Graded Representation Theory of Quiver Hecke
Algebras

Tao Qin

A thesis submitted to fulfil the requirements
for the degree of Doctor of Philosophy

School of Mathematics and Statistics
Faculty of Science
The University of Sydney

Supervisor: Prof. Andrew Mathas

Secondary Supervisor: Dr. Dani Tubbenhauer

2026



Statement of Originality

This is to certify that the content of this thesis is my own work. This thesis has not
been submitted for any other degree or purpose.

I certify that the intellectual content of this thesis is the product of my own work,

and that all assistance received in preparing this thesis and all sources have been
acknowledged.

Date: 2 March 2026



Al Statement

During the preparation of this thesis the author used ChatGPT to assist with (i)
language polishing (e.g. grammar and typos), and (ii) drafting and debugging python
code (e.g. suggesting implementations, identifying likely bugs).

The author confirms that no mathematical proof or theorem in this thesis relies on
generative Al output, and all results and conclusions are the author’s responsibility.

ii



Contents

Statement of Originality

Al Statement

Artificial Intelligence Statement
Chapter 0. Introduction

Chapter 1. Preliminaries
1.1. Lie theory
1.2.  Partition combinatorics
1.3. Hecke Algebras
1.4. Alcove geometry

Chapter 2. Generalized Specht Filtration
2.1. Specht Filtration in type Agl_)l for Hook Partitions
2.2. Two-Row Partition Case in Type A
2.3. General Partition Case in Type Ac
2.4. Higher Levels and Skew Specht Filtrations

Chapter 3. Stingray Patterns of Dominant Weights
3.1. The geometric map Q)
3.2. Patterns for dominant weights
3.3.  Proof of the Empty Runner Removal Theorem
3.4. Combinatorial Identities

Chapter 4. Subdivision and Runner Removal Theorem
4.1. Algebraic Subdivision
4.2. Combinatorial Subdivision
4.3. Categorical Subdivision
4.4. Connection with Runner Removal Theorems

Acknowledgements

Bibliography

iii

ii

11

—_

RTINS

18
30

33
33
42
47
56

58
59
60
80
84

87
88
97
124
137

145
146



CHAPTER 0

Introduction

Another possible title for this thesis is Combinatorial Representation Theory of Quiver
Hecke Algebras. The central aim is to develop combinatorial frameworks motivated by
representation-theoretic problems for Hecke algebras, and to understand the structures
that these frameworks reveal.

This thesis is primarily about the representation theory of (cyclotomic) quiver Hecke
algebras, also called (cyclotomic) KLR algebras; see Subsection 1.3.4. These algebras
were introduced independently by Khovanov-Lauda [KL09] and Rouquier [Rou08]
in order to categorify the negative half of the corresponding quantum group. A key
link to classical objects is provided by Brundan—Kleshchev [BK09a], who constructed
an isomorphism between cyclotomic KLR algebras and cyclotomic Hecke algebras
(Ariki—Koike algebras) of type Agl_)l. In particular, this provides cyclotomic Hecke
algebras—including the level-one Iwahori-Hecke algebras—with a nontrivial grading.
This makes it possible to consider graded representation-theoretic invariants.

Among the most important are the graded decomposition numbers, which record the
multiplicity of D¥ in a graded composition series of S4; see Subsection 1.3.7. Computing
these numbers is notoriously difficult; the failure of James’ conjecture already illustrates
how subtle decomposition behaviour can be, see [Wil16, Spe26]. Despite this, graded
decomposition numbers satisfy striking structural constraints, and much of this thesis
is concerned with providing new ones.

Cyclotomic quiver Hecke algebras are naturally organised by level. In level 1 (the
Iwahori-Hecke algebra), graded decomposition numbers depend on the parameter
e € Zs1, the quantum characteristic. In higher level they also depend on a charge x, which
determines the dominant weight; see Subsection 1.1.2 and Subsection 1.3.4.

Assume for the moment that the base field has characteristic 0. In this setting there
are several runner-removal theorems—Theorem 3.3.1, Theorem 3.3.2, and Theorem 4.4.8—
which can be phrased in terms of abacus combinatorics. They produce explicit maps
on partitions A — A* with the property that the graded decomposition numbers d;’w

at quantum characteristic e coincide with djf/lw at quantum characteristic e + 1. This
phenomenon is closely related to Jantzen’s generic decomposition pattern [Lus80]. While
runner removal gives a concrete recipe for A¥, it is less clear why such equalities should
hold, or what mechanism lies behind them. One way to seek an explanation is via
Kazhdan-Lusztig theory.
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For any Coxeter group W, one can define the associated Hecke algebra together with
a bar involution on this algebra, and hence the Kazhdan-Lusztig basis, characterised by
bar-invariance and triangularity. The Kazhdan—Lusztig polynomials are the coefficients
that arise when expressing the Kazhdan-Lusztig basis in terms of the standard basis;
see Subsection 1.3.1. For a parabolic subgroup P, there are parabolic Kazhdan—Lusztig
polynomials indexed by minimal-length representatives in W /P; see Subsection 1.3.2.
In the affine Weyl group case, Goodman-Wenzl [GW98, Theorem 5.3] showed that
these parabolic Kazhdan-Lusztig polynomials coincide with graded decomposition
numbers; see Subsection 1.4.4 and Theorem 3.3.4.

Affine Weyl groups also control an arrangement of hyperplanes in R"; the connected
components of the complement are the alcoves; see Section 1.4. There is a bijection
between e-alcoves and the minimal-length representatives of W /Wy, where Wy is the
associated finite Weyl group. From this viewpoint, changing e to e + 1 corresponds
geometrically to dilating the relevant alcove, and the independence of parabolic
Kazhdan-Lusztig polynomials from e becomes transparent. In Section 3.3 we make
this explicit for the empty-runner-removal theorem Theorem 3.3.1. By contrast, the
other runner-removal theorems Theorem 3.3.2 and Theorem 4.4.8 do not admit such
clean descriptions in alcove combinatorics.

The alcove approach depends on a map Q) sending a partition with at most r parts to
a dominant weight of sl,; see Section 3.1. The set of partitions can be used to describe
the blocks of Iwahori-Hecke algebras (and g-Schur algebras) in terms of e-cores and
e-weights; see Subsection 1.2.4. The e-weight is a nonnegative integer measuring the
complexity of the block. This leads to a natural question: if we fix an e-weight w and
consider the set &, . ,, of partitions with at most r parts and e-weight w, what is the
image of &, . , under Q? Chapter 3 is devoted to this problem. See the beginning of
Chapter 3 for a summary of the main results.

A recurring theme in modern representation theory is to lift algebraic structures to
categorical ones, a process known as categorification. For example, KLR algebras cate-
gorify quantum groups [KL09, KL10, Rou08], and cyclotomic KLR algebras categorify
irreducible highest-weight modules [KK12]. In the present context, one would like
a categorical refinement of runner removal: a functor F between module categories
(from R%-modules to Ré},/ -modules) sending S* > S*" and D¥ + D#’. If F is exact,
then the runner-removal equalities follow formally.

Such a categorical approach was developed in [CM10] for Iwahori-Hecke algebras
and g-Schur algebras, and has the advantage of not requiring characteristic 0. Our
motivation in Chapter 4 is to obtain a categorical lift that applies to general cyclotomic
KLR algebras. Maksimau [Mak18] constructed an isomorphism between KLR algebras
of types Ail_)l and Afgl) ; Mathas and Tubbenhauer [MT23] refer to this isomorphism
as subdivision and extend it to the KLRW setting. Mathas further conjectured that
subdivision should categorify runner removal theorems. In Chapter 4 we partially
confirm this conjecture by showing that the combinatorics defining A* agree with
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those arising from subdivision; see Section 4.4. We also show that subdivision relates
Specht modules in a natural way; see Theorem 4.3.19. The exactness needed for a full
categorification, however, is not addressed there and is left for future work.

Finally, our analysis of Specht modules relies crucially on the highest-weight
presentation of Kleshchev-Mathas—Ram [KMR12]. In that presentation, the Specht
module S is realised as a quotient of a permutation module M* by Garnir relations;
see Subsection 1.3.8. Although these permutation modules differ substantially from
the classical constructions for symmetric groups or Iwahori-Hecke algebras (cf. [Mat99,
Page 30]), it is still natural to ask whether the classical theorem persists—namely,
whether every permutation module admits a Specht filtration; see [Mat99, Corollary
4.10]. In Chapter 2 we study this question in several cases and obtain a negative answer;
this leads instead to the notion of a generalized Specht filtration, see Theorem 2.3.2.

The thesis is organized as follows. Chapter 1 provides the necessary background
and introduces the definitions used throughout. In Chapter 2, we construct explicit
(generalized) Specht filtrations of permutation modules. In Chapter 3, we study the
pattern of dominant weights arising from certain families of partitions. Finally, in
Chapter 4, we introduce the subdivision map in its algebraic, combinatorial, and
categorical forms, and explain its connection with runner-removal theorems.



CHAPTER 1

Preliminaries

This chapter collects notation and results from Lie theory, partition and alcove
combinatorics, and Hecke algebras. Our goal is not to present the full theory; rather,
we define only what we require and record key results without proof (with references
to the literature for details). Throughout, we include examples to clarify the notation.

1.1. Lie theory

1.1.1. Finite type A,_;. A standard reference for Lie algebras of finite type is
[Hum?72], and one can consult [Car05, Section 8.1] for type A,_1.

Fix r > 2 an integer. Consider the finite type A,_1 quiver:
O—O— -+ —O0—O
1 2 r=2 r-1

and set
.

Z X; = 0} ’

i=1

equipped with the restriction of the standard inner product (-,-) on R". Let ¢; be the
ith standard basis vector of R’.

E = {(x1,...,xr)eR’

The root system of type A,_1 is
R={¢—-¢|1<i#j<r}CE.
We take the set of simple roots to be
A={ai,...,a,-1}, A= & — Ejy1.
This determines the set of positive roots
Rt ={ei—¢j|1<i<j<r}.

The highest root is
(1.1.1) O=¢c1—¢& =a1+ar+---+a,1.

For any root a € R, the corresponding coroot is

v _ 20
(a,a)
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We identify E with its dual E* via (:, -), so that the evaluation pairing (-,-) : EXE* = R
agrees with the inner product. Hence, for any weight x € E and coroot a" € E,
_2(x,a)

~(wa)

In type A, one has (a,a) =2 foralla € R,so a¥ = a and (x,a") = (x, a).

(x,a") = (x,a")

The root lattice is

The fundamental weights A4, ..., A,—1 € E are characterized by
<A]',Oc;/>=6i]' (1<i,j<r-1).
The weight lattice is

r—1
P=Pza,
i=1
The set of dominant weights is
r=1
P*={AeP|{()Aa)y>0foralll<i<r-1}= @ZZOAi.
i=1
The Weyl vector is

equivalently, p is the half-sum of the positive roots; see [Hum72, Section 13.3].

1.1.2. Affine type Ail_)l. In this section, we briefly introduce the Lie-theoretic data
in type Agl_)l that will be used later in this thesis. For the general theory of Kac-Moody
algebras, we refer to [Kac83, Chapter 1-6] and [Car05, Chapter 14-18].

@ .

Let e > 2 be an integer. In this thesis, let I' be the quiver of type A ;:

0

1 2 e—2¢e¢-1

It has vertex set I = {0, 1, ..., e — 1}, which we identify with Z/eZ. In particular, we
identify e with 0. Throughout this thesis, we fix the cyclic orientation i — i + 1 for each
i€l



1.1. LIE THEORY 6

The (affine) Cartan matrix (a;;); jer of type Agl_)l is the following e X e matrix:

2 -1 0 -~ 0 0 -1
-1 2 -1 0 -~ 0 O
o -1 2 -1 -- 0 O
o -~ 0 -1 2 -1 0
o -~ 0 0 -1 2 -1
-1 0 -~ 0 0 -1 2

The simple roots are {a; | i € I}, and Q" := €P,; Zsoa; is the positive cone of root
lattice. For a € Q¥, let ht(«) denote the height of a; that is, if @ = )] x;a; with x; € Z,

i€l
then ht(a) = ) x;.
i€l
Let S, be the symmetric group on n letters and let 6, = (r,r +1), for 1 <r < n,
be the simple transpositions of ©,. Then S, acts on the set I"" from the left by place

permutations.

Ifi=(i,...,1,) € I", we define the associated positive root a(i) by:
(1.1.2) ai):==a; +-+a;, €QF
The S,,-orbits on I" are the sets

[“={iel"|a=a@l)}

which are parametrized by a € Q™ of height n.

Let Ay, ..., A.—1 be the fundamental weights. The weight lattice is

P .= @ZAi,
i€l

and the dominant weight lattice is defined as
pt .= @ ZsoA\.

Any element A = Y;;a;A; € P* is a dominant weight, and the sum of the coefficients
>ier a; is the level of A.

There is a natural embedding of the root lattice to the weight lattice Q — P,
see [Car05, Chapter 17] for details.

We denote the set of simple coroots by {a | i € I}. The coroot lattice is defined as

QY = @Za}’.

i€l
There is a canonical bilinear pairing (-, ) : P X Q¥ — C satisfying

(aj,af) =aji and (A} af) = 5ji
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for all i, j € I.Since the Cartan matrix (a;;) is symmetric, we can identify a; with a;/ to
define a symmetric bilinear form (-|-) on b*. This form is determined by the values:

(ailaj) = aij and  (Ailaj) = 6y

foralli,jel.

1.2. Partition combinatorics

One appealing feature of the representation theory of Hecke algebras is its elegant
description via natural combinatorial tools. In this section, we introduce the basic
notions we will use.

1.2.1. Young diagrams and Abaci. A partition A is a finite weakly decreasing
sequence of positive integers (A1, ..., A;). It is often convenient to regard A as a longer
(or even infinite) sequence (Aq, -+, A,41,--+) by setting A; = 0 for all i > r. Each A; is
called a part of A.

The length ¢(A) is the number of nonzero parts, and the size is [A| = >}; A;. Let &2, be
the set of partitions of 1, and set & := | |,,50 Z2.

Similarly, a composition i is a finite sequence of positive integers (u1, ..., i,). Its
length and size are defined analogously. Every partition is a composition, but not
conversely.

A Young diagram is a finite collection of square boxes arranged in left-justified rows.
Given a composition pt = (U1, . .., lr), its Young diagram [u] is obtained by drawing u;
boxes in the ith row. Conversely, counting the number of boxes in each row from top
to bottom recovers the composition. Thus, we may identify a composition u with its
Young diagram [u]. Let [u]; be the jth row of [u].

The conjugate of a partition A, denoted A’, is obtained by reflecting the Young diagram
[A] across its main diagonal. Clearly, [1’]| = |A|.

A node is a square box of the Young diagram [A], specified by its coordinates (r, ),
where r and ¢ denote the row and column in which the node lies. Its content is defined

to be c — r. If there are two nodes A = (r, ¢) and B = (+’, ¢’) in one Young diagram, we
say A is above B, or B is below A if r < r’.

Examprre 1.2.1. Take A = (4, 3,2,2). This partition has length £(A) = 4 and size |A| = 11.
The Young diagram [A] and its conjugate [A’] are

0/1[2]3] 0/1[2]3
-1/0]1 -110/1/2
-2/-1 -2-1
-3)-2 -3

where each node is filled with its content. &
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Fix e € Zs>. An e-abacus has e runners, arranged from left to right and labeled
0,1,...,e—1. The positions are indexed by Z( and arranged on the runners as follows:
if x € Z5 is written uniquely as x = ae + b witha € Zypand b € {0,1, ..., e — 1}, then
position x lies on the b-runner in row a. Rows increase downward.

An e-abacus with M beads is a subset B C Z5 of cardinality |B| = M. Elements of B
are called bead positions, and all other positions are gaps. We depict the M-abacus by
placing a bead at each position in B and leaving all other positions empty.

Let A = (A1, Ay, ...) be a partition. Fix an integer M > ¢(A). The M-beta numbers of A
are
M) =Ai—-i+M  (1<i<M),
and the corresponding M-beta set is

(1.2.2) B(A; M) = {BM(A) |1 <i < M} C Zxo

The e-abacus of A with M beads, denoted Ab (1), is the M-abacus having beads precisely
at the positions in B(A; M).

If 1 > B2 > -+ > Pum are the elements of B(A; M) in decreasing order, then
Ai=Bi—M+i 1<i<M),
so B(A; M) determines A uniquely (discard trailing zeros).

ExawmrLE 1.2.3. Continue with Example 1.2.1, choose M = {(A) = 4 and form the M—beta
numbers pM(A):

7,5,3,2
and the e—abacus of A with M beads is

&

1.2.2. Multipartitions, charges and residues. The Young diagram has a natural
tilling of the contents defined in the last section, in this section, we introduce a more

general notion of content, residue, which depends on the type Ail_)l.

Fix type Agl_)l and a dominant weight A = A;. Let A be a partition and let [A] be its
Young diagram. We fill each node of [A] with its residue, defined by
resp(r,c)=c—r+i(mode).

A node with residue j is called an j-node. The Young diagram filled with residues is
denoted [A]x. When A is clear from the context, we simply write [1] and res in place
of [A]a and resy, respectively.
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Following the convention from [BKW11], we define the residue content of a partition
A to be the positive root &) € Q given by

—— +
ay = Z QresA € Q7.
A€[A]

Let 222 be the set of partitions equipped with this residue labelling. For & € Q*, we
also set
P ={Ae 2" a) =a)}.

ExawmrLe 1.2.4. Take A = Ag and e = 5, and consider the positive root & = ag + a1 + an +
a3 + ay. Then P2 consists of the partitions with the following Young diagrams:

0
= 0/1]2]
ol1(z[31a) 9218 g 4
L—1 3 = |
— 2]
In contrast, if we take p = a1, then ,@é\ =0. &

An {-partition of n is an f-tuple A = (A, ..., A9)) of partitions such that

|A(m)| =n.

M~

m=1

For each 1 < m < £, let [A?)] be the Young diagram of A, and let A" be the rth part
of AU The Young diagram of A is the disjoint union

!
[A] = |_|{m} X[AM] = {(m,r,c0)eZ3 | 1<m<t 1<c<A™).
m=1

As in the partition case, a node of [A] is an element A = (m, v, c) € [A], where A is the
square box in row r and column c of the mth component [A0m],

A multipartition is an {-partition for any ¢ > 1. The notions of {-compositions and
their Young diagrams, residues, etc. are defined analogously.

Fix a dominant weight A of level ¢. To define residues of nodes, we use the notion of

{
a charge. A charge of A is an {-tuple x = (x1,...,%¢) € ' such that A = Y, A, . Given
m=1
such a charge and anode A = (m, r, c) € [A], we define its residue by

resg(A) =k, +c—r (mode).

Equivalently, the residue function on the mth component [A(")] is res A, Lhe residue
content of an {-partition is the sum of the residue contents of its components, namely

A = Di<mt Fpm)-
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Let &7 be the set of {-partitions of n, with residues defined with respect to the
charge x, and set 2% = | | ZZ%. For a € Q7, let ¥ denote the set of {-partitions of

n>0
residue content . We remark that if ¢ = 1 and « € I, then 22" coincides with 2} for
any o € Q7.

ExawmrLE 1.2.5. Fix type A(Zl), A = Ao+Ay. Consider the 2-partition A = ((3,2,1), (5,1, 1)).
Take a charge of A to be x = (1,2), then [A] is the following:

210]
1

2l0/1]2]0]

o=

1
0
The residue content of A is  := Sag + 4a1 + 4ap and hence A € ﬁg Take another charge of A
to be x’ = (2,1), then [A] is the following:

2/0[1]]1]2]0][1]2]
1(2 0
0 12
The residue content of A is y := 4ag + 4a1 + Sap and hence A € 32)’,‘ o

Let x be a charge of A. It is sometimes convenient to choose an integral charge
®=(®,..., %) eZ, meaning an integral lift of ¥ such that k,, = x,, (mod ¢) for
1<m<l.

We now define the abacus configuration of an {-partition with a given integral
charge. Fix A € P*, a charge « € I of A, and @ € Q*. For any A € Z%, choose an
integral charge & € Z such that &, = x; (mod ¢) and &, > ¢(A")) for each 1 < m < ¢.
For each 1 < m < ¢, define the %,,-beta numbers of A(") by

Bt i= R + A —i (1 <i <R

"
Form the e-abacus corresponding to the beta numbers {8 | 1 < i < &,,}, and write it
as Aby" (A"). We then define the e-abacus of the ¢-partition A with integral charge &
to be the {-tuple

Ab';‘(/\) = (Abfl (/\(1))’ o ,Abf" (A(l’))).

ExampLe 1.2.6. Continue with Example 1.2.5. For the charge k = (1, 2) and partition A, we
take the integral charge & = (4, 5), the corresponding e-abacus of A is as follows:

0.1 2 012

We end this section with a definition that will be used in Chapter 3.
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DEeriNiTION 1.2.7. Fix a composition u = (u1, . .., u;) of length j, a j-partition A is said to
be of type u if it satisfies the length constraint:

Ay <y foralll1<i<j.

For an integer w > 0, we define A(u; w) to be the number of j-partitions of type p with total
size w:

A w) = #{(/\(l),...,/\(f)): MDD = w, 6AD) < gy Vi}.

Exampie 1.2.8. Let p = (2,1) and w = 2. We calculate A((2,1);2). We look for pairs
(AW, A@)) such that |AD] +]A@)| = 2, 6(AD) < 2, and £(AP) < 1.

o Case |AD] =2,]A@] = 0: A € {(2),(1,1)}, @ = 0.

o Case AW =1,]A®@| =1: A = (1), A@ = (1).

o Case AW =0,]A?| =2: A = 0. For A%, the partition (2) has length 1 which is
valid, but (1, 1) has length 2 which is invalid since up =1 < (1, 1).

Thus, A((2,1);2) =2+1+1 =4, o
1.2.3. Moves in abacus. In an abacus configuration, a runner is called flush if each

bead on that runner is placed as high as possible. Formally, the b—runner is flush if
whenever there is a bead at position ae + b, there is also abead at (a —1)e + b (fora > 1).

ExawmrLE 1.2.9. Consider the partition A = (4,3,2,2). The 4-beta numbers are (7,5, 3,2),
and the abacus Ab%(A) is

Here the 2—runner is flush, whereas the 0— and 1-runners are not.

If we instead consider the 5-beta numbers, which are (8,6,4, 3, 0), then the abacus Abg(/\) is

In this abacus the O—runner is flush, while the 1— and 2—runners are not. &

We define elementary operations on abacus configurations by moving a single bead
to an adjacent position. Let a bead be located at position x = ae + b (row a, runner b).
A move is valid only if the target position is empty (a gap). The atomic moves are:

e Vertical moves (Sliding):
— Slide down: x — x + e. This moves the bead to row a + 1 on the same
runner (ae +b — (a + 1)e + b).
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— Slide up: x + x — e. This moves the bead to row 2 — 1 on the same runner
(ae + b (a—1)e +b), provided a > 1.
e Horizontal moves (Shifting):
— Shift right: x — x + 1. Generally, this moves the bead to the adjacent
runner on the right (b +— b + 1) within the same row. However, if the bead
is on the last runner (b = e — 1), it moves to the first runner of the next row:

age+(e—1) — (a+1)e+0.

— Shift left: x — x — 1. Generally, this moves the bead to the adjacent runner
on the left (b +— b — 1) within the same row. However, if the bead is on the
first runner (b = 0), it moves to the last runner of the previous row:

ae+0 +— (a—1)e + (e —1).

General bead movements are obtained by iterating these atomic steps, provided the
target position at each step is empty.

1.2.4. Core, weight, and quotient. A partition A is called an e—core if there exists
some r > {(A) such that every runner of Ab;(A) is flush. For any partition A, choose
r > {(A), form the e-abacus with r beads, and slide each bead upwards along its runner
as far as possible. The resulting abacus corresponds to an e—core partition, denoted
core,(A). We call core,(A) the e—core of A, and define the e—weight of A to be the total
number of upward moves needed to obtain core,(A) from Ab; (1), denoted by w,(A).
Equivalently,

e = Al

The e—core and e-weight of a partition are independent of the choice of r; see [Mat99,
Section 5.3].

€ Lo,

Examrie 1.2.10. In Example 1.2.9, for r = 4 or r = 5, there are runners that are not flush,
hence (4,3, 2,2) is not a 3-core. The corresponding 3-cores correspond to the following abaci in

% éiﬁi

Both abaci yield the same 3-core partition (2), and it is easy to verify that the 3-weight is 3. <

the two cases, respectively:

The e—quotient of A captures the relative positions of the beads on each runner. Fix
an e-abacus of A with r beads. For each runner j € {0, ..., e — 1}, let r; be the number of
beads on that runner. Let the row indices of these beads be y;1 > yj2 > --- > yj,; 2 0.
We view this sequence as the set of rj-beta numbers for a new partition AV). Explicitly,
the parts of AU) are given by:

/\Ecﬁ = yix—(rj—k  (1<k<r).
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The e—quotient of A is the e-tuple of partitions
(1.2.11) quot,(A) = (A©, AW, . AL,

A fundamental property relating the core, quotient, and weight is:

e—1
Al = |core, ()] +e > AT,
=0

Comparing this with the definition of the e-weight, we see that w,(1) = Z?;& IAD)].
Thus, the partition A is uniquely determined by its e-core and its e-quotient.

ExamprE 1.2.12. In Example 1.2.9, A = (4,3,2,2) and e = 3. The 4-beta numbers are
(7,5,3,2). 0-runner has a single bead at position 3 (row 1), which corresponds to the partition
A = (1). 1-runner has a bead at position 7 (row 2), yielding A1) = (2). 2-runner contains
beads at positions 5,2 (rows 1,0), which correspond to the empty partition A\®) = 0. The
3-quotient is ((1),(2),0). The total size is 1 + 2 + 0 = 3, which matches the 3-weight of
w3(4,3,2,2) = 3. &

1.2.5. Tableaux. Fix the quiver of type Ail_)l and let I be the vertex set. Fix { € Z
and a charge x = (k1,...,k¢) € I LetA=(A0, .., A0) ¢ P} be an {-partition of n.

A A-tableau is a bijection

T:[A] —{1,2,...,n)}.

The shape of a tableau T, written Shape(T), is the {-partition A. A A-tableau T can
be viewed as a filling of the nodes of the Young diagram [A] with the numbers in
{1,2,...,n} without repetitions.

Letr,s € {1,2,---,n}. If T"\(r) and T~!(s) are horizontally adjacent or vertically
adjacent in [A], we write ¥ —7 s or r |1 s, respectively.

For 1 < m < n, write T | m for the tableau obtained from T by deleting all
nodes occupied by entries > m. In other words, T | m is the restriction of T to
T-1{1,2,...,m}).

Forr €{l,...,n},let A, := T7}(r) € [A] and define the residue of r in T by
res,(T) := resc(A,) € 1.
The residue sequence of T is

il = res(T) := (res1(T), ..., res,(T)) € I".

A tableau T of shape A is row-standard if, for each component A", its entries increase
strictly from left to right along each row of A"™). Tt is column-standard if, for each
component A, its entries increase strictly from top to bottom along each column of
AU Tt is standard if it is both row-standard and column-standard. Equivalently, T is
standard if and only if, for each d € {1, ..., n}, the Shape(T | d) is an ¢-partition. Let
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RStd(A) and Std(A) be the sets of row-standard A-tableaux and standard A-tableaux,
respectively.
Equip [A] with the row-reading order < defined by
(m,a,b)<(m’,a’,b’) < (m<m')or(m=m'"and (a <a’or(a=a"andb <b")).
Informally, we read the nodes of [A] from the first component to the last component,

and within each component we read from left to right along each row, taking rows
from top to bottom.

Define the initial tableau T to be the unique A-tableau whose entries increase strictly
along <. Set

(1.2.13) ir =i e

The symmetric group &, acts on the set of A-tableaux from the left by permuting

entries:
(0-T)(A) = o(T(A)) (0 €G,, Ac[A)].

For each A-tableau T, define w” € S, by the condition
(1.2.14) w! T = T.

Exampie 1.2.15. Continue with Example 1.2.5, the initial A-tableau T? is the following:

1/12/3 718191011
4|5 12
6 13

If the charge is x = (1, 2), then the residue sequence i* of T* is (1200122012010). Take T to be
the following tableau:

11217 |13/6]8]10/11]
412 5]
9 13]

the residue sequence i’ is (1220100122010) and
T
W' = 0506070809010011010090708050607030405060503

where o; is the simple transposition (i,i + 1) € Sy3. O

1.2.6. Dominance order and Bruhat order on tableaux. For {-compositions A, u of
n, write A > p if for every 1 <t < ¢ and every k > 1 one has

t—1 k t—1 k
S A = S+ Y
m=1 i=1 m=1 i=1

Write Ab pif A> pand A # p.
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Fix charge x and a € Q* with ht(a) = n. Let v € &%, and let S, T be row-standard
v-tableaux. Write S &> T if

Shape(S | m) > Shape(T | m) forallm=1,2,...,n,
and write Se Tif S>Tand S #T.

Let < denote the (strong) Bruhat order on &,,, with respect to the Coxeter generators
01,...,0n-1. Thus, for u,w € S,, one has u < w if and only if there exists a reduced
expression w = 0y, - -- 0y, and indices 1 < a; < --- < ap < m such that

U =0y, Op, -
See, for example, [Hum90, Section 5.10]. In particular, 1 < w forall w € S,,.

LemMma 1.2.16. Let S, T be row-standard v-tableaux. Then

S T

ST & w<w.

Proor. This is the Ehresmann—-James theorem; see, for example, [Mat99, Theo-
rem 3.8]. O

1.2.7. Degree of tableaux. Following [BKW11], we recall the degree on standard
tableaux.

Fix the quiver Ail_)l and a charge x € I'. Let A € &% be an {-partition of n. A node
A € [A] is removable if [A] \ {A} is the Young diagram of an {-partition, and a node
B ¢ [A] is addable if [A] U {B} is the Young diagram of an ¢-partition. If res(A) = i and
A is removable, then A is called a removable i-node of [A]. Similarly, if res(B) = i (in
[A] U {B}) and B is addable, then B is called an addable i-node of [A].

We order nodes by declaring B = (m’, r’, c’) to be below A = (m, r, c) if either m” > m,
orm’ = m and r’ > r. For a removable i-node A of A, set
(1.2.17)
da(A) := #{addable i-nodes of [A] below A} — #{removable i-nodes of [A] below A}.

Now let T € Std(A). Define deg(T) inductively on n by deg(@) := 0, and, for n > 0,
deg(T) := da(A) + deg(T | (n - 1)),

where A is the node occupied by nin T, and T | (n — 1) is the tableau obtained by
deleting the entry n. This definition is valid because, by definition of a standard tableau,
the shape of T | (n — 1) is an {-partition, and T | (n — 1) is again standard.

Exampie 1.2.18. Continue with Example 1.2.15, the degrees are deg T* = 4 and deg T = 6.
o

1.2.8. Garnir tableaux. In this section, following [KMR12, Section 5], we introduce
the Garnir combinatorics needed later. Let A = (A, ... ,A()) be an {-partition, and let
[A] be its Young diagram.



1.2. PARTITION COMBINATORICS 16

DeriNiTION 1.2.19. A node A = (m, r, c) € [A] is a Garnir node of A if (m,r +1,¢c) € [A].
The Garnir belt of A is the set B of nodes of [A] consisting of A and all nodes directly to the
right of A, together with the node directly below A and all nodes directly to the left of that node
in the same component. Explicitly,

BA={(m,r,2)e[A]lc<z <A} U{(m,r+1,z)€[A]|1<z<c}

DerniTion 1.2.20. Let A € [A] be a Garnir node. The Garnir tableau G* is the unique
row-standard tableau satisfying:

o it agrees with TA on all nodes outside the Garnir belt B4,
e its entries in B increase from the bottom-left to the top-right.

ExawmrL 1.2.21. Consider the 2-partition A = (5,4,3,3,1| 14,10, 2). We color the Garnir
nodes by cyan:

819 20 / $127/28/29/30
33/34/35/36/37/38/39/40

Let A = (2,1,8), then T(A) = 24 and the Garnir belt B* consists of the following orange
nodes:

11237415

6789 31323334 353637 38 EEJN]
10111[12

131415

16

1[2[3]4]5] | [17/18[19)2021 12223 R Aelerteilelaeraer:
6789 242526272829 30 31 EEJEN]

10/11/12

13/14/15

16

O

Fix the quiver of type Agl_)l and let I be its vertex set. Let A € P*, and let k =
(1, - ,xp) €1 be a charge of A. Take A € &*. In particular, we can assign a residue
to each node of [A], as discussed in Subsection 1.2.5.

Fix a Garnir node A = (m, r, ¢) € [A] and write 84 for its Garnir belt.
DeriniTION 1.2.22. A (row) A-brick is a subset B C B4 of the form
B={(m,x,z),(m,x,z+1),...,(m,x,z+e—1)}

for some x € {r,r + 1} and some z € Z, such that res(m, x,z) = res(A).
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Let k = k% be the number of row A-bricks contained in 8. We always list these
bricks as B‘l“, B‘z“, el B‘,? in the following order: first, the bricks contained in row r + 1
of the Garnir belt 84, ordered from left to right; then the bricks contained in row r of

the Garnir belt 84, ordered from left to right.

Dernition 1.2.23. Let A € [A] be a Garnir node and write B4 for its Garnir belt.
Let B, ... ,B?A be the row A-bricks in B4, listed as above. For each 1 < t < kA, set
nf ;= min{ G4(x) | x € BA}. For 1 <t < k4, define the brick transposition w/' € G, by

e—1
(1.2.24) wl = 1_[(71;4 +a, n +e+a).

a=0
The brick permutation group of A is the subgroup G4 := (wf, cey w;:‘A_l ) < Sy, with
the convention G4 = {1} if kA < 1.

The group &4 acts on the set of A-tableaux by permuting entries, and hence it acts
on the Garnir tableau G*. Define the Garnir set and the associated residue sequence by
Gar? = {w- -G |we &}, it = i ern.

Lemma 1.2.25. Suppose that A € 2 and that A € [A] is a Garnir node. Then
Gar' \{G*} = {T e Std(1) | T2 G and iT =i},
Proor. This is [KMR12, Lemma 5.5]. O

In particular, with respect to the partial order > defined in Subsection 1.2.6, G# is
the unique minimal element in Gar A. There is also a unique maximal element T4 in
Gar A, obtained by rearranging the row A-bricks in 84 in row-reading order.

Let f = f be the number of row A-bricks in row r of the Garnir belt 84. Define
24 to be the set of minimal-length left coset representatives of S X S¢_y in G4 = .
Note that &4 < &,,, hence 24 C S, and its elements act on A-tableaux. Moreover,

Gar? = {w-T*|we 24},

ExampLE 1.2.26. Continue with Example 1.2.21 and take A = (2,1, 8). Fix type Agl) and
the charge (0, 1). The Young diagram [A], filled with residues, is as follows:

0/1]/2]/0]1 1/2/0[1]2]o]1][2]0]1]2]0]1]2]
2/10(11]2 0/1(2/0(1/2/0]1/(2]0
11210 210
0/1]2
2
The row A-bricks are colored as below. The bricks B, B2, B4, B4 are colored , ,

1772773774
cyan, and orange, respectively.
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172[3[4]5 17181920212223
617819 24/252612728[29180181 39 40

1011]12 4142

13/14/15

16

SokA =4and f4 =2 For1<i<3,let w;“ be the brick transposition. Then the brick
permutation group is G4 = (wf wA wA) and 94 is

A _ A A A A A A A A
9 —{l,wz,wlwz,w3w2,w1w3w2,w2wlw3w2}

Apply w3 to the Garnir tableau, we get the following:

1121345 17/18]19/20[21[22/23[29/130131 1el674 38|
6789 24(2526/2728 3940

10/11/12 4142
13/14/15
16
The unique maximal element T in Gar? is the following:
112]314/5] | [1718/1920121/22/23/26/27/28/29130131 38|
6789 2425 / 36743940
10[11/12 4142
13/14/15
16
The Garnir set is Gar” = {w - T4 | w € 24}. In particular, G* = (wiwiwiwg) - T4 ¢

1.3. Hecke Algebras

This thesis focuses on the representation theory and related combinatorics of Hecke
algebras and their generalizations. In this section, we briefly review the definitions
and basic results needed later.

1.3.1. Coxeter systems and Hecke algebras. A Coxeter system is a pair (W, S) where
W is a group generated by a set S subject to relations

(st)™t =1 (s,t €9),

determined by a matrix of exponents M = (mst)s tes. The entries satisfy mgs = 1 and
mge = ms €{2,3,...,00} for s # t. If ms; = 00, no relation is imposed between s and ¢.
Let ¢ denote the length function and < the Bruhat order on W; see [Hum90, Chapter 5]
for standard theory.

Associated to a Coxeter system (W, S) is its Coxeter diagram I'(W, S): this is the
graph with vertex set S, in which two distinct vertices s, t € S are joined by an edge if
mst > 3. By convention, no label is written on an edge when mg; = 3, and an edge is
labeled by mg; when mg; > 4; the case mg; = 2 corresponds to no edge. We refer to the
isomorphism class of I'(W, S) as the type of (W, S), and call (W, S) irreducible if T(W, S)
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is connected. In particular, when I'(W, S) is a Dynkin diagram such as A,_; or Agl_)l,

defined explicitly in Subsection 1.1.1 and Subsection 1.1.2, we say that (W, S) is of type
A,_1or Ail_)l, respectively.

Following the notation of [Soe97], the Hecke algebra H(W) over Z[v, v~!] is generated
by {H; | s € S} with the quadratic relations

(Hs + U)(Hs - U_l) =0 (S € S)/
and the braid relations

HyH;H,--+ = HHsH; -+ (5,t €S, mg < o).

mg; factors mg; factors

For any element w € W, it can be written as a product of elements of S. Such an
expression is reduced if it has minimal length. Reduced expressions are generally not
unique. For a reduced expression w = s ---s,, set Hy, = H;, - -- Hs,. It is a consequence
of Matsumoto’s theorem that H;, is independent of the choice of reduced expression
of w. Moreover, {Hy, | w € W} is a basis of H(W). See [Hum90, Chapter 7] for more
details.

We define the bar-involution on H(W) by 7 = v~' and H,, = Hu‘)}l, and extend it
linearly. The Kazhdan—Lusztig basis {H,, | w € W} is the unique bar-invariant basis
satisfying

ﬂw = Z hy,w(v) Hy/ hww=1, hy,w(v) €vZ[v] (y <w).
y<w
The coefficients h ,, are called Kazhdan-Lusztig polynomials.

We remark that these notations differ from the original notations used in [KL79];
see [S0e97, Section 2] for a discussion of these conventions.

If a Coxeter group is of Dynkin type *, for example of type A(el_)l, then the corre-
sponding Hecke algebra is simply called the Hecke algebra of type .

1.3.2. Parabolic Kazhdan-Lusztig polynomials. While the parabolic Kazhdan-Lusztig
theory was originally developed by Deodhar [Deo87], we adopt the framework and
notation of Soergel [S0e97, Section 3] for consistency.

Let (W, S) be a Coxeter system and take a subset I C S. The subgroup W; generated
by I is called a parabolic subgroup. The corresponding parabolic subalgebra H; € H(W) is
the subalgebra generated by {H; | s € I}.

Let /W denote the set of minimal length representatives for the right cosets W;\W:
'W = {weW]|t(sw)>l(w)foralls € I}.

Note that each w € 'W is the unique element of minimal length in the coset Wjw.
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Let sgn; be the 1-dimensional right H;—-module where H; acts by multiplication by
—v for all s € I. The anti-spherical module is the induced right H(W)-module:

N1 = sgn; @, H(W).

This module has a standard basis given by Ny = 1 ® H, for x € !W. The bar-involution
on H(W) extends to a bar-involution on Nj, denoted n +— 7, which is determined by
the properties:

Nig=Ny and n-h=n-h (neN;,heHW)).

By [Deo87, Proposition 3.2] or [Soe97, Theorem 3.1], there exists a unique bar-
invariant basis {N | x € W} of Nj such that

N, = Ne +) n.(@)Ny,  1y.(0) €0Z[o].
yel 144
y<x
The coefficients 1, «(v) are called the anti-spherical (or parabolic) Kazhdan—Lusztig polyno-
mials.

1.3.3. Symmetric Groups and Iwahori-Hecke Algebra. Let n be a positive integer.
The symmetric group S, acts on the set {1,2,...,n} from the left by permuting its
elements. For 1 <i <n -1, let o; = (i i + 1) be the simple transposition swapping i
and 7 + 1 (and fixing all other elements). It is well known that {o; | 1 < i < n -1}
generates S,. Equivalently, €, is a Coxeter group with Coxeter generators o1, ..., 0,-1
and relations

0i0j = 0j0; if |i —]| > 1, 0i0i410; = 0j410i0i41 (1 <i<n-=2).

Take S = {0; | 1 <i < n —1}. Itis easy to verify that the Coxeter diagram of (S,,, S)
is the Dynkin diagram of type A;_1.

If R is a commutative ring with 1, the group algebra of €, over R is denoted RS,,.
In this thesis, we primarily consider R = Z[v, v™!] or a field R.

The Iwahori—Hecke algebra H,, is the Hecke algebra of the symmetric group, in the
sense of Subsection 1.3.1. Equivalently, the Iwahori-Hecke algebra is simply the Hecke
algebra of type A;_1.

There is another natural presentation of H,,, see [Mat99, Equation 1.10], as follows:
H, = ﬂk/q(@n)z is the unital associative k-algebra with generators T, - - - , T;,—1 subject

IThe reader is encouraged to visit Lievis to see the pattern of anti-spherical KL polynomials and many
other interactive visualizations.

2Some authors omit k and write H,(S,) instead.


https://www.jgibson.id.au/lievis/affine_weyl/#.labels:asklpoly-
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only to the following relations
(T,—q)(T;+1)=0, fori=1,2,...,n—1
TT; =TiT;, forli—j|>1
TiTinTi = Ti TiTiva, fori=1,2,...,n-2

Note that the two presentations are related by T; = v"'H,;, and g = v™2.

For further details, we refer to [JK84, CSST10] for the representation theory of
symmetric groups, and to [Mat99] for the representation theory of Iwahori-Hecke
algebras.

1.3.4. KLR algebras. The Iwahori-Hecke algebras discussed in Subsection 1.3.3 are
the level one case of another important class of algebras, namely the cyclotomic Hecke
algebras, or Ariki—Koike algebras. We omit the details here and refer to [G]J11, Chapter 5]
for details.

Instead, we turn to the following class of algebras, namely the cyclotomic KLR
algebras, which are isomorphic to the corresponding cyclotomic Hecke algebras via the
Brundan—Kleshchev isomorphism; see [BK09a, Theorem 1.1]. The key point is that
cyclotomic KLR algebras are naturally graded. Hence, via this isomorphism, cyclotomic
Hecke algebras—and in particular Iwahori-Hecke algebras—carry a natural grading,
allowing us to study their graded structures. See Subsection 1.3.5 for details of the
graded module categories used in this thesis.

Derinrrion 1.3.1 ( [KL09, KL10, Rou08]). Let k be a field, and fix a € QF such that
ht(a) = n. The KLR algebra R, of type Ail_)l (e > 2) is the unital k-algebra generated by the
elements:

(1.3.2) le@ i€ "YUy, yn ULY1, - Yua)
subject only to the following relations:
(1.3.3) e(i)e(j) = o1 je(i), Z e(i) =1

i€l
(1.3.4) yre(i) = e(d)y,, Yre(i) = e(o,i)Y,
(1.3.5) YrYs = Ysyr
(1.3.6) Yrys = YsPr ifs#Er,r+1
(1.3.7) Vrps = sy iflr—s[>1
(1.3.8) Yryre1e(d) = (YrPr + 6i i Je(d)
(1.3.9) Yra1Pre(i) = (Yryr + 64, 4, )e(d)
(1.3.10) re@) = Qi i (¥, YrenJe (i)

(1.3.11) ¢r¢r+1¢re(i) = ¢r+1¢r¢r+1e(i) + Qir,i,ﬂ,ip,z(]/rr Yr+1, y7+2)e(i)
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where
0 ifir =1ir41
1 ifipy1 #1p,1, £ 1
Qi, iy (Yr, Yre1) = e
Yl —Yr iy > i
Yr = VYr+1 lflr — i1
and
1 ifip =ip2 > ipp1
Qi v v Yrs Yre1, Yra2) = 1=1 if iy =dpp2 iy
0 else

Given any dominant weight A € P*, the corresponding cyclotomic KLR algebra R%
is generated by the same elements (1.3.2) subject only to the above relations with the
additional cyclotomic relations

(13.12) y ey =0 foralli=(iy,..., i) € I°

The (cyclotomic) KLR algebras are also called (cyclotomic) quiver Hecke algebras. Most
importantly, R, and R% have Z-gradings determined by

dege(i)=0,  deg(y,e(i) =2,  deg(Pre(d)) = —ai, .-
for all admissible r and i € I“.

Take w € S, and a reduced expression w = [] oi;, and define ¢y, == i, - Vi,
1<j<m

However, this definition depends on the choice of reduced expression for w, since
(1.3.11) breaks the usual braid relation. We therefore fix, for each w € S,,, a choice of
reduced expression, and define ¢, with respect to that choice.

Derintrion 1.3.13. Fix quiver type Ail_)l with vertex set I, and let A € P* and o € Q™.
Let x = (x1,++ ,x¢) € I* be a charge of A. Take A € &% and T € RStd(A) a row-standard
A-tableau. Define T := 1,r for the fixed choice of reduced expression of w', where w' i
defined in (1.2.14).

S

The degree of standard tableaux defined in Subsection 1.2.7 is compatible with the
grading of KLR algebras in the following sense:

LemMma 1.3.14 ([BKW11, Corollary 3.14]). With the same setting as in Definition 1.3.13,
let T € Std(A) be a standard A-tableau, then

deg (yTe(i?)) = deg T — deg T*

RemMark 1.3.15. The definition of the degree of standard tableaux extends to row-standard
tableaux by Lemma 1.3.14. &
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We define the KLR algebra of rank n to be
R, = @ R,, where Q) = {a € Q" | ht(a) = n}.
aeQ;f

Tueorem 1.3.16 ( [KL09, Theorem 2.5]). The algebra Ry, is free as a k-module with basis
Yoy - yn"lilw e S,,my, ..., my € Zso,i € I"}.

Fix a charge «x of A. For each ¢-partition A € &7}, define the idempotent ey by
(1.3.17) ex :=e(i') € Ry

By definition, the elements {e(i) | i € [} are pairwise orthogonal idempotents, and
the KLR algebra R, is unital with identity element

1o = ) eli).
i€l
In particular, for any R,-module M one has the decomposition as vector spaces:
M= e(M.
i€l
1.3.5. Module category. In this thesis, we work with Z-graded modules and
homogeneous homomorphisms (of degree 0).

Fix a field k and let A = €P,_, A, be a Z-graded k-algebra. A left A-module M is
Z-graded if it decomposes as M = @ ;., My and, for every homogeneous x € A,, one
has

xMg S Myyg  (a,d€Z).
For k € Z, a homomorphism f : M — N of graded A-modules is homogeneous of degree
k if

f(Mg) S Nayr (d €Z).

If M = P, My is a graded A-module and k € Z, the grading shift M(k) is the
graded A-module with

(M(k))a :== M-y (d € Z).
Equivalently, deg,,(m) = deg,,(m) + k for every homogeneous m € M.

Let A be a finite-dimensional graded algebra and let M be a finite-dimensional
graded A-module. For a simple graded A-module N, let

[M: N]
denote the multiplicity of N as a composition factor of M in a graded composition
series.

Specializing to A = R,, we write R,-mod for the category of finite-dimensional
graded left R,-modules with homogeneous homomorphisms of degree 0.
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Leta,f € QF. Set Rap := Ra ® Rg, viewed as a graded algebra in the usual way. If
M is a graded R,-module and N is a graded Rg-module, their outer tensor product is

MXN :=M®&:N,
which is a graded R, g-module via

(x®y)(men)=(xm)® (yn) forx € R,,y € Rg,me M,n € N.

There is an injective homogeneous (non-unital) algebra homomorphism
la,g: Ra,ﬂ — Ra+ﬁ 8(1) ® e(]) — 6(1])/

where ij denotes concatenation of sequences. The image of the identity element of R, g
is the idempotent

Cap = tap(la®lp) = Z e(ij) € Ra+p-
iele, jelf
DerinitioN 1.3.18. Define induction and restriction functors by
IndZ;f := Rospeap ®r,; — + Rap-mod — Ryip-mod,
Resg;f = ea,gRa+p ORyip = ° Ra+p-mod — R, g-mod.

Remark 1.3.19. For any graded R ,4g-module L, multiplication induces a canonical isomor-
phism
ea,pRa+p ®R g L — eapL, X®UV > X0.

Hence ResZ;ﬁ can be interpreted as left multiplication by the idempotent e, g. In particular,

a+p . . . . . .. . .
Res ﬂﬁ is exact and sends finite-dimensional modules to finite-dimensional modules. Moreover,

Indgfﬁﬁ is also exact, by [KL09, Proposition 2.16]. &

These constructions have obvious generalizations to n > 2 factors. Givenf1,..., [, €
Q7, set
Rﬁl ,,,, B 3:Rﬁ1®k"'®kRﬁn/ ﬁ::ﬁl"‘"""ﬁn-
Under the injective degree 0 homogeneous (non-unital) map Rg,
of 15, ® --- ® 15, is the idempotent

. < Rp, the image

.....

€B1,fn = Z e(ilV i) € Ry.
iWelbr, ... imelpn
Define
p
Ind; 5 = Rgep,,...p, kg, g, Rg,,..p,-mod — Rg-mod,
ﬁ .
Resg, g = €pu..puRp ®Ry = + Rg-mod — Ry, . g, -mod

Finally, if M, € Rg,-mod fora =1, ...,n, we write the induced product as

Mijo---oM, = Indg1 g, (M R M),
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1.3.6. Cellular structure. It is well known that the Iwahori-Hecke algebras are
cellular algebras in the sense of [GL96], and admit several different cellular bases;
see [Mat99, Chapter 2] for the general theory of cellular algebras and [Mat99, Chapter
3] for the construction of cellular bases for Iwahori-Hecke algebras.

Since cyclotomic KLR algebras are graded generalizations of the Iwahori-Hecke
algebras, one expects cyclotomic KLR algebras to admit homogeneous cellular bases
compatible with the grading. The first such graded cellular basis was given in [HM10].
Later, in [Bow21], a family of diagrammatic cellular bases was constructed using the
KLRW algebras introduced by Webster; see [Web19, Web17].

In this thesis, the explicit construction of (graded) cellular bases does not play a
central role, so we instead record some important properties and refer to the references
above for further details.

We first consider the Iwahori-Hecke algebra H,, = Hy ,(S,,), where g is an eth root
of unity. A partition A = (Aq,---, A,) is called e-regular if it has no e equal parts. A
partition is called e-restricted if its conjugate A’ is e-regular. For any partition A € &,
one can construct the (dual) Specht module S*, which coincides with the cell module
coming from a suitable cellular basis of the algebra. In particular, as a standard
consequence of cellular theory, the set {D* | A € &2, is e-regular}, where D" is the
head of S*, is a complete and irredundant list of simple modules of H,,. We note that
the cellular basis depends on the choice of partial order on partitions: by choosing
a different order, one can replace e-regular partitions of n by e-restricted partitions,
which is the convention in [Mat99]. The simple modules D* are also called James
modules by some authors.

Returning to the cyclotomic KLR algebras of type Ail_)l, let R2 with ht(a) = n. Let
I ={0,1,--- ,e — 1} be the vertex set of the quiver and fix a charge x of A. For each
multipartition A € #¥, one can construct the Specht module S* in several ways: (1) via
graded cellular bases as in [HM10]; (2) as a graded lift of Specht modules for cyclotomic
Hecke algebras, see [BKW11]; (3) via the highest-weight presentation in [KMR12]. We
will give a short but detailed account of the third approach in Subsection 1.3.8, since it
plays an essential role in this thesis.

As in the level-1 case (the Iwahori-Hecke algebra), a subset of multipartitions, called
Kleshchev partitions and admitting a purely combinatorial description, indexes a
complete and irredundant set of simple graded R}-modules. We refer to [HM10]
for related results and to [Mat14] for a good survey of the representation theory of
cyclotomic KLR algebras of type Agl_)l.

1.3.7. Graded decomposition numbers. Letk bea field. Fixe € {2,3, ... }U{co}, let
1={0,1,...,e—1} (or I = Zif e = o), and let R/ be the cyclotomic KLR algebra of type
Ail_)l (or Ae) with A € P* and a € Q. Choose a charge x of A. For each multipartition
A € X there is a graded Specht (cell) module S*, and for each Kleshchev multipartition
p € &% there is a graded simple module D¥, as discussed in Subsection 1.3.6.
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DerinitioN 1.3.20. For A € &% and Kleshchev u € &%, the graded decomposition
number is the Laurent polynomial
5, (v) = Z[S":D“(d)] vl € Z[v,071],
deZ

where (d) denotes the grading shift. Evaluating at v = 1 recovers the ordinary (ungraded)

decomposition number:
dy, (1) = [s*: D¥].

We refer to [BK09b, BKW11] for graded Specht modules and graded decomposition
numbers in this generality.

When ¢ =1 (so multipartitions are partitions) and g € k* has finite multiplicative
order e, the cyclotomic KLR algebra R% (with |a| = n) identifies with the Iwahori—
Hecke algebra H, = Hy 4(S,) via the Brundan-Kleshchev isomorphism. Under this
identification, S* is the usual Specht module and the simples D¥ are indexed by
e-regular partitions > To emphasize the graded structure, let S} and D be the
corresponding graded lifts of S* and D*. Hence

a5, (0) = ) [S*: DMd] o,  with  d5 (1) = [$*: DH].
dezZ
For the ungraded theory, see [Mat99, Section 2.2 & Chapter 6].

We say that two partitions lie in the same block if they have the same e-core and
e-weight; see Subsection 1.2.4. It is a classical result that for H, one has diy(v) =0
unless A and pu lie in the same block; see [Mat99, Corollary 5.38].

1.3.8. Universal Specht module. In this section we recall the universal graded (row)
Specht modules following [KMR12]. The key point is that the permutation modules are
naturally defined by induction from one-dimensional segment modules ([KMR12, §3.6]),
and then identified with a cyclic (highest-weight) presentation ([KMR12, §5.3-8§5.4]).
We then impose the homogeneous Garnir relations to obtain the universal Specht
module.

Fix the quiver of type A (i.e. ¢ = 00) or Ale—)1 (i.e.2 < e < o), with vertex set I = Z
or [ = Z/eZ, respectively. Fix A € P* and a charge k of A. Fix a € Q" and set d = ht(«a).
Let R, and R% be the KLR algebra and its cyclotomic quotient, respectively. For A € 2%,
let TA be the initial tableau and i* := i”" € I its residue sequence.

1.3.8.1. Permutation modules. For i € I and N € Z(, define the segment
s(i,N):=(i,i+1,...,i+N-1) eIV,

3As discussed in Subsection 1.3.6, the subset of (multi)partitions that index the simple modules depends
on the choice of partial order. In particular, in the level one case, we always choose the partial order
such that the set of e-regular partitions indexes the simple modules.
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where entries are taken modulo e if e > 0. Let a; v € Q7 be the positive root associated
to this segment, that is, a; n = a(s(i, N)); see (1.1.2).

Let s = s(i, N) and set a5 = a;n. The segment module M(s) is the rank-one graded
R,,-module generated by m(s) in degree 0, with action

e(j)m(s) = 5]’,5 m(s), yym(s) =0, Y,m(s) =0,
for all admissible j and r.

Let s = (s(1),...,s(n)) be an ordered tuple of segments. Write a, for the positive
root associated to s(r) and set & := a1 + - - - + a;,. Define

M(s) := M(s(1)) o --- o M(s(n)) := IndX® (M(s(1)) ¥ --- & M(s(n))),

Ra;®+®Ra,,
with cyclic generator
m(s) :=1®m(s(1)) ®---@m(s(n)).
Let j(s) := s(1)---s(n) € I¥ be the concatenation of the segments.

Now fix A € &7} List the nonempty rows of Aas Ry, . .., R¢ (from the first component
to the £th component, and within each component from top to bottom). If R, has length
N, and the leftmost node of R, has residue i,, set

r(a) :=s(iz, Ng).
Define the associated row tuple
r(A) = (r(1),...,7(g))-
DeriNntTION 1.3.21. The row permutation module is defined by

(1.3.22) M == M(r(4)) (deg(T?)),
and we write m* for its (shifted) cyclic generator.

1.3.8.2. Homogeneous Garnir relations. Fix a Garnir node A € [A]. Let 84 be the
Garnir belt of A, decomposed into A-bricks as in Subsection 1.2.8. Let k = k“ be the

number of bricks in 84, and let 4 = Sy be the brick permutation group, with Coxeter

generators wf, ceey wf_l defined as (1.2.24) swapping adjacent bricks. Let f = f4 be

the number of bricks lying in the first-row part of 84, so that S¢ X S_y < GA. Let 24
be the set of minimal-length left coset representatives of G X Gj_ in &

Let T4 be the unique maximal row-standard tableau in the Garnir set Gar”. Set
it=i" e, m# = gl)TAmA e MA.
Following [KMR12, §5.4], we define the brick operators as follows.

DerintTion 1.3.23. For 1 <r <k —1, set

ot = Pyael?), = (o] +1)eli?).



1.3. HECKE ALGEBRAS 28

Ifue @ andu =wp---w;p isachosen reduced expression, define

off =0t af, =TT
Lemma 1.3.24 ([KMR12, §5.4]). For every u € 9%, the element i) is independent of the
choice of reduced expression of u.

DeriNtTION 1.3.25. The homogeneous Garnir element associated to A is
A
gh= ) iy’ eR,.
uep4
Equivalently, the corresponding Garnir relation in M* may be written as

gimh = Z it mh.
uegA
The KLR algebras admit a diagrammatic description; see [KL09, Section 2]. We
briefly introduce this in Subsection 4.1.5. We end this section with an example using

this diagrammatic description to describe 07! and ¢_;a. The multiplication is from the
bottom to the top.

ExampLE 1.3.26. Continue with Example 1.2.26, 05‘ 1= l,bw;qe(iA) is the following string
diagram:

2 0 1 2 0 1

These strands correspond to the entries from 26 to 37 in TA, while all undrawn strands are taken
to be vertical straight strands. Similarly, \_ ra is as follows:

These strands correspond to the entries from 24 to 38 in TA and TA, while, as before, all undrawn
strands are taken to be vertical straight strands. &

Remark 1.3.27. If 94 = {1}, then g/ := 1,DGA, so the Garnir relation reduces to the “trivial”
relation gbGAz" = 0. In particular, for partitions of hook shape in type A((gl_)1 and arbitrary
partitions in type A, any Garnir node has the trivial Garnir relation. O

1.3.8.3. Universal Specht modules. We define the universal graded Specht modules
via a highest-weight-module presentation:

DeriniTiON 1.3.28. Let A € &% and d = ht(a). The universal graded (row) Specht
module S* is the graded R ,-module generated by z*, which is homogeneous of degree deg(T*),
subject to the relations
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(a) e(j)z* = 6; 3 2" for all j € I%;

(b) yrz" =0forr=1,...,d;

(c) gbrz/‘ = 0 whenever r —ar +1;

(d) ¢z* = 0 for every Garnir node A € [A].

RemARk 1.3.29. Let M be the cyclic module generated by m” subject only to the relations
(1)~(3) in Definition 1.3.28. Then M = M* as graded R,-modules and there is a natural
surjection M* — S sending m* +— zA, and

St = MA/< gtmh ) VA € [A] is a Garnir node >
o

In later sections, we call m* and z* the standard cyclic generators of the modules M*
and S%, respectively.

1.3.8.4. Bases. For completeness, we record the standard basis results.
Tueorem 1.3.30 ([KMR12, Theorem 5.6]). The permutation module M? has a k-basis
{"m" | T e RStd(A) }
Cororrary 1.3.31. Let £, ¢’ be two positive integers, and take two charges x € I and

k' €1V Let A € P and p € PX. Assume that A and p have the same ordered list of row
segments (i.e. r(A) = r(u)). Then there is a canonical graded R ,-module isomorphism

O: M} = MH, O(rmt) = rm# (r € R,).

In particular, splitting any component into several consecutive components by cutting off rows
(and preserving the row order) does not change the isomorphism class of the corresponding
permutation module.

The following result shows that the highest-weight presentation Definition 1.3.28
indeed defines the graded Specht module.

Traeorem 1.3.32 ([KMR12, Corollary 6.24]). There is a homogeneous degree O isomorphism
between S* and the graded cell module of R{)} constructed in [HM10]. Moreover, S* has a
k-basis {7z | T € Std(A) }.

Tueorem 1.3.33. Suppose that A = (AD, ..., A1) € 2%, Then
(1.3.34) st = A 0. 0544y,

where
dy = deg(TA) — deg(T"(l)) — = deg(TN)).

as graded R,-modules. In particular, M o0 52dy) factors through the surjection
R, — R%, and the isomorphism (1.3.34) is also an isomorphism of graded R2-modules.
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1.4. Alcove geometry

The alcove geometry will be needed in Chapter 3. In this section, we briefly recall
the definitions, specialized to type Agljl.

1.4.1. Affine hyperplanes and alcoves. Follow the notation for type A, from
Subsection 1.1.1. Let Q be the root lattice embedded in the Euclidean space E. The
lattice Q acts on E by translations.

The (finite) Weyl group of type A,_1, denoted by Wy, is the symmetric group &,,
acting on E by permuting the coordinates.

The affine Weyl group is
W = WoxQ,
The affine Weyl group is a Coxeter group with generators sg,si,---,s,—1 where
(s1, -+ ,8r-1) = Wo; See [Hum90, Chapter 4] for more details.

For a € R and k € Z, define the affine hyperplane
Hox = {x €E|(a",x) = k}.

This hyperplane separates E into two open half-spaces: the positive side H , and the
negative side H_, , defined by:

Hox
-

a,k

{x € E|{(a",x) >k},
{x €eE|{a¥,x) < k}.

Let H = {Hu x | @ € R*, k € Z} be the set of those affine hyperplanes. The alcoves are
the connected components of the complement of the union of these hyperplanes:

E\ | H

A facet of an alcove A is a codimension-one face of its closure A. Geometrically, it is
the intersection of A with a single hyperplane H € H that forms a boundary of the
alcove.

Let R C E be a connected region defined as the union of the closures of a finite
collection of alcoves. The boundary of R, denoted JR, is the set of points x € R
such that every open neighborhood of x intersects both R and its complement E \ R.
Combinatorially, JR is the union of the walls that serve as a facet for exactly one alcove
in the collection. The interior of R is defined as R° = R \ JR.

The fundamental alcove is
Ao={x€E|0<(a),x)<1(1<i<r-1),(0",x)<1},
where 0 is the highest root defined in (1.1.1).
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The dominant chamber is

C*={x€E|(a,x)>0 forall i}.

An alcove contained in the dominant chamber is called a dominant alcove.

We identify E with Pr = P ®z R. Writing elements of W as w = wot,, with wyg € Wy
and y € Q, the standard action of W on E is given by
(1.4.1) w-x = wo(x)+y, x € E.

This action consists of affine isometries and acts simply transitively on the set of
alcoves [Hum90, Theorem 4.5].

1.4.2. The level-e action. Let e > 2 be a positive integer. The level-e action of W on
E is defined by dilating the translation part by a factor of e:

wke A = wo(A) +ey, A €E, w=wpt,.

Note that the case e = 1 recovers the standard action in (1.4.1). This action preserves
the set H(©), which is also called e-alcove arrangement and consists of the e-dilated
hyperplanes:

HE = {ch |« € R,k € Z}, where H((Xe;( ={x €E|{a¥,x) = ke}.

The connected components of the complement E \ [ H (©) are called e—alcoves and an
e-alcove contained in the dominant chamber is called a dominant e-alcove. The level-e
fundamental alcove is

A ={xeE|0<(a),x)<e(1<i<r-1),(6%,x)<e}.

The level-e action induces a simply transitive action on the set of e-alcoves.

1.4.3. Shi coefficients. A convenient way to encode the position of an alcove is via
Shi coefficients, which were introduced in [Shi87]. Recall that for any real number c, the
floor function | c | denotes the greatest integer less than or equal to c.

For any e-alcove A and positive root a € R*, the value |[(a", x)/e] is constant for all
x € A. We define the level-e Shi coefficient of A with respect to « as:

KOA) = V“Vefﬂ (x € A).

The collection of integers {kff)(fﬂ) | @ € R*} uniquely determines the alcove A.

Specifically, two dominant weights A, u lying in the interiors of e-alcoves belong to the

same alcove if and only if

{(av, A>| _ {(av, K
e

(1.4.2) ,

| forall a € R*.

1.4.4. Reindexing the anti-spherical KL polynomials. Recall from Subsection 1.3.2
that the anti-spherical Kazhdan-Lusztig polynomials n, »(v) are indexed by elements
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x,y € 'W. The map
X — Ay =X *e ﬂ(()e)

defines a bijection between the set of minimal representatives W and the set of e-
alcoves contained in the dominant chamber C*; see [S0e97, Section 4]. Thus, we may
view the polynomials 1, .(v) as being indexed by pairs of dominant e-alcoves via the
identification na,, 4, (v) := 1y x(v).

We further relabel these polynomials using dominant weights. Following [GW9S,
Section 5], we associate a unique dominant e-alcove A(A) to every dominant weight
A € P* as follows:

e If A lies in the interior of a dominant e—alcove A (i.e., A € A), set A(A) = A.
e If A lies on some hyperplanes HS;{, let A(A) be the unique dominant e—alcove

such that A lies in its closure A(A) and A lies on the positive side of every
hyperplane separating A(A) from the origin.

Finally, for any pair of dominant weights i, A € P*, we define the level-e anti-spherical
Kazhdan—Lusztig polynomial denoted by nZ 1 (0):

¢ (o) {nﬂ(y), am(v) if ypand A are in the same W-orbit under *,,
né ,(v) :=
w,A

otherwise.

This allows us to work with anti-spherical Kazhdan-Lusztig polynomials indexed
directly by dominant weights. We include the superscript e to emphasize that the value
depends on the level of the affine action used to define the e-alcoves. See Figure 8
and Figure 9 for examples of associating a dominant weight to the corresponding
e-alcove; we have shaded the e-alcove using a lighter shade of the color used for the
point representing the dominant weight.



CHAPTER 2

Generalized Specht Filtration

This chapter is a copy of [Qin25] with minor changes. We briefly summarize the
main results. In type Agl_)l, for a partition A of hook shape, we construct a Specht
filtration of the permutation module M” (see Definition 1.3.21) in a very explicit way;
see Theorem 2.1.2. In type A, for any partition A, we construct a generalized Specht
filtration of the permutation module M*; see Theorem 2.3.2. A base case for the second
result is the two-row case in type A«, where the permutation module M" admits a
Specht filtration; see Theorem 2.2.9.

In this chapter, when the order of the components of an {-partition is fixed and the
leading residues are already determined as (i1,--- ,i7) € I t we always fix a charge «
satisfying k1 > k2 > -+ > k¢ and k; = i; (mod e) for each j. By abuse of notation, we
often write 222 := 27X in this case.

2.1. Specht Filtration in type Ail_)l for Hook Partitions

In this section, we fix the quiver Ail_)l with e > 2, and take a positive root @ € Q*
and a dominant weight A € P*. Since our construction of the Specht filtration is
component-by-component, see Theorem 1.3.33, we may assume A = A, for some
O<x<e-1

Given a partition A = (Aq,...,A,) € 3”9, we define the corresponding permutation
module M*. In general, there could be many Specht filtrations of M*. For example, let
i = (A;) € PMestiv) foreach 1 < i < rand p = (1] |yr), then (see Subsection 1.3.5)

MV MMl o...o MMr =~ St ... 0 SHr =~ GH

by Corollary 1.3.31 and Theorem 1.3.33. However, this approach is not natural and
proves to be unhelpful for our purposes. The reason is as follows:

Although M* is an R,-module, it is primarily used to construct the Specht module
S* over the cyclotomic algebra R%, where A is fixed. Hence, a meaningful Specht
filtration of M* should be one with head S*. In other words, we aim to construct a
Specht filtration for the submodule of M* generated by the Garnir relations associated
to [A].

In general, constructing such a filtration is a difficult problem. However, for hook
partitions, the situation simplifies considerably. One of the key reasons is that in this
case, all Garnir relations are trivial as mentioned in Remark 1.3.27.

33
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Throughout this section, we fix a hook partition A = (k,1"). Foreach1 <i <r, let
A; = (i, 1) € [A]. One checks easily that {A; | 1 < i < r} is the set of all Garnir nodes in
[A]. We set

gbAi = v,bGAi foralll1<i<r.

Lemma 2.1.1. Let v be the standard cyclic generator of the permutation module M* over R,
where « = ). Then:

Phip = P12 Pre(io ifi=1,
1Pk+i—l€(i)\)v if2<i<r
Thaeorem 2.1.2 (Specht Filtration). Fix the quiver Ail_)l (e > 2) or A, take @ € Q7

A = Ay and a hook partition A = (k,1") such that oy = a. A Specht filtration of the
permutation module M* is given by the following chain of R ,-modules:

MY=Moy2Mi 2M 2 2 My 2 My =0

where, for 1 < i < r, the module M; is the submodule of M" generated by {¢"iv, ...,y v},
Moreover,

M;/M;4q = Sh
where
A=(k,17) ifi =0,
(k+1,171 ifi=1,
(k1] [1](2,177%) if2<i<r,
——
i—2 times

and S"i is the Specht module over fo\(i) where A(i) is determined by the charge:
X ifi =0,
k(i) =qx -1 ifi=1,
(x,x-1,--- ,x—i+2,x—1i) if2<i<r
Before giving the proof, we show the construction in an example.

ExawmpLE 2.1.3. Take quiver Agl) with vertex set {0,1,2,--- ,9} and A = Ay, consider
[-3:ao+a1+a2+a3+a5+a6+a7+ag+a9
and A = (4,15).

We know dim M* = 15120. The partitions that appear in the Specht filtration of M* are
listed below, with their corresponding Young diagrams filled with residues.
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@). Ao = A = (4,1°)

0/1/2]/3]
19 |
8] dimS" =56  A(0) = Ag
7
16|
El
(b). A1 =(5,1%
9/0/1/2]3]
8
7] dimSM" =70  A(1) = Ag
6]
El
(0). Ao = (42, 1°)
[0/1/2]3]]]8]9
7] dimS™2 =504  AQ2) = Ag + Asg
6
|5 |
(d). A3 = (4/1]2,1%)
1[2]3 718
0/172]3] | [9] ‘ 6 dimS™ =1890  A(3) = Ag+ Ag+ Ay
5]

(e). Aq = (4[1]1]2,1)

(‘EI ‘ 6 7) dimS™ =5040  A(4) = Ag + Ag + Ag + Ag

(). A5 = (4/1[1]1]2)

(023 | B | B] | [F] | Ble]): dimS™ =7560, A(5)= Aq+AetAs+Ar+As

It is easy to verify that: Y, dim S* = 56+70+504+1890+5040+7560 = 15120 = dim M*.
0<i<5
%

The equality of dimensions plays a crucial role in our proof, so we begin by
establishing this fact.

Lemma 2.1.4. In type Agl_)l or type As, suppose A = (k,1") is a hook partition, then
r
dim M* = ¥ dim SV
i=0
Proor. We use the hook length formula to compute the dimension of Specht modules;
see, for instance, [CSST10, Theorem 4.2.14]. Then
(k+r7)!

dim M* = 1
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o (k +1)! (k+7)k
dim §% = dim S* = G+ k=10 (k+r)rik!
(k+r)t  (k+n)r

dim SM =

(k+n)k!(r =1)!  (k+r)k!r!
For2 <i <r—1,itis easy to see:

dim §% = (kzr)(;)(rzl)---(r_i+3)(r—i+1)

_ (k+r)tr(r-1)---(r—i+3)r—-i+2)(r—i+1)

k!r! r—i+2
_(k+7)! r!
okl (r=i)r—i+2)
(k+7)!

Tk —-i)r—-i+2)
_(k+)(r—-i+1)
 kl(r-i+2)!

For S, we know:
(k+7r)!

1 Ar —
dim ™ = o

Hence we have the following;:

. . (k+7)! k r—i+1 1
2 dims* = K\ (k+r)r! (k+r)r' Z (r—z+2)' )

0<i<r
_(k+r)! r—i+2
Kk ! Z r—i+2) Z (r—z+2)' )

2<i<r— 2<i<r-1
_(k+r) |1 1 1 1
sl PRI DI L
2<t<r-1 3<t<r
k !
=( -]:'r) = dim M".

O

Lemma 2.1.4 shows that the filtration of Theorem 2.1.2 is well-behaved at the level
of vector spaces. From this point onward, we fix the notation as in Theorem 2.1.2
and assume A = (k,1") with k > 1 and r > 1 to avoid trivial cases. The case r = 1 is
analogous, and can be handled by the same argument as in Lemma 2.1.6.

Lemma 2.1.5. Let v be the standard cyclic generator of M* and i = i* = res(T"), we have:

@) yj (Y12 Yre(i)v) = 0, for1<j<k+r,

(b) Yj (rrire(i)o) =0, for2<i<r,1<j<k+r,
(©) ¥ (P12 re(i)v) =0, for1<j<k,

(d) Vi (Yrsi-re(i)o) =0, for2<i<r 1<j<k-1.
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Proor. To show (a), if j = 1, then the tableau of o203 - - - oxT" is the following:

1/3]4]

Tk Jk+1]

2
k+2l

k+r

Hence we have:

vig1 (Y2 - - Yre()v) = Prya (P2 - - - Yre(i)o)

For each 2 < i < k — 1, the tableau 04104 - - - 0, T" is the following:

12 T el Tk k]

i+1
k+2

.k+r.

let 0; = Ores(1,i),res(2,1) € 10,1}, then we have:

Y1+ Pict (Vi) Yis -+ - Ypo

= Y1 Pic1 (QiYier — 6i)Pis1 -+ Yre(i)o

= Y1 YicpiyinPiva - Pre)o = 61 - PicPivr - Pre(i)o
=1 YicYiyinPivt - Pre()o — 61 - - YiaPivy -+ Prpicre(i)o
=1 YiapiyiviQiv1 - - Pre(i)o.

Hence we have:

yip1pa - Pre(i)o = Pryapa - - - Pre(i)o
=12 yiYi - Pre(i)o
= P12 yrPre(i)o
= 192 o1 (Pryrs1 — Ox)e(@)o
= P19 Pr1Pryrrre(i)o =0

If1 <j<k+1,wehave:

yjp1go - Pre(i)o = 1y -
=Py
=11y
=Py

jayipjo1 - Pre(i)o
Pio(jo1yjo1 + 60— - Pre(i)v
Pi2pjayjag) - pre()o
pj2pjaa - Pryjae@o = 0.

If j > k + 1, then y; commutes with {14 - - - ¢, and hence (a) is trivial.
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E—
To show (b), if j # k + i — 1, k + i, then y; commutes with 14,1 and it follows. As
ix+i—1 =res(i, 1) « res(i +1,1) = ix;;, we have:
yk+i—1¢k+i—1e(i)v = ¢k+i—1yk+ie(i)v =0,

Yi+iQk+i-16(1)0 = Prsic1Yiri—1e(i)v = 0.
To show (c),if j =1,

Vi Pre()o = (y1 = y2)P - Pre(i)o
= —y2P2 - Pre(D)o + P2 - Pryre(i)o
—y2p2- - Pre(i)o
= —ay33- - Pre(i)o
=0

The last equality holds by above argument in (a). The second last equality holds
because 62 = Oreg(1,2) res(2,1) = 0 since e > 2.

If j =2, we use (1.3.11) and that 61 = Ores(1,1),res(2,1) = 0:

Yooz -+ Pre(i)v = (Y1ya1 — 01)P3 -+ - Pre(i)v
= P1ag1ys - - Pre(i)o
= P12y Prypre(i)o
=0
If 2 < j <k, then we use (1.3.11):

Vi1 pre()o = 1o Py Pre(i)o
=1 (Yj1¢jj1 = 6j-1) - Pre(i)v
=1 PP - Yre()v = 8j1P1 - Yiatisr - - Pre(i)o
=Py Yrie(o = S P - Yrje(i)
=0
To show (d), notice that ¢; commutes with ¢x;;—1 and je(i)v =0forany2 <i <r,1 <
j<k-1. O

Lemma 2.1.6. There is a surjective R ,-homomorphism from S™ to My / My, which maps the
standard cyclic generator w of SM to Y1v + M,.
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Proor. Let w be the standard cyclic generator of the Specht module S't. It has the
following presentation:

M e(j')w = oje(j)e, where j = res(T")
(2) yje(jjw =0, for1<j<k+r
3) Yie(jlw =0, for1<j<k

(4) Y1Y2- - Prrae(lw =0

) Yr+ie(j)w =0, for2<i<r-1

We verify that M3 / M, with the standard cyclic generator 1o+ My = 115 - - - Pre(it)o+
M, satisfies these relations, hence there is a surjective R,-homomorphism ¢1 from sh
to M1/M, mapping w to Y410 + M.

The (1) relation is clear since resp, (GA1) = resp (0102 - - - 0xT?) = resy,_, (TM).

The (2) and (3) relations hold by (a) and (c) from Lemma 2.1.5.

For (4), notice that Tj := oja]-+1---ak+1(aj_1aj---okTA) (j = 3) is the following
tableau:

1 2] T kA
j—l
]
k+3
k+4

k+7

Let j* := res(T}). It is easy to see res; o(Tj) = res;(T;) — res;_1(Tj) if and only if
res(1, j —2) = res(3, 1) and this is the only case for which Qj}_z,j;_l,j;(}/j—b yj-1,Y) # 0.
Let &/ = Ores(1,j-2),res(3,1), then we have:

Qjtpip iy Wj-2, Yj-1,yj) = O/
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Notice that 6> = 0. We keep applying the relations (1.3.11):

P1PoPaPa - P (P1g2 -+ Prv + Ma)
= (P1Y2g1)P3ts - - Praa (Y23 - - v + Ma)
= (Yo192)¥sts - - Yra1 (PoiP3 - v + Ma)
= a1 (Y232) s Pra1 (Y3 iv + M)
= (a1 (atavs + 6N Pa - Yrar (Y3 Yo + Ma)
= (Y2 1) (323 s - - Prsr (Y3 - - v + Mp)
= (P2p1)(W32) - (i)Y je1 - Prar (Y - - Yre(D)v + M)
= Wap1)(W32) - (i) + T jsr -+ Yraa (¥ - - Pre(i)o + M)
= (1) W32) - (i1 jar - Prera (¢ Pre(@)o + M)

= (V21)(W@3y2) - (Yk-1¥k-2) Wk r-1) Yk rr1Pre(d)o + M

= (2p1)(W392) - - (Pk1Pr2) W k-) @ rs1rtprer + 65 e(i)o + My
= (Y2y1)(W3¢2) - - - (Yk-1¢k-2) WP i-1) P i1 P Pi+re (D)o + Mo

=0+ M,.

All the expressions with ¢/ (4 < j < k+2) vanish because the earlier term ¢;_3 commutes
with the terms to its right and kill v. The last equality holds because the Garnir relation
Y420 = Pyy1e(it)o € M.

For (5), as already noted in Lemma 2.1.1, we have
Yraitpo = PN Yo = pHYrino € My,
where the first equality holds because {i+; commutes with i1 - - - P for2 <i <r—-1. O

Lemma 2.1.7. Foreach 2 < i < r — 1 there is a canonical surjective R ,-homomorphism from
SAi to M;/ M1, which maps the standard cyclic generator w of S* to Yiv + M.

Proor. Let w be the standard cyclic generator of the Specht module S* and let
i := i*. Then it has the following presentation:

(1) e(i’)w = 6jyw, where j = res(T")
(i1) yje(j)w =0, for1<j<k+r
(iii) Yie(jlw =0, forl<j<k-lorj=k+i-1

@iv) Yrric1Pirie(j)w =0

(V) ¢k+i+je(j)w =0, forl < ] <r-1-i
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We verify that M; / M; 1 with the standard cyclic generator gbAi V+Mis1 = Yryicre(i)o+
M1 satisfies these relations, hence there is a surjective R,- homomorphism ¢; from
SYi to M; /M1 mapping w to gbAiv + M.

(i) can be shown by the same argument as in Lemma 2.1.6.

(ii) and (iii) are satisfied by (b) and (d) from Lemma 2.1.5.
(iv) can be verified by applying the relation (1.3.11):
Vkric1Pk+i€(§) (Yrric1e)o + Miv1) = YrriVrri-1Pksie()o + Mipa = 0+ M

The first equality holds because ix+i-1 # ik+i+1 Since e > 2.

For the remaining relations from (v), use the fact {x+;—1 commutes with ¢;4; for
1<j<r-1-i:

Viritj€(G) (Preio1? + Mis1) = QrriciPhaini0 + Mi

As Ro{¢k+i+19, -+ , Yr+r-10} = Mj41, the conclusion follows. O

Lemma 2.1.8. There is a canonical surjective R ,-homomorphism from S to M, which
maps the standard cyclic generator w of SN to Yo,

Proor. The proof is almost the same as Lemma 2.1.7, but easier because there is no
Garnir relation this time. m|

Now we can prove the main theorem.

Proor or THEOREM 2.1.2. The i = 0 case is trivial since M is generated by the Garnir
relations and we know that
MY /M, = st
as R,-modules.

For 1 < i < r, we have constructed a surjective R,-homomorphism from S*i to
M;/M;+1 by Lemma 2.1.6, Lemma 2.1.7 and Lemma 2.1.8. By Lemma 2.1.4, since the
sum of the dimensions of S for 0 < i < r equals the dimension of M?*, all these
surjective homomorphisms must be isomorphisms. Hence, the proof is complete. O

ReMaRrk 2.1.9. See Subsection 1.2.7 for the definition of degree of tableaux. One might expect
that the Specht filtration satisfies the property that the isomorphism between SYi and M;|M;41
is homogeneous of degree zero. However, this is not true in general. Indeed, it is easy to see that,
as graded R ,-modules, we have: SY{—deg TY + deg T* + deg Yie(i)) = M;/M;y1. ¢

ReMARK 2.1.10. The Specht filtration in Theorem 2.1.2 is generated by the Garnir relations
in top-to-bottom order. By reversing this order, one obtains a skew Specht filtration of M* whose
factors are the skew Specht modules introduced in [Mut15]. o
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2.2. Two-Row Partition Case in Type A,

In this section, we fix a partition A = (k, r) with k > r and prove that, in the linear
quiver A case (or in type Agl with e large enough), all Garnir relations of A are
generated by the first one.

With the data above, the initial tableau T* is the following:

1 2 s | s+1 ro|r+1 | k-1 k|
k+1 | k+2 k+s |k+s+1 k+r

Let B; := (1,i) for 1 < i < r. Clearly they are all the Garnir nodes of [A]. Set 1B := G”
foreach1 <i <r,andi:=i' = res(T").

Lemma 2.2.1. For 1 <s < r, we have:
(22.2) P = (Yaso1 - Ykas—aWkas—1) - (st - PrPir)(Ws - - Pro1i)e(i)

Proor. If s =1, the permutation o1 - - - 0% transforms the initial tableau T into the
following Garnir tableau G51:

2 3 4 r+1 | r42 | k| k+1 |
1 k+2 | k+3 k+r

If s > 1, the permutation o, - - - 0x—1 0 transforms the initial tableau into the following:

2 3 s+1 | s+2 r+1 | r+2 | k| k+1 |
S k+2 | k+3 k+s |k+s+1 k+r

Similarly, after applying (0541 - - - 0k 0k+1)(0s0k—1 - - - 0k )e(i) to T#, we obtain the following
tableau:

2 3 s+2 | 543 r+2 | r+3 | D k+1 | k+2 |
S s+1 | k+3 k+s |k+s+1 k+r

Continuing this procedure s times, we obtain the Garnir tableau G5::

1 2 3 2s | 2s+1 s+r [s+r+1] k+s—1] k+s |
S s+1 s+2 2s—1 | k+s+1 k+r
Let

W = (025-1 " Ok4s—20k4s-1) = * (Os11 - Ok Ok41)(Os * - Ok-10%) € Spr.
We have shown that wT?* = G5. Tt is classical (see, for instance, [Mat99, Proposition
3.3]) that the map

T

7

{row-standard A-tableaux} — W* c Gy, Tr— w

is a bijection onto the set WA of minimal-length representatives of Sy.,/(Sk X S;),
characterized by wITA = T. Therefore, since wT* = G5, we must have w = wGBS,
and hence w € W*. In particular, w has minimal length in its coset and therefore the
expression is reduced.
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Moreover, by [KMR12, Lemma 3.17], w is fully commutative, so any two reduced
expressions for w are related by commuting braid moves. Consequently, 1 is
independent of the choice of reduced expression, and the stated equality follows. O

Lemma 2.2.3. For 1 < s <r —1, take the Garnir node Bs,1 and let v be the standard cyclic
generator of M*. Then

PosBstie(i)o = 0

Proor. If s > 1, set " := (P51 Prss—2) - (Ps41---Px). By Lemma 2.2.1, we
have:

PP = (Pogi1 Pras) (W25 - Whaso1)’

Let Tq := (0251 Ok4s—2) - - - (0541 - - - 0x)T?, then it is of the following form:

1 2 s—1 s 2s | 2s+1 s+r—1 [k+s—1]
s+1 s+2 2s—1 k+s | k+s+1 | k+s+2 k+r

Let T := (040441 Okys)(0f—1 -+ - Okss—1)T1 for 2s + 2 < t < k + s, then it is of the
following form:

1 2 s—1 s 2s 25+1 t—2 t+1 s+r—1 | k+s+1 |
s+1 5+2 2s—1 t—1 t k+s+2 R2t—2-2sRt—1-2s k+r

It is easy to see resr, (t —2) # resy,(t) and resy, (2s) # resy; (2s + 2) since the quiver is A
(or Agl_)l with e > 0). We can apply (1.3.11):
as WP 1e(1)v = Pos(Pass1Pas42 - Wias)(WasPasi1 -+ Ykas—1)P e(i)o
= (Y2sP2s1¥2s) (W2s42 - Yias) Q2541 -~ Yieas—1)P e ()0
= (Y2s1¥25W2541) @252+ Pis) (P51 -+ Yirs—1)P e()0
(V2511025 (Y2541 W25 42W2541) (V2543 * Wiers) (W2s43 + - Pras—1) P e(i)v

(V2s+1925)(W2s292541) * (Yhs 1P ks —2) P kas—1P ks Prrs—19 e(d)0

= (Y2s+1P25)W2s+22541) - (Whas1 ks —2)Phrs Phws—1P ks Y e ()0

= (Y2s+1P25)W2s+22541) - (Whas 1P ks -2)Prrs Phws 19 Prase(i)o = 0
The second last equality holds because ¢i+s commutes with 1" and it kills v.

If s =1, by Lemma 2.2.1, $52 = (3 ps1) (W2 - x)e(i). For4 <i < k +1, the
tableau T := (0, - 0441)(0i_1 - - - 0%) T is as follows:

1 2 3 i—2 | i+l | i+2 r+2 | r+3 | | k+1 | k+2 |
i—1 i k+3 k+i-2k+i—1| k+i k+r
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In particular, rest(i — 2) # resr(i). We can apply (1.3.11) and compute:

VapPe(i)o = Ya(Y3 -+ Yra1) W2 -+ Pi)e()o
= (Y232) (g -+ Yis1) (W3 - Pr)e(i)o
= (Y32P3) (s -+ - Yis) (W3 - - Pr)e(i)o
= (P3Y2)(W3Pa3) (5 - - - Prs1 ) (s - - - P )e(i)v
= (V3Y2) (WaP3a) (5 - - - Y1) (s - - - P )e(i)v
= (Y32)(ay3) - - - (YxPr-1) kP r+1Pke(i)o
= (Y3P2)Wa3) - - (WWr k1) Prks1xPis1e(i)o
=0

We are now in a position to prove the main result of this section:

44

Tueorem 2.2.4. Let v be the standard cyclic generator of M*, for 1 < s < r — 1, we have:

(22.5) (Ps¥ss1 - Pras)p™e(io = —pP+te(i)o
Proor. We compute as follows:

(Ebs Bbs+1 T ¢k+s)¢35€(i)0
= (Pstsi1 - Pras)W2s-1 -+ Piws—1) - (Pss1 -+ Prs1)
(s Pre(i)v

= (PsPsi1 - Pras)(W2s-1P2s2 P ) (W25 Pras—1) - (Ysy2 -+ Pis1)

S(Psi1 - Prle(i)o
= (YsPss1 - P2s—1P25 2541 - - Phas ) (251252 - Ys)
(Y25 Pras—1)  (Pse2 o Y1) (Wsea - Pr)e(i)o
= (PsPss1 - Pas—1P2sP2s—1P2s—2 - Y5 ) (Y2541 - YPhts)
(Y25 Pras—1) (P2 Y1) (Wsea - Pr)e(i)o
= (s ss1 - PasPasPas—1Pas—2 -+ Ps) PPe(i)o.

Notice T?72 := (0252 - - - 05)GP*1 is the following tableau:

1 2 3 s—1 | 2s—1] 2542 | 25+3 s+r+1ls+r+2|

| k+s |k+s+1]

S s+1 | s+2 2s=2| 2s | 2s+1 |k+s+2 k+r
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Since resr2s-2(2s — 1) = resy2s—2(2s + 1) < resr2-2(2s), we get:

(Wssen - Pas1Pasthos1asa - Ps)pPrle(i)o
= (YsPss1 - Pas—2 (VasPas—12s — 1) has—a - - s )P Psle(i)o
= (YsPss1 - Pas—2 (VasPas—12s ) Pas—2 - - - Ps ) e1e(i)o
— (Ystsp1 - Pas_othag o -+ - Ps)PPe+le(i)v
It is clear the first term vanishes by Lemma 2.2.3 as ¢»; commutes with the remaining

7§b25—2 o Ebs-

Let T" := (0, ---05)GP+ for s < r < 25 — 2, which is of the following form:

1 2 r—s+1jr—s+2 r+1 | 2542 s+r+1]s+r+2] k+s+1]
S s+1 r r+2 2s | 2s+1 k+r

As rests(r 4+ 1) and rest/(r + 2) are not adjacent or equal, apply (1.3.10):
(Wsthss1 - Yas—atas—a - P)PPle()o = (Psthssr - Yas—atas—a -~ Ps)PPre(i)v

= gbB”le(i)v

CoroLLARY 2.2.6. The submodule of M* generated by
{WBle(i)o, pP2e(i)o, ..., PP e(i)v}

is cyclic, with generator YPie(i)v.
CoroLLARY 2.2.7. Fix quiver A« or Ail_)l with e > 0. Fix A € P* a fundamental weight
and a € Q% a positive root. Let A = (Ay,--- ,Ay) € 3%\ and i :=it, and form the permutation

module M* with standard cyclic generator v, then the submodule My of M generated by the
Garnir relations has the following form:

M = Ro{yMe()o, -+, phte(i)v}
where {A; = (i,1)|1 < i < r — 1} is the set of Garnir nodes in the first column of [A].

Proor. Each Garnir relation only involves two rows, hence we only need to show any
Garnir relation relating row i and i +1 is generated by the Garnir relation corresponding
to the Garnir node A;, which is just Corollary 2.2.6. |

We are now ready to construct a Specht filtration of M*. As a first step, we compare
the dimensions, analogous to Lemma 2.1.4.

Lemma 2.2.8. Let A\g = A and A1 = (k + 1|r = 1). Then dim M* = dim S + dim S*1.
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Proor. The dimension of M* is

(k+7r)!
k!r!
and the dimension of 5% is
(k+7)! _(k+r)l(k-r+1)
(k+1)--(k=r+2)(k=r)r! — (k+1)r!

The dimension of S*1 is:

(k+r) (k) (k)

k+1) (k+DW(r-1)"! (k+1)!r!

It is immediate to get the desired equality. |

THEOREM 2.2.9. Suppose the quiver is A o Ail_)l with e > 0. Fix @ € Q" and A; € P™.
Let A = (k,r) with k > r be a two-row partition such that ay = a. Let v be the standard cyclic
generator of the permutation module M*, and let i := i*. Then M" admits a Specht filtration:

MY =My 2 My 20,
where My = R, - YBe(i)v, and we have:
Mo/My =S*,  M;=sh,
where A1 = (k+ 1| r —1) and S is the Specht module over R% with A determined by the
charge x = (i — 1, 1).

Proor. By Corollary 2.2.6, the only part that remains to be proven is the isomorphism
between M; and S'1. Using essentially the same argument as in Lemma 2.1.6, we
can show that the cyclic generator 1)B1e(i)v satisfies all the defining relations of the
standard cyclic generator w of S*1. Hence, there exists a surjective homomorphism
from SM onto M;. The conclusion then follows from Lemma 2.2.8. O

At the end of this section, we record the following result:

Lemma 2.2.10. Let v be the standard cyclic generator of M. For 2 < s < r, we have:
(¢k+s—1 U ¢s¢s—1) EDBSe(i)v = _l;st_le(i)U-

Proor. The proof is analogous to that of Theorem 2.2.4. We briefly state the key
procedures:

(Yras—1 -+ Pstps—1) PPoe(i)o

= (Yrrs-17 Pss—1) (Y251 Pras2Pkas—1) - (Psa1 - YiPrr) (@5 - - Pr1bi)e(i)o
= (Pies—1 - Y25-2) (Y25-1 +* Pirs—2Pirs—1) PP e(i)0

= (Phes—1 - Y2s—2P26-10252 - Yias—2Pkrs—1) P e (i)

= (Wkas—1 - P2s—3(W2sm1¥25-2P25-1 — D253+ Ykws—aWkss—1) PP e (i)o

Then we need to prove s _21B-1e(i)v = 0 and the conclusion follows. m]
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Lemma 2.2.10, together with Theorem 2.2.4, shows that the choice of Garnir relation
in Corollary 2.2.6 between any two adjacent rows is be arbitrary. In other words, for
each pair of adjacent rows i and i + 1, we may choose any Garnir node (7, j) € [A] and
use the corresponding Garnir relation. This single relation suffices to generate all the
Garnir relations between the two rows in [A].

2.3. General Partition Case in Type A

One might expect that Theorem 2.2.9 naturally extends to arbitrary partitions,
particularly given Corollary 2.2.7. However, this extension encounters a fundamental
obstacle: the dimension equality established in Lemma 2.2.8 fails to hold for general
partitions. In fact, the surjective homomorphism from SY to M;/M;j,; is not an
isomorphism in general. Instead, we construct a finite Specht resolution of M;/M;,1.

Exawmrig 2.3.1. Fix Ag and consider the partition A = Ag = (5,5, 4,2,2).

0/1/2/3/4
-10/1[2|3
-2-1/0]1
-3-2
-4-3
We have dim M* = 4631346720 and dim S* = 4594590.

The ‘filtration” generated by the Garnir relations contains the following Specht modules:

A = (4/(6,4,2,2)):

[0/1/2]3]| 10 34|

—_
N

Ay = (513|(6,2,2)):

[0[1[2[3]4] | E1o[1]| F2-10[1]2]3]
—3—2

—4-3

A3 = (55/11(5,2)):
(|01234| ‘ Filo]1]2[3] ‘ = ‘ 35—

N

—101|)

Ay = (5/5/4/1/3):

([0[1[2]3]4] | Exlo[11273] | E2=10[1] | B9 | BE4=3=2)

By computation, we get:

dim S = 128648520
dim S = 551350800
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dim $* = 1235025792
dim S = 3087564480
However, unlike the case of hook or two-row partitions, this time we have:
> dim $* # dim M*.
0<i<4

The problem arises because, the surjection S — M;/M; is not an isomorphism in general.
Indeed, the kernels of these maps are themselves Specht modules corresponding to the following
partitions:

p1 = (21(6,6,2,2)):

[0[1] | F1lo[1]2]3]4
-2-10/1/2/3
—3-2
—4-3
o = (501(6,5,2)):
[0/1]213/4]| 0 | F2-10]1][2]3
- 3-2-1011
_4_
us = (5/5/01(5, 3)):
(o[1/2]3]4]| | 1o]1]2]3]| o ||F3-2-10]1]
—4-3-2]

and the dimensions are: dim S¥1 = 22972950, dim S#2 = 44108064 and dim S#3 =
308756448.

It is not hard to see that:
Z dim S" — Z dim St = dim M*.

0<i<4 1<i<3

Our main result in this section is the following;:

TrEOREM 2.3.2. Suppose the quiver is A or Ail_)l withe > 0. Fixa € Q" and let A := A,
be a fundamental weight. Take A = (A1,--+ ,A,) € P2, Set
max{1<j<r—i|Ad;j—j=20}, fl<i<r-1,

1, ifi =0.
Let v be the standard cyclic generator of the permutation module M*, and let i := i*. Define

B :=(i,Ais1) € [A]for1 <i<r—1. Then M* admits a generalized Specht filtration in the
following sense:

ki =ki(A) := {

MM=MyDM;D--DM,.1 DM, =0
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such that for each 0 < i < r — 1, there exists an exact sequence of R,-modules:

Cbi, i . i . i
(2.3.3) 0 — Stk 20, gk D2, gy 20, M;/Miy1 — 0,

where
M; = Ra{gbB"v,--- ,gbB"lv},l <i<r-1.
The multipartitions u; ; is given by
uij = (Ml AicalAig = I+ 1, Aigjor + L, Ajer, o, A)), 1<i<r-1,
and
to1 = A.

Here, Stii is the Specht module associated with u; ; over the cyclotomic KLR algebra R
where A(i) is determined by the charge x = (x,x = 1,--- ,x —i+1,x —i).

A7)
a 7

The resolution for each M;/M;1 is called a Specht resolution and the filtration is
called a generalized Specht filtration.

The following proof relies on results established later in this section. We present it
tirst because it offers greater clarity.

Proor or THEOREM 2.3.2. The proof proceeds by induction on the length r of the
partition A = (A4, ...,A;). The base cases, r = 1 is trivial and r = 2 was established in
Theorem 2.2.9. Assume r > 3, and let v = (A3, ..., A,;). By the induction hypothesis,
assume that Theorem 2.3.2 holds for any partition of length less than or equal to » — 1.
In particular, MV possesses the desired generalized Specht filtration:

(2.3.4) M"=Nop2N1 2 2N,22N,-1=0

Let = a), and define F := Indﬁ;*@Ra_ﬁ. According to [KL09, Proposition 2.16], F is
an exact functor. Let S = Ly be the one-dimensional Specht module associated with
(A1) over Rg\x. The functor Lg X — := Lg ® — is also an exact functor (since Lg is free
over k), mapping the category of finite-dimensional R,-g-modules to the category of
finite-dimensional Rg ® R,—g-modules. For modules D; over Rg and D; over Ry,
respectively, define Dy o D, := F(D1 X D,). In particular, if Dy = SP, we consider the
module SP o D,. By Theorem 1.3.33, if v’ is a partition such that a,» = @ — f3, then
SPoS" = S, where p’ = (A1]v").

Hence, the generalized Specht filtration (2.3.4) of M" yields the following sequence
of Rg ® R4-g-modules:

SPRM" =SPRINg D SPRIN; D---DSPRIN, , DSFRIN, 1 =0
Applying the exact functor F, we obtain the following filtration of R,-modules:

(2.3.5) SFoMV=5PoNyDSPFoN;D---DSFoN, ,D25F0N,.1=0



2.3. GENERAL PARTITION CASE IN TYPE Aw 50

By Lemma 2.3.10, M;41 = SP o N; for 1 <i < r —2,and M* = SP o M". This filtration
(2.3.5) can therefore be rewritten as:

MM=MyDM; D DM, .1 DM, =0
Suppose that for each 7, the Specht resolution of the quotient module N;/N;,; is given
by:
(2.3.6) 0— St —» ... - §" — N;/Njz1 =0

where t; = k;(v). Let k; = k;(A). By our construction in Theorem 2.3.2, it is clear that
ti = kiz1 and pi1,j = (A1]vij). Applying the exact functor F(SF K —) = S o — to this
resolution (2.3.6) yields:

0 — SPo SVt > > SPoSvit —— o (N;i/Nis1) — 0
0 — SHitLkin > > SHiHl ——— M1 /Miyo ——> 0

For 2 < i < r —1, this gives to the desired Specht resolution for M;/M;;; from
Theorem 2.3.2. The remaining task is to demonstrate that for the submodule M; (where
M; € My, and M is generated by all Garnir relations), the quotient M;/M> admits the
following desired Specht resolution:

(2.3.7) 0 — st 24, g P MMy — 0

We construct this resolution by applying results from [HM15]. First, all the 2-partitions
p1,j (1 < j < ky) are Kleshchev by Lemma 2.3.15. Thus, each S#'/ has a unique
irreducible head D#!.

Let d) , be the decomposition number [S* : D#], where p is a Kleshchev multiparti-
tion. By Corollary 2.3.18, we have

p )1 ifp = or e,
pLit 0 otherwise.

This implies that each S/ (1 < j < k1) has a composition series:
0 g DHj+1 g S,Lll,j,
such that
SHl,j/DHl,jH ~ DM,
with SHk = DHLk tself irreducible.

Using this structure, the resolution can now be constructed explicitly. The map
®1,k, is the canonical embedding of S#'* into the submodule D% of S¥:-1. For
2 <j < k1 — 1, define the maps ¢1,; by sending the submodule D#1/*! to zero, thereby
inducing:

SHLj [DHL#T = DHL] ey GH1J-1,
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The map ¢1,1 is constructed similarly to Theorem 2.2.9, by sending the standard
cyclic generator u7 1 of S#11 to the element /810 + M,. It is routine (and analogous
to the arguments in Lemma 2.1.6 and Lemma 2.1.8) to verify that %10 + M, satisfies
all defining relations for u;,;. Hence, the map ¢1,1 is a surjective homogeneous
homomorphism. The composition series ensures that S#'! has exactly one proper
non-trivial submodule D#2. By Lemma 2.3.20 the kernel of ¢1,1 is nonzero if k1 # 1.
Therefore, they coincide. If k; = 1, then S#1! is simple and isomorphic to M/ M.

Thus, we have constructed an exact sequence given by (2.3.7), completing the proof
by induction. 0

CoroLLARY 2.3.8. Assume the same conditions as in Theorem 2.3.2, and define the modules
M, as in the generalized Specht filtration there. Foreach 1 <i <r—1,setv; := (A,-+1 1A +
1, Ais, -+, Ap)). Then Mi/Misq = SM o ... 0 SWi-0) o DVi, In particular, M,_; = Str-11
and My /My = D11,

Proor. By the proof of Theorem 2.3.2, the statement is true for i = 1 since M1 /M =
Dt and vy = uj,1. Then the general case follows by induction. m|

Corollary 2.3.8 illustrates how far our generalized Specht filtration deviates from
an actual Specht filtration: rather than each factor M;/M;;;1 being isomorphic to a
Specht module, it is isomorphic to an “almost-Specht" module. We use the term
“almost-Specht" to emphasize that SP1 o --- o SPi-1 0 S is a Specht module, and the
difference lies only in the final term.

CoroLLARY 2.3.9. Assume the same conditions as in Theorem 2.3.2, and define the partitions
u1,j as in the generalized Specht filtration there, for each 1 < j < ky. Then:

dim DM/ = 3" (=1)*7 dim $¥»

jSSSkl
Proor. In the proof of Theorem 2.3.2, we observe that
dim S/ = dim DM + dim D#i+ for j # ki(A),

and
dim S¥1k = dim DFLkW

The stated equality then follows immediately. |

We remind the reader that the dimensions of simple modules in the representation
theory of KLR algebras are generally difficult to compute. In our setting, however,
the dimensions of the Specht modules S#'/ can be readily determined via the hook
length formula. Thus, the last corollary provides a convenient method for computing
the dimensions of the simple modules D#'i. Furthermore, in conjunction with
Corollary 2.3.8, it is straightforward to compute the dimension of M;/M;.; for any
1<i<r-1
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The remainder of this section is devoted to proving the auxiliary results used in the
proof of Theorem 2.3.2. For convenience, we adopt the notation and assumptions of
Theorem 2.3.2 throughout, unless stated otherwise. We recall and fix some of them
here for clarity. For A = (Aq,--- ,A;) € 2L, we setfp=ap,)€Q andv =(Az,...,A,).
The module SP := S is the one-dimensional Specht module associated with (11) over

R/ﬁ\. Assume M" has a generalized Specht filtration as in (2.3.4) where N; is the i-th

stage.
LemMma 2.3.10. For 1 <i < r —2, we have Mj,1 = SP o N; and M* = SP o M".
Proor. The last statement follows directly from the definition. Recall that N; is an

Ry-p-submodule of M".

Forl1<i<r-—2letBj;1 =(i+1,Ai;2) € [A] and C; = (i, Aj;2) € [v] denote the last
Garnir nodes in the (i + 1)-st row of [A1] and the i-th row of [v], respectively. Then, by
definition, we have

M1 = R {yP+10,... P10} c M*
and

N; = Ra_ﬁ{gbciv, ceey HDCFZU} cM".
Let vg and vy denote the standard cyclic generators of Lg = Sf and M", respectively.
Let vy := vg ® vy be the standard cyclic generator of M.

Applying the exact functor Lg o — := Indﬁ;aiﬁ(Lﬁ ® —) to N; € MV, we obtain
LgoN;CLgoM' = M*,
where the isomorphism on the right maps vg ® vy to V.
By the standard inclusion Rg ® Ry—g <> Rq, we know that
g ® gbc"vN = yDB"”(vﬁ ® UN)
foreach1 <i <r —2. Hence,
LgoN; = Ra{vpg ® ¢C"0N, c, U ® wc"zvN}
= Ra{¢Bi+1 (Vg ® UN), .- ., gbBr—l (vp ®UN)}
= Ro{¢P*op, ..., 9P opm}
= Miy1,
as desired. m|
For simplicity, from now on, we simplify the notations and write k := ky, pj := py,;
and ¢; := ¢1,; where1 <j < k.

Recall that for a cyclotomic KLR algebra R, where A is of level ¢, we can associate
to each {-partition A € &2 a cell module C*, which is (graded) isomorphic to the
Specht module S*. There exists a distinguished subset of &2 called the set of Kleshchev
partitions. If A is a Kleshchev partition, then S is indecomposable and D is its unique
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irreducible head. Moreover, the set
{D* | A € 22 is Kleshchev}

is a complete set of irreducible modules for RA. These results can be found in [HM10].

For our purposes, we do not need the recursive definition of Kleshchev partitions;
instead, we record the following results.

Prorosrtion 2.3.11 ([HM15, Corollary 3.23]). Suppose thate = 0ore > n, k1 > k3 >
co>wxpand p € PR Then p = (uV, ..., u®) is Kleshchev if and only if

yﬁ’lK,_,<,+l < ‘uglﬂ), for1<l</fandr>1.
DeriNtTION 2.3.12. Let Std*(A) be the set {s € Std(A)|s > T and res(s) = i*}.

DeriNtTION 2.3.13. Suppose that A, p € P2 Define the graded decomposition number to be
dau(g) = [$*: DH]y = > [S*: DH(@)] ¢,
deZ

where [M : L] is the graded multiplicity of L in M for any graded simple module L and graded
module M.

Prorosrtion 2.3.14 ( [HM15, Appendix B]). Fix a linear quiver A or Agl_)l with e > 0.
Suppose A is of level 2, then #Std*(A) < 1. If the equality holds, let tf{ be the unique element
in Std*(A). Moreover, (suppose w is a Kleshchev partition), we have:

degfy—desT" i Srdk(A) = 1
Anul4) = {q e;;e

Lemma 2.3.15. For 1 < j < ky, y; is a Kleshchev partition.

Proor. By Proposition 2.3.11, we only need to verify (‘uj)g1 < (yj)iz) foreach r > 1.
By construction in Theorem 2.3.2, we know this is true since 1j) consists of one

TOoOw. O

We introduce two useful quantities for a partition A = (A4,--- , A,). For all admissible
i, set

(2.3.16) n; = Z Aj, di=A—Ajg +1.

LemmMma 2.3.17. The Specht resolution in (2.3.3) when i = 1 are just the 2-partitions | in
33;\ @ such that u <y listed in the dominance order of partitions, i.e. u; < y; if and only if
j> i

Proor. Since we are working in type Aq or Ail_)l with e > 0, each diagonal of [A]
has a distinct residue. The only possible way to move a removable node up or down
while preserving the residue is to move it along a diagonal, thereby keeping the content
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unchanged. It is then easy to see that, in order to maintain the structure of a 2-partition,
it is impossible to move any node within a single component.

Hence, the only way to construct 2-partitions strictly smaller than pq = (A2 — 1 |
vi)—where v = (A1 +1, A3, -+, A,)—is to move nodes from the first component to the
second. Under our chosen residue sequence, the only such possibility is to move the
last d; nodes into the second row of v1, which yields u».

Similarly, for each j, the partition y;.1 is the unique 2-partition in 17 @) that lies
immediately below p; with respect to the dominance order. The number k is the

maximal index such that there does not exist any 2-partition in 17 @ lying strictly
below . O

Cororrary 2.3.18. For uj, 1 < j < k, we have:

degt! —degT" .
d ()‘{‘7 T ifv = pjorpjn
s =,

else

Proor. By Proposition 2.3.14, we only need to show that #Std"(u;) = 1 if and only
ifv=ypjorv=pj.
If v = yj, this is clear by taking ¢, = T/
Ifv = pji1,setnjand d;asin (2.3.16). Itis straightforward to verify thatt is obtained

from T#*! by moving the last d; nodes from the (j + 1)-st row to the first component,
concatenating them with the first row. In other words, £ is the following tableau:

I 1 ‘ ‘ Aja—j—1 ‘ 2)\]'+2+1/l]' l l M4 I
/\]‘+2—] ‘ ‘ ‘ ‘ ‘ /\j+2—]+/\1 I
Ajsotnj-1 e WF
Ajro+n; 2Mj0+ni—1

By the standard theory of cellular algebras (see [HM10], for example), we have
dy;,v # 0 only if y; > v. Hence, by Lemma 2.3.17, it suffices to verify that there is no
element in Std"(y;) for v = ys with s > j +2.

Suppose, for contradiction, that there exists T' € Stdv(yj). Then the first Ag41 — s
entries must be 1,2, ..., 541 — s. Furthermore, by the condition i’ =i, the first j
rows of the second component must coincide with TV as well: entries increase (in
row-reading order) from Agy1 — 5 +1t0 Agy1-54n - The only possible difference begins
at the last dj.1 nodes of the (j + 1)-st row of T": in the second component, u; has
Aj+2 nodes in the (j + 1)-st row, whereas v has A;42 + dj+1 nodes. In this row of T,
the first A;,, entries are identical to those in T". However, to satisfy T > TV, the next
node must lie in the first component. But the node with this residue is not adjacent
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to the (As41 — s)-th node unless s = j + 1. Therefore, the desired tableau cannot be
standard. O

CoroLLARY 2.3.19. The module S** is irreducible.

Proor. Since ik is a minimal element in 17 @ this can be verified either using
Corollary 2.3.18, or deduced from the standard theory of cellular algebras together
with Lemma 2.3.17. |

Lemma 2.3.20. If k # 1, then p's1 ypBio € My,

Proor. The condition k # 1 is equivalent to A3 > 2. Set n; and d; as in (2.3.16). Let
T := t42 by Corollary 2.3.18, we know T is of the following form:

H17
| 1 ‘ ‘ Az—2 ‘ A1+2A73 ‘ ‘ n3 |
Az—1 A3 2A3-2 ‘ Az+A1—1 |
Az+Aq Az+A1+1 A1+2A3-1

Hence (for simplicity, we omit the idempotent in the expression of ')

U = Wngmdy  Pas=1) (Y=t - Pap1)

The Garnir tableau of B is of the following form:

1 2 Aa=1] 20 2Ap+1] 1+ A
A | A+l PAa—22A—1

PP = (o1 Pmpe1) - (Pay - Paye(d)
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Set A; = (1,i) € [A] for 1 < i < Ay, then A; are all the Garnir nodes between the first
two rows and By = A,,. We will keep applying Lemma 2.2.10 (modulo + signs):

PPy
= s Y1)+ Pyt - g BT
= Wnaedy " Wag=1) Wyt -+ Y120
= Wnsmdy Pas=1)  (Prgm1 Va1 420) @ Aytam * Papm1) P20
= Wnsmdy* Pas=1)  (Prgm1 - Yy e, P20
= Py Prse1)  (Wnpez - P10 2) st -+ Py ) M210
= Wng—ds  Pag=1) " Wna=2 - P 440-1) Qa1 40=2 * Pa=2) Qg1 - - Ypaa )P 210
= Wnymdy - Pa5-1) - Wg=2 - P41 Wis-1 -+ Yaye1) s e20-2 - Pp-2)p ™20
= Wns—ds Pas=1) - (Prg=2 Y21 420-1) @namt - Pagat, 12720

= (I)bng,—dz e ¢A3+/\1) - (%3—1 cee ¢A1+/\2)¢AA3‘1Z)
= (¢n3_d2 . an3—1) .. (¢A3+)\1 ... ¢A1+/\2)¢AA3‘1Z)
_ ¢B2¢AA3,1U

= pMa1yBy e My

Note B, = (2,A3) € [A] and l,bBZ commutes with yDAAS_l because the two Garnir belts do
not intersect and hence all the 1); in the two expressions commute. |

2.4. Higher Levels and Skew Specht Filtrations

2.4.1. Higher Level Case. In this section, we briefly discuss how to construct a
(generalized) Specht filtration of M? for A an ¢-partition with ¢ > 1.

Let A € 22, where A is a dominant weight of level {. By definition, we have
M/\ ~ M)\(l) 0. 0 MA“).

For each 1 < s < ¢, we have constructed a (generalized) Specht filtration of M in
various cases, as described in Section 2.1, Section 2.2, and Section 2.3. Suppose the
length of A®) is 5, with the filtration of MAY given by:

(s)
MY = M3 D M; 22 M; 2 M;, =0,

rs—1 =+

For each 1 <i < g, there exists a Specht resolution:

iy s
0— S"ksi — ... — St — MP/ME | — 0,

where ki = ki(A®)).
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Define
M, ::Ml.loMl.Zo--.oMf,
so that we obtain a filtration of M*:
MY=Mo2 My 2+ 2 Mg 2 M, =0,
where r = max{rs | 1 < s < {}, and we set M} := k to be the trivial module whenever
1> 7.

Since the external tensor product commutes with taking quotients, we have:

Mi/Mis1 = M} M}, o MZ[MZ, 00 M{/M]

i+1 i+1 i+1°

Hence, for each i, we obtain the following Specht resolution:

0 — SH}k,' Osyzzki o...os”fki e —> SMi 6 SHh o -0 SHi s M;/Miy — 0,
where k; = max{ks; | 1 < s < {}. For any j > ks;, we set “?j := 0 to be the empty
partition, so that st i is the trivial module.

Foreach 1 <j < k;, define
vij = (g Ly |- | ) € 20
Then, by Theorem 1.3.33, the above Specht resolution becomes
0—> S — ... » 8" — M;/Mjs1 — 0.

2.4.2. Skew Specht filtration. As mentioned in Remark 2.1.10, we can construct
a skew Specht filtration by reversing the order of the Garnir relations. To be precise,
suppose we are working in type A, and let A = (A4,...,4;) € 28 be a partition.
Define C; := (i,1) € [A] for 1 < i < r —1 to be the set of Garnir nodes in the first column.
By Theorem 2.2.4, we know that

M = R {yCio, ..., pC10}

is the submodule generated by all Garnir relations. Let v be the standard cyclic
generator of M". Instead of defining

M; = Ro{v“v,..., v 10} forl<i<r-1,
as in Theorem 2.3.2, we define
M/ = Ro{¢ 0, ..., p v},

Then the filtration
A ’ ’ ’ ’ _
M =Mi2M;2---2OM,_; 2M;=0
has the following property: for each 1 <i < r — 1, there exists a resolution of M;/M’ _,
by skew Specht modules as introduced in [Mut15]. The explicit formulas for the skew
partitions that appear in this resolution, as well as the detailed proof, are omitted.



CHAPTER 3

Stingray Patterns of Dominant Weights

This chapter is based on [Qin26a], with minor changes. Throughout the chapter, we
work with the e-abacus with finitely many beads, as introduced in Subsection 1.2.1.

Thus, for any partition A, we always choose an integer > ¢(1) and consider the abacus
Ab](A) with r beads.

We briefly summarize the main ideas and results. For any partition A with at most r
rows, there is a canonical way to identify it with a dominant weight of sl,. We introduce
this construction in Section 3.1 and write the resulting map as ). The importance of this
map is that, by Theorem 3.3.4, it interprets the graded decomposition numbers dfw(q)

am,a)
(see Subsection 1.3.2 and Subsection 1.4.4). For the latter, the independence of the

(see Subsection 1.3.7) as the anti-spherical Kazhdan-Lusztig polynomials n

quantum characteristic e is transparent, whereas it is difficult to see directly for the
former.

In combinatorial terms, the independence of ¢ for graded decomposition numbers
is reflected in the abacus by the runner-removal theorems. In particular, the first such
theorem is the empty-runner-removal theorem of James and Mathas; see Theorem 3.3.1.
By a remark of Goodman, it is possible to deduce Theorem 3.3.1 from the above
identification in a more transparent way than using Fock space calculations; see
Section 3.3. In short, the map Q behaves well under empty-runner addition (or
removal), preserving the alcove and hence preserving the anti-spherical Kazhdan-
Lusztig polynomials.

However, something mysterious happens: the other runner-removal theorems, such
as Theorem 3.3.2, do not interact well with the map Q. Finding an explicit description
of this interaction is still unclear to the author.! Nevertheless, we consider a closely
related and intrinsically interesting question.

The blocks of Iwahori-Hecke algebras can be described in terms of partitions via the
e-core and e-weight; see Subsection 1.3.7. For any r > 1, the domain of the map Q is
the set of partitions with at most  rows. These partitions can certainly have different
e-cores and e-weights. Fix an e-weight w, and consider the set of partitions with at
most ¥ rows and e-weight w, denoted by Z; . ,. Our aim is to study the image W; ,
of . » under the map Q.

When e < r, the situation is rather singular and depends on e, so we restrict to the
more regular case e > r. In this setting, based on abacus combinatorics, one can deduce

We are working on this using Al, and hope to say more in the future.

58



3.1. THE GEOMETRIC MAP Q 59

that W, ., admits a simplicial decomposition; see Theorem 3.2.5 for the case w = 0
and Theorem 3.2.9 for general w. As a corollary, we obtain a closed counting formula
for |'W, . ,w|; see Corollary 3.2.13 for w = 0 and Theorem 3.2.14 for general w.

From Figure 10, which depicts W35, for 0 < w < 9, one observes an interesting
boundary pattern that resembles stingrays; when w is large, one also sees hexagons
appearing in the interior. We study these phenomena, which we call the stingray
pattern and the regular pattern, respectively; see Example 3.2.35 for a colouring of
the stingrays. It turns out that the stingray pattern appears for every e > r once w
is sufficiently large; see Subsection 3.2.3 for a complete treatment. We also treat the
regular pattern when r = 3, mainly because for r > 3 some unexpected holes appear.

Finally, we study the (r — 1)-simplices appearing in ‘W, . ,,, which correspond to
weak compositions; see Subsection 3.2.4. This provides a way to index a subset of the
alcoves, and this indexing is compatible with the action of the affine Weyl group on
abaci and on alcoves.

Recall from Subsection 1.2.1 that, for a partition A and a positive integer a > ¢(7),
we define the a-beta numbers 8; = fi(1) :== A; +a —i for 1 <i < a and the e-abacus of
A with a beads. Since each bead has position f8;, we identify the bead with its position
and refer to this bead as f; throughout this chapter. In an e-abacus, the runners are
labeled 0,1,---,e — 1 from left to right. In this chapter, for convenience, we often
refer to a runner as the k-th runner; by convention, this means the k-th runner when
counting from the left.

3.1. The geometric map Q)

We now introduce the central map connecting partitions to the weight lattice. Recall
that for a partition A with (1) < r, the r-beta numbers are f;(A) = A; + r —i. Define
the map Q) sending a partition A to a dominant weight in P* by:

r—1

Q@) = Y (A = At + DA
i=1

Substituting the definition of the beta numbers, we observe that the coefficients
correspond precisely to the consecutive differences of the beta sequence:

Bi(A) = Bisi(A) = Ai+r—i)=(Aipr+r—(i+1) = A=A + 1.
Thus, the map can be written in terms of beta numbers as:

r—1
Q@) = D (BilA) = B (A,
i=1

This map allows us to visualize partitions as points in the dominant chamber C*.
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3.2. Patterns for dominant weights

In Section 3.1, we defined the map Q which sends partitions to the dominant weight
lattice P*. Since the blocks of the Hecke algebra are parametrized by pairs consisting
of an e—core and an e-weight (see Subsection 1.2.4 and Subsection 1.3.7), it is natural to
investigate the geometric pattern of the dominant weights corresponding to partitions
with a fixed e-weight. In this section, we describe and analyze these patterns under the
assumption thate > r > 3.

For any triple (r,e, w) € N3 with e > 2, let &, , ,, denote the set of partitions with at
most r parts and e-weight w. In particular, & , o consists of the e—core partitions of
length at most r.

Let P* be the dominant weight lattice of sl,. The corresponding set of dominant
weights of &, . , under Q is:

Wr,e,w = Q(yr,e,w) c P".
Our primary goal is to characterize the set W, ; 4.

ExampLE 3.2.1. We draw W3 10,8 in the dominant weight lattice in Figure 1, where each
black ball represents a dominant weight in ‘W5 10 s. O

Ficurel. r =3,e =10, w =8

3.2.1. Simplicial structure of e-cores. We start with the case of e-cores (i.e., w = 0).
To simplify notation, we define:

gr,e = r,e,0 and (Wr,e = r,e,0-
Thus &, . is the set of e-core partitions with at most r parts, and W, , = Q(Z ) is the
corresponding set of dominant weights. We assume throughout that r < e.

For each composition u = (u1, ..., u;) of r (this implies j < r), we define a subset
of partitions &, .(u) C 2, . as follows. Consider the family of e—abaci obtained by
choosing j distinct runners 0 < s; < --- < s5; < e — 1 and placing y; beads on the
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si—runner (as high as possible) for each i = 1,...,j, while leaving the remaining
runners empty. Each such abacus corresponds to a unique e-core partition; let Z; .(u)
be the set of all such partitions and define the corresponding set of dominant weights
by:
Wre() = U Pr ().
Since every e-core partition with at most r parts corresponds to an e-abacus with
exactly 7 beads placed on some flush runners, we have the following decomposition:

Py = |_|gzr,e((u) and W,, = |_|(Wr,e(.u)/
HEr pEr

Before stating the main result of this subsection, we formalize our geometric
terminology.

DeriNtTION 3.2.2. Let d > 0 and L > 0 be integers. We define the standard d-dimensional
simplex of dilation factor L to be the set:

AYL) = {(x0,...,xa) eRE | xo+- +x4 =L}
The lattice points of A%(L) are the points in A%(L) N Z4+1.

DeriNtTiON 3.2.3. Let V and W be vector spaces. A map ¢ : V — W is called affine linear
if there exists a linear transformation T : V — W and a constant vector c € W such that

o) = T(v)+c forallv eV.

In the context of the weight lattice P, we say that a subset S C P forms the lattice
points of a d-dimensional simplex of dilation factor L if there exists an injective affine linear
map ¢ : R — P @R such that S = ¢p(A4(L) N Z4*1).

We require the following lemma to handle the translation-invariance of the abacus
under Q.

Lemma 3.2.4. Let = (B1,...,Br) and y = (y1,..., ) be beta numbers. The map ),
viewed as a function of the beta numbers via () = Z;:_ll(ﬁi — Bi+1)Ai, is only invariant
under global shift. That is, QQ(B) = Q(y) if and only if there exists an integer k € Z such that
yi=Bitkforall1<i<r.

Proor. If y; = Bi + k for all i, then y; — yix1 = (Bi + k) — (Bi+1 + k) = Bi — Bi+1. Since
Q) depends only on these differences, Q(y) = Q(p).
Conversely, if Q(y) = Q(B), then the coefficients in the fundamental weight basis
must match:
Vi—Vvisn = fi—Binn (1<i<r-1).
This implies y; — i = Vi+1 — Pi+1 for all i. The difference y; — 8; is a constant k
independent of i, proving the claim. m]

Tueorem 3.2.5. Fix integers e > r > 0, and let u be a composition of r of length j. Then
W, (1) forms the lattice points of a (j — 1)-dimensional simplex of dilation factor e — j.
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Proor. Fix the composition p. Partitions in & .(u) are determined by the positions
of the j non-empty runners, denoted 0 <57 <s <---<s;<e—1.

We define the gap variables go, . . ., gj representing the spacing between non-empty
runners:

8o = 51,
Sk =5Sk+1—Sk—1 forl1<k<j-1,
g]'=€—1—5]'.

These variables satisty gx € Z>p and Z;;:o gk=e—].

By Lemma 3.2.4, the map (2 is invariant under global shift. Hence we may shift all
beads to the left by s;, which does not change the image. With this normalization,
51 = 0= go.

The remaining variables g = (g1, ..., ;) satisfy 21:1 gk = e — j, corresponding to
the lattice points of the standard simplex A/~ (e — ). It remains to show that Q induces
an injective, affine linear map on this domain.

Let k € &, .(u) be the core partition corresponding to g and let 8; be the correspond-
ing beta numbers of k. The corresponding dominant weight is Q(x) = Z;;ll (Bi —PBi+1) A
Suppose the beads 5; and fi+1 lie on the chosen runners indexed by s, and s, respec-
tively, where 1 <u,v < j. Then

u—-v+ Z St if u > v (same rows),
(32.6)  Bi—Pin = s
jtu-—v+ Z Qr + Z gt if u < v (different rows).
v<t<j 1<t<u

In both cases, f; — fi+1 is an affine linear function of the variables g. Thus, () is an affine
linear map in the sense of Definition 3.2.3.

To verify injectivity, consider two distinct elements (go, g1,...,8j)) = 8§ # § =
(86,814 g]f ) in the domain. We may normalize as above, and hence go = g/, = 0. Let
k=min{l <t <j|g # g} Consider the top beads located on the k-th non-empty
runner and the k + 1-th non-empty runner. By (3.2.6), the difference between their
values is g + 1 and g; + 1, respectively. Thus the coordinate associated with this pair
differs, implying Q(g) # Q(g’). m|

ReMARk 3.2.7. We do not need the assumption r < e to show that ‘W, .(u) is a simplex.
However, without this condition the claim that ‘W, .(u) has dimension j — 1 may fail. For
example, if {(u) = e < r, then ‘W, .(u) collapses to a single point; see Example 3.2.8. o

ExampLE 3.2.8. Consider the case sl3 (so r = 3) with e = 2. Then |Ws2(u)| = 1 for
pef{2,1),(,2)}, and Ws5(1,1,1) = @. See Figure 2. Similarly, see Figure 3 for the case sl3
with e = 3 where |'W53(1,1,1)| = 1.
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Ficure2. r=3,e =2, w =0 Ficure 3. r=3,e =3, w =0
o

3.2.2. Simplicial Decomposition of W, . ,,. We now generalize from w = 0 to
arbitrary weight w € N. For a fixed composition p | r of length j, define a subset of
Py e w as follows:

Prew(l) = {/\ € Prew | core,(l) e @r,e(y)}.

For any partition A € 2, . (1), the e-quotient (see (1.2.11)) encodes the vertical
moves of beads relative to the e-core to have e-weight w. Since the core lies in &, (1),
the beads of A are supported on exactly j runners. Consequently, the e-quotient has
empty entries corresponding to the other empty runners. We define the restricted
e-quotient of A to be the subsequence of the e-quotient corresponding to these j non-
empty runners, denoted by the tuple (A1), ..., A()). Since the i-th non-empty runner
(counting from left to right) carries exactly u; beads, the corresponding partition A
must satisfy the length constraint /(A1) < ;.

Recall from Definition 1.2.7 that these tuples correspond to the j-partitions of w of
type u, and A(u; w) is the number of such j-partitions. Set W, . (1) := Q(@r,e,w(‘u)).
Then we have the decomposition:

yr,e,w = |_|<gzr,e,w(‘u) and Wr,e,w = |_|(Wr,e,w([vl)-
HET HET

Thaeorem 3.2.9 (Simplicial Decomposition). Fix positive integers e > r and w € N. Let
u and v be distinct compositions of r. Then

@). Wi ew() N W e w(v) = 2.
(b). The set W, ¢ (1) is a disjoint union of copies of the simplex ‘W, (1), and the number
of copies is exactly A(u; w).

Prookr. (a) Take A € &, . (1) and ) € P, ¢ (V) with Q(A) = Q(n). Let
B = BreeeB) BOD= (B )

be the corresponding r-beta numbers in decreasing order. By Lemma 3.2.4, there exists
an integer k such that ) = ; + kforall 1 <i <r.
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This corresponds to a global shift of all runners to the right by k (or to the left by
—k), which does not change the number of non-empty runners. Hence ¢(u) = ¢(v), and
v is obtained from u by a cyclic permutation of its parts:

V= (Hi/#i+1l--'/#j/y1/'--/Hi—l)
forsome1<i <.

If i = 1then v = yu, as desired. Suppose i # 1. A nontrivial cyclic shift moves at
least one non-empty runner from the rightmost to the left, which strictly increases the
the e-weight. Since both A and 1 lie in &, ., and have the same e-weight w, this is
impossible. Thereforei =1and u = v.

(b) Fix the composition u of length j. Then by Theorem 3.2.5 W, (1) is a (j — 1)-
dimensional simplex where the degrees of freedom come from choosing the runner
gaps. For w > 0,any A € 2, , ,,(1) is obtained from some core A° € 2, ,(u) by moving
beads downwards on the chosen j runners, and the moves are recorded by the restricted
e-quotient, which is a j-partition of w of type p.

Thus each j-partition of w of type u determines a copy of the simplex W, .(u) inside
W, e w(). Since there are A(u; w) such j-partitions, there are A(u; w) such copies.

To see they are disjoint, let A, n € 2, . ,(1) define the same dominant weight. Let
Bi(A) and Bi(n) be their beta numbers. By Lemma 3.2.4, there exists some integer k
such that §;(n) = Bi(A) + kforall 1 <i <r. Write k = ge + s with 0 < s < e. We may
assume g > 0.

First, consider the term ge. Increasing a beta number by e corresponds to sliding
a bead down one row on its runner. If we increase every bead fi(1) by ge, then the
row index of every bead increase by 4. Since there are r beads in total, this operation
increases the total e-weight by g - r. Since A and 1 both have fixed e-weight w, we must
have g = 0.

Now we are left with the term k = s where 0 < s < e. This corresponds to a cyclic
shift of the runner indices by s. However, by definition of the simplex W, . o(1), we
have fixed the runner configuration (specifically, we normalized the first non-empty
runner to be at position 0 or fixed the gap variables). As argued in part (a), such a shift
strictly changes the e-weight unless s = 0. Thus k = 0 and A = 1. Therefore, the copies
are pairwise disjoint. O

Exawmrie 3.2.10. In Figure 10, we plot the sets ‘W3 10, for weights w ranging from 0 to 9.
This figure is drawn in the dominant weight lattice of slz, where each colored ball represents a
dominant weight in W 10,.. We use distinct colors to distinguish the subsets W5 10, (1) arising
from the simplicial decomposition, corresponding to the types u € {(3),(2,1),(1,2),(1,1,1)}.
&
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ExampLe 3.2.11. For (r,e,w) = (3,8, 8), consider Wy ¢ ,,(1t) with u = (1,1,1). We label
each copy of W, (1) by the corresponding 3—partition of type i, see Figure 4. Similarly, see
Figure 5 for the case (v, e, w) = (3,12, 10). &

p-pattern
® u=(3)
p=(2,1)

Ficure4. r =3, =8, w =8

p-pattern
® u=(3)

p=(2, 1)
® p=(1,2) fo!(5)1(5),
® =111

(218 0a) : o
):(2):(4) K HEUH 072) HEIR o BHEGY
(@ya)2) (5)(2) (1 (7);(1):(2) (7) );(8)5 2:(1)(9)

-3““51@” EeC vzv-vam--z‘-(vl e l-eu-aA‘)-u- A
e e)

)15)/2) G (o) (2) (2N 2)2): () Sl2) 7) (NG (8)1C0) (ORI 32 () S(1)5(5) 0, (10)-CIOMY 0-02(10)

FiGure 5. r =3, =12, w =10

CoroLLARyY 3.2.12. The number of lattice points in a (j — 1)-dimensional simplex of dilation
factor e — j is given by the binomial coefficient (jj)

Proor. By Theorem 3.2.5, the set of weights ‘W, ¢ o(11) corresponds bijectively to the
set of gap variable tuples d = (dy, . .., d)) satisfying d; € Z>o and Zgzl di=e—j.

This counts the number of non-negative integer solutions to a linear equation, which
is a standard stars-and-bars problem. Alternatively, recall that these tuples parametrise
the choice of j distinct runners 0 = 51 < s <--- < s; < e — 1. Since the first runner is
fixed at 0, we must choose the remaining j — 1 distinct indices from the set {1, ..., e —1}.
The number of such choices is exactly (;j) O

CoroLLARY 3.2.13. Assume r < e. Then

|(W7',E
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Proor. By Theorem 3.2.9, ‘W, , is the disjoint union of the sets ‘W, .(u) as u ranges
over all compositions of r. If u has length j, Corollary 3.2.12 states that |'W, .(u)| = (e._l).

The number of compositions of r into exactly j parts is (' i 1) Summing over all
possible lengths 1 < j < r, we obtain:

Sr—1\[e—-1
ol = 375 )

71)(621)

r=1 \fe—-1 : :
= b1 k)( ' ) (symmetry of binomial coeffs)

:( 1)+(e—1))

= ~.
| 1]
_ =

[

\t =
I
H (=]

=
II

7

where the last equality follows from Vandermonde’s Identity. m|

Tueorem 3.2.14. Fix integersr > 3, e > r,and w > 0. Then

(3.2.15) W el = ZA(u,w)(g() 1)
it

Proor. By Theorem 3.2.9(a), W, . is the disjoint union of the sets W, , ,(u) as u
runs over all compositions of r. Thus,

|(Wr,e,w| = Z |(Wr,e,w (H)l
pEr
Fix a composition p=(u1,...,uj) E r. By Corollary 3.2.12, the size of the simplex ‘W, .
is ( ) By Theorem 3.2.9(b), W, ¢« (1) is a disjoint union of copies of this simplex.
The number of copies is exactly A(u; w). Therefore:

e—1
(3.2.16) |(Wr,e,w(1u)| = A((u; w)(] _ 1)-
Summing (3.2.16) over all compositions p [ r yields the desired formula. O

CoroLrrary 3.2.17. Suppose r = 3 and r < e. Then |W3, | is given by the quadratic
polynomial in e:

(3.2.18) Ws,ewl = awe® +bye + cy,
where the coefficients depend only on w:
w+1)(w+2 w + 2
Aw = ( )4( )/ by = { > J — Aw, Cw = PS(w)

Here, p3(w) = | (w? + 3)/12] is the number of partitions of w into exactly 3 parts.
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Proor. We apply Theorem 3.2.14 to the case r = 3. The compositions of 3 are (3),
(2,1),(1,2),and (1,1, 1). We compute the terms A(y; w) for each case:

e For u = (1,1, 1), we count tuples of 3-partitions (A1), A?), 1®)) where £(A)) < 1.
This corresponds to finding three non-negative integers summing to w. Thus
A((1,1,1);w) = (“5?) by stars-and-bars.

e For i1 = (2,1), we sum over the size k of the second partition (which has length
<1, so it is just a non-negative integer). The first partition has size w — k and
length < 2. Let p<2(n) denote the number of partitions of n with at most 2
parts. Then A((2,1);w) = X, p<2(w — k). By symmetry, A((1,2);w) yields
the same count.

e For u = (3), we count partitions of w with length at most 3. Thus A((3); w) =

p<3(w).
Substituting these into the general formula (3.2.15) yields:

waeal = (3775 1) + Z(Z Psz(k)) (7] + pate
k=0

The algebraic verification that this expression simplifies to ape? + bye + cy relies on
standard partition identities, which is Lemma 3.4.5. O

3.2.3. Stingray and Regular patterns. In this section, we analyze the geometric
structure of the weight sets W, . ,,. While our primary motivation is to explain the
visual patterns observed in the case r = 3 (such as the “stingray” and “hexagon” shapes
seen in Figure 10), many of the underlying structural results hold for arbitrary r. We
therefore formulate our results for general r > 3 wherever possible.

We first establish a recurrence relation connecting patterns of weight w to those of
weight w + 1. This explains how the pattern “grows” as the e-weight increases.

LemmMma 3.2.19. Assume e > r. The set W, . , embeds into W, , 41 via a translation by
e\1. Specifically, a point thll a;\; lies in ‘W . o, ifand only if the point (a1 +e) A1+ thzl a;\;
lies in W, ¢, w+1. Geometrically, this image of ‘W, . is precisely W, e w1 N Hy, .

Proor. Let A € &, , 4, be a partition such that (1) = 3} a;A;. Consider the e-abacus
of A with r beads. The coefficients of ()(A) are given by the differences of beta numbers:
a; = Bi(A) = Bix1(A).

We modify the abacus by sliding down the first bead 81 (the largest beta number) by
one. This operation replaces 1 with ] = 1 + ¢, leaving all other beads fixed (ﬁ;. = Bj
for j > 1). Since 1 > fB,, clearly ,8’1 > B2, so the new sequence of beta numbers is still
strictly decreasing and corresponds to a new partition A’. Write Q(A’) = X a’A;. The
new coefficients a; are:

ap=p-By=(B1+e)-Pa=a1+e,

a; =B =P,y =Ppi—Pir1=a; fori>2.
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By the definition of e-weight, w,(A") = w.(A) + 1 = w + 1. Thus Q') € W, ¢ w+1.

Conversely, suppose 2 biA; € W, . w1 with by > e. Suppose that this dominant
weight arises from a partition 7 whose beta numbers are 1, .. ., ;. Then the condition
b1 > e implies 1 — y2 > e. Thus y; — e is strictly greater than ), and in the abacus
of 1 we can slide the first bead )1 up by one, replacing y;1 with y; — e. This yields a
partition of e-weight w mapping to 3;(b; — 6;1€)Ai € W, e 0. O

We next study the occurrence of O—dimensional simplices in W, ; 4.

Lemma 3.2.20. Let ay, ..., ar,—1 be non-negative integers. The point P = Z?;ll aje\; lies in
W, e,w if and only if

—_

r—1 r—
(3.2.21) w > Z i(ai—1) and w= i(a;—1) (modr).
i=1

1

I
—_

Moreover, such points correspond precisely to the component W, ¢ ((r)) in the simplicial
decomposition; that is, they arise from abacus configurations where all r beads lie on a single
runner.

Proor. Suppose that A € &, ., maps to P, and let §; be the beta numbers of A.
Then B; — Bis1 = aje forall 1 < i < r —1. This implies f; = Bi+1 (mod ¢) for all i.
Consequently, all r beads lie on the same runner of the e-abacus. Hence the partition A
belongs to the set 2, ., ((r)), where u = (r) is the composition of length 1.

Let the single non-empty runner be the j-th runner (0 < j < e —1). The positions of
the beads are determined by the gaps a; between them. Specifically, if the last bead 5,
is at row k (position ke + j), then the bead p; is at position:

r-1 r=1
pi = pr+ Z(ﬁm —Bm+1) = (ke+7])+ eZam.

This shows the bead f; is on row k + Z:n_zli ay. By sliding all beads up as high as
possible, we see that the bead f; will be put on row r — 7, hence the e-weight of A is:

r— r—1

1 r—1
we(A) =k + (k+Zam—(r—i)):kr+Zi(ai—1),
i=1 m=i 1

i= i=

This is equivalent to the desired statement. m|

We now formalize the patterns observed in Figure 10.

DEeriniTION 3.2.22. A point v € C* N P is called an affine vertex (of the e-alcove geometry)
if it lies in the intersection of the affine hyperplanes corresponding to all positive roots. That is,
for each a € R, there exists a positive integer k, such that:

(a¥,v) = kge.
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Fix integers r,e, w with e > r > 3 and w > 0 as above. An affine vertex v =
?;11 a;\i € W, e is called a boundary affine vertex of ‘W, . ., if there is no distinct point
Q =Xl biAi € W,y such thatb; > a; forall 1 <i <7 —1.

An affine vertex u = f;ll ci/\i € CT N P is called an interior affine vertex of W, ¢ 4 if
there exists a boundary affine vertex v = lr;ll a;\; of W, . such that ¢; < a; for all i
and ¢; < a; for at least one index j. Note that we do not require an interior affine vertex
of W, . to lie in W, . ,, itself.

ExampLe 3.2.23. Let (r, e, w) = (3,8, 3) and consider ‘W3 g 3, see Figure 10d. The boundary
affine vertices are
2eA1 +2eAy, and 4deA1 + e,

and the interior affine vertices are
eN1+eNy, eAi+2eNr, 2eAi+eAy, 3eAl+els.
&

Lemma 3.2.24. Fix integers v > 3 and e > r. There exists an integer wjy, such that for all
W > Wiy, the set W, ., contains an affine vertex v = Z;;ll a;e/\;. Specifically, one may take
Win = (r —1)%

Proor. By Lemma 3.2.20, an affine vertex P = Z;;ll a;e/\; exists in ‘W, . 5, if and only

if
r—1 r—1
w > Z i(aj—1) and w = Z i(aj—1) (modr).
i=1 i=1
We restrict our search to the vertices such that a1 = --- = 4, = 1. The condition

reduces to find an integer x,_1 := a,_1 — 1 > 0 such that:
w>(r—1x-1 and w=(r—-1)x,—1 (modr).

Since ¥ — 1 = =1 (mod r), the congruence becomes —x,_; = w (mod r). This linear
congruence has a unique solution x,_; in the range {0, 1, ..., r — 1}. For this minimal
solution, the required weight is (r — 1)x,_1 < (r — 1)2. Thus, for any w > (r — 1)?, there
exists a valid choice of x,_1 (and hence a,_1 > 1, with a; = 1 otherwise) satisfying the
condition. O

For any real number c, the ceiling function [c] is the least integer greater than or
equal to c. For instance, [5.2] = 6.

Lemma 3.2.25. Let A be a partition such that €(A) < rand p1 > P2 > --- > B, are its r-beta
numbers. Set x; := p; — fir1 and m; := [%-‘ (1 <i <r—1). Then the e—weight of A satisfies

r—1

(3.2.26) w(A) > i(mi—1).

i=1
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Proor. By definition, the e-weight w, (1) is the total number of upward moves of
beads required to reach the e-core. By definition of m;, we can write x; = (m; — 1)e +s;,
where1 <s; <e.

Consider a bead ;. Since there are no other beads strictly between ; and f;+1, and
the gap x; > (m; — 1)e, we can slide this bead up m; — 1 steps without crossing S;+1.
Then the new position of this bead is g} = ; — (m; — 1)e = Bi4+1 + s;. Since s; > 1, we

have 7 > Bi+1, so the relative order of these beads is preserved.

Performing these moves on f; creates empty space below f’. This allows all beads
Br with k < i (which are larger than ;) to also slide up by at least (m; — 1) while
maintaining the strict decreasing order of the beta numbers. Thus, the gap associated
with m; contributes at least m; — 1 upward moves to bead f;, and consequently at least
m; — 1 moves to every bead i below it (k < 7).

Summing these contributions over i = 1,...,r — 1, the total number of upward
moves is at least Zf;ll i(m; —1). As the e-weight accounts for all necessary moves to
reach its core, we obtain the desired inequality (3.2.26). m|

Lemma 3.2.27. Lete > r > 3, and w > 0. Suppose Q = 27_11 xiNi € W, o w, then there

1=

exists an affine vertex v = :11 ajeNi € W, such that aje > x; forall1 <i<r-—1.

Proor. Setm; = [x;/e],som;e > x; foreachi. Let A bea partition such that Q(A) = Q.

By Lemma 3.2.25 we have w = w, (1) > Y/1 i (m; — 1). Define v = ¥/ 1 mje A; + (w -
?;11 i(mj— 1))e A1, thatis, a; = m; fori >2and a1 = my + (w - f;ll i(m;j— 1)). Then
Z?;ll i(a; — 1) = w and by Lemma 3.2.20, we have v € W, . 4. O

CoroLLARY 3.2.28. An affine vertex v = Zf;% a;e\; is a boundary affine vertex of Wi ¢« if
and only ifv € W, , , and there does not exist a distinct affine vertex u = Z;l bieAie W, . w
such that b; > a; for all i.

Proor. This follows from the definition of aboundary affine vertex and Lemma 3.2.27.

O

ProposITION 3.2.29. Let e > r > 3, and w > 0. An affine vertex v = Y,/_{ ajeA; is a
boundary affine vertex of W, , , if and only if w = ¥/} i(a; — 1).

Proor. By Lemma 3.2.20, v € W, . 4, if and only if w = lr;ll i(aj — 1) + kr for some

non-negative integer k. It suffices to show that v is a boundary affine vertex if and only
if k =0.

Suppose k > 0. We can construct another affine vertex v’ = v + (kr)eA; = (kr +
ar)eA + Zf;zl a;e\;. Note that

r—1 r—1
1-(kr+a1—1)+Zi(ai—1):kr+Zi(ai—1):w.
=2 i=1
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Thus, v € W, ¢ by Lemma 3.2.20. Since the coordinates of v’ are strictly greater than
or equal to those of v and the first coordinate is strictly larger, v cannot be a boundary
affine vertex.

Conversely, suppose k = 0. If there exists another affine vertex v” = Z?;ll bieA; in
W ¢ w such that b; > a; for each i, then

ii(bi—l)zii(ai—l):w.
i=1 i=1

However, since v”’ € ‘W, ., Lemma 3.2.20 implies that Z?;ll i(bi—1)=w-k'r <w for

some k’ > 0. These inequalities force the sum to be exactly w, which implies b; = a; for

all i. Hence, by Corollary 3.2.28, v is a boundary affine vertex. |
For two affine vertices v1 = Zf;ll a;e/\; and vy = Zf;ll bieA;, we say

e 01 and v, are adjacent if there exists an index j with 1 < j < r — 1 such that
a; = bi =+ (51']' for all i.

o (v1,v2) is a bad pair of ‘W, . ,, if v1 is an interior affine vertex, v, is a boundary
affine vertex, and a; + 6; ,—1 = b; for all i.

o (v1,v2) is a good pair of ‘W, . 4, if both v1 and v, are interior affine vertices,
v1 & W, ew3v2,and a; + 0,1 = b; for all i.

In particular, both a bad pair and a good pair consist of adjacent affine vertices.

ExamprE 3.2.30. Let (r, e, w) = (3,8, 3) and consider Wj g 3, see Figure 10d. In this case
the only bad pair is

(2€A1 + €A2, 2e /A + 2€A2),

and there is no good pair.
Now let (r, e, w) = (3,8, 5) and consider W3 g 5; see Figure 10f. The bad pairs are
(2eA1 +2eAy, 2e A1 +3eAy) and (deAq + ey, de\1 +2e/\y),
while the unique good pair is
(eA1+eAy, el +2ey).
&

For simplicity, in the rest of this section we write A instead of A for an e-alcove.

For each affine vertex v € C* N P, let S, be the set of e—alcoves A such that v lies in
the closure of A, that is,
Sy i={AcH |veA.

The cell €, centred at v is the union of the closures of all e-alcoves in S,, namely

Its interior € is called the open cell centred at v.
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Then
CNP={weC*NP:(w-v,a")| <eforalla € R*}
and
(3.2.31) CNP={weC*NP:w-v,a")| <eforalla € R*}.

DerINITION 3.2.32. (a). For each good pair (v1,v2) of Wi e w, the regular pattern
Reg, ., associated to (v1,v2) is the set €5, N W, ¢ 1.
(b). For each bad pair (v1,v2) of Wi e w, the stingray pattern Stin,, ,, associated to

(v1,0y) is the set (€5, N W, ) U{0v2}.

For any bad pair (v1, v2), define L,, o, to be the (discrete) segment connecting v; and
v,, that is,

Lojo, ={v1 + kA | 1<k <e} ={op— kA1 |[0<k<e-1}

We remind the readers that in this definition, v is not included in this segment while
v is. The advantage of this definition is the following:

Lemma 3.2.33. For any bad pair (v1,v2) of W ew, the segment Ly, o, is contained in
(Wr,e,w-

Proor. An affine vertex in ‘W, . ,, corresponds to a copy of W; , ((r)) This in turn
corresponds to abaci with a single non-empty runner carrying all » beads. We may
assume this non-empty runner is the (e — 1)-runner. Recall that v, = Zf;ll (Bi — Bi+1)Ai,
where the f; are the beta numbers corresponding to this abacus. We want to construct
abaci with the same e-weight as this one whose images under () trace out the segment
Ly, 0,, and hence give points in ‘W, ;. 4.

Shift the last bead S, to the left by k positions, where 1 < k < e — 1, and then slide
each of the other beads f; up by one step. This operation does not change the e-weight,
and it preserves the differences ; — ;41 for all i # r — 1. Since 3, decreases by k and
Br-1 decreases by e, the difference ,_1 — , decreases by e — k. Hence the resulting
dominant weight is v, — (e — k)A,—1, which ranges over L,, », \{v2} as k varies. Adding
the endpoint v, recovers the full segment L, »,, as required. m]

As this segment is contained in the cell €,,, we deduce the following:

CoroLLARY 3.2.34. For any bad pair (v1, v2) of W; e w, the segment Ly, o, is contained in
the associated stingray pattern Stiny, o,.

Because of Corollary 3.2.34, we call Ly, ,, the tail of the stingray (or the stingray tail),
and we call Stin,, o, \ Ly, 0, the body of the stingray (or the stingray body).

ExamrLe 3.2.35. We continue with Example 3.2.30 and consider the case Wag5; see
Figure 6, where the stingray patterns are drawn in red and the regular pattern in blue. We also
distinguish the stingray tail and the stingray body by using different shades of red. &
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@ Regular
@ Stingray Body
@ Stingray Tail

Ficure 6. Two stingray patterns and one regular pattern for (r, e, w) = (3,8, 5).

Our next goal is to show that a stingray tail is isolated in an appropriate sense,
which explains why we regard it as a “tail”: it should be separated from the body, as in
Figure 6.

Lemma 3.2.36. Let A be a partition and let B; be its r-beta numbers. Form the e-abacus of A
with r beads, and suppose that each runner has at most one bead on it. Then the e—weight of A
is given by

we(1) = ) |Bi/e]
i=1

Proor. A bead §; liesinrow gq; = |Bi/e]. Sliding it up to the row 0 makes that runner
flush and contributes exactly g; upward moves. Summing over all beads shows that
the total number of upward moves, hence the e-weight, is };;_;|Bi/e], as claimed. O

LemmMma 3.2.37. Let (v1, v2) be a bad pair of affine vertices of W, ¢, and let Ly, ,, be the
stingray tail. Then for an e—alcove A,

Lo, CA &= AeS, NS,

Proor. If A € S;;, NSy, then vy,v7 € A by definition, and since A is convex it
contains the whole segment connecting v; and v, hence in particular the discrete
subset Ly, 4,

Conversely, assume Ly, 5, C A. The closure A is convex and its intersection with
the line through v1 and v; is a closed interval. The tail L, ,, consists of all intermediate
lattice points between v1 and v, so the smallest closed interval in that line containing
Ly, v, has endpoints v1 and v,. Hence v1, v, € A ie A€ So, NSy, O

Prorosrtion 3.2.38. Fix e > r > 3, w > 0. Let Stin,, , be a stingray pattern contained
in W, e and let Ly, o, be the tail of this stingray. Then for any e—alcove A € Sy, such that
Ly, v, € A, we have AN W, ., = 0.

Proor. By Lemma 3.2.37, it suffices to prove the case when A € §,,. Write
Uy = thll bie A;. Since (v1,v7) is a bad pair, v, is a boundary affine vertex, so by
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Proposition 3.2.29 the e-weight (of any partition whose image under Q is v;) satisfies

r—

1
(3.2.39) w=i(bi-1).
=1

1=
Suppose, for a contradiction, that there exists a point Q = Zf;ll xiNi € ANW, e .

Assume first that x; > bje for some j. By Lemma 3.2.27, there is an affine vertex
v = lr;ll cieAj € W, ¢ with cje > x; for all i, and in particular cje > x; > bje, so
c¢j > bj. The distance condition (3.2.31) for each simple root a; gives x; > (b;—1)e, which
forces c¢; > b; for all i. Thus v, cannot be a boundary affine vertex by Corollary 3.2.28,
contradicting our assumption. Hence we must have

(3.2.40) xi < bje foralll1<i<r-1.

As Q € A, there exists some i such that the inequality in (3.2.40) is strict.
Let A be a partition with Q(A) = Q and let (81, ..., /) be its r—beta numbers. Then

r—1 r—1
(3.2.41) Bi=Br= D (Br—Pra)= ) x (1<i<r-1).
k=i k=i

Since Q lies in the interior of an e—alcove, by Lemma 3.2.52 we know that Q € W, . ,,(1").
Therefore, by Lemma 3.2.36,

(3.2.42) w,(A) = Zr: EJ > ri V@JJ
i=1 i=1

Because Q lies in an alcove whose closure contains the boundary vertex v,, the
distance condition (3.2.31) applied to the root a; + - - - + a,_1 shows that, for each i,

r—1 r—1 r—1
(3.2.43) Z bre —e < Z X < Z bre,
k=i k=i k=i

where the right-hand inequality follows from (3.2.40). Dividing (3.2.43) by e gives

r—1 1 r—1 r—1
bk -1<- X < bk,
k=i ¢ k=i k=i
SO
1 r—1 r—1
(3.2.44) {— ka =N b1
€ k=i k=i
Thus
+ r:l X 1 r=1 r—1
(3.2.45) [MJ - {ﬁ = ka >N b -1,
e e e ‘ ‘
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Substituting (3.2.45) into (3.2.42) yields

r=1 r-1
wWe(A) > Z ( by — 1)
i=1 k=i
r—=1
(3.2.46) = kby —(r—1).
k=1
On the other hand, from (3.2.39),
r—1 r—1 r—1
w = k(bk—1)=Zkbk— k
k=1 k=1 k=1
r—1
(3.2.47) =N kb= 1O ~ )
k=1

For r > 3 we have WT_D > r — 1, so combining (3.2.46) and (3.2.47) gives

r—1 r—1
we(/\)ZZkbk—(r—l)>Zkbk—r(rz_l) =w
k=1 k=1

Thus w,(A) > w, contradicting the assumption that Q € ‘W, . ,. Therefore no such Q
can exist, and we conclude that A N W, ., = 0. O

In contrast, a regular pattern does not exhibit this separation behavior. The following
result explains the terminology.

Proposimion 3.2.48. Fix e > r =3 and w > 0. Let Reg,,  be a regular pattern contained
in W o w, associated to a good pair (v1,v2). Then for each e—alcove A € Sy, all lattice points
in the interior of A lie in W, ¢ 1, that is

ﬂo ﬂ P+ C (Wr,e,w.

Proor. When r = 3, the set §;, consists of six e-alcoves. To prove the statement,
we construct an explicit point in each of these alcoves; the result then follows from
Lemma 3.2.52. Write v1 = a1e/Aq1 + are/A>. One checks that

P = (1116+1)A1+(1126+1)A2, P, = (a16+2)/\1+(a26—1)/\2, P; = (a16+1)/\1+(a26—2)/\2,
P4 = ([116—1)A1+(1126—1)A2, P5 = ([116—2)A1+(1126+1)A2, P6 = (ale—l)A1+(aze+2)A2
lie in the six alcoves adjacent to v1, hence in the six elements of S,. It remains to show
that these six points lie in W3 ¢ 4.

By assumption (v1, v7) is a good pair. Write v, = bieAy + baeA, so by = a1 and
by = a> + 1. Consider the abacus configuration of a partition A with (A1) = v, and
let 1, B2, B3 be its 3-beta numbers (which we also view as the three beads). Then the

three beads lie on a single runner. If f3 is on row k, then 55 is on row k + by and f; is
on row k + by + by.
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By Lemma 3.2.20 and Proposition 3.2.29, we have (by — 1) + 2(by — 1) + 3k = w with
k > 0. We explain the construction for Ps; the other points are handled similarly.

For the abacus of v;, we may choose the unique non-empty runner to be the
(e —1)-runner (recall e > r = 3). Now shift the bead 1 two steps to the left and shift the
bead f3 one step to the left. The resulting abacus represents the point Ps. Its e-weight
is

w' =k +(k+by+by)+ (k+by)

by Lemma 3.2.36, so w’ = w + 3. Finally, slide all three beads up by one step which
is possible because k > 0. This does not change the image under ), and it reduces
the e-weight by 3, so we obtain an abacus of e-weight w still mapping to Ps. Hence
Ps € W3, . The same argument applies to P1, Py, P3, P4, Pe. O

RemARk 3.2.49. One might expect Proposition 3.2.48 to hold for all r > 3, but this is not the
case. A counterexample occurs for (r, e, w) = (5, 6, 15), with the good pair v1 = (42,6,6,6)
and vy = (42,6,6,12). It would be interesting to find a finer notion of a “perfect pair” for
which Proposition 3.2.48 remains valid and this should be related to the Bruhat order. &

Remark 3.2.50. We refer the reader to github repository for more figures in sl3, interactive
figures in sly, and the code used to generate them. O

3.2.4. Index the e-alcoves in sl,. From Figure 4 and Figure 5, one observes that
the green simplices (that is, the copies of ‘W5 ,.(1,1, 1)) are precisely the interiors of
the e-alcoves in the fundamental chamber of sl3. These simplices are in bijection with
the 3-partitions of w of type (1,1,1), so we may use such 3-partitions to label the
corresponding alcoves. More generally, the next result shows that one can index a
subset of the e-alcoves in the fundamental chamber of s, by the set of r-partitions of w
of type (17).

Recall from Subsection 1.2.1 that a composition with r parts is a finite sequence of
r nonzero non-negative integers. A weak composition with no more than r parts is a
tinite sequence of r non-negative integers, in which zeros are permitted. For example,
(5,0,1, 3) is a weak composition with no more than 4 parts but is not a composition.

For any r and w, the r-partitions of w of type (1”) are in bijection with the weak
compositions of w with at most r parts: given such an r-partition, take the lengths of
its components as the parts of the corresponding composition. From now on we do not
distinguish between these two sets and we often write weak compositions to simplify
notation.

Lemma 3.2.51. The set of dominant weights in the interior of the fundamental e—alcove,
ﬂée) ° N P*, is the lattice points of an (r — 1)-dimensional simplex of dilation factor e — r in the
sense of Definition 3.2.2.
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Proor. By Subsection 1.4.2, a dominant weight v = 21:11 a;\; lies in &*’l(()e)o if and
only if
r—1
a; €Zso foralll<i<r-1, ZaiSe—l.
i=1
Letb; :=a; —1(1 < i < r — 1), define integers

r=1
xojze—r—Zl’),’, xiZZbi(lﬁiSi’—l).
i=1

It is straightforward to check that this construction gives a bijection between ﬂ(()e) ‘NPt

and the lattice points of the standard simplex A""!(e — r) N Z’, with inverse map
-1

(x0, ..., xrm1) = X5 (i + DA

Hence ﬂée) ° N P* is the lattice point set of an (r — 1)-simplex of dilation factor e — r,
as claimed. O

Lemma 3.2.52. In W, . (1), each copy of W, .(1") (corresponding to an r—partition of w)
is exactly the set of dominant weight lattice points in the interior of some e—alcove.

Proor. By Theorem 3.2.5 and Theorem 3.2.9, each copy of W, .(1") is the set of
lattice points of a simplex in C* N P.

First, no point of such a simplex lies on the boundary of an e-alcove. Recall that
apointv = thll a;/\; lies on some affine hyperplane if and only if there exist indices
i < j such that

ai+a,-+1+---+aj = O(mode),
equivalently, (v, a;+---+a;) =0 (mod e) . Let v belong to a copy of W, .(1") and choose
A such that (A1) = v. Consider an e—abacus for A with r-beta numbers 1 > --- > §,.
Ifa;+---+a;=0(mode) for somei < j, then

(Bi = Bix1) +---+(Bj —Pj+1) = Bi—Pj+1 = 0(mode),

so the beads f; and f j+1 lie on the same runner. Hence some runner contains at least
two beads. By Theorem 3.2.9, this excludes v from the component ‘W, . ,,(1"), which
consists precisely of points whose abaci have at most one bead on each runner. Thus
no point of a copy of W, .(1”) lies on any affine hyperplane, so every such point lies in
the interior of some e—alcove.

Let S be a fixed copy of W, ((1"). If S intersects any e—alcove, then by the above
argument and the convexity of a simplex, S is contained in the interior of that e-alcove.

By Lemma 3.2.51 and the translation invariance of the e—alcoves, the number of
dominant lattice points in the interior of any e—alcove is equal to the number of
points of W, .(1"). Since S ¢ A N P* and the cardinalities agree, we must have
S = A;NP*. |
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Examrie 3.2.53. Figure 4 and Figure 5 illustrate how to assign labels to the simplices in
Wsew(1,1,1). In Figure 7 we make these labels more clear from Figure 5 by removing the
green points. Moreover, we have simplified these labels to use the weak compositions of w = 10
with at most 3 parts, corresponding to the 3-partitions of w of type (1,1, 1). &

u-pattern

019 /
0,10,0)
(10,0,0) (0,0,10)

Ficure 7. r =3,e =12, w =10

We now examine these labels in Example 3.2.53 more closely.

First, in Figure 7, the fundamental e-alcove carries the label (4,3,3). In general,
Lemma 3.2.55 shows that the label of the fundamental e-alcove is given by the “most
balanced” partition of w of length r.

Second, how the labels change when cross the walls between adjacent alcoves is
related to the action of affine Weyl group on abaci. In Figure 7, there are three types
of walls: blue, yellow, and gray. The gray walls correspond to empty walls, that is,
walls not contained in W3, ;, (see Figure 5). Suppose an alcove has label (a, b, c) with
a+b+c=w = 10. Then one observes:

e crossing a blue wall sends (a, b, ¢) to (b, a, c) (swapping the first two coordi-
nates);

e crossing an empty (gray) wall sends (a, b, ¢) to (a, ¢, b) (swapping the last two
coordinates);

e crossing a yellow wall sends (a,b,c) to (c+1,b,a —1).

For readers familiar with the action of the affine Weyl group on abaci, these
transformations agree with the case of three runners with one bead on each runner at
rows a, b, c, respectively. The blue, gray, and yellow walls correspond to the Coxeter
generators s1, sp, and sg. This also explains why (4, 3, 3) labels the fundamental alcove:
it is characterized by the property that the action of s, and s fixes it, so its label changes
under only one wall-crossing.
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Fixe >r>3andw e N,and write w = rm + n withm,n e Nand 0 <n <r —1. Set

n terms (r—n) terms
—_———
(3.2.54) Ap=(m+1,...,m+1,m,...,m).

LemMma 3.2.55. For sl,, in the picture of Wy e, the level-e fundamental alcove ff’l[()e)
corresponds to the weak composition Ay defined in (3.2.54).

Proor. By Lemma 3.2.52, it suffices to show that there exists a point in the copy
indexed by Ay that lies in the fundamental alcove.

Consider the e—abacus with e runners, and choose the first » runners. For each
runner 0 <7 < n — 1 place a bead at row m + 1, and for each runner n < i < r — 1 place
a bead at row m.

By definition, this abacus corresponds to a point in the copy of W, . .,(1") indexed by Aj.
Let (1, ..., Br) be the associated beta-numbers. The corresponding dominant weight
is Z:;ll ai\i, where a; = Bi — Bis1.

From the abacus configuration we have §; —fiy1 = 1fori # nand 8, —fn+1 = e—r+1.

Hencea; =1fori # nand a, = e —r +1 < e, so this point lies in the fundamental
e—alcove. O

The next observation shows that this choice is indeed natural, depending only on r
and w.
Consider the sub-abacus consisting of the r non-empty runners:

0 1 n—1 n n+1 r—1

$ %» e 99 9

The total number of gaps above the beads is n(m + 1) + (r — n)m = rm + n = w, so this
abacus corresponds to the partition (w”). Equivalently, it is obtained from the empty
partition by shifting each bead to the right by w steps in the abacus with 7 runners and
r beads.
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3.3. Proof of the Empty Runner Removal Theorem

We now state the runner removal theorems.” Let ¢, 1 be positive integers. Suppose
A and p are partitions of size n lying in the same block (i.e., they share the same e-core
and e-weight). Form the abaci Abj(1) and Ab,(u).

Fix j € {0,1,...,e — 1} and insert a new runner immediately to the left of the

j—runner.

e If the new runner contains no beads, we call it an empty runner.

e If the new runner is flush and the first gap on this runner is on a row strictly
greater than the row index of any bead on the existing runners, we call it a full
runner.

In either case, adding the same number of beads to the new runner for both configura-
tions yields new partitions A™ and u*.

Tueorem 3.3.1 ( [JMO02], Theorem 3.2). In characteristic 0, suppose A and u lie in the
same block and 1 is e—reqular. If A* and u™ are obtained by inserting an empty runnet, then

& () = d5. (o).

Tueorem 3.3.2 ( [Fay07], Theorem 4.1). In characteristic 0, suppose A and  lie in the
same block and i is e—reqular. If A* and p™ are obtained by inserting a full runner, then

dﬁ,y(v) = diﬁ}w (v).

Remark 3.3.3. The condition that u is e-reqular is necessary only in the context of the
Iwahori—Hecke algebra (where simple modules are indexed by e-reqular partitions). These
theorems were originally established in the context of q-Schur algebras, where simple modules
exist for all partitions and the regularity condition can be dropped. &

As noted in [JM02], Goodman suggested that Theorem 3.3.1 can be deduced from
the following theorem.

Traeorem 3.3.4 ([GWO8]). In characteristic 0, let A and p be two partitions of the same size
with no more than r rows, and assume 1 is e-regqular. Then the graded decomposition number
is given by the anti-spherical Kazhdan—Lusztig polynomial evaluated at the corresponding
weights:

Bu®) = M) 00 (©)

In [Fay07, Section 2.3], the author briefly describes the idea of how to realize
Goodman’s remark. However, a detailed proof is not provided there. In this section,
we provide the proof of Theorem 3.3.1.

The strategy is to show that the combinatorial operation of inserting an empty
runner corresponds to a geometric stability of the weights. Specifically, we prove that

2In the next chapter, we will restate the two runner removal theorems in a unified way; see Section 4.4.
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the dominant weight ()(A) in the level-e arrangement occupies the exact same relative
alcove as the weight QQ(A") does in the level-(e + 1) arrangement.

Proor oF THEOREM 3.3.1. Let A be a partition and u be a e-regular partition, both of
which have no more than r parts. Fix k € {0,...,e — 1}. Write the beta numbers of
A in the form B;(A) = a;e + b; with 0 < b; < e. Inserting an empty runner before the
k-runner gives the beta numbers of A*:

Bi(A*) = ai(e +1) + b; + Op,>k-

By Theorem 3.3.4, dfw(v) = ng( A),Q(y)(v). Thus, to prove the theorem, it suffices to
show that
_ 1
am,0®@ = MGan,an©)-

Recall the level-e anti-spherical polynomials in Subsection 1.4.4, this equality holds
if Q(A) and Q(A*) define the same element of the affine Weyl group. Using the Shi
coefficient criterion (1.4.2), we prove that for every positive root « € R™:

(3.3.5) KO(Q) = K (Q@n).

Any positive root a € R* is a sum of consecutive simple roots: a = a; + -+ + aj_1 for
1<i<j<r. Since Q)= 2;11 (Bk(A) = Br+1(A)) A, using the duality (Ax, ay),) = Okm,
we have:

j-1 r=1

ay, > (Br(A) = B (M) A

m=i k=1

j-1

> (Br(D) = Bria(1)

k=i
Bi(A) = Bj(A).
Using Bi(A) = a;e + b; as above, we have:

(ozv, Q(/\)) = (ai - aj)e + (bi — b]‘).

(a¥, Q1))

Similarly, for the partition A*, we have:
(@, QA")) = (ai —aj)(e + 1) + (b; = b)) + (Op,2k — Op;=k)-

Let A = a; —ajand let A := 6p>k — Op;=k € {-1,0, 1}. We compute the floor functions
in two cases.

Case 1: b; > b;. Then 0 < b; — b; < e and the level-e Shi coefficient kgf)(Q(A)) is:

Ae + (b — bj bi — b
%l%:fxﬂ - ’|=A.

For level e + 1, we examine the remainder term R := (b; — b;) + A. Since b; > bj, we
cannot have b; > k > b;, so A € {0,1} and 0 < R < e + 1. Thus, the level-(e + 1) Shi
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coefficient k'™ (Q(AY)) is
Ale+1)+R

= A.
e+1

Case 2: b; < bj. Then —e < b; —b; < 0. Rewrite (a", Q)(A)) as (A — 1)e + (e + b; — b;).
The term (e + b; — b;) is strictly between 0 and e. Thus:

(a”, Q)
e

KIQ)) = { C A1

For level e +1, rewrite (a¥, Q(A*)) as (A—1)(e + 1)+ R’, where R" = (e +1) +(b; —b;) +A.
We must show 0 < R” < e + 1. Since b; < bj, we cannot have b; > k > bj, so A € {0, -1}.
Hence, we have 1 <b; —bj+e+1<e+1and 0 < R’ <e +1. Thus, the level-(e + 1)
Shi coefficient is also A — 1.

We have shown that for all a € R*, the Shi coefficients coincide:
KO(QW) = K (Q@h).

This implies that QQ(A) and Q(A*) correspond to the same element in the affine Weyl
group (relative to their respective levels). The same argument applies to y and u*.
Moreover, u* is clearly (e + 1)-regular. Consequently,

_ 1
om,06® = Moo ©)

and therefore d;/y(v) = di\t,lw (v), as desired. O

We end this section with a graphical explanation of the above proof, by drawing
the alcoves corresponding to A and A* in the level-e and level-(e + 1) arrangements,
respectively.

ExawmpLE 3.3.6. In type A(zl), let r = 3. Take A = (2,1), its abacus with 3-beads is:

o

By adding an empty runner to the left of i-th runner where i = 0,1, 2, we get A*':

9079107 % ?

It is easy to see A™0 = (4,2,1), ATt = (4,2) and A*? = (3,2). Identifying them with the
dominant weights in slz, we have: A+p = 2A14+2A, AT0+p = 3A14+2A2, AT +p = 3A1+3A,
and A*2 + p = 2A1 + 3A,. o

ExawmrLg 3.3.7. In type A(zl), let r = 3. Take u = (4,1, 1), its abacus with 3-beads is:
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By adding an empty runner to the left of i-th runner where i = 0, 1,2, we get u*':

It is easy to see u™ = (7,2,2), u*t = (6,2,2) and u™ = (6,2, 1). Identifying them with the
dominant weights in sls, we have: p+p = 4A1+ Ay, p 0+ p = 6A1+Ag, p™t+p =5A1+ Ao
and y+2 +p= 5[\1 + 2A2. o

ExawmrLE 3.3.8. In type A(zl), let r = 3. Take v = (9, 6,1), its abacus with 3-beads is:

By adding an empty runner to the left of i-th runner where i = 0, 1,2, we get v*':

Lk

It is easy to see v** = AT! = (13,9,2) and v*? = (13,8,1). Identifying them with the
dominant weights in sl3, we have: v + p = 41 + 6y, 04 p= v+ p =5A1 + 87z and
v*2 4+ p = 6A1 + 8As. ©

ExawmpLE 3.3.9. Consider Example 3.3.6. We plot A + p in the level-3 alcove (Figure 8) and
A*+ p in the level-4 alcove (Figure 9), both in blue. Similarly, for u and v from Example 3.3.7
and Example 3.3.8, we plot the corresponding points in red and green, respectively.

Ficure 8. Level 3 Ficure 9. Level 4
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3.4. Combinatorial Identities

Let |-]| be the floor function. For two positive integers w, r, we define p,(w) to be
the number of partitions of w having exactly r positive parts. It is well-known that

pataw) = | %] and paw) = |42
For each w and e, we define the following functions:
_(w+1)(w +2)

w+2
(3.4.1) ay 1 , by = { > J — Ay, cw = p3(w).
Lemma 3.4.2. For every integer w > 0,
w .
1 w+2 w+2
(3.4.3) 2;{§J+2w+2_(2)+[2]

Proor. Write w =2m (m > 0)orw =2m + 1 (m > 0).
Case w = 2m.

I ESREIE

m
i=1 k=1 k=1

(k-1)+k) = i(Zk —-1) = m?.
k=1

Hence the left-hand side of (3.4.3) equals 2m? + 4m + 2. The right-hand side equals
(2m+2) N {2m +2J _(2m+2)2m +1)

+(m+1)=2m? +4m + 2.
5 > > (m+1)=2m m

Case w = 2m + 1. Using the even case up to 2m and adding |_(2m +1) /ZJ =m,

2m+1

5[4 .

1=

so the left-hand side of (3.4.3) is 2(m? +m)+2(2m +1)+2 = 2m?+6m +4. The right-hand
side is

+(m+1) =2m? + 6m + 4.

2m +3 N {Zm +3J _ (2m +3)(2m +2)
2 2 1 2

Both cases agree, proving (3.4.3). m|

Lemma 3.4.5. For integers e > 3 and w > 0,
(3.4.6)

w+2\[e-1 e—1\/ v ' ) ,
( 2 )( 2 )+2( 1 )(;m(mw”) + pa(@)+pa@)+1 = aue® +boe +cu,
Proor. Set a = (w;2) and S = Z?"zl pa(i). Using

(3.4.7) (6 ) 1) = (2 -3¢ +2), (e | 1) —e—1,
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Ficure 10. sl3 dominant weight pictures fore =8 and w =0,1,...,9.
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the left-hand side of (3.4.6) becomes

(3.4.8)
E(e,w) = a

2ez+ (2(S+w+1)—3—a)e+(oc—Z(S+w+1)+p3(w)+p2(w)+1).

2

Thus the e?—coefficient is a, = a/2 = w.

By Lemma 3.4.2,

(3.4.9) ﬂS+w+D:a+{w;ﬂ.

Therefore the e—coefficient equals

o[22 - 252§ 22 o

and, using (3.4.9) together with |_wT+2J = p2(w) + 1, the constant term is

cw = a=2(S+w+1)+p3(w)+pa(w)+1 = a—(a+ lw +2J)+;93(w)+;92(w)+1 = p3(w).

2
This identifies all coefficients in (3.4.1) and proves (3.4.6). O



CHAPTER 4

Subdivision and Runner Removal Theorem

This chapter is based on the two papers [Qin24] and [Qin26b]. We give a short
introduction here.

The subdivision map for KLR algebras of type Agl_)l was introduced by Maksimau
in [Mak18] to relate categorical representations of g[; and 51::1 Mathas and Tubben-
hauer [MT23] subsequently extended this construction to KLRW algebras, thereby
generalizing Maksimau’s result. In [Qin24], we attempted to generalize this map
to cyclotomic KLRW algebras. In [Qin26b], we further extend the combinatorial
framework of [Qin24] to full generality.

More precisely, the KLR algebras have three types of generators: idempotents e(i),
polynomial generators (or dots) y;, and permutation generators 1;; see Subsection 1.3.4.
In [Qin24] we define the subdivision map on the set of partitions in order to describe the
image of idempotents under the subdivision map for KLR algebras. This map is given
in two combinatorial ways: via Young diagrams and via James” abaci, and we show
that these two definitions are equivalent. In [Qin26b], we simplify the combinatorial
construction by distinguishing two kinds of strips in the Young-diagram description;
see Subsection 4.2.1, and by using finite abaci rather than infinite abaci in the abacus
description; see Subsection 4.2.2. We also show that these two simplified definitions
are equivalent; see Theorem 4.2.44. Moreover, we extend the construction to the set of
(row-)standard tableaux and show that it preserves the degrees of standard tableaux;
see Subsection 4.2.4.

Any cyclotomic KLR algebra has a distinguished family of modules, called Specht
modules. There is a subfamily of Specht modules whose heads give all irreducible
modules of the corresponding cyclotomic KLR algebra; see [HM10] for more details.
One motivation for both two papers [Qin24, Qin26b] is that the subdivision map for
KLR(W) algebras may relate the Specht(Weyl) modules of two KLR(W) algebras and
hence provide information about the corresponding graded decomposition numbers.
In [Qin26b], we show that, under a certain condition, the Specht modules are related
in the most natural way; see Subsection 4.3.3. The proof relies on the highest-weight
presentation of Specht modules from [KMR12], and, as an intermediate step, we also
prove that the permutation modules are related naturally; see Subsection 4.3.2.

It was suggested by Andrew Mathas that the subdivision of KLR(W) algebras should
be connected to the runner-removal theorems of James and Mathas [JMO02] and of
Fayers [Fay07, Fay09] for Hecke and g-Schur algebras. We confirm this connection in

87
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both papers by showing that the abacus combinatorics used to construct the subdivision
map on partitions can be interpreted as runner addition (see Subsection 4.2.2), in
agreement with the constructions in [Fay07, Del24, DP25]; see Section 4.4.

Recently, Dell’Arciprete and Putignano extended the empty runner removal theorem
[JMO02] and the full runner removal theorem [Fay07] to higher levels, i.e. to Ariki—Koike
algebras; see [Del24, DP25]. However, the general runner removal theorem of [Fay09]
has not yet been generalised. In [Qin26b], we formulate some natural conjectures
extending this result and present some evidence; see Conjecture 4.4.10, Conjecture 4.4.11
and Example 4.4.12.

In view of the categorical properties of the subdivision maps, whose combinatorial
construction agrees with that of the runner-removal theorems, the subdivision map can
be viewed as a categorification of the latter. Moreover, the proofs of the runner-removal
theorems above are based on calculations in the Fock space and therefore work only in
characteristic zero, and do not readily extend to positive characteristic. The advantage
of the subdivision approach is that it has the potential to work in positive characteristic,
as in [CM10]. However, we do not address conditions under which subdivision is exact
as a functor on module categories, which is a key ingredient for extending [CM10]. We
expect that this is related to [MT17].

In this chapter, the structure is as follows: In Section 4.1 we give a self-contained
definition of the subdivision map ®; on the affine quiver and the associated data
(positive roots, words, dominant weights, KLR algebras, and their cyclotomic quotients),
providing a base and extended version of [Mak18]. In Section 4.2 we develop the
corresponding subdivision on partitions in two parallel languages—Young diagrams
and e-abaci—and prove that the two definitions agree. Furthermore, we extend the
map to the set of standard tableaux. In Section 4.3 we translate these combinatorial
results back to the algebraic setting by analyzing the images of idempotents under
®. Moreover, we relate permutation modules and (universal) Specht modules in
the expected way (Subsection 4.3.2 and Subsection 4.3.3), giving our first categorical
consequences, while leaving exactness issues for future work. Finally, in Section 4.4 we
connect subdivision with the runner-removal theorems, treating both the level-one and
higher-level cases, and we end with two conjectures on equalities of decomposition
numbers in higher level; an example records explicit canonical-basis expansions that
provide computational evidence.

4.1. Algebraic Subdivision

In this section, we introduce the subdivision maps for KLR algebras following
[Mak18], with minor notational changes adapted to our combinatorial framework.

Since we will define subdivision maps on several kinds of objects—including quivers,
positive roots, words, dominant weights, and (cyclotomic) KLR algebras—we will, by
abuse of notation, use the same symbol @ for all of them. When we apply these maps
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later, it will be clear from the objects involved which version of @ is intended. We will,
however, verify along the way that these definitions are compatible with one another.

4.1.1. Subdivision on quiver. Assume that the quiver I' = Ail_)l has vertex set
I = Z/eZ, which we identify with {0, 1, ..., e — 1} throughout the chapter.

0

O—O—O—
1 2 3 k-1 k  k+1 e=3 e-2 e-1

Fix aninteger k € I and identify e with 0. The subdivision at the edge k — k +1 replaces

this single edge by the two-step path k — k — k + 1, while leaving all other edges

unchanged. We denote the resulting subdivision map by @, and write T := ®(T) for

the resulting quiver:

=l

1 2 3 k-1 k *  k+1 e=3 e-2 e-1

As we will apply combinatorial arguments later, it is convenient to label the new quiver
I', which is a cyclic quiver with e + 1 vertices, using the standard convention for type
Agl). We therefore relabel the vertices as follows:

e keep the label i unchanged for 0 <i < k;
(4.1.1) e replace thelabel ibyi+1fork+1<i<e-1;

e replace the label k by k + 1.

With this convention, the quiver T becomes:

el

- O—O—0O—O—
1 2 3 k-1  k  k+1 k+2 e=2 e-1 ¢

By abuse of notation, we will continue to write this relabelled quiver as T'. The vertex
setof Tis I = Z/(e + 1)Z which is identified with {0,1,--- , e}.

Remark 4.1.2. In [Mak18], there is no relabelling step: the new vertex is kept as a
distinguished symbol k. Our relabelling identifies this new vertex with k + 1 € I and shifts
the old labels k + 1, ...,e —1 up by one, so the two conventions differ only by this canonical
relabelling. o
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4.1.2. Subdivision on positive roots. Let Q* = Q;" be the positive cone of the root

lattice of type Agl_)l, with simple roots «ay, ..., a.-1. For p € Q* write

—_

o

p= X with x; € Z>.

i

ForkeI={0,1,---,e — 1}, the subdivision map @, on Q* at the edge k — k + 1is
defined by

I
(e}

k-1 e—1
(4.1.3) Or(B) = xia; + xp(ag + age1) + Z XiQis].
i=0 i=k+1

This is compatible with the subdivision map on quivers described in Subsection 4.1.1.
Indeed, for0 < i < k—1wehave ®(«;) = aj, fork+1 < i < e—1wehave Dy(a;) = a1,
and Oy (ag) = ag + ags1.

The map @y yields a bijection

(4.1.4) (OIS Q;’ — {ﬁ = Z Xij € Q; ‘ Xk = xk+1}, a b Op(a).
iel

If there is no ambiguity in k, we write = ®(8) = k().

4.1.3. Subdivision on words. Fix quiver type Ail_)l and let I be its vertex set. Let
i € [* with n = ht(a), and fix k € I. Let I be the vertex set of the quiver Agl), which is

the image of Ail_)l under the subdivision map constructed in Subsection 4.1.1. Define
@y (i) to be the sequence with entries in [ obtained from i = (iy, . .., i,) by:

e keeping i; unchanged if 0 <i; < k;
e replacingijbyi; +1ifk <ij <e-1;
e replacing each occurrence of i; = k by two consecutive entries k, k + 1.

ExampLe 4.1.5. Fix type ALY and k = 1, let i* = (1200122012010) from Example 1.2.15,
then (i) = (12300123301230120). o

This definition is compatible with the subdivision map on positive roots in the
following sense. Recall, for each word i, we can define the associated positive root «(i)
by (1.1.2), then we have

CDk (a(l)) = a((Dk(i))
More explicitly, write a(i) = Z;lzl ai; € Q" and let m be the number of entries equal to
k ini. Then

n+m

(4.1.6) Za(q)k(i))j = q)k(a(i)).
j=1

Similarly to (4.1.4), @, gives the following bijection
(4.1.7)
Q1> {je @@ |j: = kifand only if t < N and j;4+1 = k +1}, where N =ht (CDk(a))
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To trace the position of a letter in a word after applying subdivision, we introduce
the following position-tracing function.

DeriNiTiON 4.1.8. Fix k € [ and let i = (i1,...,iy) € I,. Write m := #{t | i; = k}. The
position-tracing function associated to (k, 1) is the strictly increasing map

oi:{l,...,.n}—A{1,...,n+m}
defined by

oi(t) =t+#{1<j<t]ij=k}.
Equivalently, ¢i(1) = 1 and ¢i(t + 1) = ¢pi(t) + 1 + 04, & (1<t<n).

The following result is immediate from the definition.
Lemma 4.1.9. With the same notations as in Definition 4.1.8,

it lfOSlt < k,
(q)k(i))qbi(t) =1k ifiy =k,
ir+1 ifk+1<ij<e-1

Moreover, if (Pk(i)) 5, = k, then (Pi(i)) =k+1 O

(Pi(t)-f-l

4.1.4. Subdivision on dominant weights. Let P* be the (integral) dominant weight
lattice of type A(el_)l, and let I be the vertex set of the corresponding Agl_)l quiver. We
define the subdivision map on fundamental weights by

A, if0<ic<k,
(4.1.10) DA; =
Ai+1, lfl > k

For an arbitrary (integral dominant) weight A = f:_g xiA; with x; > 0 for all i, we

extend this map linearly by
e—1

D(A) = ) i D(A).

i=0
In type Ail_)l (or type Aw), this map preserves the level of the dominant weight. The
compatibility of this definition with the ones in Subsection 4.1.2 is shown in the
following results:

Lemma 4.1.11. Fix « € Q*, A € P*, and k € 1. Leti € 1%, and let ® = ®y be the
subdivision map on positive roots or dominant weights. Then we have:

((D(A) | aq)(i)l) = (A | ail)'



4.1. ALGEBRAIC SUBDIVISION 92

Proor. It suffices to verify the equality for any fundamental weight A;; the general
case follows by linearity. Recall that (A; | aj,) = 0;4,. Set A := ®(A) and i := ®(i). Then

(Aj ] aiy) =04, if j <k, i <k,
(K|a:): (Aj|ai1+1)=0 ifj <k, ip >k, .
" (Ajr | @ip) = Oj1,i41 ifj >k, iy >k, /
(Ajsrlayy) =0 if j >k, i1 < k.
Thus, the desired equality holds in all cases. |

Lemma 4.1.12. Fixa € QF, A€ P*,and k € 1. Let ® = D be the subdivision map on
positive roots or dominant weights. Then the pairing is preserved:

(©(A) | D(a)) = (A ] a).

Proor. By linearity, it suffices to verify the equality for fundamental weights A; and
simple roots a;, i.e., to show (P(A;) | D(a;)) = 6;,;. We verify the cases based on the
index i:

(a). Casei < k: Then ®(a;) = a;. If j < k, then @(A;) = Aj and the pairing is §; ;. If
j >k, then ®(A;) = Aji1,and (Ajy1 | a;) = 0 (since j+1 > i), matching 6, = 0.
(b). Case i = k: Then ®(ay) = ag + Agy1.
o Ifj<k: (A]'|0(k+05k+1)=0.
o lfj=k (Ax|akx+ak)=1+0=1
° Ifj > k: (A]'+1 | ay + Otk+1) =0.
In all subcases, the result matches 6; k.
(c). Case i > k: Then ®(a;) = aj1. If j <k, (A]' | iz1) =0.If j > k, (A]'+1 | ajv1) =
0j+1,i+1 = 0j,i-
Thus, the equality holds for all basis elements. m|
If there is no ambiguity in k, we write A = ®(A) = O (A) without further explanation.

4.1.5. Subdivision on KLR algebras. Following [Mak18], one may define the
subdivision map on KLR algebras. In this section, we give a diagrammatic definition
of the map (see [Mak18, Remark 2.13] and [MT23, Section 4]), which we think is more
intuitive and clearer. For the algebraic description, see [Mak18, Section 2].

Fix a quiver I' of type A(el_)1 with vertex set I, and let a € Q™ have height n. Recall
that the KLR algebra R, is generated by elements subject to certain relations; see
Definition 1.3.1. Concretely, it is generated by e(i), ¢je(i), and y;e(i), where 1 < i < n,
1<j<n-1,andi € I*. These generators admit a diagrammatic interpretation as
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in [KL09]:
e(i) :
1 I j iy ip-1 iy
yje(i) :
ih i ij ij41 -1 iy
pie(i) :
ip ip ij i ip-1 iy

In this string-diagrammatic presentation, a string labeled by i € I is called an i-string.
The multiplication is given by vertical concatenation of diagrams.

ExampLe 4.1.13. The following string diagram represents the element 1431041y2e(01212):
0 1 2 1 2

LetT = @ (') and @ = ®k(a). We construct a subdivision map ® = ® from the KLR
algebra R, = Ry(I') over I = Agl_)l to the KLR algebra Ry = Rz(T) overT = AS). This
map will be compatible with the subdivision maps on the quiver, positive roots, and
dominant weights defined above.

&

It follows from Theorem 1.3.16 that the elements 1, y{" - yy"e(i), where a; > 0,
w € Sy,,and i € I%, form a basis of R,. We first define a map O on these basis elements:

(a). The element O (e(i)) is obtained by adding a new string labeled k immediately
to the right of each k-string.
(b). The newly added k-string carries no dots even if the k-string carries dots.
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(c). For a string diagram of the form ¢, e(i), first add the new strings as in (1), and
then extend each new string so that it follows the shape of the corresponding
k-string.

(d). Relabel the strings as follows: replace i by i + 1 for k + 1 < i < e — 1, replace k
by k + 1, and leave all other labels unchanged.

ExawmpLe 4.1.14. The image of the string diagram from Example 4.1.13 under subdivision
Dy is the following string diagram:

&

We caution the reader that the map © is defined only on basis elements and does
not extend to a k-algebra homomorphism. Indeed, ® does not preserve the defining
relations of KLR algebras. As described below, after quotienting by a suitable ideal
and applying an idempotent truncation, one obtains a well-defined homomorphism,
which is in fact an isomorphism.

To describe this isomorphism, we introduce some additional notation. The notation
below is taken from [Mak18, Section 2]. The reader is encouraged to consult that source
for the more general definitions.

Recall that we subdivide at the edge k — k + 1. Let d = ht(a). A sequence
i=(iy,...,15) € 1% is called:

e unordered if there exists an index r € {1,2,...,d} such that the number
of occurrences of k + 1 in (iy,...,1i,) is strictly greater than the number of
occurrences of k in (i1, ...,1,);

e ordered' if, for every index a with i, = k, wehavea <d and i1 =k +1;

e almost-ordered if there exist an ordered sequence j € I* and an index r €
{1,2,...,d — 1} such that j, = k and i = 0,(j).

We write Tﬁrd, I 311/ and T:l for the subsets of ordered, unordered, and almost-ordered

sequences in I, Every almost-ordered sequence is unordered, so T:l c Tﬁn. By the
definition of subdivision on words, for any i € 1%, the number of indices jwithi; =k
is the same as the number with i; = k + 1. In particular, the definition of an ordered
sequence can be restated as follows: for each admissible a, we have i, = k if and only if
a < dand iz = k+1. In other words, all occurrences of k and k + 1 appear in adjacent

pairs. In view of (4.1.7), @y gives a bijection between I* and Tfjrd.

'In [Mak18], the terminology well-ordered is used; we prefer ordered here, since well-ordered already has a
standard meaning.
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We define the truncation idempotent by
(4.1.15) ¢ = Z e(i) € R=(T).

. =
IEIord

DerintTiON 4.1.16 ( [Mak18, Definition 2.6]). The balanced KLR algebra is the algebra

$2(1) = Rz 3" eRzDe()R=(D)e.

. -
]elllﬂ

For simplicity, we omit the quiver T from the notation, and write Sz for Sz(T). Let

J= Z Rze(j)Rz

€l
be the two-sided ideal of Ry, called the bad ideal. Then
(4.1.17) Sz = eRge/eJe = e(Rgz/J)e.

It is possible to reduce the number of idempotents appearing in the definition of eJe.
Lemma 4.1.18 ([Mak18, Lemma 3.7]). ¢Je = 3 eRge(j)Rze.
jelu
Tueorem 4.1.19 ( [Mak18, Theorem 2.12]). Fix a quiver I' of type Agl_)l, and let « € Q7
and k € {0,1,...,e — 1}. Then there is a graded k-algebra isomorphism

q)k . Ra 4 Sg,
induced by the map © on the basis of R, as described above.

Proor. By [Mak18, Theorem 2.12], @y is a k-algebra isomorphism. It remains to
show that @y preserves the grading. This follows from a straightforward diagrammatic
check that ©; is homogeneous on the generators. m|

4.1.6. Subdivision on cyclotomic KLR algebras. By the results of Subsection 4.1.5,
we have the following (commutative) diagram:

eRgze

2
7
@//
P Tt
7
7
7

R, %} Sz
Since © is defined only on basis elements of R,, we draw it as a dashed arrow to
emphasize this point. Let 7 be the canonical quotient map from ¢Rze to Sz = eRge /eJe,
and let @ = @y be the subdivision isomorphism from Theorem 4.1.19. As usual, we
write a = ®(a), A = D(A),and i = D) fora € QF, A€ P*,and i € I*.

The cyclotomic ideal ]2 of R, is the two-sided ideal generated by the elements

y M) [iere),
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eMa) = Y e

i€la

Equivalently, set

so that J2 = R, e®*(a) R,.

Similarly, the cyclotomic ideal ]EX of Ry is the two-sided ideal generated by the
elements

[y Moy | je ).

Ala;
/\((X) — :EE: }/( | 11)

]EI“

Equivalently, set

so that ]A Ry eA(oz) Rg.

The image of JA & under @ is the two-sided ideal of Sz generated by CD(eA(a)). In S;
we have

(M) = Y Dy N d(e(i) = Y (A""'l)e(@(l))woe-zyl Vo) + e3¢,

i€la iela i€«

where the second equality follows from the definition of subdivision on KLR algebras
and on positive roots, and the last equality follows from Lemma 4.1.11. On the other

hand,
ee’(@e = e > y( “We(j)e = > y(A| We(
jel® jelong
Since the subdivision map induces a bijection between I* and I ord- it follows that

(M) = ceM@)e + e
Since @ : R, — Sz is an algebra isomorphism, it follows that
D(2) = Sz D(e(a)) Sz = Sz(ce@)e + ¢3¢) Sz
Viewing ideals in Sz = eRze/eJe, this is the same as
D(JA) = (e]HXe +e3¢) /eJe C eRge /eJe.
Therefore @ induces an isomorphism on cyclotomic quotients:
R = Ra/J2 = Sx/®U2) — eRge/e(3 +]2)e.

Now the subdivision isomorphism induces the following isomorphism between the
cyclotomic KLR algebra and a (cyclotomic) quotient of balanced KLR algebra:
(4.1.20) ®: RY S eRRe/e (3 +2)e.

This isomorphism will be called the cyclotomic subdivision isomorphism.
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4.1.7. Defect invariance. It is well known that the blocks of cyclotomic KLR
algebras of type Agljl are the algebras R;\ for B € Q* and A € P*. In particular, they
are indecomposable.

DeriNtTion 4.1.21. Fix B € Q* and A € P*. The defect of B is the integer:
1
(41.22) defaf= (A1)~ 5(81p)

The defect of a nonzero block (i.e. ng\ # 0) is non-negative (see [Kac83, Lemma
11.13.2]) and measures the complexity of the corresponding block. We now show that
the subdivision map preserves the defect of the block.

ProposiTionN 4.1.23. Fix the quiver of type Ail_)l with vertex set I and fix k € I. Take « € Q%
and A € P*. Set @ := ®y(a) and A := Oy(A), where Oy is the corresponding subdivision map.
Then defAﬁ = def/‘\ B

ProOF. Assume f8 = Yo<i<,_1 Xi@. Then, recall from Subsection 4.1.2 that 8 is of the

p = Z XiQtj + XgQk+1 + Z XiQit.

0<i<k k+1<i<e-1

Calculating the inner product (8 | f) gives:

(B 1 B) = (2x§ — xox1 — XoXe-1)  + Z (2x7 = XjXi_1 — XiXis1)
1<i<k-1

form:

2 2
+(2x% = XpXg1 — XkXk-1)  + Z (2x5 = xiXi—1 — XiXiy1)
k+1<i<e-2

+ (sz—l — Xe—1Xe-2 — Xe-1X0)-
whereas, calculating the inner product (3 | B) gives:

(B B) = (x5 — xox1 — X0Xe-1) + Z (2x7 — XiXj1 — XiXis1)
1<i<k-1
2 2 2 .2 2 . e,
+ (2xk Xy XkXk-1) + (2xk Xy XkXks1) + Z (zxi_l Xi-2Xi—1 — XiXi-1)
k+2<i<e-1

+ (2x§_1 — Xe—1Xe—2 — Xe—1X0)-

Simplifying the middle terms, we observe (8 | f) = (8 | B). It remains to show
(A | B) = (A | B), which follows by Lemma 4.1.12. O

4.2. Combinatorial Subdivision

In this section, we first define the subdivision map on partitions, which we use
in Subsection 4.3.1 to describe the image of idempotents in a KLR algebra under
the subdivision map ®;. We give two equivalent definitions, using Young diagrams
(Subsection 4.2.1) and abaci (Subsection 4.2.2), since each is convenient for different
arguments.
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We then extend the construction to row-standard tableaux (Subsection 4.2.4). Its
restriction to standard tableaux sends standard tableaux to standard tableaux, and we
show that it preserves degree (Theorem 4.2.53). This construction is used for describing
the bases of permutation modules and Specht modules under the isomorphism induced
by the subdivision on KLR algebras; see Subsection 4.3.2 and Subsection 4.3.3.

A preliminary partition-level sketch in a restricted specialization appeared in [Qin24]
(namely k = 0 in the subdivision datum; see Definition 4.2.1). The present section is self-
contained and substantially extends this to a complete picture, and the tableaux-level
construction is brand new.

DeriNiTION 4.2.1. A subdivision datum is a tuple (e, I, A, a, x, k), where e € Z33, I is the
vertex set of the quiver A[El_)l (identified with {0, 1, ...,e —1}), A € P* is a dominant weight
of level { € Z1, a € Q7 is a positive root, k € IYisa charge of A, and k € I.

Fix a subdivision datum (¢, I, A, a, k, k), let ® = @y be the subdivision map (on
quivers, positive roots, dominant weights) introduced in the earlier sections, and set
[ =), a=®a),and A = D(A). Let ¥ € I be such that Di(A,) = Az, for each
1<i<e?

Recall that 7% is the set of {-partitions of residue content @ with respect to the
charge x. Similarly, gzg is the set of ¢-partitions of residue content a with respect to the
charge x. Our aim is to construct a subdivision map @ : &} — ng that is compatible
with other subdivision maps defined in the earlier sections.

To define @y (A), we first define @ (A) for an arbitrary partition A, and then apply
the construction componentwise. More precisely, if A = AD, .., A0) e 2% then

D) = (DAD), ..., Dp(AD)) € FE

For this reason, it suffices to consider the case A = A; for some i € I.

4.2.1. Subdivision on partitions via Young diagrams. Fix a subdivision datum
(e,I,Ai,a,i, k)3 and let A := A;. Recall from Subsection 1.2.2 that [A] is the Young
diagram of a partition A, and that [A], is the Young diagram filled with residues from
I. As usual, since the choice of A = A, is clear from the context, we abuse notation and
write [A] for the Young diagram filled with residues.

DerintTioN 4.2.2. Fix a subdivision datum (e, I, A = Aj, a, 1, k) and A € 3%\ A (k,k+1)-
strip of length m in [A] is a finite sequence of nodes in [A], (A1, Az, ..., Aw), such that:
(a). res(Azj+1) = k and res(Az;) = k + 1 for all admissible j;
(b). if Azjy1 lies in row r and column c, then Ajj,2 lies in row r and column c +1;
(). if Agj lies in row r and column c, then Azj1 lies in row r + 1 and column c.

2The reader should be cautious that this X does not coincide with the subdivision of the word « € I.
3S’tric’cly speaking, it should be written as (e, I, A;, &, (i), k), but we abuse notation and identify (i) with i.
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Similarly, a (k + 1, k)-strip of length m in [A] is a finite sequence of nodes in [A],
(Aq,A,...,Ap), such that:

(a). res(Azj+1) = k + 1 and res(Azj) = k for all admissible j;
(b). if Azjs1 lies in row r and column c, then Ajjo lies in row r + 1 and column c;
(). if Agj lies in row r and column c, then Azji1 lies in row r and column c + 1.

A (k, k + 1)-strip or (k + 1, k)-strip is called maximal if it cannot be extended to a strip of
greater length. If the length m = 1, we call the strip trivial. We call A1 the initial node and
A, the terminal node.

ExampLE 4.2.3. Take the subdivision datum to be (e, I, A\, a,x, k) = (5, I,Aq1,16(ag +

a1) + 15(az + as + as),1,1) and A = (117), we form the Young diagram [A] and color the
maximal (1, 2)-strips in cyan, color the maximal (2, 1)-strip in orange:

Since we work in type Agl_)l, the following observation is immediate.

Lemma 4.2.4. Every maximal (k, k + 1)-strip in [A] has its initial node in the first row of
[A], and every maximal (k + 1, k)-strip in [A] has its initial node in the first column of [A]. O

The definition in Definition 4.2.2 extends in a natural way to triples (k, k+1, k+2) and
(k+2,k+1, k). Indeed, we will define the image of a partition A under subdivision by
replacing its maximal (k, k + 1)-strips and maximal (k + 1, k)-strips with (k, k + 1, k + 2)-
strips and (k + 2, k + 1, k)-strips, respectively. We make this precise as follows:

DerintTionN 4.2.5. Fix a subdivision datum (e, I, i, a, i, k) and take a partition A € 32,;\ i
For each maximal (k, k + 1)-strip S in [A], insert a node labelled with k to the right of every
k-node in S. Similarly, for each maximal (k + 1, k)-strip S in [A], insert a node labelled with k
above every k-node in S. After performing these two procedures for all maximal strips, apply
the relabelling from (4.1.1) to each node. The resulting Young diagram is denoted by CD}:([A]).

There are two points that are not immediate from the definition: (1) the resulting
diagram is the Young diagram of a partition; (2) the new label on each node is exactly
its residue with respect to the new charge (or dominant weight) for Agl). We now prove
both statements.

By Definition 4.2.5, all four kinds of maximal strips (except for the trivial (k + 1, k)-
strip, that is, a single (k + 1)-node, which simply becomes a (k + 2)-node) are treated as
follows:
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For any maximal (k, k + 1)-strip,

(i) if it is of the form

then replace it by

(ii) if it is of the form

then replace it by

For any non-trivial maximal (k + 1, k)-strip:

(a). if it is of the form

then replace it by

(b). if it is of the form

then replace it by

100
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To show that CD{ [A] is the Young diagram of a partition, it suffices to check that each
of the four steps still produces the Young diagram of a partition. Consider a maximal
(k, k + 1)-strip of the form:

As A is a partition, this strip must lie within a minimal rectangle (as shown in the figure
above) in [A]. Hence, by replacing the strip, we obtain the following;:

This transformation still results in a partition by modifying such a rectangle. The other
three operations can be verified in a similar manner. Hence, after replacing every
maximal (k, k + 1)-strip and (k + 1, k)-strip, we obtain a new partition.

Let CDZ(/\) be the partition such that [CDX(/\)] = CD{([/’\]). In this way, (I)Z is realized
as a map on the set of partitions (rather than merely on Young diagrams) via Young
diagrams.

We next consider residues. Assume A € 9;\ ‘. For any node A = (r,c) € [A], the
residue of A is i + ¢ —r (mod ¢). We call the node A = (1, 1) the first node of [A]. In
particular, the residue of the first node is 7, corresponding to the dominant weight A;.
If 0 < i < k, then by our construction in Definition 4.2.5, the first node in CD}(/([/\]) has
residue i; if k + 1 < i < e — 1, the first node in CDZ([A]) has residue 7 + 1. This agrees
with the definition of the subdivision map on dominant weights in (4.1.10). Hence the
new dominant weight is @ (A;), and the new partition CI)}{/()\) lies in Z27®x(1),

LemMma 4.2.6. Fix quiver type Agl_)l, let A € 2% and let [A] be its Young diagram. A
function f : [A] — Z/eZ coincides with the residue function on [A] with respect to A; if and
only if it satisfies the following two conditions:

i) f(1,1) =14

(ii) for any two horizontally adjacent nodes (v, c), (r,c +1) € [AJone has f(r,c +1) =
f(r,c)+1, and for any two vertically adjacent nodes (r,c),(r +1,c) € [A] one has
f(r+1,c)= f(r,c)—1, with both equalities taken in Z /eZ.
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Proor. If f is the residue function, then the two properties follow immediately
from definition. Conversely, assume f satisfies (i) and (ii). We prove by induction on
r+cthat f(r,c) =i+ c—r(mode) forall (,c) € [A]. The base case (1,1) is (i). For
(r,c) # (1,1), either (r,c —1) € [A] (if ¢ > 1) or (r = 1,¢) € [A] (if r > 1), and then (ii)
gives

f(r,c)= f(r,c=1)+1(mode) or f(r,c)=f(r—1,c)—1(mode)

Applying the induction hypothesisto (r, c—1) or (r—1, ¢) yields f(r, ¢) = i+c—r (mod e),
as required. Hence f agrees with the residue function. |

To show that the label associated to each node in [CDZ()\)] coincides with the residue
of that node with respect to A; := ®r(A;), note that we already know the first node of
[CD}:(/\)] has residue j. Thus it suffices to show that (ii) in Lemma 4.2.6 holds for type

1)
A7

For each of the four steps above applied to a maximal strip, the diagram is modified
only inside the minimal rectangle containing that strip. Before the relabeling procedure,
the labels on all original nodes are unchanged (hence still equal to their residues in [1]),
and the only new labels that appear are the labels k on the nodes inserted to subdivide
the strip: these are inserted either immediately to the right of a k-node (for a maximal
(k, k+1)-strip) or immediately above a k-node (for a maximal (k+1, k)-strip).

Let L be the labeling on the set of nodes of [CDZ(/\)] after performing the local
modifications and the final relabeling. Consider any pair of horizontally adjacent nodes
(r,c),(r,c+1) € [Dr(A)] (respectively, vertically adjacentnodes (, c), (r+1, ¢) € [Dr(A)]).
If both endpoints are original nodes of [A], then their labels were not altered during
the local modification inside the supporting rectangles, and the global relabeling acts
compatibly on both labels; hence the relations

L(r,c+1)=L(r,c)+1(mode+1) and L(r+1,c)=L(r,c)—1(mode+1)
continue to hold.

Therefore it remains only to check the horizontal and vertical adjacency relations
for pairs of nodes in which at least one node is newly inserted. By construction, every
inserted node is labeled k before relabeling and lies on a modified maximal strip. Such
a node is inserted only in the following local situation: a node labeled k is adjacent
(horizontally or vertically, according to the type of the strip) to another node on the strip,
and the insertion places k immediately to the right of that k-node (in the horizontal
case) or immediately above that k-node (in the vertical case). When the adjacent node
on the strip exists and is labeled k + 1, the insertion replaces the original adjacency by
a chain of two adjacencies
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respectively. Near an endpoint of the strip, the corresponding neighboring k + 1-node
may be absent; in that case k has only one adjacent neighbor along the strip, and there
is no second adjacency relation to verify there.

After applying the relabeling, k and k + 1 are sent to k and k + 2, respectively, while
k is sent to k + 1. Consequently, every horizontal (respectively, vertical) adjacency
involving an inserted node satisfies the required increasing (respectively, decreasing)
relation modulo e + 1 as well. Hence (ii) of Lemma 4.2.6 holds for L in type A((}). Since
the first node has residue j, it follows from Lemma 4.2.6 that L coincides with the
residue function on [@X(A)] with respect to A;.

ExampLi 4.2.7. Continue with Example 4.2.3, the image of A = (11)7 under the subdivision
map CD}/ is the one corresponding to the following Young diagram:

The (1, 2)-strips become the (1, 2, 3)-strips and the (2, 1)-strips become the (3,2, 1)-strips. The
partition ®Y (1) = (14,13°,12,2) o

4.2.2. Subdivision on partitions via abaci. The definition of the subdivision map
on partitions in Subsection 4.2.1 is natural, but it is difficult to compute in practice for
large partitions, since it requires working with the entire Young diagram. In this section,
we give a second, more computable description of the map, and in Subsection 4.2.3 we
show that the two definitions agree.

We use the abacus combinatorics from Subsection 1.2.1 and Subsection 1.2.2.

DerInITION 4.2.8. Fix a subdivision datum (e, I, A;, a, i, k). For each partition A € @é\ |
an abacus subdivision datum for A is a tuple (a,c,d,a’) € 74 such that

a > max{k, £(1)}, a=i(mode), a+d=ce+k, del, a’=a+c.

The subdivision map on the set of partitions is easier to define in terms of abaci
combinatorics:

DeriNtTION 4.2.9. Fix a subdivision datum (e, I, A;j, a, i, k) and let A € 33;(\", choose an
abacus subdivision datum (a,c,d,a’) for A. Form the e-abacus of A with a beads. Insert a new
runner immediately to the left of the k-runner, and place c beads on this runner in the top rows.
Finally, relabel the runners from left to right by 0,1, ..., e — 1, e. The partition corresponding
to the resulting (e + 1)-abacus with a’ beads is defined to be CD;?(/\).
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It is useful to record the positions of the beads added in Definition 4.2.9. Define the
set 7, k. of non-negative integers by

(4.2.10) ek ={le+k|0<i<c-1}.

Let (e, I, A;, a, i, k) be a subdivision datum and let (4, ¢, d, a’) be an abacus subdivision
datum for A € 22 Then, in the resulting (e + 1)-abacus for @‘,?(/\), the positions of the
newly added beads are exactly the set 7.1 k..

ExawmrLEe 4.2.11. Returning to Example 4.2.3, the subdivision datum is (e, I, A, a, %, k) =
(5,1, A1,a,1,1)and A = (117). Choose an abacus subdivision datum for A tobe (a,c,d,a’) =
(11,2,0,13). Form the e-abacus of A with 11 beads:

0 1 2 3 4

Apply CD? to A: insert a new runner immediately to the left of the 1-runner, and place two beads
on this runner as high as possible. The resulting (e + 1)-abacus with 13 beads is:

0 2 345

I
9

This abacus corresponds to the partition (14,13°,12,2). Comparing with Example 4.2.7, we
see that the two definitions agree. The two newly added beads are located at {1,7}, which is
precisely T 1. o

Lemma 4.2.12. Take A € P2 e-regular, then CD’,?(/\) is (e + 1)-reqular.

Proor. More generally, inserting a flush runner preserves e-regularity. Recall that
an e-abacus display of A is e-regular if and only if it contains no string of e consecutive
beads with no gap between them. Suppose that CD‘]? (A) is not (e + 1)-regular. Then the
(e + 1)-abacus display of CI)‘]:l (A) contains (e + 1) consecutive beads with no gap between
them. Exactly one of these beads lies on the newly inserted runner, so the remaining e
beads come from the original e-abacus display and form e consecutive beads with no
gap between them. This shows that A is not e-regular, a contradiction. |

In view of the discussion in Section 4.4, Lemma 4.2.12 is the same as [Del24, Lemma
4.18].

4.2.3. Equivalence of the two definitions. In this section, we prove that for a
partition A, the map CD{(A) defined in Subsection 4.2.1 using Young diagrams coincides
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with CD? (A) defined in Subsection 4.2.2 using abaci. Consequently, in later sections we
may simply write @ (1) and refer to it as the subdivision map on partitions.

DerintTioN 4.2.13. Fix a subdivision datum (e, 1, A = Ay, a, x, k) and take A € 222, Let
k(A) be the number of non-trivial maximal (k + 1, k)-strips in the Young diagram [A]. By
Lemma 4.2.4, such strips correspond to adjacent pairs in the first column (v, 1) and (r +1,1)
with residues k + 1 and k respectively. Thus:

k(A :=#{1<r <{(A)|res(r,1) =k +1 (mode) }.

In Definition 4.2.13, the maximal (k+1, k)-strip is required to be non-trivial. Indeed,
by Definition 4.2.5, a trivial (k+1, k)-strip (i.e. a single (k+1)-node) simply becomes a
(k+2)-node under CD{ and hence does not change the Young diagram under subdivision.

The case k(A) = 0 is of key importance in Subsection 4.2.4 and Section 4.3. For later
use, we extend this terminology to multipartitions as follows.

DerintTION 4.2.14. Fix a subdivision datum (e, I, A, o, x, k), an {-partition A € F* is
k-horizontal if each component A" satisfies k(AU"™)) = 0, equivalently, if in every component
of [A] there is no non-trivial maximal (k+1, k)-strip.

We now study some properties of k(1). Let | o | be the floor function, i.e. for any real
number x, | x| is the maximal integer N such that x > N.

Lemma 4.2.15. Fix a subdivision datum (e, I, Ay, a, x, k) and take A € @2". Let p € I be
the unique integer satisfying p = x — k (mod e). Then

(4.2.16) k(1) = max(o, V(A)_%J + 1).

Proor. In the first column of [A], res(r,1) = x + 1 — r (mod e). Hence res(r,1) =
k +1 (mod e) is equivalent to

(4.2.17) x+1l-r=k+1(mode) <<= r=x-k(mode).

We count integers r with 1 < r < (1) — 1 satisfying (4.2.17). The smallest positive
solution is p, and every solution is of the form p + te for t € Z>(. Therefore k(A) is the
number of non-negative integers t such that p +te < £(1) — 1.

If £(A)—1 < p, there are no solutions and k(1) = 0. Otherwise, the largest admissible
tis [(((/\) -1- p)/eJ, so the number of solutions is |_(E(A) -1- p)/eJ + 1. This gives
(4.2.16). O

Lemma 4.2.18. Fix a subdivision datum (e, I, Ay, a, x, k) and take A € gzé\x' Then
((DF(A)) = L(A) + Kk(A).

Proor. The length of a partition is the number of nodes in the first column of its
Young diagram. Maximal (k +1, k)-strips start from the first column. By Definition 4.2.5,
the map CD{ replaces:



4.2. COMBINATORIAL SUBDIVISION 106

(a). Anon-trivial maximal (k +1, k)-strip "'l with a vertical triple . This increases

the column height by 1.
(b). A trivial maximal (k +1, k)-strip (single k +1) with a single k +2. This preserves
height.

Thus, the total length increases by exactly the number of non-trivial maximal (k + 1, k)-
strips, k(A). O

Lemma 4.2.19. Fix a subdivision datum (e, I, Ay, o, x, k) and take A € QZ;}*. Let p € I be
the unique integer satisfying p = x — k (mod e). Then k(A) = 0 if and only if {(A) < p.

Proor. By Lemma 4.2.15, the condition k(A) = 0 is equivalent to
((A)-1-
(1) P .o
e
Since e > 0, this simplifies to {(A) =1 —p < 0, or {(A) < p. |

The following corollary will be useful later.

CoroLLARY 4.2.20. Fix a subdivision datum (e, I, Ay, a, x, k) and take A € Qﬁx. Take an
abacus subdivision datum (a,c,d,a’) for A. Then k(A) = 0 if and only if {(A) < e — d.

Proor. Let p € I be the unique integer satisfying p = x — k (mod ¢) . By definition,
a+d=ce+kanda=x(mode). Hence x — k = ce —d = —d (mod ¢), and it follows
that p = e — d. The statement then follows from Lemma 4.2.19. O

To compare (I)‘]? and CD% explicitly, we analyze the row lengths. We introduce three
useful functions, which will be used to describe the subdivision map in terms of beta
numbers. We fix a subdivision datum (e, I, Ay, @, x, k) for convenience.

DEerINITION 4.2.21. Take M € Zso and let N(M) be the number of integers y such that
0<y<Mandy =k (mod e). An explicit formula is

(4.2.22) Ne(M) = {MT_"| +1.

DeriNniTioN 4.2.23. Foru € I ={0,1, ..., e — 1}, define the step function on I by

0, 0<r<u,
(4.2.24) eu(r) = (rel).
1, u<r<e-1,

DerintTION 4.2.25. Foru € I ={0,1,...,e — 1}, define a map 1, : Zso — Zxg as follows.
Forn € Zso, write n = qe + r with q € Zxg and r € I, and set

(4.2.26) tu(n):=qgle+1)+r+e,(r).

The subdivision map CD;? acts on the corresponding beta set essentially by applying
tx. More precisely, we have the following.
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LemMma 4.2.27. Fix a subdivision datum (e, I, Ay, o, x, k). Take A € L@é\" and an abacus
subdivision datum (a,c,d,a’) for A. Let B(A; a) and B(CD’I?(/\); a’) be the corresponding beta
sets (see (1.2.2)). Set T := Tpi1 k,c as in (4.2.10). Then

B(®(A);a') = (B(A;a)) U T

Proor. This is a direct translation of Definition 4.2.9, using the equivalence between
the e-abacus with a’ beads and the a’-beta numbers of the corresponding partition. O

Lemma 4.2.28. Write M = ge + v with 0 < r < e, then Ni(M) = q + i (r).

Proor. By definition, Nx(M) = LMT""J + 1. Substituting M = ge + r:

Ni(M) = g + VTk +1.

If r > k, the floor term is 0, yielding g + 1. If r < k, the floor term is —1, yielding 4. This
matches the definition of g + (7). O

CoRrOLLARY 4.2.29. Taken € Zsgand k € {0,1,--- ,e — 1}, we have 1x(n) = n + Ni(n). O

For A € @ﬁ *, define m, := m, x(A) to be the number of k-nodes in the r-th row of
[A]. Take an abacus subdivision datum (a, c,d, a’) for A. Then, since a = x (mod e),
m, equals the number of integersin{a —r+1,a—r+2,--- ,a —r+ A, = ,} that are
congruent to k modulo e. Thus,

(4.2.30) my = Ni(Br) — Ni(a —r).

We split the proof of the equivalence of the two definitions (Theorem 4.2.44) into
two parts, depending on whether k(1) = 0.

4.2.3.1. The case k(1) = 0. Throughout this section, we fix a subdivision datum
(e,I,Ax,a,x,k).

Lemma 4.2.31. Take A € @9" and assume k(A) = 0. Let (a,c,d,a’) be an abacus
subdivision datum for A. For 1 <r <{(A),let B, = A, —r+a =qre +t, with0 < t, <e.
Then m, = q, — ¢ + &x(t;).

Proor. The residues in [A], are{a —r +1,--- ,a —r + A, = B} mod e. Hence the
number of k-nodes is m, = Nk(B;) — Nx(a — r). By Lemma 4.2.28, the first term is
Ni(Br) = qr + ex(ty).

For the second term Nk(a — r), since a — k = ce — d, we have:
a-r—k ce—d-r —(d+7)

= =cC+ .
e e e

Since k(A) = 0, by Corollary 4.2.20, this implies {(1) < e —d. Since 1 < r < {(A), we

have d +1 < d +r < e. Consequently,

—(d+r)
e

—(d+r)
e

-1< <0 = =-1.
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Thus by (4.2.22),
Ny(a-r)=(c-1)+1=c.

Substituting these back into the expression for m, proves the lemma. m|

Lemma 4.2.32. Take A € @é\x and an abacus subdivision datum (a,c,d,a’) for A. Let
{Br}r=1 and {B;}r=1 be the sets of a-beta (respectively a’-beta) numbers for A and CD’,?(/\). If
k(A) =0, then

Bo=uB),  1<r<t).
Proor. By Lemma 4.2.27, the set of beta numbers {‘8;.}]'21 for CD’,?(/\) is the union
of the image set S = {ix(8+)}r>1 and the set .7 := 7,1 k. defined in (4.2.10), which

corresponds to the beads on the newly inserted runner. We only need to prove that the
order of the beta numbers is preserved.

There are two trivial cases. If ¢ = 0, then .7 = 0, so the result holds. If c = 1 and
k =0, then .7 = {0} and the conclusion holds naturally.

Assume now that we are not in these trivial cases. Let X = (c —1)e + k —1 > 0and
set rg = a — X. Since ce = a + d — k, we have:

ro=a-—X

=a-(a+d-k-e+k-1)

=a—-a-d+e+1

=e—d+1.
By Corollary 4.2.20, k(A) = 0 implies £(A) < e —d. Thus ¢(A) < rg. Since rg > ¢(A), the
corresponding part A, is zero. Therefore, the beta number ;) = A, +a—-ro=a-rg = X.

Since the sequence of beta numbers is strictly decreasing, for any 1 < r < ¢(A), we

have r < rg, which implies:

Br>PBr,=(c—1e+k-1.
Therefore, f, > (c — 1)e + k. Applying the strictly increasing map t, we get:

e(Br) = te((c =De+ k) =(c—=1)(e +1) + k + 1 > max(7).

This shows that the images of the first {(1) beta numbers are strictly larger than any
element in .7. Consequently, they occupy the first (1) positions in the sorted set {ﬁ;.},
proving B, = tx(B,) for these indices. O

CoroLLARY 4.2.33. Take A € 23 and assume k(M) = 0. Then ((®A(A)) = (7).

Proor. Set up as in the proof of Lemma 4.2.32. Define the values X = (c—1)e +k—1
and Y = (c —1)(e + 1) + k. Let B = {B+}1<r<a be the set of a-beta numbers for A. We
partition B into a "head" B-x = { € B| > X} and a "tail" B<x = {f € B| B < X}.
Similarly, let B” = {f} }1<,<s’ be the set of a’-beta numbers for u := CID‘];1 (A), partitioned
into B, and B,
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Let .7 = Jo41,k,c as in (4.2.10). By definition, the map 1 induces a bijection between
{0,...,X} and {0,...,Y} \ 7, while 7 fills the gaps. Thus, ,({0,...,X}) U T =
{0,...,Y}

First, consider the tail. Let rg = e —d +1. In the proof of Lemma 4.2.32, we established
that X = a — rp. Since k(A) =0 = {(A) < rp, we have A, = 0 for all r > rg and thus
Br = a —r < X. Therefore, B<x is exactly the set of integers {0, ..., X} and

B;Y =1ut(B<x)U.7 =1,({0,...,XHhu7 ={0,...,Y}.
Since Y = a’ —r, this set {0, ..., a" — 1o} corresponds exactly to the beta numbers a — r
for indices r > rg. Thus, u, = 0 for all » > ro.

Next, consider the head. For r < rg, we have 8, € B> x. By Lemma 4.2.32, 8, = 1x(f;)
for 1 < r < {(A). We remark that the proof shows that this is actually true for all
1<r<rg—-1.

Sincel <r <e—-d,wehaved +1 < d+r < e, which implies | -(d +r)/e| = —1. Thus
Ni(a—r)=c—-1+1=c. By Corollary 4.2.29, and using a’ = a + c:

i@a—ry=@—-r)+Ni(a—-r)y=a-r+c=a"—r.
Using the fact that (4 is strictly increasing;:
A>0 & Br>a-r & uBy)>ula-r) & p,>a" -r = u,>0.

This equivalence holds for all 7 < rg. Since ¢(A) < ry, this confirms that exactly the first
{(A) parts of CD?(A) are non-zero. Thus €(CDf(A)) ={(A). O

ProrositioN 4.2.34. Take A € 3”;(\ * and assume k(A) = 0. Then CD‘,?(A) = CD}(/(/\).
Proor. First, consider QDZ(A). Since k(A) = 0, by Lemma 4.2.18, (Z(CDX(/\)) = {(A).

Moreover, let m, be the number of k-nodes in the r-th row of [A], it follows directly
from Definition 4.2.5 that ®{ (1), = A, + m, for 1 < r < ¢(A).

By Corollary 4.2.33, we also have ¢ (CD;?(/\)) = {(A). It remains to show that the parts
agree for 1 <r < {(A).

Fix an abacus subdivision datum (a, c,d,a’) for A. Let u = CD? (A). The r-th part is
ur =P, +r—a’. By Lemma 4.2.32, ] = 1,(B,) for1 < r < {(A). Since a’ = a + ¢, we have

pr—=Ar = (Br)+r—(a+c))—(Br+7r—a)=wuB) - Br—c.
Write B, = gre + t,. By Definition 4.2.25, 1x(B;) — B+ = qr + €k(t+). Therefore,
pr —Ar = qr + ex(ty) —c.
By Lemma 4.2.31, this is exactly m,. Hence y, = A, + m, = CDZ(/\)r forl1 <r </¥(A),and
SO CD;:‘(A) = CD}{”(A). O

4.2.3.2. The case k(A) > 0.

Throughout this section, we fix a subdivision datum (e, I, Ay, @, x, k) and a partition
A€ @ﬁ *. We assume s := k(A) > 0. Hence, the Young diagram [A] contains s
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non-trivial maximal (k + 1, k)-strips. By Lemma 4.2.4, these strips start in the first
column.

For a non-trivial maximal (k + 1, k)-strip S, let ks and rs be the row indices of the
initial node and the terminal node of S, respectively. Non-triviality of S is equivalent
torg > kg.

Let S, ..., Ss be the non-trivial maximal (k + 1, k)-strips in [A]. Set k; := ks, and
r; == rs,, and reorder the strips so that

ki <ky<--- <k and rn<r<---<rs.

DEerINITION 4.2.35. We define the strip-tracing functions f, g : Z>1 — Zxg by:

(4.2.36) g(j) =#{i|ri <j}
N 0 ifl < ] <k,
(4.2.37) fGr= {Z. ik < 7 < kv,

where we set kg1 = 0.

By definition, g(j) is the number of maximal (k + 1, k)-strips in [A] that end strictly
before row j. Recall also that m; denotes the number of k-nodes in the j-th row of [1]
(as defined in subsubsection 4.2.3.1).

By Lemma 4.2.18, the subdivision map @/ increases the number of rows by s = k(A).

The rows of the new diagram [CD}S(/\)] can be naturally classified by the residue of the
last node in each row:

e The rows that do not end with residue k correspond to the original rows of A.
e The rows that do end with residue k correspond to the new rows created by
enlarging the strips.

Lemma 4.2.38. Take A € 22 and let A+ = CI)}(/(/\). For1 < j < €(A), the following hold:

(a). The row in A* that does not end with residue k is located at index j + g(j) and has
length

(4.2.39) Aoy =4+ mj+8() = £())-

and we say this row is corresponding to the original j-th row of A.
(b). The s new rows that end with residue k are located at indices r; +i for 1 <i <s.

Proor. We first record the only way that a row of [A*] can end with residue k. Let A
be the last node of a row of [A]. Tracking A by the local rules of q)z in Definition 4.2.5,
one checks:
(i) if res(A) ¢ {k, k + 1} then its image has residue @ (res(A)) # k;

(ii) if A is the terminal node of a maximal (k, k + 1)-strip and res(A) = k, then A
expands to a horizontal pair [k ke 8O the row ends with residue k + 1;
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(iii) if res(A) = k + 1 and A is the terminal node of a maximal (k, k + 1)-strip or a
maximal (k + 1, k)-strip, then A is replaced by a single (k + 2)-node, so the row ends
with residue k + 2;

(iv) if A is the terminal node of a non-trivial maximal (k + 1, k)-strip and res(A) = k,

then A is replaced by a vertical pair , which creates a new row whose last node has
k

residue k.

Hence the rows of A* ending with residue k are exactly the new rows created from
the terminal nodes of non-trivial maximal (k + 1, k)-strips.

For (b), consider the ith non-trivial maximal (k + 1, k)-strip S;. Its terminal node lies
in row r; of [A], and by (iv) it produces exactly one new row. The order of the original
rows is preserved, and the new row is inserted immediately after the image of row r;.
Since exactly i — 1 new rows are inserted strictly above row r;, the image of row 7; sits
atindex r; + (i — 1), so the new row sits at index r; + i.

For (a), fix 1 < j < ¢(A). The image of the original jth row is shifted downward by
the number of new rows inserted strictly above it, which is g(j) by definition (4.2.36),
so it is located at index j + g(j).

To compute the length of the image of the jth row. We firstly ignore the maximal
(k +1, k)-strips for a moment, every k-node in row j would expand to a horizontal pair
(k, k +1) in the same row, so the length would increase by 1 for each k-node. This gives
the tentative value A; + m;.

However, this tentative value A j +mj is too large, because not every k-node in row j
expands horizontally. The problematic ones are those k-nodes in row j that lie on a
non-trivial maximal (k+1, k)-strip that passes through row j. Indeed, for each such
non-trivial maximal (k+1, k)-strip S one has ks < j < rs, and S N [A]; contains exactly
one k-node (it is the left node of a horizontal if ks < j < rs, and it is the single
terminal k-node if j = rs).

In the construction of CD{ by Definition 4.2.5, this particular k-node does not

contribute an extra node to the image of row j: as '*'| is replaced by , the k-node in
k

this row is replaced by a single (k + 1)-node

Hence one must subtract 1 for each such strip that passes through row j. By
Definition 4.2.35, the number of such strips is f(j) — g(j). Therefore

My = O +m) = (FG) = 8D = Aj + mj + 8() = £(),
as required. O
The row indices k; can be computed explicitly as follows. Take an abacus subdivision

datum for A. Then, by Definition 4.2.13 and Corollary 4.2.20, we have k1 = ¢ — d and
hence kj = je —d for1 <j <s =k(A).
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Moreover, f(t) can be written in terms of the function Ni(M) as follows. Suppose
that f(t) = j. Then, by Definition 4.2.35, we have je —d <t < (j + 1)e — d, and hence
je <t+d<(j+1)e. We compute

Ni(a—t) = V"Zf_k|+1 = {w +1= c+{_(t;r d)|+1 =c—(j+1)+1 =c—j.
Hence,
(4.2.40) f(t)=c—=Ni(a—t), (t=1).

RemaRrk 4.2.41. Consider the e-abacus of A with a beads, and the Young diagram [A].
For 1 < i < {U(A), the bead corresponding to the beta number B; = A; + a — i lies on the
k-runner if and only if A; + a — i = k (mod e). The last node of the i-th row in [A] has residue
a+ A; —i(mode). Hence the runner label agrees with the residue of the last node in the
corresponding row. o

ProrosiTiON 4.2.42. Take A € 3”;} * and assume k(A) > 0. Then CD‘]?(A) = CD}(((A).

Proor. Fix an abacus subdivision datum (a,c,d,a’) for A. Let A" = <I>Z()\) and
u= CD‘,?(A).

For1<r<a,setf, :=A,+a—r,and let B(A;a) = {B, |1 < r < a} be the a-beta set

of A. For1 <r<a’,setBf :=Af +a’—r,and let B(A*;a’) = {B} | 1 < r < a’} be the
a’-beta set of A*. Similarly, B(u; a’) is the a’-beta set of p.

To prove A* = y, it suffices to show their a’-beta sets B(uy; a’) and B(A*;a’) are equal.
By Lemma 4.2.27, we have

B(u;a’) = w(B(A;a)) U 7,
where 7 = Jo11kc={q(e+1)+k|0<g <c—-1}asin (4.2.10).

Step 1. We first show 1 (B(A; a)) € B(AY; a).

Fix 1 < j < a. By Lemma 4.2.38, the image of the original jth row lies in row j + g(j)
of [A"] and has length A; + m; + ¢(j) — f(j). Hence

Blrgy = (A +mi+8() = F() +a’ =+ (1)) = Bj +mj = £(j) +c.
Using (4.2.30) (applied with r = j) gives m; = Ni(B;) — Nx(a — j), so
B, = B+ Ne(B) — Nia — ) = F(j) + c.
By (4.2.40), Nk(a — j) = ¢ — f(j). Substituting this yields
5}L+g(j) = Bj + Nk(Bj) = t(B))-

where the last equality follows from Corollary 4.2.29. Thus every element of 1(B(A; a))
occurs among the beta numbers of A*, so (x(B(A;a)) € B(A*;a’).

Step 2. Secondly, we show that 7 C B(A*;a’).
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Let M :=a’ —¥(A") — 1. Since A} =0 for all » > ¢(A"), we have
Brl1tA)Y<r<a’y={a"—r|t(A")<r<a’}={0,1,...,M}.
Hence every element of .7 that is at most M lies in B(A*;a’).

It remains to consider the elements of .7 that arelarger than M. Lett = g(e+1)+k € T
and assume f > M. So t cannot come from a zero row of A* and must occur as 8} for
some 1 < r < {(A*). Moreover, by Remark 4.2.41, t can correspond only to a row whose
last node has residue k.

By Lemma 4.2.38, the rows of [A*] ending with residue k are precisely the newly
inserted rows, and the ith inserted row occurs at index r; + i. Moreover, this row is
created from the terminal k-node of some non-trivial maximal (k + 1, k)-strip: this
k-node is replaced by a vertical pair with residues k + 1 above k. Hence the inserted
row 7; + i has the same length as the row immediately above it (the image of row r;),
and therefore its a’-beta number is one less than the a’-beta number of that row. Since
g(ri) =i—1, therow above r; + iisr; + i — 1, and Step 1 gives B7_. . = tx(Br;). Thus

ri+i—1
Broi =Braia—1=ulBr) = 1.
Because the strip ends at a k-node, the last node of row r; has residue k in [A1], so
Br, = k (mod e). Writing B,, = ge + k gives tx(Br,) = g(e + 1) + k + 1, and therefore

Bl . =qgle+1)+ke 7.

ri+i
Hence every inserted row contributes an element of .7 to B(A"; a’). In total, there are

s = k(A) such elements. It remains to prove that there are exactly s elements of the
formt =q(e + 1)+ k > M where 0 < g < c — 1. We have:

gle+D)+k>M=a"—l(A")=1=(a+c)— (b(A)+s)-1=(ce+k—d)+c—({(A)+s) -1

which is equivalent to

d+f(A)+s+1 S
e+1
Let p € I be the unique integer satisfying p = x — k (mod e). Then by Lemma 4.2.15,

(4.2.43) X =

c—q

we have:
(s—1)e<fl(A)-1-p<se
and, by the proof of Corollary 4.2.20, p = e — d. Hence

se+1)<l(A)-1+d+s<s(e+1)+e

which implies
se+1)+2<l(A)+1+d+s<sle+1)+e+1

which implies

2 < d+l(A)+s+1 <

+ 1.
e+1 "~ e+1 °

S +
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This means X € (s, s + 1]. In particular, since 1 < ¢ —g < c and ¢ > s (as the inserted
rows correspond to a subset of .7), there are exactly s = k(1) values satisfying (4.2.43),
as desired. Hence .7 C B(A*;a’).

Step 3 We have shown that (x(B(A;a)) € B(A*;a’) and .7 € B(A*;a’) by the last two
steps. By Lemma 4.2.27,

B(u;a’) = e(B(A;a)) 1 T € B(AF;a').

Comparing cardinalities gives equality of the two beta sets, and consequently A* =
L. O

We can now state the main theorem of this section.

Tueorem 4.2.44. Definition 4.2.5 and Definition 4.2.9 are equivalent.
Proor. This follows from Proposition 4.2.34 and Proposition 4.2.42. m]

4.2.4. Subdivision on standard tableaux. In this section, we show that if a multi-
partition is k-horizontal (see Definition 4.2.14), then the subdivision on partitions in
Definition 4.2.5 extends to a map on the set of (row)-standard tableaux. Moreover, it
preserves the degree of a standard tableau; see Theorem 4.2.53.

Fix a subdivision datum (e, I, A, @, k, k) and a k-horizontal ¢-partition A € Z2X. Let
p := Dr(A) be the image. By Definition 4.2.5, in this case y is obtained by inserting an
extra node immediately to the right of every k-node in [A]. That is, if a k-node is not

-0
o

We distinguish the nodes of ] coming from [A] from those inserted in the con-
struction. Consider the initial tableaux TA and T¥, and set i* := i’". Let ¢ = ¢ be
the position-tracing function associated to (k, i*); see Definition 4.1.8. For each node
A € [A] with TA(A) = t (where 1 < t < d = ht(a)), define A" € [u] by TH(A*) = ¢(¢).

The nodes of the form A* for some A € [A] are called old nodes, and the remaining
nodes of [p] are new nodes. Every new node is a (k + 1)-node, lying immediately to the
right of an old k-node; if B is such a new node and A" is the old k-node immediately
to its left, write B = A%, In particular, if A € [A] is a k-node with TA(A) = ¢, then Af
satisfies TH(A%) = o(t) + 1.

We can be more precise. Let A = (m,r,c) € [A]. When we apply Py, since the

the last node in its row, then

and otherwise,

only non-trivial maximal strips are (k, k + 1)-strips, the row index of every node is
unchanged, and the column index increases by the number of k-nodes in the same row
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that occur strictly before A. This number is ¢(t) — ¢(t,,,) where
tm =T, r,1) =1+ Z A0 + Z AE’”).
1<i<m-1 1<i<r-1

Hence

AT =(m,r,c+ p(t) — (ty)) € [u].

Let o := @r(a) = a(p) be the residue content of y and let d’ := ht(a). Take any
T € RStd(A), let i’ be the residue sequence of T and ¢! := ¢;r be the position-tracing
function associated to (k,i’). We construct a map T’ from [u] to {1,---,d"} as follows:

(a). if B € [u] is a old node of the form A* for A € [A]. Assume T(A) = t, define
T'(B) := ¢TI ().

(b). if B € [u] is a new node of the form At for A € [A]. Assume T(A) = t, define
T'(B) := ¢ (t) + 1.

Lemma 4.2.45. Fix a subdivision datum (e, I, A\, a,x, k), k-horizontal A € ZX. Take
T € RStd(A) and let p := Dr(A), then T’ is a y-tableau.

Proor. It suffices to show that T’ is a bijection from [u] to {1, ...,d"}. This follows
from Definition 4.1.8 and the definition of T’. Indeed, ¢! is an embedding from
{1,---,d}to{1,--- ,d’}, and the elements of {1, --- ,d’} not in its image are precisely
those of the form ¢’ (t) + 1 withi] = k. O

The following is an easy consequence of Definition 4.1.8.

LemMma 4.2.46. Fix a subdivision datum (e, I, A, a, %, k), k-horizontal A € 22X. Take
T € RStd(A), 1f1tT =k, then ¢T(t +1) = ¢ (t) + 2. In particular, for any t' > t, we have
dT () > oT(t) + 1. O

Prorosirtion 4.2.47. Fix a subdivision datum (e, I, A\, a, x, k). Let A € 27X be k-horizontal,
and let T € RStd(A). Set p := Pr(A). Then T’ is row-standard, that is, T’ € RStd(p).
Moreover, if T € Std(A), then T is standard, that is, T" € Std(p).

Proor. By Lemma 4.2.45, T’ is a p-tableau. It remains to show that T’ is row-
standard, and, if T is column-standard, that T’ is column-standard as well. Both
properties can be checked locally.

Let A € [A] be a node such that T(A) = ¢, and suppose that the surrounding nodes
(some of which may not exist) are as follows (we draw the nodes in [A] on the left and
the corresponding entries of T on the right):

A" t"

AL A AT th |t |t

Al td
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where T(A") = t* for + € {l,r,u,d}. Apply the construction of [u] and T’, there are

several cases:

(a).

If res(A) = k, then the corresponding nodes in [p] and the entries of T’ are as
follows:

(Any* PT(t")

(A" ar oAb @At T | T (1) 0T (1)+1 ¢T(t")

(A% PT(t)

Since T is row-standard, we have t! < t < t". The inequality ¢ (t') < ¢T(t)
follows from the fact that ¢ 7 is strictly increasing, and ¢ (t)+1 < ¢ (") follows
from Lemma 4.2.46 together with the assumption res(A) = itT = k. If, moreover,
T is standard, then t* < t < t?. Both ¢T(t) < ¢T(t%) and ¢pT(t*) < GT(t) + 1
follow from the fact that ¢! is strictly increasing.

. Ifres(A) = k + 1, then res(A!) = res(A%) = k, and the corresponding nodes in

[p] and the entries of T” are as follows:

(Aanr Pr(t")

(Ah" @t |oar @ o7 () pT(N+1 T (1) | oT(t)

Aah* | (a9 OT(+4) T (+9)+

Since T is row-standard, we have t/ < t < t". The inequality ¢7(t) < ¢T(t")
follows from the fact that ¢ is strictly increasing, and 7 (¢/)+1 < ¢T(t) follows
from Lemma 4.2.46 together with the condition res(Al) = iz = k. If, moreover,
T is standard, then t* < t < t%. Both ¢T(t*) < ¢pT(t) and ¢T(t) < GT(t9) + 1
follow from the fact that ¢ is strictly increasing, while ¢T(t') + 1 < ¢T(t%)
again follows from Lemma 4.2.46.

. If res(A) # k, k + 1, then the corresponding nodes in [p] and the entries of T’

are as follows:

(An* oI (t")

Ant oAt @Ant T | T() | oT(t")

(Ady" o7 ()

In this case, all inequalities follow immediately from the fact that ¢ is strictly
increasing.

Since every node in [y] is either of the form A* or of the form A¥ the cases above
exhaust all possibilities. Hence T’ is a row-standard p-tableau, and is standard if T

1S.

O



4.2. COMBINATORIAL SUBDIVISION 117
By Proposition 4.2.47, we define the subdivision map on row-standard tableaux by
@y : RStd(A) — RStd(p), T+ OT):=T,
which restricts to the set of standard tableaux:
Dy : Std(A) — Std(p), T O(T):=T.
By construction, ®(T*) = T# always holds and hence @ (i!) = i*.

ExampLe 4.2.48. Let the subdivision datumbe (e, I, A\, a,x, k) = (3,1, Ag+A1,a,(0,1),1),
and consider the multipartition A = (8,5 | 4,3,2) € &?*. Then A is k-horizontal, and
Y= DPr(A) = (11,6 | 6,4,2). The Young diagrams filled with residues are as follows. We draw
the k-nodes and the (k + 1)-nodes in the maximal (k, k + 1)-strips of [A] in cyan and orange,
respectively. Similarly, we draw the corresponding nodes in [u] in the same colors:

12001 20801 21
4] 20 EEPY O

0
- (m1n3m1msmlm
y:

s1 KA
2 E

2/0]
3[oEN2 B0 2]

1
0
Take T € Std(A) to be the following standard tableau:

310

2 6 131731220 4 9 M)20
ElE 12 16[8) 1419

Applying @y, we obtain the following tableau Py (T):

23 3 BN 10f0 17P227FE] 29

5 31125k
4|7 [E15E23)

9 [E]19pA

It is easy to check (for example, using SageMath) that deg T = 12 = deg @(T). &

We want to prove that the subdivision map we have just constructed preserves
the degree of a standard A-tableau. Before stating the theorem, we first show that
removable nodes and addable nodes behave well under subdivision (on partitions).

Lemma 4.2.49. Fix a subdivision datum (e, I, A, a,x, k). Let A € 7% be k-horizontal and
Y= Di(A). Let A € [A] be a node.

(@). Ifres(A) =i # k, let j := Oy(i), where Oy (i) is the subdivision on words defined in
Subsection 4.1.3. Then A is a removable i-node of [A] if and only if A™ is a removable
j-node of [u].

(b). If res(A) = k, then A is a removable k-node of [A] if and only if A* is a removable
(k + 1)-node of [u] and A* is a removable k-node of [u] \ {A#}.

Proor. Assume first that res(A) = i # k, and set j := O (i). Let A = (m, r,c), and let
A" =(m,r,c*) € [u] be the (unique) j-node corresponding to A.
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Recall that A is removable in [A] if and only if ¢ = Agm) and either r = ¢(A"™) or

A /\Sﬂ Similarly, A* is removable in [u] if and only if ¢* = yﬁm) and either

r= ) or g™ > ).

Let p;" denote the number of k-nodes in the ¢-th row of [AUM)], for 1 < t < £(AM),
By construction of @ and since A is k-horizontal, we have

(m) _ 5(m)
t

W, +p/" for all .

Since A is not a k-node and A is k-horizontal, A is the last node of [/\&m)] if and only
if A* is the last node of [y(rm)]. In other words, ¢ = y(rm) if and only if ¢ = /\im). Thus
removability of A and A* reduces to comparing adjacent row lengths. In particular, if
r = 0(A), there is nothing to prove. So we assume r < £(AM).

(<) Suppose that A* is removable. Then yim) > y(r'ﬁ and hence

A=Al = (" =) = (= ).

Since py" —p;’,; = 0, it follows that Ai’”) - /\Sﬂ >1-(p) —ply) Upl —pl, =0, then
AM A >, 50 AT > AT

Aﬁ’”) = /\Sﬂ Since the last node A of row r of [A"™)] is not a k-node, this implies that the
number of k-nodes in rows r and r + 1 must be the same, which contradicts p;" > p. ;.

Hence AY”) > A

r+1

(=) If A is removable then /\ﬁ’”) > A

r+1’
7 = A O =) 21,

hence A" is removable.

and A is removable. If pi — p", > 0, assume that

and A is removable in all cases.

using p; > p" |, we get

If res(A) = k, then under subdivision the node A = (m,r,c) corresponds to a
horizontally adjacent pair in [yi’”)]: an old k-node A* and a new (k + 1)-node A*
immediately to the right of A*. We want to prove that A is removable in [A] if and only
if A is removable in [u] and A* is removable in [pu] \ {A#}.

Since A¥ is immediately to the right of A* in the same row, it is the last node in
[yﬁ’”)] if and only if A is the last node of [/\ﬁm)]. By the same argument as in the last

case, it suffices to compare the adjacent row lengths in [A"] and in [u™)]. We assume
r < £(Am),

(=) If A is removable, so ¢ = /\ﬁ’”). Since A is a k-node, the node immediately below A
has residue k — 1, in other words, it is of the form:

m "m "
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as a result, whether or not this (k — 1)-node lies in [A], we always have p;" > p'" .. Hence

U = A A g gl > 140=1,

Hence B is removable of [u] and A* is removable of [u] \ {AH}.

(<) Conversely, if [u] \ {A*#, A*} is still (the Young diagram of) an {-partition, then
yﬁ’”) > yiﬂ +2. If pi" > p, + 1, then at least the node immediately below A is not

contained in [A], and hence A is removable. Otherwise,

AP A = (= ) = (= ) 22211,

r+1 =

and hence A is also removable. O

We also need to prove the analogous statements for addable nodes of [A] and [y].
To do this, we extend the definition of subdivision on partitions.

Fix a subdivision datum (e, I, A, a, k, k). For each node A = (m,r,c), we define
the residue res(A) := resx(A) as in Subsection 1.2.2; if res(A) = i, we refer to A as an
i-node. Equivalently, we may choose an {-partition A € &% such that A € [A] and then
define the residue of A in the usual way. By definition of the residue function, it is
independent of the choice of A containing A.

Let px(A) be the number of k-nodes of the form (m,r,x) such that 1 < x < c.
We define the node A* = (m,r,c + pr(A)). If there is a k-horizontal ¢-partition A
containing A and A is an i-node, then under the subdivision map, A* € [®x(A)] is the
corresponding @ (i)-node, as before.

Lemma 4.2.50. Fix a subdivision datum (e, I, \, a,x, k). Let A € 2% be k-horizontal and
set i := Pr(A). Let A be a node, not necessarily in [A].

(@). Ifres(A) =i # k, let j := ®y(i). Then A is an addable i-node of [A] if and only if A*
is an addable j-node of [u].

(b). Ifres(A) = k, then A is an addable k-node of [A] if and only if A* is an addable k-node
of [u] and At is an addable (k + 1)-node of [u] U{A*}.

Proor. Let A = (m, r, c¢) be a node with res(A) = i # k. We want to prove that A is
an addable node of [A] if and only if A" is an addable node of [y].

By definition, A is addable of [A] if and only if /\(rm) +1=cand /\5"_1; > ¢ whenever
r # 1. Similarly, A* = (m,r,c*) is addable of [u] if and only if ygm) +1=c*and
ygn_q > c” whenever r # 1. Let pj" denote the number of k-nodes in the t-th row of

[AU)], for 1 < t < £(AUM).

Suppose that A is addable. Then c¢* = ¢ +p}* = Aim) +1+p/=1+ yi’”), as required.
Moreover, if r # 1, then g™ —c* = (A" +p™ ) = (c+p1) = (A") —c) + (p7, - p1") 2 0,
SO y(r'fi > c*. Hence A" is addable in [u].

Conversely, suppose that A* is addable in [u]. Then ¢* = yﬁ”” +1=A" 4 pt+ 1.

Since the number of k-nodes before c* is the same as the number of k-nodes in [yi’”)],
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which is the same as the number of k-nodes in [Aﬁ’”)], this number is p;* by definition.
Hencec* =c+p/fand c = /\Sm) +1, as required. Now assume r # 1. If p" | > p}*, then
Ai"_q > A" = ¢ — 1 since res(A) # k, and hence Ai"_q > c. Otherwise, p | = p and
A o= (@ —pm ) — e = (u") = ¢*) = (p7, = pI*) 2 0, as desired. Therefore A is

addable in [A], and the claim follows.

Let A = (m,r,c) be a k-node. Under the subdivision map, there is a unique k-node
A" = (m,r,c*) and a unique (k + 1)-node A = (m,r,ct +1) corresponding to A.
Namely, it is of the following form (we draw the node labels on the left and their
residues on the right; the same convention applies to all figures below in the proof of
Theorem 4.2.53):

k |k+1

[A] :

k k+1k+2

(] :

At Al ko k+1

We want to prove that A is an addable node of [A] if and only A* is an addable node
of [u] and At is an addable node of [u] U{A*}.

Suppose that A is an addable k-node of [A]. Then c = /\gm) +1and /\(r"_q > ¢ whenever
r # 1. By construction, c* = p* + ¢ = pJ' + /\im) +1= yim) + 1. It remains to show that
yiﬂ > ¢t + 1. Since res(A) = k and A ¢ [A], the maximal (k, k + 1)-strip containing
A has no intersection with [Aﬁ’”) ] but does intersect [/\Sﬂ]' In particular, pi* | > p;".
Hence
wh -t = A e e —pl 2 L.

Conversely, suppose that [u] U {A, A#} is still the Young diagram of an {-partition.
Then ¢* = ygm) +1 = /\Y”) +p/t+1and [.15"_2 > ¢t + 1. Since the number of k-
nodes before A* in [yﬁ’”)] is the same as the number of k-nodes before A in [/\(,m)],
which is pJ, we have ¢* = p/ + ¢ and hence ¢ = Ai’”) + 1. It remains to show that
Ag"_q >c. Ifp", > p +1, then /\5"_11 > AS”) = ¢ — 1. Otherwise p’ | = p; +1, and
Ag"_q —c= yi"_q —pi- ct+plt= yi"_q — ¢t —12>0, as required. O

For an {-partition A = (A1, .., A1), we say that the component A) is earlier than
AW if i < j, and we call AY an earlier component of A. Equivalently, we say that AV) is

later than A, and we call AV a later component of A.

For A € ¥ and T € Std(A), the last node of T is the node A € [A] such that T(A) = n.
In particular, since T is standard, A is a removable node of [A]. Hence we can define
da(A) asin (1.2.17).
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Lemma 4.2.51. Fix a subdivision datum (e, I, A, a, x, k). Take A € X to be k-horizontal
and set y := ®y(A). Let A be the last node of T. Suppose that res(A) = k. Then

da(A) = dga(p) + da+([p] \ {A%)}).

Proor. By the definition of d.(e) in Subsection 1.2.7, it is enough to prove the
following two statements: (1) the number of addable k-nodes below A of [A] is equal
to the sum of the number of addable (k + 1)-nodes below A* of [¢] and the number of
addable k-nodes below A* of [u] \ {A"}; (2) the number of removable k-nodes below A
of [A] is equal to the sum of the number of removable (k + 1)-nodes below At of (1]
and the number of removable k-nodes below A* of [u] \ {A#}.

The subdivision map on {-partitions is defined componentwise and hence preserves
the component index of every node. Since A is k-horizontal, the row index of each
node is also preserved. As a result, the order (above/below) of nodes defined in
Subsection 1.2.7 is preserved. Let I be the vertex set of the new quiver after subdivision.

We firstly treat the addable node case. Consider any addable (k + 1)-node M of [u]
below AF, there are three possibilities:

(i) In some row below AF, the last node M’ of that row in [u] is a k-node, M is
immediately to the right of M’, and [pu] U {M} is (the Young diagram of) an
{-partition. In other words, it is of the following form:

M | M k1 k+1

(ii) In some component [y(i)] that is no earlier than the component containing
Aﬁ, the first node M’ of the last row has residue k + 2, and the node M lies
immediately below M’. In other words, it is of the following form:

M’ k+2

M k+1

(iii) M is the first node of a component later than the component containing At
and the charge of this componentis k + 1 € I.

The first case is impossible, since after subdivision any k-node appears with a
(k + 1)-node immediately to its right, and vice versa. The third case is also impossible
because, under subdivision, no component can have charge k + 1; see Subsection 4.1.4.
For each such node M in the second case, it corresponds uniquely to an addable k-node
Apm in [A] below A, of the following form:

Ay k+1

Am k

Any other addable k-node Aj of [A] below A is of one of the following forms:
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(i) Ap is the first node of a later component than the component containing A,
and the charge of this component is k.

(ii) In some row below A, the last node A/, of that row in [A] is a (k — 1)-node, A is
immediately to the right of A7, and [A] U {Ap} is an ¢-partition. In other words,
it is of the following form:

A) | A k-1| k

On the other hand, any addable k-node My below A* of [u] \ {AF} is of one of the
following forms:

(i) My is the first node of a later component than the component containing A*
and the charge of this component is k.

(ii) In some row below A™, the last node M| of that row in [u]\ {AF}isa (k—1)-node,
M) is immediately to the right of M/, and [u] \ {A*} U {Mp} is an {-partition.
In other words, it is of the following form:

M(') My k-1| k

Under the subdivision map @, and by the assumption that A is k-horizontal, the
correspondence My <> Ay is one-to-one in each case.

By Lemma 4.2.50, the statement for the number of addable nodes follows.

We next consider the removable-node case. Every removable (k + 1)-node N of [u]
below A? is a new node Bf immediately to the right of a k-node B* for some k-node
B in [A], and BF is the last node of some row below AF. In other words, it is of the
following form:

B* | Bf k | k+1

Every removable k-node B of [A] below A is the last node of some row below A, of the
form:

B k

Under the subdivision map, as discussed at the beginning of this section, B <> Bf is
a one-to-one correspondence. On the other hand, there is no removable k-node in
[u] \ {A*} below A*, since every k-node in [u] appears to the left of a (k + 1)-node and
hence cannot be removable. Therefore, by Lemma 4.2.49, the desired equality for the
number of removable nodes also holds.

Combining the addable-node case and the removable-node case then yields the
desired equality da(A) = d 4:(p) + da+([p] \ {AR}). O

The proof of the next result is analogous to that of Lemma 4.2.51.
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Lemma 4.2.52. Fix a subdivision datum (e, I, A, a, x, k). Take A € X to be k-horizontal
and set u = Py (A). Let A be the last node of T. Suppose that res(A) # k. Then

da(A) = da+(p).

Proor. Let j = @y (i), where @y is the subdivision map on words introduced in
Subsection 4.1.3. Then A* is a j-node in [u]. It is enough to prove that the number of
addable i-nodes of [A] below A is equal to the number of addable j-nodes of [p] below
A”, and that the number of removable i-nodes of [A] below A is equal to the number
of removable j-nodes of [u] below A*. Let I be the vertex set of the new quiver after
subdivision.

Any addable i-nodes M of [A] below A is of the following form:

(i) In some row below A, the last node M’ of that row in [A] is a k-node, M is
immediately to the right of M’, and [A] U {M} is an {-partition.

(ii) In some component A" that is no earlier than the component containing A, the
first node M’ of the last row has residue i + 1, and the node M lies immediately
below M’.

(iii) M is the first node of later component than the component containing A and
the charge of this componentisi € I.

While any addable j-node Ay is of the following form:

(i) In some row below A¥, there exists a k-node A}, € [u] such that A, is the last
node in that row, Ay is immediately to the right of A%, and [u] U {AMm} is an
{-partition.

(ii) In some component u™ that is no earlier than the component containing
A", the first node A;\/I of the last row has residue j + 1, and the node A lies
immediately below A} .

(iii) Apm is the first node of later component than the component where A* lives
and the charge of this componentis j € I.

Under the subdivision @, M < Ay is thus a natural one-to-one correspondence
and Ap1 = M™ in our generalized definition of subdivision above Lemma 4.2.49. Hence
by Lemma 4.2.50, the desired equality of addable nodes holds.

Similarly, applying Lemma 4.2.49, one can show that the removable i-nodes of [A]
below A are in one-to-one correspondence with the removable j-nodes of [u] below A™.

Combining these two statements gives the desired equality d4(A) = da+(p). O

Tueorem 4.2.53. Fix a subdivision datum (e, I, A\, a,x, k), A € P and T € Std(A).
Suppose A is k-horizontal, then deg T = deg @ (T).

Proor. Let p := @k(A). Set ht(a) = d and ht (®k(a)) = d’. Let A = T~1(d) be the last
node of T. We proceed by induction on d. If d = 0, then A = @ = y and the claim holds
by definition.
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For d > 0, by definition of the degree of standard tableaux, we have
degT =da(A) +deg (T | (d-1))

By inductive hypothesis, we have:

deg (T | (d - 1) = deg (®(T | (4 - 1)))

There are two cases, depending on whether res(A) = k. We compute the degree in
those two cases.

(a). If res(A) = k, then applying the subdivision map to [A] produces, in [u], an
old node A* together with a new (k + 1)-node Af immediately to the right
of A*. In this case, by our definition of ®x(T), we have (®4(T))(A*) =d’ -1
and (@x(T))(A%) = d’. Removing these two nodes from [y], it follows that

[u]\ {A% A*} = Shape (cpk (T | (d- 1))) and D(T) | (@' —2) = D(T | (d—1)).
Hence:

deg (P(T)) = du(a) + da+([]\ {A*}) + deg (@(T) | (¢ -2))
= o)+ da (] \ {4%) + deg (0 (T L (@~ 1))

It suffices to show that da(A) = d 4:(u) + da+([p] \ {A"}), which follows from
Lemma 4.2.51.

(b). If res(A) = i # k, then applying the subdivision map gives a unique old node
A* € [u] such that (Dx(T))(A*) = d’, and we have [u] \ {A*} = Shape (CDk (T]

(4= 1)) and @(T) | (@ = 1) = &(T | (d - 1)). Hence:
deg (O(T)) = da+ () + deg (CDk(T) L@ - 1))
= dye () + deg (CDk(T L@d- 1)))
It suffices to show that d4(A) = da+(u), which follows from Lemma 4.2.52.

Hence, deg T = deg ®«(T) follows by induction. m|

4.3. Categorical Subdivision

In this section, we use the combinatorial framework of the subdivision maps on
partitions and standard tableaux to prove some categorical results concerning the
subdivision map on KLR algebras. The main results are Theorem 4.3.3, Theorem 4.3.9,
and Theorem 4.3.19.

4.3.1. Image of Idempotents. Fix a subdivision datum (¢, I, A, @, k, k). Let R, be
the corresponding KLR algebra. For any A € 27}, the idempotent element e; € R, is
defined in (1.3.17). The aim of this section is to describe ®(e;). For simplicity, in this
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section we write I, &, A, and A for the images of I, @, A, and A under the corresponding
subdivision map @k. Let ¢ € Ry be the truncation idempotent defined in (4.1.15).

Lemma 4.3.1. Fix a subdivision datum (e, I, Ay, a, x, k) and take A € (@é\". Then exe = 0
if and only A is not k-horizontal.

Proor. By the definition of e,, the residue sequence i’

tableau T*. Suppose A is k-horizontal, i.e. there is no non-trivial maximal (k +1, k)-strip.
Then every k-node in [A] lies in a maximal (k, k + 1)-strip. By Definition 4.2.5, each k-
node is replaced by a horizontal pair in [A]. The corresponding residue sequence

corresponds to the standard

is locally of the form --- , k, k+1,---, and thus it e Tfrd. In particular, e(ix)e = e(ix) # 0.

Conversely, suppose that A is not k-horizontal and that there exists a non-trivial
maximal (k + 1, k)-strip. Let S be the top such strip, and let A; be its initial node
of residue k + 1 (so A1 lies above the initial nodes of all other non-trivial maximal
(k +1, k)-strips). Let A, be the k-node immediately below A;. By Definition 4.2.9, this

k+2

vertical pair |”!| is replaced by the triple i1 In [A], the k + 1-node inside this triple
Ap

is precisely the initial node of the top non-trivial maximal (k + 1, k)-strip. Therefore,

every k-node above this (k + 1)-node lies in a maximal (k, k + 1)-strip and, in particular,

occurs in a horizontal adjacent pair [k et Now assume that this (k + 1)-node is the

m-th node of [A] in row-reading order, and write it = (i1,1},...). Then the initial

. . . . o_ _a . . .
segment (11, ih,..., i;,) contains one more k + 1 than k, so itel un DY definition and
hence ee = 0. O

CoroLLARY 4.3.2. Fix a subdivision datum (e, I, Ax, a, x, k). If x # k, then all partitions
A € P2 such that eex # 0 are e-regular.

Proor. Let (a,c,d,a’) be an abacus subdivision datum for A. Sincea +d = ce + k
and a = x (mod e), we have x + d = k (mod e). Since x,k,d € I, if x # k, then
d # 0 (mod e), and hence e —d < e. By Corollary 4.2.20, A is k-horizontal (i.e. k(A1) = 0)
if and only if ¢(A) < e —d, and hence ¢(1) < e. By Lemma 4.3.1, the conclusion

follows. O

Recall from Theorem 4.1.19 that @y is an isomorphism between R, and the balanced
KLR algebra Sz. Since e4 € R, is a non-zero idempotent, it must be mapped to a
non-zero idempotent in S3. By Lemma 4.3.1, in the level one case, if A is not k-horizontal,
then 0 = eege + ¢Je € Sz and thus @k(ey) # eg. By contrast, in the k-horizontal case, we
have the following result.

Tueorem 4.3.3. Fix a subdivision datum (e, I, A\, a, x, k), and let A € Z7¥ be a k-horizontal
multipartition. Then

Di(ea) = eqa) + eJe.
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Proor. The definition of ey and the subdivision maps @ on partitions and KLR
algebras are all defined componentwise. Therefore, it suffices to prove the level-one
case. By Definition 4.2.5, we only need to consider the local pattern of k-nodes as all
other nodes are just relabeled in a compatible way. As A is k-horizontal, k-nodes only
appears in maximal (k, k + 1)-strips in [A]. Consider the idempotent string diagram e,
where locally we have the pattern:

k-1 k k+1

Under the subdivision, it is mapped to:

k-1 k k+1 k42

Translating this back to the partition, by Definition 4.2.5, this corresponds to: the
(k, k + 1)-strip becoming the (k, k + 1, k + 2)-strip. Since the other strings only change
their labels accordingly, the idempotent string diagram corresponds to @ (A). Hence,
we obtain @y(ey) = eq, (1) + eJe. O

4.3.2. Subdivision of Permutation Modules. In this section, we present our first
categorical result on subdivision. We first introduce a new map on the set of partitions
(and extend it naturally to multipartitions), inspired by the level-up phenomenon
in [Qin25]: the Specht modules appearing in the generalized Specht filtration of a
permutation module M*, where A is a partition, are typically indexed by multipartitions.

Throughout this subsection, we fix a subdivision datum (e, I, Ay, @, x, k), unless
stated otherwise.

Take a partition A = (A, ..., Ayn)) € @ﬁx. As in subsubsection 4.2.3.2, let s = k(A)
be the number of non-trivial maximal (k + 1, k)-strips in [A], and list them as S, ..., S,
so that the row containing the initial node of S;, written k; := kg, satisfies

ki <ky<---<ks.

For convenience set ky := 0 and ks;1 := £(A). Note that (k;, 1) € [A] is a (k + 1)-node for
each1 <i<s,and (k; +1,1) € [A] is a k-node (in the first column) for each 1 < i < s.
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Setx = (x,k,--- , k) € I**L. Define the splitting map
———
s times

Wk;(@é\xﬁ,@;

by

Wi(A) = (A% -1 A%), A= (Agar, Akan, oo, Aky,) (00 <s).
Equivalently, Wi (A) is obtained by cutting the Young diagram [A] into consecutive
blocks of rows, with cuts immediately below rows ki, ..., ks, and regarding each block
as a separate component.

The map Wy is well-defined because, with the fixed choice x, the natural identification
of nodes between [A] and [W,(A)] preserves residues. Indeed, Wy only cuts [A] into
consecutive blocks of rows and reinterprets each block as a separate component,
without changing the column positions of any nodes. The Oth component inherits
charge x, which matches the residue of the first node of [1]. For each 1 < i <s, the first
node of the ith component corresponds to the first node of row k; + 1 of [A], and by
construction this is a k-node; assigning charge k to that component therefore ensures
that residues in this component agree with the residues of the corresponding nodes in
[A]. Consequently every node keeps the same residue under the identification, so the
residue content is preserved and Wi (1) € Z2X.

Take a charge » = (s, , 1) € 1Y and consider A € 2. We define Wi(A)
componentwise: if A = AD, ... A1) then we set

W) = (PaV), - w4

If the number of non-trivial maximal (k + 1, k)-strips in ADiss; for1 <i <, thenitis
straightforward to check that Wy(A) € 2%, where

[°4

_ s+{ _ E .
J'f_(%llkl"'/k/J'fZIkl"'/k/"'/J{f/k/'”/k)EI 7 S = Sl-
v M M 1<i<?
51 times sp times s¢ times

ExawmpLE 4.3.4. Again consider Example 4.2.3, the image W(A) has the following Young
diagram:

There is a special case in which the splitting map does nothing.

Lemma 4.3.5. Take a k-horizontal partition A € @;}". Then Wi(A) = A.

Proor. This follows directly from the definition. O
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As we can observe in Example 4.3.4, the advantage of the splitting map is the
following:

Lemma 4.3.6. Take any partition A € 25, Then Wi(A) is k-horizontal.

Prookr. This is obvious by construction. m|

CoroLLARY 4.3.7. Take a partition A € 5% and set y = @y (Wx(A)). Then for each k-node
(m, r,_c) € [u], we have (m,r,c + 1) € [u], and this node has residue k + 1. In particular,

. -
l” € IOVd'

Proor. By Lemma 4.3.6, Wi(A) is k-horizontal. Hence, when apply @y, a k-node A is
replaced by a horizontal pair (A*, A*) where A* is a k-node and A*isa (k+1)-node. O

Another direct consequence of Lemma 4.3.6 is the following.
CoroLLARy 4.3.8. Take a partition A € P2, Then

(O} (e\yk(;\)) = eq)k(\pk()\)) + eJe. [

Our main theorem in this section is the following.

Tueorem 4.3.9. Fix a subdivision datum (e, I, A, a, x, k) and take A € 3%\ Then there is
an isomorphism of graded R ,-modules

MUD = opg@ (V) /oo pg®:(¥e)

Proor. Let y = Wi(Ad) and v = @y (‘I/k(/\)), and set
NV := eM" [eJe M".
Let ht(a) = d. Let T¥ and T" be the initial tableaux of shapes p and v, respectively,

and let i and i¥ be the corresponding residue sequences. As usual, let I and @ be the
images of I and a under the corresponding subdivision maps ®. Let d” = ht(a).

For u and a, set K% to be the ideal of R, generated by the following set of elements:
(4.3.10) {e(i) = Oy, yj, Yr |1€1%,1<j<d, t >rut+1}
then M¥ = (R,/K%)(deg T#) induced by the canonical projection R, — MF,r > r-mk.
Similarly, for v and a, set K to be the ideal of Rz generated by the following set of
elements:
{8(]) - 6j,i"/]/j/77bt | ] et 1< ] <d,t->pt+ 1}
then M" = (Rz/KZ){deg T") induced by the canonical projection Rz — M",r > r-m".
Let e € Ry be the truncation idempotent, defined in (4.1.15). Then it follows that
(eRg/eKY)(degT") = eM".

which is induced from the canonical projection ¢eRz — eM", er > er - m".
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Since i” € Tffrd by Corollary 4.3.7, we know em” = m". Hence the map eRge — eM"
given by ere > ere-em” is surjective as ere - em” = erem” = erm". Therefore, it follows
that:

(eRge/eKZe)(deg T") = eM".

Equivalently, eM" is a cyclic eRge-module with cyclic generator em” annihilated by
{e(e(G) — 65iv)e, eyje, eipre | j € F1<j<d, t »p t+1}
By definition of ¢, it can be simplified as the following:

{e(j) = 0j,ive, eyje, epe | j € Tgrd,l <j<d,t - t+1}

Let Sz be the balanced KLR algebra ¢eRgze/eJe which is isomorphic to R, by the
subdivision map, see Theorem 4.1.19. The module NV is naturally a cyclic Sgz-module
with cyclic generator w” := em"” + ¢Je¢, which has the same degree as m". Moreover,
we have:

eMY [eJeMV = (eRae/nge)/(efse(eRge/nge)))@eg T")

(eRge/eKZe)/((eJe + eKZe)/eKYe) ) (degT")

(eRge/eJe)/((eJe + eKZe)/eTe) ) (degT")

(
(
= (eRae/(efse + eK%e))(deg V)
(
= (Sa/((e\‘”se + nge)/eSe))(deg T")

Set K := (eJe + eKZe)/eJe. Then it is generated by the following set of elements:

(4.3.11)  {e(j) — Ojive + eJe, eyje + eJe, eipre + eJe | j € Tz_rd, 1<j<d, t >t +1}
and NV is the Sz-module with cyclic generator w" annihilated by this set of elements.
We construct two maps:
f:Ry — NV, x - O (x)w”
and
g:Sz— MK,y O (y)mH
We want to show that
(4.3.12) fKE =0, g3 =0
If this is true, then f and g induce surjective maps:

7 :MF — NV, xm# > Op(x)w”

and

SNV = M, yw' > O (y)mt.
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By construction, we have f o3 = id and g o f = id. Moreover, by Theorem 4.2.53,
degTH# = degT". Hence f is a degree-0 homogeneous isomorphism of R,-modules
between M¥ and N".

To prove the (4.3.12), we proceed case by case, according to the type of generators in
(4.3.10) and (4.3.11).

Verification of e(i)-relations. For i € 1%, we have
f(e(@) = i) = Pr(e(d) — 6in) w”
_ (e(CDk(i)) o ®x(1) + eSe)w"
= (e(i) — Ojqne + eSe)w"
= (e(i) — O+ eﬁe)w" =0

where the second equality follows from Corollary 4.3.8, the third equality follows from
the isomorphism @, : R, — Sz sending 1 to ¢ and the notation i := ®y(i), and the

fourth equality follows from (4.1.7): the map i > i gives a bijection % — Tffrd, and, by
construction in Subsection 4.2.4, ®(T#) = T"; hence i = i if and only if i = i¥.

Conversely, for j € TZrdl again by (4.1.7), there exists unique i € I* such that Oy (i) = j.
Hence, reversing the argument above, we have:

8(6(1') = Ojive + eSe) = (q);l(e(i) +e3e) — 65w D (e + eSe))m”
= (e(@{)) - 5i,iV))m”
= (e(i) = by )t
- (e(i) - (Si,iu)m” =0

Verification of y-relations. Let ¢ := ¢ be the position-tracing function defined in
Definition 4.1.8. For 1 <t < d — 1 such that t —»7¢ t + 1, we have

f@r) = Op()w” = (epypye + eJe)w”

Let A,B € [u] be the two nodes such that T#(A) = t and T¥(B) = t + 1. By our
construction of subdivision on standard tableaux, applied to T#, we have the following
two cases.

o If res(A) # k, then A* and B™ are horizontally adjacent nodes in [v] such that
TY(AY)=¢(t)and TV(BT) = p(t +1) = p(t) + 1.

o If res(A) = k, then A* and A* are the corresponding horizontally adjacent
nodes in [v] such that TV(A*) = ¢(t) and T"(A%) = ¢(t) + 1.

Hence, in any case, eiy(e + eJe € Eg and f(¢¢) =0.
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Conversely, for t —7v t + 1. There are three cases:

o Ifresyv(t) = k, then there exists A € [u] such that T"(A*) = t and TY(AF) = t+1.
However, in this case, since res(A*) = k + 1, we have Pre(i¥) = e(o:(i¥))y¢ and
o:(i¥) € Tﬁn Hence eip;e € eJe.

o If restv(t) = k + 1, then there exist two horizontally adjacent nodes A, B € [u]
such that TY(A%) = tand TV(B*) = t +1. Sett’ := ¢~ 1(t +1); then TH(A) = t' -1
and TH(B) =t’,i.e. (t' —1) —7u t’. Hence we have:

g(eyre + eJe) = CD]:l(egbte + eSe)m” =¢p_gm* =0.

e Ifrestv(t) # k, k+1, then there exist two horizontally adjacent nodes A, B € [u]
such that T"(A") =t and T"(B*) =t + 1. Lett’ = ¢(t); then TF(A) = t’ and
THB) = ¢ 1 (t+1) =t +1,i.e. ' —7u (' +1). Hence we have:

glere + eJe) = CD;l(etpte +eJe)mt = ppmt = 0.
So, in any case, we have g(ey;e + ¢Je) = 0.

Verification of y-relations. Let ¢ := ¢ be the position-tracing function defined in
Definition 4.1.8. Take 1 < j < d, then

fy)) = Or(yj)w” = (eyg(je + eJe)w” =0
Conversely, take 1 < j < d’. If there exists 1 < j* < d such that ¢(j’) = j, then
gleyje + eJe) = O (eyje + eJe)mH* = yymH =0
Else, there exists some k-node A € [u] such that TV(A¥) = jand TY(A*) = j — 1. Then
0+eJe = egbjz._le+e3e = egbjz._le(i")+e3e = eQ k+1(¥j-1, yj)e(")+eJe = e(yj—yj-1)e+eJe

where the first equality follows from the 1-relations check in the last step, the third
equality follows from (1.3.10) in Definition 1.3.1, and we use e(i") + ¢Je = ¢ + ¢Je in Sg,
which follows from the presentation (4.3.11). Hence

g(eyje + eJe) = g(eyj_1e +eJe) = 0.

After verifying the three types of generators, we have proved that (4.3.10) and (4.3.11)
correspond to each other under f and g, which completes the proof. m|

CoroLLARY 4.3.13. Fix a subdivision datum (e, I, A, a, %, k) and take A € 222, Then
M = o MPx (‘l’k(/\)) /eJeM®* (‘I’k()\))

Prookr. This follows from Corollary 1.3.31, which gives M* = MYV, together with
Theorem 4.3.9. o

4.3.3. Subdivision of Specht Modules. We extend Theorem 4.3.9 to the Specht
modules by checking that the Garnir relations are preserved, thereby extending
Theorem 4.3.3.
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We follow the definitions and notation from Subsection 4.2.4, such as old nodes A*
and new nodes A".

Lemma 4.3.14. Fix a subdivision datum (e, I, A, o, x, k), and let A € Z%. Let ¢ := P
be the position-tracing function associated with (k,i%). Set y := ®x(A), and let TA and TH
be the corresponding initial tableaux. If [A] is k-horizontal, then for each 1 < t < ht(a),
A = (TY7X(t) is a Garnir node of [A] if and only if AT = (TF)"Y(¢p(t)) is a Garnir node of [u].

Prookr. Since @y is defined componentwise, it suffices to treat the case of an ordinary
partition. Let A be a partition and set y = @y (A). By the above arguments, for the node
A = (a,c) = (TY7Yt) € [A], the corresponding node A* in [u] is

(4.3.15) At =(a, ¢(t) — o(ta) + ©).
Let B:=(a +1,c) and, if B € [A], set s := T*(B), so that t |11 s. We show that
(4.3.16) Be[d] <= thereexistsanode B’ € [u] with A" |1« B’.

Since A is a Garnir node of [A] if and only if B € [A], and A* is a Garnir node of [u] if
and only if there exists B’ with A* |7« B’, this will prove the lemma.

(=). Assume B € [A] and keep the notation above. Let B* be the old node of
[1] corresponding to B, i.e. the unique node with TH(B*) = ¢(s). As in (4.3.15), if
tar1 := 14 21<i<q Ai is the first entry of row a + 1, then

(4.3.17) B =(a+1, ¢(s) — P(tas1) + ).
We distinguish two cases.

Case 1: resta(t) = k + 1. Then resya(s) = k. In this situation, B is a k-node and, because
k(A) = 0, the subdivision rule for maximal (k, k + 1)-strips inserts exactly one new node
in row a + 1 immediately to the right of the old node B* (this is the new node carrying
the label ¢(s) + 1, which by definition is not in the image of ¢).

k N k k+1Ei
k

Moreover, comparing the horizontal shifts in rows a and a + 1 up to column ¢, we have

P(t) = ¢(ta) = p(s) = Pltar1) +1,

s0 (4.3.15)—(4.3.17) give that B* lies one column to the left of A*. Therefore the newly
inserted node immediately to the right of B* lies in the same column as A* and is in row
a + 1. Denote this node by B**; then A* |7« B*™.

Case 2: resta(t) # k + 1. In this case, no new node is inserted between the images of
A and B in the relevant column, and the horizontal shifts in rows a and a + 1 up to
column ¢ coincide:

P(t) = P(ta) = P(s) = P(tar1).
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Hence (4.3.15)—(4.3.17) imply that B* lies directly below A* in the same column, so
A* |re BT,

Thus in either case there exists B’ € [u] with A* |1« B’, proving the forward
implication of (4.3.16).

(). Conversely, assume that there exists B’ € [u] with A* |7« B’, so B’ lies in row
a + 1 and in the same column as A*.

First suppose that T#(B’) € im(¢). Then there exists s such that T#(B’) = ¢(s),
and hence B’ = (T#)"!(¢(s)) = B* for the node B := (T*)7!(s) € [A]. We claim that
necessarily resya(t) # k + 1. Indeed, if resya(t) = k + 1, then by Case 1 above the unique
node of [u] lying in row a + 1 and directly below A™ is the inserted node B**, whose
label is ¢(s) + 1 ¢ im(¢p); this contradicts T#(B’) € im(¢). Therefore resra(t) # k + 1,
and then Case 2 applies: the node of [¢] in row a + 1 directly below A" is exactly BY,
where B = (a + 1, c¢). Since B’ = B*, we conclude that B=(a + 1,¢) € [A].

Now suppose that T#(B’) ¢ im(¢). By Definition 4.2.5 and the assumption that
k(A) = 0, labels not in im(¢) occur precisely on the nodes inserted in Case 1. In
particular, the only way to have a node in row a + 1 directly below A* with label outside
im(¢) is that we are in Case 1, and then the defining construction of B** forces the
existenceof B=(a +1,c) € [A].

Thus in either case the existence of B’ € [u] with A" |1« B’ implies that B =
(a +1,c) € [A], which completes the reverse implication of (4.3.16).

O

Lemma 4.3.18. Under the hypothesis of Lemma 4.3.14, let A € [A] be a Garnir node such
that TM(A) = t, and let A* € [u] be the corresponding Garnir node such that TH(A™) = ¢(t).
Let g4 € Ry and g € Ry be the Garnir elements defined in Definition 1.3.25. Then, in the
balanced KLR algebra S = eRge/eJe, we have

Dr(g?) = eg™ e + ¢Je.

Proor. By Lemma 4.3.14, A* is a Garnir node whenever A is. Write B4 and B4A”
for the Garnir belts in [A] and [u] respectively, and let

A A At At
Bl,...,BkA and B; ,...,BkA+

be the corresponding lists of row-bricks, so that the brick transpositions w# € S, and

w4 € Sy are defined by

[

o
+ + +
wl=||nd+a, nt+e+a), wi :n(nf‘ +a, nl +e+1+a),
a=0

e

Il
[en}

a

with n24 = min{G4(x) | x € B4} and nA" = min{G4" (x) | x € BA"}.

Leti := resn{x(GA). Then any row brick B;.‘x has residue sequence of one of the
following forms:
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@- 1 i1k e=1 0 | lim1 HiISK

After applying the subdivision map ®,, we obtain the corresponding consecutive
nodes in a row of 84", with residue sequence

b) livtlie2-lel o k kxt---| | Hi>k

In either case, this is the row brick B;.‘ﬁ. Thus we obtain a bijection of bricks B]A <—> B;ﬁ,

and in particular k4 = k4", Let f4 and f4" be the numbers of row-bricks in the top
rows of the corresponding Garnir belts. Then f4 = f4" as well. Consequently, we
obtain an identification of brick permutation groups
~ * At A*

4 = (wf,...,w?A_l) = (w‘f‘ ,...,ka+_1) =57,
sending w2 +— w2, This also sends the minimal coset representatives 24 C §4
bijectively onto 24" € S4". For u € 24, write u* € 24" for its image under this
bijection.

Recall the brick operators in Definition 1.3.23:
of =Pael®), 1t =(of +1)eli?),

and similarly for A*. The diagrammatic presentation of Ppa is as follows (with all
undrawn strands taken to be vertical straight strands):

i+l ko k+v1 i1 i+l ko k+v1 i1
—
——
=
— =
—
i i+1 k k+1 i-1 i i+1 k k+1 i-1

By the construction of the subdivision map @ (see Subsection 4.1.5), the image
corresponds to the following string diagram(with all undrawn strands taken to be
vertical straight strands):

i i+l k k+1 k+2  i-1 i i+l k k+1 k+2 -1
— —
i
,--
S
—
i i+1 kK k+1 k+2 i-1 i i+1 k  k+1 k+2 i-1

This string diagram corresponds to the element 4+ € Rz. Moreover, it is easy to see

Dy (e(i)) = ee(i®) e + eJe.



4.3. CATEGORICAL SUBDIVISION 135
Since @y is an R,-algebra homomorphism, we have:
CDk(af‘) = e a;‘“ e + eJe in Sg.
and

Dy () = Dy (02 + De(i?)) = (Dk(02) + 1) Dk (e(i?)) = et e + eJe.

If u € 24 has a reduced expression u = wé e w;‘i , then
A_ _A A At _ _A* A*
TM _Trl...f'[ru, Tqu _Ti’l ...Trﬂ,

and hence multiplicativity gives

Oy (1) = erf: e + eJe (u € 24).

Let T4 and T4 be the maximal tableaux in the Garnir sets Gar? and Gar®’
respectively. Recall T4 is got by rearranging the row bricks of G# in 84 by row-reading-
order and similarly for T4", hence by the previous correspondence on bricks B;.“ o B;.q,

it is immediately that T4" is obtained from T* by replacing each row-brick B;.“ by B;.“.

Recall outside the Garnir belts 84 and 847, T4 and TA" coincide with the initial
tableaux T and T¥. This means, when compute the permutations wT" € S; such that
wT" . TA = T4 and wTA+ € Sy such that wTA+ -TH =TA" we only need the consider
the changes in Garnir belts. Now the Garnir belt 84 in T4 is the following form:

B B4 B7y | Tail

Head B?A_H B?A

Here the head and the tail refer to the parts of the Garnir belt that do not lie in
any row A-brick. In view of the initial tableau T* and the maximal tableau T4, the

string-diagram presentation of i 4 is of the form (with all undrawn strands taken to
be vertical straight strands):

By || Br Head || Tail || Bfe1 || | Bx
/¢ N\
Head By e By Bfi1 e By Tail

By definition, T4" and Y ra+ admit analogous descriptions. By the correspondence
of row bricks and the definition of subdivision via string diagrams, we have:

@k(¢TA) = elpTA+ e + eJe in Sg.
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Recall the Garnir elements are of the form:
A _ A TA At _ A+ TAT
g - Z Tu IP ’ g - Z Tv ‘# .
uepA vePAT
Computing in S3:

Di(gh) = > i) De(y™)

uepA

Z (e Tf: e+ eSe) (e ¢TA+ e+ e‘:se)

uep4

:e( Z Tf:ngA )e + eJe

utegAt

.
=eg e + Je.

We can now state the main theorem of this section:

Tueorem 4.3.19. Fix a subdivision datum (e, I, A, a, %, k) and take A € P2, Then there is
an isomorphism of graded R o-modules

SUHA) x o5®(Welh) /oy 5O (W),

Proor. Let y = Wi(A) and v = @ (u), and set
SV :=eS"[eJeSY.

Write Z¥ := ez? + ¢Je S” € S” for the image of the standard cyclic generator zV. Then
S" is a cyclic Sz-module generated by zV.

By Theorem 4.3.9 we already have an isomorphism of graded R,-modules
Mt = eMY [eJe M.

induced by sending the cyclic generator m# of M¥ to the cyclic generator w" := em" +eJe
of eM” [eJe M". Since SH (resp. S") is obtained from M¥ (resp. M) by imposing the
Garnir relations, to check the map S# — Sv given by z# - zV is an isomorphism, it
remains to check that the Garnir relations correspond under @.

By Lemma 4.3.14 and Lemma 4.3.18, let ¢ := ¢ be the position-tracing function
associated to (k, i#). Then the subdivision map @ induces a bijection between Garnir
nodes A € [u] and the corresponding nodes A* € [v], and it matches the Garnir
elements g/ with eg4"¢ + ¢Je. Recall that the nodes B € [y] of the form B = A* are
precisely those satisfying T(B) = ¢(t) for some 1 < t < d. It therefore remains to
consider those nodes X that are not of the form A" for any A € [u]. These new nodes
all have residue k + 1 and occur immediately to the right of a k-node. In particular, the
Garnir belt 8%, filled with residues, has the following form:
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13 2 N 0 3

—_

k+

[Head [ka| - k+1| |k

In particular, outside the Garnir belt 8%, the last entry in T" (and hence in T* and
GX) before any entry of 8% has residue k. Then the residue sequence i* of the Garnir
tableau GX (and hence the residue sequence of every tableau in the Garnir set Gar X)
is:

.-+, k,res(Head), k+1,--- ,e,0,--- , k,res(Tail), - - -

kX times

Here res(Head) and res(Tail) are the residue sequences corresponding to the head and
tail parts of the Garnir belt. Note that the first node in Head cannot have residue k + 1:
by assumption there are only non-trivial (k, k + 1)-strips, so every (k + 1)-node must

occur immediately to the right of a k-node. In particular, i¥ ¢ Tzrd, since there is an
occurrence of k that is not immediately followed by k + 1. Therefore e(iX)e = ee(i¥X) = 0,
and hence:

eg¥e+eJe = Z X e(i¥) ngXe + eJe

uegX
. X
=e Z Tfi-'-fff, e(iX) T e + eJe
1 13
uegX W
. . X
=e Z e(i%) Tff, Tfu e(i) YT e + eJe
uegX ' 0
=0¢€ S5;.

where the second-to-last equality holds because ’l’iX = (oix + 1e(i¥) and OZ.X only
permutes the row bricks inside the Garnir belt 8%, and hence does not change the
residue sequence i*. Therefore, we have shown that the Garnir element ¢* vanishes in
Sz whenever X is not of the form A* for any A € [u]. Now the theorem follows from
Theorem 4.3.9. O

Cororrary 4.3.20. Fix a subdivision datum (e, I, A\, a,x, k), and take A € Z¥ to be
k-horizontal. Then there is an isomorphism of graded R ,-modules

St = eSPW) [eFe ST
Proor. This follows from Lemma 4.3.5 and Theorem 4.3.19. m|
4.4. Connection with Runner Removal Theorems

In this section, we explain that the combinatorics of the subdivision map developed
in the previous section coincides with the runner removal theorems, thereby providing
a natural categorification.
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4.4.1. Level 1 Case. Fix a subdivision datum (e, I, A = Ay, a, x, k) such that ht(«) =
n. By the Brundan—Kleshchev isomorphism [BK09a, Theorem 1.1], thelevel 1 cyclotomic
KLR algebras are isomorphic to the corresponding Iwahori-Hecke algebras H,(S,),
where ¢ is a primitive e-th root of unity. Hence, in this section, the Specht modules and
simple modules can be viewed as modules over the classical Iwahori-Hecke algebras,
equipped with a grading coming from the KLR grading. See also [BKW11, HM10,
KMR12] for three different approaches to construct graded Specht modules.

Following [Fay07], we define an operation + on partitions. Fix an integer d € Z. For
a partition A € 222, choose a positive integer a > £(A) such thata +d > 0. Let ¢, k be
the unique non-negative integers satisfying

a+d=ce+k, kel={0,1,---,e—-1}

Form the e-abacus of A with a beads, and add a flush runner with ¢ beads on the
left of k-runner. This new (e + 1)-abacus with a + ¢ beads corresponds uniquely to a
partition, which is denoted by A* := A*4. Tt is not hard to verify that this definition of
A* is independent of a.

The importance of this construction is illustrated by the following theorem.

THeEOREM 4.4.1 (Runner Removal Theorem). Assume that the base field k of the Hecke
algebras has characteristic 0. Suppose that A, u € P2 and that A is e-reqular. Fix d € Z. If
one of the following holds:

o d > Ay (cf. [Fay07, Theorem 3.1]);
o d < —{(A) (cf. [[MO02, Theorem 4.5] and [DP25, Theorem 4.1]).

Then d; ,(q) = d;ﬂ,A+d(q).

The e-regular assumption is not necessary, since they work with g-Schur algebras. In
fact, they prove a stronger statement in terms of the canonical basis of the Fock space.
Let 7. (A) be the (level-1) g-Fock space: the free Q(gq)-vector space with standard basis
{IA) | A € 27 ). Tt carries an integrable Uq(gle)—module structure, and the submodule
generated by the vacuum vector |@) is isomorphic to the irreducible highest-weight
module V(A).

The bar involution on U, (;Ie) induces a bar involution on V(A), which extends to
a bar involution on the whole of #,(A) by work of [LT96]. Consequently, for every
partition u € 2 there is a unique bar-invariant vector

(442) Ge(w) = ) d5, (@),

AepA
such that 4}, ,(9) =1 and diy(q) € qZ|[q] for A # u; moreover djy(q) =0unless A < pin
dominance order of partitions. The set {G.(u) | u € 2"} is called the canonical basis of

Fe(A).
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When p is e-regular, the element G, (u) lies in V(A) and coincides with the canonical
basis element in V(A) indexed by . If the corresponding Iwahori-Hecke algebra is
defined over a field of characteristic 0 and is specialised at a primitive eth root of unity,
then Ariki’s categorification theorem [Ari96, Theorem 4.4] identifies d;y(l) with the

decomposition number [S* : D#] (with u e-regular). Thanks to the Brundan-Kleshchev
isomorphism [BK09a], Brundan and Kleshchev lift Ariki’s categorification theorem to
the graded case in [BK09b, Section 5.5]: diy(q) is the graded decomposition number

[Sh: D#],.
Their proof of Theorem 4.4.1 proceeds by extending A — A* to a linear operator on
the whole Fock space and then establishing

(4.4.3) Ger1(A™) = G, ()™,

For standard references on level 1 Fock spaces, decomposition numbers, quantum
groups, and related topics, see [Mat99, Chapter 6].

The construction of A* is very similar to the subdivision on partitions in Defini-
tion 4.2.9, but it has some different features. In Definition 4.2.9 one starts with a fixed
integer k € I, which specifies the position in the abacus where the new runner is
inserted, whereas the construction of A* starts with the parameter d € Z. The two
parameters are linked by the equationa +d = ce + k.

In Definition 4.2.9, we require a = x (mod e), while this is not required in the
definition of A*?. This is because, in level 1, we have V(Ag) = V(A,) for any x € I. For
convenience, one often also chooses a = 0 (mod e) in the construction of A*¢. Moreover,
in Definition 4.2.9, since k € I, we necessarily have d € I, whereas in the construction of
A+ the parameter d can be any integer. Thus Definition 4.2.9 can be viewed as a special
case of the construction of A™?, with an equivalent description in Young diagrams
given by Definition 4.2.5.*

The most important feature of this special case (namely d € I) is that the hypotheses
of Theorem 4.4.1 are rarely satisfied. In other words, for a general partition A, the
interval [0, e — 1] is an exceptional set on which Theorem 4.4.1 does not apply.

Nevertheless, there is a general runner removal theorem that applies in this situation.
To state it, we first need an object called the extended beta multiset.

Recall that the a-beta set B(A; a) of a partition is the set of a-beta numbers of A,
B(A;a) = {B7(A) | 1 < i < a}. The extended beta multiset can be viewed as a multiplicity-
counting version of the beta set. For each z € Z>, define the multiplicity mul, to be
#(B(A;a) N{z,z + e,z + 2¢,...}). The extended beta multiset X%(A) is the union of

{z,---,z} overall z € Z5, taken as a multiset.
——
mul,

41t would be interesting to find a general description of A*? in terms of Young diagrams.
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For each fixed integer d € Z, define €4(A) to be the number of elements z € X(7),
counted with multiplicity, such that z > a + d. It is an exercise to show that €;(1) does
not depend on the choice of a.

Exampie 4.4.4. Fix type A and d = 4. Let A = (5,4,2,1,1) and u = (7,2,2,1,1). Take
a=9.Thena+d=13=4-3+1,s0c =3and k = 1. The e-abaci with 9 beads for A and u
are as follows:

2 3 0123

The beads are labelled by the corresponding beta numbers. The extended beta multisets of A and
u are

(4.4.5) x¢(1) ={0,0,1,1,1,2,2,3,3,4,5,5,6,7,8,9,11,13},
(4.4.6) x¢(u)=1{0,0,1,1,1,2,2,3,3,4,5,5,6,7,8,9,11,15}.

Since a + d = 13, we have €4(A) = 1 and e;4(u) = 1. The partitions A** and u*? have the
following abacus displays:

0 } 2 3 4 0 } 2 3 4
(4.4.7) :]@) jg
TelT 11T
Hence A* = (6,4,2,2,1,1,1) and u* = (8,2,2,2,1,1,1). o

Now we are able to state the general runner removal theorem.

THeorem 4.4.8 ( [Fay09, Theorem 3.4]). Assume that the base field k of the Hecke algebras
has characteristic 0. Take d € Z and let A, u € 22 with A e-regular. Set A* := A* and

ut o= H+d- If e4(A) = e4(u), then dfz,/\(q) = df;/l;ﬁ(‘ﬂ-

We remark, following [Fay09, Section 4.3], that Theorem 4.4.8 actually contains
Theorem 4.4.1 as a special case; this is why it is called the general runner removal
theorem. Another key feature is that the condition in Theorem 4.4.8 is a relation
between the two partitions under consideration, rather than an absolute requirement
as in Theorem 4.4.1.

Unlike Theorem 4.4.1, Theorem 4.4.8 imposes no restriction on the parameter d. By
specialising to 0 < d < e — 1, it applies to our subdivision map on partitions. In view
of Theorem 4.3.19, the subdivision isomorphism @y categorifies this runner removal
theorem over a field of characteristic 0.

RemaRrk 4.4.9. There are several differences between the setting of [Fay09] and ours, and
we briefly discuss some of them here. Fayers studies runner removal in [Fay09], whereas this
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chapter treats runner addition. In other words, we pass from A to A™%, that is, from an e-abacus
to an (e + 1)-abacus, while Fayers passes from A to A™%, that is, from an (e + 1)-abacus to an
e-abacus.

For the reader’s convenience, we clarify the notation. Let d be the unique integer in [0, e] such
that d = d (mod e + 1). Then A*? is d-empty and A = (A*%)~? in Fayers’ notation. It is also
straightforward to check that € 4(A) = L=(A*), where 8=(~) is defined in [Fay09, Definition
3.31.

The reader should be careful that we use the equation a + d = ce + k, whereas [Fay09] uses
a +k = ce +d. Thus, when comparing results, the parameters k and d should be swapped. &

4.4.2. Higher Level Case. The discussion of Fock spaces and canonical bases in
Subsection 4.4.1 has an analogous, but more complex, higher-level theory; see [BK09b]
or [GJ11, Chapter 6] for a general discussion of graded decomposition numbers of
cyclotomic KLR algebras of type Ail_)l and related topics, including higher-level Fock
spaces.

Recently, Theorem 4.4.1 has been generalized to higher levels in [DP25, Del24] via
computations in higher-level Fock spaces, whereas Theorem 4.4.8 has not yet been
extended. Nevertheless, we formulate a conjecture below concerning our subdivision.

Fix a subdivision datum (e, I, A, @, k, k) and take an ¢-partition A = AD, ... A0y e
. For each 1 < i < {, take an abacus subdivision datum (a, ¢, d, a") = (a;, ¢;, d;, a})
for A,

We then extend the level-1 construction of A*¢ to higher levels by defining it
componentwise:

A= (), (@),

Set
¢

ea) = (e AM), ..., e AD), lea@)| = ) €a(AD).
i=1
Recall from Section 4.2 that the subdivision map on partitions is defined componentwise.
As a result, by the discussion in Subsection 4.4.1, if d; € I foreach 1 <i < ¢, then (-)+d
coincides with the subdivision map, that is, ®x(A) = At In view of Theorem 4.3.19,

the subdivision provides a categorification of this case.

We can now state the following two conjectures:

Conjecture 4.4.10. Over a characteristic O field, let d = (dy,--- ,dy) € 1Y such that
0 <ai+d; =cie+kforeachl <i < VU take A,y € 2%, if €4(A) = eq(u), then
dia(@) = di2 1 a():

Conyecture 4.4.11. Over a characteristic O field, let d = (d1,d>) € I?such that 0 < a;+d; =
cie+kforeachl <i <2 take A, u € P, if leq(A)| = |ea(y)|, then d;/}l(q) = d;ﬁmd(q).
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We remark that the hypothesis of Conjecture 4.4.11 is much weaker than that of
Conjecture 4.4.10. However, it can only reasonably be expected to hold in level two,
since analogous statements admit counterexamples in higher levels. We end this
section with an example supporting Conjecture 4.4.11.

ExampLE 4.4.12. Fix quiver A(zl). Fix k = 1 and the charge x = (0, 1). Take a 2-partition
A = ((6), (5,1,1)). By choosing suitable a and the corresponding d (for example, take a = (3, 4)
and d = (1,0)), one easily verifies that A*% = ((8), (7,1,1)) and e4(A) = (2,2).

The canonical basis element G,(A) is given in Figure 1. The terms coloured red correspond
to 2-partitions pu such that u** does not occur in the expansion of Ge+1(A™9). The terms
coloured cyan are those that do occur and satisfy |€4(A)| = |ea(u)| = 4. The remaining terms
likewise occur in the expansion of Ge11(A™) but satisfy e 4(A)] # |ea(w)|-

The canonical basis element Go1(A*?) is given in Figure 2: the cyan terms in G4 (A*9)
correspond bijectively to the cyan terms in G.(A). The reader can verify that for all cyan p, we
have d; Ag) = d; 1“,} +a(q)- For simplicity, we have omitted terms p that are not of the form

v*4 for some v appearing in Go(A). &
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Canonical Basis Expansion: G,(A)

GC(A):|I6I/IS/121> +q”6l,l32,1|>

+4q1[5,1],15,1%])
+ql14,1],15,2,1])
+4q71[4,1],[4,3,1])
+(g>+q)[14],15,3,1])
+471[3,2,1],[3%,1])
+4°113,21,[5,1°])
+q*1[3,2],[3%,1°])
+q°1[3,1%],[3%,2])
+(q>+q)3,1],16,2,1])

+4°1[3,1],[5,2%])
+4°1[3,1], [4%,1])
+4*1[3,11,[3°])

+q*1[3,1],[3%, 1°))

+2¢%(3],16,3,1])

+(q* + g7 3],15,3,2))
+q21[2°],[5,1%])

+(q* +g*)12°],15,3,1])
+ @24 +9)112,1],16,3,1])
+(q°+24° +q)[12,1],15,3,2])
+(q* + gH)112,11,[32,2%])
+4°1[1°],16,3,1])

+(q* + %) 1[1°],15,3,2])
+4%[1°],[3%,2%])
+q2([17],18,2,1])
+2¢°([1%],(7,3,1])
+q*|[17],[5%, 1])

+(q° +4%)[[17],15,3°])
+(q° + ) [[17],15,3,1°])
+4*([12],[5,2,1%])
+4°([12],[4,3,1%])
+(q*+q7)[1],18,3,1])
+4710,[11,1%])
+4°10,(8,3,2])
+q*10,(5,3,2%,1])
+4*10,3%,2,1%))

+42[5,1],[3%1])
+q°1[4,11,[5,1°])
+q°1[4,1],[3%,17])
+q13,2,1],[5,1°])
+4°113,21,[5,2,1])
+4°1(3,2],[4,3,1])
+q1[3,1%],[6,1%])
+42(3,1],7,1%])

+(q* + 93,11, [6,1°])
+q°1(3,1],[5,1*])
+24°13,1],[4,3,2])
+(q° +¢7)13,1],[3%,2,1])
+q1[3],[8,1])
+q°1[3],[5,4,1])
+4°[3], 3% 2%])
+4°1[2°], (3%, 1])
+4%2,11,[8,1%])

+(q* +H)12,1],[5,4,1])
+q°1[2,1],[5,1°])

+q°2,1],[3%,1*])
+q°|[1°],[5,4,11)
+q°|[1°],[5,1°])
+q*|[1°],[3%, 1))
+q°|[17],[8,1%])

+(2q9* + 47117, [6,3,1%])
+(q° + ¢7)1[1%],[5,4,1%])
+(q°+29* + 91117, [5,3,2,1])
+q°|[17],[5,2°])
+2¢9*|[17],[4,3,22))
+4°|[17],[3%,2])

+(g° + g% [11,15,3,22])
+4%[0,[9,3,1])
+q*10,[6,3,2%])
+4°10,[4,3,2%,1%))
+4°10,[3%,2%,1])

Ficure 1. Expansion of G3((6), (5,1,1)).
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Canonical Basis Expansion: G,1(A")

Ge1(A) = [[8],17,17])
+41[7,11,[7,1%])
+q105,11,17,3,1])
+(@®+ ) 5],17,4,1])
+474,3,1],[4%,1])
+471[4,2],[7,1%))
+q°1[4,2], 4%, 1°])
+(g°>+9)1[4,1],[8,3,1])
+421[4,1],17,3,2])
+24°((4,1],16,4,2])
+q*|[4,1],[4%,2,17])
+247|[4],[8,4,1])
+(q* + g7 [[4],17,4,2])
+471[3,1],[11,1%])
+(q*+4)13,11,[7,5,1])
+4°3,1],[4%,2%,1])
+243|[1%],[10, 4,1])
+q*|[1%], [7%,1])
+(@°+ ) [[17],17,47])
+q*|[1%],17,3,2%,1])
+q*|[1%], [4%,2,1])
+q*|[1],[7,4,2%,1])
+4°10,[12,4,1])

+4[8],[4%,1])

+ 427,11, [4%,11)
+421(5,1],[6,4,1])
+4q1[4,3,1],[7,1%])

+q[4],[11,17])
+4°1[4],17,5,1])
+(q*+97)13,2],[7,4,1])
+24° +9)113,1],[8,4,1])

+(g° +20°+9)3,1],17,4,2])

+q2([17],[11,3,1])
+q%|[12],[8,4,1%])
+q*|[1%],17,5,1°])

+(q° + ¢ I[1%],17,4,2,1%])
+(q° +¢°)|[1%], [6,4,2%,1])

+ (gt + M1, (11,4, 1))
+q%1(0,[15,17])
+4310,[11,4,2]) + ...
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Ficure 2. Expansion of G4((8), (7,1,1)).
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