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Abstract

Options markets provide investors a comprehensive array of state-contingent pay-
offs. Stochastic arbitrage represents the opportunity to construct negatively priced
portfolios of long and short positions in options, that when combined with a passive
investment in the market constructs a payoff that stochastically dominates the mar-
ket. This paper formulates a mixed-integer linear program that applies sequential
stochastic dominance in a dynamic, daily-rebalanced trading framework to identify
stochastic arbitrage opportunities with options written on the S&P 500 index. This
paper finds that a dynamic trading framework succeeds at identifying stochastic
arbitrage opportunities more frequently than static trading frameworks explored in
recent research, but both strategies invariably return payoffs inferior to the market.
This paper shows that the application of sparsity constraints to both static and

dynamic trading strategies yields improved performance.
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1 Introduction

The pursuit of portfolios and trading strategies that deliver superior to market
risk-adjusted returns are central to financial econometrics. Since Markowitz (1952),
portfolio optimisation and financial markets have evolved significantly. Introduced
to US exchanges in 1973, options provide investors the ability to construct state-
contingent payoffs. A core principle in options markets is that if correctly priced, it
should not be possible to make sure profits by constructing portfolios of long and

short positions (Black and Scholes, 1973).

Research by Ait-Sahalia and Lo (2000), Jackwerth (2000) and Rosenberg and
Engle (2002) identified evidence for non-monotonic pricing kernels in options written
on the Standard and Poors 500 index (SPX). A non-monotonic pricing kernel implies
the existence of a stochastic arbitrage opportunity, allowing an investor to increase
expected utility by engaging in zero-cost trades (Constantinides, Jackwerth and
Perrakis, 2009). This discovery commenced a series of empirical investigations to
firstly validate whether this systematic mispricing does in fact, exist, and if it does,

then formulate an appropriate strategy to capitalise on it.

Adjacent research suggests that these findings may be driven by incorrect spec-
ification of the conditioning set of state variables when constructing risk-neutral
probability measures (Chabi-Yo et al., 2008). Recently, Post and Longarela (2021)
and Beare et al. (2025) formulate linear programs to identify stochastic arbitrage op-
portunities with market index options. The realised performance of portfolios selected
in these investigations is underwhelming, suggesting that evidence of mispricing is
attributable to incorrect specification in state probabilities. However, what is yet to
be explored is a dynamic trading strategy and the evaluation of optimal portfolio
diversification (sparsity) to identify stochastic arbitrage opportunities. Importantly,
Beare et al. (2025) define a stochastic arbitrage opportunity as a mix of long and short
positions in options (a “layover portfolio”) with two properties. Firstly, the layover
portfolio generates positive option premium (has a negative price). And secondly, an
investor who holds the market portfolio can improve their return by second-order
stochastic dominance (SOSD) by also holding the layover portfolio. In this paper, the

“enhanced portfolio”, the market plus the layover portfolio, is required to stochastically



dominate the combined market and option payoff distribution from all prior days. This
is the central concept in the dynamic trading framework introduced and discussed in

this paper.

Markowitz’s expected return-variance (EV) rule implies the importance of
portfolio diversification, a departure from prior theory that concentrated on assets
with the highest discounted expected return (see Williams, 1938). There is extensive
research into the optimal level of diversification in portfolio constructed with equities.
Evans and Archer (1968) showed that portfolio standard deviation is a rapidly
decreasing asymptotic function in portfolio size. Beyond 10 assets, the marginal
cost of adding an additional asset outweighs the marginal benefit, highlighting the
cost of overdiversification. This paper defines overdiversification as taking both
sensible positions in mispriced options (a stochastic arbitrage opportunity), but also
less rational positions driven by state probability misspecification. Ideally, sparsity
is appropriately constrained such that portfolio weights are concentrated only in
positions that present clear opportunity for stochastic arbitrage ensuring that realised

performance is not undermined.

This paper has two main objectives. Its primary aim is to formulate and
evaluate the suitability of a dynamic trading strategy to identify stochastic arbitrage
opportunities with market index options. This paper finds that a dynamic trading
strategy does identify a larger quantity of stochastic arbitrage opportunities, however,
the realised performance of selected portfolios yields returns moderately worse than
passively holding the market portfolio. This provides further evidence to suggest the
apparent identification of stochastic arbitrage is a consequence of misspecification
in state probabilities as opposed to systematic mispricing. The paper’s secondary
aim is to identify optimal portfolio sparsity through the application of cardinality
constraints in an option portfolio context. By evaluating the realised performance
of selected enhanced portfolios against the market return across a range of sparsity
values, it is determined that limiting the distinct number of option positions between
4 and 10 yields portfolios with favourable characteristics in both a static and dynamic

trading context.



In pursuit of these objectives, this paper makes the following contributions. It
builds upon the literature exploring the existence of statistically and economically
significant stochastic arbitrage opportunities with options written on the SPX by
applying a novel dynamic trading approach. The methodological contributions include
the following. Firstly, the paper formulates and applies a mixed-integer linear program
(MILP) that applies sequential stochastic dominance and sparsity constraints. Two
key design choices distinguish the dynamic trading framework applied in this paper
to the broader literature on active portfolio management. Namely, restricting the set
of available option contracts to be those with the same expiry in each month. Fixing
the expiry in this way facilitates direct comparison with static strategies applied
in recent empirical investigations. The second design choice is the application of
sequential stochastic dominance. Which in principle, allows a theoretical investor to
rebalance their portfolio in response to information arrival during the month period,
such that the cumulative portfolio payoff distribution only stochastically improves,
where possible. A component of the dynamic trading framework is the introduction of
dynamic moneyness constraints that tighten as time-to-maturity decreases to insulate
against bets on tail events, that in practice, become increasingly less probable on

shorter time spans.

The rest of this paper is structured as follows. Section 2 examines the two
strands of related literature: stochastic dominance and stochastic arbitrage. Section 3
discusses data. Section 4 discusses the methodology, state probability distributions
and dynamic portfolio choice model. Section 5 examines the results and Section 6

concludes the paper.

2 Literature review

2.1 Stochastic dominance theory and applications

First introduced to economics by Hadar and Russell (1969), stochastic dominance
provides a criterion by which a preference order can be assigned to uncertain prospects.
Stochastic dominance compares the cumulative distribution functions of two (or more)
random variables to establish superiority. Before its introduction, expected utility

theory (see Von Neumann and Morgenstern, 1944) was a popular framework used for



preference ordering, an approach contingent on the specification of a utility function.
Advantageously, stochastic dominance provides a generalised framework that does
not rely on the presupposition of a utility function. The key definitions from Hadar
and Russell (1969), Hanoch and Levy (1969), Rothschild and Stiglitz (1970) and

Whitmore (1970) can be summarised as follows:

Let X and Y be random variables with cumulative distribution functions F'x
and Fy respectively. With "<" denoting a partial order, X is k-th order stochastically
dominated by Y, X <) Y if and only if:

FP#) > FPt) forallteR

Holding with strict inequality for at least one t. Where for k =1, F)((l)(t) = Fx(t)
and for k > 2, the k-th repeated interval is F)((k) (t) := ffoo F)((k_l)(t). Note that
first-order stochastic dominance (FOSD) implies second-order stochastic dominance
(SOSD) which implies third-order stochastic dominance (TOSD) and so on. Since its
introduction to economics, stochastic dominance has had broad applications, in areas
such as estimating the probability of bankruptcy (Broske and Levy, 1989) and even
agricultural economics (Harris and Mapp, 1986) (see Levy (1992) for survey).

Ogryczak and Ruszczynski (2002) apply FOSD and SOSD to mean-risk models.
They highlight that mean-risk models may select an efficient solution that is stochas-
tically dominated by another feasible solution. Dentcheva and Ruszczynski (2006)
develop a system of linear inequalities to enforce stochastic dominance in a finite
asset context. Their empirical investigation found that if the benchmark portfolio
contains more assets in order to stochastically dominate it a utility function was
required that penalised diversification. Later, Luedtke (2008) provides more compact
and efficient formulations for FOSD and SOSD for a generalised optimisation setting.
The approach taken in this thesis is a modification of the formulation provided in
Leudtke (2008), which is explored in Section 4. Roman, Mitra and Zverovich (2013)
use SOSD to generate portfolios that outperform the FTSE 100, S&P 500 and Nikkei
225 indexes. An interesting observation was that SOSD models do not require the
imposition of cardinality constraints and that little or no rebalancing is necessary to

attain superior performance.



Post and Kopa (2017) extend SD to higher orders by refining superconvex
dominance conditions introduced in Bawa et al. (1985) and taking a quadratically
constrained programming approach to formulate TOSD. In doing so they capturing
investor prudence; the preference for positive skewness. This yielded improved returns
relative to mean-variance models, driven by greater concentration in past winner
industries, generating positive skewness but sacrificing diversification. Later Fang
and Post (2022) investigate fourth and fifth-order stochastic dominance. These
investigations suggest benefits in the application of higher-order stochastic dominance

in constructing portfolios that minimise kurtosis and amplify skewness.

Recently, Mei, Chen, Lui & Ji (2022) explore dynamic SOSD in a multi-stage
asset-allocation model where the investor’s entire wealth path must SOSD the return
sequence of a benchmark asset. Their model utilises Monte-Carlo to simulate a large
panel of return paths then use K-means clustering to make the problem tractable.
This approach yielded promising results, pointing to efficiency gains and performance
that beat single-stage SOSD baselines. Consigli, Dentcheva, Maggioni & Micheli
(2025) apply a sequential SOSD framework to asset-liability management and solve
recursively finding that SOSD constraints significantly affect the optimal investment
policy. This thesis differs in that it explores index options and the approach to
dynamic second-order stochastic dominance is to allow the reference variable to be
time variant. However, the results of these papers underpin the applicability of SOSD

in time-varying contexts.

2.2 Stochastic arbitrage and the pricing kernel puzzle

The asset pricing kernel captures investor risk and time preferences for payoffs in
different states. Ait-Sahalia and Lo (2000), Jackwerth (2000) and Rosenberg and
Engle (2002) identified evidence for non-monotonic pricing kernels in options written
on the S&P500 index (SPX). This discovery contradicts financial theory that posits
that pricing kernels should be positive, monotonically decreasing in wealth. Later work
by Chabi-Yo et al. (2008) challenge these findings by arguing that misspecification of
the conditioning set of state variables is responsible for the evidence of non-monotonic

pricing kernels.



Constantinides, Jackwerth and Perrakis (2009) motivated by the findings of
Jackwerth (2000), explore option mispricing in options written on the SPX. They
report widespread violations of stochastic dominance (i.e., violations of monotonic
pricing kernels) even in the presence of transaction costs and market incompleteness,
meaning an investor can increase expected utility by engaging in zero-cost trades,
exploiting systematic mispricing. Beare (2011) showed that in the existence of a
non-monotonic pricing kernel there exists an optimal measure-preserving derivative
that first-order stochastically dominates the index’s payoff. Indeed, the existence of a
nonmonotonic pricing kernel is equivalent to the existence of a first-order stochastic
arbitrage opportunity. A stochastic arbitrage opportunity, in the context of the SPX,
as defined in Beare et al. (2025) refers to a layover portfolio that provides (1) a positive
option premium and (2) the payoff distribution of the layover portfolio combined with
a unit investment in the market index k-th order stochastically dominates the payoff
distribution of the market index alone. A layover portfolio refers to some combination
of long and short, call and put options. In this paper we slightly modify the definition
of stochastic arbitrage in Beare et al. (2025) such that the enhanced portfolio (layover
portfolio + unit position in market) must second-order stochastically dominate the

market and option payoff distribution from all prior days.

Recently, Post and Longarela (2021) build upon the linear inequalities developed
by Constantinides, Jackwerth and Perrakis (2009) to construct a LP that identifies all
stochastic arbitrage opportunities. They report systematic stochastic arbitrage oppor-
tunities but these are limited by market depth constraints (portfolio size is limited by
maximum capital of the investor, ranging from retail investor to institutional). Beare
et al. (2025) use the efficient linear formulation in Luedtke (2008) to improve Post
and Longarela’s (2021) LP for computing second-order stochastic arbitrage (SOSA)
opportunities. Additionally, they present a MILP to compute first-order stochastic
(FOSA) opportunities by modifying the formulation presented in Luedtke (2008). In-
terestingly, Beare et al. (2025) rarely identify stochastic arbitrage opportunities in the
market for SPX options. This is particularly the case when only considering options
with moderate moneyness (strike between 90 to 105 percent of current SPX value).
When allowing for more extreme strikes more stochastic arbitrage opportunities are

identified but the realised performance of these portfolios is worse than the market.



Beare et al. (2025) explain that this is likely a consequence of difficulty in accurately
specifying state probabilities for options far out-of-the-money (OTM), leading to the

algorithm to believe there is mispricing when in fact there is not.

3 Data

This research utilises SPX call and put option data from January 2004 to November
2021 (213 months!), sourced from the Chicago Board of Options Exchange (CBOE)
DataShop. For each trading day, the options data includes the time-to-expiry, best
bid and ask prices, and associated volumes at 2:45 Central Time (30 minutes before
market close). These options are of the European style (Black and Scholes, 1973)
preserving clean terminal-payoff valuation at maturity, a feature that is complicated by
the early-exercise characteristic of American style options (Brennan-Schwartz, 1977).
This fixed-exercise date helps to accommodate comparison between the dynamically
rebalanced portfolio and a static investment strategy. In particular, we restrict the
available options to be those with an expiry as the third Friday or Saturday in
each month. Doing so ensures that there is a consistent maximum time-to-expiry
of 18-21 trading days, dependent on weekends and public holidays. We also ensure
that on any given day the state probability distribution is constructed for a single
time-to-maturity. This prevents an observed problem where a trading day can have
options available for two distinct maturity dates, meaning the used state probability
distribution will not have appropriate horizon parametrisation. Figure [1] visualises

this expiry-anchored daily rebalanced trading framework.

Figure 1: Dynamic trading timeline
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The option strike range available for analysis is restricted ex ante to a forward-
moneyness band of at most 90-105% of the SPX value on trading day ¢. As the

time-to-maturity shortens we tighten the moneyness bounds by computing the ratio

'The total number of months is 215 but 2 months were excluded due to data inconsistency
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of the scale parameter (see Section 4.2.2) on day ¢ to day t; (the first day in that
month) and multiply the upper (5%) and lower (-10%) bounds by this scale factor.

Figure [2] plots the average upper and lower bounds for each time-to-maturity.

Figure 2: Average dynamic moneyness bounds by horizon
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We confine our attention to moderate strikes for a few reasons. Firstly, as is
shown in Figure [3], 89% of the months in our sample see monthly changes within
this band, showing that during this period the SPX rarely saw month changes beyond
-10% and 5%. On shorter time horizons the frequency of extreme tail events is more
sparse, justifying the increasing restrictiveness as horizon length shrinks. Secondly,
even when an ask price is quoted for an OTM option, the bid volume is often zero
(Post and Longarela, 2021). Indeed, far-tail quotes are the first to create butterfly and
vertical spread violations (giving rise to pure arbitrage opportunities) as observed in
Beare et al. (2025). This occurs due to the difficulty in reliably pricing extreme states,
characterised by the ‘Peso problem’ (see Barro and Liao (2020)). This limitation also
ensures that our state probability distributions are reliable across the options book

available to our theoretical investor.
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Figure 3: Histogram of 1-month SPX returns (%)
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Notes: Tail bins group all months < —12% and > 12%; mid bins are 1% wide.

Carr and Madan (2005) define sufficient conditions to guarantee no pure arbitrage.
These conditions are nonnegative cost of butterfly spreads and vertical spreads. These
pure arbitrage opportunities represent standalone non-systematic mispricing and
therefore do not provide evidence for nonomonotonic pricing kernels, nor the capability
to consistently construct portfolios which in a probabilistic sense, outperform the
market payoff. Additionally, these opportunities are both infrequent and small in size
(as seen in Beare et al. (2025)), meaning that in a live-trading context, it may be
impossible to identify and execute these trades before the opportunity disappears.

We compute results with pure-arbitrage excluded.

Any premia generated by the layover portfolio is invested at the risk-free rate, set
as the London Interbank Offered Rate (LIBOR), until month-end. Using the LIBOR
as the risk-free rate and SPX dividend yield data we impute a forward price for a
unit of the SPX at each fixed-expiry. LIBOR data is sourced from FRED and SPX
dividend yield data is obtained from the multpl online database (www.multil.com).
Daily realised variances over the horizons are computed from 5-minute SPX data
sourced from LSEG Data and Analytics. The implied volatility is given by the VIX,

which is sourced from Yahoo Finance.
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4 Methodology

This section details the approach from market data to state probability distributions

and presents the optimisation model and mixed integer linear program.

4.1 Market data

Let T}, be the fixed expiry date for month m. On any trading day ¢ within month m,
define the time-to-expiry in trading days as 7 := {# of trading days from ¢ to T, } €
{21, 20, ...,1}. Hence, on each day all objects are recomputed with the same calendar
expiry T, while 7, shrinks during the month. To compare the dynamic portfolio
strategy to a static trading strategy we compute for only max{7,,} Vm, the first day
in each month. Let S; be the SPX close on date ¢. The risk-free rate, r{ and dividend

yield, d; are used to compute an annualised forward price as defined in Hull (2021):
Fip =5, e(r[—dt)-n/%z

The 7-day log annualised market return, r; , := log (St ,/S¢)-252/ is used to compute
the excess-market return 7y :=ryr — 7{ - 7/21. Here we scale the risk-free rate by
the ratio of time-to-expiry and 21 trading days. This approach is taken to preserve
consistency with the static investment strategy as the risk-free rate is a monthly
measure. To compute an adjusted realised volatility measure we follow the approach
taken in Bollerslev & Todorov (2023). First, using the 5-minute SPX data, let P; ;
be the SPX level at the j-th 5-minute interval on day t, 7 = 0,1, ..., M. Hence, the
intraday log return sequence is p; ; := log P, ; — log P; j_1 and the intraday realised

variance, RV;™"® is the sum of squared intraday returns:
M
intra __ 2
RV = Z Pt.j
=1

Index volatility is not confined to trading hours, macroeconomic announcements and
changes in global markets contribute materially to close-to-open moves. Martens
(2002) and Hansen & Lunde (2005) show that overnight variance is much noisier
than intraday realised variance. As such, simple approaches like adding the overnight

variance to the intraday variance tends to worsen precision of the variance measure.
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However, the option-implied variance (VIX in our case) is the risk-neutral expectation
of total return variation over the month period, not limiting itself to trading hour
changes. As such, our realised variance measure should capture close-to-close variance
across the period too. To minimise added noise from the overnight returns we follow
the scaled approach taken in Bollerselv and Todorov (2023). Let Cy_1 be the prior close
and Oy be the current open. We define close-to-open move as AP = log Oy —log C;_;
and the overnight realised variance as RVOYN = (APN)2, Next we compute the rolling

overnight adjustment factor, Jt:

R 1 Z R‘/;intra 4 RV;ON
- R‘/Sintra

s=t—252

This scaling factor allows us to define our daily adjusted realised variance, Eﬁgdﬂ' =

IZJ\tRVf””“ which is used to define our adjusted annualised realised variance and

volatility (o) predictors for each horizon 7, based on Prokopczuk and Simen (2014):

t
—PS,adj 252 adi ~PS —PS,adj
RVtT = 7 E : R‘/s J7 Otr = RVtT
s=t—71+1

4.2 State probability distributions

The return distribution of the SPX is assumed to be a skewed generalised t-distribution
(SGT) as introduced by Theodossiou (1998) and utilised in Beare et al. (2025). The
rationale for using the SGT is its ability to fit the skewness and excess kurtosis
observed in the SPX’s empirical distribution (Theodossiou, 1998). The normalised
returns Xy, = %, are fitted with the SGT X, ~ SGT(]%T,@T,XT;/LW,UW).
Where parameters, shape (k;), degrees of freedom (9,), and asymmetry (),), are
computed by maximum likelihood. The location parameter (4 ) and scale parameter

(0t,7) vary with both time and horizon. We discretise the continuous terminal SPX

value distribution into a finite state space at 5 index point intervals.

4.2.1 Location parameter and constant market risk premium

We set the location parameter (j ) to the current risk-free rate plus an additive

market risk premium (MKRP). To accommodate horizon-specific parametrisation, we

14



compute the MKRP for each horizon as the annualised mean 7-period excess return:

1
MKRP; = - "rf,
ter
As such the location parameter is p¢, = (1 + 7{ + MKRPT)QET — 1. Note that the
MKRP for all horizons falls within a £0.6% range of 7.2%. Beare et al. (2025) found
that setting this premium at 5% or 8% was inconsequential for portfolio selection, an

observation supported by Post and Longarela (2021).

4.2.2 Scale parameter and multiplicative variance risk premium

The scale parameter (ot ,) of the SGT distribution is set as the horizon specific
forward-looking variance. The VIX embeds a variance risk premium, leading to it
overstating variance when measured against realised variance. As such, to construct
an accurate forward-looking variance measure we follow Prokopczuk and Simen (2014)
who argue a multiplicative adjustment is optimal. We compute the multiplicative

variance risk premium (MVRP) to be both time and horizon dependent:

2
1 VIX; - 7/21
MVRP;, = p Z (fp;/>

ter Uth

We use a simple linear scaling for the VIX so that we minimise exaggerating implied
variance on shorter time horizons. Note that since 2011, CBOE reports 9-day volatility
index (VIX9D). Since our data period begins in 2004, the VIX9D was not applicable,
but is likely to provide a better estimate of implied volatility over shorter horizons.
Indeed, the simple scaling of the VIX may contribute to poor goodness-of-fit of the
SGT distributions at shorter time horizons as discussed in the following subsections.
CBOE has published the full methodology to construct a VIX1D measure which
could be adapted to other horizons (CBOE, 2025). With the necessary data future

investigations may benefit from following this approach.

Figure [4] shows the MVRP at each horizon length, with an expected decreasing
relationship, that ensures that the VIX is more heavily adjusted for shorter time

spans. The MVRP is used to compute an annualised, horizon-scaled volatility (o r)

15



used in the SGT distribution:

_ VIXy-71/21 T

Ot,r =

MVRP,, V252

Figure 4: Multiplicative variance risk premium by horizon

1.62
1.58
1.54

1.5
1.46
1.42

MVRP

1 ) 10 15 20

Horizon

4.2.3 Shape, degrees of freedom and asymmetry

~

We use maximum likelihood to estimate parameters, shape (k;), degrees of freedom
(9,), and asymmetry () using daily observations of normalised horizon-specific SPX
returns. These parameters are time-invariant but horizon-specific. The degrees of
freedom (0;) is set to be at minimum 5, ensuring a finite fourth moment and following
the approach taken in Beare et al. (2025). Figure shows the relationship between
the estimates of shape, degrees of freedom and asymmetry respectively. For horizon
1, we see a significant outlier in the degrees of freedom of 140. For horizon 1, we see

that the shape, degrees of freedom and asymmetry are closer to the parameter values

of the standard normal distribution, £ = 2, v = co and A = 0.

Figure 5: Estimated SGT parameters by horizons
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Figure 5 continues on next page.
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4.2.4 The goodness-of-fit of horizon-dependent distributions

Deibold et al. (1998) show that if a one-step ahead predictive cumulative distribution
function (CDF), F} is correctly specified then the probability integral transform (PIT)
zt = Fy(a4) is uniformly distributed: {z;}}", ~ iid U(0,1). To apply this approach to
the horizon-specific state probability distributions, on each day ¢ and for all horizons
T we construct horizon-specific, forward-looking (to date ¢, from ¢t — 7) CDF F, ;.
This is done using the parameters defined both on date ¢ (for the location parameter
(ptr) and scale parameter (o)) and horizon, 7, for the estimated parameters. As
defined previously, let Sy be the SPX value on date t. Hence, we compute the PIT
2tr = Fi 7(S¢). By binning the PITs by decile we can analyse the uniformity of our
predictions. Figure [6] presents a histogram of daily observations of location and
scale normalised horizon-based SPX returns overlaid by the density functions of the
standard normal distribution and the specified SGT distribution for that horizon.
Additionally, it presents the PITs for both the standard normal and specified SGT.

As mentioned, if state probability distributions are correctly specified, each unit
interval in the histogram of PITs should contain approximately 10% of the observed

PITs. To analyse the suitability of our approach to state probability section, we
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split the 21 horizons into three subsets, short horizons (1-7), intermediate horizons
(8-14) and long horizons (15-21). Short horizons. The left panels presenting the
histogram of normalised SPX returns exhibit negative skewness and excess kurtosis.
The center of the distributions are close to Gaussian but the tails are heavier and
biased towards losses. The fitted SGT (red line), with the exception of the 1 day
horizon, demonstrate improved fit in capturing asymmetry when compared to the
normal distribution (blue dashed line). Interestingly, the SGT distribution for the
1 day horizon, has a very sharp peak, driven by the significantly higher degrees
of freedom estimated by maximum likelihood and presented in Figure [5]. When
examining the middle and right panel, which present the histograms of PITs for SGT
and standard Normal distributions respectively, two observations can be made. Firstly,
at the extrema, the SGT significantly underestimates the probability of significantly
negative and significantly positive returns. Similarly, the standard Normal distribution
exhibits both less uniformity across the inner-deciles and an underestimation of
significant negative and position returns (though to a lesser extent). This observation
is consistent with theory, indeed, Campbell, Lo and MacKinlay (1997) document that
shorter horizon returns exhibit significant departures from normality. But evidently
the specification of the SGT distribution may be inappropriate at this horizon. For
horizon 2 there is less underprediction of significant positive and negative returns, and
improved but yet imperfect uniformity suggesting inappropriate specification of the
SGT distribution. Intermediate horizons. Across these horizons the distribution
of SPX returns become more peaked, with greater concentration around zero and
the slightly positive center. The distribution retains the skewness characteristics
that justify the application of the SGT distribution as explained in Theodossiou
(1998). Long horizons. While to a lesser extent than the very short horizons, the
underprediction of very large positive and negative returns reemerges. However, the
uniformity in inner deciles is significantly improved. As explained in Beare et al.
(2025) the underpredition of tail events is of little consequence, given the moderate
strike range restriction, which ensures that this will have minimal effect on the results.

Hence, the uniformity in inner deciles indicates appropriate fit.

18



4.3 Model

In this section we present the central portfolio choice model and describe the algorithm
used in this investigation. Consider an investor who takes a unit position in the market
index. One month later, she liquidates her unit position, realising a nonnegative
random payoff 1 < --- < x,, with probabilities u1, ..., uy. The investor is perceptive
to information arrival each day following her initial investment. As market conditions
change, the investor can augment her positions by taking additional long and short
positions. The investor observes m call and put options written on the market index,
each delivering some nonnegative random payoff in a month 6;(x) Vi € m options,
dependent on the market index value at expiry, x. Hence, the payoff of a long position
in call option 7 with strike s; is 6;(x) = (z — s;)* and similarly for a long put position
0;(z) = (s; — z)T. The investor can take a long position (buy) in the ith option at

price p; per unit, or a short position (sell) at price ¢; > 0 per unit, where p; > ¢;.

We have ©,,«, with entries 6;;. p and @ are n x 1 vectors with entries p; and
xj. p and q are m X 1 vectors with entries p; and ¢;. a and B are m x 1 vectors
representing, respectively, the long and short positions taken by the investor during
the current trading day. Let & and 3 be m x 1 vectors that store net long and short
positions chosen on all prior trading days (within a trading month). We define v as
an m x 1 vector with entries being maximum long positions available in each option.
Similarly, w is an m x 1 vector with maximum short positions in each option. The
investor seeks to maximise premium; the negative of the price of the layover portfolio.
If the payoff distribution of the unit position augmented by the layover portfolio
stochastically dominates the payoff distribution of the unit position, the investor
expects to outperform (or perform at least as well as) the market while collecting
upfront premium. This represents a stochastic arbitrage opportunity, in which the
maximal value of the objective function (Equation [1]) is positive, yielding option
premium, and the enhanced portfolio stochastically dominates the market. Beyond the
first trading day, the changes to the enhanced portfolio must stochastically dominate
both the unit position in the market and positions taken previously (Equation [2]).
In principle, this should ensure that the optimiser (Gurobi) only takes positions that
probabilistically improves the total portfolio relative to updating market conditions.

In summary, the investor chooses a layover portfolio (e, 3) on every trading day, that
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solves the optimisation problem:

maximise —p a+q'8
subject to x + Z @;0;(x) + Z a;b;(z) — Z Bif; () — Z Bibi(x)
i=1 i=1 i=1 i=1
2o+ Y aibi(z) =Y Bibi(x),
i=1 i=1
(a,B) € P.

Where P is a polytope that defines the set of feasible long and short positions.

P={(a,8) eRT xR} : Aa + BB < c}

Where, ) ) ) )
Im Ome ~ _
Omxm L, v
Aom+1 —a2m+1 w
—agmt1 a2m+1 0
am+3 —agm+3 0
A= . B= . c=
—agm+3 Am+3 0
A2m+5 —a2m+5 0
—am 15 A2m+5 0
aom+7 —A2m+7 I 0 |
__32m+7_ | A2m+7 ]

In basic terms, A and B are ¢ X m matrices and c is an £ x 1 vector that, firstly,

enforce that v and w, the maximum available long and short positions in each option

are not exceeded. And secondly, corresponding to the final 8 entries, ensures that the

layover portfolio delivers zero payoff outside the range of strikes as derived in Beare

et al. (2025). As previously mentioned, the zero payoff constraint ensures that bets

on extreme tail events are prevented.
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4.3.1 Mixed integer linear program

To solve the portfolio choice problem presented in Equations 1, 2, and 3, we need
to translate the stochastic dominance constraint into a linear program. This allows
readily available linear programming solvers, Gurobi in our case, to solve the problem
directly. Additionally, because we wish to impose integer restrictions on long, a and
short, B positions, to limit portfolio sparsity, the linear formulation can be solved
as a mixed integer linear program (MILP). To achieve this we modify the linear
formulation of SOSD presented in equations (3.2), (3.4), (3.6) and (3.7) in Leudtke
(2008).

Firstly, Theorem 3.2 in Leudtke (2008) establishes that for random variables
W,Y with probabilities p; Vi € N :={1,..., N}, qr Vk € D :={1,..., D} respectively,
we have W =(5) Y if and only if there exists m € RY? which satisfies (3.2), (3.4),
(3.6) and (3.7). Equation 3.2 is Zle mij = 1 Vi € N. We define a nonnegative matrix
¥ € R™ ™ as the equivalent to 7 such that we have Z?:l Vi =11=12,...,n
which we express in matrix form w1, = 1,. Note that n, as previously defined, is
the number of payoff states. In equation 3.6 Leudtke introduces variable v € RP and
constraint v; — Zfil pimi; = 0, j7 € D. We introduce nonnegative vector { € R" as
an equivalent to v, and with u as our probability vector over states we express the
constraint as & — > ;| #1;¥;; = 0 and in matrix form & — ¥ 'y =0,. Equation 3.7

is:

e

-1

k—
(yk = ¥j)v; Zyk—y] ¢, keD
1 7=1

.
Il

Following Beare et al. (2025) the equivalent formulation in matrix notation is S¢ < Sy
where S is an n x n strictly lower triangular matrix with each element being one.
The equivalence here is less direct. In place of y1 < y2 < ... < yp we have the
payoff states 1 < x2 < ... < x,,. Due to the discretisation of the continuous SPX
return distribution into increments of 5 index points over the specified strike range,
the scaling factor represented by Z i1 (yk yj) is simply 1 in our application. As
such we have Zj vj < SR i ! ¢j where in place of v we have & and in place of
q we have u. And therefore, in matrix form S§ < Su. To complete the system,

Luedtke defines constraint 3.4 as w; > ZjD:1 y;mi;. Beare et al. (2025) express this as
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x + ©T(a — B) > ¥x where w is replaced with the layover portfolio, x + ©T (a — 3),
which is required to be greater than the market payoff x weighted by the auxiliary
choice variable ¥. To accommodate the dynamic trading framework, we require the
reference variable to incorporate both the market and positions taken previously,
but evaluated according to today’s state probability matrix. Hence, with & and 3
representing the long and short positions taken previously, the constraint becomes
¥(x+0T(a-pB) <x+0T(a-p38)+ 0T (a- ). Thus, we define a sequential
stochastic dominance problem unique to both Leudtke (2008) and Beare et al. (2025).
Formally the SOSD MILP is:

Algorithm. Let 1,, be an n x 1 vector of ones, S be an n X n lower triangular
matrix where all entries below the diagonal are one. Choose two m X 1 nonnegative
vectors a and 3, two binary vectors o, and 3y, a sparsity scalar k, an nx 1 nonnegative
random vector £ and a n X n nonnegative matrix ¥ to maximise Equation 1 subject

to the linearisation of Equation 2 and three constraints to limit portfolio sparsity:

vl, =1,, )

6_‘:[]—'—”:0”) 6

(5)
(6)
S¢ < Sy, (7)
(8)
(9)

Tx+0 (a-p)<x+0 (a-p8)+0"(a-7), 8
Aa+BB<c, 9
a<voa, (10)

B<wO By, (11)

1) (ap+By) < k. (12)

This MILP algorithm contains a total of 4n+2m+£+1 scalar equality, inequality
and binary constraints and 2n + 2m choice variables. To limit portfolio sparsity, we
have introduced [10], [11] and [12]. Equation [12] imposes that the combination of
unique long and short options do not exceed the set sparsity parameter. Equations
[10] and [11] allow the positions in the unique options to extend to the maximum

volume available where optimal. These binary constraints add 2m choice variables
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and an additional 1 constraint. This increases computational complexity, leading to

larger runtime, especially for lower values of k where the portfolio is most constrained.

4.3.2 Alternate approaches to limiting sparsity

When researching optimal approaches to limit portfolio sparsity, we initially applied
type 1 special-ordered-set (SOS1) constraints rather than the cardinality constraints
as shown above. SOS1 constraints enforce that only one variable in a set can take a
nonzero position. Both two and four SOS1 constraints were applied, one (two) on
long and one (two) on short positions. Whilst the realised performance of portfolios
using the approach were underwhelming (this is a consequence of SOS1 constraints
themselves), this investigation yielded some notable observations. Firstly, when
computing portfolios with highly constrained sparsity (one or two long and short
positions), SOS1 constraints were markedly more efficient than using cardinality
constraints. This is likely attributable to the SOS1 constraints appealing to Gurobi’s
branch and bound algorithm (SOS functionality built into Gurobi directly), and the
relative restriction of the SOS1 constraints is less than for the cardinality constraints,
as Gurobi does not have the freedom to choose the composition of positions as with
the cardinality constraints?. Gurobi had trouble computing six SOS1 constraints
simultaneously, hence our decision to implement cardinality constraints instead.
However, we formulated an iterative approach that would increase complexity linearly.
All within a given month, Gurobi would optimise within a loop where the first iteration,
one long and one short position is selected, then for a specified number of subsequent
loops, Gurobi would continue to take one long and one short position, but now the
stochastic dominance would be in reference to the market and the positions taken in
prior iterations. The motive being that Gurobi would find optimal sparsity at the point
at which there were no positions that stochastically dominate the portfolio already
selected. This concept of iterative portfolio optimisation according to stochastic
dominance inspired the changes to Equation [8] which in a static optimisation context

is x -0 (a—0) <x

2The cardinality constraints can be reformulated to constrain long and short positions separately
to achieve something comparable to SOS1 constraints
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5 Results

We compute day-level outcomes before aggregating to a single month. Note that the
collected premia is invested at the risk-free rate for only the remaining time until
option expiry before in-month summation (to prevent exaggerating the return of the
enhanced portfolios). Hence, we report the results of dynamic trading strategy for
the 213 months for sparsity values K = [4 : 100, oo]. Where K = oo is the portfolio
with no sparsity constraint. The results focus particularly on sparsity values K = 4
and K = 100 as they represent heavily constrained, and effectively unconstrained

portfolios.

5.1 Portfolio dynamics

Before discussing the overall performance of the selected enhanced portfolios, we
discuss the portfolio dynamics which shed light on the process that the optimiser
takes. Namely, the way in which the cumulative portfolio is rebalanced throughout

the month with respect to the sequential SOSD constraint:

T(x+0 (@-B)<x+0(

a-p)+0'(a-p)

Figures [11], present the portfolio payoff functions for an arbitrary month
(August 2004) for sparsity constraints K = 4 and K = 100 respectively. Figure
shows no positions taken for the first 16 days of the month. On day 17, the optimiser
identifies a layover portfolio that firstly, generates positive option premium to be
invested at the risk-free rate and satisfies the SOSD constraint. The piecewise linear
geometry of the payoff function relates directly to Equation [9] which enforces zero
payoff outside of the specified strike range (forward moneyness bounds). The effect
of this constraint can be seen in practice on day 17, where the ‘N’ shaped payoff
function is constructed such that outside of the range of strikes (which is at most
-10% to +5%) payoff is zero. A minimum of four distinct strikes are required to
replicate the ‘N’ shape that ensures zero-payoff outside of the strike range. Therefore,
the minimum number of distinct positions is the maximally sparsity constrained

portfolio, K = 4. On day 18 and again on day 19 the optimiser takes additional
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positions but with negligible weight to make large changes to the payoff function.
Day 21 is the last day in the trading month, the red dotted line shows the terminal
value of the SPX. Evidently the layover portfolio payoff is zero at expiry, an outcome
commensurate with the objective of the optimisation: to generate positive option

premium, exploiting a stochastic arbitrage opportunity.

Figure shows the portfolio payoff functions for K = 100. We see that the
optimiser enters the market earlier, on day 11, and then proceeds to reconstitute the
cumulative portfolio on subsequent days. With sparsity less constrained, the optimiser
has more flexibility with respect to satisfying the zero payoff constraint. Therefore, as
the month progresses, the investor/optimiser observes changes to the SPX value and
state probability distributions and sequentially stochastically improves the cumulative
portfolio and generates more option premia. After day 17 the optimiser takes no new
positions and we observe the terminal SPX value after day 21. Whilst the layover
portfolio expires OTM, significantly more option premia is generated at K = 100
relative to K = 4 offsetting the payoff loss. Table [6] reports the results of August
2004 for K = 4 and K = 100. In the month the SPX returned a small 0.21%. For
K = 4 the option payoff is 0, the few positions taken at K = 4 generate premium
of 0.3 SPX units. Comparatively, for K = 100 the option payoff is —3.37 SPX units
but the premium generated is 3.81. The net return of the enhanced portfolio (SPX
return + option payoff 4+ net premium) is marginally higher for K = 100 at 0.25%
compared to 0.23%. This elucidates two fundamental components of this research.
Firstly, the risk of unconstrained portfolios in the pursuit of stochastic arbitrage.
When unconstrained the optimiser can take positions which are less rational. In this
month, the premia generated outweighs the negative payoff, but generally this is
not always the case. Secondly, at K = 4 where the optimiser takes more sensible
positions (in principle) the resulting stochastic arbitrage opportunity is economically
insignificant in magnitude. Indeed, for this month, the excess return achieved of

0.02%, is insignificant, and in practice, would likely be absorbed by trading costs.

Nevertheless, in a static trading framework the optimiser would have taken no
positions this month (as no positions were taken on day 1), missing the stochastic
arbitrage opportunities that exist closer to month expiry. This outlines the advantages

of implementing a dynamic trading framework in this context.
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5.2 Realised performance of enhanced portfolios

Tables [1], [2] report the characteristics of the options portfolios selected by the MILP
for K = 4, the maximum sparsity constraint, for the dynamic trading strategy and a
static trading strategy respectively. Columns .S = 1,10, 100, 1000 correspond to size of
the investor where S = 1 is a retail investor of size $190,000 and S = 1000 is a large
institutional investor of size $19, 000, 000. As S increases, each option trade becomes
more capacity constrained as market depth is relatively tighter the larger the investor
is. In practice, the available bid and ask sizes are scaled by S, the scale constraint.
The first line in Table 1 and 2, “Pctg. premia 0.1% mkt. investment” report the
percentage of the 213 months in which the premia generated by the layover portfolio
exceeds 0.1% of the value of the SPX unit investment (SPX spot at month start).

This metric is a measure of the frequency of stochastic arbitrage opportunities.

For the dynamic trading strategy (Table [1]) this threshold is exceeded in
35.7% (76 months) of the 213 months for the unit scale constraint. At the tightest
scale constraint we still see a promising 18.8% (40 months) of the 213 months with
material premia generated. Comparatively, the static trading strategy (Table[2]) yields
considerably fewer months with significant premia generation of at most 1.9% for the
unit scale and 0% for S = 100 and S = 1000. This is in line with expectations, given
the dynamic trading strategy allows the investor approximately 21 times more trading
opportunities (though available strikes shrinks according to the dynamic moneyness
bounds). Although importantly, this provides strong evidence for the appropriateness

of a dynamic trading framework to identify notable stochastic arbitrage opportunities.

However, the realised mean excess return of the enhanced portfolios reported
in Table is consistently below the SPX return over the 213 months of 9.39%. As
expected, the return is higher for S = 1000 at 8.67%, as there are less options taken
that can expire out-of-the-money. The static portfolios (Table [2]) perform better
by similar merit, even exceeding the market at scales S = 10 and S = 100, however,
because there is so few months with premia generated and very minimal options
positions taken as evidenced in rows titled “Calls bought”, “Calls written”, “Puts
bought” and “Puts written” the majority is this return is driven by the unit position

in the market with select layover portfolios expiring in-the-money. Furthermore, the
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p-values indicate that the slightly superior returns are not statistically significant.
The p-values correspond to tests of the null hypothesis that the enhanced portfolio
SOSD dominates the SPX return and the null hypothesis that the enhanced portfolio

and the SPX have equal mean.

Tables [3], report the characteristics of the options portfolios selected for
sparsity K = 100 for the dynamic trading strategy and static trading strategy
respectively. With the portfolio effectively unconstrained the optimiser can take more
positions each day. As expected we see higher percentage of months with material
premia generated, at 39% (83 months) for S = 1 and 18.8% (40 months) for S = 1000.
Similar to K = 4 the realised return of the enhanced portfolio is worse than the market,
but is marginally better than the results for K = 4. In Tables [1], [2], [3], and [4] we
report the Sortino ratio, which is similar to the Sharpe ratio but it only penalises
downside volatility (see Sortino and Price, 1994). Consistently, the reported Sortino
ratios across sparsity values and investor size are worse than market, suggesting

higher exposure to downside risk.

Table reports the results of a dynamic linear program (no binary constraints
to limit portfolio sparsity) for comparison. There is negligible difference between
the unconstrained portfolios and portfolios with sparsity K = 100 with respect to
months with material premia generated and quantity of calls and puts bought and
written. It should be highlighted that the calls and puts bought and written are the
net value of options as a percentage of the SPX. The reason that the percentages
are similar between K = 4, K = 100 and K = oo is because the optimiser, when
sparsity constrained takes larger weights in fewer distinct positions, as opposed to
small weightings in a large number of distinct options contracts. When summed
the values are comparable, but there are some notable advantages to holding fewer
distinct contracts (K = 4) in the practical application of this strategy. Firstly, as an
investor progresses through the month, taking positions each day, the total portfolio
of options becomes progressively less tractable, especially if taking small weights
across dozens of distinct contracts. Secondly, a retail investor is less likely to have
access to the low brokerage/exchange fee arrangements that institutional investors

do. Hence, while trading costs are not explicitly built into the portfolio choice model,
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limiting sparsity is advantageous from the perspective of lower trading fees from fewer

distinct contracts traded.

Tables [2], (static trading strategy) provide the most direct comparison to
the results reported in Table 2 in Post and Longarela (2021) and Table 3 in Beare et
al. (2025). Our results differ substantially from Post and Longarela (2021) who report
portfolio mean return of 28% at the unit investor scale. As discussed in Beare et al.
(2025) this is likely driven by the existence of pure arbitrage opportunities. Notably,
for investor scales S = 10,100,1000 Post and Longarela (2021) report negative
realised return signalling that the pure arbitrage opportunities are present only at
small scales. Additionally, our results, while more modest at S = 1 at 8.93% (pure
arbitrage is excluded) are more consistent at scales S = 10, 100, 1000. This suggests
that the skewed generalised t-distribution provides an improved specification of the
SPX return distribution relative to the Cox-Ross-Rubinstein binomial tree applied in
their investigation. Moreover, Post and Longarela (2021) are more permissive of far
OTM quotes, only limiting the range to those within the support of the estimated
probability distribution which is +£100, stating that because bid and ask sizes are
explicitly taken into account the selected portfolios are robust to excessive weighting in
tail events. However, the improved mean return of enhanced portfolios in Table [4] and
in Table 2 in Beare et al. (2025) contend that directly restricting forward moneyness
and applying the zero payoff constraint offers enhanced protection against betting on
tail events. This is further supported by the materially higher Sortino ratios reported
in Table [4].

The top panel of Table 2 in Beare et al. (2025) corresponds to Table [4] (with
the addition of sparsity constraint K = 100). Our results are, as expected, very
similar, with minor differences driven by the exclusion of 2 months of the data period.
Neither the results in Beare et al. (2025) nor those reported here yield statistically
significant superior to market realised return, whether that be for a static or dynamic
trading strategy and irrespective of portfolio sparsity. However, Figure does
show that a static trading strategy performs best when sparsity constrained across
all investor scales. Similar is the case with the dynamic trading strategy, although
with significantly more volatility at low sparsity values K = [4,10] see Figure [7].
Post and Longarela (2021) highlight a design choice that contributes to the poor
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realised mean return. Common to Post and Longarela (2021), Beare et al. (2025)
and this thesis, the available positions are constrained to the best bid/ask prices and
volumes. This has two consequences, firstly, the volume of the best quoted bid/ask
may be low. Greater volumes may be available at worse prices that could satisfy
the objective of maximising the negative cost of the layover portfolio. Secondly,
trading at the quoted bid/ask spread can adversely impact algorithmic traders by
amplifying effective costs of trading options (Muravyev and Pearson, 2020). These
spread frictions disproportionately burden large scale investors, who in practice could
provide liquidity by posting limit orders inside the spread. Post and Longarela (2021)
explore a counterfactual by assuming trades execute at the bid/ask midpoint. This
yielded improved returns but not significantly enough for the portfolios to outperform

the market.

The source of portfolio underperformance in the dynamic trading strategy intro-
duced in this thesis is at least in part attributable to imperfect specification of state
probability distributions. As discussed in Section 4.2.4, Figure [6 ] shows unsatisfac-
tory goodness-of-fit of horizon-specific state probability distributions, especially at
shorter horizons. The poor uniformity of the observed PITs is particularly problem-
atic for horizons below 10. This is somewhat mitigated by the dynamic moneyness
bounds, that progressively restrict the optimiser from taking bets on misspecified
tail probabilities, but unfortunately the misspecification is not isolated to the tails.
Future research may benefit from exploring alternate approaches to computing the
market risk premium and variance risk premium at shorter horizons and assessing
alternatives to the SGT distribution that may better fit the observed empirical SPX

return distribution at shorter horizons.

5.3 Optimal portfolio sparsity

Figures [7], [8], [9], [10], and present the results per metric (mean return, premia,
Sortino, standard deviation) for all sparsity values and investor sizes. On each plot
the red dotted line corresponds to the unconstrained portfolio. Figure [7] (Figure
for static comparison) shows the mean excess return of the enhanced portfolios across
the range of sparsity values. Note that across all investor scales, portfolio performance

is better when constrained and optimal performance from a mean return perspective
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happens at sparsity values lower than 10. Figure |8 | presents the relationship between
the percentage of months with material premia versus sparsity. We see that across all
scale constraints the percentage of months is lower at K = 4 compared to K = oo but
by around K = 10 there is convergence with K = oco. With respect to downside risk,
Figure presents the enhanced portfolio Sortino ratio by sparsity. Consistently,
constricting sparsity results in lower downside risk, evidenced by the higher Sortino.
Across all scale constraints there seems to be an optimal level of sparsity within
the K = [4,10] range. However, there is notable volatility with spikes and troughs
happening at successive sparsity values. As previously mentioned, to satisfy the
zero payoff constraint at least 4 distinct positions are required. Additionally, the
optimiser can not take 5 distinct positions and still satisfy this constraint. Having the
additional space (1 extra position) means the optimiser considers more before realising
infeasibility due to requiring an even number of positions to satisfy the constraint. This
may manifest itself as the optimiser spending too much time considering possibilities
(in the 60 second run time) rather than selecting the most optimal portfolio according
to SOSD. This volatility in the small sparsity values is consistent with the standard
deviation plots in Figure [10], but by around K = 10 the standard deviation converges
with the unconstrained portfolio. Note that this volatility is specific to the dynamic
strategy and is not observed in the static strategy (Figure [15]).

Ergo, a sparsity value in the range of K = [4,10] is optimal. Within this range,
portfolio mean return is highest, there is less downside risk and an insignificant
reduction in the percentage of months where material premia is generated. Combined
with the practical advantages of sparser portfolios, cardinality constraints are effective
in this context. This is consistent with results from Evans and Archer (1968) and
Arvanitis et al. (2024) who find that there is no benefits from expanding portfolio

sparsity beyond 10-20 assets and 45 assets respectively.

5.4 Sub-sample analysis - COVID-19

The COVID-19 pandemic resulted in an extreme 30% crash in the SPX in a single
month. This provides an opportunity to assess the merits of the dynamic trading

strategy during periods of exceptional price moves. Figures [13], present payoff
functions for March 2020 for K = 4 and K = 100 respectively. Figure shows
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a large position taken on day 1. Observing the rapidly decreasing price additional
positions are taken on day 2, augmenting the layover portfolio to have greater payoff
in the left tail. Due to the rapid price moves, the zero payoff constraint effectively
moves leftwards with the SPX value. After day 2 no further positions are taken.
At expiry the option payoff is zero, protected by the zero payoff outside of strike
range constraints. Figure [14], shows significant trading activity on a few days in the
month. We see the zero payoff line begin around 80% of the SPX month start level.
The rapidly decreasing price allowed the optimiser to take short meaningful short
positions that generated significant amounts of option premia. This is summarised
in Table [7]. While for both sparsity levels, the layover portfolio payoff is 0 there is
significant premia generated of 48.4 and 129.5 in SPX units for K =4 and K = 100
respectively. Of course, because we hold a passive position in the market, we are
exposed to the entirety of the market loss, however, the option premium softened
the downturn. Instead of —30.1%, the loss was moderately reduced to —28.7% and
—26.3%.

Generally, positive layover payoffs correspond to months with moderately nega-
tive market returns, a result consistent with Beare et al. (2025). For extreme price
moves like COVID-19, there are benefits from dynamic portfolio rebalancing, as it
can capitalise on generating premia but because of the zero payoff constraint, the net
layover portfolio is unlikely to expire ITM. Importantly, the payoff function shows
that the investor is exposed to significant losses if the market rebounded during the
month. This is especially problematic if the portfolio is not rebalanced in response
to price changes. If the rebound begins to occur toward the tail end of the month,
the dynamic moneyness bounds are likely to prove problematic in not allowing the
optimiser to take extreme strikes to balance the existing positions. Though, this

problem is limited to extremely volatile months.

6 Concluding remarks

This empirical research pursues two primary objectives. Firstly, to formulate and
evaluate the suitability of a dynamic trading strategy to identify stochastic arbitrage

opportunities with market index options. Secondly, to identify optimal portfolio
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sparsity to maximise realised portfolio performance by avoiding overdiversification?.
This paper achieves these objectives by contributing a dynamic trading framework,
that employs a MILP that applies sequential stochastic dominance and incorporates

cardinality constraints.

The results contribute to the literature exploring the pricing kernel puzzle,
corroborating the claim that perceived mispricing is a consequence of misspecification
in state probabilities rather than systematic mispricing. This is evidenced by both the
static and dynamic trading strategies performing worse relative to a passive investment
in the market. However, this paper does identify an optimal sparsity range to avoid
overdiversification, improving portfolio characteristics. Improved specification of state
probability distributions, particularly in a sparsity constrained dynamic trading

context may yield portfolios that outperform the market.

3Taking both sensible positions in mispriced options (a stochastic arbitrage opportunity), but
also less rational positions driven by state probability misspecification
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Table 1: Portfolio characteristics with sparsity K = 4

Enhanced portfolio

SPX S=1 S§=10 S=100 S =1000

Pctg. premia > 0.1% mkt. investment 35.7 27.7 18.8 94
Value of options as a percentage of Calls bought 2.8 2.0 0.9 0.2
market investment (average) Calls written 3.2 2.3 1.1 0.2
Puts bought 3.0 1.6 0.9 0.2
n, Puts written 3.3 1.9 1.0 0.3
—  Realized moments of excess returns Mean 9.39 7.92 7.53 7.94 8.67
= Std. dev. 17.64 18.15 17.54 17.55 17.55
Skew -1.43  -0.71 -1.16 -1.29 -1.41
Sortino 0.69  0.60 0.57 0.59 0.64
Stochastic dominance p-values 0.068  0.015 0.014 0.039
Equal mean excess return p-value 0.402  0.050 0.043 0.062
Notes. The realised mean and standard deviation are reported in annualised
percentage points. The p-values correspond to the null hypothesis that the enhanced
portfolio excess returns second order stochastically dominate the SPX excess returns,
and to the null hypothesis that the enhanced portfolio excess returns and SPX excess
returns have equal mean.
Table 2: Static portfolio characteristics with sparsity K = 4
Enhanced portfolio
SPX S=1 §=10 S=100 S =1000
Pctg. premia > 0.1% mkt. investment 1.9 1.4 0.0 0.0
Value of options as a percentage of Calls bought 0.2 0.2 0.1 0.0
market investment (average) Calls written 0.2 0.2 0.1 0.0
Puts bought 1.1 0.2 0.1 0.0
o, Puts written 1.1 0.2 0.1 0.0
—  Realized moments of excess returns Mean 9.39 9.27 9.46 9.57 9.39
= Std. dev. 17.64 17.60  17.56 17.56 17.63
Skew -143  -142 -1.43 -1.44 -1.43
Sortino 0.69  0.68 0.70 0.71 0.69
Stochastic dominance p-values 0.351  0.911 0.892 0.892
Equal mean excess return p-value 0.730  0.856 0.493 0.960
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Table 3: Portfolio characteristics with sparsity K = 100

Enhanced portfolio

SPX S=1 §=10 S=100 S =1000
Pctg. premia > 0.1% mkt. investment 39.0 31.0 244 18.8
Value of options as a percentage of Calls bought 2.8 2.4 1.9 1.1
market investment (average) Calls written 4.0 3.3 2.7 1.5
Puts bought 3.7 2.4 1.9 1.2
n, Puts written 3.5 2.2 1.7 1.0
—  Realized moments of excess returns Mean 9.39 8.41 7.55 7.63 8.23
= Std. dev. 1764 1806 17.30  17.34  17.52
Skew -1.43  -0.49 -0.94 -0.97 -1.25
Sortino 0.69 0.65 0.59 0.59 0.62
Stochastic dominance p-values 0.129  0.030 0.015 0.023
Equal mean excess return p-value 0.593  0.087 0.058 0.080
Table 4: Static portfolio characteristics with sparsity K = 100
Enhanced portfolio
SPX S=1 §=10 S=100 S =1000
Pctg. premia > 0.1% mkt. investment 5.2 5.2 4.7 2.8
Value of options as a percentage of Calls bought 0.3 0.3 0.3 0.2
market investment (average) Calls written 0.5 0.4 0.4 0.3
Puts bought 1.4 0.4 0.3 0.2
A, Puts written 1.2 0.3 0.2 0.2
—  Realized moments of excess returns Mean 9.39 8.93 8.64 8.52 8.74
= Std. dev. 17.64 17.60 17.59  17.60 17.59
Skew -1.43 -1.40 -1.39 -1.39 -1.40
Sortino 0.69 0.66 0.64 0.63 0.65
Stochastic dominance p-values 0.251  0.119 0.090 0.113
Equal mean excess return p-value 0.477  0.203 0.132 0.152
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Table 5: Portfolio characteristics with sparsity K = oo (no sparsity constraints)

Enhanced portfolio

SPX S=1 §=10 S=100 S =1000

Pctg. premia > 0.1% mkt. investment 39.0 31.0 244 18.8
Value of options as a percentage of Calls bought 2.8 2.4 1.9 1.1
market investment (average) Calls written 4.0 3.3 2.7 1.6
Puts bought 3.7 2.4 1.9 1.2
Puts written 3.5 2.2 1.7 1.1

% Realized moments of excess returns Mean 9.39 8.30 7.43 7.60 8.21

Std. dev. 17.64 18.05 17.30 17.35 17.52

Skew -1.43  -0.49 -0.94 -0.97 -1.24

Sortino 0.69 0.65 0.58 0.59 0.62

Stochastic dominance p-values 0.114  0.020 0.014 0.022

Equal mean excess return p-value 0.549  0.064 0.054 0.076
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Figure 6: Goodness-of-fit of horizon-specific SPX return distributions

Horizon 1

(b) PIT histogram: SGT  (c) PIT histogram: N(0,1)

Horizon 2

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N(0, 1)

Horizon 3

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c¢) PIT histogram: A/(0, 1)

Figure 6 continues on next page
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Horizon 4

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N(0,1)

Horizon 5

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N (0, 1)

Horizon 6

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c¢) PIT histogram: A/(0, 1)

Figure 6 continues on next page
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Horizon 7

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N(0,1)

Horizon 8

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N (0, 1)

Horizon 9

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c¢) PIT histogram: A/(0, 1)

Figure 6 continues on next page
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Horizon 10

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N(0,1)

Horizon 11

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N (0, 1)

Horizon 12

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c¢) PIT histogram: A/(0, 1)

Figure 6 continues on next page
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Horizon 13

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N(0,1)

Horizon 14

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N (0, 1)

Horizon 15

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c¢) PIT histogram: A/(0, 1)

Figure 6 continues on next page
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Horizon 16

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N(0,1)

Horizon 17

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N (0, 1)

Horizon 18

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c¢) PIT histogram: A/(0, 1)

Figure 6 continues on next page
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Horizon 19

2 2

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N'(0, 1)

Horizon 20

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: N (0, 1)

Horizon 21

(a) Normalized SPX return histogram (b) PIT histogram: SGT  (c) PIT histogram: A (0,1)

Notes. Panels (a) present a histogram of normalised SPX returns for each horizon overlaid
with the specified SGT distribution (red line) and the standard Normal for comparison (blue dashed
line). Panels (b) display histograms of the observed PITs for the SGT distribution and Panels (c)
display the histograms of the observed PITs for the standard Normal distribution for goodness-of-fit

comparison.
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Mean excess return Mean excess return Mean excess return

Mean excess return

Figure 7: Mean excess return by sparsity K and investor scale .S

K (sparsity)

Notes: The red dotted line corresponds to the portfolio with no sparsity constraints.
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Figure 8: Enhanced portfolio % of months with premia > 0.1% by K and investor
scale S
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Sortino ratio Sortino ratio Sortino ratio

Sortino ratio

Figure 9: Enhanced portfolio Sortino by K and investor scale S
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Std. dev.

Std. dev.

Std. dev.

Std. dev.

Figure 10: Enhanced portfolio standard deviation by K and investor scale S
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Total payoff (% of So)

Figure 11: Daily (cumulative) payoff functions (K = 4) for Aug 2004
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Total payoff (% of So) Total payoff (% of Sp) Total payoff (% of Sp)

Total payoff (% of So)

Figure 12: Daily (cumulative) payoff functions (K = 100) for Aug 2004
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Table 6: Sparsity comparison, August 2004

Sparsity, K SPX return (%) Option payoff (Sp)

Premium (Sp) Portfolio return (%)

4 0.21 0.0
100 0.21 -3.37

0.30
3.81

0.23
0.25

Notes: Portfolio return is SPX return plus option payoff and net premium. Option payoff and

premium are in Sp units.

o4



Figure 13: Daily (cumulative) payoff functions (K = 4) for March 2020 (COVID-19)

Total payoff (% of So) Total payoff (% of Sp) Total payoff (% of Sp)

Total payoff (% of So)

5% [ ‘

T

T

T

DaylLf IDay2L ‘Day?)L

75% | | | | | | | | |

5% [ T T T [ T T T T T T]
0 Day 4 Day 5 Day 6

0%/\/

=
>

—5%

5% [ ‘

—5% ‘

0%/\/

Day 8 |

" Day 9 |

s
>

5% [ ‘

—5% ‘

0%/\/

Day 11

Day 12 |

—

S

0.9 1 1.1
x=S1/So

Figure 13 continues on next page

95

—_

0.9 1 1.
z = S1/So



Total payoff (% of So) Total payoff (% of Sp)
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specify the terminal SPX value because during this month the SPX began at 3332 and ended at

2327 a roughly 30% drop, which is far outside of the available strike range and hence, the zero profit

constraints.
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Figure 14: Daily (cumulative) payoff functions (K = 100) for March 2020 (COVID-19
crash)
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Table 7: Sparsity comparison, March 2020

Sparsity, K SPX return (%) Option payoff (Sg) Premium (Sy) Portfolio return (%)

4 -30.1 0.0 48.4 -28.7
100 -30.1 0.0 129.5 -26.3

Notes: Portfolio return is SPX return plus option payoff and net premium. Option payoff and
premium are in Sp units.
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Figure 15: Enhanced (static) portfolio excess return by K
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