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Abstract

In this work, we aim to introduce a novel methodology for proving global
pointwise Harnack inequalities for parabolic partial differential equations on a
Riemannian manifold (M, g). The main idea of our approach is to apply a
multi-point maximum principle. We demonstrate our techniques by studying
the Harnack inequalities satisfied by positive solutions of two different equations,
namely the linear Schrodinger equation

Ou=Au—Vu in M x (0,00)
for a potential function V' € C?*(M), as well as the doubly nonlinear heat equation
Oru = Apy(u™) in M x (0,00)
where m > 0, p > 2, and
Ayu = div(|VulP*Vu)
is the p-Laplace operator.

In Chapter 1, we recount the history of the study of parabolic Harnack in-
equalities, before reviewing the existence of solutions to our aforementioned equa-
tions of interest in Chapter 2. In Chapter 3, we present the first proofs of the
Harnack inequality using our multi-point maximum principle approach, focusing
on classical solutions of the equations given above. In Section 3.1, we analyse
the Schrodinger equation, first in Euclidean space and then on a Riemannian
manifold M with nonnegative Ricci curvature. This section also contains appli-
cations to Schrodinger equations with a gradient drift term, which includes the
heat equation governed by the Ornstein-Uhlenbeck operator A — z - V. In addi-
tion, we use our Harnack inequality to recover a differential Harnack inequality
comparable to the famous result of Li and Yau [104]. The results of this first
section of Chapter 3 appear in the author’s article together with Andrews and
Hauer [7], which was published in the journal Calculus of Variations and Partial
Differential Equations.

In Section 3.2, we demonstrate how our techniques can be extended to prove
the Harnack inequality for positive classical solutions of the doubly nonlinear
heat equation. However, since solutions of this equation do not in general possess
sufficient regularity to all be treated as classical solutions, we dedicate Chapter 4
to adapting our proof techniques to viscosity solutions of the linear Schrodinger
equation and doubly nonlinear heat equation. After reviewing the basic notions
associated with viscosity solutions, we develop a modified version of the parabolic
theorem on sums by Crandall and Ishii [41], which is crucial in our methodology.
Finally, we present a new proof of the Harnack inequality satisfied by positive
viscosity solutions of the doubly nonlinear heat equation. These results have not
yet been published.

We conclude in Chapter 5 by summarising the questions still remaining after
the development of this thesis and we outline some potential directions for future
research.
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CHAPTER 1

Introduction

When studying the regularity properties of partial differential equations, it is
often important to know whether the solutions satisfy a Harnack inequality. By
a Harnack inequality, we refer primarily to pointwise estimates such as the famous
inequality

d/2  ja—y)?
u(z,t) > u(y, s) <§) e A=) for all 2,y € R and 0 < s < t (1.1)

satisfied by every positive solution u of the heat equation
ou=Au  onR?x (0,00). (1.2)

Using the inequality (1.1), one can deduce that for every r > 0, there exists a
constant C' = C(d, ty,r) such that

sup u(w,tg— 1) < C inf u(z,to)
2E€By(z0) z€ By (o)

for all o € R? and ¢, > r2, which is another common form of the parabolic
Harnack inequality that one encounters in literature.

In this thesis, we aim to develop a new methodology, which utilises a multi-
point maximum principle to prove global Harnack inequalities similar to (1.1),
which are satisfied by positive solutions of parabolic equations on a Riemannian
manifold (M, g) of dimension d > 1. The multi-point maximum principle is
already a known technique in the study of differential equations. For instance,
it is familiar from the analysis of viscosity solutions, where it is used to prove
comparison principles and uniqueness results (see [42]). The particular approach
employed in this thesis is most heavily inspired by Andrews’ application of a
multi-point maximum principle to study moduli of continuity for solutions of
quasilinear heat equations [5, 6]. The proof techniques and results of Andrews
have also been generalised by Li and Wang [105, 106, 108] to accommodate the
notion of viscosity solutions.

In this work, we treat both classical and viscosity solutions of two specific
parabolic equations. We first consider the linear Schrodinger equation

Ou=Au—"Vu in M x (0, 00) (1.3)

with potential V' € C?(M), which appears in physics as a model of diffusion in a
system containing a sink or source. Our second equation of interest is the doubly
nonlinear heat equation,

Ou = A, (u™) in M x (0, 00), (1.4)
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where m > 0, p > 2, and
Ayu = div(|VulP*Vu)

is the p-Laplace operator. The equation (1.4) is also sometimes called Leiben-
son’s equation after the physicist who proposed this equation as a model of the
turbulent flow of a gas in a porous medium [101]. Setting p = 2 in equation
(1.4) corresponds to the porous medium equation

Ou = A(u™), (1.5)
while choosing m = 1 yields the p-heat equation
Ou = Apu. (1.6)

Before presenting our new methodology, we will take a tour through the his-
torical development of parabolic Harnack inequalities and recall the main proof
techniques found in existing literature. While it would be impossible to present
an exhaustive list of works concerning this ever-expanding area of research, we
aim to highlight the most enduring ideas that continue to guide modern research
on this topic.

1.1. A HISTORY OF HARNACK INEQUALITIES

The study of Harnack inequalities began with the work of the mathematician
Carl Gustav Axel Harnack, who in his 1887 book [78] published the following
intriguing fact about harmonic functions on a disk: For a given point z, € R?
and R > 0, every positive solution u : Br(zg) € R? — R of Au = 0 in Bg(x)
satisfies R P
-7 r
7y (@0) < ulz) < H—u(o)

for all x € B,(x), where 0 < r < R. A standard proof of this result follows from
the Poisson formula for harmonic functions. For positive harmonic functions
u: € — R defined on a general domain 2 C R?, d > 1, Harnack’s inequality is
often stated in the form

v tsupu < u(x) < 'yig/fu, (1.7)
o
where (¥ C Q, z € , and v > 0 is a constant. What is most remarkable
about the inequality (1.7) is that the constant 7 is uniform across all positive
harmonic functions u on §2 and depends only on the sets 2 and €. This enables
the Harnack inequality (1.7) to be a useful tool to prove several other properties
of harmonic functions, for instance

(i) (Liouville’s Theorem, [62]) Every nonnegative harmonic function on R?
is constant.

(ii) (Removable Singularity Theorem, [14]) Let d > 3. If w is a harmonic
function defined on the punctured ball B,.(0)\ {0} and u(z) = o(]z|*~%)
for x — 0, then u(0) can be defined such that v : B,(0) — R is harmonic.
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(iii) (Harnack’s Convergence Theorem, [66]) If a sequence (uy,),>; of har-
monic functions on a connected open set 2 C R? is monotonically in-
creasing and there exists zo € €2 such that (u,(x¢)),>1 is convergent,
then (uy,)n,>1 converges uniformly on every compact subset of Q to a
harmonic function wu.

Linear heat equations

A natural question following Harnack’s discovery was whether an analogous
statement holds true for positive solutions of the heat equation. However, it
was not immediately clear what form such an inequality should take, and thus
it was not until almost seven decades later that a result was found. In 1954,
Hadamard [74] and Pini [126] independently proved the following result in one
spatial dimension: For given r > 0, and t, > 72, there exists a constant v > 1
such that every positive solution u of the heat equation (1.2) satisfies

v osup u(x,to — ) <wulwo,to) <y inf u(z, to +1?) (1.8)

[L‘EB,,\(,Io) IEBT(SCO)

for every zy € R? Their proof involved representing the solution u via the
Green’s function for the heat equation. This result was generalised for arbitrarily
spatial dimensions the following year by Montaldo [115].

The most striking difference one should notice in the parabolic case is that
we are no longer able to compare the supremum and infimum of u over the
same ball at the same point in time. Instead, we see a waiting time appear in
the inequality. In terms of the physical interpretation of the heat equation as
a model for the distribution of heat in a medium, this means that if at some
time to, the temperature u is known at a point z( in space, then after waiting
some time, the temperature everywhere in a neighbourhood of zy will be at least
ulzodo) - Thig waiting time is in fact necessary, as the following counterexample
shows [117].

Suppose for given xg € R and o, r > 0, there is a constant v such that

sup u(z,tp) <~ inf wu(z, tp) (1.9)
2€B,(z0) xE€By(z0)

for all positive solutions u of the one-dimensional heat equation
Up = Ugy in R x (0, 00). (1.10)
Now consider the particular solutions

ue(z, ) = +71/2 0~ (@+8)% /4t

of (1.10) for each £ € R. Applying (1.9) for ty = 1 and any r > 0 large enough

so that 0 € B,.(zg), we have
ue(0,1) \ 7!
( ¢(0.1) > <
ug (o, 1)



1. A HISTORY OF HARNACK INEQUALITIES 4

However
lim 0.1 = lim e%/4em08/ =,
{——o0 ’U,é(ﬁl}O’ 1) {——o0
and hence the left-hand side in the previous inequality becomes unbounded in
the limit as £ — oo. With this contradiction we conclude the inequality (1.9) is
false.

The next breakthrough occurred in the 1960s when Moser introduced a new
methodology to prove Harnack inequalities for positive solutions of elliptic and
parabolic equations governed by divergence form operators

d

0 ou

Lu = — | aij(x,t)=— ],

Z&v, < Z]( )ax])
1,j=1

where the coefficients a;; are assumed to be bounded, measurable functions sat-

isfying a;; = a;; as well as the uniform ellipticity condition

d
1
X|f|2 < Z a;;&& < NP forall € € R
ij=1

for some A > 0. Moser first established his famous iteration technique in the
elliptic case [116], before adapting it to the parabolic case [117, 118]. In partic-
ular, he demonstrated that all positive weak solutions of the equation d,u = Lu
on Q x (0,T) with Q C R? satisfy an inequality of the form

sup u<C inf u (1.11)
B (o) % (t] t5) Br (o) (t],t5)

where r > 0 is such that B,(29) CQ,0<t] <t, <t/ <ty < T, and C is a
constant depending only on d, \,r,t;,t5,t}, and t5, and not on the solution w.
Throughout his proof of the Harnack inequality (1.11), Moser uses the quantity

M(p,Q) = (@ / /Q W da dt) v

where p € R\ {0} and @ C Q is a cylinder. His main strategy follows by proving
estimates of the form

M(p, Q") < cM(p,Q7), (1.12)

where QT and @~ are disjoint cylinders in Q and ¢ > 0 is a constant. By
iterating the inequality (1.12) for a particularly chosen sequence of cylinders,
and leveraging the fact that
pEIEOOM(p, Q) = sgpu and pgr_noo M(p,Q) = Héfu

the Harnack inequality (1.11) is proven. The derivation of the inequality (1.12)
is long and technical, and relies on three main tools: the Poincaré inequality, the
Sobolev inequality, and a modified version of an inequality by John and Niren-
berg for functions of bounded mean oscillation. The last of these inequalities
was rather cumbersome and required particular care to establish. Moser even
wrote that “it was desirable to avoid it entirely” in favour of another approach
[119]. Using an argument by Bombieri and Giusti [25] in the elliptic case as
inspiration, Moser was later able to simplify his proof of both the elliptic and
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parabolic Harnack inequalities, so that the John-Nirenberg-type lemma was no
longer needed.

In addition, Moser could apply his Harnack inequality to contribute a new
proof of the Holder continuity of solutions in both the elliptic [116] and parabolic
cases [117], although these results had previously been shown via other methods
by De Giorgi [46] and Nash [121]. The main idea of Moser’s proof is to use
the Harnack inequality (1.11) to control the oscillation of the solution u on a
nested sequence of cylinders to derive a Holder estimate. These ideas of Moser
are perhaps some of the most influential in the study of Harnack inequalities so
far and his techniques remain as some of the most commonly used today.

Before proceeding, we briefly mention that Harnack inequalities for ellip-
tic and parabolic equations associated to non-divergence form operators were
found by Krylov and Safonov [95, 131]. Their work introduced a very differ-
ent approach to Harnack inequalities than Moser’s and relies on concepts from
probability theory and stochastic differential equations. A concise explanation
of their approach can be found in the survey article [88] of Kassmann.

Nonlinear heat equations

Alongside the progress being made in the linear scenario, the next important aim
was to achieve Harnack inequalities for nonlinear equations. A main object of
study was quasilinear parabolic equations of p-Laplace type, that is, equations
of the form

Ou — div A(z,t,u, Vu) =0 on 2 x (0,00), (1.13)

where A : Q x (0,00) x R x R — R? is a measurable function satisfying the
structure conditions

Az, t,u, Vu) - Vu > Cy|VulP
(1.14)

|A(z, t,u, Vu)| < Oy |VulP™!

for some 1 < p < oo and positive constants Cy, C;. The prototype of the equation
(1.13) is the p-heat equation

O — div(|VulP7*Vu) = 0.

For the equation (1.13), one defines the modulus of ellipticity as a function

A = Ma,t,u, Vu) such that
A-Vu > \|Vul?

on Q x (0,00) x R x R If A satisfies the structure condition (1.14), a suitable
modulus of ellipticity is A = Cy|Vul[P™2. Thus, one sees that the behaviour
of solutions of the equation (1.13) is strongly influenced by the value of the
parameter p in (1.14). If p > 2, we notice that A\ vanishes whenever Vu = 0, and
one calls the equation (1.13) degenerate in this case. If 1 < p < 2, then A — oo
as Vu — 0 and one calls the equation (1.13) singular.

Following Moser’s success in the 1960s in studying the Harnack inequality
for linear equations, his techniques were swiftly adapted before the end of the
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decade by Serrin [134] and Trudinger [145] to prove both Harnack inequality
and Holder continuity results for the elliptic counterpart

div A(x,t,u, Vu) =0 on € (1.15)

of equation (1.13), where A satisfies the same structure conditions in (1.14).
However, progress in the parabolic setting followed a very different story. The
problem of establishing a Harnack inequality of the form (1.8) for the equation
(1.13) was intertwined with parallel efforts to prove the Hélder continuity of weak
solutions. Ladyzhenskaya and Ural’tseva [99] established the Holder continuity
of weak solutions of the elliptic equation (1.15) using the earlier methods of De
Giorgi, which did not rely on a Harnack inequality. However, in the parabolic
case, they only managed to prove similar results for p = 2 [98]. It was not until
the latter half of the 1980s that the Hélder continuity of solutions of (1.13) with
p # 2 was proven by DiBenedetto, first in the degenerate range p > 2 [48],
and later in the singular range 1 < p < 2 together with Chen [35]. Harnack
inequality results eventually followed as well, however, the inequalities obtained
were not exactly of the form (1.8). In fact, the inequality (1.8) is in general false
for solutions of (1.13), as counterexamples show (see Chapter 4, Section 3, and
Chapter 5, Section 1.3 in [57]).

In order to achieve these new results, DiBenedetto created a new technique,
referred to as the method of intrinsic scaling, which is elaborated upon in great
detail in [57] (see also [147]). His strategy was not entirely unlike Moser’s, in
that it still involved iterating estimates of the solution u over cylinders, but the
key difference was that the height of the cylinders in the time variable was chosen
to depend on the value of u in a certain manner, which was more accommodating
of the structure of the equation (1.13). This in turn meant that the dimensions
of the cylinders in the resulting Harnack inequalities also depended on u. More
specifically, DiBenedetto’s approach led to inequalities of the form

v osup u(x,to — 0rP) < u(zo,ty) <y inf )u(x,to + 0rP), (1.16)

2E€Br (o) z€Br(zo

the constants ¢ and 7 depend only on d, p, Cy, and C1, and (xg,ty) € Q x (0,7
is such that the cylinders

B47« (33'0) X (to, to + 97’p] and B4r(]§'g) X (to — Qrp, to]

where

are contained in €2 x (0,7"). Using this approach, DiBenedetto was able to prove
Harnack inequalities for the p-heat equation (1.6) in both the cases p > 2 [49],
as well as for % < p < 2 together with Kwong [58]. Interestingly, DiBenedetto
and Kwong showed in these articles, that these techniques could also be applied
to prove Harnack inequalities for positive solutions of the porous medium equa-
tion (1.5) for m > %. Results for the doubly nonlinear heat equation (1.4)
were also achieved by Gianazza and Vespri [65, 149]. We note that for the

equation (1.4) with m = Zﬁ, sometimes called Trudinger’s equation, the oper-

1
ator yu — A,(ur-1) becomes homogeneous, and so one does not encounter the
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same difficulties as with general m > 0 and p > 1. This enabled the traditional
approach of Moser to be applied more instantly to obtain Harnack inequalities
without the techniques of DiBenedetto [93, 97, 146].

Harnack inequalities for equation (1.13) with the full quasilinear structure
were found much later by DiBenedetto, Gianazza, and Vespri [53, 55|, again
subject to the condition that p > p, = %. The work of these three authors
revealed several interesting phenomena, and we refer to their book [57] for a
detailed, self-contained account of their findings. Firstly, when p, < p < 2, the
solutions of (1.13) satisfy additional Harnack inequalities, which are forward and
backward in time, and elliptic. By this, we mean that an inequality of the form

v osup w(w,t) <wulag,ty) <y oinf wu(w,s) (1.17)

z€Br(x0) z€B,(z0)
holds, where ¢, s > 0 are allowed to be any points in time satisfying
to — 8[u(zo, to)* 1P < t,s < to + O[u(wo, o)) PrP

and 7,0 are positive constants depending only on p and d. In particular, an
elliptic Harnack inequality holds, in the sense that one may take t = s = t; in
(1.17), meaning that the inequality (1.9), which we showed to be false for the heat
equation (p = 2), now becomes true when p, < p < 2. Most importantly, the
value p, = d2—fl was shown to be the critical threshold for the Harnack inequality
to hold, that is, solutions of (1.13) satisfying structure condition (1.14) with
1 < p < p. do not in general satisfy the Harnack inequality (1.16) or (1.17). For
example, solutions of the p-heat equation for 1 < p < p, become extinct in finite
time [50], so the inequality (1.16) could not possibly hold. Hence, solutions of
(1.13) are important examples of functions, which are Hélder continuous despite
not satisfying the Harnack inequality, showing that the Harnack inequality is a
stronger property. The authors later demonstrated that solutions of (1.13) for
p in the subcritical range 1 < p < p, do, however, satisfy weaker forms of the

Harnack inequality [54, 56].

There has been a great deal of further progress on Harnack inequalities for
nonlinear heat equations, but we will revisit this topic after discussing the con-
tributions of Li and Yau and their differential Harnack inequality.

Heat equations on manifolds

Following the early progress on parabolic Harnack inequalities, there was great
curiosity to explore similar results for heat equations posed on Riemannian man-
ifolds. However, early attempts to adapt Moser’s iteration techniques were often
met with limitations, primarily due to the lack of suitable Sobolev and Poincaré
inequalities, and were often not sharp. Thus, the next major milestone came
in 1986, when Li and Yau [104] presented a novel strategy to prove parabolic
Harnack inequalities, which avoided Moser’s approach entirely, signalling the in-
troduction of a completely different perspective through which to view this area
of research. In the article [104], they prove pointwise Harnack inequalities for
positive solutions of the Schrodinger equation (1.3) on a Riemannian manifold
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(M, g) with Ricci curvature bounded from below. In the particular case that
the manifold has nonnegative Ricci curvature, it is shown that every positive
solution u of (1.3) satisfies

s\ 4/2 2/3 ~1/2 .
) > uly, (_) —Ca(62/3+4C1 ) (t—s)—w(@,yst,s) 118
ule, 1) > uly,) ()" (1.18)
for all z,y € M and 0 < s < t. Here, V = V(z,t) € C*'(M x (0,00)), the
constant Cj is such that AV < C; on M x (0,00), Cy is a constant depending

on the dimension d of the manifold M, 0 is a constant related to the growth of
VV, and

1 1 1
w(z,y;t,s) == vgrlf,y m/o 92 dr + (t — s)/o V(y(r),(1 —7)s+ 7t) dr,
where I'; , denotes the set of curves 7 : [0,1] — M with v(0) =y and y(1) = «.
The techniques used in [104] to prove this result were an adaptation of previous
work by Yau and Cheng in the elliptic setting [36, 157]. Given the strong
influence of Li and Yau’s work on the development of our own methodology, we
find it appropriate to explore their techniques in greater detail.

The essence of the proof of (1.18) lies in first establishing the local gradient
estimate

|Vul|? dyu o? o? 5 d
a2t wv<od (1 °
" a— aV_03R2 +a—1 +a2t

Lo (119)
+ (04(0(R)4(a —1)%ate B 4 043501)

on a geodesic ball of radius R > 0 for every a > 1 and 0 < € < 1, where C5 and
C} are depend only on d and o(R) describes the growth of VV'. This is achieved
by applying a maximum principle to the quantity F := t(|Vv]* — adv — aV),
where v = logu. While we omit the details of the argument for brevity, we do
mention that an important step in the computation involves proving the lemma

F 2t
(A —0,)F > —29(Vv,VF) — —+ E(W“’Q — O —V)?

— atAV —2(a — 1)tg(Vo, VV),

where v = logu. Observe here that this estimate involves the third derivatives
in space and the second derivative in time of the solution w.
Next, under the condition limp_,, @ < 0 for some constant #, choosing

o — 1= R7207'% and letting R — oo in (1.19) produces the gradient estimate

> g J d 1/2
Vul* _ o, <ot Co0?/3 + (501) : (1.20)

u? U

The estimate (1.20) is often referred to in literature as the differential Harnack
inequality because as Li and Yau demonstrated in [104], this inequality can
be integrated along curves in space-time to yield the pointwise global Harnack
inequality (1.18). Indeed, for fixed points z,y € M, let 7 : [0,1] — M be any C*
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curve satisfying v(0) = y and (1) = z. Starting with the equivalent form

Oi(logu) > |Viogul|> =V — % - C,

of (1.20), where C := C,0%/% + <g01)1/2 and combining with the fact that

d%— logu(vy(7), (1 —7)s + 7t) = (t — s)0 logu(~(7), (1 — 7)s + 7t))
+ g(Vlogu(y(7), (1 = 7)s + 7)), (7))

yields

i log u(y(7), (1 —7)s + 7t)

dr
> g(Vlogu(y(7), (1 = 7)s + 71)),¥(7))

+ (t — 8)|Viogul* =V (t —s) — d(t —s)

2((1 —7)s + 7t)

—C(t—s).
Integrating over [0, 1], we have

logu(z,t) —logu(y,s) + C(t —s) + glog (t>

s
1 1
> / g(Vilogu,¥) + (t — s)|Viegul® dr — (t — 3)/ V(y) dr.
0 0

By completing the square in the first integral, we see that

logu(x,t) —logu(y,s)+ C(t —s) + glog (é)

1 1 o 1
> e [ == [ Vo) ar

which implies the Harnack inequality (1.18) after taking the infimum over all
v €Ty

In the particular case that V = 0 and M = R? corresponding to the heat
equation, this derivation leads directly to the inequality (1.1) stated at this
beginning of this manuscript. This inequality is considered sharp, since the
fundamental solution I' of the heat equation given by

2

D(z,t) = (4t)" 42 4 (1.21)
for all x € R? and ¢ > 0 satisfies (1.1) with equality on the set of points x,y € R?,
0 < s < t such that sx = ty. In addition, the differential Harnack inequality
(1.20) is satisfied with equality on all of R? x (0,00). We mention that Moser
previously obtained a result very close to (1.1), although the version stated in
[117] did not include the explicit constants needed to gain this sharpness. The
strategy of proving a differential Harnack inequality and then integrating along
curves has also been adapted for nonlinear equations, as we will soon discuss.

We also note that the differential Harnack inequality (1.20) is of independent
interest, since it implies several other properties of solutions to (1.3), including
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heat kernel estimates [104]. For a discussion of some further consequences, we
refer the reader to the classical book by Davies [45, Section 5.4].

The results obtained in [104] have been improved by various authors using
similar techniques, especially for the heat equation (V' = 0) (see, for instance,
[18, 20, 45, 76, 103]), but also in the general potential case [102, 130, 158,
159]. Furthermore, Li and Yau'’s results were expanded upon by Hamilton [76],
who introduced a new form of differential Harnack inequality, referred to as a
matriz Harnack inequality. In 1993, Hamilton demonstrated that under slightly
stronger curvature assumptions on the manifold M, if u is a positive solution of
the heat equation on a compact manifold M and X is a vector field on M, then

1
ViVif + 5,795+ 9(Vif, X5) + 9(V, f, Xi) + fXiX; 2 0 (1.22)

holds in M x (0,00) for each 1 < 4,5 < d. This result can be considered a
generalisation of the Li-Yau differential Harnack inequality (1.20) for V' = 0,
since one may recover (1.20) by choosing X = —% in (1.22) and taking the
“trace”, that is, letting ¢ = 7 and summing over 7. Several authors have studied
such Hamilton-type inequalities in various settings, although we will not focus
on this here. We refer the reader to the articles [9, 30, 40, 107, 109, 123, 156]

and the references therein.

The achievements of Li and Yau spawned considerable interest in studying
Harnack inequalities for other problems in the manifold setting, including for
geometric flows. Several important contributions in this direction were made in
the 1990s by Chow [37, 38, 39| and Hamilton, who proved Harnack inequal-
ities for the Ricci flow [75] and the mean curvature flow [77]. The former of
Hamilton’s results has particular significance amongst the wider mathematical
community as it informed a crucial element of Perelman’s proof of the famous
Poincaré conjecture. Another popular direction of research has been Harnack in-
equalities for heat equations on time-dependent manifolds, evolving under some
particular geometric flow. Some examples of this can be found in the articles
(32, 79, 82, 110, 143, 160|.

Another interesting development was the findings of Grigor’yan [69] and
Saloff-Coste [132], who discovered a certain equivalence between the parabolic
Harnack inequality and the manifold M possessing the properties of volume dou-
bling and a Poincaré inequality. The main idea behind this correspondence is
that these two properties are sufficient to imply a Sobolev-type inequality strong
enough for Moser iteration to proceed. We state their result more precisely in
the case of the heat equation. A manifold M endowed with a measure p is said
to have the volume doubling property if for a given 0 < rg < oo, thereisa C' > 0
such that

p(Bar(2)) < Cp(Br(x))

for all 0 < r < rg and @ € M. Moreover, we say that M admits a (weak)
Poincaré inequality if for a given 0 < rq < oo, there is a C' > 0 such that

Lme—nJ

Pagpzcr [ vt
Bar(z)
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forall 0 < r < rg, x € M, and f € C°(M). Then, the main result of [69] and
[132] states that positive solutions of the heat equation on M satisfy a Harnack
inequality of the form

supu < C'inf u

Q- @r
for particularly chosen sets Q—, @t C M if and only if M has the volume doubling
property and admits a weak Poincaré inequality. Importantly, manifolds with
nonnegative Ricci curvature satisfy both these properties, and thus the results
in the articles [69] and [132] are consistent with the work of Li and Yau. We
note that this result also applies for more general divergence form operators. For
more details on this matter, we refer the reader to [133].

Differential Harnack inequalities and nonlinear heat equations

Prior to the work of DiBenedetto on the p-heat and porous medium equations,
differential Harnack inequalities for these equations had already been proven,
although the connection to the Harnack inequality was not acknowledged at the
time of their discovery. In 1979, Aronson and Bénilan proved that if m > %,
then every positive solution of the porous medium equation (1.5) on R x (0, c0)
satisfies

Av > —g, (1.23)
where v = 2u™ 1 if m#£1, v=loguif m=1,and K = (m — 1+ 2)~'. This
inequality should be compared with the differential Harnack inequality (1.20) for
the linear heat equation. The derivation of the inequality (1.23) is performed
using a comparison principle and we briefly explain this methodology in the
simple case m = 1 in Appendix B. The corresponding estimate for the p-heat
and doubly nonlinear heat equations was later proven by Esteban and Vazquez

(60, 61]. This estimate takes the near-identical form

K
A= =, (1.24)
except one must now define
L if A 0,
A
V=
logu if A=0,
p—1
where A = m — -1, Importantly, the estimate (1.24) is only valid for m > 0
P

and p > 1 such that K = (m(p — 1) —1+5)~! > 0. We remark that in the case
m = 1 corresponding to the p-heat equation, p must satisfy p > p, = %, which
coincides with the range identified by DiBenedetto, Gianazza and Vespri [57] for
the Harnack inequality to hold. Moreover, much like the differential Harnack
inequality (1.20) for the heat equation on R? each of the estimates (1.23) and
(1.24) is sharp, since they are satisfied with equality by the corresponding Baren-

blatt solution (see Section 2.3 for the definition). However, instead of Harnack
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inequalities, the authors who proved (1.23) and (1.24) were rather interested in
proving regularisation effects of the respective equations. The space-time inte-
gration of (1.23) and (1.24) to obtain pointwise Harnack inequalities was not
explicitly performed until Auchmuty and Bao’s 1994 article [13], which credits
Li, Yau and Hamilton for the main idea of how to proceed with the integration
step. An estimate analogous to (1.23) was also made available by Crandall and
Pierre [44, Lemma 2] for the generalised porous medium equation

Ohu = Ap(u)), (1.25)

where ¢ : R — R is a non-decreasing function, although we are not aware of any
works, which integrate this estimate to obtain a Harnack inequality. However,
it is very common in literature that authors will prove a differential Harnack
inequality in a form similar to (1.23) or (1.20) without integrating it, either
because it is technically difficult to do so, or because the differential form of the
Harnack inequality already supplies enough information.

More recently, researchers have been interested in studying differential Har-
nack inequalities for nonlinear heat equations on Riemannian manifolds. One of
the first major results in this area appeared in Vazquez’s treatise on the porous
medium equation, in which he proved the analogue of (1.23) on manifolds with
nonnegative Ricci curvature [148, Proposition 11.12]. Together with Lu, Ni and
Villani [111], Vazquez also proved local versions of (1.23) on manifolds with
Ricci curvature bounded from below. In the case m > 1, these results were
later improved by Huang, Huang, and Li [80], who also obtained a Harnack
inequality. Additional results for variations of the porous medium equation,
especially the generalised porous medium equation (1.25), have been obtained
in [113, 127, 151, 158|, and also for the porous medium equation on time-
dependent manifolds in [17, 31, 112, 152]|. Some work has also been done on the
p-heat [94] and doubly nonlinear heat equations on manifolds [16, 34, 153, 154],
although there are fewer works available in this direction than for the porous
medium equation.

Recent trends

Since its inception, the study of parabolic Harnack inequalities has spread in
many other directions with a wide variety of applications beyond what is possible
to include in this overview. Nonetheless, we would like still to briefly acknowledge
some of the other significant advancements, which have emerged throughout the
21st century, including, but not limited to, Harnack inequalities for stochastic
partial differential equations (see [150] and the references therein), on graphs
[47, 59, 68|, and applications to the theory of optimal transportation [19]. Most
recently, a popular field of research has been Harnack inequalities for nonlocal
diffusion equations, the prototypical example being the fractional heat equation

Ou~+ (—A)°u =0,



1. OVERVIEW OF THESIS 13

where (—A)® denotes the fractional Laplace operator defined by

ute) = CoJim [ SO ay
0 < s < 1 and Cy; is a normalisation constant. Several results have been
attained by adapting the classical methods of Moser and De Giorgi (see, for
instance, [64, 89, 90, 135, 140]). An alternative approach was also found by
Weber and Zacher [155], who used heat kernel representations of solutions to
first derive a Li-Yau-type differential Harnack inequality.

1.2. OVERVIEW OF THESIS

In this thesis, we wish to contribute another piece to this ever-growing story
by presenting a new methodology to prove global pointwise parabolic Harnack
inequalities, which is based on a multi-point maximum principle argument. Our
approach allows us to directly prove Harnack inequalities, and then recover the
differential form afterwards using space-time differentiation. As a consequence,
we only require the solution to be C*! on M x (0, 00) instead of needing the C*2-
regularity required by Li and Yau [104]. In the Euclidean setting, a version of our
argument also applies to viscosity solutions, which only need to be continuous
functions. While the regularity of solutions is typically not an obstacle in the
linear case, since solutions of (1.3) are generally smooth, this relaxation of the
regularity assumptions on the solutions is advantageous, when studying solutions
of nonlinear equations, which often have weaker regularity properties.

This remainder of thesis is organised in the following way:.

In Chapter 2 we briefly review the known existence theory for our two main
equations of interest, the linear Schrodinger equation

Ou=Au—Vu in M x (0,00) (1.3)
and the doubly nonlinear heat equation
Oru = A, (u™) in M x (0,00). (1.4)

Since we work on a Riemannian manifold M, we first explain the required
functional-analytic setup by defining and giving basic properties of the Sobolev
space WHP(M). We then apply the theory of gradient systems to show the
existence of solutions to the linear equation (1.3) for all potential functions
V € C(M), which are bounded from below. Appealing to the concept of Mosco
convergence, we then demonstrate that solutions of (1.3) on a complete Rie-
mannian manifold M can be approximated locally uniformly by solutions of the
homogeneous Neumann problem posed on an increasing sequence of compact
submanifolds M,, € M, which cover M. This property will be crucial later to
study the Harnack inequality on non-compact manifolds. The theory regarding
the doubly nonlinear heat equation (1.4) is markedly more complex than for the
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linear equation (1.3) and therefore, instead of explaining this in detail, we find
it more appropriate to provide references to literature on the topic.

In Chapter 3, we begin our presentation of our multi-point maximum prin-
ciple approach to prove Harnack inequalities, first for positive classical solutions
of our equations of interest. This chapter is divided into two sections, with Sec-
tion 3.1 focused on the Schrodinger equation (1.3) and Section 3.2 on the doubly
nonlinear heat equation (1.4). We note that the results of Section 3.1 appear in
the author’s article [7] with Andrews and Hauer, which was published recently.
The results in the other sections of this thesis have not yet been published.

In Section 3.1, we first treat the most basic case, which is the Schrodinger
equation (1.3) on the Euclidean space M = R?%. Our main task in Section 3.1.1
is to establish a Harnack inequality for positive solutions of the homogeneous
Neumann problem associated to (1.3) on smooth bounded subsets  C R?, which
is achieved by Theorem 3.2. By approximating solutions of (1.3) on the full space
R? by solutions of the Neumann problem, we extend the conclusion of Theorem
3.2 to solutions of the full-space problem (see Theorem 3.1). In each of the
Theorems 3.1 and 3.2, we provide sufficient conditions in order for a Harnack
inequality of the form

@ —w(z,y;t,s)
EON

to hold, where w and § are functions satisfying certain properties. In Section
3.1.2, we study good candidates for optimal choices of the functions w and g,
which we motivate using the work of i and Yau [104]. In the case of the
classical heat equation (V' = 0) and the Schrodinger equation with quadratic
potential V(z) = |x|?, we show that our choice of w and 3 leads to sharp Harnack
inequalities. Our result for the heat equation recovers the famous inequality (1.1),
while the result for the quadratic potential is new.

u(z,t) > u(y,s)

Working with our optimal choices for w and 3, in Section 3.1.3, we prove the
analogues of Theorem 3.1 and Theorem 3.2 on general Riemannian manifolds
with nonnegative Ricci curvature (see Theorem 3.11 and 3.12). The proofs in
the Riemannian case follow much of the same strategy as in the Euclidean case,
although due to the limited regularity of the function w, we make some purely
technical modifications to our approach.

Next, in Section 3.1.4, we apply our results from the previous sections to
obtain Harnack inequalities for positive solutions of the equation

Ou=Au—2Vf-Vu—Vu  in M x (0,00)

for a given function f € C*(M). Our conclusions follow from the simple ob-
servation that the above equation can be reduced to the equation (1.3) via a
change of variables. In particular, we apply our sharp results for quadratic po-
tentials to obtain a Harnack inequality for the heat equation associated to the
Ornstein-Uhlenbeck operator A — z - V.

Finally, in Section 3.1.5, we use our Harnack inequality to obtain a differential
Harnack inequality comparable to the result (1.20) of Li and Yau.
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In Section 3.2, we repeat our analysis from the previous section to obtain
Harnack inequalities for positive classical solutions of the doubly nonlinear heat
equation (1.4) with m > 0 and p > 2. Section 3.2.1 is devoted to studying (1.4)
on the Euclidean space R?, while Section 3.2.2 concerns the equation (1.4) on a
Riemannian manifold with nonnegative Ricci curvature.

Given that solutions of the doubly nonlinear heat equation (1.4) are not
classical in general, it is necessary to expand our proof techniques to weaker
notions of solutions. In Chapter 4, we choose to work with viscosity solutions.
In Section 4.1, we present a summary of the basic theory associated with viscosity
solutions, including their characterisation via second-order semijets. In our proof
of the Harnack inequality, the most important tools we utilise are the theorem
on sums and maximum principle for semicontinuous functions. Therefore, we
use Section 4.2 to firstly revise the proofs of these theorems as they appeared
in the article of Crandall and Ishii [41], before stating and proving our own
modified versions of these results in the parabolic case. Finally, in Section 4.3,
we discuss a new proof of the Harnack inequality for positive viscosity solutions
of the equations (1.3) and (1.4) in the Euclidean case M = R?. While there are
some existing articles about Harnack inequalities for viscosity solutions of fully
nonlinear equations (see, for instance, [29, 73, 92, 96, 125]), our proof offers a
very different approach to this matter.

We conclude the thesis in Chapter 5, where we summarise the main ques-
tions remaining at the end of this work and suggest some potential directions for
future research.



CHAPTER 2

Existence Theory

Before studying the Harnack inequalities satisfied by solutions of equations (1.3)
and (1.4), we first give an exposition of the existence theory for these equations.

We study the linear Schrodinger equation
Ou=Au—Vu  in M x (0,00) (1.3)

with a potential function V' € C(M), which is bounded from below, on both a
complete Riemannian manifold M, as well as the homogeneous Neumann prob-
lem on a compact manifold with boundary 0M. We employ the theory of gra-
dient systems to demonstrate that equation (1.3) has a unique solution for all
initial data u(-,0) := ug € L*(M). We will also explain the important property,
that solutions of the equation (1.3) on a complete Riemannian manifold can be
approximated by solutions of the homogeneous Neumann problem on compact
submanifolds.

We also make some comments regarding the doubly nonlinear heat equation
Ou = Ap(u™) in M x (0,00), (1.4)

however, the theory of this equation is significantly more complex. Therefore, in
order to not detract from the focus of this thesis, we prefer to briefly summarise
the most relevant findings from literature.

Before we begin, we introduce the function spaces needed throughout this
chapter.

2.1. SOBOLEV SPACES ON RIEMANNIAN MANIFOLDS

We briefly review the essential definitions and properties concerning Sobolev
spaces on Riemannian manifolds. Here, we follow the definitions and notations
used by Grigor’yan [67]. For a reminder of the fundamentals of Riemannian
geometry, one may consult Appendix A.

Let (M, g) be a Riemannian manifold. We first endow M with the structure
of a measure space. We build a o-algebra A(M) on M by declaring a set E C M
to be measurable if o(ENU) is a (Lebesgue) measurable set in R? for any chart
(U, ) of M. In particular, A(M) contains all open (and closed) sets on M. We
may then define a measure v : A(M) — [0, 00| in a chart (U, ¢) by setting

dv := y/det g du,
16
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where du denotes the Lebesgue measure on R?. Where there is no ambiguity, we
also write dx instead of dv. We may thus consider the triple (M, A(M),dz) as
a measure space. Then, we can define the Lebesgue spaces LP(M) := LP(M,v)
for 1 < p < oo with the norm

1/p
fulli= (| ur a) for 1< p < 00, u € LP(M),
M
||t]|co := esssup |u(x)| for all u € L*(M)
zeM

via the usual construction. We also define the Lebesgue space LP(M) of vector
fields X on M by setting X € LP(M) if and only if | X| := 1/g(X, X) € LP(M).
We set

X zo gy = NIXT

for all X € LP(M). Where there is no confusion, we also write | - ||, instead of
| |zo(ar)- Finally, we write LY (M) to denote the space of functions u : M — R
such that u € LP(K) for all compact sets K C M.

We now recall some important properties of the space LP(M ), which follow
from the general theory of Lebesgue spaces [28].

Proposition 2.1. The spaces (LP(M), || - ||,) and (LP(M), ]| - | z0(ary) are

(i) Banach spaces for all 1 < p < 0o;
(ii) separable for 1 < p < oo;
(111) reflezive for 1 < p < co.

In order to define the Sobolev space W'P(M), we must first understand
the notion of the weak gradient. For this, we require the space of (Schwartz)
distributions on M.

Definition 2.1. The space of test functions Z(M) on M is defined as C2°(M)
equipped with the following notion of convergence. We say that &, — & in (M)
if
(i) there exists a compact set K C M such that supp(¢,) C K for every
n > 1, and
(i) for any chart U in M, lim, ., D%, = D*¢ uniformly in U, for each
multi-index o € N¢, where

olel
D~

= aq [e%) (%}
0x{"0x5* ... 0z}

and |a :== Zle Q.

Definition 2.2. The space of continuous linear functionals on Z(M) is denoted
2'(M) and one calls the elements of Z'(M) distributions. For a given u € 2'(M)

we write (u, &) g () to denote the value of u at £ € 2'(M). In addition, we say
that u, — u in 2'(M), or in the sense of distributions, if

(Un, E) ar(ary = (U, &) ()
for all £ € 2(M).
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By replacing C'°(M) in Definition 2.1 and Definition 2.2 with the space of
compactly supported smooth vector fields on M, we define the spaces Z(M ) and
2'(M) analogously.

Example 2.1. Every function u € Ll (M) is associated with a distribution by

setting

loc

(u, &) o1 (ary = /Muf dz
for all £ € 2(M).

Given a vector field X := (Xj,..., Xy) on M, we define the divergence of X
in a chart U with coordinates x1,..., x4 by

1 &0
\/m;a%( dethi>.

Definition 2.3. If for a given distribution u € Z2'(M), there is a vector field
X € 2'(M) such that

div X =

(X, §>§’(M) = —<U,diV5>9/(M) for all £ € Q(M),

we call Vu := X the distributional gradient of u. In the case that u € L (M)

and Vu € LlOC(M ) can be realised as locally integrable functions on M, we call
Vu the weak gradient of w.

With this definition, we are finally ready to define the Sobolev space WP (M).
Definition 2.4. For 1 < p < 0o, we define
WY (M) := {u € L’(M) | Vu € LP(M) exists}.

(
We also write H'(M) := W1Y2(M).
We equip WP(M) with the norm || - ||yre(ar) defined via

lellrnary = Nully + [Vullp
for all uw € WhP(M).

As in the case for Sobolev spaces on RY, WHP(M) inherits from LP(M) the
same properties already described in Proposition 2.1. In addition, we note the
following useful properties, which follow immediately from the previous defini-
tions.

Proposition 2.2. Let (u,),>1 and u € W'P(M).

(i) If u, — w in 2'(M), then Vu, — Vu in ' (M).
(ii) w, — w in WY (M) if and only if u,, — w in LP(M) and Vu, — Vu in
LP(M).
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2.2. THE LINEAR SCHRODINGER EQUATION

In this section, we study the existence of solutions to the Schrodinger equation
Ou=Au—Vu in M x (0, 00), (1.3)

where the potential function V' € C(M) is bounded from below and (M, g) is
a Riemannian manifold, which is assumed to either be compact with boundary
OM, or complete. In the case that M is compact, we consider the equation (1.3)
together with the homogeneous Neumann boundary condition

g(Vu,v) =0 on OM x (0, 00), (2.1)
where v denotes the outward pointing unit normal vector to OM.

Remark 2.1. Without loss of generality, we may assume throughout that V' > 0
because if V' is merely bounded from below by —a for some o > 0, applying the
transformation 4 := ue™* to the equation (1.3) yields

Bt = At — (V)i

with V, := V+a > 0. After obtaining a result for the new, nonnegative potential
V + «, one can reverse the transformation to transfer the result to the solution
u of the original equation.

Traditionally, a linear equation such as (1.3) might be studied using the
framework of sesquilinear forms and linear semigroup theory (see, for example,
[124]). However, one might encounter some complications in the case that the
manifold M is not compact and the potential V' is unbounded. Therefore, we
elect to instead use the theory of gradient systems. We will use the following
definition.

Definition 2.5 (Subdifferential operator). Let E : H — (—o0, +00] be a proper,
convex, lower semicontinuous function defined on a Hilbert space H. The map-
ping OF C H x H defined by

lim inf E(u+th) — E(u)

t—0t t

OFE = {(u,v) € HxH

> (v, h) forallheH}

is called the subdifferential operator of E. We write v € 0F(u) if and only if
(u,v) € OF and call D(OE) :={u € H | 0E(u) # 0} the domain of OF.

In general, the set 0E(u) € H may contain more than one element. However,
if £ is Gateaux differentiable at u € D(JOF), then OF is single-valued at u and
OFE(u) = {E'(u)} [136, Proposition 7.6].

We aim to study the equation (1.3) as an abstract Cauchy problem

du

- (8) + Au(t) 50 for t € [0, T, (2.2)
u(0) = ug

in a Hilbert space H, where ug € H and A = OF is the subdifferential operator
of a suitably chosen function E.
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Definition 2.6. We call a function u € W1((0,T], H) N C([0,T], H) a (strong)
solution to the Cauchy problem (2.2) if

du
_a(t) € Au(t) a.e. t € (0,7)

and u(0) = ug. Here,

W0, T),H) = {u € L*(0,T; H) | v € L'(§,T; H) for all § € (0,T)}.

It is well-documented in the literature that the Cauchy problem (2.2) has

a unique (strong) solution u for all ug € D(A) (see, for example [27]). Some
further properties of this solution are provided by the following theorem.

Theorem 2.3 ([27]). Let u be the unique (strong) solution to (2.2). If
ug € D(A), then
(i) ue WhH>(0,T; H);
(i1) u(t) € D(A) for allt € (0,T);
(iii) E(u) € L'(0,T).

Theorem 2.3 indicates that the operator A = OF has a smoothing effect on
the initial datum. Namely, one sees that even when uy € D(A), one has that
u(t) € D(A) for all t € (0,T).

Our task is now to identify an appropriate function F : H — (—o0, +00] such
that the problem (2.2) corresponds to the equation (1.3). Consider a function
u: M — R on a manifold M, which satisfies the equation (1.3) in the classical
sense. Then for all functions v € C°(M), one has

/v@tudx—/vAud$+/Vuvd$:O.
M M M

Applying the integration by parts formula on M, which is a standard inclusion
in many textbooks (see, for example, [100]), it follows that

/ voyu dx —/ g(Vu,v)v dz +/ g(Vu, Vv) dz —|—/ Vuv dx = 0.
M oM M

M

If M is compact and wu satisfies (2.1), this reduces to

/ voyu da —|—/ g(Vu,Vov) dz —|—/ Vuv dz = 0. (2.3)
M M M

If M is instead complete, this equation still holds, since OM = . Now, let
H = L*(M) and A C H x H be the operator defined by

(Au,v) 20y = /

g(Vu, Vo) dz +/ Vuv dz
M

M

for all u,v € L*(M). Using the operator A, we can rewrite (2.3) as
(Opu, v) r2ary + (Au, v) 20y = 0
for all v € C2°(M), which implies that the equation
ou+ Au =0
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holds in L?(M). Moreover, we can identify the operator A as the subdifferential
of the Gateaux-differentiable functional E : L*(M) — [0, +o0c] with domain

D(E) :={uec H' (M) | Vu* € L'(M)}
defined by

1 2 1 2 .
() = {sz\vu\ dz+1L [, Vu?dz ifue D(E) 2.4

+00 otherwise

for all w € L?*(M). Tt is clear to see that F is convex and proper, so our main
task is to prove the following.

Proposition 2.4. The function E defined in (2.4) is lower semicontinuous.

PRrROOF. We use a characterisation of lower semicontinuity and show that the
sublevel set

E,:={uecL*M)]|E(u)<a}
is closed in L?(M) for every a € R. Let a € R and suppose that (u,),>1 C L*(M)

is such that F(u,) < a for all n > 1 and u,, — u for some u € L*(M). Then, in
particular, one has that

1 1
§/M|Vun|2 dr < a and Q/MVUZ dr < o (2.5)

for all n > 1. The first inequality in (2.5) implies that (Vuy,),>1 C ZQ(M)
is a bounded sequence. Since E2(M ) is reflexive, we can extract a subsequence
of (up)n>1, which we also denote by (uy)n>1, such that Vu, — v for some
v e EQ(M) In particular, Vu, — v in @’(M), and so by Proposition 2.2,
we can identify v = Vu in L2(M). Therefore, we have that u € H'(M) and
Vu, — Vu. Moreover, we may extract a further subsequence of (u,),>1 such

that u,, — u pointwise a.e. in M (see [28, Theorem 4.9]). From this, it follows
that . |

s et 2 _ = ) .

llgggf 2Vun 2Vu a.e. in M.

In particular, Fatou’s lemma and the second inequality in (2.5) show that

k—o0 k—o0

1 1 1
—/ Vu? dx:—/ limianui da:gliminf—/ VufI dr < a < oo,
2 2 m * 2/

and so Vu? € L*(M). This implies u € D(E). Finally, we use the weak conver-
gence of Vu, — Vu to see that

1 1
E(u):§/M|Vu|2 dm—|—§/MVu2 dz

1 1
< lim inf (—/ |Vu,|? dz + —/ Vau? dx)
n—o00 2 M 2 M
= liminf E(u,,)

n—o0

<«

Therefore, E, is closed and E is lower semicontinuous. l
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Remark 2.2. It is well-known that the solution u of the Cauchy problem (2.2)
with F defined by (2.4) enjoys much higher regularity properties than already
stated (see, for example, [62] or [98]). In particular, when we study (1.3) in
Chapter 3, we always assume V € C?*(M), which is sufficient to ensure the
solutions are themselves C?, that is, the solutions are classical.

In Chapter 3, when we study the Harnack inequality satisfied by solutions
of (1.3) on a complete, non-compact manifold, such as the full Euclidean space
R?, we rely heavily on being able to approximate solutions of (1.3) on M by
solutions of Neumann problems on compact subsets M, C M. We use the
remainder of this section to justify why this is possible and describe in which
way the solutions of these problems converge. Throughout, we now assume M
is a complete Riemannian manifold and that there exists an increasing sequence
(M,,)n>1 of compact subsets M,, C M,,+1 C ... C M such that |J -, M,, = M.

n>1 Vin

Our first goal is to extend the Cauchy-Neumann problem (2.2) on M, to a
problem on the entire manifold M by extending the energy E defined in (2.4)
from L?(M,) to a new energy E, on L?(M). Then, we demonstrate that E,
converges to E in the sense of Mosco convergence defined below, which has

several powerful consequences.

Definition 2.7 (Mosco convergence). Let H be a Hilbert space and suppose
that E,, E : H — (—o0, +0c] are proper, convex and lower semicontinuous. We
say that (E,),>1 Mosco converges to E and write M-lim,,,, E,, = E if

(i) for every sequence (uy)n>1 € H and u € H such that u, — v in H,
E(u) < liminf E, (u,),
n—00
and
(ii) for every u € H, there exists (uy,),>1 C H such that

lim u, =u and lim E,(u,) = E(u).
n—oo n—oo

For every n > 1, let
Up = {ue€ H' (M,) | Vu*|y, € L'(M,)}
and define E,, : L?*(M) — (—o0, +00] with domain
D(E,) :={u¢€ L*(M) | u|p, € Uy and u=0on M\ M,}

by

5= {70 e o

for all u € L*(M).

Before we proceed, it is imperative that the Cauchy problem (2.2) with E
replaced by FE, still corresponds to the Neumann problem for the Schrodinger
equation (1.3) on M,. We do this by computing the subdifferential of E,. By
definition, (u,v) € Op2(an)Ey if and only if

E - FE
(v, h) 2y < liminf n(u + th) n(v)

t—0t t
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for all h € L*(M). However, if h ¢ D(E,), then E,(u + th) = +oo and the
inequality is trivially satisfied. Therefore, it is equivalent to write

Eo(u + th) — By (u)

</U, h>L2(M) S lim inf

t—0+ t
1 2 _ 2 2 _ 2
_ liminf—/ |Vu + tVh|* — |Vu| dz + 1/ V{(u+th)* — u? de
t—0t 2 M t 2 M t

for all h € D(E,). However, since supp(u) C M, for all u € D(E,), this means

2 _ 2 2 .2
(v, h) r2(a,y < liminf l/ [Vu+tVh] — [Vl de + 1/ V{(u+th)* —u?
M t 2 Ju P

t—0t+

dx

for all h € U,,. Since E is Gateaux differentiable at all u € U,,, we evaluate this
limit to get

(v, h) L2,y < / Vu-Vh+Vuh dx

n

for all h € U,. Replacing h by —h gives the reverse inequality. Therefore, we
conclude that

6L2(M)En(u) = {1} € LQ(M)

(v, h) L2,y = / Vu-Vh+Vuh dz for all h € Un}

This has the important consequence, that the Cauchy problems (2.2) correspond-
ing to the energy F defined on M, and to the energy F, defined on M are
equivalent and (2.2) remains an appropriate weak formulation of the Schrodinger
equation (1.3). Moreover, if we consider u € C?(M,,), integrating by parts gives
that

—/ hAu dx+/ g(Vu,v)h dx—i—/ Vuh dx :/ vh dx (2.7)
n OM; n n

for all h € U,,. In particular, if h € C°(M,,) C U, then u = 0 on IM,, and so

—/ hAudx—l—/ Vuhda::/ vh dz.
My, M, My,

However, since C°(M,,) is dense in L*(M,,), this implies

—/ hAuder/ Vuhdx:/ vh dzx.

for all h € L*(M,,). Tt follows from (2.7) that

/ g(Vu,v)h dz =0
oM,

for all h € L*(M,), which is only possible if g(Vu,v) = 0 on dM,,. Thus, we
have recovered the Neumann condition (2.1) from the operator 9,2, E,, as well.
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Proposition 2.5. Let E,, E : L*(M) — (—o0,+00] be defined as in (2.4) and
(2.6). Then M-lim,, ,., E, = E.

PROOF. Firstly, observe that by the definition of F,,, one has F(u) < E,(u)
for all uw € L*(M). Therefore, if u, — u in L?*(M), the lower semicontinuity of
E implies

E(u) <liminf E(u,) < liminf E, (u,), (2.8)

n—oo n—oo
which proves part (i) in Definition 2.7.
To prove part (ii), we first assume v € L*(M) \ D(F) and suppose u,, — u
in L?(M). Then E(u) = +oo and (2.8) implies

+oo = E(u) < liminf E,(u,) < limsup E,(u,) < 400

n—00 n—o00

and hence,
lim £, (u,) = 400 = E(u).

n—oo

Now suppose u € D(E) and consider the sequence (u,),>; € L*(M) given
by wu, :=uly,, for all n > 1. Since u,, — u pointwise on M and

[un]* < Jul® € LY(M),

Lebesgue’s dominated convergence theorem gives that u,, — « in L?(M). Simi-
larly, we show E,(u,) — E(u). Since u € D(FE), we have that v € H'(M) and
Vu? € LY(M). For any n > 1, it follows that wu,|y, = uly, € H'(M,) and
VuZ|y, € LY(M) and therefore u, € D(E,). This means E,(u,) = F(u,) for
every n > 1, so we just need to show E(u,) — E(u).

By the same argument as applied to the sequence (u,),>1, we have that
Vu, — Vu in L*(M), that is,

/ |V, | da:—>/ |Vul? dz.
M M

Moreover, |Vu2| — |Vu?| pointwise on M and
Vup| = [Vu'la,| < [V?| € LH(M),

and so again, by Lebesgue’s dominated convergence theorem, we have

/ Vau? dx —>/ Vu? dz.
M M

Together, these results give that E(u,) — E(u). O

Some of the most important results concerning Mosco convergence come from
the works of Attouch [10, 11]. In particular, he demonstrated that the Mosco
convergence of functionals F, to E implies the graph convergence of the sub-
differentials OF,, to OF (see [11, Theorem 3.66]), which leads to the following
strong approximation result [11, Theorem 3.74]. We will use the version of this
result appearing in [12].
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Theorem 2.6 ([12, Theorem 17.4.7)). Let E,,, E : H — (—o0,400| be proper,
convex and lower semicontinuous, A, = 0E,, A = 0E, uy, € D(A,), and
ug € D(A). Let u, and u be the solutions of the Cauchy problems

du,,
{E(t) + Anun(t) 30 fort €0, 7] (2.9)
un(0) = uop,
du
{g(t) + AS(%; i (i fort €[0,7] (2.10)

respectively. If

(i) sup,>1 En(uo,) < 00,
(11) uo, — up in H, and
(iii) M-lim,_ o E,, — E,

then w, — u in (C(0,T; H), | - ||loc) and %2 — 9 4 [2(0,T; H). Moreover, if

En(uon) = E(ug), then @2 — 9 girongly in L*(0,T; H).

Corollary 2.7. Let u be a solution to
ou=Au—Vu on M x (0,00).

Given an increasing sequence (My),>1 of compact sets M,, C M,; C ... C M
such that |, M, = M, there exists a sequence (uy),>1 of solutions to

{ Oy, = Au,, — Vuy, on M, x (0, 00)
g(

Vu,,v) =0 on OM,, x (0, 00), (2.11)

such that u, — u locally uniformly on M.

PROOF. Let ug := u(+,0) and set ug,, = uoly,. Then the Cauchy problem
(2.9) associated to the energy FE, has a unique solution, which we denote by
u,. We note that wu,|y, is a solution of (2.11). Applying Theorem 2.6 yields
that u, — u in (C(0,T; L*(M)), || - |le), that is, u, — w in L?*(M) uniformly
on [0,7]. In particular, there is a subsequence (ug,)n>1 C (uy)n>1 such that
up(z,t) — u(z,t) a.e. @ € M and for all t € [0,7]. Using interior regularity
results, such as Schauder estimates (see, for example, [63, Theorem 5, Chapter
3]), the convergence in the spatial variable can be upgraded to local uniform
convergence. U

Remark 2.3. We note that the Schauder estimates from [63] referred to in
the above proof are stated for heat equations on Euclidean spaces governed by
uniformly elliptic operators of the form

L = ia“ﬂ—f—zd:b‘%—i—cu
o Zj@xlﬁxj 1 Z@xi ’

ij=1 i=

These results are also applicable on a manifold M, since in each chart (U, ) of
M, we can understand a solution u of the equation

ou = Au—Vu
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via the map ¢~ ou : R? D o 1(U) — R, which still satisfies an equation of the
form O,u = Lu, where the coefficients a;;, b;, ¢ in L depend on the metric g of M.

2.3. THE DOUBLY NONLINEAR HEAT EQUATION

In comparison to the linear equation studied in the previous section, the existence
of solutions to the doubly nonlinear heat equation

Ou = Apy(u™) in M x (0,00) (1.4)

and the approximation of solutions on a non-compact manifold are far more
delicate matters and in particular, the gradient-systems approach is no longer
suitable. Therefore, giving a detailed presentation of such results extends beyond
the scope of this thesis and we instead outline the most important results in
existing literature.

For (1.4) on the full Euclidean space M = R¢, a class of self-similar solutions
was already identified in the 1950s by Barenblatt [21]. If m > 0 and p > 1 are
such that

then the function

B(z,t) = i (2.12)

C 1 /1\" /
i €XP ——/<—> ! , A=0
® P \p
1

is a nonnegative solution to (1.4) on R¢ x (0, c0), where p' := HA=m— o
and C' > 0 is any positive constant. Importantly, the Barenblatt solution B
plays the role of the fundamental solution in the theory of the doubly nonlinear
heat equation and is consistent with the fundamental solution (1.21) of the heat

equation when one takes the limits m — 1 and p — 2.

T
ti/p

More generally, one often considers solutions of (1.4) in the weak sense.

Definition 2.8 (Nonnegative weak solution of (1.4)). Let M be a Riemannian
manifold, 7> 0, m > 0, and p > 1. We call a function u : M x [0,T] — [0, 00)
a nonnegative weak solution of (1.4) if

we C(0, T L™ (M), ™ e LP(0,T: W (M),
and
T
/ / —udyp + |Vu™P2Vu"Ve do dt =0
0o JM
for all nonnegative functions

@ € Wh (0, T; LY (M) N LP(0, T; Wy P (M)).
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Existence results for equation (1.4) in the Euclidean setting M = Q C R4
have been studied by several authors and are well-understood for the entire range
m > 0, p > 1 (see, for example, [3, 83, 84, 129, 142]). In the case that M
is a general Riemannian manifold, understanding the existence of solutions is
still an active area of research. Several results have been achieved in the p = 2
case corresponding to the porous medium equation in both the slow-diffusion
(m > 1) [70, 71] and fast-diffusion (m < 1) [22, 26, 72] ranges. For general
p > 1 and m > 0, less is known about the existence of solutions, although
significant progress in this direction has been made in recent years [4, 114].
Most recently, a result by Siirig [144] provided the existence of a weak solution
for all nonnegative initial data uy € L'(M) N L®(M) when mp > 1 and M is
complete.

An important consideration when studying solutions of (1.4) is that, even
in the Euclidean setting, weak solutions are not in general classical solutions.
For the p-Laplace heat equation (m = 1), a famous result by DiBenedetto and
Friedman [51, 52] indicates that weak solutions u of this equation only have C'-
regularity in general, that is, Vu is Holder continuous. More recent works suggest
this property is also shared by solutions of the doubly nonlinear heat equation
for m # 1 [23, 141]. In Chapter 4, we introduce another notion of solutions,
called wiscosity solutions, which have even lower regularity requirements than
weak solutions and turn out to be more convenient to use in our proof of the
Harnack inequality. Before this, in Chapter 3, we study the Harnack inequality
satisfied by classical solutions of the equations (1.3) and (1.4) as motivation for
the discussion which follows in Chapter 4.



CHAPTER 3

Harnack inequalities for classical solutions

We now turn our attention to the centrepiece of this work, which is the intro-
duction of our new methodology to prove global Harnack inequalities in both
the Euclidean and Riemannian settings. We begin in Section 3.1 by explaining
our proof in the simplest possible case by first considering the linear Schrodinger
equation. The work discussed in this section forms the main content of the au-
thor’s article [7]. This is followed in Section 3.2 by a treatment of the doubly
nonlinear heat equation. In both sections, we begin by considering solutions
in Euclidean space, before studying solutions on a Riemannian manifold with
nonnegative Ricci curvature. In this chapter, we limit our discussion to classical
solutions of these equations, so that we are not distracted by the issues caused
by a lack of regularity.

Throughout the remainder of this thesis, we will frequently use the following
notations. For Q C R? and a function w : Q x Q@ = R, (z,y) — w(z,y), we write

282’ yw—ZaQ, and Axyw_zﬁxﬁyz

We also denote by S the set

S:=A{(t,s) | 0<s <t}

3.1. THE HARNACK INEQUALITY FOR THE LINEAR
SCHRODINGER EQUATION

We start by considering the equation
Ou=Au—Vu in M x(0,00), (1.3)

where M is the Euclidean space R? or a smooth bounded subset Q@ C R¢, before
moving onto the general manifold case.

28
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3.1.1. The Schrodinger equation on Euclidean space

Our main result concerns positive solutions of the full-space problem on R¢.

Theorem 3.1. Let V € C?*(R?) be bounded from below. Suppose there exists
a continuous function w = w(x,y;t,s) : RE x R x S — R, which is twice
differentiable in the first and second arguments and differentiable in the third
and fourth arguments. Suppose that w(x,y;t,s) — oo whenever t — st for
T # y and lim,_ e+ w(z, 2;t,8) > 0 for all z € RY. In addition, assume that w
satisfies

Ow + |Vw|* > V(z) in R x R? x S, (3.1)
Ow — |V, > -V(y) imRIxR'x S, (3.2)

and that there exist strictly increasing, differentiable functions g : [0,00) — [0, c0)
satisfying 5(0) = 0 and A : [0,00) — [0,00) such that

A2 Agw + A(5)2Ayw + 2A(8) A(8) Agyw < A(t)”g((f)) - A@)?ﬁﬁ/((j)) (3.3)

holds in REx R x S. Finally, assume there exists an increasing sequence (Qy,)p>1
of smooth, bounded domains 0, C R? such that Un21 Q, =R and

Vew - vy(z) >0, for all x € 0, y € Qp, and 0 < s < t, (3.4)
Vyw - v,(y) >0, for allx € Q,, y € 0N, and 0 < s < t. .

hold for all n > 1, where v, is the outward pointing unit normal vector to §2,.
Then, every positive solution u of

ou=Au—Vu  inR?x (0,00) (3.5)
satisfies
u(z,t) > u(y, s)%e_w(z’y;t’s) (3.6)

for allz,y € R and 0 < s < t.

In order to prove this theorem, we approximate positive solutions u of (3.5)
by a sequence of positive solutions u, of the Neumann problem (3.8) defined
below on an increasing sequence of bounded domains. In particular, we require
the following result regarding positive solutions u of the Neumann problem.

Theorem 3.2. Let Q C R? be a bounded domain with smooth boundary 0 and
let V€ C*(Q) be bounded from below. Let w = w(w,y;t,5) : A x QA xS = R
be a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
w(z,y;t,s) — oo whenever t — st for x # y and limy_, o+ w(x, x;t,5) > 0 for all
x € Q. In addition, assume that w satisfies (3.1)-(3.3) in Q x Q x S. Finally,
assume that

V.w - v(r)
Vyw-v(y)

>0, forallz € 0Q, y € Q, and 0 < s < t, (3.7)
>0, forallz € Q, y € 0Q, and 0 < s < t. .
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Then every positive solution u of
{ Ou=Au—Vu in 2 x (0,00),

Vu-v=0 on 9 x (0, 00) (38)

satisfies (3.6) for all z,y € Q and 0 < s < t.

Let us first outline the strategy of the proof of Theorem 3.2, which should
be understood as a model for how a multi-point maximum principle can be
employed to prove pointwise Harnack inequalities. Seeking to show that all
positive solutions u of (3.8) satisfy (3.6), we first observe that after making the
transformation v = log u, proving (3.6) is equivalent to showing

) B(t) ,

Z(x,y;t,s) == v(x,t) — v(y,s) + log (%> +w(z,y;t,s) +
forall z,y € Q, 0 < s < t and € > 0. We demonstrate that Z > 0 “initially”,
that is, when ¢ and s are both sufficiently close to zero. Then, we suppose there
is a point Py = (20, %o; to, S0) € Q x Q x S such that the function Z touches zero
for the “first time” at P, and use conditions on the derivatives of Z at P, to
arrive at a contradiction, implying that Z must instead remain positive for all
times 0 < s < t. Of course, since the function Z depends on two time variables
t and s and not just one, we must clarify what is meant by Z becoming zero for
the “first time”.

£

2(t—s)2+6>0

Definition 3.1 (First touching point). Let @ C R Z : QxQ2x(0,00)x (0, 00) —
R, ¢ € R and Fy := (x0, Yo; o, S0) € 2 x Q2 x (0,00) x (0,00). We say that Z
touches ¢ € R from above for the first time at Py if

Z(PR)=c¢ and Z(P)>c (3.9)
for all P = (z,y;t,s) € Q x Q x (0,00) x (0,00) such that
’(t, 8)’ < ‘(t07 80)‘7

where | - | denotes the Euclidean norm on RZ.

By reversing the inequality in (3.9), we also understand what is meant by a
function Z touching ¢ € R from below for the first time.

Remark 3.1. We essentially consider pairs of times (¢,s) € (0,00) x (0,00) as
being partially ordered with respect to the Euclidean norm, that is, we consider
(t,s) as occurring before (to, so) if and only if |(£,s)| < |(fo,s0)|. Through this
idea, one may also generalise Definition 3.1 for functions of any finite number
of spatial or time variables. However, Definition 3.1 only compares the function
values of Z at (g, o) with those at times before (to,s¢). In particular, the
definition makes no assumption about what occurs at other times (¢, s) for which
|(t,s)| = |(to, So)|- Therefore, if Z touches a value ¢ € R for the first time at a
point Py = (xq, Yo; to, So), we do not exclude the possibility that there is another
point Py = (&, fjo; to, 80) with |(fo, 30)| = |(to, so)|, such that Z also touches ¢ for
the first time at Py, but (fo, 50) # (to, 50)-
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Remark 3.2. We may deduce several facts about the behaviour of a function Z
at a point, where it touches a value for the first time.

(i) If Z touches a value ¢ € R from above for the first time at Py, =
(o, Yo; to, So), then the geometry of balls with respect to the Euclidean
distance ensures that

Z (0, Yo to — 1, 50) < Z(Z0, Yo to So)
and
Z (20, Yo to, S0 — 1) < Z(0, Yo; o, So)
for all n > 0 small enough. Therefore, Z is decreasing with respect to

t at ty and with respect to s at so. Moreover, if Z is differentiable in ¢
and s, this means

atZ(P()> S 0 and aSZ(P()) S 0.
(i) If Z is continuous, condition (3.9) implies that
Z(x,y;to, s0) = Z(x0, Yo; to, So)

for all x,y € , that is, considered as a function of =z and y only,
Z(x,y;to, So) has a local minimum at (zg,yo). If Z is twice differen-
tiable in x and y, and xg, yo are interior points of €2, then

ViynZ(P) =0 and DZ, ,,Z(P) > 0.

(z,y)

PROOF OF THEOREM 3.2. Let u be a positive solution of (3.8) and set
v = logu. Then v is a solution to
O =Av+|Vu> =V  inQx(0,00),
Vo-v=0 on 022 x (0, 00).

Fix ¢ > 0 and define a function Z on Q x Q x S by

Z(x,y;t,s) =v(x,t) —v(y,s) + log (%) +w(z,y;t,s) +

We make some initial observations about Z for (¢,s) near the boundary of

€

2(t—s)2+5.

S. Firstly, as s — 07, the term log (gg;) — 00 due to the assumption that

B(0) = 0. Therefore, Z > 0 for s near 0. Next, consider the behaviour of Z as
t — st. If z # y, then the assumption that w — oo as t — sT guarantees that
Z > 0 for t near s. Otherwise, if z = y, then the difference v(z,t) —v(x,s) — 0,
so we can assume v(zx,t) —v(z,s) +¢e > 0. By assumption, all other terms in the
limit of Z are nonnegative, so once again, Z > 0 for ¢ near s. In particular, we
see that Z > 0 for all times (¢, s) in a sufficiently small neighbourhood of (0, 0)
in S. Then, Z will either remain strictly positive for all times, or there exists a
point Py := (20, Yo; to, 50) € Q x Q x S such that Z touches 0 for the first time
at Py in the sense of Definition 3.1, that is,

Z<x07y0;t07 SO) =0 and Z(%,y,t, S) >0

for all z,y € Q and for all 0 < s < ¢ with |(t,s)| < |(to, 50)|- Suppose the latter
of these possibilities is true and such a point F, exists.
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We first consider the case that xg,yo € €2, and more specifically, that they
do not occur on the boundary 0f2. Then, as explained in Remark 3.2, it follows
that

OZ(Py) <0, 0,Z(Py) <0, VyZ(Py) =0, D, Z(F)>0.

(w,y

By direct calculation,

V.Z(x,y;t,s) = Vo(z,t) + Vew(z,y;t, s),
V,Z(x,y;t,s) = =Vu(y, s) + Vyw(z, y; t, s),

and thus V(, ) Z(Fy) = 0 implies that

Vu(zg, to) = =V.w(F), Vu(yo,so) = Vyw(F). (3.10)
Next, we calculate
WZ(x,y;t,s) = Ow(x,t) + ﬁﬁ/((:)) + Ow(z,y;t, s) +e(t — s),
0.2z, yit,5) = ~0uo(,3) = S + Dula i) elt = ).

Using that dyv = Av + |Vu|? =V in Q, 8,Z(Fy) < 0, and 9,Z(P,) < 0 we have
that

Ao, te) + [Volaost)f = Vaw) + G0 + e Po) + £t = s0) <0
0
—Av(yo, s0) — [Vo(yo, s0)[* + V(o) — Fs0) + Osw(Fy) — (to — so) < 0.
B(s0)
Then, using (3.10), we obtain that
Av(l’o,to) < —|V$W(P(]>|2 — (9tw(P0) + V(x0> — BB((;::)) — Ef(t() — So),
—Av(yo, s0) < |Vyw(Po)|* — 0w (Py) — V(yo) + cACY +e(to — so)-
B(s0)
Due to the assumed inequalities (3.1) and (3.2), it follows that
Av(x, to) < _if((tt;))) —e(t — s0), (3.11)
—Av(yo, So) S BB(((:;))) + €<t0 — 80). (312)

Next, we make use of the inequality D?x’y)Z(Po) > 0. Let z(7) and y(7) be
two paths in €2 such that

a'(1) = A(to)ei, (7o) = wo,
A(so)es,  y(m0) = Yo

@\
—~
\]
~—
Il
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for some 7y, where ¢; is the i*" standard basis vector. We have that

4 2(r).y(r):1.) = Alto) Dpv(a. 1) — Also) Daa(y. )
+ Ato)wy, (z,y;t, s) + A(so)wy, (,y; t, 5)
dQ

EZ($(T),y(T);t, s) = A(to)*Dyv(x,t) — A(s0)>Disiv(y, s) + Ato)*wa,e, (7, y; 1, 5)

+ A(SO)2wyiyi (m7 yit, S) + QA(tO)A(SO)wIiyi (1:7 y;t, 3)

Therefore, since 45 Z (Py) > 0, we have that

dr?
A(to)*Digv(wo, to) — A(s0)>Disv(yo, 50) + A(to)*wa,a, (o)
+ A(50) Wyuy, (Po) + 2A(t0) A(50)way, (Po) > 0,
so that summing over ¢ yields
Alto)* Av(xo, to) — A(s0)*Av(yo, 50)
+ A(to)2Aw(Py) + A(s0)? Ayw(Py) + 2A(t0) A(s0) Ay (Po) > 0.
By using the inequality (3.3), as well as (3.11) and (3.12), we obtain
0> —e(A(to)* — A(s0)*)(to — s0) = 0,
which is a contradiction. Therefore, such a point Py with xg, 79 € €2 cannot exist.
Thus, either one or both of xy, yo must be on the boundary 9f).
Without loss of generality, assume xy € 9€). Then

d
Ez(xo — 7v(20), Yo; to, So) = —Vu(zo, to) - ¥(x0) — Vow(Fo) - v(zo) <0,
7=0
(3.13)
where we have used that Vv(zo, 1) - ¥(29) = 0 by the Neumann condition on v
as well as the assumption (3.7) on w. One of two cases must occur: either the
inequality in (3.13) is strict, or we have equality.
Firstly, if
d

%Z(x(] - TV(xO)a Yo, to? 80) < 0’

since Z is at least continuously differentiable in the first argument, there is some
7* > 0 such that diTZ(xg — 1v(x0), Yo; to, So) < 0 for all 7 € [0,7%). Integrating
over this interval, we have

7=0

Z(xo — 7"v(0), Yo; to, s0) < Z(To, Yo; to, So),
which contradicts x¢ minimising Z(x, yo; to, So) over all x € Q.
The other possibility is that

diZ(ﬂUo — 7 (Z0), Yo; to, So) = 0. (3.14)
T 7=0

Considering Z(z) = Z(x, yo; to; So) as a function only of x, then (3.14) is equiv-
alent to V,Z(xg) - v(xo) = 0. Since Z(z) has a minimum at = x¢, then all
derivatives of Z(z) at zo in directions tangential to 02 at zp must also be 0.
Therefore, we conclude that V,Z(zy) = V,.Z(F) = 0.
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Now consider whether y € 9Q or y € Q. If yg € 09, we could repeat
our previous arguments to obtain V,Z () = 0. If yo € €, then the function
Z(y) = Z(xo,y; to, So) attains a minimum at y = yo and therefore V,Z(F) = 0.
In either case, we have that V,Z(Fy) = 0 and V,Z(Fy) = 0, so V() Z(Fy) = 0.
Since Z has a minimum at P, it follows that D(QW)Z (Py) > 0. Combining these
facts with 0,Z(Py) < 0 and 0,Z(F) < 0, we may repeat the argument from
when xg,yo € ) to arrive at a contradiction.

Therefore, Z > 0 for all z,y € Q and all 0 < s < t. Finally, taking e — 0
shows that the Harnack inequality (3.6) holds. O

We now explain our result for the full-space problem.

PROOF OF THEOREM 3.1. Suppose that (£2,),>1 is an increasing sequence
of smooth bounded domains Q, € R? with (J,~, @, = R? such that (3.4) holds.
Let u be a positive solution of (1.3) with initial value ug := u(z,0) € L*(R?) and
define ug,, := uglg, for all n > 1. Let u, be the unique positive solution to the
problem

Oy, = Auy, — Vuy, in ©, x (0,00),
Vu, v, =0 on 092, x (0,00),
Un(+,0) = ugy, in Q,.
By Theorem 3.2, u,, satisfies the Harnack inequality

Un(x,t) > upy(y, s)@e’w(‘”’%tﬁ) (3.15)

B(t)
for all z,y € Q, and 0 < s < t. By Corollary 2.7, there exists a subsequence
(g, )n>1 C (Un)n>1 such that ug, — u locally uniformly on R? x (0, 00). There-
fore, passing to the limit n — oo in (3.15) yields the claimed result. O

3.1.2. Analysis of a certain energy functional

The function w in the premises of Theorem 3.1 and Theorem 3.2 could poten-
tially be any function satisfying the conditions of these theorems, especially the
inequalities (3.1)-(3.4). However, a natural question is whether such a function
w with the required properties even exists, and if it does, whether there is an
optimal way to choose this w. Of course, if one such w exists, there is no reason
for it to be unique, as one can always perturb w by adding a nonnegative func-
tion h = h(s,t), which is continuously differentiable with 9;h,dsh > 0 in S, as
this leaves the inequalities (3.1)—(3.4) unharmed. We dedicate this section to the
analysis of a strong candidate for w. In anticipation of our discussion in the next
section in non-Euclidean settings, we let (M, g) be a d-dimensional Riemannian
manifold with nonnegative Ricci curvature.

For a given potential function V' € C?(M), which is bounded from below, we
consider the energy functional defined by

Ely;t,s] = 4(t1—s) /o [4]? dr + (t — s)/o V(y(r)) dr (3.16)
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for every C! curve 7 : [0,1] — M. We then set

w(z,y;t,s) := min E[y;t,s], (3.17)
YEL 2,y
for each x,y € M and 0 < s < t, where I, ,, is the set of curves v : [0,1] = M
with 4(0) =y and v(1) = x.

We note that the energy E defined in (3.16) has already been studied exten-
sively. For instance, this energy F can be recognised from classical mechanics as
the action functional for a particle moving in a potential —V. In physics liter-
ature, the function w defined in (3.17) is sometimes named the Agmon metric,
after the mathematician Shmuel Agmon, who used this quantity during his study
of the decay of eigenfunctions of the Schrodinger operator —A+V at infinity [1].
We note that the Agmon metric is typically not defined via (3.16) and (3.17),
but rather (up to a constant) by

o(z,y) :== min /0 Y[/ V () dr, (3.18)

V€l 2,y

which can be interpreted as the geodesic distance with respect to the weighted
metric vV g. It was later reported by Carmona and Simon [33], that the quantity
in (3.18) is in fact equivalent to our function w. The idea of the argument
presented in [139] to demonstrate this equivalence goes as follows. Assuming
that V> a > 0, for 0 < s <t fixed, Young’s inequality implies

Iy e
V0] = /3= V) < 5 (g 20V )

for all v € I'; , and it follows immediately, that o < w. To see that w < p, take
a regular curve v € I'y , and reparametrise it so that |4| = 2(t — s)V (). This
choice intentionally corresponds to the equality case of Young’s inequality in the
line above, meaning that we now have

1 ! o 1 B L
o< g [ P ar+ =9 [ veE) ar= [ Ve e

Taking the infimum leads to w < p.

The function w defined in (3.17) also plays an important role in the work of
Li-Yau [104, Theorem 6.1], since as seen in the introduction, it occurs naturally
while performing space-time integration to derive the Harnack inequality (1.18)
from its differentiated form (1.20). This function w is also closely related to the
fundamental solution I' of the equation (1.3). In particular, it was proven first
in the Euclidean case M = R¢ by Simon [138] and later on a complete manifold
M by Li and Yau [104], that w can be expressed via the limit

log Ty ( — y, ==
w(z,y;t,s) = — lim ogla( —y. )

A—00 A ’

(3.19)

where I'y denotes the fundamental solution of the equation
o = Au — N*Vu in M x (0, 00).

In general, we do not expect w defined by (3.17) to be explicitly computable.
However, we briefly discuss some important potential functions V', for which it
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is possible to calculate w and present the relevant Harnack inequality obtained
in each case.

Example 3.1 (Heat equation). In the case of the heat equation (V' = 0) on the
Euclidean space M = R¢, the optimal choice of w is the function

|z —yI”
it =

w(x7y7 ’8) 4(t_8)7

which is the value attained by E along the straight line segment, i.e. geodesic,
connecting x and y. In addition, w satisfies (3.1)—(3.3) with equality if A(7) =7
and (1) = 7%2. With this choice, we recover the classical parabolic Harnack
inequality

S _Je—y|?

(e, 1) > ufy,s) (3) e (L1)

stated in the introduction. As noted in Section 1.1, we remark that (1.1) is
considered sharp, in the sense that it is satisfied by the fundamental solution

||

T(z,t) = (4rt)~ e
with equality on the set of points
{(z,y,t,s) ER*x R? x S | sz = ty}.

Example 3.2 (Quadratic potential). Another noteworthy case to consider is
that of the quadratic potential
V(z) = C¢|x —al* + Cy

on the Euclidean space M = R? for a € R? and constants C; # 0, C, € R. In
this case, one can compute explicitly that for fixed z,y € R and 0 < s < ¢, the
energy E given by (3.16) is minimised by the curve defined by

() = a+ <sinh(2(§’17(t — $))(z — a)

sinh(2C4(t — s))
+ sinh(2C (1 — 7)(t — 9))(y — a))
for all 7 € [0, 1]. It then follows that

w(z,y;t,s) = % (sinth_'l(?ﬁ— ) + (Jz — a)® + |y — a|?) tanh(C, (t — s)))

‘|‘ 02 (t — S).
One can verify that this choice of w satisfies (3.1)—(3.3) with equality if we set
A(t) =sinh(2C1t) and  B(t) = sinh¥?(2C)t).

Then, Theorem 3.1 applied with §2,, chosen to be the ball of radius n centred at
a yields that every positive solution u of

Ou = Au— (C?x —al> + Cy)u  in R? x (0,00) (3.20)

satisfies the Harnack inequality

sinh(2C; )\ ¥ (T aits
u(z,t) > u(y, s) (W) e wuits) (3.21)
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for every z,y € R4 and 0 < s < t.

We note that inequality (3.21) is sharp in a similar sense to how the classical
result for the heat equation without potential is sharp. For a = 0, C5 = 0, the
fundamental solution of (3.20) is known from [128] to have the explicit formula

2m —d/2 _—ofel®
F(l‘7 t) = (F Slnh(QClt)) €2tanh(201t) .

1

One can verify that this solution satisfies (3.21) with equality on the set of points
{(z,y,t,5) € R* x R? x S | sinh(2C) s)z = sinh(2Ct)y}.

This is an improvement of the inequality (1.18) obtained by Li and Yau [104].

We now seek to understand the properties of the function w defined by (3.17)
via the energy E in (3.16) for a general potential function V', and in particular,
when it fulfils the requirements of Theorem 3.1 and Theorem 3.2. Importantly,
we emphasise that many of the computations that follow will be merely formal
in nature, since in general, w may not possess sufficient regularity to satisfy the
assumptions of these theorems in a classical sense. In fact, the function w given
by (3.17) might be merely Lipschitz continuous in = and y (see [104]). Therefore,
the following analysis should serve primarily as a motivation for how to choose
w, while the computations will be made rigorous in the next section when we
study the proof of the Harnack inequality on manifolds.

We begin by verifying that the energy F defined in (3.16) does indeed attain
a minimum, meaning that the function w in (3.17) is well-defined.

Proposition 3.3. Let (M, g) be a Riemannian manifold, which is either compact
or complete. Then for every x,y € M and 0 < s < t, there exists vy € I'y, such
that

Elvo;t,s| = inf Elv;t,s]|.
[’707 )S] 'YéII}:v,y [% 78]

In the proof of Proposition 3.3 we require the manifold-valued Sobolev space
H'(0,1; M), which we now define. Recall from Nash’s embedding theorem [120],
that any d-dimensional Riemannian manifold M can be isometrically embedded
in R for some ¢ > d + 1. Using this embedding, we set

HY0,1; M) :={y € H(0,1;R") | v(7) € M ae. 7 €10,1]}.

However, since the Sobolev space H'(0, 1; R?) is embedded in C(0, 1; RY), we may
assume that every v € H'(0,1; M) is a continuous function and it is therefore
equivalent to write

HY0,1; M) :={y € H'(0,1;R") | v(7) € M for all 7 € [0, 1]}.
Then for xz,y € M and 0 < s < t, we set

Loy = {H'(0,1; M) [ 4(0) = y,7(1) = z}.
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PROOF OF PROPOSITION 3.3. We assume without loss of generality that
V > 0. Then we immediately notice that E(y) > 0 for all v € H'(0,1; M)
and therefore inf cr,  E(y) > —o0.

Let (vn)n>1 € I'yy, be a minimising sequence for E, that is, we suppose
E(yn) — infyer, , £(7) as n — oo. Then (E(7v,))n>1 is a bounded sequence. In
particular, this implies

1
4(t —s)

1
0< / a2 d7 < B(y,) < C
0

for some C' > 0, and 50 (¥, )n>1 is a bounded sequence in L%(0, 1; R?). Moreover,
since

[ (T) ke < (17 (7) = 70 (0)lIre + [[72 (0) I

Iyl + / 5 (F)] di
0

1

< lyllne + / ()] dr
0

< lyllre + 1¥mll oo 0,152

for all 7 € [0,1], we see that (7,),>1 is a bounded sequence in L>(0, 1;R),
and thus also in L2(0,1;RY). Therefore (v,)n>1 is bounded in H(0,1;R).
Since H'(0,1;RY) is reflexive, there exists v € H'(0,1;R?) and a subsequence
(Vi )n>1 € (Yn)n>1 such that 4y, — o as n — oco. However, H'(0, 1; R?) is com-
pactly embedded in (C'(0,1;R?), || - [l«), and therefore 4, — 7o in C(0, 1;R?).
Since v, (1) € M for every 7 € [0,1] and n > 1 and M is a closed set in RY, it
follows that vo(7) € M for all 7 € [0,1], Hence vo € I',,,.

Next we note that the weak convergence of v, — v in H'(0,1; M) implies
Ak — Yo in L2(0, 1;RY), and therefore

H’Yo”%?(o,l;RE) < ligglf 7 H%Q(O,l;R")'

Moreover, since V' is continuous, the pointwise convergence of 7 to 7o implies
V(Y (1)) = V(70(7)) as n — oo for all 7 € [0, 1]. By Fatou’s lemma, it follows
that

n—oo n—oo

1 1 1
/ V(yo) dr = / liminf V' (g, ) d7 < lim inf/ V (Y, ) dr.
0 0 0

Putting these facts together shows that

E(v) <liminf E(v, ) = lim E(y,) = inf E(y)

Y€y

and therefore
inf E(y) = E() = min E(3).

YEL 2y yel’
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Throughout our analysis, it is useful to understand the derivatives of E[v;t, s|
under variations of the curve 7.

Proposition 3.4. Fiz a curve v, : [0,1] — M and let v(7,7) : [0,1] x (=9,d) —
M be a smooth family of curves such that ~(1,0) = ~0(7). Then we have the
following formulas:

%E[’Y<T, r);t, s]
1 (3.22)
= Q(tl ) (g(wdﬂé /0 9(Voi = 2(t — 8)2°VV (%), 7,) dT)
C;L;E[W(T,r);t, s
1 ! . . . .19
N 2(t—s)/0 Ry, %9, F) + 9(VeVeye, ) + Ve[ dr (3.23)

(- s) / oDV (D)1 1) + 9TV (7)) dr

PRroOF. Firstly, we have

~ i | et are—s [ fve)ar

_ / (VA 4) dr 4 (— 5) / g(VV(7), %) dr

= s (960l = [ 53~ 200 = 79V )20 )
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Then, differentiating again,
d2
WE[W(Ty 7);t, 8]

B d% ( 2(_1) /Olg(vm ) dr + (t — 5) /0 1 g(VV (7)) dT)

t—s

1

1
_ .. .2d
2(t—s)/0 9(ViVid, 4) + [V dr

L (t—s) / 9DV ()30 70) + 9TV (7)) dr

1

1
_ . . Qd
—2(t_s)/0 9(ViVore, ¥) + VA" dr

L (t—s) / 9DV ()30 70) + 9TV (7)) dr

1

1
— : : . .12
= 2<t — 3) /0 R(’ym’%’y?"v’)/) + g(VTVr’yT,'y) + |VT’7| dr

+(t—s) / 9DV ()30 70) + 9TV (1), 70)
]

Using the formula (3.22), we see that the Euler-Lagrange equation associated
to the minimisation problem used in (3.17) to define w is

Voo = 2(t — 5)2°VV (7). (3.24)

Definition 3.2. For given z,y € M and 0 < s < t, we call a curve yq : [0,1] = M
a V-geodesic from y to z if vy is a solution of

VA = 2(t — 5)*VV () on [0, 1],
70(0) =y, 10(1) = =.

Now, we would like to conclude that the minimiser of E found in the proof of
Proposition 3.3 is a V-geodesic, however, this is not always guaranteed to be the
case. For example, in the case that M is compact and the minimising curve lies
partly on OM, we do not necessarily expect the Euler-Lagrange equation (3.24)
to be satisfied. Therefore, we restrict the class of manifolds in which we work by
introducing a certain notion of convexity adapted to the potential V.

Definition 3.3. We call a compact manifold M V -convez if for all z,y € M and
0 < s < t, there exists a V-geodesic 7, such that

Elvo;t, s| = 7renriH E[v;t, s]
x,y

and
hE, &) +9(VV(x),v(x)) >0 (3.25)
holds for all x € OM and £ € T,0M \ {0}, where h denotes the second funda-

mental form on OM and v(x) is the outward pointing unit normal vector to the
boundary at x € OM.
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Moreover, a complete manifold M is called V -approximable if there exists an
increasing sequence (M,,),>1 of V-convex regions M,, C M with |J -, M,, = M.

Remark 3.3.
(i) By rescaling &, it is easy to show that the condition (3.25) is equivalent
to

h(&, &)+ ag(VV(x),v(z)) >0 (3.26)

for any o > 0.

(ii) By taking o — 0 in (3.26), we see that the condition (3.25) implies
the nonnegativity of the second fundamental form and therefore every
V-convex domain is necessarily convex. In addition, dividing (3.26) by
a > 0 and taking a — oo implies that VV - v > 0 on OM, which is a
condition previously assumed by Yau [159].

(iii) Recall that for all curves 7 : [0,1] — M, the second fundamental form
is related to the normal curvature of vy through the formula

h(%o,Y0) = —9(V+90, v(70))-

Inserting this into (3.26) with a = 2(¢t — s)? implies that if yo(7) € M
for some 7 € [0, 1] and 4o(7) # 0, then

9(=Vo(7) + 2(t = 5)*VV (70(7)), v(%(7)) > 0.

However, if 7y satisfies the Euler-Lagrange equation (3.24), then the
expression in the left-hand side of the above inequality is equal to 0,
producing a contradiction. Therefore, a V-geodesic 79 may never touch
the boundary of a V-convex manifold, unless the velocity of v, vanishes
at the point of contact.

Example 3.3 (Geodesically convex potentials). Suppose that the potential func-
tion V : M — R is geodesically convex, that is, V o : [0,1] — R is convex for
every geodesic v : [0,1] — M in M. Then (V o) = ¢g(VV,%) is monotone and
SO

g(VV,4)(1) > g(VV,4)(0).

In addition, suppose that V' attains a local minimum at a point xy € M, so that
VV(zg) = 0, and let B be a geodesic ball in M centred at zg. If we choose v
such that v(0) = z¢ and y(1) = z lies on the boundary of B, then

9(VV(z),v(x)) = g(VV,9)(1) = 0.

for all x € OB. Once we combine this with the fact that the second fundamental
form of OB is strictly positive, we have proven that balls centred at a minimiser
of a geodesically convex potential V' satisfy the condition (3.25).

With the important assumption of V-convexity, we are ready to continue
investigating whether w satisfies the remaining assumptions of Theorem 3.1 and
Theorem 3.2. Next, we observe that w(z,y;t, s) has the correct behaviour in the
limit as t — s™.
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Proposition 3.5. Let w be defined as in (3.17). Then limy_, ¢+ w(z,y;t,s) — o0
for x #y and limy_, o+ w(z,x;t,8) >0 for all x € M.

PROOF. Suppose 7y minimises E[y;t, s]. Assuming V > —« in M for some
a > 0, it follows that

w(z,y:t,5) = Elyo, 1, 5] :ﬁ/o Hol? d7+(t—s)/0 V() dr
24@—1_)/ Fiol? dr — a(t - s).

Now, the Cauchy-Schwarz inequality implies that

1 2 1
LW—( [ o df) < [l ar
0 0

Therefore,

L(70)* d*(z,y)
t,8) > 1 g(t—s) > Pt — ).
If d(z,y) > 0, this inequality implies w — oo as t — st as desired. Otherwise, if
we assume x = y, we still obtain

lim w(z,z;t,s) > 0.
t—st

g

The most important properties to verify are that w satisfies the differential
inequalities (3.1)—(3.4). In their paper, Li and Yau [104] already demonstrated
that w satisfies (3.1) and (3.2) with equality. Through the next two propositions,
we review their proof of this fact.

Proposition 3.6 (Time derivatives of E). Let vy be a V-geodesic connecting
x,y € M. Then

%E[%; t,s] = —% + V(x), (3.27)
JeEbwit s = 4P vy, (3.29
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PRrRoOOF. We have

O Blost,s]
at Yo;

-2 (4( L [t ar =) [ Vo dr)

1
1 / (Yo, o) d7+/ V(v) dr
—5)% Jo 0
+—/ 0 —|—2(t—s) VV( )Q d
Q(t— S) atﬂyOafYO 70 aat% T
1
/ 9(o, o) dT+/ V(o) dr
0 0

_ 2(t —s) /0 g <VTvo, %%) —2(t — s)’g (VV(%), %%) dr

When integrating by parts to obtain the last line, we have used that (1) = «
and 7(0) = y independent of t. Therefore, 27(1) = 27,(0) = 0. Recalling
that ~q satisfies the Euler-Lagrange equation

Vo = 2(t — 5)*VV (%), (3.24)

we have that
0
ot
However, multiplying the Euler-Lagrange equation (3.24) through by 27y, we
have

B(0) = ~ g/, 9000 = 4t = 9V (o)

29(V+40,%0) = 2(t — 5)*9(VV (%), 70),
which implies
9o A0) = 4t — 5V (3p).
Integrating from 0 to 7, we find that
9(%o(7),70(7)) = 4(t = 5)*V (70(7)) = 9(70(0),70(0)) — 4(t — 5)*V (70(0))

for all 7 € [0,1]. In other words, g(~o(7 ) Yo(7)) — 4(t — 5)*V(70(7)) is constant
in 7. Applying this to our formula for 2 5:(70), we see that

0 |7'o|2(1)
aE(%) = At =92 + V().

By a similar process, we can also prove (3.28). O

Proposition 3.7 (First-order equations satisfied by w). Let 7o be a V -geodesic
connecting x,y € M and set w(x,y;t,s) = E[yo;t,s]. Then w satisfies

Orw + |Vw|* = V(z) (3.29)
w— |Vl = =V(y) (3.30)
mMxMxS.
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PROOF. Since v, satisfies the Euler-Lagrange equation, (3.22) simplifies to
become

1

SERE LS = 506 T - g6 0)0)

If we consider a variation (7, 7) of o with v(0,7) = y for all r, then ~,(0,7) =0
and therefore

9(Vew,v.(1,7)) = iE[’}/(T, r):t, s| _ g(7(L,7),70(1))

dr — 2(t — s)
for all choices of ~,.(1,r). Therefore,
Vaw = 1 (1)
T o —s) OV

In light of (3.27), we conclude that
Oyw + |Vw|* = V().

By a similar argument, instead considering variations (7, r) such that v(1,r) = x
for all r, we find that
1

YT Ty

70(0)

and hence,
Ouw — |Vyw|? = =V (y)

as claimed. O

Using the expressions for the gradient of w found during the proof of Propo-
sition 3.7, we can also understand when w satisfies the condition,

g(Vew,v(x)) >0, forallz € OM,ye M, and 0 < s < t,

3.4
g(Vyw,v(y)) >0, forallz € M,y € OM, and 0 < s < t. (3.4)

on a compact manifold with boundary. These inequalities are equivalent to

Vow - v = 90o(1),v) >0 and Vyw-v= _960(0),v) >0
2(t —s) 2(t — s)
for all V-geodesics with an endpoint, either 70(0) or 7o(1) or both, occurring on
the boundary OM. However, as commented in Remark 3.3 (ii), once we assume
that M is V-convex, M will also be convex and both the above inequalities will
be satisfied.

Our final task is to find sufficient conditions under which w satisfies an in-
equality of the form

At Aw + A(s)?Ayw + 2A(t) A(s) Agyw < A<t)2/g((;)) - A<S)266I((SS))

The following comparison result can aid in answering this question.

(3.3)
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Theorem 3.8. Let M be a Riemannian manifold with nonnegative Ricci cur-
vature, and let Vi, Vo € C*(M) be two potential functions, which satisfy AVi <
AV, in M. Assume that there exist strictly increasing, differentiable functions
B :[0,00) = [0,00) satisfying B(0) =0 and A : [0,00) — [0,00) such that

(t—s) /0 gA/(Tt + (1 —7)8)* + A(rt + (1 — 7)s)*AVi(7yp) dr

p'(t) B'(s)

A(t)? — A(s)?

D50 180

for all Vy-geodesics vy and 0 < s < t. Then the function wy defined by (3.17) for
the potential V- =V; (formally) satisfies

A(t)?Agwr + A(8)2 A wy + 2A(1) A(8) Agywr < A(t)Zg(—(;) - A(s)Q%
in M x M x S. Moreover, if M is compact and Vi-convex, then every positive
solution u of
Ou = Au— Viu in M x (0,00),
{g(Vu, v)=0 on OM x (0,00)

satisfies the Harnack inequality

Bls) it
w(z,t) > uly, s) —rte wr@wits) 3.31
(2.8) 2 uly. ) 5 (331)
for all x;y € M and 0 < s < t. In addition, if M is complete and V-
approximable, then every positive solution u of

Ou = Au—Viu in M x (0,00)
satisfies (3.31).

This result follows immediately from a short lemma.

Lemma 3.9. Let M be a Riemannian manifold with nonnegative Ricci curvature,
V € C*(M) be bounded from below and A : [0,00) — [0,00) be differentiable.
Then w as defined in (3.17) satisfies

At)?Ayw + A(s)?Ayw + 2A(1) A(s) ALyw

< g(t - s)/o Al(rt+ (1 —1)s)* dr (3.32)

1
+ (t — s)/ A(tt + (1 = 7)s)*AV () dr
0
for all V-geodesics vy in M and 0 < s < t.

PROOF. Fix 0 < s < t and let 7y : [0,1] — M be a V-geodesic such that
7(0) = y and (1) = = for x,y € M fixed. Choose an orthonormal basis
(e;(0))%, of T,M and parallel transport it along 7y to obtain an orthonormal
basis e; := e;(7) at each point on the curve. We then define a particular variation
of 79 by setting

Y(7,7) = exp. i (ATt + (1 — 7)s)re;).
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We note that v,.(1,7) = A(t)e;, 7-(0,7) = A(s)e;, and v,..(7,7) = 0 for all
r € (=9,9).
In addition, the variation of the endpoints of the curves is described by
z(r) :=v(1,7) = exp,(A(t)re;),
y(r) :=~(0,r) = expy(A(s)rei).
Now, for any r,

w(z(r),y(r);t,s) = min  Ely;t,s] < E[y(r,r);t, s],
VE a(r) ()
where equality is attained for r = 0. Therefore, it follows that as a function of
r,w(z(r),y(r);t,s) — Ely(r,7);t, s] is negative and attains a maximum value of
0 at » = 0. Therefore,
d2
3w (@(r) y(r)it,s)

2

d
< —FElv:t . 3.33
r—o  dr’ it s r=0 (3.33)

Explicit computation of the left-hand side yields

0w O*w 0w
— 2 2A(t)A
O a7 A gy
while the right-hand side can be computed using (3.23):
92

WE[V(T, r);t, s]

A()2 5= + A(s)

r=0

1 ! / 2
2= (/0 |(t = s)A' (Tt + (1 — 7)s)e]

+ A(Tt + (1 — 7)s)?R(es, 50, €i, o) dT)
+ (t — s) /1 A(rt 4 (1 — 7)8)*V; ViV (v0) dr
= %(t —5) /01 Attt + (1 —71)s)* dr
RTr) 1_ 3 /0 A(rt + (1 = 7)s)*R(es, 0, Y0, €:) AT

+ (t—s) /01 A(rt+ (1 — 7)s)*V,; Vi,V () dr.

Inserting these expressions back into (3.33) and summing over i gives
A(t)?Agw + A(s)?Ayw + 2A(1) A(s) Ayyw

< g@ _s) /01 et + (1= 1)s)? dr

1

_ m/o A(’/‘t + (1 — 7')8)2 RiC(’.}/(),"')/()) dr

+ (t— S)/O A(tt + (1 — 7)s5)*AV (7o) dr.
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Since the manifold M is assumed to have nonnegative Ricci curvature, this esti-
mate reduces to

A(t)?Agw + A(s)?Ayw + 2A(1) A(s) Ayyw

1
< g(t — s)/ Attt + (1 —71)s)* dr
0
1
L (=) / A(rt + (1 — 7)8)2AV (7o) dr,
0
which is the claimed inequality (3.32). O

PROOF OF THEOREM 3.8. Applying Lemma 3.9 to w;, we have

A(t)?Agwy + A(s)2Aywr + 2A(1) A(8) Agywr
d

< 5(1& —5) /01 Attt + (1 —71)s)* dr

—l—(t—s)/o A(rt 4+ (1 — 7)8)2AV; () dr

< g(t - s)/o A(rt+ (1 —71)s)* dr

+ (t — s)/o At + (1 — 7)s)*AVy(7) dr

,0(t) 2 B'(s)
B(t) B(s)’

Hence the function w; corresponding to V; satisfies (3.3) with the functions A
and 3 borrowed from V,. In the case that M = Q C R? all other necessary
assumptions from Theorem 3.1 (if = R?) and Theorem 3.2 (if Q # R?) hold
and the Harnack inequality (3.31) follows as a consequence. If M is a general
Riemannian manifold, the same conclusion follows by applying Theorem 3.11 or
Theorem 3.12 from the next section. U

A(t)

— A(s)

Applying Theorem 3.8 with the quadratic potential V5 = C?|z|?, we find that
a Harnack inequality holds for the class of potentials V' with AV bounded from
above.

Corollary 3.10. Let Q C R? and V € C?*(Q) be bounded from below, such that
either Q) is V-convex (Q # RY) or Q = R? is V-approzimable. Suppose there is a
constant C' # 0 such that AV < 2dC?. Then, every positive solution u of (3.8)
satisfies

Slnh(QCS) ) d/2 —w(z,y;it,s)
- 7 e Y5t

u(z,t) > u(y, s) (sinh(QCt) (3.34)

for every x,y € Q and 0 < s < t, where w is defined by (3.37).
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3.1.3. The manifold case

Now that we have identified an appropriate candidate for the function w, which
possesses suitable properties, even in the manifold setting, we are ready to present
our main result in this case.

Theorem 3.11. Let (M, g) be a complete Riemannian manifold without bound-
ary and nonnegative Ricci curvature. Let V € C*(M) be bounded from below and
such that M is V -approximable. Suppose there exist strictly increasing, differen-
tiable functions 5 : [0,00) — [0, 00) satisfying $(0) =0 and A : [0, 00) — [0, 00)
such that

(t—s) /0 gA/(Tt + (1 —7)s)* + A(rt + (1 — 7)s)?AV (7o) dr

” /(s (3.35)
<2 r S
holds for all V -geodesics vy and 0 < s < t. Then every positive solution u of
Ou=Au—"Vu in M x (0,00) (1.3)
satisfies
u(z,t) > u(y, s)@e’“(’:’y;t’s) (3.36)

B(t)
forall x,y € M and 0 < s <t, where w : M x M x S is given by

w(z,y;t,s) := Vrer%lzny 4(151—3) /0 92 dr + (t — 5)/0 V(v(7)) dr. (3.37)

As in the Euclidean case, Theorem 3.11 follows by an approximation argu-
ment after obtaining the following result for the Neumann problem.

Theorem 3.12. Let (M, g) be a compact Riemannian manifold with nonnegative
Ricci curvature and (possibly empty) boundary OM. Let V- € C*(M) be bounded
from below and such that OM is V -convez. In addition, suppose that (3.35) holds
for all V-geodesics ~y. Then every positive solution u of
Ou=Au—Vu in M x (0,00),
g(Vu,v) =0 on OM x (0, 00)

satisfies the Harnack inequality (3.36) for all z,y € M and 0 < s < t.

(3.38)

The core strategy of the proof of Theorem 3.12 is identical to how we pro-
ceeded to prove Theorem 3.2, however, we must overcome some additional tech-
nical complications. In Theorem 3.1 and Theorem 3.2, we assumed that the
function w admitted enough regularity to satisfy the inequalities (3.1)—(3.4)
pointwise. This assumption was not unreasonable to make, since as outlined in
Section 3.1.2, it is possible to find such a sufficiently smooth function w for many
important potentials V. However, for general Riemannian manifolds M, these
regularity properties of w might no longer be true. To bypass this issue in our
proofs, we work directly with the energy E and analyse the function Z in our
proof under smooth variations of curves connecting points x and y in M.
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As we did in the Euclidean case, we start by considering the case, where M
is compact.

PROOF OF THEOREM 3.12. Let u be a positive solution of (3.38) and set
v = logu. Then v satisfies

Ov=~A0Av+|Vu]> -V  in M x (0,00),
g(Vu,v) =0 on OM x (0, 00).

Fix € > 0 and define Z by

t
2ot )= ol ) oly.9) +log ( 53 ) + i) +
S
As in the proof of Theorem 3.2, we note that Z > 0 as s — 0T, and in light of
Proposition 3.5, we can conclude that Z > 0 for ¢ near s, and in particular, for
(t, s) sufficiently close to (0, 0).
We again proceed as in the proof of Theorem 3.2, by supposing Z touches 0
from above for the first time at a point Py = (o, Yo; to, So). For now, we assume
that xg,yo & OM.

We define a new function Z : C>([0, 1], M) x S — R by setting

3

2(t—s)2+5.

~ t €

20358, = o0 (1),0) = o2 (0).5) + 1o (510 ) + Blystos] + 50— 90
which we analyse under smooth variations of . Clearly, Z and Z are related by
the inequality

Z(vit,s) = Z(y(1),7(0); ¢, 5),
and equality holds if v minimises E|v;t, s|] over the set of all paths connect-
ing 7(0) and (1) fixed. Thus, we can conclude that if Z has a minimum
at (o, Yo; to, So), then Z has a minimum at (70, to, S0), where g is such that
E[0:to, so] < E[v;to, so] for all v € I',,,. From this, we conclude that

0:Z (7o; o, 50) < 0 (3.39)
952 (70; to, 50) < 0 (3.39b)
o -
5, 2(1(7.7);t0, 50) L 0 (3.39¢)
0% -
wzﬁ(ﬂ r); to, 50) . >0 (3.39d)

for all smooth variations v = y(7,7) of o, with r € (—6,0) for some § > 0 and
7(77 O) = 70(7—)'

Using (3.39¢) and the formula (3.22) for the first variation of E, we obtain
that

9(Vu(xo, t0),7(1)) — 9(Vu(yo, s0),7+(0))

:ZiégwmﬂwwD%whﬂm%@D
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for all smooth variations (7, r) of 7. By considering variations with ~,(1) = 0,
and then with ~,(0) = 0, it follows that
—1 —1

)70(1) and  Vu(yo, s0) =

VU(LIZ’Q, to) = 2(t0——80

m%(o)- (3.40)

Next, (3.39a) implies

B'(to)
Blto) T o E[%,toyé‘o] + &(to — s0)
= AU($0,t0) + ‘VU($0,t0)|2 — V(l’o) —+ ﬁﬁ((t(); + atE[’}/o, to, So] + S(to — So)

However, using (3.40) and the expression for EE [70; to, So] in Proposition 3.6, we
see that

0 > dyw(xg, to) +

0 yo(1)]2
Bt so = =9 V) = (o )+ ().
Therefore,
/
t
AU(ZL‘(),to) S _gétoo)) - €<t0 - 80). (341)
By a similar argument, (3.39b) implies
/
—Av(yo, So) < BB(( )) +e(to — so)- (3.42)

We now wish to make use of our last condition (3.39d). Choose an orthonor-
mal basis (e;(0))%, of T, M and parallel transport it along 7 to obtain an
orthonormal basis e; := ¢;(7) at each point on the curve. We then define a
particular variation of vy by setting

Y(7,7) = exp, ) (A(Tto + (1 — 7)s0)7€;).

We note that v,.(1,7) = A(t)e;, %( , 1) = A(so)e;, and v (1,7) = 0 for all
€ (—6,6). Then, by computing 2 52 Z((r, );to,So)‘ explicitly, we find that
0

r=
2

0
0 < A(to)*V,;Viv(zo, to) — A(50)*ViViv(yo, s0) + = E[y(7,7); to, so]

— . (3.43)

r=0

Proceeding identically as in the proof of Lemma 3.9 to compute and estimate
%Eh(ﬂ 7); to, So] o we obtain

0 < A(to)*Av(zo, to) — A(s0)*Av(yo, So)
+ g(to - 30)/0 Al(rtg+ (1 — 7)sp)? dr (3.44)

(o — 50) /0 Arto + (1= 7)50)2AV (30) dr-

Inserting the inequalities (3.41) (3.42), and (3.35) into (3.44) yields
0< —S(t() — So)(A(t0)2 — A(SO)2) < 0.
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This is a contradiction since A is assumed to be strictly increasing. If OM = (),
then this concludes the proof. Otherwise, at least one of the points zg, 1o needs
to lie on the boundary 0M.

Suppose yo € OM. Let e(0) := —v(yo) € T, M and parallel transport e(0)
along 7o, so that e(7) € T, M. We choose a variation ~ : [0,1] x [0,6) — M
of 7o defined by

y(T, 1) = €XDayy (1) (r(1 —7)e(r)). (3.45)
Then 7, (7,7) = (1 —7)e(7) for all € [0, ). In particular, 7,(0,7) = —v(yo) and
v (1,7) = 0. With the help of (3.22), we see that
D 26t = a(Tolaonts). 2 (1.0)) ~ a(Vo(un. 50).7%:(0.0)

r=0
1

n m(g(%u, 0),90(1)) = 9(7+(0,0),40(0)))

= g(Vu(yo, s0), V(%)) +

~ 9(v(%0),%0(0))
Q(to — 50) ’
where the last equality follows as a consequence of the Neumann condition on v.
The assumption that M is V-convex and in particular convex (see Remark 3.3
(ii)) implies g(v(vo),50(0)) < 0 and so

9(v(40), 70(0)
Q(to — S())

0
52(7@ 7));to, S0) . <0.

If this inequality is strict, we may apply a similar argument as in the proof
of Theorem 3.2 to reach a contradiction. Therefore, we must have equality,
which can occur only if g(v(yo),%(0)) = 0, that is, if 40(0) € T,,0M. Since
the manifold was assumed to be V-convex, Remark 3.3 (iii) implies this is only
possible if 44(0) = 0. Therefore, for any variation of 7y, not necessarily the one
defined by (3.45), we have

EZ(V(ﬂ 7); Lo, S0) = g(Vu(zo,t0),7-(1,0)) — 9(Vv(yo, S0),7+(0,0))

r=0

N mg(%m,o),%(l)).

In particular, for variations y(7,7) : [0,1] x (—=6,0) — M with 7,(1,0) = 0 we
have

%Z(V(T,T);to,so) = —9(Vu(yo, $0),7+(0,0)).

r=0
If we instead consider choosing 7,(0,0) € T,,0M, then we have

0= %2@(7, itosso)| = —g(Vo(yo, s0),3(0,0)).

r=0
Since the Neumann boundary condition implies g(Vv(yo, So),7-(0,0)) = 0 for all
7-(0,0) € (T,,,0M)*, we conclude that

9(Vu(yo, S0), 1(0,0)) =0
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for all choices of ,(0,0) € T,,, M and therefore
—1

V’U(yo, So) =0= m

Y0(0)
holds as before. It follows that

o -
EZ(’}/(T, 7);t0, So) L 9(Vo(zo, to),7-(1,0)) + 2to — s0)

for any variation of .
If 29 ¢ OM, then we may consider variations v(,r) : [0,1] X (=0,0) — M
with any choice of v,.(1,0) € T,,M. We then have

g(fyr(L 0)7 70(1))

0= 52(7(7, r); to, So) = g(Vv(zo,0),7-(1,0)) +

r=0

mg(%(l,oﬁ%(l))

and therefore
L)
Q(to — So) o

holds as before. If xqg € OM, by repeating the argument for yg, it must be that
F0(1) = 0 and Vu(zo,tr) = 0 and again we recover the above identity. From this

point on, we can continue to follow the argument as in the case that xg, yo &€ OM
to again reach a contradiction.

V’U(ZL‘(), tg) =

g

PROOF OF THEOREM 3.11. Since M is assumed to be V-approximable, we
may assume there exists a sequence (M, ),>; of V-convex domains approximating
M. From here, the argument follows precisely as in the proof of Theorem 3.1
with R? replaced by M and (,, replaced by M,,. O

3.1.4. The Schrodinger equation with gradient drift

Let M be a complete Riemannian manifold and f € C*(M). We consider positive
solutions of the equation

Ou=Au—2Vf-Vu—Vu in M x (0,00). (3.46)

Under the change of variables v := e/, (3.46) is transformed into the Schrédinger
equation
Ow=Av—Vv  in M x(0,00) (3.47)

for the potential V := IVf?—A f + V. Therefore, if the conditions of Theorem
3.11 are satisfied for the potential V', we may conclude that every positive solution
v of (3.47) satisfies the Harnack inequality

U(I‘, t) Z U(y, 5)@6—@(%@/;1‘/,3)’

B(t)
where
1

Syt = min s [ dre =) [ (VIR = AF +V)(0(7)
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Reversing the transformation, this leads to the Harnack inequality
B(s) —f(y)—@(zy;t
u(x,t) > uly, s) ef @)= fly)—o(zyit.s)
()
satisfied by every positive solution u of the original equation (3.46). We sum-

marise this finding in the following corollary.

Corollary 3.13. Let (M, g) be a complete Riemannian manifold without bound-
ary and nonnegative Ricci curvature. Let f € CYM), V € C*(M), and let u
be a positive solution of

Ou=Au—-2Vf-Vu—-Vu in M x (0, 00). (3.46)
If the conditions of Theorem 8.11 hold for the potential V := |V f|> — Af +V,

then u satisfies

w(z.t) > uly, ) %ef(w)—f(y)—w(w,y;t,s) (3.48)

forall x,y € M and 0 < s < t, where

O(z,y;t,s) = minﬁ/o |52 dr + (t — s)/o V(y(r)) dr.

quy

We obtain another similar corollary for the Neumann problem on compact
manifolds by applying Theorem 3.12.

Corollary 3.14. Let (M, g) be a compact Riemannian manifold with nonneg-
ative Ricci curvature and (possibly empty) boundary OM. Let f € C*(M),
V e C*(M), and let u be a positive solution of

ou=Au—-2Vf-Vu—Vu in M x (0, 00),
Vu-v=(Vf-v)u on OM x (0,00).

If the conditions of Theorem 3.12 hold for the potential V := |V f|> — Af +V,
then w satisfies (3.48) for all z,y € M and 0 < s < t.

(3.49)

Example 3.4 (Ornstein-Uhlenbeck with quadratic potential). For M = R?, we
consider when V = C}[z|? and f = —2|z|? for C;,Cy, € R. These choices
correspond to the equation

O = Au + 2Cyx - Vu — CF |z|u,
which under the transformation v = 6_%|$|2 becomes
O = Av — (C*z]* + dCq)v

for C' such that C? = C? + C%. From Example 3.2, it follows that a positive
solution v of this equation satisfies

sinh(2C's)\ ¥ olmats
oo 200 (i) <

for all z,y € R? and 0 < s < t with

o(x,y;t,s) = g (sinh|(9;;(z;|— ) + (|z|* + |y|?) tanh(C(t — s))) +dCy(t — s).
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Reversing the transformation, we have that u satisfies

sinh(2C's) 2 g, 2 o) (et
u(l‘, t) Z u(y’ S) (m) e 2 (‘ | Iyl ) ( Yt )

One may compare this inequality with the results obtained in [122].

3.1.5. Differential Harnack inequalities

Suppose u : M — [0, 00) satisfies the Harnack inequality

B(s) _ (z,y;t
u(z, t) > uly, s) —se @ @yits)
(@.1) = uly. ) 5
for a given function f : [0,00) — [0,00) and w defined as in Theorem 3.11. We
note that after reparametrising the curve =, the energy E equivalent to

Byt = 7 / 512 dr + / V(y(r)) dr.

Then, after making the change of variables v = logu, we have that

olayt) = oly,s) +log(8(0) ~ log(B(s) + ; [ i dr+ [ Vi) dr 20

forall z,y € M, 0 < s < t, where 7 is a V-geodesic connecting x and y in M. For
h > 0 small and € € T, M to be determined later, set = exp,(he) and t = s+h.
We write vy, : [s,s + h] = M to represent the V-geodesic with 7,(s) = y and
(s + h) = v = exp,(h€). Then

vim(s+h),s+h) —vly,s)  log(Bls +h)) —log(B(s))
h h

s+h ) 1 s+h
— ) — > 0.
s [ g [ Ve arz o

Passing to the limit as h — 0T yields

- Bs) 1
Vouly,s) - €4 0v(y,s) + =+ —|e]”"+ V(y) > 0.
(y, ) (y:9)+ Gy Tl +V W)
Writing 1|é]? + Vo(y, s) - € = |Vo(y, s) + 2€]> — [Vu(y, s)|* and then choosing
¢ = —2Vu(y, s), we have that
B'(s)
ps)

or equivalently if u solves (1.3),

O (y,s) + — |Vo(y, s)]> + V(y) >0,

)
A(logu) > 35)

in M x (0,00). Alternatively, if u = e~/4, where 4 solves (3.46), then
B'(s)
B(s)

A(loga) > Af —

in M x (0,00).
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3.2. THE HARNACK INEQUALITY FOR THE DOUBLY NONLINEAR
HEAT EQUATION

In this section, we are interested in studying the Harnack inequality satisfied by
positive solutions of the doubly nonlinear heat equation

Ou = Ay(u™) in M x (0,00) (1.4)

on a Riemannian manifold M with nonnegative Ricci curvature, where m > 0
and p > 2. Using the results in this section, one may deduce a Harnack inequality
satisfied by positive solutions of the porous medium equation (p = 2) and p-heat
equation (m = 1) in the degenerate range p > 2, as well as recover the results
obtained in Section 3.1 for the heat equation (m =1, p = 2).

3.2.1. Classical solutions in Euclidean space

We begin by discussing classical solutions of the doubly nonlinear heat equation
Ou=A,(u™)  in R? x (0, 00) (3.50)

in the Euclidean setting with M = R?. The main goal of this section is to prove
the following theorem.

Theorem 3.15. Let m > 0, p > 2 and set A := m — ]ﬁ. Let Q C R? be a
bounded domain with smooth boundary 0. Let w = w(x,y;t,s) : AxQAx S — R
be a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
w(z,y;t,s) — oo whenever t — st for x # y and lim;_, o+ w(z,z;t,5) > 0 for
all z € Q. In addition, suppose there exists a strictly increasing, differentiable
function 5 : [0,00) — [0,00) with (0) = 0 and a function A : [0,00) — [0, 00)
such that A%3* is increasing and w satisfies

Oyw + BV (1)|Vawl? > 0 (3.51)
Dsw — B (8)|V,w]P > 0 (3.52)

A )BT () A0 + AP (5) 87D (5) A yw
F2AM AT (O () Apuw (3.53)

< A2 ()BHD)B' (1) - A% ()8 ()5 (s)
in QxQ xS, where
Apayw = Va7 |Vyw| 7 x

d 2 d 2
<|vxw||vyw\ > o= (p-2 > - 82;"%2—;) .

Finally, assume that
V.w-v(z) >0, forallz € 0Q, y€Q, and 0 < s < t,
Vyw-v(y) >0, forallz € Q, y €0, and 0 < s < t.

(3.54)
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Then every positive solution u of

Ou = Ay(u™) in Q x (0,00)
{|V(um)|p2V(um) v=0 on 99 x (0,00). (3.55)
satisfies
V(BE)u(z, 1) = P(B(s)uly, s)) — w(z,y:t, s) (3.56)
for all z,y € Q and 0 < s < t, where
?w ifA#0,
(u) =9 (3.57)
logu if A=0.
p—1

Assuming that one can approximate positive solutions u of the doubly non-
linear heat equation (3.50) by solutions of the corresponding Neumann problem
on bounded domains € C R¢, one could apply the idea of the proof of Theorem
3.1 to obtain the following result.

Theorem 3.16. Let m > 0, p > 2 and set A :=m — zﬁ' Suppose there exists
a continuous function w = w(x,y;t,s) : RE x R x S — R, which is twice
differentiable in the first and second arguments and differentiable in the third
and fourth arguments. Suppose w(x,y;t,s) — oo whenever t — st forx # vy
and lim;_,, w(x,y;t,8) > 0 for all x € RY. In addition, assume that w satisfies

(3.51)~(3.53) in RYx R4 x S. Finally, assume there exists an increasing sequence
(Qn)n>1 of smooth, bounded domains ), C R? such that Un21 Q,, =R and

V,w-v(z) >0, for all x € 0, y € Uy, and 0 < s < t,

o (3.58)
Vyw-v(y) >0, forallz € Q,, y €0, and ) < s <t
hold for all n > 1. Then every positive C*'-solution u of
Opu = Ay (u™) in R? x (0, 00) (3.50)

satisfies the Harnack inequality (3.56) for all x,y € R? and 0 < s < t.

Our main task is therefore to prove Theorem 3.15. The proof will be bro-
ken into several cases depending on the sign of A. Our strategy in each case
closely mirrors the approach utilised in Section 3.1 for the heat equation, which
ultimately amounts to demonstrating that a suitably chosen function Z remains
nonnegative on 2 x 1 x S. We again employ a change of variables v = 1(u), with
the function ¢ in (3.57) being chosen as in the work of Esteban and Vézquez
(60, 61]. While the core of our argument to prove Theorem 3.15 is largely
unchanged when compared with the proof of Theorem 3.2 in the linear case,
the nonlinear structure of the p-Laplace operator poses some potential technical
difficulties, which we overcome by working with an appropriate basis of R¢.

PROOF OF THEOREM 3.15. We start with the case A > 0.
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Let u be a positive C*1-solution of (3.55) and set v = Zu*. Then v is a

py
solution to

{&gv = MA,v+ |VoulP in Q x (0, 00) (3.59)

|VolP=2Vv - v =0 on 99 x (0, 00).
Fix € > 0 and define a function Z on Q x Q x S by

Z(w,yits) = BA(o(e,t) = B(s)oly, s) + wlayst,s) + S(t—s) + <.

Firstly, observe that as s — 0T, the term including 8*(s) vanishes due to the
assumption that $(0) = 0. Since the other terms in Z are nonnegative, we
clearly have Z > 0 for s near 0. Next, if t — s* and x # y, the assumption
that w — oo as t — sT guarantees that Z > 0 for ¢ near s. Otherwise, if
r = y, then the difference S*(t)v(z,t) — B (s)v(x,s) — 0, so we can assume
BAt)v(x,t) — B (s)v(z,s) +& > 0. Again, the other terms in Z are nonnegative,
so Z > 0 for t near s. We see that Z > 0 for all times (¢, s) sufficiently close
to (0,0). Then, Z either remains strictly positive for all times, or there exists a
point Py := (20, Yo; to, 50) € Q x Q x S such that Z touches 0 for the first time
at Py in the sense of Definition 3.1. Suppose the latter is true and such a point
Py exists. First, assume that xq,yo € €2. Then, it follows that

OZ(Py) <0, 0Z(Py) <0, VyZ(P) =0, D, Z(F)>0.
Firstly, the condition V() Z(Fy) = 0 implies
0= V.Z(Py) = BMto)Vu(zg) + Vew(Py)
0= V,Z(Py) = —B(s0) V(o) + Vyw(F)
and therefore
Vu(zo,t0) = —to) Vew(FRy), (3.60)
Vo (yo, s0) = B (s0) Vyw(Pp). (3.61)
Next, the condition 9,7 (F) < 0 implies
0 > A8 1 (to) B (to)v(zo, to) + B (to)Osv (o, to) + Ouw(Py) + e(to — o).
Using the equation (3.59) as well as (3.60), it follows that
0 > A8 (t0) B (to)v(wo, to) + AB>(to)v(wo, to) Apv (o, to)
+ BMto)|[Vu(zo, t0)|P + O (Po) + (to — so)
= A\B* (o) B (to)v(wo, to) + A3 Mto)v(wo, to) Ay (o, to)
+ B (1) | Vaw(Po) [P + 0w (Py) + £(to — so)-
However, due to the assumption (3.51) on w, we are left with
0 > AB*L(to) B (to)v (o, to) + AB(to)v(zo, to) Apv (T, to) + (to — S0),

which we rearrange to

B t0) Apv(an, to) < =57 (t0)B'(t0) — 5 o

~— ~—

(3.62)
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By a similar argument using 0;Z(F) < 0, (3.61) and (3.52), we derive that

A A— / € to— S0
_6 (SO)ApU(ymSo) < 5 I(S‘J)B (30) + Xm (363)

For the next step of the proof, it is most convenient to work with respect to a
particular basis of R?. If p = 2, it is sufficient to work using the standard basis.
However, if p > 2, the p-Laplace operator contains mixed derivatives, which we
would like to avoid in our calculation. We distinguish between the cases, where
either or both of Vu(z,ty) and Vu(yo,so) are zero. We can easily rule out
the case Vu(xg,ty) = 0, since when p > 2, this would imply A,v(xo,ty) = 0.
However, since 3 is assumed to be a strictly increasing nonnegative function and
so ('(to) > 0, inequality (3.62) implies Ayv(zo, ) < 0, which is a contradiction.
However, the case that Vu(yo, so) # 0 is not so immediately ruled out. Therefore,
we make two cases.

For the moment, we proceed assuming that both Vu(xg,ty) and Vu(yo, so)

are nonzero. Then V,w(F) and V,w(F,) are also nonzero because of (3.60)
and (3.61). This permits us to define the following two orthonormal bases of

R, firstly B@ = (e{™, el .. ,eff)) with e{”) = mvxw(%) as well as
GRS ,e&y)) with B® = ¥ = —mvyw(%). In the steps that
follow, we will use 8‘2, and a%- to denote derivatives in the el(-w) and el(-y) directions

respectively.
Suppose z(7) and y(7) are two paths in {2 such that

_Ap=2)

(1) = Ato)B™" 7 (to)|[Vew(Po)"T e, a(r0) = o,

AMp—2)

y(1) = Also) B~ 7 (50)[Vyw(Po)| T e, y(10) = yo

for 1 <17 < d and for some 75. Then

2, )i,
= Alo)5 5 () Vs (B 75 0) 1)
- Alsn)5™ 5 () Vo (B 7N (0
+ Al (1) T (P)| T 0 (0,51,
F AT (50T (P'E 5 (1,5

0y;
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and

& 2(a(r)y)et.9)
= ()50 1) TP P50 5 0.0

— A%(50) B (50) | Vyw(Fo) P25 (s) yz( )

%
2

0w
+ A1) 302 t0) [V (Po) P2 55 )

2

0w
+ A%(50) 8707 (s0) [V (PP 5

+2A(t0)Als0) B2 (to) B 7 (s0) %
2 8200

Voo (R V()| 5

(z,y5t,5)

/\(p 2)

(z,y;t,5).

Evaluating at 7 = 7y and using that D(Qm’ »Z(Fo) = 0 implies

and so we have

0%

0.< A%(t)8 ™ (ko) Vo (R 55

(20, t0)

0%v

dy?
0w
0x?

8;

— A%(50) B8P (50) |V yw(Fo) P2

(Y0, 50)

+ A2(to) B2 (10) [ Vaw (Po) P2

(Fo)

+ A?(s59) 3772 (80)|VyW(P0)|p 26y
A(p—2)

+2A(to)A(s0) B 7 (to)B 7 (s0) X
2 82w

Vos(B) T V(BT 5 ().

(Fo)
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Summing over i and then adding a further (p — 2) multiples of the inequality for
1 =1 yields

2
0 < A(10)5 ) TR (Solan ) + (0= 25 o))
1

= A2s) 8 s Ty B (Bl s0) + (0~ D))
A ) T RP (Dus )+ (- 2T ()
+ A2<50>6*A<p*2><50>|vyw<Po>|H (Ayw(Po) -5 )
Vaw(Po)| 7 | Vyw(Po)] =

Ap—2)

+ 2A(to) A(s o)ﬁ* = (to)B~

~ (s0)
0%
. ((p 2) &Elayl Z 83/1 )

=1

(3.64)
Note that when p # 2, (3.60) and (3.61) imply
Vo (@o, to) = —B(to)| Vaw(Py) el
Voo, s0) = 57 (50) |V (Po) e’

and recall that in non-divergence form, the p-Laplace operator A, may be ex-
pressed as

Ao = [Vo ™ ([Vo*Av + (p = 2) Vo D*0V0) .

It follows that

2
Byolan t0) = 5202 @) Vo PP (Suanst) + (0= 27 )
1

0%
By 50) = 50D s0) Ve PP B, sn) + (0= D55 0))
1
Therefore, the inequality (3.64) simplifies to

0 < A®(t0) 8 (to) Apv(o, to) — A*(s0) 8 (s0) Apv (Yo, 50)

+ A2 (tO B—A(p—2) (tO)Ap,xw(PO) + Az(SO)B_A(p_Q)(SO)Ap,yW(PO)

A(so) 57 (t0)B™7 (50) | Vaw(P)| "7 |V y(Po)| "7

92w d 2w
| =2 8:}618@/1 Z 8yz
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This inequality remains true in the case p = 2. We may now insert the inequali-
ties (3.62) and (3.63), which produces

(A Ak)

! S)‘(to o) ( (Y0, 50) U(fﬁo,to))

+ A%(s50) 8 (50) 8 (s0) — A%(t0) 8 (t0) B (to)

+ A%(tg) 3P (0) pr(Po)+A2(50)57A(p72)(SO)Ap,yW(Po)
+24(to) A(s0) BT (b)) T (50)| Vaw(Po)| " V0 (Ro)[ "=

0w 5w
: <(p - 2)83713191 (o) + ; 0x,;0y; (PO)> |

However, after rewriting the derivatives in the above inequality with respect to
the standard basis, the assumed inequality (3.53) implies

£ A?(s0) A(to)
0§x““”“<um@@_v@mW)'

We claim that the expression of the right-hand side is in fact strictly negative,
and we have thus reached a contradiction. Since Z(Fy) = 0, it follows that

B (to)v(xo, to) — B (50)0(yo, 50) = —w(Py) — g(to ~ ) —e <0,

Therefore
1 1

BA(s0)v (Yo, 50) B (to)v(wo, to)
Since A2$* is assumed to be increasing, A%(so)B(s0) < A%(to)B(to) and so

A%(so)  A%to) _ A%(s0)BMso)  A’(to)BM(to) <0
v(Yo, s0)  v(wo,to)  BMso)v(yo,s0)  BAto)v(wo,te)

which leads to a contradiction.

Returning to the case that p > 2 and Vu(yo, s9) = 0, because of (3.61), this
would imply that V,w(F), Apw(F), and A, ,,w(Fp) all vanish as well. This
means that (3.53) reduces to

A2 (t0) B2 (tg) Ay aw (o)
< A%(t0) B (o) B (to) — A%(s0) B8 (50)8' (s0)-

We may repeat the arguments from when Vu(yo, so) # 0, except we only use the
basis B®) and analyse - 222 ((7), Yo; to, So)|r=r,- This leads to

0 S AQ(t())B)\(to)ApU(ZEo, to) + AQ(to),B_/\(p_Q) (to)Ap@CU(Po).
Inserting (3.65) and (3.62) yields

0 < —A%(s0)8" " (50)8'(50) —

< 0.

(3.65)

€ to— So
A ’U(Io, to)
so again we have a contradiction. Therefore, the assumption that zg,y, € Q

is false and at least one of these points must occur on the boundary 0. The
argument to finish the proof from here follows identically as in the linear case.

<0,
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We now consider the case A\ = m — pil

bearing in mind that v is now a negative function. Fixing ¢ > 0, we define
Z(x,y;t,5) = BA(t)o(x,t) — B (s)o(y, s) +w(@,y;t, 5)

+g(/:m dT)_Z—i-a.

We first note that as s — 0" one has —3*(s)v(y, s) — oo since 5(0) =0, A < 0
and —v(y,s) > 0. Therefore Z > 0 for s > 0 small. In addition, when ¢t — s*,
the integral term in Z becomes unbounded, so Z > 0 for ¢ sufficiently close to
s. In particular, Z will be strictly positive for 0 < s < t in a small enough
neighbourhood of (0, 0).

As in the case A > 0, we suppose Z vanishes for the first time at some point

Py := (%0, yo; to, So). Proceeding as in our earlier proof and first assuming xg, yo
are both in €2, we find that

VU(.%(), to) = —ﬂ_)\(to)vmu)(P()) (360)
Vo (Yo, s0) = B (s0) Vyw(Pp) (3.61)

remain true. However, due to the change in the definition of Z, inequalities
(3.62) and (3.63) are replaced by

B (to) Apv(zo, to) < =B (t0) B (to)

< 0. We again define v := %u’\,

e (/: m dT) : )\AQ(to)ﬂA(lto)U(ﬂioa to)

and

—B(s0) Apv(yo, s0) < B (50)5 (s0)

c (/ TP dT) VAT Ty

respectively. Following the approach of the proof when A > 0, we reach

0<5</t;d7)3( ! - ! ) (3.66)
- s A2(T)BMT) ABM(to)v(zo,to) — ABM(s0)v(yo, So)
As before, since Z(P,) = 0, one has

A A 19 t 1 -2
ﬁ (tO)U(x()atO) - B (SO)U(yO; SO) = _W(PO) - 5 (/5 W dT) —e<0.

Therefore, since A\ < 0, this implies
Aﬁk(to)v(l'(), to) > )\5)\(80)?](?/0, 80).

Since the quantities on both sides of the inequality are positive, this yields
1 1

< .
ABMto)v(xo,to) — AB(s0)v(vo, So)
As the integral in (3.66) is positive, we have reached

=s (/: m dT) k (ABA(fo)i(iﬁo,to) - WA(SO;J(?JO, 30)) <0
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which is a contradiction. By the same argument as earlier, we can rule out the
possibility that either zy or yy occurs on the boundary 0f2. Therefore, the proof
in this case is complete.

The final case to be treated is when A\ = 0, that is m = p%l. The case p =2
corresponds to the heat equation, which was already covered in the previous

section. Therefore, we assume p > 2.
Let u be a C*!-solution of

Oru = Ap(uz%l) in © x (0, 00) (3.67)
]V(uril)]p_2V(uﬁ) cv=0  ondQ x (0,00). .
on a smooth domain 2 C R% and set v = p%l logu. Then v solves
O = p%lApv +|Voul? in Q x (0,00) (3.68)
|VolP=2Vv-v =10 on 9 x (0,00).
Fix € > 0 and define a function Z on Q x Q x S by
1 B(t) € 2
Z(x,y;t,s) =v(x,t) —v(y,s) + —— log (—) +wl(z,y;t,8)+ =(t—35)"+¢€.
(51, 8) = vl 1) vy, ) + = low (55 ) eyt s) + 5t =)
Firstly, observe that as s — 07, the term p%llog <%) — 00 due to the as-

sumption that (0) = 0. Therefore, Z > 0 for s near 0. Next, if t — st and
x # y, the assumption that w — oo as t — st guarantees that Z > 0 for ¢ near
s. Otherwise, if x = y, then the difference v(x,t) —v(z, s) — 0, so we can assume
v(x,t) —v(z,s) + & > 0. Again, the other terms in Z are nonnegative, so Z > 0
for ¢ near s.

_ Suppose Z touches 0 for the first time at a point Fy := (o0, Yo; to, So) €
Q x  x S and assume for the moment that xg, 3y € 2. Then, it follows that

0Z(Ry) <0, 0:Z(P) <0, VuynZ(P) =0, D}, Z(P)>0.

(z,y)
In the analysis that follows, it is useful to note that when A =m — p%l =0, the
three inequalities (3.51)—(3.53) satisfied by w simplify to

Ow + |Vw|P >0, (3.69)
Osw — |Vyw|P >0, (3.70)
A2(8) A ow + A% (8)A, yw + 2A(H) A(s)A, pyw < AQ(t)L(t) — AQ(S)w.
p(t) p(s)
(3.71)
Firstly, the condition V(, 4 Z(Fy) = 0 implies
0=V.Z(R) = Vu(xy) + Vw(F)
0=V,Z(FR) =—-Vov(zy) + Vyw()
and therefore
Vou(zg, to) = —Vw(F) (3.72)

Vu(yo, s0) = Vyw(D). (3.73)
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Next, the condition 0,Z(F) < 0 implies

0 Z 8tv(m0,t0)+ — 1/56(( )) +8tw(P0)+5(t0—30)
Using the equation (3.68) as well as (3.72), it follows that
1 1 B(t)
0> pTlApU(ZUO, tO) + |VU(1'0,tO)|p + E B(t:})) + atCU(P()) + €(t0 — So)
_ ! py L Bl
= ——Ayu(xo, to) + |Vaow(F)[” + + Oiw(Py) + &(to — s0).

p—1 p—1B(t)

However, due to the assumption (3.69) on w, this reduces to

1 1 "(t
O Z pTlApU(.To,to) + ‘VIW(P()HP -+ —M =+ atW(Po) + 8(t0 — 80),

p—15(t)
which we rearrange to
/
t
Ayo(zo,to) < BCACONS e(p —1)(to — o). (3.74)
B(to)
By a similar argument using 0,7 (Fp) < 0, (3.72) and (3.70), we derive that
/
s
—A,v(Yo, So) < Fls0) +e(p—1)(to — s0)- (3.75)
B(s0)

As in the A > 0 case, we can rule out the possibility that Vu(zg,t) = 0.
The case Vou(yo, So) = 0 can also be excluded by a similar argument. Therefore,
we assume that both Vu(xg,tg) and Vo(yg, so) are nonzero. Then V,w(F,) and

V,w(FPy) are also nonzero because of (3.72) and (3.73). This permits us to define
two orthonormal bases B@ = (e!”) eg Vel with el = sz ooy Ve (o)
and (e, el ... eW) with B® = ) = —mvyw(ﬂj) of R4,

Suppose z(7) and y(7) are two paths in €2 such that
2'(7) = Alto)|Vaw(P)|"Z e, 2(r) = 0,
Y(1) = A(s0)|Vyw(Po)| "= e, y(m0) = wo

for 1 < i < d and for some 79. Then

& 7). ()1 9)
2 Qv 2 Ju
AWV (P55 (a,8) = Als) Vo (Bo)| 5 5 (01,9
p=2 Ow —2 Ow

A(to)|Vaw(Fo)|

o (i 5) + Al V()| 7 52 (i
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and
d2
ﬁz(ﬁ(T),y(T);t, s)
_,0% 0%
A T RO 25 000) — Ao Vs PP 55009
0w 0w

+ A2(t0)|va(P0)|p_2

927 (z,y;t,8) + A2(50)|Vyw(P0)|p_2 e (x,y;t,s)

p2 8&)

+ 2A(to) A(s0)| Voo (Po)| 2 [V (Py)| 2 92:00; =@yt 5).

Evaluating at 7 = 7y and using that D?Ly)Z (Fy) > 0 implies

2@t >0

T=To
and we have

0% 0%v

552 (20, o) = A2(50)|VyW(P0)\p72a 2(907 s0)

0w ,0%w
G (PO + A )V P2

0 < A2(to) | Vaw(Po) P2

+ A2(to)|Vaw(By) P2 (Po)

b2 0w

+ 2A(t0) A(s0)| Vo (R % V(P 5

(Fo)-

Summing over i and then adding a further (p — 2) multiples of the inequality for
1 =1 yields

0 < A%(10)|Vo(Py) P (Av<xo,to> (v 2)295 <xo,to>)
A%(s0) [V (PP (Awym s0) + (p - 2)2—;§<y0, 30>)

072
(92w
891

(3.76)

—|—A (80 ]Vyw Po ‘p 2 Ayw

82
—I—Az(to |wa Po |p 2( xw PO P 2) w(P ))
( +(P—-2)5%

7))

+ 2A(ty) A (so)\VIW(Po)IPQQ!Vyw(PO)\ =

0w 0w
X <<p - 2) 35E1ay1 (P(]) + p axzayZ (P(])) .

Note that (3.72) and (3.73) imply

Vou(zg,to) = —|Va w(P0)|e(x)
Vu(yo, so) = [Vyw(Po)let?.
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As for when A\ > 0, one has

02
Ay, to) = Vo (ROP  Bolaas o) + (0 = 23 5lan 1))
1

Apu(yo, s0) = [Vyw(Po) [P~ (AU(?JO, so) + (p — 2)23/; (%o, So)) ;
and hence, the inequality (3.76) simplifies to
0 < A%(to) Ayv(wo, to) — A*(s0)Apv(yo, s0)
+ A2(t0) A aw(Py) + A% (s0) A, yw(Pp)
+ 2A(t0) A(50) [ Vaw(Po) |7 |[Vyw(Fo)| T x

d
<<p ~ 20 (Ry)+ > . (P0)> .
We may now insert the inequalities (3.74) and (3.75), which produces
0 < e(p—1)(to — s0) (A%(s0) — A*(to))
B'(s0) B'(to)

B0~ )
+ A%(t0) Apaw(Po) + A2(30)Ap yw(F)
)A

+2A(t0 S())|VxOJ(P0)| 7 |V CU(P())| 2 X

—+ A2(SO

<(p -2 8951(9y1 Z axzﬁyz )

However, the assumed inequality (3.71) implies
0< E(p — 1)(t0 — SQ) (A2(30) — Az(to)) < 0,

which is a contradiction. Therefore, the assumption that xg,yy € €0 is false and
at least one of these points must occur on the boundary 02. However, we can
also rule this out using the argument from the linear case. U

The condition D7, Z(Py) > 0 can be utilised in a different manner than
we have just shown. The following alternative calculation makes greater use
of properties from linear algebra to obtain a contradiction. We provide this
computation below in the case A > 0 to demonstrate the analogue between the
proofs in the cases of classical and viscosity solutions, which we discuss later.

PROOF 2 OF THEOREM 3.17. We return to the estimates (3.62) and (3.63).

Taking a linear combination of these inequalities with the positive coefficients
A%(to) and A?(sg) yields

0 < A%(50)8" " (s0) 8 (50) — A%(t0) 3 (t0) B (to)
# 5= s) (0 £ (3.77)

A v(Yo,s0)  v(zo,t0)
— (A%(t0) B (to) Apv(wo, to) — A (s50) 5 (s0) Apv(yo, 50))-
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We aim to obtain a lower bound on

Q = A%(to) 8 (o) Apv (o, to) — A%(50) 8™ (50) Apv (10, $0).

Making use of the non-divergence form of the operator A,, this quantity is equal
to

Q = A%(to)f (to)|Vu(zo, to) P2 tr D*v(xo, to)
— A%(50)8™(50)|Vo(yo, 50) [P~ tr D*v(yo, so)
+ (p — 2)A%(to) B (to) | Vu(zo, to) [P~ x
Vu(zo, to) " D*v(xo, to) Vo (o, to)
— (p = 2)A%(50) 8" (s0) VU (Yo, 50)["~*
Vo(yo, s0) ' D*0(yo, 50)V(yo, 50)-
Inserting the relationships (3.60) and (3.61) gives
Q = A%(to) 57D (1) |V ow(Po) [P~2 tr (8 (to) D*v (0, o))
+ A%(50) 87072 (50) | V(o) [P~2 tr(= 5 (50) D?0(0, 1o )
+(p = 2)A%(t) B2 (1) [Vaw (o) [P~ %
\ W(PO)T(ﬁ (to) D*v (o, t0)) Vaw(Py)
— (p = 2)A%(50) 87072 (50) | V(o) [P
Vyw(Po) " (8 (50)D*v(yo, 80)) Vet (Po)-

Now, let
[ A2(t0) B (1) [Vaw(Po) P14 0
b= ( 0 AQ(So)ﬁA(pQ)(SO)WyW(POHPQId)
_ ([ B*to) D*v(xo, to) 0
G:= ( 0 —5’\(30)172 (yo,So))
= (A(tow LtV mw<Po>>
Als0) 87 (50)| Vg (Po)| "7 Vyw(Py)
so that

Q =tr(FG) + (p—2)¢"GC.

By the properties of the trace, this formula remains true if we replace F' by the
matrix
& Fii Fig
F = )
(F 12 Foo

Fiy:= A%(to) 57272 (t0) | Vo (Po) P I
Ap=2)

(P 2) p—2 p—=2
Frp = Alto) A(s0) B~ (to)B™ 2 (80)|Vaw(wo, to)| 2 [Vyw(yo, s0)| = 1a
FQQ = A2(So)ﬁi/\(p72) (80)|VyW(P0>|pi2[d.
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One may verify that this choice of F' remains a positive semi-definite matrix. We
also recall that D(Qx y)Z(PO) > 0. Applying the definition of the function Z, this
implies

Mto)D?v(xg, t 0
G = (ﬁ (0) OU('TO 0> —ﬁ)‘(So)DQ'U(yO)So)) > _D?x,y)w(PO)'

It follows that

tr(FG) + (p — 2)¢TG¢
> —tr(FD2,w(Py)) — (p— 2)¢ " DE, yw(Po)C.

Q

Expanding the products, this inequality is equivalent to

Q > —A(to) B (tg) Apaw(Po) — A%(50) B (50) Apyw(Fy)

Ap—2) _XMp=2)

= 2A(t0)A(s0) 877 (t0)B™ 7 (50)Apayw (F0)
and so combining this with (3.77) produces
0 < A%(s0) 8™ (s0)8'(s0) — A*(t0) 8~ (t0) 5 (t0)
S ()

A v(Yo,80)  v(zo,to)
+ A% (t0) B0 (t0) Ap aw(Po) + A%(50) 872 (50) A yw(Fo)

_AMp=2) _Ap=2)

+2A(t0) A(so) B 7 (t0)B™ 7 (s0) Apayw(F).
Then, the assumption (3.53) once again implies
9 Az(So) Az(to) )
0< —(tg—s —
= J(fo s <U(yo7«5‘0) v(o, to)

and the remainder of the proof follows identically.

The optimal w

As in the linear case, we identify an optimal candidate for the function w. For a
given increasing function g : [0, 00) — [0, 00), we define an energy

1
Elyit,s] = S [ Rl ar (3.78)
((B(t) = B(s))" o
for curves v : [0,1] — M, where B is such that B'(t) = 37 2®=1(¢t), p/ := ]%,
and C, := (p — 1)p™?. For fixed x,y € M, the energy E is minimised over the
set of curves v joining x and y by the geodesic passing between these points and
therefore we choose

p/
w(‘r’y;tv S) = min E[v;t,s] — Cp d(xay)

Y€z y (B(t) _ B(S))p/,l . (379)
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Following the ideas in Section 3.1.2, one sees that the function w defined in (3.79)
satisfies (3.51) and (3.52) with equality. However, it is again not immediately
clear if there exists an increasing function A such that (3.53) holds.

Looking first in the Euclidean case M = R? we now aim to determine for
which choices of §, there exists a function A, such that inequality (3.53) is
satisfied. By an explicit computation, we find that

p/O ’
wa(l’, yst, S) = (B(t) —_ B]ZS))p/_l |.CL’ - ylp 2(1, - y)
. _ p,Cp -2 . _ .
Vyw(z,y;t,s) = |z —y|P 7 (x —y) = —V,w(x,y; t, ).

(B(t) — B(s))”"!

Then, since

2y — 49 D2,
Va2V = (g L)l @)
1l -y
~ pB(t) — B(s)
it follows that
Ay = diva([Vawp Vo) = 4L
’ p B(t) — B(s)
Similarly, one has
Ay = divy (Vo 2Vyw) = 2L
’ p B(t) — B(s)
In addition, the relationship V,w = —V,w means that the formula for the mixed

p-Laplacian A, ,,w simplifies greatly and
Byt = V0] " [Vy0] 2" (19,01 [V 0] v (Vo)
—(p— 2)waTD§wayw>

= —|VowP (| Vw]?Arw + Vow ! D20V,w) = A, 4w
_d 1
~ pB(t)—B(s)
Therefore, (3.53) is equivalent to
1 (A5 (1) — A5 ()
p B(t) — B(s)
< AOPTHB () — A%(5)8YH(5)B(5)-

One simple way in which this condition can be satisfied is if

Ap—2)

B(t) = A()5~ > (1), (3.80)

AMp—2)

gA(t)5‘2(t) — 2P () (0) (3.81)
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hold for all £ > 0. Rearranging (3.80) for A(t) and inserting into (3.81) leads to

gB@) — BB (08 (1) (3.82)

and therefore

o) = 2= (L)

Recalling that B'(t) = 3~*®=1(¢), this implies
Alp —1)d (B'(t))
D B//(t) ’

B(t) = -

which, when rearranged, gives
B"(t) AMp—1)d B'(t)

B(t) p  B(t)

Therefore \ p
-1
log(B'(1)) = - D1
p
for some constant of integration C'; which we do not track in the computations
that follow. Given that B may be any antiderivative of S~*®~D®)  we may
assume B(0) = 0. Solving for B(t) then produces

log B(t) + C

where

S om(p—1)—1+12
Finally, by differentiating B and rearranging, it follows that

—1/A(p—1)
o= (S52)

We note that we have only determined 5 up to a positive multiplicative constant,
however, the structure of the Harnack inequality (3.56) implies the resulting
inequality is equivalent for all choices of this constant. Therefore, for convenience,
we select C' = Kip, so that
B(t) = t¥ B(t) = ith/d A(t) = it(%@ﬂ('
Kp ’ Kp
With these choices, we consider

1 /K\" lz —y|”
(A)(x7y’t7 S) == ]? (E) (th/d — 5Kp/d>p’—1 (383)

to be the optimal choice of w in the Euclidean setting. Our choice is supported by
the fact that, analogous to the situation for the heat equation (see Example 3.1),
the Barenblatt solution B for the doubly nonlinear heat equation given by (2.12)
satisfies the resulting Harnack inequality (3.56) with equality for all z,y € R?
and 0 < s < t in the support of B satisfying

SKp/dx — th/d

Y.
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Remark 3.4. Theorem 3.16 requires that the function  is strictly increasing,

which if 3 = ¢, only occurs if K = m > 0. This introduces the
restriction

dim+1)

1+dm’

which must be satisfied in order to deduce a Harnack inequality using Theorem
3.16. In the case m = 1 corresponding to the p-heat equation, this restriction
reads as

2d
d+1’
which matches the range for which both the Harnack inequality (see, for instance,
[57]) and its differentiated form (1.24) due to Esteban and Vazquez [61] are
known to hold. Moreover, with w chosen as in (3.83), we recover the Harnack
inequality

D> Dx =

l Kk N A 1 (K v |x_y|p,
X(t u(z,t)) _X<S u(y,s))" + - "l (FFP/d — 5Kpdy >0

satisfied by every positive solution of the p-heat equation (1.6) for every z,y € R¢,
0 < s < t, which coincides with the result in [13].

Similarly, for p = 2, one has the restriction

>1 2
m T
d

which already appeared in the work of Aronson and Bénilan [8] on the porous
medium equation. In addition, we also obtain the Harnack inequality

K —_ ]2
(uly, )"+ eI > 0

m K m—1
—— (" u(z, )" — 5d PK/d — g2KJd =

m—1

m—1

satisfied by every positive solution of the porous medium equation (1.5) for every
T,y € R 0<s<t[13].

3.2.2. Classical solutions on Riemannian manifolds

The arguments from the previous section can also be adapted to solutions of the
equation (1.4) on Riemannian manifolds. We have the following results.

1
Theorem 3.17. Letm > 0, p > 2 be such that K = =—5—75 > 0. Let (M, g)

be a compact Riemannian manifold with (possibly empty) conver boundary and
nonnegative Ricci curvature. Then every positive C*'-solution u of

{Btu =A,(u™) in M x (0,00) (3.84)

g(IV (™) P2V (u™),v) =0 on OM x (0,0)
satisfies the Harnack inequality

b(B)ulz, ) = ¥(B(s)uly, s)) —w(,y:t, s) (3.85)
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forallz,y € M and 0 < s < t, where 1 is defined as in Theorem 3.16, B(t) = t&,

Ai=m— %1, B is an antiderivative of B~2®=1 and
p

Cpd(z, y)p/
(B(t) — B(s))P*

w(z,y;t,s) =

Assuming one can approximate solutions of (1.4) on a complete manifold M
by solutions of the homogeneous Neumann problem (3.84) on convex submani-
folds, the following theorem holds as well.

_ 1
Theorem 3.18. Let m > 0, p > 2 be such that K = DT 0. Let

(M, g) be a complete Riemannian manifold without boundary and nonnegative
Ricci curvature. Then every positive C%1-solution u of

Opu = Ay (u™) in M x (0,00) (1.4)
satisfies the Harnack inequality (3.85) for all x,y € M and 0 < s < t.

For the same reasons as in the linear case, we work directly with the energy

CP
= ) - oy !
Cp A 4
o=y b 0

! ’
3" dr
1

defined in (3.78) for all C'! curves 7. To assist us in the proof of Theorem 3.18,
we briefly analyse some properties of the energy F.

For z,y € M fixed, we first consider the problem of minimising F over I, .
Since F is Gateaux differentiable with

p/Cp ' =2 (s .
0 = o

the Fuler-Lagrange equation associated to this problem is

(E'ly:t,s],h) =

V- (13172) =0, (3.86)

which is satisfied by the geodesic 7y connecting x and y. Thus,

p/
w(z,y;t,s) == min E[y:t,s] = Ely;t, s] = Cpd(z,y) .
YE 2,y ((B(t) _ B(S))p
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Next, we consider the derivatives of E[v;t, s| under smooth variations of the
curve 7.

Proposition 3.19. Fiz a curve vy : [0,1] = M and let y(7,7) : [0,1] x (=4,0) be
a smooth family of curves such that v(7,0) = 4o(7). Then we have the formulas

& Bly(r )it
- 1 L
— p(B(t) — B(S)) |7’ 9(77"77) 0 (3.87)
1 L o
- <p<B<t> —B<s>>) |, aln ott9)) 0o
and
Cg‘l—;Eh(Tﬂ“);t,S]

1 P-1 / . .
= (p(B(t) —B(3)>> /0 (0" = 2)|Y[P*g(V.5,4)? dr

] -1 o . .

+9(VoVo,4) + [VI?) dr.
(3.88)

PROOF. By direct calculation, one has

< Bpyr it

C, VI
N ((B(t)_B(S))PLl o drg(%W) d

- (p(B(t) 1_ B(s))) /0 903,45 9(V 7, 4) dr

’ 1

- (p(B(t) 1_ B(S))) 9(77"7)%,_19(%7;7)

0

/

) <p(B(t) - B(S))> _ /olg(%’m(g@’”g_w)) dr
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and

p

+ : B(S)))p / 96 E (oY V48 + VA7) dr

/

’ (p(B(t)—B(s))> /0 g('y”y)?ﬂ(R('y’“’%%’w
+ (VoY 9) + [V,312) dr

We also have the analogue of Proposition 3.7.

Proposition 3.20. Let vy, be a geodesic connecting x,y € M and setw(z,y;t,s) =
E[yo;t,s]. Then w satisfies

D + S|V, w|? =0 (3.89)
dw — APV ()| V,wlP =0 (3.90)
i M x M x S.
PrROOF. When v(7) := (7, 0) is a geodesic, the formula (3.87) condenses to
1

d
%Eh/@—? T’), ta S]

1 S .
= ( B(S))) |70(T)‘ g(fyr(ﬂO)vVO(T))

0

If we take the family ~(7,r) such that v(0,7) = y for all » € (—4,0), then
7 (0,7) = 0 and so

/

1B(5>)> [Ho(D) P29 (7 (1),70(1))

p(B(t) —

is true for all choices of 7, (1). Therefore,

9(Vew, (1)) = (

/

1 .
Vaw = (p(B(t) — B(s))) Vo ()P 0(1)
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Ll = d(z,y) o
Ve <p(B<t>—B<s>)> |

In addition, we note that

and it follows that

_ 0 Gyd(w,y)”
Ot ((B(t) — B(s))" "

= (1= )30 D) (—B(j@’@g( )

=0 ()

and it is now easy to see that w satisfies

A + APV ()| V,w|P = 0.
Using a similar derivation, one may demonstrate that w satisfies
Opw — 57A(p71)(5>|vyw|p =0

as well. 0

ProoOF OoF THEOREM 3.17. To avoid repetition, we give the proof only in
the case A =m — zﬁ > () and the other cases can be handled by making similar
adjustments as in the Euclidean case.

Let u be a positive C*! solution of (3.84) and set v = Stu* so that v satisfies

0w = MA,u+ |[VolP in M x (0, 00), (3.91)
g(|[VulP=2Vu,v) =0  on dM x (0,00). '
For a fixed € > 0, we let
Cpd(z, y)” € 2
Z(z,y;t,s) == B)v(xz,t) — B s)v(y, s) + T+ S(t—9)" +e
(@t.5) = B0 0) = B$l.5) + et g + 5t =9

As in the proof of Theorem 3.15, we see that Z > 0 for s sufficiently small and
for ¢t near s. In particular, Z > 0 for (¢, s) near (0,0) with 0 < s < ¢. Suppose
there exists a point Py := (2o, Yo; to, So) such that Z touches 0 for the first time
at Py. We assume for the moment that xg,yo € OM.

If we now define a new function Z : C*°([0,1], M) x S — R by

Z(y;t,s) = BA(tpo(y(1),1) - ﬁA( Ju(7(0),5)
+(B( /|7|p dr+ = t—s)
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and set 7o to be the geodesic such that 19(0) = yo and (1) = o, then
Z (Y05 t0, S0) = 0 and Z > 0 whenever t* + s* < t3 + s3. Therefore

A, Z (Y03 to, 50) < 0 (3.92a)
052 (Y03 to, 50) < 0 (3.92b)
0 ~
5, 2(1(7.7);t0, 50) T 0 (3.92¢)
82

>0 (3.92d)

ﬁZ(V(ﬂ 7); to, So)

r=0

for all smooth variations v = (7, 7) of 7y, with r € (=4, 6) for some 6 > 0 and
v(7,0) = 70(7). The condition (3.92¢) implies

g (ﬁ’\(to)VU(JUo,to),%(l)) -9 (ﬁ/\(so)vv(yo, So)a’Yr(()))

1 v
o (p(B(t) - B(s») "
(9 (oW 25(1), 7(1)) = g (Fo(O)F~230(0),7%(0)) )

By considering the cases when 7, (1) = 0 and ~,.(0) = 0, we reach the conclusion
that

Vo(ao to) = —87(to) ( B<s>)> oD 20(L)

p(B(t) - (3.93)

1
p(B(t) —

Moreover, since 7, is a geodesic, it has constant speed equal to d(xg,yo). There-
fore,

Vu(yo, s0) = —B*(s0) ( B(s))) |70 (0) 7" ~%40(0).

N d(:)ﬁo,yo) "
[Vo(o,t0)| = 57 (to) <p(3(to)—B<So>)> | (3.94)

IV0(yo, 50)| = B (s0) ( d<x0’y0)(80))> )

p(B(to) — B
Next, using the condition (3.92a) and equation (3.91), it follows that
0> A3 (to) B'(to)v(wo, to) + B (to) dpv(z0, to)
+ %E[%;to, so] + €(to — so)
= A8 (t0) B (to)v(wo, to) + A3 (to)v(z0, to) Ayv (o, to)

0
+ BA(t0)|VU(ZL‘07 t0)|p —+ gEh/o; to, 80] + €(to — 80).
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However, as in the proof of Proposition 3.20, we find that

(t0)|VU(:1:0, to)’ + = 0

it =0
ot [’Yo» 0,30] )

and therefore

0 > A3 (t0) B (to)v(0, to) + A8 (to)v(0, to) Apv(o, to) + £(to — s0),

or equivalently,

to)A to) < =B " (to)B (to) — ~ 3.95
B (O) p'U(.CE(), 0) = 5 ( )B ( 0) /\U(l’o,to) ( )
By a similar argument beginning with (3.92b), we obtain
to— s
— B (s0) A < ! ST 3.96
B s0) gl s0) < B on) (50 + S (3.96)

As in the Euclidean case, the next step of the proof proceeds after making a
certain choice of basis. If p = 2, we choose (e;(0))%, to be any orthonormal
basis of Ty, M, which we parallel transport along 7y to obtain an orthonormal
basis e; := e;(7) at each pomt on the curve. If p # 2, we choose a particular basis

of T,,, M such that e;(0) = . When parallel transporting (e;(0))L, along o,

which is a geodesic, we have 61( )= lv(T;‘ for all 7 € [0, 1]. We note that we can
rule out the possibility that + is ever 0 in a similar fashion as in the Euclidean
case. Indeed, if 4 = 0, then (3.93) implies Vv(zo,ty) = Vv(yo, So) = 0, and thus
Ayv(xg,to) = Ayv(yo, so) = 0 as well. However, this would create a contradiction
with (3.95). Therefore 4 # 0.

We choose a particular variation of vy by

)
2

re;(T)

(7o) = EXPryy (r) (B(to)T + (1 — 7)B(s0)) ( d(zo,Yo) )

p(B(to) — B(s0))

so that

@' -1)(p—2)
2

B . d($07y0)
0. = 560 (5750557
@' =1)@=2)

_ d(o, yo) :
(o) = Bl (et )T )

and V,7, = 0. Then condition (3.92d) implies

(' =1)(p—2)
0 < B (t) B(to)* (jrmiyesy) ViViv(o, 1)

p(B(to)—B(

A 2 d(x0,90)
- 6 (SO)B(SO> <p(B(t0)0—y§(80))
2

0
+ wE( Y(T,7);to, 50)

®-1)(p—2)
> Viviv(ym So)

r=0
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Using the formula (3.88), one may compute that

82

or2 E(W(Ta 7“); tO; SO)

p =2
P

1
BT (o'~ 1)(p-2)+p'~2
T p(B(to)—B(s0)) /0 d(an yo) P P e
<<B(t0)7 + (1 B T)B<SO))2R(€i7 "Ya €, 7)

+ (B(ty) — B(so))2> dr

(B(to) - B(SO))5i1

and therefore

(' -1)(p—2)
> ViV,-v(xo,to)

> (r'-1)(p—2)

d(xo,
0 < B*(to) B(to)? <p—(3(t(0)0_y§zso))

A 2 d(z0,y0)
- ﬁ (SO)B(SO) (p(B(tO)O—Z,g(SQ))
p—2

p

1
-1 (' —1)(p—2)+p'—2
T p(Bl0)-B(0) /0 d(xo,yo)¥ ~PTITTTEx
((B(to)T + (1 —7)B(s0))*R(ei, ¥, €5, %)

+ (B(to) — B(so))2> dr.

Vz‘vﬂ)(yo, So)

+

(B<t0) - B(SO))5i1

Summing over ¢ and adding a further (p — 2) multiples of the inequality for i = 1
produces

(r'-1)(p-2)
0 < 9 (ta) Blto)? (srpiie—) (Av(wo, to) + (p — 2)V1 Vro(o, o) )

(oo (»'-1)(p—2)
_ B(s0) B(s)? ( ) (A0(yo, 50) + (0 = 2)V1 V1050, 0)

(p— )(p’ 2) d+p—2
p

+

(B(to) — B(s0)) + (B(to) — B(s0))

1
SR D (7' ~1)(p—2)+p' 2
P(B(to)B(So))/O d(xo,yo)¥ ~PTITTEx
((B(to)r + (1= 7)B(s0)(Ric(#, )

+(p—2)R(er, 4, 4, 61))> dr.

Since for p > 2, the vector e;(7) is defined to be proportional to #(7) for each
7 € [0, 1], the coefficient R(eq,*,7,e1) vanishes. Moreover, since we assume the
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manifold M has nonnegative Ricci curvature, the inequality simplifies to
A 2 d(x0,Y0) ' =D-2)
0 < BX(to) B(to)* (jrmitel s ) (Avo, to) + (p = 2) V1 Vio(wo, 1))

— 3 (s0)Blso)” (i) (Ao, s0) + (0 - 2V Vavln, )
+5(B(ta) - Bls)
Next, we recognise using (3.94) that
Apu(zo,to) = B0 D (1) (1%)@'—1)@—2) <Av(xo,to) + (p— 2)V1V1v($0,t0)>

Zo.0 (r'-1)(p—2)
Apv(Yo, S0) = BMP=2) () <m> (Av(yo, so) + (p — 2)V1Viv(yo, so)>
and so
0 < BV (t0) B(to) > Apv(@o, to) — 87 (s0) B(50)* Apv (Yo, s0)
d
+ ;(B(to) — B(s0)).

Inserting inequalities (3.95) and (3.96), we have
AMr-2) B 2 Mr—=2) B(t,)2
(tO . 80) (B (SO) _ B ( 0) >

v(Yo, So0) v(zo, o)
+ B(s0)* 8PV (50)8'(s0) — B(to)* 8P~ (t0) B (to) + g(B(to) — B(s0)).

However, according to (3.82), this becomes

Ar-2) B 2 A(P=2) B(t,)2
1< S (PR B0
U(y07$0) U(.flfo,to)
A2 A (t
= ~(to — s0) ( (o) _Alo) ) <0,
U(y0780) U(i[fo,to)
which is a contradiction as in the Euclidean case. Therefore, zo,yq € OM.

However, we can rule out this possibility as well by the same arguments as in the
linear case. Therefore the point P, cannot exist and the proof is complete. [

0<

>| ™

>

o

>~



CHAPTER 4

Harnack inequalities for viscosity solutions

As discussed in Section 2.3, solutions of the doubly nonlinear heat equation
do not possess enough regularity in general to apply the theorems presented in
Chapter 3. Therefore, the goal of this chapter is to introduce a weaker notion of
solution, namely viscosity solutions, and prove results analogous to those found
in Chapter 3 for such solutions. The main appeal of working with viscosity
solutions is that they require very low regularity assumptions, needing only to
be continuous and not necessarily differentiable. Yet, one can still prove several
meaningful results about their existence, uniqueness, and other properties, such
as comparison principles.

The notion of viscosity solutions was first proposed in 1983 by Michael G.
Crandall and Pierre-Louis Lions [43] in the context of Hamilton-Jacobi equations

H(z,u,Vu) =0

and their time-dependent counterparts. The name “viscosity solution” was cho-
sen as a reference to the already well-established “vanishing viscosity” method
for proving existence of solutions to Hamilton-Jacobi equations. Described con-
cisely, the vanishing viscosity method involves regularising the equation H = 0
by introducing a viscosity term —eAwu, and solving

—eAu. + H.(z,u., Vu.) =0

for ¢ > 0 and a suitable approximation H. of H. Then, one shows that the
solution u,. of the regularised problem converges in the limit as ¢ — 0 to a solution
u of the original problem. It turned out that this method is also applicable for
demonstrating the existence of viscosity solutions to such problems, providing a
motivation for the name.

Since their introduction, the concept of viscosity solutions has been gener-
alised to fully nonlinear second-order equations in both Euclidean space and
Riemannian manifolds (see, for instance [15]). However, our presentation of
this material, as well as our discussion of parabolic Harnack inequalities, will be
restricted to the Euclidean setting.

We begin by precisely defining what is meant by a viscosity solution of a fully
nonlinear elliptic equation and providing a characterisation of these solutions via
the concept of second-order semijets. We also outline the changes needed to
adapt this theory for parabolic equations. Next, we give a detailed exploration
of the theorem on sums and maximum principle for semicontinuous functions
by Crandall and Ishii [41], which are essential tools in our analysis that replace
fundamental results from classical calculus when working with functions with no

80
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assumed differentiability properties. In particular, we develop a new, slightly
modified version of the existing parabolic theorem on sums, before applying it
to study the Harnack inequalities satisfied by positive viscosity solutions of both
the linear Schrodinger equation and doubly nonlinear heat equation.

4.1. THE NOTION OF VISCOSITY SOLUTIONS

We devote this section to introducing and discussing the notion of wviscosity solu-
tions of elliptic and parabolic equations. Unless stated otherwise, all definitions
used in this section can be found in the survey article of Crandall, Ishii and Lions
[42], which is a standard reference on the topic.

Definition 4.1 (Upper and lower semicontinuous functions). Let Q C R?. Recall
that a function

(i) u:Q — RU{—o0} is upper semicontinuous if for all sequences x,, — x
converging in €2, one has

u(z) > limsup u(x,);
n—o0

(i) u: Q — RU{+o0} is lower semicontinuous if for all sequences z,, — x
converging in €2, one has

u(z) < liminf u(z,).
n—oo

We use the notations

USC(Q) :={u: Q — RU{—00} | u is upper semicontinuous}, and
LSC(Q) :={u: Q2 — RU {400} | u is lower semicontinuous}.

Throughout this chapter, we use (-,-) to denote the inner product on R% and
Sym, to refer to the set of d x d real symmetric matrices. We equip Sym, with
the operator norm || - || defined by

Al := sup |Aa].

lz|<1

We mention that on the space Sym,, the operator norm coincides with the spectral
norm || - ||2, which is defined by

| All2 := \/max{)\ € R| A is an eigenvalue of ATA}.

We also make use of the usual partial order on Sym, by writing X <Y if
and only if X — Y is negative semi-definite.
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4.1.1. Fully nonlinear degenerate elliptic equations

Definition 4.2 (Fully nonlinear degenerate elliptic equation). By a fully non-
linear degenerate elliptic equation, we refer to a partial differential equation of
the form

F(z,u,Vu, D*u) =0 in €, (4.1)

where u : 0 — R is defined on a domain Q C R% and F : QXRXRdeymd — R
is a continuous function satisfying the (degenerate) ellipticity condition

F(x,r,p,X) < F(z,r,p,Y) #X>Y (4.2)
forallz € Q, r € R, p € R and X,Y € Sym,.

Definition 4.3 (Viscosity solution of (4.1)). We call a function

(i) u € USC(Q) a wviscosity subsolution of (4.1) if for any ¢ € C*(Q) and
xo € () such that u — ¢ has a local maximum at zy € §2, one has

F (0, u(x0), V(o) D*¢(0)) < 0;

(ii) v € LSC(Q) a wiscosity supersolution of (4.1) if for any ¢ € C%*(Q2) and
xo € ) such that u — ¢ has a local minimum at zy € €2, one has

F (0, u(x0), V(xo), D*¢(0)) > 0;

(iii) u € C(Q2) a viscosity solution of (4.1) if u is both a viscosity subsolution
and a viscosity supersolution of (4.1).

Let us briefly motivate why Definition 4.3 describes a sensible notion of so-
lution for the equation F' = 0. Suppose u € C?(Q) is a classical solution of
(4.1), ¢ € C*(9Q), and that u — ¢ has a local maximum at zo € Q. Then
V(u— ¢)(zg) = 0 and so Vu(zg) = V(o). In addition, D*(u — ¢)(z) < 0
and therefore D?u(zy) < D?p(z0). From the ellipticity condition (4.2) on F, it
follows that

F (20, u(x0), Vo(xo), D*p(20)) < F(0,u(x0), Vu(z0), D*u(20)) = 0. (4.3)
Similarly, if u — ¢ has a local minimum at xy, then we can conclude
F (20, u(z0), Vo(o), D*p(10)) > 0. (4.4)

Of course, if (4.3) and (4.4) hold for any ¢ € C?(2) such that u — ¢ has a
local maximum or minimum respectively, we can choose ¢ = u € C?() since
u — ¢ = 0 has a local maximum and minimum in every point zy € €2. From this
we can conclude that u satisfies (4.1) in the classical sense.

What we have shown here is that for functions v € C?(Q), the conditions
in Definition 4.3 characterise what it means for u to be a classical solution of
(4.1). In other words, the notions of classical and viscosity solutions coincide

when u € C*(Q).
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Next, we seek to provide a characterisation of viscosity solutions, which is
more useful in practice. For this, we first need to introduce the concept of
semijets.

Definition 4.4 (Second-order semijets of semicontinuous functions). Let Q C R

(i) For a function v € USC(Q2) and xy € 2, we define the second-order
superjet Jo u(z) as the set of (p, X) € R? x Sym, such that

u(z) < u(xo) + (p, v — x0) + %(X(a: — X0), T — Tp)

+ o(|x — mo]?) as z — .

(ii) For a function v € LSC(Q) and zq € Q, we define the second-order
subjet Jo (o) as the set of (p, X) € R x Sym, such that

u(x) > u(xo) + (p, v — x0) + %(X(x — Xg), T — Tg)

+ o(|x — mo|?) as & — xo.

Remark 4.1.

(i) If 2 is an interior point of Q, then J5 " u(xo) = Jo u(zo) for any other
set ' C RY for which z; is an interior point. Therefore, we often omit
the domain from the notation and simply write J*"u(zy). A similar
statement is true about J&~ u(zq).

(ii) Tt is clear from the definitions that J*~u(xg) = —J*(—u)(xy). This
relationship can be used to reformulate any properties and statements
about J%%u(xg) in terms of J*~u(zg).

(iii) If p € C?(Q) and there is (p, X) € J%p(xo) := J*Tu(zo) N J> (o),
then it follows immediately from the definitions that V(zg) = p and
D%*p(zg) = X.

(iv) If ¢ € C*(Q), then it follows quickly from the definition of J*% ()
and the second-order Taylor expansion of ¢ that

J* p(x0) = {(Vep(20), X) | D*¢(w0) < X}

Geometrically, one may understand a pair (p, X) € J*>Tu(z,) as the gradient
and Hessian of a local quadratic approximation of u near xy, which sits above
the graph of u. This idea is made more precise by the following characterisation.

Proposition 4.1. Let u € USC(Q2) and zy € Q. Then

0 € C*Q) and u — ¢ has}

T u(xo) = 3 (Vp(xo), D*¢(w0)) .
a local mazimum at xq

PROOF. If ¢ € C*(Q) is such that u — ¢ has a local maximum at x,, then
Taylor’s theorem implies

u(z) < u(wo) + () — p(0)

= u(xo) + (Vo(xg), z — x0) + %(DQQO(ZEO)(CL’ — 20), 7 — x0) + o(|T — 70|?)

for x — xq. Therefore (Vo (o), D*p(x0)) € J*>Tu(z).
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To prove the reverse inclusion, we explicitly construct a function ¢ € C?(2)
with the necessary properties. Suppose (p, X) € J>Tu(xq). By definition,

u(z) < u(zo) + (p,x — xo) + %(X(a: —0), T — x0) + o]z — 20?) (4.5)
as x — xp in €.

Define a function by

R(r) = | Eu]g_|)< (u() — u(wo) — (p. _’;i>:;)’§<X($ — 0), T — o))

for » > 0 so that
1
u(x) < ul(xg) + (p,x — x0) + §<X(a: —x0), 7 — 20) + R(|x — m0]) |7 — 20]*.

It is clear that R : [0,00) — [0,00) is non-decreasing and because of (4.5), R
satisfies lim, o R(r) = 0. We may also replace R by a continuous, non-decreasing
majorant, which we also call R, such that R(0) = 0. Then we can define a new

function R by
3t T
R(t) ::/ / R(s) ds dr
o Jo

with R € C2([0,00)) and R(0) = 0. In addition, using the positivity and mono-
tonicity of R to manipulate the integration bounds, we have

R(t) > /: /0 " R(s) ds dr
> /:t/tQtR(s) ds dr

3t 2t
> / / R(t) ds dr = *R(t).
2t t

u(z) < ulzg) + (p,x — xo) + %(X(a: — x), & — o) + R(|z — xo)).

If we define the function ¢ : 2 — R in the statement of Proposition 4.1 by

In particular,

() = ulzo) + (p,x — o) + %(X(fv — ), (& = 20)) + R(|z — o)),

then u(z) — ¢(x) < 0 holds with equality at © = zo. In other words, u — ¢ has
a maximum at r = xg.

We claim ¢ € C?*(Q) with Vo(zo) = p, D*¢(z9) = X. It is clear that ¢ is
C? at points z € Q\ {z}, however, we must justify why this property extends
also to the point x = zy. In particular, we would like to prove that the gradient
and Hessian of 1(z) := R(|x — x,|) exist, are continuous, and vanish at = = .

Since R is non-decreasing, we make the estimates

R(t) = /0 ) /0 " R(s) ds dr < /0 ) /0 "R(3t) ds dr — thR(gt) (4.6)
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and
R 3t 3t
R'(t) = 3/ R(r) dr < 3/ R(3t) dr = 9tR(3t). (4.7)
0 0

We know that v is clearly differentiable on Q2 \ {0} and for x = xy one has by
(4.6) that

o < [Plao+h) = vl _ |R(AD)]

9
< = < —|h|R(3|h|) — O.
7 < 5 IHRGIRD)

Therefore

R(|x = xol) iz x # o,

vota) - {

Moreover, V1 is continuous on 2. In particular, V1 is continuous at 0 since,
again using (4.6),

0 T = Xp.

T — X9

R'(|z — wo)

V()] =

|z — x|

3|lz—xzo|
3/ R(s) ds
0

< 9|z — xo|R(|z — zo]) — O

as r — xo. Next, we see that 1 is twice differentiable on €2, and in particular at
x = xo since by (4.7), one has

V(@ + h) — Vib(ao)| _ R(JA])

0< = < 9R(3|h 0
as h — 0. Therefore
(- x— o)z — x0) "
R e
1 (z —xo)(z — 20) " TF o,
~ — Xo)(x — xo
D*)(x) = + R'(Jx — xo|) (|IE—-T0‘ d— z — 2o )
0 T = x.

\

In addition, D% is continuous on €. To see that D?1) is continuous at x = g,
we use (4.7) to obtain that

(x — xo)(x — x0) "

D60 = | (e - 0]

|z — z]?

N mO)T) H

+ R'(|z — xo|) <|5L’—ZL’0| d [ — zo[?
R (Jo — m)

|z — x|
R(3|x — x9))

|z — x|

< 9R(3|x — x0|) + 2

< 9R(3|x — xo|) + 18|z — x| =27TR(3|x — z¢|]) = 0
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as ¥ — xg. Hence, ¢ € C?(2), and as a result, p € C?(Q2) as well. Then, it is
clear that Vo (zo) = p and D?p(xg) = X. O

Proposition 4.1 justifies the following characterisation of viscosity solutions.

Theorem 4.2. Let uw € USC(S2). Then u is a viscosity subsolution of (4.1) if
and only if

F(Z‘O,U(Z’O),p,X) < 0
for all (p, X) € J*Tu(xy) and xy € Q.

A similar characterisation can also be formulated for viscosity supersolutions
in the obvious way.

One may also define the closures of the semijets in the following way.

Definition 4.5. .
(i) For a given function v € USC(f?), we define J ’+u(x0) to be the set of
all pairs (p, X) € R? x Sym,, for which there exist sequences

(pna Xn)nzl g Rd X Symd and (xn)nzl g Q
such that (p,, X,,) € J>%u(z,) and
(pm Xn) — (p7 X), Tn —7 Zo, U(;En) — U(JEO)

as n — oo. o
(ii) For a given function u € LSC(Q), we define J~ u(z) to be the set of
all pairs (p, X) € R? x Sym,, for which there exist sequences

(pna Xn)nZl g Rd X Symd and (zn)nzl g Q
such that (p,, X,,) € J> u(z,) and
(Pn, Xn) — (0, X), =, — xo, u(z,) = u(z)
as n — oo.

Proposition 4.3. Let u € USC(2). Then u is a viscosity subsolution of (4.1)
if and only if
F(x07u(x0>7p> X) < 0

for all (p, X) € 72’+u(x0).

PROOF. By the definition of 72’+u(a:0), there exist sequences
(P Xo)ns1 CRY x Sym,  and  (2,),>1 € Q
such that (p,, X,,) € J*Tu(z,) and
(Pny Xn) — (0, X), =, — xo, u(z,) = u(x)
as n — o0o. Then the characterisation of viscosity subsolutions in Theorem 4.2
implies
F(x,,u(x,), pn, Xn) <0
for all n > 1. Taking n — 0 yields
F(zg,u(xo),p, X) <0

since F' is continuous by assumption. U
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4.1.2. Viscosity solutions of parabolic equations

In this work, we are interested in studying solutions u of parabolic equations of
the form

o+ F(z,u(z), Vu, D*u) = 0 in Qx(0,7) (4.8)
where 0 C R? is a domain, 7' > 0, and F is again continuous and satisfies the
ellipticity condition (4.2). Therefore, we must extend the notion of viscosity
solutions to such equations. In the literature, there are generally two approaches
to do this. One option is to continue using the definitions introduced in the
previous section while interpreting the variable x as a pair (z,¢). This means
the gradient Vu and Hessian matrix D?u should now be understood as Vnu
and D(Qm)u respectively. However, this is not entirely natural to do, since one
must then account for the second-order time derivative 0y u, which is not usually
a consideration in the parabolic setting. Therefore, many authors, including this
one, prefer to utilise a second approach, which in a way disregards the derivative
Oyu. This is achieved by adjusting the definitions of the semijets.

Definition 4.6 (Parabolic semijets of semicontinuous functions). Let Q C R%
I; CR be an interval for i = 1,...,k, and S :=I; x ... x I, C R*.

(i) For a function u € USC(£2 x 5), zg € €2, ty € S, we define the parabolic
superjet Poisu(xo, to) as the set of (a,p, X) € R¥ x R x Sym,, such that

u(z,t) < u(xe,to) + (a,t —to) + (p,x — x0)

n %<X(x — o), (z — m0)) + o([to — th + |x — 2ol

asT —x9in Qand t;, = ¢, fori=1,... k.
(ii) For a function u € LSC(§2 x S), zp € Q, ty € S, we define the parabolic
subjet Pg gu(xo, to) as the set of (a,p, X) € RF x R? x Sym,, such that

u(x,t) > u(xg, to) + (a,t — to) + (p,x — o)
1
+ §<X(f’5 — 20), (x = x0)) + o([to — th + [z — 2o|?)
asT —xoin Qand t; — ¢y, fori=1,... k.

Remark 4.2. We immediately mention that our definition of P?>*u(x,ty) does
not coincide with the standard definition encountered in literature, which may
be found, for example, in [42].

(i) We allow for the possibility that the function u may depend on multiple
time variables, as is the case for the function w utilised in our proofs of
the Harnack inequality.

(ii) In the typical definition in literature (for £ = 1), the inequalities are
understood in the two-sided limit ¢ — t;. However, as commented
by Juutinen [86], one often proceeds in the parabolic setting with the
intuition that the behaviour of a solution to a parabolic equation at time
to is determined only by information about the solution at times before
to and not after. Therefore, in our definition, we only consider t; < ty;
in the one-sided limits ¢; — %,.
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(iii) In Definition 4.6, | - | denotes the 1-norm and

k

k
lto — t]1 = Z lto; — ;| = Z(tm —t;),
i1

=1

since we always take t; < tq;.

(iv) As is the case for J&Fu(z), the domain of the function u : QxS — R is
often not relevant when considering Péf su(xg,to), since the definition
is equivalent when one replaces §2 x S with any other domain for which
(x0,t0) is an interior point. In addition, if I; = (a, b] for some i and we
consider the parabolic jets of u at a point (zg, tg) such that to; = b, then
since we are only concerned with the behaviour of u to the left of to; = b,
we have that P qu(xo, to) = Pargu(to, to), where S is constructed by
replacing the interval ; in the definition of S by another interval I/ such
that I; C I/ and b is an interior point of I].

As in the elliptic case, we also define the closures of the parabolic semijets.

Definition 4.7.

(i) For given a function v € USC(Q2 x 5), zy € , t, € S, we define

7_32’+u(x0,t0) to be the set of all triples (a,p, X) € R¥ x R? x Sym,, for

which there exist sequences

(an>pn7Xn)nZl g Rk X Rd X Symd and
(xnytn)nZI g Q x S

such that (ay, pn, X,) € P> u(x,,t,) and

(an7pna Xn) — (a7p7X)7 Tn — Zo, tnz — tal, and
w(zp, tn) — u(zo, to)

as n — 0o.
(ii) For given a function u € LSC(Q x 5), zp € Q, to € S, we define

7_72’7u(q;0,t0) to be the set of all triples (a,p, X) € R¥ x R? x Sym,, for
which there exist sequences

(anamen)nZl g Rk X Rd X Symd and
(xnatn)n21 g QxS

such that (a,, pn, X,) € P>~ u(x,,t,) and

(@, Pns Xp) = (4,0, X), @ = g, b — by, and
w(zp, tn) — u(zo, to)

as n — o0.
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In view of Theorem 4.2, we define viscosity solutions of (4.8) in the following
manner.

Definition 4.8 (Viscosity solution of (4.8)). We call a function
(i) uw € USC(Q2 x (0,T)) a viscosity subsolution of (4.8) if
a+ F<x0a u(a:o),p, X) S 0

for all (a’7p7 X) € 7327—"_16(‘,'1707t0) and (l’g,to) € Q x (07T)7
(i) uw € LSC(Q2 x (0,T)) a wiscosity supersolution of (4.8) if

a+ F<x0au(x0)ap7X) > 0
for all (G,,p, X) < P2’_U($0,t0) and (xlth) € x (07T)7

(ili) w € C(Q2 x (0,T)) a viscosity solution of (4.8) if u is both a viscosity
subsolution and viscosity supersolution of (4.8).

4.2. THE MAXIMUM PRINCIPLE FOR SEMICONTINUOUS
FUNCTIONS

So far to prove Harnack inequalities, we have been analysing functions of the
form

Z(l’, Y; ta 8) = ul(x7 t) + U2<y, 8) - gp(x, Y; t? S)a
where the functions u;, us, and ¢ are at least C? in the spatial variables and C!
in the time variables. Therefore, if such a function Z attains a maximum at some

point Py := (xq, Yo; to, So), we are permitted to apply classical results in calculus
to conclude V(, ) Z(Fy) = 0 and D?x’y)Z (Py) < 0. In particular, this implies

Vui(zo,to) = Vao(Fy),  Vua(yo, s0) = Vyp(Fy), and

D2U1($0,t0) 0 2
( 0 D2us(yo, o)) < Plew#10)

However, if the functions u; and us have lower regularity, for instance, if they

are viscosity solutions of some parabolic equation, which may not even be differ-
entiable, then this analysis is no longer valid.

The goal of the theorems discussed in this section is to provide analogues of
these statements, which are true even when the functions u; and uy are merely
semicontinuous. The main theorem we study is the theorem on sums, which can
be found in the work of Crandall and Ishii [41].

Theorem 4.4 (Theorem on sums, [41, Theorem 1]). Let u; € USC(R%) for
i=1,...,k and setd := dy+. . .+dy. Consider the functionu : R? — RU {—o0}
defined by

w(x) == uy(z1) + ...+ ugxy),
for all x == (x1,...,21)" € RL Suppose that for p .= (p1,...,pr)" € R? and
X € Symy, one has (p,X) € J*Tu(z). Then for every k > 0, there exists
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X; € Symy, such that

(i, Xi) 672’+ui(:vi) fori=1,...)k
and
) X, -~ 0
(i) ms o ) sxenr (1.9)
" 0 - X,
where || X || denotes the spectral norm of X.

Before we prove this result, we briefly introduce some concepts that will be
encountered in the proof.

Definition 4.9 (Semiconvex function). A function ¢ : R? — R is called semi-
conve if there is a A € R such that the shifted function ¢y (z) := p(z) + 3|z|?
is convex. If o, is convex for a particular A € R, we say that ¢ is A\-semiconvex.

A basic property of semiconvex functions is as follows.

Proposition 4.5. Let ¢ : R? — R be A\-semiconvex. If ¢ is twice differentiable
at ¥ € R, then D*p(x) > —\I.

PRrOOF. The statement follows immediately from the classical result, that
the Hessian matrix of a convex function is positive semi-definite. O

In addition to Proposition 4.5, we require two more advanced results con-
cerning semiconvex functions. Proofs of the following propositions can be found
in the appendix of [42].

Proposition 4.6 (Alexandrov’s theorem, [2]). Let ¢ : R? — R be semiconver.
Then ¢ is twice continuously differentiable almost everywhere in R,

Proposition 4.7 (Jensen’s lemma, [85]). Let ¢ : R” — R be continuous and
A-semiconvex for X > 0, and suppose ¢ has a strict local maximum at xo. For
p € RY, set p,(x) := p(x) + (p,x — zo). Then for all 7,6 > 0, the set

Ks, = {x € B,(z0) | 3p € Bs(0) such that ¢, has a local mazimum at x}

has positive measure. Moreover, one has the estimate

5 d
N(KJ,T) Z (X) ‘/da

where Vy denotes the volume of the unit ball in RY.

IDEA OF PROOF. We present the main idea of the proof in the simpler case
that ¢ € C%(Q). If f is merely continuous, the proof may be completed by first
mollifying the function f. The details of this argument can be found in [42] or
[91].

We first show that if ¢, attains a maximum in B, (z,) for some r > 0, then
the maximiser x occurs away from the boundary of this ball.



4. THE MAXIMUM PRINCIPLE FOR SEMICONTINUOUS FUNCTIONS 91

Suppose r > 0 is small enough so that ¢(xq) > ¢(z) for all z € B,(z). Then

pr = @(xg) —  max w > 0.
Br(20)\B;/2(z0)

Let p € R with |p| =6 > 0. For any z € B, (o) \ By/2(%0),

max @, —pp(z) = p(xo) = max @,
B(z0) Br(20)\B;/2(x0)
> p(xg) — max o —or

By (%0)\By2(w0)
= pp — OT.
By taking ¢ small enough so that p, — ér > 0 and z to be the maximiser of ¢,
over B,(z9) \ By2(x0), it follows that

max ¢, >  max ¢,
Br(z0) Br(20)\By/2(z0)

Therefore, we may assume ¢, attains its maximum on B, (x¢) at an interior point
x € By(x).

Then, at a maximum point € K, of p,(z) = ¢(z)+ (p, x —x¢) with |p| < 9,
one has p = —Vp(z). It follows that for ¢ small enough, Bs(0) C Vp(Ks,).
Moreover, one has

Dp(x) = Dpy(x) < 0.

Since ¢ is A-semiconvex, by Proposition 4.5, we have

—\ < D*p(x) <0.
This implies that all eigenvalues of D?p(z) are negative and lie between —\ and
0. Therefore

| det D?p(2)| < M
for each x € Kjs,. Integrating over Kj,, and using that Bs(0) C V(Ks,), we
have

N u(Es,) = / | det D*¢(x)| do > p(Vip(Ks,)) = u(Bs(0)).
K(S,r

We note that if V is a diffeomorphism on Kj,, then the middle inequality holds
with equality as a consequence of the change-of-variables formula. However, in
general, we may only have an inequality (see [91]).

From this, we deduce the claimed estimate

(5 d
il 2 (3) Vo
U

Definition 4.10 (Sup-convolution). Let  C R? and suppose u € USC(Q) is
bounded from above. For a fixed A > 0, the sup-convolution i : R? — R of u is
defined by

i(€) =sup (ulo) - 5lo - )

z€Q
for every ¢ € R,
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Proposition 4.8. Let Q C R? and suppose u € USC(Q) is bounded from above.
Then the sup-convolution u is \-semiconvex.

PRrOOF. The claim follows by noticing that
N A A2
i(©) + 516 = sup ((w(a) — ol + Mz, )
HISY)

is convex as the supremum of convex functions. O

We now begin to outline the proof of Theorem 4.4. Our first aim is to reduce
the premises of Theorem 4.4 to a simpler case. First, applying the definition of
(p, X) € J>Tu(x), we know that

u(z +y) <ulx)+ (p,y) + %(Xy, y) +o(lyl*),

which, because u = uy + ... + ug, is equivalent to

ur(zy +y1) + - up(er + yp) <ug(x) + .. 4 ug(zg)

1
+{pn) + oo+ () + 5 (X y) + o(ly*)

for y — 0. Therefore, if we define ;(y;) = u;(x; +v;) — ui(x;) — (i, yi), then we
have

() - ) < 50Xy, 0) + o).

This implies that for all n > 0, there is 6 > 0 such that

k

- - 1 7

wyn) + - an(ye) < S(Xy.y) + 5 > luil?
=1

for all y; € R% such that 0 < |y;| < d and i =1,..., k. In addition, we note that
by the definition of @;(y;), we have @;(0) = 0 for all ¢ = 1,... k. Hence, if we
define

O Yi = 07
vi(yi) = Q Ui(ys) — Hlwl® lwel <6, (4.10)
—00 lyi| >0

for each i = 1,...,k, it follows that

vi(yr) + ..+ o(ye) < %<Xy,y>

is true for all € R?. Thus, we focus on proving the following result, which is a
special case of Theorem 4.4.
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Theorem 4.9. Let v; € USC(R%) for alli = 1,....k, d = dy + ... + dy, and
X € Symy be such that v;(0) =0 for alli=1,...,k and

5 (Xy.0) (1.11)

holds for all y € RY. Then for every k > 0, there exists X; € Symy. such that

v1(y1) + . oe(yr) <

2,4+

(O,XZ)Ej Ul(O) fOT’Z:L,k

and (4.9) holds.

Before proving Theorem 4.9, we will explain why it implies Theorem 4.4.
Suppose the functions v; are defined as in (4.10). Then Theorem 4.9 implies
that for every n > 0 and 7 = 1,... k, there is X, € Sym, such that one has

(0,X,,) € T ;(0). By definition, there are sequences (xl(f?))nx C R% and

(pE?,X( ))n>1 C R% x Sym,, such that (pi?l),X(n)) € J* +UZ(J}Z(7:7) and
2" =0, v(z) =0, and (P, X)) = (0,X;,)
as n — 0o. Then, for each n > 1, one has
L
5 (X0 3) + ol i)
for y; — 0. Expressing this in terms of the original functions wu; yields

ul(xl + x(n) + yz) < Uz(xz + l’( )> + <pz +p§77l7) + ng n)ayz>

i ;) < vi@) + (B i) +

1 n
+ §<(Xi(,n + 014, yi, yi) + o(lyil*),

which implies
(i + P\ + 02, X +nly,) € T u(z; + 2fh)
(n)

i
u(x; + :EE:?) — u(z;), and we also have that p(n) — 0, :1:57:7) — 0 and Xl-(;) — Xin

forallm > 1,7 >0,and i = 1,..., k. Since v;(z;" )—>Oandx()—>01mply
we may conclude (p;, X, +nly,) € 7 u(z;) forallp>0and i =1,... k.
Now, applying (4.9), we have
) Xy, - 0
—(—-|—||X||)Id§ Do < X +KX?,
K
0 - Xiy

which implies, in particular, that
1
( + ||X||) < Xig < (X 4 KX,

holds for all > 0, where (X + £X?); denotes a particular principal minor of
X + kX2 Hence, the matrices X;, lie within a compact set. Moreover, there
exists a sequence 7,, — 0 for which X;, converges to some limit, which we call

X;. Tt is clear that X; satisfies (4.9) and (p;, X;) € 72’+u(xi) as desired.
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We now focus our attention on proving Theorem 4.9. First, we observe that
for any d x d symmetric matrix X, we can estimate (Xy,y) by

v < (51X =P+ (X068 (@)

for any x > 0 and ¢ € R%. Indeed, with the help of Young’s inequality, we see
that

Xy, y) =Xy —&§+8,y—E+8)
= (X(y = &),y — &) +2(XEy = &) + (X, §)

<Xy — &P + Iy — &P + 5IXEP + (XE,€)

= (R 1K1 by O+ RxE ).

Throughout the remainder of the proof, we will write A := (1 + [|X]|). Combin-
ing the inequalities (4.11) and (4.12) therefore leads to

A
o)+ uel) — Sl — &P < (X +RX2E 6.

Therefore, the sup-convolutions 9;(§;) = sup,, cgd; (vz(yl) — %\yz — 51\2) satisfy

. N 1
(&) 4+ (&) = SUX KX?)E )
for every ¢ € RY. In particular,
01(0) + ... 4+ og(

0)
However, 9;(0) = sup,, cga; (vi(y:) — 3lwil?) = 0, since vi(y;) — 3lyi* = 0 for
y; = 0. Therefore, v;(0) =0 for all : = 1,..., k. In other words,

<0.

060+ o+ (E) — SUX +RXDEE) <0

for every ¢ € R? and equality is attained at & = 0.
The next step of the proof will be achieved through the following lemma.

Lemma 4.10. If f : R — R is a continuous and \-semiconvex function, and
B € Sym, is such that

£€Rd

1
mx (16 - 3(86.6)) = 70
then there is a matriz A € Sym, such that
(0.4) € T°F(0) = 77 F(0) N T £(0)
and -2\ < A< B.

PROOF. By assumption, the function fg(§) := f(§) — %(Bf,g) has a max-
imum at £ = 0. Then for all § > 0, the function fg(£) — §|¢|* has a strict
maximum at & = 0. Since the function fg — §|- | is also semiconvex, we may
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apply Jensen’s lemma (Proposition 4.7) to deduce that for all § > 0, there is a
point ¢; € R? such that |g;| < and

(6 + (a5, &) — 5(B&,€) — 3P

has a local maximum at some point &5 € R? with |¢;| < §. In light of Alexandrov’s
theorem (Proposition 4.6), we may assume & is such that f is C? at &. Therefore
Vf(&) and D?f(&5) exist and satisfy

V(&) = 2065+ BE — g5 = O(8) and  — A < D*f(&) < B+ 241,

where the lower bound on D? f(&s) is due to the semiconvexity of f and Proposi-
tion 4.5. Moreover, (V f(&), D*f(&5)) € J?f(&s). In the limit as 6 — 0, we have
Vf(&) — 0 and, possibly after passing to a subsequence, D?f(&5) will converge

to some limit, which we call A. Then (0, A) € 72]”(0) and —\ < A < B. O

We continue with the proof of Theorem 4.9. Letting

v(y) = vi(yr) + ... 4 vi(ye),
we apply Lemma 4.10 with B = X + xX? to the function
A A 2
0(§) = sup (v(y) — ly — €7 ),
y€ERd
which is A-semiconvex because of Proposition 4.8. Therefore, there is a matrix
A € Symy such that (0, 4) € J°8(0) and —A\] < A < X + kX2 We may also
assume A takes the form
X, - 0
A= 0 ], (4.13)
0 - X
where the matrices X; € Sym, are such that (0,X;) € 72171-(0). Indeed, by
the definition of (0,4) € J-9(0) = 7 "5(0) N T~ 9(0), more specifically, the
definition of 7 (0), there exists (2™, p™, X™), 5, € R? x R? x Sym, such
that (p™, X)) € J>+5(2(™) for all n > 1 and
(2™, 0(z™), p", X™) = (0,6(0),0, 4)
as n — oo. This means
@1(a7§n) +y)+ ...+ @k(xl(gn) + yk)

<o () o ae@) + O )+ 0 )

1 n
+ §<X( Yy, y) + ol|yl*)

for all y € RY with |y|*> > 0 small enough. If for a particular i € {1,...,k}, we
choose y; = 0 for all j # ¢, then

A~ n ~ n n 1 n
0i(ay™ ) < ™) + (01" ) + (X )+ o|uil?) (4.14)
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as |y;|* — 0, which 1mphes (0,X;) € T, ;(0). Moreover, summing (4.14) over

i shows that (0, A4) € 7t 0(0), where A is the matrix in (4.13). By a similar
argument, we obtain (0, A) € 72’_13(0) as well, and so (0, A) € 7217(0).
Now that we have identified an element (0, X;) € T (0), the only step

remaining in the proof of Theorem 4.9 is to justify why (0, X;) € 72’+vi(0). This
will be handled by the next lemma, but otherwise the proof is complete.

Lemma 4.11. Let A > 0, v € USC(R?) be bounded from above. If q,r € R,
Y € Symy, and (q,Y) € J>To(r), then (¢,Y) € J*Tv(r+ %) and

lal* _ q
Y-
. —2,4
0(0), then (0,X) € J v(0).

o(r) + —— =ov(r+

Moreover, if (0,X) € T

PROOF. First, we note that since v(z) — 4|z — r|? is upper semicontinuous
on R? and lim, o (v(z) — 3|z — r|?) = —oo0, standard optimisation theorems

imply there exists y € R? such that

o(r) = sup (ofe) = o = 1) = () = ly =

z€R4

Suppose (q,Y) € J>T4(r). Then for all z, & € RY,
A
v(w) = Slr = €7 < 8(9) < b(r) + (g, (€ — 7))

+ (Y (E=7), (=) +o(]E =)

N —

= vly) — Sy —rP + (0.~ 1)
V(€)= ) + o€ — ).

On one hand, if we choose £ = x — y + r, we have

1

Y@ —y),z—y)+ollz —yP),

€ J>%Tu(y). On the other hand, if we set * = y and
) for @ € R arbitrary, then

v(z) <v(y) + (g, (z —y)) +

which tells us (q,Y)
E=r+al(r— ) +q

A

< Sly— € = Jly = 1l + (g, €~ ) + O(a?)
A

= Z0EP = 1) + (g = M. § =) + O(e?)

= 2+ o\ — ) +a) — ) + adg g, Alr —y) + ) + Oa?)
= aAr(AM(r —y) + @) + alg — Ay, AM(r — y) + ) + O(a?)
= al\(r —y) + q]* + O(a?).
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If we consider a < 0, this implies [A(r —y) +¢|* = 0 and so y = r+ £. Therefore
(¢.Y) € J* u(r+ %) and

)\ 2
0(r) = v(s) = 3l —rf =0 (r+ §) = -
as claimed.

2,7+ .
o(

To prove the final statement of the lemma, we suppose (0,X) € J ' 0(0).

Then there is (q,, X,,) € J>T9(&,) with
& — 0, 0(&,) — 0(0), and (gn, X,) — (0,X)
asn — oco. By the first part of the lemma, we have that (g,, X,,) € J*>Tv (fn + qy”)

for all n > 1 and v(fn—i— an) = 0(&) + |q"f. Since z,, — 0, ¢, — 0, and

X, — X, if we can show v (&, + %) — v(0), we will have proven the claim that

(0, X) € 72’+U(O). Since &, + % — 0 and v is upper semicontinuous,

v(0) > limsup v (f’n + q—”) = lim sup ( (&n) + —|qn|2) = 0(0) > v(0).

n—oo )\ n—oo
Therefore, lim sup,, _}Oo v (& + %) = v(0) and after passing to a subsequence, we
have lim,,_ o, v (fn ) (0) a desued O

In practice, the following corollary of Theorem 4.4 is quite useful.

Corollary 4.12 (Maximum principle for semicontinuous functions, [41, Exam-
ple 1]). Let Q C R? be locally compact, u; € USC(Q) for i = 1,...,k, and
@ € C%(QF). Consider the function

w(x) == uy(z1) + ...+ up(zg) — p(x)
defined for all x = (z1,...,x)" € QF. If Z := u — ¢ has a mazimum at zy € QF,

then for all k > 0, there exist X; € Symy such that (V,o(xg), X;) € 72’+ui(x0i)
fori=1,...k and

X X, - 0
— <—+||X||) L<|: | <X +RXP (4.15)
K

for X = D?p(x).

PROOF. Let K; be a compact neighbourhood of xg; in Q fori=1,...,k. We
define functions ui; € USC(R?) by

() wi(z;) if x; € K,
U\T;) =
—oo ifz; € R\ K;.

If we set @(x) = @y (x1) + ... + Gy(xx), then Z := @ — ¢ has a maximum at .
Therefore, since ¢ is C?, Taylor’s theorem implies

i(r) < (o) + p(z) — @(0)

= U(2o) + V(o) (2 — 20) + é(DQQD(mo)(x — 0),x — o) + o(|x — zo[*)



4. THE MAXIMUM PRINCIPLE FOR SEMICONTINUOUS FUNCTIONS 98

for x — xo. Thus (V(x0), D*¢(z0)) € J**i(xo). Using Theorem 4.4, for every
k > 0, we find a matrix X; € Sym, such that the conclusion of Corollary 4.12
holds with w; replaced by ;. In particular, we have (V.,o(xo), X;) € 72’+ﬁi(a:0i).
However, any sequence (z,),>1 C Q from the definition of 72’+ai(x0i) such that
T, — xo; and U;(x,) — Ui(xe;) must eventually lie within K;, since u; takes
the value —oo outside of K; and ;(x,) should approach the finite value ;(z(;).

Since u; and 1; coincide on Kj, it follows that (V,,o(x0), X;) € 72’+ui(m0i). O

Remark 4.3. The statements of the theorem on sums (Theorem 4.4) and max-
imum principle for semicontinuous functions (Corollary 4.12) are no longer true
if one replaces the closure 72’+ui(xi) in the conclusion by J*Tu,(x;). We jus-
tify this by means of a counterexample, which was presented in the article by
Crandall and Ishii [41]. If one defines functions u,v : R — R by

u(z) == {x2 z 20,

—222 <0

and v(z) := u(—z), then by checking each case for the signs of z and y, we find
that

u(@) +o(y) < 2(z —y)”
for all z,y € R, with equality attained at x = y = 0. If Corollary 4.12 were true

without the closure in the conclusion, then for every x > 0, we would be able to
find numbers X, Y € R such that (0, X) € J>*u(0), (0,Y) € J>Tv(0), and

X 0 1 -1
(6 v) =4 7))
In particular, this would imply X < k. However, one may compute that
J2u(0) = {(0,X) | X > 2},

and therefore, for k > 0 small enough, it is no longer possible to find such an X.

For our purposes, we would like to apply the idea of Corollary 4.12 to situa-
tions, where the functions u; are viscosity solutions of a parabolic equation. In
particular, we will require analogues of Theorem 4.4 and Corollary 4.12, where
the functions u; depend also on a time variable t;. In the case that each wu; de-
pends on the same time variable ¢, results of this kind are readily available (see,
for instance, Section 3 in [41]). However, these will not be suitable in our con-
text, since we always work with functions depending on different time variables.

Thus, we will now prove a new parabolic version of Theorem 4.4 and Corollary
4.12.

Theorem 4.13 (Parabolic theorem on sums). For i = 1,... k, let Q; C R
be locally compact and set d := dy + ... + dy. Let u; € USC(Q; x [S;, T;]) and
consider the function

w(w,t) == uy(z1,t1) + . .. + ug(xg, t)

defined for all x := (z1,...,23) ", t := (t1, ..., tp) " with z; € Q; and t; € (S;, T;).
Suppose that for a = (a1,...,a;)" € R¥, p:= (p1,...,pr)" € RY, X € Symy,
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and (x,t) € QX ... x Qg x (S1,T1] x ... x (Sk, Tx], one has that
(a,p, X) € P*Fu(z,t).
Then for all k > 0, there are matrices X; € Symy, such that for alli =1,... k,
(ai,pi, Xi) € P i, 1)
and
X X, - 0
G T SR E ey
0 - X,

PROOF. By the definition of (a,p, X) € P*>Tu(x,t), one has
u(yv S) < U’(xat) + <CL, s — t> + <p7y - l‘>

k
1
+ §<X(y — ),y —x) +o(ti —s1) + o0 (|3/ —z* + Z(E - 51))
i=1
as (y,s) — (z,t) such that s; < t; for all i = 1,... k. More precisely, for every

n > 0, one can find a sufficiently small compact neighbourhood K; of (x;, ;) such
that s; < t; whenever (y;, s;) € K; and
w1 (y1, 81) + - - + ur(yr, Sk)
S ul(xl,tl) + ...+ uk(xk,tk)

s = 1) + (g — )+ (X = 2)y — )

—|—g(t1—81)+...+g(tk_sk)+g|y_$|2

for all (y,s) € Uy x ... x Uj.
If we define functions ; : R%*! — RU {—o0} by

(u(ys, si) — u(w, t;)
—ai(si —t;) — (pi, yi — Ti) (v, s:) € K;
Ui (Yi, ;) = - g(tz — i) — glyz -z
\—OO if (yu Si) € Rdi—H \ Ki,
then .
a1 (y1,51) + - o+ Uy, sk) < §<X(y — ),y — )
holds on R***. In particular, since ;(x;,t;) = 0 for each i = 1,... k, we see

that equality is attained at the point (y,s) = (z,t). Therefore, the function
- . 1

attains a maximum at the point (z,t). We note that the upper semicontinuity
of u and the compactness of K; will imply @; € USC(R%*!) for all i = 1,...,k,
and thus we may apply the maximum principle for semicontinuous functions
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(Theorem 4.4) to conclude that for every & > 0, there exist matrices X;,, € Sym,
such that

(0,X:,) € T s (wi )
and
X X1y - 0
S ) Pl R P
0 Xy
where
X1 0 - Xy O
o 0 - 0 0
A= s e
X 0 - X O
o 0 --- 0 0
is the Hessian of %(X( — x),- — x) in all variables w1,t;,..., 2%, ;. Here Xj;

denotes the ;" block of the matrix X € Sym, when partitioned in the natural
way according to the decomposition d = dy + ... + dx. By considering the
appropriate principle minor of the above matrices, this condition implies

, X1, - 0
—wamOhs U ) casea
K
0 - Xu,

where we now use X ,, to denote the truncation of the matrix X, . which removes

7,1
the last row and column. In addition, (0,X;,) € 727+’(~LZ(ZL’Z,75,-) implies that

(0,0, X;,) € P @;(z;,t;). Indeed, by the definition of (0, in) e T uz(xl,t ),
there are sequences

(ﬁgr;)yX(n)) 1 CR%* % Symy,,,  and (x(n))ﬂ@l C R%*!

i
such that
(B, X0) € I ag(aly ), (B X)) = (0, Xiy)
(xl(??),tl(.z)) — (x;,t;), and ui(:vl(f]),tg ,7)) — (2, 1)

as n — oo. Therefore
@i(yisi) < @ ) + B (g s0) — (@), 1))

1, o n Vot
AR () — @ 10), (i, s0) — (@0, £00)

2
+o(ly; — 2P+ (1) — 5)?)
= @y ) 4 al (s — 1) + (B, s — )

1 n n
(X0 (=) —

i) + o(lyi — 2 + 1 — si])
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as (i, s:) — (2™, ¢") in R4+ where 5™ = (™, a{") and X ) is the trunca-

) p )
,m 7 2,1 U] a; 5T
tion of Xl n)> which removes the final row and column. In partlcular for s; < ti n)’
@ilyiy 50) < @lely), 117) + aff) (s = 43 + i) e — )
1, n
+ 500 = =) v — )+ olly — )P 1) - )

as y; — 3357;) in R% and s; — t™ in R from below. We note that since

U;(x;, t;) is finite and 4; was set to be —oo outside of K, there must be a sub-
(n) 4(n)
Z; /B tz N
We work with this subsequence, again denoting it by (z () t(n))n>1 Then it

1777 2ui

sequence of (z Jn>1, which lies in K;. In partlcular we have t(”) < t;.

follows that (a\™, p{™ X(n) e P2+a(z!™, 1) for each n > 1, and so we have
Uy (377,, tz)
definition of @; on K;, to obtain

213'_7p1777 imo Vin
(0,0,X,,) € P 1
Since the points (z z(n)7t£n) and (y;, s;) can be taken to lie in K;, we use the
n n n 77 n n n
wilyiysi) < woly) 1) + (o) +ai = 3) (i = 1) + (b1 + bl yi — 2l3)

1, n n
+ §<Xi(,77)(yi — )) Yi — xf,,)> + §|yl —T;

(n) |2 n
+o(lyi — i, | + tm — Si).

2= ) — il

Rewriting 2|y; — z|? — g|$§?7) —xi|* as
U n n n
2 <|y¢ — gy gy —aff = faf)) — xi|2>

Ui n n
=y — P el = wii - afy)

leads to

n n n 77 n
(n)

+ <pi + i (el — 2), g — -f(??>

1 n n n
+ X0+ o) (i — i)y — )

+ o(|y; — 91;52)\2 + tz-z — 5).
This expresses that

n 77 n n n
( " 1 — 2,pz+p§n)+n( o) — i), X )+771di) € Pu,(al) t17)).

Considering the behaviour as n — oo, we find that
(ai - g,pz‘, Xin + 77[d1> e P i@, ).

Taking n — 0 as in the proof of Crandall and Ishii, we find that there is a
matrix X; € Sym, such that X;, — X; and so we have that (a;,pi, X;) €

52’4_1@(1‘1‘, tz) D



4. THE MAXIMUM PRINCIPLE FOR SEMICONTINUOUS FUNCTIONS 102

We may use the parabolic theorem of sums to deduce a similar statement to
Corollary 4.12.

Corollary 4.14 (Parabolic maximum principle for semicontinuous functions I).
Fori=1,...,k, let Q; CR% be locally compact, and set Q= Qy x ... x Q and
S = (S1,Th] X ... x (Sk, T}]. Let u; € USC(Q; x [S;, T5]) and let o : 2 x S — R,
0 = (a1, ..., Tk, t1, ..., tg) be twice continuously differentiable in each of the
variables x; and continuously differentiable in the variables t; for i = 1,... k.
Consider the function

Z(x,t) == up(xy, ty) + ..o+ ug(zr, tr) — (2, 1)
defined for all v = (z1,...,23)" € Qand t := (t1,...,tx)" € S. If there exists a
point (xo,to) € Q X S such that Z touches the value Z(x,ty) from below for the
first time at (xo,ty), then for all k > 0, there are matrices X; € Sym,, such that
foralli=1,... k,
—2
(O (0, t0), Varp (0, t0), Xi) € P wi(wor, tor)

and
X, - 0

1
—<—+||X||)Id§ Co | < X +RrXP
K
0 - X,
where X = D2p(xg,t9) and d :=dy + ...+ dj.

PROOF. The premise of Corollary 4.14 is described by the inequality

u(z,t) < ulzo, o) + ¢(z,t) — (o, to)
holding for z € Q and ¢ with ¢; < to,. Since ¢ € C*(Q), we may apply the Taylor
expansion of ¢ to obtain

u(z,t) < u(zo.to) + (Vip(xo, to), t — to) + (Ve (zo,t0), © — 20)

1
+ §<D§g0($0,t0)(ilf — .CE()), T — $0> +o0 (|t0 — t|1 + ‘33 — 1’0‘2)

as ¢ — o in Q and ¢; — t;;, which exactly expresses that

(Vip(zo, to), Vap(zo, to), Dip(xo, to)) € P> u(wo, to).

The conclusion now follows immediately from Theorem 4.13. U

We also state the following variation of Corollary 4.14, which will be more
readily applicable to the proofs of Harnack inequalities, in which we typically
consider a function attaining a minimum rather than a maximum. The corollary
that follows can be obtained using the relation P*~u(zg, tg) = —P>*(—u)(xo, to).

Corollary 4.15 (Parabolic maximum principle for semicontinuous functions II).
Fori=1,...,k, let Q; CR% be locally compact, and set Q= Qy x ... x Qy and
S = (S1,Th] x ... x (S, Tx]. Let u; € LSC(Qy x [S;, T3]) and let o : Q2 x S — R,
0 = (a1, ..., Tk, t1, ..., tg) be twice continuously differentiable in each of the
variables x; and continuously differentiable in the variables t; for i = 1,... k.
Consider the function

Z(z,t) :=up(xy,t1) + . ..+ ug(zg, te) — @(, t)
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defined for all x == (z1,...,2x)" € Q and t := (t1,...,tx)" € S. If there exists
a point (zo,to) € Q2 X S such that Z touches the value Z(xo,to) from above for
the first time at (xo,t9), then for all k > 0, there are matrices X; € Sym,, such
that for all1=1,... k,
92—
(O 0(wo, o), Va,p(20, t0), Xi) € P wiwos toi)

and
X, - 0

1
Goii)uz(: ¢ ]zx-e
K
0 - X
where X = D2p(wo, to).

4.3. HARNACK INEQUALITIES FOR VISCOSITY SOLUTIONS

In this section, we demonstrate how to employ our multi-point maximum prin-
ciple approach to prove Harnack inequalities satisfied by viscosity solutions of
parabolic equations. Following the structure of Chapter 3, we begin by dis-
cussing viscosity solutions of the linear Schrodinger equation to first illuminate
the core ideas of the proof before we re-introduce the computational complexi-
ties encountered when dealing with the doubly nonlinear heat equation, which
we will discuss in the second part of this section. We assume throughout that
Q C R% is a bounded domain.

4.3.1. The linear Schrodinger equation

Here, we are concerned with viscosity solutions of the Neumann problem
Ou = Au—Vu in Q x (0,7),
{Vu v=0 on 02 x (0,7) (4.16)
for the Schrodinger equation for a given C*-potential function V.
Definition 4.11. We call a function
(i) u € USC(Q x (0,T)) a viscosity subsolution of (4.16) if
a—tr X + V(zo)u(xo, tg) <0
for all (a,p, X) € ﬁéi(oj)u(xo,to) and (xg, %) € 2 x (0,7), and
min{a — tr X + V(x¢)u(zo, to), p-v(xe)} <0

for all (a,p, X) € ﬁ%i(o,’f)u(l‘07t0> and (g, tp) € 02 x (0,7);
(ii) u € LSC(Q2 x (0,T)) a wviscosity supersolution of (4.16) if

a—tr X + V(zg)u(xo,tg) >0
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for all (a,p, X) € ﬁé;(oj)u(xo,to) and (zg,tp) € 2 x (0,7, and
max{a — tr X + V(xo)u(zo, to), p-v(zo)} >0
for all (iz,p, X) € f%;(oj)u(:co,to) and (g, t9) € 02 x (0,7);
(iii) uw € C(2 x (0,7)) a wviscosity solution of (4.16) if u is both a viscosity

subsolution and viscosity supersolution of (4.16).

As in the proof of Theorem 3.2 for classical solutions, we wish to make the
transformation v = logu. Therefore, we must also understand the transformed
problem

4.1
Vv-v=0 on 02 x (0,7) (4.17)

in the viscosity sense.
Definition 4.12. We call a function
(i) v € USC(Q x (0,T)) a viscosity subsolution of (4.17) if
a—trX —|p*+V(zg) <0
for all (a,p, X) € 7_3%:(0,T)v(1:0,t0) and (xo,tg) € 2 x (0,7, and
min{a —tr X — [p|* + V(z0), p-v(z0)} <0
for all (a,p, X) € 5%1(03)1)(3:0,150) and (xo,tg) € 02 x (0,7);
(ii) v € LSC(Q2 x (0,T")) a wviscosity supersolution of (4.17) if
a—trX —|p*+V(zg) >0
for all (a,p, X) € 7_3%;(0,T)v(1:0,t0) and (xo,tg) € 2 x (0,7, and
max{a —tr X — |p|* + V(zo), p-v(ze)} >0
for all (a,p, X) € 5%;(03)1)(3:0,750) and (xo,tg) € 02 x (0,7);

(ii) v € C(Q x (0,T)) a wviscosity solution of (4.17) if v is both a viscosity
subsolution and viscosity supersolution of (4.17).

{ v =Av+ Vo[> =V  inQx(0,7T),

Proposition 4.16. A positive function u € C(2 x (0,T)) is a viscosity solution
of (4.16) if and only if v := logu is a viscosity solution of (4.17).

PrOOF. We will prove that if u is a subsolution of (4.16), then v = logu is
a subsolution of (4.17). The reverse direction follows by a similar argument, as
does the correspondence between supersolutions of the two equations.

Let (a,p, X) € fé:(omv(xo,to) for some (zg,t9) € Q x (0,T). Then, there
exist sequences (ap, P, Xn)n>1 € R xR x Sym, and (2, t,)n>1 With z, € Q and
t, < to, such that (an,pﬁ, X,) € ﬁ%:(O’T)v(xn,tn) for each n > 1, (an, pn, Xp) —
(a,p,X), ©, = xo in Q, t, — t; and v(z,,t,) — v(zo,to) as n — oo. By
definition, this means

logu(z,t) <logu(zy,,t,) + an(t —t,) + (pn, x — xp)

1
+ §<Xn(a; — ), T — 2,) + 0o(t, —t + v — 2,]*)



4. HARNACK INEQUALITIES FOR VISCOSITY SOLUTIONS 105

as r — x, in Q and t — t. Using the monotonicity of the exponential function,
as well as the Taylor expansion at log u(zy,t,), this implies

u(z,t) < exp (log W(Tp, tn) + an(t —tn) + (Do, & — T4)

+ A Xp(x —0), T — ) + 0ty —t+ |z — xn|2)>

| —

1
(T, tn) + u(Tn, th)h + §u(a:n, tn)h? 4+ o (|h]?)

u(xna tn) + u<xn; tn)an(t - tn) + U(Z‘n, tn><pn7 T — $n>

1
+ §<u(xn,tn)(Xn + o (T — ), T — ) + 0(t, — t + |7 — 2,]?),

where we used

1<Xn(x —Tp), T — Tp)

h=a,(t —t,) + (pn,x — xn) + 5

+o(ty —t+ o — x,)?).
Therefore

(U(asn, tn) G, W( T, ty) Py (X, 1) (X, +pnp,f)> € P> u(zn, ty).

Since u is a subsolution of (4.16), we may apply part (i) of Definition 4.11. If
xo € ), we may assume that since z, — xo, the sequence (x,),>; is eventually
contained in €2. Therefore, after possibly passing to a subsequence, one has

w(xy, ty)a, — tr(u(z,, t,) (X, —I—pnpz)) + Vi(zy)u(z,, t,) <0

for each n > 1. Using the properties of the trace and the positivity of u(z,,t,),
this is equivalent to

an —tr X, — |pul®> + V(x,) <0. (4.18)
Taking n — oo gives
a—trX —|p]*+ V(z) <0.
Therefore, the first inequality in Definition 4.12 is satisfied for all triples
(a,p, X) € Py o.1y0(20, to) when (wo, tg) € 2 x (0,T).

If xg € 012, we can no longer make any assumptions about whether or not the
points x,, lie in Q or 0€). If x,, € €2, we may use the same argument as before to
conclude that (4.18) holds. However, if z,, € 0f2 for some n > 1, then Definition
4.11 (i) tells us only that
min{u(2p, t)an—tr(w(2n, tn) (Xp+0up, ) FV (@) w20, tn), W, tn)pp-v(z,)} < 0.
If

(2, t)an — tr(u(zn, t,)(Xn + papl)) + V(2n)u(zn,, t,) <0,
then (4.18) holds once again. If u(z,, t,)p, - v(z,) < 0, then p,-v(z,) < 0. From

this, we conclude

min{a, — tr X,, — [pa|> + V(2n), pn-v(z,)} <0
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regardless of whether x,, € Q or x,, € 9§2. Therefore, we may take n — oo to
conclude that

min{a —tr X — [p|* + V(2), p-v(z)} <0
holds for all (a,p, X) € f%:(O,T)v(xo,to) with (zg,%9) € 9 x (0,T). Thus, we
conclude that v is a subsolution of (4.17) in © x (0,7). O

Theorem 4.17. Let Q C R? be a bounded, convexr domain with smooth bound-
ary 0 and let V € C*(Q) be bounded from below. Let w : Q x Q2 x S — R
be a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
w(z,y;t,s) — oo whenever t — st for x £y and limy_, + w(x, z;t,8) > 0 for all
x € Q. In addition, assume that w satisfies

Ow + |Vawl? > V(z) in QxQ xS, (4.19)
Osw — |Vyw|* > =V (y) in Qx QxS (4.20)

and there exist strictly increasing, differentiable functions § : [0,00) — [0, 00)
satisfying 5(0) = 0 and A : [0,00) — [0,00) such that

A2 A + A(5)2Ayw + 2A(8) A(s) Agyw < A(t)2g,<(;)) - A(s)zﬁl((j)) (4.21)

holds in Q x Q x S. Finally, assume that
V.w-v(z) >0, forallz € 0Q, y€Q, and 0 < s < t,

_ (4.22)
Vyw-v(y) >0, forallz € Q, y €0, and 0 < s < t.
Then, every positive viscosity solution u of
Oru=Au—Vu in Qx(0,7),
(4.16)
Vu-v=20 on 092 x (0,T)
satisfies

u(z,t) > u(y, s)@e_w(m’y‘t’s) (4.23)

p(t)

forall x,y € Q and 0 < s < t.

PROOF. Let u be a positive viscosity solution of (4.16) and set v = log u.
Then, by Proposition 4.16, v is a viscosity solution of (4.17).

Fix ¢ > 0 and define a function Z on Q x Q x S by

Z(x,y;t,s) =v(x,t) —v(y,s) + log (@) +w(z,y;t,s) + =

B(s) 2

Identically as in the case for classical solutions, we know that Z > 0 whenever s

is sufficiently small, or s is sufficiently close to t. In particular, Z > 0 in a small

enough neighbourhood of (0,0). Suppose there is a point Py := (o, yo; to, So)

such that Z = 0 for the first time at F, in the sense of Definition 3.1. We first
assume that xg,yo € €.

(t—s)* +e.

Applying Corollary 4.15 with u(x,t) = v(z,t), us(y, s) = —v(y, s), and

o(x,y;t,s) = —log (%) —w(z,y;t, s)

3

2(t—s)2—6
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for (z,y,t,s) € Q x Q x (s0,%0] x (0, s0], we deduce that for every x > 0, there
exist matrices X,Y € Sym, such that

(Bip(Po), Vap(Po), X) € P~ v(wo, to) (4.24a)
(aSQO(PO)v Vy(p(Po), _Y) € 7_3277(—1))(%), SO) (424b)
(% + IIHH) Ing > ()0( _OY) > H — wH?, (4.24c)

where H = D{, o(Py) = —D{, ,w(P). Computing the first-order derivatives
of ¢ explicitly, the condition (4.24a) implies

!/ t —9
(—M — Ow(Py) — (ty — so), —Vzw(Po),X) e P v(zo, to).
B(to)
Using that v is a supersolution of (4.17), this implies
B'(to) 2
— ﬁ(to) - at(,U(Po) — 6(t0 — SO) —trX — |VI(A)(P0)| + V([Eo) Z 0.
However, by (4.19), this reduces to
/
t
Fito) + ety —so) +tr X <0. (4.25)
B(to)

In a similar way, we understand (4.24b) to mean that

B'(s0) " (e — 5 U B B2, .
( SO = Dus(P) + elto = s0), ~Vyso( ), Y)eP ). 50)

which is equivalent to

(_5'“0) T O(Po) — elto — s0), Vy(Py), Y) € P 0(yo, s0).

B(s0)
Since v is also a subsolution of (4.17), we have
/
s
—% + 85w(P0) — €(t0 - SQ) —trY — |Vyw(P0)|2 - V(yo) S 0,
which, because of (4.20) becomes
B'(s0)
- —e(tp — so) —trY <0. 4.26
6(30) ( 0 0) = ( )

Taking a linear combination of the inequalities (4.25) and (4.26) with the
coefficients A(ty)? and A(sg)? yields

2B (to) ) , 3 (s0) . 2 g2
B(to) Also) B(s0) +e(to = 50)(A(to)” — Als0)°)

+ Ato)* tr X — A(sp)? trY.

0> A(ty)
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Analysing first the expression A(ty)? tr X — A(sg)? tr Y using inequality (4.24c),
we note that

0 =Y

Therefore

0 > A(to)2% A(80)2% + S(to — 80)(A(t0)2 — A(So)Q)

t(] QId A to A So Id 2
< 80 ]d <14()80)(2]3 ) (H— kH )

for all k > 0. Taking x — 0 and applying (4.21) leads to

02 At S0 = AP0 elto = s0) (At — Als0))

Alto)* T, A(to)A(so)Ia\ [ —D%w(Py) —D2w(PRy)
—|—t1" A(to)A(So)]d A(So)ZId )( >

- A(to)Qﬁl((fO; A(so)Qg((js)) + e(to — s0)(Alto)* — A(s0)?)

— A(to) A (A)(PO> A(SO)QAyW(Po) — 2A(t0)A(So)AmyW(PO)
Z €(t0 — So)(A(to) — A(80)2) > O,

which is a contradiction. Therefore, if such a point Py exists, it must occur with
at least one of xy or yy on the boundary 0f).

By definition of the point Py = (g, yo; to, So), there exists 0 < n < tg — sg
such that

Z(I07 Yo, tO) SO) S Z('Ia Y; tv S)

for all (x,y;t,s) € K := Q x Q x [to — 5] X [so — 1, s, that is, Z attains its
minimum on K at F,. We can ensure that P, is the unique minimiser of Z on
K by modifying this function. We define

Z(x,y;t,s) == Z(x,y;t,8) + |z — zo|* + |y — vo|* + [t — to|* + |5 — s0|*

for all (z,y;t,s) € K.

Before we can begin the main step of the argument, we first perturb the
solution v, and in doing so, we perturb the equation satisfied by v as well. Fix a
point zg € 2 so that § := d(zp,0€) > 0 and define

1 —
h(z) = §|x — 2|? for all x € Q.

Then for 6 > 0 small, we define
V(z,t) == v(x,t) + 0h(z) and wvy(x,t) = v(z,t) — Oh(z)
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for all (x,t) € Q x (0,T). A simple calculation shows that v’ satisfies

o’ — AW’ —0n) — [V’ —0R)|>+V =0  inQx (0,T), (4.27)
Vol v —60Vh-v=0 on 09 x (0,7, ‘
and vy satisfies
Oy — A(vg +0h) — [V(vg +0R)*+V =0  inQx (0,T), (4.28)
Vvg-v+0Vh-v=0 on 02 x (0,7, .

both in the sense of viscosity solutions. Using the functions v? and vy, we then
define an approximation of Z by setting
> . .0 B(t) ,
Zg(l‘,y,t,S) = (xat)_UH(y73)+lOg % —l—w(:c,y,t,s)—l—

+ |z —xo|* + |y — yol* + [t — to* + |5 — so|*

€

2(t—3)2+5

for all (x,y;t,s) € K. Since for each § > 0, Zp is a continuous function on the
compact set K, there exists Py := (g, yg; tg, S9) € K such that

Zy(Fy) = ;PelII%Z(P)-
We claim that since Zy — Z uniformly on K as @ — 0 and because P, is the
unique minimiser of ZinK , there is a sequence (0,,),>1 of positive numbers such
that Py, — Py as n — oo. Since (Fy)g>o is contained in the bounded set K,
there is a sequence (6,,),>1 and a point P € K such that By, — P in K. Then
Zy, (Py,) = Z(P) as n — oo since

|Zo,(Ps,) = Z(P)| < | Zo, — Z(Pa,)| + |Z(Py,) = Z(P)|
<N Zs, = 2l +12(Fo,) = Z(P)] = 0

because Z,gn — Z uniformly as n — oo and Z is continuous. Now, by the
definition of Py, , one has that

Zo,(Py,) < Zo,(P)

for all points P € K. Taking n — oo gives

~ A

Z(P) < Z(P)

for all P € K, which expresses that P minimises Z over K. However, Z was
defined in such a way that Fj is the unique minimiser of Z over K, and P=p
and Py, — Py as claimed. Moreover, since (ty, , s, ) — (to, So), we may assume
the point Py, does not occur with ¢y, = to —n or sy, = so — 1. Therefore, Zy,
attains a minimum at P, € K := Q x Q x (ty — ] x (59 — 1, so]. Thus, we may
apply the parabolic maximum principle for semicontinuous functions (Corollary
4.15) to the function

Zen (:L“, Y; tv S) = Uen (‘T’ t) — Vg, (yv 3) - gO(iE, Y; t) S)
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at Py, , where

o(x,y;t,s) = —log (%) —w(x,y;t,s) — g(t —s5)?—¢

— |z —@o|* — |y — ol* — [t — to* — |s — s0[*.

Then for every k > 0, there are matrices X,,,Y,, such that

_277
(at90<P9n)7 V!E()O(PQn)ﬂ Xn) S ,Pf{ Uen <I¢9n7 t9n>7 (429)
_27
(=0ue(Po,), =Vyp(Po,), Vo) € P s, (g, 50,), (4:30)
1
(2ol = () = - (4.31)
where H, = D?x’y)gp(Pgn). We now use that v is a viscosity supersolution of

(4.27). If =g, € €2, we have
~ B'(te,)
B(to,)
— | = Vaw(Py,) — 4|zg, — 20> (26, — 70) — 0,V (g, )|
+ V(.I@n) + enAh(Z‘gn) Z 0,
whereas if zy, € 0€), we have
Qn, — Vaw(Py,) - v(xy,) — 4|ze, — x0]2(:v9n — 1) - v(xy,)
max
— 60,V h(xg,) v(zy,)

Qn = — Ow(Py,) — e(to, — s0,) — 4lta, — tol*(ts, — to) — tr X,

(4.32)

} >0. (4.33)

However, V,w(Py,) - v(xy,) > 0 by assumption, (zq, — o) - v(xg,) > 0 since  is
convex, and finally

Vh(xg,) - v(xg,) = (g, — 20) - v(g,) > d(20,00) = 0.
Therefore
~Vaow(Ps,)-v(zg,)—4| 0, —20|* (26, —20) -V (70, ) — 0.V (g, )-v(20,) < —0,0 < 0.

Hence, in order for (4.33) to be satisfied, we must have that @, > 0, and so
(4.32) holds regardless of whether xy, € € or zy, € 0. Applying a similar
argument using that vy, is a viscosity subsolution of (4.28), we find that

!
%((559)) — Oyw(Py,) + (te, — so.) — 4]se, — so|*(ss, — s0) + tr Y,
971
4.34
+ | = Vyw(Ps,) — 4lye, — vol* (Yo, — yo) + 0.V h(ys,)|? (434)
+ V(ys,) — 0nAR(ys,) > 0.
Seeking to take n — oo in (4.31), (4.32), and (4.34), we note that
H’ﬂ = D(Qa:,y)90<P9n)
2(xg, — o) (0, — 70) " 0
— —D2 P _ 4 n n
(w0 (Fon) ( 0 2(yo, — o) (Yo, — yo)

. 4 |l‘9n —ZL’0|2Id 0
0 Y6, — vol*La
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converges to D(Qx w(Fo) as n — oo, the sequences (X,),>1 and (Y,)n>1 con-
verge, possibly after taking a subsequence, because of (4.31), to some matrices
X,Y € Sym, respectively. It follows that

B'(to) 2
_ 5@0) — 8tW(PO) — €(t0 — 80) —tr X — ‘VIW(PO)’ + V(IBQ) >0
% — Osw(Py) + e(tg — so) +trY + |Vyw(P0)|2 + V(o) > 0

1 X 0
(2 = (3 ) 20—

hold with H = —D(Qx ,w(Fo) as before. Therefore, we may continue using the
same argument as when g, yo € 0€) to reach a contradiction once again. Thus,
no such point F exists and the proof is complete.

0
4.3.2. The doubly nonlinear heat equation
We now return to the Neumann problem
Ou = Ap(u™) in Qx(0,7)
. (4.35)
V(™) P*V(u™)-v=0  ondQx(0,T).

for the doubly nonlinear heat equation with m > 0 and p > 2. To avoid rep-
etition, we present our ideas only in the case that A = m — Iﬁ > 0, although
the same approach yields results in the cases A < 0 and A = 0 as well once one
modifies the proofs as in the classical case discussed in Section 3.2.

Given that when expanded, the doubly nonlinear operator takes the form
A, (u™) = mpflu(mfl)(pfl)lvu’pﬂx
((p — D) (m — Du | Vul* + |[Vu|*Au + (p — Q)VUTDQUVU),
we define viscosity solutions of (4.35) in the following manner.

Definition 4.13. We call a function
(i) uw € USC(Q x (0,T)) a viscosity subsolution of (4.35) if
a — mP (o, to)(m—l)(p—l) Kias
(0 = D)m = V(o to) el* + 62 tr X + (p — 2)€7 X€) <0
for all (a,&, X) € f%;r(oj)u(xo,to) and (zo,tp) € 2 x (0,7, and
a — mP " (o, 750)(m—1)(p—1) Rk
ming (0= D)m — Dueo,to) gl + |€* 1 X + (p— 2)6TXE ), 0 <0

mP (g, to) ™ VPIEPTRE - v ()
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for all (a,é,X) € f%;r(oj)u(xg,to) and (xg,tp) € 02 x (0,7);
(ii) uw € LSC(Q2 x (0,T)) a wiscosity supersolution of (4.35) if
a— mpflu(xo, 250)(771*1)(1071) ’£|p74
((p — 1)(m — Du(zo, to) HE|* + €2 tr X + (p — 2)§TX§> >0
for all (a,&, X) € f%;(omu(xg,to) and (zo,tp) € 2 x (0,7), and
a — mp_lu(xo, to)(m—l)(p—1)|§|p—4
max ((p = 1)0m = Dulwo, o) e + P tr X + (p = 2)€7X€), p > 0
mP~ (g, to) P TVEPTEE - 1)
for all (a,&, X) € f%;(omu(xg,to) and (zo,tp) € 02 x (0,T);

(iii) u € C(Q2 x (0,T)) a wviscosity solution of (4.35) if u is both a viscosity
subsolution and viscosity supersolution of (4.35).

We also study the problem

{&gv = A+ |Vl inQx(0,7)

4.36
Vu[P2Vu-v=0 on 99 x (0,7) (4:36)

obtained by applying the transformation v = %u)‘ to (4.35).
Definition 4.14. We call a function
(i) v € USC(Q x (0,T)) a wviscosity subsolution of (4.36) if
a — Xv(wo, to)|E[H(IE]7 tr X + (p — 2)€7 XE) — €7 < 0
for all (a,&, X) € féi(oj)v(xo,to) and (zg,tp) € 2 x (0,7) and
- Ja = Moo, o)lePTHER r X+ (p = 2)67XE) — fel | _
EP72€ - v (o) a
for all (a,E,X) € f%i_(o’T)U(ZL'U,to) and (zg,tp) € 02 x (0,7);
(ii) v € LSC(Q2 x (0,T")) a wviscosity supersolution of (4.36) if
a = Xv(ao, to) [P (|€] tr X + (p = 2)¢ T XE) — [¢]" > 0
for all (a,€, X) € Peyoryv(w0,to) and (zo,tp) € Q x (0,T) and
a — Xv(@o, to) [€[PH(IE] tr X + (p — 2)€7 XE) — [¢]7,
ax p2 >0
P77 - v(o)
for all (a,&,X) € 5%;(07T)u(xg,to) and (zo,tp) € 02 x (0,7);

(ii) v € C(Q x (0,T)) a wviscosity solution of (4.36) if v is both a viscosity
subsolution and viscosity supersolution of (4.35).
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Proposition 4.18. A positive function u € C(Q x (0,T)) is a viscosity solution
of (4.35) if and only if v := Su is a viscosity solution of (4.36).

PRrooF. It is sufficient to prove that if u is a subsolution of (4.35), then
v = Zut is a subsolution of (4.36).

Let (a,€,X) € 7_3%:(0?)1)(950,150) for some (xg,t9) € Q x (0,T). Then, we can
find sequences (an, pn, Xn)n>1 € R x R? x Sym, and (z,,, t,)p>1 with z,, € Q and
t, < to, such that (a,,pn, X,) € f%:(oj)v(xn,tn) for each n > 1, (a,, &, Xn) —
(a,6,X), x, — 29 in Q, t, = t5 and v(z,,t,) — v(x0,t9) as n — oo. By
definition, this means

%u(w, t)’\ < %u(mn, tn))‘ +a,(t —t,) + (&, o — xp)
1
+ §<Xn(x — ), — 2,) + 0oty —t + |z — z,]*)

as ¢ — , in Q and t — t;. Using the monotonicity of the transformation, as
well as the Taylor expansion of 7+ 7Y/* at 7 = u(x,,t,)", this implies

ule,t) < (u@sn, B+ St 1)+ a2

. \ 1/

_ 1 1/x 1 /1 1-2)p,2 2
—Mmﬁﬂwﬂ%%>h+%(kltMMd W2 + o[

1 1
= nytn —_ n;tn 1= nll — 1ty — n,tn 1= nyL — Ln
w(wp, ty) + mu(az ) an( )+ mu(x ) TN, — )

1 1 1-2 1= 1-2X¢ (T
(= X, +—2 _ _
T3 <(mu<xn’t”) nt o W b)) (@ = ) @ =

+o(t, —t+ |z — xn]2),

where we used

A A 1/
h = Eaﬂ(t —tn) + E({ﬁ,x —Ty) + 5 <5Xn(a: —T,), T — xn>
+o(t, —t+ |z —z,]?).

This implies

1 1
- n tn 1= ny n;tn 1= n
(0ot e, s 0

1 1—A
_ n tn 17)\Xn n tn =22 n r € ,P27+ n tn .
(s )Xo (s ) P (i tn)

Since u is a subsolution of (4.35), we may apply Definition 4.13 (i). If 2o € Q,
then the sequence (z,),>1 eventually lies in Q, and so we may use the first
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inequality from this definition to obtain the following inequality:

m

4
(= 0= 1 () Teol
2
+ <%u1—)\> (Tln 1- Atl“X + - 1— 1 2)\|§n’2)|§n‘2

2
+(p—-2) (%u“) & (7711 X, ”énsT)sn)

1 P
= S, =t (L) g e X (- 26 X06)

p—4
0> —ul_’\an _ Py (m=D@-1) (iul—k) |§n|p—4x
m

p—2
— ((p -1 - )\)mp—3u(m—1)(19—1)+1—2)\ (lul—/\)

m
1 p
e = 1) = a0 (L) g

where we have omitted (z,,t,) from the notation for brevity. Dividing through
by Lul™* gives

0> a, — mumVEDHENED I P4 (|6 2 tr X, + (p = 2)€, Xnbn)

_ ((p -1 - )\)u(mfl)(pfl)+1*2>\+(1*>\)(p73)
) [0

In light of the facts that

(m-=1(E-1)+1=A{p-2)=A
m—-1{p-1)+1=-2\+(1-XN)(p—-3)=0,
(m-=1Dp-1)-1+1-Np-1)=0,
(m—-1p-1)+@E-1D1-A)=1
it follows that
an — AU(InatN)|§n|p_4(|fn|2tr Xn+(— 2)§;Xn€n) — &P < 0. (4.37)

Taking n — oo, we have
a — (o, o) [€[P(J€* tr X + (p — 2)€" XE) — [ < 0.

Therefore, the first part of Definition 4.14, that is for when zy € €2, is satisfied.
If g € 092, then we again consider both possibilities, that =, € Q or z,, € 0.
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If x, € Q, we again reach (4.37), but if zy € 012, Definition 4.13 implies

(1 1 p—4 )
g, — mPlymmDE-D [ g 1-A 16,7
m m
1 4
-1 -1 -1 - 1=-X . 4
CEER E
1 e 1—
min + (_ul)\> ( ul )‘tI'X L+~ 1 2/\‘£n|2> ‘511’2 < 0.
m m
1 2 1 11—\
+ (p - 2) (_ul_k> g;;,r( 1 AX + — 1 2>\§n§ )§H)7
m m m
(2, t,) " ETDTEDAN 6 P2y )

If the first element inside the minimum above is non-positive, then we are again

led to (4.37). If
(T, ) DEDHE=DA=N e 0=2e L, <)

then
P72, - v(x,) <0,
and so we conclude that

{an = M0 (@, 1) &P (160 tr X + (p = 2)€, X&) — lﬁn\p,} <0
‘€n|p72£n ' V(xn> -

regardless of whether xy € € or xq € 0f). Therefore, taking n — oo, we have

{a—Av(xo,to>|§|p—4<|f|2trX+< p—2)E"X¢) - |5|P}
n <0

[E[P72€ - v(z0)
for all (a,&,X) € F%:(QT)U(xO,tO) with (xg,tg) € 92 x (0,T), and so v is a
viscosity subsolution of (4.14). O

Theorem 4.19. Let m > 0, p > 2 and set A\ :== m — zﬁ‘ Let Q C R? be

a bounded domain with smooth boundary 0Q. Suppose w : A x Q x S — R
s a continuous function, which is twice differentiable in the first and second
arguments and differentiable in the third and fourth arguments. Suppose that
w(z,y;t,s) — oo whenever t — st for x # y and limy_, o+ w(z,z;t,5) > 0 for
all x € Q. In addition, suppose there exists a strictly increasing, differentiable
function 5 : [0,00) — [0,00) with (0) = 0 and a function A : [0,00) — [0, 00)
such that A% is increasing and w satisfies

Ow + BAPVN)|V,wP >0 inQxQ xS, (4.38)

Osw — BV (5)|V,w[P >0 inQAxQxS, (4.39)
AQ(t)B_/\(p_Q) (t)Apzw + AQ( B~ Alp= 2)(5)Ap,yw

F2AM)A(s) B~ ()8 (8) Ay (4.40)

< A2(OBTHOB (1) —A%(s)BY ()8 (s)
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in Q x Q x S. Finally, assume that
V.w - v(z) >0, forallz € 0Q, y€Q, and 0 < s < t,

_ (4.41)
Vyw-v(y) >0, forallz € Q, y e 0, and 0 < s < t.
Then every positive viscosity solution u of
0w = Ap(u™) in 2 x (0, 00) (4.42)
|V (u™)|P2V (u™) - v =0 on 9 x (0, 00)

satisfies the Harnack inequality

P(B)ulz,t)) = ¥(B(s)uly, s)) —wlz,y;t, s) (4.43)
for all z,y € Q and 0 < s < t, where

%u)‘ ifA#0,

P(u) =

1
1logu if A=0.

Our proof of Theorem 4.19 proceeds in a similar fashion to the analogous
Theorem 3.15 for classical solutions, in that for any positive (viscosity) solution
u of (4.35) we again define a function
3

t_ 2
St —s)"+e,

Z(x,y;t,s) = BMt)v(z,t) — B(s)v(y, s) + wlz,y; t,s) +

where v = %u)‘. However, our application of the parabolic maximum principle

for semicontinuous functions (Corollary 4.15) only initially provides elements of

ﬁli(ﬁ%) instead of P~ v. Therefore, we must first understand the following
“product rule” type results.

Lemma 4.20 (Product rule for parabolic semijets). Let u € USC(Q x (S;,T3))
oru € LSC(Q2 x (S5;,T3)), and u : [0,00) — [0, 00).

(i) If u is differentiable at ty € (S;,T;) and (a,&,X) € P*Fu(wo,ty) for
(l'o,to) € x (5177—’1); then

(ap(to) + p' (to)ul(wo, to), u(to)€, p(to) X) € P**(u(to)u(zo, to)).

(1) If p is continuously differentiable and (a,&, X) € 7_72’iu(x0,t0) for some
(x0,t0) € Q2 x (0,T), then

(ap(to) + 1 (to)u(zo, to). u(to)&, p(t) X) € P (ulto)ulo, to)).

(11i) If p is continuously differentiable, (a,§,X) € fzi(u(xo,to)u(xo,to))
and p(ty) # 0, then
a Wity 1
— — u(xo, t ,
(i~ 7

>§, Méo)X) € fQ’iu(xo,to).
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PROOF.
(i) We give the details of the proof for P?>Tu and the claim about P%~u
follows similarly.
Since p is differentiable at o,

p(t) = p(to) + i/ (to)(t — to) + o(|t — tol)
as t — to, and since (a, &, X) € P> Tu(wo, to),
u(x,t) < u(wo,to) + alt —to) + (§, = — 7o)
1
+ i(X(x —20), T — x0) + oty — t + |z — 0]?)
as © — xg and t — t;. Since p > 0, it follows that

p(t)u(z,t) < (u(to) + 1 (to)(t — to) + olto — t)) x
<u(x0, to) + a(t —to) + (£, — xp)

1
+ §<X(£L’ — .2?0),.CE — Z’Q> + O(to —t+ |33’ — .To‘z))

= p(to)u(xo, to) + (ap(to) + p'(to)u(xo, to)) (t — o)
1
Flto) (€. — ) + 3 ((t0) X — 20). z — 20))
+o(|to — t + |z — z0|?)
as * — xo and t — t; and so the claim is true.
(ii) By the definition of (a,&, X) € fziu(xo,to), one can find sequences
(s &ny Xp)n>1 € R x R x Symy, and (2, t,)n>1 € © x (0,T) such that
tn <to for n > 1, (an, &, Xy) € P2’iu($nvtn)v (@ns &ns Xn) = (a, €, X),
(Tn, tn) — (z,t) and u(x,,t,) — u(z,t) as n — oco. By part (i),

(anpa(tn) + 1 (tn)u(@n, 1), u(tn)ns p1(tn) Xn) € P2 (pltn)u(@n, tn))-

In addition to the convergences we have already assumed, since p is
continuously differentiable, we have pu(t,) — u(to) and p/'(t,) — p'(to)
as n — 0o. The claim now follows immediately.

(iii) The statement follows immediately by writing

u(zo, to) = (1(to)u(zo, o))

1
11(to)

and applying part (ii).
O

PROOF OF THEOREM 4.19. Let u be a positive viscosity solution of (4.35)

m

and set v = Zu*. Then, as already shown, v is a viscosity solution of (4.36).

Fix € > 0 and define a function Z on Q x Q x S by
Z(e,yi1,8) = B0, 1) — B(5)o(y, ) + (v 1,5) +

Identically as in the case for classical solutions, we know that Z > 0 whenever s
is sufficiently small, or s is sufficiently close to ¢. In particular, Z > 0 in a small

(t—s)? +e.
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enough neighbourhood of (0,0). Suppose there is a point Py := (o, yo; to, So)
such that Z = 0 for the first time at F, in the sense of Definition 3.1. We first
assume that xg,yg € €.

Applying Corollary 4.15 with u; (x,t) = BMt)v(x,t), us(y, s) = —*(s)v(y, s),
and ¢ = —w(z,y;t,s) — 5(t —s)*> —e for (x,y,t,5) € Qx Qx (s0, 0] X (0, s0], we
deduce that for every x > 0, there exist matrices X,Y &€ Sym, such that

(Dp(Py), Vap(Po), X) € P (80) (w0, to), (4.44)
(Osp(Po), Vyo( o), —Y) € P (=30 (yo, 50), (4.45)
and
1 X 0
(Fepan) = (3 5) zm—wr (4.4
where H = D, () = —D?, yw(F). Computing the first-order derivatives

of ¢ explicitly and applying the product rule in Lemma 4.20 (iii), the condition
(4.44) implies

<—8tW(PQ> — €(t0 — 80)
BA(to)

F'(to)
B(to)’

- )\U(Zﬁo, to)

1 1 —o_
— —V.,.w(F), =——X | € P77 v(xg,ty).
i VoA ) €7 el
Using that v is a supersolution of (4.36), this implies
—(9tw(P0) — E(to — SQ) B/(to)
0< — Av(xo, t
ST B (o to) 51z,

— Ao(g, t0) 37 (ko) |V 4w () [P~*
(|Vow (P tr X + (p — 2)Vaw(Py) " XV, w(Ry))
— B (t0)|Vaw(Po) [P

However, since 3*(t) > 0, we may apply (4.38) to obtain

£(to — s0) 1 /
T o(rote) B (t0)B'(to)

— B (t0) | Vaw (Ro) [
(IVaw(Po)* tr X + (p = 2)Vow(Po) ' X Vow(F)).

0<
(4.47)

In a similar way, one may derive from (4.45) using the product rule, that

Osw(FPo) — ety — so) ol s M
( 5)\(50) A (y07 0) 5(80)7

V,w(F), ﬁlf) € 52’+v(y0, 50)-

L
B*(s0)



4. HARNACK INEQUALITIES FOR VISCOSITY SOLUTIONS 119

Since v is also a subsolution of (4.36), we have

asu)(Po)—E(to—So) —\w s M
SR SR
— A(yo, $0) B8PV (50) | Vyw(Po) P~ x
(lvyw(P‘J>|2 trY + (p— Q)Vyw(PO)TYvyW(PO))

— 87 (s0)[Vyw(By) P,

which because of (4.39) becomes

G ) S S TR
(Yo 50) B (s0)B'(s0)

= B (50) |V yw(Po) [P
(IVyw(Bo)*trY + (p = 2)Vyw(By) 'Y V,w(Fp)).

0>

(4.48)

Taking a linear combination of the inequalities (4.47) and (4.48) with the
coefficients A(ty)? and A(sg)? yields

0> A(to)*Bt0)B' (to) — A(s0)*B(50)B (s0)
Sy Alto)*  Also)?
" )\(to o) (U(fﬂo,to) U(Z/O,So))
+ Ato)* B (to) [ Vaw(Po) [P x (4.49)
(|Vow(Py)|?tr X + (p — 2)Vaow(Po) " X V,w(FRy))
— A(s0)* 872 (50) [V yw (Po) [P~

(IVyw(Bo) trY + (p = 2)V,w(By) 'Y V,w(F)).

We first work to estimate the quantity

Q = A(to)? 8P (t0)|Vaw(Po) [P x
(|Vow (PP tr X + (p — 2)Vaow(Po) ' X V,w(Ry))
— A(50)* 8727 (50) [V yw(Po) [P~ x
(|VyW(PO)|2 trY + (p — 2)vyw(P0)TYvyw(P0))
= tr (A(10)*87072) 1) Vs POIP2X = A(s50)?570 2 (50)] V0 (Po) Y )
+(p—2) <A(t0)25’“7”2) (t0)|Vaw(Po) P4V ,0(Py) T X V,w(Py)

= Also)28707 (30) [V (PP Vo Po) Y V()
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Setting
Fo= A(to)? 87272 (1) |V aw(Py) [P2 1, 0
o 0 A(50)2 87272 (50) [V yw(By) P~*1g)
X 0
G = (0 —Y) ’
- (A(towfj(to)\vxw(%ﬂ”{vxw(zﬂo)) |
A(s0)87 77 (50)|Vyw(Po)| "2 Vyw(FRy)

we may express () by

Q =tr(FG) + (p—2)¢"GC.

~ Fi, Fip
F =
<F12 F22>7
where

FH = A2(t0)57/\(p72) (t0)|va(P0)’p72[d,

_A=2) A(p—2)

Fip := A(to)A(s0)B™ 2 (to)B~ 2 (30)|V:cw(1‘07t0)|p772|vyw(yo,80)|%fd7
Foy 1= A%(50) 872 (50) |V (Po)[P2 1,

If we set

then it is equivalent to write
Q=1tr(FG) + (p—2)¢"GC.

According to (4.46), we have G > —D? w(Py) — k(D?

(z.y) (z,y)w(Po))Q, and therefore

Q > —tr(F(D}, w(Po) + £(Df,  w(F))*))
- (p - Z)QT(D?r,y)w(PO) + /{(D%m,y)w<P0))2)C
We may now take k — 0 to obtain
Q > — tr<F(D(2x,y)w(P0>> - (p - 2)CTD(2m,y)w(PO)C
Inserting this in (4.49) with the products written out and using (4.40), we have
0> A(to)*B(to)B' (to) — A(s0)*B(50)8'(s0)

€ A(tg)? A(sp)? )
+ <(to—s —

)\( 0 0) (U(l’g,to) U(y(]?SO)
— A2(t0) BN (t0) Ay (Po) — A% (s0) 87072 (50) Ay ()

Ap—2) A(p—2)

—2A(t0)A(s0)8™ 2 (to)B™ 2 (80)Apayw(Fo)
E oy [ Al Also)’
> )\(to 0) (v(xo,to) U(yo,So)) > 0,

which is a contradiction, as before. Therefore, if such a point P, exists, it must
occur with at least one of zy or gy on the boundary 0f).

We now make no assumption regarding whether z,yo € €2 or zg,yo € 0S2.
Proceeding in the same manner as in the proof of Theorem 4.17, we choose a
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point zp € 2 with  := d(29,0€2) > 0 and define

1
h(z) := §|x — 20)?

for all € Q. Letting
v (2,t) == v(x,t) +0h(z), and wvy(z,t) :=v(z,t) — Oh(z)
for (x,t) € @ x (0,T) and 6 > 0 small, we have that v’ satisfies

V! — 0, Vh|P~2(Vo? —0,Vh) - v(ze,) =0 on 09 x (0,7,
(4.50)

{aﬂﬁ — A" = 0R)A,(07 — 0h) — V(0! —6R)[P =0  in Qx (0,T),

and vy satisfies

O0? — A + 0h) A, (v +60n) — V(@ +0R)P =0  inQx(0,7),
|Vo? 4+ 0,Vh|P2(Vo! +0,Vh) -v(zg,) =0  on dQ x (0,T),

(4.51)
both in the sense of viscosity solutions.

We again modify the function Z by defining

Zo(w,yit,5) = B0 (@, 1) = B (s)ve(y, 5) — (@, yst, ),

where

g(t—sf —e

— |z —zo|" = ly = yol* — |t —to|" =[5 — so[*

¢($;y,§t7 S) = _w(xayata 8) -

for all (z,y;t,s) € K 1= Q x Q X (to — n,to] X (so — 10, 50] and 6 > 0, where
0 <n <ty— so- By the same argument as before, we can find a sequence of
points (P, )n>1 C K, such that Py, minimises Zg over K for each n > 1 and
Py, — Fyin K. Applying Corollary 4.15 to Zy, at Py, we find that for all & > 0,
there exist X,,,Y,, € Sym, such that

(@go(P@n), V:Jc(p(POn); Xn) € 7_32_ (ﬁ)\ven)<x9na t9n>7

2,+

(—0sp(Ps,), =V yo(Py,), Ys) € PE (8 vs,) (0., 56,

and also

1 X, 0

n
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where H, := D?*p(P,,). Using the product rule and evaluating the derivatives
of ¢, this implies

mmw:ww:(‘@“%”‘4W"jﬂé3”%”‘g%“‘””
o o) i
- m(vxw(ﬂ;n) 1 dlzg, — 202 (20, — 20)), mxn)
e Py (") (xo, . ta,),
(a6 1) = (0sw(Pen) + 4|se, — ng(:in) — 50) — &(to, — 50,)

B'(s0,)
— v, (ve,,, S%)M’

1 1
m(vyw(%n) + 4o, — yol* (vo,, — w0)), myn>

—2
€ Py (v0,) (o, 50,)-
Since v’ is a viscosity subsolution of (4.50), we have that
Qn = a" — N (xg,,t9,) — 0.V h(z4,))|E" — 0,V h(zg, )P " x
(Ig" = 0uVh(aa, )2 tr(T" = 0,D*h(x0,))

+ (p = (" = 0.VA(@0,)) (T" = 0.D*(20,)) (" — 0.V h(zs,)))

— €™ = 6,Vh(xg, )P >0
(4.53)

if zg, € 2 and
max{Q,, |¢" — 0, Vh(ze, )P 26" — 0,V R(zs,)) - v(,)} >0

if xy, € 0f). By the same argument as in the proof of Theorem 4.17, we conclude
that

(6" — 0,V h(z,)) - v(wp,)
— (—#(Vzw(Pen) + 4|xg, — mo|* (0, — T0)) — Qth(“n)) ()

B (to,)
< —0,6 <0,

and in particular " — 6, Vh(zp, ) # 0. Therefore, we have

[€" = 0,V (g, )[P*(€" — 0.V I(20,)) - V(20,) <0,
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which implies (4.53) holds whether g, € Q or zy, € 0€2. By the same argument,
we can also show that

= N0, (Yo,+ 50,) = 0nV 1(y0,))[En — 0.V h(ys, ) [P~* %
(160 = 0V h(yo, ) (T = 0nD%h(y,)

+ (p = 2)(& — 0uVh(y,) (Yo = 6uD*h(ys, ) (€0 — 62V h(10,)))

— &0 — 0.V (ys,)” > 0.
(4.54)

Taking n — oo in (4.52), (4.53) and (4.54) yields that

—atW(Po) — €(t0 — 80) — ol M
(ko) Mo bo) gy
— (20, 10) B2V (1) |V pw (Py) [P~ x
(|Vow (P tr X + (p — 2)Vaw(Po) " X V,w(FRy))

— B7(to)|Vaw(Po) [P > 0,

Osw(Py) — ety — so) B'(s0)
B*(s0) B(s0)
— Xu(yo, 50) B (50) [V yw (Po) [P~ x
(IVyw(Po)PtrY + (p — 2)Vyw(Ry) 'Y V,yw(F))
— B (50)|Vyw(Po) [P > 0,

1 X 0 2
(2o = (3 ) 20w

hold as before and we arrive to a contradiction from here. O

Remark 4.4. It was demonstrated in [24] (see also [87, 137] for the case
m = 1), that all bounded weak solutions of the doubly nonlinear heat equa-
tion are viscosity solutions. Therefore, our results for viscosity solutions are also
true for weak solutions.

- )\U(yo, SO)



CHAPTER 5

Final Remarks and Open Problems

The goal of this thesis has been to introduce a new technique to prove global
pointwise parabolic Harnack inequalities on Riemannian manifolds using a multi-
point maximum principle. While we have laid the groundwork for this new
methodology, there are several directions in which our results could be expanded.
We summarise the most pressing questions, which still remain.

The doubly nonlinear heat equation for 1 < p < 2

In Chapters 3 and 4, we chose to restrict our attention to the doubly nonlinear
heat equation with p > 2, so that the p-Laplace operator would be in its non-
singular range. We expect that our techniques can be modified to treat the
singular range 1 < p < 2 as well. This would require a careful redefinition of
viscosity solutions of the equation (1.4).

Viscosity solutions on manifolds

We would also like to be able to treat viscosity solutions of the doubly nonlinear
heat equation on general Riemannian manifolds (M, g). This would require an
extension of both the definition of viscosity solutions and the parabolic maximum
principle for semicontinuous functions into the manifold setting, although these
ideas have already been considered previously (see, for example [15, 81]).

Weakened regularity assumptions on w

In Theorem 4.19, we assume that the function w appearing in the Harnack in-
equality satisfies the collection of differential inequalities (4.38)—(4.41) in the
classical sense. However, it is natural to consider whether Theorem 4.19 remains
true if w only satisfies these inequalities in the viscosity sense. This would have
the advantage of reducing the regularity assumptions on w, as w would only need
to be a continuous function. This would be especially helpful when carrying out
proofs in the manifold setting, where our optimal choice of w lacks in general the
sufficient regularity to satisfy the necessary inequalities classically.
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Weakening the condition Ric > 0

For simplicity, we have assumed that all manifolds discussed in this thesis have
nonnegative Ricci curvature. However, a great volume of the existing literature
on parabolic Harnack inequalities, including the pioneering paper [104] by Li
and Yau, deals with manifolds satisfying the more general bound Ric > —K on
the Ricci curvature for some K > 0. In order to treat such manifolds, we would
need to better understand how the curvature bounds influence the structure of
the Harnack inequality, and in turn, the required properties of the function w.

Inclusion of lower order terms

It would be preferable to treat equations, which contain first and zero-order
terms. In the linear setting, we already considered the heat equation with both
a potential and gradient drift term in Section 3.1.4, however, we would like to
expand the methodology to second-order linear equations with the full general

structure
d

d
0%u ou

Ou = Qjjm——F—+ Y bim— +cu.
¢ 1]221 ]0xi8:vj i1 8351

In the nonlinear setting, we would like to consider the doubly nonlinear heat

equation with a potential term
Oou = Ayu™) + V]2, (5.1)

and look for the analogues of the results in this thesis for the linear Schrodinger
equation.

In addition, it would be interesting to consider generalisations of the doubly
nonlinear operator A,(u™). For example, for p = 2, one may consider replacing
the porous medium operator A(u™) by the generalised porous medium operator
A(p(u)), where ¢ is a non-decreasing function. Similarly, one could replace the
p-Laplace operator A,u by

Ayu = div(p(|Vu|)Vu),

The role of the fundamental solution

Throughout the development of this thesis, it has become increasingly clear that
the optimal functional w is inextricably connected to the fundamental solution
of the given differential equation. This relationship is made clearest in the linear
scenario by the limit formula (3.19) from Theorem 6.1 of [104]. After under-
standing the doubly nonlinear heat equation (5.1) with potential, we would be
interested to investigate whether such a formula holds in the nonlinear setting
as well.



CHAPTER A

Riemannian Geometry

We recall the most essential definitions from Riemannian geometry used through-
out this thesis.

Definition A.1. Let M be a second-countable Hausdorff topological space. We
say that M is a d-dimensional differentiable manifold if there is an open covering
(Uy)ier of M, open sets (V;)ic; in R? and homeomorphisms ¢ : U; — V; such
that for all 4,5 € I with U; N U; # (), the map ; o p; * is a diffeomorphism. We
call each pair (U;, ¢;) a chart on M and often identify the chart (U;, ¢;) with the
set U;.

Definition A.2. For a function f : M — R, we say that f € C*(M) for some
k € NU {oo} if for every chart (U,p), ¢ : U — V C R? on M, one has
flv o™ € C*(V). In addition, we set C>°(M) to be the subset of C>(M)
containing functions with compact support in M.

Definition A.3. We call a function § : C*°(M) — R a derivation at a point
x € M if € is linear and satisfies the following “product rule”:

§(fg) =&(f)g(x) +&(g) f (o)

for all f, g € C°°(M). The set of all derivations at  forms a d-dimensional vector
space, which we call the tangent space T, M at x.

Definition A.4. A vector field X on M is a map z — X (), which assigns to
every x € M a unique vector X (z) € T, M. A vector field X is called smooth if
X (x) depends smoothly on x.

Definition A.5. Given two vector fields X,Y on M, we call the vector field
given by

(X,Y] =XY -YX
the Lie bracket of X and Y.

Throughout this thesis, all manifolds we discuss have the structure of a Rie-
mannian manifold.

Definition A.6 (Riemannian manifold). Let M be a d-dimensional differentiable
manifold. A Riemannian metric on M is a family g = (g(x))zenm, such that g(x)
is a symmetric, positive definite bilinear form on T, M for every x € M and g(x)
depends smoothly on z. We call the pair (M, g) a Riemannian manifold.

We would also like to have a notion of the curvature of a Riemannian manifold
(M, g). For this, we must first introduce the idea of a connection on M.
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Definition A.7 (Connection, Levi-Civita connection).

(i) A connection V on a manifold M is an R-bilinear map, which assigns to
each pair XY of vector fields on M another vector field, denoted VxY,
such that

VixY = fVxY
and
Vx(fY)=X(/)Y + [VxY
for all f € C*°(M).

(ii) The Levi-Civita connection on a Riemannian manifold (M,g) is the

unique connection on M that is compatible with ¢ in the sense that

X(g(Y,2)) =9(VxY,Z) +g(Y,VxZ)
for all vector fields X, Y, Z on M, and torsion-free, meaning that
VxY = VyX = [X,Y]
for all vector fields X,Y on M.

We always assume that the connection on the Riemannian manifolds we dis-
cuss is the Levi-Civita connection.

Definition A.8.
(i) We define the Riemann curvature tensor R by setting

R(X, Y)Z = VvaZ — Vyvxz — V[ij]Z,
where XY, Z are vector fields on M. In addition, we write
R(X,)Y,Z, W) :=g(R(X,Y)Z, W),

where W is another vector field on M.
(ii) Given a basis (e;(x))1<i<q of T, M at each point x € M, we define the
Ricei curvature of M to be
d

Ric(X,Y) =Y R(e;, X,Y,e;).

i=1

Very importantly, all d-dimensional Riemannian manifolds can be isometri-
cally embedded into R for some ¢ > d+1, which is a theorem due to Nash [120].
Once we understand the manifold as existing in an ambient space, it makes sense
to consider normal vectors to M.

Definition A.9. Let (M, g) be a Riemannian manifold embedded in R’ for some
¢ > 1. We call a vector N € R’ a normal vector to M at a point € M if
g(X,N) =0 for all X € T, M, that is, N belongs to the orthogonal complement
of T,M in Rf. Then a normal vector field on M is a map x ~ N(z), which
assigns to each x € M a normal vector N(z) at .

In the special case that M is a d-dimensional hypersurface embedded in R+,
the set of possible normal vectors at x € M forms a one-dimensional subspace
of R%*!. Thus, after normalisation, there are only two choices of normal vector.
If M is a closed manifold, that is, M is compact and without boundary, these
choices correspond to the inward and outward pointing directions. For example,
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in this thesis, we often work on a compact manifold M with boundary M and
treat OM as a closed submanifold of M. In this situation, we typically choose to
work with outward pointing unit normal vector at each point x € M.

We now define the second-fundamental form of M in the following way.

Definition A.10. Let X,Y be vector fields on M, which have been locally ex-
tended to vector fields in R4T!, and let N be an outward pointing normal vector
field on M. We set

MX,Y) = —g(VxY,N),
where VxY denotes the covariant derivative in R*+1.



CHAPTER B

A classical proof of Li-Yau’s differential
Harnack inequality

In this brief appendix, we review the main idea of a standard proof of the Li-
Yau inequality for the heat equation on the Euclidean space R?. The approach
presented here most closely resembles the one used by Aronson and Bénilan [8|
to obtain the analogous estimate for the porous medium equation, and later by
Esteban and Vazquez [61] for the p-heat equation and doubly nonlinear heat
equation.

Let u be a positive solution of the heat equation
Ou=Au  inR?x (0,00)
and set v := logu. Then v is a solution of
O = Av + |V, (B.1)
Now set p := Av. Using the equation (B.1) and the elementary inequality

applied to (a;;) = D%, it follows that
op = A(vy) = A(Av + |Vol?)

d aQU 2
=Ap+2 Z (8xiaxj) +2Vu - V(Av)

1,j=1

2 (K 9% i
> - R .
> Ap + g ;1 022 +2Vv - V(Av)

2
=Ap+2Vv-Vp+ 8p2.

In other words, one has Lp > 0, where L is the operator defined by

2
Lp:=0p—Ap—2Vv-Vp— C—in.

d

—5;> one has

- d 2 [ d?
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Observe that for p :=
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Therefore Lp > Lp and a comparison principle implies p > p. Thus
d
Ay > ——.
- 2t
Using the equation (B.1) and reversing the transformation, this is equivalent to
dyu N d _ |Vu|?
w2t wu?
which is the celebrated Li-Yau estimate.
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