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Abstract

Large language models (LLMs) have reshaped the foundations of artificial intelligence

research and the modes of interaction between human cognition and machine intelligence.

Their influence extends further still, transforming the scientific tools through which we

interrogate and model the physical world. Underlying most of these achievements and

breakthroughs is a dominant architecture: the Transformer. Although the Transformer was

proposed nearly a decade ago, established mathematical frameworks remain insufficient

to explain the complex phenomena observed in practice with Transformer-based networks,

particularly large language models. This thesis offers a principled theoretical foundation

for understanding the remarkable capabilities these models exhibit, grounded in a central

argument that the Transformer performs operator learning during pretraining over vast text

corpora.

Around this central argument, we establish theoretical frameworks for in-context learning

and scaling laws in Chapters 2 and 4, respectively. In Chapter 2, we consider a distributional

regression task in which the Transformer, operating on a fixed query set, serves as the learning

algorithm. The principal contribution of this chapter is the formalization of an input sequence

to the Transformer as a realization of i.i.d. sampling with sequence-length many draws,

which renders the attention mechanism a mapping from a probability space to a function

space. Under certain regularity assumptions, we obtain quantitative convergence rates for both

approximation and generalization, which, however, suffer from the curse of dimensionality

and remain unable to explain the empirical scaling laws observed in experiment results.

To further address the problem arising in Chapter 2, we dive into the algorithms of large

language models, and identify a key distinction between language modeling and other data

modalities such as images and speech: the input dimension d is a variable parameter of the

model. In Chapter 3, we take a first step toward learning with variable input dimension,

allowing d to tend to infinity. We consider a functional approximation problem using Fourier

v



vi ABSTRACT

Neural Operator–based networks and obtain a dimension-independent approximation rate

when the input space is a Korobov space and the target functional is controlled by moduli of

smoothness.

Finally, with Chapter 4, we combine the two streams discussed in Chapter 2 and 3 to

deliver a comprehensive understanding on learning mechanisms of the Transformer structure.

Compared with the distribution regression in Chapter 2, a different two-staged sampling is

considered in Chapter 4 for modeling context-augmented representation in natural language

processing (NLP). With an additional condition inspired by the techniques in Chapter 3, we

achieve dimension-independent convergence rates for both approximation and generalization

analysis of efficient Transformers. Especially, we obtain a nonparametric rateO
(
N

− 2ξ

2ξ+
γ

γ−1

)
where N controls the diversity of the input training corpora, ξ controls the regularity of the

regression operator and γ > 1 controls the capacity of the input probability class. This bound

reveals a similar tradeoff in classical learning theory between the bless of regularity ξ and

the curse of complexity γ
γ−1

: when γ intends to 1, more probability distributions can be

taken into the input class and γ
γ−1

goes to infinity; When ξ is larger, the regression operator

is smoother, leading to faster convergence in both approximation and generalization. Our

analysis reveals the nature of pretraining and in-context learning mechanisms of efficient

Transformer structures in an operator learning framework. Transformers maps each context

distribution to a response function for queries and with more samples from context distribution,

they can recover information as much as possible to get a better response function with fixed

and pretrained weights without any update.
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Chapter 1

Introduction

1.1 Transformers and NLP: The Road to Machine Intelligence

Transformers [101] have fundamentally reshaped the NLP research landscape over the past

decade, yielding remarkable breakthroughs in language modeling [14, 75, 76], code generation

[33] and, most notably, intimating a viable path toward the autonomous self-evolution of

machine intelligence [66]. These achievements distinguish Transformer-based network

architectures from preceding families of neural network structures like fully connected neural

networks, convolutional neural networks (CNNs) [42], and long-short term memory (LSTM)

[26], which have demonstrated notable limitations in scaling to the massive pretraining

regimes that underpin modern language models [14, 75, 76]. To investigate the origins of the

Transformer’s exceptional capacity, it is necessary to examine the historical development of

natural language processing, particularly those involving large-scale corpus processing.

Natural language processing has undergone several paradigmatic shifts since its emergence in

the mid-twentieth century. Early approaches were primarily rule-based, relying on handcrafted

grammars and symbolic systems to parse and generate languages [104]. These methods

were proved inadequate when confronted with the polysemy and complexity of natural

languages. The subsequent emergence of statistical methods marked a decisive turning point:

researchers employed probabilistic models, such as hidden Markov models for sequence

labelling and n-gram language models for next-word prediction [55], across a range of core

NLP tasks, demonstrating that data-driven approaches could substantially outperform their

rule-based predecessors. The advent of neural network-based methods further transformed
1



2 1 INTRODUCTION

the field, beginning with distributed word embedding techniques such as Word2Vec [9] and

GloVe [69], which demonstrated that rich semantic relationships could be encoded within

continuous vector spaces through unsupervised learning over large corpora. Leveraging

these dense representations as input, deeper architectures such as LSTMs enabled end-to-end

representation learning with better performances on sequential modelling. Nevertheless, these

recurrent architectures suffered from two critical limitations: the inherently sequential nature

of their computation hindered efficient parallelization, while the gradient vanishing problem

continued to impede the effective capture of long-range dependencies, even with gating

mechanisms. These cumulative techniques and their limitations have collectively driven

the research community toward a new paradigm, which this thesis characterizes through

high-dimensional domain generalization tasks with Transformer-based architectures. This

paradigm suggests that the remarkable power of LLMs stems from the intricate interplay

among intensive pretraining tasks, scalable token embedding representations 1, and the

Transformer architecture itself . From this perspective, to elucidate the underlying mechanism

of LLMs, we formulate a two-staged regression pretraining task in Chapter 2, develop a high-

dimensional learning framework in Chapter 3, and investigate the interaction between them

with an efficient Transformer architecture in Chapter 4.

Before presenting our contributions to the theoretical understanding of Transformer-based

language models, we first introduce the standard Transformer architecture and two core

concepts in LLM applications: scaling law [36, 27] and in-context learning [105]. The

original Transformer was designed for machine translation tasks with both an encoder and a

decoder, which were later inherited separately by BERT [14] and GPT [75]. In this thesis, we

focus our analysis on the Transformer encoder only. The standard Transformer consists of

blocks of attention mechanisms and shallow networks to process sequential inputs. Let the

input sequence Q = [x1, · · · , xn]T with token vectors xi ∈ Rd for 1 ≤ i ≤ n. Then Q is an

input sequence of length n with feature dimension d. The softmax attention is defined as, for

1In practice, words and tokens constitute distinct units in natural language processing; however, for
convenience, we do not distinguish between the two concepts in this thesis.
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FIGURE 1.1. Encoder and Decoder Structure in Transformer [101]

1 ≤ i ≤ n,

SoftmaxAttn(xi|Q) =
∑n

j=1 sim(xi, xj)(Wvxj)∑n
j=1 sim(xi, xj)

∈ Rd (1.1)

with sim(xi, xj) = exp
(

⟨Wqxi,Wkxj⟩√
d′

)
where Wv ∈ Rd×d,Wq ∈ Rd′×d,Wk ∈ Rd′×d are

parameter matrices for value, query, and key token vectors respectively. Intuitively, the atten-

tion mechanism SoftmaxAttn takes the input sequence Q as context and produces a refined

context-aware representation SoftmaxAttn(xi|Q) for each query token xi in Q. Composing

with a shallow neural network, we can obtain a Transformer block: the Transformer can be

expressed as

Encoder(xi|Q) =W2 σ
(
W1

(
SoftmaxAttn(xi|Q)

)
+ b1

)
+ b2 ∈ Rd

with W1 ∈ Rd′′×d, W2 ∈ Rd′′×d and b1 ∈ Rd′′ , b2 ∈ Rd. From the above definition,

we can see the differences of the Transformer structure compared with CNNs and LSTM.

Transformers model dependencies between tokens through a similarity function, rather than

through fixed kernel weights as in CNNs, and are permutation-invariant in the absence of
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positional encoding, enabling the model to capture long-range interactions without being

affected by distance. With these architectures and intensive pretraining stages, Transformers

have been shown to be scalable: a larger training-time compute budget yields consistently

improved model performance, a phenomenon commonly referred to as the scaling law [27].

Another capability emerging from large-scale pretraining stages is in-context learning where

a pretrained Transformer with fixed parameter weights can generate better predictions when

provided with additional demonstrations or a more detailed prompt. Both the scaling law and

in-context learning have been instrumental in driving the consistent improvement of large

language models, collectively establishing a reinforcing cycle in which increased compute

and data scale yields not only better performance but also greater capacity to leverage

context information at inference time. Explaining the origin of in-context learning from a

mathematical perspective is the central key to understanding what distinguishes Transformers

from other architectures.

1.2 Learning Theory for Transformers

In this thesis, we establish a systematic framework for understanding the underlying mech-

anism of LLMs, particularly focusing on the interaction among pretraining tasks, high-

dimensional representations, and Transformer-based architectures. In general, we adopt an

operator-learning viewpoint to characterize the generalization capacity of pretrained Trans-

formers across diverse tasks, a setting that classical learning theory is insufficient to explain.

There are three questions that we seek to answer within our theoretical framework, which

ultimately lead us to the essence of Transformer-based models:

• How should "context" be formally understood within a data generation process?

• How can scalable high-dimensional token representations be effectively handled as

input?

• What constitutes "in-context learning" and what is its relationship to pretraining

objectives with Transformers?
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For the first question, "context" may be one of the most frequently used words with LLMs and

has become the core idea in developing agentic frameworks. In the above formulation, the

context of xi refers to input sequence Q. In practice, a model with a longer context window

means a better performance. To characterize this phenomenon in a rigorous mathematical

language, we consider Q to be a realization of n i.i.d. samples from a probability distribution

P and formulate the data generalization process as a two-staged sampling in Chapter 2. This

assumption makes the connection between each token xi and context Q more clear that Q

provides a discrete approximation to the underlying distribution from which xi’s are sampled.

With more and more samplings, probability distribution P can be recovered from context Q.

For the second question, it’s a significant point to keep in mind that the data structure in NLP

differs fundamentally from that of images and other sensory modalities: there’s no isolated

"camera" for natural languages. For image data like natural images, magnetic resonance ima-

ging or computed tomography, one important step is imaging that transforms a physical object

into its digital representation. With these digital forms as inputs, we could apply algorithms

for object detection, segmentation and medical question-answering. Language, however, as a

high-level abstraction, doesn’t have such an isolated digital translation. While a raw text is

first discretized into token sequences by a tokenizer, the resulting vocabulary constitutes an

arbitrary symbolic system rather than a physical measurement. The subsequent mapping from

these discrete tokens into continuous vector space in the form of token embedding, which is

learned in the pretraining stage of LLMs and thus makes the embedding dimension d of the

input a tunable parameter. In Chapter 3, we demonstrate that neural networks exploit latent

data structure to achieve parameter-efficient approximations with scalable input dimension d.

This result establishes that neural networks can harness the expressive power of scalable high-

dimensional representations while circumventing the curse of dimensionality by exploiting

the latent feature space.

For the third question, in-context learning has always been the key difference between

Transformers and other network structures, since its emergence from large-scale pretrained

language models. Understanding in-context learning and its relationship to the pretraining

stage is essential, as it illuminates what occurs during pretraining with Transformers. However,
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the existing literature has largely focused on constructing training samples for in-context

learning, overlooking the fact that in-context learning is a capacity that emerges from a

pretrained model rather than a learning process in its own right. It is this relationship to the

pretraining stage that holds the key to understanding the phenomenon of in-context learning.

In Chapter 4, we combine the ideas from Chapter 2 and Chapter 3 to model the pretraining

task of linear Transformers as learning an operator Φ : BX → Hk ⊗Rd where BX is the class

of the context distributions as defined in Chapter 2 and Hk ⊗ Rd is a vector-valued function

space. For each input (xi, Q), we first take the empirical distribution δQ generated by the

elements in Q and maps δQ to Φ(δQ) ∈ Hk ⊗ Rd. Then for each token xi in Q, we generate

a context-augmented output Φ(δQ)(xi) ∈ Rd. With this viewpoint, a pretraining stage is

designed as a two-staged sampling regression task for learning the target operator Φ with a

linear Transformer Φ̂. With Φ̂ held fixed, providing more samplings from P enables Φ̂(δQ) to

produce a progressively better approximation to Φ(P), which is exactly the phenomenon of

in-context learning.



Chapter 2

Two-Staged Sampling Process

2.1 Introduction

Transformers [101, 121, 53, 7, 74] have undeniably become a fundamental component of

modern deep learning models, extending the influence beyond the realms of natural language

processing (NLP) and computer vision (CV). Transformer-based large models like GPT

4 [67], demonstrate remarkable capabilities to process multimodal inputs with texts and

images, and scientific research tools like AlphaFold [35] are created to explore the patterns

hidden in complex biological data. With the rapid developments of deep learning methods,

numerous techniques for Transformers have been proposed to enhance the performance of

LLMs across diverse applications. For example, techniques such as prompt tuning [45, 31]

and the integration of adapter modules [29, 30] are employed to adapt a pretrained LLM

to new tasks at a low computational cost; As the size of the training text corpora increases

dramatically, the network complexity can be efficiently scaled up using mixture of expert

methods [16, 87, 32] for superior performance. Despite the impressive success in practical

applications, there remains a deficiency in theoretical frameworks to demonstrate the reasons

why Transformer-based models and those techniques work efficiently across diverse domains.

In recent years, mathematical theories around deep fully connected networks (FNNs) [109, 83]

and CNNs [118, 120, 57] have been established to investigate their approximation and

generalization abilities. However, for transformer-based networks, due to the complex input

data structures and network architectures, it is challenging to build a theoretical framework to

study the transformer structures and the phenomena observed in practical applications. In
7
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this chapter, we establish a rigorous mathematical framework to demonstrate the learning

capabilities of Transformers from a viewpoint of distribution regression, and also provide

theoretical foundations and justifications for those practical techniques with Transformers.

In the history of NLP, modeling problems in NLP with probabilistic tools is a classical

approach. Here, we utilize a two-stage sampling process in distribution regression to formulate

problems. In our distribution regression model, the inputs are distribution samples on the

space (P (Ω), γk), where P (Ω) denotes the set of all Borel probability measures defined on a

compact subset Ω of Rd and γk is a kernel embedding distance, also known as the maximum

mean discrepancy (MMD) [63]. However, we assume that the distribution samples cannot be

observed directly and that our observations are the data generated by a two-stage sampling

process. In the first stage of sampling, a dataset D = {(µi, yi)}m1
i=1 is i.i.d. sampled from a

meta Borel distribution ρ on U × Y , where U = P (Ω) and Y = R is the output space. In the

second stage of sampling, the dataset is D̂ = {({xi,j}
m2,i

j=1 , yi)}
m1
i=1, where {xi,j ∈ Ω}m2,i

j=1 are

i.i.d. sampled from the probability measure µi, one of the first stage samples. We denote the

empirical distribution of µi by µ̂m2,i

i = 1
m2,i

∑m2,i

j=1 δxi,j
, where δx is a Dirac measure. Then

the second-stage sampling dataset can be denoted by D̂ = {(µ̂m2,i

i , yi)}m1
i=1. By choosing an

appropriate hypothesis space H, the distribution regression scheme can be described as

φD̂,H := argmin
φ∈H

1

m1

m1∑
i=1

(
φ(µ̂

m2,i

i )− yi
)2
. (2.1)

The learning algorithm (2.1) for distribution regression is similar with the setting of domain

generalization problems [5, 28]. Both learning algorithms use the empirical distributions as

prediction inputs. However, the key difference is that hypothesis functions in domain general-

ization also takes a sample as an input besides the target empirical distribution, and the learning

scheme is formally defined as φ′
D̂,H := argminφ′∈H

1
m1

∑m1

i=1
1

m2,i

∑m2,i

j=1

(
φ′(µ̂

m2,i

i , xi,j) −

yi,j
)2 where H is a reproducing kernel Hilbert space defined on P (Ω)× Ω, which is incon-

sistent with the sequential modelling case in NLP.



2.1 INTRODUCTION 9

Recently, some progress has been achieved in two-stage distribution regression with neural

networks [89, 110], none of which, however, matches the architecture of Transformers. Prior

to the era of the prominence of neural networks, a well-known approach was based on

kernel mean embedding techniques and kernel ridge regression [98, 17, 111]. All these

works consider a regularized empirical risk minimization algorithm and that the regression

function belongs to a function space characterized by the integral operator induced by a

kernel function. Under assumptions on regularization of the function space and integral

operator techniques, some nice generalization bounds are obtained. Afterward, the study of

distribution regression focused on the application of neural networks. [89] and [110] proposed

network architectures with FNNs and deep CNNs to learn the two-stage distribution regression

respectively. These works metrize P (Ω) with a Wasserstein distance Wp and learn functionals

with only polynomial features. Yet, their methods don’t integrate information of the input

domain (P (Ω),Wp) into the network structure and suffer from a potential information loss

by only encoding polynomial features. To this end, we propose a two-stage distribution

regression framework with Transformer-based network structures, which combines both

advantages of the classical kernel embedding techniques and the neural network methods.

In this work, we investigate the learning capabilities of Transformer-based networks in a

two-stage distribution regression framework. Our main contributions in this chapter are listed

as follows:

• We first utilize a two-stage sampling process to understand the processing of Trans-

formers with natural languages. We also propose a novel operator called attention

operator to study the behavior of the attention layers in Transformers. We also prove

that the attention operator can embed distributions into function representations,

without any loss of information.

• We then introduce the architecture of Transformer encoders based on our novel

attention operator and establish a rigorous distribution regression framework for

Transformer-based networks. The approximation rate and generalization bound

for the distribution regression problem are obtained, which exhibits the remarkable

expressivity of Transformers in learning more diverse features than FNNs and CNNs.



10 2 TWO-STAGED SAMPLING PROCESS

• We provide a theoretical intuition for the choice of query sets in practical applications.

There exists a universal choice for various tasks, though it may suffer from the curse

of dimension in high-dimensional cases. This result justifies some task-specific

tuning methods and cross-modal alignment tricks.

• We establish theoretical insights for the design of FNN layers based on approximation

and generalization analysis of Transformer encoders. We show that task-specific

features are learned by the trainable FNN layer with a fixed attention layer, which

provides theoretical foundations for adapter tuning with pretrained LLMs. We also

illustrate that the complexity of the FNN layer should scale up with the training size

of the text corpora to achieve a great generalization performance.

The remainder of the chapter is organized as follows. Section 2.2 provides the motivation

and basic definitions of the learning problem. Within this section, subsection 2.2.1 introduces

the basic structure of the vanilla Transformer [101] and gives the formal definition of our

self-attention operator. Subsection 2.2.2 demonstrates the definitions of (P (Ω), γk) and

the structure of Transformer encoders for distribution regression. Subsequently, Section

2.3 contains the main results. First, we show in subsection 2.3.1 an approximation rate

of a functional class induced by Barron functionals, by the Transformer-based network,

then establish an oracle inequality and finally obtain a generalization bound for distribution

regression in subsection 2.3.2. Based on the aforementioned theoretical results, we explain

the principles behind the successful practical strategies, such as prompt tuning, adapters, and

efficient scaling in Section 2.4. Finally, Section 2.5 presents the proof details of the main

results.

2.2 Motivation and Definitions

In this section, we start with the attention operator, a fundamental component in our network

structure, which is motivated by the self-attention layers in the vanilla Transformer. The
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section then continues with the basic settings for the generalization analysis of distribution re-

gression, focusing on the metric of the input space and the definition of our novel Transformer

encoder for distribution regression.

2.2.1 Attention operator

The original Transformer was proposed for machine translation, consisting of an encoder and

a decoder. However, with recent developments, it has become quite common to apply only

a decoder (e.g., GPT [77]) or an encoder (e.g., BERT [14]) in practical applications. In this

work, we focus our analysis on a shallow Transformer encoder, which could be described as

a composition of a self-attention layer and a position-wise fully connected layer. Now we

present a mathematical definition of the Transformer introduced by [101]. Let Q ∈ Rn×d and

QT = (x1, x2, . . . , xn) with xi ∈ Rd for 1 ≤ i ≤ n, indicating that Q is an n-length input

sequence with feature dimension d. The single-head attention is defined as

SoftmaxAttn(xi) =
n∑

j=1

exp
(

⟨Wqxi,Wkxj⟩√
din

)
∑n

j′=1 exp
(

⟨Wqxi,Wkxj′ ⟩√
din

)(Wvxj)

for each row vector xTi in the input sequence Q, where Wk ∈ Rdin×d,Wq ∈ Rdin×d,Wv ∈

Rd×d are parameter matrices. Then the output of a self-attention layer is defined as

SoftmaxAttn(Q) =


SoftmaxAttnT (x1)

...

SoftmaxAttnT (xn)

 ∈ Rn×d (2.2)

and it is followed by a position-wise FNN in the form of

FNN(V ) =


σ(vT1W1 + b1)W2 + b2

...

σ(vTnW1 + b1)W2 + b2

 ∈ Rn×d for V =


vT1
...

vTn

 ∈ Rn×d
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where W1 ∈ Rd×d′in ,W2 ∈ Rd′in×d are connection matrices and b1 ∈ Rd′in , b2 ∈ Rd are bias

vectors. So an encoder of the Transformer can be expressed as

Encoder(xi) = σ

((
1

n

n∑
j=1

kattn(xi, xj)(x
T
j Wv)

)
W1 + b1

)
W2 + b2 ∈ R1×d

where

kattn(xi, xj) :=
exp

(
⟨Wqxi,Wkxj⟩√

din

)
∑n

j′=1 exp
(

⟨Wqxi,Wkxj′ ⟩√
din

) . (2.3)

Hence the output of a Transformer encoder is

Encoder(Q) =


σ
((

1
n

∑n
j=1 kattn(x1, xj)(x

T
j Wv)

)
W1 + b1

)
W2 + b2

...

σ
((

1
n

∑n
j=1 kattn(xn, xj)(x

T
j Wv)

)
W1 + b1

)
W2 + b2

 ∈ Rn×d

for QT =
[
x1, · · · , xn

]
∈ Rd×n.

By examining each row of the output, it becomes clear that the encoder of Transformers

has the structure of a fully connected layer following a self-attention operation. The self-

attention operation is a weighted sum of the input features {Wvxj}nj=1, where the weights are

determined by a specific kernel function. Therefore, given a feature mapping f : Rd → R for

the input sequence Q ∈ Rn×d and a kernel function k : Rd × Rd → R, the self-attention can

be written as

k-Attn(xi) =
1

n

n∑
j=1

k(xi, xj)f(xj).

In the original Transformer, k(xi, xj) = kattn(xi, xj) and f(x) = W ′
vx with W ′

v ∈ Rd.

Moreover, with the empirical distribution µ̂n = 1
n

∑n
j=1 δxj

, we have

k-Attn(xi) =

∫
k(xi, x)f(x) dµ̂

n.

Then it follows that k-Attn(·) is an empirical form of
∫
k(·, x)f(x) dµ where µ is the probab-

ility distribution that {xj}nj=1 are drawn from. Consider Q as a realization of the distribution
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µ, i.e., a collection of samples drawn from µ, and then, we define the attention operator on

P (Ω) as

attn(µ) =

∫
Ω

k(·, x)f(x) dµ (2.4)

with some conditions on k and f , specified in the subsequent section. In contrast to

SoftmaxAttn(Q) ∈ Rn×d for Q ∈ Rn×d, the operator attn maps a probability measure

to a function. However, a form similar to SoftmaxAttn(Q) can be obtained through a dis-

cretization of the function attn(µ). To make the attention operator well-defined, in the next

subsection we will introduce a metric on P (Ω), conditions on kernel k and feature mapping

f , and the form of functionals to be learned.

2.2.2 Metric space of P (Ω) and network structure

The choice of distances between probability measures is fundamental and has found many

applications in deep learning. Many well-known distances share the following similar form.

Let Ω be a compact subset of Rd and P (Ω) be the set of all Borel probability measures on Ω.

For P ,Q ∈ P (Ω), the distance γF between P and Q is defined as

γF(P ,Q) = sup
g∈F

∣∣∣∣∫
Ω

g dP −
∫
Ω

g dQ
∣∣∣∣

where F is a class of real-valued bounded measurable functions on Ω. One can easily observe

that γF satisfies all the conditions for a metric, except for one that P = Q if γF(P ,Q) = 0.

But with an appropriate choice of F , γF can be made a metric on P (Ω), for example, let C(Ω)

be the space of continuous functions on Ω, and take F = {g ∈ C(Ω) : ∥g∥∞ ≤ 1} where

∥g∥∞ = supx∈Ω |g(x)|. It’s particularly worth mentioning that the Wasserstein distance W1

considered in [110, 89] is also an instance when F = {g ∈ C(Ω) : |g|C0,1 ≤ 1} with the

Lipschitz semi-norm |g|C0,1 := supx̸=y ∈Ω
|g(x)−g(y)|
∥x−y∥2

.

In this work, we consider F to be the unit ball of a reproducing kernel Hilbert space Hk

with a reproducing kernel k on Ω × Ω, that is, F = {f ∈ Hk : ∥f∥Hk
≤ 1}, and denote

γk := γ{f∈Hk:∥f∥Hk
≤1}. Throughout the chapter, we always assume that k is a Mercer kernel,



14 2 TWO-STAGED SAMPLING PROCESS

that is, a symmetric, continuous and positive semi-definite kernel, on Ω × Ω. Because∫
Ω

√
k(x, x) dP ′(x) <∞ for any P ′ ∈ P (Ω), for any P ,Q ∈ P (Ω), it can be inferred from

[21] that

γk(P ,Q) =

∥∥∥∥∫
Ω

k(x, ·) dP(x)−
∫
k(x, ·) dQ(x)

∥∥∥∥
Hk

:= ∥kP(P)− kP(Q)∥Hk

where kP(P) :=
∫
Ω
k(x, ·) dP(x). Yet, with an arbitrary Mercer kernel k, γk is not always a

metric on P (Ω), in other words, not always satisfying the condition that P = Q if γk(P ,Q) =

0. Many studies have explored conditions on k under which γk becomes a metric on P (Ω).

Here, we just present some conditions useful for the analysis later.

DEFINITION 2.1. Let k be a Mercer kernel on Ω× Ω where Ω is a compact subset of Rd.

• k is said to be universal if Hk is dense in C(Ω).

• k is said to integrally strictly positive definite if
∫
Ω

∫
Ω
k(x, y) dµ(x) dµ(y) > 0 for

all non-zero signed finite Borel measures µ defined on Ω.

In fact, the two definitions above are shown [95] to be equivalent, but the second form of

double integrals can be more useful in the proof later. It’s also shown in [21] that for universal

kernels, kP defines an injective mapping from P (Ω) to Hk, which implies that γk is a metric

on P (Ω). Because a lot of popular kernels in the application are universal, including Gaussian

kernels, Laplacian kernels, inverse multiquadrics, Matérn kernels, it’s natural to consider the

attention operators induced by universal kernels. Now, we give the formal definition of our

attention operator:

DEFINITION 2.2. Let Ω ⊂ Rd be compact and P (Ω) be the set of all Borel probability

measures defined on Ω. Suppose that k is a universal kernel on Ω × Ω and f : Ω → R

is a continuous function with cf ≤ |f(x)| ≤ Cf for all x ∈ Ω, where cf , Cf > 0 are two

constants. Then the attention operator attn : (P (Ω), γk) → (Hk, ∥ · ∥Hk
) induced by k and

f is defined as

attn(P) =

∫
Ω

k(x, ·)f(x) dP .
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It is easy to see that for P ∈ (P (Ω), γk),

∥attn(P)∥Hk
=

(∫
Ω

∫
Ω

k(x, y)f(x)f(y) dP(x) dP(y)

) 1
2

≤ r

with r := Cf ∥k∥∞, where ∥k∥∞ := supx∈Ω
√
k(x, x). Let Gk,f denote the image of attn in

Hk. Then Gk,f is contained in the closed ball Br := {g ∈ Hk : ∥g∥Hk
≤ r}. The attention

operator can be viewed as an embedding from distributions to function representations. The

following theorem shows some nice properties of this distribution embedding.

THEOREM 2.3. Let k′, k be two universal kernels defined on Ω×Ω, and f defined in Definition

2.2. Then the attention operator attn induced by k and f is an injective and continuous

mapping from (P (Ω), γk′) to (Hk, ∥ · ∥Hk
).

The kernel k′ that metrizes P (Ω) can be a different universal kernel from the one inducing the

attention operator. It has little effect on the properties of the attention operator. However, if

we take k′(x, y) to be f(x)k(x, y)f(y) mentioned in the proof of Theorem 2.3, the attention

operator is an isometry between (P (Ω), γk′) and (Gk,f , ∥·∥Hk
), which shows that the attention

operator can represent an embedding without any loss of information. But for simplicity of

notations, we take both kernels to be the same universal kernel.

Next, we define the Transformers based on our novel attention operator. As mentioned in the

Introduction, SoftmaxAttn(Q) can be regarded as a discretization of the function attn(P).

Here, for any set of distinct points T = {t1, . . . , t|T|} ⊂ Ω, we introduce a sampling operator

[·]T : Hk → R|T| to discretize attn(P) where |T| denotes the size of the set T, such that for

any g ∈ Hk, [g]T = [g(tj)]1≤j≤|T| ∈ R|T|. Then we give the following precise definition of

our Transformer encoder.

DEFINITION 2.4. Let Ω be a compact subset of Rd, k be a universal kernel, and attn be the

attention operator defined in Definition 2.2. With distribution inputs from (P (Ω), γk), the

Transformer encoder Hn1,n2 of type (n1, n2) is defined by:

Hn1,n2(P) = cTσ(A[attn(P)]T + b) + b0 (2.5)
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where T is a set of n2 points in Ω, A ∈ Rn1×n2 a parameter matrix, b ∈ Rn1 a bias vector,

c ∈ Rn1 , b0 ∈ R and σ is ReLU activation function given by σ(x) = max{0, x}.

REMARK 2.1. With the definitions of the attention operator and the Transformer encoder

above, there are some points we wish to clarify. First, the boundedness from below condition

of the continuous feature mapping f can be removed in some applications, where a feature

mapping is usually learned by a neural network. For example, f(x) =
∑n

j=1 cj(σ(aj · x +

bj) + ϵj) with all ϵj > 0, then we have∫
Ω

k(x, ·)f(x) dP =
n∑

j=1

cj

∫
Ω

k(x, ·)(σ(aj · x+ bj) + ϵj) dP

and with the universality of shallow nets, there’s no loss of the expressivity. Together with

Theorem 2.3, we can observe that the composition structure of attention layers and FNN

layers is crucial to the success of Transformers in embedding probability measures into

function representations and learning diverse feature representations, which is also consistent

with the Transformer’s powerful data compression capabilities in practical applications.

REMARK 2.2. Note that when the input is an empirical distribution µ̂n = 1
n

∑n
j=1 δxj

, and

T′ = {xj}nj=1, [attn(µ̂
n)]T′ is exactly the self-attention. For a functional Hn1,n2 defined on

(P (Ω), γk), generally speaking, n2 controls the degree of discretization and n1 controls the

accuracy of approximation to the target functional. With a larger n2, there is less information

loss from the original distribution. In the application, this may also explain why engineers

always manage to increase the length of the input sequence (i.e., the number of tokens) for

the self-attention module in LLMs.

2.3 Main Results on Transformer-based Network in Distribution

Regression

This section provides the main results on learning capabilities of Transformer-based networks

in distribution regression. First we define a functional class induced by Barron functionals

and an example to illustrate its powerful expressivity, and then demonstrate the approximation

rate of the defined functional class by a Transformer encoder. With the approximation rate and



2.3 MAIN RESULTS ON TRANSFORMER-BASED NETWORK IN DISTRIBUTION REGRESSION 17

an estimation of covering numbers, we obtain a generalization bound by an oracle inequality

in the final subsection.

The attention operator embeds each Borel probability measure into a function in the closed

ball Br in Hk. Then within the framework of distribution regression, we require a functional

that maps functions in Br to R. Here, we consider a functional class produced by Barron

functionals [3] and the definition is given below.

For a real-valued functional Φ on a Hilbert space (H, ∥ · ∥), we say that Φ is represented

by a Fourier distribution F̃ on some domain A ⊂ H where F̃ is a complex-valued measure

F̃ (dω) = eiθ(ω)F (dω) if Φ(g) =
∫
H e

i⟨g,ω⟩F̃ (dω) for all g ∈ A. Here F (dω) denotes that

magnitude distribution and θ(ω) denotes the phase at the frequency ω.

DEFINITION 2.5. For each r, C > 0, let Γr,C(H) be the set of functionals Φ on Br := {g ∈

H : ∥g∥H ≤ r} such that there’s a Fourier distribution F̃ representing Φ on Br satisfying∫
H ∥ω∥HF (dω) ≤ C. Every functional in Γr,C(H) is called a Barron functional.

We shall assume that the target function (regression function) in distribution regression has

the form

Φ(attn(P)) = Φ

(∫
Ω

k(x, ·)f(x) dP
)

where Φ ∈ Γr,C(Hk).

To demonstrate the powerful expressivity of the Barron functional class, we provide an

example here.

EXAMPLE 1. Consider the ridge functional Φ(x) = g(⟨a, x⟩Hk
) with ∥a∥Hk

= 1 and some

univariate continuous function g with Fourier transform ĝ on R satisfying
∫
R |t||ĝ(t)| dt <∞.

Then Φ(x) =
∫
eit⟨a,x⟩Hk ĝ(t) dt, which means that a Fourier distribution F̃ supported on the

set of {ta : t ∈ R}, represents Φ on Br for any r > 0. Φ is a Barron functional on Br, as long

as g is a Barron functional on R. It is shown in [3] that g is a Barron functional on [−r, r]

when the second derivative of g is continuous. In this case, Φ is a Barron functional. When the

input space is the embedding of all Borel probability measures and Hk is the corresponding
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RKHS, we obtain that

Φ(attn(P)) = g(⟨a, attn(P)⟩Hk
)

= g

(〈
a,

∫
k(x, ·)f(x) dP

〉
Hk

)

= g

(∫
a(x)f(x) dP

)
. (2.6)

Since the definitions of many statistics (e.g., moments) are closely related with integration

w.r.t. probability measures and Hk is dense in C(Ω), (2.6) is a nice tool to capture the relation

between statistics of distributions and respond variables.

Beyond statistics of distributions, we may also consider a multivariate case and have distribu-

tion projections of the feature random variables f(X), X ∼ P to retain as much information

as desired. Note that the above case can be extended to ridge functionals with multiple

features, i.e.,

Φ(x) = g(⟨a1, x⟩Hk
, . . . , ⟨ad′ , x⟩Hk

)

with ∥aj∥Hk
= 1 for all 1 ≤ j ≤ d′ and some continuous function g defined on Rd′ . Similarly,

if the partial derivatives of g of order ⌊d′/2⌋ + 2 are continuous in Rd′ , then g is a Barron

functional on [−r, r]d′ , which implies that Φ is also a Barron functional. This form of

feature embedding with the attention operator is much more flexible than the functions with

polynomial features considered in [89, 110]. We don’t need to design a specific network

structure for feature functions, but can still learn feature functions from a dense subset of

C(Ω). Moreover, the above ridge functional form is just one case of the class of Barron

functionals.

2.3.1 Approximation rate of Barron functional

We establish an approximation theory for a class of functionals Φk,f defined on (P (Ω), γk)

by exploiting the proposed Transformer encoder. The functional Φk,f has the composition
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form of a Barron functional and the attention operator:

Φk,f (P) := Φ(attn(P)) = Φ

(∫
Ω

k(x, ·)f(x) dP
)

(2.7)

with Φ ∈ Γr,C(Hk) and r = Cf ∥k∥∞.

In [3], we have the following approximation lemma for Barron functionals defined on a Hilbert

space H. A sigmoidal function ϕ on R means a bounded measurable function satisfying

limt→∞ ϕ(t) = 1 and limt→−∞ ϕ(t) = 0.

LEMMA 1. For r, C > 0, Φ ∈ Γr,C(Hk), β > 0, n ∈ N, sigmoidal function ϕ on R,

probability measure ν on Br, there is a function Ψn(g) =
∑n

p=1 cpϕ(⟨ap, g⟩Hk
+ bp) + Φ(0)

with ∥ap∥Hk
≤ β

r
, |bp| ≤ β and ∥c∥1 ≤ 2rC, such that∫

Br

(Φ(x)−Ψn(x))
2 µ(dg) ≤ (2rC)2

(
1

n1/2
+ ηβ

)2

where ηβ = inf0<ϵ≤ 1
2
{2ϵ+ sup|z|≥ϵ

∣∣ϕ(βz)− 1{z>0}
∣∣}.

However, the approximation form Ψn cannot be directly applied with popular network

structures, because it involves functions {ap} ⊂ Hk as parameters. One idea is to utilize∑
q ap,qk(tq, ·) with ap,q ∈ R and tq ∈ Ω to approximate each ap, and then, by kernel trick,

the inner product ⟨ap, g⟩Hk
can be approximated by a linear combination the function values

{g(tq)} at the sampled points, which exactly matches the form of our Transformer encoder.

This idea was studied recently in [122]. Then by using the Transformer encoder with a

Gaussian kernel k = exp(−∥x− y∥2/α2) (α > 0), we have the following result on L2
ρU

approximation rates of the functional Φk,f with the same Gaussian kernel, where we denote

ρU as the marginal distribution ρ on U = P (Ω) and (L2
ρU
, ∥ · ∥ρ) as the space of square

integrable functions with respect to ρU .

THEOREM 2.6. Let k be a Gaussian kernel k(x, y) = exp{−∥x− y∥2/α2} with α > 0 and

Ω = [−1, 1]d. For every functional Φk,f defined by (2.7) for any r, C > 0, n ∈ N, there exists
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a Transformer encoder hn in the hypothesis HR,n such that

∥Φk,f − hn∥ρ ≤
(4Cf + r)C

n
1
2

.

The hypothesis space HR,n is a class of functions in Definition 2.4 of type (2n, s(n)) with

s(n) := ⌈Ck,d(log n)
d⌉ such that

HR,n =
{
Hn,s(n) : ∥c∥1 ≤ Rn

1
2 , |Ap,q| ≤ R(log n)−

d
2nR logn, ∥b∥∞ ≤ R, b0 = Φ(0)

}
where A = (Ap,q), Ck,d is a constant depending on d and kernel k, and R depends only

on r, C, d and kernel k. The total number of free parameters of Transformer encoder is

O(n(log n)d).

The above theorem gives rates of approximating a class of functionals by a Transformer

encoder, with the complexity bound on the total number of free parameters and the parameter

bounds on connection matrices and bias vectors. These will be useful later to derive an

estimation of covering numbers and generalization bounds in distribution regression.

2.3.2 Distribution regression with Transformers

This section conducts generalization analysis of the empirical risk minimization (ERM)

algorithm for distribution regression with Transformer encoders. Now we propose the ERM

algorithm for two-stage distribution regression. Take Z = U × Y , where U = P (Ω) is the

input space of all Borel probability measures on Ω = [−1, 1]d and Y = [−M,M ] is the

output space with M > 0. The regression function φρ on U is defined as

φρ(µ) =

∫
Y
y dρ(y|µ)

where ρ(·|µ) is the conditional distribution at µ induced by ρ, and it minimizes the mean

squared error for φ : U → Y ,

E(φ) =
∫
Z
(φ(µ)− y)2 dρ.
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For establishing a learning theory for the ERM algorithm, it is crucial: whether HR,n is

well defined as a compact hypothesis space. To answer the question, we denote C(P (Ω))

with norm ∥φ∥∞ := supµ∈P (Ω) |φ(µ)|, to be the Banach space of continuous functions on

(P (Ω), γk). Then we have the following theorem:

THEOREM 2.7. The hypothesis HR,n of Transformer encoders is a compact subset of

C(P (Ω)).

With Theorem 2.7, the covering number N (HR,n, ϵ, ∥ · ∥∞) of HR,n as a subset of C(P (Ω))

makes sense, where N (HR,n, ϵ, ∥ · ∥∞) denotes the minimum number of balls with radius

ϵ > 0 whose union covers HR,n in the space C(P (Ω)). The estimation of the covering number

plays a vital role in deriving a generalization bound for distribution regression. The related

details will be presented in Section 2.5.

Recall that for the second stage dataset D̂ = {
(
{xi,j}

m2,i

j=1 , yi
)
}m1
i=1 in two-stage distribution

regression, the empirical target functional from the ERM algorithm with the hypothesis space

HR,n is the functional defined as

φD̂,R,n = arg min
φ∈HR,n

ED̂(φ)

with

ED̂(φ) :=
1

m1

m1∑
i=1

(
φ(µ̂

m2,i

i )− yi
)2
,

where the existence of the minimizer φD̂,R,n is guaranteed by the compactness of HR,n.

We now define the truncation operator πM on the space C(P (Ω)) as

πM(φ)(µ) =


M, if φ(µ) > M,

−M, if φ(µ) < −M,

φ(µ), if −M ≤ φ(µ) ≤M.

Since the regression function φρ is bounded by M , the truncated empirical target functional

πMφD̂,R,n
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is considered as the final estimator.

REMARK 2.3. The distribution regression framework considered here involves a two-stage

sampling process, which makes our Transformer encoder (2.5) compatible with practical

applications, particularly when dealing with sequential inputs like sentences in NLP. From the

two-stage sampling process, m2,i controls the length of the sequential input i, which can be

understood as the number of tokens in the input sequence i in the case of NLP. The two-stage

sampling process allows us to study the generalization capabilities of the model under the

practical data structure, while also taking into account the approximation ability to abstract

functionals.

To derive the excess generalization error E(πMφD̂,R,n)− E(φ), we introduce the empirical

error of the first-stage sample

ED(φ) :=
1

m1

m1∑
i=1

(φ(µi)− yi)
2

and then we can obtain a decomposition of the excess generalization error in the following

lemma which can be easily seen from the fact that ED̂(πMφD̂,R,n) ≤ ED̂(h).

LEMMA 2. For any h ∈ HR,n and φD̂,R,n defined in (2.1), we have

E
(
πMφD̂,R,n

)
− E (φρ) ≤ E

(
πMφD̂,R,n

)
− ED

(
πMφD̂,R,n

)
+ ED

(
πMφD̂,R,n

)
− ED̂

(
πMφD̂,R,n

)
+ ED̂(h)− ED(h) + ED(h)− E(h) + E(h)− E (φρ)

which can be bounded by the summation

I1(D,HR,n) + I2(D,HR,n) +
∣∣∣I3(D̂,HR,n)

∣∣∣+ ∣∣∣I4(D̂,HR,n)
∣∣∣+R(HR,n)

in which

I1(D,HR,n) =
{
E
(
πMφD̂,R,n

)
− E (φρ)

}
−
{
ED
(
πMφD̂,R,n

)
− ED (φρ)

}
I2(D,HR,n) = {ED(h)− ED (φρ)} − {E(h)− E (φρ)}

I3(D̂,HR,n) = ED
(
πMφD̂,R,n

)
− ED̂

(
πMφD̂,R,n

)
I4(D̂,HR,n) = ED̂(h)− ED(h), R(HR,n) = E(h)− E (φρ) .



2.3 MAIN RESULTS ON TRANSFORMER-BASED NETWORK IN DISTRIBUTION REGRESSION 23

Based on the two-stage error decomposition, the two-stage oracle inequality for distribution

regression in the hypothesis space HR,n of our proposed Transformer encoder is established

in the following theorem to be proved in Section 2.5.

THEOREM 2.8. Consider the distribution regression framework with the first stage sample

size m1 ∈ N, and the second stage sample size min{m2,i : 1 ≤ i ≤ m1} = m2. Then for

n ≥ 3, any h ∈ HR,n and ϵ > 0, we have

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> 2 ∥h− φρ∥2ρ + 8ϵ

}
≤N

(
HR,n,

ϵ

16M
, ∥ · ∥∞

)
exp

{
− 3m1ϵ

2048M2

}

+exp

− m1ϵ
2

2 (3M + ∥h∥∞)2
(
∥h− φρ∥2ρ +

2
3
ϵ
)


+4m1s(n) exp

{
− m2ϵ

2

128max{∥h∥2∞ ,M2}C2
fC

2
5n

4R logn(log n)d

}

where C5 := 2Ck,dR
2 is a constant depending on d, R and kernel k.

Based on the the oracle inequality for distribution regression, the excess generalization error

can be bounded in the following theorem to be proved in Section 2.5, where we assume that

the regression function φρ belongs to the functional class defined in (2.7).

THEOREM 2.9. Suppose that the regression function φρ has the form (2.7) with Φ(0) = 0. If

the total number N of free parameters of Transformer encoders and the second stage sample

size m2 are chosen by

N =

⌊
A7m

1
2
1

(
log(A3m

1
2
1 )
)d⌋

and m2 =

A5

(
A3m

1
2
1

)8R log

(
A3m

1
2
1

) ,
then for the truncated estimator produced by the distribution regression framework with

Transformer encoders,

E{E(πMφD̂,R,n)− E(φρ)} ≤ A6m
− 1

2
1

(
log
(
A3m

1
2
1

))d+2

where A3,A4,A5,A6,A7 are constants depending only on Cf , C,M, d and α.
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REMARK 2.4. In the proof of Theorem 2.9, we choose n to scale up with m
1
2
1 for a balance

between the approximation error and the estimation error. Recall that n controls the com-

plexity of the FNN layer: a larger n increases the hypothesis complexity of the Transformer

class, leading to better approximation and more diverse feature representations. Besides,

to achieve a nice generalization performance, the hypothesis complexity of the FNN layer

also scales up with the first stage sample size m1. For the case of NLP, m1 measures the

diversity of semantics in the datatset D. Especially when training an LLM with a dataset size

often exceeding hundreds of terabytes of text data, m1 becomes incredibly large. This poses

challenges for efficiently scaling up the complexity of the FNN layer to achieve a balance. We

will discuss this point in subsection 2.4.3 below.

2.4 Discussion

In this section, we propose the attention operator for modeling attention mechanisms in

Transformers, and apply the two-stage sampling process to understand the training process

of Transformers in practical applications. We analyze the expressivity and demonstrate the

generalization capacity of the proposed Transformer structures. In this section, we exploit the

established framework and theoretical results to develop deep understanding of various tricks

and techniques with Transformers in practical applications.

2.4.1 Kernel normalization

Recall the original self-attention module (2.3) in [101]

kattn (xi, xj) :=
exp

(
⟨Wqxi,Wkxj⟩√

din

)
∑n

j′=1 exp

(
⟨Wqxi,Wkxj′⟩√

din

) .
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If we consider the normalization factor
∑n

j′=1 exp
(

⟨Wqxi,Wkxj′ ⟩√
din

)
independently (since it

depends on the input sequence Q), then its probability embedding can be reformulated as

attnk(µ) =

∫
Ω

k(x, ·)∫
Ω
k(y, ·) dµ(y)

f(x) dµ(x), µ ∈ P (Ω),

where k is a Laplace or Gaussian kernel. It can be further written as

attnk(µ) =

∫
Ω
k(x, ·)f(x) dµ(x)∫
Ω
k(y, ·) dµ(y)

. (2.8)

If we allow multiple features represented by different FNNs (further discussed in subsection

2.4.3 below), then attnk can be approximated by our attention operator attn (2.4) induced by

the same k and f .

Let Ω = [−1, 1]d. We define f ′ as f ′(y) = f1(y) + f1(−y) for y ∈ [−1, 1] where

f1(y) =
1

2
[σ(y + 1)− 2σ(y − 1) + σ(y − 3)] .

Then it’s easily verified that f ′ = 1 on [−1, 1]. For x ∈ [−1, 1]d, take f1(x) := 1
d
1Tf ′(x) = 1

in [−1, 1]d where f ′ applies element-wise on x and 1 = (1, · · · , 1)T ∈ Rd. In other words,

the normalization function can be represented by our attention operator with the feature

function f ′ constructed by the above FNN.

Note that attnk can be written as a composition of g1 (attnk,f (µ), g2(attnk,f ′(µ))), where

attnk,f denotes the attention operator induced by the kernel k and feature f , g1(y1, y2) := y1y2

and g2(y3) := 1/y3, and k is a Laplace or Gaussian kernel, which implies 0 < attnk,f (µ) ≤ r

and 0 < c′ < attnk,f ′(µ) ≤ ∥k∥2∞. Then g1, g2 can both be approximated by fully connected

neural networks [109]. In conclusion, we show that attnk can be approximated by our

attention operator attn with multiple features.

In our framework, we are mainly concerned with the function space and the properties of the

attention operator induced by k, f . Therefore, a normalization function is of less importance

in our analysis, since it can be separated from the attention operator as in (2.8). However,

in practical applications, a normalization function has two advantages. First, it introduces

asymmetric dependency as an inductive bias into the attention mechanism, which means that



26 2 TWO-STAGED SAMPLING PROCESS

kattn(xi, xj) may not be equal to kattn(xj, xi). The inductive bias is very useful for modeling

certain data structures such as natural languages, because words often have hierarchical

and directional relationships. Second, a normalization function makes the sum of kernel

weights always equal to 1, which can be useful for auto-regressive tasks [77, 14, 78]. By

normalizing the weights, the function effectively balances the contribution of each component

and enhances the stability and consistency of the model.

2.4.2 Discretization subsets T

Distribution regression is a special case of operator learning [92, 93]. To construct a com-

putable Transformer encoder, we apply two techniques: the two-stage sampling process and

the kernel discretization w.r.t. T. The elements in T are often called queries in NLP. In our

proof, we choose the set of queries to be the uniform mesh on Ω. Then for any function in

Hk, we can apply the kernel trick to replace function parameters by function values at each

query. Although it is a universal choice to recover information from any function parameters

in Hk, the uniform mesh also introduces the term (log n)d that still rules out practical use of

the framework in high-dimensional cases.

However, there are several cases in practice showing that with an appropriately chosen query

set of (much) smaller size, Transformer encoders still perform well on various tasks. The most

common is self-attention, as mentioned in Remark 2.2. The choice of query sets is adaptive

to each input in self-attention, and more precisely, a set of second-stage samples (independent

of the dimension). It would be interesting to investigate the underlying mechanism of self-

attention within our framework. Another example is that the query set T can be learned from

training data using stochastic gradient descent, which is usually applied in prompt tuning [52]

and Q-former for cross-modal alignment [46]. The basic idea behind these techniques can be

understood with our theoretical framework: When handling specific learning tasks or aiming

to compress data for more refined feature representations (e.g., low-dimensional features), we

often do not require a high-resolution uniform mesh as a universal choice to retain as much

information as possible. Instead, we just need a set of queries, with a significantly smaller
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size, which performs well for a particular task or certain data structure. These queries can be

obtained by optimizing the corresponding loss functions.

2.4.3 FNN for learning features

Note that the attention operator primarily facilitates the efficient compression of probability

distributions, whereas the FNN learns the pertinent features of the Barron functional (shown

in Theorem 2.6). This theoretical discovery also aligns with practical engineering experiences

in fine-tuning LLMs, such as adapter modules [29]. Fine-tuning is often required to adapt the

existing models to new tasks or datasets [23]. When applied with pretrained LLMs, engineers

always fix the parameters of the original network and add only some FNN modules with a few

trainable parameters into the existing model, e.g., adapters [29]. In this way, the training for

adaptation to new tasks or datasets can be dramatically decreased for pretrained LLMs with

billions of parameters, and the well-trained small modules can be directly plugged into other

models to transfer features learned for new tasks. In our theory, features for target functional

are entirely learned by the FNN layers and the attention operator merely embeds probability

measures into function representations. In other words, for different target functionals, all

trainable parameters are contained within the FNN layer, while the attention operator retains

no trainable parameters. This provides a theoretical foundation for the successful application

of adapters.

Another topic arising from our generalization analysis (Theorem 2.9) of distribution regression

with Transformer encoders, is how to efficiently scale up the complexity of the FNN layer.

Recall that in order to balance the approximation error and estimation error, we take n =

O(m
1
2
1 ) where m1 is the number of first-stage samples (i.e., probability measures in P (Ω)). In

our interpretation of NLP, m1 quantifies the complexity of semantics within a dataset. When

training LLMs with increasingly large corpora of texts, m1 becomes extremely large. Then to

achieve better generalization performance, we need to scale up the complexity of the FNN

layer dramatically. However, this poses challenges in training process. A popular solution is

called Mixture of Experts (MoE) [16, 87, 32]. Roughly speaking, the basic idea is that for

each query, we may choose one out of a pool of FNNs. A gating network decides which FNN
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to activate based on the input query. This enables efficient scaling with Transformers, since

we can increase the number of FNNs in the pool and just activate one FNN each time in the

training. It would also be interesting to investigate the MoE mechanism further within the

distribution regression framework.

2.5 Proof of Main Results on Transformer-based Networks in

Distribution Regression

2.5.1 Proof of Theorem 2.3

Recall

attn(µ) =

∫
Ω

k(x, ·)f(x) dµ

for µ ∈ (P (Ω), γk′) where γk′ is a metric on P (Ω) induced by the universal kernel k′.

For P ,Q ∈ (P (Ω), γk′), we have

∥attn(P)− attn(Q)∥2Hk

=

∥∥∥∥∫
Ω

k(x, ·)f(x) dP −
∫
Ω

k(x, ·)f(x) dQ
∥∥∥∥2
Hk

=

∫
Ω

∫
Ω

k(x, y)f(x)f(y) dP(x)dP(y)

+

∫
Ω

∫
Ω

k(x, y)f(x)f(y) dQ(x)dQ(y)

− 2

∫
Ω

∫
Ω

k(x, y)f(x)f(y) dP(x) dQ(y)

=

∥∥∥∥∫
Ω

f(·)k(x, ·)f(x) dP −
∫
Ω

f(·)k(x, ·)f(x) dQ
∥∥∥∥2
Hk̃

=

∥∥∥∥∫
Ω

k̃(x, ·) dP −
∫
Ω

k̃(x, ·) dQ
∥∥∥∥
Hk̃

=
∥∥∥k̃P(P)− k̃P(Q)

∥∥∥
Hk̃

, (2.9)

where k̃(x, y) := f(x)k(x, y)f(y). It’s easy to see that k̃ is a Mercer kernel on Ω × Ω.

For any finite nonzero signed Borel measure P , define Pf (E) =
∫
E
f dP for any Borel
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set E. Then Pf is also a finite nonzero signed Borel measure, since f is measurable and

0 < cf ≤ |f(x)| ≤ Cf for all x ∈ Ω. It follows by the universality of Mercer kernel k that

∫
Ω

∫
Ω

k̃(x, y) dP(x) dP(y) =

∫
Ω

∫
Ω

k(x, y)f(x)dP(x)f(y)dP(y) (2.10)

=

∫
Ω

∫
Ω

k(x, y)dPf (x)dPf (y) > 0 (2.11)

which implies that k̃ is an integrally strictly pd kernel. Therefore, γk̃ is also a metric on P (Ω)

and then attn is an injective mapping defined on P (Ω).

Any g ∈ C(Ω) can be approximated by
∑N

p=1 αpk̃(·, tp) to an arbitrary accuracy when N is

large enough, because

g(x)−
N∑
p=1

αpf(x)k(x, tp)f(tp) = f(x)

(
g(x)

f(x)
−

N∑
p=1

α̃pk(x, tp)

)

with αp = α̃p

f(tp)
and g/f ∈ C(Ω) can be approximated by

∑N
p=1 α̃pk(x, tp) to an arbitrary

accuracy when N is large enough. Thus k̃ is also universal. By Lemma 5 below, all universal

kernels defined on the compact metric space Ω metrize the same topology on P (Ω) as , i.e.,

the weak topology on P (Ω), which is the weakest topology such that the map µ 7→
∫
Ω
g dµ is

continuous for all f ∈ C(Ω). Then for the universal kernels k′, k̃, (P (Ω), γk′) and (P (Ω), γk̃)

share the same topology on P (Ω). It’s also easy to observe that the kernel embedding k̃P is an

isometry between (P (Ω), γk̃) and
(
k̃P(P (Ω)), ∥ · ∥Hk̃

)
, which follows that k̃p is a continuous

mapping from (P (Ω), γk′) to (Hk̃, ∥ · ∥Hk̃
). Then it can be concluded by (2.9) that attn is

also a continuous mapping from (P (Ω), γk′) to (Hk, ∥ · ∥Hk
). ■

2.5.2 Proof of Theorem 2.6

First we have the following error decomposition

∥Φk,f −Hn1,n2∥ρ ≤ ∥Φk,f −Hn1∥ρ + ∥Hn1 −Hn1,n2∥ρ (2.12)
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where Hn1(µ) has the form of
∑n1

p=1 cpϕ(⟨ap, g⟩Hk
+ bp) + b0 with cp, bp, b0 ∈ R, ap ∈ Hk

for all 1 ≤ p ≤ n1 and a certain sigmoidal function ϕ. In the following we present upper

bounds for the two terms on RHS of (2.12) respectively.

Step 1. An upper bound for ∥Φk,f −Hn1∥
2
ρ is derived with the help of Lemma 1. We specify

the sigmoidal function and the probability measure in our case as follows. Let ϕ(x) be the

sigmoidal function σ
(
x+ 1

2

)
− σ

(
x− 1

2

)
. Let β ≥ 1. Then for ReLU neural networks,

ηβ = inf
0<ϵ≤ 1

2

{
2ϵ+ sup

|z|≥ϵ

∣∣∣∣σ(βz + 1

2

)
− σ

(
βz − 1

2

)
− 1{z>0}

∣∣∣∣
}

(2.13)

with
∣∣σ (βz + 1

2

)
− σ

(
βz − 1

2

)
− 1{z>0}

∣∣ ≤ 1
2
− βϵ for ϵ ≤ |z| ≤ 1

2β
and is 0 for |z| ≥ 1

2β
.

Take ϵ = 1
2β

then we have ηβ ≤ 1
β

.

By Theorem 2.3, attn : (P (Ω), γk) → (Hk, ∥ · ∥k) is continuous. Then Borel probabil-

ity measure ρU on P (Ω) defines another Borel probability measure µ̃ on Hk by µ̃(B) :=

ρU(attn
−1(B)) where B is a Borel set in Hk. Note that Gk,f , the image of the attention

operator, is contained in the closed ball Br. Then we can denote the restriction of µ̃ on Br by

ν.

Recall that Φk,f has the form of Φk,f (P) = Φ
(∫

Ω
k(x, ·)f(x) dP

)
with Φ ∈ Γr,C(Hk). Then

by taking β = n
1
2
1 and the probability measure ν, and applying Lemma 1, we get a functional

defined on Br by H̃n1(g) =
∑n1

p=1 cpϕ
(
⟨ap, g⟩Hk

+ bp

)
with ∥ap∥Hk

≤ n
1/2
1

r
, |bp| ≤ n

1/2
1 for

all p and ∥c∥1 ≤ 2rC such that∫
Hk

(Φ(g)− H̃n1(g))
2µ̃(dg) =

∫
Br

(Φ(g)− H̃n1(g))
2 ν(dg) ≤ (4rC)2

n1

,

which follows that ∫
P (Ω)

(Φk,f (P)−Hn1(P))2 dµ ≤ (4rC)2

n1

(2.14)

with Hn1(P) = H̃n1

(∫
Ω
k(x, ·)f(x) dP

)
.

Step 2. We discretize the weight parameters {ap} in the network by kernel trick.
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Observe that

Hn1(P) =

n1∑
p=1

cpϕ

(〈
ap,

∫
Ω

k(x, ·)f(x) dP
〉

Hk

+ bp

)
(2.15)

and that〈
ap,

∫
Ω

k(x, ·)f(x) dP
〉

Hk

=

∫
Ω

⟨ap, k(x, ·)⟩Hk
f(x)dP =

∫
Ω

ap(x)f(x) dP (2.16)

with ∥ap∥Hk
≤ n

1/2
1

r
for all 1 ≤ p ≤ k.

For (a′p)
n1
p=1 ⊂ Hk, we have from the Lipschitz continuity of ϕ that∣∣∣∣∣

n1∑
p=1

cpϕ

(∫
Ω

ap(x)f(x) dP + bp

)
−

n1∑
p=1

cpϕ

(∫
Ω

a′p(x)f(x) dP + bp

)∣∣∣∣∣
≤ ∥c∥1max

p

∣∣∣∣ϕ(∫
Ω

ap(x)f(x) dP + bp

)
− ϕ

(∫
Ω

a′p(x)f(x) dP + bp

)∣∣∣∣
≤ 2∥c∥1max

p

∣∣∣∣∫
Ω

[ap(x)− a′p(x)]f(x) dP
∣∣∣∣

≤ 2∥c∥1Cf max
p

sup
x∈Ω

∣∣ap(x)− a′p(x)
∣∣ .

To apply kernel trick and get discrete approximations to network parameters (ap)n1
p=1, we take

n ∈ N and

T =

{
(t(1), . . . , t(d)) : t(j) ∈

{
−1 +

2l

n

}n

l=0

for 1 ≤ j ≤ d

}
to be the uniform mesh on Ω = [−1, 1]d.

We choose

an2
p (x) :=

n2∑
q=1

ap(tq)uq(x) (2.17)

with n2 = |T| and

(uq)
n2
q=1 = [(k(xi, xj))xi,xj∈T]

−1(k(·, xi))xi∈T
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to be the so-called nodal functions satisfying

∣∣ap(x)− an2
p (x)

∣∣ ≤ ∥ap∥Hk
exp

(
−ckn

1/d
2

2
√
d

)
, ∀x ∈ Ω. (2.18)

This can be found in [122] with a constant ck depending on the kernel k.

Step 3. Let Hn1,n2(P) =
∑n1

p=1 cpϕ
(〈
an2
p ,
∫
Ω
k(x, ·)f(x) dP

〉
Hk

+ bp

)
. Then we can obtain

that

∥Hn1 −Hn1,n2∥
2
ρ =

∫
(Hn1(P)−Hn1,n2(P))2 dρ ≤ 16C2C2

fn1 exp

(
−ckn

1/d
2√
d

)
.

Here we have used the bound ∥c∥1 ≤ 2rC and ∥ap∥Hk
≤

√
n1

r
.

Combining this error bound with the estimate in Step 1 and r = Cf (∥k∥∞ = 1 for Gaussian

kernels) results in

∥Φk,f −Hn1,n2∥ρ ≤
4CfC

n
1/2
1

+ 4CCfn
1/2
1 exp

(
−ckn

1/d
2

2
√
d

)
.

Let n2 = ⌈Ck,d(log n1)
d⌉ with Ck,d =

(
2
√
d

ck

)d
. Then we have the RHS of the above bounded

as

∥Φk,f − hn∥ρ ≤
(8Cf )C

n1/2
where hn := Hn1,n2 with n1 = n and n2 = ⌈Ck,d(log n)

d⌉.

Insert the linear expressions of {an2
p } in (2.17) into Hn1,n2 and it can be obtained that

Hn1,n2(P) =

n1∑
p=1

cpϕ

(
n2∑
q=1

Ap,q

∫
Ω

k(x, tq)f(x) dP + bp

)

where {Ap,q} is determined by the values of ap on {tq} and KT and furthermore, ap,q

can be bounded by
√
n2

∥∥K−1
T

∥∥
2
n
1/2
1 with KT = (k(xi, xj))xi,xj∈T. In conclusion, with

O(n(log n)d) parameters, we can achieve the error bound ∥Φk,f − hn∥2ρ = O(n−1) with

∥c∥1 ≤ 2CfC, |Ap,q| ≤
√

2Ck,d(log n)d
∥∥K−1

T

∥∥
2
n1/2 and |bp| ≤ n1/2 for all p, q.
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Let hn(P) := cTσ
(
A[attn(P)]Ts(n)

+ b
)

with c ∈ R2n, A ∈ R2n×s(n), b ∈ R2n and Ts(n)

the set of s(n) fixed points. Recall that ϕ(x) = σ(x+ 1
2
)− σ(x− 1

2
) . Now we define

H′
R,n =

{
hn : ∥c∥1 ≤ 4rC, |Ap,q| ≤

√
2Ck,d(log n)d

∥∥K−1
T

∥∥
2
n1/2 and |bp| ≤ 2n1/2 for all p, q

}
.

Since σ is homogeneous,

H′
R,n =

{
hn : ∥c∥1 ≤ 8rCn1/2, |Ap,q| ≤

√
1

2
Ck,d(log n)d

∥∥K−1
T

∥∥
2

and |bp| ≤ 1 for all p, q

}

By Example 1 in [116], for the case of the Gaussian kernel, an upper bound can be derived

for
∥∥K−1

T

∥∥
2

that ∥∥K−1
T

∥∥
2
≤ C1(log n)

−dnC2 logn

where C1 = (α
√
π)−dC−1

k,d and C2 = dπ2α2C
2/d
k,d . Let R = max{

√
1
2
Ck,dC1, C2, 8rC, 1}.

Then take the hypothesis space to be

HR,n = {hn : ∥c∥1 ≤ Rn1/2, |Ap,q| ≤ R(log n)−d/2nR logn and |bp| ≤ R for all p, q}.

We see the conclusion of Theorem 2.6. ■

2.5.3 Proof of Theorem 2.7

Since C(P (Ω)) is a metric space, it suffices to prove that the hypothesis space is a sequentially

compact subset. Let {h(j)} be a countable collection of functions in the hypothesis space HR,n.

By Lemma 5 in the appendix, it suffices to show that the functions {h(j)} are equi-bounded

and equi-continuous.
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Equi-continuity: For P ,Q ∈ (P (Ω), γk), we have

∣∣h(j)(P)− h(j)(Q)
∣∣ ≤ ∥c(j)∥1max

p

∣∣∣∣∣
n2∑
q=1

A(j)
p,q

∫
Ω

k(x, tq)f(x) dP −
n2∑
q=1

A(j)
p,q

∫
Ω

k(x, tq)f(x) dQ

∣∣∣∣∣
≤ ∥c(j)∥1max

p

{(
n2∑
q=1

∣∣A(j)
p,q

∣∣)}max
q

∣∣∣∣∫
Ω

k(x, tq)f(x) d(P −Q)

∣∣∣∣
≤
∥∥c(j)∥∥

1
∥k∥∞ max

p

{(
n2∑
q=1

∣∣A(j)
p,q

∣∣)}∥∥∥∥∫
Ω

k(x, ·)f(x) d(P −Q)

∥∥∥∥
Hk

By Theorem 2.3, attn is a continuous mapping from (P (Ω), γk) to (Hk, ∥ · ∥Hk
), which

implies that {h(j)} are equi-continuous.

Equi-boundedness: For a collection of functions {h(j)} ⊂ HR,n with h(j) : (P (Ω), γk) →

(R, | · |), it’s sufficient to show that {h(j)} is uniformly bounded. For any n ∈ N, it’s easy to

obtain that

sup
P∈(P (Ω),γk)

∣∣h(j)(P)
∣∣ ≤ ∥c(j)∥1max

p

[(
n2∑
q=1

∣∣A(j)
p,q

∣∣)Cf ∥k∥2∞ +
∣∣b(j)p

∣∣]

≤ R2n
1
2

(
Cfs(n)(log n)

−d/2nR logn + 1
)

Therefore, HR,n is a compact subset of C(P (Ω)). This completes the proof of Theorem 2.7.

■

Our generalization analysis needs an estimate of the covering numbers of the hypothesis space

HR,n, which is given by the following lemma.

LEMMA 3. For n ≥ 3, the covering number N (HR,n, ϵ, ∥ · ∥∞) induced by the Transformer

encoders can be bounded as

logN (HR,n, ϵ, ∥ · ∥∞) ≤ R1n(log n)
d log

(
R̃

ϵ

)
+R2n(log n)

d+2 (2.19)

where R1 := 6Ck,d, R2 := 2(8R + 3d) and R̃ := 6R2(1 + 2Ck,d)max{1, 2Cf (Ck,d + 1)}.
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For h ∈ HR,n, denote σh(P) := σ(A[
∫
Ω
k(x, ·)f(x) dP ]Ts(n)

+ b) with the parameters A and

b in h. Then we have

∥σh∥∞ ≤ ∥A∥∞ sup
P∈(P (Ω),γk)

∥∥∥∥∫
Ω

k(x, ·)f(x) dP
∥∥∥∥
∞
+ ∥b∥∞

≤ s(n)R(log n)−d/2nR logn ∥k∥2∞Cf +R

≤ 2Ck,d ∥k∥2∞CfR(log n)
d/2nR logn +R

≤ (2CfCk,d + 1)R(log n)d/2nR logn.

Let ĥ be another function in HR,n with parameters ĉ, Âp,q and b̂ such that ∥c − ĉ∥∞ ≤

ϵ,
∣∣∣Ap,q − Âp,q

∣∣∣ ≤ ϵ and
∥∥∥b− b̂

∥∥∥
∞

≤ ϵ. Then we have that

∥σh − σĥ∥∞ ≤
∥∥∥A− Â

∥∥∥
∞

sup
P∈(P (Ω),γk)

∥∥∥∥∫
Ω

k(x, ·)f(x) dP
∥∥∥∥
∞
+
∥∥∥b− b̂

∥∥∥
∞

≤ (s(n)Cf + 1)ϵ

which results in a bound on the final output,

∥∥∥h− ĥ
∥∥∥
∞

=
∥∥cTσh − ĉTσĥ

∥∥
∞ ≤

∥∥(c− ĉ)Tσh
∥∥
∞ +

∥∥ĉT (σh − σĥ)
∥∥
∞

≤ 2ϵn(2CfCk,d + 1)R(log n)d/2nR logn +Rn1/2(s(n)Cf + 1)ϵ

≤ 2C3R ϵ n(log n)d/2nR logn + 2C3R ϵ n1/2s(n)

≤ C4(log n)
dn2R lognϵ

for n ≥ 3 where C3 := max{2, 4Cf (Ck,d + 1)} and C4 := 2C3R(1 + 2Ck,d). Let ϵ̃ =

C4(log n)
dn2R lognϵ. Then the ϵ̃-covering number of HR,n can be bounded
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N (HR,n, ϵ̃, ∥ · ∥∞) ≤
⌈
2Rn1/2

ϵ

⌉2n ⌈
2R(log n)−d/2nR logn

ϵ

⌉2ns(n) ⌈
2R

ϵ

⌉2n
≤

(
R̃

ϵ̃

)4n+2ns(n)

(log n)6dns(n)n16Rn(logn)s(n)

with R̃ := 3RC4. Then by taking logarithms on both sides, we obtain

logN (HR,n, ϵ̃, ∥ · ∥∞) ≤ [4n+ 2ns(n)] log

(
R̃

ϵ̃

)
+ 6dns(n) log(log n) + 16Rn(log n)s(n) log n

≤ R1n(log n)
d log

(
R̃

ϵ̃

)
+R2n(log n)

d+2

where R1 := 12Ck,d and R2 := 4(8R + 3d). ■

2.5.4 Proof of Theorem 2.8

We apply the following concentration inequalities given in [110] for I1(D,HR,n) and I2(D,HR,n):

Prob

{
I1(D,HR,n)) >

1

2

(
E(πMφD̂,R,n)− E(φρ)

)
+ ϵ

}
≤ N

(
HR,n,

ϵ

16M
, ∥ · ∥∞

)
exp

{
− 3m1ϵ

2048M2

}
(2.20)

and

Prob{I2(D,HR,n)) > ϵ} ≤ exp

{
− m1ϵ

2

2(3M + ∥h∥∞)2
(
R(H) + 2

3
ϵ
)} . (2.21)

For I3(D,HR,n), since
∥∥∥πMφD̂,R,n

∥∥∥
∞

≤M and |yi| ≤M , there holds
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∣∣∣I3(D̂,HR,n)
∣∣∣ = ∣∣∣∣∣ 1m1

m1∑
i=1

(
πMφD̂,R,n(µ̂

m2
i )− yi

)2
−
(
πMφD̂,R,n(µi)− yi

)2∣∣∣∣∣
≤ 1

m1

m1∑
i=1

4M
∣∣∣φD̂,R,n(µ̂

m2
i )− φD̂,R,n(µi)

∣∣∣
where φD̂,R,n(µ) = cTφ

(
σ
(
Aφ

[∫
Ω
k(x, ·)f(x) dµ

]
Ts(n)

+ bφ

))
and Ts(n) denotes a set of

s(n) distinct points in Ω.

Let gt(x) := k(x, t)f(x) for t ∈ Ts(n). It can be derived that |gt(x)| ≤ Cf for any x ∈ Ω.

For each t ∈ Ts(n), we conclude that

Prob{|E(gt(Xi))− Sm2(gt(Xi,j))| > ϵ} ≤ 2 exp

{
−m2ϵ

2

8C2
f

}
,

which follows that

Prob

{
sup

t∈Ts(n)

|E(gt(Xi))− Sm2(gt(Xi,j))| > ϵ

}
≤ 2s(n) exp

{
−m2ϵ

2

8C2
f

}
.

Since

sup
φ∈HR,n

|φ(µi)− φ(µ̂m2
i )| ≤ sup

φ∈HR,n

∥cφ∥1 ∥A∥∞ sup
t∈Tn

|E(gt(Xi))− Sm2(gt(Xi,j))|

≤ Rn1/2s(n)R(log n)−d/2nR lognϵ

≤ C5n
2R logn(log n)d/2ϵ

where C5 := 2Ck,dR
2, it can be concluded that

Prob

{
sup

φ∈HR,n

|φ(µi)− φ(µ̂m2
i )| > C5n

2R logn(log n)d/2ϵ

}
≤ 2s(n) exp

{
−m2ϵ

2

8C2
f

}

which results in the probability concentration of I3(D̂,HR,n) as

Prob
{∣∣∣I3(D̂,HR,n) > ϵ

∣∣∣} ≤ 2m1s(n) exp

{
− m2ϵ

2

128M2C2
fC

2
5n

4R logn(log n)d

}
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Similarly, it can be obtained that

Prob
{∣∣∣I4(D̂,HR,n) > ϵ

∣∣∣} ≤ 2m1s(n) exp

{
− m2ϵ

2

32(M2 + ∥h∥2∞)C2
fC

2
5n

4R logn(log n)d

}
Finally, combine all the probability concentration inequalities. We can derive

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> 2 ∥h− φρ∥2ρ + 8ϵ

}
≤N

(
HR,n,

ϵ

16M
, ∥ · ∥∞

)
exp

{
− 3m1ϵ

2048M2

}

+exp

− m1ϵ
2

2 (3M + ∥h∥∞)2
(
∥h− φρ∥2ρ +

2
3
ϵ
)


+4m1s(n) exp

{
− m2ϵ

2

128max{∥h∥2∞ ,M2}C2
fC

2
5n

4R logn(log n)d

}
.

This proves Theorem 2.8. ■

2.5.5 Proof of Theorem 2.9

By the construction of the approximation with sigmoidal functions in Theorem 2.3, we have

∥h∥∞ ≤ 2CfC.

By inserting the estimations for the approximation error and the covering number into

Theorem 2.8, it can be obtained that

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> 2C2

∗n
−1 + 8ϵ

}
≤ exp

{
R1n(log n)

d log

(
16MR̃

ϵ

)
+R2n(log n)

d+2 − 3m1ϵ

2048M2

}

+ exp

{
− m1ϵ

2

2(3M + 2CfC)2
(
C2

∗n
−1 + 2

3
ϵ
)}

+ exp

{
log(8Ck,dm1) + d log(log n)− m2ϵ

2

128(2CfC +M)2C2
fC

2
5n

4R logn(log n)d

}
.
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If ϵ ≥ 2C2
∗n

−1(log n)d+2, then we have

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> 9ϵ

}
≤ exp

{
R1n(log n)

d log

(
8MR̃n

C2
∗

)
+R2n(log n)

d+2 − 3m1ϵ

2048M2

}

+ exp

{
− 3m1ϵ

8(3M + 2CfC)2

}
+ exp

{
log(8Ck,dm1) + d log(log n)− m2ϵ

2

128(2CfC +M)2C2
fC

2
5n

4R logn(log n)d

}

≤ exp

{
A1n(log n)

d+2 − 3m1ϵ

2048M2

}
+ exp

{
− 3m1ϵ

8(3M + 2CfC)2

}
+ exp

{
log(8Ck,d(log n)

dm1)−
m2ϵ

2

A2n4R logn(log n)d

}
where A1 := R1

(
log
(

8MR̃
C2

∗

)
+ 1
)
+ R2 and A2 := 128(2CfC +M)2C2

fC
2
5 . If we choose

the neural network parameter n = [A3m
1/2
1 ] with A3 := ( 3C2

∗
2048A1M2 )

1/2, then we have that

when 1 ≤ log(8Ck,dm1) ≤ 3A−1
4 A−1

3 C2
∗

4096M2 m
1/2
1 ,

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> 9ϵ

}
≤ exp

{
3m1ϵ

4096M2
− 3m1ϵ

2048M2

}
+ exp

{
− 3m1ϵ

8(3M + 2CfC)2

}
+ exp

{
log(8Ck,dm1) + d log log(A3m

1/2
1 )− m2ϵ

2

A2n4R logn(log n)d

}
≤ exp

{
− 3m1ϵ

4096M2

}
+ exp

{
− 3m1ϵ

8(3M + 2CfC)2

}
+ exp{A4 log(8Ck,dm1)−

m2ϵ
2

A2n4R logn(log n)d
}
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where A4 := 2d(1 + log(logA3)). Take m2 ≥

A5

(
A3m

1
2
1

)8R log

(
A3m

1
2
1

) with A5 :=

3m1

4096C2
∗M

2A2. Then

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> 9ϵ

}
≤ exp

{
− 3m1ϵ

4096M2

}
+ exp

{
− 3m1ϵ

8(3M + 2CfC)2

}
+ exp

{
3m1ϵ

4096M2
− 3m1ϵ

2048M2

}
≤ 3 exp

{
− 3m1ϵ

256(4M + 2CfC)2

}
.

Let τ = 9ϵ and it can be obtained that

Prob

{∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> τ

}
≤ 3 exp

{
− m

1
2
1 τ

768(4M + 2CfC)2

}

for τ ≥ 18C2
∗n

−1(log n)d+2. Then by the formula for the expectation of the non-negative

random variable ξ, Eξ =
∫∞
0
P (ξ > τ) dτ , we get

E{E(πMφD̂,R,n)− E(φρ)} =

∫ ∞

0

Prob{
∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> τ} dτ

=

(∫ 18C2
∗n

−1(logn)d+2

0

+

∫
18C2

∗n
−1(logn)d+2

)
Prob{

∥∥∥πMφD̂,R,n − φρ

∥∥∥2
ρ
> τ}dτ

≤ 18C2
∗n

−1(log n)d+2 +

∫ ∞

0

3 exp

{
− m

1
2
1 τ

768(4M + 2CfC)2

}
dτ

≤ A6m
− 1

2
1

(
log
(
A3m

1
2
1

))d+2

where A6 := 36C2
∗A−1

3 + 2304(4M + 2CfC)
2. This proves the desired bound when the first

stage sample size m1 satisfies

1 ≤ log(8Ck,dm1) ≤
3C2

∗
4096A4A3M2

m
1
2
1 and ⌊A3m

1
2
1 ⌋ ≥ 3,
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we can see that this restriction on m1 is satisfied when m1 ≥ A7 where A7 is constant

depending on Ck,d, C∗,A3,A4 and M . When m1 < A7, we can also easily see that

E{E(πMφD̂,R,n)− E(φρ)} ≤ 4M2 ≤ 4M2
√
A7m

− 1
2

1

(
log
(
A3m

1
2
1

))d+2

and thereby the desired bound still holds. This completes the proof of Theorem 2.9. ■

Appendix A

Ascoli-Arzelà theorem

LEMMA 4. let {fj} be a sequence of continuous functions from a separable topological

spaces (X,T ) into a metric space (Y, dY ). Assume that the functions {fj} are equi-bounded

and equi-continuous at each x ∈ X . Then, there exists a subsequence {fj′} ⊂ {fj} and

a continuous function f : X → Y such that {fj′} → f pointwise in X . Moreover the

convergence is uniform on compact subsets of X .

Weak Topology of Probability Space

LEMMA 5. [96]. Let (Ω,m) be a compact metric space. If k is universal, then γk metrizes

the weak topology on P (Ω).

We need to show the topology induced by γk is equivalent to the weak topology, i.e., for

measures {Pn} ⊂ P (Ω), Pn
w→ P iff γk(Pn,P) → 0 as n→ ∞. First, since k is universal,

Hk is dense in C(Ω). Then for every g ∈ C(Ω) and every ϵ > 0, there exists a g′ ∈ Hk such

that ∥g − g′∥∞ ≤ ϵ. Therefore, we have∣∣∣∣∫
Ω

g dPn −
∫
Ω

g dP
∣∣∣∣ = ∣∣∣∣∫

Ω

(g − g′) dPn +

∫
Ω

g′ d(Pn − P) +

∫
Ω

(g′ − g) dP
∣∣∣∣

≤
∫
Ω

|g − g′| dPn +

∫
Ω

|g′ − g| dP + ∥g′∥Hk
γk(Pn,P)

≤ 2ϵ+ ∥g′∥Hk
γk(Pn,P).
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Since ϵ can be arbitrarily small, γk(Pn,P) → 0 implies that Pn
w→ P . It’s also trivial that

Pn
w→ P implies γk(Pn,P) → 0, since ∥g∥∞ ≤ ∥k∥∞ ∥g∥Hk

for g ∈ Hk.

■



Chapter 3

High-Dimensional Learning Framework

3.1 Introduction

Deep Learning [43] has achieved remarkable successes in processing big data from many

practical domains with its superiority in approximation, expressivity, and generalization.

Along with the achievements in speech recognition, computer vision, and natural language

processing, it is worth noting the recent breakthroughs in scientific research by deep learn-

ing methods, e.g., AlphaFold [84] for predicting protein molecule structures. To address

the diverse challenges emerging from various research fields, neural network architectures

[79, 48, 47, 37] have been developed that possess the capability to process function-input

cases with more complex data structures than speeches, images and texts. However, with their

impressive performances in solving scientific problems in practice comes a paucity of theoret-

ical understanding about how they work so well across different domains. Before introducing

the latest applications and theoretical results about learning with data from function spaces by

neural networks, we first recall some definitions and approximation results of neural networks

defined on the Euclidean space Rd.

Since the late 1980s, the approximation properties [3, 11, 39] have been well studied with the

classical shallow neural networks of form

fN(x) =
N∑
k=1

ckσ(ak · x+ bk)

43
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with ak ∈ Rd, bk, ck ∈ R and σ an activation function from R to R. The fully connected

multilayer neural network (FNN) of layer L is defined by applying shallow neural networks

inductively,

f (l)(x) = σ
(
A(l)f (l−1)(x) + b(l)

)
, l = 1, 2, . . . , L

where the activation function σ acts element-wise, dl ∈ N is the number of hidden neurons

(width) in l-th layer, A(l) is a dl × dl−1 matrix without special structures, b(l) ∈ Rdl and

f (0)(x) = x with d0 = d. The expressivity of FNNs was also well explored in [71, 60, 109,

70].

Later, when deep learning started with the mission to reduce redundant parameters and im-

prove computational efficiency, convolutional neural networks (CNNs) were proposed with

the mechanism of weight sharing. Convolutional kernels in CNNs induced by 1-D convolu-

tions were formally defined by Toeplitz matrices in [120, 119]. For a 1-D convolutional filter

ω = (ωk)k∈Z supported in {0, 1, . . . , s} and an input x = (xk)k∈Z supported in {1, 2, . . . , d},

the 1-D convolution between ω and x is defined as

(ω ∗ x)i =
∑
k∈Z

ωi−kxk =
d∑

k=1

ωi−kxk, i ∈ Z (3.1)

which by considering possibly nonzero entries of ω ∗ x, gives a (d+ s)× d Toeplitz matrix

T ω

T ω :=



ω0 0 0 0 . . . 0 0

ω1 ω0 0 0 . . . 0 0
...

... . . . . . . . . . ...
...

ωs ωs−1 . . . ω0 . . . 0 0

0 ωs . . . ω1
. . . ... 0

... . . . . . . . . . . . . . . . ...

. . . . . . 0 ωs . . . ω1 ω0

. . . . . . . . . 0 ωs · · · ω1

... . . . . . .
. . . . . . . . . ...

0 . . . . . . . . . . . . 0 ωs



.
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Similarly with the fully connected neural networks, a deep convolutional neural network

(DCNN) is defined by the iteration

f l(x) = σ(T (l)f (l−1)(x) + b(l)), l = 1, 2, . . . , L

where T (l) ∈ Rdl×dl−1 is a Toeplitz matrix, b(l) ∈ Rdl , dl = d + sl, and f (0)(x) = x with

d0 = d.

The FNNs and CNNs defined above show great superiority in tasks in speech recognition,

computer vision, and natural language processing, but cannot be applied directly to the tasks

of learning operators defined on function spaces with infinite dimensions.

Recently, [92, 93] proposed functional nets to learn functionals with certain smoothness and

[89, 110] showed some results in distribution regression with neural networks. Although the

recent works [93] achieve almost optimal rates in the respective learning tasks, the claimed

network architectures declined to meet those applied in practice, e.g., Fourier Neural Operators

(FNOs) and Physic-informed neural networks (PINNs). FNOs [48] are inspired by the integral

form of solutions to partial differential equations and extensively used in scientific computing.

Convergence rates of approximating solutions to some PDEs by FNOs are studied in [41],

while approximating an operator with a more general smooth condition by FNOs has not been

considered yet. Apart from the network architecture, the input function space also plays an

important role in learning from functional data. For example, [92] took Lp([−1, 1]d) as the

input space and obtained the approximation rate O
((

log(M)
log(log(M))

)−βλ/d
)

with M nonzero

parameters, when the functional is defined on the unit ball of the Hölder space Cβ[−1, 1]d

and is Lipschitz λ with 0 < λ ≤ 1. To alleviate the effect of the curse of dimension, the

Korobov spaces are considered here. Compared with the works [62, 56] on a Korobov space

of functions vanishing on the boundary of a cube, the Korobov space discussed in this chapter

is a reproducing kernel Hilbert space (RKHS) of periodic functions, and the capacity and

the efficiency of approximation by the Korobov space are intrinsically related to the kernel

functions of which polynomial cases and exponential cases are taken into consideration.
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In this chapter, we are interested in approximating a nonlinear continuous operator F :

Hd,α,γ → R by a network consisting of the FNO and a DCNN, and Hd,α,γ is a Korobov space

of periodic functions where a network with an FNO is defined. We establish a theory to show

the ability of FNOs to extract features of functions from Korobov spaces. Then we construct

a DCNN with multiple channels to realize the high-dimensional interpolation with a great

reduction in the number of parameters from O(d2) to O(log2 d). Finally, a convergence rate,

which beats the curse of dimension, is achieved by our proposed network. The remainder

of this chapter is organized as follows. In Section 2, the definitions of Korobov Spaces and

Fourier Functional Networks will be introduced. The main results of this chapter will be

established in Section 3, and the proofs of the main results are presented in Section 4.

3.2 Definitions

3.2.1 Korobov Space

The Korobov spaceHd,α,γ of one-periodic functions is a separable Hilbert space with complex-

valued functions which can be specified by values on Td := [0, 1]d. The parameter α ≥ 0

or α = ∞ measures the smoothness of these functions. Throughout the chapter, we always

assume α > 1 in which case Hd,α,γ becomes a reproducing kernel Hilbert space of periodic

functions.

Let {aj} and {bj} be two positive sequences such that 1 ≥ a1 ≥ a2 ≥ · · · > 0 and

b := infj∈N bj > 0. Then γ = {γj}j∈N can be expressed in terms of the two sequences {aj}

and {bj} as γj = (aj, bj). Though the definition of the Korobov space Hd,α,γ uses only the

truncated sequences {aj}dj=1, {bj}dj=1, our main results stated in Theorems 3.6 and 3.7 below

give the dimension-independent rates of approximation and allow d to be as large as possible.

For h = [h1, h2, . . . , hd] ∈ Zd, define the weight function as

ωα(γ, h) =
d∏

j=1

ωα(γj, hj).



3.2 DEFINITIONS 47

For the polynomial case with α <∞, let bj = 1 for all j and

ωα (γj, hj) =

1 if hj = 0

|hj|α /aj if hj ̸= 0.

For α = ∞ in the exponential case, we fix ω > 1, and take

ω∞(γj, hj) = ω|hj |bj /aj .

The Korobov space Hd,α,γ of complex-valued one-periodic functions is defined on Td with a

reproducing kernel

Kα,γ(x, y) =
∑
h∈Zd

exp(2πih · (x− y))

ωα(γ, h)
.

Note that in both the polynomial case and exponential case, the kernel is bounded, that is,

κ := supx∈Td

√
Kα,γ(x, x) <∞.

The inner product on the RKHS can be easily seen by the periodicity of functions as

⟨f, g⟩H =
∑
h∈Zd

ωα(γ, h)f̂(h)ĝ(h), f, g ∈ Hd,α,γ

where f̂ is the Fourier series of f , given by

f̂(h) =

∫
Td

f(x) exp(−2πi h · x) dx

and ĝ(h) is the complex conjugate of the Fourier series ĝ.

The norm in the RKHS Hd,α,γ is then given by

∥f∥H =

(∑
h∈Zd

ωα(γ, h)
∣∣∣f̂(h)∣∣∣2)1/2

.

Since ωα(γ, h) ≥ 1, we have

∥f∥L2(Td) ≤ ∥f∥H
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for all f ∈ Hd,α,γ . Thus, Hd,α,γ ⊂ L2(Td) where L2(Td) denotes the space of square integ-

rable one-periodic functions with norm ∥f∥L2(Td) = (
∫
Td |f(x)|2dx)1/2.

REMARK 3.1. Before exhibiting the approximation in the Korobov space Hd,α,γ , we would

address the essential assumption α > 1 to control the smoothness. For example, taking

d = 1, if α is an even integer, then for any f ∈ Hd,α,γ , f is α
2

times differentiable, and its k-th

derivative is absolutely continuous for k = 1, . . . , α
2
− 1 while the α

2
-th derivative belongs to

L2(Td). In the exponential case with α = ∞, the Korobov space Hd,α,γ consists of periodic

functions that are analytic. For more details, refer to [64].

As in learning theory [91], the Korobov space can be understood by an integral operator

approach which will enable us to derive projections onto finite-dimensional subspaces for

discretization in operator learning. Define the inclusion mapping id : Hd,α,γ → L2(Td) given

by id(f) = f . Then ∥id∥ = 1 because ∥f∥L2(Td) ≤ ∥f∥H and the equality holds for constant

functions. Moreover, the adjoint operator of id is the integral operator id∗ : L2(Td) → Hd,α,γ

given by

id∗(g) =

∫
Td

Kα,γ( ·, x) g(x)dx.

Consider the positive and self-adjoint operator T := id∗ id : Hd,α,γ → Hd,α,γ . We have

⟨Tf, g⟩H = ⟨id(f), id(g)⟩L2(Td) = ⟨f, g⟩L2(Td)

which follows by the reproducing property that for any f ∈ Hd,α,γ ,

Tf(x) = ⟨Tf,Kα,γ(x, ·)⟩H = ⟨f,Kα,γ(x, ·)⟩L2(Td)

=
∑
h∈Zd

ω−1
α (γ, h)f̂(h) exp(2πih · x).

Here {ω−1/2
α (γ, h) exp(2πih· )}h∈Zd is a set of eigenvectors of T and an orthonormal basis of

Hd,α,γ . Since ∑
h∈Zd

ω−1
α (γ, h) = κ2 <∞,
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T is a trace class operator and id is a Hilbert-Schmidt operator and thus compact. Now we

can state projections on the Korobov space for discretization in operator learning. This is

done by keeping components with truncating the eigenvalues {ω−1
α (γ, h)}.

For ϵ ∈ (0, 1), let

R(ϵ, d) := {h ∈ Zd : ω
−1
α (γ, h) > ϵ2}

be the set of selected eigenvalues and

An,d(f)(x) :=
∑

h∈R(ϵ,d)

f̂(h) exp(2πih · x)

with n = |R(ϵ, d)|. According to a general procedure about such projections described in

Lemma 9 in the Appendix, we see that An,d achieves an L2 approximation error ϵ, that is,

∥An,d(f)− f∥L2(Td) ≤ ϵ∥f∥H for f ∈ Hd,α,γ .

3.2.2 Fourier Neural Operator

One of the main findings of this chapter is the realization of the projection An,d by deep FNOs

induced by the activation function σ : C → C coupled by the rectified linear unit (ReLU)

max(0, x) and defined as σ(z) = max(0, x) + imax(0, y) for all z = x + iy ∈ C. A core

ingredient of an FNO layer is a finite impulse response (FIR) filter or kernel P . Here, we take

the FIR range to be the frequency domain

[h]m = {h ∈ Zd : |h|∞ ≤ m} with m ∈ N.

Then we define the truncated Fourier coefficients Fm : L2(Td) → C[h]m and inverse transform

F−1
m : C(2m+1)d → L2(Td) respectively as

Fm(v)(h) =

∫
Td

v(x) exp(−2πi h · x) dx, for h ∈ [h]m

F−1
m (v̂)(x) =

∑
h∈[h]m

v̂h exp(2πi h · x), for v̂ ∈ C(2m+1)d .
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An FIR kernel P : [h]m → C induces a filter operation on the space of periodic functions as

v ∈ L2(Td) → F−1
m

(
P ⊙Fm(v)

)
where ⊙ is the Hadamard product given by

P ⊙Fm(v) = [P (h)Fm(v)(h)]h∈[h]m .

DEFINITION 3.1 (Fourier Neural Operator). A deep FNO network {vl}Ll=0 of depth L ∈ N

with v0 ∈ L2(Td) is defined as

vl+1 = σ
(
wl+1vl + cl+1 + F−1

m

(
Pl+1 ⊙Fm(vl)

))
where wl+1, cl+1 ∈ C are parameters and Pl+1 : [h]m → C is a FIR kernel. For the

filter sequence {Pl}Ll=1, we define the kernel size s ∈ N to be maxl∈L | supp(Pl)| where

supp(Pl) = {h ∈ [h]m : Pl(h) ̸= 0} and | supp(Pl)| denotes its cardinality.

From Lemma 9 in the appendix, we know that the linear approximation An,d is the optimal

approximation to achieve an error bound ϵ with n = |R(ϵ, d)|. We denote the radius of

R(ϵ, d), to be the largest coordinate in norm, by

R̃(ϵ, d) = max
h∈R(ϵ,d)

|hj| .

We define our L2-approximation in the Korobov space Hd,α,γ by the FNO layers as a mapping

Ψ : Hd,α,γ → Hd,α,γ of the form

Ψ(f) := LL ◦ LL−1 ◦ · · · ◦ L1(f)

where for 1 ≤ l ≤ L − 1, Ll(vl−1) = vl as defined in the iteration in Definition 3.1 and

v0 = f . For l = L, we add an end-to-end skip connection into the structure and remove the

activation function:

LL(vL−1) = w′
Lv0 + w′′

LvL−1 + cL + F−1
m

(
PL ⊙Fm(vL−1)

)
.

Then we have the following proposition proved in the appendix to show the capacity of FNOs

to extract features for the approximation.
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PROPOSITION 1. For the Korobov space Hd,α,γ with α > 1 and any ϵ ∈ (0, 1), there exists

a deep FNO Ψ with the kernel size 1 ≤ s ≤ |R(ϵ, d)|, ⌈ |R(ϵ,d)|
s

⌉ layers and m = R̃(ϵ, d),

such that for any f ∈ Bd,α,γ , Ψ(f) = An,d(f) and then ∥f −Ψ(f)∥L2(Td) ≤ ϵ, where

Bd,α,γ := {f ∈ Hd,α,γ : ∥f∥H ≤ 1}.

The FNO layers project the Korobov function space onto a finite-dimensional space with

an estimation on L2 error, instead of utilizing a fixed polynomial system on L2([−1, 1]d)

in [92, 93]. Korobov spaces exhibit different underlying structures characterized by the

weight functions ωα(γ, h), which necessitates the use of varying systems of n trigonometric

polynomials for the n-th optimal approximations (Lemma 9). There is also an advantage

of FNO layers over the fixed trigonometric systems to extract finite-dimensional features:

the FNO layers with the same network structure can adapt to Korobov spaces with different

structures and achieve the optimal approximations as described in Proposition 1.

For Ψ satisfying Proposition 1, the features extracted by the FNO Layers are defined as

Fn(f) =WFF ′
m(Ψ(f)) (3.2)

where WF is a 2n× 2(2m+ 1)d matrix with 2n real weights and F ′
m := vec ◦Fm with

vec([xj + iyj]
t
j=1) = [x1, y1, · · · , xj, yj, · · · , xt, yt]T for any t ∈ N.

The effect of the matrix WF is to preserve information in certain frequency domain i.e.,

h ∈ R(ϵ, d) and filter out the other by taking

WF[Re(f̂(h)), Im(f̂(h))]Th∈[h]m := [Re(f̂(h)), Im(f̂(h))]Th∈R(ϵ,d) ∈ R2n.

REMARK 3.2. Compared to recent advances in complex-valued neural networks [102, 20],

the FNO layers Fm ◦ Ψ also produce complex vectors. However, the input of our FNO

layers consists of functions from Korobov spaces rather than complex vectors in Cd. In this

setting, the analytic properties of complex functions become less significant when studying the

approximation of Lipschitz functionals. Although exploring the use of an FNO structure for

approximating complex functions would be interesting, it lies beyond the scope of this chapter.
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3.2.3 Fourier Functional Network

Based on the extracted Fourier features, we now utilize a DCNN with multiple channels

to learn an approximation to nonlinear operators. The convolution operation (3.1) and

downsampling methods were extensively studied for a DCNN network structure in [120, 119].

Inspired by these works on DCNNs, we define multi-channel CNNs with downsampling

operations here.

DEFINITION 3.2 (Convolution with Multiple Channels). For channel size c ∈ N, let ω :=

{w(j)}cj=1 be a collection of convolutional kernels supported in {0, 1, . . . , sc}. Then for an

input sequence x = (xk)k∈Z with xk ∈ R supported in {1, 2, . . . , d}, the 1-D multi-channel

convolution with a replication padding [·] betweenω and x is a summation of the convolutions

on each channel, defined as

ω ∗ [x] =
c∑

j=1

σ
(
w(j) ∗ [x] + bj

)
where bj ∈ Rd+sc+2,

[x] = (x1, x1, x2, x3, . . . , xd−1, xd, xd)

and w(j) ∗ [x] is defined to be the vector restricting onto {1, ..., d+ s} of the sequence filter

by (3.1) for 1 ≤ j ≤ c.

DEFINITION 3.3 (Downsampled DCNN with Multiple Channels). For D ∈ N, the down-

sampling operator Dν : RD → Rk(D) with a scaling parameter ν ≤ D is defined as

Dν(v) = (vkν+1)1≤k≤k(D), v ∈ RD, with

k(D) := max

{
k : k ≤

⌊
D

ν

⌋
, kν + 1 < D

}
.

Then a downsampled DCNN with multichannel kernels {ωl}Ll=1 with kernel size sc has widths

{dl}Ll=0 defined iteratively by d0 = d′ and dl = k(dl−1 + sc + 2) for l = 1, ..., L, and is a

sequence of function vectors

vl(x) = Dν(ωl ∗ [vl−1(x)] + bl) for 1 ≤ l ≤ L

where bl ∈ Rdl−1+sc+2 and v0(x) = x.
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Motivated by an interpolation framework in [92], the CNN structure defined above can realize

a high-dimensional interpolation function with a great reduction in the number of parameters

as shown in Lemma 6 below, which plays a significant role in the functional approximation.

LEMMA 6. Let x = (x1, x2, . . . , xd) ∈ [−1, 1]d, then the function min(x) = min{x1, . . . , xd}

can be represented by a DCNN of kernel size 2 and channel size 4 with ⌈log2 d⌉ layers and

13⌈log2 d⌉ total parameters.

Then we shall present the definition of our novel Fourier Functional Network. The Fourier

Functional Network consists of FNO layers followed by a multichannel DCNN, where FNO

layers learn a vector representation for each input function from a Korobov space and the

multichannel CNN performs an approximation to functions from a Euclidean space to R.

DEFINITION 3.4. Let f ∈ L2(Td). First we define for each j ∈ N that

Φ(j)(f) = ΓLσ(WjFn(f) + bj)

where Fn is defined by (3.2), Wj is a (4n2 + 2n) × 2n matrix with 8n2 possibly nonzero

weights, bj ∈ R4n2+2n, ΓL : R4n2+2n → R is a DCNN of kernel size 2 and channel size 4 with

scaling parameter ν = 2 in Lemma 6. Then for M ∈ N, the Fourier Functional Network Φ is

defined as

Φ(f) =
M∑
j=1

ζjΦ
(j)(f) (3.3)

where ζj ∈ R for 1 ≤ j ≤ M.

3.3 Main Results on Fourier Functional Networks

Our main results in this chapter are stated below and proved in the next section. Suppose

F : L2(Td) → R is a continuous functional with modulus of continuity ωF defined for t > 0

by

ωF (t) = sup{|F (f)− F (g)| : ∥f − g∥L2(Td) ≤ t}.
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Then for the unit ball Bd,α,γ , we consider the functional approximation on the subspace Hd,α,γ

of L2(Td) by a Fourier Functional Network Φ. The following theorem demonstrates a general

result of the approximation to a nonlinear continuous functional F .

THEOREM 3.5. Let d, n,M ∈ N and n ≥ 2. If F : L2(Td) → R is a continuous functional

with the modulus of continuity ωF , then for the unit ball Bd,α,γ of Hd,α,γ ⊂ L2(Td), there

exists a Fourier Functional Network Φ with the number of possibly nonzero parameters at

most 2M such that

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ ωF (ϵn,d) + 4n ωF

[
C
( n√

M

) 1
n

]
where ϵn,d := supf∈Bd,α,γ

∥f − An,d(f)∥L2(Td) and C is a constant independent of n or M .

To derive asymptotics of the approximation, we need to investigate properties of the weight

function ωα(γ, h) which yield the approximation bound for ϵn,d. The polynomial and expo-

nential cases are dealt with in the following lemmas from [65, 15].

LEMMA 7. Polynomial Case: If 1 < α <∞, we define the sum-exponent sa of the sequence

{aj} as

sa = inf

{
s > 0 :

∞∑
j=1

asj <∞

}
.

If sa <∞, then for any positive η, there exists a positive Aη depending on η, α and {aj} such

that

|R(ϵ, d)| ≤ Aηϵ
−(p∗+η) for all ϵ ∈ (0, 1), (3.4)

where p∗ = 2max(sa, α
−1) is so-called the exponent of strong tractability.

LEMMA 8. Exponential Case: If α = ∞, then for any sequences {aj} and {bj} with

B(d) :=
∑d

j=1
1
bj

and p∗d := 1/B(d), we have the following exponential convergence:

sup
f∈Bd,α,γ

∥f − An,d(f)∥L2(Td) ≤ A0 exp

{
−
(
n

A1

)p∗d
}

(3.5)
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where A0, A1 are constants, depending on d.

If B :=
∑∞

j=1
1
bj
< ∞ and p∗ = 1/B, then the uniform exponential convergence can be

obtained by (3.5) that

sup
f∈Bd,α,γ

∥f − An,d(f)∥L2(Td) ≤ A0 exp

{
−
(
n

A1

)p∗
}
. (3.6)

Then by Lemma 7 and Lemma 8, the approximation rates, which beat the curse of dimension,

are obtained from the general result in Theorem 3.5, and stated in the following:

THEOREM 3.6. (Polynomial Case) Let d ∈ N,M ≥ 8, β > 0 and 1 < α <∞. Suppose the

parameters of the weight function ωα(γ, h) satisfy that sa <∞. Let p∗ = 2max(sa, α
−1). If

ωF (r) ≤ βrλ for some λ ∈ (0, 1], then there exists a Fourier Functional Network with the

number of possibly nonzero parameters at most 2M such that for any positive number η, with

p = p∗ + η, we have

sup
f∈Bd,α,γ

|F (f)− Φ(f)| = O

((
logM

log(logM)

)−λ/p
)
.

THEOREM 3.7. (Exponential Case) Let d,M ∈ N, β > 0 and α = ∞. Suppose the

parameters of the weight function ωα(γ, h) satisfy that B =
∑∞

j=1
1
bj
<∞. Let p∗ = 1/B. If

ωF (r) ≤ β rλ for some λ ∈ (0, 1] and M ≥ N ′
λ,d,p∗ ∈ N (to be given in the proof), then there

exists a Fourier Functional Network with the number of possibly nonzero parameters 2M

such that

sup
f∈Bd,α,γ

|F (f)− Φ(f)| = O
(
exp

(
−τ(logM)

p∗
p∗+1

))
where τ is a constant depending on d, λ, p∗.
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3.4 Proof of Main Results on Fourier Functional Networks

3.4.1 Error Decomposition

The approximation of the nonlinear functional F will be analyzed by an error decomposition

procedure. For any f ∈ Bd,α,γ , we have the following error decomposition

|F (f)− Φ(f)| ≤ |F (f)− F ◦ An,d(f)|+ |F ◦ An,d(f)− Φ(f)|

≤ ωF

(
∥f − An,d(f)∥L2(Td)

)
+ |ϕF ◦ (µn ◦ An,d)(f)− Φ(f)| (3.7)

with ϕF = F ◦ µ−1
n where

µn : (An,d(Bd,α,γ), ∥·∥L2(Td)) → (R2n, ∥·∥2)

is an isometric isomorphism given by

µn

 ∑
h∈R(ϵ,d)

f̂(h) exp(2πih· )

 = [Im(f̂(h)),Re(f̂(h))]h∈R(ϵ,d).

For the RHS of (3.7), the first term can be bounded by the approximation error of the projection

operator An,d. For the second term, note that ϕF : R2n → R is a real-valued function and we

can estimate the modulus of continuity ϕF by ωϕ. In fact, for any u, v ∈ R2n, we have

|ϕF (u)− ϕF (v)| =
∣∣F ◦ µ−1

n (u)− F ◦ µ−1
n (v)

∣∣
≤ ωF

(∥∥µ−1
n (u)− µ−1

n (v)
∥∥
L2(Td)

)
.

Since ∥g∥L2(Td) =
(∑

h∈Zd |ĝ(h)|2
)1/2 for g ∈ L2(Td), the RHS of the above inequality

becomes

ωF

( n∑
k=1

(uImk − vImk )2 + (uRe
k − vRe

k )2

)1/2
 = ωF (∥u− v∥2)

which follows that ωϕ(r) ≤ ωF (r).
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Having obtained the smoothness condition of ϕF , we construct a multichannel DCNN by

Lemma 6 to approximate ϕF in Theorem 3.5.

3.4.2 Proof of Theorem 3.5

Proof. Similarly with Proposition 2 in [92], to construct an approximation to ϕF by a mul-

tichannel CNN in our Fourier functional network, we define the piecewise linear interpolation

H : R2n → R as

H(y) =
∑
ξ∈G

ϕF (ξ)ψ

(
N

2
(y − ξ)

)
(3.8)

where G =
{
−1 + 2

N
i : i = 0, · · · , N

}2n and

ψ(y) = σ

(
min

{
min
k ̸=j

(1 + yk − yj) ,min
k

(1 + yk) ,min
k

(1− yk)

})
. (3.9)

We first denote a simplex in Rt by

△η,ρ =
{
y ∈ R2n : 0 ≤ yρ(1) − nρ(1) ≤ · · · ≤ yρ(2n) − nρ(2n) ≤ 1

}
,

where η = (η1, · · · , η2n) ∈ Z2n,y = (y1, · · · , y2n) , ρ ∈ P2n, the set of all permutations of

2n elements. Then {△η,ρ}η∈Z2n,ρ∈P2n
is a partition of R2n. It’s easy to check that ψ(0) = 1,

and ψ(y) = 0 for y ∈ Z2n\{0} and ψ is linear in each simplex △η,ρ for η ∈ Z, ρ ∈ P2n.

By Lemma 6, we construct the linear interpolation ψ by multichannel CNNs with much fewer

parameters. Since ψ is in the form of

σ(min{ai : i = 1, · · · , 4n2 + 2n}) = min{σ(ai) : i = 1, · · · , 4n2 + 2n},

then the piecewise linear interpolation ψ : R2n → R can be represented by a DCNN of kernel

size 2 and channel size 4 with ⌈log2(4n2+2n)⌉ layers and 13⌈log2(4n2+2n)⌉ in the form of

ψ(y) = −ΓL(σ(W2y + b2)) (3.10)
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where L = log2(4n
2 + 2n), W2 is a (4n2 + 2n) × (2n) matrix with 8n2 nonzero weights

b2 = 1 such that

W2y + b2 = [1 + y1, · · · , 1 + y2n, 1− y1, · · · , 1− y2n,

1 + y1 − y2, · · · , 1 + y1 − y2n, · · · , 1 + y2n − y1, · · · , 1 + y2n − y2n−1]

Let ψξ = ψ
(
N
2
(y − ξ)

)
and then it follows that

ψξ = −ΓL(σ(W2,Ny + b2,ξ))

where W2,N = N
2
W2 and b2,ξ = 1−W2,Nξ. Then H can be written into

H(y) =
∑
ξ∈G

(−ϕF (ξ))ΓL(σ(W2,Ny + b2,ξ)) (3.11)

which can viewed as a linear combination of the outputs of the multichannel CNN with

different input features. This structured network has the depth ⌈log2(4n2 + 2n)⌉ and number

of nonzero weights

M ≤ 2(N + 1)2n + 8n2 + 13⌈log2(4n2 + 2n)⌉ ≤ c1n
2(N + 1)2n (3.12)

for some absolute constant c1.

Next, we show how to approximate ϕF by H and estimate the approximation error. For any

y ∈ [−1, 1]2n, there exists a simplex △ containing y. Then we denote the restriction of H on

△ by H△. Then for r > 0,

ωH△(r) = sup{|H△(y1)−H△(y2)| : ∥y1 − y2∥2 ≤ r, y1, y2 ∈ △}

≤ sup
y∈△

∥∇H△(y)∥2 r ≤
√
2n sup

y∈△
|∇H△(y)|∞ r (3.13)
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where ∇ is the gradient operator. Since H△ is linear in △ and interpolates ϕF on every node,

we can obtain that

|∂jH△(y)| =
∣∣∣∣N2 (ϕF (αj)− ϕF (βj))

∣∣∣∣ ≤ N

2
ωϕ

(
2

N

)
for 1 ≤ j ≤ 2n, where αj, βj are the vertices of △ with the same coordinates except for the

j-th coordinate. Since H coincides with ϕF on every vertex of △, it follows that

sup
y∈[−1,1]2n

|ϕF (y)−H(y)| ≤ ωϕ

(√
2n

N

)
+ ωH△

(√
2n

N

)

≤ ωϕ

(√
2n

2
· 2

N

)
+ nωϕ

(
2

N

)
≤ ωϕ

(
⌊
√
2n⌋ 2

N

)
+ nωϕ

(
2

N

)
≤

√
2nωϕ

(
2

N

)
+ nωϕ

(
2

N

)
≤ 4nωϕ

(
2

N

)
≤ 4nωF (2/N).

Since N ≥ M1/2n

c1n1/n from (3.12), we have that

sup
y∈[−1,1]2n

∥ϕF (y)−H(y)∥ ≤ 4nωF

(
c2n

1
n

M
1
2n

)
(3.14)

where c2 = 2c1.

Let our Fourier functional network ΦM with M = (N + 1)2n to be

H(Fn(f)) =
∑
ξ∈G

(−ϕF (ξ))ΓL(σ(W2,NFn(f) + b2,ξ)). (3.15)

Then from (3.7) and Proposition 1, it can be obtained that

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ ωF (ϵn,d) + 4nωF

(
Cn

1
n

M
1
2n

)
. (3.16)

TakeM to be the largest number satisfying (3.12), then the total number of parameters 4n+M

can be bounded by 2M . The proof of Theorem 3.5 is complete.
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■

3.4.3 Proof of Theorem 3.6

Proof. With the assumption on the weight function ωα(γ, h) in the polynomial case, we have

ϵn,d ≤ Cηn
−1/(p∗+η) with p∗ = 2max(sa, α

−1) and then for any p = p∗ + η > p∗, it follows

that

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ β
(
Cηn

−1/p
)λ

+ 4βn
(
Cn1/nM−1/(2n)

)λ
≤ βCλ

ηn
−λ/p + 4βCλnλ/nnM−λ/(2n).

Since n1/n ≤ 3 for all n ∈ N, by taking Cβ,λ,η = 16β(3Cλ + Cλ
η ) we have

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ Cβ,λ,η

(
n−λ/p + nM−λ/(2n)

)
.

To obtain a convergence rate with respect to the number of possibly nonzero parameters 2M ,

we need to build some relations between n and M . We choose n to be the integer such that

Cλ,pn log n ≤ logM < Cλ,p(n+ 1) log(n+ 1)

where Cλ,p = 2(p−1 + λ−1) > 2. It follows that

−λ
p
log n ≥ log n− λ

2n
logM

and therefore, n−λ/p ≥ nM−λ/(2n). Then we have

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ 2Cβ,λ,ηn
−λ/p.

Since n ≥ 2, we have n ≤ logM
Cλ,p logn

≤ logM , which follows that

logM < Cλ,p(n+ 1) log(n+ 1) ≤ 4Cλ,pn log n ≤ 4Cλ,pn log(logM).

Finally, we can obtain the result that

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ 2Cβ,λ,η(4Cλ,p)
λ/p

(
logM

log(log(M))

)−λ/p

.
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It’s easy to see 4n ≤M by the relation between n and M . Then the total number is less than

2M . This completes the proof of Theorem 3.6. ■

3.4.4 Proof of Theorem 3.7

Proof. In the exponential case, ϵn,d has an exponential convergence rate as C0 exp
(
−np∗

C1

)
where C0, C1 are constants depending on dimension d. Then we have

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ β

(
C0 exp

(
−n

p∗

C1

))λ

+ 4βn
(
Cn1/nM−1/(2n)

)λ
≤ βCλ

0 exp

(
−λn

p∗

C1

)
+ 4βCλnλ/nnM−λ/(2n).

Let C ′
β,λ,η = 16β(3Cλ + Cλ

0 ) and then it’s obtained that

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ C ′
β,λ,η

(
exp

(
−λn

p∗

C1

)
+ nM−λ/(2n)

)
.

Similarly, we need to balance the two terms on the RHS. Here we choose n to be the smallest

integer not less than Np∗ ∈ N such that

Cλ,dn
p∗+1 ≤ logM < Cλ,d(n+ 1)p

∗+1

where Cλ,d = 2
(

1
C1

+ 1
λ

)
> 2 and Np∗ is determined by p∗ in the form of Np∗ = min{n ∈

N : np∗ ≥ log n}. It follows that

2

C1

np∗+1 +
2

λ
n log n ≤ Cλ,dn

p∗+1 ≤ logM

and that exp
(
−λnp∗

C1

)
≥ nM−λ/(2n). Then we have

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ 2C ′
β,λ,η exp

(
−λn

p∗

C1

)
.

Similarly, we also have logM < Cλ,d(n+ 1)p
∗+1 ≤ Cλ,d2

p∗+1np∗+1, and then we can obtain

the final result

sup
f∈Bd,α,γ

|F (f)− Φ(f)| ≤ 2C ′
β,λ,η exp

(
− λ

Cλ,d,p∗
(logM)p

∗/(p∗+1)

)



62 3 HIGH-DIMENSIONAL LEARNING FRAMEWORK

with Cλ,d,p∗ = C1(Cλ,d2
p∗+1)p

∗/(p∗+1), when M is bigger than N ′
λ,d,p∗ where N ′

λ,d,p∗ =

min{m ∈ N : logm ≥ Cλ,dN
p∗+1
p∗ }. This proves Theorem 3.7. ■

Appendix B

Finite-Dimensional Projection

LEMMA 9. [64] S : H → G be a bounded linear operator between a Hilbert space H with

dim(H) ≥ n and another Hilbert space G. Let σi =
√
λi, where λ1 ≥ λ2 ≥ · · · ≥ 0 are

the eigenvalues of W = S∗S : H → H with W (ei) = λiei and orthonormal {ei}. Then the

linear algorithm

An(f) =
n∑

i=1

⟨f, ei⟩S (ei)

is the n-th optimal approximation.

Proof of Lemma 6

Proof. We adopt a Divide and Conquer method here by noticing that min(x) = min{g(x)}

where

g(x) =

(min(x1, x2),min(x3, x4), . . . ,min(xd−1, xd)), if d is even

(min(x1, x2),min(x3, x4), . . . ,min(xd−2, xd−1), xd) , if d is odd.

Note that min(xi, xj) = −max(−xi,−xj) = −
(

−xi−xj

2
+

|−xi+xj |
2

)
and that |−xj + xi| =

σ(xj−xi)+σ(xi−xj). Then it can be easily obtained that max(−xj,−xi) can be represented

as a convolution operation with size 2 kernels and 4 channels. Letω = {w(1), w(2), w(3), w(4)}

with ω(1) =
(
−1

2
, 0
)
, ω(2) =

(
0,−1

2

)
, ω(3) =

(
−1

2
, 1
2

)
and ω(4) =

(
1
2
,−1

2

)
and bias vectors
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b1 = 1, b2 = 1, b3 = 0 and b4 = 0. Then

σ(ω(1) ∗ [x] + b1) =
(
1, 1− x1

2
, 1− x1

2
, 1− x2

2
, 1− x3

2
, . . . ,

)
σ(ω(2) ∗ [x] + b2) =

(
1− x1

2
, 1− x1

2
, 1− x2

2
, 1− x3

2
, . . . ,

)
σ(ω(3) ∗ [x] + b3) =

(
σ
(x1
2

)
, 0, σ

(
x2 − x1

2

)
, σ

(
x3 − x2

2

)
, . . . ,

)
σ(ω(4) ∗ [x] + b4) =

(
σ
(
−x1

2

)
, 0, σ

(
x1 − x2

2

)
, σ

(
x2 − x3

2

)
, . . . ,

)
.

It is easy to notice that starting from the third element, the sums of the elements at odd

positions make up the negatives of desired minimums. These values can be retrieved by the

downsampling operator with scaling parameter ν = 2. With the replication padding, the last

minimum sampled is always min(xd, xd) or min(xd−1, xd), instead of the value min(xd, 0) at

the end of vectors. No matter whether d is even or odd, the minimums of every two neighbor

elements defined above are the elements of the output vector of −D2(ω ∗ x+ b) with b = −2.

Next, we show that the above CNN with ⌈log2(d)⌉ layers can represent the minimum function.

The input dimension can be always written as d = 2p + q where p, q ∈ N and q < 2p. Recall

that the expression of the downsampling operator is D2(v) = (v2k+1)1≤k≤k where k = ⌊D+1
2

⌋

for v ∈ RD+3.

Given p′, q′ ∈ N such that q′ < 2p
′ . Assume that for any p ≤ p′, q ≤ q′ with q < 2p, the

minimum of 2p + q elements can be obtained by the above CNN with ⌈log2(2p + q)⌉, i.e.,

p+ 1 layers.

For p = p′ + 1, q = q′, we know that after one layer of the CNN with downsampling, the

dimension is reduced to
⌊
2p

′+1+q′+1
2

⌋
= 2p

′
+ ⌊ q′+1

2
⌋. Then the minimum can be obtained

with another p′ layers due to ⌊ q′+1
2

⌋ ≤ q′ < 2p
′ . Thus for D = 2p

′+1 + q′, we can get the

minimum by the CNN with p′ + 1 layers.

For p = p′, q = q′ + 1, if q′ + 1 = 2p
′ , it corresponds to the case where p = p′ + 1 and q = 0,

under which the minimum can be retrieved with the CNN of p′ + 1 layers. Otherwise, after

one layer of the CNN, the dimension is reduced to 2p
′−1 + ⌊ q′

2
+ 1⌋. Then the minimum can
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be obtained with another p′ − 1 layers, since q′ < 2p
′ − 1. Thus, the CNN of p′ layers can get

the minimum with the input dimension 2p
′
+ q′ + 1.

By induction, we show that for any input vector with dimension d, the minimum of elements

can be obtained with the CNN of ⌈log2(d)⌉ layers. ■



Chapter 4

In-Context Learning of Efficient Transformers

4.1 Introduction

Transformer-based neural networks have become the foundation of modern deep learning

frameworks for natural language processing [14, 6], computer vision [24, 68] and scientific dis-

covery applications [35]. Especially when trained with large and diverse corpora, transformers

exhibit remarkable few/zero-shot generalization capabilities across various downstream tasks

[6]. An underlying mechanism for this behavior is in-context learning, in which pretrained

large language models (LLMs) condition on instructions or a few input-output pairs (both

referred to as prompts) and make predictions on test examples without parameter updates.

Many theoretical and empirical studies [105, 1, 19, 115] have demonstrated that the emer-

gence of in-context learning capability is closely related with the context-aware structure of

the attention mechanism [101] which enables each token in a sequence to adaptively weight

information from all other tokens and to produce a representation conditioned on the sequence

context.

However, the original softmax attention mechanism in Vaswani et al. [101] is a double-

edged sword: while it is beneficial for context-based representation learning, it suffers from

quadratic computational complexity with respect to the context length [112]. As context length

grows dramatically, the quadratic computational and memory costs of the standard attention

increasingly hinder autoregressive training and inference, undermining LLM performance in

long-context modeling scenarios such as processing entire codebases, preserving coherence in

long conversations and performing in-depth reasoning across several documents. Therefore,
65
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it’s crucial for the design of LLMs to alleviate the curse of quadratic complexity and improve

long-context processing capabilities. Numerous works have been recently proposed with this

motivation and show performance comparable to the standard attention, including RetNet

[97], Mamba [22], and Gated Linear Attention [107]. One branch of these works is known as

linear attention [38, 7, 107, 114], which replaces the exponential similarity function with a

dot product of key/query functions and yields a linear computational complexity with respect

to the context length. This reduction in time and memory cost enables much longer contexts

and lower latency during the inference. Meanwhile, the introduction of the hidden-state

memory matrix and the forgetting gate improves algorithm stability over utra-long contexts

[107]. Although linear attention models have outperformed the softmax attention on some

long-context modeling tasks, the theoretical understanding and design principles of these

models, especially for in-context learning, remain limited and unexplored.

In this chapter, we investigate the approximation and generalization abilities of linear trans-

formers with context-augmented inputs to reveal the advantage of the linear attention mech-

anism for the in-context learning scenario. We establish a connection between in-context

learning and domain generalization frameworks and show that transformer-based neural

networks perform in-context learning as domain generalization [4, 5], and this connection

demonstrates the essence of LLMs’ remarkable few/zero-shot generalization capabilities

without parameter updates during testing. We work with the formulation in Liu and Zhou

[49] by representing the context information as a kernel embedding from context probability

distributions to vector-valued functions, and exhibit how each word token interacts with the

context embedding through an inner product of a tensor product Hilbert space. Based on

this framework, we construct a linear transformer to perform in-context learning via a two-

staged sampling process, which shows the internal mechanism of the robust generalization

capabilities of LLMs. Our main contributions are as follows.

• We present a theoretical analysis framework for the family of linear transformers,

one of the most compelling alternatives to the softmax attention in practice. By

connecting domain generalization framework with in-context learning, we rigor-

ously prove that linear transformers perform a robust generalization ability under
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distribution shifts, which builds the theoretical foundation for understanding the

generalization abilities of linear transformers in long-context modeling.

• We observe a fast eigendecay phenomenon in the softmax attention weight matrix

products of LLMs. We prove that this phenomenon helps linear transformers al-

leviate the negative effects of distribution shifts, achieve dimension-independent

convergence rates in approximation and generalization analysis and efficiently mimic

the behavior of the standard attention.

• We investigate the application of likelihood ratio moments to control distribution

shifts in domain generalization. We apply a relaxed condition for unbounded like-

lihood ratios of probability distributions defined on the noncompact space Rd and

obtain a distribution-dependent concentration inequality for a second stage estimation

by the connection between subgaussian norm and finite Rényi divergence.

• We propose a new algorithm for linear conversion of LLMs with the softmax atten-

tions based on our theoretical analysis framework. This conversion scheme captures

information from data distributions and parameter matrices in pretrained softmax

LLMs. It provides a new perspective for designing new activation functions and

training loss for linear conversion of softmax LLMs.

In the following part of this chapter, we first introduce the motivation and definition of

linear transformers and a two-staged sampling process as our learning framework. Section

4.3 presents the main results on approximation and generalization, with a proof sketch in

Subsection 4.3.3. Section 4.4 provides further discussion, and Appendix 4.5 contains the full

proofs.

4.2 Linear Transformers and Formulations for In-Context Learning

In this section, we first define the structure of linear Transformers whose inputs are pairs

(ρ̂, x), where ρ̂ the empirical version of distribution ρ from which x is sampled. We refer to

learning with samples (ρ̂, x) as in-context learning, and these samples are generated from the

two-staged sampling process defined in Subsection 4.2.2.
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4.2.1 Linear Transformers

The standard Transformer [101] consists of blocks of attention mechanisms and shallow

networks to process sequential inputs. Let the input sequence Q = [x1, · · · , xn]T with token

vectors xi ∈ Rd for 1 ≤ i ≤ n. Then Q is an input sequence of length n with feature

dimension d. The softmax attention is defined as, for 1 ≤ i ≤ n,

SoftmaxAttn(xi|Q) =
∑n

j=1 sim(xi, xj)(Wvxj)∑n
j=1 sim(xi, xj)

∈ Rd with sim(xi, xj) = exp

(
⟨Wqxi,Wkxj⟩√

d′

)
(4.1)

where Wv ∈ Rd×d,Wq ∈ Rd′×d,Wk ∈ Rd′×d are parameter matrices for value, query,

and key token vectors respectively. Intuitively, the attention mechanism SoftmaxAttn

takes the input sequence Q as context and produces a refined context-aware representation

SoftmaxAttn(xi|Q) for each query token xi in Q.

To establish connections between each token and their context and to demonstrate the benefits

of context-aware representation produced by the attention mechanism, we follow Liu and

Zhou [49] to assume that Q is a realization with n samples drawn i.i.d. from a Borel

probability measure ρ on Rd, with ρ regarded as the ground truth context. Then the RHS of

the expression (4.1) can be written as

SoftmaxAttn(ρ̂, xi) =

∫
sim(xi, x)(Wvx) dρ̂(x)∫

sim(xi, x) dρ̂(x)
∈ Rd (4.2)

where (ρ̂, xi) is a context-augmented input and ρ̂ = δ([x1, · · · , xn]) is the accessible context

with δ(S) defined as the empirical distribution generated by the dataset S. With a richer

accessible context ρ̂ by more and more samplings from ρ, the empirical distribution ρ̂ can

recover the information of the population distribution ρ and produce more refined context-

aware representation for each token xi, which is consistent with the empirical practice of

increasing the context window length n.

However, it’s easy to observe that for each query token xi (1 ≤ i ≤ n), we must evaluate

sim(xi, xj) for all 1 ≤ j ≤ n and then normalize by
∑n

j=1 sim(xi, xj), which creates an

n× n attention score matrix and causes both time and memory cost to scale quadratically in
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the context length n [112]. Such quadratic growth poses significant challenges for efficient

algorithm designs in long-context modeling scenarios. The key idea of linear Transformers is

to reduce the quadratic time and memory cost to linear dependence on the context length n by

decoupling queries and keys in sim(xi, xj). By replacing the similarity function sim(xi, xj)

with ϕ(xi)Tϕ(xj) where ϕ : Rd → Rd′ is a feature mapping, a simple linear attention module

can be written as

LinearAttn(ρ̂, xi) =
ϕ(xi)

T
∫
ϕ(x)(Wvx) dρ̂(x)

ϕ(xi)T
∫
ϕ(x) dρ̂(x)

=

[ ∫
(Wvx)ϕ(x)

T dρ̂(x)
]
ϕ(xi)[ ∫

ϕ(x)T dρ̂(x)
]
ϕ(xi)

. (4.3)

It’s easy to observe that a universal memory matrix
∫
(Wvx)ϕ(x)

Tdρ̂(x) ∈ Rd×d′ can be

shared across all query tokens, thus eliminating the need to compute and store the quadratic

attention score matrix in (4.1). Beyond this computational efficiency, recent empirical studies

[73, 107, 114] have achieved performances comparable to the softmax attention using linear

attentions. Motivated by normalization-free linear attentions in Qin et al. [73] and the

design of shallow neural network feature mapping ϕ in Zhang et al. [114], we define Linear

Transformers as follows. Let σ : R → R denote the ReLU activation function σ(u) =

max{u, 0}, and denote σtanh : R → R the tanh activation function σtanh(u) =
exp(u)−exp(−u)
exp(u)+exp(−u)

.

DEFINITION 4.1. A Linear Transformer Tn with the structure of Tn,m,m̃ and m = m(n),

m̃ = m̃(n) is defined as

Tn(ρ, x) =
n∑

j=1

αjσ

m(n)∑
q=1

ϕq,m̃(n)(x)

m(n)∑
p=1

Tv

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]+ bj

+ b0

(4.4)

for context-augmented input (ρ, x) with A(j)
p,q ∈ Rd×d, bj, b0 ∈ Rd and αj ∈ R for 1 ≤ j ≤ n,

and two-hidden-layer tanh neural networks {ϕq,m̃(n)}m(n)
q=1 with the product gate, in the form

of

ϕq,m̃(n) = T1,⊙

(
NN q,m̃(n)

)
and NN q,m̃(n)(x) = Wq,2σtanh(Wq,1σtanh(Wq,0x+ bq,0) + bq,1)

with Wq,0 ∈ R8dm̃(n)×d, bq,0 ∈ R8dm̃(n), Wq,1 ∈ R8dm̃(n)×8dm̃(n), bq,1 ∈ R8dm̃(n) and Wq,2 ∈

Rd×8dm̃(n), where T1,⊙(z) =
∏

l(T1(z))
(l) denotes the product of all entries (T1(z))

(l) of a
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truncated vector T1(z) and truncation operators T1 and Tv apply element-wise on input

vectors such that (Tv(z))
(l) = sgn(z(l))min(v, |z(l)|) with truncation level v > 0.

REMARK 4.1. Linear transformers in (4.4) show that for each query x, there’s a universal

memory unit compressing information from the context on each attention head (p, q), in the

form of Tv

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]
. We note that the truncation operator Tv is actually not

required to derive the final generalization bound, but is necessary to obtain an oracle in-

equality for each linear transformers in hypothesis space, since we consider Borel probability

measure ρ defined on the entire Rd in this chapter. To construct the accessible context ρ̂, we

collect unbounded samples from Rd and create the memory unit
∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ̂(y) that

is unbounded and will effect sampling estimation if the outer shallow neural network does

not have a special structure. Thus, for the algorithm stability, we introduce the truncation

operator Tv to keep the memory unit stable, similar as the idea in Yang et al. [107].

Linear transformers defined by (4.4) do not have a normalization factor as equation (4.3)

does in the form of ϕ(xi)T
∫
ϕ(x) dρ̂(x). One benefit of normalization-free linear transformer

is that it allows a more flexible design of the feature mapping ϕ. In practice, to ensure the

normalization factor in (4.3) is nonzero, ϕ is often constrained to be nonnegative. It is not

required any more with normalization-free linear transformers. Qin et al. [73] also shows

that RMSNorm [113] can play a better role than normalization factor for stabilizing the

optimization of linear transformers. For more details, we refer readers to Subsection 4.4.1.

We apply two activation functions (ReLU and tanh) and a product gate in the construction

of linear Transformer architecture, which is actually components of the modern activation

function SwiGLU [86] for LLMs. The tanh activation is chosen in linear attention to approx-

imate functions in a reproducing kernel Hilbert space (RKHS) induced by a smooth kernel.

We include more discussion on this point in Subsection 4.4.2.
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4.2.2 Two-Staged Sampling Framework for In-Context Learning

Our first novelty is to formulate the sequential modeling of transformers in in-context learning

as the processing context-augmented inputs (ρ̂, x) as in (4.2)(4.3)(4.4) where samples like

(ρ̂, x) are generated by a two-staged sampling framework from domain generalization [4, 5].

Let X = Rd denote the input space and Y =
{
y ∈ Rd : ∥y∥2 ≤M

}
a closed ball with radius

M > 0 be the output space. Let B2(X ) and B2(X × Y) denote the set of all Borel probability

measures with finite second moments on X and X × Y , respectively. We equip B2(X ) and

B2(X × Y) with Wasserstein-2 distances denoted by W2 which metrize the weak topology

on B2(X ) and B2(X × Y). Then for context-augment inputs (ρ, x), we define a complete

separable metric space Ω = B2(X )×X equipped with the metric dΩ as

dΩ
(
(ρ, x), (ρ′, x′)

)
=
√
W2(ρ, ρ′)2 + ∥x− x∥22.

DEFINITION 4.2. A two-staged sampling process by meta probability measure PG is defined

as follows: in the first stage sampling with N ∈ N, (ρ(i)XY )
N
i=1 are independently sampled

from a meta Borel probability measure PG on B2(X × Y); in the second stage sampling with

ni ∈ N for 1 ≤ i ≤ N , a dataset S = {(ρ̂(i)X , Xij, Yij)
ni
j=1}Ni=1 is created by (Xij, Yij) sampled

independently from ρ
(i)
XY and ρ̂(i)X = δ([Xi1, ..., Xini

]).

With the two-staged sampling process induced by PG , for a prediction function Φ : Ω → Rd,

we define the population risk for in-context learning as

E(Φ) = EρXY ∼PGE(X,Y )∼ρXY
∥Φ(ρX , X)− Y ∥22 (4.5)

and the empirical risk with a dataset S = {(ρ̂(i)X , Xij, Yij)
ni
j=1}Ni=1 as

ES(Φ) =
1

N

N∑
i=1

1

ni

ni∑
j=1

∥Φ(ρ̂(i)X , Xij)− Yij∥22.

Let HTn be the hypothesis space of a collection of linear transformers in Definition 4.1 and

TS,n ∈ HTn be the function learned from the empirical risk minimization (ERM) algorithm
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by

TS,n = arg min
Tn∈HTn

ES(Tn). (4.6)

Because of the boundedness of the output space Y , our estimator is given by TM(TS,n) where

TM is a truncation operator defined on Rd such that TM(y) = y if ∥y∥2 ≤ M otherwise

M y
∥y∥2 .

REMARK 4.2. For an in-context learning dataset S, each sample consists of a context-

augmented input (ρ̂X , X) and a label Y . Removing the accessible context ρ̂X from an input

reduces the learning problem to classical regression. On the other side, if we drop the query

token X , the problem will degenerate to distribution regression as considered in our previous

work [49].

4.2.3 Latent Feature Space for Context-Augmented Inputs

Our second purpose is to investigate how context-augmented samples interact within the

attention mechanism and to formulate this interaction into an inner product of a tensor-product

Hilbert space (the latent feature space).

To mimic normalization-free attention for (ρ, x) inspired by (4.2) as
∫
X sim(x, x′)x′dρ(x′),

we first introduce an anisotropic Gaussian kernel kλ on X × X as

kλ(x, x
′) = exp(−(x− x′)TΣλ(x− x′))

with shape parameter vector λ = [λ1, · · · , λd]T ∈ Rd and Σλ = diag(λ21, · · · , λ2d). (For more

details about the choice of the anisotropic Gaussian kernel, see Subsection 4.4.3.) We use

kernel kλ to measure the similarity between different tokens and then the attention mechanism

induced by kλ outputs
∫
X kλ(x, x

′)x′dρ(x′) for the context-augmented input (ρ, x).

To better understand how the attention mechanism processes context information for context-

augmented inputs, we introduce the following definition for context embedding.
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DEFINITION 4.3. Let Hkλ be the reproducing kernel Hilbert space (RKHS) induced by kλ.

For each context ρ ∈ B2(X ), we define Kλ(ρ) : X → Rd as

Kλ(ρ) =

∫
X
kλ( · , x)x dρ(x) ∈ Hkλ ⊗ Rd.

The above definition is an abstract perspective for key-value cache [72], where Kλ embeds

context information ρ into a dictionary function mapping each query xquery to a context-aware

representation

Kλ(ρ)(xquery) =

∫
X
kλ(xquery, x)x dρ(x) ∈ Rd.

Next, we define a feature mapping Iλ and a latent feature space HF for context-augemented

inputs (ρ, x) ∈ Ω. In the latent feature space HF , the similarity measure between context

inputs not only depends on context information, but also has the properties of the attention

mechanism.

DEFINITION 4.4. Define a latent feature space HF = (Hkλ ⊗ Rd) ⊗ Hkλ . Define Iλ :

B2(X )×X → HF by

Iλ(ρ, x) = Kλ(ρ)⊗ kλ(x, ·) ∈ HF , (4.7)

which introduces an inner product for similarity measure between context-augmented inputs

(ρ, x), (ρ′, x′) ∈ Ω as

⟨Iλ(ρ, x), Iλ(ρ′, x′)⟩HF = ⟨Kλ(ρ), Kλ(ρ
′)⟩Hkλ

⊗Rdkλ(x, x
′). (4.8)

The similarity between context-augmented inputs (ρ, x) and (ρ, x′) defined in (4.8), depends

not only on the token values but also on the contexts ρ and ρ′. This is consistent with a basic

observation in natural language processing: a word may have different meanings in different

contexts.

REMARK 4.3. The definition of Iλ is inspired by the similarity measure in the domain

generalization literature [4, 5] where the mapping (ρ, x) 7→ ΦkB(ρ)⊗ ΦkX (x) is considered

with ΦkB ,ΦkX the canonical feature maps of kernels kB [8], kX respectively. In Appendix 4.5.3,

we show that both Kλ and Iλ are injective and continuous mappings. The injection of Kλ
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is one of the key features of attention modules: compress context distributions into elements

in Hkλ ⊗ Rd and fight against the negative effects of distribution shifts, while preserving

the ability to distinguish different context distributions. It would be interesting to extend the

results in Sriperumbudur et al. [96] to a quantitative analysis on dissimilar distribution with

a small distance in Hkλ ⊗ Rd to investigate this tradeoff created by Kλ.

4.3 Main Results on Linear Transformers for In-Context Learning

This section states the main results of approximation and generalization analysis for in-

context learning with linear transformers. We first introduce some assumptions on PG for the

two-staged sampling process and kλ for the latent feature space.

The two-staged sampling process induced by PG in Definition 4.2 introduces a probability

measure PX
G on B2(X ) for context information by

PX
G (E) = PG

(
{µ ∈ B2(X × Y) : µ ◦ π−1

X ∈ E}
)

(4.9)

for any Borel set E ∈ B2(X ) with the coordinate map πX : X × Y → X , and also a

probability measure νG for context-augmented inputs on the product σ-algebra of Ω by

νG(B × A) =
∫
B
ρ(A)dPX

G (ρ) for any Borel set B ∈ B2(X ), A ∈ X .

ASSUMPTION 4.5. PX
G is supported on a subset B2,b(X ) of B2(X ) defined as

B2,b(X ) =
{
ρ ∈ B2(X ) : EX∼ρ∥X∥42 ≤ C2

B
}

with a constant CB > 1. We also denote ΩB =
{
(ρ, x) ∈ Ω : ρ ∈ B2,b(X )

}
.

ASSUMPTION 4.6. There exists γ > 1 and κ,CG > 0 such that∫
B2(X )

∥ωκ(ρ)∥2Lγ(ρκ) dP
X
G (ρ) ≤ CG

where ωκ(ρ) is the likelihood ratio defined as dρ
dρκ

and ρκ is Gaussian probability measure

with zero mean and covariance matrix κ2Id.
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We provide two examples of meta probability measure PX
G satisfying Assumptions 4.5 and

4.6 in Appendix 4.5.3.

ASSUMPTION 4.7. For the anisotropic Gaussian kernel kλ, we assume λ = (λl)
d
l=1 is

a sequence of shape parameters such that λ(l) ≤ Cθl
−θ for 1 ≤ l ≤ d with the order

λ(1) ≥ λ(2) ≥ · · · ≥ λ(d) > 0 where Cθ, θ > 0 are two constants independent of d.

REMARK 4.4. By the Portmanteau theorem, B2,b(X ) is closed in the W2-topology, which

allows probability measures supported on B2,b(X ) can be extended to probability measures

on the entire B2(X ), matching the framework of the two-staged sampling process.

The likelihood ratio is a popular tool to control distribution shifts in both theoretical and

empirical studies [54, 85] and actually the quantity ∥ωκ(ρ)∥Lγ(ρκ) in Assumption 4.6 is

closely related to the Rényi divergence [82, 100] of distribution ρ with respect to the reference

distribution ρκ.

The fast decay of shape parameters in λ is often observed in practice. More details about

Assumption 4.7 can be found in Subsection 4.4.3.

4.3.1 Approximation of Variation Normed Functions

Our third contribution is to propose an explicit hypothesis space under which linear Trans-

formers achieve dimension-independent convergence rates for operator approximation without

assuming access to the structure of a latent feature space HF , enabling further study on gener-

alization error analysis.

First we impose a regularity condition on the true predictor for (4.5) using the latent feature

mapping Iλ in (4.7) and a variation normed space. Let Hpara = HF ⊕R (the extra dimension

is left for bias weights) and

B(Hpara;Rd) =
{
W ∈ L(Hpara;Rd)

∣∣∣ ∥W∥op ≤ 1
}

the closed unit ball with the operator norm in the space L(Hpara;Rd) of all bounded linear oper-

ators from Hpara to Rd. Note that the finite dimension of the output space makes L(Hpara;Rd)
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identical with the Hilbert space of Hilbert-Schmidt operators, and hence B(Hpara;Rd) is

weakly compact in L(Hpara;R
d). Let M(B(Hpara;Rd)) denote the space of all signed Radon

measures on B(Hpara;Rd).

DEFINITION 4.8. For µ ∈ M(B(Hpara;Rd)), let Fµ(h) =
∫
B(Hpara;Rd)

σ(Wh) dµ(W ) for

h ∈ Hpara. The variation normed space F1 of Rd-valued functions on Hpara is defined as

F1(Hpara;Rd) =
{
F : Hpara → Rd

∣∣∣ ∥F∥F1 := inf
µ:F=Fµ

∥µ∥M <∞
}
.

Then we give a dimension-independent approximation result with the hypothesis space

HTn =

{
Tn : ∥α∥1 ≤ 2CF ,

m(n)∑
p,q=1

∥∥A(j)
p,q

∥∥2
F
≤ d, ∥bj∥2 ≤

√
2dCB for each 1 ≤ j ≤ n,

∥b0∥2 ≤ CF

√
2dCB, ∥Θtanh∥∞ ≤ c1(c2 log(n))

c3(logn)2 and truncation level v = CB

}
.

(4.10)

where CF > 0 is a constant, c1, c2, c3 are constants depending on θ, γ and Θtanh denotes the

parameters in two-layered tanh neural networks satisfying a sparse structure such that

Wq,j = diag(W
(1)
q,j , ...,W

(d)
q,j ) for j = 0, 1, 2

where for 1 ≤ l ≤ d, W (l)
q,0 ∈ R8m̃(n)×1,W

(l)
q,1 ∈ R8m̃(n)×8m̃(n) and W (l)

q,2 ∈ R1×8m̃(n).

Let X̃ = (ρX , X) be the context-augmented input with the ground truth context, and X̃ij =

(ρ̂
(i)
X , Xij) with the accessible context. We rewrite E(Φ) = E(X̃,Y )∼PG

∥Φ(X̃)− Y ∥22 where PG

is a probability measure induced by the two-staged sampling process with PG [5]. Then the

regression function for the population risk E is defined as

ΦG(X̃) =

∫
Y
y dPG(·|X̃). (4.11)

THEOREM 4.9. Let ΦG = F (Iλ(·), 1) with F ∈ F1(Hpara;Rd) and ∥F∥F1 ≤ CF . For

0 < ξ < θ and n > C ′
κ,θ,γ , there exists a T ∈ HT2n such that

∥T− ΦG∥2L2(νG)
≤ C2

∗n
−1 and ∥T∥C(Ω) ≤ 2CF

√
d(1 + CB)
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with m =
⌈
n

γ
2(γ−1)ξ

⌉
, m̃ =

⌈(
1
2
+ γ

4(γ−1)ξ

)
log n

⌉
in (4.4), where C∗ is a constant depending

on κ, ξ, γ,λ, CG, CB, CF and poly(d).

REMARK 4.5. Variation normed spaces for neural network approximation have been well

studied in Barron [3], Bach [2], Korolev [40], Siegel and Xu [90], Yang and Zhou [108].

Roughly speaking, a variation normed space can be viewed as the collection of shallow neural

networks with infinity width and thus can mimic the function class of target functions arising

in practice. Definition 4.8 is a special case of Korolev [40] where the authors consider neural

networks with values in a Banach space, extending the original result in Barron [3, Theorem

4].

4.3.2 Generalization Analysis of In-Context Learning

Our final contribution is to address unbounded sampling (without domain restrictions) in the

two-staged sampling process and establish an oracle inequality in Appendix 4.5.2. Combining

Theorem 4.9 with this oracle inequality, we obtain a dimension-independent generalization

rate.

THEOREM 4.10. Let d ≥ 2 and n ≥ max{3, C ′
κ,θ,γ,

C′2
∗

64MCd,F,B
} and ΦG = F (Iλ(·), 1) for

some F ∈ F1(Hpara;Rd). If the parameter n of the hypothesis space HTn and the second-

stage sample size ϑ are chosen as

n = ⌊K1N
1

2+γ/[(γ−1)ξ] ⌋ and ϑ = N3

and m, m̃ chosen as in Theorem 4.9, then for the estimator generated by the ERM framework

for the two-staged sampling process, we have

E{∥TM(TS,n)− ΦG∥2L2(νG)
} ≤ K3N

− 1
2+γ/[(γ−1)ξ] (logN)3 (4.12)

where K3 is a constant depending on κ, ξ, γ,λ, CG, CB, CF and poly(d).

REMARK 4.6. Although controlling distribution shift via likelihood ratio moments with

divergence order γ > 1 provides L2(ρ) error bounds for every target distributions ρ satisfying

Assumptions 4.5 and 4.6, the factor γ−1
γ

in RHS of (4.12) significantly slows the convergence
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as γ approaches 1. This makes a tradeoff between convergence rate and the capacity of

admissible target distributions: smaller γ allows more distributions satisfying Assumption

4.6 as shown in Example 3 but greatly slows convergence. However, we observe the fast

spectral decay phenomenon in LLMs (shown in Figure 4.1 of Subsection 4.4.3) that mitigates

this slowdown for in-context learning. Indeed, under Assumption 4.7, the exponent becomes
(γ−1)ξ

γ
that slows the rate of tending to infinity as γ → 1 when ξ is large.

4.3.3 Proof Sketch

The proof of the approximation result in Theorem 4.9 relies on the following error decompos-

ition

∥ΦG − T2n,m,m̃∥L2(νG)

≤∥ΦG −N2n∥L2(νG) + ∥N2n −Ψ2n,m∥L2(νG) + ∥Ψ2n,m − T2n,m,m̃∥L2(νG)

(4.13)

for T2n,m,m̃ ∈ HT2n , where N2n is a shallow neural network with operator-valued parameters

in L(Hpara;Rd) and Ψ2n,m is a neural network with latent polynomial features depending on

the parameterization of kλ, both explicitly constructed in Section 4.5.1.

The approximation error ∥ΦG − N2n∥L2(νG) is estimated by random approximation results

from [40] in Appendix 4.5.1. The estimation of the last two terms on the RHS of (4.13)

relies on Assumption 4.6 to bound L2 errors under first-stage samples ρX with L2 error

under the reference probability distribution ρκ, as described in Appendix 4.5.1.1 and 4.5.1.2.

More specifically, for the second term ∥N2n −Ψ2n,m∥L2(νG), N2n can be regarded as a neural

network with countably infinite feature-function parameters in an RKHS, and Ψ2n,m is a neural

network constructed by the optimal choice of selecting only m feature-function parameters

based on the parameterization of kλ. For the last term ∥Ψ2n,m − T2n,m,m̃∥L2(νG)
, the idea is to

show the linear attentions in T2n,m,m̃ are fast universal approximators for any feature-function

parameters in RKHS Hkλ without any prior knowledge on the parameterization of kλ. The

approximation is considered with the supremum norm on the bounded domain [−B,B]d, and

the error outside this domain is controlled by a Gaussian tail decay (see Appendix 4.5.3).
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For the generalization analysis, we define the first-stage sampling error EN as

EN(Φ) =
1

N

N∑
i=1

E
[
∥Φ(X̃)− Y ∥22|ρ

(i)
XY

]
and the second-stage sampling error EN,X with ground truth context as

EN,X (Φ) =
1

N

N∑
i=1

1

ni

ni∑
j=1

∥Φ(ρ(i)X , Xij)− Yij∥22.

Then for any Φ ∈ HTn , we have the following error decomposition

E(TM(TS,n))− E(ΦG) = E(TM(TS,n))− EN(TM(TS,n)) + EN(TM(TS,n))− EN,X (TM(TS,n))

+ EN,X (TM(TS,n))− ES(TM(TS,n)) + ES(TM(TS,n))− ES(Φ)

+ ES(Φ)− EN,X (Φ) + EN,X (Φ)− EN(Φ) + EN(Φ)− E(Φ)

+ E(Φ)− E(ΦG)

with E(TM(TS,n))− E(ΦG) = ∥TM(TS,n)− ΦG∥2L2(νG)
and ES(TM(TS,n))− ES(Φ) ≤ 0.

Let

E1(TM(TS,n)) =
(
E(TM(TS,n))− E(ΦG)

)
−
(
EN(TM(TS,n))− EN(ΦG)

)
,

E ′
1(Φ) =

(
EN(Φ)− EN(ΦG)

)
−
(
E(Φ)− E(ΦG)

)
,

E2(TM(TS,n)) = EN(TM(TS,n))− EN,X (TM(TS,n)),

E ′
2(Φ) = EN,X (Φ)− EN(Φ),

E3(TM(TS,n)) = EN,X (TM(TS,n))− ES(TM(TS,n)),

E ′
3(Φ) = ES(Φ)− EN,X (Φ) and E4(Φ) = E(Φ)− E(ΦG).

Then we have

E(TM(TS,n))− E(ΦG) ≤E1(TM(TS,n)) + E ′
1(Φ) + E2(TM(TS,n)) + E ′

2(Φ)

+ E3(TM(TS,n)) + E ′
3(Φ) + E4(Φ).

(4.14)
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In the first-stage sampling, we control the effect of unbounded sampling on E1(TM(TS,n)) by

using the covering number under a pseudo-metric defined by the supremum of distribution

expectations over B2,b(X ) (Appendix 4.5.2.3). In the second-stage sampling, the situation

becomes more complicated with the structure of linear transformers, so we decompose the

second-stage sampling error into two parts: E2(TM(TS,n)), E ′
2(Φ) with ground truth con-

texts (Appendix 4.5.2.4) and E3(TM(TS,n)), E ′
3(Φ) only with accessible contexts (Appendix

4.5.2.5).

For the case with ground truth contexts, the similar idea with the first-stage sampling applies:

after introducing Rademacher complexity for sampling estimation, we bound the empirical

process by the Dudley integral. We then use concavity to move the expectations over

second stage samples into the covering number expression, thereby eliminating the effect of

unbounded samples. For the last sampling estimation with accessible contexts, the problem

becomes even more challenging in the presence of memory units in linear Transformers,

since both the input samples and the memory-unit outputs are unbounded. Here, we apply an

extension [59] of Azuma-McDiarmind’s inequality under subgaussian conditions to obtain

a distribution-dependent probability concentration inequality where an observation on the

relation between ∥ωκ(ρ)∥Lγ(ρκ) and subgaussian norm plays an important role. To obtain the

final generalization error, we apply the expectation identity for non-negative random variables

to bring ∥ωκ(ρ)∥Lγ(ρκ) out of the denominator and the exponential, so that we can take an

expectation of ∥ωκ(ρ)∥Lγ(ρκ) with respect to PX
G by Assumption 4.6.

4.4 Related Works and Discussions

4.4.1 Normalization Factor and RMSNorm

Early linear attention models [38, 7] have some softmax-inspired design features (4.1), such

as inserting a normalization denominator as in (4.3). However, Qin et al. [73] demonstrates

both theoretically and empirically that linear Transformers with (4.3) make the gradients for

attention matrices unbounded and lead to a less stable optimization and worse convergence.

To alleviate this negative effect, Qin et al. [73] removes the normalization factor in (4.3) and
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applies RMSNorm [113] to the linear attention output:

Onorm = RMSNorm(Q(KTV )) (4.15)

where

Q = [ϕ(Q1), · · · , ϕ(Qn)]
T ∈ Rn×d′ ,

K = [ϕ(K1), · · · , ϕ(Kn)]
T ∈ Rn×d′ ,

V = [V1, · · · , Vn]T ∈ Rn×d

and for input A = (aij)i,j ∈ Rn×d, A′ = RMSNorm(A) ∈ Rn×d is defined as

A′ = (a′ij)i,j such that a′ij =
aij√

1
d

∑d
j=1 a

2
ij + ϵ

· βj

with learnable scaling factor β = (β1, ..., βd)
T ∈ Rd. RMSNorm reduces the amount of

computation and increases efficiency over LayerNorm, and it is widely used in the open-

weight LLMs like Qwen3 [106].

4.4.2 Activation Functions in LLM

The design of activation functions has evolved with the development of LLMs. While the

original transformer used ReLU activation by default, early LLMs such as BERT and GPT-2/3

employed the Gaussian Error Linear Unit (GeLU) activation [25], and it then became the

standard choice. For x ∈ Rd, GeLU is defined as

GeLU(x) = x⊙ F(x)

where ⊙ denotes the Hadamard product and F denotes the cumulative distribution function

for the standard gaussian and applies element-wise on d-dimensional vectors. In practice,

GeLU activation function is often implemented via a tanh approximation 1 as

GeLU(x) ≈ 0.5x⊙

[
1 + σtanh

(√
2

π

(
x+ 0.044715x⊙3

))]
.

1Refer to GeLU implementation in Pytorch 2.8 documentation: https://docs.pytorch.org/
docs/stable/generated/torch.nn.GELU.html

https://docs.pytorch.org/docs/stable/generated/torch.nn.GELU.html
https://docs.pytorch.org/docs/stable/generated/torch.nn.GELU.html
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where x⊙3 denotes the Hadamard power of order 3. Similar activation functions such as Swish

activation [80] were introduced later. It’s worth noting that Swish activation is defined as

Swishβ(x) = x⊙ Sigmoid(β x)

where β ∈ R is a constant or learnable parameter and Sigmoid applies element-wise on x

with

Sigmoid(a) =
1

1 + exp(−a)
=

1

2
(1 + σtanh(a/2)) for a ∈ R. (4.16)

SiLU is a special case of Swish with β = 1.

Finally, combining all tricks above, Shazeer [86] proposed SwiGLU which is widely used in

modern LLMs and defined as

SwiGLUβ(x) = Wo((W1x+ b1)⊙ Swishβ(W2x+ b2)).

In our definition of linear Transformers (4.1), we use three nonlinear components: Tanh

activation, product gate, and ReLU activation. It is easy to observe the connection between

tanh activation and SwiGLU by Equation (4.16). For ReLU activation, when β is large enough,

Sigmoid(β a) approximates the indicator function (except at zero) and Swishβ behaves like a

ReLU activation function. For product gate, when β = 0, Swishβ(x) = x/2 and then we can

obtain x⊙ x by SwiGLU activation with a suitable choice of parameters [80].

4.4.3 Linear Conversion of Softmax LLMs

Distilling knowledge from pretrained softmax LLMs into subquadratic models [114] has

recently attracted interest in the research community. Here, we present a perspective on

linearizing pretrained softmax LLMs, derived from our theoretical analysis framework.

Recall the softmax attention module (4.1). Following Tsai et al. [99], Liu and Zhou [49], we

take a kernelized viewpoint of attention modules by letting similarity function sim(xi, xj) =

exp(⟨Wqxi,Wkxj⟩). Then (4.1) can be written as

SoftmaxAttn(xi|Q) =
1

Z(xi)

n∑
j=1

sim(xi, xj)(Wvxj) (4.17)
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(A) Fast Decay of Singular Values (B) Polynomial Fit of Decay Trend

FIGURE 4.1. Fast Eigendecay of Qwen3-8B (Ghost in the Kernel)

where Z(xi) =
∑n

j=1 sim(xi, xj) is a normalization factor. For each pair of query and key

weight matrices (Wq,Wk), we perform singular value decomposition W T
q Wk = W T

1 ΣλW2

where W1,W2 are d× d orthogonal matrices and Σλ is a positive diagonal matrix with rank

dhidden. It’s obtained that

sim(xi, xj) = exp(xTi W
T
1 ΣλW2xj) = exp(x̃Ti Σλx̂j)

= exp

(
1

2
x̃Ti Σλx̃i

)
exp

(
1

2
x̂Tj Σλx̂j

)
exp

(
−1

2
(x̃i − x̂j)

TΣλ(x̃i − x̂j)

)
(4.18)

with query x̃i = W1xi and key x̂j = W2xj . From the above expression, we observe that the

roles of the key and query matrices can be decomposed into kernel asymmetry between queries

and keys, represented by orthogonal matricesW1,W2, and geometric information, represented

by a diagonal matrix Σλ. In Figure 4.1, we show a numerical demonstration of singular values

in diagonal matrices Σλ in the attention modules of large language model Qwen3 [106] ,

which exhibits a rapid decay of singular values across layers, nearly exponential for large d.

The rapid decay of shape parameters enables us to design linear transformers that efficiently

mimic softmax attention and alleviate the negative effects of distribution shifts in our analysis.

For the construction of a linear attention, the key is to decouple the interaction in sim(xi, xj)

between queries and keys as shown in (4.3). For the similarity function in Equation 4.18, the
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target is to find a decoupling of query-key interaction between x̃ and x̂ for the anisotropic

gaussian kernel kλ(x̃, x̂) = exp(−1
2
(x̃−x̂)TΣλ(x̃−x̂)) to mimic context modeling in softmax

attention. In Appendix 4.5.3, we know that there’s an optimal linear approximation scheme

for context embedding, denoted as (ψλ
q )

m
q=1 with explicit expressions, which only depends on

the geometric information of Σλ and underlying context distributions on Rd. With a suitable

choice of m, we have

sim(xi, xj) ≈
m∑
q=1

exp

(
1

2
x̃Ti Σλx̃i

)
ψλ
q (x̃i)︸ ︷︷ ︸

query

· exp
(
1

2
x̂Ti Σλx̂i

)
ψλ
q (x̂i)︸ ︷︷ ︸

key

. (4.19)

Compared with previous methods [38, 7] for linear attention, the choice of (ψλ
q ) captures the

latent data structures learned by the pretrained softmax LLM and makes use of its parameters.

However, in practice, it may be difficult to directly apply the approximation (4.19), because

the semantic distributions of tokens are highly anisotropic and hard to estimate, while we use

an isotropic Gaussian to roughly control the class of distributions in the two-staged sampling

process. But it still provides us an idea to design new activation functions and regularity for

feature mappings for linear conversion of pretrained softmax LLMs, just as in Zhang et al.

[114].
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4.5 Proof of Main Results on Linear Transformers for In-Context

Learning

4.5.1 Theorem 4.9: Approximation Scheme by Linear Transformers

By Proposition 3, we know that Iλ : Ω → HF is continuous, which introduces a pushforward

probability measure µG on HF by µG = νG ◦ I−1
λ . Then we define a probability measure

µ̃G = µG × δ1 on Hpara. For h ∈ Hpara, let hF = ProjHF
(h) and we have∫

Hpara

∥h∥2Hpara
dµ̃G(h) = 1 +

∫
HF

∥hF∥2HF
dµG(hF) = 1 +

∫
ΩB

∥Kλ(ρ)⊗ kλ(x, ·)∥2HF
dνG(ρ, x)

= 1 +

∫
ΩB

∥Kλ(ρ)∥2Hkλ
⊗Rd∥kλ(x, ·)∥2Hkλ

dνG(ρ, x) ≤ 1 + CB.

We also note that forW ∈ L(Hpara;Rd), ∥W∥op ≤ ∥W∥HS ≤
√
d∥W∥op where ∥·∥HS denotes

Hilbert-Schmidt norm of HS(Hpara;Rd). let {el}dl=1 denote an orthonormal basis of Rd and

for any h ∈ Hpara, we have ⟨Wh, el⟩Rd = ⟨h,W ∗el⟩Hpara . Denote wl = W ∗el ∈ Hpara and

then

Wh =
d∑

l=1

⟨h,wl⟩Hparael =
d∑

l=1

(el ⊗ wl)h. (4.20)

It implies that the elements in B(Hpara;Rd) share the form W =
∑d

l=1 el ⊗ wl where

wl ∈ Hpara such that

∥W∥op = sup
∥h∥Hpara=1

(
d∑

l=1

⟨wl, h⟩2Hpara

) 1
2

≤ 1.

For the probability measure µ̃G and F ∈ F1(Hpara;Rd), we have the following lemma from

Theorem 3.24 in [40] for the approximation by shallow nets with operator-valued parameters.

LEMMA 10. For any probability measure µ on Hpara with a finite second moment and

F ∈ F1(Hpara;Rd), there exists a shallow neural network Nn such that

∥F −Nn∥2L2
µ(Hpara;Rd) ≤

∥F∥2F1
Eh∼µ∥h∥2Hpara

n
,
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and the shallow neural network Nn has the form

Nn(h) =
n∑

j=1

αjσ(Wjh) with αj ∈ R,Wj ∈ B(Hpara;Rd) for 1 ≤ j ≤ n and ∥α∥1 ≤ ∥F∥F1 .

We apply the above lemma with µ = µ̃G . Then for h = (hF , 1), Nn(h) can be further written

by (4.20) into

Nn(h) =
n∑

j=1

αjσ(Wjh) =
n∑

j=1

αjσ

(
d∑

l=1

(el ⊗ wj,l)h

)

=
n∑

j=1

αjσ

(
d∑

l=1

(⟨vj,l, hF⟩HF + bj,l)el

)

=
n∑

j=1

αjσ

(
d∑

l=1

⟨vj,l, hF⟩HFel + bj

)

where bj =
∑d

l=1 bj,lel ∈ Rd, wj,l = (vj,l, bj,l) with vj,l ∈ HF and bj,l ∈ R such that

∥Wj∥op = sup
∥h∥Hpara=1

(
d∑

l=1

⟨wj,l, h⟩2Hpara

) 1
2

≤ 1.

We also know that for h = (hF , 1) in the support of µ̃G , hF = Kλ(ρ) ⊗ kλ(x, ·) for some

(ρ, x) ∈ ΩB. It follows that ∥h∥Hpara ≤
√
1 + CB and ∥Wjh∥2 ≤

√
1 + CB for h ∈ supp(µ̃G).

Then we construct a double-width shallow neural network N2n as

N2n(h) =
n∑

j=1

αj

(
σ(Wjh+

√
1 + CB1d)− σ(Wjh−

√
1 + CB1d)−

√
1 + CB1d

)

=
2n∑
j=1

α′
jσ
(
W ′

jh+ (−1)⌊
j−1
n ⌋√1 + CB1d

)
−

n∑
j=1

αj

√
1 + CB1d

=
2n∑
j=1

α′
jσ

(
d∑

l=1

⟨v′j,l, hF⟩HFel + b′j

)
+ b′0

to realize the same approximant in Lemma 10 by adding additional bias vectors and letting

α′
j = −α′

j+n = αj , v′j,l = v′j+n,l = vj,l, b′j = bj +
√
1 + CB1d, b′j+n = bj −

√
1 + CB1d

for 1 ≤ j ≤ n, and b0 = −
∑n

j=1 αj

√
1 + CB1d. In the following content, we still use

(αj, vj,l, bj, b0) as notations for parameters in N2n with no confusion.
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4.5.1.1 Neural Network with Latent Polynomial Features

Recall that for (ρ, x) sampled from the probability measure νG on ΩB, we take the feature

Iλ(ρ, x) = Kλ(ρ)⊗ kλ(x, ·) ∈ HF as the model input. Let (ψλ
q )q∈N be the orthonormal basis

of Hkλ and (rλq )q∈N the eigenvalue sequence as defined in Appendix 4.5.3. Then for each pair

(j, l), vj,l can be written as

vj,l =
∑
p,q∈N

∑
1≤s≤d

a(j,l)p,q,s(ψ
λ
p ⊗ es)⊗ ψλ

q with
∑
p,q∈N

∑
1≤s≤d

(a(j,l)p,q,s)
2 ≤ 1.

It follows that

⟨vj,l, Iλ(ρ, x)⟩HF =
∑
p,q∈N

∑
1≤s≤d

a(j,l)p,q,s⟨ψλ
p ⊗ es ⊗ ψλ

q , Kλ(ρ)⊗ kλ(x, ·)⟩HF

=
∑
p,q∈N

∑
1≤s≤d

a(j,l)p,q,sψ
λ
q (x)

∫
ψλ
p (y)e

T
s y dρ(y).

The basic idea for constructing a neural network with latent polynomial features is to estimate

the truncation error for the query index q and the context memory index p.

First we consider to estimate the truncation error on index q. We make one step further by

writing

⟨vj,l, Iλ(ρ, x)⟩HF =
∑
q∈N

(∑
p∈N

∑
1≤s≤d

a(j,l)p,q,s

∫
ψλ
p (y)e

T
s y dρ(y)

)
ψλ
q (x) =:

∑
q∈N

b(j,l)q (ρ)ψλ
q (x).

Define

A(j,l) : l2(N× [d]) → l2(N) such that (A(j,l)z)q =
∑
p∈N

∑
s∈[d]

a(j,l)p,q,szp,s

where [d] := {1, . . . , d} and q ∈ N. It is easy to see that A(j,l) is a Hilbert-Schmidt operator

with ∥A(j,l)∥2HS =
∑

p,q∈N,s∈[d](a
(j,l)
p,q,s)2 ≤ 1. Also note that by dominated convergence

theorem,∑
p∈N

∑
s∈[d]

(∫
ψλ
p (y)e

T
s y dρ(y)

)2

≤
∫ ∑

p∈N

(ψλ
p (y))

2∥y∥22 dρ(y) =
∫
kλ(y, y)∥y∥22 dρ(y) ≤ CB,
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which shows that
∫
ψλ(y)y dρ(y) :=

(∫
ψλ
p (y)e

T
s y dρ(y)

)
p∈N,s∈[d] ∈ l2(N× [d]). It follows

that

C
1
2
B ≥ ∥A(j,l)∥HS

∥∥∥∥∫ ψλ(y)y dρ(y)

∥∥∥∥
l2(N×[d])

≥
∥∥∥∥A(j,l)

(∫
ψλ(y)y dρ(y)

)∥∥∥∥
l2(N)

=

(∑
q∈N

(b(j,l)q (ρ))2

) 1
2

and
∑

q∈N b
(j,l)
q (ρ)ψλ

q ∈ Hkλ for each (j, l). Let

Ψ2n,m1(ρ, x) :=
2n∑
j=1

αjσ

(
d∑

l=1

m1∑
q=1

b(j,l)q (ρ)ψλ
q (x)el + bj

)
+ b0.

Then we have

∥N2n(Iλ(·), 1)−Ψ2n,m1∥2L2(νG)

=

∫
ΩB

∥N2n(Iλ(ρ, x), 1)−Ψ2n,m1(ρ, x)∥
2
2 dνG(ρ, x)

≤
∫
ΩB

∥∥∥∥∥
2n∑
j=1

|αj|
d∑

l=1

∣∣∣∣∣ ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

∣∣∣∣∣ el
∥∥∥∥∥
2

2

dνG(ρ, x)

=

∫
ΩB

d∑
l=1

(
2n∑
j=1

|αj|

∣∣∣∣∣ ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

∣∣∣∣∣
)2

dνG(ρ, x)

≤
∫
ΩB

d∑
l=1

∥α∥1

 2n∑
j=1

|αj|

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

)2
 dνG(ρ, x)

=

∫
B2,b(X )

∥α∥1
d∑

l=1

 2n∑
j=1

|αj|
∫
X

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

)2

dρ(x)

 dPX
G (ρ)

≤
∫
B2,b(X )

∥α∥21
d∑

l=1

 max
1≤j≤2n

∫
X

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

)2

dρ(x)

 dPX
G (ρ)

=:

∫
B2,b(X )

∥α∥21
d∑

l=1

(
max

1≤j≤2n
Ej,l(ρ)

)
dPX

G (ρ). (4.21)
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If 1 < γ <∞, for each pair (j, l) ∈ {1, . . . , n} × {1, . . . , d}, we obtain that

Ej,l(ρ) =
∫
X

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

)2

dρ(x)

=

∫
X

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

)2

(ωκ(ρ)(x))dρκ(x)

≤ ∥ωκ(ρ)∥Lγ(ρκ)

∫
X

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

) 2γ
γ−1

dρκ(x)


γ−1
γ

≤ ∥ωκ(ρ)∥Lγ(ρκ)

∫
X

( ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q (x)

)2

dρκ(x)


γ−1
γ ∥∥∥∥∥ ∑

q≥m1+1

b(j,l)q (ρ)ψλ
q

∥∥∥∥∥
2
γ

∞

≤ ∥ωκ(ρ)∥Lγ(ρκ)

∥∥∥∥∥ ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q

∥∥∥∥∥
2(γ−1)

γ

L2(ρκ)

∥∥∥∥∥ ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q

∥∥∥∥∥
2
γ

Hkλ

= ∥ωκ(ρ)∥Lγ(ρκ)

∥∥∥∥∥ ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q

∥∥∥∥∥
2(γ−1)

γ

L2(ρκ)

( ∑
q≥m1+1

(b(j,l)q (ρ))2

) 1
γ

.

Insert the above estimation back into (4.21). It can be derived by the approximation result in

Appendix 4.5.3 that

∥N2n(Iλ(·), 1)−Ψ2n,m1∥
2
L2(νG)

≤∥α∥21
∫
B2,b(X )

∥ωκ(ρ)∥Lγ(ρκ)

d∑
l=1

 max
1≤j≤2n

∥∥∥∥∥ ∑
q≥m1+1

b(j,l)q (ρ)ψλ
q

∥∥∥∥∥
2(γ−1)

γ

L2(ρκ)

( ∑
q≥m1+1

(b(j,l)q (ρ))2

) 1
γ

 dPX
G (ρ)

≤4C2
F Eρ∼PX

G
∥ωκ(ρ)∥Lγ(ρκ)

d∑
l=1

 max
1≤j≤2n

(∑
q∈N

(b(j,l)q (ρ))2

) 1
2

Cκ,ξm
−ξ
1


2(γ−1)

γ (∑
q∈N

(b(j,l)q (ρ))2

) 1
γ


=4C2

F

∫
B2,b(X )

∥ωκ(ρ)∥Lγ(ρκ)

d∑
l=1

[
max

1≤j≤2n

(∑
q∈N

(b(j,l)q (ρ))2

)]
Cκ,ξ,γm

−ξ· 2(γ−1)
γ

1 dPX
G (ρ)

≤4C2
F

∫
B2,b(X )

∥ωκ(ρ)∥Lγ(ρκ)dCBCκ,ξ,γm
−ξ· 2(γ−1)

γ

1 dPX
G (ρ) ≤ C1m

−ξ· 2(γ−1)
γ

1
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where CF = ∥F∥F1 and C1 = 4dC2
FCBCκ,ξ,γC

1
2
G .

For γ = ∞, it’s easy to obtain that

Ej,l(ρ) ≤ ∥ωκ(ρ)∥L∞(ρκ)∥
∑

q≥m1+1

b(j,l)q (ρ)ψλ
q ∥2L2(ρκ)

and then

∥N2n −Ψ2n,m1∥2L2(π) ≤ C1m
−2ξ
1 .

Next we perform a truncation on the index p: we let

Ψ2n,m1,m2(ρ, x) :=
2n∑
j=1

αjσ

(
d∑

l=1

m1∑
q=1

m2∑
p=1

d∑
s=1

a(j,l)p,q,sψ
λ
q (x)

∫
ψλ
p (y)(ele

T
s )ydρ(y) + bj

)
+b0.

and a(j,l)p,s (x) :=
∑m1

q=1 a
(j,l)
p,q,sψλ

q (x). Then we have

∥Ψ2n,m1 −Ψ2n,m1m2∥
2
L2(νG)

=

∫
ΩB

∥Ψ2n,m1(ρ, x)−Ψ2n,m1,m2(ρ, x)∥22 dνG(ρ, x)

≤
∫
ΩB

∥∥∥∥∥
2n∑
j=1

|αj|
d∑

l=1

∣∣∣∣∣
m1∑
q=1

∑
p≥m2+1

d∑
s=1

a(j,l)p,q,sψ
λ
q (x)

∫
ψλ
p (y)e

T
s y dρ(y)

∣∣∣∣∣ el
∥∥∥∥∥
2

2

dνG(ρ, x)

=

∫
ΩB

d∑
l=1

(
2n∑
j=1

|αj|

∣∣∣∣∣
m1∑
q=1

∑
p≥m2+1

d∑
s=1

a(j,l)p,q,sψ
λ
q (x)

∫
ψλ
p (y)e

T
s y dρ(y)

∣∣∣∣∣
)2

dνG(ρ, x)

=:

∫
ΩB

d∑
l=1

(
2n∑
j=1

|αj|

∣∣∣∣∣ ∑
p≥m2+1

d∑
s=1

a(j,l)p,s (x)

∫
ψλ
p (y)e

T
s y dρ(y)

∣∣∣∣∣
)2

dνG(ρ, x)

≤
∫
ΩB

∥α∥1
d∑

l=1

2n∑
j=1

|αj|

( ∑
p≥m2+1

d∑
s=1

a(j,l)p,s (x)

∫
ψλ
p (y)e

T
s y dρ(y)

)2

dνG(ρ, x)

=:

∫
ΩB

∥α∥1
d∑

l=1

2n∑
j=1

|αj| E ′
j,l(ρ, x) dνG(ρ, x). (4.22)
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Similarly, by dominated convergence theorem and the integral shift to the gaussian distribution

ρκ, we obtain

E ′
j,l(ρ, x) =

(∫ d∑
s=1

(eTs y)

( ∑
p≥m2+1

a(j,l)p,s (x)ψλ
p (y)

)
dρ(y)

)2

=

(∫ d∑
s=1

(eTs y)a
(j,l)
s (x, y) dρ(y)

)2

≤

∫ ∥y∥2

(
d∑

s=1

a(j,l)s (x, y)2

) 1
2

dρ(y)

2

≤ Eρ∥Y ∥22
∫ d∑

s=1

a(j,l)s (x, y)2 dρ(y) ≤ CB

d∑
s=1

∫
a(j,l)s (x, y)2ωκ(ρ)(y) dρκ(y)

≤ CB∥ωκ(ρ)∥Lγ(ρκ)

d∑
s=1

[∫ (
a(j,l)s (x, y)

) 2γ
γ−1 dρκ(y)

] γ−1
γ

≤ CB∥ωκ(ρ)∥Lγ(ρκ)

d∑
s=1

∥a(j,l)s (x, ·)∥
2(γ−1)

γ

L2(ρκ)︸ ︷︷ ︸
I
(j,l,s)
1 (x)

∥a(j,l)s (x, ·)∥
2
γ
∞︸ ︷︷ ︸

I
(j,l,s)
2 (x)

.

Then (4.22) can be further bounded by

CB

∫
B2,b(X )

∥α∥1∥ωκ(ρ)∥Lγ(ρκ)

2n∑
j=1

|αj|
d∑

s,l=1

(∫
X
I
(j,l,s)
1 (x)I

(j,l,s)
2 (x) dρ(x)

)
dPX

G (ρ)

≤CB

∫
B2,b(X )

∥α∥21∥ωκ(ρ)∥Lγ(ρκ) max
1≤j≤2n

d∑
s,l=1

(∫
X
I
(j,l,s)
1 (x)I

(j,l,s)
2 (x) dρ(x)

)
dPX

G (ρ) =: ∆0

where the integral of I(j,l,s)1 (x)I
(j,l,s)
2 (x) with respect to ρ can be bounded by∫

X
I
(j,l,s)
1 (x)I

(j,l,s)
2 (x) dρ(x) ≤

∥∥∥I(j,l,s)1

∥∥∥
L

γ
γ−1 (ρ)

∥∥∥I(j,l,s)2

∥∥∥
Lγ(ρ)

.
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For the first term I
(j,l,s)
1 ,

∥∥∥I(j,l,s)1

∥∥∥
L

γ
γ−1 (ρ)

=

(∫
X

∥∥a(j,l)s (x, ·)
∥∥2
L2(ρκ)

dρ(x)

) γ−1
γ

=

∫ ∫ ( ∑
p≥m2+1

a(j,l)p,s (x)ψλ
p (y)

)2

dρκ(y) dρ(x)


γ−1
γ

=

(∫ ∫ ∑
p≥m2+1

(a(j,l)p,s (x))2(ψλ
p (y))

2 dρκ(y) dρ(x)

) γ−1
γ

=

(∫ ∑
p≥m2+1

(∫
(a(j,l)p,s (x))2 dρ(x)

)
(ψλ

p (y))
2 dρκ(y)

) γ−1
γ

=

∥∥∥∥∥ ∑
p≥m2+1

∥∥a(j,l)p,s

∥∥
L2(ρ)

ψλ
p

∥∥∥∥∥
2(γ−1)

γ

L2(ρκ)

.

Perform the domain shift to each coefficient of ψλ
p again and we can obtain

∥∥a(j,l)p,s

∥∥
L2(ρ)

=

∫ ( m1∑
q=1

a(j,l)p,q,sψ
λ
q (x)

)2

ωκ(ρ)(x) dρκ(x)

≤ ∥ωκ(ρ)∥Lγ(ρκ)

∥∥∥∥∥
m1∑
q=1

a(j,l)p,q,sψ
λ
q

∥∥∥∥∥
2(γ−1)

γ

L2(ρκ)

∥∥∥∥∥
m1∑
q=1

a(j,l)p,q,sψ
λ
q

∥∥∥∥∥
2
γ

Hkλ

= ∥ωκ(ρ)∥Lγ(ρκ)

(
m1∑
q=1

(a(j,l)p,q,s)
2rλq

) γ−1
γ
(

m1∑
q=1

(a(j,l)p,q,s)
2

) 1
γ

≤ ∥ωκ(ρ)∥Lγ(ρκ)(r
λ
1 )

γ−1
γ

m1∑
q=1

(a(j,l)p,q,s)
2,

which implies that
∑

p≥m2+1

∥∥∥a(j,l)p,s

∥∥∥
L2(ρ)

ψλ
p ∈ Hkλ with the RKHS norm

( ∑
p≥m2+1

∥∥a(j,l)p,s

∥∥2
L2(ρ)

) 1
2

≤

(
∥ωκ(ρ)∥Lγ(ρκ)(r

λ
1 )

γ−1
γ

∑
p≥m2+1

m1∑
q=1

(a(j,l)p,q,s)
2

) 1
2

.
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For the second term I
(j,l,s)
2 ,

∥∥∥I(j,l,s)2

∥∥∥
Lγ(ρ)

=

(∫ ∥∥∥a(j,l,s)λ (x, ·)
∥∥∥2
∞
dρ(x)

) 1
γ

≤
(∫ ∥∥∥a(j,l,s)λ (x, ·)

∥∥∥2
Hkλ

dρ(x)

) 1
γ

≤

∫ ∥∥∥∥∥ ∑
p≥m2+1

a(j,l)p,s (x)ψλ
p

∥∥∥∥∥
2

Hkλ

dρ(x)

 1
γ

=

(∫ ∑
p≥m2+1

(a(j,l)p,s (x))2 dρ(x)

) 1
γ

≤

∫ ∑
p≥m2+1

(
m1∑
q=1

a(j,l)p,q,sψ
λ
q (x)

)2

dρ(x)

 1
γ

≤

(∫ ( ∑
p≥m2+1

m1∑
q=1

(a(j,l)p,q,s)
2

)(
m1∑
q=1

ψλ
q (x)

2

)
dρ(x)

) 1
γ

≤

( ∑
p≥m2+1

m1∑
q=1

(a(j,l)p,q,s)
2

) 1
γ
(∫ ∞∑

q=1

ψλ
q (x)

2 dρ(x)

) 1
γ

=

( ∑
p≥m2+1

m1∑
q=1

(a(j,l)p,q,s)
2

) 1
γ

.

Combine the estimations for I(j,l,s)1 and I
(j,l,s)
2 and we get an upper bound that

∆0 ≤ 4CBC
2
F

∫
B2,b(X )

∥ωκ(ρ)∥Lγ(ρκ)

(
max

1≤j≤2n

d∑
s,l=1

∥∥∥I(j,l)1

∥∥∥
L

γ
γ−1 (ρ)

∥∥∥I(j,l)2

∥∥∥
Lγ(ρ)

)
dPX

G (ρ)

≤ 4CBC
2
F

∫
B2,b(X )

∥ωκ(ρ)∥Lγ(ρκ)

{
max

1≤j≤2n

d∑
s,l=1(∥ωκ(ρ)∥Lγ(ρκ)(r

λ
1 )

γ−1
γ

∑
p∈N

m1∑
q=1

(a(j,l)p,q,s)
2

) 1
2

Cκ,ξm
−ξ
2


2(γ−1)

γ

·

(∑
p∈N

m1∑
q=1

(a(j,l)p,q,s)
2

) 1
γ
}
dPX

G (ρ)

≤ 4dCBC
2
F (r

λ
1 )

(γ−1)2

γ2

∫
B2,b(X )

∥ωκ(ρ)∥
2γ−1

γ

Lγ(ρκ)
Cκ,ξ,γm

−ξ· 2(γ−1)
γ

2 dPX
G (ρ)
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≤ 4dCBC
2
FCκ,ξ,γ(r

λ
1 )

(γ−1)2

γ2 m
−ξ· 2(γ−1)

γ

2

∫
B2,b(X )

∥ωκ(ρ)∥
2γ−1

γ

Lγ(ρκ)
dPX

G (ρ)

≤ C2m
−ξ· 2(γ−1)

γ

2

where C2 = 4dCBC
2
FCκ,ξ,γ(r

λ
1 )

(γ−1)2

γ2 C
2γ−1
2γ

G .

4.5.1.2 Linear Transformer with Adaptive Attention Heads

Recall that

Ψ2n,m(ρ, x) :=
2n∑
j=1

αjσ

(
d∑

l=1

m∑
p,q=1

d∑
s=1

a(j,l)p,q,sψ
λ
q (x)

∫
ψλ
p (y)(ele

T
s )ydρ(y) + bj

)
+ b0

=
2n∑
j=1

αjσ

(
m∑

p,q=1

ψλ
q (x)

∫
ψλ
p (y)A

(j)
p,qy dρ(y) + bj

)
+ b0

with A(j)
p,q =

∑d
l=1

∑d
s=1 a

(j,l)
p,q,sele

T
s = [a

(j,l)
p,q,s]1≤l≤d,1≤s≤d.

Now we approximate each ψλ
q with a neural network ϕq, and let

T2n,m(ρ, x) :=
2n∑
j=1

αjσ

(
m∑
q=1

ϕq(x)

(
m∑
p=1

∫
ϕp(y)A

(j)
p,qy dρ(y)

)
+ bj

)
+ b0.

Then we have the error decomposition:

∥Ψ2n,m − T2n,m∥L2(νG)
≤ ∥Ψ2n,m − T̃2n,m∥L2(νG) + ∥T̃2n,m − T2n,m∥L2(νG)

where

T̃2n,m(ρ, x) =
2n∑
j=1

αjσ

(
m∑
q=1

ϕq(x)

(
m∑
p=1

∫
ψλ
p (y)A

(j)
p,qy dρ(y)

)
+ bj

)
+ b0.

Similarly with error estimations for the truncated error, let

b̃(j,l)q (ρ) :=
∑

1≤p≤m,1≤s≤d

a(j,l)p,q,s

∫
ψλ
p (y)e

T
s y dρ(y)
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and we have∥∥∥Ψ2n,m − T̃2n,m

∥∥∥2
L2(νG)

≤
∫
ΩB

∥∥∥∥∥
2n∑
j=1

|αj|
d∑

l=1

∣∣∣∣∣
m∑
q=1

b̃(j,l)q (ρ)
(
ψλ
q (x)− ϕq(x)

)∣∣∣∣∣ el
∥∥∥∥∥
2

2

dνG(ρ, x)

=

∫
ΩB

d∑
l=1

(
2n∑
j=1

|αj|

∣∣∣∣∣
m∑
q=1

b̃(j,l)q (ρ)
(
ψλ
q (x)− ϕq(x)

)∣∣∣∣∣
)2

dνG(ρ, x)

≤
∫
B2,b(X )

∥α∥1
d∑

l=1

2n∑
j=1

|αj|
∫
X

∑
q∈[m]

b̃(j,l)q (ρ)
(
ψλ
q (x)− ϕq(x)

)2

dρ(x)dPX
G (ρ)

≤
∫
B2,b(X )

∥α∥21
d∑

l=1

max
1≤j≤2n

(
m∑
q=1

(̃b(j,l)q (ρ))2

)∫
X

m∑
q=1

(
ψλ
q (x)− ϕq(x)

)2
dρ(x)dPX

G (ρ)

≤ d∥α∥21CB

∫
B2,b(X )

m∑
q=1

∫
X

(
ψλ
q (x)− ϕq(x)

)2
dρ(x) dPX

G (ρ)

=: dCB∥α∥21
m∑
q=1

∫
B2,b(X )

Ẽq(ρ) dPX
G (ρ).

Take ϕq = ϕq,m̃ to be the two-hidden-layer tanh neural network with a product gate in

Appendix 4.5.3. Then we have

Ẽq(ρ) ≤ (4d2 + Cκ,γ∥ωκ(ρ)∥Lγ(ρκ)) exp(−2m̃ log m̃).

Take the estimation back and it follows that∥∥∥Ψ2n,m − T̃2n,m,m̃

∥∥∥2
L2(νG)

≤ C3m exp(−2m̃ log m̃)

with C3 = 4dCBC
2
F

(
4d2 + Cκ,γC

1
2
G

)
for m̃ > Cκ,θ,γ .

Then we use the same group of two-hidden-layer neural networks {ϕq,m̃}1≤q≤m to approximate

{ψλ
q }1≤q≤m in the context memory part. Now let a linear Transformer

T2n,m,m̃(ρ, x) =
2n∑
j=1

αjσ

(
m∑
q=1

ϕq,m̃(x)

(
m∑
p=1

∫
ϕp,m̃(y)A

(j)
p,qy dρ(y)

)
+ bj

)
+ b0.
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Then the approximation error for context functions can be measured as∥∥∥T̃2n,m,m̃ − T2n,m,m̃

∥∥∥2
L2(νG)

≤ Eρ∼PX
G
∥α∥21

d∑
l=1

max
1≤j≤2n

∫
X

( ∑
1≤p,q≤m,1≤s≤d

a(j,l)p,q,sϕq,m̃(x)∫
(ψλ

p (y)− ϕp,m̃(y))e
T
s y dρ(y)

)2
dρ(x)

≤
∫
B2,b(X )

∥α∥21
d∑

l=1

max
1≤j≤2n

(∫
X

∑
1≤p≤m,1≤s≤d

(ã(j,l)p,s (x))2dρ(x)

)
·

( ∑
1≤p≤m,1≤s≤d

(∫
(ψλ

p (y)− ϕp,m̃(y))e
T
s y dρ(y)

)2
)
dPX

G (ρ)

where

ã(j,l)p,s (x) :=
m∑
q=1

a(j,l)p,q,sϕq,m̃(x).

For the first factor, let

I
(j,l)
3 (ρ) =

∫
X

∑
1≤p≤m,1≤s≤d

(ã(j,l)p,s (x))2 dρ(x),

and we can obtain

d∑
l=1

max
1≤j≤2n

I
(j,l)
3 (ρ) ≤ d

m∑
q=1

∫
X
(ϕq,m̃(x))

2 dρ(x) ≤ d
m∑
q=1

(2∥ψλ
q ∥2L2(ρ) + 2∥ψλ

q − ϕq,m̃∥2L2(ρ))

≤ 2d+ 2dm(4d2 + Cκ,γ∥ωκ(ρ)∥Lγ(ρκ)) exp(−2m̃ log m̃).

For the second factor, it’s easy to observe that

∑
1≤p≤m,1≤s≤d

(∫
(ψλ

p (y)− ϕp,m̃(y))e
T
s y dρ(y)

)2

≤
m∑
p=1

∥ψλ
p − ϕq,m̃∥2L2(ρ)EX∼ρ∥X∥22

≤ CBm(4d2 + Cκ,γ∥ωκ(ρ)∥Lγ(ρκ)) exp(−2m̃ log m̃).
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Choose m̃ such that m exp(−2m̃ log m̃) < 1. Combine two estimations. It is obtained that∥∥∥T̃n,m,m̃ − Tn,m,m̃

∥∥∥2
L2(νG)

≤ 8C2
FCBd

∫
B2(X )

(20d4 + 9d2Cκ,γ∥ωκ(ρ)∥Lγ(ρκ) + C2
κ,γ∥ωκ(ρ)∥2Lγ(ρκ))m exp(−2m̃ log m̃) dPX

G (ρ)

≤ C4m exp(−2m̃ log m̃)

with C4 = 8C2
FCBd(20d

4 + 9d2(1 + Cκ,γCG)
2).

Combining all the estimations, we can achieve the following convergence rate for n ≥ C ′
κ,θ,γ

with C ′
κ,θ,γ = exp

(
4(γ−1)ξCκ,θ,γ

2(γ−1)ξ+γ

)
:

∥F (Iλ(·), 1)− T2n,m,m̃∥L2(νG)

≤∥F (Iλ(·), 1)−N2n(Iλ(·), 1)∥L2(νG) + ∥N2n(Iλ(·), 1)−Ψ2n,m∥L2(νG) + ∥Ψ2n,m − T2n,m,m̃∥L2(νG)

≤ ((1 + CB)C
2
F )

1
2n− 1

2 +
(
C

1
2
1 + C

1
2
2

)
m− ξ(γ−1)

γ +
(
C

1
2
3 + C

1
2
4

)
m

1
2 exp(−m̃ log m̃) ≤ C∗n

− 1
2 ,

with C∗ = 3max
{
(1 + CB)

1
2CF , C

1
2
1 + C

1
2
2 , C

1
2
3 + C

1
2
4

}
,

m =
⌈
n

γ
2(γ−1)ξ

⌉
and m̃ =

⌈(
1

2
+

γ

4(γ − 1)ξ

)
log n

⌉
.

■

4.5.2 Oracle Inequality: Sampling Error for Linear Transformers

In this Subsection, we derive an oracle inequality for the two-stage sampling estimation. We

first prove the compactness of the hypothesis space, which guarantees the existence of TS,n in

(4.6); we then estimate the covering numbers used to bound the empirical process.

4.5.2.1 Compact subspaces in C(Ω)

Recall that (Ω, dΩ) is a complete separable metric space. To prove that HTn is compact in

C(Ω), it’s sufficient to show that HTn is sequentially compact in C(Ω). By Arzelà-Ascoli

Theorem, it’s sufficient to check the equi-boundedness and equi-continuity of HTn . For
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any Tn ∈ HTn , we can pick a group of parameters
(
(αj), (bj), (A

(j)
p,q),Θtanh

)
satisfying the

conditions of the hypothesis space HTn . For simplicity, we denote

σj(ρ, x) = σ

m(n)∑
q=1

ϕq,m̃(n)(x)

m(n)∑
p=1

TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]+ bj

 .

Then we have

∥Tn(ρ, x)− Tn(ρ
′, x′)∥2 =

∥∥∥∥∥
n∑

j=1

αj(σj(ρ, x)− σj(ρ
′, x′))

∥∥∥∥∥
2

≤∥α∥1 max
1≤j≤n

∥σj(ρ, x)− σj(ρ
′, x′)∥2

≤∥α∥1 max
1≤j≤n

m(n)∑
p,q=1

∥∥∥ϕq,m̃(n)(x)TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]

− ϕq,m̃(n)(x
′)TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ

′(y)

] ∥∥∥
2

≤∥α∥1 max
1≤j≤n

m(n)∑
p,q=1

∥∥∥∥∥ϕq,m̃(n)(x)
(
TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]

− TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ

′(y)

])
+ TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ

′(y)

]
(ϕq,m̃(n)(x)− ϕq,m̃(n)(x

′))

∥∥∥∥∥
2

≤∥α∥1 max
1≤j≤n

m(n)∑
p,q=1

(∥∥∥∥∫ (ϕp,m̃(n)(y)A
(j)
p,qy − ϕp,m̃(n)(y

′)A(j)
p,qy

′) dρ(y)dρ′(y′)

∥∥∥∥
2︸ ︷︷ ︸

∆(ρ,ρ′)

+
√
dCB

∣∣ϕq,m̃(n)(x)− ϕq,m̃(n)(x
′)
∣∣).
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Recall that ϕq,m̃(n)(x) =
∏d

l=1 T1(ϕ
(l)
q,m̃(n)(x)), where (ϕ

(l)
q,m̃(n))

d
l=1 is a group of two-hidden-

layer tanh neural networks shown in Appendix 4.5.3. It’s easy to observe that∣∣ϕq,m̃(n)(x)− ϕq,m̃(n)(x
′)
∣∣

=

∣∣∣∣∣
d∏

l=1

T1(ϕ
(l)
q,m̃(n)(x))−

d∏
l=1

T1(ϕ
(l)
q,m̃(n)(x

′))

∣∣∣∣∣ ≤ d max
1≤l≤d

∣∣∣ϕ(l)
q,m̃(n)(x)− ϕ

(l)
q,m̃(n)(x

′)
∣∣∣

≤d max
1≤l≤d

∣∣∣cTq,l[σtanh(W (l)
q,1σtanh(W

(l)
q,0x+ b

(l)
q,0) + b

(l)
q,1)− σtanh(W

(l)
q,1σtanh(W

(l)
q,0x

′ + b
(l)
q,0) + b

(l)
q,1)]

∣∣∣
≤d max

1≤l≤d
∥cTq,l∥∞

∥∥∥W (l)
q,1(σtanh(W

(l)
q,0x+ b

(l)
q,0)− σtanh(W

(l)
q,0x

′ + b
(l)
q,0))

∥∥∥
∞

≤d max
1≤l≤d

∥cTq,l∥∞
∥∥∥W (l)

q,1

∥∥∥
∞

∥∥∥W (l)
q,0

∥∥∥
∞
∥x− x′∥∞ ≤

(
d max

1≤l≤d
∥cTq,l∥∞

∥∥∥W (l)
q,1

∥∥∥
∞

∥∥∥W (l)
q,0

∥∥∥
∞

)
∥x− x′∥2

≤Cn,d∥x− x′∥2.

Since the parameters in tanh neural networks are uniformly bounded by ∥Θtanh∥∞, Cn,d just

depends on n and d. It also follows that for any τ ∈
∏
(ρ, ρ′),

∆(ρ, ρ′) ≤
∫ ∥∥ϕp,m̃(n)(y)A

(j)
p,qy − ϕp,m̃(n)(y

′)A(j)
p,qy

′∥∥
2
dτ(y, y′)

≤
∥∥A(j)

p,q

∥∥
F

∫
∥ϕp,m̃(n)(y)y − ϕp,m̃(n)(y

′)y′∥2 dτ(y, y′)

≤
∥∥A(j)

p,q

∥∥
F

(∫ ∥∥ϕp,m̃(n)(y)(y − y′)
∥∥
2
dτ(y, y′) +

∫ ∥∥y′(ϕp,m̃(n)(y)− ϕp,m̃(n)(y
′))
∥∥
2
dτ(y, y′)

)
≤
∥∥A(j)

p,q

∥∥
F

(∫
∥y − y′∥2 dτ(y, y′) + Cn,d

√
Eρ′ ∥Y ′∥22

√
Eτ∥Y − Y ′∥22

)
≤
∥∥A(j)

p,q

∥∥
F
(1 + Cn,d

√
Eρ′∥Y ′∥22)

√
Eτ∥Y − Y ′∥22.

Take the above estimation back. It can be obtained that

∥Tn(ρ, x)− Tn(ρ
′, x′)∥2

≤∥α∥1 max
1≤j≤n

m(n)∑
p,q=1

(∥∥A(j)
p,q

∥∥
F
(1 + Cn,d∥Y ∥L2(ρ′))∥Y − Y ′∥L2(τ) +

√
dCBCn,d∥x− x′∥2

)
≤∥α∥1m

√
d(1 + Cn,d∥Y ∥L2(ρ′) +

√
dCBCn,d)(∥Y − Y ′∥L2(τ) + ∥x− x′∥2)

which holds for any τ ∈
∏
(ρ, ρ′). It follows that

∥Tn(ρ, x)− Tn(ρ
′, x′)∥2 ≤ CFm

√
d(1 + Cn,d∥Y ∥L2(ρ′) +

√
dCBCn,d)dΩ((ρ, x), (ρ

′, x′))
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and proves that HTn is equi-continuous at each (ρ′, x′) ∈ Ω.

For any (ρ, x) ∈ Ω, we have

∥Tn(ρ, x)∥2 ≤ ∥b0∥2 + ∥α∥1 max
1≤j≤n

∥bj∥2 +

∥∥∥∥∥∥
m(n)∑
p,q=1

ϕq,m̃(n)(x)TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]∥∥∥∥∥∥
2


≤ CF

√
dCB + CF

√2dCB +

m(n)∑
p,q=1

∥∥∥∥TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]∥∥∥∥
2


≤ CF (2

√
dCB +m2CB

√
d).

which shows that {Tn(ρ, x) : Tn ∈ HTn} is bounded for each (ρ, x) ∈ Ω. Therefore, HTn is

compact in C(Ω) which guarantees the existence of TS,n and the below covering number.

4.5.2.2 Covering Number Estimations

Note that in the first stage and pseudo second stage sampling, we have access to the true

distributions sampled from PG on B2,b(X ) such that the second moments are uniformly

bounded by CB, which however doesn’t hold true for the empirical distributions in the second

stage sampling.

Recall that the hypothesis space is defined as

HTn =

{
Tn : ∥α∥1 ≤ 2CF ,

m(n)∑
p,q=1

∥A(j)
p,q∥2F ≤ d, ∥bj∥2 ≤

√
2dCB for each 1 ≤ j ≤ n,

∥b0∥2 ≤ CF

√
2dCB, and ∥Θtanh∥∞ ≤ c1(c

′
2 log(n))

c′3(logn)
2

}
.
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For σj(ρ, x) defined above, it’s easy to observe that for any (ρ, x) ∈ ΩB,

∥σj(ρ, x)∥2 ≤

∥∥∥∥∥∥bj +
m(n)∑
p,q=1

ϕq,m̃(n)(x)TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]∥∥∥∥∥∥
2

≤ ∥bj∥2 +
m(n)∑
p,q=1

∫ ∥∥A(j)
p,qy
∥∥
2
dρ(y)

≤ ∥bj∥2 + C
1
2
B

m(n)∑
p,q=1

∥∥A(j)
p,q

∥∥
F

≤
√

2dCB +
√
CBm

√
d ≤ m

√
2dCB.

Choose Tn, T̄n ∈ HTn with ∥α− ᾱ∥1 ≤ ϵ,
(∑m(n)

p,q=1

∥∥∥A(j)
p,q − Ā

(j)
p,q

∥∥∥2
F

) 1
2

≤ ϵ, ∥bj − b̄j∥2 ≤ ϵ

for 1 ≤ j ≤ n, and ∥b0 − b̄0∥2 ≤ ϵ. Then we have

∥∥Tn(ρ, x)− T̄n(ρ, x)
∥∥
2
=

∥∥∥∥∥(b0 − b̄0) +
n∑

j=1

(αjσj(ρ, x)− ᾱjσ̄j(ρ, x))

∥∥∥∥∥
2

≤ ∥b0 − b̄0∥2 +

∥∥∥∥∥
n∑

j=1

(αj − ᾱj)σj(ρ, x) + ᾱj(σj(ρ, x)− σ̄j(ρ, x))

∥∥∥∥∥
2

≤ ϵ+ ∥α− ᾱ∥1 max
1≤j≤n

∥σj(ρ, x)∥2 + ∥ᾱ∥1 max
1≤j≤n

∥σj(ρ, x)− σ̄j(ρ, x)∥2

≤ 2
√
dCBmϵ+ 2CF max

1≤j≤n
∥σj(ρ, x)− σ̄j(ρ, x)∥2.

For the second term in the above inequality, it follows that

∥σj(ρ, x)− σ̄j(ρ, x)∥2

≤

∥∥∥∥∥(bj − b̄j) +

m(n)∑
p,q=1

(
ϕq,m̃(n)(x)TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]

− ϕ̄q,m̃(n)(x)TCB

[∫
ϕ̄p,m̃(n)(y)Ā

(j)
p,qy dρ(y)

])∥∥∥∥∥
2

≤∥bj − b̄j∥2 +
m(n)∑
p,q=1

∥∥∥∥∥(ϕq,m̃(n)(x)− ϕ̄q,m̃(n)(x))TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]∥∥∥∥∥
2

+

m(n)∑
p,q=1

∥∥∥∥ϕ̄q,m̃(n)(x)

(
TCB

[∫
ϕp,m̃(n)(y)A

(j)
p,qy dρ(y)

]
− TCB

[∫
ϕ̄p,m̃(n)(y)Ā

(j)
p,qy dρ(y)

])∥∥∥∥
2
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≤∥bj − b̄j∥2 +
m(n)∑
p,q=1

∣∣ϕq,m̃(n)(x)− ϕ̄q,m̃(n)(x)
∣∣ ∫ ∥∥A(j)

p,qy
∥∥
2
dρ(y)

+

m(n)∑
p,q=1

∥∥∥∥∫ (ϕp,m̃(n)(y)A
(j)
p,qy − ϕ̄p,m̃(n)(y)Ā

(j)
p,qy
)
dρ(y)

∥∥∥∥
2

≤∥bj − b̄j∥2 + C
1
2
B

m(n)∑
p,q=1

∥∥A(j)
p,q

∥∥
F

∣∣ϕq,m̃(n)(x)− ϕ̄q,m̃(n)(x)
∣∣+ m(n)∑

p,q=1

∥∥∥∥∫ ϕp,m̃(n)(y)(A
(j)
p,q − Ā(j)

p,q)y dρ(y)

∥∥∥∥
2

+

m(n)∑
p,q=1

∥∥∥∥∫ (ϕp,m̃(n)(y)− ϕ̄p,m̃(n)(y))Ā
(j)
p,qy dρ(y)

∥∥∥∥
2

≤∥bj − b̄j∥2 + C
1
2
B max

1≤q≤m(n)

∣∣ϕq,m̃(n)(x)− ϕ̄q,m̃(n)(x)
∣∣ m(n)∑
p,q=1

∥∥A(j)
p,q

∥∥
F
+ C

1
2
B

m(n)∑
p,q=1

∥∥A(j)
p,q − Ā(j)

p,q

∥∥
F

+

m(n)∑
p,q=1

∫ ∣∣ϕp,m̃(n)(y)− ϕ̄p,m̃(n)(y)
∣∣ ∥∥Ā(j)

p,qy
∥∥
2
dρ(y)

≤ ϵ+
√
CBmϵ+

√
dCBm max

1≤q≤m(n)

∣∣ϕq,m̃(n)(x)− ϕ̄q,m̃(n)(x)
∣∣

+
√
dCBm max

1≤p≤m(n)
∥ϕp,m̃(n) − ϕ̄p,m̃(n)∥L2(ρ).

Recall that the above two-hidden-layer tanh neural networks have the form ϕp,m̃(n) =

T1,⊙
(
ϕ
(1)
p,m̃(n), . . . , ϕ

(d)
p,m̃(n)

)
and then it can be obtained that for any x ∈ Rd,∣∣ϕp,m̃(n)(x)− ϕ̄p,m̃(n)(x)

∣∣ ≤ d max
1≤l≤d

∣∣∣ϕ(l)
p,m̃(n)(x)− ϕ̄

(l)
p,m̃(n)(x)

∣∣∣
≤ d max

1≤l≤d

∣∣∣cTp,l [σtanh(W (l)
p,1σtanh(W

(l)
p,0x+ b

(l)
p,0) + b

(l)
p,1)
]

︸ ︷︷ ︸
=:f

(l)
p (x)

− c̄Tp,l

[
σtanh(W

(l)

p,1σtanh(W
(l)

p,0x+ b̄
(l)
p,0) + b̄

(l)
p,1)
]

︸ ︷︷ ︸
=:f̄

(l)
p (x)

∣∣∣
≤ d max

1≤l≤d

∣∣cTp,lf (l)
p (x)− c̄Tp,lf

(l)
p (x) + c̄Tp,lf

(l)
p (x)− c̄Tp,lf̄

(l)
p (x)

∣∣
≤ d max

1≤l≤d

(
∥cp,l − c̄p,l∥1 + ∥c̄p,l∥1

∥∥f (l)
p (x)− f̄ (l)

p (x)
∥∥
∞

)
≤ 8d m̃(n) max

1≤l≤d

{
∥cp,l − c̄p,l∥∞ + ∥c̄p,l∥∞

∥∥f (l)
p (x)− f̄ (l)

p (x)
∥∥
∞

}
,
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where∥∥f (l)
p (x)− f̄ (l)

p (x)
∥∥
∞

≤
∥∥∥(W (l)

p,1σtanh(W
(l)
p,0x+ b

(l)
p,0) + b

(l)
p,1)− (W

(l)

p,1σtanh(W
(l)

p,0x+ b̄
(l)
p,0) + b̄

(l)
p,1)
∥∥∥
∞

≤
∥∥∥b(l)p,1 − b̄

(l)
p,1

∥∥∥
∞
+
∥∥∥W (l)

p,1 −W
(l)

p,1

∥∥∥
∞
+
∥∥∥W (l)

p,1

∥∥∥
∞

∥∥∥(W (l)
p,0 −W

(l)

p,0)x+ b
(l)
p,0 − b̄

(l)
p,0

∥∥∥
∞
.

Choose that

∥cp,l − c̄p,l∥∞ ≤ ϵ,
∥∥∥b(l)p,1 − b̄

(l)
p,1

∥∥∥
∞

≤ ϵ,
∥∥∥W (l)

p,1 −W
(l)

p,1

∥∥∥
max

≤ ϵ,∥∥∥W (l)
p,0 −W

(l)

p,0

∥∥∥
max

≤ ϵ,
∥∥∥b(l)p,0 − b̄

(l)
p,0

∥∥∥
∞

≤ ϵ.
(4.23)

Then it’s easy to see that∥∥f (l)
p (x)− f̄ (l)

p (x)
∥∥
∞ ≤ 24(1 + ∥x∥∞)[c4m̃(n)]c5(m̃(n))2ϵ,

which implies that∣∣ϕp,m̃(n)(x)− ϕ̄p,m̃(n)(x)
∣∣ ≤ 192d (2 + ∥x∥∞)[c4m̃(n)]3c5(m̃(n))2ϵ

and that √
dCBm

(
max

1≤p,q≤m(n)

∣∣ϕq,m̃(x)− ϕ̄q,m̃(x)
∣∣+ ∥ϕp,m̃ − ϕ̄p,m̃∥L2(ρ)

)
≤
√
dCBm

(
192d

(
4 + ∥x∥∞ +

∫
X
∥x∥∞ dρ

)
[c4m̃(n)]3c5(m̃(n))2

)
ϵ

≤ 192CBd
3
2 (5 + ∥x∥∞)(m(n))[c4m̃(n)]3c5(m̃(n))2ϵ.

We can conclude that∥∥Tn(ρ, x)− T̄n(ρ, x)
∥∥
2
≤ 386CFCBd

3
2 (9 + ∥x∥∞)(m(n))[c4m̃(n)]3c5(m̃(n))2ϵ =: Ξ(x, ϵ).

For any pseudometric space (H, dH) and ϵ > 0, the covering number of (H, dH) with radius

ϵ is defined as inf{|D| : D ⊂ H, for any Ψ ∈ H there exists Φ ∈ D with dH(Ψ,Φ) ≤ ϵ}.
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We denote by N(HTn , ϵ, dB2,b(X )) the uniform ϵ-covering number for the first stage sampling

with the pseudometric

dB2,b(X )(Φ1,Φ2) = sup
ρ∈B2,b(X )

Eρ∥Φ1(X̃)− Φ2(X̃)∥2.

It follows that for the above Tn, T̄n and the parameter selections,

dB2,b(X )(Tn, T̄n) ≤ sup
ρ∈B2,b(X )

EρΞ(X, ϵ) ≤ c6CFC
2
Bd

3
2 (m(n))[c4m̃(n)]3c5(m̃(n))2ϵ.

Then the ϵ̃-covering number of HTn with respect to dB2,b(X ) can bounded as

N(HTn , ϵ̃, dB2,b(X ))

≤
(
1 +

4CF

ϵ

)n(
1 +

2CF

√
2dCB

ϵ

)n

(
m2d2+d

)
+1
(
1 +

(c′2m̃)c
′
3m̃

2

ϵ

)[8m̃d+8m̃+(8m̃)2+8m̃+8m̃]dm

≤
(
1 +

4CF

√
dCB

ϵ

)3nm2d2
(
1 +

(c′2m̃)c
′
3m̃

2

ϵ

)96d2m̃2m

≤

(
1 +

4c6CFC
3
Bd

2m(c4m̃)3c5m̃
2

ϵ̃

)3d2nm2 (
1 +

c6CFC
2
Bd

3
2m(c4m̃)6c5m̃

2

ϵ̃

)96d2m̃2m

≤
(
1 +

8Cd,F,B

ϵ̃

)100d2nm2

((c4mm̃)600c5d
2nm2m̃2

),

with Cd,F,B = c6CFC
3
Bd

2, which is followed by

log N(HTn , ϵ̃, dB2,b(X )) ≤ 100nd2m2 log

(
1 +

8Cd,F,B

ϵ̃

)
+ 600c5d

2nm2m̃2 log(c4mm̃).

Conditioned on the pseudo second-stage samples (ρ(i)X , Xij)1≤i≤N,1≤j≤ni
, we can define the

empirical L2
P̂
ϵ-covering number N(HTn , ϵ, dP̂ ) with the pseudometric

dP̂ (Φ1,Φ2) =

(
1

N

N∑
i=1

1

ni

ni∑
j=1

∥Φ1(ρ
(i)
X , Xij)− Φ2(ρ

(i)
X , Xij)∥22

) 1
2

.



4.5 PROOF OF MAIN RESULTS ON LINEAR TRANSFORMERS FOR IN-CONTEXT LEARNING 105

Then for the above Tn, T̄n and the parameter selections, we have

dP̂ (Tn, T̄n) ≤

(
1

N

N∑
i=1

1

ni

ni∑
j=1

Ξ(Xij, ϵ)
2

) 1
2

≤ 386
√
2CFCBd

3
2

9 +

√√√√ 1

N

N∑
i=1

1

ni

ni∑
j=1

∥Xij∥2∞

m[c4m̃]3c5m̃
2

ϵ

≤ c6CFCBd
3
2

9 +

√√√√ 1

N

N∑
i=1

1

ni

ni∑
j=1

∥Xij∥22


︸ ︷︷ ︸

=:∥X̂∥2

m(c4m̃)3c5m̃
2

ϵ.

Similarly, it’s easy to see that

log N(HTn , ϵ̃, dP̂ ) ≤ 100nd2m2 log

(
1 +

8c6CFC
2
Bd

2∥X̂∥2
ϵ̃

)
+600c5nd

2m2m̃2 log(c4mm̃).

4.5.2.3 First-Stage Sampling Error Estimation

The following lemma is from Lemma 3.19 [10].

LEMMA 11. Let J be a set of functions on Z and B, c > 0 such that for each J ∈ J ,

|J − E(J )| ≤ B and E(Γ2) ≤ cE(Γ) almost surely. Then for every ϵ > 0 and 0 < r ≤ 1,

Pz∈Zm

{
sup
J∈J

E(J )− Ez(J )√
E(J ) + ϵ

> 4r
√
ϵ

}
≤ N(J , rϵ, ∥ · ∥L∞(Z)) exp

{
− r2mϵ

2c+ 2
3
B

}
.

We consider the class of functions JΦ : B2,b(X × Y) → R, denoted by

J (HTn) :=
{
JΦ : JΦ(ρXY ) = E[∥TMΦ(X̃)−Y ∥22|ρXY ]−E[∥ΦG(X̃)−Y ∥22|ρXY ],Φ ∈ HTn

}
.

Then for each JΦ ∈ J (HTn), we have

E(JΦ) = E(TMΦ)− E(ΦG) and
1

N

N∑
i=1

JΦ(ρ
(i)
XY ) = EN(TMΦ)− EN(ΦG),
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where E(TMΦ)− E(ΦG) = ∥TMΦ− ΦG∥2L2
νG
. Also notice that

|JΦ(ρXY )| =
∣∣∣E[∥TMΦ(X̃)− Y ∥22 − ∥ΦG(X̃)− Y ∥22

∣∣ρXY

]∣∣∣
≤
∣∣∣E[(∥TMΦ(X̃)− Y ∥2 + ∥ΦG(X̃)− Y ∥2)(∥TMΦ(X̃)− ΦG∥2)

∣∣ρXY

]∣∣∣
≤ 8M2,

which implies that |JΦ(ρXY )− E(JΦ)| ≤ 16M2 and

E(J 2
Φ) ≤ EρXY ∼PG

[
E
[
(∥TMΦ(X̃)− Y ∥22 − ∥ΦG(X̃)− Y ∥22)2|ρXY

]]
≤ 16M2EρX∼PX

G
(E[∥TMΦ(X̃)− ΦG∥2|ρX ])2 ≤ 16M2∥TMΦ− ΦG∥2L2

ν
= 16M2E(JΦ).

Then for any Φ1,Φ2 ∈ HTn , it follows that

|JΦ1(ρXY )− JΦ2(ρXY )| =
∣∣∣E[∥TMΦ1(X̃)− Y ∥22|ρXY ]− E[∥TMΦ2(X̃)− Y ∥22|ρXY ]

∣∣∣
≤ 4M

∣∣∣E[∥TMΦ1(X̃)− TMΦ2(X̃)∥2|ρX
]∣∣∣

≤ 4M
∣∣∣E[∥Φ1(X̃)− Φ2(X̃)∥2|ρX

]∣∣∣ ≤ 4MdB2,b(X )(Φ1,Φ2),

which shows that

N(J (HTn), ϵ, ∥ · ∥L∞(B2,b(X×Y))) ≤ N
(
HTn ,

ϵ

4M
,dB2,b(X )

)
.

Then with the uniform ratio inequality, we have that

P

{
sup

Φ∈HTn

(E(TMΦ)− E(ΦG))− (EN(TMΦ)− EN(ΦG))√
E(TMΦ)− E(ΦG) + ϵ

>
√
ϵ

}

≤ N
(
J (HTn),

ϵ

4
, ∥ · ∥L∞(B2,b(X×Y))

)
exp

{
− 3Nϵ

2048M2

}
≤ N

(
HTn ,

ϵ

16M
,dB2,b(X )

)
exp

{
− 3Nϵ

2048M2

}
.

It’s easy to see that
√

(E(TMΦ)− E(ΦG) + ϵ)ϵ ≤ 1
2
(E(TMΦ)− E(ΦG)) + ϵ, which follows

by taking Φ = TS,n that

P
{
E1(TM(TS,n)) >

1

2

(
E(TM(TS,n))− E(ΦG)

)
+ ϵ

}
≤ N

(
HTn ,

ϵ

16M
,dB2,b(X )

)
exp

{
− 3Nϵ

2048M2

}
.
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Similarly, For each Φ ∈ HTn , note that ∥Φ∥C(ΩB) is uniformly bounded. We define

J̃Φ(ρXY ) = E[∥Φ(X̃)− Y ∥22|ρXY ]− E[∥ΦG(X̃)− Y ∥22|ρXY ].

J̃Φ can be considered as a random variable with
∣∣∣J̃Φ(ρXY )

∣∣∣ ≤ (3M + ∥Φ∥C(ΩB))
2 and it

follows that ∣∣∣J̃Φ(ρXY )− E(J̃Φ)
∣∣∣ ≤ 2(3M + ∥Φ∥C(ΩB))

2

and

E(J̃ 2
Φ) ≤ (3M + ∥Φ∥C(ΩB))

2E4(Φ).

Then with the Bernstein inequality, we have

P{E ′
1(Φ) > ϵ} ≤ exp

{
− Nϵ2

2(3M + ∥Φ∥C(ΩB))
2
(
E4(Φ) + 2

3
ϵ
)} .

4.5.2.4 Second-Stage Sampling Error with Ground Truth Context

Assume that n1 = · · · = nN = ϑ. Conditioned on the given first-stage samples (ρ(i)XY )1≤i≤N ,

the random variables (Xij, Yij)1≤i≤N,1≤j≤ϑ are independent but not identically distributed:

for each 1 ≤ i ≤ N , (Xij, Yij) ∼ ρ
(i)
XY . Let S̃ = (ρ

(i)
X , Xij, Yij)1≤i≤N,1≤j≤ϑ. We introduce a

random variable

Λ(S̃) = sup
Φ̄∈TM (HTn )

1

N

N∑
i=1

1

ϑ

ϑ∑
j=1

(
E
[
∥Φ̄(X̃)− Y ∥22

∣∣ρ(i)XY

]
− ∥Φ̄(ρ(i)X , Xij)− Yij∥22

)
,

which follows that∣∣∣Λ(S̃)− Λ(S̃\(i,j))
∣∣∣ ≤ sup

Φ̄∈TM (HTn )

1

Nϑ

∣∣∣∥Φ̄(ρ(i)X , Xij)− Yij∥22 − ∥Φ̄(ρ(i)X , X
′
ij)− Y ′

ij∥22
∣∣∣ ≤ 8M2

Nϑ

where S̃\(i,j) denotes the sample S̃ with a change on (i, j)-th variable with (Xij, Yij)
i.i.d∼

(X ′
ij, Y

′
ij) while all others fixed. Then by Azuma-McDiarmind’s inequality, it can be derived

that

P
{∣∣∣Λ(S̃)− E

[
Λ(S̃)|(ρ(i)XY )i

]∣∣∣ > ϵ
}
≤ 2 exp

{
−(Nϑ) ϵ2

32M4

}
, for any ϵ > 0.
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Let (ζij)1≤i≤N,1≤j≤ϑ be i.i.d Rademacher random variables. Then by the symmetrization [44],

we have

E
[
Λ(S̃)

∣∣(ρ(i)XY )i
]
≤ E[

(Xij ,Yij)∼ρ
(i)
XY

]
i

E(ζij) sup
Φ̄∈TM (HTn )

2

N

N∑
i=1

1

ϑ

ϑ∑
j=1

ζij∥Φ̄(ρ(i)X , Xij)− Yij∥22.

Since |ly(u)− ly(u
′)| ≤ 4M∥u−u′∥2 where ly(u) := ∥u− y∥22 with ∥u∥2 and ∥y∥2 less than

M , it follows by the vector-contraction inequality [58] that

E[Λ(S̃)|(ρ(i)XY )i] ≤ 8
√
2ME[

Xij∼ρ
(i)
X

]
i

E(ζij) sup
Φ̄∈TM (HTn )

1

N

N∑
i=1

1

ϑ

ϑ∑
j=1

⟨ζij, Φ̄(ρ
(i)
X , Xij)⟩

where ζij is a random vector in Rd with each component being i.i.d Rademacher random

variable.

We define a family of zero-mean random variables indexed by Φ̄ ∈ TM(HTn) as

ZΦ̄ :=
1√
Nϑ

N∑
i=1

ϑ∑
j=1

⟨ζij, Φ̄(ρ
(i)
X , Xij)⟩,

which implies that

E[Λ(S̃)|(ρ(i)XY )i] ≤ 8
√
2ME[

Xij∼ρ
(i)
X

]
i

E

[
sup

Φ̄∈TM (HTn )

1√
Nϑ

ZΦ̄

∣∣∣∣∣(Xij)i,j

]
.

For any Φ̄, Φ̄′ ∈ TM(HTn),

E[exp(v(ZΦ̄ − ZΦ̄′))|(Xij)i,j] ≤ exp(v2dϑ(Φ̄, Φ̄
′)2/2), ∀v ∈ R

where

dϑ(Φ̄, Φ̄
′) := ∥Φ̄− Φ̄′∥L2(Pϑ) =

(
1

Nϑ

N∑
i=1

ϑ∑
j=1

∥Φ̄(ρ(i)X , Xij)− Φ̄′(ρ
(i)
X , Xij)∥22

) 1
2

.

Then, conditioned on (Xij)i,j , ZΦ̄ is a subgaussian process indexed by Φ̄ ∈ TM(HTn) with

respect to dϑ. It follows by the Dudley Integral [103] that

E

[
sup

Φ̄∈TM (HTn )

ZΦ̄

∣∣∣∣∣(Xij)i,j

]
≤ 32

∫ 2M

0

√
log N(u,TM(HTn), dϑ) du.
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It follows that

E[Λ(S̃)|(ρ(i)XY )i] ≤
256

√
2M√

Nϑ
E
[Xij∼ρ

(i)
X ]i

(∫ 2M

0

√
log N(u,HTn , dρ̂ϑ) du

)

≤256
√
2M√

Nϑ
E

[Xij∼ρ
(i)
X ]i

∫ 2M

0

√√√√√100nd2m2︸ ︷︷ ︸
ϱ1

log

(
1 +

8c6CFC2
Bd

2∥X̂∥2
u

)
+ 600c5nd

2m2m̃2 log(c4mm̃)︸ ︷︷ ︸
ϱ2

du

≤ 256
√
2M√

Nϑ
E

[Xij∼ρ
(i)
X ]i

2M
√
ϱ2 +

√
ϱ1

∫ 2M

0

√√√√log

(
1 +

8c6CFC2
Bd

2∥X̂∥2
u

)
du


≤ 256

√
2M√

Nϑ
E

[Xij∼ρ
(i)
X ]i

(
2M

√
ϱ2 +

√
ϱ1

√
8c6CFC2

Bd
2∥X̂∥2

∫ 2M

0

u−
1
2 du

)
=

256
√
2M√

Nϑ

(
2M

√
ϱ2 + 8

√
ϱ1c6CFC2

Bd
2M E

[Xij∼ρ
(i)
X ]i

√
∥X̂∥2

)
where

E
[Xij∼ρ

(i)
X ]i

√
∥X̂∥2 ≤

√
E

[Xij∼ρ
(i)
X ]i

∥X̂∥2 =

√√√√√9 + E

√√√√ 1

Nϑ

N∑
i=1

ϑ∑
j=1

∥Xij∥22 ≤ 9 + C
1
2
B .

Then we can obtain that

E[Λ(S̃)|(ρ(i)XY )i] ≤
CM,B,d√
Nϑ

√
nmm̃2

with CM,B,d = 256
√
2M max

{
20dM

√
6c5, 80d

2(9 + C
1/2
B )
√
c6CFC2

BM
}

.

Then we have

P

{
sup

Φ∈HTn

E2(TM(Φ)) > ϵ+ CM,B,d

√
nmm̃2

√
Nϑ

∣∣∣∣∣ρ(1)XY , . . . , ρ
(N)
XY

}
≤ exp

(
−(Nϑ)ϵ2

32M4

)
.

Similarly, for each Φ ∈ HTn , we define

Λ̃Φ(S̃) =
1

Nϑ

N∑
i=1

ϑ∑
j=1

(
∥Φ(ρ(i)X , Xij)− Yij∥22 − E

[
∥Φ(X̃)− Y ∥22|ρ

(i)
XY

])
.

Similarly, we have∣∣∣Λ̃Φ(S̃)− Λ̃Φ(S̃
\(i,j))

∣∣∣ ≤ 1

Nϑ

∣∣∣∥Φ(ρ(i)X , Xij)− Yij∥22 − ∥Φ(ρ(i)X , X
′
ij)− Y ′

ij∥22
∣∣∣ ≤ 4(M + ∥Φ∥C(ΩB))

2

Nϑ
.
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Then by Azuma-McDiarmind’s inequality, we can derive that

P{E ′
2(Φ) > ϵ|ρ(1)XY , . . . , ρ

(N)
XY } ≤ exp

{
− (Nϑ)ϵ2

8(M + ∥Φ∥C(ΩB))
4

}
.

4.5.2.5 Second-Stage Sampling Error with Accessible Context

Now, we estimate the sampling error with accessible context information, i.e., the empirical

distributions. We have

sup
Φ∈HTn

|E3(TM(Φ))|

= sup
Φ∈HTn

∣∣∣∣∣ 1

Nϑ

N∑
i=1

ϑ∑
j=1

(
∥TM(Φ)(ρ

(i)
X , Xij)− Yij∥22 − ∥TM(Φ)(ρ̂

(i)
X , Xij)− Yij∥22

)∣∣∣∣∣
≤ sup

Φ∈HTn

1

Nϑ

N∑
i=1

ϑ∑
j=1

4M
∥∥∥Φ(ρ(i)X , Xij)− Φ(ρ̂

(i)
X , Xij)

∥∥∥
2

≤ sup
Φ∈HTn

4M

N

N∑
i=1

∥α∥1 max
1≤j′≤n

m(n)∑
p,q=1

∥∥∥∥∫
X
ϕp,m̃(n)(x)A

(j′)
p,q x dρ

(i)
X −

∫
X
ϕp,m̃(n)(x)A

(j′)
p,q x dρ̂

(i)
X

∥∥∥∥
2


≤ sup

ϕ∈NN (Θm̃)

8MCF

N

N∑
i=1

m
√
d max

1≤p≤m

∥∥∥∥∫
X
ϕp,m̃(n)(x)x dρ

(i)
X −

∫
X
ϕp,m̃(n)(x)x dρ̂

(i)
X

∥∥∥∥
2

≤ 8MCF

√
dm

N

N∑
i=1

sup
ϕ∈NN (Θm̃)

∥∥∥∥∫
X
ϕ(x)x dρ

(i)
X −

∫
X
ϕ(x)x dρ̂

(i)
X

∥∥∥∥
2︸ ︷︷ ︸

=:V(i)(ρ̂
(i)
X )

≤ 8MCF

√
dm max

1≤i≤N
V(i)(ρ̂

(i)
X ).

Then for x = (x1, . . . , xϑ) ∈ X ϑ and the samples (Xi1, . . . , Xiϑ) in ρ̂(i)X , we define

V(i)
j (ρ̂

(i)
X )(x) = V (i)(δ[x1, . . . , xj−1, Xij, xj+1, . . . , xϑ])

− E
X′

ij∼ρ
(i)
X
(V(i)(δ[x1, . . . , xj−1, X

′
ij, xj+1, . . . , xϑ]))

for 1 ≤ j ≤ ϑ where δ[S] is defined as the empirical distribution generated by the dataset S.

We easily obtain that ∣∣∣V(i)
j (ρ̂

(i)
X )(x)

∣∣∣
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=
∣∣∣E

X′
ij∼ρ

(i)
X

(
V(i)(δ[x1, . . . , xj−1, Xij, xj+1, . . . , xϑ])− V(i)(δ[x1, . . . , xj−1, X

′
ij, xj+1, . . . , xϑ])

)∣∣∣
≤ E

X′
ij∼ρ

(i)
X

∣∣∣∣∣ sup
ϕ∈NN (Θm̃)

∥∥∥∥∥1ϑ
(∑

j′ ̸=j

ϕ(xj′)xj′ + ϕ(Xij)Xij

)
− E

ρ
(i)
X
(ϕ(X)X)

∥∥∥∥∥
2

− sup
ϕ∈NN (Θm̃)

∥∥∥∥∥1ϑ
(∑

j′ ̸=j

ϕ(xj′)xj′ + ϕ(X ′
ij)X

′
ij

)
− E

ρ
(i)
X
(ϕ(X)X)

∥∥∥∥∥
2

∣∣∣∣∣
≤ E

X′
ij∼ρ

(i)
X

(
sup

ϕ∈NN (Θm̃)

1

ϑ

∥∥ϕ(Xij)Xij − ϕ(X ′
ij)X

′
ij

∥∥
2

)

≤ E
X′

ij∼ρ
(i)
X

(
sup

ϕ∈NN (Θm̃)

1

ϑ
(∥ϕ(Xij)Xij∥2 + ∥ϕ(X ′

ij)X
′
ij∥2)

)

≤ 1

ϑ
(∥Xij∥2 + E

X′
ij∼ρ

(i)
X
∥X ′

ij∥2) ≤
1

ϑ
(∥Xij∥2 +

√
CB).

For each ρ(i)X ∈ B2,b(X ), we have the ratio condition that ∥ωκ(ρ
(i)
X )∥Lγ(ρκ) < ∞. Then for

Xij ∼ ρ
(i)
X and any p ≥ 1, we have

(
E

ρ
(i)
X
∥Xij∥p2

) 1
p
=

(∫
X
∥x∥p2 · ωκ(ρ

(i)
X )(x) dρκ

) 1
p

≤ ∥ωκ(ρ
(i)
X )∥

1
p

Lγ(ρκ)
(Eρκ∥X∥pγ

′

2 )
1

pγ′

≤ (1 + ∥ωκ(ρ
(i)
X )∥Lγ(ρκ))(Eρκ∥X∥pγ

′

2 )
1

pγ′

with γ′ = γ
γ−1

. For X ∼ ρκ, ∥X∥2 is a norm subgaussian random variable [34] such that

(Eρκ∥X∥p2)
1
p ≤ cκ

√
dp for any p ≥ 1 where c is an absolute constant. Then we have(
E

ρ
(i)
X
∥Xij∥p2

) 1
p ≤ cκ

√
γ′
(
1 +

∥∥∥ωκ(ρ
(i)
X )
∥∥∥
Lγ(ρκ)

)√
p

for any p ≥ 1. We define the subgaussian norm [103] for a random variable Z as ∥Z∥ψ2 =

supp≥1
(E|Z|p)

1
p

√
p

. Then ∥Xij∥2 is a subgaussian random variable with ∥∥Xij∥2∥ψ2
≤ cκ

√
γ′(1+

∥ωκ(ρ
(i)
X )∥Lγ(ρκ)). It also implies that for any x ∈ Xϑ, V(i)

j (ρ̂
(i)
X )(x) is also a subgaussian

random variable with ∥∥∥V(i)
j (ρ̂

(i)
X )(x)

∥∥∥
ψ2

≤ 1

ϑ

(
∥∥Xij∥2∥ψ2

+
√
CB

)
,
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because for any p ≥ 1,(
E

Xij∼ρ
(i)
X

∣∣∣V(i)
j (ρ̂

(i)
X )(x)

∣∣∣p ) 1
p ≤ 1

ϑ

[
(E

ρ
(i)
X
∥Xij∥p2)

1
p +

√
CB

]
by Minkowski inequality. Then by Theorem 3 in Maurer and Pontil [59], we have for any

ϵ > 0,

P{V(i)(ρ̂
(i)
X )− EV(i)(ρ̂

(i)
X ) > ϵ} ≤ exp

(
− ϑϵ2

ψ2(ρ
(i)
X )

)
where

ψ2(ρ
(i)
X ) = 32e

(
cκ
√
γ′(1 + ∥ωκ(ρ

(i)
X )∥Lγ(ρκ)) +

√
CB

)2
.

We also have

EV(i)(ρ̂
(i)
X ) = E

Xij∼P
(i)
X

sup
ϕ∈NN (Θm̃)

∥∥∥∥∥1ϑ
ϑ∑

j=1

ϕ(Xij)Xij − E
P

(i)
X
(ϕ(X)X)

∥∥∥∥∥
2

≤ E
Xij ,X′

ij
i.i.d∼ P

(i)
X

sup
ϕ∈NN (Θm̃)

∥∥∥∥∥1ϑ
ϑ∑

j=1

[ϕ(Xij)Xij − ϕ(X ′
ij)X

′
ij]

∥∥∥∥∥
2

=
1

ϑ
E

Xij ,X′
ij

i.i.d∼ P
(i)
X

Eζij sup
ϕ∈NN (Θm̃)

∥∥∥∥∥
ϑ∑

j=1

ζij[ϕ(Xij)Xij − ϕ(X ′
ij)X

′
ij]

∥∥∥∥∥
2

≤ 2

ϑ
EXij

Eζij sup
ϕ∈NN (Θm̃)

∥∥∥∥∥
ϑ∑

j=1

ζijϕ(Xij)Xij

∥∥∥∥∥
2

=
2

ϑ
EXij

Eζij sup
ϕ∈NN (Θm̃)

sup
u∈Sd−1

(
ϑ∑

j=1

ζijϕ(Xij)u
TXij

)

=
2

ϑ
EXij

Eζij sup
f∈U

(
ϑ∑

j=1

ζijf(Xij)

)

where (ζij)
ϑ
j=1 are independent Rademacher random variables and

U := {f : f(x) = ϕ(x)uTx with ϕ ∈ NN (Θm̃), u ∈ Sd−1}.

We define a family of zero-mean random variables index by f ∈ U as

Z
(i)
f :=

1√
ϑ

ϑ∑
j=1

ζijf(Xij),
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which implies that

EV(i)(ρ̂
(i)
X ) ≤ EXij

E
[
sup
f∈U

1√
ϑ
Z

(i)
f

∣∣∣∣(Xij)j

]
.

For any f, f ′ ∈ U,

E[exp(v(Z(i)
f − Z

(i)
f ′ ))|(Xij)i,j] ≤ exp(v2d

(i)
ϑ (f, f ′)2/2), ∀v ∈ R

where

d
(i)
ϑ (f, f ′) :=

(
1

ϑ

ϑ∑
j=1

(f(Xij)− f ′(Xij))
2

) 1
2

.

Then, conditioned on (Xij)j , Z
(i)
f is a subgaussian process indexed by f ∈ U with respect to

d
(i)
ϑ . It’s easy to see that for any f, f ′ ∈ U,

d
(i)
ϑ (f, f ′) =

(
1

ϑ

ϑ∑
j=1

(
ϕf (Xij)u

T
fXij − ϕf ′(Xij)u

T
f ′Xij

)2) 1
2

≤ 2

√√√√1

ϑ

ϑ∑
j=1

∥Xij∥22 =: 2Mi.

If ∥uf − uf ′∥2 ≤ ϵ and parameters in ϕf and ϕf ′ satisfy (4.23),

d
(i)
ϑ (f, f ′) ≤

(
1

ϑ

ϑ∑
j=1

(
ϕf (Xij)u

T
fXij − ϕf ′(Xij)u

T
fXij

)2) 1
2

+

(
1

ϑ

ϑ∑
j=1

(
ϕf ′(Xij)u

T
fXij − ϕf ′(Xij)u

T
f ′Xij

)2) 1
2

≤

(
1

ϑ

ϑ∑
j=1

(
ϕf (Xij)− ϕf ′(Xij)

)2
∥Xij∥22

) 1
2

+Mi ∥uf − uf ′∥2

≤

(
1

ϑ

ϑ∑
j=1

(
192d(2 + ∥Xij∥∞)[c4m̃]3c5m̃

2

ϵ
)2
∥Xij∥22

) 1
2

+Miϵ

≤

Mi + 192d(c4m̃)3c5m̃
2

√√√√1

ϑ

ϑ∑
j=1

(8∥Xij∥22 + 2∥Xij∥42)

 ϵ.



114 4 IN-CONTEXT LEARNING OF EFFICIENT TRANSFORMERS

Then the covering number

N(ϵ̃,U, d
(i)
ϑ ) ≤

(
1 +

(c′2m̃)c
′
3m̃

2

ϵ

)96d2m̃2 (
1 +

2

ϵ

)d

≤

(
1 +

(c′2m̃)c
′
3m̃

2

ϵ

)100d2m̃2

≤
(
1 +

∆(i)

ϵ̃

)100d2m̃2

(c6m̃)c7m̃
4

,

where ∆(i) :=Mi +
√

1
ϑ

∑ϑ
j=1(8∥Xij∥22 + 2∥Xij∥42), c6 = 192d(c′2 + c4) and c7 = 100(c′3 +

3c5)d
2.

Then by Dudley integral, we have

E
[
sup
f∈U

Z
(i)
f

∣∣∣∣(Xij)j

]
≤ 32

∫ 2Mi

0

√
log N(v,U, d

(i)
ϑ ) dv

≤ 32

∫ 2Mi

0

√
100d2m̃2 log

(
1 +

∆(i)

v

)
+ c7m̃4 log(c6m̃) dv

≤ 32

(
2Mim̃

2
√
c7 log(c6m̃) + 10dm̃

∫ 2Mi

0

√
log

(
1 +

∆(i)

v

)
dv

)

≤ 32

(
2Mim̃

2
√
c7 log(c6m̃) + 10dm̃

∫ 2Mi

0

√
∆(i)v−

1
2 dv

)
≤ 32

(
2Mim̃

2
√
c7 log(c6m̃) + 20dm̃

√
2Mi∆(i)

)
.

Then we have

EV(i)(ρ̂
(i)
X ) ≤ 1√

ϑ
EXij

32
(
2Mim̃

2
√
c7 log(c6m̃) + 20dm̃

√
2Mi∆(i)

)
=

1√
ϑ

(
64m̃2

√
c7 log(c6m̃)EXij

Mi + 640dm̃EXij

√
2Mi∆(i)

)
where EXij

Mi = EXij

√
1
ϑ

∑ϑ
j=1 ∥Xij∥22 ≤

√
1
ϑ

∑ϑ
j=1 EXij

∥Xij∥22 =
√
CB and

EXij

√
2Mi∆(i) = EXij

√√√√√2Mi

Mi +

√√√√1

ϑ

ϑ∑
j=1

(8∥Xij∥22 + 2∥Xij∥42)


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≤ EXij

√√√√√2Mi

Mi +

√√√√1

ϑ

ϑ∑
j=1

8∥Xij∥22 +

√√√√1

ϑ

ϑ∑
j=1

2∥Xij∥42



= EXij

√√√√√(2 + 4
√
2)M2

i + 2
√
2Mi

√√√√1

ϑ

ϑ∑
j=1

∥Xij∥42

≤

√√√√√(2 + 4
√
2)EXij

M2
i + 2

√
2
√

EXij
M2

i

√√√√EXij

(
1

ϑ

ϑ∑
j=1

∥Xij∥42

)

≤
√

(2 + 4
√
2)CB + 2

√
2
√
CBCB ≤

√
2 + 6

√
2C

3
4
B .

It follows that

EV(i)(ρ̂
(i)
X ) ≤ 1√

ϑ

(
64
√
CBm̃

2
√
c7 log(c6m̃) + 640d

√
2 + 6

√
2C

3
4
B m̃

)
≤ c8√

ϑ
m̃2
√

log(m̃)

where c8 = 64
√
CBc7(log c6 + 1) + 640d

√
2 + 6

√
2C

3
4
B .

Then we have

P

{
V(i)(ρ̂

(i)
X ) > ϵ+

c8m̃
2
√

log(m̃)√
ϑ

}
≤ exp

(
− ϑϵ2

ψ2(ρ
(i)
X )

)
,

and it follows that

P

{
sup

Φ∈HTn

|E3(TM(Φ))| > 8MCF

√
dm

(
ϵ+

c8m̃
2
√

log(m̃)√
ϑ

)∣∣∣∣∣ρ(1)X , . . . , ρ
(N)
X

}

≤ N exp

(
− ϑϵ2

max1≤i≤N ψ2(ρ
(i)
X )

)



116 4 IN-CONTEXT LEARNING OF EFFICIENT TRANSFORMERS

which is equivalent to the inequality that

P

{
sup

Φ∈HTn

|E3(TM(Φ))| > ϵ+
8c8

√
dMCF m̃

2m
√

log(m̃)√
ϑ

∣∣∣∣∣ρ(1)X , . . . , ρ
(N)
X

}

≤ N exp

(
− ϑϵ2

64M2C2
Fdm

2max1≤i≤N ψ2(ρ
(i)
X )

)
.

Similarly, for any Φ ∈ HTn , we have both ∥Φ∥C(ΩB) and ∥Φ∥C(Ω) uniformly bounded

respectively. Then we have

E3(Φ) =
1

Nϑ

N∑
i=1

ϑ∑
j=1

(
∥Φ(ρ̂(i)X , Xij)− Yij∥22 − ∥Φ(ρ(i)X , Xij)− Yij∥22

)

≤ 1

Nϑ

N∑
i=1

ϑ∑
j=1

(2M + ∥Φ∥C(ΩB) + ∥Φ∥C(Ω))
∥∥∥Φ(ρ̂(i)X , Xij)− Φ(ρ

(i)
X , Xij)

∥∥∥
2

≤ 4(M + ∥Φ∥C(Ω))CF

√
dm max

1≤i≤N

∥∥∥∥∫
X
ϕΦ(x)x dρ̂

(i)
X −

∫
X
ϕΦ(x)x dρ

(i)
X

∥∥∥∥
2

,

which follows that

P

{
E ′
3(Φ) > ϵ+

4c8CF

√
d(M + ∥Φ∥C(Ω))m̃

2m
√
log(m̃)√

ϑ

∣∣∣∣∣ρ(1)X , . . . , ρ
(N)
X

}

≤N exp

(
− ϑϵ2

16(M + ∥Φ∥C(Ω))2C2
Fdm

2max1≤i≤N ψ2(ρ
(i)
X )

)

Recall that for any Φ ∈ HTn ,

E((TM(TS,n)))− E(ΦG) = ∥TM(TS,n)− ΦG∥2L2(νG)

≤E1(TM(TS,n)) + E ′
1(Φ) + E2(TM(TS,n)) + E ′

2(Φ) + E3(TM(TS,n)) + E ′
3(Φ) + E4(Φ).
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Then combine all inequalities, and by the union bound, for any Φ ∈ HTn we have

P
{
∥TM(TS,n)− ΦG∥2L2(π) > 2E4(Φ) + 2CM,B,d

√
nmm̃2

√
Nϑ

+ c9(3M + ∥Φ∥C(Ω))
m̃2m

√
log(m̃)√
ϑ

+ 12ϵ
}

≤N
(
HTn ,

ϵ

16M
,dB2,b(X )

)
exp

{
− 3Nϵ

2048M2

}
+ exp

{
− Nϵ2

2(3M + ∥Φ∥C(ΩB))
2
(
E4(Φ) + 2

3
ϵ
)}

+ 2 exp

{
− (Nϑ)ϵ2

32(M + ∥Φ∥C(ΩB))
4

}

+ 2E
P

(i)
X ∼PX

G
N exp

{
− ϑϵ2

64(M + ∥Φ∥C(Ω))2C2
Fdm

2max1≤i≤N ψ2(ρ
(i)
X )

}

where E4(Φ) = ∥Φ− ΦG∥2L2(νG)
and c9 = 8c8CF

√
d. ■

4.5.3 Theorem 4.10: Generalization Bound for Linear Transformers

From the approximation results, for n ≥ 3, there exists a transformer T ∈ HTn such that

∥T− ΦG∥L2(νG) ≤ C∗

(⌊n
2

⌋)− 1
2 ≤ C ′

∗n
− 1

2 with C ′
∗ = 2C∗

and by the approximant construction, we have ∥T∥C(ΩB) ≤ ∥T∥C(Ω) ≤ 2CF

√
d(1 + CB) =

A1. Apply the above oracle inequality with letting Φ = T and ψ2(ρX) :=
1
N

∑N
i=1ψ2(ρ

(i)
X ),

and we obtain that

P
{
∥TM(TS,n)− ΦG∥2L2(π) > 2C ′2

∗ n
−1 + 2CM,B,d

√
nmm̃2

√
Nϑ

+ 8c8CF

√
d(3M +A1)

m̃2m
√

log(m̃)√
ϑ

+ 12ϵ
}

≤ exp

{
100d2nm2 log

(
1 +

128MCd,F,B

ϵ

)
+ 600c5d

2nm2m̃2 log(c4mm̃)− 3Nϵ

2048M2

}
+ exp

{
− Nϵ2

2(3M +A1)2
(
C ′2

∗ n
−1 + 2

3
ϵ
)}+ 2 exp

{
− (Nϑ)ϵ2

32(M +A1)4

}



118 4 IN-CONTEXT LEARNING OF EFFICIENT TRANSFORMERS

+ 2E
P

(i)
X ∼PX

G
N exp

{
− ϑϵ2

64(M +A1)2dC2
Fm

2Nψ2(ρX)

}
.

We follow the parameter selections in the approximation by letting m = ⌈n
γ

2(γ−1)ξ ⌉ and

m̃ = ⌈(1
2
+ γ

4(γ−1)ξ
) log n⌉. It’s obtained that

P

{
∥TM(TS,n)− ΦG∥2L2(π) > 2C ′2

∗ n
−1 +A2

n
1
2
+ γ

2(γ−1)ξ (log n)2√
Nϑ

+A3
n

γ
2(γ−1)ξ (log n)3√

ϑ
+ 12ϵ

}

≤ exp

{
200d2n1+ γ

(γ−1)ξ log

(
1 +

128MCd,F,B

ϵ

)
+A4n

1+ γ
(γ−1)ξ (log n)3 − 3Nϵ

2048M2

}

+ exp

{
− Nϵ2

2(3M +A1)2
(
C ′2

∗ n
−1 + 2

3
ϵ
)}+ 2 exp

{
− (Nϑ)ϵ2

32(M +A1)4

}

+ 2E
P

(i)
X ∼PX

G
N exp

{
− ϑϵ2

128d(M +A1)2C2
Fn

γ
(γ−1)ξNψ2(ρX)

}

where A2 =
(
1 + γ

2(γ−1)ξ

)2
CM,B,d, A3 = 32(3M +A1)CF

√
dCB and

A4 =

(
1 +

γ

(γ − 1)ξ

)[(
1200c5d

2

(
1

2
+

γ

4(γ − 1)ξ

)2

+ log c4

(
1

2
+

γ

4(γ − 1)ξ

)2
)]

.

If we take ϵ ≥ 2C ′2
∗ n

−1(log n)3, it follows that

P

{
∥TM(TS,n)− ΦG∥2L2(π) > 13ϵ+A2

n
1
2
+ γ

2(γ−1)ξ (log n)2√
Nϑ

+A3
n

γ
2(γ−1)ξ (log n)3√

ϑ

}

≤ exp

{
200d2n1+ γ

(γ−1)ξ log

(
1 +

64MCd,F,B

C ′2
∗

n

)
+A4n

1+ γ
(γ−1)ξ (log n)3 − 3Nϵ

2048M2

}
+ exp

{
− 3Nϵ

8(3M +A1)2

}
+ 2 exp

{
− (Nϑ)ϵ2

32(M +A1)4

}
+ 2E

P
(i)
X ∼PX

G
N exp

{
− ϑϵ2

128d(M +A1)2C2
Fn

γ
(γ−1)ξNψ2(ρX)

}
.
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Take n = ⌊K1N
1

2+γ/[(γ−1)ξ] ⌋ with K1 =

(
min

{
3C′2

∗

819200M2d2
(
1+log

(
64MCd,F,B

C∗

)) , 3C′2
∗

4096M2A4

}) 1

2+
γξ

(γ−1)

and the second stage data size ϑ ≥ N , then we have

P{∥TM(TS,n)− ΦG∥2L2(π) > A5ϵ}

≤ exp

{
3Nϵ

8192M2
+

3Nϵ

8192M2
− 3Nϵ

2048M2

}
+ exp

{
− 3Nϵ

8(3M +A1)2

}
+ 2 exp

{
− C ′2

∗ Nϵ

16K1(M +A1)4

}
+ 2E

P
(i)
X ∼PX

G
N exp

{
− ϑϵ

A6N
3(γ−1)ξ+2γ
2(γ−1)ξ+γ ψ2(ρX)

}

≤ 4 exp

{
−Nϵ
A7

}
+ 2E

P
(i)
X ∼PX

G
N exp

{
− ϑϵ

A6N
3(γ−1)ξ+2γ
2(γ−1)ξ+γ ψ2(ρX)

}
,

where

A5 = 13 +
A2K

3
2
+ γ

2(γ−1)ξ

1 +A3K
1+ γ

(γ−1)ξ

1

2C ′2
∗

, A6 = 128d(M +A1)
2C2

FK
γ

(γ−1)ξ

1 ,

and A7 = min
{

3
3096M2 ,

3
8(3M+A1)2

, C′2
∗

16K1(M+A1)4

}
.

Take t = A5ϵ. Then when t ≥ 2A5C
′2
∗ n

−1(log n)3, we have

P{∥TM(TS,n)−ΦG∥2L2(νG)
> t} ≤ 4 exp

{
− Nt

A5A7

}
+2E

ρ
(i)
X ∼PX

G
N exp

{
− ϑt

A5A6N
3(γ−1)ξ+2γ
2(γ−1)ξ+γ ψ2(ρX)

}
.

It implies that

E{E(TM(TS,n))− E(ΦG)}

=E∥TM(TS,n)− ΦG∥2L2(νG)
=

∫ ∞

0

P{∥TM(TS,n)− ΦG∥2L2(νG)
> t} dt

=

(∫ 2A5C′2
∗ n−1(logn)3

0

+

∫ ∞

2A5C′2
∗ n−1(logn)3

)
P{∥TM(TS,n)− ΦG∥2L2(νG)

> t} dt

≤ 2A5C
′2
∗ n

−1(log n)3 +

∫ ∞

0

P{∥TM(TS,n)− ΦG∥2L2(νG)
> t} dt



120 4 IN-CONTEXT LEARNING OF EFFICIENT TRANSFORMERS

≤ 2K2N
− 1

2+γ/[(γ−1)ξ] (logN)3 +

∫ ∞

0

4 exp

{
−N

1
2+γ/[(γ−1)ξ] t

A5A7

}
dt

+ 2E
ρ
(i)
X ∼PX

G
N

∫ ∞

0

exp

{
− ϑt

A5A6N
3(γ−1)ξ+2γ
2(γ−1)ξ+γ ψ2(ρX)

}
dt

=2K2N
− 1

2+γ/[(γ−1)ξ] (logN)3 + 4A5A7N
− 1

2+γ/[(γ−1)ξ] + 2A5A6
N

5(γ−1)ξ+3γ
2(γ−1)ξ+γ

ϑ
E

ρ
(i)
X ∼PX

G

(
ψ2(ρX)

)
where K2 = 4A5C

′2
∗ K−1

1

(
logK1 +

1
2+γ/[(γ−1)ξ]

)3
. Take ϑ = N3 and we obtain that

E{E(TM(TS,n))− E(ΦG)} ≤
(
2K2 + 4A5A7 + 2A5A6Eρ

(i)
X ∼PX

G

(
ψ2(ρX)

))
N− 1

2+γ/[(γ−1)ξ] (logN)3

where

E
ρ
(i)
X ∼PX

G

(
ψ2(ρX)

)
= E

ρ
(i)
X ∼PX

G

(
1

N

N∑
i=1

ψ2(ρ
(i)
X )

)

= 32eE
ρ
(i)
X ∼PX

G

1

N

N∑
i=1

(
cκ
√
γ′(1 + ∥ωκ(ρ

(i)
X )∥Lγ(ρκ)) +

√
CB

)2
≤ 64eEρX∼PX

G

(
c2κ2γ′(1 + ∥ωκ(ρX)∥Lγ(ρκ))

2 + CB

)
≤ 64e(CB + 2c2κ2γ′) + 128eEρX∼PX

G
∥ωκ(ρX)∥2Lγ(ρκ)

≤ 64e(CB + 2c2κ2γ′ + 2CG).

It follows that

E{E(TM(TS,n))− E(ΦG)} ≤ K3N
− 1

2+γ/[(γ−1)ξ] (logN)3

with K3 = 2K2 + 4A5A7 + 128eA5A6(CB + 2c2κ2γ′ + 2CG). ■

Appendix C

Context Embedding and Feature Mapping

PROPOSITION 2. Kλ : B2(X ) → Hkλ ⊗ Rd is an injective and continuous mapping.
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PROPOSITION 3. The embedding operator Iλ : Ω → HF is injective and continuous.

Proof. Continuity: Recall that Ω = B2(X ) × X is a metric space equipped with dΩ. Also

observe that

∥Iλ(ρ, x)− Iλ(ρ
′, x′)∥HF

≤ ∥Iλ(ρ, x)− Iλ(ρ
′, x)∥HF + ∥Iλ(ρ′, x)− Iλ(ρ

′, x′)∥HF

= ∥Kλ(ρ− ρ′)⊗ kλ(x, ·)∥HF + ∥Kλ(ρ
′)⊗ (kλ(x, ·)− kλ(x

′, ·))∥HF ,

in which

∥kλ(x, ·)− kλ(x
′, ·)∥2Hkλ

= 2(1− exp{−(x− x′)TΣλ(x− x′)})

≤ 2(x− x′)TΣλ(x− x′) ≤ 2∥Σλ∥2∥x− x∥22,

and for any τ ∈
∏
(ρ, ρ′),

∥Kλ(ρ− ρ′)∥Hkλ
⊗Rd =

∥∥∥∥∫
X×X

(kλ(·, y)y − kλ(·, y′)y′) dρ(y)dρ′(y′)
∥∥∥∥
Hkλ

⊗Rd

≤
∫
X×X

∥kλ(·, y)y − kλ(·, y′)y′∥Hkλ
⊗Rd dτ(y, y′)

≤
∫
X×X

∥kλ(·, y)(y − y′)∥Hkλ
⊗Rd + ∥(kλ(·, y)− kλ(·, y′))y′∥Hkλ

⊗Rd dτ(y, y′)

≤
∫
X×X

∥y − y′∥2 dτ(y, y′) +
∫
X×X

√
2∥Σλ∥

1
2
2 ∥y − y′∥2∥y′∥2 dτ(y, y′)

≤
(∫

X×X
∥y − y′∥22 dτ(y, y′)

) 1
2

+
√
2∥Σλ∥

1
2
2

(∫
X×X

∥y − y′∥22 dτ(y, y′)
) 1

2

(Eρ′∥Y ′∥22)
1
2

≤
(
1 +

√
2∥Σλ∥

1
2
2 (Eρ′∥Y ′∥22)

1
2

)(∫
X×X

∥y − y′∥22 dτ(y, y′)
) 1

2

.

Since the above inequality holds for any τ ∈
∏
(ρ, ρ′), it follows that

∥Kλ(ρ− ρ′)∥Hkλ
⊗Rd ≤ (1 +

√
2∥Σλ∥

1
2
2 (Eρ′∥Y ′∥22)

1
2 )W2(ρ, ρ

′)

and that

∥Iλ(ρ, x)− Iλ(ρ
′, x′)∥HF ≤

(
1 +

√
2∥Σλ∥

1
2
2 (Eρ′∥Y ′∥22)

1
2

)
W2(ρ, ρ

′) +
√
2∥Σλ∥

1
2
2 (Eρ′∥Y ′∥22)∥x− x′∥2

≤ (1 + 2
√
2∥Σλ∥

1
2
2 (Eρ′∥Y ′∥22))dΩ((ρ, x), (ρ′, x′)).
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Injection: kλ(x, y) = gλ(x−y) = exp
{
−1

2
(x− y)TΣ−1

λ (x− y)
}

with Σλ = diag(2λ−2
1 , . . . , 2λ−2

d ) ≻

0. For each 1 ≤ j ≤ d, let

K̂
(j)
λ (ρ)(ω) =

∫
Rd

e−iωT yK
(j)
λ (ρ)(y) dy =

∫
Rd

∫
Rd

e−iωT ygλ(y − x)x(j) dρ(x) dy.

By Fubini Theorem, we have

K̂
(j)
λ (ρ)(ω) =

∫
Rd

[∫
Rd

e−iωT ygλ(y − x) dy

]
x(j)dρ(x)

= (2π)
d
2 det(Σλ)

1
2 e−

1
2
ωTΣλω

∫
Rd

x(j)e−iωT x dρ(x)

= (2π)
d
2 det(Σλ)

1
2 e−

1
2
ωTΣλω i∂jF(ρ)(ω),

where F(ρ) is Fourier transform of probability measure ρ.

It follows that K̂λ(ρ)(ω) = (2π)
d
2 det(Σλ)

1
2 e−

1
2
ωTΣλω i∇F(ρ)(ω). Take µ = ρ1 − ρ2 with

ρ1, ρ2 ∈ B2(X ). If Kλ(µ) = 0, then Kλ(µ)(y) = 0 for any y ∈ Rd. It implies that

K̂λ(µ) ≡ 0 and ∇F(µ) ≡ 0. Note that F(µ)(0) = µ(X ) = ρ1(X ) − ρ2(X ) = 0. It can be

obtained that F(µ) ≡ 0. Then by the inversion of Fourier transform of measures, we have

ρ1 = ρ2, which shows that Kλ is an injective mapping on B2(X ). It also follows that Iλ is

injective since x 7→ kλ(x, ·) is also an injective mapping. ■

Examples for Marginal Meta Probability Measure

EXAMPLE 2. (Distributions with Compact Support and Bounded Density).

For B,C > 0, we define the probability class G(B,C) of all probability measures with a

Lebesgue density bounded by C almost surely and supported on the the closed ball of radius

B centered at zero. Then PX
G is a probability measure supported on G(B,C).

Proof. Take (µn) a sequence in G(B,C) with µn → µ in (B2(X ),W2). Denote K the closed

ball of radius B centered at zero. Then by Portmanteau Theorem, the weak convergence of

measures implies that 1 = lim supn→∞ µn(K) ≤ µ(K) ≤ 1. Therefore, µ(K) = 1.
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Also by the weak convergence, we have
∫
φdµ = limn→∞

∫
φdµn ≤ C

∫
φdν for any

φ ∈ C+
c (K), where ν is Lebesgue measure. Then by the density of function class C+

c (K), we

have µ(E) ≤ Cν(E) for any Borel set E ⊂ K, which follows that µ is absolute continuous

with respect to ν and dµ/dν ≤ C almost everywhere on K. It implies that µ ∈ G(B,C) and

then G(B,C) is closed in (B2(X ),W2).

It’s easy to obtain that

Eρ∼PX
G
∥ωκ(ρ)∥2Lγ(ρκ) =

∫
G(B,C)

(∫
K

(
dρ

dρκ

)γ

dρκ

) 2
γ

dPX
G (ρ)

≤ C2(2πκ2)
(γ−1)d

γ exp

(
(γ − 1)B2

γκ2

)
.

■

EXAMPLE 3. (Distributions in Diffusion Generative Modeling [94]).

For B > 0 and 0 < t0 < T <
√

γ
γ−1

κ, we define the probability class G[t0,T ](B) as the

collection of the convolutions between two probability distributions{
µ ∗ ρκ̃ :µ supported on the closed ball with radius B in Rd,

Gaussian measure ρκ̃ with t0 ≤ κ̃ ≤ T
}

with

(µ ∗ ρκ̃)(x) = (2πκ̃2)−
d
2

∫
∥y∥2≤B

exp

(
−∥x− y∥2

2κ̃2

)
dµ(y).

The marginal meta probability measure PX
G is defined as a joint probability measure on

B2,b(X ) × [t0, T ] as P̃X
G × Uniform[t0, T ] where P̃X

G is a probability measure defined on

B2,b(X ).

Proof. Since the convolution between µ and ρκ̃ can be considered as the probability distribution

of random variable X + Zκ̃ with X ∼ µ and Zκ̃ ∼ gaussian distribution ρκ̃ independently,

W2(µ1∗ρκ̃, µ2∗ρκ̃) ≤W2(µ1, µ2) by the coupling argument. Similarly for (µ1, t1), (µ2, t2) ∈
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B2,b(X )× [t0, T ], we have

W2(µ1 ∗ ρt1 , µ2 ∗ ρt2) ≤ W2(µ1, µ2) +W2(ρt1 , ρt2) ≤ W2(µ1, µ2) +
√
d |t1 − t2| ,

which shows that Ĩ : (µ, κ̃) 7→ µ ∗ ρκ̃ is continuous. Then the meta probability in domain

generalization framework can be defined with PX
G = (P̃X

G × Uniform[t0, T ]) ◦ Ĩ−1. It’s easy

to see that for any µ ∗ ρκ̃ ∈ G[t0,T ](B), we have

E∥X + Z∥42 ≤ E(2∥X∥22 + 2∥Z∥22)2 = 4(E∥X∥42 + E∥Z∥42) + 8(E∥X∥22)(E∥Z∥22)

≤ 4(B4 + d(d+ 2)T 4) + 8dB2T 2,

and

∥ωκ(µ ∗ ρκ̃)∥γLγ(ρκ)
= (2πκ2)

d(γ−1)
2

∫
Rd

(µ ∗ ρκ̃(x))γ exp
(
γ − 1

2κ2
∥x∥22

)
dx

=(2πκ2)
d(γ−1)

2 (2πκ̃2)−
dγ
2∫

Rd

(∫
∥y∥2≤B

exp

(
−∥x− y∥22

2κ̃2

)
dµ(y)

)γ

exp

(
γ − 1

2κ2
∥x∥22

)
dx

=(2πκ2)
d(γ−1)

2 (2πκ̃2)−
dγ
2∫

Rd

(∫
∥y∥2≤B

exp

(
2xTy − ∥y∥22

2κ̃2

)
dµ(y)

)γ

exp

(
−
(

γ

2κ̃2
− γ − 1

2κ2

)
∥x∥22

)
dx.

It’s easy to see that ∥ωκ(µ∗ρκ̃)∥Lγ(ρκ) <∞ if and only if vκ̃ := γ
2κ̃2 − γ−1

2κ2 which is equivalent

to the condition κ̃ <
√

γ
γ−1

κ. Moreover, Let bκ̃ = γ
κ̃2 . By Jensen’s inequality, we have

∥ωκ(µ ∗ ρκ̃)∥γLγ(ρκ)

≤ Ad,κ,γκ̃
−dγ

∫
Rd

∫
∥y∥2≤B

exp

(
−γ∥x− y∥22

2κ̃2

)
dµ(y) exp

(
γ − 1

2κ2
∥x∥22

)
dx

≤ Ad,κ,γκ̃
−dγ

∫
∥y∥2≤B

∫
Rd

exp

(
−
( γ

2κ̃2
− γ − 1

2κ2

)
∥x∥22

)
exp

(2γxTy − γ∥y∥22
2κ̃2

)
dx dµ(y)

≤ Ad,κ,γκ̃
−dγ

∫
∥y∥2≤B

∫
Rd

exp(−vκ̃∥x∥22 + bκ̃y
Tx) dx exp

(
− γ∥y∥22

2κ̃2

)
dµ(y)
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= Ad,κ,γκ̃
−dγ

∫
∥y∥2≤B

∫
Rd

exp
(
− vκ̃

∥∥∥∥x− bκ̃y

2vκ̃

∥∥∥∥2
2

)
dx exp

( b2κ̃
4vκ̃

∥y∥22 −
γ

2κ̃2
∥y∥22

)
dµ(y)

= Ad,κ,γ

( π
vκ̃

) d
2
κ̃−dγ

∫
∥y∥2≤B

exp
(( b2κ̃

4vκ̃
− γ

2κ̃2
)
∥y∥22

)
dµ(y)

≤ Ad,κ,γ

( π
vκ̃

) d
2
κ̃−dγ exp

(
γ(γ − 1)κ̃2

2(γκ2κ̃2 − (γ − 1)κ̃4)
B2

)
=: f(κ̃)γ,

We can observe that f(κ̃) is a continuous function on [t0, T ] and f(κ̃) ∼ κ̃−d(1− 1
γ ), κ̃ → 0.

For the domain generalization assumption, we have∫
B2(X )

∥ωκ(ρ)∥2Lγ(ρκ) dP
X
G (ρ) =

∫
G[t0,T ](B)

∥ωκ(ρ)∥2Lγ(ρκ) dP
X
G (ρ)

=
1

T − t0

∫ T

t0

∫
B2,c(X )

∥ωκ(µ ∗ ρκ̃)∥2Lγ(ρκ) dP̃
X
G (µ) dκ̃

≤ 1

T − t0

∫ T

t0

f(κ̃)2 dκ̃ ≤ Ct0,T,γ,B,d. ■

Approximation in Gaussian Space

Optimal Linear Approximation

Note that the space Hkλ is actually the tensor product of unvariate RKHS with the kernels

exp{−λ2l (a − b)2} for a, b ∈ R, so we first consider the univariate case with kλ1(a, b) =

exp{−λ21(a − b)2} where a, b ∈ R and the gaussian measure ρ1,κ with density function

(2πκ2)−
1
2 exp

{
− a2

2κ2

}
.

For j ≥ 1, the eigenvalues and eigenfunctions are given [18, 81] by

rλ1,j = (
√
2κ)−1λ2j−2

1 /Cj− 1
2

1 where C1 = λ21 +
1

4κ2
+

1

2κ

√
1

4κ2
+ 2λ21,

and

φ̃λ1,j(a) = exp

(
−

(
1

2κ

√
1

4κ2
+ 2λ21 −

1

4κ2

)
a2

)
Hj−1

(
1

κ
1
2

(
1

4κ2
+ 2λ21

) 1
4

a

)
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where Hj−1 is the Hermite polynomial of degree j − 1, given by

Hj−1(a) = (−1)j−1ea
2 dj−1

daj−1
e−a2 for a ∈ R

such that ∫
R
H2

j−1(a) exp(−a2) da =
√
π2j−1(j − 1)! for j ∈ N.

Then we can take a orthonormal basis of L2(ρ1,κ) to be {φλ1,j}j∈N by

φλ1,j(a) =

√
(1 + 8κ2λ21)

1
4

2j−1(j − 1)!
exp

(
− 2λ21a

2√
1 + 8κ2λ21 + 1

)
Hj−1

(
1√
2κ

(1 + 8κ2λ21)
1
4a

)
,

and observe that (
√
2κ)−1C− 1

2
1 = 1 − λ2

1

C1 , which allows us to rewrite rλ1,j as rλ1,j = (1 −

ηλ1)η
j−1
λ1

with

ηλ1 =
λ21
C1

=
4κ2λ21

4κ2λ21 + 1 +
√
1 + 8κ2λ21

∈ (0, 1).

For the multivariate case with λ = (λ1, . . . , λd), let j be a multi-index with j = (j1, . . . , jd) ∈

Nd. Then the pairs (rλj , φ
λ
j ) of eigenvalues and eigenfunctions are given by

rλj :=
d∏

l=1

rλl,jl =
d∏

l=1

(1− ηλl
)ηjl−1

λl
and φλ

j (x) :=
d∏

l=1

φλl,jl(x
(l)) for x = [x(1), ..., x(d)] ∈ Rd.

We can also define an orthonormal basis (ψλ
j ) on Hkλ by

ψλ
j (x) :=

d∏
l=1

ψλl,jl(x
(l)) where ψλl,jl :=

√
rλl,jlφλl,jl .

For the simplicity of notation, we rearrange the sequence of eigenpairs (rλj , ψ
λ
j )j∈Nd to

the sequence (rλq , ψ
λ
q )q∈N with the order of a non-increasing sequence of eigenvalues, i.e.,

rλ1 ≥ rλ2 ≥ · · · > 0.
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By Corollary 4.12 in [64], the optimal linear approximation error is

E(n,Hkλ) := inf
Λn⊂Hkλ

sup
∥f∥Hkλ

≤1

∥∥f − ProjΛn
(f)
∥∥
L2(ρκ)

=
√
rλn+1

where Λn is an n-dimensional subspace of Hkλ . By Theorem 5.2 in [18], E(n,Hkλ) ≤

Cδ,κ,θn
−max(θ, 12)+δ for any δ > 0 where Cδ,κ,θ only depends on δ, κ and θ. ■

Approximation of Eigenfunctions by Two-Hidden-Layer Tanh Neural Networks

In this part, we show L2(ρ)-approximation of orthonormal basis defined in Appendix 4.5.3 by

neural networks where ρ is a probability distribution with ∥ωκ(ρ)∥Lγ(ρκ) <∞.

Recall that ψλ
j has a product form of factors being elements with a unit norm in Hkλl

. To

approximate analytic functions with this form, we apply the shallow neural network with and

tanh activation functions and a product-gated output defined in (4.1).

By scaling and translating the variable, for each pair (λl, jl), we define gλl,jl(t) := ψλl,jl

(
2B
(
t− 1

2

))
for t ∈ [0, 1] with some number B > 0. Here we introduce the class of (Q,R)-analytic

functions with Q,R > 0 in which an analytic function f satisfies the smoothness condition

that ∥Dβf∥L∞([0,1]d) ≤ QR−ββ! for all β ∈ N.

By Theorem 1 in [117], for each ψλl,jl ∈ Hkλl
, we have that

∣∣Dβgλl,jl(t)
∣∣ = ∣∣(2B)βDβψλl,jl (2B (t− 1/2))

∣∣ = ∣∣∣∣∣(2B)β
〈
(Dβkλj

)2B(t− 1
2)
, ψλl,jl

〉
Hkλl

∣∣∣∣∣
≤ (2B)β

√
D(β,β)kλl

(x, x) ≤ (4Bλl)
ββ! ≤ (4BCθ)

ββ!.

It implies that gλl,jl is a (1, (4BCθ)
−1)-analytic function for each pair (λl, jl).

Indeed, for kλl
(a, b) = exp{−λ2l (a− b)2},

D(β,β)kλl
= ∂βa∂

β
b kλl

= (−λ2l )β∂2βc exp{−c2} with c = λl(a− b).
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By the definition of Hermite polynomials, ∂2βc exp(−c2) = H2β(c) exp(−c2). It follows that

∂2βc exp(−c2)|c=0 = H2β(0) = (−1)β
(2β)!

β!

which is called Hermite numbers of the even order. Then we have√
D(β,β)kλl

(x, x) ≤ λβl

√
(2β)!

β!
= λβl

√(
2β

β

)
β! ≤ (2λl)

ββ!,

which proves the claim with Q = 1, R = (4BCθ)
−1.

The following lemma follows from an application of Theorem B.7 in [13] and Corollary 5.5

in [12] by taking s = 4m̃,N = m̃.

LEMMA 12. For B > 1, each gλl,jl(t) = ψλl,jl

(
2B
(
t− 1

2

))
on [0, 1]. For m̃ > 3, There

exists a tanh neural network ĝm̃λl,jl
with two hidden layers of width at most 8m̃ such that

∥gλl,jl − ĝm̃λl,jl
∥L∞([0,1]) ≤ 2 exp

(
−4m̃ log

(
m̃

6BCθ

))
with the parameters bounded by c′1(c

′
2m̃)160m̃

2
where c′1, c

′
2 are two absolute constants.

We define ψ̂m̃
λl,jl

(t) = ĝm̃λl,jl

(
t
2B

+ 1
2

)
and recall the product gate T1,⊙ defined as

T1,⊙(x) =
d∏

l=1

T1(xl) with T1(xl) = xl if |xl| < 1 otherwise
xl
|xl|

(T1 can be also implemented by a fixed ReLU neural network as σ(xl+1)−σ(xl−1)−1). Then

we can construct an approximant for ψλ
j =

∏d
l=1 ψλl,jl by ψ̂λ

j,m̃ := T1,⊙
(
(ψ̂m̃

λ1,j1
, . . . , ψ̂m̃

λd,jd
)
)

with L2(ρ) approximation error∥∥∥ψλ
j − ψ̂λ

j,m̃

∥∥∥2
L2(ρ)

=

(∫
∥x∥∞≤B

+

∫
∥x∥∞>B

)
(ψλ

j (x)− ψ̂λ
j,m̃(x))

2 dρ(x)

≤ sup
∥x∥∞≤B

(ψλ
j (x)− ψ̂λ

j,m̃(x))
2 + 2ρ({x : ∥x∥∞ > B}).
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For the first term, we bound it with Lemma 12 by introducing intermediate terms as follows:

sup
∥x∥∞≤B

∣∣ψλ
j (x)− ψ̂λ

j,m̃(x)
∣∣ = ∥∥∥ d∏

l=1

ψλl,jl −
d∏

l=1

T1(ψ̂
m̃
λl,jl

)
∥∥∥
L∞([−B,B]d)

≤
∥∥∥ d∏
l=1

ψλl,jl − T1(ψ̂
m̃
λ1,j1

)
d∏

l=2

ψλl,jl + · · ·+
h∏

l′=1

T1(ψ̂
m̃
λl′ ,jl′

)
d∏

l=h+1

ψλl,jl −
h+1∏
l′=1

T1(ψ̂
m̃
λl′ ,jl′

)
d∏

l=h+2

ψλl,jl

+ · · ·+
d−1∏
l′=1

T1(ψ̂
m̃
λl,jl

)ψλd,jd −
d∏

l=1

T1(ψ̂
m̃
λl,jl

)
∥∥∥
L∞([−B,B]d)

≤d max
0≤h≤d−1

∥∥∥∥∥
h∏

l′=1

T1(ψ̂
m̃
λl′ ,jl′

)
d∏

l=h+1

ψλl,jl −
h+1∏
l′=1

T1(ψ̂
m̃
λl′ ,jl′

)
d∏

l=h+2

ψλl,jl

∥∥∥∥∥
L∞([−B,B]d)

≤d max
0≤h≤d−1

∥ψλh+1,jh+1
− T1(ψ̂

m̃
λh+1,jh+1

)∥L∞([−B,B]) ≤ d max
0≤h≤d−1

∥ψλh+1,jh+1
− ψ̂m̃

λh+1,jh+1
∥L∞([−B,B])

≤2d exp

(
−4m̃ log

(
m̃

6BCθ

))
.

For the second term, we bound it by the subgaussian tail decay of probability measures:

ρ({x : ∥x∥∞ > B}) =
∫
∥x∥∞>B

ωκ(ρ)(x) dρκ(x) ≤ ∥ωκ(ρ)∥Lγ(ρκ)(ρκ({x : ∥x∥∞ > B}))
γ−1
γ

≤ ∥ωκ(ρ)∥Lγ(ρκ)

(
d · κ√

2π
B−1 exp

(
− B2

2κ2

)) γ−1
γ

≤ Cκ,γd∥ωκ(ρ)∥Lγ(ρκ) exp

(
−γ − 1

γ

( B2

2κ2
+ logB

))

with Cκ,γ =
(

κ√
2π

) γ−1
γ

. Let B = m̃
3
4

6Cθ
and the above upper bound can written as

ρ({x : ∥x∥∞ > B}) ≤ dCκ,γ∥ωκ(ρ)∥Lγ(ρκ) exp

(
−γ − 1

γ

( m̃
3
2

72κ2C2
θ

+
3

4
log m̃− log 6Cθ

))
≤ dCκ,γ∥ωκ(ρ)∥Lγ(ρκ) exp(−2m̃ log m̃)

when m̃ > Cκ,θ,γ with Cκ,θ,γ a constant only depending on κ, γ and Cθ.
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Then combine two estimations and we can the final bound as

∥ψλ
j − ψ̂λ

j,m̃∥2L2(ρ) ≤ (2d)2 exp(−2m̃ log m̃) + 2dCκ,γ∥ωκ(ρ)∥Lγ(ρκ) exp(−2m̃ log m̃)

≤ (4d2 + Cκ,γ∥ωκ(ρ)∥Lγ(ρκ)) exp(−2m̃ log m̃)

for m̃ > Cκ,θ,γ . ■



Chapter 5

Conclusion

Through this thesis, we study the approximation and generalization properties of transformer

models in a systematic way. One of the main starting points is to model context information

as the discretization of an underlying probability distribution. Under this viewpoint, the

storage of key–value cache at the computational level can be related to the kernel embedding

of probability distributions, which helps connect the computational mechanism of the model

with an interpretable mathematical framework. Based on this perspective, Chapter 2 suggests

that when pretraining samples are more diverse, the model is in a better position to learn the

underlying target functional. At the same time, the analysis remains affected by the curse

of dimensionality, which appears to be somewhat inconsistent with the empirical scaling

behavior often observed in practice. This issue is particularly relevant because the token

embedding dimension d is itself a tunable parameter.

Chapter 3 then examines this issue further within the kernel-embedding framework. Our

analysis shows that low-rank and sparsified network architectures can capture the rapidly

decaying singular-value structure that often appears in weight matrices, and in this way

substantially alleviate the curse of dimensionality. This phenomenon is especially important

for Fourier functional networks, where the decay structure plays a fundamental role in

determining effective approximation classes. It is also through this perspective that the

connection between transformers and neural operators becomes considerably more transparent:

both can be understood as architectures designed to approximate mappings between structured

function spaces, with compression, spectral decay, and operator structure playing essential

roles in their efficiency.
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Finally, in Chapter 4, we turn to Transformer encoders of the BERT type and abstract them

as mappings from classes of probability distributions to classes of response functions. This

abstraction provides a natural mathematical framework for understanding the essence of

in-context learning. In this formulation, in-context learning is no longer viewed merely as

an empirical phenomenon tied to prompting, but rather as a structured functional mapping

from distributional representations of context to task-dependent responses. Taken together,

the thesis presents a unified perspective in which kernel embedding, operator learning, and

transformer architectures are linked within a common mathematical framework, offering a

systematic explanation of how transformers approximate, generalize, and adapt to contextual

information.

Prior studies [19, 1, 115, 88] often formulate in-context learning as predicting the label of a

given sample conditioned an input prompt containing other samples and labels. As noted in

Zhang et al. [115], a model Φ performs in-context learning as

Φ : S × X → Y , S = ∪n∈N
{
(x1, y1, ..., xn, yn) : xi ∈ X , yi ∈ Y

}
where X is the input space and Y the output space, and Φ is trained on prompts of the form

P = (x1, h(x1), ..., xϑ, h(xϑ), xquery) with h ∼ P a distribution defined on a function space

H to minimize the error EP l(Φ(P), h(xquery)) with a loss function l. Previous theoretical

work has focused on linear function spaces [115] and Hölder spaces [88]. These studies have

demonstrated that transformers can perform well on structured prompts of input-output pairs,

but this formulation has two limitations to bridge the gap between theory and application

[61]. First, in-context learning emerges as a property of LLMs after pretraining on tasks

like autoregression or diffusion-based generation. A pretrained LLM can perform in-context

learning without any parameter updates [105], which is not consistent with theoretical settings

that require training on structured prompts. Second, prompts for in-context learning are often

unstructured and may lack labels. For example, in machine translation from English to French,

the input prompt may contain only instructions in English. Empirical studies [61] also show

that the correct mapping between inputs and true labels in prompts has little performance

gains for in-context learning: model performance with random labels closely matches that

with true labels.
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We address these problems by the domain generalization framework [4, 5] and formulate

in-context learning as operator learning with the two-staged sampling process:

Φ : ρ̂
(i)
X 7→ (h : X → Y), ρ̂

(i)
X = δ([xi1, ..., xini

]) with xij ∈ X . (5.1)

This formulation suggests that the operator Φ maps the context distribution ρ̂(i)X to a response

function h
ρ̂
(i)
X

that takes queries from X and outputs h
ρ̂
(i)
X
(xquery) for any xquery ∈ X , which

aligns with both the nature of Transformers as context-based representation learning and also

the parameter-freezing setting after pretraining for in-context learning. This operator-learning

viewpoint enables us connect the pretrainng stage with in-context learning capacity. With

a richer unstructured prompt [xi1, ..., xin] by more and more samplings (Xij∼ρ(i)X ) from the

ground truth context distribution ρ(i)X , the empirical context distribution ρ̂(i)X can recover ρ(i)X

and then Φ̂(ρ̂
(i)
X ) can well approximate Φ(ρ

(i)
X ) without parameter updates, where Φ̂ is a

pretrained Transformer model to approximate the operator Φ.
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