
Chapter 1

Introduction

When reactive systems are embedded in a fluid environment, their con-
stituent particles, which interact via chemical, biological or other active
processes, are transported by the fluid flow. Such a flow is referred to as
an active flow. The reactant particles are assumed to be passively advected
in that they do not affect the dynamics of the fluid flow; however, the na-
ture of the underlying hydrodynamic advection can impact the dynamics of
the reaction process [10, 118, 166]. Of particular interest in recent years
is the case where these active flows exhibit chaos [123, 158, 159, 156, 155].
In this thesis we shall examine the behaviour of chaotically stirred reactive
systems using a recently developed analytical method [47], which was intro-
duced in the context of unstirred excitable media and which we extend to
active chaotic flows.

The field of active flows is a rapidly developing interdisciplinary area of
nonlinear science that has attracted a lot of interest due to the ubiquitousness
of such flows in nature and industry. They are found to occur in many
environmental contexts including the development of plankton blooms [2,
15, 4, 3, 83, 151, 81, 86, 41, 85, 88, 84, 51], the increased depletion of ozone
in the stratosphere caused by chlorine filaments [29, 30, 147, 169, 168], the
clustering of populations of “brownian bugs” [170] and the growth inhibition
of dinoflagellates [42]. They are also found in a number of other contexts such
as continuously fed or batch reactors [31, 8], population dynamics [138, 54,
59, 139], combustion processes [167, 133, 45, 44, 126], polymerisations [110,
74, 66], geophysical processes [140, 50, 153], pharmaceutical operations [105]
and several chemical systems [7, 31, 94, 93, 96, 124].

The individual reactant particles or tracers of reactive systems are stirred
and advected by time-dependent laminar flows, which can result in La-
grangian chaos [10, 20, 61, 148, 120, 118]. Chaoticity implies a sensitive
dependence of the behaviour of the advected particles on the initial condi-
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tions. In the context of active flows, this was first examined in [96] for a
set of competing autocatalytic reactions. Here it was observed that for very
small changes in the initial condition, the coupling of the reaction process
with the underlying chaotic advection will alter the composition of the final
product mix of the reaction. Active chaotic flows display a number of phe-
nomena that are not observed in unstirred flows. For example, chaotic flows
can determine synchronisation in oscillatory excitable media [172, 114] and
are found to be a crucial factor in the nontrivial coexistence of competing
aquatic species [139]. It has also been observed that a differential fluid flow
can generate a non-Turing mechanism for pattern formation [135]. We note
that chaotic stirring can affect the behaviour of reactive systems both in the
case of open flows [155] which occur over an infinite domain, as well as in
closed flows [96], where the fluid motion is constrained to a finite region.

Filament

Initial 
Blob

Figure 1.1: Sketch of an initial blob (represented by a dashed circle) being
stretched and compressed into an elongated filamental structure in a hyper-
bolic region of a chaotic fluid flow. The arrows represent the directions of
stretching and compression.

Chaotic flows are characterised by hyperbolic regions of stretching and
compression which cause fluid parcels to form elongated filamental structures
as seen in Fig. 1.1. The advection of reactant tracers along these filaments
leads to an increase in the surface area of the tracers. This greatly affects
the reaction kinetics leading to phenomena such as those described above.
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The evolution of these filamental structures was first considered in [40] and
has been numerically described in [106, 107, 100, 121, 79, 78, 80, 57, 9].
The filamentation process is beautifully illustrated in dye droplet experi-
ments [17, 20, 120, 76, 75, 152, 57, 150, 149, 134]. An experimental study of
the behaviour of reacting particles in a chaotic flow was first done in [71].

An increase in the stirring rate leads to a greater compression of the
filaments. However, the widths of the filaments remain finite due to diffusion,
which tries to balance the effect of the stretching flow. When the stirring
rate is too large, the filaments are compressed to the extent that the reaction
cannot be sustained. This corresponds to a saddle-node bifurcation, and is
of great physical significance as it relates to the often unwanted termination
of a reaction by the mixing process. This bifurcation is generic to chaotically
stirred reaction-diffusion systems, and is found to occur both in open flows,
where the filaments eventually leave the fluid container, and in closed flows,
where they fill up the entire container and become too thin to allow the
reaction to spread [113]. In addition to this stirring-induced saddle-node
bifurcation, other bifurcation scenarios and solution behaviours may arise
depending on the reaction kinetics of the system. For example, as we shall
see in Chapter 5, a chaotically stirred excitable system will also exhibit a
supercritical Hopf bifurcation, a previously unreported region of bistability
characterised by a hysteresis loop and a saddle-node arising from propagation
failure.

The focus of this thesis is the solution behaviour near these bifurcations,
which we shall qualitatively and quantitatively describe. The analytical
method that we use involves a nonperturbative, non-asymptotic variational
approach where appropriate parameterised test functions are fitted to the
solution. This method is ideally suited to investigate the system dynamics
in regions where the solution takes a well defined form. For example, this
method will provide a good description of the solution behaviour close to
the saddle-node where, as we shall see in the following chapters, the solution
assumes a bell-shaped profile. We note that this method has an advantage
over traditional asymptotic techniques such as asymptotic matching, which
are only applicable for solutions which are separable into distinct inner and
outer solutions (usually separated by a steep narrow front) [13]. The use of
this nonperturbative method requires no such preconditions on the nature of
the solution profile. We test this method against numerical simulations of
the equations describing the systems.

Early numerical models of active chaotic flows considered the behaviour of
discrete interacting particles in the absence of diffusion [101, 14, 96]. Subse-
quently, most studies of these problems have involved a continuous approach,
where the system behaviour has been described using a reaction-advection-
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diffusion model [129, 130, 99, 137, 132, 131, 171]. The dynamics of an im-
perfectly mixed chemical or biological system with N components can be
described by the following equations [111, 115, 113, 52]

∂ci (x, t)

∂t
+ v (x, t) · ∇ci (x, t) = Di ∇2ci (x, t) + kFi (c1, . . . , cN) , (1.1)

where i = 1 . . . N , and where ci (x, t) are dimensionless quantities corre-
sponding to characteristics of the reactants such as the concentration or the
temperature. The advecting velocity v (x, t) is assumed to be chaotic. The
interactions between the tracers are described by a set of reaction terms Fi

with reaction rate k. The parameters Di represent the diffusion coefficients
of the components. To simplify the following discussion we assume that all
components diffuse equally, Di = D.

We may non-dimensionalise (1.1) by introducing the variables x′ = x/L,
t′ = t (V/L) and v′ = v/V , where L and V are the characteristic length and
velocity scales respectively. Omitting the primes, we obtain

∂ci (x, t)

∂t
+ v (x, t) · ∇ci (x, t) = P−1 ∇2ci (x, t) + DaFi (c1, . . . , cN) , (1.2)

where we have introduced two non-dimensional variables: the Péclet number
P = LV/D [72], which measures the ratio of the time scales of stirring and
diffusion and the Damköhler number Da = k L/V [27], which measures the
ratio of the time scales of reaction and stirring. A system with a small value
of Da is dominated by stirring, while a system with a large value of Da is
reaction-dominated.

This model has been used to numerically describe the two-dimensional
(2-D) behaviour of chaotically stirred reactive systems [111, 115, 113, 52].
However, the nature of these equations, which involve multi-scale processes,
do not allow for a complete analytical treatment. We shall therefore con-
sider a one-dimensional (1-D) reduction of (1.1), which will also allow us to
numerically describe the local dynamics of the reactive system with much
less computational effort. These 1-D models will be a caricature of the full
2-D problem which allows us to study generic instabilities and bifurcations
of filaments in a 2-D chaotically stirred environment.

A critical account of such reductions is given in [25], where a number
of simplified models were tested against the corresponding full 2-D system
over a range of the Péclet number P . Reduced models which ignore the
effect of spatial inhomogeneities [77] were found to be valid only in the limit
P → 0, where the effects of diffusion are much stronger than that of fluid
mixing. A more advanced set of models, known as lamellar models [122, 128,
116, 117, 119], were found to provide a better description of the full solution
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behaviour. Models of this type were originally introduced in the context of
mixing in time-dependent laminar flows, and were motivated by studies that
considered the connection between the dynamics of chemical reactions and
the underlying flows [36, 37, 70]. In such models, the intricate filamental
structures that arise in chaotic flows are approximated as lamellar arrays.
These lamellar structures are described in detail in [162]. The lamellar arrays
are often assumed to be 1-D as this greatly simplifies the numerical analysis.
The accuracy of 1-D lamellar models was considered in [21] where it was found
that such models provide a fairly good description of the behaviour of the full
2-D system up to moderately large values of P. Lamellar models have been
used in [19] for the description of single-bimolecular, competitive-consecutive
and competitive-parallel reaction schemes, and in [18, 33, 34, 35] to describe
polymerisation. They have since been examined numerically [102, 103, 104]
and analytically [145, 146] for reactions of the type A + B → P .

Two 1-D lamellar models were tested in [25]: a model where the effect of
fluid mixing was described with a continuous stretching term, and a model
where the effect of fluid folding (a generic characteristic of the 2-D flow) was
described using a Baker transformation. It was observed that both models
provide fairly good predictions for behaviour of the full system for values of
P up to around P ≈ 300. Moreover, the lamellar model with continuous
stretching captures the monotonic fall in the product yield observed when
increasing P in the full 2-D system.

In this thesis we consider a lamellar model of this type, known as the La-
grangian filament model [111, 115, 113], which describes the local behaviour
of a single filament under the influence of continuous stretching. We note
that for appropriate choices of the length and velocity scales, specifically for
L = V −1, the Péclet number can simply be expressed as P = D−1. In the
following chapters, we shall therefore consider the diffusion coefficients of the
components rather than the Péclet number.

In the next chapter we describe the 1-D lamellar model which we use to
numerically examine several one- and two-component reactive systems. We
also describe the generic solution behaviour of chaotically stirred reaction-
advection-diffusion equations which can be captured using such a model, as
well as the asymptotic solution behaviour for various limiting cases of Da. In
Chapter 3 we introduce the nonperturbative method that we use to analyse
these systems. We demonstrate the versatility of this method in subsequent
chapters by considering various reactive systems with multiple homogeneous
steady states. In Chapter 4 we consider two one-component systems, an au-
tocatalytic and a bistable system. Both systems possess a specific critical
value Dac as a lower bound for the existence of stable non-trivial solutions.
While this value corresponds to a saddle-node bifurcation of two non-trivial
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solutions in the bistable system, it is a transcritical bifurcation of a non-trivial
solution with the trivial solution branch itself in the autocatalytic system.
The solution behaviour of the two systems is examined close to the bifur-
cations as well as far away from them. We then examine a two-component
excitable system in Chapter 5. A detailed numerical investigation of this
excitable system reveals a variety of previously unexamined phenomena. We
provide a non-exhaustive account of the various bifurcations and solution be-
haviours observed in this system. We find that the nonperturbative method
can be used to closely describe these behaviours. In Chapter 6 we study
the flame filament structures that arise in a two-component combustion sys-
tem. The nonperturbative method is used to describe the solution behaviour
near the saddle-node bifurcation. We present an empirical formula for the
speed of a propagating flame front that we shall use in conjunction with
the nonperturbative method to describe the solution behaviour far from the
saddle-node. We conclude with a summary in Chapter 7.

All numerical calculations were carried out using the MATLAB computer
package. Part of Chapters 4 and 6 has been previously published in [91]
and [92] respectively. Part of Chapter 5 has been submitted for publica-
tion [90].
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Chapter 2

The Lagrangian filament model

2.1 Description of the model

We now derive a 1-D reduced model of the system (1.1) for the local behaviour
of the filament structures that arise in an active chaotic flow (see Fig. 1.1). As
the concentration of reactants along the filaments is homogenised by the local
stirring, one may construct a model for the description of the cross-filament
concentration where gradients arise due to the compression of the ambient
chaotic flow. These so-called Lagrangian filament models were used to de-
scribe the solution of a number of chaotically stirred reaction-diffusion sys-
tems including autocatalytic, bistable and excitable systems [111, 115, 113].
The model has subsequently been applied to a variety of contexts [53, 64, 63]
and has been found to qualitatively describe several important features of
the full system [113]. We note that similar models have also been considered
in the study of oceanic plankton distributions [83, 88].

We shall focus on the behaviour of these filaments by introducing a local
coordinate system (x, y) where x is across the filament and y is along it.
We describe the effect of the local advecting velocity field by considering
continuous stretching in pure strain flow, i.e. we take v (x, t) = (−λx, λ y).
Here the directions of the stable compression and the unstable stretching of
the straining flow are along the x and y axes respectively. The strain rate λ
can be thought of as the Lagrangian mean strain in the contracting direction,
given by the absolute value of the negative Lyapunov exponent [118], or
alternatively by the topological entropy [9, 6]. However, it has been found
that the use of the topological entropy leads to a worse approximation of the
full 2-D system [25]. For a different approach to this problem see [154, 157].

This flow results in the homogenisation of the concentration of the tracer
along the direction of stretching. Simultaneously, strong gradients occur
in the direction of compression. This allows us to make a reduction by
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restricting to the local dynamics along the direction of compression of the
filament. The compressing part of the velocity is given by

vstir = −λx , (2.1)

and we therefore replace the full system (1.1) with the following set of 1-D
reaction-advection-diffusion equations for the transverse profile of the tracer
filament

∂ci (x, t)

∂t
− λx

∂ci (x, t)

∂x
= Di

∂2ci (x, t)

∂x2
+ kFi (c1, . . . , cN) , (2.2)

where we have introduced a characteristic reaction rate, k.
The equation (2.2) can be non-dimensionalised by introducing variables

t′ = λ t and x′ =
√

λx. Substituting the variables into (2.2) and omitting
the primes, we obtain

∂ci

∂t
= Di

∂2ci

∂x2
+ x

∂ci

∂x
+ DaFi (c1, . . . , cN) , (2.3)

where we have introduced the Damköhler number, Da = k/λ.
Although the dynamics of this 1-D filament model depends strongly on

the reaction term Fi, systems of this type exhibit several generic features
which we shall now describe.

2.2 Generic solution behaviour

Chaotically stirred systems of the type (2.3) typically have stationary solu-
tions (∂ci/∂t = 0), which arise from the balance between the inwards-directed
advection and the outwards-directed diffusion-mediated propagation. This
can be understood by the following phenomenological picture.

In the corresponding unstirred system, starting from a sufficiently large
initial condition centred at x = 0, a travelling wave evolves and propagates
with a constant velocity vdiff = ±v0 to ±∞ [98, 60, 142]. In the stirred
system (2.2), we have the additional inwards-directed x-dependent velocity
vstir = −λx from (2.1). As illustrated in Fig. 2.1, when the magnitudes of
these two velocities are equal the travelling wave will cease to propagate.
We will therefore have a stationary solution with wave fronts at the spatial
location µ = ±v0/λ. In the non-dimensional system (2.3), we rescale to
obtain µ = ±v0. The total extent of such a stationary front is 2 µ = 2 v0.
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Figure 2.1: Sketch of a stationary solution of the chaotically stirred system.
At x = ±µ, there is a balance between the outward propagating velocity ±v0

and the inward-directed advection −λx.

The stationary solutions of the non-dimensionalised model (2.3) are

Di
d2ci

dx2
+ x

dci

dx
+ DaFi (c1, . . . , cN) = 0 . (2.4)

The behaviour of these solutions depends on the rate at which the system is
stirred. As we decrease the value of Da the stirring rate increases, resulting in
greater compression of the filaments. Below a critical value Dac the filaments
are too compressed to sustain the reaction, and hence no solutions exist.
For values of Da > Dac, we observe that nontrivial stable and unstable
stationary solutions coexist. At the critical value these stable and unstable
solution branches collide in a saddle-node bifurcation. We now describe the
asymptotic behaviour of the stationary solutions in some limiting cases [26].

2.3 Asymptotic solution behaviour

2.3.1 Asymptotic solution for large Da

In the limit of large Damköhler numbers, the system (2.3) behaves like an un-
stirred system. This is intuitively plausible since the limit Da(= k/λ) → ∞
corresponds to λ → 0. More precisely, this can be seen by zooming into the
small spatial scale ξ =

√
Dax to transform the system (2.3) to the unstirred

steady-state system up to order O(Da−1).
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As discussed above, the location of the stationary solution is given by the
balance of the outward directed diffusion and the inward directed compression
of the flow. As we shall see in subsequent chapters, for the reaction-diffusion
systems that we consider the distance of the stationary front from x = 0
scales with

√
Da. We set µ =

√
Da µ̄, with µ̄ = O(1). We therefore scale

ξ =
√

Da
(

x −
√

Da µ̄
)

, (2.5)

and rescale (2.2) to obtain the following equation for the steady state solu-
tions

Di
d2ci

dξ2
+ µ̄

dci

dξ
+ Fi (c1, . . . , cN) = O(Da−1) . (2.6)

This describes solutions of the corresponding unstirred system in a frame
of reference that is moving with speed v0 = µ̄, which directly relates to
the phenomenological argument that the stationary solution arises from a
balance between the velocities of advection and diffusion.

2.3.2 Asymptotic solution for small Da

The solution behaviour close to the stirring induced saddle-node of systems
of this type can be described asymptotically. For small values of Da, we shall
expand ci as

ci(x, t) = Da c0i(x, t) + O(Da2) . (2.7)

At leading order, the full system (2.3) is found to be satisfied by

c0i(x, t) = f0i(t) exp(−w2
i (t) x2) , (2.8)

where the behaviour of the amplitude f0i(t) and inverse pulse width wi(t) is
given by

1

f0i(t)

df0i

dt
− 2 wi(t) x2 dwi

dt
= Di

(

4 wi(t)
4 x2 − 2 wi(t)

2
)

− 2 wi(t)
2 x2 , (2.9)

and where both f0i(t) and wi(t) are non-negative for the physically realistic
case. As the condition (2.9) has to hold for all x, we obtain the individual
conditions

df0i

dt
= −2 Di f0i(t) wi(t)

2 , (2.10)

dwi

dt
= wi(t)

(

1 − 2 Di w
2
i (t)

)

. (2.11)

We immediately see that f0 goes to zero for t → ∞. The solution of (2.11)
converges, for positive initial conditions, to wi(t) → 1/

√
2 Di. The temporal
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decay of the amplitude f0 captures the solution behaviour for Damköhler
numbers below Dac. In the actual full system, Dac is an O(1) quantity.
However, as we shall see in the following chapters, the solution profile of var-
ious systems of the type (2.3) near the saddle-node is still well approximated
by a Gaussian. We shall use this asymptotic result with the nonperturbative
method described in the next chapter to motivate the choice of test function
near the saddle-node.

In this thesis, we study several systems where the reaction terms Fi are
nonlinear, and which permit multiple steady-state solutions. Depending on
the system, the chaotic stirring may give rise to more complex bifurcation
scenarios than the generic saddle-node described above. For example, in
Chapter 5 we explore Hopf bifurcations and regions of hysteresis. The full
set of partial differential equations (2.3) will be numerically evaluated via a
semi-implicit Crank-Nicolson scheme, with the nonlinearities treated using
an Adams-Bashforth scheme [127]. The steady-state solutions (∂ci/∂t = 0)
can be found via a shooting technique, which allow us to obtain both stable
and unstable solutions. A detailed explanation of these numerical methods
is provided in Appendix A. In the next chapter we will describe a method
to analytically investigate the solution and bifurcation behaviour of (2.3).
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Chapter 3

A variational method to

approximate solution profiles

3.1 Introduction

In previous studies of chaotically stirred reaction-diffusion systems, the so-
lution in various limiting cases was described using asymptotic techniques.
Specifically, if the solution is separable into inner and outer regions then an
approximate solution can be obtained by asymptotically matching the two
limiting solutions [13]. Such methods are applicable in regions of the chaoti-
cally stirred system (2.3) where the concentration profile is plateau-like. This
is commonly observed far from the bifurcation points in these systems. Here
the solution is characterised by flat inner and outer regions separated by a
steep narrow front. These techniques have been used to describe the solution
of a chaotically stirred combustion system in several limiting cases [64].

However, asymptotic matching techniques are found to break down near
saddle-node bifurcations of (2.3). This is due to the fact that the solutions
near the bifurcation points of these systems exhibit a pulse-like behaviour for
which there is no clear distinction between the inner and outer regions. This
behaviour is seen in various systems that we shall consider (see Chapters 4, 5
and 6). One therefore requires a more general method of analysis which can
be used to describe the solution behaviour of such systems over the entire
parameter space.

One such method, which takes a nonperturbative, non-asymptotic vari-
ational approach to the analysis of the solution behaviour, was developed
in the context of critical wave propagation of single pulses and wave trains
in unstirred 1-D and 2-D excitable media [47]. This method makes explicit
use of the near-symmetric pulse-like solution profile near saddle-node bifur-
cations. It involves restricting the solution space of the system to that of
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a set of parameterised test functions which approximate the profiles of the
solutions. The parameters are then varied to give the best possible fit to the
solution, analogous to the method of collective coordinates in the context
of solitary waves [142]. The method can be generalised to study the solu-
tion behaviour in chaotically stirred reaction-diffusion systems, and has been
successfully applied to several such systems [91, 26, 92, 90].

3.2 Description of method

To study the solution behaviour of a chaotically stirred system (2.3), we
choose a set of test functions that approximates the profiles of ci at some
fixed values of the equation parameters. We use the ansatz

ci(x, t) = Ci(x, pj
i (t)) , i = 1, . . . , N , j = 1, . . . , mi , (3.1)

where Ci(x, pj
i (t)) are the corresponding test functions, each with mi time-

dependent parameters
{

pj
i (t)

}

. The number of free parameters for each com-
ponent will vary depending on the nature of the test function chosen. They
typically represent quantities such as the amplitude, width and steepness of
the test function. The total number of parameters of the solution space will
be denoted by M =

∑

i mi.
We restrict the solution space of (2.3) to the subspace defined by (3.1).

This gives us a set of N equations

−∂Ci

∂t
+ Di

∂2Ci

∂x2
+ x

∂Ci

∂x
+ DaFi (C1, . . . , CN) = κi (x, t) , (3.2)

where κi (x, t) is the error obtained by making this restriction. The pa-
rameters

{

pj
i (t)

}

are then appropriately determined such that this error is
minimised. This can be achieved by demanding that the error κi (x, t) is
orthogonal to the tangent space of the restricted subspace, which is spanned
by the set of basis functions ∂Ci/∂pj

i . This condition assures that the er-
ror lies in the orthogonal complement of the function space spanned by the
prescribed test functions. This error is obviously small if the actual solution
is well approximated by the test function. There are mi such orthogonality
conditions for each of the N test functions. We obtain a total of M =

∑

i mi

orthogonality conditions
〈

−∂Ci

∂t
+ Di

∂2Ci

∂x2
+ x

∂Ci

∂x
+ DaFi (C1, . . . , CN)

∣

∣

∣

∣

∂Ci

∂pj
i

〉

x

= 0 , (3.3)

where again i = 1, . . . , N and j = 1, . . . , mi, and where the brackets de-
note integration over the whole domain. These conditions determine the M
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free parameters
{

pj
i (t)

}

of these test functions. The time-derivatives of Ci

appearing in (3.3) are given by

∂Ci

∂t
=

∑

j

∂Ci

∂pj
i

dpj
i

dt
. (3.4)

By substituting this in (3.3), we obtain a set of M coupled ordinary differ-
ential equations for

{

pj
i (t)

}

. This constitutes a dimensional reduction, as
instead of solving a set of infinite-dimensional partial differential equations
one only needs to solve these M equations to obtain the time-dependent be-
haviour of the parameters of the test function, thus allowing us to model the
evolution of the concentrations of the tracers of the system.

A problem of particular interest is the behaviour of the steady-state so-
lutions in various limiting cases of the system. As discussed in Sec. 2.2, near
the saddle-node bifurcation we have the coexistence of stable and unstable
steady-state solutions. We can analyze the solution in this case by setting
∂Ci/∂t = 0 in (3.3) to obtain

〈

Di
∂2Ci

∂x2
+ x

∂Ci

∂x
+ DaFi (C1, . . . , CN)

∣

∣

∣

∣

∂Ci

∂pj
i

〉

x

= 0 . (3.5)

This is also a dimensional reduction, as instead of solving the set of ordinary
differential equations for the steady state solutions one only needs to solve
these M algebraic equations to obtain expressions for the M variables

{

pj
i (t)

}

in terms of the equation parameters.
The time-independent algebraic equations can be used to study stationary

bifurcations such as the saddle-node mentioned above. In the region of the
saddle-node, one typically observes a quadratic behaviour in the parameters,
where two values of each

{

pj
i

}

coexist at every value of Da. The critical
Damköhler number Dac, which corresponds to the stirring induced saddle-
node, can be obtained from the expressions for the parameters by requiring
that we have a unique value of each

{

pj
i

}

.
To test the effectiveness and accuracy of this variational test function

method, we will compare these results with those obtained from numerical
simulations of the full filament model (2.3). This will be done in the following
chapters for several systems with multiple homogeneous steady states (see
Sections 4.3, 4.4, 5.5, 6.4 and 6.5). We now present two of the test functions
that we shall use in the following chapters to model the solution behaviour
in various limits.
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3.3 Generic test functions

In order to study the behaviour of the concentration of a tracer that has a
bell-shaped profile, we shall use a Gaussian test function, i.e.

C(η, pi) = f0 exp(−η2), η = w x , (3.6)

with {pi} = {f0, w}. Here f0 is the amplitude of C(η, pi) and w is its inverse-
width. The tangent space of this test function is spanned by the two basis
functions

∂C

∂f0

=
C

f0

,
∂C

∂w
=

η Cη

w
, (3.7)

where Cη is the derivative of C with respect to η. This test function is found
to be a good fit to the solution of (2.3) near saddle-node bifurcations (see
Chapters 4, 5 and 6). However, we note that solutions with such a profile
may be equally well modelled using other bell-shaped functions such as a
sech2 function [26].

If the concentration of a tracer is plateau-like, we shall use the following
front-like test function

C(η, pi) =
g0

2
(tanh (η + ω µ) − tanh (η − ω µ)) , η = ω x , (3.8)

with {pi} = {g0, ω, µ}. Again, g0 is the amplitude of C(η, pi) and ω is its
steepness while µ can be understood as the width of the plateau measured
from η = 0 to the turning point (∂2C/∂η2 = 0). The tangent space of this
test function is spanned by the three basis functions

∂C

∂g0

=
C

g0

,
∂C

∂ω
=

η Cη + µ Cµ

ω
,

∂C

∂µ
=

g0 ω

2

(

sech (η + ω µ)2 + sech (η − ω µ)2
)

.

(3.9)

In Fig. 3.1, we see a variety of profiles that can be obtained using this test
function. We see that this test function can also be used to describe bell-
shaped profiles, and in the following chapters we shall use it to analyze the
solution behaviour near saddle-node bifurcations as well.
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Figure 3.1: The behaviour of a front-like test function (3.8) for three distinct
sets of parameters {pi} = {g0, ω, µ}. The profiles are shown for {pi} =
{1, 2, 5} (solid line), {pi} = {1, 2, 2} (dashed line) and {pi} = {0.8, 2, 1}
(dotted line).

We shall use the nonperturbative method to investigate the solution be-
haviour near the bifurcation point and far away from them in several fila-
mental models. Specifically we examine two single component systems, the
autocatalytic and bistable systems (Chapter 4), and two multi-component
systems, an excitable system (Chapter 5) and a combustion system (Chap-
ter 6).
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Chapter 4

One component systems:

Autocatalytic and bistable

systems

4.1 Introduction

We first examine two one-component systems with multiple homogeneous
steady-states. We shall consider an autocatalytic as well as a bistable sys-
tem. The influence of chaotic stirring on these systems has been recently
numerically investigated [83, 88, 113], and it was found that these systems
exhibit stationary solutions for a range of values of the Damköhler number
Da. In addition, it was observed that nontrivial stationary solutions do not
exist below a certain critical value Dac. However, the solution behaviour
near this critical value has not been previously described analytically.

In this chapter we shall use the nonperturbative method introduced in
the previous chapter to describe the solution behaviour of these systems near
Dac. In addition, we shall use this method to analyze the system behaviour
far from the critical value (Da ≫ Dac). The accuracy of these results is
tested by comparing them with the corresponding results obtained from the
numerical solution of the full system. Part of this work has been published
in [91].

We restrict our attention to the steady-state solutions of these systems.
However, we note that the nonperturbative method has been successfully
used to analyze the time-dependent behaviour of initial perturbations in the
bistable system [26].
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4.2 Description of the models

The behaviour of autocatalytic and bistable systems in the absence of stir-
ring is well known [98, 97, 60, 142]. These simple systems have been used
in various contexts as toy models for the description of unstirred processes
such as flame front propagation in combustion systems [22, 126], as well
as stirred chemical and biological reactions such as the crystallisation of
sodium chlorate in a stirred flow [67, 96, 68], stirred autocatalytic bienzyme
reactions [24], and the chlorite-thiosulfate ‘clock reaction’ [109, 31]. A chaot-
ically stirred autocatalytic system has recently been used to model oceanic
plankton distributions [88]. We shall analyse the effect of chaotic stirring on
the two systems using the 1-D filament model described in Chapter 2. We
now briefly introduce these models.

4.2.1 The autocatalytic system

The autocatalytic reaction A + B → 2B has the rate equations [113]

dcA

dt
= −r cA cB ,

dcB

dt
= r cA cB , (4.1)

where cA and cB are the number of molecules of the components A and B
respectively, and where r is a constant. This system can be described with
a variable c = cB/ (cA + cB), which has a reaction rate k c (1 − c) where
k = r (cA + cB). This reaction rate can also be understood in the context of
population dynamics as a description of logistic growth [98].

This system has two homogeneous solutions: a stable fixed point at c = 1
and an unstable one at c = 0. When coupled with diffusion, the system ex-
hibits travelling waves with fronts propagating from the stable to the unstable
state, and is a prototypical equation for propagation of this kind [163]. The
related reaction-diffusion equation is commonly known as the Fisher equa-
tion [38] or the Kolmogorov-Petrovsky-Piskunov (KPP) equation [65]. The
influence of chaotic stirring on this system can be studied using the following
1-D, one-component model

∂c

∂t
=

∂2c

∂x2
+ x

∂c

∂x
+ Da c (1 − c) . (4.2)

As discussed in Sec. 2.2, a chaotically stirred system of this type exhibits
stationary solutions that arise from the balance between advection and diffu-
sion. We observe that this system has a critical Damköhler number Dac = 1,
below which no nontrivial stationary solutions exist. For Da > Dac, the
solution splits into two branches: a stable branch of nontrivial solutions and
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the trivial solution branch which is unstable. This corresponds to a trans-
critical bifurcation. The stable stationary solutions of the system (4.2) are
shown for a range of Da in Fig. 4.1. The solution profile near the bifurcation
point is bell-shaped, and centred on x = 0 in accordance with our asymptotic
theory of Sec. 2.3. As we approach Dac, the amplitude of the solution profile
goes to zero.

On increasing Da, we observe that the width of the solution profile in-
creases. The amplitude of the solution approaches c(x) = 1, and eventually
settles around this value. The solution for large values of Da has a well-
defined plateau-like profile with flat regions separated by narrow fronts.
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Figure 4.1: The stable stationary solutions of the autocatalytic system (4.2)
for 50 logarithmically spaced values of Da between the critical value Da = 1
and Da = 100.

4.2.2 The bistable system

The second model we shall consider is the bistable system

∂c

∂t
=

∂2c

∂x2
+ x

∂c

∂x
+ Da c (α − c) (c − 1) , (4.3)

where α is a constant in the range 0 < α < 1. We first describe the cor-
responding unstirred system, which is related to the reduced Nagumo equa-
tion [108, 98] that has been used in the study of nerve action potentials [87].
The Nagumo equation has a reaction term F(c) = (c − c1) (c2 − c) (c − c3),
with three homogeneous steady-states c1, c2 and c3. The bistable system has
a specific form of this reaction term, with c1 = 0, c2 = α and c3 = 1.
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This system has two stable fixed points at c = 0 and c = 1 and an
unstable one at c = α. Here, an initial perturbation which is larger than α
over a finite range spreads over the whole domain if 0 < α < 0.5, and decays
to the stable state c = 0 if 0.5 < α < 1. The value α = 0.5, for which the
velocity of a travelling wave in this system is zero, is known as the Maxwell
point.

The chaotically stirred bistable system (4.3) exhibits stationary solutions
which we now examine. These are shown for a range of Da in Fig. 4.2. As in
the autocatalytic system, the solution profile is bell-shaped near the bifurca-
tion point and plateau-like far away from it, as expected from our asymptotic
theory in Sec. 2.3. This system also has a critical Damköhler number, below
which nontrivial stationary solutions do not exist. This critical value corre-
sponds to the bifurcation point of a saddle-node. For all values of Da > Dac

we find that a stable stationary solution coexists with an unstable one. The
solution at the saddle-node has a nonzero amplitude and as we increase Da
the amplitude of the stable solution approaches c(x) = 1.
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Figure 4.2: The stable stationary solutions of the bistable system (4.3) for
30 logarithmically spaced values of Da between Da ≈ Dac and Da = 100.

4.3 The solution near the critical value

In the following we apply the nonperturbative method to describe the solution
behaviour near the critical values of the two systems. As seen in the previous
section, the solution in this region is bell-shaped. This is in accordance
with the asymptotic analysis in the limit of small Da which suggested that
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these solutions can be approximated by a Gaussian test function (3.6) near
Dac. As seen in Fig. 3.1, bell-shaped profiles can also be described using
the more versatile tanh-based test function (3.8). We shall therefore use the
nonperturbative method with both test functions to study this region.

4.3.1 The autocatalytic system

We first consider a Gaussian test function C(η) with free parameters {pi} =
{f0, w}. Restricting the solution space to the subspace of this test function,
we obtain

w2 ∂2C

∂η2
+ η

∂C

∂η
+ Da C (1 − C) = κ(η) . (4.4)

To minimise the error κ(η), we require that (4.4) is orthogonal to the tangent
space of C(η), which is spanned by (3.7). We therefore have the following
two conditions determining the parameters f0 and w,

〈w2 Cηη + η Cη + DaC (1 − C) | C〉η = 0 , (4.5)

〈w2 Cηη + η Cη + DaC (1 − C) | η Cη〉η = 0 . (4.6)

Here we denote Cη = ∂C/∂η and Cηη = ∂2C/∂η2. We note that for a
general function f(η) whose spatial derivative vanishes at the boundaries of
the domain η (i.e. for fronts or localised pulses), the following relations apply

〈fηη f〉η = 2〈ηfηη fη〉η = −〈f2
η 〉η,

〈η fη fp〉η = − 1

p + 1
〈fp+1〉η .

(4.7)

Using these relations, we reduce (4.5) and (4.6) to the single equation

−2 〈η2C2
η〉 +

(

2 Da − 1

2

)

〈C2〉 − 5 Da

3
〈C3〉 = 0 . (4.8)

As C(η) is chosen to be a Gaussian (3.6), we can explicitly evaluate the
following integrals

〈Cp〉 = fp
0

√

π

p
, 〈C2

η〉 = f2
0

√

π

2
, 〈η2C2

η〉 =
3f2

0

4

√

π

2
. (4.9)

This allows us to simplify our minimisation condition (4.8), and we obtain
two distinct solutions for the amplitude: the trivial solution f0 = 0 and

f0 =
3
√

6

5

(

Da − 1

Da

)

. (4.10)
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Since f0 = 0 at the bifurcation point, we immediately find the value of the
critical Damköhler number to be Dac = 1. This corresponds exactly to the
numerical observation in Sec. 4.2.1. Below this critical value we have only
the trivial solution with f0 = 0.

The parameter w can then be found by substituting (4.10) in either (4.5)
or (4.6) to obtain

w2 =
1

〈C2
η〉

[(

Da − 1

2

)

〈C2〉 − Da 〈C3〉
]

, (4.11)

where we have substituted the relations (4.7). Using the integrals (4.9), we
obtain the expression

w =

√

7 − 2 Da

10
. (4.12)

From this expression we see that a Gaussian test function is only valid for
values of Da in the range 1 ≤ Da ≤ 3.5. This is an indication of the fact that
as we increase Da, the solution quickly moves away from a bell-shaped profile
(as can be seen from the profiles of the numerical solutions in Fig. 4.1).

Next, we consider a tanh-based test function T (ζ) (3.8) with free para-
meters {qi} = {g0, ω, µ} and where ζ = ω x. The amplitude of such a test
function is given by T (x = 0) rather than g0. Projecting onto the tangent
space spanned by the basis functions ∂T/∂qi, we obtain the conditions

〈ω2 Tζζ + ζ Tζ + Da T (1 − T ) | ∂T/∂g0〉ζ = 0 , (4.13)

〈ω2 Tζζ + ζ Tζ + Da T (1 − T ) | ∂T/∂ω〉ζ = 0 , (4.14)

〈ω2 Tζζ + ζ Tζ + DaT (1 − T ) | ∂T/∂µ〉ζ = 0 , (4.15)

These equations do not yield explicit formulae for the parameters, and we
therefore need to solve them numerically.

The results obtained using the nonperturbative method can be compared
with the corresponding numerical results obtained from the solution of the
full system (4.2). In Fig. 4.3, we see a comparison between the amplitudes
of a Gaussian test function, given by the expression for f0 (4.10), and for a
tanh-based test function, given by T (x = 0) as evaluated from (4.13)-(4.15),
with those of the full system. We find that a Gaussian test function is an
increasingly good fit to the solution as we approach Dac. Moreover, such
a test function exactly locates the value of the critical Damköhler number
Dac = 1. The tanh-based test function is also a good fit to the solution in
this regime. As we move away from Dac we find that the tanh-based test
function is much better fit to the solution, which can be explained by the fact
that this test function can capture the plateau-like solution profiles observed
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for larger values of Da (see Fig. 4.1). We note that in Fig. 4.3 the angle of
the nonzero branch at the critical value is not vertical, which is an indication
that this bifurcation is transcritical rather than a saddle-node.
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Figure 4.3: Comparison of the amplitude of the stationary solution of the
autocatalytic system (4.2), represented by stars, with the corresponding val-
ues obtained using the nonperturbative method. We use a Gaussian test
function, whose amplitude f0 is given explicitly by (4.10) (represented by a
dashed line), and a tanh-based test function whose amplitude T (x = 0) is
obtained numerically from (4.13)-(4.15) (represented by a continuous line).

We illustrate this point in Fig. 4.4, where we superimpose the profile
of c(x) obtained from the full system (4.2) with a Gaussian and a tanh-
based test function whose parameters are obtained using the nonperturbative
method at two values of the Damköhler number. We find that both test
functions closely approximate the solution for a value of Da close to the
critical value, although the Gaussian test function is a slightly better fit to
the solution. For the larger value of Da, the tanh-based test function is
a much better fit to the solution than the Gaussian test function. As we
move away from the saddle-node and approach Da = 3.5, the Gaussian test
function is no longer a good approximation as its inverse width approaches
zero (see (4.12)).
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Figure 4.4: Comparison of the profile of the solution obtained from the nu-
merical solution of the autocatalytic system (4.2), represented by crosses,
with two different test functions whose parameters are obtained using the
nonperturbative method. We use a Gaussian test function (3.6) whose para-
meters f0 and w are given explicitly by (4.10) and (4.12) (represented by a
dashed line), and a tanh-based test function (3.8) whose parameters g0, ω and
µ are obtained numerically from (4.13)-(4.15) (represented by a continuous
line). (a) Da = 1.35. (b) Da = 3.25.
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4.3.2 The bistable system

We now perform the nonperturbative approach for the chaotically stirred
bistable equation close to the saddle-node. We again consider a Gaussian
test function C(η) with free parameters {pi} = {f0, w}. Restricting the
solution space to the subspace of this test function, we obtain

w2 ∂2C

∂η2
+ η

∂C

∂η
+ DaC (α − C) (C − 1) = κ(η) . (4.16)

The error κ(η) is minimised by projecting (4.16) onto the tangent space
spanned by the basis functions (3.7). This gives us the conditions

〈w2 Cηη + η Cη + Da C (α − C) (C − 1) | C〉η = 0 , (4.17)

〈w2 Cηη + η Cη + Da C (α − C) (C − 1) | η Cη〉η = 0 . (4.18)

Using the relations in (4.7), we reduce the equations (4.17) and (4.18) to the
single equation

−2 〈η2C2
η〉 +

5 Da

3
(1 + α) 〈C3〉 −

(

2 Da α +
1

2

)

〈C2〉 − 3 Da

2
〈C4〉 = 0 ,

(4.19)
which upon using the integrals in (4.9), yields the following quadratic equa-
tion for the amplitude

Af 2
0 + B f0 + C = 0 , (4.20)

where

A =
3

4
, B =

−5(1 + α)

3
√

3
, C =

√
2 (1 + Da α)

Da
. (4.21)

This has two solutions f0, corresponding to stable and unstable branches,
which meet at the saddle-node bifurcation. The parameter w can now be
found from either (4.17) or (4.18) as

w2 =
1

〈C2
η〉

(

〈η CηC〉 + Da (1 + α) 〈C3〉 − Daα 〈C2〉 − Da 〈C4〉
)

, (4.22)

which upon evaluating the integrals using (4.9) becomes

w =

[

−1

2
− Da

(

f 2
0√
2
− (1 + α)

√

2

3
f0 + α

)]1/2

, (4.23)

where f0 is given by one of the two solutions of (4.20). We therefore have
two values of w corresponding to the two values of f0.
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The critical Damköhler number Dac for any value of α corresponds to the
value of Da where the two solutions of (4.20) coalesce. We therefore solve
B2 − 4 AC = 0 to obtain

Dac =
1

q (1 + α)2 − α
, (4.24)

where q = 25/(81
√

2). From this, we find an upper bound for the value of
α, given by

αmax =
1 − 2 q −√

1 − 4 q

2 q
≈ 0.4744 . (4.25)

This result indicates that chaotic stirring moves the Maxwell point towards
smaller values of α. It follows from (4.24) that (4.21) only has solutions for
Da ≥ Dac.

From (4.23), one finds that imaginary values of w are possible for par-
ticular values of Da and α. For α = 0.2, we find that we obtain imaginary
values for the stable branch of w for all values of Da greater than a critical
value Da ≈ 16.208. Consequently, the test function approach breaks down
for the stable branch of the solution at this value.

We now consider a tanh-based test function T (ζ) (3.8) with free parame-
ters {qi} = {g0, ω, µ}, and where ζ = ω x. Projecting onto the tangent space
of the basis functions, we obtain the conditions

〈ω2 Tζζ + ζ Tζ + DaT (α − T ) (T − 1) | ∂T/∂g0〉ζ = 0 , (4.26)

〈ω2 Tζζ + ζ Tζ + Da T (α − T ) (T − 1) | ∂T/∂ω〉ζ = 0 , (4.27)

〈ω2 Tζζ + ζ Tζ + Da T (α − T ) (T − 1) | ∂T/∂µ〉ζ = 0 , (4.28)

As in the autocatalytic case, these equations do not yield explicit formulae
for the parameters and are therefore solved numerically.
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Figure 4.5: Comparison of the amplitudes of the numerically obtained sta-
tionary solutions of the bistable system (4.3), represented by stars, with the
corresponding values of the amplitude of the test function obtained via the
nonperturbative method at α = 0.2. The stable and unstable branches of the
amplitudes of a Gaussian test function (3.6), obtained explicitly from (4.20)-
(4.21), are represented by a dashed-dotted and a dotted line respectively.
The stable and unstable branches of the amplitudes of the tanh-based test
function (3.8), obtained by numerically solving (4.26)-(4.28), are represented
by a continuous and a dashed line respectively

As seen in Fig. 4.5, a Gaussian test function is an excellent fit to the
solution along the unstable branch. However it is not as good an approxi-
mation for stable solutions in this region. This can be understood from the
numerical observation in Sec. 4.2.2 that the stable solutions move away from
a bell-shaped profile as we move away from Dac, while the unstable solutions
remain bell-shaped, even for large values of Da. On the other hand, we find
that the tanh-based test function (3.8) is an extremely good fit along both
branches, which can be understood from the fact that such a test function
can approximate both bell-shaped and plateau-like profiles. In Fig. 4.6, we
see that both test functions approximate the profile of the stable solution
near Dac well.
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Figure 4.6: Comparison of the profile of the stable steady-state solution
obtained from the numerical solution of the bistable system (4.3) at Da = 8.9
and α = 0.2, represented by crosses, with the profiles of two different test
functions with parameters obtained using the nonperturbative method at the
same value of Da. A Gaussian test function whose parameters f0 and w are
obtained from (4.20)-(4.21) and (4.23) is represented by a dashed line, while
a tanh-based test function (3.8) with parameters obtained by numerically
solving (4.26)-(4.28) is represented by a continuous line.

As seen in Fig. 4.7, both the Gaussian test function and the tanh-based
test function (3.8) are able to accurately locate the critical Damköhler num-
ber of the numerical solution of (4.3). The values of Dac obtained ana-
lytically with the Gaussian test function from (4.24) move away from the
numerical results as we approach αmax, indicating that the solution profile
near the saddle-node moves further away from a Gaussian as we approach
the Maxwell point. On the other hand, the values obtained numerically with
the tanh-based test function (3.8) remain close to the numerical values over
the whole range of α.
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Figure 4.7: Comparison of the values of the critical Damköhler number ob-
tained from a numerical simulation of the bistable system (4.3) with the
analytic results for Dac obtained using the nonperturbative method over a
range of α. The results for Dac obtained using a Gaussian test function
(3.6) (from the expression (4.24)) are represented by a dashed line, while the
results obtained using a tanh-based test function (3.8) are represented by a
continuous line.

4.4 The solution far from the critical value

As discussed in Sec. 2.2, where we performed a general asymptotic analy-
sis of 1-D lamellar reaction-diffusion systems for large Da, the chaotically
stirred systems that we have considered behaves asymptotically like the cor-
responding (rescaled) unstirred system in the limit Da → ∞. In the absence
of stirring, both the autocatalytic and bistable system exhibits travelling
wave solutions that move outwards with a constant speed. We recall from
our phenomenological argument that stirring leads to stationary solutions
with fronts located at x = ±µ, where µ is equal to the corresponding wave
velocity. These stationary solutions have a plateau-like profiles and can be
approximated using the tanh-based test function (3.8). In this section, we
examine the solution behaviour of both systems in the case Da ≫ Dac using
the nonperturbative method with such a test function.
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4.4.1 The autocatalytic system

We consider a tanh-based test function T (ζ) (3.8) with free parameters
{qi} = {g0, ω, µ}, and where ζ = ω x. For large Da, the parameter µ rep-
resents the width of the solution profile measured from x = 0, and ω is its
steepness. Restricting the solution space to that of the test function, and
projecting onto the tangent space spanned by the basis functions ∂T/∂qi, we
again obtain the conditions (4.13)-(4.15) for the free parameters {qi}. As in
the previous section, the parameters obtained by this method are those that
minimise the error made by this restriction. However, for large Da we find
that the solution does not converge. This can be explained by considering the
asymptotic limit of large Da, and the phase space of the unstirred equation.

As discussed in Sec. 2.3.1, in the limit Da → ∞ the system behaves like a
spatially scaled unstirred system up to order O(Da−1). We first note that far
from the critical value, the width µ of the solution profile obtained from the
numerical solution of the full system (4.2) scales with

√
Da. The stationary

front is therefore assumed to be located at µ =
√

Da µ̄ where µ̄ is some O(1)
term. As in Chapter 2, we introduce ξ =

√
Da(x −

√
Da µ̄) to obtain

d2c

dξ2
+ µ̄

dc

dξ
+ c(1 − c) = O(Da−1) , (4.29)

which is the unstirred system in a scaled spatial variable ξ, in a frame of
reference moving with speed v0 = µ̄.

A linear stability analysis of the system yields the eigenvalues

λ± =
−µ̄ ±

√

µ̄2 − 4

2
, (4.30)

for the fixed point (c(ξ), cξ(ξ)) = (0, 0), and

λ± =
−µ̄ ±

√

µ̄2 + 4

2
, (4.31)

for the fixed point (c(ξ), cξ(ξ)) = (1, 0). The fixed point (1, 0) is a saddle,
while (0, 0) is a stable node (with two negative eigenvalues) for all µ̄ ≥ 2.
For µ̄ < 2 the fixed point (0, 0) corresponds to a stable spiral.

There is one unique unstable manifold emanating from the saddle (1, 0).
However, since there are two stable eigendirections of the stable node (0, 0),
there exists a heteroclinic trajectory linking the two fixed points for any
choice of the “velocity” µ̄ ≥ 2, excluding a unique wave speed. The unstirred
system therefore exhibits travelling waves whose velocity depend on the ini-
tial condition [98]. We illustrate this in Fig. 4.8. Due to this degeneracy, the
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nonperturbative method cannot find a unique set of free parameters {qi} for
the large Da limit.

cξ(ξ)

c(ξ)0 1Weak

Strong

Figure 4.8: Sketch of a possible heteroclinic connection of the phase space
of the autocatalytic system. We have a saddle at (c(ξ), cξ(ξ)) = (1, 0) and a
stable node at (c(ξ), cξ(ξ)) = (0, 0). The weak and strong eigendirections of
the stable node, as well as the stable and unstable manifolds of the saddle
are shown

We may circumvent the problem of the degeneracy by fixing the value
of µ̄ in our test function. We require a specific choice of µ̄ which closely
approximates the width of the solution for large Da. It is known that for an
initial condition with compact support, the unstirred autocatalytic system
has travelling wave solutions which move with a constant speed v0 = 2 [65].
As we restrict our attention to solutions that are nonzero within a finite
domain, we may assume that the system (4.29) is in a frame of reference
moving with this constant speed. We may therefore choose a value µ̄ = 2,
and shall fix the width of our test function in the original x-coordinate frame
to

µ = 2
√

Da . (4.32)

The test function T (ζ) now has only two free parameters g0 and ω which can
be obtained numerically by fixing µ in (4.13)-(4.15).

As we see in Fig. 4.9a, (4.32) is a good approximation to the widths of
the solution for large values of Da, thus validating our assumption that the
width of the solution scales with

√
Da. A comparison between the results

for ω obtained using the test function method (with the phenomenological
argument) and the inverse widths of the numerical solutions of (4.2) is shown
in Fig. 4.9b. There is a close agreement between the two sets of results. The
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amplitudes of the numerical solutions of (4.2) quickly saturate at c(x) = 1,
and this behaviour is observed from the values of T (x = 0) obtained from
the nonperturbative method as well.
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Figure 4.9: (a) Comparison of the width µ of the stationary solution of the
autocatalytic system (4.2), represented by stars, with the phenomenological
argument (4.32), represented by a continuous line. (b) Comparison of the
inverse width ω of the stationary solutions obtained from the numerical solu-
tion of (4.2) with the values of ω obtained from the solution of (4.13)-(4.15)
with µ fixed by the phenomenological argument (4.32).
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4.4.2 The bistable system

We model the solution behaviour of the bistable system in the large-Da limit
using a tanh-based test function T (ζ) (3.8). We use the same calculations
as in Sec. 4.3.2 and solve the system (4.26)-(4.28) numerically to obtain the
values of the free parameters {qi} = {g0, ω, µ} at any given value of Da. We
find that unlike the autocatalytic system, the bistable system does not have
a degeneracy. This can be understood as follows.

We find that the width µ of the solution profile obtained from the nu-
merical simulation of the full system (4.3) for Da ≫ Dac scales with

√
Da.

As in Sec. 4.4.1, we assume that the stationary front is located at a value
µ =

√
Da µ̄ where µ̄ is some O(1) term. Introducing the spatial scale

ξ =
√

Da(x −
√

Da µ̄), we obtain

d2c

dξ2
+ µ̄

dc

dξ
+ c(α − c)(c − 1) = O(Da−1) , (4.33)

which is the corresponding unstirred system in the scaled variable ξ, in a
frame of reference moving with speed v0 = µ̄.

A linear stability analysis of the system yields the eigenvalues

λ± =
−µ̄ ±

√

µ̄2 + 4α

2
, (4.34)

for the fixed point (c(ξ), cξ(ξ)) = (0, 0), and

λ± =
−µ̄ ±

√

µ̄2 − 4α (1 − α)

2
, (4.35)

for the fixed point (c(ξ), cξ(ξ)) = (α, 0), and

λ± =
−µ̄ ±

√

µ̄2 + 4 (1 − α)

2
, (4.36)

for the fixed point (c(ξ), cξ(ξ)) = (1, 0). For all values of α in the range
0 < α < 1, the fixed points (0, 0) and (1, 0) are saddles, while (α, 0) is a
stable spiral for µ̄ < 2

√

α (1 − α). A heteroclinic connection between the
homogeneous steady-states (0, 0) and (1, 0) exists only for a unique value of
µ̄. This is since each of these fixed points has a single stable and unstable
eigendirection. Consequently, the nonperturbative method will always find
a unique set of parameters {qi} for each value of Da.

As seen in Fig. 4.10, the parameters obtained via this method closely
match up with the corresponding numerical results found from the simula-
tion of (4.2). We find excellent agreement for both the width µ and the
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inverse width ω of the profile. The values of T (x = 0) obtained from the
nonperturbative method are found to quickly settle around 1, thus matching
the numerical observation well. This test function is therefore a very good
approximation to the solution profile in the large Da limit (see Fig. 4.11).

We note that the behaviour of µ is extremely close to what we expect from
the phenomenological argument for the location of the steady-state front,
which we now describe. In the unstirred case travelling wave solutions move
with a constant wave speed v0 =

√
2 (1/2 − α) [98]. In the stirred system the

stationary solution is given by the balance between these outward moving
fronts and the stirring (for all values of 0 < α < 0.5). We therefore have the
phenomenological argument for the width of the solution

µ =
√

2 Da (1/2 − α) , (4.37)

where we have again used the scaling µ ∼
√

Da. We can therefore fix this
value of µ in our test function T (ζ) to obtain results for g0 and ω from
the nonperturbative method. As seen in Fig. 4.10a, (4.37) is an excellent
approximation to the widths of the solution at large Da. The corresponding
values of ω also match up well with the numerical results.

The time dependent problem has been analysed in [26], where explicit
analytic formulae were found for tanh-solutions.
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Figure 4.10: Comparison of the widths of the stationary solution of the
bistable system (4.3) for α = 0.2, represented by stars, with the correspond-
ing values of the parameters obtained from the nonperturbative method. The
values obtained from the numerical solution of (4.26)-(4.28) are represented
by a continuous line. The results obtained using the phenomenological argu-
ment (4.37) with the nonperturbative method are represented by a dashed
line. (a) The width µ of the solution. (b) The inverse width ω of the solution.
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Figure 4.11: Comparison of the profile of the stable steady-state solution ob-
tained from the numerical solution of the bistable system (4.3) for α = 0.2,
represented by crosses, with a front-like test function whose parameters are
obtained from the numerical solution of (4.26)-(4.28), represented by a con-
tinuous line, at Da = 1000.

4.5 Summary

In this chapter, we studied the effect of chaotic stirring on two one-component
models using the 1-D filamental model discussed in Chapter 2. We examined
an autocatalytic system as well as a bistable system. The interplay of reaction
dynamics with the chaotic stirring leads to stationary fronts in the 1-D model
equation corresponding to filaments with a well-defined width in the full 2-D
system. In both systems we observe that no nontrivial solutions exist below
a sufficiently small value of Da. We applied the nonperturbative technique
discussed in Chapter 3 to study the solution near Dac. We determined the
critical Damköhler number and described the solution close to the bifurcation
point with good agreement with numerical simulations of the full partial
differential equations.

By using a versatile test function which could describe plateau like solu-
tions, we were able to apply the technique to describe fully developed fronts
far away from the bifurcation point. However, we ran into a problem for the
autocatalytic model for large values of Da. In this limit we find that the
conditions given by the variational technique for the free parameters of such
a stationary front are degenerate. On using a phenomenological argument
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for the width of the solution, we could use the nonperturbative method to
describe the autocatalytic model far from Dac. A comparison with numerical
simulations justified our approach.
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Chapter 5

Two component systems:

Excitable media

5.1 Introduction

Excitable media are abundant in nature, with many examples in biology and
chemistry. Examples of excitable media in biological systems include action
potential propagation along axons in neural tissue [55], action potential prop-
agation in cardiac tissue [89, 28], cAMP waves in slime moulds [144], calcium
waves on the surface of fertilised eggs [73] and plankton dynamics [161, 160].
Examples from chemistry include CO-oxidation on platinum [56] and the
Belousov-Zhabotinsky reaction [143, 58]. However excitable media are not
restricted to biological and chemical contexts and can be seen in a number
of physical systems such as elastic excitable media [16], semiconductor lasers
with optical feedback [43] and shock-driven star formation in spiral galaxies
[82, 141].

The abundance of excitable media in biological systems is linked to two
main characteristics of excitable media. First, excitable media exhibit thresh-
old behaviour. Perturbations below a certain threshold immediately decay
back to the rest state, whereas super-threshold perturbations grow and de-
cay back to the rest state only after a long excursion. This is crucial for
neural and cardiac systems, for example, which otherwise would constantly
fire when triggered by small noisy fluctuations rather than by a large stimu-
lus such as the coordinated stimulation from the sino-atrial node in cardiac
dynamics. Second, the decay back to the rest state ensures that the same
response of an excitable medium can be expected for a later stimulation, also
vital for neural and cardiac function.

In 1-D media pulses and wave trains are generic solutions. It is well
known that travelling pulses and wave trains in excitable media exhibit a
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saddle-node bifurcation [95]. When approaching the saddle-node by varying
a parameter (usually the excitability), the pulse becomes narrower until it
becomes too narrow and small to activate the neighbouring medium. This
saddle-node bifurcation is responsible for propagation failure in excitable
media. Besides the saddle-node, a Hopf bifurcation and a spatial period-
doubling bifurcation, which appear close to the saddle-node, were identified
as generic bifurcations in excitable media [48].

It has been observed that in addition to this saddle-node relating to propa-
gation failure, a chaotically stirred excitable system exhibits the generic flow-
mediated saddle-node bifurcation related to excessive stirring of the system
[111, 115, 112, 53]. If the stirring is too strong, the increased thinning of the
filaments may again lead to a termination of the reaction for the same rea-
sons as in the propagation failure in excitable media mentioned above. It was
observed that the bifurcation scenario of chaotically stirred excitable media
was much richer than that of the corresponding unstirred system. However,
no systematic analysis of the observed bifurcation scenarios was given.

In this chapter we provide a systematic numerical and theoretical analy-
sis of the bifurcation scenario for chaotically stirred excitable systems. In
particular, we examine how the parameter space and the bifurcations are or-
ganised by the two different saddle-nodes corresponding to stirring and to the
excitability respectively. Using a 1-D filament model (described in Sec. 5.2),
we numerically investigate this system (in Sec. 5.3), and describe the various
observed solution behaviours. Apart from the saddle-node bifurcations, we
observe supercritical and subcritical Hopf bifurcations as well as a region of
bistability characterised by a hysteresis loop. We then use the nonperturba-
tive method described in Chapter 3 to obtain analytical conditions that allow
us to describe the solution in several regimes of the system (in Sec. 5.4), and
shall compare the results obtained via this method with those obtained from
the numerical solution of the system (in Sec. 5.5). Part of this work has been
submitted for publication [90].

5.2 Description of the model

We shall study the effect of chaotic stirring on an excitable system using the
Barkley model [12]

∂u

∂t
=

∂2u

∂x2
+ x

∂u

∂x
+ Dau(1 − u)(u − us − v) , (5.1)

∂v

∂t
= δ

∂2v

∂x2
+ x

∂v

∂x
+ Da ε (u − a v) , (5.2)
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where u(x, t) is the activator and v(x, t) is the inhibitor. Here we have used
a slightly modified formulation of the Barkley model as in [47], although
we expect other 1-D excitable media models such as the Fitzhugh-Nagumo
model [39, 108] to behave similarly. Here, δ is the diffusion coefficient of the
inhibitor, Da is the Damköhler number of the system, and the excitability
parameters are ε, a and us. The decay rates towards the stable homoge-
neous rest state (u, v) = (0, 0) along the directions of the activator and
inhibitor are determined by us and ε a respectively. Note that in the absence
of the inhibitor v this equation is a bistable equation. Moreover, the spa-
tially homogeneous model which includes the inhibitor becomes bistable for
a > 1/(1 − us).

In the following we assume δ ≪ 1. This case describes chaotically stirred
excitable systems where the activator diffuses at a much faster rate than the
inhibitor. A physical realisation of this condition may be a chaotically stirred
chemical excitable medium such as a stirred Belousov-Zhabotinsky reaction
[143, 58] in which the inhibitor is fixed to starch or a gel-like medium. The
case δ = 0 is the classic situation in cardiac dynamics. Here the inhibitor
consists of (relatively) immobile ion channels. Constant advecting velocities
for excitable media in the context of cardiac dynamics is well known for
spiral wave drift when subjected to periodic wave trains [69, 32, 164, 49]. An
imposed chaotic advecting velocity may be introduced in an analogous way
to model the effect of spatially and temporarily random excitations. The
source of such random excitations could be either local incoherent stimuli or
the cumulative effect of spiral wave chaos.

In contrast to the unstirred system, the chaotically stirred system (5.1)-
(5.2) supports stationary solutions (as discussed in Sec. 2.2). These are given
by the steady state solutions (∂/∂t = 0) of the system,

d2u

dx2
+ x

du

dx
+ Dau(1 − u)(u − us − v) = 0 , (5.3)

δ
d2v

dx2
+ x

dv

dx
+ Daε (u − a v) = 0 . (5.4)

In the limiting case δ = 0, the inhibitor v(x) can be explicitly calculated for
a given activator u(x) as

v(x) = −2α

a
x2α

∫ x

−∞

ζ−1−2α u(ζ)dζ , (5.5)

with α = Da ε a/2. We consider an infinite domain and require v(−∞) =
v(∞) = 0.
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5.3 Numerical simulations of the 1-D filament

model

In this Section we present results from a numerical investigation of the full
system (5.1)-(5.2). This system exhibits two saddle-nodes, one induced by
increasing the excitability ε over a threshold value εc for fixed (large enough)
Damköhler number, and one induced by the stirring when decreasing the
Damköhler number Da below a critical value Dac for a given (small enough)
excitability ε. We therefore study the solution behaviour in the Da-ε para-
meter space to investigate the effect of stirring and excitability. We find that
interesting bifurcations and solution behaviours arise due to the way these
two saddle-nodes connect.

We numerically integrate the system (5.1)-(5.2) using a semi-implicit
Crank-Nicolson scheme where the nonlinearities are solved by an Adams-
Bashforth method. These numerical methods are described in Appendix A.
We fix us = 0.1 for all simulations, and shall use a = 0 unless stated other-
wise. However, the dynamical scenarios we report are robust with respect to
changes in these parameters.

The case of a non-diffusive inhibitor δ = 0 is numerically problematic
as it implies a discontinuous derivative of the inhibitor at x = 0 when the
activator u is a bell-shaped function which is the case near the stirring in-
duced saddle-node. In Fig. 5.1 we illustrate this with a plot of an activator
u(x) = f0 exp(−(w x)2), whose parameters f0 and w are chosen so as to ap-
proximate the solution in a regime where the activator is bell-shaped, and
the corresponding inhibitor v(x) (5.5) for the case δ = 0.
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Figure 5.1: Profiles of a Gaussian activator u(x) = 0.8 exp(−(0.75 x)2) (rep-
resented by a continuous line), which was constructed to closely approximate
the numerically obtained stable stationary solution of the full system (5.1)-
(5.2) at Da = 8, a = 0 and ε = 0.02 for δ = 0.001, and the corresponding
inhibitor v(x) for the case δ = 0, obtained from the numerical solution of
(5.5) (represented by a dashed-dotted line), for the aforementioned values of
the system parameters.

We therefore choose for our numerical simulations a value of δ = 0.001 to
avoid numerical instabilities. To justify the use of a small nonzero diffusion
coefficient, we investigate

ρ(δ) =

∣

∣

∣

∣

∑

j

(

uδj
− urefj

)

∣

∣

∣

∣

, (5.6)

where uδj
is the stationary solution of u(x) for a specific value of δ at a spatial

location xj = −L + j dx, and where L and dx represent the box length and
grid spacing of our numerical simulation respectively (see Appendix A for
more details on the simulations of 1-D filament models). The field uref is a
reference solution for δ = 0.00005. We obtain both solutions by numerically
simulating the full set of partial differential equations (5.1)-(5.2) at a specified
value of Da and ǫ. In Fig. 5.2 we show that the error ρ(δ) converges to zero
for decreasing δ. This suggests that uδ approaches the solution of the case
δ → 0.
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Figure 5.2: Logarithmic plot of ρ(δ) (5.6) for Da = 15 and ǫ = 0.01 (rep-
resented by circles). A reference line with slope 1 (represented by a dashed
line) is also shown.

A comprehensive picture of the solution behaviour in the Da-ε parameter
space is sketched in Fig. 5.3. The profiles of the activator in the various
regions of the Da − ε parameter space are also shown. The results obtained
from the full numerical simulation of the system are shown in Fig. 5.4. In
the following we explore in detail the different dynamical regions depicted in
Figs. 5.3 and 5.4.

In the next section we apply the nonperturbative method to this system,
and in Sec. 5.5 we use this method to analyse and describe the observed
dynamics. The figure caption of Fig. 5.4 gives an overview of the rich and
complex bifurcation behaviour we encounter in this system.
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Figure 5.3: Sketch of the behaviour of the system (5.1)-(5.2) in the Da-ε pa-
rameter space including the approximate profiles of the activator u(x) in the
various regions. The corresponding numerical results are shown in Fig. 5.4.
We observe a region of hysteresis (discussed in Sec. 5.3.3) which connects with
a region of stable oscillatory solutions arising from a supercritical Hopf bi-
furcation (discussed in Sec. 5.3.4). The lower and upper stability boundaries
correspond to saddle-node bifurcations arising from the stirring (discussed in
Sec. 5.3.2) and propagation failure (discussed in Sec. 5.3.1) respectively. The
dots represent some of the high codimension points observed in this system.
The box encloses a region with a number of different solution behaviours, as
well as another high codimension point, which is not detailed in this sketch.
The numerical results from this enclosed region are shown in Fig. 5.15.
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Figure 5.4: Solution behaviour in Da-ε parameter space obtained from the
numerical investigation of the system (5.1)-(5.2) for a = 0. The lower and
upper stability branches, which are represented by stars, correspond to the
saddle-node bifurcations arising from the stirring and propagation failure re-
spectively. The branch of the stirring induced saddle-node is found to end at
around ε ≈ 0.0329, while the branch of the saddle-node due to propagation
failure asymptotes for Da → ∞ to ε ≈ 0.044, which is the critical value for
unstirred media. There are two high codimension points at εH1

= 0.013 and
εH2

≈ 0.028 which demarcate a region of stable oscillatory solutions arising
from a Hopf bifurcation (represented by crosses). In the region ε ∈ (0, εH1

),
we find two branches, represented by circles, which enclose a region of hys-
teresis where two stable stationary solutions coexist. These two branches
connect with the two branches of the Hopf bifurcation at ε = εH1

. These
Hopf branches connect with the lower and upper saddle-node branches in
a Bogdanov-Takens bifurcation at ε ≈ 0.0329 and ε ≈ 0.03 respectively.
The box around εH2

encloses a region with a number of different solution
behaviours, which is seen in more detail in Fig. 5.15.
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5.3.1 Solution behaviour for large Damköhler numbers

We first discuss the case of large Damköhler numbers. In Section 2.3 we
showed that the solution of the stirred system behaves asymptotically like
the unstirred system. Far away from the saddle-node, the solution for large
Damköhler numbers consists of two well separated pulses as seen in Fig. 5.5.

As discussed in Sec. 2.2, in the limit Da → ∞ the solution of the system
behaves asymptotically like the corresponding rescaled unstirred system

D1

d2u

dξ2
+ w̄

du

dξ
+ u(1 − u)(u − us − v) = 0 , (5.7)

D2

d2v

dξ2
+ w̄

dv

dξ
+ ε (u − a v) = 0 , (5.8)

where D1,2 are the diffusion coefficients of the activator and inhibitor re-
spectively and w̄ is the speed of the propagating pulse in the scaled variable
ξ =

√
Dax. We observe that the profiles of these stationary solutions are

close to that of the unstirred case when shifted and spatially scaled according
to (2.5) (see Fig. 5.6). We find that the profiles of the inhibitor in either case
also match up extremely well.
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Figure 5.5: Profiles of the stable stationary solutions of the activator u(x)
(represented by a continuous line) and the inhibitor v(x) (represented by a
dashed line) at a = 0, ε = 0.02 and Da = 200 obtained from the numerical
simulation of (5.1)-(5.2).
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Figure 5.6: Profiles of the stable stationary solutions of the plateau like
activator u(x) and the inhibitor v(x) at Da = 10, 000, us = 0.1, a = 0.22
and ε = 0.01. The crosses depict the solution obtained from the numerical
simulation of the stirred system (5.1)-(5.2). The continuous line represents
the solution of the unstirred system (5.7)-(5.8) (derived in Sec.5.5.2) at the
same parameters, confirming the asymptotic limit for large Da.

Since the system (5.1)-(5.2) behaves for large Damköhler numbers like the
unstirred system we expect in this regime the generic saddle-node bifurcation
of excitable media [48]. For each sufficiently large Damköhler number there
exists a critical value εc(Da) such that there are no solutions for ε > εc(Da).
Close to this saddle-node the solution profile is characterised by two slightly
separated bell-shaped pulses centred around x = 0 (see Fig. 5.7). As we
approach εc(Da), the separation between the two pulses decreases. The
stability boundary corresponding to this saddle-node is shown in Fig. 5.4.
This saddle-node has been extensively studied [173, 95, 47].
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Figure 5.7: Profiles of the stable stationary solutions of the activator u(x)
(represented by a continuous line) and the inhibitor v(x) (represented by a
dashed line) obtained from the numerical solution of the system (5.1)-(5.2)
at Da = 50, ε = 0.0402 (≈ εc(Da)) and a = 0 close to the saddle-node
bifurcation arising from propagation failure.

5.3.2 Saddle-node at small Damköhler numbers

Besides the saddle-node for large Damköhler numbers which is inherent to
excitable media, an additional saddle-node occurs which is induced by the
compressive effects of the stirring. For each ε ∈ (0, 0.0329) there exists
a critical Damköhler number Dac(ε) such that there are no solutions for
Da < Dac(ε). The stability boundary is shown in Fig. 5.4.

In Fig. 5.8, we see a comparison of the stationary profiles of the acti-
vator and inhibitor near Dac with a Gaussian test function, confirming the
asymptotic analysis in Sec. 2.3. For small values of ε near this saddle-node
bifurcation, the solution profile of u(x) is approximately bell-shaped for both
stable and unstable solutions. Upon increasing Da the solution shape of
the stable solution becomes plateau-like, while the unstable solution remains
bell-shaped (as seen in Fig. 5.9a). For larger values of ε, the stable and un-
stable solutions near the saddle-node split into a pair of slightly separated
pulses due to the increased influence of the inhibitor v(x). On increasing Da
the profiles for both solutions split further into a pair of slightly separated
pulses (as seen in Fig. 5.9b). This behaviour has previously been observed
in the case of equal diffusion coefficients for activator and inhibitor [53].
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Figure 5.8: Profiles of the stable stationary solutions of the activator u(x)
(represented by stars) and the inhibitor v(x) (represented by a dashed line)
obtained from the numerical solution of (5.3)-(5.4) at Da = 6.5 (≈ Dac(ε)),
us = 0.1, a = 0 and ε = 0.005. A Gaussian fit to u(x) is represented by a
continuous line.
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Figure 5.9: Profiles of the stationary solutions of the activator u(x) obtained
from the numerical solution of (5.3)-(5.4) for a = 0. Both the stable solutions
(represented by continuous lines) and the unstable solutions (represented by
dashed lines) are shown for logarithmically spaced values of Da. (a) Profiles
for ε = 0.005 for values of Da between Da = 25 and Da = 6.44 (≈ Dac(ε)).
(b) Profiles for ε = 0.03 for values of Da between Da = 14 and Da = 9.65
(≈ Dac(ε)).
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5.3.3 The hysteresis loop

At moderate to large Damköhler numbers we observe for ε ∈ (0, 0.013) a hys-
teresis loop between two critical values of the Damköhler number, which we
denote as Dahys1

(ε) and Dahys2
(ε) for the lower and upper values respectively.

In this region, represented by circles in Fig. 5.4, we find that two distinct
stable solutions coexist (as shown in Fig. 5.10). For Da . Dahys1

(ε) the so-
lution consists of one single pulse centred at x = 0, while for Da & Dahys2

(ε)
the solution consists of two separated pulses. The hysteresis manifests itself
as follows: Increasing the Damköhler number from Da < Dahys1

(ε) the so-
lution remains plateau-like until Da = Dahys2

(ε) above which the solution
rapidly changes to a pair of two separated plateaus. Conversely, decreasing
the Damköhler number from Da > Dahys2

(ε) a pair of separated plateaus
is observed until Da = Dahys1

(ε) at which point we find a rapid transition
to the single plateau-like solution. We find that both Dahys1

and Dahys2
are

asymptotic to ε = 0, and the difference between Dahys1
and Dahys2

increases
as we approach ε = 0.
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Figure 5.10: Profiles of the two stable stationary solutions of the activator
u(x) obtained from the numerical solution of (5.1)-(5.2) at a = 0, ε = 0.0375
and Da = 65. The solution with a plateau like profile (represented by a
continuous line) is obtained using an initial condition with a profile of a
stable solution below Dahys1

. The solution with a profile of two separated
pulses (represented by a dashed line) is obtained using an initial condition
with a profile of a stable solution above Dahys2

.

The existence of a hysteresis loop is robust against changes of the parame-
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ters a and us, and in fact becomes increasingly pronounced as we approach
the bistable limit a = 1/(1−us). Comparing the extent of the hysteresis loop
in Fig. 5.4 and Fig. 5.11, we see that the difference between the critical val-
ues Dahys1

(ε) and Dahys2
(ε) for a = 1 is much larger than for corresponding

values of ε for a = 0.
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Figure 5.11: The two branches of the hysteresis loop for a = 1 in the Da-ε
parameter space obtained from the numerical solution of the system (5.1)-
(5.2) (represented by circles). A comparison with the corresponding branches
seen for a = 0 (in Fig. 5.4) shows the effect of increasing a.

The coexistence of two stable solutions in a stirred excitable medium can
be explained by the simultaneous limits of Da → ∞, in which the system
(5.1)-(5.2) becomes an unstirred excitable medium, and of ε → 0, in which
the system becomes bistable. The two solutions within the hysteresis loop
approach the limiting solution types of each limit, with the single plateau-like
solution being associated with the bistable equation and the two separated
solutions being associated with the unstirred excitable medium.

We note that the term “bistable” is used in two ways. We refer to the hys-
teresis region, where two stable stationary solutions coexist, as the region of
“bistability”, whereas we say that this excitable system becomes “bistable”
in the limits a → 1/(1 − us) or ǫ → 0, where the observed solution behav-
iour is that of the bistable system (whose behaviour has been described in
Chapter 4).
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5.3.4 The Hopf bifurcation

For moderate Damköhler numbers and ε ∈ (0.013, 0.03) we observe stable
oscillations. For fixed ε the oscillations occur for a finite range of Damköhler
numbers between DaH1

and DaH2
> DaH1

. Unlike in unstirred excitable
media these oscillations arise through a supercritical Hopf bifurcation [48].

The Hopf bifurcation is mediated through the interaction of the inhibitors
of the two pulses across the x = 0 centre. Close to the Hopf bifurcation
the solution consists of two closely neighbouring pulses (see Fig. 5.12). At
ε = 0.013 the region of stable oscillations connects with the hysteresis loop
in a higher codimension bifurcation. At larger values of ε the Hopf bifur-
cation connects in two Bogdanov-Takens bifurcations with the saddle-nodes
described above (see Fig. 5.15).

In Fig. 5.13 we show the time periodic amplitudes for different values of ε
and Da. We see clearly that when approaching the high-codimension point
at ε = 0.013, where the Hopf bifurcation coalesces with the hysteresis loop,
the period of the oscillations diverge indicating a homoclinic bifurcation.
In Fig. 5.14, the profiles of the solution of u(x) at the crest and trough of
the oscillations in Fig. 5.13 are shown. We see that the outer sides of the
solution are virtually unaffected during the oscillations, while the region near
the origin at x = 0 changes significantly, indicating the weak interaction with
the tails of the inhibitor.
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Figure 5.12: Profiles of the stable stationary solutions of the activator u(x)
(represented by a continuous line) and the inhibitor v(x) (represented by
a dashed line) obtained from the numerical solution of the system (5.1)-
(5.2) at a = 0, ε = 0.025 close to the Hopf bifurcations. (a) Profiles at
Da = 16.9 . DaH1

. (b) Profiles at Da = 18.5 & DaH2
.
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Figure 5.13: Behaviour of the maximal amplitude of the stable oscillatory
solution of the activator u(x) as a function of time, obtained from the nu-
merical solution of (5.1)-(5.2), at a = 0. Note the transient behaviour at the
beginning and the fast convergence to the solution. (a) Maximal amplitude
behaviour for ε = 0.025, Da = 17.5. (b) Maximal amplitude behaviour for
ε = 0.015, Da = 24.5.
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Figure 5.14: Snapshots in time of the profiles of the stable oscillatory solu-
tions of the activator u(x) and the inhibitor v(x), obtained from the numerical
solution of (5.1)-(5.2) at a = 0, ε = 0.025 and Da = 17.5. The profiles of
u(x)/v(x) are shown at the crest (continuous/dashed-dotted line) and trough
(dashed/dotted line) of the oscillation of the solution represented in Fig. 5.13.

5.3.5 The bifurcation scenario near the high codimen-

sion points

In the region where the Hopf bifurcation coalesces with the saddle-node bi-
furcations we observe a complex unfolding of bifurcations, as illustrated in
Fig. 5.15. In this region we observe two Bogdanov-Takens points where the
two branches of the Hopf bifurcation meet the two saddle-node branches. We
find that a number of different solution behaviours are possible in this region,
and here we present some of the main observed behaviours. We note that
this list is non-exhaustive, and we expect that this system exhibits even more
regions of different solution behaviour near the high-codimension points.
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Figure 5.15: Close up of the region ε ∈ (0.0265, 0.031) of the Da−ε parameter
space shown in Fig. 5.4. Region A contains stable stationary solutions, region
D contains stable oscillatory solutions and region E contains no solutions
(these three regions have been depicted in Fig. 5.4). The branches of a
supercritical Hopf bifurcation are represented by crosses. In region B we
have a strong dependence on initial conditions. At the stability boundary
between regions B and E (represented by triangles), we observe a subcritical
Hopf bifurcation. In region C, we find that stable stationary solutions coexist
with stable oscillatory solutions. At the boundary between regions C and D
(represented by circles) we observe a second supercritical Hopf bifurcation.
The oscillatory solutions in D and C flatten out to u = 0 in a homoclinic
bifurcation represented by plus signs and dots respectively.

We first note that near ε ≈ 0.028 a small region exists where stable
oscillatory solutions coexist with stable stationary solutions. This region of
bistability is labelled C in Fig. 5.15 and is characterised by a hysteresis loop.
If we start with the profile of the stable stationary solution obtained at a
value of Da just above this region (i.e. from region A in Fig. 5.15), then we
obtain stable stationary solutions within region C. If, on the other hand, we
start with the profile of a snapshot of the stable oscillatory solution obtained
at a value of Da just below this region (i.e. from region D in Fig. 5.15), then
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we obtain stable oscillatory solutions within the region C. So in fact, region
C exhibits bistability where for every value of Da and ε, the stable solution
behaviour is either stationary or oscillatory.
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Figure 5.16: Time periods T of the stable oscillatory solutions in region C
of Fig. 5.15 at Da = 17.7, obtained from the numerical solution of the full
system (5.1)-(5.2) (represented by circles).

Next to this region of bistability, we find a region labelled B in Fig. 5.15 in
which the observed solution behaviour again depends strongly on the initial
condition. If we start with the profile of the stable stationary solution ob-
tained at a value of Da just above this region (i.e. from region A), we obtain
stable stationary solutions in this region. If we start from region C, then the
observed behaviour depends on the nature of the solution type as described
above. Specifically, if the initial condition is that of the stable stationary
solution in C, the solution behaviour in B is also stable and stationary. On
the other hand, if we choose an initial condition given by the profile of a
stable oscillatory solution in C, then we find that the solution flattens out to
u = 0 as we cross the boundary between the two regions. This is indicative
of a homoclinic bifurcation, which is seen from the fact that the time periods
of the oscillations in region C rapidly increase close to the boundary with B
(see Fig. 5.16).
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Figure 5.17: Time periods T of the stable oscillatory solutions in region D
of Fig. 5.15 at Da = 17.5, obtained from the numerical solution of the full
system (5.1)-(5.2) (represented by circles).

We further observe that region B has a stability boundary with region E
where no solutions are observed. As we move from B to E we observe that
the solution flattens out to u = 0 via a subcritical Hopf bifurcation. This
is reminiscent of the generic case in unstirred excitable systems for weakly
interacting pulses [46]. As we move from region D to E we see that the time
period of the oscillations increases rapidly, and the solution goes to zero.
This is again indicative of a homoclinic bifurcation (see Fig. 5.17). The two
homoclinic bifurcations, i.e between D and E and between C and B, join
up at the high codimension point ε ≈ 0.028. The homoclinic bifurcation
branches between C and B coalesces with the subcritical Hopf bifurcation as
well as the saddle-node branch of the propagation failure at ε ≈ 0.03. We
also find that the homoclinic bifurcation branch between D and E coalesces
with the lower branch of the supercritical Hopf bifurcations, DaH1

, and the
saddle-node branch due to stirring at a Bogdanov-Takens point ε ≈ 0.0329.

5.4 Analysis using the nonperturbative vari-

ational method

We use the nonperturbative method described in Chapter 3 to study the
solution behaviour of the activator and inhibitor in various regimes of the
Da−ε parameter space. We restrict the solution space to that of the general
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test functions

u(x, t) = U(x, pi(t)) , i = 1, . . . , n , (5.9)

v(x, t) = V (x, qj(t)) , j = 1, . . . , m , (5.10)

where U and V are parameterised by pi(t) and qj(t) respectively. The tangent
space of these test functions is spanned by the basis functions ∂U/∂pi and
∂V/∂qj. We determine the parameters by setting the condition that the error
made by restricting our solution space to the subspace of the test function is
orthogonal to the tangent space. We therefore have the following conditions

〈−Ut + Uxx + xUx + Da U(1 − U)(U − us − V ) | ∂U/∂pi〉x = 0 , (5.11)

〈−Vt + δ Vxx + x Vx + Da ε (U − a V ) | ∂V/∂qj〉x = 0 . (5.12)

To study the time-dependent behaviour of the solution, we substitute the
derivatives

∂U

∂t
=

n
∑

i=1

∂U

∂pi

ṗi ,
∂V

∂t
=

m
∑

j=1

∂V

∂qj

q̇j , (5.13)

into (5.11)-(5.12) to get a system of m + n coupled ordinary differential
equations for pi(t) and qj(t).

The behaviour of the stationary solutions in the various regions can be
studied by taking ∂/∂t = 0 in (5.11)-(5.12). In this case, we can find the
stationary solution of the inhibitor explicitly in terms of the activator from
(5.4). Moreover, as we are interested in the limit of slow diffusion of the
inhibitor, we can explicitly find v(x) in terms of u(x) from (5.5) by considering
δ = 0. We can therefore describe the stationary solutions using a single test
function U , and find its parameters from the single condition (5.11).

We use two different test function types to study the behaviour of this
system. Near the saddle-node arising from stirring, the activator profile is
bell shaped, as described in Sec. 5.3.2. From the asymptotic analysis in
the limit of small Da, we find that the solution can be approximated by a
Gaussian (see Sec. 2.2). This motivates the use of a Gaussian test function

U(η, t) = f0(t) exp(−η2) with η = w(t) x , (5.14)

with free parameters {pi} = {f0, w}, where f0 is the amplitude and w is the
inverse pulse width. The tangent space of this test function is spanned by

∂U

∂f0

=
1

f0

U and
∂U

∂w
=

1

w
η U ′ . (5.15)

As we shall see in Sec. 5.5.3 (and as detailed in Appendix B), for such a test
function we can find an exact expression for V in the stationary case and we
can obtain explicit analytic formulae for the parameters.
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The other test function that we shall use is

U(η, t) =
g0

2
(tanh (η − ω(µ − ν)) + tanh (η + ω(µ + ν))

− tanh (η − ω(µ + ν)) − tanh (η + ω(µ − ν))) ,
(5.16)

where the parameters are {pi} = {g0, ω, ν, µ} and η = ω x, and which has
basis functions

∂U

∂g0

=
1

g0

U ,
∂U

∂ν
=

g0 ω

2
(s1 + s2 + s3 + s4) ,

∂U

∂µ
=

g0 ω

2
(−s1 + s2 + s3 − s4) ,

∂U

∂ω
=

g0

2ω

(

(η − ω(µ − ν))s2
1 − (η − ω(µ + ν))s2

2

+(η + ω(µ + ν))s2
3 − (η + ω(µ − ν))s2

4

)

,

(5.17)

where s1 = sech2(η − ω(µ − ν)), s2 = sech2(η − ω(µ + ν)), s3 = sech2(η +
ω(µ + ν)) and s4 = sech2(η + ω(µ − ν)). This test function can describe a
variety of profiles, and can in fact be used to approximate almost all solution
behaviours observed in Section 5.3, as illustrated in Figs. 5.18 and 5.19. We
note that such a test function is particularly useful for the description of the
time-varying profile of the solution in the region near the Hopf bifurcation.
Here the solution shape resembles that of two slightly separated pulses which,
as seen in Fig. 5.19, can be well approximated by such a test function.
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Figure 5.18: Examples of the types of profiles that can be obtained
using the test function (5.16) with different values of the parameters
{pi} = {f0, ω, ν, µ}, which can approximate the solution behaviour close to
(and far away from) the saddle-node due to stirring. Profiles are displayed
for {pi} = {1, 2, 0.3, 0.3} (pulse-like shape represented by a continuous
line), {pi} = {1, 2, 2, 2} (plateau like shape represented by a dashed line),
{pi} = {1, 2, 3, 15} (“double-plateau” shape represented by a dashed-dotted
line) and {pi} = {1, 2, 1, 25} (“double-bell” shape represented by a dotted
line).

The parameter ω of the test function (5.16) measures the steepness of
the profile, while µ and ν can be understood by considering the case where
the test function describes two separated pulses (illustrated in Fig. 5.18).
Here, µ is the distance of the maximal amplitudes of each of the pulses from
x = 0, and ν is the half-width at half-maximum of each pulse. The maximal
amplitude of each pulse is given by U(µ, t). For such a test function, we cal-
culate V numerically from (5.5). However, as we shall discuss in Sec. 5.5.5,
to analyse the time-varying behaviour of the solution near the Hopf bifurca-
tion, we shall in fact use a test function to approximate V and solve the full
system (5.11)-(5.12). In the next section we use this method to analyse the
solution behaviour in various regions of the Da − ε parameter space.
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Figure 5.19: Examples of the types of profiles that can be obtained
using the test function (5.16) with different values of the parameters
{pi} = {f0, ω, ν, µ}, which can approximate the solution behaviour near the
Hopf bifurcations. Profiles are displayed for {pi} = {1.25, 1, 0.9, 1.1} (con-
tinuous line), {pi} = {1, 1, 2, 2.2} (dashed line) and {pi} = {1.4, 0.6, 1.5, 3.5}
(dotted line).

5.5 Results obtained with the nonperturba-

tive variational method

In this section we compare the results obtained using the nonperturbative
method with those obtained from the numerical solution of the full sys-
tem (5.1)-(5.2) and its steady-state formulation (5.3)-(5.4), as presented in
Sec. 5.3. We use the nonperturbative method to study the solution behaviour
for large Damköhler numbers, the saddle-node associated with propagation
failure (seen for large values of Da), the stirring-induced saddle-node (seen
for small values of Da) and the hysteresis loop (seen for low ε). The Hopf
bifurcation is analyzed by a time-dependent version of the nonperturbative
method.

5.5.1 Solutions far from the saddle-node

For large enough values of Da the solution of (5.1)-(5.2) consists of two sta-
tionary pulses, symmetric around x = 0, as discussed in Sec. 5.3.1 (and
as illustrated in Fig. 5.5). Far away from the saddle-node reported in Sec-
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tion 5.3, for small values of ε the pulses consist of a plateau, while for larger
values of ε approaching εc(Da) they become bell-shaped. We perform the
nonperturbative variational approach using the tanh-based test function U
(5.16) which is able to capture both solution types. We numerically solve
the four algebraic equations for the projections (5.11) to obtain values of the
parameters {g0, ω, µ, ν}. In Fig. 5.20, we show a comparison of these results
with numerical results of the full system (5.1)-(5.2). Fig. 5.20a reveals that
in the limit Da → ∞ the amplitude approaches the constant value 0.9989,
corresponding to the amplitude of the unstirred system. (Note that the max-
imal amplitude of the tanh-based test function (5.16) is not given by g0 but
rather by U(x = µ). The distance from the centre x = 0 is roughly measured
by µ which scales with

√
Da, as illustrated in Fig. 5.20b, consistent with the

asymptotic theory of Section 2.3.
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Figure 5.20: Comparison of the results obtained from the numerical solution
of (5.1)-(5.2) (represented by stars) with the corresponding results obtained
using the nonperturbative method with the tanh-based test function (5.16)
(represented by a continuous line) at ε = 0.02 and a = 0 over a range of Da.
(a) Maximal amplitude of the profile of the solution. (b) Logarithmic plot
of the distance of the pulses from x = 0. A reference line with slope 1/2
(represented by a dashed line) is also shown.
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5.5.2 Solutions near the large Damköhler number saddle-

node

As discussed in Sec. 5.3.1, at large Damköhler numbers there exists a critical
value εc(Da) above which propagation failure sets in. This corresponds to
a saddle-node bifurcation, and in this region the profile of the stable sta-
tionary solution of the activator u(x) can be characterised by two separated
bell shaped pulses as shown in Fig. 5.7. We perform the nonperturbative
approach in this region using two different test functions.

We shall first use a tanh-based test function (5.16) which, as seen in
Fig. 5.19, can approximate the solution profiles observed in this region. This
test function has free parameters {pi} = {g0, ω, ν, µ} and its tangent space is
spanned by (5.17). Performing the nonperturbative approach with this test
function we obtain four conditions (5.11), which are solved numerically to
obtain values for the free parameters over a range of ε.

Next, we recall from the asymptotic analysis in Section 5.3.1 that in the
limit Da → ∞, the system (5.1)-(5.2) is equivalent to the unstirred system
(5.7)-(5.8). This allows us to directly use the results of [47] for excitable
unstirred media as a comparison. As we consider the limiting case where the
activator diffuses slowly, we set D2 = 0 in (5.8). The pulse was described
using a bell shaped test function Ũ = exp(−η2). Using the nonperturbative
method the amplitude f0 could be formulated as [47]

Af 2
0 + B f0 + C = 0 , (5.18)

where

A =
3

4
〈Ũ4〉 − 5

6
〈Ũ3 V 〉 − a Θ

3
〈η Ũ3 V 〉 ,

B = −5

6
(1 + us)〈Ũ3〉 + 〈Ũ2 V 〉 +

a Θ

2
〈η Ũ2 V 〉 , C = us〈Ũ2〉 . (5.19)

and where Θ = εDa/µ w. The inhibitor is defined as v(η) = f0 V (η), given
explicitly by the solution of (5.8). We therefore solve

Vη = −εDa

µw
(U − a V ) . (5.20)

The expression for the inverse width found by this method is given by

w2 =
1

D〈Ũ2
η 〉

[

f2
0 (−〈Ũ4〉 + 〈Ũ3 V 〉)+

f0((1 + us)〈Ũ3〉 − 〈Ũ2 V 〉) − us〈Ũ2〉
]

.

(5.21)
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The velocity w̄ can be found by integrating the product of (5.7) and ux over
x, giving the expression

w̄ = − f0Θ

w〈Ũ2
η 〉

[

f0

3
(〈Ũ4〉 − a〈Ũ3 V 〉) − 1

2
(〈Ũ3〉 − a〈Ũ2 V 〉)

]

. (5.22)

From the phenomenological argument described in Sec. 2.2, the width of the
stationary solution in the rescaled system can be understood as the balance
of this velocity with the stirring, and so µ ≈ w̄

√
Da.

In Fig. 5.21 we show a comparison of the two different test functions com-
paring with results obtained from the numerical solution of the full system
(5.1)-(5.2). We find that the results for the amplitudes as well as the dis-
tance of the pulses from x = 0 obtained from these two sets of results yield
equally good agreement with the results obtained from the full system. We
observe that the form of the approximate solution agrees well with that of
the numerical solution since the generic quadratic behaviour of a saddle-node
is recovered (compare (5.18)). However, since this is only an approximation,
the actual amplitudes of the test functions do not closely agree with the
corresponding numerical results.
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Figure 5.21: Comparison of the results obtained from the numerical solution
of (5.1)-(5.2) at Da = 1000 and a = 0 (represented by stars) with the cor-
responding results obtained using the nonperturbative method. The results
obtained with the analytical formulae (5.18) and (5.22) for a Gaussian test
function (5.14) are represented by a dashed line. The results obtained from
the solution of (5.11) for the tanh-based test function (5.16) are represented
by a continuous line. (a) Maximal amplitude of the solution profiles. (b)
Distance of the pulses from x = 0.
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5.5.3 Solutions near the low Damköhler number saddle-

node

We now examine the saddle-node associated with excessive stirring of the
system. As discussed in Sec. 5.3.2, for values of the Damköhler number less
than a critical value Dac the pulses become too quenched and cannot sustain
excitation anymore. This corresponds to a saddle-node bifurcation, which
we shall describe explicitly using our nonperturbative variational method.
Guided by our asymptotic analysis in Section 2.3 and numerical observation
(see Fig. 5.8), we use a Gaussian test function U(η) (5.14). The inhibitor
v(x) can then be given explicitly via (5.5) as

V (η) =
f0 α

a
η2αΓ(−α, η2) , (5.23)

which is in terms of the incomplete Gamma function

Γ (α, x) =

∫

∞

x

ςα−1e−ςdς , (5.24)

and where we introduce α = Daε a/2.
Projecting onto the tangent space of the restricted subspace, we obtain

the conditions

〈w2 Uηη + η Uη + DaU(1 − U)(U − us − V ) | U〉η = 0 , (5.25)

〈w2 Uηη + η Uη + Da U(1 − U)(U − us − V ) | ηUη〉η = 0 , (5.26)

where V (η) is given by (5.23).
This system is solved analytically to obtain expressions for the free para-

meters f0 and w (see Appendix B). The expression for the amplitude f0 has
a quadratic form, and is given by

f0 =
−B ±

√
B2 − 4 AC

2A
, (5.27)

where

A =
9 a + 8 α

24 a

√
π − 5 + 4 α

6
K(3) ,

B = − 5 a (1 + us) + 6 α

6 a

√

π

3
+ (α + 1) K(2) ,

C =

√

π

2

(

us +
1

Da

)

,

(5.28)
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and the inverse width is given by the algebraic expression

w =
√

Da

[

f2
0

(

√

2

π
K(3) − 1√

2

)

−

f0

(

√

2

π
K(2) − (1 − us)

√

2

3

)

−
(

us +
1

2 Da

)

]1/2

.

(5.29)

Here we have defined a function K(n) as

K(n) =
α

a
Γ (−α) Γ

(

α +
1

2

)

n−
1

2
−α+

1

a

√

π

n
2F1

({

1

2
,−α

}

; {1 − α} ;−1

n

)

.

(5.30)

which in the limit a → 0 becomes

K(n) = Daε

√

π

n
arcsinh

(√
n
)

. (5.31)

The quadratic equation (5.27) for the amplitude f0 yields the stable and un-
stable solutions. For B2 − 4 AC = 0 these solutions coalesce and then sub-
sequently vanish in a saddle-node bifurcation. The condition B2 − 4 AC = 0
determines the bifurcation point Dac. Once the amplitude f0 is determined
we may calculate the inverse width w using (5.29).

The expressions for the amplitude f0 simplify in certain limits. In Appen-
dix B, we describe in detail how the bistable case of [91, 26] is recovered in
the limit ε → 0 when the inhibitor is constant and the system (5.1)-(5.2) is
no longer excitable, but bistable. In the limit of Da → ∞ we find that in ac-
cordance with the asymptotic calculation of Section 2.3 we recover the results
for the unstirred Barkley model found in [47] and used in Section 5.5.2.

In addition to these expressions for a Gaussian test function, we shall also
numerically obtain results for the parameters {pi} = {g0, ω, ν, µ} of the tanh-
based test function (5.16). As seen in Fig. 5.18, this test function can also be
used to describe a bell shaped profile. We will perform the nonperturbative
method with such a test function to obtain conditions (5.11) for {pi} which
are solved numerically over a range of Da.

In the following we show how well the nonperturbative variational method
captures the actual dynamics of the full system (5.1)-(5.2). In Fig. 5.22, we
compare the analytical results for the amplitude of a Gaussian as well as the
tanh-based test function with those of a numerical simulation of (5.3)-(5.4).
For larger values of ε, the comparison is clearly better for the tanh-based test
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function than for the Gaussian test function. Although the solution close to
the saddle-node bifurcation is well approximated by a Gaussian test function,
as evidenced by Fig. 5.9a and 5.9b, for larger values of ε the solution devel-
ops rapidly into two separate interacting pulses with increasing Damköhler
number, as seen in Fig. 5.9b. This explains the better performance of the
more versatile tanh-based test function (5.16) when compared to the sim-
pler Gaussian test function (5.14). Fig. 5.22 also reveals that the unstable
solution is well approximated by a Gaussian, typical for these systems [26].
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Figure 5.22: Comparison of the amplitudes of the stable and unstable sta-
tionary solutions over a range of Da at a = 0. The results obtained from
the numerical solution of (5.3)-(5.4) are represented by stars. The results ob-
tained with the analytical formula (5.27) for a Gaussian test function (5.14)
are represented by dashed-dotted and dotted lines for the stable and unsta-
ble branches respectively. The results obtained using the nonperturbative
method with the tanh-based test function (5.16) are represented by contin-
uous and dashed lines for the stable and unstable branches respectively. (a)
ε = 0.005. (b) ε = 0.03.
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Figure 5.23: The profile of the stationary solution of the activator u(x) ob-
tained from the numerical simulation of the system (5.3)-(5.4) (represented
by crosses) at Da = 6.45, a = 0 and ε = 0.005 superimposed with a Gaussian
test function (represented by continuous line) whose parameters f0 and w are
calculated using (5.27) and (5.29) at the corresponding values of the system
variables.

In Fig. 5.23 we show a comparison between the activator u(x) calculated
from the numerical solution of the full system (5.3)-(5.4) and a Gaussian test
function whose parameters f0 (5.27) and w (5.29) are calculated using the
nonperturbative method. We see in Fig. 5.24 that the critical Damköhler
number Dac(ǫ) for a Gaussian test function, as calculated from the criterion
B2 − 4 AC = 0, closely approximates the corresponding numerical solution
of the system at low ǫ but is a poor fit at large ǫ. Again this is due to the
stronger deviation of the solution from a Gaussian shape for larger values of
ε. The results obtained for the nonperturbative method with the tanh-based
test function (5.16) show excellent agreement with the numerical results of
the full system for all ǫ.
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Figure 5.24: Comparison of the critical values of the Damköhler number
Dac(ε) for a = 0 obtained from the numerical solution of the system (5.3)-
(5.4) (represented by stars) with the corresponding values calculated using
the nonperturbative method with a Gaussian test function (5.14) from the
condition B2 − 4 AC = 0 (represented by dashed line) and the tanh-based
test function (5.16) (represented by a continuous line).

5.5.4 Solution behaviour in the hysteresis loop

We now examine the region of bistability observed for small values of ǫ and
sufficiently large values of Da. As described in Sec. 5.3.3, this bistability is
linked to the different asymptotic solutions at the respective limits of ǫ → 0
and Da → ∞. In the limit ǫ → 0 the system (5.1)-(5.2) is not excitable
anymore but bistable and the solution consists of a single plateau-like so-
lution. In the limit Da → ∞ the stirred system behaves like an unstirred
excitable medium and has two well separated pulses symmetrically arranged
around the origin at x = 0. In the simultaneous limit ǫ → 0 and Da → ∞
we find the coexistence of both solution types (see Fig. 5.25). As this re-
gion is more pronounced for larger values of a approaching the bistable limit
a = 1/(1 − us) (see Fig. 5.11), we shall take a = 1 in the following.

This region is characterised by a hysteresis loop, illustrated in Fig. 5.26,
and the observed solution behaviour of the system (5.1)-(5.2) depends on the
initial condition. In Fig. 5.26 we show the hysteresis loop and provide a com-
parison of our nonperturbative test function approach using the tanh-based
test function (5.16) with results from the simulation of the full system (5.1)-
(5.2). The test function approach clearly captures both solution types ex-
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hibiting bistability. The nonperturbative method approximates the solution
well and is able to detect the bifurcation at Dahys1

. The upper bifurcation
point Dahys2

is largely overestimated by the test function approach as can
be clearly seen from Fig. 5.27. This can be linked to the near-degeneracy of
the stable and unstable branches at large Damköhler numbers. In the test
function approach the unstable solution of the “double-plateau” solution co-
incides for large Da with the stable branch of the single plateau solution.
The kink of the unstable branch of the single plateau solution as seen in
Fig. 5.27 stems from the functional change of the unstable solution at this
point from a single pulse solution to that of two separated pulses.
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Figure 5.25: The profiles of the stable stationary solutions of the activator
u(x) in the bistable region at Da = 70, a = 1 and ε = 0.01. The solutions ob-
tained by numerically integrating the full system (5.1)-(5.2) are represented
by crosses and the profiles of the tanh-based test function (5.16) whose para-
meters are obtained using the nonperturbative method at the corresponding
system variables represented by a continuous line. (a) The plateau like solu-
tion at these values of the system parameters. (b) The “double-plateau” like
solution at these values of the system parameters.
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Figure 5.26: Comparison of the distance of the pulses from the centre, µ,
obtained from the numerical simulation of (5.1)-(5.2) with the corresponding
values obtained from the nonperturbative approach over a range of Da for
ε = 0.01 and a = 1. The results obtained using the nonperturbative method
are represented by continuous lines for the two stable branches, while the
unstable branch is represented by a dashed line. The arrows indicate the hys-
teresis loop. The numerical results obtained when starting with the plateau
like profile at Da = 40 and slowly increasing Da are represented by circles.
The numerical results obtained when starting with the “double-plateau” like
solution at Da = 100 and slowly decreasing Da are represented by stars.
Note the near-degenerate behaviour of the stable and unstable branches.
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Figure 5.27: Distance of the pulses from the centre, µ, over a range of Da
for ε = 0.01 and a = 1 obtained using nonperturbative method by evaluat-
ing (5.11) for the tanh-based test function (5.16). The stable branches are
represented by continuous lines while the unstable branches are represented
by dashed lines.

5.5.5 Solution behaviour near the Hopf bifurcation

The stable oscillatory solutions near the Hopf bifurcation can be described
using a time-dependent version of the nonperturbative method. The solu-
tion profile of the activator in this oscillatory region is that of two slightly
separated bell shaped pulses whose separation width and maximal amplitude
vary in time (as described in Sec. 5.3.4). Profiles of this type can be approx-
imated using the tanh-based test function (5.16), (as seen in Fig. 5.19). We
now consider time-dependent parameters for the test function, {pui

(t)} =
{g0(t), ω(t), µ(t), ν(t)}, to describe the behaviour of u(x, t). In the time-
dependent case, the behaviour of the inhibitor cannot be described through
the explicit solution of the equation (5.4) and we shall therefore consider a
time-varying test function V . From numerical simulations in this regime, we
observe that a test function of the type

V (x, t) = h0(t) exp(−|ζ|) with ζ = κ(t) x , (5.32)

is a good approximation to the behaviour of v(x, t). This test function has
free (time-dependent) parameters {pvi

(t)} = {h0(t), κ(t)}, and is spanned by
the set of basis functions

∂V

∂h0

=
V

h0

,
∂V

∂κ
=

ζ Vζ

κ
. (5.33)
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In our calculations we shall only consider positive nonzero values of x, and
perform our calculations for values of x ≥ 10−20. This introduces a small
(negligible) error in not taking the x = 0 region of the integrals. However,
this approach avoids difficulties arising with the derivative of (5.32) which is
not defined at x = 0.

As described in Section 5.4, the projection of the equations (5.1)-(5.2)
onto the tangent space of these test functions yields a system of 4 + 2
first order ordinary differential equations for the set of parameters {pi(t)} =
{pui

(t), pvi
(t)} = {g0(t), ω(t), µ(t), ν(t), h0(t), κ(t)}, (5.11) and (5.12), which

we write here as

4
∑

j=1

〈

ṗj
∂U

∂pj

∣

∣

∣

∣

∂U

∂pi

〉

η

=

〈

ω2 Uηη + η Uη + Da U(1 − U)(U − us − V )

∣

∣

∣

∣

∂U

∂pi

〉

η

,

(5.34)
2

∑

j=1

〈

q̇j
∂V

∂qj

∣

∣

∣

∣

∂V

∂qi

〉

ζ

=

〈

δκ2Vζζ + ζVζ + Da ε (U − a V )

∣

∣

∣

∣

∂V

∂qi

〉

ζ

. (5.35)

The critical Damköhler numbers of the Hopf bifurcation DaH1
(and DaH2

)
for the system (5.34)-(5.35) are found by locating the values of Da above
which (and below which) the parameters {pi(t)} are oscillatory. The values
obtained with this nonperturbative method are found to be close to the
corresponding values obtained by numerically solving the full system (5.1)-
(5.2) (see Fig. 5.28). The observed time period T of the oscillations at the
critical values in both cases show good agreement (see Fig. 5.29).
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Figure 5.28: Comparison of the values of the critical Damköhler number of
the Hopf bifurcation εc(Da) obtained from the numerical solution of the sys-
tem (5.1)-(5.2) (represented by stars) with the corresponding results obtained
using the nonperturbative method with test functions (5.16) and (5.32) for
the activator and inhibitor (represented by triangles) over a range of ε for
a = 0. (a) Comparison of results along the lower branch DaH1

. (b) Compar-
ison of results along the upper branch DaH2

.
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Figure 5.29: Comparison of the values of the time period T of the oscillations
at the critical Damköhler number of the Hopf bifurcation εc(Da) obtained
from the numerical solution of the system (5.1)-(5.2) (represented by stars)
with the corresponding results obtained using the nonperturbative method
with test functions (5.16) and (5.32) for the activator and inhibitor (repre-
sented by triangles) over a range of ε for a = 0. (a) Comparison of results
along the lower branch DaH1

. (b) Comparison of results along the upper
branch DaH2

.
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5.6 Summary

In this chapter, we studied the effect of chaotic stirring on an excitable sys-
tem using a 1-D filamental model discussed in Chapter 2. In particular, we
examined a system where the diffusion coefficient of the activator is much
larger than that of the inhibitor. We found that the bifurcation scenar-
ios are organised around two saddle-node bifurcations separating the Da-
ε parameter space into a part with no solutions and a part with various
steady and unsteady pulse solutions. We identified one of the saddle-nodes
as the generic saddle-node for excitable media, and another saddle-node as
the generic saddle-node for chaotically stirred reaction-diffusion systems. We
also found a region of bistable behaviour and an associated hysteresis loop.
Within this bistable region we find the two solution types characteristic for
the limit Da → ∞ and ε → 0. Connecting to the bistable region in a homo-
clinic bifurcation we find two Hopf branches. Unlike in unstirred excitable
media the Hopf bifurcation is supercritical. However, close to the high codi-
mension bifurcation points where the supercritical Hopf branches collide with
the saddle-node bifurcations, we found a subcritical Hopf bifurcation as well
as complex unfoldings including bistability between stable stationary and
stable oscillatory solutions.

We applied a nonperturbative method discussed in Chapter 3 to describe
the bifurcation behaviour. This nonperturbative approach allowed us to re-
duce the steady-state equations (5.3)-(5.4) to a set of algebraic equations for
the parameters of the test function to describe the steady solution, and the
partial differential equations (5.1)-(5.2) to a set of ordinary differential equa-
tions to describe oscillatory solutions. We showed that the nonperturbative
approach captures well the bifurcation scenarios and the solution behaviour,
and hence allows for an effective reduced description of the full system.
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Chapter 6

Two component systems:

Flame filaments in a

combustion system

6.1 Introduction

Combustion reactions are found to be affected by fluid mixing processes [128,
125, 136, 22, 23, 1, 62, 64, 63]. In particular, excessive stirring may induce an
unwanted termination of the combustion reaction. This arises through the
removal of heat from the resulting flame filaments due to stirring. Beyond a
critical stirring rate, a travelling combustion front will therefore not contain
enough heat to ignite the fuel and the flame will be quenched.

A combustion system under the influence of chaotic mixing gives rise to
elongated flame filamental structures, and such a system can be analysed
using the 1-D cross-filament model discussed in Chapter 2. It was observed
in [64, 63], that the quenching of the flame depends on the Damköhler num-
ber Da of the stirred system. If the Damköhler number is below a critical
value Dac, the reaction cannot spread and a flame will be extinguished. This
propagation failure corresponds to a saddle-node bifurcation of the underly-
ing reaction-advection-diffusion equations.

In this chapter, we study the influence of chaotic stirring on combustion
waves. A combustion wave can be (at least for low stirring rates) divided
into three distinct regions [165]. Ahead of the combustion waves, in the so
called preheat zone, the temperature is low and the reactant has not been
burnt. When the temperature increases and becomes sufficiently high, the
reaction rate increases exponentially and the reactant is quickly burnt under
heat release. This takes place in a narrow steep region called the reaction
zone. Behind the front there is the product zone where all reactant is burnt,
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no reaction occurs and the temperature is constant. One particularity for
problems involving combustion waves is the strong dependence of the reaction
rate on the temperature. As we shall discuss in Sec. 6.2, this is usually
modelled by an Arrhenius term [167].

Besides the Damköhler number, the behaviour of these combustion waves
is characterised by a dimensionless variable known as the Lewis number Le.
The Lewis number is defined as

Le =
κ

ρCp D
, (6.1)

and depends on the diffusion coefficient D, the density of the fuel ρ, the
specific heat capacity Cp and the thermal conductivity κ [167], and can be
understood as a relative measure of the diffusivities of the temperature and
reactant. Systems with a large Lewis number are often called “solid” whereas
systems with low Lewis numbers are called “gaseous” [165].

The system behaviour depends strongly on the value of the Lewis number.
In particular, combustion waves propagate faster in systems with large values
of Le. A system with a relatively small diffusion coefficient (and hence a
larger value of Le) has less fuel transport between burnt and unburnt regions
of the system and therefore allows faster wave propagation. The combustion
speed also increases in systems with larger thermal conductivities, lower fuel
densities (where less heat is needed for fuel ignition) or smaller specific heat
capacities (where relatively less heat is needed to raise the temperature of
the fuel).

For very small values of Le, the steepness of the profile of the solution in
the reaction zone varies rapidly as we move from the inner to outer regions.
This behaviour arises due to an increase in the preheat zone. The steady-
state solutions of the system have been analysed asymptotically in the limits
of small and large Lewis numbers, as well as the limit Da → ∞ [64]. In
addition, the behaviour of the critical Damköhler number was investigated
numerically using a 1-D filament model. However, the solution behaviour
near the saddle-node has not been previously studied.

In this chapter, we shall examine the behaviour of a combustion system
under the influence of chaotic stirring, and demonstrate the applicability of
the nonperturbative method to such a model. We shall analyse the behaviour
of this system near the bifurcation point, and far away from it for a range
of values of the Lewis number. In addition, we shall present an empirical
formula for the speed of a travelling wave in the unstirred system. Part of
this work has been published in [92].
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6.2 Description of the model

We shall consider a simple combustion system in which a fuel A, of concentra-
tion c and absolute temperature T , is converted into an inert product P . This
can be modelled as a first order process through the reaction A → P . When
such a system is subjected to a chaotic stirring flow, it exhibits filamental
structures (as described in Sec. 2.1). We analyse these flame filaments again
using a 1-D model proposed in [64, 63], which describes the cross-filament
behaviour of the temperature and concentration of the fuel. The temperature
dependence of the reaction rate is given by

k(T ) =







k0 exp

(

− E

R T

)

if T > Ti ,

0 if T ≤ Ti ,
(6.2)

where Ti is the ignition temperature of the reaction, E is the activation en-
ergy, R is the universal gas constant and k0 is a constant factor. A nonzero
cutoff temperature Ti allows for a simple solution to a typical problem en-
countered in such systems, the “cold boundary problem” [167]. Large preheat
zones may arise, especially for small Lewis numbers, which imply a nonzero
temperature at the boundary, far from the reaction zone. Hence a nonzero
cutoff allows for a finite box with a cold boundary T = 0. Although a purely
Arrhenius term should lead to qualitatively similar results, we shall use the
reaction term (6.2) to simplify our numerical simulations.

The model is then given by

ρCp

(

∂T

∂t
− λ x

∂T

∂x

)

= κ
∂2T

∂x2
+ q c k(T ) , (6.3)

∂c

∂t
− λx

∂c

∂x
= D

∂2c

∂x2
− c k(T ) , (6.4)

in the region −∞ < x < ∞, where the reaction rate k(T ) is given by (6.2)
and q is the exothermicity of the reaction. The constant λ, which measures
the chaotic stirring, is again given by the Lagrangian mean strain or the
topological entropy associated with the ambient chaotic flow (as described in
Chapter 2). We apply the boundary conditions

T → Ta , c → c0 , (6.5)

as |x| → ∞, where c0 is the concentration of the unburnt fuel, and the tem-
perature at the boundary is given by the ambient temperature Ta. We non-
dimensionalise the model by introducing the variables T ′ = (T−Ta)/(Tb−Ta),
c′ = c/c0, t′ = λ t and x′ = x

√

λ/D. Here, c0 is the maximum concentration
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and Tb is the burnt temperature given by Tb = Ta +(q c0/ρCp). Substituting
these variables into (6.3)-(6.4) and omitting the primes, we get

∂T

∂t
− x

∂T

∂x
= Le

∂2T

∂x2
+ Da c K(T ) , (6.6)

∂c

∂t
− x

∂c

∂x
=

∂2c

∂x2
− Da c K(T ) , (6.7)

where we have introduced the Lewis number (6.1). As in Chapter 2, the ratio
of the time scales of reaction and stirring is given by the Damköhler number
Da = k0/λ. The boundary conditions of this system are

T → 0 , c → 1 , (6.8)

as |x| → ∞, and its reaction rate is given by

K(T ) =







exp

(

− 1

ǫ ((1 − β)T + β)

)

if T > T̄i ,

0 if T ≤ T̄i ,
(6.9)

where we now have the parameters

ǫ =
RTb

E
, β =

Ta

Tb

, T̄i =
Ti − Ta

Tb − Ta

. (6.10)

We shall use the values β = 0.1, ǫ = 1 and T̄i = 0.001 for our numerical
simulations.

A chaotically stirred system of this type exhibits stationary solutions
which, as discussed in Sec. 2.2, arise from the balance between stirring and
diffusion. The steady state solutions of the system are given by

Le
d2T

dx2
+ x

dT

dx
+ Da c K(T ) = 0 , (6.11)

d2c

dx2
+ x

dc

dx
− Da c K(T ) = 0 . (6.12)

This system exhibits the generic saddle-node bifurcation of lamellar models
at a certain critical Damköhler number Dac. For all values of Da > Dac,
a stable nontrivial stationary solution coexists with an unstable one. These
solution branches collide at the saddle-node, and for all Da < Dac we find
that nontrivial solutions do not exist.

We shall use the nonperturbative method described in Chapter 3 to study
the behaviour of the steady-state solutions of this system over a range of Da
and Le. We will describe the solution at the saddle-node and far away from
it.

86



6.3 Analysis using the nonperturbative vari-

ational method

The profiles of the steady-state solutions of T (x) (and 1 − c(x)), obtained
from (6.11)-(6.12) via shooting methods, are found to be either bell-shaped
or plateau-like depending on the value of Da and Le (see Fig. 6.2, 6.6 and
6.8). In particular, close to the saddle-node the profiles are bell-shaped for all
values of Le, while the solution far away from the saddle-node is plateau-like.
For larger values of Le, the transition in profile from a bell-shaped solution
to a plateau like solution occurs quicker upon increasing Da.

To examine some of these trends, we shall use appropriately shaped test
functions for the nonperturbative method. We shall consider the general
form

T (x) = Θ(x, pTi
) and c(x) = 1 − Ω(x, pci

) , (6.13)

where Θ(x, pTi
) and Ω(x, pci

) are chosen according to the behaviour of the
solution at the corresponding values of Da and Le.

Near the critical Damköhler number Dac the solutions are bell-shaped.
This numerical observation is consistent with our asymptotic analysis for
small Da in Chapter 2. This motivates the use of Gaussian test functions
(3.6),

Θ(x, pTi
) =f0 exp (−η2) ,

Ω(x, pci
) =g0 exp (−ζ2) ,

(6.14)

with η = w x and ζ = v x. The complete set of parameters are given by
{pi} = {pTi

, pci
} = {f0, w, g0, v}. Here, the parameters f0 and g0 are the

amplitudes of the test functions, while w and v are the corresponding inverse
pulse widths. One may equally use other bell-shaped test functions such
as sech2-functions and, as we shall see in Sec. 6.4.1, the exact choice of
bell-shaped function does not significantly alter the results. Hence, we may
alternatively describe the solution in this region using

Θ(x, pTi
) = f0 sech2η ,

Ω(x, pci
) = g0 sech2ζ ,

(6.15)

with η = w x and ζ = v x. The complete set of parameters are again given
by {pi} = {pTi

, pci
} = {f0, w, g0, v}.

For larger values of Da the stable solutions are plateau-like, and can be
described using front-like test functions (3.8),

Θ(x, pTi
) =

f0

2
(tanh (η + µw) − tanh (η − µw)) ,

Ω(x, pci
) =

g0

2
(tanh (ζ + φ v) − tanh (ζ − φ v)) ,

(6.16)
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with η = w x and ζ = v x. The complete set of parameters is given by
{pi} = {pTi

, pci
} = {f0, w, µ, g0, v, φ}. The parameters µ and φ represent

the widths of the corresponding test functions measured from x = 0 to the
turning points. Here, the parameters w and v give a measure of the steepness
of the solution in the reaction zone.

By choosing (6.16) we ignore the problem of a preheat zone which would
requires us to take two composite tanh-based functions as test functions,
each equipped with two different widths µ1,2 and φ1,2 and two different in-
verse widths w1,2 and v1,2. This is observed numerically for large Damköhler
numbers and also for small Lewis numbers, when the reaction zone becomes
narrow (see Fig. 6.1). In this work, we shall restrict our attention to test
functions of the type (6.16) to describe the solution behaviour far from the
saddle-node.
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Figure 6.1: The profiles of the stable steady-state solutions of the flame fila-
ment system obtained from the numerical solution of (6.6)-(6.7) for Le = 0.01
and Da = 500 (represented by crosses). Two fits to each profile using tanh-
based test functions (6.16) for a choice of parameters {pTi

} = {f0, w, µ} for
the temperature and {pci

} = {g0, v, φ} for the concentration are also repre-
sented. (a) Profile of the temperature T (x) with fits obtained using para-
meters {2.52, 20, 0.45} (represented by a continuous line) and {2.52, 10, 0.45}
(represented by a dashed line). (b) Profile of the concentration c(x) with fits
obtained using parameters {1, 1.3, 0.95} (represented by a continuous line)
and {1, 8, 0.65} (represented by a dashed line).
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On substituting the ansatz (6.13) into the steady state equations (6.11)-
(6.12), we obtain

w2 Le Θηη + η Θη + Da (1 − Ω) K(Θ) = κ1(η) , (6.17)

v2 Ωζζ + ζ Ωζ + Da (1 − Ω) K(Θ) = κ2(ζ) . (6.18)

where κ1(η) and κ2(ζ) are the errors made by this restriction. The free
parameters {pi} are determined by minimising these errors. We do this as
described in Chapter 3 by projecting (6.17) and (6.18) onto the tangent spaces
spanned by ∂T/∂pTi

and ∂c/∂pci
respectively, and setting the projections to

zero. The number of basis functions depends on our choice of test function.
If we take Θ and Ω to be bell-shaped test functions of the type (6.14) or
(6.15), which are parameterised by {pi} = {f0, w, g0, v}, we have four basis
functions

∂T

∂f0

=
Θ

f0

,
∂T

∂w
=

η Θη

w
, (6.19)

and

∂c

∂g0

= −Ω

g0

,
∂c

∂v
= −ζ Ωζ

v
, (6.20)

For the combination of test functions of the type (6.16), which are parame-
terised by {pi} = {f0, w, µ, g0, v, φ}, we have six basis functions

∂T

∂f0

=
Θ

f0

,
∂T

∂µ
=

f0 w

2
(s1 + s2) ,

∂T

∂w
=

f0

2 w
(η (s1 − s2) + µw (s1 + s2)) ,

(6.21)

where we have defined s1 = sech2 (η + µ w) and s2 = sech2 (η − µw), and

∂c

∂g0

= −Ω

g0

,
∂c

∂φ
= −g0 v

2
(s3 + s4) ,

∂c

∂v
= − g0

2v
(ζ (s3 − s4) + φ v (s3 + s4)) ,

(6.22)

where s3 = sech2 (ζ + φ v) and s4 = sech2 (ζ − φ v).
Setting the projections of (6.17) and (6.18) onto the respective tangent

space to zero, we have the conditions

〈w2 Le Θηη + η Θη + Da (1 − Ω) K (Θ) | ∂Θ/∂pTi
〉η = 0 , (6.23)

〈v2 Ωζζ + ζ Ωζ + Da (1 − Ω) K (Θ) | ∂Ω/∂pci
〉ζ = 0 , (6.24)
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These are four (in the case of bell-shaped functions) or six (in the case of
the test function (6.16)) algebraic equations for the respective four or six
parameters. We however find that for any choice of test functions these
conditions cannot give explicit analytical results because of the complicated
nature of the K(Θ) term. We therefore apply iterative root finding methods
to obtain the parameters {pi} numerically.

In the next section, we will use this method to study the solution behav-
iour near the saddle-node bifurcation. The accuracy of the results obtained
via this method will be examined for different values of Le. We shall then
examine the solution behaviour far away from the saddle-node in Sec. (6.5).

6.4 Solution behaviour near the saddle-node

Close to the bifurcation point the solution profiles obtained from a numerical
solution of the full system (6.11)-(6.12) are found to be bell-shaped and, as
discussed in the previous section, can be approximated by various test func-
tions. In this section we shall examine the solution behaviour in this regime
using the nonperturbative method. We shall numerically solve the conditions
(6.23)-(6.24) to obtain values for the parameters of the test functions over a
range of the Damköhler and Lewis numbers. We shall compare these results
with those obtained by numerically solving the system (6.11)-(6.12) at the
corresponding values of Da and Le.

6.4.1 Small Lewis numbers

In the small Lewis number or “gaseous” regime, where the heat conduction is
much less than the diffusivity of the reactant, the reaction zone is narrow and
we can obtain values of T (x) greater than 1 within the product zone without
much consumption of the reactant (i.e. we can have temperatures greater
than the burnt temperature Tb in the unscaled system (6.3)-(6.4)). However,
on increasing Da the temperature within the product zone approaches the
burnt temperature from above. Simultaneously, the central value of the stable
branch of the concentration reaches c(x) = 0.
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Figure 6.2: The profiles of the steady-state solutions of the flame filament
system (6.11)-(6.12) for Le = 0.1. The system is evaluated at logarithmically
spaced values of Da between Da = 4.62 (≈ Dac) and Da = 150. The stable
solutions are represented by continuous lines and the unstable solutions are
represented by dashed lines. (a) Profiles of the temperature T (x). (b) Profiles
of the concentration c(x).

The behaviour of the solution for small values of the Lewis number
(Le = 0.1, 0.01) was investigated numerically. We found that for Le = 0.01
there are two different exponential decay rates in the region of the reaction
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zone, one linking the product zone with the reaction zone, and another link-
ing the preheat zone with the reaction zone (see Fig. 6.1). As discussed in
Sec. 6.3, in order to fully describe the behaviour in this regime we would
therefore require two composite tanh-based test functions, each with two dif-
ferent widths µ1,2 and φ1,2 and two different inverse widths w1,2 and v1,2. This
behaviour is also observed in the case Le = 0.1, albeit much less pronounced
than for smaller values of Le. Nevertheless, we find that for this value of
Le the simpler tanh-based test function (6.16) is sufficient to describe the
solution near the saddle-node fairly accurately.

In Fig. 6.2, we show profiles of the temperature and concentration ob-
tained from the numerical simulation of the full system (6.11)-(6.12) using
a shooting method for Le = 0.1. We find that both the stable and unsta-
ble solutions of T (x) and 1 − c(x) are bell shaped near Dac, and becomes
plateau-like for larger values of Da. We see that the transition of the profiles
from bell-shaped to plateau-like is very slow. As we move away from the
critical value Dac, we find that the stable solution for T (x) first increases
in amplitude, and then decreases slowly. The largest change of T (x) with
respect to the Damköhler number occurs close to Dac. We find that the
unstable solution remains bell-shaped (with decreasing steepness) even far
from the saddle-node.

We describe the bell-shaped solution behaviour near the saddle-node us-
ing Gaussian test functions (6.14) as well as sech2-functions (6.15). We shall
therefore solve the conditions (6.23)-(6.24) over a range of Da using these
test functions, and obtain values for the amplitudes f0 and 1 − g0 and the
inverse widths w and v for each case.

In Fig. 6.3a, we see a comparison between the results for f0 obtained
using the nonperturbative method (for each of the test functions) and the
amplitudes of T (x) obtained from numerical simulations of the full system
(6.11)-(6.12). The corresponding results for the amplitudes of 1 − c(x) are
shown in Fig. 6.3b. The results are obtained over a range of Da, and we
see that we have good agreement between the numerical and test function
results near the saddle-node. The results obtained using Gaussian test func-
tions (6.14) are a good fit to the solution, in accordance with the asymptotic
analysis of Sec. 2.3. Moreover, these results closely match up with the results
obtained using sech2-functions (6.15), thus validating our assertion that in
this system the exact choice of bell-shaped test function for the nonperturba-
tive method will not greatly affect the results. For the remaining calculations,
we restrict to Gaussian test functions to describe bell-shaped profiles.
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Figure 6.3: Comparison of the amplitudes of the profiles of the station-
ary solutions, obtained from the full system of ordinary differential equa-
tions (6.11)-(6.12) via shooting methods (represented by stars), with the
corresponding results obtained using the nonperturbative method with bell-
shaped test functions over a range of Da for Le = 10. We use a Gaussian
test function (6.14) (represented by a continuous line and a dashed line for
the stable and unstable branches respectively) and a sech2-function (6.15)
(denoted by a dash-dotted line and a dotted line for the stable and unstable
branches respectively). (a) The maximal values of T (x). (b) The minimal
values of c(x).
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The fit of the test function to the numerical results remains good along
the unstable branch as we increase Da, which is to be expected from the fact
that the profiles of the unstable solutions remains bell-shaped for all Da.
However, the fit along the stable branch slowly gets worse as we increase
Da. This corresponds to the fact that the profiles of both T (x) and 1− c(x)
become plateau-like as we move away from the saddle-node.

To compare results for the inverse widths of a Gaussian test function
obtained using the nonperturbative method with the corresponding results
obtained from the numerical simulations, the values of w and v of the solu-
tions of the full system (6.11)-(6.12) need to be measured. To do this, we
locate the half-width at half-maximum x̄ of each of the profiles of T (x) and
1 − c(x). Assuming a Gauss-like behaviour, this implies

w =

√

ln(2)

x̄
. (6.25)

We observe that the test function results for w and v match up closely with
the results obtained from the numerical simulations (see Fig. 6.4). We note
that the results for v are not as good as those for w, which can be understood
from the aforementioned change of functional behaviour in the reaction zone
(see Fig. 6.2b).

We now describe the behaviour of the maximal amplitude of the stable
solution of the temperature as a function of the Damköhler number, as we
move away from the saddle-node. From Fig. 6.2 we see that the amplitude of
the stable solution of the temperature first increases and then subsequently
decreases. This can be captured by the nonperturbative method. In Fig. 6.5
we show a comparison of the nonperturbative method with numerical results
obtained from the solution of (6.6)-(6.7) over a range of Da for which this
behaviour is observed. We show results for a Gaussian test function and
also for the more versatile tanh-based test function (6.16). For values of
Da greater than Da ≈ 18.82 the nonperturbative method will not yield a
real solution with a Gaussian test function, and hence this test function
cannot fully describe this region. We find that the tanh-based test function
captures the behaviour much better over the range of Da since it allows
for more functional flexibility (see Fig. 3.1) and can describe the transition
from a bell-shaped to a plateau like functional form. This versatile test
function could also be used for the description of the solution behaviour
near the saddle-node. However, as root finding methods become increasingly
sensitive to correct initial guesses in higher dimensions and require much
greater computational effort, we shall restrict our attention to bell-shaped
test functions close to the saddle-node.
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Figure 6.4: Comparison of the inverse widths of the profiles of the stationary
solutions, obtained from the full system of ordinary differential equations
(6.11)-(6.12) via shooting methods (represented by stars), with the corre-
sponding results obtained using the nonperturbative method with a Gaussian
test function (6.14) (represented by a continuous line and a dashed line for the
stable and unstable branches respectively) over a range of Da for Le = 0.1.
(a) The inverse widths of the profiles of the temperature w. (b) The inverse
widths of the profiles of the concentration v.
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Figure 6.5: Comparison of the amplitudes of the profiles of the stable station-
ary solutions of T (x), obtained from the full system of ordinary differential
equations (6.11)-(6.12) via a shooting method (represented by stars), with
the corresponding results obtained using the nonperturbative method with
a tanh-based test function (6.16) (represented by a continuous line) and a
Gaussian test function (represented by a dashed line) over a range of Da for
Le = 0.1.

6.4.2 Equal diffusion: Le = 1

In the case Le = 1 the system can be simplified to give c(x) = 1−T (x). Con-
sequently, the equations (6.11)-(6.12) collapse into a single equation, allowing
us to use a single test function to describe the behaviour of the system. The
profiles of the solution in this case are shown in Fig. 6.6. The solution near
the saddle-node is again found to be bell-shaped. For this case, we find that
the transition of the profile shape of the stable solutions from bell-shaped
to plateau-like is much quicker and the reaction zone is wider than it is for
smaller Le. As before, the unstable solution profiles remain bell-shaped as
we increase Da.
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Figure 6.6: The profiles of the steady-state solutions of the flame filament
system (6.11)-(6.12) for Le = 1. The system is evaluated at logarithmically
spaced values of Da between Da = 6.963 (≈ Dac) and Da = 50. The stable
solutions are represented by continuous lines and the unstable solutions are
represented by dashed lines. (a) Profiles of the temperature T (x). (b) Profiles
of the concentration c(x).

To capture the solution behaviour in this regime we shall again use
Gaussian test functions (6.14). From the above relation c(x) = 1 − T (x),
we have g0 = f0 and v = w. We compare the values of f0 obtained from
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the nonperturbative method with the corresponding amplitudes of T (x) in
Fig. 6.7a. In Fig. 6.7b, we compare the results for w with the corresponding
values for the inverse width of T (x) (calculated using (6.25)). In both cases,
we find good agreement between the two sets of results near the saddle-node.
However we see that the fit quickly deviates from the solution for the stable
branch, in accordance with the numerical observation that the stable solu-
tions quickly become plateau-like as we move away from the saddle-node. In
further agreement with our numerical observation, we find that the fit along
the unstable solution branch is good even at larger values of Da.
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Figure 6.7: Comparison of the amplitudes and inverse widths of the profiles of
the stationary solutions, obtained from the full system of ordinary differential
equations (6.11)-(6.12) via shooting methods (represented by stars), with
the corresponding results obtained using the nonperturbative method with a
Gaussian test function (6.14) (represented by a continuous line and a dashed
line for the stable and unstable branches respectively) over a range of Da
for Le = 1. (a) The maximal values of T (x). (b) The inverse widths of the
temperature profiles w.
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6.4.3 Large Lewis numbers

In the large Lewis number or “solid” regime, where the heat conduction is
much larger than the diffusivity of the reactant, we obtain values of T (x) less
than 1 in the reaction zone (i.e. we have temperatures less than the burnt
temperature Tb in the unscaled system (6.3)-(6.4)). Systems of this type have
a much broader reaction zone than those corresponding to smaller Le, and
require more consumption of fuel to increase the temperature. On increasing
Da, the central temperature slowly increases to the burnt temperature from
below, while the central value of the concentration quickly moves to c(x) = 0.

The behaviour of the solution for a range of large values of Lewis numbers
(Le = 10, 100, 1000) was investigated numerically. We find that for large
Lewis numbers, the extent of the product zone is extremely large and the
reaction zone is very wide even for relatively small values of Da. We find
that a value of Le = 10 exhibits important features observed in the large
Le limit, and that a smaller box length is sufficient in this case. We shall
therefore use the nonperturbative method to analyse the solution near the
saddle-node for this value of Le.

In Fig. 6.8, we show profiles of the temperature and concentration. As
we move away from the saddle-node we find that the solution profile along
the stable branch very quickly moves from bell-shaped to plateau-like. As a
result, the range for which a bell-shaped test function is a good fit is greatly
diminished. The solution close to the bifurcation point can therefore be
better approximated by a plateau-like test function. The tanh-based test
function (6.16) is particularly useful in this regard, as it allows us to capture
bell-shaped as well as plateau-like profiles (see Fig. 3.1). In this region we
shall consider both Gaussian test functions (6.14) as well as the tanh-based
test function to describe the solution behaviour near Dac. We solve the con-
ditions (6.23)-(6.24) to obtain results for the parameters {pi} = {f0, w, g0, v}
(in the case of a Gaussian) or {pi} = {f0, w, µ, g0, v, φ} (in the case of the
tanh-based test function (6.16) over a range of Da near the saddle-node.
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Figure 6.8: The profiles of the steady-state solutions of the flame filament
system (6.11)-(6.12) for Le = 10. The system is evaluated at logarithmically
spaced values of Da between Da = 8.462 (≈ Dac) and Da = 30. The stable
solutions are represented by continuous lines and the unstable solutions are
represented by dashed lines. (a) Profiles of the temperature T (x). (b) Profiles
of the concentration c(x).

In Fig. 6.9a, we see a comparison between the amplitudes of the profiles
of T (x) and 1 − c(x) obtained from numerical simulations of the full system
(6.11)-(6.12) and the corresponding results obtained using the nonperturba-
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tive method (with each of the test functions). Again, the solution along the
unstable branch is well approximated by a Gaussian, and this fit improves
further as we increase Da. However, a Gaussian test function does not ap-
proximate the solution near the saddle-node as well as it does for smaller
values of Le, and the fit of this test function along the stable branch is not as
good. This is to be expected from the fact that the solution along the stable
branch is no longer bell-shaped (see Fig. 6.8), and is further illustrated in
Fig. 6.10, where the values of w obtained with a Gaussian test function are
compared with the corresponding numerical results (calculated using (6.25)).
We find that test functions of the type (6.16) provide much better fits to the
amplitudes of the solution near the saddle-node as well as along both branches
(see Fig. 6.9). This is due to the fact that the more versatile tanh-based test
functions can capture both bell-shaped and plateau-like profiles, as discussed
in Sec. 6.4.1.

To compare results for the remaining four parameters of test function
(6.16) obtained using the nonperturbative method with the corresponding
results obtained from the numerical simulations, the values of w, v, µ and φ
of the solutions of the full system (6.11)-(6.12) need to be measured. To do
this, we locate the values of x where T (x) and 1 − c(x) are three quarters
and one quarter of their maximal values at x = 0. This yields two equations
for the temperature

tanh (w(x1 + µ)) − tanh (w(x1 − µ)) =
3

2
tanh (w µ) , (6.26)

tanh (w(x2 + µ)) − tanh (w(x2 − µ)) =
1

2
tanh (w µ) , (6.27)

where x1 and x2 are the values of x where T (x) = 3T (0)/4 and T (x) = T (0)/4
respectively, and two for the concentration

1 − g0

2
(tanh (v(x3 + φ)) − tanh (v(x3 − φ))) =

3

4
(1 − g0 tanh (φ v)) , (6.28)

1 − g0

2
(tanh (v(x4 + φ)) − tanh (v(x4 − φ))) =

1

4
(1 − g0 tanh (φ v)) , (6.29)

where x3 and x4 are the values of x where 1 − c(x) = 3(1 − c(0))/4 and
1 − c(x) = (1 − c(0))/4 respectively. These implicit equations for w, v, µ
and φ can be solved numerically using iterative root finding methods. We
compare the values of the inverse widths of the solution profiles, w and v, in
Figs. 6.11, and the widths of the solutions, µ and φ, in Fig. 6.12. We observe
that the results obtained using the test function (6.16) are again much better
fits to the solution than the corresponding results obtained using Gaussian
test functions.
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Figure 6.9: Comparison of the amplitudes of the profiles of the stationary
solutions, obtained from the full system of ordinary differential equations
(6.11)-(6.12) via shooting methods (represented by stars), with the corre-
sponding results obtained using the nonperturbative method with two dif-
ferent test functions over a range of Da for Le = 10. We use a Gaussian
test function (6.14) (represented by a continuous line and a dashed line for
the stable and unstable branches respectively) and the test function (6.16)
(denoted by a dash-dotted line and a dotted line for the stable and unstable
branches respectively). (a) The maximal values of T (x). (b) The minimal
values of c(x).
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Figure 6.10: Comparison of the inverse widths of the profiles of the station-
ary solutions, obtained from the full system of ordinary differential equations
(6.11)-(6.12) via shooting methods (represented by stars), with the corre-
sponding results obtained using the nonperturbative method with a Gaussian
test function (6.14) (represented by a continuous line and a dashed line for
the stable and unstable branches respectively) over a range of Da for Le = 10.
(a) The inverse widths of the profiles of the temperature w. (b) The inverse
widths of the profiles of the concentration v.
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Figure 6.11: Comparison of the inverse widths of the profiles of the station-
ary solutions, obtained from the full system of ordinary differential equations
(6.11)-(6.12) via shooting methods (represented by stars), with the corre-
sponding results obtained using the nonperturbative method with the test
function (6.16) (represented by a continuous line and a dashed line for the
stable and unstable branches respectively) over a range of Da for Le = 10.
(a) The inverse widths of the profiles of the temperature w. (b) The inverse
widths of the profiles of the concentration v.
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Figure 6.12: Comparison of the widths of the profiles of the stationary solu-
tions, obtained from the full system of ordinary differential equations (6.11)-
(6.12) via shooting methods (represented by stars), with the corresponding
results obtained using the nonperturbative method with the test function
(6.16) (represented by a continuous line and a dashed line for the stable and
unstable branches respectively) over a range of Da for Le = 10. (a) The
widths of the profiles of the temperature µ. (b) The widths of the profiles of
the concentration φ.
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6.4.4 The solution at the saddle-node

The solution behaviour of this system at the saddle-node bifurcation depends
strongly on the value of Le. A numerical analysis of the system (6.6)-(6.7)
reveals that the critical Damköhler increases with the Lewis number. In the
limit of large Le, the value saturates around Dac ≈ 8.5. In Fig. 6.13, we
compare these values of Dac with the corresponding critical values of Da
obtained using the nonperturbative method (with different test functions)
over a range of Le. For low values of Le we find that the critical Damköhler
number can be well approximated with both a Gaussian test function (6.14)
as well as a tanh-based test function (6.16) which, as discussed in Sec. 6.4.1,
is more versatile. For larger values of Le, the tanh-based test function ansatz
is better suited to calculate Dac, as we have already seen in Sec. 6.4.3, due
to the rapid transition in solution profile from bell-shaped to plateau-like as
we move away from the saddle-node.
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Figure 6.13: Comparison of the values of the critical Damköhler number,
obtained by numerically integrating the full system (6.6)-(6.7) (represented
by stars), with the corresponding results obtained using the nonperturbative
method with different test functions over a range of Le. We use a Gaussian
test function (6.14) (represented by a continuous line) and the test function
(6.16) (represented by a dashed line).

The critical Damköhler number is also found to depend on the system
parameter ǫ [63]. From (6.10), we see that this parameter is proportional to
the inverse of the activation energy. A comparison between the numerically
obtained values of Dac and those obtained using the nonperturbative method
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with a Gaussian test function (6.14) over a range of ǫ at Le = 0.1 reveals
that a Gaussian test function is an excellent fit to the solution, and improves
further for higher values of ǫ (see Fig. 6.14). This corresponds to our result in
Sec. 6.4.1, where we observed that Gaussian test functions provided a good
fit to the solution near Dac for Le = 0.1 and ǫ = 1.
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Figure 6.14: Comparison of the values of the critical Damköhler number,
obtained by numerically integrating the full system (6.6)-(6.7) (represented
by stars), with the corresponding results obtained using the nonperturbative
method with a Gaussian test function (6.14) (represented by a continuous
line) over a range of the parameter ǫ for Le = 0.1.

6.5 Comparison of results far from the saddle-

node

For large values of Da we observe plateau-like profiles for the stable solu-
tions of both T (x) and c(x), while the unstable solutions are found to de-
crease in amplitude and steepness while remaining bell-shaped (as seen in
Figures 6.2, 6.6 and 6.8). As described in Sec. 6.4, unstable solutions are
well approximated by bell-shaped test functions and this fit remains good
even for large Da. In this section we shall analyse the solutions along the
stable branch.

The solution in this regime can be described using test functions of the
type (6.16). In the limiting case of large Da, we can make some approx-
imations which greatly simplify the calculations. Firstly, we note that far
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away from the saddle-node (Da ≫ Dac) the concentration of the fuel in the
product zone is c(x) = 0 as the reactant is completely used up, while the
temperature in this region is a constant maximum value T (x) = 1. We can
therefore fix f0 = g0 = 1 for our test functions (6.16). Secondly, we note
that for all values of Le there is a large central region in which the reac-
tant is fully consumed. The extent of this product zone is found to increase
with

√
Da. This relates to our asymptotic theory in Sec. 2.3. Moreover, the

widths of the profiles of T (x) and c(x) become closer as Da increases. We
can therefore fix φ = µ for our test functions (6.16). A final simplification
can be made by using the phenomenological argument discussed in Sec. 2.2.
The stationary solutions of the system are obtained when there is a balance
between the velocity of the travelling front V0 and the chaotic stirring x. A
solution with a product zone of width µ is therefore obtained when µ = V0,
and we shall make this assumption. This value of v0 is undetermined and
has to be calculated. This leaves two free parameters w and v, which can be
determined using the nonperturbative method.

We now present an empirical formula for the wave speed V0 of unstirred
combustion fronts. For simplicity, we denote by Da the reaction kinetics for
the unstirred case as well. We determined the wave speed of the unstirred ver-
sion of the system (6.6)-(6.7) using a shooting algorithm. We observe that V0

exhibits a
√

Da behaviour, which is consistent with our asymptotic theory in
Chapter 2 where we consider the scaling µ ∼

√
Da. In particular we find that

for large Lewis numbers V0 ∼
√

Da Le is a good approximation. We note that
the scaling behaviour is reminiscent of an underlying autocatalytic structure
for large Da. From numerical simulations of the stirred system (6.6)-(6.7),
we find that one can crudely approximate c ≈ 1−T and K(T ) ≈ α T , where
α is a (Lewis number dependent) constant. We determined V0(Le) numeri-
cally for several values of Da (Da = 100, 500, 1000, 5000, 10000). A plot of
V0(Le) for Da = 1000 is shown in Fig. 6.15.
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Figure 6.15: Logarithmic plot of the wave speed V0 obtained from the numer-
ical solution of the unstirred version of the system (6.6)-(6.7) (with reaction
kinetics in terms of Da) at Da = 1000 (represented by stars). A reference
line with slope 1/2 (represented by a dashed line) is also shown.

For large Le the quotient V0/
√

Da Le reaches a constant value of 0.669
with only very small deviation for the smaller values of the Damköhler num-
ber indicating that there is no Da-correction to the square-root behaviour of
the velocity. However we can find a Lewis-number correction by employing
linear regression. We find as an empirical formula for V0,

V0 = 0.669
√

DaLe

(

1 − 0.158

Le

)

. (6.30)

A comparison between the values of V0 obtained numerically from the so-
lution of the unstirred system over a range of Da for a fixed Le with the
corresponding results obtained with this empirical formula reveals that this
is an excellent approximation (see Figs. 6.16). This has been verified using
several values of a fixed Lewis number (Le = 1, 10, 25, 50, 1000, 5000, 10000).
A plot of V0(Da) for Le = 10 is shown in Fig. 6.17. This formula is similar in
construction to the formula for a different solution branch recently derived
analytically in [11].
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Figure 6.16: Logarithmic plot of V0/
√

Da Le at Da = 10000 (represented
by stars). The values of the wave speed V0 are obtained from the numerical
solution of the unstirred version of the system (6.6)-(6.7) (with reaction ki-
netics in terms of Da). We also plot 0.669(1 − 0.158/Le) which arises from
our empirical formula (6.30) (represented by a dashed line). Note that this
is a close fit for small values of Le as well.

Hence we obtain the following expression for the width from our phenom-
enological argument

µ = 0.669
√

Da Le

(

1 − 0.158

Le

)

. (6.31)

As seen in Figs. 6.18, 6.19 and 6.20, this phenomenological formula is found
to be a good approximation to the widths of the profiles of both T (x) and
c(x) for a range of Le. We observe that widths of both profiles tend to the
same value in the limit of large Da.

We notice that V0 decreases (for a fixed Damköhler number) on decreasing
the Lewis number (see Fig. 6.15). From (6.1) we see that decreasing the
Lewis number is equivalent to increasing the relative importance of D, ρ
and Cp in relation to κ. Reducing κ obviously decreases the ability of heat
to propagate, and hence the combustion speed. Higher densities result in
increased fuel mass in each location, which means more heat is needed in
a given area to ignite all of the fuel before the wave moves on. Fuels with
increased Cp require more heat to increase the temperature by the a specified
amount. Finally, increasing D increases the transport of burnt fuel into the
unburnt region and vice-versa, interfering with front propagation.
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Figure 6.17: Comparison between the values of the wave speed V0 obtained
from the numerical solution of the unstirred version of the system (6.6)-(6.7)
(with reaction kinetics in terms of Da) at Le = 10 (represented by stars) and
the corresponding values obtained from the empirical formula for the wave
speed (6.30) (represented by a continuous line).

These simplifications significantly reduce the number of free parameters
for the test function (6.16). We have set f0 = g0 = 1 and φ = µ is given by
our phenomenological argument (6.31). We can therefore use the nonpertur-
bative method to determine the remaining free parameters w and v of the
test functions. From (6.23)-(6.24), we have the projections

〈w2 Le Θηη + η Θη + Da (1 − Ω) K (Θ) | ∂Θ/∂w〉η = 0 , (6.32)

〈v2 Ωζζ + ζ Ωζ + Da (1 − Ω) K (Θ) | ∂Ω/∂v〉ζ = 0 , (6.33)

which can be solved to obtain values for w and v. In Fig. 6.21, we compare
the profile of the solution obtained from the numerical solution of the system
at Le = 1 with the corresponding profile of the test function (6.16) whose
parameters are obtained by this method. We find a close agreement between
the two sets of results.
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Figure 6.18: Comparison of the widths of the profiles of the stationary so-
lutions, obtained by numerically integrating the full system (6.6)-(6.7) (rep-
resented by stars), with the phenomenological formula for the widths (6.31)
(represented by a continuous line) over a range of Da for Le = 1. (a) The
widths of the profiles of the temperature, µ. (b) The widths of the profiles
of the concentration, φ.
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Figure 6.19: Comparison of the widths of the profiles of the stationary so-
lutions, obtained by numerically integrating the full system (6.6)-(6.7) (rep-
resented by stars), with the phenomenological formula for the widths (6.31)
(represented by a continuous line) over a range of Da for Le = 10. (a) The
widths of the profiles of the temperature, µ. (b) The widths of the profiles
of the concentration, φ.
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Figure 6.20: Comparison of the widths of the profiles of the stationary so-
lutions, obtained by numerically integrating the full system (6.6)-(6.7) (rep-
resented by stars), with the phenomenological formula for the widths (6.31)
(represented by a continuous line) over a range of Da for Le = 100. (a) The
widths of the profiles of the temperature, µ. (b) The widths of the profiles
of the concentration, φ.
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Figure 6.21: The profile of the stable stationary solution of the temperature
T (x) at Le = 1 and Da = 1000, obtained by numerically integrating the
full system (6.6)-(6.7) (represented by crosses), superimposed with a test
function (6.16) (represented by a continuous line). The width of the test
function is given by the phenomenological argument for the widths (6.31),
and its inverse width given by the solution of the conditions (6.23)-(6.24)
obtained from the nonperturbative method.

6.6 Summary

We studied the effect of chaotic stirring on a combustion system using a
reduced 1-D filament model introduced in [64, 63] to describe the cross-
filament dynamics. The effect of stirring on this system is to remove heat
from the filaments by quenching them. Subsequently a travelling front does
not contain enough heat to ignite the preheat zone, and this leads to the
unwanted termination of the reaction. For sufficiently small values of the
Damköhler number (i.e. for sufficiently large stirring rates) the reaction
cannot be sustained. Nontrivial states can only form through the filaments
above a critical Damköhler number Dac.

We used the nonperturbative method discussed in Chapter 3, to deter-
mine this critical Damköhler number and to describe the solution behaviour
near Dac. This critical Damköhler number is not very sensitive to variations
in the Lewis number for sufficiently large values of Le, and this phenomenon
is captured by our method (see Fig. 6.5). The solution behaviour close to crit-
icality was found to be well approximated by bell-shaped test functions such
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as a Gaussian test function (6.14) for small Lewis numbers (the “gaseous
regime”) and by tanh-based test functions (6.16) for large Lewis numbers
(the “solid regime”). The solutions along the unstable solution branch could
be approximated by bell-shaped functions for all Le.

We then described the solutions for large Damköhler numbers. For small
Lewis numbers the temperature approaches the burnt temperature T = 1
from above, and higher temperatures can be reached in the product zone.
For larger Lewis numbers the burnt temperature is approached for higher
Damköhler numbers from above. We note that the largest change of the
temperature with respect to the Damköhler number occurs close to the criti-
cal Damköhler number. For all Le, the concentration of the reactant c reaches
0 within the product zone already slightly above the critical Damköhler num-
ber, corresponding to a full consumption of the fuel within the product zone.
The extent of the product zone as a function of the Damköhler number was
also described and a clear square-root behaviour was observed. A simple
phenomenological argument allowed us to explain this dependence. We have
determined an empirical formula for the wave speed of the unstirred com-
bustion system for high Damköhler and high Lewis numbers. This empirical
formula allowed us to determine the actual form of combustion fronts far
away from the bifurcation with good accuracy.
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Chapter 7

Summary

In this thesis, we studied the effect of chaotic stirring on the behaviour of
reaction-diffusion systems. In particular we examined the resulting stirring-
induced saddle-node bifurcations and described the solution behaviour near
these bifurcations. We considered a 1-D filament model for the dynamics of
the systems. This model supports stationary solutions which arise from the
balance between stirring and diffusion. For a sufficiently large stirring rate
the systems do not exhibit any nontrivial solutions and this critical value
corresponds to a saddle-node bifurcation.

We used a nonperturbative non-asymptotic method to analyze the solu-
tion behaviour of the systems. This method involves restricting the solution
space to that of a set of appropriately chosen parameterised test functions,
and determining the parameters which minimise the error made by this re-
striction. This method allowed us to study solution profiles, for instance
bell-shaped solutions, which cannot be described using asymptotic matching
techniques. In addition to the stirring-induced saddle-node bifurcation, the
nonperturbative method was also used to examine several other bifurcations
and solution behaviours that arise in such chaotically stirred reaction diffu-
sion systems. To demonstrate this method, we chose several systems with
multiple homogeneous steady states.

This method was first used to study two one-component systems. We
examined an autocatalytic system where it was found that the solution be-
haviour near the saddle-node could be well approximated by a Gaussian test
function as well as a tanh-based test function. However, when we used a
plateau-like test function to describe the solution far from the saddle-node,
we found that this method does not yield a unique set of parameters for each
value of Da. This is linked to a degeneracy in the limit of large Da, and
we found that if we fix the width of the chosen test function using a phe-
nomenological argument, then we can obtain results that match up well with
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those of the full system. The other one-component system we considered was
the bistable system. For this system, we again find that both a Gaussian as
well as a tanh-based test function could be used to approximate the solu-
tion profile near the saddle-node. The same tanh-based test function could
also be used to accurately describe the solution far from the saddle-node.
In both systems, we obtained explicit relations for the parameters near the
saddle-node using the Gaussian test function.

We next examined a two-component excitable system with an activator
that has a much larger diffusion coefficient than the inhibitor. In addition to
the saddle-node due to stirring, this system has a second saddle-node associ-
ated with propagation failure which is the generic saddle-node for excitable
media. We numerically investigated this system and found a rich and com-
plex bifurcation scenario and solution behaviour. In particular we observed
a previously unreported region of bistability characterised by a hysteresis
loop. We also observed a region of oscillatory behaviour related to a super-
critical Hopf bifurcation. In addition, we found several higher codimension
points which connect these bifurcations, near which a range of different so-
lution behaviours were observed. We successfully used the nonperturbative
method to describe the solution behaviour near the two saddle-nodes, as well
as the various other bifurcation scenarios. Using a Gaussian test function,
we obtained explicit relations for the parameters near the saddle-node. We
introduced a highly versatile test function which could approximate all the
observed solution profiles of this system. Using such a test function with the
nonperturbative method, we could also describe the more complex solutions
in the regimes of the Hopf bifurcation, the hysteresis loop as well as near
the two saddle-nodes. The oscillatory solution near the Hopf bifurcation was
analysed using a time-dependent version of the nonperturbative method, and
we found that the obtained values of the time periods of the oscillations as
well as the critical values of the Hopf bifurcation closely matched the numer-
ical results.

We finally examined a two-component combustion system which modelled
the temperature and concentration of a flame filament. Stirring such a system
removes heat from the flame filaments and when the stirring rate is too large
the flame is quenched. This quenching point corresponds to the bifurcation
point of a saddle-node. Using the nonperturbative method, we examined the
dependence of the system behaviour on the Damköhler number and the Lewis
number. We found that the solution near the saddle-node could again be well
approximated using bell-shaped test functions for low values of Le, and with
a versatile tanh-based test function for large Le. This corresponds to the
numerical observation that the solution profile near the critical Damköhler
number quickly becomes plateau-like for large Le. To describe the solution
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behaviour far from the saddle-node, we found an empirical formula for the
widths of the solution.

We thus found that this nonperturbative method allows us to effectively
describe the solution behaviour of chaotically stirred reaction-diffusion sys-
tems in terms of the system parameters alone. Using this method we describe
the solution of an infinite-dimensional partial differential equation by a set
of algebraic equations (in the case of steady-state solutions) or by a set of
ordinary differential equations (in the case of oscillatory time-dependent so-
lutions), constituting a dimensional reduction. We conclude that while the
accuracy of results obtained with this method depends on our choice of test
functions, the method nevertheless provides a simple and effective way of
studying the behaviour of reaction-diffusion systems.
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Appendix A

Description of numerical

methods

In Chapter 2, we describe a 1-D filament model which can be used to
study the behaviour of chaotically stirred reaction-advection-diffusion sys-
tems. This model is given by a set of nonlinear partial differential equa-
tions (2.3), which describe the temporal evolution of an initial condition
u(x, t = 0). As discussed in Sec. 2.2, these systems exhibit stationary solu-
tions which arise due to the balance between advection and diffusion. The
steady-state solutions are obtained by solving the corresponding set of steady-
state ordinary differential (2.4) equations (for which ∂/∂t = 0).

We now describe the methods used to numerically solve the equations.
The full set of partial differential equations are solved using a semi-implicit
Crank-Nicolson decomposition in which the nonlinear terms are treated us-
ing an Adams-Bashforth scheme [13]. This scheme is second-order in time
and space. The set of ordinary differential equations are solved using a
shooting method. To illustrate these methods we consider for simplicity a
one-component model. We then outline how to apply the schemes for multi-
component models.

A.1 Solving the partial differential equations

We consider the following one-component reaction-advection-diffusion system

∂c

∂t
= D

∂2c

∂x2
+ x

∂c

∂x
+ DaF (c) , (A.1)

where c may be the concentration of the component, D is its diffusion coeffi-
cient, Da is the Damköhler number and F (c) is the nonlinear reaction term.
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We assume boundary conditions given by cx(±∞) = 0. We write (A.1) as

∂c

∂t
= Lc + N (c) , (A.2)

where L = D ∂xx + x ∂x is a linear operator and N (c) = DaF (c) comprises
the nonlinear terms of the system. We may solve such a system using a
semi-implicit Crank-Nicolson decomposition for the linear terms and an ex-
plicit second-order Adams-Bashforth scheme for the nonlinear terms [127].
This scheme is second-order in time, and its advantage is that it is an uncon-
ditionally stable scheme, which does not require a Courant-Friedrich-Levy
condition on the size of the time step.

We consider a sufficiently large spatial domain x ∈ [−L/2, L/2]. We dis-
cretise the spatial domain L with a constant grid spacing ∆x. The temporal
discretisation is done using a constant time step ∆t. The box therefore has
N = L/∆x grid points and the value of c(x) at the jth grid point and at the
nth time step will be represented by cn

j . For this finite box, we will consider
Neumann boundary conditions and shall set ∂c/∂x at x = ±L/2 to zero.

We discretise (A.2) in time using the semi-implicit Crank-Nicolson de-
composition and the Adams-Bashforth scheme as

cn+1
j − cn

j

∆t
= L

(

cn+1
j − cn

j

2

)

+
1

2

(

3N
(

cn
j

)

−N
(

cn−1
j

))

, (A.3)

which we can write as an explicit equation for cn+1

(

I − ∆t

2
L

)

cn+1
j =

(

I +
∆t

2
L

)

cn
j +

∆t

2

(

3N
(

cn
j

)

−N
(

cn−1
j

))

. (A.4)

We now discretise space and represent the spatial derivatives using second
order finite differencing. We express the operator L = D ∂xx + x ∂x as a
matrix which acts as

Lijcj = D

(

cj+1 − 2 cj + cj−1

∆x2

)

+ xj

(

cj+1 − cj−1

2 ∆x

)

. (A.5)

Since the scheme (A.4) requires c0 and c1, we employ a simple forward Euler
step to estimate c1,

c1
j = c0

j + ∆t
(

Lijc
0
j + N

(

c0
j

))

. (A.6)

Although the forward Euler scheme is only first order in time, we find that the
error made is absorbed by the more accurate stable Crank-Nicolson scheme.
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This method can be easily extended to a multi-component system. Con-
sider a two-component model of the form

∂c

∂t
= D1

∂2c

∂x2
+ x

∂c

∂x
+ N1 (c, v) , (A.7)

∂v

∂t
= D2

∂2v

∂x2
+ x

∂v

∂x
+ N2 (c, v) , (A.8)

where c and v are, for example, the concentration of the two components.
The system has linear operators L1 = D1 ∂xx + x ∂x and L2 = D2 ∂xx + x ∂x,
while the nonlinear terms are given by

Ni (c, v) =
1

2

(

3Ni(c
n, vn) −Ni(c

n−1, vn−1)
)

, (A.9)

for i = 1, 2. Following the same procedure as before, we obtain the following
explicit temporal discretisation for cn+1 and vn+1

(

I − ∆t

2
L1

)

cn+1 =

(

I +
∆t

2
L1

)

cn +
∆t

2

(

3N1(c
n, vn) −N1(c

n−1, cn−1)
)

,

(A.10)
(

I − ∆t

2
L2

)

vn+1 =

(

I +
∆t

2
L2

)

vn +
∆t

2

(

3N2(c
n, vn) −N2(c

n−1, vn−1)
)

.

(A.11)

We invert the left hand side matrices to obtain explicit expressions for cn+1

and vn+1. Again the required fields c1 and v1 are obtained using forward
Euler steps from c0 and v0 respectively.

This scheme can be used to determine the stable steady-state solution by
allowing a sufficiently long integration time. We check convergence to the
steady-state solution by taking the l1-norm of the error between cn+1 and cn,
which in the case of a one-component scheme is

E(n) =
N

∑

j=1

∣

∣cn+1
j − cn

j

∣

∣ < ε . (A.12)

For our simulations we used a value ε = 10−12. Although this allows us
to accurately obtain the stable steady-state solutions, to find the unstable
stationary solutions we need to use a shooting method which we now describe.
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A.2 Solving the ordinary differential equa-

tions

The stationary solutions are solutions of the steady-state equation

D
∂2c

∂x2
+ x

∂c

∂x
+ DaF (c) = 0 , (A.13)

where we again consider for simplicity a one-component system. We consider
the spatial domain x ∈ [0, L] and solve this second order ordinary differential
equation using a shooting method which is described as follows.

At x = 0 we prescribe the functional value c(0), which we treat as a
parameter, and its derivative, which due to the inherent symmetry of the
solution is zero. We then “shoot” from this boundary to the right boundary
at x = L, where c ≈ 0. At x = L for a sufficiently large L the sought after
solution behaviour will have the asymptotic behaviour at x → ∞. We want
to match the “shot” solution with these prescribed asymptotic boundary
conditions. The desired solution linking the two boundaries is found by
varying the amplitude c(0) at the left boundary and the amplitude of the
right boundary condition. Only for a unique set of boundary values does a
solution exist.

The values of c(x) and cx(x) at the boundary x = L are found by consid-
ering the behaviour in the limit x → ∞. The solution satisfies c = 0 in this
limit. We thus linearise the system (A.13) around c = 0, and write

c = κ δc , (A.14)

where κ is a small parameter. The linearised system is then

D (δc)xx + L (δc)x + Da
∂F
∂c

(c = 0) δc = 0 . (A.15)

This can be written as a system of first order equations

(

(δc)x

(δv)x

)

=

(

0 1

−Da

D

∂F
∂c

(c = 0) −L

D

)

(

δc
δv

)

. (A.16)

The eigenvalues of this system λ± are given by

λ± = − L

2 D
±

√

( x

2 D

)2

− Da

D

∂F
∂c

(c = 0) . (A.17)

We note here that for ∂F (c = 0)/∂c < 0, c = 0 is a saddle with one positive
and one negative eigenvalue. The eigenvalue λ− < 0 and its corresponding
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eigenvector determine the asymptotic behaviour at x → ∞. We therefore
require the solution of (A.13) to take the following values at x = L

c(L) = κ eλ−L and cx(L) = κλ− eλ−L . (A.18)

Hence the solution of (A.13) is found by varying c(0) and κ such that the
solution “shot” from the initial conditions at x = 0 matches up with the
values of c(x) and cx(x) at x = L given by (A.18). This is tested numerically
by varying these parameters until

c(L) − κ eλ−L < ϑ and cx(L) − κλ− eλ− < ϑ , (A.19)

for some specified value of theta. For our calculations, we used a value
ϑ = 10−8.

The shooting method allows us to determine both the stable and unstable
solutions. We find them using different choices of our initial guesses c(0) and
κ, which may differ substantially (as seen for example in Fig. 4.5 where the
difference in the values of c(0) for the stable and unstable branch increases
as we move away from the saddle-node).
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Appendix B

Derivation of the expressions

for the free parameters of a

Gaussian test function in an

excitable system

B.1 Derivation of the amplitude and inverse

pulse width

In Chapter 5, it was seen that the solution behaviour of an excitable system
(5.1)-(5.2) near the saddle-node due to stirring Dac(ǫ) could be approximated
by a Gaussian test function (5.14). Such a function was used with the non-
perturbative method to analyse the solution in this regime. It was noted that
for a such a test function, one could derive explicit analytic results for the
parameters f0 (5.27) and w (5.29) which correspond to the amplitude and
the inverse pulse width of the Gaussian test function respectively. Here we
shall detail the steps involved in this derivation, and we shall also simplify
these expressions in various limiting cases.

As described in Chapter 5, we restrict the solution space of the system to
that of the test functions U and V . The conditions for minimising the error
made by this restriction are (5.25) and (5.26), which we restate here as

〈w2 Uηη + η Uη + Da U(1 − U)(U − us − V ) | U〉η = 0 , (B.1)

〈w2 Uηη + η Uη + Da U(1 − U)(U − us − V ) | η Uη〉η = 0 . (B.2)

Here we can make a few simplifications for some of the integrals using par-
tial integration. To describe the solution behaviour of a chaotically stirred
excitable system, we only choose test functions U which are symmetric and
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for which U(−∞) = U(∞) = 0. For such test functions, we find that

〈η Uηη Uη〉 = −1

2
〈U2

η 〉 , 〈η Uη Un〉 = − 1

n + 1
〈Un+1〉 . (B.3)

for n > 0. We note that for the limiting value δ = 0, the equation for the
inhibitor (5.4) can be written as

η Vη = −Da ǫ (U − a V ) . (B.4)

This can be used to simplify the integral

〈η Un−1Uη V 〉 = − 1

n
(〈η Un Vη〉 + 〈Un V 〉)

= − 1

n
〈Un V 〉 +

1

n
Da ǫ

(

〈Un+1〉 − a〈Un V 〉
)

. (B.5)

We can now combine the conditions (B.1)-(B.2) to give us the single condition
for the test functions

9 a + 8 α

12 a
〈U4〉 − 5 + 4 α

6
〈U3 V 〉 − 5 a (1 + us) + 6 α

6 a
〈U3〉

+ (1 + α) 〈U2 V 〉 +

(

us +
1

Da

)

〈U2〉 = 0 ,
(B.6)

where we have defined α = Da ǫ a/2.
The integrals of the type 〈Un V 〉 can be evaluated by considering the

solution of V (η) for the limiting value δ = 0. When U is given by a Gaussian
test function, i.e. U(η) = f0 exp(−η2), we find that V is given by (5.23).
This expression is restated here as

V (η) =
f0 α

a
η2α Γ(−α, η2) . (B.7)

Writing the incomplete Gamma function in terms of an infinite sum [5] (eqn.
(6.5.29)), we get the following expression

V (η) =
f0 α

a
η2α

(

Γ (−α) + η−2α

∞
∑

j=0

(−1)j η2j

j! (α − j)

)

. (B.8)

The integral 〈UnV 〉 can now be explicitly written as

〈Un V 〉 =
f0 α

a
Γ (−α)

∫

∞

−∞

η2αUn(η)dη

+
f0 α

a

∫

∞

−∞

Un(η)
∞

∑

j=0

(−1)j η2j

j! (α − j)
dη .

(B.9)
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As U is a Gaussian test function, this simplifies to

〈Un V 〉 =
fn+1

0 α

a

(

Γ (−α) Γ (α + 1/2) n−1/2−α

+
∞

∑

j=0

∫

∞

−∞

e−nη2 (−1)j η2j

j! (α − j)
dη

)

,

(B.10)

where the order of integration and summation has been reversed for the sec-
ond integral. The integral over η can be found explicitly, and the summation
is found to yield

∞
∑

j=0

(−1)j n−1/2−jΓ (j + 1/2)

j! (α − j)
=

1

α

√

π

n
2F1

(

{1/2,−α} ; {1 − α} ;− 1

n

)

.

(B.11)
Substituting this back into (B.10), we get

〈Un V 〉 =fn+1
0

[

α

a
Γ (−α) Γ

(

α +
1

2

)

n−
1

2
−α

+
1

a

√

π

n
2F1

({

1

2
,−α

}

; {1 − α} ;−1

n

)]

=:fn+1
0 K (n) .

(B.12)

Furthermore, we find that for the choice of a Gaussian test function the
following integrals in (B.6) can be found explicitly

〈Un〉 =

√

π

n
fn

0 , 〈η2U2
η 〉 =

3

4
〈U2〉 . (B.13)

for n > 0. Substituting (B.12) and (B.13) into (B.6), we obtain a quadratic
equation for the amplitude f0 (5.27), which we write here as

(9 a + 8α

12 a

√

π

4
− 5 + 4 α

6
K(3)

)

f2
0−

(5 a (1 + us) + 6 α

6 a

√

π

3
+ (1 + α) K(2)

)

f0 +

(

us +
1

Da

)
√

π

2
= 0 .

(B.14)

We can then find the expression for the inverse width w (5.29) by substituting
(B.12) and (B.13) into (B.1) and we restate this here as

w =
√

Da

[

f 2
0

(

√

2

π
K(3) − 1√

2

)

−

f0

(

√

2

π
K(2) − (1 − us)

√

2

3

)

−
(

us +
1

2 Da

)

]1/2

.

(B.15)
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B.2 Limiting cases

B.2.1 The limit a → 0

In the limit a → 0, the inhibitor v(x, t) will not decay in space. If U is taken
to be a Gaussian test function (5.14), and we set a = 0 in the equation for
the inhibitor in the slow stirring limit (B.4), we obtain the expression

V (η) = −f0Da ǫ

2
Ei(−η2) , (B.16)

which is in terms of the exponential integral

Ei(x) =

∫ x

−∞

eς

ς
dς . (B.17)

In this limit, we find that the integrals 〈Un V 〉 can be solved explicitly to
obtain a simplified expression for K(n) (5.31), which we restate here as

K(n) = Da ǫ

√

π

n
arcsinh

(√
n
)

. (B.18)

B.2.2 The limit ǫ → 0

In the limiting case ǫ → 0, the chaotically stirred excitable system (5.1)-(5.2)
behaves like the bistable system (which has been described in Chapter 4).
This is due to the fact that in this limit the inhibitor is a constant. Setting
ǫ = 0 in (5.28) (and using K(n) = 0 for this limit), we obtain an expression

Af 2
0 + B f0 + C = 0 , (B.19)

where

A =
3

4
, B = −5 (1 + us)

3
√

3
, C =

√
2 (Da us + 1)

Da
. (B.20)

This corresponds to the result obtained for the bistable system (4.20)-(4.21)
[91, 26].

B.2.3 The limit Da → ∞
As discussed in Section 2.2, the system will behave asymptotically like the
rescaled unstirred system in the limit Da → ∞. We expect that in this limit,
we can reproduce the results (5.18)-(5.22) found in [47] for the unstirred
system in a frame of reference that moves with speed c0 = µ/

√
Da.
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To do this we first show that the inhibitor of the stirred system v(η)
is equal to that of the unstirred system ṽ(η) in the limit Da → ∞. The
equation for the inhibitor under the influence of stirring is

η vη = −θ(u − a v) , (B.21)

where θ = ǫDa, while the corresponding equation for the inhibitor in the
unstirred system (5.8) can be rescaled to give

ṽη = −Θ(u − a ṽ) , (B.22)

where Θ = θ/(µw), and where we take η = w x and µ =
√

Daw̄. This
equation can be solved by variation of constants to give

ṽ(η) = −Θ eaΘη

∫ η

−∞

dη′ e−aΘη′

u(η′) . (B.23)

The corresponding solution of the stirred system (B.21) is

v(η) = −θ ηaθ

∫ η

−∞

dη′ η′−aθ 1

η′
u(η′) . (B.24)

By using limθ→∞(1+z/θ)θ = exp(z) we find that in the limit θ → ∞ equation
(B.24) converges to

v(η) = −θ eaθη

∫ η

−∞

dη′ e−aθη′ 1

η′
u(η′)

→ −Θ eaΘη

∫ η

−∞

dη′ e−aΘη′

u(η′) ,

where for an activator u(w x) located at x = µ, we have used u(w x)/(w x) →
u(w x)/(w µ) for µ → ∞. We therefore find that the solution for the inhibitor
of the stirred system (B.21) will converge to the solution for the inhibitor of
the unstirred equation (B.22) for Da → ∞, i.e. v = ṽ in this limit.

We now rewrite the algebraic equations (B.6) for the stirred system (5.3)-
(5.4) as

Af 2
0 + B f0 + C = 0 , (B.25)

with

A =
3

4
〈Ũ4〉 − 5

6
〈Ũ3 V 〉 +

θ

3
(〈Ũ4〉 − a〈Ũ3 V 〉) , (B.26)

B = −5

6
(1 + us) 〈Ũ3〉 + 〈Ũ2 V 〉 − θ

2
(〈Ũ3〉 − a〈Ũ2 V 〉) , (B.27)

C =

(

us +
1

Da

)

〈Ũ2〉 , (B.28)
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where we take U = f0Ũ . From (B.21), we find

A =
3

4
〈Ũ4〉 − 5

6
〈Ũ3 V 〉 − 1

3
〈η Vη Ũ

3〉 , (B.29)

B = −5

6
(1 + us) 〈Ũ3〉 + 〈Ũ2 V 〉 +

1

2
〈η Vη Ũ

2〉 , (B.30)

C =

(

us +
1

Da

)

〈Ũ2〉 . (B.31)

As v = ṽ in the limit Da → ∞, this gives us

Vη = −Θ(U − a V ) . (B.32)

We can substitute this into (B.29)-(B.31) and use the evenness of U to obtain
the expressions for A, B and C in (5.19) for the unstirred equations (5.7)-
(5.8). We therefore find that the expressions for the unstirred case can be
explicitly obtained from those of the stirred case in the limit Da → ∞.
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