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Abstract

Large language models (LLMs) have reshaped the foundations of artificial intelligence
research and the modes of interaction between human cognition and machine intelligence.
Their influence extends further still, transforming the scientific tools through which we
interrogate and model the physical world. Underlying most of these achievements and
breakthroughs is a dominant architecture: the Transformer. Although the Transformer was
proposed nearly a decade ago, established mathematical frameworks remain insufficient
to explain the complex phenomena observed in practice with Transformer-based networks,
particularly large language models. This thesis offers a principled theoretical foundation
for understanding the remarkable capabilities these models exhibit, grounded in a central
argument that the Transformer performs operator learning during pretraining over vast text
corpora.

Around this central argument, we establish theoretical frameworks for in-context learning
and scaling laws in Chapters 2 and 4, respectively. In Chapter 2, we consider a distributional
regression task in which the Transformer, operating on a fixed query set, serves as the learning
algorithm. The principal contribution of this chapter is the formalization of an input sequence
to the Transformer as a realization of i.i.d. sampling with sequence-length many draws,
which renders the attention mechanism a mapping from a probability space to a function
space. Under certain regularity assumptions, we obtain quantitative convergence rates for both
approximation and generalization, which, however, suffer from the curse of dimensionality
and remain unable to explain the empirical scaling laws observed in experiment results.
To further address the problem arising in Chapter 2, we dive into the algorithms of large
language models, and identify a key distinction between language modeling and other data
modalities such as images and speech: the input dimension d is a variable parameter of the
model. In Chapter 3, we take a first step toward learning with variable input dimension,

allowing d to tend to infinity. We consider a functional approximation problem using Fourier
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Neural Operator—based networks and obtain a dimension-independent approximation rate
when the input space is a Korobov space and the target functional is controlled by moduli of
smoothness.

Finally, with Chapter 4, we combine the two streams discussed in Chapter 2 and 3 to
deliver a comprehensive understanding on learning mechanisms of the Transformer structure.
Compared with the distribution regression in Chapter 2, a different two-staged sampling is
considered in Chapter 4 for modeling context-augmented representation in natural language
processing (NLP). With an additional condition inspired by the techniques in Chapter 3, we
achieve dimension-independent convergence rates for both approximation and generaligation
analysis of efficient Transformers. Especially, we obtain a nonparametric rate O | N _2“?1)
where N controls the diversity of the input training corpora, £ controls the regularity of the
regression operator and v > 1 controls the capacity of the input probability class. This bound
reveals a similar tradeoff in classical learning theory between the bless of regularity ¢ and

the curse of complexity ——: when ~ intends to 1, more probability distributions can be

1
taken into the input class and ﬁ goes to infinity; When £ is larger, the regression operator
is smoother, leading to faster convergence in both approximation and generalization. Our
analysis reveals the nature of pretraining and in-context learning mechanisms of efficient
Transformer structures in an operator learning framework. Transformers maps each context
distribution to a response function for queries and with more samples from context distribution,

they can recover information as much as possible to get a better response function with fixed

and pretrained weights without any update.



Acknowledgements

Over the past five years, I have moved from Hong Kong to Sydney, across two cities
of very different cultural character, and through a period marked by the aftermath of the
pandemic and the rapid rise of artificial intelligence. Much has changed in the world, and
much has changed in me. Yet throughout this time, certain things have remained constant: a
curiosity toward the unknown, a fascination with the unfamiliar, and a desire to trace things
back to their essential roots. These qualities have sustained me through uncertainty and have
guided me to this point.

This research reported in this thesis was supported by the award of a Postgraduate Research
Scholarship in Data Science to the PhD Candidate, and it was written during a period of
profound change, both personal and collective. In these years, I have often found myself
asking what it means to pursue enduring and meaningful work in a world transformed by
accelerating technology and uncertainty. What has carried me forward is the hope of pursuing
fundamental research, work substantial enough to break through the wall that stands fixed
across my mind, and to follow, however imperfectly, a sense of direction toward the unknown.

Along the way, I have been fortunate to share this journey with many people whose
presence has left a lasting mark on my life. In Hong Kong, I was deeply grateful for the
friendship of Yang Guang, Yang Zonghao, Wu Sanyou, and Tang Wentao in Ngau Tau Kok.
The meals, conversations, hikes, fireworks, and music we shared remain among my warmest
memories, from evenings at Juxian Zhuang and walks to Victoria Peak and Sai Kung to
watching the New Year fireworks over Victoria Harbour and singing together at Miriam
Yeung’s concert. In Sydney, life gradually settled into a quieter and gentler rhythm, and I
was equally fortunate for the companionship of Hengrui and Jason. Our games of tennis,
our wanderings through the city in search of good food, and our many conversations about
research, technology, and life became an important source of balance and joy. I also remember

with particular fondness the nights at IMAX and the period when Al agents were drawing

vii



viii ACKNOWLEDGEMENTS

everyone’s attention, when we learned together and compared notes on building our own
workflows, all of us sensing the first distant signs of an enormous wave. I sincerely hope I
can carry these memories with me for many years to come.

I am especially grateful to those who have taught and guided me. The time I spent studying
with Chen Hai more than a decade ago remains one of my most treasured experiences. At
a time when access to information was far more limited, those lessons opened a window
onto the breadth and wonder of the wider world. During my doctoral years, I have benefited
enormously from the guidance of Professor Ding-Xuan Zhou. Under his supervision, I learned
from the ground up how to conduct research, and through his guidance I came to see more
clearly both the discipline required for serious scholarship and my own shortcomings, which
I hope to continue addressing in the years ahead. 1 am also deeply grateful to Professor
Yiming Ying, from whom I learned much about the broader landscape and practical realities
of academic life. Those insights have been of immeasurable value to me.

Years from now, I will no doubt have forgotten many things. But I hope I will continue to
remember the people, moments, and lessons that have shaped these five years. From Hong
Kong to Sydney, from 2021 to 2026, this journey has carried me through places, friendships,
and transformations that I could not have anticipated when it began. Whatever lies ahead, |
hope I will continue to follow that north star toward the unknown, and I hope as well that I
can hold on, for as long as possible, to the many moments these years have given me. At
this moment, when technological explosion makes "everything" seem almost within reach, I
would like to close with the opening lines of Dickens’” A Tale of Two Cities:

“It was the best of times, it was the worst of times, it was the age of wisdom, it was the
age of foolishness, it was the epoch of belief, it was the epoch of incredulity, it was the season
of Light, it was the season of Darkness, it was the spring of hope, it was the winter of despair,
we had everything before us, we had nothing before us, we were all going direct to Heaven,
we were all going direct the other way—in short, the period was so far like the present period,
that some of its noisiest authorities insisted on its being received, for good or for evil, in the

superlative degree of comparison only.”



Thesis Outcome

e Peilin Liu, Yuqing Liu, Xiang Zhou, and Ding-Xuan Zhou. "Approximation of
functionals on Korobov spaces with Fourier Functional Networks." Neural Networks
182 (2025): 106922.

e Peilin Liu, and Ding-Xuan Zhou. "Generalization analysis of transformers in
distribution regression." Neural Computation 37, no. 2 (2025): 260-293.

e Yang Ma, Dongang Wang, Peilin Liu, Lynette Masters, Michael Barnett, Weidong
Cai, Chenyu Wang. "Symmetry Awareness Encoded Deep Learning Framework
for Brain Imaging Analysis." In International Conference on Medical Image Com-
puting and Computer-Assisted Intervention, pp. 742-752. Cham: Springer Nature
Switzerland, 2024.

e Yang Ma, Dongang Wang, Peilin Liu, Michael Barnett, Ding-Xuan Zhou, Weidong
Cai, and Chenyu Wang. "Multi-Scale Visual Prompting for Robust Visual Ques-
tion Answering in Medical Imaging." In 2025 IEEE International Conference on
Bioinformatics and Biomedicine (BIBM), pp. 3921-3925. IEEE, 2025.

e Peilin Liu, and Ding-Xuan Zhou. "Ghost in the Kernel: In-Context Learning with
Efficient Transformers via Domain Generalization." Under Review at the Journal of
Machine Learning Research.

e Dongang Wang, Peilin Liu, Hengrui Wang, Heidi Beadnall, Kain Kyle, Linda
Ly, Mariano Cabezas, Geng Zhan, Ryan Sullivan, Weidong Cai, Wanli Ouyang,
Fernando Calamante, Michael Barnett, Chenyu Wang. "How Much Data are
Enough? Investigating Dataset Requirements for Patch-Based Brain MRI Seg-
mentation Tasks." arXiv preprint arXiv:2404.03451 (2024).

ixX



Table of Contents

Abstract
Acknowledgements
Thesis Outcome
List of Figures

1 Introduction
1.1 Transformers and NLP: The Road to Machine Intelligence..................

1.2 Learning Theory for Transformers.............. ... ... i ...

2 Two-Staged Sampling Process

2.1 INtrodUCHON. . ... ettt e
2.2 Motivation and Definitions ............ ... i
2.2.1  Attention OPETatOr . ... ovvvt ettt ettt
2.2.2  Metric space of P({2) and network structure . .......................
2.3 Main Results on Transformer-based Network in Distribution Regression . . . ..
2.3.1 Approximation rate of Barron functional ..................... ... ...
2.3.2 Distribution regression with Transformers....................... ...
24 DISCUSSION . ...ttt ettt ettt e e e e e e e
2.4.1 Kernel normalization. ..ot
2.4.2 Discretization subsets T ............
2.4.3 FNN for learning features. . ...t
2.5 Proof of Main Results on Transformer-based Networks in Distribution
Regression. ... ...
2.5.1 Proofof Theorem 2.3 ... ... .. ... i,
252 Proofof Theorem 2.6 ...t

vii

ix

xiii



TABLE OF CONTENTS

2.5.3 Proof of Theorem 2.7 ... ... oo e
2.54 Proof of Theorem 2.8 ... ... oo e
2.5.5 Proofof Theorem 2.9 ... i
APPENdiX A ..
Ascoli-Arzelatheorem ........... i

Weak Topology of Probability Space................coiiiiiiiiii...

High-Dimensional Learning Framework

3.1 INtrodUuCtion. .. ..ottt

3.2 DEfNItIONS . . o oottt ettt e e e
3.2.1 Korobov Space . ........ooiiiiii
3.2.2 Fourier Neural Operator. ...........ooiiiiiiiiiiieaeen...
3.2.3  Fourier Functional Network............. . ... ...

3.3 Main Results on Fourier Functional Networks .......................... ...

3.4 Proof of Main Results on Fourier Functional Networks .....................
3.4.1 Error DecompoSition. . ...ttt
3.4.2 Proof of Theorem 3.5 ... ... .o
343 Proofof Theorem 3.6 ...t
34.4 Proof of Theorem 3.7 .. ... o

Appendix B ... e
Finite-Dimensional Projection ......... ... ... i i,

Proof of Lemma 6 .. ..ot

In-Context Learning of Efficient Transformers

4.1 IntroduCtion. . ... ..ottt e
4.2 Linear Transformers and Formulations for In-Context Learning .............
4.2.1 Linear Transformers . ...t
4.2.2 Two-Staged Sampling Framework for In-Context Learning...........
4.2.3 Latent Feature Space for Context-Augmented Inputs ................
4.3 Main Results on Linear Transformers for In-Context Learning ..............

4.3.1 Approximation of Variation Normed Functions .....................



xii TABLE OF CONTENTS

4.3.2 Generalization Analysis of In-Context Learning..................... 77
433 Proof SKetch .. ... ... 78
4.4 Related Works and DISCUSSIONS . . ... .vvtttttttet ettt ieeen 80
4.4.1 Normalization Factorand RMSNorm .............................. 80
4.42 Activation Functionsin LLM ........ ... ... ... oL 81
4.4.3 Linear Conversion of Softmax LLMs ............. .. ... ... ... 82
4.5 Proof of Main Results on Linear Transformers for In-Context Learning . ..... 85
4.5.1 Theorem 4.9: Approximation Scheme by Linear Transformers ....... 85
4.5.1.1 Neural Network with Latent Polynomial Features ................. 87
4.5.1.2 Linear Transformer with Adaptive Attention Heads................ 94
4.5.2 Oracle Inequality: Sampling Error for Linear Transformers .......... 97
4.52.1 Compact subspaces in C'(£2).......ouieiiiiii i, 97
4.5.2.2 Covering Number Estimations....................ccooiiiiiee... 100
4.5.2.3 First-Stage Sampling Error Estimation ........................... 105
4.5.2.4 Second-Stage Sampling Error with Ground Truth Context.......... 107
4.5.2.5 Second-Stage Sampling Error with Accessible Context ............ 110
4.5.3 Theorem 4.10: Generalization Bound for Linear Transformers. ....... 117
APPEndix C ... e 120
Context Embedding and Feature Mapping...............cooiiiiieeeea.... 120
Examples for Marginal Meta Probability Measure ......................... 122
Approximation in Gaussian SPace. . ...........uueiiiiiiiie i, 125
Optimal Linear ApproXimation . .............uuuuuuuuiiiieeeeeeeeeennnnn. 125

Approximation of Eigenfunctions by Two-Hidden-Layer Tanh Neural Networks 127
S Conclusion 131

Bibliography 134



List of Figures

1.1
4.1

Encoder and Decoder Structure in Transformer [101]

Fast Eigendecay of Qwen3-8B (Ghost in the Kernel)

Xiii

83



Chapter 1

Introduction

1.1 Transformers and NLP: The Road to Machine Intelligence

Transformers [101] have fundamentally reshaped the NLP research landscape over the past
decade, yielding remarkable breakthroughs in language modeling [14, 75, 76], code generation
[33] and, most notably, intimating a viable path toward the autonomous self-evolution of
machine intelligence [66]. These achievements distinguish Transformer-based network
architectures from preceding families of neural network structures like fully connected neural
networks, convolutional neural networks (CNNs) [42], and long-short term memory (LSTM)
[26], which have demonstrated notable limitations in scaling to the massive pretraining
regimes that underpin modern language models [14, 75, 76]. To investigate the origins of the
Transformer’s exceptional capacity, it is necessary to examine the historical development of

natural language processing, particularly those involving large-scale corpus processing.

Natural language processing has undergone several paradigmatic shifts since its emergence in
the mid-twentieth century. Early approaches were primarily rule-based, relying on handcrafted
grammars and symbolic systems to parse and generate languages [104]. These methods
were proved inadequate when confronted with the polysemy and complexity of natural
languages. The subsequent emergence of statistical methods marked a decisive turning point:
researchers employed probabilistic models, such as hidden Markov models for sequence
labelling and n-gram language models for next-word prediction [55], across a range of core
NLP tasks, demonstrating that data-driven approaches could substantially outperform their

rule-based predecessors. The advent of neural network-based methods further transformed
1



2 1 INTRODUCTION

the field, beginning with distributed word embedding techniques such as Word2Vec [9] and
GloVe [69], which demonstrated that rich semantic relationships could be encoded within
continuous vector spaces through unsupervised learning over large corpora. Leveraging
these dense representations as input, deeper architectures such as LSTMs enabled end-to-end
representation learning with better performances on sequential modelling. Nevertheless, these
recurrent architectures suffered from two critical limitations: the inherently sequential nature
of their computation hindered efficient parallelization, while the gradient vanishing problem
continued to impede the effective capture of long-range dependencies, even with gating
mechanisms. These cumulative techniques and their limitations have collectively driven
the research community toward a new paradigm, which this thesis characterizes through
high-dimensional domain generalization tasks with Transformer-based architectures. This
paradigm suggests that the remarkable power of LLMs stems from the intricate interplay
among intensive pretraining tasks, scalable token embedding representations ', and the
Transformer architecture itself . From this perspective, to elucidate the underlying mechanism
of LLMs, we formulate a two-staged regression pretraining task in Chapter 2, develop a high-
dimensional learning framework in Chapter 3, and investigate the interaction between them

with an efficient Transformer architecture in Chapter 4.

Before presenting our contributions to the theoretical understanding of Transformer-based
language models, we first introduce the standard Transformer architecture and two core
concepts in LLM applications: scaling law [36, 27] and in-context learning [105]. The
original Transformer was designed for machine translation tasks with both an encoder and a
decoder, which were later inherited separately by BERT [14] and GPT [75]. In this thesis, we
focus our analysis on the Transformer encoder only. The standard Transformer consists of
blocks of attention mechanisms and shallow networks to process sequential inputs. Let the
input sequence Q = [z, -, x,]7 with token vectors x; € R? for 1 < i < n. Then Q is an

input sequence of length n with feature dimension d. The softmax attention is defined as, for

In practice, words and tokens constitute distinct units in natural language processing; however, for
convenience, we do not distinguish between the two concepts in this thesis.
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FIGURE 1.1. Encoder and Decoder Structure in Transformer [101]
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with sim(z;, ;) = exp (W) where W, € R4 W, € RY*? 1, € RY*? are

parameter matrices for value, query, and key token vectors respectively. Intuitively, the atten-
tion mechanism SoftmaxAttn takes the input sequence () as context and produces a refined
context-aware representation SoftmaxAttn(z;|Q) for each query token z; in (). Composing
with a shallow neural network, we can obtain a Transformer block: the Transformer can be

expressed as
Encoder(z;|Q) = Wy o <W1 (SoftmaxAttn(xﬂQ)) + b1> +b, € R

with W, € R¥>4 W, ¢ R¥*d and b, € RY, by € R? From the above definition,
we can see the differences of the Transformer structure compared with CNNs and LSTM.
Transformers model dependencies between tokens through a similarity function, rather than

through fixed kernel weights as in CNNs, and are permutation-invariant in the absence of
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positional encoding, enabling the model to capture long-range interactions without being
affected by distance. With these architectures and intensive pretraining stages, Transformers
have been shown to be scalable: a larger training-time compute budget yields consistently
improved model performance, a phenomenon commonly referred to as the scaling law [27].
Another capability emerging from large-scale pretraining stages is in-context learning where
a pretrained Transformer with fixed parameter weights can generate better predictions when
provided with additional demonstrations or a more detailed prompt. Both the scaling law and
in-context learning have been instrumental in driving the consistent improvement of large
language models, collectively establishing a reinforcing cycle in which increased compute
and data scale yields not only better performance but also greater capacity to leverage
context information at inference time. Explaining the origin of in-context learning from a
mathematical perspective is the central key to understanding what distinguishes Transformers

from other architectures.

1.2 Learning Theory for Transformers

In this thesis, we establish a systematic framework for understanding the underlying mech-
anism of LLMs, particularly focusing on the interaction among pretraining tasks, high-
dimensional representations, and Transformer-based architectures. In general, we adopt an
operator-learning viewpoint to characterize the generalization capacity of pretrained Trans-
formers across diverse tasks, a setting that classical learning theory is insufficient to explain.
There are three questions that we seek to answer within our theoretical framework, which

ultimately lead us to the essence of Transformer-based models:

e How should "context" be formally understood within a data generation process?

e How can scalable high-dimensional token representations be effectively handled as
input?

e What constitutes "in-context learning" and what is its relationship to pretraining

objectives with Transformers?
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For the first question, "context" may be one of the most frequently used words with LLMs and
has become the core idea in developing agentic frameworks. In the above formulation, the
context of x; refers to input sequence (). In practice, a model with a longer context window
means a better performance. To characterize this phenomenon in a rigorous mathematical
language, we consider () to be a realization of n i.i.d. samples from a probability distribution
‘P and formulate the data generalization process as a two-staged sampling in Chapter 2. This
assumption makes the connection between each token x; and context () more clear that ()
provides a discrete approximation to the underlying distribution from which z;’s are sampled.

With more and more samplings, probability distribution P can be recovered from context ().

For the second question, it’s a significant point to keep in mind that the data structure in NLP
differs fundamentally from that of images and other sensory modalities: there’s no isolated
"camera" for natural languages. For image data like natural images, magnetic resonance ima-
ging or computed tomography, one important step is imaging that transforms a physical object
into its digital representation. With these digital forms as inputs, we could apply algorithms
for object detection, segmentation and medical question-answering. Language, however, as a
high-level abstraction, doesn’t have such an isolated digital translation. While a raw text is
first discretized into token sequences by a tokenizer, the resulting vocabulary constitutes an
arbitrary symbolic system rather than a physical measurement. The subsequent mapping from
these discrete tokens into continuous vector space in the form of token embedding, which is
learned in the pretraining stage of LLLMs and thus makes the embedding dimension d of the
input a tunable parameter. In Chapter 3, we demonstrate that neural networks exploit latent
data structure to achieve parameter-efficient approximations with scalable input dimension d.
This result establishes that neural networks can harness the expressive power of scalable high-
dimensional representations while circumventing the curse of dimensionality by exploiting

the latent feature space.

For the third question, in-context learning has always been the key difference between
Transformers and other network structures, since its emergence from large-scale pretrained
language models. Understanding in-context learning and its relationship to the pretraining

stage is essential, as it illuminates what occurs during pretraining with Transformers. However,
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the existing literature has largely focused on constructing training samples for in-context
learning, overlooking the fact that in-context learning is a capacity that emerges from a
pretrained model rather than a learning process in its own right. It is this relationship to the
pretraining stage that holds the key to understanding the phenomenon of in-context learning.
In Chapter 4, we combine the ideas from Chapter 2 and Chapter 3 to model the pretraining
task of linear Transformers as learning an operator ® : By — H; ® R% where By is the class
of the context distributions as defined in Chapter 2 and H;, ® R? is a vector-valued function
space. For each input (z;,(Q)), we first take the empirical distribution d, generated by the
elements in Q and maps d¢ to ®(dg) € Hy. ® R?. Then for each token z; in ), we generate
a context-augmented output ®(dg)(x;) € RY. With this viewpoint, a pretraining stage is
designed as a two-staged sampling regression task for learning the target operator ® with a
linear Transformer ®. With ® held fixed, providing more samplings from P enables @(5Q) to
produce a progressively better approximation to ®(7P), which is exactly the phenomenon of

in-context learning.



Chapter 2

Two-Staged Sampling Process

2.1 Introduction

Transformers [101, 121, 53, 7, 74] have undeniably become a fundamental component of
modern deep learning models, extending the influence beyond the realms of natural language
processing (NLP) and computer vision (CV). Transformer-based large models like GPT
4 [67], demonstrate remarkable capabilities to process multimodal inputs with texts and
images, and scientific research tools like AlphaFold [35] are created to explore the patterns
hidden in complex biological data. With the rapid developments of deep learning methods,
numerous techniques for Transformers have been proposed to enhance the performance of
LLMs across diverse applications. For example, techniques such as prompt tuning [45, 31]
and the integration of adapter modules [29, 30] are employed to adapt a pretrained LLM
to new tasks at a low computational cost; As the size of the training text corpora increases
dramatically, the network complexity can be efficiently scaled up using mixture of expert
methods [16, 87, 32] for superior performance. Despite the impressive success in practical
applications, there remains a deficiency in theoretical frameworks to demonstrate the reasons

why Transformer-based models and those techniques work efficiently across diverse domains.

In recent years, mathematical theories around deep fully connected networks (FNNs) [109, 83]
and CNNs [118, 120, 57] have been established to investigate their approximation and
generalization abilities. However, for transformer-based networks, due to the complex input
data structures and network architectures, it is challenging to build a theoretical framework to

study the transformer structures and the phenomena observed in practical applications. In
7



8 2 TWO-STAGED SAMPLING PROCESS

this chapter, we establish a rigorous mathematical framework to demonstrate the learning
capabilities of Transformers from a viewpoint of distribution regression, and also provide

theoretical foundations and justifications for those practical techniques with Transformers.

In the history of NLP, modeling problems in NLP with probabilistic tools is a classical
approach. Here, we utilize a two-stage sampling process in distribution regression to formulate
problems. In our distribution regression model, the inputs are distribution samples on the
space (P(£2), i), where P(£2) denotes the set of all Borel probability measures defined on a
compact subset 2 of R? and ;, is a kernel embedding distance, also known as the maximum
mean discrepancy (MMD) [63]. However, we assume that the distribution samples cannot be
observed directly and that our observations are the data generated by a two-stage sampling
process. In the first stage of sampling, a dataset D = {(u;, y;) }i~ is i.i.d. sampled from a
meta Borel distribution p on U x ), where Y = P(£2) and ) = R is the output space. In the
second stage of sampling, the dataset is D = {({z,; b yi) by, where {2 ; € Q)77 are
1.1.d. sampled from the probability measure j;, one of the first stage samples. We denote the
1

empirical distribution of y; by ji; > = >4 0y, ;. where 6, is a Dirac measure. Then

ma g

( ATN2 4 mi

the second-stage sampling dataset can be denoted by D= {(i; ", y:) }:2 . By choosing an

appropriate hypothesis space H, the distribution regression scheme can be described as

. ]- ATNY
0oy = argmin — > (p(i"™") — ;)" @.1)

PEH T Py
The learning algorithm (2.1) for distribution regression is similar with the setting of domain
generalization problems [5, 28]. Both learning algorithms use the empirical distributions as
prediction inputs. However, the key difference is that hypothesis functions in domain general-

ization also takes a sample as an input besides the target empirical distribution, and the learning

. . ma g A2 4
scheme is formally defined as ¢/, , = argming ey ;- >0 = D0 (' ( @i 5) —

=1 mg; Jj=1

yiyj)z where H is a reproducing kernel Hilbert space defined on P(2) x €2, which is incon-

sistent with the sequential modelling case in NLP.
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Recently, some progress has been achieved in two-stage distribution regression with neural
networks [89, 110], none of which, however, matches the architecture of Transformers. Prior
to the era of the prominence of neural networks, a well-known approach was based on
kernel mean embedding techniques and kernel ridge regression [98, 17, 111]. All these
works consider a regularized empirical risk minimization algorithm and that the regression
function belongs to a function space characterized by the integral operator induced by a
kernel function. Under assumptions on regularization of the function space and integral
operator techniques, some nice generalization bounds are obtained. Afterward, the study of
distribution regression focused on the application of neural networks. [89] and [110] proposed
network architectures with FNNs and deep CNNs to learn the two-stage distribution regression
respectively. These works metrize P({2) with a Wasserstein distance 17/, and learn functionals
with only polynomial features. Yet, their methods don’t integrate information of the input
domain (P(€2), W,,) into the network structure and suffer from a potential information loss
by only encoding polynomial features. To this end, we propose a two-stage distribution
regression framework with Transformer-based network structures, which combines both

advantages of the classical kernel embedding techniques and the neural network methods.

In this work, we investigate the learning capabilities of Transformer-based networks in a
two-stage distribution regression framework. Our main contributions in this chapter are listed

as follows:

e We first utilize a two-stage sampling process to understand the processing of Trans-
formers with natural languages. We also propose a novel operator called attention
operator to study the behavior of the attention layers in Transformers. We also prove
that the attention operator can embed distributions into function representations,
without any loss of information.

e We then introduce the architecture of Transformer encoders based on our novel
attention operator and establish a rigorous distribution regression framework for
Transformer-based networks. The approximation rate and generalization bound
for the distribution regression problem are obtained, which exhibits the remarkable

expressivity of Transformers in learning more diverse features than FNNs and CNNs.
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e We provide a theoretical intuition for the choice of query sets in practical applications.
There exists a universal choice for various tasks, though it may suffer from the curse
of dimension in high-dimensional cases. This result justifies some task-specific
tuning methods and cross-modal alignment tricks.

e We establish theoretical insights for the design of FNN layers based on approximation
and generalization analysis of Transformer encoders. We show that task-specific
features are learned by the trainable FNN layer with a fixed attention layer, which
provides theoretical foundations for adapter tuning with pretrained LLMs. We also
illustrate that the complexity of the FNN layer should scale up with the training size

of the text corpora to achieve a great generalization performance.

The remainder of the chapter is organized as follows. Section 2.2 provides the motivation
and basic definitions of the learning problem. Within this section, subsection 2.2.1 introduces
the basic structure of the vanilla Transformer [101] and gives the formal definition of our
self-attention operator. Subsection 2.2.2 demonstrates the definitions of (P(£2),;) and
the structure of Transformer encoders for distribution regression. Subsequently, Section
2.3 contains the main results. First, we show in subsection 2.3.1 an approximation rate
of a functional class induced by Barron functionals, by the Transformer-based network,
then establish an oracle inequality and finally obtain a generalization bound for distribution
regression in subsection 2.3.2. Based on the aforementioned theoretical results, we explain
the principles behind the successful practical strategies, such as prompt tuning, adapters, and
efficient scaling in Section 2.4. Finally, Section 2.5 presents the proof details of the main

results.

2.2 Motivation and Definitions

In this section, we start with the attention operator, a fundamental component in our network

structure, which is motivated by the self-attention layers in the vanilla Transformer. The
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section then continues with the basic settings for the generalization analysis of distribution re-
gression, focusing on the metric of the input space and the definition of our novel Transformer

encoder for distribution regression.

2.2.1 Attention operator

The original Transformer was proposed for machine translation, consisting of an encoder and
a decoder. However, with recent developments, it has become quite common to apply only
a decoder (e.g., GPT [77]) or an encoder (e.g., BERT [14]) in practical applications. In this
work, we focus our analysis on a shallow Transformer encoder, which could be described as
a composition of a self-attention layer and a position-wise fully connected layer. Now we
present a mathematical definition of the Transformer introduced by [101]. Let Q € R™*¢ and
QT = (x1,29,...,1,) with z; € R? for 1 < i < n, indicating that Q is an n-length input

sequence with feature dimension d. The single-head attention is defined as

n exp ((Wqﬂfikaﬂ»‘ﬁ)
SoftmaxAttn(z;) = Z Vel (Woz;)

n <WqJJi,Wk1‘j/)
Jj=1 Zj’:l exXp <T

for each row vector z; in the input sequence ), where W, € R%»*@ 1/, € R%nxd 1V, €

R4 are parameter matrices. Then the output of a self-attention layer is defined as

Softmax Attn” (z)
Softmax Attn(Q) = : c R4 (2.2)

Softmax Attn” (x,,)

and it is followed by a position-wise FNN in the form of
O'(U{Wl + bl)WQ + bg UCIF

FNN(V) = : cR™forV =|:| R

a(val +bl)Wg+bQ (Y

S
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!/ ! . . U .
where W, € R¥>%in T, € R%n*? are connection matrices and b; € R%», b, € R? are bias

vectors. So an encoder of the Transformer can be expressed as

1 n
Encoder(x;) = o ((ﬁ Z Eatin (i, mj)(ijWv)> Wi + b1> Wy + by € RI¥4
=1

where
(Wqzs, W)
k _ P <T>
attn(xi7 xj) T n (Wozi, Wiayr) \
D ji=1 OXP (T)

(2.3)

Hence the output of a Transformer encoder is

o <(% Z;'Lzl kattn(xla xj)<xfwv>) Wi + bl) W + by
Encoder(Q) = : c R™*d

o ((% S (@, xj)(xg’wv)) W+ b1> Wi + b

for QT = |:x17--- ,an} € Rxn,

By examining each row of the output, it becomes clear that the encoder of Transformers
has the structure of a fully connected layer following a self-attention operation. The self-
attention operation is a weighted sum of the input features { W, x; };-‘:1, where the weights are
determined by a specific kernel function. Therefore, given a feature mapping f : R¢ — R for
the input sequence () € R™ ¢ and a kernel function & : R? x R? — R, the self-attention can

be written as

k-Attn(z;) = %i k(@i, zj) f ().

In the original Transformer, k(z;, ;) = kaun(xi, x;) and f(z) = W)z with W, € R,

Moreover, with the empirical distribution ;1" = % Z?Zl d.;, we have

k-Attn(z;) = / k(s 2) () dji™.

Then it follows that k-Attn(-) is an empirical form of [ k(-, z) f(x) dj where p is the probab-

ility distribution that {z;}7_, are drawn from. Consider () as a realization of the distribution
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14, 1.€., a collection of samples drawn from p, and then, we define the attention operator on

P(Q) as

attnie) = [ o) (@) @4
with some conditions on £ and f, specified in the subsequent section. In contrast to
SoftmaxAttn(Q) € R™? for Q € R™ ¢, the operator attn maps a probability measure
to a function. However, a form similar to SoftmaxAttn(()) can be obtained through a dis-
cretization of the function attn(u). To make the attention operator well-defined, in the next
subsection we will introduce a metric on P(2), conditions on kernel & and feature mapping

f, and the form of functionals to be learned.

2.2.2 Metric space of P({2) and network structure

The choice of distances between probability measures is fundamental and has found many
applications in deep learning. Many well-known distances share the following similar form.
Let 2 be a compact subset of R? and P(£) be the set of all Borel probability measures on .
For P, Q € P(9), the distance v between P and Q is defined as

/gdP—/ng‘
Q Q

where F is a class of real-valued bounded measurable functions on 2. One can easily observe

V#(P, Q) = sup

geEF

that vz satisfies all the conditions for a metric, except for one that P = Q if (P, Q) = 0.
But with an appropriate choice of F, vz can be made a metric on P(£2), for example, let C'(€2)
be the space of continuous functions on €2, and take F = {g € C(Q) : ||g||,, < 1} where
9]l = supPgeq |g(x)|. It’s particularly worth mentioning that the Wasserstein distance 1V,

considered in [110, 89] is also an instance when F = {g € C(Q) : |g|o0. < 1} with the

lg(z)—g(y)]

Lipschitz semi-norm [g|co.1 := sup,, co =
2

In this work, we consider F to be the unit ball of a reproducing kernel Hilbert space H
with a reproducing kernel k on € x Q, thatis, 7 = {f € Hj : ||f|l;,, < 1}, and denote

Tk 1= VSN g, <1 Throughout the chapter, we always assume that k is a Mercer kernel,
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that is, a symmetric, continuous and positive semi-definite kernel, on 2 x ). Because
fo VE(z,2) dP'(x) < oo for any P’ € P(), for any P, Q € P(Q), it can be inferred from
[21] that

= ||kp(P) — kp(Q)|l4,
Hp

(P, Q) = ’

/Qk(x,-)dp(x) —/k(x,-)dQ(x)

where kp(P) := [, k(x,-) dP(x). Yet, with an arbitrary Mercer kernel k, v, is not always a
metric on P((2), in other words, not always satisfying the condition that P = Q if v,(P, Q) =
0. Many studies have explored conditions on &k under which -y, becomes a metric on P(2).

Here, we just present some conditions useful for the analysis later.
DEFINITION 2.1. Let k be a Mercer kernel on ) x Q) where §) is a compact subset of R

o k is said to be universal if Hy, is dense in C(2).
o k is said to integrally strictly positive definite if |, [, k(x,y) du(z) du(y) > 0 for

all non-zero signed finite Borel measures 1. defined on ).

In fact, the two definitions above are shown [95] to be equivalent, but the second form of
double integrals can be more useful in the proof later. It’s also shown in [21] that for universal
kernels, kp defines an injective mapping from P(£2) to Hy, which implies that 7, is a metric
on P(£2). Because a lot of popular kernels in the application are universal, including Gaussian
kernels, Laplacian kernels, inverse multiquadrics, Matérn kernels, it’s natural to consider the
attention operators induced by universal kernels. Now, we give the formal definition of our

attention operator:

DEFINITION 2.2. Let Q@ C R? be compact and P(Q) be the set of all Borel probability
measures defined on (). Suppose that k is a universal kernel on 2 x Q and f : Q& — R
is a continuous function with cy < |f(x)| < Cy for all x € Q, where c;,Cy > 0 are two
constants. Then the attention operator attn : (P(Q),ve) = (Hx, || - |1, ) induced by k and
f is defined as

attn(P) = /Qk:(x,)f(x) dP.
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It is easy to see that for P € (P(Q2), ),

2

oty = ([ [ Ko@) ap@ i) <r

with r := Cy ||k, where || k|| := sup,cq /k(x, x). Let Gi ; denote the image of attn in
Hy.. Then Gy, ; is contained in the closed ball B, := {g € H,, : [|g[l;,, < r}. The attention
operator can be viewed as an embedding from distributions to function representations. The

following theorem shows some nice properties of this distribution embedding.

THEOREM 2.3. Let k', k be two universal kernels defined on Q) x 2, and f defined in Definition

2.2. Then the attention operator attn induced by k and f is an injective and continuous

mapping from (P(2), ) to (Hy, || - [|2,)-

The kernel £’ that metrizes P(£2) can be a different universal kernel from the one inducing the
attention operator. It has little effect on the properties of the attention operator. However, if
we take k'(x,y) tobe f(x)k(x,y)f(y) mentioned in the proof of Theorem 2.3, the attention
operator is an isometry between (P (€2),v4) and (G ¢, || - || %, ), which shows that the attention
operator can represent an embedding without any loss of information. But for simplicity of

notations, we take both kernels to be the same universal kernel.

Next, we define the Transformers based on our novel attention operator. As mentioned in the
Introduction, SoftmaxAttn(()) can be regarded as a discretization of the function attn(P).
Here, for any set of distinct points T = {t,...,¢7/} C €, we introduce a sampling operator
[]1 : Hp — RITI to discretize attn(P) where |T| denotes the size of the set T, such that for
any g € Hi, [g]t = [9(¢;)]1<j</r| € RITI. Then we give the following precise definition of

our Transformer encoder.

DEFINITION 2.4. Let 2 be a compact subset of R%, k be a universal kernel, and attn be the
attention operator defined in Definition 2.2. With distribution inputs from (P(§2), i), the

Transformer encoder H,, ., of type (n1,n2) is defined by:

H,, 0, (P) = clo(Alattn(P)]r + b) + by (2.5)
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where T is a set of ny points in 2, A € R™*™ a parameter matrix, b € R™ a bias vector,

c € R™, by € Rand o is ReLU activation function given by o(x) = max{0, z}.

REMARK 2.1. With the definitions of the attention operator and the Transformer encoder
above, there are some points we wish to clarify. First, the boundedness from below condition

of the continuous feature mapping f can be removed in some applications, where a feature

n

mapping is usually learned by a neural network. For example, f(x) = > _._, cj(o(a; - = +

b;) + €;) with all €; > 0, then we have
/k:(x, N f(z)dP = ch/k(x, Vo(a; -z +b;) +¢) dP
Q = Je

and with the universality of shallow nets, there’s no loss of the expressivity. Together with
Theorem 2.3, we can observe that the composition structure of attention layers and FNN
layers is crucial to the success of Transformers in embedding probability measures into
function representations and learning diverse feature representations, which is also consistent

with the Transformer’s powerful data compression capabilities in practical applications.

REMARK 2.2. Note that when the input is an empirical distribution i = % Z?zl 0, and
T = {z;}}_,, [attn(i")]x is exactly the self-attention. For a functional H,, ., defined on
(P(2),vk), generally speaking, ns controls the degree of discretization and ny controls the
accuracy of approximation to the target functional. With a larger no, there is less information
loss from the original distribution. In the application, this may also explain why engineers
always manage to increase the length of the input sequence (i.e., the number of tokens) for

the self-attention module in LLMs.

2.3 Main Results on Transformer-based Network in Distribution

Regression

This section provides the main results on learning capabilities of Transformer-based networks
in distribution regression. First we define a functional class induced by Barron functionals
and an example to illustrate its powerful expressivity, and then demonstrate the approximation

rate of the defined functional class by a Transformer encoder. With the approximation rate and
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an estimation of covering numbers, we obtain a generalization bound by an oracle inequality

in the final subsection.

The attention operator embeds each Borel probability measure into a function in the closed
ball B, in ‘Hj. Then within the framework of distribution regression, we require a functional
that maps functions in B, to R. Here, we consider a functional class produced by Barron

functionals [3] and the definition is given below.

For a real-valued functional ¢ on a Hilbert space (#, || - ||), we say that ® is represented
by a Fourier distribution F on some domain A C H where F is a complex-valued measure
F(dw) = @ F(dw) if (g fH F(dw) for all g € A. Here F(dw) denotes that

magnitude distribution and H(w) denotes the phase at the frequency w.

DEFINITION 2.5. For eachr,C > 0, let T, o(H) be the set of functionals ® on B, := {g €
H : ||lglln < 7} such that there’s a Fourier distribution F' representing ® on B, satisfying

Joy lwllnF(dw) < C. Every functional in T,.c.(H) is called a Barron functional.

We shall assume that the target function (regression function) in distribution regression has

the form
B(attn(P)) = @ ( /Q k(2. ) f () dP) where @ € T, o (Hy).

To demonstrate the powerful expressivity of the Barron functional class, we provide an

example here.

EXAMPLE 1. Consider the ridge functional ®(x) = g({a, x)3;, ) with ||a||, = 1 and some
univariate continuous function g with Fourier transform § on R satisfying [, [t||g(t)] dt < oc.
Then ®(z) = [ etHam)my, §(t) dt, which means that a Fourier distribution F supported on the
set of{ta : t € RY, represents ® on B, for any r > 0. ® is a Barron functional on B,, as long
as g is a Barron functional on R. It is shown in [3] that g is a Barron functional on [—r, 7]
when the second derivative of g is continuous. In this case, ® is a Barron functional. When the

input space is the embedding of all Borel probability measures and Hy, is the corresponding
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RKHS, we obtain that

O (attn(P)) = g((a, attn(P))x, )

—y (<a,/k(m, N d7>>m>
=g (/ a(x)f(z) dP) ) (2.6)

Since the definitions of many statistics (e.g., moments) are closely related with integration
w.r.t. probability measures and Hy, is dense in C(€2), (2.6) is a nice tool to capture the relation

between statistics of distributions and respond variables.

Beyond statistics of distributions, we may also consider a multivariate case and have distribu-
tion projections of the feature random variables f(X), X ~ P to retain as much information
as desired. Note that the above case can be extended to ridge functionals with multiple

features, i.e.,
@(l’) = g(<a17$>Hk7 ) <ad’7x>7-lk)

with ||aj||7{k = 1forall 1 < j < d and some continuous function g defined on R . Similarly,
if the partial derivatives of g of order |d' /2| + 2 are continuous in RY, then g is a Barron
functional on [—r,r|%, which implies that ® is also a Barron functional. This form of
feature embedding with the attention operator is much more flexible than the functions with
polynomial features considered in [89, 110]. We don’t need to design a specific network
structure for feature functions, but can still learn feature functions from a dense subset of
C(Q2). Moreover, the above ridge functional form is just one case of the class of Barron

functionals.

2.3.1 Approximation rate of Barron functional

We establish an approximation theory for a class of functionals ®;, ; defined on (P(€2), %)

by exploiting the proposed Transformer encoder. The functional ®;, ; has the composition
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form of a Barron functional and the attention operator:

By ;(P) = D(attn(P)) = B ( /Q k(z, ) (x) dP) 27

with ® € I, «(Hy) and r = Cf || k|| ..

In [3], we have the following approximation lemma for Barron functionals defined on a Hilbert
space H. A sigmoidal function ¢ on R means a bounded measurable function satisfying

LEMMA 1. For r,C > 0, ® € I',«(Hy), B > 0,n € N, sigmoidal function ¢ on R,
probability measure v on B, there is a function V,,(g) = Zzzl 0 ({ap, 9)w, + b,) + ©(0)

with ||y, < g, |b,| < B and ||c||y < 2rC, such that

[ @)~ v utdg) < 2rep (i + n5)2

T

where ng = inf0<€§%{26 + SUD|;|>e ‘gb(ﬁz) — 1{Z>0}‘}.

However, the approximation form W, cannot be directly applied with popular network
structures, because it involves functions {a,} C Hj as parameters. One idea is to utilize
> q apqk(ty,-) with a, , € R and t, € (2 to approximate each a,, and then, by kernel trick,
the inner product (a,, g)3, can be approximated by a linear combination the function values
{g(t,)} at the sampled points, which exactly matches the form of our Transformer encoder.
This idea was studied recently in [122]. Then by using the Transformer encoder with a
Gaussian kernel k& = exp(—||z — y||*/a?) (o > 0), we have the following result on L?
approximation rates of the functional ®;, ; with the same Gaussian kernel, where we denote
pu as the marginal distribution p on & = P(Q2) and (L? .|| - ||,) as the space of square

pu’

integrable functions with respect to py,.

THEOREM 2.6. Let k be a Gaussian kernel k(z,y) = exp{—||x — y||*/a?} with « > 0 and
Q = [—1,1]% For every functional ®y, ; defined by (2.7) for any r,C' > 0,n € N, there exists
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a Transformer encoder h,, in the hypothesis Hp,, such that

<4Cf + T)C
[Pr.p = hon], < ————
nz
The hypothesis space Hg, is a class of functions in Definition 2.4 of type (2n, s(n)) with

s(n) := [Cy.a(logn)?] such that
Hien = { Hny + lelh < Bn, [ 4y] < Rllogn)~$nf, 1b], < R, b = @(0)}

where A = (A, ,), Cka is a constant depending on d and kernel k, and R depends only
on r,C,d and kernel k. The total number of free parameters of Transformer encoder is

O(n(logn)?).

The above theorem gives rates of approximating a class of functionals by a Transformer
encoder, with the complexity bound on the total number of free parameters and the parameter
bounds on connection matrices and bias vectors. These will be useful later to derive an

estimation of covering numbers and generalization bounds in distribution regression.

2.3.2 Distribution regression with Transformers

This section conducts generalization analysis of the empirical risk minimization (ERM)
algorithm for distribution regression with Transformer encoders. Now we propose the ERM
algorithm for two-stage distribution regression. Take Z = U x ), where Y = P(Q2) is the
input space of all Borel probability measures on ) = [—1,1]¢ and ) = [—M, M] is the

output space with M > 0. The regression function ¢, on { is defined as

©op) = /y ydp(y|p)

where p(-|u) is the conditional distribution at i induced by p, and it minimizes the mean

squared error for ¢ : U — Y,

E(e) :/Z(w(ﬂ) —y)*dp.
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For establishing a learning theory for the ERM algorithm, it is crucial: whether Hp, is

well defined as a compact hypothesis space. To answer the question, we denote C'(P((2))

with norm ||| = sup,ep() [#(1)|, to be the Banach space of continuous functions on

(P(€), k). Then we have the following theorem:

THEOREM 2.7. The hypothesis Hp,, of Transformer encoders is a compact subset of
C(P(Q)).

With Theorem 2.7, the covering number N (Hg ., €, || - ||) of H g, as a subset of C'(P(€2))
makes sense, where N (Hg ., €, || - ||~) denotes the minimum number of balls with radius
¢ > 0 whose union covers H g, in the space C'(P(£2)). The estimation of the covering number
plays a vital role in deriving a generalization bound for distribution regression. The related

details will be presented in Section 2.5.
Recall that for the second stage dataset D = {({zi ;2 wi) iy in two-stage distribution

regression, the empirical target functional from the ERM algorithm with the hypothesis space

H g, is the functional defined as

. — in &-
Pbrp = Arg Wi ()

with
~Mm29 4 2
Ep(p) == — > (olii™) — )",
s
where the existence of the minimizer ¢ p p . is guaranteed by the compactness of Hpg ..

We now define the truncation operator 7, on the space C'(P(£2)) as

M? if 90<1u) > M7
() () = § =M, if p(p) < —M,

p(p), if =M < o(p) < M.
Since the regression function ¢, is bounded by M, the truncated empirical target functional

T(MSOD7R7H
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1s considered as the final estimator.

REMARK 2.3. The distribution regression framework considered here involves a two-stage
sampling process, which makes our Transformer encoder (2.5) compatible with practical
applications, particularly when dealing with sequential inputs like sentences in NLP. From the
two-stage sampling process, ms; controls the length of the sequential input i, which can be
understood as the number of tokens in the input sequence 1 in the case of NLP. The two-stage
sampling process allows us to study the generalization capabilities of the model under the
practical data structure, while also taking into account the approximation ability to abstract

functionals.

To derive the excess generalization error £(Ta¢p ) — €(p), we introduce the empirical
error of the first-stage sample
1 «— )
En(p) = — > (o) — i)

m
1o

and then we can obtain a decomposition of the excess generalization error in the following

lemma which can be easily seen from the fact that E5(marep 5,,) < Ep(h).
LEMMA 2. Forany h € Hp, and ¢j, i, defined in (2.1), we have
& (WM%,R,n> —Elpp) =€ (WMQDﬁ,R,n) —&p (WM%,R,n> +&p (WM%,R,n)

— & (Tepnn) + Enlh) — Enlh) + En(h) — E(h) + E(h) — £ (g,)

which can be bounded by the summation

T(D, Hi) + To(D, Hie) + | To(D, )| + [T D, i) | + R
in which
LD, Han) = {€ (Mo nn) =€ @) | = {0 (Tasepnn) = (00)}
Io(D, Hrp) = {Ep(h) = Ep (p,)} —{E(R) — € (p,)}

Ts(D, Hrn) = Ep (WMQOQR’“> - & <7TMQOI§7R7H>

Iy(D, Hpp) = Ep(h) — Ep(h), R(Hpn) =E(h) —E(¢,).
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Based on the two-stage error decomposition, the two-stage oracle inequality for distribution
regression in the hypothesis space Hr ,, of our proposed Transformer encoder is established

in the following theorem to be proved in Section 2.5.

THEOREM 2.8. Consider the distribution regression framework with the first stage sample
size my € N, and the second stage sample size min{msy; : 1 < i < my} = my. Then for

n > 3, any h € Hp, and € > 0, we have

2
Prob {HWMQOfLRm — || >2|h - @p”i + 86}
P

¢ 3me
< — 1 204802
N (Han 17 I+l ) exp { 2048M2}

m1€2

2 (3M + |hl]o)? (I = 2,2 + 2¢)

m2€2
+4mys(n)exp § — 2 2\ 22, 4RI d
128 max{||h|%, , M2}C2C2n*RIesn (log n)

+exp{ —

where Cs := 2C}, 4R? is a constant depending on d, R and kernel k.

Based on the the oracle inequality for distribution regression, the excess generalization error
can be bounded in the following theorem to be proved in Section 2.5, where we assume that

the regression function ¢, belongs to the functional class defined in (2.7).

THEOREM 2.9. Suppose that the regression function @, has the form (2.7) with ®(0) = 0. If
the total number N of free parameters of Transformer encoders and the second stage sample

size mqy are chosen by
1 1 \d 1\ SRlog (Agm%)
N = {Aﬂnf (log(.A;mzf)) J and my = | As (Agmf) :

then for the truncated estimator produced by the distribution regression framework with

Transformer encoders,

EAE(rap ) — E(20)) < Aom; (log (Agm}))"

where As, Ay, As, As, Az are constants depending only on Cy,C, M, d and o
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REMARK 2.4. In the proof of Theorem 2.9, we choose n to scale up with ml% for a balance
between the approximation error and the estimation error. Recall that n controls the com-
plexity of the FNN layer: a larger n increases the hypothesis complexity of the Transformer
class, leading to better approximation and more diverse feature representations. Besides,
to achieve a nice generalization performance, the hypothesis complexity of the FNN layer
also scales up with the first stage sample size my. For the case of NLP, m, measures the
diversity of semantics in the datatset D. Especially when training an LLM with a dataset size
often exceeding hundreds of terabytes of text data, my becomes incredibly large. This poses
challenges for efficiently scaling up the complexity of the FNN layer to achieve a balance. We

will discuss this point in subsection 2.4.3 below.

2.4 Discussion

In this section, we propose the attention operator for modeling attention mechanisms in
Transformers, and apply the two-stage sampling process to understand the training process
of Transformers in practical applications. We analyze the expressivity and demonstrate the
generalization capacity of the proposed Transformer structures. In this section, we exploit the
established framework and theoretical results to develop deep understanding of various tricks

and techniques with Transformers in practical applications.

2.4.1 Kernel normalization

Recall the original self-attention module (2.3) in [101]

exp ( <qu/i%kxj> >

Wozs, Wiz )\
o ()

kattn (xia xj) =
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. L Wozi, Wiz 1)\ . . .
If we consider the normalization factor Z;ﬁ:l exp (%) independently (since it

depends on the input sequence (), then its probability embedding can be reformulated as

() = | () du). € P(O),
o Jo k(y, ) duy)
where k is a Laplace or Gaussian kernel. It can be further written as

k(e ) (@) du)
i) = Sy Y dnty) @9

If we allow multiple features represented by different FNNs (further discussed in subsection

2.4.3 below), then attn; can be approximated by our attention operator attn (2.4) induced by

the same k and f.
Let Q = [—1,1]%. We define [ as f'(y) = fi(y) + fi(—y) fory € [—1,1] where

%[g(y+ 1) —20(y—1)+o(y—3)].

fily) =
Then it’s easily verified that f' =1 on [—1,1]. For z € [—1, 1]%, take fi(z) := 117 f'(z) = 1
in [—1, 1]¢ where f’ applies element-wise on z and 1 = (1,--- ,1)T € R%. In other words,
the normalization function can be represented by our attention operator with the feature

function f” constructed by the above FNN.

Note that attn, can be written as a composition of g; (attny, (1), go(attng g (1)), where
attny, ; denotes the attention operator induced by the kernel & and feature f, g1 (y1, y2) := v1y2
and ¢2(y3) := 1/ys, and k is a Laplace or Gaussian kernel, which implies 0 < attny s(p) <r
and 0 < ¢ < attny, () < ||k||%. Then g1, go can both be approximated by fully connected
neural networks [109]. In conclusion, we show that attn; can be approximated by our

attention operator attn with multiple features.

In our framework, we are mainly concerned with the function space and the properties of the
attention operator induced by k, f. Therefore, a normalization function is of less importance
in our analysis, since it can be separated from the attention operator as in (2.8). However,
in practical applications, a normalization function has two advantages. First, it introduces

asymmetric dependency as an inductive bias into the attention mechanism, which means that
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Katin (2, ;) may not be equal to Kan (2, ;). The inductive bias is very useful for modeling
certain data structures such as natural languages, because words often have hierarchical
and directional relationships. Second, a normalization function makes the sum of kernel
weights always equal to 1, which can be useful for auto-regressive tasks [77, 14, 78]. By
normalizing the weights, the function effectively balances the contribution of each component

and enhances the stability and consistency of the model.

2.4.2 Discretization subsets T

Distribution regression is a special case of operator learning [92, 93]. To construct a com-
putable Transformer encoder, we apply two techniques: the two-stage sampling process and
the kernel discretization w.r.t. T. The elements in T are often called queries in NLP. In our
proof, we choose the set of queries to be the uniform mesh on (2. Then for any function in
‘H., we can apply the kernel trick to replace function parameters by function values at each
query. Although it is a universal choice to recover information from any function parameters
in H,y,, the uniform mesh also introduces the term (log n)¢ that still rules out practical use of

the framework in high-dimensional cases.

However, there are several cases in practice showing that with an appropriately chosen query
set of (much) smaller size, Transformer encoders still perform well on various tasks. The most
common is self-attention, as mentioned in Remark 2.2. The choice of query sets is adaptive
to each input in self-attention, and more precisely, a set of second-stage samples (independent
of the dimension). It would be interesting to investigate the underlying mechanism of self-
attention within our framework. Another example is that the query set T can be learned from
training data using stochastic gradient descent, which is usually applied in prompt tuning [52]
and Q-former for cross-modal alignment [46]. The basic idea behind these techniques can be
understood with our theoretical framework: When handling specific learning tasks or aiming
to compress data for more refined feature representations (e.g., low-dimensional features), we
often do not require a high-resolution uniform mesh as a universal choice to retain as much

information as possible. Instead, we just need a set of queries, with a significantly smaller
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size, which performs well for a particular task or certain data structure. These queries can be

obtained by optimizing the corresponding loss functions.

2.4.3 FNN for learning features

Note that the attention operator primarily facilitates the efficient compression of probability
distributions, whereas the FNN learns the pertinent features of the Barron functional (shown
in Theorem 2.6). This theoretical discovery also aligns with practical engineering experiences
in fine-tuning LLMs, such as adapter modules [29]. Fine-tuning is often required to adapt the
existing models to new tasks or datasets [23]. When applied with pretrained LLMs, engineers
always fix the parameters of the original network and add only some FNN modules with a few
trainable parameters into the existing model, e.g., adapters [29]. In this way, the training for
adaptation to new tasks or datasets can be dramatically decreased for pretrained LL.Ms with
billions of parameters, and the well-trained small modules can be directly plugged into other
models to transfer features learned for new tasks. In our theory, features for target functional
are entirely learned by the FNN layers and the attention operator merely embeds probability
measures into function representations. In other words, for different target functionals, all
trainable parameters are contained within the FNN layer, while the attention operator retains
no trainable parameters. This provides a theoretical foundation for the successful application

of adapters.

Another topic arising from our generalization analysis (Theorem 2.9) of distribution regression
with Transformer encoders, is how to efficiently scale up the complexity of the FNN layer.
Recall that in order to balance the approximation error and estimation error, we take n =
O(m% ) where m; is the number of first-stage samples (i.e., probability measures in P(£2)). In
our interpretation of NLP, m; quantifies the complexity of semantics within a dataset. When
training LLMs with increasingly large corpora of texts, m; becomes extremely large. Then to
achieve better generalization performance, we need to scale up the complexity of the FNN
layer dramatically. However, this poses challenges in training process. A popular solution is
called Mixture of Experts (MoE) [16, 87, 32]. Roughly speaking, the basic idea is that for

each query, we may choose one out of a pool of FNNs. A gating network decides which FNN
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to activate based on the input query. This enables efficient scaling with Transformers, since
we can increase the number of FNNs in the pool and just activate one FNN each time in the
training. It would also be interesting to investigate the MoE mechanism further within the

distribution regression framework.

2.5 Proof of Main Results on Transformer-based Networks in

Distribution Regression

2.5.1 Proof of Theorem 2.3

Recall
attn(u) = / ke, ) f(2) dp

for € (P(Q2), v ) where 74 is a metric on P(€2) induced by the universal kernel '

For P, Q € (P(Q2), v ), we have

|attn(P) — attn(Q)Hik

- /Q /Q k(. 9)(2)(y) AP (x)dP(y)

2

[ K f@ap = [ ks ag

Q

Hi

+ / / k() £ (0) £ (y) dQ(x)dQ(y)
9 / / k(x,y)f(2) f(y) dP(x) dQ(y)

2

:‘/Qf(-)k(:c,~)f(x)d73—/Qf('>k(557')f($)d9

:‘/Qzé(z,-)dp—/gl%(:v,-)dQ

where k(z,y) := f(z)k(z,y)f(y). It’s easy to see that k is a Mercer kernel on  x Q.

Hj,

- H%P(P) - %P(Q)‘ : 2.9)
Hj,

Hy,

For any finite nonzero signed Borel measure P, define P;(E) = [, f dP for any Borel
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set . Then Py is also a finite nonzero signed Borel measure, since f is measurable and

0 <cp <|f(x)] < Cfforall z € €2 It follows by the universality of Mercer kernel % that

/Q/Q (e,v)dP(z // z,y) f(@)dP(x) f(y)dP(y) (2.10)

:/Q/Qk(a:,y)dpf(x)de(y) >0 (2.11)

which implies that k is an integrally strictly pd kernel. Therefore, ~; is also a metric on P(Q)

and then attn is an injective mapping defined on P(€2).

Any g € C(Q) can be approximated by Z ", ayk(-,t,) to an arbitrary accuracy when N is

large enough, because

=S apf@)k( ) £ (1) = () (% ~S ak(r, tp))

with o, = #1;) and g/f € C(Q) can be approximated by E _, Gpk(x,t,) to an arbitrary
accuracy when N is large enough. Thus k is also universal. By Lemma 5 below, all universal
kernels defined on the compact metric space €2 metrize the same topology on P({2) as, i.e.,
the weak topology on P(£2), which is the weakest topology such that the map . +— fQ gduis
continuous for all f € C/(Q). Then for the universal kernels &', k, (P(Q), v) and (P(Q), ;)
share the same topology on P(2). It’s also easy to observe that the kernel embedding kp is an
isometry between (P(2),7;) and (kp(P(2)), ]| - ||, ), which follows that &, is a continuous
mapping from (P(£2),9) to (Hg, || - |2, ). Then it can be concluded by (2.9) that attn is
also a continuous mapping from (P (), yx) to (Hg, || - |2, )- [

2.5.2 Proof of Theorem 2.6

First we have the following error decomposition

H(I)’ﬁf - Hn17n2Hp < ||(I)k7f - Hnl”p + HHn1 - Hnl,nz”p (212)
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where H,,, (1) has the form of %, ¢,¢({a,, g)#, + bp) + bo With ¢, by, b0 € R, a, € Hy
for all 1 < p < n; and a certain sigmoidal function ¢. In the following we present upper

bounds for the two terms on RHS of (2.12) respectively.

Step 1. An upper bound for || Dy f — H,, Hi is derived with the help of Lemma 1. We specify
the sigmoidal function and the probability measure in our case as follows. Let ¢(x) be the

sigmoidal function o (x + %) —0 (x — %) Let 5 > 1. Then for ReLU neural networks,

o (BZ + %) —0 (ﬂz — %) — 1{Z>0} } (2.13)

with [0 (Bz+ 1) —0 (B2 = 1) — 1pasgy| < 4 — Before < |z] < % and is 0 for |z| > %

ng = inf {26+sup

0<e<3 |2]>e

_ 1 1
Take € = 55 then we have 75 < 3.

By Theorem 2.3, attn : (P(2),v) — (M, || - |[x) is continuous. Then Borel probabil-
ity measure py; on P(€)) defines another Borel probability measure i on Hy by j(B) =
pu(attn™(B)) where B is a Borel set in H;. Note that Gy ;, the image of the attention

operator, is contained in the closed ball B,.. Then we can denote the restriction of ji on B, by

V.

Recall that ®;, ; has the form of @, ;(P) = & ([, k(x, ) f(z) dP) with ® € T o(Hy,). Then
by taking 3 = n? and the probability measure v, and applying Lemma 1, we get a functional
1/2
LS

defined on B, by Hy, (9) = 3.0, ¢p0 (<ap, D, + bp) with ||, |, < ™, [by| < ni/? for
all p and ||¢[[; < 2rC such that

/H (@(9) ~ Fl,(9)"ldg) = [ (8lg) — iy (9))* v{ds) < (4rey”

m
which follows that

(4rC)*

ni

/ (Pr,f(P) — Hp, (P))? dpn < (2.14)
P(Q)

with H,,(P) = H,, ([, k(z,-)f(x)dP).

Step 2. We discretize the weight parameters {a,} in the network by kernel trick.
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Observe that
ni
H, (P)=> e < / k(z,-)f(z) dP> + by, (2.15)
p=1 Q Hi

and that

<ap, /Q k(x,-)f(z) d73>H

1/2
™

~ [ ka  f@)aP = [ af@s@)ap 216)

k

with [[a |3, <

forall1 <p <k.

T

For (a,,),L; C Hi, we have from the Lipschitz continuity of ¢ that

Z¢ ([wrwap+y,) - 30 ([awswar+ b)‘

o([aorwarn) o [a@rwap+y,)|
[0 - goise)ap)

< ||e]|; max
p

< 2||c]|; max
P

< 2||¢/[1Cy max sup |a,(x) — ()| .
P zeQ

To apply kernel trick and get discrete approximations to network parameters (a,),~;, we take
n € N and
M 4@y . 40) 21" »
T=q@"V,.. ')tV ed-1+— forl1 <j<d
) i=o

to be the uniform mesh on Q = [—1, 1]%.
We choose

n2

ay?(z) = Z a,(ty)uq(z) (2.17)
q=1

with ny = |T| and

(ug)g2y = [(k(zi, %)))aa;em] " (B(, 2))aser
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to be the so-called nodal functions satisfying

1/d
|ap(z) — a?(z)| < laplly, exp <— > Ve Q. (2.18)

2v/d

This can be found in [122] with a constant ¢;, depending on the kernel k.

Step 3. Let Hy, 0, (P) =301, 60 <<a227 Jo Kz, ) f(x) dp>m + bp>. Then we can obtain
that

1/d
HHnl - Hnl,mHi = / (Hnl (P) - Hnl,n2<7)>>2 dp < 16020]2”77'1 exXp (_ ) :

Vd

N

r

Here we have used the bound ||c||; < 2rC and ||a,||, <

Combining this error bound with the estimate in Step 1 and » = C/ (||k|| = 1 for Gaussian

kernels) results in

4CfC 1/2 Ckn;/d
[Pr,p — Hm,nsz < W +4CCpn, " exp | — wd |

d
Let ny = [C 4(logny)?] with Cy 4 = (%) . Then we have the RHS of the above bounded

as

(8Cy)C

nl/2

[Pk,r = hall, < where h,, := H,, ,, with n; = n and ny = [Cy4(logn)?].

Insert the linear expressions of {a7?} in (2.17) into H,,, ,,, and it can be obtained that

Hpyny (P) = Zcp(b (Z Apq /Q k(z,ty) f(z) dP + bp)

where {A,,} is determined by the values of a, on {t,} and K7 and furthermore, a,,
can be bounded by /1y HK;IH2 n}/Q with Kp = (k(24,%;))s,2,er- In conclusion, with
O(n(logn)?) parameters, we can achieve the error bound ||y ; — hn||i = O(n™') with

lelly < 2C5C, [Apql < /2Cka(logn)? || K71 ||, n'/? and [by| < n'/? for all p,q.
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Let h,(P) := c'o (A[attn(P)]r_ps(n> + b) with ¢ € R?" A € R p € R™ and Ty,

the set of s(n) fixed points. Recall that ¢(z) = o(x + ) — o(z — 3) . Now we define

Hypn = {hn el <4rCL A, 4l < \/2Ck a(logn)? HKEIHQTLI/Q and |b,| < 2n'/? for allp,q} :

Since o is homogeneous,

1
Hyn = {hn el < 8rCn'/? A, | < §C'k,d(logn)d ||K;1||2 and |b,| < 1 for all p,q}

By Example 1 in [116], for the case of the Gaussian kernel, an upper bound can be derived
for HKFHQ that

HK;“lH2 < Cl(log n)*dnczlogn
where Cy = (ay/m)C;} and Cy = dn?a®C2Y. Let R = max{,/3CyaCh, Co8C 1},

Then take the hypothesis space to be

Hin = {hn : |lclly < Rn*?|A, | < R(logn)~4?nfleem and |b,| < R forall p, q}.

We see the conclusion of Theorem 2.6. [ |

2.5.3 Proof of Theorem 2.7

Since C'(P(€2)) is a metric space, it suffices to prove that the hypothesis space is a sequentially
compact subset. Let {h!)} be a countable collection of functions in the hypothesis space H g .
By Lemma 5 in the appendix, it suffices to show that the functions {h")} are equi-bounded

and equi-continuous.
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Equi-continuity: For P, Q € (P(Q2), ), we have

[HO(P) = BV (Q)] < ]|y max

;A;{;Lk(x,tq)f(x) dP—qz;Agg/Qk(x,tq)f(x) do

n2
< el ma A0) a
< e ||m{<2\ pal | [ max

no
< el ety (35 1)
q=1

By Theorem 2.3, attn is a continuous mapping from (P(2), %) to (Hg, | - ||, ), which

[ vt sy P - Q)‘

/Q Kz, ) f(2) d(P — Q)

Hi

implies that {h)} are equi-continuous.

Equi-boundedness: For a collection of functions {h)} C Hp,, with b : (P(Q), ;) —
(R, | -]), it’s sufficient to show that {5))} is uniformly bounded. For any n € N, it’s easy to
obtain that

n2
sup R (P)| < ||c(j)||1m3x [(Z \Aﬁfé!) CrlIkI1% + 109
q=1

Pe(P() k)

< Rn2 (Crs(n)(log n) ¥ 2pflen 4 1)
Therefore, H g, is a compact subset of C'(P(£2)). This completes the proof of Theorem 2.7.
[

Our generalization analysis needs an estimate of the covering numbers of the hypothesis space

‘Hr ., which is given by the following lemma.

LEMMA 3. Forn > 3, the covering number N (Hg . €, | - ||) induced by the Transformer

encoders can be bounded as

R
log N (Hin, €] |lo) < Rin(logn)®log (

€

) + Ron(logn)*+? (2.19)

where Ry := 6C}, 4, Ry := 2(8R + 3d) and R := 6 R?*(1 + 2C} 4) max{1,20(Cyq + 1)}.
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For h € Hpg ,, denote oy, (P fQ z) dP]r, T b) with the parameters A and
b1in h. Then we have
lonll <[4l sup
Pe(P(2),7k)

< s(n)R(logn)~%*nfls™ ||k|> O + R

/Qk(x,~)f(a:) dPH + 116l

o

Let / be another function in R With parameters ¢, A, , and b such that ¢ — ¢]ee <

€ Ay — Ay, < eand Hb - BHOO < €. Then we have that
fon =il < Ja=a] s | [stwswar| + o~
o0 Pe(P()7k) 11/ Q 00 >

< (s(n)Cr+1)e

which results in a bound on the final output,

=|l"on = o, < l(c = &) on +[|¢"(on —on)ll

o0

< 2en(2C;Cyq + 1) R(log n)*n®1oe™ 1 Rn'/2(s(n)Cf 4 1)e
< 2C3R e n(logn)¥*nfe™ L 2C5R e n'/%s(n)
S 04(10g n)anRbgn6

for n > 3 where C5 := max{2,4C(Cyq + 1)} and Cy = 2C3R(1 + 2C},4). Let € =

Cy(log n)4n?flenc, Then the é-covering number of H g, can be bounded
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QRRI/T o FR(log md/%%ﬂ Zns(r) FRW 2n

€

NHam e |- ) < [

€ €

~\ 4n+2ns(n)
< (E) (log n)Gdns(n)n16Rn(logn)s(n)
€

with R := 3RC}. Then by taking logarithms on both sides, we obtain

R) + 6dns(n)log(logn) + 16 Rn(log n)s(n) logn

€

log N (Hpn, €| - o) < [4n + 2ns(n)] log (

R
) + Ron(logn)*

€

< Ryin(log n)d log (

where Ry := 12C} 4 and Ry := 4(8R + 3d). [ |

2.5.4 Proof of Theorem 2.8

We apply the following concentration inequalities given in [110] for Z; (D, H g ,) and Zy(D, Hp )

1
Prob {Il(D, HR,n)) > 5 (S<WM90ﬁ,R,n> — 5((,0,,)) + 6}

€ 3mie

<N (HR’”’ w61 ||°°> P {_2048M2 } (2:20)
and

m1€2

Prob{Zy(D, Hp,)) > €} < exp TS ME B+ 2 [ (2.21)
00 3

For Z3(D, Hg.), since HWMQDDR’HH < M and |y;| < M, there holds
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mi

1 o 2
— Z (WMSOﬁ,R,n(/M ?) — yz) - (WMSOE,R,n(/M) - %)

m
Lz

2

lfg(b, M)

IR -
< E Z4M “Pﬁ,R,n(Nz’ )= SOD,R,n(Ni)
i=1
where ¢, . (1) = ¢} (0 (Aw [, k(z, ) f(z) dp] T, T bSO)) and T, denotes a set of
s(n) distinct points in €.

Let g.(x) := k(z,t)f(x) for t € T(,). It can be derived that |g,(z)| < C; for any z € Q.

For each t € T(,), we conclude that

Moe?
Prob{[E(gu(X.)) = Sma(0e(Xi))] > €} < 2exp {—@} ,
f
which follows that

Pmb{ sup |E(g:(X5)) — S, (9:(Xi5))| > E} < 2s(n)exp {—%}2} .

Since

sup [o(pi) — ()| < sup - leg |y HAHootSequ [E(9:(X:)) = Sms (9:(Xi )]

SOGHR,TL @GHR,H

< Rn'?s(n)R(logn)~*nftlene

< C5n2R1°g”(log n)d/2€

where Cs := 2C} 4R?, it can be concluded that

2
P’I“Ob{ sup |S0(HJ1) o w(ﬂ:@” > C5n2Rlogn(logn)d/2€} S 25(71) exp {_77872’62 }
!

SOEHR,n

which results in the probability concentration of Ig(f), Hrn) as

Prob { ‘[3<D, Hrn) > €

} < 2mys(n) mac”
mis(in)ex —
== P 1R CECE s (log 1)
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Similarly, it can be obtained that

Prob { ‘[4(15, Hrn) > €

} < 2mys(n) mac”
miSs(n)ex —
= P 320002 1 [B]2)CaC2n 5 (log )

Finally, combine all the probability concentration inequalities. We can derive

2
Prob { |mueoma= 0| > 20h =l + 8e}
p

€ 3mqe€
< _c . _
—N<HR’”’ 607 | ”‘”) eXp{ 2048M2}
mi€?

2(3M + [[1ll)? (I = lI2 + Ze)

+4 ( ) m2€2
miS({n)ex — .
: P 128 max{ [0, , M2}C3C2n R0 (log )

+expq —

This proves Theorem 2.8. L

2.5.5 Proof of Theorem 2.9

By the construction of the approximation with sigmoidal functions in Theorem 2.3, we have

1Pl < 2C5C.

By inserting the estimations for the approximation error and the covering number into

Theorem 2.8, it can be obtained that

2
> 20201 + 86}
P

3mqe
> + Ryn(logn)*? — 2048342 }

Prob {“WM‘pﬁ,R,n — ¥,

16MR

< exp {Rm(log n)?log (

+ ex — mae”
P\ 26M 120,02 (Con T + 26)

2

mo€
log(8C dlog(logn) — '
+eXP{0g( kam) + dlog(log n) 128(20f0+M)?C,%C§n4Rl°g"(logn)d}
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If € > 202n 71 (logn)**2, then we have

2
Prob{HﬂMgo[)Rn—cppH >9€}
Y p

8M Rn 3my €
< exp {Rm(log n)?log ( 2 ) + Ron(log n) " — 2048}\42}

I 3m1€
ex —
P 8BM +20,0)2

128(2CC + M )*C3Czn*Rleen (log n)d

m2€2
+ exp ¢ log(8C qm1) + dlog(logn) —

3mye 3me
< 1 d+2
exp ./4171( og n) - } + exp {— 8(3 2Cf0)2 }

M€’
+ exp {10g<80k:,d(10g n)mi) — A2n4Rlog2n(log n)d}

where A; = R; <log (8%1%) + 1> + Ry and A, := 128(2CC + M)*C7CZ. If we choose
3C2

20484, M2 )1/ 2 then we have that

the neural network parameter n = [.Agmi/ ?] with Ag := (

3A7TATIC2 12
when 1 < log(8Ck qgm1) < “sgeim—m,'",

2 =9\ < 3me 3me L 3me
€ ex — exX —
) =P 409602~ 204802 P 8(BM + 2C,0)2

Moe?
+ exp {1og(8Ck,dm1) + dlog log(Asm; %) — Azn‘*Rlng”(lOg n)d}

Prob {HT{'M(,DDRm — ©p

3mqe 3mqe
<expy——75 ¢ +Xpq —
- 4096 M2 8(3M + 2C'fC')2

Mo€?

+ GXP{A4 log(8Ck,dml> - Agn"‘Rlog”(log n)d}
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1
Azm?

1\ 8Rlog
where A, := 2d(1 + log(log A3)). Take mgy > |As <A3mf> ( ) with A5 =

3mq

Prob H ’ >0epr <e UG +e S
Vs 2 — € X — X —
MPD.Rn — Pr||, = P T 4006012 PAT8(3M + 20,02

Lo 3me 3mqe
X J—
P 100602 ~ 20481012

< 3 3m1€

exp{ — )
= 2P\ T 256(4M + 20,02
Let 7 = 9¢ and it can be obtained that

1
9 m2T
Prob H SR — H >Te<3 - 1
1O { TMED,Rn = Pof| =T (=P 768(4M +2C;C)?

for 7 > 18C?n~!(logn)?*2. Then by the formula for the expectation of the non-negative

random variable &, E§ = [° P(¢ > ) dr, we get

o0 2
B(E(ragnn,) — St = [ Prob{|muep po— o > 7har
0

18C2n~1(log n)+2 2
= / +/ Prob{HﬂMgprn — || > Tidr
0 18C2n~1(logn)d+2 T p
1
< 1802 -1 1 d+2 / 3 o miT d
S 18Cnlogn)™ 4 | Sexpy —mesrn e, (4

< Agmzé <log <A3m1%> ) il

where Ag := 36C2A;" + 2304(4M + 2C;C)?. This proves the desired bound when the first

stage sample size m, satisfies

302 ;

1 < log(8Cyam1) < mmf and | Asm? | > 3,
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we can see that this restriction on m; is satisfied when m; > A; where A; is constant

depending on Cy 4, C., As, A4 and M. When m; < A7, we can also easily see that

_1 1\ d+2
E{E(Tup,nn) — E(9)} < AM? < AN/ Armny * (log (Agm? ) )

and thereby the desired bound still holds. This completes the proof of Theorem 2.9. |

Appendix A

Ascoli-Arzela theorem

LEMMA 4. let {f;} be a sequence of continuous functions from a separable topological
spaces (X, T) into a metric space (Y, dy). Assume that the functions { f;} are equi-bounded
and equi-continuous at each x € X. Then, there exists a subsequence {f;} C {f;} and
a continuous function f : X — Y such that {f;} — [ pointwise in X. Moreover the

convergence is uniform on compact subsets of X.

Weak Topology of Probability Space

LEMMA 5. [96]. Let (2, m) be a compact metric space. If k is universal, then -y, metrizes

the weak topology on P(2).

We need to show the topology induced by -, is equivalent to the weak topology, i.e., for
measures {P,} C P(Q), P, = P iff 43(P,, P) — 0 as n — oc. First, since k is universal,
H. is dense in C(€2). Then for every g € C(Q2) and every € > 0, there exists a ¢’ € Hy, such

that ||g — ¢'|| . < €. Therefore, we have

/gdPn—/gdP‘:
Q Q

< / g g dPa + / 19 — gl dP + 1lg/ll,, w(Po. P)

/Q(g_g/)dpn—F/led('Pn—'P)—l—/Q(g’_g)dP’

< 2 + 119" lly4, Y(Pn; P)-
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Since € can be arbitrarily small, (P, P) — 0 implies that P, 5 P. 1It’s also trivial that

P, = P implies 7i(P,, P) — 0, since ||gll o, < [|kll lglly, for g € M.



Chapter 3

High-Dimensional Learning Framework

3.1 Introduction

Deep Learning [43] has achieved remarkable successes in processing big data from many
practical domains with its superiority in approximation, expressivity, and generalization.
Along with the achievements in speech recognition, computer vision, and natural language
processing, it is worth noting the recent breakthroughs in scientific research by deep learn-
ing methods, e.g., AlphaFold [84] for predicting protein molecule structures. To address
the diverse challenges emerging from various research fields, neural network architectures
[79, 48, 47, 37] have been developed that possess the capability to process function-input
cases with more complex data structures than speeches, images and texts. However, with their
impressive performances in solving scientific problems in practice comes a paucity of theoret-
ical understanding about how they work so well across different domains. Before introducing
the latest applications and theoretical results about learning with data from function spaces by
neural networks, we first recall some definitions and approximation results of neural networks

defined on the Euclidean space R%.

Since the late 1980s, the approximation properties [3, 11, 39] have been well studied with the

classical shallow neural networks of form

fN(Jﬁ) = cha(ak T+ bk>

k=1
43
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with a;, € R? by, ¢, € R and o an activation function from R to R. The fully connected
multilayer neural network (FNN) of layer L is defined by applying shallow neural networks

inductively,

fO@) =0 (AV @) +0V) ) 1=1,2,...,L

where the activation function o acts element-wise, d; € N is the number of hidden neurons
(width) in [-th layer, AW is a d; x d;_; matrix without special structures, b) € R% and
fO(z) = x with dy = d. The expressivity of FNNs was also well explored in [71, 60, 109,
70].

Later, when deep learning started with the mission to reduce redundant parameters and im-
prove computational efficiency, convolutional neural networks (CNNs) were proposed with
the mechanism of weight sharing. Convolutional kernels in CNNs induced by 1-D convolu-
tions were formally defined by Toeplitz matrices in [120, 119]. For a 1-D convolutional filter
w = (wg)gez supported in {0, 1,..., s} and an input © = (xy)xez supported in {1,2,...,d},
the 1-D convolution between w and x is defined as

d

(wxx); = Zwi_kxk = Zwi_kxk, 1 €7 (3.1

keZ k=1

which by considering possibly nonzero entries of w * x, gives a (d + s) x d Toeplitz matrix

T ) )
wWo 0 O o0 ... 0 O
w1 wWo 0 0 Ce 0 0
Wg  Wg—1 %)) 0 0
0 Wg w1 0
T =
0wy w1 Wo
0 ws w1
0 0 ws |
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Similarly with the fully connected neural networks, a deep convolutional neural network

(DCNN) is defined by the iteration
fl(a) = o(TO V(@) +09), 1=1,2,...,L

where T € R%*d-1 i a Toeplitz matrix, b € R%, d; = d + sl, and f©)(x) = 2 with
do = d.

The FNNs and CNNs defined above show great superiority in tasks in speech recognition,
computer vision, and natural language processing, but cannot be applied directly to the tasks

of learning operators defined on function spaces with infinite dimensions.

Recently, [92, 93] proposed functional nets to learn functionals with certain smoothness and
[89, 110] showed some results in distribution regression with neural networks. Although the
recent works [93] achieve almost optimal rates in the respective learning tasks, the claimed
network architectures declined to meet those applied in practice, e.g., Fourier Neural Operators
(FNOs) and Physic-informed neural networks (PINNs). FNOs [48] are inspired by the integral
form of solutions to partial differential equations and extensively used in scientific computing.
Convergence rates of approximating solutions to some PDEs by FNOs are studied in [41],
while approximating an operator with a more general smooth condition by FNOs has not been
considered yet. Apart from the network architecture, the input function space also plays an
important role in learning from functional data. For example, [92] took LP([—1,1]¢) as the
input space and obtained the approximation rate O ((%) m/d) with M nonzero
parameters, when the functional is defined on the unit ball of the Holder space C*[—1, 1]¢
and is Lipschitz A with 0 < A < 1. To alleviate the effect of the curse of dimension, the
Korobov spaces are considered here. Compared with the works [62, 56] on a Korobov space
of functions vanishing on the boundary of a cube, the Korobov space discussed in this chapter
is a reproducing kernel Hilbert space (RKHS) of periodic functions, and the capacity and
the efficiency of approximation by the Korobov space are intrinsically related to the kernel

functions of which polynomial cases and exponential cases are taken into consideration.
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In this chapter, we are interested in approximating a nonlinear continuous operator F' :
Hg .~ — R by anetwork consisting of the FNO and a DCNN, and Hy, ., is a Korobov space
of periodic functions where a network with an FNO is defined. We establish a theory to show
the ability of FNOs to extract features of functions from Korobov spaces. Then we construct
a DCNN with multiple channels to realize the high-dimensional interpolation with a great
reduction in the number of parameters from O(d?) to O(log, d). Finally, a convergence rate,
which beats the curse of dimension, is achieved by our proposed network. The remainder
of this chapter is organized as follows. In Section 2, the definitions of Korobov Spaces and
Fourier Functional Networks will be introduced. The main results of this chapter will be

established in Section 3, and the proofs of the main results are presented in Section 4.

3.2 Definitions

3.2.1 Korobov Space

The Korobov space Hy -, of one-periodic functions is a separable Hilbert space with complex-
valued functions which can be specified by values on T? := [0, 1]¢. The parameter o > 0
or o = 0o measures the smoothness of these functions. Throughout the chapter, we always
assume o« > 1 in which case H,, , becomes a reproducing kernel Hilbert space of periodic

functions.

Let {a;} and {b;} be two positive sequences such that 1 > a; > ay > --- > 0 and
b :=inf;eyb; > 0. Then v = {7, };en can be expressed in terms of the two sequences {a; }
and {b;} as v; = (a;, b;). Though the definition of the Korobov space H,, -, uses only the
truncated sequences {a;}?_,, {b;}9_,, our main results stated in Theorems 3.6 and 3.7 below

give the dimension-independent rates of approximation and allow d to be as large as possible.

For h = [hy, ha, ..., hg] € Z2, define the weight function as

d
wa(’% h) = Hwa</yja h])
j=1
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For the polynomial case with o < oo, let b; = 1 for all j and
Wq (7]'7 h]) = o )
|hi|™ Ja; if hy # 0.

For o« = o0 in the exponential case, we fix w > 1, and take

woo (V55 hy) = wlhil” /a3,

The Korobov space Hg - of complex-valued one-periodic functions is defined on T¢ with a

reproducing kernel
exp(2mih - (x — y))

wa (v, h)

Note that in both the polynomial case and exponential case, the kernel is bounded, that is,

K = SUp,era \/ Ko~ (2, ) < 00.

Ka,v(mv y) = Z

hezd

The inner product on the RKHS can be easily seen by the periodicity of functions as

<f7 g)H - Z wa(’}/a h’) A(h>g<h)7 fag € Hd,a,'Y

hezd

where f is the Fourier series of f, given by

f(h) = 5 f(x) exp(=2mi b - x) da

and g(h) is the complex conjugate of the Fourier series g.

The norm in the RKHS Hy , ., 1s then given by

) 1/2
£l = (Zwaw,h)]f(h) ) .

Since wq (v, h) > 1, we have

1A 2y < W F1la



48 3 HIGH-DIMENSIONAL LEARNING FRAMEWORK

forall f € Hya. Thus, Hyo., C Lo(T?) where Ly(T?) denotes the space of square integ-

rable one-periodic functions with norm || f| ., ra) = (fga | f(2)[*dz) /2.

REMARK 3.1. Before exhibiting the approximation in the Korobov space H, , ., we would
address the essential assumption o« > 1 to control the smoothness. For example, taking
d =1, if ais an even integer, then for any [ € Hgy ., f is 5 times differentiable, and its k-th
derivative is absolutely continuous for k = 1,...,5 — 1 while the 5-th derivative belongs to
Ly(T%). In the exponential case with o = oo, the Korobov space Hg . consists of periodic

functions that are analytic. For more details, refer to [64].

As in learning theory [91], the Korobov space can be understood by an integral operator
approach which will enable us to derive projections onto finite-dimensional subspaces for
discretization in operator learning. Define the inclusion mapping id : H, ., — La(T?) given
by id(f) = f. Then [lid|| = 1 because || f|[;, sy < [|f||;r and the equality holds for constant
functions. Moreover, the adjoint operator of id is the integral operator id* : Ly(T?) — Hy, -,
given by

id*(g) = | Kany(-x)g(x)de.

Td
Consider the positive and self-adjoint operator 7" := id*id : Hy o — Haa,. We have

(Tf,9)m = (id(f),1d(9)) Ly(ray = (f, 9) Lo(Te)

which follows by the reproducing property that for any f € Hyq 5,

Tf(x) = (Tf, Kany(, ) i = {f; Kar (%, ) 1o(re)

= > w, ' (7. h) f(h) exp(2mih - x).

heZd

Here {wa Y ?(7, h) exp(2mih- ) Ypeza is a set of eigenvectors of T" and an orthonormal basis of
Hg . Since
> wil(v,h) =K < o0,

hezd
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T is a trace class operator and id is a Hilbert-Schmidt operator and thus compact. Now we
can state projections on the Korobov space for discretization in operator learning. This is

done by keeping components with truncating the eigenvalues {w (v, h)}.

Fore € (0,1), let
R(e,d) :={h € Zg: w, (v,h) > €}

be the set of selected eigenvalues and
Apa(f)(z) = Z f(h) exp(2mih - x)
heR(e,d)

with n = |R(e, d)|. According to a general procedure about such projections described in

Lemma 9 in the Appendix, we see that A, ; achieves an L, approximation error e, that is,

HAn,d(f) - f”L2(’]1‘d) § 6”fHH for f S Hd,a,'y'

3.2.2 Fourier Neural Operator

One of the main findings of this chapter is the realization of the projection A, 4 by deep FNOs
induced by the activation function o : C — C coupled by the rectified linear unit (ReLU)
max (0, z) and defined as o(z) = max(0,z) 4+ i max(0,y) for all z = = + iy € C. A core
ingredient of an FNO layer is a finite impulse response (FIR) filter or kernel P. Here, we take

the FIR range to be the frequency domain
[hm ={h € Z*: |h|, < m} withm € N.

Then we define the truncated Fourier coefficients F,, : Ly(T%) — C!"lm and inverse transform

Fo1.CemD)? [ (T?) respectively as
Fm(v)(h) = / v(x) exp(—2mi h - x) dx, for h € [h],,
Td

]:_1(@)(:”) = Z Up, exp(2m' h - 93), for ¢ € C(Qm"_l)d,

he[h]m
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An FIR kernel P : [h],, — C induces a filter operation on the space of periodic functions as

v € Ly(T4) — F,,'(P ® Fp(v)) where @ is the Hadamard product given by

P © Fn(v) = [P(h)Fu(v)(h)]nep)m-

DEFINITION 3.1 (Fourier Neural Operator). A deep FNO network {v,}-, of depth L € N
with vy € Lo(T?) is defined as

U1 = U(wz+1vl + e+ Fp (P © ~7:m<Ul))>

where wiy1,c.1 € C are parameters and Py : [h],, — C is a FIR kernel. For the
filter sequence { P}, we define the kernel size s € N to be maxcy, | supp(F))| where
supp(P,) = {h € [h]m : P(h) # 0} and | supp(P,)| denotes its cardinality.

From Lemma 9 in the appendix, we know that the linear approximation A,, 4 is the optimal
approximation to achieve an error bound € with n = |R(¢,d)|. We denote the radius of

R(e, d), to be the largest coordinate in norm, by

R(e,d) = hérll%?gd) |h;| .

We define our Lo-approximation in the Korobov space H; , , by the FNO layers as a mapping

V: Hyo~r — Hgq of the form
V(f)=LroLryo---oLi(f)

where for 1 <[ < L — 1, £;(v;—1) = v; as defined in the iteration in Definition 3.1 and
vg = f. For | = L, we add an end-to-end skip connection into the structure and remove the

activation function:
£L<UL—1) = w/LUO + wng_l +cr + ./T"n_ll (PL O) fm(UL_l)).

Then we have the following proposition proved in the appendix to show the capacity of FNOs

to extract features for the approximation.
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PROPOSITION 1. For the Korobov space Hy ., with o > 1 and any € € (0, 1), there exists
a deep FNO YV with the kernel size 1 < s < |R(e,d)|, (@1 layers and m = R(e, d),
such that for any f € Byan Y(f) = Ana(f) and then ||f —V(f)||,re) < € where
Baoy :={f € Haay : [ fllg <1}

The FNO layers project the Korobov function space onto a finite-dimensional space with
an estimation on L, error, instead of utilizing a fixed polynomial system on L?([—1,1]%)
in [92, 93]. Korobov spaces exhibit different underlying structures characterized by the
weight functions w, (7, h), which necessitates the use of varying systems of n trigonometric
polynomials for the n-th optimal approximations (Lemma 9). There is also an advantage
of FNO layers over the fixed trigonometric systems to extract finite-dimensional features:
the FNO layers with the same network structure can adapt to Korobov spaces with different

structures and achieve the optimal approximations as described in Proposition 1.

For W satisfying Proposition 1, the features extracted by the FNO Layers are defined as
F.(f) = WeF,(2(f)) (3.2)
where Wy is a 2n x 2(2m + 1)¢ matrix with 2n real weights and F/, := vec oF,,, with
vee([z; + iy;limy) = w1, y1, - @5, 45, cxy, )" forany t € N.

The effect of the matrix Wy is to preserve information in certain frequency domain i.e.,

h € R(e,d) and filter out the other by taking

WeRe(f(h)), Im(f(h))]5epp,, = [Re(f(R)), Im(f(R))]fepea € B>

REMARK 3.2. Compared to recent advances in complex-valued neural networks [102, 20],
the FNO layers F,, o ¥ also produce complex vectors. However, the input of our FNO
layers consists of functions from Korobov spaces rather than complex vectors in CY. In this
setting, the analytic properties of complex functions become less significant when studying the
approximation of Lipschitz functionals. Although exploring the use of an FNO structure for

approximating complex functions would be interesting, it lies beyond the scope of this chapter.
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3.2.3 Fourier Functional Network

Based on the extracted Fourier features, we now utilize a DCNN with multiple channels
to learn an approximation to nonlinear operators. The convolution operation (3.1) and
downsampling methods were extensively studied for a DCNN network structure in [120, 119].
Inspired by these works on DCNNs, we define multi-channel CNNs with downsampling

operations here.

DEFINITION 3.2 (Convolution with Multiple Channels). For channel size c € N, let w :=
{wW}c_, be a collection of convolutional kernels supported in {0,1, ..., s.}. Then for an
input sequence x = (xy,)rez with x, € R supported in {1,2, ..., d}, the 1-D multi-channel
convolution with a replication padding [-] between w and x is a summation of the convolutions

on each channel, defined as

[

w* [x] = Za (w(j) * [x] + b))

j=1
where b; € R¥tset2

[x] = (21,21, T2, X3, . .., Tg_1,Tq, Tq)
and w9 « [z] is defined to be the vector restricting onto {1, ..., d + s} of the sequence filter

by (3.1)for1 <j <c

DEFINITION 3.3 (Downsampled DCNN with Multiple Channels). For D € N, the down-
sampling operator D,, : RP? — R¥P) with a scaling parameter v < D is defined as

Dy(v) = (Uk:u+1)1gk§k(D),U € RD, with
D
s {112 |2] w1 <}
v

Then a downsampled DCNN with multichannel kernels {w; } £, with kernel size s. has widths
{d,}, defined iteratively by dy = d' and d; = k(d;_1 + s. + 2) forl = 1,..., L, and is a

sequence of function vectors
() = Dy(w; x [v_1(z)] + b)) for 1 <1< L

where by € R4-175+2 gnd yy(x) = .
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Motivated by an interpolation framework in [92], the CNN structure defined above can realize
a high-dimensional interpolation function with a great reduction in the number of parameters

as shown in Lemma 6 below, which plays a significant role in the functional approximation.

LEMMA 6. Letx = (11, 2o, ..., 3q) € [—1,1]% then the function min(x) = min{zy, ..., 14}
can be represented by a DCNN of kernel size 2 and channel size 4 with [log, d| layers and

13[log, d] total parameters.

Then we shall present the definition of our novel Fourier Functional Network. The Fourier
Functional Network consists of FNO layers followed by a multichannel DCNN, where FNO
layers learn a vector representation for each input function from a Korobov space and the

multichannel CNN performs an approximation to functions from a Euclidean space to R.

DEFINITION 3.4. Let f € Ly(T?). First we define for each j € N that
Y (f) = Tro(WFa(f) + b))

where ¥, is defined by (3.2), W, is a (4n* + 2n) x 2n matrix with 8n? possibly nonzero
weights, b; € R4"2+2”, I'y: R4 +2n s R js a DCNN of kernel size 2 and channel size 4 with
scaling parameter v = 2 in Lemma 6. Then for M € N, the Fourier Functional Network ® is
defined as

M
O(f) = GOY(f) (3.3)
j=1

where (; € Rfor1 < j < M.

3.3 Main Results on Fourier Functional Networks

Our main results in this chapter are stated below and proved in the next section. Suppose
F : Ly(T?) — R is a continuous functional with modulus of continuity wy defined for ¢ > 0
by

wr(t) = sup{|F'(f) = F(9)| : I/ = gllpocray < t}-
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Then for the unit ball By, ,, we consider the functional approximation on the subspace Hy . -

of Ly (T?) by a Fourier Functional Network ®. The following theorem demonstrates a general

result of the approximation to a nonlinear continuous functional F'.

THEOREM 3.5. Letd,n, M € Nandn > 2. If F' : Ly(T?) — R is a continuous functional
with the modulus of continuity wg, then for the unit ball By~ of Hq ., C Lg(Td), there
exists a Fourier Functional Network ® with the number of possibly nonzero parameters at

most 2M such that

S F() = B0 < v (o) +dnsr | C(F)

where €4 = supsep, . |f = And(f)l 1, xe) and C' is a constant independent of n or M.

To derive asymptotics of the approximation, we need to investigate properties of the weight
function w, (7, h) which yield the approximation bound for ¢,, 4. The polynomial and expo-

nential cases are dealt with in the following lemmas from [65, 15].

LEMMA 7. Polynomial Case: If 1 < o < 00, we define the sum-exponent s, of the sequence

{a} as

sa:inf{3>O:Zaj<oo}.

J=1

If sq < 00, then for any positive n, there exists a positive A, depending on 1, a and {a;} such

that

|R(e,d)| < Ay forall e € (0,1), (3.4)

where p* = 2max(s,, a ) is so-called the exponent of strong tractability.

LEMMA 8. Exponential Case: If a = oo, then for any sequences {a;} and {b;} with

B(d) = Z;l:l L and p}; := 1/B(d), we have the following exponential convergence:

Pq
sup || f = Ana(f)ll 1, ey < Aoexp {— (%) } (3.5)

feBd,a,'y
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where Ay, Ay are constants, depending on d.

If B .= Z;; i < o0 and p* = 1/B, then the uniform exponential convergence can be

obtained by (3.5) that

o
sup Hf - An,d(f)HLQ(Td) < Agexp {_ (%) } } 3.6)

feBd,a,v

Then by Lemma 7 and Lemma 8, the approximation rates, which beat the curse of dimension,

are obtained from the general result in Theorem 3.5, and stated in the following:

THEOREM 3.6. (Polynomial Case) Let d € N, M > 8,5 > 0and 1 < a < 0o. Suppose the
parameters of the weight function w, (7, h) satisfy that s, < co. Let p* = 2max(sq, a™t). If
wr(r) < Br for some X\ € (0,1], then there exists a Fourier Functional Network with the
number of possibly nonzero parameters at most 2M such that for any positive number 1, with

p = p* +n, we have

B log M —Mp
Jm P() = 8()] =0 ((—1og<1ogM>) ) .

THEOREM 3.7. (Exponential Case) Let d,M € N,5 > 0 and o = oo. Suppose the

parameters of the weight function w, (7, h) satisfy that B = Ej; & <oo. Letp* = 1/B. If
J

wp(r) < B for some A € (0,1] and M > N3, ;.. € N (1o be given in the proof), then there

exists a Fourier Functional Network with the number of possibly nonzero parameters 2M

such that

sup |F(f) = ®(f)] = O (exp (—r(log )71 ) )

feBd,a,'y

where T is a constant depending on d, \, p*.
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3.4 Proof of Main Results on Fourier Functional Networks

3.4.1 Error Decomposition

The approximation of the nonlinear functional /' will be analyzed by an error decomposition

procedure. For any f € By, ~, we have the following error decomposition

[F(f) = ()] < |F(f) = FoAna(f)| +1F o Apalf) — 2(f)]
< WF( “f - An,d(f)||L2(’J1‘d)) + |¢F © (Mn o An,d)(f) - (I)(f)| (3-7)

with ¢ = F ot where

pn ¢ (Ana(Baan): Il yray) = R ]1-l)

is an isometric isomorphism given by

o | Y f(hyexp(2rib- ) | = [Im(f(h), Re(f(h))]rerea-
)

heR(e,d

For the RHS of (3.7), the first term can be bounded by the approximation error of the projection
operator A,, 4. For the second term, note that ¢ : R?>" — R is a real-valued function and we

can estimate the modulus of continuity ¢ by wy. In fact, for any u, v € R**, we have

|0r(u) = dr(v)] = [F oy (u) = F o' (v)|

< wp (Hugl(u) - uﬁl(?})”mm)) '

since [|gll ) = (Cpeza [3(h)2)"? for g € Ly(T), the RHS of the above inequality

becomes

n 1/2
wWF (Z(“i‘“ — o)+ (- v}fe)g) = wr(lu =)

k=1

which follows that wy(r) < wp(r).



3.4 PROOF OF MAIN RESULTS ON FOURIER FUNCTIONAL NETWORKS 57

Having obtained the smoothness condition of ¢z, we construct a multichannel DCNN by

Lemma 6 to approximate ¢y in Theorem 3.5.

3.4.2 Proof of Theorem 3.5

Proof. Similarly with Proposition 2 in [92], to construct an approximation to ¢ by a mul-
tichannel CNN in our Fourier functional network, we define the piecewise linear interpolation

H:R*™ > Ras

Hp) = 3 or()0 (N (y— 5)) (3.8)

2
£eg
where G = {—1+%i:i=0,--~ ,N}znand
Y(y) =0 (min {r]?;n (14 v — yj) ,mkin (1+yx) ,mkin (1-— yk)}) . (3.9
J
We first denote a simplex in R’ by
Dy =AY €R™ 10 < yp) = mp1) < -+ < Yp(an) — Mpany < 1},

where 1 = (91, ;o) € Z*",y = (Y1, ,Yon) , p € Py, the set of all permutations of

2n elements. Then {A, ,} is a partition of R*". It’s easy to check that ¢(0) = 1,

WGZZ" 7p€732n

and ¢ (y) = 0 fory € Z*"\{0} and ¢ is linear in each simplex A, , for n € Z, p € Pay,.

By Lemma 6, we construct the linear interpolation ¢ by multichannel CNNs with much fewer

parameters. Since v is in the form of
o(min{a; :i=1,--- ,4n® +2n}) = min{o(a;) : i = 1,--- ,4n* + 2n},

then the piecewise linear interpolation ) : R?" — R can be represented by a DCNN of kernel

size 2 and channel size 4 with [log,(4n? + 2n)] layers and 13[log,(4n? +2n)] in the form of

Y(y) = —Tr(c(Way + b2)) (3.10)
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where L = log,(4n? + 2n), Ws is a (4n? + 2n) x (2n) matrix with 8n? nonzero weights

by = 1 such that

W2y+62:[1+y17 71+y2n71_y17“' 71_y2n;

L+ —yo, L4+ —Yon, o L4 Yon — 1, -+ s 1+ Yo — Yon—1]

Let e =1 (%(y —¢ )) and then it follows that

Ve = =T (c(Wony + bag))

where W n = %Wg and by ¢ = 1 — Wy n&. Then H can be written into

H(y) =D (=or())Trlo(Wany +bac)) (3.11)
§eg
which can viewed as a linear combination of the outputs of the multichannel CNN with

different input features. This structured network has the depth [log,(4n* + 2n)] and number

of nonzero weights
M < 2(N +1)" 4 8n? + 13[log, (4n* + 2n)] < cin?(N + 1)*" (3.12)
for some absolute constant c;.

Next, we show how to approximate ¢ by H and estimate the approximation error. For any
y € [—1,1]?", there exists a simplex /A containing y. Then we denote the restriction of H on

A by Ha. Then for r > 0,

wrs (r) = sup{|Ha(y1) = Ha(ya)l : lyr — w2l < 791,02 € A}

<sup [|[VHA()|l,r < V2nsup [VHA(y)| 7 (3.13)
yeA yeEN
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where V is the gradient operator. Since H, is linear in A and interpolates ¢z on every node,

we can obtain that

0, Ha (y)] = \%F(a» - ¢F<ﬁj>>] <5 ()

for 1 < j < 2n, where o, 3; are the vertices of /A with the same coordinates except for the

j-th coordinate. Since H coincides with ¢ on every vertex of /\, it follows that

o 1or(y) = H)| < w, (@) o, (@)
(53 ()
< wy (L\/ﬁj%) + g (%)

o () ()

< dnwy (%) < dnwp(2/N).

IN

Since N > % from (3.12), we have that

sup [ or(y) — Hy)|| < dnwp (M”> (3.14)

ye[-1,1]2n 2

where co = 2¢;.

Let our Fourier functional network @, with M = (N + 1)*" to be

H(Eo(f)) =Y (=¢r(€)Tr(o(WonFo(f) + b)) (3.15)

£eg

Then from (3.7) and Proposition 1, it can be obtained that

sup |F(f) — @(f)| < wr (€na) + 4nwp (J\C;:> . (3.16)

feBd,a,'y 2n

Take M to be the largest number satisfying (3.12), then the total number of parameters 4n+ M
can be bounded by 2M. The proof of Theorem 3.5 is complete.
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3.4.3 Proof of Theorem 3.6

Proof. With the assumption on the weight function w,(y, #) in the polynomial case, we have
€na < Cyn Y P F with p* = 2max(s,, a~!) and then for any p = p* + 7 > p*, it follows
that

sup |F(f) —®(f)| <8 (Cn?”fl/p)A +40n (Cnl/"M’l/(Q”)))‘
feBd,a,w
< BC)nMP 4 4BC N N,

Since n'/™ < 3 for all n € N, by taking Cs ,, = 163(3C* + C;) we have

[up |F(f) = ®(f)| < Copy (VP + b= E)
€ d,a,y

To obtain a convergence rate with respect to the number of possibly nonzero parameters 2/,

we need to build some relations between n and M. We choose n to be the integer such that
Chpnlogn <logM < C) ,(n+1)log(n+1)
where Cy, = 2(p~' + A71) > 2. It follows that
A A
——logn > logn — — log M
P 2n
and therefore, n=*? > nM~*/2")_ Then we have

sup |E(f) — ©(f)] < 205, V7.
feBd,a,w

Since n > 2, we have n < ClogIM < log M, which follows that
\plogn

log M < Cyp(n+1)log(n + 1) < 4C) ,nlogn < 4C, ynlog(log M).

Finally, we can obtain the result that

sup |F(f) = ®(f)] < 2Cp0,(4C )" ClogM \TMP
s, = A\ log(log(M))
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It’s easy to see 4n < M by the relation between n and M. Then the total number is less than

2M. This completes the proof of Theorem 3.6. [

3.4.4 Proof of Theorem 3.7

Proof. In the exponential case, ¢, 4 has an exponential convergence rate as Cj exp (—%)

where (), C are constants depending on dimension d. Then we have

P\ \
sup [F(f) —@(f)| <8 (Co exp <—%)> + 48n (Onl/nM—l/@n))/\
1

feBd,a,'y

p*

< BC3exp (— An

+ 48C M VN @),
C1

Let Cf ,, = 163(3C* + C3)) and then it’s obtained that

An?”
sup |F(f) — @(f)] < Ch.,, (exp (_ n ) +nM/\/(2n)) '
feBd,a,7 o Cl

Similarly, we need to balance the two terms on the RHS. Here we choose n to be the smallest

integer not less than V- € N such that

O)\Vdnp*—kl S 10gM < C)\’d(n + 1)p*+1

X
N :nP" >logn}. It follows that

where C) 4 = 2 (c% + l) > 2 and N,- is determined by p* in the form of N,- = min{n €

2 . 2 «
an +y anogn < Crgn” T <log M
1

and that exp (—%) > nM~* (") Then we have

sup |F(f) —@(f)| <2C5,, ¢ ( )\np*)
— xp | — :
feijE)m,w - Bxn P 4

Similarly, we also have log M < Cy 4(n + 1)P" ™! < C, 42P"*'nP 1 and then we can obtain

the final result

sup  |[F(f) = (f)] < 2C% , , exp

(_ (log M)p*/(p*+1>>
f€BG o~ A d,p*
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with C) gy = C1(Ch 2P )P"/®" ) when M is bigger than N}, . where N, . =

min{m € N : logm > CA,dN}f:H}. This proves Theorem 3.7. |

Appendix B

Finite-Dimensional Projection

LEMMA 9. [64] S : H — G be a bounded linear operator between a Hilbert space H with
dim(H) > n and another Hilbert space G. Let 0; = \/\;, where \; > Xy > --- > 0 are
the eigenvalues of W = S*S : H — H with W (e;) = \;e; and orthonormal {e;}. Then the

linear algorithm
n

A(f) =3 (foe) S (@)

i=1
is the n-th optimal approximation.

Proof of Lemma 6

Proof. We adopt a Divide and Conquer method here by noticing that min(z) = min{g(x)}

where
(@) (min(zy, x2), min(zs, x4), ..., min(xy_1,z4)), if diseven
g\xr) =
(min(xq, x9), min(xs, x4), ..., min(zry_9, x4-1), xq) ,if d is odd.
Note that min(z;, z;) = — max(—x;, —z;) = — <7xi27xj + ‘ﬁ";xj‘) and that |—xz; + z;| =

o(z;—x;)+0(x;—x;). Then it can be easily obtained that max(—z,, —z;) can be represented
as a convolution operation with size 2 kernels and 4 channels. Let w = {w™, w® w® w®}

withw® = (=1,0),w® = (0,-3) ,w® = (—1,1) and w® = (1, —1) and bias vectors
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61:1,62:1,b3:0andb4:0. Then

ol b) = (11= 1= 1= =)
o fa 4 ba) = (1= 1= 1= =)

o(w® % [2] + by) = (0 (%),0,0<x2;x1) ,a(f"?’;“) )
oo 0= o ()00 (255 o (255 ).

It is easy to notice that starting from the third element, the sums of the elements at odd

positions make up the negatives of desired minimums. These values can be retrieved by the
downsampling operator with scaling parameter » = 2. With the replication padding, the last
minimum sampled is always min (x4, z4) or min(zy4_1, z4), instead of the value min(z4, 0) at
the end of vectors. No matter whether d is even or odd, the minimums of every two neighbor
elements defined above are the elements of the output vector of —Ds(w * x + b) with b = —2.

Next, we show that the above CNN with [log,(d)| layers can represent the minimum function.

The input dimension can be always written as d = 2P 4+ ¢ where p,q € N and ¢ < 2P. Recall
that the expression of the downsampling operator is Da(v) = (vaj41)1<k<k Where k = [ 2]

for v € RP+3,

Given p', ¢’ € N such that ¢ < 2. Assume that for any p < p/, ¢ < ¢ with ¢ < 27, the
minimum of 2 + ¢ elements can be obtained by the above CNN with [log, (2P + ¢)], i.e.,
p + 1 layers.

For p = p' + 1,q = ¢/, we know that after one layer of the CNN with downsampling, the
dimension is reduced to L&;q,HJ =2r + Lq/THJ Then the minimum can be obtained
with another p’ layers due to L‘/THJ < ¢ < 2¢. Thus for D = 2°*! 4 ¢/, we can get the

minimum by the CNN with p’ + 1 layers.

Forp=1p,q=q +1,if ¢ +1 = 2", it corresponds to the case where p = p’ + 1 and ¢ = 0,
under which the minimum can be retrieved with the CNN of p’ + 1 layers. Otherwise, after

one layer of the CNN, the dimension is reduced to 2?'~! + L%/ + 1]. Then the minimum can
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be obtained with another p’ — 1 layers, since ¢ < 2 — 1. Thus, the CNN of p’ layers can get

the minimum with the input dimension 27" + ¢’ + 1.

By induction, we show that for any input vector with dimension d, the minimum of elements

can be obtained with the CNN of [log,(d)] layers. |



Chapter 4

In-Context Learning of Efficient Transformers

4.1 Introduction

Transformer-based neural networks have become the foundation of modern deep learning
frameworks for natural language processing [14, 6], computer vision [24, 68] and scientific dis-
covery applications [35]. Especially when trained with large and diverse corpora, transformers
exhibit remarkable few/zero-shot generalization capabilities across various downstream tasks
[6]. An underlying mechanism for this behavior is in-context learning, in which pretrained
large language models (LLMs) condition on instructions or a few input-output pairs (both
referred to as prompts) and make predictions on test examples without parameter updates.
Many theoretical and empirical studies [105, 1, 19, 115] have demonstrated that the emer-
gence of in-context learning capability is closely related with the context-aware structure of
the attention mechanism [101] which enables each token in a sequence to adaptively weight
information from all other tokens and to produce a representation conditioned on the sequence

context.

However, the original softmax attention mechanism in Vaswani et al. [101] is a double-
edged sword: while it is beneficial for context-based representation learning, it suffers from
quadratic computational complexity with respect to the context length [112]. As context length
grows dramatically, the quadratic computational and memory costs of the standard attention
increasingly hinder autoregressive training and inference, undermining LLM performance in
long-context modeling scenarios such as processing entire codebases, preserving coherence in

long conversations and performing in-depth reasoning across several documents. Therefore,
65
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it’s crucial for the design of LLMs to alleviate the curse of quadratic complexity and improve
long-context processing capabilities. Numerous works have been recently proposed with this
motivation and show performance comparable to the standard attention, including RetNet
[97], Mamba [22], and Gated Linear Attention [107]. One branch of these works is known as
linear attention [38, 7, 107, 114], which replaces the exponential similarity function with a
dot product of key/query functions and yields a linear computational complexity with respect
to the context length. This reduction in time and memory cost enables much longer contexts
and lower latency during the inference. Meanwhile, the introduction of the hidden-state
memory matrix and the forgetting gate improves algorithm stability over utra-long contexts
[107]. Although linear attention models have outperformed the softmax attention on some
long-context modeling tasks, the theoretical understanding and design principles of these

models, especially for in-context learning, remain limited and unexplored.

In this chapter, we investigate the approximation and generalization abilities of linear trans-
formers with context-augmented inputs to reveal the advantage of the linear attention mech-
anism for the in-context learning scenario. We establish a connection between in-context
learning and domain generalization frameworks and show that transformer-based neural
networks perform in-context learning as domain generalization [4, 5], and this connection
demonstrates the essence of LLMs’ remarkable few/zero-shot generalization capabilities
without parameter updates during testing. We work with the formulation in Liu and Zhou
[49] by representing the context information as a kernel embedding from context probability
distributions to vector-valued functions, and exhibit how each word token interacts with the
context embedding through an inner product of a tensor product Hilbert space. Based on
this framework, we construct a linear transformer to perform in-context learning via a two-
staged sampling process, which shows the internal mechanism of the robust generalization

capabilities of LLMs. Our main contributions are as follows.

e We present a theoretical analysis framework for the family of linear transformers,
one of the most compelling alternatives to the softmax attention in practice. By
connecting domain generalization framework with in-context learning, we rigor-

ously prove that linear transformers perform a robust generalization ability under
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distribution shifts, which builds the theoretical foundation for understanding the
generalization abilities of linear transformers in long-context modeling.

e We observe a fast eigendecay phenomenon in the softmax attention weight matrix
products of LLMs. We prove that this phenomenon helps linear transformers al-
leviate the negative effects of distribution shifts, achieve dimension-independent
convergence rates in approximation and generalization analysis and efficiently mimic
the behavior of the standard attention.

e We investigate the application of likelihood ratio moments to control distribution
shifts in domain generalization. We apply a relaxed condition for unbounded like-
lihood ratios of probability distributions defined on the noncompact space R? and
obtain a distribution-dependent concentration inequality for a second stage estimation
by the connection between subgaussian norm and finite Rényi divergence.

e We propose a new algorithm for linear conversion of LLMs with the softmax atten-
tions based on our theoretical analysis framework. This conversion scheme captures
information from data distributions and parameter matrices in pretrained softmax
LLMs. It provides a new perspective for designing new activation functions and

training loss for linear conversion of softmax LLMs.

In the following part of this chapter, we first introduce the motivation and definition of
linear transformers and a two-staged sampling process as our learning framework. Section
4.3 presents the main results on approximation and generalization, with a proof sketch in
Subsection 4.3.3. Section 4.4 provides further discussion, and Appendix 4.5 contains the full

proofs.

4.2 Linear Transformers and Formulations for In-Context Learning

In this section, we first define the structure of linear Transformers whose inputs are pairs
(p, ), where p the empirical version of distribution p from which x is sampled. We refer to
learning with samples (p, x) as in-context learning, and these samples are generated from the

two-staged sampling process defined in Subsection 4.2.2.
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4.2.1 Linear Transformers

The standard Transformer [101] consists of blocks of attention mechanisms and shallow
networks to process sequential inputs. Let the input sequence Q = [z1,- -+ , 2,7 with token
vectors 7; € R? for 1 < i < n. Then @ is an input sequence of length n with feature
dimension d. The softmax attention is defined as, for 1 < i < n,

> sim (g, ;) (Woy)

SoftmaxAttn($i|Q) = Z" sim(x' a:)
j=1 1y 7]

€ R? with sim(w;, ;) = exp (

Vd
(4.1)

where W, € R4 W, € R¥*4 W, € R¥*? are parameter matrices for value, query,
and key token vectors respectively. Intuitively, the attention mechanism SoftmaxAttn
takes the input sequence () as context and produces a refined context-aware representation

SoftmaxAttn(z;|Q) for each query token x; in Q.

To establish connections between each token and their context and to demonstrate the benefits
of context-aware representation produced by the attention mechanism, we follow Liu and
Zhou [49] to assume that () is a realization with n samples drawn i.i.d. from a Borel
probability measure p on R%, with p regarded as the ground truth context. Then the RHS of

the expression (4.1) can be written as

SoftmaxAttn(p, ;) = J sim(z;, ) (Wy) dp(x) e R¢ 4.2)

[ sim(x;, ) dp(x)

where (p, x;) is a context-augmented input and p = 0([z1, - - - , x,]) is the accessible context

with 0(S) defined as the empirical distribution generated by the dataset S. With a richer
accessible context p by more and more samplings from p, the empirical distribution p can
recover the information of the population distribution p and produce more refined context-
aware representation for each token x;, which is consistent with the empirical practice of

increasing the context window length n.

However, it’s easy to observe that for each query token z; (1 < ¢ < n), we must evaluate
sim(z;, x;) for all 1 < j < n and then normalize by 7, sim(z;, z;), which creates an

n X n attention score matrix and causes both time and memory cost to scale quadratically in

<qui> kaj>

)
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the context length n [112]. Such quadratic growth poses significant challenges for efficient
algorithm designs in long-context modeling scenarios. The key idea of linear Transformers is
to reduce the quadratic time and memory cost to linear dependence on the context length n by
decoupling queries and keys in sim(z;, z;). By replacing the similarity function sim(x;, x;)
with ¢(z;)T¢(x;) where ¢ : RY — R? is a feature mapping, a simple linear attention module
can be written as

o(x)" [ $la)(Wor) dp(z) _ [ J(Wor)(2)" dp(x)] ¢(w:)
¢(x:)" [ ¢(x) dp(x) [ o) dp(x)]d(x:)

It’s easy to observe that a universal memory matrix [(W,z)¢(z)"dp(z) € R¥>*? can be

LinearAttn(p, z;) =

4.3)

shared across all query tokens, thus eliminating the need to compute and store the quadratic
attention score matrix in (4.1). Beyond this computational efficiency, recent empirical studies
[73, 107, 114] have achieved performances comparable to the softmax attention using linear
attentions. Motivated by normalization-free linear attentions in Qin et al. [73] and the
design of shallow neural network feature mapping ¢ in Zhang et al. [114], we define Linear

Transformers as follows. Let ¢ : R — R denote the ReLU activation function o(u) =

exp(u) —exp(=u)

max{u, 0}, and denote o, : R — R the tanh activation function o, (u) = (o) Toxp(—a) -

DEFINITION 4.1. A Linear Transformer T,, with the structure of Ty, ;7 and m = m(n),
m = m(n) is defined as
n m(n) m(n) '
Talpy) =Y a0 | D bgmm(@)| DT [ / Syt W) AS)y dp(y) | | +b; | +bo
j=1 a=1
“4.4)

for context-augmented input (p, ) with AY) € R, bj,bp € RYand a; € R for1 < j <mn,
and two-hidden-layer tanh neural networks {¢q7m(n)}ﬂ?) with the product gate, in the form

of
¢q,fn(n) = 7-1,(9 <NNq,m(n)) and NNq,Th(n) (fﬂ) = Wq,QUtanh(Wq,latanh(wq,ox + bq,O) + bq,l)

with Wq,O c R&im(n)xd’ bq,O c R&ifn(n), Wq,l c RSdm(n)XSdfn(n)’ bq,l c R&ifn(n) and Wq,2 c
RPN ywhere Tp o (2) = [1,(Ti(2))? denotes the product of all entries (Ti(2))" of a
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truncated vector T1(z) and truncation operators Ty and T, apply element-wise on input

vectors such that (T,(2))V = sgn(z®) min(v, |2V|) with truncation level v > 0.

REMARK 4.1. Linear transformers in (4.4) show that for each query x, there’s a universal
memory unit compressing information from the context on each attention head (p, q), in the
form of T, [ [ Gpiinin) (y)Ag()]y dp(y)|. We note that the truncation operator T, is actually not
required to derive the final generalization bound, but is necessary to obtain an oracle in-
equality for each linear transformers in hypothesis space, since we consider Borel probability
measure p defined on the entire R? in this chapter. To construct the accessible context p, we
collect unbounded samples from R? and create the memory unit [ ¢, n) (y)AI(){ ()Iy dp(y) that
is unbounded and will effect sampling estimation if the outer shallow neural network does
not have a special structure. Thus, for the algorithm stability, we introduce the truncation

operator T, to keep the memory unit stable, similar as the idea in Yang et al. [107].

Linear transformers defined by (4.4) do not have a normalization factor as equation (4.3)
does in the form of ¢(x;)" [ ¢(x) dp(z). One benefit of normalization-free linear transformer
is that it allows a more flexible design of the feature mapping ¢. In practice, to ensure the
normalization factor in (4.3) is nonzero, ¢ is often constrained to be nonnegative. It is not
required any more with normalization-free linear transformers. Qin et al. [73] also shows
that RMSNorm [113] can play a better role than normalization factor for stabilizing the

optimization of linear transformers. For more details, we refer readers to Subsection 4.4.1.

We apply two activation functions (ReLU and tanh) and a product gate in the construction
of linear Transformer architecture, which is actually components of the modern activation
function SWiGLU [86] for LLMs. The tanh activation is chosen in linear attention to approx-
imate functions in a reproducing kernel Hilbert space (RKHS) induced by a smooth kernel.

We include more discussion on this point in Subsection 4.4.2.
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4.2.2 Two-Staged Sampling Framework for In-Context Learning

Our first novelty is to formulate the sequential modeling of transformers in in-context learning
as the processing context-augmented inputs (p, z) as in (4.2)(4.3)(4.4) where samples like

(p, x) are generated by a two-staged sampling framework from domain generalization [4, 5].

Let X = R denote the input space and Y = {y € R* : ||y||, < M} a closed ball with radius
M > 0 be the output space. Let By(X') and Bo(X' x )) denote the set of all Borel probability
measures with finite second moments on X and X' x ), respectively. We equip By (X) and
By(X x )) with Wasserstein-2 distances denoted by W5 which metrize the weak topology
on By(X) and B2 (X x Y). Then for context-augment inputs (p, z), we define a complete

separable metric space 2 = By (X)) x X equipped with the metric dg, as

do((p.2). (¢.2)) = \/Walp. p')2 + |l — [}3

DEFINITION 4.2. A two-staged sampling process by meta probability measure Pg is defined
as follows: in the first stage sampling with N € N, (pr)fV | are independently sampled
from a meta Borel probability measure Pg on By(X X y) in the second stage sampling with
n; € Nfor1 <i < N, adataset S = {(pX , X5, Y)Y MY s created by (X5, Yi;) sampled

2]7 ’Lj i 1 1j7 7,]

independently from pXY and p pX = 0([Xi1, -, Xiny])-

With the two-staged sampling process induced by Pg, for a prediction function ® : Q — R,

we define the population risk for in-context learning as

E(2) = Epy g B yympsy [2(0x, X) = Y3 (4.5)

and the empirical risk with a dataset S = {(ﬁg( , Xij, Yig )iy HiL as
Ien 1 & -
D)= > — I, Xy) — Yyl
i=1 " j=1
Let Hr, be the hypothesis space of a collection of linear transformers in Definition 4.1 and

Ts,, € Hr, be the function learned from the empirical risk minimization (ERM) algorithm
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Ts, =arg min &(T,). (4.6)

Tn E’HTn

Because of the boundedness of the output space ), our estimator is given by 7, (Ts ,,) where

Jur is a truncation operator defined on R? such that Zy,(y) = yif ||yl < M otherwise

M-Y_
lyll2

REMARK 4.2. For an in-context learning dataset S, each sample consists of a context-
augmented input (px, X) and a label Y. Removing the accessible context px from an input
reduces the learning problem to classical regression. On the other side, if we drop the query

token X, the problem will degenerate to distribution regression as considered in our previous

work [49].

4.2.3 Latent Feature Space for Context-Augmented Inputs

Our second purpose is to investigate how context-augmented samples interact within the
attention mechanism and to formulate this interaction into an inner product of a tensor-product

Hilbert space (the latent feature space).

To mimic normalization-free attention for (p, x) inspired by (4.2) as [, sim(z, z’)2'dp(x'),

we first introduce an anisotropic Gaussian kernel £y on X' x X as
ka(,2') = exp(~(x — 2')"Sa( — ')

with shape parameter vector A = [\, -+, A\g]T € R? and ¥ = diag(A\?,--- , A2). (For more
details about the choice of the anisotropic Gaussian kernel, see Subsection 4.4.3.) We use
kernel k) to measure the similarity between different tokens and then the attention mechanism

induced by ky outputs [, kx(z,2’)2’dp(2") for the context-augmented input (p, x).

To better understand how the attention mechanism processes context information for context-

augmented inputs, we introduce the following definition for context embedding.
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DEFINITION 4.3. Let Hy, be the reproducing kernel Hilbert space (RKHS) induced by k.
For each context p € By(X), we define Kx(p) : X — R? as

Kx(p) = /XkA( L x)zdp(z) € Hiy, @ RE

The above definition is an abstract perspective for key-value cache [72], where K, embeds
context information p into a dictionary function mapping each query xquery t0 a context-aware

representation

KA()O) (xquery) = / k')\(xqueryvx)xdp(‘r) € Rd'
X

Next, we define a feature mapping I and a latent feature space H » for context-augemented
inputs (p,z) € €. In the latent feature space Hr, the similarity measure between context
inputs not only depends on context information, but also has the properties of the attention

mechanism.

DEFINITION 4.4. Define a latent feature space Hr = (Hy, ® RY) ® Hy,. Define Ty :
Bo(X) X X — Hyr by

Ix(p, ) = Kx(p) @ ka(z,-) € Hr, 4.7

which introduces an inner product for similarity measure between context-augmented inputs

(p,2), (¢.a') € Qas

<I>‘<p, I)? I>\<pl7 x,)>7‘l}' = <K)‘(p), K)\(p,»q{h@dex(l} I,)' (48)

The similarity between context-augmented inputs (p, z) and (p, 2") defined in (4.8), depends
not only on the token values but also on the contexts p and p’. This is consistent with a basic
observation in natural language processing: a word may have different meanings in different

contexts.

REMARK 4.3. The definition of 1 is inspired by the similarity measure in the domain
generalization literature [4, 5] where the mapping (p, x) — Dy, (p) ® ®y, () is considered
with @y, Dy, the canonical feature maps of kernels kg [8], kx respectively. In Appendix 4.5.3,

we show that both K and 1 are injective and continuous mappings. The injection of K
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is one of the key features of attention modules: compress context distributions into elements
in Hi, ® RY and fight against the negative effects of distribution shifts, while preserving
the ability to distinguish different context distributions. It would be interesting to extend the
results in Sriperumbudur et al. [96] to a quantitative analysis on dissimilar distribution with

a small distance in Hy, ® R? to investigate this tradeoff created by K.

4.3 Main Results on Linear Transformers for In-Context Learning

This section states the main results of approximation and generalization analysis for in-
context learning with linear transformers. We first introduce some assumptions on Pg for the

two-staged sampling process and ky for the latent feature space.

The two-staged sampling process induced by Pg in Definition 4.2 introduces a probability

measure Pé‘ on B, (X') for context information by
PF(E) =Pg({n € Bo(X x V) : pory' € E}) (4.9)

for any Borel set £ € By(X) with the coordinate map 7y : X x ) — X, and also a
probability measure g for context-augmented inputs on the product o-algebra of (2 by

vg(B x A) = [ p(A)dPZ (p) for any Borel set B € By(X), A € X.
ASSUMPTION 4.5. Py is supported on a subset By ,(X) of Bo(X) defined as

Bap(X) = {p € Bo(X) : Ex~, | X[l; < Ci}

with a constant Cg > 1. We also denote Qg = {(p,z) € Q: p € Byy(X)}.

ASSUMPTION 4.6. There exists v > 1 and k,Cg > 0 such that
| ol 4P () < Co
B2 (X)

where w,(p) is the likelihood ratio defined as ddTi and p,; is Gaussian probability measure

with zero mean and covariance matrix k°1,.
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We provide two examples of meta probability measure 7?5( satisfying Assumptions 4.5 and

4.6 in Appendix 4.5.3.

ASSUMPTION 4.7. For the anisotropic Gaussian kernel ky, we assume A\ = ()\1)7:1 is
a sequence of shape parameters such that \; < Col=% for 1 < 1 < d with the order

A1) = A@2) = - = Ay > 0 where Cy, 0 > 0 are two constants independent of d.

REMARK 4.4. By the Portmanteau theorem, Bs,(X) is closed in the Ws-topology, which
allows probability measures supported on Bs,(X') can be extended to probability measures

on the entire By(X'), matching the framework of the two-staged sampling process.

The likelihood ratio is a popular tool to control distribution shifts in both theoretical and
empirical studies [54, 85] and actually the quantity ||w.(p)||1+(p,.) in Assumption 4.6 is
closely related to the Rényi divergence [82, 100] of distribution p with respect to the reference

distribution p.

The fast decay of shape parameters in X is often observed in practice. More details about

Assumption 4.7 can be found in Subsection 4.4.3.

4.3.1 Approximation of Variation Normed Functions

Our third contribution is to propose an explicit hypothesis space under which linear Trans-
formers achieve dimension-independent convergence rates for operator approximation without
assuming access to the structure of a latent feature space H r, enabling further study on gener-

alization error analysis.

First we impose a regularity condition on the true predictor for (4.5) using the latent feature
mapping I in (4.7) and a variation normed space. Let Hara = Hr © R (the extra dimension

is left for bias weights) and
B(Hparai BY) = {W € L(Hpuras R | IW oy < 1}

the closed unit ball with the operator norm in the space £(H para; R?) of all bounded linear oper-

ators from H . to R?. Note that the finite dimension of the output space makes £(Hpara; R?)
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identical with the Hilbert space of Hilbert-Schmidt operators, and hence B(H ara; RY) is
weakly compact in £(Hpara; R). Let M(B(Hpara; R?)) denote the space of all signed Radon

measures on B(Hpara; RY).

a(Wh)du(W) for

h € Hpara- The variation normed space F, of Re-valued functions on Hopara is defined as

DEFINITION 4.8. For 1 € M(B(Hpara; RY)), let F,(h) = fB(Hpm.Rd)

Fi(Hpara; RY) = {F : Hpara — R? ’ |F||7 == inf |ju|lm < oo}
wF=F,
Then we give a dimension-independent approximation result with the hypothesis space

Hr, = {Tn el < 20k, > [ADI]° < d, ||by]ls < v/2dCps for each 1 < j < n,
=1
boll2 < Crv/2dCp, [|Otannllo, < ¢1(c2log(n))(6™* and truncation level v = Cs p.
(4.10)

where C'r > 0 is a constant, ¢y, ¢o, c3 are constants depending on #, v and ©O,,,;, denotes the

parameters in two-layered tanh neural networks satisfying a sparse structure such that

W, = diag(W "

q.j "

d .
WDy forj =0,1,2
where for 1 < [ < d, Wq(f()) € R8)x1 Wq(? € R¥™Mn)x8m(n) gnq Wq(g € Rix8m(n)

Let X = (px, X) be the context-augmented input with the ground truth context, and Xij =
(ﬁg?, Xi;) with the accessible context. We rewrite £(®) = E ¢ 1) p, |®(X) — Y2 where Pg
is a probability measure induced by the two-staged sampling process with Pg [5]. Then the

regression function for the population risk £ is defined as
Dg(X) :/ydlpg(-yf(). (4.11)
Yy

THEOREM 4.9. Let &g = F(Ix(-),1) with F € Fi(Hpara; R?) and ||F||7, < Cp. For

0<é<@andn > C, , there existsa'l € Hr,, such that

0,7

IT = g3, < C2n and [T cqey < 2Cr+/d(1 + C)
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with m = [nmz”ﬂ, m = R% + m> log n-‘ in (4.4), where C, is a constant depending
on K, 57 7 Aa Oga CBa Cr and pOlY(d)

REMARK 4.5. Variation normed spaces for neural network approximation have been well
studied in Barron [3], Bach [2], Korolev [40], Siegel and Xu [90], Yang and Zhou [108].
Roughly speaking, a variation normed space can be viewed as the collection of shallow neural
networks with infinity width and thus can mimic the function class of target functions arising
in practice. Definition 4.8 is a special case of Korolev [40] where the authors consider neural
networks with values in a Banach space, extending the original result in Barron [3, Theorem

4].

4.3.2 Generalization Analysis of In-Context Learning

Our final contribution is to address unbounded sampling (without domain restrictions) in the
two-staged sampling process and establish an oracle inequality in Appendix 4.5.2. Combining
Theorem 4.9 with this oracle inequality, we obtain a dimension-independent generalization

rate.

THEOREM 4.10. Let d > 2 and n > max{3,C} ,_, ﬁ} and &g = F(Ix(-),1) for

some F' € Fi(Hpara; RY). If the parameter n of the hypothesis space Hr, and the second-

stage sample size V) are chosen as
1 <
n = | N?57-08 | and 9 = N*

and m, m chosen as in Theorem 4.9, then for the estimator generated by the ERM framework

for the two-staged sampling process, we have
E{[| Z2r(Ts.0) — P32} < Ks N~ 270778 (log N )? (4.12)
where K3 is a constant depending on k., &, v, X, Cg, Cy, Cr and poly(d).

REMARK 4.6. Although controlling distribution shift via likelihood ratio moments with
divergence order vy > 1 provides L*(p) error bounds for every target distributions p satisfying

Assumptions 4.5 and 4.6, the factor 77_1 in RHS of (4.12) significantly slows the convergence
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as v approaches 1. This makes a tradeoff between convergence rate and the capacity of
admissible target distributions: smaller v allows more distributions satisfying Assumption
4.6 as shown in Example 3 but greatly slows convergence. However, we observe the fast
spectral decay phenomenon in LLMs (shown in Figure 4.1 of Subsection 4.4.3) that mitigates
this slowdown for in-context learning. Indeed, under Assumption 4.7, the exponent becomes

—(7_71)5 that slows the rate of tending to infinity as v — 1 when & is large.

4.3.3 Proof Sketch

The proof of the approximation result in Theorem 4.9 relies on the following error decompos-
ition

H‘I)g - T2n,m,7hHL2 v
(vo) (4.13)

§Hq>g - NQTLHLQ(VQ) + HNZn - qj?n,m”Lz(Vg) + "qJQn,m - T2n,m,ﬁL”L2(Vg)
for Topmm € Hr,,, Where Ny, is a shallow neural network with operator-valued parameters
in L(Hpara; Rd) and Wy, ., is a neural network with latent polynomial features depending on

the parameterization of ky, both explicitly constructed in Section 4.5.1.

The approximation error ||®g — Na,[|12(,,) is estimated by random approximation results
from [40] in Appendix 4.5.1. The estimation of the last two terms on the RHS of (4.13)
relies on Assumption 4.6 to bound L? errors under first-stage samples px with L? error
under the reference probability distribution p,, as described in Appendix 4.5.1.1 and 4.5.1.2.
More specifically, for the second term || Ny, — Wop 1| 22(g)» Non can be regarded as a neural
network with countably infinite feature-function parameters in an RKHS, and W5, ,,, is a neural
network constructed by the optimal choice of selecting only m feature-function parameters
based on the parameterization of k. For the last term || Wa,, ,, — Topm.ml| L2(g)’ the idea is to
show the linear attentions in T'y,, ,,,  are fast universal approximators for any feature-function
parameters in RKHS #;,, without any prior knowledge on the parameterization of k. The
approximation is considered with the supremum norm on the bounded domain [— B, B¢, and

the error outside this domain is controlled by a Gaussian tail decay (see Appendix 4.5.3).
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For the generalization analysis, we define the first-stage sampling error £y as

1 N

En(@) = 5 D E[I9(X) - Y [Blofty

=1

and the second-stage sampling error £y y with ground truth context as
1o 1 -
Ena(®) =57 3 — D11, X)) = Yill5.
i=1 b j=1

Then for any ® € Hr, , we have the following error decomposition

E(Tu(Tsn)) — E(Pg) = E(T(Tsn)) — En(Tar(Tsn)) + En(T(Tsn)) — Enax(Tar(Tsn))
+ Ena(Tu(Tsn)) = Es(Tu(Tsn)) + Es(Tn(Tsn)) — Es(P)
1+ E5(D) — En 2(®) + En(®) — En(®) + En(®) — E(D)

+&(P) — £(Pg)
with £( T (Ts)) — E(Pg) = | Tu(Tsn) — Pgli72(,,) and Es(Far(Ts,n)) — Es(P) < 0.

Let

Then we have

E(Tu(Tspn)) — E(Pg) <E(Tu(Tsp)) + E1(P) + E(Tu(Tsn)) + E5(P) @i
+ E5( T (Tsm)) + EL®) + E4(D). '
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In the first-stage sampling, we control the effect of unbounded sampling on & (7 (Ts,)) by
using the covering number under a pseudo-metric defined by the supremum of distribution
expectations over By, (X) (Appendix 4.5.2.3). In the second-stage sampling, the situation
becomes more complicated with the structure of linear transformers, so we decompose the
second-stage sampling error into two parts: E( T (Tsy)), £5(P) with ground truth con-
texts (Appendix 4.5.2.4) and E( T (Ts.n)), £5(P) only with accessible contexts (Appendix
4.5.2.5).

For the case with ground truth contexts, the similar idea with the first-stage sampling applies:
after introducing Rademacher complexity for sampling estimation, we bound the empirical
process by the Dudley integral. We then use concavity to move the expectations over
second stage samples into the covering number expression, thereby eliminating the effect of
unbounded samples. For the last sampling estimation with accessible contexts, the problem
becomes even more challenging in the presence of memory units in linear Transformers,
since both the input samples and the memory-unit outputs are unbounded. Here, we apply an
extension [59] of Azuma-McDiarmind’s inequality under subgaussian conditions to obtain
a distribution-dependent probability concentration inequality where an observation on the
relation between ||w,(p)]| L~ (,,) and subgaussian norm plays an important role. To obtain the
final generalization error, we apply the expectation identity for non-negative random variables
to bring ||w.(p)| L7 (,,.) out of the denominator and the exponential, so that we can take an

expectation of ||w,(p)| 1+ (p.) With respect to Pg by Assumption 4.6.

4.4 Related Works and Discussions

4.4.1 Normalization Factor and RMSNorm

Early linear attention models [38, 7] have some softmax-inspired design features (4.1), such
as inserting a normalization denominator as in (4.3). However, Qin et al. [73] demonstrates
both theoretically and empirically that linear Transformers with (4.3) make the gradients for
attention matrices unbounded and lead to a less stable optimization and worse convergence.

To alleviate this negative effect, Qin et al. [73] removes the normalization factor in (4.3) and
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applies RMSNorm [113] to the linear attention output:
Ororm = RMSNorm(Q(K V) (4.15)

where

Q= [p(Q1), -, 6(Qn)]" € R,
K =[6(K1), -, o(K,)|" € R,
V=MW,V eRrR
and for input A = (a;;);; € R"*?, A’ = RMSNorm(A) € R"*4 is defined as
@ij
: 25:1 af; + €

with learnable scaling factor 3 = (i, ..., 34)7 € RY. RMSNorm reduces the amount of

A" = (aj;)i,; such that a;; =

- B;

computation and increases efficiency over LayerNorm, and it is widely used in the open-

weight LLMs like Qwen3 [106].

4.4.2 Activation Functions in LLM

The design of activation functions has evolved with the development of LLMs. While the
original transformer used ReL.U activation by default, early LLMs such as BERT and GPT-2/3
employed the Gaussian Error Linear Unit (GeLU) activation [25], and it then became the
standard choice. For z € R?, GeLU is defined as

GeLU(z) =2 ® F(x)

where ® denotes the Hadamard product and F denotes the cumulative distribution function
for the standard gaussian and applies element-wise on d-dimensional vectors. In practice,

GeL U activation function is often implemented via a tanh approximation ! as

2
1+ Oann <\/; (z+ 0.0447153:@3))] :

IRefer to GeLU implementation in Pytorch 2.8 documentation: https://docs.pytorch.org/
docs/stable/generated/torch.nn.GELU.html

GeLU(z) =~ 0.52 ®



https://docs.pytorch.org/docs/stable/generated/torch.nn.GELU.html
https://docs.pytorch.org/docs/stable/generated/torch.nn.GELU.html
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where % denotes the Hadamard power of order 3. Similar activation functions such as Swish

activation [80] were introduced later. It’s worth noting that Swish activation is defined as
Swishg(x) = x ® Sigmoid (5 z)

where § € R is a constant or learnable parameter and Sigmoid applies element-wise on x
with

1

1
= 5(1 + Otann(a/2)) for a € R. (4.16)
SiLU is a special case of Swish with 5 = 1.

Finally, combining all tricks above, Shazeer [86] proposed SwiGLU which is widely used in
modern LLMs and defined as

SWIGLUﬁ(iIZ’) = WO((WllC -+ bl) ® SWIShﬁ(WQZ’ + bg))

In our definition of linear Transformers (4.1), we use three nonlinear components: Tanh
activation, product gate, and ReLLU activation. It is easy to observe the connection between
tanh activation and SwiGLU by Equation (4.16). For ReLLU activation, when £ is large enough,
Sigmoid (S a) approximates the indicator function (except at zero) and Swishg behaves like a
ReLU activation function. For product gate, when 3 = 0, Swishg(x) = x/2 and then we can

obtain x ® x by SwiGLU activation with a suitable choice of parameters [80].

4.4.3 Linear Conversion of Softmax LL.Ms

Distilling knowledge from pretrained softmax LLMs into subquadratic models [114] has
recently attracted interest in the research community. Here, we present a perspective on

linearizing pretrained softmax LLMs, derived from our theoretical analysis framework.

Recall the softmax attention module (4.1). Following Tsai et al. [99], Liu and Zhou [49], we
take a kernelized viewpoint of attention modules by letting similarity function sim(z;, z;) =

exp((Wyx;, Wiz;)). Then (4.1) can be written as

SoftmaxAttn(z;|Q) = 7 Zsim(a:i, z;)(Wyx,) (4.17)
i)
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Singular Value Decay Statistics per Layer for Qwen/Qwen3-8B Singular Value Decay Statistics per Layer for Qwen/Qwen3-8B
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FIGURE 4.1. Fast Eigendecay of Qwen3-8B (Ghost in the Kernel)

where Z(z;) = > 7, sim(;, 7;) is a normalization factor. For each pair of query and key
weight matrices (W, W},), we perform singular value decomposition WqT Wy, = WES\W,
where W7, W5 are d x d orthogonal matrices and X is a positive diagonal matrix with rank

Ahidden- It’s obtained that

sim(z;, 7;) = exp(z] Wi SaWaz;) = exp(F] La;)

= exp (%:ﬁ?E;ﬁZ) exp (%@TZ)\@) exp (‘%(531 —2)" (7 — @))

(4.18)
with query 7; = Wiz, and key 7; = Wsx;. From the above expression, we observe that the
roles of the key and query matrices can be decomposed into kernel asymmetry between queries
and keys, represented by orthogonal matrices W7, W5, and geometric information, represented
by a diagonal matrix > 5. In Figure 4.1, we show a numerical demonstration of singular values
in diagonal matrices X in the attention modules of large language model Qwen3 [106] ,
which exhibits a rapid decay of singular values across layers, nearly exponential for large d.
The rapid decay of shape parameters enables us to design linear transformers that efficiently

mimic softmax attention and alleviate the negative effects of distribution shifts in our analysis.

For the construction of a linear attention, the key is to decouple the interaction in sim(x;, x;)

between queries and keys as shown in (4.3). For the similarity function in Equation 4.18, the
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target is to find a decoupling of query-key interaction between & and z for the anisotropic
gaussian kernel kx(Z, 2) = exp(—3(Z—2)" Xx(Z—%)) to mimic context modeling in softmax
attention. In Appendix 4.5.3, we know that there’s an optimal linear approximation scheme
for context embedding, denoted as (wg‘);“:l with explicit expressions, which only depends on
the geometric information of ¥ and underlying context distributions on R?. With a suitable

choice of m, we have

. 9 1o . Lre )
sim(z;, z;) =~ Zexp (éxZTEAa:Z) wg‘(arz) - exp (ﬁxZTZAx,) @/J;‘(xz) . (4.19)
q=1 \ 4

query key

Compared with previous methods [38, 7] for linear attention, the choice of (w;‘) captures the
latent data structures learned by the pretrained softmax LLM and makes use of its parameters.
However, in practice, it may be difficult to directly apply the approximation (4.19), because
the semantic distributions of tokens are highly anisotropic and hard to estimate, while we use
an isotropic Gaussian to roughly control the class of distributions in the two-staged sampling
process. But it still provides us an idea to design new activation functions and regularity for

feature mappings for linear conversion of pretrained softmax LLMs, just as in Zhang et al.

[114].
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4.5 Proof of Main Results on Linear Transformers for In-Context

Learning

4.5.1 Theorem 4.9: Approximation Scheme by Linear Transformers

By Proposition 3, we know that I : 2 — H £ is continuous, which introduces a pushforward
probability measure pg on Hx by pug = vg o I;l. Then we define a probability measure
fig = pig X 61 0N Hpara. For h € Hpara, let hr = Projy, . (h) and we have

/H \AlZ, . dfig(h) =1+ /H Vsl duglhs) =1+ / 1Kx(p) @ ka(, By, dvg(p, )

Qp

=1t [ IRA el a (ol sl 2) < 1+ C
B

We also note that for W € L(Hpara; RY), [|[W lop < ||W s < V/d||W|op where ||-|us denotes
Hilbert-Schmidt norm of HS(H para; R?). let {e;}¢, denote an orthonormal basis of R and
for any h € Hpara, we have (Wh, e)ga = (h, W*e;)n,,... Denote w; = W*e; € Hpara and
then

d d

Wh = Z<h, wl>7.[pam61 = Z(el (029 wl)h (420)

=1 =1

It implies that the elements in B(’Hpara;]Rd) share the form W = Zle e; ® w; where

w; € Hpara such that

1
d 2
[Wllop = sup <E <wl,h)§{pm) <1.
1

HhH’Hpara: =1

For the probability measure fig and F' € F;(Hpara; R?), we have the following lemma from

Theorem 3.24 in [40] for the approximation by shallow nets with operator-valued parameters.

LEMMA 10. For any probability measure |1 on Hpaa With a finite second moment and

F € Fi(Hpara; R?), there exists a shallow neural network N,, such that

| FN1%, Enpllbllz, ..
|F _NnH%i(Hpara;Rd) < - o =
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and the shallow neural network N,, has the form

N, (h) = Zaja(th) with a; € R, W; € B(Hpara; RY) for 1 < j < nand |||, < ||F|| 7.

=1

We apply the above lemma with ;o = fig. Then for h = (hr, 1), N, (h) can be further written
by (4.20) into

h) = Zaja(W h) Za] (Z e ® wj,z)h)
= Z ;o (Z Vg, hr)uy + bj,l)€l>

=1

n d
= Zosz' (Z(ijl, h;)erl + bj>
7j=1

where b; = S0 b, € RY w;; = (v),,b;y) with v, € Hz and b;; € R such that

1
d 2
[Willop = sup 1<Z<wj,z,h>%pm> <1.

||h‘||7'lpara: =1
We also know that for b = (hz, 1) in the support of jig, hr = Kx(p) ® kx(z,-) for some
(p,x) € Qg. Itfollows that ||h||3,,.. <1+ Cpand ||W;h|ls < +/1+ Cpforh € supp(fig).

Then we construct a double-width shallow neural network N5, as

Non(h) = En:aj (a(wjh + /14 Csly) — o(Wih — \/1+ Cpla) — 1+ 031d)

=1
2n

—Z&U(Wh+ "J\/l‘f—CBld)—ZOéj\/l‘i‘CBld
j=1

d

2n
= Zoz;-(f (Z glvhf HFCl +b,> +b6
j=1

=1
to realize the same approximant in Lemma 10 by adding additional bias vectors and letting
oz; = —oz;»Jrn = o, U;',l = U§-+n7l = v, b;- = b; + 1+ Cplg, b;~+n =b; —v1+Cply
for1 < j < n,and by = — Z?Zl a;v/1+ Cpl,. In the following content, we still use

(ej,vj1,b;,bo) as notations for parameters in N, with no confusion.
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4.5.1.1 Neural Network with Latent Polynomial Features

Recall that for (p, x) sampled from the probability measure vg on (5, we take the feature
Ix(p, ) = Kx(p) ® kx(z,-) € Hr as the model input. Let (¥})4en be the orthonormal basis
of Hy, and (r;‘)qu the eigenvalue sequence as defined in Appendix 4.5.3. Then for each pair

(7,1), vj; can be written as

Vi = Z Z agqls w>‘®es ®@D>‘w1th Z Z a

p,qeN 1<s<d p,qeN 1<s<d
It follows that
(Wi (o, 2o = Y Y a0 {0 @ es @97, Kalp) ® ka(w, ))ur
p,qeN 1<s<d
Z Z pq,wA /wA eydp()
p,qeN 1<s<d

The basic idea for constructing a neural network with latent polynomial features is to estimate

the truncation error for the query index ¢ and the context memory index p.

First we consider to estimate the truncation error on index q. We make one step further by

writing

(Wi a0, 2))a = Y ( aly), /W elydp( )) U (@) = b0 (p)u ().
peN 1<s<d

qeN geN

Define

AGD PN x [d]) — I*(N) such that (A%Vz), = > ") " alil)

p,q,s D,S
pEN se[d]

where [d] := {1,...,d} and ¢ € N. It is easy to see that AU"!) is a Hilbert-Schmidt operator

with [[AUD |3 = D enser Cq(az(fql)s)2 < 1. Also note that by dominated convergence

theorem,
Y ( [ oeydsty ) < [ S @WP Il doto) = [ katw )yl doty) < Cs
pEN s€[d] peN
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which shows that [ ¢*(y)y dp(y) == ([ ¥} (y)e ydp(y))peN sl € I2(N x [d]). It follows
that

1 .
C§ > A% lns

/ W)y dply)

> HAU’” ( / W y)y dp(y))

and ) bt (p)tb) € Hyy, for each (j,1). Let

12(Nx [d))

2n d mq
Gy (o2 Z%a (ZZb el+b)+bo.
= =1 g=1

Then we have

||N2n(1>\(')a 1) - \112an1 ||%2(Vg)

- / INan(a(pr ), 1) — W (0,2) 12 dg(p, )

/ Z byl) 1/))‘ e dyg(p,x)
=1 [g>m1+1 2
2
/ Z( oy | Y by flf) dvg(p, x)
Q5 =1 = q>mi1+1
2
/ ZHOélll Zl%\( > b?’”(ﬂ)l@(fﬁ)) dvg(p,x)
Q51— q>mi+1
d
:/ ||a||1 |ozj|/ ( Z b(]l) ¢A ) dp(:L‘) dpé(<p)
BQ,b(X) =1 g>mi+1
d B 2
g/ Jalli D" | max / ( > W ) dp(x)| dPg ()
B2,b(X) =1 i =J=an q>mi+1

d
—:/B - ol > (fiﬁ%}éngﬂ( )) dPg (p)- 4.21)
2,b



4.5 PROOF OF MAIN RESULTS ON LINEAR TRANSFORMERS FOR IN-CONTEXT LEARNING 89

If 1 <7 < oo, for each pair (j, .,n} x {1,...,d}, we obtain that

1) e
2
Eulo) = | ( S b x>> dp(z)
g>mi+1
2
-/ ( S b >> (e (p) (@) dpa ()
q>m1+1
_ oy =1
~y—1
< lws (Pl 27 (o) /(Z b (p )> dpx(z)
L q>mi+1
: s :
< [lws(P) 127 (o) / ( > b (p x)) dp,(z) ST o)y
L qg>mi+1 qg>mi+1 o
2(v=1) 2
< wel@lrony || D b9 (0)1) ' > b0 (o)
gzmi+1 L2(p,) Ilgzmatl Hiy
2(y—1) 1
= llwa(@)lrony || D b5 (0)0) > (béj’”(p))2>
g=mi+1 L2(pe) Na=matl

Insert the above estimation back into (4.21). It can be derived by the approximation result in

Appendix 4.5.3 that

||N2n(1)\<')7 1) - \IIQn,ml ||iQ(Vg)

2(y=1) 1
d - 5
<ol [ enlo)le NN DI ( ) <bgﬂ“<p)>2> 4P (0
Bz p(X) =)= g>mi+1 L2(px) q>mi+1
: : = :
SACEE,py ws(P)lliron D | max (Z(béj’”(p)V) Cremy ® (Z(W’”(PW)
=1 T geN qeN

d

162 [ o)l
Ba,b(X) ’ lzl

5 vy Y
<act [ o Nl ACECromy 7 aP(p) < Cumy
2,b

) _6.2("/*”
max (Z(béj’”(ﬂ)f)]@mml T dPg (p)

1<5<2n
qeN

2(y—=1) 2(y—1)
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1
where Cr = || F'|| 7, and C; = 4dC;CpC, ¢ ,CZ.

For v = o0, it’s easy to obtain that

E1a(p) < Nlww@ll=oll Y b (0 12,

qzmi+1

and then

IN2n = B, 172y < Cimy

Next we perform a truncation on the index p: we let

mi mag

o myme (05 T Zaﬂ (ZZ ZZagqlswA /w)‘ (ereD)ydp(y) + b; ) +bo.

=1 ¢g=1 p=1 s=1

and o (z) := PRy a}) <02 (x). Then we have

[W2nm, — \Ij2n,m1m2|‘i2(z’g) = /(; [P 20,1 (05 ) = oy ma (05 2)|[3 drg (p, @)

|cmZ Z Z Zapqszw /w Ty dp(y)

AZ(Z\%\ DI ) [ e2w)tydnty >> dvg(p.)

B =1 = q=1 p>ma+1 s=1
) dVg(,O,$)

LZ(ZW S e @) [ e doty)
/ ol ZD%I(M AT ) [ RweTyds >> dvg(p, )

€ dVg(p,SC)

B =1 = p>m2+151
=1 j=1

< [ el 323 ) oot ). @)

=1 j=1
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Similarly, by dominated convergence theorem and the integral shift to the gaussian distribution

Pr» WE Obtain

( / Z € y) ( 9?@)%@)) dP(?J))
(/Z esy)as™ (@, y) dp(y ) /Ilyllz (Zaﬁﬂ (x,y)Q) dp(y)

s=1

d d
< EpHYHi/Zaﬁj’”(r,yfdp(y) < CBZ/aﬁj’l)(x,y)an(p)(y) dpx(y)
s=1 s=1

d 11
. 2y vy
< Collon@ i 3 { [ @) dpn(y)]
s=1
o =G 2
< CB”(‘UH ||LW(PK Z ||asj N« ||L2 (pw) ||as]’ (ZE, )Hgo :
PN SR

j,l,s
I(]l 9)( ) I(Zj )(x)

Then (4.22) can be further bounded by

Co /Bzwraulrm HMZ\%\Z(/ I ) dpta) ) P ()

s, =1

d
il,s i\, .
< Oza/ ol llwn (o)l 22(p.) max </ 17 ()19 () dp(x)) AP (p) =: Ay
Ba () s 00 \Ja
where the integral of 1" (2)I¥""*) (2:) with respect to p can be bounded by

J @ @) dpa) < i

j\l,s
1 I(] )

.l 2

L7=1(p) ’

Li(p)
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For the first term IV,

L_l
(d,s) _ GD (]2 k
‘Il L'Y%I(p) - (/X Ha’s ("L‘7 )HLQ(p,{) dp(l‘))
2 =
-1/ ( W(x)w;(w) dpe(w) dol)
p>ma+1
E
(/] X @ ))* dpuly) dp<x>>
p>ma+1
E
-/ = ( [ ano) ) ) dm(y))
p>ma+1
2(y—1)
A
| el
p>ma+1 L2(py)
Perform the domain shift to each coefficient of @ZJ;‘ again and we can obtain
mi 2
o = | (Z GV (@ >) +(0) () dpi(2)
q=1
2(y—1) 2
mi ¥ mi
< Nwn(P) 2o || D @ikt Z
=1 L2(py) g=1 Hicy
m ’Y; my 1
= [lwe(P) |7 (o) Z(a,ﬁfi’s)%?) (Z al), )
g=1 =1
mi
=1 .
< ()20 ()5 Y (@YD),
g=1

(D)

which implies that > ap.s

p>ma+1

aud|)? )
<p>%;+1 ” " ®)

pN .
L) Y7 € Hy, with the RKHS norm

N

S(HWR( )HLMJN 7"1 i Z Z pq, >

p>ma+1 g=1
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For the second term I(] ! S)

54, = ([ s dp<a:>)i <(/ Ha&f‘l’”(x, 0L, dp(as)) ”
Uz v ; RED)
-(/ (zzuw) (z 20 azpm)i
(5 Bwr) (JEsorswn)
- Z Z o0 ) |

p>ma+1 g=1

Combine the estimations for Igj ) and Igj 1) and we get an upper bound that

Ao < 4CsC2 / e max S [[177)] @) ) apg
0o < 40BCE - lwn ()7 (o) (1952”511 ol 12 g G (p)
d
<10aCh [ o)l |
e ) ts=2n O
1 2(“/*1> 1
2
(st ™ L5 cuonst| (S Suer) fars
peEN ¢=1 peN ¢=1

2y—1 2(y—=1)

(=12 =
< 4dCHC2E (M) T /B o i Cngoma P
2,b
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(y—1)2 _e.202h)

271
< ACRC2Ce () / o ), 4P )
2,b

_{, 2(y—1)
< CQmQ

(-n% 271

where Cy = 4dCgCEC e (r7) 2 Cg™ .

4.5.1.2 Linear Transformer with Adaptive Attention Heads

Recall that

2n d m
Uonm(p, ) == Zaja (Z Z a;(a]ql,) ¢A /%V‘ (el )ydp(y) + b, ) + by

Jj=1

2n m
-3 a0 (Z U () /wi(y)/l,‘j;y dp(y) + bj) +bo
j=1 P,q=1

. (G) _ <d d ()N N SR ¢ X))
with Apg = > > 01 apaseies = [apgsli<icdi<s<d-

Now we approximate each @Dg‘ with a neural network ¢,, and let
a0 = Yot (S0 (3 [ ragpnann) )+
q=1 p=1

Then we have the error decomposition:
||\I]2n,m - T2n,mHL2(Vg) S H‘Il2n,m - TQn,mHLQ(z/g) + HTZn,m - T2n,m”L2(z/g)

where

m

Tonm(p, x Z% (Z Bq() (Z / V() Ay dp@)) + bj> + bo.

Similarly with error estimations for the truncated error, let

b0(p) = agly, / U (y)ely dp(y)

1<p<m, l<s<d
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and we have

~ 2
H\IJQn,m - T2n,m

<],
n

L5 (S

7j=1

L2(vg)

> 5 (p) — ¢g())

q=1

fj — ¢q())

2
2n

Z\%\Z

= =1

€

dVg(p, I‘)

2

) it

2

« o b T x il
s/&?b( W3S I Z 800 - @) | d@ard )

=1 j=1 qE€[m)]
m m 9
g/ [k Zlglég (Z b5 (p )/Z o())” dp(x)dPg (p)
B2 p(X) I\ = X =

< dljal2Cs / } Z / (W) — 6,())° dp(z) AP (p)
—: dCllal? Z / p) dPX(p).

By p(X

Take ¢, = ¢4 to be the two-hidden-layer tanh neural network with a product gate in

Appendix 4.5.3. Then we have
£q(p) < (4 + Copl|wn(P)| 2oy exp(~ 2 log ).

Take the estimation back and it follows that

2
< Cymexp(—2m logm)
L2 (vg)

‘ ‘ q]2n7m - T2n,m,rh

1
with Cy = 4dCsC} (4¢% + Cy CF ) for i > Ciegy

Then we use the same group of two-hidden-layer neural networks { ¢, 7 }1<4<m to approximate

{Q/JqA}lSqu in the context memory part. Now let a linear Transformer

T2nmm ,07 Zaj <Z¢qm (Z/¢pm A(])ydp( )) +b]> ‘f‘bo
q=1
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Then the approximation error for context functions can be measured as

2

HT2n,m,m - T2n,m,7’h

L*(vg)

vg
d
2 il
< EpNPgX HaHl ; 12}?2(71/)( ( Z agq?s@ﬁq,m(l’)

SPHY S L o >

[@20) = )ty dotw) dota)

d
<[ el max | f (@2 @) P dplz) )

1<p<m,1<s<d

P L >0 >

( ) < / (W) —ebp,m(y))@fydp(y))Q) dPg (p)

Py g Rl

where

For the first factor, let

199 () = / S (@) dp(x),

X 1<p<m,1<s<d

Py gt LR Bt

and we can obtain

d

max 15(p) <d ) /X(%,m(x))Q dp(x) <Y (2)03 1720 + 2007 — damllig)
q=1 q=1

— 1<j<2n
< 2d + 2dm(4d* + Crrllwe(P)] 27 (pe)) €xp(—2m log m).

For the second factor, it’s easy to observe that

m

2
S ([0 - )ty <3012 = bl B X
p=1

1<p<m,1<s<d

SPIG L o >

< Cpm(4d® + Crnl|lwi(p)|| 27 (pn)) exp(—2m logm).
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Choose m such that m exp(—2m logm) < 1. Combine two estimations. It is obtained that

~ 2
HTn,m,m - Tn,m,rh

L2(vg)

< 8C'?;Clgd/8 (X)(2Od4 + 9d20,i,7||w,€(p)||m(pm) - C,fﬁ||w,i(p)||%7(pﬂ))m exp(—2mlogm) dPé((p)

< Cymexp(—2mlogm)
with Oy = 8C2Cd(20d* + 9d2(1 + C'.,Cg)?).

Combining all the estimations, we can achieve the following convergence rate forn > C} ,

: ’ _ 4(v—1DECx 0,4 .
with Cﬁ,@,’y = exp (W) .

||F<I>\()7 ]-) - T2n,m,ﬁ1”L2(Vg)
<NFIAC), 1) = Non(InCG), Dl 22g) + [IN20(ING), 1) = Yanml200g) + [ W2nm — T2n7m7ﬁl||L2(Vg)

§(x=1)

<((1+Cp)C2)in"7 + (C’f - C’;) m- 7+ (Cf + C’f) m2 exp(—mlogm) < Cyn"2,

with C, = Bmax{(l + CB>%0F701% + 02%,03% + 04%}’

m = [nﬁw and m = [(%4—@) logn-‘ .

4.5.2 Oracle Inequality: Sampling Error for Linear Transformers

In this Subsection, we derive an oracle inequality for the two-stage sampling estimation. We
first prove the compactness of the hypothesis space, which guarantees the existence of T ,, in

(4.6); we then estimate the covering numbers used to bound the empirical process.

4.5.2.1 Compact subspaces in C'(£2)

Recall that (€2, dg) is a complete separable metric space. To prove that Hr, is compact in
C(92), it’s sufficient to show that Hr, is sequentially compact in C(£2). By Arzela-Ascoli

Theorem, it’s sufficient to check the equi-boundedness and equi-continuity of Hr, . For
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any T,, € Hr,, we can pick a group of parameters ((aj), (b,), (A,(,{C),), @tanh> satisfying the

conditions of the hypothesis space Hr, . For simplicity, we denote

D=0 | X tunin@) | X Tew | [ Sunin Aot | +0
qg=1 p=1

Then we have

ITn(ps2) — Tulp's 22 =

PORNCATRORAVRD)

2

<lells gmax (o) = 73062

<ty 3|

¢qmn 7-05 |:/ ¢p m(n A(qu dp( ):|

— Ggm( n) TCB {/ ¢Pm(” A(qu dp )} Hz

m(n)

< HaHllrgjag

qum (n) 7—CB {/ ¢pm n) ydp(y>]

~Tex { / Gpn() () AS Y dp’(y)] )

+ Ty [/ Dpiinin) () AUy d/)/(y)} (Ggmn)(T) = dgmm) (@)

2

1<j<n

pyg=1 2

< llafly max S (H / o (1) ADy — 600 (Y AD) dply)dp' ()

-~

A(p,p")

+\/_CB|¢qmn ¢qm(n( ,)|>
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Recall that ¢y s(n)(7) = T, ( . m(n) (x)), where (¢él,)m(n))§i:1 is a group of two-hidden-

layer tanh neural networks shown in Appendix 4.5.3. It’s easy to observe that

}gqun ¢qmn( )}

- Hﬂ<¢§{>~ H’E
=1

CT[ [Utanh(W( 1O-tanh<W(0$ + bt(ll,o) + bfj}l) - Utanh(W(l%Utanh(W(lgx/ + bt(]l})) + b((Jl,)l)]’

q, 9, a9,

< d max
1<i<d

l l

<d max
1<i<d

<d max [|c} || HWq(lf (atanh(W(%x + bf]{)) — Utanh(W(Ox + b ))H

1<i<d S s

)
<d ma |ef 1 | W)

)
0 HWq,O

l
o=l < (dxmax flcf o || 55

1<I<d

0
00 HWq,O

=2l

<Cpallr — 2|2

Since the parameters in tanh neural networks are uniformly bounded by ||O¢anh /o0, Cr.a just

depends on n and d. It also follows that for any 7 € [](p, '),
/H%mn) VAD Y — i) W VAGY |, dr(y, /)
< 145 [ 160000618 = G ()9 s (3.9
<148 ([ Mmoo =l artes) + [ 1 @) = im0, )
< il ([ 1= vladrts + Cuay5, ||Yf||§¢ETHY - an%)

< (|49 5 (14 Coa /B IV IDE-NY — Y75

Take the above estimation back. It can be obtained that

ITn(p, ) = Tulp', )l
m(n) '
<llath max 3= (A9, O+ CoalVllz) Y = Yy + VACsCrlle — o'l

1<5<n
p,q=1

<lalhmVd(1 + CogllY |20 + VACECoa) (Y = Y| 12(r) + Il — 2/||2)

which holds for any 7 € [(p, p’). It follows that

ITu(p,2) = Tulpl )2 < ComVa(1 + CoallY L2y + VAC5Cra)da((p, 2). (0, 2'))
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and proves that Hr, is equi-continuous at each (o, z’) € Q.

For any (p, z) € 2, we have

(o)l < Wl + Nl s, {11+ | 3 Gumon(@)Tes | [ Gnmon(1) A0 o)
o p,q=1 9

< Cp/dCg+ Cp | V/2dCs + ) |

p,g=1

2

Tow { / Dpin(my () ANy dp(y)}

S CF(Q\/ dCB + mQCB\/E).

which shows that {T,,(p,z) : T,, € Hr, } is bounded for each (p, x) € Q. Therefore, Hr,, is

compact in C'(£2) which guarantees the existence of T ,, and the below covering number.

4.5.2.2 Covering Number Estimations

Note that in the first stage and pseudo second stage sampling, we have access to the true
distributions sampled from Pg on B;;(X) such that the second moments are uniformly
bounded by C'z, which however doesn’t hold true for the empirical distributions in the second

stage sampling.

Recall that the hypothesis space is defined as

n

Hr, = {Tn el < 2Ck, > ADE < d, ||bj]l2 < /2dCys for each 1 < j < m,

p,g=1

lboll2 < Cry/2dCp, and ||O¢annl|, < c1(ch 1Og(n))6’3(logn)2}.
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For 0;(p, z) defined above, it’s easy to observe that for any (p, z) € (3,

m(n)
oyl < s+ 3 Gumon(@Ten | [ Gumin (ALt

=1
pq 2

<o+ S / 149y, dp(y)

p,q=1
i m(n) '
< bl +C& Y 1A
p,q=1

< /2dCp 4 \/CamVd < m+/2dCj.

1
_ . o112\ 2 _
Choose Ty, T\, € Hr, with || — @ < e, (Z;”é’i)l A — A9 ) <e b, —bylls < e
’ F
for 1 < j <mn,and ||by — bo||2 < €. Then we have
[ Tn(p,2) = Tulp, )|, = || (b — Bo) + > (eo;(p,x) — ;5;(p, x))
Jj=1 2
< [lbo — boll2 + Z(%’ — a;)o5(p, x) + &;(0;(p, ) — 7;(p, x))
Jj=1 2

<e+fla—al; nax loj(p, @)z + [|ally nax loj(p, ) = a;(p, 2)2
< 2y/dCpme + 20p max |oj(p, z) = 7;(p, 2)|l2-
For the second term in the above inequality, it follows that

loj(ps x) = a;(p, )2

<[ =b)+ > (%,m(n)(x)TcB { / Gpmm) () Ay dp(y)}
p,q=1
- g)q,rh(n) (ZL’)%B |:/ Q;p,rh(n) (y)/_l](;],()]y dp(y):|>
2
<y = B3l + S || Busnon () — Bty () To [ [ v <y>A§;f;ydp<y>]
p,q=1 2

2.

p,g=1
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m(n)
<l =Bl 3 L6000 0) = dusio@)] [ 145301, )
p,q=1
m(n)
32| (oo A% = By ) ) o) |
p,q=1
| m)
<l = billa + C2 D N[ AD| o | Saumnmy (@) = ity (
p,q=1 p,q= 1
m(n)
£y / ot 9) = By ) AL )|
p,q=1

m(n)

— 1 . lm(n) . _
< b = Billa + C& | max [unn(®) = Gamn (2)] D 1451+ C D7 (1455 -

p,q=1 p,q=1
m(n)
37 [ 18000 ®) = o )] 451, o)
p,q=1

<e+ +/Cpme+ +/dCgm max ‘cqu () (@) — ¢q,7ﬁ(n)(‘”)|

1<g<m(n)

+ V/dCpm max ||¢pm<n Ppaim) | L2(p)

Recall that the above two-hldden-layer tanh neural networks have the form ¢, ;)

Tio (¢;12h(n), o ¢;(7d7)h(n)) and then it can be obtained that for any z € RY,

oy () = B ()]

CZ;J [Utanh (W[Eﬁ) Otanh (Wé’ox + bl(,l’)o) + bl(,l’)l )i|

/

}%fn(n)(x) - Q_ﬁp,ﬁ’b(n)(x)‘ < d max

1<I<d

<d max
1<I<d

=/ ()
_ w7 w7 (0) 7(1 7(
- Clj;,l |:Crtanh(I/Vpio-tanh(I/Vp,oaj + b;})) + bz(%)l)] ‘

-

g

=f (@)
Jp
< d max ’Cplf(l (z) — Ef,lfél)(l‘) + Ef,zf,ﬁ”(ﬂi) - Ef,lfél)(flfﬂ

1<i<d

<dmax (Ileps = il + el | £ @) = £ @)]).)

1<I<d

<8din(n) max {leps = epilloo + leplloe [£0() = 7@}

1<1<d

al
PallF
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where
(l) 0]

—(1
< H ! latanh(W(%x + 00 4 50) = (W 0 (T + 57)) H

b,

l (1 l () l l () l
<o =8|+ |wl =]+ | [ o - e+ b;}) — 50
o0 o0 o0 o0
Choose that
- —(l
leps — Gpillo < 6 60 =00 <6 W -Wh| <
1) ) 1) io(l) o (4.23)
HWP7O - Wp70 S 9 bp,o - bp70 ‘oo S E.

max

Then it’s easy to see that
1757 (0) = FP @), < 240+ o) earm(m)] =,
which implies that
(G (2) = By ()] < 19202 + ] o) [eata(m) P27

and that

VaCem( | _max |94n(2) = by (@)] + I 0pm = Sprll iz

1<p,g<m(n)

< dC’Bm<192d <4 + |20 —|—/ ||I||oodp> [C4m(n)]3cs(m(n))2)€
x
<192 (5 + o) () e (AP,

We can conclude that

[ To(p,2) = Tulp, )|, < 386CKCisd? (9 + [[]|oo) (m(n)) [carin(m) D e =: Z(a, ).

For any pseudometric space (#, dy;) and € > 0, the covering number of (7, dz ) with radius

e is defined as inf{|D| : D C H,for any ¥ € H there exists & € D with dy (¥, ®) < €}.
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We denote by N(Hr,,, €, dp, ,(x)) the uniform e-covering number for the first stage sampling

with the pseudometric

dp, 20 (P1,P2) = sup  E,||®1(X) — $o(X)]fo.

pEBy 1 (X)

It follows that for the above T,,, T,, and the parameter selections,

dBQ,b(X)(Tn,Tn) < sup E,E(X,¢) < CchC%d% (m(n))[c4ﬁz(n)]305(m(”))26.

pEBs 1 (X)

Then the é-covering number of Hr,, with respect to dg, ,(x) can bounded as

N(HTrﬂ €, dBQ,b(X)>
2,2 B [8md+8m+(8m)2+8m+8m]dm
4 n 2 /—2d n(md+d>+1 ) ~\elm2
§(1+ﬁ) <1+u) 1+%

€ € €

€

3nm2d? e 96d2m2m
< (1+4CF\/dCB> <1+(02m)3 )

€

€

4e6CrCiPmlcany ™ \ ™™ ([ eCpChdbm(cam)s )"
§<1_'_6FB 4 ) <1+6Flg 1 )

8C, i 5 100d?nm? s
S <1 + Ea > ) ((C4mm)60005d nm<m )’

with Cy 5 = csCrCyd?, which is followed by

8C.
log N(Hr,, €,dp, ,(x)) < 100nd*m?log (1 + de’B> + 600csd*nm*m? log(camm).
: é

Conditioned on the pseudo second-stage samples (pg?, Xij)1<i< N,1<j<n;> W€ can define the

UV, L) >

empirical L% e-covering number N(#r, , €, d) with the pseudometric

N n; 2
1 1 «— i i
dp (1, By) = (NZ — D (e Xyy) - %(pSQ,Xij)H%) .
i=1 " j=1
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Then for the above T,,, T,, and the parameter selections, we have

1 N 1 ng 2
dp(Ty, Ty) < (NZF ~(X”,€>z>
i=1 " j=1
|
3 ~
< 386\/§CFCBd§ 0+ Z = Z ’X” 2, m]305m26
_ Z i—1

N
3 1 1 3¢ ,th
< ¢sCpCpd2 [ 9+ N E_ - E_ 1 X513 | m(cam)®=™ .

=1
(.

~~

= X2

Similarly, it’s easy to see that

8¢6CrCEd?|| X||

€

log N(Hr,, € dp) < 100nd*m? log (1 + >—|—60005nd2m2ﬁ12 log(camm).

4.5.2.3 First-Stage Sampling Error Estimation

The following lemma is from Lemma 3.19 [10].

LEMMA 11. Let ¢ be a set of functions on Z and %, c > 0 such that for each J € Z,
T —E(T)| < B and E(T?) < cE(T) almost surely. Then for every e > 0 and 0 < r < 1,

E —E, 2
Pucsm { up ST EalT) wz} <N el ) e {505 b
3

Je g E(J) +e€

We consider the class of functions Js : B> b(X x )V) — R, denoted by

() i={To : Talpxy) = Bl Zu®(X) =Y [3lpxy]~El|@g(X)—Y [3lpxy], @ € Hr, }.

Then for each Jp € _# (Hr, ), we have

B(Jo) = £(Tu®) — E(Bg) and >~ Talpy) = En(Tis®) — En(o).
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where £( Ty ®) — E(Pg) = || Tu® — Dg||72 . Also notice that
rg

Talpx)| = [E[IT30(X) = Y[ = [96(X) = ¥ [3]oxs]|
< [EL0738(5) = Yl + [96(5) = Y2} (1 738(5) = Do) |oxs]
< 8M?,
which implies that | 75 (pxy) — E(Js)| < 16M? and
E(T2) < Epyymry [E[(1 Z0(X) = Y[ — [0(X) — Y32 |psv]]
< 16ME, s (B[ 7(X) — gllalpx))? < 1602 Z3y® — Bgll2, = 16ME( ).
Then for any ®,, 5 € Hr,, it follows that
|Te, (pxv) — Ta, (pxy)| = ‘E 17 ®1(X) = Y 3loxv] — E[[| 72 P2(X) = Y [3lpxv]
< AM [E[||73®1(X) = Z3y@3(X) alpx] |
< AM [E[|01(8) = @3(X) [alpx] | < 4Mds, (@1, @2),

which shows that

N(Z (Hr,) €[ - oy 0xxm)) < (HTm deb(X))
4M’
Then with the uniform ratio inequality, we have that

b { (E(7P) —£(%g)) — (En(Tu®) ~ En(Bg)) _ ﬁ}

Su
serin, JE(Tu®) — E(@g) + ¢

€ 3Ne
SN (S (0t 3ol lomenaoon ) exp {‘W}

€ 3Ne
N () e {2
< N {(Hres T5a QB2 ) X { 2048M2}
It’s easy to see that /(E( T ®) — E(Pg) + €)e < 3(E(TuP) — E(Pg)) + €, which follows
by taking ® = Tg,, that

P{&(T(Ten) > (6T (Ten) - E(89) +

¢ 3Ne
<N (HT 60 drsQ,bm) exXp {_W} ’
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Similarly, For each ® € Hr,, note that ||®||c(q,) is uniformly bounded. We define
Ja(pxy) = E[|@(X) = Y3lpxv] - Ell|®g(X) - Y[3|pxv]-

Jo can be considered as a random variable with ‘j@(ﬂxy)‘ < (BM + ||®||c(0p))? and it

follows that
To(pxy) = E(Jo)| < 26M + @)oo’

and
E(J3) < (BM + |0 co)*Es(D).

Then with the Bernstein inequality, we have

/ Né?
PLE(P) > e} < exp {_2(3M + | Plle@s)? (E4(®) + 3¢) } |

4.5.2.4 Second-Stage Sampling Error with Ground Truth Context

Assume that ny = --- = ny = 9. Conditioned on the given first-stage samples (pg?y)1<i< N
the random variables (X;;, Y;;)1<i<n1<j<g are independent but not identically distributed:

Il s e

foreach1 <i < N, (X;;,Y;;) ~ pg(y Let S = (pX . Xij, Yij)h1<i<ni<j<v. We introduce a

Il s R

random variable
- 11
MG = s oSS (R[S - VIR - 1909, Xip) - Yil3),
de Ty (Hr,) N ; v ; ‘ ’
which follows that

8M*>

AG) - AG < sp < 1908, X) — Vil — 180, X2) ~ YiIB| < S
@691\4(7‘[’1‘")

) zzd

where S5\(%) denotes the sample S with a change on (i, j)-th variable with (X;;,Y;;

(Xi;, Y;) while all others fixed. Then by Azuma-McDiarmind’s inequality, it can be derived

that

P { ym —E[AS)|(p%y):]

NY) e
(—:} < 2exp{—(32]\>4i }, for any € > 0.
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Il i

we have

_ . 9 N 1 9
EAGIO <Efy, ] Bon, s 505 2 Galla PR Xiy) = Vil
i Jm Ty i=1 j=1

Since |1, (u) — 1, (u')| < 4M ||u—u'||2 where I, (u) := ||u —y]||3 with ||u]|5 and ||y||2 less than
M, it follows by the vector-contraction inequality [58] that
N

1 L1 4
Z<Cija (I)(Pg?a Xij))
j=1

EAS)I(oy)] <8VIME, o) By s 505
€Im (AT, i=1 i

Xij~px

where ¢;; is a random vector in R? with each component being i.i.d Rademacher random

variable.

We define a family of zero-mean random variables indexed by ® € .7;(Hr, ) as

N 9

1 = (i
Z = VNO SN (G @0, X))

i=1 j=1
which implies that

1
sup

EAS) (03] <8VAME[, o B|  sw ooy
i €M (HTy,

(Xz'j)i,j] :
For any ®, ®' € F,(Hr,),
Elexp(v(Zs — Za/))|(Xij)ii] < exp(v?dy(®,®')?/2), Vv €R
where
N ' 2
Po(® ®) = 18 = Fllarry = (W SN 1%, Xiy) — (0§, X z’j)!@) .
i—1 j—1

Then, conditioned on (X;); j, Zg is a subgaussian process indexed by ® € F,(Hr, ) with
respect to dy. It follows by the Dudley Integral [103] that

E sup  Zg

&)E yM (HTn )

2M
(Xij)i,j] < 32/ V1og N(u, Ty (Hr,), dy) du.
0
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It follows that

~ G 256v/2M 2M
EAS) (5] < =B, i, ( | VNG e, dz,) du)

256+/2M M 2.2 8C6CFC%’d2||X“2 2, 2~ 2 ~
gWE[X” pX)]Z/ 100nd“m*log | 1 + " +§0005nd m T log(c4mm2du

02

01

256v/2M 8¢6CrC3d2|| X ||
< Vi ——E, o |2Mve+ve / <1+ . d

25672 M M
S %E[XUNP;) (QM\/_ + \/_\/8CGCFCZCZ2 |X||2/ U_% du)

2567/ 2M -
=N (2M\/§ + 8\/g1cﬁcpcgd2M E[xwpg?]ﬂ/ ||X||2)

where

N ¢

1 1

By, iy, V1K N2 < /By o X1l = |9+ E N 2 Il <0+
i=1 j=1

Then we can obtain that

~ . C N
E[A(S)|(p%y )i] < 222 mmiin?

E

with Cyy 5.4 = 256v/2M max {QOdM\/6c5, 80d2(9 + C/?), /CGOFC};M}.

Then we have

Vnmm?
P Eo( Ty (®) > €+ Oy g
{q}ggn 2o(Tu(®)) > e+ Cupa /NG

1 N (Nﬁ)EQ
pg(%m,p_(x}z} < exp <_ 32 M4 ’

Similarly, for each ® € Hr,, we define

N 9
L~ 1 - ;
)= 22 (120, X) = il — E[12(%) = Y 3155%]).
Similarly, we have

AM + (|l cs))?
N '

~ Y 1 ;
Ao (8) = Ao (8| < <= [I10(o, X) = Vil = 060, ) = Vi1
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Then by Azuma-McDiarmind’s inequality, we can derive that

N9)e?
P{EL(D) > €|p) ,...,p(N)}gexp{— ( }
i AR 8(M + |l o)

4.5.2.5 Second-Stage Sampling Error with Accessible Context

Now, we estimate the sampling error with accessible context information, i.e., the empirical

distributions. We have

®eHT,
N 9
= sup |35 (17 @), %)~ Vil — 5@, %)~ Vi)
Dt 9 pe X J 12 X

PeHT i=1 j=1
< sup — E all; max o () AY) 2 d o\ —/ o () AV 2 d
_q)EHan N - || Hllﬁj'ﬁnp’q:l /)V(¢p, ()( ) D,q Px X¢p7 ()( ) D,q Px )

M
< sup 8 NCFZm\/E max /gbpmn xdp /prmn A()

PENN(0) - 1<p<m

2

_ 8MCpVd m
< — sup
N =1 ¢€NN 'm

Dadil = [ o xdpx

_v( )( (1)

<8MCF\/_mmaXV ( 0.

<i<N

Then for z = (z1,...,29) € X and the samples (X1, ..., X;y) in [)g?, we define

V() (x) = VO (Ola, .. wjot, Xigs Tt - - -, 7))
- EX{J'NPE? (V(Z)(5[$1, sy L1, Xz{jv Ljt1s - - 7x19]))

for 1 < j < ¢ where 0[S] is defined as the empirical distribution generated by the dataset S.

We easily obtain that
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= ‘]EX’ ()(V(i)(5[x1, Ce 7xj—17Xij7xj+1; c. ,l’ﬂ]) - V(Z)<(5[x1, ce ,;L“j_l,X”,xjH, c. ,.fl?g]))‘

i~Px

1
<E,, (1) sup — (bin/x/"’(?Xle _E(z)¢XX
XJPXQSGNN()ﬁ(j/Z#(])] (X)X pX(())2
1
- sSup 3 ¢$/$/+¢XZ/ XZ/ _E(i) ¢XX
o (; (ep)y + AN | =B D]
1
SE / i sup — Xz X/ X/
X{jmp <¢eNN(em)19”¢( )X H2>

1
SEy, 0 ( sup 5 ([6(X35) Xl + 10(X55) X512 ))
g SENN(O)

1 1

< Uil +Ey, ol Xill2) < 501Xl + v/ Co).
For each pg? € Byy(&X), we have the ratio condition that ||wﬁ(pg?)|| L7(pn) < 00. Then for

Xij ~ pg? and any p > 1, we have

<Ep(i

<

1
P . 1 ro 1
Xl8)" = ([ oll - no)5) doc) < Nl B LX)

i 4 %
< (14 ws(PD) N (00)) B [IX 157

with 7" = 5. For X ~ p,, | X |2 is @ norm subgaussian random variable [34] such that
(E,. ||X||p)% < ck+/dp for any p > 1 where c is an absolute constant. Then we have
1 .
(B0l Xilg)” < eov/7(1+ |weled)]|  )vp
X L7 (pr)

for any p > 1 We define the subgaussian norm [103] for a random variable Z as || Z||y,, =

SUP,> 1 (E‘f‘;) . Then || X;;

Hw,i(pg?)Hm(pm)). It also implies that for any x € X7, V;i)(ﬁg?)(x) is also a subgaussian

|, is a subgaussian random variable with ||| X;]|2 [, < crv//(1+

random variable with

WD), < 51Xl +vCs),

|




112 4 IN-CONTEXT LEARNING OF EFFICIENT TRANSFORMERS

because for any p > 1,

(B PO ) < L[ 01X 1% + V]

Xij NPX

by Minkowski inequality. Then by Theorem 3 in Maurer and Pontil [59], we have for any

e >0,

P{Y® EVC € ex 1962.
POGED) —EVO(5D) > ¢} < p( ¢2<pgz>>>

where

. . 2
a0 = 32 (enn/7 (1 + 0o ) + /)

We also have

9
, . 1
EV(U(pA(Z)) =K &) sup — 1 z (1) ¢(X)X)
TN e vnen ||V Z:: X =B 2
1 9
<E. i - O(X3) X5
X5, X1, AP ¢Eﬁklf?@m) 192 ] ,
1 V0
= — 2.1.d '3 E su 7 X'l X X/ X/
0 Xig XY T J\/’./\/’I()@m) ;Cj[cb( 2 PR 2
2 9
< SExEo, sup o |1YGo(X)X
2By E ZC
= — Xij i Sup sup % ’L
¥ ¢ GENN(0,) uesd—1 9 ’

0
2
19 XU C’LJ feg (;Cﬂf( ]))
where ((;;)?_, are independent Rademacher random variables and
U:={f: f(z) = ¢(z)u’z with 6 € NN(0,),u € ST}

We define a family of zero-mean random variables index by f € U as

3\
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which implies that

EV® () < Ey. E {su
(Py) < Ex,, feg\/—

Jren
For any f, f' € U,
Elexp(v(Z} — Z{)|(Xi5)i] < exp(0®d(f, £)2/2), Vv € R
where
A f) = (g S - f’(Xij»Z)

Then, conditioned on (X;;);, Zj(f) is a subgaussian process indexed by f € U with respect to
d1(9). It’s easy to see that for any f, f' € U,

[V,
1) f f ( Z( zj uf ¢f’( z])u?/Xij>2>

If luy — ugp||, < eand parameters in ¢y and ¢ satisfy (4.23),

f: ( Xij)ut Xij — ¢pr( ”)uinz-jY) 5

J:

Coli—*

dV(f, 1) < (

—_

+

g
|

> <¢f'(Xz'j)u?Xij - ¢f’(Xij)u?/Xij)2>

j=

VR
SN

—_

WE

| =

) 3
<¢f(Xz‘j) _¢f/(Xij)) HXin§> + M; |luy —uylf,

1

2

- 2
(192d(2 + |’Xz'jHoo)[C4m]3csm2€> HXM@) e

S
.M%

1

<
Il

9
1
M; +192d(cym)*™ | = Z 8115113 + 211X5112) | €.

IN

V
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Then the covering number

o2 96d2m? 5 d , , -~ 9\ 100d%m?
) chm 2\ cs5m
Mau@%S(F+Eﬂi_> (*PJ §<L+Eﬁi_J

€

€ €

2.5, 2
A(l) 100d=m )
§<1+ > (coin) ™™

€

where A = M, + \/g S B Xul13 + 201 X5114), c6 = 192d(ch + e4) and ez = 100(c; +
365)d2.

Then by Dudley integral, we have

(Xi-)j} < 32/ \/1ogN(v,U,d§>)dv

E {sup Z](f)
0

feu

2M; A(i)
< 32/ 100d?m? log (1 + ) + czmA log(cem) dv
0

(%

2Mi A
<32 <2Mim2\/C7 log(cem) + IOdm/ \/log (1 + ) dv
0 v

<32 (2]\/[@-7712\/07 log(cem) + 10dm o VAGy 2 dv>
0
<39 (2Mim2 ¢r log(cemm) + 20dim/ QMZA(U).
Then we have
EVO(5{)) < %Exi]—% (21\41,7712\@7 log(cgm) + 20dm\/2MiA(i)>

1 .
— = (64m2 /e log(com) Ex,, M; -+ 640dinEx,, v/2M,A0 )

Vi

where EXijMi = EXij \/%9 Z?:l HXU”% < \/%9 Z?:l EXij

X’LJH% =/ CB and

)
Ex, V2MAD =Ex, | 2M; | M+ | =Y (811 X513 + 201 X;113)
7=1

S
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9 [V
1 1
<Ex,, | 2M; | Mt | 5 > 81X 15+ | 5 > 2113
j=1

=Ex,, | (2+4V2)M? +2V2M,

1 J
3 > X4
=1

¥
1
< | (2+4V2)Ex,, M? +2v2,/Ex, M?, | Ex, <5 > ||Xz'j||§‘>
j=1

< \/(2 +4V2)Cs + 2V T < \/2 + 6V2C,.
It follows that
EV®) (,ag?) <7 < Cpin®~/cr log(cem) + 640d4/ 2 + 6x/§C§m>
m*y/log(m)

3
where cg = 64+/Cpcr(log cg + 1) + 640dV/2 + 61/2C3.

Then we have
. log(m) Je?
{ * ﬁ a(p)

and it follows that
IP’{ sup |E5( Ty (®))| > 8MCpVdm (e + cyn_og(m)) pgp, o ,pg?[)}
19 2
< Nexp | — ¢ @
maxi<i;<n 11)2(0)()

®cHT, \/1_9
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which is equivalent to the inequality that

8caV/AMC oz (i)
P{ sup |E(Tu(®))] > e+ sV AMCpin®my/log(i
qDE'HT,ﬂ \/@

1 N

Ve?
SNexp | —— o |
64M Cde maxlSiSNll)g(pX)

Similarly, for any & € Hr,, we have both || ®|/¢(q,) and ||®||ce) uniformly bounded
respectively. Then we have

N 9

SN (10, Xiy) = Vi3 = 0, Xiy) = Vi 3)

i=1 j=1

-

N
>0 @M + [ ®llean + 19lcw) | @50, Xi) — 060, X

=1 j=1
/¢<I> a:dp /¢<1> 17de
N
pg?,---,ﬂg()}

-

( + || HC Q))CF\/_m max

Y

which follows that

4 d M @ 2 1 ~
]P’{Sé(cp) > et CSCF\/_( + 1@l o)) m2m/log ()

Vi

Ve?
sNexp | = 22 )
16(M + [|@]lc())*Crdm? maxi<i<n Wa(px )
Recall that for any ® € Hr,,

E(Tu(Tsn))) — E(®g) = [T (Tsn) — Dl
<& (Iu(Tsn)) + E(D) + E( T (Tsn)) + Ey (@) + E( T (Tsn)) + EL (D) + E4(P).
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Then combine all inequalities, and by the union bound, for any ® € Hr,_ we have

Vnmm?

P3| F0u(Tsn) — gl 22(ny > 264(P) + 20084~
{173 (Ts) = @glLa(r) > 264(®) +20w0¥

m2m~/log(m
(301 + [0l ™22 12e)
€ 3Ne Née?
BTSSR e
=N e g B eXp{ 2048M2} exp{ 2B3M + [ e (E:(2) + 2¢)
(ND)e? }
—|—26Xp{—
32(M + [ ®f[c(os)!

Ve?
+2EP§)N7’§NQXP B 2072 02 , (@)
64(M + [|®]|c())*Crdm? maxi<i<y Wa2(py)

where &,(P) = ||® — @g”%z(yg) and ¢y = 8¢sCpV/d. |

4.5.3 Theorem 4.10: Generalization Bound for Linear Transformers

From the approximation results, for n > 3, there exists a transformer T € H,_ such that
n\ "3 1
|T — @¢|lL20g) < Ch <bJ> < C'n~2 with C! = 2C,

and by the approximant construction, we have || T||c(qu) < | T|c@) < 2Cry/d(1 + Cp) =

Aj;. Apply the above oracle inequality with letting ® = T and s (px) := ~ Zfil W ,og?),

and we obtain that

~ 2
nmimn
{173 (Tea) ~ Dol > 20207+ 2Cuma ¥y

~ 9 1 ~
e Co/A(3M + Ay TV 108(m) 126}
Vi
128MCy 5 . L
2 2 1ty 2 2 2
< exp {100d nm*log (1 + — + 600csd“nmm* log(cymm) — SYEIVE

+ ex — N€2 _|_ 2eX {_M}
Pl 26M + A7 (€2t 1 Ze) P 3200 + At
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Y 2
+ QIEP(i>NPXNeXp — < 5 —— .
X g 64(M + Al)deszNll)Q(pX)
We follow the parameter selections in the approximation by letting m = [n%zl)ﬂ and

m = [(% + M) log n]. It’s obtained that

9 o 1 3G (logn)? n2GDE (logn)3
PN Zu(Tsp) — (bgHm(w) > 200" + A + A + 12¢

VND W
v 128 M C, v 3N
< exp {200d2”1+ O=e log <1 " ¥) + Ay T (log n)® — 204—8;\/[2}

+ ex J— N€2 _|_ Qex {_&}
Pl 26M 1 A2 (C2n £ 26 P17 32001 + Ayt

Ve
+ 2K (i) _ Nexpq — ——
PO P 128d(M + A, )2C2n G N, (px)

where Ay = (1 + L)QC(M,B?d, Az = 32<3M + Al)CF\/ dCi and

2(y=1)¢

Ay = (1 + ﬁ) [(120005d2 (% + W)Q +log e (% + myﬂ .

If we take € > 2C7?n " (log n)?, it follows that

n? 27 1% (log n)? n2TTE (log n)3
P{HyM(TS,n)_(DQH%z(W)>136+A2 (log ) +A (logn) }

VNU ’ Vi
L 64MC A 3NV
< exp {200c12n1+ G-1% log (1 + # n) + Ayn' TG (logn)® — 5048 ;42}

N __ 3Ne 1, (Ve
P T8BM + A))2 P T30 1 Ay

Ve?
+ 2E Nexpq — - '
Py'~Pg 128d(M + A;)?CEnG=18 N (px )
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1

N e — . . 2 12 2+7"f7§
Take n = [[Cy N Z71-D8 | with Iy = <m1n{ 3Cs 3¢, }) o=

819200 M 242 (1+10g(%)) » 4096 M2 A4

and the second stage data size ¥ > NN, then we have

P{|| 731 (Ts.n) — Pgll72(x) > Ase}

< 3Ne N 3Ne 3Ne n 3Ne L9 C”Ne
exX — X s —— exX —
= P 819202 T 819202 T 204802 PAUT8BM + A4))? PATI6K, (M + At

Ve
4+ 2 (@), Nexp — — —_
Px~Ps AﬁNWIM(PX)
Ne Ve
<4exp {—x} + QEP)(;)N%{N exXp {_ 3(y—Déf2y } )
7 AN 20-D5 Py (px)

where

PR TCEsyT: 5 7e
AlC7 20708+ A,
2072

7
As =13+ L Ag = 128d(M + A;)2C2KT

— mi 3 3 c?
and A7 = min { 3096012 BBM+A1)2° 16K (Mt A1) }
Take t = Ase. Then when ¢ > 2A45C"*n "' (logn)?, we have

Nt It
]P){H'?M(TS/”)_QQH%?(VQ) > t} S 4eXp {_A A }+2Epg?~'PgXNeXp {_ 3(y—1)&+2y } :
ST As Ag N 26-1Déty 11)2(;))()

It implies that

E{E(Tu(Tsn)) — E(Pg)}

=E|| T (Tsn) — @61 72(,) = / P{||- 7 (Tsn) — Bgll 72,y > t}dt
0

2450201 (logn)3 oo
-/ + [ P73 (Tsa) — ol > 1) i
0 2

AsC12n—1(logn)3

<2A5C2n (logn)* + | {10 (Ten) = Dol > 1) s
0
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1

N B o N2 7/T=Del ¢

<2K9N VIR (log N)? + / 4 exp S
0 As Az

e vt
+ 2E N N / exp — — dt
TE As AN 32((7”‘135512”711)2(,0)()

5(y—1)§+3y
N 26-1)é+

By (o))

3
where Ky = 4A;C2KT ! <log Ky + m> . Take ¥ = N3 and we obtain that

=2k N~ 7= (log N)3 + 4 A5 AN~ 7= + 245 A

E{E(Thr(Ts)) — £(@6)} < (26 + 44547 + 245468 0o (W2(0x)) ) N~ 777 (log N)?
where
S 1 & :
Epg?wpg <1P2(px)> = Epg?wpgx <N ;11)2(/)&?))

N
1 () 2
= 32¢ Ep(;)wpgxﬁ Z <C“\/?<1 + ||WH(pX )HL“’(PH)) + CB)

=1
< 64e prwpév <c2m27'(1 + ||wn(pX)||L"/(Pn))2 + CB)

< 64e(Cp + 2¢%K%Y') + 128 B,z ||wﬁ(px)||%w(pﬁ)

< 64e(Cp + 262 K%Y + 2C3).

It follows that
E{E(Th(Ts,)) — E(Dg)} < Ky N~ T304 (log N)?

with ICg = 2’C2 + 4A5A7 + 1286./45./46(03 + 202:%2’7/ + 2Cg). [ |

Appendix C

Context Embedding and Feature Mapping

PROPOSITION 2. K : By(X) — Hy, ® R%is an injective and continuous mapping.
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PROPOSITION 3. The embedding operator 1 : (2 — Hr is injective and continuous.

Proof. Continuity: Recall that 2 = By(X) x X is a metric space equipped with dg. Also

observe that

HIA(pa I) - I>\</0/7x/)“7-[]: < HI>\<p7 .CL') - I)\(plv'r)HH}‘ + ”I)\(plax) - IA(/O/MZ'/)HH}‘

= [[Kx(p = p) @ ka(@, )2 + 1 KA(P) @ (Ba(w, ) — ka2, )12
in which

lex(z, ) = ka(a’, )3y, = 2(1 — exp{—(z — 2')"Sx(z — 2")})

<2z —a') Oa(e — ') < 285 2llz — 23,

and for any 7 € [[(p, '),

KA (p = )3y, oma = ’ /X X(kfx(v y)y — k(- y")y) dp(y)dp'(y')

HkA®Rd

S/ 1ExC 9y = kaCo 9y g, era d7(y,y)

XxX

< /X y 1ExCo ) (W = ¥, e + 1oy y) = BaCL )Y ey, ome dT(y, y)
X

1
< / ly — o2 dr(y, o) + / VRIS Y — ¥ a2 dr (g, )
XXX XxX

3 i A
§< / ||y—y'||3df<y,y'>) IVGTONE ( / ||y—y'||3df<y,y'>) (E,|Y])?
XxX XXX

1
2

< (14 VISl By Y]} (/X

Since the above inequality holds for any 7 € [[(p, p’), it follows that

Iv = o B drto.t) )
xX
1 1
1A (p = 2l eme < (14 V2IISA3 (B |[Y]13)2)Walp, o)
and that
AW i 712y 1 / 3 112 /
1Ix(p, z) — In(p', 2") Iy < (1 +V2||SAlI2 By Y ||2)2> Wa(p, o) + V2IIEAll3 B |Y']3)]J2 — 2|

< (14 2V2| Al By Y I2)dal(p. 2). (o 2').
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Injection: kx(z,y) = ga(z—y) = exp {—1(z — y)"S1 (z — y) } with Ty = diag(2A;>,...,2);%) >
0. Foreach1 < j <d, let

K@) = [ ek dy= [ [ e sy - e dpta) dy
Rd rd JRd
By Fubini Theorem, we have
[E)\ _ —iwTy —2)d Uq
x ()W) e oAy —x)dy| xVdp(z)
R [JRd
= (2#)% det(ZA)éeész*w/ 2 De= " dp ()

Rd

= (2m)2 det(Sx)2e 2 ™ i9,F (p)(w),

where F(p) is Fourier transform of probability measure p.

—

It follows that K (p)(w) = (27)2 det(Ex)2e~2%" 23 iVF(p)(w). Take 1 = py — ps with
p1,p2 € Ba(X). If Kx(u) = 0, then Kx(u)(y) = 0 for any y € R? It implies that
m = 0 and VF(u) = 0. Note that F(1)(0) = pu(&X) = p1(X) — po(X) = 0. It can be
obtained that F(x) = 0. Then by the inversion of Fourier transform of measures, we have
p1 = pe, which shows that K is an injective mapping on By (X). It also follows that I is

injective since = — ky(z, ) is also an injective mapping. [

Examples for Marginal Meta Probability Measure

EXAMPLE 2. (Distributions with Compact Support and Bounded Density).

For B,C > 0, we define the probability class G(B, C) of all probability measures with a
Lebesgue density bounded by C almost surely and supported on the the closed ball of radius

B centered at zero. Then 733/ is a probability measure supported on G(B, C).

Proof. Take (11,,) a sequence in G(B, C) with p,, — pin (By(X), Ws). Denote K the closed
ball of radius B centered at zero. Then by Portmanteau Theorem, the weak convergence of

measures implies that 1 = limsup,,_, . p,(K) < p(K) < 1. Therefore, u(K) = 1.
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Also by the weak convergence, we have [ pdy = lim, o [ @dp, < C [ dv for any
¢ € CF(K), where v is Lebesgue measure. Then by the density of function class Cf (K), we
have p(E) < Cr(FE) for any Borel set E C K, which follows that 1 is absolute continuous
with respect to v and dyu/dv < C almost everywhere on K. It implies that 4 € G(B, C) and
then G(B, C) is closed in (By(X), Ws).

It’s easy to obtain that

H ( )H2 /QB </K ( H) >A2/ X( )
~PX K v K 0y P
p~Pg LY(pk) (B.0) dp g

1 . 2
< 02(271'/{2)(7”% 5 exp (u) :

VR?

EXAMPLE 3. (Distributions in Diffusion Generative Modeling [94]).

ForB > 0and0 <ty <T < | /ﬁ/@, we define the probability class Gy, 1(B) as the
collection of the convolutions between two probability distributions
{ % pi - supported on the closed ball with radius B in R,

Gaussian measure pz withty < kK < T}

with

(1 % pe) () = (22) S /|| e (—”2‘—?’”) du(y).

The marginal meta probability measure 7355 is defined as a joint probability measure on
By y(X) x [to, T] as P& x Uniforml[ty, T] where Pg is a probability measure defined on
By (X).

Proof. Since the convolution between p and p; can be considered as the probability distribution
of random variable X + Z; with X ~ p and Z; ~ gaussian distribution p; independently,

Wa (1 * pr, pro* pr) < Wa(p1, o) by the coupling argument. Similarly for (1, t1), (u2, t2) €
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By y(X) x [to, T], we have
Wa (1 * puys 1z * pry) < Wa(pia, p12) + Wa(pr, pry) < Walpin, pa) + Vd |ty — ts],

which shows that I : (1, ) — u * ps is continuous. Then the meta probability in domain
generalization framework can be defined with Py = (P x Uniforml[ty, T]) o I"1. It’s easy

to see that for any . * pz € G, 17(B), we have

E|IX + Z|l; < EQIX|3 + 2] Z][2)* = 4E[IX 3 + Bl Z])3) + 8E|X[3)(ElZ])3)

< 4(B*+d(d +2)T*) + 8dB*T?,

and

d(v—1) v—1
i )Ty = 27 [ o pe(ol) exp (ol ) o

= (27k2) T (2172~ %

Jolf o (Fg) i) e (5

= (27m2)d 7

2) dx
o (2rR*) "2

20y — [lyl3 ' S -1y,
/Rd (/MSB exp ( 972 1(y) | exp 572 92 llz||5 | dx

It’s easy to see that ||w, (1 pz) || 17 (p) < 00 if and only if vz := 5L — 2=} which is equivalent

to the condition i < , /5 k. Moreover, Let b; = 25. By Jensen’s inequality, we have
[lw (1% )17 )

_ vllz —yl3 Y1,
< Agx & - d d
dmy P /Rd /|y||2<B ( ) dly)exp { Sl | de
_ Y1\ e 2va"y —llyll3
< AR 7/ /exp( )x )exp( >dd
d,k,y lyl2<B Rd 2/12 H H2 2% 2 ( )

2
< Ad,,wfi—dv/ / exp(—vz||z||3 + bry’ x) dx exp ( — %) du(y)
lyll2<B /R4 k
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bay || b Y
:,,élHN*dV / <—g - = )d <—"C 2 _ — 2>d
dry R <t Rdexp Vi || 202, T exp 4URHQHQ ZKQHyHQ ()
d
—Aua (D)5 [ e (5 ) IwlB) )
v Iyll2<B dor 2R
d ~2
T\% . 4 (v = DR 5 .
< K — K B = ’y’
< o (52) 5o (g ™) =/

We can observe that f (k) is a continuous function on [to, 7] and f(&) ~ /%_d(l_%), Kk — 0.

For the domain generalization assumption, we have

[P0 = [ lee)lag 2P0
B2 (X) [to.71(B)

1 /T/ 2 =y .
= | (1t % pa) |22 () APG (1) AR
T —1to Jy, Ba,e(X) o) TG
1 T
< / f(R)? di < Cio1,3,0- =
T - t(] tO

Approximation in Gaussian Space
Optimal Linear Approximation

Note that the space Hy, is actually the tensor product of unvariate RKHS with the kernels
exp{—M?(a — b)?} for a,b € R, so we first consider the univariate case with k), (a,b) =

exp{—A?(a — b)?} where a,b € R and the gaussian measure p; , with density function
2\—1 a?

(2mK?) 2 exp {_W}

For j > 1, the eigenvalues and eigenfunctions are given [18, 81] by

C112i—2 i —% 1 1 1
g = (V2r)IN72/C2 where Cp = A2 + e + 5\ 12 2N,

1
1 1 1 1 1 i
5 — 2 2 2
Pa.i(a) = exp (‘ (2% A2 +2XM - 452> a ) Hj 4 (K—; <4—/€2 + 2/\1> a)
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where H;_; is the Hermite polynomial of degree j — 1, given by

j—1 a? ! —a?
Hj_l(a) = (—].)j e W@ fora € R

such that

/ a) exp(—a®)da = /72971 (j — 1)! for j € N.

Then we can take a orthonormal basis of L?(p; ) to be {¢y, ;}jen by

(1—1—8/{2)\2)i 2M\ia? ( 2421 )
H;_ 1+ 8k7A7)7
90/\10( ) = 2i-1(5 —1)! /1+8/<;2)\2+1 \/_,‘i( 2

_1
and observe that (v2r)71C; 2 = 1 — 2 , which allows us to rewrite 7y, j as 7y, ; = (1 —
7]>\1)7]§\1_1 with

A 4K\ )
e 4R2N2 + 1+ /14 &m? '
For the multivariate case with A = (A1, ..., \y), let 7 be a multi-index with j = (ji,...,7q) €

N¢. Then the pairs (r}, ¢}) of eigenvalues and eigenfunctions are given by

d

d
= HT/\Z g = H ml)?ﬂfl "and cp] H oxg (2 for z = [z0) . @] € RY
=1 =1

We can also define an orthonormal basis (¢3') on Hy, by

H w/\l Ji Where w/\l J = VTG PG

For the simplicity of notation, we rearrange the sequence of eigenpairs (r;.‘, wj-‘)jeNd to
the sequence (r;‘, ¢§‘)qu with the order of a non-increasing sequence of eigenvalues, i.e.,

T?ZT%Z"'>0.
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By Corollary 4.12 in [64], the optimal linear approximation error is

E(n, Hy,) := inf sup le—ProjAn(f)HLQ(pﬂ) = 7"2‘_,’_1

AnCHix |1l <

where A,, is an n-dimensional subspace of Hy,. By Theorem 5.2 in [18], £(n, Hi,) <

Cseon max(0,5 )49 gor any 0 > 0 where Cj . ¢ only depends on d, ~ and 6. |

Approximation of Eigenfunctions by Two-Hidden-Layer Tanh Neural Networks

In this part, we show L?(p)-approximation of orthonormal basis defined in Appendix 4.5.3 by

neural networks where p is a probability distribution with ||w,.(p)|| £+ (p,) < 00.

Recall that ¢} has a product form of factors being elements with a unit norm in Hp,,- To
approximate analytic functions with this form, we apply the shallow neural network with and

tanh activation functions and a product-gated output defined in (4.1).

By scaling and translating the variable, for each pair (X, j;), we define gy, ;, (t) := ¥, ;, (2B (t — 3))
for t € [0, 1] with some number B > 0. Here we introduce the class of (@), R)-analytic
functions with (), R > 0 in which an analytic function f satisfies the smoothness condition

that ”DBfHLOO([O,l]d) < QRiﬁﬁl for all ﬂ e N.

By Theorem 1 in [117], for each ¢y, ;, € Hi, , we have that

’Dﬂgklyjz (t){ = ‘<2B)BD6¢>\z,jz (QB (t - 1/2»‘ = (23)5 <(Dﬁk)\j)23(tf%)7¢>\hjz>

Hk)‘l

< (2B)*\/ D6k, (x,7) < (4BN)B < (4BCy)° L.

It implies that g, j, is a (1, (4BCjy)~')-analytic function for each pair (A, j;).

Indeed, for k), (a,b) = exp{—M\?(a — b)*},

DAy, = 929 ky, = (—A1)P9?% exp{—c*} with ¢ = \(a — b).



128 4 IN-CONTEXT LEARNING OF EFFICIENT TRANSFORMERS

By the definition of Hermite polynomials, 9% exp(—c?) = Hys(c) exp(—c?). It follows that

5(28)!
3!

which is called Hermite numbers of the even order. Then we have

\/DﬂﬁkAlxx ) < N4/ 25 Aﬁ,/ 25 5v< (2))° B,

which proves the claim with Q = 1, R = (4BCjy)~

027 exp(—¢?)|e—o = Ha5(0) = (~1)"

The following lemma follows from an application of Theorem B.7 in [13] and Corollary 5.5

n [12] by taking s = 4m, N = n

LEMMA 12. For B > 1, each gy, ;,(t) = ¥»,;, (2B (t — 1)) on [0,1]. For m > 3, There

exists a tanh neural network gg”; j, with two hidden layers of width at most 8m such that

~m ¥ m
g = 93l < 2exp <_4m log (6B09>)

16072

with the parameters bounded by ¢, (cym) where ¢, ¢}, are two absolute constants.

We define ¢f" (@) = g% (35 + 3) and recall the product gate 7Ty ¢ defined as
d T
Tio(z HT1 (x;) with Ty (z;) = x; if |z;| < 1 otherwise — Tl
T
=1

(71 can be also implemented by a fixed ReLU neural network as o (z;+1)—o(2;—1)—1). Then

. d n o o
we can construct an approximant for @Dg.\ = TT/—; ¥ by zpj‘m =Tio ((@bg”l’jl, e W\Z,jd))

with L?(p) approximation error

‘ R ;\m‘ ;(") - </|Ixoo<B Jr/llacoo>3> (05 (@) - A;,m(x))zdp(x)
< sup (77Z)_;\(x) - A;‘m(lﬂ))Q +2p({x : ||z]|c > B}).

el <B
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For the first term, we bound it with Lemma 12 by introducing intermediate terms as follows:

‘LOO([B,BW)

d d
sup W})‘ r)— ?,m(x)‘ = HH Ung — Hﬂ(zﬁ@w)
=1 =1

[zlleo<B
d d h d h+1
SHH Unge — 71(¢>Tg,j1) Hw)‘l’jl toee Tt H ﬂ(¢§j/,jl/) H Unge — H Ti( ¢>\l/ i H (W
=1 =2 I'=1 I=h+1 '=1 I=h+2
+HT ¢>\l]l w)‘dﬂd HT w/\l]l ‘ d
-1 =(1-B,BI4)
h h+1
Sdoglrllg;il H 2ﬂ)\l/ i H 1/}/\1 Ji H 71 2b)\l/ Ji H w/\l Ji
- =1 l=h+1 I'=1 I=h+2 L ([-B,B]%)

§d0<r£g§/( 1 Hl/})\h“ Jht1 T 7—1<¢§Z+1Jﬁ+1)”L°°([—BvBD < d0<r£§é< 1 ||1/)>\h+1 Jht1 ¢ﬁ+1,jh+1 ||L°°([—B,B])

<2dexp (—4fnlog (6?0 )) :
0

For the second term, we bound it by the subgaussian tail decay of probability measures:

p({z - |[z]le > B}) =/ wie(p)(@) dpw(x) < Nwn(P) (o (pul{e  llalloo > B}

l[#]loc>B

Koo B2\\ *
QM@mm(m7§B@®Gﬂﬂ)

v—1/B2
S%MMWM%W@GﬁTGEH%@)

w—l 3

with C; , = <\/L27r> .Let B = and the above upper bound can written as

~ 3
m2

v—1 3
p({z : ||z]loe > B}) < dCysllwi(p)|| L7 (o) €XP (- 5 (72 202 7108 —log 609))

< dCy || wi(p) | L7 (pe) exP(—21 log )

when m > C, 4, with C). 4 , a constant only depending on «,y and Cj.
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Then combine two estimations and we can the final bound as

193 = D3 allza < (2d)° exp(=2mlog i) + 2dCrs[|wi(p) (o) exp(—20 log 112)

< (4d° + Crollwe(p)l 7 (o)) exp(—210 log m)

for m > Cmg’,y.



Chapter 5

Conclusion

Through this thesis, we study the approximation and generalization properties of transformer
models in a systematic way. One of the main starting points is to model context information
as the discretization of an underlying probability distribution. Under this viewpoint, the
storage of key—value cache at the computational level can be related to the kernel embedding
of probability distributions, which helps connect the computational mechanism of the model
with an interpretable mathematical framework. Based on this perspective, Chapter 2 suggests
that when pretraining samples are more diverse, the model is in a better position to learn the
underlying target functional. At the same time, the analysis remains affected by the curse
of dimensionality, which appears to be somewhat inconsistent with the empirical scaling
behavior often observed in practice. This issue is particularly relevant because the token

embedding dimension d is itself a tunable parameter.

Chapter 3 then examines this issue further within the kernel-embedding framework. Our
analysis shows that low-rank and sparsified network architectures can capture the rapidly
decaying singular-value structure that often appears in weight matrices, and in this way
substantially alleviate the curse of dimensionality. This phenomenon is especially important
for Fourier functional networks, where the decay structure plays a fundamental role in
determining effective approximation classes. It is also through this perspective that the
connection between transformers and neural operators becomes considerably more transparent:
both can be understood as architectures designed to approximate mappings between structured
function spaces, with compression, spectral decay, and operator structure playing essential

roles in their efficiency.

131
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Finally, in Chapter 4, we turn to Transformer encoders of the BERT type and abstract them
as mappings from classes of probability distributions to classes of response functions. This
abstraction provides a natural mathematical framework for understanding the essence of
in-context learning. In this formulation, in-context learning is no longer viewed merely as
an empirical phenomenon tied to prompting, but rather as a structured functional mapping
from distributional representations of context to task-dependent responses. Taken together,
the thesis presents a unified perspective in which kernel embedding, operator learning, and
transformer architectures are linked within a common mathematical framework, offering a
systematic explanation of how transformers approximate, generalize, and adapt to contextual

information.

Prior studies [19, 1, 115, 88] often formulate in-context learning as predicting the label of a
given sample conditioned an input prompt containing other samples and labels. As noted in

Zhang et al. [115], a model ® performs in-context learning as
P:SxX — y, S = UneN{($1,y1,...,l‘n,yn) X € X7yi - y}

where X is the input space and ) the output space, and @ is trained on prompts of the form
P = (w1, M(x1), ..., x9, M(29), Tquery) With h ~ P a distribution defined on a function space
H to minimize the error E5»l(® (), h(xquery)) With a loss function [. Previous theoretical
work has focused on linear function spaces [115] and Holder spaces [88]. These studies have
demonstrated that transformers can perform well on structured prompts of input-output pairs,
but this formulation has two limitations to bridge the gap between theory and application
[61]. First, in-context learning emerges as a property of LLMs after pretraining on tasks
like autoregression or diffusion-based generation. A pretrained LLM can perform in-context
learning without any parameter updates [105], which is not consistent with theoretical settings
that require training on structured prompts. Second, prompts for in-context learning are often
unstructured and may lack labels. For example, in machine translation from English to French,
the input prompt may contain only instructions in English. Empirical studies [61] also show
that the correct mapping between inputs and true labels in prompts has little performance
gains for in-context learning: model performance with random labels closely matches that

with true labels.
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We address these problems by the domain generalization framework [4, 5] and formulate

in-context learning as operator learning with the two-staged sampling process:

O: 0 s (h:X =), AV =6z, ... zim,)) withz;; € X. (5.1)

This formulation suggests that the operator & maps the context distribution ﬁg? to a response
function hﬁg? that takes queries from X and outputs hﬁ()? (xquery) for any xguery € X, which
aligns with both the nature of Transformers as context-based representation learning and also
the parameter-freezing setting after pretraining for in-context learning. This operator-learning
viewpoint enables us connect the pretrainng stage with in-context learning capacity. With
a richer unstructured prompt [z;1, ..., Z;,] by more and more samplings (Xijfvpg?) from the

ground truth context distribution pg?, the empirical context distribution ﬁg? can recover pg?

and then <i>(,3§?) can well approximate @(pg?) without parameter updates, where disa

pretrained Transformer model to approximate the operator ®.
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