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Abstract

In this work, we aim to introduce a novel methodology for proving global
pointwise Harnack inequalities for parabolic partial differential equations on a
Riemannian manifold (M, g). The main idea of our approach is to apply a
multi-point maximum principle. We demonstrate our techniques by studying
the Harnack inequalities satisfied by positive solutions of two different equations,
namely the linear Schrödinger equation

∂tu = ∆u− V u in M × (0,∞)

for a potential function V ∈ C2(M), as well as the doubly nonlinear heat equation

∂tu = ∆p(u
m) in M × (0,∞)

where m > 0, p ≥ 2, and

∆pu := div(|∇u|p−2∇u)
is the p-Laplace operator.

In Chapter 1, we recount the history of the study of parabolic Harnack in-
equalities, before reviewing the existence of solutions to our aforementioned equa-
tions of interest in Chapter 2. In Chapter 3, we present the first proofs of the
Harnack inequality using our multi-point maximum principle approach, focusing
on classical solutions of the equations given above. In Section 3.1, we analyse
the Schrödinger equation, first in Euclidean space and then on a Riemannian
manifold M with nonnegative Ricci curvature. This section also contains appli-
cations to Schrödinger equations with a gradient drift term, which includes the
heat equation governed by the Ornstein-Uhlenbeck operator ∆− x · ∇. In addi-
tion, we use our Harnack inequality to recover a differential Harnack inequality
comparable to the famous result of Li and Yau [104]. The results of this first
section of Chapter 3 appear in the author’s article together with Andrews and
Hauer [7], which was published in the journal Calculus of Variations and Partial
Differential Equations.

In Section 3.2, we demonstrate how our techniques can be extended to prove
the Harnack inequality for positive classical solutions of the doubly nonlinear
heat equation. However, since solutions of this equation do not in general possess
sufficient regularity to all be treated as classical solutions, we dedicate Chapter 4
to adapting our proof techniques to viscosity solutions of the linear Schrödinger
equation and doubly nonlinear heat equation. After reviewing the basic notions
associated with viscosity solutions, we develop a modified version of the parabolic
theorem on sums by Crandall and Ishii [41], which is crucial in our methodology.
Finally, we present a new proof of the Harnack inequality satisfied by positive
viscosity solutions of the doubly nonlinear heat equation. These results have not
yet been published.

We conclude in Chapter 5 by summarising the questions still remaining after
the development of this thesis and we outline some potential directions for future
research.
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CHAPTER 1

Introduction

When studying the regularity properties of partial differential equations, it is
often important to know whether the solutions satisfy a Harnack inequality. By
a Harnack inequality, we refer primarily to pointwise estimates such as the famous
inequality

u(x, t) ≥ u(y, s)
(s
t

)d/2
e−

|x−y|2
4(t−s) for all x, y ∈ Rd and 0 < s < t (1.1)

satisfied by every positive solution u of the heat equation

∂tu = ∆u on Rd × (0,∞). (1.2)

Using the inequality (1.1), one can deduce that for every r > 0, there exists a
constant C = C(d, t0, r) such that

sup
x∈Br(x0)

u(x, t0 − r2) ≤ C inf
x∈Br(x0)

u(x, t0)

for all x0 ∈ Rd and t0 > r2, which is another common form of the parabolic
Harnack inequality that one encounters in literature.

In this thesis, we aim to develop a new methodology, which utilises a multi-
point maximum principle to prove global Harnack inequalities similar to (1.1),
which are satisfied by positive solutions of parabolic equations on a Riemannian
manifold (M, g) of dimension d ≥ 1. The multi-point maximum principle is
already a known technique in the study of differential equations. For instance,
it is familiar from the analysis of viscosity solutions, where it is used to prove
comparison principles and uniqueness results (see [42]). The particular approach
employed in this thesis is most heavily inspired by Andrews’ application of a
multi-point maximum principle to study moduli of continuity for solutions of
quasilinear heat equations [5, 6]. The proof techniques and results of Andrews
have also been generalised by Li and Wang [105, 106, 108] to accommodate the
notion of viscosity solutions.

In this work, we treat both classical and viscosity solutions of two specific
parabolic equations. We first consider the linear Schrödinger equation

∂tu = ∆u− V u in M × (0,∞) (1.3)

with potential V ∈ C2(M), which appears in physics as a model of diffusion in a
system containing a sink or source. Our second equation of interest is the doubly
nonlinear heat equation,

∂tu = ∆p(u
m) in M × (0,∞), (1.4)

1



1. A HISTORY OF HARNACK INEQUALITIES 2

where m > 0, p ≥ 2, and

∆pu := div(|∇u|p−2∇u)
is the p-Laplace operator. The equation (1.4) is also sometimes called Leiben-
son’s equation after the physicist who proposed this equation as a model of the
turbulent flow of a gas in a porous medium [101]. Setting p = 2 in equation
(1.4) corresponds to the porous medium equation

∂tu = ∆(um), (1.5)

while choosing m = 1 yields the p-heat equation

∂tu = ∆pu. (1.6)

Before presenting our new methodology, we will take a tour through the his-
torical development of parabolic Harnack inequalities and recall the main proof
techniques found in existing literature. While it would be impossible to present
an exhaustive list of works concerning this ever-expanding area of research, we
aim to highlight the most enduring ideas that continue to guide modern research
on this topic.

1.1. A history of Harnack inequalities

The study of Harnack inequalities began with the work of the mathematician
Carl Gustav Axel Harnack, who in his 1887 book [78] published the following
intriguing fact about harmonic functions on a disk: For a given point x0 ∈ R2

and R > 0, every positive solution u : BR(x0) ⊆ R2 → R of ∆u = 0 in BR(x0)
satisfies

R− r

R + r
u(x0) ≤ u(x) ≤ R + r

R− r
u(x0)

for all x ∈ Br(x0), where 0 < r < R. A standard proof of this result follows from
the Poisson formula for harmonic functions. For positive harmonic functions
u : Ω → R defined on a general domain Ω ⊆ Rd, d ≥ 1, Harnack’s inequality is
often stated in the form

γ−1 sup
Ω′
u ≤ u(x) ≤ γ inf

Ω′
u, (1.7)

where Ω′ ⊆ Ω, x ∈ Ω′, and γ > 0 is a constant. What is most remarkable
about the inequality (1.7) is that the constant γ is uniform across all positive
harmonic functions u on Ω and depends only on the sets Ω and Ω′. This enables
the Harnack inequality (1.7) to be a useful tool to prove several other properties
of harmonic functions, for instance

(i) (Liouville’s Theorem, [62]) Every nonnegative harmonic function on Rd

is constant.
(ii) (Removable Singularity Theorem, [14]) Let d ≥ 3. If u is a harmonic

function defined on the punctured ball Br(0) \ {0} and u(x) = o(|x|2−d)
for x→ 0, then u(0) can be defined such that u : Br(0) → R is harmonic.
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(iii) (Harnack’s Convergence Theorem, [66]) If a sequence (un)n≥1 of har-
monic functions on a connected open set Ω ⊆ Rd is monotonically in-
creasing and there exists x0 ∈ Ω such that (un(x0))n≥1 is convergent,
then (un)n≥1 converges uniformly on every compact subset of Ω to a
harmonic function u.

Linear heat equations

A natural question following Harnack’s discovery was whether an analogous
statement holds true for positive solutions of the heat equation. However, it
was not immediately clear what form such an inequality should take, and thus
it was not until almost seven decades later that a result was found. In 1954,
Hadamard [74] and Pini [126] independently proved the following result in one
spatial dimension: For given r > 0, and t0 > r2, there exists a constant γ > 1
such that every positive solution u of the heat equation (1.2) satisfies

γ−1 sup
x∈Br(x0)

u(x, t0 − r2) ≤ u(x0, t0) ≤ γ inf
x∈Br(x0)

u(x, t0 + r2) (1.8)

for every x0 ∈ Rd. Their proof involved representing the solution u via the
Green’s function for the heat equation. This result was generalised for arbitrarily
spatial dimensions the following year by Montaldo [115].

The most striking difference one should notice in the parabolic case is that
we are no longer able to compare the supremum and infimum of u over the
same ball at the same point in time. Instead, we see a waiting time appear in
the inequality. In terms of the physical interpretation of the heat equation as
a model for the distribution of heat in a medium, this means that if at some
time t0, the temperature u is known at a point x0 in space, then after waiting
some time, the temperature everywhere in a neighbourhood of x0 will be at least
u(x0,t0)

γ
. This waiting time is in fact necessary, as the following counterexample

shows [117].

Suppose for given x0 ∈ R and t0, r > 0, there is a constant γ such that

sup
x∈Br(x0)

u(x, t0) ≤ γ inf
x∈Br(x0)

u(x, t0) (1.9)

for all positive solutions u of the one-dimensional heat equation

ut = uxx in R× (0,∞). (1.10)

Now consider the particular solutions

uξ(x, t) := t−1/2e−(x+ξ)2/4t

of (1.10) for each ξ ∈ R. Applying (1.9) for t0 = 1 and any r > 0 large enough
so that 0 ∈ Br(x0), we have (

uξ(0, 1)

uξ(x0, 1)

)−1

≤ γ.
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However

lim
ξ→−∞

uξ(0, 1)

uξ(x0, 1)
= lim

ξ→−∞
ex

2
0/4ex0ξ/4 = 0.

and hence the left-hand side in the previous inequality becomes unbounded in
the limit as ξ → ∞. With this contradiction we conclude the inequality (1.9) is
false.

The next breakthrough occurred in the 1960s when Moser introduced a new
methodology to prove Harnack inequalities for positive solutions of elliptic and
parabolic equations governed by divergence form operators

Lu :=
d∑

i,j=1

∂

∂xi

(
aij(x, t)

∂u

∂xj

)
,

where the coefficients aij are assumed to be bounded, measurable functions sat-
isfying aij = aji as well as the uniform ellipticity condition

1

λ
|ξ|2 ≤

d∑
i,j=1

aijξiξj ≤ λ|ξ|2 for all ξ ∈ Rd

for some λ > 0. Moser first established his famous iteration technique in the
elliptic case [116], before adapting it to the parabolic case [117, 118]. In partic-
ular, he demonstrated that all positive weak solutions of the equation ∂tu = Lu
on Ω× (0, T ) with Ω ⊆ Rd satisfy an inequality of the form

sup
Br(x0)×(t−1 ,t−2 )

u ≤ C inf
Br(x0)×(t+1 ,t+2 )

u (1.11)

where r > 0 is such that Br(x0) ⊆ Ω, 0 < t−1 < t−2 < t+1 < t+2 < T , and C is a
constant depending only on d, λ, r, t−1 , t

−
2 , t

+
1 , and t

+
2 , and not on the solution u.

Throughout his proof of the Harnack inequality (1.11), Moser uses the quantity

M(p,Q) :=

(
1

µ(Q)

∫∫
Q

up dx dt

)1/p

,

where p ∈ R\{0} and Q ⊆ Ω is a cylinder. His main strategy follows by proving
estimates of the form

M(p,Q+) ≤ cM(p,Q−), (1.12)

where Q+ and Q− are disjoint cylinders in Ω and c > 0 is a constant. By
iterating the inequality (1.12) for a particularly chosen sequence of cylinders,
and leveraging the fact that

lim
p→+∞

M(p,Q) = sup
Q
u and lim

p→−∞
M(p,Q) = inf

Q
u

the Harnack inequality (1.11) is proven. The derivation of the inequality (1.12)
is long and technical, and relies on three main tools: the Poincaré inequality, the
Sobolev inequality, and a modified version of an inequality by John and Niren-
berg for functions of bounded mean oscillation. The last of these inequalities
was rather cumbersome and required particular care to establish. Moser even
wrote that “it was desirable to avoid it entirely” in favour of another approach
[119]. Using an argument by Bombieri and Giusti [25] in the elliptic case as
inspiration, Moser was later able to simplify his proof of both the elliptic and
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parabolic Harnack inequalities, so that the John-Nirenberg-type lemma was no
longer needed.

In addition, Moser could apply his Harnack inequality to contribute a new
proof of the Hölder continuity of solutions in both the elliptic [116] and parabolic
cases [117], although these results had previously been shown via other methods
by De Giorgi [46] and Nash [121]. The main idea of Moser’s proof is to use
the Harnack inequality (1.11) to control the oscillation of the solution u on a
nested sequence of cylinders to derive a Hölder estimate. These ideas of Moser
are perhaps some of the most influential in the study of Harnack inequalities so
far and his techniques remain as some of the most commonly used today.

Before proceeding, we briefly mention that Harnack inequalities for ellip-
tic and parabolic equations associated to non-divergence form operators were
found by Krylov and Safonov [95, 131]. Their work introduced a very differ-
ent approach to Harnack inequalities than Moser’s and relies on concepts from
probability theory and stochastic differential equations. A concise explanation
of their approach can be found in the survey article [88] of Kassmann.

Nonlinear heat equations

Alongside the progress being made in the linear scenario, the next important aim
was to achieve Harnack inequalities for nonlinear equations. A main object of
study was quasilinear parabolic equations of p-Laplace type, that is, equations
of the form

∂tu− divA(x, t, u,∇u) = 0 on Ω× (0,∞), (1.13)

where A : Ω × (0,∞) × R × Rd → Rd is a measurable function satisfying the
structure conditions {

A(x, t, u,∇u) · ∇u ≥ C0|∇u|p

|A(x, t, u,∇u)| ≤ C1|∇u|p−1 (1.14)

for some 1 < p <∞ and positive constants C0, C1. The prototype of the equation
(1.13) is the p-heat equation

∂tu− div(|∇u|p−2∇u) = 0.

For the equation (1.13), one defines the modulus of ellipticity as a function
λ = λ(x, t, u,∇u) such that

A · ∇u ≥ λ|∇u|2

on Ω× (0,∞)× R× Rd. If A satisfies the structure condition (1.14), a suitable
modulus of ellipticity is λ = C0|∇u|p−2. Thus, one sees that the behaviour
of solutions of the equation (1.13) is strongly influenced by the value of the
parameter p in (1.14). If p > 2, we notice that λ vanishes whenever ∇u = 0, and
one calls the equation (1.13) degenerate in this case. If 1 < p < 2, then λ → ∞
as ∇u→ 0 and one calls the equation (1.13) singular.

Following Moser’s success in the 1960s in studying the Harnack inequality
for linear equations, his techniques were swiftly adapted before the end of the
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decade by Serrin [134] and Trudinger [145] to prove both Harnack inequality
and Hölder continuity results for the elliptic counterpart

divA(x, t, u,∇u) = 0 on Ω (1.15)

of equation (1.13), where A satisfies the same structure conditions in (1.14).
However, progress in the parabolic setting followed a very different story. The
problem of establishing a Harnack inequality of the form (1.8) for the equation
(1.13) was intertwined with parallel efforts to prove the Hölder continuity of weak
solutions. Ladyžhenskaya and Ural’tseva [99] established the Hölder continuity
of weak solutions of the elliptic equation (1.15) using the earlier methods of De
Giorgi, which did not rely on a Harnack inequality. However, in the parabolic
case, they only managed to prove similar results for p = 2 [98]. It was not until
the latter half of the 1980s that the Hölder continuity of solutions of (1.13) with
p ̸= 2 was proven by DiBenedetto, first in the degenerate range p > 2 [48],
and later in the singular range 1 < p < 2 together with Chen [35]. Harnack
inequality results eventually followed as well, however, the inequalities obtained
were not exactly of the form (1.8). In fact, the inequality (1.8) is in general false
for solutions of (1.13), as counterexamples show (see Chapter 4, Section 3, and
Chapter 5, Section 1.3 in [57]).

In order to achieve these new results, DiBenedetto created a new technique,
referred to as the method of intrinsic scaling, which is elaborated upon in great
detail in [57] (see also [147]). His strategy was not entirely unlike Moser’s, in
that it still involved iterating estimates of the solution u over cylinders, but the
key difference was that the height of the cylinders in the time variable was chosen
to depend on the value of u in a certain manner, which was more accommodating
of the structure of the equation (1.13). This in turn meant that the dimensions
of the cylinders in the resulting Harnack inequalities also depended on u. More
specifically, DiBenedetto’s approach led to inequalities of the form

γ−1 sup
x∈Br(x0)

u(x, t0 − θrp) ≤ u(x0, t0) ≤ γ inf
x∈Br(x0)

u(x, t0 + θrp), (1.16)

where

θ =

(
c

u(x0, t0)

)p−2

,

the constants c and γ depend only on d, p, C0, and C1, and (x0, t0) ∈ Ω× (0, T )
is such that the cylinders

B4r(x0)× (t0, t0 + θrp] and B4r(x0)× (t0 − θrp, t0]

are contained in Ω× (0, T ). Using this approach, DiBenedetto was able to prove
Harnack inequalities for the p-heat equation (1.6) in both the cases p ≥ 2 [49],
as well as for 2d

d+1
< p < 2 together with Kwong [58]. Interestingly, DiBenedetto

and Kwong showed in these articles, that these techniques could also be applied
to prove Harnack inequalities for positive solutions of the porous medium equa-

tion (1.5) for m > (d−2)+
d

. Results for the doubly nonlinear heat equation (1.4)
were also achieved by Gianazza and Vespri [65, 149]. We note that for the
equation (1.4) with m = 1

p−1
, sometimes called Trudinger’s equation, the oper-

ator ∂tu − ∆p(u
1

p−1 ) becomes homogeneous, and so one does not encounter the
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same difficulties as with general m > 0 and p > 1. This enabled the traditional
approach of Moser to be applied more instantly to obtain Harnack inequalities
without the techniques of DiBenedetto [93, 97, 146].

Harnack inequalities for equation (1.13) with the full quasilinear structure
were found much later by DiBenedetto, Gianazza, and Vespri [53, 55], again
subject to the condition that p > p∗ := 2d

d+1
. The work of these three authors

revealed several interesting phenomena, and we refer to their book [57] for a
detailed, self-contained account of their findings. Firstly, when p∗ < p < 2, the
solutions of (1.13) satisfy additional Harnack inequalities, which are forward and
backward in time, and elliptic. By this, we mean that an inequality of the form

γ−1 sup
x∈Br(x0)

u(x, t) ≤ u(x0, t0) ≤ γ inf
x∈Br(x0)

u(x, s) (1.17)

holds, where t, s > 0 are allowed to be any points in time satisfying

t0 − δ[u(x0, t0)]
2−prp ≤ t, s ≤ t0 + δ[u(x0, t0)]

2−prp

and γ, δ are positive constants depending only on p and d. In particular, an
elliptic Harnack inequality holds, in the sense that one may take t = s = t0 in
(1.17), meaning that the inequality (1.9), which we showed to be false for the heat
equation (p = 2), now becomes true when p∗ < p < 2. Most importantly, the
value p∗ =

2d
d+1

was shown to be the critical threshold for the Harnack inequality
to hold, that is, solutions of (1.13) satisfying structure condition (1.14) with
1 < p ≤ p∗ do not in general satisfy the Harnack inequality (1.16) or (1.17). For
example, solutions of the p-heat equation for 1 < p ≤ p∗ become extinct in finite
time [50], so the inequality (1.16) could not possibly hold. Hence, solutions of
(1.13) are important examples of functions, which are Hölder continuous despite
not satisfying the Harnack inequality, showing that the Harnack inequality is a
stronger property. The authors later demonstrated that solutions of (1.13) for
p in the subcritical range 1 < p ≤ p∗ do, however, satisfy weaker forms of the
Harnack inequality [54, 56].

There has been a great deal of further progress on Harnack inequalities for
nonlinear heat equations, but we will revisit this topic after discussing the con-
tributions of Li and Yau and their differential Harnack inequality.

Heat equations on manifolds

Following the early progress on parabolic Harnack inequalities, there was great
curiosity to explore similar results for heat equations posed on Riemannian man-
ifolds. However, early attempts to adapt Moser’s iteration techniques were often
met with limitations, primarily due to the lack of suitable Sobolev and Poincaré
inequalities, and were often not sharp. Thus, the next major milestone came
in 1986, when Li and Yau [104] presented a novel strategy to prove parabolic
Harnack inequalities, which avoided Moser’s approach entirely, signalling the in-
troduction of a completely different perspective through which to view this area
of research. In the article [104], they prove pointwise Harnack inequalities for
positive solutions of the Schrödinger equation (1.3) on a Riemannian manifold
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(M, g) with Ricci curvature bounded from below. In the particular case that
the manifold has nonnegative Ricci curvature, it is shown that every positive
solution u of (1.3) satisfies

u(x, t) ≥ u(y, s)
(s
t

)d/2
e−C2(θ2/3+C

1/2
1 )(t−s)−ω(x,y;t,s) (1.18)

for all x, y ∈ M and 0 < s < t. Here, V = V (x, t) ∈ C2,1(M × (0,∞)), the
constant C1 is such that ∆V ≤ C1 on M × (0,∞), C2 is a constant depending
on the dimension d of the manifold M , θ is a constant related to the growth of
∇V , and

ω(x, y; t, s) := inf
γ∈Γx,y

1

4(t− s)

∫ 1

0

|γ̇|2 dτ + (t− s)

∫ 1

0

V (γ(τ), (1− τ)s+ τt) dτ,

where Γx,y denotes the set of curves γ : [0, 1] → M with γ(0) = y and γ(1) = x.
The techniques used in [104] to prove this result were an adaptation of previous
work by Yau and Cheng in the elliptic setting [36, 157]. Given the strong
influence of Li and Yau’s work on the development of our own methodology, we
find it appropriate to explore their techniques in greater detail.

The essence of the proof of (1.18) lies in first establishing the local gradient
estimate

|∇u|2

u2
− α

∂tu

u
− αV ≤ C3

α2

R2

(
1 +

α2

α− 1

)
+ α2 d

2t

+

(
C4(σ(R)

4(α− 1)2α4ε−1)1/3 + α3d

2
C1

)1/2 (1.19)

on a geodesic ball of radius R > 0 for every α > 1 and 0 < ε < 1, where C3 and
C4 are depend only on d and σ(R) describes the growth of ∇V . This is achieved
by applying a maximum principle to the quantity F := t(|∇v|2 − α∂tv − αV ),
where v = log u. While we omit the details of the argument for brevity, we do
mention that an important step in the computation involves proving the lemma

(∆− ∂t)F ≥ −2g(∇v,∇F )− F

t
+

2t

d
(|∇v|2 − ∂tv − V )2

− αt∆V − 2(α− 1)tg(∇v,∇V ),

where v = log u. Observe here that this estimate involves the third derivatives
in space and the second derivative in time of the solution u.

Next, under the condition limR→∞
σ(R)
R

≤ θ for some constant θ, choosing

α− 1 = R−2θ−1/2 and letting R → ∞ in (1.19) produces the gradient estimate

−∆(log u) =
|∇u|2

u2
− ∂tu

u
− V ≤ d

2t
+ C2θ

2/3 +

(
d

2
C1

)1/2

. (1.20)

The estimate (1.20) is often referred to in literature as the differential Harnack
inequality because as Li and Yau demonstrated in [104], this inequality can
be integrated along curves in space-time to yield the pointwise global Harnack
inequality (1.18). Indeed, for fixed points x, y ∈M , let γ : [0, 1] →M be any C1
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curve satisfying γ(0) = y and γ(1) = x. Starting with the equivalent form

∂t(log u) ≥ |∇ log u|2 − V − d

2t
− C,

of (1.20), where C := C2θ
2/3 +

(
d
2
C1

)1/2
and combining with the fact that

d

dτ
log u(γ(τ), (1− τ)s+ τt) = (t− s)∂t log u(γ(τ), (1− τ)s+ τt))

+ g(∇ log u(γ(τ), (1− τ)s+ τt)), γ̇(τ))

yields

d

dτ
log u(γ(τ), (1− τ)s+ τt)

≥ g(∇ log u(γ(τ), (1− τ)s+ τt)), γ̇(τ))

+ (t− s)|∇ log u|2 − V (t− s)− d(t− s)

2((1− τ)s+ τt)
− C(t− s).

Integrating over [0, 1], we have

log u(x, t)− log u(y, s) + C(t− s) +
d

2
log

(
t

s

)
≥
∫ 1

0

g(∇ log u, γ̇) + (t− s)|∇ log u|2 dτ − (t− s)

∫ 1

0

V (γ) dτ.

By completing the square in the first integral, we see that

log u(x, t)− log u(y, s) + C(t− s) +
d

2
log

(
t

s

)
≥ − 1

4(t− s)

∫ 1

0

|γ̇|2 dτ − (t− s)

∫ 1

0

V (γ) dτ

which implies the Harnack inequality (1.18) after taking the infimum over all
γ ∈ Γx,y.

In the particular case that V = 0 and M = Rd corresponding to the heat
equation, this derivation leads directly to the inequality (1.1) stated at this
beginning of this manuscript. This inequality is considered sharp, since the
fundamental solution Γ of the heat equation given by

Γ(x, t) = (4πt)−d/2e
−|x|2

4t (1.21)

for all x ∈ Rd and t > 0 satisfies (1.1) with equality on the set of points x, y ∈ Rd,
0 < s < t such that sx = ty. In addition, the differential Harnack inequality
(1.20) is satisfied with equality on all of Rd × (0,∞). We mention that Moser
previously obtained a result very close to (1.1), although the version stated in
[117] did not include the explicit constants needed to gain this sharpness. The
strategy of proving a differential Harnack inequality and then integrating along
curves has also been adapted for nonlinear equations, as we will soon discuss.

We also note that the differential Harnack inequality (1.20) is of independent
interest, since it implies several other properties of solutions to (1.3), including
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heat kernel estimates [104]. For a discussion of some further consequences, we
refer the reader to the classical book by Davies [45, Section 5.4].

The results obtained in [104] have been improved by various authors using
similar techniques, especially for the heat equation (V ≡ 0) (see, for instance,
[18, 20, 45, 76, 103]), but also in the general potential case [102, 130, 158,
159]. Furthermore, Li and Yau’s results were expanded upon by Hamilton [76],
who introduced a new form of differential Harnack inequality, referred to as a
matrix Harnack inequality. In 1993, Hamilton demonstrated that under slightly
stronger curvature assumptions on the manifold M , if u is a positive solution of
the heat equation on a compact manifold M and X is a vector field on M , then

∇i∇jf +
1

2t
fgij + g(∇if,Xj) + g(∇jf,Xi) + fXiXj ≥ 0 (1.22)

holds in M × (0,∞) for each 1 ≤ i, j ≤ d. This result can be considered a
generalisation of the Li-Yau differential Harnack inequality (1.20) for V ≡ 0,
since one may recover (1.20) by choosing X = −∇f

f
in (1.22) and taking the

“trace”, that is, letting i = j and summing over i. Several authors have studied
such Hamilton-type inequalities in various settings, although we will not focus
on this here. We refer the reader to the articles [9, 30, 40, 107, 109, 123, 156]
and the references therein.

The achievements of Li and Yau spawned considerable interest in studying
Harnack inequalities for other problems in the manifold setting, including for
geometric flows. Several important contributions in this direction were made in
the 1990s by Chow [37, 38, 39] and Hamilton, who proved Harnack inequal-
ities for the Ricci flow [75] and the mean curvature flow [77]. The former of
Hamilton’s results has particular significance amongst the wider mathematical
community as it informed a crucial element of Perelman’s proof of the famous
Poincaré conjecture. Another popular direction of research has been Harnack in-
equalities for heat equations on time-dependent manifolds, evolving under some
particular geometric flow. Some examples of this can be found in the articles
[32, 79, 82, 110, 143, 160].

Another interesting development was the findings of Grigor’yan [69] and
Saloff-Coste [132], who discovered a certain equivalence between the parabolic
Harnack inequality and the manifoldM possessing the properties of volume dou-
bling and a Poincaré inequality. The main idea behind this correspondence is
that these two properties are sufficient to imply a Sobolev-type inequality strong
enough for Moser iteration to proceed. We state their result more precisely in
the case of the heat equation. A manifold M endowed with a measure µ is said
to have the volume doubling property if for a given 0 < r0 ≤ ∞, there is a C > 0
such that

µ(B2r(x)) ≤ Cµ(Br(x))

for all 0 < r < r0 and x ∈ M . Moreover, we say that M admits a (weak)
Poincaré inequality if for a given 0 < r0 ≤ ∞, there is a C > 0 such that∫

Br(x)

|f − fx,r|2 dµ ≤ Cr2
∫
B2r(x)

|∇f |2 dµ
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for all 0 < r < r0, x ∈ M , and f ∈ C∞(M). Then, the main result of [69] and
[132] states that positive solutions of the heat equation on M satisfy a Harnack
inequality of the form

sup
Q−

u ≤ C inf
Q+

u

for particularly chosen setsQ−, Q+ ⊆M if and only ifM has the volume doubling
property and admits a weak Poincaré inequality. Importantly, manifolds with
nonnegative Ricci curvature satisfy both these properties, and thus the results
in the articles [69] and [132] are consistent with the work of Li and Yau. We
note that this result also applies for more general divergence form operators. For
more details on this matter, we refer the reader to [133].

Differential Harnack inequalities and nonlinear heat equations

Prior to the work of DiBenedetto on the p-heat and porous medium equations,
differential Harnack inequalities for these equations had already been proven,
although the connection to the Harnack inequality was not acknowledged at the

time of their discovery. In 1979, Aronson and Bénilan proved that if m > (d−2)+
d

,

then every positive solution of the porous medium equation (1.5) on Rd× (0,∞)
satisfies

∆v ≥ −K
t
, (1.23)

where v = m
m−1

um−1 if m ̸= 1, v = log u if m = 1, and K = (m− 1 + 2
d
)−1. This

inequality should be compared with the differential Harnack inequality (1.20) for
the linear heat equation. The derivation of the inequality (1.23) is performed
using a comparison principle and we briefly explain this methodology in the
simple case m = 1 in Appendix B. The corresponding estimate for the p-heat
and doubly nonlinear heat equations was later proven by Esteban and Vázquez
[60, 61]. This estimate takes the near-identical form

∆pv ≥ −K
t
, (1.24)

except one must now define

v :=


m

λ
uλ if λ ̸= 0,

1

p− 1
log u if λ = 0,

where λ = m − 1
p−1

. Importantly, the estimate (1.24) is only valid for m > 0

and p > 1 such that K = (m(p− 1)− 1 + p
d
)−1 > 0. We remark that in the case

m = 1 corresponding to the p-heat equation, p must satisfy p > p∗ =
2d
d+1

, which
coincides with the range identified by DiBenedetto, Gianazza and Vespri [57] for
the Harnack inequality to hold. Moreover, much like the differential Harnack
inequality (1.20) for the heat equation on Rd, each of the estimates (1.23) and
(1.24) is sharp, since they are satisfied with equality by the corresponding Baren-
blatt solution (see Section 2.3 for the definition). However, instead of Harnack
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inequalities, the authors who proved (1.23) and (1.24) were rather interested in
proving regularisation effects of the respective equations. The space-time inte-
gration of (1.23) and (1.24) to obtain pointwise Harnack inequalities was not
explicitly performed until Auchmuty and Bao’s 1994 article [13], which credits
Li, Yau and Hamilton for the main idea of how to proceed with the integration
step. An estimate analogous to (1.23) was also made available by Crandall and
Pierre [44, Lemma 2] for the generalised porous medium equation

∂tu = ∆(φ(u)), (1.25)

where φ : R → R is a non-decreasing function, although we are not aware of any
works, which integrate this estimate to obtain a Harnack inequality. However,
it is very common in literature that authors will prove a differential Harnack
inequality in a form similar to (1.23) or (1.20) without integrating it, either
because it is technically difficult to do so, or because the differential form of the
Harnack inequality already supplies enough information.

More recently, researchers have been interested in studying differential Har-
nack inequalities for nonlinear heat equations on Riemannian manifolds. One of
the first major results in this area appeared in Vázquez’s treatise on the porous
medium equation, in which he proved the analogue of (1.23) on manifolds with
nonnegative Ricci curvature [148, Proposition 11.12]. Together with Lu, Ni and
Villani [111], Vázquez also proved local versions of (1.23) on manifolds with
Ricci curvature bounded from below. In the case m > 1, these results were
later improved by Huang, Huang, and Li [80], who also obtained a Harnack
inequality. Additional results for variations of the porous medium equation,
especially the generalised porous medium equation (1.25), have been obtained
in [113, 127, 151, 158], and also for the porous medium equation on time-
dependent manifolds in [17, 31, 112, 152]. Some work has also been done on the
p-heat [94] and doubly nonlinear heat equations on manifolds [16, 34, 153, 154],
although there are fewer works available in this direction than for the porous
medium equation.

Recent trends

Since its inception, the study of parabolic Harnack inequalities has spread in
many other directions with a wide variety of applications beyond what is possible
to include in this overview. Nonetheless, we would like still to briefly acknowledge
some of the other significant advancements, which have emerged throughout the
21st century, including, but not limited to, Harnack inequalities for stochastic
partial differential equations (see [150] and the references therein), on graphs
[47, 59, 68], and applications to the theory of optimal transportation [19]. Most
recently, a popular field of research has been Harnack inequalities for nonlocal
diffusion equations, the prototypical example being the fractional heat equation

∂tu+ (−∆)su = 0,
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where (−∆)s denotes the fractional Laplace operator defined by

(−∆)su(x) := Cd,s lim
ε→0+

∫
Rd\Bε(x)

u(x)− u(y)

|x− y|d+2s
dy,

0 < s < 1 and Cd,s is a normalisation constant. Several results have been
attained by adapting the classical methods of Moser and De Giorgi (see, for
instance, [64, 89, 90, 135, 140]). An alternative approach was also found by
Weber and Zacher [155], who used heat kernel representations of solutions to
first derive a Li-Yau-type differential Harnack inequality.

1.2. Overview of thesis

In this thesis, we wish to contribute another piece to this ever-growing story
by presenting a new methodology to prove global pointwise parabolic Harnack
inequalities, which is based on a multi-point maximum principle argument. Our
approach allows us to directly prove Harnack inequalities, and then recover the
differential form afterwards using space-time differentiation. As a consequence,
we only require the solution to be C2,1 onM×(0,∞) instead of needing the C3,2-
regularity required by Li and Yau [104]. In the Euclidean setting, a version of our
argument also applies to viscosity solutions, which only need to be continuous
functions. While the regularity of solutions is typically not an obstacle in the
linear case, since solutions of (1.3) are generally smooth, this relaxation of the
regularity assumptions on the solutions is advantageous, when studying solutions
of nonlinear equations, which often have weaker regularity properties.

This remainder of thesis is organised in the following way.

In Chapter 2 we briefly review the known existence theory for our two main
equations of interest, the linear Schrödinger equation

∂tu = ∆u− V u in M × (0,∞) (1.3)

and the doubly nonlinear heat equation

∂tu = ∆p(u
m) in M × (0,∞). (1.4)

Since we work on a Riemannian manifold M , we first explain the required
functional-analytic setup by defining and giving basic properties of the Sobolev
space W 1,p(M). We then apply the theory of gradient systems to show the
existence of solutions to the linear equation (1.3) for all potential functions
V ∈ C(M), which are bounded from below. Appealing to the concept of Mosco
convergence, we then demonstrate that solutions of (1.3) on a complete Rie-
mannian manifold M can be approximated locally uniformly by solutions of the
homogeneous Neumann problem posed on an increasing sequence of compact
submanifolds Mn ⊆ M , which cover M . This property will be crucial later to
study the Harnack inequality on non-compact manifolds. The theory regarding
the doubly nonlinear heat equation (1.4) is markedly more complex than for the



1. OVERVIEW OF THESIS 14

linear equation (1.3) and therefore, instead of explaining this in detail, we find
it more appropriate to provide references to literature on the topic.

In Chapter 3, we begin our presentation of our multi-point maximum prin-
ciple approach to prove Harnack inequalities, first for positive classical solutions
of our equations of interest. This chapter is divided into two sections, with Sec-
tion 3.1 focused on the Schrödinger equation (1.3) and Section 3.2 on the doubly
nonlinear heat equation (1.4). We note that the results of Section 3.1 appear in
the author’s article [7] with Andrews and Hauer, which was published recently.
The results in the other sections of this thesis have not yet been published.

In Section 3.1, we first treat the most basic case, which is the Schrödinger
equation (1.3) on the Euclidean space M = Rd. Our main task in Section 3.1.1
is to establish a Harnack inequality for positive solutions of the homogeneous
Neumann problem associated to (1.3) on smooth bounded subsets Ω ⊆ Rd, which
is achieved by Theorem 3.2. By approximating solutions of (1.3) on the full space
Rd by solutions of the Neumann problem, we extend the conclusion of Theorem
3.2 to solutions of the full-space problem (see Theorem 3.1). In each of the
Theorems 3.1 and 3.2, we provide sufficient conditions in order for a Harnack
inequality of the form

u(x, t) ≥ u(y, s)
β(s)

β(t)
e−ω(x,y;t,s)

to hold, where ω and β are functions satisfying certain properties. In Section
3.1.2, we study good candidates for optimal choices of the functions ω and β,
which we motivate using the work of Li and Yau [104]. In the case of the
classical heat equation (V ≡ 0) and the Schrödinger equation with quadratic
potential V (x) = |x|2, we show that our choice of ω and β leads to sharp Harnack
inequalities. Our result for the heat equation recovers the famous inequality (1.1),
while the result for the quadratic potential is new.

Working with our optimal choices for ω and β, in Section 3.1.3, we prove the
analogues of Theorem 3.1 and Theorem 3.2 on general Riemannian manifolds
with nonnegative Ricci curvature (see Theorem 3.11 and 3.12). The proofs in
the Riemannian case follow much of the same strategy as in the Euclidean case,
although due to the limited regularity of the function ω, we make some purely
technical modifications to our approach.

Next, in Section 3.1.4, we apply our results from the previous sections to
obtain Harnack inequalities for positive solutions of the equation

∂tu = ∆u− 2∇f · ∇u− V u in M × (0,∞)

for a given function f ∈ C4(M). Our conclusions follow from the simple ob-
servation that the above equation can be reduced to the equation (1.3) via a
change of variables. In particular, we apply our sharp results for quadratic po-
tentials to obtain a Harnack inequality for the heat equation associated to the
Ornstein-Uhlenbeck operator ∆− x · ∇.

Finally, in Section 3.1.5, we use our Harnack inequality to obtain a differential
Harnack inequality comparable to the result (1.20) of Li and Yau.
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In Section 3.2, we repeat our analysis from the previous section to obtain
Harnack inequalities for positive classical solutions of the doubly nonlinear heat
equation (1.4) with m > 0 and p ≥ 2. Section 3.2.1 is devoted to studying (1.4)
on the Euclidean space Rd, while Section 3.2.2 concerns the equation (1.4) on a
Riemannian manifold with nonnegative Ricci curvature.

Given that solutions of the doubly nonlinear heat equation (1.4) are not
classical in general, it is necessary to expand our proof techniques to weaker
notions of solutions. In Chapter 4, we choose to work with viscosity solutions.
In Section 4.1, we present a summary of the basic theory associated with viscosity
solutions, including their characterisation via second-order semijets. In our proof
of the Harnack inequality, the most important tools we utilise are the theorem
on sums and maximum principle for semicontinuous functions. Therefore, we
use Section 4.2 to firstly revise the proofs of these theorems as they appeared
in the article of Crandall and Ishii [41], before stating and proving our own
modified versions of these results in the parabolic case. Finally, in Section 4.3,
we discuss a new proof of the Harnack inequality for positive viscosity solutions
of the equations (1.3) and (1.4) in the Euclidean case M = Rd. While there are
some existing articles about Harnack inequalities for viscosity solutions of fully
nonlinear equations (see, for instance, [29, 73, 92, 96, 125]), our proof offers a
very different approach to this matter.

We conclude the thesis in Chapter 5, where we summarise the main ques-
tions remaining at the end of this work and suggest some potential directions for
future research.



CHAPTER 2

Existence Theory

Before studying the Harnack inequalities satisfied by solutions of equations (1.3)
and (1.4), we first give an exposition of the existence theory for these equations.

We study the linear Schrödinger equation

∂tu = ∆u− V u in M × (0,∞) (1.3)

with a potential function V ∈ C(M), which is bounded from below, on both a
complete Riemannian manifold M , as well as the homogeneous Neumann prob-
lem on a compact manifold with boundary ∂M . We employ the theory of gra-
dient systems to demonstrate that equation (1.3) has a unique solution for all
initial data u(·, 0) := u0 ∈ L2(M). We will also explain the important property,
that solutions of the equation (1.3) on a complete Riemannian manifold can be
approximated by solutions of the homogeneous Neumann problem on compact
submanifolds.

We also make some comments regarding the doubly nonlinear heat equation

∂tu = ∆p(u
m) in M × (0,∞), (1.4)

however, the theory of this equation is significantly more complex. Therefore, in
order to not detract from the focus of this thesis, we prefer to briefly summarise
the most relevant findings from literature.

Before we begin, we introduce the function spaces needed throughout this
chapter.

2.1. Sobolev spaces on Riemannian manifolds

We briefly review the essential definitions and properties concerning Sobolev
spaces on Riemannian manifolds. Here, we follow the definitions and notations
used by Grigor’yan [67]. For a reminder of the fundamentals of Riemannian
geometry, one may consult Appendix A.

Let (M, g) be a Riemannian manifold. We first endow M with the structure
of a measure space. We build a σ-algebra Λ(M) on M by declaring a set E ⊆M
to be measurable if φ(E ∩U) is a (Lebesgue) measurable set in Rd for any chart
(U,φ) of M . In particular, Λ(M) contains all open (and closed) sets on M . We
may then define a measure ν : Λ(M) → [0,∞] in a chart (U,φ) by setting

dν :=
√

det g dµ,

16
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where dµ denotes the Lebesgue measure on Rd. Where there is no ambiguity, we
also write dx instead of dν. We may thus consider the triple (M,Λ(M), dx) as
a measure space. Then, we can define the Lebesgue spaces Lp(M) := Lp(M, ν)
for 1 ≤ p ≤ ∞ with the norm

∥u∥p :=
(∫

M

|u|p dx

)1/p

for 1 ≤ p <∞, u ∈ Lp(M),

∥u∥∞ := ess sup
x∈M

|u(x)| for all u ∈ L∞(M)

via the usual construction. We also define the Lebesgue space L⃗p(M) of vector

fields X on M by setting X ∈ L⃗p(M) if and only if |X| :=
√
g(X,X) ∈ Lp(M).

We set
∥X∥L⃗p(M) := ∥|X|∥p

for all X ∈ L⃗p(M). Where there is no confusion, we also write ∥ · ∥p instead of
∥ · ∥L⃗p(M). Finally, we write L

p
loc(M) to denote the space of functions u :M → R

such that u ∈ Lp(K) for all compact sets K ⊆M .

We now recall some important properties of the space Lp(M), which follow
from the general theory of Lebesgue spaces [28].

Proposition 2.1. The spaces (Lp(M), ∥ · ∥p) and (L⃗p(M), ∥ · ∥L⃗p(M)) are

(i) Banach spaces for all 1 ≤ p ≤ ∞;
(ii) separable for 1 ≤ p <∞;
(iii) reflexive for 1 < p <∞.

In order to define the Sobolev space W 1,p(M), we must first understand
the notion of the weak gradient. For this, we require the space of (Schwartz)
distributions on M .

Definition 2.1. The space of test functions D(M) on M is defined as C∞
c (M)

equipped with the following notion of convergence. We say that ξn → ξ in D(M)
if

(i) there exists a compact set K ⊆ M such that supp(ξn) ⊂ K for every
n ≥ 1, and

(ii) for any chart U in M , limn→∞Dαξn = Dαξ uniformly in U , for each
multi-index α ∈ Nd

0, where

Dα :=
∂|α|

∂xα1
1 ∂x

α2
2 . . . ∂xαd

d

and |α| :=
∑d

i=1 αi.

Definition 2.2. The space of continuous linear functionals on D(M) is denoted
D ′(M) and one calls the elements of D ′(M) distributions. For a given u ∈ D ′(M)
we write ⟨u, ξ⟩D ′(M) to denote the value of u at ξ ∈ D ′(M). In addition, we say
that un → u in D ′(M), or in the sense of distributions, if

⟨un, ξ⟩D ′(M) → ⟨u, ξ⟩D ′(M)

for all ξ ∈ D(M).
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By replacing C∞
c (M) in Definition 2.1 and Definition 2.2 with the space of

compactly supported smooth vector fields onM , we define the spaces D⃗(M) and

D⃗ ′(M) analogously.

Example 2.1. Every function u ∈ L1
loc(M) is associated with a distribution by

setting

⟨u, ξ⟩D ′(M) :=

∫
M

uξ dx

for all ξ ∈ D(M).

Given a vector field X := (X1, . . . , Xd) on M , we define the divergence of X
in a chart U with coordinates x1, . . . , xd by

divX :=
1√
det g

d∑
i=1

∂

∂xi

(√
det gXi

)
.

Definition 2.3. If for a given distribution u ∈ D ′(M), there is a vector field

X ∈ D⃗ ′(M) such that

⟨X, ξ⟩D⃗ ′(M) = −⟨u, div ξ⟩D ′(M) for all ξ ∈ D⃗(M),

we call ∇u := X the distributional gradient of u. In the case that u ∈ L1
loc(M)

and ∇u ∈ L⃗1
loc(M) can be realised as locally integrable functions on M , we call

∇u the weak gradient of u.

With this definition, we are finally ready to define the Sobolev spaceW 1,p(M).

Definition 2.4. For 1 ≤ p <∞, we define

W 1,p(M) := {u ∈ Lp(M) | ∇u ∈ L⃗p(M) exists}.

We also write H1(M) := W 1,2(M).

We equip W 1,p(M) with the norm ∥ · ∥W 1,p(M) defined via

∥u∥pW 1,p(M) := ∥u∥pp + ∥∇u∥pp

for all u ∈ W 1,p(M).

As in the case for Sobolev spaces on Rd, W 1,p(M) inherits from Lp(M) the
same properties already described in Proposition 2.1. In addition, we note the
following useful properties, which follow immediately from the previous defini-
tions.

Proposition 2.2. Let (un)n≥1 and u ∈ W 1,p(M).

(i) If un → u in D ′(M), then ∇un → ∇u in D⃗ ′(M).
(ii) un → u in W 1,p(M) if and only if un → u in Lp(M) and ∇un → ∇u in

L⃗p(M).
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2.2. The linear Schrödinger equation

In this section, we study the existence of solutions to the Schrödinger equation

∂tu = ∆u− V u in M × (0,∞), (1.3)

where the potential function V ∈ C(M) is bounded from below and (M, g) is
a Riemannian manifold, which is assumed to either be compact with boundary
∂M , or complete. In the case that M is compact, we consider the equation (1.3)
together with the homogeneous Neumann boundary condition

g(∇u, ν) = 0 on ∂M × (0,∞), (2.1)

where ν denotes the outward pointing unit normal vector to ∂M .

Remark 2.1. Without loss of generality, we may assume throughout that V ≥ 0
because if V is merely bounded from below by −α for some α > 0, applying the
transformation û := ue−αt to the equation (1.3) yields

∂tû = ∆û− (Vα)û

with Vα := V +α ≥ 0. After obtaining a result for the new, nonnegative potential
V + α, one can reverse the transformation to transfer the result to the solution
u of the original equation.

Traditionally, a linear equation such as (1.3) might be studied using the
framework of sesquilinear forms and linear semigroup theory (see, for example,
[124]). However, one might encounter some complications in the case that the
manifold M is not compact and the potential V is unbounded. Therefore, we
elect to instead use the theory of gradient systems. We will use the following
definition.

Definition 2.5 (Subdifferential operator). Let E : H → (−∞,+∞] be a proper,
convex, lower semicontinuous function defined on a Hilbert space H. The map-
ping ∂E ⊆ H ×H defined by

∂E :=

{
(u, v) ∈ H ×H

∣∣∣∣ lim inf
t→0+

E(u+ th)− E(u)

t
≥ ⟨v, h⟩ for all h ∈ H

}
is called the subdifferential operator of E. We write v ∈ ∂E(u) if and only if
(u, v) ∈ ∂E and call D(∂E) := {u ∈ H | ∂E(u) ̸= ∅} the domain of ∂E.

In general, the set ∂E(u) ⊆ H may contain more than one element. However,
if E is Gâteaux differentiable at u ∈ D(∂E), then ∂E is single-valued at u and
∂E(u) = {E ′(u)} [136, Proposition 7.6].

We aim to study the equation (1.3) as an abstract Cauchy problem
du

dt
(t) + Au(t) ∋ 0 for t ∈ [0, T ],

u(0) = u0

(2.2)

in a Hilbert space H, where u0 ∈ H and A = ∂E is the subdifferential operator
of a suitably chosen function E.
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Definition 2.6. We call a function u ∈ W 1,1((0, T ], H)∩C([0, T ], H) a (strong)
solution to the Cauchy problem (2.2) if

−du
dt

(t) ∈ Au(t) a.e. t ∈ (0, T )

and u(0) = u0. Here,

W 1,1((0, T ], H) = {u ∈ L1(0, T ;H) | u′ ∈ L1(δ, T ;H) for all δ ∈ (0, T )}.

It is well-documented in the literature that the Cauchy problem (2.2) has

a unique (strong) solution u for all u0 ∈ D(A) (see, for example [27]). Some
further properties of this solution are provided by the following theorem.

Theorem 2.3 ([27]). Let u be the unique (strong) solution to (2.2). If

u0 ∈ D(A), then

(i) u ∈ W 1,∞(0, T ;H);
(ii) u(t) ∈ D(A) for all t ∈ (0, T );
(iii) E(u) ∈ L1(0, T ).

Theorem 2.3 indicates that the operator A = ∂E has a smoothing effect on
the initial datum. Namely, one sees that even when u0 ∈ D(A), one has that
u(t) ∈ D(A) for all t ∈ (0, T ).

Our task is now to identify an appropriate function E : H → (−∞,+∞] such
that the problem (2.2) corresponds to the equation (1.3). Consider a function
u : M → R on a manifold M , which satisfies the equation (1.3) in the classical
sense. Then for all functions v ∈ C∞

c (M), one has∫
M

v∂tu dx−
∫
M

v∆u dx+

∫
M

V uv dx = 0.

Applying the integration by parts formula on M , which is a standard inclusion
in many textbooks (see, for example, [100]), it follows that∫

M

v∂tu dx−
∫
∂M

g(∇u, ν)v dx+

∫
M

g(∇u,∇v) dx+
∫
M

V uv dx = 0.

If M is compact and u satisfies (2.1), this reduces to∫
M

v∂tu dx+

∫
M

g(∇u,∇v) dx+
∫
M

V uv dx = 0. (2.3)

If M is instead complete, this equation still holds, since ∂M = ∅. Now, let
H = L2(M) and A ⊆ H ×H be the operator defined by

⟨Au, v⟩L2(M) :=

∫
M

g(∇u,∇v) dx+
∫
M

V uv dx

for all u, v ∈ L2(M). Using the operator A, we can rewrite (2.3) as

⟨∂tu, v⟩L2(M) + ⟨Au, v⟩L2(M) = 0

for all v ∈ C∞
c (M), which implies that the equation

∂tu+ Au = 0
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holds in L2(M). Moreover, we can identify the operator A as the subdifferential
of the Gâteaux-differentiable functional E : L2(M) → [0,+∞] with domain

D(E) := {u ∈ H1(M) | V u2 ∈ L1(M)}
defined by

E(u) :=

{
1
2

∫
M
|∇u|2 dx+ 1

2

∫
M
V u2 dx if u ∈ D(E)

+∞ otherwise
(2.4)

for all u ∈ L2(M). It is clear to see that E is convex and proper, so our main
task is to prove the following.

Proposition 2.4. The function E defined in (2.4) is lower semicontinuous.

Proof. We use a characterisation of lower semicontinuity and show that the
sublevel set

Eα := {u ∈ L2(M) | E(u) ≤ α}
is closed in L2(M) for every α ∈ R. Let α ∈ R and suppose that (un)n≥1 ⊆ L2(M)
is such that E(un) ≤ α for all n ≥ 1 and un → u for some u ∈ L2(M). Then, in
particular, one has that

1

2

∫
M

|∇un|2 dx ≤ α and
1

2

∫
M

V u2n dx ≤ α (2.5)

for all n ≥ 1. The first inequality in (2.5) implies that (∇un)n≥1 ⊆ L⃗2(M)

is a bounded sequence. Since L⃗2(M) is reflexive, we can extract a subsequence
of (un)n≥1, which we also denote by (un)n≥1, such that ∇un ⇀ v for some

v ∈ L⃗2(M). In particular, ∇un → v in D⃗ ′(M), and so by Proposition 2.2,

we can identify v = ∇u in L⃗2(M). Therefore, we have that u ∈ H1(M) and
∇un ⇀ ∇u. Moreover, we may extract a further subsequence of (un)n≥1 such
that un → u pointwise a.e. in M (see [28, Theorem 4.9]). From this, it follows
that

lim inf
n→∞

1

2
V u2n =

1

2
V u2 a.e. in M .

In particular, Fatou’s lemma and the second inequality in (2.5) show that

1

2

∫
M

V u2 dx =
1

2

∫
M

lim inf
k→∞

V u2nk
dx ≤ lim inf

k→∞

1

2

∫
M

V u2nk
dx ≤ α <∞,

and so V u2 ∈ L1(M). This implies u ∈ D(E). Finally, we use the weak conver-
gence of ∇un ⇀ ∇u to see that

E(u) =
1

2

∫
M

|∇u|2 dx+
1

2

∫
M

V u2 dx

≤ lim inf
n→∞

(
1

2

∫
M

|∇un|2 dx+
1

2

∫
M

V u2n dx

)
= lim inf

n→∞
E(un)

≤ α

Therefore, Eα is closed and E is lower semicontinuous. □
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Remark 2.2. It is well-known that the solution u of the Cauchy problem (2.2)
with E defined by (2.4) enjoys much higher regularity properties than already
stated (see, for example, [62] or [98]). In particular, when we study (1.3) in
Chapter 3, we always assume V ∈ C2(M), which is sufficient to ensure the
solutions are themselves C2, that is, the solutions are classical.

In Chapter 3, when we study the Harnack inequality satisfied by solutions
of (1.3) on a complete, non-compact manifold, such as the full Euclidean space
Rd, we rely heavily on being able to approximate solutions of (1.3) on M by
solutions of Neumann problems on compact subsets Mn ⊂ M . We use the
remainder of this section to justify why this is possible and describe in which
way the solutions of these problems converge. Throughout, we now assume M
is a complete Riemannian manifold and that there exists an increasing sequence
(Mn)n≥1 of compact subsets Mn ⊆Mn+1 ⊆ . . . ⊆M such that

⋃
n≥1Mn =M .

Our first goal is to extend the Cauchy-Neumann problem (2.2) on Mn to a
problem on the entire manifold M by extending the energy E defined in (2.4)
from L2(Mn) to a new energy En on L2(M). Then, we demonstrate that En

converges to E in the sense of Mosco convergence defined below, which has
several powerful consequences.

Definition 2.7 (Mosco convergence). Let H be a Hilbert space and suppose
that En, E : H → (−∞,+∞] are proper, convex and lower semicontinuous. We
say that (En)n≥1 Mosco converges to E and write M-limn→∞En = E if

(i) for every sequence (un)n≥1 ⊆ H and u ∈ H such that un ⇀ u in H,

E(u) ≤ lim inf
n→∞

En(un),

and
(ii) for every u ∈ H, there exists (un)n≥1 ⊆ H such that

lim
n→∞

un = u and lim
n→∞

En(un) = E(u).

For every n ≥ 1, let

Un := {u ∈ H1(Mn) | V u2|Mn ∈ L1(Mn)}
and define En : L2(M) → (−∞,+∞] with domain

D(En) := {u ∈ L2(M) | u|Mn ∈ Un and u = 0 on M \Mn}
by

En(u) :=

{
E(u) if u ∈ D(En)

+∞ otherwise
(2.6)

for all u ∈ L2(M).

Before we proceed, it is imperative that the Cauchy problem (2.2) with E
replaced by En still corresponds to the Neumann problem for the Schrödinger
equation (1.3) on Mn. We do this by computing the subdifferential of En. By
definition, (u, v) ∈ ∂L2(M)En if and only if

⟨v, h⟩L2(M) ≤ lim inf
t→0+

En(u+ th)− En(u)

t
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for all h ∈ L2(M). However, if h ̸∈ D(En), then En(u + th) = +∞ and the
inequality is trivially satisfied. Therefore, it is equivalent to write

⟨v, h⟩L2(M) ≤ lim inf
t→0+

En(u+ th)− En(u)

t

= lim inf
t→0+

1

2

∫
M

|∇u+ t∇h|2 − |∇u|2

t
dx+

1

2

∫
M

V [(u+ th)2 − u2]

t
dx

for all h ∈ D(En). However, since supp(u) ⊆Mn for all u ∈ D(En), this means

⟨v, h⟩L2(Mn) ≤ lim inf
t→0+

1

2

∫
Mn

|∇u+ t∇h|2 − |∇u|2

t
dx+

1

2

∫
Mn

V [(u+ th)2 − u2]

t
dx

for all h ∈ Un. Since E is Gâteaux differentiable at all u ∈ Un, we evaluate this
limit to get

⟨v, h⟩L2(Mn) ≤
∫
Mn

∇u · ∇h+ V uh dx

for all h ∈ Un. Replacing h by −h gives the reverse inequality. Therefore, we
conclude that

∂L2(M)En(u) =

{
v ∈ L2(M)

∣∣∣∣⟨v, h⟩L2(Mn) =

∫
Mn

∇u · ∇h+ V uh dx for all h ∈ Un

}
= ∂L2(Mn)E(u|Mn).

This has the important consequence, that the Cauchy problems (2.2) correspond-
ing to the energy E defined on Mn and to the energy En defined on M are
equivalent and (2.2) remains an appropriate weak formulation of the Schrödinger
equation (1.3). Moreover, if we consider u ∈ C2(Mn), integrating by parts gives
that

−
∫
Mn

h∆u dx+

∫
∂Mn

g(∇u, ν)h dx+

∫
Mn

V uh dx =

∫
Mn

vh dx (2.7)

for all h ∈ Un. In particular, if h ∈ C∞
c (Mn) ⊆ Un, then u = 0 on ∂Mn and so

−
∫
Mn

h∆u dx+

∫
Mn

V uh dx =

∫
Mn

vh dx.

However, since C∞
c (Mn) is dense in L2(Mn), this implies

−
∫
Mn

h∆u dx+

∫
Mn

V uh dx =

∫
Mn

vh dx.

for all h ∈ L2(Mn). It follows from (2.7) that∫
∂Mn

g(∇u, ν)h dx = 0

for all h ∈ L2(Mn), which is only possible if g(∇u, ν) = 0 on ∂Mn. Thus, we
have recovered the Neumann condition (2.1) from the operator ∂L2MEn as well.
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Proposition 2.5. Let En, E : L2(M) → (−∞,+∞] be defined as in (2.4) and
(2.6). Then M-limn→∞En = E.

Proof. Firstly, observe that by the definition of En, one has E(u) ≤ En(u)
for all u ∈ L2(M). Therefore, if un ⇀ u in L2(M), the lower semicontinuity of
E implies

E(u) ≤ lim inf
n→∞

E(un) ≤ lim inf
n→∞

En(un), (2.8)

which proves part (i) in Definition 2.7.

To prove part (ii), we first assume u ∈ L2(M) \ D(E) and suppose un → u
in L2(M). Then E(u) = +∞ and (2.8) implies

+∞ = E(u) ≤ lim inf
n→∞

En(un) ≤ lim sup
n→∞

En(un) ≤ +∞

and hence,

lim
n→∞

En(un) = +∞ = E(u).

Now suppose u ∈ D(E) and consider the sequence (un)n≥1 ⊆ L2(M) given
by un := u1Mn for all n ≥ 1. Since un → u pointwise on M and

|un|2 ≤ |u|2 ∈ L1(M),

Lebesgue’s dominated convergence theorem gives that un → u in L2(M). Simi-
larly, we show En(un) → E(u). Since u ∈ D(E), we have that u ∈ H1(M) and
V u2 ∈ L1(M). For any n ≥ 1, it follows that un|Mn = u|Mn ∈ H1(Mn) and
V u2n|Mn ∈ L1(M) and therefore un ∈ D(En). This means En(un) = E(un) for
every n ≥ 1, so we just need to show E(un) → E(u).

By the same argument as applied to the sequence (un)n≥1, we have that

∇un → ∇u in L⃗2(M), that is,∫
M

|∇un|2 dx→
∫
M

|∇u|2 dx.

Moreover, |V u2n| → |V u2| pointwise on M and

|V u2n| = |V u21Mn| ≤ |V u2| ∈ L1(M),

and so again, by Lebesgue’s dominated convergence theorem, we have∫
M

V u2n dx→
∫
M

V u2 dx.

Together, these results give that E(un) → E(u). □

Some of the most important results concerning Mosco convergence come from
the works of Attouch [10, 11]. In particular, he demonstrated that the Mosco
convergence of functionals En to E implies the graph convergence of the sub-
differentials ∂En to ∂E (see [11, Theorem 3.66]), which leads to the following
strong approximation result [11, Theorem 3.74]. We will use the version of this
result appearing in [12].



2. THE LINEAR SCHRÖDINGER EQUATION 25

Theorem 2.6 ([12, Theorem 17.4.7]). Let En, E : H → (−∞,+∞] be proper,

convex and lower semicontinuous, An = ∂En, A = ∂E, u0,n ∈ D(An), and

u0 ∈ D(A). Let un and u be the solutions of the Cauchy problems{
dun
dt

(t) + Anun(t) ∋ 0 for t ∈ [0, T ]

un(0) = u0,n,
(2.9){

du

dt
(t) + Au(t) ∋ 0 for t ∈ [0, T ]

u(0) = u0,
(2.10)

respectively. If

(i) supn≥1En(u0,n) <∞,
(ii) u0,n → u0 in H, and
(iii) M-limn→∞En → E,

then un → u in (C(0, T ;H), ∥ · ∥∞) and dun

dt
⇀ du

dt
in L2(0, T ;H). Moreover, if

En(u0,n) → E(u0), then
dun

dt
→ du

dt
strongly in L2(0, T ;H).

Corollary 2.7. Let u be a solution to

∂tu = ∆u− V u on M × (0,∞).

Given an increasing sequence (Mn)n≥1 of compact setsMn ⊆Mn+1 ⊆ . . . ⊆ M
such that

⋃
n≥1Mn =M , there exists a sequence (un)n≥1 of solutions to{

∂tun = ∆un − V un on Mn × (0,∞)

g(∇un, ν) = 0 on ∂Mn × (0,∞),
(2.11)

such that un → u locally uniformly on M .

Proof. Let u0 := u(·, 0) and set u0,n = u01M,n. Then the Cauchy problem
(2.9) associated to the energy En has a unique solution, which we denote by
un. We note that un|Mn is a solution of (2.11). Applying Theorem 2.6 yields
that un → u in (C(0, T ;L2(M)), ∥ · ∥∞), that is, un → u in L2(M) uniformly
on [0, T ]. In particular, there is a subsequence (ukn)n≥1 ⊆ (un)n≥1 such that
un(x, t) → u(x, t) a.e. x ∈ M and for all t ∈ [0, T ]. Using interior regularity
results, such as Schauder estimates (see, for example, [63, Theorem 5, Chapter
3]), the convergence in the spatial variable can be upgraded to local uniform
convergence. □

Remark 2.3. We note that the Schauder estimates from [63] referred to in
the above proof are stated for heat equations on Euclidean spaces governed by
uniformly elliptic operators of the form

Lu :=
d∑

i,j=1

aij
∂2u

∂xi∂xj
+

d∑
i=1

bi
∂u

∂xi
+ cu.

These results are also applicable on a manifold M , since in each chart (U,φ) of
M , we can understand a solution u of the equation

∂tu = ∆u− V u
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via the map φ−1 ◦ u : Rd ⊇ φ−1(U) → R, which still satisfies an equation of the
form ∂tu = Lu, where the coefficients aij, bi, c in L depend on the metric g of M .

2.3. The doubly nonlinear heat equation

In comparison to the linear equation studied in the previous section, the existence
of solutions to the doubly nonlinear heat equation

∂tu = ∆p(u
m) in M × (0,∞) (1.4)

and the approximation of solutions on a non-compact manifold are far more
delicate matters and in particular, the gradient-systems approach is no longer
suitable. Therefore, giving a detailed presentation of such results extends beyond
the scope of this thesis and we instead outline the most important results in
existing literature.

For (1.4) on the full Euclidean space M = Rd, a class of self-similar solutions
was already identified in the 1950s by Barenblatt [21]. If m > 0 and p > 1 are
such that

K :=
1

m(p− 1)− 1 + p
d

> 0,

then the function

B(x, t) :=



1

tK

(
C − λ

mp′

(
K

d

)p′−1 ∣∣∣ x

tK/d

∣∣∣p′)1/λ

+

, λ ̸= 0

C

tK
exp

(
− 1

p′

(
1

p

)p′−1 ∣∣∣ x
t1/p

∣∣∣p′) , λ = 0

(2.12)

is a nonnegative solution to (1.4) on Rd × (0,∞), where p′ := p
p−1

, λ := m− 1
p−1

and C > 0 is any positive constant. Importantly, the Barenblatt solution B
plays the role of the fundamental solution in the theory of the doubly nonlinear
heat equation and is consistent with the fundamental solution (1.21) of the heat
equation when one takes the limits m→ 1 and p→ 2.

More generally, one often considers solutions of (1.4) in the weak sense.

Definition 2.8 (Nonnegative weak solution of (1.4)). Let M be a Riemannian
manifold, T > 0, m > 0, and p > 1. We call a function u : M × [0, T ] → [0,∞)
a nonnegative weak solution of (1.4) if

u ∈ C([0, T ];Lm+1(M)), um ∈ Lp(0, T ;W 1,p(M)),

and ∫ T

0

∫
M

−u∂tφ+ |∇um|p−2∇um∇φ dx dt = 0

for all nonnegative functions

φ ∈ W 1,1+ 1
m (0, T ;L1+ 1

m (M)) ∩ Lp(0, T ;W 1,p
0 (M)).
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Existence results for equation (1.4) in the Euclidean setting M = Ω ⊆ Rd

have been studied by several authors and are well-understood for the entire range
m > 0, p > 1 (see, for example, [3, 83, 84, 129, 142]). In the case that M
is a general Riemannian manifold, understanding the existence of solutions is
still an active area of research. Several results have been achieved in the p = 2
case corresponding to the porous medium equation in both the slow-diffusion
(m > 1) [70, 71] and fast-diffusion (m < 1) [22, 26, 72] ranges. For general
p > 1 and m > 0, less is known about the existence of solutions, although
significant progress in this direction has been made in recent years [4, 114].
Most recently, a result by Sürig [144] provided the existence of a weak solution
for all nonnegative initial data u0 ∈ L1(M) ∩ L∞(M) when mp ≥ 1 and M is
complete.

An important consideration when studying solutions of (1.4) is that, even
in the Euclidean setting, weak solutions are not in general classical solutions.
For the p-Laplace heat equation (m = 1), a famous result by DiBenedetto and
Friedman [51, 52] indicates that weak solutions u of this equation only have C1,α-
regularity in general, that is, ∇u is Hölder continuous. More recent works suggest
this property is also shared by solutions of the doubly nonlinear heat equation
for m ̸= 1 [23, 141]. In Chapter 4, we introduce another notion of solutions,
called viscosity solutions, which have even lower regularity requirements than
weak solutions and turn out to be more convenient to use in our proof of the
Harnack inequality. Before this, in Chapter 3, we study the Harnack inequality
satisfied by classical solutions of the equations (1.3) and (1.4) as motivation for
the discussion which follows in Chapter 4.



CHAPTER 3

Harnack inequalities for classical solutions

We now turn our attention to the centrepiece of this work, which is the intro-
duction of our new methodology to prove global Harnack inequalities in both
the Euclidean and Riemannian settings. We begin in Section 3.1 by explaining
our proof in the simplest possible case by first considering the linear Schrödinger
equation. The work discussed in this section forms the main content of the au-
thor’s article [7]. This is followed in Section 3.2 by a treatment of the doubly
nonlinear heat equation. In both sections, we begin by considering solutions
in Euclidean space, before studying solutions on a Riemannian manifold with
nonnegative Ricci curvature. In this chapter, we limit our discussion to classical
solutions of these equations, so that we are not distracted by the issues caused
by a lack of regularity.

Throughout the remainder of this thesis, we will frequently use the following
notations. For Ω ⊆ Rd and a function ω : Ω×Ω → R, (x, y) 7→ ω(x, y), we write

∆xω :=
d∑

i=1

∂2ω

∂x2i
, ∆yω :=

d∑
i=1

∂2ω

∂y2i
, and ∆xyω :=

d∑
i=1

∂2ω

∂xi∂yi
.

We also denote by S the set

S := {(t, s) | 0 < s < t}.

3.1. The Harnack inequality for the linear
Schrödinger equation

We start by considering the equation

∂tu = ∆u− V u in M × (0,∞), (1.3)

where M is the Euclidean space Rd or a smooth bounded subset Ω ⊆ Rd, before
moving onto the general manifold case.

28
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3.1.1. The Schrödinger equation on Euclidean space

Our main result concerns positive solutions of the full-space problem on Rd.

Theorem 3.1. Let V ∈ C2(Rd) be bounded from below. Suppose there exists
a continuous function ω = ω(x, y; t, s) : Rd × Rd × S → R, which is twice
differentiable in the first and second arguments and differentiable in the third
and fourth arguments. Suppose that ω(x, y; t, s) → ∞ whenever t → s+ for
x ̸= y and limt→s+ ω(x, x; t, s) ≥ 0 for all x ∈ Rd. In addition, assume that ω
satisfies

∂tω + |∇xω|2 ≥ V (x) in Rd × Rd × S, (3.1)

∂sω − |∇yω|2 ≥ −V (y) in Rd × Rd × S, (3.2)

and that there exist strictly increasing, differentiable functions β : [0,∞) → [0,∞)
satisfying β(0) = 0 and A : [0,∞) → [0,∞) such that

A(t)2∆xω + A(s)2∆yω + 2A(t)A(s)∆xyω ≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)
(3.3)

holds in Rd×Rd×S. Finally, assume there exists an increasing sequence (Ωn)n≥1

of smooth, bounded domains Ωn ⊆ Rd such that
⋃

n≥1Ωn = Rd and

∇xω · νn(x) ≥ 0, for all x ∈ ∂Ωn, y ∈ Ωn, and 0 < s < t,

∇yω · νn(y) ≥ 0, for all x ∈ Ωn, y ∈ ∂Ωn, and 0 < s < t.
(3.4)

hold for all n ≥ 1, where νn is the outward pointing unit normal vector to Ωn.
Then, every positive solution u of

∂tu = ∆u− V u in Rd × (0,∞) (3.5)

satisfies

u(x, t) ≥ u(y, s)
β(s)

β(t)
e−ω(x,y;t,s) (3.6)

for all x, y ∈ Rd and 0 < s < t.

In order to prove this theorem, we approximate positive solutions u of (3.5)
by a sequence of positive solutions un of the Neumann problem (3.8) defined
below on an increasing sequence of bounded domains. In particular, we require
the following result regarding positive solutions u of the Neumann problem.

Theorem 3.2. Let Ω ⊆ Rd be a bounded domain with smooth boundary ∂Ω and
let V ∈ C2(Ω) be bounded from below. Let ω = ω(x, y; t, s) : Ω × Ω × S → R
be a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
ω(x, y; t, s) → ∞ whenever t→ s+ for x ̸= y and limt→s+ ω(x, x; t, s) ≥ 0 for all
x ∈ Ω. In addition, assume that ω satisfies (3.1)–(3.3) in Ω × Ω × S. Finally,
assume that

∇xω · ν(x) ≥ 0, for all x ∈ ∂Ω, y ∈ Ω, and 0 < s < t,

∇yω · ν(y) ≥ 0, for all x ∈ Ω, y ∈ ∂Ω, and 0 < s < t.
(3.7)
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Then every positive solution u of{
∂tu = ∆u− V u in Ω× (0,∞),

∇u · ν = 0 on ∂Ω× (0,∞)
(3.8)

satisfies (3.6) for all x, y ∈ Ω and 0 < s < t.

Let us first outline the strategy of the proof of Theorem 3.2, which should
be understood as a model for how a multi-point maximum principle can be
employed to prove pointwise Harnack inequalities. Seeking to show that all
positive solutions u of (3.8) satisfy (3.6), we first observe that after making the
transformation v = log u, proving (3.6) is equivalent to showing

Z(x, y; t, s) := v(x, t)− v(y, s) + log

(
β(t)

β(s)

)
+ ω(x, y; t, s) +

ε

2
(t− s)2 + ε > 0

for all x, y ∈ Ω, 0 < s < t and ε > 0. We demonstrate that Z > 0 “initially”,
that is, when t and s are both sufficiently close to zero. Then, we suppose there
is a point P0 = (x0, y0; t0, s0) ∈ Ω×Ω× S such that the function Z touches zero
for the “first time” at P0 and use conditions on the derivatives of Z at P0 to
arrive at a contradiction, implying that Z must instead remain positive for all
times 0 < s < t. Of course, since the function Z depends on two time variables
t and s and not just one, we must clarify what is meant by Z becoming zero for
the “first time”.

Definition 3.1 (First touching point). Let Ω ⊆ Rd, Z : Ω×Ω×(0,∞)×(0,∞) →
R, c ∈ R and P0 := (x0, y0; t0, s0) ∈ Ω × Ω × (0,∞) × (0,∞). We say that Z
touches c ∈ R from above for the first time at P0 if

Z(P0) = c and Z(P ) > c (3.9)

for all P = (x, y; t, s) ∈ Ω× Ω× (0,∞)× (0,∞) such that

|(t, s)| < |(t0, s0)|,

where | · | denotes the Euclidean norm on R2.

By reversing the inequality in (3.9), we also understand what is meant by a
function Z touching c ∈ R from below for the first time.

Remark 3.1. We essentially consider pairs of times (t, s) ∈ (0,∞) × (0,∞) as
being partially ordered with respect to the Euclidean norm, that is, we consider
(t, s) as occurring before (t0, s0) if and only if |(t, s)| < |(t0, s0)|. Through this
idea, one may also generalise Definition 3.1 for functions of any finite number
of spatial or time variables. However, Definition 3.1 only compares the function
values of Z at (t0, s0) with those at times before (t0, s0). In particular, the
definition makes no assumption about what occurs at other times (t, s) for which
|(t, s)| = |(t0, s0)|. Therefore, if Z touches a value c ∈ R for the first time at a
point P0 = (x0, y0; t0, s0), we do not exclude the possibility that there is another

point P̂0 = (x̂0, ŷ0; t̂0, ŝ0) with |(t̂0, ŝ0)| = |(t0, s0)|, such that Z also touches c for
the first time at P0, but (t̂0, ŝ0) ̸= (t0, s0).
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Remark 3.2. We may deduce several facts about the behaviour of a function Z
at a point, where it touches a value for the first time.

(i) If Z touches a value c ∈ R from above for the first time at P0 =
(x0, y0; t0, s0), then the geometry of balls with respect to the Euclidean
distance ensures that

Z(x0, y0; t0 − η, s0) < Z(x0, y0; t0, s0)

and
Z(x0, y0; t0, s0 − η) < Z(x0, y0; t0, s0)

for all η > 0 small enough. Therefore, Z is decreasing with respect to
t at t0 and with respect to s at s0. Moreover, if Z is differentiable in t
and s, this means

∂tZ(P0) ≤ 0 and ∂sZ(P0) ≤ 0.

(ii) If Z is continuous, condition (3.9) implies that

Z(x, y; t0, s0) ≥ Z(x0, y0; t0, s0)

for all x, y ∈ Ω, that is, considered as a function of x and y only,
Z(x, y; t0, s0) has a local minimum at (x0, y0). If Z is twice differen-
tiable in x and y, and x0, y0 are interior points of Ω, then

∇(x,y)Z(P0) = 0 and D2
(x,y)Z(P0) ≥ 0.

Proof of Theorem 3.2. Let u be a positive solution of (3.8) and set
v = log u. Then v is a solution to{

∂tv = ∆v + |∇v|2 − V in Ω× (0,∞),

∇v · ν = 0 on ∂Ω× (0,∞).

Fix ε > 0 and define a function Z on Ω× Ω× S by

Z(x, y; t, s) = v(x, t)− v(y, s) + log

(
β(t)

β(s)

)
+ ω(x, y; t, s) +

ε

2
(t− s)2 + ε.

We make some initial observations about Z for (t, s) near the boundary of

S. Firstly, as s → 0+, the term log
(

β(t)
β(s)

)
→ ∞ due to the assumption that

β(0) = 0. Therefore, Z > 0 for s near 0. Next, consider the behaviour of Z as
t → s+. If x ̸= y, then the assumption that ω → ∞ as t → s+ guarantees that
Z > 0 for t near s. Otherwise, if x = y, then the difference v(x, t)− v(x, s) → 0,
so we can assume v(x, t)− v(x, s)+ ε > 0. By assumption, all other terms in the
limit of Z are nonnegative, so once again, Z > 0 for t near s. In particular, we
see that Z > 0 for all times (t, s) in a sufficiently small neighbourhood of (0, 0)
in S. Then, Z will either remain strictly positive for all times, or there exists a
point P0 := (x0, y0; t0, s0) ∈ Ω × Ω × S such that Z touches 0 for the first time
at P0 in the sense of Definition 3.1, that is,

Z(x0, y0; t0, s0) = 0 and Z(x, y; t, s) > 0

for all x, y ∈ Ω and for all 0 < s < t with |(t, s)| < |(t0, s0)|. Suppose the latter
of these possibilities is true and such a point P0 exists.
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We first consider the case that x0, y0 ∈ Ω, and more specifically, that they
do not occur on the boundary ∂Ω. Then, as explained in Remark 3.2, it follows
that

∂tZ(P0) ≤ 0, ∂sZ(P0) ≤ 0, ∇(x,y)Z(P0) = 0, D2
(x,y)Z(P0) ≥ 0.

By direct calculation,

∇xZ(x, y; t, s) = ∇v(x, t) +∇xω(x, y; t, s),

∇yZ(x, y; t, s) = −∇v(y, s) +∇yω(x, y; t, s),

and thus ∇(x,y)Z(P0) = 0 implies that

∇v(x0, t0) = −∇xω(P0), ∇v(y0, s0) = ∇yω(P0). (3.10)

Next, we calculate

∂tZ(x, y; t, s) = ∂tv(x, t) +
β′(t)

β(t)
+ ∂tω(x, y; t, s) + ε(t− s),

∂sZ(x, y; t, s) = −∂sv(y, s)−
β′(s)

β(s)
+ ∂sω(x, y; t, s)− ε(t− s).

Using that ∂tv = ∆v + |∇v|2 − V in Ω, ∂tZ(P0) ≤ 0, and ∂sZ(P0) ≤ 0 we have
that

∆v(x0, t0) + |∇v(x0, t0)|2 − V (x0) +
β′(t0)

β(t0)
+ ∂tω(P0) + ε(t0 − s0) ≤ 0,

−∆v(y0, s0)− |∇v(y0, s0)|2 + V (y0)−
β′(s0)

β(s0)
+ ∂sω(P0)− ε(t0 − s0) ≤ 0.

Then, using (3.10), we obtain that

∆v(x0, t0) ≤ −|∇xω(P0)|2 − ∂tω(P0) + V (x0)−
β′(t0)

β(t0)
− ε(t0 − s0),

−∆v(y0, s0) ≤ |∇yω(P0)|2 − ∂sω(P0)− V (y0) +
β′(s0)

β(s0)
+ ε(t0 − s0).

Due to the assumed inequalities (3.1) and (3.2), it follows that

∆v(x0, t0) ≤ −β
′(t0)

β(t0)
− ε(t0 − s0), (3.11)

−∆v(y0, s0) ≤
β′(s0)

β(s0)
+ ε(t0 − s0). (3.12)

Next, we make use of the inequality D2
(x,y)Z(P0) ≥ 0. Let x(τ) and y(τ) be

two paths in Ω such that

x′(τ) = A(t0)ei, x(τ0) = x0,

y′(τ) = A(s0)ei, y(τ0) = y0
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for some τ0, where ei is the i
th standard basis vector. We have that

d

dτ
Z(x(τ), y(τ); t, s) = A(t0)Div(x, t)− A(s0)Div(y, s)

+ A(t0)ωxi
(x, y; t, s) + A(s0)ωyi(x, y; t, s)

d2

dτ 2
Z(x(τ), y(τ); t, s) = A(t0)

2Diiv(x, t)− A(s0)
2Diiv(y, s) + A(t0)

2ωxixi
(x, y; t, s)

+ A(s0)
2ωyiyi(x, y; t, s) + 2A(t0)A(s0)ωxiyi(x, y; t, s)

Therefore, since d2

dτ2
Z(P0) ≥ 0, we have that

A(t0)
2Diiv(x0, t0)− A(s0)

2Diiv(y0, s0) + A(t0)
2ωxixi

(P0)

+ A(s0)
2ωyiyi(P0) + 2A(t0)A(s0)ωxiyi(P0) ≥ 0,

so that summing over i yields

A(t0)
2∆v(x0, t0)− A(s0)

2∆v(y0, s0)

+ A(t0)
2∆xω(P0) + A(s0)

2∆yω(P0) + 2A(t0)A(s0)∆xyω(P0) ≥ 0.

By using the inequality (3.3), as well as (3.11) and (3.12), we obtain

0 > −ε(A(t0)2 − A(s0)
2)(t0 − s0) ≥ 0,

which is a contradiction. Therefore, such a point P0 with x0, y0 ∈ Ω cannot exist.
Thus, either one or both of x0, y0 must be on the boundary ∂Ω.

Without loss of generality, assume x0 ∈ ∂Ω. Then

d

dτ
Z(x0 − τν(x0), y0; t0, s0)

∣∣∣∣
τ=0

= −∇v(x0, t0) · ν(x0)−∇xω(P0) · ν(x0) ≤ 0,

(3.13)
where we have used that ∇v(x0, t0) · ν(x0) = 0 by the Neumann condition on v
as well as the assumption (3.7) on ω. One of two cases must occur: either the
inequality in (3.13) is strict, or we have equality.

Firstly, if
d

dτ
Z(x0 − τν(x0), y0; t0, s0)

∣∣∣∣
τ=0

< 0,

since Z is at least continuously differentiable in the first argument, there is some
τ ∗ > 0 such that d

dτ
Z(x0 − τν(x0), y0; t0, s0) < 0 for all τ ∈ [0, τ ∗). Integrating

over this interval, we have

Z(x0 − τ ∗ν(x0), y0; t0, s0) < Z(x0, y0; t0, s0),

which contradicts x0 minimising Z(x, y0; t0, s0) over all x ∈ Ω.

The other possibility is that

d

dτ
Z(x0 − τν(x0), y0; t0, s0)

∣∣∣∣
τ=0

= 0. (3.14)

Considering Z(x) = Z(x, y0; t0; s0) as a function only of x, then (3.14) is equiv-
alent to ∇xZ(x0) · ν(x0) = 0. Since Z(x) has a minimum at x = x0, then all
derivatives of Z(x) at x0 in directions tangential to ∂Ω at x0 must also be 0.
Therefore, we conclude that ∇xZ(x0) = ∇xZ(P0) = 0.
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Now consider whether y ∈ ∂Ω or y ∈ Ω. If y0 ∈ ∂Ω, we could repeat
our previous arguments to obtain ∇yZ(P0) = 0. If y0 ∈ Ω, then the function
Z(y) = Z(x0, y; t0, s0) attains a minimum at y = y0 and therefore ∇yZ(P0) = 0.
In either case, we have that ∇xZ(P0) = 0 and ∇yZ(P0) = 0, so ∇(x,y)Z(P0) = 0.
Since Z has a minimum at P0, it follows that D

2
(x,y)Z(P0) ≥ 0. Combining these

facts with ∂tZ(P0) ≤ 0 and ∂sZ(P0) ≤ 0, we may repeat the argument from
when x0, y0 ∈ Ω to arrive at a contradiction.

Therefore, Z > 0 for all x, y ∈ Ω and all 0 < s < t. Finally, taking ε → 0
shows that the Harnack inequality (3.6) holds. □

We now explain our result for the full-space problem.

Proof of Theorem 3.1. Suppose that (Ωn)n≥1 is an increasing sequence
of smooth bounded domains Ωn ⊆ Rd with

⋃
n≥1Ωn = Rd such that (3.4) holds.

Let u be a positive solution of (1.3) with initial value u0 := u(x, 0) ∈ L2(Rd) and
define u0,n := u0|Ωn for all n ≥ 1. Let un be the unique positive solution to the
problem 

∂tun = ∆un − V un in Ωn × (0,∞),

∇un · νn = 0 on ∂Ωn × (0,∞),

un(·, 0) = u0,n in Ωn.

By Theorem 3.2, un satisfies the Harnack inequality

un(x, t) ≥ un(y, s)
β(s)

β(t)
e−ω(x,y;t,s) (3.15)

for all x, y ∈ Ωn and 0 < s < t. By Corollary 2.7, there exists a subsequence
(ukn)n≥1 ⊆ (un)n≥1 such that ukn → u locally uniformly on Rd × (0,∞). There-
fore, passing to the limit n→ ∞ in (3.15) yields the claimed result. □

3.1.2. Analysis of a certain energy functional

The function ω in the premises of Theorem 3.1 and Theorem 3.2 could poten-
tially be any function satisfying the conditions of these theorems, especially the
inequalities (3.1)–(3.4). However, a natural question is whether such a function
ω with the required properties even exists, and if it does, whether there is an
optimal way to choose this ω. Of course, if one such ω exists, there is no reason
for it to be unique, as one can always perturb ω by adding a nonnegative func-
tion h = h(s, t), which is continuously differentiable with ∂th, ∂sh ≥ 0 in S, as
this leaves the inequalities (3.1)–(3.4) unharmed. We dedicate this section to the
analysis of a strong candidate for ω. In anticipation of our discussion in the next
section in non-Euclidean settings, we let (M, g) be a d-dimensional Riemannian
manifold with nonnegative Ricci curvature.

For a given potential function V ∈ C2(M), which is bounded from below, we
consider the energy functional defined by

E[γ; t, s] :=
1

4(t− s)

∫ 1

0

|γ̇|2 dτ + (t− s)

∫ 1

0

V (γ(τ)) dτ (3.16)
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for every C1 curve γ : [0, 1] →M . We then set

ω(x, y; t, s) := min
γ∈Γx,y

E[γ; t, s], (3.17)

for each x, y ∈ M and 0 < s < t, where Γx,y is the set of curves γ : [0, 1] → M
with γ(0) = y and γ(1) = x.

We note that the energy E defined in (3.16) has already been studied exten-
sively. For instance, this energy E can be recognised from classical mechanics as
the action functional for a particle moving in a potential −V . In physics liter-
ature, the function ω defined in (3.17) is sometimes named the Agmon metric,
after the mathematician Shmuel Agmon, who used this quantity during his study
of the decay of eigenfunctions of the Schrödinger operator −∆+V at infinity [1].
We note that the Agmon metric is typically not defined via (3.16) and (3.17),
but rather (up to a constant) by

ϱ(x, y) := min
γ∈Γx,y

∫ 1

0

|γ̇|
√
V (γ) dτ, (3.18)

which can be interpreted as the geodesic distance with respect to the weighted
metric

√
V g. It was later reported by Carmona and Simon [33], that the quantity

in (3.18) is in fact equivalent to our function ω. The idea of the argument
presented in [139] to demonstrate this equivalence goes as follows. Assuming
that V ≥ α > 0, for 0 < s < t fixed, Young’s inequality implies

|γ̇|
√
V (γ) =

|γ̇|√
2(t− s)

√
2(t− s)V (γ)) ≤ 1

2

(
|γ̇|2

2(t− s)
+ 2(t− s)V (γ)

)
for all γ ∈ Γx,y and it follows immediately, that ϱ ≤ ω. To see that ω ≤ ϱ, take
a regular curve γ ∈ Γx,y and reparametrise it so that |γ̇| = 2(t − s)V (γ). This
choice intentionally corresponds to the equality case of Young’s inequality in the
line above, meaning that we now have

ω ≤ 1

4(t− s)

∫ 1

0

|γ̇|2 dτ + (t− s)

∫ 1

0

V (γ(τ)) dτ =

∫ 1

0

|γ̇|
√
V (γ) dτ.

Taking the infimum leads to ω ≤ ϱ.

The function ω defined in (3.17) also plays an important role in the work of
Li-Yau [104, Theorem 6.1], since as seen in the introduction, it occurs naturally
while performing space-time integration to derive the Harnack inequality (1.18)
from its differentiated form (1.20). This function ω is also closely related to the
fundamental solution Γ of the equation (1.3). In particular, it was proven first
in the Euclidean case M = Rd by Simon [138] and later on a complete manifold
M by Li and Yau [104], that ω can be expressed via the limit

ω(x, y; t, s) = − lim
λ→∞

log Γλ(x− y, t−s
λ
)

λ
, (3.19)

where Γλ denotes the fundamental solution of the equation

∂tu = ∆u− λ2V u in M × (0,∞).

In general, we do not expect ω defined by (3.17) to be explicitly computable.
However, we briefly discuss some important potential functions V , for which it
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is possible to calculate ω and present the relevant Harnack inequality obtained
in each case.

Example 3.1 (Heat equation). In the case of the heat equation (V ≡ 0) on the
Euclidean space M = Rd, the optimal choice of ω is the function

ω(x, y; t, s) :=
|x− y|2

4(t− s)
,

which is the value attained by E along the straight line segment, i.e. geodesic,
connecting x and y. In addition, ω satisfies (3.1)–(3.3) with equality if A(τ) = τ
and β(τ) = τ d/2. With this choice, we recover the classical parabolic Harnack
inequality

u(x, t) ≥ u(y, s)
(s
t

)d/2
e−

|x−y|2
4(t−s) (1.1)

stated in the introduction. As noted in Section 1.1, we remark that (1.1) is
considered sharp, in the sense that it is satisfied by the fundamental solution

Γ(x, t) = (4πt)−d/2e
−|x|2

4t

with equality on the set of points

{(x, y, t, s) ∈ Rd × Rd × S | sx = ty}.

Example 3.2 (Quadratic potential). Another noteworthy case to consider is
that of the quadratic potential

V (x) = C2
1 |x− a|2 + C2

on the Euclidean space M = Rd for a ∈ Rd and constants C1 ̸= 0, C2 ∈ R. In
this case, one can compute explicitly that for fixed x, y ∈ Rd and 0 < s < t, the
energy E given by (3.16) is minimised by the curve defined by

γ0(τ) = a+
1

sinh(2C1(t− s))

(
sinh(2C1τ(t− s))(x− a)

+ sinh(2C1(1− τ)(t− s))(y − a)
)

for all τ ∈ [0, 1]. It then follows that

ω(x, y; t, s) =
C1

2

(
|x− y|2

sinh(2C1(t− s))
+ (|x− a|2 + |y − a|2) tanh(C1(t− s))

)
+ C2(t− s).

One can verify that this choice of ω satisfies (3.1)–(3.3) with equality if we set

A(t) = sinh(2C1t) and β(t) = sinhd/2(2C1t).

Then, Theorem 3.1 applied with Ωn chosen to be the ball of radius n centred at
a yields that every positive solution u of

∂tu = ∆u− (C2
1 |x− a|2 + C2)u in Rd × (0,∞) (3.20)

satisfies the Harnack inequality

u(x, t) ≥ u(y, s)

(
sinh(2C1s)

sinh(2C1t)

)d/2

e−ω(x,y;t,s) (3.21)
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for every x, y ∈ Rd and 0 < s < t.

We note that inequality (3.21) is sharp in a similar sense to how the classical
result for the heat equation without potential is sharp. For a = 0, C2 = 0, the
fundamental solution of (3.20) is known from [128] to have the explicit formula

Γ(x, t) =

(
2π

C1

sinh(2C1t)

)−d/2

e
−C1|x|

2

2 tanh(2C1t) .

One can verify that this solution satisfies (3.21) with equality on the set of points

{(x, y, t, s) ∈ Rd × Rd × S | sinh(2C1s)x = sinh(2C1t)y}.

This is an improvement of the inequality (1.18) obtained by Li and Yau [104].

We now seek to understand the properties of the function ω defined by (3.17)
via the energy E in (3.16) for a general potential function V , and in particular,
when it fulfils the requirements of Theorem 3.1 and Theorem 3.2. Importantly,
we emphasise that many of the computations that follow will be merely formal
in nature, since in general, ω may not possess sufficient regularity to satisfy the
assumptions of these theorems in a classical sense. In fact, the function ω given
by (3.17) might be merely Lipschitz continuous in x and y (see [104]). Therefore,
the following analysis should serve primarily as a motivation for how to choose
ω, while the computations will be made rigorous in the next section when we
study the proof of the Harnack inequality on manifolds.

We begin by verifying that the energy E defined in (3.16) does indeed attain
a minimum, meaning that the function ω in (3.17) is well-defined.

Proposition 3.3. Let (M, g) be a Riemannian manifold, which is either compact
or complete. Then for every x, y ∈M and 0 < s < t, there exists γ0 ∈ Γx,y such
that

E[γ0; t, s] = inf
γ∈Γx,y

E[γ; t, s].

In the proof of Proposition 3.3 we require the manifold-valued Sobolev space
H1(0, 1;M), which we now define. Recall from Nash’s embedding theorem [120],
that any d-dimensional Riemannian manifold M can be isometrically embedded
in Rℓ for some ℓ ≥ d+ 1. Using this embedding, we set

H1(0, 1;M) := {γ ∈ H1(0, 1;Rℓ) | γ(τ) ∈M a.e. τ ∈ [0, 1]}.

However, since the Sobolev space H1(0, 1;Rℓ) is embedded in C(0, 1;Rℓ), we may
assume that every γ ∈ H1(0, 1;M) is a continuous function and it is therefore
equivalent to write

H1(0, 1;M) := {γ ∈ H1(0, 1;Rℓ) | γ(τ) ∈M for all τ ∈ [0, 1]}.

Then for x, y ∈M and 0 < s < t, we set

Γx,y := {H1(0, 1;M) | γ(0) = y, γ(1) = x}.
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Proof of Proposition 3.3. We assume without loss of generality that
V ≥ 0. Then we immediately notice that E(γ) ≥ 0 for all γ ∈ H1(0, 1;M)
and therefore infγ∈Γx,y E(γ) > −∞.

Let (γn)n≥1 ⊆ Γx,y be a minimising sequence for E, that is, we suppose
E(γn) → infγ∈Γx,y E(γ) as n → ∞. Then (E(γn))n≥1 is a bounded sequence. In
particular, this implies

0 ≤ 1

4(t− s)

∫ 1

0

|γ̇n|2 dτ ≤ E(γn) ≤ C

for some C ≥ 0, and so (γ̇n)n≥1 is a bounded sequence in L2(0, 1;Rℓ). Moreover,
since

∥γn(τ)∥Rℓ ≤ ∥γn(τ)− γn(0)∥Rℓ + ∥γn(0)∥Rℓ

= ∥y∥Rℓ +

∫ τ

0

|γ̇n(τ̂)| dτ̂

≤ ∥y∥Rℓ +

∫ 1

0

|γ̇n(τ)| dτ

≤ ∥y∥Rℓ + ∥γ̇n∥L∞(0,1;Rℓ),

for all τ ∈ [0, 1], we see that (γn)n≥1 is a bounded sequence in L∞(0, 1;Rℓ),
and thus also in L2(0, 1;Rℓ). Therefore (γn)n≥1 is bounded in H1(0, 1;Rℓ).
Since H1(0, 1;Rℓ) is reflexive, there exists γ0 ∈ H1(0, 1;Rℓ) and a subsequence
(γkn)n≥1 ⊆ (γn)n≥1 such that γkn ⇀ γ0 as n→ ∞. However, H1(0, 1;Rℓ) is com-
pactly embedded in (C(0, 1;Rℓ), ∥ · ∥∞), and therefore γkn → γ0 in C(0, 1;Rℓ).
Since γkn(τ) ∈ M for every τ ∈ [0, 1] and n ≥ 1 and M is a closed set in Rℓ, it
follows that γ0(τ) ∈M for all τ ∈ [0, 1], Hence γ0 ∈ Γx,y.

Next we note that the weak convergence of γkn ⇀ γ0 in H1(0, 1;M) implies
γ̇kn ⇀ γ̇0 in L2(0, 1;Rℓ), and therefore

∥γ̇0∥2L2(0,1;Rℓ) ≤ lim inf
n→∞

∥γ̇kn∥2L2(0,1;Rℓ).

Moreover, since V is continuous, the pointwise convergence of γkn to γ0 implies
V (γkn(τ)) → V (γ0(τ)) as n→ ∞ for all τ ∈ [0, 1]. By Fatou’s lemma, it follows
that ∫ 1

0

V (γ0) dτ =

∫ 1

0

lim inf
n→∞

V (γkn) dτ ≤ lim inf
n→∞

∫ 1

0

V (γkn) dτ.

Putting these facts together shows that

E(γ0) ≤ lim inf
n→∞

E(γkn) = lim
n→∞

E(γkn) = inf
γ∈Γx,y

E(γ)

and therefore

inf
γ∈Γx,y

E(γ) = E(γ0) = min
γ∈Γx,y

E(γ0).

□
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Throughout our analysis, it is useful to understand the derivatives of E[γ; t, s]
under variations of the curve γ.

Proposition 3.4. Fix a curve γ0 : [0, 1] →M and let γ(τ, r) : [0, 1]× (−δ, δ) →
M be a smooth family of curves such that γ(τ, 0) = γ0(τ). Then we have the
following formulas:

d

dr
E[γ(τ, r); t, s]

=
1

2(t− s)

(
g(γr, γ̇)|10 −

∫ 1

0

g(∇τ γ̇ − 2(t− s)2∇V (γ), γr) dτ

) (3.22)

d2

dr2
E[γ(τ, r); t, s]

=
1

2(t− s)

∫ 1

0

R(γr, γ̇, γr, γ̇) + g(∇τ∇rγr, γ̇) + |∇rγ̇|2 dτ

+ (t− s)

∫ 1

0

g(D2V (γ)γr, γr) + g(∇V (γ), γrr) dτ

(3.23)

Proof. Firstly, we have

d

dr
E[γ(τ, r); t, s]

=
1

4(t− s)

∫ 1

0

d

dr
g(γ̇, γ̇) dτ + (t− s)

∫ 1

0

d

dr
V (γ) dτ

=
1

2(t− s)

∫ 1

0

g(∇rγ̇, γ̇) dτ + (t− s)

∫ 1

0

g(∇V (γ), γr) dτ

=
1

2(t− s)

∫ 1

0

g(∇τγr, γ̇) dτ + (t− s)

∫ 1

0

g(∇V (γ), γr) dτ

=
1

2(t− s)

(
g(γr, γ̇)|10 −

∫ 1

0

g(γr,∇τ γ̇) dτ

)
+ (t− s)

∫ 1

0

g(∇V (γ), γr) dτ

=
1

2(t− s)

(
g(γr, γ̇)|10 −

∫ 1

0

g(∇τ γ̇ − 2(t− s)2∇V (γ), γr) dτ

)
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Then, differentiating again,

d2

dr2
E[γ(τ, r); t, s]

=
d

dr

(
1

2(t− s)

∫ 1

0

g(∇rγ̇, γ̇) dτ + (t− s)

∫ 1

0

g(∇V (γ), γr) dτ

)
=

1

2(t− s)

∫ 1

0

g(∇r∇rγ̇, γ̇) + |∇rγ̇|2 dτ

+ (t− s)

∫ 1

0

g(D2V (γ)γr, γr) + g(∇V (γ), γrr) dτ

=
1

2(t− s)

∫ 1

0

g(∇r∇τγr, γ̇) + |∇rγ̇|2 dτ

+ (t− s)

∫ 1

0

g(D2V (γ)γr, γr) + g(∇V (γ), γrr) dτ

=
1

2(t− s)

∫ 1

0

R(γr, γ̇, γr, γ̇) + g(∇τ∇rγr, γ̇) + |∇rγ̇|2 dτ

+ (t− s)

∫ 1

0

g(D2V (γ)γr, γr) + g(∇V (γ), γrr) dτ

□

Using the formula (3.22), we see that the Euler-Lagrange equation associated
to the minimisation problem used in (3.17) to define ω is

∇τ γ̇0 = 2(t− s)2∇V (γ0). (3.24)

Definition 3.2. For given x, y ∈M and 0 < s < t, we call a curve γ0 : [0, 1] →M
a V -geodesic from y to x if γ0 is a solution of{

∇τ γ̇0 = 2(t− s)2∇V (γ0) on [0, 1],

γ0(0) = y, γ0(1) = x.

Now, we would like to conclude that the minimiser of E found in the proof of
Proposition 3.3 is a V -geodesic, however, this is not always guaranteed to be the
case. For example, in the case that M is compact and the minimising curve lies
partly on ∂M , we do not necessarily expect the Euler-Lagrange equation (3.24)
to be satisfied. Therefore, we restrict the class of manifolds in which we work by
introducing a certain notion of convexity adapted to the potential V .

Definition 3.3. We call a compact manifoldM V -convex if for all x, y ∈M and
0 < s < t, there exists a V -geodesic γ0 such that

E[γ0; t, s] = min
γ∈Γx,y

E[γ; t, s]

and
h(ξ, ξ) + g(∇V (x), ν(x)) > 0 (3.25)

holds for all x ∈ ∂M and ξ ∈ Tx∂M \ {0}, where h denotes the second funda-
mental form on ∂M and ν(x) is the outward pointing unit normal vector to the
boundary at x ∈ ∂M .
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Moreover, a complete manifold M is called V -approximable if there exists an
increasing sequence (Mn)n≥1 of V -convex regions Mn ⊆M with

⋃
n≥1Mn =M .

Remark 3.3.
(i) By rescaling ξ, it is easy to show that the condition (3.25) is equivalent

to

h(ξ, ξ) + αg(∇V (x), ν(x)) > 0 (3.26)

for any α > 0.
(ii) By taking α → 0 in (3.26), we see that the condition (3.25) implies

the nonnegativity of the second fundamental form and therefore every
V -convex domain is necessarily convex. In addition, dividing (3.26) by
α > 0 and taking α → ∞ implies that ∇V · ν ≥ 0 on ∂M , which is a
condition previously assumed by Yau [159].

(iii) Recall that for all curves γ0 : [0, 1] → M , the second fundamental form
is related to the normal curvature of γ0 through the formula

h(γ̇0, γ̇0) = −g(∇τ γ̇0, ν(γ0)).

Inserting this into (3.26) with α = 2(t− s)2 implies that if γ0(τ) ∈ ∂M
for some τ ∈ [0, 1] and γ̇0(τ) ̸= 0, then

g(−∇τ γ̇0(τ) + 2(t− s)2∇V (γ0(τ)), ν(γ0(τ)) > 0.

However, if γ0 satisfies the Euler-Lagrange equation (3.24), then the
expression in the left-hand side of the above inequality is equal to 0,
producing a contradiction. Therefore, a V -geodesic γ0 may never touch
the boundary of a V -convex manifold, unless the velocity of γ0 vanishes
at the point of contact.

Example 3.3 (Geodesically convex potentials). Suppose that the potential func-
tion V : M → R is geodesically convex, that is, V ◦ γ : [0, 1] → R is convex for
every geodesic γ : [0, 1] → M in M . Then (V ◦ γ)′ = g(∇V, γ̇) is monotone and
so

g(∇V, γ̇)(1) ≥ g(∇V, γ̇)(0).

In addition, suppose that V attains a local minimum at a point x0 ∈M , so that
∇V (x0) = 0, and let B be a geodesic ball in M centred at x0. If we choose γ
such that γ(0) = x0 and γ(1) = x lies on the boundary of B, then

g(∇V (x), ν(x)) = g(∇V, γ̇)(1) ≥ 0.

for all x ∈ ∂B. Once we combine this with the fact that the second fundamental
form of ∂B is strictly positive, we have proven that balls centred at a minimiser
of a geodesically convex potential V satisfy the condition (3.25).

With the important assumption of V -convexity, we are ready to continue
investigating whether ω satisfies the remaining assumptions of Theorem 3.1 and
Theorem 3.2. Next, we observe that ω(x, y; t, s) has the correct behaviour in the
limit as t→ s+.
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Proposition 3.5. Let ω be defined as in (3.17). Then limt→s+ ω(x, y; t, s) → ∞
for x ̸= y and limt→s+ ω(x, x; t, s) ≥ 0 for all x ∈M .

Proof. Suppose γ0 minimises E[γ; t, s]. Assuming V ≥ −α in M for some
α > 0, it follows that

ω(x, y; t, s) = E[γ0, t, s] =
1

4(t− s)

∫ 1

0

|γ̇0|2 dτ + (t− s)

∫ 1

0

V (γ0(τ)) dτ

≥ 1

4(t− s)

∫ 1

0

|γ̇0|2 dτ − α(t− s).

Now, the Cauchy-Schwarz inequality implies that

L(γ0)
2 =

(∫ 1

0

|γ̇0| dτ
)2

≤
∫ 1

0

|γ̇0|2 dτ.

Therefore,

ω(x, y; t, s) ≥ L(γ0)
2

4(t− s)
− α(t− s) ≥ d2(x, y)

4(t− s)
− α(t− s).

If d(x, y) > 0, this inequality implies ω → ∞ as t→ s+ as desired. Otherwise, if
we assume x = y, we still obtain

lim
t→s+

ω(x, x; t, s) ≥ 0.

□

The most important properties to verify are that ω satisfies the differential
inequalities (3.1)–(3.4). In their paper, Li and Yau [104] already demonstrated
that ω satisfies (3.1) and (3.2) with equality. Through the next two propositions,
we review their proof of this fact.

Proposition 3.6 (Time derivatives of E). Let γ0 be a V -geodesic connecting
x, y ∈M . Then

∂

∂t
E[γ0; t, s] = − |γ̇0|2(1)

4(t− s)2
+ V (x), (3.27)

∂

∂s
E[γ0; t, s] =

|γ̇0|2(0)
4(t− s)2

− V (y). (3.28)
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Proof. We have

∂

∂t
E[γ0; t, s]

=
∂

∂t

(
1

4(t− s)

∫ 1

0

g(γ̇0, γ̇0) dτ + (t− s)

∫ 1

0

V (γ0) dτ

)
= − 1

4(t− s)2

∫ 1

0

g(γ̇0, γ̇0) dτ +

∫ 1

0

V (γ0) dτ

+
1

2(t− s)

∫ 1

0

g

(
∂

∂t
γ̇0, γ̇0

)
+ 2(t− s)2g

(
∇V (γ0),

∂

∂t
γ0

)
dτ

= − 1

4(t− s)2

∫ 1

0

g(γ̇0, γ̇0) dτ +

∫ 1

0

V (γ0) dτ

− 1

2(t− s)

∫ 1

0

g

(
∇τ γ̇0,

∂

∂t
γ0

)
− 2(t− s)2g

(
∇V (γ0),

∂

∂t
γ0

)
dτ

When integrating by parts to obtain the last line, we have used that γ0(1) ≡ x
and γ0(0) ≡ y independent of t. Therefore, ∂

∂t
γ0(1) = ∂

∂t
γ0(0) = 0. Recalling

that γ0 satisfies the Euler-Lagrange equation

∇τ γ̇0 = 2(t− s)2∇V (γ0), (3.24)

we have that

∂

∂t
E(γ0) = − 1

4(t− s)2

∫ 1

0

g(γ̇0, γ̇0)− 4(t− s)2V (γ0) dτ.

However, multiplying the Euler-Lagrange equation (3.24) through by 2γ̇0, we
have

2g(∇τ γ̇0, γ̇0) = 2(t− s)2g(∇V (γ0), γ̇0),

which implies
d

dτ
g(γ̇0, γ̇0) = 4(t− s)2

d

dτ
V (γ0).

Integrating from 0 to τ , we find that

g(γ̇0(τ), γ̇0(τ))− 4(t− s)2V (γ0(τ)) = g(γ̇0(0), γ̇0(0))− 4(t− s)2V (γ0(0))

for all τ ∈ [0, 1]. In other words, g( ˙γ0(τ), γ̇0(τ)) − 4(t − s)2V (γ0(τ)) is constant
in τ . Applying this to our formula for ∂

∂t
E(γ0), we see that

∂

∂t
E(γ0) = − |γ̇0|2(1)

4(t− s)2
+ V (x).

By a similar process, we can also prove (3.28). □

Proposition 3.7 (First-order equations satisfied by ω). Let γ0 be a V -geodesic
connecting x, y ∈M and set ω(x, y; t, s) = E[γ0; t, s]. Then ω satisfies

∂tω + |∇xω|2 = V (x) (3.29)

∂sω − |∇yω|2 = −V (y) (3.30)

in M ×M × S.
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Proof. Since γ0 satisfies the Euler-Lagrange equation, (3.22) simplifies to
become

d

dr
E[γ(τ, r); t, s]

∣∣∣∣
r=0

=
1

2(t− s)
(g(γr, γ̇0)(1)− g(γr, γ̇0)(0)).

If we consider a variation γ(τ, r) of γ0 with γ(0, r) = y for all r, then γr(0, r) = 0
and therefore

g(∇xω, γr(1, r)) =
d

dr
E[γ(τ, r); t, s]

∣∣∣∣
r=0

=
g(γr(1, r), γ̇0(1))

2(t− s)

for all choices of γr(1, r). Therefore,

∇xω =
1

2(t− s)
γ̇0(1).

In light of (3.27), we conclude that

∂tω + |∇xω|2 = V (x).

By a similar argument, instead considering variations γ(τ, r) such that γ(1, r) = x
for all r, we find that

∇yω = − 1

2(t− s)
γ̇0(0)

and hence,

∂sω − |∇yω|2 = −V (y)

as claimed. □

Using the expressions for the gradient of ω found during the proof of Propo-
sition 3.7, we can also understand when ω satisfies the condition,

g(∇xω, ν(x)) ≥ 0, for all x ∈ ∂M , y ∈M , and 0 < s < t,

g(∇yω, ν(y)) ≥ 0, for all x ∈M , y ∈ ∂M , and 0 < s < t.
(3.4)

on a compact manifold with boundary. These inequalities are equivalent to

∇xω · ν =
g(γ̇0(1), ν)

2(t− s)
≥ 0 and ∇yω · ν = −g(γ̇0(0), ν)

2(t− s)
≥ 0

for all V -geodesics with an endpoint, either γ0(0) or γ0(1) or both, occurring on
the boundary ∂M . However, as commented in Remark 3.3 (ii), once we assume
that M is V -convex, M will also be convex and both the above inequalities will
be satisfied.

Our final task is to find sufficient conditions under which ω satisfies an in-
equality of the form

A(t)2∆xω + A(s)2∆yω + 2A(t)A(s)∆xyω ≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)
(3.3)

The following comparison result can aid in answering this question.
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Theorem 3.8. Let M be a Riemannian manifold with nonnegative Ricci cur-
vature, and let V1, V2 ∈ C2(M) be two potential functions, which satisfy ∆V1 ≤
∆V2 in M . Assume that there exist strictly increasing, differentiable functions
β : [0,∞) → [0,∞) satisfying β(0) = 0 and A : [0,∞) → [0,∞) such that

(t− s)

∫ 1

0

d

2
A′(τt+ (1− τ)s)2 + A(τt+ (1− τ)s)2∆V2(γ0) dτ

≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)

for all V2-geodesics γ0 and 0 < s < t. Then the function ω1 defined by (3.17) for
the potential V = V1 (formally) satisfies

A(t)2∆xω1 + A(s)2∆yω1 + 2A(t)A(s)∆xyω1 ≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)

in M ×M × S. Moreover, if M is compact and V1-convex, then every positive
solution u of {

∂tu = ∆u− V1u in M × (0,∞),

g(∇u, ν) = 0 on ∂M × (0,∞)

satisfies the Harnack inequality

u(x, t) ≥ u(y, s)
β(s)

β(t)
e−ω1(x,y;t,s) (3.31)

for all x, y ∈ M and 0 < s < t. In addition, if M is complete and V1-
approximable, then every positive solution u of

∂tu = ∆u− V1u in M × (0,∞)

satisfies (3.31).

This result follows immediately from a short lemma.

Lemma 3.9. LetM be a Riemannian manifold with nonnegative Ricci curvature,
V ∈ C2(M) be bounded from below and A : [0,∞) → [0,∞) be differentiable.
Then ω as defined in (3.17) satisfies

A(t)2∆xω + A(s)2∆yω + 2A(t)A(s)∆xyω

≤ d

2
(t− s)

∫ 1

0

A′(τt+ (1− τ)s)2 dτ

+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∆V (γ0) dτ

(3.32)

for all V -geodesics γ0 in M and 0 < s < t.

Proof. Fix 0 < s < t and let γ0 : [0, 1] → M be a V -geodesic such that
γ0(0) = y and γ0(1) = x for x, y ∈ M fixed. Choose an orthonormal basis
(ei(0))

d
i=1 of TyM and parallel transport it along γ0 to obtain an orthonormal

basis ei := ei(τ) at each point on the curve. We then define a particular variation
of γ0 by setting

γ(τ, r) = expγ0(τ)(A(τt+ (1− τ)s)rei).
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We note that γr(1, r) = A(t)ei, γr(0, r) = A(s)ei, and γrr(τ, r) = 0 for all
r ∈ (−δ, δ).

In addition, the variation of the endpoints of the curves is described by

x(r) := γ(1, r) = expx(A(t)rei),

y(r) := γ(0, r) = expy(A(s)rei).

Now, for any r,

ω(x(r), y(r); t, s) = min
γ∈Γx(r),y(r)

E[γ; t, s] ≤ E[γ(τ, r); t, s],

where equality is attained for r = 0. Therefore, it follows that as a function of
r, ω(x(r), y(r); t, s)− E[γ(τ, r); t, s] is negative and attains a maximum value of
0 at r = 0. Therefore,

d2

dr2
ω(x(r), y(r); t, s)

∣∣∣∣
r=0

≤ d2

dr2
E[γ; t, s]

∣∣∣∣
r=0

. (3.33)

Explicit computation of the left-hand side yields

A(t)2
∂2ω

∂x2i
+ A(s)2

∂2ω

∂y2i
+ 2A(t)A(s)

∂2ω

∂xi∂yi
,

while the right-hand side can be computed using (3.23):

∂2

∂r2
E[γ(τ, r); t, s]

∣∣∣∣
r=0

=
1

2(t− s)

(∫ 1

0

|(t− s)A′(τt+ (1− τ)s)ei|2

+ A(τt+ (1− τ)s)2R(ei, γ̇0, ei, γ̇0) dτ

)
+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∇i∇iV (γ0) dτ

=
1

2
(t− s)

∫ 1

0

A′(τt+ (1− τ)s)2 dτ

− 1

2(t− s)

∫ 1

0

A(τt+ (1− τ)s)2R(ei, γ̇0, γ̇0, ei) dτ

+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∇i∇iV (γ0) dτ.

Inserting these expressions back into (3.33) and summing over i gives

A(t)2∆xω + A(s)2∆yω + 2A(t)A(s)∆xyω

≤ d

2
(t− s)

∫ 1

0

A′(τt+ (1− τ)s)2 dτ

− 1

2(t− s)

∫ 1

0

A(τt+ (1− τ)s)2Ric(γ̇0, γ̇0) dτ

+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∆V (γ0) dτ.
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Since the manifold M is assumed to have nonnegative Ricci curvature, this esti-
mate reduces to

A(t)2∆xω + A(s)2∆yω + 2A(t)A(s)∆xyω

≤ d

2
(t− s)

∫ 1

0

A′(τt+ (1− τ)s)2 dτ

+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∆V (γ0) dτ,

which is the claimed inequality (3.32). □

Proof of Theorem 3.8. Applying Lemma 3.9 to ω1, we have

A(t)2∆xω1 + A(s)2∆yω1 + 2A(t)A(s)∆xyω1

≤ d

2
(t− s)

∫ 1

0

A′(τt+ (1− τ)s)2 dτ

+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∆V1(γ0) dτ

≤ d

2
(t− s)

∫ 1

0

A′(τt+ (1− τ)s)2 dτ

+ (t− s)

∫ 1

0

A(τt+ (1− τ)s)2∆V2(γ0) dτ

≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)
.

Hence the function ω1 corresponding to V1 satisfies (3.3) with the functions A
and β borrowed from V2. In the case that M = Ω ⊆ Rd, all other necessary
assumptions from Theorem 3.1 (if Ω = Rd) and Theorem 3.2 (if Ω ̸= Rd) hold
and the Harnack inequality (3.31) follows as a consequence. If M is a general
Riemannian manifold, the same conclusion follows by applying Theorem 3.11 or
Theorem 3.12 from the next section. □

Applying Theorem 3.8 with the quadratic potential V2 = C2|x|2, we find that
a Harnack inequality holds for the class of potentials V with ∆V bounded from
above.

Corollary 3.10. Let Ω ⊆ Rd and V ∈ C2(Ω) be bounded from below, such that
either Ω is V -convex (Ω ̸= Rd) or Ω = Rd is V -approximable. Suppose there is a
constant C ̸= 0 such that ∆V ≤ 2dC2. Then, every positive solution u of (3.8)
satisfies

u(x, t) ≥ u(y, s)

(
sinh(2Cs)

sinh(2Ct)

)d/2

e−ω(x,y;t,s) (3.34)

for every x, y ∈ Ω and 0 < s < t, where ω is defined by (3.37).
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3.1.3. The manifold case

Now that we have identified an appropriate candidate for the function ω, which
possesses suitable properties, even in the manifold setting, we are ready to present
our main result in this case.

Theorem 3.11. Let (M, g) be a complete Riemannian manifold without bound-
ary and nonnegative Ricci curvature. Let V ∈ C2(M) be bounded from below and
such that M is V -approximable. Suppose there exist strictly increasing, differen-
tiable functions β : [0,∞) → [0,∞) satisfying β(0) = 0 and A : [0,∞) → [0,∞)
such that

(t− s)

∫ 1

0

d

2
A′(τt+ (1− τ)s)2 + A(τt+ (1− τ)s)2∆V (γ0) dτ

≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)

(3.35)

holds for all V -geodesics γ0 and 0 < s < t. Then every positive solution u of

∂tu = ∆u− V u in M × (0,∞) (1.3)

satisfies

u(x, t) ≥ u(y, s)
β(s)

β(t)
e−ω(x,y;t,s) (3.36)

for all x, y ∈M and 0 < s < t, where ω :M ×M × S is given by

ω(x, y; t, s) := min
γ∈Γx,y

1

4(t− s)

∫ 1

0

|γ̇|2 dτ + (t− s)

∫ 1

0

V (γ(τ)) dτ. (3.37)

As in the Euclidean case, Theorem 3.11 follows by an approximation argu-
ment after obtaining the following result for the Neumann problem.

Theorem 3.12. Let (M, g) be a compact Riemannian manifold with nonnegative
Ricci curvature and (possibly empty) boundary ∂M . Let V ∈ C2(M) be bounded
from below and such that ∂M is V -convex. In addition, suppose that (3.35) holds
for all V -geodesics γ0. Then every positive solution u of{

∂tu = ∆u− V u in M × (0,∞),

g(∇u, ν) = 0 on ∂M × (0,∞)
(3.38)

satisfies the Harnack inequality (3.36) for all x, y ∈M and 0 < s < t.

The core strategy of the proof of Theorem 3.12 is identical to how we pro-
ceeded to prove Theorem 3.2, however, we must overcome some additional tech-
nical complications. In Theorem 3.1 and Theorem 3.2, we assumed that the
function ω admitted enough regularity to satisfy the inequalities (3.1)—(3.4)
pointwise. This assumption was not unreasonable to make, since as outlined in
Section 3.1.2, it is possible to find such a sufficiently smooth function ω for many
important potentials V . However, for general Riemannian manifolds M , these
regularity properties of ω might no longer be true. To bypass this issue in our
proofs, we work directly with the energy E and analyse the function Z in our
proof under smooth variations of curves connecting points x and y in M .
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As we did in the Euclidean case, we start by considering the case, where M
is compact.

Proof of Theorem 3.12. Let u be a positive solution of (3.38) and set
v = log u. Then v satisfies{

∂tv = ∆v + |∇v|2 − V in M × (0,∞),

g(∇v, ν) = 0 on ∂M × (0,∞).

Fix ε > 0 and define Z by

Z(x, y; t, s) := v(x, t)− v(y, s) + log

(
β(t)

β(s)

)
+ ω(x, y; t, s) +

ε

2
(t− s)2 + ε.

As in the proof of Theorem 3.2, we note that Z > 0 as s → 0+, and in light of
Proposition 3.5, we can conclude that Z > 0 for t near s, and in particular, for
(t, s) sufficiently close to (0, 0).

We again proceed as in the proof of Theorem 3.2, by supposing Z touches 0
from above for the first time at a point P0 = (x0, y0; t0, s0). For now, we assume
that x0, y0 ̸∈ ∂M .

We define a new function Z̃ : C∞([0, 1],M)× S → R by setting

Z̃(γ; t, s) = v(γ(1), t)− v(γ(0), s) + log

(
β(t)

β(s)

)
+ E[γ; t, s] +

ε

2
(t− s)2 + ε,

which we analyse under smooth variations of γ. Clearly, Z and Z̃ are related by
the inequality

Z̃(γ; t, s) ≥ Z(γ(1), γ(0); t, s),

and equality holds if γ minimises E[γ; t, s] over the set of all paths connect-
ing γ(0) and γ(1) fixed. Thus, we can conclude that if Z has a minimum
at (x0, y0; t0, s0), then Z̃ has a minimum at (γ0, t0, s0), where γ0 is such that
E[γ0; t0, s0] ≤ E[γ; t0, s0] for all γ ∈ Γx,y. From this, we conclude that

∂tZ̃(γ0; t0, s0) ≤ 0 (3.39a)

∂sZ̃(γ0; t0, s0) ≤ 0 (3.39b)

∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= 0 (3.39c)

∂2

∂r2
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

≥ 0 (3.39d)

for all smooth variations γ = γ(τ, r) of γ0, with r ∈ (−δ, δ) for some δ > 0 and
γ(τ, 0) = γ0(τ).

Using (3.39c) and the formula (3.22) for the first variation of E, we obtain
that

g(∇v(x0, t0),γr(1))− g(∇v(y0, s0), γr(0))

=
−1

2(t0 − s0)
(g(γr(1), γ̇0(1))− g(γr(0), γ̇0(0)))
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for all smooth variations γ(τ, r) of γ0. By considering variations with γr(1) = 0,
and then with γr(0) = 0, it follows that

∇v(x0, t0) =
−1

2(t0 − s0)
γ̇0(1) and ∇v(y0, s0) =

−1

2(t0 − s0)
γ̇0(0). (3.40)

Next, (3.39a) implies

0 ≥ ∂tv(x0, t0) +
β′(t0)

β(t0)
+
∂

∂t
E[γ0; t0, s0] + ε(t0 − s0)

= ∆v(x0, t0) + |∇v(x0, t0)|2 − V (x0) +
β′(t0)

β(t0)
+
∂

∂t
E[γ0; t0, s0] + ε(t0 − s0)

However, using (3.40) and the expression for ∂
∂t
E[γ0; t0, s0] in Proposition 3.6, we

see that

∂

∂t
E[γ0; t0, s0] = − |γ̇0(1)|2

4(t0 − s0)2
+ V (x0) = −|∇v(x0, t0)|2 + V (x0).

Therefore,

∆v(x0, t0) ≤ −β
′(t0)

β(t0)
− ε(t0 − s0). (3.41)

By a similar argument, (3.39b) implies

−∆v(y0, s0) ≤
β′(s0)

β(s0)
+ ε(t0 − s0). (3.42)

We now wish to make use of our last condition (3.39d). Choose an orthonor-
mal basis (ei(0))

d
i=1 of Ty0M and parallel transport it along γ0 to obtain an

orthonormal basis ei := ei(τ) at each point on the curve. We then define a
particular variation of γ0 by setting

γ(τ, r) = expγ0(τ)(A(τt0 + (1− τ)s0)rei).

We note that γr(1, r) = A(t0)ei, γr(0, r) = A(s0)ei, and γrr(τ, r) = 0 for all

r ∈ (−δ, δ). Then, by computing ∂2

∂r2
Z̃(γ(τ, r); t0, s0)

∣∣∣
r=0

explicitly, we find that

0 ≤ A(t0)
2∇i∇iv(x0, t0)−A(s0)2∇i∇iv(y0, s0)+

∂2

∂r2
E[γ(τ, r); t0, s0]

∣∣∣∣
r=0

. (3.43)

Proceeding identically as in the proof of Lemma 3.9 to compute and estimate
∂2

∂r2
E[γ(τ, r); t0, s0]

∣∣∣
r=0

, we obtain

0 ≤ A(t0)
2∆v(x0, t0)− A(s0)

2∆v(y0, s0)

+
d

2
(t0 − s0)

∫ 1

0

A′(τt0 + (1− τ)s0)
2 dτ

+ (t0 − s0)

∫ 1

0

A(τt0 + (1− τ)s0)
2∆V (γ0) dτ.

(3.44)

Inserting the inequalities (3.41) (3.42), and (3.35) into (3.44) yields

0 ≤ −ε(t0 − s0)(A(t0)
2 − A(s0)

2) < 0.
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This is a contradiction since A is assumed to be strictly increasing. If ∂M = ∅,
then this concludes the proof. Otherwise, at least one of the points x0, y0 needs
to lie on the boundary ∂M .

Suppose y0 ∈ ∂M . Let e(0) := −ν(y0) ∈ Ty0M and parallel transport e(0)
along γ0, so that e(τ) ∈ Tγ0(τ)M . We choose a variation γ : [0, 1] × [0, δ) → M
of γ0 defined by

γ(τ, r) = expγ0(τ)(r(1− τ)e(τ)). (3.45)

Then γr(τ, r) = (1− τ)e(τ) for all r ∈ [0, δ). In particular, γr(0, r) = −ν(y0) and
γr(1, r) = 0. With the help of (3.22), we see that

∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= g(∇v(x0, t0), γr(1, 0))− g(∇v(y0, s0), γr(0, 0))

+
1

2(t0 − s0)
(g(γr(1, 0), γ̇0(1))− g(γr(0, 0), γ̇0(0)))

= g(∇v(y0, s0), ν(y0)) +
g(ν(y0), γ̇0(0)

2(t0 − s0)

=
g(ν(y0), γ̇0(0))

2(t0 − s0)
,

where the last equality follows as a consequence of the Neumann condition on v.
The assumption that M is V -convex and in particular convex (see Remark 3.3
(ii)) implies g(ν(y0), γ̇0(0)) ≤ 0 and so

∂

∂r
Z̃(γ(τ, r)); t0, s0)

∣∣∣∣
r=0

≤ 0.

If this inequality is strict, we may apply a similar argument as in the proof
of Theorem 3.2 to reach a contradiction. Therefore, we must have equality,
which can occur only if g(ν(y0), γ̇0(0)) = 0, that is, if γ̇0(0) ∈ Ty0∂M . Since
the manifold was assumed to be V -convex, Remark 3.3 (iii) implies this is only
possible if γ̇0(0) = 0. Therefore, for any variation of γ0, not necessarily the one
defined by (3.45), we have

∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= g(∇v(x0, t0), γr(1, 0))− g(∇v(y0, s0), γr(0, 0))

+
1

2(t0 − s0)
g(γr(1, 0), γ̇0(1)).

In particular, for variations γ(τ, r) : [0, 1] × (−δ, δ) → M with γr(1, 0) = 0 we
have

∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= −g(∇v(y0, s0), γr(0, 0)).

If we instead consider choosing γr(0, 0) ∈ Ty0∂M , then we have

0 =
∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= −g(∇v(y0, s0), γr(0, 0)).

Since the Neumann boundary condition implies g(∇v(y0, s0), γr(0, 0)) = 0 for all
γr(0, 0) ∈ (Ty0∂M)⊥, we conclude that

g(∇v(y0, s0), γr(0, 0)) = 0
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for all choices of γr(0, 0) ∈ Ty0M and therefore

∇v(y0, s0) = 0 =
−1

2(t0 − s0)
γ̇0(0)

holds as before. It follows that

∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= g(∇v(x0, t0), γr(1, 0)) +
1

2(t0 − s0)
g(γr(1, 0), γ̇0(1))

for any variation of γ0.

If x0 ̸∈ ∂M , then we may consider variations γ(τ, r) : [0, 1] × (−δ, δ) → M
with any choice of γr(1, 0) ∈ Tx0M . We then have

0 =
∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= g(∇v(x0, t0), γr(1, 0)) +
1

2(t0 − s0)
g(γr(1, 0), γ̇0(1))

and therefore

∇v(x0, t0) =
−1

2(t0 − s0)
γ̇0(1)

holds as before. If x0 ∈ ∂M , by repeating the argument for y0, it must be that
γ̇0(1) = 0 and ∇v(x0, t0) = 0 and again we recover the above identity. From this
point on, we can continue to follow the argument as in the case that x0, y0 ̸∈ ∂M
to again reach a contradiction.

□

Proof of Theorem 3.11. Since M is assumed to be V -approximable, we
may assume there exists a sequence (Mn)n≥1 of V -convex domains approximating
M . From here, the argument follows precisely as in the proof of Theorem 3.1
with Rd replaced by M and Ωn replaced by Mn. □

3.1.4. The Schrödinger equation with gradient drift

LetM be a complete Riemannian manifold and f ∈ C4(M). We consider positive
solutions of the equation

∂tu = ∆u− 2∇f · ∇u− V u in M × (0,∞). (3.46)

Under the change of variables v := e−fu, (3.46) is transformed into the Schrödinger
equation

∂tv = ∆v − Ṽ v in M × (0,∞) (3.47)

for the potential Ṽ := |∇f |2 −∆f + V . Therefore, if the conditions of Theorem
3.11 are satisfied for the potential Ṽ , we may conclude that every positive solution
v of (3.47) satisfies the Harnack inequality

v(x, t) ≥ v(y, s)
β(s)

β(t)
e−ω̃(x,y;t,s),

where

ω̃(x, y; t, s) := min
Γx,y

1

4(t− s)

∫ 1

0

|γ̇|2 dτ + (t− s)

∫ 1

0

(|∇f |2 −∆f + V )(γ(τ)) dτ.
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Reversing the transformation, this leads to the Harnack inequality

u(x, t) ≥ u(y, s)
β(s)

β(t)
ef(x)−f(y)−ω̃(x,y;t,s)

satisfied by every positive solution u of the original equation (3.46). We sum-
marise this finding in the following corollary.

Corollary 3.13. Let (M, g) be a complete Riemannian manifold without bound-
ary and nonnegative Ricci curvature. Let f ∈ C4(M), V ∈ C2(M), and let u
be a positive solution of

∂tu = ∆u− 2∇f · ∇u− V u in M × (0,∞). (3.46)

If the conditions of Theorem 3.11 hold for the potential Ṽ := |∇f |2 −∆f + V ,
then u satisfies

u(x, t) ≥ u(y, s)
β(s)

β(t)
ef(x)−f(y)−ω̃(x,y;t,s) (3.48)

for all x, y ∈M and 0 < s < t, where

ω̃(x, y; t, s) := min
Γx,y

1

4(t− s)

∫ 1

0

|γ̇|2 dτ + (t− s)

∫ 1

0

Ṽ (γ(τ)) dτ.

We obtain another similar corollary for the Neumann problem on compact
manifolds by applying Theorem 3.12.

Corollary 3.14. Let (M, g) be a compact Riemannian manifold with nonneg-
ative Ricci curvature and (possibly empty) boundary ∂M . Let f ∈ C4(M),
V ∈ C2(M), and let u be a positive solution of{

∂tu = ∆u− 2∇f · ∇u− V u in M × (0,∞),

∇u · ν = (∇f · ν)u on ∂M × (0,∞).
(3.49)

If the conditions of Theorem 3.12 hold for the potential Ṽ := |∇f |2 −∆f + V ,
then u satisfies (3.48) for all x, y ∈M and 0 < s < t.

Example 3.4 (Ornstein-Uhlenbeck with quadratic potential). For M = Rd, we
consider when V = C2

1 |x|2 and f = −C2

2
|x|2 for C1, C2 ∈ R. These choices

correspond to the equation

∂tu = ∆u+ 2C2x · ∇u− C2
1 |x|2u,

which under the transformation v = e−
C1
4
|x|2 becomes

∂tv = ∆v − (C2|x|2 + dC2)v

for C such that C2 = C2
1 + C2

2 . From Example 3.2, it follows that a positive
solution v of this equation satisfies

v(x, t) ≥ v(y, s)

(
sinh(2Cs)

sinh(2Ct)

)d/2

e−ω̃(x,y;t,s)

for all x, y ∈ Rd and 0 < s < t with

ω̃(x, y; t, s) =
C

2

(
|x− y|2

sinh(2C(t− s))
+ (|x|2 + |y|2) tanh(C(t− s))

)
+ dC2(t− s).
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Reversing the transformation, we have that u satisfies

u(x, t) ≥ u(y, s)

(
sinh(2Cs)

sinh(2Ct)

)d/2

e
C2
2
(|x|2−|y|2)−ω̃(x,y;t,s).

One may compare this inequality with the results obtained in [122].

3.1.5. Differential Harnack inequalities

Suppose u :M → [0,∞) satisfies the Harnack inequality

u(x, t) ≥ u(y, s)
β(s)

β(t)
e−ω(x,y;t,s)

for a given function β : [0,∞) → [0,∞) and ω defined as in Theorem 3.11. We
note that after reparametrising the curve γ, the energy E equivalent to

E[γ; t, s] =
1

4

∫ t

s

|γ̇|2 dτ +

∫ t

s

V (γ(τ)) dτ.

Then, after making the change of variables v = log u, we have that

v(x, t)− v(y, s) + log(β(t))− log(β(s)) +
1

4

∫ t

s

|γ̇|2 dτ +

∫ t

s

V (γ(τ)) dτ ≥ 0

for all x, y ∈M , 0 < s < t, where γ is a V -geodesic connecting x and y inM . For
h > 0 small and e⃗ ∈ TyM to be determined later, set x = expy(he⃗) and t = s+h.
We write γh : [s, s + h] → M to represent the V -geodesic with γh(s) = y and
γh(s+ h) = x = expy(he⃗). Then

v(γh(s+ h), s+ h)− v(y, s)

h
+

log(β(s+ h))− log(β(s))

h

+
1

4h

∫ s+h

s

|γ̇h|2 dτ +
1

h

∫ s+h

s

V (γh(τ)) dτ ≥ 0.

Passing to the limit as h→ 0+ yields

∇v(y, s) · e⃗+ ∂sv(y, s) +
β′(s)

β(s)
+

1

4
|e⃗|2 + V (y) ≥ 0.

Writing 1
4
|e⃗|2 + ∇v(y, s) · e⃗ = |∇v(y, s) + 1

2
e⃗|2 − |∇v(y, s)|2 and then choosing

e⃗ = −2∇v(y, s), we have that

∂sv(y, s) +
β′(s)

β(s)
− |∇v(y, s)|2 + V (y) ≥ 0,

or equivalently if u solves (1.3),

∆(log u) ≥ −β
′(s)

β(s)

in M × (0,∞). Alternatively, if u = e−f û, where û solves (3.46), then

∆(log û) ≥ ∆f − β′(s)

β(s)

in M × (0,∞).
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3.2. The Harnack inequality for the doubly nonlinear
heat equation

In this section, we are interested in studying the Harnack inequality satisfied by
positive solutions of the doubly nonlinear heat equation

∂tu = ∆p(u
m) in M × (0,∞) (1.4)

on a Riemannian manifold M with nonnegative Ricci curvature, where m > 0
and p ≥ 2. Using the results in this section, one may deduce a Harnack inequality
satisfied by positive solutions of the porous medium equation (p = 2) and p-heat
equation (m = 1) in the degenerate range p > 2, as well as recover the results
obtained in Section 3.1 for the heat equation (m = 1, p = 2).

3.2.1. Classical solutions in Euclidean space

We begin by discussing classical solutions of the doubly nonlinear heat equation

∂tu = ∆p(u
m) in Rd × (0,∞) (3.50)

in the Euclidean setting with M = Rd. The main goal of this section is to prove
the following theorem.

Theorem 3.15. Let m > 0, p ≥ 2 and set λ := m − 1
p−1

. Let Ω ⊆ Rd be a

bounded domain with smooth boundary ∂Ω. Let ω = ω(x, y; t, s) : Ω×Ω×S → R
be a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
ω(x, y; t, s) → ∞ whenever t → s+ for x ̸= y and limt→s+ ω(x, x; t, s) ≥ 0 for
all x ∈ Ω. In addition, suppose there exists a strictly increasing, differentiable
function β : [0,∞) → [0,∞) with β(0) = 0 and a function A : [0,∞) → [0,∞)
such that A2βλ is increasing and ω satisfies

∂tω + β−λ(p−1)(t)|∇xω|p ≥ 0 (3.51)

∂sω − β−λ(p−1)(s)|∇yω|p ≥ 0 (3.52)

A2(t)β−λ(p−2)(t)∆p,xω + A2(s)β−λ(p−2)(s)∆p,yω

+2A(t)A(s)β−λ(p−2)
2 (t)β−λ(p−2)

2 (s)∆p,xyω

≤ A2(t)βλ−1(t)β′(t)−A2(s)βλ−1(s)β′(s)

(3.53)

in Ω× Ω× S, where

∆p,xyω := |∇xω|
p−4
2 |∇yω|

p−4
2 ×(

|∇xω||∇yω|
d∑

i=1

∂2ω

∂xi∂yi
− (p− 2)

d∑
i,j=1

∂ω

∂xi

∂2ω

∂xi∂yj

∂ω

∂yj

)
.

Finally, assume that

∇xω · ν(x) ≥ 0, for all x ∈ ∂Ω, y ∈ Ω, and 0 < s < t,

∇yω · ν(y) ≥ 0, for all x ∈ Ω, y ∈ ∂Ω, and 0 < s < t.
(3.54)
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Then every positive solution u of{
∂tu = ∆p(u

m) in Ω× (0,∞)

|∇(um)|p−2∇(um) · ν = 0 on ∂Ω× (0,∞).
(3.55)

satisfies

ψ(β(t)u(x, t)) ≥ ψ(β(s)u(y, s))− ω(x, y; t, s) (3.56)

for all x, y ∈ Ω and 0 < s < t, where

ψ(u) :=


m

λ
uλ if λ ̸= 0,

1

p− 1
log u if λ = 0.

(3.57)

Assuming that one can approximate positive solutions u of the doubly non-
linear heat equation (3.50) by solutions of the corresponding Neumann problem
on bounded domains Ω ⊆ Rd, one could apply the idea of the proof of Theorem
3.1 to obtain the following result.

Theorem 3.16. Let m > 0, p ≥ 2 and set λ := m − 1
p−1

. Suppose there exists

a continuous function ω = ω(x, y; t, s) : Rd × Rd × S → R, which is twice
differentiable in the first and second arguments and differentiable in the third
and fourth arguments. Suppose ω(x, y; t, s) → ∞ whenever t → s+ for x ̸= y
and limt→s ω(x, y; t, s) ≥ 0 for all x ∈ Rd. In addition, assume that ω satisfies
(3.51)–(3.53) in Rd×Rd×S. Finally, assume there exists an increasing sequence
(Ωn)n≥1 of smooth, bounded domains Ωn ⊂ Rd such that

⋃
n≥1Ωn = Rd and

∇xω · ν(x) ≥ 0, for all x ∈ ∂Ωn, y ∈ Ωn, and 0 < s < t,

∇yω · ν(y) ≥ 0, for all x ∈ Ωn, y ∈ ∂Ωn and 0 < s < t
(3.58)

hold for all n ≥ 1. Then every positive C2,1-solution u of

∂tu = ∆p(u
m) in Rd × (0,∞) (3.50)

satisfies the Harnack inequality (3.56) for all x, y ∈ Rd and 0 < s < t.

Our main task is therefore to prove Theorem 3.15. The proof will be bro-
ken into several cases depending on the sign of λ. Our strategy in each case
closely mirrors the approach utilised in Section 3.1 for the heat equation, which
ultimately amounts to demonstrating that a suitably chosen function Z remains
nonnegative on Ω×Ω×S. We again employ a change of variables v = ψ(u), with
the function ψ in (3.57) being chosen as in the work of Esteban and Vázquez
[60, 61]. While the core of our argument to prove Theorem 3.15 is largely
unchanged when compared with the proof of Theorem 3.2 in the linear case,
the nonlinear structure of the p-Laplace operator poses some potential technical
difficulties, which we overcome by working with an appropriate basis of Rd.

Proof of Theorem 3.15. We start with the case λ > 0.
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Let u be a positive C2,1-solution of (3.55) and set v = m
λ
uλ. Then v is a

solution to {
∂tv = λv∆pv + |∇v|p in Ω× (0,∞)

|∇v|p−2∇v · ν = 0 on ∂Ω× (0,∞).
(3.59)

Fix ε > 0 and define a function Z on Ω× Ω× S by

Z(x, y; t, s) = βλ(t)v(x, t)− βλ(s)v(y, s) + ω(x, y; t, s) +
ε

2
(t− s)2 + ε.

Firstly, observe that as s → 0+, the term including βλ(s) vanishes due to the
assumption that β(0) = 0. Since the other terms in Z are nonnegative, we
clearly have Z > 0 for s near 0. Next, if t → s+ and x ̸= y, the assumption
that ω → ∞ as t → s+ guarantees that Z > 0 for t near s. Otherwise, if
x = y, then the difference βλ(t)v(x, t) − βλ(s)v(x, s) → 0, so we can assume
βλ(t)v(x, t)− βλ(s)v(x, s)+ ε > 0. Again, the other terms in Z are nonnegative,
so Z > 0 for t near s. We see that Z > 0 for all times (t, s) sufficiently close
to (0, 0). Then, Z either remains strictly positive for all times, or there exists a
point P0 := (x0, y0; t0, s0) ∈ Ω × Ω × S such that Z touches 0 for the first time
at P0 in the sense of Definition 3.1. Suppose the latter is true and such a point
P0 exists. First, assume that x0, y0 ∈ Ω. Then, it follows that

∂tZ(P0) ≤ 0, ∂sZ(P0) ≤ 0, ∇(x,y)Z(P0) = 0, D2
(x,y)Z(P0) ≥ 0.

Firstly, the condition ∇(x,y)Z(P0) = 0 implies

0 = ∇xZ(P0) = βλ(t0)∇v(x0) +∇xω(P0)

0 = ∇yZ(P0) = −βλ(s0)∇v(x0) +∇yω(P0)

and therefore

∇v(x0, t0) = −β−λ(t0)∇xω(P0), (3.60)

∇v(y0, s0) = β−λ(s0)∇yω(P0). (3.61)

Next, the condition ∂tZ(P0) ≤ 0 implies

0 ≥ λβλ−1(t0)β
′(t0)v(x0, t0) + βλ(t0)∂tv(x0, t0) + ∂tω(P0) + ε(t0 − s0).

Using the equation (3.59) as well as (3.60), it follows that

0 ≥ λβλ−1(t0)β
′(t0)v(x0, t0) + λβλ(t0)v(x0, t0)∆pv(x0, t0)

+ βλ(t0)|∇v(x0, t0)|p + ∂tω(P0) + ε(t0 − s0)

= λβλ−1(t0)β
′(t0)v(x0, t0) + λβλ(t0)v(x0, t0)∆pv(x0, t0)

+ β−λ(p−1)(t0)|∇xω(P0)|p + ∂tω(P0) + ε(t0 − s0).

However, due to the assumption (3.51) on ω, we are left with

0 ≥ λβλ−1(t0)β
′(t0)v(x0, t0) + λβλ(t0)v(x0, t0)∆pv(x0, t0) + ε(t0 − s0),

which we rearrange to

βλ(t0)∆pv(x0, t0) ≤ −βλ−1(t0)β
′(t0)−

ε

λ

t0 − s0
v(x0, t0)

. (3.62)
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By a similar argument using ∂sZ(P0) ≤ 0, (3.61) and (3.52), we derive that

−βλ(s0)∆pv(y0, s0) ≤ βλ−1(s0)β
′(s0) +

ε

λ

t0 − s0
v(y0, s0)

. (3.63)

For the next step of the proof, it is most convenient to work with respect to a
particular basis of Rd. If p = 2, it is sufficient to work using the standard basis.
However, if p > 2, the p-Laplace operator contains mixed derivatives, which we
would like to avoid in our calculation. We distinguish between the cases, where
either or both of ∇v(x0, t0) and ∇v(y0, s0) are zero. We can easily rule out
the case ∇v(x0, t0) = 0, since when p > 2, this would imply ∆pv(x0, t0) = 0.
However, since β is assumed to be a strictly increasing nonnegative function and
so β′(t0) > 0, inequality (3.62) implies ∆pv(x0, t0) < 0, which is a contradiction.
However, the case that∇v(y0, s0) ̸= 0 is not so immediately ruled out. Therefore,
we make two cases.

For the moment, we proceed assuming that both ∇v(x0, t0) and ∇v(y0, s0)
are nonzero. Then ∇xω(P0) and ∇yω(P0) are also nonzero because of (3.60)
and (3.61). This permits us to define the following two orthonormal bases of

Rd, firstly B(x) = (e
(x)
1 , e

(x)
2 , . . . , e

(x)
d ) with e

(x)
1 = 1

|∇xω(P0)|∇xω(P0) as well as

(e
(y)
1 , e

(y)
2 , . . . , e

(y)
d ) with B(y) = e

(y)
1 = − 1

|∇yω(P0)|∇yω(P0). In the steps that

follow, we will use ∂
∂xi

and ∂
∂yi

to denote derivatives in the e
(x)
i and e

(y)
i directions

respectively.

Suppose x(τ) and y(τ) are two paths in Ω such that

x′(τ) = A(t0)β
−λ(p−2)

2 (t0)|∇xω(P0)|
p−2
2 e

(x)
i , x(τ0) = x0,

y′(τ) = A(s0)β
−λ(p−2)

2 (s0)|∇yω(P0)|
p−2
2 e

(y)
i , y(τ0) = y0

for 1 ≤ i ≤ d and for some τ0. Then

d

dτ
Z(x(τ), y(τ); t, s)

= A(t0)β
−λ(p−2)

2 (t0)|∇xω(P0)|
p−2
2 βλ(t)

∂v

∂xi
(x, t)

− A(s0)β
−λ(p−2)

2 (s0)|∇yω(P0)|
p−2
2 βλ(s)

∂v

∂yi
(y, s)

+ A(t0)β
−λ(p−2)

2 (t0)|∇xω(P0)|
p−2
2
∂ω

∂xi
(x, y; t, s)

+ A(s0)β
−λ(p−2)

2 (s0)|∇yω(P0)|
p−2
2
∂ω

∂yi
(x, y; t, s)
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and

d2

dτ 2
Z(x(τ), y(τ); t, s)

= A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−2βλ(t)

∂2v

∂x2i
(x, t)

− A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−2βλ(s)

∂2v

∂y2i
(y, s)

+ A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−2∂

2ω

∂x2i
(x, y; t, s)

+ A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−2∂

2ω

∂y2i
(x, y; t, s)

+ 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)×

|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2

∂2ω

∂xi∂yi
(x, y; t, s).

Evaluating at τ = τ0 and using that D2
(x,y)Z(P0) ≥ 0 implies

d2

dτ 2
Z(x(τ), y(τ); t, s)

∣∣∣∣
τ=τ0

≥ 0,

and so we have

0 ≤ A2(t0)β
−λ(p−3)(t0)|∇xω(P0)|p−2 ∂

2v

∂x2i
(x0, t0)

− A2(s0)β
−λ(p−3)(s0)|∇yω(P0)|p−2∂

2v

∂y2i
(y0, s0)

+ A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−2∂

2ω

∂x2i
(P0)

+ A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−2∂

2ω

∂y2i
(P0)

+ 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)×

|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2

∂2ω

∂xi∂yi
(P0).
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Summing over i and then adding a further (p− 2) multiples of the inequality for
i = 1 yields

0 ≤ A2(t0)β
−λ(p−3)(t0)|∇xω(P0)|p−2

(
∆v(x0, t0) + (p− 2)

∂2v

∂x21
(x0, t0)

)
− A2(s0)β

−λ(p−3)(s0)|∇yω(P0)|p−2

(
∆v(y0, s0) + (p− 2)

∂2v

∂y21
(y0, s0)

)
+ A2(t0)β

−λ(p−2)(t0)|∇xω(P0)|p−2

(
∆xω(P0) + (p− 2)

∂2ω

∂x21
(P0)

)
+ A2(s0)β

−λ(p−2)(s0)|∇yω(P0)|p−2

(
∆yω(P0) + (p− 2)

∂2ω

∂y21
(P0)

)
+ 2A(t0)A(s0)β

−λ(p−2)
2 (t0)β

−λ(p−2)
2 (s0)|∇xω(P0)|

p−2
2 |∇yω(P0)|

p−2
2

×

(
(p− 2)

∂2ω

∂x1∂y1
(P0) +

d∑
i=1

∂2ω

∂xi∂yi
(P0)

)
.

(3.64)

Note that when p ̸= 2, (3.60) and (3.61) imply

∇v(x0, t0) = −β−λ(t0)|∇xω(P0)|e(x)1

∇v(y0, s0) = β−λ(s0)|∇yω(P0)|e(y)1

and recall that in non-divergence form, the p-Laplace operator ∆p may be ex-
pressed as

∆pv = |∇v|p−4
(
|∇v|2∆v + (p− 2)∇v⊤D2v∇v

)
.

It follows that

∆pv(x0, t0) = β−λ(p−2)(t0)|∇xω(P0)|p−2

(
∆v(x0, t0) + (p− 2)

∂2v

∂x21
(x0, t0)

)
,

∆pv(y0, s0) = β−λ(p−2)(s0)|∇yω(P0)|p−2

(
∆v(y0, s0) + (p− 2)

∂2v

∂y21
(y0, s0)

)
,

Therefore, the inequality (3.64) simplifies to

0 ≤ A2(t0)β
λ(t0)∆pv(x0, t0)− A2(s0)β

λ(s0)∆pv(y0, s0)

+ A2(t0)β
−λ(p−2)(t0)∆p,xω(P0) + A2(s0)β

−λ(p−2)(s0)∆p,yω(P0)

+ 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2

×

(
(p− 2)

∂2ω

∂x1∂y1
(P0) +

d∑
i=1

∂2ω

∂xi∂yi
(P0)

)
.
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This inequality remains true in the case p = 2. We may now insert the inequali-
ties (3.62) and (3.63), which produces

0 ≤ ε

λ
(t0 − s0)

(
A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)

)
+ A2(s0)β

λ−1(s0)β
′(s0)− A2(t0)β

λ−1(t0)β
′(t0)

+ A2(t0)β
−λ(p−2)(t0)∆p,xω(P0) + A2(s0)β

−λ(p−2)(s0)∆p,yω(P0)

+ 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2

×

(
(p− 2)

∂2ω

∂x1∂y1
(P0) +

d∑
i=1

∂2ω

∂xi∂yi
(P0)

)
.

However, after rewriting the derivatives in the above inequality with respect to
the standard basis, the assumed inequality (3.53) implies

0 ≤ ε

λ
(t0 − s0)

(
A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)

)
.

We claim that the expression of the right-hand side is in fact strictly negative,
and we have thus reached a contradiction. Since Z(P0) = 0, it follows that

βλ(t0)v(x0, t0)− βλ(s0)v(y0, s0) = −ω(P0)−
ε

2
(t0 − s0)− ε < 0.

Therefore
1

βλ(s0)v(y0, s0)
− 1

βλ(t0)v(x0, t0)
< 0.

Since A2βλ is assumed to be increasing, A2(s0)β
λ(s0) < A2(t0)β

λ(t0) and so

A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)
=

A2(s0)β
λ(s0)

βλ(s0)v(y0, s0)
− A2(t0)β

λ(t0)

βλ(t0)v(x0, t0)
< 0,

which leads to a contradiction.

Returning to the case that p > 2 and ∇v(y0, s0) = 0, because of (3.61), this
would imply that ∇yω(P0), ∆p,yω(P0), and ∆p,xyω(P0) all vanish as well. This
means that (3.53) reduces to

A2(t0)β
−λ(p−2)(t0)∆p,xω(P0)

≤ A2(t0)β
λ−1(t0)β

′(t0)− A2(s0)β
λ−1(s0)β

′(s0).
(3.65)

We may repeat the arguments from when ∇v(y0, s0) ̸= 0, except we only use the

basis B(x) and analyse d2

dτ2
Z(x(τ), y0; t0, s0)|τ=τ0 . This leads to

0 ≤ A2(t0)β
λ(t0)∆pv(x0, t0) + A2(t0)β

−λ(p−2)(t0)∆p,xω(P0).

Inserting (3.65) and (3.62) yields

0 ≤ −A2(s0)β
λ−1(s0)β

′(s0)−
ε

λ

t0 − s0
v(x0, t0)

< 0,

so again we have a contradiction. Therefore, the assumption that x0, y0 ∈ Ω
is false and at least one of these points must occur on the boundary ∂Ω. The
argument to finish the proof from here follows identically as in the linear case.
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We now consider the case λ = m − 1
p−1

< 0. We again define v := m
λ
uλ,

bearing in mind that v is now a negative function. Fixing ε > 0, we define

Z(x, y; t, s) := βλ(t)v(x, t)− βλ(s)v(y, s) + ω(x, y; t, s)

+
ε

2

(∫ t

s

1

A2(τ)βλ(τ)
dτ

)−2

+ ε.

We first note that as s → 0+ one has −βλ(s)v(y, s) → ∞ since β(0) = 0, λ < 0
and −v(y, s) > 0. Therefore Z > 0 for s > 0 small. In addition, when t → s+,
the integral term in Z becomes unbounded, so Z > 0 for t sufficiently close to
s. In particular, Z will be strictly positive for 0 < s < t in a small enough
neighbourhood of (0, 0).

As in the case λ > 0, we suppose Z vanishes for the first time at some point
P0 := (x0, y0; t0, s0). Proceeding as in our earlier proof and first assuming x0, y0
are both in Ω, we find that

∇v(x0, t0) = −β−λ(t0)∇xω(P0) (3.60)

∇v(y0, s0) = β−λ(s0)∇yω(P0) (3.61)

remain true. However, due to the change in the definition of Z, inequalities
(3.62) and (3.63) are replaced by

βλ(t0)∆pv(x0, t0) ≤ −βλ−1(t0)β
′(t0)

+ ε

(∫ t

s

1

A2(τ)βλ(τ)
dτ

)−3
1

λA2(t0)βλ(t0)v(x0, t0)

and

−βλ(s0)∆pv(y0, s0) ≤ βλ−1(s0)β
′(s0)

− ε

(∫ t

s

1

A2(τ)βλ(τ)
dτ

)−3
1

λA2(s0)βλ(s0)v(y0, s0)

respectively. Following the approach of the proof when λ > 0, we reach

0 ≤ ε

(∫ t

s

1

A2(τ)βλ(τ)
dτ

)−3(
1

λβλ(t0)v(x0, t0)
− 1

λβλ(s0)v(y0, s0)

)
. (3.66)

As before, since Z(P0) = 0, one has

βλ(t0)v(x0, t0)− βλ(s0)v(y0, s0) = −ω(P0)−
ε

2

(∫ t

s

1

A2(τ)βλ(τ)
dτ

)−2

− ε < 0.

Therefore, since λ < 0, this implies

λβλ(t0)v(x0, t0) > λβλ(s0)v(y0, s0).

Since the quantities on both sides of the inequality are positive, this yields

1

λβλ(t0)v(x0, t0)
<

1

λβλ(s0)v(y0, s0)
.

As the integral in (3.66) is positive, we have reached

0 ≤ ε

(∫ t

s

1

A2(τ)βλ(τ)
dτ

)−3(
1

λβλ(t0)v(x0, t0)
− 1

λβλ(s0)v(y0, s0)

)
< 0,
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which is a contradiction. By the same argument as earlier, we can rule out the
possibility that either x0 or y0 occurs on the boundary ∂Ω. Therefore, the proof
in this case is complete.

The final case to be treated is when λ = 0, that is m = 1
p−1

. The case p = 2

corresponds to the heat equation, which was already covered in the previous
section. Therefore, we assume p > 2.

Let u be a C2,1-solution of{
∂tu = ∆p(u

1
p−1 ) in Ω× (0,∞)

|∇(u
1

p−1 )|p−2∇(u
1

p−1 ) · ν = 0 on ∂Ω× (0,∞).
(3.67)

on a smooth domain Ω ⊆ Rd and set v = 1
p−1

log u. Then v solves{
∂tv = 1

p−1
∆pv + |∇v|p in Ω× (0,∞)

|∇v|p−2∇v · ν = 0 on ∂Ω× (0,∞).
(3.68)

Fix ε > 0 and define a function Z on Ω× Ω× S by

Z(x, y; t, s) = v(x, t)− v(y, s) +
1

p− 1
log

(
β(t)

β(s)

)
+ ω(x, y; t, s) +

ε

2
(t− s)2 + ε.

Firstly, observe that as s → 0+, the term 1
p−1

log
(

β(t)
β(s)

)
→ ∞ due to the as-

sumption that β(0) = 0. Therefore, Z > 0 for s near 0. Next, if t → s+ and
x ̸= y, the assumption that ω → ∞ as t → s+ guarantees that Z > 0 for t near
s. Otherwise, if x = y, then the difference v(x, t)−v(x, s) → 0, so we can assume
v(x, t)− v(x, s) + ε > 0. Again, the other terms in Z are nonnegative, so Z > 0
for t near s.

Suppose Z touches 0 for the first time at a point P0 := (x0, y0; t0, s0) ∈
Ω× Ω× S and assume for the moment that x0, y0 ∈ Ω. Then, it follows that

∂tZ(P0) ≤ 0, ∂sZ(P0) ≤ 0, ∇(x,y)Z(P0) = 0, D2
(x,y)Z(P0) ≥ 0.

In the analysis that follows, it is useful to note that when λ = m− 1
p−1

= 0, the

three inequalities (3.51)–(3.53) satisfied by ω simplify to

∂tω + |∇xω|p ≥ 0, (3.69)

∂sω − |∇yω|p ≥ 0, (3.70)

A2(t)∆p,xω + A2(s)∆p,yω + 2A(t)A(s)∆p,xyω ≤ A2(t)
β′(t)

β(t)
− A2(s)

β′(s)

β(s)
.

(3.71)

Firstly, the condition ∇(x,y)Z(P0) = 0 implies

0 = ∇xZ(P0) = ∇v(x0) +∇xω(P0)

0 = ∇yZ(P0) = −∇v(x0) +∇yω(P0)

and therefore

∇v(x0, t0) = −∇xω(P0) (3.72)

∇v(y0, s0) = ∇yω(P0). (3.73)
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Next, the condition ∂tZ(P0) ≤ 0 implies

0 ≥ ∂tv(x0, t0) +
1

p− 1

β′(t0)

β(t0)
+ ∂tω(P0) + ε(t0 − s0).

Using the equation (3.68) as well as (3.72), it follows that

0 ≥ 1

p− 1
∆pv(x0, t0) + |∇v(x0, t0)|p +

1

p− 1

β′(t0)

β(t0)
+ ∂tω(P0) + ε(t0 − s0)

=
1

p− 1
∆pv(x0, t0) + |∇xω(P0)|p +

1

p− 1

β′(t0)

β(t0)
+ ∂tω(P0) + ε(t0 − s0).

However, due to the assumption (3.69) on ω, this reduces to

0 ≥ 1

p− 1
∆pv(x0, t0) + |∇xω(P0)|p +

1

p− 1

β′(t0)

β(t0)
+ ∂tω(P0) + ε(t0 − s0),

which we rearrange to

∆pv(x0, t0) ≤ −β
′(t0)

β(t0)
− ε(p− 1)(t0 − s0). (3.74)

By a similar argument using ∂sZ(P0) ≤ 0, (3.72) and (3.70), we derive that

−∆pv(y0, s0) ≤
β′(s0)

β(s0)
+ ε(p− 1)(t0 − s0). (3.75)

As in the λ > 0 case, we can rule out the possibility that ∇v(x0, t0) = 0.
The case ∇v(y0, s0) = 0 can also be excluded by a similar argument. Therefore,
we assume that both ∇v(x0, t0) and ∇v(y0, s0) are nonzero. Then ∇xω(P0) and
∇yω(P0) are also nonzero because of (3.72) and (3.73). This permits us to define

two orthonormal bases B(x) = (e
(x)
1 , e

(x)
2 , . . . , e

(x)
d ) with e

(x)
1 = 1

|∇xω(P0)|∇xω(P0)

and (e
(y)
1 , e

(y)
2 , . . . , e

(y)
d ) with B(y) = e

(y)
1 = − 1

|∇yω(P0)|∇yω(P0) of Rd.

Suppose x(τ) and y(τ) are two paths in Ω such that

x′(τ) = A(t0)|∇xω(P0)|
p−2
2 e

(x)
i , x(τ0) = x0,

y′(τ) = A(s0)|∇yω(P0)|
p−2
2 e

(y)
i , y(τ0) = y0

for 1 ≤ i ≤ d and for some τ0. Then

d

dτ
Z(x(τ), y(τ); t, s)

=A(t0)|∇xω(P0)|
p−2
2
∂v

∂xi
(x, t)− A(s0)|∇yω(P0)|

p−2
2
∂v

∂yi
(y, s)

+ A(t0)|∇xω(P0)|
p−2
2
∂ω

∂xi
(x, y; t, s) + A(s0)|∇yω(P0)|

p−2
2
∂ω

∂yi
(x, y; t, s)
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and

d2

dτ 2
Z(x(τ), y(τ); t, s)

=A2(t0)|∇xω(P0)|p−2 ∂
2v

∂x2i
(x, t)− A2(s0)|∇yω(P0)|p−2∂

2v

∂y2i
(y, s)

+ A2(t0)|∇xω(P0)|p−2∂
2ω

∂x2i
(x, y; t, s) + A2(s0)|∇yω(P0)|p−2∂

2ω

∂y2i
(x, y; t, s)

+ 2A(t0)A(s0)|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2

∂2ω

∂xi∂yi
(x, y; t, s).

Evaluating at τ = τ0 and using that D2
(x,y)Z(P0) ≥ 0 implies

d2

dτ 2
Z(x(τ), y(τ); t, s)

∣∣∣∣
τ=τ0

≥ 0,

and we have

0 ≤ A2(t0)|∇xω(P0)|p−2 ∂
2v

∂x2i
(x0, t0)− A2(s0)|∇yω(P0)|p−2∂

2v

∂y2i
(y0, s0)

+ A2(t0)|∇xω(P0)|p−2∂
2ω

∂x2i
(P0) + A2(s0)|∇yω(P0)|p−2∂

2ω

∂y2i
(P0)

+ 2A(t0)A(s0)|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2

∂2ω

∂xi∂yi
(P0).

Summing over i and then adding a further (p− 2) multiples of the inequality for
i = 1 yields

0 ≤ A2(t0)|∇xω(P0)|p−2

(
∆v(x0, t0) + (p− 2)

∂2v

∂x21
(x0, t0)

)
− A2(s0)|∇yω(P0)|p−2

(
∆v(y0, s0) + (p− 2)

∂2v

∂y21
(y0, s0)

)
+ A2(t0)|∇xω(P0)|p−2

(
∆xω(P0) + (p− 2)

∂2ω

∂x21
(P0)

)
+ A2(s0)|∇yω(P0)|p−2

(
∆yω(P0) + (p− 2)

∂2ω

∂y21
(P0)

)
+ 2A(t0)A(s0)|∇xω(P0)|

p−2
2 |∇yω(P0)|

p−2
2

×

(
(p− 2)

∂2ω

∂x1∂y1
(P0) +

d∑
i=1

∂2ω

∂xi∂yi
(P0)

)
.

(3.76)

Note that (3.72) and (3.73) imply

∇v(x0, t0) = −|∇xω(P0)|e(x)1 ,

∇v(y0, s0) = |∇yω(P0)|e(y)1 .
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As for when λ > 0, one has

∆pv(x0, t0) = |∇xω(P0)|p−2

(
∆v(x0, t0) + (p− 2)

∂2v

∂x21
(x0, t0)

)
,

∆pv(y0, s0) = |∇yω(P0)|p−2

(
∆v(y0, s0) + (p− 2)

∂2v

∂y21
(y0, s0)

)
,

and hence, the inequality (3.76) simplifies to

0 ≤ A2(t0)∆pv(x0, t0)− A2(s0)∆pv(y0, s0)

+ A2(t0)∆p,xω(P0) + A2(s0)∆p,yω(P0)

+ 2A(t0)A(s0)|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2 ×(

(p− 2)
∂2ω

∂x1∂y1
(P0) +

d∑
i=1

∂2ω

∂xi∂yi
(P0)

)
.

We may now insert the inequalities (3.74) and (3.75), which produces

0 ≤ ε(p− 1)(t0 − s0)
(
A2(s0)− A2(t0)

)
+ A2(s0)

β′(s0)

β(s0)
− A2(t0)

β′(t0)

β(t0)

+ A2(t0)∆p,xω(P0) + A2(s0)∆p,yω(P0)

+ 2A(t0)A(s0)|∇xω(P0)|
p−2
2 |∇yω(P0)|

p−2
2 ×(

(p− 2)
∂2ω

∂x1∂y1
(P0) +

d∑
i=1

∂2ω

∂xi∂yi
(P0)

)
.

However, the assumed inequality (3.71) implies

0 ≤ ε(p− 1)(t0 − s0)
(
A2(s0)− A2(t0)

)
< 0,

which is a contradiction. Therefore, the assumption that x0, y0 ∈ Ω is false and
at least one of these points must occur on the boundary ∂Ω. However, we can
also rule this out using the argument from the linear case. □

The condition D2
(x,y)Z(P0) ≥ 0 can be utilised in a different manner than

we have just shown. The following alternative calculation makes greater use
of properties from linear algebra to obtain a contradiction. We provide this
computation below in the case λ > 0 to demonstrate the analogue between the
proofs in the cases of classical and viscosity solutions, which we discuss later.

Proof 2 of Theorem 3.17. We return to the estimates (3.62) and (3.63).
Taking a linear combination of these inequalities with the positive coefficients
A2(t0) and A

2(s0) yields

0 ≤ A2(s0)β
λ−1(s0)β

′(s0)− A2(t0)β
λ−1(t0)β

′(t0)

+
ε

λ
(t0 − s0)

(
A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)

)
− (A2(t0)β

λ(t0)∆pv(x0, t0)− A2(s0)β
λ(s0)∆pv(y0, s0)).

(3.77)
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We aim to obtain a lower bound on

Q := A2(t0)β
λ(t0)∆pv(x0, t0)− A2(s0)β

λ(s0)∆pv(y0, s0).

Making use of the non-divergence form of the operator ∆p, this quantity is equal
to

Q = A2(t0)β
λ(t0)|∇v(x0, t0)|p−2 trD2v(x0, t0)

− A2(s0)β
λ(s0)|∇v(y0, s0)|p−2 trD2v(y0, s0)

+ (p− 2)A2(t0)β
λ(t0)|∇v(x0, t0)|p−4×
∇v(x0, t0)⊤D2v(x0, t0)∇v(x0, t0)

− (p− 2)A2(s0)β
λ(s0)|∇v(y0, s0)|p−4×
∇v(y0, s0)⊤D2v(y0, s0)∇v(y0, s0).

Inserting the relationships (3.60) and (3.61) gives

Q = A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−2 tr(βλ(t0)D

2v(x0, t0))

+ A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−2 tr(−βλ(s0)D

2v(x0, t0))

+ (p− 2)A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−4×
∇xω(P0)

⊤(βλ(t0)D
2v(x0, t0))∇xω(P0)

− (p− 2)A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−4×
∇yω(P0)

⊤(βλ(s0)D
2v(y0, s0))∇xω(P0).

Now, let

F :=

(
A2(t0)β

−λ(p−2)(t0)|∇xω(P0)|p−2Id 0
0 A2(s0)β

−λ(p−2)(s0)|∇yω(P0)|p−2Id

)
,

G :=

(
βλ(t0)D

2v(x0, t0) 0
0 −βλ(s0)D

2v(y0, s0)

)
,

ζ :=

(
A(t0)β

−λ(p−2)
2 (t0)|∇xω(P0)|

p−4
2 ∇xω(P0)

A(s0)β
−λ(p−2)

2 (s0)|∇yω(P0)|
p−4
2 ∇yω(P0)

)
,

so that

Q = tr(FG) + (p− 2)ζ⊤Gζ.

By the properties of the trace, this formula remains true if we replace F by the
matrix

F̃ :=

(
F11 F12

F12 F22

)
,

where

F11 := A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−2Id

F12 := A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)|∇xω(x0, t0)|
p−2
2 |∇yω(y0, s0)|

p−2
2 Id

F22 := A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−2Id.
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One may verify that this choice of F̃ remains a positive semi-definite matrix. We
also recall that D2

(x,y)Z(P0) ≥ 0. Applying the definition of the function Z, this
implies

G =

(
βλ(t0)D

2v(x0, t0) 0
0 −βλ(s0)D

2v(y0, s0)

)
≥ −D2

(x,y)ω(P0).

It follows that

Q = tr(F̃G) + (p− 2)ζ⊤Gζ

≥ − tr(F̃D2
xyω(P0))− (p− 2)ζ⊤D2

(x,y)ω(P0)ζ.

Expanding the products, this inequality is equivalent to

Q ≥ −A2(t0)β
−λ(p−2)(t0)∆p,xω(P0)− A2(s0)β

−λ(p−2)(s0)∆p,yω(P0)

− 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)∆p,xyω(P0)

and so combining this with (3.77) produces

0 ≤ A2(s0)β
λ−1(s0)β

′(s0)− A2(t0)β
λ−1(t0)β

′(t0)

+
ε

λ
(t0 − s0)

(
A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)

)
+ A2(t0)β

−λ(p−2)(t0)∆p,xω(P0) + A2(s0)β
−λ(p−2)(s0)∆p,yω(P0)

+ 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)∆p,xyω(P0).

Then, the assumption (3.53) once again implies

0 ≤ ε

λ
(t0 − s0)

(
A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)

)
and the remainder of the proof follows identically.

□

The optimal ω

As in the linear case, we identify an optimal candidate for the function ω. For a
given increasing function β : [0,∞) → [0,∞), we define an energy

E[γ; t, s] =
Cp(

(B(t)−B(s)
)p′−1

∫ 1

0

|γ̇|p′ dτ (3.78)

for curves γ : [0, 1] → M , where B is such that B′(t) = β−λ(p−1)(t), p′ := p
p−1

,

and Cp := (p − 1)p−p′ . For fixed x, y ∈ M , the energy E is minimised over the
set of curves γ joining x and y by the geodesic passing between these points and
therefore we choose

ω(x, y; t, s) := min
γ∈Γx,y

E[γ; t, s] = Cp
d(x, y)p

′

(B(t)−B(s))p′−1
. (3.79)
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Following the ideas in Section 3.1.2, one sees that the function ω defined in (3.79)
satisfies (3.51) and (3.52) with equality. However, it is again not immediately
clear if there exists an increasing function A such that (3.53) holds.

Looking first in the Euclidean case M = Rd, we now aim to determine for
which choices of β, there exists a function A, such that inequality (3.53) is
satisfied. By an explicit computation, we find that

∇xω(x, y; t, s) =
p′Cp

(B(t)−B(s))p′−1
|x− y|p′−2(x− y)

∇yω(x, y; t, s) = − p′Cp

(B(t)−B(s))p′−1
|x− y|p′−2(x− y) = −∇xω(x, y; t, s).

Then, since

|∇xω|p−2∇xω =

(
p′Cp

(B(t)−B(s))p′−1

)p−1

|x− y|(p′−2)(p−1)+p−2(x− y)

=
1

p

x− y

B(t)−B(s)
,

it follows that

∆p,xω = divx(|∇xω|p−2∇xω) =
d

p

1

B(t)−B(s)
.

Similarly, one has

∆p,yω = divy(|∇yω|p−2∇yω) =
d

p

1

B(t)−B(s)
.

In addition, the relationship ∇xω = −∇yω means that the formula for the mixed
p-Laplacian ∆p,xyω simplifies greatly and

∆p,xyω = |∇xω|
p−4
2 |∇yω|

p−4
2

(
|∇xω||∇yω| divx(∇yω)

− (p− 2)∇xω
⊤D2

xyω∇yω
)

= −|∇xω|p−4(|∇xω|2∆xω +∇xω
⊤D2

xω∇xω) = ∆p,xω

= −d
p

1

B(t)−B(s)
.

Therefore, (3.53) is equivalent to

d

p

(
A(t)β−λ(p−2)

2 (t)− A(s)β−λ(p−2)
2 (s)

)2
B(t)−B(s)

≤ A2(t)βλ−1(t)β′(t)− A2(s)βλ−1(s)β(s).

One simple way in which this condition can be satisfied is if

B(t) = A(t)β−λ(p−2)
2 (t), (3.80)

d

p
A(t)β−λ(p−2)

2 (t) = A2(t)βλ−1(t)β′(t) (3.81)
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hold for all t > 0. Rearranging (3.80) for A(t) and inserting into (3.81) leads to

d

p
B(t) = B2(t)βλ(p−1)−1(t)β′(t) (3.82)

and therefore

B(t) =
λ(p− 1)d

p

(
d

dt
(βλ(p−1)(t))

)−1

.

Recalling that B′(t) = β−λ(p−1)(t), this implies

B(t) = −λ(p− 1)d

p

(B′(t))2

B′′(t)
,

which, when rearranged, gives

B′′(t)

B′(t)
= −λ(p− 1)d

p

B′(t)

B(t)
.

Therefore

log(B′(t)) = −λ(p− 1)d

p
logB(t) + C

for some constant of integration C, which we do not track in the computations
that follow. Given that B may be any antiderivative of β−λ(p−1)(t), we may
assume B(0) = 0. Solving for B(t) then produces

B(t) = Ct
1

1+
λ(p−1)d

p = Ct
p
d
K ,

where

K =
1

m(p− 1)− 1 + p
d

.

Finally, by differentiating B and rearranging, it follows that

β(t) =

(
CKp

d

)−1/λ(p−1)

tK .

We note that we have only determined β up to a positive multiplicative constant,
however, the structure of the Harnack inequality (3.56) implies the resulting
inequality is equivalent for all choices of this constant. Therefore, for convenience,
we select C = d

Kp
, so that

β(t) = tK , B(t) =
d

Kp
tKp/d, A(t) =

d

Kp
t(

p
d
+

λ(p−2)
2

)K .

With these choices, we consider

ω(x, y; t, s) =
1

p′

(
K

d

)p′−1 |x− y|p′

(tKp/d − sKp/d)p′−1
(3.83)

to be the optimal choice of ω in the Euclidean setting. Our choice is supported by
the fact that, analogous to the situation for the heat equation (see Example 3.1),
the Barenblatt solution B for the doubly nonlinear heat equation given by (2.12)
satisfies the resulting Harnack inequality (3.56) with equality for all x, y ∈ Rd

and 0 < s < t in the support of B satisfying

sKp/dx = tKp/dy.
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Remark 3.4. Theorem 3.16 requires that the function β is strictly increasing,
which if β = tK , only occurs if K = 1

m(p−1)−1+ p
d
> 0. This introduces the

restriction

p >
d(m+ 1)

1 + dm
,

which must be satisfied in order to deduce a Harnack inequality using Theorem
3.16. In the case m = 1 corresponding to the p-heat equation, this restriction
reads as

p > p∗ :=
2d

d+ 1
,

which matches the range for which both the Harnack inequality (see, for instance,
[57]) and its differentiated form (1.24) due to Esteban and Vázquez [61] are
known to hold. Moreover, with ω chosen as in (3.83), we recover the Harnack
inequality

1

λ
(tKu(x, t))λ − 1

λ
(sKu(y, s))λ +

1

p′

(
K

d

)p′−1 |x− y|p′

(tKp/d − sKp/d)p′−1
≥ 0

satisfied by every positive solution of the p-heat equation (1.6) for every x, y ∈ Rd,
0 < s < t, which coincides with the result in [13].

Similarly, for p = 2, one has the restriction

m > 1− 2

d
,

which already appeared in the work of Aronson and Bénilan [8] on the porous
medium equation. In addition, we also obtain the Harnack inequality

m

m− 1
(tKu(x, t))m−1 − m

m− 1
(sKu(y, s))m−1 +

K

2d

|x− y|2

t2K/d − s2K/d
≥ 0

satisfied by every positive solution of the porous medium equation (1.5) for every
x, y ∈ Rd, 0 < s < t [13].

3.2.2. Classical solutions on Riemannian manifolds

The arguments from the previous section can also be adapted to solutions of the
equation (1.4) on Riemannian manifolds. We have the following results.

Theorem 3.17. Let m > 0, p ≥ 2 be such that K = 1
m(p−1)−1+p/d

> 0. Let (M, g)

be a compact Riemannian manifold with (possibly empty) convex boundary and
nonnegative Ricci curvature. Then every positive C2,1-solution u of{

∂tu = ∆p(u
m) in M × (0,∞)

g(|∇(um)|p−2∇(um), ν) = 0 on ∂M × (0,∞)
(3.84)

satisfies the Harnack inequality

ψ(β(t)u(x, t)) ≥ ψ(β(s)u(y, s))− ω(x, y; t, s) (3.85)
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for all x, y ∈M and 0 < s < t, where ψ is defined as in Theorem 3.16, β(t) := tK,
λ := m− 1

p−1
, B is an antiderivative of β−λ(p−1), and

ω(x, y; t, s) =
Cp d(x, y)

p′

(B(t)−B(s))p′−1
.

Assuming one can approximate solutions of (1.4) on a complete manifold M
by solutions of the homogeneous Neumann problem (3.84) on convex submani-
folds, the following theorem holds as well.

Theorem 3.18. Let m > 0, p ≥ 2 be such that K = 1
m(p−1)−1+p/d

> 0. Let

(M, g) be a complete Riemannian manifold without boundary and nonnegative
Ricci curvature. Then every positive C2,1-solution u of

∂tu = ∆p(u
m) in M × (0,∞) (1.4)

satisfies the Harnack inequality (3.85) for all x, y ∈M and 0 < s < t.

For the same reasons as in the linear case, we work directly with the energy

E[γ; t, s] =
Cp(

(B(t)−B(s)
)p′−1

∫ 1

0

|γ̇|p′ dτ

=
Cp(

(B(t)−B(s)
)p′−1

∫ 1

0

g(γ̇, γ̇)
p′
2 dτ

defined in (3.78) for all C1 curves γ. To assist us in the proof of Theorem 3.18,
we briefly analyse some properties of the energy E.

For x, y ∈ M fixed, we first consider the problem of minimising E over Γx,y.
Since E is Gâteaux differentiable with

⟨E ′[γ; t, s], h⟩ = p′Cp(
(B(t)−B(s)

)p′−1

∫ 1

0

|γ̇|p′−2g(γ̇, ḣ) dτ

the Euler-Lagrange equation associated to this problem is

∇τ

(
|γ̇|p′−2γ̇

)
= 0, (3.86)

which is satisfied by the geodesic γ0 connecting x and y. Thus,

ω(x, y; t, s) := min
γ∈Γx,y

E[γ; t, s] = E[γ0; t, s] =
Cp d(x, y)

p′(
(B(t)−B(s)

)p′−1
.
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Next, we consider the derivatives of E[γ; t, s] under smooth variations of the
curve γ.

Proposition 3.19. Fix a curve γ0 : [0, 1] →M and let γ(τ, r) : [0, 1]× (−δ, δ) be
a smooth family of curves such that γ(τ, 0) = γ0(τ). Then we have the formulas

d

dr
E[γ(τ, r); t, s]

=

(
1

p
(
B(t)−B(s)

))p′−1

|γ̇|p′−2g(γr, γ̇)

∣∣∣∣∣∣
1

0

−

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

g
(
γr,∇τ

(
|γ̇|p′−2γ̇

))
dτ

(3.87)

and

d2

dr2
E[γ(τ, r); t, s]

=

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

(p′ − 2)|γ̇|p′−4g(∇rγ̇, γ̇)
2 dτ

+

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

|γ̇|p′−2
(
R(γr, γ̇, γr, γ̇)

+ g(∇τ∇rγr, γ̇) + |∇rγ̇|2
)
dτ.

(3.88)

Proof. By direct calculation, one has

d

dr
E[γ(τ, r); t, s]

=
Cp(

(B(t)−B(s)
)p′−1

∫ 1

0

d

dr
g(γ̇, γ̇)

p′
2 dτ

=
p′Cp(

(B(t)−B(s)
)p′−1

∫ 1

0

g(γ̇, γ̇)
p′
2
−1g(∇rγ̇, γ̇) dτ

=

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

g(γ̇, γ̇)
p′
2
−1g(∇τγr, γ̇) dτ

=

(
1

p
(
B(t)−B(s)

))p′−1

g(γ̇, γ̇)
p′
2
−1g(γr, γ̇)

∣∣∣∣∣∣
1

0

−

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

g
(
γr,∇τ

(
g(γ̇, γ̇)

p′
2
−1γ̇
))

dτ
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and

d2

dr2
E[γ(τ, r); t, s]

=

(
1

p
(
B(t)−B(s)

))p′−1
d

dr

(∫ 1

0

g(γ̇, γ̇)
p′
2
−1g(∇rγ̇, γ̇) dτ

)

=

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

(p′ − 2)g(γ̇, γ̇)
p′
2
−2g(∇rγ̇, γ̇)

2

+

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

g(γ̇, γ̇)
p′
2
−1
(
g(∇r∇rγ̇, γ̇) + |∇rγ̇|2

)
dτ

=

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

(p′ − 2)g(γ̇, γ̇)
p′
2
−2g(∇rγ̇, γ̇)

2

+

(
1

p
(
B(t)−B(s)

))p′−1 ∫ 1

0

g(γ̇, γ̇)
p′
2
−1
(
R(γr, γ̇, γr, γ̇)

+ g(∇τ∇rγr, γ̇) + |∇rγ̇|2
)
dτ

□

We also have the analogue of Proposition 3.7.

Proposition 3.20. Let γ0 be a geodesic connecting x, y ∈M and set ω(x, y; t, s) =
E[γ0; t, s]. Then ω satisfies

∂tω + β−λ(p−1)(t)|∇xω|p = 0 (3.89)

∂tω − β−λ(p−1)(s)|∇yω|p = 0 (3.90)

in M ×M × S.

Proof. When γ0(τ) := γ(τ, 0) is a geodesic, the formula (3.87) condenses to

d

dr
E[γ(τ, r); t, s]

∣∣∣∣
r=0

=

(
1

p
(
B(t)−B(s)

))p′−1

|γ̇0(τ)|p
′−2g(γr(τ, 0), γ̇0(τ))

∣∣∣∣∣∣
1

0

.

If we take the family γ(τ, r) such that γ(0, r) = y for all r ∈ (−δ, δ), then
γr(0, r) = 0 and so

g(∇xω, γr(1)) =

(
1

p
(
B(t)−B(s)

))p′−1

|γ̇0(1)|p
′−2g(γr(1), γ̇0(1))

is true for all choices of γr(1). Therefore,

∇xω =

(
1

p
(
B(t)−B(s)

))p′−1

|γ̇0(1)|p
′−2γ̇0(1)
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and it follows that

|∇xω| =

(
d(x, y)

p
(
B(t)−B(s)

))p′−1

.

In addition, we note that

∂tω =
∂

∂t

Cp d(x, y)
p′(

(B(t)−B(s)
)p′−1

= Cp(1− p′)β−λ(p−1)(t)

(
d(x, y)

B(t)−B(s)

)p′

= −β−λ(p−1)(t)

(
d(x, y)

p
(
B(t)−B(s)

))p′

,

and it is now easy to see that ω satisfies

∂tω + β−λ(p−1)(t)|∇xω|p = 0.

Using a similar derivation, one may demonstrate that ω satisfies

∂tω − β−λ(p−1)(s)|∇yω|p = 0

as well. □

Proof of Theorem 3.17. To avoid repetition, we give the proof only in
the case λ = m− 1

p−1
> 0 and the other cases can be handled by making similar

adjustments as in the Euclidean case.

Let u be a positive C2,1 solution of (3.84) and set v = m
λ
uλ so that v satisfies{

∂tv = λv∆pv + |∇v|p in M × (0,∞),

g(|∇v|p−2∇v, ν) = 0 on ∂M × (0,∞).
(3.91)

For a fixed ε > 0, we let

Z(x, y; t, s) := βλ(t)v(x, t)− βλ(s)v(y, s) +
Cp d(x, y)

p′

(B(t)−B(s))p′−1
+
ε

2
(t− s)2 + ε.

As in the proof of Theorem 3.15, we see that Z > 0 for s sufficiently small and
for t near s. In particular, Z > 0 for (t, s) near (0, 0) with 0 < s < t. Suppose
there exists a point P0 := (x0, y0; t0, s0) such that Z touches 0 for the first time
at P0. We assume for the moment that x0, y0 ̸∈ ∂M .

If we now define a new function Z̃ : C∞([0, 1],M)× S → R by

Z̃(γ; t, s) := βλ(t)v(γ(1), t)− βλ(s)v(γ(0), s)

+
Cp

(B(t)−B(s))p′−1

∫ 1

0

|γ̇|p′ dτ + ε

2
(t− s)2 + ε,
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and set γ0 to be the geodesic such that γ0(0) = y0 and γ0(1) = x0, then
Z̃(γ0; t0, s0) = 0 and Z̃ > 0 whenever t2 + s2 < t20 + s20. Therefore

∂tZ̃(γ0; t0, s0) ≤ 0 (3.92a)

∂sZ̃(γ0; t0, s0) ≤ 0 (3.92b)

∂

∂r
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

= 0 (3.92c)

∂2

∂r2
Z̃(γ(τ, r); t0, s0)

∣∣∣∣
r=0

≥ 0 (3.92d)

for all smooth variations γ = γ(τ, r) of γ0, with r ∈ (−δ, δ) for some δ > 0 and
γ(τ, 0) = γ0(τ). The condition (3.92c) implies

g
(
βλ(t0)∇v(x0, t0), γr(1)

)
− g

(
βλ(s0)∇v(y0, s0), γr(0)

)
= −

(
1

p
(
B(t)−B(s)

))p′−1

×(
g
(
|γ̇0(1)|p

′−2γ̇0(1), γr(1)
)
− g

(
|γ̇0(0)|p

′−2γ̇0(0), γr(0)
))

.

By considering the cases when γr(1) = 0 and γr(0) = 0, we reach the conclusion
that

∇v(x0, t0) = −β−λ(t0)

(
1

p
(
B(t)−B(s)

))p′−1

|γ̇0(1)|p
′−2γ̇0(1),

∇v(y0, s0) = −β−λ(s0)

(
1

p
(
B(t)−B(s)

))p′−1

|γ̇0(0)|p
′−2γ̇0(0).

(3.93)

Moreover, since γ0 is a geodesic, it has constant speed equal to d(x0, y0). There-
fore,

|∇v(x0, t0)| = β−λ(t0)

(
d(x0, y0)

p
(
B(t0)−B(s0)

))p′−1

,

|∇v(y0, s0)| = β−λ(s0)

(
d(x0, y0)

p
(
B(t0)−B(s0)

))p′−1

.

(3.94)

Next, using the condition (3.92a) and equation (3.91), it follows that

0 ≥ λβλ−1(t0)β
′(t0)v(x0, t0) + βλ(t0)∂tv(x0, t0)

+
∂

∂t
E[γ0; t0, s0] + ε(t0 − s0)

= λβλ−1(t0)β
′(t0)v(x0, t0) + λβλ(t0)v(x0, t0)∆pv(x0, t0)

+ βλ(t0)|∇v(x0, t0)|p +
∂

∂t
E[γ0; t0, s0] + ε(t0 − s0).
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However, as in the proof of Proposition 3.20, we find that

βλ(t0)|∇v(x0, t0)|p +
∂

∂t
E[γ0; t0, s0] = 0,

and therefore

0 ≥ λβλ−1(t0)β
′(t0)v(x0, t0) + λβλ(t0)v(x0, t0)∆pv(x0, t0) + ε(t0 − s0),

or equivalently,

βλ(t0)∆pv(x0, t0) ≤ −βλ−1(t0)β
′(t0)−

ε

λ

t0 − s0
v(x0, t0)

. (3.95)

By a similar argument beginning with (3.92b), we obtain

−βλ(s0)∆pv(y0, s0) ≤ βλ−1(s0)β
′(s0) +

ε

λ

t0 − s0
v(y0, s0)

. (3.96)

As in the Euclidean case, the next step of the proof proceeds after making a
certain choice of basis. If p = 2, we choose (ei(0))

d
i=1 to be any orthonormal

basis of Ty0M , which we parallel transport along γ0 to obtain an orthonormal
basis ei := ei(τ) at each point on the curve. If p ̸= 2, we choose a particular basis

of Ty0M such that e1(0) =
γ̇(0)
|γ̇(0)| . When parallel transporting (ei(0))

d
i=1 along γ0,

which is a geodesic, we have e1(τ) =
γ̇(τ)
|γ̇(τ)| for all τ ∈ [0, 1]. We note that we can

rule out the possibility that γ̇ is ever 0 in a similar fashion as in the Euclidean
case. Indeed, if γ̇ = 0, then (3.93) implies ∇v(x0, t0) = ∇v(y0, s0) = 0, and thus
∆pv(x0, t0) = ∆pv(y0, s0) = 0 as well. However, this would create a contradiction
with (3.95). Therefore γ̇ ̸= 0.

We choose a particular variation of γ0 by

γ(τ, r) := expγ0(τ)

(B(t0)τ + (1− τ)B(s0))

(
d(x0, y0)

p(B(t0)−B(s0))

) (p′−1)(p−2)
2

rei(τ)


so that

γr(0, r) = B(s0)

(
d(x0, y0)

p(B(t0)−B(s0))

) (p′−1)(p−2)
2

ei(0)

γr(1, r) = B(t0)

(
d(x0, y0)

p(B(t0)−B(s0))

) (p′−1)(p−2)
2

ei(1)

and ∇rγr = 0. Then condition (3.92d) implies

0 ≤ βλ(t0)B(t0)
2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2)

∇i∇iv(x0, t0)

− βλ(s0)B(s0)
2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2)

∇i∇iv(y0, s0)

+
∂2

∂r2
E(γ(τ, r); t0, s0)

∣∣∣∣
r=0

.
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Using the formula (3.88), one may compute that

∂2

∂r2
E(γ(τ, r); t0, s0)

∣∣∣∣
r=0

=
p′ − 2

p
(B(t0)−B(s0))δi1

+ 1
p(B(t0)−B(s0))

∫ 1

0

d(x0, y0)
(p′−1)(p−2)+p′−2×(

(B(t0)τ + (1− τ)B(s0))
2R(ei, γ̇, ei, γ̇)

+ (B(t0)−B(s0))
2
)
dτ

and therefore

0 ≤ βλ(t0)B(t0)
2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2)

∇i∇iv(x0, t0)

− βλ(s0)B(s0)
2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2)

∇i∇iv(y0, s0)

+
p′ − 2

p
(B(t0)−B(s0))δi1

+ 1
p(B(t0)−B(s0))

∫ 1

0

d(x0, y0)
(p′−1)(p−2)+p′−2×(

(B(t0)τ + (1− τ)B(s0))
2R(ei, γ̇, ei, γ̇)

+ (B(t0)−B(s0))
2
)
dτ.

Summing over i and adding a further (p−2) multiples of the inequality for i = 1
produces

0 ≤ βλ(t0)B(t0)
2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2) (
∆v(x0, t0) + (p− 2)∇1∇1v(x0, t0)

)
− βλ(s0)B(s0)

2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2) (
∆v(y0, s0) + (p− 2)∇1∇1v(y0, s0)

)
+

(p− 1)(p′ − 2)

p
(B(t0)−B(s0)) +

d+ p− 2

p
(B(t0)−B(s0))

− 1
p(B(t0)−B(s0))

∫ 1

0

d(x0, y0)
(p′−1)(p−2)+p′−2×(

(B(t0)τ + (1− τ)B(s0))
2(Ric(γ̇, γ̇)

+ (p− 2)R(e1, γ̇, γ̇, e1))
)
dτ.

Since for p > 2, the vector e1(τ) is defined to be proportional to γ̇(τ) for each
τ ∈ [0, 1], the coefficient R(e1, γ̇, γ̇, e1) vanishes. Moreover, since we assume the
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manifold M has nonnegative Ricci curvature, the inequality simplifies to

0 ≤ βλ(t0)B(t0)
2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2) (
∆v(x0, t0) + (p− 2)∇1∇1v(x0, t0)

)
− βλ(s0)B(s0)

2
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2) (
∆v(y0, s0) + (p− 2)∇1∇1v(y0, s0)

)
+
d

p
(B(t0)−B(s0)).

Next, we recognise using (3.94) that

∆pv(x0, t0) = β−λ(p−2)(t0)
(

d(x0,y0)
p(B(t0)−B(s0))

)(p′−1)(p−2) (
∆v(x0, t0) + (p− 2)∇1∇1v(x0, t0)

)
∆pv(y0, s0) = β−λ(p−2)(s0)

(
d(x0,y0)

p(B(t0)−B(s0))

)(p′−1)(p−2) (
∆v(y0, s0) + (p− 2)∇1∇1v(y0, s0)

)
and so

0 ≤ βλ(p−1)(t0)B(t0)
2∆pv(x0, t0)− βλ(p−1)(s0)B(s0)

2∆pv(y0, s0)

+
d

p
(B(t0)−B(s0)).

Inserting inequalities (3.95) and (3.96), we have

0 ≤ ε

λ
(t0 − s0)

(
βλ(p−2)B(s0)

2

v(y0, s0)
− βλ(p−2)B(t0)

2

v(x0, t0)

)
+B(s0)

2βλ(p−1)−1(s0)β
′(s0)−B(t0)

2βλ(p−1)−1(t0)β
′(t0) +

d

p
(B(t0)−B(s0)).

However, according to (3.82), this becomes

0 ≤ ε

λ
(t0 − s0)

(
βλ(p−2)B(s0)

2

v(y0, s0)
− βλ(p−2)B(t0)

2

v(x0, t0)

)
=
ε

λ
(t0 − s0)

(
A2(s0)

v(y0, s0)
− A2(t0)

v(x0, t0)

)
< 0,

which is a contradiction as in the Euclidean case. Therefore, x0, y0 ∈ ∂M .
However, we can rule out this possibility as well by the same arguments as in the
linear case. Therefore the point P0 cannot exist and the proof is complete. □



CHAPTER 4

Harnack inequalities for viscosity solutions

As discussed in Section 2.3, solutions of the doubly nonlinear heat equation
do not possess enough regularity in general to apply the theorems presented in
Chapter 3. Therefore, the goal of this chapter is to introduce a weaker notion of
solution, namely viscosity solutions, and prove results analogous to those found
in Chapter 3 for such solutions. The main appeal of working with viscosity
solutions is that they require very low regularity assumptions, needing only to
be continuous and not necessarily differentiable. Yet, one can still prove several
meaningful results about their existence, uniqueness, and other properties, such
as comparison principles.

The notion of viscosity solutions was first proposed in 1983 by Michael G.
Crandall and Pierre-Louis Lions [43] in the context of Hamilton-Jacobi equations

H(x, u,∇u) = 0

and their time-dependent counterparts. The name “viscosity solution” was cho-
sen as a reference to the already well-established “vanishing viscosity” method
for proving existence of solutions to Hamilton-Jacobi equations. Described con-
cisely, the vanishing viscosity method involves regularising the equation H = 0
by introducing a viscosity term −ε∆uε and solving

−ε∆uε +Hε(x, uε,∇uε) = 0

for ε > 0 and a suitable approximation Hε of H. Then, one shows that the
solution uε of the regularised problem converges in the limit as ε→ 0 to a solution
u of the original problem. It turned out that this method is also applicable for
demonstrating the existence of viscosity solutions to such problems, providing a
motivation for the name.

Since their introduction, the concept of viscosity solutions has been gener-
alised to fully nonlinear second-order equations in both Euclidean space and
Riemannian manifolds (see, for instance [15]). However, our presentation of
this material, as well as our discussion of parabolic Harnack inequalities, will be
restricted to the Euclidean setting.

We begin by precisely defining what is meant by a viscosity solution of a fully
nonlinear elliptic equation and providing a characterisation of these solutions via
the concept of second-order semijets. We also outline the changes needed to
adapt this theory for parabolic equations. Next, we give a detailed exploration
of the theorem on sums and maximum principle for semicontinuous functions
by Crandall and Ishii [41], which are essential tools in our analysis that replace
fundamental results from classical calculus when working with functions with no
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assumed differentiability properties. In particular, we develop a new, slightly
modified version of the existing parabolic theorem on sums, before applying it
to study the Harnack inequalities satisfied by positive viscosity solutions of both
the linear Schrödinger equation and doubly nonlinear heat equation.

4.1. The notion of viscosity solutions

We devote this section to introducing and discussing the notion of viscosity solu-
tions of elliptic and parabolic equations. Unless stated otherwise, all definitions
used in this section can be found in the survey article of Crandall, Ishii and Lions
[42], which is a standard reference on the topic.

Definition 4.1 (Upper and lower semicontinuous functions). Let Ω ⊆ Rd. Recall
that a function

(i) u : Ω → R ∪ {−∞} is upper semicontinuous if for all sequences xn → x
converging in Ω, one has

u(x) ≥ lim sup
n→∞

u(xn);

(ii) u : Ω → R ∪ {+∞} is lower semicontinuous if for all sequences xn → x
converging in Ω, one has

u(x) ≤ lim inf
n→∞

u(xn).

We use the notations

USC(Ω) := {u : Ω → R ∪ {−∞} | u is upper semicontinuous}, and
LSC(Ω) := {u : Ω → R ∪ {+∞} | u is lower semicontinuous}.

Throughout this chapter, we use ⟨·, ·⟩ to denote the inner product on Rd and
Symd to refer to the set of d× d real symmetric matrices. We equip Symd with
the operator norm ∥ · ∥ defined by

∥A∥ := sup
|x|≤1

|Ax|.

Wemention that on the space Symd, the operator norm coincides with the spectral
norm ∥ · ∥2, which is defined by

∥A∥2 :=
√

max
{
λ ∈ R | λ is an eigenvalue of A⊤A

}
.

We also make use of the usual partial order on Symd by writing X ≤ Y if
and only if X − Y is negative semi-definite.
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4.1.1. Fully nonlinear degenerate elliptic equations

Definition 4.2 (Fully nonlinear degenerate elliptic equation). By a fully non-
linear degenerate elliptic equation, we refer to a partial differential equation of
the form

F (x, u,∇u,D2u) = 0 in Ω, (4.1)

where u : Ω → R is defined on a domain Ω ⊆ Rd and F : Ω×R×Rd×Symd → R
is a continuous function satisfying the (degenerate) ellipticity condition

F (x, r, p,X) ≤ F (x, r, p, Y ) if X ≥ Y (4.2)

for all x ∈ Ω, r ∈ R, p ∈ Rd and X, Y ∈ Symd.

Definition 4.3 (Viscosity solution of (4.1)). We call a function

(i) u ∈ USC(Ω) a viscosity subsolution of (4.1) if for any φ ∈ C2(Ω) and
x0 ∈ Ω such that u− φ has a local maximum at x0 ∈ Ω, one has

F (x0, u(x0),∇φ(x0), D2φ(x0)) ≤ 0;

(ii) u ∈ LSC(Ω) a viscosity supersolution of (4.1) if for any φ ∈ C2(Ω) and
x0 ∈ Ω such that u− φ has a local minimum at x0 ∈ Ω, one has

F (x0, u(x0),∇φ(x0), D2φ(x0)) ≥ 0;

(iii) u ∈ C(Ω) a viscosity solution of (4.1) if u is both a viscosity subsolution
and a viscosity supersolution of (4.1).

Let us briefly motivate why Definition 4.3 describes a sensible notion of so-
lution for the equation F = 0. Suppose u ∈ C2(Ω) is a classical solution of
(4.1), φ ∈ C2(Ω), and that u − φ has a local maximum at x0 ∈ Ω. Then
∇(u − φ)(x0) = 0 and so ∇u(x0) = ∇φ(x0). In addition, D2(u − φ)(x0) ≤ 0
and therefore D2u(x0) ≤ D2φ(x0). From the ellipticity condition (4.2) on F , it
follows that

F (x0, u(x0),∇φ(x0), D2φ(x0)) ≤ F (x0, u(x0),∇u(x0), D2u(x0)) = 0. (4.3)

Similarly, if u− φ has a local minimum at x0, then we can conclude

F (x0, u(x0),∇φ(x0), D2φ(x0)) ≥ 0. (4.4)

Of course, if (4.3) and (4.4) hold for any φ ∈ C2(Ω) such that u − φ has a
local maximum or minimum respectively, we can choose φ = u ∈ C2(Ω) since
u− φ ≡ 0 has a local maximum and minimum in every point x0 ∈ Ω. From this
we can conclude that u satisfies (4.1) in the classical sense.

What we have shown here is that for functions u ∈ C2(Ω), the conditions
in Definition 4.3 characterise what it means for u to be a classical solution of
(4.1). In other words, the notions of classical and viscosity solutions coincide
when u ∈ C2(Ω).



4. THE NOTION OF VISCOSITY SOLUTIONS 83

Next, we seek to provide a characterisation of viscosity solutions, which is
more useful in practice. For this, we first need to introduce the concept of
semijets.

Definition 4.4 (Second-order semijets of semicontinuous functions). Let Ω ⊆ Rd.

(i) For a function u ∈ USC(Ω) and x0 ∈ Ω, we define the second-order
superjet J2,+

Ω u(x0) as the set of (p,X) ∈ Rd × Symd such that

u(x) ≤ u(x0) + ⟨p, x− x0⟩+
1

2
⟨X(x− x0), x− x0⟩

+ o(|x− x0|2) as x→ x0.

(ii) For a function u ∈ LSC(Ω) and x0 ∈ Ω, we define the second-order
subjet J2,−

Ω u(x0) as the set of (p,X) ∈ Rd × Symd such that

u(x) ≥ u(x0) + ⟨p, x− x0⟩+
1

2
⟨X(x− x0), x− x0⟩

+ o(|x− x0|2) as x→ x0.

Remark 4.1.
(i) If x0 is an interior point of Ω, then J2,+

Ω u(x0) = J2,+
Ω′ u(x0) for any other

set Ω′ ⊆ Rd for which x0 is an interior point. Therefore, we often omit
the domain from the notation and simply write J2,+u(x0). A similar
statement is true about J2,−

Ω u(x0).
(ii) It is clear from the definitions that J2,−u(x0) = −J2,+(−u)(x0). This

relationship can be used to reformulate any properties and statements
about J2,+u(x0) in terms of J2,−u(x0).

(iii) If φ ∈ C2(Ω) and there is (p,X) ∈ J2φ(x0) := J2,+u(x0) ∩ J2,−φ(x0),
then it follows immediately from the definitions that ∇φ(x0) = p and
D2φ(x0) = X.

(iv) If φ ∈ C2(Ω), then it follows quickly from the definition of J2,+φ(x0)
and the second-order Taylor expansion of φ that

J2,+φ(x0) = {(∇φ(x0), X) | D2φ(x0) ≤ X}.

Geometrically, one may understand a pair (p,X) ∈ J2,+u(x0) as the gradient
and Hessian of a local quadratic approximation of u near x0, which sits above
the graph of u. This idea is made more precise by the following characterisation.

Proposition 4.1. Let u ∈ USC(Ω) and x0 ∈ Ω. Then

J2,+u(x0) =

{
(∇φ(x0), D2φ(x0))

∣∣∣∣∣ φ ∈ C2(Ω) and u− φ has

a local maximum at x0

}
.

Proof. If φ ∈ C2(Ω) is such that u − φ has a local maximum at x0, then
Taylor’s theorem implies

u(x) ≤ u(x0) + φ(x)− φ(x0)

= u(x0) + ⟨∇φ(x0), x− x0⟩+
1

2
⟨D2φ(x0)(x− x0), x− x0⟩+ o(|x− x0|2)

for x→ x0. Therefore (∇φ(x0), D2φ(x0)) ∈ J2,+u(x0).
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To prove the reverse inclusion, we explicitly construct a function φ ∈ C2(Ω)
with the necessary properties. Suppose (p,X) ∈ J2,+u(x0). By definition,

u(x) ≤ u(x0) + ⟨p, x− x0⟩+
1

2
⟨X(x− x0), x− x0⟩+ o(|x− x0|2) (4.5)

as x→ x0 in Ω.

Define a function by

R(r) := sup
|x−x0|≤r

(
u(x)− u(x0)− ⟨p, x− x0⟩ − 1

2
⟨X(x− x0), x− x0⟩

)+
|x− x0|2

for r ≥ 0 so that

u(x) ≤ u(x0) + ⟨p, x− x0⟩+
1

2
⟨X(x− x0), x− x0⟩+R(|x− x0|)|x− x0|2.

It is clear that R : [0,∞) → [0,∞) is non-decreasing and because of (4.5), R
satisfies limr→0R(r) = 0. We may also replace R by a continuous, non-decreasing
majorant, which we also call R, such that R(0) = 0. Then we can define a new
function R̃ by

R̃(t) :=

∫ 3t

0

∫ r

0

R(s) ds dr

with R̃ ∈ C2([0,∞)) and R̃(0) = 0. In addition, using the positivity and mono-
tonicity of R to manipulate the integration bounds, we have

R̃(t) ≥
∫ 3t

2t

∫ r

0

R(s) ds dr

≥
∫ 3t

2t

∫ 2t

t

R(s) ds dr

≥
∫ 3t

2t

∫ 2t

t

R(t) ds dr = t2R(t).

In particular,

u(x) ≤ u(x0) + ⟨p, x− x0⟩+
1

2
⟨X(x− x0), x− x0⟩+ R̃(|x− x0|).

If we define the function φ : Ω → R in the statement of Proposition 4.1 by

φ(x) = u(x0) + ⟨p, x− x0⟩+
1

2
⟨X(x− x0), (x− x0)⟩+ R̃(|x− x0|),

then u(x) − φ(x) ≤ 0 holds with equality at x = x0. In other words, u − φ has
a maximum at x = x0.

We claim φ ∈ C2(Ω) with ∇φ(x0) = p, D2φ(x0) = X. It is clear that φ is
C2 at points x ∈ Ω \ {x0}, however, we must justify why this property extends
also to the point x = x0. In particular, we would like to prove that the gradient
and Hessian of ψ(x) := R̃(|x− x0|) exist, are continuous, and vanish at x = x0.

Since R is non-decreasing, we make the estimates

R̃(t) =

∫ 3t

0

∫ r

0

R(s) ds dr ≤
∫ 3t

0

∫ r

0

R(3t) ds dr =
9

2
t2R(3t) (4.6)
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and

R̃′(t) = 3

∫ 3t

0

R(r) dr ≤ 3

∫ 3t

0

R(3t) dr = 9tR(3t). (4.7)

We know that ψ is clearly differentiable on Ω \ {0} and for x = x0 one has by
(4.6) that

0 ≤ |ψ(x0 + h)− ψ(x0))|
|h|

=
|R̃(|h|)|

|h|
≤ 9

2
|h|R(3|h|) → 0.

Therefore

∇ψ(x) =

{
R̃′(|x− x0|) x−x0

|x−x0| x ̸= x0,

0 x = x0.

Moreover, ∇ψ is continuous on Ω. In particular, ∇ψ is continuous at 0 since,
again using (4.6),

|∇ψ(x)| =
∣∣∣∣R̃′(|x− x0|)

x− x0
|x− x0|

∣∣∣∣
=

∣∣∣∣∣3
∫ 3|x−x0|

0

R(s) ds

∣∣∣∣∣
≤ 9|x− x0|R(|x− x0|) → 0

as x→ x0. Next, we see that ψ is twice differentiable on Ω, and in particular at
x = x0 since by (4.7), one has

0 ≤ |∇ψ(x0 + h)−∇ψ(x0)|
|h|

=
R̃′(|h|)
|h|

≤ 9R(3|h|) → 0

as h→ 0. Therefore

D2ψ(x) =



R̃′′(|x− x0|)
(x− x0)(x− x0)

⊤

|x− x0|2

+ R̃′(|x− x0|)
(

1

|x− x0|
Id −

(x− x0)(x− x0)
⊤

|x− x0|3

) x ̸= x0,

0 x = x0.

In addition, D2ψ is continuous on Ω. To see that D2ψ is continuous at x = x0,
we use (4.7) to obtain that

∥D2ψ(x)∥ =

∥∥∥∥R̃′′(|x− x0|)
(x− x0)(x− x0)

⊤

|x− x0|2

+ R̃′(|x− x0|)
(

1

|x− x0|
Id −

(x− x0)(x− x0)
⊤

|x− x0|3

)∥∥∥∥
≤ 9R(3|x− x0|) + 2

R̃′(|x− x0|)
|x− x0|

≤ 9R(3|x− x0|) + 18|x− x0|
R(3|x− x0|)

|x− x0|
= 27R(3|x− x0|) → 0
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as x → x0. Hence, ψ ∈ C2(Ω), and as a result, φ ∈ C2(Ω) as well. Then, it is
clear that ∇φ(x0) = p and D2φ(x0) = X. □

Proposition 4.1 justifies the following characterisation of viscosity solutions.

Theorem 4.2. Let u ∈ USC(Ω). Then u is a viscosity subsolution of (4.1) if
and only if

F (x0, u(x0), p,X) ≤ 0

for all (p,X) ∈ J2,+u(x0) and x0 ∈ Ω.

A similar characterisation can also be formulated for viscosity supersolutions
in the obvious way.

One may also define the closures of the semijets in the following way.

Definition 4.5.
(i) For a given function u ∈ USC(Ω), we define J

2,+
u(x0) to be the set of

all pairs (p,X) ∈ Rd × Symd, for which there exist sequences

(pn, Xn)n≥1 ⊆ Rd × Symd and (xn)n≥1 ⊆ Ω

such that (pn, Xn) ∈ J2,+u(xn) and

(pn, Xn) → (p,X), xn → x0, u(xn) → u(x0)

as n→ ∞.
(ii) For a given function u ∈ LSC(Ω), we define J

2,−
u(x0) to be the set of

all pairs (p,X) ∈ Rd × Symd, for which there exist sequences

(pn, Xn)n≥1 ⊆ Rd × Symd and (xn)n≥1 ⊆ Ω

such that (pn, Xn) ∈ J2,−u(xn) and

(pn, Xn) → (p,X), xn → x0, u(xn) → u(x0)

as n→ ∞.

Proposition 4.3. Let u ∈ USC(Ω). Then u is a viscosity subsolution of (4.1)
if and only if

F (x0, u(x0), p,X) ≤ 0

for all (p,X) ∈ J
2,+
u(x0).

Proof. By the definition of J
2,+
u(x0), there exist sequences

(pn, Xn)n≥1 ⊆ Rd × Symd and (xn)n≥1 ⊆ Ω

such that (pn, Xn) ∈ J2,+u(xn) and

(pn, Xn) → (p,X), xn → x0, u(xn) → u(x0)

as n → ∞. Then the characterisation of viscosity subsolutions in Theorem 4.2
implies

F (xn, u(xn), pn, Xn) ≤ 0

for all n ≥ 1. Taking n→ 0 yields

F (x0, u(x0), p,X) ≤ 0

since F is continuous by assumption. □
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4.1.2. Viscosity solutions of parabolic equations

In this work, we are interested in studying solutions u of parabolic equations of
the form

∂tu+ F (x, u(x),∇u,D2u) = 0 in Ω× (0, T ) (4.8)

where Ω ⊆ Rd is a domain, T > 0, and F is again continuous and satisfies the
ellipticity condition (4.2). Therefore, we must extend the notion of viscosity
solutions to such equations. In the literature, there are generally two approaches
to do this. One option is to continue using the definitions introduced in the
previous section while interpreting the variable x as a pair (x, t). This means
the gradient ∇u and Hessian matrix D2u should now be understood as ∇(x,t)u
and D2

(x,t)u respectively. However, this is not entirely natural to do, since one
must then account for the second-order time derivative ∂ttu, which is not usually
a consideration in the parabolic setting. Therefore, many authors, including this
one, prefer to utilise a second approach, which in a way disregards the derivative
∂ttu. This is achieved by adjusting the definitions of the semijets.

Definition 4.6 (Parabolic semijets of semicontinuous functions). Let Ω ⊆ Rd,
Ii ⊂ R be an interval for i = 1, . . . , k, and S := I1 × . . .× Ik ⊆ Rk.

(i) For a function u ∈ USC(Ω× S), x0 ∈ Ω, t0 ∈ S, we define the parabolic
superjet P2,+

Ω×Su(x0, t0) as the set of (a, p,X) ∈ Rk×Rd×Symd such that

u(x, t) ≤ u(x0, t0) + ⟨a, t− t0⟩+ ⟨p, x− x0⟩

+
1

2
⟨X(x− x0), (x− x0)⟩+ o(|t0 − t|1 + |x− x0|2)

as x→ x0 in Ω and ti → t−0i for i = 1, . . . , k.
(ii) For a function u ∈ LSC(Ω× S), x0 ∈ Ω, t0 ∈ S, we define the parabolic

subjet P2,−
Ω×Su(x0, t0) as the set of (a, p,X) ∈ Rk ×Rd × Symd such that

u(x, t) ≥ u(x0, t0) + ⟨a, t− t0⟩+ ⟨p, x− x0⟩

+
1

2
⟨X(x− x0), (x− x0)⟩+ o(|t0 − t|1 + |x− x0|2)

as x→ x0 in Ω and ti → t−0i for i = 1, . . . , k.

Remark 4.2. We immediately mention that our definition of P2,±u(x0, t0) does
not coincide with the standard definition encountered in literature, which may
be found, for example, in [42].

(i) We allow for the possibility that the function u may depend on multiple
time variables, as is the case for the function ω utilised in our proofs of
the Harnack inequality.

(ii) In the typical definition in literature (for k = 1), the inequalities are
understood in the two-sided limit t → t0. However, as commented
by Juutinen [86], one often proceeds in the parabolic setting with the
intuition that the behaviour of a solution to a parabolic equation at time
t0 is determined only by information about the solution at times before
t0 and not after. Therefore, in our definition, we only consider ti < t0i
in the one-sided limits ti → t−0i.
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(iii) In Definition 4.6, | · |1 denotes the 1-norm and

|t0 − t|1 =
k∑

i=1

|t0i − ti| =
k∑

i=1

(t0i − ti),

since we always take ti < t0i.
(iv) As is the case for J2,±

Ω u(x0), the domain of the function u : Ω×S → R is

often not relevant when considering P2,±
Ω×Su(x0, t0), since the definition

is equivalent when one replaces Ω× S with any other domain for which
(x0, t0) is an interior point. In addition, if Ii = (a, b] for some i and we
consider the parabolic jets of u at a point (x0, t0) such that t0i = b, then
since we are only concerned with the behaviour of u to the left of t0i = b,
we have that P2,±

Ω×Su(x0, t0) = P2,±
Ω×S′u(x0, t0), where S

′ is constructed by
replacing the interval Ii in the definition of S by another interval I ′i such
that Ii ⊂ I ′i and b is an interior point of I ′i.

As in the elliptic case, we also define the closures of the parabolic semijets.

Definition 4.7.
(i) For given a function u ∈ USC(Ω × S), x0 ∈ Ω, t0 ∈ S, we define

P2,+
u(x0, t0) to be the set of all triples (a, p,X) ∈ Rk × Rd × Symd, for

which there exist sequences

(an, pn, Xn)n≥1 ⊆ Rk × Rd × Symd and

(xn, tn)n≥1 ⊆ Ω× S

such that (an, pn, Xn) ∈ P2,+u(xn, tn) and

(an, pn, Xn) → (a, p,X), xn → x0, tni → t−0i, and

u(xn, tn) → u(x0, t0)

as n→ ∞.
(ii) For given a function u ∈ LSC(Ω × S), x0 ∈ Ω, t0 ∈ S, we define

P2,−
u(x0, t0) to be the set of all triples (a, p,X) ∈ Rk × Rd × Symd, for

which there exist sequences

(an, pn, Xn)n≥1 ⊆ Rk × Rd × Symd and

(xn, tn)n≥1 ⊆ Ω× S

such that (an, pn, Xn) ∈ P2,−u(xn, tn) and

(an, pn, Xn) → (a, p,X), xn → x0, tni → t−0i, and

u(xn, tn) → u(x0, t0)

as n→ ∞.
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In view of Theorem 4.2, we define viscosity solutions of (4.8) in the following
manner.

Definition 4.8 (Viscosity solution of (4.8)). We call a function

(i) u ∈ USC(Ω× (0, T )) a viscosity subsolution of (4.8) if

a+ F (x0, u(x0), p,X) ≤ 0

for all (a, p,X) ∈ P2,+u(x0, t0) and (x0, t0) ∈ Ω× (0, T );
(ii) u ∈ LSC(Ω× (0, T )) a viscosity supersolution of (4.8) if

a+ F (x0, u(x0), p,X) ≥ 0

for all (a, p,X) ∈ P2,−u(x0, t0) and (x0, t0) ∈ Ω× (0, T );
(iii) u ∈ C(Ω × (0, T )) a viscosity solution of (4.8) if u is both a viscosity

subsolution and viscosity supersolution of (4.8).

4.2. The maximum principle for semicontinuous

functions

So far to prove Harnack inequalities, we have been analysing functions of the
form

Z(x, y; t, s) = u1(x, t) + u2(y, s)− φ(x, y; t, s),

where the functions u1, u2, and φ are at least C2 in the spatial variables and C1

in the time variables. Therefore, if such a function Z attains a maximum at some
point P0 := (x0, y0; t0, s0), we are permitted to apply classical results in calculus
to conclude ∇(x,y)Z(P0) = 0 and D2

(x,y)Z(P0) ≤ 0. In particular, this implies

∇u1(x0, t0) = ∇xφ(P0), ∇u2(y0, s0) = ∇yφ(P0), and(
D2u1(x0, t0) 0

0 D2u2(y0, s0)

)
≤ D2

(x,y)φ(P0).

However, if the functions u1 and u2 have lower regularity, for instance, if they
are viscosity solutions of some parabolic equation, which may not even be differ-
entiable, then this analysis is no longer valid.

The goal of the theorems discussed in this section is to provide analogues of
these statements, which are true even when the functions u1 and u2 are merely
semicontinuous. The main theorem we study is the theorem on sums, which can
be found in the work of Crandall and Ishii [41].

Theorem 4.4 (Theorem on sums, [41, Theorem 1]). Let ui ∈ USC(Rdi) for
i = 1, . . . , k and set d := d1+. . .+dk. Consider the function u : Rd → R ∪ {−∞}
defined by

u(x) := u1(x1) + . . .+ uk(xk),

for all x := (x1, . . . , xk)
⊤ ∈ Rd. Suppose that for p := (p1, . . . , pk)

⊤ ∈ Rd and
X ∈ Symd, one has (p,X) ∈ J2,+u(x). Then for every κ > 0, there exists
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Xi ∈ Symdi
such that

(pi, Xi) ∈ J
2,+
ui(xi) for i = 1, . . . , k

and

−
(
1

κ
+ ∥X∥

)
Id ≤

X1 · · · 0
...

. . .
...

0 · · · Xk

 ≤ X + κX2, (4.9)

where ∥X∥ denotes the spectral norm of X.

Before we prove this result, we briefly introduce some concepts that will be
encountered in the proof.

Definition 4.9 (Semiconvex function). A function φ : Rd → R is called semi-
convex if there is a λ ∈ R such that the shifted function φλ(x) := φ(x) + λ

2
|x|2

is convex. If φλ is convex for a particular λ ∈ R, we say that φ is λ-semiconvex.

A basic property of semiconvex functions is as follows.

Proposition 4.5. Let φ : Rd → R be λ-semiconvex. If φ is twice differentiable
at x ∈ Rd, then D2φ(x) ≥ −λI.

Proof. The statement follows immediately from the classical result, that
the Hessian matrix of a convex function is positive semi-definite. □

In addition to Proposition 4.5, we require two more advanced results con-
cerning semiconvex functions. Proofs of the following propositions can be found
in the appendix of [42].

Proposition 4.6 (Alexandrov’s theorem, [2]). Let φ : Rd → R be semiconvex.
Then φ is twice continuously differentiable almost everywhere in Rd.

Proposition 4.7 (Jensen’s lemma, [85]). Let φ : Rn → R be continuous and
λ-semiconvex for λ > 0, and suppose φ has a strict local maximum at x0. For
p ∈ Rd, set φp(x) := φ(x) + ⟨p, x− x0⟩. Then for all r, δ > 0, the set

Kδ,r :=
{
x ∈ Br(x0)

∣∣∃p ∈ Bδ(0) such that φp has a local maximum at x
}

has positive measure. Moreover, one has the estimate

µ(Kδ,r) ≥
(
δ

λ

)d

Vd,

where Vd denotes the volume of the unit ball in Rd.

Idea of proof. We present the main idea of the proof in the simpler case
that φ ∈ C2(Ω). If f is merely continuous, the proof may be completed by first
mollifying the function f . The details of this argument can be found in [42] or
[91].

We first show that if φp attains a maximum in Br(x0) for some r > 0, then
the maximiser x occurs away from the boundary of this ball.
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Suppose r > 0 is small enough so that φ(x0) > φ(x) for all x ∈ Br(x0). Then

ρr := φ(x0)− max
Br(x0)\Br/2(x0)

φ > 0.

Let p ∈ Rd with |p| = δ > 0. For any x ∈ Br(x0) \Br/2(x0),

max
Br(x0)

φp − φp(x) ≥ φ(x0)− max
Br(x0)\Br/2(x0)

φp

≥ φ(x0)− max
Br(x0)\Br/2(x0)

φ− δr

= ρr − δr.

By taking δ small enough so that ρr − δr > 0 and x to be the maximiser of φp

over Br(x0) \Br/2(x0), it follows that

max
Br(x0)

φp > max
Br(x0)\Br/2(x0)

φp.

Therefore, we may assume φp attains its maximum on Br(x0) at an interior point
x ∈ Br(x0).

Then, at a maximum point x ∈ Kδ,r of φp(x) = φ(x)+⟨p, x−x0⟩ with |p| < δ,
one has p = −∇φ(x). It follows that for δ small enough, Bδ(0) ⊆ ∇φ(Kδ,r).
Moreover, one has

D2φ(x) = D2φp(x) ≤ 0.

Since φ is λ-semiconvex, by Proposition 4.5, we have

−λI ≤ D2φ(x) ≤ 0.

This implies that all eigenvalues of D2φ(x) are negative and lie between −λ and
0. Therefore

| detD2φ(x)| ≤ λd

for each x ∈ Kδ,r. Integrating over Kδ,r, and using that Bδ(0) ⊆ ∇φ(Kδ,r), we
have

λdµ(Kδ,r) ≥
∫
Kδ,r

| detD2φ(x)| dx ≥ µ(∇φ(Kδ,r)) ≥ µ(Bδ(0)).

We note that if ∇φ is a diffeomorphism on Kδ,r, then the middle inequality holds
with equality as a consequence of the change-of-variables formula. However, in
general, we may only have an inequality (see [91]).

From this, we deduce the claimed estimate

|Kδ,r| ≥
(
δ

λ

)d

Vd.

□

Definition 4.10 (Sup-convolution). Let Ω ⊆ Rd and suppose u ∈ USC(Ω) is
bounded from above. For a fixed λ > 0, the sup-convolution û : Rd → R of u is
defined by

û(ξ) := sup
x∈Ω

(
u(x)− λ

2
|x− ξ|2

)
for every ξ ∈ Rd.
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Proposition 4.8. Let Ω ⊆ Rd and suppose u ∈ USC(Ω) is bounded from above.
Then the sup-convolution û is λ-semiconvex.

Proof. The claim follows by noticing that

û(ξ) +
λ

2
|ξ|2 = sup

x∈Ω

(
u(x)− λ

2
|x|2 + λ⟨x, ξ⟩

)
is convex as the supremum of convex functions. □

We now begin to outline the proof of Theorem 4.4. Our first aim is to reduce
the premises of Theorem 4.4 to a simpler case. First, applying the definition of
(p,X) ∈ J2,+u(x), we know that

u(x+ y) ≤ u(x) + ⟨p, y⟩+ 1

2
⟨Xy, y⟩+ o(|y|2),

which, because u = u1 + . . .+ uk, is equivalent to

u1(x1 + y1) + . . .+ uk(xk + yk) ≤ u1(x1) + . . .+ uk(xk)

+ ⟨p1, y1⟩+ . . .+ ⟨pk, yk⟩+
1

2
⟨Xy, y⟩+ o(|y|2)

for y → 0. Therefore, if we define ũi(yi) := ui(xi + yi)− ui(xi)−⟨pi, yi⟩, then we
have

ũ1(y1) + . . .+ ũk(yk) ≤
1

2
⟨Xy, y⟩+ o(|y|2).

This implies that for all η > 0, there is δ > 0 such that

ũ1(y1) + . . .+ ũk(yk) ≤
1

2
⟨Xy, y⟩+ η

2

k∑
i=1

|yi|2

for all yi ∈ Rdi such that 0 < |yi| ≤ δ and i = 1, . . . , k. In addition, we note that
by the definition of ũi(yi), we have ũi(0) = 0 for all i = 1, . . . , k. Hence, if we
define

vi(yi) :=


0 yi = 0,

ũi(yi)− η
2
|yi|2 |yi| ≤ δ,

−∞ |yi| > δ

(4.10)

for each i = 1, . . . , k, it follows that

v1(y1) + . . .+ vk(yk) ≤
1

2
⟨Xy, y⟩

is true for all x ∈ Rd. Thus, we focus on proving the following result, which is a
special case of Theorem 4.4.
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Theorem 4.9. Let vi ∈ USC(Rdi) for all i = 1, . . . , k, d = d1 + . . . + dk, and
X ∈ Symd be such that vi(0) = 0 for all i = 1, . . . , k and

v1(y1) + . . .+ vk(yk) ≤
1

2
⟨Xy, y⟩ (4.11)

holds for all y ∈ Rd. Then for every κ > 0, there exists Xi ∈ Symdi
such that

(0, Xi) ∈ J
2,+
vi(0) for i = 1, . . . , k

and (4.9) holds.

Before proving Theorem 4.9, we will explain why it implies Theorem 4.4.
Suppose the functions vi are defined as in (4.10). Then Theorem 4.9 implies
that for every η > 0 and i = 1, . . . , k, there is Xi,η ∈ Symdi

such that one has

(0, Xi,η) ∈ J
2,+
vi(0). By definition, there are sequences (x

(n)
i,η )n≥1 ⊆ Rdi and

(p
(n)
i,η , X

(n)
i,η )n≥1 ⊆ Rdi × Symdi

such that (p
(n)
i,η , X

(n)
i,η ) ∈ J2,+vi(x

(n)
i,η ) and

x
(n)
i,η → 0, vi(x

(n)
i,η ) → 0, and (p

(n)
i,η , X

(n)
i,η ) → (0, Xi,η)

as n→ ∞. Then, for each n ≥ 1, one has

vi(x
(n)
i,η + yi) ≤ vi(x

(n)
i,η ) + ⟨p(n)i,η , yi⟩+

1

2
⟨X(n)

i,η yi, yi⟩+ o(|yi|2)

for yi → 0. Expressing this in terms of the original functions ui yields

ui(xi + x
(n)
i,η + yi) ≤ ui(xi + x

(n)
i,η ) + ⟨pi + p

(n)
i,η + ηx

(n)
i,η , yi⟩

+
1

2
⟨(X(n)

i,η + ηIdi)yi, yi⟩+ o(|yi|2),

which implies

(pi + p
(n)
i,η + ηx

(n)
i,η , X

(n)
i,η + ηIdi) ∈ J2,+u(xi + x

(n)
i,η )

for all n ≥ 1, η > 0, and i = 1, . . . , k. Since vi(x
(n)
i,η ) → 0 and x

(n)
i,η → 0 imply

u(xi + x
(n)
i,η ) → u(xi), and we also have that p

(n)
i,η → 0, x

(n)
i,η → 0 and X

(n)
i,η → Xi,η,

we may conclude (pi, Xi,η + ηIdi) ∈ J
2,+
u(xi) for all η > 0 and i = 1, . . . , k.

Now, applying (4.9), we have

−
(
1

κ
+ ∥X∥

)
Id ≤

X1,η · · · 0
...

. . .
...

0 · · · Xk,η

 ≤ X + κX2,

which implies, in particular, that

−
(
1

κ
+ ∥X∥

)
Idi ≤ Xi,η ≤ (X + κX2)i

holds for all η > 0, where (X + κX2)i denotes a particular principal minor of
X + κX2. Hence, the matrices Xi,η lie within a compact set. Moreover, there
exists a sequence ηn → 0 for which Xi,η converges to some limit, which we call

Xi. It is clear that Xi satisfies (4.9) and (pi, Xi) ∈ J
2,+
u(xi) as desired.
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We now focus our attention on proving Theorem 4.9. First, we observe that
for any d× d symmetric matrix X, we can estimate ⟨Xy, y⟩ by

⟨Xy, y⟩ ≤
(
1

κ
+ ∥X∥

)
|y − ξ|2 + ⟨(X + κX2)ξ, ξ⟩ (4.12)

for any κ > 0 and ξ ∈ Rd. Indeed, with the help of Young’s inequality, we see
that

⟨Xy, y⟩ = ⟨X(y − ξ + ξ), y − ξ + ξ⟩
= ⟨X(y − ξ), y − ξ⟩+ 2⟨Xξ, y − ξ⟩+ ⟨Xξ, ξ⟩

≤ ∥X∥|y − ξ|2 + 1

κ
|y − ξ|2 + κ|Xξ|2 + ⟨Xξ, ξ⟩

=

(
1

κ
+ ∥X∥

)
|y − ξ|2 + ⟨(X + κX2)ξ, ξ⟩.

Throughout the remainder of the proof, we will write λ :=
(
1
κ
+ ∥X∥

)
. Combin-

ing the inequalities (4.11) and (4.12) therefore leads to

v1(y1) + . . .+ vk(yk)−
λ

2
|yi − ξi|2 ≤

1

2
⟨(X + κX2)ξ, ξ⟩.

Therefore, the sup-convolutions v̂i(ξi) = supyi∈Rdi

(
vi(yi)− λ

2
|yi − ξi|2

)
satisfy

v̂1(ξ1) + . . .+ v̂k(ξk) ≤
1

2
⟨(X + κX2)ξ, ξ⟩

for every ξ ∈ Rd. In particular,

v̂1(0) + . . .+ v̂k(0) ≤ 0.

However, v̂i(0) = supyi∈Rdi

(
vi(yi)− λ

2
|yi|2

)
≥ 0, since vi(yi) − λ

2
|yi|2 = 0 for

yi = 0. Therefore, v̂i(0) = 0 for all i = 1, . . . , k. In other words,

v̂1(ξ1) + . . .+ v̂k(ξk)−
1

2
⟨(X + κX2)ξ, ξ⟩ ≤ 0

for every ξ ∈ Rd and equality is attained at ξ = 0.

The next step of the proof will be achieved through the following lemma.

Lemma 4.10. If f : Rd → R is a continuous and λ-semiconvex function, and
B ∈ Symd is such that

max
ξ∈Rd

(
f(ξ)− 1

2
⟨Bξ, ξ⟩

)
= f(0),

then there is a matrix A ∈ Symd such that

(0, A) ∈ J
2
f(0) := J

2,+
f(0) ∩ J2,−

f(0)

and −λI ≤ A ≤ B.

Proof. By assumption, the function fB(ξ) := f(ξ) − 1
2
⟨Bξ, ξ⟩ has a max-

imum at ξ = 0. Then for all δ > 0, the function fB(ξ) − δ|ξ|2 has a strict
maximum at ξ = 0. Since the function fB − δ | · |2 is also semiconvex, we may
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apply Jensen’s lemma (Proposition 4.7) to deduce that for all δ > 0, there is a
point qδ ∈ Rd such that |qδ| ≤ δ and

f(ξ) + ⟨qδ, ξ⟩ −
1

2
⟨Bξ, ξ⟩ − δ|ξ|2

has a local maximum at some point ξδ ∈ Rd with |ξδ| ≤ δ. In light of Alexandrov’s
theorem (Proposition 4.6), we may assume ξδ is such that f is C2 at ξδ. Therefore
∇f(ξδ) and D2f(ξδ) exist and satisfy

∇f(ξδ) = 2δξδ +Bξδ − qδ = O(δ) and − λI ≤ D2f(ξδ) ≤ B + 2δI,

where the lower bound on D2f(ξδ) is due to the semiconvexity of f and Proposi-
tion 4.5. Moreover, (∇f(ξδ), D2f(ξδ)) ∈ J2f(ξδ). In the limit as δ → 0, we have
∇f(ξδ) → 0 and, possibly after passing to a subsequence, D2f(ξδ) will converge

to some limit, which we call A. Then (0, A) ∈ J
2
f(0) and −λI ≤ A ≤ B. □

We continue with the proof of Theorem 4.9. Letting

v(y) = v1(y1) + . . .+ vk(yk),

we apply Lemma 4.10 with B = X + κX2 to the function

v̂(ξ) = sup
y∈Rd

(
v(y)− λ

2
|y − ξ|2

)
,

which is λ-semiconvex because of Proposition 4.8. Therefore, there is a matrix

A ∈ Symd such that (0, A) ∈ J
2
v̂(0) and −λI ≤ A ≤ X + κX2. We may also

assume A takes the form

A =

X1 · · · 0
...

. . .
...

0 · · · Xk

 , (4.13)

where the matrices Xi ∈ Symdi
are such that (0, Xi) ∈ J

2
v̂i(0). Indeed, by

the definition of (0, A) ∈ J
2
v̂(0) = J

2,+
v̂(0) ∩ J

2,−
v̂(0), more specifically, the

definition of J
2,+
v̂(0), there exists (x(n), p(n), X(n))n≥1 ⊆ Rd × Rd × Symd such

that (p(n), X(n)) ∈ J2,+v̂(x(n)) for all n ≥ 1 and

(x(n), v̂(x(n)), p(n), X(n)) → (0, v̂(0), 0, A)

as n→ ∞. This means

v̂1(x
(n)
1 + y1) + . . .+ v̂k(x

(n)
k + yk)

≤ v̂1(x
(n)
1 ) + . . .+ v̂k(x

(n)
k ) + ⟨p(n)1 , y1⟩+ . . .+ ⟨p(n)k , yk⟩

+
1

2
⟨X(n)y, y⟩+ o(|y|2)

for all y ∈ Rd with |y|2 > 0 small enough. If for a particular i ∈ {1, . . . , k}, we
choose yj = 0 for all j ̸= i, then

v̂i(x
(n)
i + yi) ≤ v̂i(x

(n)
i ) + ⟨p(n)i , yi⟩+

1

2
⟨X(n)

i yi, yi⟩+ o(|yi|2) (4.14)
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as |yi|2 → 0, which implies (0, Xi) ∈ J
2,+
v̂i(0). Moreover, summing (4.14) over

i shows that (0, A) ∈ J
2,+
v̂(0), where A is the matrix in (4.13). By a similar

argument, we obtain (0, A) ∈ J
2,−
v̂(0) as well, and so (0, A) ∈ J

2
v̂(0).

Now that we have identified an element (0, Xi) ∈ J
2,+
v̂i(0), the only step

remaining in the proof of Theorem 4.9 is to justify why (0, Xi) ∈ J
2,+
vi(0). This

will be handled by the next lemma, but otherwise the proof is complete.

Lemma 4.11. Let λ > 0, v ∈ USC(Rd) be bounded from above. If q, r ∈ Rd,
Y ∈ Symd, and (q, Y ) ∈ J2,+v̂(r), then (q, Y ) ∈ J2,+v(r + q

λ
) and

v̂(r) +
|q|2

2λ
= v(r +

q

λ
).

Moreover, if (0, X) ∈ J
2,+
v̂(0), then (0, X) ∈ J

2,+
v(0).

Proof. First, we note that since v(x) − λ
2
|x − r|2 is upper semicontinuous

on Rd and lim|x|→∞
(
v(x)− λ

2
|x− r|2

)
= −∞, standard optimisation theorems

imply there exists y ∈ Rd such that

v̂(r) = sup
x∈Rd

(
v(x)− λ

2
|x− r|2

)
= v(y)− λ

2
|y − r|2.

Suppose (q, Y ) ∈ J2,+v̂(r). Then for all x, ξ ∈ Rd,

v(x)− λ

2
|x− ξ|2 ≤ v̂(ξ) ≤ v̂(r) + ⟨q, (ξ − r)⟩

+
1

2
⟨Y (ξ − r), (ξ − r)⟩+ o(|ξ − r|2)

= v(y)− λ

2
|y − r|2 + ⟨q, ξ − r⟩

+
1

2
⟨Y (ξ − r), (ξ − r)⟩+ o(|ξ − r|2).

On one hand, if we choose ξ = x− y + r, we have

v(x) ≤ v(y) + ⟨q, (x− y)⟩+ 1

2
⟨Y (x− y), x− y⟩+ o(|x− y|2),

which tells us (q, Y ) ∈ J2,+v(y). On the other hand, if we set x = y and
ξ = r + α(λ(r − y) + q) for α ∈ R arbitrary, then

0 ≤ λ

2
|y − ξ|2 − λ

2
|y − r|2 + ⟨q, ξ − r⟩+O(α2)

=
λ

2
(|ξ|2 − |r|2) + ⟨q − λy, ξ − r⟩+O(α2)

=
λ

2
(|r + α(λ(r − y) + q)|2 − |r|2) + α⟨q − λy, λ(r − y) + q⟩+O(α2)

= αλr(λ(r − y) + q) + α⟨q − λy, λ(r − y) + q⟩+O(α2)

= α|λ(r − y) + q|2 +O(α2).
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If we consider α < 0, this implies |λ(r− y)+ q|2 = 0 and so y = r+ q
λ
. Therefore

(q, Y ) ∈ J2,+v(r + q
λ
) and

v̂(r) = v(y)− λ

2
|y − r|2 = v

(
r +

q

λ

)
− |q|2

2λ

as claimed.

To prove the final statement of the lemma, we suppose (0, X) ∈ J
2,+
v̂(0).

Then there is (qn, Xn) ∈ J2,+v̂(ξn) with

ξn → 0, v̂(ξn) → v̂(0), and (qn, Xn) → (0, X)

as n→ ∞. By the first part of the lemma, we have that (qn, Xn) ∈ J2,+v
(
ξn +

qn
λ

)
for all n ≥ 1 and v

(
ξn +

qn
λ

)
= v̂(ξn) +

|qn|2
2λ

. Since xn → 0, qn → 0, and

Xn → X, if we can show v
(
ξn +

qn
λ

)
→ v(0), we will have proven the claim that

(0, X) ∈ J
2,+
v(0). Since ξn +

qn
λ
→ 0 and v is upper semicontinuous,

v(0) ≥ lim sup
n→∞

v
(
ξn +

qn
λ

)
= lim sup

n→∞

(
v̂(ξn) +

1

2λ
|qn|2

)
= v̂(0) ≥ v(0).

Therefore, lim supn→∞ v
(
ξn +

qn
λ

)
= v(0) and after passing to a subsequence, we

have limn→∞ v
(
ξn +

qn
λ

)
= v(0) as desired. □

In practice, the following corollary of Theorem 4.4 is quite useful.

Corollary 4.12 (Maximum principle for semicontinuous functions, [41, Exam-
ple 1]). Let Ω ⊆ Rd be locally compact, ui ∈ USC(Ω) for i = 1, . . . , k, and
φ ∈ C2(Ωk). Consider the function

u(x) := u1(x1) + . . .+ uk(xk)− φ(x)

defined for all x = (x1, ..., xk)
⊤ ∈ Ωk. If Z := u− φ has a maximum at x0 ∈ Ωk,

then for all κ > 0, there exist Xi ∈ Symd such that (∇xi
φ(x0), Xi) ∈ J

2,+
ui(x0i)

for i = 1, . . . k and

−
(
1

κ
+ ∥X∥

)
Id ≤

X1 · · · 0
...

. . .
...

0 · · · Xk

 ≤ X + κX2, (4.15)

for X = D2φ(x0).

Proof. Let Ki be a compact neighbourhood of x0i in Ω for i = 1, . . . , k. We
define functions ũi ∈ USC(Rd) by

ũi(xi) =

{
ui(xi) if xi ∈ Ki,

−∞ if xi ∈ Rd \Ki.

If we set ũ(x) = ũ1(x1) + . . . + ũk(xk), then Z̃ := ũ − φ has a maximum at x0.
Therefore, since φ is C2, Taylor’s theorem implies

ũ(x) ≤ ũ(x0) + φ(x)− φ(x0)

= ũ(x0) +∇φ(x0)(x− x0) +
1

2
⟨D2φ(x0)(x− x0), x− x0⟩+ o(|x− x0|2)
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for x→ x0. Thus (∇φ(x0), D2φ(x0)) ∈ J2,+ũ(x0). Using Theorem 4.4, for every
κ > 0, we find a matrix Xi ∈ Symd such that the conclusion of Corollary 4.12

holds with ui replaced by ũi. In particular, we have (∇xi
φ(x0), Xi) ∈ J

2,+
ũi(x0i).

However, any sequence (xn)n≥1 ⊆ Ω from the definition of J
2,+
ũi(x0i) such that

xn → x0i and ũi(xn) → ũi(x0i) must eventually lie within Ki, since ũi takes
the value −∞ outside of Ki and ũi(xn) should approach the finite value ũi(x0i).

Since ui and ũi coincide on Ki, it follows that (∇xi
φ(x0), Xi) ∈ J

2,+
ui(x0i). □

Remark 4.3. The statements of the theorem on sums (Theorem 4.4) and max-
imum principle for semicontinuous functions (Corollary 4.12) are no longer true

if one replaces the closure J
2,+
ui(xi) in the conclusion by J2,+ui(xi). We jus-

tify this by means of a counterexample, which was presented in the article by
Crandall and Ishii [41]. If one defines functions u, v : R → R by

u(x) :=

{
x2 x ≥ 0,

−2x2 x < 0

and v(x) := u(−x), then by checking each case for the signs of x and y, we find
that

u(x) + v(y) ≤ 2(x− y)2

for all x, y ∈ R, with equality attained at x = y = 0. If Corollary 4.12 were true
without the closure in the conclusion, then for every κ > 0, we would be able to
find numbers X, Y ∈ R such that (0, X) ∈ J2,+u(0), (0, Y ) ∈ J2,+v(0), and(

X 0
0 Y

)
≤ κ

(
1 −1
−1 1

)
.

In particular, this would imply X ≤ κ. However, one may compute that

J2,+u(0) = {(0, X) | X ≥ 2},
and therefore, for κ > 0 small enough, it is no longer possible to find such an X.

For our purposes, we would like to apply the idea of Corollary 4.12 to situa-
tions, where the functions ui are viscosity solutions of a parabolic equation. In
particular, we will require analogues of Theorem 4.4 and Corollary 4.12, where
the functions ui depend also on a time variable ti. In the case that each ui de-
pends on the same time variable t, results of this kind are readily available (see,
for instance, Section 3 in [41]). However, these will not be suitable in our con-
text, since we always work with functions depending on different time variables.
Thus, we will now prove a new parabolic version of Theorem 4.4 and Corollary
4.12.

Theorem 4.13 (Parabolic theorem on sums). For i = 1, . . . , k, let Ωi ⊆ Rdi

be locally compact and set d := d1 + . . . + dk. Let ui ∈ USC(Ωi × [Si, Ti]) and
consider the function

u(x, t) := u1(x1, t1) + . . .+ uk(xk, tk)

defined for all x := (x1, . . . , xk)
⊤, t := (t1, . . . , tk)

⊤ with xi ∈ Ωi and ti ∈ (Si, Ti].
Suppose that for a := (a1, . . . , ak)

⊤ ∈ Rk, p := (p1, . . . , pk)
⊤ ∈ Rd, X ∈ Symd,
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and (x, t) ∈ Ω1 × . . .× Ωk × (S1, T1]× . . .× (Sk, Tk], one has that

(a, p,X) ∈ P2,+u(x, t).

Then for all κ > 0, there are matrices Xi ∈ Symdi
such that for all i = 1, . . . , k,

(ai, pi, Xi) ∈ P2,+
ui(xi, ti)

and

−
(
1

κ
+ ∥X∥

)
Id ≤

X1 · · · 0
...

. . .
...

0 · · · Xk

 ≤ X + κX2.

Proof. By the definition of (a, p,X) ∈ P2,+u(x, t), one has

u(y, s) ≤ u(x, t) + ⟨a, s− t⟩+ ⟨p, y − x⟩

+
1

2
⟨X(y − x), y − x⟩+ o(t1 − s1) + o

(
|y − x|2 +

k∑
i=1

(ti − si)

)
as (y, s) → (x, t) such that si < ti for all i = 1, . . . , k. More precisely, for every
η > 0, one can find a sufficiently small compact neighbourhood Ki of (xi, ti) such
that si ≤ ti whenever (yi, si) ∈ Ki and

u1(y1, s1) + . . .+ uk(yk, sk)

≤ u1(x1, t1) + . . .+ uk(xk, tk)

+ ⟨a, s− t⟩+ ⟨p, y − x⟩+ 1

2
⟨X(y − x), y − x⟩

+
η

2
(t1 − s1) + . . .+

η

2
(tk − sk) +

η

2
|y − x|2

for all (y, s) ∈ U1 × . . .× Uk.

If we define functions ũi : Rdi+1 → R ∪ {−∞} by

ũi(yi, si) :=



u(yi, si)− u(xi, ti)

− ai(si − ti)− ⟨pi, yi − xi⟩

− η

2
(ti − si)−

η

2
|yi − xi|2

if (yi, si) ∈ Ki,

−∞ if (yi, si) ∈ Rdi+1 \Ki,

then

ũ1(y1, s1) + . . .+ ũk(yk, sk) ≤
1

2
⟨X(y − x), y − x⟩

holds on Rd+k. In particular, since ũi(xi, ti) = 0 for each i = 1, . . . , k, we see
that equality is attained at the point (y, s) = (x, t). Therefore, the function

ũ1 + . . .+ ũk −
1

2
⟨X(· − x), · − x⟩

attains a maximum at the point (x, t). We note that the upper semicontinuity
of u and the compactness of Ki will imply ũi ∈ USC(Rdi+1) for all i = 1, . . . , k,
and thus we may apply the maximum principle for semicontinuous functions
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(Theorem 4.4) to conclude that for every κ > 0, there exist matrices X̃i,η ∈ Symd

such that

(0, X̃i,η) ∈ J
2,+
ũi(xi, ti)

and

−
(
1

κ
+ ∥A∥

)
Id+k ≤

X̃1,η · · · 0
...

. . .
...

0 · · · X̃k,η

 ≤ A+ κA2,

where

A =


X11 0 · · · X1k 0
0 0 · · · 0 0
...

...
. . .

...
...

Xk1 0 · · · Xkk 0
0 0 · · · 0 0


is the Hessian of 1

2
⟨X(· − x), · − x⟩ in all variables x1, t1, . . . , xk, tk. Here Xij

denotes the ijth block of the matrix X ∈ Symd when partitioned in the natural
way according to the decomposition d = d1 + . . . + dk. By considering the
appropriate principle minor of the above matrices, this condition implies

−
(
1

κ
+ ∥A∥

)
Id ≤

X1,η · · · 0
...

. . .
...

0 · · · Xk,η

 ≤ A+ κA2,

where we now useXi,η to denote the truncation of the matrix X̃i,η, which removes

the last row and column. In addition, (0, X̃i,η) ∈ J
2,+
ũi(xi, ti) implies that

(0, 0, Xi,η) ∈ P2,+
ũi(xi, ti). Indeed, by the definition of (0, X̃i,η) ∈ J

2,+
ũi(xi, ti),

there are sequences

(p̃
(n)
i,η , X̃

(n)
i,η )n≥1 ⊆ Rdi+1 × Symdi+1 and (x

(n)
i,η )n≥1 ⊆ Rdi+1

such that

(p̃
(n)
i,η , X̃

(n)
i,η ) ∈ J2,+ũi(x

(n)
i,η , t

(n)
i,η ), (p̃

(n)
i,η , X̃

(n)
i,η ) → (0, X̃i,η)

(x
(n)
i,η , t

(n)
i,η ) → (xi, ti), and ũi(x

(n)
i,η , t

(n)
i,η ) → ũi(xi, ti)

as n→ ∞. Therefore

ũi(yi, si) ≤ ũi(x
(n)
i,η , t

(n)
i,η ) + ⟨p̃(n)i,η , (yi, si)− (x

(n)
i,η , t

(n)
i,η )⟩

+
1

2
⟨X̃(n)

i,η ((yi, si)− (x
(n)
i,η , t

(n)
i,η )), (yi, si)− (x

(n)
i,η , t

(n)
i,η )⟩

+ o(|yi − x
(n)
i,η |2 + (t

(n)
i,η − si)

2)

= ũi(x
(n)
i,η , t

(n)
i,η ) + a

(n)
i,η (si − t

(n)
i,η ) + ⟨p(n)i,η , yi − x

(n)
i,η ⟩

+
1

2
⟨X(n)

i,η (yi − x
(n)
i,η ), yi − x

(n)
i,η ⟩+ o(|yi − x

(n)
i,η |2 + |t(n)i,η − si|)
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as (yi, si) → (x
(n)
i,η , t

(n)
i ) in Rdi+1, where p̃

(n)
i,η = (p

(n)
i,η , a

(n)
i,η ) and X

(n)
i,η is the trunca-

tion of X̃
(n)
i,η , which removes the final row and column. In particular, for si ≤ t

(n)
i,η ,

ũi(yi, si) ≤ ũi(x
(n)
i,η , t

(n)
i,η ) + a

(n)
i,η (si − t

(n)
i,η ) + ⟨p(n)i,η , yi − x

(n)
i,η ⟩

+
1

2
⟨X(n)

i,η (yi − x
(n)
i,η ), yi − x

(n)
i,η ⟩+ o(|yi − x

(n)
i,η |2 + t

(n)
i,η − si)

as yi → x
(n)
i,η in Rdi and si → t

(n)
i in R from below. We note that since

ũi(xi, ti) is finite and ũi was set to be −∞ outside of Ki, there must be a sub-

sequence of (x
(n)
i,η , t

(n)
i,η )n≥1, which lies in Ki. In particular, we have t

(n)
i,η ≤ ti.

We work with this subsequence, again denoting it by (x
(n)
i,η , t

(n)
i,η )n≥1. Then, it

follows that (a
(n)
i,η , p

(n)
i,η , X

(n)
i,η ) ∈ P2,+ũ(x

(n)
i,η , t

(n)
i,η ) for each n ≥ 1, and so we have

(0, 0, Xi,η) ∈ P2,+
ũi(xi, ti).

Since the points (x
(n)
i,η , t

(n)
i,η ) and (yi, si) can be taken to lie in Ki, we use the

definition of ũi on Ki, to obtain

ui(yi, si) ≤ ui(x
(n)
i,η , t

(n)
i,η ) +

(
a
(n)
i,η + ai −

η

2

)
(si − t

(n)
i,η ) + ⟨pi + p

(n)
i,η , yi − x

(n)
i,η ⟩

+
1

2
⟨X(n)

i,η (yi − x
(n)
i,η ), yi − x

(n)
i,η ⟩+

η

2
|yi − xi|2 −

η

2
|x(n)i,η − xi|2

+ o(|yi − x
(n)
i,η |2 + t

(n)
i,η − si).

Rewriting η
2
|yi − xi|2 − η

2
|x(n)i,η − xi|2 as

η

2

(
|yi − x

(n)
i,η + x

(n)
i,η − xi|2 − |x(n)i,η − xi|2

)
=
η

2
|yi − x

(n)
i,η |2 + η⟨x(n)i,η − xi, yi − x

(n)
i,η ⟩

leads to

ui(yi, si) ≤ ui(x
(n)
i,η , t

(n)
i,η ) +

(
a
(n)
i,η + ai −

η

2

)
(si − t

(n)
i,η )

+ ⟨pi + p
(n)
i,η + η(x

(n)
i,η − xi), yi − x

(n)
i,η ⟩

+
1

2
⟨(X(n)

i,η + ηIdi)(yi − x
(n)
i,η ), yi − x

(n)
i,η ⟩

+ o(|yi − x
(n)
i,η |2 + t

(n)
i,η − si).

This expresses that(
a
(n)
i,η + ai −

η

2
, pi + p

(n)
i,η + η(x

(n)
i,η − xi), X

(n)
i,η + ηIdi

)
∈ P2,+ui(x

(n)
i,η , t

(n)
i,η ).

Considering the behaviour as n→ ∞, we find that(
ai −

η

2
, pi, Xi,η + ηIdi

)
∈ P2,+

ui(xi, ti).

Taking η → 0 as in the proof of Crandall and Ishii, we find that there is a
matrix Xi ∈ Symdi

such that Xi,η → Xi and so we have that (ai, pi, Xi) ∈
P2,+

ui(xi, ti). □
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We may use the parabolic theorem of sums to deduce a similar statement to
Corollary 4.12.

Corollary 4.14 (Parabolic maximum principle for semicontinuous functions I).
For i = 1, . . . , k, let Ωi ⊆ Rdi be locally compact, and set Ω := Ω1 × . . .×Ωk and
S := (S1, T1]× . . .× (Sk, Tk]. Let ui ∈ USC(Ωi × [Si, Ti]) and let φ : Ω× S → R,
φ := φ(x1, . . . , xk, t1, . . . , tk) be twice continuously differentiable in each of the
variables xi and continuously differentiable in the variables ti for i = 1, . . . , k.
Consider the function

Z(x, t) := u1(x1, t1) + . . .+ uk(xk, tk)− φ(x, t)

defined for all x := (x1, . . . , xk)
⊤ ∈ Ω and t := (t1, . . . , tk)

⊤ ∈ S. If there exists a
point (x0, t0) ∈ Ω× S such that Z touches the value Z(x0, t0) from below for the
first time at (x0, t0), then for all κ > 0, there are matrices Xi ∈ Symdi

such that
for all i = 1, . . . , k,

(∂tiφ(x0, t0),∇xi
φ(x0, t0), Xi) ∈ P2,+

ui(x0i, t0i)

and

−
(
1

κ
+ ∥X∥

)
Id ≤

X1 · · · 0
...

. . .
...

0 · · · Xk

 ≤ X + κX2,

where X = D2
xφ(x0, t0) and d := d1 + . . .+ dk.

Proof. The premise of Corollary 4.14 is described by the inequality

u(x, t) ≤ u(x0, t0) + φ(x, t)− φ(x0, t0)

holding for x ∈ Ω and t with ti ≤ t0,i. Since φ ∈ C2(Q), we may apply the Taylor
expansion of φ to obtain

u(x, t) ≤ u(x0,t0) + ⟨∇tφ(x0, t0), t− t0⟩+ ⟨∇xφ(x0, t0), x− x0⟩

+
1

2
⟨D2

xφ(x0, t0)(x− x0), x− x0⟩+ o
(
|t0 − t|1 + |x− x0|2

)
as x→ x0 in Ω and ti → t−0i, which exactly expresses that

(∇tφ(x0, t0),∇xφ(x0, t0), D
2
xφ(x0, t0)) ∈ P2,+u(x0, t0).

The conclusion now follows immediately from Theorem 4.13. □

We also state the following variation of Corollary 4.14, which will be more
readily applicable to the proofs of Harnack inequalities, in which we typically
consider a function attaining a minimum rather than a maximum. The corollary
that follows can be obtained using the relation P2,−u(x0, t0) = −P2,+(−u)(x0, t0).

Corollary 4.15 (Parabolic maximum principle for semicontinuous functions II).
For i = 1, . . . , k, let Ωi ⊆ Rdi be locally compact, and set Ω := Ω1 × . . .×Ωk and
S := (S1, T1]× . . .× (Sk, Tk]. Let ui ∈ LSC(Ωi × [Si, Ti]) and let φ : Ω× S → R,
φ := φ(x1, . . . , xk, t1, . . . , tk) be twice continuously differentiable in each of the
variables xi and continuously differentiable in the variables ti for i = 1, . . . , k.
Consider the function

Z(x, t) := u1(x1, t1) + . . .+ uk(xk, tk)− φ(x, t)
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defined for all x := (x1, . . . , xk)
⊤ ∈ Ω and t := (t1, . . . , tk)

⊤ ∈ S. If there exists
a point (x0, t0) ∈ Ω × S such that Z touches the value Z(x0, t0) from above for
the first time at (x0, t0), then for all κ > 0, there are matrices Xi ∈ Symdi

such
that for all i = 1, . . . , k,

(∂tiφ(x0, t0),∇xi
φ(x0, t0), Xi) ∈ P2,−

ui(x0i, t0i)

and (
1

κ
+ ∥X∥

)
Id ≥

X1 · · · 0
...

. . .
...

0 · · · Xk

 ≥ X − κX2,

where X = D2
xφ(x0, t0).

4.3. Harnack inequalities for viscosity solutions

In this section, we demonstrate how to employ our multi-point maximum prin-
ciple approach to prove Harnack inequalities satisfied by viscosity solutions of
parabolic equations. Following the structure of Chapter 3, we begin by dis-
cussing viscosity solutions of the linear Schrödinger equation to first illuminate
the core ideas of the proof before we re-introduce the computational complexi-
ties encountered when dealing with the doubly nonlinear heat equation, which
we will discuss in the second part of this section. We assume throughout that
Ω ⊆ Rd is a bounded domain.

4.3.1. The linear Schrödinger equation

Here, we are concerned with viscosity solutions of the Neumann problem{
∂tu = ∆u− V u in Ω× (0, T ),

∇u · ν = 0 on ∂Ω× (0, T )
(4.16)

for the Schrödinger equation for a given C2-potential function V .

Definition 4.11. We call a function

(i) u ∈ USC(Ω× (0, T )) a viscosity subsolution of (4.16) if

a− trX + V (x0)u(x0, t0) ≤ 0

for all (a, p,X) ∈ P2,+

Ω×(0,T )u(x0, t0) and (x0, t0) ∈ Ω× (0, T ), and

min{a− trX + V (x0)u(x0, t0), p · ν(x0)} ≤ 0

for all (a, p,X) ∈ P2,+

Ω×(0,T )u(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(ii) u ∈ LSC(Ω× (0, T )) a viscosity supersolution of (4.16) if

a− trX + V (x0)u(x0, t0) ≥ 0
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for all (a, p,X) ∈ P2,−
Ω×(0,T )u(x0, t0) and (x0, t0) ∈ Ω× (0, T ), and

max{a− trX + V (x0)u(x0, t0), p · ν(x0)} ≥ 0

for all (a, p,X) ∈ P2,−
Ω×(0,T )u(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(iii) u ∈ C(Ω × (0, T )) a viscosity solution of (4.16) if u is both a viscosity
subsolution and viscosity supersolution of (4.16).

As in the proof of Theorem 3.2 for classical solutions, we wish to make the
transformation v = log u. Therefore, we must also understand the transformed
problem {

∂tv = ∆v + |∇v|2 − V in Ω× (0, T ),

∇v · ν = 0 on ∂Ω× (0, T )
(4.17)

in the viscosity sense.

Definition 4.12. We call a function

(i) v ∈ USC(Ω× (0, T )) a viscosity subsolution of (4.17) if

a− trX − |p|2 + V (x0) ≤ 0

for all (a, p,X) ∈ P2,+

Ω×(0,T )v(x0, t0) and (x0, t0) ∈ Ω× (0, T ), and

min{a− trX − |p|2 + V (x0), p · ν(x0)} ≤ 0

for all (a, p,X) ∈ P2,+

Ω×(0,T )v(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(ii) v ∈ LSC(Ω× (0, T )) a viscosity supersolution of (4.17) if

a− trX − |p|2 + V (x0) ≥ 0

for all (a, p,X) ∈ P2,−
Ω×(0,T )v(x0, t0) and (x0, t0) ∈ Ω× (0, T ), and

max{a− trX − |p|2 + V (x0), p · ν(x0)} ≥ 0

for all (a, p,X) ∈ P2,−
Ω×(0,T )v(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(iii) v ∈ C(Ω × (0, T )) a viscosity solution of (4.17) if v is both a viscosity
subsolution and viscosity supersolution of (4.17).

Proposition 4.16. A positive function u ∈ C(Ω× (0, T )) is a viscosity solution
of (4.16) if and only if v := log u is a viscosity solution of (4.17).

Proof. We will prove that if u is a subsolution of (4.16), then v = log u is
a subsolution of (4.17). The reverse direction follows by a similar argument, as
does the correspondence between supersolutions of the two equations.

Let (a, p,X) ∈ P2,+

Ω×(0,T )v(x0, t0) for some (x0, t0) ∈ Ω × (0, T ). Then, there

exist sequences (an, pn, Xn)n≥1 ⊆ R×Rd×Symd and (xn, tn)n≥1 with xn ∈ Ω and

tn ≤ t0, such that (an, pn, Xn) ∈ P2,+

Ω×(0,T )v(xn, tn) for each n ≥ 1, (an, pn, Xn) →
(a, p,X), xn → x0 in Ω, tn → t−0 and v(xn, tn) → v(x0, t0) as n → ∞. By
definition, this means

log u(x, t) ≤ log u(xn, tn) + an(t− tn) + ⟨pn, x− xn⟩

+
1

2
⟨Xn(x− xn), x− xn⟩+ o(tn − t+ |x− xn|2)
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as x→ xn in Ω and t→ t−n . Using the monotonicity of the exponential function,
as well as the Taylor expansion at log u(xn, tn), this implies

u(x, t) ≤ exp

(
log u(xn, tn) + an(t− tn) + ⟨pn, x− xn⟩

+
1

2
⟨Xn(x− xn), x− xn⟩+ o(tn − t+ |x− xn|2)

)
= u(xn, tn) + u(xn, tn)h+

1

2
u(xn, tn)h

2 + o
(
|h|2
)

= u(xn, tn) + u(xn, tn)an(t− tn) + u(xn, tn)⟨pn, x− xn⟩

+
1

2
⟨u(xn, tn)(Xn + pnp

⊤
n )(x− xn), x− xn⟩+ o(tn − t+ |x− xn|2),

where we used

h = an(t− tn) + ⟨pn, x− xn⟩+
1

2
⟨Xn(x− xn), x− xn⟩

+ o(tn − t+ |x− xn|2).

Therefore(
u(xn, tn)an, u(xn, tn)pn, u(xn, tn)(Xn + pnp

⊤
n )
)
∈ P2,+u(xn, tn).

Since u is a subsolution of (4.16), we may apply part (i) of Definition 4.11. If
x0 ∈ Ω, we may assume that since xn → x0, the sequence (xn)n≥1 is eventually
contained in Ω. Therefore, after possibly passing to a subsequence, one has

u(xn, tn)an − tr(u(xn, tn)(Xn + pnp
⊤
n )) + V (xn)u(xn, tn) ≤ 0

for each n ≥ 1. Using the properties of the trace and the positivity of u(xn, tn),
this is equivalent to

an − trXn − |pn|2 + V (xn) ≤ 0. (4.18)

Taking n→ ∞ gives

a− trX − |p|2 + V (x) ≤ 0.

Therefore, the first inequality in Definition 4.12 is satisfied for all triples

(a, p,X) ∈ P2,+

Ω×(0,T )v(x0, t0) when (x0, t0) ∈ Ω× (0, T ).

If x0 ∈ ∂Ω, we can no longer make any assumptions about whether or not the
points xn lie in Ω or ∂Ω. If xn ∈ Ω, we may use the same argument as before to
conclude that (4.18) holds. However, if xn ∈ ∂Ω for some n ≥ 1, then Definition
4.11 (i) tells us only that

min{u(xn, tn)an−tr(u(xn, tn)(Xn+pnp
⊤
n ))+V (xn)u(xn, tn), u(xn, tn)pn·ν(xn)} ≤ 0.

If

u(xn, tn)an − tr(u(xn, tn)(Xn + pnp
⊤
n )) + V (xn)u(xn, tn) ≤ 0,

then (4.18) holds once again. If u(xn, tn)pn ·ν(xn) ≤ 0, then pn ·ν(xn) ≤ 0. From
this, we conclude

min{an − trXn − |pn|2 + V (xn), pn · ν(xn)} ≤ 0
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regardless of whether xn ∈ Ω or xn ∈ ∂Ω. Therefore, we may take n → ∞ to
conclude that

min{a− trX − |p|2 + V (x), p · ν(x)} ≤ 0

holds for all (a, p,X) ∈ P2,+

Ω×(0,T )v(x0, t0) with (x0, t0) ∈ ∂Ω × (0, T ). Thus, we

conclude that v is a subsolution of (4.17) in Ω× (0, T ). □

Theorem 4.17. Let Ω ⊆ Rd be a bounded, convex domain with smooth bound-
ary ∂Ω and let V ∈ C2(Ω) be bounded from below. Let ω : Ω × Ω × S → R
be a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
ω(x, y; t, s) → ∞ whenever t→ s+ for x ̸= y and limt→s+ ω(x, x; t, s) ≥ 0 for all
x ∈ Ω. In addition, assume that ω satisfies

∂tω + |∇xω|2 ≥ V (x) in Ω× Ω× S, (4.19)

∂sω − |∇yω|2 ≥ −V (y) in Ω× Ω× S, (4.20)

and there exist strictly increasing, differentiable functions β : [0,∞) → [0,∞)
satisfying β(0) = 0 and A : [0,∞) → [0,∞) such that

A(t)2∆xω + A(s)2∆yω + 2A(t)A(s)∆xyω ≤ A(t)2
β′(t)

β(t)
− A(s)2

β′(s)

β(s)
(4.21)

holds in Ω× Ω× S. Finally, assume that

∇xω · ν(x) ≥ 0, for all x ∈ ∂Ω, y ∈ Ω, and 0 < s < t,

∇yω · ν(y) ≥ 0, for all x ∈ Ω, y ∈ ∂Ω, and 0 < s < t.
(4.22)

Then, every positive viscosity solution u of{
∂tu = ∆u− V u in Ω× (0, T ),

∇u · ν = 0 on ∂Ω× (0, T )
(4.16)

satisfies

u(x, t) ≥ u(y, s)
β(s)

β(t)
e−ω(x,y;t,s) (4.23)

for all x, y ∈ Ω and 0 < s < t.

Proof. Let u be a positive viscosity solution of (4.16) and set v = log u.
Then, by Proposition 4.16, v is a viscosity solution of (4.17).

Fix ε > 0 and define a function Z on Ω× Ω× S by

Z(x, y; t, s) = v(x, t)− v(y, s) + log

(
β(t)

β(s)

)
+ ω(x, y; t, s) +

ε

2
(t− s)2 + ε.

Identically as in the case for classical solutions, we know that Z > 0 whenever s
is sufficiently small, or s is sufficiently close to t. In particular, Z > 0 in a small
enough neighbourhood of (0, 0). Suppose there is a point P0 := (x0, y0; t0, s0)
such that Z = 0 for the first time at P0 in the sense of Definition 3.1. We first
assume that x0, y0 ∈ Ω.

Applying Corollary 4.15 with u1(x, t) = v(x, t), u2(y, s) = −v(y, s), and

φ(x, y; t, s) = − log

(
β(t)

β(s)

)
− ω(x, y; t, s)− ε

2
(t− s)2 − ε
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for (x, y, t, s) ∈ Ω × Ω × (s0, t0] × (0, s0], we deduce that for every κ > 0, there
exist matrices X, Y ∈ Symd such that

(∂tφ(P0),∇xφ(P0), X) ∈ P2,−
v(x0, t0) (4.24a)

(∂sφ(P0),∇yφ(P0),−Y ) ∈ P2,−
(−v)(y0, s0) (4.24b)(

1

κ
+ ∥H∥

)
I2d ≥

(
X 0
0 −Y

)
≥ H − κH2, (4.24c)

where H = D2
(x,y)φ(P0) = −D2

(x,y)ω(P0). Computing the first-order derivatives

of φ explicitly, the condition (4.24a) implies(
−β

′(t0)

β(t0)
− ∂tω(P0)− ε(t0 − s0),−∇xω(P0), X

)
∈ P2,−

v(x0, t0).

Using that v is a supersolution of (4.17), this implies

−β
′(t0)

β(t0)
− ∂tω(P0)− ε(t0 − s0)− trX − |∇xω(P0)|2 + V (x0) ≥ 0.

However, by (4.19), this reduces to

β′(t0)

β(t0)
+ ε(t0 − s0) + trX ≤ 0. (4.25)

In a similar way, we understand (4.24b) to mean that(
β′(s0)

β(s0)
− ∂sω(P0) + ε(t0 − s0),−∇yω(P0),−Y

)
∈ P2,−

(−v)(y0, s0),

which is equivalent to(
−β

′(s0)

β(s0)
+ ∂sω(P0)− ε(t0 − s0),∇yω(P0), Y

)
∈ P2,+

v(y0, s0).

Since v is also a subsolution of (4.17), we have

−β
′(s0)

β(s0)
+ ∂sω(P0)− ε(t0 − s0)− trY − |∇yω(P0)|2 − V (y0) ≤ 0,

which, because of (4.20) becomes

−β
′(s0)

β(s0)
− ε(t0 − s0)− trY ≤ 0. (4.26)

Taking a linear combination of the inequalities (4.25) and (4.26) with the
coefficients A(t0)

2 and A(s0)
2 yields

0 ≥ A(t0)
2β

′(t0)

β(t0)
− A(s0)

2β
′(s0)

β(s0)
+ ε(t0 − s0)(A(t0)

2 − A(s0)
2)

+ A(t0)
2 trX − A(s0)

2 trY.
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Analysing first the expression A(t0)
2 trX − A(s0)

2 trY using inequality (4.24c),
we note that

A(t0)
2 trX − A(s0)

2 trY = tr(A(t0)
2X − A(s0)

2Y )

= tr

(
A(t0)

2Id A(t0)A(s0)Id
A(t0)A(s0)Id A(s0)

2Id

)(
X 0
0 −Y

)
≥ tr

(
A(t0)

2Id A(t0)A(s0)Id
A(t0)A(s0)Id A(s0)

2Id

)
(H − κH2).

Therefore

0 ≥ A(t0)
2β

′(t0)

β(t0)
− A(s0)

2β
′(s0)

β(s0)
+ ε(t0 − s0)(A(t0)

2 − A(s0)
2)

+ tr

(
A(t0)

2Id A(t0)A(s0)Id
A(t0)A(s0)Id A(s0)

2Id

)
(H − κH2)

for all κ > 0. Taking κ→ 0 and applying (4.21) leads to

0 ≥ A(t0)
2β

′(t0)

β(t0)
− A(s0)

2β
′(s0)

β(s0)
+ ε(t0 − s0)(A(t0)

2 − A(s0)
2)

+ tr

(
A(t0)

2Id A(t0)A(s0)Id
A(t0)A(s0)Id A(s0)

2Id

)(
−D2

xω(P0) −D2
xyω(P0)

−D2
xyω(P0) −D2

yω(P0)

)
= A(t0)

2β
′(t0)

β(t0)
− A(s0)

2β
′(s0)

β(s0)
+ ε(t0 − s0)(A(t0)

2 − A(s0)
2)

− A(t0)
2∆xω(P0)− A(s0)

2∆yω(P0)− 2A(t0)A(s0)∆xyω(P0)

≥ ε(t0 − s0)(A(t0)
2 − A(s0)

2) > 0,

which is a contradiction. Therefore, if such a point P0 exists, it must occur with
at least one of x0 or y0 on the boundary ∂Ω.

By definition of the point P0 = (x0, y0; t0, s0), there exists 0 < η < t0 − s0
such that

Z(x0, y0; t0, s0) ≤ Z(x, y; t, s)

for all (x, y; t, s) ∈ K := Ω × Ω × [t0 − η] × [s0 − η, s0], that is, Z attains its
minimum on K at P0. We can ensure that P0 is the unique minimiser of Z on
K by modifying this function. We define

Z̃(x, y; t, s) := Z(x, y; t, s) + |x− x0|4 + |y − y0|4 + |t− t0|4 + |s− s0|4

for all (x, y; t, s) ∈ K.

Before we can begin the main step of the argument, we first perturb the
solution v, and in doing so, we perturb the equation satisfied by v as well. Fix a
point z0 ∈ Ω so that δ := d(z0, ∂Ω) > 0 and define

h(x) :=
1

2
|x− z0|2 for all x ∈ Ω.

Then for θ > 0 small, we define

vθ(x, t) := v(x, t) + θh(x) and vθ(x, t) := v(x, t)− θh(x)
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for all (x, t) ∈ Ω× (0, T ). A simple calculation shows that vθ satisfies{
∂tv

θ −∆(vθ − θh)− |∇(vθ − θh)|2 + V = 0 in Ω× (0, T ),

∇vθ · ν − θ∇h · ν = 0 on ∂Ω× (0, T ),
(4.27)

and vθ satisfies{
∂tvθ −∆(vθ + θh)− |∇(vθ + θh)|2 + V = 0 in Ω× (0, T ),

∇vθ · ν + θ∇h · ν = 0 on ∂Ω× (0, T ),
(4.28)

both in the sense of viscosity solutions. Using the functions vθ and vθ, we then
define an approximation of Z̃ by setting

Z̃θ(x, y; t, s) := vθ(x, t)− vθ(y, s) + log

(
β(t)

β(s)

)
+ ω(x, y; t, s) +

ε

2
(t− s)2 + ε

+ |x− x0|4 + |y − y0|4 + |t− t0|4 + |s− s0|4

for all (x, y; t, s) ∈ K. Since for each θ > 0, Z̃θ is a continuous function on the
compact set K, there exists Pθ := (xθ, yθ; tθ, sθ) ∈ K such that

Z̃θ(Pθ) = min
P∈K

Z(P ).

We claim that since Z̃θ → Z̃ uniformly on K as θ → 0 and because P0 is the
unique minimiser of Z̃ in K, there is a sequence (θn)n≥1 of positive numbers such
that Pθn → P0 as n → ∞. Since (Pθ)θ>0 is contained in the bounded set K,

there is a sequence (θn)n≥1 and a point P̂ ∈ K such that Pθn → P̂ in K. Then

Z̃θn(Pθn) → Z̃(P̂ ) as n→ ∞ since

|Z̃θn(Pθn)− Z̃(P̂ )| ≤ |Z̃θn − Z̃(Pθn)|+ |Z̃(Pθn)− Z̃(P̂ )|

≤ ∥Z̃θn − Z̃∥∞ + |Z̃(Pθn)− Z̃(P̂ )| → 0

because Z̃θn → Z̃ uniformly as n → ∞ and Z̃ is continuous. Now, by the
definition of Pθn , one has that

Z̃θn(Pθn) ≤ Z̃θn(P )

for all points P ∈ K. Taking n→ ∞ gives

Z̃(P̂ ) ≤ Z̃(P )

for all P ∈ K, which expresses that P̂ minimises Z over K. However, Z̃ was
defined in such a way that P0 is the unique minimiser of Z̃ over K, and P̂ = P0

and Pθn → P0 as claimed. Moreover, since (tθn , sθn) → (t0, s0), we may assume
the point Pθn does not occur with tθn = t0 − η or sθn = s0 − η. Therefore, Z̃θn

attains a minimum at Pθn ∈ K̃ := Ω×Ω× (t0 − η]× (s0 − η, s0]. Thus, we may
apply the parabolic maximum principle for semicontinuous functions (Corollary
4.15) to the function

Z̃θn(x, y; t, s) = vθn(x, t)− vθn(y, s)− φ(x, y; t, s)
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at Pθn , where

φ(x, y; t, s) = − log

(
β(t)

β(s)

)
− ω(x, y; t, s)− ε

2
(t− s)2 − ε

− |x− x0|4 − |y − y0|4 − |t− t0|4 − |s− s0|4.
Then for every κ > 0, there are matrices Xn, Yn such that

(∂tφ(Pθn),∇xφ(Pθn), Xn) ∈ P2,−
K̃ vθn(xθn , tθn), (4.29)

(−∂sφ(Pθn),−∇yφ(Pθn), Yn) ∈ P2,+

K̃ vθn(yθn , sθn), (4.30)(
1

κ
+ ∥Hn∥

)
I2d ≥

(
Xn 0
0 −Yn

)
≥ Hn − κH2

n, (4.31)

where Hn = D2
(x,y)φ(Pθn). We now use that vθn is a viscosity supersolution of

(4.27). If xθn ∈ Ω, we have

Qn := −β
′(tθn)

β(tθn)
− ∂tω(Pθn)− ε(tθn − sθn)− 4|tθn − t0|2(tθn − t0)− trXn

− | − ∇xω(Pθn)− 4|xθn − x0|2(xθn − x0)− θn∇h(xθn)|2

+ V (xθn) + θn∆h(xθn) ≥ 0,

(4.32)

whereas if xθn ∈ ∂Ω, we have

max

{
Qn,−∇xω(Pθn) · ν(xθn)− 4|xθn − x0|2(xθn − x0) · ν(xθn)

− θn∇h(xθn) · ν(xθn)

}
≥ 0. (4.33)

However, ∇xω(Pθn) · ν(xθn) ≥ 0 by assumption, (xθn − x0) · ν(xθn) ≥ 0 since Ω is
convex, and finally

∇h(xθn) · ν(xθn) = (xθn − z0) · ν(xθn) ≥ d(z0, ∂Ω) = δ.

Therefore

−∇xω(Pθn)·ν(xθn)−4|xθn−x0|2(xθn−x0)·ν(xθn)−θn∇h(xθn)·ν(xθn) ≤ −θnδ < 0.

Hence, in order for (4.33) to be satisfied, we must have that Qn ≥ 0, and so
(4.32) holds regardless of whether xθn ∈ Ω or xθn ∈ ∂Ω. Applying a similar
argument using that vθn is a viscosity subsolution of (4.28), we find that

β′(sθn)

β(sθn)
− ∂sω(Pθn) + ε(tθn − sθn)− 4|sθn − s0|2(sθn − s0) + trYn

+ | − ∇yω(Pθn)− 4|yθn − y0|2(yθn − y0) + θn∇h(yθn)|2

+ V (yθn)− θn∆h(yθn) ≥ 0.

(4.34)

Seeking to take n→ ∞ in (4.31), (4.32), and (4.34), we note that

Hn = D2
(x,y)φ(Pθn)

= −D2
(x,y)ω(Pθn)− 4

(
2(xθn − x0)(xθn − x0)

⊤ 0
0 2(yθn − y0)(yθn − y0)

⊤

)
− 4

(
|xθn − x0|2Id 0

0 |yθn − y0|2Id

)
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converges to D2
(x,y)ω(P0) as n → ∞, the sequences (Xn)n≥1 and (Yn)n≥1 con-

verge, possibly after taking a subsequence, because of (4.31), to some matrices
X, Y ∈ Symd respectively. It follows that

−β
′(t0)

β(t0)
− ∂tω(P0)− ε(t0 − s0)− trX − |∇xω(P0)|2 + V (x0) ≥ 0

β′(s0)

β(s0)
− ∂sω(P0) + ε(t0 − s0) + trY + |∇yω(P0)|2 + V (y0) ≥ 0(

1

κ
+ ∥H∥

)
I2d ≥

(
X 0
0 −Y

)
≥ H − κH2

hold with H = −D2
(x,y)ω(P0) as before. Therefore, we may continue using the

same argument as when x0, y0 ̸∈ ∂Ω to reach a contradiction once again. Thus,
no such point P0 exists and the proof is complete.

□

4.3.2. The doubly nonlinear heat equation

We now return to the Neumann problem{
∂tu = ∆p(u

m) in Ω× (0, T )

|∇(um)|p−2∇(um) · ν = 0 on ∂Ω× (0, T ).
(4.35)

for the doubly nonlinear heat equation with m > 0 and p ≥ 2. To avoid rep-
etition, we present our ideas only in the case that λ = m − 1

p−1
> 0, although

the same approach yields results in the cases λ < 0 and λ = 0 as well once one
modifies the proofs as in the classical case discussed in Section 3.2.

Given that when expanded, the doubly nonlinear operator takes the form

∆p(u
m) = mp−1u(m−1)(p−1)|∇u|p−4×(

(p− 1)(m− 1)u−1|∇u|4 + |∇u|2∆u+ (p− 2)∇u⊤D2u∇u
)
,

we define viscosity solutions of (4.35) in the following manner.

Definition 4.13. We call a function

(i) u ∈ USC(Ω× (0, T )) a viscosity subsolution of (4.35) if

a−mp−1u(x0, t0)
(m−1)(p−1)|ξ|p−4(

(p− 1)(m− 1)u(x0, t0)
−1|ξ|4 + |ξ|2 trX + (p− 2)ξ⊤Xξ

)
≤ 0

for all (a, ξ,X) ∈ P2,+

Ω×(0,T )u(x0, t0) and (x0, t0) ∈ Ω× (0, T ), and

min


a−mp−1u(x0, t0)

(m−1)(p−1)|ξ|p−4(
(p− 1)(m− 1)u(x0, t0)

−1|ξ|4 + |ξ|2 trX + (p− 2)ξ⊤Xξ
)
,

mp−1u(x0, t0)
(m−1)(p−1)|ξ|p−2ξ · ν(x0)

 ≤ 0
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for all (a, ξ,X) ∈ P2,+

Ω×(0,T )u(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(ii) u ∈ LSC(Ω× (0, T )) a viscosity supersolution of (4.35) if

a−mp−1u(x0, t0)
(m−1)(p−1)|ξ|p−4(

(p− 1)(m− 1)u(x0, t0)
−1|ξ|4 + |ξ|2 trX + (p− 2)ξ⊤Xξ

)
≥ 0

for all (a, ξ,X) ∈ P2,−
Ω×(0,T )u(x0, t0) and (x0, t0) ∈ Ω× (0, T ), and

max


a−mp−1u(x0, t0)

(m−1)(p−1)|ξ|p−4(
(p− 1)(m− 1)u(x0, t0)

−1|ξ|4 + |ξ|2 trX + (p− 2)ξ⊤Xξ
)
,

mp−1u(x0, t0)
(m−1)(p−1)|ξ|p−2ξ · ν(x0)

 ≥ 0

for all (a, ξ,X) ∈ P2,−
Ω×(0,T )u(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(iii) u ∈ C(Ω × (0, T )) a viscosity solution of (4.35) if u is both a viscosity
subsolution and viscosity supersolution of (4.35).

We also study the problem{
∂tv = λv∆pv + |∇v|p in Ω× (0, T )

|∇v|p−2∇v · ν = 0 on ∂Ω× (0, T )
(4.36)

obtained by applying the transformation v = m
λ
uλ to (4.35).

Definition 4.14. We call a function

(i) v ∈ USC(Ω× (0, T )) a viscosity subsolution of (4.36) if

a− λv(x0, t0)|ξ|p−4(|ξ|2 trX + (p− 2)ξ⊤Xξ)− |ξ|p ≤ 0

for all (a, ξ,X) ∈ P2,+

Ω×(0,T )v(x0, t0) and (x0, t0) ∈ Ω× (0, T ) and

min

{
a− λv(x0, t0)|ξ|p−4(|ξ|2 trX + (p− 2)ξ⊤Xξ)− |ξ|p,
|ξ|p−2ξ · ν(x0)

}
≤ 0

for all (a, ξ,X) ∈ P2,+

Ω×(0,T )u(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(ii) v ∈ LSC(Ω× (0, T )) a viscosity supersolution of (4.36) if

a− λv(x0, t0)|ξ|p−4(|ξ|2 trX + (p− 2)ξ⊤Xξ)− |ξ|p ≥ 0

for all (a, ξ,X) ∈ P2,−
Ω×(0,T )v(x0, t0) and (x0, t0) ∈ Ω× (0, T ) and

max

{
a− λv(x0, t0)|ξ|p−4(|ξ|2 trX + (p− 2)ξ⊤Xξ)− |ξ|p,
|ξ|p−2ξ · ν(x0)

}
≥ 0

for all (a, ξ,X) ∈ P2,−
Ω×(0,T )u(x0, t0) and (x0, t0) ∈ ∂Ω× (0, T );

(iii) v ∈ C(Ω × (0, T )) a viscosity solution of (4.36) if v is both a viscosity
subsolution and viscosity supersolution of (4.35).
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Proposition 4.18. A positive function u ∈ C(Ω× (0, T )) is a viscosity solution
of (4.35) if and only if v := m

λ
uλ is a viscosity solution of (4.36).

Proof. It is sufficient to prove that if u is a subsolution of (4.35), then
v = m

λ
uλ is a subsolution of (4.36).

Let (a, ξ,X) ∈ P2,+

Ω×(0,T )v(x0, t0) for some (x0, t0) ∈ Ω× (0, T ). Then, we can

find sequences (an, pn, Xn)n≥1 ⊆ R×Rd×Symd and (xn, tn)n≥1 with xn ∈ Ω and

tn ≤ t0, such that (an, pn, Xn) ∈ P2,+

Ω×(0,T )v(xn, tn) for each n ≥ 1, (an, ξn, Xn) →
(a, ξ,X), xn → x0 in Ω, tn → t−0 and v(xn, tn) → v(x0, t0) as n → ∞. By
definition, this means

m

λ
u(x, t)λ ≤ m

λ
u(xn, tn)

λ + an(t− tn) + ⟨ξn, x− xn⟩

+
1

2
⟨Xn(x− xn), x− xn⟩+ o(tn − t+ |x− xn|2)

as x → xn in Ω and t → t−n . Using the monotonicity of the transformation, as
well as the Taylor expansion of τ 7→ τ 1/λ at τ = u(xn, tn)

λ, this implies

u(x, t) ≤
(
u(xn, tn)

λ +
λ

m
an(t− tn) +

λ

m
⟨ξn, x− xn⟩

+
1

2

〈
λ

m
Xn(x− xn), x− xn

〉
+ o(tn − t+ |x− xn|2)

)1/λ

= u(xn, tn) +
1

m
u(xn, tn)

1/λh+
1

2λ

(
1

λ
− 1

)
u(xn, tn)

1−2λh2 + o(|h|2)

= u(xn, tn) +
1

m
u(xn, tn)

1−λan(t− tn) +
1

m
u(xn, tn)

1−λ⟨ξn, x− xn⟩

+
1

2

〈(
1

m
u(xn, tn)

1−λXn +
1− λ

m2
u(xn, tn)

1−2λξnξ
⊤
n

)
(x− xn), x− xn

〉
+ o(tn − t+ |x− xn|2),

where we used

h :=
λ

m
an(t− tn) +

λ

m
⟨ξn, x− xn⟩+

1

2

〈
λ

m
Xn(x− xn), x− xn

〉
+ o(tn − t+ |x− xn|2).

This implies(
1

m
u(xn, tn)

1−λan,
1

m
u(xn, tn)

1−λξn,

1

m
u(xn, tn)

1−λXn +
1− λ

m2
u(xn, tn)

1−2λξnξ
⊤
n

)
∈ P2,+u(xn, tn).

Since u is a subsolution of (4.35), we may apply Definition 4.13 (i). If x0 ∈ Ω,
then the sequence (xn)n≥1 eventually lies in Ω, and so we may use the first
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inequality from this definition to obtain the following inequality:

0 ≥ 1

m
u1−λan −mp−1u(m−1)(p−1)

(
1

m
u1−λ

)p−4

|ξn|p−4×(
(m− 1)(p− 1)u−1

(
1

m
u1−λ

)4

|ξn|4

+

(
1

m
u1−λ

)2(
1

m
u1−λ trXn +

1− λ

m2
u1−2λ|ξn|2

)
|ξn|2

+ (p− 2)

(
1

m
u1−λ

)2

ξ⊤n

(
1

m
u1−λXn +

1− λ

m2
u1−2λξnξ

⊤
n

)
ξn

)
=

1

m
u1−λan −mp−1u(m−1)(p−1)

(
1

m
u1−λ

)p−1

|ξn|p−4(|ξn|2 trXn + (p− 2)ξ⊤nXnξn)

−
(
(p− 1)(1− λ)mp−3u(m−1)(p−1)+1−2λ

(
1

m
u1−λ

)p−2

+mp−1(m− 1)(p− 1)u(m−1)(p−1)−1

(
1

m
u1−λ

)p)
|ξn|p,

where we have omitted (xn, tn) from the notation for brevity. Dividing through
by 1

m
u1−λ gives

0 ≥ an −mu(m−1)(p−1)+(1−λ)(p−2)|ξn|p−4(|ξn|2 trXn + (p− 2)ξ⊤nXnξn)

−
(
(p− 1)(1− λ)u(m−1)(p−1)+1−2λ+(1−λ)(p−3)

+ (m− 1)(p− 1)u(m−1)(p−1)−1+(1−λ)(p−1)

)
|ξn|p.

In light of the facts that

(m− 1)(p− 1) + (1− λ)(p− 2) = λ,

(m− 1)(p− 1) + 1− 2λ+ (1− λ)(p− 3) = 0,

(m− 1)(p− 1)− 1 + (1− λ)(p− 1) = 0,

(m− 1)(p− 1) + (p− 1)(1− λ) = 1,

it follows that

an − λv(xn, tn)|ξn|p−4(|ξn|2 trXn + (p− 2)ξ⊤nXnξn)− |ξn|p ≤ 0. (4.37)

Taking n→ ∞, we have

a− λv(x0, t0)|ξ|p−4(|ξ|2 trX + (p− 2)ξ⊤Xξ)− |ξ|p ≤ 0.

Therefore, the first part of Definition 4.14, that is for when x0 ∈ Ω, is satisfied.
If x0 ∈ ∂Ω, then we again consider both possibilities, that xn ∈ Ω or xn ∈ ∂Ω.
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If xn ∈ Ω, we again reach (4.37), but if x0 ∈ ∂Ω, Definition 4.13 implies

min



1

m
u1−λan −mp−1u(m−1)(p−1)

(
1

m
u1−λ

)p−4

|ξn|p−4×(
(m− 1)(p− 1)u−1

(
1

m
u1−λ

)4

|ξn|4

+

(
1

m
u1−λ

)2(
1

m
u1−λ trXn +

1− λ

m2
u1−2λ|ξn|2

)
|ξn|2

+ (p− 2)

(
1

m
u1−λ

)2

ξ⊤n

(
1

m
u1−λXn +

1− λ

m2
u1−2λξnξ

⊤
n

)
ξn

)
,

u(xn, tn)
(m−1)(p−1)+(p−1)(1−λ)|ξn|p−2ξn · ν



≤ 0.

If the first element inside the minimum above is non-positive, then we are again
led to (4.37). If

u(xn, tn)
(m−1)(p−1)+(p−1)(1−λ)|ξn|p−2ξn · ν ≤ 0,

then
|ξn|p−2ξn · ν(xn) ≤ 0,

and so we conclude that

min

{
an − λv(xn, tn)|ξn|p−4(|ξn|2 trXn + (p− 2)ξ⊤nXnξn)− |ξn|p,
|ξn|p−2ξn · ν(xn)

}
≤ 0

regardless of whether x0 ∈ Ω or x0 ∈ ∂Ω. Therefore, taking n→ ∞, we have

min

{
a− λv(x0, t0)|ξ|p−4(|ξ|2 trX + (p− 2)ξ⊤Xξ)− |ξ|p,
|ξ|p−2ξ · ν(x0)

}
≤ 0

for all (a, ξ,X) ∈ P
2,+

Ω×(0,T )v(x0, t0) with (x0, t0) ∈ ∂Ω × (0, T ), and so v is a

viscosity subsolution of (4.14). □

Theorem 4.19. Let m > 0, p ≥ 2 and set λ := m − 1
p−1

. Let Ω ⊂ Rd be

a bounded domain with smooth boundary ∂Ω. Suppose ω : Ω × Ω × S → R
is a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
ω(x, y; t, s) → ∞ whenever t → s+ for x ̸= y and limt→s+ ω(x, x; t, s) ≥ 0 for
all x ∈ Ω. In addition, suppose there exists a strictly increasing, differentiable
function β : [0,∞) → [0,∞) with β(0) = 0 and a function A : [0,∞) → [0,∞)
such that A2βλ is increasing and ω satisfies

∂tω + β−λ(p−1)(t)|∇xω|p ≥ 0 in Ω× Ω× S, (4.38)

∂sω − β−λ(p−1)(s)|∇yω|p ≥ 0 in Ω× Ω× S, (4.39)

A2(t)β−λ(p−2)(t)∆p,xω + A2(s)β−λ(p−2)(s)∆p,yω

+2A(t)A(s)β−λ(p−2)
2 (t)β−λ(p−2)

2 (s)∆p,xyω

≤ A2(t)βλ−1(t)β′(t)−A2(s)βλ−1(s)β′(s)

(4.40)
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in Ω× Ω× S. Finally, assume that

∇xω · ν(x) ≥ 0, for all x ∈ ∂Ω, y ∈ Ω, and 0 < s < t,

∇yω · ν(y) ≥ 0, for all x ∈ Ω, y ∈ ∂Ω, and 0 < s < t.
(4.41)

Then every positive viscosity solution u of{
∂tu = ∆p(u

m) in Ω× (0,∞)

|∇(um)|p−2∇(um) · ν = 0 on ∂Ω× (0,∞)
(4.42)

satisfies the Harnack inequality

ψ(β(t)u(x, t)) ≥ ψ(β(s)u(y, s))− ω(x, y; t, s) (4.43)

for all x, y ∈ Ω and 0 < s < t, where

ψ(u) :=


m

λ
uλ if λ ̸= 0,

1

p− 1
log u if λ = 0.

Our proof of Theorem 4.19 proceeds in a similar fashion to the analogous
Theorem 3.15 for classical solutions, in that for any positive (viscosity) solution
u of (4.35) we again define a function

Z(x, y; t, s) := βλ(t)v(x, t)− βλ(s)v(y, s) + ω(x, y; t, s) +
ε

2
(t− s)2 + ε,

where v = m
λ
uλ. However, our application of the parabolic maximum principle

for semicontinuous functions (Corollary 4.15) only initially provides elements of

P2,±
(βλv) instead of P2,±

v. Therefore, we must first understand the following
“product rule” type results.

Lemma 4.20 (Product rule for parabolic semijets). Let u ∈ USC(Ω × (Si, Ti))
or u ∈ LSC(Ω× (Si, Ti)), and µ : [0,∞) → [0,∞).

(i) If µ is differentiable at t0 ∈ (Si, Ti) and (a, ξ,X) ∈ P2,±u(x0, t0) for
(x0, t0) ∈ Ω× (Si, Ti), then

(aµ(t0) + µ′(t0)u(x0, t0), µ(t0)ξ, µ(t0)X) ∈ P2,±(µ(t0)u(x0, t0)).

(ii) If µ is continuously differentiable and (a, ξ,X) ∈ P2,±
u(x0, t0) for some

(x0, t0) ∈ Ω× (0, T ), then

(aµ(t0) + µ′(t0)u(x0, t0), µ(t0)ξ, µ(t0)X) ∈ P2,±
(µ(t0)u(x0, t0)).

(iii) If µ is continuously differentiable, (a, ξ,X) ∈ P2,±
(µ(x0, t0)u(x0, t0))

and µ(t0) ̸= 0, then(
a

µ(t0)
− u(x0, t0)

µ′(t0)

µ(t0)
,

1

µ(t0)
ξ,

1

µ(t0)
X

)
∈ P2,±

u(x0, t0).
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Proof.
(i) We give the details of the proof for P2+u and the claim about P2,−u

follows similarly.
Since µ is differentiable at t0,

µ(t) = µ(t0) + µ′(t0)(t− t0) + o(|t− t0|)
as t→ t0, and since (a, ξ,X) ∈ P2,+u(x0, t0),

u(x, t) ≤ u(x0, t0) + a(t− t0) + ⟨ξ, x− x0⟩

+
1

2
⟨X(x− x0), x− x0⟩+ o(t0 − t+ |x− x0|2)

as x→ x0 and t→ t−0 . Since µ ≥ 0, it follows that

µ(t)u(x, t) ≤ (µ(t0) + µ′(t0)(t− t0) + o(t0 − t))×(
u(x0, t0) + a(t− t0) + ⟨ξ, x− x0⟩

+
1

2
⟨X(x− x0), x− x0⟩+ o(t0 − t+ |x− x0|2)

)
= µ(t0)u(x0, t0) + (aµ(t0) + µ′(t0)u(x0, t0))(t− t0)

+ µ(t0)⟨ξ, x− x0⟩+
1

2
⟨µ(t0)X(x− x0), (x− x0)⟩

+ o(|t0 − t+ |x− x0|2)

as x→ x0 and t→ t−0 and so the claim is true.

(ii) By the definition of (a, ξ,X) ∈ P2,±
u(x0, t0), one can find sequences

(an, ξn, Xn)n≥1 ⊆ R×Rd × Symd and (xn, tn)n≥1 ⊆ Ω× (0, T ) such that
tn ≤ t0 for n ≥ 1, (an, ξn, Xn) ∈ P2,±u(xn, tn), (an, ξn, Xn) → (a, ξ,X),
(xn, tn) → (x, t) and u(xn, tn) → u(x, t) as n→ ∞. By part (i),

(anµ(tn) + µ′(tn)u(xn, tn), µ(tn)ξn, µ(tn)Xn) ∈ P2,±(µ(tn)u(xn, tn)).

In addition to the convergences we have already assumed, since µ is
continuously differentiable, we have µ(tn) → µ(t0) and µ′(tn) → µ′(t0)
as n→ ∞. The claim now follows immediately.

(iii) The statement follows immediately by writing

u(x0, t0) =
1

µ(t0)
(µ(t0)u(x0, t0))

and applying part (ii).

□

Proof of Theorem 4.19. Let u be a positive viscosity solution of (4.35)
and set v = m

λ
uλ. Then, as already shown, v is a viscosity solution of (4.36).

Fix ε > 0 and define a function Z on Ω× Ω× S by

Z(x, y; t, s) = βλ(t)v(x, t)− βλ(s)v(y, s) + ω(x, y; t, s) +
ε

2
(t− s)2 + ε.

Identically as in the case for classical solutions, we know that Z > 0 whenever s
is sufficiently small, or s is sufficiently close to t. In particular, Z > 0 in a small
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enough neighbourhood of (0, 0). Suppose there is a point P0 := (x0, y0; t0, s0)
such that Z = 0 for the first time at P0 in the sense of Definition 3.1. We first
assume that x0, y0 ∈ Ω.

Applying Corollary 4.15 with u1(x, t) = βλ(t)v(x, t), u2(y, s) = −βλ(s)v(y, s),
and φ = −ω(x, y; t, s)− ε

2
(t− s)2 − ε for (x, y, t, s) ∈ Ω×Ω× (s0, t0]× (0, s0], we

deduce that for every κ > 0, there exist matrices X, Y ∈ Symd such that

(∂tφ(P0),∇xφ(P0), X) ∈ P2,−
(βλv)(x0, t0), (4.44)

(∂sφ(P0),∇yφ(P0),−Y ) ∈ P2,−
(−βλv)(y0, s0), (4.45)

and (
1

κ
+ ∥A∥

)
I2d ≥

(
X 0
0 −Y

)
≥ H − κH2, (4.46)

where H = D2
(x,y)φ(P0) = −D2

(x,y)ω(P0). Computing the first-order derivatives

of φ explicitly and applying the product rule in Lemma 4.20 (iii), the condition
(4.44) implies(

−∂tω(P0)− ε(t0 − s0)

βλ(t0)
− λv(x0, t0)

β′(t0)

β(t0)
,

− 1

βλ(t0)
∇xω(P0),

1

βλ(t0)
X

)
∈ P2,−

v(x0, t0).

Using that v is a supersolution of (4.36), this implies

0 ≤ −∂tω(P0)− ε(t0 − s0)

βλ(t0)
− λv(x0, t0)

β′(t0)

β(t0)

− λv(x0, t0)β
−λ(p−1)(t0)|∇xω(P0)|p−4×

(|∇xω(P0)|2 trX + (p− 2)∇xω(P0)
⊤X∇xω(P0))

− β−λp(t0)|∇xω(P0)|p.

However, since βλ(t0) > 0, we may apply (4.38) to obtain

0 ≤ −ε(t0 − s0)

λv(x0, t0)
− βλ−1(t0)β

′(t0)

− β−λ(p−2)(t0)|∇xω(P0)|p−4×
(|∇xω(P0)|2 trX + (p− 2)∇xω(P0)

⊤X∇xω(P0)).

(4.47)

In a similar way, one may derive from (4.45) using the product rule, that(
∂sω(P0)− ε(t0 − s0)

βλ(s0)
− λv(y0, s0)

β′(s0)

β(s0)
,

1

βλ(s0)
∇yω(P0),

1

βλ(s0)
Y

)
∈ P2,+

v(y0, s0).
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Since v is also a subsolution of (4.36), we have

0 ≥ ∂sω(P0)− ε(t0 − s0)

βλ(s0)
− λv(y0, s0)

β′(s0)

β(s0)

− λv(y0, s0)β
−λ(p−1)(s0)|∇yω(P0)|p−4×

(|∇yω(P0)|2 trY + (p− 2)∇yω(P0)
⊤Y∇yω(P0))

− β−λp(s0)|∇yω(P0)|p,

which because of (4.39) becomes

0 ≥ −ε(t0 − s0)

λv(y0, s0)
− βλ−1(s0)β

′(s0)

− β−λ(p−2)(s0)|∇yω(P0)|p−4×
(|∇yω(P0)|2 trY + (p− 2)∇yω(P0)

⊤Y∇yω(P0)).

(4.48)

Taking a linear combination of the inequalities (4.47) and (4.48) with the
coefficients A(t0)

2 and A(s0)
2 yields

0 ≥ A(t0)
2βλ(t0)β

′(t0)− A(s0)
2βλ(s0)β

′(s0)

+
ε

λ
(t0 − s0)

(
A(t0)

2

v(x0, t0)
− A(s0)

2

v(y0, s0)

)
+ A(t0)

2β−λ(p−2)(t0)|∇xω(P0)|p−4×
(|∇xω(P0)|2 trX + (p− 2)∇xω(P0)

⊤X∇xω(P0))

− A(s0)
2β−λ(p−2)(s0)|∇yω(P0)|p−4×

(|∇yω(P0)|2 trY + (p− 2)∇yω(P0)
⊤Y∇yω(P0)).

(4.49)

We first work to estimate the quantity

Q := A(t0)
2β−λ(p−2)(t0)|∇xω(P0)|p−4×
(|∇xω(P0)|2 trX + (p− 2)∇xω(P0)

⊤X∇xω(P0))

− A(s0)
2β−λ(p−2)(s0)|∇yω(P0)|p−4×

(|∇yω(P0)|2 trY + (p− 2)∇yω(P0)
⊤Y∇yω(P0))

= tr
(
A(t0)

2β−λ(p−2)(t0)|∇xω(P0)|p−2X − A(s0)
2β−λ(p−2)(s0)|∇yω(P0)|p−2Y

)
+ (p− 2)

(
A(t0)

2β−λ(p−2)(t0)|∇xω(P0)|p−4∇xω(P0)
⊤X∇xω(P0)

− A(s0)
2β−λ(p−2)(s0)|∇yω(P0)|p−4∇yω(P0)

⊤Y∇yω(P0))
)
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Setting

F :=

(
A(t0)

2β−λ(p−2)(t0)|∇xω(P0)|p−2Id 0
0 A(s0)

2β−λ(p−2)(s0)|∇yω(P0)|p−2Id

)
,

G :=

(
X 0
0 −Y

)
,

ζ :=

(
A(t0)β

−λ(p−2)
2 (t0)|∇xω(P0)|

p−4
2 ∇xω(P0)

A(s0)β
−λ(p−2)

2 (s0)|∇yω(P0)|
p−4
2 ∇yω(P0)

)
,

we may express Q by

Q = tr(FG) + (p− 2)ζ⊤Gζ.

If we set

F̃ :=

(
F11 F12

F12 F22

)
,

where

F11 := A2(t0)β
−λ(p−2)(t0)|∇xω(P0)|p−2Id,

F12 := A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)|∇xω(x0, t0)|
p−2
2 |∇yω(y0, s0)|

p−2
2 Id,

F22 := A2(s0)β
−λ(p−2)(s0)|∇yω(P0)|p−2Id,

then it is equivalent to write

Q = tr(F̃G) + (p− 2)ζ⊤Gζ.

According to (4.46), we have G ≥ −D2
(x,y)ω(P0)− κ(D2

(x,y)ω(P0))
2, and therefore

Q ≥ − tr(F̃ (D2
(x,y)ω(P0) + κ(D2

(x,y)ω(P0))
2))

− (p− 2)ζ⊤(D2
(x,y)ω(P0) + κ(D2

(x,y)ω(P0))
2)ζ

We may now take κ→ 0 to obtain

Q ≥ − tr(F̃ (D2
(x,y)ω(P0))− (p− 2)ζ⊤D2

(x,y)ω(P0)ζ.

Inserting this in (4.49) with the products written out and using (4.40), we have

0 ≥ A(t0)
2βλ(t0)β

′(t0)− A(s0)
2βλ(s0)β

′(s0)

+
ε

λ
(t0 − s0)

(
A(t0)

2

v(x0, t0)
− A(s0)

2

v(y0, s0)

)
− A2(t0)β

−λ(p−2)(t0)∆p,xω(P0)− A2(s0)β
−λ(p−2)(s0)∆p,yω(P0)

− 2A(t0)A(s0)β
−λ(p−2)

2 (t0)β
−λ(p−2)

2 (s0)∆p,xyω(P0)

≥ ε

λ
(t0 − s0)

(
A(t0)

2

v(x0, t0)
− A(s0)

2

v(y0, s0)

)
> 0,

which is a contradiction, as before. Therefore, if such a point P0 exists, it must
occur with at least one of x0 or y0 on the boundary ∂Ω.

We now make no assumption regarding whether x0, y0 ∈ Ω or x0, y0 ∈ ∂Ω.
Proceeding in the same manner as in the proof of Theorem 4.17, we choose a
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point z0 ∈ Ω with δ := d(z0, ∂Ω) > 0 and define

h(x) :=
1

2
|x− z0|2

for all x ∈ Ω. Letting

vθ(x, t) := v(x, t) + θh(x), and vθ(x, t) := v(x, t)− θh(x)

for (x, t) ∈ Ω× (0, T ) and θ > 0 small, we have that vθ satisfies{
∂tv

θ − λ(vθ − θh)∆p(v
θ − θh)− |∇(vθ − θh)|p = 0 in Ω× (0, T ),

|∇vθ − θn∇h|p−2(∇vθ − θn∇h) · ν(xθn) = 0 on ∂Ω× (0, T ),

(4.50)
and vθ satisfies{

∂tv
θ − λ(vθ + θh)∆p(v

θ + θh)− |∇(vθ + θh)|p = 0 in Ω× (0, T ),

|∇vθ + θn∇h|p−2(∇vθ + θn∇h) · ν(xθn) = 0 on ∂Ω× (0, T ),

(4.51)
both in the sense of viscosity solutions.

We again modify the function Z by defining

Z̃θ(x, y; t, s) := βλ(t)vθ(x, t)− βλ(s)vθ(y, s)− φ(x, y; t, s),

where

φ(x, y, ; t, s) := −ω(x, y; t, s)− ε

2
(t− s)2 − ε

− |x− x0|4 − |y − y0|4 − |t− t0|4 − |s− s0|4

for all (x, y; t, s) ∈ K̃ := Ω × Ω × (t0 − η, t0] × (s0 − η, s0] and θ > 0, where
0 < η < t0 − s0. By the same argument as before, we can find a sequence of
points (Pθn)n≥1 ⊆ K̃, such that Pθn minimises Z̃θn over K̃ for each n ≥ 1 and

Pθn → P0 in K̃. Applying Corollary 4.15 to Z̃θn at Pθn , we find that for all κ > 0,
there exist Xn, Yn ∈ Symd such that

(∂tφ(Pθn),∇xφ(Pθn), Xn) ∈ P2,−
K̃ (βλvθn)(xθn , tθn),

(−∂sφ(Pθn),−∇yφ(Pθn), Yn) ∈ P2,+

K̃ (βλvθn)(yθn , sθn),

and also (
1

κ
+ ∥Hn∥

)
I2d ≥

(
Xn 0
0 −Yn

)
≥ Hn − κH2

n, (4.52)
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where Hn := D2φ(Pθn). Using the product rule and evaluating the derivatives
of φ, this implies

(an, ξn,Υn) :=

(
−∂tω(Pθn)− 4|tθn − t0|2(tθn − t0)− ε(tθn − sθn)

βλ(tθn)

− λvθn(xθn , tθn)
β′(tθn)

β(tθn)
,

− 1

βλ(tθn)
(∇xω(Pθn) + 4|xθn − x0|2(xθn − x0)),

1

βλ(tθn)
Xn

)
∈ P2,−

K̃ (vθn)(xθn , tθn),

(an, ξn,Υn) :=

(
∂sω(Pθn) + 4|sθn − s0|2(sθn − s0)− ε(tθn − sθn)

βλ(sθn)

− λvθn(yθn , sθn)
β′(sθn)

β(sθn)
,

1

βλ(sθn)
(∇yω(Pθn) + 4|yθn − y0|2(yθn − y0)),

1

βλ(sθn)
Yn

)
∈ P2,+

K̃ (vθn)(yθn , sθn).

Since vθn is a viscosity subsolution of (4.50), we have that

Qn := an − λ(vθn(xθn , tθn)− θn∇h(xθn))|ξn − θn∇h(xθn)|p−4×(
|ξn − θn∇h(xθn)|2 tr(Υn − θnD

2h(xθn))

+ (p− 2)(ξn − θn∇h(xθn))⊤(Υn − θnD
2h(xθn))(ξ

n − θn∇h(xθn))
)

− |ξn − θn∇h(xθn)|p ≥ 0
(4.53)

if xθn ∈ Ω and

max{Qn, |ξn − θn∇h(xθn)|p−2(ξn − θn∇h(xθn)) · ν(xθn)} ≥ 0

if xθn ∈ ∂Ω. By the same argument as in the proof of Theorem 4.17, we conclude
that

(ξn − θn∇h(xθn)) · ν(xθn)

=

(
− 1

βλ(tθn)
(∇xω(Pθn) + 4|xθn − x0|2(xθn − x0))− θn∇h(xθn)

)
· ν(xθn)

< −θnδ < 0,

and in particular ξn − θn∇h(xθn) ̸= 0. Therefore, we have

|ξn − θn∇h(xθn)|p−2(ξn − θn∇h(xθn)) · ν(xθn) < 0,



4. HARNACK INEQUALITIES FOR VISCOSITY SOLUTIONS 123

which implies (4.53) holds whether xθn ∈ Ω or xθn ∈ ∂Ω. By the same argument,
we can also show that

an − λ(vθn(yθn , sθn)− θn∇h(yθn))|ξn − θn∇h(yθn)|p−4×(
|ξn − θn∇h(yθn)|2 tr(Υn − θnD

2h(yθn))

+ (p− 2)(ξn − θn∇h(yθn))⊤(Υn − θnD
2h(yθn))(ξn − θn∇h(yθn))

)
− |ξn − θn∇h(yθn)|p ≥ 0.

(4.54)

Taking n→ ∞ in (4.52), (4.53) and (4.54) yields that

−∂tω(P0)− ε(t0 − s0)

βλ(t0)
− λv(x0, t0)

β′(t0)

β(t0)

− λv(x0, t0)β
−λ(p−1)(t0)|∇xω(P0)|p−4×

(|∇xω(P0)|2 trX + (p− 2)∇xω(P0)
⊤X∇xω(P0))

− β−λp(t0)|∇xω(P0)|p ≥ 0,

∂sω(P0)− ε(t0 − s0)

βλ(s0)
− λv(y0, s0)

β′(s0)

β(s0)

− λv(y0, s0)β
−λ(p−1)(s0)|∇yω(P0)|p−4×

(|∇yω(P0)|2 trY + (p− 2)∇yω(P0)
⊤Y∇yω(P0))

− β−λp(s0)|∇yω(P0)|p ≥ 0,

(
1

κ
+ ∥H∥

)
I2d ≥

(
X 0
0 −Y

)
≥ H − κH2

hold as before and we arrive to a contradiction from here. □

Remark 4.4. It was demonstrated in [24] (see also [87, 137] for the case
m = 1), that all bounded weak solutions of the doubly nonlinear heat equa-
tion are viscosity solutions. Therefore, our results for viscosity solutions are also
true for weak solutions.



CHAPTER 5

Final Remarks and Open Problems

The goal of this thesis has been to introduce a new technique to prove global
pointwise parabolic Harnack inequalities on Riemannian manifolds using a multi-
point maximum principle. While we have laid the groundwork for this new
methodology, there are several directions in which our results could be expanded.
We summarise the most pressing questions, which still remain.

The doubly nonlinear heat equation for 1 < p < 2

In Chapters 3 and 4, we chose to restrict our attention to the doubly nonlinear
heat equation with p ≥ 2, so that the p-Laplace operator would be in its non-
singular range. We expect that our techniques can be modified to treat the
singular range 1 < p < 2 as well. This would require a careful redefinition of
viscosity solutions of the equation (1.4).

Viscosity solutions on manifolds

We would also like to be able to treat viscosity solutions of the doubly nonlinear
heat equation on general Riemannian manifolds (M, g). This would require an
extension of both the definition of viscosity solutions and the parabolic maximum
principle for semicontinuous functions into the manifold setting, although these
ideas have already been considered previously (see, for example [15, 81]).

Weakened regularity assumptions on ω

In Theorem 4.19, we assume that the function ω appearing in the Harnack in-
equality satisfies the collection of differential inequalities (4.38)–(4.41) in the
classical sense. However, it is natural to consider whether Theorem 4.19 remains
true if ω only satisfies these inequalities in the viscosity sense. This would have
the advantage of reducing the regularity assumptions on ω, as ω would only need
to be a continuous function. This would be especially helpful when carrying out
proofs in the manifold setting, where our optimal choice of ω lacks in general the
sufficient regularity to satisfy the necessary inequalities classically.
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Weakening the condition Ric ≥ 0

For simplicity, we have assumed that all manifolds discussed in this thesis have
nonnegative Ricci curvature. However, a great volume of the existing literature
on parabolic Harnack inequalities, including the pioneering paper [104] by Li
and Yau, deals with manifolds satisfying the more general bound Ric ≥ −K on
the Ricci curvature for some K ≥ 0. In order to treat such manifolds, we would
need to better understand how the curvature bounds influence the structure of
the Harnack inequality, and in turn, the required properties of the function ω.

Inclusion of lower order terms

It would be preferable to treat equations, which contain first and zero-order
terms. In the linear setting, we already considered the heat equation with both
a potential and gradient drift term in Section 3.1.4, however, we would like to
expand the methodology to second-order linear equations with the full general
structure

∂tu =
d∑

i,j=1

aij
∂2u

∂xi∂xj
+

d∑
i=1

bi
∂u

∂xi
+ cu.

In the nonlinear setting, we would like to consider the doubly nonlinear heat
equation with a potential term

∂tu = ∆p(u
m) + V |um|p−2um, (5.1)

and look for the analogues of the results in this thesis for the linear Schrödinger
equation.

In addition, it would be interesting to consider generalisations of the doubly
nonlinear operator ∆p(u

m). For example, for p = 2, one may consider replacing
the porous medium operator ∆(um) by the generalised porous medium operator
∆(φ(u)), where φ is a non-decreasing function. Similarly, one could replace the
p-Laplace operator ∆pu by

∆φu := div(φ(|∇u|)∇u),

The role of the fundamental solution

Throughout the development of this thesis, it has become increasingly clear that
the optimal functional ω is inextricably connected to the fundamental solution
of the given differential equation. This relationship is made clearest in the linear
scenario by the limit formula (3.19) from Theorem 6.1 of [104]. After under-
standing the doubly nonlinear heat equation (5.1) with potential, we would be
interested to investigate whether such a formula holds in the nonlinear setting
as well.



CHAPTER A

Riemannian Geometry

We recall the most essential definitions from Riemannian geometry used through-
out this thesis.

Definition A.1. Let M be a second-countable Hausdorff topological space. We
say thatM is a d-dimensional differentiable manifold if there is an open covering
(Ui)i∈I of M , open sets (Vi)i∈I in Rd, and homeomorphisms φ : Ui → Vi such
that for all i, j ∈ I with Ui ∩ Uj ̸= ∅, the map φj ◦ φ−1

i is a diffeomorphism. We
call each pair (Ui, φi) a chart on M and often identify the chart (Ui, φi) with the
set Ui.

Definition A.2. For a function f : M → R, we say that f ∈ Ck(M) for some
k ∈ N ∪ {∞} if for every chart (U,φ), φ : U → V ⊆ Rd on M , one has
f |U ◦ φ−1 ∈ Ck(V ). In addition, we set C∞

c (M) to be the subset of C∞(M)
containing functions with compact support in M .

Definition A.3. We call a function ξ : C∞(M) → R a derivation at a point
x ∈M if ξ is linear and satisfies the following “product rule”:

ξ(fg) = ξ(f)g(x) + ξ(g)f(x0)

for all f, g ∈ C∞(M). The set of all derivations at x forms a d-dimensional vector
space, which we call the tangent space TxM at x.

Definition A.4. A vector field X on M is a map x 7→ X(x), which assigns to
every x ∈ M a unique vector X(x) ∈ TxM . A vector field X is called smooth if
X(x) depends smoothly on x.

Definition A.5. Given two vector fields X, Y on M , we call the vector field
given by

[X, Y ] := XY − Y X

the Lie bracket of X and Y .

Throughout this thesis, all manifolds we discuss have the structure of a Rie-
mannian manifold.

Definition A.6 (Riemannian manifold). LetM be a d-dimensional differentiable
manifold. A Riemannian metric on M is a family g = (g(x))x∈M , such that g(x)
is a symmetric, positive definite bilinear form on TxM for every x ∈M and g(x)
depends smoothly on x. We call the pair (M, g) a Riemannian manifold.

We would also like to have a notion of the curvature of a Riemannian manifold
(M, g). For this, we must first introduce the idea of a connection on M .
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Definition A.7 (Connection, Levi-Civita connection).
(i) A connection ∇ on a manifoldM is an R-bilinear map, which assigns to

each pair X, Y of vector fields onM another vector field, denoted ∇XY ,
such that

∇fXY = f∇XY

and
∇X(fY ) = X(f)Y + f∇XY

for all f ∈ C∞(M).
(ii) The Levi-Civita connection on a Riemannian manifold (M, g) is the

unique connection on M that is compatible with g in the sense that

X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ)

for all vector fields X, Y, Z on M , and torsion-free, meaning that

∇XY −∇YX = [X, Y ]

for all vector fields X, Y on M .

We always assume that the connection on the Riemannian manifolds we dis-
cuss is the Levi-Civita connection.

Definition A.8.
(i) We define the Riemann curvature tensor R by setting

R(X, Y )Z := ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z,

where X, Y, Z are vector fields on M . In addition, we write

R(X, Y, Z,W ) := g(R(X, Y )Z,W ),

where W is another vector field on M .
(ii) Given a basis (ei(x))1≤i≤d of TxM at each point x ∈ M , we define the

Ricci curvature of M to be

Ric(X, Y ) :=
d∑

i=1

R(ei, X, Y, ei).

Very importantly, all d-dimensional Riemannian manifolds can be isometri-
cally embedded into Rℓ for some ℓ ≥ d+1, which is a theorem due to Nash [120].
Once we understand the manifold as existing in an ambient space, it makes sense
to consider normal vectors to M .

Definition A.9. Let (M, g) be a Riemannian manifold embedded in Rℓ for some
ℓ ≥ 1. We call a vector N ∈ Rℓ a normal vector to M at a point x ∈ M if
g(X,N) = 0 for all X ∈ TxM , that is, N belongs to the orthogonal complement
of TxM in Rℓ. Then a normal vector field on M is a map x 7→ N(x), which
assigns to each x ∈M a normal vector N(x) at x.

In the special case thatM is a d-dimensional hypersurface embedded in Rd+1,
the set of possible normal vectors at x ∈ M forms a one-dimensional subspace
of Rd+1. Thus, after normalisation, there are only two choices of normal vector.
If M is a closed manifold, that is, M is compact and without boundary, these
choices correspond to the inward and outward pointing directions. For example,
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in this thesis, we often work on a compact manifold M with boundary ∂M and
treat ∂M as a closed submanifold of M . In this situation, we typically choose to
work with outward pointing unit normal vector at each point x ∈ ∂M .

We now define the second-fundamental form of M in the following way.

Definition A.10. Let X, Y be vector fields on M , which have been locally ex-
tended to vector fields in Rd+1, and let N be an outward pointing normal vector
field on M . We set

h(X, Y ) := −g(∇XY,N),

where ∇XY denotes the covariant derivative in Rd+1.



CHAPTER B

A classical proof of Li-Yau’s differential
Harnack inequality

In this brief appendix, we review the main idea of a standard proof of the Li-
Yau inequality for the heat equation on the Euclidean space Rd. The approach
presented here most closely resembles the one used by Aronson and Bénilan [8]
to obtain the analogous estimate for the porous medium equation, and later by
Esteban and Vázquez [61] for the p-heat equation and doubly nonlinear heat
equation.

Let u be a positive solution of the heat equation

∂tu = ∆u in Rd × (0,∞)

and set v := log u. Then v is a solution of

∂tv = ∆v + |∇v|2. (B.1)

Now set p := ∆v. Using the equation (B.1) and the elementary inequality

d∑
i,j=1

a2ij ≥
1

d

(
d∑

i=1

aii

)2

applied to (aij) = D2v, it follows that

∂tp = ∆(vt) = ∆(∆v + |∇v|2)

= ∆p+ 2
d∑

i,j=1

(
∂2v

∂xi∂xj

)2

+ 2∇v · ∇(∆v)

≥ ∆p+
2

d

(
d∑

i=1

∂2v

∂x2i

)2

+ 2∇v · ∇(∆v)

= ∆p+ 2∇v · ∇p+ 2

d
p2.

In other words, one has Lp ≥ 0, where L is the operator defined by

Lp := ∂tp−∆p− 2∇v · ∇p− 2

d
p2.

Observe that for p̃ := − d
2t
, one has

Lp̃ = d

2t2
− 2

d

(
d2

4t2

)
= 0.
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Therefore Lp ≥ Lp̃ and a comparison principle implies p ≥ p̃. Thus

∆v ≥ − d

2t
.

Using the equation (B.1) and reversing the transformation, this is equivalent to

∂tu

u
+
d

2t
≥ |∇u|2

u2
,

which is the celebrated Li-Yau estimate.
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generate parabolic systems”. J. Reine Angew. Math., 363:217–220, 1985. doi:10.1515/
crll.1985.363.217.
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