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Abstract

An 𝑛-sided polygon that is inscribed in a conic 𝒜 and circumscribed about a conic ℬ is
called a Poncelet polygon, and we call the pair of conics (𝒜 ,ℬ) an 𝑛-Poncelet pair. In the
projective plane over a finite field of characteristic not equal to 2, we study Poncelet polygons
and 𝑛-Poncelet pairs, with emphasis on the cases 𝑛 = 3 and 𝑛 = 4. In particular, we discuss the
construction of Poncelet polygons and derive results regarding degenerate Poncelet polygons.
Moreover, we provide in-depth results regarding the construction of Poncelet triangles. For our
main result, we compute the probability of obtaining a 3-Poncelet pair or a 4-Poncelet pair when
we randomly select a pair of distinct conics (𝒜 ,ℬ), with 𝒜 smooth or singular and ℬ smooth,
in a fixed pencil of conics. We do this for all pencils, classified up to projective automorphism,
with at least one smooth conic.
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1. Introduction

Considered as one of the most beautiful results in projective geometry, Poncelet’s theorem
states that if we have an 𝑛-sided polygon that is inscribed in a conic 𝒜 and circumscribed
about another conic ℬ, then we can construct another 𝑛-sided polygon that is inscribed and
circumscribed about the same pair of conics starting from any point in 𝒜 as a vertex [12, 20].
In this context, we call such polygon a Poncelet 𝑛-gon and say that (𝒜 ,ℬ) is an 𝑛-Poncelet
pair. To complement Poncelet’s theorem, given conics 𝒜 ,ℬ and a fixed 𝑛, Cayley developed
an algebraic condition to determine if a Poncelet 𝑛-gon inscribed in 𝒜 and circumscribed about
ℬ exists [2, 13]. Poncelet’s theorem, Cayley’s condition, and their extensive connections to
other areas of mathematics are discussed in detail, for example, in [8, 10].

Poncelet’s theorem holds for a projective plane over any field of characteristic not equal to 2 [1,
17]. The reason for avoiding a projective plane over a field of characteristic 2 is the existence
of a point where all the tangents to a smooth conic meet [17, 19], which creates a problem
in constructing our Poncelet polygon. Taking these into account, it is meaningful to examine
𝑛-Poncelet pairs in a projective plane over a finite field of characteristic not equal to 2. In
this setting, we consider a collection of conics called a pencil of conics, which Dickson [5]
classified up to projective automorphism in the projective plane over a finite field. Using this,
[3] derived bounds for the probability of obtaining a 3-Poncelet pair among the pairs of smooth
conics, for each pencil of conics with elements that intersect transversally; that is, at four distinct
points. Following this work, [23] computed exact probabilities of obtaining 3-Poncelet pairs and
derived bounds for the probabilities of obtaining 4-Poncelet pairs for the same pencils.

This thesis aims to build on these previous works by extending the discussion to a larger
collection of conic pairs in the projective plane over a finite field of characteristic not equal
to 2, which we refer to as valid pairs. In this collection, we allow the conic in which we inscribe
the Poncelet polygon to be smooth or singular while retaining the smoothness condition for the
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conic about which we circumscribe the Poncelet polygon. Moreover, we allow valid pairs to
intersect non-transversally. With this, our main objective is to answer the following:

In the projective plane over a finite field of characteristic not equal to 2, among the valid pairs
for each pencil of conics having at least one smooth conic:

1. What is the probability of obtaining a 3-Poncelet pair?

2. What is the probability of obtaining a 4-Poncelet pair?

In this thesis, we provide exact probabilities for 3-Poncelet pairs and 4-Poncelet pairs while
considering a larger collection of pairs of conics that includes non-transversally intersecting
conics. Moreover, we discuss in detail the probabilities for 3-Poncelet pairs when the
characteristic of the finite field is 3, which are not addressed thoroughly in previous works.

The rest of this thesis is organized in this manner:

• In Chapter 2, we review preliminary concepts and propositions regarding finite fields and
projective planes. We also state the two major theorems we use in this thesis, namely,
Poncelet’s theorem and Cayley’s condition.

• In Chapter 3, we outline how to construct a Poncelet polygon in a projective plane. Using
this, we prove results on the construction of a Poncelet polygon in a projective plane over
a finite field, with additional results on the construction of a Poncelet triangle. We also
prove results regarding degenerate Poncelet polygons and pairs of conics that will yield a
problematic construction.

• In Chapter 4, we provide sample constructions of Poncelet triangles, a Poncelet tetragon
inscribed in a singular conic, degenerate Poncelet polygons, and several other scenarios.

• In Chapter 5, we derive Cayley’s condition for each pencil of conics considered in this
study. We then derive the probability of obtaining a 3-Poncelet pair or 4-Poncelet pair for
each of these pencils.
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• In Chapter 6, we conclude by discussing future research directions and observations on
𝑛-Poncelet pairs in finite fields of small order.

The contents of Chapters 3, 4, and 5 are original contributions of this thesis.
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2. Preliminaries

In this chapter, we present definitions and background necessary to understand and answer our
research problem. The setting of our problem will be 𝑷 2(𝔽𝑞), the projective plane over a finite
field of order 𝑞, where the characteristic of the finite field is not equal to 2. To gain insight about
our setting, we review the concept of a finite field and a projective plane. We then consider a
particular family of conics, which we call a pencil of conics. Finally, we state Poncelet’s theorem
and Cayley’s condition, the two main theorems utilized in this thesis.

2.1 Finite field

In this section, we review essential concepts and results regarding finite fields. For a more
detailed discussion, see, for example, [9].

We start this section by defining the concept of a field, which abstracts the usual way of
performing arithmetic into an algebraic structure.
Definition 2.1.1. A field 𝔽 is a set together with two binary operations addition (+) and

multiplication (∙), such that:

1. (𝔽 ,+) is an abelian group with identity element 0,

2. (𝔽 ⧵ {0}, ∙) is an abelian group with identity element 1,

3. For all 𝑥, 𝑦, 𝑧 ∈ 𝔽 , 𝑥 ∙ (𝑦 + 𝑧) = (𝑥 ∙ 𝑦) + (𝑥 ∙ 𝑧).

Example 2.1.2. The real numbers ℝ, together with the usual addition and multiplication of real

numbers, is a field.

Example 2.1.3. The complex numbers ℂ, together with the usual addition and multiplication

of complex numbers, is a field.
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Example 2.1.4. For prime 𝑝, the set {0, 1,⋯ , 𝑝−1}, together with the operations addition and

multiplication modulo 𝑝, is a field.

Example 2.1.4 illustrates a finite field.
Definition 2.1.5. Let 𝔽 be a field where the cardinality of the set 𝔽 is a finite number 𝑞. Then,

we call 𝔽 a finite field of order 𝑞.

One property of a field that we are interested in is its characteristic.
Definition 2.1.6. The characteristic of a field 𝔽 , denoted by char 𝔽 , is the smallest positive

integer 𝑐 such that 1 +⋯ + 1
⏟⏞⏞⏟⏞⏞⏟

𝑐 𝑡𝑒𝑟𝑚𝑠

= 0. If no such 𝑐 exists, then char 𝔽 = 0.

We state properties of finite fields needed for this study.
Theorem 2.1.7 ([9]). Let 𝔽𝑞 be a finite field of order 𝑞.

• If 𝕂 is another finite field of order 𝑞, then 𝔽𝑞 and 𝕂 are isomorphic.

• The order must be of the form 𝑞 = 𝑝𝑘 for some prime 𝑝 and 𝑘 ∈ ℤ+. In this case,

char 𝔽𝑞 = 𝑝.

Henceforth, we denote by 𝔽𝑞 any finite field of order 𝑞. From Example 2.1.4, we know that for
prime order 𝑝, 𝔽𝑝 can be represented as the set {0, 1,⋯ , 𝑝−1} equipped with modulo arithmetic,
and all fields of prime order will have this structure by Theorem 2.1.7. Now, we discuss how to
obtain a representation for a finite field with a non-prime order. To do this, we need the concept
of a ring, which generalizes that of a field.
Definition 2.1.8. A ring R is a set together with two binary operations addition (+) and

multiplication (∙), such that:

1. (R,+) is an abelian group,

2. ∙ is associative,

3. For all 𝑥, 𝑦, 𝑧 ∈ R, 𝑥 ∙ (𝑦 + 𝑧) = (𝑥 ∙ 𝑦) + (𝑥 ∙ 𝑧).

Remark 2.1.9. All fields are rings.
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Example 2.1.10. The integersℤ, together with the usual addition and multiplication of integers,

is a ring but not a field.

Example 2.1.11. Let R be a ring. The set of polynomials in 𝑥 with coefficients in R, together

with addition and multiplication of polynomials, is a ring called the polynomial ring in 𝑥 over

R, denoted by R[𝑥].

Definition 2.1.12. A polynomial in R[𝑥] is irreducible if it is not a product of lower-degree

polynomials.

Now, we construct a field of non-prime order.
Example 2.1.13. Let 𝑞 = 𝑝𝑘 where 𝑝 is prime and 𝑘 > 1 is an integer. Let 𝑔 be an irreducible

polynomial of degree 𝑘 in 𝔽𝑝[𝑥]. Then, the quotient of 𝔽𝑝[𝑥] by the ideal generated by 𝑔 is a finite

field with order 𝑞. This can be seen as the collection of polynomials in 𝔽𝑝[𝑥] where we impose

the condition that 𝑔(𝑥) = 0. With this, every polynomial of degree greater than or equal to 𝑘

can be reduced to a polynomial of degree less than 𝑘 and thus, elements of 𝔽𝑞 can be represented

as 𝑎𝑘−1𝛼𝑘−1 + 𝑎𝑘−2𝛼𝑘−2 +⋯ + 𝑎1𝛼 + 𝑎0, where 𝛼 is a root of 𝑔 and 𝑎𝑖 ∈ 𝔽𝑝 for all 𝑖.

It is always possible to find an irreducible polynomial described in Example 2.1.13. In this study,
we use the Conway polynomial 𝐶𝑝,𝑘(𝑥) as our irreducible polynomial of degree 𝑘 in 𝔽𝑝[𝑥]. See
Appendix A for more details.
Theorem 2.1.14 ([9]). Let 𝔽𝑞 be a finite field of order 𝑞. Then, there exist an element 𝛼 ∈ 𝔽𝑞,

called a primitive element, that generates the multiplicative group (𝔽𝑞 ⧵ {0}, ∙).

One reason to consider Conway polynomials is that their roots act as a primitive element of our
field. This means that for a fixed 𝛼 that satisfies 𝐶𝑝,𝑘(𝛼) = 0, every non-zero element of 𝔽𝑞 with
𝑞 = 𝑝𝑘 can be written as 𝛼𝑗 , for some 𝑗. From this, we have two ways to represent elements of
our finite field.
Definition 2.1.15. Let 𝔽𝑞 be a finite field of order 𝑞 = 𝑝𝑘 and 𝛼 a primitive element of 𝔽𝑞. The

elements of 𝔽𝑞 can be represented as follows:

• Polynomial representation: 𝑎𝑘−1𝛼𝑘−1 + 𝑎𝑘−2𝛼𝑘−2 + ⋯ + 𝑎1𝛼 + 𝑎0, where 𝑎𝑖 ∈ 𝔽𝑝,

𝑖 = 0, 1,⋯ , 𝑘 − 1.
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• Power representation: 0 and 𝛼𝑗 , where 𝑗 = 1,⋯ , 𝑞 − 1.

In all the representations that will be used in this study, we fix a primitive element 𝛼, which is
a root of our Conway polynomial.

Now, we define the square root of 𝑥 ∈ 𝔽𝑞 as a value 𝑦 such that 𝑦2 = 𝑥. Notice that if 𝑥 = 0,
then 𝑦 = 0 is the only possible value of the square root, and if 𝑦 is a square root of 𝑥, then −𝑦

will also be a square root of 𝑥. Using the power representation and a primitive element 𝛼, we
see that square elements of our field are either 0 or of the form 𝛼𝑘 where 𝑘 is even. We formalize
this in the definition below and define the principal square root, which is the value of the square
root that we will use whenever we encounter a square root in our computations.
Definition 2.1.16. Let 𝛼 be a primitive element of 𝔽𝑞. The principal square root of 𝑥, denoted

by
√

𝑥 is defined as

√

𝑥 =
⎧

⎪

⎨

⎪

⎩

0 , 𝑥 = 0

𝛼𝑘∕2 , 𝑥 = 𝛼𝑘 where 𝑘 is even.

If 𝑥 = 𝛼𝑘 where 𝑘 is odd, then
√

𝑥 is not defined in 𝔽𝑞.

The existence of some square roots not being defined in 𝔽𝑞 is due to this field not being
algebraically closed.
Definition 2.1.17. A field 𝕂 is said to be algebraically closed if every nonconstant polynomial

in 𝕂[𝑥] has a root in 𝕂.

Theorem 2.1.18 ([9]). For any field 𝔽 , there exists an algebraically closed field extension of 𝔽

called its algebraic closure, denoted by 𝔽 .

Example 2.1.19. The fieldℝ is not algebraically closed. Its algebraic closure is given byℝ = ℂ.

In our case, computing square roots is equivalent to finding roots of a quadratic equation. Thus,
all square roots of elements in 𝔽𝑞 will exist in 𝔽𝑞. For more details and sample computations
regarding the representation of finite fields and the calculation of principal square roots, the
reader is referred to Appendix A.
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We end this section by discussing the concept of discriminants, which relates to square elements
in 𝔽𝑞. This will be one of our main tools for computing probabilities in Chapter 5.
Definition 2.1.20. The discriminant of a polynomial 𝑓 ∈ 𝔽𝑞[𝑥] with roots 𝜇𝑖, 𝑖 = 1, 2,⋯ , 𝑑 in

𝔽𝑞 is given by

𝐷(𝑓 ) =
𝑑
∏

𝑖<𝑗
(𝜇𝑖 − 𝜇𝑗)2.

For a quadratic polynomial in 𝔽𝑞[𝑥], its discriminant characterizes the number of roots that it
has in 𝔽𝑞.
Lemma 2.1.21 ([9]). Let 𝑓 (𝑥) = 𝑎𝑥2 + 𝑏𝑥+ 𝑐 be a quadratic polynomial in 𝔽𝑞[𝑥] where 𝑎 ≠ 0.

Then

𝐷(𝑓 ) = 𝑏2 − 4𝑎𝑐.

Moreover,

• 𝑓 has two distinct roots in 𝔽𝑞 if and only if 𝐷(𝑓 ) is a non-zero square in 𝔽𝑞.

• 𝑓 has one root in 𝔽𝑞 if and only if 𝐷(𝑓 ) = 0.

• 𝑓 has no roots in 𝔽𝑞 if and only if 𝐷(𝑓 ) is non-square in 𝔽𝑞.

Finally, we also have a result for cubic polynomials.
Lemma 2.1.22 ([4]). Let 𝑓 (𝑥) = 𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 be a cubic polynomial in 𝔽𝑞[𝑥]. Then

𝐷(𝑓 ) = 𝑏2𝑐2 − 4𝑐3 − 4𝑏3𝑑 − 27𝑑2 + 18𝑏𝑐𝑑.

Moreover, if 𝑓 is an irreducible polynomial in 𝔽𝑞[𝑥], then 𝐷(𝑓 ) is a non-zero square in 𝔽𝑞.

2.2 Projective plane

In this section, we review the concept of a projective plane and the geometric elements that
we can define in it, including points, lines, and conics. An extensive discussion of projective
geometry is available, for example, in [21] and [10].
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First, we define a general projective space over a field.
Definition 2.2.1. Let 𝔽 be a field and 𝔽 𝑛 be the vector space of 𝑛-tuples having entries in 𝔽 .

The 𝑛-dimensional projective space over a field 𝔽 , denoted by 𝑷 𝑛(𝔽 ), is the set of equivalence

classes in 𝔽 𝑛+1 ⧵ {𝟎} under the equivalence relation ∼ where

𝑎 ∼ 𝑏 if there exists 𝜆 ∈ 𝔽 ⧵ {0} such that 𝑎 = 𝜆𝑏.

Elements of 𝑷 𝑛(𝔽 ) are called points. The point containing (𝑥1, 𝑥2,⋯ , 𝑥𝑛+1) will be denoted by

its homogeneous coordinates [𝑥1 ∶ 𝑥2 ∶ ⋯ ∶ 𝑥𝑛+1].

The one-dimensional projective space 𝑷 1(𝔽 ), called the projective line, is bijective to 𝔽 ∪ {∞},
where the additional element ∞ is called a point at infinity. To see this, notice that
elements of 𝑷 1(𝔽 ) can be standardized, utilizing the invariance of homogeneous coordinates
to multiplication of non-zero scalars, in the form

[𝑥 ∶ 𝑦] =
⎧

⎪

⎨

⎪

⎩

[

𝑥
𝑦
∶ 1

]

, 𝑦 ≠ 0

[1 ∶ 0] , 𝑦 = 0.

With this, we see that [1 ∶ 0] can be mapped to ∞ and [𝑥 ∶ 1] with 𝑥 ∈ 𝔽 .

The setting of our study is the two-dimensional projective space 𝑷 2(𝔽 ), called the projective
plane. Using the same arguments above, elements of the projective plane can be standardized
as follows

[𝑥 ∶ 𝑦 ∶ 𝑧] =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

[

𝑥
𝑧
∶ 𝑦

𝑧
∶ 1

]

, 𝑧 ≠ 0
[

𝑥
𝑦
∶ 1 ∶ 0

]

, 𝑧 = 0 and 𝑦 ≠ 0

[1 ∶ 0 ∶ 0] , 𝑧 = 0 and 𝑦 = 0.

One can show that 𝑷 2(𝔽 ) is bijective to 𝔽 2 ∪ 𝑷 1(𝔽 ) and in this context, the projective line
component is called a line at infinity. Using this standardization, we can map [𝑥 ∶ 𝑦 ∶ 1] to
(𝑥, 𝑦) ∈ 𝔽 2. This is equivalent to choosing the affine chart 𝑧 = 1 as the viewing plane, with
points of the form [𝑥 ∶ 𝑦 ∶ 0] lying on the line at infinity.
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Another geometric object that we can define is a line in the projective plane.
Definition 2.2.2. A line in 𝑷 2(𝔽 ), represented by homogeneous coordinates in the dual plane,

is the collection of points

[𝑢 ∶ 𝑣 ∶ 𝑤] =
{

[𝑥 ∶ 𝑦 ∶ 𝑧] ∈ 𝑷 2(𝔽𝑞) | 𝑢𝑥 + 𝑣𝑦 +𝑤𝑧 = 0
}

.

Remark 2.2.3. The dual plane is an isomorphic copy of the plane 𝑷 2(𝔽 ), where the elements

are lines. This provides a correspondence between the points and lines in the projective plane.

In projective geometry, it is useful to treat [𝑥 ∶ 𝑦 ∶ 𝑧] as the column vector

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑥

𝑦

𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

For example, if we denote 𝑝𝑇 as the transpose of 𝑝, then the line condition in Definition 2.2.2
reduces to 𝑎𝑇 𝑏 = 0 where 𝑎 = [𝑢 ∶ 𝑣 ∶ 𝑤] and 𝑏 = [𝑥 ∶ 𝑦 ∶ 𝑧].

With this, we define a conic in the context of a projective plane.
Definition 2.2.4. Let 𝐴 be a 3 × 3 nonzero, symmetric matrix. We define the conic 𝒜 as

𝒜 = {𝑝 ∈ 𝑷 2(𝔽 ) | 𝑝𝑇𝐴𝑝 = 0}.

Here, we call 𝐴 a matrix representation of conic 𝒜 .

Since we are in the projective plane, a matrix representation is unique up to non-zero scalar
multiplication.

Now, we define the concept of a line tangent to a conic.
Definition 2.2.5. A line 𝜏 is tangent to a conic 𝒜 if 𝜏 and 𝒜 have exactly one common point.

Remark 2.2.6. In a projective plane over an algebraically closed field, a line and a conic

intersect at two points, since this is equivalent to solving a quadratic equation. A line is tangent

to a conic when the two intersection points coincide, and we call the point of tangency an

intersection point of multiplicity 2.

12



Theorem 2.2.7 ([21]). Let 𝒜 be a conic with matrix representation 𝐴. Then:

• 𝒜 is a smooth conic; that is, for every point 𝑝 ∈ 𝒜 , there exist a line tangent to 𝒜 at 𝑝 if

and only if rank 𝐴 = 3.

• 𝒜 is a union of two distinct lines if and only if rank 𝐴 = 2.

• 𝒜 is a double line if and only if rank 𝐴 = 1.

A smooth conic ℬ with matrix representation 𝐵 can be used to induce a map from the points
to the lines in the projective plane. We call this map a polarity.
Definition 2.2.8. Let ℬ be a smooth conic with matrix representation 𝐵. The polarity induced

by ℬ is the map that sends a point 𝑝 in the projective plane to the line 𝐵𝑝, which we call the

polar line to ℬ with respect to 𝑝.

The usefulness of the polar line is summarized in the statement below.
Theorem 2.2.9 ([21]). Let ℬ be a smooth conic with matrix representation 𝐵. Let 𝓁 = 𝐵𝑝 be

the polar line to ℬ with respect to 𝑝 ∈ 𝑷 2(𝔽 ).

• 𝓁 intersects ℬ at the points of tangency of the tangent lines to ℬ that pass through 𝑝.

• If 𝑝 ∈ ℬ, then 𝓁 is the tangent line to ℬ at point 𝑝.

In fact, the second statement in Theorem 2.2.9 coincides with the method of obtaining the
tangent line via formal derivatives. To see this, note that a smooth conic ℬ with matrix
representation

𝐵 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2𝑎 𝑏 𝑑

𝑏 2𝑐 𝑒

𝑑 𝑒 2𝑓

⎤

⎥

⎥

⎥

⎥

⎥

⎦

has an underlying conic equation 𝑎𝑥2+ 𝑏𝑥𝑦+ 𝑐𝑦2+𝑑𝑥𝑧+ 𝑒𝑦𝑧+𝑓𝑧2 = 0, which is an algebraic
curve. We can perform formal derivatives and obtain the equation of the tangent line at point
𝑝 = [𝑥0 ∶ 𝑦0 ∶ 𝑧0] to be (2𝑎𝑥0 + 𝑏𝑦0 + 𝑑𝑧0)𝑥+ (𝑏𝑥0 + 2𝑐𝑦0 + 𝑒𝑧0)𝑦+ (𝑑𝑥0 + 𝑒𝑦0 + 2𝑓𝑧0)𝑧 = 0,
which is exactly the polar line 𝐵𝑝.
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Finally, we give a brief discussion about projective automorphism.
Definition 2.2.10. Let 𝔽 be a field.

• The projective linear group, PGL(𝑛, 𝔽 ) = GL(𝑛, 𝔽 )∕{𝑐𝐼𝑛 | 𝑐 ∈ 𝔽}, is the multiplicative

group of 𝑛 × 𝑛 matrices with entries in 𝔽 and determinant 1.

• The map 𝑇 ∶ 𝑷 2(𝔽 ) → 𝑷 2(𝔽 ) defined by 𝑇 (𝑝) = 𝐶𝑝 where 𝐶 ∈ PGL(3, 𝔽 ) is called a

projective automorphism over 𝑷 2(𝔽 ).

We list important properties of projective automorphisms that we need for this study.
Theorem 2.2.11 ([10]). Let 𝑇 be a projective automorphism over 𝑷 2(𝔽 ).

• 𝑇 maps lines to lines, and maps smooth conics to smooth conics.

• If 𝓁 is a line tangent to conic ℬ, then 𝑇 (𝓁) is a line tangent to conic 𝑇 (ℬ).

• If 𝑝 is an intersection point with multiplicity 𝑚 of conics 𝒜 and ℬ, then 𝑇 (𝑝) is an

intersection point with multiplicity 𝑚 of conics 𝑇 (𝒜 ) and 𝑇 (ℬ).

2.3 Pencils of conics

In this section, we introduce pencils of conics, which are collections of conics that we will
consider as sample spaces for the computation of probabilities in Chapter 5. In particular, we
consider pencils in 𝑷 2(𝔽𝑞) that are unique up to projective automorphism. A more detailed
discussion about these is available, for example, in [10].
Definition 2.3.1. Let 𝒜 and ℬ be two distinct conics in 𝑷 2(𝔽 ) with matrix representation 𝐴 and

𝐵, respectively. The collection of conics with matrix representation in {𝜂𝐴 + 𝐵 ∶ 𝜂 ∈ 𝑷 1(𝔽 )}

is called the pencil of conics generated by 𝒜 and ℬ.

Now, we state a version of Bézout’s theorem for the intersection of two conics
Theorem 2.3.2 (Bézout’s [10, 18]). Let 𝒜 and ℬ be two conics defined in a projective plane

over an algebraically closed field. If 𝒜 and ℬ do not have a common component, then 𝒜 and

ℬ intersect at four points, counting multiplicity.
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Definition 2.3.3. Let 𝒜 = {𝑝 ∈ 𝑷 2(𝔽 ) | 𝑝𝑇𝐴𝑝 = 0} be a conic in 𝑷 2(𝔽 ).

• 𝑷 2(𝔽 ) is called the extended plane, where 𝔽 is the algebraic closure of 𝔽 .

• 𝒜 = {𝑝 ∈ 𝑷 2(𝔽 ) | 𝑝𝑇𝐴𝑝 = 0} is the conic in the extended plane defined by the same

conic equation as 𝒜 .

Using these, we define the base points of a pencil.
Definition 2.3.4. The base points of the pencil generated by 𝒜 and ℬ are the points in 𝒜 ∩ℬ.

We follow the approach in [3] by considering pencils of conics in 𝑷 2(𝔽𝑞) up to projective
automorphisms using the classification provided by Dickson [5], which we give in Table 2.3.1;
see also Table 7.7 on page 175 of [14].

The configuration of the base points for each pencil is described in the second column. Aside
from pencils 𝒫1 and 𝒫2, the rest of the pencils have generators with no common components
and must have four base points, counting multiplicity, in 𝑷 2(𝔽𝑞) by Bézout’s theorem. The
configuration (1, 1, 1, 1)1 represents four base points in 𝔽𝑞, each of intersection multiplicity 1.
Now, (𝑚)1 represents a base point in 𝔽𝑞 with intersection multiplicity 𝑚, and (1)ℎ represents ℎ
base points in 𝔽𝑞ℎ obtained by solving an irreducible degree ℎ polynomial in 𝔽𝑞[𝑇 ].

The number of each type of conic for each pencil is described in the third column. Note that
in the projective plane 𝑷 2(𝔽𝑞), there are four types of conics: a smooth conic, the union of two
distinct lines, a single line, and a point. Here, a conic which coincides with a line is treated as
a double line, while a conic coinciding with a point will in fact be, in the projective plane over
the algebraic closure 𝔽 𝑞, the union of two conjugate lines which intersect at that point.

For any pencil 𝒫𝑗 from Table 2.3.1, each 𝜂 ∈ 𝑷 1(𝔽𝑞) correspond to the conic with matrix
representation𝐶𝑗(𝜂) = 𝜂𝐴𝑗+𝐵𝑗 where𝐴𝑗 and𝐵𝑗 are the matrix representations of the generators
𝒜𝑗 and ℬ𝑗 , with the convention that 𝐶𝑗(∞) = 𝐴𝑗 .
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Table 2.3.1: Pencils of conics in 𝑷 2(𝔽𝑞), up to projective automorphism [5, 14]

𝒫𝑗 Base Points Count per Type of Conic Generators
Smooth Two Lines Point Line 𝒜𝑗 ℬ𝑗

𝒫1 0 𝑞 0 1 𝑥2 𝑥𝑦
𝒫2 0 𝑞 + 1 0 0 𝑥𝑦 𝑥𝑧
𝒫3 (1, 1, 1, 1)1 𝑞 − 2 3 0 0 𝑥𝑦 𝑥𝑧 + 𝑦𝑧 + 𝑧2

𝒫4 (1, 1, 2)1 𝑞 − 1 2 0 0 𝑥𝑦 𝑥𝑧 + 𝑧2

𝒫5 (1, 3)1 𝑞 1 0 0 𝑥𝑦 𝑥𝑧 + 𝑦2

𝒫6 (2, 2)1 𝑞 − 1 1 0 1 𝑥𝑦 𝑧2

𝒫 ∗∗
7 (4)1 0 0 0 𝑞 + 1 𝑥2 𝑦2

𝒫8 (4)1 𝑞 0 0 1 𝑥2 𝑥𝑦 + 𝑧2

𝒫 ∗∗
9 (4)1 0 𝑞∕2 𝑞∕2 1 𝑥2 𝑥𝑦 + 𝑦2

𝒫 #
10 (4)1 0 (𝑞 − 1)∕2 (𝑞 − 1)∕2 2 𝑥𝑦 𝑥2 − 𝑦2

𝒫 #
11 (4)1 0 (𝑞 + 1)∕2 (𝑞 + 1)∕2 0 𝑥𝑦 𝑥2 − 𝜈𝑦2†

𝒫 ##
12 (4)1 0 (𝑞 − 1)∕2 (𝑞 − 1)∕2 2 𝑥𝑦 𝑥2 + 𝑦2

𝒫 ##
13 (4)1 0 (𝑞 + 1)∕2 (𝑞 + 1)∕2 0 𝑥𝑦 𝑥2 − 𝑦2

𝒫14 (1, 1)1, (1)2 𝑞 1 0 0 𝑥𝑦 𝑥𝑧 + 𝑦2 + 𝑦𝑧 + 𝑒𝑧2‡

𝒫15 (2)1, (1)2 𝑞 − 1 1 1 0 𝑥𝑦 𝑦2 + 𝑦𝑧 + 𝑒𝑧2‡

𝒫16 (1, 1)2 𝑞 − 2 1 2 0 𝑥𝑦 𝑒𝑥2 + 𝑥𝑧 + 𝑑𝑦2 + 𝑦𝑧 + 𝑧2‡

𝒫17 (2)2 𝑞 − 1 0 1 1 𝑥2 𝑦2 + 𝑦𝑧 + 𝑒𝑧2‡

𝒫18 (1)1, (1)3 𝑞 + 1 0 0 0 −𝑥𝑧 + 𝑦2 𝑥2 + 𝑐𝑥𝑦 + 𝑏𝑦2 + 𝑦𝑧‡

𝒫 ∗
19 (1)4 𝑞 0 1 0 𝑥2 − 𝜈𝑦2† 2𝜎𝑥𝑦 − 𝜌𝑦2 + 𝑧2†

𝒫 ∗∗
20 (1)4 𝑞 0 1 0 𝑥2 + 𝑥𝑦 + 𝑒𝑦2‡ 𝑓𝑥𝑧 + 𝑦2 + 𝑧2‡

† 𝜈 and 𝜌2 − 4𝜈𝜎2 are non-squares. ‡ 𝑇 3 + 𝑏𝑇 2 + 𝑐𝑇 + 1, 𝑇 2 + 𝑇 + 𝑑, 𝑇 2 + 𝑇 + 𝑒, and 𝑇 2 + 𝑒𝑓 2𝑇 + 𝑓 2 are irreducible in 𝔽𝑞[𝑇 ].
∗ 𝑞 must be odd. ∗∗ 𝑞 must be even. # 𝑞 ≡ 1 mod 4. ## 𝑞 ≡ −1 mod 4.
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For pencils considered in this study, we derived the homogeneous coordinates of the base points
together with the index 𝜂 ∈ 𝑷 1(𝔽𝑞) corresponding to singular elements in that pencil. These are
summarized in Table 2.3.2.

Table 2.3.2: Singular elements and base points of each pencil

𝒫𝑗
∗ Singular 𝜂∗∗ Base Points (Intersection Multiplicity)

𝒫3 0, 1,∞ [−1 ∶ 0 ∶ 1], [0 ∶ −1 ∶ 1], [0 ∶ 1 ∶ 0], [1 ∶ 0 ∶ 0]

𝒫4 0,∞ [−1 ∶ 0 ∶ 1], [1 ∶ 0 ∶ 0], [0 ∶ 1 ∶ 0](2)

𝒫5 ∞ [1 ∶ 0 ∶ 0], [0 ∶ 0 ∶ 1](3)

𝒫6 0,∞ [0 ∶ 1 ∶ 0](2), [1 ∶ 0 ∶ 0](2)

𝒫8 ∞ [0 ∶ 1 ∶ 0](4)

𝒫14 ∞ [−𝑒 ∶ 0 ∶ 1], [1 ∶ 0 ∶ 0], [0 ∶ 𝜇1
† ∶ 1], [0 ∶ 𝜇2

† ∶ 1]

𝒫15 0,∞ [1 ∶ 0 ∶ 0](2), [0 ∶ 𝜇1
† ∶ 1], [0 ∶ 𝜇2

† ∶ 1]

𝒫16 𝜂+, 𝜂−,∞ [0 ∶ 1 ∶ 𝜇3
‡], [0 ∶ 1 ∶ 𝜇4

‡], [1 ∶ 0 ∶ 𝜇1
†], [1 ∶ 0 ∶ 𝜇2

†]

𝒫17 0,∞ [0 ∶ 𝜇1
† ∶ 1](2), [0 ∶ 𝜇2

† ∶ 1](2)

𝒫18 None [0 ∶ 0 ∶ 1], [1 ∶ 𝜇5
# ∶ 𝜇2

5
#], [1 ∶ 𝜇6

# ∶ 𝜇2
6
#], [1 ∶ 𝜇7

# ∶ 𝜇2
7
#]

𝒫19 ∞ [−
√

𝜈 ∶ 1 ∶ 𝜁1##], [−
√

𝜈 ∶ 1 ∶ −𝜁1##], [
√

𝜈 ∶ 1 ∶ 𝜁2##], [
√

𝜈 ∶ 1 ∶ −𝜁2##]
∗ See Table 2.3.1
∗∗ 𝜂 that correspond to singular conics in 𝒫𝑗 ; 𝜂+ =

1 +
√

(1 − 4𝑑)(1 − 4𝑒)
2

, 𝜂− =
1 −

√

(1 − 4𝑑)(1 − 4𝑒)
2

† 𝜇1,𝜇2 are roots of 𝑇 2 + 𝑇 + 𝑒 in 𝔽𝑞 ‡ 𝜇3,𝜇4 are roots of 𝑇 2 + 𝑇 + 𝑑 in 𝔽𝑞
# 𝜇5,𝜇6,𝜇7 are roots of 𝑇 3 + 𝑏𝑇 + 𝑐𝑇 + 1 in 𝔽𝑞 ## 𝜁1 =

√

𝜌 + 2𝜎
√

𝜈, 𝜁2 =
√

𝜌 − 2𝜎
√

𝜈

17



Definition 2.3.5. Two conics in 𝑷 2(𝔽 ) intersect transversally if they intersect at four distinct

points in 𝑷 2(𝔽 ); that is, each base point must have intersection multiplicity 1.

Remark 2.3.6. Pencils with transversally intersecting elements refers to 𝒫3,𝒫14,𝒫16,𝒫18 and

𝒫19, which are the pencils considered in [3]. In this study, we consider all pencils with at least

one smooth conic; that is, we also consider pencils with non-transversally intersecting elements,

which refers to 𝒫4,𝒫5,𝒫6,𝒫8,𝒫15 and 𝒫17.

2.4 Poncelet’s theorem and Cayley’s condition

In this section, we present the two theorems that play a central role in this study.

First, we state Poncelet’s theorem as used in our setting.
Theorem 2.4.1 (Poncelet [1, 17, 20]). Let (𝒜 ,ℬ) be a pair of conics in 𝑷 2(𝔽𝑞). If there exists

an 𝑛-sided polygon that is inscribed in 𝒜 and circumscribed about ℬ, then every point in 𝒜 is

a vertex of an 𝑛-sided polygon that is inscribed in 𝒜 and circumscribed about ℬ.

This tells us that the number of sides of our Poncelet polygon is only dependent on the pair
(𝒜 ,ℬ), which leads us to define the following.
Definition 2.4.2. Let (𝒜 ,ℬ) be a pair of conics in 𝑷 2(𝔽𝑞) such that an 𝑛-sided polygon is

inscribed in 𝒜 and circumscribed about ℬ.

• We call such 𝑛-sided polygon a Poncelet 𝑛-gon.

• We call the pair (𝒜 ,ℬ) an 𝑛-Poncelet pair.

Remark 2.4.3. As a consequence of Theorem 2.2.11, if 𝑇 is a projective automorphism and

(𝒜 ,ℬ) is an 𝑛-Poncelet pair, then (𝑇 (𝒜 ), 𝑇 (ℬ)) is an 𝑛-Poncelet pair. Moreover, we can use a

projective automorphism to map any pencil with at least one smooth conic to a pencil in Table

2.3.2. In effect, considering the pencils in Table 2.3.2 takes into account every possible pencil

in 𝑷 2(𝔽𝑞) with at least one smooth conic.

With this, we can consider an ordered pair (𝒜 ,ℬ) of conics from 𝒫𝑗 and ask whether it is an
𝑛-Poncelet pair. We can answer this using Cayley’s condition.
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Theorem 2.4.4 (Cayley [2, 6, 13]). Consider the formal series expansion

√

det(𝑡𝐴 + 𝐵) = 𝐻0 +𝐻1𝑡 +𝐻2𝑡
2 +𝐻3𝑡

3 +⋯ ,

where 𝐴 and 𝐵 are the matrix representations for conics 𝒜 and ℬ, respectively.

Then, (𝒜 ,ℬ) is an 𝑛-Poncelet pair if and only if

|

|

|

|

|

|

|

|

|

|

|

𝐻2 ⋯ 𝐻𝑚+1

⋮ ⋱ ⋮

𝐻𝑚+1 ⋯ 𝐻2𝑚

|

|

|

|

|

|

|

|

|

|

|

= 0; 𝑛 = 2𝑚 + 1, 𝑚 ≥ 1,

|

|

|

|

|

|

|

|

|

|

|

𝐻3 ⋯ 𝐻𝑚+1

⋮ ⋱ ⋮

𝐻𝑚+1 ⋯ 𝐻2𝑚−1

|

|

|

|

|

|

|

|

|

|

|

= 0; 𝑛 = 2𝑚,𝑚 ≥ 2.

Remark 2.4.5. Utilizing Cayley’s condition:

• (𝒜 ,ℬ) is a 3-Poncelet pair if and only if 𝐻2 = 0.

• (𝒜 ,ℬ) is a 4-Poncelet pair if and only if 𝐻3 = 0.

More precisely, our statement of Poncelet’s theorem and Cayley’s condition works for (𝒜 ,ℬ)

in 𝑷 2(𝔽𝑞). In this study, since our condition only depends on the matrix representations 𝐴 and
𝐵, we say that (𝒜 ,ℬ) is an 𝑛-Poncelet pair in 𝑷 2(𝔽𝑞) if the induced pair (𝒜 ,ℬ) in 𝑷 2(𝔽𝑞) is
an 𝑛-Poncelet pair. Geometrically, this is equivalent to having at least one of the vertices of our
Poncelet 𝑛-gon in 𝒜 .
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2.5 Notation

In this study, we always work in 𝑷 2(𝔽𝑞) where char 𝔽𝑞 ≠ 2. In representing 𝔽𝑞 where 𝑞 = 𝑝𝑘

with 𝑘 > 1, we fix a primitive element 𝛼 which is a root of the Conway polynomial 𝐶𝑝,𝑘(𝑥).

Conics will be denoted by capital script letters 𝒜 and ℬ and their respective matrix
representation by 𝐴 and 𝐵. In constructing a Poncelet polygon, 𝒜 will be the conic in which
we inscribe the polygon, while ℬ will be the conic about which we circumscribe it.

When referring to pairs of conics in pencil 𝒫𝑗 , we associate (𝑟, 𝑠) ∈ 𝑷 1(𝔽𝑞) × 𝑷 1(𝔽𝑞) to the pair
(𝒜 ,ℬ) where 𝐴 = 𝐶𝑗(𝑟) and 𝐵 = 𝐶𝑗(𝑠).
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3. Poncelet polygons

In this chapter, we discuss the construction of Poncelet polygons in the projective plane. First,
we examine a method of computing the intersection of a line and a conic in the projective plane
and use this to provide the steps for construction. We also discuss constructions in the scenario
where we need to consider the extended plane and degenerate cases. Moreover, we mention
pairs of conics that create a problem in our construction. We conclude this section by presenting
results on Poncelet triangle construction in 𝑷 2(𝔽𝑞).

3.1 Intersection of a line and a conic

In this section, we describe a method of computing intersection points of a line and a conic in
the projective plane from [21]. This method handles this computation by making use of the
conic’s matrix representation together with the homogeneous coordinates of the line. This also
naturally accounts for intersections that may occur at points at infinity. From this, we derive our
own method of computing the intersection points when one of them is given.
Algorithm 3.1.1 (Intersection of line and conic [21]). Let [𝜆 ∶ 𝜇 ∶ 𝜏] be the homogeneous

coordinates of our line 𝓁 and 𝐴 be the matrix representation of conic 𝒜 .

1. Construct ℳ𝓁 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜏 −𝜇

−𝜏 0 𝜆

𝜇 −𝜆 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

2. Compute 𝑉𝐴,𝓁 = ℳ𝑇
𝓁𝐴ℳ𝓁 = [𝑉𝑖,𝑗].

3. Compute 𝑘𝐴,𝓁 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜆−1
√

𝑉 2
2,3 − 𝑉2,2𝑉3,3, if 𝜆 ≠ 0

𝜇−1
√

𝑉 2
1,3 − 𝑉1,1𝑉3,3, if 𝜇 ≠ 0

𝜏−1
√

𝑉 2
1,2 − 𝑉1,1𝑉2,2, if 𝜏 ≠ 0.
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4. 𝑉𝐴,𝓁 + 𝑘𝐴,𝓁ℳ𝓁 is a rank 1 matrix proportional to 𝑝𝑞𝑇 , where 𝑝 and 𝑞 are the points of

intersection of 𝓁 and 𝒜 .

That is, any nonzero column and row of 𝑉𝐴,𝓁 + 𝑘𝐴,𝓁ℳ𝓁 serves as homogeneous coordinates of
𝑝 = [𝑝1 ∶ 𝑝2 ∶ 𝑝3] and 𝑞 = [𝑞1 ∶ 𝑞2 ∶ 𝑞3].

It was also shown in [21] that 𝑉𝐴,𝓁 is proportional to 𝑝𝑞𝑇 + 𝑞𝑝𝑇 . We use this fact to modify this
method if one of the points of intersection, say 𝑝, is already given. Choose a coordinate system
such that 𝑉𝐴,𝓁 = [𝑉𝑖,𝑗] = 𝑝𝑞𝑇 + 𝑞𝑝𝑇 . With this, we need to solve the overdetermined system

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑉1,1

𝑉2,2

𝑉3,3

𝑉1,2

𝑉1,3

𝑉2,3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

2𝑝1 0 0

0 2𝑝2 0

0 0 2𝑝3

𝑝2 𝑝1 0

𝑝3 0 𝑝1

0 𝑝3 𝑝2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑋

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑞1

𝑞2

𝑞3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Since the coordinates of 𝑝 cannot all be zero, 𝑋 always has a full column rank and hence, 𝑋𝑇𝑋

is invertible. We can solve for 𝑞, up to a scalar multiple, by left multiplying both sides by
(𝑋𝑇𝑋)−1𝑋𝑇 , the left inverse of 𝑋. We formalize this in Algorithm 3.1.2.

Algorithm 3.1.2 (Intersection of line and conic given one intersection point). Let [𝜆 ∶ 𝜇 ∶ 𝜏]

be the homogeneous coordinates of our line 𝓁 and 𝐴 be the matrix representation of conic 𝒜 .

Suppose one of the intersection points, 𝑝 = [𝑝1 ∶ 𝑝2 ∶ 𝑝3], is given.
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1. Construct ℳ𝓁 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜏 −𝜇

−𝜏 0 𝜆

𝜇 −𝜆 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

and 𝑋 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

2𝑝1 0 0

0 2𝑝2 0

0 0 2𝑝3

𝑝2 𝑝1 0

𝑝3 0 𝑝1

0 𝑝3 𝑝2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

2. Compute 𝑉𝐴,𝓁 = ℳ𝑇
𝓁𝐴ℳ𝓁 = [𝑉𝑖,𝑗].

3. (𝑋𝑇𝑋)−1𝑋𝑇

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑉1,1

𝑉2,2

𝑉3,3

𝑉1,2

𝑉1,3

𝑉2,3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

is proportional to the other point of intersection 𝑞.

3.2 Construction of a Poncelet polygon

Given an 𝑛-Poncelet pair (𝒜 ,ℬ) and a point 𝑃1 ∈ 𝒜 , we want to construct the Poncelet 𝑛-gon
with starting vertex 𝑃1. In this section, we describe the steps for doing this construction.
Algorithm 3.2.1 (Constructing a Poncelet 𝑛-gon inscribed in 𝒜 and circumscribed about ℬ).
Let 𝑃𝑘 be the 𝑘th vertex of our polygon.

1. Choose 𝑃1 ∈ 𝒜 as a starting vertex and set 𝑘 = 1.

2. Construct 𝓁𝑘 = 𝐵𝑃𝑘, the polar line to ℬ with respect to 𝑃𝑘.

3. If 𝑘 = 1, obtain the intersection points of 𝓁𝑘 and ℬ using Algorithm 3.1.1 and assign one

intersection point to 𝑅1. If 𝑘 > 1, assign to 𝑅𝑘 the other intersection point of 𝓁𝑘 and ℬ

given the known intersection point 𝑅𝑘−1 using Algorithm 3.1.2.

4. Construct 𝜏𝑘 = 𝐵𝑅𝑘, the tangent line to ℬ at 𝑅𝑘.
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5. Obtain the next vertex, 𝑃𝑘+1, as the other intersection point of 𝜏𝑘 and 𝒜 given the known

intersection point 𝑃𝑘 using Algorithm 3.1.2.

6. Increment 𝑘 by one and repeat step 2. Stop when 𝑘 = 𝑛 + 1.

We illustrate in Figure 3.2.1 how Algorithm 3.2.1 works in the real plane. Here, we put an
arrowhead on the side of our Poncelet polygon to establish the direction of our construction.
This direction is arbitrary and is decided by our choice of 𝑅1, where the forward direction is
chosen to be the path from 𝑃1 going to the next vertex through the line 𝜏1 that is tangent to ℬ at
𝑅1. The polygon that we obtain in the end will not depend on this choice of direction; however,
we make this choice to label the vertices of our Poncelet polygon consistently.

𝒜

ℬ

𝑃𝑘

𝑃𝑘−1

𝑃𝑘+1

𝜏𝑘

𝜏
𝑘−1

𝑅𝑘−1

𝑅𝑘

𝓁 𝑘

Figure 3.2.1: Construction in the real plane

Following the Poncelet polygon construction in Algorithm 3.2.1, notice that it is only for the
case of 𝑘 = 1 that we need to compute two intersection points using Algorithm 3.1.1. In effect,
we only need to take one square root for the whole construction. In this study, whenever we are
intersecting lines or conics in 𝑷 2(𝔽𝑞), we implicitly consider the intersection of their versions in
the extended plane 𝑷 2(𝔽𝑞). The need to do our computations in the extended plane arises when
the square root that we are considering is not defined in 𝔽𝑞.

Now, we show that we don’t actually need the entire extended plane in our calculations.
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Lemma 3.2.2. All elements of 𝔽𝑞 have a square root in 𝔽𝑞2 .

Proof. Consider the primitive element 𝛼∗ of 𝔽𝑞2 and use the fact that the multiplicative group
generated by 𝛼𝑞+1

∗ is isomorphic to 𝔽𝑞 ⧵ {0}. Hence, 𝛼𝑞+1
∗ can be used in lieu of 𝛼 in Definition

2.1.16 and for 𝑥 = 𝛼(𝑞+1)𝑘
∗ , we have √

𝑥 = 𝛼
(𝑞+1)𝑘

2
∗ . This is always defined since char 𝔽𝑞 ≠ 2,

which implies that 𝑞 + 1 is even.

Proposition 3.2.3. Let𝑃𝑖 be the vertices of a Poncelet polygon inscribed in𝒜 and circumscribed

about ℬ, and 𝓁𝑖 be the polar line 𝐵𝑃𝑖. If 𝑃𝑖 ∈ 𝑷 2(𝔽𝑞) for some 𝑖, then 𝑃𝑗 ∈ 𝑷 2(𝔽𝑞2) for all 𝑗.

Moreover, if 𝓁𝑖 intersects ℬ in 𝑷 2(𝔽𝑞), then 𝑃𝑗 ∈ 𝑷 2(𝔽𝑞) for all 𝑗.

Proof. Choose 𝑃𝑖 as the starting vertex and apply Algorithm 3.2.1. Since we use Algorithm
3.1.1 only once, we take the square root only once, and we are assured that all coordinates will
be in 𝔽𝑞2 by Lemma 3.2.2.

Now, suppose 𝓁𝑖 intersects ℬ in 𝑷 2(𝔽𝑞). Treating 𝑃𝑖 as the starting vertex, this implies that the
square root we obtain from Algorithm 3.1.1 is in 𝔽𝑞. Since the rest of the vertices can now be
obtained by Algorithm 3.1.2, which only involves linear operations, all coordinates are assured
to be in 𝔽𝑞.

Remark 3.2.4. Proposition 3.2.3 implies that if any of the polar lines intersect ℬ in 𝑷 2(𝔽𝑞),

then all our calculations can be done in 𝑷 2(𝔽𝑞).

From a geometric point of view, it may happen that the polar line will not intersect the conic
ℬ in the plane since 𝔽𝑞 is not an algebraically closed field. In this case, some of the vertices of
the Poncelet polygon will not be in the plane. However, Proposition 3.2.3 states that we do not
need the whole algebraic closure 𝔽𝑞 to obtain all the vertices in our construction. Using this, we
define polygons that are in the extended plane.
Definition 3.2.5. A Poncelet polygon inscribed in 𝒜 and circumscribed about ℬ is in the

extended plane if at least one of its vertices is in 𝑷 2(𝔽𝑞2) ⧵ 𝑷 2(𝔽𝑞).
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3.3 Degenerate polygons

In this section, we discuss the case when a Poncelet polygon becomes degenerate.
Definition 3.3.1. A polygon is degenerate if at least two of its vertices coincide.

The following lemmas enable us to characterize degenerate Poncelet polygons.
Lemma 3.3.2. Using the notations in Algorithm 3.2.1, the following are equivalent:

1. 𝜏𝑘 is a common tangent of 𝒜 and ℬ,

2. 𝑃𝑘 = 𝑃𝑘+1,

3. 𝜏𝑘−1 = 𝜏𝑘+1,

4. 𝑅𝑘−1 = 𝑅𝑘+1.

Proof. 𝜏𝑘 being tangent to 𝒜 is equivalent to the consecutive vertices 𝑃𝑘 and 𝑃𝑘+1 coinciding
with each other. 𝑃𝑘 = 𝑃𝑘+1 is equivalent to having the tangent 𝜏𝑘+1, treated as the side going from
𝑃𝑘+1 to 𝑃𝑘+2, coinciding with the tangent 𝜏𝑘−1, treated as the side going from 𝑃𝑘−1 to 𝑃𝑘. Finally,
𝜏𝑘−1 = 𝜏𝑘+1 if and only if they have the same point of tangency in ℬ, that is, 𝑅𝑘−1 = 𝑅𝑘+1.

Lemma 3.3.3. Using the notations in Algorithm 3.2.1, the following are equivalent:

1. 𝑃𝑘 ∈ 𝒜 ∩ℬ,

2. 𝑃𝑘 = 𝑅𝑘−1 = 𝑅𝑘,

3. 𝓁𝑘 = 𝜏𝑘−1 = 𝜏𝑘,

4. 𝑃𝑘−1 = 𝑃𝑘+1.

Proof. 𝑃𝑘 being an element of ℬ is equivalent to having the polar line 𝓁𝑘 coincide with the
tangent line 𝜏𝑘 with point of tangency at 𝑃𝑘, that is, 𝑃𝑘 = 𝑅𝑘 = 𝑅𝑘−1. 𝑅𝑘 = 𝑅𝑘−1 is equivalent
to yielding the same tangent line, that is, 𝜏𝑘 = 𝜏𝑘−1. Since both 𝜏𝑘 and 𝜏𝑘−1 contain the point
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𝑃𝑘, then 𝜏𝑘 = 𝜏𝑘−1 is equivalent to having the other point of intersection to be the same, that is,
𝑃𝑘−1 = 𝑃𝑘+1.

We illustrate the scenario in the real plane when a common tangent is involved in Figure 3.3.1
and the scenario involving a base point in Figure 3.3.2.

𝒜

ℬ

𝑃𝑘 = 𝑃𝑘+1

𝑃𝑘−1 = 𝑃𝑘+2
𝜏 𝑘−

1
=
𝜏 𝑘+

1

𝑅𝑘

𝑅𝑘−1 = 𝑅𝑘+1

𝓁𝑘

𝜏
𝑘

Figure 3.3.1: Degenerate Poncelet polygon when 𝜏𝑘 is a common tangent

𝒜

ℬ

𝑃𝑘 = 𝑅𝑘−1 = 𝑅𝑘

𝑃𝑘−1 = 𝑃𝑘+1

𝓁 𝑘
=
𝜏 𝑘
−1

=
𝜏 𝑘

Figure 3.3.2: Degenerate Poncelet polygon when 𝑃𝑘 is a base point

Now, we state a lemma that describes the intersection multiplicity of the base point based on
the construction.
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Lemma 3.3.4. Let 𝑃𝑘 be the 𝑘th vertex of a Poncelet 𝑛-gon inscribed in 𝒜 and circumscribed

about ℬ. Suppose 𝑃𝑘 is an intersection point of 𝒜 and ℬ with multiplicity 𝑚, then 𝑚 = 1 if

and only if 𝑃𝑘 ≠ 𝑃𝑘+1.

Proof. Since 𝑃𝑘 ∈ 𝒜 ∩ℬ, then we have 𝜏𝑘 to be tangent to ℬ at 𝑃𝑘 by Lemma 3.3.3. Hence, 𝑃𝑘

is a point of intersection with multiplicity greater than 1 if and only if 𝜏𝑘 is a common tangent
of 𝒜 and ℬ, which is equivalent to having 𝑃𝑘 = 𝑃𝑘+1 by Lemma 3.3.2.

Remark 3.3.5. If we start the construction at vertex 𝑃𝑘, which is a base point of multiplicity

greater than 1, then Lemma 3.3.3 and Lemma 3.3.4 imply that 𝑃𝑘−1 = 𝑃𝑘 = 𝑃𝑘+1. That is, the

construction gets stuck at 𝑃𝑘 because moving forward or backward in our construction returns

to the same point. In this case, we get a degenerate Poncelet polygon that is a point.

We characterize a degenerate Poncelet polygon for cases where we avoid base points of
multiplicity greater than 1.
Proposition 3.3.6. Any degenerate Poncelet 𝑛-gon with at least two distinct vertices must fall

into one of these cases:

1. two of its vertices are base points,

2. two of its sides are common tangents,

3. one of its vertices is a base point, and one of its sides is a common tangent.

Moreover, 𝑛 is odd if and only if it belongs to the last case.

Proof. Suppose 𝑖 < 𝑗 ≤ 𝑛 and 𝑃𝑖 and 𝑃𝑗 are two vertices of the Poncelet polygon that coincide.
From the construction, we must have 𝑃𝑖+𝑘 = 𝑃𝑗−𝑘 for all 𝑘 such that 𝑖+ 𝑘 < 𝑗 − 𝑘. Let 𝑘∗ be the
largest such 𝑘 that satisfies this inequality. With this, we have two cases. If (𝑖+𝑘∗)−(𝑗−𝑘∗) = 1,
then by Lemma 3.3.2, we have a common tangent inducing two consecutive vertices that are
equal to each other. Otherwise, we have (𝑖 + 𝑘∗) − (𝑗 − 𝑘∗) = 2, which by Lemma 3.3.3 means
that the vertex in between 𝑃𝑖+𝑘∗ = 𝑃𝑗−𝑘∗ must be a base point. We can do the same argument in
the other direction, and again, we either get a base point or a common tangent.
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By Lemma 3.3.2 and Lemma 3.3.3, a common tangent will induce two vertices, base points of
intersection multiplicity 1 count as one vertex, and the rest of the vertices come in pairs that
coincide with each other. Thus, 𝑛 is odd if and only if the degenerate polygon contains only one
vertex that is a base point.

The remaining propositions give us a more precise description of our degenerate Poncelet
polygons. Detailed examples for each of these are shown in Chapter 4 in the construction of
degenerate Poncelet polygons.
Proposition 3.3.7. For a Poncelet 𝑛-gon having two base points as vertices, if 𝑃1 is one of these

base points, then:

• 𝑃1+𝑖 = 𝑃𝑛+1−𝑖, for 𝑖 = 1,⋯ , 𝑛
2
− 1,

• 𝑃 𝑛
2+1

is the other base point.

Proof. By Proposition 3.3.6, 𝑛 is even in this case. By Lemma 3.3.3, we must have 𝑃2 = 𝑃𝑛 and
continuing the construction, we must have 𝑃1+𝑖 = 𝑃𝑛+1−𝑖, for 𝑖 = 1,⋯ , 𝑛

2
−1. Applying Lemma

3.3.3 once again, the vertex between 𝑃1+ 𝑛
2−1

= 𝑃 𝑛
2

and 𝑃𝑛+1−( 𝑛2−1)
= 𝑃 𝑛

2+2
must be a base point

and this is the vertex 𝑃 𝑛
2+1

.

Proposition 3.3.8. For a Poncelet 𝑛-gon having two common tangents as sides, if 𝜏𝑛 is one of

these common tangents, then:

• 𝑃𝑖 = 𝑃𝑛+1−𝑖, for 𝑖 = 1,⋯ , 𝑛
2
,

• 𝜏 𝑛
2

is the other common tangent.

Proof. By Proposition 3.3.6, 𝑛 is even in this case. By Lemma 3.3.2, we must have 𝑃1 = 𝑃𝑛

and continuing the construction, we must have 𝑃𝑖 = 𝑃𝑛+1−𝑖, for 𝑖 = 1,⋯ , 𝑛
2
. Since the vertex 𝑃 𝑛

2

coincides with 𝑃𝑛+1− 𝑛
2
= 𝑃 𝑛

2+1
, we have two consecutive vertices that coincide with each other

and applying Lemma 3.3.2 once again, 𝜏 𝑛
2

must be a common tangent.
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Proposition 3.3.9. For a Poncelet 𝑛-gon having one base point as a vertex and one common

tangent as a side, if 𝑃1 is the base point, then

• 𝑃1+𝑖 = 𝑃𝑛+1−𝑖, for 𝑖 = 1,⋯ , 𝑛−1
2

,

• 𝜏 𝑛+1
2

is the common tangent.

Proof. By Proposition 3.3.6, 𝑛 is odd in this case. By Lemma 3.3.3, we must have 𝑃2 = 𝑃𝑛 and
continuing the construction, we must have 𝑃1+𝑖 = 𝑃𝑛+1−𝑖, for 𝑖 = 1,⋯ , 𝑛−1

2
. Since the vertex

𝑃1+ 𝑛−1
2
= 𝑃 𝑛+1

2
coincides with 𝑃𝑛+1− 𝑛−1

2
= 𝑃 𝑛+1

2 +1, we have two consecutive vertices that coincide
with each other and applying Lemma 3.3.2 once again, 𝜏 𝑛+1

2
must be a common tangent.

3.4 Irregular pairs

In this section, we discuss the pairs of conics that cause problems when we attempt to construct
a Poncelet polygon. We exclude these pairs from our study and refer to them as irregular.
Definition 3.4.1. For a fixed pencil 𝒫𝑗 from Table 2.3.2, we call (𝑟, 𝑠) ∈ 𝑷 1(𝔽𝑞) × 𝑷 1(𝔽𝑞) an

irregular pair if it belongs to the following cases:

Case 1: 𝒜 is a double line.

• for 𝑗 = 6, (0, 𝜂) , 𝜂 ∈ 𝔽𝑞 ⧵ {0},

• for 𝑗 = 8, (∞, 𝜂) , 𝜂 ∈ 𝔽𝑞,

• for 𝑗 = 17, (∞, 𝜂) , 𝜂 ∈ 𝔽𝑞 ⧵ {0}.

Case 2: 𝒜 is a union of two lines, one of which is tangent to ℬ.

• for 𝑗 ∈ {4, 6, 15}, (∞, 𝜂) , 𝜂 ∈ 𝔽𝑞 ⧵ {0},

• for 𝑗 = 5, (∞, 𝜂) , 𝜂 ∈ 𝔽𝑞,

• for 𝑗 = 17, (0, 𝜂) , 𝜂 ∈ 𝔽𝑞 ⧵ {0}.
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Remark 3.4.2. For the case where 𝒜 is a double line, every Poncelet polygon inscribed in

𝒜 has all of its vertices equal to the chosen starting vertex. Indeed, each tangent line to ℬ

passing through the starting vertex intersects 𝒜 only at that point, treated as an intersection of

multiplicity 2.

Remark 3.4.3. Inscribing a polygon in a union of two lines will result in vertices that alternate

between each line [7]. Hence, if 𝒜 is a union of two lines and one of which is tangent to ℬ,

we eventually obtain a vertex lying in a line tangent to ℬ which coincides with one of the lines

making up 𝒜 . In which case, our construction terminates, since the next vertex is no longer

well-defined.

3.5 Results from triangle construction

For the triangle case, we have derived several results that describe its general construction.
First, we have Proposition 3.5.1, which gives us a way to characterize the type of triangle that
we obtain in the construction.
Proposition 3.5.1. Let (𝒜 ,ℬ) be a 3-Poncelet pair in the plane, 𝑷 2(𝔽𝑞). Let 𝑃 ∈ 𝒜 , 𝓁 be

the polar line to ℬ with respect to 𝑃 , and define 𝑘𝐵,𝓁 as in Algorithm 3.1.1, obtained from

considering the intersection of line 𝓁 and conic ℬ. Then, point 𝑃 is:

• a vertex of a non-degenerate Poncelet triangle in the plane if and only if 𝑘𝐵,𝓁 ∈ 𝔽𝑞 ⧵ {0},

• a vertex of a degenerate Poncelet triangle in the plane if and only if 𝑘𝐵,𝓁 = 0,

• a vertex of a Poncelet triangle in the extended plane if and only if 𝑘𝐵,𝓁 ∉ 𝔽𝑞.

Proof. We obtain a non-degenerate Poncelet triangle in the plane if the other vertices are also
in the plane and distinct from each other. This is equivalent to having the polar line 𝓁 intersect
ℬ at two points in the plane, which is the case if and only if 𝑘𝐵,𝓁 ∈ 𝔽𝑞 ⧵ {0}.

A degenerate triangle happens when the polar line 𝓁 is tangent to ℬ by Lemma 3.3.3. This is
equivalent to having 𝑘𝐵,𝓁 = 0.

31



Finally, 𝑘𝐵,𝓁 ∉ 𝔽𝑞 is equivalent to the polar line 𝓁 not intersecting ℬ in the plane, yielding a
triangle in the extended plane.

At the pencil level, we have Proposition 3.5.2 developed from a proposition in [3]. This gives
us a condition where we are assured to find a non-degenerate Poncelet triangle in the plane for
transversally intersecting smooth conic pairs.
Proposition 3.5.2. Let (𝒜 ,ℬ) be a pair of smooth, transversally intersecting conics in the

plane 𝑷 2(𝔽𝑞) that is a 3-Poncelet pair. Consider the pencil 𝜋 generated by 𝒜 and ℬ and let

𝑏 = |𝒜 ∩ℬ|, the number of base points in the plane. Then we can find a pair of conics (𝒜 ,ℬ)

in 𝜋 that contains a non-degenerate Poncelet triangle in the plane if and only if:

• 𝑞 ≥ 17 for 𝑏 = 4,

• 𝑞 ≥ 7 for 𝑏 = 2,

• 𝑞 ≥ 5 for 𝑏 = 1,

• 𝑞 ≥ 3 for 𝑏 = 0.

Proof. From the proof of Proposition 3.4 in [3], we utilize Hasse-Weil bounds to obtain the
condition that we can construct a non-degenerate Poncelet triangle in the plane if 1

2
(𝑞+1−2

√

𝑞)

is greater than the number of common tangents of 𝒜 and ℬ. By duality in the projective plane,
the number of common tangents in the plane is the same as the number of base points in the
plane. Hence, a sufficient condition to have a non-degenerate Poncelet triangle in the plane is

1
2
(

𝑞 + 1 − 2
√

𝑞
)

> 𝑏 ⇒ 𝑞 >
(

1 +
√

2𝑏
)2
.

The necessary condition follows from constructing all the possible Poncelet triangles for orders
𝑞 that are less than that of the sufficient condition and showing that all Poncelet triangles in
this case are either degenerate or in the extended plane. These calculations are presented in
Appendix B.
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Remark 3.5.3. Proposition 3.5.2 requires the existence of a 3-Poncelet pair before we can use

it. For example, pencil 𝒫16 will have 𝑏 = 0, but there are no 3-Poncelet pairs (𝒜 ,ℬ) in this

pencil if 𝑞 < 7. Thus, we need 𝑞 ≥ 7 before we obtain a Poncelet triangle, and in this case, we

are assured to find one that is non-degenerate in the plane.

The next set of propositions describes the behavior of triangles that can be constructed for
particular pencils. Surprisingly, some of them lead to a simple number-theoretic result.
Proposition 3.5.4. Suppose char 𝔽𝑞 ≠ 3 and consider the pencil 𝒫6 in Table 2.3.1. Let (𝒜 ,ℬ)

be any smooth pair in the plane 𝑷 2(𝔽𝑞) in pencil 𝒫6 that is a 3-Poncelet pair. Then:

• all points of 𝒜 are a vertex of a Poncelet triangle in the plane if and only if −3 is a square

in 𝔽𝑞,

• all points of 𝒜 not contributing to a degenerate triangle in the plane are a vertex of a

triangle in the extended plane if and only if −3 is not a square in 𝔽𝑞.

Proof. Let char 𝔽𝑞 ≠ 3 and consider 𝐴 = 𝐶6(𝑟) and 𝐵 = 𝐶6(𝑠), which are the matrix
representations of our pair of smooth conics (𝒜 ,ℬ) in 𝒫6. By Cayley’s condition, (𝒜 ,ℬ)

is a 3-Poncelet pair if 𝑟 ∈ 𝔽𝑞 ⧵ {0} and 𝑠 = 4𝑟. That is, we have conics

𝒜 ∶ 𝑟𝑥𝑦 + 𝑧2 = 0,

ℬ ∶ 4𝑟𝑥𝑦 + 𝑧2 = 0.

Let 𝑃 = [𝜆 ∶ 𝛽 ∶ 𝛾] be an arbitrary point in 𝒜 .

Computing for the polar line to ℬ with respect to point 𝑃 ,

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 4𝑟 0

4𝑟 0 0

0 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜆

𝛽

𝛾

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

4𝛽𝑟

4𝜆𝑟

2𝛾

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= 𝓁.
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By Proposition 3.5.1, 𝑘𝐵,𝓁 determines the type of triangle that we obtain from this vertex.

Performing the computation, we have

𝑉𝐴,𝓁 = ℳ𝑇
𝓁𝐴ℳ𝓁 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

32𝜆2𝑟2 −16𝑟(2𝜆𝛽𝑟 + 𝛾2) 32𝜆𝛾𝑟

−16𝑟(2𝜆𝛽𝑟 + 𝛾2) 32𝛽2𝑟2 32𝛽𝛾𝑟2

32𝜆𝛾𝑟 32𝛽𝛾𝑟2 −128𝜆𝛽𝑟3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

which yields 𝑘𝐵,𝓁 = 𝑐
√

4𝜆𝛽𝑟 + 𝛾2 for some 𝑐 ∈ 𝔽𝑞 ⧵ {0}.

Since 𝑝 = [𝜆 ∶ 𝛽 ∶ 𝛾] is a point in 𝒜 , then it must satisfy 𝑟𝜆𝛽 + 𝛾2 = 0. Hence, we arrive at the
condition that the Poncelet triangle with vertex 𝑃 is in the plane if and only if 3𝑟𝜆𝛽 is a square
in 𝔽𝑞. Since 𝑟 ≠ 0, then 3𝑟𝜆𝛽 is zero if 𝜆 or 𝛽 is zero, which corresponds to the case where
𝑃 is the base point [0 ∶ 1 ∶ 0] and [1 ∶ 0 ∶ 0], respectively. By Proposition 3.5.1, these are
degenerate triangles in the plane.

If we assume that 𝜆 and 𝛽 are both non-zero, then 𝛾 should be non-zero. Otherwise, since
𝑃 ∈ 𝒜 , then 𝑟𝜆𝛽 = 0, forcing one of the factors to be zero, which is a contradiction. In this
case, we can now standardize our point 𝑃 = [𝜆 ∶ 𝛽 ∶ 1] ∈ 𝒜 , which gives us the condition
that 𝑟𝜆𝛽 = −1. Hence, we arrive at the final condition that 𝑃 is a vertex of a non-degenerate
Poncelet triangle in the plane if and only if 3𝑟𝜆𝛽 = −3 is a square in 𝔽𝑞. This condition is
independent of 𝑃 and hence, all our Poncelet triangles will be in the plane if and only if −3 is
a square in 𝔽𝑞. Otherwise, if −3 is not a square in 𝔽𝑞, by Proposition 3.5.1, all the points of 𝒜
will be a vertex of a triangle in the extended plane except for the base points.

As a corollary, we derive this simple result in number theory from a geometric argument.
Corollary 3.5.5. Suppose 𝑞 = 𝑝𝑘 where 𝑝 ∉ {2, 3} is prime and 𝑘 is a positive integer. −3 is a

square in 𝔽𝑞 if and only if 3 divides 𝑞 − 1. In particular, for prime 𝑝 ∉ {2, 3}, −3 is a quadratic

residue mod 𝑝 if and only if 𝑝 ≡ 1 mod 3.
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Proof. From Proposition 3.5.4, −3 is a square in 𝔽𝑞 if and only if all points of 𝒜 are vertices of
a non-degenerate Poncelet triangle in the plane or of a degenerate triangle. Since there are 𝑞+1

points on a smooth conic in 𝔽𝑞 and 2 of them will be a degenerate triangle, then 𝑞 − 1 must be
divisible by 3, the number of vertices of our non-degenerate Poncelet triangle in the plane.

Proposition 3.5.6. Suppose char 𝔽𝑞 ≠ 3 and consider the pencil 𝒫17 in Table 2.3.1. Let (𝒜 ,ℬ)

be any smooth pair in the plane 𝑷 2(𝔽𝑞) in pencil 𝒫17 that is a 3-Poncelet pair. Then:

• all points of 𝒜 are a vertex of a non-degenerate Poncelet triangle in the plane if and only

if −3 is not a square in 𝔽𝑞,

• all points of 𝒜 are a vertex of a triangle in the extended plane if and only if −3 is not a

square in 𝔽𝑞.

Proof. Similar to proof of Proposition 3.5.4. Note that for this pencil, there are no degenerate
triangles since there are no base points in the plane.

Proposition 3.5.7. Suppose char 𝔽𝑞 = 3 and consider the pencil 𝒫8 in Table 2.3.1. Let (𝒜 ,ℬ)

be any smooth pair in the plane 𝑷 2(𝔽𝑞) in pencil 𝒫8 with matrix representations 𝐴 = 𝐶8(𝑟) and

𝐵 = 𝐶8(𝑠). Then:

• all points of 𝒜 are a vertex of a Poncelet triangle in the plane if and only if 𝑠 − 𝑟 is a

square in 𝔽𝑞,

• all points of 𝒜 not contributing to a degenerate triangle in the plane are a vertex of a

triangle in the extended plane if and only if 𝑠 − 𝑟 is not a square in 𝔽𝑞.

Proof. Similar to proof of Proposition 3.5.4.
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4. Examples regarding the construction

of Poncelet polygons

In this chapter, we provide examples of Poncelet polygons in different scenarios. To illustrate
our construction, we view our points in the affine plane 𝑧 = 1 and associate the homogeneous
coordinate [𝑥 ∶ 𝑦 ∶ 1] with the ordered pair (𝑥, 𝑦) ∈ 𝔽 2

𝑞 . Note that points on the horizon with
homogeneous coordinates [𝑥 ∶ 𝑦 ∶ 0] are not visible in our illustrations.

4.1 Poncelet Triangle

For the Poncelet triangle construction, we consider pencil 𝒫4 over 𝑷 2(𝔽11). This choice allows
us to provide examples of all kinds of Poncelet triangles since 𝒫4 will have base points of
multiplicities 1 and 2. In particular, as shown in Section 3.3, we have a degenerate Poncelet
triangle that appears as a line segment when we choose a base point of multiplicity 1 as the
starting vertex. On the other hand, we get a degenerate Poncelet triangle that gets stuck at the
starting vertex when we start on a base point of multiplicity 2. Moreover, the order of the finite
field was chosen to be the smallest so that both a non-degenerate Poncelet triangle in the plane
and a Poncelet triangle in the extended plane exist.

In this section, we consider 𝒜 ∶ 𝑥𝑦 + 𝑥𝑧 + 𝑧2 = 0 and ℬ ∶ 4𝑥𝑦 + 𝑥𝑧 + 𝑧2 = 0. Their matrix
representations are:

𝐴 = 𝐶4(1) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 1

1 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, and𝐵 = 𝐶4(4) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 4 1

4 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

This particular choice satisfies Cayley’s condition for 𝑛 = 3. We display conic 𝒜 in Figure 4.1.1
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and conic ℬ in Figure 4.1.2. An overlaid version showing both conics is given in Figure 4.1.3.
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𝑦

Figure 4.1.1: Conic 𝒜 ∶ 𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Hollow circles are the points of conic 𝒜 ∶ 𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Dotted curves represent the underlying equation of the conic, 𝑥𝑦 + 𝑥 + 1 = 11𝑘, 𝑘 ∈ ℤ
∙ Only curves that intersect at least one point in 𝔽 2

11 are displayed
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Figure 4.1.2: Conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Filled squares are the points of conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Dotted curves represent the underlying equation of the conic, 4𝑥𝑦 + 𝑥 + 1 = 11𝑘, 𝑘 ∈ ℤ
∙ Only curves that intersect at least one point in 𝔽 2

11 are displayed
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Figure 4.1.3: Conics 𝒜 ∶ 𝑥𝑦 + 𝑥 + 1 = 0 and ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Hollow circles are the points of conic 𝒜 ∶ 𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Filled squares are the points of conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

Example 4.1.1. Non-degenerate Poncelet triangle in the plane:

We follow Algorithm 3.2.1 to compute the vertices of our Poncelet triangle starting with vertex
𝑃1 = [1 ∶ 9 ∶ 1] and summarize the calculations in Table 4.1.1.

Table 4.1.1: Non-degenerate Poncelet triangle in the plane

𝑘 1 2 3

Vertex (𝑃𝑘) [1 ∶ 9 ∶ 1] [9 ∶ 5 ∶ 1] [5 ∶ 1 ∶ 1]

Polar Line (𝓁𝑘) [5 ∶ 5 ∶ 1] [7 ∶ 1 ∶ 0] [7 ∶ 6 ∶ 1]

Point of Tangency (𝑅𝑘) [7 ∶ 6 ∶ 1] [6 ∶ 2 ∶ 1] [9 ∶ 4 ∶ 1]

Tangent Line (𝜏𝑘) [4 ∶ 8 ∶ 1] [8 ∶ 3 ∶ 1] [2 ∶ 1 ∶ 0]

We show the calculations for obtaining 𝑃2 starting from 𝑃1. Note that all arithmetic operations
are be done in modulo 11. The polar line to ℬ with respect to 𝑃1 is given by

𝓁1 = 𝐵𝑃1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 4 1

4 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1

9

1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

37

4

3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

4

4

3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.
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Hence, we have
𝓁1 = [4 ∶ 4 ∶ 3] = [5 ∶ 5 ∶ 1].

Now, we compute the intersection of 𝓁1 and ℬ using Algorithm 3.1.1.

ℳ𝓁1
=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 −5

−1 0 5

5 −5 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝑉𝐵,𝓁1 = ℳ𝑇
𝓁1
𝐵ℳ𝓁1

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 −1 5

1 0 −5

−5 5 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 4 1

4 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 −5

−1 0 5

5 −5 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

50 −49 −5

−49 40 45

−5 45 −200

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

6 6 6

6 7 1

6 1 9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= [𝑉𝑖,𝑗],

𝑘𝐵,𝓁1 =
√

𝑉 2
1,2 − 𝑉1,1𝑉2,2 =

√

62 − (6)(7) =
√

5 = 4,

which, by Proposition 3.5.1, assures us that we obtain a non-degenerate Poncelet triangle in the
plane.

Finally,

𝑉𝐵,𝓁1 + 𝑘𝐵,𝓁1ℳ𝓁1
=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

6 6 6

6 7 1

6 1 9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

+ 4

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 −5

−1 0 5

5 −5 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

6 10 −14

2 7 21

26 −19 9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

6 10 8

2 7 10

4 3 9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.
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Choosing the intersection point represented by the first column, we obtain

𝑅1 = [6 ∶ 2 ∶ 4] = [7 ∶ 6 ∶ 1],

and the other intersection point represented by the first row is given by

𝑅3 = [6 ∶ 10 ∶ 8] = [9 ∶ 4 ∶ 1].

We illustrate the polar line 𝓁1 intersecting conic ℬ in Figure 4.1.4.
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𝑥

𝑦

Figure 4.1.4: Polar line 𝓁1 ∶ 5𝑥 + 5𝑦 + 1 = 0 and conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Filled squares are the points of conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Dotted lines represent the underlying equation of the polar line, 5𝑥 + 5𝑦 + 1 = 11𝑘, 𝑘 ∈ ℤ
∙ Cross marks represent the intersection points of 𝓁1 and ℬ

Note that in our case, we arbitrarily chose 𝑅1 = [7 ∶ 6 ∶ 1], and choosing [9 ∶ 4 ∶ 1] as 𝑅1

would yield the same polygon, traversed in the opposite direction.

The tangent line at 𝑅1 is given by

𝜏1 = 𝐵𝑅1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 4 1

4 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

7

6

1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

25

28

9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

3

6

9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.
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Hence, we have
𝜏1 = [3 ∶ 6 ∶ 9] = [4 ∶ 8 ∶ 1].

Since we know that 𝜏1 intersect 𝒜 at 𝑃1 = [1 ∶ 9 ∶ 1], we use Algorithm 3.1.2 to compute the
other intersection point of 𝜏1 and 𝒜 which by construction, is our next vertex 𝑃2.

ℳ𝜏1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 −8

−1 0 4

8 −4 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑋 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

2 0 0

0 18 0

0 0 2

9 1 0

1 0 1

0 1 9

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

𝑉𝐴,𝜏1 = ℳ𝑇
𝜏1
𝐴ℳ𝜏1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 −1 8

1 0 −4

−8 4 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 1

1 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 −8

−1 0 4

8 −4 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

128 −57 −56

−57 24 36

−56 36 −64

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

7 9 10

9 2 3

10 3 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= [𝑉𝑖,𝑗].

Note that for a 3 × 3, invertible matrix 𝐴, we have det(𝐴)𝐴−1 = adj(𝐴), where

adj

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑎22𝑎33 − 𝑎23𝑎32 𝑎13𝑎32 − 𝑎12𝑎33 𝑎12𝑎23 − 𝑎13𝑎22

𝑎23𝑎31 − 𝑎21𝑎33 𝑎11𝑎33 − 𝑎13𝑎31 𝑎13𝑎21 − 𝑎11𝑎23

𝑎21𝑎32 − 𝑎22𝑎31 𝑎12𝑎31 − 𝑎11𝑎32 𝑎11𝑎22 − 𝑎12𝑎21

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Hence, the inverse matrix is just a scalar multiple of the adjoint matrix. To simplify our
calculations, we use the adjoint rather than the inverse.
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adj(𝑋𝑇𝑋)𝑋𝑇

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑉1,1

𝑉2,2

𝑉3,3

𝑉1,2

𝑉1,3

𝑉2,3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

= adj

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎣

9 9 1

9 7 9

1 9 9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 0 0 9 1 0

0 7 0 1 0 1

0 0 2 0 1 9

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

7

2

2

9

10

3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

4 5 8

5 3 5

8 5 4

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

6

4

8

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

9

5

1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

which gives us the next vertex 𝑃2 = [9 ∶ 5 ∶ 1].

This completes the first side of our Poncelet triangle, and we display this in Figure 4.1.5.
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Figure 4.1.5: First side of a non-degenerate Poncelet triangle in 𝔽 2
11

∙ Hollow circles are the points of conic 𝒜 ∶ 𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Filled squares are the points of conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Dotted lines represent the underlying equation of the tangent line, 4𝑥 + 8𝑦 + 1 = 11𝑘, 𝑘 ∈ ℤ
∙ Cross mark represent the point of tangency to ℬ
∙ Arrows represent the direction we traverse the polygon
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The complete figure for our constructed Poncelet triangle is given in Figure 4.1.6.
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Figure 4.1.6: Non-degenerate Poncelet triangle in 𝔽 2
11

∙ Hollow circles are the points of conic 𝒜 ∶ 𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Filled squares are the points of conic ℬ ∶ 4𝑥𝑦 + 𝑥 + 1 = 0 in 𝔽 2
11

∙ Dotted lines represent the tangent lines to ℬ. Parallel lines represent the same lines via modulo arithmetic
∙ Cross marks represent the points of tangency to ℬ
∙ Arrows represent the direction we traverse the polygon

Example 4.1.2. Degenerate Poncelet triangle as a line segment:

Starting at 𝑃1 = [10 ∶ 0 ∶ 1], a base point of multiplicity 1, Lemma 3.3.3 states that 𝑃2 = 𝑃0,
where, by our convention, 𝑃0 is the previous vertex and hence, 𝑃0 = 𝑃3 since these are vertices
of a Poncelet triangle. Moreover, by Lemma 3.3.2, since 𝑃2 = 𝑃3, we have that 𝜏2 is a common
tangent of 𝒜 and ℬ. Finally, Lemma 3.3.4 assures us that 𝑃1 ≠ 𝑃2 and hence, we obtain a
degenerate triangle in the form of a line segment.

We summarize the calculations for this case in Table 4.1.2.
Table 4.1.2: Degenerate Poncelet triangle as a line segment in 𝔽 2

11

𝑘 1 2 3

Vertex (𝑃𝑘) [10 ∶ 0 ∶ 1] [7 ∶ 2 ∶ 1] [7 ∶ 2 ∶ 1]

Polar Line (𝓁𝑘) [1 ∶ 7 ∶ 1] [1 ∶ 8 ∶ 1] [1 ∶ 8 ∶ 1]

Point of Tangency (𝑅𝑘) [10 ∶ 0 ∶ 1] [2 ∶ 1 ∶ 1] [10 ∶ 0 ∶ 1]

Tangent Line (𝜏𝑘) [1 ∶ 7 ∶ 1] [4 ∶ 2 ∶ 1] [1 ∶ 7 ∶ 1]
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Example 4.1.3. Degenerate Poncelet Triangle as a Point:

Starting at 𝑃1 = [0 ∶ 1 ∶ 0], a base point of intersection multiplicity 2, yields a degenerate
Poncelet triangle that appears as a point. Performing Algorithm 3.2.1, we get 𝓁1 = [1 ∶ 0 ∶ 0]

which is also the tangent 𝜏1 to ℬ at 𝑃1 = 𝑅1 = 𝑅0. But 𝜏1 is also tangent to 𝒜 and so we
have 𝑃1 = 𝑃2. If we choose the opposite direction through 𝑅0, we get the same tangent line 𝜏1.
Moreover, the same calculation will occur in the next iteration, leaving us stuck at the point 𝑃1

in our construction.
Example 4.1.4. Poncelet triangle in the extended plane:

For 𝑃 = [2 ∶ 4 ∶ 1], Proposition 3.5.1 gives us 𝑘𝐵,𝓁 =
√

8 which is not an element of 𝔽11 since
8 is not a square in 𝔽11. Based on our discussion in Section 2.1, we need to do the calculation in
𝔽112 where the elements are represented in the form 𝑎1𝛼 + 𝑎0 with 𝑎1, 𝑎0 ∈ 𝔽11 and 𝛼 being the
primitive element of 𝔽112 given by a fixed root of the Conway polynomial 𝐶11,2(𝑥) = 𝑥2+7𝑥+2.

Observe that in this representation of 𝔽112 , we have 𝛼2 = −7𝛼 − 2 = 4𝛼 + 9. Hence,

(9𝛼 + 4)2 = 81𝛼2 + 72𝛼 + 16 = 4𝛼2 + 6𝛼 + 5

= 4(4𝛼 + 9) + 6𝛼 + 5 = 22𝛼 + 41 = 8

In effect, we have shown here that 9𝛼+4 is a square root of 8. In fact, this is the principal square
root since 𝛼36 = 8 and 𝛼18 = 9𝛼 + 4. Thus, √8 = 9𝛼 + 4.

The rest of the computations are done in the same way as shown in the case of a non-degenerate
Poncelet triangle. We summarize the construction starting from 𝑃1 = [2 ∶ 4 ∶ 1] in Table 4.1.3.

Table 4.1.3: Poncelet triangle in the extended plane

𝑘 1 2 3

Vertex (𝑃𝑘) [2 ∶ 4 ∶ 1] [5𝛼 + 3 ∶ 3𝛼 + 5 ∶ 1] [6𝛼 + 1 ∶ 8𝛼 + 6 ∶ 1]

Polar Line (𝓁𝑘) [7 ∶ 2 ∶ 1] [𝛼 + 4 ∶ 4𝛼 + 6 ∶ 1] [10𝛼 + 8 ∶ 7𝛼 ∶ 1]

Point of Tangency (𝑅𝑘) [9𝛼 + 2 ∶ 7𝛼 + 9 ∶ 1] [4 ∶ 10 ∶ 1] [2𝛼 + 5 ∶ 4𝛼 + 4 ∶ 1]

Tangent Line (𝜏𝑘) [7𝛼 + 5 ∶ 2𝛼 ∶ 1] [5 ∶ 10 ∶ 1] [4𝛼 ∶ 9𝛼 + 8 ∶ 1]
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4.2 Poncelet Tetragon

For the tetragon case, we will show an example of a Poncelet polygon that is inscribed in a
singular conic 𝒜 . We consider pencil 𝒫3 over 𝑷 2(𝔽11) for this construction.

In this section, we consider 𝒜 ∶ 𝑥𝑦 = 0 and ℬ ∶ 6𝑥𝑦 + 𝑥𝑧 + 𝑦𝑧 + 𝑧2 = 0. This particular
choice will satisfy Cayley’s condition for 𝑛 = 4.
Example 4.2.1. Non-degenerate Poncelet tetragon in the plane:

The tetragon construction follows the same construction as that of the triangle case, and we
summarize the calculations in Table 4.2.1. We provide the complete figure of our constructed
Poncelet tetragon in Figure 4.2.1, where we used modulo arithmetic to improve visualization.

Table 4.2.1: Poncelet tetragon in 𝔽 2
11

𝑘 1 2 3 4

Vertex (𝑃𝑘) [0 ∶ 5 ∶ 1] [7 ∶ 0 ∶ 1] [0 ∶ 1 ∶ 1] [6 ∶ 0 ∶ 1]

Polar Line (𝓁𝑘) [6 ∶ 8 ∶ 1] [5 ∶ 6 ∶ 1] [6 ∶ 4 ∶ 1] [7 ∶ 6 ∶ 1]

Point of Tangency (𝑅𝑘) [5 ∶ 3 ∶ 1] [4 ∶ 2 ∶ 1] [8 ∶ 7 ∶ 1] [1 ∶ 6 ∶ 1]

Tangent Line (𝜏𝑘) [3 ∶ 2 ∶ 1] [3 ∶ 10 ∶ 1] [9 ∶ 10 ∶ 1] [9 ∶ 2 ∶ 1]

Remark 4.2.2. In Figure 4.2.1, we see that the vertices of our Poncelet tetragon alternate

between the two lines, 𝑥 = 0 and 𝑦 = 0, making up our singular conic 𝒜 . This behavior

persists for 𝑛 > 4, and in general, we can only inscribe a Poncelet 𝑛-gon in a singular conic 𝒜

if 𝑛 is even [7].

Example 4.2.3. Construction involving the intersection of the two lines making up 𝒜 :

The lines 𝑥 = 0 and 𝑦 = 0 meet at [0 ∶ 0 ∶ 1]. Since none of the lines making up 𝒜 are tangent
to ℬ, then every tangent line to ℬ that passes through 𝑃1 = [0 ∶ 0 ∶ 1] will only intersect 𝒜 at
𝑃1. That is, 𝜏1 is a common tangent of 𝒜 and ℬ and by Lemma 3.3.2, we must have 𝑃1 = 𝑃2.
The same argument works for the opposite direction, giving us 𝑃0 = 𝑃1. In either direction, the
construction is stuck at 𝑃1 and we obtain a degenerate Poncelet tetragon as a point.
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Figure 4.2.1: Poncelet Tetragon in 𝔽 2
11

∙ Hollow circles are the points of conic 𝒜 ∶ 𝑥𝑦 = 0 in 𝔽 2
11

∙ Filled squares are the points of conic ℬ ∶ 6𝑥𝑦 + 𝑥 + 𝑦 + 1 = 0 in 𝔽 2
11

∙ Dotted lines represent the tangent lines to ℬ. Parallel lines represent the same lines via modulo arithmetic
∙ Cross marks represent the points of tangency to ℬ
∙ Arrows represent the direction we traverse the polygon

4.3 Degenerate Poncelet polygons

In this section, we provide examples focusing on degenerate polygons. General statements for
these examples are given in Section 3.3.
Example 4.3.1. Degenerate Poncelet polygons having two base points as vertices:

Consider pencil 𝒫14 over 𝑷 2(𝔽3) for this construction.

Let 𝒜 ∶ 𝑥𝑦 + 𝑥𝑧 + 𝑦2 + 𝑦𝑧 + 2𝑧2 = 0 and ℬ ∶ 𝑥𝑧 + 𝑦2 + 𝑦𝑧 + 2𝑧2 = 0. This is a 4-Poncelet
pair and starting at 𝑃1 = [1 ∶ 0 ∶ 0], the rest of the vertices are given by:

𝑃2 = 𝑃4 = [2 ∶ 1 ∶ 0], 𝑃3 = [1 ∶ 0 ∶ 1].

Here, 𝑃1 and 𝑃3 are both base points.

Now, consider 𝒜 ∶ 𝑥𝑧 + 𝑦2 + 𝑦𝑧 + 2𝑧2 = and ℬ ∶ 𝑥𝑦 + 𝑥𝑧 + 𝑦2 + 𝑦𝑧 + 2𝑧2 = 0. This is a
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6-Poncelet pair and starting at 𝑃1 = [1 ∶ 0 ∶ 0], the rest of the vertices are given by:

𝑃2 = 𝑃6 = [1 ∶ 2 ∶ 1], 𝑃3 = 𝑃5 = [2 ∶ 1 ∶ 1], 𝑃4 = [1 ∶ 0 ∶ 1].

Here, 𝑃1 and 𝑃4 are both base points.
Example 4.3.2. Degenerate Poncelet polygons having two common tangents as sides:

Consider pencil 𝒫19 over 𝑷 2(𝔽3) for this construction.

Let 𝒜 ∶ 2(𝑥2 − 2𝑦2) + 2𝑥𝑦− 𝑦2 + 𝑧2 = 0 and ℬ ∶ 2𝑥𝑦− 𝑦2 + 𝑧2 = 0. This is a 4-Poncelet pair,
and with 𝜏4 being a common tangent, the vertices are given by:

𝑃1 = 𝑃4 = [1 ∶ 0 ∶ 1], 𝑃2 = 𝑃3 = [2 ∶ 0 ∶ 1].

Here, 𝜏2 and 𝜏4 are both common tangents.

Now, consider 𝒜 ∶ (𝑥2 − 2𝑦2) + 2𝑥𝑦 − 𝑦2 + 𝑧2 = 0 and ℬ ∶ 2(𝑥2 − 2𝑦2) + 2𝑥𝑦 − 𝑦2 + 𝑧2 = 0.
This is a 6-Poncelet pair and with 𝜏6 being a common tangent, the vertices are given by:

𝑃1 = 𝑃6 = [1 ∶ 2 ∶ 1], 𝑃2 = 𝑃5 = [1 ∶ 1 ∶ 0], 𝑃3 = 𝑃4 = [2 ∶ 1 ∶ 1].

Here, 𝜏3 and 𝜏6 are both common tangents.
Example 4.3.3. Degenerate Poncelet polygons having one base point as a vertex and one

common tangent as a side:

Consider pencil 𝒫18 over 𝑷 2(𝔽3) for this construction.

Let 𝒜 ∶ 2(−𝑥𝑧 + 𝑦2) + 𝑥2 + 2𝑦2 + 𝑦𝑧 = 0 and ℬ ∶ (−𝑥𝑧 + 𝑦2) + 𝑥2 + 2𝑦2 + 𝑦𝑧 = 0. This is a
3-Poncelet pair, and starting with 𝑃1 = [0 ∶ 0 ∶ 1], the other vertices are given by:

𝑃2 = 𝑃3 = [2 ∶ 2 ∶ 1].

Here, 𝑃1 is a base point and 𝜏2 is a common tangent. In fact, this is the case when our degenerate
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Poncelet triangle appears as a line segment.

Now, consider 𝒜 ∶ (−𝑥𝑧 + 𝑦2) + 𝑥2 + 2𝑦2 + 𝑦𝑧 = 0 and ℬ ∶ 𝑥2 + 2𝑦2 + 𝑦𝑧 = 0. This is a
5-Poncelet pair and and starting with 𝑃1 = [0 ∶ 0 ∶ 1], the rest of the vertices are given by:

𝑃2 = 𝑃5 = [1 ∶ 0 ∶ 1], 𝑃3 = 𝑃4 = [2 ∶ 1 ∶ 1].

Here, 𝑃1 is a base point and 𝜏3 is a common tangent.

4.4 Valid pairs in non-transversal case

So far, we have provided samples where 𝒜 and ℬ intersect non-transversally, as seen in Section
4.1, and when 𝒜 is singular, as seen in Section 4.2. Now, we provide an example in which 𝒜

and ℬ intersect non-transversally, and 𝒜 is singular.

Taking into account our irregular pairs, the only valid pair where this can happen is when the
intersection point of the two lines making up 𝒜 lies in the conic ℬ, acting as the intersection
point of multiplicity 2. This happens when considering pairs corresponding to (0, 𝑠), 𝑠 ≠ 0 in
pencil 𝒫4 or 𝒫15.

The difference between these pencils is that in pencil𝒫4, both lines making up𝒜 are in the plane
𝑷 2(𝔽𝑞), and in effect, the two other base points, each of multiplicity 1, are also in the plane. For
pencil 𝒫15, the lines making up 𝒜 are in the extended plane, and only the intersection of these
two lines is in the plane. For our sample construction, consider pencil 𝒫4 over 𝑷 2(𝔽3).

In this section, we consider 𝒜 ∶ 𝑥𝑧+𝑧2 = 0 and ℬ ∶ 𝑥𝑦+𝑥𝑧+𝑧2 = 0. This is a 6-Poncelet pair
where 𝒜 is the union of the two lines 𝑥+ 𝑧 = 0 and 𝑧 = 0, which intersects at [0 ∶ 1 ∶ 0] ∈ ℬ.
Example 4.4.1. Degenerate Poncelet hexagon:

We can start at the base point 𝑃1 = [1 ∶ 0 ∶ 0] and the rest of the vertices are given by:

𝑃2 = 𝑃6 = [2 ∶ 2 ∶ 1], 𝑃3 = 𝑃5 = [1 ∶ 1 ∶ 0], 𝑃4 = [2 ∶ 0 ∶ 1].
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and from our discussions about degenerate Poncelet polygons, 𝑃4 = [2 ∶ 0 ∶ 1] is the other
base point of multiplicity 1.
Example 4.4.2. Non-degenerate Poncelet hexagon:

In our current case, all Poncelet hexagons in the plane are degenerate. Hence, we need to do our
construction in 𝑷 2(𝔽9). The Conway polynomial for this case is given by 𝐶3,2(𝑥) = 𝑥2 +2𝑥+2.
Defining 𝛼 as the primitive of 𝔽9 which is a fixed root of 𝐶3,2(𝑥), an example of a non-degenerate
Poncelet hexagon have vertices:

𝑃1 = [2 ∶ 1 ∶ 1], 𝑃2 = [2𝛼 + 2 ∶ 1 ∶ 0], 𝑃3 = [2 ∶ 𝛼 + 1 ∶ 1],

𝑃4 = [2 ∶ 1 ∶ 0], 𝑃5 = [2 ∶ 2𝛼 + 2 ∶ 1], 𝑃6 = [𝛼 + 1 ∶ 1 ∶ 0].
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5. Computation of probabilities

Now that we have a good understanding of Poncelet polygons and their construction, we are in
a position to answer our main research question. In this chapter, we compute the probability
of selecting a random pair of conics in a given pencil of conics in 𝑷 2(𝔽𝑞) such that a Poncelet
triangle or a Poncelet tetragon can be constructed from it. To do this, we define precisely the
probability spaces under consideration and compute the probabilities of obtaining a 3-Poncelet
pair or a 4-Poncelet pair.

We define our valid pairs, which are the pairs we consider in this study.
Definition 5.0.1. For a fixed pencil 𝒫𝑗 from Table 2.3.2, we call (𝑟, 𝑠) ∈ 𝑷 1(𝔽𝑞)×𝑷 1(𝔽𝑞) a valid

pair if 𝑟 ≠ 𝑠, (𝑟, 𝑠) is not an irregular pair, and det 𝐶𝑗(𝑠) ≠ 0. We denote by Φ𝑗 the set of valid

pairs in pencil 𝒫𝑗 .

To allow comparisons to the previous works of [3, 23], we also consider the subset of valid pairs
(𝑟, 𝑠) in pencil 𝒫𝑗 with the additional constraint that det 𝐶𝑗(𝑟) ≠ 0 and call them smooth pairs
in pencil 𝒫𝑗 .
Definition 5.0.2. For a fixed pencil 𝒫𝑗 from Table 2.3.2, we call (𝑟, 𝑠) ∈ 𝑷 1(𝔽𝑞) × 𝑷 1(𝔽𝑞) a

smooth pair if (𝑟, 𝑠) is a valid pair and det 𝐶𝑗(𝑟) ≠ 0. We denote by Ψ𝑗 the set of smooth pairs

in pencil 𝒫𝑗 .

For each 𝑗 ∈ {3, 4, 5, 6, 8, 14, 15, 16, 17, 18, 19}, we compute probabilities in the sample space
Φ𝑗 , equipped with the uniform measure which gives each valid pair in 𝒫𝑗 an equal chance of
being selected. Additionally, we consider the case when the sample space is restricted to Ψ𝑗 .

Under this setup, we derive in Section 5.1 the form of 𝐻2 and 𝐻3 from Theorem 2.4.4 for each
pencil. Then, we answer our main research questions by computing the probability of obtaining
a 3-Poncelet pair in Section 5.2 and obtaining a 4-Poncelet pair in Section 5.3.
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Before deriving the probabilities in the general case, we illustrate how this works for a fixed
pencil and a fixed order in the following example.
Example 5.0.3. 𝑛-Poncelet pairs for pencil 𝒫3 in 𝑷 2(𝔽7).

We summarize in Table 5.0.1 the value of 𝑛 such that the valid pair (𝑟, 𝑠) corresponds to an
𝑛-Poncelet pair. For instance, the valid pair (0, 2) correspond to the 4-Poncelet pair (𝒜 ,ℬ),
where 𝒜 ∶ 𝑥𝑧+ 𝑦𝑧+ 𝑧2 = 0 and ℬ ∶ 2𝑥𝑦+ 𝑥𝑧+ 𝑦𝑧+ 𝑧2 = 0. With this, we get the value of 4
in the intersection of the row corresponding to 0 and the column corresponding to 2. Note that
empty entries correspond to non-valid pairs, which we do not consider. Focusing on the case
where 𝑛 = 3 or 4, we highlight in Table 5.0.1 the pairs that correspond to these cases.

Table 5.0.1: 𝑛-Poncelet pairs in 𝑷 2(𝔽7)

r
s 0 † 1 † 2 3 4 5 6 ∞†

0 † 4 8 6 8 6
1 † 6 8 6 8 4
2 4 4 4 4
3 6 6 3 6
4 4 4 4 4
5 6 3 6 6
6 4 4 4 4
∞† 6 8 4 8 6

†: Singular Elements

From Table 5.0.1, we can see that there are 35 valid pairs: 2 of which correspond to 3-Poncelet
pairs, while 15 of them correspond to 4-Poncelet pairs. Hence, for pencil 𝒫3 in 𝑷 2(𝔽7), with Φ3

as our sample space and giving each valid pair an equal chance of being selected, the probability
of obtaining a 3-Poncelet pair is 2

35
while the probability of obtaining a 4-Poncelet pair is 15

35
= 3

7
.

Restricting to the smooth pairs, by removing the rows corresponding to singular conics, we
are left with 20 smooth pairs: 2 of which correspond to 3-Poncelet pairs, while 12 of them
correspond to 4-Poncelet pairs. Hence, for pencil 𝒫3 in 𝑷 2(𝔽7), with Ψ3 as our sample space
and giving each smooth pair an equal chance of being selected, the probability of obtaining a
3-Poncelet pair is 2

20
= 1

10
while the probability of obtaining a 4-Poncelet pair is 12

20
= 3

5
.
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5.1 Computation of Cayley’s condition

In this section, we derive the form of Cayley’s condition for the case where 𝑛 = 3 or 𝑛 = 4.
Recall that for a fixed pencil 𝒫𝑗 , we assign the ordered pair (𝑟, 𝑠) ∈ 𝑷 1(𝔽𝑞) ×𝑷 1(𝔽𝑞) to the conic
pair (𝒜 ,ℬ) with matrix representation 𝐴 = 𝐶𝑗(𝑟) and 𝐵 = 𝐶𝑗(𝑠). With this, 𝐻2 and 𝐻3 in
Theorem 2.4.4 will take the form of a polynomial in 𝑟 and 𝑠.

To aid with our derivation of Cayley’s condition, we have Lemma 5.1.1.
Lemma 5.1.1. Let Δ(𝑡) =

√

𝜆𝑡3 + 𝛽𝑡2 + 𝛾𝑡 + 𝜖 have a formal series expansion given by

𝐻0 +𝐻1𝑡 +𝐻2𝑡2 +𝐻3𝑡3 +⋯. Then:

• 𝐻2 =
4𝛽𝜖 − 𝛾2

8𝜖
√

𝜖
,

• 𝐻3 =
8𝜆𝜖2 − 4𝛽𝛾𝜖 + 𝛾3

16𝜖2
√

𝜖
.

Proof. Define 𝑃 (𝑡) = 𝜆𝑡3 + 𝛽𝑡2 + 𝛾𝑡 + 𝜖 ∈ 𝔽𝑞[𝑡] and denote by 𝑓 (𝑘) the 𝑘th derivative of 𝑓 .

Since Δ(𝑡) = 𝐻0 +𝐻1𝑡 +𝐻2𝑡2 +𝐻3𝑡3 +⋯, we can differentiate both sides twice and evaluate
at 𝑡 = 0 to obtain

Δ(2)(0) = 2𝐻2.

Similarly, differentiating thrice and evaluating at 𝑡 = 0 yields

Δ(3)(0) = 6𝐻3.

Now, since Δ(𝑡)2 = 𝑃 (𝑡), differentiating yields

2Δ(𝑡)Δ(1)(𝑡) = 𝑃 (1)(𝑡)
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and evaluating at 𝑡 = 0 gives us

Δ(1)(0) = 𝑃 (1)(0)
2Δ(0)

= 𝛾
2
√

𝜖
.

Differentiating Δ(𝑡)2 = 𝑃 (𝑡) twice gives us

2Δ(𝑡)Δ(2)(𝑡) + 2
(

Δ(1)(𝑡)
)2 = 𝑃 (2)(𝑡)

and evaluating at 𝑡 = 0 gives us

Δ(2)(0) =
𝑃 (2)(0) − 2

(

Δ(1)(0)
)2

2Δ(0)
=

2𝛽 − 2
(

𝛾
2
√

𝜖

)2

2
√

𝜖
= 4𝛽𝜖 − 𝛾2

4𝜖
√

𝜖
.

Hence,
𝐻2 =

Δ(2)(0)
2

= 4𝛽𝜖 − 𝛾2

8𝜖
√

𝜖
.

Finally, differentiating Δ(𝑡)2 = 𝑃 (𝑡) thrice gives us

2Δ(𝑡)Δ(3)(𝑡) + 6Δ(1)(𝑡)Δ(2)(𝑡) = 𝑃 (3)(𝑡)

and evaluating at 𝑡 = 0 gives us

Δ(3)(0) = 𝑃 (3)(0) − 6Δ(0)(0)Δ(2)(0)
2Δ(0)

=
6𝜆 − 6

(

𝛾
2
√

𝜖

)(

4𝛽𝜖−𝛾2

4𝜖
√

𝜖

)

2
√

𝜖
= 24𝜆𝜖2 − 12𝛽𝛾𝜖 + 3𝛾3

8𝜖2
√

𝜖
.

Hence,
𝐻3 =

Δ(3)(0)
6

= 8𝜆𝜖2 − 4𝛽𝛾𝜖 + 𝛾3

16𝜖2
√

𝜖
.
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Remark 5.1.2. If we let Δ(𝑡) = det(𝑡𝐴 + 𝐵), then Δ(0) = det(𝐵) ≠ 0 since we are only

considering valid pairs. From Lemma 5.1.1, we have Δ(0) =
√

𝜖 which implies that the

denominators of 𝐻2 and 𝐻3 are always non-zero. Since we are only interested in the case where

𝐻2 and 𝐻3 are zero, we ignore the non-zero denominator and any non-zero scalar multiple to

obtain a simplified version of our Cayley’s condition. In this chapter, we will use the simplified

Cayley’s condition in lieu of the original, noting that the equality symbol that we are using is,

more precisely, a proportionality symbol.

Now, we derive 𝐻2 and 𝐻3 for each pencil in Table 2.3.1. We use the notation 𝐻𝑖,𝑗 to refer to
the form of 𝐻𝑖 for pencil 𝒫𝑗 . To do this, we determine the singular elements for each pencil
in Table 2.3.1 and with this, for every valid pair (𝑟, 𝑠) in pencil 𝒫𝑗 , we derive the form of
det(𝑡𝐶𝑗(𝑟) + 𝐶𝑗(𝑠)).

Note that once we obtain the form of det(𝑡𝐶𝑗(𝑟)+𝐶𝑗(𝑠)) = 𝜆𝑡3+𝛽𝑡2+𝛾𝑡+𝜖, we can use Lemma
5.1.1 to see that𝐻2 is proportional to 4𝛽𝜖−𝛾2, and𝐻3 is proportional to 8𝜆𝜖2−4𝛽𝛾𝜖+𝛾3. In this
study, we use the Computer Algebra System SymPy to perform these calculations. Note that we
could also use SymPy to directly obtain the formal series expansion of √det(𝑡𝐶𝑗(𝑟) + 𝐶𝑗(𝑠)).

5.1.1 Pencil 𝒫3

Starting with pencil 𝒫3, conics in this pencil have matrix representations:

𝐶3(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜂 1

𝜂 0 1

1 1 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶3(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Since det(𝐶3(𝜂)) = −2𝜂(𝜂 − 1) and det(𝐶3(∞)) = 0, the singular elements for this pencil
correspond to 𝜂 ∈ {0, 1,∞}.
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For 𝑟, 𝑠 ∈ 𝔽𝑞, where 𝑟 ≠ 𝑠 and 𝑠 ∉ {0, 1}. Let 𝐴 = 𝐶3(𝑟) and 𝐵 = 𝐶3(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑟𝑡 + 𝑠 𝑡 + 1

𝑟𝑡 + 𝑠 0 𝑡 + 1

𝑡 + 1 𝑡 + 1 2𝑡 + 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)(𝑟𝑡 + 𝑠)(𝑟𝑡 + 𝑠 − 𝑡 − 1).

Since we are allowing 𝐴 to be singular, we consider the case where 𝐴 = 𝐶3(∞) and 𝐵 = 𝐶3(𝑠)

for 𝑠 ∈ 𝔽𝑞 ⧵ {0, 1},

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑡 + 𝑠 1

𝑡 + 𝑠 0 1

1 1 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 𝑠)(𝑠 + 𝑡 − 1).

Note that in this case, we only have a polynomial that is quadratic in 𝑡 and we obtain 𝐻2,3(∞, 𝑠)

as a constant that is non-zero when char 𝔽𝑞 ≠ 2.

5.1.2 Pencil 𝒫4

Proceeding to pencil 𝒫4, conics in this pencil have matrix representations:

𝐶4(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜂 1

𝜂 0 0

1 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶4(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Since det(𝐶4(𝜂)) = −2𝜂2 and det(𝐶4(∞)) = 0, the singular elements for this pencil correspond
to 𝜂 ∈ {0,∞}.
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For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠 and 𝑠 ≠ 0. Let 𝐴 = 𝐶4(𝑟) and 𝐵 = 𝐶4(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑟𝑡 + 𝑠 𝑡 + 1

𝑟𝑡 + 𝑠 0 0

𝑡 + 1 0 2𝑡 + 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)(𝑟𝑡 + 𝑠)2.

Now, consider 𝐴 = 𝐶4(∞) and 𝐵 = 𝐶4(𝑠) for 𝑠 ∈ 𝔽𝑞 ⧵ {0}. Note that these are considered
irregular pairs in this study.

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑡 + 𝑠 1

𝑡 + 𝑠 0 0

1 0 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 𝑠)2.

Remark 5.1.3. Aside from the construction problems when dealing with irregular pairs as

discussed in Section 3.4, irregular pairs under Case 2 also have the problem of being zero for

both 𝐻2 and 𝐻3.

5.1.3 Pencil 𝒫5

For pencil 𝒫5, conics in this pencil have matrix representations:

𝐶5(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜂 1

𝜂 2 0

1 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶5(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Since det(𝐶5(𝜂)) = −2 and det(𝐶5(∞)) = 0, the singular element for this pencil correspond to
𝜂 = ∞.
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For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠. Let 𝐴 = 𝐶5(𝑟) and 𝐵 = 𝐶5(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑟𝑡 + 𝑠 𝑡 + 1

𝑟𝑡 + 𝑠 2𝑡 + 2 0

𝑡 + 1 0 0

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)3.

Now, for 𝐴 = 𝐶5(∞) and 𝐵 = 𝐶5(𝑠) where 𝑠 ∈ 𝔽𝑞, which is an irregular pair,

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑡 + 𝑠 1

𝑡 + 𝑠 2 0

1 0 0

|

|

|

|

|

|

|

|

|

|

|

= −2.

5.1.4 Pencil 𝒫6

For pencil 𝒫6, conics in this pencil have matrix representations:

𝐶6(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜂 0

𝜂 0 0

0 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶6(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Since det(𝐶6(𝜂)) = −2𝜂2 and det(𝐶6(∞)) = 0, the singular elements for this pencil correspond
to 𝜂 ∈ {0,∞}.

For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠 and 𝑠 ≠ 0. Let 𝐴 = 𝐶6(𝑟) and 𝐵 = 𝐶6(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑟𝑡 + 𝑠 0

𝑟𝑡 + 𝑠 0 0

0 0 2𝑡 + 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)(𝑟𝑡 + 𝑠)2,

which is the same as the case of 𝒫4.
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Now, for 𝐴 = 𝐶6(∞) and 𝐵 = 𝐶6(𝑠) where 𝑠 ∈ 𝔽𝑞 ⧵ {0},

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑡 + 𝑠 0

𝑡 + 𝑠 0 0

0 0 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 𝑠)2,

which again yields the same results as in the case of 𝒫4.

5.1.5 Pencil 𝒫8

For pencil 𝒫8, conics in this pencil have matrix representations:

𝐶8(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2𝜂 1 0

1 0 0

0 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶8(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 0 0

0 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Since det(𝐶8(𝜂)) = −2 and det(𝐶8(∞)) = 0, the singular element for this pencil correspond to
𝜂 = ∞.

For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠. Let 𝐴 = 𝐶8(𝑟) and 𝐵 = 𝐶8(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑟𝑡 + 2𝑠 𝑡 + 1 0

𝑡 + 1 0 0

0 0 2𝑡 + 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)3.

Now, for 𝐴 = 𝐶8(∞) and 𝐵 = 𝐶8(𝑠) where 𝑠 ∈ 𝔽𝑞,

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑡 + 2𝑠 1 0

1 0 0

0 0 2

|

|

|

|

|

|

|

|

|

|

|

= −2.

These both yield the same result as 𝒫5.
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5.1.6 Pencil 𝒫14

For pencil 𝒫14, conics in this pencil have matrix representations:

𝐶14(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜂 1

𝜂 2 1

1 1 2𝑒

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶14(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Here, 𝑒 ∈ 𝔽𝑞 such that 𝑇 2 + 𝑇 + 𝑒 ∈ 𝔽𝑞[𝑇 ] is irreducible.

For this pencil, det(𝐶14(𝜂)) = −2(𝑒𝜂2 − 𝜂 + 1) and det(𝐶14(∞)) = 0. The discriminant of
𝑒𝜂2 − 𝜂 + 1 is the same as that of 𝑇 2 + 𝑇 + 𝑒, which is 1 − 4𝑒. Since 𝑇 2 + 𝑇 + 𝑒 is irreducible,
by Lemma 2.1.21, 1 − 4𝑒 is not a square in 𝔽𝑞 and det(𝐶14(𝜂)) will not have a root in 𝔽𝑞. Hence,
the singular element corresponds to 𝜂 = ∞.

For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠. Let 𝐴 = 𝐶14(𝑟) and 𝐵 = 𝐶14(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑟𝑡 + 𝑠 𝑡 + 1

𝑟𝑡 + 𝑠 2𝑡 + 2 𝑡 + 1

𝑡 + 1 𝑡 + 1 2𝑒𝑡 + 2𝑒

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)[(𝑒𝑟2 − 𝑟 + 1)𝑡2 + (2𝑒𝑟𝑠 − 𝑟 − 𝑠 + 2)𝑡 + (𝑒𝑠2 − 𝑠 + 1)].

Now, for 𝐴 = 𝐶14(∞) and 𝐵 = 𝐶14(𝑠) where 𝑠 ∈ 𝔽𝑞,

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑡 + 𝑠 1

𝑡 + 𝑠 2 1

1 1 2𝑒

|

|

|

|

|

|

|

|

|

|

|

= −2[𝑒𝑡2 + (2𝑒𝑠 − 1)𝑡 + (𝑒𝑠2 − 𝑠 + 1)].

This will yield 𝐻2,14(∞, 𝑠) = 1−4𝑒 which is a non-zero constant by our assumption that 1−4𝑒

is not a square in 𝔽𝑞.
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5.1.7 Pencil 𝒫15

For pencil 𝒫15, conics in this pencil have matrix representations:

𝐶15(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 𝜂 0

𝜂 2 1

0 1 2𝑒

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶15(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Here, 𝑒 ∈ 𝔽𝑞 such that 𝑇 2 + 𝑇 + 𝑒 ∈ 𝔽𝑞[𝑇 ] is irreducible.

Since det(𝐶15(𝜂)) = −2𝑒𝜂2 and det(𝐶15(∞)) = 0, the singular elements for this pencil
correspond to 𝜂 ∈ {0,∞}. Here, we invoked the fact that 𝑒 ≠ 0 since 𝑇 2 + 𝑇 = 𝑇 (𝑇 + 1)

is reducible.

For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠 and 𝑠 ≠ 0. Let 𝐴 = 𝐶15(𝑟) and 𝐵 = 𝐶15(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑟𝑡 + 𝑠 0

𝑟𝑡 + 𝑠 2𝑡 + 2 𝑡 + 1

0 𝑡 + 1 2𝑒𝑡 + 2𝑒

|

|

|

|

|

|

|

|

|

|

|

= −2𝑒(𝑡 + 1)(𝑟𝑡 + 𝑠)2.

Observe that this is just the same determinant as in the case of 𝒫4 but with an extra factor of 𝑒.
Proceeding with our calculation, we obtain

𝐻2,15(𝑟, 𝑠) = 𝑒2𝐻2,4(𝑟, 𝑠)

and
𝐻3,15(𝑟, 𝑠) = 𝑒3𝐻3,4(𝑟, 𝑠).

The final simplified form will be the same as that of 𝒫4 since 𝑒 ≠ 0.
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Now, for 𝐴 = 𝐶15(∞) and 𝐵 = 𝐶15(𝑠) where 𝑠 ∈ 𝔽𝑞 ⧵ {0},

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

0 𝑡 + 𝑠 1

𝑡 + 𝑠 2 1

1 1 2𝑒

|

|

|

|

|

|

|

|

|

|

|

= −2𝑒(𝑡 + 𝑠)2.

Again, this is just the same determinant as in the case of 𝒫4 but with an extra factor of 𝑒. In
effect, 𝐻2(∞, 𝑠) will get an extra factor of 𝑒2, and 𝐻3(∞, 𝑠) will get an extra factor of 𝑒3. But
the final simplified form will be the same as that of 𝒫4.

5.1.8 Pencil 𝒫16

For pencil 𝒫16, conics in this pencil have matrix representations:

𝐶16(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2𝑒 𝜂 1

𝜂 2𝑑 1

1 1 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶16(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0

1 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Here, 𝑑, 𝑒 ∈ 𝔽𝑞 such that 𝑇 2 + 𝑇 + 𝑑, 𝑇 2 + 𝑇 + 𝑒 ∈ 𝔽𝑞[𝑇 ] are both irreducible.

For this pencil, det(𝐶16(𝜂)) = −2[𝜂2 − 𝜂 + (−4𝑑𝑒 + 𝑑 + 𝑒)] and det(𝐶16(∞)) = 0. Solving for
the roots of 𝜂2 − 𝜂 + (−4𝑑𝑒 + 𝑑 + 𝑒) yields

𝜂+ =
1 +

√

(1 − 4𝑑)(1 − 4𝑒)
2

, 𝜂− =
1 −

√

(1 − 4𝑑)(1 − 4𝑒)
2

.

By Lemma 5.2.1, the discriminants 1 − 4𝑑 and 1 − 4𝑒 are both non-square and consequently,
their product is a non-zero square implying that 𝜂+, 𝜂− ∈ 𝔽𝑞 and 𝜂+ ≠ 𝜂−. Hence, the singular
elements correspond to 𝜂 ∈ {𝜂+, 𝜂−,∞}.
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For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠 and 𝑠 ∉ {𝜂+, 𝜂−}. Let 𝐴 = 𝐶16(𝑟) and 𝐵 = 𝐶16(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑒𝑡 + 2𝑒 𝑟𝑡 + 𝑠 𝑡 + 1

𝑟𝑡 + 𝑠 2𝑑𝑡 + 2𝑑 𝑡 + 1

𝑡 + 1 𝑡 + 1 2𝑡 + 2

|

|

|

|

|

|

|

|

|

|

|

= −2(𝑡 + 1)[(−4𝑑𝑒 + 𝑑 + 𝑒 + 𝑟2 − 𝑟)𝑡2 + (−8𝑑𝑒 + 2𝑑 + 2𝑒 + 2𝑟𝑠 − 𝑟 − 𝑠)𝑡

+ (−4𝑑𝑒 + 𝑑 + 𝑒 + 𝑠2 − 𝑠)].

Now, for 𝐴 = 𝐶16(∞) and 𝐵 = 𝐶16(𝑠) where 𝑠 ∈ 𝔽𝑞 ⧵ {𝜂+, 𝜂−},

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑒 𝑡 + 𝑠 1

𝑡 + 𝑠 2𝑑 1

1 1 2

|

|

|

|

|

|

|

|

|

|

|

= −2(−4𝑑𝑒 + 𝑑 + 𝑒 + 𝑠2 + 2𝑠𝑡 − 𝑠 + 𝑡2 − 𝑡).

This will yield 𝐻2,16(∞, 𝑠) = (1 − 4𝑑)(1 − 4𝑒) which is non-zero since this is a product of the
non-zero discriminants 1 − 4𝑑 and 1 − 4𝑒.

5.1.9 Pencil 𝒫17

For pencil 𝒫17, conics in this pencil have matrix representations:

𝐶17(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2𝜂 0 0

0 2 1

0 1 2𝑒

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶17(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 0 0

0 0 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Here, 𝑒 ∈ 𝔽𝑞 such that 𝑇 2 + 𝑇 + 𝑒 ∈ 𝔽𝑞[𝑇 ] is irreducible.

For this pencil, det(𝐶17(𝜂)) = −2(1 − 4𝑒)𝜂 and det(𝐶17(∞)) = 0. By Lemma 5.2.1, 1 − 4𝑒 is
not a square in 𝔽𝑞 and hence, non-zero. So, the singular elements correspond to 𝜂 ∈ {0,∞}.
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For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠 and 𝑠 ≠ 0. Let 𝐴 = 𝐶17(𝑟) and 𝐵 = 𝐶17(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑟𝑡 + 2𝑠 0 0

0 2𝑡 + 2 𝑡 + 1

0 𝑡 + 1 2𝑒𝑡 + 2𝑒

|

|

|

|

|

|

|

|

|

|

|

= −2(1 − 4𝑒)(𝑡 + 1)2(𝑟𝑡 + 𝑠).

Now, for 𝐴 = 𝐶17(∞) and 𝐵 = 𝐶17(𝑠) where 𝑠 ∈ 𝔽𝑞 ⧵ {0},

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑠 + 2𝑡 0 0

0 2 1

0 1 2𝑒

|

|

|

|

|

|

|

|

|

|

|

= −2(1 − 4𝑒)(𝑡 + 𝑠).

This will yield 𝐻2,17 = −4(1−4𝑒)2 and 𝐻3,17 = −8(1−4𝑒)3 which are both non-zero constants
since 1 − 4𝑒 is not a square in 𝔽𝑞 and char 𝔽𝑞 ≠ 2.

5.1.10 Pencil 𝒫18

For pencil 𝒫18, conics in this pencil have matrix representations:

𝐶18(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 𝑐 −𝜂

𝑐 2𝜂 + 2𝑏 1

−𝜂 1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶18(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 −1

0 2 0

−1 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Here, 𝑏, 𝑐 ∈ 𝔽𝑞 such that 𝑇 3 + 𝑏𝑇 2 + 𝑐𝑇 + 1 ∈ 𝔽𝑞[𝑇 ] is irreducible.

For this pencil, det(𝐶18(𝜂)) = −2(𝜂3 + 𝑏𝜂2 + 𝑐𝜂 + 1) and det(𝐶18(∞)) = −2. By irreducibility,
det(𝐶18(𝜂)) will not be zero for any 𝜂 ∈ 𝔽𝑞. Hence, there are no singular elements in this pencil.
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For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠. Let 𝐴 = 𝐶18(𝑟) and 𝐵 = 𝐶18(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑡 + 2 𝑐𝑡 + 𝑐 −𝑟𝑡 − 𝑠

𝑐𝑡 + 𝑐 (2𝑏 + 2𝑟)𝑡 + 2𝑏 + 2𝑠 𝑡 + 1

−𝑟𝑡 − 𝑠 𝑡 + 1 0

|

|

|

|

|

|

|

|

|

|

|

= −2[(𝑏𝑟2 + 𝑐𝑟 + 𝑟3 + 1)𝑡3 + (𝑏𝑟2 + 2𝑏𝑟𝑠 + 2𝑐𝑟 + 𝑐𝑠 + 3𝑟2𝑠 + 3)𝑡2

+ (2𝑏𝑟𝑠 + 𝑏𝑠2 + 𝑐𝑟 + 2𝑐𝑠 + 3𝑟𝑠2 + 3)𝑡 + (𝑏𝑠2 + 𝑐𝑠 + 𝑠3 + 1)].

Now, for 𝐴 = 𝐶18(𝑟) and 𝐵 = 𝐶18(∞) where 𝑟 ∈ 𝔽𝑞,

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑡 𝑐𝑡 −𝑟𝑡 − 1

𝑐𝑡 (2𝑏 + 2𝑟)𝑡 + 2 𝑡

−𝑟𝑡 + 1 𝑡 0

|

|

|

|

|

|

|

|

|

|

|

= −2[(𝑏𝑟2 + 𝑐𝑟 + 𝑟3 + 1)𝑡3 + (2𝑏𝑟 + 𝑐 + 3𝑟2)𝑡2 + (𝑏 + 3𝑟)𝑡 + 1].

Lastly, for 𝐴 = 𝐶18(∞) and 𝐵 = 𝐶18(𝑠) where 𝑠 ∈ 𝔽𝑞,

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2 𝑐 −𝑡 − 𝑠

𝑐 2𝑡 + (2𝑏 + 2𝑠) 1

−𝑡 − 𝑠 1 0

|

|

|

|

|

|

|

|

|

|

|

= −2[𝑡3 + (𝑏 + 3𝑠)𝑡2 + (2𝑏𝑠 + 𝑐 + 3𝑠2)𝑡 + (𝑏𝑠2 + 𝑐𝑠 + 𝑠3 + 1)].
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5.1.11 Pencil 𝒫19

For pencil 𝒫19, conics in this pencil have matrix representations:

𝐶19(𝜂) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2𝜂 2𝜎 0

2𝜎 −2𝜈𝜂 − 2𝜌 0

0 0 2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

; 𝜂 ∈ 𝔽𝑞 , and𝐶19(∞) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2 0 0

0 −2𝜈 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Here, 𝜈, 𝜌, 𝜎 ∈ 𝔽𝑞 such that 𝜈 and 𝜌2 − 4𝜈𝜎2 are both non-squares in 𝔽𝑞.

For this pencil, det(𝐶19(𝜂)) = −8(𝜈𝜂2 + 𝜌𝜂 + 𝜎2) and det(𝐶19(∞)) = 0. The discriminant of
𝜈𝜂2 + 𝜌𝜂 + 𝜎2 is 𝜌2 − 4𝜈𝜎2 which is assumed to be non-square, so this will not have a root in 𝔽𝑞

by Lemma 5.2.1. Hence, the singular element correspond to 𝜂 = ∞.

For 𝑟, 𝑠 ∈ 𝔽𝑞 where 𝑟 ≠ 𝑠. Let 𝐴 = 𝐶19(𝑟) and 𝐵 = 𝐶19(𝑠),

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑟𝑡 + 2𝑠 2𝜎𝑡 + 2𝜎 0

2𝜎𝑡 + 2𝜎 (−2𝜈𝑠 − 2𝜌)𝑡 + (−2𝜈𝑠 − 2𝜌) 0

0 0 2𝑡 + 2

|

|

|

|

|

|

|

|

|

|

|

= −8(𝑡 + 1)(𝜈𝑟2𝑡2 + 2𝜈𝑟𝑠𝑡 + 𝜈𝑠2 + 𝑟𝜌𝑡2 + 𝑟𝜌𝑡 + 𝜌𝑠𝑡 + 𝜌𝑠 + 𝜎2𝑡2 + 2𝜎2𝑡 + 𝜎2).

Now, for 𝐴 = 𝐶19(∞) and 𝐵 = 𝐶19(𝑠) where 𝑠 ∈ 𝔽𝑞,

det(𝑡𝐴 + 𝐵) =

|

|

|

|

|

|

|

|

|

|

|

2𝑡 + 2𝑠 2𝜎 0

2𝜎 −2𝜈𝑡 − 2𝜈𝑠 − 2𝜌 0

0 0 2

|

|

|

|

|

|

|

|

|

|

|

= −8(𝜈𝑠2 + 2𝜈𝑠𝑡 + 𝜈𝑡2 + 𝜌𝑠 + 𝜌𝑡 + 𝜎2).

This will yield 𝐻2,19 = −64(𝜌2 − 4𝜈𝜎2) which is a non-zero constant since 𝜌2 − 4𝜈𝜎2 is not a
square in 𝔽𝑞.
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5.1.12 Summary for all pencils

From the derived forms det(𝑡𝐶𝑗(𝑟) + 𝐶𝑗(𝑠)), we use the Computer Algebra System SymPy to
obtain the simplified form of 𝐻2 and 𝐻3 where non-zero scalar multiples and denominators are
ignored. We summarize all our derivations for 𝐻2 in Table 5.1.1 and that of 𝐻3 in Table 5.1.2.
Remark 5.1.4. The obtained forms of 𝐻2 and 𝐻3 are consistent with those in [23], which

provided the forms of 𝐻2 and 𝐻3 but only for the case of transversally intersecting and smooth

conics.

Remark 5.1.5. Our results are consistent with the main theorem of [17], which states that

all smooth conic pairs from pencils with base points of intersection multiplicity 3 and 4 are

𝑛-Poncelet pairs where 𝑛 = char 𝔽𝑞. This correspond to pencils 𝒫5 and 𝒫8 in our study, and we

have 𝐻2(𝑟, 𝑠) = 3 for 𝑟, 𝑠 ≠ ∞, which is zero precisely when char 𝔽𝑞 = 3.
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Table 5.1.1: Summary of Cayley’s condition for 3-Poncelet pairs
𝐻2,𝑗

†

𝐻2,3(𝑟, 𝑠) = 𝑟2 + (−4𝑠3 + 6𝑠2 − 4𝑠)𝑟 + 𝑠4

𝐻2,3(∞, 𝑠) = 𝑢‡

𝐻2,4(𝑟, 𝑠) = 4𝑟 − 𝑠
𝐻2,4(∞, 𝑠) = 0
𝐻2,5(𝑟, 𝑠) = 3
𝐻2,5(∞, 𝑠) = 0
𝐻2,6(𝑟, 𝑠) = 4𝑟 − 𝑠
𝐻2,6(∞, 𝑠) = 0
𝐻2,8(𝑟, 𝑠) = 3
𝐻2,8∞, 𝑠) = 0
𝐻2,14(𝑟, 𝑠) = (1 − 4𝑒)𝑟2 + (−4𝑒2𝑠3 + 6𝑒𝑠2 + 4𝑒𝑠 − 4𝑠 + 2)𝑟 + (𝑒2𝑠4 − 6𝑒𝑠2 + 4𝑠 − 3)
𝐻2,14(∞, 𝑠) = 𝑢‡

𝐻2,15(𝑟, 𝑠) = 4𝑟 − 𝑠
𝐻2,15(∞, 𝑠) = 0
𝐻2,16(𝑟, 𝑠) = [(1 − 4𝑑)(1 − 4𝑒)]𝑟2

+ [−4𝑠3 + 6𝑠2 + (−16𝑑𝑒 + 4𝑑 + 4𝑒 − 4)𝑠 + (−8𝑑𝑒 + 2𝑑 + 2𝑒)]𝑟
+ [𝑠4 + (24𝑑𝑒 − 6𝑑 − 6𝑒)𝑠2 + (−16𝑑𝑒 + 4𝑑 + 4𝑒)𝑠
+ (−48𝑑2𝑒2 + 24𝑑2𝑒 + 24𝑑𝑒2 − 3𝑑2 − 6𝑑𝑒 − 3𝑒2)]

𝐻2,16(∞, 𝑠) = 𝑢‡

𝐻2,17(𝑟, 𝑠) = 𝑟(𝑟 − 4𝑠)
𝐻2,17(∞, 𝑠) = 𝑢‡

𝐻2,18(𝑟, 𝑠) = [3𝑠4 + 4𝑏𝑠3 + 6𝑐𝑠2 + 12𝑠 + (4𝑏 − 𝑐2)]𝑟2

+ [2𝑏𝑠4 + (4𝑏2 − 4𝑐)𝑠3 + (6𝑏𝑐 − 18)𝑠2 + (−4𝑏 + 4𝑐2)𝑠 + 2𝑐]𝑟
+ [(−𝑏2 + 4𝑐)𝑠4 + 12𝑠3 + 6𝑏𝑠2 + 4𝑐𝑠 + 3]

𝐻2,18(𝑟,∞) = 3𝑟2 + 2𝑏𝑟 + (−𝑏2 + 4𝑐)
𝐻2,18(∞, 𝑠) = 3𝑠4 + 4𝑏𝑠3 + 6𝑐𝑠2 + 12𝑠 + (4𝑏 − 𝑐2)
𝐻2,19(𝑟, 𝑠) = [𝜌2 − 4𝜈𝜎2]𝑟2

+ [−4𝜈2𝑠3 − 6𝜈𝜌𝑠2 + (4𝜈𝜎2 − 4𝜌2)𝑠 − 2𝜌𝜎2]𝑟
+ [𝜈2𝑠4 − 6𝜈𝜎2𝑠2 − 4𝜌𝜎2𝑠 − 3𝜎4]

𝐻2,19(∞, 𝑠) = 𝑢‡
† 𝐻2,𝑗 = 𝐻2 from Cayley’s condition for pencil 𝒫𝑗 where non-zero scalar multiples and denominators are ignored
‡ 𝑢 is a non-zero constant for char 𝔽𝑞 ≠ 2
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Table 5.1.2: Summary of Cayley’s condition for 4-Poncelet pairs
𝐻3,𝑗

†

𝐻3,3(𝑟, 𝑠) = [𝑟 − 𝑠2][(2𝑠 − 1)𝑟 − 𝑠2][𝑟 + (𝑠2 − 2𝑠)]
𝐻3,3(∞, 𝑠) = 2𝑠 − 1
𝐻3,4(𝑟, 𝑠) = 2𝑟 − 𝑠
𝐻3,4(∞, 𝑠) = 0
𝐻3,5(𝑟, 𝑠) = 𝑢‡

𝐻3,5(∞, 𝑠) = 0
𝐻3,6(𝑟, 𝑠) = 2𝑟 − 𝑠
𝐻3,6(∞, 𝑠) = 0
𝐻3,8(𝑟, 𝑠) = 𝑢‡

𝐻3,8(∞, 𝑠) = 0
𝐻3,14(𝑟, 𝑠) = [(2𝑒𝑠 − 1)𝑟 + (−𝑒𝑠2 + 1)]

[(1 − 4𝑒)𝑟2 + (8𝑒𝑠 − 2𝑠)𝑟 + (−𝑒2𝑠4 + 2𝑒𝑠3 − 6𝑒𝑠2 + 2𝑠 − 1)]
𝐻3,14(∞, 𝑠) = 2𝑒𝑠 − 1
𝐻3,15(𝑟, 𝑠) = 2𝑟 − 𝑠
𝐻3,15(∞, 𝑠) = 0
𝐻3,16(𝑟, 𝑠) = [(2𝑠 − 1)𝑟 + (−𝑠2 − 4𝑑𝑒 + 𝑑 + 𝑒)]

[(1 − 4𝑑)(1 − 4𝑒)𝑟2 + ((−32𝑑𝑒 + 8𝑑 + 8𝑒 − 2)𝑠)𝑟
+ (−𝑠4 + 2𝑠3 + (24𝑑𝑒 − 6𝑑 − 6𝑒)𝑠2 + (−8𝑑𝑒 + 2𝑑 + 2𝑒)𝑠
+ (−16𝑑2𝑒2 + 8𝑑2𝑒 − 𝑑2 + 8𝑑𝑒2 − 2𝑑𝑒 − 𝑒2)]

𝐻3,16(∞, 𝑠) = 2𝑠 − 1
𝐻3,17(𝑟, 𝑠) = 𝑟2(𝑟 − 2𝑠)
𝐻3,17(∞, 𝑠) = 𝑢‡

𝐻3,18(𝑟, 𝑠) = [𝑠6 + 2𝑏𝑠5 + 5𝑐𝑠4 + 20𝑠3 + (20𝑏 − 5𝑐2)𝑠2 + (8𝑏2 − 2𝑏𝑐2 − 4𝑐)𝑠 + (4𝑏𝑐 − 𝑐3 − 8)]𝑟3

+ [𝑏𝑠6 + (4𝑏2 − 6𝑐)𝑠5 + (10𝑏𝑐 − 45)𝑠4 + (−40𝑏 + 20𝑐2)𝑠3

+ (−20𝑏2 + 5𝑏𝑐2 + 30𝑐)𝑠2 + (−8𝑏𝑐 + 2𝑐3 + 36)𝑠 + (4𝑏 − 𝑐2)]𝑟2

+ [(−𝑏2 + 4𝑐)𝑠6 + (2𝑏3 − 8𝑏𝑐 + 36)𝑠5 + (5𝑏2𝑐 + 30𝑏 − 20𝑐2)𝑠4

+ (20𝑏2 − 40𝑐)𝑠3 + (10𝑏𝑐 − 45)𝑠2 + (−6𝑏 + 4𝑐2)𝑠 + 𝑐]𝑟
+ [(−𝑏3 + 4𝑏𝑐 − 8)𝑠6 + (−2𝑏2𝑐 − 4𝑏 + 8𝑐2)𝑠5

+ (−5𝑏2 + 20𝑐)𝑠4 + 20𝑠3 + 5𝑏𝑠2 + 2𝑐𝑠 + 1]
𝐻3,18(𝑟,∞) = 𝑟3 + 𝑏𝑟2 + (−𝑏2 + 4𝑐)𝑟 + (−𝑏3 + 4𝑏𝑐 − 8)
𝐻3,18(∞, 𝑠) = 𝑠6 + 2𝑏𝑠5 + 5𝑐𝑠4 + 20𝑠3 + (20𝑏 − 5𝑐2)𝑠2 + (8𝑏2 − 2𝑏𝑐2 − 4𝑐)𝑠 + (4𝑏𝑐 − 𝑐3 − 8)
𝐻3,19(𝑟, 𝑠) = [(2𝜈𝑠 + 𝜌)𝑟 + (−𝜈𝑠2 + 𝜎2)]

[(𝜌2 − 4𝜈𝜎2)𝑟2 + ((8𝜈𝜎2 − 2𝜌2)𝑠)𝑟 + (−𝜈2𝑠4 − 2𝜈𝜌𝑠3 − 6𝜈𝜎2𝑠2 − 2𝜌𝜎2 − 𝜎4)]
𝐻3,19(∞, 𝑠) = 2𝜈𝑠 + 𝜌

† 𝐻3,𝑗 = 𝐻3 from Cayley’s condition for pencil 𝒫𝑗 where non-zero scalar multiples and denominators are ignored
‡ 𝑢 is a non-zero constant for char 𝔽𝑞 ≠ 2
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5.2 Probabilities for 3-Poncelet pairs

In this section, we answer our main research question about the probability of obtaining a
3-Poncelet pair among the valid pairs for each pencil in Table 2.3.2.

With the aid of Table 5.1.1, we can now count the number of valid pairs in 𝒫𝑗 that correspond to
a 3-Poncelet pair by counting the number of pairs (𝑟, 𝑠) such that 𝐻2,𝑗(𝑟, 𝑠) = 0. Since we only
consider distinct conic pairs, we have Lemma 5.2.1 based on [23], which will help us adjust our
counts for the case where 𝑟 = 𝑠.
Lemma 5.2.1. Let 𝐻2,𝑗 be the form of 𝐻2 under 𝒫𝑗 and 𝐶𝑗(𝜂) be the matrix representation of

the element corresponding to 𝜂 ∈ 𝑷 1(𝔽𝑞) in pencil 𝒫𝑗 . Then:

1. 𝐻2,𝑗(𝜂, 𝜂) = 0 if and only if char 𝔽𝑞 = 3 or 𝐶𝑗(𝜂) is singular,

2. all valid pairs (𝑟, 𝑠) that satisfy 𝐻2,𝑗(𝑟, 𝑠) = 0 are smooth pairs.

Proof. Let 𝐴 = 𝐵 = 𝐶𝑗(𝜂), then Δ(𝑡) =
√

det(𝑡𝐴 + 𝐴) =
√

(𝑡 + 1)3 det(𝐴) =
√

𝜆𝑡3 + 𝛽𝑡2 + 𝛾𝑡 + 𝜖 where 𝜆 = det(𝐴), 𝛽 = 3 det(𝐴), 𝛾 = 3 det(𝐴), 𝜖 = det(𝐴).

By Lemma 5.1.1, 𝐻2,𝑗(𝑠, 𝑠) =
12 det(𝐴)2−9 det(𝐴)2

8 det(𝐴)
√

det(𝐴)
= 3

8

√

det(𝐴), which is zero if and only if 3
8

is
0 in 𝔽𝑞 which is the case when char 𝔽𝑞 = 3, or det(𝐴) = 0 which happens when 𝐴 = 𝐶𝑗(𝜂) is
singular.

For the second statement, this is trivially true for 𝑗 = 18 since all conics in this pencil are
smooth. For 𝑗 ≠ 18, suppose there is a valid pair (𝑟, 𝑠) that satisfies 𝐻2,𝑗(𝑟, 𝑠) = 0, which is not
a smooth pair. In this case, we can use Table 5.1.1 to substitute every value of 𝑟 associated with
a singular element as summarized in Table 2.3.2 and show that if 𝐻2,𝑗(𝑟, 𝑠) = 0, then we either
get 𝑟 = 𝑠 or an irregular pair (𝑟, 𝑠). In either case, we conclude that (𝑟, 𝑠) is not a valid pair and
get a contradiction.

Starting with 𝑗 = 3, the singular elements are 𝜂 ∈ {0, 1,∞} and we obtain

𝐻2,3(0, 𝑠) = 𝑠4,𝐻2,3(1, 𝑠) = (𝑠 − 1)4,𝐻2,3(∞, 𝑠) ≠ 0, ∀𝑠 ∈ 𝔽𝑞
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where we see that 𝐻2,3(𝑟, 𝑠) = 0 if and only if 𝑟 = 𝑠.

For 𝑗 ∈ {4, 6, 15}, the singular elements are 𝜂 ∈ {0,∞} and we obtain

𝐻2,𝑗(0, 𝑠) = 𝑠,𝐻2,𝑗(∞, 𝑠) ≠ 0, ∀𝑠 ∈ 𝔽𝑞

where we see that 𝐻2,𝑗(𝑟, 𝑠) = 0 if and only if 𝑟 = 𝑠.

For 𝑗 ∈ {5, 8}, the only singular element is 𝜂 = ∞, but (∞, 𝑠), ∀𝑠 ∈ 𝔽𝑞 correspond to an
irregular pair.

For 𝑗 ∈ {14, 19}, the only singular element is 𝜂 = ∞ and

𝐻2,𝑗(∞, 𝑠) ≠ 0, ∀𝑠 ∈ 𝔽𝑞

where we see that 𝐻2,𝑗(𝑟, 𝑠) = 0 if and only if 𝑟 = 𝑠.

For 𝑗 = 16, the singular elements are 𝜂 ∈ {𝜂+, 𝜂−,∞} and we obtain

𝐻2,16(𝜂+, 𝑠) = (𝑠 − 𝜂+)4,𝐻2,16(𝜂−, 𝑠) = (𝑠 − 𝜂−)4,𝐻2,16(∞, 𝑠) ≠ 0, ∀𝑠 ∈ 𝔽𝑞

where we see that 𝐻2,3(𝑟, 𝑠) = 0 if and only if 𝑟 = 𝑠.

Lastly, for 𝑗 = 17, the singular elements are 𝜂 ∈ {0,∞}, but (0, 𝑠) and (∞, 𝑠), ∀𝑠 ∈ 𝔽𝑞

correspond to an irregular pair.

We will use Lemma 5.2.1 to remove pairs (𝑟, 𝑠) that satisfy 𝐻2,𝑗(𝑟, 𝑠) = 0 but should not
be counted. Moreover, it proves that for the triangle case, all valid pairs that correspond to
3-Poncelet pairs are smooth pairs. That is, there are no 3-Poncelet pairs (𝒜 ,ℬ) where 𝒜 is
singular and ℬ is smooth.
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We can now start counting for each pencil 𝒫𝑗 the number of valid pairs (𝑟, 𝑠) satisfying
𝐻2,𝑗(𝑟, 𝑠) = 0. We will mainly use the 𝐷(𝑓 ), the discriminant of a polynomial 𝑓 , to facilitate the
counting. In using discriminants, it will be important to know whether something is a non-zero
square or zero in 𝔽𝑞. With this, we define

𝑍∗
𝜑 = {𝑠 ∈ 𝔽𝑞 |𝜑(𝑠) = 𝑦2, 𝑦 ∈ 𝔽𝑞 ⧵ {0}} = set of values which makes 𝜑(𝑠) a non-zero square,

𝑍𝜑 = {𝑠 ∈ 𝔽𝑞 |𝜑(𝑠) = 0} = set of roots of 𝜑(𝑠).

We first deal with the case where 𝐻2,𝑗(𝑟, 𝑠) is quadratic in 𝑟; that is, 𝑗 ∈ {3, 14, 16, 18, 19}.
Here we treat 𝐻2,𝑗(𝑟, 𝑠) as a polynomial in (𝐹𝑞[𝑠])[𝑟], the collection of polynomials in 𝑟 having
polynomials in 𝑠 as coefficient. This makes the discriminant of 𝐻2,𝑗(𝑟, 𝑠) a function of 𝑠, and
we denote this discriminant by 𝐷𝑗(𝑠). For a fixed 𝑠, 𝐷𝑗(𝑠) will tell us how many pairs (𝑟, 𝑠)

satisfy 𝐻2,𝑗(𝑟, 𝑠) = 0, and summing up all these counts for all valid values of 𝑠, we obtain the
exact count that we want. In particular, each 𝑠 ∈ 𝑍𝐷𝑗

will contribute one pair and 𝑠 ∈ 𝑍∗
𝐷𝑗

will
contribute two pairs. Upon computing the discriminants, we observe that all of them take the
form

𝐷𝑗(𝑠) = 16
(

𝜅𝑗(𝑠)
)2𝜑𝑗(𝑠), 𝑗 ∈ {3, 14, 16, 18, 19} (5.2.1)

for some 𝜅𝑗(𝑠), 𝜑𝑗(𝑠) ∈ 𝔽𝑞[𝑠].

We summarize in Tables 5.2.1 and 5.2.2 useful information about 𝜅𝑗(𝑠) and 𝜑𝑗(𝑠), respectively.
Table 5.2.1: Summary of roots in 𝔽𝑞 for 𝜅𝑗(𝑠)

𝒫𝑗 𝜅𝑗(𝑠)† Roots in 𝔽𝑞
𝒫3 𝜅3(𝑠) = 𝑠(𝑠 − 1) 0, 1

𝒫14 𝜅14(𝑠) = 𝑒𝑠2 − 𝑠 + 1 None
𝒫16 𝜅16(𝑠) = 𝑠2 − 𝑠 + (−4𝑑𝑒 + 𝑑 + 𝑒) 𝜂+∗∗, 𝜂−∗∗

𝒫18 𝜅18(𝑠) = 𝑠3 + 𝑏𝑠2 + 𝑐𝑠 + 1 None
𝒫19 𝜅19(𝑠) = 𝜈𝑠2 + 𝜌𝑠 + 𝜎2 None

† 𝜅𝑗(𝑠) as in Equation 5.2.1
∗∗ 𝜂+, 𝜂− as in Table 2.3.2
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Table 5.2.2: Summary of discriminants for 𝜑𝑗(𝑠)

𝒫𝑗 𝜑𝑗(𝑠)† Discriminant 𝐷(𝜑𝑗)

𝒫3 𝜑3(𝑠) = 𝑠2 − 𝑠 + 1 −3

𝒫14 𝜑14(𝑠) = 𝑒2𝑠2 − 𝑒𝑠 + (−3𝑒 + 1) −3𝑒2(1 − 4𝑒)

𝒫16 𝜑16(𝑠) = 𝑠2 − 𝑠 + (12𝑑𝑒 − 3𝑑 − 3𝑒 + 1) −3(1 − 4𝑑)(1 − 4𝑒)

𝒫18 𝜑18(𝑠) = (𝑏2 − 3𝑐)𝑠2 + (𝑏𝑐 − 9)𝑠 + (−3𝑏 + 𝑐2) −3(𝑏2𝑐2 − 4𝑐3 − 4𝑏3 − 27 + 18𝑏𝑐)

𝒫19 𝜑19(𝑠) = 𝜈2𝑠2 + 𝜈𝜌𝑠 + (−3𝜈𝜎2 + 𝜌2) −3𝜈2(𝜌2 − 4𝜈𝜎2)
† 𝜑𝑗(𝑠) as in Equation 5.2.1

We state important observations about 𝜅𝑗 and 𝜑𝑗(𝑠) in Lemma 5.2.2 and Lemma 5.2.3
Lemma 5.2.2. For any 𝜅𝑗(𝑠) in Table 5.2.1 and 𝑠 ∈ 𝔽𝑞, then 𝜅𝑗(𝑠) = 0 if and only if 𝐶𝑗(𝑠), the

matrix representation of the element corresponding to 𝑠 in pencil 𝒫𝑗 , is singular.

Proof. Comparing the singular elements of the pencil in Table 2.3.2 and the roots of 𝜅𝑗(𝑠) in
Table 5.2.1, we can see that for 𝑠 ∈ 𝔽𝑞, 𝜅𝑗(𝑠) is zero if and only if 𝐶𝑗(𝑠) is singular. We just
need to show how we obtained the roots of 𝜅𝑗(𝑠).

Roots of 𝜅3 are straightforward, and the quadratic formula is used to obtain those of 𝜅16.
Referring to the assumptions on Table 2.3.1, 𝑇 2+𝑇 +𝑒 is irreducible, which implies that 1−4𝑒

is non-square in 𝔽𝑞. But this is also the discriminant of 𝜅14, so it is also irreducible and does
not have any root in 𝔽𝑞. 𝜅18 follows from the assumption that 𝑇 3 + 𝑏𝑇 2 + 𝑐𝑇 + 1 is irreducible.
Finally, 𝜅19 have discriminant 𝜌2 − 4𝜈𝜎2 which is assumed to be non-square.

Lemma 5.2.3. Let 𝐷(𝜑𝑗) be any discriminant in Table 5.2.2, then 𝐷(𝜑𝑗) = 0 if and only if

char 𝔽𝑞 = 3. That is, 𝜑𝑗(𝑠) is a square of a linear polynomial in 𝔽𝑞[𝑠] if and only if char 𝔽𝑞 = 3.

Proof. From the assumptions on Table 2.3.1, 𝑇 2 + 𝑇 + 𝑑 and 𝑇 2 + 𝑇 + 𝑒 are irreducible and
we must have 1 − 4𝑑, 1 − 4𝑒, and 𝑒 to be non-zero which are factors that appear on 𝐷(𝜑14) and
𝐷(𝜑16). By irreducibility of 𝑇 3 + 𝑏𝑇 2 + 𝑐𝑇 + 1, a result from [4] states that its discriminant,
𝑏2𝑐2 − 4𝑐3 − 4𝑏3𝑑 − 27𝑑2 + 18𝑏𝑐, must be non-zero and this factor appear on 𝐷(𝜑18). Finally,
since 𝜈 and 𝜌2 − 4𝜈𝜎2 are all non-square, then they are also non-zero, and these factors appear
on 𝐷(𝜑19).
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With this, we can see that all 𝐷(𝜑𝑗) in Table 5.2.2 have the form −3 multiplied by a non-zero
factor. Hence, the whole quantity is 0 if and only if −3 is 0 in 𝔽𝑞, which happens if and only if
char 𝔽𝑞 = 3.

A useful lemma adapted from the main argument in [3] is given below as Lemma 5.2.4.
Lemma 5.2.4. Suppose 𝜑(𝑠) = 𝑢2𝑠2 + 𝑢1𝑠 + 𝑢0 ∈ 𝔽𝑞[𝑠] is a quadratic polynomial that is not a

square of a linear polynomial in 𝔽𝑞[𝑠] and 𝑢2 is a non-zero square in 𝔽𝑞.

Let 𝑍∗
𝜑 = {𝑠 ∈ 𝔽𝑞 |𝜑(𝑠) = 𝑦2, 𝑦 ∈ 𝔽𝑞 ⧵ {0}}, and 𝑍𝜑 = {𝑠 ∈ 𝔽𝑞 |𝜑(𝑠) = 0}. Then,

|

|

|

𝑍∗
𝜑
|

|

|

=
𝑞 − 1 − |

|

|

𝑍𝜑
|

|

|

2

Proof. Recall that the non-zero square elements in 𝔽𝑞 form a group under multiplication, and the
product of a square and a non-square element of 𝔽𝑞 will yield a non-square element. Since 𝑢2 is
a non-zero square, then 𝜑(𝑠) is a non-zero square if and only if 𝜑(𝑠)

𝑢2
is a non-zero square. Hence,

|

|

|

𝑍∗
𝜑
|

|

|

=
|

|

|

|

𝑍∗
𝜑
𝑢2

|

|

|

|

. Moreover, the zeros of 𝜑(𝑠) do not change when we divide it by a non-zero
element of 𝔽𝑞. So, we also have |

|

|

𝑍𝜑
|

|

|

=
|

|

|

|

𝑍 𝜑
𝑢2

|

|

|

|

. Thus, without loss of generality, we can assume
that 𝑢2 = 1; otherwise, we just consider 𝜑(𝑠)

𝑢2
.

By completing the square, we obtain 𝜑(𝑠) = (𝑠 − 𝛽)2 + 𝛾 where 𝛽, 𝛾 ∈ 𝔽𝑞 but 𝛾 ≠ 0 by the
assumption that 𝜑(𝑠) is not a square of a linear polynomial. Now, we are interested in 𝑠 such
that

𝜑(𝑠) = (𝑠 − 𝛽)2 + 𝛾 = 𝑦2 (5.2.2)

where 𝑦 ∈ 𝔽𝑞. Isolating 𝛾 on one side of the equation gives us

𝑦2 − (𝑠 − 𝛽)2 = (𝑦 − 𝑠 + 𝛽)
⏟⏞⏞⏞⏟⏞⏞⏞⏟

𝜔

(𝑦 + 𝑠 − 𝛽)
⏟⏞⏞⏞⏟⏞⏞⏞⏟

𝛾
𝜔

= 𝛾

Since 𝛾 is non-zero, the first factor 𝜔 = (𝑦 − 𝑠 + 𝛽) is a non-zero element of 𝔽𝑞 and the second
factor (𝑦+ 𝑠− 𝛽) can be expressed as 𝛾

𝜔
. Thus, we get 𝑦 = 𝜔+ 𝑠− 𝛽 and substituting this back
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to Equation 5.2.2, we obtain (𝑠− 𝛽)2 + 𝛾 = (𝜔+ 𝑠− 𝛽)2 where we can solve for 𝑠 in terms of 𝜔
as

𝑠 = 𝛽 + 𝛾
2𝜔

− 𝜔
2

(5.2.3)

Here, each 𝜔 ∈ 𝔽𝑞 ⧵ {0} corresponds to a value of 𝑠 that will make 𝜑(𝑠) a square in 𝔽𝑞. In this
case, for a fixed 𝑠 where 𝜑(𝑠) is square, Equation 5.2.3 can be treated as quadratic polynomial
in 𝜔 with the form

𝜔2 + (2𝑠 − 2𝛽)𝜔 − 𝛾 = 0

and discriminant 4𝜑(𝑠).

Hence, each 𝑠 making 𝜑(𝑠) a non-zero square will have two corresponding 𝜔 but only one 𝜔

corresponding to each 𝑠 for which 𝜑(𝑠) = 0. With this, we have 𝑞 − 1 possible values for 𝜔
corresponding to the elements of 𝔽𝑞 ⧵ {0} and we remove one 𝜔 for each 𝑠 corresponding to a
root of 𝜑(𝑠) which leaves us the remaining 𝑞 − 1 − |

|

|

𝑍𝜑
|

|

|

values of 𝜔 corresponding to 𝑠 which
makes 𝜑(𝑠) a non-zero square. Since we only get one 𝑠 per two values of 𝜔 in this case, we
obtain the final count to be

|

|

|

𝑍∗
𝜑
|

|

|

=
𝑞 − 1 − |

|

|

𝑍𝜑
|

|

|

2

Now we are ready to count valid pairs (𝑟, 𝑠) that correspond to 3-Poncelet pairs. For this purpose,
we denote the set of valid pairs that correspond to 3-Poncelet pairs as

Γ𝑗(𝐻2) = {(𝑟, 𝑠) ∈ Φ𝑗 |𝐻2,𝑗(𝑟, 𝑠) = 0}, which we can decompose into three disjoint sets

Γ𝑗(𝐻2(⋅, ⋅)) = {(𝑟, 𝑠) ∈ Γ𝑗(𝐻2)| 𝑟, 𝑠 ∈ 𝔽𝑞},

Γ𝑗(𝐻2(⋅,∞)) = {(𝑟, 𝑠) ∈ Γ𝑗(𝐻2)| 𝑟 ∈ 𝔽𝑞, 𝑠 = ∞}, and

Γ𝑗(𝐻2(∞, ⋅)) = {(𝑟, 𝑠) ∈ Γ𝑗(𝐻2)| 𝑟 = ∞, 𝑠 ∈ 𝔽𝑞}.
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5.2.1 Pencils 𝒫3,𝒫14,𝒫16,𝒫19

Proposition 5.2.5. For char 𝔽𝑞 ≠ 3 and 𝑗 ∈ {3, 14, 16, 19}, ||
|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − 1 − 2 ||
|

𝑍𝜅𝑗
|

|

|

with 𝜅𝑗

as shown in Table 5.2.1. In particular,

|

|

|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − 5, 𝑗 ∈ {3, 16}, and

|

|

|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − 1, 𝑗 ∈ {14, 19}.

Proof. By Lemma 5.2.2, 𝜅𝑗(𝑠) ≠ 0 for all valid pairs (𝑟, 𝑠). Moreover, we can see that all 𝑠 ∈ 𝔽𝑞

corresponding to a singular conic is an element of 𝑍∗
𝜑𝑗

since

𝜑3(0) = 𝜑3(1) = 1, 𝜑16(𝜂+) = 𝜑16(𝜂−) = (1 − 4𝑑)(1 − 4𝑒)

which by the irreducibility condition in Table 2.3.1, implies that both (1 − 4𝑒) and (1 − 4𝑑) are
non-squares and so their product is a non-zero square. Thus, we remove the elements of 𝑍𝜅𝑗

from 𝑍∗
𝜑𝑗

since they do not correspond to a valid pair.

Since the form of our discriminant 𝐷𝑗(𝑠) is a product of 𝜑𝑗(𝑠) and 16
(

𝜅𝑗(𝑠)
)2, where we have

shown that the latter factor is always a non-zero square, we have that each element of 𝑍𝜑𝑗
will

contribute one pair (𝑟, 𝑠) since it will make 𝐷𝑗(𝑠) = 0. Meanwhile, elements of 𝑍∗
𝜑𝑗

that are
not in 𝑍𝜅𝑗 will contribute two pairs of (𝑟, 𝑠) since this will make 𝐷𝑗(𝑠) a non-zero square. Since
𝐻2(∞, 𝑠) ≠ 0 for all 𝑠 ≠ ∞ and ∞ corresponds to a singular conic for the pencils in our current
case, then ∞ does not contribute to any pairs. Thus,

|

|

|

Γ𝑗(𝐻2)
|

|

|

= |

|

|

Γ𝑗(𝐻2(⋅, ⋅))
|

|

|

+ |

|

|

Γ𝑗(𝐻2(⋅,∞))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

+ |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

= 2
(

|

|

|

𝑍∗
𝜑𝑗

|

|

|

− |

|

|

𝑍𝜅𝑗
|

|

|

)

+ |

|

|

𝑍𝜑𝑗

|

|

|

.

By Lemma 5.2.3, all 𝜑𝑗(𝑠) are not a square of a linear polynomial, and since each 𝜑𝑗(𝑠) will
have a coefficient of 𝑠2 that is a non-zero square in 𝔽𝑞, we can use Lemma 5.2.4. All pairs (𝑟, 𝑠)
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in Γ𝑗(𝐻2) satisfy 𝑟 ≠ 𝑠 since char 𝔽𝑞 ≠ 3 and by Lemma 5.2.1, 𝐻2(𝑠, 𝑠) only happens when 𝑠

corresponds to a non-singular conic which we already removed by removing elements in 𝑍𝜅𝑗 .
Therefore, we obtain the final count as

|

|

|

Γ𝑗(𝐻2)
|

|

|

= 2

⎛

⎜

⎜

⎜

⎜

⎝

𝑞 − 1 − |

|

|

𝑍𝜑𝑗

|

|

|

2
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

Lemma 5.2.4

− |

|

|

𝑍𝜅𝑗
|

|

|

⎞

⎟

⎟

⎟

⎟

⎠

+ |

|

|

𝑍𝜑𝑗

|

|

|

= 𝑞 − 1 − 2 ||
|

𝑍𝜅𝑗
|

|

|

.

Proposition 5.2.6. For char 𝔽𝑞 = 3 and 𝑗 ∈ {3, 14, 16, 19}, ||
|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − |

|

|

𝑍𝐷𝑗

|

|

|

with 𝐷𝑗 as

defined in Equation 5.2.1. In particular,

|

|

|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − 3, 𝑗 ∈ {3, 16}, and

|

|

|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − 1, 𝑗 ∈ {14, 19}.

Proof. By Lemma 5.2.3, all 𝐷𝑗(𝑠) will always be a square. In effect, 𝑠 ∈ 𝔽𝑞 will contribute two
pairs if it is not a root of 𝐷𝑗(𝑠), and each root contributes one pair. 𝐷3(𝑠) have three roots in
𝔽𝑞 which are 0, 1,−1. 𝐷16(𝑠) also have three roots in 𝔽𝑞 given by 𝜂+, 𝜂−,−1 with 𝜂+, 𝜂− defined
as in Table 2.3.2. 𝐷14(𝑠) and 𝐷19(𝑠) both only have one root in 𝔽𝑞 given by −𝑒−1 and 𝜈−1𝜌,
respectively.

Since char 𝔽𝑞 = 3, Lemma 5.2.1, states that all 𝑠 ∈ 𝔽𝑞 satisfies 𝐻2,𝑗(𝑠, 𝑠) = 0 and hence, we
should remove 𝑞 pairs in counting since these are not valid pairs. Lastly, ∞ does not contribute
to any pairs by the same arguments in the proof of Proposition 5.2.5. Thus,

|

|

|

Γ𝑗(𝐻2)
|

|

|

= |

|

|

Γ𝑗(𝐻2(⋅, ⋅))
|

|

|

+ |

|

|

Γ𝑗(𝐻2(⋅,∞))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

+ |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

= 2
(

𝑞 − |

|

|

𝑍𝐷𝑗

|

|

|

)

+ |

|

|

𝑍𝐷𝑗

|

|

|

− 𝑞
⏟⏟⏟

Lemma 5.2.1

= 𝑞 − |

|

|

𝑍𝐷𝑗

|

|

|

.
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5.2.2 Pencil 𝒫18

Before dealing with 𝒫18, we prove this lemma to simplify our proof.
Lemma 5.2.7. Suppose char 𝔽𝑞 ≠ 2. Then we can always find 𝑏 ∈ 𝔽𝑞⧵{0} such that 𝑇 3+𝑏𝑇 2+1

is an irreducible polynomial in 𝔽𝑞[𝑇 ].

Proof. Note that 𝑇 = 0 is not a root of 𝑇 3+ 𝑏𝑇 2+1, so the only possible roots are the non-zero
elements of 𝔽𝑞, which is generated by the primitive element 𝛼 and each of them takes the form
𝛼𝑘 for 𝑘 ∈ {1, ..., 𝑞 − 1}. Now, a cubic polynomial in 𝔽𝑞[𝑇 ] is irreducible if and only if it does
not have any root in 𝔽𝑞. But for 𝑇 = 𝛼𝑘 for some 𝑘 ∈ {1, ..., 𝑞 − 1}

𝛼3𝑘 + 𝑏𝛼2𝑘 + 1 = 0 ⟺ 𝑏 = −𝛼𝑘 − 𝛼−2𝑘.

Hence, if we choose 𝑏 ∈ 𝔽𝑞 ⧵{−𝛼𝑘−𝛼−2𝑘
| 𝑘 ∈ {1, ..., 𝑞−1}}, then this 𝑏 satisfies the condition

that 𝑇 3 + 𝑏𝑇 2 + 1 does not have a root in 𝔽𝑞, making it irreducible in 𝔽𝑞[𝑇 ]. This choice is
possible since {−𝛼𝑘 − 𝛼−2𝑘

| 𝑘 ∈ {1, ..., 𝑞 − 1}} has at most 𝑞 − 1 elements while 𝔽𝑞 has 𝑞

elements. Lastly, 𝑏 cannot be zero since 𝑇 3 + 1 is not irreducible.

Proposition 5.2.8. For char 𝔽𝑞 ≠ 3, |
|

Γ18(𝐻2)|| = 𝑞 + 1.

Proof. By Lemma 5.2.7, we can choose 𝑐 = 0 and 𝑏 ≠ 0 such that 𝑇 3 + 𝑏𝑇 2 + 1 is irreducible.
Referring to Table 5.1.1, observe that 𝐻2,18(𝑟, 𝑠) = 𝐻2,18(∞, 𝑠)𝑟2 + 𝑓1(𝑠)𝑟 + 𝑓0(𝑠), where
𝑓1(𝑠), 𝑓0(𝑠) ∈ 𝔽𝑞[𝑠].

First, let 𝑠 ∈ 𝔽𝑞 such that 𝐻2,18(∞, 𝑠) ≠ 0. In this case, 𝐻2,18(𝑟, 𝑠) is a quadratic polynomial
in 𝑟 so we can interpret the discriminant 𝐷18(𝑠) as in Equation 5.2.1. By Lemma 5.2.2, 𝜅18(𝑠)
is always non-zero and thus, 𝐷18(𝑠) is a non-zero square or zero if and only if 𝜑18(𝑠) is also a
non-zero square or zero. Moreover, our choice of 𝑏 and 𝑐 allow us to use Lemma 5.2.4 since
the coefficient of 𝑠2 in 𝜑18(𝑠) will just be 𝑏2.

For 𝑠 ∈ 𝔽𝑞 such that 𝐻2,18(∞, 𝑠) = 0, [23] pointed out that we have 𝐷18(𝑠) = 𝑓1(𝑠)2 is always a
square and this implies that for such 𝑠, 𝜑18(𝑠) is a square. We will show that 𝑠 is not a root of
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𝜑18(𝑠) and hence, must be in 𝑍∗
𝜑18

.

The resultant, as discussed in [18], establishes whether two polynomials share the same root.
The resultant of polynomials 𝑞1(𝑡) = ∑𝑚

𝑖=0 𝑎𝑖𝑡
𝑖 and 𝑞2(𝑡) =

∑𝑛
𝑖=0 𝑏𝑖𝑡

𝑖 in 𝔽𝑞[𝑡] with respect to 𝑡 is
defined to be the determinant of the (𝑚+ 𝑛) × (𝑚+ 𝑛) matrix containing the coefficients of 𝑞1(𝑡)
and 𝑞2(𝑡) in the following manner

resultant(𝑞1(𝑡), 𝑞2(𝑡), 𝑡) = det

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑎𝑚 𝑎𝑚−1 ⋯ ⋯ ⋯ 𝑎0

𝑎𝑚 𝑎𝑚−1 ⋯ ⋯ ⋯ 𝑎0

⋱ (𝑛 rows) ⋱

𝑎𝑚 𝑎𝑚−1 ⋯ ⋯ ⋯ 𝑎0

𝑏𝑚 𝑏𝑚−1 ⋯ ⋯ ⋯ 𝑏0

𝑏𝑚 𝑏𝑚−1 ⋯ ⋯ ⋯ 𝑏0

⋱ (𝑚 rows) ⋱

𝑏𝑚 𝑏𝑚−1 ⋯ ⋯ ⋯ 𝑏0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The important property of the resultant is that resultant(𝑞1(𝑡), 𝑞2(𝑡), 𝑡) = 0 if and only if 𝑞1(𝑡)
and 𝑞2(𝑡) share the same root as a polynomial in 𝑡.

Computing the resultant of 𝐻2,18(∞, 𝑠) and 𝜑18(𝑠) with respect to 𝑠 yields

resultant(𝐻2,18(∞, 𝑠), 𝜑18(𝑠), 𝑠) = det

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

3 4𝑏 0 12 4𝑏 0

0 3 4𝑏 0 12 4𝑏

𝑏2 −9 −3𝑏 0 0 0

0 𝑏2 −9 −3𝑏 0 0

0 0 𝑏2 −9 −3𝑏 0

0 0 0 𝑏2 −9 −3𝑏

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝑏4(4𝑏3 + 27)2.

But 𝑏 ≠ 0 by our choice and 4𝑏3 + 27 ≠ 0 by Lemma 2.1.22 since it is the discriminant of the
irreducible polynomial 𝑇 3+𝑏𝑇 2+1. Hence, the two polynomials do not share any root, and we
have the case where 𝑠 ∈ 𝑍∗

𝜑18
but should not be counted since such 𝑠 will not make 𝐻2,18(𝑟, 𝑠)
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quadratic in 𝑟.

Now, we will show that for 𝑠 ∈ 𝔽𝑞 such that 𝐻2,18(∞, 𝑠) = 0, 𝐻2(𝑟, 𝑠) will be a linear function
of 𝑟. To do this, we use the resultant again and see that

resultant(𝐻2,18(∞, 𝑠), 𝑓1(𝑠), 𝑠) = 16𝑏2(4𝑏3 + 27)3,

which is also non-zero by the same argument as the previous resultant. This implies that
𝐻2(∞, 𝑠) and 𝑓1(𝑠) cannot be simultaneously zero.

Hence, for each element (∞, 𝑠) ∈ Γ18(𝐻2(∞, ⋅)), we obtain an additional pair of solution
(𝑟, 𝑠) ∈ Γ18(⋅, ⋅) corresponding to the solution of the linear equation which yields 𝑟 = 𝑓0(𝑠)

𝑓1(𝑠)
.

Finally, we have 𝐻2,18(𝑟,∞) which is a quadratic polynomial with discriminant that reduces to
(4𝑏)2, a non-zero square by our choice of 𝑏 and 𝑐, giving us an additional 2 pairs. The pairs
(𝑟, 𝑠) we obtain here will have 𝑟 ≠ 𝑠 by Lemma 5.2.1 since we have no singular conics for this
pencil and char 𝔽𝑞 ≠ 3. Taking all of this into consideration, we obtain the count

|

|

Γ18(𝐻2)|| = |

|

Γ18(𝐻2(⋅, ⋅))|| + |

|

Γ18(𝐻2(⋅,∞))|
|

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
=2

+ |

|

Γ18(𝐻2(∞, ⋅))|
|

= 2
(

|

|

|

𝑍∗
𝜑18

|

|

|

− |

|

Γ18(𝐻2(∞, ⋅))|
|

)

+ |

|

|

𝑍𝜑18

|

|

|

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐻2,18(𝑟,𝑠) quadratic in 𝑟

+ |

|

Γ18(𝐻2(∞, ⋅))|
|

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐻2,18(𝑟,𝑠) linear in 𝑟

+2 + |

|

Γ18(𝐻2(∞, ⋅))|
|

= 2

⎛

⎜

⎜

⎜

⎜

⎝

𝑞 − 1 − |

|

|

𝑍𝜑18

|

|

|

2
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

Lemma 5.2.4

− |

|

Γ18(𝐻2(∞, ⋅))|
|

⎞

⎟

⎟

⎟

⎟

⎠

+ |

|

|

𝑍𝜑18

|

|

|

+ 2 |
|

Γ18(𝐻2(∞, ⋅))|
|

+ 2 = 𝑞 + 1.

Proposition 5.2.9. For char 𝔽𝑞 = 3, |
|

Γ18(𝐻2)|| = 𝑞.

Proof. By Lemma 5.2.7, we can choose 𝑐 = 0 and 𝑏 ≠ 0 such that 𝑇 3 + 𝑏𝑇 2 + 1 is irreducible.
Observe that 𝐻2,18(∞, 0) = 4𝑏 ≠ 0. Thus, 0 ∉ Γ18(𝐻2(∞, ⋅)). For 𝑠 ∈ 𝔽𝑞 ⧵ Γ18(𝐻2(∞, ⋅)),
𝐻2,18(𝑟, 𝑠) is quadratic in 𝑟 and 𝐷18(𝑠) = (4(𝑠3 + 𝑏𝑠2 + 1)(𝑏𝑠))2 will always be a square and
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is zero exactly when 𝑠 = 0, which we have shown to be not in Γ18(𝐻2(∞, ⋅)). Hence, each
non-zero 𝑠 not in Γ18(𝐻2(∞, ⋅)) will contribute two pairs (𝑟, 𝑠) and we get one pair for 𝑠 = 0.

Computing the resultant as discussed in the proof of Proposition 5.2.8,

resultant(𝐻2,18(∞, 𝑠), 𝑓1(𝑠), 𝑠) = 64𝑏11

in char 𝔽𝑞 = 3, which is non-zero. Thus, we get one pair (𝑟, 𝑠) where 𝑟 = 𝑓0(𝑠)
𝑓1(𝑠)

is the solution to
the linear equation 𝐻2,𝑗(𝑟, 𝑠) = 0, for each 𝑠 ∈ Γ18(𝐻2(∞, ⋅)).

Considering the quadratic polynomial 𝐻2(𝑟,∞), the discriminant is still (4𝑏)2, which is a non-
zero square. This gives us an additional two pairs.

Finally, by Lemma 5.2.1, we need to remove the pairs (𝑠, 𝑠) where 𝑠 ∈ 𝑷 1(𝔽𝑞) which removes a
total of 𝑞 + 1 pairs. Taking all these into account, we obtain

|

|

|

Γ𝑗(𝐻2)
|

|

|

= |

|

|

Γ𝑗(𝐻2(⋅, ⋅))
|

|

|

+ |

|

|

Γ𝑗(𝐻2(⋅,∞))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=2

+ |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

= 2
(

𝑞 − 1 − |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

)

+ 1
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐻2,18(𝑟,𝑠) quadratic in 𝑟

+ |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐻2,18(𝑟,𝑠) linear in 𝑟

+ 2 + |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

− (𝑞 + 1)
⏟⏟⏟

Lemma 5.2.1

= 𝑞.
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5.2.3 Pencils 𝒫4,𝒫6,𝒫15,𝒫17

Proposition 5.2.10. For char 𝔽𝑞 ≠ 3 and 𝑗 ∈ {4, 6, 15, 17}, ||
|

Γ𝑗(𝐻2)
|

|

|

= 𝑞 − 1.

Proof. All of these share the same form of 𝐻2,𝑗(𝑟, 𝑠), which is degree 1 in both 𝑟 and 𝑠 with the
roles of 𝑟 and 𝑠 reversed for 𝑗 = 17. Choosing 𝑠 ∈ 𝔽𝑞 ⧵ {0}, 𝐻2,𝑗(𝑟, 𝑠) = 0 if and only if 𝑟 = 𝑠

4

for 𝑗 ≠ 17 and 𝑟 = 4𝑠 for 𝑗 = 17. Thus, there is only one value of 𝑟 for each 𝑠, giving us a total
of 𝑞 − 1 pairs. We do not count the pairs of the form (∞, 𝑠) for 𝑗 ≠ 17 and (0, 𝑠) for 𝑗 = 17

since they correspond to the irregular pairs.

Proposition 5.2.11. For char 𝔽𝑞 = 3 and 𝑗 ∈ {4, 6, 15, 17}, ||
|

Γ𝑗(𝐻2)
|

|

|

= 0.

Proof. If char 𝔽𝑞 = 3, we get the condition that 𝐻3,𝑗 = 0 if and only if 𝑟 = 𝑠, which cannot
happen since valid pairs need to be distinct. We can also use Proposition 5.2.10, which gives us
𝑞 − 1 pairs, but since char 𝔽𝑞 = 3, Lemma 5.2.1 states that 𝑞 − 1 pairs should be removed.

5.2.4 Pencils 𝒫5,𝒫8

Proposition 5.2.12. For char 𝔽𝑞 ≠ 3 and 𝑗 ∈ {5, 8}, ||
|

Γ𝑗(𝐻2)
|

|

|

= 0.

Proof. All valid pairs (𝑟, 𝑠) will have 𝐻2,𝑗(𝑟, 𝑠) = 3 ≠ 0. Pairs of the form (∞, 𝑠) correspond to
irregular pairs and will not be counted.

Proposition 5.2.13. For char 𝔽𝑞 = 3 and 𝑗 ∈ {5, 8}, ||
|

Γ𝑗(𝐻2)
|

|

|

= 𝑞(𝑞 − 1).

Proof. All valid pairs (𝑟, 𝑠) will satisfy 𝐻2,𝑗(𝑟, 𝑠) = 0. Pairs of the form (∞, 𝑠) correspond to
irregular pairs, which we do not count. Since the only singular conic in this case corresponds
to ∞, then the only condition we need to satisfy is that 𝑟, 𝑠 ∈ 𝔽𝑞 with 𝑟 ≠ 𝑠, giving us a total of
𝑞(𝑞 − 1) pairs.
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5.2.5 Main theorem for 3-Poncelet pairs

We summarize all the counts derived for this case in Theorem 5.2.14.
Theorem 5.2.14. Any valid pair corresponding to a 3-Poncelet pair must be a smooth pair. The

number of pairs corresponding to 3-Poncelet pairs among the valid pairs, for each pencil, is

summarized in Table 5.2.3.

Table 5.2.3: Count of 3-Poncelet pairs for each pencil in 𝑷 2(𝔽𝑞)

𝒫𝑗 char 𝔽𝑞 ≠ 3 char 𝔽𝑞 = 3

𝒫3,𝒫16 𝑞 − 5 𝑞 − 3

𝒫4,𝒫6,𝒫15,𝒫17 𝑞 − 1 0

𝒫5,𝒫8 0 𝑞(𝑞 − 1)

𝒫14,𝒫19 𝑞 − 1 𝑞 − 1

𝒫18 𝑞 + 1 𝑞

Proof. The fact that all valid pairs corresponding to 3-Poncelet pairs are smooth pairs follows
from Lemma 5.2.1. The counts are obtained from Propositions 5.2.5, 5.2.6, 5.2.8, 5.2.9, 5.2.10,
5.2.11, 5.2.12, and 5.2.13.

Using Theorem 5.2.14, we can now compute the probabilities of obtaining a 3-Poncelet pair
in pencil 𝒫𝑗 under the probability space stated at the beginning of Chapter 5. In particular,
considering the sample space of valid pairs Φ𝑗 and the uniform measure, the probability of
obtaining a 3-Poncelet pair in pencil 𝒫𝑗 is given by

ℙ(Γ𝑗(𝐻2)|Φ𝑗) =
|

|

|

Γ𝑗(𝐻2)
|

|

|

|

|

|

Φ𝑗
|

|

|

.
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Upon restricting the sample space to smooth pairs Ψ𝑗 , the probability of obtaining a 3-Poncelet
pair in pencil 𝒫𝑗 is given by

ℙ(Γ𝑗(𝐻2)|Ψ𝑗) =
|

|

|

Γ𝑗(𝐻2) ∩ Ψ𝑗
|

|

|

|

|

|

Ψ𝑗
|

|

|

.

Since |

|

|

Γ𝑗(𝐻2) ∩ Ψ𝑗
|

|

|

= |

|

|

Γ𝑗(𝐻2)
|

|

|

by Theorem 5.2.14, the counts used as numerators in the
probability are the same for both the valid pairs and smooth pairs. However, the denominators
differ, and we need to adjust the counting for the irregular pairs. We summarize the count of
valid and smooth pairs for each pencil in Table 5.2.4.
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Table 5.2.4: Count of valid pairs and smooth pairs for each pencil in 𝑷 2(𝔽𝑞)

𝒫𝑗 Smooth Pairs Valid Pairs
𝒫3,𝒫16 (𝑞 − 2)(𝑞 − 3) 𝑞(𝑞 − 2)

𝒫4,𝒫15 (𝑞 − 1)(𝑞 − 2) (𝑞 − 1)2

𝒫5,𝒫8 𝑞(𝑞 − 1) 𝑞(𝑞 − 1)

𝒫6,𝒫17 (𝑞 − 1)(𝑞 − 2) (𝑞 − 1)(𝑞 − 2)

𝒫14,𝒫19 𝑞(𝑞 − 1) 𝑞2

𝒫18 (𝑞 + 1)𝑞 (𝑞 + 1)𝑞

Finally, we provide the probabilities in Corollary 5.2.15.
Corollary 5.2.15. The probabilities of obtaining a valid pair or a smooth pair corresponding

to a 3-Poncelet pair for each pencil 𝒫𝑗 under our assumed probability space are summarized

in Table 5.2.5.

Table 5.2.5: Probabilities of obtaining a 3-Poncelet pair for each pencil in 𝑷 2(𝔽𝑞)

𝒫𝑗

Smooth Pairs Valid Pairs
char 𝔽𝑞 ≠ 3 char 𝔽𝑞 = 3 char 𝔽𝑞 ≠ 3 char 𝔽𝑞 = 3

𝒫3,𝒫16
𝑞−5

(𝑞−2)(𝑞−3)
1

𝑞−2
for 𝑞 > 3† 𝑞−5

𝑞(𝑞−2)
𝑞−3

𝑞(𝑞−2)

𝒫4,𝒫15
1

𝑞−2
0 1

𝑞−1
0

𝒫5,𝒫8 0 1 0 1

𝒫6,𝒫17
1

𝑞−2
0 1

𝑞−2
0

𝒫14,𝒫19
1
𝑞

1
𝑞

𝑞−1
𝑞2

𝑞−1
𝑞2

𝒫18
1
𝑞

1
𝑞+1

1
𝑞

1
𝑞+1

†: The sample space is empty for 𝑞 = 3
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Remark 5.2.16. Following the approach of [3] of combining probabilities from multiple

pencils, we recover their main result that the asymptotic probability of obtaining a 3-Poncelet

pair among smooth, transversally intersecting conics in 𝑷 2(𝔽𝑞) is 1
𝑞

when char 𝔽𝑞 ≠ 3. Under

the same approach, our computation suggests that this asymptotic probability remains to be 1
𝑞

even if char 𝔽𝑞 = 3.

5.3 Probabilities for 4-Poncelet pairs

In this section, we answer our main research question about the probability of obtaining a
4-Poncelet pair among the valid pairs for each pencil in Table 2.3.2.

Similar to the triangle case, we also have a version of Lemma 5.2.1 to detect pairs (𝑟, 𝑠) that
satisfy 𝐻3,𝑗(𝑟, 𝑠) = 0 but 𝑟 = 𝑠.
Lemma 5.3.1. Let 𝐻3,𝑗 be the form of 𝐻3 under 𝒫𝑗 and 𝐶𝑗(𝜂) be the matrix representation of

the element corresponding to 𝜂 ∈ 𝑷 1(𝔽𝑞) in pencil 𝒫𝑗 . Then, 𝐻3,𝑗(𝜂, 𝜂) = 0 if and only if 𝐶𝑗(𝜂)

is singular.

Proof. Let 𝐴 = 𝐵 = 𝐶𝑗(𝜂), then Δ(𝑡) =
√

det(𝑡𝐴 + 𝐴) =
√

(𝑡 + 1)3 det(𝐴) =
√

𝜆𝑡3 + 𝛽𝑡2 + 𝛾𝑡 + 𝜖 where 𝜆 = det(𝐴), 𝛽 = 3 det(𝐴), 𝛾 = 3 det(𝐴), 𝜖 = det(𝐴).

By Lemma 5.1.1, 𝐻3,𝑗(𝑠, 𝑠) =
8 det(𝐴)3−36 det(𝐴)3+27 det(𝐴)3

16 det(𝐴)2
√

det(𝐴)
= −1

16

√

det(𝐴), which is zero if and only
if det(𝐴) = 0 which happens when 𝐴 = 𝐶𝑗(𝜂) is singular.

Adapting a similar notation from the triangle case, we denote the set of valid pairs that
correspond to 4-Poncelet pairs as

Γ𝑗(𝐻3) = {(𝑟, 𝑠) ∈ Φ𝑗 |𝐻3,𝑗(𝑟, 𝑠) = 0}, which we decompose into three disjoint sets

Γ𝑗(𝐻3(⋅, ⋅)) = {(𝑟, 𝑠) ∈ Γ𝑗(𝐻3)| 𝑟, 𝑠 ∈ 𝔽𝑞},

Γ𝑗(𝐻3(⋅,∞)) = {(𝑟, 𝑠) ∈ Γ𝑗(𝐻3)| 𝑟 ∈ 𝔽𝑞, 𝑠 = ∞}, and

Γ𝑗(𝐻3(∞, ⋅)) = {(𝑟, 𝑠) ∈ Γ𝑗(𝐻3)| 𝑟 = ∞, 𝑠 ∈ 𝔽𝑞}.
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Our approach to count 4-Poncelet pairs is to treat 𝐻3,𝑗(𝑟, 𝑠) as a polynomial in (𝔽𝑞[𝑠])[𝑟] where
we can see from Table 5.1.2 that it is at most cubic in 𝑟 for all 𝑗.

5.3.1 Pencils 𝒫3,𝒫16

Proposition 5.3.2. For 𝑗 ∈ {3, 16}, ||
|

Γ𝑗(𝐻3)
|

|

|

= 3𝑞 − 6 and |

|

|

Γ𝑗(𝐻3) ∩ Ψ𝑗
|

|

|

= 3𝑞 − 9.

Proof. We can show that 𝐻3,𝑗(𝑟, 𝑠) = 𝑓1(𝑟, 𝑠)𝑓2(𝑟, 𝑠)𝑓3(𝑟, 𝑠) where each factor 𝑓𝑖(𝑟, 𝑠) is linear.
Since the product is zero if at least one of the factors is zero, define

𝐴𝑖 = {(𝑟, 𝑠) ∈ Φ𝑗 | 𝑓𝑖(𝑟, 𝑠) = 0}, 𝑖 = 1, 2, 3.

The union ⋃3
𝑖=1𝐴𝑖 contains all pairs (𝑟, 𝑠) such that 𝐻3(𝑟, 𝑠) = 0 and its cardinality can be

obtained by the Inclusion-Exclusion principle. That is,

|

|

|

|

|

|

3
⋃

𝑖=1
𝐴𝑖

|

|

|

|

|

|

= |

|

𝐴1
|

|

+ |

|

𝐴2
|

|

+ |

|

𝐴3
|

|

− |

|

𝐴1 ∩ 𝐴2
|

|

− |

|

𝐴1 ∩ 𝐴3
|

|

− |

|

𝐴2 ∩ 𝐴3
|

|

+ |

|

𝐴1 ∩ 𝐴2 ∩ 𝐴3
|

|

.

For 𝒫3, we immediately see from Table 5.1.2 that we can let

𝑓1(𝑟, 𝑠) = 𝑟 − 𝑠2, 𝑓2(𝑟, 𝑠) = (2𝑠 − 1)𝑟 − 𝑠2, 𝑓3(𝑟, 𝑠) = 𝑟 + (𝑠2 − 2𝑠).

Now, 𝑓1(𝑟, 𝑠) = 0 ⟺ 𝑟 = 𝑠2 which gives us 𝑞 pairs since we can choose any 𝑠 ∈ 𝔽𝑞. For the
second factor, we consider two cases. If 2𝑠−1 = 0 then 𝑠 = 1

2
which will make 𝑓2(𝑟, 𝑠) =

−1
4
≠ 0

which does not contribute any pair. If 2𝑠 − 1 ≠ 0, then 𝑓2(𝑟, 𝑠) = 0 ⟺ 𝑟 = 𝑠2

2𝑠−1
which gives

us 𝑞−1 pairs since we cannot choose 𝑠 = 1
2
. Finally, 𝑓3(𝑟, 𝑠) = 0 ⟺ 𝑟 = 2𝑠− 𝑠2 which gives

us again 𝑞 pairs. Going to the pairwise relations, 𝑓1(𝑟, 𝑠) = 𝑓2(𝑟, 𝑠) = 0 ⟺ 𝑟 = 𝑠2 = 𝑠2

2𝑠−1
.

Note that from the argument above, 𝑠 ≠ 1
2

since 𝑓2(𝑟, 𝑠) = 0. Thus, we can solve the quadratic
equation 𝑠2 = 𝑠2

2𝑠−1
which is equivalent to 2𝑠2(𝑠 − 1) = 0. Hence, we only have 2 choices for

this pair, which are 𝑠 = 0 or 𝑠 = 1. This will be the same idea for 𝑓1(𝑟, 𝑠) = 𝑓3(𝑟, 𝑠) = 0 and
𝑓2(𝑟, 𝑠) = 𝑓3(𝑟, 𝑠) = 0 which will both yield the same solution of 𝑠 = 0 and 𝑠 = 1. This also
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immediately gives us that 𝑓1(𝑟, 𝑠) = 𝑓2(𝑟, 𝑠) = 𝑓3(𝑟, 𝑠) = 0 ⟺ 𝑠 ∈ {0, 1}. Finally, we use
Lemma 5.3.1 to remove unwanted pairs (0, 0) and (1, 1).

Notice that 𝐻3,3(∞, 𝑠) = 2𝑠 − 1 and is zero if and only if 𝑠 = 1
2
. Thus, the pair

(

∞, 1
2

)

is the
only valid pair in Γ3(𝐻3(∞, ⋅)). The set Γ3(𝐻3(⋅,∞)) is empty since we don’t consider the case
where 𝐶𝑗(𝑠) is singular.

Thus, for 𝑗 = 3, we obtain the count

|

|

|

Γ𝑗(𝐻3)
|

|

|

= |

|

|

Γ𝑗(𝐻3(⋅, ⋅))
|

|

|

+ |

|

|

Γ𝑗(𝐻3(⋅,∞))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

+ |

|

|

Γ𝑗(𝐻3(∞, ⋅))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=1

= 𝑞 + (𝑞 − 1) + 𝑞 − 2 − 2 − 2 + 2
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Inclusion-Exclusion

− 2
⏟⏟⏟

Lemma 5.3.1

+1 = 3𝑞 − 6.

Restricting to the smooth conics, we need to find the valid pairs in Γ𝑗(𝐻3) that are not smooth.
We already have the pair

(

∞, 1
2

)

from 𝑟 = ∞. Looking at the other singular elements, if 𝑟 = 0,
then we obtain 𝐻3,3(0, 𝑠) = 𝑠5(𝑠 − 2) which gives us one valid pair (0, 2). Finally, for 𝑟 = 1,
𝐻3,3(1, 𝑠) = (𝑠 − 1)5(𝑠 + 1) giving us another valid pair (1,−1). In total, we have 3 valid pairs
corresponding to 4-Poncelet pairs that are not smooth pairs. Hence, for 𝑗 = 3,

|

|

|

Γ𝑗(𝐻3) ∩ Ψ𝑗
|

|

|

= |

|

|

Γ𝑗(𝐻3)
|

|

|

− 3 = 3𝑞 − 9.

A similar structure occurs for 𝑗 = 16 by observing that we can let the first linear factor of
𝐻3,16(𝑟, 𝑠) as

𝑓1(𝑟, 𝑠) = (2𝑠 − 1)𝑟 −
(

𝑠2 + 𝑢2 − 1
4

)

,

and the quadratic factor can be expressed as a product of two linear polynomials in (𝔽𝑞[𝑠])[𝑟],
which we denote by

𝑓2(𝑟, 𝑠) = 𝑢𝑟 −
(

𝑢𝑠 + 𝑠2 − 𝑠 − 𝑢2 − 1
4

)

, 𝑓3(𝑟, 𝑠) = 𝑢𝑟 −
(

𝑢𝑠 − 𝑠2 + 𝑠 + 𝑢2 − 1
4

)

,
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where 𝑢 =
√

(1 − 4𝑑)(1 − 4𝑒) ∈ 𝔽𝑞 ⧵{0} since, by assumptions in Table 2.3.1, 1−4𝑑 and 1−4𝑒

are both non-squares, which means their product must be a non-zero square.

In this case, 𝑓1(𝑟, 𝑠) will give one pair for each 𝑠 ≠ 1
2
, giving us a total of 𝑞 − 1 pairs while

the other factors will contribute 𝑞 pairs. For the pairwise contributions, we have 𝑓𝑖(𝑟, 𝑠) =

𝑓𝑗(𝑟, 𝑠) = 0 for 𝑖 ≠ 𝑗 if and only if 𝑠 ∈ {𝜂+, 𝜂−} where 𝜂+ = 1+𝑢
2

and 𝜂− = 1−𝑢
2

are the elements
in 𝔽𝑞 that corresponds to singular conics in pencil 𝒫16 as shown in Table 2.3.2. We also get one
contribution for the pair

(

∞, 1
2

)

and no contribution for 𝑠 = ∞. Altogether, we get the same
number of valid pairs that are 4-Poncelet pairs as in the case of 𝑗 = 3.

Lastly, we have 𝐻3,16(𝜂+, 𝑠) = 0 if and only if 𝑠 ∈
{

𝜂+,
1−3𝑢
2

}

, and 𝐻3,16(𝜂−, 𝑠) = 0 if and only
if 𝑠 ∈

{

𝜂−,
1+3𝑢
2

}

which gives us the 3 valid pairs,
(

𝜂+,
1−3𝑢
2

)

,
(

𝜂−,
1+3𝑢
2

)

,
(

∞, 1
2

)

∈ Γ𝑗(𝐻3),
that are not smooth pairs which again implies that we have the same number of smooth pairs
that are 4-Poncelet pairs as in the case of 𝑗 = 3.

5.3.2 Pencils 𝒫14,𝒫19

Proposition 5.3.3. For 𝑗 ∈ {14, 19}, ||
|

Γ𝑗(𝐻3)
|

|

|

= 𝑞 and |

|

|

Γ𝑗(𝐻3) ∩ Ψ𝑗
|

|

|

= 𝑞 − 1.

Proof. For this case, we have 𝐻3(𝑟, 𝑠) = 𝑓1(𝑟, 𝑠)𝑓2(𝑟, 𝑠) where 𝑓1(𝑟, 𝑠) is linear while 𝑓2(𝑟, 𝑠) is
quadratic polynomial that does not have any roots for all 𝑠 ∈ 𝔽𝑞 and hence, 𝐻3,𝑗(𝑟, 𝑠) = 0 if and
only if the linear factor is 𝑓1(𝑟, 𝑠) = 0.

First, let us show that the linear factors are zero for 𝑞 − 1 pairs. For 𝑗 = 14, the linear factor
is 0 if and only if 𝑟 = 𝑒𝑠2−1

2𝑒𝑠−1
which gives us one pair (𝑟, 𝑠) for each 𝑠 ∈ 𝔽𝑞 ⧵

{

1
2𝑒

}

. Similarly,
for 𝑗 = 19, the linear factor is 0 if and only if 𝑟 = 𝜈𝑠2−𝜎2

2𝜈𝑠+𝜌
which gives us one pair (𝑟, 𝑠) for each

𝑠 ∈ 𝔽𝑞 ⧵
{

−𝜌
2𝜈

}

.

Going to the quadratic factor, for 𝑗 = 14, 𝐷(𝑓2(𝑟, 𝑠)) = 4(𝑒𝑠2−𝑠+1)2(1−4𝑒). By the assumption
in Table 2.3.1 that 𝑇 2 + 𝑇 + 𝑒 is irreducible, we have that its discriminant 1 − 4𝑒 is non-square.
Since the polynomial 𝑒𝑠2− 𝑠+1 shares the same discriminant, it is also irreducible and will not
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have any roots in 𝔽𝑞. Hence, the factor 4(𝑒𝑠2−𝑠+1)2 is always a non-zero square and 𝐷(𝑓2(𝑟, 𝑠))

is always a non-square for any 𝑠 ∈ 𝔽𝑞. For 𝑗 = 19, 𝐷(𝑓2(𝑟, 𝑠)) = 4(𝜈𝑠2 + 𝜌𝑠 + 𝜎2)2(𝜌2 − 4𝜈𝜎2)

and using the assumptions in Table 2.3.1, 𝜈𝑠2 + 𝜌𝑠 + 𝜎2 is non-zero for any 𝑠 ∈ 𝔽𝑞 since its
discriminant, 𝜌2 −4𝜈𝜎2, is non-square. Thus, 𝐷(𝑓2(𝑟, 𝑠)) is always a non-square for any 𝑠 ∈ 𝔽𝑞.

Finally, the coefficient of 𝑟 in the linear factor turns out to be 𝐻3,𝑗(∞, 𝑠) which gives us the valid
pairs

(

∞, 1
2𝑒

)

for 𝑗 = 14 and
(

∞, −𝜌
2𝜈

)

for 𝑗 = 19. Adding all these contributions, we obtain

|

|

|

Γ𝑗(𝐻2)
|

|

|

= |

|

|

Γ𝑗(𝐻2(⋅, ⋅))
|

|

|

+ |

|

|

Γ𝑗(𝐻2(⋅,∞))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=0

+ |

|

|

Γ𝑗(𝐻2(∞, ⋅))||
|

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=1

= (𝑞 − 1) + 1 = 𝑞.

Since the valid pairs in Γ𝑗(𝐻3) that are not smooth pairs are just those in Γ𝑗(𝐻2(∞, ⋅))

|

|

|

Γ𝑗(𝐻3) ∩ Ψ𝑗
|

|

|

= |

|

|

Γ𝑗(𝐻3)
|

|

|

− 1 = 𝑞 − 1.

5.3.3 Pencil 𝒫18

For the case of pencil 𝒫18, 𝐻3,18 from Cayley’s condition becomes cumbersome, so we instead
use a geometric argument based on our discussion of degenerate Poncelet polygons in Section
3.3 to show that we cannot construct a Poncelet tetragon for any pair in this pencil.
Proposition 5.3.4. |

|

Γ18(𝐻3)|| = 0.

Proof. Suppose (𝒜 ,ℬ) is a 4-Poncelet pair in pencil 𝒫18. If we start our construction at
𝑃1 = [0 ∶ 0 ∶ 1] ∈ 𝒜 ∩ ℬ, we obtain a degenerate Poncelet 4-gon, and since 4 is even,
we should have two vertices that are base points by Proposition 3.3.6. By Proposition 3.3.7,
𝑃2 = 𝑃4, and 𝑃3 should also be a base point. But from Table 2.3.2, we only have one base
point [0 ∶ 0 ∶ 1] for pencil 𝒫18 which is in 𝑷 2(𝔽𝑞) and the irreducibility of 𝑇 3 + 𝑏𝑇 2 + 𝑐𝑇 + 1

implies that the homogeneous coordinates of the remaining base points cannot be obtained from
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a solution of a quadratic equation in 𝔽𝑞[𝑇 ].

With this, the remaining base points cannot be obtained as an intersection of any line and conic
in 𝑷 2(𝔽𝑞), and we cannot have a construction starting from 𝑃1 = [0 ∶ 0 ∶ 1] that will give us a
vertex leading to a base point other than [0 ∶ 0 ∶ 1]. This forces us to have𝑃1 = 𝑃3 = [0 ∶ 0 ∶ 1]

which also makes 𝑃2 a base point by Lemma 3.3.3. This contradicts Lemma 3.3.4 since we have
𝑃1 = 𝑃2 = 𝑃3 = [0 ∶ 0 ∶ 1] which is a base point of intersection multiplicity 1.

5.3.4 Pencils 𝒫4,𝒫6,𝒫15,𝒫17

Proposition 5.3.5. For 𝑗 ∈ {4, 6, 15, 17}, ||
|

Γ𝑗(𝐻3)
|

|

|

= |

|

|

Γ𝑗(𝐻3) ∩ Ψ𝑗
|

|

|

= 𝑞 − 1.

Proof. All of these share the same form of 𝐻3,𝑗(𝑟, 𝑠), which is degree 1 in both 𝑟 and 𝑠 with the
roles of 𝑟 and 𝑠 reversed for 𝑗 = 17. Choosing 𝑠 ∈ 𝔽𝑞 ⧵ {0}, 𝐻3,𝑗(𝑟, 𝑠) = 0 if and only if 𝑟 = 𝑠

2

for 𝑗 ≠ 17 and 𝑟 = 2𝑠 for 𝑗 = 17. Thus, there is only one value of 𝑟 for each 𝑠, giving us a total
of 𝑞 − 1 pairs. We will not count the pairs of the form (∞, 𝑠) for 𝑗 ≠ 17 and (0, 𝑠) for 𝑗 = 17

since they correspond to the irregular pairs.

5.3.5 Pencils 𝒫5,𝒫8

Proposition 5.3.6. For 𝑗 ∈ {5, 8}, ||
|

Γ𝑗(𝐻3)
|

|

|

= 0.

Proof. All valid pairs (𝑟, 𝑠) will have 𝐻2,𝑗(𝑟, 𝑠) ≠ 0. Pairs of the form (∞, 𝑠) correspond to
irregular pairs, which we do not count.

5.3.6 Main theorem for 4-Poncelet pairs

We summarize all the counts for this case in Theorem 5.3.7.
Theorem 5.3.7. The number of pairs corresponding to 4-Poncelet pairs among the valid pairs

and smooth pairs, for each pencil, is summarized in Table 5.3.1.

Proof. See Propositions 5.3.2, 5.3.3, 5.3.4, 5.3.5, and 5.3.6.
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Table 5.3.1: Count of 4-Poncelet pairs for each pencil in 𝑷 2(𝔽𝑞)

𝒫𝑗 Smooth Pairs Valid Pairs
𝒫3,𝒫16 3(𝑞 − 3) 3(𝑞 − 2)

𝒫4,𝒫6,𝒫15,𝒫17 𝑞 − 1 𝑞 − 1

𝒫5,𝒫8 0 0

𝒫14,𝒫19 𝑞 − 1 𝑞

𝒫18 0 0

Using Theorem 5.3.7 and Table 5.2.4, we provide the probabilities in Corollary 5.3.8.
Corollary 5.3.8. The probabilities of obtaining a valid pair or a smooth pair corresponding to

a 4-Poncelet pair for each pencil 𝒫𝑗 under our assumed probability space are summarized in

Table 5.3.2.

Table 5.3.2: Probabilities of obtaining a 4-Poncelet pair for each pencil in 𝑷 2(𝔽𝑞)

𝒫𝑗 Smooth Pairs Valid Pairs
𝒫3,𝒫16

3
𝑞−2

for 𝑞 > 3† 3
𝑞

𝒫4,𝒫15
1

𝑞−2
1

𝑞−1

𝒫5,𝒫8 0 0

𝒫6,𝒫17
1

𝑞−2
1

𝑞−2

𝒫14,𝒫19
1
𝑞

1
𝑞

𝒫18 0 0
†: The sample space is empty for 𝑞 = 3

Remark 5.3.9. The computed probabilities of obtaining a 4-Poncelet pair for pencils with

transversally intersecting elements are consistent with the asymptotic results in [23].
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6. Conclusion

This thesis provides a systematic discussion about Poncelet polygons and probabilities regarding
𝑛-Poncelet pairs in 𝑷 2(𝔽𝑞) for 𝑛 = 3 and 𝑛 = 4.

A natural direction for further research is to compute the probabilities of obtaining an 𝑛-Poncelet
pair in a fixed pencil in 𝑷 2(𝔽𝑞) for 𝑛 > 4. This direction can be thought of as fixing the number
of sides 𝑛 and studying how the probability varies with the order 𝑞.

It will also be interesting to ask a symmetric question on how the number of sides 𝑛 is distributed
for a fixed order 𝑞. We performed a computational experiment where, for every valid pair in
𝑷 2(𝔽𝑞) with 𝑞 ≤ 19, we computed 𝑛, the number of sides of the Poncelet polygon that can
be constructed from that pair. From this, we state as a conjecture one pattern that we noticed
involving non-smooth valid pairs that intersect non-transversally.
Conjecture 6.0.1. For pencils 𝒫4 and 𝒫15 in 𝑷 2(𝔽𝑞) and 𝑘 = 2 char 𝔽𝑞, the pair (0, 𝑠), where

𝑠 ∈ 𝔽𝑞 ⧵ {0}, correspond to a 𝑘-Poncelet pair.

In fact, we already provided an instance of this conjecture in Section 4.4 where we considered
in 𝑷 2(𝔽3) the pair (0, 1) in pencil 𝒫4 and hence, we expect a 6-Poncelet pair. This might have a
connection with the result in [17], which considers Poncelet 𝑛-gons where 𝑛 = char 𝔽𝑞.
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A. Representation of finite field elements

In this appendix, we discuss Conway polynomials and how they are used to represent finite
fields.

Conway polynomials are irreducible polynomials in 𝔽𝑝[𝑥] that are particularly useful in
computer algebra systems, which provide canonical choices for constructing a representation
for finite fields. We denote by 𝐶𝑝,𝑘(𝑥) the Conway polynomial of degree 𝑘 in 𝔽𝑝[𝑥].

One of the useful properties of Conway polynomials is that each root of the Conway polynomial
is a primitive element. Another special property is the compatibility condition, which means
that for a Conway polynomial 𝐶𝑞,𝑛 with root 𝛼, and for any divisor 𝑚 of 𝑛, then 𝛼

𝑞𝑛−1
𝑞𝑚−1 is a root

of 𝐶𝑞,𝑚.

We provide in Table A.0.1 some Conway polynomials used in calculations for small order finite
fields.

𝑞 = 𝑝𝑘 9 = 32 25 = 52 27 = 33 121 = 112

𝐶𝑝,𝑘(𝑥) 𝑥2 + 2𝑥 + 2 𝑥2 + 4𝑥 + 2 𝑥3 + 2𝑥 + 1 𝑥2 + 7𝑥 + 2

Table A.0.1: Conway polynomials used for representation of 𝔽𝑞

We illustrate with 𝑞 = 9 = 32 how we can use this in representing elements of our finite field.
Let 𝛼 be the primitive element which is a root of 𝐶3,2(𝑥) = 𝑥2+2𝑥+2. Table A.0.2 summarizes
all these representations.

Power 0 𝛼0 𝛼1 𝛼2 𝛼3 𝛼4 𝛼5 𝛼6 𝛼7

Polynomial 0 1 𝛼 𝛼 + 1 2𝛼 + 1 2 2𝛼 2𝛼 + 2 𝛼 + 2

Table A.0.2: Representation of Elements of 𝔽9
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As a sample calculation, let us show that 𝛼3 = 2𝛼 + 1.

𝛼3 = 𝛼(𝛼2) = 𝛼(𝛼 + 1) = 𝛼2 + 𝛼 = 2𝛼 + 1.

Here, we used the fact that 𝛼 is a root of the Conway polynomial and thus, 𝛼2 = −2𝛼−2. Finally,
using modulo 3 arithmetic, −2𝛼 − 2 = 𝛼 + 1.

This representation can also be used to calculate square roots of any element in 𝔽3. Note that 2
is not a square in 𝔽3 but looking at Table A.0.2, we can see that it has a square root in 𝔽9 with
√

2 = 𝛼4∕2 = 𝛼 + 1.
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B. Enumeration of Poncelet triangles

In this appendix, we list all 3-Poncelet pairs in 𝑷 2(𝔽𝑞) for each pencil in Table 2.3.2. We do
this for all possible 𝑞 ≤ 19, and provide the number of degenerate Poncelet triangles, Poncelet
triangles in the extended plane, and non-degenerate Poncelet triangles in the plane that can be
constructed for each of these pairs.

Computations on this part are done with the aid of the Galois package [15] in Python.

Poncelet triangles in pencil 𝒫3

𝐪 = 𝟑 ∶ No Poncelet triangles for this order.

𝐪 = 𝟓 ∶ No Poncelet triangles for this order.

𝐪 = 𝟕 ∶ All Poncelet triangles are degenerate for all pairs in Table B.0.1. There are 4 degenerate
triangles.

Table B.0.1: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫3, 𝑞 = 7

r 3 5
s 5 3

𝐪 = 𝟗 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.2, there are 4 degenerate triangles and 2 triangles in the extended plane.

Table B.0.2: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫3, 𝑞 = 9

r 𝛼 𝛼 + 1 𝛼 + 2 2𝛼 2𝛼 + 1 2𝛼 + 2
s 2𝛼 + 1 2𝛼 + 2 2𝛼 𝛼 + 2 𝛼 𝛼 + 1

𝐪 = 𝟏𝟏 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.3, there are 4 degenerate triangles and 4 triangles in the extended plane.

𝐪 = 𝟏𝟑 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.4, there are 4 degenerate triangles and 6 triangles in the extended plane.
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Table B.0.3: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫3, 𝑞 = 11

r 2 2 6 6 10 10
s 6 10 2 10 2 6

Table B.0.4: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫3, 𝑞 = 13

r 3 4 5 6 8 9 10 11
s 12 10 2 7 7 12 4 2

𝐪 = 𝟏𝟕 ∶ Table B.0.5 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 4 degenerate triangles. The remaining 10 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
Table B.0.5: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫3, 𝑞 = 17

r 3 3 6 6 8 8 10 10 12 12 15 15
s 5 14 7 11 4 13 5 14 7 11 4 13

non-degenerate triangles 0 2 0 2 0 2 2 0 2 0 2 0

𝐪 = 𝟏𝟗 ∶ Table B.0.6 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 4 degenerate triangles. The remaining 12 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
Table B.0.6: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫3, 𝑞 = 19

r 3 4 5 6 7 8 9
s 13 9 17 7 17 12 11

non-degenerate triangles 2 2 2 2 2 0 2
r 11 12 13 14 15 16 17
s 9 8 3 13 3 11 7

non-degenerate triangles 2 0 2 2 2 2 2

𝐪 = 𝟐𝟓 ∶ Table B.0.7 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 4 degenerate triangles. The remaining 18 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.

Poncelet triangles in pencil 𝒫4

𝐪 = 𝟑 ∶ There are no Poncelet triangles if char 𝔽𝑞 = 3.
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Table B.0.7: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫3, 𝑞 = 25

r 𝛼 + 1 𝛼 + 2 𝛼 + 3 𝛼 + 4 2𝛼 2𝛼 + 2 2𝛼 + 2
s 2𝛼 + 1 3𝛼 3𝛼 + 3 2𝛼 + 3 𝛼 2 3

non-degenerate triangles 2 2 2 2 2 4 4
r 2𝛼 + 2 2𝛼 + 2 2𝛼 + 4 3𝛼 + 1 3𝛼 + 2 3𝛼 + 4 3𝛼 + 4
s 4 3𝛼 + 4 𝛼 4𝛼 + 1 4𝛼 + 1 2 3

non-degenerate triangles 4 4 2 2 2 4 4
r 3𝛼 + 4 3𝛼 + 4 4𝛼 4𝛼 + 2 4𝛼 + 3 4𝛼 + 4
s 4 2𝛼 + 2 3𝛼 3𝛼 + 3 2𝛼 + 3 2𝛼 + 1

non-degenerate triangles 4 4 2 2 2 2

𝐪 = 𝟓 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.8, there are 3 degenerate triangles and 1 triangle in the extended plane.

Table B.0.8: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 5

r 1 2 3 4
s 4 3 2 1

𝐪 = 𝟕 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.9, there are 3 degenerate triangles and 3 triangles in the extended plane.

Table B.0.9: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 7

r 1 2 3 4 5 6
s 4 1 5 2 6 3

𝐪 = 𝟗 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.

𝐪 = 𝟏𝟏 ∶ For all pairs in Table B.0.10, there is 1 non-degenerate triangle in the plane, 3
degenerate triangles, and 4 triangles in the extended plane.

Table B.0.10: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 11

r 1 2 3 4 5 6 7 8 9 10
s 4 8 1 5 9 2 6 10 3 7

𝐪 = 𝟏𝟑 ∶ For all pairs in Table B.0.11, there is 1 non-degenerate triangle in the plane, 3
degenerate triangles, and 6 triangles in the extended plane.

𝐪 = 𝟏𝟕 ∶ For all pairs in Table B.0.12, there are 2 non-degenerate triangles in the plane, 3
degenerate triangles, and 7 triangles in the extended plane.

97



Table B.0.11: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 13

r 1 2 3 4 5 6 7 8 9 10 11 12
s 4 8 12 3 7 11 2 6 10 1 5 9

Table B.0.12: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 17

r 1 2 3 4 5 6 7 8
s 4 8 12 16 3 7 11 15
r 9 10 11 12 13 14 15 16
s 2 6 10 14 1 5 9 13

𝐪 = 𝟏𝟗 ∶ For all pairs in Table B.0.13, there are 2 non-degenerate triangles in the plane, 3
degenerate triangles, and 9 triangles in the extended plane.

Table B.0.13: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 19

r 1 2 3 4 5 6 7 8 9
s 4 8 12 16 1 5 9 13 17
r 10 11 12 13 14 15 16 17 18
s 2 6 10 14 18 3 7 11 15

𝐪 = 𝟐𝟓 ∶ For all pairs in Table B.0.14, there are 3 non-degenerate triangles in the plane, 3
degenerate triangles, and 12 triangles in the extended plane.

Table B.0.14: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫4, 𝑞 = 25

r 1 2 3 4 𝛼 𝛼 + 1 𝛼 + 2 𝛼 + 3
s 4 3 2 1 4𝛼 4𝛼 + 4 4𝛼 + 3 4𝛼 + 2
r 𝛼 + 4 2𝛼 2𝛼 + 1 2𝛼 + 2 2𝛼 + 3 2𝛼 + 4 3𝛼 3𝛼 + 1
s 𝛼 + 1 3𝛼 3𝛼 + 4 3𝛼 + 3 3𝛼 + 2 3𝛼 + 1 2𝛼 2𝛼 + 4
r 3𝛼 + 2 3𝛼 + 3 3𝛼 + 4 4𝛼 4𝛼 + 1 4𝛼 + 2 4𝛼 + 3 4𝛼 + 4
s 2𝛼 + 3 2𝛼 + 2 2𝛼 + 1 𝛼 𝛼 + 4 𝛼 + 3 𝛼 + 2 𝛼 + 1

Poncelet triangles in pencil 𝒫5

Due to the form of 𝐻2 for this pencil, only 𝑞 with char 𝔽𝑞 = 3 will have a Poncelet triangle.

𝐪 = 𝟑 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all the pairs of (𝑟, 𝑠), there are 2 degenerate triangles and 1 triangle in the extended plane.

𝐪 = 𝟗 ∶ For all the pairs of (𝑟, 𝑠), there is 1 non-degenerate triangle in the plane, 2 degenerate
triangles, and 4 triangles in the extended plane.
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𝐪 = 𝟐𝟕 ∶ For all the pairs of (𝑟, 𝑠), there are 4 non-degenerate triangles in the plane, 2 degenerate
triangles, and 13 triangles in the extended plane.

Poncelet triangles in pencil 𝒫6

Since this pencil has the same form of 𝐻2(𝑟, 𝑠) as that of 𝒫4, we refer to the table of values in
that subsection.

𝐪 = 𝟑 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.

𝐪 = 𝟓 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.8, there are 2 degenerate triangles and 4 triangles in the extended plane.

𝐪 = 𝟕 ∶ All Poncelet triangles in this case are in the plane. For all pairs in Table B.0.9, there
are 2 non-degenerate triangles in the plane and 2 degenerate triangles.

𝐪 = 𝟗 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.

𝐪 = 𝟏𝟏 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.10, there are 2 degenerate triangles and 10 triangles in the extended plane.

𝐪 = 𝟏𝟑 ∶ All Poncelet triangles in this case are in the plane. For all pairs in Table B.0.11, there
are 4 non-degenerate triangles in the plane and 2 degenerate triangles.

𝐪 = 𝟏𝟕 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.12, there are 2 degenerate triangles and 16 triangles in the extended plane.

𝐪 = 𝟏𝟗 ∶ All Poncelet triangles in this case are in the plane. For all pairs in Table B.0.13, there
are 6 non-degenerate triangles in the plane and 2 degenerate triangles.

𝐪 = 𝟐𝟓 ∶ All Poncelet triangles in this case are in the plane. For all pairs in Table B.0.14, there
are 8 non-degenerate triangles in the plane and 2 degenerate triangles.

Poncelet triangles in pencil 𝒫8

Due to the form of 𝐻2 for this pencil, only 𝑞 with char 𝔽𝑞 = 3 will have a Poncelet triangle.
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𝐪 = 𝟑 ∶ Table B.0.15 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 3 − 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.

r 0 0 1 1 2 2
s 1 2 0 2 0 1

non-degenerate triangles 1 0 0 1 1 0
Table B.0.15: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫8, 𝑞 = 3

𝐪 = 𝟗 ∶ There are 72 pairs to consider in this case, so we will not list the specific values.

Among the 72 pairs, 36 of them contain 3 non-degenerate triangles in the plane and 1 degenerate
triangle. The remaining 36 pairs contain 1 degenerate triangle and 9 triangles in the extended
plane.

𝐪 = 𝟐𝟕 ∶ There are 702 pairs to consider in this case, so we will not list the specific values.

Among the 702 pairs, 351 of them contain 9 non-degenerate triangles in the plane and 1
degenerate triangle. The remaining 351 pairs contain 1 degenerate triangle and 27 triangles
in the extended plane.

Poncelet triangles in pencil 𝒫14

𝐪 = 𝟑 ∶ All Poncelet triangles are degenerate for all pairs in Table B.0.16. There are 4
degenerate triangles.

Table B.0.16: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫14, 𝑞 = 3

r 0 2
s 2 0

𝐪 = 𝟓 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.17, there are 2 degenerate triangles and 2 triangles in the extended plane.

Table B.0.17: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫14, 𝑞 = 5

r 2 2 4 4
s 3 4 2 3
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𝐪 = 𝟕 ∶ Table B.0.18 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 4 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
Table B.0.18: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 7

r 0 1 2 3 4 5
s 2 6 3 2 6 3

non-degenerate triangles 0 1 0 0 1 0

𝐪 = 𝟗 ∶ Table B.0.19 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 6 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
Table B.0.19: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 9

r 0 1 2 𝛼 𝛼 + 1 𝛼 + 2 2𝛼 2𝛼 + 2
s 2𝛼 + 2 𝛼 1 𝛼 + 1 2 2𝛼 0 𝛼 + 2

non-degenerate triangles 0 1 1 1 1 0 0 0

𝐪 = 𝟏𝟏 ∶ Table B.0.20 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 8 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
Table B.0.20: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 11

r 2 2 4 4 6 6 8 8 10 10
s 0 10 3 9 0 1 3 9 1 2

non-degenerate triangles 1 1 0 2 1 1 2 0 1 1

𝐪 = 𝟏𝟑 ∶ Table B.0.21 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 10 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.

𝐪 = 𝟏𝟕 ∶ Table B.0.22 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 14 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
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Table B.0.21: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 13

r 0 1 3 4 6 7 9 10 10 10 10 11
s 4 6 12 8 1 3 6 3 4 8 12 1

non-degenerate triangles 2 1 2 2 1 2 1 2 2 2 2 1
Table B.0.22: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 17

r 2 2 5 5 6 6 7 7
s 15 16 0 13 15 9 0 5

non-degenerate triangles 2 2 1 3 2 2 3 1
r 11 11 12 12 13 13 16 16
s 1 13 3 9 1 5 2 3

non-degenerate triangles 3 1 2 2 1 3 2 2

𝐪 = 𝟏𝟗 ∶ Table B.0.23 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 16 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.
Table B.0.23: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 19

r 1 3 4 6 7 9 11 12 12
s 5 18 9 1 11 5 2 3 7

non-degenerate triangles 1 2 3 3 2 1 2 2 2
r 12 12 13 16 17 17 17 17 18
s 8 11 9 1 2 3 7 18 8

non-degenerate triangles 2 2 3 3 2 2 2 2 2

𝐪 = 𝟐𝟓 ∶ Table B.0.24 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there are 2 degenerate triangles. The remaining 22 − 3𝑛 points in 𝒜 are vertices
of a triangle in the extended plane.

Poncelet triangles in pencil 𝒫15

Since this pencil has the same form of 𝐻2(𝑟, 𝑠) as that of 𝒫4, we refer to the table of values in
that subsection.

𝐪 = 𝟑 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.

𝐪 = 𝟓 ∶ For all pairs in Table B.0.8, there is 1 non-degenerate triangle in the plane, 1 degenerate
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Table B.0.24: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫14, 𝑞 = 25

r 0 1 2 𝛼 + 1 𝛼 + 2 𝛼 + 3 2𝛼 2𝛼 + 1
s 𝛼 + 4 𝛼 + 4 2𝛼 4𝛼 + 3 4 4 𝛼 + 1 3

non-degenerate triangles 3 3 4 4 3 3 4 3
r 2𝛼 + 2 2𝛼 + 3 2𝛼 + 4 3𝛼 3𝛼 + 1 3𝛼 + 2 3𝛼 + 3 3𝛼 + 4
s 4𝛼 2𝛼 3𝛼 + 3 2 𝛼 3 𝛼 + 1 2𝛼 + 3

non-degenerate triangles 2 4 2 4 3 3 4 2
r 3𝛼 + 4 3𝛼 + 4 3𝛼 + 4 4𝛼 4𝛼 + 1 4𝛼 + 2 4𝛼 + 3 4𝛼 + 4
s 3𝛼 3𝛼 + 3 4𝛼 4𝛼 + 3 2𝛼 + 3 𝛼 2 3𝛼

non-degenerate triangles 2 2 2 4 2 3 4 2

triangle, and 2 triangles in the extended plane.

𝐪 = 𝟕 ∶ For all pairs in Table B.0.9, there is 1 non-degenerate triangle in the plane, 1 degenerate
triangle, and 4 triangles in the extended plane.

𝐪 = 𝟗 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.

𝐪 = 𝟏𝟏 ∶ For all pairs in Table B.0.10, there are 2 non-degenerate triangles in the plane, 1
degenerate triangle, and 5 triangles in the extended plane.

𝐪 = 𝟏𝟑 ∶ For all pairs in Table B.0.11, there are 2 non-degenerate triangles in the plane, 1
degenerate triangle, and 7 triangles in the extended plane.

𝐪 = 𝟏𝟕 ∶ For all pairs in Table B.0.12, there are 3 non-degenerate triangles in the plane, 1
degenerate triangle, and 8 triangles in the extended plane.

𝐪 = 𝟏𝟗 ∶ For all pairs in Table B.0.13, there are 3 non-degenerate triangles in the plane, 1
degenerate triangle, and 10 triangles in the extended plane.

𝐪 = 𝟐𝟓 ∶ For all pairs in Table B.0.14, there are 4 non-degenerate triangles in the plane, 1
degenerate triangle, and 13 triangles in the extended plane.

Poncelet triangles in pencil 𝒫16

𝐪 = 𝟑 ∶ No Poncelet triangles for this order.
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𝐪 = 𝟓 ∶ No Poncelet triangles for this order.

𝐪 = 𝟕 ∶ For all pairs in Table B.0.25, there are 2 non-degenerate triangles in the plane and 1
triangle in the extended plane.

Table B.0.25: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫16, 𝑞 = 7

r 0 1
s 1 0

𝐪 = 𝟗 ∶ For all pairs in Table B.0.26, there are 2 non-degenerate triangles in the plane and 4
triangles in the extended plane.

Table B.0.26: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫16, 𝑞 = 9

r 0 1 𝛼 𝛼 + 2 2𝛼 + 1 2𝛼 + 2
s 𝛼 2𝛼 + 1 0 2𝛼 + 2 1 𝛼 + 2

𝐪 = 𝟏𝟏 ∶ For all pairs in Table B.0.27, there are 2 non-degenerate triangles in the plane and 6
triangles in the extended plane.

Table B.0.27: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫16, 𝑞 = 11

r 5 5 6 6 7 7
s 6 7 5 7 5 6

𝐪 = 𝟏𝟑 ∶ For all pairs in Table B.0.28, there are 2 non-degenerate triangles in the plane and 8
triangles in the extended plane.

Table B.0.28: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫16, 𝑞 = 13

r 0 1 2 5 6 8 9 12
s 7 7 12 3 11 3 11 2

𝐪 = 𝟏𝟕 ∶ Table B.0.29 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 18 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.29: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫16, 𝑞 = 17

r 0 0 1 1 6 6 8 8 10 10 12 12
s 3 15 3 15 4 11 7 14 4 11 7 14

non-degenerate triangles 2 4 4 2 4 2 4 2 2 4 2 4
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𝐪 = 𝟏𝟗 ∶ Table B.0.30 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 20 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.30: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫16, 𝑞 = 19

r 0 1 2 3 5 6 7
s 12 8 8 17 15 3 18

non-degenerate triangles 4 4 4 4 2 4 4
r 8 12 13 14 15 17 18
s 2 18 2 17 5 3 12

non-degenerate triangles 4 4 4 4 2 4 4

𝐪 = 𝟐𝟓 ∶ Table B.0.31 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 26 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.

r 2 2 2 2 4 4 4
s 3 4 𝛼 4𝛼 + 1 2 3 𝛼

non-degenerate triangles 6 6 6 6 6 6 6
r 4 𝛼 + 2 𝛼 + 3 2𝛼 2𝛼 + 1 2𝛼 + 3 2𝛼 + 4
s 4𝛼 + 1 4𝛼 4𝛼 + 2 𝛼 + 4 0 1 𝛼 + 1

non-degenerate triangles 6 4 4 4 4 4 4
r 3𝛼 3𝛼 + 1 3𝛼 + 2 3𝛼 + 3 4𝛼 + 3 4𝛼 + 4
s 1 4𝛼 + 2 4𝛼 0 𝛼 + 4 𝛼 + 1

non-degenerate triangles 4 4 4 4 4 4
Table B.0.31: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫16, 𝑞 = 25

Poncelet triangles in pencil 𝒫17

This pencil has a similar form of 𝐻2(𝑟, 𝑠) as that of pencil 𝒫4 where 𝑟 and 𝑠 are interchanged.
We will still refer to the table of values in that subsection, bearing in mind that we interchange
the rows for 𝑟 and 𝑠.

𝐪 = 𝟑 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.

𝐪 = 𝟓 ∶ For all pairs in Table B.0.8, there are 2 non-degenerate triangles in the plane.

𝐪 = 𝟕 ∶ For all pairs in Table B.0.9, there are 8 triangles in the extended plane.

𝐪 = 𝟗 ∶ No Poncelet triangles for this order since char 𝔽𝑞 = 3.
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𝐪 = 𝟏𝟏 ∶ For all pairs in Table B.0.10, there are 4 non-degenerate triangles in the plane.

𝐪 = 𝟏𝟑 ∶ For all pairs in Table B.0.11, there are 14 triangles in the extended plane.

𝐪 = 𝟏𝟕 ∶ For all pairs in Table B.0.12, there are 6 non-degenerate triangles in the plane.

𝐪 = 𝟏𝟗 ∶ For all pairs in Table B.0.13, there are 20 triangles in the extended plane.

𝐪 = 𝟐𝟓 ∶ For all pairs in Table B.0.14, there are 26 triangles in the extended plane.

Poncelet triangles in pencil 𝒫18

𝐪 = 𝟑 ∶ All Poncelet triangles in this case are either degenerate or in the extended plane. For
all pairs in Table B.0.32, there is 1 degenerate triangle and 2 triangles in the extended plane.

Table B.0.32: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫18, 𝑞 = 3

r 1 2 ∞
s ∞ 1 2

𝐪 = 𝟓 ∶ Table B.0.33 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 4 − 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
Table B.0.33: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 5

r 0 0 2 2 4 4
s 1 3 1 ∞ 3 ∞

non-degenerate triangles 0 1 1 0 0 1

𝐪 = 𝟕 ∶ Table B.0.34 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 6 − 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
Table B.0.34: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 7

r 1 3 4 5 6 6 6 6
s 0 6 2 ∞ 0 2 3 ∞

non-degenerate triangles 1 0 1 1 1 1 1 1
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𝐪 = 𝟗 ∶ Table B.0.35 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 8 − 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
Table B.0.35: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 9

r 1 2 𝛼 𝛼 + 1 𝛼 + 2 2𝛼 2𝛼 + 1 2𝛼 + 2 ∞
s ∞ 1 𝛼 + 1 𝛼 + 2 2𝛼 + 1 𝛼 2𝛼 + 2 2𝛼 2

non-degenerate triangles 2 2 1 1 1 1 1 1 2

𝐪 = 𝟏𝟏 ∶ Table B.0.36 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 10− 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
Table B.0.36: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 11

r 0 0 3 3 5 5 7 7 8 8 ∞ ∞
s 7 9 6 8 2 ∞ 6 ∞ 2 7 8 9

non-degenerate triangles 2 1 1 2 1 2 2 1 2 1 1 2

𝐪 = 𝟏𝟑 ∶ Table B.0.37 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 12− 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
Table B.0.37: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 13

r 0 2 3 4 5 6 8 9 10 12 12 12 12 ∞
s 6 3 10 12 0 3 0 ∞ ∞ 4 6 8 10 8

non-degenerate triangles 1 2 1 3 2 2 2 2 2 1 1 1 1 1

𝐪 = 𝟏𝟕 ∶ Table B.0.38 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 16− 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.

𝐪 = 𝟏𝟗 ∶ Table B.0.39 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 18− 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
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Table B.0.38: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 17

r 0 0 1 1 2 2 5 5 7
s 5 16 13 ∞ 0 1 2 13 2

non-degenerate triangles 2 3 2 3 2 3 2 3 3
r 7 13 13 14 14 15 15 16 16
s 8 10 16 5 ∞ 0 10 1 8

non-degenerate triangles 2 3 2 3 2 3 2 2 3
Table B.0.39: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 19

r 0 2 3 5 6 7 8 9 10 11
s 10 0 18 6 15 13 15 6 18 17

non-degenerate triangles 3 4 3 2 2 4 2 2 3 3
r 12 13 14 15 17 17 17 17 18 ∞
s 9 ∞ 3 9 0 3 11 13 ∞ 10

non-degenerate triangles 2 3 4 2 4 4 4 4 3 3

𝐪 = 𝟐𝟓 ∶ Table B.0.40 shows 𝑛 = number of triangles in the plane that are non-degenerate. For
all these pairs, there is 1 degenerate triangle. The remaining 24− 3𝑛 points in 𝒜 are vertices of
a triangle in the extended plane.
Table B.0.40: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫18, 𝑞 = 25

r 0 0 0 0 2 2 2
s 1 3 𝛼 + 1 4𝛼 + 2 1 2𝛼 + 1 3𝛼 + 3

non-degenerate triangles 4 4 4 4 4 4 4
r 2 4 4 4 4 𝛼 + 1 𝛼 + 2
s ∞ 3 𝛼 + 2 4𝛼 + 3 ∞ 𝛼 + 2 2𝛼 + 1

non-degenerate triangles 4 4 4 4 4 4 4
r 𝛼 + 3 𝛼 + 4 2𝛼 + 1 2𝛼 + 2 2𝛼 + 4 3𝛼 + 1 3𝛼 + 3
s 2 4𝛼 𝛼 + 1 4 0 0 4𝛼 + 2

non-degenerate triangles 5 3 4 5 5 5 4
r 3𝛼 + 4 4𝛼 4𝛼 + 2 4𝛼 + 3 4𝛼 + 4
s 4 𝛼 + 4 4𝛼 + 3 3𝛼 + 3 2

non-degenerate triangles 5 3 4 4 5

Poncelet triangles in pencil 𝒫19

𝐪 = 𝟑 ∶ For all pairs in Table B.0.41, there is 1 non-degenerate triangle in the plane and 1
triangle in the extended plane.
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Table B.0.41: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫19, 𝑞 = 3

r 0 1
s 1 0

𝐪 = 𝟓 ∶ For all pairs in Table B.0.42, there is 1 non-degenerate triangle in the plane and 3
triangles in the extended plane.

Table B.0.42: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 in 𝒫19, 𝑞 = 5

r 2 2 3 3
s 0 3 0 2

𝐪 = 𝟕 ∶ Table B.0.43 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 8 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.43: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 7

r 0 2 3 4 5 6
s 5 4 1 5 4 1

non-degenerate triangles 1 1 2 1 1 2

𝐪 = 𝟗 ∶ Table B.0.44 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 10 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.44: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 9

r 1 2 𝛼 𝛼 + 1 𝛼 + 2 2𝛼 2𝛼 + 1 2𝛼 + 2
s 𝛼 2𝛼 2 𝛼 + 2 2𝛼 + 2 1 𝛼 + 1 2𝛼 + 1

non-degenerate triangles 1 1 1 2 2 1 2 2

𝐪 = 𝟏𝟏 ∶ Table B.0.45 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 12 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.45: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 11

r 2 2 3 3 7 7 8 8 9 9
s 6 10 6 10 1 9 1 4 4 7

non-degenerate triangles 3 1 1 3 2 2 2 2 2 2

𝐪 = 𝟏𝟑 ∶ Table B.0.46 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 14 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
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Table B.0.46: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 13

r 0 0 0 0 1 2 3 4 9 10 11 12
s 2 5 8 11 11 5 10 3 10 3 8 2

non-degenerate triangles 3 3 3 3 3 3 2 2 2 2 3 3

𝐪 = 𝟏𝟕 ∶ Table B.0.47 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 18 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.47: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 17

r 1 1 2 2 3 3 7 7
s 4 16 0 13 11 14 6 14

non-degenerate triangles 3 3 3 3 2 4 4 2
r 10 10 14 14 15 15 16 16
s 3 11 3 6 0 4 1 13

non-degenerate triangles 2 4 4 2 3 3 3 3

𝐪 = 𝟏𝟗 ∶ Table B.0.48 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 20 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
Table B.0.48: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 19

r 1 2 2 2 2 3 6 7 7
s 11 1 12 16 17 18 10 8 11

non-degenerate triangles 3 3 3 3 3 4 4 3 3
r 7 7 8 10 12 13 15 16 18
s 12 16 17 14 8 18 10 1 14

non-degenerate triangles 3 3 3 2 3 4 4 3 2

𝐪 = 𝟐𝟓 ∶ Table B.0.49 shows 𝑛 = number of triangles in the plane that are non-degenerate. The
remaining 26 − 3𝑛 points in 𝒜 are vertices of a triangle in the extended plane.
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Table B.0.49: Valid pairs (𝑟, 𝑠) satisfying 𝐻2(𝑟, 𝑠) = 0 and number of non-degenerate triangles
in the plane in 𝒫19, 𝑞 = 25

r 0 0 0 0 1 2 3 4
s 1 4 𝛼 + 3 4𝛼 + 2 3𝛼 2𝛼 + 4 3𝛼 + 1 2𝛼

non-degenerate triangles 3 3 3 3 5 4 4 5
r 𝛼 𝛼 + 1 𝛼 + 2 𝛼 + 3 𝛼 + 4 2𝛼 2𝛼 + 1 2𝛼 + 2
s 2𝛼 3𝛼 + 1 4𝛼 + 2 𝛼 4 4𝛼 3𝛼 + 2 3𝛼 + 2

non-degenerate triangles 5 4 3 5 3 5 4 4
r 3𝛼 3𝛼 + 3 3𝛼 + 4 4𝛼 4𝛼 + 1 4𝛼 + 2 4𝛼 + 3 4𝛼 + 4
s 𝛼 2𝛼 + 3 2𝛼 + 3 3𝛼 1 4𝛼 𝛼 + 3 2𝛼 + 4

non-degenerate triangles 5 4 4 5 3 5 3 4
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