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ABSTRACT

This thesis investigates distributed self-supervised learning as a paradigm for training

visual representation models directly from distributed and unlabelled data. While

large-scale supervised datasets have fuelled advances in visual artificial intelligence,

their centralised collection and annotation are prohibitively expensive, and real-

world data is inherently fragmented across edge devices, institutions, and sensors.

Distributed self-supervised learning aims to harness distributed data without labels or

central coordination. Achieving this goal demands solutions to several open challenges,

including robustness under heterogeneous client distributions, feasibility on resource-

limited devices, tolerance for the absence of a central server, and resolution of the

fundamental question of whether distributed training can approach the performance

of centralised training.

The thesis makes four main contributions. First, it establishes how decentralisation

of training data reshapes scaling laws, proving that the compute-optimal model size

decreases as data becomes more distributed, thereby explaining why lightweight

models are more effective on edge devices. Second, it shows that distributed training

inevitably suffers a generalisation gap compared to centralised training under equal

compute, and that this gap can only be reduced by expanding data through more

clients or larger local datasets. Third, it provides the first systematic theoretical

analysis of distributed self-supervised learning under heterogeneous data, showing

that methods based on Masked Image Modelling (MIM) are more robust than

contrastive approaches, with robustness increasing alongside network connectivity.

It also introduces MAR loss, a refinement of MIM loss with alignment regularisation

to further improve robustness. Finally, it proposes DeNAV, a decentralised

self-supervised learning framework that eliminates server dependence, integrates
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a navigator algorithm for informed client selection, staleness-aware aggregation

for asynchronous updates, and lightweight masked autoencoder pre-training for

communication efficiency. Theoretical analysis proves its convergence and consensus

guarantees, while extensive experiments confirm its superiority over existing federated

self-supervised and decentralised baselines.

Through these contributions, the thesis advances distributed self-supervised visual

representation learning as a feasible and effective approach for distributed systems. It

shows how theoretical insights on optimal model size estimation, generalisation study,

and robustness analysis can be translated into practical algorithms and frameworks,

thus fulfilling the central aim of enabling large-scale learning directly from distributed

visual data without requiring expert supervision.
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CHAPTER 1

Thesis Introduction

Chapter Overview: This chapter introduces the motivation and context for this

thesis. It begins by highlighting the growing importance of artificial intelligence in

real-world visual applications and the central role of large-scale labelled datasets

in enabling recent advances. Against this background, it discusses why directly

leveraging distributed, unlabelled data is both highly valuable and practically

necessary, motivating the study of distributed self-supervised learning (D-SSL).

The chapter then outlines the key challenges faced by D-SSL: heterogeneity across

client data distributions, limited computational and communication resources at

the edge, lack of reliable central coordination, and the fundamental concern of

whether distributed training can approach the performance of centralised training.

In response to these challenges, the main contributions of the thesis are presented,

spanning theoretical analyses of scaling laws, generalisation gaps, and robustness

under heterogeneity, as well as the development of new algorithmic components and

frameworks such as MAR loss and DeNAV. Finally, the chapter provides an overview

of the thesis structure, which proceeds from the literature review to the four main

studies and concludes with a synthesis of findings.
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1.1 Background and Motivation

Artificial intelligence (AI) has become a defining technology of modern society, with

applications permeating many aspects of daily life. Common examples include facial

recognition on smartphones, video surveillance in public spaces, and autonomous

driving assistance systems in vehicles. These applications increasingly shape how

people interact with both digital services and the physical world. However, the

success of such systems in real-world deployment relies heavily on access to massive,

well-labelled datasets. For example, in natural language processing, large language

models used by GPT-style chatbots are typically trained on hundreds of billions

of tokens [7]. Similarly, in computer vision, benchmark datasets such as ImageNet

contain over 14 million annotated images spanning more than 20,000 object categories.

Despite their effectiveness, constructing large-scale labelled datasets is extremely

costly. The creation of ImageNet alone required more than two years of effort and

an estimated financial cost of several million U.S. dollars [19]. This challenge is

particularly pronounced in real-world settings, where vast amounts of raw visual data

are continuously generated by devices such as mobile phones and CCTV cameras.

Such data is inherently distributed across different sources, uncurated, and largely

unlabelled. Converting this distributed raw data into a centralised dataset like

ImageNet requires not only extensive infrastructure for data collection, storage,

and maintenance, but also substantial human labour for data cleaning and expert

annotation [36].

In this context, the ability to train models directly from distributed and

unlabelled data is of significant practical importance. This demand has motivated

the development of distributed self-supervised learning (D-SSL). By designing

pseudo-tasks that automatically generate supervisory signals from raw data, D-SSL

enables models to learn meaningful visual representations without relying on human

annotations, while simultaneously leveraging data distributed across multiple devices

and institutions [93, 174]. As a result, D-SSL offers a promising alternative to
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Figure 1.1: An overview of distributed self-supervised learning (D-SSL), combining
distributed learning settings with self-supervised objectives.

conventional dataset construction pipelines, while also better respecting data privacy

constraints and the inherently distributed nature of real-world data. Figure 1.1

provides the system-level overview of D-SSL for better illustrating this paradigm.

While D-SSL offers a compelling paradigm for learning from distributed, unlabelled

data, its practical realisation remains at an early stage. In contrast to conventional

self-supervised learning in centralised settings, effective D-SSL cannot be achieved

by naively combining existing self-supervised objectives with distributed training

frameworks. The shift from centralised to distributed learning fundamentally alters

the learning dynamics, introducing new interactions between data, models, and

communication. Understanding these changes, and the challenges they give rise to, is

essential for assessing the robustness and scalability of D-SSL in real-world systems.

These considerations motivate a closer examination of the key challenges faced by

D-SSL, which are discussed in the following section.
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1.2 Research Challenges

As discussed in the previous section, the transition from centralised to distributed

self-supervised learning fundamentally reshapes the learning process. In practice,

distributed self-supervised learning may be implemented under different architectural

paradigms, most notably server-based federated frameworks [100] and fully

decentralised peer-to-peer settings [131]. These environments introduce system-level

and additional statistical factors that interact with self-supervised objectives in

non-trivial ways, giving rise to a range of challenges hindering the development of

D-SSL.

The first challenge is data heterogeneity, commonly referred to as the non-

independent and identically distributed (non-IID) problem [62]. In real-world

distributed systems, each client device collects data from its own environment,

leading to systematic differences between local datasets. For example, in personal

photo collections, one user’s phone may contain mostly outdoor scenery, while another

user’s phone contains mostly indoor family photos. Unlike centralised datasets that

are carefully curated and balanced, distributed data is inherently fragmented and

biased. In self-supervised settings, where representations are learned without explicit

label alignment across clients, distributional mismatch can significantly influence

the consistency of learned features and lead to severe performance degradation in

transferability [147]. Understanding how representation learning behaves under

heterogeneous data distributions is therefore a central challenge in D-SSL.

The second challenge concerns resource limitations on edge devices. Distributed

training typically relies on mobile phones, IoT cameras, or other lightweight clients

with constrained computational power, memory, and communication bandwidth.

These constraints limit feasible model sizes and training complexity. While modern

deep learning often benefits from large-scale models and extensive computation,

such scaling is not always compatible with distributed environments. This tension

arises in both federated and fully decentralised settings, where local computation

4



and communication overhead directly determine system feasibility. Determining how

model design and training strategies should adapt to distributed resource constraints

remains an important open question [79, 152].

The third challenge relates to coordination under different distributed architectures

[130,162]. Federated learning assumes the presence of a central server to aggregate

and redistribute model updates, providing a global synchronisation mechanism. Fully

decentralised approaches, in contrast, rely on peer-to-peer communication without

central coordination. These architectural differences lead to distinct trade-offs in

stability, convergence behaviour, and communication efficiency. Understanding how

learning dynamics differ across these distributed frameworks, and how architectural

choices influence robustness under heterogeneous data, is thus necessary for designing

more effective D-SSL methods.

Furthermore, beyond these technical considerations, a fundamental concern

remains unresolved: can distributed self-supervised training ever reach the same

level of performance as centralised training? This issue is of great importance for

practitioners and organisations. Although the cost of building and maintaining

centralised datasets is prohibitively high, decision-makers still need to understand

whether distributed learning has the potential to achieve comparable generalisation

performance. If the gap is inevitable, then distributed approaches may be viewed

as secondary alternatives; whereas if the gap can be narrowed, distributed learning

becomes a strong and viable choice. Establishing the theoretical nature of this

performance gap and exploring strategies to mitigate it are therefore also critical to

the credibility and long-term adoption of D-SSL.

1.3 Thesis Contributions

To address the above challenges, this thesis makes four major contributions that

collectively advance the theoretical understanding of D-SSL and the practical

development of distributed self-supervised learning in the visual domain.

5



• First, for the challenge of limited edge resources, the thesis establishes

a theoretical foundation for how distributed environments reshape scaling

laws. By deriving closed-form solutions for compute-optimal model size, it

demonstrates that data decentralisation favours smaller models. This finding

explains why lightweight architectures are better suited for edge-constrained

clients and provides guidance for designing models that operate effectively

under distributed constraints.

• Second, to clarify the fundamental disparity between centralised and distributed

training, the thesis formally characterises the generalisation gap between the

two. Through PAC-Bayesian analysis, it proves that this gap inevitably exists

under equal compute budgets and cannot be eliminated by scaling up model

size or communication rounds. The analysis shows that only allowing data

advantage to distributed scenarios, either by adding more clients or enlarging

local datasets, can narrow the gap, offering theoretical clarity and practical

strategies for improving distributed training.

• Third, in response to the challenge of heterogeneity, the thesis provides the

first systematic theoretical analysis of D-SSL under non-IID client data. It

shows that self-supervised learning (SSL) based on masked image modelling

(MIM) is inherently more robust to heterogeneity than SSL based on contrastive

learning (CL) and that robustness improves with stronger network connectivity.

Building on this insight, the thesis introduces MAR loss, a refinement of MIM

loss with alignment regularisation, which enhances robustness and can be

readily integrated into existing distributed MIM frameworks.

• Finally, to overcome the challenge of server-free coordination, the thesis proposes

DeNAV, a decentralised self-supervised framework that combines a navigator

algorithm for client selection, staleness-aware aggregation for asynchronous

updates, and lightweight masked autoencoder pre-training for communication

efficiency. DeNAV also supports parallel training with weight sharing for
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scalability, and its theoretical analysis proves convergence, consensus, and

justifies the training design. Extensive experiments confirm its superiority

over prior distributed baselines. This contribution not only addresses the

coordination challenge but also fulfils the thesis’s central aim of establishing

D-SSL as a feasible and effective paradigm.

1.4 Overview of Thesis Structure

The remainder of this thesis is structured as follows. Chapter 2 reviews the related

literature on self-supervised learning, distributed training, and their intersection in

D-SSL. Chapter 3 studies scaling laws under distributed settings, while Chapter 4

investigates the generalisation performance gap between centralised and distributed

training. Chapter 5 extends the analysis to D-SSL under heterogeneous data and

introduces MAR loss. Chapter 6 presents DeNAV with both theoretical guarantees

and extensive empirical validation. Finally, Chapter 7 concludes the thesis and

discusses future directions, while Chapter 8 provides the full proofs of the theoretical

analyses mentioned in the main studies. The overall thesis structure is illustrated in

Figure 1.2.
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Figure 1.2: The structure overview of this thesis.
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CHAPTER 2

Literature Review

Chapter Overview: This chapter reviews the foundations and recent advances

relevant to distributed self-supervised learning. It begins by introducing self-

supervised learning (SSL), covering its motivation, general training principles,

commonly used model architectures such as convolutional neural networks and

vision transformers, and two dominant paradigms: contrastive learning and masked

image modelling. The discussion highlights how SSL leverages large amounts of

unlabelled data to learn transferable representations and why it is well-suited for

domains where labelled data is scarce.

The chapter then surveys distributed learning, contrasting it with traditional

centralised training and outlining two main paradigms: federated learning,

which relies on a central server, and decentralised learning, which is server-free.

Representative algorithms are reviewed, together with theoretical analyses on

convergence and generalisation that provide formal insights into their performance.

Finally, the chapter examines distributed self-supervised learning (D-SSL) as

the intersection of SSL and distributed training. It introduces the motivations for

combining these approaches, reviews algorithmic innovations that address challenges

of heterogeneity and limited client resources, and summarises recent theoretical work

that explains the robustness of SSL objectives in distributed settings. The survey

emphasises both the progress achieved and the open problems that remain, laying

the groundwork for the new analyses and contributions in the subsequent chapters.
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2.1 Self-Supervised Learning (SSL)

2.1.1 Background and Motivation

Artificial intelligence (AI) has become deeply integrated into modern society,

supporting a wide range of applications that influence daily life and essential

services [92]. Smartphones can be unlocked through facial recognition systems that

provide both convenience and security. Autonomous vehicles rely on computer vision

models to accurately detect pedestrians, traffic lights, and road signs under diverse

conditions. In healthcare, AI assists radiologists in interpreting X-rays, CT scans, and

MRI images, helping to reduce workloads while improving diagnostic accuracy. Online

platforms such as YouTube and TikTok analyse billions of user-uploaded videos and

photos to deliver personalised recommendations. These examples demonstrate that

artificial intelligence extends far beyond laboratory research and now plays a crucial

role in shaping the way people live, communicate, and access information.

The effectiveness of these systems relies heavily on large amounts of training data.

Deep neural networks, which serve as the foundation of modern AI, are data-intensive,

and their performance often improves as the scale of training data increases. The

progress of visual recognition models has been accelerated by large-scale datasets

such as ImageNet [19], which contains millions of training samples, while extensive

driving video collections have enabled advances in autonomous navigation. Without

such abundant training resources, models would struggle to achieve the level of

accuracy and robustness demanded by real-world applications.

To achieve this level of performance, most AI systems rely on labelled data [60].

A labelled dataset contains raw inputs, such as images or videos, labelled with

meaningful information. For example, if we want an AI tool to be able to distinguish

between images of different animals, then the provided labels should specify the

category of the object, such as ”dog”, ”cat”, or ”bird”. Similarly, if the task of this

tool is to recognise the location of objects, then we need to provide detailed bounding

boxes that specify the location of the objects in the image. These annotations can
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be used as supervisory signals to guide the model during training to ensure that the

learned representations match the expected semantics.

In practice, however, the vast majority of available data remains unlabelled in

modern society. People generate countless photos and videos in their daily lives,

yet these rarely include annotations describing the content. Surveillance cameras

capture continuous streams of footage from public spaces, but the recordings provide

no explicit information about what objects or events appear. Hospitals store large

archives of radiology scans, yet without expert interpretation. These data cannot

directly support supervised training [57].

Creating labels for such data is expensive and labour-intensive. The construction

of benchmark training datasets such as ImageNet reportedly required thousands of

workers dedicating tens of thousands of hours to annotate millions of images. In the

medical field, labelling diagnostic scans requires the expertise of radiologists, often

demanding weeks of careful review and carrying high financial costs [17]. Commercial

datasets for autonomous driving can require investments reaching millions of dollars,

as annotators must label not only object categories but also their precise positions

and interactions in complex traffic scenarios. These examples make clear that relying

solely on labelled data is unsustainable in the long run.

This tension between the abundance of unlabelled data and the scarcity of labelled

data has inspired researchers to consider a new question: can data itself provide

the supervision needed for learning? Instead of relying entirely on costly human

annotations, the idea is to construct learning objectives in which the data generates

its own training signals. This is the essence of self-supervised learning, where the

inherent structure and relationships within data guide the model in acquiring useful

representations [36]. It is similar to how a person learning Japanese might rely on

their knowledge of Chinese characters to guess the meaning of unfamiliar words, using

patterns and context to fill in what they do not yet know. By following this principle,

self-supervised learning reduces dependence on labelled datasets, makes large-scale

training more feasible, and produces representations that can be transferred effectively
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to a variety of downstream tasks. The following section discusses the general training

principles that underpin this approach.

2.1.2 General Training Idea

Self-Supervised learning is a specialised form of unsupervised learning in which the

learning objective is derived directly from the data itself [55]. Formally, let x ∼ D

denote an input sample drawn from a data distribution D without labels. The goal

is to learn a representation function fθ : X → Rd, parameterised by θ, that maps

raw inputs to a feature space useful for downstream tasks.

In traditional unsupervised learning, the aim is often to discover global structure

in the data, for example, by clustering samples into groups [118] or learning a

compressed representation through dimensionality reduction. While such approaches

can reveal statistical patterns, they usually lack explicit guidance for capturing

semantic relationships that are important for downstream tasks. Self-Supervised

learning addresses this gap by introducing an intermediate prediction problem whose

solution encourages the model to extract features that are both discriminative and

transferable. In this way, it retains the advantage of unsupervised learning in not

requiring labelled data, while adding a structured training signal that directs the

learning process toward representations that are useful beyond the initial task.

The intermediate prediction problem in self-supervised learning is known as a

pretext task [21]. A pretext task is deliberately designed so that solving it requires

the model to understand meaningful aspects of the input data. Specifically, given an

input x, a transformation or masking operation t(·) is applied to construct a modified

view x̃ = t(x), and the model is trained to minimise a self-supervised objective of

the form

min
θ

Ex∼D
[
Lssl

(
fθ(x̃), y(x)

)]
,

where y(x) denotes a target derived from the original data, such as another view of x

or a partially observed version of it. The design of Lssl determines what information

the model is encouraged to capture.
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This process is similar to someone who already speaks Chinese learning Japanese

on their own, using their knowledge of Chinese characters and the similarity between

these two languages to deduce the meaning of unfamiliar words or sentences without

formal instruction. In this analogy, practising with such sentences serves as the

pretext task, while the ultimate goal of using Japanese fluently in real conversations

corresponds to success on downstream applications. In self-supervised learning, the

pretext task defines the pre-training stage, during which the model learns to solve

the auxiliary objective using large amounts of unlabelled data, with the expectation

that the learned representations will generalise to other tasks.

Common pretext tasks in visual representation learning can be broadly categorised

into three groups, each imposing a different inductive bias and influencing the

nature of the learned representations. The first group focuses on invariance

to transformations [14, 15, 35], where the model must recognise that differently

transformed versions of the same input correspond to the same underlying content.

Such transformations may involve geometric changes such as cropping, rotation,

translation, scaling, or flipping, as well as appearance changes such as colour

adjustment or contrast modification. Tasks in this category encourage the model to

learn features that are stable under a range of visual variations, improving robustness

to changes in viewpoint, illumination, or image quality. The second group emphasises

context prediction [5, 41], where the model uses visible portions of the input to infer

missing or hidden parts, for example, by reconstructing masked regions or predicting

the relative arrangement of shuffled patches. These tasks promote the learning of

fine-grained semantic and structural information, as the model must understand

detailed relationships between different parts of the scene. The third group targets

cross-view or cross-modal agreement [107], where the model aligns representations

from different perspectives of the same instance or from different data modalities,

such as matching an image with its textual description. This category encourages

the model to learn representations that capture correspondences across diverse input

types, which is especially valuable for multimodal or retrieval-based applications.
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Furthermore, considering that the aim of learning Japanese is not to perform

well only on exercises but to communicate effectively in real situations, the goal

of self-supervised learning is not to excel solely at the pretext task but to acquire

representations that can be applied to tasks of practical interest. This requires a

transfer learning stage, in which the knowledge gained during pre-training is adapted

to the target application. Formally, given labelled data (x, y) ∼ Dlab, a predictor gϕ

is trained on top of the learned representation:

min
ϕ

E(x,y)∼Dlab

[
Ltask

(
gϕ(fθ(x)), y

)]
.

Transfer can be performed in different ways. One approach, known as fine-tuning [69],

adapts the entire pre-trained system to the new task, allowing it to refine its

knowledge for the target domain. Another approach, known as linear probing [42],

keeps the learned representation fixed and trains only a simple prediction layer

on top, providing a direct way to measure how well the representation captures

generalisable information. The choice of strategy depends on factors such as the

amount of available labelled data, the similarity between pre-training and target

domains, and the computational budget. In practice, fine-tuning is often preferred

when sufficient labelled data and resources are available, as it allows the model to

specialise more closely to the target problem, while linear probing is advantageous

for rapid evaluation and for scenarios where labelled data is scarce.

In summary, self-supervised learning transforms large-scale unlabelled data into a

source of effective supervision through the careful design of pretext tasks, followed by

transfer learning to adapt the learned representations to specific applications. While

the general principles of self-supervised learning apply across different data modalities,

their implementation in the visual domain depends heavily on the choice of backbone

architecture. The following section discusses the model architectures most commonly

used for visual self-supervised learning, highlighting their design characteristics and

how these characteristics influence the learning of visual representations.
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2.1.3 Model Architectures for Visual SSL

The effectiveness of self-supervised learning in computer vision is influenced not only

by the design of the pretext task, but also by the choice of backbone architecture. The

backbone serves as the feature extractor that processes raw visual inputs and generates

representations for downstream tasks [36]. Different architectures introduce distinct

inductive biases, computational characteristics, and representational capacities, all

of which affect how well self-supervised learning objectives can be optimised and

how transferable the learned features will be. In recent years, convolutional neural

networks (CNNs) and vision transformers (ViTs) have emerged as the two dominant

families of architectures for visual representation learning, each offering unique

strengths and facing specific challenges in the self-supervised setting.

Convolutional Neural Networks CNNs are built upon the convolution operation,

which applies learnable filters to local regions of an input image to extract

spatially localised features. This local connectivity drastically reduces the number

of parameters compared to fully connected networks and introduces translation

invariance, meaning that a learned feature can be recognised regardless of its

position in the image. Convolutions are typically combined with pooling layers,

which further increase invariance by summarising local regions, and with nonlinear

activation functions to enable the learning of complex mappings. By stacking multiple

convolutional layers, CNNs learn a hierarchy of features, from edges and textures at

lower layers to object parts and semantic concepts at higher layers.

Several CNN architectures have played pivotal roles in advancing visual

representation learning:

• LeNet (1998) [74]: One of the earliest CNNs, designed for handwritten digit

recognition. LeNet demonstrated that convolutional and pooling layers could

drastically improve performance on image classification tasks compared to fully

connected architectures, paving the way for deep convolutional models.
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• VGG (2014) [117]: Known for its simplicity and uniform architecture, VGG

uses small 3×3 convolutions stacked in depth, showing that deeper networks can

achieve significantly better accuracy. Its straightforward design made it widely

adopted as a baseline, although its large parameter count and computational

cost limited its efficiency.

• GoogLeNet / Inception Net (2014) [127]: Introduced the Inception

module, which processes input at multiple receptive field sizes in parallel

before concatenating the results. This architecture improved efficiency by

allowing deeper networks with fewer parameters, and it demonstrated the value

of multi-scale feature extraction.

• ResNet (2015) [43]: Proposed residual connections that allow gradients

to flow more easily through deep networks, enabling successful training of

architectures with hundreds of layers. ResNet became the default backbone for

many vision tasks, including self-supervised learning methods.

• MobileNet (2017) [50]: Designed for efficient inference on mobile and

embedded devices, MobileNet employs depthwise separable convolutions to

drastically reduce computation and model size, making it a popular choice for

scenarios with limited computational resources.

Each of these CNN architectures represents a distinct balance between network

depth, parameter efficiency, and the richness of extracted features. Early designs

such as LeNet demonstrated the feasibility of convolutional processing for pattern

recognition, while architectures like VGG favoured deeper but uniform stacks of

convolutions to improve representational capacity. Inception networks introduced

multi-scale feature extraction through parallel convolutional paths, and ResNet’s

residual connections made training very deep models practical without suffering from

vanishing gradients. More recent lightweight models such as MobileNet optimise

for low computational cost and reduced memory usage, enabling deployment on

mobile and embedded devices. In visual representation learning, the choice of CNN
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backbone influences not only the diversity and granularity of learned features but

also the scalability of training to large datasets or resource-limited environments.

The variety of available CNN designs allows researchers to select a backbone that

aligns with the constraints and objectives of their specific application.

Vision Transformers The Vision Transformer family builds on the Transformer

architecture originally developed for natural language processing (NLP). The core

innovation of Transformers is the self-attention mechanism [141], which allows

the model to compute relationships between all elements in a sequence, enabling

global context modelling from the earliest layers. In NLP, self-attention replaced

recurrent architectures by capturing long-range dependencies more efficiently, leading

to breakthroughs such as BERT [20].

Subsequently, the Transformer architecture and self-attention mechanism were

adapted to the vision domain, giving rise to the original Vision Transformers (ViTs)

[22]. During the training process of ViTs, an image is split into fixed-size patches,

each treated as a token in a sequence. These tokens are projected into embedding

vectors and processed by a standard Transformer encoder. Without the locality

constraints of convolution, ViTs can model relationships between distant regions of

an image, making them particularly effective for tasks that require reasoning over

global context, such as masked image modelling. However, the lack of strong spatial

inductive biases means ViTs typically require larger training datasets and careful

regularisation to match the data efficiency of CNNs.

Several transformer-based vision architectures have since been proposed:

• DeiT (2021) [135]: Data-efficient image transformers that achieve strong

performance with smaller datasets through knowledge distillation and optimised

training strategies.

• Swin Transformer (2021) [90]: Introduces a hierarchical structure with

shifted windows, combining the benefits of local attention for efficiency and
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global attention for context modelling. Swin has become a popular backbone

for detection and segmentation due to its scalability and strong accuracy.

• PVT (2021) [151]: Employs a pyramid structure to process multi-scale

features, making it suitable for dense prediction tasks.

Recently, ViTs have evolved from being an alternative to convolutional backbones

into a widely adopted choice across a diverse range of vision tasks [63]. Their

ability to model long-range dependencies and capture global context from the earliest

stages of processing has proven beneficial not only in image classification but also in

dense prediction tasks such as object detection, semantic segmentation, and instance

segmentation, where understanding spatial relationships across the entire image is

essential. ViTs have also been successfully applied to fine-grained recognition, scene

understanding, and image retrieval, as the self-attention mechanism allows them

to adaptively focus on the most informative regions of an image depending on the

task requirements. In video understanding, their capacity to integrate information

across both spatial and temporal dimensions has enabled competitive performance

in action recognition and video object tracking. Beyond purely visual applications,

vision transformers serve as the backbone in many multimodal frameworks, where

visual features are aligned with text, audio, or other sensory inputs. The versatility

of ViTs in handling both global reasoning and cross-domain alignment has made

them a foundation for many modern visual systems. Hybrid architectures that

incorporate convolutional stems into transformer pipelines further extend these

advantages, combining efficient low-level feature extraction with the transformer’s

high-level global modelling capability.

2.1.4 Representative Methods in Visual SSL

Self-Supervised learning in the visual domain has benefited greatly from advances in

model architectures such as convolutional neural networks and vision transformers,

which provide strong backbones for representation learning. Building on these

architectures, a variety of training strategies have emerged, aiming to extract
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informative and transferable features from large collections of unlabelled images.

Among these, two paradigms have become dominant: contrastive learning and

masked image modelling. Contrastive learning focuses on learning representations

by pulling semantically similar samples closer in the feature space while pushing

apart dissimilar ones [55], whereas masked image modelling learns by reconstructing

missing or corrupted parts of the input [165], encouraging the model to capture both

local details and global context. In the following subsections, we review representative

methods from each category, outlining their core principles and contributions to the

development of modern visual self-supervised learning.

Contrastive Learning Contrastive learning builds on the idea that a good visual

representation should bring semantically similar samples closer together in the

embedding space while pushing apart dissimilar ones. This learning paradigm is

analogous to how a baby learns to recognise a ball. The baby might see the same ball

from different angles, distances, and lighting conditions, sometimes even partially

occluded. Through repeated exposure, the baby learns that these varied appearances

all represent the same object, while recognising that other objects, like a cup or a

chair, are different. In the machine learning formulation, these different views of

the same image are treated as a positive pair, meaning they should be embedded

close together, whereas views from different images are treated as a negative pair,

meaning they should be far apart in the learned feature space.

In practice, the typical process of contrastive learning starts by taking an image

and producing two correlated views via random augmentations such as cropping,

resizing, colour jittering, and blurring [55]. These augmented images are passed

through an encoder network (which can be either a convolutional neural network

or a vision transformer) to obtain feature vectors, which are then transformed by a

projection head into a latent embedding space. A contrastive loss function measures

the similarity between features of positive pairs and encourages dissimilarity between

features of negative pairs [14]. Depending on the method, negative examples may
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be taken from the same batch or from a larger memory bank to provide a richer

set of comparisons. The outcome is an embedding space where semantically related

inputs are close together even without labels, providing a foundation for effective

downstream learning.

Over the past few years, several representative methods have shaped the evolution

of contrastive learning.

• SimCLR (2020) [14]: Uses a minimal design with a large batch size to

provide abundant negative pairs. Its contribution lies in showing that, with

strong augmentations and a projection head, simple architectures can achieve

high-quality representations without additional components.

• MoCo (2020) [42]: Introduces a momentum-updated encoder and a dynamic

queue to store a large, consistent set of negative samples. This design avoids

the impractical requirement for extremely large batches, making contrastive

learning more memory-efficient.

• BYOL (2020) [35]: Removes negative pairs entirely by using two networks,

one updated online and the other via momentum, and trains them to predict

each other’s representations. This shows that contrastive-like learning can

succeed without explicit negatives.

• Simsiam (2021) [15]: Simplifies BYOL’s architecture further by removing the

momentum encoder, relying instead on a predictor head and a stop-gradient

operation to prevent representational collapse, making the method lightweight

and easy to train.

• Barlow Twins (2021) [163]: Moves beyond pairwise discrimination by

minimizing the redundancy between feature dimensions while maximising

the similarity between positive pairs, improving robustness to augmentation

choices and batch size.
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From its origins in methods that relied heavily on large numbers of negative

examples, contrastive learning has progressed to approaches that require fewer

resources and are more stable to train. Its strength lies in producing semantically

rich, discriminative features without labels, often rivalling supervised learning

in downstream tasks. However, it is sensitive to the choice and strength of

augmentations, and methods relying on instance discrimination may lose fine-grained

spatial details, which can limit performance in tasks that require pixel-level precision.

These strengths and weaknesses have influenced the parallel development of other

SSL paradigms such as masked image modelling, which we will discuss next.

Masked Image modelling Learning to understand an image when parts of it are

missing is a skill that also appears in everyday human activities. For example, when

interpreting a damaged photograph where regions have faded, a person can often

guess the missing details based on context and prior knowledge. In a similar way,

masked image modelling trains a model to reconstruct missing parts of an image from

the visible regions. This reconstruction process forces the model to learn meaningful

visual representations because it must infer semantic relationships between observed

and hidden content rather than memorising surface patterns [49].

In masked image modelling, an image is first divided into small patches, and a

certain proportion of them are masked [167]. The model then receives the remaining

patches and attempts to predict the content of the masked ones. The choice of

masking ratio, masking strategy, and reconstruction target can all significantly affect

performance. Some approaches mask patches at random, while others use structured

patterns or semantic cues to select which regions to hide. The reconstruction target

can range from raw pixels to more abstract representations such as discrete tokens

derived from a visual tokeniser. Regardless of these variations, the core idea remains

that forcing a model to fill in missing information encourages it to capture both local

structures and global context.
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The well-known masked image modelling methods introduced in recent years

include:

• BeiT(2021) [5]: Introduces the idea of using a pre-trained discrete visual

tokeniser to convert image patches into token IDs, similar to subwords in

natural language processing. The model is trained to predict the correct token

IDs for masked patches, encouraging it to learn semantic-level features rather

than focusing on pixel-level reconstruction.

• iBOT (2021) [171]: Combines masked image modelling with self-distillation,

where the model learns not only to reconstruct missing content but also to

align its representations with those of a momentum-updated teacher network.

• SimMIM (2022) [155]: A simpler baseline that predicts raw pixels for masked

patches directly, demonstrating that even without a discrete tokeniser, masked

image modelling can be effective when paired with strong architectures.

• MAE (Masked Autoencoder, 2022) [41]: Uses a high masking ratio

and an asymmetric encoder–decoder architecture. The encoder processes only

visible patches, while the lightweight decoder reconstructs the missing ones.

This design drastically reduces computation during pre-training and has shown

strong results across many vision benchmarks.

Over time, masked image modelling has evolved from methods inspired by masked

language modelling in natural language processing to approaches that optimise

masking strategies, reconstruction targets, and architectural efficiency. The main

strength of masked image modelling lies in its ability to leverage large quantities of

unlabelled data to learn rich contextual features without requiring negative samples,

making it robust to dataset composition. This has led to strong performance in

tasks where global context understanding is crucial, such as semantic segmentation

and dense prediction. However, masked image modelling can be computationally

expensive when reconstruction targets are high-dimensional, and its performance

may be sensitive to masking ratios and tokenisation quality.

22



2.1.5 Self-Supervised Learning Beyond Vision

The development of masked image modelling, as discussed above, is closely related

to earlier advances in natural language processing, where self-supervised learning

has achieved remarkable success. The general formulation of self-supervised learning

described above is not restricted to a specific data modality. Instead, the design of

the pretext task and the corresponding objective function can be adapted to the

structural properties of different types of data.

In the language domain, the sequential structure of text provides a rich source of

self-supervision. One representative approach is masked language modelling, as used

in BERT (2019) [20], where a subset of tokens in a sentence is masked and the

model is trained to predict the missing tokens based on their surrounding context.

This formulation closely parallels masked image modelling, with the key difference

being that masking is applied over discrete tokens rather than image patches.

Another important paradigm is autoregressive modelling, as adopted in GPT

(2018) models [108], where the model learns to predict each token conditioned on its

preceding context. This approach does not rely on explicit masking but instead uses

the natural ordering of sequences to construct the learning objective. Extensions

such as RoBERTa (2019) [89] further improve the effectiveness of these methods

through optimised training strategies and large-scale data.

These approaches demonstrate that self-supervised learning can effectively exploit

the inherent structure of different data types to generate supervision signals. While

language models rely on sequential dependencies, visual models rely on spatial

structures and contextual relationships between image regions. Despite these

differences, both paradigms share a common objective of learning representations

that capture meaningful patterns in the data without requiring manual annotations.

In this thesis, the focus is placed on the visual domain, where contrastive learning

and masked image modelling have emerged as the dominant paradigms. While these

methods differ in their formulations, they can be viewed as specific instantiations of

this general principle under visual data structures. In the following sections, we build
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on these visual self-supervised methods and investigate how they can be adapted

and analysed in distributed settings.

2.2 Distributed Learning

2.2.1 Background and Motivation

In many real-world scenarios, data is inherently distributed across a wide variety of

sources [59]. For instance, billions of smartphone users generate photos, videos, and

sensor readings every day, yet these data remain stored locally on their devices. In the

healthcare domain, electronic medical records are held by different hospitals, where

strict regulations prevent centralisation. In industrial settings, enterprises often

maintain proprietary datasets that cannot be directly shared due to competitive or

legal concerns. At the same time, the training of modern deep learning models requires

massive amounts of data. The gap between the distributed nature of real-world

data and the centralised requirements of conventional deep learning motivates the

development of distributed learning paradigms.

Distributed learning differs fundamentally from the classical way of model training,

which is often referred to as centralised learning. In centralised learning, data from

all sources is pooled into a single repository where the model is trained using powerful

servers and high-bandwidth storage systems. This setup ensures uniform access to

data, unlimited computational scalability, and relatively low communication costs

since all resources are colocated. By contrast, distributed learning must adhere to a

no-data-sharing constraint: participants keep raw data locally and only exchange

model updates or derived statistics.

Formally, considering a set of N clients, where each client i ∈ [N ] holds a local

dataset Di drawn from a client-specific distribution Pi. Under this setting, the goal

of distributed learning is to jointly learn a global model fθ by minimising an objective

of the form

min
θ

N∑
i=1

|Di|∑N
j=1 |Dj|

Ex∼Pi
[L(fθ(x))] ,
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where each term reflects the contribution of a local dataset. While this ensures

privacy, it introduces new challenges [100]. For instance, edge devices usually have

weaker and heterogeneous computational power compared to centralised servers,

leading to uneven training capability. Besides, communication across the network

is limited by bandwidth and latency, making frequent synchronisation expensive.

Moreover, local datasets are often non-IID, as each participant’s data reflects different

environments, behaviours, or labelling distributions, which significantly complicates

training stability and convergence.

On the other hand, distributed learning can take different forms depending on the

application scenario. In environments where a central coordinating entity exists and

can be trusted, a server is available to orchestrate the training process by interacting

with multiple clients [80]. This configuration is particularly common in consumer

applications such as mobile devices, where updates from clients are collected and

processed centrally. The presence of a server provides organisational structure and

simplifies management, but it also raises concerns about dependence on a single

coordinating party.

In contrast, other environments operate without any central authority, where

only the clients exist and must collaborate directly [6]. Such settings appear in

peer-to-peer systems, multi-institutional collaborations without a trusted hub, or

ad-hoc networks where communication occurs only among neighbouring participants.

Here, robustness and fault tolerance are enhanced by removing the central node,

but the absence of a global coordinator makes the training process more sensitive to

network topology and communication efficiency.

The presence or absence of a central server thus divides distributed learning

into two primary paradigms, each suited to different application needs. The next

subsections examine these paradigms in turn, beginning with federated learning as

the representative server–client approach, followed by decentralised learning as the

client-only approach.
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2.2.2 Federated Learning (for Server-Client Scenario)

Federated learning (FL) emerged as a response to the growing demand for privacy-

preserving machine learning in domains where sensitive data cannot be directly

centralised [59, 80]. Typical examples include hospitals that manage confidential

medical records, government agencies that handle personal identification information,

and banks that store detailed financial transactions. In these settings, while the

volume of data is large and valuable for training robust models, strict privacy

regulations and security considerations make traditional centralised training infeasible.

Federated learning offers a practical solution by enabling collaborative model training

without requiring raw data to leave local institutions.

The basic workflow of federated learning involves a central server and multiple

clients [100]. Each client holds a private dataset and trains a local model using this

data. The server does not access the raw data but instead collects model parameters

or updates from clients. Through an aggregation process, often implemented as a

weighted average of the received updates, the server produces a global model that

captures knowledge across clients. This global model is then redistributed to clients

for the next round of local training. The cycle of local update, aggregation, and

redistribution repeats until the global model converges. Aggregation thus serves

as the critical mechanism that combines decentralised knowledge into a unified

representation.

Federated learning can be classified in two complementary ways. The first

classification is based on the structure of the data [80]. Horizontal federated learning

refers to the case where clients share the same feature space but contain different

subsets of users or samples, as is common in mobile applications. Vertical federated

learning, by contrast, applies when clients hold different feature sets for the same

user population, such as when hospitals and insurance companies collaborate using

patient data with distinct attributes.

The second classification is based on the system architecture [161]. In centralised

federated learning, clients only communicate with the central server, which handles
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the global aggregation of updates. In hybrid or hierarchical federated learning, clients

communicate both with the server and with one another, often through peer-to-peer

or clustered structures. This approach aims to reduce communication bottlenecks

and improve robustness by enabling local coordination among clients while still

leveraging server aggregation.

Building on these foundations, several representative methods have shaped the

development of FL:

• FedAvg (2017) [100]: Introduced as the baseline algorithm, it established the

principle of averaging local updates weighted by client data size. Its simplicity

made FL feasible at scale but it struggles when client data is highly non-IID.

• FedProx (2020) [81]: Proposed to address instability in heterogeneous data

environments, it adds a proximal term to constrain local updates so that they

do not drift too far from the global model. This design improves convergence

guarantees under non-IID distributions.

• SCAFFOLD (2020) [62]: Addresses client drift caused by non-IID data

by introducing control variates that correct local updates. By maintaining

variance-reducing correction terms on both server and clients, it achieves

faster convergence and improved stability compared to FedAvg, especially in

heterogeneous settings.

• FedNova (2020) [147]: Tackles the problem of objective inconsistency caused

by varying local training steps across clients. By normalising updates according

to local computation, FedNova ensures that aggregation aligns with the intended

global objective.

• FedMA (2020) [146]: Shifts focus from simple parameter averaging to

layer-wise model matching, enabling meaningful aggregation when model

architectures differ across clients. This expands the flexibility of FL beyond

the classical settings with homogeneous client models.
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• FedPer (2019) [3]: Pioneers personalisation in FL by separating model layers

into shared and private components. Clients learn a common representation

while fine-tuning personalised layers for their specific data distributions.

Together, these methods illustrate the trajectory of FL research: starting from

the vanilla global aggregation (FedAvg), then strengthening robustness against

heterogeneous data (FedProx, SCAFFOLD, FedNova), and more recently enabling

flexible model architectures (FedMA) and personalised training strategies (FedPer).

The overall development of FL reflects a progressive response to real-world

challenges. At the algorithmic level, the central concern is data heterogeneity, which

continues to inspire solutions ranging from proximal updates to personalisation. At

the system level, communication efficiency and scalability have become priorities

as FL moves onto resource-limited edge devices. At the architectural level, hybrid

and hierarchical variants have emerged to alleviate the bottlenecks of single-server

frameworks. In recent years, these trends have naturally connected FL with

decentralised learning, where reliance on a central server is relaxed, and with

personalised learning, where client-specific needs are explicitly addressed. This

convergence highlights that FL is not an isolated paradigm but a stepping stone

toward broader distributed learning systems.

2.2.3 Decentralised Learning (for Client-Only Scenario)

While federated learning has achieved remarkable progress in enabling collaborative

training under privacy constraints, its reliance on a central server remains a potential

bottleneck. The server must handle aggregation, coordination, and communication,

which can introduce single points of failure and limit scalability. In large-scale or

highly dynamic environments, such as peer-to-peer networks of mobile devices or

edge systems deployed across diverse organisations, depending on a central server is

either impractical or undesirable. These concerns have motivated the shift toward

decentralised learning, where clients themselves take over the responsibilities of

communication and model aggregation [64].
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In decentralised settings, no single node holds privileged authority. Instead, clients

form a network in which information is exchanged directly among peers. This design

naturally eliminates the server bottleneck, improves fault tolerance, and can scale to

larger and more dynamic systems [124]. Currently, there are three dominant types

of decentralised learning frameworks, which are All-Reduce, Gossip Learning, and

Random Walk. A key way to distinguish them lies in their communication patterns.

All-Reduce requires each client to exchange information with every other client at

each round, ensuring global synchronisation but at the cost of high communication

overhead. Gossip Learning relaxes this requirement by limiting communication

to direct neighbours in the network topology, significantly reducing overhead but

introducing slower information mixing. Random Walk takes another perspective by

allowing the model itself to ”travel” across the network, being sequentially updated

by clients it visits. Each of these frameworks represents a distinct trade-off between

communication cost, convergence behaviour, and robustness to heterogeneous data.

All-Reduce All-Reduce is one of the earliest and most widely adopted frameworks

for decentralised training [130]. In this setup, each client maintains its own model

and participates in synchronous communication rounds where local updates are

exchanged with all other clients. The term ”All-Reduce” originates from parallel

computing, where a reduction operation such as summation is performed across

multiple workers and the result is broadcast back so that every participant holds

the same updated state. When applied to decentralised learning, this procedure

effectively removes the need for a central server, as model averaging is achieved

directly among peers. In doing so, it guarantees that all clients remain synchronised

after each round of communication.

The practicality of this design has been validated in several representative studies.

An early influential work [16] demonstrated that hardware-aware implementations

leveraging InfiniBand multicast and GPU-direct technologies can achieve low-latency,
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high-throughput synchronisation across large GPU clusters, showing that full

decentralisation is possible without a parameter server.

More recently, FlexReduce [76] introduced a flexible variant of All-Reduce tailored

to irregular and asymmetric network topologies, a common characteristic of shared

cloud environments. Its key innovation lies in distributing gradient portions unevenly

across GPUs according to network conditions, thereby maintaining high efficiency

even when connectivity is unbalanced. Together, these studies illustrate both the

feasibility and adaptability of All-Reduce across different system infrastructures.

The advantages of All-Reduce are straightforward yet powerful. Its simplicity

makes it easy to implement, and its exact synchronisation ensures stable convergence

without the risk of clients diverging toward different models. Such properties make

it well-suited for high-performance computing environments like data centres, where

devices are homogeneous and network links are both fast and reliable. On the other

hand, these strengths reveal critical weaknesses when applied to edge or heterogeneous

scenarios. The requirement for every client to communicate with all others in each

round incurs quadratic communication cost, which quickly becomes prohibitive as

the network grows. Moreover, synchronous updates mean that the slowest client

dictates the speed of training, exposing the framework to severe straggler effects.

In summary, All-Reduce provides a robust solution for decentralised synchro-

nisation in homogeneous clusters, where its full-consistency property can be fully

exploited. However, its heavy communication demands and lack of tolerance to

device heterogeneity limit its applicability in more practical distributed learning

settings, motivating the search for alternative frameworks such as Gossip Learning

and Random Walk.

Gossip Learning (Decentralised Federated Learning) Gossip Learning is a

decentralised training framework where clients exchange model updates only with

their direct neighbours instead of communicating with all peers simultaneously [130].

In each round, a client sends its current model to one or more neighbours, receives
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models from others, and aggregates them locally before continuing training. This

iterative peer-to-peer exchange resembles the way information spreads in social

networks, where rumours or ”gossip” propagate gradually through local interactions

rather than a single broadcast. The term ”gossip” thus captures both the decentralised

and incremental nature of this communication scheme. In recent literature, Gossip

Learning is also referred to as Decentralised Federated Learning (DFL), since every

client not only trains a local model but also performs the aggregation step, effectively

assuming the role traditionally played by the server in federated learning.

Several notable works have advanced the design of Gossip Learning and

demonstrated its potential in decentralised training:

• Lian et al. [82] proposed Decentralised Parallel SGD (DP-SGD), showing

that under certain conditions decentralised algorithms can even outperform

centralised ones. Their work analysed convergence properties in depth and

demonstrated that restricting communication to local neighbours still yields

competitive or superior training efficiency.

• Hegedűs et al. [44] first studied Gossip Learning as a fully decentralised

alternative to federated learning. By letting every client perform both training

and aggregation, they effectively remove heavy dependence of FL on the central

server. Their experiments on real-world data highlighted strong scalability and

robustness compared to centralised FL.

• Koloskova et al. [66] developed a novel gossip-based decentralised learning

method named CHOCO-SGD, which integrates gradient compression into

gossip updates. By reducing the communication payload while maintaining

statistical efficiency, their method significantly lowered bandwidth requirements

without sacrificing convergence

• Tang et al. [131] presented GossipFL, a decentralised federated learning

framework that combines gossip communication with sparsified and adaptive
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update rules. This design accelerates information propagation while maintaining

low communication cost, especially in large-scale and heterogeneous networks.

In recent years, the terminology of decentralised federated learning has been

adopted to emphasise the serverless yet aggregation-responsible nature of gossip-based

methods and to connect with the popularity of federated learning in distributed

research. Two representative contributions include:

• Shi et al. [116] proposed two DFL algorithms named DFedSAM and DFedSAM-

MGS, which improve model consistency in decentralised federated learning by

designing update rules that mitigate divergence across clients, especially under

highly non-IID data.

• Liao et al. [85] introduced an efficient DFL method, termed FedHP, which

adaptively configures communication frequency and model aggregation for

heterogeneous participants, ensuring fairness and improving convergence in

heterogeneous edge environments.

As the above literature shows, Gossip Learning has gradually evolved from a

simple peer-to-peer averaging mechanism into a family of sophisticated decentralised

training algorithms. Its main advantage lies in its lightweight communication pattern:

each client only interacts with a few neighbours, which avoids the quadratic cost

of All-Reduce and makes it naturally scalable to large and dynamic networks. In

addition, the absence of a central server improves robustness by eliminating single

points of failure, and the peer-to-peer aggregation process has shown resilience to

partial client dropouts and network instability. These characteristics make Gossip

Learning particularly suitable for open and heterogeneous environments, such as

mobile edge devices or sensor networks, where communication is constrained and

infrastructure is unreliable.

At the same time, Gossip Learning faces several challenges. Because information

spreads gradually through local exchanges, model synchronisation across the entire

network is slower than in globally synchronised approaches, which may delay
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convergence. Non-IID data exacerbates this issue, since localised aggregation can

amplify statistical heterogeneity before information is fully mixed. Moreover, although

recent works introduce compression, sparsification, or adaptive aggregation to reduce

overhead, the communication cost and consistency gap compared to centralised

baselines remain important open problems.

These limitations have motivated researchers to explore alternative ways of

structuring peer-to-peer communication. Instead of all clients exchanging information

simultaneously, one promising approach is to let the model itself circulate through

the network, being updated sequentially by the clients it visits. This design, known

as Random Walk, eliminates the need for synchronised communication rounds and

provides a fundamentally different perspective on decentralised learning. It not only

reduces per-round communication cost but also offers unique opportunities to balance

efficiency and robustness in heterogeneous systems. The next subsection will focus

on the decentralised studies on this framework.

Random Work Random Walk offers a distinct approach to decentralised training

by allowing models to travel across the network instead of requiring all clients to

conduct peer-to-peer communication in each round [18]. In a typical setup, one or

more models are passed randomly or according to a predefined rule from client to

client. Each visited client updates the model with its local data before forwarding it

to the next participant. After a sufficient number of passes, the resulting models are

eventually aggregated and redistributed to all clients, producing a final consensus.

The name ”random walk” comes from the stochastic nature of the model transmission,

which mirrors the mathematical process of a random walk on a graph. This paradigm

can be further divided into two categories: classical single-walk methods, where only

one model traverses the network, and multi-walk methods, where several models

travel in parallel. While the latter accelerates information mixing and convergence,

it also requires an additional aggregation step to reconcile multiple walks, adding

complexity to the framework.
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Building on this general idea, several representative studies have refined and

extended the Random Walk framework in different directions.

• Ayache et al. [4] proposed a Random Walk SGD approach that employs

weighted random walks to sample nodes based on loss function smoothness.

Their analysis shows that weighted sampling via random walks achieves faster

convergence than uniform sampling, particularly in heterogeneous graphs.

• Triastcyn et al. [137] developed a decentralised learning method that couples

random walk with adaptive optimisation techniques like Adam, while also

incorporating compression and multiple local steps to minimise communication

cost. Their approach demonstrates performance comparable to centralised

federated learning in both theory and multi-domain benchmarks.

• Sun et al. [121] introduced Adaptive Random Walk Gradient Descent with

momentum and adaptive step sizes, offering provable convergence rates in

both convex and nonconvex settings. Their method achieves acceleration when

stochastic gradients are sparse and is applicable even in zero-order optimisation

scenarios.

These advancements collectively highlight how Random Walk has evolved from a

simple model-passing mechanism into a versatile family of algorithms that integrate

adaptive optimisation, compression, and theoretical guarantees.

Random Walk methods bring several advantages. Since only a limited number of

models are transmitted at any time, the communication burden is significantly lighter

than in All-Reduce, and the asynchronous, sequential updates reduce sensitivity

to slow or unreliable clients, which is often a weakness of synchronous frameworks.

Compared to Gossip Learning, Random Walk avoids repeated peer-to-peer averaging

and instead relies on model propagation to naturally disseminate information across

the network, improving robustness in dynamic or resource-constrained environments.

However, information diffusion can be slow in the single-walk setting, while multi-walk

approaches, though faster, require careful coordination to maintain consistency

34



among parallel walks. In summary, Random Walk introduces a unique model-centric

communication paradigm that offers clear benefits in efficiency and robustness, while

leaving open challenges in balancing convergence speed with system complexity.

2.2.4 Theoretical Analysis on Convergence

Theoretical analysis plays a vital role in understanding distributed learning, as it

provides provable statements that go beyond empirical observations. Among the

different directions, convergence analysis has been particularly valuable because it

quantifies how efficiently distributed algorithms approach an optimal solution and

under what conditions such guarantees hold. There is a vast amount of theoretical

analysis work on convergence in distributed scenarios, which can be summarised into

three main objectives.

First, it examines how various factors and training hyperparameters (including

network topology, communication frequency, data heterogeneity, and local update

schedules) directly influence convergence speed. For instance, recent work introduced

the concept of neighbourhood heterogeneity [73], demonstrating how data distribution

differences across a node’s local neighbourhood, combined with connectivity, critically

determine the convergence behaviour of decentralised SGD under both convex and

non-convex objectives. Similarly, unified theoretical frameworks have been developed

that establish convergence rates for local and gossip-based decentralised SGD under

changing topology [65], with rates that smoothly interpolate between IID and highly

non-IID data regimes.

Second, convergence analysis is often used to prove formal convergence guarantees

for new distributed algorithms. This not only covers federated algorithms [58] but also

includes settings that go beyond centralised server assumptions [131]. One notable

result shows that asynchronous SGD can outperform mini-batch SGD by adopting

a delay-adaptive learning rate scheme [67], with convergence rates depending on

average rather than worst-case delays. Others analyse convergence under constrained
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synchronisation or network asynchrony [134], providing bounds that hold without

stringent topology assumptions.

Third, theoretical analysis enables rigorous comparison between methods,

highlighting whether and how newly designed algorithms offer faster convergence. For

example, adaptive decentralised methods such as AdaMDOS and AdaMDOF achieve

near-optimal sample complexity bounds for non-convex stochastic and finite-sum

optimisation [53], outperforming prior baselines with convergence guarantees. Other

works, like MATCHA [148], improve convergence in practical settings by optimising

the trade-off between error and runtime, achieving significantly faster convergence in

wall-clock time through topology decomposition and prioritised communication over

critical links.

In summary, convergence analysis in distributed learning primarily serves three

purposes: (i) discovering the impact of scenario and training characteristics on

optimisation speed, (ii) establishing formal guarantees for newly designed algorithms,

and (iii) rigorously comparing methods to demonstrate accelerated convergence.

These roles make convergence analysis not only a tool for theoretical validation

but also a driver of algorithmic innovation, as it provides a principled foundation

to ensure that advances in distributed learning are both practically effective and

provably sound.

2.2.5 Theoretical Analysis on Generalisation

While convergence analysis focuses on how quickly distributed algorithms approach

optimal solutions, another central question in theoretical research is how well these

algorithms generalise to unseen data. The notion of generalisation is typically

formalised through the generalisation error, defined as the gap between the expected

risk of a learned model on the underlying data distribution and its empirical risk on

the observed training dataset. Understanding and bounding this error is essential for

distributed learning, since practical systems often operate with heterogeneous and

incomplete data.
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Two primary tools have been adopted to derive generalisation guarantees:

PAC-Bayes (i.e., Probably Approximately Correct Bayesian) theory and algorithmic

stability analysis. PAC-Bayes provides probabilistic upper bounds on the gener-

alisation error by relating the posterior distribution over hypotheses (obtained

after training) to a prior distribution defined before training. Its strength lies

in offering direct estimation of generalisation performance with data-dependent

guarantees. Classical works such as McAllester et al. (1998, 1999) [97,98] and Seeger

et al. (2002) [113] laid the foundation for PAC-Bayes bounds, while more recent

studies have extended these results to distributed learning contexts. For example,

Zhao et al. provided PAC-Bayes analysis for federated optimisation under client

heterogeneity [170].

Stability analysis, on the other hand, measures how sensitive a learning algorithm

is to perturbations in the training data, and then relates stability bounds to

generalisation bounds. This approach generally requires weaker assumptions than

PAC-Bayes, making it more suitable for distributed settings, and has gained

broader acceptance in the academic community in recent years. Pioneering works

include Bousquet et al. (2002) [10], who first established uniform stability as a

sufficient condition for generalisation, and Hardt et al. (2016) [39], who analysed

the stability of stochastic gradient descent (SGD). Recent research has extended

stability-based generalisation analysis from centralised training to federated learning

and decentralised learning. For instance, Sun et al. studied the stability and

generalisation gap between federated and decentralised learning [123].

The broader goals of generalisation analysis in distributed learning can be

grouped into two directions. First, it aims to identify how system factors (including

network topology and data heterogeneity) [173] and training settings (such as the

number of clients, the training rounds, and the local updates) [114] influence the

generalisation behaviour of distributed algorithms. Second, it is used to provide

theoretical justification that new algorithms generalise better than classical baselines.

Representative works include Sun et al. (2024) [125], who highlighted the advantages
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of new algorithms in handling non-IID client data by comparing the generalisation

bounds of different federated learning algorithms.

Despite these advances, most existing studies remain restricted to a specific training

scenario or isolated algorithmic settings, leading to a lack of unified theoretical

understanding across multiple training settings, such as centralised, federated, and

decentralised training. This motivates further research into developing a deeper

theoretical understanding that can better explain and bridge the generalisation gaps

between different training paradigms.

2.3 Distributed Self-Supervised Learning

2.3.1 Motivation and Challenges

The success of modern machine learning has been closely tied to the availability of

massive labelled datasets, yet collecting high-quality labels is often expensive and

infeasible in many domains. Self-Supervised learning (SSL) has emerged as a powerful

alternative by leveraging raw, unlabelled data to learn generalisable representations,

achieving state-of-the-art performance in vision [14, 41], language [72, 141], and

multimodal tasks [107]. At the same time, real-world data is increasingly generated

and stored in a distributed manner across mobile devices, sensors, and organisations.

This decentralised availability of unlabelled data makes it natural and appealing

to combine SSL with distributed training frameworks, giving rise to Distributed

Self-Supervised Learning (D-SSL) [174].

Formally, let {Di}Ni=1 denote distributed local datasets, where each Di ∼ Pi.

D-SSL aims to learn a shared representation model fθ by optimising a self-supervised

objective across clients:

min
θ

N∑
i=1

|Di|∑
j |Dj|

Ex∼Pi
[Lssl(fθ, x)] ,

where Lssl denotes a self-supervised loss such as contrastive or reconstruction

objectives. The goal of D-SSL is to unlock the representation learning potential of
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SSL while respecting the constraints of distributed environments, thereby enabling

scalable, privacy-preserving, and resource-efficient learning at a global scale.

However, deploying SSL in distributed settings introduces unique challenges that

go beyond those faced in centralised training. From the perspective of self-supervised

learning, the main difficulty lies in the substantial computational overhead. SSL

often requires large model architectures and complex training pipelines, including

costly pseudo-label generation, contrastive pair sampling, or masked reconstruction.

These requirements demand significant compute and memory resources, which are

often unavailable on edge devices with limited hardware capacity. This mismatch

between the heavy computation of SSL and the lightweight nature of distributed

participants significantly complicates practical deployment.

From the perspective of distributed training, D-SSL inherits several long-standing

challenges. First, statistical heterogeneity of non-IID local data can severely degrade

training stability and convergence [62,81], and its effect may be magnified in SSL,

considering no explicit labels are available. Second, communication constraints arise

because clients must frequently exchange model updates or representations [59], yet

bandwidth and latency are limited in realistic networks. Third, system heterogeneity,

including variable device capacities [79] and unreliable connectivity, complicates the

synchronisation of SSL training pipelines that are already computationally demanding.

Finally, privacy and security become even more critical in SSL, since raw data may

remain on local devices and representation sharing risks the exposure of sensitive

information [33].

Overall, while D-SSL promises to leverage the abundance of unlabelled distributed

data for powerful representation learning, it must confront challenges stemming

from both SSL’s reliance on computationally heavy training signals and distributed

training’s inherent system and statistical constraints. Addressing these challenges

is essential for making D-SSL a viable foundation for next-generation large-scale,

privacy-aware, and decentralised AI systems.
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2.3.2 Algorithm Innovation

While distributed self-supervised learning (D-SSL) faces unique challenges, recent

years have witnessed significant progress in algorithmic innovations that enhance

training effectiveness and model performance. These methods propose new

mechanisms for aggregation, synchronisation, or representation alignment, enabling

models to learn more robust features from decentralised unlabelled data. Below, we

review several representative approaches and highlight their contributions.

FedU (2021) – Collaborative Unsupervised Visual Representation Learning

from Decentralised Data. FedU [174] was one of the first frameworks to adapt

self-supervised learning to federated environments with unlabelled, non-IID data.

Its main contribution is a selective model update mechanism: rather than blindly

aggregating all client updates, FedU decides whether a client should synchronise based

on the divergence between its local model and the global model. This strategy prevents

harmful updates from drifting the global model away from optimal representations.

By introducing this divergence-aware synchronisation, FedU laid the foundation for

subsequent methods targeting robustness to heterogeneity.

FedEMA (2022) – Divergence-Aware Federated Self-Supervised Learning.

Extending FedU’s ideas, FedEMA [175] proposes an exponential moving average

(EMA)-based aggregation rule. Instead of hard thresholds for client participation, it

assigns adaptive weights to client updates according to their divergence, effectively

smoothing the aggregation process. This innovation makes the model less sensitive to

outlier clients with highly skewed distributions, offering more stable training under

extreme heterogeneity. FedEMA thus demonstrates that carefully designed weighting

schemes can significantly reduce the performance gap with centralised SSL.

Orchestra (2022) – Unsupervised Federated Learning via Globally

Consistent Clustering. Unlike FedU and FedEMA, which focus on divergence

at the model level, Orchestra [93] tackles representation alignment through a
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clustering-based approach. Clients locally learn cluster assignments, and a global

clustering procedure enforces consistency across the federation. This avoids

parameter-level drift and instead aligns feature spaces directly. Orchestra highlights

that clustering can serve as a powerful intermediate representation, enabling better

cross-client consistency and robustness.

FeatARC (2022) – Does Learning from Decentralised Non-IID Unlabelled

Data Benefit from Self-Supervision. FeatARC [149] provides a diagnostic study

on the fundamental benefits of SSL under decentralised conditions. It systematically

evaluates whether self-supervised pre-training indeed improves generalisation when

data is non-IID. The study finds that decentralised SSL is robust to heterogeneous

data, and introducing feature alignment and representation correction mechanisms

yields substantial improvements. The contribution is less about proposing a single

algorithm, and more about offering insights into the limits and potential of SSL in

non-IID distributed environments.

FedX (2022) – Unsupervised Federated Learning with Cross Knowledge

Distillation. FedX [38] tackles the problem of inconsistent representations across

clients by introducing a novel two-sided knowledge distillation mechanism. In

addition to local self-distillation within each client, it introduces global knowledge

distillation that aligns client models through a central relational signal. The key

technical contribution is the use of a relational loss, formulated as the Jensen–Shannon

Divergence (JSD), to measure and minimise discrepancies between pairwise feature

similarities across clients. This design allows FedX to enforce both local representation

compactness and global relational consistency, leading to improved performance in

federated SSL under heterogeneous data.

L-DAWA (2023) – Layer-wise Divergence-Aware Weight Aggregation in

Federated Self-Supervised Visual Representation Learning. L-DAWA [110]

introduces layer-wise divergence weighting. Rather than treating the model as a whole,
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it evaluates divergence at each layer across clients and aggregates accordingly. Layers

that are more consistent across clients are given higher weights, while divergent layers

are downweighted. This innovation provides fine-grained control over aggregation,

which is especially beneficial when heterogeneity impacts different parts of the model

unequally. The problem it addresses is the granularity of divergence handling in

federated SSL.

FedU2 (2023) – Re-thinking the Representation in Federated Unsupervised

Learning with Non-IID Data. FedU2 [83] addresses the challenge of represen-

tation collapse in federated self-supervised learning with highly non-IID data. It

introduces two key modules designed to both stabilise and unify the representation

space across clients. The first is the Flexible Uniform Regulariser (FUR), which

constrains local representations by aligning them with a spherical Gaussian

distribution. This is achieved through minimising the unbalanced optimal transport

(UOT) distance between client features and a set of uniform reference samples, thereby

mitigating local collapse and reducing its propagation during global aggregation. The

second is the Efficient Unified Aggregator (EUA), which formulates aggregation as a

multi-objective optimisation problem, ensuring that global updates remain consistent

with the optimisation directions of heterogeneous clients. Together, these mechanisms

prevent collapse and harmonise feature spaces, yielding improved robustness and

stronger performance across both cross-device and cross-silo settings.

Overall, these works illustrate the rapid progress in addressing heterogeneity in

D-SSL. Innovations have spanned from selective synchronisation (FedU), divergence-

aware weighting (FedEMA, L-DAWA), and clustering-based consistency (Orchestra),

to feature alignment studies (FeatARC), knowledge distillation approaches (FedX),

and representation-level solutions (FedU2). Despite these advances, existing methods

remain largely centred on the non-IID problem, leaving other critical challenges in

distributed learning underexplored. In particular, the following questions remain

challenging to solve:
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• How to efficiently train large models in resource-limited edge devices?

• How to handle heterogeneous compute power in clients and potential non-

uniform model architectures?

• How to move beyond contrastive learning to incorporate Masked Image

modelling (MIM) into D-SSL?

Addressing these issues will be essential for making D-SSL scalable, versatile, and

closer to real-world deployment.

2.3.3 Theoretical Foundation

The theoretical analyses of convergence and generalisation discussed in the distributed

learning literature are also relevant to distributed self-supervised learning (D-SSL).

They provide useful guarantees about optimisation efficiency and generalisation

behaviour in fragmented data environments. However, self-supervised learning differs

fundamentally from supervised learning: rather than relying on labels, it extracts

feature structure directly from the raw data. This distinction suggests that the

robustness properties of SSL under heterogeneous data may not be fully explained by

existing distributed learning theory, which thus calls for distinct theoretical analyses

crafted specifically for SSL under distributed, heterogeneous scenarios.

A first study provides a theoretical explanation for why self-supervised learning

is inherently more robust to dataset imbalance than supervised learning. In a toy

setting with a three-class imbalanced dataset, Liu et al. [87] show that supervised

objectives tend to overfit frequent classes at the expense of rare ones, while SSL

objectives recover both informative directions and additional label-agnostic features.

Mathematically, the authors analyse a simplified SSL objective under a matrix

factorisation framework. They demonstrate that the SSL solution aligns with the

top eigenvectors of the input covariance, which capture features beyond class labels

and thus generalise better to rare classes. This insight implies that under local label

skew, self-supervised models remain more stable and transferable. The study also
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derives a bound showing that the performance gap between imbalanced and balanced

pre-training is upper-bounded by terms involving the class imbalance ratio, and these

bounds are tighter for SSL than for supervised learning.

A second recent work extends this perspective to decentralised learning under

non-IID conditions. Wang et al. [149] follow the theoretical analysis of Liu et al. to

introduce the notion of a representability vector, which measures how well the learned

feature subspace captures canonical directions present across clients. They prove that,

under simplified contrastive SSL objectives (such as SimCLR or SimSiam) combined

with FedAvg-style coordination, the representability remains approximately invariant

across clients even when data partitions are highly heterogeneous. In contrast,

federated supervised training produces representations that diverge across clients

when the local data is skewed. The theoretical result quantifies the deviation in

representability as a function of data heterogeneity, showing that SSL remains robust

under reasonable assumptions. Empirical experiments on non-IID splits of public

datasets and an industrial warehouse dataset validate the theoretical findings.

Together, these contributions establish a foundational understanding unique to

D-SSL. They show that SSL objectives inherently mitigate the negative impact of

class imbalance, and that this robustness extends to client heterogeneity in distributed

settings. However, both studies analyse simplified problem settings and fall short

of covering different SSL pre-training, such as masked image modelling. They also

do not explore decentralised topologies beyond server–client federation. Extending

this theory to MIM objectives and to truly decentralised communication protocols

remains an important open direction for understanding and improving D-SSL in

real-world distributed systems.
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CHAPTER 3

Scaling Law Analysis in Distributed Training: A
Federated Learning Perspective

Chapter Overview: This chapter presents the first research contribution, which

investigates how scaling laws manifest in distributed systems. The success of large

language models (LLMs) has highlighted the importance of scaling laws, showing that

larger models often yield better performance, but the model size must be carefully

determined to be compute-optimal. However, their applicability in decentralised

environments remains unclear. Federated Learning (FL), a widely adopted distributed

training framework, raises questions about whether principles observed in centralised

setups still hold and how to determine the optimal model size under distributed data.

To address this gap, we develop a theoretical framework based on PAC-Bayesian

analysis that characterises the generalisation error of models trained with federated

stochastic algorithms. By deriving an analytic solution for the model size that

minimises this bound, the study reveals that the optimal size decreases with the

number of clients when the total training compute is fixed. The results further show

that switching from centralised to distributed training under the same compute

inevitably reduces the upper bound of achievable generalisation performance, and

that estimating optimal size should rely on the average compute across clients.

Experiments across models, datasets, and network configurations confirm these

theoretical predictions. This chapter provides the first principled understanding of

scaling behaviour in FL and offers practical guidance on selecting model sizes for

real-world distributed applications.
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3.1 Introduction

The rapid progress of artificial intelligence in recent years has been closely tied to

the emergence of increasingly large models. From natural language processing to

computer vision and multimodal applications, models with billions of parameters

have demonstrated unprecedented performance gains [7, 12, 86, 133]. These successes,

however, have not been purely the result of trial and error. A major breakthrough

enabling the efficient training of such models is the discovery of scaling laws [60].

Scaling laws describe the relationship between model performance and the primary

training resources, namely model size, dataset size, and available computation.

Formally, let G(d, n, c) denote the expected generalisation error of a model with size

d, trained on n samples using training compute c. A scaling law characterises how G

varies as these resources change, and in particular determines the compute-optimal

model size

d∗(n, c) = arg min
d
E(d, n, c).

Such relationships provide guidance for selecting model configurations without

exhaustive empirical search and enable principled design of large-scale learning

systems. For example, the Chinchilla model, with 70 billion parameters [48],

outperformed the much larger Gopher model with 280 billion parameters [109]

by being trained on significantly more data in accordance with the predictions of

scaling laws. Such results underscore the importance of scaling law theory as a

guiding principle for building large-scale models efficiently.

Despite these advances, the practical applicability of scaling laws has been studied

almost exclusively in centralised learning scenarios, where training data is assumed

to be collected in a single place and models are trained with uniform access to

this dataset. Instead, as highlighted in previous chapters, real-world data is rarely

centralised and is generally generated and stored across a multitude of distributed

devices, organisations, and environments. This distributed nature of modern data

has led to the development of Federated Learning (FL), which enables clients to
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collaboratively train models without sharing raw data. FL has become a key paradigm

for privacy-preserving machine learning in applications ranging from healthcare and

finance to mobile and IoT systems. However, decentralisation also introduces new

challenges: statistical heterogeneity among clients, system heterogeneity in compute

resources, and communication constraints. These challenges inevitably interact with

scaling dynamics, raising questions about whether scaling laws derived in centralised

training remain valid in federated environments.

Existing theoretical studies in distributed training, as reviewed in the literature

review of this thesis, have largely focused on convergence rates and generalisation

bounds of specific algorithms. While these analyses provide valuable guarantees,

they are typically confined to a single learning paradigm and do not attempt to

compare or unify centralised and federated settings. This leaves an important research

question unsolved: how will the estimation of the optimal model size be

affected when training large-scale models with distributed data? Given

that a decentralised environment fundamentally alters both data distribution and

computation allocation, there is no reason to assume that the optimal model size

derived under centralised laws will transfer directly to these scenarios. Bridging this

research gap is essential not only for theoretical completeness but also for guiding

the design of scalable distributed applications in practice.

The goal of this chapter is to address this gap by providing a theoretical analysis of

scaling laws in distributed systems, with particular focus on the problem of selecting

the optimal model size. Specifically, we model distributed training as stochastic

gradient descent over distributed data following the classical federated learning

process and employ the PAC-Bayesian framework to derive an upper bound on

the generalisation error. Based on this bound, we obtain an analytic solution for

the model size that minimises the error, thereby quantifying how decentralisation

influences compute-optimal scaling. Our analysis reveals several key findings:
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1. The optimal model size has a negative power law relationship with the number

of clients when the total training compute is fixed, meaning that distributed

training should be allocated with smaller models.

2. Switching from centralised to distributed training leads to an inevitable increase

in the upper bound of generalisation error, reflecting a fundamental limitation

imposed by data decentralisation.

3. The average compute available per client is the critical factor for estimating

the optimal model size in distributed scenarios, providing a practical rule for

system designers.

Beyond theoretical contributions, this chapter also presents extensive empirical

validation. We pre-train models with varying parameter sizes using transformer-

based architectures under both centralised and federated setups, and evaluate them

through downstream tasks on datasets such as CIFAR-100 and ImageNet. The

results consistently align with our theoretical predictions, demonstrating that scaling

behaviour in distributed systems follows distinct dynamics from centralised scenarios.

Notably, the theoretical framework developed in this chapter is not tied to the

presence of labels. Although the motivation of this contribution originated from

the challenge of training large supervised models, the analysis applies equally to

supervised and self-supervised training in distributed environments. This generality

ensures that the insights presented here extend beyond one paradigm, providing a

foundation that connects with the subsequent chapters of this thesis.

3.2 Related Work

Scaling Law of LLMs. Given the infeasibility of repeatedly training large language

models (LLMs) with billions of parameters [132, 164], researchers have developed

various scaling laws to predict the relationship between the optimal model size and

available training resources. Kaplan et al. were the first to observe a power-law
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relationship between model performance and model size [60], laying the foundation

for subsequent works. Hoffman et al. revisited the problem under computational

constraints and proposed the Chinchilla scaling law, which recommends equally

scaling both model size and dataset size [48]. Recent studies have noted that

the Chinchilla scaling law could deplete available training data, leading to the

development of new scaling laws for data-constrained scenarios [30,103]. However,

these scaling laws are derived from empirical results in centralised training and may

not directly apply to scenarios where training data is distributed. This chapter

addresses this gap by providing a theoretical analysis of the generalisation bound

and empirically validating the impact of data decentralisation on scaling laws.

Federated Training of Large-scale Models. Federated Learning (FL) has

garnered significant attention for enabling collaborative model training while

preserving data privacy by keeping local data on clients [1, 100, 131]. Specifically,

clients receive the global model from the central server, compute updates using their

local data, and send these updates back to the server. The server aggregates the

updates to refine the global model. This process is repeated until the model achieves

the desired performance. With the rise of large-scale models like LLMs, there has been

a growing interest in applying FL to train these large-scale models [13]. Since clients

generally have fewer computational resources than the server, most of these works

follow the intuition to reduce the model size by tailoring the architecture of language

models or freezing part of the model parameters during training [37,154,156,157].

However, few studies have explored the modified scaling behaviour of language

models in federated scenarios [46, 111, 115], and those that have primarily offered

observational insights based on empirical evidence. To address this theoretical gap,

we model federated training as an SGD optimisation problem over distributed data

and quantify the impact on scaling by deriving an analytic solution for the optimal

model size.
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Generalisation Bound for Stochastic Algorithms. Stochastic gradient descent

(SGD) [9,126] is a widely used optimisation method in machine learning [32,47,75,100,

131]. Previous research has shown that the generalisation performance of stochastic

algorithms can be quantified using a PAC-Bayes upper bound [40,91,102,105], which is

applied to explore various aspects, including algorithm convergence [102,105], training

stability [173], or strategy of tuning hyper-parameters [40]. The generalisation

bound also provides treatment for federated learning, helping several studies to

propose new training frameworks to address the non-IID problem [170] or model

personalisation [2, 8, 142], and other studies to figure out the impact of common

parameters in federated scenarios on training results [114]. In contrast, instead of

proving similar generalisation bounds for one of the two training regimes, this chapter

focuses on comparing the generalisation bounds of the stochastic algorithms in the

federated settings with those in the centralised settings. The comparison results

show us the impact of changing the training scenario on the optimal model size.

3.3 Preliminaries

3.3.1 Generalisation Error

Formally, considering the hypothesis class of a model is Θ ⊂ Rd, machine learning

algorithms aim to find the vector of model parameters θ ∈ Θ that minimises the

expected risk R(θ) = Eζ∼DF (θ; ζ) where d is the dimension of the parameter θ, F

is the loss function, and D is the latent distribution of testing data. Suppose the

output parameter θ follows a distribution Q, the expected risk in terms of Q can be

formulated as:

R(Q) = Eθ∼QEζ∼DF (θ; ζ). (3.1)

In practice, since D is not known in advance, the expected risk R is estimated by

the empirical risk R̂ in terms of the latent distribution D̂ of the training data and is

defined as:

R̂(Q) = Eθ∼QEζ̂∼D̂F (θ; ζ̂). (3.2)
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The difference between R and R̂ is known as the generalisation error, and the upper

bound of the generalisation error is usually used as a critical index to demonstrate

the generalisation ability of the training algorithm.

3.3.2 SGD Optimisation

Stochastic Gradient Descent (SGD) is typically used to optimise the empirical risk

R̂. Consider a training dataset of size m, the mini-batch S of the training samples is

equivalent to a subset of S random indices that are independently and identically

(i.i.d.) drawn from the index set {1, . . . ,m}. The SGD iteration can be formally

defined as:

θ(t+ 1) = θ(t)− η∇θ(t)R̂(θ(t))

= θ(t)− η 1

S

∑
s∈S

∇θ(t)Fs(θ(t)).
(3.3)

where ∇θtR̂(θt) is the estimated gradient of empirical risk on mini-batch and η is

the learning rate.

3.4 Theoretical Analysis

In this section, we theoretically explore the impact of distributed data in federated

learning on the optimal model size using a PAC-Bayes generalisation bound for

stochastic algorithms. In particular, we establish the analytic solution of the optimal

model size based on the derived bound, and compare the solutions between different

training scenarios to demonstrate several important insights. The analysis is organised

as follows. We start with Section 3.4.1 to introduce the rigorous and fair problem

setups for both federated and centralized SGD. In Section 3.4.2, we derive the

generalisation bound for federated SGD under the established formulations. Section

3.4.3 then compares the optimal model sizes obtained under federated and centralised

training using this bound. Based on this comparison, Section 3.4.4 establishes the

resulting generalisation performance gap between the two training paradigms. Finally,

Section 3.4.5 studies the optimal model size at the client level and shows how it
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relates to the global scaling behaviour in distributed systems. The detailed proofs

are omitted from this section and provided in Section 8.1 of this chapter.

3.4.1 Problem Setup

To analyse the scaling behaviour under distributed training, we introduce an analytical

model that captures the computational structure of federated optimisation [100] while

remaining tractable. We consider a distributed training system consisting of n clients

and a central server that connects all clients. Each client i ∈ {1, . . . , n} possesses a

local dataset Di, with the average dataset size denoted as m = 1
n

∑n
i=1 |Di|. Thus,

the total amount of data across all clients is nm. Suppose that training will be

repeated for T rounds, following the classical FL algorithm FedAvg [100], the training

process at round j ∈ {1, . . . , T} can be expressed as:

θi(j + 1) = θ̄(j)− η∇θ̄(j)Eζi∼Di
F (θ̄(j); ζi), (3.4)

θ̄(j + 1) =
1

n

n∑
i=1

θi(j + 1)

=
1

n

n∑
i=1

(θ̄(j)− η∇θ̄(j)Eζi∼Di
F (θ̄(j); ζi)).

(3.5)

Eq.(3.4) shows the training of the global model θ̄(j) on client i using its local dataset

Di, and Eq.(3.5) demonstrates the formal update of FL in each round by combining

Eq.(3.4) with the model aggregation operation on the central server. Besides, since

the training optimisation is performed through SGD, we also define the batch size for

local training as SFed = kFedm ∈ {1, . . . ,m} where 1
m
≤ kFed ≤ 1 and the number of

local training epochs is t. Correspondingly, the baseline centralised scenario holds a

dataset D =
⋃n

i=1Di of size nm, and the weights of the initial model in this scenario

are the same as that in the federated scenario, i.e, {θ(0) = θi(0)|i ∈ n}. The training

of θ follows the SGD optimisation described in Eq.(3.3), denoted as:

θ(j + 1) = θ(j)− η∇θ(j)Eζ∼DF (θ(j); ζ)), (3.6)
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and is iterated for T
n

rounds to match the total training compute, which we define

following the previous scaling law studies [60,103] as the total number of samples

processed through training (i.e., dataset size times the number of training rounds).

In each round, the model θ is trained using data from D for t epochs with the

batch size SCen = kCennm ∈ {1, . . . , nm} where 1
nm
≤ kCen ≤ 1. Furthermore, we

have kFedm ≤ kCennm due to more training data allocated to centralised settings in

practice, leading to a generally larger batch size in use.

3.4.2 A Generalisation Bound for Federated SGD

To prove a PAC-Bayes generalisation bound for the stochastic algorithms under

federated settings, we first present some common assumptions aligned with the

previous research [40,120].

Assumption 1. Considering that the stochastic gradient ĝs(θ) = ∇θ(t)R̂(θ(t)) is

computed as the sum of S independent gradients uniformly sampled from the training

dataset, we assume that the gradient noise is Gaussian with covariance 1
S
C(θ), so

ĝs(θ) can be approximated as

ĝs(θ) ≈ g(θ) +
1√
S

∆g(θ), ∆g(θ) ∼ N (0, C(θ)), (3.7)

where g(θ) denotes the full gradient of the expected loss. We further assume that

C(θ) remains approximately constant with respect to θ and can be factorised into:

C(θ) ≈ C = BB⊤, (3.8)

where C ∈ Rd×d is symmetric and (semi) positive-definite.

We justify Assumption 1 by the central limit theorem when the training data size

is substantially larger than the batch size. Since deep neural networks are typically

trained on large-scale datasets in realistic cases, the Gaussian assumption about

gradient noise is generally valid [24,120]. Also, the constant matrix C can be justified
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when SGD iterates are confined to a small enough region around a local optimum of

the loss, where the noise covariance does not vary significantly.

Assumption 2. Assuming the loss function F (θ) is smooth, when the stationary

distribution of the iterates is confined to a local region near a minimum θ∗, the loss

gradient satisfies:

∇F (θ) ≈ A(θ − θ∗), (3.9)

where A ∈ Rd×d is a constant (semi) positive-definite matrix representing the local

Jacobian of the gradient field.

Assumption 2 is generally valid when SGD converges to a low-variance quasi-

stationary distribution near a deep local minimum, where the gradient noise is small

compared to the average gradient. According to the fact that the exit time of a

stochastic process is typically exponential in the height of the barriers between

minima [120], local optima are very stable even in the presence of noise. Thus, SGD

follows a relatively directed path toward the optimum. This assumption is also

supported by empirical evidence (see p.1, Figures 1(a) and 1(b) and p.6, Figures

4(a) and 4(b) in [78]). Moreover, this assumption can be extended to general cases

through translation operations, which would not modify the geometry of the objective

function and its associated generalisation ability.

Besides the above assumptions, we also need the formal definition of the PAC-Bayes

upper bound to bound the generalisation error. Following previous research [97, 98],

we have:

Lemma 1. For any positive real δ ∈ (0, 1), with probability at least 1 − δ over a

sample of size N , we have the following inequality for the distribution of the output

hypothesis Q and the prior P :

R(Q) ≤ R̂(Q) +

√
D(Q||P ) + log(1

δ
) + log(N) + 2

2N − 1
, (3.10)
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where D(Q||P ) is the KL divergence between the distributions Q and P and is defined

as:

D(Q||P ) = Eθ∼Q log(
Q(θ)

P (θ)
). (3.11)

Based on the two assumptions and Lemma 1, we can prove the following helpful

lemmas and generalisation bound for federated SGD.

Lemma 2. Under the above assumptions, if learning rate η and batch size SFed =

kFedm are fixed, we can derive the following analytic solution for the output parameter

θFed(T ) of federated SGD:

θFed(T ) =
1

n

n∑
i=1

θi(T ) = θi(0)e−TĀt + T

√
η

kFedm

∫ t

0

e−TĀ(t−t′)B̄dw(t′). (3.12)

where Ai is the Jacobian matrix and Bi is the covariance matrix for local training on

client i, respectively. Besides, we have Ā = 1
n

n∑
i=1

Ai and B̄ = 1
n

n∑
i=1

Bi.

Lemma 3. Under the Assumption 2, the stationary distribution of the Ornstein-

Uhlenbeck process for the federated SGD,

q(θFed) = M exp

{
−1

2
θ⊺FedΣ

−1
Fedθ

}
, (3.13)

has the following property,

TĀΣFed + ΣFedTĀ =
T 2η

kFedm
C̄. (3.14)

where M is the normaliser and ΣFed is the covariance matrix of the stationary

distribution.

Theorem 1. For any positive real δ ∈ (0, 1), with probability at least 1 − δ over

a distributed training data set with a total size nm across all clients, we have the

following inequality for the distribution QFed of the output hypothesis function of
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federated SGD:

R(QFed)− R̂(QFed) ≤

√
H1 +H2 − d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
, (3.15)

where

H1 = − log(det(ΣFed)), H2 =
Tη

2kFedm
tr(C̄Ā−1), (3.16)

d is the dimension of the parameter (the model size) and tr(C̄Ā−1) is the trace of

the product matrix C̄Ā−1.

Apparently, it is hard to quantify the above generalisation bound since the

covariance matrix ΣFed for the stationary distribution is not available for the training

data. In order to be able to estimate the optimal model size using the generalisation

bound, we introduce the following assumption and study a special case of the

generalisation bound as in other papers [40, 56].

Assumption 3. We assume that A and Σ are symmetric matrices, which satisfies

AΣ = ΣA.

Assumption 3 implies that the local geometry around the global minimum and

the stationary distribution is homogeneous across all dimensions of the parameter

space. A similar assumption has also been used in previous papers [40,56]. When

Assumption 3 also holds, we reformulate the property found in the proof of Theorem

1 and derive a new generalisation bound as follows.

Theorem 2. Under all the Assumptions of Theorem 1 and with Assumption 3, we

have the below generalisation bound for the stationary distribution of federated SGD:

R(QFed)− R̂(QFed) ≤

√
HFed +H

′
Fed − d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
, (3.17)

where HFed = d log(2kFedm
Tη

)− log(det(C̄Ā−1)) and H
′

Fed = Tη
2kFedm

tr(C̄Ā−1).
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3.4.3 Relationship between Two Optimal Model Sizes

The previous derivation established the generalisation bound for federated SGD. To

understand how distributed training modifies the scaling behaviour, a reference point

is required. We therefore analyse a centralised training process under the same total

training compute. This subsection derives the corresponding bound for centralised

SGD and compares it with the federated result to characterise the relationship

between the two compute-optimal model sizes. To this end, we first establish the

lemmas and generalisation bound for centralised SGD trained on the same data and

equal amount of training compute.

Lemma 4. Under all assumptions of Lemma 2, if learning rate η and batch size

SCen = kCennm are fixed, we can derive the following analytic solution for the output

parameter of centralised SGD trained on the same amount of training data:

θCen(T ) = θ(0)e−
T
n
At +

T

n

√
η

kCennm

∫ t

0

e−
T
n
A(t−t′)BdW (t′)). (3.18)

where A is the Jacobian matrix and B is the covariance matrix for global training on

nm data.

Lemma 5. When Assumption 2 holds, the Ornstein-Uhlenbeck process’s stationary

distribution for the baseline centralised SGD,

q(θCen) = M exp

{
−1

2
θ⊺Σ−1

Cenθ

}
, (3.19)

has the following property,

T

n
AΣCen + ΣCen

T

n
A =

T 2η

kCenn3m
C. (3.20)

Lemma 6. Under all the assumptions of Theorem 2, we have the following

generalisation bound for the stationary distribution of centralised SGD trained on the

57



same amount of training data:

R(QCen)− R̂(QCen) ≤

√
HCen +H

′
Cen − d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
. (3.21)

where HCen = d log(2kCenn
2m

Tη
)− log(det(CA−1)) and H

′
Cen = Tη

2kCenn2m
tr(CA−1).

Generalisation bounds provide an upper limit on an algorithm’s generalisation

error, with smaller bounds indicating better generalisation performance. A natural

criterion for selecting the optimal model size d∗ is the value of d that minimises this

bound. While convexity is not guaranteed in general, empirical studies on scaling

laws [48,60,103] suggest an approximately convex relationship between model size

and generalisation performance. Based on this, we assume a locally convex regime

and derive a closed-form approximation of d∗ using first-order conditions.

Lemma 7. When all the above assumptions hold, the optimal model size under the

output hypothesis function of federated SGD has the following analytic solution:

d∗Fed =
H1 +H2 + 8n log(1

δ
) + 8n log(nm)− 4

m
+ 8n

8n− 2
m
− 4n log(2kFedm

Tη
)

. (3.22)

where H1 = −4n log((det(C̄Ā−1)) and H2 = ( 4nTη
kFedm

− Tη
kFedm2 )tr(C̄Ā−1)).

On the other hand, the optimal model size for centralised SGD has the following

analytic solution:

d∗Cen =
Ĥ1 + Ĥ2 + 8n log(1

δ
) + 8n log(nm)− 4

m
+ 8n

8n− 2
m
− 4n log(2kCenn2m

Tη
)

. (3.23)

where Ĥ1 = −4n log((det(CA−1)) and Ĥ2 = ( 4Tη
kCennm

− Tη
kCenn2m2 )tr(CA−1)).

The comparison between d∗Fed and d∗Cen reveals their relationship. Although

the two expressions share a similar structure, several components differ. In the

numerator, H1 and H2 depend on Ā, C̄ for federated training but on A,C for

centralised training, indicating that the curvature and gradient noise statistics are
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estimated from local client distributions rather than the global dataset. In the

denominator, the logarithmic term involves kFedm instead of kCenn
2m, reflecting a

change in the effective batch scale under decentralised optimisation. Consequently,

the difference between the two optimal model sizes is governed by the relationship

between the averaged local statistics and the global statistics, namely tr(C̄Ā−1)

versus tr(CA−1). However, we cannot quantify this relationship without further

assumptions. Hence, we introduce another assumption.

Assumption 4. Under the fair comparison condition that the same training dataset is

used for both training scenarios, we assume that the local data distributions D1, . . . ,Dn

across n clients of size m form a heterogeneous partition of the global dataset D of

size D = nm. Hence, we have the following approximate relationships:

Ā ≈ A+ ∆A, C̄ ≈ 1

nγ
(C + ∆C), (3.24)

where γ > 1, and ∆A, ∆C are deviation terms introduced by data heterogeneity.

These deviations are assumed to be bounded in norm:

∥∆A∥ ≤ ϵA, ∥∆C∥ ≤ ϵC , (3.25)

where ϵA, ϵC grow with the non-IID degree across clients.

Assumption 4 reflects the realistic cases where client datasets are drawn from

heterogeneous (non-IID) distributions and could be justified by the central limit

theorem when the average data size m across clients and the size of the global dataset

D are both large enough. While the centralised quantities A and C characterise

curvature and noise under the full dataset, their decentralised counterparts Ā and C̄

may deviate due to non-IID sampling. The inclusion of bounded deviation terms ∆A

and ∆C , whose magnitudes reflect the degree of data heterogeneity across clients, and

the scaling variable γ captures this variability while retaining analytical traceability
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for us to quantify the impact of non-IID distributions. Under this assumption, the

relationship between the two optimal model sizes is shown below.

Theorem 3. When all the above assumptions hold, by comparing the optimal model

size between the federated and centralised scenarios, we find that:

lim
T→∞

d∗Fed =
ρ

nγ−1
d∗Cen, (3.26)

where ρ =
SCen(tr(CA−1)+tr(∆1))

SFedtr(CA−1)
> 0 and ∆1 = (CA−1∆A + ∆C(I + A−1∆A))A−1.

Remark 1. Since we have γ > 1, Theorem 3 shows d∗Fed < d∗Cen and suggests the

first theoretical insight:

• When transferring the training of large-scale models from centralised to

distributed scenarios with the same training compute, the optimal model size

should be decreased, and the reduction ratio has a negative power law relationship

with the number of clients.

3.4.4 Evidence for the Inferior Generalisation of Distributed Training

The above theoretical proofs demonstrate the generalisation bound and the optimal

model size under this bound for each training. In this subsection, we show that

these proofs can also serve as an important theoretical basis for an empirical finding

observed in many previous works. Specifically, models trained with distributed data

are generally found to be inferior to the models trained with centralised data in

performance [82, 121]. According to the respective generalisation bound and optimal

model size, we derive the below theorem.

Theorem 4. When all the above assumptions hold, we find the following inequality

between the optimal generalisation error of federated SGD and centralised SGD using

the same training compute:

lim
T→∞

(G∗Fed − G∗Cen) > 0 (3.27)
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when the number of clients n satisfies the property: n > γ−1
√
ρ. Here, G∗ is the

optimal generalisation error computed with the optimal model size d∗.

Remark 2. The condition in Theorem 4 basically holds in practice, considering

that realistic distributed scenarios generally scale to a sufficiently large number of

clients [59] (e.g., phones with user data, edge sensors, etc.) Also, it is expected that

the value of ρ would not be very large. In the ideal case where client data is i.i.d.

and both training uses identical batch size, we have ρ = 1. Since n ≥ 2 holds for any

federated scenarios, the inequality will be trivially satisfied. Based on this result, we

summarise our second theoretical insight:

• If a federated scenario with a large number of clients is not allocated more data

than the centralised scenario, data decentralisation will lead to a definite gap

between the optimal generalisation performance achieved through FL and that

under centralised settings, which underscores the challenges of FL.

3.4.5 Estimating Optimal Model Size by the Average Training Compute

Between Clients

Previous analyses have studied the optimal model size for federated SGD training

using all local data from the clients. Notably, the total training compute for the

federated SGD training is equal to the sum of the training compute allocated to each

client. Therefore, we are also interested in the optimal model size at the local level

and how it relates to the above results. By a similar proof, we derive the analytic

solution for local SGD training, the generalisation bound, and the optimal model

size formulation at the client level as follows.

Lemma 8. Under all the assumptions of Lemma 2, if learning rate η and batch size

S = kim are fixed, we can derive the following analytic solution for the local output

parameter θ́i(T ) on client i:

θ́i(T ) = θi(0)e−TAit + T

√
η

kim

∫ t

0

e−TAi(t−t′)BidW (t′)). (3.28)
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Lemma 9. Under all the assumptions of Theorem 2, we have the following

generalisation bound for the stationary distribution of SGD training with solely

the local data on client i under the same training compute:

R(Qi)− R̂(Qi)

≤

√
di log(2kim

Tη
)− log(det(CiA

−1
i )) + Tη

2kim
tr(CiA

−1
i )− di + 2 log(1

δ
) + 2 log(m) + 4

4m− 2
.

(3.29)

Lemma 10. When all the above assumptions hold, the optimal model size at the

client level d∗i has the following analytic solution:

d∗i =
H

(i)
1 +H

(i)
2 + 8 log(m)− 4

m
+ 8

8− 2
m
− 4 log(2kim

Tη
)

, (3.30)

where H
(i)
1 = −4 log((det(CiA

−1
i )) and H

(i)
2 = ( 4Tη

kim
− Tη

kim2 )+8 log(1
δ
)−4 log((det(CiA

−1
i )).

Then, considering that the local data on clients is heterogeneous, we use ξCi =

Ci − C̄ and ξAi = Ai − Ā to denote client variance in non-IID settings. Comparing

d∗i and the optimal model size d∗Fed in FL across n clients shows their relationship.

Theorem 5. When all the above assumptions hold, considering the same batch size

{kFedm = kim|i ∈ n}, the following relation holds between the optimal model size d∗i

on a single client and the optimal model size d∗Fed of FL across n clients:

lim
T→∞

d∗Fed =
κ

n

n∑
i=1

d∗i , (3.31)

where κ =
(4m− 1

n)tr(C̄Ā−1)

(4m−1)(tr(C̄Ā−1)+tr(ξ̄))
> 0 and ξ̄ = 1

n

∑n
i=1((C̄Ā

−1ξAi + ξCi (I+ Ā−1ξAi ))Ā−1).

Remark 3. Since the existing scaling law suggests that the optimal model size relates

to the data size [60], it is intuitive that the optimal model size in FL would be decided

by the total data size across clients (i.e., d∗Fed ≈
∑n

i=1 d
∗
i ). However, Theorem 5

demonstrates that this thought is incorrect. Eq.(3.31) implies d∗Fed ≈ 1
n

∑n
i=1 d

∗
i , as
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4m− 1
n

4m−1
≈ 1 and the average bias term tr(ξ̄) is much smaller than tr(C̄Ā−1). This

result highlights our third theoretical insight:

• The optimal model size for training in distributed systems is primarily

determined by the average training compute per client, rather than the total

compute across all clients or the number of clients.

3.5 Empirical Validation

3.5.1 Experiment Setup

We conduct extensive experiments based on a popular model architecture, Vision

Transformer (ViT) [22]. This architecture represents a dominant type of model

in deep learning: transformers [141] relying on the attention mechanism, which is

frequently used for building large-scale models. Specifically, we build 10 different

sizes of ViTs with parameters ranging from 11.62 to 75.41 million.

These models are pre-trained on the Mini-ImageNet dataset [145], which contains

60,000 images extracted from the ImageNet dataset [19]. We adopt the Masked

Autoencoder (MAE) [41] approach to pre-train ViTs. To evaluate the effectiveness

of pre-training, we conduct linear probing tests, which freeze the pre-trained weights

in the backbone and only fine-tune the head layer [43]. The linear probing accuracies

of these models on two standard datasets (CIFAR-100 [70] and ImageNet [19]) are

collected for analysis. We select the size of the model with the highest linear probing

accuracy as the optimal model size.

For all experiments, we strictly follow the problem setup defined in the theoretical

analysis. All training resources are kept the same between the centralised and

federated scenarios, including the model, total training compute, and dataset. To

simulate federated scenarios with n clients and non-IID client data, we divide the

training dataset into n partitions by sampling the class priors of the Dirichlet

distribution [51]. A more heterogeneous division can be made by specifying a smaller

Dirichlet parameter α during sampling. We use α = 0.1 by default. Our code for
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experiments was implemented using the PyTorch framework and executed on a server

with 8 NVIDIA® RTX A5000 GPUs. The details about the experiment and server

settings are provided in Tables 3.1 and 3.2.

Table 3.1: Experiment Settings of Chapter 3.

Value

Model Architecture Vision Transformer [22]
Pre-training Method Masked Autoencoder [41]
Pre-training Dataset Mini-ImageNet [145]
Downstream Dataset CIFAR-100 [70], ImageNet [19]
Total Pre-Training Compute 5,000,000
Number of Clients in Federated Scenario {5, 10, 20, 30, 40, 50, 70, 100, 125, 150}
Data Distribution on Clients Non-IID (α = 0.1 (default))
Model Size Options (Millions) {11.62, 18.71, 25.80, 32.89, 39.97,

47.06, 54.15, 61.24, 68.33, 75.41}
Linear Probing Epochs 100 (CIFAR-100), 50 (ImageNet)
Pre-training Batch Size 128
Linear Probing Batch Size 512 (CIFAR-100), 1024 (ImageNet)
Base Learning Rate 1.5e-4

Table 3.2: Server Settings of Chapter 3.

Config Details
Server GPU Count 8
Server GPU Type RTX A5000 (24GB)
Server CPU Type AMD EPYC 7513 32-core
CUDA 11.3
Framework PyTorch

3.5.2 Empirical Results

Empirical Evidence for the First Insight. We investigate the impact of

distributed data on the optimal model size by training models with the same training

compute in both the centralized scenario and federated scenarios with different

numbers of clients. Figure 3.1(a, Left) shows the linear probing accuracies of ViTs

with different sizes on CIFAR-100 in each scenario. Based on the highest accuracy,

we find the optimal model size for each scenario and plot them in Figure 3.1(a,

Right). The results clearly show a negative power-law relationship between the

optimal model size and the number of clients, validating Theorem 3. Besides, we
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Figure 3.1: Impact of distributed data on the optimal model size of ViT.
(Left) Curves of linear probing accuracy (%) versus model size. Different lines
represent FL scenarios with a different number of clients. (Right) Curve of optimal
model size versus the number of clients. Here, the centralised setting refers to the
case n = 1. The dots represent the highest accuracy of each line in the top figure.

have also collected the linear probing results of ViTs on the ImageNet dataset [19],

which has around 1.2 million images. We use 10% of the training samples for linear

probing and still observe similar empirical results, as shown in Figure 3.1(b). To

further validate the size relationship, we fit the log–log form of Theorem 3 (i.e.,

log d∗Fed = (1 − γ) log n + log ρ + log d∗Cen) by the measured optimal sizes in FL.
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centralised training) and the total training compute is matched, models trained by

federated learning are consistently inferior to those trained in the centralised regime

even when the number of clients is small (e.g., n = 5). Moreover, the performance

gap widens as the number of clients increases. At first glance, this behaviour may

appear inconsistent with practical federated learning deployments, where performance

can sometimes approach centralised training. However, in real-world systems the

distributed setting often benefits from additional effective compute, such as repeated

local epochs, prolonged optimisation, or larger cumulative data exposure across

rounds. These factors implicitly increase the optimisation budget and partially

compensate for the statistical inefficiency introduced by data partitioning. In contrast,

our experimental protocol fixes both the total data and the total training compute,

thereby isolating the intrinsic effect of decentralisation. Under this controlled regime,

the empirical observation directly corresponds to Theorem 4, which states that a

positive optimal generalisation gap is unavoidable when distributed training does

not enjoy additional data or compute resources. Therefore, the gap in Figure 3.1

should be interpreted as a fundamental statistical limitation between centralized and

FL algorithms.

Empirical Evidence for the Third Insight. FL indirectly uses all training data

from clients to train a global model by an iterative process of having multiple models

trained on different clients using their local data and aggregating the parameters

of these models on the server. In Figure 3.2, we train models using only local data

from a single client and compute the average of n sets of linear-probing accuracies

from n clients. These results are then compared with those of FL. We observe that

the optimal model size is actually very close between the two training cases, which

matches our third insight shown by Theorem 5. Thus, if the optimal model size in a

centralised scenario with the same amount of training data is not known in advance,

the optimal model size in a distributed scenario can also be estimated based on the

average training compute allocated to each client.
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(a) Impact of distributed data on the optimal model size.
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(b) Comparison between the optimal model size across all clients and the optimal
size for a single client.

Figure 3.3: Applicability Analysis on ResNets.

Applicability Study. Beyond ViTs, we evaluate whether our theoretical insights

hold for convolutional models. Figure 3.3 demonstrates that ResNets [43] exhibit

similar behaviour on their optimal model size, reinforcing that the derived insights

are not tied to a specific architecture and may thus serve as general guidelines for

size selection in distributed training.
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3.6 Chapter Conclusion

This chapter investigates the scaling behaviour of large-scale models in distributed

systems, with a focus on how distributed data affects the estimation of the optimal

model size. We derive a PAC-Bayes generalisation bound for federated SGD and

analyse the global optimal model size under this bound. From this, we obtain three

main insights. First, data decentralisation reduces the optimal model size, following

an approximate negative power law with respect to the number of clients. Second,

moving large-scale training to federated settings inevitably lowers the achievable

generalisation performance. Third, the optimal model size should be estimated by

the average training compute per client rather than the total compute or network

size. Extensive experiments on transformer and convolutional models across multiple

datasets confirm these findings. We further confirm these main insights with empirical

study on different model backbones and datasets. It is worth noting that the

empirical results in this chapter are designed to reveal scaling behaviour under a

controlled training budget rather than to maximise predictive accuracy. The training

compute is intentionally fixed across centralised and distributed settings so that

performance differences reflect intrinsic statistical efficiency instead of optimisation

advantages. Consequently, the absolute accuracy values are lower than commonly

reported benchmarks, but they remain sufficient to consistently identify the scaling

trends predicted by the theory. We expect our results to offer practical guidance for

deploying the training of large-scale models in distributed environments.
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3.7 Chapter Notations and Definitions

i Client index

n Number of clients in the network

m Average number of local data across clients

θ,Θ Model parameters

d Dimension of model parameters / Model Size

R Risk

f, F Loss function

D Dataset

ζ Sampled data

η Learning rate

T Communication rounds

j Round indices

S Training Batch

S Batch size

k Split ratio for batch

t Local epochs

g Stochastic gradient

B,C Constant matrix about gradient noise

A Jacobian matrix of the gradient field

Q Output hypothesis distribution

P Prior distribution of model parameters

N,D Data size

δ Probability

q Stationary distribution of parameters

Σ Covariance matrix of the stationary distribution of parameters

M Normaliser

γ Value depending on data heterogeneity

G Generalisation error

R, R̂ Expected risk and empirical risk

SFed, SCen Batch sizes in federated and centralized training
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CHAPTER 4

Generalisation Gap Analysis between Centralised
and Distributed Learning

Chapter Overview: The previous chapter examined how scaling laws behave

in distributed systems by deriving compute-optimal model sizes within the PAC-

Bayesian framework. That analysis clarified how decentralisation alters training

dynamics but also raises a more fundamental question: when resources are balanced, is

distributed learning inherently disadvantaged in generalisation performance compared

to centralised learning? Addressing this requires moving beyond model size and

directly analysing the generalisation gap.

We begin with a theoretical analysis of decentralised learning using uniform

stability. By constructing the stability bound, we show that generalisation improves

with more simultaneously participating clients and stronger network connectivity.

Since federated learning corresponds to full connectivity through a central server, its

bound dominates that of decentralised learning. This observation justifies focusing on

federated settings as the representative form of distributed learning when quantifying

the gap with centralised training.

Building on this foundation, the chapter then develops a PAC-Bayesian formulation

to explicitly characterise the generalisation gap. Distributed learning is modelled as

federated stochastic gradient descent over distributed data, and the generalisation

gap is defined as the discrepancy between the federated and centralised generalisation

bounds. The results reveal that a gap necessarily exists under equal resources, showing

that distributed learning cannot fully match centralised training in equal conditions,
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and that the gap size depends on training and scenario settings. Furthermore, we

identify the training advantages that can be provided with distributed learning

to catch up with centralised learning. The only effective strategy is to enlarge

the dataset, either by adding new clients or by expanding local datasets, with the

latter proving to be more efficient. Scaling models or increasing communication

rounds cannot close the gap. Extensive experiments across architectures and datasets

validate these findings, illustrating how the predicted gap emerges in practice and

offering guidance on how distributed learning can approach or surpass centralised

performance in real-world applications.
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4.1 Introduction

In the previous chapter, we investigated how scaling laws adapt under distributed

training by deriving compute-optimal model sizes within a PAC-Bayesian framework.

That study clarified how decentralisation reshapes the estimation of model scaling

laws, yet it left open a more fundamental question. Beyond the choice of model

size, it is still unclear whether distributed training can ever attain the same level of

generalisation performance as centralised training when both operate under strictly

balanced resources.

To understand why this issue matters, it is useful to recall how modern learning

systems are trained in practice. Classical deep learning typically takes place in

centralised environments, where massive datasets are aggregated on servers equipped

with powerful computational resources. This setting has enabled remarkable progress,

such as the training of large language models that perform impressively across diverse

tasks [7, 60]. However, the assumption of data centralisation is not always realistic.

Data in the real world is often dispersed across users, devices, and institutions,

and aggregating it into a single location raises serious concerns about privacy and

ownership. Federated and decentralised learning has been developed to address

this difficulty by allowing multiple clients to collaborate without sharing their raw

data [130]. While this design alleviates privacy risks, numerous empirical studies

have shown that models trained in distributed systems typically underperform those

trained centrally when both are trained with equal resources. The persistence of

this observation, in the absence of a clear theoretical explanation, has left open

the debate on whether the observed gap reflects limitations of current distributed

algorithms or the inherent structural shortcomings.

This chapter addresses that question by using a two-step and rigorous theoretical

analysis. We first conduct an analysis of decentralised learning through the lens of

uniform stability [39, 173]. By deriving a stability-based generalisation bound, we

show that the generalisation performance of decentralised learning improves with

73



both the number of clients participating simultaneously and the degree of network

connectivity. Then, considering all edge devices can be indirectly connected to

each other via a central server in FL, the generalisation bound of FL necessarily

dominates that of decentralised learning due to the full connectivity. This establishes

an ordering between the two paradigms and motivates our subsequent focus on

federated settings as the representative form of distributed learning when quantifying

the gap with centralised training.

Building on this stability foundation, we then develop a PAC-Bayesian formulation

to explicitly characterise the generalisation gap. Distributed learning is modelled as

federated stochastic gradient descent over decentralised data, and the generalisation

gap is defined as the discrepancy between the federated and centralised bounds.

The analysis yields non-vacuous upper and lower bounds on this gap, showing that

distributed training cannot fully match centralised training in identical conditions,

and that the size of this gap is affected by the training settings. Therefore, completely

bridging this gap requires distributed scenarios to be provided with more training

resources. Following this idea, we further prove that only incorporating new clients

or adding data to existing clients can fully close the performance gap, while having

an advantage in model size or communication rounds is not feasible.

To support these theoretical results, we conduct experiments across different

model architectures, including ResNets and Vision Transformers, on benchmark

datasets such as CIFAR-10 and Mini-ImageNet. The empirical outcomes align closely

with the theoretical predictions, confirming the inevitability of the performance gap

under equal resources and highlighting the central role of data resource advantage

in narrowing it. Through this combination of theory and experiment, this chapter

deepens the understanding of why distributed learning falls short of centralised

training and offers principled guidance for practitioners seeking to reduce the divide.

We thereby extend the previous chapter’s theoretical exploration of scaling law

variations into a broader investigation that identifies feasible solutions to help

distributed training catch up with centralised training in generalisation.
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4.2 Related Work

Federated Learning. Federated learning is a class of distributed learning methods

proposed for collaborative model training without compromising privacy [1, 80]. The

benchmark algorithm for federated learning is Federated Averaging (FedAvg) [100].

In recent years, as people have become aware of the importance of data privacy for

security, many research works related to federated learning have emerged [136,169,174].

These works generally hold the impression that centralised learning must perform

better than federated learning, and many of them focus on proposing advanced

federated algorithms to catch up with the centralised baseline [174]. However, the

correctness of this impression has not been fully explored from a theoretical aspect.

This chapter fills this gap and identifies generic strategies that can bridge the gap

between the two training setups.

Studies that Compare Federated Learning with Centralized Learning.

Since FL was proposed, there have been studies focusing on the comparison between

federated and centralized training. Some works aim to compare the performance of

the models trained in each training scenario. These comparative evaluations report

that models trained in a centralized setup generally outperform models trained in

a federated setup across a variety of tasks and datasets, such as MNIST [96, 104],

CIFAR-10 [169], and CICIDS2017 [27]. Similar experimental results are also found

in the federated studies that adopt the centralized training results as one of the

baselines [174]. In addition to performance comparison, there are comparisons on

the convergence rate. Unlike the above studies, these studies show that federated

algorithms can attain the same order or faster convergence rate than centralized

algorithms [61]. Furthermore, a recent study by Drainakis et al. explores the

differences between federated and centralized training from the perspectives of energy

cost and bandwidth cost [23]. However, these existing comparisons mainly fall into

two categories. First, empirical studies provide useful observations but do not offer

theoretical explanations for why the gap arises. Second, some works attempted to
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analyze the gap from the theoretical perspective, which they focused on optimization

efficiency rather than generalization behavior. Consequently, the fundamental

question of whether a generalization gap necessarily exists between federated and

centralized training remains theoretically unclear. In this chapter, we address this

question by providing a PAC-Bayesian characterization of the generalization gap and

deriving analytic conditions under which the gap can be closed.

Generalisation Bound for Stochastic Algorithms. The generalisation of

stochastic gradient algorithms has been extensively studied, with PAC-Bayesian

theory providing one of the most powerful tools for deriving non-vacuous guarantees

[40, 91, 102]. These bounds have clarified how SGD generalises under centralised

settings, shedding light on convergence properties and the role of algorithmic

hyperparameters. More recently, PAC-Bayesian analysis has also been extended

to federated learning, where it has been applied to quantify the effect of non-IID

data [170], guide personalisation [2], and understand communication topologies [123].

Complementary to PAC-Bayesian methods, uniform stability theory provides

another rigorous avenue for analysing generalisation. Stability-based analyses explain

how algorithmic perturbations, such as changes in a single training sample or

updates across different clients, propagate to the final hypothesis [39, 125,173]. This

complements the PAC-Bayesian view by highlighting structural aspects of distributed

training, especially in decentralised settings. Despite these advances, most prior

studies remain tied to a single paradigm, either centralised or distributed, and

rarely attempt a unified comparison. In particular, no existing work has derived

explicit analytical expressions that directly capture the gap between centralised and

distributed training.

This chapter addresses this missing piece by combining the two main tools for

generalisation analysis: we first use uniform stability to establish an ordering between

decentralised and federated generalisation, and then formulate both centralised and

distributed training within the PAC-Bayesian framework to define the generalisation
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gap as the difference between their respective bounds. This unified treatment not only

explains the widely observed performance gap but also identifies feasible approaches

to narrow it. A detailed comparison between this chapter and related studies is

provided in Table 4.1 to highlight our contributions.

Table 4.1: Generalisation Analysis Comparison to Related Works.

Paper Theoretical Analysis Analysis Framework

London al. [91] ✓ PAC-Bayes
Mou et al. [102] ✓ PAC-Bayes / Stability
He et al. [40] ✓ PAC-Bayes
Yuan et al. [161] ✓ Independent Analysis
Peng et al. [104] × ×
Mar’i et al. [96] × ×
Zhao et al. [170] ✓ PAC-Bayes
Sefidgaran et al. [114] ✓ PAC-Bayes
Zhu et al. [173] ✓ Stability
Zhenyu et al. [125] ✓ Stability
Sun et al. [123] ✓ Stability
Ours ✓ Stability + PAC-Bayes

Paper Generalisation Bound Gap Study Gap-bridging Insights

London al. [91] Centralised × ×
Mou et al. [102] Centralised × ×
He et al. [40] Centralised × ×
Yuan et al. [161] × ✓ ✓
Peng et al. [104] × ✓ ×
Mar’i et al. [96] × ✓ ×
Zhao et al. [170] Federated × ×
Sefidgaran et al. [114] Federated × ✓
Zhu et al. [173] Federated × ×
Zhenyu et al. [125] Federated × ×
Sun et al. [123] Fed/Decentralised ✓ ×
Ours Fed/Centralised ✓ ✓
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4.3 Theoretical Analysis

In this section, we develop theoretical foundations for the generalisation gap between

distributed and centralised settings and identify theoretically feasible approaches

to close this gap. We first study the generalisation order between decentralised

and federated learning through uniform stability analysis and find that the optimal

generalisation of distributed learning is achieved by federated learning. Then, we

rigorously investigate the generalisation gap. The main ingredient of our investigation

is the expression of this gap in the view of the PAC-Bayesian framework. We derive

non-vacuous bounds for this theoretical expression, showing that the performance

gap necessarily exists under equal training resources and how this gap varies with

the parameters. Further analysis suggests that only the strategy of introducing new

clients or adding data to existing clients is possible to close this gap fully. The

detailed proof is provided in Section 8.2.

4.3.1 Preliminaries and Problem Setup

The analysis of this chapter builds on the same preliminaries introduced in Chapter

3, including the definitions of generalisation error, PAC-Bayesian bounds, and the

modelling of SGD optimisation under centralised and federated settings. The main

difference here lies in the focus of analysis: rather than deriving compute-optimal

model sizes under scaling laws, we investigate whether distributed training can match

centralised training under strictly balanced resources (i.e., model size, training data,

and total training compute). In this setting, both paradigms share the same training

compute, defined as the total number of data samples consumed throughout training.

Unless otherwise stated, notations and assumptions remain consistent with those in

Chapter 3.

In addition, the analysis introduces the concept of uniform stability as a

complementary theoretical tool. Uniform stability is a standard technique for

analysing the generalisation behaviour of stochastic optimisation algorithms, defined

as follows:
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Definition 1. (Uniform Stability [125]) Consider a dataset D consisting of

local datasets across all clients. Let D̃ be a neighbouring dataset that differs from D

in at most one data point within some client’s local dataset Di. A learning algorithm

A is said to be ϵ-uniformly stable if

sup z ∼ Di,E
[
f(A(D), z)− f(A(D̃), z)

]
≤ ϵ, (4.1)

where f(·, z) is the loss evaluated at sample z, and the expectation is taken over the

randomness of A.

Lemma 11. ( [26, 39]) If a stochastic learning algorithm A is ϵ-uniformly stable,

then its generalisation error satisfies ϵG ≤ ϵ.

The above definition and lemma show that bounding the stability ϵ of training

algorithms directly provides a bound on the generalisation error.

4.3.2 Stability and Generalisation Bound of Decentralised and Federated

Learning

Our theoretical analysis starts by examining how to formulate distributed learning

in order to achieve optimal generalisation. In particular, we seek to establish which

of the two prevalent frameworks (i.e., decentralised learning and federated learning)

has the advantage in terms of generalisation performance. To find this answer, we

introduce three new assumptions besides the ones introduced in Chapter 3:

1. (Smoothness) For local training in each client i ∈ {1, . . . , n}, each loss fi(·)

is L-smooth.

2. (Lipschitz continuity of the loss) For all θ, θ̃ ∈ Θ and any data sample z,

the loss f(·; z) is G-Lipschitz continuous:

|f(θ; z)− f(θ̃; z)| ≤ G ∥θ − θ̃∥. (4.2)
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3. (Bounded stochastic gradient) For all θ ∈ Θ, clients i ∈ {1, . . . , n}, and

samples z ∼ Di, the stochastic gradient is bounded:

∥∇fi(θ; z)∥ ≤ B. (4.3)

These assumptions are standard in prior uniform stability analyses [39,123,150]

and enable us to establish the stability bound for decentralised learning. Noticeably,

as stated in Section 2.2 of the literature review chapter, there are different kinds of

decentralised learning frameworks. We adopt the pipeline of parallel random walk

for mathematical formulation since it is not limited to full client participation per

round, as All-reduce and Gossip learning.

Theorem 6. Let the learning rate be constant ηt ≡ η and define ρ = 1+ηL. Consider

a general decentralised learning process on a network of n clients with the maximum

degree degmax and the number of edges E, and there are K ∈ {1, . . . , n} clients

participating in each communication round. Then, under the above assumptions, the

expected stability and generalisation for this training can be formulated as:

E
[ ∣∣f(θT ; z)− f(θ̃T ; z)

∣∣ ]
≤ G

K
ηB

T−1∑
t=0

ρT−1−t

(
K∑
j=1

ncPλ
t
2 + 2(1−

(
1− degmax

2E

)K
)

)
,

(4.4)

which simplifies to the closed form

E
[ ∣∣f(wT ; z)− f(w̃T ; z)

∣∣ ]
≤ ηGB

[
ncP ρ

T−1 1−
(
λ2/ρ

)T
1−

(
λ2/ρ

) +
ρT − 1

ρ− 1
·

2(1−
(
1− degmax

2E

)K
)

K

]
.

(4.5)

Here, T is the total number of communication rounds, P is the transition matrix of

the communication status, cP is a constant depending on P, and λ2 is the second

largest eigenvalue of P.
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Remark 4. The bound in Theorem 6 highlights how the number of simultaneously

participating clients k and the network connectivity influence the generalisation

behaviour of decentralised learning. Although K appears in both the numerator and

the denominator of Eq.(4.5), its asymptotic effect is favourable. As K increases,

the 1
K

term dominates, leading to a smaller bound and thus better stability and

generalisation. Connectivity also has a decisive impact through the number of edges

E and the second-largest eigenvalue λ2. Denser networks increase E and reduce λ2,

both of which tighten the error bound. Importantly, this result further implies that

the generalisation performance of decentralised learning is upper-bounded by that of

FL under equal conditions. Specifically, this is because the central server assumed in

FL enables indirect connectivity among all clients, corresponding to the case of full

connectivity. Therefore, when the same number of clients K is sampled per round,

federated learning achieves at least as strong generalisation as decentralised learning,

making it the natural representative of distributed training when analysing the gap

against centralised training.

Proof Sketch. The proof relies on uniform stability analysis, which quantifies how

the output of the algorithm changes when a single training example is perturbed. We

couple two training trajectories {θt} and {θ̃t} and track their distance ∆t = ∥θt− θ̃t∥.

For the case where both trajectories sample the same client at step t, the L-smooth

assumption implies

∥θt+1 − θ̃t+1∥ ≤ (1 + ηtL)∥θt − θ̃t∥. (4.6)

When different clients or different samples are selected, the recursion includes an

additional perturbation term βt, yielding

∆t+1 ≤ (1 + ηtL)∆t + ηtβt, (4.7)

which can be unrolled as

∆T ≤
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηtβt. (4.8)
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Taking expectations and using the bounded gradient assumption ∥∇fi(w; z)∥ ≤ B,

we obtain

E[∆T ] ≤ 2B
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηt

(
n
2
cPλ

t
2 + degmax

2E

)
, (4.9)

where the two terms correspond to (i) the probability that a single communication

process (often referred to as a walk) diverges to different clients in two decentralised

scenarios, governed by the spectral gap 1 − λ2, and (ii) the collision probability

when both select the same client. By Lipschitz continuity of the loss with constant

G, decentralised learning performed with a single communication walk holds the

stability bound below

E[|f(θT ; z)− f(θ̃T ; z)|] ≤ GE[∆T ]. (4.10)

Extending this result to the case of K participating clients and K parallel walks by

averaging reduces variance and introduces interaction between trajectories. Formally,

E
[
|f(θT ; z)− f(θ̃T ; z)|

]
≤ G

K

K∑
j=1

E
[
∥wT

j − w̃T
j ∥
]
. (4.11)

Compared to the single walk case, the key refinement is that the event probabilities

now scale with K. This yields the following generalisation bound:

E[|f(θT ; z)−f(θ̃T ; z)|] ≤ G
K
B

T−1∑
t=0

(
T−1∏
s=t+1

(1+ηsL)

)
ηt

(
KncPλ

t
2+2

(
1−(1−degmax

E
)K
))
,

(4.12)

which further simplifies into the generalisation inequalities in Theorem 6 by letting

ηt ≡ η, and ρ = 1 + ηL.

4.3.3 PAC-Bayesian Generalisation Gap

Building on the above result, we study the generalisation performance of federated

learning and compare it with centralised learning. To derive the PAC-Bayesian

view of the performance gap between federated learning and centralised learning, we
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first need to establish the PAC-Bayes upper bounds for the generalisation error of

models trained in each scenario. By following the Assumptions 1 and 2 introduced in

Chapter 3 and using a similar proof, we derive the following generalisation bounds:

Lemma 12. For any positive real number δ ∈ (0, 1), with probability at least 1− δ

over a distributed training dataset of total size nm across n clients, the following

inequality holds for the distribution QFed of the output hypothesis learned by federated

SGD:

R(QFed)− R̂(QFed) ≤

√
HF + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(4.13)

where HF = − log(det(ΣFed)), Ci is the covariance of the loss gradients and Ai is

Jacobian matrix around the minimum of the loss function for local training on client

i, C̄ = 1
n

∑n
i=1Ci, Ā = 1

n

∑n
i=1Ai, d is the dimension of the model parameter θ

(parameter size), T is the number of communication rounds, η is the learning rate,

tr(C̄Ā−1) is the trace of the product matrix C̄Ā−1 and ΣFed denotes the covariance

matrix for the stationary distribution of federated learning.

Corollary 1. For any positive real number δ ∈ (0, 1), with probability at least 1− δ

over a centralised training dataset of total size D on server, the following inequality

holds for the distribution QCen of the output hypothesis learned by centralised SGD:

R(QCen)− R̂(QCen) ≤

√
HC + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2
.

(4.14)

where HC = − log(det(ΣCen)), C and A are the covariance and Jacobian matrix

around the minima for training with the centralised dataset, and ΣCen is the covariance

matrix for the stationary distribution of centralised training.

Then, under the Assumptions 3 and 4 defined in Chapter 3, we can characterise the

difference between federated and centralised generalisation behaviour and formally

establish the theorem as follows.
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Theorem 7. When all the above assumptions hold and the training resources for

federated and centralised learning are equal, the generalisation gap between the models

trained through federated SGD optimisation and the models trained through centralised

SGD optimisation has the following analytic solution:

GFed − GCen =
d log(n

γ−1kFedm
kCenD

) + ( Tη
2nγkFedm

− Tη
2nkCenD

)tr(CA−1)

4D − 2

+

Tη
2nγkFedm

tr(∆1) + log(det(∆2)
−1)

4D − 2

(4.15)

where ∆1 = (CA−1∆A + ∆C(I +A−1∆A))A−1, ∆2 = (I +C−1∆C)(I + ∆AA
−1), and

G is the generalisation bound of a learning algorithm.

Proof Sketch. The first part of this proof is to re-formulate the generalisation

bound derived for each training scenario. Based on Assumption 3, we re-arrange

the properties found in the proofs of Lemma 12 and Corollary 1 to find an analytic

solution for the constant matrix Σ. Substituting this solution to Eqs.(4.13) and (4.14)

will yield new generalisation bounds. We then complete the proof by computing the

distance between the two new PAC-Bayes upper bounds and applying Assumption 4

to rearrange this distance equation.

Theorem 7 shows the analytic solution of the generalisation performance gap in

the PAC-Bayesian framework.

4.3.4 Non-Vacuous Bounds on Generalisation Gap

In this subsection, we continue to explore this theoretical expression to gain a deeper

understanding of the gap. As pointed out at the beginning of the paper, our interest

lies in these questions: 1) Does the generalisation gap always exist with equal training

resources? 2) How is this gap affected by the environmental variables in the federated

scenario? We answer these questions using the following theorem.

Theorem 8. When all conditions of Theorem 7 hold, and assuming that the training

resources are equal for both federated and centralised scenarios, the generalisation
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gap between models trained using federated SGD and those trained using centralised

SGD satisfies the following inequalities:

d log(3γ−1) + T
(

ηtr(CA−1)
2∗3γkFedm

− ηtr(CA−1)
6kCenD

+ ηtr(∆̃1)
2γ+1kFedm

)
+ log(det(∆2)

−1)

4D − 2

≤ O (GFed − GCen)

≤
d log(D

γ−1kFedm
kCenD

) + T
(

η(tr(CA−1))
2DγkFedm

− η(tr(CA−1)
2D2kCen

)
+ Tηtr(∆̃1)

2γ+1kFedm
+ log(det(∆2)

−1)

4D − 2
,

(4.16)

for 3 ≤ n ≤ D, where ∆̃1 satisfies (∆̃1)i,j = |(∆1)i,j|, n represents the number of

clients and D = nm is the total data size across clients. Additionally, when n = 2,

for any constant γ ≥ 2, the generalisation gap between federated and centralised

training satisfies the following inequality:

O (GFed − GCen) ≥

d log(2γ−1) + T
(

η(tr(CA−1)+tr(∆̃1))
2γ+1kFedm

− ηtr(CA−1)
4kCenD

)
+ log(det(∆2)

−1)

4D − 2

(4.17)

Proof Sketch. We start by proving that the worst case of the generalisation

gap monotonically increases with n if the condition n ≥ γ−1
√
γ holds and find that

γ−1
√
γ ≥ e. Therefore, this monotonic impact will always hold for n ≥ 3. By

substituting this range of n and adopting the fact kFedm ≤ kCenD, we derive the

bound of the generalisation gap for n ≥ 3. Next, considering that the parameter n

satisfies {2 ≤ n ≤ D|n ∈ Z}, we solve γ−1
√
γ = 2 and derive that the lower bound for

n = 2 can only be found with γ ≥ 2.

Remark 5. Theorem 8 establishes non-vacuous upper and lower bounds for the

generalisation gap between federated and centralised training. These bounds allow

us to analyse if the gap necessarily exists and how the gap is affected by various

parameters:

• Gap Existence: Since C and A are (semi) positive-definite matrices, we can

observe from Eqs.(4.16) and (4.17) that GFed − GCen > 0 requires satisfying
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d >
Tηtr(CA−1)
2nkCenD

+log(det(∆2))

log(nγ−1)
. Considering that deep learning typically involves

over-parameterised neural networks to perform well [48, 60] and federated

scenarios often scale to a significant number of devices (i.e., leading to large n

and D), this condition is readily satisfied in practice.

• Number of clients n: As shown through the proved monotonicity, the gap

increases with n.

• Model dimensionality d: Both lower bounds scale with the term d log(nγ−1).

Since γ > 1 and n ≥ 2, the gap increases with d.

• Communication rounds T : The impact of T appears in the form of a

difference between two trace terms, which makes its sign unclear in general.

In the special case where client data is i.i.d. and both training scenarios use

identical batch size, the term can become positive, and the gap grows linearly

with T . However, this assumption is rarely satisfied in realistic federated setups.

• Non-IID degree: The gap is explicitly affected by ∆̃1 and ∆2, which quantify

client heterogeneity. As the term tr(∆̃1) increases with T , and the term

log(det(∆2)
−1) remains fixed, the gap grows with the level of non-IIDness

across clients.

• Total dataset size D: Both lower bounds are inversely proportional to D, so

increasing D consistently reduces the gap.

With the above analysis, we can further summarise the following important insight:

• Under equivalent training resources, a generalisation gap necessarily exists for

deep learning between distributed and centralised settings. This gap is small if

the training in a distributed scenario satisfies a small number of clients, with

minimised data heterogeneity, and has a limited model size. Additionally, this

gap is also mitigated if the total data size across clients is sufficiently large.
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4.3.5 Strategies for Completely Closing the Gap

The above theoretical results demonstrate that the gap cannot be eliminated

completely as long as training resources are equal between the two scenarios.

Therefore, if we still look forward to distributed training catching up with centralised

training, the distributed scenario has to be allowed with an advantage in some

training resources. Generally, increasing the data size and model size can result in an

improvement in model performance. For example, researchers have concluded scaling

laws indicating that the performance of large language models is related to these two

parameters [48, 60]. Besides, previous federated studies have also empirically shown

that increasing the number of communication rounds or the number of clients also

leads to improved model performance [100,174]. So, we study the related parameters

n, m, d, and T in federated settings and derive the following theorems.

Theorem 9. When all the above assumptions hold and assuming that the federated

scenario is provided with an advantage in training conditions, the following inequalities

hold for the generalisation gap between models trained through federated SGD and

those trained through centralised SGD:

lim
n→∞

(G̃Fed − GCen) = lim
n→∞

(
O(

(γd+ 2) log(n)

n
) +O(

1

nγ+1
) +O(

1

n
)−O(1)

)
< 0;

(4.18)

lim
m→∞

(G̃Fed − GCen) = lim
m→∞

(
O(

(d+ 2) log(m)

m
) +O(

1

m2
) +O(

1

m
)−O(1)

)
< 0

(4.19)

Here, γ > 1, G̃Fed is the generalisation bound for federated scenarios having an

advantage in training, and G̃Fed−GCen ≤ 0 implies that federated training catches up

with or outperform centralised training in generalisation.

Theorem 10. When all the above assumptions hold and assuming that the federated

scenario is provided with an advantage in training conditions, the following inequality

holds for the generalisation gap between models trained through federated SGD and
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those trained through centralised SGD:

lim
T→∞

(G̃Fed − GCen) =∞. (4.20)

Besides, if the federated scenario contains a large number of clients satisfying n >

γ

√
Tηe

2kFedm
for any γ > 1, we also have:

lim
d→∞

(G̃Fed − GCen) =∞. (4.21)

Proof Sketch. The proof is similar between Theorems 9 and 10. Each proof

consists of two parts. In each part, we select a parameter and re-establish the

theoretical representation of the gap by considering that the federated scenario has

an advantage in this parameter. Then, we derive a bound for this new expression and

compute the limits of this bound when the selected parameter approaches infinity.

Remark 6. Theorems 9 and 10 show how the gap between distributed and centralised

training behaves as key parameters approach infinity, represented by continually

growing the advantage of federated training in these parameters. The condition in

Theorem 10 basically holds in practice, considering that realistic distributed scenarios

generally scale to a sufficiently large number of clients [59] (e.g., phones with user

data, edge sensors, etc.) According to Eqs.(4.18), (4.19), (4.20) and (4.21), we

find that simply increasing the number of communication rounds (T ) or the model

size (d) cannot close the generalisation gap unless more data is introduced. The

two feasible approaches to do so are: (1) increasing the number of clients, or (2)

increasing the average data per client. Among these, the latter is more efficient,

as the gap decreases at a faster rate with respect to m than with respect to n (i.e.

O( (d+2) log(m)
m

) vs O( (γd+2) log(n)
n

)). This suggests that, in reality, focusing on growing

the local dataset in existing clients would be a more efficient way to make distributed

training catch up with centralised training than introducing new clients.
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4.4 Empirical Validation

4.4.1 Experiment Setup

To empirically validate our theoretical findings and ensure that they can be applied

to a broad range of learning scenarios, we conduct extensive experiments on different

models and datasets. The model architectures we consider are ResNet-18 [43] and

Vision Transformer (ViT) [22], which represent two dominant types of deep neural

networks: Convolutional Neural Networks (CNNs) [75] and Transformers [141]. We

build 10 models of different sizes for each architecture to study the impact of model

size. We further use two standard datasets to evaluate training under different setups:

CIFAR-10 [70], which contains 50,000 training images and 10,000 validation images

across 10 classes, and Mini-ImageNet [145], which contains 60,000 images in 100

classes extracted from ImageNet [19].

Since the theoretical analysis in this chapter focuses on the optimisation and

generalisation behaviour of learning algorithms rather than a particular training

objective, the experiments are conducted under the standard supervised learning

setting. Many self-supervised learning methods can be interpreted as supervised

learning with automatically generated pseudo-labels [14,41]. Therefore, the empirical

observations obtained in this supervised setting are expected to extend to self-

supervised representation learning scenarios as well.

For the Mini-ImageNet dataset, since it does not provide a predefined training

split covering all classes, we randomly divide it into 48,000 training images and 12,000

validation images. The complete training set of each dataset is used for centralised

training. To simulate federated scenarios with n clients and non-IID client data, we

partition each training set into n subsets by sampling the class priors from a Dirichlet

distribution [51]. A more heterogeneous partition can be obtained by specifying a

smaller Dirichlet parameter α during sampling, and we use α = 0.1 by default. The

detailed experiment settings are provided in Table 4.2. All experiments are repeated
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with three random seeds (i.e., 0, 10, and 100), and the reported results correspond

to the average performance across these runs.

Table 4.2: Experiment Settings of Chapter 4.

System Value

Model Architecture Vision Transformer (ViT) [22]
ResNet [43]

Dataset Mini-ImageNet [145]
CIFAR-10 [70]

Range on Communication Rounds 25 ≤ T ≤ 100
Range on Number of Clients 2 ≤ n ≤ 100
Data Distribution on Clients Non-IID (α = 0.1(default))
ViT Model Size Options (Millions) {7.91, 15.00, 22.08, 29.17, 36.26,

43.35, 50.44, 57.52, 64.61, 71.70}
ResNet Model Size Options (Millions) {4.91, 11.18, 17.45, 23.72, 29.99,

36.26, 42.54, 48.81, 55.08, 61.35}
Local Training Epochs t = 2
Batch Size 256
Base Learning Rate 1.5e-4
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Figure 4.1: Impact of the number of clients n on the generalisation
performance. Different colours represent different model architectures. (Left)
Curves of Mini-ImageNet testing accuracy (%) versus the number of clients. (Right)
Curves of CIFAR-10 accuracy (%) versus the number of clients. For the centralised
scenario, we consider that it corresponds to the case n = 1.

4.4.2 Empirical Evidence

Generalisation Gap under Equal Training Resource We verify our non-

vacuous bounds about the performance gap by first constructing federated and
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trend of the light blue area in Figure 4.2 demonstrates that the gap increases when

we scale up the model size for both ViT and ResNet architectures. Finally, we also

find from Figure 4.3 that the increasing non-IID level contributes to the enlargement

of the gap between the two scenarios. This observation is also consistent with our

theoretical analysis.
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Figure 4.4: Empirical evidence for fully closing the gap between federated
and centralised training setups. (Left) The strategy of incorporating new clients
(increasing the number of clients n). (Right) The strategy of adding data to existing
clients (increasing the average data amount m).
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Figure 4.5: Additional evidence for fully closing the gap. The baseline
centralised scenario contains 4800 data, aligned with the centralised scenario in
the previous figure. (Left) The strategy of increasing d. (Right) The strategy of
increasing communication rounds T ).
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Figure 4.6: Further evidence for fully closing the gap. The baseline centralised
scenario holds the complete training dataset containing 48000 data. (Left) The
strategy of increasing the model size d). (Right) The strategy of increasing
communication rounds T ).

Bridge Gap by Increasing Training Resources To empirically investigate

our theoretical insights about the complete elimination of the performance gap, we

designed four sets of experiments for the four parameters involved in Theorems 9 and

10. In each experiment, a centralised scenario is compared with a federated scenario

that holds an advantage in one kind of training resource. We start from the setting

when this kind of training resource is equal between two scenarios and gradually

amplify this focused parameter to check if the performance gap can be progressively

closed. The results presented in Figures 4.4, 4.5 and 4.6 validate Theorems 9 and 10.

Specifically, we can discover that the generalisation performance of models trained in

federated setups catches up or surpasses those trained in centralised setups by either

incorporating new clients or adding data to existing clients. Besides, Figure 4.4 also

shows that the latter approach is more efficient in closing the gap by a steeper curve.

In particular, for the same amount of increased data, scaling up the average model

size by ten times (i,e., from m = 480 to m = 4800) resulted in a larger generalisation

improvement than scaling up the number of clients by ten times (i,e., increasing from

n = 2 to n = 20).
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4.5 Chapter Conclusion

This chapter re-studies the problem that models trained in distributed setups do not

perform as well as models trained in centralised setups, focusing on the theoretical

exploration of this generalisation gap and valid strategies to bridge it. We began

with a uniform stability analysis that established how decentralised generalisation

improves with the number of clients and stronger network connectivity, but it will be

upper-bounded by FL in identical conditions due to the full connectivity established

through a central server. This finding justifies modelling federated learning as

the representative form of distributed training when comparing against centralised

training. Building on this foundation, we then derived a PAC-Bayesian formulation of

the generalisation gap, expressed as the discrepancy between the generalisation error

bounds of federated and centralised training. The results show that the gap provably

persists under equal resources, and its magnitude depends on the training and

scenario configuration. Crucially, the analysis also identified that the only effective

way for distributed learning to catch up with centralised training is by gaining an

advantage in the training data size, either through additional clients or by enlarging

local datasets, with the latter proving more efficient. Extensive experiments across

various model architectures and datasets further confirmed the correctness of these

theoretical findings. Based on these theoretical results and empirical validations, the

chapter not only explains why distributed training lags behind centralised training

but also provides principled guidance for reducing the gap in practice.
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4.6 Chapter Notations and Definitions

i, j Client indices

n Number of clients in the network

m Average number of local data across clients

θ,Θ Model parameters

d Dimension of model parameters / Model Size

f, F Loss function

D Dataset

z Data sample

η Learning rate

T Communication rounds

s, t Round indexes

A Algorithm

ϵ Small constant

L,G,B Constants related to assumptions

K Number of participating clients

P Transition matrix of communication

cP Constant depending on P

λ2 Second largest eigenvalue of P

deg node degree in network

β Training perturbation term

δ probability

Q distribution of the output hypothesis

C Covariance matrix about gradient

A Jacobian matrix of the gradient field

k batch ratio

N,D Data size

γ Value depending on data heterogeneity

G Generalisation error bound

SFed, SCen Batch sizes in federated and centralized training
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CHAPTER 5

Understanding the Robustness of Distributed
Self-Supervised Learning Frameworks against
Non-IID Data

Chapter Overview: After establishing theoretical insights into optimal model sizes

and generalisation in distributed learning, our attention now turns to distributed self-

supervised learning (D-SSL), which introduces unique challenges and opportunities.

D-SSL leverages large-scale unlabelled data across decentralised clients, offering great

potential without costly annotation. However, its effectiveness is often undermined by

heterogeneous data distributions, and there is still limited theoretical understanding

of how different frameworks respond. In this chapter, we present a theoretical analysis

of the robustness of D-SSL under non-IID settings. Our results show that Masked

Image Modelling (MIM) exhibits stronger robustness than Contrastive Learning (CL),

and that decentralised SSL becomes more robust with higher network connectivity.

Moreover, federated learning, which aggregates updates globally through a server,

is at least as robust as decentralised learning. Building on these insights, we

propose MAR loss, a lightweight extension of the MIM loss that introduces alignment

regularisation to further enhance robustness under heterogeneous data. Finally,

extensive experiments across architectures and distributed scenarios validate both

our theoretical findings and the effectiveness of MAR loss.
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5.1 Introduction

In the previous chapters, we examined theoretical aspects of distributed learning more

broadly. Building on that foundation, we now focus on distributed self-supervised

learning (D-SSL), a setting that combines the promise of self-supervised representation

learning with the practical reality of decentralised data. The increasing availability

of large-scale unlabelled data across distributed sources, such as images collected

from mobile devices or sensor networks, makes D-SSL an attractive paradigm for

training models without costly annotation. At the same time, it raises fundamental

challenges regarding how different D-SSL frameworks behave under heterogeneous

data distributions.

Existing D-SSL frameworks can generally be distinguished in two aspects: differing

by the adopted self-supervised learning (SSL) method or by the applied distributed

framework. Self-supervised learning (SSL) is a widely used technique to learn

representations without human-labelled annotations by solving pretext tasks that

generate supervisory signals from raw data [36]. Depending on the approach used to

generate supervisory signals, SSL methods are broadly categorised into Contrastive

Learning (CL) and Masked Image Modelling (MIM) [87, 167], with representative

methods like SimSiam [15] and MAE [41]. On the other hand, federated learning

(FL) and decentralised learning (DecL) are two main frameworks in training models

with distributed data [123, 143]. FL aggregates local models via a central server

[100, 174], while DecL enables direct inter-client communications for aggregating

models, enhancing privacy and avoiding the dependence on the central server [4,131]..

The main obstacle facing D-SSL is data heterogeneity. In practice, the data

across clients is often non-independent and non-identically distributed (non-IID),

leading to degradation in both training and downstream performance. To tackle

this challenge, previous works proposed advanced D-SSL algorithms with robustness

to heterogeneous data. Notable examples include FedU [174], Orchestra [93], and

L-DAWA [110]. However, despite continuous algorithmic innovation, there is still a
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lack of theoretical understanding of this data heterogeneity problem. For example,

FedU was designed within the FL framework, but how would its robustness to

non-IID data change if deployed in a DecL framework without coordination from

the server? Similarly, state-of-the-art D-SSL algorithms are primarily based on CL,

while the adaptation of MIM methods to distributed settings remains under-explored.

Could D-SSL based on MIM offer greater robustness to non-IID data than CL-based

methods? These confusions converge into a fundamental research question affecting

the advancement of D-SSL: How robust are different D-SSL frameworks

against data heterogeneity?

In this chapter, we address this question by developing mathematical models of D-

SSL algorithms under a simplified non-IID Setting and analysing the representations

they produce. Our analysis reveals that MIM-based approaches are inherently

more robust than CL-based ones, regardless of whether the underlying framework

is federated or decentralised, although robustness remains limited under severe

heterogeneity. We also show that the robustness of decentralised SSL grows with

network connectivity, and that federated SSL performs on par with decentralised

SSL in the case of full connectivity. Motivated by these findings, we introduce

a refined MIM objective, MAR loss, which improves robustness by encouraging

local-to-global representation alignment. To empirically validate our theoretical

insights and the proposed method, extensive experiments were conducted using

ResNet [43] and Vision Transformer (ViT) [22]. We pre-trained these models with

different D-SSL frameworks across varying levels of heterogeneity and evaluated

their fine-tuning performance on multiple benchmark datasets. Through theoretical

analysis and empirical validation, this chapter lays the foundation for understanding

and improving the robustness of D-SSL algorithms.

5.2 Related Work

Self-supervised Learning. Self-supervised learning (SSL) leverages unlabelled

data by generating pseudo labels from raw inputs to learn meaningful representations
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[36]. Vision-based SSL methods are typically categorised into contrastive learning

(CL) and masked image modelling (MIM) [87, 167]. CL learns representations by

maximising the similarity between positive pairs (i.e., similar data points created by

data augmentation) and minimising it between negative pairs (i.e., data pairs created

by other data points) [14, 42]. Recent methods like SimSiam [15] and BYOL [35]

advance the original contrastive loss by removing terms related to negative pairs,

which improves stability and reduces batch size dependence. MIM, in contrast,

randomly masks out patches of input images and predicts the missing parts, learning

representations through a reconstruction loss [5, 41, 155, 171]. Although different

in formulation, recent studies have shown that many MIM methods have close

connections to CL (i.e., their objectives can be directly re-formulated as contrastive

loss [68,167]). In this chapter, we aim to figure out which SSL paradigm is inherently

more robust against data heterogeneity.

Distributed Learning. Distributed learning enables collaborative model training

across multiple clients without sharing data. Two dominant frameworks in this area

are: federated learning (FL), which uses a central server to coordinate and aggregate

models [100], and decentralised learning (DecL), where clients exchange models

locally with neighbours [4, 131]. While FL is more widely adopted [166] for better

convergence and training effectiveness, DecL offers benefits in scalability and privacy.

Recent studies have started comparing these two frameworks [6,45]. For example,

Sun et al. explored which leads to better generalisation performance and the impact

of network architecture on generalisation [123]. However, the relationship between

network architecture and the robustness against heterogeneous data in distributed

settings is still unclear. This chapter addresses this gap by providing both theoretical

analysis and empirical findings to clarify this relationship.

Distributed SSL. Distributed SSL (D-SSL) integrates SSL with distributed

frameworks to leverage unlabelled, decentralised data while preserving privacy

[158,174]. A core challenge is learning robust representations under data heterogeneity
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[172]. Prior work has primarily focused on algorithmic solutions such as FedU [174]

and L-DAWA [110]. Although some studies also provide theoretical analyses, their

purpose is to demonstrate the validity of the proposed algorithms rather than to

advance the understanding of the robustness variance between different D-SSL

frameworks [58, 93]. The most relevant theoretical work is by Wang et al., who

showed that SSL is more robust than supervised learning in distributed settings [149].

Unfortunately, their study only theoretically analysed a specific case of D-SSL where

CL is combined with FL and did not extend it to other types of D-SSL frameworks.

In contrast, we delve deeper into these differences, shedding light on the insensitivity

of various D-SSL approaches under heterogeneous conditions.

5.3 Problem Setup

To provide theoretical insights on understanding this central question, we first

introduce our problem setup about distributed training and D-SSL with heterogeneous

client data.

5.3.1 Distributed Training

Distributed Setting. Consider a distributed scenario consisting of a connected

network of N clients, represented as a graph G = (V , E), where V is the set of

clients and E is the set of edges denoting direct communication links between clients.

The connectivity of the graph is captured by a matrix A ∈ RN×N , referred to as

the adjacency matrix, where Ai denotes the set including client i ∈ [N ] itself and

its neighbours shown by E , |Ai| represents the size of this neighbourhood set or

the connectivity of client i, and |Ā| = 1
n

∑n
i=1(|Ai|) is the average connectivity

between clients. Hence, distributed training conducted through the decentralised

framework satisfies ∀i ∈ [N ], 2 ≤ |Ai| ≤ N . In contrast, the federated learning

framework relies on a central server that aggregates local models from all clients

and broadcasts the global model back to them in each round, as in FedAvg [100].

This architecture effectively enables every client to communicate with all others
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through the server, which corresponds to a fully connected decentralised topology

where ∀i ∈ [N ], |Ai| = N . From a graph perspective, federated learning can therefore

be interpreted as a special case of the graph-based communication model, where

the communication structure follows a star topology centred at the server. A more

formal specification of the graph structure and the mixing-weight conditions for this

distributed setting is provided in Section 8.3.1.

Objective of Distributed optimisation. To utilise different clients to learn

useful representations, distributed training generally optimises the global objectives

below:

W ∗
Dec = min

W

1

N

N∑
i=1

1

|Ai|
∑
j∈Ai

Lj(Wj); W ∗
Fed = min

W

1

N

N∑
i=1

Li(Wi) (5.1)

where Lj is the objective of local SSL on client j, W ∗
Dec and W ∗

Fed denote the global

objective of DecL and FL, respectively. In particular, at each iteration of DecL, each

client conducts local updates using the local dataset and aggregates the updated

local model with those from neighbours [131]. For generating the global model

for downstream tasks, there will be an additional aggregation on all local models

after all iterations. Differently, the optimisation of FL involves each round of model

aggregation only on the central server [100]. Then, the server broadcasts the global

model to all clients for the next round of training. Note that the FL framework

does not need another aggregation between all local models since the updated global

model on the server can be used directly for fine-tuning.

5.3.2 Rigorous Analysis of D-SSL on a Simplified Non-IID Setting

Non-IID Client Data. D-SSL involves all clients collaboratively training a global

model by leveraging their local unlabelled datasets {Di}Ni=1 and communicating over

the graph G. Since sharing data is prohibited to protect privacy, the heterogeneity

across these distributed data sources generally leads to a performance drop in many

distributed applications [100, 174]. Two common types of data heterogeneity are:
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feature heterogeneity and label heterogeneity [172]. Although D-SSL operates on

unlabelled data, semantic heterogeneity across clients still arises from differences in the

underlying data sources and object categories. Consequently, label distribution skew

is commonly used as a convenient abstraction for modelling statistical heterogeneity

in distributed datasets, since variations in class distributions typically correspond

to shifts in the underlying feature distributions learned by self-supervised models.

Following this intuition, in this paper, we refer to previous works [87, 149] to model

a simplified but formal label non-IIDness between local datasets as follows. The

global data distribution D =
⋃N

i=1Di across clients is assumed to contain unlabelled

data from 2N classes. For the dataset on client i, the local data distribution Di

is constrained and imbalanced on three classes, with most samples belonging to

classes 2i − 1 and 2i, while the remaining very few samples come from the class

hi ∈ [2N ] \ {2i − 1, 2i}. Specifically, for a sufficiently large positive integer d > 0,

let x ∈ Rd ∼ Di be the data points in the local dataset and e1, . . . , ed be the

standard unit-norm vectors of the d-dimensional Euclidean space. For class 2i− 1,

we set x(2i−1) = ei − ΣN
k ̸=i,k=1q

(2i−1,k)τek + µξ(2i−1), where τ and µ are two positive

hyperparameters, q is sampled uniformly from {0, 1} and ξ ∼ N (0, I) from Gaussian

distribution. Likewise, for class 2i, we define x(2i) = −ei − ΣN
k ̸=i,k=1q

(2i,k)τek + µξ(2i).

The size of the data from classes 2i−1 and 2i are equal and both grow in polynomials

of d. For infrequent class hi, the samples are generated as: x(hi) = ehi
+ µξ(hi) and

the amount of data is sublinear in d, denoted as O(dα) with α ∈ (0, 1)). Furthermore,

we assume all N local datasets to have an equal total number of samples, i.e.,

|D1| = |D2| = . . . = |DN |. To facilitate understanding, we provide an overview of

this non-IID data distribution in Figure 5.1. Next, we consider CL and MIM as two

main paradigms of SSL and formulate CL and MIM, respectively.

CL Formulation. For CL, we adopt the more advanced SimSiam [15] which

trains with only the positive pairs (ga(x), gb(x)), where ga(·) and gb(·) are random

augmentations drawn from SimSiam’s augmentation policy (e.g., Gaussian noise,
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Figure 5.1: Illustration of the constructed heterogeneous distribution for
local data on clients. Each client holds two unique data classes.

flipping). Consider a linear embedding function fW (x) = Wx, where the weight

matrix W satisfies W ∈ Rc×d and c ≥ 2N according to the distributed settings, the

local objective on client i is defined as below:

LCL = −Ex∼Di
||(W (ga(x)))⊺(W (gb(x)))||2 +

1

2
||W ⊺W ||2F . (5.2)

Eq.(5.2) captures the SimSiam loss by utilising the negative inner product ⟨a, b⟩

to measure the distance between the positive pairs. This objective also excludes a

feature predictor for simplicity and includes a regularisation term ||W ⊺W ||2F for more

mathematically tractable, similar to previous works [87, 149]. Note that Eq.(5.2)

stands for a general form of SimSiam loss due to the wide class of augmentation

functions [36]. For a detailed and tractable theoretical exploration, we consider

the linear formulation of data augmentation and further differentiate CL by the

similarity between ga(·) and gb(·). In particular, for the case where the positive pairs

are generated by similar augmentations, the objective becomes:

LCL = −Ex∼Di
||(W (x+ ξ))⊺(W (x+ ξ′))||2 +

1

2
||W ⊺W ||2F , (5.3)

where ξ, ξ′ ∼ N (0, I) are random noise sampled IID from the Gaussian distribution.

On the other hand, when ga(·) and gb(·) are different, we define the loss with the
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following form:

L′
CL = −Ex∼Di

||(W (x+ ξ))⊺(W (Hx))||2 +
1

2
||W ⊺W ||2F , (5.4)

where H ∈ Rd×d denotes a linear image transformation (e.g., rotation, translation,

horizontal or vertical flip, etc.). The formal conditions on H are given in Section

8.3.1

MIM Formulation. For MIM, a random binary mask m ∈ {0, 1}d (created by

uniformly sampling 0 with probability p, i.e., mask ratio) is applied to partition

the input x into two complementary views: the unmasked part x1 = x ⊙ m and

the masked part x2 = x ⊙ (1 − m) satisfying x1 + x2 = x. Then, we train an

encoder-decoder model f = fd ◦ fe, where the encoder fe encodes the input x1 to a

latent representation z = fe(x1), and the decoder fd decodes z back to pixel space

to reconstruct the masked part x2. Hence, considering a linear encoder and decoder

with embedding matrix We ∈ Rc×d and Wd ∈ Rd×c, the local objective of MIM is

given by

LMIM = Ex∼Di
Ex1,x2|x||fd(fe(x1))− x2||2 = Ex∼Di

||WdWe(x⊙m)− (x⊙ (1−m))||2,
(5.5)

where the mean square error (MSE) loss is utilized to enforce the reconstructed

image to be similar to the original image, and ⊙ denotes the Hadamard product.

Recent studies have focused on the connection between MIM and contrastive losses

and found that the MIM reconstruction objective admits an alignment between

the masked and unmasked parts [68, 167]. Based on these results, we adopt an

alignment-style formulation of Eq.(5.5) with W := We ∈ Rc×d:

LMIM = −Ex∼Di
[(W (x⊙m))⊺(W (x⊙ (1−m)))] +

1

2
||W ⊺W ||2F , (5.6)
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which implicitly aligns the masked and unmasked views in the embedding space. The

regularization term ||W ⊺W ||2F is also introduced to ensure a well-posed quadratic

form and improve the traceability.

5.4 Theoretical Insights

In this section, we use the above problem setup to model different D-SSL frameworks

and compare their robustness to heterogeneous data. Our analysis is based on

the observation that the robustness of distributed SSL to non-IID data can be

reflected in the representations learned under different training objectives and network

architectures. Under the non-IID data model introduced above, we first analyse

how different SSL paradigms and distributed communication structures influence the

learned representations. We then compare these representations to characterise their

sensitivity to heterogeneous data and derive the corresponding theoretical insights

on robustness. The complete proof of our analysis is provided in Section 8.3.

5.4.1 Analysis of Representations Learned by D-SSL

We begin our theoretical analysis with the following definition of the representability

of the learned representation.

Definition 2. (Representability Vector (RV)). Let {e1, . . . , ed} be the standard basis

of Rd. Let W = [w1, . . . , wc]
⊺ ∈ Rc×d be the feature matrix learned by the linear

embedding function fW (x) = Wx, where c ≤ d. For row space R = row(W ) ⊆ Rd,

we denote the representability of R as a vector r = [||ΠR(e1)||22, . . . , ||ΠR(ed)||22]⊺,

where ΠR(ek) is the projection of ek onto R for k ∈ [d]. Hence, we have ||ΠR(ek)||22 =∑c
j=1(e

⊺
kvj)

2, where {v1, . . . , vc} is any orthonormal basis of R.

The intuition behind this definition is that for any input vectors x ∈ Rd, the

learned feature space should have a good representation of the standard basis vectors,

e1, . . . , ed, to perform well. In particular, these basis vectors should have large

projections onto the feature space. The introduction of the representability vector
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allows us to quantitatively assess the feature space learned by different D-SSL

frameworks. Similar definitions and notations have also been used in previous works

studying the feature space of SSL [87,149]. Based on this definition and the above

problem setup, we establish the following theorem for D-SSL frameworks that are

based on MIM pre-training.

Theorem 11. (Representability of Distributed MIM). Consider a distributed scenario

consisting of N = Θ(d
1
20 ) clients and following the above non-IID setup with τ = d

1
5

and µ = d−
1
5 . For distributed SSL that utilises Masked Image Modelling (MIM) as

the pre-training approach, with a high probability, the following statements hold:

1. Let rMi = [rMi,1, . . . , r
M
i,c]

⊺ be the local RV learned on client i, then we have

1− O(d−
2
5 )

2p(1−p)d
2
5+O(d−

2
5 )
≤ rMi,k ≤ 1, where i ∈ [N ]\k.

2. Let r̄MDec = [r̄M1 , . . . , r̄
M
c ]⊺ be the RV learned through the global objective of

DecL framework, then we have 1− O(d−
2
5 )

2p(1−p)(1−1/|Ā|)d
2
5+O(d−

2
5 )
≤ r̄MDec ≤ 1; while

for the RV r̄MFed = [r̄M1 , . . . , r̄
M
c ]⊺ learned through the FL framework, we have

1− O(d−
2
5 )

2p(1−p)d
2
5−Θ(d

7
20 )+O(d−

2
5 )
≤ r̄MFed ≤ 1.

Theorem 11 shows the status of the feature space learned by distributed MIM

with different objectives (i.e., local vs decentralised global vs federated global). Note

that for each provided representability vector, we find a unique lower bound and a

shared upper bound (considering
∑d

j=1(e
⊺
kej)

2 = 1). The distance between the lower

and upper bound states how much the learned representation fluctuates in the c unit

directions, e1, . . . , ec, associated with data generation. Therefore, the smaller the

distance, the less sensitive the representation space is to the non-IID distribution of

local datasets on clients. In other words, the corresponding D-SSL is more robust to

data heterogeneity.

By a similar proof, we derive the representability vectors for D-SSL methods with

CL pre-training as follows.
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Theorem 12. (Representability of Distributed CL). Consider the same distributed

scenario in Theorem 11. For distributed SSL that utilises Contrastive Learning (CL)

as the pre-training approach, with a high probability, the following statements hold:

1. Let rCi = [rCi,1, . . . , r
C
i,c]

⊺ be the local RV learned on client i. If positive pairs are

generated by similar augmentations, we have 1− O(d−
1
5 )

d
2
5+O(d−

1
5 )
≤ rCi,k ≤ 1, where

i ∈ [N ]\k. Otherwise, we have 1 − O(d−
1
5 )

tr(H)d
2
5+O(d−

1
5 )
≤ rCi,k ≤ 1 for dissimilar

augmentations, where tr(H) denotes the trace of image transform matrix H.

2. Let r̄CDec = [r̄C1 , . . . , r̄
C
c ]⊺ be the RV learned through the global objective

of DecL framework, then we have 1 − O(d−
1
5 )

(1−1/|Ā|)d
2
5+O(d−

1
5 )
≤ r̄CDec ≤ 1

and 1 − O(d−
1
5 )

tr(H)(1−1/|Ā|)d
2
5+O(d−

1
5 )
≤ r̄CDec ≤ 1 for similar and dissimilar

augmentations, respectively; while for the RV r̄CFed = [r̄C1 , . . . , r̄
C
c ]⊺ learned

through the FL framework, we have 1 − O(d−
1
5 )

d
2
5−Θ(d

7
20 )+O(d−

1
5 )
≤ r̄CFed ≤ 1 and

1− O(d−
1
5 )

tr(H)d
2
5−d

2
5+O(d−

1
5 )
≤ r̄CFed ≤ 1.

Theorem 12 demonstrates that the local and global feature spaces learned by

distributed CL are distinct from those learned by distributed MIM. However, it is not

obvious which feature spaces hold a smaller gap between the lower and upper bounds.

To determine which type of pre-training is less sensitive to data heterogeneity, we

further compare their global feature spaces learned in DecL and FL framework,

respectively, and summarize the results in the following theorem.

5.4.2 MIM is Inherently More Robust than CL with Heterogeneous Data

Theorem 13. Let s = ⌈r̄⌉−⌊r̄⌋ be the sensitivity of distributed SSL to heterogeneous

data x ∈ Rd, with ⌊r̄⌋ and ⌈r̄⌉ to denote the lower and upper bound of the learned

global representability vector r̄. For any network architecture, distributed SSL satisfies

the following property: limd→∞[sC > sM ], where sC and sM represent the sensitivities

of distributed SSL adopting contrastive learning and masked image modelling as the

pre-training approach, respectively.
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The main intuition for the greater robustness (or smaller sensitivity) of distributed

MIM is that CL learns representations from aligning features of the positive pair

generated from the original data through data augmentation, whereas MIM aligns

features of the reconstructed and the raw data to learn representations. Although

the applied augmentation generally does not lead to a change in data labels [14,15],

the output is still a different image. In contrast, the masking operation splits

the original image into the masked and unmasked parts, but a portion of the

original data is retained in both parts. As a result, CL learns a local representation

with greater randomness, and that additional randomness is also biased by local

labels. Considering that data heterogeneity already exists among clients, the global

representation learned by distributed CL is less uniform than that learned by

distributed MIM.

5.4.3 Impact of the Average Connectivity on Non-IID Robustness

Next, we shift our focus to another dimension that distinguishes D-SSL algorithms

and address the question: how does the network architecture affect the robustness

of the feature space learned by D-SSL? The tool for solving this question is again

the bounds of the representability vector. For the DecL setup where clients directly

communicate with their direct neighbours, Theorem 11 and 12 have implicitly shown

the answer.

Corollary 2. For any SSL pre-training approaches, if the distributed scenario is

fully decentralised (i.e., without a central server), the robustness of distributed SSL

against heterogeneous local data improves with the average connectivity |Ā| between

clients in the network.

Corollary 2 also implies that the robustness of D-SSL conducted in a federated

setup should be no worse than in a fully decentralised network. Consider the best

case of the network topology, where each client can communicate with all other

clients in the network. In this case, each client receives a model aggregated by the

local models from all clients, which is exactly the global model distributed by the
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server in the federated setup. We can continue exploring to verify that this intuition

is correct. Theoretically, combining Theorem 11, Theorem 12, and Corollary 2, we

arrive at another main theorem addressing the question introduced at the beginning

of this section.

Theorem 14. For any SSL pre-training paradigms, distributed SSL satisfies the

following property: limd→∞[sDec ≥ sFed], where sDec = maxk∈[c] r̄
(k)
Dec −mink∈[c] r̄

(k)
Dec

denotes the sensitivity of distributed SSL performed in the DecL setup (i.e., clients

directly communicate with neighbors), and sFed = maxk∈[c] r̄
(k)
Fed − mink∈[c] r̄

(k)
Fed

represents the sensitivity of distributed SSL performed in the FL setup (i.e., all

clients are indirectly connected through the central server).

This theorem further demonstrates the robustness trade-off between applying SSL

in federated and decentralised frameworks. For less concern about the impact of

data heterogeneity, we should conduct distributed SSL in a federated setup (often

also referred to as federated self-supervised learning [93, 110, 174, 175]). However,

the decentralised case is more common in reality, as it is challenging to provide a

central server that can be trusted by all clients and has stable communication with

them. Then, we can consider increasing the average connectivity between clients in

the network to minimise the negative impact of heterogeneous data on training (e.g.,

identifying under-connected clients and creating new direct communication links).

5.5 MAR Loss: Improving the Robustness of Distributed
MIM to Data Heterogeneity with Local-to-Global

Alignment Regularisation

The preceding analysis has addressed the main focus of this paper by establishing

theoretical insights into the robustness of different D-SSL frameworks under

heterogeneous data. As a further step, we illustrate how these insights can guide

a more robust algorithmic design. In particular, our results show that although

distributed MIM is fundamentally more robust than CL, its training dynamics
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Algorithm 1 FedMAR Algorithm

Input: initial modelW 0, number of local updates E, number of training rounds T , learning
rate η, the upper bound of regularisation weight γmax, the lower bound γmin

Output: optimised global model W T

1: for t = 0, . . . , T − 1 do
2: if t = 0 then
3: server broadcasts W t to C ∼ [N ]
4: else
5: computes γ

(i)
t by γmax, γmin on server (Eq.(5.9))

6: server broadcasts W t, z̄, γ
(i)
t to C ∼ [N ]

7: for client i ∈ C in parallel do
8: W t

i,0 ←W t

9: if t = 0 then
10: W t

i,E , zi ← SGD(W t
i,0, η, E,LMIM )

11: else
12: W t

i,E , zi ← SGD(W t
i,0, η, E,LMAR(z̄, γ

(i)
t )) (Eq.(5.7))

13: sends W t
i,E , zi to server

14: z̄ = 1
|C|
∑

i∈C zi

15: W t+1 ← 1
|C|
∑

i∈CW
t
i,E

are dominated by the client-specific covariance, causing local encoders to drift

toward different directions before aggregation gradually mitigates this effect. This

observation motivates us to refine the MIM objective with an additional term that

explicitly and dynamically promotes consistency between local and global masked

representations, which we term MAR loss. The integration of MAR into both

federated and decentralized frameworks is summarized in Algorithms 1 and 2.

Formally, MAR loss augments the MIM objective with an alignment regularization

term:

LMAR = Ex∼Di
Ex1,x2|x

[
∥fd(fe(x1))− x2∥2 + γ

(i)
t · A-MMD(zi, z̄)

]
, (5.7)

where zi = fe(x1) and z̄ denote the local masked and global representations, and

γ
(i)
t > 0 is a dynamic weight for alignment. The alignment regularizer is based

on Maximum Mean Discrepancy (MMD), a widely used measure of distributional

discrepancy in machine learning [31,34,77]. MMD compares whether two distributions
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Algorithm 2 DecMAR Algorithm

Input: initial models W−1
i,E , number of local updates E, number of training rounds T ,

learning rate η, the upper bound of regularisation weight γmax, the lower bound γmin

Output: optimised global model W T

1: for t = 0, . . . , T − 1 do
2: for client i ∈ [N ] in parallel do
3: if t = 0 then
4: send W t−1

i,E to its neighbours
5: else
6: computes γ

(i)
t by γmax, γmin for each neighbour (Eq.(5.9))

7: send W t−1
i,E , zi, γ

(i)
t to its neighbours

8: z̄ = 1
|Ai|
∑

j∈Ai
zj

9: W t
i,0 ← 1

|Ai|
∑

j∈Ai
W t−1

j,0

10: if t = 0 then
11: W t

i,E , zi ← SGD(W t
i,0, η, E,LMIM )

12: else
13: W t

i,E , zi ← SGD(W t
i,0, η, E,LMAR(z̄, γ

(i)
t )) (Eq.(5.7))

14: W T ← 1
N

∑
i∈[N ]W

T−1
i,E

P and Q differ by mapping samples into a reproducing kernel Hilbert space (RKHS)

and evaluating differences in their feature means. Typically, MMD adopts a Gaussian

kernel k(x, x′) = exp(−∥x− x′∥2/2σ2).

In MAR, we employ an adaptive version (A-MMD) to compare the feature spaces

of local and global representations more robustly. Unlike prior FL works that use

vanilla MMD [52,84,94], A-MMD selects the kernel bandwidth automatically rather

than fixing it. Given batches of local and global embeddings of equal size B, A-MMD

is computed as:

A-MMD(zi, z̄) =
1

B(B − 1)

(∑
a̸=b

k(zi,a, zi,b) +
∑
a̸=b

k(z̄a, z̄b)

)
− 2

B2

B∑
a=1

B∑
b=1

k(zi,a, z̄b),

(5.8)

with the adaptive kernel defined as k(z, z′) = exp(− ||z−z′||
2(meana̸=b||za−zb||)2

) . This data-

driven choice ensures stability across non-IID clients by scaling the kernel to the

observed embedding distribution.

Finally, to balance early-stage consensus and late-stage efficiency, we design the

regularization weight γ
(i)
t to decay smoothly from γmax to γmin. We adopt a cosine
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schedule based on client participation:

γ
(i)
t = γmin + (γmax − γmin) · 1

2

(
1 + cos

π·ω(i)
t

Ω

)
, (5.9)

where ω
(i)
t counts the number of times client i has been selected up to round t, and

Ω controls the decay horizon. In DecL, where all clients participate every round,

one can simply set Ω = T . In FL with partial participation, a practical choice

is the expected number of selections per client, or T as a default. This schedule

applies stronger alignment at the early training rounds when client divergence is

most pronounced, and gradually relaxes toward γmin as training progresses, ensuring

dynamic robustness gains.

5.6 Experiments

In this section, we conduct extensive experiments to validate the correctness of

our derived theoretical insights and evaluate the effectiveness of the MAR loss in

improving the robustness of distributed MIM against data heterogeneity. We first

introduce the experimental setup. Then we assess our results in different datasets,

model backbones, and distributed settings.

5.6.1 Experimental Setup

Datasets and Distributed Simulation. We pre-train our models on the Mini-

ImageNet dataset [145], which contains 60,000 images extracted from the ImageNet

dataset [19]. To simulate a distributed scenario with label non-IIDness, the dataset

is partitioned by sampling the class priors of the Dirichlet distribution [51]. A more

heterogeneous division can be made with a smaller Dirichlet parameter α during

sampling, while the IID case is simulated by setting a very large α. Besides, we

follow prior works to simulate feature heterogeneity by uniformly dividing datasets

and applying unique data augmentation for each client [149,172]. Hence, the labels

of local data are kept the same but features are skewed into different domains
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before training. Furthermore, to simulate the DecL setup, we use the Erdős-Rényi

model [28] to initialise a connected network with the number of clients and the

average connectivity as inputs and return the adjacency matrix A. For FL, we

additionally assume there exists a central server that can communicate with all the

clients in this network. After pre-training, the models’ backbones are fine-tuned

on benchmark datasets, including CIFAR-10, CIFAR-100 [70], and ImageNet [19]

dataset. We collect their fine-tuning accuracies for our analysis.

Table 5.1: Experiment Settings of Chapter 5.

Details

Model Architecture ResNet [43], Vision Transformer (ViT) [22]
Number of layers in ResNet 18
Number of blocks in ViT 5
Pre-training Method MAE [41], SimSiam [15]
Pre-training Dataset Mini-ImageNet [145]
Fine-tuning Dataset CIFAR-10/100 [70], ImageNet [19]
Non-IID Options (i.e. the value of α) {1e5 (IID), 1, 0.1, 0.01, 0.001}
Options for the γ used in MAR loss {1, 0.1, 0.01, 0.001}
For Federated Learning (FL):
Number of clients 100
Number of sampled clients per round 5
Number of local training epochs 2
Number of total training rounds 100

For Decentralised Learning (DecL):
Number of clients 20
Options for average connectivity 3, 5, 10, 20 (equals to FL)
Number of local training epochs 1
Number of total training rounds 25

Fine-tuning Epochs 50/100 (CIFAR-10/100), 20/100 (ImageNet)
Pre-train Batch Size 128
Fine-tune Batch Size 256 (CIFAR-10/100), 1024 (ImageNet)
Base Learning Rate 1.5e-4

Implementation Details. For our experiments, we use ResNet [43] and Vision

Transformer (ViT) [22] as the model architecture. Following the problem setup in

theoretical analysis, we select SimSiam [15] and MAE [41] as the representatives

of CL and MIM pre-training, respectively. In original works, SimSiam is used to

pre-train ResNet models, while MAE is used to pre-train ViTs. We implement
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two new SSL baselines to show that our theoretical insights apply to any model

architecture. One uses SimSiam to pre-train ViTs, and the other one pre-trains

ResNet through MAE. Furthermore, we follow the classical distributed algorithms,

D-PSGD [82] and FedAvg [100], to implement the DecL and FL frameworks, and

then implement our FedMAR and DecMAR algorithms based on these frameworks.

All our codes are implemented in Python using the PyTorch framework and executed

on a server with 4 NVIDIA® RTX 3090 GPUs. The detailed training setup and

server configuration can be found in Tables 5.1 and 5.2.

Table 5.2: Server Settings of Chapter 5.

Config Details
Server GPU Count 4
Server GPU Type RTX 3090 (24GB)
Server CPU Type AMD EPYC 7282 16-Core
CUDA 12.4
Framework PyTorch

5.6.2 Empirical Validation of Theory

Insensitivity Superiority of Distributed MIM. Table 5.3 compares the impact

of data heterogeneity on the pre-training effectiveness between distributed MIM

and CL. With highly heterogeneous data, the learned local feature space will be

significantly different across clients, resulting in a greater divergence between local

and global feature space and a larger drop in performance compared to the IID

setup [93,174,175]. Across various datasets and backbone architectures, we observe

that distributed MIM consistently exhibits a smaller performance gap between IID

and non-IID settings compared to distributed CL. The experimental results align

with Theorem 13, verifying that MIM is less sensitive than CL when handling

heterogeneous data in distributed scenarios.

Besides Table 5.3 demonstrating the non-IID robustness of distributed CL and

MIM by the gap in fine-tuning accuracy, we further explore the differences in their

learned features empirically. Specifically, we simulate a heterogeneous setting with

100 clients using a Dirichlet sampling with α = 0.1. For each D-SSL framework, we
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Table 5.3: Fine-tuning accuracy (%) of backbones pre-trained by different
D-SSL algorithms. All results are the mean of three trials (L/non-IID = Label
Non-IID; F/non-IID = Feature Non-IID). The values in brackets denote the gap
between IID and non-IID performance.

CIFAR-10

IID L/non-IID F/non-IID

SimSiam + CNN 86.03 84.33 (↓1.70) 84.62 (↓1.41)
MAE + CNN 87.28 86.97 (↓0.31) 86.17 (↓1.11)
SimSiam + ViT 72.32 69.50 (↓2.82) 70.66 (↓1.66)
MAE + ViT 69.90 68.20 (↓1.70) 69.32 (↓0.58)

CIFAR-100

IID L/non-IID F/non-IID

SimSiam + CNN 58.91 57.80 (↓1.11) 57.81 (↓1.10)
MAE + CNN 57.86 57.77 (↓0.09) 57.20 (↓0.66)
SimSiam + ViT 48.60 43.49 (↓5.11) 43.07 (↓5.53)
MAE + ViT 50.04 48.95 (↓1.09) 49.60 (↓0.44)

ImageNet

IID L/non-IID F/non-IID

SimSiam + CNN 46.74 46.10 (↓0.64) 46.41 (↓0.33)
MAE + CNN 45.88 45.87 (↓0.01) 45.80 (↓0.08)
SimSiam + ViT 61.97 59.86 (↓2.11) 59.13 (↓2.84)
MAE + ViT 62.69 62.25 (↓0.44) 62.51 (↓0.18)

obtain three pre-trained ViT backbones: (1) a global model trained using federated

learning across all clients; and (2) two local models trained solely on data from client

1 and client 100, respectively. To compare their learned feature spaces, we extract the

encoder features of each model. These high-dimensional features are first projected

to 20 dimensions using principal component analysis (PCA) and then embedded into

2D space using Umap [99] for visualisation.

Figure 5.2 presents the features of local and global models learned by each D-SSL

method. Each column corresponds to one method, while each row shows features

from a specific model (client 1, client 100, and the global model). We observe that

for distributed MIM methods, the local features are more aligned with each other

and also closer to the global features, suggesting more consistent representations
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Table 5.4: Weight distance between local and global models learned from
different D-SSL methods.

l2-Norm Difference SimSiam + ViT MAE + ViT MAR + ViT

local 1 vs local 100 45.37 36.10 35.75
local 1 vs global 40.34 31.57 31.38
local 100 vs global 38.39 31.77 31.25

ℓ2-norm difference between local and global model weights and report the sum across

all layers. The results show that distributed MIM methods (MAE and MAR) yield

significantly lower weight distances compared to distributed CL, reinforcing the

observation that MIM leads to more stable and consistent model updates in the

presence of non-IID data.

Furthermore, we observe that the difference between MAE and MAR is relatively

moderate. This is consistent with their shared foundation in masked image modelling,

where the core reconstruction objective already provides strong robustness to data

heterogeneity. The additional alignment in MAR therefore acts as a refinement that

further improves consistency across clients, rather than introducing a fundamentally

different behaviour.

Impact of Average Connectivity on Non-IID Robustness. We verify our

second insight by setting up decentralised networks with different average connectivity

|Ā|. For the same |Ā|, we consider two cases: (1) a general case where the number of

neighbours |Ai| varies across clients, and (2) a uniform case where all clients have the

same connectivity, i.e., ∀i ∈ [N ], |Ai| = |Ā|. Additionally, we set up a FL scenario

with 20 clients training in parallel per round. Figure 5.3 shows that Corollary 2 is

correct. We can observe that the fine-tuning accuracy of decentralised SSL increases

with |Ā|. Moreover, Figure 5.3 provides empirical evidence for Theorem 14. We find

that pre-training in the federated framework is no less robust than in decentralised

frameworks against heterogeneous data.
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Figure 5.3: Impact of the average connectivity between clients on the
non-IID robustness. Models are pre-trained in a network with 20 clients and then
fine-tuned on CIFAR-100. The blue line shows the results of DecL, and the orange
line shows FL results.
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Figure 5.4: Comparison of MAR and MIM loss on robustness to data
heterogeneity in federated and decentralised settings.

Effect of Different Consensus Matrices on Robustness Theory. This

experiment examines whether our robustness findings remain valid under different

choices of consensus matrices in decentralized learning. The theoretical bounds

link robustness to the average connectivity of the network graph, while the average

connectivity is closely related to how efficiently information mixes across clients. If

various consensus rules produced qualitatively different mixing behavior, they could
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Table 5.5: CIFAR-100 Accuracy (%) of decentralized MIM under different
consensus matrices. Results are averaged over three test runs.

Method Avg Connectivity ≈ 5 Avg Connectivity ≈ 10

FL (reference) 52.72 52.72
DecL with Data Size Weights 46.62 52.28
DecL with Degree Normalized 45.34 52.08
DecL with Doubly Stochastic 45.22 52.18
DecL with Push Sum 45.19 52.22

in principle affect robustness. To test this, we conduct two groups of experiments on

decentralized networks with 20 clients under strong non-IID conditions using α = 0.1.

In the first group, the network has an average connectivity of around 5, while in

the second group, connectivity is increased to about 10. Within each group, we

pre-train distributed MIM using four commonly adopted consensus schemes, including

data size weighting, degree normalized averaging, doubly stochastic matrices, and

push sum, and compare all results against a federated learning baseline with the

same number of clients. The results in Table 5.5 show a consistent pattern. When

connectivity is low, all decentralized variants suffer a noticeable accuracy loss relative

to federated learning, and the specific consensus rule makes only minor differences.

When connectivity increases, all decentralized variants recover to a level that is

close to the federated baseline yet never surpass it. These findings confirm that the

qualitative ordering predicted by the theory persists. The choice of consensus matrix

influences only constant factors in mixing but does not overturn the robustness

relation that federated learning is at least as robust as decentralized learning.

5.6.3 Evaluation of the MAR Loss

Superior Performance over Vanilla MIM. To validate the effectiveness of the

proposed MAR loss, we compare it against the standard MIM loss in both FL and

DecL frameworks under varying degrees of data heterogeneity. Figure 5.4 illustrates

that, as the non-IID level increases (i.e., the Dirichlet parameter α decreases from

1 to 0.001), fine-tuning accuracy declines across all methods. However, models
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Table 5.6: Comparison of FedMAR with SOTA F-SSL methods on Non-IID data
(α = 0.1) under cross-device (n = 100) settings. Each method was pre-trained with
Mini-ImageNet Dataset. The table shows the mean fine-tuning accuracy (%) of three trials.

Method Architecture Params GFLOPS CIFAR-10 CIFAR-100 ImageNet

FedU [174] ResNet-18 38.47M 7.40 72.02 38.44 65.10
FedEMA [175] ResNet-18 38.47M 7.40 70.73 40.78 65.24
Orchestra [93] ResNet-18 11.84M 7.31 88.87 70.11 65.02
FeatARC [149] ResNet-18 11.70M 1.83 89.60 64.11 68.17
LDAWA [110] ResNet-18 15.39M 1.83 89.95 68.96 51.43
FedU2 [83] ResNet-18 15.39M 1.83 82.39 55.49 45.27

FedMAR(Ours) ResNet-18 22.50M 3.64 92.70 70.82 65.36
FedMAR(Ours) Tiny-ViT 11.60M 0.88 90.03 71.28 75.99

pre-trained with MAR loss consistently outperform those trained with MIM loss

across all non-IID levels. This trend is evident in both FL and DecL frameworks,

demonstrating that MAR loss effectively mitigates the sensitivity of distributed MIM

to non-IID data.

Compare MAR to State-of-the-art Baselines. Furthermore, to more compre-

hensively evaluate the performance of our proposed loss, we compare the federated

learning application, FedMAR, against several state-of-the-art (SOTA) federated

self-supervised learning (F-SSL) baselines in a non-IID distributed setting. The SOTA

baselines involve: 1) FedU [174]: Using the divergence-aware predictor module for

dynamic updates within the self-supervised BYOL network [35]; 4) FedEMA [175]:

Employing EMA of the global model to adaptively update online networks; 5)

Orchestra [93]: Combining clustering algorithms with Federated Learning for better

model aggregation. 6) FeatARC [149]: Combining clustering techniques with

feature alignment; 7) LDAWA [110]: Smartly aggregating models according to the

angular divergence between local models; and 8) FedU2 [83]: Optimising training

with the flexible uniform regulariser and efficient unified aggregator. Following prior

works [110,174], we simulate a highly heterogeneous scenario with 100 clients sampled

from a Dirichlet distribution with α = 0.1. In each round, 5 clients are randomly

selected and each conducts 10 epochs of local training for 200 rounds in total.
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Since most baselines employ ResNet-18 [43] as the backbone, we first implement

FedMAR with ResNet-18 for a direct comparison. As shown in Table 5.6, FedMAR

employed on ResNet-18 achieves higher accuracy on CIFAR-10 and CIFAR-100 while

obtaining comparable results on ImageNet. This indicates that MAR loss can provide

tangible improvements even when using the same CNN backbone as prior methods.

To further examine the generality of MAR, we also evaluate FedMAR with

a lightweight Vision Transformer backbone (Tiny-ViT). Importantly, this model

has a comparable number of parameters and GFLOPs to ResNet-18, ensuring

fairness in comparison. In this setting, FedMAR employed on Tiny-ViT achieves

superior performance on all three benchmarks, surpassing CNN-based baselines while

maintaining lower computational cost. These results suggest that MAR loss is not

limited to convolutional architectures and can be particularly effective when applied

to transformer-based models in federated self-supervised learning.

Ablation Study on Alignment Metric. Our MAR loss (Eq.5.7) involves two key

components: the dynamic regularisation weight γt and the A-MMD distributional

penalty used to align local and global representations. To understand their impact,

we perform ablation studies on each component. We first evaluate the contribution

of the alignment metric.

For baselines, we consider two commonly used choices in prior work: cosine

similarity, which has been widely adopted in federated SSL studies for enforcing

alignment between local and global feature spaces [149], and vanilla MMD with a

fixed kernel bandwidth, which has also been explored in recent federated learning

works [52, 84, 94]. In addition, following standard practice in kernel methods [34], we

include vanilla MMD with the bandwidth selected by the median heuristic, which

adapts the kernel scale to the data distribution.

On top of these baselines, we evaluate our data-adaptive variant A-MMD, where

the kernel bandwidth is estimated from pairwise distances between samples using

either the median or mean statistics. As shown in Table 5.7, using the median heuristic
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Table 5.7: Evaluation of different alignment metrics for MAR loss on
CIFAR-100. We report accuracy (%) under three settings of fixed γ: 1e−1, 1e−2,
and 0 (degenerate to vanilla MIM).

Metric γ = 1e−1 γ = 1e−2 γ = 0
Cosine Similarity 51.71 52.47 51.45
Vanilla MMD (σ = 1) 51.79 52.12 51.45
Vanilla MMD (median σ) 52.15 53.09 51.45
A-MMD (median σ) 52.42 54.13 51.45
A-MMD (mean σ) [Ours] 54.09 54.39 51.45

Table 5.8: Evaluation of regularisation weight γ for MAR loss.

Weight Schedule Acc(%)
γ = 1 51.50
γ = 1e−1 54.09
γ = 1e−2 54.39
γ = 1e−3 53.55
γ : 1e−1→ 1e−3 (cosine decay) 54.91

already provides a clear improvement over fixed-bandwidth MMD, highlighting the

importance of data-dependent kernel scaling. Building on this, A-MMD further

improves performance across different γ values, consistently outperforming both

cosine similarity and vanilla MMD with median bandwidth. Between the two variants,

using the mean of pairwise distances achieves slightly better performance, and is

adopted as our default design.

Ablation Study on Regularisation Weight. Next, we analyse the impact of the

regularisation weight γ by fixing the alignment metric to A-MMD. Results in Table

5.8 show that using a large weight (γ = 1) degrades performance, as the alignment

term overwhelms the reconstruction objective. Conversely, very small weights such as

γ = 1e−3 reduce MAR to a near-vanilla MIM objective and fail to deliver sufficient

robustness gains. Moderate fixed values such as γ = 1e−2 and γ = 1e−1 yield

stronger results, but still remain below our proposed dynamic schedule.

Notably, the cosine decay schedule that smoothly decreases γ from 1e−1 to

1e−3 achieves the best performance (54.91%). This validates our intuition behind

dynamic weighting: stronger alignment is most beneficial in the early stage when
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client divergence is high, while gradual weight relaxation avoids excessive penalty in

later stages. These findings highlight the importance of the dynamic design in MAR

loss, which not only achieves higher accuracy but also improves training stability.

5.7 Further Discussions on Concerns of MAR

When deploying MAR loss in practice, natural concerns arise regarding the potential

privacy risks and the additional communication associated with sharing local

representations. We provide both quantitative and qualitative analyses below to

show that these costs remain modest and manageable.

5.7.1 Privacy Considerations

The information communicated by MAR is limited to local representations zi = fe(x1)

derived from the unmasked portion of the input. Because MIM typically adopts a

high masking ratio (e.g., 75% in MAE [41]), most raw content remains hidden and

the embedding dimensionality is substantially reduced, which mitigates potential

leakage. For stronger guarantees, MAR can be further combined with standard

Differential Privacy (DP) mechanisms [101,153] by perturbing embeddings before

transmission, e.g., zi ← fe(x1) +N (0, σ2I) with σ calibrated to satisfy (ϵ, δ)-DP.

5.7.2 Communication Overhead

In addition to the standard model updates (e.g., gradients or weights), MAR transmits

compact masked embeddings computed from the unmasked portion of each input.

This is the sole extra payload introduced by MAR. For instance, in the MAE

(ViT-B/16) setting on ImageNet with a 75% masking ratio, each image has 196

patches, of which 49 remain visible. With hidden size 768 and batch size 256, this

yields about 49 × 768 × 256 float values (≈ 36.8 MB in float32). By contrast, a

full model with 86M parameters is ≈ 328 MB, so the additional cost from MAR is

only ∼11% under this configuration. Crucially, in cross-device settings where small

batches are common, this extra cost decreases proportionally with the batch size:
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at B=128 it is ≈ 18 MB (∼ 5%), at B=64 it is ≈ 9 MB (∼ 3%), and at B=32 it

drops to around ∼1%. These calculations indicate that the MAR-induced overhead

remains acceptable in realistic deployments. Moreover, MAR is optional: when

minimal communication is the overriding priority, one can simply use the standard

MIM objective, whose effectiveness is explained by our theory, at zero additional

cost. When a small extra cost is acceptable, MAR offers corresponding robustness

gains while keeping the overhead low.

5.8 Chapter Conclusion

This chapter examines the challenge of distributed self-supervised learning (D-SSL)

when dealing with highly heterogeneous data, focusing on exploring the robustness

differences across different D-SSL algorithms. Through rigorous theoretical analysis,

we demonstrate that among the two dominant SSL paradigms, Masked Image

Modelling (MIM) exhibits greater robustness to data heterogeneity compared to

Contrastive Learning (CL). Moreover, we derive that the average connectivity of

a network positively correlates with the insensitivity of D-SSL, which also implies

the superior robustness of the federated learning framework over the decentralised

learning framework. Building on these insights, we propose MAR loss, a novel

approach to further enhance the robustness of distributed MIM by aligning local and

global representations through regularisation. Extensive experiments validate our

theoretical findings and confirm the effectiveness of MAR loss.
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5.9 Chapter Notations and Definitions

i Client index

N Number of clients

G,V, E Client graph, Node set, and Edge set

A Adjacency matrix of a graph

W Model parameters/weights matrix

f,L Training loss

D Dataset

h Class index

x, x1, x2 Data points, Masked/unmasked part

d Dimension of the feature space of data

j, k Dimension indices

e Standard unit-norm vector

τ, µ Hyperparameters for data generation

q Sampled constant from {0, 1}

ξ Sampled Gaussian noise

g(·) Data augmentation operation

c Weight dimension constant

H Linear image transformation

m Binary mask

p Masking ratio

z Feature latent/embedding

fe, fd Encoding and decoding function

R Row span

r Representability vector

s Sensitivity to data heterogeneity

B Batch size

C Sampled client set

k(·) Kernel function

a, b Feature dimension indices
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CHAPTER 6

DeNAV: Decentralised Self-Supervised Learning
with a Training Navigator

Chapter Overview: In the preceding chapters, we established a list of connected

theoretical foundations. Chapter 3 shows that edge devices are best suited to

smaller models, as compute-optimal size decreases with stronger data decentralisation.

Chapter 4 demonstrates that distributed training inevitably suffers a generalisation

gap relative to centralised training, which can only be narrowed by involving more

clients or enlarging local datasets. Chapter 5 finds that MIM-based self-supervised

learning is particularly promising in distributed settings. These findings point

toward an algorithmic direction: enabling decentralised training that scales across

many clients, transmitting smaller models practical for edge devices, and exploiting

MIM-based self-supervision to mitigate data heterogeneity.

Motivated by these insights, this chapter introduces DeNAV, a decentralised

self-supervised learning framework for large-scale scenarios where clients hold only

unlabelled data and communicate solely with neighbours. DeNAV builds on Masked

Autoencoders (MAE) for local training, pre-trains multiple lightweight transformers

across clients, employs a navigator algorithm to plan training routes, and adopts

staleness-aware aggregation to handle asynchronous updates. Beyond the design, we

provide theoretical analysis proving DeNAV’s convergence and consensus guarantees,

while also quantifying the effect of local data volume. Experiments further show that

DeNAV matches state-of-the-art federated SSL and surpasses prior decentralised

methods under equal communication budgets.
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6.1 Introduction

The success of deep learning relies on the availability of vast training data, but in

practice, most data is generated and stored in a decentralised manner across devices,

institutions, and users. Centralising this data is often infeasible due to privacy,

ownership, or communication constraints, and labelled data is particularly scarce.

These realities highlight the demand for decentralised self-supervised learning, which

enables clients to collaboratively train models without requiring labels or server

coordination. Such an approach is especially relevant in environments like ad-hoc

device networks, IoT systems or cross-institution collaborations without a trusted

coordinator (e.g., financial institutions in blockchain service), where data is abundant

but scattered and where reliable server access cannot be assumed. These scenarios

also typically involve heterogeneous data distributions, dynamic connectivity, and

limited communication resources, which make the direct adaptation of centralised

self-supervised methods to distributed settings highly challenging.

The theoretical studies in the preceding chapters reinforce this motivation and also

provide guidance on how a practical framework should be designed. Chapter 3 shows

that the compute-optimal model size decreases as training becomes more decentralised,

indicating that small backbones are best suited for edge devices. Chapter 4 establishes

that federated training inevitably underperforms centralised learning unless additional

clients or data are introduced, suggesting that scalability through broad client

participation is essential. Chapter 5 demonstrates that self-supervised methods,

particularly masked image modelling, are more robust to heterogeneous data than

contrastive learning and that decentralised frameworks benefit significantly from

higher connectivity. Together, these results not only confirm the necessity of

decentralised self-supervised learning but also point to its design principles: it

should prioritise small models for efficiency, exploit self-supervision for robustness,

and support scaling across many clients without server dependence.
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Motivated by these insights, this chapter introduces DeNAV, a decentralised

self-supervised learning framework designed for large-scale scenarios where clients

hold only unlabelled data and communicate solely with their neighbours. DeNAV

incorporates several key innovations. First, it employs parallel routing and training of

multiple lightweight masked autoencoder (MAE) models, enabling efficient utilisation

of distributed resources while reducing communication costs. Second, it uses a

navigator algorithm to dynamically determine training routes by evaluating each

client’s data volume, computational capacity, and past participation, ensuring

balanced and effective exploration of the network. Third, staleness-aware aggregation

is introduced to address the discrepancies that arise from asynchronous updates,

thereby improving the stability of model integration across clients. Finally, DeNAV

adopts an efficient masked pre-training strategy, starting with compact MAE models

and later expanding them into larger backbones via weight sharing, which combines

the advantages of lightweight communication with the ability to scale to stronger

downstream models.

Beyond the design, this chapter provides a rigorous theoretical analysis of DeNAV.

Specifically, we prove that DeNAV holds convergence and consensus guarantees,

and justify the model routing policy employed in the navigator algorithm by

showing that selecting clients with richer local datasets yields better model updates.

These results ground DeNAV in solid theory. Furthermore, we empirically validate

the effectiveness of DeNAV through comprehensive experiments. We compare its

performance with state-of-the-art federated SSL baselines and existing decentralised

methods, showing that DeNAV achieves competitive or even superior accuracy under

the same communication budget. Additionally, we conduct ablation studies to

elucidate the contribution of each design component, and hyperparameter sensitivity

analysis confirms the robustness of the framework across various settings. These

experiments provide strong empirical evidence for the practicality of DeNAV in

challenging distributed environments.
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Figure 6.1: Overview of Different Distributed Training Frameworks for
Server-Client and Client-Only Architectures. (a) Federated Learning (FL):
Multiple clients collaboratively train a global model under the coordination of a server.
Beyond this classical form, FL also includes hybrid or hierarchical variants, where
server coordination is augmented with peer-to-peer exchanges. (b) All-Reduce:
Each client trains a model and communicates with all other clients to aggregate
updates. (c) Gossip Learning: Each client trains a model and communicates
with all neighbours. (d) Decentralised Random Walk: Train a global model by
random walking among clients. (e) DeNAV (Ours): Multiple models are smartly
transmitted, aggregated, and trained among clients in parallel in the network.

6.2 Related Work

Transformer and Self-Supervised Learning. Transformer models [141], which

are typically trained through SSL on large-scale training datasets, have received

significant attention due to their powerful performance. When vision transformers
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(ViTs) were proposed [22], corresponding SSL methods also emerged, such as Masked

Autoencoder (MAE) [41], which randomly masks 75% of image patches and trains an

autoencoder to reconstruct the masked portion. The significant advantage of MAE

is the reduction of memory consumption during training. Similarly, ALBERT [72]

drastically reduces the training overhead by sharing all parameters across transformer

model layers. However, previous studies have focused on centralised scenarios. In

reality, vast amounts of training data are generated and stored in a distributed

manner. To significantly expand the training data size while avoiding the privacy

issue resulting from data centralisation, we have proposed a new method, DeNAV,

to implement decentralised self-supervised training of transformer models.

Federated Self-Supervised Learning. FL is a collaborative framework where

models are trained on multiple clients and aggregated on the central server in each

communication round [100]. Beyond the classical single-server form, hybrid or

hierarchical FL introduces intermediate aggregation layers, such as edge servers or

cluster heads, combining server coordination with peer-to-peer exchanges [88,152].

These designs help reduce communication bottlenecks and improve robustness against

client or server dropouts. Federated self-supervised learning (FSSL) combines SSL

with these federated settings [174] to implement model pre-training with distributed

unlabelled data. However, the state-of-the-art FSSL approaches rely heavily on

centralised or hierarchical coordination to stabilise training [93,175], limiting their

applicability to server-free scenarios. Moreover, most FSSL methods are tailored

for pre-training Convolutional Neural Networks (CNNs) [14,15]. FedMAE recently

explored federated pre-training of transformers [158], but without effective strategies

for transformer aggregation. In contrast, DeNAV can be applied to fully decentralised

scenarios, offering effective training and aggregation of transformer blocks across

heterogeneous clients. It can also be adapted to hybrid or hierarchical FL, providing

smart peer-to-peer exchanges to further enhance training efficiency.
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Decentralised Learning. DecL allows model training in client-only distributed

scenarios, but classical decentralised frameworks face expensive communication

costs. All-Reduce requires each client to transmit their model updates to all

other clients [16], while Gossip Learning requires them to transmit their model

updates to all their neighbours [44, 82]. Recent studies propose new frameworks

to improve communication efficiency, including Decentralised Random Walk [121],

which sequentially trains a global model through random walking among clients,

and Efficient Gossip Learning in which each client only communicates with a

high-bandwidth neighbour in each communication round [131]. However, reducing

communication traffic results in new problems. Since there are fewer models being

aggregated and trained each round, these new algorithms are inferior to the previous

ones in convergence and the generalisation capability of models. Our framework,

DeNAV, overcomes this shortcoming by providing the flexibility to shift towards

higher communication efficiency or better training results. As shown in Figure 6.1,

unlike previous approaches, the number of models to be trained simultaneously can

be freely specified. Besides, to further improve performance, we employ calibrated

algorithms to smartly schedule the training routes for each model and aggregate

model weights stored on clients.

6.3 Methodology

In this section, we define a realistic and challenging decentralised scenario and then

introduce our proposed training framework, Decentralised Navigator (DeNAV), which

realises Decentralised Self-Supervised Learning in this scenario.

6.3.1 Scenario Definition

Multiple parties aim to collaboratively learn a generic representation for various

downstream tasks without sharing data. We represent these parties as n clients

containing unlabelled data and assume that the training scenario is a connected

network G(C, E), where C denotes the set of clients, and E denotes the set of established
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Figure 6.2: Illustration of the training framework of DeNAV. The training
scenario is a client-only network where clients vary in terms of data classes, data
volume, and computational resources. Our framework dynamically routes multiple
models across clients through a training navigator, enabling adaptive coordination
under heterogeneous data, computation, and communication conditions.

connections between clients. For each client i ∈ {1, . . . , n}, there is a local dataset

Di = {Xi} and local computational resources qi. The global training objective is

to find the parameter θ := arg minθ

∑n
i=1 fi(θ), where fi(θ) := Eξ∼Di

Fi(θ; ξ) is the
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expected loss over local data distribution Di, ξ is the unlabelled data sampled from

Di and Fi(θ; ξ) is the loss function. A key challenge about this scenario is that

each client i can only exchange information with their peers j that satisfy ei,j ∈ E .

Another challenge is that the clients are different from each other. Apart from the

difference in data volume and computational resources, the data between these clients

is most likely non-IID (not Independent and Identically Distributed), which means

that each client does not hold the same classes of local data.

6.3.2 DeNAV Overview

The overview of our proposed training framework, DeNAV, is shown in Figure 6.2.

DeNAV consists of two phases: (a) Decentralised Pre-training, and (b) Fine-tuning

on Clients. At a high level, DeNAV enables multiple lightweight models to be

dynamically routed across clients, thereby balancing communication efficiency and

representation learning effectiveness. Such a design is particularly suitable for

large-scale decentralised environments with heterogeneous data distributions and

communication constraints, such as ad-hoc device networks, peer-to-peer systems, or

cross-organisation collaborations without a trusted central coordinator.

Decentralised Pre-training Before starting the pre-training, practitioners can

specify the number of simultaneously trained models and the total number of

pre-training steps for each model. Here, we assume that there are m ∈ [1, n] models

and the pre-training will be iterated for T steps. Afterwards, m models along with

m log files are initialised on m idle clients in the network. The pre-training model

adopts a lightweight architecture called one-block masked autoencoder, which follows

the architecture of masked autoencoder [41] but contains only one transformer block

in both the encoder and decoder. The generated log file is used to record the latest

training state of the model, containing the model ID, the transmission history of the

model across clients, and the training history of the model. For each pre-training

step t ∈ {1, . . . , T}, the training pipeline of DeNAV consists of the following stages:
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1○ Staleness-aware Model Aggregation : Each training client i ∈ Ct receives

the pre-training model θt−1 and the state log ψt−1 of this model from a neighbour or

model initialisation. If there are some local models previously stored in the client,

the client then compares the state log ψt−1 with the state logs of local models Ψi.

The models that satisfy the aggregation criteria will be aggregated with the received

model based on the information stored in the state logs of both parties, generating

the model for local training. 2○ Local Training and Save : The client i then

conducts a local training with local unlabelled data Di of size |Di| for K iterations

to update the model from θt−1 to θt. To reduce computation cost, we follow the

training method of MAE to mask 75% of image patches out of the local data and

train the model with the image reconstruction task. After the local training, the

state log ψt−1 is also updated to ψt. A copy of θt and ψt is saved to the local lists

Θi and Ψi. Note that the length of these local lists depends on each client’s storage

space. If the space is full, then the new copy will replace the earliest saved model

weights and state logs. 3○ Next Client Selection and Model Transmission :

At the end of pre-training step, based on our training navigator algorithm, the client

i computes the selection score for each client in the set of the candidate clients Ci
(including the client i and the neighbours of client i), identifies the client j with the

highest score, and sends the model weights θt and state log ψt to this client.

Fine-tuning on Clients. After T pre-training steps, each client has several local

copies of the one-block masked autoencoder. By considering the latest local copy

as the received one, these local models can be aggregated into a single model using

our staleness-aware model aggregation algorithm. Then, all previously stored local

models, as well as the decoder of the new model, are discarded. Only the single

encoder transformer block of the new model is left for fine-tuning in the future.

During fine-tuning, the client first initialises a large transformer backbone containing

multiple blocks with random weights. Afterwards, similar to the parameter sharing

trick used in ALBERT [72], the parameters of the pre-trained encoder block are
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Algorithm 3 Decentralised Pre-training in DeNAV

Input: Network G, datasets D, number of models m, staleness bound λ, steps T , max
selections per client Z, local epochs K

Output: Trained model weights on clients
1: Initialise models and state logs on sampled clients C0

2: for t← 0 to T − 1 do
3: Ct+1 ← ∅
4: for all client i ∈ Ct in parallel do
5: Client i receives model θt−1 and state log ψt−1

6: if m > 1 and Θi ̸= ∅ and Ψi ̸= ∅ then
7: θ

(0)
t−1 ← StaleAwareModelAgg(θt−1, ψt−1,Θi,Ψi, λ)

8: else
9: θ

(0)
t−1 ← θt−1

10: for k ← 0 to K − 1 do
11: θ

(k+1)
t−1 ←MAE(θ

(k)
t−1,Di)

12: θt ← θ
(K)
t−1

13: ψt ← UpdateStateLog(ψt−1, i, t, |Di|)
14: Θi ← Θi ∪ {θt}, Ψi ← Ψi ∪ {ψt} ▷ save a local copy
15: j ← TrainingNavigator(G, i, ψt, T, Z)
16: Client i sends θt and ψt to client j
17: Ct+1 ← Ct+1 ∪ {j}

shared with each block in the backbone. Lastly, the updated backbone is connected

with a task head and fine-tuned with labelled data to build applications for various

downstream tasks.

We summarise the pre-training of DeNAV in Algorithm 3. Next, we introduce the

technical details of the key modules in DeNAV, which are staleness-aware aggregation

and training navigator algorithms.

6.3.3 Staleness-aware Model Aggregation

At each pre-training step, each training client aggregates the received model with

the local models to combine the strengths of each model. Traditional FL [100]

generally employs synchronous model aggregation on the central server. However,

in decentralised scenarios, there may be a long interval for the same clients to be

re-selected for training. Therefore, the local models saved on the client are likely to

be much more stale in the training status compared to the received model. Simply
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aggregating the local and received models using average weights will not output a

better model. To address this issue, we take the staleness of each model into account

during model aggregation.

Our staleness-aware model aggregation starts by initialising the list of aggregated

models ΘAgg, the data volume weight list wV olume, the staleness weight list wStale,

and the aggregation weight list w. For each local model on client i, its state log ψi is

compared with the state log of the received model ψt. If the local model θ(i) is not a

previous local copy of the model θt by checking ID and the step interval between

the two models falls within the staleness bound λ, the local model θ(i) is included

in ΘAgg, and two weight lists wStale and wV olume are updated using the information

recorded in the state log ψi. Subsequently, the softmax function normalises the

weights in wStale and wV olume into a probability distribution (summing to 1), which

is described as:

wStale
i :=

exp(ψSteps
i )∑

θ(i)∈ΘAgg

exp(ψSteps
i )

, wV olume
i :=

exp(ψV olume
i )∑

θ(i)∈ΘAgg

exp(ψV olume
i )

.
(6.1)

The actual weights of the model aggregation w can be further calculated from wStale

and wV olume by applying the softmax function, with the following form:

wi :=
exp(wStale

i × wV olume
i )∑

θ(i)∈ΘAgg

exp(wStale
i × wV olume

i )
. (6.2)

Finally, model aggregation is performed on the models within ΘAgg using the weights

w to output the model θ for the subsequent local training.

6.3.4 Training Navigator

Due to variations among clients, selecting which client for the next step of pre-training

significantly affects the training effectiveness. We introduce the training navigator

algorithm to optimise client selection.

136



Client Selection Score Formulation The objective of the training navigator is to

find a sweet spot in the trade-off between training effectiveness and training efficiency

by associating each client with its selection score. To accomplish this goal, we identify

four critical challenges that must be addressed: 1. How to determine which client’s

data would help improve the training effectiveness the most without compromising

privacy? 2. How to take into account the optimisation of training efficiency while

optimising training effectiveness? 3. How to balance between exploring new clients

and continuing to exploit the clients that have been selected for maximum gain? 4.

How to ensure that all clients in the network have the opportunity to participate in

the model pre-training? We handle these challenges by evaluating each candidate

client in terms of training data, computational resources, and selection history.

(Data Volume Utility Ud) To address the first challenge, in DeNAV, we quantify

the importance of the local data for each step of pre-training by the data volume |Di|.

For many FL algorithms [100], the amount of data is often a good indicator of the

effectiveness of local training and is widely used for aggregation weights. We adopt

this insight and further theoretically find that data volume plays a dominant role

in the training effectiveness of the one-block masked autoencoder (the theoretical

justification on the data volume utility is provided in Section 6.4.2). Initially, this

utility is formulated as Ud
i = |Di|∑

i∈Cj
|Di| , where Cj represents the set of communication

candidates for the current training client j. However, a limitation of this formulation

is that the sum of data volumes can be excessively large compared to individual

volumes, resulting in an insignificant difference in the utilities between clients with

less data. Thus, we define the utility Ud
i as Ud

i = |Di|
max{|Di||i∈Cj} , where the denominator

is the maximum data volume of all clients.

(Computational Resource Utility U c) In practice, clients with more compu-

tational resources can train models with a larger batch size and finish the training

in less time than clients with fewer resources. Thus, for tackling the second

challenge, we define computational resource utility as a measure of training efficiency:
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U c
i = (

min{t̄i|i∈Cj}
t̄i

)1(L(i)>0), where t̄i is the time spent by the client i on its most recent

local training, L(i) denotes the last step it was selected, and 1(x) is an indicator

function that returns 1 if x is true and 0 otherwise. For never-selected clients, we

allocate the maximum utility (i.e., U c
i = 1) to encourage their participation and

gather their training time for future evaluation.

(Selection History Factor α) Besides exploiting the already identified clients

with excellent training effectiveness and efficiency, our algorithm should also explore

new clients, as repeated selection of the same set of clients can cause the model

to overfit their local data, leading to diminishing training rewards. Moreover, in

practice, clients’ data volume and computational resources may change at any time,

making previously identified superior clients no longer advantageous. To handle the

third challenge and harmonise the trade-off between exploration and exploitation,

the selection history factor is introduced, expressed as αi = ( t−L(i)
T

)1(L(i)>0). The

inclusion of αi gradually increases the scores of clients that have not been selected

for a long time, allowing well-qualified clients with sufficient scores to be re-selected.

(Total Selection Score U) The above three utilities are combined to derive

the total client selection score. First, to yield good training performance while

optimising the training efficiency, the data volume utility is associated with the

computational resource utility as Ud
i × U c

i . Furthermore, since we prioritise the

training performance over training efficiency, the association of αi and two utilities is

formulated as Ud
i × (αi + U c

i ) instead of (αi + Ud
i )× U c

i . Lastly, to tackle the fourth

challenge and ensure that the model can be trained with all clients’ data, the client

selection score Ui is defined as:

Ui = (Ud
i × (αi + U c

i ) + 1)1(Z(i)<Z), Z ≥ T

n
, where

Ud
i =

|Di|
max{|Di| | i ∈ Cj}

,U c
i = (

min{t̄i | i ∈ Cj}
t̄i

)1(L(i)>0), αi = (
t− L(i)

T
)1(L(i)>0),

(6.3)
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Algorithm 4 Training Navigator

Input: Network G, client i, state log ψt, total steps T , max selections Z
Output: Selected client j for the next training step
1: Ci ← FindNeighbours(G, i) ∪ {i}
2: Ui ← EvaluateValue(Ci, ψt, T, Z) ▷ see Eq. (6.3)
3: Ĉi ← DetermineClients(Ci,max{Ui})
4: upon |Ĉi| > 1 do
5: Ĉi ← Findneighbours(G, Ĉi)
6: Ûi ← EvaluateValue(Ĉi, ψt, T, Z)
7: C̃i ← Ĉi

8: Ĉi ← DetermineClients(Ĉi, Ûi)
9: if |Ĉi| > |C̃i| then
10: break
11: j ← Ĉi[0]

Z(i) is the count of the previous selections of client i, and Z is the maximum allowed

selections per client. If a client reaches the maximum selection count, its score will be

adjusted to a minimum of 1, allowing other clients the chance for selection. Besides,

the upper limit of client selection should depend on the ratio of the total training

steps T to the number of clients n in the network. If n remains constant but T

increases, each client can be selected more times while ensuring complete access to

all local data.

Next Client Selection With the selection scores of candidates, our training

navigator algorithm can identify the next training client. The client with the highest

score is undoubtedly the best choice, but multiple clients may share the highest score.

For instance, when the selection score of each candidate is 1 (i.e., the lowest bound)

due to frequent selection, randomly selecting any client may not be optimal. To

address this, we use different selection strategies depending on whether such cases

occur. If there is no tie in the scores, the client candidate with the highest score will

be selected. Otherwise, there will be an iterative comparison between the neighbours

of the candidates sharing the highest score. The candidate connecting to neighbours

with higher scores will be selected. The details of our training navigator algorithm

are summarised in Algorithm 4.
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Privacy and Robustness Considerations Privacy is a key concern in distributed

training, as sharing model updates or auxiliary information may expose clients to

inference attacks. While the training navigator is not explicitly designed to provide

formal privacy guarantees, it inherently respects privacy constraints through its client

selection design. Specifically, our method does not require clients to reveal sensitive

information such as data representations or feature statistics. Instead, the selection

relies only on coarse-grained signals, including local data volume, training time, and

selection frequency, which are less sensitive and harder to exploit in privacy attacks.

Moreover, the framework remains compatible with privacy-preserving techniques

such as differential privacy (DP) [100, 153] during local training and communication,

which can be further incorporated to strengthen both privacy protection and system

robustness in future extensions.

Beyond privacy, these design choices also contribute to the robustness of the

training process against potential manipulation. Although the selection signals

are client-dependent, DeNAV mitigates such risks through its built-in mechanisms.

First, the maximum selection constraint ensures that no client can dominate the

training process, guaranteeing that all clients are eventually selected. Second, the

selection history factor dynamically reduces the priority of frequently selected clients,

encouraging exploration and preventing repeated selection of the same subset of

clients. Third, the use of multiple utility factors reduces the reliance on any single

signal, making it more difficult for a client to significantly influence its selection

probability through isolated manipulation.

Overall, these properties of training navigator design enable DeNAV to maintain

stable and balanced training behaviour in decentralised environments, even when

client-side information may be imperfect or partially unreliable.

6.4 Theoretical Analysis

In this section, we develop the theoretical foundations of our proposed framework,

DeNAV. The analysis is structured into three components. First, we show that
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DeNAV provides both convergence and consensus guarantees, with a convergence

rate comparable to existing gossip-based decentralised methods. Second, we extend

the analysis to the generalisation perspective by employing uniform stability. This

result highlights that as the number of simultaneously trained models increases, the

algorithm enjoys improved generalisation performance. Third, we justify that guiding

the training route toward clients with larger local datasets enhances the training

effectiveness of the one-block masked autoencoder. The complete proofs are provided

in Section 8.4.

6.4.1 Convergence and Consensus Guarantees

According to Algorithm 3, the model updating rule of DeNAV at the pre-training

step t can be expressed as below:

Θt = Θt−1Wt−1 − ηt−1G(Θt−1; ξt−1) = Θ0

t−1∏
s=0

Ws −
t−1∑
s=0

ηsG(Θs; ξs)
t−1∏

r=s+1

Wr (6.4)

where η is the learning rate, θ(i) is the latest model weight stored on client i,

Θ = [θ(1), θ(2), ..., θ(n)] ∈ RN×n is the local models on all clients, Wt ∼W ∈ Rn×n is

the communication topology, ∇Fi(θ
(i); ξ(i)) is the loss gradient on the client i, and

G(Θ; ξ) = [∇F1(θ
(1); ξ(1)), ...,∇Fn(θ(n); ξ(n))] is the loss gradients on all clients.

To analyze the convergence and consensus of DeNAV, we first impose several

standard assumptions [29,82,131]:

1. (Smoothness) Each fi(·) has L-Lipschitz continuous gradients.

2. (Bounded variance) The stochastic gradient variance is bounded, i,e.,

Eξ∼Θi
||∇Fi(θ; ξ)−∇fi(θ)|| ≤ σ2;

1

n

n∑
i=1

||∇fi(θ)−∇f(θ)|| ≤ ζ2; ∀i,∀θ.

(6.5)

3. (Markov communication chain) For all t, Wt is doubly stochastic.

Furthermore, considering that the training navigator employed by DeNAV
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routes models based on the previous state recorded in the training state

log ψt (e.g., based on past visits and client scores), which is similar to the

idea of state augmentation in controlled Markov chains and Markov decision

processes [71,106], the sequence {Wt} forms a Markov chain on a finite state

space V := {St}Tt=0 with a transition matrix P ∈ RV×V . The chain is assumed

to be irreducible and aperiodic, so that it admits a stationary distribution π.

Moreover, under π, the second largest eigenvalue of Eπ[W⊤W] is bounded by

ρ < 1.

Then, we can prove DeNAV has convergence and consensus guarantees as follows.

Theorem 15. Under the above assumptions, if ηt is fixed as η and η = 1

4L
√
D2+

√
T√
n

,

then
1

T

T∑
t=1

E|m|||∇f(Θ̄t)||2 ≲
n

√
D2mT + mT

3
2√
n

+
D1

mT
||Θ0 − Θ̄01

⊺
n||2F

+
D2nσ

2 +D2nζ
2

D2m+ m
√
D2T√
n

+ mT
n

+
nσ2

√
D2mn+m

√
nT

,

(6.6)

where D1 = 2
1−(ρ2+C)

, D2 = 2

(1−
√

ρ2+Cλ2(P ))2
, 0 < C ≤ 1 is the contraction constant

of doubly stochastic matrices and λ2(P ) is the second largest eigenvalue of matrix P .

Remark 7. Theorem 15 shows the asymptotic convergence bound of DeNAV and

indicates that DeNAV has a convergence rate of O( n
m
√
nT

) when T is large enough

and if we make the initial models of all clients the same (i.e., ||Θ0 − Θ̄01
⊺
n||2F = 0).

If m = n, DeNAV has a convergence rate of O( 1√
nT

), which is in the same order

as previous Gossip methods [82,131]. If m = 1 (without parallel training), DeNAV

converges with a rate of O( n√
nT

).
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Theorem 16. Under the above assumptions, if ηt is fixed as η and η = 1

4L
√
D2+

√
T√
n

,

then

1

T

T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t||2 ≲
D1

T
||Θ0 − Θ̄01

⊺
n||2F +

D2n(σ2 + ζ2)

D2 +
√
D2T√
n

+ T
n

+
D2n

D2 +
√
D2T√
n

+ T
n

(
n

√
D2mT + mT

3
2√
n

+
D1

mT
||Θ0 − Θ̄01

⊺
n||2F +

D2nσ
2 +D2nζ

2

D2m+ m
√
D2T√
n

+ mT
n

+
nσ2

√
D2mn+m

√
nT

).

(6.7)

Remark 8. The definition of consensus among clients is that the local model on

each client should be close to each other at the end of training. Theorem 16 shows the

asymptotic consensus bound of DeNAV and indicates that if the number of pre-training

steps T is large enough and if we make the initial models of all clients the same,

DeNAV can attain consensus with a rate of O(n
2

T
).

Proof Sketch. We begin by proving that the communication matrix remains

doubly stochastic even when only a subset of m ∈ [1, n] clients communicate at each

pre-training step and bound the averaging error ||θt− θ̄t1⊺
n||2 for any vectors θt ∈ RN

after t communication iterations which follows the Markov chain property as follows:

Es...(t−1)||θt − θ̄t1⊺
n||2 ≤ (ρ2 + C · λ2(P )s)(t−s)||θs − θ̄s1⊺

n||2 (6.8)

where s is a timestamp that s < t, θ̄t is the average of θt, and 0 ≤ λ2(P ) < 1

is the second largest eigenvalue of the transition matrix P . Eq.(6.8) shows that

the error between θt and θ̄t1
⊺
n can converge to 0 and implies that the consensus

in our scenario can be attained if ρ2 + C · λ2(P )s < 1. Then, with Eqs.(6.4) and

(6.8), we bound the average error
T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t1
⊺
n||2 in terms of the initial

model parameters Θ0 and the gradients G(Θt; ξt). Based on the assumption in

Eq.(6.5), we also derive the asymptotic bound of
T∑
t=1

E||∇f(Θ̄t)||2 and the upper

bound of E||G(Θt; ξt)||. Next, substituting this upper bound into the upper bound

of
T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t1
⊺
n||2 reveals the relationship between

n∑
i=1

E||θ(i)t − Θ̄t||2 and

E||∇f(Θ̄t)||2. However, since E||∇f(Θ̄t)||2 is the gradient of the average model for
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the case where all n clients perform local training and there are only m clients training

in our scenario, we apply the central limit theorem to estimate: E|m|||∇f(Θ̄t)||2 ≈
n
m
E||∇f(Θ̄t)||2. Substituting this into the previous bound and rearranging yields

the convergence result in Theorem 15. Finally, combining this with the equation

between
n∑

i=1

E||θ(i)t − Θ̄t||2 and E||∇f(Θ̄t)||2, we prove Theorem 16.

6.4.2 Impact of Local Data Volume on DeNAV’s Training

We next analyse how navigating the training route towards clients with larger local

datasets affects the effectiveness of pre-training. Our goal is to justify the data

volume utility used in the navigator algorithm by showing that training on clients

with more data leads to better model updates for the one-block MAE.

We consider the local training of a one-block MAE learns features from the

unlabelled dataset X by reconstruction, represented as a pairwise encoder-decoder

relationship x̂ = g(h(x)), where the encoder h(·) and decoder g(·) are each composed

of a single transformer block. Here, the sampled input x has been degraded to x̃

due to masking. Thus, the model parameters are optimised by solving the problem:

θ∗ = arg minθ
1

|X|
∑

x∈X l(x, g(h(x̃)); θ), where the loss function l is the mean square

error loss. To enable analysis, we adopt the standard assumptions below:

1. (Smoothness) h(·) and g(·) are L-smooth with bounded second-order

derivatives ∥∇2h(·)∥ ≤ κh, ∥∇2g(·)∥ ≤ κg. Similar smoothness assumptions

have been widely adopted in theoretical analyses of autoencoders [167].

2. (Bounded inputs) Inputs are normalised by rescaling image pixels to [0, 1],

ensuring ∥Xi∥ ≤ B for every client i ∈ {1, . . . , n}. This condition is routinely

satisfied in practice as part of the pre-processing in MAE pre-training [41].

3. (Linear learning rate decay) Training uses gradient descent with a linearly

decaying step size η = O(1/T ), which is the default learning rate schedule used

in MAE pre-training [41].
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These assumptions reflect the realistic MAE configuration. Under these assumptions,

we prove the following key theorem and corollary.

Theorem 17. In each pre-training step of DeNAV, the approximate optimal solution

for the one-block masked autoencoder over the m participating clients is obtained by

W ∗
A, in which

W ∗
A = XtX̃T

t (X̃tX̃T
t )−1, (6.9)

where

X̃t = [X̃i|i ∈ Ct]
⊺, Xt = [Xi|i ∈ Ct]

⊺, (6.10)

Xi ∼ Di is the local unlabelled data on client i, and X̃i denotes the masked input.

Corollary 3. In each pre-training step of DeNAV, the training effectiveness of the

one-block masked autoencoder (MAE) depends on the amount of local data over the

selected clients.

Proof Sketch. We first analyse the architecture of a one-block MAE, where each

transformer block in the encoder and decoder consists of a self-attention module

and a two-layer feed-forward network with ReLU activation. Prior studies have

shown that the outputs of the self-attention function can be represented by a linear

combination of a set of basis vectors [95], and that a shallow ReLU network can be

replaced by a deep network with linear activation [159]. Building on these results,

we can expect the linear approximation error to be very small, and prove via a

Taylor expansion around the zero reference point that both the encoder h(·) and

decoder g(·) admit linear mappings (Wh,Wg) up to a higher-order Taylor residual.

Substituting these linearised operators into the reconstruction loss of the one-block

MAE yields Theorem 17, where the optimal solution W ∗
A is expressed in terms of

the aggregated matrices Xt and X̃t. Then, we examine the deviation of W ∗
A and

expand the stacked matrices X̃t and Xt. This expansion shows directly that when

the selected clients hold more data, these matrices contain more non-zero rows,

making them larger and less sparse. In turn, the linear system used to estimate
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the optimal mapping has richer information and better conditioning. Therefore,

the updates provide a more reliable approximation of the ground-truth mapping,

which is exactly the statement of Corollary 3. Finally, although Theorem 17 and

Corollary 3 explain a single pre-training step, training runs for many iterations.

A natural concern is whether the higher-order Taylor residuals might accumulate

and undermine the linear approximation across rounds. To address this, we further

prove that under smoothness and bounded-input assumptions, and with a linear

decaying learning rate η = O(1/T ), the cumulative higher-order residual ϵT satisfies

|ϵT∥ ≤ O(1) when training with mean square error loss for T steps, ensuring that

the linear approximation is not undermined across the entire pre-training process.

Besides, we also provide a simple sanity check in Section 6.5.7 to empirically validate

these key results.

6.5 Experiments

6.5.1 Experiment Setup

Dataset. In our experiments, we used the Mini-ImageNet dataset for pre-training.

This dataset is a subset of the ImageNet [19] dataset, selected through the

methodology detailed in [145]. Then, we tested the fine-tuning performance of

methods on various benchmark datasets, including CIFAR-10 and CIFAR-100 [70],

which are medium-scale datasets with small-sized images, and ImageNet and

Mini-iNAT2021 [140], which are large-scale datasets with large-sized images.

Distributed Settings. Our experiments were conducted on a simulated Internet of

Things (IoT) network, which is initialised using the Erdős-Rényi model [28]. For this

network, we set the total number of clients to be 100 and the network connectivity

to be 0.15. Moreover, each client is assigned a random number of data from the

Mini-ImageNet dataset. If the local data is assumed to be IID (i.e., independent and

identically distributed), then each client will hold images of all classes. Otherwise, if it

is assumed that the data follows a non-IID distribution, the dataset will be partitioned
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by sampling the class priors of the Dirichlet distribution [51] so that each client will

have images of a few classes. Furthermore, to stay close to realistic scenarios, we

also assume each client has a different amount of computational resources and set

the local training time of a client to be affected by its resources. The impact is

formulated as t̃i = t̄i/(1 + qi−1
Q−1

), where t̃i is the training time updated in the model

state log, t̄i is the actual time consumed by the client i to train the model, and hi

is the scale of computational resources on the client i (i.e. {1 ≤ qi ≤ Q|qi ∈ Z}

where Q is the maximum scale). Finally, in the training scenario of DeNAV, we

transmit and train 5 models in parallel following the standard federated settings,

which sample 5 out of 100 clients per round [93,149,158,174]. The details about our

default experiment setups are provided in the tables below.

Table 6.1: Decentralised System Settings of Chapter 6.

Decentralised System Value
Number of Clients n 100
Network Connectivity ω 0.15
Pre-training Steps T 200
Local Training Epochs K 5
Number of Participants per Step (Parallel Training) m 5
Fine-tuning Epochs 100
Client Selection Upper Limit Z 3
Staleness Bound (Parallel Training) λ 5
Depth of Downstream Model 5

Table 6.2: Federated System of Chapter 6.

Federated System Value
Number of Clients 100
Pre-training Rounds 200
Local Training Epochs 10
Number of Participants per Round 5
Fine-tuning Epochs 100

6.5.2 Comparison with Federated Self-Supervised Learning

The following state-of-the-art FSSL benchmarks are compared with our proposed

DeNAV framework: 1) FedU [174]; 2) FedEMA [175]; 3) Orchestra [93]; 4)

FeatARC [149]; 5) LDAWA [110]; 6) FedU2 [83]; and 7) FedMAE [158]. For all
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baselines, the GFLOPs and parameter counts reported in Table 6.3(a) refer to the

pre-training phase. Notably, similar to DeNAV, the ViT-based FedMAE adopts a

lightweight backbone for pre-training and employs block cascading to expand the

backbone during fine-tuning, whereas the ResNet-based baselines retain the same

backbone across both stages. To ensure fairness, as shown by the additional entry in

Table 6.3(a), the fine-tuning backbone chosen for DeNAV is comparable in size to

the ResNet baselines and consistent with FedMAE, ensuring that its performance

gains are not attributed to a larger model capacity. Although the parameter counts

are similar, DeNAV achieves lower GFLOPs than most baselines during pre-training.

This efficiency stems from two design choices: (i) the MAE framework, which masks

75% of image patches and trains only on the remaining 25%; and (ii) the use of the

smallest viable MAE, with just one transformer block in both encoder and decoder.

Table 6.3(b) further demonstrates that DeNAV delivers consistently higher and more

stable fine-tuning accuracy across datasets. It surpasses Orchestra by about 10%

on ImageNet and Mini-iNAT, FeatARC by 10% on CIFAR-100 and ImageNet, and

FedMAE by 3% on Mini-iNAT. These results highlight DeNAV’s ability to achieve

strong performance while maintaining superior computational efficiency.

6.5.3 Comparison with Decentralised Training Frameworks

DeNAV is also compared to other DecL approaches. Since All-Reduce is only

suitable for high-performance computing clusters, we compare DeNAV with Gossip

Learning and Decentralised Random Walk and implement three related baselines:

1) Classical Gossip Learning (C Gossip) where each client trains a one-block

masked autoencoder and communicates with all its neighbours for model aggregation

[130]; 2) Efficient Gossip Learning (E Gossip) where each client trains a

one-block masked autoencoder and communicates with one random neighbour [131];

and 3) Decentralised Random Walk (Dec RW) where a global one-block masked

autoencoder is trained by uniform random walking among clients and distributed to

each client after training [121]. Table 6.4 shows that under the same computation
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cost, DeNAV holds equal communication efficiency as the communication-efficient

decentralised methods such as E Gossip and Dec RW, and also outperforms all

baselines in fine-tuning accuracy. Furthermore, since DeNAV’s training involves

additional communication costs for transmitting state logs, we also measure the size

of these logs. The results show that the initial log size is 12KB, and after more

than 200 training rounds, it can grow to a maximum of 16KB. In comparison to the

megabytes of model weights that must be transmitted with each communication, we

confirm that the extra communication costs are very small and do not significantly

impact the overall communication overhead. Therefore, it appears to us that DeNAV

has a better trade-off between high communication efficiency and advanced training

effectiveness than existing decentralised approaches.

6.5.4 Ablation Studies

In this section, we conduct ablation studies to examine both the contributions of

DeNAV’s key components and its adaptability to different architectures. We first

evaluate the staleness-aware aggregation and the navigator-based client selection to

quantify their individual impact. We then extend DeNAV to CNN backbones to test

whether its effectiveness generalises beyond Vision Transformers and to ensure that

the observed gains are not solely tied to architectural choice.

Ablation on DeNAV Components. We conducted ablation studies to evaluate

the contributions of the staleness-aware aggregation and the navigator-based client

selection. As shown in Table 6.5, both modules bring accuracy gains on CIFAR-10

and CIFAR-100. The improvements are particularly evident on the more challenging

CIFAR-100 dataset, where staleness-aware aggregation raises accuracy from 73.72%

to 74.49%, and the navigator improves performance from 71.70% to 73.70%. When

these two modules are integrated into the full DeNAV framework, the gains become

substantially larger, as reflected in Table 6.3(b), where DeNAV consistently surpasses

all baselines on complex datasets such as ImageNet and Mini-iNAT. Moreover, the
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ablation on the navigator algorithm confirms that the effects of its utility components

align with our design rationale: the data volume utility Ud
i provides the strongest

improvement, the computational resource utility U c
i enhances accuracy while reducing

training time, and the selection history factor αi offers smaller yet consistent benefits.

Analysis on CNN Adaptation. To further assess the adaptability of DeNAV

beyond ViTs, we integrated its two main components, the staleness-aware aggregation

and the navigator client selection, into CNN-based pre-training. Based on two simple

baselines, Fed-SimSiam [15] and Fed-SimCLR [14], we created the DeNAV-SS and

DeNAV-SC variants. As shown in Table 6.6, both achieve consistent gains: DeNAV-

SS reaches 92.50% on CIFAR-10 and 71.46% on CIFAR-100, while DeNAV-SC

achieves 92.22% and 71.27%, confirming the effectiveness of both modules under

CNN backbones. Compared with the training navigator ablation in Table 6.5, the

improvement margin is smaller, which aligns with our design rationale: MAE-based

ViTs benefit strongly from selecting clients with larger data volumes, whereas

CNNs are less sensitive to such factors, reducing the navigator’s relative impact.

Furthermore, we also note from Table 6.3(b) that the CNN-based DeNAV variants

remain highly competitive with ResNet baselines. On CIFAR-10, both DeNAV-SS and

DeNAV-SC surpass all ResNet-based methods, and on CIFAR-100 they outperform

most baselines except Orchestra. This demonstrates that while DeNAV is tailored

for ViTs, its mechanisms also transfer effectively to CNNs, and the performance

advantage we observed previously is not attributed to architectural differences.

6.5.5 Hyperparameter Studies

Section 6.3 introduces the important hyperparameters for DeNAV’s training. We

evaluate the impact of some hyperparameters on the behaviour and performance of

DeNAV with the following experiments.

Impact of Total Pre-training Steps T . The performance of DeNAV was

evaluated for different numbers of pre-training steps. Figure 6.3(a) demonstrates
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Figure 6.4: Number of pre-training steps to reach the target fine-tuning
accuracy. We set the target to be 90% for CIFAR-10 and 72% for CIFAR-100, and
the number of fine-tuning epochs to be 100. Each line refers to pre-training with a
different m. Notably, step 0 represents fine-tuning with random weights.

of DeNAV for the same number of pre-training steps. Besides, setting a large m

could also lead to a speedup in pre-training, as shown in Figure 6.4. DeNAV training

with m > 1 takes fewer pre-training steps than the training with m = 1 to reach the

target fine-tuning accuracy, and the amount of speedup depends on the value of m.

Impact of Network Connectivity ω. The client-only networks used in

experiments were simulated using the Erdős-Rényi model. This model requires

two parameters: the number of nodes in the network and the network connectivity

ω. A lower value of ω corresponds to a lower probability that each node in the

generated network is connected to other nodes. By varying ω, we evaluated the

performance of DeNAV across different network structures. As shown in Table

6.7(b), the connectivity of the client network significantly affects DeNAV’s training

results. Specifically, for the same pre-training steps, the training performance of

DeNAV deteriorates if the client network is sparse. Conversely, in dense networks,

the performance of DeNAV improves.

Impact of Client Selection Upper Limit Z. The client evaluation in our

training navigator relies on a key hyperparameter Z, which limits the maximum
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6.5.6 Scalability Study

A potential concern for DeNAV is whether relying on a lightweight one-block masked

autoencoder (MAE) for pre-training limits its applicability to larger models. To

address this, we conducted a scalability study. We used DeNAV to pre-train 1-block,

2-block, and 3-block MAE models on Mini-ImageNet, and fine-tuned a 12-block

ViT-Base model (100M parameters) on the large-scale Mini-iNAT dataset. To bridge

the architecture differences between pre-training and fine-tuning, we employed a

block-wise parameter sharing strategy: for example, with a pre-trained 2-block MAE,

the weights of the two encoder blocks are copied to initialise the first two blocks

of the 12-block ViT, while the remaining blocks replicate the weights of the first

encoder block. As shown in Table 6.8, accuracy increases from 46.32% to 47.01%

as the pre-training model grows, while training time and communication cost scale

linearly (e.g., 221.65 MB and 54 minutes for 1-block vs. 612.25 MB and 158 minutes

for 3-block). These findings confirm that DeNAV scales smoothly to larger models

while justifying our default configuration: a 1-block MAE minimises communication

in decentralised pre-training, and fine-tuning with parameter sharing fully exploits

larger backbones within client resource limits, striking a practical balance between

scalability and efficiency.

6.5.7 Sanity Check on Theory

Furthermore, to verify the plausibility of linear approximation analysis in Section

6.4.2, we conducted an empirical sanity check that compares the original one-block

MAE with a linearised variant. The linearised model is constructed by removing all

nonlinear components in the encoder and decoder blocks, such as ReLU activations

and normalisation layers, and replacing them with linear mappings. Both versions

were trained on the Mini-ImageNet dataset for 200 rounds in the same decentralised

setting. During training, we recorded the reconstruction loss of each model together

with the cumulative training sample volume stored in the training state log.
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a decentralised self-supervised learning framework that enables server-free training

across clients with only unlabeled data. DeNAV pre-trains multiple lightweight

Masked Autoencoders (MAE), aggregates models by taking training staleness into

account, and uses a navigator algorithm to guide model transmission based on

client-specific scores. Our theoretical analysis proves convergence and consistency

guarantees, and further explains why selecting clients with larger datasets enhances

DeNAV’s training performance. Extensive experiments show that DeNAV achieves

performance comparable to state-of-the-art federated SSL and surpasses prior

decentralised baselines under equal communication budgets.
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6.7 Chapter Notations and Definitions

i, j Client indexes

G, C, E Client graph, Node set, Edge set

e Edge

n Number of clients in the network

D Dataset

x,X Image data

q Computational resource scale

θ,Θ Model Parameters

f, F Loss function

m Number of simultaneously trained models

T Number of pre-training steps

s, t Step index

C Selected set of training clients

Ci Client selection candidates for client i

ψ,Ψ Training state logs

K Local training iterations

k Iteration index

λ Staleness bound for asynchronous model aggregation

Z Maximum number of selections per client

ω Network connectivity

U Client selection utility

α Selection history factor

w Model aggregation weights

G Set of loss gradients across all clients

W Communication topology

σ, ζ, κ Bound constants defined in assumptions

P Transition matrix of communication
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V State space

S State of communication process

π Stationary distribution of communication process

ρ, C Constants depending on communication transition

λ2 Second largest eigenvalue of P

η Learning rate

h(·), g(·) Encoding/Decoding function

X Aggregated set of image data across clients

ϵ Linear approximation error

σ, ζ, κ Bound constants defined in assumptions

P Transition matrix of communication

V State space

S State of communication process

π Stationary distribution of communication process

ρ, C Constants depending on communication transition

λ2 Second largest eigenvalue of P

η Learning rate

h(·), g(·) Encoding/Decoding function

X Aggregated set of image data across clients

ϵ Linear approximation error

t̄ Actual training clock time on client
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Table 6.3: Comparison of DeNAV with FSSL baselines. (a) The size of the
input image is 224x224. In our experiment settings, DeNAV pre-trains the one-block
masked autoencoder, constructs a transformer backbone with 5 blocks by parameter
sharing, and fine-tunes the backbone for downstream evaluation. (b) For pre-training,
the local training epochs were set to 10. For the downstream evaluation, each model
was fine-tuned for 100 epochs. The experimental results show the mean of three
trials.

FedU FedEMA Orchestra FeatARC LDAWA FedU2

Params(M) 38.47 38.47 11.84 11.70 15.39 15.39
GFLOPs 7.40 7.40 7.31 1.82 1.83 1.83

FedMAE DeNAV
FedMAE/DeNAV

(Fine-tune)

Params(M) 11.62 11.62 39.97
GFLOPs 1.23 1.23 7.39

(a) Model parameters and GFLOPs.

Method Architecture
CIFAR-10(%) CIFAR-100(%) ImageNet(%) Mini-iNAT(%)
IID non-IID IID non-IID IID non-IID IID non-IID

FedU ResNet 77.43 72.02 40.40 38.44 65.34 65.34 37.88 37.61
FedEMA ResNet 70.73 71.00 40.78 41.13 65.24 65.35 38.40 37.43
Orchestra ResNet 88.87 90.66 72.11 72.27 65.02 66.50 38.74 39.23
FeatARC ResNet 90.22 90.03 64.80 64.11 68.62 68.17 45.84 44.50
LDAWA ResNet 90.52 89.95 69.94 68.96 52.36 51.43 37.70 37.60
FedU2 ResNet 86.97 82.39 63.66 55.49 48.73 45.27 32.57 31.16
FedMAE ViT 90.62 90.47 74.11 73.74 77.10 76.95 43.01 41.27

DeNAV ViT 91.12 91.00 74.50 73.89 77.49 77.62 46.38 44.98

(b) Fine-tuning Accuracy on CIFAR-10, CIFAR-100, ImageNet, and
Mini-iNAT.

Table 6.4: Comparison between DeNAV and other decentralised methods.
“Computation (COMPU)” represents the total number of epochs for all training clients.
“Communication (COMMU)” indicates the total number of model transmissions
between all training clients and their neighbours.

C Gossip E Gossip Dec RW DeNAV (Ours)

COMPU 5000 15000 25000 5000 15000 25000 5000 15000 25000 5000 15000 25000
COMMU 14850 44550 74250 1000 3000 5000 1000 3000 5000 1000 3000 5000
CIFAR-10(%) 90.82 92.66 93.13 90.52 92.30 92.91 90.38 92.46 93.46 92.80 93.44 93.88
CIFAR-100(%) 73.52 75.48 76.33 72.34 72.52 75.71 74.27 76.59 76.60 75.62 77.30 77.94

159



Table 6.5: Ablation study on the main components of DeNAV. The left part
shows results for the staleness-aware model aggregation, and the right part shows
results for the training navigator algorithm.

(a) Analysis on Aggregation (b) Analysis on Client Selection

Aggregation CIFAR-10 CIFAR-100 Method CIFAR-10 CIFAR-100 Time(min)

Average 90.64 73.79 Random 90.28 71.70 33.7
Data Volume 91.08 73.72 w/o Ud

i 88.54 71.99 28.8
Staleness-aware 91.46 74.49 w/o U c

i 90.65 73.46 37.6
w/o αi 90.23 73.51 38.9
Our Formula 90.96 73.70 36.8

Table 6.6: Ablation study on the adaptability of DeNAV on CNN
pre-training. We integrate Fed-SimSiam and Fed-SimCLR with the staleness-aware
aggregation and training navigator in DeNAV, and still observe performance
improvements.

Fed-SimSiam Dec-SS DeNAV-SS Fed-SimCLR Dec-SC DeNAV-SC

Architecture ResNet ResNet ResNet ResNet ResNet ResNet
Client Selection Random Random Ours Random Random Ours
Aggregation Dataset Size Ours Ours Dataset Size Ours Ours
CIFAR-10(%) 89.58 91.82 92.50 90.39 92.10 92.22
CIFAR-100(%) 70.95 70.71 71.46 71.24 70.73 71.27

Table 6.7: Impact of m and ω on DeNAV. The results report accuracy on
CIFAR-10 and CIFAR-100 after 200 steps of pre-training.

(a) Impact of Number of Models m (b) Impact of Network Connectivity ω

CIFAR-10(%) CIFAR-100(%) CIFAR-10(%) CIFAR-100(%)

m = 1 90.90 73.81 ω = 0.03 89.17 72.01
m = 5 91.48 73.44 ω = 0.15 90.64 73.51
m = 10 91.81 74.04 ω = 0.75 91.16 73.65
m = 15 91.88 75.25

Table 6.8: Scalability analysis of DeNAV. We pre-train 1-block, 2-block, and
3-block MAE models and fine-tune a large 12-block ViT-Base. Communication cost
is measured per round with 5 model updates being exchanged across clients and in
float32 precision.

Pre-trained Model Params COMMU Cost Training Time Mini-iNAT(%)

1-Block MAE 11.62 M 221.65 MB 54m25s (per model) 46.32

2-Block MAE 21.86 M 416.95 MB 104m42s (per model) 46.63

3-Block MAE 32.10 M 612.25 MB 157m38s (per model) 47.01
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CHAPTER 7

Thesis Conclusion

7.1 Summary of Thesis

This thesis is motivated by the observation that modern visual data, though abundant,

is typically generated and stored in a distributed manner across mobile devices,

cameras, and institutions. Centralising such visual data is often infeasible due to

privacy concerns, communication bottlenecks, and ownership restrictions, while

annotations remain scarce and expensive to obtain. At the same time, the success of

large-scale deep learning has shown that scaling models on massive datasets is critical

for learning powerful visual representations. Reconciling these realities highlights the

importance of developing distributed self-supervised learning (D-SSL) in the visual

domain to enable efficient model training using distributed data at low cost.

Building on this motivation, the thesis first situates its contributions within the

broader research landscape through an extensive review of prior work. The literature

review chapter surveys three key strands that underpin this research: self-supervised

learning for representation learning without labels, distributed training paradigms

such as federated and decentralised learning, and recent efforts that attempt to

bridge these two areas. This review clarifies the state of knowledge before this

thesis, highlighting both the empirical progress and the theoretical gaps that remain.

In particular, while SSL methods such as contrastive learning and masked image

modelling have achieved great success in centralised scenarios, their adaptation to

distributed settings is far less understood. Similarly, while federated and decentralised
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frameworks enable training across distributed data sources, most existing analyses

rely on supervised tasks and lack a deep theoretical treatment of unlabelled data.

These gaps provide the foundation upon which the thesis develops its four major

studies, each addressing a different but connected dimension of D-SSL.

The first study, presented in Chapter 3, investigates how scaling laws adapt when

training shifts from centralised to federated settings. By deriving PAC-Bayesian

generalisation bounds for stochastic gradient descent under both regimes, it

establishes closed-form solutions for compute-optimal model size. The analysis

reveals that decentralisation fundamentally alters scaling behaviour: as data becomes

more distributed across clients, the optimal model size decreases. This finding

provides a theoretical explanation for why smaller models are more effective on edge

devices with limited local data and compute. The study not only contributes to the

theory of scaling laws but also gives concrete design guidelines for choosing model

sizes in distributed environments.

Chapter 4 extends the investigation to a more fundamental question: can

distributed training ever match centralised training under equal resources? Using the

uniform stability analysis and the PAC-Bayesian framework, this chapter formally

defines the performance gap as the distance between the centralised and federated

generalisation bounds. It proves that such a gap inevitably exists when both

operate under the same total compute, and that enlarging model size or increasing

communication rounds cannot eliminate the discrepancy. Instead, the only way to

close the gap is through giving distributed training advantages in training data, either

by adding more clients or increasing the local dataset size of existing clients, with

the latter being the more efficient option. These theoretical insights are validated

by extensive experiments across different architectures and datasets, confirming

the practical manifestation of the generalisation gap. This chapter thus settles a

long-standing debate about whether learning in distributed systems can truly rival

centralised learning under equal training resources.
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Chapter 5 shifts the focus from supervised settings to self-supervised learning (SSL),

which is particularly promising in distributed scenarios dominated by unlabelled data.

It provides the first systematic theoretical analysis of D-SSL under heterogeneous

client data. By constructing mathematical models of different D-SSL frameworks,

the chapter shows that methods based on masked image modelling (MIM) are

inherently more robust to data heterogeneity than contrastive learning (CL) methods.

It also proves that robustness improves with greater network connectivity, while

federated and decentralised frameworks achieve comparable robustness when the

network is fully connected. Motivated by these results, the chapter introduces

MAR loss, a refinement of MIM loss that incorporates alignment regularisation to

enhance robustness. Experiments under varying levels of heterogeneity validate

these theoretical findings and the effectiveness of MAR loss. In summary, this study

establishes SSL as a promising paradigm for distributed representation learning and

demonstrates that refined objectives such as MAR loss can effectively mitigate the

challenges posed by heterogeneous data.

Finally, Chapter 6 proposes DeNAV, a decentralised self-supervised learning

framework designed for realistic large-scale distributed systems where clients hold

only unlabelled data and cannot rely on a central server. DeNAV introduces three

technical innovations: a navigator algorithm that guides the training route of

models to maximise exposure to diverse client data, staleness-aware aggregation to

handle asynchronous updates, and lightweight MAE-based pre-training to reduce

communication cost while preserving robustness. The framework allows multiple

models to be trained in parallel and later scaled into larger backbones via weight

sharing. On the theoretical side, the chapter also presents two complementary results.

It proves that DeNAV achieves convergence and consensus guarantees, and justifies

the navigator design by showing that selecting clients with larger local datasets

improves training. Comprehensive experiments confirm these contributions: DeNAV

performs on par with federated SSL baselines and surpasses prior decentralised

approaches. Beyond baseline comparisons, ablation studies and hyperparameter
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sensitivity analyses further demonstrate the effectiveness and robustness of the

framework. This chapter illustrates how theoretical principles can be translated into

practical algorithmic design for distributed self-supervised learning.

Taken together, the four studies form a coherent line of research that bridges

theoretical analysis and practical algorithm design for distributed self-supervised

learning. The first two studies establish fundamental theoretical principles: from

the generalisation view, training in distributed systems should favour small models,

and the only viable way to close the gap to centralised training is through data

size advantage by involving more clients or enlarging their local datasets. The

third study shifts the focus to self-supervised learning and shows, through rigorous

theoretical analysis, that MIM is inherently more robust to heterogeneous data than

CL, and that robustness improves with higher network connectivity. The fourth

study then synthesises these insights into DeNAV, a decentralised self-supervised

framework which: (1) utilises lightweight model architecture in pre-training to

be compute-optimal; (2) employs a navigator algorithm to prioritise clients with

richer data and broader coverage for better generalisation; and (3) adopts masked

autoencoding as its core learning strategy to align with the result that MIM is

less sensitive to the negative impact of heterogeneous data. Theoretical analysis

further confirms DeNAV’s convergence, consensus, and data-driven property, while

comprehensive experiments validate its practical effectiveness. Beyond DeNAV, this

thesis also introduces MAR loss, a flexible refinement of MIM loss that strengthens

robustness by aligning local and global representations, which can be combined with

DeNAV or future decentralised MIM algorithms to improve performance.

Overall, this thesis demonstrates how rigorous theoretical analysis and concrete

algorithmic innovation can jointly advance self-supervised visual representation

learning in distributed systems. By unifying scaling law analysis, generalisation

theory, robustness study, and practical framework design, it provides a roadmap for

developing scalable, communication-efficient, and effective methods that exploit the
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vast and growing reservoir of unlabelled visual data at the network edge, laying the

groundwork for future research on large-scale decentralised AI systems.

7.2 Discussions on Future Work

Building on these findings, several important directions emerge for further

investigation. A primary challenge is how to extend distributed self-supervised

learning to support large-scale model pre-training. While self-supervised learning

has proven highly effective for training large models in centralised settings, achieving

similar scalability in decentralised environments remains fundamentally challenging

due to the absence of a central coordinator and the limited data and computational

resources available on individual clients. Although the aggregated data volume across

clients may be substantial, each client typically observes only a small and biased

subset of the global distribution. As a result, effectively coordinating model capacity,

communication frequency, and local training dynamics to approach the performance

of centralised large-scale pre-training, while maintaining efficiency, remains an open

and practically important problem.

Another promising direction lies in relaxing the common assumption of homoge-

neous model architectures across clients. In realistic distributed systems, clients often

exhibit significant variability in computational capabilities, memory constraints, and

energy budgets, which naturally leads to the use of models with different sizes or

architectures [160]. However, most existing frameworks, including those studied in

this thesis, assume a shared model structure for simplicity and tractability. Enabling

heterogeneous models to be jointly trained, while allowing meaningful knowledge

exchange across different architectures, raises new challenges in representation

alignment, parameter compatibility, and aggregation design. Addressing these

challenges could significantly broaden the applicability of decentralised learning in

real-world systems.

In addition, as shown in Chapter 5, contrastive learning and masked image

modelling are regarded as two representative paradigms of self-supervised learning.
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While these approaches are often studied independently, recent advances in centralised

settings suggest that combining them can lead to more robust and expressive

representations [54, 168]. In decentralised environments, the presence of multiple

clients introduces new opportunities for such hybrid strategies. For instance, clients

may adopt combined objectives locally, or different subsets of clients may specialise

in distinct objectives and collaboratively contribute to a shared representation.

Understanding how to design, coordinate, and optimise such hybrid learning strategies

across distributed clients remains an open question, with the potential to leverage

the complementary strengths of different self-supervised paradigms.

Furthermore, most existing approaches aim to learn a single global representation

model that is later adapted to individual clients through fine-tuning. However, in

highly heterogeneous environments, a globally optimal model may not be optimal for

every client due to variations in data distribution and downstream task requirements

[112,128]. This motivates the exploration of personalised distributed self-supervised

learning, where representation learning is directly tailored to individual clients during

the pre-training stage. Such an approach raises fundamental questions about how to

balance global knowledge sharing with local specialisation, and how to design training

mechanisms that enable efficient personalisation without sacrificing collaboration

benefits.

Finally, the theoretical analysis in this thesis is primarily developed under

simplified non-IID assumptions based on label distribution heterogeneity, which

enables tractable analysis and clear insights. In practical scenarios, however, data

heterogeneity is often significantly more complex, involving feature distribution

shifts, domain discrepancies, and temporal variations across clients. Extending the

current theoretical framework to capture these richer forms of heterogeneity, and

systematically analysing their impact on generalisation, robustness, and optimisation,

would further strengthen the connection between theory and real-world applications.

Such developments could provide more precise and actionable guidance for designing

distributed self-supervised learning systems in diverse and dynamic environments.
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CHAPTER 8

Full Proofs of Theoretical Analyses

Chapter Overview: This chapter provides the complete theoretical proofs that

form the rigorous foundations of the four main studies presented in Chapters 3–6.

While earlier chapters summarised the key results and highlighted their implications,

here we present the full derivations to ensure transparency, reproducibility, and

mathematical rigour.

• Section 8.1 presents the proofs supporting Chapter 3. These include the

derivation of the generalisation bound for federated SGD, the formal relationship

between compute-optimal model sizes in centralised and federated settings,

theoretical evidence for the inferior generalisation in distributed training, and

the analytic method for estimating optimal model size from the average compute

across clients.

• Section 8.2 details the proofs corresponding to Chapter 4. It studies the

stability of decentralised and federated learning and includes formal derivations

of Theorems 7–10, which characterise the inevitability of a PAC-Bayesian

generalisation gap under equal resources and the training advantage conditions

for fully closing it.

• Section 8.3 contains the proofs supporting Chapter 5. It first analyses

representability for distributed masked image modelling (MIM) and contrastive

learning, then rigorously proves the two central insights: (1) MIM’s inherent
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robustness compared to CL under heterogeneous data, and (2) the role of

network connectivity in strengthening the non-IID robustness.

• Section 8.4 provides the proofs associated with Chapter 6. These include proofs

of the convergence and consistency guarantees of the decentralised training

process implemented in DeNAV, as well as an analysis of how the amount of

local data affects the training effectiveness of DeNAV.

By presenting these proofs in full, this chapter consolidates the theoretical rigour

underlying the thesis’s contributions and ensures that the key results in previous

chapters rest on a transparent and well-founded analytical basis.
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8.1 Proofs of Chapter 3

8.1.1 Proof of Generalisation Bound for Federated SGD

This section provides the proof details for Lemma 2, Lemma 3, Theorem

1, and Theorem 2 of theoretical analysis in section 3.4.2.

We start our analysis of the generalisation with the proof of Lemma 2.

Proof. From the result of the Ornstein-Uhlenbeck process [139], the analytical solution

for the SGD training with local data from client i in the first round j = 1 will be

θi(1) = θi(0)e−Ait +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′). (8.1)

where W (t′) is a white noise and followsN (0, I). Since local models will be aggregated

on the server at each round of federated learning, the analytic solution for local

training on client i at the second round j = 2 should be

θi(2) =
1

n

n∑
i=1

θi(1)e−Ait +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′). (8.2)

Substituting Eq.(8.1) into Eq.(8.2), we have

θi(2) =
1

n

n∑
i=1

(
θi(0)e−Ait +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′)

)
e−Ait

+

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′)

= θi(0)e−2Āt +

√
η

kFedm

∫ 0

−t

e−Ā(t−t′)B̄dW (t′) +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′).

(8.3)
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In the same way, we formulate the analytic solution in the round j = 3 as follows:

θi(3) =
1

n

n∑
i=1

(θi(0)e−2Āt +

√
η

kFedm

∫ 0

−t

e−Ā(t−t′)B̄dW (t′)

+

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′))e−Ait +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′)

= θi(0)e−2Āt 1

n

n∑
i=1

e−Ait +

√
η

kFedm

∫ 0

−t

e−Ā(t−t′)B̄dW (t′)
1

n

n∑
i=1

e−Ait

+

√
η

kFedm

1

n

n∑
i=1

∫ t

0

e−Ai(t−t′)e−AitBidW (t′) +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′)

= θi(0)e−3Āt +

√
η

kFedm

(∫ −t

−2t

e−Ā(t−t′)B̄dW (t′) +

∫ 0

−t

e−Ā(t−t′)B̄dW (t′)

)
+

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′)

= θi(0)e−3Āt +

√
η

kFedm

∫ 0

−2t

e−Ā(t−t′)B̄dW (t′) +

√
η

kFedm

∫ t

0

e−Ai(t−t′)BidW (t′).

(8.4)

Similarly, the analytic solution after T rounds of federated training can be derived

as the following equation:

θFed(T ) =
1

n

n∑
i=1

θi(T )

= θi(0)e−TĀt +

√
η

kFedm

∫ 0

(1−T )t

e−Ā(t−t′)B̄dW (t′) +

√
η

kFedm

1

n

n∑
i=1

∫ t

0

e−Ai(t−t′)BidW (t′)

= θi(0)e−TĀt +

√
η

kFedm

∫ 0

(1−T )t

e−Ā(t−t′)B̄dW (t′) +

√
η

kFedm

∫ t

0

e−Ā(t−t′)B̄dW (t′)

= θi(0)e−TĀt +

√
η

kFedm

∫ t

(1−T )t

e−Ā(t−t′)B̄dW (t′)

= θi(0)e−TĀt +

√
η

kFedm

1− e−TĀt

Ā
B̄

= θ0e
−TĀt +

√
η

kFedm

T (1− e−TĀt)

TĀ
B̄

= θ0e
−TĀt + T

√
η

kFedm

∫ t

0

e−TĀ(t−t′)B̄dW (t′).

(8.5)

which completes the proof.
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Then, we use the results in Lemma 2 to prove Lemma 3.

Proof. From Eq.(3.13), we know that

ΣFed = Eθ∼Q[θFedθ
⊺
Fed]. (8.6)

Then, according to Eq.(8.5), we can derive the following equation:

TĀΣFed + ΣFedTĀ =
T 2η

kFedm

∫ t

−∞
TĀe−TĀ(t−t′)C̄e−TĀ(t−t′)dt′

+
T 2η

kFedm

∫ t

−∞
e−TĀ(t−t′)C̄e−TĀ(t−t′)dt′TĀ

=
T 2η

kFedm

∫ t

−∞

d

dt′
(e−TĀ(t−t′)C̄e−TĀ(t−t′))

=
T 2η

kFedm
C̄.

(8.7)

which completes the proof.

Based on the above two lemmas and Lemma 1, we can establish the PAC-Bayesian

generalisation bound in Theorem 1 as follows.

Proof. Similarly to the classical PAC-Bayesian framework, we suppose the prior

distribution over the parameter space θ is P and the distribution of the learned

hypothesis from the federated SGD algorithm is Q. Then according to Eq.(3.13), the

densities of the stationary distribution Q and the prior distribution P are respectively

q(θ) and p(θ) in terms of the parameter θ and can be expressed as the following

equations:

q(θ) =
1√

2π det(ΣFed)
exp

{
−1

2
θ⊺Σ−1

Fedθ

}
,

p(θ) =
1√

2π det(I)
exp

{
−1

2
θ⊺Iθ

}
.

(8.8)
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Thus we have

log

(
q(θ)

p(θ)

)
= log

( √
2π det(I)√

2π det(ΣFed)
exp

{
1

2
θ⊺Iθ − 1

2
θ⊺Σ−1

Fedθ

})

=
1

2
log

(
1

det(ΣFed)

)
+

1

2

(
θ⊺Iθ − θ⊺Σ−1

Fedθ
)
.

(8.9)

Here we can calculate the KL divergence between the distribution Q and P by

applying Eq.(3.11) in Lemma 1:

D(Q||P ) = Eθ∼Q

(
log

Q(θ)

P (θ)

)
=

∫
θ∈Θ

log

(
q(θ)

p(θ)

)
q(θ)dθ

=

∫
θ∈Θ

[
1

2
log

(
1

det(ΣFed)

)
+

1

2

(
θ⊺Iθ − θ⊺Σ−1

Fedθ
)]
q(θ)dθ

=
1

2
log

(
1√

det(ΣFed)

)
+

1

2

∫
θ∈Θ

θ⊺Iθq(θ)dθ − 1

2

∫
R|S|

θ⊺Σ−1
Fedq(θ)dθ

=
1

2
log

(
1√

det(ΣFed)

)
+

1

2
Eθ∼N (0,ΣFed)θ

⊺Iθ − 1

2
Eθ∼N (0,ΣFed)θ

⊺Σ−1
Fedθ

=
1

2
log

(
1√

det(ΣFed)

)
+

1

2
tr(ΣFed − I).

(8.10)

Since we have proved from Lemma 3 that TĀΣFed + ΣFedTĀ = T 2η
kFedm

C̄, we have

ĀΣFedĀ
−1 + ΣFed =

T 2η

TkFedm
C̄Ā−1

tr(ĀΣFedĀ
−1 + ΣFed) = tr(

Tη

kFedm
C̄Ā−1).

(8.11)
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For the left-hand side, we can change it to the following equation:

LHS = tr(ĀΣFedĀ
−1 + ΣFed)

= tr(ĀΣFedĀ
−1) + tr(ΣFed)

= tr(ĀĀ−1ΣFed) + tr(ΣFed)

= tr(ΣFed) + tr(ΣFed)

= 2tr(ΣFed).

(8.12)

Therefore,

tr(ΣFed) =
1

2
tr(

Tη

kFedm
C̄Ā−1) =

Tη

2kFedm
tr(C̄Ā−1). (8.13)

On the other side, we can simply calculate that tr(I) = d, because I ∈ Rd×d, where

d is the dimension of the parameter θ. Then we can have

D(QFed||P ) = −1

2
log(det(ΣFed)) +

1

2
tr(ΣFed)−

1

2
tr(I)

= −1

2
log(det(ΣFed)) +

Tη

4kFedm
tr(C̄Ā−1)− 1

2
d.

(8.14)

By inserting Eq.(8.14) into Eq.(3.10), we can derive the following inequality for the

global training sample set of size nm:

R(QFed) ≤ R̂(QFed)

+

√
− log(det(ΣFed)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(8.15)

which has completed the proof.

By combining the results of Theorem 1 with Assumption 3, we can complete the

following proof of Theorem 2.

173



Proof. Based on Assumption 3, we can reformulate Eq.(3.14) in Lemma 3 to

TĀΣFed + ΣFedTĀ =
T 2η

kFedm
C̄

2TΣFedĀ =
T 2η

kFedm
C̄

ΣFed =
Tη

2kFedm
C̄Ā−1.

(8.16)

By substituting Eq.(8.16) into Eq.(3.15) and rearranging the equation, we have

R(QFed)− R̂(QFed)

≤

√
− log(det( Tη

2kFedm
C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

≤

√
− log(( Tη

2kFedm
)d det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

≤

√
d log(2kFedm

Tη
)− log(det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(8.17)

which completes the proof.

8.1.2 Proof of First Insight: The Relationship Between Two Optimal

Model Sizes

This section provides the proof details for Lemmas 4, 5, 6, 7 and Theorem

3 of the theoretical analysis in Section 3.4.3.

According to the proof of Lemma 2, we can also prove the analytic solution of

centralised SGD shown in Lemma 4 as follows.

Proof. Based on the result of the Ornstein-Uhlenbeck process [139], we can simply

derive the following analytic solution for the baseline centralised SGD:

θCen(T ) = θ(0)e−
T
n
At +

T

n

√
η

kCennm

∫ t

0

e−
T
n
A(t−t′)BdW (t′)). (8.18)

thus completing the proof.
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The proof of Lemma 5 can also be completed in a similar way.

Proof. Based on Eq.(3.19), we know that

ΣCen = Eθ∼Q[θCenθ
⊺
Cen]. (8.19)

Then, by combining Eq.(3.18) and Eq.(8.19), we can derive the following equation:

T

n
AΣCen + ΣCen

T

n
A =

T 2η

kCenn3m

∫ t

−∞

T

n
Ae−

T
n
A(t−t′)Ce−

T
n
A(t−t′)dt′

+
T 2η

kCenn3m

∫ t

−∞
e−

T
n
A(t−t′)Ce−

T
n
A(t−t′)dt′

T

n
A

=
T 2η

kCenn3m

∫ t

−∞

d

dt′
(e−

T
n
A(t−t′)Ce−

T
n
A(t−t′))

=
T 2η

kCenn3m
C.

(8.20)

which completes the proof.

By combining Lemma 4 and Lemma 5, we further prove the generalisation bound

of centralised SGD shown in Lemma 6.

Proof. Since we have proved from Lemma 5 that T
n
AΣCen + ΣCen

T
n
A = T 2η

kCenn3m
C,

we have

AΣCen + ΣCenA =
Tη

kCenn2m
C

AΣCenA
−1 + ΣCen =

Tη

kCenn2m
CA−1

tr(AΣCenA
−1 + ΣCen) = tr(

Tη

kCenn2m
CA−1)

2tr(ΣCen) = tr(
Tη

kCenn2m
CA−1)

tr(ΣCen) =
Tη

2kCenn2m
tr(CA−1).

(8.21)

Similarly to the proof of Theorem 1, by substituting Eq.(8.21) into Eq.(8.10), we

can compute the KL divergence between the distribution of the output hypothesis
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and the prior as below:

D(QCen||P ) = −1

2
log(det(ΣCen)) +

1

2
tr(ΣCen)− 1

2
tr(I)

= −1

2
log(det(ΣCen)) +

Tη

4kCenn2m
tr(C̄Ā−1)− 1

2
d.

(8.22)

According to Lemma 1, we can derive the following inequality to bound the

generalisation bound error of the baseline centralised SGD:

R(QCen) ≤ R̂(QCen)+√
− log(det(ΣCen)) + Tη

2kCenn2m
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(8.23)

Since we have assumed that AΣ = ΣA from Assumption 3, we can reformulate

Eq.(3.20) to
T

n
AΣCen + ΣCen

T

n
A =

T 2η

kCenn3m
C

2ΣCenA =
Tη

kCenn2m
C

ΣCen =
Tη

2kCenn2m
CA−1.

(8.24)

By inserting Eq.(8.24) into Eq.(8.23) and rearranging the equation, we have

R(QCen)− R̂(QCen)

≤

√
− log(det( Tη

2kCenn2m
CA−1)) + Tη

2kCenn2m
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

≤

√
d log(2kCenn2m

Tη
)− log(det(CA−1)) + Tη

2kCenn2m
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(8.25)

The proof has been completed.

Now, we have the PAC-Bayesian generalisation bounds for both federated and

centralised SGD. We can start to prove their respective optimal model sizes shown

in Lemma 7.
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Proof. At the beginning, we define

LFed =

d log(2kFedm
Tη

)− log(det(C̄Ā−1)) + Tη
2kFedm

tr(C̄Ā−1))− d+ 2 log(1
δ
) + 2 log(nm) + 4

4nm− 2
,

LCen =

d log(2kCenn
2m

Tη
)− log(det(CA−1)) + Tη

2kCenn2m
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(8.26)

Then, Eq.(3.17) and Eq.(3.21) can be turned into

R(QFed) ≤ R̂(QFed) +
√
LFed,

R(QCen) ≤ R̂(QCen) +
√
LCen.

(8.27)

To find the optimal model size that minimises the generalisation bound, we start

by calculating the derivative of LFed with respect to the average amount of training

data m on clients as follows:

∂LFed

∂m
=

G1 −G2

(4nm− 2)2
. (8.28)

where

G1 = (4nm− 2)(
d+ 2

m
− Tη

2kFedm2
tr(C̄Ā−1)),

G2 = (4n)(d log(
2kFedm

Tη
)− log(det(C̄Ā−1)) +

Tη

2kFedm
tr(C̄Ā−1)− d

+ 2 log(
1

σ
) + 2 log(nm) + 4).

(8.29)
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By setting ∂LFed

∂m
= 0, we derive the following optimal model size:

(4nm− 2)
d

m
+ (4nm− 2)(

2

m
− Tη

2kFedm2
tr(C̄Ā−1))

= 4n(d log(
2kFedm

Tη
)− log(det(C̄Ā−1)) +

Tη

2kFedm
tr(C̄Ā−1)− d

+ 2 log(
1

σ
) + 2 log(nm) + 4)(4n− 2

m
− 4n log(

2kFedm

Tη
) + 4n)d

= 4n(− log(det(C̄Ā−1)) +
Tη

2kFedm
tr(C̄Ā−1) + 2 log(

1

σ
) + 2 log(nm) + 4)

− (4nm− 2)(
2

m
− Tη

2kFedm2
tr(C̄Ā−1))

d∗Fed =

−4n log((det(C̄Ā−1)) + ( 4nTη
kFedm

− Tη
kFedm2 )tr(C̄Ā−1)) + 8n log(1

δ
) + 8n log(nm)− 4

m
+ 8n

8n− 2
m
− 4n log(2kFedm

Tη
)

.

(8.30)

In the same way, we obtain the below optimal model size d∗Cen for the baseline

centralised SGD:

d∗Cen =

−4n log (det (CA−1)) +
(

4Tη
kCennm

− Tη
kCenn2m2

)
tr (CA−1) + 8n log

(
1
δ

)(
8n− 2

m
− 4n log

(
2kCenn2m

Tη

))
+

8n log (nm)− 4
m

+ 8n(
8n− 2

m
− 4n log

(
2kCenn2m

Tη

))
(8.31)

which completes the proof.

Based on the Assumption 4 and results in Lemma 7, we can complete the proof

of Theorem 3 below and derive the size relationship.

Proof. When Assumption 4 holds, we have:

C̄Ā−1 =
1

nγ
(C + ∆C)(A+ ∆A)−1

≈ 1

nγ
(C + ∆C)(A−1 + A−1∆AA

−1).
(8.32)
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Hence,

tr(C̄Ā−1) = tr(
1

nγ
(C + ∆C)(A+ ∆A)−1)

≈ tr(
1

nγ
(CA−1 + CA−1∆AA

−1 + ∆C

(
A−1 + A−1∆AA

−1
)︸ ︷︷ ︸

∆1

))

=
1

nγ
(tr(CA−1) + tr(∆1));

(8.33)

− log(det(C̄Ā−1)) = − log(det(
1

nγ
(C + ∆C)(A+ ∆A)−1))

≈ − log(det(
1

nγ
CA−1 (I + C−1∆C)(I + ∆AA

−1)︸ ︷︷ ︸
∆2

))

= − log(
1

nγd
det(CA−1∆2))

= − log(
1

nγd
det(CA−1) det(∆2))

= γd log(n)− log(det(CA−1)) + log(det(∆2)
−1).

(8.34)

Substituting Eqs.(8.33) and (8.34) into Eq.(3.22) derives:

d∗Fed =

−4n (log (det (CA−1)) + log (det (∆2))) +
(

4nTη
nγkFedm

− Tη
nγkFedm2

)
(tr (CA−1) + tr (∆1))

8n− 2
m
− 4n log

(
2nγkFedm

Tη

)
+

8n log
(
1
δ

)
+ 8n log (nm)− 4

m
+ 8n

8n− 2
m
− 4n log

(
2nγkFedm

Tη

) .

(8.35)
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When T →∞, by comparing Eq.(8.35) and Eq.(3.23), we have

lim
T→∞

d∗Fed

d∗Cen

=

(
4nTη

nγkFedm
− Tη

nγkFedm2

)
(tr (CA−1) + tr (∆1))

−4n log
(

2nγkFedm
Tη

)
×

−4n log
(

2kCenn
2m

Tη

)
(

4Tη
kCennm

− Tη
kCenn2m2

)
tr (CA−1)

=

(
4nη

nγkFedm
− η

nγkFedm2

)
(tr (CA−1) + tr (∆1))(

4η
kCennm

− η
kCenn2m2

)
tr (CA−1)

=

(
4nη

nγSFed
− η

nγmSFed

)
(tr (CA−1) + tr (∆1))(

4η
SCen
− η

nmSCen

)
tr (CA−1)

=

(
(4nm−1)η
nγmSFed

)
(tr (CA−1) + tr (∆1))(

(4nm−1)η
nmSCen

)
tr (CA−1)

=
SCen (tr (CA−1) + tr (∆1))

SFedtr (CA−1)

1

nγ−1
.

(8.36)

Let ρ =
SCen(tr(CA−1)+tr(∆1))

SFedtr(CA−1)
. Since C, C̄, A and Ā are (semi) positive-definite

matrices, we have tr(CA−1) > 0 and tr(C̄Ā−1) > 0, which further implies:

tr
(
CA−1

)
+ tr (∆1) ≈ nγtr(C̄Ā−1) > 0 (8.37)

. Therefore, we find ρ > 0. The proof has been completed.

8.1.3 Proof of Second Insight: Evidence for Inferior Generalisation of

Distributed Training

This section provides the proof details for Theorem 4 of the theoretical

analysis in Section 3.4.4.
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Proof. When T →∞, we can observe that the optimal model sizes shown by Eq.(3.22)

and Eq.(3.23) will turn to the following equations:

lim
T→∞

d∗Fed =

(
4nTη
kFedm

− Tη
kFedm2

)
tr
(
C̄Ā−1

)
−4n log

(
2kFedm

Tη

)
=

(
4nTη
kFedm

− Tη
kFedm2

)
tr
(
C̄Ā−1

)
4n

=

(
(4nm−1)Tη
kFedm2

)
tr
(
C̄Ā−1

)
4n

,

(8.38)

lim
T→∞

d∗Cen =

(
4Tη

kCennm
− Tη

kCenn2m2

)
tr (CA−1)

−4n log
(

2kCenn2m
Tη

)
=

(
4Tη

kCennm
− Tη

kCenn2m2

)
tr (CA−1)

4n
.

(8.39)

Therefore, the optimal generalisation bound for federated learning based on the

optimal model size can be formulated as:

lim
T→∞

[
R (QFed)− R̂ (QFed)

]
≤
√
LFed

≤ G∗Fed

(8.40)

where

G∗Fed =
− log(det(ΣFed)) + Tη

2kFedm
tr
(
C̄Ā−1

)
− d∗Fed + 2 log

(
1
δ

)
+ 2 log (nm) + 4

4nm− 2

=
d∗Fed log

(
2kFedm

Tη

)
− log

(
det
(
C̄Ā−1

))
+ Tη

2kFedm

(
tr
(
C̄Ā−1

))
− d∗

Fed

4nm− 2

+
2 log

(
1
δ

)
+ 2 log (nm) + 4

4nm− 2
.

(8.41)
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Similarly, the optimal generalisation bound for centralised learning based on the

optimal model size is defined as:

G∗Cen =
− log(det(ΣCen)) + Tη

2kCenn2m
tr (CA−1)− d∗Cen + 2 log

(
1
δ

)
+ 2 log (nm) + 4

4nm− 2

=
d∗Cen log

(
2kCenn

2m
Tη

)
− log (det (CA−1)) + Tη

2kCenn2m
tr (CA−1)− d∗Cen + 2 log

(
1
δ

)
4nm− 2

+
2 log (nm) + 4

4nm− 2
.

(8.42)

Then, we have

G∗Fed − G∗Cen =
− log(det(ΣFed)) + Tη

2kFedm
tr
(
C̄Ā−1

)
− d∗

Fed

4nm− 2

−
− log(det(ΣCen)) + Tη

2kCenn2m
tr (CA−1)− d∗Cen

4nm− 2

=
d∗Fed log

(
2kFedm

Tη

)
− log

(
det
(
C̄Ā−1

))
+ Tη

2kFedm
(tr
(
C̄Ā−1

)
)− d∗

Fed

4nm− 2

−
d∗Cen log

(
2kCenn

2m
Tη

)
− log (det (CA−1)) + Tη

2kCenn2m
tr (CA−1)− d∗Cen

4nm− 2

=

d∗Fed log
(

2kFedm
Tηe

)
− d∗Cen log

(
2kCenn

2m
Tηe

)
+ log

(
det(CA−1)
det(C̄Ā−1)

)
4nm− 2

+

Tη

(
tr(C̄Ā−1)
2kFedm

− tr(CA−1)
2kCenn2m

)
4nm− 2

.

(8.43)
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By inserting Eq.(8.38) and Eq.(8.39), Eq.(8.43) can be simplified into

lim
T→∞

(G∗Fed − G∗Cen)

=

(
(4nm−1)Tη

kFedm
2

)
tr(C̄Ā−1)

4n
log
(

2kFedm
Tηe

)
−

(
(4nm−1)Tη

kCenn2m2

)
tr(CA−1)

4n
log
(

2kCenn
2m

Tηe

)
4nm− 2

+

Tη

(
tr(CA−1)
2kFedm

− tr(C̄Ā−1)
2kCenn2m

)
4nm− 2

=

(
Tη(4nm−1) log

(
2kFedm

Tηe

)
4nkFedm2

)
tr
(
C̄Ā−1

)
−

(
Tη(4nm−1) log

(
2kCenn2m

Tηe

)
4kCenn3m2

)
tr (CA−1)

4nm− 2

=

(
Tη(4nm−1) log(T )

4kCenn3m2

)
tr (CA−1)−

(
Tη(4nm−1) log(T )

4nkFedm2

)
tr
(
C̄Ā−1

)
4nm− 2

=

(
Tη(4nm−1) log(T )

4SCenn2m

)
tr (CA−1)−

(
Tη(4nm−1) log(T )

4SFednm

)
tr
(
C̄Ā−1

)
4nm− 2

=

Tη (4nm− 1) log (T )

(
tr(CA−1)
4SCenn2m

− tr(C̄Ā−1)
4SFednm

)
4nm− 2

= Tη (4nm− 1) log (T )

(
tr (CA−1)

4SCenn2m
− (tr (CA−1) + tr (∆1))

4SFednγ+1m

)
,

(8.44)

To satisfy limT→∞(G∗Fed − G∗Cen) > 0, we solve

Tη (4nm− 1) log (T )

(
tr (CA−1)

4SCenn2m
− (tr (CA−1) + tr (∆1))

4SFednγ+1m

)
> 0

tr (CA−1)

4SCenn2m
>

(tr (CA−1) + tr (∆1))

4SFednγ+1m

n > γ−1

√
SCen (tr (CA−1) + tr (∆1))

SFedtr (CA−1)
.

(8.45)

Considering that we have defined ρ =
SCen(tr(CA−1)+tr(∆1))

SFedtr(CA−1)
in Theorem 3. The above

condition turns to n > γ−1
√
ρ, which completes the proof.
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8.1.4 Proof of Third Insight: Estimating Optimal Model Size by Average

Training Compute Between Clients

This section provides the proof details for Lemmas 8, 9 10 and Theorem

5 of the theoretical analysis in Section 3.4.5.

To formulate the analytic solution of optimal model size at the client level, we

first derive the analytic solution of SGD with data from a single client. The proof of

Lemma 8 is shown below.

Proof. Based on Eq.(3.18), we can simply derive the following analytic solution for

this baseline training that only uses the local data on client i and is also iterated for

T rounds:

θ́i(T ) = θi(0)e−TAit + T

√
η

kim

∫ t

0

e−TAi(t−t′)BidW (t′)). (8.46)

which completes the proof.

Starting from the above result, we can use a similar proof as that used to derive

the generalisation bounds for federated and centralised SGD to obtain Lemma 9.

Proof. Similarly to the proof of Lemma 6, we first derive

Σi =
Tη

2kim
CiA

−1
i . (8.47)

Then, we reformulate the Eq.(8.23) in terms of Eq.(8.47) and the size m of local

data on client i to obtain the following generalisation bound:

R(Qi)− R̂(Qi)

≤

√
di log(2kim

Tη
)− log(det(CiA

−1
i )) + Tη

2kim
tr(CiA

−1
i )− di + 2 log(1

δ
) + 2 log(m) + 4

4m− 2
.

(8.48)

which completes the proof.
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By the bound result in Lemma 8, we formulate the optimal model size at the

client level in Lemma 10. The following proof demonstrates our derivation.

Proof. We firstly define

Li =
d log

(
2kim
Tη

)
− log

(
det
(
CiA

−1
i

))
+ Tη

2kim
tr
(
CiA

−1
i

)
− d+ 2 log

(
1
δ

)
+ 2 log (m) + 4

4m− 2
.

(8.49)

Then, Eq.(3.29) becomes

R(Qi) ≤ R̂(Qi) +
√
Li. (8.50)

We calculate the derivative of Li with respect to the amount of training data m on

the client i as follow:
∂Li

∂m
=

G1 −G2

(4m− 2)2
. (8.51)

where

G1 = (4m− 2)

(
d+ 2

m
− Tη

2kim2
tr
(
CiA

−1
i

))
,

G2 = 4(d log

(
2kim

Tη

)
− log

(
det
(
CiA

−1
i

))
+

Tη

2kim
tr
(
CiA

−1
i

)
− d

+ 2 log

(
1

δ

)
+ 2 log (m) + 4).

(8.52)

Similarly, to find the optimal size, we set ∂Li

∂m
= 0 and derive

(4m− 2)

(
d+ 2

m
− Tη

2kim2
tr
(
CiA

−1
i

))
= 4(d log

(
2kim

Tη

)
− log

(
det
(
CiA

−1
i

))
+

Tη

2kim
tr
(
CiA

−1
i

)
− d+ 2 log

(
1

δ

)
+ 2 log (m) + 4)

d∗i =
−4 log

(
det
(
CiA

−1
i

))
+
(

4Tη
kim
− Tη

kim2

)
tr
(
CiA

−1
i

)
+ 8 log

(
1
δ

)
+ 8 log (m)− 4

m
+ 8

8− 2
m
− 4 log

(
2kim
Tη

) .

(8.53)

The proof has been completed.
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Finally, based on the above result and the optimal model sizes in Lemma 7, the

proof of Theorem 5 is completed as follows.

Proof. Based on Eqs.(3.22) and (8.53), we derive the below result when T →∞:

lim
T→∞

d∗Fed
1
n

∑n
i=1 d

∗
i

=

(
4nTη
kFedm

− Tη
kFedm2

)
tr
(
C̄Ā−1

)
−4n log

(
2kFedm

Tη

) ×
−4 log

(
2kim
Tη

)
(

4Tη
kim
− Tη

kim2

)
1
n

∑n
i=1 tr

(
CiA

−1
i

) .
(8.54)

Considering that we use ξCi = Ci − C̄ and ξAi = Ai − Ā to denote client variance in

non-IID settings, we have

CiA
−1
i = (C̄ + ξCi )(Ā+ ξAi )−1 ≈ (C̄ + ξCi )(Ā−1 + Ā−1ξAi Ā

−1), (8.55)

which implies

tr(CiA
−1
i ) = tr((C̄ + ξCi )(Ā+ ξAi )−1)

≈ tr(C̄Ā−1 + C̄Ā−1ξAi Ā
−1 + ξCi

(
Ā−1 + Ā−1ξAi Ā

−1
)︸ ︷︷ ︸

ξi

)

= tr(C̄Ā−1) + tr(ξi);

(8.56)

With the above equation and {kFedm = kim|i ∈ n}, Eq.(8.54) can be further

simplified into

lim
T→∞

d∗Fed
1
n

∑n
i=1 d

∗
i

=

(
4nη

kFedm
− η

kFedm2

)
tr
(
C̄Ā−1

)
n
(

4η
kFedm

− η
kFedm2

)
1
n

∑n
i=1

(
tr
(
C̄Ā−1

)
+ tr (ξi)

)
=

(
4n

kFedm
− 1

kFedm2

)
tr
(
C̄Ā−1

)
n
(

4
kFedm

− 1
kFedm2

) (
tr
(
C̄Ā−1

)
+ tr

(
ξ̄
))

=

(
4m− 1

n

4m− 1

)
tr
(
C̄Ā−1

)(
tr
(
C̄Ā−1

)
+ tr

(
ξ̄
)) ,

(8.57)

where ξ̄ = 1
n

∑n
i=1 ξi. Let κ =

(
4m− 1

n

4m−1

)
tr(C̄Ā−1)

(tr(C̄Ā−1)+tr(ξ̄))
. The proof has been

completed.
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8.2 Proofs of Chapter 4

8.2.1 Proof of Stability and Generalisation Bound of Decentralised and

Federated Learning

This section provides the proof details for Theorem 6 of the theoretical

analysis in Section 4.3.2.

Proof. We couple two executions of decentralised learning on training datasets that

differ in exactly one example. The two runs produce parameter sequences {θt}Tt=0

and {θ̃t}Tt=0. We define the deviation between them by ∆t := ∥θt − θ̃t∥. At iteration

t, let the two coupled runs visit clients it and ĩt, and let the corresponding local

samples be zit and zĩt . We consider the following two cases.

Firstly, if the same sample is selected for both training, we have Case A:

∆t+1 =
∥∥θt − θ̃t − η(∇fit(θt; zit)−∇fit(θ̃t; zit))∥∥

≤
∥∥θt − θ̃t∥∥+ η

∥∥∇fit(θt; zit)−∇fit(θ̃t; zit)∥∥
≤ (1 + ηL) ∆t.

(8.58)

Otherwise, we have Case B:

∆t+1 =
∥∥θt − θ̃t − η(∇fit(θt; zit)−∇fĩt(θ̃t; zĩt))∥∥

≤
∥∥θt − θ̃t∥∥+ η

∥∥∇fit(wt; zit)−∇fĩt(θ̃
t; zit)

∥∥+ η
∥∥∇fit(θ̃t; zit)−∇fĩt(θ̃t; zĩt)∥∥

≤ (1 + ηL) ∆t + η βt,

(8.59)

where we define βt =
∥∥∇fit(θ̃t; zit)−∇fĩt(θ̃t; zĩt)∥∥. Combining the two cases yields

∆t+1 ≤ (1 + ηL)∆t + η βt. (8.60)

Extending this into the recursion of T steps further produces

∆T ≤
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηtβt. (8.61)
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According to the bounded gradient assumption ∥∇fi(θ; z)∥ ≤ B, the following

statement holds depending on the circumstance if the same client i is selected for

both training:

δt ≤


2B, it ̸= ĩt,

2B, it = ĩt = i,

0, otherwise.

(8.62)

Then, by taking expectations in (8.61) and using linearity, we establish

E[∆T ] ≤ E[
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηtβt]

=
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηtE[βt]

≤
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
2ηtB(Pr(it ̸= ĩt) + Pr(it = ĩt = i)).

(8.63)

Let µ, ν be the initial distributions of the two coupled communication walks, and

let P be the transition kernel of the communication process. Considering that each

walk is determined by the selected training client in the last round, it thus follows a

Markovian chain [150]. Standard mixing estimates give

Pr(it ̸= ĩt) ≤ ∥µP t − νP t∥TV

=
1

2
∥µP t − νP t∥1

≤ n

2
∥µP t − νP t∥∞

≤ n

2
cPλ

t
2,

(8.64)

where || · ||TV denotes the total variation. For the collision probability Pr(it = ĩt = i),

using the stationary distribution π(i) = degi/(2E) and the upper bound
∑

i π(i)2 ≤

maxi π(i) ≤ degmax/(2E), we have

Pr(it = ĩt = i) ≤ degmax

2E
. (8.65)
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Substituting (8.64) and (8.65) into (8.63) gives the single-walk estimate

E[∆T ] ≤ 2B
T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηt(
n

2
cPλ

t
2 +

degmax

2E
). (8.66)

By the assumption on Lipschitz continuity of the loss,

E
[
|f
(
θT ; z

)
− f

(
θ̃T ; z

)
|
]
≤ GE

[
||θT − θ̃T ||

]
≤ GB

T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηt(ncPλ

t
2 +

degmax

E
)

(8.67)

Next, we attempt to generalise the above result to k parallel communication walks.

Considering that each work adopts the same initial learning rate and learning rate

decay (i.e., ∀j : ηjs ≡ ηs, η
j
t ≡ ηt), we have

E
[
|f
(
θT ; z

)
− f

(
θ̃T ; z

)
|
]

≤ GE
[
||θT − θ̃T ||

]
= GE

[
|| 1
K

K∑
j=1

θTj −
1

K

K∑
j=1

θ̃Tj ||

]

= GE

[
|| 1
K

K∑
j=1

(θTj − θ̃Tj )||

]

=
G

K
E

[
||

K∑
j=1

(θTj − θ̃Tj )||

]

≤ G

K

K∑
j=1

T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
2ηtB(Pr(ijt ̸= ĩjt) + Pr(ijt = ĩjt = i))

≤ G

K

T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
2ηtB(Pr(∃j : ijt ̸= ĩjt) + Pr(∃j : ijt = ĩjt = i)).

(8.68)

Based on Eqs.(8.64) and (8.65) and by applying a union bound, we find

Pr
(
∃j : ijt ̸= ĩjt

)
≤

K∑
j=1

n

2
cPλ

t
2 = K · n

2
cPλ

t
2, (8.69)
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and

Pr
(
∃j : ijt = ĩjt = i

)
≤ 1−

(
1− degmax

2E

)K

. (8.70)

Plugging Eqs.(8.69) and (8.70) into Eq.(8.68) produces

E
[∣∣f(θT ; z)− f(θ̃T ; z)

∣∣]
≤ G

K
B

T−1∑
t=0

(
T−1∏
s=t+1

(1 + ηsL)

)
ηt(KncPλ

t
2 + 2(1−

(
1− degmax

2E

)K

)).
(8.71)

Let ηt ≡ η, and ρ = 1 + ηL. We can simplify the above equation into

E
[
|f
(
θT ; z

)
− f

(
θ̃T ; z

)
|
]

≤ GηB
T−1∑
t=0

(1 + ηL)T−1−t(ncPλ
t
2 +

2

K
(1− (1− degmax

2E
)K)).

(8.72)

This further simplifies into the following closed form:

E
[
|f
(
θT ; z

)
− f

(
θ̃T ; z

)
|
]

≤ ηGB

[
ncP ρ

T−1 1−
(
λ2/ρ

)T
1−

(
λ2/ρ

) +
ρT − 1

ρ− 1
·

2(1−
(
1− degmax

E

)K
)

K

]
,

(8.73)

by the fact that

T−1∑
t=0

ρT−1−tλt2 = ρT−1

T−1∑
t=0

(
λ2
ρ

)t = ρT−1 · 1− (λ2/ρ)T

1− (λ2/ρ)
,

T−1∑
t=0

ρT−1−t =
T−1∑
s=0

ρs =
ρT − 1

ρ− 1
.

(8.74)

This completes the proof.

8.2.2 Proof of PAC-Bayesian Generalisation Gap

This section provides the proof details for Theorem 7 of the theoretical

analysis in Section 4.3.3.
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Proof. Based on Assumption 3, we can re-formulate Eq.(3.14) in Lemma 3 to

TĀΣFed + ΣFedTĀ =
T 2η

kFedm
C̄

2TΣFedĀ =
T 2η

kFedm
C̄

ΣFed =
Tη

2kFedm
C̄Ā−1.

(8.75)

By substituting Eq.(8.75) into Eq.(4.13), we have

R(QFed)− R̂(QFed)

≤

√
− log(det( Tη

2kFedm
C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

≤

√
− log(( Tη

2kFedm
)d det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

≤

√
d log(2kFedm

Tη
)− log(det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

≤
d log(2kFedm

Tη
)− log(det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2
.

(8.76)

Similarly, according to Assumption 3, we can re-formulate Eq.(3.20) to:

T

n
AΣCen + ΣCen

T

n
A =

T 2η

n2kCenD
C

2ΣCenA =
Tη

nkCenD
C

ΣCen =
Tη

2nkCenD
CA−1.

(8.77)
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By inserting the above equation into Eq.(4.14) and re-arranging the equation, we

have

R(QCen)− R̂(QCen)

≤

√
− log(det( Tη

2nkCenD
CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2

≤

√
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2

≤
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2
(8.78)

For Eqs.(8.76) and (8.78), we define

GFed =
d log

(
2kFedm

Tη

)
−log(det(C̄Ā−1))+ Tη

2kFedm
tr(C̄Ā−1)−d+2 log( 1

δ )+2 log(nm)+4

4nm−2
,

GCen =
d log

(
2nkCenD

Tη

)
−log(det(CA−1))+ Tη

2nkCenD
tr(CA−1)−d+2 log( 1

δ )+2 log(D)+4

4D−2
.

(8.79)

The difference between GFed and GCen, which is considered as the gap in the

generalisation performance, can be derived with the following form:

GFed − GCen

=
d log(2kFedm

Tη
)− log(det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

−
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2
.

(8.80)

When Assumption 4 hold, we have:

C̄Ā−1 =
1

nγ
(C + ∆C)(A+ ∆A)−1

≈ 1

nγ
(C + ∆C)(A−1 + A−1∆AA

−1).
(8.81)
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Hence,

tr(C̄Ā−1) = tr(
1

nγ
(C + ∆C)(A+ ∆A)−1)

= tr(
1

nγ
(CA−1 + CA−1∆AA

−1 + ∆C

(
A−1 + A−1∆AA

−1
)︸ ︷︷ ︸

∆1

)

=
1

nγ
(tr(CA−1) + tr(∆1));

(8.82)

− log(det(C̄Ā−1)) = − log(det(
1

nγ
(C + ∆C)(A+ ∆A)−1))

= − log(det(
1

nγ
CA−1 (I + C−1∆C)(I + ∆AA

−1)︸ ︷︷ ︸
∆2

))

= − log(
1

nγd
det(CA−1∆2))

= − log(
1

nγd
det(CA−1) det(∆2))

= γd log(n)− log(det(CA−1)) + log(det(∆2)
−1).

(8.83)

Substituting the above results into Eq.(8.80) derives:

GFed − GCen

=
d log(2kFedm

Tη
)− log(det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

−
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2

=
d log(2n

γkFedm
Tη

)− log(det(CA−1)) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1))

4D − 2

+
log(det(∆2)

−1)− d+ 2 log(1
δ
) + 2 log(nm) + 4

4D − 2

−
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2

=
d log(n

γ−1kFedm
kCenD

) + ( Tη
2nγkFedm

− Tη
2nkCenD

)tr(CA−1) + Tη
2nγkFedm

tr(∆1) + log(det(∆2)
−1)

4D − 2
.

(8.84)

The proof has been completed.
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8.2.3 Proof of Non-Vacuous Bounds on Generalisation Gap

This section provides the proof details for Theorem 8 of the theoretical

analysis in Section 4.3.4.

Proof. At the beginning, we construct the following helper function:

f (n) = d log(
nγ−1kFedm

kCenD
) + (

Tη

2nγkFedm
− Tη

2nkCenD
)tr(CA−1)

+
Tη

2nγkFedm
tr(∆1) + log(det(∆2)

−1).

(8.85)

Let SFed = kFedm and SCen = kCenD. By the fact that n ≥ 2, we further derive

f (n)

= d log(
nγ−1SFed

SCen

) + (
Tη

2nγSFed

− Tη

2nSCen

)tr(CA−1) +
Tη

2nγSFed

tr(∆1) + log(det(∆2)
−1)

≤ d log(
nγ−1SFed

SCen

) + (
Tη

2nγSFed

− Tη

2nSCen

)tr(CA−1) +
Tη

2γ+1SFed

tr(∆̃1) + log(det(∆2)
−1),

(8.86)

where ∆̃1 satisfies (∆̃1)i,j = |(∆1)i,j|. Then, we define

g(n) =

d log(
nγ−1SFed

SCen

) + (
Tη

2nγSFed

− Tη

2nSCen

)tr(CA−1) +
Tη

2γ+1SFed

tr(∆̃1) + log(det(∆2)
−1).

(8.87)

The derivative of g(n) is:

g′ (n) =
(γ − 1)d

n
+

Tη

2nγ+1SFedSCen

(nγ−1SFed − γSCen)tr(CA−1). (8.88)
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Since γ > 1, we know that g′(n) > 0 requires nγ−1SFed − γSCen > 0, this implies:

nγ−1SFed > γSCen

nγ−1 > γ
SCen

SFed

nγ−1 ≥ γ

n ≥ γ−1
√
γ,

(8.89)

where the third inequality adopts the fact that SCen ≥ SFed. Since the constant γ

satisfies γ > 1, we can prove g′(n) > 0 when n ≥ γ−1
√
γ. Then, we construct another

helper function and the derivative of this new helper function as follows:

h(x) = x
1

x−1 = e
1

x−1
log(x)

h′(x) = e
1

x−1
log(x)1−

1
x
− log(x)

(x− 1)2
.

(8.90)

From Eq.(8.90), since 1− 1
x
− log (x) < 0, it is clear that h′(x) < 0. Thus, we have

h (x) < h (1) = e and γ−1
√
γ < e. According to Eq.(8.85), the analytic solution of

O (GFed − GCen) is monotonically increasing with n when n ≥ e. Because of n ∈ Z+,

substituting n = 3 and n = D into Eq.(8.86) will derive the following inequalities for

3 ≤ n ≤ D:

d log(3
γ−1kFedm
kCenD

) + T
(

ηtr(CA−1)
2∗3γkFedm

− ηtr(CA−1)
6kCenD

)
+ Tηtr(∆̃1)

2γ+1kFedm
+ log(det(∆2)

−1)

4D − 2

≤ O (GFed − GCen) ≤

d log(D
γ−1kFedm
kCenD

) + T
(

η(tr(CA−1))
2DγkFedm

− η(tr(CA−1)
2D2kCen

)
+ Tηtr(∆̃1)

2γ+1kFedm
+ log(det(∆2)

−1)

4D − 2
.

(8.91)

By again applying the condition SFed

SCen
≤ 1, we can get a tighter lower bound as below:

O (GFed − GCen)

≥
d log(3γ−1) + T

(
ηtr(CA−1)
2∗3γkFedm

− ηtr(CA−1)
6kCenD

)
+ Tηtr(∆̃1)

2γ+1kFedm
+ log(det(∆2)

−1)

4D − 2
.

(8.92)
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However, the lower bound of n is actually n = 2. To find the bound of O(GFed−GCen)

covering the entire range {2 ≤ n ≤ D|n ∈ Z}, we solve:

γ−1
√
γ = 2

γ = 2.
(8.93)

Since γ−1
√
γ < 2 for any γ > 2, we know that when γ ≥ 2 is satisfied, the following

inequality holds for the case of n = 2:

O (GFed − GCen) ≥
d log(2γ−1) + T

(
η(tr(CA−1)−ηtr(∆̃1))

2γ+1kFedm
− ηtr(CA−1)

4kCenD

)
+ log(det(∆2)

−1)

4D − 2
,

(8.94)

which is derived by substituting n = 2 into the lower bound of Eq.(8.91). The proof

has been completed.

8.2.4 Proof of Valid Strategies in Closing the Gap

This section provides the proof details for Theorem 9 of the theoretical

analysis in Section 4.3.5.

Proof. We define G̃Fed for the generalisation bound of federated scenarios having an

advantage in training resources and start with the case of n tends to infinity. The
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generalisation performance gap G̃Fed − GCen for this case is formulated as follows:

G̃Fed − GCen

=
d log(2kFedm

Tη
)− log(det(C̄Ā−1)) + Tη

2kFedm
tr(C̄Ā−1)− d+ 2 log(1

δ
) + 2 log(nm) + 4

4nm− 2

−
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2

=
d log(2n

γkFedm
Tη

)− log(det(CA−1)) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1))

4nm− 2

+
log(det(∆2)

−1)− d+ 2 log(1
δ
) + 2 log(nm) + 4

4nm− 2

−
d log(2nkCenD

Tη
)− log(det(CA−1)) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(1

δ
) + 2 log(D) + 4

4D − 2

=
d log(2n

γkFedm
Tη

) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1)) + log(det(∆2)
−1)− d+ 2 log(nm)

4nm− 2

−
d log(2nkCenD

Tη
) + Tη

2nkCenD
tr(CA−1)− d+ 2 log(D)

4D − 2
.

(8.95)

According to the definition of PAC-Bayes bound in Lemma 1, we have GCen > 0.

Considering increasing n leads to nm ≥ D, Eq.(8.95) turns to

G̃Fed − GCen

=
d log(2n

γkFedm
Tη

) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1)) + log(det(∆2)
−1)− d+ 2 log(nm)

4nm− 2

−
d log(2ñkCenD

Tη
) + Tη

2ñkCenD
tr(CA−1)− d+ 2 log(D)

4D − 2
,

(8.96)

where n ≥ ñ. Then, we derive the limit of G̃Fed − GCen when n approaches infinity

as follows:
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lim
n→∞

(
G̃Fed − GCen

)
=

lim
n→∞

(
d log(2n

γkFedm
Tη

) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1)) + log(det(∆2)
−1)− d+ 2 log(nm)

4nm− 2

−
d log(2ñkCenD

Tη
) + Tη

2ñkCenD
tr(CA−1)− d+ 2 log(D)

4D − 2
)

= lim
n→∞

(
O(

(γd+ 2) log(n)

n
) +O(

1

nγ+1
) +O(

1

n
)−O(1)

)
< 0.

(8.97)

Similarly, the limit of G̃Fed − GCen when m approaches infinity is established below:

lim
m→∞

(
G̃Fed − GCen

)
=

lim
m→∞

(
d log(2n

γkFedm
Tη

) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1)) + log(det(∆2)
−1)− d+ 2 log(nm)

4nm− 2

−
d log(2ñkCenD

Tη
) + Tη

2ñkCenD
tr(CA−1)− d+ 2 log(D)

4D − 2
)

= lim
m→∞

(
O(

(d+ 2) log(m)

m
) +O(

1

m2
) +O(

1

m
)−O(1)

)
< 0,

(8.98)

which completes the proof.

8.2.5 Proof of Invalid Strategies in Closing the Gap

This section provides the proof details for Theorem 10 of the theoretical

analysis in Section 4.3.5.

Proof. Similar to the proof of Theorem 9, we study the case when T tends to positive

infinity. Here, we represent the number of iterations for the centralised scenario as

TCen. Increasing the number of communication rounds T in the federated scenario

results in T ≥ TCen. Thus, the performance gap G̃Fed − GCen denoted in Eq.(8.95)

can be expressed as follows:
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G̃Fed − GCen

=
d log(2n

γkFedm
Tη

) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1)) + log(det(∆2)
−1)− d+ 2 log(nm)

4nm− 2

−
d log(2nkCenD

TCenη
) + TCenη

2nkCenD
tr(CA−1)− d+ 2 log(D)

4D − 2
.

(8.99)

It is easy to recognise that the value of G̃Fed − GCen depends on the first term in

the right-hand side of Eq.(8.99) when T tends to infinity. To understand how this

term changes as T increases, we need to compare the impact of d log
(

2nγkFedm
Tη

)
and

Tη
2nγkFedm

(tr(CA−1) + tr(∆1)), which is expressed as follows:

lim
T→∞

d log
(

2nγkFedm
Tη

)
Tη

2nγkFedm
(tr(CA−1) + tr(∆1))

= lim
T→∞

d
dT

(
d log

(
2nγkFedm

Tη

))
d
dT

(
Tη

2nγkFedm
(tr(CA−1) + tr(∆1))

)
= lim

T→∞

− d
T

η
2nγkFedm

(tr(CA−1) + tr(∆1))
= 0.

(8.100)

From Eq.(8.100), we know that

lim
T→∞

(
d log

(
2nγkFedm

Tη

)
+

Tη

2nγkFedm
(tr(CA−1) + tr(∆1))

)
=∞. (8.101)

Hence, we have

lim
T→∞

(
G̃Fed − GCen

)
=∞. (8.102)

Then, we consider the case when d tends to positive infinity. Like above, we denote

the model size in the centralised scenario as dCen. Since we attempt to increase the

model size d in the federated scenario, we have d ≥ dCen. With this condition, we
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reformulate Eq.(8.95) with the following form:

G̃Fed − GCen

=
d log(2n

γkFedm
Tη

) + Tη
2nγkFedm

(tr(CA−1) + tr(∆1)) + log(det(∆2)
−1)− d+ 2 log(nm)

4nm− 2

−
dCen log(2nkCenD

Tη
) + Tη

2nkCenD
tr(CA−1)− dCen + 2 log(D)

4D − 2
.

(8.103)

When the number of clients is large enough to satisfy n > γ

√
Tηe

2kFedm
, we have

nγ >
Tηe

2kFedm
2nγkFedm

Tη
> e

log(
2nγkFedm

Tη
) > log(e)

log(
2nγkFedm

Tη
)− 1 > 0.

(8.104)

Therefore,

lim
d→∞

(
G̃Fed − GCen

)
= lim

d→∞

(
d(log(2n

γkFedm
Tη

)− 1)

4nm− 2

)
=∞.

(8.105)

The proof has been completed with Eqs.(8.102) and (8.105).

200



8.3 Proofs of Chapter 5

8.3.1 Formal Assumptions

To make our analysis fully transparent and self-contained, we first summarize here all

assumptions used in deriving the main results. These assumptions complement the

problem setup in Section 5.3 and reflect the standard modeling choices commonly

adopted in theoretical studies of distributed and self-supervised learning.

Assumption 5. (Communication Graph). The distributed system is modeled as a

fixed and connected communication graph G = (V , E) with N = |V| clients. Each

client i communicates only with its neighborhood Ai = {j : (i, j) ∈ E} ∪ {i}.

We assume 2 ≤ |Ai| ≤ N for all i ∈ [N ]. The average neighborhood size

|Ā| = 1
N

∑N
i=1 |Ai| is used as a measure of connectivity.

Remark 9. This formulation encompasses decentralized learning on arbitrary

connected topologies and federated learning as the fully connected special case (i.e.,

by the help of the central server, all clients can indirectly communicate with each

other so there exists |Ai| = N for all i ∈ [N ]).

Assumption 6. (Consensus Weights). During decentralized aggregation, each client

i forms a mixing vector wi = {wij}j∈Ai
satisfying:

• wij > 0 only if j ∈ Ai (topology-respecting sparsity);

•
∑

j∈Ai
wij = 1 (row-stochasticity).

Remark 10. The above conditions represent the standard requirements for

decentralized model aggregation: each client averages only over its local neighborhood

and the mixing vector is row-stochastic. This formulation covers commonly used

consensus rules in decentralized optimization, including uniform averaging [100],

degree-normalized weights [82], and symmetric doubly-stochastic schemes [131]. Our

analysis relies only on these basic structural properties, while more general mixing

operators could in principle be incorporated by extending the corresponding aggregation
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step. Exploring such extensions is an interesting direction for future work, but it is

not required for the results presented here.

Assumption 7. (Non-degenerate Embedding). Throughout the analysis, we focus

on non-trivial stationary points of the regularized objectives, where the embedding

matrix W ∈ Rc×d satisfies W ̸= 0 and rank(W ) = c.

Remark 11. The trivial solution W = 0 does not minimize the reconstruction

or alignment terms in either the MIM or CL objectives, and corresponds to a

representation carrying no information. Therefore, this assumption is generally

satisfied in the theoretical analysis of self-supervised learning [87,149].

Assumption 8. (Independence Local Sampling.) For each client i, the local dataset

Di consists of |Di| independent samples drawn from its local distribution Di.

Remark 12. The independence assumption is the minimal condition required for

high-probability spectral norm bounds of empirical covariance matrices. It does not

alter the established non-IID structure across clients, but ensures that the empirical

covariance on each client concentrates around its population counterpart. This is a

standard assumption in the theoretical analysis of distributed learning [131,149].

Assumption 9. (Dissimilar Image Transformation for CL). When the two

augmented views (ga(x), gb(x)) used in CL are generated from dissimilar trans-

formations, we model gb(x) by a linear operator H ∈ Rd×d acting on the input

space. In the theoretical analysis, H enters only through the quadratic form x⊤Hx,

and therefore only its symmetric component Hsym = (H + H⊤)/2 is relevant. Let

S = span{e1, . . . , ec} denote the class-dependent subspace in the non-IID generative

model, and let P be the orthogonal projection onto S. We assume that

tr(PHsymP ) > 0.

Remark 13. The above condition ensures that the transformation H preserves

nontrivial energy on the class-dependent semantic subspace S. It is a mild requirement
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and is common to hold in standard contrastive learning augmentations [14, 15],

including rotations, flips, translations, crops, blurs, and color jittering. These

transformations perturb the input in ways that do not cancel class-discriminative

directions, so tr(PHsymP ) remains strictly positive in practice.

8.3.2 Learned Representability for Distributed MIM

This section provides the full proof of Theorem 11 of the theoretical

analysis in Section 5.4.1.

Proof. We begin by formulating the representability of local representation. Then,

we derive the global representation based on the local feature. Since FL is different

from decentralized learning in the updates, we establish the global representation for

each distributed framework, respectively.

For local feature space. According to the alignment-style loss function of MIM

shown in Eq.(5.6) and by the definition of Kronecker product, we have

LMIM = −E[|(W (x⊙m))⊺(W (x⊙ (1−m)))] +
1

2
||W ⊺W ||2F

= −E[(W (diag(vec(x)) · vec(m)))⊺(W (diag(vec(x)) · vec(1−m)))] +
1

2
||W ⊺W ||2F .

(8.106)

Define

a = diag(vec(x)) · vec(m), b = diag(vec(x)) · vec(1−m), (8.107)

so that the above loss becomes

LMIM = −E[a⊺W ⊺Wb] +
1

2
||W ⊺W ||2F . (8.108)

Using the fact that

a⊺W ⊺Wb = tr(a⊺W ⊺Wb) = tr(W ⊺Wba⊺) = tr(Wba⊺W ⊺), (8.109)
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we obtain
∂

∂W

(
a⊺W ⊺Wb

)
=

∂

∂W
(tr(Wba⊺W ⊺)) = W (ba⊺ + ab⊺). (8.110)

Together with
∂(1

2
∥W⊤W∥2F )

∂W
= 2WW ⊺W, (8.111)

the gradient of the complete objective becomes

∂LMIM

∂W
= −WE

[
ba⊺ + ab⊺

]
+ 2WW ⊺W. (8.112)

Setting the gradient to zero yields

WE [ba⊺ + ab⊺] = 2WW ⊺W. (8.113)

Under Assumption 7, multiplying both sides on the left by the Moore–Penrose

pseudoinverse W+ reduces Eq.(8.113) to the stationary condition

1

2
E [ba⊺ + ab⊺] = W ⊺W. (8.114)

Let XM
i represent the left-hand side of this equation. Consider the binary matrix

m used for masking is sampled uniformly from the binomial distribution with a

probability p, we establish

XM
i =

1

2
E[diag(vec(x))vec(1−m)vec(m)⊺diag(vec(x))⊺

+ diag(vec(x))vec(m)vec(1−m)⊺diag(vec(x))⊺]

=
2p (1− p)
|Di|

|Di|∑
j=1

(diag (vec (xi,j)) diag (vec (xi,j))
⊺),

(8.115)

where Ex∼Di
[xx⊺] = 1

|Di|
∑|Di|

j=1 (diag (vec (xi,j)) diag (vec (xi,j))
⊺) denotes the empirical

covariance matrix for the learning with local dataset on client i. Based on the setup

of data generation in Section 5.3.2, we also derive the following expectation of XM
i
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with τ = d
1
5 and µ = d−

1
5 :

E
[
XM

i

]
= diag(

2p (1− p) τ 2 +O
(
d−

2
5

)
, ..., 2p (1− p) +O

(
d−

2
5

)
︸ ︷︷ ︸

ith term

, ..., 2p (1− p) τ 2 +O
(
d−

2
5

)
︸ ︷︷ ︸

N terms

,

O
(
d−

2
5

)
, ..., O

(
d−

2
5

)
︸ ︷︷ ︸

d−N terms

)

= diag

(
2p (1− p) d

2
5 +O

(
d−

2
5

)
, ..., 2p (1− p) +O

(
d−

2
5

)
,

..., 2p (1− p) d
2
5 +O

(
d−

2
5

)
, ..., O

(
d−

2
5

))
(8.116)

Next, consider the fact that up to a positive scaling and an additive constant,

the regularized MIM objective can be rewritten as the Frobenius-norm objective

L(W ) = ∥XM
i −W ⊺W∥2F . Thus, minimizing LMIM solves the Frobenius-norm best

rank-c approximation problem for XM
i . According to the Eckart-Young-Mirsky

theorem [25], we notice that the row span of the optimal W ∈ Rc×d is the span of

the eigenvectors corresponding to the first c eigenvalues of XM
i . Denoting the set of

orthonormal eigenvectors of XM
i as

{
vMi,1, ..., v

M
i,d

}
, we have XM

i =
∑d

j=1 λi,jv
M
i,j(v

M
i,j)

⊺,

where λi,j := λj(X
M
i ) is the j-th largest eigenvalue of XM

i . Therefore, the inequality

below is satisfied:

e⊺kX
M
i ek = e⊺k

(
d∑

j=1

λi,jv
M
i,j(v

M
i,j)

⊺

)
ek

=
d∑

j=1

λi,j(e
⊺
kv

M
i,j)

2

≤ λMi,1

d∑
j=1

(e⊺kv
M
i,j)

2,

(8.117)

for any ek with k ∈ [N ] \{i}. On the other hand, under the data construction

described in Section 5.3, the number of samples on each client equals the sum of

the samples from frequent classes and the rare class. Since each of the two frequent
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classes grows in polynomials of d, while the amount of data from the rare class is

O(dα) with α ∈ (0, 1), the local sample size satisfies |Di| = Θ(dβ) with β ≥ 1. Based

on this sufficiently large sample size and Assumption 8, the matrix concentration

bounds [144] implies that the spectral norm satisfies ∥XM
i − E

[
XM

i

]
∥2 ≤ O

(
d−

2
5

)
with probability at least 1− 1

2
e−d

1
10 . Building on Weyl’s inequality, we obtain that

with high probability,

∣∣λMi,k − λkE [XM
i

]∣∣ ≤ ∥XM
i − E

[
XM

i

]
∥2 ≤ O

(
d−

2
5

)
. (8.118)

By combining Eqs.(8.116), (8.117) and (8.118), we can derive the below lower bound

for e⊺kX
M
i ek:

e⊺kX
M
i ek = e⊺kE

[
XM

i

]
ek + e⊺k

[
XM

i − E
[
XM

i

]]
ek

≥ 2p (1− p) d
2
5 +O

(
d−

2
5

)
− ∥XM

i − E
[
XM

i

]
∥

≥ 2p (1− p) d
2
5 −O

(
d−

2
5

)
,

(8.119)

which is led by the fact that ∥X∥max ≤ ∥X∥ for symmetric X. Likewise, we prove

the upper bound as follows:

e⊺kX
M
i ek = e⊺kE

[
XM

i

]
ek + e⊺k

[
XM

i − E
[
XM

i

]]
ek

≤ 2p (1− p) d
2
5 +O

(
d−

2
5

)
+ ∥XM

i − E
[
XM

i

]
∥

≤ 2p (1− p) d
2
5 +O

(
d−

2
5

)
.

(8.120)

Moreover, we notice from Eqs.(8.116) and (8.117) that the following statements hold

for λMi,1:

λMi,1 ≥ λ1
(
E
[
XM

i

])
−O

(
d−

2
5

)
≥ 2p (1− p) d

2
5 −O

(
d−

2
5

)
λMi,1 ≤ λ1

(
E
[
XM

i

])
+O

(
d−

2
5

)
= 2p (1− p) d

2
5 +O

(
d−

2
5

)
.

(8.121)
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With Eqs.(8.119) - (8.121), we further establish

d∑
j=1

(e⊺kv
M
j )2 ≥

2p (1− p) d 2
5 −O

(
d−

2
5

)
2p (1− p) d 2

5 +O
(
d−

2
5

)
=

2p (1− p) d 2
5 +O

(
d−

2
5

)
2p (1− p) d 2

5 +O
(
d−

2
5

) − 2O
(
d−

2
5

)
2p (1− p) d 2

5 +O
(
d−

2
5

)
= 1−

O
(
d−

2
5

)
2p (1− p) d 2

5 +O
(
d−

2
5

) .
(8.122)

This completes the proof of local representation.

For global feature space. Since the local goal can be equivalently re-formulated

as ∥XM
i −W ⊺W∥2F , we rewrite the global goal of D-SSL for the DecL framework

(shown in Eq.(5.1)) as

min
W

1

N

∑
i∈[N ]

1

|Ai|
∑
j∈Ai

∥XM
j −W ⊺W∥2F . (8.123)

Note that the following function holds the same minimiser as Eq.(8.123):

min
W
∥ 1

N

∑
i∈[N ]

1

|Ai|
∑
j∈Ai

XM
j −W ⊺W∥2F

= min
W
∥ 1

N

∑
i∈[N ]

XM
i −W ⊺W∥2F

= min
W
∥XM −W ⊺W∥2F ,

(8.124)

where XM
i =

∑
j∈Ai

1
|Ai|X

M
j denotes the empirical covariance matrix for training

with the local datasets across the local datasets on client i and its neighbours. So,

finding the optimal W for DecL is equivalent to solving Eq.(8.124). Following the
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derivation of Eq.(8.116) and linearity of expectation, we establish

E
(
XM

i

)
= diag(

..., 2p (1− p)
((

1− 1

|Ai|

)
d

2
5 +

1

|Ai|

)
+O

(
d−

2
5

)
︸ ︷︷ ︸

j∈Ai\i

, ..., 2p (1− p) d
2
5 +O

(
d−

2
5

)
︸ ︷︷ ︸

ithterm

, ...,

︸ ︷︷ ︸
N terms

O
(
d−

2
5

)
, ..., O

(
d−

2
5

)
︸ ︷︷ ︸

d−N terms

)
,

(8.125)

where we prove with the fact that

(|Ai| − 1) 2p (1− p) d 2
5 + 2p (1− p) + |Ai|O

(
d−

2
5

)
|Ai|

=
(|Ai| − 1) 2p (1− p) d 2

5 + 2p (1− p)
|Ai|

+O
(
d−

2
5

)
= 2p (1− p)

(
1− 1

|Ai|

)
d

2
5 + 2p (1− p) 1

|Ai|
+O

(
d−

2
5

)
= 2p (1− p)

((
1− 1

|Ai|

)
d

2
5 +

1

|Ai|

)
+O

(
d−

2
5

)
.

(8.126)

With Eq.(8.125), we can also have

E
(
XM

)
= diag(

2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 +O

(
d−

9
20

)
, ..., 2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 +O

(
d−

9
20

)
︸ ︷︷ ︸

N terms

,

..., O
(
d−

2
5

))
(8.127)
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where we consider 1
N

∑N
i=1

1
|Ai| =

∣∣Ā∣∣ and the fact that

∑N
i=1

(
2p (1− p)

((
1− 1

|Ai|

)
d

2
5 + 1

|Ai|

)
+O

(
d−

2
5

))
N

= 2p (1− p)

((
1− 1

N

N∑
i=1

1

|Ai|

)
d

2
5 +

1

N

N∑
i=1

1

|Ai|

)
+O

(
d−

2
5

)
= 2p (1− p)

((
1− 1∣∣Ā∣∣

)
d

2
5 +

1∣∣Ā∣∣
)

+O
(
d−

2
6

)
= 2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 +O

(
d−

2
5

)
.

(8.128)

Through similar proof from Eq.(8.119) to Eq.(8.121), we prove that the following

statements hold for all i ∈ [N ]:

e⊺kX
Mek ≥ 2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 −O

(
d−

2
5

)
e⊺kX

Mek ≤ 2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 +O

(
d−

2
5

) (8.129)

λMi,1 ≥ λ1

(
E
[
XM

])
+O

(
d−

2
5

)
= 2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 −O

(
d−

2
5

)
λMi,1 ≤ λ1

(
E
[
XM

])
+O

(
d−

2
5

)
= 2p (1− p)

(
1− 1∣∣Ā∣∣

)
d

2
5 +O

(
d−

2
5

)
,

(8.130)
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which then implies:

d∑
j=1

(e⊺kv̄
M
j )2 ≥

2p (1− p)
(

1− 1

|Ā|

)
d

2
5 −O

(
d−

2
5

)
2p (1− p)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

)

=

2p (1− p)
(

1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

)
2p (1− p)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

) − 2O
(
d−

2
5

)
2p (1− p)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

)
= 1−

O
(
d−

2
5

)
2p (1− p)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

) .
(8.131)

The proof of the global featured space learned in the decentralised learning framework

has been completed. Next, consider federated learning (FL) as a special case of

decentralised learning with ∀i ∈ [N ], |Ai| = N . The global objective of FL is thus:

min
W

1

N

∑
i∈[N ]

∥XM
i −W ⊺W∥2F . (8.132)

This is similar to solving

min
W
∥XM −W ⊺W∥2F , (8.133)

where XM := 1
N

∑
i∈[N ]X

M
i denotes the empirical covariance matrix for learning

with the global dataset. Then, we derive

E
(
XM

)
= diag

(
2p (1− p) d

2
5 −Θ

(
d

7
20

)
+O

(
d−

2
5

)
, ...,

2p (1− p) d
2
5 −Θ

(
d

7
20

)
+O

(
d−

2
5

)
, ...O

(
d−

2
5

)) (8.134)
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where we adopt N = Θ(d
1
20 ) have used the fact that

(N − 1) 2p (1− p) d 2
5 + 2p (1− p) +NO

(
d−

2
5

)
N

=

(
Θ
(
d

1
20

)
− 1
)

2p (1− p) d 2
5 + 2p (1− p)

Θ
(
d

1
20

) +O
(
d−

2
5

)
= 2p (1− p)

(
1−Θ

(
d−

1
20

))
d

2
5 +Θ

(
d−

1
20

)
+O

(
d−

2
5

)
= 2p (1− p) d

2
5 −Θ

(
d

7
20

)
+O

(
d−

2
5

)
.

(8.135)

Again, by similar arguments from Eq.(8.119) to Eq.(8.121), we further prove

d∑
j=1

(e⊺kv̄
M
j )2 ≥

2p (1− p) d 2
5 −Θ

(
d

7
20

)
−O

(
d−

2
5

)
2p (1− p) d 2

5 −Θ
(
d

7
20

)
+O

(
d−

2
5

)
=

2p (1− p) d 2
5 −Θ

(
d

7
20

)
+O

(
d−

2
5

)
2p (1− p) d 2

5 −Θ
(
d

7
20

)
+O

(
d−

2
5

) − 2O
(
d−

2
5

)
p (1− p) d 2

5 −Θ
(
d

7
20

)
+O

(
d−

2
5

)
= 1−

O
(
d−

2
5

)
2p (1− p) d 2

5 −Θ
(
d

7
20

)
+O

(
d−

2
5

) ,
(8.136)

which completes the proof of this theorem.

8.3.3 Learned Representability for Distributed CL

This section provides the full proof of Theorem 12 of the theoretical

analysis in Section 5.4.1.

Lemma 13. (Representability of Distributed CL under Similar Augmentations).

Consider the same distributed scenario in Theorem 11. For distributed SSL that

utilises Contrastive Learning (CL) in pre-training and generates positive pairs through

similar augmentations, with a high probability, the following statements hold:
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1. Let rCi = [rCi,1, . . . , r
C
i,c]

⊺ be the local RV learned on client i. If positive pairs are

generated by similar augmentations, we have 1− O(d−
1
5 )

d
2
5+O(d−

1
5 )
≤ rCi,k ≤ 1, where

i ∈ [N ]\k.

2. Let r̄CDec = [r̄C1 , . . . , r̄
C
c ]⊺ be the RV learned through the global objective of DecL

framework, then we have 1− O(d−
1
5 )

(1− 1
|Ā| )d

2
5+O(d−

1
5 )
≤ r̄C ≤ 1.

3. Let r̄MFed = [r̄M1 , . . . , r̄
M
c ]⊺ be the RV learned through the global objective of FL

framework, we have 1− O(d−
1
5 )

d
2
5−Θ(d

7
20 )+O(d−

1
5 )
≤ r̄CFed ≤ 1.

Proof. Following the proof in 8.3.2, we first discuss local representability learned by

distributed contrastive learning and then derive the global representation based on

these local features. Since federated learning differs from decentralised learning in

terms of updates, we construct separate global representations for each distributed

framework.

For local feature space. Based on the loss function of contrastive learning (CL)

as shown in Eq.(5.3), we obtain

LCL = −Ex∼Di
||(W (x+ ξ))⊺(W (x+ ξ′))||2 +

1

2
||W ⊺W ||2F

= −E|| (x⊺W ⊺ + ξ⊺W ⊺) (W (x+ ξ′)) ||2 +
1

2
∥W ⊺W∥2F

= −E|| (x⊺W ⊺Wx+ x⊺W ⊺Wξ′ + ξ⊺W ⊺Wx+ ξ⊺W ⊺Wξ′) ||2 +
1

2
∥W ⊺W∥2F .

(8.137)

To find the minimiser of this function, we solve for

∂LCL

∂W
= −2WE [(x⊺x+ x⊺ξ′ + ξ⊺x+ ξ⊺ξ′)] + 2WW ⊺W = 0, (8.138)

leading to

E [(x⊺x+ x⊺ξ′ + ξ⊺x+ ξ⊺ξ′)] = W ⊺W. (8.139)
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Similarly, let XC
i represent the left-hand side of this equation. We can then establish

XC
i =

1

|Di|

|Di|∑
j=1

(x⊺x+ x⊺ξ′ + ξ⊺x+ ξ⊺ξ′), (8.140)

where XC
i represents the empirical covariance matrix for the local feature learned

by CL on client i. Considering that ξ, ξ′ ∼ N (0, I), we also derive the following

expectation of XC
i :

E
[
XC

i

]
= diagτ

2 +O
(
d−

2
5

)
+ 2O

(
d−

1
5

)
, ..., 1 +O

(
d−

2
5

)
+ 2O

(
d−

1
5

)
︸ ︷︷ ︸

ith term

, ..., τ 2 +O
(
d−

2
5

)
+ 2O

(
d−

1
5

)
︸ ︷︷ ︸

N terms

,

. . . 2O
(
d−

1
5

)
+O

(
d−

2
5

)
, ..., 2O

(
d−

1
5

)
+O

(
d−

2
5

)
︸ ︷︷ ︸

d−N terms


= diag

(
d

2
5 +O

(
d−

1
5

)
, ..., 1 +O

(
d−

1
5

)
, ..., d

2
5 +O

(
d−

1
5

)
, ..., O

(
d−

1
5

))
(8.141)

Next, using similar arguments from Eqs. (8.117) to (8.121), we arrive at the results

below:

d
2
5 −O

(
d−

1
5

)
≤ e⊺kX

C
i ek ≤ d

2
5 +O

(
d−

1
5

)
d

2
5 −O

(
d−

1
5

)
≤ λCi,1 ≤ d

2
5 +O

(
d−

1
5

)
.

(8.142)

With these inequalities, we derive

d∑
j=1

(e⊺kv
C
j )2 ≥

d
2
5 −O

(
d−

1
5

)
d

2
5 +O

(
d−

1
5

)
= 1−

O
(
d−

1
5

)
d

2
5 +O

(
d−

1
5

) ,
(8.143)
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which completes the proof of the local part.

For global feature space. Since the local goal can be equivalently reformulated as

∥XC
i −W ⊺W∥2F , the global goal of distributed contrastive learning in the decentralised

learning (DecL) framework is given by

min
W

∑
i∈[N ]

1

N

∑
j∈Ai

1

|Ai|
∥XC

j −W ⊺W∥2F . (8.144)

Furthermore, we find that this is equivalent to solving

min
W
∥ 1

N

∑
i∈[N ]

1

|Ai|
∑
j∈Ai

XC
j −W ⊺W∥2F

= min
W
∥ 1

N

∑
i∈[N ]

XC
i −W ⊺W∥2F

= min
W
∥XC −W ⊺W∥2F .

(8.145)

Again, using similar arguments from Eq. (8.125) to Eq. (8.131), we further establish

d∑
k=1

(e⊺kv̄
C
j )2 ≥

(
1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

)
(

1− 1

|Ā|

)
d

2
5 +O

(
d−

1
5

)
= 1−

O
(
d−

1
5

)
(

1− 1

|Ā|

)
d

2
5 +O

(
d−

1
5

) .
(8.146)

The proof of the global feature space learned in the DecL framework has been

completed. Next, denote federated learning (FL) as a special case of decentralised

learning with ∀i, |Ai| = N . The global objective of FL is expressed as

min
W
∥XC −W ⊺W∥2F . (8.147)
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where we denote XC := 1
N

∑
i∈[N ]X

C
i . By similar arguments from Eq. (8.134) to Eq.

(8.136), we have

d∑
j=1

(e⊺kv̄
C
j )2 ≥

d
2
5 −Θ

(
d

7
20

)
−O

(
d−

1
5

)
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

)
=
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

)
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

) − 2O
(
d−

1
5

)
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

)
= 1−

O
(
d−

1
5

)
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

) ,
(8.148)

which completes the proof of this lemma.

Then, we start to prove Theorem 12 as follows.

Proof. Lemma 13 demonstrates the learned local and global representations of

distributed CL when positive pairs are generated by similar augmentations. For the

other case using dissimilar augmentations, we adopt a similar process to derive the

local and global representations.

For local feature space. According to the loss function of contrastive learning

(CL) with dissimilar augmentations in Eq.(5.4), we have

L′
CL = −Ex∼D

∥∥∥(W (x+ ξ))⊤WHx
∥∥∥2 +

1

2

∥∥W⊤W
∥∥2
F

= −E
[(
x⊤W⊤WHx+ ξ⊤W⊤WHx

)]
+

1

2

∥∥W⊤W
∥∥2
F
.

(8.149)

The minimiser of this loss function is

∂L′
CL

∂W
= −2WE [x⊺Hx+ ξ⊺Hx] + 2WW ⊺W = 0. (8.150)
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Rearranging it derives

E [(x+ ξ)⊺Hx] = W ⊺W. (8.151)

Let XC′
i denote the left-hand side of the above equation. Hence,

XC′

i = E [(x+ ξ)⊺Hx] =
1

|Di|

 |Di|∑
j=1

x⊺i,jHxi,j +

|Di|∑
j=1

ξ⊺Hxi,j

 . (8.152)

Similarly, based on the formulation that ξ ∼ N (0, I), τ = d
1
5 and µ = d−

1
5 , the

expectation of XC′
i can be written as

E(XC′

i ) = diag(
tr(H)τ 2 +O

(
d−

2
5

)
, . . . , tr(H) +O

(
d−

2
5

)
,︸ ︷︷ ︸

ith term

. . . , tr(H)τ 2 +O
(
d−

2
5

)
,

︸ ︷︷ ︸
N terms

. . . , O
(
d−

2
5

))

+ diag

(
O
(
d−

1
5

)
, . . . , O

(
d−

1
5

)
,︸ ︷︷ ︸

N terms

. . . , O
(
d−

1
5

))

= diag

(
tr(H)d

2
5 +O

(
d−

1
5

)
, . . . , tr(H) +O

(
d−

1
5

)
, . . . ,

tr(H)d
2
5 +O

(
d−

1
5

)
, . . . , O

(
d−

1
5

))
.

(8.153)

Following the proof process from Eqs. (8.118) to (8.121), the following inequalities

can be found ∣∣∣λC′

i,k − λkE
[
XC′

i

]∣∣∣ ≤ ∥XC′

i − E
[
XC′

i

]
∥2 ≤ O

(
d−

1
5

)
tr(H)d

2
5 −O

(
d−

1
5

)
≤ e⊺kX

C′

i ek ≤ tr(H)d
2
5 +O

(
d−

1
5

)
tr(H)d

2
5 −O

(
d−

1
5

)
≤ λC

′

i,1 ≤ tr(H)d
2
5 +O

(
d−

1
5

)
.

(8.154)

However, unlike the previous proof, there exists a potential issue that the image

transformation matrix H may lead to the case that XC′
i is not a square matrix.

Then we denote XC′
i =

∑d
j=1 λi,ju

C′
i,jv

C′
i,j , where uC

′
i,j and vC

′
i,j are left and right singular
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vectors produced by SVD decomposition. So, we have

e⊺kX
C′

i ek =
d∑

j=1

λi,j(e
⊺
ku

C′

i,jv
C′

i,jek)

≤ λC
′

i,1

d∑
j=1

|e⊺ku
C′

i,jv
C′

i,jek|,

(8.155)

which further leads to

d∑
j=1

|e⊺ku
C′

i,jv
C′

i,jek| ≥
tr(H)d

2
5 −O

(
d−

1
5

)
tr(H)d

2
5 +O

(
d−

1
5

)
= 1−

O
(
d−

1
5

)
tr(H)d

2
5 +O

(
d−

1
5

) .
(8.156)

For global feature space. By similar augments from Eq. (8.125) to Eq. (8.131)

and based on Eq.(8.156), for the global representation learned through the

decentralised learning framework, we establish

d∑
k=1

|e⊺kū
C′

j v̄
C′

j ek| ≥
tr(H)

(
1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

)
tr(H)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

1
5

)
= 1−

O
(
d−

1
5

)
tr(H)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

1
5

) .
(8.157)

On the other hand, for the global objective of the federated learning framework, we

follow the arguments from Eq. (8.134) to Eq. (8.136) to derive

d∑
j=1

|e⊺kū
C′

j v̄
C′

j ek| ≥
tr(H)d

2
5 −Θ

(
d

7
20

)
−O

(
d−

1
5

)
tr(H)d

2
5 −Θ

(
d
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20

)
+O

(
d−

1
5

)
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O
(
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1
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)
tr(H)d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

) .
(8.158)
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Combining Lemma 13, Eq.(8.156), Eq.(8.157) and Eq.(8.158) completes the proof.

8.3.4 Proof of First Theoretical Insight

This section provides the full proof of Theorem 13 of the theoretical

analysis in Section 5.4.2.

Proof. According to Theorem 11 and Theorem 12, we can find that the main difference

between the global representations lies in the lower bound. For the global feature

learned in the decentralised learning (DecL) framework, we denote the sensitivity of

D-SSL as below:

sMDec =
O
(
d−

2
5

)
2p (1− p)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

) , (8.159)

sC1
Dec =

O
(
d−

1
5

)
(

1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

) , (8.160)

sC2
Dec =

O
(
d−

1
5

)
tr(H)

(
1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

) , (8.161)

where sMDec represents the sensitivity of MIM-based D-SSL to heterogeneous data,

sC1
Dec represents the sensitivity of CL-based SSL with similar augmentations, and sC2

Dec

represents the sensitivity of CL-based SSL with dissimilar augmentations. Then, we
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compare the magnitude of sMDec and sC1
Dec by solving the following equation:

sMDec − s
C1
Dec =

O
(
d−

2
5

)
(

1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

) − O
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1
5

)
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|Ā|

)
d

2
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(
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1
5

)

=

O
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2
5

)((
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|Ā|

)
d

2
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(
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1
5

))
−O

(
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1
5

)((
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

))
((

1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

))((
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

)) .

(8.162)

Consider the dimension d of the Euclidean space is very large so that d→∞. Then,

we have

lim
d→∞

[sMDec − s
C1
Dec] =

lim
d→∞

O
(
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2
5

)((
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|Ā|

)
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)
d

2
5 +O

(
d−

2
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))

= lim
d→∞

−
(

1− 1

|Ā|

)
O
(
d

1
5

)
(

1− 1

|Ā|

)2

Θ
(
d

4
5

) .
(8.163)

Due to the fact that 2 ≤
∣∣Ā∣∣ ≤ N , we prove

lim
d→∞

[sMDec − s
C1
Dec] < 0. (8.164)

Similarly, we determine if sMDec is less than sC1
Dec as follows

lim
d→∞

[
sC2
Dec

sMDec

] = lim
d→∞

O
(
d−

1
5

)
tr(H)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

1
5

)
O
(
d−

2
5

)
2p(1− p)

(
1− 1

|Ā|

)
d

2
5 +O

(
d−

2
5

)
=
d−

3
5

d−
4
5

=∞, (8.165)
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which implies

lim
d→∞

[sMDec − s
C2
Dec] < 0. (8.166)

Combining Eqs.(8.164) and (8.166) arrives

lim
d→∞

[sMDec − sCDec] < 0, (8.167)

where sCDec denotes the sensitivity of CL-based SSL to heterogeneous data. On the

other hand, for the federated learning (FL) framework, we denote the following

sensitivity of D-SSL:

sMFed =
O
(
d−

2
5

)
2p (1− p) d 2

5 −Θ
(
d

7
20

)
+O

(
d−

2
5

) , (8.168)

sC1
Fed =

O
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1
5

)
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

) , (8.169)

sC2
Fed =

O
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1
5

)
tr(H)d

2
5 −Θ
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d

7
20

)
+O

(
d−

1
5

) . (8.170)

The difference between sMFed and sC1
Fed is given by

sMFed − s
C1
Fed =

O
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4
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1
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)
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)
+Θ

(
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)
d

1
5 −Θ

(
d

3
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)
+O

(
d−
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) .
(8.171)
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For the above result, let d→∞, we can establish

lim
d→∞

[sMFed − s
C1
Fed] = lim

d→∞

−O
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d−

3
5

)
+Θ

(
d−

13
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)
d

1
5 −Θ

(
d

3
20

)
+O
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) = lim
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−O
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3
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)
d

1
5
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(8.172)

Then, for the comparison between sMFed and sC2
Fed, we have

lim
d→∞

[
sC2
Fed

sMFed

] = lim
d→∞

O
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1
5

)
tr(H) d

2
5 −Θ

(
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20

)
+O
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d−
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)
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2
5 −Θ
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)
+O

(
d−
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)
=
d−

3
5

d−
4
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=∞. (8.173)

With Eqs.(8.172) and (8.173), we find

lim
d→∞

[sMFed − sCFed] < 0. (8.174)

Combining Eq.(8.167) and Eq.(8.174) completes the proof.

8.3.5 Proof of Second Theoretical Insight

This section provides the full proof of Corollary 2 and Theorem 14 of the

theoretical analysis in Section 5.4.3.

Proof. For the decentralised learning (DecL) framework, we notice from Eqs.(8.159),

(8.160), and (8.161) that their denominators both include the term 1− 1

|Ā| . Since
∣∣Ā∣∣

is proportional to 1− 1

|Ā| , we derive that
∣∣Ā∣∣ is inversely proportional to sMDec, s

C1
Dec

and sC2
Dec, which completes the proof of Corollary 2. Next, by a similar proof from

Eq.(8.159) to Eq.(8.174), we compare the robustness of distributed MIM between
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the DecL and FL framework by solving

sMDec−sMFed =
O
(
d−

2
5

)
2p (1− p)

(
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) .
(8.175)

This is equivalent to solving

2p (1− p)
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1− 1∣∣Ā∣∣

)
d
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2
5 − 2p (1− p) d

2
5 +Θ

(
d

7
20

)
.

(8.176)

Due to the fact that

lim
d→∞

[
2p (1− p) d

2
5 − 2p (1− p)∣∣Ā∣∣ d

2
5 − 2p (1− p) d

2
5 +Θ

(
d

7
20

)]
< 0, (8.177)

we have

lim
d→∞

[sMDec − sMFed] > 0. (8.178)

Similarly, for CL-based SSL, we have

sC1
Dec − s

C1
Fed =

O
(
d−

1
5

)
(

1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

) − O
(
d−

1
5

)
d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

) , (8.179)

sC2
Dec − s

C2
Fed =

O
(
d−

1
5

)
tr(H)

(
1− 1

|Ā|

)
d

2
5 −O

(
d−

1
5

) − O
(
d−

1
5

)
tr(H)d

2
5 −Θ

(
d

7
20

)
+O

(
d−

1
5

) ,
(8.180)

implying that

lim
d→∞

[sC1
Dec − s

C1
Fed] > 0, (8.181)

lim
d→∞

[sC2
Dec − s

C2
Fed] > 0. (8.182)
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With Eqs.(8.181) and (8.182), we find

lim
d→∞

[sCDec − sCFed] > 0. (8.183)

Combining Eq.(8.178) with Eq.(8.183) derives

lim
d→∞

[sDec > sFed]. (8.184)

Note that Eq.(8.184) holds for decentralised learning setups in which each client

has an inconsistent number of neighbours. However, there exists an optimal case,

denoted by ∀i, |Ai| = N . In this case, the global objective of decentralised learning

can be re-formulated as follows:

∑
i∈[N ]

1

N

∑
j∈[N ]

1

N
L =

∑
i∈[N ]

1

N
L. (8.185)

This equation is exactly the same as the global objective of federated learning shown

in Eq.(5.1). Therefore, we know the following statement holds:

lim
d→∞

[sDec = sFed], (8.186)

when ∀i ∈ [N ], |Ai| = N . Combining Eq.(8.184) and Eq.(8.186) completes the proof.
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8.4 Proofs of Chapter 6

8.4.1 Proof of Convergence and Consensus Guarantees

This section provides the full proof of Theorems 15 and 16 of the theoretical

analysis in Section 6.4.1.

At the beginning, we recall several relevant definitions for a finite-state Markov

chain to facilitate understanding:

• Transition Matrix. Let P ∈ RV×V be a stochastic matrix i.e.,

Pv,w ≥ 0 for all v, w ∈ V ,
∑
w∈V

Pv,w = 1 for all v ∈ V .

A (time-homogeneous) Markov chain on the finite state space V with transition

matrix P is a stochastic process {Wt}t≥0 such that, for any t ≥ 0 and v, w ∈ V ,

P(Wt+1 = w | Wt = v,Wt−1 = vt−1, . . . ,W0 = v0) = P(Wt+1 = w | Wt = v) = Pv,w.

(8.187)

• Irreducibility. A Markov chain is irreducible if for any v, w ∈ V , there exists

an integer t ≥ 1 such that (Pt)v,w > 0, i.e., every state can be reached from

every other state in a finite number of steps.

• Aperiodicity. A Markov chain is aperiodic if there exists t0 > 0 such that for

all t ≥ t0 and i, j ∈ V , (Pt)v,w > 0.

• Stationary distribution. An irreducible and aperiodic Markov chain admits

a stationary distribution π such that πP = π.

• Mixing time. The ϵ-mixing time is defined as

τmix(ϵ) = min
{
t ≥ 0 : max

µ
∥µPt − π∥TV ≤ ϵ

}
,
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where µ ranges over all initial distributions on V and ∥ · ∥TV denotes the total

variation distance. In other words, the mixing time represents the number of

steps of the Markov chain required for the distribution of the current state to

be close to the stationary distribution π.

Next, we start our proof of the convergence and consensus guarantees of DeNAV

by deriving some necessary lemmas.

Lemma 14. For a decentralised scenario with n clients, if each client communicates

with only one of their neighbours and aggregates their respective models, then the status

of communication can be expressed as a doubly stochastic matrix Wt ∼W ∈ Rn×n

where Wt,ij > 0 and Wt,ji > 0 indicate that client i communicates with client j at

iteration t. This lemma has been proved in [11].

Corollary 4. For a decentralised scenario with n clients, if m ∈ [1, n] clients

communicate with only one of their neighbours and aggregate their respective models

at iteration t, then the communication matrix Wt ∼ W ∈ Rn×n is still a doubly

stochastic matrix.

Proof. When there is only a client initialises communication (client i communicates

with client j), we are aware that

Wt,ij + Wt,ji = 1

∀I, ∀J /∈ {i, j} and ∀J ̸= I,Wt,IJ = 0,Wt,JI = 0,Wt,II = 1

∀u, ∀v,
∑
u

Wt,uv = 1,
∑
v

Wt,uv = 1.

(8.188)

So the statement is true when m = 1 at iteration t. Then, if we assume that the

statement is true for some arbitrary m, we have

∀i, ∀j ∈ {(i1, j1), . . . , (im, jm)},Wt,ij + Wt,ji = 1

∀I, ∀J /∈ {(i1, j1), . . . , (im, jm)} and ∀I ̸= J,Wt,IJ = 0,Wt,JI = 0,Wt,II = 1

∀u, ∀v,
∑
u

Wt,uv = 1,
∑
v

Wt,uv = 1.

(8.189)
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By combining equation (8.188) and (8.189), we have

∀i, ∀j ∈ {(i, j), (i1, j1), . . . , (im, jm)},Wt,ij + Wt,ji = 1

∀I, ∀J /∈ {(i, j), (i1, j1), . . . , (im, jm)} and ∀I ̸= J,Wt,IJ = 0,Wt,JI = 0,Wt,II = 1

∀u, ∀v,
∑
u

Wt,uv = 1,
∑
v

Wt,uv = 1.

(8.190)

Equation (8.190) implies that the statement also holds for the case of m + 1. By

mathematical induction, we prove that the statement is true for all integers m ∈

[1, n].

Lemma 15. Let the routing process for a single model {St}Tt=0 be defined as a

sequence of states where

St := (it, ψt). (8.191)

Here, it ∈ {1, . . . , n} is the index of the current client, and ψt ∈ H is the training

state log transmitted along with the model across clients, defined as a map from each

client index i ∈ {1, . . . , n} to a tuple:

ψt(i) = (Zt(i), Lt(i), t̄
(t)
i ), (8.192)

where

• Zt(i) ∈ N: the number of times client i has been selected up to time t;

• Lt(i) ∈ {−1, 0, . . . , t− 1}: the latest round when client i was selected (with -1

indicating never selected);

• t̄ti ∈ R+: the most recent training time observed from client i until time t.

Then, under the routing policy defined in our training navigator algorithm, the process

{St}Tt=0 satisfies the Markov property:

P(St+1 | St, St−1, . . . , S0) = P(St+1 | St) ∀t ∈ {0, . . . , T − 1}. (8.193)
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Proof. Let Ct = neighbours(it) ∪ {it} be the candidate set of the next training client

at time t. For each i ∈ Ct, we follow our algorithm to define the selection score:

U t
i = (Ud

i × (αi + U c
i ) + 1)1(Z(i)<Z) (8.194)

where

• Ud
i = |Di|

max{|Di||i∈Ct} represents the data volume utility;

• U c
i = (

min{t̄(t)i |i∈Ct}
t̄i

)1(L(i)>0) represents the computational resource utility;

• αi = ( t−L(i)
T

)1(L(i)>0) represents the selection history factor.

Since local data volume on each client is typically unchanged throughout the training

and the upper limit of the selection times Z and the total number of training rounds

are pre-set constants, Eq.(8.194) shows that U t
i depends only on the values Zt, Lt, t̄i

in ψt. Therefore, according to the selection criteria of the next training client in the

navigator algorithm:

it+1 =


arg max

i∈Ct
U t
i if ∃i ∈ Ct s.t.Z(i) < Z,

Uniform(Ct) otherwise,

(8.195)

we conclude:

P(it+1 | St, St−1, . . . , S0) = P(it+1 | (it, ψt)) = P(it+1 | St). (8.196)

Next, once the next training client it+1 is selected and the local training on this client

is finished, the new state log ψt+1 is updated as follows:

ψt+1(i) =

(Zt(i) + 1, t+ 1, t̄
(t+1)
i ) if i = it+1,

ψt(i) otherwise,

(8.197)
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for each client i ∈ {1, . . . , n}. Here, t̄
(t+1)
i is the training time of client i observed in

round t+ 1 and is collected from the local training consequence at timestamp t+ 1.

Hence, we have:

P(ψt+1 | St, St−1, . . . , S0) = P(ψt+1 | it+1, St). (8.198)

By combining Eq.(8.196) with Eq.(8.198), we derive:

P(St+1 | St, St−1, . . . , S0) = P(it+1 | St, St−1, . . . , S0) · P(ψt+1 | St, St−1, . . . , S0)

= P(it+1 | St) · P(ψt+1 | it+1, St)

= P(ψt+1, it+1 | St) (by the chain rule)

= P(St+1 | St).

(8.199)

Thus, {St}Tt=0 is a Markov chain, and the proof has been completed.

Remark 14. As noted in Lemma 15, although the routing policy relies on historical

information such as selection frequency and recent training time, this information

can be retrieved from the training state log ψt, which is transmitted with the model

and updated each round. Therefore, the next routing decision only depends on the

current state St = (it, ψt), without reference to the full past trajectory {S0, . . . , St}.

This follows the standard idea of state augmentation in controlled Markov chains

and Markov decision processes: by encoding sufficient statistics of the history into

the state, the overall process regains the Markov property [106, 119]. Hence, the

communication state space {St}Tt=0 generated by our navigator algorithm forms a

time-homogeneous Markov chain.

Lemma 16. For any row vector sequence θt ∈ RN defined as:

θt = θt−1Wt−1, (8.200)
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we have

Es...(t−1)||θt − θ̄t1⊺
n||2 ≤ (ρ2 + C · λ2(P )s)(t−s)||θs − θ̄s1⊺

n||2, (8.201)

where Wt is a doubly stochastic matrix, s is a time stamp earlier than t, θ̄t is the

average value of vector θt, 1n is a full-one column vector, || · || is the l2 norm,

0 < C ≤ 1 is the contraction constant and λ2(P ) is the second largest eigenvalue of

the transition matrix P .

Proof. Let 1n = [11 . . . 11]⊺ ∈ Rn denotes a full-one column vector and || · || represent

the l2 norm. Based on the property of doubly stochastic matrix θW1n1
⊺
n

n
= θ 1n1

⊺
n

n
=

θ 1n1
⊺
n

n
W, we derive

θ̄t1
⊺
n = θt

1n1
⊺
n

n

= θt−1Wt−1
1n1

⊺
n

n

= θt−1
1n1

⊺
n

n
Wt−1

= θ̄t−11
⊺
nWt−1.

(8.202)

Therefore,

yt = θt − θ̄t1⊺
n

= θt−1Wt−1 − θ̄t−11
⊺
nWt−1

= (θt−1 − θ̄t−11
⊺
n)Wt−1

= yt−1Wt−1.

(8.203)

Since {Wt} forms a Markov chain, we define the distribution of Wt−1 as vt−1 ∈ V.

Then, according to the assumption that the chain is assumed to be irreducible and

aperiodic, we have

vt−1(W) = π(W) + δt−1(W), (8.204)
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where δt−1(W) is the deviation between the distribution vt−1 and the stationary

distribution π. Therefore,

Et−1||yt||2 =
∑
W

vt−1(W)||yt−1W||2

=
∑
W

π(W)||yt−1W||2 +
∑
W

δt−1(W)||yt−1W||2

= EW∼π||yt−1W||2 +
∑
W

δt−1(W)||yt−1W||2.

(8.205)

Considering the i.i.d. property of π, we have

EW∼π||yt−1W||2 = EW∼π[(yt−1W)(yt−1W)⊺]

= yt−1EW∼π[WW⊺]y⊺t−1

= yt−1EW∼π[W⊺W]y⊺t−1.

(8.206)

According to [11], yt−1E[W⊺W]y⊺t−1 ≤ ρ2||yt−1||2, where ρ is the second largest

eigenvalue of E[W⊺W]. Thus,

EW∼π||yt−1W||2 ≤ ρ2||yt−1||2. (8.207)

Next, for the right term in Eq.(8.205), based on [122], the below statement holds

∑
W

δt−1(W)||yt−1W||2 ≤ ||δt−1||TV · sup
W∈W

||yt−1W ||2 ≤ (λ2(P ))t−1 · sup
W∈W

||yt−1W ||2,

(8.208)

where λ2(P ) is the second largest eigenvalue of the transition matrix P , which verifies

0 ≤ λ2(P ) < 1. For any t ≥ τmix(ϵ), (λ2(P ))t ≤ ϵ further holds. Then, due to the

property of the doubly stochastic matrix, it implies

sup
W∈W

||yt−1W ||2 ≤ C||yt−1||2, (8.209)

230



where C is the contraction constant of doubly stochastic matrices and satisfies

0 < C ≤ 1. Thus, Eq.(8.208) turns into

∑
W

δt−1(W)||yt−1W||2 ≤ C · (λ2(P ))t−1 · ||yt−1||2. (8.210)

By combining Eqs.(8.207) and (8.210), we have

Et−1||yt||2 ≤ (ρ2 + C · λ2(P )t−1)||ys||2. (8.211)

Repeating Eq.(8.211) from timestamp s to t derives

Es...(t−1)||yt||2 ≤

(
t−1∏
k=s

(ρ2 + C · λ2(P )k)

)
||ys||2

≤ (ρ2 + C · λ2(P )s)t−s||ys||2.

(8.212)

Substituting yt = θt − θ̄t1⊺
n into equation (8.212) completes the proof.

Remark 15. Lemma 16 indicates that the error between θt and θ̄t1
⊺
n can converge

to 0 at a rate governed by ρ2 + C · λ2(P )s. So, for a decentralised scenario where

m ∈ [0, n] clients communicate with only one of their neighbours and aggregate

their respective models at each iteration, clients can provably attain consensus if

ρ2 + C · λ2(P )s < 1.

Lemma 17. Given two non-negative sequences {at}∞t=1 and {bt}∞t=1 that satisfying

at =
t∑

s=1

ρ(t−s)bs (8.213)

with ρ ∈ [0, 1), we have

Sk :=
k∑

t=1

at ≤
k∑

s=1

at
bs

1− ρ

Dk :=
k∑

t=1

a2t ≤
1

(1− ρ)2

k∑
s=1

b2s,

(8.214)
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which has been proved in the appendix of [129].

Lemma 18. Under the above assumptions, if Θt is iteratively updated by Eq.(6.4),

then we have

T∑
t=1

n∑
i=1

E∥θ(i)t − Θ̄t1
⊺
n∥2

≤ 2

1− (ρ2 + C)
||Θ0 − Θ̄01

⊺
n||2F +

2

(1−
√

(ρ2 + Cλ2(P ))2

T∑
t=1

E||ηtG(Θt; ξt))||2F ,

(8.215)

where Θ̄ = Θ1n
n
.

Proof. From equation (6.4), we have

n∑
i=1

E||θ(i)t − Θ̄t1
⊺
n||2

=
n∑

i=1

E||Θte
(i)
n − Θ̄t1

⊺
n||2

= E||Θt −Θt
1n

n
1⊺
n||2F

= E||Θt(I −
1n

n
1⊺
n)||2F

=
N∑
j=1

E||e(j)N Θt(I −
1n

n
1⊺
n)||2F

=
N∑
j=1

E||e(j)N (Θ0

t−1∏
s=0

Ws)(I −
1n

n
1⊺
n)− e(j)N (

t−1∑
s=0

ηsG(Θs; ξs)
t−1∏

r=s+1

Wr)(I −
1n

n
1⊺
n)||2F

=
N∑
j=1

E||θ[j]0

t−1∏
s=0

Ws(I −
1n

n
1⊺
n)−

t−1∑
s=0

ηsG
[j](Θs; ξs)

t−1∏
r=s+1

Wr(I −
1n

n
1⊺
n)||2

≤ 2
N∑
j=1

(E||θ[j]0

t−1∏
s=0

Ws(I −
1n

n
1⊺
n)||2︸ ︷︷ ︸

Q1

+E||
t−1∑
s=0

H [j]
s ||2︸ ︷︷ ︸

Q2

), (Parallelogram Law)

(8.216)

where H
[j]
s = ηsG

[j](Θs; ξs)
t−1∏

r=s+1

Wr(I − 1n

n
1⊺
n). By using Lemma 16 to bound Q1,

we have

E∥θ[j]0

t−1∏
s=0

Ws(I − 1n

n
1⊺
n)∥2 ≤ (ρ2 + C)t∥θ[j]0 − θ

[j]
0

1n

n
1⊺
n∥2. (8.217)
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For Q2, we have

E||
t−1∑
s=0

H [j]
s ||2 =

t−1∑
s=0

E||H [j]
s ||2 + 2

t−1∑
s<z

⟨H [j]
s , H

[j]
z ⟩

≤
t−1∑
s=0

E||H [j]
s ||2 + 2

t−1∑
s<z

E||H [j]
s ||||H [j]

z ||.
(8.218)

We can again bound E||H [j]
s ||2 using Lemma 16. So, we have

E∥H [j]
s ∥2 = E||ηsG[j](Θs; ξs)

t−1∏
r=s+1

Wr(I −
1n1

⊺
n

n
)||2

= E||ηsG[j](Θs; ξs)− ηsG[j](Θs; ξs)
1n1

⊺
n

n
)||(ρ2 + Cλ2(P )s+1)t−s−1

≤ (ρ2 + Cλ2(P )s+1)t−s−1E∥ηsG[j](Θs; ξs)∥2.

(8.219)

Then we bound E||H [j]
s ||||H [j]

z ||, i.e.,

E||H [j]
s ||||H [j]

z || = E|||ηsG[j](Θs; ξs)(I −
1n1

⊺
n

n
)||||ηzG[j](Θz; ξz)(I −

1n1
⊺
n

n
)||

≤ (ρ2 + Cλ2(P )s+1)(t−s−1)/2E||ηs−1G
[j](Θs−1; ξs−1)||

· (ρ2 + Cλ2(P )z+1)(t−z−1)/2||ηz−1G
[j](Θz−1; ξz−1)||.

(8.220)

Combining (8.218), (8.219), and (8.220), we can bound Q2 as

E||
t−1∑
s=0

ηsG
[j](Θs; ξs)

t−1∏
r=s+1

Wr(I −
1n

n
1⊺
n)||2

≤
t−1∑
s=0

(ρ2 + Cλ2(P )s+1)(t−s−1)E||ηs−1G
[j](Θs−1; ξs−1)||2

+ 2
t−1∑
s<z

(ρ2 + Cλ2(P )s+1)(t−s−1)/2E||ηs−1G
[j](Θs−1; ξs−1)||

· (ρ2 + Cλ2(P )z+1)(t−z−1)/2||ηz−1G
[j](Θz−1; ξz−1)||

≤
t−1∑
s=0

(ρ2 + Cλ2(P )s+1)(t−s−1)/2E||ηsG[j](Θs; ξs)||2.

(8.221)
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Combining (8.216), (8.217), and (8.221), we have

n∑
i=1

E||θ(i)t − Θ̄t1
⊺
n||2

≤ 2
N∑
j=1

(
(ρ2 + C)t||θ[j]0 − θ

[j]
0

1n1
⊺
n

n
||2)
)

+ 2
N∑
j=1

(
(
t−1∑
s=0

(ρ2 + Cλ2(P )s+1)(t−s−1)/2E||ηsG[j](Θs; ξs)||)2
)
.

(8.222)

By using Lemma 17, the sum of (8.222) from t = 1 to t = T can be expressed as

T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t1
⊺
n||2

≤ 2
N∑
j=1

T∑
t=1

(
(ρ2 + C)t||θ[j]0 − θ

[j]
0

1n1
⊺
n

n
||2
)

+ 2
N∑
j=1

T∑
t=1

(
t−1∑
s=0

(ρ2 + Cλ2(P )s−1)(t−s−1)/2E||ηsG[j](Θs; ξs)||2
)

≤ 2

1− (ρ2 + C)

N∑
j=1

||θ[j]0 − θ
[j]
0

1n1
⊺
n

n
||2 +

2

(1−
√
ρ2 + Cλ2(P ))2

N∑
j=1

T∑
t=1

E||ηtG[j](Θt; ξt)||2

≤ 2

1− (ρ2 + C)
||Θ0 − Θ̄01

⊺
n||2F +

2

(1−
√
ρ2 + Cλ2(P ))2

T∑
t=1

E||ηtG(Θt; ξt)||2F ,

(8.223)

which completes the proof of Lemma 18.

Remark 16. Note that if we make the initial models of all clients the same (i.e.,

||Θ0 − Θ̄01
⊺
n||2F = 0), then the consensus is only impacted by the gradients (i.e.,

||G(Θt; ξt)||2F ), showing that our method DeNAV can attain consensus if the training

converges.

Then we start to prove the convergence of DeNAV.
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Lemma 19. Following the above assumptions, we have

ηt
2
E||∇f(Θ̄t)||2 +

ηt − 2Lη2t
2

E||∇f(Θt)||2 ≤ Ef(Θ̄t)− Ef(Θ̄t+1)

+
L2ηt
2n

n∑
i=1

E||θ(i)t − Θ̄t||2 +
Lη2t σ

2

n
,

(8.224)

where ∇f(Θ̄t) = 1
n

n∑
i=1

∇fi( 1
n

n∑
i=1

θ(i)) and ∇f(Θt) = 1
n

n∑
i=1

∇fi(θ(i)).

Proof. To help our proof, we first define:

∇f(Θ̄t) =
1

n

n∑
i=1

∇fi(
1

n

n∑
i=1

θ(i))

∇f(Θ) =
1

n

n∑
i=1

∇fi(θ(i)).
(8.225)

According to Eq.(6.4), we have

Θ̄t+1 = Θt+1
1n

n

= (ΘtWt − ηtG(Θt; ξt))
1n

n

= Θt
1n

n
− ηtG(Θt; ξt)

1n

n

= Θ̄t − ηtḠ(Θt; ξt).

(8.226)
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According to the Lipschitzian condition for the objective function fi and f , we have

Ef(Θ̄t+1)

≤ Ef(Θ̄t) + E⟨∇f(Θ̄t),−ηtḠ(Θt; ξt)⟩+
L

2
E|| − ηtḠ(Θt; ξt))||2

= Ef(Θ̄t)− ηt⟨E∇f(Θ̄t),EξtḠ(Θt; ξt)⟩+
Lη2t

2
E||(Ḡ(Θt; ξt))−∇f(Θt)) +∇f(Θt)||2

≤ Ef(Θ̄t)− ηtE⟨∇f(Θ̄t),∇f(Θt)⟩+ Lη2tE||Ḡ(Θt; ξt)−∇f(Θt)||2 + Lη2tE||∇f(Θt)||2

= Ef(Θ̄t)− ηtE⟨∇f(Θ̄t),∇f(Θt)⟩

+
Lη2t
n

n∑
i=1

E||∇Fi(θt; ξt)−∇fi(θ(i)t )||2 + Lη2tE||∇f(Θt)||2

≤ Ef(Θ̄t) +
ηt
2

(
E||∇f(Θ̄t)−∇f(Θt)||2 − E||∇f(Θ̄t)||2 − E||∇f(Θt||2

)
+
Lη2t σ

2

n
+ Lη2tE||∇f(vt)||2

= Ef(Θ̄t) +
ηt
2
E||∇f(Θ̄t)−∇f(Θt)||2 −

ηt
2
E||∇f(Θ̄t)||2

− ηt − 2Lη2t
2

E||∇f(Θt||2 +
Lη2t σ

2

n
.

(8.227)

E||∇f(Θ̄t) −∇f(Θt)||2 can be again bounded by Lipschitzian condition, which is

described as

E||∇f(Θ̄t)−∇f(Θt)||2 =
1

n
E||

n∑
i=1

∇fi(Θ̄t)−∇fi(θt)||2

≤ 1

n

n∑
i=1

E||∇fi(Θ̄t)−∇fi(θ(i)t )||2

≤ L2

n

n∑
i=1

E||θ(i)t − Θ̄t||2.

(8.228)
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Combining (8.227) and (8.228) and rearranging, we have

Ef(Θ̄t+1) ≤ Ef(Θ̄t) +
L2ηt
2n

n∑
i=1

E||θ(i)t − Θ̄t||2

− ηt
2
E||∇f(Θ̄t)||2 −

ηt − 2Lη2t
2

E||∇f(Θt)||2 +
Lη2t σ

2

n
ηt
2
E||∇f(Θ̄t)||2 +

ηt − 2Lη2t
2

E||∇f(Θt)||2 ≤ Ef(Θ̄t)− Ef(Θ̄t+1)

+
L2ηt
2n

n∑
i=1

E||θ(i)t − Θ̄t||2 +
Lη2t σ

2

n
,

(8.229)

which completes the proof.

Lemma 20. Under the above assumptions, we can bound ||G(Θt; ξt)||2F as follows

E||G(Θt; ξt)||2F ≤ nσ2 + 4L2

n∑
i=1

E||θ(i)t − Θ̄t||2 + 8nζ2 + 8nE||∇f(Θ̄t)||2. (8.230)

Proof. By rearranging the equation, we have

E||G(Θt; ξt)||2F

=
n∑

i=1

E||∇Fi(θt; ξt)||2F

=
n∑

i=1

E||
(
∇Fi(θt; ξt)−∇fi(θ(i)t )

)
+∇fi(θ(i)t )||2

≤ 2
n∑

i=1

E||∇Fi(θt; ξt)−∇fi(θ(i)t )||2 + 2
n∑

i=1

E||∇fi(θ(i)t )||2

≤ nσ2 + 2
n∑

i=1

E||(∇fi(θ(i)t )−∇fi(Θ̄t)) +∇fi(Θ̄t)||2

≤ nσ2 + 4
n∑

i=1

E||∇fi(θ(i)t )−∇fi(Θ̄t)||2 + 4
n∑

i=1

E||∇fi(Θ̄t)||2

= nσ2 + 4
n∑

i=1

E||∇fi(θ(i)t )−∇fi(Θ̄t)||2 + 4
n∑

i=1

E||(∇fi(Θ̄t)−∇f(Θ̄t)) +∇f(Θ̄t)||2

≤ nσ2 + 4L2

n∑
i=1

E||θ(i)t − Θ̄t||2 + 8nζ2 + 8nE||∇f(Θ̄t)||2,

(8.231)
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which completes the proof.

Lemma 21. Under the above assumptions, we have

T∑
t=1

(1− 4D2L
2η2t )

n∑
i=1

E||θ(i)t − Θ̄t||2

≤ D1||Θ0 − Θ̄01
⊺
n||2F +D2n(σ2 + 8ζ2)

T∑
t=1

η2t + 8D2n

T∑
t=1

η2tE||∇f(Θ̄t)||2,

(8.232)

where D1 = 2
1−(ρ2+C)

, D2 = 2

(1−
√

ρ2+Cλ2(P ))2
and 0 < C ≤ 1 is the contraction

constant of doubly stochastic matrices.

Proof. Substituting Lemma 20 into Lemma 18, we have

T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t||2 ≤ D1||Θ0 − Θ̄01
⊺
n||2F +D2

T∑
t=1

η2tE||G(Θt; ξt)||2F

≤ D1||Θ0 − Θ̄01
⊺
n||2F +D2

T∑
t=1

η2t (nσ2

+ 4L2

n∑
i=1

E||θ(i)t − Θ̄t||2 + 8nζ2 + 8nE||∇f(Θ̄t)||2)

= D1||Θ0 − Θ̄01
⊺
n||2F +D2n(σ2 + 8ζ2)

T∑
t=1

η2t

+ 4D2L
2

T∑
t=1

η2t

n∑
i=1

E||θ(i)t − Θ̄t||2 + 8D2n
T∑
t=1

η2tE||∇f(Θ̄t)||2.

(8.233)

Rearranging the above equation, we have

T∑
t=1

(1− 4D2L
2η2t )

n∑
i=1

E||θ(i)t − Θ̄t||2

≤ D1||Θ0 − Θ̄01
⊺
n||2F +D2n(σ2 + 8ζ2)

T∑
t=1

η2t + 8D2n

T∑
t=1

η2tE||∇f(Θ̄t)||2,

(8.234)

which completes the proof.
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Remark 17. According to Lemma 21, if 1 − 4D2L
2η2t > 0, then E||θ(i)t − Θ̄t||2 is

bounded.

Lemma 22. For a decentralised scenario with n clients, if each step of training only

involves m ∈ [1, n] clients, then

E|m|||∇f(Θ̄t)||2 ≈
n

m
E||∇f(Θ̄t)||2 (8.235)

where E||∇f(Θ̄t)||2 is the expected loss gradient of the average model at pre-training

step t for the case where all n clients perform local training at each step, and

E|m|||∇f(Θ̄t)||2 is the expected loss gradient of the average model at pre-training step

t for the case where a subset of clients perform local training at each step and the

size of the subset is m.

Proof. Following the definition, we have

E||∇f(Θ̄t)||2 =
1

n

n∑
i=1

E||∇f(θ
(i)
t )||2

E|m|||∇f(Θ̄t)||2 =
1

m

m∑
i=1

E||∇f(θ
(i)
t )||2,

(8.236)

where E||∇f(θ
(i)
t )||2 is the expected loss gradients at client i. Assume these gradient

estimates E||∇f(θ
(i)
t )||2 are independent and identically distributed (i.e., i.i.d) and

let each with mean µ and finite variance σ2. According to the central limit theorem

and the law of large numbers, when m and n becomes large, both 1
n

n∑
i=1

E||∇f(θ
(i)
t )||2

and 1
m

m∑
i=1

E||∇f(θ
(i)
t )||2 will approach a normal distribution N (µ, σ2). Therefore, the

variance for the first case can be expressed as:

Var(E||∇f(Θ̄t)||2) = Var(
1

n

n∑
i=1

E||∇f(θ
(i)
t )||2)

=
1

n2

n∑
i=1

Var(E||∇f(θ
(i)
t )||2) =

1

n2
· nσ2 =

σ2

n
.

(8.237)
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We can also formulate the variance for the second case as:

Var(E|m|||∇f(Θ̄t)||2) = Var(
1

m

m∑
i=1

E||∇f(θ
(i)
t )||2)

=
1

m2

m∑
i=1

Var(E||∇f(θ
(i)
t )||2) =

1

m2
·mσ2 =

σ2

m

(8.238)

Thus, we have
Var(E||∇f(Θ̄t)||2)

Var(E|m|||∇f(Θ̄t)||2)
=
σ2

n
· m
σ2

=
m

n
. (8.239)

The above equation shows the relationship between the variance of two cases.

Therefore, we can further express the relationship between E||∇f(Θ̄t)||2 and

E|m|||∇f(Θ̄t)||2 as

E|m|||∇f(Θ̄t)||2 ≈
n

m
E||∇f(Θ̄t)||2, (8.240)

which completes the proof.

Lemma 23. Under the above assumptions, if ηt is fixed as η and satisfies 1 −

4D2L
2η2 > 0 for DeNAV, then

1− 12D2L
2η2

1− 4D2L2η2

T∑
t=1

E||∇f(Θ̄t)||2 +
T∑
t=1

(1− 4Lη)E||∇f(Θt)||2

≤ 2

η
(Ef(Θ̄0)− f ∗) +

L2D1

n(1− 4D2L2η2)
|Θ0 − Θ̄01

⊺
n||2F

+

(
L2D2Tη

2

1− 4D2L2η2
+

2LTη

n

)
σ2 +

8L2D2ζ
2Tη2

1− 4D2L2η2
.

(8.241)

Proof. According to Lemma 19, we have

E||∇f(Θ̄t)||2 + (1− 4Lηt)E||∇f(Θt)||2 ≤
2

ηt
(Ef(Θ̄t−1)− f ∗ − (Ef(Θ̄t)− f ∗))

+
L2

n

n∑
i=1

E||θ(i)t − Θ̄t||2 +
2Lηtσ

2

n
.

(8.242)
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According to Lemma 21, if we satisfy 1− 4D2L
2η2 > 0 with fixing ηt as η and sum

both sides of (8.242) from t = 1 to t = T , we obtain

T∑
t=1

E||∇f(Θ̄t)||2 +
T∑
t=1

(1− 4Lη)E||∇f(Θt)||2

≤ 2

η
(Ef(Θ̄0)− f ∗ − (Ef(Θ̄T )− f ∗)) +

L2

n

T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t||2 +
2LTησ2

n

≤ 2

η
(Ef(Θ̄0)− f ∗) +

L2

n
(
D1||Θ0 − Θ̄01

⊺
n||2F

1− 4D2L2η2
+
D2n(σ2 + 8ζ2)Tη2

1− 4D2L2η2

+
8D2nη

2

1− 4D2L2η2

T∑
t=1

E||∇f(Θ̄t)||2) +
2LTησ2

n
.

(8.243)

Rearranging the above equation, we have

1− 12D2L
2η2

1− 4D2L2η2

T∑
t=1

E||∇f(Θ̄t)||2 +
T∑
t=1

(1− 4Lη)E||∇f(Θt)||2

≤ 2

η
(Ef(Θ̄0)− f ∗) +

L2D1||Θ0 − Θ̄01
⊺
n||2F

n(1− 4D2L2η2)
+

L2D2σ
2Tη2

1− 4D2L2η2
+

8L2D2ζ
2Tη2

1− 4D2L2η2
+

2LTησ2

n

=
2

η
(Ef(Θ̄0)− f ∗) +

L2D1

n(1− 4D2L2η2)
||Θ0 − Θ̄01

⊺
n||2F

+

(
L2D2Tη

2

1− 4D2L2η2
+

2LTη

n

)
σ2 +

8L2D2ζ
2Tη2

1− 4D2L2η2
,

(8.244)

which completes the proof.

Remark 18. This lemma provides DeNAV with a convergence guarantee.

Based on the above results, we can complete the proof of Theorem 15 as follows.

Proof. For η = 1

4L
√
D2+

√
T√
n

, it satisfies

1− 4Lη > 0 (8.245)

4D2L
2η2 ≤ 1

4
(8.246)

1− 12D2L
2η2

1− 4D2L2η2
≥ 1

3
. (8.247)
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Then we can set 1−12D2L2η2

1−4D2L2η2
= 1

3
, and remove (1− 4Lη)E||∇f(Θt)||2 by substituting

η = 1

4L
√
D2+

√
T√
n

into Eq.(8.244) because η is small enough. So we have

1

T

T∑
t=1

E||∇f(Θ̄t)||2 ≤ (
6

Tη
(Ef(Θ̄0)− f ∗) +

3L2D1

nT (1− 4D2L2η2)
||Θ0 − Θ̄01

⊺
n||2F

+ (
3L2D2η

2

1− 4D2L2η2
+

6Lη

n
)σ2 +

24L2D2ζ
2η2

1− 4D2L2η2

1

T

T∑
t=1

E||∇f(Θ̄t)||2 ≤ (
6

4LT
√
D2 + T

3
2√
n

)(Ef(Θ̄0)− f ∗) +
4L2D1

nT
||Θ0 − Θ̄01

⊺
n||2F

+
4L2D2σ

2 + 32L2D2ζ
2

16L2D2 + 8L
√
D2T√
n

+ T
n

+
6Lσ2

4L
√
D2n+

√
nT

.

(8.248)

By combining Lemma 22 with Eq.(8.248), we further find

1

T

T∑
t=1

E|m|||∇f(Θ̄t)||2 ≤ (
6n

4mLT
√
D2 + mT

3
2√
n

)(Ef(Θ̄0)− f ∗) +
4L2D1

mT
||Θ0 − Θ̄01

⊺
n||2F

+
4nL2D2σ

2 + 32nL2D2ζ
2

16mL2D2 + 8mL
√
D2T√
n

+ mT
n

+
6nLσ2

4L
√
D2mn+m

√
nT

,

(8.249)

which means

1

T

T∑
t=1

E|m|||∇f(Θ̄t)||2 ≲
n

√
D2mT + mT

3
2√
n

+
D1

mT
||Θ0 − Θ̄01

⊺
n||2F

+
D2nσ

2 +D2nζ
2

D2m+ m
√
D2T√
n

+ mT
n

+
nσ2

√
D2mn+m

√
nT

.

(8.250)

Thus completing the proof.

Then, Theorem 16 can also be established.
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Proof. Combining Lemma 21 with Eq.(8.250) and substituting η = 1

4L
√
D2+

√
T√
n

, we

obtain

1

T

T∑
t=1

n∑
i=1

E||θ(i)t − Θ̄t||2

≤ 4

3T
D1||Θ0 − Θ̄01

⊺
n||2F +

4D2n(σ2 + 8ζ2)η2

3
+

32D2nη
2

3

1

T

T∑
t=1

E|m|||∇f(Θ̄t)||2

≲
D1

T
||Θ0 − Θ̄01

⊺
n||2F +

D2n(σ2 + ζ2)

D2 +
√
D2T√
n

+ T
n

+
D2n

D2 +
√
D2T√
n

+ T
n

(
n

√
D2mT + mT

3
2√
n

+
D1

mT
||Θ0 − Θ̄01

⊺
n||2F +

D2nσ
2 +D2nζ

2

D2m+ m
√
D2T√
n

+ mT
n

+
nσ2

√
D2mn+m

√
nT

).

(8.251)

The proof has been completed.

8.4.2 Proof of Impact of Local Data Volume on DeNAV Training

This section provides the full proof of Theorem 17 and Corollary 3 of the

theoretical analysis in Section 6.4.2.

From the architecture perspective, in DeNAV, the encoder and decoder of a

one-block masked autoencoder contain only a single vision transformer block, which

is mainly comprised of the self-attention module and a two-layer feed-forward network

with ReLU activation [22, 141]. The self-attention function can be formulated as

follows:

Attention(Q,K, V ) = softmax(
QKT

√
d

)V. (8.252)

Previous literature [95] has proved through Tucker decomposition [138] that the

outputs of the self-attention function can be represented by a linear combination of

a set of basis vectors, expressed as the following lemma:

Lemma 24. (See [95], Theorem 3.1) Let e1, . . . , en be basis vectors from the vector

space S. Assume that these vectors e1, . . . , en are linearly independent and Q,K, V

can be linearly represented by this set of basis vectors. The output of the attention

function in Eq.(8.252) can be represented by a linear combination of the set of these
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basis vectors.

Attention(Q,K, V ) = (e1, . . . , en)M (8.253)

where M ∈ Rn×d is a coefficient matrix, and d is the dimension of these matrices

(i.e. Q, K, and V ).

On the other hand, there was also proof that a shallow ReLU network can be

replaced by a deep network with linear activation [159], which is described as follows:

Lemma 25. (See [159], Proposition 1) Let ρ : R→ R be any continuous piece-wise

linear function with M breakpoints, where 1 ≤M <∞.

(a) Let ξ be a network with the activation function ρ, having depth L, W weights,

and U computation units. Then there exists a ReLU network η that has depth L,

not more than (M + 1)2W weights and not more than (M + 1)U units, and that

computes the same function as ξ.

(b) Conversely, let η be a ReLU network of depth L withW weights and U computation

units. Let D be a bounded subset of Rn, where n is the input dimension of η. Then

there exists a network with the activation function ρ that has depth L, 4W weights

and 2U units, and that computes the same function as η on the set D.

Based on Lemma 24 and Lemma 25, we can expect the error bound between the

actual computation of the one-block masked autoencoder and its linear approximation

to be very small and derive the following proposition.

Proposition 1. There exists a linear equivalent mapping with Wh to the approximate

transformer encoder h(·) and a linear equivalent mapping with Wg to the approximate

transformer decoder g(·).

Proof. Expanding the nonlinear vector function h(x) into a Taylor series at 0, we

have

h(x) = h(0) +∇xh(0)x+ ϵ, (8.254)

where ∇xh(0) denotes the gradient of operator h(·) at 0 in the direction of the vector

x, and ϵ a higher order infinitesimal residual. According to Lemma 24 and Lemma
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25, we recognise that the residual ϵ is expected to be very small in the current case,

resulting in a limited effect on the output h(x). Therefore, by neglecting the residual

ϵ and letting ∇xh(0)x = Whx, we get

h(x) ≈Whx+ h(0) (8.255)

As h(0)→ 0, h(x) can be represented by the mapping Wh. Likewise, by neglecting

the residual and letting ∇xg(0)x = Wgx, we get

g(x) ≈Wgx+ g(0). (8.256)

Since g(0) = 0, g(x) can be represented by the mapping Wg, thus completing the

proof.

With the above proposition, the local training on the client i can be formulated

as x̂ = gi(hi(x̃)) ≈ WgiWhi
x̃ = Wix. Then, we start to prove Theorem 17 below.

Proof. The local data on client i can be formulated as Xi, and the corrupted input

to the model on client i can be formulated as X̃i. Both Xi and X̃i have the same

size. Then, the transformed loss function of the training with the aggregation can be

formulated as

l(Xi, X̂i) = l(Xi, gi(hi(X̃i)))

=
1

2
∥Xi −WiX̃i∥2

=
1

2
tr
[
(Xi −WiX̃i)(Xi −WiX̃i)

⊺
]
.

(8.257)
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This loss function is a convex function that can reach a minimum value when its

derivative is 0. Therefore, with ∇Wi
l(Xi, X̂i) = 0, it yields

2∇Wi
l(Xi, X̂i) = ∇Wi

tr
[
(Xi −WiX̃i)(Xi −WiX̃i)

⊺
]

= ∇Wi
tr(X⊺

i Xi − X̃⊺
i W

⊺
i Xi −X⊺

i WiX̃i + X̃⊺
i W

⊺
i WiX̃i)

= ∇Wi
tr(WiX̃iX̃

⊺
i W

⊺
i )− 2∇Wi

tr(WiXiX̃
⊺
i )

= 2WiX̃iX̃
⊺
i − 2XiX̃

⊺
i = 0.

(8.258)

Solving Eq.(8.258) yields W ∗
i = XiX̃

⊺
i (X̃iX̃

⊺
i )−1. Next, if we aggregate the input and

the ground-truth data over the selected clients Ct for each step, we have

X̃t = [X̃i|i ∈ Ct]
⊺, Xt = [Xi|i ∈ Ct]

⊺. (8.259)

Since the data size varies from client to client, it is necessary to append 0 to the empty

space of X̃t and Xt. Finally, by defining W ∗
A = [W ∗

i |i ∈ Ct]
⊺, the approximate optimal

solution for the model WA can be represented by X̃t and Xt, with the following form:

W ∗
A = XtX̃T

t (X̃tX̃T
t )−1. (8.260)

The proof has been completed.

According to the formulation in Theorem 17, the proof of Corollary 3 can be

easily completed as follows.

Proof. We first define x = max{|Xi| | i ∈ Ct}. Expanding X̃t and Xt gives:

X̃t =


x̃1,1 . . . x̃1,m

... x̃u,v
...

x̃x,1 . . . x̃x,m


x×m

, Xt =


x1,1 . . . x1,m

... xu,v
...

xx,1 . . . xx,m


x×m

(8.261)
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where

X̃u,v
t ,Xu,v

t =

0 if u > |Xi|

x̃i, xi otherwise

(8.262)

Eq.(8.261) shows that the size of X̃t and Xt will increase if the selected clients have

large data volumes. According to Theorem 17, we identify that our selection strategy

will make the approximate optimal solution W ∗
A have a larger size and be less sparse,

leading to a more reliable estimation of the ground-truth mapping from input to

output. Therefore, the proof has been completed.

Theorem 17 and Corollary 3 establish the connection between the training

effectiveness of the one-block MAE and the local data volume on the training clients

under the view that the encoder and decoder can be well approximated by linear

mappings. However, this justification primarily applies to a single pre-training step.

Since pre-training proceeds over multiple iterations, it is crucial to examine whether

the linear approximation remains valid across rounds. In particular, the key challenge

lies in analysing the behaviour of the higher-order residual term ϵ introduced in

Proposition 1. To ensure that these residuals do not accumulate and undermine the

approximation, we provide the following additional lemma.

Lemma 26. Let h(·) and g(·) denote the encoder and decoder of the one-block MAE,

expanded at the zero reference point as in Proposition 1. Then, when training with

mean square error loss for T steps, and using gradient descent with learning rate

η = O( 1
T

) following a standard linear decay, the cumulative higher-order residual ϵT

satisfies

∥ϵT∥ ≤ O(1). (8.263)

Proof. Recall Proposition 1, the nonlinear encoding function h(x) can be expanded

into a Taylor series at 0 as follows

h(Xt) ≈ h(0) +∇h(0)Xt + ϵh(Xt), (8.264)
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where Xt is the input data at time stamp t, ϵh(Xt) = 1
2
X⊺

t∇2h(σt)Xt is the second-

order Taylor residual and σt ∈ (0, Xt). Here, for tractability, we represent the

formulation of higher-order residuals by the second-order derivatives, which is the

largest term among them. Assuming that there exists a bound for the norm of

second-order derivatives, i.e., ∀σ, ||∇2h(σ)|| ≤ κh, we have

||ϵh(Xt)|| ≤
κh
2
||Xt||2. (8.265)

Similarly, for the decoder part, the Taylor expansion of the non-linear decoding

function at 0 is shown below

g(z) ≈ g(0) +∇g(0)z + ϵg(z), (8.266)

and we have

||ϵg(z)|| ≤ κg
2
||z||2. (8.267)

For the reconstruction at the pre-training step t, we define X̂t = g(h(Xt)).

Substituting Eqs.(8.264) and (8.266) into it and considering h(0) = 0, g(0) = 0,

we derive

X̂t = Wg(WhXt + ϵh(Xt)) + ϵg(h(Xt))

= WgWhXt +Wgϵh(Xt) + ϵg(h(Xt))
(8.268)

where Wh := ∇h(0) and Wg := ∇g(0). Thus, the residual term Rt is denoted as

Rt = Wgϵh(Xt) + ϵg(h(Xt)). (8.269)

We start to bound this term step by step. For the first term, we have

||Wgϵh(Xt)|| ≤ ||Wg|| · ||ϵh(Xt)|| ≤ ||Wg|| ·
κh
2
||Xt||2. (8.270)
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For the second term, note that h(Xt) = WhXt + ϵh(Xt), it implies

||h(Xt)|| ≤ ||Wh|| · ||Xt||+ ||ϵh(Xt)||| ≤ ||Wh|| · ||Xt||+
κh
2
||Xt||2. (8.271)

By substituting it into Eq.(8.267), we have

||ϵg(h(Xt))|| ≤
κg
2
||h(Xt)||2

≤ κg
2

(
||Wh|| · ||Xt||+

κh
2
||Xt||2

)2
.

(8.272)

Combining Eq.(8.270) and Eq.(8.272) establishes the following bound for Rt:

||Rt|| ≤
κh
2
||Wg|| · ||Xt||2 +

κg
2

(
||Wh|| · ||Xt||+

κh
2
||Xt||2

)2
= (

κh
2
||Wg||+

κg
2
||Wh||2) · ||Xt||2 +

κgκh
2
||Wh|| · ||Xt||3 +

κgκh
8
||Xt||4.

(8.273)

A simplification of this bound is

|Rt|| ≤ α||Xt||2 + β||Xt||3 + γ||Xt||4, (8.274)

where α = κh

2
||Wg||+ κg

2
||Wh||2, β = κgκh

2
||Wh|| and γ = κgκh

8
. Then, let Wgh = WgWh,

the mean square error (MSE) loss used for training step t is defined as

Lt =
1

2
||Xt − X̂t||2 =

1

2
||Xt −WghXt −Rt||, (8.275)

and the gradient of Lt is

∇θLt = −(Xt −WghXt −Rt)X
⊺
t

= −(Xt −WghXt)X
⊺
t︸ ︷︷ ︸

Gt

+RtX
⊺
t︸ ︷︷ ︸

∆t

,
(8.276)

where Gt is the ideal loss gradient and ∆t is the gradient deviation led by the

higher-order Taylor residuals. Next, given the learning rate η, the training update at
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step t follows

θt = θt−1 − η∇θLt = θt−1 − ηGt − η∆t. (8.277)

By iterating it from t = 1 to the final training step T , we have

θT = θ1 − η
T∑
t=1

Gt − η
T∑
t=1

∆t = θ1 − η
T∑
t=1

Gt − η
T∑
t=1

(RtX
⊺
t ). (8.278)

Let ϵT = η
∑T

t=1(RtX
⊺
t ), the norm bound of the cumulative deviation term ϵT is

||ϵT || ≤ η

T∑
t=1

(||Rt|| · ||Xt||). (8.279)

Substituting Eq.(8.274) into it derives

||ϵT || ≤ η
T∑
t=1

(
α||Xt||2 + β||Xt||3 + γ||Xt||4

)
||Xt||

= η(α
T∑
t=1

||Xt||3 + β
T∑
t=1

||Xt||4 + γ
T∑
t=1

||Xt||5).

(8.280)

Assuming that the inputs satisfy ∀t, |||Xt|| ≤ B (which often holds if we employ

normalisation to transform the input image into [0,1] range), we further have

||ϵT || ≤ ηT (αB3 + βB4 + γB5). (8.281)

Since the learning rate η follows a standard linear decay (which is also common in

real training scenarios), denoted as η = O( 1
T

), then the above bound will turn into

||ϵT || ≤ O(1), (8.282)

showing that the higher-order Taylor residuals do not accumulate with the training

steps and implying that the linear approximation assumed in Theorem 17 and

Corollary 3 is not undermined. The proof has been completed.
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