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Abstract

Polygonal curves arise naturally when recording movement data from GPS traces, animal

tracking, or eye-gaze measurements. A fundamental task is to compare such curves using

a formal notion of similarity. The Fréchet distance is a widely used metric for this purpose,

as it respects both the geometric proximity and the traversal order of two curves. This

thesis develops faster algorithms for four Fréchet-based similarity problems, each using the

freespace diagram as its central tool.

In Chapter 2, we study the Fréchet distance under geometric transformations, which is

essential when comparing shapes regardless of their position or orientation. We present the

first improvement to the decision problem for a wide class of transformations, including

translations, rotations, and scalings.

In Chapter 3, we consider the Fréchet edit distance, which allows inserting or deleting

vertices before measuring the continuous Fréchet distance. This variant is motivated by the

need for robustness against outliers and noise in real-world trajectory data. We provide faster

algorithms for several edit models, improving on prior bounds by up to a factor of k · n.

In Chapter 4, we study subtrajectory clustering on c-packed trajectories, a realistic model

of movement data with bounded self-overlap. We present a near-linear time approximation

algorithm for the subtrajectory cluster problem, circumventing the conditional cubic lower

bound for general curves.

In Chapter 5, we connect the partial weak Fréchet similarity to shortest paths in weighted

planar regions. We construct a near-linear size approximate spanner for the 0/1/∞ weighted

region problem, and apply it to obtain an approximation algorithm for the partial weak Fréchet

similarity.
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CHAPTER 1

Introduction

Computational Geometry

Computational geometry is the algorithmic study of geometric problems: given a description

of geometric objects such as points, lines, curves, or polytopes, the goal is to design efficient

algorithms and data structures to answer combinatorial and metric questions about them.

The field emerged in the late 1970s and early 1980s, catalysed by the doctoral thesis of

Shamos [131] and the foundational textbook of Preparata and Shamos [129]. Since then,

computational geometry has matured into a rich discipline with deep theoretical foundations

and broad practical impact, as witnessed by the comprehensive textbook of de Berg, Cheong,

van Kreveld, and Overmars [15], the monograph of Edelsbrunner [68], and the Handbook of

Discrete and Computational Geometry [85].

The field is organised around several core problem families. These include computing

convex hulls, constructing Voronoi diagrams [78], analysing arrangements of curves and

surfaces [100], computing triangulations, finding shortest paths in geometric domains [104,

125], range searching and orthogonal queries [1, 50], and detecting intersections among

geometric objects [15]. Each of these areas has developed a substantial algorithmic toolkit

that later chapters of this thesis draw upon.

These foundational problems find applications across computer science and engineering.

Computer graphics relies on triangulations and visibility computations; robotics uses motion-

planning algorithms built on configuration-space constructions [111]; geographic information
1
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systems (GIS) depend on efficient spatial indexing and map overlay operations [15]; and net-

work design benefits from geometric spanners that guarantee near-shortest-path routing [126].

Beyond these classical domains, autonomous vehicles rely on LiDAR sensors that generate

millions of points per second, demanding real-time perception and planning algorithms that

build on geometric data structures such as k-d trees and range trees [122]; VLSI chip design

places and routes wires across layouts with billions of transistors using partitioning, placement,

and routing algorithms that operate on geometric representations [110]; and medical imaging

reconstructs three-dimensional organ models from CT and MRI scans via mesh generation

and surface triangulation [123]. In each of these settings, the sheer scale of modern data

sets—point clouds with billions of points, circuits with billions of components—means that

even modest improvements in algorithmic complexity translate directly into the feasibility of

real-time or overnight computation.

When exact solutions are too costly, approximation algorithms play a central role. Techniques

such as coresets, ε-nets, and random sampling [60, 101] yield provably good approximate

solutions in significantly less time. On the lower-bound side, conditional hardness results—

most notably reductions from the 3SUM problem [81]—provide evidence that many natural

geometric problems cannot be solved substantially faster than by known algorithms.

One prominent family of geometric problems concerns the comparison of shapes. Alt

and Guibas [8] survey the algorithmic landscape of shape matching, interpolation, and

approximation, and Alt [6] discusses the computational geometry of comparing shapes more

broadly. Among shape-comparison problems, measuring the similarity of curves is particularly

challenging because it requires a notion of distance that respects the sequential structure of

the curves [138]. This requirement leads naturally to the Fréchet distance, the central object

of this thesis.

Movement Analysis

The proliferation of positioning technologies—GPS receivers, animal-borne tracking devices,

inertial measurement units, sports sensors, and eye-tracking hardware—has made movement
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data one of the most abundant and scientifically valuable data types of the 21st century. A

moving entity traces a trajectory in space over time, and when sampled at discrete time

steps, this trajectory is naturally represented as a polygonal curve. Computational movement

analysis [86, 142] studies algorithms and data structures for extracting meaningful patterns

and answering queries on such data.

Trajectories may be recorded as sequences of time-stamped positions (point trajectories) or

modelled as continuous curves interpolating these positions. Fundamental analysis tasks

include segmentation [46], where a trajectory is partitioned into behaviourally homogeneous

pieces; clustering, where groups of similar (sub)trajectories are identified [2, 36]; map

matching, where a noisy GPS trace is aligned to a road network [52, 88]; and anomaly

detection, where unusual movement patterns are flagged [136].

Movement analysis finds applications across diverse domains. In transportation, trajectory

data reveals commuting patterns, identifies congestion, and supports urban planning [36,

107]. In ecology, GPS-tagged animals provide insights into migration routes, habitat usage,

and inter-species interactions [113]. Sports analytics tracks player movements to evaluate

strategy and physical performance [130]. Eye-tracking studies use gaze trajectories recorded

by XR headsets and screen-based trackers for applications in education [114], user-experience

research [108], and three-dimensional scene analysis [63]. Maritime vessel tracking via

Automatic Identification System (AIS) data supports route prediction, anomaly detection, and

maritime situational awareness [128]. Air-traffic management depends on accurate trajectory

prediction to inform conflict-detection systems that maintain safe separation between air-

craft [13]. Crowd simulation reconstructs realistic pedestrian flows from observed trajectory

data and underpins tools for evacuation planning and public-space design [121]. These

domains share a common computational bottleneck: data sets routinely contain millions of

trajectories, and pairwise similarity queries scale quadratically in the number of curves and at

least quadratically in curve complexity, making efficient algorithms essential for any analysis

at scale.
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Fréchet distance

Across all these tasks, measuring how similar two trajectories are is a recurring and central

challenge. Curve similarity is central to applications that require matching, clustering, or

classifying trajectories. Examples include map matching, detecting entities that move together,

and comparing eye-movement traces. Similarity measures are also useful as a bridge between

curve problems and better-studied point-set problems.

The study of trajectory similarity thus sits at the intersection of computational geometry

and computational movement analysis. Similarity is a geometric distance measure whose

efficient computation requires algorithmic techniques from computational geometry, and

whose primary motivation comes from the need to compare trajectories in movement data.

But what does it mean for two curves to be similar? The notion of similarity is inherently

subjective, and we need a formal definition of when two curves are similar (as opposed to

dissimilar). One simple approach is to ignore the order along the curve and treat it as the set

of points it traces in space. This leads to the (undirected) Hausdorff distance, introduced by

Hausdorff [103] and widely used in geometric shape matching [139].

In the Hausdorff distance, for every point on a curve π we find the closest point on σ; the

maximum of these closest-point distances gives the directed distance from π to σ. The

(undirected) Hausdorff distance takes the maximum of the two directed distances, so that both

curves must lie close to each other. This makes the Hausdorff distance a good fit when we

only care about geometric proximity (do the curves lie near the same locations?) and not

about synchronising traversal along the curves.

However, in settings where we care about whether two entities move together over time,

the Hausdorff distance is not a suitable measure of similarity. Two curves can lie in close

proximity, yet the entities that generated them may follow very different traversal patterns

(see Figure 1.1).

The Fréchet distance, by contrast, respects both the geometry and the monotone traversal

of continuous curves, making it a natural and widely adopted similarity measure. Maurice
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π

σ

FIGURE 1.1: Two curves that stay close as point sets (small Hausdorff dis-
tance) but differ in their movement pattern.

Fréchet introduced this distance in 1906 [80]. In the classical analogy, a person walks along

the curve π and a dog walks along the curve σ. Both must move forward, but they may change

speed or pause. The Fréchet distance is the minimum leash length needed over all such

walks (see Figure 1.2). Its applications range from online handwriting recognition [133] and

trademark shape matching [10] to protein structure alignment [109]. In the remainder of this

chapter, we formalise the Fréchet distance, introduce the freespace diagram that underpins its

computation, and outline the contributions of this thesis.

π

σ

FIGURE 1.2: Intuition for the Fréchet distance as a leash length between two
traversals. The red line indicates the longest leash induced by two traversals.

For our purpose, a d-dimensional point p ∈ Rd is a tuple that represents a location in Rd,

and a segment pq is a closed straight-line connection between the point p and the point q. A

d-dimensional polygonal curve (curve for short) π = ⟨π1, . . . , πn⟩ is the union {πiπi+1 | i =

1, . . . , n − 1} of segments (see Figure 1.3), and for every j = 1, . . . , n, πj is a vertex of π.

The size |π| of π is its number of vertices, and the length ∥π∥ of π is the total length of its

segments.

Sometimes, it is convenient to describe the curve π : [1, n] 7→ Rd as a bijective and continuous

function that, for every i = 1, . . . , n−1, maps the unit interval [i, i+1] to the segment πiπi+1.

Both representations ⟨π1, . . . , πn⟩ and π : [1, n] 7→ Rd describe an orientation of the curve

that starts at vertex π1 and ends at vertex πn. For the rest of the section, a curve is a function.
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π1

π2

π3

π4

π5

π6

x

y

FIGURE 1.3: A curve with six vertices in R2.

Consider a function f that describes how the person walks on the curve; for some time step

t ∈ [0, 1], f(t) is a number in the range [1, n] and π(f(t)) is a point indicating the position

of the person on the curve π. The person needs to start at the first vertex of the curve and

end at the last vertex; therefore f(0) = 1 and f(1) = n. The person needs to move forward,

therefore f must be non-decreasing. The person cannot jump from one point of the curve

to another, therefore f must be continuous. Such a continuous and non-decreasing function

f : [0, 1] 7→ [1, n] is called a reparameterisation. Analogously, let g : [0, 1] 7→ [1,m] be a

reparameterisation that describes how the dog walks on σ.

For a fixed time t ∈ [0, 1], in order for the person to be at point π(f(t)) and the dog to be at

σ(g(t)), the leash needs to be at least as long as the Euclidean distance ∥π(f(t))− σ(g(t))∥

from π(f(t)) to σ(g(t)). To complete the walk according to f and g, the required leash length

is the maximum distance between the two positions over all times t ∈ [0, 1].

maxLeashLength(f, g, π, σ) = max
t∈[0,1]

∥π(f(t))− σ(g(t))∥

The standard Fréchet distance dF(π, σ) is the minimum leash length required over all possible

walks defined by all valid reparameterisations f and g.

dF(π, σ) = inf
f :[0,1]7→[1,n]
g:[0,1]7→[1,m]

maxLeashLength(f, g, π, σ)

Two widely used variants are the weak Fréchet distance, which relaxes monotonicity by only

requiring the reparameterisations to be continuous (allowing backtracking), and the discrete

Fréchet distance, which compares the vertex sequences of polygonal curves via monotone
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couplings and takes the minimum possible maximum vertex distance [71, 102]. In this thesis,

we focus on the standard (continuous, monotone) Fréchet distance unless stated otherwise.

Despite the elegance and intuitiveness of the Fréchet distance, it was not until 1995 that

Alt and Godau [7] proposed the first polynomial time algorithm that computes the Fréchet

distance. Their main contribution was to introduce the notion of the freespace and the

freespace diagram. The δ-freespace Fδ(π, σ) describes all pairs of points, one from π and

one from σ, that are within Euclidean distance δ.

Fδ(π, σ) = {(x, y) ∈ [1, n]× [1,m] | ∥π(x)− σ(y)∥ ≤ δ}

Throughout the remainder of this thesis, when the threshold δ is clear from context, we refer

to the δ-freespace and the δ-freespace diagram (introduced later) simply as the freespace

and the freespace diagram, respectively. Why do we care about the freespace? The key

observation is that an xy-monotone path through Fδ(π, σ) from (1, 1) to (n,m) corresponds

to a valid pair of reparameterisations with leash length at most δ. Therefore, the decision

problem is dF(π, σ) ≤ δ? reduces to deciding whether such a path exists, which is illustrated

in Figure 1.4.

1 2 3 4

1

2

3

π

σ

σ1

π1 π2

π3

π4

σ2

σ3

FIGURE 1.4: Two polygonal curves π and σ with their δ-freespace diagram
Dδ(π, σ). A red xy-monotone path represents a continuous matching: each
point on the path corresponds to a pair of points on the curves within distance δ.

The freespace Fδ(π, σ) can be partitioned into cells; this partition yields the δ-freespace dia-

gram Dδ(π, σ). For i = 1, . . . , n− 1 and j = 1, . . . ,m− 1, each cell Ci,j stores the freespace

Fδ(πiπi+1, σjσj+1) induced by the corresponding pair of segments. Alt and Godau [7] ob-

served that the freespace of two segments is the intersection of an ellipse with a rectangle;
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consequently, the freespace in every cell has this form. We summarise the key properties of

the freespace and the freespace diagram in Fact 1.

FACT 1. Let π and σ be curves in Rd with |π| = n and |σ| = m. Then:

(1) The freespace diagram Dδ(π, σ) contains O(mn) cells and can be constructed in

O(dmn) time.

(2) The freespace within each cell is convex and has constant description complexity.

(3) dF(π, σ) ≤ δ if and only if there exists an xy-monotone path in the freespace

Fδ(π, σ) from (1, 1) to (n,m).

The freespace diagram is the core tool for many Fréchet-based problems, because it turns

geometric questions about curve similarity into reachability questions in a structured parameter

space. Beyond the original decision algorithm of Alt and Godau [7], it is used in algorithms

for Fréchet distance with shortcuts [62]. It also underpins approximation schemes for realistic

input models like c-packed curves [65], where reachability can be decided in a sparsified

freespace. We use this standard version of the freespace diagram in Chapters 2 and 3.

However, not all problems can be handled if we parameterise each edge by unit length and then

build the freespace diagram, which makes every cell a square and discards segment lengths.

When the length of subtrajectories matters, this loss of information is fatal: subtrajectory

clustering imposes a minimum length constraint on the reference subtrajectory [36, 95], partial

curve matching [31, 48] depends on the lengths of matched subcurves, and Fréchet distance

with speed limits constrains motion by arc length [124]. These settings therefore require a

length-preserving freespace and freespace diagram with rectangular cells that reflect the true

segment lengths. We use this version in Chapters 4 and 5.

Fδ(π, σ) = {(x, y) ∈ [0, ∥π∥]× [0, ∥σ∥] | ∥π(x)− σ(y)∥ ≤ δ}
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Contributions

The remainder of the thesis applies the notions introduced here—curves and the freespace

diagram—to several Fréchet-based problems. Each chapter focuses on a concrete problem

setting and a specific algorithmic improvement. We defer the literature reviews of related

problems to individual chapters.

Chapter 2 (Fréchet distance under transformations). We study the decision problem:

given two curves π, σ and a threshold δ, decide whether there exists a transformation τ

(translation, rotation, scaling, or more general affine maps) such that dF(π, τ(σ)) ≤ δ.

The chapter first handles translations in R2, improving the best known running time from

O(n8) to Õ(n7+ 1
3 ) by maintaining reachability in related freespace structures while traversing

the transformation arrangement. We then generalise the method to any class of rationally

parameterised transformations with k degrees of freedom, achieving Õ(n3k+ 4
3 ) time, and

discuss how the freespace diagram changes under these transformations.

Chapter 3 (Fréchet edit distance). We consider the Fréchet edit distance (FED) introduced

by Fox et al. [79], where one may delete and/or insert vertices before measuring the continuous

Fréchet distance. The decision problem asks whether at most k edits suffice to bring the

Fréchet distance below a given threshold. We provide improved algorithms for the main edit

models: (i) deletion-only on one or both curves in Õ(kn2) time with a near-matching lower

bound, (ii) insertion-only on one or both curves in Õ(kn3) time, and (iii) mixed insertions

and deletions on a single curve in Õ(k2n3) time. These results improve prior bounds by up to

a factor of k · n.

Chapter 4 (Subtrajectory cluster on c-packed curves). We address the subtrajectory

cluster (SC) problem: given a trajectory π, parameters m, δ, l, and approximation factor ε,

determine whether there exist at least m non-overlapping subtrajectories whose Fréchet

distances are at most (1 + ε)δ from one reference subtrajectory of length at least l. For

general curves, SC has cubic-time barriers; we circumvent these by restricting to c-packed

trajectories and designing a simplified freespace diagram that preserves subtrajectory lengths
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while keeping the number of non-empty cells near-linear. This yields a near-linear time

(1 + ε)-approximation algorithm with running time O((c2n/ε2) log(c/ε) log(n/ε)), and a

simplified freespace construction that may be useful beyond SC.

Chapter 5 (0/1/∞ weighted regions and weak Fréchet similarity). We study the weighted

shortest path problem in planar subdivisions where faces have weights in {0, 1,∞} (free

regions, unit-cost plane, and obstacles). We build a (1 + ε)-approximate spanner for the

vertices of such regions in expected near-linear time, enabling fast approximate shortest

paths between arbitrary points. By reducing partial weak Fréchet similarity [31] to such

weighted shortest path instances, this yields a near-quadratic time approximation for partial

weak Fréchet similarity, which is close to the best possible under known lower bounds.
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Faster Fréchet Distance under Transformations

2.1 Introduction

Many applications require determining the similarity of two geometric shapes, disregarding

their location or orientation. More specifically, shape matching asks for the distance between

two shapes if we allow the shapes to be transformed to minimise their distance [6, 8, 138].

Transformations may include translations, rotations, scaling, or a combination thereof. In

this chapter, we focus on polygonal curves under the Fréchet distance. Curves occur in many

applications and need to be matched whenever they describe a local pattern, for example

to recognise handwritten characters [133], trademarks [10], or movement patterns [36, 95,

96]. The Fréchet distance is arguably the most popular distance measure for curves in

computational geometry. There has been significant algorithmic progress on the Fréchet

distance, for instance, most recently on approximation [61, 105, 106], data structures [11, 29,

41, 45, 74, 76, 89, 97], algorithm engineering [14, 27, 28, 37, 67], simplification [24, 54, 115,

118], clustering [30, 33, 39, 43, 95, 127], Fréchet variants [35, 38, 42, 66, 73, 77, 79], and its

complexity in general [18, 32, 55, 56].

The Fréchet distance under translation is defined as the minimum Fréchet distance for any

translation of the curves. Computing the Fréchet distance under translations was first studied

by Efrat, Indyk and Venkatasubramanian [70] and by Alt, Knauer and Wenk [9, 117, 141].

For two curves of total complexity n in R2, an Õ(n10) time algorithm1 for the Fréchet

distance under translation was presented in [70], and an Õ(n8) time algorithm was presented

in [9]. Wenk [141] generalised the approach in [9] to higher dimensions and a wide range

1By Õ(·) we hide (poly-)logarithmic factors in n.

11
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of other transformations, e.g., for rotations or scalings in 2D in Õ(n5) time, or for affine

transformations in d dimensions in Õ(n3(d2+d)+2) time.

Despite significant algorithmic progress on various aspects of the Fréchet distance, no faster

algorithms for computing the (continuous) Fréchet distance under transformations have been

developed until now. In contrast, for computing the discrete Fréchet distance under translation,

first an Õ(n6)-time algorithm [109] was developed, then an Õ(n5)-time algorithm [12], and

more recently, an Õ(n4+ 2
3 )-time algorithm [26].

Our Contribution. In this chapter, we present the first progress on the Fréchet distance

under transformations since its introduction [9, 70, 117, 141]. Similar to the algorithm in [9,

141], our algorithm can be used for a wide range of classes of transformations. Specifically,

given two curves π and σ of total complexity n and a threshold δ ≥ 0, we want to determine

whether there is a transformation τ from a given class of transformations, such that the

Fréchet distance between π and τ(σ) is at most δ. Our algorithm improves the running time

for translations in two dimensions from O(n8) to Õ(n7+ 1
3 ).

THEOREM 1. The Fréchet distance under translation in R2 can be decided in O(n7+ 1
3 log2 n)

time.

More generally, we improve the running time for the various classes of transformations (and

dimensions) given by Wenk [141] by roughly a factor of n2/3. For example, for rotations

or scalings in R2, our algorithm runs in Õ(n4+ 1
3 ) time and for affine transformations in d

dimensions in Õ(n3(d2+d)+ 4
3 ) time.

THEOREM 2. The Fréchet distance under transformations rationally represented with k

degrees of freedom can be decided in O(n3k+4/3 log2 n) time.

We first present our approach for the special case of translations in two dimensions. Then

we generalise our approach to other transformations and higher dimensions. Similarly to the

approach in [9], we compute an arrangement in the space of transformations, which in the case

of 2D translations has complexity O(n6). In [9], the Fréchet distance is computed for each
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face of this arrangement in O(n2) time per face by using the freespace diagram, which results

in an overall running time of O(n8). In our approach, we instead traverse the arrangement,

making use of the fact that the freespace diagram for adjacent faces in the arrangement is

similar. The challenge with using this approach is that it requires a dynamic data structure

for maintaining reachability in the freespace diagram. However, already on directed graphs

this is a difficult problem that to the best of our knowledge mostly saw progress on planar

graphs [64, 112, 134] or more specifically grid graphs [12, 26]. In [26], a data structure with

efficient updates and queries for reachability in a dynamic directed grid graph is presented,

which is used to give a faster algorithm for the discrete Fréchet distance under translation.

However, while the discrete Fréchet distance naturally reduces to a reachability problem on

such a grid, this is not the case for the (continuous) Fréchet distance.

To that end, we present a detailed analysis of the changes in the freespace diagram when

traversing the arrangement in the space of translations, which we call events (see Section 2.3).

We then show how to construct a (directed) freespace graph from the freespace diagram, and

analyse how the freespace graph changes for the various types of events. Then, we show how

each of these events can be modelled as changes in a suitable grid graph, which allows us to

utilise the data structure in [26] to maintain reachability in this graph (see Section 2.4). The

main challenge here is that an event may cause rows or columns in the freespace graph to

swap, appear or disappear, which are not operations that can be handled by the previous data

structure of [26]. Using our approach, we show how to handle these row or column events

using a linear number of updates to the grid graph per event. Finally, we use an amortised

analysis to show that each event only requires a constant number of updates to the grid graph

per event, since expensive events do not happen too often.

We note that in an independent work, progress was made on the one-dimensional Fréchet

distance under translation or scaling [19]. In that work, the authors present an Õ(n8/3)

algorithm for both problems, making use of the offline dynamic data structure of [26].
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2.2 Preliminaries

A d-dimensional polygonal curve π is a piecewise linear curve represented as a continuous

mapping from [1, n] to Rd. For integer i, πi = π[i] is a vertex, and πi = πiπi+1 = π[i, i+ 1]

is a segment.

The Fréchet distance is a popular measure of the similarity between two polygonal curves. An

orientation-preserving reparameterisation is a continuous and bijective function f : [0, 1] →

[0, 1] such that f(0) = 0, and f(1) = 1. The maxLeashLength(f, g, π, σ) between two curves

π and σ with respect to the reparameterisations f and g is defined as follows.

maxLeashLength(f, g, π, σ) = max
t∈[0,1]

∥π(f(t))− σ(g(t))∥

Imagine the scenario where a person is walking their dog with a leash connecting them: the

person needs to stay on π while walking according to f , and the dog needs to stay on σ

while walking according to g. The maximum leash length is the width between π and σ with

respect to the reparameterisations f and g. The Fréchet distance dF(π, σ) is the minimum

leash length required over all possible walks (defined by reparameterisations f and g).

dF(π, σ) = inf
f,g∈[0,1]→[0,1]

maxLeashLength(f, g, π, σ)

Problems relating to the Fréchet distance are commonly solved in a configuration space called

the freespace diagram. In our problem, we assume for simplicity that both input curves

have exactly n vertices. The freespace Fδ(π, σ) is a collection of points in R2 in the range

[1, n] × [1, n]. A point (x, y) from [1, n] × [1, n] is in the freespace if the Euclidean norm

(distance) ∥π(x)− σ(y)∥ between π(x) and σ(y) is at most δ. As opposed to the freespace,

we will call [1, n]× [1, n] \ Fδ(π, σ) the non-free space.

Fδ(π, σ) = {(x, y) ∈ [1, n]× [1, n] | ∥π(x)− σ(y)∥ ≤ δ}

The freespace diagram D = Dδ(π, σ) is the partition of the freespace into (n− 1)× (n− 1)

cells. A cell Ci,j in D contains the freespace in the range [i, i+1]×[j, j+1]. Alt and Godau [7]
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made the critical observation that the freespace within a cell Ci,j is an intersection between

an ellipse Ei,j and the square Si,j = [i, i + 1] × [j, j + 1]; hence it is convex with constant

description complexity. By Fact 1, dF(π, σ) ≤ δ if and only if there is an xy-monotone path

in Dδ(π, σ) from (1, 1) to (n, n) through the freespace.

An intersection between the boundaries ∂Ei,j and ∂Si,j \ {(i, j), (i + 1, j), (i, j + 1), (i +

1, j + 1)} is called a critical point. A point (i, j) ∈ N× N is a corner point. We say the line

π[i] × [1, n] is the freespace diagram boundary defined by πi (and analogous for σi). We

say the strip [i, i+ 1]× [1, n] is the ith column, and the strip [1, n]× [i, i+ 1] is the ith row.

We say a critical point p is a row (resp. column) critical point if p lies on a vertical (resp.

horizontal) boundary.

2.3 From freespace reachability to graph reachability

In this and the next section, we describe our ideas using an intuitive class of transformations:

translations in R2. Specifically, we determine whether there exists a translation vector t = λv⃗

such that dF(π, σ + t) ≤ δ, where λ ∈ R≥0 and v⃗ is a unit vector. For this, we first describe

how to transform the freespace reachability problem into a graph reachability problem.

Using the freespace diagram D = Dδ(π, σ), we construct a refined freespace diagram (see

Figure 2.1, left). Let l(πi) (resp. l(σj)) be the vertical (resp. horizontal) boundary of D

defined by πi (resp. σj). For every critical point p on the boundaries, we draw a perpendicular

grid line l(p) through p. Note that, by definition, a critical point does not coincide with a

corner point of D. If p lies on the horizontal boundary, l(p) is a vertical line; otherwise, l(p) is

a horizontal line. The refined freespace diagram includes all grid lines, the freespace diagram

boundaries, and their intersections. For simplicity, we redefine Dδ(π, σ) to denote the refined

freespace diagram. Let the intersection between a grid line and a freespace boundary be a

propagated critical point.

Using the refined freespace diagram Dδ(π, σ), we construct a refined freespace graph (refined

FSG or FSG for short) Gf = Gf
δ (π, σ) as follows (see Figure 2.1, right). For every intersection
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1
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01

π1 π2
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σ2

FIGURE 2.1: From the refined freespace diagram to the refined freespace
graph. On the left freespace diagram (FSD), we have the corner points, the
critical points, and the propagated critical points marked by squares, blue
circles, and red circles, respectively. On the right freespace diagram graph
(FSG), the corner, boundary, and interior vertices are marked by squares,
circles, and crosses, respectively.

between a grid line and a freespace boundary, add a boundary vertex. For every intersection

between two grid lines, add an interior vertex. For every intersection between two freespace

boundaries, add a corner vertex. Note that each vertex in Gf is uniquely defined by an ordered

pair (p, q), where l(p) is vertical and l(q) is horizontal; p (resp. q) is either a vertex of π (resp.

σ) or a critical point in D — let v(p, q) denote such vertex in Gf . Each vertex is assigned a

weight that is either 1 or 0. For every vertex u = v(p, q), if a = l(p)∩ l(q) lies on a boundary

of the freespace diagram, we set w(u) = 1 if a lies in the freespace or w(u) = 0 otherwise.

We set the weights of the rest of the vertices, the interior vertices, to 1. We say a vertex u is

activated if w(u) = 1 or deactivated if w(u) = 0. We say a vertex v(πi, ·) (resp. v(·, σj)) lies

on the freespace graph boundary defined by πi (resp. σj).

To construct edges, we use the geometric positions of the grid lines and the FSG boundaries.

For vertices in Gf defined by every grid line or FSG boundary l(p), add a directed edge

(v(p, q), v(p, q′)) to Gf if l(q) is immediately below l(q′). If l(q) and l(q′) overlap, break

ties arbitrarily. Analogously, add a directed edge (v(p, q), v(p′, q)) if l(p) is immediately to

the left of l(p′). A path P ⊆ Gf is an ordered subset (a1, b1), ..., (am, bm) of edges where

bi = ai+1 for all 1 ≤ i < m. We say P is a feasible path if a1 = v(π1, σ1), bm = v(πn, σn),

and w(ai) = w(bi) = 1 for all values of i. When a1 and bm are specified, P is a feasible path
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if P uses exclusively activated vertices. We say an FSG Gf is st-reachable if there exists a

feasible path in Gf from v(π1, σ1) to v(πn, σn). The following lemma is naturally derived

from the properties of the freespace diagram.

LEMMA 2. The FSG Gf = Gf
δ (π, σ) is st-reachable if and only if dF(π, σ) ≤ δ.

PROOF. By Fact 1, dF(π, σ) ≤ δ if and only if there exists an xy-monotone path through

the freespace from (1, 1) to (n, n) in Dδ(π, σ). Such an xy-monotone path can always be

transformed into a feasible path P . Every subpath Pi,j = P ∩Ci,j within the cell Ci,j is a line

segment ab, where both a and b are either critical points or corner points. We will argue that

for every subpath Pi,j from the critical point a = l(p) ∩ l(q) to b = l(p′) ∩ l(q′), there exists

a path P f
i,j ⊆ Gf from v(p, q) to v(p′, q′) using only vertices of weight 1. By construction,

w(v(p, q)) = w(v(p′, q′)) = 1, and all interior vertices have weight 1. Therefore, a path

starting at v(p, q), turning at v(p′, q), and finally arriving at v(p′, q′) is a valid candidate for

P f
i,j , as required.

Analogously, if a subpath P f
i,j from v(p, q) to v(p′, q′) exists, then we use the segment ab as

Pi,j . The segment ab must lie in the freespace, because the freespace is convex within every

cell Ci,j , as shown by Alt and Godau [7]. □

Now consider translating σ along v⃗. As σ translates continuously, the FSG also changes, and

we would like to know how these changes affect the st-reachability of Gf . To do this, we track

the following freespace events. See Figure 2.2 for visualisations of these freespace events.

DEFINITION 3. We define the following row freespace events. Column freespace events are

defined analogously.

(1) A Vertex-edge (VE) event is defined by a pair (p, σw), where p is either a vertex of π

or a row critical point in row w.

(a) Entering/leaving event: the corner point p enters or leaves the freespace.

(b) Appearing/disappearing event: the grid line l(p) appears or disappears as the

critical point p appears or disappears.
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(2) A Vertex-vertex-edge (VVE) event is defined by a triplet (p, q, σw), where p and q

are row critical points in row w.

(a) Overlapping event: two grid lines l(p) and l(q) overlap.

(b) Separating event: two overlapping grid lines l(p) and l(q) no longer overlap.

p

q
p q

p
p′

p

σ1

σ2

σ1

σ2

p
q

FIGURE 2.2: In the top row of figures, as the segment σ1σ2 translates, the
critical points p and q move down and up, respectively. As l(p) and l(q)
(coloured in blue) move, they overlap and then separate. In the bottom row, as
σ1σ2 translates, a new critical point p appears, and then a new critical point p′

appears.

For now, we assume that we are given an ordered set T = {t1, t2, ..., tm} of translations,

where ti = λiv⃗, λi ∈ R≥0, and λi ≤ λi+1. We further assume that T is complete, which is

defined as follows.

DEFINITION 4. We say the ordered set T = {t1, ..., tm} of translations is complete if Gf
δ (π, σ+

ti) and Gf
δ (π, σ + ti+1) differ by exactly one freespace event, for all 1 ≤ i < m.

Here, σ + t denotes the curve obtained by adding the translation vector t to σ. To update the

freespace graph to reflect the state of the freespace diagram, we define the following freespace

graph operations. Let R(p) be the set of vertices defined by l(p) (a row of vertices) , and let

R(p)[i] denote the ith vertex, where i ≥ 1.



2.3 FROM FREESPACE REACHABILITY TO GRAPH REACHABILITY 19

DEFINITION 5. We define the following freespace graph operations.

• Vertex operation: either activate or deactivate a vertex of Gf .

• Row operation: either insert or delete a row of Gf . Column operations are defined

analogously.

– To insert a row R(p) of vertices between adjacent rows R(pa) and R(pb), add a

vertex v(q, p) for every q, where q is either a critical point on a horizontal FSG

boundary or a vertex of π. For every 1 ≤ i < |R(pa)|,

(1) remove the edge (R(pb)[i], R(pa)[i]),

(2) add the horizontal edge (R(p)[i], R(p)[i+ 1]), and

(3) add the vertical edges (R(pb)[i], R(p)[i]) and (R(p)[i], R(pa)[i]).

– To remove the row R(p) of vertices, remove R(p) and its adjacent edges. For

every 1 ≤ i ≤ |R(pa)|, add the edge (R(pb)[i], R(pa)[i]).

We show that we can update the FSG Gf
δ (π, σ + ti−1) to Gf

δ (π, σ + ti) using a constant

number of freespace graph operations, plus processing time. For these updates, we distinguish

between a corner vertex operation and a boundary vertex operation. We use corner vertex

operations to handle VE event updates, and boundary vertex operations to handle VVE event

updates.

LEMMA 6. Let Gf
i = Gf

δ (π, σ + ti). Given Gf
i−1, to compute Gf

i , it takes

• O(1) time and O(1) corner vertex operations if ti is an entering/leaving event,

• O(1) time and O(1) boundary vertex operations if ti is an overlapping or separating

event,

• O(n) time plus O(1) row operations if ti is an appearing/disappearing event.

PROOF. If ti is an entering/leaving event, we simply set the weight of the respective

corner vertex to either 1 or 0. If ti is a VVE event defined by (p, q, σw), let p and q lie on

the ith and jth freespace boundaries, respectively. Observe that when a VVE event occurs,

among all vertices partly defined by p or q, only the weights of vertices v(πi, p), v(πj, p),
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v(πi, q), and v(πj, q) change. It is sufficient to spend O(1) time to determine and update their

weights by computing cells Ci,w and Cj,w from scratch.

If ti is an appearing/disappearing event in the jth row, it takes linear time to recompute the

row critical points in this row. Then, it takes linear time to compute the grid lines l(pa) and

l(pb) that l(p) lies between by recomputing the cells in the jth row. Once l(pa) and l(pb) are

identified, it takes exactly one row insertion or deletion to update Gf
i−1 to Gf

i . Therefore, it

takes O(n) time plus a constant number of row operations. □

Using a naive implementation, in the worst case, a row operation can take Ω(n2) time since

there are Ω(n2) vertical grid lines. Determining st-reachability takes Ω(n4) time, since there

are Ω(n4) vertices in the FSG. Hence, using the FSG directly would not result in a faster

algorithm. In the next section, we fix these issues by defining an “equivalent” grid graph in

which updates and queries can be done more efficiently than the naive implementation.

2.4 From freespace graph reachability to grid graph

reachability

In this section, using the refined FSG Gf = Gf
δ (π, σ), we define a grid graph Gg = Gg

δ (π, σ).

We then show that Gf is st-reachable if and only if Gg is st-reachable. An advantage of the

newly defined grid graph is that its number of vertices does not change under updates. We

show that the structural changes implied by the FSG operations can be simulated by simply

modifying the weights in the grid graph, without needing to add or remove vertices. These

features of the grid graph allow us to use the offline dynamic grid reachability result in [26]

to obtain a faster update and query time.

The grid graph Gg contains all vertices of the freespace graph Gf . In addition to the freespace

graph Gf , we add a set of placeholder vertices to the grid graph Gg so as to maintain the same

number of vertices in the grid graph Gg under updates. Refer to Figure 2.3 for an illustration.

We define the placeholder vertices as follows. Let mr
i (resp. mc

i ) be the number of row critical

points in the ith row (resp. column) of D = Dδ(π, σ). We define a family of ordered sets
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Hr
1 , ..., H

r
n−1 of row placeholder points. Each set Hr

i contains exactly 2n−mr
i + 2 points,

and let Hr
i [j] denote the jth point for 1 ≤ j ≤ 2n−mr

i + 2. The family of ordered sets of

column placeholder points Hc
1, ..., H

c
n−1 is analogously defined. For a row (resp. column)

placeholder point h, the placeholder line l(h) is horizontal (resp. vertical). Note that the

placeholder points and lines are abstractly defined, as they do not exist in D.

Hc
1 Hc

2

Hr
1

Hr
2

FIGURE 2.3: A visual illustration of the placeholder lines and their relative
positions among the grid lines and the freespace diagram boundaries is shown.
The row placeholder points and lines (resp. column placeholder points and
lines) are coloured in red (resp. green). The grid lines are coloured in blue.

Finally, define v(p, q) to be a placeholder vertex if p or q is a placeholder point. The weight

of a placeholder vertex on a boundary matches the weight of the adjacent corner vertex either

directly above or directly to its right. Specifically, for every h in every Hr
i and every point p in

the union of the vertices of π and the row critical points, we set w(v(p, h)) = w(v(πi, σj+1))

if p = πi. Analogously, for every h ∈ Hc
i , we set w(v(h, q)) = w(v(πi+1, σj)) if q = σj . For

all remaining placeholder vertices, we set their weights to 1. This completes the definition of

placeholder vertices.

To define the edges in Gg, we define the ordering of the placeholder lines among the grid

lines and the freespace boundaries. The lowest placeholder line l(Hr
i [1]) lies above all grid

lines l(p), where p is a row critical point in the ith row. The placeholder line l(Hr
i [j + 1])

is above l(Hr
i [j]). The freespace boundary l(σi+1) lies above the highest placeholder line

l(Hr
i [2n−mr

i + 2]). The ordering involving vertical placeholder lines is defined analogously.
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The set of placeholder lines defined by Hc
i lies between l(πi+1) and the rightmost grid line in

the ith column.

For vertices in Gg defined by l(p), add a directed edge (v(p, q), v(p, q′)) to Gg if l(q) is

immediately below l(q′), and add a directed edge (v(q, p), v(q′, p)) to Gg if l(q) is immediately

to the left of l(q′). If l(q) and l(q′) overlap, then break ties using the same ordering as in Gf .

Add an additional diagonal directed edge (v(p, q), v(p′, q′)) if p is immediately to the left of

p′ and q is immediately below q′. Note that a vertex defined by two placeholder points is

simultaneously a placeholder vertex as well as an interior vertex.

Next, we check that our construction of the freespace grid graph fits the grid graph definition

of [26]. An N ×N grid graph consists of vertices numbered from (1, 1) to (N,N) and edges

from vertex (i, j) to each of vertices (i+1, j), (i, j+1), and (i+1, j+1), where the weight of

a vertex is either 1 or 0. By construction, each of the n− 1 rows in Dδ(π, σ) contains exactly

2n critical points and placeholder points combined. Together with n horizontal boundaries,

there are N = 2n · (n− 1) + n = 2n2 − n horizontal lines. For the same reason, there are N

vertical lines. Clearly, Gg
δ (π, σ) is an N ×N grid graph.

Before proving that Gf
δ (π, σ) and Gg

δ (π, σ) are equivalent in terms of st-reachability, we first

show that if there exists a feasible path P ⊆ Gg, then there exists a feasible path P ′ using only

rectilinear edges.

OBSERVATION 7. Let P be a feasible path in Gg. If P contains a corner vertex v(πi, σj), then

let l(pl) and l(pr) be the first grid lines that are not placeholder lines to the left and right of

l(πi), respectively. Similarly, let l(pa) and l(pb) be the first grid lines above and below l(σj),

respectively. Then, we have either w(v(pl, σj)) = 1 or w(v(πi, pb)) = 1. Analogously, we

have either w(v(πi, pa)) = 1 or w(v(pr, σj)) = 1.

PROOF. See Figure 2.4 for an illustration. For the sake of contradiction, assume that

the weights of both v(pl, σj) and v(πi, pb) are 0. Since the freespace is convex within a cell,

l(πi) ∩ l(σj) is the only point in Ci−1,j−1 that lies in the freespace. By construction, this

implies that for all grid lines l(p) lying between l(πi−1) and l(πi), we have w(v(p, σj−1)) = 0.

For all l(q) lying between l(σj−1) and l(σj), we have w(v(πi−1, q)) = 0. Therefore, there
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v(πi, σj)

l(σj)

l(πi)

l(pb)

l(pl)

P

v(pl, σj)

v(πi, pb)

a

FIGURE 2.4: If vertices v(πi, pb) and v(pl, σj) are deactivated, point (i, j) is
the only point that lies in the freespace in Ci−1,j−1. Due to monotonicity, the
path P must use at least one deactivated vertex (say, a), which contradicts the
fact that P is feasible.

exists at least one vertex of weight 0 in P , contradicting the assumption that P uses exclusively

vertices of weight 1. An analogous argument holds for the case where the weights of both

v(pr, σj) and v(πi, pa) are 0. □

Due to the properties of Gg, a diagonal edge in a path P can be replaced by the rectilinear

edges in the same “cube”. Furthermore, if the final vertex b of a subpath Pj ⊆ P is a

placeholder vertex, we can transform Pj so that it ends at a non-placeholder vertex. We have

the following lemma.

LEMMA 8. If there is a feasible path P in a grid graph Gg, then there is a feasible path P ′ in

Gg with the following properties.

(1) P ′ does not contain diagonal edges.

(2) For every 1 ≤ j ≤ n, the first vertex of P ′ partly defined by σj is not a placeholder

vertex.

PROOF. We first replace the diagonal edges in P . Consider a diagonal edge (a, b) ∈ P

in the “cube”, where (a, ct) and (cb, b) are the vertical edges, and (a, cb) and (ct, b) are the

horizontal edges. Observe that, by construction, either both a and b lie on the boundaries, or

at least one of them is an interior vertex. If both a and b lie on the boundaries, then either
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cb or ct must be activated, since the opposite would contradict either Observation 7 or the

convexity of the freespace in a cell.

If a is an interior vertex, we consider the following cases. If b is also an interior vertex, then

so are ct and cb with weight 1, and we replace (a, b) with (a, ct) and (ct, b). If b is a boundary

vertex, then either cb or ct is an interior vertex, and we replace (a, b) with either (a, cb) and

(cb, b) or (a, ct) and (ct, b). The more interesting case is when b = v(πi+1, σj+1) is a corner

vertex. In this case, cb = v(πi+1, h ∈ Hr
i ), and by construction, w(cb) = w(b) = 1. We

replace (a, b) with (a, cb) and (cb, b).

If b is an interior vertex, we use similar case distinctions. If a is an interior vertex, then cb must

also be an interior vertex. If a is a boundary vertex lying on the left (resp. bottom) boundary,

then cb (resp. ct) is an interior vertex. The more interesting case is where a = v(πi, σj) is a

corner vertex. In this case, both cb and ct are boundary vertices. By Observation 7, at least

one of them (say, cb) has weight 1, and we replace (a, b) with (a, cb) and (cb, b).

σj+1

σj

Hc
j

hp′

bc

Pj

v(πi+1, σj+1)

a

FIGURE 2.5: A path Pj−1 ending at a placeholder vertex b can be transformed
to end at a non-placeholder vertex c.

With P containing exclusively rectilinear edges, we partition P into subpaths lying on

different rows (see Figure 2.5). Specifically, let Pj ⊆ P be the subpath containing the

first vertex a defined by σj and the first vertex b defined by σj+1. We first transform Pj

to guarantee that b is not defined by a placeholder point. Let b = v(h ∈ Hc
i , σj+1), and

note that w(b) = w(v(πi+1, σj+1)) = 1. Let l(p′) be immediately to the left of l(Hc
i [1]).

By Observation 7, w(c = v(p′, σj+1)) = 1. Combining this argument with the fact that all

interior vertices have weight 1 and the rectilinearity of P , we can transform Pj to end at c,

and Pj+1 to start at c. Since the first vertex v(π1, σ1) and the final vertex v(πn, σn) of P are
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not defined by placeholder vertices, once we apply the transformation above, the first vertex

of every subpath Pj is not defined by a placeholder vertex. The proof is complete. □

We next observe that if there is a path in Gg that does not use a placeholder vertex, the path

also exists in Gf . Indeed, excluding the placeholder lines, Gg and Gf use the same set of grid

lines and FSG boundaries, and the same ordering.

OBSERVATION 9. If there is a path P in Gg = Gg
δ (π, σ) such that P does not use any

placeholder vertices or diagonal edges, then P also exists in Gf = Gf
δ (π, σ).

To demonstrate that Gf and Gg are equivalent with respect to st-reachability, we first note that

any feasible path in Gg corresponds to a feasible path in Gf . Specifically, given a subpath

P ⊆ Gg that traverses the “strip” defined by a single set of placeholder points, we can always

construct a corresponding subpath Q ⊆ Gf such that Q starts and ends at the same vertices as

P . We have Lemma 10 and Lemma 11.

LEMMA 10. Let P be a path in Gg = Gg
δ (π, σ). Let P start at a non-placeholder vertex

v(p, σj). Let (v(p′, q′), v(p′, Hr
j [1])) be the last edge of P , where q′ ̸= Hr

j [1]. Then there

exists a path Q from v(p, σj) to v(p′, q′) in Gf = Gf
δ (π, σ).

Hc

ai

ai+1

bi
Pi

ai

ai+1

bi
Pi

Qi

Gg Gf

Pi+1

FIGURE 2.6: A path Qi in Gf can be constructed by connecting the vertex bi
where Pi ends and the vertex ai+1 where Pi+1 starts.

PROOF. Let P1, ..., Pu be the subpaths of P obtained by removing all placeholder vertices

from P (see Figure 2.6). For 1 ≤ i ≤ u, let Pi be the path starting at ai and ending at bi. By

Observation 9, the path Pi also exists in Gf . Since the placeholder vertices are removed, each



26 2 FASTER FRÉCHET DISTANCE UNDER TRANSFORMATIONS

ai and bi is either a boundary vertex or an interior vertex. Because every interior vertex has

weight 1, a path Qi from bi to ai+1 exists in Gf . We set

Q =
( ⋃
1≤i≤u−1

(Pi ∪Qi)
)
∪ Pu

to complete the proof. □

LEMMA 11. Let P be a path in Gg = Gg
δ (π, σ). Let (v(p, q), v(p,Hr

j [1])) be the first edge of

P , and assume that P ends at the non-placeholder vertex v(p′, σj+1). Then there exists a path

Q from v(p, q) to v(p′, σj+1) in Gf = Gf
δ (π, σ).

PROOF. If P does not contain a vertex defined by any vertical boundary, then the lemma

holds trivially, as all interior vertices have weight 1. Otherwise, P contains a set of vertices

defined by πu, ..., πw in increasing order of indices. By Observation 7 and by the convexity of

the freespace within a cell, there exists a path P1 in Gf from v(p, q) to v(πu, σj+1), and a path

P2 from v(πw, σj+1) to v(p′, σj+1).

Since P uses only activated vertices, for every u ≤ i ≤ w, we have w(v(πi, h)) = 1 for some

h ∈ Hr
j . By the construction of Gg, the vertex v(πi, h) is activated if and only if v(πi, σj+1) is

activated, and therefore the latter must also have weight 1. By the convexity of the freespace

within a cell, since both v(πi, σj+1) and v(πi+1, σj+1) are activated, every vertex v(p, σj+1)

with l(p) lying between l(πi) and l(πi+1) is also activated. Hence, for all u ≤ i ≤ w, there

exists a path Pi ⊆ Gf from v(πi, σj+1) to v(πi+1, σj+1) using only activated vertices. We set

Q = P1 ∪
( ⋃
u≤i≤w

Pi

)
∪ P2

to complete the proof. □

We are finally ready to show that Gf and Gg are equivalent in terms of st-reachability.

LEMMA 12. There exists a feasible path P f in the freespace graph Gf
δ (π, σ) if and only if

there exists a feasible path P g in the grid graph Gg
δ (π, σ).
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PROOF. First, we observe that if there is a feasible path P f ⊆ Gf , then there is a feasible

path P g ⊆ Gg. Consider a partition of P f into subpaths lying in different cells of the freespace

diagram. Let the subpath P f
i,j ⊆ P f start at the vertex a and end at the vertex b, where a lies

on the bottom or left boundary of Ci,j and b lies on the top or right boundary of Ci,j . Since all

interior vertices have weight 1, and a diagonal edge can be used when b is a corner vertex,

there exists a path P g
i,j ⊆ Gg from a to b using activated vertices.

Second, we show that if there is a feasible path P g ⊆ Gg, then there is a feasible path P f ⊆ Gf .

We use an analogous argument, constructing a feasible path P f from the subpaths of P g. By

Lemma 8, P g uses exclusively rectilinear edges. Furthermore, by the same lemma, P g can be

partitioned into subpaths P g
1 , . . . , P

g
n−1 such that for every 1 ≤ j ≤ n − 1, the subpath P g

j

starts at a non-placeholder vertex a = v(p, σj) and ends at another non-placeholder vertex

b = v(p′, σj+1).

We further partition P g
j using its first edge (a′, b′), where the vertex a′ is partly defined by

a placeholder point Hr
j [1]. By Lemma 10, there exists a path P fa

j in Gf from a to a′. By

Lemma 11, there exists a path P fb
j in Gf from a′ to b. We set

P f
j = P fa

j ∪ P fb
j ,

P f =
⋃
j

P f
j ,

which completes the proof. □

Now, we show that freespace graph operations can be implemented efficiently in the grid graph.

Recall from Definition 5 and Lemma 6 that corner vertex operations activate or deactivate

a vertex of Gf given an entering or leaving event, boundary vertex operations activate or

deactivate a vertex of Gf given an overlapping or separating event, and row operations insert

or delete a row of Gf given an appearing or disappearing event.

LEMMA 13. Let Gg
i be the grid graph associated with the freespace graph Gf

i . Let u be a

freespace graph operation that updates Gf
1 to Gf

2 . To update Gg
1 to Gg

2 , it is sufficient to update

the weights of at most
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• O(n) vertices if u is a corner vertex operation,

• O(1) vertices if u is a boundary vertex operation, or

• O(n) vertices if u is a row operation.

PROOF. If u is a corner vertex operation activating a corner vertex v(πi, σj), we activate

v(πi, σj) in Gg. We then activate v(πi, h1) for every h1 ∈ Hr
j−1, and activate v(h2, σj) for

every h2 ∈ Hc
i−1. Since there are at most a linear number of placeholder points defined per

row and per column, this operation requires changing the weights of O(n) vertices in Gg. If u

activates a boundary vertex a, we simply activate a in Gg. If u deactivates a vertex, we use an

analogous procedure.

If u is a boundary vertex operation, then to insert a row of vertices while maintaining the

properties of the grid graph, we take advantage of the fact that the intersection between

the freespace and a cell boundary is a single interval. Specifically, to insert R(p) of ver-

tices below R(pa) and above R(pb) in row j, let the critical point p lie on the i′th vertical

boundary. For 1 ≤ i ≤ n, if i = i′, then set w(v(πi′ , H
r
j [1])) = 1. For every other value

of i, set w(v(πi, H
r
j [1])) = 1 if both v(πi, pa) and v(πi, pb) have weight 1. Otherwise, set

w(v(πi, H
r
j [1])) = 0. Finally, reduce the size of Hr

j by one by removing Hr
j [1].

We prove the correctness of the boundary vertex operation by showing that this insertion

process maintains the properties of the grid graph. First, the total number of row critical points

plus the placeholder points remains the same. Second, it is sufficient to determine the weight

of v(πi, p) by checking the weights of v(πi, pa) and v(πi, pb). Both intersections l(πi) ∩ l(pa)

and l(πi) ∩ l(pb) must lie in the freespace for l(πi) ∩ l(p) to lie in the freespace, since the

opposite would imply the existence of a grid line between l(pa) and l(pb), contradicting the

assumption that l(pa) and l(pb) are adjacent.

If u is a row operation, to delete R(p) lying in the jth row, let l(q) be the first grid line below

l(Hr
j [1]). For all 1 ≤ i ≤ n, set w(v(πi, q)) = w(v(πi, σj)). Insert a new placeholder point at

the beginning of Hr
j by setting Hr

j [1] = q. This process also maintains the properties of the

grid graph. Column operations use analogous arguments. □
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Given Gg
i−1 = Gg

δ (π, σ+ti−1) and the event ti, we can now transform Gg
i−1 into Gg

i . Specifically,

in Lemma 6, we have shown that if ti is a VE event, the update requires O(n) time plus O(1)

corner vertex operations or row operations. If ti is a VVE event, the update requires O(1)

time plus O(1) boundary vertex operations. By combining Lemma 6 with Lemma 13, we can

bound the number of vertex-weight changes for each type of freespace event.

LEMMA 14. Given Gg
δ (π, σ + ti−1) and the next event ti, to compute Gg

δ (π, σ + ti), it takes

• O(n) vertex-weight changes if ti is a VE event, and

• O(1) vertex-weight changes if ti is a VVE event.

We can now summarise Sections 2.3 and 2.4 and state the main lemma of this section. In

Lemma 2, we showed that the Fréchet distance dF(π, σ) is at most δ if and only if the refined

freespace graph Gf = Gf
δ (π, σ) is st-reachable. In Section 2.4, for each Gf , we defined an

associated grid graph Gg = Gg
δ (π, σ). In Lemma 12, we showed that Gg is st-reachable if and

only if Gf is st-reachable. Combining the above with Lemma 14, we obtain the following.

LEMMA 15. Let T = {t1, . . . , tm} be a complete set of freespace events containing exactly

mvve VVE events and mve VE events. Let N = 2n2 − n, and let Tu(N) (resp. Tq(N)) be the

time complexity to update (resp. query st-reachability in) an N ×N grid graph. It takes

O(N2 + (mve · n+mvve) · Tu(N) +m · Tq(N))

time to determine whether there exists ti ∈ T such that dF(π, σ + ti) ≤ δ.

Using the results of Alt, Knauer, and Wenk [9], we can build an arrangement in the translation

space. From this arrangement, we can compute a complete set of events (translations) T

containing O(n6) VVE events and O(n5) VE events. They showed that it is sufficient to

consider only translations in T to determine whether there exists a translation t such that

dF(π, σ + t) ≤ δ.

To obtain fast updates and queries in the grid graph, we use the offline dynamic grid-

reachability result of Bringmann, Künnemann, and Nusser [26]. The problem is defined as
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follows. We start with a directed N × N grid graph, and we are given a set u1, . . . , uU of

updates such that each update ui activates or deactivates a vertex. For 1 ≤ i ≤ U , the goal is

to decide, after each update ui, whether there is a feasible path from vertex v(1, 1) to vertex

v(N,N). Their result is as follows.

FACT 16 ([26, Theorem 3.4]). Offline dynamic grid reachability can be solved in time

O(N2 + UN2/3 log2N).

We analyse the running time. In total, we require O(n6) vertex updates for Gg, and we

can update a vertex and perform st-reachability queries in amortised O(N2/3 · log2N) =

O(n4/3 · log2 n) time. Plugging these running times into Lemma 15 we obtain the following

theorem.

THEOREM 1. The Fréchet distance under translation in R2 can be decided in O(n7+ 1
3 log2 n)

time.

2.5 Fréchet distance under transformation

In this section, we consider a class T of transformations that is rationally parameterised

or rationally represented with k degrees of freedom, as defined by Wenk [141]. The set of

rationally parameterised transformations is a subset of affine transformations, and an affine

transformation is composed of a linear transformation and a translation. In the definition

below, the pair (A, t) represents the affine transformation obtained by composing a linear

transformation A, given as a d× d matrix, and a translation t, given as a d-dimensional vector.

DEFINITION 17 ([141, Definition 25]). Let 1 ≤ k ≤ d2 + d, and let

p1, . . . , pd2+d, q1, . . . , qd2+d ∈ R[X1, . . . , Xk] be 2(d2 + d) polynomials of constant degree in

k variables, such that qi(x) ̸= 0 for all 1 ≤ i ≤ d2 + d and for all x ∈ Rk. Let ri := pi/qi for
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all 1 ≤ i ≤ d2 + d, such that ri(x) := pi(x)/qi(x) for all x ∈ Rk. If

T =




r1(x) . . . rd(x)

rd+1(x) . . . r2d(x)
... . . . ...

rd2−d+1(x) . . . rd2(x)

 ,


rd2+1(x)

rd2+2(x)
...

rd2+d(x)


∣∣∣∣∣ x ∈ Rk


,

then we call T rationally parameterised or rationally represented with k degrees of freedom

(dof). Rk is called the parameter space of T .

Let Rk be the parameter space of T . For x ∈ Rk, let τx denote the transformation defined by

the k-tuple x of parameters. Let π and σ be two d-dimensional polygonal curves. Let τx(σ)

be the curve obtained by applying the transformation τx to σ.

In Rk, a vertex-vertex-edge (VVE) critical transformation T vve
δ (πi, πj, σw) is the set of all

points x ∈ Rk such that the segment τx(σw) lies on the intersection of the boundaries of the

two d-spheres centred at πi and πj , respectively. It is formally defined as follows.

T vve
δ (πi, πj, σw) = {x ∈ Rk | ∃z ∈ σw, ∥τx(z)− πi∥ = ∥τx(z)− πj∥ = δ}

Analogously, a vertex-edge (VE) critical transformation T ve
δ (πi, σw) is the set of all points

x ∈ Rk such that the segment τx(σw) lies on the boundary of the d-ball centred at πi. It is

formally defined as follows.

T ve
δ (πi, σw) = {x ∈ Rk | ∃z ∈ σw, ∥τx(z)− πi∥ = δ}

Every critical transformation is a semi-algebraic set in Rk. Using O(n3) VVE critical

transformations and O(n2) VE critical transformations, Wenk [141, Proof of Theorem 8]

showed that one can build an arrangement Aδ in Rk in time O(n3k) and using O(n3k) space.

Furthermore, Aδ contains at most O(n3k) k′-dimensional faces for 0 ≤ k′ ≤ k − 1. Let τF =

τx be the transformation represented by an arbitrary parameter x ∈ F . In [141, Lemma 24],

Wenk showed that if there exists a transformation τ such that dF(π, τ(σ)) < δ, then there
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exists some k′-dimensional face F ∈ Aδ such that for any τF , we have dF(π, τF (σ)) ≤ δ.

Their results are summarised as follows.

FACT 18. Given a pair of polygonal curves π and σ, a real number δ ≥ 0, and a class T

of transformations that is rationally represented with k degrees of freedom, one can build

an arrangement Aδ = Aδ(π, σ, T ) using at most O(n3) VVE critical transformations and

O(n2) VE critical transformations. The arrangement Aδ has total complexity O(n3k), and it

can be constructed in O(n3k) time using O(n3k) space. To determine whether there exists

a transformation τ ∈ T such that dF(π, τ(σ)) ≤ δ, it is sufficient to check exactly one

transformation τF for every k′-dimensional face F ∈ Aδ, where 0 ≤ k′ ≤ k − 1.

Once the arrangement Aδ is constructed, the remainder of the algorithm in Wenk [141] is

straightforward. For every face F ∈ Aδ, sample a point x ∈ F and determine whether

dF(π, τx(σ)) ≤ δ using a classic algorithm (Alt and Godau [7], for example). In total, this

takes Õ(n3k · n2) time.

To obtain a running-time improvement, we use an approach similar to the previous sections.

We generate a complete set of events as follows. Initialise an empty graph G = (V , E). For

every face F ∈ Aδ, add a vertex vF to V . For every two adjacent faces F and F ′, add an edge

(vF , vF ′) to E . For each vertex vF , record a transformation τF .

Next, we compute a complete set of events using G. Initialise an empty event set T . Then

perform a DFS to compute a spanning tree of G, and carry out an Euler tour of the spanning

tree starting from an arbitrary vertex. For each directed edge e = (vF ′ , vF ) in the tour, we add

an event only if we enter or leave a critical transformation. More specifically, let B(F ) be

the set of critical transformations adjacent to face F . If B(F ) \B(F ′) = {Tc}, we say that e

traverses into the critical transformation Tc via F . If B(F ′) \ B(F ) = {Tc}, we say that e

traverses out of the critical transformation Tc via F .

Let b(p) be the d-sphere of radius δ centred at p. Depending on whether e traverses into or

out of a VVE or VE critical transformation, we add the respective freespace events defined in

Definition 3.
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(1) If Tc is a VVE critical transformation T vve
δ = T vve

δ (πi, πj, σw), we compute p =

b(πi)∩ τF (σw) and q = b(πj)∩ τF (σw), and append an event t defined by (p, q, σw)

to T . If e traverses into Tc, t is an overlapping event. If e traverses out of T vve
δ , t is a

separating event.

(2) If Tc is a VE critical transformation T ve
δ = T ve

δ (πi, σw), we compute p = b(πi)∩σw,

and we append an event t represented by (p, σw) to T . If e traverses into Tc, t is an

entering event if p = πi, or an appearing event if p ̸= πi. Analogously, if e traverses

out of Tc, te is a leaving event if p = πi, or a disappearing event if p ̸= πi.

We say an event t is associated with the critical transformation Tc and the edge e if t is

computed from e traversing into or out of Tc. We show that T has two desired properties.

LEMMA 19. Given the arrangement Aδ = Aδ(π, σ, T ), one can compute a complete set

T = {t1, . . . , tO(n3k)} of freespace events in O(n3k) time with the following properties:

(1) Every face in Aδ is associated with at least one event in T .

(2) For each event ti associated with an edge (vF , vF ′) ∈ E , the graphs Gf
δ (π, τF (σ))

and Gf
δ (π, τF ′(σ)) differ by exactly one freespace event.

PROOF. Note that G is connected and contains a vertex vF for every face F ∈ Aδ.

The Euler tour that we constructed over G visits every vertex of G, and hence every face

of Aδ, at least once. Moreover, a pair of adjacent faces in Aδ is separated by exactly one

critical transformation, which we recall is a semi-algebraic set in Rk. Therefore, any edge

(vF , vF ′) in the Euler tour traverses exactly one critical transformation—namely, the critical

transformation separating the adjacent faces F and F ′.

We next argue that the freespace graph does not change unless a freespace event occurs. It

is clear that, unless an appearing or disappearing event occurs, neither the vertices nor the

edges in a freespace graph Gf change. What remains is to argue that the vertex weights do

not change unless an event occurs. More specifically, unless a freespace event occurs, no

intersection a = l(p) ∩ l(q) enters or leaves the freespace.
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For the sake of contradiction, suppose that a either enters or leaves the freespace while no

freespace event occurs. Clearly, v(p, q) cannot be a corner vertex, since such a weight change

is explicitly captured by an entering or leaving event. Moreover, v(p, q) cannot be an interior

vertex, because every interior vertex has weight 1 regardless.

Therefore, v(p, q) must be a boundary vertex, and a must be a critical point. Without loss

of generality, let p be a vertex of π. If a enters the freespace, then a must coincide with a

critical point b = l(p′) ∩ l(q), implying that the grid lines l(p) and l(p′) overlap. If a leaves

the freespace, then a must first coincide with (again) such a critical point b, implying that the

grid lines l(p) and l(p′) separate. In both cases, either an overlapping event or a separating

event occurs, contradicting our assumption.

Let p (resp. q) be a critical point on the ith (resp. jth) freespace boundary. We next argue

that no freespace event occurs unless we traverse into or out of a critical transformation.

This is true by definition. An entering/appearing (resp. leaving/disappearing) event defined

by (p, σw) occurs only when the associated edge (vF , vF ′) traverses into (resp. out of) the

critical transformation T ve
δ (πi, σw). An overlapping (resp. separating) event defined by

(p, q, σw) occurs only when (vF , vF ′) traverses into (resp. out of) the critical transformation

T vve
δ (πi, πj, σw).

Observe that exactly one freespace event occurs every time we traverse into or out of a critical

transformation, and this is captured by the Euler tour. Therefore, every face is associated

with at least one event in T , and for every edge (vF , vF ′) associated with an event t ∈ T , the

graphs Gf (π, τF (σ)) and Gf (π, τF ′(σ)) differ by exactly one event. □

We also observe that fewer faces are adjacent to VE critical transformations than to VVE

critical transformations.

OBSERVATION 20. In the arrangement Aδ = Aδ(π, σ, T ), the number of faces adjacent to

VVE critical transformations is at most O(n3k), whereas the number of faces adjacent to VE

critical transformations is at most O(n3k−1).



2.5 FRÉCHET DISTANCE UNDER TRANSFORMATION 35

PROOF. Wenk [141] proved that there are at most O(n3k) faces in Aδ, which upper-

bounds the number of faces adjacent to VVE critical transformations. They also showed that

each critical transformation is a semi-algebraic set with constant description complexity [141,

Lemma 24]. Therefore, every face in Aδ is the intersection of at most k critical transformations.

If a face is adjacent to a VE critical transformation, there are at most n3(k−1) ways to choose

the remaining k − 1 critical transformations from the Θ(n3) total. Since there are at most

n2 VE critical transformations, in total at most O(n3k−1) faces are adjacent to VE critical

transformations. □

We are now ready to put the pieces together to obtain a faster algorithm for computing the

Fréchet distance under rationally parameterised transformations. Given a real number δ ≥ 0,

a class T of transformations rationally represented with k degrees of freedom, and a pair of

polygonal curves π and σ, each with n vertices, Wenk [141] showed that it is sufficient to

construct an arrangement Aδ in the parameter space Rk and to sample a single transformation

from each face. In Lemma 19, we showed that this arrangement can be traversed to generate

a complete set of O(n3k) freespace events in O(n3k) time.

Our results in Sections 2.3 and 2.4 for handling freespace events under translations extend

directly to the case of rationally parameterised transformations. Therefore, the number of

updates produced by the complete event sequence can be plugged into Lemma 15. Altogether,

our algorithm runs in O(n4 + n3k · (Tu(n
2) + Tq(n

2))) time, where Tu(n
2) denotes the time

to update a vertex and Tq(n
2) the time to query st-reachability in an O(n2) × O(n2) grid

graph. For a fast query bound Tq(n
2), we again employ the offline dynamic grid-reachability

result of [26], which we restate for convenience below.

FACT 21 ([26, Theorem 3.4], restate of Fact 16). Offline dynamic grid reachability can be

solved in time O(N2 + UN2/3 log2N).

By Fact 21, Tu(n
2) + Tq(n

2) takes amortised O(n4/3 log2 n) time. For classes of rationally

parameterised transformations with at least one degree of freedom, we state our final result.
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THEOREM 2. The Fréchet distance under transformations rationally represented with k

degrees of freedom can be decided in O(n3k+4/3 log2 n) time.

2.6 Conclusion and future work

Our algorithm provides the first progress in over 20 years for computing the (continuous)

Fréchet distance under transformations. The running time comes from traversing an arrange-

ment in the space of transformations, performing an update to a dynamic grid graph data

structure in each step.

We conclude with open questions. Can the update time be reduced? Improving the update

time for the data structure of [26] would directly improve our running time. But it may also

be possible to tailor the data structure for our setting. For instance, we could prune the lower

levels of the data structure, since reachability in the inside of freespace cells does not carry

any information.

Can we prove a non-trivial conditional lower bound for computing the Fréchet distance under

translations? The complexity of the arrangement, Ω(n6), would seem like a natural lower

bound. However, even transferring the n4−o(1) conditional lower bound for the discrete Fréchet

distance under translation [26] to the (continuous) Fréchet distance seems difficult, since the

lower bound construction crucially relies on the fact that the discrete Fréchet traversal can

only stay on the vertices and not on the edges.



CHAPTER 3

Faster Algorithms for Fréchet Edit Distance

3.1 Introduction

Determining the similarity of two trajectories is a central problem in numerous domains —

ranging from geographic mapping to activity recognition and robotics. In computational

geometry, the Fréchet distance is arguably the most popular metric for measuring curve

similarity: it models two entities traversing the trajectories (e.g., a person and a dog) and

captures the minimum leash length required to keep them connected under continuous motion.

Since the classic algorithm by Alt and Godau [7], extensive progress has been made. Recent

works have improved the exact algorithm [55, 56], approximation algorithms [57, 61, 105,

106], query structures [11, 29, 40, 45, 53, 74, 75, 88, 97], algorithm engineering [14, 27, 28,

37, 67], simplification [24, 54, 115, 118], clustering [30, 39, 43, 95, 127], and several other

Fréchet-based similarity measurements [38, 42, 66, 73, 77]. Lower bounds have also been a

subject of extensive research [23, 32, 56].

Unfortunately, the Fréchet distance is sensitive to outliers. For a curve π, an outlier point

p ∈ π that lies far from the remaining points may cause the Fréchet distance between π and

another curve σ to be dominated by the distance from p to σ. Real-world data sets, such as

GPS traces, eye-tracking movement, and motion capture feeds, often suffer from outliers.

To address this, several robust variants of the Fréchet distance have been suggested. The

k-outlier Fréchet distance [44] allow us to ignore up to k points and compute the minimum

Fréchet distance for all such deletions. The shortcut Fréchet distance [62] enables skipping

subcurves on one curve via shortcuts to mitigate local distortions. Partial curve matching [31]
37
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relaxes the requirement for full alignment by matching only subcurves. Fréchet distance

under uncertainty [38] uses points in a curve as uncertainty regions.

In 2024, Fox, Nayyeri, Perry, and Raichel [79] introduced the Fréchet Edit Distance (FED),

a similarity measure that augments the classical Fréchet distance with edit operations, spe-

cifically, insertions and deletions of vertices. They considered a range of variants, depending

on whether the discrete or continuous Fréchet distance is used, whether edits are allowed on

one or both curves, and whether the edits are restricted to insertions, deletions, or both. For

many of these settings, they provided polynomial-time algorithms, and they also established

NP-hardness for certain variants, including the case where both insertions and deletions are

permitted under the weak Fréchet metric.

In [79], the central insight was to model the problem as a purely combinatorial one, largely

avoiding the use of geometric structure. In contrast, we take a fundamentally different

approach: our key technical contribution is a detailed study of the problem within the

freespace diagram framework of Alt and Godau [7]. We show that the freespace diagram can

be scanned greedily while maintaining only a small number of candidate paths. Moreover, we

prove that these paths can be maintained using purely local updates during the scan. When

combined with geometric properties of the underlying curves (see e.g. Lemma 50), this

approach leads to faster algorithms and naturally extends to more general settings, including

insert-only operations on both curves for which no result existed previously.

Using this framework, we present improved algorithms for computing the continuous FED

under a range of edit models, summarised in Table 3.1. When deletions are allowed on

either one or both curves, we obtain an Õ(kn2)-time algorithm (Theorem 6), together with a

near-matching lower bound (Section 3.3.5), where Õ(·) suppresses polylogarithmic factors in

k and n.

For the insertion-only setting, we show that FED can be solved in Õ(kn3) time, regardless of

whether insertions are allowed on one curve or on both (Theorems 8 and 10). Finally, when

both insertions and deletions are allowed on a single curve, we give a Õ(k2n3)-time algorithm
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(Section 3.4.5). In general, our results improve the previously best-known bounds by up to a

factor of kn.

Edit on one curve Edit on both curves
Ours [79] Ours [79]

Delete only Õ(kn2) Õ(k2n2) Õ(kn2) Õ(k4n2)

Insert only Õ(kn3) Õ(n4(k2 + n)) Õ(kn3) —
Insert and delete Õ(k2n3) Õ(kn4(k2 + n)) — —

TABLE 3.1: A comparison between the running times of our algorithms and
the algorithms in [79], where n is the total number of vertices and k is the
number of allowed edits.

3.2 Preliminaries

A d-dimensional polygonal curve π : [1, n] → Rd is a continuous mapping from [1, n] to

Rd such that for any valid integer i, π[i, i+ 1] is a linear function, πi = π[i] is a vertex and

πiπi+1 = π[i, i + 1] is a segment. The integer n is the number of vertices in π, and we say

|π| = n.

Let n and m be the number of vertices in the polygonal curves π and σ, respectively. We use

dF(π, σ) to denote the Fréchet distance between π and σ (see Chapter 1 for an overview). Let

Fδ(π, σ) be the δ-freespace between π and σ, and we call F ′
δ(π, σ) = [1, n]× [1,m]\Fδ(π, σ)

the non-free space.

Fδ(π, σ) = {(x, y) ∈ [1, n]× [1,m] | ∥π[x]− σ[y]∥ ≤ δ}.

Let Dδ(π, σ) denote the δ-freespace diagram, which is a partition of Fδ(π, σ) into (|π| − 1) ·

(|σ| − 1) cells. We have the following classic result by Alt and Godau [7].

FACT 1. Let π and σ be curves in Rd with |π| = n and |σ| = m. Then:

(1) The freespace diagram Dδ(π, σ) contains O(mn) cells and can be constructed in

O(dmn) time.

(2) The freespace within each cell is convex and has constant description complexity.
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(3) dF(π, σ) ≤ δ if and only if there exists an xy-monotone path in the freespace

Fδ(π, σ) from (1, 1) to (n,m).

We say two curves π and σ are similar if dF(π, σ) ≤ δ, and a path P in the freespace diagram

Dδ(π, σ) is feasible if P is an xy-monotone path traversing through the freespace Fδ(π, σ).

By Fact 1, dF(π, σ) ≤ δ if and only if there exists a feasible path P from (1, 1) to (n,m).

The feasible path P corresponds to a continuous matching M : [1, n] → [1,m], which maps a

point on π to a point on σ. We say M (or P ) realises dF(π, σ) ≤ δ.

3.3 Delete only

We will start with the model where k vertices can be deleted, either from one curve or from

both curves. When deleting a vertex πi, we remove vertex πi as well as segments πi−1πi and

πiπi+1, and adjacent vertices πi−1 and πi+1 are connected by a segment. When deleting π1, π2

is set as the new starting vertex, and when deleting πn, πn−1 is set as the new ending vertex.

A k-deletions curve of π is a curve obtained by deleting k vertices from π. If π is the original

curve of the deletion curve π′, in which consecutive vertices {πi+1, πi+2, ..., πj−1} are deleted,

then π′ maps the interval [i, j] to the segment πiπj . For completeness, we define π to be its

own 0-deletion curve.

The delete-only Fréchet edit distance (FED) problem asks for the minimum number of vertex

deletions required to bring two curves within a given Fréchet distance threshold. The decision

version of the delete-only FED problem asks the following.

PROBLEM 1 (Delete-only FED problem). Given two polygonal curves π and σ, a non-negative

real number δ, and a non-negative integer k, determine whether there exists a deletion curve

π′ of π and a deletion curve σ′ of σ such that dF(π′, σ′) ≤ δ and |π|+ |σ| − |π′| − |σ′| ≤ k.

We denote the delete-only Fréchet edit distance between π and σ by Dedδ(π, σ): the min-

imum number of vertex deletions required to obtain deletion curves π′ and σ′ such that

dF(π
′, σ′) ≤ δ. We are also interested in the case in which deletions are allowed only from π.
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Let Ded1
δ(π, σ) denote the minimum number of vertex deletions required from π such that

dF(π
′, σ) ≤ δ. It is possible that no deletions can bring π and σ within Fréchet distance δ,

and they have a delete-only FED distance ∞.

In this section, we will present more general deciders for the delete-only FED problem. To

simplify the presentation, we impose the restriction that π1, πn, σ1, and σm are not allowed

to be deleted. Our approach can easily be generalised to handle these special cases (see

Section 3.3.4). This restriction allows us to assume that ∥π1 − σ1∥ ≤ δ and ∥πn − σm∥ ≤ δ.

This restriction also implies that both (n,m) and (1, 1) lie in the freespace determined by any

deletion curve of π and any deletion curve of σ.

3.3.1 Delete-only distance between a segment and a polygonal curve

In this section, we study the restricted case of computing the delete-only edit distance between

a segment and a polygonal curve. The observations and algorithms developed here will later

enable us to solve the delete-only edit distance problem between two polygonal curves. To

this end, we first introduce notation for the cells defined by two deletion curves—more general

than what is strictly required for the segment-to-curve case.

For integers i < j, let π′ be a deletion curve of π, where consecutive vertices πi+1, ..., πj−1

(if they exist) are deleted but vertices πi and πj are retained. For integers a < b, let σ′ be a

deletion curve of σ, where consecutive vertices σa+1, ..., σb−1 (if they exist) are deleted but σa

and σb are retained. Note that πiπj is a segment in π′ and σaσb is a segment in σ′.

We discuss the connection between the freespace diagrams Dδ(π
′, σ′) and Dδ(π, σ) by de-

fining the notations for a cell in the freespace diagram Dδ(π
′, σ′) (see Figure 3.1, left). Let

C = C(i,j),(a,b) be the freespace diagram cell in Dδ(π
′, σ′), determined by segments πiπj in π′

and σaσb in σ′. Let Li,(a,b) be the left boundary of C, and let B(i,j),a be the bottom boundary.

Let Lf
i,(a,b) ⊆ Li,(a,b) and Bf

(i,j),a ⊆ B(i,j),a be the portions that lie in the freespace. Finally, let

b(p, δ) denote the disk centred at point p with radius δ; for brevity, we write b(p) = b(p, δ).
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i j
a

b

C(i,j),(a,b)

Lf
i,(a,b)

Bf
(i,j),a

πi

σa σb
σ[α] σ[β]

α

β

B(i,j),a

Li,(a,b)

FIGURE 3.1: The left figure shows the cell in the freespace diagram de-
termined by segments πiπj and σaσb. In the right figure, we observe that
I = [i]× [α, β] lies in the freespace Fδ(π

′, σ′), where π′ can be any deletion
curve of π that retains πi, and σ′ can be any deletion curve of σ that contains
the segment σaσb.

Next, we establish an observation and a lemma that provide additional structure to the problem,

showing that it suffices to consider only the information along the boundaries of the freespace

diagram.

OBSERVATION 22. For an integer i and real numbers α ≤ β, if I = [i] × [α, β] lies in

Fδ(π, σ), then for any deletion curve π′ of π that retains πi, I lies in Fδ(π
′, σ).

π2

π5

π6

π9

Dδ(π, σ)

Dδ(π
′, σ)

π2 π5 π6 π9

π

FIGURE 3.2: The left figure shows a horizontal line segment together with a
polygonal curve π and a deletion curve of π obtained by deleting the vertices
between π2 and π5 and between π6 and π9. The right figure shows the freespace
diagrams between the segment and π, and between the segment and the
deletion curve. The coloured critical points on the vertical boundaries defined
by π2, π5, π6, and π9 coincide in both freespace diagrams.

PROOF. See Figure 3.1, right, and 3.2 for an illustration. The interval I lies in the

freespace Fδ(π, σ) if the subcurve σ[α, β] lies entirely in the disk b(πi). The right-hand side

remains true for any deletion curve π′ that retains πi. □



3.3 DELETE ONLY 43

LEMMA 23. Consider two points p = (i, α) and q = (j, β) in Fδ(π, σ), where p ∈ Lf
i,(a,a+1)

and q ∈ Lf
j,(a,a+1) for integers i < j and real numbers α ≤ β. Under the restriction that both

πi and πj must be retained, let an xy-monotone path from p to q be one that intersects the

minimum number of vertical boundaries in the non-free space F ′
δ(π, σ), and let this minimum

be k. Then Ded1
δ(π[i, j], σ[α, β]) = k.

p = (i, α)

q = (j, β)

πi

πj

πi πj

π[i, j]

σ[α]

P

σ[β]

FIGURE 3.3: If a path P intersects vertical boundaries in the non-free space,
we can delete the vertices of π that define these boundaries to obtain a deletion
curve π′ such that dF(πiπj, σ[α, β]) ≤ δ.

PROOF. See Figure 3.3 for an illustration. We first prove that if there exists an xy-

monotone path P from p to q that intersects k vertical boundaries in the non-free space

F ′
δ(π, σ), then Ded1

δ(π[i, j], σ[α, β]) ≤ k. Let B be the maximal set of integer indices

in increasing order such that for i′ ∈ B, P ∩ Li′,(a,a+1) lies in the freespace Fδ(π, σ) (B

includes i and j). Let π′ be the k-deletions curve of π[i, j] that deletes all vertices πw for all

w = i+ 1, ..., j − 1 with w /∈ B.

For every adjacent pair b, c ∈ B, by Observation 22, the intersections pb = P ∩ Lb,(a,a+1) and

pc = P ∩ Lc,(a,a+1) lie in the freespace Fδ(π
′, σ). Since both pb and pc lie in the freespace

Fδ(π
′, σ), by Fact 1, the entire subpath of P from pb to pc lies in the freespace. Since this

holds for each consecutive pair of such boundaries, P also lies entirely in the freespace. Thus,

dF(π
′, σ[α, β]) ≤ δ, and hence Ded1

δ(π[i, j], σ[α, β]) ≤ k.

We next prove that if Ded1
δ(π[i, j], σ[α, β]) = k, then there exists an xy-monotone path

P from p to q that intersects at most k vertical boundaries in the non-free space F ′
δ(π, σ).

Let π∗[i, j] be the k-deletions curve that realises Ded1
δ(π[i, j], σ[α, β]) and retains vertices

πa0 , ..., πah , where a0 = i and ah = j. By Fact 1, there exists a feasible path P ∗ ⊆ Fδ(π
∗, σ)
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from p to q. For integer g = 0, ..., h, the intersection pg = P ∗∩Lf
ag ,(a,a+1) and the intersection

pg+1 = P ∗∩Lf
ag+1,(a,a+1) must lie in the freespace Fδ(π

∗, σ) determined by the deletion curve.

By Observation 22, both pg and pg+1 must also lie in the freespace Fδ(π, σ) determined by

the original curve.

In the worst case, any xy-monotone path Pg ⊆ Dδ(π, σ) from pg to pg+1 intersects all vertical

boundaries in the non-free space except for those two determined by πag and πag+1 . Note that∑
g(ag+1 − ag − 1) = k, as the total number of deleted vertices is exactly k. A path P can be

constructed by concatenating the paths Pg for all values of g, and this path intersects at most

k vertical boundaries in the non-free space. □

Lemma 23 effectively reduces the problem of computing the delete-only Fréchet edit distance

between a segment and a curve to finding an xy-monotone path that intersects as few vertical

boundaries in the non-free space as possible. We say that a path P stabs a vertical cell

boundary Li,(a,b) if their intersection P ∩Li,(a,b) lies in the non-free space Li,(a,b) \Lf
i,(a,b). The

deletion cost w(p) of a point p is the minimum number of vertical boundaries an xy-monotone

path must stab to reach p — we say that p is w(p)-reachable.

Our approach iterates over i from 1 to n, and we are interested in the minimum deletion cost

among all points lying on every Li,(1,2). However, it is insufficient to maintain the minimum

deletion cost for each cell boundary. Compared to a best path ending at a point q ∈ Li,(1,2),

a best path ending at a lower point p may stab more vertical boundaries initially, but it has

greater freedom to stab fewer vertical boundaries as it continues. For the same reason, if p

has a lower deletion cost than a higher point q, there is no need to record q. We say a point p

is an extreme reachable point if it is the lowest point such that there exists an xy-monotone

path from (1, 1) to p that stabs at most w(p) vertical boundaries.

Motivated by these observations, Algorithm 1 iteratively maintains, for fixed a and b, a set

Ri,(a,b) of extreme reachable points (henceforth, simply reachable points) on Li,(a,b). Each set

of reachable points is monotone: when the points are sorted from low to high, their deletion

costs decrease. Observe that the reachable points in Ri,(a,b) share the same x-coordinate i, and

it is sufficient to store Ri,(a,b) as a set of real values in the range [a, b].
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Li,(a,b)

Ri−1,(a,b) Ri,(a,b)

t

b

bb

tt

tb

FIGURE 3.4: An illustration of deletion cost updates for points in Ri−1,(a,b),
the weights of the red reachable points are incremented by 1.

Algorithm 1 Horizontal Propagation. We iterate over i from 1 to n, and compute the set

Ri,(1,2) of reachable points. We initialise R1,(1,2) to contain a single point (1, 1) with deletion

cost 0.

Given that we have computed Ri−1,(1,2), we compute Ri,(1,2). To avoid needless duplication,

we first set Ri,(1,2) = Ri−1,(1,2) before updating Ri,(1,2) using Lf
i,(1,2). If Li,(1,2) lies entirely in

the freespace, no action is required. If Li,(1,2) lies entirely in the non-free space, increment

the deletion cost of every point in Ri,(1,2) by 1.

If neither of the above cases occurs, let t and b be the top and bottom points of Lf
i,(1,2),

respectively (see Figure 3.4). Let bb (resp. tb) be the topmost point in Ri,(1,2) lower than b

(resp. t), and let bt (resp. tt) be the bottommost point above b (resp. t). We first insert b in

Ri,(1,2) and set w(b) = w(bb). Then, for every point r ∈ Ri,(1,2) that is either above t or lower

than b, increment w(r) by 1. As a final step, if w(tt) = w(tb), we remove tt from Ri,(1,2). If

we are solving the decision version, remove the lowest point in Ri,(1,2) if it has a deletion

cost of k + 1. We stop if Ri,(1,2) is empty and report Ded1
δ(π, σ) > k. If Rn,(1,2) is non-empty,

we report Ded1
δ(π, σ) ≤ k. To solve the optimisation version, report the deletion cost of the

topmost point in Rn,(1,2) as Ded1
δ(π, σ).

LEMMA 24. Given two polygonal curves π and σ with |π| = n and |σ| = 2, it takes O(n log k)

time to determine if Ded1
δ(π, σ) ≤ k, and O(n log n) time to compute Ded1

δ(π, σ).

PROOF. To prove the correctness of Algorithm 1, we show that Ri,(1,2) contains every

extreme reachable point on Lf
i,(1,2), for all i = 1, ..., n.



46 3 FASTER ALGORITHMS FOR FRÉCHET EDIT DISTANCE

We prove this claim using induction. Clearly, R1,(1,2) = {s} with s = (1, 1) and w(s) = 0

since the degenerate path (the single point) (1, 1) stabs no vertical boundaries. Given that

Ri−1,(1,2) is correct, we argue that Ri,(1,2) is also correct. For any c-reachable point (i−1, r) ∈

Ri−1,(1,2), due to the monotonicity requirement of a path, p = (i, r) is at most c-reachable if

p ∈ Lf
i,(1,2) or at most (c+ 1)-reachable if p /∈ Lf

i,(1,2). If p = bb, then b is c-reachable, since

Ri−1,(1,2) is monotone, and the higher point is c′-reachable for some smaller c′. Once these

steps have taken place in Algorithm 1, we remove tt if w(tt) = w(tb) because they are the

only pair that may have the same deletion cost.

We next analyse the time complexity. If we are solving the decision version, we are required

to keep only the reachable points that are at most k-reachable. Therefore, |Ri,(1,2)| ≤ k + 1,

and it takes O(log k) time to compute Ri,(1,2) from Ri−1,(1,2). We use a balanced binary search

tree T to store the reachable points in increasing order. When computing Ri,(1,2), the deletion

costs for a continuous subset R′ ⊆ Ri,(1,2) of points are either unchanged or incremented by

1. To avoid explicitly maintaining the deletion costs of O(k) points, for each node of T , we

store a counter initialised to 0. When incrementing the deletion costs of points in R′, we first

compute a minimal subset T ′ of nodes whose canonical subset stores R′. Then we increment

the counters stored at each node of T ′ by 1. The size of T ′ is at most O(log k).

During the update, our algorithm queries the exact deletion costs of at most three points: the

lowest point in Ri,(1,2), tb and bb, and updates at most two points: the lowest point in Ri,(1,2)

and b. These operations involve a constant number of nodes, and they take a total of O(log k)

time since the depth of T is at most O(log k). The decision algorithm in total takes O(n log k)

time due to the n vertical boundaries for which we perform the updates. The optimisation

version takes O(n log n) time, since |Ri,(1,2)| ≤ n. □

3.3.2 Deletions from one of the two curves

Algorithm 1 does not trivially extend to the case where |σ| > 2. The algorithm uses

Observation 22, and computes the deletion costs of at most k+1 points one vertical boundary
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at a time. However, when |σ| > 2, a horizontal cell boundary lying in the non-free space may

lie in the freespace once a set of vertices is deleted. See Figure 3.5 for an example.

π1

π4

π1 π4

π1 π4

σ

σ

σ

FIGURE 3.5: By removing π2 and π3, part of the horizontal boundary now
lies in the freespace.

From a freespace diagram perspective, consider an xy-monotone path P ∗ through Dδ(π
∗, σ),

where π∗ is an optimal deletion curve that realises Ded1
δ(π, σ). Gudmundsson and Wong [95]

observed that P ∗ can be transformed and partitioned into two types of subpaths — a subpath

either lies in a single row or crosses at least one horizontal boundary. We need only a weaker

version of their result.

FACT 25 ([95, Lemma 19 and Theorem 22]). Let P be an xy-monotone path in the freespace

diagram Dδ(π
′, σ), where π′ is a deletion curve such that dF(π′, σ) ≤ δ. P can be transformed

and partitioned into a set of maximal subpaths such that for some valid integers i < j and

a < a′, each subpath is exactly one of the following two types:

(1) Row subpath. The subpath lies entirely within a single row determined by a segment

σaσa+1. It starts at the lowest point on Lf
i,(a,a+1) and ends at a point on Lf

j,(a,a+1).

(2) Column subpath. The subpath lies entirely within a single column determined by

a segment πiπj . It starts at a point on Lf
i,(a,a+1) and ends at the lowest point on

Lf
j,(a′,a′+1).
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The existence of a row subpath requires us to compute the edit distance between a subsegment

of σ and a subcurve of π, which is done in Algorithm 1. The existence of a column subpath

requires us to compute additional horizontal boundaries. For fixed integers i and a, we

compute B(i,j),a for all j only if j − i− 1 ≤ k, since at most k deletions are allowed.

For a point q lying on some Lf
j,(a′,a′+1), we want to compute the point p ∈ Lf

i,(a,a+1) with

lowest deletion cost such that there exists an xy-monotone path through Fδ(πiπj, σ) from

p to q. Naturally, any column subpath reaching Lf
j,(a,a+1) must first arrive at some Bf

(i,j),a′ ,

for which we pay an additional j − i − 1 deleted vertices. This information is computed

efficiently using Algorithm 2 and its correctness is proved in Lemma 26.
w(l) = min(w(p),w(q) + j − i− 1)

q

r

p R(i,j),a

R(i,j),a+1

w(·) > w(l)

Ri,(a,a+1)

l

FIGURE 3.6: An illustration of Algorithm 2.

Algorithm 2 Vertical Propagation. See Figure 3.6 for an illustration. Given every set

Ri,(a,a+1) of monotone reachable points as the input, we first initialise R(i,j),1 as an empty set,

and then iterate a = 1, ...,m− 1 and compute R(i,j),a+1 in the following manner.

Let l and r be the leftmost and rightmost points on Bf
(i,j),a+1, respectively. Store points p

and q, if each exists: p ∈ R(i,j),a is the rightmost point that lies to the left1 of l, and q is the

topmost point on Lf
i,(a,a+1). Set R(i,j),a+1 = R(i,j),a.

First, remove the points in R(i,j),a+1 that are to the right of r or to the left of l. Next, if neither

p nor q exists, we are done. Otherwise, let c′ = min{w(p),w(q) + j − i − 1} and remove

all points in R(i,j),a+1 whose deletion cost exceeds c′. Finally, insert l into R(i,j),a+1 with

w(l) = c′.
1For brevity, we say that p is to the left (resp. on top) of q if p has a smaller or equal x-coordinate (resp.

y-coordinate).
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LEMMA 26. For fixed integers i and j, it takes O(m log k) time to compute, for every lowest

critical point q on all Lf
i,(a,a+1), 1 ≤ a ≤ m, the point p with the lowest deletion cost such

that there exists an xy-monotone path from p to q through Fδ(πiπj, σ).

PROOF. Since R(i,j),a (resp. Ri,(a,a+1)) is monotone, the points to the right (resp. top)

have smaller deletion cost. Therefore, min{w(p),w(q)} is the smallest deletion cost for

which there exists an xy-monotone path from any point in R(i,j),a ∪Ri,(a,a+1) to l.

We now analyse the time complexity. It is sufficient to store the set R of reachable points as

an array of sorted real values with decreasing deletion costs. When updating R, we either

remove a continuous subset or insert a new point l. All operations can be done with a binary

search on an array of size O(k) and a constant number of index manipulations. □

When σ is a segment, in Algorithm 1, we computed the set Rj,(a,a+1) of reachable points

using only Rj−1,(a,a+1). When σ contains more than one segment, computing Rj,(a,a+1) needs

to take into consideration the set R(i,j),a of reachable points on the horizontal boundaries, for

all valid values of i.

Algorithm 3 Compute Dδ(π, σ). Initialise both R1,(1,2) and R(1,2),1 to contain a single point

(1, 1) with deletion cost 0. Initialise R1,(a,a+1) to be empty for all a = 2, ...,m − 1. For all

a = 1, ...,m− 1, i = 2, ..., n− 1, and j = i+ 1, ..., i+ k + 1, compute B(i,j),a and initialise

R(i,j),1 to be empty.

We use Algorithm 2 to compute the set of reachable points on horizontal boundaries. For

every j = 2, ..., n and a = 2, ...,m − 1, we use the following steps to compute Rj,(a,a+1)

using the set Rj−1,(a,a+1), and R(i,j),a for all i = j − k− 1, ..., j − 1. First, compute Rj,(a,a+1)

using Algorithm 1 with Rj−1,(a,a+1) as input. Next, let c be the lowest deletion cost of points

in R(i,j),a for all i = j − k − 1, ..., j − 1 and let p be the lowest point on Lf
j,(a,a+1). Set

w(p) = min{c,w(p)}, and remove all points above p in Rj,(a,a+1) with deletion cost greater

than or equal to w(p).

Report Ded1
δ(π, σ) ≤ k if Rn,(m−1,m) is non-empty. To solve the optimisation version, set

k = n and report the minimum deletion cost of points in Rn,(m−1,m) as Ded1
δ(π, σ).
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LEMMA 27. Let Rn,(m−1,m) be the set of reachable points computed by Algorithm 3 on

input curves π, σ, and a threshold δ. Then the minimum deletion cost among the points in

Rn,(m−1,m) equals Ded1
δ(π, σ).

PROOF. We first prove that if Ded1
δ(π, σ) = k, the minimum deletion cost of points in

Rn,(m−1,m) is at most k. Consider an optimal k-deletion curve π∗ of π that realises Ded1
δ(π, σ),

and a feasible path P ⊆ Fδ(π
∗, σ) from (1, 1) to (n,m). Using Fact 25, we know there is a

partition of P such that each subpath Pg is either a column subpath or a row subpath.

Consider the case where Pg is a row subpath traversing from p = (i, α) to q = (j, β), and

π∗ deletes kg vertices between πi and πj . By Lemmas 23 and 24, p is a reachable point in

Ri,(a,a+1) and there is a reachable point q′ at or below q with deletion cost w(q′) ≤ w(p) + kg.

If Pg is a column subpath traversing from p ∈ Lf
i,(a,a+1) to q, then π∗ deletes all vertices

between πi and πj . By Lemma 26, there exists a reachable point p′ at or below p and

w(q) ≤ w(p′) + kg, where kg = j − i − 1, since Pg is an xy-monotone path through the

freespace Fδ(πiπj, σ). In total, the minimum deletion cost of points in Rn,(m−1,m) is at most∑
g kg ≤ k.

We next prove that if the minimum deletion cost w(u) of points in Rn,(m−1,m) is k, then

Ded1
δ(π, σ) ≤ k — by backtracking from u to construct a deletion curve π′ such that

dF(π
′, σ) ≤ δ. Observe that in Algorithm 3, the deletion cost of a reachable point q = (j, β)

in Rj,(a′,a′+1) is realised either by a reachable point ph through horizontal propagation or a

reachable point pv = (i, α) in Ri,(a,a+1) through vertical propagation.

If w(q) is realised by pv, then we use the deletion curve πiπj in π′ and dF(πiπj, σ[α, β]) by

Lemma 26. If w(q) is realised by ph, we continue backtracking from ph until a point p =

(i, α) ∈ Lf
i,(a,a+1) in the freespace. We attach πiπj to π′, and by Lemma 23, dF(πiπj, σ[α, β]) ≤

δ. Repeat this process until we reach the reachable point (1, 1), at which point we have

dF(π
′, σ) ≤ δ. □

LEMMA 28. Given two curves π and σ with |π| = n and |σ| = m, it takes O(kmn log k)

time to determine if Ded1
δ(π, σ) ≤ k and O(mn2 log n) time to compute Ded1

δ(π, σ).
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PROOF. The correctness of Algorithm 3 is shown in Lemma 27, and the algorithm

computes the reachable points on O(mn) vertical cell boundaries and O(kmn) horizontal

cell boundaries. By Lemma 24, it takes O(log k) time to first compute Rj,(a,a+1) using

Rj−1,(a,a+1). It takes O(log k) time to find the point with minimum deletion cost in R(i,j),a for

all i = j − k − 1, ..., j − 1, since the reachable points are monotone and their minima can be

stored in a min-heap. It takes O(log k) time to compute every R(i,j),a by Lemma 26. In total,

Algorithm 3 takes O(kmn log k) time. We have k = n for the optimisation version, which

takes O(mn2 log n) time. □

Note that we can perform exponential search to obtain a value k that is at most 2 · Ded1
δ(π, σ).

Combined with the decision algorithm, this yields an O(kmn log2 k)-time optimisation

algorithm. This applies to all special cases of the Fréchet edit distance problem discussed in

this chapter.

THEOREM 3. When deletions are allowed on only one of the two curves, the delete-only

Fréchet edit distance problem can be solved in Õ(kn2) time.

3.3.3 Deletions in both curves

When deletions are allowed on both curves, we compute the sets of reachable points on all

valid horizontal and vertical boundaries.

Rj,(a,b) R(i,j),bRj−1,(a,b)

R(j−1,j),a

R(j−2,j),a

R(j−k−1,j),a

u

Ri,(b−k−1,b)

Ri,(b−2,b)

Ri,(b−1,b)

p
q

v

R(i,j),b−1

FIGURE 3.7: An illustration of Algorithm 4. The blue arrows illustrate the
update by Algorithm 1. The red arrows illustrate taking the minimum deletion
cost on the sets of reachable points on the orthogonal boundaries.

Algorithm 4 We iteratively compute the sets Ri,(a,b) and R(i,j),a of reachable points for all

1 ≤ i < j ≤ n and 1 ≤ a < b ≤ m. During initialisation, compute Li,(a,b) and B(i,j),a for all
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valid integers i < j and a < b. For b = 2, ..., k + 1, initialise two sets R1,(1,b) and R(1,b),1 of

reachable points, both containing a single point (1, 1) with deletion cost b− 2. For other sets

of reachable points determined by π1 and σ1, initialise them to be empty.

Once the initialisation is complete, use Algorithm 1 to compute every set of reachable points on

every horizontal boundary or vertical boundary, followed by an update using sets of reachable

points on adjacent orthogonal boundaries (see Figure 3.7). Specifically, once Rj−1,(a,b) is

updated to Rj,(a,b) by Algorithm 1, update the deletion cost of v to w(v) = min{w(v),w(u) +

b−a− 1}, where v ∈ Rj,(a,b) is the lowest point in Lf
j,(a,b) and u is the minimum deletion cost

in R(i,j),a for all i = j − k − 1, ..., j − 1. Analogously, once R(i,j),b−1 is updated to R(i,j),b by

Algorithm 1, update the deletion cost of q to w(q) = min{w(q),w(p) + j − i − 1}, where

q ∈ R(i,j),b is the leftmost point in Bf
(i,j),b and p is the point with the minimum deletion cost

in Ri,(a,b) for all a = b− k − 1, ..., b− 1.

With a procedure to compute a set of reachable points, our algorithm iterates over the indices

in the following manner. We iterate a = 1, ...,m − 1. For each value of a, first compute

Ri,(a,b) for each i = 1, ..., n and b = a+ 1, ..., a+ k+ 1, and next compute R(i,j),a+1 for each

i = 1, ..., n and j = i+ 1, ..., i+ k + 1.

Once every R(i,n),m has been computed for i ≥ n − k − 1, and every Rn,(a,m) has been

computed for a ≥ m − k − 1, if either set is non-empty, report Dedδ(π, σ) ≤ k. For the

optimisation version, set k = n+m and report the minimum deletion cost as Dedδ(π, σ).

LEMMA 29. Given two curves π and σ with |π| = n and |σ| = m, it takes O(kmn log k)

time to determine if Dedδ(π, σ) ≤ k and O((m2n + mn2) log(m + n)) time to compute

Dedδ(π, σ).

PROOF. The correctness follows directly from the same arguments in Lemma 27, and

we focus on analysing the running time. In total, the algorithm computes O(kmn) sets of

reachable points. By Lemma 23, each set takes O(log k) time to compute and the algorithm

takes O(kmn log k) time in total. To solve the optimisation version, we set k = m+ n, and

the time complexity is O((m+ n)mn log(m+ n)) = O((m2n+mn2) log(m+ n)). □
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3.3.4 When deletions are allowed for leading and trailing vertices

We remove the restriction that the leading and trailing vertices are not allowed to be deleted.

Remark 4 In the case that only vertices of π are allowed to be deleted, observe that the first

vertex of any deletion curve of π must match to σ1. Therefore, we claim that for any optimal

deletion curve π∗ that realises the delete-only Fréchet edit distance, π∗ must retain the first

vertex πi of π such that ∥πi − σ1∥ ≤ δ. Indeed, otherwise the curve πi ◦ π∗ is still within

Fréchet distance δ from σ since the segment connecting πi and the first vertex of π∗ lies

entirely in the disk b(σ1, δ), which means that π∗ is not optimal. For analogous reasons, π∗

must retain the last vertex of π that is within distance δ from σm. To compute or determine

Ded1
δ(π, σ), it is sufficient to first identify the first vertex πi ∈ b(σ1) and the last vertex

πj ∈ b(σm). Then, use the algorithm in Lemma 28 with σ, π[i, j], and an updated target

k′ = k − (i− 1)− (n− j) as inputs. It takes O(n) time to identify πi and πj , and the time

complexity in Lemma 24 and Lemma 28 still hold.

Remark 5 In the case that deletions are allowed on both curves, let (π∗, σ∗) be a pair of optimal

deletion curves that realises the delete-only Fréchet distance between π and σ. Observe that

the first vertex of π∗ and the first vertex of σ∗ must be within distance δ. Therefore, we claim

that the first vertex πi ∈ π∗ and σj ∈ σ∗ must satisfy the following properties: ∥πi − σj∥ ≤ δ

and no pair (πa, σb) of vertices are within distance δ, where either a ≤ i and b < j, or

a < i and b ≤ j. Indeed, as otherwise dF(πa ◦ π∗, σb ◦ σ∗) ≤ δ, and (π∗, σ∗) do not realise

Dedδ(π, σ). If πi and σj are the last vertex of π∗ and σ∗, respectively, an analogous property

must hold: ∥πi − σj∥ ≤ δ and no pair (πa, σb) of vertices are within distance δ, where either

a ≥ i and b > j, or a > i and b ≥ j.

Let A (resp. B) be the set containing valid pairs of first (resp. last) vertices. To determine if

Dedδ(π, σ) ≤ k, it is sufficient to run Algorithm 4 using the pairs in A as the starting points

and stop at each ending pair in B. Each starting pair (πi, σj) incur an additional deletion cost

of i−1+j−1, and each ending pair (πa, σb) incur an additional deletion cost of n−a+m−b.

Identifying A and B takes at most O(nm) time, and the time complexity in Lemma 29 still

holds.
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THEOREM 6. The delete-only Fréchet edit distance problem can be solved in Õ(kn2) time.

3.3.5 A cubic lower bound for deletions from one curve

We will perform a reduction from the ∀∀∃-OV problem to the FED problem when deletions

are only allowed from one curve. In an instance of the ∀∀∃-OV problem, we are given three

sets of vectors A, B, and C. Each set contains n vectors of dimension d. Each entry of a

vector is either 0 or 1. We are to answer the following: is it true that for all pairs a ∈ A and

b ∈ B of vectors, there exists c ∈ C such that a, b and c are orthogonal? To report ‘no’ to this

question, it is sufficient to do the following: identify at least one pair (ai ∈ A, bj ∈ B) such

that for all c ∈ C, we have ai[ℓ] = bj[ℓ] = c[ℓ] = 1 for some ℓ. It is conjectured that there is

no O(n3−ε)-time algorithm for the ∀∀∃-OV problem for ε > 0 [24, 82].

We say two points a and b are close if ∥a− b∥p ≤ δ, and they are far if ∥a− b∥p > δ, where

∥·∥p is the Lp norm. Let m(ab) = a+b
2

be the midpoint of segment ab. Given an instance

(A′, B′, C ′) of ∀∀∃-OV and p ̸= 2, Bringmann and Chaudhury [24, Section 4.1] showed how

to compute a threshold δ, a point s, and three sets A, B, and C of d-dimensional points with

the following properties.

(1) For any a ∈ A, b ∈ B, c ∈ C, there is a point x on the line segment ab with

∥x− c∥p ≤ δ if and only if ∥m(ab)− c∥p ≤ δ.

(2) For any a ∈ A, b ∈ B, c ∈ C, we have ∥m(ab)− c∥p ≤ δ if and only if there exists

l ∈ [d] such that a[l] = b[l] = c[l] = 1.

(3) For any p, q ∈ A, p, q ∈ B, or p, q ∈ C, ∥p− q∥p ≤ δ.

(4) For any p, q ∈ {s} ∪B ∪ C and x ∈ pq, ∥x− a∥p > δ for all a ∈ A.

(5) For any p, q ∈ {s} ∪ A ∪ C and x ∈ pq, ∥x− b∥p > δ for all b ∈ B.

(6) For any p ∈ A ∪B and x ∈ sp, ∥x− c∥p > δ for all c ∈ C.

LEMMA 30. Let π and σ be a pair of polygonal curves in high dimension. Let |π| = 2n+ 2

and |σ| = n+ 4. Let the distance between two points be measured in the Lp metric, where

p ∈ [1,∞) and p ̸= 2. Let δ > 0 and k ∈ N. Conditioned on ∀∀∃-OV, for ε > 0, there is no

O(n3−ε)-time algorithm to decide whether Ded1
δ(π, σ) ≤ 2n− 2.
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PROOF. Let ⟨p1, p2, ..., pn⟩ denote the polygonal curve connecting points p1, p2, ..., pn.

For the reduction from the ∀∀∃-OV problem to the FED problem, we set π =

⟨s, a1, ..., an, b1, ..., bn, s⟩, σ = ⟨s, a1, c1, ..., cn, b1, s⟩ and k = 2n− 2. The decision problem

Ded1
δ(π, σ) ≤ k asks whether we can delete at most k vertices from π such that the resulting

curve π′ is similar to σ.

Suppose that Ded1
δ(π, σ) ≤ k. By Properties 4 and 5, we cannot delete the start or end

point s from π. By Property 4, we cannot delete the entire set A. By Property 5, we

cannot delete the entire set B. Therefore, at least one segment aibj must be in π′, since

k = 2n− 2. By Property 4, the point ai ∈ σ must match a point in the subcurve ⟨s, a1, c1⟩.

By Property 5, the point bj ∈ σ must match to a point in the subcurve ⟨cn, b1, s⟩. Therefore,

the subcurve ⟨c1, ..., cn⟩ must match to a subsegment of aibj ∈ π′. By Property 1, every

ck ∈ C must be close to m(aibj). By Property 2, for every ck, there exists l ∈ [d] such that

ai[l] = bj[l] = ck[l] = 1 and the triple (ai, bj, ck) is non-orthogonal. We can therefore report

that (A′, B′, C ′) is a NO-instance of ∀∀∃-OV.

Suppose that (A′, B′, C ′) is a NO-instance of ∀∀∃-OV. Therefore, there exists a pair ai ∈ A

and bj ∈ B such that the triple (ai, bj, ck) is non-orthogonal for all ck ∈ C. Delete k = 2n−2

vertices from π to obtain the curve π′ = ⟨s, ai, bj, s⟩. The Fréchet distance between π′ and σ is

≤ δ, since s matches to s, ai matches to a1 (Property 3), m(aibj) matches to ck for all ck ∈ C

(Property 2), bj matches to b1 (Property 3), and s matches to s. Therefore, Ded1
δ(π, σ) ≤ k.

Therefore, (A′, B′, C ′) is a NO-instance of ∀∀∃-OV if and only if Ded1
δ(π, σ) ≤ 2n − 2.

Conditioned on the ∀∀∃-OV conjecture, there is no O(n3−ε) time algorithm for ∀∀∃-OV, so

there is also no O(n3−ε)-time algorithm for Ded1
δ(π, σ) ≤ 2n− 2. □

To connect the time complexity in Theorem 3 to the cubic lower bound, observe that our

algorithm indeed works under any Lp metric. The geometric observations, Observation 22

and Lemma 23, still hold, and our algorithm primarily operates in the freespace diagram,

which easily generalises to any Lp metric. Lemma 30 provides evidence that Theorem 3 is

close to optimal.



56 3 FASTER ALGORITHMS FOR FRÉCHET EDIT DISTANCE

3.4 Edits on one of the two curves

Above we showed an algorithm for the delete-only FED problem. In this section, we focus on

the special case that both deletions and insertions are allowed only on σ. In Section 3.4.1, we

describe notations and some useful tools. In Section 3.4.2, we give an algorithm for the case

where only insertions are allowed. The main part of Section 3.4.2 focuses on the correctness

of our algorithm. In Section 3.4.3, we show how the running time can be improved. In

Section 3.4.5, we prove that our approach applies even when deletions are also allowed.

3.4.1 Definitions and notations

Let σ′ be a polygonal curve with |σ|+ k vertices. We say σ′ is a k-insertions curve of σ if the

vertices of σ are a subset of the vertices of σ′, and the vertices of σ appear in the same order

in σ′ as they appear in σ. Recall that ⟨p1, ..., pn⟩ is the polygonal curve connecting vertices

p1, ..., pn. When a curve ⟨σ′
1, ..., σ

′
a⟩ is inserted between two vertices σj and σj+1, σ′[j, j + 1]

becomes the polygonal curve ⟨σj, σ
′
1, ..., σ

′
a, σj+1⟩ instead of a segment.

PROBLEM 2 (Insert-only FED problem). Given two polygonal curves π and σ, a non-negative

real number δ, and a non-negative integer k, determine if there exists an insertion curve π′ of

π and an insertion curve σ′ of σ such that dF(π′, σ′) ≤ δ and |π′|+ |σ′| − |π| − |σ| ≤ k.

We use Ied1
δ(π, σ) to denote the minimum number of inserted vertices in σ to obtain an

insertion curve σ′ such that dF(π, σ′) ≤ δ. Analogously, Iedδ(π, σ) denotes the minimum

number of vertices required to obtain insertion curves π′ and σ′ such that dF(π′, σ′) ≤ δ.

We use s ◦ s′ to denote the concatenation of the curve s and the curve s′. If the last

point sb on s is the first point s′a on s′, then s and s′ are simply merged and s ◦ s′ =

⟨sa, ..., sb = s′a, ..., s
′
b⟩. If sb and s′a are different, then the segment sbs′a is added in between

and s ◦ s′ = ⟨sa, ..., sb, s′a, ..., s′b⟩.

Consider the case when σ is a single segment st and π is a polygonal curve. The minimum

vertex curve σ′ = mv(s, t, π) is a polygonal curve with minimum number of vertices such

that s ◦ σ′ ◦ t first starts at point s, then stabs b(π1), b(π2), ..., b(πn) in order, and finally
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ends at point t. Note that mv(s, t, π) contains neither s nor t, and it is empty if dF(st, π) ≤ δ.

Under the right definition of ordered stabbing and containment condition [99, Definition 4], σ′

is the polygonal curve with minimum number of vertices such that dF(π, s ◦ σ′ ◦ t) ≤ δ. By

combining previous results from Guibas, Hershberger, Mitchell, Snoeyink, Hsu, and Lee [99]

and [79, Appendix A], one can compute, in quadratic time, the minimum vertex curves defined

by any prefix curve of π in R2. In subsequent sections, the curves under discussion are in R2.

FACT 31. In the plane, given a point s, a point t, and a polygonal curve π, for a fixed

integer i ∈ [1, n], it takes M(n) = O(n2 log2 n) time to compute every minimum vertex curve

mv(s, t, π[i, j]) for every j ∈ [i, n].

In the following sections, we transform the insert-only FED problem into a weighted shortest

path problem. We will build a graph G = (V , E) with directed and weighted edges using

the critical points of the freespace diagram Dδ(π, σ). For all i, j, the extreme points of Lf
i,j

and Bf
i,j are critical points. Each critical point a ∈ Dδ(π, σ) corresponds to a vertex v(a) in

G. Once we have defined G, we prove that the weight w(P ) of the weighted shortest path P

from v(s) to v(t) is the smallest number of edits required, where s = (1, 1) and t = (n,m)

are critical points.

To simplify the presentation, we impose the restriction that no vertices are allowed to be

inserted before the first or after the last vertex of any curve (see Remark 7). This implies

that ∥π1 − σ1∥ ≤ δ and ∥πn − σm∥ ≤ δ; otherwise, Iedδ(π, σ) = Ied1
δ(π, σ) = ∞ and our

algorithms can immediately stop.

3.4.2 Insert-only

In this section, we analyse the case where only insertions are allowed, and only in σ. We first

describe how to transform the insert-only FED problem into a weighted shortest path problem

in a graph. Using the critical points in Dδ(π, σ), we construct a directed graph, and an edge

weight describes the number of inserted vertices required to “jump” through the non-free

space from one critical point to another.
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To traverse the freespace when no edits are required, we initialise G using the data structure

by Gudmundsson and Wong [95] and assign these edges weight 0.

FACT 32 ([95, Lemma 19 and Theorem 22]). The freespace graph G = (V , E) contains the

following vertices and edges. For each critical point a in Dδ(π, σ), there is a corresponding

vertex v(a) in V . For every pair (a, b) of critical points, there is a 0-weighted path from v(a)

to v(b) in G if and only if there is an xy-monotone path from a to b through Fδ(π, σ). The

freespace graph has O(mn log(m+ n)) edges and can be constructed in O(mn log(m+ n))

time.

Consider a pair (σj, σj+1) of vertices of σ, an exit point π[α] where π exits b(σj), and an

entry point π[β] where π enters b(σj+1). [79] proved the following. In order to compute an

insertion curve of σ, it is sufficient to consider P = mv(σj, σj+1, π[α, β]) for all j ∈ [1,m)

and all pairs of entry and exit points. Note that P can be empty, in which case we require no

insertions between σj and σj+1.

FACT 33 ([79, Lemma 10 and Corollary 12]). Ied1
δ(π, σ) ≤ k if and only if the following

is true. There exists a k-insertion curve σ′ of σ such that dF(π, σ′) ≤ δ and σ′[j, j + 1] =

σj ◦mv(σj, σj+1, π[α, β]) ◦ σj+1 for every integer j ∈ [1,m), where π[α] is an exit point of

b(σj) and π[β] is an entry point of b(σj+1).

α2,j α8,j

β4,j+1 β9,j+1

σj

σj+1

α5,j

FIGURE 3.8: We construct every edge e = (v(ri,j), v(li′,j+1)), then assign
w(e) = |mv(σj, σj+1, π[αi,j, βi′,j+1])|.

Each entry or exit point corresponds to a unique critical point in the freespace diagram. Let

1 ≤ i ≤ n and 1 ≤ j ≤ m be integers. If (i, j) /∈ Fδ(π, σ), then let ri,j = (j, βi,j) be the

leftmost point of Bf
(i,i+1),j , and let li,j = (j, αi,j) be the rightmost point of Bf

(i−1,i),j if these

critical points exist (see Figure 3.9). Using Fact 31, 32, and 33, we present an algorithm that
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adds an edge e = (v(ri,j), v(li′,j+1)) with weight |mv(σj, σj+1, π[αi,j, βi′,j+1])| for all values

i′ ≥ i and j (see Figure 3.8). However, this method is no longer sufficient when insertions

are allowed on both curves. Therefore, we present a more general approach, which can be

extended to use in later sections. We first observe the following.

OBSERVATION 34. Let α = αi,j and β = βi′,j+1, where i′ ≥ i. Let P = mv(σj, σj+1, π[α, β])

and Q = mv(σj, σj+1, π[i, i
′]). We have |P | = |Q|, and dF(Q, π[α, β]) ≤ δ.

Using Fact 33 and Observation 34, we have the following.

LEMMA 35. Ied1
δ(π, σ) ≤ k if and only if there exists a k-insertions curve σ′ of σ such

that dF(π, σ′) ≤ δ and for all integers j ∈ [1,m) and any integers i ≤ i′, σ′[j, j + 1] =

σj ◦mv(σj, σj+1, π[i, i
′]) ◦ σj+1.

DEFINITION 36 (Augmented graph for σ-insertions). See Figure 3.9. For each (i, j) /∈

Fδ(π, σ), an augmented graph for σ-insertions determined by Dδ(π, σ) contains

• two dummy vertices σin
i,j and σout

i,j ,

• two 0-weighted edges (σin
i,j, v(ri,j)) and (v(li,j), σout

i,j ), and

• for all i′ ≥ i, an edge (σout
i,j , σ

in
i′,j+1) with weight |mv(σj, σj+1, π[i, i

′])|.

σj

σj+1

r3,jl3,j

r7,j+1r5,j+1

σin
3,j

σout
3,j

v(r3,j)v(l3,j)

σin
5,j+1

σout
5,j

v(r5,j)

σin
7,j+1

σout
7,j+1

v(r7,j+1)
v(l7,j+1)

l5,j

σin
5,j

σout
5,jv(l5,j)r1,j

l7,j+1

σin
1,j

v(r1,j)

FIGURE 3.9: The augmented graph for σ-insertions (right), determined by
the freespace diagram (left). Black edges have weight 0, and blue edges have
positive weights. The weights of the blue edges are computed according to
Definition 36.

With both the freespace graph and the augmented graph for insertions defined, we first

describe Algorithm 5, which uses the union of the two graphs. Then, in Lemma 39, we prove
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that a weighted shortest path in this rather dense graph corresponds to the minimum number

of inserted vertices required. Following the correctness argument, we will then prove that a

subset of edges is sufficient. We say the weight w(u) of a vertex u is the minimum weight of

any path from vertex v((1, 1)) to u.

Algorithm 5 Construct the union G of the freespace graph and the augmented graph for σ-

insertions, both determined by Dδ(π, σ). Report the weight of the weighted shortest path from

v(s) to v(t) as Ied1
δ(π, σ), where s = (1, 1) and t = (n,m) are critical points in Dδ(π, σ).

To show correctness, we first make an observation on the matching that realises the Fréchet

distance involving an insertion curve (see Figure 3.10).

LEMMA 37. Let σ∗ be an optimal insertion curve of σ that realises Ied1
δ(π, σ). For any

adjacent pair (σs, σt) of original vertices in σ∗ such that σ∗[s, t] contains an inserted curve

that matches π[a, b], there exist two well-defined points π[α] and π[β], where π[α] is the first

exit point of b(σs) after π[a], π[β] is the last entry point of b(σt) before π[b], and α ≤ β.

Furthermore, there exists a matching M that realises dF(π, σ∗) and matches σs to π[α] and

σt to π[β].

σs σt

π[a] π[b]

π[α] π[β]

b(σs) b(σt)

FIGURE 3.10: If there are inserted vertices between a pair (σs, σt) of vertices,
we change the matching so that the subcurves of the same colour are matched.

PROOF. We will prove the lemma by contradiction. Two points π[α] and π[β] are not

well-defined when at least one of the following three statements is true: π[a, b] does not exit

b(σs), π[a, b] does not enter b(σt), or α > β for every pair (π[α], π[β]) of exit and entry

points. If π[a, b] does not exit b(σs), then dF(π[a, b], σs) ≤ δ and dF(π[b], σt) ≤ δ. Hence,
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no insertions between σs and σt are required, contradicting the assumption that σ∗ is optimal

and σ∗[s, t] contains inserted vertices. For analogous reasons, π[a, b] must enter b(σt).

If α > β for every pair (π[α], π[β]) of exit and entry points, we have an ordered set of

real numbers β1, ..., βb, α1, ..., αa such that each π[αi] is an exit point and each π[βi] is an

entry point. Every π[βi] must lie in b(σs), and every π[αi] must lie in b(σt). We have

dF(π[a, βb], σs) ≤ δ, dF(π[βb, α1], σsσt) ≤ δ, and dF(π[α1, αa], σt) ≤ δ. Thus, no insertions

are required. All three statements contradict either dF(π[a, b], σ∗[s, t]) ≤ δ or the optimality

of σ∗. Therefore, there must exist a pair π[α] and π[β] of well-defined exit and entry points.

With well-defined entry and exit points, we adjust M such that it first matches π[a, α] to

σs, then π[α, β] to σ[s, t], and finally π[β, b] to σt. The matching M is still valid because

dF(π[a, α], σs) ≤ δ, dF(π[α, β], σ∗[s, t]) ≤ δ, and dF(π[β, b], σt) ≤ δ. □

Since each exit point corresponds to a critical point li,j and each entry point corresponds

to a critical point ri,j , Lemma 37 implies the following properties of a freespace path P in

Dδ(π, σ).

COROLLARY 38. Let σ∗ be an insertion curve of σ that realises Ied1
δ(π, σ). Let l1,1 = (1, 1)

and let rn,m = (n,m) be critical points in Dδ(π, σ
∗). There exists a freespace path in

Dδ(π, σ
∗) that visits a maximal sequence {la1,b1 , ra2,b2 , la3,b3 , ..., rah,bh} of critical points

satisfying, for i = 1, 2, ..., h− 1:

(1) ai and bi are integers,

(2) a1 = b1 = 1, ah = n, bh = m, ai ≤ ai+1, and bi ≤ bi+1,

(3) every σ∗[bi] is a vertex of the original curve,

(4) for each subpath that connects lai,bi to rai+1,bi+1
, σ∗[bi, bi+1] contains at least one

inserted vertex, and

(5) for each subpath that connects rai,bi to lai+1,bi+1
, σ∗[bi, bi+1] contains no inserted

vertices.



62 3 FASTER ALGORITHMS FOR FRÉCHET EDIT DISTANCE

We call a freespace path well-structured if it fulfils the properties in Corollary 38. We prove

that if a well-structured freespace path exists, then a corresponding graph path must exist in

the union of the freespace graph and the augmented insertion graph.

LEMMA 39. Let G be the union of the freespace graph and the augmented graph for σ-

insertions, both determined by Dδ(π, σ). The weighted shortest path from v((1, 1)) to

v((n,m)) has weight k if and only if Ied1
δ(π, σ) = k.

PROOF. Let σ∗ be an insertion curve of σ that realises Ied1
δ(π, σ). By Corol-

lary 38, we know that there exists a well-structured path P visiting a maximal sequence

{la1,b1 , ra2,b2 , la3,b3 , ..., rah,bh} of critical points in Dδ(π, σ
∗) that satisfy the following.

If a freespace path P ′ ⊆ Fδ(π, σ
∗) connecting rai,bi to lai+1,bi+1

exists, and σ∗[bi, bi+1] contains

no inserted vertices, then the freespace diagrams Dδ(π[ai, ai+1], σ
∗[bi, bi+1]) determined by

the insertion curve σ∗ and Dδ(π[ai, ai+1], σ[bi, bi+1]) determined by the original curve σ are

exactly the same, which implies P ′ ⊆ Fδ(π, σ). By Fact 32, there exists a graph path P ′
G in

the freespace graph that connects v(rai,bi) to v(lai+1,bi+1
) with w(P ′

G) = 0.

If a freespace path P ⊆ Fδ(π, σ
∗) connecting lai,bi to rai+1,bi+1

exists, and σ∗[bi, bi+1] contains

ki inserted vertices, then for any insertion curve σ′[bi, bi+1] with dF(π[ai, ai+1], σ
′[bi, bi+1]) ≤

δ, the minimum vertex curve Q = mv(σbi , σbi+1
, π[ai, ai+1]) has the minimum number

of vertices by definition. We have |Q| = ki as otherwise σ∗ is not optimal. Using the

construction in Definition 36, there is a path PG with three edges connecting v(lai,bi) to σout
ai,bi

,

then to σin
ai+1,bi+1

, and finally to rai+1,bi+1
. The total weight of PG is the weight of the edge

(σout
ai,bi

, σin
ai+1,bi+1

), which is exactly |Q|.

Summing the weights of all the subpaths in P gives a weighted shortest path of weight exactly

k whenever such an optimal insertion curve σ∗ exists. Conversely, by computing the weighted

shortest path PG , we can reconstruct σ∗. The correctness proof is now complete. □

In Lemma 39, we have shown the correctness of Algorithm 5. The augmented graph for

σ-insertions contains at most Õ(mn2) edges in total. Computing the weight of each edge

takes M(n) = Õ(n2) time by Fact 31.
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3.4.3 Improving the time complexity

To improve the running time of the algorithm above, we make two geometric observations.

When combined, these observations imply that (1) it is sufficient to add and compute the

weight of a smaller subset of edges, and (2) the weights of several edges can be computed in

batches.

LEMMA 40. For any two points s and t, and vertex indices a < b and i, we have

|mv(s, t, π[i, a])| ≤ |mv(s, t, π[i, b])|. Furthermore, Ied1
δ(π[1, λ], σ) ≤ Ied1

δ(π[1, µ], σ) for

real values λ ≤ µ, provided that π[λ], π[µ] ∈ b(σm), where σm is the last vertex of σ.

PROOF. We take the minimum vertex curve σ′ = mv(s, t, π[i, b]) and remove its trailing

subcurve, ensuring that s ◦ σ′[1, γ] ◦ t is within Fréchet distance δ from π[i, a]. Since σ′[1, γ]

is a subcurve of σ′, we have |σ′[1, γ]| ≤ |σ′|, and by the definition of the minimum vertex

curve, |mv(s, t, π[i, a])| ≤ |σ′[1, γ]|.

Analogous argument applies to the second statement. Take any insertion curve σ′′ that realises

Ied1
δ(π[1, µ], σ), and remove its trailing subcurve until what remains, σ′′[1, γ], is still within

Fréchet distance δ from π[1, λ]. If σ′′[γ,m] is a segment, then dF(π[1, µ], σ
′′) ≤ δ by linear

interpolation. If σ′′[γ,m] contains at least one vertex besides σm, then dF(σ
′′[1, γ], π[1, λ]) ≤

δ and |σ′′[1, γ]| ≤ |σ′′|. The curve that realises Ied1
δ(π[1, λ], σ) must have at most as many

vertices as σ′′[1, γ]. □

Using the above lemma, we can establish monotonicity for the weights of the critical points

defined by the same vertex σj . Using this observation, we can determine the weight of a fixed

critical point ri,j+1 by considering at most k + 2 critical points determined by σj . Let Aj

(resp. Bj) be the set of integers i such that the critical point li,j (resp. ri,j) exists in Dδ(π, σ).

We say that ri,j and v(ri,j) (resp. li,j and v(li,j)) are determined by Aj (resp. Bj) if i ∈ Aj

(resp. i ∈ Bj).

LEMMA 41. Let G be the union of the freespace graph and the augmented graph for σ-

insertions, both determined by Dδ(π, σ). For a fixed integer i′, let A≤i′

j ⊆ Aj denote the

subset with the following two properties: (i) for all i ∈ A≤i′

j , i ≤ i′, and (ii) every i ∈ A≤i′

j is
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either the largest value in Aj such that i ≤ i′, or i is the largest value for which w(v(li,j)) = c,

where c ∈ [0, k] is arbitrary. We have

w(v(ri′,j+1)) = min{i ∈ A≤i′

j | w(v(li,j)) + |mv(σj, σj+1, π[i, i
′])|}

unless every minimum-weight path arriving at v(ri′,j+1) ends with edges from the freespace

graph.

PROOF. The correctness follows from Lemma 40. Consider the curve π′, which

is a copy of π but in the reverse direction, and observe that |mv(σj+1, σj, π
′[i, i′])| =

|mv(σj, σj+1, π[i
′, i])|. Combining this with Lemma 40, we obtain |mv(σj, σj+1, π[a, i])| ≤

|mv(σj, σj+1, π[b, i])| for integers a < b. Therefore, when w(v(la,j)) = w(v(lb,j)), to determ-

ine w(v(ri′,j+1)) it is sufficient to compute mv(σj, σj+1, π[b, i]), since its cardinality plus

w(v(lb,j)) must be smaller. □

We are interested in the minimum weight of any path that reaches every vertex determined by

Bj+1. In Algorithm 5, for a fixed j, we computed every edge (σout
i,j , σ

in
i′,j+1) for all i ≤ i′ in

O(n2M(n)) time. Lemma 41 allows us to compute a smaller subset of these edges, and we

show that both the edges and their weights can be computed much faster.

LEMMA 42. Given w(v(li,j)) for all i ∈ Aj , it takes O(kM(n)) time to compute all edges

(σout
i,j , σ

in
i′,j+1) that realise w(v(ri′,j+1)) for every i′ ∈ Bj+1.

PROOF. For a fixed i′, we consider the subset A≤i′

j ⊆ Aj such that for every i ∈ A≤i′

j ,

the critical point li,j exists. By Lemma 41, for every i′ ∈ Bj+1, it is sufficient to consider two

types of values i ∈ Aj to upper bound w(v(r)).

The first type is when i is the largest value at most i′, and we claim that it takes M(n)

time to compute mv(σj, σj+1, π[i, i
′]) for every valid pair i and i′ in total. Indeed, consider

partitioning Bj+1 into contiguous subsets B1, ..., Bh such that, for g = 1, ..., h, all values in

Bg share the same largest value ag ∈ Aj . Recall that Fact 31 uses the algorithm in [99], which

computes a polygonal stabber visiting n disks in order in c1n
2 log2 n = O(n2 log2 n) time,

and the reduction in [79, Appendix A], which forces the stabber to start and end at prescribed
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points by adding a constant c2 number of disks. Therefore, computing mv(σj, σj+1, π[ag, bg])

takes at most c1 · (c2 + bg − ag + 1)2 log2 n operations. Since
∑

g(bg − ag) ≤ 2n, the total

time is ∑
1≤g≤h

c1 ·
(
(c2 + bg − ag + 1)2 log2 n

)
≤ c1 log

2 n
∑

1≤g≤h

(c2 + bg − ag + 1)2

= c1 log
2 n

∑
1≤g≤h

(
(bg − ag)

2 + 2 · (bg − ag) · (c2 + 1) + (c2 + 1)2
)

= O(n2 log2 n).

The second type occurs when i is the largest index such that w(v(li,j)) = c for some c ∈ [0, k].

For each such index i and each valid index i′ ≥ i, we compute mv(σj, σj+1, π[i, i
′]) using

the minimum-link path algorithm. There are k such indices i and at most O(n) valid choices

of i′ for each. Thus, a direct application of Algorithm 5 requires O(kn · M(n)) time. A

more careful inspection of the minimum-link path algorithm of [99], together with a refined

analysis, removes an additional factor of n.

Their algorithm computes a minimum-link path by iteratively maintaining the wedge W(i, i′),

a convex region of complexity at most O(n). This wedge contains all possible locations of the

last vertex of a minimum-link path that starts at σj , stabs the disks b(πi), . . . ,b(πi′), and is

not required to terminate at σj+1 [99, Lemma 13]. Instead of recomputing the minimum-link

path from scratch for each pair (i, i′) with i < i′, we maintain W(i, i′) incrementally. Once

W(i, i′) has been constructed, we determine whether extending the path to σj+1 requires zero

or one additional link. Using the technique in [79, Appendix A], this step can be performed

in O(n log2 n) time by letting the minimum-link path continue to stab a constant number of

disks.

We analyse the total running time in two parts. First, for each of the k indices i, we iteratively

construct W(i, i′) for all valid indices i′, which requires O(k · M(n)) time in total. Second,

for each valid index i′, we compute mv(σj, σj+1, π[i, i
′]) from W(i, i′) in O(n log2 n) time.
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Since there are at most O(n) valid indices i′ for each of the k choices of i, this contributes

O(kn log2 n) time overall. Consequently, the total running time is O(k · M(n)). □

Instead of constructing the entire graph before computing a shortest path, the algorithm in

Lemma 43 uses Lemma 42 to compute vertex weights in a row-by-row fashion.

LEMMA 43. Given two curves π and σ with |π| = n and |σ| = m in R2, it takes O(kmM(n))

time to determine whether Ied1
δ(σ, π) ≤ k and O(nmM(n)) time to compute Ied1

δ(σ, π).

PROOF. We use Algorithm 5 with two modifications. The first modification is that instead

of constructing the entire graph G before using Dijkstra’s, we first build the freespace graph

and then iterate j from 1 to m to compute every w(σout
i,j ). The second modification is that we

do not compute every mv(σj, σj+1, π[i, i
′]) separately. Instead, we run just enough passes of

the minimum vertex path algorithm to obtain the weights using Lemma 42. At the end, if

w((n,m)) ≤ k, we report Ied1
δ(π, σ) ≤ k. For the optimisation version, we report w((n,m))

as Ied1
δ(π, σ). The correctness is implied by Fact 32, Fact 33, Lemma 39, and Lemma 41. See

Remark 7 for a discussion of inserting leading and trailing vertices.

We analyse the time complexity. Initially, A1 contains a single value 1 since w((1, 1)) =

0. Given the weights of vertices determined by Aj , we compute the weights of vertices

determined by Aj+1. Lemma 42 lets us compute the necessary edges and their weights in

the augmented graph for σ-insertions in O(kM(n)) time. Each vertex determined by σj+1

requires inspecting the weights of O(n) critical points in the freespace graph. The time

complexity is dominated by computing the minimum vertex paths. The decision version takes

O(kmM(n)) time, and the optimisation version takes O(nmM(n)) time. □

3.4.4 When insertions are allowed before the leading and after the

trailing vertices

Remark 7 In the above algorithm, we assumed for simplicity of the description that the Fréchet

distance between σ1 and π (the whole curve) is at most δ as otherwise, Ied1
δ(π, σ) = ∞. If

insertions are required before σ1, then σ1 is not matched to π1. For every entry point i ∈ B1,



3.4 EDITS ON ONE OF THE TWO CURVES 67

we can therefore simply compute mv(R2, σ1, π[1, i]) and assign its size as an additive weight

ω(σout
i,1 ). Then, we can use the algorithm in Lemma 43 as is except that a starting vertex σout

i,1

has an additive cost ω(σout
i,1 ). Analogously, for every i ∈ Am, we can impose an additive

weight ω(i) = |mv(σm,R2, π[α, n])|. The algorithm can stop at every v(ri,m), and report the

minimum ω(α) + w(α) as Ied1
δ(π, σ). Additive weights can be computed in O(M(n)) time,

and embedded in the graph in O(n) time.

THEOREM 8. When insertions are allowed on only one of the two curves, the insert-only

Fréchet edit distance in R2 can be solved in Õ(kn3) time.

3.4.5 With both insertions and deletions

In this section, we allow both insertions and deletions when edits are allowed only on σ. For

integers k1, k2 > 0, we say π′′ is an edit curve of π if π′′ is a k1-insertions curve of π′, where

π′ is a k2-deletions curve of π. We have performed k = k1 + k2 edits to π, and π′′ is a k-edits

curve. We solve the following problem.

PROBLEM 3 (FED problem). Given two polygonal curves π and σ, a non-negative real

number δ, and a non-negative integer k, determine if there exists an edit curve π′ of π and an

edit curve σ′ of σ with at most k edits in total such that dF(π′, σ′) ≤ δ.

Previously in Section 3.4.2, we described an augmented graph for insertions, explained how

we combined it with the freespace graph, and how each edge weight describes the minimum

number of inserted vertices required to “jump” from one critical point to another.

Since an edit curve is also an insertion curve, the results in Section 3.4.2 are still valid.

However, we require additional edges to take into consideration when consecutive vertices

between (say) σj and σj′ are deleted. The weights of the new edges include the cost of

deleting the j′ − j − 1 consecutive vertices σj+1, ..., σj′−1.

DEFINITION 44 (augmented graph for σ-edits). An augmented graph for σ-edits determined

by Dδ(π, σ) contains the augmented graph for σ-insertions. Additionally, for each (i, j) /∈
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Fδ(π, σ) and for all i′ > i, j′ > j such that (i′, j′) /∈ Fδ(π, σ) and j′ − j − 1 ≤ k, it includes

an edge (σout
i,j , σ

in
i′,j′) with weight |mv(σj, σj′ , π[i, i

′])|+ (j′ − j − 1).

We also need an augmented graph for deletions, because the augmented graph for insertions

alone does not handle the case when a portion of σ must be simplified to match a subsegment

of π. Recall that we solved this problem in Algorithm 1, and we can transform the sets of

reachable points into a graph. Each reachable point p is a vertex v(p). There is an edge

(v(p), v(q)) if the deletion cost of q is computed from p, and the edge weight is either 0 or 1

depending on whether q lies in the freespace. There are also edges between pairs of vertices

defined by adjacent reachable points.

LEMMA 45. Given two curves π and σ with |π| = n and |σ| = m, and an integer k > 0,

there exists a union G of the freespace graph and the augmented graph for σ-deletions, both

determined by Dδ(π, σ), with the following properties. Let ri,j = (βi,j, i), li,j = (αi,j, i),

r1,1 = (1, 1) and ln,m = (n,m) be critical points in Dδ(π, σ).

(1) For any integers i ≤ i′ and j ≤ j′, there exists a graph path P in G from v(ri,j) to

v(li′,j′) with weight w(P ) = k if and only if Ded1
δ(σ[j, j

′], π[βi,j, αi′,j′ ]) ≤ k.

(2) The augmented graph for σ-deletions has at most O(kmn) vertices and edges.

Using both augmented graphs for deletions and insertions, we have an algorithm. Let

Ed1
δ(π, σ) denote the minimum number of edits required on σ to generate an edit curve σ′

with dF(π, σ
′) ≤ δ.

Algorithm 6 Compute the union G of the freespace graph, the augmented graph for σ-edits,

and the augmented graph for σ-deletions, all determined by Dδ(π, σ). Iterate j = 1, ...,m,

and compute the weights of every vertex v(li,j) for all i ∈ [1, n]. Report w(t) as Ed1
δ(π, σ),

where t = (n,m) is a critical point.

Since an edit curve is an insertion curve of a deletion curve, Lemma 39 implies the following

corollary.
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COROLLARY 46. Let σ′ be a deletion curve of σ. Let G be the union of the freespace graph

and the augmented graph for σ′-insertions, both determined by Dδ(π, σ
′). There is a weighted

path of weight at most k from v((1, 1)) to v((n,m)) in G if and only if Ied1
δ(π, σ

′) ≤ k.

LEMMA 47. Given two curves π and σ in R2 with |π| = n and |σ| = m, and an integer k, it

takes O(k2mM(n)) time to determine if Ed1
δ(π, σ) ≤ k, and O(mn2M(n)) time to compute

Ed1
δ(π, σ).

PROOF. We first prove the correctness of Algorithm 6, and we claim that Ed1
δ(π, σ) equals

the weight of the weighted shortest path from v((1, 1)) to v((n,m)) in G.

Let σ∗ be the edit curve that realises Ed1
δ(π, σ). If σ∗ contains no inserted vertices, then this is

the delete-only Fréchet edit distance problem. Lemma 45 applies and there exists a graph path

in the union of the freespace graph, and the augmented graph for σ-deletions. Otherwise, σ∗

contains at least one inserted vertex. Using Corollary 38, in Dδ(π, σ
′) there exists a freespace

path P that visits a sequence la1,b1 , ra2,b2 , la3,b3 , ..., rah,bh of critical points, where r1,1 = (1, 1)

and ln,m = (n,m).

For a subpath P ⊆ P connecting lai,bi to rai+1,bi+1
, σ∗[bi, bi+1] contains inserted vertices. We

have a corresponding graph path PG ⊆ G for P by construction. The graph path PG has three

edges: from lai,bi to σout
ai,bi

, then from σout
ai,bi

to σin
ai+1,bi+1

, and finally from σin
ai+1,bi+1

to rai+1,bi+1
.

The subpath PG has weight |mv(σbi , σbi+1
, π[ai, ai+1])|+ bi+1 − bi − 1. Consecutive vertices

σbi+1, . . . , σbi+1−1 are deleted, and this costs exactly bi+1 − bi − 1 edits. The minimum vertex

curve mv(σbi , σbi+1
, π[ai, ai+1]) uses the minimum number of inserted vertices to match

σ∗[bi, bi+1] to π[ai, ai+1]. Such an edit uses the fewest number of edits.

For a subpath P ′ ⊆ P connecting rai,bi to lai+1,bi+1
, σ∗[bi, bi+1] contains no inserted vertices.

We have a corresponding graph path P ′
G . By Lemma 45, P ′

G exists with w(P ′
G) = k if and

only if Ded1
δ(σ[j, j

′], π[βi,j, αi′,j′ ]) ≤ k. Considering these two types of subpaths, we have

that if Ed1
δ(π, σ) = k, then there exists a weighted path PG ∈ G with weight k. Conversely, if

such a path PG exists, then we can construct σ∗ and finally conclude Ed1
δ(π, σ) = k.
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To prove the time complexity, first note that Lemmas 40, 41, and 42 in Section 3.4.3 can be

extended to the case where consecutive vertices between σj and σj′ are deleted. This holds

because an edit curve is also an insertion curve. The only difference is that to compute the

weights of the vertices determined by Aj′ , the algorithm must remember the weights of the

vertices determined by Aj for all j ∈ [j′ − k − 1, j′). For a fixed j and for all values of i, it

takes O(k2M(n)) time to compute all edges (σout
i,j , σ

in
i,j+1), (σ

out
i,j , σ

in
i,j+2), ..., (σout

i,j , σ
in
i,j+k+1).

These edges in the augmented graph for σ-edits take O(k2mM(n)) time to compute, and

this dominates the size of G. Hence, it takes O(k2mM(n)) time for the decision version and

O(mn2M(n)) time for the optimisation version. □

THEOREM 9. The Fréchet edit distance problem in R2 can be solved in Õ(k2n3) time when

edits are allowed on only one of the two curves.

3.5 Insertions on both curves

In this section, we discuss the case where insertions are allowed on both curves. We use

Iedδ(π, σ) to denote the minimum number of insertions required to obtain insertion curves π′

of π and σ′ of σ such that dF(π′, σ′) ≤ δ.

When insertions are allowed on both curves, we first observe that Iedδ(π, σ) ≤ m+ n, since

one may insert the entire curve σ before π and then insert the entire curve π after σ. This

upper bound still holds under the restriction that no insertions are allowed before π1 and σ1

or after πn and σm, assuming dF(π1, σ1) ≤ δ and dF(πn, σm) ≤ δ. In this case, we obtain

Iedδ(π, σ) ≤ m + n by inserting the curve σ[1,m − 1] between π1 and π2 to construct the

insertion curve π′, and inserting the curve π[2, n] between σm−1 and σm to construct the

insertion curve σ′, see Figure 3.11. The Fréchet distance dF(π
′, σ′) is at most δ, and at most

m+ n vertices are inserted.

Observe that the last segment of the inserted subcurve π′[1, 2] must be matched to the first

segment of the inserted subcurve σ′[m− 1,m]. For both inserted subcurves, the remaining

portion (excluding their first or last segment) can be matched to a subcurve of the original
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π1 π2

σm−1 σm

πn

σ1

FIGURE 3.11: As long as ∥π1 − σ1∥, ∥πn − σm∥ ≤ δ, we have Iedδ(π, σ) ≤
n + m. The red curve is inserted between π1 and π2, and the blue curve is
inserted between σm−1 and σm. The depicted insertion curves contain more
vertices than necessary.

curve. This observation is simple yet powerful, because it allows us to construct minimum

vertex curves using only information from the original curves.

Before using this observation, we define an augmented graph for π-insertions. Consider the

freespace diagram Dδ(π, σ). For each (i, j) /∈ Fδ(π, σ), let ti,j be the bottommost point of

Lf
i,(j,j+1), and let bi,j be the topmost point of Lf

i,(j−1,j) (see Figure 3.12). We will use a similar

approach as in Section 3.4.2: we build the freespace graph, combine it with two augmented

graphs, and then perform a shortest-path query in the resulting graph.

DEFINITION 48 (Augmented graph for π-insertions). For each (i, j) /∈ Fδ(π, σ), an augmen-

ted graph for π-insertions determined by Dδ(π, σ) contains

• two dummy vertices πin
i,j and πout

i,j ,

• two 0-weight edges (πin
i,j, v(ti,j)) and (v(bi,j), π

out
i,j ), and

• for all j′ ≥ j, an edge (πout
i,j , π

in
i+1,j′) with weight |mv(πi, πi+1, σ[j, j

′])|.

Algorithm 7 Construct the union G of the freespace graph (Fact 32), the augmented graphs

for both π-insertions and σ-insertions (Definitions 36 and 48), all determined by Dδ(π, σ);

see Figure 3.12. For each (i, j) /∈ Fδ(π, σ), add two edges (σin
i,j, π

out
i,j ) and (πin

i,j, σ
out
i,j ) with
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weight 0, called alternating edges. Report w(v((n,m))), the weight of a shortest weighted

path from (1, 1) to (n,m), as Iedδ(π, σ).

πin
i,j

σin
i,j

πout
i,j

σout
i,j

ti,j

ri,j

bi,j

li,j

σin
i′,j+1

πin
i+1,j′

(i, j)

FIGURE 3.12: The dummy vertices for a given (i, j) in the non-free space,
together with their connections to each other and to the vertices constructed
from the critical points in the freespace diagram, are shown.

We now make several observations to prove that it is sufficient to consider these edges. We

first observe that if an inserted subcurve of π∗ is fully matched to an inserted subcurve of σ∗,

then we can always remove the inserted vertices from (say) σ∗ and add them to π∗.

OBSERVATION 49. Let π∗ and σ∗ be a pair of insertion curves that realises Iedδ(π, σ). Let

Q = σ∗[j, j + 1] be an inserted subcurve that matches to P = π∗[α, β] with at least one

inserted vertex, where π∗[α] and π∗[β] are not necessarily vertices. Then there exists a

subcurve P ′ = π′[α, β] such that dF(P ′, σjσj+1) ≤ δ and |P ′| ≤ |P |+ |Q|.

σj σj+1 σj σj+1

π∗[α] π∗[β] π∗[α] π∗[β]

FIGURE 3.13: The red vertices must be inserted vertices, and they can be
deleted to pay for adding the two vertices π∗[α] and π∗[β].

PROOF. See Figure 3.13 for an illustration. Since P contains at least one inserted vertex,

we can delete all inserted vertices in P and Q, and add the two vertices π∗[α] and π∗[β] (see
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Figure 3.14). We set P ′ = π∗[α]π∗[β], and |P ′| ≤ |P |+ |Q|. Moreover, dF(P ′, σjσj+1) ≤ δ

because π∗[α] ∈ b(σj) and π∗[β] ∈ b(σj+1). □

We next define a set C of canonical insertion curves. An insertion curve σ′ of σ is said to be

put together using curves in C if, for all j = 1, . . . ,m− 1, the subcurve σ′[j, j + 1] ∈ C. The

set C is defined as follows:

C =



mv(σj, σj+1, π[a, b]),

mv(πi, πi+1, σ[c, d]),

σjσj+1,

πiπi+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a, b, c, d, i, j ∈ Z+,

c ≤ d ≤ m, a ≤ b ≤ n

i ≤ n, j ≤ m


.

In Lemma 50, we will prove that a pair of optimal insertion curves can be put together using

the curves in C.

LEMMA 50. Let π∗ and σ∗ be insertion curves obtained from π and σ using subcurves in C

such that (i) the number of inserted vertices is minimised, and let this minimum be k, and (ii)

the Fréchet distance between them is at most δ. Then Iedδ(π, σ) = k.

PROOF. If a pair of insertion curves π∗ and σ∗ can be put together using subcurves in C

such that dF(π∗, σ∗) ≤ δ and |π∗|+ |σ∗| − n−m = k, then clearly Iedδ(π, σ) ≤ k.

It remains to show that if Iedδ(π, σ) = k, then a pair of insertion curves π′ and σ′ can be

put together using the subcurves in C such that dF(π′, σ′) ≤ δ and |π′|+ |σ′| − n−m ≤ k.

Since Iedδ(π, σ) = k, there exists a pair π∗ and σ∗ of insertion curves and a matching M∗

that realise Iedδ(π, σ). Our proof will use M∗ as a guide and iteratively transform π∗ into π′

and transform σ∗ into σ′, so that π′ and σ′ are put together by subcurves in C. If π∗ or σ∗ uses

the segments of the original curve, then π′ or σ′ use those segments as well. It remains to

consider the subcurves that contain inserted vertices.

We will follow the matching M∗ until it first matches an inserted curve starting at πi (see

Figure 3.14). As shown in Lemma 39, we adjust M∗ so that πi matches σ∗[α] on the boundary
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of b(πi) and πi+1 matches σ∗[β] on the boundary of b(πi+1). Set π′ = π[1, i] and σ′ = σ[1, α].

For any pair of vertices σh and σh+1 that lie in σ∗[α, β], we use the method in Observation 49

to remove the inserted vertices in σ∗[h, h+ 1] and its matching subcurve in π∗ before adding

two vertices to π∗.

πi

πi+1

σh

σh+1

σ∗[α] = σ[α]

σ∗[β]

σa

σb

FIGURE 3.14: The newly inserted blue vertices can be paid for by removing
the red vertices.

Let σa ∈ σ∗ be the first vertex of the original curve after σ∗[α], and let σb be the last vertex

of the original curve before σ∗[β]. If σ∗[β] lies on the original curve σ (Case 1), then the

entire σ[α, β] is matched to an insertion curve π∗[i, i + 1] after transformation. By Fact 33

and Observation 34, P = mv(πi, πi+1, σ[a, b]) is equivalent to mv(πi, πi+1, σ[α, β]) and uses

the minimum number of inserted vertices. We append πi ◦ P ◦ πi+1 to π′ and append σ[α, β]

to σ′. The subcurve P is in C.

If σ∗[β] lies on an inserted subcurve (Case 2), we first append πi ◦ P ◦ πi+1 to π and append

σ[α, b] to σ′. Then, we apply Observation 49 again, this time deleting inserted vertices from

π∗[i+1, n] and inserting vertices into σ∗[b, b+1]. After the transformation, σ∗[b+1] matches

to a point π∗[γ] (see Figure 3.15), where π∗[γ] may be a point on the original curve (Case 1)

or may not (Case 2).

πi+1

σ∗[β]

σb

σb+1

π∗[γ]

πj

Q

FIGURE 3.15: Use Observation 49 to guarantee that π∗[i+ 1, j] = π[i+ 1, j].
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If this is Case 1, we use Q = mv(σb, σb+1, π[i+ 1, j]) to replace σ∗[b, b+ 1], where πj is the

last vertex of π before π[γ]. We append π[i+ 1, γ] to π′ and append σb ◦Q ◦ σb+1 to σ′. In

total, we obtain π′[i, γ] = P ◦ π[i+ 1, γ] and σ′[α, b+ 1] = σ[α, b] ◦Q.

σb

πi+1

π′[κ]

σ′[µ]
σb

πi+1

π′[κ]

σ′[µ]

FIGURE 3.16: The subcurves π′[κ, i + 1] and σ′[b, µ] can be adjusted to be
segments without having more inserted vertices.

It is clear that the subcurve π′[i, κ] is similar to σ′[a, b], and σ′[µ, b+1] is similar to π′[i+1, γ],

where π′[κ] matches σb and σ′[µ] matches πi+1 (see Figure 3.16). It remains to prove that

s1 = π′[κ, i+1] and s2 = σ′[b, µ] are similar (i.e., that dF(s1, s2) ≤ δ). Observe that although

the algorithm in [99] for computing a minimum-vertex curve does not guarantee that s1 is a

segment, we can modify s1 by removing intermediate vertices and adding π′[κ] as a vertex.

An analogous adjustment can be applied to s2 to ensure that it is also a segment. Now that

s1 and s2 are segments, they are similar under linear interpolation, since π′[κ] ∈ b(σb) and

σ′[µ] ∈ b(πi+1).

If Case 2 occurs again, we continue this transformation process and alternate between inserting

more vertices in π∗ or in σ∗. Analogous arguments can be applied to show that π′ and σ′

are similar. In every case, we either use segments of the original curves or the subcurves

in C while maintaining dF(π
′, σ′) ≤ δ. Eventually, M∗ matches πn to σm, and the proof is

complete. □

Using the above lemma, we have shown that a pair of optimal insertion curves can be put

together using the subcurves in C. Recall that we have assigned the weights of all subcurves

in C to the augmented graph for insertions. We next show that it is sufficient to compute a

weighted shortest path in G in order to determine Iedδ(π, σ).

LEMMA 51. Let π∗ and σ∗ be insertion curves obtained from π and σ using subcurves in

C such that (i) the number of inserted vertices is minimal, and let this minimum be k, and
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(ii) the Fréchet distance between them is at most dF(π∗, σ∗) ≤ δ. Algorithm 7 will output a

shortest path in G of weight w(v(t)) = k.

PROOF. Recall that in Algorithm 7, G is the union of the freespace graph and the augmen-

ted graphs for both σ- and π-insertions. For every integer coordinate (i, j), G contains two

so-called alternating edges, namely (πin
i,j, σ

out
i,j ) and (σin

i,j, π
out
i,j ), each with weight 0.

We first prove that if a path P exists with w(P) = k, then there exist two insertion curves π′

and σ′ that can be put together using subcurves in C such that dF(π′, σ′) ≤ δ and |π′|+ |σ′| −

n−m ≤ k. To do so, we construct, from every consecutive set of edges in P , a subcurve in

C to put together π′ and σ′. Initially, we set π′ = π1 and σ′ = σ1.

We partition P into a maximal set of subpaths, each subpath P travelling from v(p) to v(q),

where p = (x, y) and q = (x′, y′) are critical points in Dδ(π, σ).

Case 1. If P contains only freespace edges, then simply append π[x, x′] to π′ and σ[y, y′] to

σ′. Clearly, π′ and σ′ remain similar with no inserted vertices.

Case 2. If P contains edges in the augmented graph, then, due to the structure of G, p is either

a left critical point or a bottom critical point. Without loss of generality, let p = li,j = (αi,j, j).

Case 2a. If P contains edges in an augmented graph but no alternating edges, then by

construction P starts at v(p), proceeds to the dummy vertex σout
i,j , then to σin

a,j+1 for some

integer a, and finally arrives at v(ra,j+1), where ra,j+1 = (βa,j+1, j + 1). In this case, P uses

edges only from the augmented graph for σ-insertions. Let Q = mv(σj, σj+1, π[i, a]). We

append σj ◦Q◦σj+1 to σ′ and append π[αi,j, βa,j+1] to π′. By Fact 31, dF(π[αi,j, βa,j+1], σj ◦

Q ◦ σj+1) ≤ δ. The insertion curves π′ and σ′ gain exactly |Q| new vertices, which equals the

weight of the edge (σout
i,j , σ

in
a,j+1).

Case 2b. If P contains at least one alternating edge, then P contains more than two dummy

vertices. In this case, we focus on the dummy vertices. The point q is either a top critical

point or a right critical point. Without loss of generality, for some integers a1, a2, ..., ah and

b1, b2, ..., bh, let q = rah,bh . The graph path P visits the following dummy vertices in this
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specific order, starting from a1 = i and b1 = j.

P = p → σout
a1,b1

→ σin
a2,b1+1 → πout

a2,b1+1 → πin
a2+1,b2

→ σout
a2+1,b2

→ σin
a3,b2+1 → . . .

→ πout
ah−1−1,bh−1

→ πin
ah−1,bh−1 → σout

ah−1,bh−1 → σin
ah,bh

→ q

We first append π[αa1,b1 , a1] to π′. Then, we follow the edges of P . For every edge

(πout
ag ,bg

, πin
ag+1,bg+1

), we append mv(πag , πag+1, σ[bg, bg+1]) to π′ and append σ[bg, bg+1] to σ′.

For every edge (σout
ag ,bg

, σin
ag+1,bg+1), we append π[ag, ag+1] to π′ and mv(σbg , σbg+1, π[ag, ag+1])

to σ′. Finally, we append π[ah, βah,bh ] to π′. We have appended the curve π′′ to π′ and σ′′ to

σ′, where π′′ and σ′′ are defined as follows:

π′′ = π[αa1,b1 , a1] ◦ π[a1, a2] ◦mv(πa2 , πa2+1, σ[b1 + 1, b2]) ◦ · · · ◦ π[ah−1, ah] ◦ π[ah, βah,bh ]

σ′′ = mv(σb1 , σb1+1, π[a1, a2]) ◦ σ[b1 + 1, b2] ◦ · · · ◦mv(σbh−1, σbh , π[ah−1, ah]).

Since both p = (αa1,b1 , b1) and q = (βah,bh , bh) are critical points in the freespace, we have

∥σb1 − π[αa1,b1 ]∥ ≤ δ and ∥σbh − π[βah,bh ]∥ ≤ δ. Using the same argument as Lemma 50,

we can establish that dF(π′′, σ′′) ≤ δ, and π′′ and σ′′ have exactly the same number of

additional vertices as w(P ). Conversely, if π′ and σ′ exist, then the path P can be analogously

derived. □

LEMMA 52. Given two polygonal curves π and σ in R2 with complexity n and m, respectively,

it takes O(k(m + n)M(m + n)) time to determine whether Iedδ(π, σ) ≤ k, and it takes

O(mnM(m+ n)) time to compute Iedδ(π, σ).

PROOF. The correctness of Algorithm 7 is implied by Lemma 50 and 51. To achieve a

better time complexity, we use a nearly identical analysis to that in Lemma 43. Instead of

computing the entire graph G in Algorithm 7, we iterate j = 1, ...,m and compute the weights

of the vertices in G defined by j.
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Recall that Aj is the set of indices i such that li,j exists. In Lemma 42, we showed that if we

know the weights of the vertices defined by Aj , then it takes O(kM(n)) time to compute the

weights of the vertices defined by Aj+1. Analogously, let Bi be the set of indices j such that

bi,j exists, and it takes O(kM(m)) time to compute the weights of the vertices defined by

Bi+1.

It takes O(kmM(n)) time to compute the necessary edge weights for edges in the aug-

mented graph for σ-insertions, and O(knM(m)) time for π-insertions. In total, it takes

O(k(mM(n) + nM(m))) time to compute the minimum vertex curves. This time complex-

ity dominates the size of the graph. □

THEOREM 10. The insert-only Fréchet edit distance problem in R2 can be solved in Õ(kn3)

time.

3.6 Conclusion and future work

In this chapter, by embedding edges into the freespace diagram, we obtained faster algorithms

for the Fréchet edit distance in three cases: delete-only, edits on one of the two curves, and

insertions on both curves. Our approach relies on two ingredients. First, we showed that in

the delete-only case it suffices to propagate information along the boundaries of the freespace

diagram, rather than computing every cell generated by every segment that a deletion can

produce.

Second, we extended the critical insight of [79] that it suffices to compute a finite set of

insertion curves. We showed that an even smaller subset of insertion curves is sufficient, and

that these insertion curves can be batch-computed more efficiently. We further extended this

insight to the case where insertions are allowed on both curves, where it suffices to compute a

set of insertion curves determined purely by the original curves.

A natural next step, given these more efficient algorithms, is to ask whether the time complexity

can be improved further. In Section 3.3.5 we used the construction of [24] to prove a

conditional lower bound for the delete-only case when the Fréchet distance is measured under
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the Lp metric for p ̸= 2. The case p = 2 remains open: is there an algorithm that solves the

delete-only case in Õ(n2) time?

To improve the time complexity of our algorithms when insertions are allowed, a natural

question is whether the minimum-link path algorithm itself can be sped up. More generally,

one can ask whether there exists a subquadratic-time algorithm that computes the minimum-

link path through a set of disks. If the goal is specifically to improve the Fréchet edit distance,

it may be enough to answer the decision version: is there an Õ(kn)-time algorithm?

3.6.1 Edits on both curves

For the least restricted case, when deletions and insertions are allowed on both curves, the

first question is whether the case is even meaningful to study. That is, are there two curves

such that Edδ(π, σ) < min{Ed1
δ(π, σ),Ed1

δ(σ, π)}? The answer is yes: allowing edits on both

curves can be strictly cheaper (see Figure 3.17).

σ1

σ2

σ3

π6
π1

π2

π3

π4

π5

π6

p

δ

FIGURE 3.17: To realise Edδ(π, σ), it suffices to delete σ2 and π4 and to insert
p between σ1 and σ3. If edits are allowed on only one of the two curves, at
least one additional edit is required.

It may be helpful to first consider an easier version of the problem.

PROBLEM 4. Consider as input a segment st, and a curve π such that π1 /∈ b(s) and

πn /∈ b(t). Compute a k1-insertion curve σ′ of st and a k2-deletion curve π′ of π with the

following properties. The number of edits k1 + k2 is minimised and the curve σ′ is a minimum

vertex curve of π′.
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Problem 4 should be solvable when the curves lie in 1d (i.e. are intervals), because only a

fixed number of turning points need to be considered for σ′. Given a minimum vertex curve

σ′ in 1d, we hypothesise that σ′ can be modified by shifting each of its vertices either left or

right so that every vertex of σ′ coincides with the endpoint of some interval (a 1d disk). This

yields a finite set of candidate vertices for σ′; in 2d the situation is substantially harder.

Once Problem 4 is solved, it may be possible to embed the required edits into the augmented

graph and compute the edit distance with edits on both curves via a shortest-path computation.



CHAPTER 4

Computing a Subtrajectory Cluster from c-Packed Trajectories

4.1 Introduction

With the proliferation of location-aware devices comes an abundance of trajectory data. One

way to process and make sense of many trajectories is to group long and similar subtrajectories.

The analysis of long and similar parts of trajectories can provide insights into behaviour and

mobility patterns, such as common routes taken and places visited frequently.

Buchin, Buchin, Gudmundsson, Löffler, and Luo [36] initialised the study of subtrajectory

cluster problems to detect and extract common movement patterns. The Subtrajectory Cluster

(SC) decision problem is defined as follows. Given one or more trajectories, determine if there

exists a cluster of m− 1 non-overlapping subtrajectories and one reference trajectory. The

reference trajectory πr must be at least of length l, and the Fréchet distances between πr and

the other m− 1 subtrajectories must be at most δ. In the case of animals, long and common

movement patterns can indicate movement between grazing spots of sheep or the migration

flyway of seabirds. In the case of humans, common movement on a Monday morning can

show commuting patterns to find the most heavily congested areas.

Subtrajectory clustering has attracted research from multiple communities. [94] used subtra-

jectory cluster to analyse the common movement patterns of football players. [34] applied

subtrajectory cluster to map reconstruction by clustering common movement patterns of

vehicles into road segments. Researchers in the Geographical Information and Data Mining

communities also considered the variants and practical performance of subtrajectory cluster

algorithms [2, 51, 87, 92, 93, 120, 136]. In addition, the potential of SC is examined in
81
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a wide range of applications, including sports player analysis [140] and human movement

analysis [49, 107].

Several theoretical studies of the subtrajectory clustering problem focus on improving the

quality of clustering. [2] defined a single objective function, the weighted sum of three quality

measures of a clustering. These quality measures include the number of clusters chosen, the

quality of the cluster, and the size of the trajectories excluded from the clustering. [30] studied

so-called △-coverage, aiming to find a set C of curves to cover a polygonal curve such that a

curve in C is fixed in size, and |C| is minimised.

However, despite considerable attention from multiple communities, there is no subcubic time

algorithm that solves the subtrajectory cluster problem, limiting its usefulness on large data

sets. [36] solved the subtrajectory cluster problem in O(n5) time when the similarity measure

of two trajectories is the Fréchet distance, and [95] further improved the runtime with an

O(n3 log2 n) time algorithm. In addition, [95] showed that there is no O(n3−ε) algorithm for

subtrajectory cluster for any ε > 0 unless the Strong Exponential Time Hypothesis (SETH)

fails.

SC is unlikely to have a strongly subquadratic algorithm even if we allow a small approxima-

tion factor on the Fréchet distances between subtrajectories, because given two trajectories π1

and π2, we can structure the SC problem to find two subtrajectories such that their Fréchet

distance is at most (1 + ε)δ, and the reference trajectory must be as long as the maximum of

π1 and π2. Solving this instance of SC is equivalent to approximating the Fréchet distance of

π1 and π2, and Bringmann [23] showed that there is no 1.001-approximation with runtime

O(n2−ε) for the continuous Fréchet distance for any ε > 0, unless SETH fails.

Since an exact subcubic and an approximate subquadratic algorithm are unlikely to exist, we

study subtrajectory cluster on a realistic family of trajectories, called c-packed trajectories. A

trajectory π is c-packed if, for any ball B of radius r, the length of π lying inside B is at most

c times r. The packedness value of a trajectory π is the maximum c for which π is c-packed.

Bringmann [23] proved that computing the Fréchet distance has no strong subquadratic

algorithm unless SETH fails, and the notion of c-packedness was introduced by Driemel,



4.1 INTRODUCTION 83

Har-Peled, and Wenk [65] to circumvent such conditional lower bound. Since then, the notion

of c-packedness has gained considerable attention from the theory community [3, 23, 25, 52,

91], and several real-world data sets have been shown to have low packedness values [65,

90]. In one particular instance, [90] approximated the packedness values of several real-world

trajectory data sets. In their experiments, several trajectory data sets have low packedness

values, such as the movement patterns of people in Beijing, school buses, European football

players, and trawling bats.

In this chapter, given a c-packed trajectory π of complexity n and a desired multiplicat-

ive approximation error ε on the Fréchet distance between subtrajectories, we present an

O((c2n/ε2) log(c/ε) log(n/ε)) time algorithm that solves the SC problem. It is worth noting

that previous papers considering c-packed curves typically replace a factor n with a polyno-

mial of constant degree in c [62, 88]. We are able to replace a factor of n2 with c2/ε2, bringing

the algorithm’s running time from cubic to near-linear, assuming c ∈ O(1).

Along the way, we develop a tool for simplifying the freespace diagram that may be of

independent interest. To efficiently approximate the Fréchet distance, [65] showed that the

freespace complexity, i.e., the number of non-empty cells, is O(cn/ε) for two simplified

c-packed trajectories (see Section 4.2 for an overview of the freespace, or [7] for a formal

definition). However, simplifying a trajectory by taking shortcuts between vertices can yield a

much shorter trajectory, and the SC problem is sensitive to the length of the trajectories since

the reference trajectory has to have a length at least l. To tackle this problem, we developed a

tool to construct the freespace diagram in O((cn/ε) log (cn/ε)) time, preserving the length

of two trajectories while benefiting from the O(cn/ε) freespace complexity. Our tool can be

of value for problems in which the length of a trajectory is important, such as subtrajectory

cluster [36], partial curve matching [31], and Fréchet distance with speed limit [124].

In Section 4.2, we will formally define the subtrajectory cluster problem and outline the

greedy plane sweep algorithms of [36] and [95], which our approach builds on. In Section 4.3,

we provide a technical overview of our main results. In Section 4.4, we will discuss how to

simplify the freespace diagram to achieve a lower complexity while preserving trajectory

lengths.
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In Section 4.5, we will consider the restricted case when the reference trajectory must be

vertex-to-vertex. In Section 4.6, we will remove this restriction by considering an arbitrary

reference trajectory.

4.2 Preliminaries

In this section, we outline previous algorithms for the subtrajectory cluster problem. The

subtrajectory cluster problem was first introduced by [36] and later improved by [95]. Instead

of looking for a subtrajectory where the Fréchet distances between the reference trajectory

and the subtrajectories are exact, we aim to find a solution that approximates the Fréchet

distance between subtrajectories in the cluster.

PROBLEM 5 ([95]). Given a trajectory π of complexity n, a positive integer m, and positive

real numbers δ, l, and ε, decide whether there exists a subtrajectory cluster of π such that:

• the cluster consists of one reference subtrajectory and m− 1 other subtrajectories

of π,

• the reference subtrajectory has Euclidean length at least l,

• the Fréchet distance between the reference subtrajectory and any other subtrajectory

is at most (1 + ε)δ,

• any pair of subtrajectories in the cluster overlap in at most one point.

[36] solved the exact SC problem using a plane-sweep algorithm on the freespace diagram

Dδ(π, π). Let s and t be two points on π, and denote by πst the subtrajectory of π starting

at s and ending at t. Let ls and lt be the vertical sweep lines x = s and x = t on Dδ(π, π),

respectively (see Figure 4.1). An xy-monotone path in Dδ(π, π), or xy-monotone path for

short, is a continuous path that is non-decreasing in both x- and y-coordinates. To solve

SC(m, δ, l), the lines ls and lt sweep from left to right while ensuring that ls remains to the

left of lt, and that the reference trajectory πst is at least l long, i.e., t− s ≥ l. In each interval

[ls, lt], they compute the maximum number of xy-monotone paths in Dδ(π, π) starting at ls

and ending at lt.
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FIGURE 4.1: The freespace diagram Dδ(π, π) and the interval [ls, lt] are
defined by two points s and t on π. If there exists an xy-monotone path
(marked in brown) from (s, p) to (t, q) through the freespace, then the Fréchet
distance between the subtrajectories πst and πpq is at most δ.

Let s and t be two points on π, and let (s, p) and (t, q) be two coordinates on Dδ(π, π). As

we only consider xy-monotone paths starting at ls and ending at lt, we call the xy-monotone

path from (s, p) to (t, q) the pq xy-monotone path. First, an xy-monotone path pq must

traverse only the freespace. Second, two xy-monotone paths pq and ab must not overlap along

the y-interval in more than a single point. Third, the y-coordinates of any pq xy-monotone

path cannot overlap the interval [s, t] in more than a single point. We obtain the following

subproblem.

SUBPROBLEM 6 ([95]). Given a trajectory π of complexity n, a positive integer m, a positive

real value δ, and a reference subtrajectory of π starting at s and ending at t, let ls and lt be

two vertical lines in Dδ(π, π) representing the points s and t. Decide whether there exist:

• m− 1 distinct paths starting at ls and ending at lt such that

• the y-coordinates of any two xy-monotone paths overlap in at most one point, and

• the y-coordinate of any xy-monotone path overlaps the y-interval from s to t in at

most one point.

To find a set {p1q1, p2q2, . . . , pm−1qm−1} of xy-monotone paths, both algorithms use a greedy

approach. First, set p1 to be the lowest feasible point on ls, and compute p1q1 by searching for

the lowest xy-monotone path through the freespace. Inductively, with pi−1qi−1 computed, set



86 4 COMPUTING A SUBTRAJECTORY CLUSTER FROM C-PACKED TRAJECTORIES

pi to the lowest feasible point on ls that is on or above qi−1, and proceed similarly. If a search

from pi leads to a dead end, we simply set pi to the next lowest feasible point on ls and search

again.

The sweep lines stop at all O(n3) critical points, and for each critical point there is an interval

[ls, lt] to consider. [36] solved each instance in O(nm) ⊆ O(n2) time. [95] improved the

efficiency by connecting the critical points in a tree-like data structure that allows them to

reuse computed xy-monotone paths from previous interval instances. They showed that, in

their construction, there are at most O(n3 log n) edges, and each edge takes at most O(log n)

time to add, remove, or access. This reduces the complexity of the algorithm from O(n5) to

O(n3 log2 n) time.

4.3 Technical Overview

Our technical overview is divided into three parts. In Sections 4.3.1, 4.3.2, and 4.3.3, we

summarise the main result of Sections 4.4, 4.5, and 4.6 respectively.

4.3.1 Computing the Freespace Diagram

Our algorithm constructs a simplified freespace diagram that preserves trajectory lengths.

The size (in terms of Euclidean length) of the simplified freespace diagram is the same as

that of the unsimplified freespace diagram. The only difference between the two diagrams

is that approximate distances are used in the simplified diagram. In particular, we define a

function that uniformly maps a trajectory to its simplification, and we calculate the distances

between the mapped simplification points instead of the points on the original trajectory. We

prove that the complexity of the simplified freespace diagram is at most O(cn/ε), and that

the trajectory lengths in the diagram are preserved. Next, we build the simplified freespace

diagram. We use an algorithm by Conradi and Driemel [62] to query pairs of nearby segments.

Finally, we construct a data structure on the freespace diagram so that we can access the

closest non-empty cells below, above, to the left, and to the right in constant time. Putting this

all together, we obtain Theorem 11. For a full proof, see Section 4.4.
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THEOREM 11. Given a pair of trajectories, one can construct a simplified freespace diagram

in O((cn/ε) log (cn/ε)) time, so that the simplified freespace has complexity O(cn/ε), it

approximates the Fréchet distance to within a factor of (1 + ε), and it preserves the trajectory

lengths of the original trajectory.

4.3.2 Reference trajectory is vertex-to-vertex

Next, we focus on the special case where the reference trajectory is vertex-to-vertex. Three

data structures are used in the vertex-to-vertex subtrajectory cluster algorithm of [95] — a

directed graph, a range tree, and a link-cut tree. Originally, the number of leaves per range tree

is O(n), and the directed graph has complexity O(n2). We use the c-packedness property to

prove that, in our simplified freespace diagram, the number of leaves per range tree is O(c/ε),

and the directed graph has complexity O((cn/ε) log(c/ε)). The link-cut tree data structure

can be used without modification. Putting this all together, we obtain Theorem 12. Recall

that m is the desired number of subtrajectories in the cluster. For a full proof, see Section 4.5.

THEOREM 12. There is an O(nm log(c/ε) log(n/ε)) time algorithm that solves

SC(T,m, l, (1 + ε)δ) in the case that the reference trajectory is vertex-to-vertex.

4.3.3 Reference trajectory is arbitrary

Finally, we tackle the general case where the reference trajectory is arbitrary. The main

obstacle in the general case is that there are Θ(n3) internal critical points that correspond to

potential starting and ending positions of the reference trajectory. In fact, [95] showed that,

for general (non–c-packed) curves, these internal critical points are essentially unavoidable.

They use the Θ(n3) internal critical points to show that, under the Strong Exponential Time

Hypothesis (SETH), there is no O(n3−ε) time algorithm for subtrajectory cluster for any

ε > 0.

Our main lemma in this section is to bound the number of internal critical points for sub-

trajectory cluster on c-packed trajectories. The lemma uses the c-packedness property in

two different ways. First, the c-packedness property bounds the complexity of the simplified
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freespace diagram to linear, which replaces one of the factors of n with c/ε. Second, the

c-packedness property is used to prove that, in any horizontal strip, only a constant number

of cells have freespace. This replaces another factor of n with c/ε, resulting in O(c2n/ε2)

internal critical points. Finally, we prove that the interval management data structure can be

used in the same way as in [95]. Putting this all together, we obtain Theorem 13. For a full

proof, see Section 4.6.

THEOREM 13. There is an O((c2n/ε2) log(c/ε) log(n/ε)) time algorithm that solves

SC(T,m, l, (1 + ε)δ) in the case that the reference trajectory is arbitrary.

4.4 Computing the Freespace Diagram

In this section, we explain the process of constructing a simplified freespace diagram for

two c-packed polygonal curves π and σ. The freespace Fδ(π, σ) describes all pairs of points,

one on π and one on σ, whose distance is at most δ [7]. With slight abuse of notation,

we parameterise the polygonal curve π such that π[x] is a point on π, where x ∈ [0, ∥π∥].

Formally,

Fδ(π, σ) = {(x, y) ∈ [0, ∥π∥]× [0, ∥σ∥] | ∥π[x]− σ[y]∥ ≤ δ}.

To circumvent the quadratic freespace complexity, [65] showed that the freespace complexity

of two simplified c-packed curves is O(cn/ε). Given a c-packed curve π = p1p2 . . . pn, we

simplify π into its εδ-simplification π′ = simpl(π, εδ) = q1q2 . . . qk as follows. Let b(a, r)

be the ball centred at a with radius r. First, set q1 = p1. With qi defined, traverse π from qi

until a vertex v is outside b(qi, εδ) or v is the last vertex of π, and set qi+1 = v. Continue until

all vertices of π are exhausted. [65] showed that the εδ-simplification of a c-packed curve is

at most 6c-packed [65, Lemma 4.3], and that the Fréchet distance between π and π′ is at most

(1 + ε)δ. With a slight adjustment, every segment of a simplified curve can be made at least

εδ long.
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OBSERVATION 53. One can simplify a polygonal curve π into its εδ-simplification π′ such

that the Fréchet distance between π and π′ is at most (1 + ε)δ, and each segment in π′ is at

least εδ long.

Simplifying two c-packed curves can reduce the freespace complexity, but using the plane-

sweep algorithm to solve the SC problem on the resulting freespace diagram is unfortunately

infeasible. This is because the total length of the simplified trajectories can be much shorter,

making it impossible to slide a window of width l on the freespace diagram D(1+ε)δ(π
′, σ′).

To address this issue, we develop a tool that enables the construction of a freespace diagram

that maintains the original curve length while also benefiting from the reduced freespace

complexity.

4.4.1 Simplifying the Freespace

In this section, we introduce a method that simplifies the freespace. We show that we can

construct the simplified freespace F s
(1+ε̂)δ(π, σ), where ε̂ is at most 8ε, such that the complexity

of the simplified freespace is at most O(cn/ε̂). In addition, F s
(1+ε̂)δ(π, σ) contains Fδ(π, σ)

as a subset, but it is not larger than the freespace of π and σ if we approximate their Fréchet

distance; that is,

F s
(1+ε̂)δ(π, σ) ⊆ F(1+ε̂)δ(π, σ).

We first define a function that uniformly maps parts of the polygonal curve π to segments

of π′ in Definition 54, which we then use to formally define the simplified freespace in

Definition 55. We then formally prove the set inclusions mentioned above in Lemma 56.

DEFINITION 54. Let πuv be the subcurve of π from point u to v that is simplified into the

segment (u, v) ∈ simpl(π, εδ). Let w be the first intersection point of πuv and the boundary

of the ball b(u, εδ) along πuv, and let u′ be the intersection of (u, v) with the boundary of

the ball b(u, εδ). Define the mapping fπ,εδ : π → simpl(π, εδ) such that fπ,εδ maps [u,w) to

[u, u′) uniformly, and maps [w, v] to [u′, v] uniformly (see Figure 4.2).
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FIGURE 4.2: A figure showcasing the function in Definition 54. The point u′

is the intersection of the segment (u, v) with the ball b(u, εδ), and the point w
is the intersection of the subtrajectory πuv with b(u, εδ). The function fπ,εδ
uniformly maps πuw (red) to (u, u′) (orange), not including u′ and w. The
function fπ,εδ uniformly maps πwv (blue) to (u′, v) (light blue).

DEFINITION 55. Define the simplified freespace of π and σ with respect to the Fréchet

distance δ > 0 and a parameter ε > 0 as

F s
(1+ε)δ(π, σ) = {(x, y) ∈ [0, ∥π∥]× [0, ∥σ∥] | ∥fπ,εδ(π[x])− fσ,εδ(σ[y])∥ ≤ (1 + ε)δ}.

Similarly, let Ds
(1+ε)δ(π, σ) be the simplified freespace diagram.

LEMMA 56. For ε > 0, Fδ(π, σ) ⊆ F s
(1+4ε)δ(π, σ) ⊆ F(1+8ε)δ(π, σ).

PROOF. With slight abuse of notation, let x = π[x] and y = σ[y], for x ∈ [0, ∥π∥] and

y ∈ [0, ∥σ∥]. Let x′ = fπ,εδ(x) and y′ = fσ,εδ(y). Observe that ∥x− x′∥ ≤ 2εδ for all x ∈ π

because, if x is within the ball b(u, εδ), then x is at most 2εδ away from x′. If x is outside

b(u, εδ), it is at most εδ away from x′ due to the simplification.

To show Fδ(π, σ) ⊆ F s
(1+4ε)δ(π, σ): if a point (x, y) ∈ Fδ(π, σ), then ∥x− y∥ ≤ δ. By the

triangle inequality,

∥x′ − y′∥ ≤ ∥x′ − x∥+ ∥y′ − y∥+ ∥x− y∥ ≤ 2εδ + 2εδ + δ = (1 + 4ε)δ,

hence (x′, y′) must also be in F s
(1+4ε)δ(π, σ).
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To show F s
(1+4ε)δ(π, σ) ⊆ F(1+8ε)δ(π, σ): if a point (x′, y′) ∈ F s

(1+4ε)δ(π, σ), then

∥x− y∥ ≤ ∥x′ − x∥+ ∥y′ − y∥+ ∥x′ − y′∥ ≤ 2εδ + 2εδ + (1 + 4ε)δ = (1 + 8ε)δ,

so (x, y) ∈ F(1+8ε)δ(π, σ). □

Similar to how we defined the (u, v) cell, let the (πuv, σab) cells be the cells in the freespace

diagram defined by the subcurves πuv and σab. We show that we can compute the intersection

of the simplified freespace with the (πuv, σab) cells in constant time.

LEMMA 57. Given vertices u, v on π and a, b on σ, one can construct the cells in Ds
(1+ε)δ(π, σ)

defined by πuv and σab in constant time.

PROOF. The following definition follows from the definition of fπ,εδ. Let u′ be the first

intersection of b(u, εδ) and (u, v) along simpl(π, εδ), and let a′ be the first intersection of

b(a, εδ) and (a, b) along simpl(σ, εδ). Let w be the first intersection of b(u, εδ) and πuv, and

let c be the first intersection of b(a, εδ) and σab.

Consider a partition of the (πuv, σab) cells into four cells generated from πuw, πwv, σac, and

σcb. Define W to be the rectangle [0, ∥πuw∥]× [0, ∥σac∥]. We will show that the intersection

of the simplified freespace and the (πuw, σac) cells is an ellipse clipped at W , using the

arguments in the proof of [101, Lemma 30.2.1].

With slight abuse of notation, we redefine πuw as the affine mapping from [0, ∥πuw∥] to

points on πuw. The function fπ,εδ ◦ πuw is an affine function, as the composition of two

affine functions fπ,εδ and πuw is also affine, and similarly, fσ,εδ ◦ σab is affine. Therefore,

h : (x, y) 7→ fπ,εδ(πuw(x))− fσ,εδ(σab(y)) is an affine function. Assuming general position

of (u, v) and (a, b), h is also one-to-one. All the desired configurations of (x, y) satisfying

∥h(x, y)∥ ≤ δ are mapped to the disk B of radius δ centred at the origin.

Consider the intersection of B and the image of h, i.e., h(R2) ∩ B. Then the simplified

freespace of the (πuw, σac) cells is the set h−1(h(R2) ∩ B) ∩ W . The inverse of an affine

function is also an affine function, and thus so is h−1. The affine image of a disk is an ellipse,
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and therefore so is h−1(h(R2) ∩ B). Consequently, the (πuw, σac) cell is an ellipse clipped

into a rectangle, and it takes constant time to compute.

The above arguments extend to the other three cells. Therefore, constructing the cells defined

by πuw and σab in Ds
(1+ε)δ(π, σ) takes constant time. □

The complexity of the simplified freespace F s
(1+ε̂)δ(π, σ) is O(cn/ε̂) if π and σ are c-packed.

Assuming that πuv and σab are simplified into the segments (u, v) ∈ π′ and (a, b) ∈ σ′,

respectively, the simplified freespace intersects the (πuv, σab) cells if and only if the distance

between (u, v) and (a, b) is at most (1 + ε̂)δ. The rest follows by modifying the proof of [65,

Lemma 4.4].

COROLLARY 58. Let π and σ be two c-packed curves with complexity n, and let ε̂ be a

constant times a parameter ε > 0. The complexity of the simplified freespace F s
(1+ε̂)δ(π, σ) is

O(cn/ε).

4.4.2 Compute the Non-empty Cells

To take advantage of the near-linear complexity of the simplified freespace, we use an

algorithm by Conradi and Driemel [62] to efficiently compute the non-empty cells without

inspecting all pairs of segments.

FACT 59 ([62, Lemma 59]). Given two c-packed curves π and σ in R2, a parameter δ ≥ 0,

and let π′ and σ′ be their εδ-simplifications. In O((cn/ε) log(cn/ε)) time, one can find all

pairs of segments (u, v) ∈ π′ and (a, b) ∈ σ′ such that the distance between (u, v) and (a, b)

is at most δ.

To construct the simplified freespace diagram efficiently, we first observe the following.

OBSERVATION 60. If the segments (u, v) ∈ π′ and (a, b) ∈ σ′ are more than (1 + 2ε)δ apart,

then πuv and σab are more than δ apart.

The above observation enables us to determine whether the (πuv, σab) cells are empty by

determining whether (u, v) and (a, b) are near.
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4.4.3 Constructing the Simplified Freespace Diagram

Given two c-packed polygonal curves π and σ, we will use the results from previous sub-

sections to construct the simplified freespace diagram using the steps below. In Lemma 57,

we showed that if πuv and σab are simplified into the segments (u, v) ∈ π′ and (a, b) ∈ σ′,

respectively, we can compute the (πuv, σab) cells in constant time. Such an aggregation

of (πuv, σab) cells is an aggregated non-empty cell, and we treat them as a single cell for

simplicity.

(1) Simplify π and σ into their εδ-simplifications π′ and σ′.

(2) Find all pairs of nearby segments from π′ and σ′ that are at most (1+ ε̂)δ apart using

Fact 59.

(3) For each pair of nearby segments (u, v) ∈ π′ and (a, b) ∈ σ′, compute the (πuv, σab)

cells using Lemma 57.

(4) Sort all non-empty cells horizontally and vertically.

(5) Connect non-empty cells in a graph fashion such that a non-empty cell is connected

to the first non-empty cells above, below, to the left, and to the right.

FIGURE 4.3: The non-empty cells are connected horizontally and vertically
to skip empty cells.

Given two polygonal curves π and σ of complexity n, simplifying them (step 1) takes

O(n) time. By Fact 59, step 2 takes O((cn/ε) log(cn/ε)) time. Computing a cell in

Ds
(1+ε̂)δ(π, σ) takes O(1) time by Lemma 57. The diagram Ds

(1+ε̂)δ(π, σ) has at most O(cn/ε)
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non-empty cells, which takes O(cn/ε) time to compute in step 3; sorting them in step 4 takes

O((cn/ε) log(cn/ε)) time. Connecting each cell to at most four other cells takes O(cn/ε)

time in step 5. Putting this together, we obtain Lemma 61, and we summarise our result in

Theorem 11.

LEMMA 61. Let π and σ be two c-packed curves of complexity n. Let ε > 0 and δ > 0 be two

parameters, and let ε̂ ≤ 8ε. One can construct and connect O(cn/ε) aggregated non-empty

cells of the simplified freespace diagram Ds
(1+ε̂)δ(π, σ) in O((cn/ε) log (cn/ε)) time such that

Fδ(π, σ) ⊆ F s
(1+ε̂)δ(π, σ) ⊆ F(1+ε̂)δ(π, σ).

Given an aggregated non-empty cell C, one can access the first aggregated non-empty cells

below, above, to the left, and to the right of C in O(1) time.

THEOREM 11. Given a pair of trajectories, one can construct a simplified freespace diagram

in O((cn/ε) log (cn/ε)) time, so that the simplified freespace has complexity O(cn/ε), it

approximates the Fréchet distance to within a factor of (1 + ε), and it preserves the trajectory

lengths of the original trajectory.

4.5 Reference Trajectory is Vertex-to-Vertex

Throughout the rest of the chapter, we assume that the freespace diagram is the simplified

freespace diagram Ds
(1+ε)δ(π, π) in Lemma 61. Next, we use the algorithm of [95] to determine

whether there is a solution to SC(T,m, l, (1 + ε)δ) where π is a c-packed trajectory, and the

reference subtrajectory πst is vertex-to-vertex; that is, both s and t must be endpoints of some

segment of π.

Three data structures are used in the vertex-to-vertex subtrajectory cluster algorithm of [95]

— a directed graph, a range tree, and a link-cut tree. In Section 4.5.1, we outline the data

structures. In Section 4.5.2, we show that the number of leaves per range tree is O(c/ε), and

that the directed graph has complexity O((cn/ε) log(c/ε)). In Section 4.5.3, we show that

the link-cut tree data structure can be used without modification.
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4.5.1 The Directed Graph

In this section, we discuss the construction of a directed graph to store candidate xy-monotone

paths, as proposed by [95]. They defined a specific type of xy-monotone path that exists only

within a row or column, and showed that any general xy-monotone path π can be decomposed

into a series of these so-called basic xy-monotone paths π′, such that the y-span of π is a

subset of the y-span of π′. These basic xy-monotone paths are stored in a directed graph,

which can be queried efficiently to find feasible xy-monotone paths.

DEFINITION 62 ([95]). A basic xy-monotone path is an xy-monotone path that is contained

entirely within a single row or column of the freespace diagram, starting at a critical point on

a vertical cell boundary and ending at a critical point on a horizontal cell boundary, or vice

versa.

[95, Lemma 16] showed that there is an xy-monotone path from a critical point a to a critical

point b on the freespace diagram if and only if there is a sequence of basic xy-monotone paths

between a and b. Their idea is to decompose an xy-monotone path into a path p1p2 . . . pk

such that p1 = a, pk = b, and the path from pi to pi+1 is a basic xy-monotone path. One

can first transform an xy-monotone path σ into a set of almost-basic xy-monotone paths

q1 . . . qk inductively: if qi lies on a vertical (resp. horizontal) cell boundary, then qi+1 is the

next intersection of σ with a horizontal (resp. vertical) boundary. One can then transform the

path q1 . . . qk into a series of basic xy-monotone paths as follows. If qi lies on a vertical (resp.

horizontal) cell boundary, then pi is the critical point below (resp. left of) qi.

FACT 63 ([95, Lemma 16]). Given a pair of critical points a and b in the freespace diagram,

there is an ab xy-monotone path if and only if there is a sequence of basic xy-monotone paths

p1 . . . pk such that pi is a critical point for 1 ≤ i ≤ k, p1 = a, and pk = b.

With basic xy-monotone paths defined, we want to construct a graph to store all possible

basic xy-monotone paths. We do so row-by-row and column-by-column. For an arbitrary

row, where H is the top boundary, let pi be the bottom-most critical point of the ith vertical

cell boundary, where 0 ≤ i ≤ n+ 1. A brute-force approach is to connect every pi to every
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critical point q on H such that there is a piq basic xy-monotone path. However, the number

of edges is cubic in this case.

Define qi to be the rightmost critical point on the top boundary such that there is a piqi basic

xy-monotone path. A key observation is that if there is a piqi xy-monotone path, then there is

a piq xy-monotone path for every critical point q on H that lies to the right of pi and to the

left of qi. Indeed, let r be the intersection of the piqi xy-monotone path with the left vertical

cell boundary of the cell containing r. Since the interior of a non-empty cell is convex, there

is a pir xy-monotone path.

The above observation enables Gudmundsson and Wong to define a graph G = (V , E) to

efficiently store all possible basic xy-monotone paths [95]. For an arbitrary row, they first

construct a range tree RT storing the critical points on H with respect to their increasing

x-coordinates. They then connect pi to a node v in RT whenever there is a basic xy-monotone

path from pi to every critical point in the leaves of v (see Figure 4.4). Each column of the

freespace diagram is processed analogously. As we will use the range tree extensively in the

following section, we define the canonical subset to differentiate it from the canonical squares

used in the previous section. Given a node v in a range tree, the canonical subset of v is the

set of points stored in the leaves of v [15].

FIGURE 4.4: Part of the graph G. We build a directed range tree from the
critical points on the top boundary. A bottom critical point p on a vertical cell
boundary is connected to a node v of the range tree whenever there is a basic
xy-monotone path from p to every critical point in the canonical subset of v,
illustrated with dashed lines.
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[95] described an algorithm that finds qi for each pi. However, we cannot use their algorithm

for two reasons. First, their algorithm only works in the very restrictive case where all

non-empty cells have critical points on their top boundary, which is not true in the freespace

diagram of two general curves. Second, their algorithm only works when all cells in a row are

non-empty.

We now show how to find qi for each pi. Let ri be the top critical point on a vertical cell

boundary. For some pi on the ith vertical cell boundary, we draw a horizontal line to the

right from pi. If this horizontal line is blocked first immediately before the jth vertical cell

boundary and y(pi) ≤ y(pj) (resp. y(pi) ≥ y(rj)), we say that pi is blocked by pj (resp. by

rj).

There are two things that can happen (see Figure 4.5). First, the line is blocked by some point

b on the boundary between freespace and non-free space in the cell immediately to the left

of rj or pj . The point b is either higher than rj or lower than pj . If b is below some pj , then

qi = qj since there is a pipjqj xy-monotone path. If b is above some rj , then qi is simply the

rightmost critical point on H that lies to the left of rj and to the right of pi.

Second, the line from pi is blocked at a point b by non-free space that completely separates

two adjacent cells, or it is blocked by the right boundary of the freespace diagram. Suppose b

lies between the jth and (j − 1)th vertical cells; then qi is simply the rightmost critical point

on H that lies to the left of the jth vertical cell boundary and to the right of pi.

p1

p2

q1 = q2

p1
r2

r3

q1

FIGURE 4.5: In the left figure, p1 is blocked by p2. In the right figure, p1 is
blocked by r3.

Knowing the above, given pi, if we can find the first pj or rj that blocks pi, we can determine

qi. We use a binary search tree to store the top and bottom critical points of the vertical cell

boundaries based on their increasing x-coordinates, where critical points on the same vertical

cell boundary are stored in the same leaf. In addition, each node v stores the maximum and
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minimum y-coordinates of the critical points in the canonical subset of v. One can query this

binary search tree to find the first pj or rj that blocks pi in O(log n) time. In fact, we can do

the same thing for any arbitrary point p in the freespace, as long as we know which cell p

resides in.

OBSERVATION 64. Given a set of nk consecutive non-empty cells in the same row with

vertical boundary indices {1, . . . , nk + 1}, one can preprocess them in O(nk log nk) time

such that one can find the first pj or rj that blocks p in O(log n) time.

With the above observation, and the dynamic programming algorithm described in [95,

Lemma 20], we can preprocess the freespace diagram such that, given a free point p, we can

find the rightmost critical point on the top boundary of the same row in O(log n) time. This

property is useful in Section 4.6, where the reference trajectory is no longer vertex-to-vertex

and an xy-monotone path can start from the interior of a non-empty cell. We combine the

above insights and observations in Lemma 65 below.

LEMMA 65. Given a row of nk non-empty cells in the freespace diagram and a point p in the

freespace, one can preprocess these cells in O(nk log nk) time, and find the rightmost critical

point q on the top boundary such that there is a pq xy-monotone path in O(log nk) time.

PROOF. Given a row of non-empty cells, we apply the algorithm below to each set of

consecutive adjacent non-empty cells such that the boundary between two cells intersects the

freespace. Let x(p) and y(p) be the x- and y-coordinates of a point p, respectively. Let the

indices of the leftmost and rightmost vertical boundaries be l and r, respectively.

Preprocess the row using Observation 64 in O(nk log nk) time. Iterate i from r to l, and

for each pi, use Observation 64 to find the leftmost pj or rj such that y(pi) ≤ y(pj) or

y(pi) ≥ y(rj), respectively, in O(log nk) time. If pj is leftmost, set qi = qj . If rj is leftmost,

use binary search to find the rightmost critical point q such that x(pi) ≤ x(q) ≤ x(rj) in

O(log nk) time. In total, this takes O(nk log nk) time.



4.5 REFERENCE TRAJECTORY IS VERTEX-TO-VERTEX 99

Then, given a free point p between the ith and (i+ 1)th cell boundaries, one can find the first

pj or rj that blocks p, and repeat the above process to find the rightmost critical point q such

that there is a pq xy-monotone path in O(log nk) time.

The correctness of this algorithm relies on two key facts. First, if pj is the leftmost critical

point such that pi is blocked by pj , then there is a pipj xy-monotone path. Second, if rj is

the leftmost critical point that blocks pi, then there is a piq xy-monotone path as long as q

lies between pi and rj . Indeed, since the intersection of the freespace with a cell is convex, if

pi is not blocked by any critical point of a cell C, then pi cannot be blocked by the interior

of C. □

4.5.2 Using a Directed Graph to Store Candidate Monotone Paths

We next prove that the directed graph has a smaller size in the simplified freespace diagram.

Specifically, we show that the range tree has at most O(c/ε) leaves, and to do so, it suffices to

show that there exist at most O(c/ε) critical points on each horizontal or vertical boundary of

the simplified freespace diagram.

LEMMA 66. In the simplified freespace diagram Ds
(1+ε̂)δ(π, π), let H be a horizontal (resp.

vertical) strip that is at least εδ wide in its y-span (resp. x-span). The intersection of H and

the simplified freespace F s
(1+ε̂)δ(π, π) occurs in at most O(c/ε) aggregated cells.

PROOF. Let T ′ be the εδ-simplification of π, and let πuv simplify into the segment (u, v) ∈

T ′. Let u′ ⊆ (u, v) be a small subsegment that is at least εδ long. Let Su′ = u′⊕b(0, (1+ ε̂)δ).

Using a similar construction and the arguments of [65, Lemma 4.4], one can prove that at most

O(c/ε) segments in T ′ intersect Su′ . Based on the construction of the simplified freespace

F s
(1+ε̂)δ(π, π), a point (x, y) ∈ F s

(1+ε̂)δ(π, π) is in the freespace if and only if

∥fπ,ε̂δ(π[x])− fπ,ε̂δ(π[y])∥ ≤ (1 + ε̂)δ.

As such, at most O(c/ε) aggregated cells have simplified freespace intersecting H . □
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Next, we bound the construction time and space complexity of the directed graph in [95].

LEMMA 67. Given a c-packed trajectory π of complexity n, constructing G for the simplified

freespace diagram Ds
(1+ε̂)δ(π, π) takes O((cn/ε) log(n/ε)) time. The graph G has O(cn/ε)

nodes and O((cn/ε) log(c/ε)) edges.

PROOF. Let nk be the number of non-empty aggregated cells in the jth row of

Ds
(1+ε̂)δ(π, π). Construction of the range tree for the top (resp. right) boundary of a row

(resp. column) takes O(nk log nk) time [15]. For all pi, finding qi takes O(nk log nk) time,

and recall that there are O(cn/ε) critical points in Ds
(1+ε̂)δ(π, π). The total construction time

is as follows.

n+1∑
j=0

nk log nk ≤ log
(cn
ε

) n+1∑
j=0

nk = log
(cn
ε

)
O
(cn
ε

)
∈ O

((cn
ε

)
log

(n
ε

))
.

By Corollary 58, the simplified freespace diagram has O(cn/ε) non-empty aggregated cells,

and therefore G has O(cn/ε) nodes. In a range tree, given a continuous interval [qk, qi],

one can find O(log n) nodes such that these nodes include [qk, qi] in their canonical subset,

where n is the total number of items in the leaves [15]. There are at most O(c/ε) nodes on a

horizontal or vertical boundary by Lemma 66, and each critical point pi on a vertical (resp.

horizontal) cell boundary connects to O(log(c/ε)) nodes. Therefore, the total number of

edges is O((cn/ε) log(c/ε)). □

4.5.3 Storing and Reusing Pre-computed Paths

A link-cut tree [132] maintains a forest that allows link and cut operations on subtrees in

O(log n) amortised time. In addition, a link-cut tree allows finding the root of a node in

O(log n) amortised time. The algorithm of [95] uses a link-cut tree to store and re-use

xy-monotone paths. When a sweepline, either ls or lt, stops at a new critical point p, they

need only add p to the existing link-cut tree maintained from previous instances, rather than

recomputing the xy-monotone paths.
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With the graph G defined, we can analyse the total running time of the algorithm of [95] on

the simplified freespace diagram. The key observation regarding the running time is that, in

their algorithm, if an edge leads to a dead end, it is marked and will not be used in future

searches. Furthermore, inserting or removing an edge takes O(log n) amortised time in a

link-cut tree.

THEOREM 12. There is an O(nm log(c/ε) log(n/ε)) time algorithm that solves

SC(T,m, l, (1 + ε)δ) in the case that the reference trajectory is vertex-to-vertex.

PROOF. Construction of the simplified freespace diagram takes O((cn/ε) log (cn/ε))

time by Theorem 11. Construction of G takes O((cn/ε) log(n/ε)) time by Lemma 67. In

addition to the critical points in G, [95] showed that we need to consider O(mn) greedy

critical points. In total, the graph G has at most O(nm log(c/ε)) edges, because an edge

is added to and removed from the link-cut tree at most once, and adding or removing an

edge from the link-cut tree takes O(log(n/ε)) time since the maximum number of nodes in

the link-cut tree is upper-bounded by the number of nodes in G. Therefore, maintaining the

link-cut tree takes O(nm log(c/ε) log(n/ε)) time. □

4.6 Reference Trajectory is Arbitrary

Our results in this section rely heavily on the work of [95]. For brevity, we only highlight the

important parts of their algorithm and the analysis of our improvements.

When the reference trajectory is arbitrary, an xy-monotone path can start and finish at arbitrary

positions in non-empty cells. Therefore, in addition to the critical points in the freespace

diagram and the greedy critical points, [95] defined three new types of internal critical

points [95, Definition 25]. An internal critical point must lie in the interior of a non-empty

cell and lie on the boundary of the freespace. They made the following distinctions (see

Figure 4.6).

(1) End-of-cell critical point: the leftmost and rightmost points in the freespace of a

non-empty cell.
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(2) Propagated critical point: a point on the boundary of the freespace that shares a

y-coordinate with a critical point.

(3) l-apart critical points: two points on the boundary of the freespace that are a

horizontal distance of l apart.

l

FIGURE 4.6: The three types of internal critical points are illustrated using a
cross in the left, middle, and right figures, respectively. From left to right, they
are the end-of-cell critical points (left), the propagated critical points (middle),
and the l-apart critical points (right).

There could be an infinite number of l-apart critical points in a pair of non-empty cells. One

can detect that two cells generate infinitely many l-apart critical points by comparing the

quadratic equations of their interiors (see Figure 4.7). To cope with this case, one can move

the endpoint of one of the segments by a minuscule amount, say δ = ε2d. Therefore, for

the rest of the chapter, we assume that there are at most a constant number of l-apart critical

points per pair of cells.

l

u

v v′

u
v

v′

FIGURE 4.7: The placement of segments u, v, and v′ and their respective
(u, v) and (u, v′) cells. There are infinitely many l-apart critical points when
the boundaries of the freespace in two cells can be expressed by the same
equation and are exactly l apart.

We first bound the number of internal critical points and the time it takes to compute them.

One can compute the end-of-cell and l-apart critical points in linear time with respect to the

number of non-empty cells, since there are at most a constant number of them per pair of

cells. In Lemma 66, we showed that in a narrow horizontal strip, only a small number of
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cells intersect the freespace. An output-sensitive query algorithm is therefore efficient for

finding the non-empty cells that a critical point p propagates to. Accordingly, we can use an

interval tree [15] to store the y-spans of all non-empty cells in a row, and query the intervals

intersecting y(p) in logarithmic time. We formalise the above arguments in Lemma 68 below.

LEMMA 68. Assuming that there is a constant number of l-apart critical points per pair of

cells, it takes O(cn log(n/ε) + c2n/ε2) time to compute O(c2n/ε2) internal critical points in

the simplified freespace diagram Ds
(1+ε̂)δ(π, π).

PROOF. There are O(cn/ε) non-empty aggregated cells in Ds
(1+ε̂)δ(π, π), or non-empty

cells for short, and O(cn/ε) end-of-cell critical points in Ds
(1+ε̂)δ(π, π). Each critical point

propagates O(c/ε) times by Lemma 66, and therefore there are O(c2n/ε2) propagated critical

points. We can charge a cell with a constant number of l-apart critical points. Therefore,

there are at most O(cn/ε) l-apart critical points. In total, there are O(c2n/ε2) internal critical

points.

One can compute the end-of-cell critical points by iterating through the freespace diagram in

O(cn/ε) time. To compute the l-apart critical points, we can start from the first non-empty

cell C in a row and find the first cell that is l apart from C, and solve a constant number of

quadratic equations. We can then slide this l-apart line and do the same for all pairs of cells

that are l apart in all rows, in O(cn/ε) time in total.

To compute the propagated critical points, we construct an interval tree [15] for each row

in Ds
(1+ε̂)δ(π, π) to store the maximum and minimum y-coordinates of the freespace in the

non-empty cells. Let ni be the number of non-empty cells in the ith row. We can sum the

construction time of the interval trees:
n∑

i=1

ni log ni ≤ cn

ε
log

(cn
ε

)
∈ O

((cn
ε

)
log

(cn
ε

))
.

Given a critical point p in the ith row, one can query the interval tree in O(log ni + c/ε) ∈

O(log n + c/ε) time to compute the propagated critical points from p using Lemma 66



104 4 COMPUTING A SUBTRAJECTORY CLUSTER FROM C-PACKED TRAJECTORIES

and [15]. With O(cn/ε) critical points, computing the propagated critical points takes

O(cn log n/ε+ c2n/ε2) time.

□

With the additional internal critical points, the number of reference trajectories and the number

of greedy critical points increase. We can use the algorithm from the previous section and

obtain the following result.

LEMMA 69. There is an O((c2mn/ε2) log(c/ε) log(n/ε))–time algorithm that solves

SC(T,m, l, (1 + ε)δ) in the case where the reference trajectory is arbitrary.

PROOF. Construction of the simplified freespace diagram takes O(cn/ε+ cn/ε3) time

by Theorem 11. Construction of G takes O((cn/ε) log(n/ε)) time by Lemma 67. The total

number of critical points is upper-bounded by the number of propagated critical points, which

is O(c2n/ε2). The total number of greedy critical points is O((c2n/ε2) · m). Sorting the

critical points takes O((c2mn/ε2) log(n/ε)) time. For every critical point p, computing the

rightmost point q such that there is a pq xy-monotone path takes O((c2nm/ε2) log n) time

by Lemma 65. The graph G has at most O((c2mn/ε2) log(c/ε)) edges after adding the

greedy critical points and the internal critical points. [95] showed that an edge is added to

and removed from the link-cut tree at most once, and adding or removing an edge from the

link-cut tree takes O(log(n/ε)) time, since the maximum number of nodes in the link-cut tree

is upper-bounded by the number of nodes in G. Therefore, maintaining the link-cut tree takes

O((c2mn/ε2) log(c/ε) log(n/ε)) time. □

4.6.1 Improve Further with an Interval Management Data Structure

The bottleneck in Lemma 69 is operating on the outgoing edges of the O(c2mn/ε2) greedy

critical points, which are generated from the O(c2n/ε2) propagated critical points. To

avoid computing the greedy critical points, [95] used a dynamic monotonic interval data

structure [83] to store overlapping monotonic intervals that represent the y-spans of xy-

monotone paths between ls and lt. Instead of searching for a set of xy-monotone paths
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between each window greedily, they showed that one can update and query the interval data

structure to retrieve m− 1 non-overlapping intervals, all in O(log n) amortised time.

THEOREM 13. There is an O((c2n/ε2) log(c/ε) log(n/ε)) time algorithm that solves

SC(T,m, l, (1 + ε)δ) in the case that the reference trajectory is arbitrary.

PROOF. Constructing the simplified freespace diagram takes O((cn/ε) log (cn/ε)) time

by Theorem 11. Computing and sorting the internal critical points takes O((c2n/ε2) log(n/ε))

time by Lemma 68. There are O((c2n/ε2) log(c/ε)) edges in total by Lemma 66, and each

edge takes O(log(n/ε)) time to insert or remove, since there are at most O(c2n/ε2) nodes

in the link-cut tree. In total, we spend O((c2n/ε2) log(c/ε) log(n/ε)) time to maintain the

edges in G.

Each internal critical point is treated as an event, and maintaining the interval data struc-

ture takes O(log n) amortised time per event point (see [95, Theorem 2]), and thus

O((c2n/ε2) log n) in total. The overall complexity is dominated by maintaining the edges. □

4.7 Conclusion and future work

We presented an algorithm that solves the subtrajectory cluster problem on c-packed

trajectories π with an approximation factor on the Fréchet distance, achieving an

O((c2n/ε2) log(c/ε) log(n/ε)) time complexity. Our algorithm builds upon the near-optimal

algorithm proposed by [95], but with significant improvements. By carefully analysing

the structural properties of c-packed trajectories, we have shown that important parameters,

such as the number of propagated critical points, are significantly lower than the theoretical

O(n) upper bound for realistic trajectories. As a result, our algorithm improves upon the

near-optimal algorithm by replacing a factor of n2 with c2/ε2, leading to more efficient

subtrajectory clustering on realistic trajectories.

As for future work, it would be interesting to see if we can generalise our result to less

restrictive types of curves such as λ-low-density curves [16]. [65] proved that a c-packed
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curve is O(c)-low-density, but an O(1)-low-density curve can in the worst case be O(n)-

packed. [65] showed that two O(1)-low-density curves produce a freespace diagram with a

subquadratic number of cells. However, the key Lemma 66 that enabled our time-complexity

improvement does not trivially generalise to low-density curves. It would be interesting to

see whether a similar observation can be made for λ-low-density curves.



CHAPTER 5

Spanner for the 0/1/∞ Weighted Region Problem

5.1 Introduction

The Weighted Region Problem (WRP) is a generalisation of the shortest path problem,

considering a planar subdivision E where each face has a non-negative weight associated

with it. A path σ in E can be partitioned into a set of subpaths {σ1, . . . , σk} based on its

intersection with faces in E, where a subpath σi starts at the point si and ends at the point ti.

Both si and ti must lie on the boundary of the same face Fi. The weight of the subpath σi

is the Euclidean length of σi times the weight assigned to Fi. The total weight of a path is

the sum of the weights of its subpaths. The goal of the WRP is to find the weighted shortest

path from a source point s to a target point t. When the weights are in the set {0, 1,∞}, this

problem is referred to as the 0/1/∞ Weighted Region Problem [84].

Researchers have conjectured that the WRP is difficult to solve [84], and recent studies confirm

this conjecture — the Weighted Region Problem is unsolvable in the algebraic computation

model over the rational numbers. De Carufel et al. [47] demonstrated that the WRP cannot

be solved exactly even with only three different weights. De Berg et al. [17] confirmed its

unsolvability with just two different weights. Mitchell and Papadimitriou [125] illustrated

that in two dimensions, a weighted shortest path can intersect at least Ω(n2) boundaries even

when the regions are convex.

Due to the difficulty of solving the WRP exactly, approximation algorithms have been

considered. A common approach is to discretise the problem space, either by assuming the

space is a tessellation of convex polygons with exactly one associated weight [21], or by
107
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placing Steiner (sample) points on the boundaries of the regions [4, 5, 58, 119, 135]. In these

approaches, the number of sample points depends not only on the complexity of the regions

but also on geometric parameters such as the maximum integer coordinate of any vertex and

the ratio rw of the maximum weight over the minimum weight. As rw increases, so does the

number of required sample points. As a result, the weights are required to be strictly positive.

5.1.1 Related work

Our work is closely related to the data structure and algorithm by Gewali et al. [84] to solve

the 0/1/∞ weighted region problem. Their algorithm takes a polygonal domain with N

vertices as input and constructs a critical graph G∗ = (V∗, E∗) (a type of visibility graph) with

O(N2) edges. Dijkstra’s shortest path algorithm can be used on G∗ to compute a weighted

shortest path between any pair of vertices in O(N2) time.

In 0/1/∞ weighted regions, a weighted shortest path P ∗ avoids obstacles and traverses the

0-regions freely, while minimising its length in the plane (1-region). Consider two (closed)

regions A and B, each either a 0-region or an obstacle. The key observation in [84] is that

an edge in P ∗ connecting A and B must be locally optimal (see Fact 82). For example, an

edge (a, b) connecting two convex 0-regions A and B must be perpendicular to the tangent

touching a ∈ A and the tangent touching b ∈ B. Gewali et al. [84] showed that G∗ contains

all such locally optimal edges, which implies that G∗ must contain the optimal path between

any pair of vertices in G∗.

5.1.2 Our Contribution

In this chapter, we build on the work by Gewali et al. [84] with a focus on the 0-regions as they

are not handled well by existing approximation schemes (using sample points or tessellation).

In Section 5.2, we consider the 0/1 weighted region problem where the 0-regions are convex

but not necessarily polygonal.

PROBLEM 7. In the planar subdivision induced by the plane with weight 1 and a set Z of

non-overlapping convex zero-cost regions (0-regions) with weight 0, given an approximation
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error 0 < ε < 1, find a (1 + ε)-approximate weighted shortest path from an arbitrary point s

to an arbitrary point t.

The high-level idea is that, in order to obtain (1 + ε)-approximate shortest paths, we place

O(1/ε) sample points on the boundary of each 0-region; the number of sample points is

independent of other parameters. Using these sample points, we construct a Θ-graph and

O(1/ε) trapezoidal maps, which are part of our data structure B. The trapezoidal maps ensure

the existence of good paths between 0-regions that are close1 to each other, while the Θ-graph

ensures the same for 0-regions that are far from each other. To the best of our knowledge,

our algorithm is the first near-linear time (1 + ε)-approximation algorithm that finds an

approximate weighted shortest path in a 0/1 weighted region. Our algorithm is near-optimal,

as a weighted shortest path can have Ω(n+N) complexity.

THEOREM 14. Consider a planar subdivision induced by a plane with weight 1, containing a

set Z of non-overlapping convex 0-regions with weight 0. Let |Z| = n and N denote the total

number of vertices in Z . For any approximation factor 0 < ε < 1, a data structure B can be

constructed over Z in O(N + (n/ε2)(log(n/ε) + logN)) expected time, with a total size of

O(N + n/ε2). When queried with points s and t, B can return a weighted path P from s to

t in O(N + n/ε2 + (n/ε) log(n/ε) + (logN)/ε) time, satisfying w(P ) ≤ (1 + ε) · w(P ∗),

where P ∗ is the optimal weighted shortest path from s to t.

To use our algorithm on an application, we prove the above theorem in a more general setting,

where the 0-regions are non-polygonal. In Section 5.3, we use our algorithm to approximate

the partial weak Fréchet similarity of two polygonal curves. This problem was first studied

by Buchin et al. [31], and they presented a cubic time algorithm. De Carufel et al. [48] later

transformed the problem into a weighted shortest path problem amidst 0/1-regions. Using

Theorem 14, our algorithm is the first near-quadratic time (1 + ε)-approximation algorithm

for computing the partial weak Fréchet similarity between a pair of polygonal curves.

Buchin et al. [32] showed that there is no strongly subquadratic time algorithm for approxim-

ating the weak Fréchet distance within a factor less than 3 unless the strong exponential-time
1A precise definition is provided in Lemma 75 and 77, Section 5.2.
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hypothesis fails. Approximating the partial weak Fréchet similarity is at least as hard as

approximating the weak Fréchet distance. As a result, it is unlikely that a subquadratic time

algorithm exists, and our algorithm is near-optimal in time complexity.

THEOREM 15. One can approximate the partial weak Fréchet similarity of two curves with

respect to the L2 metric within a factor of (
√
2 + ε) in O((n2/ε2) log(n/ε)) expected time.

In Section 5.4, we generalise our data structure to also allow convex obstacles that cannot be

traversed, i.e., obstacles of weight ∞. By introducing additional sample points, we show that

if we need to take a detour from a sample point a to a sample point b, there exists a set D (a

detour) of edges in B such that the total length of D approximates the distance d(a, b) within

a factor of 1 + ε. In the special case that the 0-regions and obstacles are polygonal, B is a

(1 + ε)-spanner of the input vertices. To the best of our knowledge, our algorithm is the first

near-linear time (1 + ε)-approximation algorithm for the weighted shortest path in a 0/1/∞

weighted region.

THEOREM 16. Consider a planar subdivision induced by a plane with a weight of 1, consisting

of two sets of convex and non-overlapping regions: 0-regions Z with a weight of 0, and

obstacles O with a weight of ∞. Let n = |Z| + |O| and let N denote the total number of

vertices in Z ∪ O. For any approximation factor 0 < ε < 1, a data structure B can be

constructed over Z ∪ O in O(N + (n/ε3)(log(n/ε) + logN)) expected time, with a total

size of O(N + n/ε3). When queried with arbitrary points s and t, B returns a weighted

path P from s to t in O(N + n/ε3 + (n/ε2) log(n/ε) + (logN)/ε) time, ensuring that

w(P ) ≤ (1 + ε) · w(P ∗), where P ∗ is the optimal weighted shortest path from s to t.

5.2 Shortest path amidst 0-regions

The exact version of Problem 7 has a brute-force solution. Given two 0-regions A and B,

where s and t are considered 0-regions with no interior, let d(A,B) be the Euclidean distance

between A and B. Let Gc = (V , Ec) be a complete graph, where V = Z ∪ {s, t}. For each

edge (A,B) ∈ Ec for all pairs of A ∈ Vc and B ∈ Vc, set the weight w(A,B) = d(A,B).
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Then, finding the optimal path P ∗ from s to t is equivalent to finding a weighted shortest path

P ∗ in Gc, which can be solved using Dijkstra’s shortest path algorithm. However, the total

number of edges required is at least Ω(n2).

To compute an approximate solution, the goal is to construct an undirected weighted graph

G = (V , E), with a near-linear number of edges, such that there exists a path P in G with

w(P ) ≤ (1 + ε) · w(P ∗).

To this end, we will use two data structures: trapezoidal maps and Θ-graphs. Both data

structures are used to determine which pairs of 0-regions are connected. The trapezoidal maps

will ensure that there exist good paths between 0-regions that are close to each other, while

the Θ-graph ensures the same for 0-regions that are far from each other.

5.2.1 Construction of the data structure

Recall that the 0-regions are convex. In order to define our data structure, we first define a set

of directions. Let θ < π/6 be a fixed positive real number. Let r(kθ) be the direction with a

counter-clockwise angle of kθ with the positive x-axis, where k is a non-negative integer. Let

r(p, kθ) be the ray originating from the point p with a counter-clockwise angle of kθ with the

positive x-axis. For simplicity, we write r(k) = r(kθ) and r(p, k) = r(p, kθ). To simplify

the discussion, we will assume that (π/2)/θ ∈ Z. This assumption guarantees that if r(k)

exists, then the directions r(kθ + π/2), r(kθ + π), and r(kθ − π/2) also exists.

For a 0-region A, we define a set SP(A) of sample points on the boundary of A. Let

sp(A, kθ) = sp(A, k) be a sample point on the boundary ∂A of A such that sp(A, k) is

extreme in the direction r(k) (see Figure 5.1). When the geometric region A is clear from

context, we write sp(k) instead of sp(A, k).

Each 0-region A is considered an open set, i.e., if p ∈ ∂A, then p /∈ A. Let ∂A(a, a′)

define the subset of ∂A traversed from point a to point a′ in counter-clockwise order, where

a, a′ ∈ ∂A. We say a line l overlaps A if l and A intersect at more than one point. We say

two regions, A and B, are non-overlapping if their interiors do not intersect.
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r(k)

r(kθ + π/2) r(kθ − π/2)

r(kθ + π)

FIGURE 5.1: The sample points that are extreme in the directions of r(k) and
r(kθ + π) are marked with black dots. The sample points that are extreme in
the directions of r(kθ ± π/2) are marked with circles. Using these sample
points, we generate a simplified polygon and construct M(k); the blue and
green regions are examples of faces in M(k).

A point p ∈ ∂A may be an extreme point for more than one direction, in which case we call

p a vertex of A. There may be more than one extreme point on A for a single direction. If

p is the extreme point on A for consecutive directions {r(k), r(k + 1), ..., r(k + m)}, we

say p = sp(k), p = sp(k + 1), ..., and p = sp(k +m) simultaneously. If there is more than

one extreme point for a single direction r(k), these extreme points must lie on one or more

consecutive segments on ∂A, and only the furthest points a and b are sp(k). The sample

points on the boundary of a convex region can be computed by traversing the boundary.

OBSERVATION 70. Given n convex regions with N vertices in total, there are O(n/θ) sample

points, and it takes O(N + n/θ) time to compute them.

Using the sample points on a 0-region A, we can generate a simplified 0-region (a convex

polygon) simpl(A) by connecting adjacent sample points of every 0-region (see Figure 5.1).

Using the set simpl(Z) of simplified 0-regions, we will generate a set of trapezoidal maps,

and we say simpl(A) and simpl(B) are adjacent if they are both adjacent to the same face

in a trapezoidal map. We construct the query data structure B using Algorithm 1.
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Algorithm 1 Construct B with 0-regions

This algorithm takes as input a set Z of non-overlapping and convex 0-regions, and
constructs a data structure B. The undirected graph G = (V , E) is initially empty.

(1) Compute the sample points SP(Z), and add SP(Z) to V .
(2) Pick an arbitrary sample point as the anchor ak(A) for every A ∈ Z . For each

p ∈ SP(A), add e = (p, ak(A)) to E , and set w(e) = 0.
(3) For each direction r(k), generate a trapezoidal map M(k) using simpl(Z), and do

the following for each M(k) (see [15, Theorem 6.3 and 6.8] for trapezoidal map
construction).
• For each face F ∈ M(k) adjacent to A and B, A ̸= B, add e = (ak(A), ak(B))

to E , and set w(e) = d(A,B).
(4) With V as the input, generate a Θ-graph GΘ = (V , EΘ).

• For each edge (p, q) ∈ EΘ, if p and q do not belong to the same 0-region, add
e = (p, q) to E , and set w(e) = ∥pq∥.

(5) Return B = {M(k) | ∀k ∈ [0, 2π/θ), k ∈ Z} ∪ {G,GΘ} as the data structure.

5.2.1.1 Analysis

We bound the size of the data structure B and its construction time. In Step 1, by Obser-

vation 70, it takes O(N + n/θ) time to compute all O(n/θ) sample points. Step 2 takes

O(n/θ) time to connect every sample point to its respective anchor. In Step 3, it takes

O((n/θ) log(n/θ)) expected time [15] to build the trapezoidal map M(k) over simpl(Z)

for each of the O(1/θ) directions, resulting in a total of O((n/θ2) log(n/θ)) expected time.

In every M(k), we construct at most three edges in E per sample point a = sp(A, kθ + π/2),

if r(a, k) and r(a, kθ + π) hit different 0-regions. Therefore |M(k)| ∈ O(n/θ), and in

total
∑
k

M(k) = O(n/θ2). Once M(k) is constructed for all k, using the algorithm by

Edelsbrunner [69], it takes O(logN) time to compute the shortest distance between two

convex 0-regions for each of the O(n/θ2) faces. In Step 4, it takes O((n/θ2) log(n/θ)) time

to construct a Θ-graph using O(n/θ) sample points, and O(1/θ) cones [126]. Step 4a takes

O(n/θ2) time, since |EΘ| = O(n/θ2).

Later, we will show that for an approximation factor ε, we have that θ ∈ O(ε). The resulting

complexities are summarised below.
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LEMMA 71. Given an approximation factor 0 < ε < 1, and n non-overlapping con-

vex 0-regions with total complexity N , one can build the data structure B in O(N +

(n/ε2)(log(n/ε) + logN)) time, and the total size of B is O(N + n/ε2).

To the best of our knowledge, constructing a trapezoidal map using arcs has not been studied

before. Therefore, in Algorithm 1, we used the well-studied result on the trapezoidal map

construction using segments.

For each direction r(k), we built a trapezoidal map M(k) using the simplified 0-regions

simpl(Z), see Step 3 of Algorithm 1. Consider the union of Z and simpl(Z). We argue

that constructing a trapezoidal map using the simplified regions captures the structure of the

trapezoidal map if we had used the subboundaries of the original regions instead. To do this,

we show that if a ray r = r(p, k) originating from a sample point p on 0-region A hits a

subboundary ∂B(u, v) first, then r must hit the segment uv next.

First, the 0-regions are non-overlapping, so A cannot intersect the region enclosed by ∂B(u, v)

and uv. Second, without loss of generality, let r(p, k) coincide with the y-axis. By construc-

tion, if r(k) exists, then r(kθ + π/2) and r(kθ − π/2) exist, which implies that there exist

two sample points: one is the leftmost point of A, and one is the rightmost. Therefore, the

horizontal span of ∂B(u, v) and uv are equal. A ray shooting in the direction r(k) cannot hit

∂B(u, v) first but misses uv.

OBSERVATION 72. If a ray r = r(p, k) hits a subboundary ∂B(u, v) first, then r must hit uv

next.

With the data structure defined, we analyse the quality of the path we obtain from B.

5.2.2 Trapezoidal map

Before arguing that there exists a good path using the edges constructed, we start with an

observation about the pair of points realising the shortest distance between two 0-regions. For

a convex region A and a point p ∈ ∂A, there exists at least one supporting line l = lt(A, p)
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going through p such that A lies entirely in one of the two halfplanes determined by l [137].

Let p ∈ ∂A, and q ∈ ∂B. We can observe that if pq realises d(A,B), then pq must be

perpendicular to a pair of supporting lines lt(A, p) and lt(B, q).

OBSERVATION 73. Let A and B be two convex regions. Let pq be the line segment realising

d(A,B), where p ∈ A and q ∈ B. The segment pq must be perpendicular to a pair of

supporting lines lt(A, p) and lt(B, q).

We will show that if pq realises the distance between two 0-regions, we can transform pq into

another segment pq′ such that pq′ is parallel to some direction r(k), and ∥pq′∥ approximates

∥pq∥. To do this, we first need a fact.

LEMMA 74. Given a segment pq, let α (resp. β) be the acute angle between pq and r(p, k+1)

(resp. r(p, k)), where α+β = θ < π/6. Let q′ be the intersection of r(p, k+1) and r(q, kθ+

π/2). We have that ∥pq′∥ = (cos(β)/ cos(θ)) · ∥pq∥, and ∥qq′∥ = (sin(α)/ cos(θ)) · ∥pq∥.

q

q′

p

β

α
β

FIGURE 5.2: The construction in Lemma 74. The segment ∥pq∥ lies between
two directions, and α and β are the respective angles, where α+β = θ < π/6.

PROOF. See Figure 5.2 for the construction. By the law of sines, we have

∥pq′∥
sin(∡pqq′)

=
∥pq∥

sin(∡pq′q)
=⇒ ∥pq′∥ = sin(∡pqq′) · ∥pq∥

sin(∡pq′q)
.

Filling in our angles, we get

∥pq′∥ =
sin(π

2
+ β)∥pq∥

sin(π
2
− α− β)

=
cos(β)

cos(θ)
· ∥pq∥.
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Similarly, by the law of sines, we have

∥qq′∥
sin(∡qpq′)

=
∥pq∥

sin(∡pq′q)
=⇒ ∥qq′∥ = sin(∡qpq′) · ∥pq∥

sin(∡pq′q)
.

Filling in our angles, we get

∥qq′∥ =
sin(α)∥pq∥

sin(π
2
− α− β)

=
sin(α)

cos(θ)
· ∥pq∥.

The proof is complete. □

Let pq realise d(A,B). We consider the scenario when ∥pq∥ is relatively small compared to

the horizontal span of (say) B. Using the above lemma, we will show that we have constructed

a set of edges in E connecting two sample points a ∈ A and b ∈ B, such that the total weight

of these edges approximates ∥pq∥. Recall that P ∗ is a weighted shortest path between two

0-regions, and see the definition of α and β in Lemma 74.

LEMMA 75. Let pq ⊆ P ∗, and let pq realise d(A,B), where p ∈ A and q ∈ B. Let

p ∈ ∂A(a′, a), and q ∈ ∂B(b, b′), where points a and a′ (resp. b and b′) are adjacent

sample points on 0-region A (resp. B). If max{∥pa′∥, ∥qb∥} ≥ (sin(α)/ cos(θ)) · ∥pq∥ or

max{∥pa∥, ∥qb′∥} ≥ (sin(β)/ cos(θ)) · ∥pq∥, then there exists a path P ⊆ E from A to B

such that w(P ) ≤ (cos(β)/ cos(θ)) · ∥pq∥.

PROOF. Without loss of generality, assume that ∥qb∥ ≥ (sin(α)/ cos(θ))·∥pq∥. Lemma 74

implies that there exists a point q′ ∈ ∂B(b, q) such that pq′ is in some direction r(k), and

∥pq′∥ ≤ (cos(β)/ cos(θ)) · ∥pq∥.

Observe that pq cannot overlap any 0-region; otherwise, P ∗ is not optimal. If pq′ does not

overlap any 0-region (see Figure 5.3, left), we fix the orientation of pq′, and move p along

∂A(p, a) and q along ∂B(b, q), until pq′ touches a sample point.

If pq′ touches a (resp. b), then r(a, k) (resp. r(b, kθ + π)) hits B (resp. A). If pq′ touches a

sample point v /∈ A ∪B, v must be extreme in the direction r(kθ − π/2). As a result, r(v, k)

hits B, and r(v, kθ+π) hits A. In either case, A and B are adjacent in some face of M(k), and
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q

p

q′

b

a

r((k + 1)θ)

q

p

q′

r(b′, kθ + π)

ci
ci+1

v

Ci+1

Ci

r((k + 1)θ)

FIGURE 5.3: In the left figure, if pq′ does not overlap a 0-region, we slide pq′

until it touches a sample point. In the right figure, we slide each inter-region
segment (cd as an example) the same way.

the edge e = (ak(A), ak(B)) is in E by construction. As a result, w(e) = d(A,B) = ∥pq∥.

This is also trivially true when p or q′ is already a sample point.

Otherwise, the segment pq′ overlaps a set E ′ of 0-regions, and there exists a path P from A to

B through E ′ (see Figure 5.3, right). Since the 0-regions do not overlap, the boundaries of

the 0-regions in E ′ partition pq′ into a set of intra-region and inter-region segments. Let cd

be one among the set S of inter-region segments, where c is on a 0-region C, and d is on a

0-region D. Using the same argument as above, one can slide cd until it touches a sample

point, and edge (ak(C), ak(D)) ∈ E exists by construction.

In total, traveling from A to B via the 0-regions E ′ must be less costly than ∥pq′∥, since

w(ak(C), ak(D)) = d(C,D) ≤ ∥cd∥, and the intra-region segments have weight 0. Sum-

ming up the cost of P , we have that

w(P ) =
∑
cd∈S

w(ak(C), ak(D)) <
∑
cd∈S

∥cd∥ < ∥pq′∥ =
cos(β)

cos(θ)
· ∥pq∥. □

5.2.3 Θ-Graph

In Step 4 of Algorithm 1, we constructed a Θ-graph GΘ = (VΘ, EΘ) using the defined sample

points. The vertices VΘ are simply all sample points. The edges in EΘ are constructed using
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the standard Θ-graph construction [15]. Recall that in Algorithm 1, for every edge (p, q) ∈ EΘ,

with p ∈ A, q ∈ B, and A ̸= B, we add an edge (p, q) to E , and set w(p, q) = ∥pq∥.

The Θ-graph gives us enough information to construct a set of “good” edges in E when the

distances between p (resp. q) and its adjacent sample points are small compared to ∥pq∥.

In this case, we argue that there exists a pair of sample points a ∈ A and b ∈ B, such that

∥ab∥ ≤ (1/ cos(θ)) · ∥pq∥. Similar to Lemma 74, we first prove a geometric property.

LEMMA 76. Given a segment pq, let α (resp. β) be the acute angle between pq and r(p, k+1)

(resp. r(p, k)), where α+β = θ < π/6. Let q′ be the intersection of r(p, k+1) and r(q, kθ+

π/2), and let p′ be the intersection of r(q, kθ + π) and r(p, (k + 1)θ + π/2). Let c be the

intersection of pq′ and qp′. We have that ∥cp′∥+ ∥cq′∥ = (sin(α) + sin(β))/(cos(θ) sin(θ)) ·

∥pq∥, and ∥p′q′∥ = (1/ cos(θ)) · ∥pq∥.

p

q

q′

p′

c

β

α

α

β

β

r(k)

r(k + 1)

π − θ

θ

r(kθ + π/2)

FIGURE 5.4: The construction in Lemma 76.

PROOF. See Figure 5.4 for the construction. Without loss of generality, assume ∥pq∥ = 1.

Using the law of sines in the triangle △pqc, we have the following.

∥cq∥
sin(∡qpc)

=
∥pq∥

sin(∡qcp)
=⇒ ∥cq∥ =

sin(∡qpc)
sin(∡qcp)

· ∥pq∥ =
sin(α)

sin(π − θ)
=

sin(α)

sin(θ)
(1)
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Observe that ∡cqq′ = π/2, since ∡cqq′ is the result of rotating r(q, kθ + π/2) counter-

clockwise by π/2. Therefore, △cqq′ is a right triangle, and we have the following.

∥cq′∥ =
∥cq∥

sin(∡cq′q)

=
∥cq∥

sin(π
2
− θ)

▷ ∡cq′q =
π

2
− θ by construction

=
1

cos(θ)
· sin(α)
sin(θ)

▷ Using (1)

Using an analogous computation, we obtain

∥cp′∥ =
1

cos(θ)
· sin(β)
sin(θ)

.

Combining ∥cp′∥ and ∥cq′∥, we have that

∥cp′∥+ ∥cq′∥ =
sin(α) + sin(β)

cos(θ) sin(θ)
. (2)

Next, since △p′qq′ is a right triangle, we can bound ∥p′q′∥ as follows.

∥p′q′∥2 = ∥qq′∥2 + ∥qp′∥2

= (
sin(α)

cos(θ)
)2 + (∥cp′∥+ ∥cq∥)2 ▷ Using Lemma 74

= (
sin(α)

cos(θ)
)2 + (

sin(β)

cos(θ) sin(θ)
+

sin(α)

sin(θ)
)2 ▷ Using (2)

= (
sin(α)

cos(θ)
)2 + (

sin(θ − α)

cos(θ) sin(θ)
+

sin(α)

sin(θ)
)2

= (
sin(α)

cos(θ)
)2 + (

sin(θ) cos(α)− sin(α) cos(θ)

cos(θ) sin(θ)
+

sin(α)

sin(θ)
)2

= (
sin(α)

cos(θ)
)2 + (

cos(α)

cos(θ)
− sin(α)

sin(θ)
+

sin(α)

sin(θ)
)2

= (
1

cos(θ)
)2

Since 0 < θ < π/6, all terms are greater than 0, and ∥p′q′∥ = (1/ cos(θ)) · ∥pq∥. □
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In the case that both p and q are close to their adjacent sample points, we argue that there

exists a pair (a, b) of sample points such that ∥ab∥ approximates ∥pq∥.

LEMMA 77. Let pq ⊆ P ∗, and let pq realise d(A,B), where p ∈ A and q ∈ B. Let p ∈

∂A(a′, a), and q ∈ ∂B(b, b′), where points a and a′ (resp. b and b′) are adjacent sample points

on A (resp. B). If max{∥pa′∥, ∥qb∥} < (sin(α)/ cos(θ)) · ∥pq∥ and max{∥pa∥, ∥qb′∥} <

(sin(β)/ cos(θ)) · ∥pq∥, then d(a, b) < (1/ cos(θ)) · ∥pq∥.

p

q

q′

p′

r((k + 1)θ)

r(kθ + π
2 )

lt(p)

lt(q)

a

b

r(kθ + π)

r((k + 1)θ + π
2 )

p

q

q′

p′

a

b

FIGURE 5.5: With b fixed, moving a to p′ strictly increases ∥ab∥.

PROOF. We argue that ∥ab∥ < ∥p′q′∥ (see Figure 5.5), where q′ (resp. p′) is the intersec-

tion of r(p, (k+1)θ) (resp. r(q, kθ+π)) and B (resp. A). Let p′′ (resp. q′′) be the intersection

of r(q, kθ + π) (resp. r(p, k + 1)) and lt(p) (resp. lt(q)). Without loss of generality, assume

pq is parallel to the y-axis, and y(q) > y(p), and consider the sample point a next to p

counter-clockwise.

The region A is convex; therefore a must be below the supporting line lt(p). Due to how the

sample points are constructed, the sample point a must be above r(p, (k + 1)θ + π/2). Since
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∥pa∥ < (sin(β)/ cos(θ)) · ∥pq∥, a must reside in the disk D = D(p, ∥pp′∥) centred at p with

radius ∥pp′∥. Combining the above restrictions, we have that a must reside in the smaller

circular sector S of D enclosed by lt(p) and pp′. An analogous argument shows that b must

reside in the smaller circular sector of D(q, ∥qq′∥) enclosed by lt(q) and qq′.

Consider the line l through ab, and observe that pushing a along l towards the boundary of

S strictly increases ∥ab∥. Next, now that a lies on the boundary of S, we push a towards p′

along the boundary of S. This also increases ∥ab∥, since ∡bap′ ≥ π/2. Now that a = p′, an

analogous argument applies to b, since ∡p′bq′ ≥ π/2. In conclusion, ∥ab∥ ≤ ∥p′q′∥.

By Lemma 76, ∥ab∥ ≤ ∥p′q′∥ ≤ (1/ cos(θ)) · ∥pq∥, and the proof is complete. □

5.2.4 The quality of the path

For now, assume that s and t lie in some 0-region. An optimal s-t path P ∗ consists of a set

of segments, where the endpoints of each segment lie on the boundaries of the 0-regions. A

segment pq either lies within a 0-region or connects two different 0-regions. Since it costs

nothing to follow an edge inside a 0-region, the weight of P ∗ is the total weight of those edges

connecting different 0-regions.

Let pq realise the distance between 0-regions A and B, where p lies on ∂A between sample

points a and a′, and q lies on ∂B between sample points b and b′. In Lemma 75, we

have shown that if max{∥pa′∥, ∥qb∥} ≥ (sin(α)/ cos(θ)) · ∥pq∥ or max{∥pa∥, ∥qb′∥} ≥

(sin(β)/ cos(θ)) · ∥pq∥, there exists a path P ⊆ E from a sample point on A to a sample point

on B of length at most (cos(β)/ cos(θ)) · ∥pq∥.

In Lemma 77, we have shown that if max{∥pa′∥, ∥qb∥} < (sin(α)/ cos(θ)) · ∥pq∥ and

max{∥pa∥, ∥qb′∥} < (sin(β)/ cos(θ))·∥pq∥, there exist sample points a ∈ A and b ∈ B, such

that d(a, b) < (1/ cos(θ)) · ∥pq∥. To obtain a path between a and b in this case, we rely on the

Θ-graph. The tightest bounds on the length of this path are due to Bose et al. [22], who showed

that the spanning ratio of a Θ-graph is at most rθ = 1 + 2 sin(θ/2)/(cos(θ/2)− sin(θ/2)).
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In summary, if pq ⊆ P ∗, there exists a path P from A to B such that

w(P ) ≤ max{cos(β)
cos(θ)

,
1

cos(θ)
· rθ} · w(P ∗) ≤ 1

cos(θ)
· rθ · w(P ∗).

Given an approximation factor 0 < ε < 1, we compute a proper value for 0 < θ < π/6 as

follows.

1

cos(θ)
· (1 +

2 sin( θ
2
)

cos( θ
2
)− sin( θ

2
)
) =

1

1− sin(θ)
≤ 1 + ε =⇒ θ ≤ sin−1(

ε

1 + ε
) ∈ O(ε)

Using θ, we can construct the data structure B. Combining Lemma 75 and Lemma 77, we

have the following.

LEMMA 78. Data structure B contains a path P ⊆ E from sample point a to sample point b

such that w(P ) ≤ (1 + ε) · w(P ∗), where P ∗ is the optimal path from a to b.

5.2.5 Finding a shortest path amidst 0-regions

Now that we know good paths exist between all pairs of sample points, it remains to include

our arbitrary query points s and t. Given the data structure B = {M(k) | ∀k ∈ [0, 2π/θ), k ∈

Z} ∪ {G,GΘ}, a point s, and a point t, we query the approximate shortest path from s to t

using Algorithm 2.

Once s and t are added to B, they are treated as 0-regions with no interiors. The point s is its

extreme point in every direction. Therefore, the distance between s and its adjacent sample

points is 0. As a result, Lemma 75 and Lemma 77 both apply. Thus B with s and t added

contains a (1 + ε)-approximation of the shortest path from s to t, which Dijkstra’s shortest

path algorithm will find.

5.2.5.1 Analysis

Finally, we look at the query time. Recall that ε ∈ O(θ). In Step 1, we consider O(1/ε)

trapezoidal maps. For each trapezoidal map, it takes O(log(n/ε)) time to perform a point-

location query [15], and it takes O(logN) time to compute d(s, A) [69]. In Step 2, it takes
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Algorithm 2 Query s-t weighted shortest path amidst 0-regions

This algorithm takes as input a point s and a point t, and a data structure
B = {M(k) | ∀k ∈ [0, 2π/θ), k ∈ Z} ∪ {G,GΘ} storing a set of 0-regions. It outputs a

(1 + ε)-approximate weighted shortest path from s to t. In Step 1 and Step 2, this algorithm
shows how to add s to B, and the same operations are used to add t.

(1) For each trapezoidal map M(k), do the following for point s.
(a) Query the face F containing s.
(b) Let F be adjacent to 0-regions A and B. Add e = (s, ak(A)) to E , and set

w(e) = d(s, A). Perform the same operation for s and B.
(2) Add s to GΘ. Specifically, using s as the apex, we construct a set of disjoint cones

with θ-angle. For each point p closest to s in each cone, add e = (s, p) to E , and set
w(e) = ∥sp∥. For every existing vertex p ∈ GΘ, and every existing edge (p, q) ∈ EΘ,
if s is closer to p than q is, add e = (s, p) to E , and set w(e) = ∥sp∥. (Note that
Θ-graph uses projected distance instead of Euclidean distance.)

(3) Use Dijkstra’s shortest path algorithm to compute a path P ′ from s to t in G. Trans-
form P ′ into a path P amidst the 0-regions and return P .

O(n/ε2 + (n/ε) log(n/ε)) time to find the closest point of s in each cone, and at the same

time check if s is closest to any point p. In Step 3, it takes O(|E| + |V| log |V|) = O(n/ε2)

time to run Dijkstra’s shortest path algorithm to find the shortest path P ′ from s to t in V [72].

It takes O(n/ε2 +N) time to transform P ′ into a path P in the environment. The query time

is O(N + n/ε2 + (n/ε) log(n/ε) + (logN)/ε).

THEOREM 14. Consider a planar subdivision induced by a plane with weight 1, containing a

set Z of non-overlapping convex 0-regions with weight 0. Let |Z| = n and N denote the total

number of vertices in Z . For any approximation factor 0 < ε < 1, a data structure B can be

constructed over Z in O(N + (n/ε2)(log(n/ε) + logN)) expected time, with a total size of

O(N + n/ε2). When queried with points s and t, B can return a weighted path P from s to

t in O(N + n/ε2 + (n/ε) log(n/ε) + (logN)/ε) time, satisfying w(P ) ≤ (1 + ε) · w(P ∗),

where P ∗ is the optimal weighted shortest path from s to t.

5.3 Partial weak Fréchet similarity

This section highlights one application of our data structure: approximating the partial weak

Fréchet similarity. This problem was previously considered by Buchin et al. [31] and De

Carufel et al. [48]. We start with an introduction to the Fréchet distance and the weak Fréchet
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distance, eventually leading us to the formal definition of the partial weak Fréchet similarity

problem.

Derived from the standard (strong) Fréchet distance problem, the notion of weak Fréchet

distance removes the requirement that the person and the dog must move forward at all

times. This means that the reparameterisation f that describes the movement still needs

to be continuous but not necessarily monotone. To determine if the weak Fréchet distance

δwF (P,Q) is at most d, we need to find only a (potentially not xy-monotone) path through

the freespace from s to t in Dδ(P,Q). Buchin et al. [32] showed that there is no strongly

subquadratic time algorithm for approximating the weak Fréchet distance within a factor less

than 3 unless the strong exponential-time hypothesis fails.

Buchin et al. [31] proposed the partial Fréchet similarity (partial similarity in short) to deal

with the Fréchet distance’s sensitivity to outliers. Instead of determining whether a leash

of length d is enough to complete the walk, partial similarity determines how much can be

completed given a leash of length d. The partial similarity is the total length of the portion of

two curves that are matched under the Fréchet distance d. Let ∥xy∥ be the distance between

point x and point y under the Lp norm. Let ∥v∥ be the L2 norm of the vector v. Under the Lp

metric, given the desired Fréchet distance d, the partial similarity Sf,g(P,Q) of curves P and

Q with respect to the reparameterisations f and g is formally defined as follows [31].

Sf,g(P,Q) = inf
∥P (f(t))−Q(g(t))∥≤d

(∥P ′(f(t))∥+ ∥Q′(g(t))∥) dt

Naturally, we want to compute a pair of reparameterisations f and g that maximise the partial

similarity. To do this, Buchin et al. [31] proposed a cubic time algorithm under L1. They

showed that it is sufficient to find an xy-monotone and rectilinear path P from s to t such

that P intersects as much freespace as possible, where s (resp. t) is the bottom-left (resp.

top-right) corner of the freespace diagram.

Under the weak Fréchet distance, the monotonicity requirement is removed. But since a path

P can traverse back and forth in the freespace diagram, it is no longer meaningful for P to

intersect as much freespace as possible. We instead are interested in computing a path that
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intersects as little forbidden space as possible to minimise the portions of the two curves

that are not matched within distance d. Therefore, solving the partial weak Fréchet distance

problem under the L2 metric is equivalent to finding a weighted rectilinear shortest path

amidst a set of O(n2) non-overlapping and convex 0-regions embedded in the plane (the

forbidden space) with weight 1. By Fact 1, a 0-region is the freespace within a cell, which

has constant complexity.

Amidst the 0-regions and measured in Lp metric, let OPTLp denote the weight of the weighted

shortest path from s to t, and let ALGLp denote the weight of the weighted path computed by

Theorem 14. Since OPTL1 ≤
√
2 ·OPTL2 , we have

OPTL2 ≤ OPTL1 ≤
√
2 ·OPTL2 ≤

√
2 · ALGL2 ≤

√
2 · (1 + ε)OPTL2 ,

which leads to the following theorem.

THEOREM 15. One can approximate the partial weak Fréchet similarity of two curves with

respect to the L2 metric within a factor of (
√
2 + ε) in O((n2/ε2) log(n/ε)) expected time.

5.4 Shortest path amidst 0-regions and obstacles

In this section, we generalise our data structure from Section 5.2 to allow convex obstacles

that cannot be traversed, i.e., obstacles with weight ∞. Our problem is finding an approximate

shortest path amidst 0-regions and obstacles. More concretely, we consider the following

problem.

PROBLEM 8. In the planar-subdivision induced by the plane with weight 1, and a set of

non-overlapping convex regions consisting of obstacles with weight ∞, and 0-regions with

weight 0, given an approximation error 0 < ε < 1, find a (1 + ε)-approximate weighted

shortest path from point s to point t.

In this section, we redefine d(A,B) as the minimum distance between two geometric regions

A and B in a 0/1/∞ weighted setting. The Θ-graph can be constructed in an environment

with obstacles. Clarkson [59] described such a construction over points and polygonal
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obstacles, and proved that a path that (1 + ε)-approximates d(a, b) exists in the Θ-graph,

where a and b are vertices. We will use this Θ-graph in the rest of the chapter.

Like in the previous section, we will first describe the construction of the data structure B

and analyse the time and space complexity. We then show that G ∈ B contains a good path

between every pair of sample points. We use this to argue the approximation ratio for arbitrary

s and t.

5.4.1 Construction of the data structure

In order to deal with obstacles, we need to define two new types of sample points. For clarity,

we refer to the sample points defined previously as the original sample points. In Section 5.2,

a trapezoidal map M(k) was only used to determine if two 0-regions should be connected,

and we did not explicitly compute the intersection of a vertical segment and the boundary of a

region. With the introduction of obstacles, we do need such intersections. Consider a sample

point a. When constructing M(k), we shoot two vertical rays from a ∈ A, one upwards and

one downwards. Let p be the first intersection of r(a, k) with the boundary of some region

that is not A. We call p a propagated sample point.

The other type of sample points we need is the tangent sample points. Given two disjoint

obstacles A and B, and a common tangent l, if l touches A at point a and B at b, we add a

and b as tangent sample points. When we say a point a is a sample point, a can be any type of

sample point. If l coincide with one or consecutive segments of A (resp. B), then we pick the

nearest point to B (resp. A) as the tangent sample point.

Recall that simpl(A) is the simplified region by connecting every pair of adjacent sample

points of A. simpl(Z) is the set of simplified 0-regions, and simpl(O) is the set of simplified

obstacles. We formally define the construction of our data structure. Given a set O of convex

obstacles and a set Z of convex 0-regions, we build our data structure using Algorithm 3.
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Algorithm 3 Construct B with 0-regions and obstacles

This algorithm takes as input a set of non-overlapping and convex regions, including
0-regions Z and obstacles O, and constructs a data structure B. The undirected graph

G = (V , E) is initially empty.
(1) Compute the original sample points SP(Z) ∪ SP(O), and add them to V .
(2) For each direction r(k), generate a trapezoidal map M(k) using simpl(Z) ∪

simpl(O).
(3) For every M(k), do the following for every face F adjacent to A and B, A ̸= B.

(a) Compute the propagated sample points, and add them to V .
(b) If A and B are both 0-regions, add e = (ak(A), ak(B)) to E , and set w(e) =

d(A,B).
(c) If at least one of A and B is an obstacle, let ab and a′b′ be the vertical segments

defining F , where a, a′ ∈ A, and b, b′ ∈ B. Add edges e1 = (a, b) and
e2 = (a′, b′) to E . Set w(e1) = ∥ab∥ and w(e2) = ∥a′b′∥.

(d) If A and B are both obstacles, we compute their common tangents. For each
common tangent that touches A at a and B at b, add a and b to V .

(4) Redefine simpl(A) as the polygon generated by connecting adjacent sample points
of A, original, propagated, and tangent sample points included. With V and
simpl(O) as the input, generate a Θ-graph GΘ = (V , EΘ).
• For each edge (p, q) ∈ EΘ, if p and q belong to different regions A and B, add
e = (p, q) to E and set w(e) = ∥pq∥.

(5) For every pair of adjacent sample points a, a′ on an obstacle, add e = (a, a′) to
edges, and set w(e) = ∥aa′∥.

(6) Pick an arbitrary sample point as the anchor ak(A) for every A ∈ Z . For each
sample point a of a 0-region A, add e = (a, ak(A)) to E , and set w(e) = 0.

(7) Return B = {M(k) | ∀k ∈ [0, 2π/θ), k ∈ Z} ∪ {G,GΘ} as the data structure.

5.4.1.1 Analysis

Recall that we are given an approximation error ε and a set of non-overlapping convex regions

consisting of obstacles O and 0-regions Z . There are n regions, and the total complexity of

O∪Z is O(N). In Step 1, it takes O(N +n/ε) time to compute the sample points. In Step 2,

it takes O((n/ε2) log(n/ε)) expected time to construct the trapezoidal maps [15].

Step 3 considers O(n/ε2) trapezoidal map faces. In Step 3a, given a vertical segment c

intersecting a non-vertical segment ab ∈ A, it takes O(logN) time to use a binary search

on ∂A(a, b) to find the intersection of c and ∂A(a, b). In Step 3b, using the algorithm by

Edelsbrunner [69], it takes O(logN) time to compute the distance between two 0-regions. In

Step 3c, it takes constant time to compute the length of the vertical segments. In Step 3d, using
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the algorithm by Kirkpatrick and Snoeyink [116], and Guibas et al. [98], it takes O(logN)

time to compute at most four common tangents. In total, Step 3 takes O((n/ε2) log(N)) time,

and we add at most O(n/ε2) tangent and propagated sample points.

In Step 4, using Clarkson’s algorithm [59], it takes O((n/ε3) log(n/ε)) time to generate a

Θ-graph with obstacles using O(n/ε2) sample points and O(1/ε) cones. In Step 5, it takes

O(n/ε2 +N) time to generate an edge and set the weight for every pair of adjacent sample

points. Step 6 takes O(n/ε2) time to connect every sample point in a 0-region to its anchor.

We generate O(n/ε) original sample points. We generate a constant number of propagated

and tangent sample points for each of the O(n/ε2) faces. As a result, each propagated or

tangent sample point contributes a constant number of edges in E . A Θ-graph constructed

with O(n/ε2) sample points, and O(1/ε) cones has at most O(n/ε3) edges. Therefore

|G| = O(n/ε3). We summarise the complexities below.

LEMMA 79. Given an approximation error 0 < ε < 1, and n non-overlapping convex regions

including 0-regions and obstacles with total complexity N , one can build the data structure B

in O(N + (n/ε3)(log(n/ε) + logN)) expected time, and the total size of B is O(N + n/ε3).

The structure of the rest of the section is as follows. By Lemma 80, the distance between two

adjacent sample points on the boundary of an obstacle approximates the straight line segment.

Therefore, we show that we can “snap” the vertices of an optimal path to our sample points.

For every segment pq ⊆ P ∗, we then argue that either the trapezoidal map or the Θ-graph

contains a path approximating ∥pq∥ to within a factor of 1 + ε.

5.4.2 Walking on the boundary is not expensive

We first argue that if a and a′ are adjacent sample points of A, then ∥aa′∥ approximates

∥∂A(a, a′)∥ within a factor of sec(θ/2). Therefore, if we find a path P amidst the simplified

obstacles, we only need to pay a small factor to transform P into a path amidst the original

obstacles. Then, we prove that if pq is part of the optimal path, we can replace pq with a path

P ⊆ E , such that w(P ) approximates ∥pq∥.
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LEMMA 80. Let a and b be adjacent sample points on ∂A, where a appears after b in a

counter-clockwise walk. We have that ∥∂A(a, b)∥ ≤ sec(θ/2) · ∥ab∥.

v

ab

β
α

FIGURE 5.6: The length of ∂A(a, b) (blue) is upper-bounded by ∥av∥+ ∥bv∥
(red). The two lines are the tangent lines of A through a and b, respectively.

PROOF. See Figure 5.6. Let v be the intersection of lt(a) and lt(b). By convexity of A,

∥∂A(a, b)∥ ≤ ∥av∥+ ∥vb∥. By the construction of the sample points, ∡vab+∡vba ≤ θ. Let

α = ∡vab, and let β = ∡vba. Then, using the law of sines, we have the following.

∥∂A(a, b)∥ ≤ ∥av∥+ ∥bv∥ ≤ sin(β) · ∥ab∥
sin(θ)

+
sin(α) · ∥ab∥

sin(θ)
=

sin(α) + sin(β)

sin(θ)
· ∥ab∥

The above expression is maximised when α = β = θ/2, resulting in the following.

∥∂A(a, b)∥ ≤
2 sin( θ

2
)

sin(θ)
= sec(

θ

2
) · ∥ab∥ □

The above lemma implies the following. Let dS(a, b) be the distance between point a and

point b in the environment with simplified obstacles and simplified 0-regions, and let P be the

path achieving this distance. If we partition P using the sample points, in the worst case, each

segment connects adjacent sample points on obstacles. This implies the following corollary.

COROLLARY 81. Let a and b be two sample points. We have that d(a, b) ≤ sec(θ/2) ·dS(a, b).

5.4.3 Snapping a segment of the optimal path to the sample points

Gewali et al. [84] defined three types of locally optimal edges joining two simple polygonal

regions, and they proved that the shortest path from s to t must be comprised of these locally
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optimal edges [84, Lemma 2.5] (ignoring edges in 0-regions). For convex obstacles and

0-regions, we need to consider only four types of segments.

FACT 82. If segment pq is in the optimal weighted path P ∗ amidst convex and non-overlapping

0-regions and obstacles, there must exist two supporting lines lt(p) and lt(q) such that pq

belongs to one of the following cases (ignoring segments in 0-regions).

1) pq connects two 0-regions such that pq ⊥ lt(q) and pq ⊥ lt(p).

2) pq connects the point p on a 0-region A and the point q on an obstacle B such that

pq ⊂ lt(q), and pq ⊥ lt(p).

3) pq lies on one of the common tangents of two different obstacles.

4) p and q are two points on the same obstacle, and pq = ∂A(p, q) or pq = ∂A(q, p).

In Sections 5.4.3.1, 5.4.3.2, and 5.4.3.3, we handle each type of edge in Case 1, 2, and 3,

respectively. For an edge pq in each of these cases, we argue that a good path in our data

structure approximates pq. Section 5.4.4 summarises the approximation ratio using the Case 4

edges.

More specifically, in the following subsections, we argue that for each type of segment

pq ⊆ P ∗, there exists a path P constructed using our data structure such that the length of

P approximates ∥pq∥. If pq is parallel to a direction r(k), based on the construction of the

sample points and Fact 82, p and q are both sample points, and the argument is straightforward.

Therefore, we will focus on the scenario where pq is not parallel to any predefined direction.

We assume without loss of generality that pq lies between the direction r(k) and r(k + 1),

and α (resp. β) is the measure of the acute angle between r(p, k) (resp. r(p, k + 1)) and pq.

Furthermore, by Corollary 81, we consider only simplified obstacles.

5.4.3.1 Case 1: pq connects two 0-regions

We observe that, unfortunately, Lemma 75 does not trivially apply. When we rotate pq to

pq′, if pq′ overlaps obstacles, a path generated using the skewed set of obstacles can be much
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longer than ∥pq′∥, since the path would have to take a detour around the obstacles. The

following lemmas resolve this issue.

LEMMA 83. Let A and B be two 0-regions. Let pq ⊆ P ∗, where p ∈ ∂A, and q ∈ ∂B. If

∥qb∥ ≥ (sin(α)/ cos(θ)) · ∥pq∥, where b is a sample point adjacent to q, then there exists a

sample point a ∈ ∂A such that dS(a, b) ≤ (cos(β)/ cos(θ)) · ∥pq∥.

p

q

a1

a2

a3

b1

b2

a0 = b0

p

q

a1

a2

a0

β0

r(k + 1)

q′

r(a0, k + 1)

a′2
α0

α2

a′1

α0

α

FIGURE 5.7: The x-axis points upwards. In the left figure, the red path is
generated with the sweepline process described in Lemma 84. In the right
figure, by triangle inequality, ∥a1a2∥ ≤ ∥a′1a′2∥, and β0 + α0 ≤ α.

PROOF. In Lemma 75, we showed that if ∥qb∥ ≥ (sin(α)/ cos(θ))∥pq∥, we can transform

pq into pq′. If pq′ intersects no obstacles, there exists a path P from A to B such that ∥P∥

approximates ∥pq∥, which also implies this lemma. Otherwise, pq′ intersects at least one

obstacle. Without loss of generality, we assume that pq is aligned with the x-axis, where

x(q) > x(p).

First, consider a horizontal ray r = r(p, 0), and rotate r counter-clockwise until the new ray,

r0, hits a sample point a1 on the boundary of some simplified obstacle (see Figure 5.7, left).

Let the counter-clockwise rotation from r to r0 be α0. With αi−1 and ai defined, let ai+1 be

the first sample point that is hit by rotating the ray ri = r(ai,
i−1∑
j=0

αj) counter-clockwise. We

continue this process until either ri is parallel with direction r(k + 1), or ri hits a sample
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point on ∂B. Let this final ray be rl, and rl hits B at a sample point al. Indeed, if rl is in the

direction r(k + 1), then r(al−1, k) hits B, and al is a propagated sample point.

Similarly, let r′ = r(a1, π+α0). We perform the same process starting from r′. Let b1, . . . , bl′

be the sample points generated, where bl′ ∈ ∂A, and let β0, . . . , βl′−1 be the set of angles

generated.

Let the intersection of a1b1 and pq be a0 = b0. We will show the following.

i=l−1∑
i=0

∥aiai+1∥+
i=l′−1∑
i=0

∥bibi+1∥ ≤ cos(β)

cos(θ)
· ∥pq∥ (1)

Observe that α0 + β0 ≤ α, since the sweep-ray process stops once the ray is parallel with

direction r(k+1). Let q′ be the point on ∂B(b, q) such that a0q′ is parallel with r(k+1). Let

a′i be the point on a0q
′, such that x(a′i) = x(ai) (see Figure 5.7, right). By triangle inequality,

∥aiai+1∥ ≤ ∥a′ia′i+1∥. By Lemma 74, ∥a0q∥ < (cos(β)/ cos(θ)) · ∥a0q′∥. Combining the

above, we have the following.

i=l−1∑
i=0

∥aiai+1∥ <
i=l−1∑
i=0

∥a′ia′i+1∥ <
cos(β)

cos(θ)
∥a0q∥

Using an analogous argument on the sample points {b0, . . . , bl′}, and the fact that ∥pq∥ =

∥pa0∥+ ∥b0q∥, we proved Equality (1). We have shown that there exist two sample points al

and bl′ , such that dS(al, bl′) ≤ (cos(β)/ cos(θ)) · ∥pq∥, completing the proof. □

LEMMA 84. Let A and B be two 0-regions. Let pq ⊆ P ∗, where p ∈ ∂A, and q ∈ ∂B. If

∥qb∥ < (sin(α)/ cos(θ)) · ∥pq∥ and ∥pa∥ < (sin(β)/ cos(θ)) · ∥pq∥, where a (resp. b) is a

sample point adjacent to p (resp. q), then dS(a, b) ≤ (sin(α)+ sin(β))/(cos(θ) sin(θ)) · ∥pq∥.

PROOF. If ab overlaps no obstacles, dS(a, b) ≤ ∥ab∥. Therefore, we focus on the case

where ab overlaps at least one obstacle. Let a′ (resp. b′) be the intersection of ra = r(a, (k +

1)θ) (resp. rb = r(b, kθ)) and pq. See Figure 5.8, left for the construction.

Observe that if ab overlaps an obstacle C, then C cannot overlap aa′ or bb′. Assume the

opposite that C overlaps aa′. Since the regions are non-overlapping, and pq ⊆ P ∗, the sample
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FIGURE 5.8: In the left figure, by triangle inequality, ∥aa′∥+ ∥a′b′∥+ ∥b′b∥
is upper-bounded by ∥au∥ + ∥ub∥. In the middle and right figure, fixing b,
∥au∥ + ∥bu∥ strictly increases when a first moves to the boundary of the
circular sector, and then moves along the boundary to p′ (paths marked in red).

point v = sp(C, kθ− π/2) would have to lie in △apa′. Therefore, the ray r(v, (k + 1)θ + π)

hits A. As a result, a propagated sample point is closer to p than a, contradicting the

assumption that a is the closest sample point to p. Analogously, C cannot overlap bb′.

Consider the intersection u of r(a, k) and r(b, (k + 1)θ + π). We argue that dS(a, b) ≤

∥au∥+ ∥bu∥. Since no simplified obstacles can intersect ra or rb, we can build a convex path

P from a to b within △aub circumventing all obstacles. By Lemma 80, ∥P∥ ≤ ∥au∥+ ∥bu∥.

Let q′ be the intersection of r(p, (k+1)θ) and r(q, kθ+π/2), and let point p′ be the intersection

of r(q, kθ+ π) and r(p, (k + 1)θ+ π/2). Using analogous argument in Lemma 76, we argue

that ∥ab∥ is maximised when a = p′ and b = q′. Since a must be above r(p, (k + 1)θ + π/2),

below lt(p) and within a distance (sin(β)/ cos(θ)) · ∥pq∥ from p, a must lie in the smaller

circular sector S of the disk D(p, ∥pp′∥) bounded by lt(p) and pp′.

With b fixed, consider pushing a along r(a, kθ + π) until a lies on the boundary ∂S of S. a is

either above or below p′q; see Figure 5.8, middle and right, for an illustration of the respective
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case. We will show that ∥au∥+ ∥bu∥ strictly increases throughout this process. Observe that

by construction, pushing a towards ∂S strictly increases ∥au∥ while ∥bu∥ remains unchanged.

Let a′′ be the intersection of r(a, kθ + π) and ∂S. If a′′ lies on D(p, ∥pp′∥), pushing a′′

towards p′ increases both ∥a′′u∥ and ∥bu∥. If a′′ lies on pp′, let v be the intersection of

r(a′′, k + 1) and qp′. Let u′ be the intersection of bu and qp′. We argue that ∥a′′u∥+ ∥bu∥ is

maximised when a′′ = p′ and u = u′. Specifically, the length we gain (∥p′u′∥ − ∥a′′u∥) is

more than the length we lose (∥uu′∥).

We argue that ∥p′u′∥ − ∥a′′u∥ ≥ ∥uu′∥. Since ♢a′′vu′u is a parallelogram, ∥a′′u∥ = ∥vu′∥

and ∥uu′∥ = ∥a′′v∥. Therefore, we have that ∥p′u′∥ − ∥a′′u∥ − ∥uu′∥ = ∥p′v∥ − ∥a′′v∥. By

construction, △vp′a′′ is a right triangle with p′v as the hypotenuse. As a result, ∥p′v∥ ≥ ∥a′′v∥,

and ∥p′u′∥−∥a′′u∥ ≥ ∥uu′∥. Therefore, with b fixed, ∥au∥+∥bu∥ is maximised when a = p′.

Using an analogous argument by fixing a at p′, we have that ∥ab∥ is maximised when a = p′

and b = q′. Combining the above arguments and Lemma 76, we have that

dS(a, b) ≤ ∥au∥+ ∥bu∥ ≤ ∥p′c∥+ ∥q′c∥ =
sin(α) + sin(β)

cos(θ) sin(θ)
· ∥pq∥. □

We combine Lemma 83 and Lemma 84 to obtain a bound on the path length where p and q

both lie on 0-regions. Note that when two points p and a lie on the boundary of the same

0-region, dS(a, p) = 0.

LEMMA 85. Let A and B be two convex 0-regions. Let pq ⊆ P ∗, where p ∈ ∂A and q ∈ ∂B.

There exists a pair of sample points a ∈ A and b ∈ B, such that dS(p, a)+dS(a, b)+dS(b, q) ≤

max{(cos(β)/ cos(θ)), (sin(α) + sin(β))/(cos(θ) sin(θ))} · ∥pq∥.

5.4.3.2 Case 2: pq connects two obstacles

Using Fact 82, we know that if pq connects two obstacles, then pq must coincide with a

common tangent of A and B. When two obstacles are close, p (and q) may be very far from

its adjacent sample points. Hence, we need the tangent sample points when two obstacles

are close (connected via a trapezoidal map). We now show that if p and q lie on obstacles, an

approximate path exists in G ∈ B.
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LEMMA 86. Let A and B be two convex obstacles. Let pq ⊆ P ∗, where p ∈ ∂A and q ∈ ∂B.

There exists a pair of sample points a ∈ A and b ∈ B, such that dS(p, a)+dS(a, b)+dS(b, q) ≤

(1/ cos(θ)) · ∥pq∥.

p
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c a

b

u

r(a, k)
r(a, k)

r(b, (k + 1)θ + π)

AA pA

C

B q B q

q′

p′

u

FIGURE 5.9: In the left figure, if an obstacle C overlaps ab and r(a, k), then
there must exist a point c ∈ C lying in △app′. There exists a propagated
sample point (red) that is closer to p than a is. Otherwise, in the right figure,
there exists a convex path P (shown in blue) from a to b, and ∥P∥ is at most
∥au∥+ ∥ub∥.

PROOF. We first observe that if A and B are connected using the trapezoidal map, then

both tangent sample points p and q were added by construction. Clearly, dS(p, q) = ∥pq∥ ≤

(1/ cos(θ)) · ∥pq∥. Therefore, we consider the scenario when A and B are not connected using

the trapezoidal map. Without loss of generality, let pq lie on the y-axis with y(q) > y(p), and

let pq lie between r(p, k) and r(p, k + 1).

If both A and B lie on the same side of the line through pq, we assume that without loss of

generality, they lie on the left side (see Figure 5.9). Let a be the closest sample point of p,

and let b be the closest sample point of q, such that y(b) < y(q) and y(a) > y(p). Observe

that a must be above r(p, k + 1), and similarly, b must be below r(q, kθ + π).

Since a is the closest sample point to p and b is the closest sample point of q, we have

that dS(p, a) = ∥pa∥ and dS(b, q) = ∥bq∥. If ab overlaps no obstacles, dS(a, b) ≤ ∥ab∥.
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Since we do not need to take a detour from a to b, it is sufficient to find an upperbound on

∥pa∥+ ∥ab∥+ ∥bq∥. Therefore, we focus on the worse case where ab overlaps at least one

obstacle. Let u be the intersection of r(a, k) and r(b, (k + 1)θ + π). It remains true that if

an obstacle C overlaps ab and r(a, k) simultaneously, there must exist a propagated sample

point on A that is closer to p than a is. Therefore the arguments in Lemma 84 apply, and

dS(a, b) ≤ ∥au∥+ ∥ub∥.
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FIGURE 5.10: In the left figure, dS(a, b) is maximised when a and b lie on pv
and qv, respectively, and ∥pa∥+ dS(a, b) + ∥qb∥ (red) is at most ∥pv∥+ ∥qv∥
(blue). In the right figure, segments with the same colour have equal lengths.

Let v be the intersection of r(p, k + 1) and r(q, kθ + π) (see Figure 5.10, left). We argue

that ∥pa∥ + ∥au∥ + ∥ub∥ + ∥bq∥ is maximised when a lies on r(p, k + 1) and b lies on

r(q, kθ + π). Then, when both a and b lie on their respective rays, we show that the total

length ∥pa∥+ ∥au∥+ ∥ub∥+ ∥bq∥ is at most ∥pv∥+ ∥qv∥. To do this, we partition the latter

and show that each partition (or two partitions combined) pays for a segment in the former.

By constructing the sample points, a and b must reside in △pqv. The segment ab must

lie between the directions r(k) and r(k + 1), as otherwise, A and B are connected via the

trapezoidal map. As a result, y(b) > y(a), and u is to the right of ab. See Figure 5.10, right for

the following definitions. Let u′ be the intersection of r(b, kθ + π) and r(a, k + 1). Observe

that ∥bu′∥ = ∥au∥ and ∥au′∥ = ∥bu∥. Let b′ (resp. b′′) be the intersection of r(b, k + 1)



5.4 SHORTEST PATH AMIDST 0-REGIONS AND OBSTACLES 137

(resp. r(a, k + 1)) and qv. Both b′ and b′′ are well-defined, since r(b, k + 1), r(a, k + 1), and

r(p, k + 1) are parallel. The points a′ and a′′ are defined similarly.

Using the triangle inequality, we have that ∥qb∥ ≤ ∥qb′∥+ ∥bb′∥. We observe that ∥b′b′′∥ =

∥au∥ and ∥bb′∥ = ∥va′′∥. Combining the above facts, if we focus on ∥qb∥+ ∥bu∥, we have

∥qb∥+ ∥bu∥ ≤ ∥qb′∥+ ∥b′b∥+ ∥bu∥ ▷ Triangle inequality

= ∥qb′∥+ ∥a′v∥. ▷ ♢b′ua′v is a parallelogram (1)

Similarly,

∥pa∥+ ∥au∥ ≤ ∥pa′∥+ ∥a′a∥+ ∥au∥ ≤ ∥pa′∥+ ∥b′v∥. (2)

Combining (1) and (2), and the fact that dS(a, b) ≤ ∥au∥+ ∥ub∥, we have the following.

dS(p, a) + dS(a, b) + dS(b, q) ≤ ∥pa∥+ ∥au∥+ ∥ub∥+ ∥bq∥

≤ ∥pv∥+ ∥qv∥

≤ sec(
θ

2
) · ∥pq∥ ▷ Lemma 80
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FIGURE 5.11: In the left figure, if an obstacle C overlaps ab and r(a, k + 1),
then a propagated sample point (red) must be closer to p than a is. In the right
figure, two convex paths (red) can be generated in △auua and △buub.

Using analogous arguments, if A and B lie on the opposite sides of pq (see Figure 5.11, left),

and an obstacle C overlaps ab, part of C must lie in either triangle △pau or △qbu (not both).
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Without loss of generality, assume that C overlaps △pau. If C additionally overlaps r(a, k +

1), a propagated sample point d is closer to q than b, contradicting the assumption that b is the

closest sample point. An analogous argument applies when C overlaps △qbu. Therefore if C

overlaps ab, then C must reside in the either △a = △auua or △b = △buub, where ub (resp.

ua) is the intersection of r(b, (k + 1)θ + π) (resp. r(a, k + 1)) and ab.

We can construct two convex paths Pa and Pb (see Figure 5.11, right); Pa resides in △a and

connects a to u, and Pb resides in △b and connects b to u. By Lemma 80, we have that

awdawdasddS(a, b) ≤ ∥Pa∥+ ∥Pb∥

≤ ∥aua∥+ ∥uaub∥+ ∥ubb∥. (1)
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b = b′
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a′

FIGURE 5.12: Segments with matching colour have equal length. Every
segment in {par, aua, uaub, ubb} can be paid for by either segment(s) on pv or
segment(s) on qv.

We now upperbound (1). Let v be the intersection of r(q, kθ + π) and r(p, kθ + 2β) (see

Figure 5.12). Let point ar be the reflection of a along pq. Observe that since a is above

r(p, kθ), ar must be above r(p, kθ + 2β), and ∥par∥ = ∥pa∥. Let a′ (resp. b′) be the

intersection of r(ar, kθ + π) (resp. r(b, kθ + 2β) and pv (resp. qv).

Using an analogous charging argument, we have that

∥aua∥+ ∥uaub∥+ ∥ubb∥ ≤ ∥pv∥+ ∥qv∥ ≤ 1

cos(β)
· ∥pq∥.
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Combining with the bound on dS(a, b) in the case that a and b lie on the same side of pq, we

have that

dS(p, a) + dS(a, b) + dS(b, q) = ∥pa∥+ dS(a, b) + ∥bq∥

≤ max{sec(
θ

2
),

1

cos(β)
} · ∥pq∥ ≤ 1

cos(θ)
· ∥pq∥ □

5.4.3.3 Case 3: pq connects a 0-region and an obstacle

In this section, we prove that if pq connects an obstacle A and a 0-region B, there is a path P

that approximates pq.

LEMMA 87. Let A be a convex obstacle and let B be a convex 0-region. Let pq ⊆ P ∗, where

p ∈ ∂A and q ∈ ∂B. There exists a pair of sample points a ∈ A and b ∈ B, such that

dS(p, a) + dS(a, b) + dS(b, q) ≤ (cos(β)/ cos(θ)) · ∥pq∥.
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FIGURE 5.13: In the left figure, ab is parallel to the direction r(k). An
obstacle C overlapping ab generates a propagated sample point v′ (red) closer
to q than b. In the right figure, ∥pa∥+ ∥ab∥ is at most ∥pq′∥ since ab (red) is
at most as long as ac (blue), and ∥pa∥+ ∥ac∥ ≤ ∥pq′∥.

PROOF. Let pq be aligned with the y-axis, such that y(q) > y(p). If pq is in some

direction r(k), then both p and q are sample points, and (p, q) ∈ E . Therefore, we consider

the case where pq is between direction r(k) and r(k + 1). Let β (resp. α) be the acute angle

between r(p, k) (resp. r(p, k + 1)) and pq (see Figure 5.13).

Let a ∈ ∂A be the first sample point in a counter-clockwise order after p. Let b ∈ ∂B be

the first sample point in a clockwise order after q. Let q′ be the intersection of r(p, k + 1)
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and r(q, kθ + π/2). By convexity and the placement of our sample points, a must be above

r(p, k + 1), and b must lie below r(q, kθ + π/2).

If ab is parallel with r(k), then ab cannot overlap any obstacle C. Otherwise, there exists a

sample point v ∈ ∂C in the direction of r(kθ − π/2) (see Figure 5.13, left). Since v must lie

on or to the left of pq, r(v, k) generates a propagated sample point v′ on ∂B(b, q), and v′ is

closer to q than b is, contradicting the assumption that b is the closest sample point. Therefore,

dS(p, a) + dS(a, b) ≤ ∥pa∥+ ∥ab∥.

To bound ∥pa∥+∥ab∥, we observe that ∥pa∥+∥ab∥ is maximised when b lies on r(q, kθ+π/2)

(see Figure 5.13, right). Let c be the intersection of r(a, k + 1) and r(q, kθ + π/2). Observe

that ab is perpendicular to pq′. We have that ∥ab∥ ≤ ∥ac∥, since ab is a leg of the right

triangle △abc, and ac is the hypotenuse. Using the arguments in Lemma 85, ∥pa∥+ ∥ac∥ ≤

∥pq′∥ = (cos(β)/ cos(θ)) · ∥pq∥. We thus have a path from p to q via a and b of length

∥pa∥+ ∥ab∥+ dS(b, q) = ∥pa∥+ ∥ab∥ ≤ ∥pa∥+ ∥ac∥ ≤ ∥pq′∥ ≤ cos(β)

cos(θ)
· ∥pq∥.
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FIGURE 5.14: In the left and middle figure, the length of both red paths are
upper-bounded by the length of the blue path. In the right figure, ∥a′′u′∥ >
∥a′′b′∥ by construction.

If ab is not parallel with r(k + 1), the ray r(a, k) must intersect pq at some point v (a does

not propagate to b). For the same reasons as before, an obstacle overlaps neither r(a, k) nor

pq. Let q′′ = q. Consider sliding q′′ towards a along the concatenated polygonal chain qv ◦ va

until the ray r(q′′, k+1) touches b (see Figure 5.14). Observe that r(q′′, k+1) cannot intersect
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an obstacle during the slide. Indeed, if r(q′′, k + 1) touches an obstacle O at point o, o must

be a sample point with respect to the direction r((k + 1)θ − π/2), and o propagates to b with

the ray r(o, k + 1). Let a′ (resp. a′′) be the point on pu such that a′v (resp. a′′q) is parallel to

r(k). Let b′ be the intersection of r(q′′, k + 1) and a′′q. Let b′′ be the point on a′′q such that

ab′′ is parallel to r(k + 1).

When we stop the sliding, either 1) q′′ is on av, or 2) q′′ is on qv (see Figure 5.14, left and

middle, respectively). In order to avoid obstacles, we have to take a detour from a to b. In

both cases, we argue that the length of the detour is at most ∥pa′′∥+ ∥a′′b′∥+ ∥b′b∥. In case 1,

the maximum length of the detour we must take is d1 = ∥pa∥ + ∥aq′′∥ + ∥q′′b∥. We use a

charging argument: ∥b′b′′∥ pays for ∥aq′′∥, and ∥a′a′′∥ pays for ∥b′q′′∥. ∥aa′∥ = ∥b′′a′′∥, and

by triangle inequality, ∥pa∥ ≤ ∥pa′∥+ ∥a′a∥. Therefore, d1 ≤ ∥pa′′∥+ ∥a′′b′∥+ ∥b′b∥.

In case 2, the maximum length of the detour is d2 = ∥pa∥+ ∥av∥+ ∥vq′′∥+ ∥q′′b∥. Let v′′ be

the point on pu such that v′′q′′ is parallel to r(k). Let v′ be the intersection of r(v, k + 1) and

v′′q′′. Let c be the point on b′b′′ such that vc is parallel to r(k+1). Using analogous argument,

∥a′′v′′∥ pays for ∥b′q′′∥, and ∥b′′v′′∥ pays for ∥av∥. By triangle inequality, ∥a′′b′′∥ + ∥pa′∥

pays for ∥ap∥, and ∥b′v′′∥+ ∥a′v′′∥ pays for ∥vq′′∥. For both cases, we have that

∥pa∥+ dS(a, b) ≤ ∥pa′′∥+ ∥a′′b′∥+ ∥b′b∥. (1)

Next, we argue that ∥pa′′∥+ ∥a′′b′∥+ ∥b′b∥ is at most ∥pu∥ (see Figure 5.14, right). Let u′ be

the point on pu such that b′u′ is parallel to qu. By construction, pu is parallel to r(kθ + π/2),

and a′′b′ is parallel to r(kθ). The triangle △b′u′a′′ is therefore a right triangle with a′′u′ as

the hypotenuse. ∥bb′∥ = ∥uu′∥, and therefore we have that

∥pa′′∥+ ∥a′′b′∥+ ∥b′b∥ < ∥pa′′∥+ ∥a′′u′∥+ ∥u′u∥ = ∥pu∥. (2)

Combining (1), (2), Lemma 74, and the fact that bq lies in a 0-region, we complete the proof

with the following.

dS(p, a) + dS(a, b) + dS(b, q) = ∥pa∥+ dS(a, b) ≤ ∥pu∥ ≤ cos(β)

cos(θ)
· ∥pq∥ □
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5.4.4 The quality of the path

In Lemmas 85, 86, and 87, we have shown that for every segment pq in Case 1-3 in Fact 82,

either there exists a path P ⊆ E such that w(P ) approximates ∥pq∥, or there exist two

sample points a and b such that dS(p, a) + dS(a, b) + dS(b, q) approximates ∥pq∥. Taking the

maximum ratio in the three lemmas, we have the following.

dS(p, a) + dS(a, b) + dS(b, q) ≤ max{cos(β)
cos(θ)

,
1

cos(θ)
,
sin(α) + sin(β)

cos(θ) sin(θ)
} · ∥pq∥

≤
2 sin( θ

2
)

cos(θ) sin(θ)
· ∥pq∥

For a Case 4 segment ∂A(p, q), where both p and q lie on the obstacle A, assume without loss

of generality that p occurs before q in P ∗, and let pq = ∂A(p, q).

If ∂A(p, q) contains no sample point, then assume that the optimal path uses segment p′p

to reach A, and qq′ to leave A. We argue that there exists an approximate path P that

approximates ∥p′p∥ + ∥∂A(p, q)∥ + ∥qq′∥. Let a (resp. b) be the closest sample point to p

(resp. q), such that ∂A(p, q) ⊆ ∂A(a, b). In Lemmas 85, 86, and 87, we have paid for a path

Pp ⊆ E from p′ to p through a and a path Pq ⊆ E from q to q′ through b. Since there is no

sample point on ∂A(p, q), instead of going from a to p and q to b, we take the path ab directly.

The unused cost of dS(a, p) and dS(q, b) pays for ∥ab∥.

Let p⊥ (resp. q⊥) be the orthogonal projection of p (resp. q) on ab. Clearly, ∥∂A(a, p)∥ ≥

∥ap⊥∥ and ∥∂A(q, b)∥ ≥ ∥bq⊥∥. By Lemma 80, ∥∂A(p, q)∥ ≤ sec(θ/2) · ∥p⊥q⊥∥. Therefore,

we connect Pp and Pq using ab to generate a path P , and we have that

∥P∥ ≤
2 sin( θ

2
)

cos(θ) sin(θ)
· (∥p′p∥+ ∥∂A(p, q)∥+ ∥qq′∥).

If ∂A(p, q) contains at least one sample point {a, . . . , b}, then by Lemma 80, we have that

dS(p, a) + dS(a, b) + dS(b, q) ≤ sec(
θ

2
) · ∥pq∥.
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Bose and van Renssen [20] showed that in an environment with polygonal obstacles, a Θ-

graph has a spanning ratio of at most rθ = 1 + 2 sin(θ/2)/(cos(θ/2) − sin(θ/2)). We also

need to apply the factor to traverse the boundaries of convex obstacles to account for the

difference compared to the boundaries of simplified obstacles, as in Lemma 80. We obtain

the following bound when θ < π/12.

2 sin( θ
2
)

cos(θ) sin(θ)
· (1 +

2 sin( θ
2
)

cos( θ
2
)− sin( θ

2
)
) ·

2 sin( θ
2
)

sin(θ)
≤ 1

1− sin(2θ)

Given an approximation error 0 < ε < 1, we compute the parameter 0 < θ < π/12 as the

following.

1

1− sin(2θ)
≤ 1 + ε =⇒ θ ≤

sin−1( ε
1+ε

)

2

LEMMA 88. In B, there exists a path P ⊆ E between any pair of sample points (a, b) such

that w(P ) ≤ (1 + ε) · d(a, b).

5.4.5 Finding a shortest path amidst 0-regions and obstacles

Given the data structure B = {M(k) | ∀k ∈ [0, 2π/θ), k ∈ Z} ∪ {G,GΘ}, a point s, and a

point t, we query the approximate shortest path from s to t using Algorithm 4.

Using the query algorithm, we treat both s and t as convex obstacles with no interior. This

preserves the properties of the trapezoidal maps and the Θ-graph, and enables us to apply the

earlier lemmas.

5.4.5.1 Analysis

We now analyse the query time. In Step 2, we perform a set of operations for each of the

O(1/ε) trapezoidal maps. In Step 2a, it takes O(log(n/ε)) time to find the face containing s.

In Step 2b, it takes O(logN) time to use a binary search to compute the intersection of a ray

and a convex boundary with O(N) complexity. In Step 2c, it takes O(logN) time to compute

the distance between s and a convex region using the algorithm by Edelsbrunner [69]. In

Step 2d, it takes O(logN) time to compute the common tangent using the algorithms by
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Algorithm 4 Query s-t weighted shortest path amidst 0-regions and obstacles

This algorithm takes as input a data structure
B = {M(k) | ∀k ∈ [0, 2π/θ), k ∈ Z} ∪ {G,GΘ} storing a set of 0-regions and a set of

obstacles, a point s, and a point t. It outputs a (1 + ε)-approximate weighted shortest path
from s to t. In Step 2 and Step 3, this algorithm shows how to add s to B, and the same

operations are used to add t.
(1) Add s and t to V .
(2) For each trapezoidal map M(k), do the following for point s.

(a) Query the face F containing s. Let F be adjacent to A and B, A ̸= B.
(b) Add the propagated sample points a ∈ A and b ∈ B—which are generated by

r(s, k) and r(s, kθ + π), respectively—to V .
(c) If A is a 0-region, add e = (s, ak(A)) and set w(e) = d(s, A). Do the same for

B.
(d) If A is an obstacle, add e = (a, s), and set w(e) = ∥as∥. Compute the common

tangents T of s and A. For each common tangent t ∈ T touching A at point a′,
add a′ to V . Do the same for B.

(3) Add s and the additional sample points generated in Step 2 to GΘ. For each newly
added point s′, using s′ as the apex, we construct a set of disjoint cones with angle θ.
For each point p closest to s′ in each cone, add e = (s′, p) to E , and set w(e) = ∥s′p∥.
For every existing vertex p ∈ GΘ, and every existing edge (p, q) ∈ EΘ. If s′ is closer
to p than q is, add e = (s′, p) to E , and set w(e) = ∥s′p∥.

(4) Use Dijkstra’s shortest path algorithm to compute a path P ′ from s to t in G. Trans-
form P ′ into a path P in the original environment and return P .

Kirkpatrick and Snoeyink [116], and Guibas et al. [98]. In total, Step 2 takes O((log(n/ε) +

logN)/ε) time.

Inserting s into B generates a constant number of sample points. In Step 3, for each additional

sample point s′, it takes O(n/ε3) time to find the closest point of s′ in each cone, and at the

same time, check if s′ is closest to any point p. In Step 4, it takes O(|E|+ |V| log |V|) to run

Dijkstra’s shortest path algorithm. There are O(n/ε2) vertices, and O(n/ε3) edges, therefore

Dijkstra’s algorithm takes O(n/ε3 + (n/ε2) log(n/ε)) time to return a path P ′ comprised

of at most O(n/ε3) edges. It takes O(n/ε3 +N) time to transform P ′ into a path P in the

environment by traversing the boundaries of the regions.

In total, it takes O(N + n/ε3 + (n/ε2) log(n/ε) + (logN)/ε) time to query the approximate

s-t shortest path. Combining the above analysis with Lemmas 79, 85, 86, and 87, we have the

following.
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THEOREM 16. Consider a planar subdivision induced by a plane with a weight of 1, consisting

of two sets of convex and non-overlapping regions: 0-regions Z with a weight of 0, and

obstacles O with a weight of ∞. Let n = |Z| + |O| and let N denote the total number of

vertices in Z ∪ O. For any approximation factor 0 < ε < 1, a data structure B can be

constructed over Z ∪ O in O(N + (n/ε3)(log(n/ε) + logN)) expected time, with a total

size of O(N + n/ε3). When queried with arbitrary points s and t, B returns a weighted

path P from s to t in O(N + n/ε3 + (n/ε2) log(n/ε) + (logN)/ε) time, ensuring that

w(P ) ≤ (1 + ε) · w(P ∗), where P ∗ is the optimal weighted shortest path from s to t.

5.5 Conclusion and future work

The main contribution of this chapter is a method for approximating the shortest path between

two 0-regions when those regions are close. An interesting open question is whether the 0/1-

weighted region problem can be solved exactly in near-linear time. This is already achieved

by [84] when the visibility graph of the polygonal 0-regions has near-linear complexity; the

most general case, however, remains open.
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