CHAPTER 5

THE INVERSE SCATTERING TRANSFORM
FOR THE

MODIFIED BENJAMIN-ONO EQUATION
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Section 5.1: Introduction

The Modified Benjamin-Ono (MBO) equation,
Q + an(eQ - 1) +QH(Q,) +H(Qu) =0, (5.1.1)

has appeared in this thesis within the context of the deep water limit for the MILW
equation. Some notation that is particularly relevant to the MBO equation is as follows:
Q2 Q(x,t), —¥ <x<¥, t3 0, subscripts denote partial derivatives, a is a real parameter

that is independent of x and t, and H denotes the Hilbert transform,

y
(Hf)(x) def %(P)J 09 g
—-¥
The conditions for the transition from the MILW equation to the MBO equation are set
outin (2.1.14).

In this chapter we will present the solution of the initial value problem for (5.1.1),
which has evolved from an initial value that has suitable asymptotic behaviour as | x| ® ¥.
Remarks made in Section 4.1 about the MILW equation are also relevant to the MBO
equation, particularly those remarks about the theoretical and practical issues that merit the
development of a solution scheme for the MILW equation.

Less attention, when compared to the MILW equation, has been devoted to the
MBO equation because researchers have been satisfied to derive results for the MBO
equation by using the deep water limit of the appropriate results for the MILW equation.
The first reference devoted exclusively to the MBO equation is Ref. 90 in which Nakamura
derives multi-soliton and multi-periodic wave solutions for the MBO equation. Recently,
Scoufis and Cosgrove [114] used the IST to solve the initial value problem for (5.1.1) with
an arbitrary and sufficiently smooth real-valued initial value Q,, where Q,° Q(x,0). The
authors of Ref. 114 used the boundary conditions

1'Q
1x"

® 0as |x|® ¥,

where n denotes a positive integer or zero, and ”QO/ x"° Q, whenever n=0. In this

chapter we reproduce an expanded version of Ref. 114. Conscious to avoid conflicts with
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Section 5.1

notation used elsewhere in this thesis, we have found it necessary to significantly alter the
notation used in Ref. 114.

In analogy with the procedures we have developed to solve the initial value
problems for the MKdV and MILW equations, the scheme to solve the initial value
problem for (5.1.1) relies on the Miura transformation that connects the Benjamin-Ono
(BO) and MBO equations. According to equation (2.1.19) the relevant Miura

transformation is

q:%{H(QX) +a(eQ_1) +iQx}’ (5.1.2)
where q° q(xt) satisfies the (ordinary) BO equation,
d; + 290, + H(a,) = 0. (5.1.3)
Equating real and imaginary parts either side of (5.1.2) provides us with the following
information:
H(Q,) +a(e®-1) = 2Re{q(x.1)}: (5.1.4)
Qy =2Im{q(x,1)}. (5.1.5)

Equation (5.1.2) maps real-valued solutions, Q(x,t), of the MBO equation into
complex-valued solutions, q(x,t), of the BO equation. For example, the real-valued

function Q, is mapped by (5.1.2) into the complex-valued function g, where

Ao def q(x,0) = %{H(QO,X) + a(er - 1) + iQO,x} (5.1.6)

and Q, , denotes TQ/ Tx. It is clear from equation (5.1.6) that: 1) g, is known whenever
Qo is known; 2) the boundary conditions for Q, unite with the deep water analogue of

(1.3.28) to produce the boundary conditions

ﬂ”qo
v ® 0as |X|® ¥, (5.1.7)

The knowledge we have accumulated from Chapters 3 and 4 of this thesis
motivates us to look for a solution of the initial value problem for (5.1.1) that emanates
from the solution of the initial value problem for (5.1.3) with initial value (5.1.6) and
boundary conditions (5.1.7). Fokas and Ablowitz [43] have solved the initial value problem
for the real-valued BO equation by using a seminal application of the IST that involves the
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Section 5.1

boundary conditions (5.1.7). Therefore, to obtain the solution of the initial value problem
for the complexified version of (5.1.3) we will extend the work in Ref. 43 to incorporate
evolutions from the initial value (5.1.6). We have found it necessary to retain the indicator,
€, and like elsewhere in this thesis e = + 1 are the possible values assumed by the indicator.
A suitable extension of the Fokas-Ablowitz IST for the BO equation will permit us to
derive a formula for g™ ¢(x,t), where gq* (x,t) denotes the boundary value of a function
that admits analytic continuation (with respect to x) in the complex half-plane
sgn (Im(z)) = € z=x + iy refers to the complex extension of x. The reader who wishes to
review the (generic) formulae for g*(x,t) can consult equations (1.3.65%). Once a suitable

formula for q* §(x, t) is available, we will use the jump condition

q(x.t) =a*(xt) —a7(xt) (5.1.8)

to solve for the physical variable, g(x,t), in equation (5.1.3). After q(x,t) has been
determined we will then use this function in (5.1.5) to compute Q,(x,t), and thence Q(x, t)
by a quadrature with respect to x. The residual function of integration will be determined
from the boundary conditions Q(x,t) ® 0 (uniformly in t) as |x| ® ¥. The last stage in
the solution scheme for the MBO equation uses (5.1.4) to connect any parameter in Q(x, t)
that has emanated from the IST for the complex-valued BO equation to the parameter a in
the MBO equation.

The remainder of this chapter is arranged into five sections. In the next section we
present the linear problem for the BO equation in a form that is amenable to the solution
scheme for the MBO equation. Suitable Jost functions that are parameterized by a real
spectral parameter, denoted as | , are defined in Section 5.2, and equations that characterize
the scattering data are then derived. In the course of studying the direct problem for the
complex-valued BO equation we noticed a nongeneric case that was overlooked by Fokas
and Ablowitz in their IST for the real-valued BO equation [43]. The nongeneric case
manifested itself when we sought to determine the asymptotics as | ® 0" of the Jost
functions and scattering data (continuous spectrum) to a higher precision than what
appears in Refs 43 and 103. In order to accommodate the nongeneric case, which is
associated with the vanishing of a certain integral, we have found it necessary to enlarge the
list of scattering data presented by Fokas and Ablowitz in Ref. 43. Notwithstanding the
amendments to the scattering data, the spectral parameter retains the essential features of
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Section 5.1

the spectral parameter found in the IST for the real-valued BO equation [43]; the
continuous spectrum remains real positive | and the discrete spectrum still consists of a

finite number of isolated points on the real axis | < 0. We note that several researchers

derived by Scoufis and Cosgrove in Ref. 114. Section 5.3 is devoted to the solution of the
inverse problem for the complex-valued BO equation. The solution of the inverse problem
for the complex-valued BO equation, like the analogous problem for the real-valued case,
requires the solution of a nonlocal Riemann-Hilbert Boundary Value Problem (RHBVP).
Section 5.4 contains the time evolution of the scattering data for the complex-valued BO

produce the 1-soliton solution for the MBO equation, and thereby demonstrate how our
calculations can be used to construct solutions for the MBO equation (5.1.1).
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Section 5.1

Section 5.2: The Direct Problem and Scattering Data

Nakamura [88] and Bock and Kruskal [18] have shown that the (real-valued) BO
equation is a soliton-type equation, in particular that the BO equation can be expressed as
the compatibility condition of an over-determined linear system of equations (Lax pair).
The most direct route to the Lax pair for the BO equation is to determine the d® ¥ limit
of the Lax pair for the ILW equation, the latter Lax pair being contained in equations
(4.3.12) and (4.3.13%). A meaningful limit requires positive real | , where | is the spectral
parameter in the IST for the (complex-valued) ILW equation. Scoufis and Cosgrove [114]
have shown that the Lax pair for the complex-valued BO equation (in a form that can be
used to solve the initial value problem for the MBO equation) is

iw; ©+el (W+e—W_e) =—eqw*® (5.2.1)
w e =iews + 21 wi €+ [+q, —ieH(q,) + nJw* € (5.2.2%)

A correct interpretation of (5.2.1) and (5.2.2%) requires the following information:
the indicator, denoted as €, has the possible values e = + 1;
| is the spectral parameter;

w* e w* §(x,t;1 ) denotes (collectively) the boundary value of a function that
is analytic in the complex half-plane sgn(lm (z)) =+e¢, where z=x+iy (with x and y

real) defines the complex extension of x;

ge° q(x,t) denotes a complex-valued solution of (5.1.3), and the real and
imaginary parts of this solution are connected to a solution of the MBO equation by
equations (5.1.4) and (5.1.5), respectively;

the compatibility condition wi;,®° w;,® for the over-determined linear system

comprising equations (5.2.1) and (5.2.2%) yields the BO equation in the form (5.1.3);
n is independent of x and t, but its value is contingent on the boundary

conditions for the eigenfunctions w* €.

suppress the explicit dependence of any quantity that depends on the temporal variable.
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Section 5.2

Unfortunately, the eigenfunctions w* € and w™© that appear in (5.2.1) and (5.2.2%)
are not connected by vertical periodicity similar to (4.2.17). Loss (as d® ¥) of a formula
that allows us to construct, say, w~ € from w™ © can be offset as follows: let Y (x) denote a
suitable complex-valued function of the real-variable x. Following Fokas and Ablowitz [43],

we introduce into our work the notation [Y ]i e(x), where

¥
te 1 Y (X) .
[Y] (¥ def 2pi X—(Xi ie0+) dx. (5.2.3%)
_y
We will refer to [Y]+ ¥ (+ €)-part of Y (x) [Y] (%) (— e)-part
of Y (x) [Y]"(x) is the boundary value of a

function analytic in the half-plane sgn (Im(2)) = +e, and [Y ] (x) is the boundary value
of a function analytic in the half-plane sgn (Im (z)) = —e. The reader may express concern
that (5.2.3%) duplicates the notation used for w* € and w~© The square bracket notation
will prove beneficial to our work because it allows us to reference the (+ e)-parts of

functions that already have one of the superscripts + € or — g, for example

[aw* )" = 51 TR

= Zni L x (X+ ie0+) (5.2.4)

Equations (5.2.3%) are the analogues of (4.2.15) in the deep water region. The d® ¥

limit of (4.2.14) reveals that [Y ]i e(x) are connected by the jump condition

Y =[Y] (- [Y]79) (525

Equations (5.2.3%) and (5.2.5) allow us to retrieve a particular (analytic) part of suitable
expressions, and thereby compensate us for the loss of information noted.

Bounded solutions (Jost functions) for (5.2.1) exist for all | >0 [43,63]. Fokas
and Ablowitz [43] describe and execute the procedure for deriving linear (singular) integral
equations that characterize the Jost functions mentioned, but their results apply when e=1
and q is a real-valued solution of the BO equation. Scoufis and Cosgrove [114] extended
the Fokas-Ablowitz methodology by starting with (5.2.1), and then deriving appropriate
integral equations for the Jost functions associated with the IST for the MBO equation,
that is e appears as a parameter in the equations derived by Scoufis and Cosgrove, and
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Section 5.2

these authors regard q as a complex-valued solution of the BO equation. As preparation for
Chapter 7 (in which we will examine the deep water limit of the IST for the MBO
equation) we will present a new derivation of the Scoufis-Cosgrove results, in particular
those equations that identify the Jost functions for the system (5.2.1) and (5.2.2%). Our
method begins with the equations that characterize the Jost functions allied to the IST for
the complex-valued ILW equation, and then considers the d® ¥ limit of these equations.
A crucial stage in our methodology is the determination of the d® ¥

function that enters into the IST for the complex-valued ILW equation; the reader who

equations (4.3.50%). The
for the real-valued ILW equation has been studied in Refs 63 and 103. The analysis that we
will undertake extends the work in Refs 63 and 103 to incorporate particular nuances that
are intrinsic to the functions defined by (4.3.50%). All functions and constants introduced
hereafter depend on €, unless otherwise stated.

Consider equations (4.3.50%), but now expressed in the (convenient) forms

¥
ei (x=h)r +edr

sinh (dr » i0+)[ez+e(r +i07) ~2,1 )]

6L it )= 45

-¥

dr, (5.2.6%)

where the equation for G, d(x,h;1) is assigned the label (5.2.6™), and the equation for
Gi;’(x,h;l) will be referred to as (5.2.67). Equations (5.2.6%) can be derived from
(4.350), once we parameterize C_, the contour in (4.3.50%), in the correct manner. We
will assume that | >0 and that | =O(1) as d® ¥. Two results that will facilitate our

calculation of the deep water limit for G; g(x h;l ) are as follows:

z+e(x):§(1+esgn(x))—2—%+o(e‘d|x|) as d® ¥ (5.2.7)
and
|- et 2q(e), r>0
im =
d® ¥ o Lt 52.8
sinh (dr+|0 ) —24(-¢),r <0, (52.8)

We relegate (5.2.7) and (5.2.8) to the category of exercises for the reader, but we do wish to
remind the reader that g(-) denotes the Heaviside step function:
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1, x>0
q(X)={

0, x<0.

+

Now let us initiate the calculation of the deep water limit for G, g(x h;l ) First,
split the integral within (5.2.6%) into two integrals, the first over the interval —¥ <r <0
and the second over the interval 0 <r <¥. Next, use (5.2.7) and (5.2.8) in each of the

half-line integrals to obtain the result

Jim, G, e(xhil)=1,-3,, (5.2.9)
where
( ) Y i(x=h)
q eJ eI X— r
. d dr
0 (e+ 1)(r +10 )—2l
and

0
q-e) Qi (x=h)r
- Tp L (e—l)(r+i0+)—2I ar (5:2.100)

We now wish to assert the following regarding I, and J,:

¥
q(e) eie(x—h)r
I, = ~dr 5.2.11
* ZPJ r—(1 £ie0’) o241
0
and
(o[ eexn
g(—e ele(x=h)r
J, = dr.
= JO r—(1 xieo’) (5.2.11b)

The proof of (5.2.11a) and (5.2.11b) commences by focusing our attention on (5.2.10b), the
equation that defines J,. Equation (5.2.10b) can be expressed in the form

¥
B q(_ e) e—i(x—h)s
T Jo(e—l)(—snoj—z % (52.12)

provided one introduces the transformation s=-—r into (5.2.10b). Two crucial

observations facilitate a connection between (5.2.11b) and (5.2.12):
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1) without loss of generality we can replace the denominator in the integrand of
(5.2.12) by the expression 2(s—1 +i0");

2) the exponential term in the integrand of (5.2.12) can without loss of precision
be written in the form exp (ie(x—h)s).

Both observations emanate from the fact that (5.2.12) vanishes whenever e=1 and
Xx—h1 0. The reader who exploits the observations mentioned will require little effort to
arrive at (5.2.11b). A repetition (with minor modifications) of the procedure used to derive
(5.2.11b) from (5.2.10b) will show that (5.2.11a) is equivalent to (5.2.10a).

Now substitute (5.2.11a) and (5.2.11b) into (5.2.9) to obtain the result

¥
eie(x—h)r

. r—(| iieo+)dr’

Jim G/ (xh;l)= 2—1p(q(e) -q(-¢))
and because g(€) — q(—e) = sgn (&), which evaluates to €, we can state that the deep water

limit of G g(x,h;1 ) is

Jim, gL xhil) =eglgxhil ) (52137
where
Y ie(x—h)
rely | o 1 ele(x—h)r o )
gidxhil)° 55 [ =ie0) r (5.2.14%)

The notation we have employed, particularly in (5.2.14%), requires clarification:

character in x for example g;e(x,h;l) admits analytic continuation into

Sgn(lm(z)) =+6€

LetL =1 +ik, where | and k are real numbers, define the complex extension
of I. Subscripts of the form +€ or —e will emphasize the analytic character in | of
functions that admit continuation into either the first or fourth quadrants of the complex
L -plane. For example, g*&(x,h;l) admits continuation into the quadrant defined by
Re(L)>0and sgn(Iim(L)) =-e (+€) function in |

(— ) function in |

remarks about our notation apply only to quantities allied to the IST for the BO equation.
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No doubt the reader has observed that
ie(x=h)r
T Ly(0¥),
r-(1 +ie0’)
where L 1(O,¥) denotes the space of absolutely integrable functions over the interval
0<r <¥. Concerns that the reader may have about the convergence of (5.2.14%) are

vanquished by the realization that the equation

e~ Ix=hir

+te_ h)l
g+g_|e%n( ( (X h)) 'e(X ) 2p 0 r+iel %n(x h)d ! (52151)

where g{c° gig(xh;l) , provides a new perspective from which to view (5.2.14%).

Significant effort was invested by the author to derive (5.2.15%), but in an expression of a
preference to maintain continuity with the task at hand (IST for the MBO equation) we

confine ourselves to offering the following two remarks:

1) equations (5.2.15%) are derived from (5.2.14)

Residue Theorem in which the contour of integration is a quarter-circle in either the first or
fourth quadrants of the plane formed by an analytic continuation of r off the real-axis;

2) the interested reader is referred to Ablowitz and Fokas [12, p. 231] for certain material
that forms a paradigm for the derivation of (5.2.15%) from (5.2.14%).

In the light of the commentary made about (5.2.15%), we can clearly see that g} &(x, h;1 )
exists and is well defined for all | > 0.

One fact that we can infer from (5.2.15%) is that whenever Re(L) >0 the
nonuniformity

lim  gigxh;L)?

lim "¢(x h:;L
m(L)® 0*° - 9- ( )

Im(L)® 0

is present. If we allow Dg™ ¢(x, h; | ) to denote the jump in g* (x, h; L) across the positive

real | -axis, then from (5.2.15%) we see that

gigxh;l)—gr§xh;l)=iee s~ (5.2.16)
where
Dg* ¢(x,h;1) def g; dx h;1)-gZd(xh;l)

indicates the orientation of the jump across the positive real | -axis.
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Now that the (mathematical) infrastructure required for the derivation of
equations that characterize the Jost functions has been assembled, we can proceed to
derive the necessary equations. Let m* ¢(x;1 ) and m" %(x;1 ) denote left Jost functions for
(5.2.1), and let n*¢(x;1 ) and n*¥(x;1 ) denote right Jost functions for (5.2.1). Each Jost

function satisfies a particular version of the integro-differential equation

. +e

iwy ®+el w"e=—[qw" ] (x) +a, (5.2.17)
where a, is a constant whose value is determined from a boundary condition for w* ¢, for
example w*®® 1 as x® ¥ requires a,=el . Equation (5.2.17) is the (+e)-part (with
respect to X) of (5.2.1), and [qw* e]+ *(X) is defined by (5.2.4).

The Jost functions (lower-case) affiliated to the complex-valued BO equation can
be retrieved from the Jost functions (upper-case) bound to the complex-valued ILW
equation in the following manner [103]:

m*(x1) = lim M*x1); (5.2.18a)
m*xi1) = Jim M"(x1)e (5.2.18b)
n*Sx1) = Jlim N"x1)e (5.2.18¢)
n"0el) = Jim N"xl). (5.2.18d)

Explicit asymptotics of the Jost functions allied to the complex-valued BO
equation can be deduced by reference to equations (4.3.15), (4.3.16) and (5.2.18a-d). The
reader will find that the boundary conditions for the respective Jost functions are as

follows:
m exl)® 1
as X® —¥ (5.2.19)
m éx1)® glel x
and
n"qx1)® giel
as X® ¥. (5.2.20)

n"qx1)® 1
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Equations (5.2.19) and (5.2.20) are consistent with the observation that the large-x
behaviour of (5.2.17) is

iw; ©+elw'®~a;as |x|® ¥,
and this behaviour implies that
ea, :
+te_ 0 d
w —|—+b0e' Xas | x| ® ¥,

where by, is a constant of integration; the most recent equation justifies our selection of
{1, e'® X} as a basis for the large-x behaviour of w* €.

In Section 4.3 of this thesis we showed that (4.3.51) and (4.3.52) are the specific
equations that characterize the Jost functions present in the IST for the complex-valued

ILW equation. The deep water limit

dlg®m¥ U(h) =q(h)

and the aggregate of (4.3.51), (4.3.52), (5.2.13%) and (5.2.18a-d) allows us to conclude that

(ﬁ:&: §) (1 ) . f g ) )q(h)(ﬁiiﬁﬁj: })dh 221

-y

(2:&: ;):(eiil X) +f g*x h;l )q(h)(E:EE: ;)dh (5.2.22)

-y

and

are the integral equations that characterize m* %(x;1 ) and so forth. A cursory survey of
(5.2.21) and (5.2.22) will show the reader that these equations are examples of
(inhomogeneous) Fredholm integral equations of the second-kind. Comparable equations
to (5.2.21) and (5.2.22) [see (4.3.51) and (4.3.52)] in the IST for the complex-valued ILW
equation are (inhomogeneous) Volterra integral equations of the second-kind. At a suitable
time we will return to (5.2.21) and (5.2.22) with the intention to extract from these
equations the analytic character (with respect to | ) of the eigenfunctions m* e(x;l ) and so
forth.

Equations (5.2.21) and (5.2.22) provide a portrait of the Jost functions, and when
these equations are used appropriately with (5.2.16) they also deliver to us an identity that

involves the eigenfunctions m* ¢(x;1 ), n*¢(x;1 ) and n* ¥(x; | ). The identity in question is
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m*é(x1)=n"¥x1)+r(1 )n*¥x1), (5.2.23)

where | is a positive real number and

r(|)o|efief¥ (h)m*¢(h:1 e~ Ndh
def ief q , - (5.2.24)

The entity r(l ) depends on t, is a member of the continuous spectrum and must be
included in the list of scattering data. Equation (5.2.23) is the analogue of (4.3.53), the latter
equation being central to the development of a Riemann-Hilbert Boundary Value Problem
(RHBVP) that facilitated the solution of the initial value problem for the MILW equation.
In due course we will embed (5.2.23) within the framework of the RHBVP, but for the
moment we turn our attention to the proof of (5.2.23). By virtue of equations (5.2.21) and
(5.2.22) we can state that the difference m*¥(x;1)—n"x;1) is constrained by the

equation

m*e(x1)—n*¥x1) f g5 e(x h;1)g(h)m*<(h;1 )dh
_ f_¥¥ g* S(x h;1 )a(h)n*<(h;1 Jah. (52,05

Using (5.2.16) to eliminate g3 (x, h; | ) from (5.2.25) we obtain

m* (1) —n"¢x1)=r(1)e'® X+f_¥¥ g g0 hi1)g(h) {m* ;1) =n*(h:1 ) }oh,

which provides an integral equation satisfied by the difference m*¢(x;1 ) —n™ (x| ). The
exponential component of the forcing term in the most recent equation can be eliminated
by reference to (5.2.22), in particular by use of the equation for n*¥(x1). The

homogeneous equation

¥
F(x| ):] a* ¢(xh:1 )q(h)F (h:1 )dh, (5.2.26)
—¥
where
F(x!)def m™Sx1)-n"x1)-r(1)n"qx1),
is produced when we complete the procedure advocated. Equation (5.2.26) is an example
of a linear homogeneous integral equation of the

trivial solution whenever | is a

positive real number; our assumption applies irrespective of whether q(h) is real-valued or
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complex-valued. In the light of the assumption made about (5.2.26) we see that
F(x1)° 0, from which we conclude that (5.2.23) is correct.

Our intention is to eventually interpret (5.2.23) as some type of RHBVP in a
sector of the complex L-plane. A connection between the eigenfunctions n+e(x;l ) and

n™ (x| ) must be established before our plan for (5.2.23) can succeed. The identity

%—{n*e(x;l )} —iexn*§(x1)=f(1)n"qx1), (5.2.27)

where

Q.

1 (¥ +e
f(')é—mf¥q(h)” (h;1')dh, (5.2.28)

is the requisite connection between n+e(x;l) and n*¥x1). The function f(l) is a
member of the continuous spectrum and depends on t. Equation (5.2.27) is definitely a
nontrivial result, which merits any time and effort required for its substantiation. A lemma

is required before we can embark on the proof of (5.2.27). The necessary lemma (which we

will prove) is
ahatdanit) =ie(x—h)grgxnil) - 5o (5.2.29%)
where g3 §(x, h;1 ) is defined by (5.2.15%). Let us agree to use the notation
i def ipf; Wr, I )e =Ny, (5.2.30)
where
Wr.!) def r+iel s;n(x—h)’ (5.2.31)

to refer to the nonlocal term in (5.2.15%). An interesting symmetry, which can be verified
by direct use of (5.2.31), is

TH_VW’I ) =iesgn (x—h)%]r—V\(r,l ). (5.2.32)

Differentiating with respect to | the function defined by (5.2.30) delivers to us the equation

_ ¥
Br=abl, S ye e

and on account of (5.2.32) the equation for §[j /I can be expressed in the form
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. ¥
p — e —|x=h
=g (X—h)fO o (W(r 1)y bnbar (5.233)
A single integration by parts when applied to (5.2.33) yields

%{_:_ﬁﬂe(x—h)i : (5.2.34)

The reader who attempts to reproduce (5.2.34) will require equations for V\,(O,I ) and
W(¥,1 ), each of which can be derived from (5.2.31); the notation W(¥,1 ) denotes the
limit of W(r,1) as r ® ¥. We remind the reader that j is defined by the aggregate of
equations (5.2.30) and (5.2.31). Differentiating both sides of (5.2.15%) with respect to | ,
and then using the identity (5.2.34) to simplify the derivative of the (common) nonlocal
term we arrive at (5.2.29%).

Now that we have proved (5.2.29%), let us start work on the proof of (5.2.27).
Consider (5.2.22), in particular the integral equation that characterizes n*¢(x;1). The

equation under present consideration can be adapted to read
+tefy,. —iel x— ¥ +e . —iel (x=h) +e(h- —iel h
n*e(x | )e~ie X= 1+f_¥ g*¢xh;l )e a(h)n*<(h;1)e™'® Mdh,  (5.235)

which is simply the integral equation that characterizes the modified eigenfunction
n*¢(x1)e "® X Our decision to use a modified eigenfunction is predicated on the
observation that the derivative of n+e(x;l ) with respect to | is easier to access from
(5.2.35) than from (5.2.22). Differentiating both sides of (5.2.35) with respect to |, and
then using (5.2.297) to eliminate the f1g* S(x,h;1 )/ 1l term from the ensuing equation we
find that

11i|n+e(x;| )e—iel X — f(| )e—iel X
¥ )
+f_¥ g* gxh; | )q(h)%—{n*e(h;l JeieMhdh, (5236

where f(1 ) is defined by (5.2.28). We now aim to move in a direction that allows us to cast
(5.2.36) in a form compatible with (5.2.26), so that we can again employ the vanishing
lemma hypothesis that is associated with the latter equation. Equation (5.2.22), but written
in the form

¥
1) = [ gt gl Ja(n)n* (i1 Jah = 1 (5.237)
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can be used to achieve the desired transformation of (5.2.36). Equations (5.2.36) and
(5.2.37) imply a particular version of (5.2.26) in which

F(x1)e'® xo ﬂil{n”"(x;l )}—iexn*e(x;l ) - (1) (x1),

and because of our assumption that F(x;1)° O for all | >0 we arrive at the identity
(5.2.27).

As mentioned in Section 5.1 of this thesis, we need to discuss the asymptotics as
| ® 0" of the Jost functions and scattering data (continuous spectrum) to a higher
precision than what appears in the extant literature [43,103]. The asymptotic formulae that
we will derive contribute significantly to the solution scheme for the inverse problem
associated with the complex-valued ILW equation. Our starting point is g* g(x h;l ) [see
(5.2.157) for the relevant equation] because the behaviour as | ® 0" of this function will
influence either explicitly or in a secondary manner how the Jost functions and scattering
data behave as| ® 0. Once we have assembled the asymptotic profile of g* e(x h;l ) for
small positive values of | , we can use (5.2.16) to resolve the asymptotics of g} e(x h;l ) as

| ® 0. In particular, (5.2.16) constrains g &(x,h;1 ) and g* §(x, h;1 ) so that

g;gx ;1) =g*§xh;l)+ie+O(l )as| ® 07, (5.2.38)

and it is therefore sufficient for us to ascertain how g* g(x h:l ) behaves as | ® 0. We
g §(x,h;1 ) is defined by (5.2.15%).
In the course of this section we have assigned the label j to the nonlocal term

within (5.2.157). According to the assemblage of equations (5.2.30) and (5.2.31) we have

1 ¥ —|x=h|r
i :2— - dr.
PJ, r+iel sgn(x—h)
A convenient form in which to express j inis
-1 j]_ ; _ —|x=h]|r
2p {In( +iel sgn(x h))}e [x=hlrgy

because such an expression is amenable to (a single) integration by parts, which upon
completion leaves us with the equation

152



Section 5.2

i :—2—10In(iel sgn(x—h))
LEnl e
2p

In(r+iel sgn (X—h))e‘“_h'rdf- (5.2.39)

A technical issue that we must now resolve is our selection of the branch cut for In (z) Our
branch cut for In(z) starts at z=0 and continues indefinitely along the Re(z) <0 axis.

Given that | > 0O, we can now state that

In (iel sgn (x—h)) =In (] ) +ieBsgn (x—h) (5.2.40a)

and
In (r +iel sgn (x— h)) =In(r)+In (1 + 18l ogn (x— h))- (5.2.40b)

Substituting (5.2.40a) and (5.2.40b) into (5.2.39) we obtain

i =—%— sgn (x—h) + D, + D, (5.2.41)
where
D, def [x- h|f Je~Ix=Plrar (5.2.42)
and
D, def |X2;ph|L¥ In (1+ngn (x—h))e—|x—hlfdr, (5.2.43)

We now need to ascertain how D, and D, behave as | ® 0. Let us first consider D,.
Introduce into (5.2.42) the change of variable p=|x—h |r. When we scale the integrand of
D, we find that

¥
Dlzz—lpfo In (p)ePdp - G()In|x h|

which can be written in the form

g+In|x—h|

=-- 1 2.44
1 20 ' (5 )

where g p.252] through the quadrature

¥
—g:fO In(p)e” Pdp.
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Fortunately, we can ignore the contribution from D, in the limit | ® 0" because the
integrand of (5.2.43) decays to zero as | ® 0. Armed with (5.2.44) and the knowledge
that D, ® Oas| ® 0", we can declare that the equation

In(l) 1

i =—2—p—2—p{g+ In(ig(x—h))} + (decaying terms)

captures the behaviour of (5.2.41) as| ® 0", or when we use (5.2.30) and (5.2.31) to write

the full expression for j we have

1 ¥ e~ Ix=hlr g ~_|n(|)
2pJ, r+iel sgn(x—h) 2p

_2_-}){g+ In(ieg(x~h))}asl ® 0" (5745
The reader who wishes to verify (5.2.45) should be cognisant of the following identity:
550 (ie(x=h)) = Psgn (x—h) + 2—1pln |x=h] .

Let k(x) be defined through the equation

koX) def — 55 {g+ In(iex)} +iesn(x)a(-) . (5.2.46)

Our decision to define the function k(x) is vindicated by the fact that

In (I +
g gxh;l)=- nz(o) +Kko(x—h) + (decaying terms) as | ® 0, (5.2.47)

which can be verified by use of (5.2.157) and (5.2.45). As mentioned when we began our

+

calculation to determine the asymptotics of g g(x h;l ) as| ® 0, we can use (5.2.38) to

+

deduce from (5.2.47) the small-I asymptotics of g; g(x, h;1 ):

In (I +
gigxhil)=- nz(o) +Kko(x—h) +ie+ (decaying terms) as | ® 0™ (5.2.48)

Equations (5.2.47) and (5.2.48) agree at leading order (secular term) with the asymptotics
presented in Refs 43 and 103, but the equations we have derived contain the small-I

asymptotics of g} &(x, h;1 ) to a higher precision than in these works.
Given that we now know the asymptotic behaviour as| ® 0 of g S(x.h; 1) we
can proceed to compute the small-I asymptotics of the Jost functions and scattering data.

First, let us define the function p(x) through the (linear) Fredholm integral equation
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P9 =1+ [ ko(x=h)a(h) plh)an, (52.49)

and then define p, by means of the inner product

1 ¥
o det 5[ alh) p(h)ch (5250)

It is an opportune moment for us to recall that g(h) satisfies the complex-valued BO
equation (5.1.3), and k(x) is defined by (5.2.46). The constant p, depends on €, and must
be added to the list of scattering data because it allows us to distinguish the generic case
(Py* 0) from the nongeneric case (p, = 0). The distinction between generic and nongeneric
potentials will be particularly relevant when we consider (in the next section) the inverse
problem for the complex-valued BO equation. Fokas and Ablowitz consider only the
generic case in their work [43]. The inclusion [114] of p, into our work provides scope for
the first unified treatment of generic and nongeneric potentials associated with the IST for
the BO equation. In terms of p(x) and p, we find that the Jost functions display the

following asymptoticsas| ® 0

m*§(x;1) _ o(x) . o(l)

m &1 ) 1+[In(l)-2iep]p, ofl /in(1)); (5.2.51)
n*x1) T o(l /In(l))

e ) 1+ pin(l) o). (5.2.52)

Equation (5.2.51) can be derived by use of (5.2.48) in (5.2.21), whereas the derivation of
(5.2.52) requires the reader to use the formula (5.2.47) in (5.2.22).

Sharpened small-| asymptotics of r (I ) and (I ) are also within our reach, where
r(l') and f(I) are defined by equations (5.2.24) and (5.2.28), respectively. Using the
equations that define r (1 ) and f(I ) we find

21 +
((1)=15 T (I";p_pgiep] = o(l /inl)as| ® 0 (5.2.53)
and
_ Po +
f(l)__|[1+p0|n(| )]+O(1/Inl)asl ® 0, (5.2.54)

where p, is defined by (5.2.50).
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The O-bounds that are included in equations (5.2.51)-(5.2.54) are valid for p,* O.
Clearly, the asymptotic character of the Jost functions and of r (1) and f(l ) changes
significantly when p,= 0. Incidentally, the case p,=0 occurs simultaneously for both
choices of €. In the case p, = 0 (the nongeneric case) the four Jost functions each have the
leading term p(x,t) for small-l , and therefore these functions do not tend to zero as
| ® 0. The reader familiar with the IST for the BO equation [43] will undoubtedly agree
with the author of this thesis who regards the existence of eigenfunctions that do not decay
to zero as | ® 0" to be a significant discovery. Recently, Kaup and Matsuno [61] have
improved the formulae (5.2.51)-(5.2.54). We refer the reader to Section 5 of Ref. 61 for the
Kaup-Matsuno results.

Discrete (bound states) for the eigenvalue problem (5.2.1) are also possible. The
mechanism that produces the current discrete eigenvalues differs significantly from the
mechanism that drives the production of discrete eigenvalues for the complex-valued ILW
equation. In particular, bound states for the BO equation manifest themselves as solutions
of the homogeneous version of the Fredholm integral equations (5.2.21) and (5.2.22). Bound
states of (5.2.1) will be denoted as F;re(x), where j=1,2,...,0 and ¢ is some finite
positive integer. Each discrete eigenfunction is associated with a discrete eigenvalue. We
will use the symbol | j to denote the discrete eigenvalues, where the discrete index |
assumes each of the values j=1,2,..., /. The discrete eigenvalues | j are negative real

constants that are independent of € and t. Coifman and Wickerhauser have shown [see
Theorem 7.1 in Ref. 30] that for complex-valued solutions of the BO equation the discrete
eigenvalues of the associated spectral problem cannot accumulate at the origin. All the
information we have about the discrete spectrum for (5.2.1) leads us to declare that the

following homogeneous Fredholm integral equation characterizes F J+ ).

+ ¥, +
F " S(x) :L; h*S(xhil ;)a(h)F; S(h)dh, (5.2.55)
where
VR
e _ + . 1 ele(x—h)r
h"xhil ) e grgx il i)_2_pfo TroT, dr. (5.2.56)

The boundary conditions (as | x| ® ¥) satisfied by the discrete eigenfunctions
require clarification, and we will now invest some effort to elucidate this behaviour. First,

the equation
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¥ .
)_ 1 N 1 ele(x—h)r

ie(x—h)h"qxh;l )= 5| =—Sadr
( 2pl; " 2p (- j)z (5.257)

I

is derived from (5.2.26) by a single integration by parts. The Riemann-Lebesgue lemma
provides us with a reason as to why we can neglect as | x| ® ¥ the nonlocal term in

(5.2.57). Therefore, from (5.2.57) we infer that

ey h- - 1 1

Substituting (5.2.58) into (5.2.55) we procure the desired information:

m, xF 0 =k (5.259)
where
k def — L [ qgh)F*5h)dn
9 e jf_¥ a(h)F j “(h)dh. (5.2.60)

Without loss of generality we can make the assignment k; =1 because if F;re(x) solves
(5.2.55), then so does k; F J+ ®(x). As a direct consequence of our normalization, we deduce

from (5.2.59) that

. +e _
|XI||[®n¥ xF (%) =1, (5.2.61)
and from (5.2.60) we find that
_ e (¥ +e
I = 2pi]_¥ q(h)F ; “(h)dh, (5.2.62)

where j=1,2,..., 0. The derivation of equation (5.2.62) is a convenient place to close

this section.
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Section 5.3: The Inverse Problem and its Solution

In this section we formulate and solve the inverse problem associated with the
complex-valued BO equation. The formulation and solution of the inverse problem in
question is inextricably connected to the interpretation of (5.2.23) as a Riemann-Hilbert
Boundary Value Problem (RHBVP) in the complex L -plane (the complex extension with
respect to the | > O axis). Before we can interpret (5.2.23) as a RHBVP we require detailed
knowledge of the analyticity with respect to | of all functions in (5.2.23), namely the
functions m*¢(x;1), n*&x1), n"¥x!) and r(l). Initially, we will work towards
procuring the information we require.

Little effort is required to conclude that n* ¢(x;| ) and r (I ) cannot be analytically
continued off the Im (L) = 0 axis. A cursory glance at the equations that define n™ ¢(x; | )
and r (1) [see (5.2.22) and (5.2.24), respectively] is sufficient to discover a conspicuous
exponential term in each of these equations, and it is the presence of such a term in each of
these equations that prohibits continuation off the Im (L ) = O axis.

Let us now turn our attention to m*¢(x;1) and n*¥(x;1 ). We assert that the
following is true:

m*¢(x;1)

_ 1—|§[Q]+e(x) +O(|%) as | ® ¥, (5.3.1)
n"§xl)

where [q]+e(x) is defined by (5.2.4), and | grows without bound along the ray | >0. In
due course we will demonstrate the relevance of (5.3.1) to the analytic properties of
m*&x;1) and n*¥(x;1 ), but for the moment we will content ourselves with a proof of

+

(5.3.1). The proof of (5.3.1) relies on the large-l asymptotics of g §(x,h;l), where
91 8(x h;1) is defined by (5.2.15%). Standard asymptotic analysis of (5.2.15) for large-|

delivers the result

g1 8(x.h;1) =iesgn (x—h)q(x (x—h))e' -

i 1 1
~ 2pl E)?—h) * 201 2(x—)? +O(|—3)' (5.3.2)

where | >> 1. Equation (5.3.2) has a nonuniformity along the line x—h =0 in the (x,h)
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Equations (5.2.21), (5.2.22), (5.3.2) and the Riemann-Lebesgue lemma combine to produce
the equation

m*¢(x;1)
= 1+O(Il) as | ® ¥. (5.3.3)
n"¥x1)
In accordance with (5.3.3), let
m*¢(x;1) 1
_ ; 1
. = ]_+I_J +e(x) +O(I—2) as | ® ¥, (5.3.4)
n"fx1)

where j *€(x) is at present unknown. We can determine j *¢(x) from [see (5.2.17)] the
equation

iw e+el whe=—[qw" ¢ () +el, (5.3.5)

which is the (integro-differential) equation satisfied by m*€x1) and n*%x1).
Substituting (5.3.4) into (5.3.5), and then matching O(1) terms we find (as claimed) that

i "(x) =—e[q]" %(x). Incidentally, we could have arrived at (5.3.1) by starting with the
assumption

wre(x1) =] ge(x)+|1j Jlre(x)+0(li2) as | ® ¥,

substituting this equation into (5.3.5), and then solving for j ;(x) and j 7 %(x). However,

the author of this thesis considers the method we have employed to derive (5.3.1) supplies
a rigorous justification of our conclusions.
The kernel of the integral equation that characterizes m* §(x;1 ) [see (5.2.21)] is a

(+ € function in |, whereas the kernel of the integral equation that characterizes n* ¥(x; | )

[see (5.2.22)] is a (—e) function in | . Both the Jost functions m*€(x;1) and n*¥(x;!)

m*€x 1) and
n* ¥(x;| ) provides the following two valuable pieces of information:
1)  m"§x ) isa (+ e) function in the L-plane, except for a finite number of

polesatl =1, where j=1,2,...,/,

2) n'exl)isa (—€) function in the L -plane, except for a finite number of
polesatl =1, where j=1,2,..., /.
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We reiterate that | j denotes a discrete eigenvalue of (5.2.1).
Collating the information we possess about m* §(x;1 ) entitles us to write the

equation

m exl)=1+ jél Tj_fx.) +m; x1), (5.3.6)
= j

where Ry (x) is at present unknown and m, ¢(x;1) is a (+€) function in | . Equation
(5.3.1) is now relevant because it allows us to conclude that mj g(x;l J® Oas| ® ¥.1In
order to arrive at (5.3.6) we have assumed that each discrete eigenvalue is a simple pole of
the resolvent kernel [60] constructed from the second-kind Fredholm integral equation

(5.2.21). Pelinovsky and Sulem [96] have recently shown that for real-valued solutions of
the BO equation, no coalescence (to produce multiple order poles in m*€(x; 1) at | j)

amongst the discrete eigenvalues is possible. Given that multiple order poles are possible in
the reflection coefficient for the complex-valued ILW equation (see Section 4.3 of this
thesis) we anticipate that whenever q(x,t) satisfies the complex-valued BO equation the
discrete spectrum of (5.2.1) can also contain eigenvalues that are multiple order poles of the
resolvent kernel associated with (5.2.21). We do not consider in this thesis the issue of

multiple order polesin m*™ (x| ) atl =1 .
Let us now determine the residue R}r %(x) in terms of the scattering data.
Substituting (5.3.6) into (5.2.21), and then calculating the limit | ® | j either side of the

resultant equation we obtain
¥
R (%) :Lé h"¥(x h;l )a(h)R; *(h)dh. (53.7)

The proportionality

RIS 1 F ()
eventuates from a comparison of (5.3.7) to (5.2.55), the latter equation being the equation
that characterizes the discrete eigenfunction Fj+e(x). We will remove the proportionality
sign between Ry (x) and F [ () through the assignment R/ %(x)=—ieF "%(x), and
therefore (5.3.6) now becomes

+

F e
m"x1)=1 —iejél |J_7|():) +mdxl). (5.3.8)
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The equation

Fi ¢
n"¥xl)= 1—iej:é1 i J—I()? +A" % 1), (5.3.9)

where A" 5(x;1 ) is a (- €) function in | such thati” J(x;1 ) ® Oas| ® ¥, can be derived
from an application of a similar procedure to the one used to derive (5.3.8).

The mathematical information required to interpret (5.2.23) as a RHBVP in the
complex L-plane is now accessible. Before we proceed to derive the solution of the

relevant facts:
m*€x; 1) is a (+ €) function in the L -plane, except for a finite number

of simple polesat| =1 i where j=1,2,..., ¢,

n*®(x;1) is a (—e) function in the L -plane, except for a finite number

of simple polesat| =1 ;, where j=1,2,.. ., /;
n*€x;1)and r (I ) cannot be analytically continued off the | >0 axis;

equation (5.2.27) contains the necessary connection between the

eigenfunctions n* ¢(x;1 ) and n* ¥(x; 1 ).

Our efforts will now be aimed towards the solution of the RHBVP (5.2.23). First,
the equation

r()n*ex1)=e{ardx1) -4 gx 1)}, (53.10)

where

¥
re,. 1 [ r(mn"xm
Q. e(x 1) def ZpJO m—(l + ie0+) an (5.3.11)

is the fragmentation of r (I )n*™ €(x;1 ) into its (+ €)-parts. Equations (5.3.10) and (5.3.11)
can be retrieved from the deep water limit of (4.4.9) and (4.4.10), respectively. What is most
interesting about (5.3.10) is that it expresses r (I )n™ €(x; | ) in terms of functions that have
a jump across the | >0 axis. Interestingly, on the | >0 axis we also have the junction
condition

m* 1) =n" 1) =m0l ) —Aalgx 1), (5.3.12)
and this particular identity can be derived from equations (5.3.8) and (5.3.9). Equations
(5.2.23), (5.3.10) and (5.3.12) may be combined to produce the identity
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my gl ) - gl ) =edrg(x 1) —eq dx 1),

e
from which we infer that
ﬁig(x;l )= eQig(x;l ) + &,
where & is a constant. The boundary conditions
ﬁig(x;l )
® OQas| ® ¥
aZe(x 1)

allow us to conclude that & = 0, and therefore we arrive at the equation

Adxl) =eq dx1). (53.13)
Substituting (5.3.13) into (5.3.9) we obtain

veriyoq & FIT o [T rmntxm
n (x,l)—l—lej:é1 i _Ij +2pi O m—(l —ie0+)dn’ (5.3.14)

where we have decided to write the formula [see (5.3.11)] for qj g(x; |') in complete detail.
An interesting and useful result can be derived from the large-I asymptotics of
(5.3.14). Specifically, we will derive a reconstruction formula for the potential g(x)

solution of the complex-valued BO equation (5.1.3) at a fixed t. Consider the equation

n*tex1)=1-¢ ié F o) + o " (mn*pemam +0 L) (5.3.15)
I PlJo I

i=1

which expresses the large-l asymptotics of (5.3.14) to a sufficient precision. At the
beginning of this section [see (5.3.1)] we showed that n* ¥(x;| ) possesses the canonical
normalization. Matching the O(1/1 ) terms in equations (5.3.1) and (5.3.15) we obtain

[m+%”23é%F;%”+§%ujfmvﬁ%KMdm (5.316)
where

[a]" ¥ = Sa(x) - 5 (HA)X. (5.3.17)
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Perhaps the simplest way to interpret (5.3.17) is to view this particular equation as the
d® ¥ limit of (4.2.16"). We now have a reconstruction formula for g(x) in terms of

F J+ ), r (1) and n*¢(x; 1 ) because from (5.3.17)

) =[a]" M|, a1 | ___, (5.3.18)
where [q]+ ®(x) is determined from (5.3.16) for both choices of €.

The important issue that we must now focus upon is to relate F;re(x] to

quantities (scattering data) that can be calculated from the initial value (5.1.6). Scoufis and
Cosgrove [114] use the identity

. {m Tal) +iep j)} =(x+g)F . (5.3.19)

where j=1,2, ...,/ to construct the desired connection. The g; are complex, depend on
e, and are members (together with the | ;) of the discrete spectrum. Fokas and Ablowitz
[43] provide sufficient detail for the reader who wishes to pursue the derivation of equation
(5.3.19), and we therefore omit the proof of this particular equation.
Let | =1, where k=1,2,...,/, denote one of the discrete eigenvalues.
Rearrange (5.3.14) into the form
n*e(x; )+ieF"+e(X) =1-ie é P +& fé (M m dn.

=Ty ;=1 P=T;  2p ] m-(I —ie0) (5.3.20)
(it k)

Equation (5.3.20) serves to isolate the discrete eigenfunction associated with the discrete
eigenvalue | . The limit | ® |, throughout (5.3.20), followed by use of (5.3.19) returns

the system of equations

ver F 9% ¥ r(mnt(xm
(x+g)Fy (><)—1—'ej:é1 ||i_|j+2?)ifo o —— (5.3.21)

(it k)
Equation (5.3.21) relates F / (x) tor (1 ), n**(x;1 ), 1 ;and g;, where j=1,2, ..., /.

A survey of what we have achieved in this section up to the derivation of (5.3.21)
will serve as a valuable guide. Initially we derived equation (5.3.16), which expresses

[a]" () in terms of r (1), n"¢x1)and F J+ ®(x). Equation (5.3.21) provides the necessary
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system of equations that relates F;re(x] tor(l), n"¢xl), I, and g; - Clearly, what

j
emerges from our brief survey is the necessity to derive an equation that connects the
eigenfunction n* €(x; 1 ) to the scattering data

f(1), r(1) 1;andg;,

where j=1,2,...,/
n*€x;1) is a Fredholm integral
equation of the second-kind. The precise equation that relates n* ¢(x;| ) to the scattering

data is as follows [114]:

n"e&x 1) =v(x1)- jé1W(X;| ol j)|:j+e(x)
+ 2_1pfo¥ wix; | ;mr(mn*éx mdn, (5.3.22)

where
. | .
(x| ) def e® fo {1(n) + F(n)e" eV an, (5.3232)
! f(n)e—ienx
. . el x _1
w(x | ;) def iee JO {n—(m+ie0+) mfs(n)}dn, (5.3.23b)
1/(nin(n)), p,* O
f{n) def (5.3.23¢)
0, ;=0

f(l) is defined by (5.2.28), and p, is defined by (5.2.50). The derivation of equation
(5.3.22) and its associated components, namely (5.3.23a-c), can be achieved as follows:
substitute (5.3.14) into (5.2.27), and then integrate with respect to | . Considerable care
must be used during the integration because of the presence in the integrand of a term that
becomes singular as | ® 0. Indeed, the function f{n) serves to cancel the singular term.
We have found it necessary to adjust the definition of the function f(n) used in Ref. 43.
Specifically, our extended definition of f(n) includes the generic (g, * 0) and nongeneric

(|, = 0) potentials in a unified treatment.
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Equations (5.3.16), (5.3.21) and (5.3.22) express in terms of the scattering data,
f(1), r(1) 1;andg;,

the solution of the inverse problem. In the next section of this thesis we present the
equations for the evolution of the scattering data.
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Section 5.4: The Evolution of the Scattering Data

At the conclusion of Section 5.3 we noted that the scattering data required to

f(1L9, 11,1, { j(t),gj(t)};ziand By

The notation {-}j 2{ refers to a finite set in which there exists a one-to-one mapping
between the ordered pair (I j,gj) and the integers j=1, 2, ..., /. Explicit dependence of
any variable on t will be shown throughout this section. This section is devoted to the time
evolution of the scattering data for the complex-valued BO equation.

The equations that govern the time evolution of the scattering data associated
with the IST for the complex-valued BO equation are as follows [114]:

fH1,0) = (1,001 (5.4.1)
r(l,)=r(1,0)e ™ (5.4.2)
L) =1(0); (5.4.3)
g;(t) =2l ;t+g;(0); (5.4.4)
P, = constant,

where f(1,0),r(l,0), 1 ;(0), g;(0) and p, are all determined from the known initial value

(5.1.6).
In this section we present only the derivation of (5.4.1), and content ourselves to
merely quote the equations that command the time evolution of r (1 ,t), I ;(t) and g;(t).

Equations (5.4.2), (5.4.3) and (5.4.4) can be derived by suitable modifications to the
procedures contained in the monograph by Ablowitz and Clarkson [11], particularly the

We now wish to present a novel derivation of (5.4.1). Surprisingly, our derivation

of (5.4.1) begins with (5.3.14). Our interest now focuses on the asymptotics as| ® 0" of
(5.3.14). Let us recall that in Section 5.2 of this thesis [see (5.2.52)] we showed that
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0ptO

lim, n"S(xt;1) =
e p(x.t), By =0,

where p(x,t) solves the Fredholm integral equation (5.2.49), and the complex constant p,

is defined by (5.2.50). Armed with the small-l asymptotics of n* ¥(x,t;I), it is now

possible to show that the limit| ® 0 either side of (5.3.14) leads to the equation
0,0

1+ieé iFTe(Xt).F e ¥ r(mt)n+e(x,t;n')dm:
2T i) T ot (649
p(x,t), py=0.

Incidentally, the reader who pursued the derivation of equation (5.3.22) should have
already encountered equation (5.4.5), the latter equation being indispensable in the
cancellation of a singularity that appears during a integration that eventually leads to
(5.3.22). The equation

f_¥¥ q(x, t)dx + iejé % f; a(xt)F j+ *(x,t) dx

=1
¥ ¥ +
e rmyn”xtm . _
+ 2pif_¥ a(x, t]dxfO - dm=0 (5.4.6)

appears after we multiply both sides of (5.4.5) by g(x, t), integrate each term in the resultant
equation over the interval —¥ < x<¥, and finally absorb the generic and nongeneric cases
into a single case by reference to (5.2.50). Equation (5.4.6) simplifies to the equation

f¥ q(x t)dxz2p€—ief¥r(mt)f(mt)dn
, A o (5.4.7)

because of equations (5.2.28) and (5.2.62). Equation (5.4.7) relates the number, denoted as
¢, of bound states to the solution of the BO equation (5.1.3) and the functions r (I ,t) and
f(l,t) in the continuous spectrum.

Let us suspend our derivation of (5.4.1) to make some remarks about (5.4.7). Pure
soliton solutions of the BO equation (5.1.3) appear whenever r (I ,t) © O because a zero
reflection coefficient reduces the reconstruction formula (5.3.16) to a sum over discrete
terms. In the case of pure soliton potentials, equation (5.4.7) contracts to the simple and

elegant formula
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¥
f_¥ a(x, )dx = 2p/. (5.4.8)

Equation (5.4.8) is the number density function for the BO equation that was first derived
by Matsuno [73,74], and only recently verified by Miloh et al. [85] using a numerical

number of conserved densities displayed by the BO equation. The derivation of (5.4.8) that

is applicable to pure soliton solutions of the real-valued and complex-valued versions of
the BO equation. Indeed, when q(x,t) is a pure soliton solution of the complex-valued BO
equation (5.1.3) we can use (5.4.8) to derive a number density function for the MBO
equation (5.1.1). The derivation of the number density function for the MBO equation
(5.1.1) hinges on [see (2.1.19)] the Miura transformation

axt) =5 {H(Qx 1) +a(e?™V-1) +iQx 1)}, (5.49)

which maps a real-valued solution, Q(x,t), of the MBO equation into a complex-valued
solution, q(x, t), of the BO equation. Substituting (5.4.9) into (5.4.8) we obtain

¥
f_¥ (62D — 1)k = 4pl, (5.4.10)

where Q(x, t) denotes the pure /-soliton solution of the MBO equation. Equation (5.4.10)

sharpens a result first derived by Satsuma et al. [112] who showed that
¥
f (€209 — 1) dx = constant
—¥

for all solutions of the MBO equation.

Our mathematical interlude has finished and we now return to complete the
derivation of equation (5.4.1). Differentiating both sides of (5.4.7) with respect to t we
obtain

¥ ¥
f_¥ a(x t)dx = —iefO {f(mt)r (mt) +r(mt) f(mt)}dm,

and because g(x, t) satisfies equation (5.1.3) the differentiated version of (5.4.7) becomes
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¥
f_¥ ﬁﬂi{qz(x, t) + H(a,(x 1)) } dx
¥
=ie[ {f(mUr(my+rmyymY}dn 511y
The left hand side of (5.4.11) is simply

Jim, {@?(x) + H(a(x )} = imy, {a®(x 1) + H(a,(x 1)},

which evaluates to zero because of the boundary conditions (5.1.7). A zero left hand side in
(5.4.11) justifies the validity of the identity

f(mt)r (mt) +r(mt) f(mt)° 0. (5.4.12)
Equation (5.4.12) is trivial for the case of pure soliton solutions, so we will consider the
interesting case: r (mt) * O, where 0 <m<¥. Although we do not include the proof of
(5.4.2) in this section, the reader can rest in the certitude that the author of this thesis has

used (5.2.2") to derive (5.4.2). Therefore, we will treat (5.4.2) as if it were at our disposal.
Using (5.4.2) in (5.4.12) we find that

[f(mt) +ien?f(mt)]r(mt)=0,

and because we have (temporarily) excluded reflectionless potentials from our analysis we
are left with the equality

f(mt) +ienff(mt) =0. (5.4.13)

It is an elementary exercise for the reader to integrate the separable differential equation
(5.4.13) and arrive at (5.4.1). The completion of the proof for equation (5.4.1) coincides
with the close of this section.
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Section 5.5: The 1-Soliton Solution for the MBO Equation

Our work in this chapter has culminated in the solution of the initial value
problem for the MBO equation,

Qt + an(eQ - 1) + QXH(QX) + H(Qxx) =0. (5.5.1)

We remind the reader of some generic notation that has been used throughout this thesis:
Q,; = 1Q/1t and so forth; H(-) denotes the Hilbert transform (with respect to x) and is
defined by the equation
¥
1 f(x)
(H6) ot (P o 552

As promised in Section 1.1, in this section we demonstrate how the work in Sections
5.1-5.4 of this thesis can be used to derive the 1-soliton solution for equation (5.5.1).

The 1-soliton solution for the MBO equation is derived from the 1-soliton
solution for the complex-valued BO equation, the latter equation having the form

G, + 290, + H(d,) =0. (5.5.3)

Pure soliton solutions for (5.5.3) are produced when the reconstruction formula (5.3.16)
involves only a sum over a finite number of discrete terms. Therefore, pure soliton
solutions of (5.5.3) are produced whenever r (I ,t) © O, where the definition of r (I ,t) is
presented in equation (5.2.24). Equation (5.3.21) characterizes completely the / discrete
eigenfunctions associated with the pure /-soliton solution of (5.5.3), ¢ being the number of
bound states. Our intention is to derive the pure 1-soliton solution for the complex-valued
BO equation (5.5.3). From (5.3.21) we find that

+e _ 1
AR vy ) (5.5.4)

is the 1-soliton discrete eigenfunction. The notation we have used for g, is designed to
show that g, depends on the choice of €, where e =+ 1 are the only two admissible values
for the parameter e. The time evolution of g,(t;€) is governed by equation (5.4.4), and

when we substitute this equation into (5.5.4) we obtain

+e _ 1
Frxy= x—kt+g,(0;€)’ (5.5.5)

where k =—2I ; and g,(0; €) is a complex constant that is dependent on e. The parameter
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|, (the solitary discrete eigenvalue) is a negative constant independent of €, and therefore k
is a positive constant independent of €. Our decision to work with k instead of | ; is based
solely on the ease with which subsequent calculations in this section proceed when k is
used instead of | ;. Substituting (5.5.5) into (5.3.16) we obtain

[0 = v g0 ey (5.5.6)

The physical variable, q(x,t), that solves the complex-valued BO equation is constructed
from [q]+e(x, t) with the assistance of (5.3.18). Separate equations for [q]+(x, t) and
[a] (xt) are now available because (5.5.6) caters for such a scenario. Substituting (5.5.6)
into (5.3.18) we find that the pure 1-soliton solution for the complex-valued BO equation
(5.5.3) has the structure

(9 - 9)
x—kt+gi)(x—kt+g;)’

mx0=( (55.7)

where g = g;(0;e=+ 1).

A subtle, but beautiful result, that was derived in Section 5.4 of this thesis now
plays a significant role in our work. The result we are referring to is (5.4.8), which
constrains the total mass of fluid carried by the 1-soliton solution to be

¥
.L¥qWJkR=29 (55.8)

Equation (5.5.8) induces some type of restriction (or restrictions) on the complex constants
gf because when (5.5.7) and (5.5.8) are considered in tandem we have

’ dx __2pi
Ly (x—kt+g)(x—kt+g) o - (5.5.9)

The integrand of (5.5.9) is a rational function (in x) with simple poles at x = kt — gf that do
not reside on the real axis of the complex z-plane; z= x + i y defines the complex extension

of x. Contour integration can be applied to (5.5.9) to show that

—£PL_if Im(gf) >0 and Im(g;) <O

¥ 9 -9
dx _
lx(x—kt+QjW—kt+%j_ _ (5.5.10)
gl—_zj%, if Im(gj) <0and Im(g;)>0.
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Consistency of (5.5.10) with (5.5.9) demands that Im (g{f ) >0and Im(g;) <O.

The function defined by (5.5.7) is the unrefined form of the 1-soliton solution for
the complex-valued BO equation (5.5.3). At present there are five parameters in (5.5.7),
namely k, Re(g;), Im(gy), Re(gy) and Im(gp). Itis unlikely that a 1-soliton solution for a
(1+1) dimensional nonlinear evolution equation can support five arbitrary parameters. We
anticipate a reduction in the number of parameters through interrelationships amongst
some (possibly all) of the five parameters enumerated. We can visualize the connection (or
connections) between the parameters in (5.5.7) by substituting (5.5.7) into (5.5.3). No
doubt the reader is aware that substitution into (5.5.3) requires calculation of the specific
Hilbert transform H(q,, ), where g ° q(x,t) is defined by (5.5.7). A sketch of the procedure

involved in the computation of H(q,,)

substitute (5.5.7) into (5.5.2) to derive the equation

¥ _
_ (9 — 1) .
H(a(x. 1)) = I_p(P)f_¥ (X—X) (X—kt " gl+) (X—kt n gl—)’ (5.5.11)

evaluate (5.5.11) by recourse to the contour integral

dw
J, v sy (5512
where w=x+ih defines the complex extension of x, and C is a semi-circle that has a
semi-circular indentation on the x-axis at w = x;

the information Im(g{)>0 and Im(g;) <O that we have obtained from

(5.5.8) allows us to evaluate (5.5.12) by means of the Residue Theorem;
the final result from an evaluation of (5.5.12) by the Residue Theorem is
— 2 :
H(acO) =Ta(x ) =5 g (5.5.13)

apply the identity (1.3.38) to compute H(q,) from (5.5.13), and thence reapply
the identity (1.3.38) to compute H(q,,) from H(q,).

Substituting (5.5.7) and (5.5.13) into (5.5.3) we find that
ik(x—kt+ gl‘)z—ik(x— Kt + g{)z—Z(x—kt +0;)—2(x—kt+g)°0 (5.5.14)

is the condition that must be satisfied for (5.5.7) to be a solution of (5.5.3). Embedded
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within (5.5.14) is a set of equations for the real and imaginary parts of gf that we now plan
to extricate. Let g =a+iband gf =c+id, where a, b, c and d are real numbers, define
the complex constants gf We have already proved in this section that b>0 and d <O0.
Substituting g7 =a+iband gy =c+id into (5.5.14), noting that k is a positive constant,
and then partitioning into real and imaginary parts we obtain

Re: 2(bk —dk —2)x+ 2k(dk —bk + 2)t —2(cdk —abk + c + a)
and

Im: 2k(c—a)x—2k*(c—a)t +k(c?+b”~a?—d*) -2(b+d).

The identity (5.5.14) compels a, b, c and d to be constrained by the equations

bk —dk —2=0, (5.5.15a)

cdk —abk +c+a=0, (5.5.15h)

c—a=0 (5.5.15¢)
and

k(c?+b*—a”-d*)-2(b+d)=0. (5.5.150)

Manipulating the system of equations (5.5.15a-d) we find the reduced set of constraints
a=c (5.5.16a)
and

k(b—-d)=2 (5.5.16b)
It is not surprising that a = ¢ because the translation x ® X + constant can be applied

to (5.5.7) to absorb either Re(g;) or Re(g;)-

Let us temporarily interrupt our derivation of the 1-soliton solution for the MBO
equation to examine the consequences of a particular solution of equation (5.5.16b). First,
decompose the complex-valued function defined by (5.5.7) into the form

a(xt) = oag(x,t) +ig, (x,1), (5.5.17a)
where
b d
Or(x.t) def - ,
R (x—kt+a)?+b?> (x—kt+c)?+d> (5.5.17b)
x 1) def — X—Kt+a __ x—Kt+c
g (x.t) def (X—kt+a)2+b®  (x—kt+0)’+d? (55.17¢)
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a=Re(g/). b=Im(g;), c=Re(g;) and d=Im(g;). Consider the situation in which
a=xyand b =—d, where x, is an arbitrary real constant. We note that the equality b=—d
is consistent with the constraints Im(g;) >0 and Im(g;) < 0. According to (5.5.16a), the
selection a = x, binds us to accept the equality ¢ = x,. Also, from (5.5.16b) we see that
b=—d leads to the particular solutions b=1/k and d=—1/k. Substituting a= x,,
b=1/k, c=x,and d =—1/k into equations (5.5.17b) and (5.5.17c), and then substituting

each resultant expression into (5.5.17a) we obtain the real-valued function

2k
1+k2( _k +X)2 (5518)

a(xt) =

Equation (5.5.18) was first derived by Benjamin [15], and is the rational (algebraic) 1-soliton
solution for the real-valued BO equation (5.5.3). Two reasons have motivated the
(mathematical) detour that led us to (5.5.18), and these reasons are:

1) demonstrate the consistency of our results with the theory for the real-valued
BO equation;

2) elucidate any inadmissible selections of the parameters a, b, c and d
direction we have found that the pairing b= /k and d =—1/k is incompatible with the

requirement of a complex-valued solution for the BO equation.

We now return to the task of computing the 1-soliton solution for the MBO
equation. Let Im{q(x,t)} denote the imaginary part of the complex-valued function
defined by (5.5.7). Equations (5.5.17a-c) support the conclusion

Im{q(x,t)}: X—Kt+a _ X—Kt+cC ,
(x—kt+a)®+b? (x—kt+c)®+d?

which we prefer to write in the form

(x—kt+a)” +b?
(x—kt +¢)? +d?

|m{qxn}:%%%@n

}- (5.5.19)

The mapping from Im{qg(x,t)} to the physical variable that solves the MBO equation
(5.5.1) is expressed by (5.1.5). Substituting (5.5.19) into (5.1.5) we obtain

(x—kt+a)” +b?
(x—kt +c)? +d?

ngo:%§*n

}- (5.5.20)
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A quadrature with respect to x when applied to (5.5.20) yields

(55.21)

Q1) = In ((x—kt+a)2+b2) +O(1),

(x—kt+c)® +d?

where (§(t) denotes a function of integration. Compatibility of (5.5.21) with the boundary
conditions Q(x,t) ® Oas |x|® ¥ necessitates that Q(t) © 0, and therefore

(55.22)

Q(x,t) =In ((x—kt+a)2+b2).

(x—kt+c)® +d?
Equations (5.5.16a) and (5.5.16b) should now be used to reduce the number of
parameters present in (5.5.22). Let a = X, and ¢ = x,, where X, is an arbitrary real constant.

Note that without loss of generality we can make the assignment x, = 0 because the MBO

equation is invariant under the group X ® X + constant . Also, let us agree to eliminate b

from (5.5.22) by using [see (5.5.16b)] b=d + 2/k. Substituting a=x,, b=d + 2/k and
C = X, into (5.5.22) we obtain

(x—kt+><0)2+(d+2/k)2

1) =1
A =in (x—kt +x;)° +d?

(5.5.23)

d=g-1/k, where O0<|gk|<1 The restrictions on g require explanation: g* O is
necessary to maintain a complex-valued solution of the BO equation; | gk | <1 is essential
for simultaneous consistency with the requirements b>0 and d<0. Substituting
d =g-1/k into (5.5.23) we obtain

(x=kt+x) + g+ L+ 2g
Q(x,t) =In > )
1 g
(x—kt+ )"+ 2+ L -2
which through an application of the identity tanh 1(J) = %In (%) can be written in
the form
L 2
(ki) + o+ L
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One last piece of information is required before we can claim that (5.5.24) is the
1-soliton solution for the MBO equation. A formula that relates the parameters ¢ and k in
(5.5.24) to the fundamental parameter a that appears in the MBO equation (5.5.1) is
indispensable. Two routes can be taken to derive the necessary formula: (5.1.4) or (5.4.10).
Computationally, equation (5.4.10) is the most efficient of the options available, so we will
pursue this option. Equation (5.4.10) specializes to

¥
f_¥ (699~ 1)ax= P (5.5.25)

in the case of the pure 1-soliton solution for the MBO equation. Substituting (5.5.24) into
the left hand side of (5.5.25) we obtain

¥
dx

bkt ) s ()

o=

(5.5.26)

Contour integration can be applied to evaluate the integral in (5.5.26), but the most
expedient method is to use the transformation h = x—kt + x, to convert (5.5.26) into a
standard integral. Using the procedure advocated and the observation that 1 —gk >0 we

obtain the (surprisingly simple) formula

9= 33K (5.5.27)

Finally, substituting (5.5.27) into (5.5.24) we arrive at the 1-soliton solution for the MBO
equation (5.5.1):

2
3 -1 (a +Kk)k
Q(x,t) = 2tanh (x i XO) % 1 _ ' (5.5.28)
k (a+k)

Equation (5.5.28) was first derived by Nakamura [see equation (12) in Ref. 90] using

following result useful:

2 +1%_ 2 2
_ a+k a+tk
H(Qx)_ 2 + 2

,
(x—kt+x) +(zLe +8)° (x—kt+x) + (gL —4)
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