ′(xη) ·Φ(x′1)
2

Φ(x′1) ·Φ(x′1)
= −

[
k(xρ,x

′
1)− 2γρ

‖w‖2
∑l

i=1 yiαik(xi,x
′
1)

]2

k(x′1,x′1)
. (2.17)

We chose to minimise this objective function using unconstrained optimisation

[PTVF92]. Gradient information with respect to x′1 is useful in achieving con-

vergence. There are standard methods that do not require gradient information

[PTVF92] but these have disadvantages such as slow convergence. This objective

function can be evaluated in terms of kernel functions only. Explicit knowledge of

Φ is not required.
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The gradients in terms of the inhomogeneous polynomial kernel are

∇x′1(h
P
2 ) = −2u

td

[
v − du

t
x′1

]
(2.18)

where,

t = ‖x′1‖2 + c

u = [xρ · x′1 + c]d − 2γρ

‖w‖2

l∑

i=1

yiαi[xi · x′1 + c]d

v = d

[
[xρ · x′1 + c]d−1xρ − 2γρ

‖w‖2

l∑

i=1

yiαi[xi · x′1 + c]d−1xi

]
. (2.19)

The gradients in terms of the radial basis function kernel are

∇x′1(h
R
2 ) = −4γ

[
e−γ‖xρ−x′1‖2 − 2γρ

‖w‖2

l∑

i=1

yiαie
−γ‖xi−x′1‖2

]
×

[
(xρ − x′1)e

−γ‖xρ−x′1‖2 − 2γρ

‖w‖2

l∑

i=1

yiαi(xi − x′1)e
−γ‖xi−x′1‖2

]
.(2.20)

Once x1 has been determined the minimum of h1 is found by setting

c1 =
Φ′(xη) ·Φ(x′1)
Φ(x′1) ·Φ(x′1)

=
k(xρ,x

′
1)− 2γρ

‖w‖2
∑l

i=1 yiαik(xi,x
′
1)

k(x′1,x′1)
. (2.21)

Therefore, the decision function for a non-linear SVM can be approximated using

the approximate η-prototype

fN(x) ≈ f1(x) =
‖w‖2

4γρ

{
c2
1k(x′1,x

′
1)− k(xρ,xρ)− 2 [c1k(x′1,x)− k(xρ,x)]

}
.

(2.22)

Because (2.22) is an approximation of the true decision function, the decision thresh-

old can be adjusted to optimise performance on the training set. The optimal bias

for each approximate decision function can be found by calculating the thresh-

old that gives the maximum difference between the cumulative distributions of the

scores obtained using the negative and positive training samples. In cases where

the maximum difference is a plateau, meaning that the maximum occurs for a set of

threshold values, the average threshold within this set is taken. However, it should
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be noted that adjusting the threshold in this manner only optimises the perfor-

mance for the training set. It is possible that better performance can be achieved

on the testing set by not carrying out this modification.

In obtaining the expression in (2.22) we use the definition of the η-prototype given

in (2.7). Now that the η-prototype is approximated with c1Φ(x′1), we obtain the

expression

c1Φ(x′1) ≈ Φ(xρ)− 2γρw

‖w‖2 . (2.23)

The fixed η-prototype vector Φ′(xη) is approximated by c1Φ(x′1). We can further

improve this approximation by replacing γρ with an optimal γ∗ given by

γ∗ =
γρ − γ1

2
(2.24)

where γ1 = c1w ·Φ(x′1)+b. To explain why this is the case, we begin by saying that

this optimisation is performed by keeping c1Φ(x′1) fixed, while we vary the scaling

factor in the second term of (2.23). In general,

c1Φ(x′1) ≈ Φ′(xη) = Φ(xρ)− csw

‖w‖2 . (2.25)

As we vary cs, the position of the η-prototype moves along the line joining it to

the ρ-prototype, which is also normal to the decision hyperplane. Therefore, with

c1Φ(x′1) fixed, we aim to minimise

hcs =

∥∥∥∥∥c1Φ(x′1)−Φ(xρ) +
csw

‖w‖2

∥∥∥∥∥
2

= ‖c1Φ(x′1)−Φ(xρ)‖2
+ 2 [c1Φ(x′1)−Φ(xρ)] · csw

‖w‖2 +
c2
s

‖w‖2 . (2.26)

The minimum is then given by

∂hcs

∂cs

= 2 [c1Φ(x′1)−Φ(xρ)] · w

‖w‖2 + 2
cs

‖w‖2 = 0. (2.27)

That is,

cs = [Φ(xρ)− c1Φ(x′1)] ·w
= [Φ(xρ) ·w + b]− [c1Φ(x′1) ·w + b]

= γρ − γ1. (2.28)
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The optimal γ∗ is then given by

γ∗ =
cs

2
, (2.29)

and therefore the improved approximation of Φ′(xη) is

c1Φ(x′1) ≈ Φ′(xη) = Φ(xρ)− 2γ∗w

‖w‖2 . (2.30)

We note that γ∗ = γρ if γ1 = −γρ, that is the margin of c1Φ(x′1) is equal to the

negative of the margin of Φ(xρ). In this case, no further improvements can be made

to the approximation in (2.23).

Now, combining the use of γ∗ and the readjustment of the decision threshold for op-

timal performance on the training set, we obtain the following approximate decision

function

fN(x) ≈ f1(x)

=
‖w‖2

4γ∗
{
c2
1k(x′1,x

′
1)− k(xρ,xρ)− 2 [c1k(x′1,x)− k(xρ,x)]

}
+ γρ − γ∗ − bT

(2.31)

where bT is the decision-threshold offset optimised for the training set as described

above.

2.2.2.2 Choosing the ρ-prototype

One method of choosing the ρ-prototype is to simply perform exhaustive searching.

That is, select each support vector of the SVM as the ρ-prototype and calculate

h1. However, this method is computationally expensive and can take a long time to

complete when there are a large number of support vectors. Furthermore, simply

choosing the ρ-prototype that minimises h1 does not guarantee minimum classifica-

tion errors. Errors in the approximate decision hyperplane will result in an increase

in classification errors as the mean occurrence of the typical sample moves further

away from the ρ and η-prototypes. This is illustrated in Figures 2.2 and 2.3.

We propose that the ρ-prototype be selected from one of three support vectors
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Figure 2.2: Illustration of the approximate decision hyperplane when the ρ-
prototype is selected around the mean of one class. Although the approximate
decision hyperplane does not represent the original decision hyperplane exactly, it
still correctly separates the samples from the two classes. The circles and squares
are support vectors of an SVM.
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Figure 2.3: Illustration of the approximate decision hyperplane when the ρ-
prototype is far from other vectors. A small error in the approximate decision hy-
perplane has resulted in two misclassified vectors, which are indicated with crosses.
The number of classification errors increase as samples occur further away in a di-
rection normal to the segment connecting the η and ρ-prototypes. The circles and
squares are support vectors of an SVM.
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{xs1 ,xs2 ,xs3}, which minimises h1. These support vectors are defined by

xs1 = arg min
xi|i∈sv+

∥∥∥∥∥∥
Φ(xi)− 1

n+
sv

∑

j∈sv+

Φ(xj)

∥∥∥∥∥∥

2

xs2 = arg min
xi|i∈sv−

∥∥∥∥∥∥
Φ(xi)− 1

n−sv

∑

j∈sv−
Φ(xj)

∥∥∥∥∥∥

2

xs3 = arg min
xi|i∈sv

∥∥∥∥∥∥
Φ(xi)− 1

nsv

∑

j∈sv

Φ(xj)

∥∥∥∥∥∥

2

(2.32)

where sv+, sv− and sv are the sets of indices of the positive, negative and all

support vectors respectively. The number of vectors are represented by n+
sv, n−sv and

nsv respectively. The vectors xs1 , xs2 and xs3 are the closest vectors to the center of

mass of their respective classes. This method will perform well on data that have

positive and negative classes clustered around their means with smaller variances

than ones that are sparse and spread-out.

Another method of selecting the ρ-prototype is to select it randomly from the set

of support vectors. This can be combined with the method just described above.

If we select p number of random vectors, denoted by xr1 to xrp , we can then define

the ρ-prototype vector as

xρ = arg min
y∈P




∥∥∥∥∥Φ(y)− 2γρw

‖w‖2 − c1Φ(x′1)

∥∥∥∥∥
2

 (2.33)

where P = {xs1 ,xs2 ,xs3 ,xr1 , . . . ,xrp}. The term to be minimised in (2.33) is essen-

tially h1 as defined in (2.16). Alternatively, instead of using h1 the recognition rate

obtained on the training set can be used.

2.2.3 Experiments Using Simplified Decision Functions

We perform experiments to test the performance of SVMs with decision functions

approximated using ρ and η prototypes. As mentioned above we use ma = 1, that is,

only one vector is used to approximate the η prototype. This means that two vectors

are used, Φ(xρ) and Φ(x′1), to approximate the decision hyperplane. In particular,

we use the approximate decision function given in (2.31), but we set bT = 0 because



Chapter 2. Eye Detection Using Support Vector Machines 57

preliminary experiments show that slightly better results are obtained with this

setting. The ρ-prototype is selected using the definition in (2.33), where p is set to

10. The approximate decision function generated by our prototype SVM method is

compared with the reduced set approach proposed by Schölkopf et al. [SMB+99],

where the number of reduced set vectors used is also set to two.

The ORL face database is used for performing face identification, without the rejec-

tion decision. That is, the identity of every unknown face presented to the system

is assumed to have a corresponding match in the database. The ORL database

consists of 40 people, each one with 10 face samples. The face samples for each

person are labelled from 1 to 10. The following subsets of labels from each person

are used for training:

• SR
1 = {1, 2, 3, 4, 5};

• SR
2 = {1, 2, 4, 5, 9};

• SR
3 = {1, 3, 7, 8, 10}; and

• SR
4 = {3, 5, 6, 8, 9}.

Those samples that are not used for training are used for testing, and they are:

• ST
1 = {6, 7, 8, 9, 10};

• ST
2 = {3, 6, 7, 8, 10};

• ST
3 = {2, 4, 5, 6, 9}; and

• ST
4 = {1, 2, 4, 7, 10}.

The training sets are used to create SVMs using the inhomogeneous polynomial

kernel where d = 3 and c = 1. The one-against-all method is used for the multiclass

classification encountered here. The resulting decision function is approximated

using η and ρ prototypes, and also using the reduced set method with two vectors.
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The performance of all classifiers are evaluated using the testing sets. The recog-

nition results are summarised in Table 2.1. It shows that except for setting S1

our prototype approximation method gives exactly the same results as the original

SVMs, whereas the reduced set method gives inferior results for settings S1 and S3.

The difference in performance is more evident when we examine the statistics of the

difference between the original and approximated scores. Table 2.2 shows the statis-

tics for the prototype and reduced set SVMs when compared to the original SVMs.

The differences between the approximated and original scores are calculated, from

which the following statistics are obtained:

• Average of the differences;

• Variance of the differences, given by
n
∑

x2−(
∑

x)
2

n2 , where x is the score differ-

ence and n is the total number of score differences;

• Minimum of the differences;

• Maximum of the differences;

Table 2.2 shows that the average score difference for the prototype SVM is about a

factor of 10 times better than those from the reduced set SVM. Similarly, the pro-

totype SVM’s variance is roughly 5 times better. The minimum of the difference is

better by a factor of about 5 to 175 times, and the maximum of the difference is

better by a factor of about 3 times. Therefore, we have shown that the approxima-

tion of an original SVM decision function using prototype SVMs is decidedly more

accurate than using reduced set SVMs.

In both prototype and reduced set methods, the decision threshold is adjusted

to optimise performance on the training set. The reason for this is that both

methods produce decision functions that are approximates of the true function.

Better performance can be obtained by adjusting the bias for each approximate

decision function, which in turn adjusts the decision threshold. The optimal bias for

each approximate decision function can be found by calculating the threshold that
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Partition Orig SVM Prototypes Reduced Set
S1 92.5 % 92.0 % 91.0 %
S2 98.0 % 98.0 % 98.0 %
S3 98.5 % 98.5 % 97.5 %
S4 98.5 % 98.5 % 98.5 %

Table 2.1: Summary of results comparing the performance of prototype SVMs and
reduced set SVMs. The results are obtained from face identification experiments
using the ORL face database. The partition S1 corresponds to using the subset SR

1

for training and ST
1 for testing. The same applies to S2, S3 and S4.

gives the maximum difference between the unnormalised cumulative distributions

of the scores obtained using the negative and positive training samples. In cases

where the maximum difference is a plateau, meaning that it occurs for a series of

threshold values, the average threshold within this set is taken.

2.3 Correlation Using Decision Functions

One method of human eye detection using SVMs is to perform classification at each

possible location within a candidate image and indicate those that are likely to

be human eyes based on the classification scores. This is essentially an exhaustive

search. We chose to investigate this approach as opposed to other methods using

heuristics because it can produce better results. Heuristics have been used to reduce

search time complexity, but has the tendency to miss possible positive matches, or

returns too many false positives if not defined properly. A robust method is to

perform exhaustive searching, but carries with it the obvious drawback of long

search times.

The previous section described how the decision function of SVMs can be simplified.

Those simplifications re-express any decision function as a few simple dot products

and terms that can be computed efficiently. The dot products operating on real data

and computed at each possible location within a candidate image is equivalent to

correlation in the spatial domain, which can be computed efficiently by performing
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Partition Average Diff. Variance of Diff. Min. Diff. Max. Diff.
S1

Prototypes 0.004962 0.000279 0.000033 0.047182
Reduced Set 0.06384 0.001614 0.001169 0.158722

S2

Prototypes 0.010673 0.000219 0.000022 0.065178
Reduced Set 0.071415 0.001427 0.003878 0.203663

S3

Prototypes 0.006169 0.000342 0.000022 0.084046
Reduced Set 0.075357 0.001596 0.000834 0.283697

S4

Prototypes 0.008212 0.000305 0.000078 0.066704
Reduced Set 0.074212 0.001676 0.00035 0.191854

Table 2.2: Summary of results comparing the deviations of the approximate SVMs
to the original SVMs. For each test image, the difference between the approximate
and original decision function values is computed. This is then used to calculate
the average, variance, minimum and maximum of the difference. The partition
S1 corresponds to using the subset SR

1 for training and ST
1 for testing. The same

applies to S2, S3 and S4.

the equivalent operation of multiplication in the frequency domain. Transformation

of spatial data to the frequency domain is achieved by using the FFT. Increases

in desktop computing power allows us to perform the required FFT operations

plus the construction of the decision function in real-time without special hardware

assistance.

2.3.1 Vectors and Images

An image is represented by a two-dimensional matrix. It also has an equivalent

vector representation, normally created by row-wise lexicographic ordering of the

matrix elements. Both representations are used in this section. We will denote

an image as X and its corresponding vector as x. The elements of an image are

referenced by x(i, j) and the elements of a vector are referenced by x(i). Thus, in

the analysis above the decision vector w has an equivalent matrix representation
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W. All image pixel values are assumed to have a normalised range, such as [0, 1],

for the purposes of training and testing SVMs.

2.3.2 Correlation Theorem

A well-known method for determining correlations in the time/spatial domain is

to use the frequency domain, where multiplications are performed [Pou96]. Given

images f(i, j) and g(i, j) with size a× b and c× d respectively, zero padded images

fz(i, j) and gz(i, j) are created. Both zero padded images have size m × n with

m ≥ a + c − 1 and n ≥ b + d − 1. Zero padding is required to avoid wraparound

errors. Correlation is then defined (for the discrete case) as

fz(i, j) ◦ gz(i, j) =
1

mn

m−1∑

k=0

n−1∑

l=0

f ∗z (k, l)gz(i + k, j + l) (2.34)

where ∗ is the complex conjugate. Let F (u, v) = F [f(i, j)] and G(u, v) = F [g(i, j)]

represent the two-dimensional Discrete Fourier Transforms of f(i, j) and g(i, j)

respectively. The correlation theorem then states that

F [f(i, j) ◦ g(i, j)] = F ∗(u, v)G(u, v) (2.35)

2.3.3 Correlation Using Linear Kernels

Given an input image X from which we want to extract possible eye positions, we

calculate fL(xij) as defined by (2.4) at each (i, j) position within x. The matrix Xij

has the same dimensions as the template W and are sub-images of X. The matrix

W can be viewed as a weighted template for the correlation. The bias b is added

to the correlation results to obtain the decision function response at each position.

A map of possible eye locations ML can be created,

mL(i, j) = fL(xij) =
1

mn

m−1∑

k=0

n−1∑

l=0

w∗
z(k, l)xz(i + k, j + l) + b

=
(
F−1[W ∗

z (u, v)Xz(u, v)]
)

(i, j) + b (2.36)
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where F−1 is the inverse two-dimensional Discrete Fourier Transform. Matching

scores for possible eye locations are stored in the entries of the matrix ML.

2.3.4 Correlation Using Non-linear Kernels

To perform correlation with non-linear kernels we have to consider each kernel

separately. We will demonstrate using inhomogeneous polynomial and radial basis

function kernels. The approximate decision function f1 as defined by (2.22) is used

to create the correlations. Given an input image X from which we want to extract

possible eye positions, we calculate the approximate decision function f1(x
ij) at each

(i, j) position within x. The matrix Xij has the same dimensions as the training

images and are sub-images of X.

2.3.4.1 Correlation Using Inhomogeneous Polynomial Kernels

The major run-time computational component of the inhomogeneous polynomial

kernel given by (2.6) is the dot product. Examining (2.22) reveals that the only

terms that require evaluation at run-time are

k
(
x′1,x

ij
)

=
(
x′1 · xij + c

)d
(2.37)

and

k
(
xρ,x

ij
)

=
(
xρ · xij + c

)d
. (2.38)

The terms k(x′1,x
′
1), k(xρ,xρ) and ‖w‖2

4γρ
can be calculated once and stored for later

use. In general, only terms involving the unknown xij need to be evaluated at

run-time.

Let ca = c2
1(‖x′1‖2 + c)d − (‖xρ‖2 + c)d, y = x′1 and z = xρ. A map of possible eye

locations M1P can be created,

m1P (i, j) = f1(x
ij)

=
‖w‖2

4γρ



ca − 2


c1

[
1

mn

m−1∑

k=0

n−1∑

l=0

y∗z(k, l)xz(i + k, j + l) + c

]d

−
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[
1

mn

m−1∑

k=0

n−1∑

l=0

z∗z(k, l)xz(i + k, j + l) + c

]d





 + γρ − γ∗

=
‖w‖2

4γρ

{
ca − 2

[
c1 [yx(i, j) + c]d − [zx(i, j) + c]d

]}
+ γρ − γ∗

(2.39)

where

yx(i, j) = (F−1[Y ∗
z (u, v)Xz(u, v)])(i, j) (2.40)

and

zx(i, j) = (F−1[Z∗
z (u, v)Xz(u, v)])(i, j). (2.41)

The Fourier Transforms Y ∗
z (u, v) and Z∗

z (u, v) can be calculated offline. Therefore,

at run-time one forward Fourier Transform must be computed to create Xz(u, v)

plus two inverse Fourier Transforms must be applied for the correlations.

2.3.4.2 Correlation Using Radial Basis Function Kernels

Examining (2.22) reveals that the only terms that require evaluation at run-time

are

k
(
x′1,x

ij
)

= e−γ‖x′1−xij‖2

= e
−γ

(
‖x′1‖2−2x′1·xij+‖xij‖2

)
(2.42)

and

k
(
xρ,x

ij
)

= e−γ‖xρ−xij‖2

= e
−γ

(
‖xρ‖2−2xρ·xij+‖xij‖2

)
. (2.43)

As in the case of the inhomogeneous polynomial kernel, the terms k(x′1,x
′
1),

k(xρ,xρ) and ‖w‖2
4γρ

can be calculated before run-time and only terms involving the

unknown xij need to be evaluated at run-time. From (2.42) and (2.43) the ma-

jor run-time computational components are ‖xij‖2
, x′1 · xij and xρ · xij. The terms

‖x′1‖2 and ‖xρ‖2 can be calculated before-hand. Correlation with respect to the two

dot product components x′1 · xij and xρ · xij can be computed using the methods

described above. The term

∥∥∥xij
∥∥∥
2

= xij · xij =
∑

k

(
xij(k)

)2
(2.44)
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must be treated separately because the above methods cannot be applied and sim-

ply calculating this term for each (i, j) is too slow. Efficient computation of (2.44)

for each (i, j) is achieved by exploiting its computational redundancies. The slowest

operation in the computation of (2.44) is the multiplication. It suffices to compute

the Hadamard product X ¯ X once and generate ‖xij‖2
by adding the appro-

priate entries. Furthermore, it can be observed that ‖xij‖2
and

∥∥∥x(i+∆i)(j+∆j)
∥∥∥
2

share many common terms when ∆i and ∆j are small enough. Therefore, we can

compute
∥∥∥xi(j+1)

∥∥∥
2

based on the results from ‖xij‖2
by removing and adding the

required column. Similarly,
∥∥∥x(i+1)j

∥∥∥
2

can be computed by removing and adding

the required row. The initial value ‖x11‖2
is computed by summing the required

entries. Figure 2.4 illustrates this process.

Let cb = c2
1 − 1, y = x′1 and z = xρ. A map of possible eye locations M1R can be

created,

m1R(i, j) = f1(x
ij)

=
‖w‖2

4γρ

{
cb − 2

[
c1e

−γ

[
‖x′1‖2− 2

mn

∑m−1

k=0

∑n−1

l=0
y∗z (k,l)xz(i+k,j+l)+‖xij‖2

]
−

e
−γ

[
‖xρ‖2− 2

mn

∑m−1

k=0

∑n−1

l=0
z∗z (k,l)xz(i+k,j+l)+‖xij‖2

]]}
+ γρ − γ∗

=
‖w‖2

4γρ

{
cb − 2

[
c1e

−γ

[
‖x′1‖2−2yx(i,j)+‖xij‖2

]
− e

−γ

[
‖xρ‖2−2zx(i,j)+‖xij‖2

]]}
+ γρ − γ∗

(2.45)

where

yx(i, j) = (F−1[Y ∗
z (u, v)Xz(u, v)])(i, j) (2.46)

and

zx(i, j) = (F−1[Z∗
z (u, v)Xz(u, v)])(i, j). (2.47)

The Fourier Transforms Y ∗
z (u, v) and Z∗

z (u, v) can be calculated offline. As in

the case with inhomogeneous polynomial kernels, at run-time one forward Fourier

Transform must be computed to create Xz(u, v) plus two inverse Fourier Transforms

must be applied for the correlations. In addition, ‖xij‖2
must also be evaluated at

run-time using the method described above.
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Figure 2.4: Efficient computation of the terms ‖xij‖2
for all (i, j) by exploitation of

redundancies. Multiplication operations only have to be performed once to compute
the Hadamard product X¯X. The dot products of sub-images with themselves can
then be calculated by adding and subtracting adjacent rows and columns. The figure
illustrates the calculation of these dot products by using results from the previous
row, as shown by the block on the left where x(i+1)j · x(i+1)j is computed based on
results from xij · xij by removing and adding the required row, and using results
from the previous column, as shown by the block on the right where xi(j+1) · xi(j+1)

is computed based on results from xij · xij by removing and adding the required
column.
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2.3.5 Implementation Notes

The definition of the eye location maps ML, M1P and M1R have entries that refer

to the top left corner of the templates. Appropriate offsets must be added to

obtain references to other parts of the template. Alternatively, the templates can

be shifted.

2.4 Eye Detection System

2.4.1 Motivation

The first major processing task in most face recognition and tracking applications

is to locate faces in the scene. A recent study discovered that an area of the human

brain responds to stimuli as faces, with categorisation occurring later [LHK02]. This

may suggest that the human brain too performs face detection/extraction before

recognition in a two step process.

This chapter focuses on face detection by eye location. The reason for this research

focus is that knowing the location of the eyes allows us to perform normalisations

such as head size and in-plane rotation correction. Beyond the scope of this chapter

is the normalisation of out-of-plane head rotation, which cannot be accounted for

using just the two eye locations alone.

2.4.2 System Details

The eye detection system consists of left eye and right eye detection sub-systems.

Each eye detection sub-system consists of two detectors. These two detectors oper-

ate on differently scaled versions of the input image. This is to further account for

different head sizes even though it is accounted for to a smaller extent by the train-

ing data described below. Each detector generates one of the following eye location
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maps Ms
L, Ms

1P or Ms
1R, where ML is the map generated using a linear SVM, M1P

is the map generated using a polynomial SVM approximated using f1 described in

(2.31), M1R is the map generated using a radial basis function SVM approximated

using f1 described in (2.31), s ∈ {L1, L2, R1, R2} indicates which detector generated

the map, L1 is left-eye detector number 1, L2 is left-eye detector number 2, R1 is

right-eye detector number 1, and R2 is right-eye detector number 2. We will use

Ms to refer to a map of any kernel type generated by detector s.

The eye detection system is illustrated in Figure 2.5. The first step involves feeding

each frame of captured image data, from devices such as video or still cameras, to

the system. The input image frames are assumed to be 576 pixels high and 720

pixels wide. The image is re-scaled to a size of 104 pixels high by 130 pixels wide

(“RESIZE IMAGE 1”), and also to 86 pixels high by 108 pixels wide (“RESIZE

IMAGE 2”). The dimensions were chosen based on the sizes of the training images

used, so as to maintain an allowable tolerance on variations in head size.

The Fourier Transforms of the images are then computed and used to generate

an eye location map Ms for each of the detectors. Using a pre-selected threshold

τt obtained experimentally to achieve an acceptable level of performance, the two

detectors for each eye are then combined. The maps are examined and if ms(i, j) >

τt then the location (i, j) is recorded. The recorded locations from the two maps

for each eye can then be combined.

At this point, it is probable that many locations have passed the thresholding stage.

To further reduce the number of possibilities we eliminate those locations (i, j) that

have a score less than that of at least one point in its neighbourhood of points

{(i+∆i, j +∆j)|−ni ≤ ∆i < ni,−nj ≤ ∆j < nj}. This can be interpreted as local

thresholding where every location other than the local maximum is deleted. An

inefficient method of solving this problem would be to compare every point to every

other point to see if it is a neighbourhood point with a better score. This problem is

also known as two-dimensional range searching, and efficient algorithms have been

documented [Sed88]. One solution, called the grid method, involves dividing up
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Figure 2.5: Block diagram of the eye detection system.
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the search region into uniform rectangular blocks. Points are then assigned to their

corresponding blocks. With a local neighbourhood search region centered on each

point being examined, comparisons only need to be performed with those points in

the blocks that overlap with the neighbourhood region. In our implementation we

used a neighbourhood region defined by ni = 1 and nj = 1.

The scores at the remaining locations are then sorted for each eye. The locations

with the ne highest scores are kept, the rest are deleted. Now ne possible locations

are left for each eye. In our implementation we used ne = 5.

The final step involves matching each left eye position with a right eye position and

verifying that they satisfy some predetermined properties. Two properties are used:

the horizontal distance de between the left and right eyes must be greater than a

lower threshold τL and less than an upper threshold τH ; and the absolute value of

the angle of the segment joining the left and right eyes to the horizontal axis |θe|
must be less than the maximum permitted angle τa. In our implementation we used

τL = 10 pixels, τH = 70 pixels and τa = 20 degrees.

Up to n2
e pairs of possible eye locations can be returned by the system. Optionally,

further elimination can be performed because a single eye cannot have more than

one matching pair, but carries with it the risk of deleting valid eye pairs. This

system is aimed at access control so the assumption is that we only need to detect

a single face in the image. Therefore, only the best left and right eye locations are

used.

2.4.3 Training and Testing Data

Images of human faces are used as training data. Each training image consists of

a single human face with manually located eye positions. A template is extracted

around each eye, which we refer to as a training template. Two training templates

are extracted for each training image, one for each eye. Positive training templates

are those that corresponded to correct eye positions. Negative training templates
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are those obtained by randomly selecting a sub-image in the training image that is

“far enough” from a correct eye position. In our implementation “far enough” is

anything further than 7 pixels in the horizontal and vertical directions from a valid

eye position.

Two sets of training templates are used to train two SVMs to detect the left and

right eyes. The left eye SVM is used to create the maps ML1 and ML2 , which

differed only in image size. The same is true for the right eye SVM and MR1 and

MR2 .

The training templates are 40 pixels high and 36 pixels wide. The training images

are not centered on the eye, but rather at an offset so that it also encompassed the

other parts of the face including the nose and the mouth. It is usually difficult to

recognise an eye using low quality images if the template consists of nothing but

the eye. Here we utilise information from the whole face to locate the eye. This

increased robustness to eye-glasses, occlusions over the eyes, direction of stare, pose

and eyelids that are partially or fully closed. Training images for the left eye are

extracted with the coordinate (9, 9) centered on the eye. The coordinate (9, 27) is

centered on the right eye.

Experiments are carried out using the XM2VTS face database [MMK+99, MHJ+00].

It consisted of a total of 2360 face images obtained from 295 people. Eight face

samples from each person are taken over four different sessions with two samples

recorded per session. The Lausanne Protocol [MHJ+00] describes a standard par-

titioning of the database to evaluate access control systems. The database is par-

titioned into client training data, client evaluation data, client test data, impostor

evaluation data and impostor test data. Two configurations are specified. For train-

ing we use the client training data from protocol Configuration I, consisting of 600

images from 200 clients from three different sessions. Eye locations are manually

labelled in all 2360 faces, which are then used in training to obtain the positive

class samples and used during testing to evaluate system performance.

The face images are 576 pixels high and 720 pixels wide in 16 million colors, which
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are converted to grayscales prior to further processing. Although the images used

are of very high quality, resolution reduction is performed because the system itself

operates on low resolution images as described above. Therefore, the system is also

operable on lower quality input images.

To increase invariance to planar rotations and scaling, additional positive training

templates are created by rotating and scaling each training image around each

eye. The scale factors used are {0.15, 0.1625, 0.175, 0.1875} and the rotation angles

used are {−12, 6, 0, 6, 12} in degrees. Some training images had faces with inherent

planar rotations due to different poses. These are corrected before performing our

own rotations. The number of negative training samples are similarly increased by

scaling and rotating the original negative samples. This gives an initial set of 12000

positive and 12000 negative training samples. Extra negative samples are added

by the bootstrapping method where incorrect classifications using the training data

are extracted, appended to the training database and the SVMs re-trained. This

gives a total of 24806 training samples for the left eye SVM and 24895 for the right

eye SVM.

Testing is carried out using the XM2VTS database samples that are not part of the

client training data. There are 1760 test images and prior to processing they are

down-sized by the system to “RESIZE IMAGE 1” and “RESIZE IMAGE 2” and

converted to grayscales. Down-sizing is done by averaging, thus interlacing effects

such as blurring due fast motion are preserved. This tests the system on blurred

images.

2.4.4 Experiments

This sub-section describes the performance of the eye detection system based on the

following configurations, each one stating the kernel and their training parameter(s):

1. (La) Linear, C = 1;
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2. (Lb) Linear, C = 5;

3. (Lc) Linear, C = 10;

4. (Pa) Inhomogeneous Polynomial, d = 2, c = 1, C = 0.1;

5. (Pb) Inhomogeneous Polynomial, d = 4, c = 1, C = 0.25;

6. (Pc) Inhomogeneous Polynomial, d = 3, c = 3, C = 1;

7. (Ra) Radial Basis Function, γ = 0.1, C = 1;

8. (Rb) Radial Basis Function, γ = 1, C = 1; and

9. (Rc) Radial Basis Function, γ = 1, C = 5.

The regularisation constant C, obtained experimentally, determines the trade-off

between classifier capacity and the number of training errors. Eye detection results

using the XM2VTS face database are shown in Tables 2.3 and 2.4. The top half

of Table 2.3 shows the left eye detection results and the right eye detection results

are in the bottom half. The distance in pixels from the automatically detected eye

position to the correct (manually located) position is shown in the second left-most

column. We refer to this as the Eye Pixel Distance (EPD), and the corresponding

percentage of the average left-to-right eye pixel distance is also shown in the table

in brackets. The average left-to-right eye distance is approximately 37 pixels. Each

table entry represents the percentage of test samples having automatically detected

eye locations that are at or less than the corresponding EPD. The best results from

each classifier class have their columns highlighted, namely columns Lb, Pb and Rb.

The rows corresponding to an EPD of 7 (19.0 %) are also highlighted. For the

purposes of evaluating the system’s performance we subjectively choose this as the

maximum distance from the correct eye position that an automatically determined

eye location can be deemed correct. Some experimental results satisfying this cri-

teria are shown in Figure 2.6, which also demonstrate the system’s robustness to

eyeglasses, reflections off eyeglasses, facial hair, partial occlusions due to mainly

to hair, pose and lower quality images due to fast motion in an interlaced video
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format. Examples considered as incorrect detections are shown in Figure 2.7. The

images in both figures are results from using the Rb configuration.
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Eye
Pixel

Distance La Lb Lc Pa Pb Pc Ra Rb Rc

1 (2.7 %) 30.0 31.1 29.4 26.4 33.5 28.9 25.3 29.2 28.9
2 (5.4 %) 56.9 58.1 56.1 52.1 63.2 55.2 49.4 56.1 55.2
3 (8.1 %) 80.6 80.2 78.6 75.9 84.7 76.8 73.4 79.3 78.2

Left 4 (10.8 %) 90.7 89.6 87.8 86.8 92.0 85.2 84.9 90.3 87.8
Eye 5 (13.6 %) 95.3 95.5 94.6 92.6 95.8 91.7 91.6 96.9 94.6

6 (16.3 %) 96.6 96.7 96.2 93.8 96.9 93.5 93.2 97.8 96.3
7 (19.0 %) 97.0 97.4 97.2 94.9 97.5 95.2 94.4 98.1 97.0
8 (21.7 %) 97.4 97.7 97.6 95.6 98.0 95.7 95.3 98.4 97.3
9 (24.4 %) 97.6 97.7 97.6 96.1 98.0 96.0 96.0 98.4 97.3
1 (2.7 %) 26.1 26.1 24.6 21.6 28.5 23.3 20.3 26.9 24.3
2 (5.4 %) 56.4 56.6 54.8 48.1 58.8 52.7 46.0 56.6 52.3
3 (8.1 %) 81.8 81.8 80.3 74.7 83.0 78.8 73.1 80.9 77.4

Right 4 (10.8 %) 92.5 92.9 91.2 86.6 93.1 89.5 85.2 92.0 89.0
Eye 5 (13.6 %) 95.5 95.9 94.8 92.4 96.0 92.9 91.4 95.8 93.6

6 (16.3 %) 96.5 96.6 95.9 94.0 96.8 94.2 93.2 96.8 95.2
7 (19.0 %) 97.0 97.1 96.7 94.9 97.2 94.9 94.4 97.4 96.3
8 (21.7 %) 97.6 97.7 97.3 95.7 97.8 95.4 95.3 98.1 96.6
9 (24.4 %) 98.0 97.7 97.3 96.6 97.9 95.6 96.4 98.2 96.8

Table 2.3: Individual eye detection results, where the top-half shows the left eye
detection results and the bottom-half shows the right eye detection results. Each
table entry represents the percentage of test samples having automatically detected
eye locations that are at, or less than, the corresponding Eye Pixel Distance (EPD).
The EPD is the distance of an automatically detected eye location to the known
correct eye position. The row with an EPD of 7 is the subjective upper limit in which
a detected location is considered as correct. The columns of the best performing
configuration in each class are highlighted. La to Lc are linear kernels, Pa to Pc are
inhomogeneous polynomial kernels and Ra to Rc are radial basis function kernels.
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The systems that failed to detect either or both eyes in some test images are those

with configurations Lb(1), Lc(1), Pc(11), Rb(1) and Rc(3), where the number in the

brackets is the number of undetected samples out of the total of 1760 test samples.

The other configurations La, Pa, Pb and Ra had detection results for all test samples.

The results in Table 2.3 reveal that the system running with configuration Pb using

the inhomogeneous polynomial kernel consistently outperformed those based on

the linear kernel. The radial basis function kernel configuration Rb only performed

better than those based on the linear and inhomogeneous polynomial kernels for

larger EPDs. In general, final configuration selection will depend on the required

system specifications. If the requirement is for a system that performs well at 7 EPD

or less then it would be advisable to use configuration Rb, which has an accuracy

of 98.1 % in detecting the left eye and 97.4 % in detecting the right eye. However,

if the requirement is for a system that performs well in locating eye positions up

to 2 EPD accuracy then configuration Pb gives the best performance at 63.2 % for

the left eye and 58.8 % for the right eye. Although the left and right eye detectors

could be based on different configurations, the best results coincide with the use of

the same configurations. The results indicate that the right eye detector does not

perform as well as the left eye detector. This is likely to be due to the asymmetry in

the training data and the use of different negative class samples for each detector.

Where Table 2.3 shows the results for each individual eye, Table 2.4 shows the

ability of the system in locating both eyes within a specified range. The table

comprises three square matrices. The top matrix belongs to Lb, followed by Pb and

Rb. The left eye EPD increases down each column and the right eye EPD increases

across each row. Each entry in the table represents the percentage of test samples

that had the left and right eyes detected at, or less than, the corresponding EPDs.

At the subjectively determined maximum acceptable distance of 7 EPD for both

the left and right eyes, configuration Rb performed best at a 96.9 % detection rate.

Our results are comparable to those in the literature [SB02], where they report a

99.0 % detection rate for each eye and a 97.4 % rate for the successful detection
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Eye Pixel Distance 1 2 3 4 5 6 7 8 9
1 10.9 20.5 27.9 30.5 30.7 30.7 30.7 30.9 30.9
2 17.9 37.3 51.9 56.3 57.1 57.2 57.3 57.6 57.6
3 22.8 48.6 69.3 76.7 78.6 78.9 79.1 79.5 79.5
4 24.8 52.7 75.9 85.2 87.7 88.2 88.5 88.9 88.9

Lb 5 25.9 55.7 79.7 90.5 93.2 93.9 94.2 94.7 94.7
6 26.0 56.1 80.7 91.5 94.4 95.1 95.4 96.0 96.0
7 26.1 56.2 81.1 92.2 95.1 95.7 96.1 96.6 96.6
8 26.1 56.4 81.4 92.4 95.3 96.0 96.4 96.9 96.9
9 26.1 56.4 81.4 92.4 95.3 96.0 96.4 97.0 97.0
1 12.8 23.6 30.1 32.5 32.9 33.0 33.0 33.1 33.1
2 21.4 41.8 56.0 61.0 62.0 62.2 62.3 62.5 62.5
3 26.4 53.2 73.4 81.1 82.8 83.3 83.5 83.9 83.9
4 27.5 56.3 78.4 87.6 89.8 90.5 90.7 91.2 91.3

Pb 5 28.2 58.0 81.0 90.8 93.4 94.1 94.4 94.9 95.0
6 28.4 58.3 81.7 91.8 94.5 95.3 95.6 96.1 96.1
7 28.4 58.3 82.2 92.3 95.0 95.8 96.1 96.6 96.7
8 28.4 58.5 82.5 92.6 95.4 96.2 96.5 97.1 97.2
9 28.4 58.5 82.6 92.7 95.5 96.3 96.6 97.2 97.2
1 10.7 20.2 25.9 28.1 28.6 28.8 28.9 28.9 28.9
2 18.1 36.3 48.8 53.7 54.9 55.3 55.5 55.6 55.6
3 23.7 48.3 67.4 75.1 77.4 78.0 78.3 78.7 78.8
4 25.3 53.0 74.9 84.9 88.0 88.6 89.1 89.5 89.7

Rb 5 26.8 56.2 79.5 90.6 94.1 95.1 95.7 96.1 96.3
6 26.9 56.5 80.3 91.4 95.1 96.0 96.6 97.0 97.2
7 26.9 56.5 80.5 91.6 95.2 96.3 96.9 97.3 97.4
8 26.9 56.5 80.6 91.8 95.5 96.5 97.1 97.6 97.7
9 26.9 56.5 80.7 91.8 95.5 96.5 97.2 97.7 97.8

Table 2.4: Three square matrices of detection percentages, left eye EPD increases
down the columns, and right eye EPD increases across the rows. Each table entry
represents the percentage of samples that have their left and right eye EPDs at, or
lower than, the EPD value indicated by the corresponding row and column. The
EPD is the distance of an automatically detected eye location to the known correct
eye position. Lb is a linear, Pb is an inhomogeneous polynomial and Rb is a radial
basis function kernel.
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Figure 2.6: Results considered as good detections where both eyes are less than or
equal to seven pixels away from the correct position. The top-left corner of each
image displays the distances of the left and right eyes from the correct position,
where the first number corresponds to the left eye and the second to the right eye.
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Figure 2.7: Results considered as bad detections where either or both eyes are
greater than seven pixels away from the correct position. The top-left corner of
each image displays the distances of the left and right eyes from the correct position,
where the first number corresponds to the left eye and the second to the right eye.
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of both eyes and mouth using the XM2VTS database. Some differences limit the

extent in which the systems can be directly compared. In particular, they use

images from the M2VTS database for training, unspecified extra test images are

used and detection performance is evaluated by visual inspection without a specific

definition of what constitutes a correct or incorrect detection.

Our results can be improved by using multiple vectors to represent the η-prototype,

instead of using just one vector. The appropriate simplified decision function rep-

resentation is just a simple extension of the one vector case. It is likely that the

optimisation method for finding the multiple vectors will be in an incremental fash-

ion. And the optimal coefficients for each vector will most likely be calculated at

each incremental step. In addition, the generation of the eye map will need to be

modified to incorporate the use of multiple vectors for the η-prototype. Further

investigation and implementation of this technique is left for future work.

The average processing times to detect both eyes using the best configurations for

each kernel type are Lb (39 ms, 25 fps), Pb (68 ms, 15 fps) and Rb (110ms, 9

fps), where the rough equivalent in frames per second is indicated with the unit

fps. The processing hardware consists of an AMD Athlon XP 2000+ based PC

with 1 Gigabyte of DDR-RAM. Software code runs on the Windows XP operating

system and is written in C++ and compiled with the Intel C++ 6.0 Compiler with

optimisation for speed. Training of the SVMs are done using LIBSVM (available

at http://www.csie.ntu.edu.tw/ cjlin/libsvm/), which has the training times of Lb

(7010 s), Pb (9361 s) and Rb (13079 s) for the left eye, and Lb (7140 s), Pb (9398 s)

and Rb (12753 s) for the right eye. For non-linear kernel configurations, the times

required for prototype generation are Pb (751 s) and Rb (3011 s) for the left eye,

and Pb (807 s) and Rb (2785 s) for the right eye. The FFTs are performed using

the FFTW package (available at http://www.fftw.org/).
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2.5 Conclusions

We demonstrate how Support Vector Machines can be combined in a novel way with

the Fast Fourier Transform to achieve efficient exhaustive searching of an input im-

age for human eyes. This requires the use of simplified decision functions, which

are easily obtainable for the linear kernel. However, for non-linear kernels we intro-

duce the concept of η and ρ-prototypes to obtain approximate simplified decision

functions, which may be kernel dependent. We show how they can be calculated

for the inhomogeneous polynomial and radial basis function kernels. Experiment

results demonstrate that our method produces better approximations of the original

decision function compared to those obtained using reduced set methods where an

equivalent number of vectors are used.

Support Vector Machines are trained in the usual way to detect the left and right

eyes in a template-based approach. The training images encompass the relevant

eye and also other parts of the face to obtain more robustness to factors that may

change the appearance of the eye. The trained Support Vector Machines are then

modified according to the kernel type and used with the Fast Fourier Transform

to generate maps of possible eye locations. The maps are analysed and the most

likely left and right eye locations extracted. In experiments using the XM2VTS

face database our system successfully detects both left and right eyes in 96.9 % of

all test samples. The same system successfully detects 98.1 % of all left eyes and

97.4 % of all right eyes. These results are achieved using the radial basis function

kernel. The linear kernel based system has the fastest processing time, followed

by the inhomogeneous polynomial kernel and the radial basis function kernel. All

of them operate in real-time, ranging from 39 ms to 110 ms to process one image

frame, which is roughly equivalent to 25 and 9 frames per second respectively.

The reduction of the number of support vectors in Support Vector Machines is very

important in fast pattern classification. For example, Burges [Bur96] uses reduced

set vectors for handwritten digit classification. A list of the number of reduced

set vectors used for each digit is shown in Table 2.5. Our proposed method can
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Digit No. Support Vectors No. Reduced Set Vectors
0 292 10
1 95 6
2 415 22
3 403 14
4 375 14
5 421 18
6 261 12
7 228 10
8 446 24
9 330 20

Table 2.5: The number of support vectors and the corresponding number of reduced
set vectors used for NIST handwritten digit classification. Using the indicated num-
ber of reduced set vectors achieves a classification performance that is approximately
equivalent to that obtained using the original support vectors. Data obtained from
Burges [Bur96].

potentially outperform the reduced set method for the handwritten digit test. This

investigation is left for future work.



Chapter 3

Fractal Neighbour Distance

3.1 Introduction

It is well known that humans have the ability to recognise objects with relative ease

and speed. However, it is also true that producing an automatic system capable

of performing this task with accuracy comparable to that of humans is extremely

difficult. The exact processes in the brain required for recognition of visual sensory

signals still remain largely unknown due to the brain’s complexity and the diffi-

culty in obtaining accurate measurements. Therefore, biologically inspired artificial

recognition systems are usually limited in mimicking the visual tasks that we hu-

mans perform effortlessly. On the other hand, we can approach the problem from

the point of view of the object to be recognised, detached from the biological model

of the brain.

One of the most widely accepted algorithms for human face recognition is the eigen-

face method [GA97, KS90, Pen84, TP91a, TP91b]. This method is based on princi-

pal components analysis. One of its main advantages is the dimensionality reduction

that enables recognition to be performed rapidly. However, one of its serious draw-

backs is its dependence on translation and illumination, which is predominant in

the first three principal components. Discarding those components can yield better

82
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recognition rates [BHK97], but they may contain critical feature information on

some databases, thus resulting in a degraded performance. Another method known

as linear discriminant analysis (LDA) [EC97] performs better than eigenfaces, which

also uses eigenvector analysis, but on scatter matrices.

Rigid templates have also been used for object recognition [BP92, BP93]. In gen-

eral, this method involves the correlation of a rigid template with an unknown input

image. A metric is defined and the rigid model template that minimises this metric

is taken as the best match. One of the major drawbacks of this method is the

inability of the rigid template to account for non-linear distortions of the image of

the object. These may be due to the object’s orientation in three-dimensional

space or changes within the object itself, such as different human face expres-

sions. Deformable templates/graphs have been proposed to overcome these limita-

tions [BLM90, LVB+93, SW91, Yui91]. Classification is performed by minimising

a heuristic cost/energy function associated with the amount of model distortions

between the unknown input image and the ones in the database. Deformable tem-

plates/graphs can be computationally expensive and is limited in performance by

the accuracy of the model.

Artificial neural networks have also been proposed [LGTB97, ZYL97], but they

suffer from several drawbacks, including the need to retrain the whole network

whenever samples are added or removed from the database. There are also con-

vergence problems associated with having large networks, which is often required

when databases become large.

The recognition ability of systems based on normalised anthropometric feature ra-

tios [BP92, BP93, Kan77] and analytic and holistic approaches [LY98] depend on

the ability to detect features and to model them reliably, and the relevancy of those

features in defining that object uniquely. The combination of these factors limits

the performance of these systems.

On analysing natural objects, such as coastlines, rock formations and clouds, many

exhibit self-similar properties [Man82]. Self-similar properties refer to features that
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are similar under different scales of magnification. Such objects are called fractals

[Man82]. Images of fractals can be described by a set of non-linear transformations.

This notion can be extended to objects that are not truly fractal in nature. In fact,

all objects contain some degree of self-similarity within their constituent parts. This

idea is utilised in the Collage Theorem [Bar93], which enables us to find non-linear

transformations that approximate any given image. This process is referred to as

fractal image coding [Bar93, BH93, BJ88, BS88, Jac93, Jac90, Jac94, Jac92]. The

set of transformations approximating a given image is referred to as the fractal code

of that image. By minimising the number of bits required to represent the fractal

code, fractal image compression is achieved [BH93, BS88, Fis95a, Fis92, Jac90]. We

propose that due to the self-similarity in the transformations, fractal image coding

can be naturally adapted for recognition. This process centers on the measurement

of the input-output characteristics of a fractal transformation. This method is

implemented to perform human face recognition.

The work here was inspired by the material published by a number of researchers

[KHS97, NC96, NCC96], but the ideas published in [KHS00] was developed inde-

pendently. The general approach is based on the Euclidean metric and the unique-

ness of the attractor of a fractal code. Here we extend the work by Neil et al.

[NC96, NCC96] to include grayscale images and we investigate the effects of vary-

ing the contractivity factor and using different encoding schemes. In our method, an

unknown image is modified with the fractal code of a known object. The difference

between the unknown image before and after the modification is then determined

using the Euclidean distance measure. This results in a new distance measure that

we will refer to as the Fractal Neighbour Distance (FND). Recognition of an un-

known image is achieved by selecting the entry from a database of fractal codes

that minimises this distance. The performance of this new classifier is compared

to algorithms based on the nearest neighbour classifier and the eigenface method

under the same experimental conditions. Comparisons with other algorithms is also

shown using results quoted from the literature. The use of fractal image coding for

recognition is similar to that used by Kouzani et al. [KHS00], which was developed
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independently. The difference between our work and that in the literature is that

we will demonstrate that this new method is inherently invariant, to a given ex-

tent, to translations, rotations, scaling and illumination differences. Without extra

effort, the method is invariant through the properties of the transformations that

constitute the fractal code.

Section 3.4 describes the method of using fractal image coding for object recognition.

Throughout this chapter, when we refer to “recognition” we are in fact referring to

the more specific problem of identification. Section 3.5 presents the experiments we

have conducted along with the results. This is followed by some discussion.

3.2 Fractals

Fractals are mathematical sets that exhibit self-similarity under all scales of magnifi-

cation [Bar93, Man82]. Figure 3.1 shows an example of the construction of a fractal

object, formally known as the Sierpinski Triangle. This fractal code is represented

by three contractive affine transformations of itself. Each of the three transforma-

tions places reduced-by-half copies of the whole at three different positions. The

results of applying this code to a black input image is shown in Figure 3.1(a).

On continued application of the transformations to each successive resultant im-

age an approximation to the attractor is reached (Figure 3.1(d)), which remains

approximately the same with further iterations. The attractor of a fractal code is

invariant to further applications of the code. The true attractor (the fractal object)

is reached only after an infinite number of iterations, but usually a good approxi-

mation is available after several iterations. It must be noted that the attractor is

not dependent in any way on the initial image used. Figure 3.1(e)-(i) illustrates

this property. The attractor is unique for a given set of transformations that con-

stitute the fractal code. Moreover, these transformations must be contractive for

the iteration process to converge to the attractor. This condition is fulfilled if those

transformations, represented by f , constitute a contraction mapping in a metric
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space (X, d) satisfying:

d(f(x), f(y)) ≤ sd(x,y), (3.1)

where s < 1 and x,y ∈ X. X is the set of images, s is called the contractivity

factor of f , and d is a distance measure such as the Euclidean distance. Repeated

application of f to any element x results in the unique attractor A = f(A). The

rates at which x approaches A increases as the contractivity factor s approaches

zero and decreases as s approaches one.

3.3 Fractal Image Coding

3.3.1 Background

In general, it is almost impossible to find an optimal fractal code for any arbi-

trary image, except for a subclass of images that are genuine fractal objects in

the mathematical sense [Man82]. In fact, this problem is found to belong to

a class of problems that are NP-hard [RH97], which are not yet known to be

solvable in polynomial time. However, Barnsley [Bar93, BH93, BJ88, BS88] pro-

poses a technique of approximating the fractal code of an arbitrary image that

gives satisfactory results, though it is still not an approximating algorithm for

this fractal coding optimisation problem [RH97]. Fractal image coding based

on the iterated function system was first proposed by Barnsley and Jacquin

[Bar93, BH93, BJ88, BS88, Jac93, Jac90, Jac94, Jac92]. This coding scheme has

since been successfully used to compress images [Bar93, BH93, BJ88, BS88, Fis95a,

Fis92, Jac93, Jac90, Jac94, Jac92, PY95, PY97, Vrs95]. It has also been used for

image segmentation [PMST94] and target recognition. The process involves the en-

coding of images in terms of block affine transformations in a manner that resembles

vector quantisation [RG86]. One of the main differences between vector quantisa-

tion and fractal image coding is that the latter derives the codebook from the image

being encoded, rather than from separate training images. Fractal image coding
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.1: The iterative process that generates the Sierpinski Triangle fractal. It
also shows the uniqueness of the attractor and its independence from the initial
image: (a) the first iteration using the Sierpinski Triangle transformations with a
black input image; (b) second iteration; (c) fifth iteration; (d) tenth iteration (this
is an approximation of the attractor); (e) using a flower as an initial image; (f) first
iteration of the flower; (g) second iteration of the flower; (h) fifth iteration of the
flower; (i) tenth iteration of the flower (this is an approximation of the attractor).
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exploits the self-similarity in subsets of an image to obtain sets of contractive trans-

formations, the union of which reproduces an approximation of the original image

that improves with further iterations of those transformations. This technique is

grounded on the Collage Theorem [Bar93], which involves a search for self-similar

sub-regions within the original image.

3.3.2 Basic Concepts

In fractal image coding an arbitrary image is encoded into a set of equations. These

equations are usually affine transformations that transform a sub-image, called a

domain block, into another sub-image, called a range block. An image is divided

into non-overlapping range blocks, and a search for a best matching domain block is

performed for each range block. Domain blocks are usually larger than range blocks,

and are similar to one another under an affine transformation. Examples of these

transformations, collectively referred to as a fractal code, are shown in Figure 3.2.

The mapping from a domain to range block involves decimating the domain block

to the size of the range block, multiplying each element in the resulting matrix by

a constant contrast scaling factor α, and an addition of another factor, γ. The

location of the domain block and the choices of α and γ are made such that the

resulting block approximates the range block as closely as possible under practical

constraints, such as the imposition of a maximum allowable search time. The

factors α and γ can be calculated by equalising the dynamic range and mean value

between the domain and range blocks. Applying these transformations collectively

and repeatedly results in closer approximations to the original image.
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Figure 3.2: Example of the matching process of the domain block to the range block
when determining the transformations that constitute a fractal code.

3.3.3 Notations

We let τ =
⋃N

n=1 τn where N is the total number of contractive sub-transformations

τn, that map a domain block to an approximated-range block. Non-approximated-

range blocks are those that are obtained from the original image itself. As a conven-

tion, we refer to non-approximated-range blocks as just range blocks. Both types

of range blocks have the same shape and location on the original image, but the

approximated type is derived from the mapping from domain blocks and the other

comes directly from the original image.

Iteration of the overall transformation τ , regenerates an approximation to the orig-

inal image. The transformations τn considered in this chapter are based on deci-

mation, contrast scaling and illuminance shifting of the domain blocks as described

by

τn(pi) = αn(Dn,rp
(nD)
i ) + γn. (3.2)
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Range block

Figure 3.3: Uniform image partitioning. Domain block dimensions are twice as
large as range block dimensions. The range blocks are also ordered row-wise. Each
range block has size Bi by Bj. There are Idw number of horizontal range blocks,
and Idh number of vertical range blocks.

The nth transformation τn operates on a domain block of the input image pi. The

domain block used by the nth transformation is denoted as p
(nD)
i . A decimation by

factor r filter, denoted as Dn,r, is followed by contrast scaling αn, and an illuminance

shift γn. In our implementation, the domain and range blocks are square sub-

images of pi. Furthermore, the range sub-images are non-overlapping, so that

τn(pi)
⋂

τm(pi) = ∅, for m 6= n. During encoding the best approximated-range

block is found for each range block by searching and transforming from a pool

of domain blocks. Figure 3.3 illustrates the partitioning of an image into non-

overlapping range blocks with some possible domain blocks shown. The figure also

shows that domain blocks consist of sub-blocks that have the same size and position

as range blocks.
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3.3.4 Implementation

The following assumptions apply in the implementation of our fractal encoder:

i. The range blocks are square non-overlapping uniform blocks of size 4 by 4

pixels. For generality, let Bi be the height and Bj be the width. Other block

sizes were also experimented with, and for the image sizes used the 4 by 4

block gives the best recognition results.

ii. The height and width of the domain blocks are twice as large as the height

and width of the range blocks.

iii. The domain blocks overlap by half in the vertical and horizontal directions.

Having overlapping domain blocks increases encoding accuracy as the proba-

bility of locating the optimal domain block that matches a given range block

increases [Jac93, Jac94, Jac92].

iv. The mapping of domain blocks to approximated-range blocks are affine trans-

formations described by Equation (3.2). Isometric transformations such as re-

flections and rotations of the domain block are not used, reducing the amount

of searching required.

v. The Euclidean norm is used for distance measures. In this case the distance

between any two given images, say p and q with height Ih and width Iw, is

defined as the root mean square (RMS) difference between those images:

d(p,q) = ‖p− q‖2 =

√√√√
Ih∑

k=0

Iw∑

l=0

(p(k,l) − q(k,l))2. (3.3)

vi. There are no search restrictions on the domain pool. All possible domain

blocks are searched for the one that minimises d(p
(nR)
i , τn(pi)), where p

(nR)
i

denotes the nth range block in the image pi.

vii. The value of αn for the nth domain to approximate-range block transformation

is fixed to a constant value α. This is imposed to aid the calculation of s.
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viii. The value of γn is determined by the following equation:

γn =
1

Bi ×Bj




Bi∑

i=1

Bj∑

j=1

p(nR)(i, j)− α
Bi∑

i=1

Bj∑

j=1

(Dn,rp
(nD))(i, j)


 . (3.4)

The value α is the contrast scaling factor that modifies the dynamic range of

the transformed domain block, and γn adjusts the mean of the transformed

domain block so that it is the same as the range block. This scheme is similar

to the one used by Jacquin [Jac93, Jac90, Jac94, Jac92] with the exception

that isometries are not considered as noted in assumption (iv) above.

3.3.5 Contractivity Factor

The contractivity factor s is an important element in the FND as it ensures fractal

code convergence and influences recognition rates. In this chapter we establish a

relationship between the contractivity factor and the recognition rate. This rela-

tionship, along with the effects of other factors, is further investigated in the next

chapter. The contractivity factor has a lower bound of zero as described above.

The rate of convergence of a code is determined only by the upper bound of s. If

the absolute value of s is less than one, convergence is guaranteed. Otherwise, the

decoding process has the possibility of diverging, where the magnitudes of some

values operated on by the fractal code increases without bound as the number of

iterations increases. In this case, the ensuing resultant image of decoding does

not eventually converge to a stable attractor. Therefore, by controlling this upper

bound we can manage the properties of the fractal code. Here we use the simplified

version of Theorem 4.1, which is described in Chapter 4 for the calculation of s. In

this chapter we only use the result. The proof and explanations for the theorem are

given in Chapter 4. The simplified calculation of the contractivity factor is

s ≤
√

tα2

r
, (3.5)
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where t is the maximum number of times any sub-domain block is used, α is the

fixed contrast scaling factor for all transformations, and r is the decimation factor.

Domain sub-blocks have the same size and position as the range blocks, as shown

in Figure 3.3. The value of t is set to six, because it was discovered experimentally

that this value gave the best tradeoff between encoding accuracy and the approx-

imation accuracy of s. The value of r is set to four for decimation by two in the

horizontal and vertical directions. The simplicity of Equation (3.5) is made possible

by assumption (vii) above, where all domain to range block transformations assume

a constant contrast scaling factor of α.

3.4 Recognition Using the Fractal Neighbour

Distance

3.4.1 The Fractal Neighbour Distance

The problem of object recognition can be stated as: for a database of known objects,

assign an unknown object to one of the objects in the database. In this section, the

fractal neighbour distance implemented as a classifier for the problem of human face

recognition is described. In particular, we will focus on identification, as opposed to

verification, which is a different problem [RPM98]. In identification, the identity of

an unknown input image is gauged based on a database of known individuals. An

error rate can then be defined as FERR/FN , where FERR is the number of incorrect

matches, and FN is the total number of unknown input images used, assuming

those images have their identity in the database. This is in contrast to verification

where the input is an unknown image with a claimed identity. The input image

is then accepted or rejected by the algorithm based on that identity and a pre-set

threshold. Some identification systems also incorporate an accept/reject feature,

but this is not considered here for simplicity.

The FND gives a quantitative measure of the input-output characteristics of the
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fractal code of an encoded image. The classification system based on the FND is

illustrated in Figure 3.4. The FND is defined as

dFN(xj,pi) ≡ d(fj(pi),pi), (3.6)

where fj is the jth code in a database of fractal codes with an attractor that is an

approximation of the training image xj, fj(pi) is the first iteration of the jth code

with pi as the input image. The FND is in fact not a true metric because it does

not satisfy the symmetry condition. It is possible to redefine the FND such that it

is symmetric by, for example, defining it as d(fj(pi),pi) + d(fpi
(xj),xj). However,

in preliminary experiments this was found to give inferior results. Therefore, we

settle for the definition of the FND shown in Equation (3.6). Next, we establish

a relationship between the FND and the contractivity factor. The metric d in

Equation (3.1) satisfies the following properies:

(i). d(x,y) = 0 iff x = y,

(ii). d(x,y) = d(y,x), and

(iii). d(x,y) + d(y, z) ≥ d(x, z) for any x,y, z in the metric space.

Let f be a mapping in the metric space (X, d). Then f is called a contraction

mapping if there exists a constant s < 1 such that for all x,y ∈ X Equation (3.1)

is satisfied. From the triangle inequality (iii) we can write

d(pi, f
n
j (pi)) ≤ d(pi, fj(pi)) + d(fj(pi), f

2
j (pi)) + . . . + d(f

(n−1)
j (pi), f

n
j (pi)) (3.7)

where pi is the ith input face image, and fn
j is the jth fractal code in the database

applied n times. It can then be shown that

d(pi, f
n
j (pi)) ≤ 1− sn

1− s
d(pi, fj(pi)). (3.8)

Using the triangle inequality we can also show that

d(fj(pi),pi) ≤ (s + 1)d(pi, f
n
j (pi)) + sd(fn

j (pi), f
n−1
j (pi)). (3.9)
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Combining Equations (3.8) and (3.9) we obtain the following expression,

1− s

1− sn
d(pi, f

n
j (pi)) ≤ d(pi, fj(pi)) ≤ (s + 1)d(pi, f

n
j (pi)) + sd(fn−1

j (pi), f
n
j (pi))

(3.10)

Now, in the limit as the number of iterations n approach infinity we obtain the

following expression,

lim
n→∞

(
1− s

1− sn

)
≤ lim

n→∞
d(pi, fj(pi))

d(pi, fn
j (pi))

≤ lim
n→∞(1 + s) + lim

n→∞

(
sd(fn−1

j (pi), f
n
j (pi))

d(pi, fn
j (pi))

)
.

(3.11)

Note the following property,

d(fm
j (pi), f

n
j (pi)) ≤ sm∧nd

(
f

m−(m∧n)
j (pi), f

n−(m∧n)
j (pi)

)
(3.12)

where |s| < 1 and ∧ represent the minimum operator. Combining this property

with Equation (3.11) we derive

1− s ≤ d(fj(pi),pi)

d(pi, p̃j)
≤ 1 + s, (3.13)

where p̃j is the attractor of the fractal code fj. We observe from Equation (3.13)

that the FND d(fj(pi),pi) is bounded by a function of the contractivity factor s.

Combining Equations (3.5) and (3.13) gives,

1−
√

tα2

r
≤ d(fj(pi),pi)

d(pi, p̃j)
≤ 1 +

√
tα2

r
. (3.14)

Interestingly, in the limit as s, or α, approaches zero the FND classifier approxi-

mately becomes the nearest neighbour classifier depending on the approximation

accuracy of p̃j to pj. This can be observed in Equation (3.15) by applying the

Squeeze Law in calculus to Equation (3.13)

lim
s→0

d(fj(pi),pi) = d(p̃j,pi) = d(pi, p̃j) ≈ d(pi,pj). (3.15)

The choice of encoding scheme also affects the recognition rate, because it affects

the way features are represented in the transformations.
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Figure 3.4: Block diagram of the Fractal Neighbour Distance based object recog-
nition system, implemented for face recognition. The input image is decoded with
each fractal code in the database. The fractal code that minimises the difference
between the input image and the resultant image after one iteration of decoding is
taken as the best match.

3.4.2 Invariance

The fundamental mechanism behind this recognition scheme lies in the uniqueness of

the attractor of a fractal code. The FND calculates the distance between the input

image and the result after applying one iteration of the fractal code approximating

the reference image. If the input to the fractal code is close to the attractor of

the code, then the FND will be small compared to an input that is further away

from the attractor. It is obvious that if the input image is close to the attractor

of the fractal code, then the result of one iteration will have little effect on the

input image, and thus the FND value will be small. Of interest is when the input

image is far from the attractor in the Euclidean sense, but still belongs to the same

object class represented by the reference image. This occurs when the input is a

distorted version of the reference. The FND has built-in compensation for some

of these distortions, and this is due to the way self-similar regions are modelled by

the fractal code. There is some invariance to rotations, scaling, translations, and

illumination. Invariance to illumination occurs as a result of the FND measuring

the distance between the input image and the resultant image after one decoding

process. A fractal code with a large contractivity factor implies that the decoding
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Figure 3.5: The invariance of a self-similar transformation for a line segment. All
line segments between OX and OY passing through O have parts of it represented
correctly by the self-similar domain to range transformation.

process will take longer to converge. This in turn implies that the resultant image

after one decoding process will exhibit more similarities to the input image in terms

of illumination levels. This renders the resultant image less sensitive to the actual

illumination level in the attractor of the fractal code used to generate it, and more

towards the illumination level of the input image. This effect can be described as a

sort of automatic illumination adaptation to the input image.

We shall consider fractal codes consisting of affine transformations where the domain

and range regions are square blocks with a decimation factor of two. The illustration

in Figure 3.5 shows a domain to range block transformation. From the fractal

encoding process we are ensured that the range block is a geometrically scaled,

contrast and illumination adjusted version of the domain block - this transformation

is self-similar. For this transformation to be invariant when the image underneath

is distorted we require that transformation still be self-similar. Consider any line

segment passing through O and lying between line segments OX and OY , the range

block is a scaled version of the domain block. For this reason that particular domain

to range transformation represents a self-similarity in all line segments through O

within a range of angles given by θ. This argument can be extended to other shapes

apart from line segments. That domain to range transformation has represented a
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feature in an object that is invariant to rotations, translations and scaling as long

as the combination of those distortions result in a new shape that is within the

extent of the line segments OX and OY in the manner just described. This type

of invariance can also apply to an object of arbitrary shape, as described below. It

can be shown that the extent of line segment invariance as a function of θ can be

expressed by the following equation:

cos θ = 1− 1

2(T − 1)2

R2
x + R2

y

d2
RD

(3.16)

where Rx and Ry are the range block width and height respectively, dRD is the

Euclidean distance from the range block to the domain block, and T is the size

ratio of the domain block to the range block. We see that the maximum extent is

achieved when the range block sits at the center of the domain block, but this does

not always produce the best domain to range block mapping with the maximum

similarity between the two blocks.

The invariance just described occurs when the limit of the distortions are within the

extent of a range block. However, it is also applicable to larger distortions as long

as those distortions have pushed a self-similar region into the extent of the domain

and range blocks.

For an object of arbitrary shape, Figure 3.6 illustrates the invariance to image dis-

tortions due to translation, rotation and scaling, or feature changes because of plas-

tic deformations of the original object. Figure 3.6(a) shows the image of a curve

before distortions with one domain to approximated-range block transformation.

Note that the domain block is similar to the approximated-range block under an

affine transformation. Figure 3.6(b) shows that same image after a slight rotation,

scaling and translation, but retaining the same block transformation. The second

figure shows that even after the distortions the domain block is still similar to the

approximated-range block under the same affine transformation. Therefore, that

transformation is invariant to the distortions we have applied. This block transfor-

mation has captured an invariant feature of the original object. This invariance is
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strongest if the distortions are within the dimensions of one range block, becomes

less as the distortions increase, and ceases to be invariant in this sense when the

distortions extend outside the bounds of the range block.

However, invariance still exists when the distortions displace the original image

outside the original range bounding box in such a way that the transformation still

captures a self-similarity, but for a different part of the image. Therefore, there are

three contributors to distortion invariance:

A. Automatic illumination adaptation from the iterative nature of the fractal

decoding process. The contractivity factor determines the rate of convergence

of the decoding process, thus directly affecting this type of invariance.

B. Invariance due to distortions that displace the original image no more than

the bounding box of a range block. This invariance is range block size and

shape dependent.

C. Invariance due to distortions that displace the original image more than the

bounding box of a range block. This invariance is image dependent.

For invariance types (B) and (C) we do not consider the domain block because it is

assumed that the domain block is larger than the range block, so the determining

bounding box is dependent only on the range block.

The invariances just described are most effective against illumination and affine-

type distortions. Therefore, these invariances also extend to out-of-plane rotations

because such distortions can be described by a perspective transformation, which in

turn can be modeled by a set of affine transformations [Hil90]. On the other hand,

invariance does not extend to partial occlusions that may occur during out-of-plane

rotations.
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Figure 3.6: Invariance of the domain to approximated-range block transforma-
tion to rotation, translation, and scaling: (a) an original curve with domain to
approximated-range block transformation shown; (b) the same block transformation
on the distorted curve that is rotated, translated and scaled. Notice that the same
transformation has still captured a similarity in the distorted curve. That is, the
domain block is still similar, under an affine transformation, to the approximated-
range block. Therefore, this transformation has extracted an invariant feature in
the original curve.
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3.4.3 Algorithm

In summary, the algorithm for recognition using the FND is as follows:

• Create a database of fractal codes representing the set of training faces.

• Consider unknown input images pi, where 1 ≤ i ≤ V , and V is the number

of input images. For each fractal code fj in the database, where 1 ≤ j ≤ W ,

and W is the number of training images, find d(fj(pi),pi).

• The best matching database entry to the input image is the one where

d(fj(pi),pi) is minimised i.e.

jbest = arg min
1≤j≤W

d(fj(pi),pi). (3.17)

Figure 3.7 shows the results of decoding one input image using two different fractal

codes. One of these fractal codes belongs to the same class as the input image. The

figure shows that decoding with the fractal code of the same class results in less

blocky images that are also visually more similar to the input image. For a more

meaningful comparison, the two fractal codes are generated from two face images

of different people in the same pose.

From the reasoning described in Figure 3.6, recognition results can be expected to

improve if the input image is shifted in the horizontal and vertical directions before

recognition. The amount of shift chosen is the dimensions of the range blocks. This

increases the amount of invariance type (B). Thus, we can replace Equation (3.17)

with,

jbest = arg min
1≤j≤W

(d(fj(p
left
i ),pleft

i ), d(fj(p
up
i ),pup

i ), d(fj(p
right
i ),pright

i ),

d(fj(p
down
i ),pdown

i ), d(fj(pi),pi)). (3.18)
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(a) (b) (c)

(d) (e) (f)

Figure 3.7: Results of one decoding iteration on one input face using two different
fractal codes: (a) an unregistered face image of person A; (b) result of one decoding
iteration using the fractal code of person A in a frontal pose; (c) person A frontal
pose used to generate the fractal code that decodes the input image; (d) same
unregistered face image of person A; (e) result of one decoding iteration using the
fractal code of person B in a frontal pose; (f) person B frontal pose used to generate
the fractal code that decodes the input image.
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The direction of the shifts of the input image are indicated by superscripts in Equa-

tion (3.18), so pright
i and pup

i indicate input images that have been shifted right and

up by an amount equal to the horizontal and vertical range block dimensions respec-

tively. Experimental results, described later, indicate that recognition performance

improves as a result of this modification.

Due to this extra shifting, domain and range blocks at the edge of the shifted

images will be filled in by zero pixels. Therefore, the Euclidean distance given by

Equation (3.3) is no longer accurate. We propose using a modified Euclidean norm

for this particular purpose:

dz(p,q) =

√ ∑Ih
k=0

∑Iw
l=0

p(k,l) 6= 0,q(k,l) 6= 0
(p(k,l) − q(k,l))

2
. (3.19)

We refer to the distance measure described by Equation (3.19) as the non-zero

Euclidean norm. The components of the Euclidean distance are calculated only if

the two pixels p(k,l) and q(k,l) are both non-zero. This effectively disregards those

pixels that are at the borders of the shifted image, based on the assumption that

most images rarely have zero pixel values. This distance is used for both encoding

and recognition, so Equation (3.17) becomes,

jbest = arg min
1≤j≤W

dz(fj(pi),pi). (3.20)

and Equation (3.18) becomes,

jbest = arg min
1≤j≤W

(dz(fj(p
left
i ),pleft

i ), dz(fj(p
up
i ),pup

i ), dz(fj(p
right
i ),pright

i ),

dz(fj(p
down
i ),pdown

i ), dz(fj(pi),pi)). (3.21)

For consistency the modification to the distance is also applied to the case where

shifting is not performed, as shown in Equation (3.20).
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3.4.4 Limitations

As mentioned above, our method has limited invariance to rotations, transla-

tions, scaling and illumination. This invariance is inherent in each domain to

approximated-range block transformation and is the result of its representation

of a self-similar feature in the image. The natural limits of its invariance depends

on the contractivity factor, as given by invariance type (A), the bounds of the range

block, as given by invariance type (B), and on the image’s self-similarities under

more extreme distortions, as given by invariance type (C).

Currently, there is no way to theoretically estimate the optimum value of the con-

tractivity factor s, that will give the best recognition rate. One of the main diffi-

culties is the fact that the optimum value is dependent on both the image in the

database and the image to be recognised. Therefore, it is likely that any scheme

that optimises s needs to re-encode the image in the database with the new s af-

ter analysing both images. We will further investigate this in future work. The

experimental estimates of the best s are shown in Section 3.5.

Another drawback of this method is the extra computation required in decoding

each fractal code in the database prior to using the Euclidean distance. However,

optimisation of the decoding program code and the use of smaller image sizes gives

good results and reduces computation time. The asymptotic time complexity of the

recognition program is linear to the database size, that is O(n).

3.5 Experiments

Various experiments are conducted to test the performance of the FND based clas-

sifier against other known methods. Experiments carried out for this chapter also

include those based on the nearest neighbour classifier and the eigenface method, so

a meaningful direct comparison with our method is possible. Other results such as

those using self-organising maps (SOM) [Koh90], convolutional networks [LGTB97],
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hidden markov models (HMM) [Sam94, SH94], probabilistic decision-based neural

networks (PDBNN) [LKL97], and the combination of discrete cosine transforms

(DCT) with neural networks [SBO+97], which use the same ORL database, are

quoted from the literature for comparison. In our experiments, four different sets

of training and test images from the same database are used. The results are aver-

aged and used for comparison with the other recognition systems. As we have no

exact knowledge of the selections of training and test images in the literature, an

average of four different database selections are used to give a rough indication. In

our experiments, recognition rates for individual database selections reach as high

as 99.5%. The average recognition rate over the four selections is 98.25%. Exper-

iments are also carried out on the Yale face database, and the results are shown

below. The experiment in Section 3.5.5 quantifies the degree of invariance the FND

measure has over the Euclidean distance.

3.5.1 ORL Face Database

The images in the Olivetti Research Laboratory database consist of faces of different

people taken from different angles under varying lighting conditions. The images

are centered on the face, though only approximately. Recognition is performed

on the faces without further feature extraction or face/head detection. No effort

is made to detect features or center the faces, as there are algorithms available

that can perform that task quite satisfactorily [CWY95, CTB92, JM96, LBP95,

RBK95, Vin95, YC96]. The database consists of 40 people, with 10 samples from

each person, giving a total of 400 face images. The images are of size 92×112 pixels

in 8-bit gray levels.
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3.5.2 Experiment Conditions

Normalisations are not performed on the input faces. The faces in the ORL database

are treated as the result of some face detection algorithm, noting that it still con-

tain some varying poses. This is desirable since practical face detection and head

extraction algorithms are not 100% accurate in determining the positions of the

features. Therefore, the following experiments are designed to evaluate the discrim-

ination ability and the inherent invariances of each method for a given data set,

and not the face identification system as a whole. Hence no special regard is given

to illumination variations or exact face locations as they are pre-processing and

pre-recognition problems. During testing, each input test image is compared using

a given algorithm to all training data of all persons in the database. No generic

descriptions are used for each class of training images.

For the experiments in Sections 3.5.3 and 3.5.4, one to five face samples per person

are used for training. The ones that are not used for training are used for testing.

Four different sets of training and test images are used, and the average calculated.

Three of those sample sets are selected at random, and the remaining set is selected

by consecutively taking the first five faces of each person for training.

3.5.3 Fractal Neighbour Distance Based Classifiers

The choice of encoding scheme affects the recognition rate for the reasons discussed

above. We experiment with three types of encoding schemes: uniform block, quad-

tree [Fis95a], and HV-partition [Fis95a] encoding. Shifting as described by Equa-

tion (3.21) is only performed for the uniform block encoding case. In all encoding

schemes domain block dimensions are twice the size of range block dimensions, and

the domain pool consists of all possible domain blocks.
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3.5.3.1 Uniform Block Encoding

In uniform block encoding the domain and range blocks are of constant uniform

size, and the contractivity factors are controlled using Equation (3.5). The range

block distribution is shown in Figure 3.9(a). For this encoding type, two different

sets of experiments are performed. One of these has images in their original sizes,

and the other has images that are decimated by a factor of two. The latter is

used for experiments that involved shifting of the input image, as described by

Equation (3.21). The reduction in image resolution is to counteract the effect of

a four-fold increase in computational complexity due to the shifting of the input

in four extra directions. To further reduce the computation time required, the

decoding origin is shifted instead of the input image. This avoids the overhead of

copying an image to each of the four shift positions, whilst maintaining a similar

effect to an actual shift. Decoding occurs at the various shift offsets from the upper

left-hand corner of the input image, and domain blocks crossing the image border

are padded with zeros. Consequently, the computational times for the two methods

remain approximately the same.

The maximum usage of a sub-domain block in a transformation is limited to t = 6.

So, Equation (3.5) becomes s ≤
√

6α2/r =
√

6α2/4 =
√

3/2α. Other values of t

could have been used, but it is found that t = 6 gives a reasonably good image

approximation, and at the same time still gives control over s. If t is too large,

the actual usage of a sub-domain block may not reach t. Thus, the estimate of s

may not agree with the actual value. If t is too small image quality suffers because

of a reduced domain pool. Figure 3.8 shows the error surfaces obtained from the

two different sets of experiments. An average error rate of 3.75% is obtained using

uniform encoding without shifting and with a contractivity factor of 0.9 when five

samples per person is used. With shifting, an average error rate of 1.75% is obtained

when the contractivity factor is 0.5.
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Figure 3.8: Average error surface using uniform block fractal encoding: (a) original
image sizes used; (b) images reduced by half and extra image shifting used as in
Equation (3.21).
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3.5.3.2 Quad-tree Partition Encoding

This type of encoding uses domain and range blocks of varying square sizes. More-

over, range/domain blocks of a particular size are twice as small as the next larger

size and twice as large as the next lower size. Each range block without a best

matching approximated-range block that is lower than some pre-set root-mean-

square (RMS) threshold is divided into smaller range blocks. The new range blocks

are half their original size in the horizontal and vertical directions, and the corre-

sponding domain pool is searched again for their best match. Hence, the encoding

process involves recursive partitioning.

The contractivity factor for this encoding type is not controlled. In particular, α

is allowed to take any value in the range [0.1, 0.7]. An upper limit of 0.7 is placed

on the value of α to ensure convergence of the fractal code. Figure 3.9(b) shows an

example of the distribution of quad-tree range blocks. It is discovered that limiting

the value of α to [0.1, 1.0) result in some code having partial convergence. The

reason for this can be seen in Equation (3.5), where an α value less than 1.0 does

not always imply a contractivity factor of less than 1.0. So, for this experiment, α

is limited to [0.1, 0.7]. This range is enough to guarantee total convergence for all

the images in the ORL database. A graph of the results is shown in Figure 3.10(a).

An average recognition error rate of 4.75% is obtained when five training samples

per person are used.

3.5.3.3 HV-partition Encoding

This encoding scheme gives higher encoding accuracy because it utilise rectangu-

lar range/domain blocks. This encoding scheme also use non-overlapping range

blocks and encoding involve recursive partitioning. In our implementation, the

image is divided into large uniform square blocks. These blocks are then parti-

tioned using the HV-partition scheme. Range block partitioning occur recursively
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(a) (b) (c)

Figure 3.9: Range block distributions for different encoding schemes: (a) uniform
block partitions; (b) quad-tree partitions; (c) HV-partitions.

in the horizontal or vertical directions yielding two new rectangles. They are par-

titioned at positions with strong vertical or horizontal edges, and continued until

the range to approximated-range block comparison is lower than a pre-set root-

mean-square (RMS) threshold. Figure 3.9(c) shows an example of the distribution

of HV-partitioned range blocks.

The contractivity factor for this encoding type is not controlled. Again, to ensure

convergence α is limited to the range [0.1, 0.7] with truncation to the values outside

that range. An expression for the contractivity factor for this encoding scheme is

not derived, but α set to this range guaranteed complete convergence for the ORL

images. A graph of the results is shown in Figure 3.10(b). An average recognition

error rate of 4.63% is obtained when five training samples per person are used.
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3.5.4 Other Types of Classifiers

3.5.4.1 Eigenface

The eigenface approach is a popular method for performing human face recogni-

tion. This method reduces the dimensions of the space spanned by a set of training

faces using principal component analysis (PCA). Given a set of vectors formed by

concatenating the rows of two-dimensional digital face images, a set of principal

component vectors is selected. These components are orthogonal vectors that give

the largest variance in the set of training vectors, which are taken as the basis vec-

tors that span the space of human face images in the set of all possible images.

Comparing the weights from an unknown face vector projected onto the basis then

enables classification to be performed. One of the drawbacks of this method is

that the principal components must be recalculated if more samples are deemed

significant in generating the eigenface space. It has also been proven empirically

and experimentally [BHK97] that as the number of principal components used ap-

proaches the number of training vectors, its recognition performance approaches

that of the nearest neighbour classifier.

Forty eigenfaces are used to form the basis of eigenpictures. Such a high number

of eigenfaces are retained to improve its performance. In general, its discrimination

ability decreases with the reduction in the number of eigenfaces used, and is upper

bounded by the nearest neighbour classifier [BHK97]. The weights for an input

image are determined in terms of those 40 vectors. Recognition is conducted by

finding the face in the database that has the closest set of weights to the input

image in terms of the Euclidean distance. The input image is then assigned to the

class of the best matching face in the database. A graph of the results is shown in

Figure 3.10(c). An average recognition error rate of 6.75% is obtained when five

training samples per person are used.



Chapter 3. Fractal Neighbour Distance 112

3.5.4.2 Nearest Neighbour

In this approach, a distance measure indicates the degree of separation between two

samples in the pattern space. Here the Euclidean distance shown in Equation (3.3)

is used. A set of samples from each person constitutes a class representing that

person. An unknown input sample pi can then be assigned to the class with a

sample closest to it in terms of that distance measure. The results are shown in

Figure 3.10(d). An average recognition error rate of 6.13% is obtained when five

training samples per person are used.

3.5.4.3 Nearest neighbour with Shifting

Here the nearest neighbour method in the previous sub-section is implemented with

extra shifting similar to that described by Equation (3.18). The following equation

describes this extra shifting:

j
′
best = arg min

1≤j≤W
(d(pj,p

left
i ), d(pj,p

up
i ), d(pj,p

right
i ),

d(pj,p
down
i ), d(pj,pi)). (3.22)

In order to obtain a fair comparison with the method described in Section 3.5.3.1

that use image shifting, image sizes are reduced by half for this experiment. The

shift amount in the horizontal and vertical directions is equal to the horizontal and

vertical dimensions of the range blocks used in the fractal encoding experiments.

To enable a fair comparison, the shift directions are chosen to be same as those in

the fractal encoding experiments.

Results are shown in Figure 3.10(e). An average recognition error rate of 4.13% is

obtained when five training samples per person are used. Figure 3.11 shows a graph

comparing all the ORL face database experiment results.
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Error rate using the nearest neighbor with shifting 
method VS no. of training samples used per person
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Figure 3.10: Recognition error rates of other methods: (a) quad-tree fractal encod-
ing; (b) HV-partition fractal encoding; (c) eigenfaces; (d) nearest neighbour clas-
sifier using Euclidean distance measure; (e) nearest neighbour using the Euclidean
distance with extra shifting in four directions as described by Equation (3.22).
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Figure 3.11: Average error rate results obtained from ORL experiments. The aver-
age is taken over four different sample sets.
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3.5.5 Invariance Tests

In order to evaluate the relative performance of the FND and the Euclidean distance

measures, comparisons between the two methods must be put within a relevant

context. The aim of this experiment is to investigate using real data and under

controlled test conditions if the FND outperforms the Euclidean distance in terms

of recognition rate. On this basis, performance can be evaluated in terms of the

number of recognition errors obtained over a set of test images. The error rate

defined in Section 3.4.1 can be used.

Selected face images from the Olivetti Research Laboratory database are used. One

face image from each person is used for training. The test faces used are distortions

of various types and degrees of each of the training faces. In particular, 40 training

faces are used, one for each person. Accordingly, there are 40 faces from which all

test faces are derived through the following controlled distortions: rotation, scaling,

horizontal translation, vertical translation, illumination, and horizontal and vertical

perspective transformation. The latter two correspond to out-of-plane rotations of

the image plane if the face image is treated as a flat two-dimensional surface. To

remove any lighting effects or skin tone variations that might bias the recognition

process or influence our own illumination tests, all training and test images are

edge extracted versions obtained using Sobel operators. For image consistency

over all distortion types the faces are rescaled to a square image of 64 × 64 pixels.

A circular mask is also applied prior to any recognition or fractal encoding to

reduce the background area and eliminate any artifacts generated from the rotation

experiments. Figure 3.12 shows some example images and their distorted versions.

Fractal encoding types with maximum contrast scaling factor limits of 0.3, 0.5 and

0.95 are investigated. For these experiments, no limits are imposed on the number

of times sub-domain blocks can be used in the fractal codes, and uniform block

encoding is used. Assumption (vii) Section 3.3.4 is relaxed to allow all α values up

to and including the chosen limits.

Test faces for the rotation experiment are generated by rotating each face in an



Chapter 3. Fractal Neighbour Distance 116

anti-clockwise manner from 0◦ to 360◦ in steps of 2◦. For the scaling experiment,

faces are re-scaled using factors of 0.8 to 1.3 in steps of 0.005. Horizontal and ver-

tical translations range from −20 to 20 pixels from the center in steps of 1 pixel.

Illumination variation is synthesised by adding grayscale offsets for each pixel start-

ing from −255 to 255 in steps of 5. Truncation is performed for resulting pixel

values less than zero or larger than 255. Horizontal and vertical perspective trans-

formations are applied with perspective factors of −100% to 100%. The amount of

scaling and translations are chosen with the above limits because recognition per-

formance differences are not significant between the two methods for values outside

those ranges.

The results are summarised in Table 3.1. Recognition is performed for each dis-

torted test image using the FND algorithm described in Section 3.4.3 utilising

Equation (3.17), and the direct Euclidean distance based method also known as

the nearest neighbour classifier. The latter algorithm is similar to the one described

in Section 3.4.3, but employs databases of unmodified training images and utilises

the Euclidean distance for image comparison. The index of the best matching face

in the database is then found using

j
′
best = arg min

1≤j≤W
d(pj,pi). (3.23)

Both recognition methods have similar algorithms, differing only in the distance

used. This permits a fair comparison of their performance in terms of recognition

rate and their invariance to various distortions. The entries in Table 1 show the error

rates for each deformation averaged over all test faces and all degrees of distortions

of that type.

All FND results are better than the Euclidean distance results except for one case.

This occurs when α is 0.3 during the illumination tests. Rotation tests show that the

best case FND has an error rate that is 1.7% better than the Euclidean distance

method. Scaling tests reveal a 8.3% improvement, horizontal translation 6.4%,

vertical translation 6.2%, illumination shift 9.3%, horizontal perspective 10.5% and
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(a) (b) (c) (d) (e)
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Figure 3.12: Examples of the types of distorted test images used for evaluating
recognition rates in controlled deformation experiments: (a) a training face image,
also used as a starting point for all other distorted versions that are used as test faces
based on this training sample; (b)-(d) rotations at 30◦, 180◦ and 260◦ respectively;
(e)-(g) scaling at factors 0.8, 1.1 and 1.3 respectively; (h)-(j) horizontal translation
at pixel offsets of −20, 10 and 20 respectively; (k)-(m) vertical translation at pixel
offsets of−20, 10 and 20 respectively; (n)-(p) illumination shift with grayscale values
of −100, 100 and 200 respectively; (q)-(s) horizontal perspective transformation at
−100%, 50% and 100% respectively; (t)-(v) vertical perspective transformation at
−100%, 50% and 100% respectively.
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FND FND FND
Euclidean (%) α = 0.3(%) α = 0.5(%) α = 0.95(%)

Rotation 84.8 83.1 83.3 84.0
Scaling 39.1 32.3 32.1 30.8

Horizontal 66.8 62.5 61.6 60.4
translation

Vertical 82.8 78.4 77.3 76.6
translation
Illumination 39.0 43.0 37.4 29.7

transformation
Horizontal 39.9 37.6 32.4 29.4
perspective

Vertical 31.8 26.3 22.0 17.7
perspective

Table 3.1: Results of recognition experiments comparing the invariances of the FND
based classifier and the Euclidean distance based classifier to various deformations.
The entries in the table indicate the recognition error rate for each deformation
type averaged over all 40 test faces and all degrees of deformation for that type.

vertical perspective 14.1%. The implications of these results are further discussed

in Section 3.6.

3.5.6 Yale Database

For this face database, only uniform fractal encoding with extra shifting using the

FND is used in the experiments. This database consists of 15 individuals, with 11

different views for each person. The full faces including the head boundaries are lo-

cated manually, and extracted into a passport style photograph. Expressions vary,

but the poses are relatively consistent. Illumination varies widely, from center light-

ing to left lighting and right lighting. In one experiment, a simple pre-processing

algorithm involving separate histogram normalisations of the left half and right half

of the images is used to partially account for the large illumination differences. The

experiments are performed using the “leave-one-out” method [BHK97]. The results

are summarised in Table 3.2, and are discussed in the next section. The error rate

without histogram corrections is 18.8%, with errors from extreme lighting effects
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Errors due Errors due to
Method Error rate to lighting other factors
Full face 31/165 (18.8%) 30/31 (96.8%) 1/31 (3.2%)

Full face with independent 15/165 (9.1%) 15/15 (100%) 0/15 (0%)
left half and right half
histogram equalisation

Table 3.2: Results of “leaving-one-out” experiments using the Yale face database.

accounting for 96.8% of the errors. Non-lighting effects such as pose and expression

account for 3.2% of the errors. With histogram corrections, the error rate is 9.1%,

all of them due to lighting differences.

3.6 Discussion

Figure 3.8(a) and Figure 3.8(b) demonstrates that the number of views used in

the training set has a more pronounced effect on the error rate than s. This can

be observed by the relative flatness of the surfaces of s in relation to the error

rate compared to the number of training samples used. The results in the two

figures are obtained from actual face recognition experiments, which are subject

to various poses, expressions and slight variations in illumination. However, under

controlled distortion conditions as investigated in Section 3.5.5, the value of s,

which is determined by α, has a pronounced effect on the error rate for some types

of distortions and not others. The results in Table 1 demonstrate that α has the

largest impact on the error rate for illumination, and for horizontal and vertical

perspective changes. For controlled illumination tests, the error rate improve on

average by 13.3% when α is increased from 0.3 to 0.95. In fact, when α is set to 0.3

the error rate is worse than the one obtained by the Euclidean distance method. For

horizontal and vertical perspective tests, the average error rate improve by 8.2% and

8.6% respectively as α is increased from 0.3 to 0.95. This shows that the inherent

invariances in the FND classifier also extend to out-of-plane distortions. With the

exception of the rotation tests, the average error rates are 6% to 14% better than
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the ones obtained by the Euclidean distance method when α was set to 0.95. The

rotation tests actually show that the error rate increased by 0.9% as α increased

from 0.3 to 0.95. This demonstrates that rotational distortion behaves inversely

to the other distortion types investigated with respect to the relationship of α to

the recognition rate. However, as shown in Figure 3.6 invariance to rotation still

exists when the different types of distortions are combined in the right amounts.

The significant effects of α in illumination and perspective tests naturally become

less pronounced as the different types of distortions are combined. However, we can

still analyse the results from such an experiment to gain insight into the mechanics

of s, with the hope that it may be used to further improve the recognition rate in

the future.

Figure 3.8(a) shows the recognition error surface as a function of the number of

training samples per person and the contractivity factor. When a small number of

samples are used the contractivity factor has a more significant effect on improving

the error rate. With one sample per person, the error rate decreases with an increas-

ing contractivity factor. Increasing the contractivity factor has a less pronounced

effect with five samples per person. The reason for this is that changes in lighting,

illumination and pixel-wise differences due to image distortions in the input image

have a more significant impact on recognition ability if a small number of samples

are used. This effect reduces as the number of samples increases. Increasing the

contractivity factor increases the systems tolerance to those differences between the

input image and the corresponding image used for training. The best results are

obtained when the contractivity factor is around 0.9.

Figure 3.8(b) shows the error surface for the case when uniform block partitions are

used with simulated shifting using decoding offsets. In this case, the best results

are obtained when the contractivity factor is 0.5. It is purely coincidental that the

images are also reduced by 0.5, as there is no direct relationship between the size

of the images to the contractivity factor. Because of the extra shifting performed,

the pixel-wise differences due to translations and other distortions are reduced.

Therefore, only structural and feature differences dominate for input faces that
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match with the corresponding face in the database. This illustrates the case when

smaller contractivity factors lead to better results, in contrast to the previous case

where larger contractivity factors are favored. This is more evident for the case

where one sample is used for each person. The minimum value for this part of

the surface in Figure 3.8(a) occurs when s is 0.9, and it occurs when s is 0.6 in

Figure 3.8(b).

Figure 3.11 shows a comparison of the ORL face database results using the meth-

ods investigated in this chapter. When uniform blocks are used with shifting as

described by Equation (3.21), the results are better than all the other methods.

Uniform block partitions perform better than non-uniform ones. In particular, both

the quad-tree and HV-partition fractal encoding methods give inferior results. The

non-uniform encoding schemes impose a spatial structure on the fractal code due to

the variability of the range block sizes. This spatial structure reduces the invariance

of the FND to input distortions because that structure requires the input image to

have features that are in close proximity to those of the encoded image to produce a

small FND value. Both quad-tree and HV-partition based fractal codes give better

approximations to the original image, but this is at the expense of using smaller

range blocks at selected locations. From Figure 3.6 we can observe that smaller

range blocks will reduce the amount of invariance to distortions. Ultimately it is a

tradeoff between fractal code approximation accuracy and the amount of invariance

to distortions. Therefore, object recognition using FND and finding fractal codes

with increased accuracy demands opposing attributes. For recognition, reduced ap-

proximation accuracy is desirable if distortion invariance is increased, but only to

the extent where the original image is still uniquely represented. With non-uniform

encoding, unless the input image has features that conform to the structure of the

fractal code, the FND does not give as good a measure of structural similarity in

the images as the uniform case.

In addition, from Figure 3.11, we see that as predicted the performance of the

eigenface system with 40 principal components is worse than the nearest neighbour

classifier. The same figure also shows the result of using the nearest neighbour
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classifier that is modified to include extra image shifting. Its performance is, for

most parts, better than the non-shifted uniform encoding method, but levels out

much faster than the other approaches. At five samples per person, the uniform-

encoding-without-shifting algorithm outperforms this classifier. The best results

are obtained when uniform encoding is used with shifting.

The experiments using the Yale database demonstrate the limits of the invariance of

the FND classifier. Although the faces in the database has little pose or expression

variations, the range of illuminations is beyond the capabilities of the FND. It is

compelling to note that 96.8% of the errors from the algorithm without histogram

corrections is due to images with left/right/center lighting. The other 3.2% are

due to other factors such as pose and expression. This shows that under more

extreme lighting conditions errors from non-lighting effects also tend to increase.

With the algorithm that implements simple histogram corrections, all errors are

due to left/right/center lighting. This illustrates a case where the FND handles

geometrical deformations well, but not illumination variations.

The computational complexity of the FND algorithm is linear to the number of

fractal codes in the database, i.e. O(n), where n is the number of fractal codes in

the database. With five training samples per person the recognition time for one

input face is 3.2 seconds, and the time to train (encode) one sample is 0.31 seconds

(performed on an Intel Pentium II 400MHz system running Windows 95. The

times quoted are without any code optimisations). The average error rate obtained

using our proposed system on the ORL database is compared with other systems

from the literature, and the results are shown in Table 3.3. Shaded entries in that

table indicate results that are obtained using a different machine configuration.

Therefore, their classification and training times cannot be compared to those we

obtained using our machine specifications, as indicated by non-shaded entries in the

table.

Although our method is slightly more than an order of magnitude slower than some

systems, it has a smaller training time. Our method also supports incremental
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Classification Training
Method Error rate time (s) time

Eigenfacea 6.75% 1.8 3 min 46 s
Euclideana 6.13% 1.5 5.3 s

Euclidean with shiftingb 4.13% 0.8 5.3 s
HV-partition FNDa 4.63% 6.5 24 min 50 s
Quad-tree FNDa 4.75% 9.1 35 min 10 s

Uniform partition FNDa 3.75% 4.0 18 min
Uniform partition FND with shiftingb,c 1.75% 3.2 61 s
2DCT+image synthesis+neural network 2.4% 0.1 2.95 min

SOM+CN 3.8% 0.5 4 h
PDBNN 4% < 0.1 20 min
2D-HMM 5% 240 n/a

HMM 13% n/a n/a

Table 3.3: Comparison of our results with others quoted from the literature. The
last five entries of this table are taken from Lawrence et al. [LGTB97], Lin et
al. [LKL97], and Satonaka et al. [SBO+97]. The classification and training times
quoted there are obtained on a different machine configuration, so they cannot be
compared directly to our results. The first seven rows of the table report results
that are obtained on the exact same machine configuration. aOriginal image sizes
are used. bImage sizes are reduced by half before any processing. cBest result from
our work.

training where faces can be added and removed from the database without re-

training the system, which is required for both neural network and eigenface based

systems. This is not entirely true for eigenfaces, where it is possible to add faces

to the database without re-calculating the principal components. However, re-

calculation is still required if the eigenface space must be modified by the addition

of new training samples. Our system has the further advantage of being simple

to implement; thus, further speed increases are possible through optimisations in

software and hardware.
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3.7 Conclusions

In this chapter, we present an object recognition system based on the fractal image

coding technique. Fractal image coding reduces redundancies in images by exploit-

ing the self-similarities within the image. Because of this, it also works well in

extracting features and shape information in images and representing them in the

form of block affine transformations. It is found that the input-output character-

istics of a fractal decoder could be used for recognition. Utilizing the invariant

properties of the fractal code to image distortions and illuminations, a further im-

provement to the recognition rate is achieved. We discover that the recognition rate

is dependent on both the fractal encoding scheme and the contractivity factor of

the fractal code. We also demonstrate the existence of a relationship between the

contractivity factor and the recognition rate. To test our method, we successfully

implement our system to perform human face recognition.

Our method achieves an average error rate of 1.75% on the ORL database when

half the images in the database is used for training and the other half is used for

testing. This method also supports incremental modification to the object database,

where the addition or removal of a sample from the database does not require the

re-training of the classifier.

The Fractal Neighbour Distance classifier perform better than other methods when

uniform block partitioning is used. Experiments show that non-uniform block par-

titioning methods such as quad-tree and HV schemes introduce implicit structures

that reduce distortion invariance. Regardless of the block partitioning type all FND

methods still perform better than the Euclidean distance based nearest neighbour

classifier. The eigenface method achieves the worst overall result. Further improve-

ments to the uniform block partitioning FND classifier are attained with further

image shifting prior to the decoding process.

Invariances inherent in the Fractal Neighbour Distance classifier are quantified

through experiments using controlled distortion tests. The limits of the invariances
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are explored by the use of the Yale face database. For future work, the invariances

of this classifier will be analysed further with more complex image deformations.



Chapter 4

Controlling Convergence and

Recognition Rates

4.1 Introduction

As described in Chapter 3, naturally occurring objects often exhibit a unique prop-

erty where some of its parts are similar to other parts under some transformation.

Mandelbrot introduces the term fractal to describe irregular objects having detail

at all levels of magnification [Man82]. These objects also tend to have self-similar

parts. Of interest are two-dimensional objects or projections of objects onto the

two-dimensional plane.

As mentioned above, fractals can be described by a set of contractive transfor-

mations. These transformations collectively possess the property that repeated

applications on consecutive results, commencing with any initial image, produces a

unique image. This image is called the attractor, which is also a fractal. A reason-

able approximation to this attractor is usually reached after several iterations. It

is an NP-hard problem to find a set of transformations that can generate exactly

any given image [RH97]. Fractal image coding overcomes this problem to an ex-

tent by using a collage of contractive transformations whose union approximates

126
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any given arbitrary image. The transformations generated by this coding scheme is

also referred to as a fractal code. The convergence factors in fractal image coding

are the contractivity and eventual contractivity factors, which indicate convergence

of the decoding process. This process must converge for it to regenerate a stable

approximate of the original image.

This chapter focuses on the effects of changing fractal code properties such as the

contrast scaling and illuminance shift factors for the Fractal Neighbour Distance

(FND). This distance measure is discovered to have several invariant properties,

which includes invariance to rotation, scaling, translation and illumination. The

convergence characteristics and illuminance shift factors of a fractal code has a

strong influence on the illumination invariance of the FND. Controlling the illumi-

nance shift factors is straightforward. Controlling convergence has not been possible

before, so we will present a method that can determine the convergence factors, and

control of it is achieved through understanding the mechanisms underlying the frac-

tal decoding process. The previous chapter demonstrated that the rate of conver-

gence can be an important factor in fractal image coding based object recognition.

Furthermore, with the proposed methods it is now possible to generate fractal codes

with greater control over the properties of the resulting code.

The results given in this chapter also serve to eliminate the need for a proof of

convergence for newly derived fractal encoding schemes by providing a common

theorem for calculating convergence factors. It is true that it suffices to restrict

the range of scaling factors to ensure convergence, but in this way there is no

absolute control over convergence, especially eventual convergence, as required by

our recognition experiments. It has been shown that it is possible to ensure eventual

convergence by orthogonalising decimated domain blocks [OL95], but there is still

no control over which decoding iteration convergence can be guaranteed.

Jacquin [Jac92, Jac93, Jac89] proposes that the contractivity factor of a fractal

code is equal to the highest contrast scaling factor. Other methods of estimation

have also been proposed [Kom95, HH94]. The matrix norm is used in the approach
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suggested by Lundheim [Lun95]. These methods provide an estimate of the con-

tractivity factor, but they have the drawback of being dependent on the encoding

scheme. In particular, there are assumptions that domain and range blocks are

square or rectangular and domain blocks must not overlap. Furthermore, there are

no practical methods of determining eventual convergence. Eventual convergence

means a code has guaranteed convergence because it has a contractivity factor of

less than one after a finite number of decoding iterations.

Similar to Chapter 3, we only consider the task of identification in this chapter.

Where we refer to “recognition” in this chapter we are in fact referring to identi-

fication. Generally it is not difficult to convert an algorithm that performs identi-

fication into one that does verification. For simplicity and evaluation purposes we

only consider identification in this chapter. The same reasoning holds true for only

considering identification in the previous chapter. Verification is treated in later

chapters.

4.2 Background

An alternative treatment of fractal image coding to that in Chapter 3 is covered

in this section, with more attention paid to the contractivity and eventual con-

tractivity factors. A more complete treatment can be found in the works of various

researchers [Jac92, Jac93, Jac89, Jac94, PY97, PY95, Dav98, Fis95a, Fis92, WdJ99].

In addition, the notations to be used in later sections are presented.

4.2.1 Fractal Image Coding

Fractal image coding involves the coding of an image into a set of sub-

transformations, each of which obeys a set of properties. One of these is the con-

dition that the transformations must be contractive. For a metric space (X, d) a

transformation f : X → X is referred to as contractive if the following condition is
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Figure 4.1: Affine domain to range block transformations in a fractal code. Exe-
cuting all transformations collectively and repeatedly brings the image closer to the
original image used to calculate the fractal codes.

satisfied:

d(f(x), f(y)) ≤ sd(x,y) (4.1)

where s is called the contractivity factor and s < 1, X is the set of all two-

dimensional digital images x,y ∈ X, and d is a distance measure. The factor s

can be found by calculating the Lipschitz factor of f , which is a bound on how

much f increases the norm of a vector in X. Throughout this chapter, d represents

the Euclidean distance. The mapping characteristics of f determine the value of s.

A finite set of mappings fi constitute a fractal code if d(xorig, fi(xorig)) is minimised,

where xorig is the image to be approximated with the fractal code. Sub-images in

xorig, referred to as domain regions, are located, extracted and operated on by fi,

and the fractal code is defined as f = ∪N
i=1fi(xorig), where fi(xorig) ∩ fj(xorig) = ∅

for i 6= j and N mappings. Each fi(xorig) is known as a range region. Domain re-

gions are usually larger than range regions. Furthermore, f has a unique attractor

A with the property that A = f (∞)(x) = f(A), for any x ∈ X. In this chapter, we

shall consider mappings fi that are affine transformations.

Figure 4.1 illustrates some domain to range transformations in a fractal encoded

image. Each range block is transformed from one domain block. We shall only
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consider range blocks that do not overlap, and the union of which covers the entire

image. However, overlapping of domain blocks is allowed. Encoding involves finding

for each range block the best domain block obtained from a pool of domain blocks

and subjected to an affine transformation, such that some cost function between

them is minimised. This cost function can simply be the root-mean-square (RMS)

difference. It is then obvious that using a larger pool of domain blocks usually

results in better encodings, at the expense of a longer encoding time. In practice

the domain pool is deliberately restricted by using domain blocks at incremental

steps larger than one pixel value.

If the contractivity factor satisfies the condition s < 1 convergence is guaranteed,

but this is not a necessary condition [Fis95a]. In particular, convergence is assured

as long as the contractivity factor satisfies that condition for some iterate of f . That

is,

d(f (n)(x), f (n)(y)) ≤ snd(x,y) (4.2)

where the nth iterate of f is denoted by f (n), and sn is the contractivity factor for

f (n). We will refer to s1 as the contractivity factor, and it is equivalent to just s.

And the eventual contractivity factor refers to sn for all n > 1.

4.2.2 Notations

We will refer to a generalised set of domain pixels of any shape as a domain re-

gion, and similarly for range regions. Then domain blocks and range blocks are just

special cases of domain and range regions that are square in shape. Furthermore,

we will refer to a range region that corresponds to a single pixel as a fundamental

range region. A fundamental domain region is a set of sub-domain regions trans-

forming to a fundamental range region. Consequently, a fundamental range region

has the same dimensions as a fundamental sub-domain region. These regions are

considered fundamental because they consitute the smallest units on which these

transformations can take place. In general, a region in an image can be both a

range region and a sub-domain region for two different transformations at the same
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One pixel
= one fundamental region (f-region)
= one fundamental range region (f-range region)
= one fundamental sub-domain region

(f-sub-domain region)

One fundamental sub-region (f-sub-region)
= one fundamental sub-range region

(f-sub-range region)
= one fundamental sub-sub-domain region

(f-sub-sub-domain region)

Figure 4.2: Illustration of fundamental regions. A single pixel is a fundamental
region. Each pixel is further divided into sub-regions. In this example there are 36
sub-regions. Note that a fundamental domain region is made up of many funda-
mental regions. The abbreviations for each region type are shown.

time. In addition, we will refer to all fundamental range and sub-domain regions as

fundamental regions. Figure 4.2 shows an illustration of the fundamental regions

and also the abbreviations that will be used throughout this chapter.

Domain and range regions are vectorised by forming a column vector from consecu-

tively labeled elements within the regions. The notations for representing a fractal

code are the same as the one used by Lundheim [Lun95]. We shall employ the

simplest non-linear transformations that comprise the fractal codes that are affine

transformations. Let T represent a fractal code, then:

Tx = Lx + t (4.3)

where L, the matrix, and t, the constant term, form the non-linear transformation

T. The input is an image x ∈ X that has been vectorised into a column formed by

consecutive elements of each consecutive range-region in the original image. Other

permutations of this vector are also valid and does not affect the derivations that

follow.

The matrix L is composed of sub-transformations that fetches domain regions,

decimate, multiply by a constant value and places the resulting range region into

the appropriate position in the vectorised output image. Formally this is expressed
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as:

L =
N∑

n=1

α(n)PnDn,u,tFn (4.4)

This term is composed of the summation of N non-overlapping range regions. Each

range region is generated by a sequence of operators. The operators are defined in

a similar way to the one proposed by Lundheim and are described in more detail

in Appendix A. The operator Fn fetches the appropriate domain region, Dn,u,t

decimates that region by factors u and t in the vertical and horizontal directions

respectively, and Pn places the transformed region back to the appropriate location.

There are several ways to determine the contrast scaling factor α(n), for the nth

range region. The encoding schemes implemented in this chapter use Jacquin’s

[Jac92] method of calculating α(n) by taking the ratio of the dynamic ranges of

range and decimated domain regions. That is,

α(n) =
|max(p(n))−min(p(n))|

|max(Dn,u,tp(nD))−min(Dn,u,tp(nD))| (4.5)

where the nth domain region is given by p(nD), and the nth range region is given

by p(n). Another method of determining α(n) is described by Fisher [Fis95a], which

minimises the RMS distance between the transformed domain region and the range

region. However, it was discovered that this version produces lower recognition

rates in our face recognition experiments. The constant in Equation (4.3) is given

by:

t =
[
γ(1) · · · γ(1)γ(2) · · · γ(2) · · · γ(N) · · · γ(N)

]T
(4.6)

Other permutations of t in Equation (4.6) are also valid. The individual illuminance

shift factor for each range region adjusts the mean of the transformed region to

match the one in the original range region. This factor can be determined by:

γ(n) =
1

BiBj




Bi∑

k=1

Bj∑

l=1

p(n)(k, l)− α(n)
Bi∑

k=1

Bj∑

l=1

(Dn,u,tp
(nD))(k, l)


 (4.7)

where Bi and Bj are the vertical and horizontal sizes of the range region under

examination, and nD is the domain region that transforms to the nth range region.
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4.3 The Contractivity Factor

The work in this chapter on the calculation of the convergence factors is an extension

of the method proposed by Lundheim for the calculation of the contractivity factor.

That method has the restriction that domain regions must not overlap. Specifically,

for decimation by sub-sampling:

s =
√

max
j∈QD

∑

n=R(j)

[α(n)]2 (4.8)

and for decimation by averaging:

s =
1√
r

√
max
j∈QD

∑

n=R(j)

[α(n)]2 (4.9)

where QD is the set of non-overlapping domain blocks, R(j) is the set of indices

of range blocks that transform from the jth domain block, and r is the number of

sub-domain blocks that are decimated to one sub-range block. The derivations of

these equations are performed in a discrete domain framework.

We will now present theorems for the calculation of convergence factors that apply

to all fractal encoding schemes based on affine transformations with the following

properties:

A. The decimation of fundamental domain to fundamental range regions must

be held constant to the same integer value larger than, or equal to, one for all

fundamental transformations.

B. Each range region is the result of a transformation from one domain re-

gion. Nevertheless, the theorems in this chapter are easily extended to trans-

formations consisting of multiple fixed regions and/or multiple domain re-

gions. Multiple fixed and domain regions are described by various researchers

[WdJ99, GAH94b, GAH94a, GAH96].

C. The transformations are those that satisfy Equation (4.3).
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D. No restrictions apply to the shapes of the domain or range regions, how the

domain regions overlap, the amount of isometries applied, or the domain pool

size.

Theorem 4.1 Consider a fractal code approximating an arbitrary two-dimensional

image satisfying properties (A) to (D). If the decimation ratio is u : 1 in the

horizontal and vertical directions, then the contractivity factor for the fractal code

can be calculated in terms of fundamental regions and the l2 norm by:

s =

√√√√ 1

u2
max

1≤j≤N

N∑

i=1

ρi,j[α(i)]2 (4.10)

where α(i) is the contrast scaling factor for the ith f-range region, N is the total

number of pixels in the image, and ρi,j ≥ 0 is an integer representing the number

of times the transformation for the ith f-range region utilises the jth f-sub-domain

region.

Proof: See Appendix B.

Corollary 4.2 Consider a fractal code approximating an arbitrary two-dimensional

image satisfying properties (A) to (D). If the decimation ratio is u : 1 and t : 1 in

the vertical and horizontal directions respectively, then the contractivity factor for

the fractal code can be calculated in terms of fundamental regions and the l2 norm

by:

s =

√√√√ 1

ut
max

1≤j≤N

N∑

i=1

ρi,j[α(i)]2 (4.11)

where α(i) is the contrast scaling factor for the ith f-range region, N is the total

number of pixels in the image, and ρi,j ≥ 0 is an integer value representing the

number of times the transformation for the ith f-range region utilises the jth f-sub-

domain region.

Proof: See Appendix C.
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4.4 Eventual Contractivity

Theorem 4.3 Consider a fractal code approximating an arbitrary two-dimensional

image satisfying properties (A) to (D). If the decimation ratio is u : 1 and t : 1

in the vertical and horizontal directions respectively, then the contractivity factor

for the fractal code after the lth iteration can be calculated in terms of fundamental

regions and the l2 norm by:

sl =

√√√√√ 1

(ut)l
max

1≤j≤N

N(ut)l∑

i=1

ρ
′
i,j

[
l∏

k=1

α(i,k)

]2

(4.12)

where l ≥ 1, α(i,k) is the contrast scaling factor of the kth transformation in the path

of transformations from the jth f-sub-domain region to the ith f-sub-range region,

N is the total number of pixels in the image and,

ρ
′
i,j =





1 if the ith f-sub-range region utilises the jth f-sub-domain region

0 otherwise

(4.13)

Proof: See Appendix D.

Equation (4.12) can also be used where decimation is by the sub-sampling method.

Here, all sub-domain regions coincide with one single sub-domain region. Then the

averaging performed in Equation (4.12) results in the same effect as sub-sampling.

In the limiting case as t approaches u, l = 1, and with the use of non-overlapping do-

main regions, Equation (4.12) simplifies to Equation (4.8) and Equation (4.9) when

decimation is by averaging and sub-sampling respectively. Jacquin [Jac93, Jac89]

propose that the contractivity factor is given directly by the contrast scaling factor,

α. Equation (4.12) confirms this, but more specifically the eventual contractivity

factor can be determined directly by α. That is, if α is less than one, then there is

some l ≥ 1 such that sl < 1. It is interesting to observe that for α < 1 it is possible

for s1 to be larger than one. The result also confirms that convergence can still be

guaranteed when there is no geometrical contraction, that is when u = 1 and t = 1.
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Fractal codes without spatial contraction was investigated by Gharavi-Alkhansari

and Huang [GAH94b, GAH94a, GAH96].

The theorems and equations presented above use fundamental regions. Traditional

composite domain and range blocks, like the ones used by Jacquin, can be con-

structed by a set of fundamental regions. Isometries and other massic transforma-

tions [Jac92, Jac93, Jac89] between composite domain and range blocks are irrele-

vant in our analysis of the convergence factor, as long as the transformations can

be reduced to simple affine transformations on fundamental regions.

4.4.1 Implementation

The calculation of Equation (4.12) can be implemented using a tree structure, which

we call the influence-tree. Recall that each pixel is an f-range region, so a tree

structure is created for each pixel in turn. The nodes of the trees store transform

information such as the coordinates of the f-range region, the coordinates of the

f-sub-domain regions, and the transform parameters. The root of that tree is the

pixel being examined. The next level is created by inserting all f-sub-domain regions

that are transformed to the f-sub-range regions in that f-range region. Each level

represents one iteration of the fractal code, therefore the height of the tree is equal

to the number of iterations at which we want to calculate the contractivity factor.

Each leaf in the tree is an f-sub-domain region, and its existence indicates a usage

by an f-sub-range region in the root f-range region. The usage of each f-sub-domain

region is recorded as the sum of all multiplications of all the contrast scaling factors

along the path to each root node. The maximum of this record is used to calculate

sl.

We observe that each level of the influence-tree increases by the power of ut, thus

this algorithm has exponential complexity. In practice we found that the eventual

contractivity factor can be calculated up to the sixth or seventh iteration for a tree

that increases by a power of four with each iteration before the time required for



Chapter 4. Controlling Convergence and Recognition Rates 137

the calculation increases significantly. Redundancies in the tree can be exploited to

reduce computation times in future.

It is known that fractal codes with spatial contraction converges faster than those

without. As a further insight into the fractal image decoding process we can say

that domain to range transformations with larger spatial contraction offers faster

convergence because each pixel experiences an influence from other pixels that in-

creases exponentially by the power of ut with each iteration. This corresponds to

an increase in the generation of higher frequency components with each iteration.

4.5 FND for Object Recognition

4.5.1 The Fractal Neighbour Distance

We introduce a name for the classifier utilising the FND described in Equation (3.6)

as the Fractal Neighbour Classifier (FNC). Classification of an unknown sample is

performed by assigning to it the class of the nearest neighbour training sample with

respect to the FND. Our experiments show that the FNC performs better than the

nearest neighbour classifier (based on the Euclidean distance) in terms of reducing

the relative distance between two images of the same class (see Experiment 4.6.2).

The FND, which was defined in Equation (3.6) can also be written as:

dFN(u,x) ≡ d(f (1)
u (x),x) (4.14)

where x is an input image, fu is the fractal code whose attractor is an approximation

of the reference image u, f (1)
u (x) is the result of the first iteration of fu using x as

the input, and d is the Euclidean distance.

The FND requires only the fractal code of the reference image. As such, compression

issues normally associated with fractal image coding are not relevant here. Our

interest lies in the fractal code itself and not how well it lends itself to compression,

and thus it is not considered in our research.
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4.5.2 Invariance in FND

Section 3.4.2 in Chapter 3 describes the invariances inherent in the FND. It is

noted that the FND is invariant to illumination differences between the input and

the reference image. Here we further discuss this invariance in terms of eventual

convergence. By controlling how fast the input image converges to the attractor

we can control how much pixel values change after the application of f(x). Having

slow convergence puts less emphasis on illumination differences between the input

and reference image, and thus textural differences will dominate in the comparison

between f(x) and x. There are practical limits on how slow we can make the

convergence using the theorems presented above. In particular, it takes considerably

more computation time to ensure eventual convergence at higher iteration levels.

To summarise, illumination invariance is determined by the rate of convergence,

which in turn is governed by the contractivity and eventual contractivity factors.

Slower convergence results in more invariance to illumination differences between

the input and reference image. The illumination shift factor γ, also influences this

invariance type.

From the description above we see that the FND can be a better distance measure

for tasks that require comparisons between class samples such as recognition because

of its inherent invariance properties. This hinges on the assumption that the fractal

code approximation for the reference sample can be obtained.

4.5.3 The Gamma Limit

The γ factor as defined in Equation (4.7) adds or subtracts uniformly all values in the

destination range region. Therefore, it also has an effect on illumination invariance.

Reducing the allowable range for this factor to [−γl, γl] restricts the number of pixel

value changes between iterations, and thus increases its invariance to illumination

differences between the input and reference image. However, restricting this factor

also reduces the approximation accuracy of the attractor image to the original
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Figure 4.3: Examples of faces in the Yale database under more extreme left/right
lighting conditions.

image. Consequently, finding the optimum value of this limit to obtain the best

recognition rate requires the consideration of the trade-off between illumination

invariance and approximation accuracy. In practice this is difficult to determine

theoretically, therefore it is approximated experimentally.

4.5.4 Human Face Recognition

The aim of this chapter is to illustrate the advantage of FND as a distance measure,

and not as a recognition system. Therefore, face detection and image normalisations

are kept to a minimum. The Olivetti Research Labs (ORL) and the Yale Face

Databases are used in our experiments. Although the ORL database is considered

an easy database, it is used because the faces are centered on the image so that

face detection is not required, and it contain faces of varying pose and expressions.

The Yale database has face samples under more extreme lighting conditions, so it

is used to test the FND’s illumination invariance. Examples of faces from the Yale

database are shown in Figure 4.3.

The FNC face recognition system is view-based and involves the creation of a fractal

code database for the set of test face samples. One fractal code is created for each

sample. Samples from the same person are kept separate and not combined into a

generic class description. For each unknown input face the FND is calculated using

each fractal code in the database. The unknown image is then matched to the person

with the fractal code that generates the smallest FND value. The recognition error
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rate can then be calculated as:

er =
ne

ni

(4.15)

where ne is the number of incorrect matches for ni unknown input faces. It is

assumed that the input face is of one of the persons in the database, so a rejection

process is not required.

To further improve the recognition rate by increasing its invariance, the FND can

be calculated at extra image shift positions. Five positions are used: left, right,

up, down and center. The shift amounts are made equal to the physical dimen-

sions of the smallest range block to obtain more type-C invariance as mentioned in

Section 3.4.2 in the Chapter 3.

4.6 Experiments

Experiments are performed to illustrate how Equation (4.12) can be used to control

convergence, the reduction of the relative distance of inter-class to intra-class sam-

ples, how the FND can be used for face recognition, and the effects of convergence

properties on the performance of the FND.

4.6.1 Controlling Convergence

This experiment demonstrates how a non-converging code can be made to converge

by altering the contrast scaling factors of a few transformations. The approach taken

here uses the influence-tree structure described above. All sub-domain blocks that

transform to a root pixel constitute a branch in the tree. The leaves are examined to

determine the f-sub-domain region that contributes to the contractivity factor, and

all contrast scaling factors on the path from that f-sub-domain region to the root

pixel is truncated to a fixed threshold. This process is repeated until a convergent

code is obtained at the required iteration number.
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(a)

(b)

Figure 4.4: Comparison of results before and after α modification to ensure conver-
gence: (a) results of decoding with an initial black image using a fractal code with
quad-tree partitions having a maximum contrast scaling factor of 1.2. The top row
shows the results before α modification. The bottom row shows the results after α
modification with the threshold set at 0.7 examined up to the first three iterations.
The numbers on the bottom left corner of each image is the iteration number; (b)
the intensities in these two images show the α values for each range block. The
top image shows the α value distribution before the modification, and the bottom
image is the result after the modification. The higher intensity blocks have α values
of 1.2. After α modification some of these have changed to 0.7.
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This algorithm is implemented and applied to the fractal code of a face image from

the ORL database with the maximum allowable α set at 1.2. Initially this code

is non-convergent as shown in the top row of Figure 4.4(a). We arbitrarily choose

to have convergence at the third iteration with the most influential α factors set

to αM = 0.7. The contrast factors at the nodes in the influence-tree is continually

modified to αM until the eventual contractivity factor is less than one after the

third iteration. The eventual contractivity factor is re-calculated at the third level

everytime a path from a leaf to the root is modified to check for convergence.

The resulting eventual contractivity factors for the first few iterations are shown

in Figure 4.5, and the outcomes from decoding with the modified fractal code is

shown in Figure 4.4(a). Figure 4.4(b) shows the distribution of α values before and

after the convergence modification. This figure reveals that a large uniform area

initially with large α factors has been modified to αM while retaining the larger

α factors at higher frequency regions. This is expected because range blocks in

regions with similar shade characteristics tend to be transformed from the same

domain block while using the same encoding algorithm. That domain block will

have a major contribution to the overall contractivity factor. Therefore, using this

algorithm, the α factors for uniform regions are modified before edge regions. This

graceful reduction in block approximation from uniform regions to edge regions to

obtain convergence is desirable in our recognition task as edges contain more image

structure information.

4.6.2 Relative Distance Reduction

The aim of this experiment is to demonstrate how FNC clusters samples from the

same class closer together in relation to other class samples than the nearest neigh-

bour classifier (NNC). Standard between-class and within-class scatter matrices

cannot be used as a fair indicator of separability in the case of the FNC.

Let fi denote the fractal code of the ith training sample, where 1 ≤ i ≤ nT , and

nT is the total number of training samples. Let x be a sample with an unknown
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Figure 4.5: The eventual contractivity factor sl, versus the number of decoding
iterations using the fractal codes of a face image. The graph shows a comparison of
the eventual contractivity factors before and after α modification. The ORL face
image used is encoded with a maximum α factor of 1.2. The fractal code is then
modified up to the third level of decoding, truncating α values to a value of 0.7.
Not all α values are affected, thus the fractal code converged whilst still possessing
a maximum α value of 1.2.

category. The set of nT pairs (f1(x), θ1), . . . , (fnT
(x), θnT

), where fi(x) take values

in the metric space X upon which is defined a metric d, then identifies the category

of each fi(x) as θi. Each θi takes values in the set {1, 2, . . . , nC}, where nC is the

number of categories. θi is considered to be the index of the category to which

fi(x) belongs. Given the pair (x, θ), where x takes values in the metric space X, we

wish to find θ where x is the only known measurement. The definition of the FND

in Equation (4.14) suggests that fi(x)’s are distributed around x. Ideally, fj(x) is

closer to x under the metric d for all j where 1 ≤ j ≤ nT and θj = θ than fi(x) is

to x for all i where i 6= j, 1 ≤ i ≤ nT and θi 6= θ. A similar representation of the

category assignments can be used for the NNC, given by (x1, θ1), . . . , (xnT
, θnT

). We

now define the following relative distance difference to measure the performance of

the FNC with respect to the NNC for an input sample x, where its category θ is

assumed known,

R1 =
d(fa(x),x)

d(fb(x),x)
− d(xk,x)

d(xl,x)
(4.16)

where a = arg mini{d(fi(x),x)|θi = θ}, b = arg mini{d(fi(x),x)|θi 6= θ}, k =
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FNC Recognition Error Rate 11/200 (5.5%)
NNC Recognition Error Rate 18/200 (9%)
R1 number of negative R1s 117 (out of 200)

mean R1 -0.01545
sum R1 -3.090

R2 number of R2s < 1 117 (out of 200)
mean R2 0.9926

Table 4.1: Results from experiments on the Fractal Neighbour Classifier versus the
Nearest Neighbour Classifier, based on the relative distance performance measures
R1 and R2. The ORL face database is used. Five samples per person is used for
training and the rest used for testing. R1 negative or R2 < 1 indicates that FNC
performs better than NNC.

arg mini{d(xi,x)|θi = θ}, and l = arg mini{d(xi,x)|θi 6= θ}. The two ratio terms

in Equation (4.16) give the relative distance of the nearest within-class neighbour

to the nearest between-class neighbour. We can also define the ratio of the relative

distances as a performance measure,

R2 =
d(fa(x),x)d(xl,x)

d(fb(x),x)d(xk,x)
(4.17)

The FNC outperforms NNC for an input x if R1 is negative or if R2 is less than

one. Table 4.1 summarises the results of the calculations of R1 and R2 where five

samples per person from the ORL face database are used for training. The remaining

samples are used for testing as input samples. Extra image shifting for the FNC as

described in Section 4.5.4 is not used so that a fair performance comparison with

the NNC method is possible. The results from the table indicate that the FNC

performed better than the NNC in reducing the relative distances of its nearest

neighbours, which was correspondingly reflected in the recognition error rate.

It is interesting to note that R1 and R2 are indications of class separation, in the

same way as the MIN/MAX ratio described by Brunelli and Poggio [BP92]. The

results indicate that the FNC does indeed result in an increased class separation.
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4.6.3 Application to Face Recognition

Human face recognition is performed using the FNC in the manner described above.

With the aid of Equation (4.12) experiments are performed to investigate the effects

of using α values that result in contractivity factors that are larger than one, whilst

maintaining eventual convergence. The encoding scheme allows α values up to a

certain threshold, instead of a fixed α as was used in Chapter 3. This results in

better domain to range region matches. The method of modifying α is described by

the following algorithm, which ensures convergence after the lth decoding iteration.

A. Create a tree structure for each pixel, where the pixel is at the root of the

tree. Each branch from that root represents a transformation from an f-sub-

domain region to that pixel. In turn, each f-sub-domain region has branches

representing transformations to that region. Each level of the tree represents

one iteration of the fractal code.

B. Calculate sl using the tree structures.

C. If sl is larger than one, find the f-sub-domain regions at the leaves of the trees

that contribute to the value of sl. For those regions, traverse up the tree and

impose an upper limit by truncating each value of α to some threshold less

than one.

D. Repeat step B until sl is less than one.

Note that with this algorithm the threshold for α must be less than one for the

modification process to halt.

Two different encoding schemes are used for the experiments: uniform partitioning

and quad-tree partitioning. In uniform partitioning, the range regions are created

by uniformly partitioning an image into square blocks. For our experiments range

block sizes of 4 × 4 pixels are used and domain blocks are twice as large. Quad-

tree [Fis95b] encoding initially involves uniform partitioning. Each block is then
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examined in turn, searching for a best matching domain block. If the resulting

range block from a transformation using the best matching domain block compared

to the range block in the original image is above a pre-set threshold, then that

range block is partitioned uniformly into four smaller uniform blocks. This process

is repeated until all range block approximations are below that threshold.

Figure 4.6 shows the results of the face recognition experiments using the ORL Face

Database where various encoding parameters are used. In the case where uniform

partitioning is used (Fractal (i)-(iii)) the parameters are chosen to illustrate the

effects of varying s. In the quad-tree case (Fractal (iv)-(vi)) the parameters are

chosen to illustrate the effects of s and also the effects of using different minimum

range block sizes. Comparison between the uniform and quad-tree methods is facil-

itated by using the same encoding parameters where possible, as shown in Fractal

(i) and Fractal (iv). In all the FND experiments the average s is calculated by

averaging the contractivity factors of all database entries for each encoding type.

This is required because the values of s for each fractal code in the database can

be slightly different although the same α range of values are used. Fractal (i) and

(iv) uses maximum α factors larger than one, so eventual convergence is chosen to

be guaranteed at the third or fourth iteration using a modified α of 0.7 with the

influence-tree modification technique described above. A maximum of 20 modifi-

cation iterations is imposed. The other fractal schemes use maximum α factors

less than one so convergence is guaranteed even though their s values are larger

than one. This can be confirmed by calculating their eventual contractivity fac-

tors. All classifiers described here that use the FND utilise the extra image shifts

as described in Section 4.5.4. The figure also shows results from using the Eigen-

face method [TP91a] and the nearest neighbour classifier using the direct Euclidean

distance.

An average recognition error rate of 1.1% is achieved at five training samples per

person using the Fractal (i) method, which has uniform partitioning, average s

of 1.8 and γl at 40. At this number of samples per person the recognition error
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Figure 4.6: Recognition results using FND with uniform partitioning and quad-tree
partitioning, nearest neighbour classifier (using Euclidean distance) and Eigenface.
Fractal (i) - uniform partitioning, maximum α = 2.0, minimum α = 0.95, modified
α = 0.7, γl = 40, average s = 1.8; Fractal (ii) - uniform partitioning, maximum
α = 0.9, minimum α = 0.0, no gamma limit, average s = 1.3; Fractal (iii) -
uniform partitioning, maximum α = 0.5, minimum α = 0.0, no gamma limit,
average s = 0.85; Fractal (iv) - quad-tree partitioning, maximum α = 2.0, minimum
α = 0.95, modified α = 0.7, γl = 40, minimum range size= 2 × 2, average s = 1.9;
Fractal (v) - quad-tree partitioning, maximum α = 0.7, minimum α = 0.0, no
gamma limit, minimum range size= 2× 2, average s = 1.1; Fractal (vi) - quad-tree
partitioning, maximum α = 0.7, minimum α = 0.0, no gamma limit, minimum
range size= 4× 4, average s = 1.1.
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rate decreases as average s increases with appropriate gamma limits. The recog-

nition performance of fractal codes with higher contractivity factors improves as

the number of views in the database increases, but degrades faster as the number

of views decreases. This effect is more noticable as s increases. This can be ex-

plained by an increase in dependence on geometrical features as convergence rate

slows and dependence on actual pixel value differences decrease. As the number

of views increases the amount of geometrical information available for each person

increases, therefore with slower convergence we can expect the recognition ability

to be a stronger function of the number of views. This property can be observed

as a greater change in the recognition error rate with the number of samples per

person for the curve generated with uniform partitioning and average s at 1.8 as

compared to that with average s at 1.3 or 0.85. This effect can also be observed

with quad-tree partitioning with average s at 1.9 and 1.1 at the same minimum

range block sizes. The effects of using larger minimum range block sizes (of 4 × 4

pixels) for this partitioning type reduces the error rate, as predicted by the discus-

sion on invariance in Section 4.5.2. Obviously this improvement is at the cost of

image approximation accuracy. The amount of error rate reduction is more than

that obtained from increasing s. Comparing the curves of Fractal (i) to (vi) reveals

that the quad-tree partitioning scheme yielded inferior results to all those obtained

using the uniform partitioning scheme, regardless of the value of s or the minimum

range block size. This is due to the use of non-uniform range blocks in the quad-tree

scheme, which imposes an extra structural constraint on the image, which reduces

its invariance to distortions. Although better approximations are possible they have

less generalisation ability. In addition, usually smaller range blocks tend to be used

at selected areas, which again leads to less invariance.

Table 4.2 shows the results of experiments using the Yale Face Database. Results

of six experiments are shown. The first experiment, Method (A), uses FND with

fractal codes that have contrast scaling factors truncated at 0.5, and histogram

equalisation is performed independently for the left and right half of the test faces.

The fractal codes in the second experiment, Method (B), have no gamma limits
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“LEAVING-ONE-OUT” OF YALE DATABASE

Method Error rate Errors due to lighting Errors due to other factors

(A) 14/165 (8.5%) 11/14 (78.6%) 3/14 (21.4%)
(B) 32/165 (19.4%) 31/32 (96.9%) 1/32 (3.1%)
(C) 8/165 (2.4%) 7/8 (87.5%) 1/8 (12.5%)
(D) 2/165 (1.2%) 2/2 (100.0%) 0/2 (0.0%)
(E) 34/165 (20.6%) 33/34 (97.1%) 1/34 (2.9%)
(F) 37/165 (22.4%) 19/165 (11.5%) 18/165 (10.9%)

Table 4.2: Results from experiments with the Yale Face Database. The leave-one-
out testing methodology is used. The face images are manually extracted to include
the full face with hair and some background. The first method of implementation,
Method (A), used FND with fractal codes generated using uniform partitioning,
maximum α = 0.5, minimum α = 0.0, with the left and right half of the test face
independently histogram equalised. The next three methods of implementation used
FND with fractal codes generated using uniform partitioning, maximum α = 2.0,
minimum α = 0.95, modified α = 0.7, convergence guaranteed at the third or
fourth iteration, and the maximum number of influence-tree modification iterations
set at 20. The methods differed in the following way: (B) no gamma limits, no pre-
processing; (C) no gamma limits, left and right half of input test face independently
histogram equalised; (D) γl = 6, left and right half of input test face independently
histogram equalised. The last two experiments were based on the nearest neighbour
classifier using the Euclidean distance: (E) no pre-processing; (F) left and right half
of input test face independently histogram equalised.
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Figure 4.7: The relationship between recognition error rate and the gamma limit.
The Yale Face Database is used with recognition performed using the FND with
fractal codes generated using uniform partitioning, maximum α = 2.0, minimum
α = 0.95, modified α = 0.7, convergence guaranteed at the third or fourth iteration,
and the maximum number of influence-tree modification iterations set at 20.

and no pre-processing is performed. The next experiment has no gamma limits,

but utilises the same histogram equalisation operation. The fourth experiment uses

γl = 6 and histogram equalisation of the input faces. Independent left and right

half histogram equalisation is used to reduce the effects of severe left/right lighting

conditions in some of the faces in the Yale collection. Figure 4.7 is a graph of

experiment results showing the recognition error rate as a function of the gamma

limit. The best gamma limit (γl=6) is used in Method (D) in Table 4.2. The

fifth and sixth experiments are based on the nearest neighbour classifier method

using the Euclidean distance, which include extra image shifting as described in

Section 4.5.4 by the same amounts as those in the first four experiments. This is

done so that a fair comparison is possible.



Chapter 4. Controlling Convergence and Recognition Rates 151

The results show that the FND does not perform well under extreme lighting con-

ditions and is not much better than the Euclidean distance. However, just using

simple histogram equalisations to reduce the extreme lighting conditions coupled

with gamma limits improve the results dramatically to just 1.2%. This is compet-

itive with the method by Belhumeur et al. [BHK97] where they quote a result of

0.6% using the Fisherface method under similar experimental conditions. Other re-

sults from that paper are Linear Subspace (15.6%), Correlation (20.0%), Eigenface

without the first three components (10.8%) and Eigenface (19.4%). In comparison,

Table 4.2 also reveals that the Euclidean distance method performed worse with the

extra histogram equalisation than without, which show a significant rise in errors

due to lighting. This emphasises the invariances in the FND that does not exist

with the Euclidean distance.

4.7 Conclusions

A method of applying fractal image coding to object recognition is presented in this

chapter. The Fractal Neighbour Classifier (FNC) based on the Fractal Neighbour

Distance (FND) is introduced for recognition. The effects of the eventual contrac-

tivity factor on this distance measure is investigated. As such we require absolute

control over the eventual convergence properties of a fractal code. To do this we

derive theorems and present practical techniques that enable us to control the even-

tual contractivity factor. The effects of the illumination shift factor on the error

rate is also investigated. It is found that imposing limits on this factor can increase

the FND’s invariance to illumination differences.

The FNC is implemented to perform human face recognition. The ORL and Yale

Face Databases are used in the experiments. The ORL database is used as it does

not require additional face detection or pre-recognition processing. The aim is to

test the FND as a distance measure and its inherent invariances to distortions, and

not as a complete face recognition system. The Yale database is used to test the
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FND under more extreme lighting conditions. A recognition error rate of 1.1% is

obtained on the ORL database, and 1.2% on the Yale database. The latter result is

competitive with Fisherface results obtained using the same database under similar

experimental conditions.

In addition, experiments are performed that illustrate how the eventual contrac-

tivity factor can be calculated at any given iteration, and how it can be used to

control the iteration number at which we want convergence to be guaranteed. The

techniques for doing this apply to a general class of fractal codes consisting of affine

transformations with integral decimation in the horizontal and vertical directions.

The performance of the FND as a distance measure is also compared to that of the

Euclidean distance using two proposed relative distance measures. With respect to

these performance measures the FND is better than the Euclidean distance, which

is correspondingly reflected in the improved recognition error rate. They results

also reveal that the FNC in fact increases class separation.

For future work, the possibility of having an optimal method for modifying the

contrast scaling factor α, to ensure convergence can be investigated. At the moment,

a simple method of modifying the most significant α factors is used. Ideally, there

should be a minimal effect on the image quality as a result of the modification,

typically by reducing the number of changes to α. The effects of the contractivity

and eventual contractivity factors on image quality is left for future investigations.

Furthermore, a faster algorithm can be derived to calculate the eventual contrac-

tivity factors by eliminating redundancies in the tree structure used to track the

transformations. Currently, there is a practical limit of six to seven iterations for

most encoding types before the amount of computation time required becomes ex-

cessive.



Chapter 5

Face Verification and

Identification System

5.1 Introduction

Face verification is mainly used in access control applications. The usual mode

of operation involves an individual attempting to gain access to a secured area or

resource by providing a claimed identity together with a live image of their face.

The system must extract the face of the individual and then compare it with a

stored database of faces of the person with the identity that is claimed by that

individual. In a practical application security issues must be taken into account,

for example verifying that the extracted face is obtained from a live image and not

from a photograph held up to the camera. We do not consider liveness detection in

our work. The performance of verification systems are measured in terms of false

accept rates (FAR) and false reject rates (FRR).

Face identification is used to identify an unknown face given a database of faces

of known identities. Some identification systems also have a reject decision, where

the unknown face is deemed not in the database. Similar to many experiments

carried out by numerous researchers, our system does not implement this feature.

153
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We assume that the identity of the unknown input face is the same as one of those

in the database. The performance of identification systems is measured in terms

of recognition error rates or positive recognition rates, similar to that described in

Chapter 3 Section 3.4.

In this chapter we describe a face verification and identification system based on

FNDs and the FFT-assist SVM eye detection system described in Chapter 2. Fur-

thermore, we use FNDs that have been modified to operate with weights on sub-

regions within the face. The motivation for these modifications comes from the

findings from the work of several authors that the eye region has more discrimi-

nating information than other parts of the face [NS98, BP93]. In some cases using

information from the whole face results in reduced recognition rates. For the iden-

tification system, we also propose the use of a voting scheme based on the weighted

FND. For the verification system, we present the use of normalised scores and client

specific thresholds. Using normalised scores give better results, and make our sys-

tem competitive with current state-of-the-art methods in the literature. We also

demonstrate that using client specific thresholds can potentially further improve

verification results significantly, and in some cases outperform all the methods in

the literature to which we compare our results.

The previous chapters describe the concept of using FNDs for face recognition and

FFT-assisted SVM for eye detection as separate entities. In this chapter we present

a complete face verification and identification system that combines the modified

FND and FFT-assisted SVM eye detector. The modified FNDs are described in

the next section. Additionally, for the sake of comparison, we also present a novel

verification system that uses FNDs for both face localisation and verification. This

method is specific only to the XM2VTS database.
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5.2 Weighted FNDs

In this chapter, we aim to improve the performance of the FND by modifying it to

operate over a set of locally weighted regions, from which a global score is derived.

This modification is motivated by the fact that different parts of the face have

different amounts of information for discrimination. It was pointed out by various

researchers [NS98][BP93] that the region around the eyes have more information

for discrimination compared to other parts of the face.

We use rectangular weighting functions. Let the height of an image in pixels be

denoted by Ih and the width by Iw, and define bt, bb, bl, br as the normalized

ratios in the range [0, 1], representing the top, bottom, left and right boundaries,

respectively, of where the weighting function begins and ends. We then define the

weighting function as

w(k, l, bt, bb, bl, br, c1, c2) =





c1, if bt < k
Ih
≤ bb and bl < l

Iw
≤ br

c2, otherwise.
. (5.1)

This weighting function is characterized by the boundaries bt, bb, bl, br and the

costs c1 and c2. The cost value c1 is applied inside the boundaries and c2 is

the cost value outside those boundaries. We require the weighted FND to op-

erate with different weighting functions. Let W =
{(

b
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t , b
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)}
be the set contain-

ing n weighting functions and (bt, bb, bl, br, c1, c2) ∈ W be an element in that set.

Vertical and horizontal shifts, similar to those described in Equation (3.21) are also

used. Let H be the finite set of desired shifts, where (m,n) ∈ H is an element in

that set. In each element, m represents the number of pixels to be shifted in the

vertical direction, and n is the number of pixel shifts in the horizontal direction. In

this case, an image q shifted by (m,n) is then denoted by qmn.

The weighted FND (WFND) is then defined as

dwFN(p,q) =
∑

(bt,bb,bl,br,c1,c2)∈W
min

(m,n)∈H
(dwnz(fp(qmn),qmn, bt, bb, bl, br, c1, c2)) (5.2)
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where

dwnz(x,y, bt, bb, bl, br, c1, c2) =

√√√√√√
∑Ih

k=1

∑Iw
l=1

x(k, l) 6= 0, y(k, l) 6= 0
w(k, l, bt, bb, bl, br, c1, c2) (x(k, l)− y(k, l))2

Nz

(5.3)

and

Nz = |{(k, l) : x(k, l) 6= 0, y(k, l) 6= 0, w(k, l, bt, bb, bl, br, c1, c2) 6= 0,

k = 1, . . . , Ih and l = 1, . . . , Iw}| (5.4)

The pixel value at coordinates (k, l) in the image x is denoted by x(k, l). The

same applies to the image y. The WFND uses a normalized version of the non-zero

Euclidean norm. The unnormalized version is shown in Equation (3.19). The factor

Nz is the number of (k, l) positions where x(k, l), y(k, l) and w(k, l, bt, bb, bl, br, c1, c2)

are all non-zero.

The weighted FND matches features at the local level and derives a local score.

The local scores are summed to derive a global score. Effectively, the weighted

FND uses each weighting function to search for a best matching region over a local

area specified by the set of desired shifts H. The value from the position that

minimizes the locally weighted FND over this search region is selected and summed

over all weighting functions to obtain the global score.

As described in previous chapters, the FND has some invariance to translation,

scale, intensity and rotation. Therefore, each locally weighted FND has some of

these invariances. The minimization of the locally weighted FND over a search area

is computed independently for each weighting function, so their combined repre-

sentation has the potential to be more invariant to non-linear distortions. This is

because the relationship between local regions, in terms of their position within the

image, is not geometrically restricted. The positions of the local regions depend

on H and the local features that minimize the locally weighted FND. Therefore,

the geometrical relationship between local regions can be complex and non-linear,

increasing the chances of the WFND being invariant to complex deformations. This
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is advantageous when considering images of human faces, which can deform non-

linearly. However, it should be pointed out that the amount of invariance available

from using the WFND rely on the local features being located accurately. If in-

correct features are located using the locally weighted FND then we can expect

degraded performance.

5.3 Verification System

5.3.1 Verification System Using FNDs

This verification system (VS-FND) uses a template-based face localisation algo-

rithm using the FND. This algorithm is specific only to the type of face samples

used. The FND is used for face verification. This was the system used to create

the results as published by Matas et al. [MHJ+00], which took part in the face

authentication competition held as part of the 15th International Conference on

Pattern Recognition 2000. Our system managed to win first prize, despite the fact

that our results were not the best. The reason being that the results submitted by

other authors either did not conform to the Laussane Protocol or were submitted

after the due date.

The block diagram for system VS-FND is shown in Figure 5.1. Face localisation

and extraction is carried out on the captured image using an FND template based

method, which utilises a significant number of assumptions about the input image.

Face verification is then carried out using the FND by comparing the input face

with those in a database.

5.3.1.1 Face Localisation Subsystem for VS-FND

As mentioned above, the face localisation and extraction subsystem implements an

FND template based method utilising a significant number of assumptions about
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Figure 5.1: Face verification system VS-FND. Face localisation and extraction is
template based and uses assumptions about the input image. The extracted face is
76 pixels high and 56 pixels wide.
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Figure 5.2: Example of faces from the XM2VTS face database.

the input image. In particular, we assume that the captured images are those from

the XM2VTS database [MMK+99]. The database consists of 2360 faces from 295

people, taken in front of a blue background. The images are 576 pixels high and

720 pixels wide. Some of these faces are shown in Figure 5.2

The blue background assists the process of locating the head boundary. This can

be done by simple colour thresholding. Input images to the face localisation al-

gorithm are of those from the XM2VTS database with red, green and blue colour

components available. A template of size 32 × 32 is used (shown in Figure 5.3).

This template, used for comparison with the image underneath using the FND, was

found experimentally to perform well in locating faces. The dark regions in the

template correlate with the positions of the eyes, nose and mouth. In a grayscale

image, the eyes, nose and mouth generally have darker pixels. The nose and mouth

regions are combined accounting for moustaches and beards. Symmetry is implicitly

imposed by the symmetry of the template.

A. For i = 4.5 to 6.5 in steps of 0.5.

B. Reduce the size of the input image by the factor of i to obtain image height

Ih and image width Iw.

C. Restrict the search region to an area within the resized image that starts at

0.035 × Ih from the top, 0.07 × Iw from the left, 0.28 × Ih from the bottom
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Figure 5.3: Template used for FND-based face detection. The dark areas correspond
to the position of the eyes, nose and mouth. The nose and mouth are encompassed in
one region. This template can be used to locate faces with slight in-plane rotations,
as long as they fit within the template structure.

and 0.3× Iw from the right. The non-symmetrical search region is due to the

assumption that the template used for correlation has a size of 32× 32 pixels

with the origin at the top left hand corner.

D. Further reduce the search region by removing from it the positions that begin

with a blue pixel. We consider a pixel as blue if the blue minus the red

component pixel value and the blue minus the green component pixel value

are both greater than 40. A bounding box of the search region can be obtained.

E. The top edge of the search bounding box is set forward by a factor of 0.15

of the total height to move past the hair and forehead of the face. The final

search region is shown in Figure 5.4. The following steps are performed for

each position in the search region.

F. Extract the 32×32 pixel sub-image at the current search position and calculate

the percentage of blue pixels. If this ratio is greater than 18% then skip to

the next search position.

G. This step enforces the condition that there are no significant edges between

the eyes and the nose. In the extracted 32× 32 pixel sub-image, the gradient

is calculated using the variance operator for the image strip from the 7th row
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to the 10th row inclusively. The image strip is four pixels high by 32 pixels

wide. If the sum of the gradients is greater than 10000 then skip to the next

search position.

H. Symmetry is enforced in this step. An imaginary vertical line of reflection is

created that divides the image into two equal halves. If a pixel po(x, y) and

its corresponding mirrored pixel pm(x, y) are non-zero we calculate

cd(x, y) = |po(x, y)− pm(x, y)| −min(po(x, y), pm(x, y)). (5.5)

The extracted sub-image is divided into two halves: the eye region, and the

nose plus mouth region. The nose and mouth region, beginning from the

eleventh row onwards, follows the eye region. Two sums are calculated as a

measure of the symmetry of the face,

re =
10∑

y=1

∑
x

cd(x, y) (5.6)

and

rm =
32∑

y=11

∑
x

cd(x, y). (5.7)

If re > −300 or rm > −300 then skip to the next search position, otherwise

proceed to the next step.

I. The FND is used here to compare the extracted sub-image with the tem-

plate. The template image is fractal encoded with a maximum sub-domain

block usage of six, similar to the one described in Section 3.5.3.1. The upper

bound for the contrast scaling factor α is set to 0.5 and the lower bound is

set at zero. All search positions are attempted for the one that minimises

dFN(xT ,ps(x, y)) using the Euclidean norm, where xT is the template image,

and ps(x, y) is the extracted 32× 32 sub-image at position (x, y).

This method performs reasonably well with the XM2VTS face database. However,

it can only locate upright faces with accomodation for some slight in-plane head

rotations by the design of the template. Making the eye, nose and mouth regions

in the template larger may provide more invariance to rotations, but detection
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Figure 5.4: Approximate template search region for face finding. The bounding
box for the head is found by colour thresholding in a restricted search space. The
bounding box is further restricted by moving the top edge below the hair and some
of the forehead region.

accuracy decreases. Furthermore, we cannot use it to normalise for in-plane head

rotations. Depending on the size of the search region, which is image dependent,

each face extraction requires 200 ms to 500 ms of processing time using a PC

configured with an Athlon XP 2000+ processor, 1 Gigabyte of DDR-RAM and the

software written in C++ compiled with Intel C++ 6.0 running on the Windows XP

platform. This is the same PC configuration as the one described in Section 2.4.4.

Examples of located faces are shown in Figure 5.5.

All the faces from the XM2VTS database are detected satisfactorily if we consider

a detection as correct if most parts of the face are captured within the extracted

rectangle as shown in Figure 5.5(b). Weaknesses in the method are:

• Only approximate face detection is possible. This is observable by comparing

the eye positions of the first and second image on the second row of Fig-

ure 5.5(b). The first image had the eyes positioned closer to the top border

than the second image;

• Extracted face sizes can vary quite significantly, which is observable by com-

paring the fourth image on the third row of Figure 5.5(b) to most of the other

extracted faces.

• In-plane head rotations are not accounted for. For example, the third image
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(a)

(b)

Figure 5.5: Face localisation using system VS-1: (a) original input images; (b)
detected faces. Most of the faces from the XM2VTS database are detected sat-
isfactorily, but there are variations in position, size and in-plane head rotation.
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on the first row, second image on the second row and the first image on the

fourth row of Figure 5.5(b) are not in an upright position.

5.3.1.2 Verification Subsystem for VS-FND

The extracted faces are 76 pixels high and 56 pixels wide. Each client face is

extracted and fractal encoded using a uniform range block distribution with a max-

imum sub-domain block usage of six, similar to the one described in Section 3.5.3.1.

The upper bound for the contrast scaling factor α is set to 0.5 and the lower bound

is set at zero. Verification is performed by calculating the FND between the input

image and those in the database with the claimed identity. A verification score

between 0.0 and 1.0 is obtained by calculating

Sv = max

{
0.0, min

{
1.0, max

i,m,n

(
1− dFN(xci,x

(m,n))

100

)}}
(5.8)

where dFN is the FND, xci is the ith face image for the claimed client identity

c and (m,n) are the vertical and horizontal shifts similar to the ones described

in Section 3.4.3. The vertical offset m ranges from -8 to 8 in steps of two pixels

and the horizontal offset n ranges from -4 to 4 in steps of two pixels. The FND

in Equation (5.8) is calculated in terms of the normalised version of the non-zero

Euclidean norm as shown in Equation (5.9).

dFN(p,q) = dnz(fp(q),q) =
dz(fp(q),q)√

Nz

(5.9)

where dz is the non-zero Euclidean norm defined in Equation (3.19) and Nz is the

number of pixel positions in fp(q) and q where both are non-zero.

The higher the score Sv the better the match. The claimed identity c is accepted

as true if Sv > τc, where the acceptance threshold τc was found experimentally.

5.3.2 Verification System Using SVMs, FFTs and FNDs

This verification system (VS-WFND) combines a face localisation sub-system based

on the eyes detection system described in Chapter 2 with the weighted FND. The
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Figure 5.6: Face verification system VS-WFND. Eye detection uses the system
described in Chapter 2. The face is extracted using the eye positions, where nor-
malisations for size and in-plane rotations are also performed. The extracted face
is 76 pixels high and 56 pixels wide.

weighted FND is used for image matching. The face extraction sub-system firstly

detects the eyes using the FFT-assisted SVM eye detection system as described in

Chapter 2. The eye locations are then used to extract a face that is normalised

with respect to size and in-plane rotations. This alleviates some of the problems

encountered by the face localisation sub-system in VS-FND. The block diagram for

VS-WFND is shown in Figure 5.6.

5.3.2.1 Face Localisation Subsystem for VS-WFND

The algorithm for the VS-WFND face extraction sub-system is as follows:

A. Apply the low pass filter to the input image and find eye locations using the

system described in Chapter 2.



Chapter 5. Face Verification and Identification System 166

B. Rotate the image around the left (or right) eye so that the left and right

eyes lie on the horizontal. Simple pixel mapping can be used for finding

the rotated image. However, more sophisticated algorithms employing pixel

weighting are recommended because they provide higher quality rotations in

terms of image smoothness and perceived quality. One example used in this

system is the so-called Rotate-by-Shear. The C++ source code is available

at http://www.codeproject.com/bitmap/rotatebyshear.asp. It performs ro-

tation by skewing in the horizontal and vertical directions by the required

amounts.

C. The rotated image is resized so that the horizontal eye to eye distance is 22

pixels.

D. Extract the face with a height of 76 and width of 56 pixels. With the image

origin at the top-left corner, the left eye is at row 34 and column 17, and the

right eye is at row 34 and column 39.

5.3.2.2 Verification Subsystem for VS-WFND

The extracted faces have the same size as those from VS-FND, that is 76 pixels

high and 56 pixels wide. Verification is performed by calculating the weighted FND

between the input image and those in the database with the claimed identity.

Sv = max

{
0.0, min

{
1.0, max

i

(
1− dwFN(xci,x)

100

)}}
(5.10)

where dwFN is the weighted FND, xci is the ith face image for the claimed client

identity c. The higher the score Sv the better the match. The claimed identity

c is accepted as true if Sv > τc, where the acceptance threshold τc was found

experimentally.

The knowledge gained from the experiment results described in Chapters 3 and 4

are used in selecting the parameters for the following experiments. The faces used

here are more accurately located and normalised compared to the ones used in the
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ORL database. As such we expect that better results are obtained by using smaller

contractivity factors for the fractal codes. The explanation for this is given in

Section 3.6, which basically says that when more normalisations are performed the

difference between faces are dominated by shape and feature differences. Therefore,

using smaller contractivity factors in this case should give better results. Fractal

codes with smaller contractivity factors have faster convergence during the decoding

process. All experiments use a domain to range block size ratio of two. The settings

used in our experiments are divided into six categories:

Category 1 - Variation of α:

A. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.4, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

B. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

C. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.6, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

Category 2 - Maximum sub-domain block usage of six and variation of wh2:

A. Uniform range block distribution, maximum sub-domain block usage of

six (see Section 3.5.3.1), minimum α = 0, maximum α = 0.5, H =
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{(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)}, W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, ex-

tracted face dimensions (76×56), left-eye center coordinates (34, 17), right-eye

center coordinates (34, 39), eye detector Rb.

B. Uniform range block distribution, maximum sub-domain block usage of

six (see Section 3.5.3.1), minimum α = 0, maximum α = 0.5, H =

{(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)}, W = {(0.0, 0.6, 0.0, 0.0, 1.0, 0.0025)}, ex-

tracted face dimensions (76×56), left-eye center coordinates (34, 17), right-eye

center coordinates (34, 39), eye detector Rb.

Category 3 - Variation of W

A. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.7, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

B. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.6, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

C. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.4, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

D. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.3, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),
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left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

E. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.1, 0.6, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

F. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.05, 0.55, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

G. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.1, 0.9, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

H. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0064)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

I. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.04)}, extracted face dimensions (76 × 56), left-

eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.
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J. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.25)}, extracted face dimensions (76 × 56), left-

eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

K. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0001)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

L. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0)}, extracted face dimensions (76×56), left-eye

center coordinates (34, 17), right-eye center coordinates (34, 39), eye detector

Rb.

M. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 1.0)}, extracted face dimensions (76×56), left-eye

center coordinates (34, 17), right-eye center coordinates (34, 39), eye detector

Rb.

Category 4 - Variation of normalised face size and position:

A. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (56 × 44),

left-eye center coordinates (14, 12), right-eye center coordinates (14, 32), eye

detector Rb.

B. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
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W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (100 × 76),

left-eye center coordinates (36, 24), right-eye center coordinates (36, 52), eye

detector Rb.

Category 5 - Variation of eye detector used:

A. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Lb.

B. Uniform range block distribution, unrestricted sub-domain block usage, min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Pb.

Category 6 - Non-uniform range block distributions:

A. Quad-tree range block distribution, unrestricted sub-domain block usage,

maximum range block size (8 × 8), minimum range block size (2 × 2), min-

imum α = 0, maximum α = 0.4, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

B. Quad-tree range block distribution, unrestricted sub-domain block usage,

maximum range block size (8 × 8), minimum range block size (2 × 2), min-

imum α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.
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C. Quad-tree range block distribution, unrestricted sub-domain block usage,

maximum range block size (8 × 8), minimum range block size (2 × 2), min-

imum α = 0, maximum α = 0.6, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

D. Quad-tree range block distribution, unrestricted sub-domain block usage,

maximum range block size (8 × 8), minimum range block size (2 × 2), min-

imum α = 0, maximum α = 0.95, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)},
W = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56),

left-eye center coordinates (34, 17), right-eye center coordinates (34, 39), eye

detector Rb.

E. HV-partitioned range block distribution, unrestricted sub-domain block usage,

maximum range block size (8×8), minimum range block size (2×2), minimum

α = 0, maximum α = 0.5, H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)}, W =

{(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56), left-eye

center coordinates (34, 17), right-eye center coordinates (34, 39), eye detector

Rb.

In addition, experiments are also performed using manually located eye positions.

This is used in place of the FFT-assisted SVM eye detector. The extracted faces are

then verified using the weighted FND. This tests the performance of the weighted

FND independently of the face localisation system.

5.3.3 Performance Comparison

The XM2VTS face database [MMK+99] is used to evaluate the performances of

VS-FND and VS-WFND. The database consists of 2360 images of a single frontal

pose shot of faces from 295 people. There are eight face samples of each person,

obtained from four sessions spread out in monthly intervals. Two shots are taken
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in each session. The Lausanne Protocol [LM98] describes a testing procedure using

this database for evaluating face verification systems. The subjects are randomly

divided into three categories, where the number of subjects in each category is

shown inside parentheses:

• Clients (200).

• Impostors for use during system evaluation (25).

• Impostors for use during system testing (70).

A weakness with many testing protocols is that the results are obtained using

decision thresholds that have been adjusted to the test samples so that the best

results are obtained. In a real-world situation the results are obtained using decision

thresholds that have been set a priori. The Lausanne Protocol attempts to simulate

real-world behaviour by dividing the sample set into training, evaluation and testing

sets. The training set is used to train the verification algorithms. The evaluation

set is used for setting the decision threshold to satisfy certain performance levels

expressed in terms of error rates. This decision threshold is fixed and used to obtain

results using the testing set.

The subjects in the Clients category are further subdivided into the training, eval-

uation and testing categories. The Lausanne protocol specifies two different sub-

divisions called Configuration I and Configuration II, shown in Tables 5.1 and 5.2

respectively. Altogether, for Configuration I, there are 200×3 = 600 client training

images, 200 × 3 = 600 client evaluation images, 200 × 2 = 400 client test images,

25 × 8 = 200 evaluation images of impostors and 70 × 8 = 560 test images of

impostors. For Configuration II, there are 200 × 4 = 800 client training images,

200×2 = 400 client evaluation images, 200×2 = 400 client test images, 25×8 = 200

evaluation images of impostors and 70× 8 = 560 test images of impostors.

The results for Configuration I obtained using VS-FND are shown in Tables 5.3

and 5.4. Configuration II results using VS-FND are shown in Tables 5.5 and 5.6.
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Training Data Session 1, Shot 1
Session 2, Shot 1
Session 3, Shot 1

Evaluation Data Session 1, Shot 2
Session 2, Shot 2
Session 3, Shot 2

Test Data Session 4, Shot 1
Session 4, Shot 2

Table 5.1: Division of clients into training, evaluation and testing data for Config-
uration I.

Training Data Session 1, Shot 1
Session 1, Shot 2
Session 2, Shot 1
Session 2, Shot 2

Evaluation Data Session 3, Shot 1
Session 3, Shot 2

Test Data Session 4, Shot 1
Session 4, Shot 2

Table 5.2: Division of clients into training, evaluation and testing data for Config-
uration II.
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In both configurations, decision thresholds are set using results from the evaluation

sets, which are then used for testing on the test sets. Three threshold settings are

examined, corresponding to the conditions FAR = FRR, FRR(FAR = 0) and

FAR(FRR = 0) on the evaluation set. The false accept rate (FAR) is the rate at

which an impostor is accepted as a valid client, and the false reject rate (FRR) is

the rate at which a valid client is rejected as an impostor. The equal error rate is

denoted by FAR = FRR, FRR(FAR = 0) is the false reject error rate when the

threshold is set such that the false accept error rate is zero, and FAR(FRR = 0)

is the false accept error rate when the threshold is set such that the false reject

error rate is zero. The results obtained using the test sets show both FAR and FRR

error rates for each threshold setting, because when the FAR/FRR is equal to zero

in the evaluation case it is not necessarily zero in the test case. That is, for the

test sets we report FAR(FAR = FRR), FRR(FAR = FRR), FAR(FAR = 0),

FRR(FAR = 0), FAR(FRR = 0) and FRR(FRR = 0). Note that the condition

in parentheses, such as (FAR = FRR) and (FAR = 0), always refer to evaluation

set results. Therefore, for example, the test set result FAR(FAR = FRR) refers to

the test FAR result when the threshold is set to the one that gives FAR = FRR on

the evaluation set. One commonly used measure of performance is the Half Total

Error Rate (HTER) [BMM01], which is defined as

HTER =
FAR + FRR

2
. (5.11)

In the case when the evaluation set is used, and the threshold can be set for the

condition FAR = FRR, then HTER = FAR = FRR.

In evaluating the VS-WFND, the results from using only one weighting function is

shown. It is found from preliminary experiments that using one weighting function

gives better results for the verification system. We conduct experiments using more

than one weighting function, each located at different positions, but the results

are inferior to the ones quoted here. We also try using the weighting functions

specified in the next section describing the identification system, and again with

similar inferior results.
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Due to the amount of computation required for each experiment we could only afford

to perform all of them for the evaluation set of Configuration I. The evaluation set

is used to select the best settings, which are then used on the testing set. These

settings are then used for Configuration II experiments. In this case, the decision

threshold is set based on Configuration II’s evaluation set results.

The results reveal that applying a weighting factor that emphasises the top part

of the face and de-emphasises the bottom part improves the recognition rate. The

top part of the face encompassing the eyes and some of the nose region tend to be

more invariant than the bottom part of the face, which is more sensitive to facial

expressions and facial hair. Tables 5.7 to 5.12 show the evaluation results for VS-

WFND using settings specified in categories 1 to 6. From the evaluation results in

Tables 5.7 to 5.12 we choose the setting with the best performance and use it in

further experiments. Using the error rate when FAR = FRR as the performance

indicator, category 3 setting C gives the best performance with FAR = FRR =

9.4%. However, we choose to use category 1 setting B, which has the next best

FAR = FRR of 9.9%, for its lower FRR(FAR = 0). Our selected system setting,

category 1 setting B, gives results of FAR = FRR = 9.9%, FAR(FRR = 0) =

88.6% and FRR(FAR = 0) = 62.6% on the evaluation set of Configuration I.

This setting is used on the testing set of Configuration I and the results are shown

in Table 5.13, which shows an HTER of 11.8%. The same setting, except the

decision thresholds, is used on the evaluation set of Configuration II. The results are

shown in Table 5.14, which reveals an equal error rate of FAR = FRR = 12.1%,

FAR(FRR = 0) = 90.8% and FRR(FAR = 0) = 83.5%. The thresholds are

determined on this evaluation set for the three conditions described, which are then

used on the test set. The results obtained using this test set are shown in Table 5.15.

In this case, the FAR at the threshold where FAR = FRR for the evaluation set

is 11.4%, and the FRR error rate is 16.5%, giving an HTER of 13.95%.

In Figures 5.7 to 5.10, the FAR and FRR error rates for category 1 setting B are

plotted against the decision threshold using the evaluation and test results from

Configuration I and II. It shows the relationship of the FAR and FRR error rates to
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the decision threshold. The equal error rate is the point at which the FAR and FRR

curves meet. The threshold where the equal error rate occurs for the evaluation set

is indicated by an arrow labelled ‘1’. The arrow labelled ‘2’ is the threshold where

the FRR error rate is zero for the evaluation set. Similarly, the arrow labelled

‘3’ is the threshold where the FAR error rate is zero for the evaluation set. For

comparison, the same arrows are drawn at the same locations for the test sets.

Ideally, the points where the equal error rate, zero FAR and zero FRR occur in the

set correspond exactly to those of the evaluation set. Except for point ‘2’, points

‘1’ and ‘3’ in Figure 5.7 correspond closely to those in Figure 5.8. There is greater

variance between the evaluation and test sets of Configuration II, as evident in the

mismatch of the three points shown in Figures 5.9 and 5.10.

We also perform experiments using manually located eye positions, bypassing the

automatic eye detection system. The eye positions are then used to normalise

the face. The aim is to test the FND based recognition engine with accurately

normalised faces. The following setting is used:

• Uniform range block distribution, unrestricted sub-domain block us-

age, minimum α = 0, maximum α = 0.5, H = {(0, 0)}, W =

{(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}, extracted face dimensions (76 × 56), left-eye

center coordinates (34, 17), right-eye center coordinates (34, 39).

This setting is equivalent to category 1 setting B, except that the automatic eye

detector Rb is replaced with manually located eye positions and no shifting is carried

out, so that H consists only of the element (0, 0). Shifting is not required because

the faces are already correctly aligned using the manually located eye positions.

In fact, preliminary experiments show that in some cases using shifting with faces

aligned using manually located eye positions produces inferior results. The error

rates at FAR = FRR, FAR(FRR = 0) and FRR(FAR = 0) for configuration

I are shown in Tables 5.16 and 5.17. Table 5.16 shows the evaluation results,

revealing an equal error rate of FAR = FRR = 5.0%, FAR(FRR = 0) = 62.0%

and FRR(FAR = 0) = 35.0%. The same decision thresholds are used for the test
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experiment and the results are summarised in Table 5.17. In this case, the FAR

error rate at the threshold where FAR = FRR for the evaluation set is 5.0%, and

the FRR error rate 12.8%, giving an HTER of 8.9% for this test set. When we

compare the FRR and FAR versus the threshold curves in Figures 5.11 and 5.12,

we see that the FRR curve in the test result has a larger spread towards the lower

thresholds compared to those from the evaluation experiment. The reason for this is

that the client test data is obtained from session four, which is a completely different

session to those used for training and evaluation. The training and evaluation data

are obtained from the same sessions, differing only in the shot number. Therefore,

we can expect that the thresholds set using the evaluation set will not be optimal

for the client test data. This problem is alleviated by normalising the output scores,

which we describe in Section 5.3.3.1.

The error rates at FAR = FRR, FAR(FRR = 0) and FRR(FAR = 0) for

configuration II are shown in Tables 5.18 and 5.19. Table 5.18 shows the evaluation

results, revealing an equal error rate of FAR = FRR = 9.1%, FAR(FRR = 0) =

88.0%, and FRR(FAR = 0) = 68.8%. The same decision thresholds are used for

the test experiment and the results are summarised in Table 5.19. In this case, the

FAR error rate at the threshold where FAR = FRR for the evaluation set is 8.6%,

and the FRR error rate is 10.0%, giving an HTER of 9.3% for this test set. When

we compare the FRR and FAR versus the threshold curves in Figures 5.13 and 5.14,

we see that, with the exception of point ‘2’, points ‘1’ and ‘3’ correspond roughly

to the expected locations.

As evident in the results, the thresholds set using the evaluation set may not be

optimal for the test set. Ideally, the system should be set up with thresholds that

are also optimal on the test set. However, it is natural for test sets to be different, in

one form or another, to evaluation sets. Therefore, less than optimal performance

can be expected on the test sets. This reflects the real-life situation where non-

adaptive thresholds have to be preset for any operation. Again, this problem can

be alleviated by normalising the output scores, which is described in Section 5.3.3.1.
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Graphs showing the FRR versus FAR error rates are shown in Figures 5.15 and 5.16.

Figure 5.15 relate to Configuration I results, and Figure 5.16 relate to Configuration

II results. Both graphs show the test and evaluation results for systems using

category 1 setting B and manually located eye positions. The graphs illustrate

the performance improvement gained from using manually located eye positions.

The equal error rates can be obtained from the graphs by locating the points of

intersection with the straight line having a slope of 1 through the origin.

We now compare our results to the ones in the literature that also use the XM2VTS

database with the Lausanne Protocol testing procedures. The results from the

literature are summarised in Tables 5.20 to 5.23. Table 5.20 shows the Configuration

I evaluation results, table 5.22 shows the Configuration I test results. Configuration

II evaluation results are shown in Table 5.21, and the test results are shown in

Table 5.23. The results are extracted from Matas et al. [MHJ+00]. The labels in

the table are:

• AUT - Aristotle University of Thessaloniki [KTP00]. Elastic graph matching

is used. Features are extracted based on multiscale dilation and erosion op-

erations computed at each node of the grid. The amount of grid deformation

and feature differences are computed and combined into a verification score.

• IDIAP - Dalle Molle Institute for Perceptual Artificial Intelligence [BYAM99].

Elastic graph matching is used. Gabor responses are calculated at each node

using six orientations and three resolutions.

• UniS-A-G-NC - University of Surrey, full automatic registration, global

threshold, normalised correlation.

• UniS-A-S-NC - University of Surrey, full automatic registration, client-specific

threshold, normalised correlation.

• UniS-S-G-NC - University of Surrey, semi-automatic registration, global

threshold, normalised correlation.
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• UniS-S-S-NC - University of Surrey, semi-automatic registration, client-

specific threshold, normalised correlation.

• UniS-A-G-SM - University of Surrey, full automatic registration, global

threshold, special metric.

• UniS-A-S-SM - University of Surrey, full automatic registration, client-specific

threshold, special metric.

• UniS-S-G-SM - University of Surrey, semi-automatic registration, global

threshold, special metric.

• UniS-S-S-SM - University of Surrey, semi-automatic registration, client-

specific threshold, special metric.

• UniS-SVM - University of Surrey, full automatic registration, support vector

machine.

The methods proposed by the University of Surrey involve the use of robust correla-

tion and also support vector machines [JKLM99, MHJ+00]. Havran et al. [HHC+02]

also reports results using the XM2VTS database. However, it is not clear which

configuration is used or if they followed the Lausanne Protocol. In any case, they

report an equal error rate of 5.62 % on the training set, and an HTER of 5.21%

on the evaluation set.

In terms of HTER, our Configuration I results are comparable to the ones in the

literature, where we achieve an HTER of 8.9% and the results obtained by others

range from 2.4% to 9.3% as shown in Table 5.22. However, Configuration II results

show that our method generally has larger error rates. If we examine the training,

evaluation and test images in Configuration II, we notice that the evaluation and

test images are taken from different sessions. The sessions are separated by monthly

intervals. At each session there are variations in hair style, facial hair, eye glasses

and pose. We attribute most of the errors to pose variations, which are mainly in

terms of out-of-plane rotations. There are also some slight illumination differences,
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but the majority of variation is from pose. In-plane rotations are accounted for

by normalising the face using the eye locations. Out-of-plane rotations are not

accounted for. We discover that the standard and weighted FND can be sensitive

to such distortions. This problem is not revealed in earlier experiments using the

ORL database because of the limited size of the database. This problem is revealed

and investigated further in the following sections.

5.3.3.1 Normalised Scores

The previous section reveals an asymmetry in the evaluation and test set FAR and

FRR results. This is reflected in the inferior threshold setting for the test set,

and can be observed in Figure 5.12, where the arrow labelled “1” is not located

at the ideal threshold where FAR is equal to FRR. Here we describe a method

of normalising the output scores that alleviates this problem, and improves the

HTER in the process. Our aim is to normalise the output score Sv defined in

Equation (5.10).

Firstly, in the database of client training images, we calculate the average image for

each client. That is,

xc,avg =
1

nc

nc∑

j

xcj (5.12)

where xcj is the j-th training image for client c and nc is the number of training

images for client c. Let l denote the claimed identity during a verification run, and

Sl
v denote the output score for the unknown input face x claiming to be l. The

normalised form of the output score is then given by

Sl
n = an

Sl
v

‖x− xl,avg‖ (5.13)

where an is a scaling factor to adjust the normalised score to the range [0, 1]. In

our experiments we use an = 1000.

Configuration I evaluation results are shown in Table 5.24, and the corresponding

test results are shown in Table 5.25. Configuration II evaluation results are shown

in Table 5.26, and the corresponding test results are shown in Table 5.27.
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The Configuration I evaluation error rate when FAR = FRR is 7.6%. This is

slightly inferior to the unnormalised scores method, which achieves an error rate

of 5.0% as shown in Table 5.16. However, the superiority of the normalised scores

method lies in the consistency of results. This is evident when we examine the

Configuration I test results, where an HTER of 7.7% is achieved. This result is

competitive with the ones from the literature where the test set HTER range from

2.4% to 9.3% as shown in Table 5.22. At 7.7% the result here is better than the

8.3% reported by IDIAP, which use elastic graph matching.

The Configuration II evaluation error rate when FAR = FRR is 8.3%, and the

corresponding HTER obtained on the test set is 8.2%. Again, consistency between

the evaluation and test sets is demonstrated. The results here are better than the

ones that use unnormalised scores, where the evaluation error rate at FAR = FRR

is 9.1% and the test set HTER is 9.3% as shown in Tables 5.18 and 5.19. However,

for reasons described in the previous section, the results here are still slightly inferior

to those in the literature, which report HTERs in the range from 1.1% to 7.5% as

shown in Table 5.23. Our test set HTER result of 8.2% is only competitive with

the result from IDIAP, which report an HTER of 7.5%.

The advantage of using normalised scores over the unnormalised version can be

further demonstrated by observing the plots of FRR versus FAR. Configuration

I results are shown in Figure 5.21 and Configuration II results are shown in Fig-

ure 5.22. The graphs also include a line with slope one emanating from the origin.

The points of intersection between the curves and this line are the points where

FAR = FRR. The graphs show that the evaluation and test curves obtained using

normalised scores are in closer correlation than those that use unnormalised scores.

This property is more distinct in Configuration I. In both configurations the test

results obtained using normalised scores are better than those obtained using the

unnormalised version.

We also experiment with other definitions of Sl
n. In particular, we also use a normal-

isation scheme where instead of using the average client training image, the scores
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are normalised with each corresponding client training image. However, inferior

results are obtained with this method.

5.3.3.2 Client Specific Thresholding

So far, the methods in the previous sections have used a global decision threshold

only. That is, the same threshold is applied to all clients. Now we examine the

performance of the system when we allow thresholds to be set independently for

each client. We only consider the case where the thresholds are set to achieve the

condition FAR = FRR.

We use a threshold selection scheme similar to that described in Section 2.2.3. Here

the thresholds are optimised on the evaluation set for the condition FAR = FRR

in an incremental fashion. The basic idea behind the method is that finding the

threshold where FAR = FRR is equivalent to minimising |FAR − FRR| with

respect to the threshold. The algorithm for determining the client specific thresholds

in pseudo-code is:

01 %%%%% For client specific threshold determination on evaluation set %%%%%

02 TOTAL_NUM_CLIENTS = 600

03 TOTAL_NUM_IMPOSTORS = 40000

04

05 %%%%% For client specific threshold determination on testing set %%%%%

06 TOTAL_NUM_CLIENTS = 400

07 TOTAL_NUM_IMPOSTORS = 112000

08

09 %%%%% CONSTANTS %%%%%

10 MAX_DISCRETE = 2000000

11

12 %%%%% VARIABLES %%%%%

13 score = 0

14 numPositives = 0

15 numNegatives = 0

16 clientScores[1..MAX_DISCRETE] = 0

17 impostorScores[1..MAX_DISCRETE] = 0

18 positiveCumulative[1..MAX_DISCRETE] = 0

19 negativeCumulative[1..MAX_DISCRETE] = 0

20 normalisedPositiveCumulative[1..MAX_DISCRETE] = 0
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21 normalisedNegativeCumulative[1..MAX_DISCRETE] = 0

22 distributionDiff[1..MAX_DISCRETE] = 0

23 bestCount = 0

24 bestIndex = 0

25 numBest = 0

26 bestThreshold = 0

27

28 %%%%% MAIN LOOP %%%%%

29 for each claimed client identity C

30 for each face E in client evaluation/test set

31 score = verify face E

32 discretise score to range [1..MAX_DISCRETE]

33 clientScores[score] = clientScores[score] + 1

34 for each face I in impostor evaluation/test set

35 score = verify face I

36 discretise score to range [1..MAX_DISCRETE]

37 impostorScores[score] = impostorScores[score] + 1

38 positiveCumulative[1] = clientScores[1]

39 for i = 2 to MAX_DISCRETE step 1

40 positiveCumulative[i] = clientScores[i] + clientScores[i-1]

41 negativeCumulative[MAX_DISCRETE] = impostorScores[MAX_DISCRETE]

42 for i = MAX_DISCRETE-1 to 1 step -1

43 negativeCumulative[i] = impostorScores[i] + impostorScores[i+1]

44 for i = 1 to MAX_DISCRETE step 1

45 normalisedPositiveCumulative[i] = (positiveCumulative[i] + numPositives)/TOTAL_NUM_CLIENTS

46 normalisedNegativeCumulative[i] = (negativeCumulative[i] + numNegatives)/TOTAL_NUM_IMPOSTORS

47 distributionDiff[i] = |normalisedNegativeCumulative[i] - normalisedPositiveCumulative[i]|

48

49 bestCount = distributionDiff[0]

50 bestIndex = 0

51 numBest = 1

52 for i = 2 to MAX_DISCRETE step 1

53 if distributionDiff[i] < bestCount

54 bestCount = distributionDiff[i]

55 bestIndex = i

56 numBest = 1

57 else if distributionDiff[i] == bestCount

58 bestIndex = bestIndex + i

59 numBest = numBest + 1

60 bestIndex = bestIndex/numBest

61 numPositives = numPositives + positiveCumulative[bestIndex]

62 numNegatives = numNegatives + negativeCumulative[bestIndex]

63 bestThreshold = map bestIndex from discrete to actual threshold value

This pseudo-code is operable on evaluation and test set data. When evaluation data
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is used, lines 6 and 7 must be commented out, and when test data is used, lines 2

and 3 must be commented out. The use of test data is only for evaluation purposes.

In practice, it cannot be used for setting thresholds because test data should only

be used for simulating run-time data, as described in Section 5.3.3.

Variables are initialised in the top part of the pseudo-code. The main loop

starts from line 28. Lines 30 to 37 of the pseudo-code performs verification on

all client and impostor evaluation/test data. Verification scores are discretised

and normalised to the range [0, MAX DISCRETE], which are then used to cre-

ate a histogram of scores for clients and impostors. The histogram of client

scores are used to create a cumulative distribution that is an accumulation of

histogram values from lower scores to higher scores. The histogram of impostor

scores are used to create a cumulative distribution that is an accumulation of his-

togram values from higher scores to lower scores. The cumulative distributions

are then normalised in lines 45 and 46, where the normalised values are stored

in normalisedPositiveCumulative[i] and normalisedNegativeCumulative[i].

The value at normalisedPositiveCumulative[i]

represents the current FRR at the threshold represented by index i. Similarly,

normalisedNegativeCumulative[i] represents the current FAR at the threshold

represented by index i. The threshold where FAR = FRR can then be deter-

mined by finding the index that minimises |normalisedPositiveCumulative[i]−
normalisedNegativeCumulative[i]|. This index is then converted to the corre-

sponding threshold value. Therefore, in each loop starting at line 29, we find the

threshold that minimises |FAR−FRR|. Also, in cases where the maximum differ-

ence is a plateau, meaning that it occurs for a series of threshold values, the average

threshold within this set is taken. This is done in lines 49 to 60 of the pseudo-code.

The variables numPositives and numNegatives are updated in lines 61 and 62.

numPositives keeps track of the current number of samples that have been falsely

rejected, and numNegatives keeps track of the current number of samples that have

been falsely accepted.
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The experiment results using this method of client specific thresholding are sum-

marised in Tables 5.28 and 5.29. Results using normalised scores are also shown.

In both configurations, the evaluation HTERs obtained from using unnormalised

scores are better than those obtained using normalised scores. However, the test re-

sults using a thresholds set using evaluation data show that using normalised scores

give better HTERs compared to using unnormalised scores. The evaluation results

show that the method is very competitive with those in the literature, where our

unnormalised scores variant achieved an HTER of 2.2% and 3.2% on Configuration

I and II respectively. For Configuration I, this is in fact better than all the methods

quoted from the literature listed in Table 5.20. For Configuration II, our result of

3.2% is better than half of the methods in the literature listed in Table 5.21. In

all cases, our method performs significantly better than the elastic graph matching

based methods of AUT and IDIAP listed in those tables. AUT reports rates of

8.1% and 6.5%, and IDIAP reports rates of 8.0% and 7.0%, for the evaluation set

of Configuration I and II respectively. For the evaluation set of Configuration I, our

method performs better than those from the University of Surrey, which also include

methods that use client specific thresholding. Their best result is 2.5%, compared

to our result of 2.2%. However, our method is slightly inferior on the evaluation

set of Configuration II, where they achieve an error rate of 1.3% compared to our

result of 3.2%.

With client specific thresholding our method is very competitive with methods in

the literature when using the evaluation sets of either configurations. However,

our results obtained using the test sets are inferior. Using Configuration I and

thresholds set using evaluation data, our method achieves an HTER of 14.7% using

unnormalised scores, and 9.8% using normalised scores. Using Configuration II, our

method achieves an HTER of 13.4% using unnormalised scores, and 11.5% using

normalised scores. Results in the literature listed in Table 5.22 for Configuration I

show results that range from 2.4% to 9.3%. Configuration II results in the literature,

listed in Table 5.23, range from 1.1% to 7.5%. Nevertheless, our results show that
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when using the test sets, normalised scores give better results compared to un-

normalised scores.

For both configurations and using normalised and un-normalised scores, the major-

ity of the errors in our test runs are FRR errors. Our FAR results are actually quite

competitive. Again, the problem of asymmetry in the results is evident. To investi-

gate the optimal result achievable using our method on the test sets, we apply our

client specific threshold calculation algorithm to the test data. The results are also

shown in Tables 5.28 and 5.29. In this case, for Configuration I, our method based

on un-normalised scores achieves an HTER of 2.8%, and 3.8% when normalised

scores are used. For Configuration II, the un-normalised scores variant achieves

an HTER of 4.0%, and the normalised scores variant achieves an HTER of 3.5%.

These results are again competitive with the results in the literature. What this

demonstrates is that the Weighted FND method does in fact achieve good class

separation. This is reflected in the fact that it is actually possible to achieve small

HTERs on the test set. However, in practice, the problem of asymmetry between

the evaluation and test results remains to be solved. This problem is likely to be

alleviated by using other methods of score normalisation, or normalisations in the

steps prior to score generation. The discovery of an appropriate solution is left for

future work.

We note that better performance can be expected if we have more client evalua-

tion samples. In comparison, there are plenty of impostor evaluation samples. The

Lausanne Protocol only specifies three client evaluation samples per client for Con-

figuration I, and two per client for Configuration II. This is not enough to model

the distribution of client evaluation samples effectively.
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FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

12.9 % 94.4 % 70.5 %

Table 5.3: Error rates obtained using the evaluation set of Configuration I and
VS-FND.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

13.6 % 12.3 % 12.95 % 94.0 % 0.0 % 0.0 % 81.3 %

Table 5.4: Error rates obtained using the test set of Configuration I and VS-FND.

FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

14.1 % 98.4 % 80.8 %

Table 5.5: Error rates obtained using the evaluation set of Configuration II and
VS-FND.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

13.0 % 12.3 % 12.65 % 98.1 % 0.0 % 0.0 % 84.8 %

Table 5.6: Error rates obtained using the test set of Configuration II and VS-FND.

Category 1 FAR FRR

Experiment FAR=FRR (FRR = 0) (FAR = 0)

A 10.1 % 94.4 % 71.0 %

B 9.9 % 88.6 % 62.6 %

C 9.9 % 94.3 % 62.3 %

Table 5.7: Error rates for evaluation experiments using Configuration I, VS-WFND
and category 1.
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Category 2 FAR FRR

Experiment FAR=FRR (FRR = 0) (FAR = 0)

A 10.2 % 90.1 % 60.0 %

B 10.0 % 95.8 % 62.0 %

Table 5.8: Error rates for evaluation experiments using Configuration I, VS-WFND
and category 2.

Category 3 FAR FRR

Experiment FAR=FRR (FRR = 0) (FAR = 0)

A 10.2 % 95.0 % 66.2 %

B 9.7 % 92.4 % 61.8 %

C 9.4 % 87.8 % 65.5 %

D 9.8 % 91.1 % 92.8 %

E 11.6 % 94.5 % 67.7 %

F 10.1 % 91.5 % 65.0 %

G 10.1 % 91.4 % 71.7 %

H 9.9 % 88.9 % 63.0 %

I 9.7 % 89.3 % 63.5 %

J 10.2 % 92.4 % 65.5 %

K 10.1 % 88.9 % 63.0 %

L 10.0 % 88.9 % 63.0 %

M 12.2 % 98.9 % 74.4 %

Table 5.9: Error rates for evaluation experiments using Configuration I, VS-WFND
and category 3.

Category 4 FAR FRR

Experiment FAR=FRR (FRR = 0) (FAR = 0)

A 17.9 % 99.6 % 84.9 %

B 10.7 % 94.9 % 65.3 %

Table 5.10: Error rates for evaluation experiments using Configuration I, VS-WFND
and category 4.
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Category 5 FAR FRR

Experiment FAR=FRR (FRR = 0) (FAR = 0)

A 10.0 % 89.9 % 62.2 %

B 9.5 % 69.7 % 92.8 %

Table 5.11: Error rates for evaluation experiments using Configuration I, VS-WFND
and category 5.

Category 6 FAR FRR

Experiment FAR=FRR (FRR = 0) (FAR = 0)

A 9.8 % 93.8 % 66.7 %

B 9.7 % 94.1 % 63.9 %

C 9.7 % 93.4 % 66.0 %

D 9.5 % 91.1 % 65.3 %

E 10.2 % 93.9 % 70.9 %

Table 5.12: Error rates for evaluation experiments using Configuration I, VS-WFND
and category 6.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

12.1 % 11.5 % 11.8 % 87.0 % 0.0 % 0.0 % 71.4 %

Table 5.13: Error rates obtained using the test set of Configuration I, VS-WFND
and category 1 setting B.

FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

12.1 % 90.8 % 83.5 %

Table 5.14: Error rates obtained using the evaluation set of Configuration II, VS-
WFND and category 1 setting B.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

11.4 % 16.5 % 13.95 % 88.7 % 0.0 % 0.0 % 82.0 %

Table 5.15: Error rates obtained using the test set of Configuration II, VS-WFND
and category 1 setting B.
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FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

5.0 % 66.2 % 35.0 %

Table 5.16: Error rates obtained using the evaluation set of Configuration I, VS-
WFND and manually located eye positions.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

5.0 % 12.8 % 8.9 % 59.3 % 0.3 % 0.1 % 62.0 %

Table 5.17: Error rates obtained using the test set of Configuration I, VS-WFND
and manually located eye positions.

FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

9.1 % 88.0 % 68.8 %

Table 5.18: Error rates obtained using the evaluation set of Configuration II, VS-
WFND and manually located eye positions.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

8.6 % 10.0 % 9.3 % 84.3 % 0.0 % 0.0 % 68.0 %

Table 5.19: Error rates obtained using the test set of Configuration II, VS-WFND
and manually located eye positions.
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FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

AUT 8.1 % 48.4 % 19.0 %

IDIAP 8.0 % 54.9 % 16.0 %

UniS-A-G-NC 5.7 % 96.4 % 26.7 %

UniS-A-S-NC 5.3 % 99.3 % 25.3 %

UniS-S-G-NC 3.5 % 81.1 % 16.2 %

UniS-S-S-NC 3.3 % 92.9 % 15.7 %

UniS-A-G-SM 10.0 % 99.8 % 93.8 %

UniS-A-S-SM 7.0 % 97.3 % 63.7 %

UniS-S-G-SM 6.5 % 93.9 % 40.0 %

UniS-S-S-SM 2.5 % 84.2 % 25.7 %

UniS-SVM 6.9 % - -

Table 5.20: XM2VTS database results quoted from literature. Error rates obtained
using the evaluation set of Configuration I.

FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

AUT 6.5 % 36.9 % 18.8 %

IDIAP 7.0 % 59.4 % 19.8 %

UniS-S-G-NC 1.3 % 43.5 % 9.3 %

UniS-S-S-NC 1.3 % 55.4 % 8.5 %

UniS-S-G-SM 3.5 % 42.0 % 18.8 %

UniS-S-S-SM 1.3 % 23.1 % 18.8 %

Table 5.21: XM2VTS database results quoted from literature. Error rates obtained
using the evaluation set of Configuration II.
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FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

AUT 8.2 % 6.0 % 7.1 % 46.6 % 0.8 % 0.5 % 20.0 %

IDIAP 8.1 % 8.5 % 8.3 % 54.5 % 0.5 % 0.5 % 20.5 %

UniS-A-G-NC 7.6 % 6.8 % 7.2 % 96.5 % 0.3 % 0.0 % 27.5 %

UniS-A-S-NC 7.4 % 6.8 % 7.1 % 99.4 % 0.0 % 0.0 % 24.3 %

UniS-S-G-NC 3.5 % 2.8 % 3.15 % 81.2 % 0.0 % 0.0 % 14.5 %

UniS-S-S-NC 3.3 % 3.0 % 3.15 % 93.5 % 0.0 % 0.0 % 14.0 %

UniS-A-G-SM 9.8 % 8.8 % 9.3 % 100.0 % 0.0 % 0.0 % 97.3 %

UniS-A-S-SM 5.8 % 7.3 % 6.55 % 99.6 % 0.0 % 0.0 % 58.5 %

UniS-S-G-SM 6.5 % 5.3 % 5.9 % 94.1 % 0.0 % 0.0 % 37.5 %

UniS-S-S-SM 2.3 % 2.5 % 2.4 % 85.0 % 0.3 % 0.0 % 24.3 %

UniS-SVM 7.7 % 6.3 % 7.0 % - - - -

Table 5.22: XM2VTS database results quoted from literature. Error rates obtained
using the test set of Configuration I.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

AUT 6.2 % 3.5 % 4.85 % 34.7 % 0.8 % 0.5 % 16.3 %

IDIAP 7.7 % 7.3 % 7.5 % 0.3 % 54.2 % 1.0 % 18.0 %

UniS-S-G-NC 1.3 % 1.8 % 1.55 % 44.2 % 0.3 % 0.0 % 9.0 %

UniS-S-S-NC 1.2 % 1.5 % 1.35 % 55.6 % 0.3 % 0.0 % 8.5 %

UniS-S-G-SM 3.5 % 3.8 % 3.65 % 42.1 % 0.5 % 0.0 % 19.5 %

UniS-S-S-SM 1.2 % 1.0 % 1.1 % 22.6 % 0.3 % 0.0 % 20.5 %

Table 5.23: XM2VTS database results quoted from literature. Error rates obtained
using the test set of Configuration II.
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Figure 5.7: Configuration I evaluation set results for VS-WFND using category 1
setting B: FAR and FRR error rates versus the decision threshold. Arrow 1 is the
position of the threshold for FAR=FRR. Arrow 2 is the position of the threshold
for FRR=0. Arrow 3 is the position of the threshold for FAR=0.
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Figure 5.8: Configuration I test set results for VS-WFND using category 1 setting
B: FAR and FRR error rates versus the decision threshold. The three arrows corre-
spond to the thresholds selected using the evaluation results. Arrow 1 corresponds
to FAR=FRR, arrow 2 to FRR=0 and arrow 3 to FAR=0 in the evaluation set.
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Figure 5.9: Configuration II evaluation set results for VS-WFND using category 1
setting B: FAR and FRR error rates versus the decision threshold. Arrow 1 is the
position of the threshold for FAR=FRR. Arrow 2 is the position of the threshold
for FRR=0. Arrow 3 is the position of the threshold for FAR=0.
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Figure 5.10: Configuration II test set results for VS-WFND using category 1 setting
B: FAR and FRR error rates versus the decision threshold. The three arrows corre-
spond to the thresholds selected using the evaluation results. Arrow 1 corresponds
to FAR=FRR, arrow 2 to FRR=0 and arrow 3 to FAR=0 in the evaluation set.
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Figure 5.11: Configuration I evaluation set results for VS-WFND using manually
located eye positions: FAR and FRR error rates versus the decision threshold.
Arrow 1 is the position of the threshold for FAR=FRR. Arrow 2 is the position of
the threshold for FRR=0. Arrow 3 is the position of the threshold for FAR=0.
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Figure 5.12: Configuration I test set results for VS-WFND using manually located
eye positions: FAR and FRR error rates versus the decision threshold. The three
arrows correspond to the thresholds selected using the evaluation results. Arrow
1 corresponds to FAR=FRR, arrow 2 to FRR=0 and arrow 3 to FAR=0 in the
evaluation set.
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Figure 5.13: Configuration II evaluation set results for VS-WFND using manually
located eye positions: FAR and FRR error rates versus the decision threshold.
Arrow 1 is the position of the threshold for FAR=FRR. Arrow 2 is the position of
the threshold for FRR=0. Arrow 3 is the position of the threshold for FAR=0.
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Figure 5.14: Configuration II test set results for VS-WFND using manually located
eye positions: FAR and FRR error rates versus the decision threshold. The three
arrows correspond to the thresholds selected using the evaluation results. Arrow
1 corresponds to FAR=FRR, arrow 2 to FRR=0 and arrow 3 to FAR=0 in the
evaluation set.
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Figure 5.15: Configuration I results for VS-WFND showing the relationship between
the false reject rate and the false accept rate. Results for the evaluation and test
of the system using category 1 setting B and manually located eye locations are
shown.
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Figure 5.16: Configuration II results for VS-WFND showing the relationship be-
tween the false reject rate and the false accept rate. Results for the evaluation and
test of the system using category 1 setting B and manually located eye locations
are shown.



Chapter 5. Face Verification and Identification System 204

0

10

20

30

40

50

60

70

80

90

100

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

E
rr

or
 R

at
e 

(%
)

Threshold

12 3

Evaluation FAR
Evaluation FRR

Figure 5.17: Configuration I evaluation set results for VS-WFND using manually
located eye positions and normalised scores: FAR and FRR error rates versus the
decision threshold. Arrow 1 is the position of the threshold for FAR=FRR. Arrow 2
is the position of the threshold for FRR=0. Arrow 3 is the position of the threshold
for FAR=0.
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Figure 5.18: Configuration I test set results for VS-WFND using manually located
eye positions and normalised scores: FAR and FRR error rates versus the decision
threshold. The three arrows correspond to the thresholds selected using the evalu-
ation results. Arrow 1 corresponds to FAR=FRR, arrow 2 to FRR=0 and arrow 3
to FAR=0 in the evaluation set.
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Figure 5.19: Configuration II evaluation set results for VS-WFND using manually
located eye positions and normalised scores: FAR and FRR error rates versus the
decision threshold. Arrow 1 is the position of the threshold for FAR=FRR. Arrow 2
is the position of the threshold for FRR=0. Arrow 3 is the position of the threshold
for FAR=0.
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Figure 5.20: Configuration II test set results for VS-WFND using manually located
eye positions and normalised scores: FAR and FRR error rates versus the decision
threshold. The three arrows correspond to the thresholds selected using the evalu-
ation results. Arrow 1 corresponds to FAR=FRR, arrow 2 to FRR=0 and arrow 3
to FAR=0 in the evaluation set.



Chapter 5. Face Verification and Identification System 208

0

10

20

30

40

50

60

70

0 10 20 30 40 50 60 70

F
al

se
 R

ej
ec

t R
at

e 
(%

)

False Accept Rate (%)

normalised scores, evaluation
unnormalised scores, evaluation

normalised scores, test
unnormalised scores, test

Figure 5.21: Configuration I results for VS-WFND showing the relationship be-
tween the false reject rate and the false accept rate. Results for the evaluation
and test of the system using manually located eye locations with and without score
normalisations are shown. Also shown is a line with slope 1, and the points of
intersection between the curves and this line are the points where FAR = FRR.



Chapter 5. Face Verification and Identification System 209

0

10

20

30

40

50

60

70

0 10 20 30 40 50 60 70

F
al

se
 R

ej
ec

t R
at

e 
(%

)

False Accept Rate (%)

normalised scores, evaluation
unnormalised scores, evaluation

normalised scores, test
unnormalised scores, test

Figure 5.22: Configuration II results for VS-WFND showing the relationship be-
tween the false reject rate and the false accept rate. Results for the evaluation
and test of the system using manually located eye locations with and without score
normalisations are shown. Also shown is a line with slope 1, and the points of
intersection between the curves and this line are the points where FAR = FRR.
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FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

7.6 % 90.8 % 72.3 %

Table 5.24: Error rates obtained using the evaluation set of Configuration I, VS-
WFND, manually located eye positions and normalised scores.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

7.0 % 8.3 % 7.7 % 87.6 % 0.0 % 0.0 % 69.3 %

Table 5.25: Error rates obtained using the test set of Configuration I, VS-WFND,
manually located eye positions and normalised scores.

FAR FRR

FAR=FRR (FRR = 0) (FAR = 0)

8.3 % 74.0 % 79.3 %

Table 5.26: Error rates obtained using the evaluation set of Configuration II, VS-
WFND, manually located eye positions and normalised scores.

FAR FRR HTER FAR FRR FAR FRR

(FAR=FRR) (FAR=FRR) (FAR=FRR) (FRR = 0) (FRR = 0) (FAR = 0) (FAR = 0)

7.4 % 9.0 % 8.2 % 69.0 % 0.0 % 0.0 % 78.3 %

Table 5.27: Error rates obtained using the test set of Configuration II, VS-WFND,
manually located eye positions and normalised scores.

FAR FRR HTER

(FAR=FRR) (FAR=FRR)

Evaluation, un-normalised scores 2.2 % 2.2 % 2.2 %

Test, thresholds determined on evaluation set, un-normalised scores 2.3 % 27.0 % 14.7 %

Test, thresholds determined on test set, un-normalised scores 2.8 % 2.8 % 2.8 %

Evaluation, normalised scores 4.3 % 4.3 % 4.3 %

Test, thresholds determined on evaluation set, normalised scores 4.6 % 15.0 % 9.8 %

Test, thresholds determined on test set, normalised scores 3.8 % 3.8 % 3.8 %

Table 5.28: Error rates obtained using Configuration I, VS-WFND, manually lo-
cated eye positions and client specific thresholding.
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FAR FRR HTER

(FAR=FRR) (FAR=FRR)

Evaluation, un-normalised scores 2.5 % 3.8 % 3.2 %

Test, thresholds determined on evaluation set, un-normalised scores 3.2 % 23.5 % 13.4 %

Test, thresholds determined on test set, un-normalised scores 4.0 % 4.0 % 4.0 %

Evaluation, normalised scores 2.8 % 4.3 % 3.6 %

Test, thresholds determined on evaluation set, normalised scores 3.1 % 19.8 % 11.5 %

Test, thresholds determined on test set, normalised scores 3.5 % 3.5 % 3.5 %

Table 5.29: Error rates obtained using Configuration II, VS-WFND, manually lo-
cated eye positions and client specific thresholding.
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5.4 Identification System

An identification system based on the FFT-assisted SVM eye detection and the

weighted FND is presented here. The face localisation and extraction component is

exactly the same as the one for VS-WFND described in Section 5.3.2.1, where the

extracted height is 76 pixels and extracted width is 56 pixels. The weighted FND

is used for identifying an unknown individual. The set of weighting functions used

in most of the experiments reported here is

W1 =
{(

i

76
,
i + sh

76
,

j

56
,
j + sw

56
, 1.0, 0.0

)
: i ∈ {7, 9, . . . , 29} , j ∈ {0, 2, . . . , 12}

}
∪

{(
i

76
,
i + sh

76
,

j

56
,
j + sw

56
, 1.0, 0.0

)
: i ∈ {7, 9, . . . , 29} , j ∈ {18, 20, . . . , 30}

}

(5.14)

where sh is the height and sw is the width of the window function. The cost c1

is set to one and c2 is set to zero for all members of W1. This set of weighting

functions emphasizes the region around the top part of the face including the eyes,

and de-emphasizes the bottom part. The top part of the face encompassing the

eyes and some of the nose region tend to be more invariant than the bottom part

of the face, which is more affected by facial expressions and facial hair.

The set containing a single weighting function used in category 1 setting B is also

used in an experiment here. That set is W2 = {(0.0, 0.5, 0.0, 0.0, 1.0, 0.0025)}.

5.4.1 Experiment Results

The client training and evaluation sets from Configurations I and II of the XM2VTS

database are used. The client training set is used to create the database of fractal

codes. The client evaluation data is used for the identification test. For Configura-

tion I, there are training and testing data from each session, where each session is

taken at different times several months apart. In Configuration II, the training and

evaluation data are taken from different sessions. As a result of the images being

obtained at different times, there tends to be greater variance between the training
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and evaluation sets in terms of pose and lighting. This allows us to evaluate the

system’s sensitivity to faces taken at different times.

In all the experiments described here, the extracted face dimensions are 76 × 56,

with the left-eye center coordinates at (34, 17) and the right-eye center coordinates

at (34, 39). Other extracted face dimensions with different left-eye and right-eye

coordinates are also tested but not reported here because they give similar or slightly

inferior results. The normalised scores method described in Section 5.3.3.1 is also

adapted for facial identification, but preliminary results are significantly inferior to

the ones reported here.

The following settings are used in our experiments, where the eye detector Rb from

Chapter 2 is used in all settings except 8 to 11:

1. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5 and the set of weighting functions W1

is used.

(a) Weighting functions have a height of sh = 26 and width of sw = 26. The

set of shifts is H = {(2i, 2j) : i = −1, . . . , 1 and j = −1, . . . , 1}.

(b) Weighting functions have a height of sh = 26 and width of sw = 26. The

set of shifts is H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

(c) Weighting functions have a height of sh = 26 and width of sw = 26. The

set of shifts is H = {(3i, 3j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

(d) Weighting functions have a height of sh = 26 and width of sw = 26. The

set of shifts is H = {(4i, 4j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

(e) Weighting functions have a height of sh = 22 and width of sw = 22. The

set of shifts is H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

(f) Weighting functions have a height of sh = 24 and width of sw = 24. The

set of shifts is H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.
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2. Fractal codes in the training database are created using uniform range block

distribution, unrestricted sub-domain block usage, minimum α = 0 and max-

imum α = 0.5 and the set of weighting functions W1 is used. The weighting

functions have a height of sh = 26 and width of sw = 26. The set of shifts is

H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

3. Fractal codes in the training database are created using quad-tree range block

distribution, unrestricted sub-domain block usage, minimum α = 0 and max-

imum α = 0.5 and the set of weighting functions W1 is used. The weighting

functions have a height of sh = 26 and width of sw = 26. The set of shifts is

H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

4. Fractal codes in the training database are created using quad-tree range block

distribution, unrestricted sub-domain block usage, minimum α = 0 and max-

imum α = 0.95 and the set of weighting functions W1 is used. The weighting

functions have a height of sh = 26 and width of sw = 26. The set of shifts is

H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

5. Fractal codes in the training database are created using HV-partitioned range

block distribution, unrestricted sub-domain block usage, minimum α = 0

and maximum α = 0.5 and the set of weighting functions W1 is used. The

weighting functions have a height of sh = 26 and width of sw = 26. The set

of shifts is H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.

6. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5 and the set of weighting functions

W2 is used. The weighting functions have a height of sh = 26 and width of

sw = 26. The set of shifts is H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)}.

7. Fractal codes in the training database are created using uniform range block

distribution, unrestricted sub-domain block usage, minimum α = 0 and max-

imum α = 0.5 and the set of weighting functions W2 is used. The weighting
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functions have a height of sh = 26 and width of sw = 26. The set of shifts is

H = {(−4, 0), (4, 0), (0, 0), (0,−4), (0, 4)}.

8. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5 and the set of weighting functions W1

is used. The weighting functions have a height of sh = 26 and width of sw =

26. The set of shifts are H = {(2i, 2j) : i = −2, . . . , 2 and j = −2, . . . , 2}.
Manually located eye positions are used.

9. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5. The standard FND as described by

Equation (3.6) is used. The set of shifts is H = {(0, 0)}, that is, shifting is

not used. Manually located eye positions are used.

10. The eigenfaces method is used. The maximum number of principal compo-

nents is used in the eigenspace representation. This meant using 599 principal

components for Configuration I and 799 principal components for Configura-

tion II. The faces are normalised using manually located eye positions.

11. The eigenfaces method is used. One hundred principal components are used

in the eigenspace representation for both configurations. The faces are nor-

malised using manually located eye positions.

Setting 7 is equivalent to category 1 setting B of the verification system. Settings 1

to 11 are used for Configuration I experiments. Table 5.30 shows the recognition

rate results in terms of the system identifying the correct face as the top match.

Settings 1b and 1c give the best results in terms of the top matching identity

being correct. Setting 1b is chosen for Configuration II experiments, because as

Figure 5.23 shows, setting 1b performs better than setting 1c. Figure 5.23 shows

the recognition rate as a function of the system returning the correct identity in the

first n matches. To avoid over cluttering the graph, only the results for a selection

of settings are shown.
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Settings 8 and 9 use manually located eye positions. Experiments with these set-

tings are carried out to investigate the performance of the classifier in the case

where the eye detector is perfect. For Configuration I, using setting 8 results in a

recognition rate of 95.0 % in returning the top rank correctly. This outperforms

the 86.7 % obtained with setting 1b, which use the automatic eye detection sys-

tem Rb. This demonstrates that the weighted FND performs well in classification,

but it is still sensitive to misalignments in the normalisation of the face. These

misalignments can be due to pose and facial expressions. Particularly, pose that

causes out-of-plane rotations have a significant effect on the recognition rate. In-

plane rotations are corrected using the eye locations. However, knowing just the

eye locations does not allow us to correct for out-of-plane rotations. To do so we

require a three dimensional model of the face, locating other features in the face,

and then performing out-of-plane rotations that align those features. This type of

normalisation is not investigated in this thesis. This sensitivity is more obvious

when we examine the results of Configuration II experiments.

Setting 9, which use the standard FND described in earlier chapters, gives a recog-

nition rate of 91.5 % on Configuration I. Setting 8 consistently outperformed this

setting, as evident in Figure 5.23. However, Configuration II experiment results

show that setting 9 outperforms setting 8. The matching rank results for Configu-

ration II are shown in Figure 5.24. This demonstrates that the standard FND has

more invariance to pose and lighting changes than the weighted FND. However,

when the faces are aligned properly the weighted FND outperforms the standard

FND.

Settings 10 and 11 also use manually located eye positions. Here the standard

eigenface approach is used. Setting 10 used the maximum number of principle

components, and setting 11 used 100 principle components. Using the maximum

number of principle components gives slightly better results than 100 principle

components. System settings 8 and 9 consistently perform better than both of

these eigenface methods for Configuration I. For Configuration II, setting 9 performs
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System Setting Recognition Rate
1a 86.7 %
1b 87.5 %
1c 87.5 %
1d 87.3 %
1e 86.5 %
1f 87.0 %
2 86.7 %
3 85.8 %
4 85.3 %
5 84.8 %
6 82.5 %
7 81.8 %
8 95.0 %
9 91.5 %
10 87.2 %
11 85.8 %

Table 5.30: Recognition rates for identification experiments using Configuration I.
This is the rate at which the top ranking match is identified correctly.

better than the best eigenface method, up to a matching rank of about 20, when

the eigenface method begins to have a slight advantage.

Similar to Configuration I results, Figure 5.24 shows that setting 1b has a signifi-

cantly lower recognition rate due to inaccurate face normalisations, which uses the

automatic eye positions returned by the eye detection system Rb. Although a left

and right eye detection rate of 96.9 % is obtained, the detection errors compound

into recognition errors. Using manually located eye positions we can eliminate the

eye detection error rate, and in turn evaluate the performance of the FND based

recognition system. Overall, the FND based classification engine still outperforms

the widely used and referenced eigenface method. Although the fully automatic

system has slightly inferior recognition rates compared to a system using manually

located eye positions, it has the advantage of not requiring human intervention.

The user interface of our fully automatic face identification system is described in

Appendix F.
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Figure 5.23: Recognition rate versus the rank of a match for a selection of settings
when Configuration I is used. A matching rank of n represents a correct identity
match in the top n matches.

System Setting Recognition Rate
1b 78.3 %
8 86.5 %
9 87.5 %
10 85.3 %
11 84.0 %

Table 5.31: Recognition rates for identification experiments using Configuration II.
This is the rate at which the top ranking match is identified correctly.
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Figure 5.24: Recognition rate versus the rank of a match for a selection of settings
when Configuration II is used. A matching rank of n represents a correct identity
match in the top n matches.
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(a)

(b)

Figure 5.25: Examples of pose variation in faces from the XM2VTS face database.
(a) Faces from the Configuration II training set; (b) Faces from the Configuration
II evaluation set.

5.5 Voting Scheme Using Normalised Weighted

FNDs

The experiments in the previous section using the identification system demonstrate

that the weighted FND performs well on training and testing data that are acquired

within a short time of each other. However, its performance degrades significantly

when the two datasets are obtained after several months. On analysing the two

datasets from the XM2VTS database we observe that the main differences are in

facial hair, hairstyle, eye glasses, pose and some lighting. As mentioned above, the

main factor affecting our system is pose, which introduces out-of-plane rotations.

Some images in different poses are shown in Figure 5.25. In this section we propose

using normalised weighted FNDs combined with a voting scheme. The weighting

functions are normalised to reduce the effects of lighting. The combined voting

scheme is likened to a local feature matching process. Firstly, we define
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where the pixel value at coordinates (k, l) in the image x is denoted by x(k, l).

The pixel value at coordinates (k, l) in the image shifted image ymn is denoted by

ymn(k, l). Also, for an unknown input face x to be identified, let

V =
{
arg min

xi
{dww(fxi

(x),x, bt, bb, bl, br, c1, c2)} : ∀u, u = (bt, bb, bl, br, c1, c2) ∈ W
}

(5.16)

where xi is the ith face in the training database. The elements in the set V are

faces from the training database that have been voted as likely matches. Each vote

is determined by finding the xi that minimises dww for a particular element in W .

There are in total as many votes as there are elements in the set W . We can then

derive a score for a face xi in the training database that represents the confidence

of the match to the unknown face x,

S(xi) =
|{y : y = xi,∀y ∈ V}|

|W| . (5.17)

The score value S(xi) is between zero and one, and is the number of elements in

V that are the same as xi, relative to the number of elements in W . The xi that

maximises this score is the top ranking match. To determine whether this match is

correct we have to compare the score of the correct entry with the scores of all other

entries. Using the scores, we can rank the position of the correct entry relative to

other entries. This is performed for the set of test images to obtain a recognition

rate at each rank, from which Figure 5.26 is created.

This method is used to perform identification using Configuration II of the XM2VTS

database. The aim is to compare the results with the one obtained in the previous
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section that use the weighted FND for identification. The following settings are

used:

I. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5 and the set of weighting functions

W1 is used. The weighting functions have a height of sh = 26 and width

of sw = 26. The set of shifts is H = {(0, 0)}, that is, shifting is not used.

Manually located eye positions are used.

II. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5 and the set of weighting functions

W1 is used. The weighting functions have a height of sh = 16 and width

of sw = 16. The set of shifts is H = {(0, 0)}, that is, shifting is not used.

Manually located eye positions are used.

III. Fractal codes in the training database are created using uniform range block

distribution, maximum sub-domain block usage of six (see Section 3.5.3.1),

minimum α = 0 and maximum α = 0.5 and the set of weighting functions W1

is used. The weighting functions have a height of sh = 6 and width of sw = 6.

The set of shifts isH = {(0, 0)}, that is, shifting is not used. Manually located

eye positions are used.

The results for returning the top ranking match correctly using the voting scheme is

summarised in Table 5.32. The results in Figure 5.26 show that the voting scheme

generally performs better than weighted FNDs (Setting 8) for matching ranks larger

than approximately twelve. Below that they had roughly similar average perfor-

mances. However, weighted FNDs still performed better in terms of returning the

top rank correctly. For matching ranks of 15 or less the standard FND outperforms

all other methods. Again this shows the standard FND’s invariance to pose and

illumination, even when the whole face is used for recognition. This is despite the
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Figure 5.26: Recognition rate versus the rank of a match using Configuration II.
The results for the voting scheme using normalised weighted FNDs are compared to
those using just weighted FNDs. A matching rank of n represents a correct identity
match in the top n matches.
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System Setting Recognition Rate
I 85.3 %
II 85.3 %
III 83.8 %

Table 5.32: Recognition rates for identification experiments using Configuration II
and the voting scheme with normalised weighted FNDs. This is the rate at which
the top ranking match is identified correctly.

fact that information from the whole face is used. For matching ranks greater than

16 the voting scheme is significantly better than other methods.

We conclude that the standard FND performs better when there are more variations

due to pose and illumination, and when we consider larger matching ranks the voting

scheme performs better than the standard FND. When faces are more accurately

aligned, the weighted FND, with focus on features in the region around the eyes,

outperforms the standard FND.

The problem of correcting for pose that results in out-of-plane distortions is not

treated in this thesis. This is left for future work. Some possible approaches in-

clude the use of face models and the alignment of additional facial features during

normalisation. Although we describe and show the inherent invariances of the FND

to some out-of-plane distortions, particularly the perspective transformation, we

are not able to fully take advantage of it in the experiments using the XM2VTS

database. This is due to the fact that the pose differences in the database are more

than just mere perspective transformations. The previous chapters note that when

faces are not accurately aligned, using fractal codes with slower convergence during

the decoding process may give better recognition rates. We perform experiments

using a maximum contrast scaling factor α of 0.95, and the results are similar to

those described here. Therefore, when datasets like those of Configuration II are

used more should be done to make the FND more pose invariant. The task of

making the FND more invariant to these types of distortions is left for future work.
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5.6 Conclusions

In this chapter we present a complete fully automatic face verification and identifi-

cation system. The eyes are automatically detected using the system described in

Chapter 2, which are then used to normalise the face. The standard FND is modified

to use weights and used to perform verification and identification. Manually located

eye positions are also used in place of the automatic eye detector. This is performed

to isolate the recognition engine from inaccuracies in the eye detector. Both the

verification and identification systems show significant improvements as a result of

using manually located eye positions. Verification experiments using Configuration

I of the XM2VTS database show that our weighted FND method produces results

that are comparable to those published in the literature. Results from using Con-

figuration II are not as competitive. We introduce the use of normalised scores, and

as a result our verification results improved for both Configuration I and II. Using

normalised scores make our system competitive with methods in the literature to

which they are compared. To further improve results, we propose an algorithm for

calculating client specific thresholds. That is, instead of using a global decision

threshold, the decision thresholds are specific for each client. Using client specific

thresholds, experiments using the evaluation set of Configuration I show that our

method outperformed all methods in the literature to which they are compared.

However, our test set results are inferior. We note a problem with asymmetry in

the scores obtained using the evaluation and test sets. To demonstrate that it is

possible to achieve good results using client specific thresholds, we apply the client

specific thresholds algorithm to the test set data. In this case, excellent results are

achieved. However, the discovery of a solution to the problem of score asymmetry

is left for future work.

The weighted FND is also used for performing facial identification. Better results are

obtained by using a different window function to the one used for facial verification.

Experiments show that our method performed better than the widely accepted

eigenface method. The experiments also show that Configuration I results are better
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than those obtained using Configuration II. On comparing the image sets between

the two configurations, we conclude that our FND based methods are more sensitive

to out-of-plane rotations than other methods in the literature. Nevertheless, our

method still performs better than the eigenface method. We also further modify

the weighted FND to use a voting scheme. This is shown to give better performance

for the identification system at larger matching ranks.

Although our fully automatic verification and identification systems give inferior

results compared to the ones using manually located eye positions, they have the

advantage of not requiring human intervention. The results in this chapter also

demonstrate that face verification and identification are different problems that

require different solutions. An algorithm that performs well in verification may

not perform well in identification. Facial verification requires different algorithmic

specialisations and adaptations to facial identification.
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Conclusions and Future Work

6.1 Conclusions

In this thesis, we present face identification and verification solutions based on

fractal image coding. Such solutions require a face detection/localisation as a first

step. Therefore, we also present a face localisation system that can locate the two

eyes of the face, which then allows the extraction and normalisation of the face for

size and in-plane rotations. Our eye detection system utilises a novel representation

of the decision function of Support Vector Machines (SVMs) combined with the fast

Fourier transform. The decision function of linear and nonlinear SVMs is efficiently

represented in terms of what we refer to as ρ and η prototypes. The prototypes

can be obtained from any trained SVM. We test the efficiency of this representation

by performing identification experiments using the ORL face database. The one-

against-all method of classification is used to identify an unknown input face. The

SVM for each one-against-all classifier is simplified using our prototypes method and

the well-known reduced set method. We then perform identification experiments

using the original SVMs, prototype SVMs and reduced set SVMs. The matching

scores from the prototype SVMs and reduced set SVMs are compared against the

original SVMs, where several statistics are then used to gauge their approximation

227
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accuracy. The results indicate that the approximation accuracy of our prototypes

method range from 3 to 175 times better than those obtained using the reduced

set method. For the reduced set method to achieve the equivalent approximation

accuracy as our method more vectors have to be used, leading to a less efficient

representation. Our novel prototypes representation allows us to combine it with

the fast Fourier transform to achieve a fast SVM search of an image for potential

eye locations. The fast Fourier transform assisted SVM search procedure produces

an eye probability map. A range searching algorithm combined with a knowledge

base is used to narrow in on the possible eye locations. Two SVMs are created, one

for the left and one for the right eye. The SVMs are trained with positive samples

representing correct eye locations, and negative samples obtained from randomly

sampled non-eye subimages. Accuracy rates of 96.9 % are achieved in locating both

eyes correctly. Faces are then extracted and normalised, based on the location of

the eyes.

Next, we explore the use of fractal image coding for face recognition. Recognition

is performed using a fractal image coding based distance that we called the Fractal

Neighbour Distance (FND). Experiments using the FND demonstrate that it has

some inherent invariance to translations, scalings, rotations and changes to illumi-

nation. In an attempt to quantify the tolerance of the FND to deformations, we

perform a set of classification tests using controlled deformations to a set of test

images. The deformations used are rotation, scaling, horizontal translation, vertical

translation, illumination, and horizontal and vertical perspective transformations.

Experiment results indicate that the FND gives reduced recognition error rates

across the range of deformations compared to the Euclidean distance. Depending

on the type of deformation the improvements in error rate range from 1.7% to

14.1%. We also investigate the effects of various fractal encoding parameters on the

recognition rate. In particular, we examine the effects of varying the factors related

to the rate of convergence of a fractal decoding process. Under some circumstances,

such as when the faces to be compared are not accurately aligned, better recognition

rates are obtained with slower convergence. We derive a method of controlling the
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convergence rate by changing the contrast scaling factors in a controlled manner,

whilst still guaranteeing convergence or eventual convergence. For this we derive a

method for calculating the eventual contractivity factor, thus allowing us to control

at which iteration the fractal decoding process can be guaranteed to converge. This

level of convergence control is novel and has not been possible before. Using this

ability to control convergence rates, and at the same time adjusting the limits of the

luminance shift factor in the fractal codes, we gain improvements in the recognition

rates. A recognition rate of 1.1 % is achieved in identifying faces from the ORL

database, and 1.2 % from the Yale database. Of the three range block partitioning

methods, using uniform partitioning gives better recognition results because it does

not impose a spatial structure like the Quad-tree and HV-partitioning methods.

This finding is confirmed in several experiments throughout this thesis.

The Fractal Neighbour Distance (FND) is then combined with an automatic face

localisation, extraction and normalisation system to form a complete face recogni-

tion system. Furthermore, the FND is modified to use weights. The motivation for

this is that previous studies in the literature note discrimination is better in using

the region around the eyes. Therefore, the weights are chosen such that focus is

around the eye region. Better performance is achieved by using different sets of

weights for verification and identification. In experiments using the weighted FND

and Configuration I of the XM2VTS database, the verification system is shown

to be comparable to current state-of-the-art methods that include elastic graph

matching. Configuration II experiments show that our system is sensitive to pose

variations that is a result of out-of-plane rotations. The verification experiments

using Configuration I give an equal error rate of 5.0 % on the evaluation set. The

corresponding false accept error rate and false reject error rate on the test set are

5.0 % and 12.8 % respectively, giving a half-total-error-rate (HTER) of 8.9 %. Us-

ing Configuration II, an equal error rate of 9.1 % is obtained on the evaluation set.

The corresponding false accept error rate and false reject error rate on the test set

is 8.6 % and 10.0 % respectively, giving an HTER of 9.3 %. We note the problem

where the results obtained on the evaluation and test sets are asymmetric. That is,
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the thresholds set using the evaluation data are not optimal on the test data. To

alleviate this problem we normalise the matching scores prior to threshold selection

and testing. With this modification we achieve an equal error rate of 7.6 % on the

evaluation set of Configuration I. The corresponding HTER on the test set is 7.7

%. These results are competitive with some of the current state-of-the-art methods,

and is in fact better than the elastic graph matching method from IDIAP, which

achieves an equal error rate of 8.0% on the evaluation set and an HTER of 8.3 %

on the test set. Again, using normalised scores with the weighted FND, our equal

error rate on the evaluation set of Configuration II is 8.3 %, and the corresponding

HTER on the test set 8.2 %. Due to sensitivities to pose variations, our results

for Configuration II are not as competitive. We then investigate the use of client

specific thresholds (CST). Dramatic improvements are obtained as a result. Using

un-normalised scores and CSTs, we obtain an HTER of 2.2 % on the evaluation

set of Configuration I, which is better than all the methods in the literature against

which we compare our results. For Configuration II the HTER is 3.2 %. Results

on the test sets are not as competitive, where an HTER of 14.7 % is obtained for

Configuration I and 13.4 % for Configuration II. Using normalised scores and CSTs

give better test results where an HTER of 9.8 % is obtained for Configuration I and

11.5 % for Configuration II. Here the problem of asymmetry in the evaluation and

test set results are evident again. The resolution of this problem is left for future

work. To illustrate the optimal performance achievable on the test set, CSTs are

applied to the test data. Very competitive results are achieved where an HTER

of 3.8 % is obtained for Configuration I and 3.5 % for Configuration II, both using

normalised scores. This demonstrates in a practical manner that the weighted FND

does in fact produce good class separation.

The XM2VTS database is also used to test our identification system. Various sys-

tem settings are investigated, which include the use of the standard FND and the

weighted FND. The normalised scores version of the weighted FND is also investi-

gated in preliminary experiments. Using the weighted FND with specialised window

functions different to the ones used for facial verification, we perform identification
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experiments on Configuration I and the system achieves a top rank matching rate

of 95.0 %. Using Configuration II the system achieves a top rank matching rate of

87.5 %. In all cases our method still outperforms the widely used and referenced

eigenface method. For comparison, using one hundred principal components, the

eigenface approach only achieved a top rank matching rate of 85.8 % on Config-

uration I and 84.0 % on Configuration II. A voting scheme using the normalised

version of weighted FNDs is also introduced, achieving significant performance im-

provements for matching ranks larger than 15.

Our work on facial verification and identification reveal that they are different prob-

lems that require different algorithms for optimal performance. For example, our

preliminary tests show that the normalised scores version of the weighted FND

performed well in facial verification but not identification. The window functions

that worked well for identification did not work well for verification. Therefore,

facial identification and verification each require their own specialised approaches

to achieve optimal performance.

One drawback with our methods is that the fractal decoding process must be carried

out for each image in the database, which can be slow if the program code is not

optimised. However, we demonstrate that in terms of recognition performance our

method is competitive with current state-of-the-art methods, and in some cases

performs better than most of them. Our fractal image coding based method is

inherently invariant to various types of distortions and illumination changes. To

some extent, this inherent invariance can be varied and adapted to different types

of images by changing the fractal encoding parameters. Furthermore, new faces can

be enrolled into the recognition database without the need for re-training. This is

not possible when using methods such as neural networks. Also, our methods are

relatively simple to implement. Fractal decoding, as required during recognition, is

even simpler to implement than encoding. As such, it can easily be implemented in

specialised hardware. Parallel hardware can also be used, since the decoding process

for each client in the database can be carried out independently. Furthermore,

our method is not based on facial or probabilistic models, so there are no model
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parameters to tweak. The only parameters requiring adjustment are those that

relate to the fractal encoding process, which directly affect the amount of inherent

invariance available. From our investigations and findings we draw up a set of

guidelines for selecting the appropriate fractal encoding parameters to achieve better

recognition performance.

In summary, we demonstrate that fractal image coding can be applied to the task

of human face recognition. Recognition is performed using a fractal image coding

based distance. Our method is competitive with, and in some cases better than,

current state-of-the-art methods. We show how the method can be integrated into

fully automatic face verification and identification systems. We investigate how

and why the method can be used for recognition, and from those findings imple-

ment changes to further improve the recognition performance. We also demonstrate

that the method can still be further improved, but solutions that implement the

improvements are left for future work.

6.2 Future Work

At the expense of computation time, our FFT-assisted SVM eye detector could be

improved by using multiple vectors to represent the η-prototype, instead of using

just one vector. The appropriate simplified decision function representation is just

a simple extension of the one vector case. It is likely that the optimisation method

for finding the multiple vectors will implement an incremental algorithm. And the

optimal coefficients for each vector will most likely be calculated at each incremental

step. In addition, the generation of the eye map will need to be modified to incor-

porate the use of multiple vectors for the η-prototype. The further investigation

and implementation of this technique is left for future work. For the SVMs that

detect the left and right eyes, more positive and negative training samples could

be used. We are aware that some successful SVM based face detection systems,

although the results are unpublished, used up to 500,000 training samples. The
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samples used have large variations in the lighting conditions. Instead of using raw

pixel values as features, Gabor decomposition like the ones described by Smeraldi et

al. [SB98, SCB99] could be used as the feature extractor. Gabor decomposition has

also been used successfully in elastic graph matching based techniques as a feature

extractor.

More complex fractal encoding schemes involving non-rectangular domain and range

blocks can be investigated. For example, triangular domain and range blocks could

be used. More complex transformations from the domain to range block, which may

use transformations other than the affine transformation, should be investigated.

The theorems we have presented relating to the control of the eventual convergence

of a fractal decoding process also apply to transformations that are non-affine. The

method we present for calculating the eventual contractivity factor used a tree-

structure. Currently, we can only calculate the tree structure up to six or seven

levels before the number of computations required becomes excessive. However,

there are redundancies in the tree that can be eliminated, and thus reduce the

number of required computations.

A more optimal method of choosing the contrast scaling factor α to recognition rates

should be found. Ideally, there should be a minimal effect on the image quality as

a result of the modification, typically by reducing the number of changes to α. The

effects of the contractivity and eventual contractivity factors on image quality is

left for future investigations.

Facial verification and identification results from using Configuration I and Config-

uration II of the Lausanne Protocol for the XM2VTS face database reveal that our

system has a weakness dealing with out-of-plane rotations. For future work, it is

desirable to make the FND less sensitive to out-of-plane rotations of the face. This

might be possible by using 3D models of the face and aligning the features before

performing recognition. Alternatively, instead of a full 3D model of the face, an

approximate model can be used such as the one described in Lam and Yan [LY98].

They use a cylindrical model for the head. By detecting the location of the nose
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we can approximate the amount of out-of-plane sideways rotation of the head. An

approximate gaze angle can be calculated and used to normalise the face. We also

suggest that future investigations be carried out on score normalisations. A simple

scheme of score normalisation is presented in this thesis, and it is effective in allevi-

ating some of the problems associated with threshold asymmetry in the evaluation

and test results. A more sophisticated normalisation approach, possibly applied

in steps prior to score generation, may give better results. Particularly for facial

verification, client specific thresholding seems to give excellent results. Results ob-

tained using the evaluation sets are very competitive. However, the test results are

again skewed by imperfect threshold selection. In spite of this, we demonstrate that

excellent results on the test set is possible by applying client specific thresholding

to the test set. A sophisticated normalisation scheme, or a different approach to

calculating the client specific thresholds, may help in achieving a balanced result

on both the evaluation and test sets. Furthermore, using more client evaluation

samples should help in determining the optimal thresholds more accurately.

6.3 Other Applications

The FND described in this thesis can also be applied to areas other than face recog-

nition. It can be used to perform object recognition in general. Face recognition is

the chosen application because of its difficulty, and a large pool of resources relat-

ing to training data and past results are available. This allows us to compare our

method with a range of other methods.

Other potential uses of the FND include printed and handwritten character recogni-

tion. Practical applications of this include car number plate recognition, recognising

characters in scanned documents, and recognising addresses written on an envelope.

It can also be applied to other forms of biometrics such as signature verification and

fingerprint recognition. Certainly, for the method to be successful some amount of
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customisation and specialisation of the FND is required, along the lines and spirit

of those we present for facial recognition in this thesis.



Appendix A

Operators of L

The operator Fn : <M → <Md fetches a domain region from the input image for

the nth range-region transformation, and is defined as shown in Equation (A.1).
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(A.1)

This operator consists of unity sub-matrices, each of which fetches a domain sub-

region. These sub-matrices can only appear at an integral number of sub-matrix

positions horizontally, and each row of the full matrix has only a single ‘1’. There-

fore, partial vertical overlaps of sub-matrices cannot occur, but full overlaps such as

that between the two identity submatrices on lines one and five are permitted. This

corresponds to the situation where the same domain region is used to transform to

different range regions. The input vector has M elements, and the fetched domain
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region has Md elements. Domain regions are not restricted to square or rectangular

blocks. Blocks of zero matrices are represented by 0, and each can be of any size

required.

The next operator decimates a domain vector to reduce it to the size of a range

region. That is, Dn,u,t : <Md → <Mr , where n is the transformation number, Mr is

the number of elements in the range region, and decimation occurs by a factor u

and t in the vertical and horizontal directions respectively. This operator is defined

as:

Dn,u,t =




wT

wT

. . .

wT




(A.2)

where w =
[

w1 · · · wut

]T

are weights. For example, a possible set of weights

for decimation by sub-sampling is w1 = 1 and wi = 0 for 2 ≤ i ≤ ut. Decimation

by averaging has weights wi = 1
ut

for 1 ≤ i ≤ ut.

The decimated domain vector is then multiplied by a contrast scaling factor α(n)

and then placed into the appropriate coordinates in the output image vector. The

put operator, Pn : <Mr → <M , performs this task:

Pn =




1 0

0 1

0 1 0
. . . 0

0 1




T

(A.3)



Appendix B

Proof of Equation (4.10)

Here the l2 norm is used, so the contractivity factor for the operator described by

Equation (4.3) is given by the square root of the largest eigenvalue of LTL [Lun95].

The proof of Equation (4.10) is based on the framework proposed by Lundheim

[Lun95].

The proof begins by examining f-regions. The illustration in Figure B.1 shows an

8 by 8 pixel domain block mapping to a 4 by 4 pixel range block with a decimation

factor of two. Each sub-range block is the result of the transformation from a 2 by 2

pixel sub-domain block. These sub-range blocks, under the definitions given above,

are also known as f-range regions. Each 2 by 2 pixel sub-domain block transforms

to an f-range region, therefore they are referred to as f-domain regions.

The transformations to each f-range region are independent of each other, and can

thus be considered as separate transformations. Consequently, the locations of the

f-domain regions can be located anywhere. In fact, there is no direct dependence

between f-sub-domain regions, so the f-domain region can even consist of scattered

or overlapped sub-domain regions. As long as the decimation factor in the horizontal

and vertical directions are identical for each transformation to an f-range region we

can treat these mappings independently, thus domain and range regions can be

of any shape. To use Lundheim’s framework with f-domain and f-range regions,
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¼ ¼

I

Y

8 × 8 pixel domain block

4 × 4 pixel range block

Example mappings from 2 × 2 f-domain region
to 1 × 1 f-range region

Mapping from 8 × 8 domain
to 4 × 4 range block

Figure B.1: Illustration of a typical transformation from an 8 × 8 pixel domain
block to a 4 × 4 pixel range block. The constituent f-domain region to f-range
region mapping is also shown, which demonstrates that each f-region mappings can
be considered independently of each other.
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we need to further subdivide f-range regions into f-sub-range regions, and f-sub-

domain regions into f-sub-sub-domain regions (shown in Figure 4.2). Now we have

f-sub-domain regions mapping to f-sub-range regions.

With f-sub-range regions, the linear term L in Equation (4.3) can be expressed as

a composite of blocks containing α(i)wT :

L =



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...
...

...

α(N)wT
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...

α(N)wT


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(B.1)

where α(i) is the contrast scaling factor for the ith f-range region. Each block in

L has the same height and width, where each is equal to the length of a row-wise

lexicographically vectorized f-range region. The empty regions in L are zeroes.

Furthermore, every row of the matrix has only one α(1)wT , but each column can

have a multiple of them. Note that each row of a block corresponds to a fetch-

decimate-and-multiply-by-α of an f-sub-domain region and placing it in the f-sub-

range region corresponding to that row. Permutations of the blocks in L does not

affect the analysis that follows. Therefore, domain and range regions can be of any

shape as long as each related domain and range region possess the same shape.

From Equation (B.1) the following expression can be derived:

LTL =




ξ1wwT 0

ξ2wwT

. . .

0 ξNwwT




(B.2)

where

ξj =
N∑

i=1

ρi,j(α
(i))2 (B.3)
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where ρi,j ≥ 0 is an integer representing the number of times the transformation for

the ith f-range region utilizes the jth f-sub-domain region, and N is the total number

of f-range regions (pixels). The square matrix LTL is block diagonal. Each block

is a scaled version of wwT . The eigenvalues of LTL are given by the determinant

|LTL − λI|. This determinant can also be calculated by the multiplication of the

determinants of the block matrices, that is |LTL−λI| = ∏N
j=1 |ξjwwT−λI|. It is not

difficult to find the determinants |ξjwwT − λI| for all j (see Appendix E). We can

then show that |LTL−λI| possibly have non-zero eigenvalues of λ = ξ1
u2 ,

ξ2
u2 , . . . ,

ξN

u2 .

Therefore, the contractivity factor is given by:

s =

√
max

1≤j≤N

ξj

u2
=

√√√√ 1

u2
max

1≤j≤N

N∑

i=1

ρi,j[α(i)]2 (B.4)

It is likely that ξi = 0 for some i because some f-sub-domain regions may remain

unused. However, this does not affect Equation (B.4) and Equation (4.10) because

we are only interested in the square root of the largest eigenvalue.

The true value of an f-range region is now obtained by applying the decimation

function using the values in its sub-range regions. This subdivision of an f-region

has corresponded to an increase of image resolution by the decimation factor, so

to obtain an image of the original resolution the decimation function must be ap-

plied for each pixel, using all the sub-values in that pixel. It has been shown that

decimation by discrete spatial contraction has contractivity one [Jac89]. It is also

straightforward to show that decimation by sub-sampling also has contractivity one.

Therefore, the restoration of the image to its original resolution does not affect the

contractivity factor given by Equation (B.4) and Equation (4.10).

Although intuition suggests that ρi,j is either one or zero, it is in fact an integer

value representing the number of times the jth f-sub-domain region transforms

to the ith f-range region. This is because from the consideration of independence

between f-sub-domain regions an f-range region can use any f-sub-domain more than

once. The limiting case occurs when all f-sub-domain regions coincide, which when

combined with the decimation operation emulates the case when sub-sampling is

used for decimation. This gives rise to an effect we refer to as apparent decimation,
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which is the decimation that we observe in a domain to range transformation. This

occurs only when averaging is chosen as the actual decimation operation, then the

choice of the locations of f-sub-domain regions can switch the apparent decimation

between sub-sampling and averaging. Note that if the actual decimation used is

sub-sampling, then the choice of f-sub-domain regions has no effect on the apparent

decimation, which remains as sub-sampling.

The results above apply only for the l2 norm. However, all norms on finite-

dimensional vectors spaces are equivalent. Therefore, the results can be used as

contractivity tests for any norm on <N .

Despite the preceding discussion about the independence between f-sub-domain

regions, some geometrical relationship is required if self-similarity is to be exploited

for coding or compression purposes. However, this important relationship can be

disregarded for the calculation of the contractivity factor.



Appendix C

Proof of Equation (4.11)

The increase in resolution as described in the proof of Theorem 4.1 by sub-division

now occurs by partitioning the fundamental region into u and t regions vertically and

horizontally respectively. In total, ut f-sub-domain regions transform to each f-range

region, instead of u2. Equation (4.11) follows simply from replacing occurrences of

u2 with ut.
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Proof of Equation (4.12)

The first step in the proof is to subdivide each f-region into ul and tl vertical and

horizontal f-sub-regions respectively. It can be shown that:

Rj,r = Di(j,r),ul,tlDi(j,r)

l∏

b=1

αj,r,b + γ∗j,r,l (D.1)

where Rj,r is the value of the rth f-sub-range region in the jth f-range region,

i(j, r) is a two variable function returning the index of the f-sub-domain region

that transforms to the corresponding Rj,r f-sub-range region, Di(j,r) is the i(j, r)th

f-sub-domain region, Di(j,r),ul,tl is the decimation operator that decimates an f-sub-

domain region and returns a single value since there are exactly (ut)l elements in

Di(j,r), αj,r,b is the contrast scaling factor of the intermediate mapping at the bth

iteration in the overall transformation from the Di(j,r) f-sub-domain region to the

Rj,r f-sub-range region. Furthermore, γ∗j,r,l = γj,r,1αj,r,2 . . . αj,r,l+γj,r,2αj,r,3 . . . αj,r,l+

. . . + γj,r,l−1αj,r,l + γj,r,l, where γj,r,c, for 1 ≤ c ≤ l, is the illuminance shift factor

of the intermediate mapping at the cth iteration in the overall transformation from

the Di(j,r) f-sub-domain region to the Rj,r f-sub-range region.

Equation (D.1) suggests that it is possible to reduce l iterations of a fractal code

into a single iteration consisting of only f-sub-domain to f-sub-range transforma-

tions, where the f-sub-range regions are generated by decimating f-range regions

into ul × tl blocks. The contrast scaling factor of this single transformation is the
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multiplication of the contrast scaling factors of all intermediate mappings during

l iterations originating from an f-sub-domain region and ending at the f-sub-range

region.

With this observation an expression for the eventual contractivity factor can be

derived using the method described in Appendix B. A slight difference is that the

factor ρ
′
i,j can only take a value of one or zero, rather than an integer valued ρi,j as

in Equation (4.10). The reason is that now we are considering transformations to an

f-sub-range region and not an f-range region. An f-sub-range region is single valued

and is not subdivided further, and its value is given by the transformation from a

single f-sub-domain region. With the assistance of Equation (D.1) and Appendix B,

it is relatively straightforward to derive Equation (4.12).

The results above apply only for the l2 norm. However, all norms on finite-

dimensional vectors spaces are equivalent. Therefore, the results can be used as

eventual contractivity tests for any norm on <N .
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Calculating the determinant

|ξjwwT − λI|

The method to calculate |ξjwwT − λI| is described by Lundheim [Lun95]. It is

repeated here for completeness.

An expression is required for the r-th order determinant with the following structure:

Dr(a) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a− λ a a · · · a

a a− λ a · · · a

a a
. . . a

...
...

a a a · · · a− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(E.1)

The second row is subtracted from the first one, and then expressing the determinant

via the first row and its determinants of (r − 1)× (r − 1) sub-matrices we have,

Dr(a) = −λDr−1(a)− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a a a · · · a

a a− λ a · · · a

a a
. . . a

...
...

a a a · · · a− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(E.2)

The first row can then be subtracted from all the other rows to give a triangular
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matrix whose determinant is a(−λ)r−2. Therefore, the following recurrence relation

is obtained,

Dr(a) = aλr−1(−1)r+1 − λDr−1(a) (E.3)

Then defining D0(a) = 1, and by induction, Equation (E.3) can be expressed as,

Dr(a) = (−1)rλr−1(λ− ra) (E.4)

The determinant |ξjwwT − λI| has the following form,

|ξjwwT − λI| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ξj

(
1
u2

)2 − λ ξj

(
1
u2

)2
ξj

(
1
u2

)2 · · · ξj

(
1
u2

)2

ξj

(
1
u2

)2
ξj

(
1
u2

)2 − λ ξj

(
1
u2

)2 · · · ξj

(
1
u2

)2

ξj

(
1
u2

)2
ξj

(
1
u2

)2 . . . ξj

(
1
u2

)2

...
...

ξj

(
1
u2

)2
ξj

(
1
u2

)2
ξj

(
1
u2

)2 · · · ξj

(
1
u2

)2 − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(E.5)

Substituting a = ξj

(
1
u2

)2
and r = u2 in Equation (E.4) we obtain,

|ξjwwT − λI| = (−1)u2

λu2−1(λ− ξj
1

u2
) (E.6)

Therefore, Equation (E.6) has a non-zero eigenvalue of λ = ξj

u2 only if ξj is non-zero.



Appendix F

Face Identification User Interface

The user interface of our fully automatic face identification system is shown in

Figure F.1. The system is developed using Microsoft Visual C++, running on

the Windows 2000/XP platform. It uses the automatic eye detector described in

Chapter 2 for face detection. Face identification is based on the FND. The system

also works with multiple faces. On an Athlon XP 2000+ based PC with 1 Gigabyte

of DDR-RAM, the system achieves an operational speed of about 10 frames per

second.
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Figure F.1: User interface of the automatic face identifcation system. Detected eye
locations are labelled using the ‘+’ symbol. Extracted faces are shown in the row
labelled ‘Detected Faces’. Best matching faces in the database are shown in the
row labelled ‘Matching Suspects’.
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