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Abstract

Quantum error correction is necessary for the building of a useful fault-tolerant quantum

computer. However, in practice, error correction requires a large amount of fault-tolerance

overheads and fast decoding. One promising approach to overcome this challenge is to use

codes with a macroscopic energy barrier, which can be used to build self-correcting quantum

memory. So far, rigorous bounds on the energy barrier have typically been derived only

for specific codes. Determining a lower bound for the energy barrier of codes is generally

challenging due to two reasons: there are too many possible error paths (sequences of local

errors) that can implement a fixed logical operator, and the logical operator itself is defined

only modulo stabilizers. In this thesis, we prove tight bounds on the energy barrier that are

applicable to any quantum code obtained from the hypergraph product of two classical codes.

If the underlying classical codes are low-density parity-check codes (LDPC), the energy

barrier of the quantum code is shown to be the minimum energy barrier of the underlying

classical codes (and their transposes) up to an additive O(1) constant.

Hypergraph product codes, at best, preserve the energy barrier of the underlying classical

codes. Constructing a quantum code with a macroscopic energy barrier requires the underlying

classical codes to feature an extensive energy barrier. However, determining the energy barrier

for classical codes is challenging, although it is comparatively simpler than for quantum codes

because of the absence of stabilizer effects. Utilizing a property of tensor product codes, we

demonstrate that higher-dimensional hypergraph products may construct quantum codes with

a macroscopic energy barrier, even when the underlying classical codes lack this property.

Specifically, the 3D hypergraph product enhances the energy barrier of one type of logical

operator. In contrast, in the 4D case, both the X and Z logical operators may be designed to

exhibit an extensive energy barrier.
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ABSTRACT iii

In addition, we demonstrate the use of periodic driving to identify the toric code phase,

characterized by a 2T oscillation in the logical Z operator’s measurement outcomes. Sim-

ulations were conducted for various parameters, including error rates and system sizes. To

enhance the 2T oscillation, we incorporated a decoder read-out process. The results show

that lower error rates lead to longer-lasting oscillations, and the decoder can help to improve

oscillation persistence. Notably, the impact of the decoder becomes more pronounced as the

size of the system increases. These findings confirm that the periodic driving term, combined

with the decoder readout process, can be used to identify toric code states in quantum memory

systems effectively.
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CHAPTER 1

Introduction to quantum error correction

Quantum computing is considered to offer the ability to solve certain problems that cannot

be solved by conventional computers. The introduction of quantum computing is credited

to Feynman [1], who designed it to simulate quantum effects effectively. The advantages

of quantum computers are thought to arise from the properties of a quantum system, such

as superposition and entanglement. Notable examples of quantum speedup include Shor’s

algorithm [2], the Deutsch-Jozsa algorithm [3], and Grover’s algorithm [4]. The theoretical

potential of quantum computing inspires people to realize its applications.

Any two-level quantum-mechanical system can be used as a quantum bit (qubit). Various

quantum systems have been developed to implement qubits, each with special strengths and

challenges. Recently, numerous breakthroughs have been made in the fields of superconduct-

ors [5, 6], trapped ions [7, 8], and neutral atom qubits [9]. As these qubit implementations

advance, they have enabled pioneering experiments to address the power of quantum com-

puting. Recently, several experiments have been conducted to address quantum speedup by

solving problems that are currently beyond the capabilities of classical computers [10, 11, 12,

13]. Those factors make quantum computation a promising field of study.

However, quantum computing has more challenges than conventional (classical) computing,

particularly in the case of error correction. Typically, quantum bits are exposed to noisy

environments, and there is a high probability of losing information about the qubits due to

decoherence [14]. This fragility arises from the fundamental properties of entanglement.

Thus, to harness the power of quantum computing, the error correction process is crucial [15].

In 1995, Shor and Steane pioneered the first quantum error correction (QEC) codes [16, 17].

1
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This demonstrated that errors from faulty hardware can be identified and corrected, ensuring

reliable storage of quantum information.

Quantum computing not only stores the quantum information but also processes it. In 1996,

Shor proposed that quantum computation can be performed in a fault-tolerant manner [18], i.e.,

the error-corrected qubits perform better than physical qubits during computational processes.

Based on Shor’s work, threshold theorems have been proved for various error models [19, 20,

21, 22, 23], which states that by employing quantum error correction schemes, a quantum

computer with a physical error rate below a specific threshold can reduce the logical error

rate to arbitrarily low levels. The above achievements make it possible to build an extensive

and performable quantum computer.

Since the introduction of quantum error correction and fault-tolerant quantum computing,

significant developments have been made in the past three decades. Numerous promising

quantum error correction codes with advantageous properties have been developed, along with

improvements in the physical platforms for implementing these codes. However, difficulties

remain in this field. This thesis addresses two main issues related to quantum error correction

codes. The first issue is code state identification for the Toric code, discussed in Chapter 2.

The second issue is the concept of the energy barrier of a quantum code, which determines

logical robustness at finite temperatures and is essential in practice due to the inherent noise

in qubits and quantum gates. Codes with a macroscopic energy barrier often exhibit desirable

features, such as single-shot error correction and self-correcting properties. In Chapter 3, we

examine the energy barrier of a specific quantum code, the hypergraph product code, followed

by an analysis of its higher-dimensional case in Chapter 4.

In this introductory chapter, we provide an in-depth overview of quantum error correction to

lay the basis for the issues discussed in the following chapters. We begin with classical error

correction, establishing core concepts such as noise channels and code parameters. Next, we

explain the differences between classical bits and quantum bits (qubits), as well as between

classical and quantum errors. Building on this, we introduce the renowned stabilizer codes, a

family of codes that includes the Toric code and hypergraph product codes. We also discuss

the decoding process in quantum codes, as it aids in identifying the state of the code and
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is also associated with the code’s energy barriers. To complete the overview, we briefly

introduce fault-tolerant schemes, showing how quantum computing remains viable despite

noisy qubits and gates. Finally, we show the detailed structure of the thesis by listing the

specific problems we aim to solve and the results we have achieved.

1.1 Classical error correction

Error correction is essential for communications and storage reliability. Classical memory

systems, such as hard drives, are designed to be error-free through robust electronic design.

However, the robustness of the information can be challenged during the transport process

due to the various noises and interference inherent in the communication channels. Thus,

classical error correction is typically used to detect and correct errors that occur during data

transmission. This can be accomplished by adding redundancy to the original information.

The redundancy allows the receiver to detect and correct errors via the decoder, thereby

improving information reliability over noisy channels.

Classical error correction codes can be broadly classified into two types: block codes and

convolutional codes. Block codes divide the message into fixed-size blocks, each of which

is encoded independently. The well-known block codes include Hamming Codes [24],

Reed-Solomon Codes [25], and Cyclic Redundancy Check (CRC) [26]. The other type is

convolutional code [27], which encodes the entire message into a single long codeword, which

is generated by passing the message through a sequence of shift registers.

To better understand the error correction process, we first introduce the concept of error

channels in the following. These models effectively depict real-world errors.

1.1.1 Classical noisy channel

Generally, a channel is a model for describing the process of information transfer. A noisy

channel can be characterized by a conditional probability distribution p(y | x), which repres-

ents the probability of receiving the message y given the sent message x. Here, x belongs to
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the input message set X , and y belongs to the output message set Y . The channel behavior

can be fully described by the channel matrix [p(y | x)], where each matrix entry provides the

transition probability between input x and output y. The matrix dimensions are determined

by the sizes of X and Y .

For a given input distribution p(x), the output distribution p(y) can be computed by the

relation:

p(y) =
∑
x∈X

p(y | x)p(x). (1.1)

The channel capacity can then be analyzed, which is the maximum rate at which information

can be reliably transmitted over the channel. Formally, the channel capacity C is defined as:

C = max
p(x)

I(X;Y ), (1.2)

where I(X;Y ) is the mutual information between the input X and the output Y , it can be

calculated as:

I(X;Y ) =
∑
x∈X

∑
y∈Y

p(x, y) log2
p(x, y)

p(x)p(y)
, (1.3)

and p(x, y) = p(x)p(y | x) is the joint distribution of x and y.

The noisy channel theory, proposed by Shannon in 1948 [28], developed a theoretical frame-

work to assess and improve communication systems in the presence of noise. In the following,

we introduce the binary symmetric channel (BSC), binary asymmetric channel (BAC), and

binary error channel (BEC) as examples.

1. Binary Symmetric Channel (BSC): The transition probabilities of BSC are given by a

symmetric probability p of flipping each bit:

p(y | x) =

1− p if x = y

p if x ̸= y
. (1.4)

where x, y ∈ {0, 1}.

2. Binary Asymmetric Channel (BAC): Instead of symmetric probability for flipping each

bit, in a BAC, the bit-flip error probabilities differ for 0 and 1. Let p be the probability that a
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0 turns into a 1 and q be the probability that a 1 turns into a 0 in the channel. The transition

probabilities of BAC are:

p(y | x) =



1− p if x = 0, y = 0

p if x = 0, y = 1

1− q if x = 1, y = 1

q if x = 1, y = 0

. (1.5)

3. Binary Erasure Channel (BEC): In BEC, instead of flipping those bits, it just erases them

with probability ϵ. A symbol represents an erased bit "?", and the transition probabilities are:

p(y | x) =

1− ϵ if x = y

ϵ if y =?
. (1.6)

1.1.2 Classical error correction properties

Detectability: An error E is detectable by a code if and only if for two distinct codewords x

and y, we have Ex ̸= y. (For instance, in a repetition code, any single- or double-bit flips are

detectable.)

Correctability: Consider a code C and a set of error operators E = {E0 = I, E1, E2, . . .}.

This set E is said to be correctable by C if and only if for all distinct codewords x, y ∈ C and

for all indices i, j, the condition Eix ̸= Ejy is satisfied. (In the repetition code, any single-bit

flip is correctable.)

The criteria for correcting and detecting errors are interrelated under the assumption that each

error operator is invertible. Specifically, correctability is equivalent to E−1
j Ei being detectable

for all i, j. If E−1
j Eix = y for x ̸= y, then it follows that Eix = Ejy, making a clear

correction is impossible. Conversely, if E−1
j Eix ̸= y for all i, j and x ̸= y, then Eix ̸= Ejy,

implying that no two errors will map distinct codewords to the same state, thereby ensuring

the code’s correctability. Thus, to correct t errors, at least 2t errors must be detectable.
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1.1.3 The repetition code

In coding theory, a code is a set of symbols or sequences (often binary) designed to represent

information in a way that allows for reliable communication or storage, even in the presence

of noise or errors.

Consider the BSC with an error probability p. The reliability of information can be improved

by employing a repetition strategy. For example, by repeating each bit three times, the error

tolerance is increased:

0→ 000; (1.7)

1→ 111. (1.8)

Here, 000 and 111 serve as the encoded codewords. The decoding algorithm is based on a

majority vote; the original information is determined by the majority of the bits. Thus, this

repetition encoding can tolerate a single-bit error. However, it cannot deal with the cases

where two or three bits are flipped. Thus, the probability of success of decoding, denoted as

perror, is given by:

perror =

(
3

2

)
p2(1− p) + 3p3 = 3p2 − 2p3. (1.9)

The utility of the error-correction scheme is justified if perror < p, which simplifies to:

3p2 − 2p3 < p⇒ 3p− 2p2 < 1⇒ p <
1

2
. (1.10)

Hence, the code proves to have an advantage when the bit error rate p is less than 1
2
. Extending

this approach for a n-fold repetition code:

0→ 0 · · · 0 (n 0s); (1.11)

1→ 1 · · · 1 (n 1s). (1.12)

The overall error probability, perror, is determined by:

perror =
∑
l>n/2

(
n

l

)
pl(1− p)n−l. (1.13)
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The criterion for the effectiveness of the code, perror < p, must be met for the repetition

strategy to be considered beneficial. In this case, we encode a 1-bit information into a n-bit

information; we denote such a code as a [n, 1] code.

1.1.4 Code parameters: rate and distance

The code rate denotes the efficiency of the code encoding performed. It is defined as the ratio

of the number of original bits to that of encoded bits, with formula R = k
n

, where k and n

correspond to the number of bits in an original word and that in the codeword, respectively.

In particular, the reciprocal rate, r = n
k

, is also called the code overhead. A higher code rate

means better coding but usually gives less robustness against errors since there are fewer bits

available for error correction.

The distance of a code or Hamming distance is the minimum number of symbol changes

required to change one valid codeword to another. The code distance is important in determ-

ining the capability for error detection and correction. Formally, for code C, suppose that

there are two codewords ci, cj ∈ C, then the Hamming distance d (ci, cj) between these two

codewords is defined as the number of positions at which the corresponding symbols differ.

The distance d of the code C itself is the minimum of all such distances between distinct

codewords,

d = min
ci,cj∈C,ci ̸=cj

d (ci, cj) .

This distance d of the code is directly related to its error-correcting properties. A code can

detect up to d− 1 errors in a codeword and correct up to
⌊
d−1
2

⌋
errors. Therefore, the larger

the distance d, the greater the robustness of the code against errors. It should be noted that

the ratio d
n

is known as the relative minimum distance (or simply the relative distance) of the

code. The relative distance is a measure of the code’s error-detecting and error-correcting

capabilities in relation to its length. Higher relative distances generally indicate a stronger

ability to detect and correct errors. We call a code with a constant rate and constant relative

distance a good code.
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1.1.5 Linear codes and Tanner graph

Linear codes are characterized by their linear properties in finite fields. A [n, k] linear code C

over a finite field Fq is a subspace of dimensions k of the vector space Fnq . This implies that

every linear combination of codewords of C also belongs to C.

A linear code C can be defined using a matrix of size k × n G called the generator matrix,

where each row of G represents a basis vector of the code. Any encoded codeword ci in C

can be generated by multiplying a message mi of length k by the generator matrix,

ci = miG, (1.14)

where mi ∈ Fkq and ci ∈ Fnq .

The parity check matrix H is a matrix (n− k)× n that provides a way to check the validity

of a codeword. A vector ci is in the codeword space of C if and only if it satisfies

HcTi = 0T , (1.15)

where 0T is an zero vector. The row space of H is orthogonal to the row space of G. In

another way, the code space of C is the set of vectors that are orthogonal to every row vector

of H .

Given a linear code C, one can define a dual code C⊥: If C is a linear code over a finite field

Fq with length n, then C⊥ consists of all vectors v ∈ Fnq such that:

v · c = 0 for all c ∈ C.

Moreover, the parity check matrix H of C is the generator matrix of C⊥, and vice versa. This

relationship illustrates a fundamental duality in which the roles of the generating matrix and

the parity check matrix are interchanged between C and C⊥. Note that each codeword in the

dual code C⊥ is orthogonal to every codeword in C. If C is a [n, k] code, then its dual C⊥

will be a [n, n− k] code.
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A Tanner graph is a graphical representation of codes [29]. It is a bipartite graph consisting

of two sets of nodes: variable nodes and check nodes. If H is the parity check matrix of a

linear code, where H is an m× n matrix over the binary field F2, then the Tanner graph has

n variable nodes (one for each column of H ) and m check nodes (one for each row of H ).

An edge connects the variable node j to the check node i if the entry hij in the parity check

matrix H is 1. Tanner graph is helpful for decoding, especially for decoding a specific family

of code called the low-density parity check code, which we will discuss in the following.

1.1.6 LDPC code

The low-density parity-check (LDPC) code [30] is a type of linear code with sparse parity

check matrices, which means its parity check matrixH contains onlyO(1) number of nonzero

entries in both columns and rows. This sparsity allows for the efficient implementation of

decoding algorithms, notably the belief propagation algorithm [31].

One advantage of LDPC codes is that they can be designed to closely meet the Shannon limit.

The Shannon limit is the theoretical maximum rate at which information can be transmitted

over a noisy channel with an extremely low error rate. This has made LDPC codes popular

in modern communication systems, including satellite communication, digital television

broadcasting, and data storage.

1.2 Quantum error correction (QEC)

1.2.1 Quantum state and qubits

A quantum state is typically represented by a state vector |ψ⟩ in a Hilbert space H. For a

system with a finite number of states, the state vector |ψ⟩ can be expressed as:

|ψ⟩ =
∑
i

ci|i⟩ (1.16)
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where |i⟩ are basis vectors of the Hilbert space, and ci are complex coefficients satisfying the

normalization condition
∑

i |ci|
2 = 1.

A more general formulation, called density matrices, is used to describe both pure states and

mixed states. A density operator, ρ for a quantum system, is a positive semidefinite operator

with trace one acting on the Hilbert space of the quantum system. It is defined as

ρ =
∑
k

pk |ψk⟩ ⟨ψk| (1.17)

where |ψk⟩ are state vectors representing the pure states in the system, pk are probabilities

associated with corresponding state |ψk⟩, and ⟨ψk| is the conjugate transpose of |ψk⟩. This

representation ensures that ρ is Hermitian ( ρ = ρ†), positive semi-definite, and has trace 1

(Tr(ρ) = 1).

For a pure state |ψ⟩, the density operator simplifies to:

ρ = |ψ⟩⟨ψ|, (1.18)

which indicates that the system is just in the state |ψ⟩.

As mentioned before, qubits differ from classical bits because of two fundamental quantum

mechanical properties: superposition and entanglement. Superposition means that a qubit can

exist simultaneously in the states |0⟩ and |1⟩ with different probabilities.

|ψ⟩ = α|0⟩+ β|1⟩, (1.19)

where |α|2 and |β|2 are probabilities of the qubit being in the |0⟩ or |1⟩ state, respectively.

They satisfy the condition |α|2 + |β|2 = 1. The superposition allows quantum computation to

process many calculations simultaneously and is considered to be the resource that provides

exponential speedup in certain computational tasks.

Another distinction between qubits and bits is the quantum no-cloning theorem [32, 33],

which states that creating a copy of an unknown quantum state is impossible. This ensures

the security of quantum information.
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THEOREM 1.2.1 (No-cloning). For any unknown quantum state |ψ⟩. There does not exist a

unitary operator Uc, such that

Uc|ψ⟩|0⟩ = |ψ⟩|ψ⟩. (1.20)

PROOF. Assume that such an operator Uc exists and works for all states. For two general

states |ψ⟩ and |ϕ⟩,

Uc|ψ⟩|0⟩ = |ψ⟩|ψ⟩ (1.21)

Uc|ϕ⟩|0⟩ = |ϕ⟩|ϕ⟩. (1.22)

Then we have ⟨ϕ | ψ⟩ = (⟨ϕ | ψ⟩)2, for any two arbitrary quantum states, which is not

true. □

Entanglement also sets qubits apart from classical bits. When qubits are entangled, the meas-

urement of one qubit will instantaneously influence the state of the other. This phenomenon

challenges traditional beliefs about the separability and independence of the classical world,

and it is crucial for quantum communication protocols.

1.2.2 Qubit error

Qubit errors can be sorted into three types, namely Pauli errors: X (bit-flip), Z (phase-flip),

and Y (both bit-flip and phase-flip). This classification is based on the single Pauli matrices

described above.

X Type Error (Bit-Flip Error): The X-type error, known as the bit-flip error, is like the

classical bit-flip. This means that a qubit is flipped from |0⟩ to |1⟩ or vice versa. This error is

represented by the PauliX matrix. One can show that when theX operator is applied to a qubit

in the state |0⟩ = (1, 0)T or |1⟩ = (0, 1)T , it swaps out these states X|0⟩ = |1⟩, X|1⟩ = |0⟩.

Moreover, in a superposition state α|0⟩+ β|1⟩, the action of an X error is

X(α|0⟩+ β|1⟩) = α|1⟩+ β|0⟩. (1.23)
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Z Type Error (Phase-Flip Error): The Z-type error, or phase-flip error, affects the phase

of the qubit. The Z operator is applied to the basis states |0⟩ = (1, 0)T and |1⟩ = (0, 1)T . It

keeps |0⟩ unchanged but adds a phase sign of −1 to |1⟩, Z|0⟩ = |0⟩, Z|1⟩ = −|1⟩. For a

superposition state α|0⟩+ β|1⟩, the action of a Z error results in

Z(α|0⟩+ β|1⟩) = α|0⟩ − β|1⟩. (1.24)

1.2.3 Quantum error channels and superoperators

1.2.3.1 Superoperators

Loosely speaking, Superoperators are operators on operators. Normally, it operates on density

operators of the system. They can be used to describe interactions with an environment

(decoherence), measurements, or other kinds of quantum operations. Superoperators are

defined as completely positive, trace-preserving (CPTP) maps. When the input is a quantum

state ρ, the output is another quantum state S(ρ) = ρ′. To be valid, superoperators must

follow these properties:

1. Linearity: S(aρ + bσ) = aS(ρ) + bS(σ). It makes sure that superoperators follow the

principles of superposition.

2. Hermiticity-Preserving: Superoperators must map Hermitian operators to Hermitian

operators. This is because the eigenvalues of Hermitian operators represent observable

quantities.

3. Positivity: S(ρ) ≥ 0. This condition makes sure that the output state ρ′ does not have

negative eigenvalues. This maintains the probabilistic interpretation of quantum states.

4. Complete Positivity: For S which acts as SAB = SA ⊗ IB in a composite system ρAB,

SAB (ρAB) ≥ 0. This guarantees that the superoperator does not create non-physical states

when used on the part of an entangled system.
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Formally, a superoperator S can be expressed in the Kraus form as:

S(ρ) =
N∑
µ=1

MµρM
†
µ, (1.25)

where {Mµ} are Kraus operators. These operators satisfy

N∑
µ=1

M †
µMµ = I, (1.26)

so that tr(S(ρ)) = tr(ρ) = 1.

In the following, we will use the form of superoperators to describe certain quantum noisy

channels.

1.2.3.2 Depolarizing channel

The depolarizing channel can be mathematically expressed as:

S(ρ) = ρ′ = (1− p)ρ+ p

3

(
XρX† + Y ρY † + ZρZ†) , (1.27)

p is a real number in the interval 0 < p < 1, representing the probability of depolarization.

For a single qubit, this channel shows that there is a probability of (1− p) the states to stay

the same and a p/3 chance for errors of type X , Z, and Y , respectively.

In the Kraus representation, the associated Kraus operators are defined as:

M0 =
√

1− pI, M1 =

√
p

3
X, M2 =

√
p

3
Y, M3 =

√
p

3
Z. (1.28)

It can be verified that
∑3

k=0M
†
kMk = I .

For a geometric description, consider a qubit in an arbitrary state ρ = 1
2
(I + p⃗ · σ⃗), with

the polarization vector p⃗ = pxx̂ + pyŷ + pz ẑ. In cases of mixed states, 0 ≤ |p⃗| < 1, and

for pure states, |p⃗| = 1. Consider the case where p⃗ along the ẑ axis, thus ρ = 1
2
(I + pZ).

Depolarization then modifies the state to

S(ρ) =
1

2
I +

p′

2
Z, (1.29)
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where p′ =
(
1− 4p

3

)
p. This effect reduces the length of the polarization vector. For the

process to remain physical (ensuring p′ ≥ 0 ), p must satisfy p ≤ 3
4
.

1.2.3.3 Phase damping

The phase damping channel is another important model in quantum information theory. It

affects a single qubit without energy loss. Mathematically, this channel is described by:

S(ρ) = ρ′ =
(
1− p

2

)
ρ+

p

2
ZρZ†. (1.30)

where p is the probability parameter.

The corresponding Kraus operators are

M0 =
√

1− pI, M1 =
√
p|0⟩ ⟨0 |, M2 =

√
p| 1⟩ ⟨1|. (1.31)

Also,
∑2

k=0M
†
kMk = I .

This channel changes a density matrix ρ to

S(ρ) =
(
1− p

2

)
ρ+

p

2
ZρZ =

 ρ00 (1− p)ρ01
(1− p)ρ10 ρ11

 (1.32)

This channel reduces the off-diagonal elements of the density matrix, illustrating its role in

dephasing or decoherence. Coherence, which is the off-diagonal element, decreases over

time.

Considering a continuous time case where the probability of scattering per unit time δt is

small ( Γδt = p≪ 1 ), the effect of the channel over a time t = nδt is

Sδt ◦ · · · ◦ Sδt(ρ) =

 ρ00 e−Γtρ01

e−Γtρ10 ρ11

 (1.33)

where the off-diagonal terms exponentially decay with the dephasing rate Γ, capturing the

total dephasing effect over time.
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1.2.3.4 Amplitude damping

Amplitude damping is a model that describes the decay of a quantum system into an environ-

ment. This model can be described by a unitary interaction between the system A and the

environment E. For the ground state, the system remains unchanged

|0⟩A|0⟩E
UAE−−→ |0⟩A|0⟩E. (1.34)

For the excited state, the system transitions to a superposition

|1⟩A|0⟩E
UAE−−→

√
1− p|1⟩A|0⟩E +

√
p|0⟩A|1⟩E. (1.35)

The corresponding Kraus operators for this process are

M0 =

 1 0

0
√
1− p

 , M1 =

 0
√
p

0 0

 . (1.36)

It transforms the density matrix ρ as

S(ρ) =

 ρ00 + pρ11
√
1− pρ01

√
1− pρ10 (1− p)ρ11

 (1.37)

In a continuous-time description where the decay rate is Γ, and Γδt = p≪ 1, the map after

time t = nδt is represented by:

S(ρ) =

 1− e−Γtρ00 e−Γt/2ρ01

e−Γt/2ρ10 e−Γtρ11

 . (1.38)

The coherence decays at rate Γ/2.

Experimentally, characteristic decoherence times are defined as: T1 is a time such that

e−ΓdecayT1 = 1/e, thus T1 = 1
Γdecay

. This is the decoherence time due to amplitude damping.

T2 incorporates both the amplitude and phase damping, given by T2 = 1
Γdephase +Γdecay /2

, is the

decoherence time due to the amplitude and phase damping.
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1.2.4 Correting quantum errors

Like protecting classical information, quantum error correction (QEC) involves the initial

encoding of a quantum state, denoted |ϕin⟩, into a logical quantum code. This encoded state

then goes through a noisy channel that introduces errors from both environmental and control

interactions. The process ends with a decoding process that gives the output state |ϕout ⟩.

Encode quantum information. Qubits are mapped into a higher-dimensional Hilbert space

using more physical qubits. This encoding process distributes the information of one logical

qubit across many physical qubits, making a quantum error-correcting code. For example,

Shor code[16], Steane code [34], and the more general class of stabilizer codes[35].

Instead of only protecting against X type errors, quantum error-correcting codes are designed

to protect against both X and Z type errors. Moreover, if qubits are in a superposition, a

direct measurement will lead to the collapse of the superposition. Quantum error correction

requires indirect measurements to determine the existence and type of errors. In the stabilizer

formalism, which we will discuss later, this can be done through the measurement of error

syndromes of stabilizers, which are non-destructive and do not reveal the encoded information.

In addition, syndromes are measured by introducing auxiliary qubits (ancilla) that interact

with the code qubits, and these ancilla qubits are measured.

Based on the measurements of the syndrome, a classical decoding algorithm determines the

most likely error that has occurred. The corresponding quantum operation is then applied

to correct this error, restoring the quantum state. Correction operations use Pauli gates that

reverse the effects of detected errors.
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1.2.5 Necessary and sufficient conditions for QEC

Consider a single-qubit system S interacting with an environment E, initialized to state |0⟩E .

The unitary evolution USE affects the system and environment as follows:

USE : |0⟩S|0⟩E → |0⟩S |e00⟩E + |1⟩S |e01⟩E ,

USE : |1⟩S|0⟩E → |0⟩S |e10⟩E + |1⟩S |e11⟩E ,
(1.39)

where the states
{
|eij⟩E

}
in the environment are not necessarily orthonormal. For a qubit

initially in a superposition state a|0⟩+ b|1⟩, the unitary interaction yields:

USE : (a|0⟩+b|1⟩)|0⟩E → a|0⟩S |e00⟩E+a|1⟩S |e01⟩E+b|0⟩S |e10⟩E+b|1⟩S |e11⟩E , (1.40)

which can be decomposed using the basis {I,X, Y, Z} for qubit operators:

= (I2|ψ⟩) |eI⟩E + (X|ψ⟩) |eX⟩E + (Y |ψ⟩) |eY ⟩E + (Z|ψ⟩) |eZ⟩E , (1.41)

where |ψ⟩ = a|0⟩ + b|1⟩ and the environmental states {|eα⟩E} corresponding to α =

{I,X, Y, Z} are also not necessarily orthonormal.

For a system of n qubits, any operator can be represented as a combination of operators from

the expanded basis E = {I,X, Y, Z}⊗n, leading to 4n linearly independent operators. The

interaction with the environment is then generally expressed as:

USE : |ψ⟩|0⟩E →
4n−1∑
a=0

Ea|ψ⟩ |ea⟩E , (1.42)

where each Ea is a unitary operator from E , and the environmental states {|ea⟩E} are not

orthonormal.

To find errors, one first needs to identify a subset E ⊂ E , which includes correctable errors.

Error analysis and correction are performed by measuring all n qubits, identifying the error

Ea that occurred, and then applying the correction operation E−1
a = E†

a. This error correction

strategy relies on the ability to tell apart different induced environmental states linked to errors

in E . For the recovery of quantum information, conditions must be met by quantum error

correction codes.
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Necessary Condition:

For the effective correction of errors, the inner product between different codewords, trans-

formed by any two error operators Ea and Eb from the set E , must be zero if the codewords

are different: 〈
jL

∣∣∣E†
bEa

∣∣∣ iL〉 = 0 if i ̸= j (1.43)

This condition makes error identification clear. Overlapping error effects would hide which

error happened.

Sufficient Condition:

A stronger requirement for error correction is〈
jL

∣∣∣E†
bEa

∣∣∣ iL〉 = δabδij (1.44)

This means that each error moves a codeword into a different subspace, which helps find and

fix errors.

Combined Necessary and Sufficient Conditions:

The relation can be summarized as〈
jL

∣∣∣E†
bEa

∣∣∣ iL〉 = Cbaδij, (1.45)

where Cba is a part of a Hermitian matrix that does not depend on the codewords. This makes

sure that error states are different for different codewords. This orthogonality prevents the

decoherence of information during measurement.

1.2.6 Stabilizer codes

The Schrödinger and Heisenberg pictures give the same way to follow quantum states in

quantum mechanics. Specifically, the Schrödinger equation describes state evolution as

|ψ(t)⟩ = U(t)|ψ(0)⟩, with measurements shown by ⟨ψ(t)|M |ψ(t)⟩. The Heisenberg picture
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expresses the time evolution M(t) = U †(t)MU(t) and the corresponding measurements

⟨ψ(0)|M(t)|ψ(0)⟩.

Stabilizer formalism provides another way to track quantum states. For example, the state

|ψ⟩ = |000⟩ is +1 co-eigenstate of Z1, Z2, and Z3, we say |ψ⟩ is stabilized by the operator

set S = {Z1, Z2, Z3}. These operators are orthogonal and commute with each other. State

evolution under a unitary transformation U gives a new set of stabilizers, S ′ = USU †.

Stabilizer codes [35] were conceptualized by Daniel Gottesman in 1996. Stabilizer codes

encode a quantum state in the +1 co-eigenspace of a set of m commuting Pauli operators,

S = {S1, S2, . . . , Sm}, defined on an n-qubit Hilbert spaceH⊗n
2 . Each operator, Si, can be

any tensor product of the Pauli matrices {I,X, Y, Z}⊗n, with the requirement that all these

operators commute, i.e., [Si, Sj] = 0 for any i, j. It is crucial that S excludes the operator −I .

An [[n, k]] stabilizer code encodes k logical qubits into n physical qubits, with code rate

k/n and stabilizer generators {S1, S2, . . . , Sm}, where m = n − k. The code space is

the +1 co-eigenstate of these stabilizer generators. The code distance d is defined as the

minimum number of Pauli operations needed to transform one codeword into another, enabling

correction of up to t = ⌊d−1
2
⌋ errors. Error detection is feasible for any error Ei ∈ E as

long as Ei is not in the centralizer Z(S), which includes the stabilizer generators and logical

operators that commute with every element of S.

Calderbank-Shor-Steane (CSS) codes [36, 34] are an important type of stabilizer code. A

quantum CSS code is constructed from two classical linear codes C1 and C2 where C2 ⊆ C1.

The minimum distance d of a CSS code is determined by the minimum distances d1 and d2 of

the classical codes C1 and C2. CSS codes have a set of stabilizer generators that are either

X-type or Z-type Pauli operators. Moreover, all the X type stabilizers can be written in a

parity check matrix HX , and all the Z type stabilizers can be written as a parity check matrix

HZ . Finally, the parity check matrix for the CSS code is

H =

 HX

HZ

 . (1.46)
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The distance d of a quantum error correction code is defined as the minimum weight (i.e., the

smallest number of nonidentity Pauli errors) that results in an undetectable error. Similarly

to the classical case, a quantum error correction code characterized by parameters [[n, k, d]]-

where n is the number of physical qubits (block size), k is the number of encoded logical

qubits, and d is the code distance, then one can correct up to d−1
2

errors.

1.2.7 Steane code

Introduced by Andrew Steane in 1996 [17], the Steane code is a CSS code. It is a [[7, 1, 3]]

quantum code, which encodes one logical qubit into seven physical qubits and corrects

arbitrary single-qubit errors. It is the smallest qubit CSS code used to correct a single-qubit

error. The code is constructed using the classical [7, 4, 3] Hamming code to protect against

both X and Z errors.

The code’s stabilizer generator matrix blocks HX and HZ are both the parity-check matrix

for the [7, 4, 3] Hamming code,

HX = HZ =


0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1

 (1.47)

The stabilizer group for the Steane code has six generators, three X-type and three Z-

type, IIIXXXX, IXXIIXX,XIXIXIX, IIIZZZZ, IZZIIZZ,ZIZIZIZ. The lo-

gical codewords are

|0⟩ = 1√
8
(|0000000⟩+ |1010101⟩+ |0110011⟩+ |1100110⟩

+ |0001111⟩+ |1011010⟩+ |0111100⟩+ |1101001⟩)

|1⟩ = 1√
8
(|1111111⟩+ |0101010⟩+ |1001100⟩+ |0011001⟩

+ |1110000⟩+ |0100101⟩+ |1000011⟩+ |0010110⟩).

(1.48)



1.2 QUANTUM ERROR CORRECTION (QEC) 21

1.2.8 Quantum LDPC code

The quantum LDPC code is a stabilizer code with a sparse parity check matrix; see [37, 38]

for recent reviews. The sparsity parameters are wc and wq, which are the maximum weights of

the rows and columns of the parity check matrix, respectively. These represent the maximum

weight among all the checks and the maximum number of checks associated with a single bit.

A code is LDPC if wc, wq = O(1).

This recent interest in quantum LDPC codes is in part due to Gottesman, who showed that

with quantum LDPC codes, one can achieve constant overhead for fault-tolerant quantum

computation [39]. A well-known approach to constructing such codes is the hypergraph

product construction [40]. More recent studies led to the development of other families of

quantum LDPC codes with improved parameters[41, 42, 43, 44, 45, 46, 47, 48, 49]. In 2022,

Panteleev and Kalachev presented the first construction of good quantum LDPC codes[47],

characterized by both a constant rate and a constant relative distance. Similar outcomes have

been reported in [48, 49]. Moreover, recent studies suggest that viable fault-tolerant quantum

computing architectures can host such codes [50, 5, 51].

1.2.9 Decoder

Quantum decoding processes work to find and correct errors while keeping the quantum

information intact. Typically, decoders analyze error syndromes generated by measuring

stabilizers. After that, they figure out which error is the most probable one to have happened.

Usually, a decoding process has three steps. First is the syndrome measurement, which is used

to reveal information about the error without accessing the encoded quantum information.

This can be done by measuring the stabilizers. Second, the measurements should be analyzed

to determine the type and location of the error. This analysis gives a map between the

syndrome outcomes and the possible errors, and the map depends on the stabilizer structure

and the decoding strategy. Finally, the original quantum state can be restored by implementing

the corresponding quantum gates.
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There are many obstacles to decoding quantum information. Noise models for quantum

systems are complicated. Thus, advanced statistical methods are required to interpret error

syndromes accurately. Moreover, an efficient and fast decoder is needed to correct the message

before the information decays again because, usually, the decay occurs rapidly in a quantum

system. In the following, we examine several well-known quantum decoders.

1. Minimal Weight Perfect Matching Decoder (MWPM)

A perfect matching of a graph is a matching (i.e., an independent edge set) in which every

vertex of the graph is incident to exactly one edge of the matching. In the context of quantum

error correction, when we deal with X and Z errors independently, which normally happens

in the CSS quantum code, then one can draw a graph to show the relation between qubits and

stabilizers. In this case, the edges represent the qubits, while the vertices are labeled with

measurements of stabilizers. This graph is used to detect possible errors given the stabilizer

measurement. The idea of the MWPM decoder is to find a minimal weight perfect matching

of the graph.

One way to find the minimal weight perfect matching is the Blossom algorithm, commonly

used in classical computing. For complexity, the Dijkstra step has runtimeO(N2 log(N)), and

the blossom step has complexity O(N3 log(N)). For the 2D matching graph of a N -qubits

surface code, the runtime of the decoder is therefore dominated by the blossom algorithm

with an overall runtime O(N3log(N)).

The underlying logic of the MWPM decoder is that the system’s error rate is considered to be

sufficiently small, so the most likely error pattern consistent with the syndrome is the one that

has a minimal number of errors. That is the reason for finding a minimal weight for a given

perfect match.

The MWPM decoder can decode Toric and surface codes[52], The subsystem surface code[53],

2D hyperbolic code[54], Subsystem hyperbolic codes[55], 3D toric and surface codes (for

X errors), The XZZX surface code[56], Some compass codes[57], including the heavy

hexagon code[58]. MWPM can also be used as a subroutine for single-shot decoding of

the 3D toric code[59], the gauge color code[60], decoding the color code[61], fraction
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topological codes[62], the Fibonacci code[63], The repetition code with noisy syndrome

measurements[64].

2. Union-find decoder

The Union-Find decoder is based on the observation that erasure error decoding is more

straightforward than Pauli errors. An erasure error can be seen as a Pauli error at an already-

known location. If the only source of error is erasure, decoding is much easier since errors can

only be found within erasure. The peeling decoder utilizes this property to identify corrections

in cases where only erasure errors are present.

The Union-find decoder is thus composed of two stages. The first stage is to generate an

erasure error, ϵ′, from a syndrome caused by both Pauli errors and erasure, ϵ. In addition,

the modified erasure must contain a valid correction operator. This stage is referred to as

syndrome validation. After that, the peeling decoder can be applied to find a correction. To

perform syndrome validation, the decoder identifies "invalid" clusters of erasures and then

grows them iteratively until the erasure decoder can correct the updated state. To make the

decoder faster, one can update the clusters as they grow rapidly. This dynamic update is the

most significant factor contributing to the decoding complexity [65].

3. Maximum likelihood decoder

Given the error syndrome, the maximum likelihood decoder (MLD) is an algorithm designed

to identify a correction operation that optimizes the probability of effective error correction.

Consequently, MLD is, by definition, the most effective error correction algorithm for quantum

codes and associated noise models.

In 2002, Dennis et al. established the initial formal definition of MLD for two-dimensional

surface codes [52]. A pivotal finding in this research is that the computational challenge

linked to MLD can be simplified to determine the partition function of a classical Ising-like

Hamiltonian in a two-dimensional lattice. This finding has led to considerable investigation

into the relationships between MLD and the statistical physics of disordered Ising-like

Hamiltonians.
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The foremost constraint of Maximum Likelihood Decoding (MLD) is its high computational

complexity. As the system size increases, the calculation of error probabilities increases expo-

nentially, making this method unfeasible for larger systems. Fortunately, insights from [52]

have informed the development of efficient MLD. Several approximate algorithms that operate

in polynomial time have been identified. Prominent examples are the renormalization-group

decoder introduced in [66] and the Markov chain Monte Carlo method established in [67].

In the context of the two-dimensional surface code, it is important to emphasize that the

Minimum Weight Perfect Matching (MWPM) decoder identifies the most efficient error

chain that aligns with the given syndrome. While this method focuses solely on minimizing

energy rather than the free energy, it operates effectively at zero temperature. Occasionally,

the entropic component influences the decoding process. For example, two possible errors

have identical minimum energy, but one should be chosen because it has higher entropy due

to degeneracy. As a result, the success probability of MWPM is inferior compared to that

of free-energy minimization. In Ref. [68], researchers demonstrated exactly that decoders

for topological quantum error correction can be improved by accounting for degeneracy in

matching algorithms. Therefore, the Maximum Likelihood Decoder (MLD), which aims to

minimize free energy, is recognized as possessing a superior threshold in such scenarios.

4. Belief propagation decoder

The belief propagation (BP) algorithm (or the sum-product algorithm), first proposed by Judea

Pearl in 1982 [31], is effective at decoding classical LDPC codes. Its running time is linear in

the code’s block length.

BP is an iterative algorithm that estimates the transmitted codeword by passing messages along

the Tanner graph of the code. This Tanner graph consists of variable nodes (bits) and check

nodes (checks). In the beginning, each variable node is assigned a log-likelihood ratio based on

the received signal. In the decoding process, the variable nodes send updated belief messages

to the connected check nodes and intentionally omit information from the recipient node.

Conversely, check nodes send messages back to variable nodes based on parity constraints and

incoming messages from other variable nodes. This belief flow continues iteratively, refining
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the bit estimates until either convergence or a pre-set number of iterations is reached. Finally,

decisions on the bit values are made based on the aggregated information, and the decoder

checks if the estimated codeword satisfies all parity-check equations, indicating successful

decoding.

Like classical LDPC codes, quantum LDPC codes use the traditional belief propagation

(BP)-based decoding algorithm. However, due to degenerate errors, the standard BP algorithm

alone does not achieve good decoding performance in quantum codes [69, 70]. These errors

cause "split beliefs" and prevent the algorithm from converging. This issue can be resolved by

incorporating a post-processing technique known as ordered statistics decoding (OSD). The

OSD step uses the output of the probability distribution of BP to select a low-weight recovery

operator that satisfies the syndrome equations.

The BP+OSD algorithm was first applied to quantum expander codes by Panteleev and

Kalachev [71]. Following this, Roffe et al. revealed that the BP+OSD decoder has broader

applicability across various quantum LDPC codes, which encompasses both two-dimensional

surface codes and toric codes [72].

There are many other techniques, such as ambiguity clustering (BP+AC)[73] and localized

statistics decoding (BP+LSD)[74], use matrix inversion methods to solve the decoding

problem during post-processing. Although these inversion-based decoders achieve high error

thresholds, they increase the worst-case runtime complexity to O(n3), significantly slower

than theO(n) runtime of standard BP. In contrast, the closed-branch decoder (BP+CB) reduces

the worst-case runtime complexity but is less accurate than inversion-based decoders [75].

Recently, the belief propagation plus ordered Tanner forest (BP+OTF) algorithm has been

proposed as an almost linear time decoder for quantum LDPC codes [76].

5. Local decoders

The decoders examined above rely on global classical data from measurement outcomes.

Such global data requires communication across distant regions of the system. In practice,

this communication can cause significant errors. Collecting and processing global syndrome
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data also risks new failures [77, 78]. Therefore, it is vital to develop rapid decoders that utilize

only local information to mitigate error accumulation.

Cellular automata (CA) provide a promising way to decode topological quantum codes [79,

80, 81]. These local decoders excel at parallel processing and can run on specialized hardware.

They do not depend on long-range interactions. A simple CA technique, often called Toom’s

rule [82, 83], can protect quantum information in the 4D toric code on a hypercubic lattice [52].

Recent results [84, 85, 86] show that heuristic decoders using Toom’s rule can reach nonzero

thresholds in higher-dimensional toric codes.

From a statistical physics viewpoint, codes with a large energy barrier pair well with local

decoders. This barrier requires substantial energy to apply a logical operator. When the

temperature stays below a certain point, the system remains near one code state. Minor local

errors occur, but the system does not jump to another state. Error reduction then becomes a

local process, much like gradual cooling. The system settles itself. Hence, the energy barrier

plays a key role in a successful error correction.

1.3 Universal quantum computation

Universal quantum computation refers to the ability of a quantum computing model to do

any kind of computation. In classical computing, it is well-known that the NAND gate is

universal. In the following, we first give a brief review of universal quantum computation.

Meanwhile, unlike classical computation, the quantum gate could also be noisy, and error

protection should be considered not only for information storage or transformation, but also

for computation. After that, we discuss fault-tolerant quantum computation, which is a

scheme to perform reliable computation even with noisy quantum gates and measurements.

This technology enables the scaling up of quantum computing.



1.3 UNIVERSAL QUANTUM COMPUTATION 27

1.3.1 Single qubit gate

The Pauli operators are a set of three 2×2 Hermitian and unitary matrices. These matrices are

denoted by σx, σy, and σz, corresponding to the quantum gates X,Y and Z used in quantum

computing, respectively.

X =

 0 1

1 0

 , Y =

 0 −i

i 0

 , Z =

 1 0

0 −1

 .
The Pauli operators are crucial for quantum gates, and the reason is any 2× 2 matrix O can

be written down as a linear combination of I,X, Y , and Z

O = αI + βX + γY + δZ, (1.49)

where α, β, γ, δ are complex coefficients.

Pauli operators satisfy the commutation relations [σj, σk] = 2iεjklσl, where εjkl is the Levi-

Civita symbol, and here the Einstein summation notation is used. Meanwhile, they also have

anti-commutation relations {σj, σk} = 2δjkI .

1.3.2 Clifford hierarchy

The Pauli group Pn on n qubits is defined as

Pn = {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}⊗n. (1.50)

The Clifford hierarchy is a framework that categorizes quantum gates based on their relation-

ship to the Pauli group. In the following, we show this hierarchy.

Level 1: Pauli Group

The first level of the Clifford hierarchy C1 is the Pauli group itself. As mentioned above, it

consists of the Pauli matrix X, Y , Z, and the identity I . These gates perform basic bit and

phase flips on qubits, but do not entangle them.
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Level 2: Clifford Group

The second level of the Clifford hierarchy, C2, is known as the Clifford group, which is defined

as gates that map the Pauli group to itself. The Clifford group includes three gates: 1. The

Hadamard gate H that maps X to Z and vice versa. 2. The phase gate S (or
√
Z ) that

maps X to Y and Y to −X . 3. The CNOT gate, which is a two-qubit gate that performs a

controlled X operation on the target qubit based on the state of the control qubit. These gates

can be written in the matrix form

H =
1√
2

 1 1

1 −1

 , S =
√
Z =

 1 0

0 i

 , CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 . (1.51)

As stated in the Gottesman-Knill theorem, the Clifford gates can be simulated efficiently on

classical computers,

THEOREM 1.3.1 (Gottesman-Knill). Quantum circuits comprised solely of Clifford gates,

acting on computational basis states and incorporating measurements within the Pauli group

Pn, can be efficiently simulated on classical computers.

Therefore, to achieve the quantum speed up, the quantum circuit should consist of non-clifford

gates.

Higher Levels: Ck

The higher levels Clifford hierarchy, Ck for k ≥ 3, include gates that are defined recursively:

a gate U belongs to Ck if, when conjugating any gate of Ck−1, it results in a gate of Ck−1.

These higher-level gates enable more complex quantum operations that cannot be efficiently

simulated classically and also include gates for universal quantum computation, such as the

level 3 T gate (or π/8 gate), which can be used to achieve universality in quantum computing
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when combined with the Clifford group.

T =

 1 0

0 eiπ/4

 . (1.52)

1.3.3 Solovay-Kitaev theorem

A universal quantum gate set is a set that can be used to provide any unitary operation with

arbitrary accuracy. The Solovay-Kitaev theorem [19, 87] guarantees that any single-qubit

quantum gate can be approximated to any desired precision with a sequence of gates from a

dense set. In practice, this means that complex quantum algorithms that require operations

beyond the basic set can still be efficiently implemented using sequences of these universal

gates in that dense set.

THEOREM 1.3.2 (Solovay-Kitaev). Let G be a finite set of elements in SU(2), containing

its own inverses such that ⟨G⟩ is dense in SU(2) (dense means give a matrix g′ of SU(2)

you can always find a element g in G, such that D(g, g′) < ϵ), and ϵ > 0. Then any element

h ∈ SU(2) can be approximately simulated using ℓ = O(logc(1
ϵ
)) gates from G, and here c

is a constant (c < 4). We say approximately simulated to indicate that the distance between h

and the simulated gates h̃ satisfies D(h, h̃) ≤ ϵ. And h̃ = Πℓ
j=1gj with gj ∈ G. The distance

metric

D(h, h̃) = 2 max
|ψ⟩:⟨ψ|ψ⟩=1

∥(h, h̃) |ψ⟩ ∥ (1.53)

For a single qubit gate, G = {H,T}, one can show that ⟨G⟩ is dense in SU(2). In addition,

for arbitrary n qubit computation, the CNOT gate, together with the Hadamard and T gates,

is universal for quantum computation.

1.4 Fault tolerant and threshold theory

Fault tolerance refers to the ability of a quantum computer to perform a reliable computation

in noisy quantum gates, qubit decoherence, and other imperfections. The error threshold
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refers to a critical error rate. When the total error rate is below this threshold, the computation

benefits from the fault-tolerant structure. The mathematical framework for fault tolerance

involves the use of fault-tolerant gadgets in which errors propagate in a controllable way.

Formally, for a quantum system described by a set of qubits |ψ⟩, fault-tolerant operations

ensure that for any operation O applied to the system, the error-corrected state E(O(|ψ⟩))

can closely approximate O(|ψ⟩).

1.4.1 Noise and control model

The performance of a fault-tolerant quantum computing (FTQC) protocol heavily depends on

its architectural assumptions. Here, we outline key assumptions; for more details, see [88].

1. Nonincreasing error rate. The error rate remains independent of the circuit size, which

enhances the performance of fault-tolerant circuits over time.

2. Parallel operation. The rate of asymptotic parallel processing exceeds a constant multiple

of the asymptotic error rate, allowing error correction to consistently outpace the occurrence

of errors.

3. Reusable memory. The rate of erasing or replacing qubits asymptotically exceeds a

constant multiple of the asymptotic error rate. This enables the computer to eliminate the

entropy faster than it is produced by errors.

4. Reliable classical computation. Classical computations always return the correct result.

5. Fast classical computation. Classical computations are efficient.

6. No qubit leakage. Qubits always remain within the computational Hilbert space.

7. Uncorrelated noise. Each qubit and gate are affected by an independent noise source.

8. Local quantum processing. Gates can only connect adjacent qubits as depicted in their

layout graph.
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Finally, we make some remarks about the noise model. We have already discussed the qubit

error channel, but it is only for quantum information transport. In the case of quantum

computation with the quantum circuit model, except for the qubit error, one also has to

consider the measurement error. For the qubit error model, as mentioned above, there are also

varies, such as stochastic adversarial noise [21, 89, 90, 91], purely depolarizing noise [92],

where the noise has a strong bias, phase flip is more significant than bit flips [93].

i) Code capacity noise model. This noise model considers only qubit errors and excludes

measurement noise by assuming that all measurements are perfect. Consequently, the

threshold provided by this model is the highest among all error models, such as 10.9%

for the toric code [94]. In this model, various channels can describe qubit errors, including

depolarizing and erasure channels.

ii) Phenomenological noise model. In this noise model, we need to account for both qubit

errors and measurement errors. Measurement errors are defined straightforwardly by assigning

a probability of error to each measurement outcome. This approach is generally sufficient

for most cases. Normally, the measurement error results in a significantly lower threshold

compared to only counting the qubit error. For example, the toric code exhibits a threshold of

3.3% [95].

iii) Circuit level noise model. In the circuit-level noise model, measurement errors are more

accurately represented. Unlike the phenomenological noise model, which assigns the error

probability to each measurement result, the circuit-level model considers the specific circuits

that implement the measurements. The individual error model is applied to each single-qubit

gate and two-qubit gate. Consequently, measurement errors arise due to gate noise. This noise

model results in a lower error threshold for the toric code, approximately 1.1% [96].

1.4.2 Transversal gates and Eastin-Knill theorem

The transversal gate is defined as applying logical operators by applying single Pauli operators

to corresponding qubits in each block of a quantum error-correcting code without interaction

between qubits of different blocks. For example, a transverse gate T operates as T =
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T1 ⊗ T2 ⊗ . . .⊗ Tn, where each Ti acts independently on the corresponding qubit i in each

block. This requirement of acting independently across different blocks ensures that errors do

not spread among blocks.

The Eastin-Knill theorem [97] significantly restricts the power of transversal gates.

THEOREM 1.4.1 (Eastin-Knill). No quantum error-correcting code can possess a transversal

implementation for a complete set of gates that form a universal set of quantum gates.

This theorem implies that other kinds of strategy must be employed to achieve universality in

fault-tolerant quantum computing, such as magic state distillation [98], code deformation [99,

100], or non-transversal gate in the quantum circuit.

1.4.3 Concatenated codes and threshold

Concatenated codes [101] construct complex quantum error-correcting codes from simpler

ones by layering them in a hierarchical structure. A basic quantum code C encodes k logical

qubits into n physical qubits. In a concatenated scheme, each qubit of C is encoded using

the same or another quantum code C ′. This process can be recursively applied to generate

multi-layered encoding.

Formally, if C1 is a [[n1, k1, d1]] code and C2 is a [[n2, k2, d2]] code, the concatenated code

C1 ◦ C2 is a [[n1 · n2, k1 · k2, d ⩽ d1d2]] code. Concatenation is particularly effective for

enhancing the fault tolerance of quantum systems by increasing the effective distance of the

code.

In a fault-tolerant scheme, it can be shown that the probability of an unrecoverable error scales

like O(p2), where p denotes the physical gate error rate. Suppose that the overall error rate

for a circuit is cp2, where c is a constant representing the property of the circuit. This error

probability outperforms the unencoded error rate of p, as cp2 < p when p < 1/c. We define

the threshold error rate as ρth = 1/c; encoding is beneficial below this rate.
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For a quantum algorithm with g(n) gates, where n indicates the size of the problem, to achieve

a final accuracy of ϵ (i.e., ∥Uideal − Uactual∥ ≤ ϵ), the error per logical gate should not exceed

ϵ/g(n). This accuracy can be achieved through concatenation.

In a concatenated framework, each gate at the initial level is further encoded at the subsequent

level. The effective error rate becomes c(cp2)2 with two concatenation levels. Extending

this to k levels, the effective error rate is reduced to (cp)2
k
/c, which decreases doubly

exponentially with k. To achieve the ϵ accuracy, one can pick k such that

(cp)2
k

c
≤ ϵ

g(n)
. (1.54)

In quantum computing, concatenation allows for arbitrary precision with a price of higher

resource usage (qubits and logical gates). This additional overhead can be measured by check-

ing the size of the circuit that is used to implement logical gates with error correction. This is

represented by the formula dkg(n), where d denotes the maximum number of operations per

encoded gate.

To relate the error correction capabilities to accuracy ϵ and the number of logical gates g(n),

we derive (cp)2
k
/c = ϵ/g(n), leading to

2k log(cp) = log

(
cϵ

g(n)

)
, (1.55)

then

k = log

 log
(

cϵ
g(n)

)
log(cp)

 = log

 log
(
g(n)
cϵ

)
log
(

1
cp

)
 . (1.56)

Given dlog2 x = xlog2 d, we have

dk =

log
 log

(
g(n)
cϵ

)
log
(

1
cp

)
log d

, (1.57)

it can be simplified to

dk = O

(
poly

(
log

(
g(n)

ϵ

)))
. (1.58)
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Thus, the overhead in terms of both the number of physical operations and the physical qubits

is polylogarithmic in g(n)/ϵ.

1.5 Difficulties in QEC and the structure of this thesis

In quantum computing, it is usually hard to initialize quantum error correction codes or

determine their states. This is because preparing a quantum system in the ground state of a

specific Hamiltonian is difficult due to the sensitivity of quantum states. Even small errors

during initialization can corrupt the encoded information. Thus, it requires highly precise

control technology and even fault-tolerant methods.

In Chapter 2, we demonstrate how to use a periodic driving process to identify the toric code

phase. Under a specific driving term, the toric code phase is shown to exhibit a discrete

time crystal (DTC) behavior. However, this DTC signal disappears as environmental errors

accumulate. Moreover, by incorporating a decoder into the readout process, we show that the

DTC phase becomes more robust.

In practice, quantum error correction requires a large amount of fault-tolerance overhead

and fast decoding. One promising approach to overcome this challenge is to use codes

with a macroscopic energy barrier. A macroscopic energy barrier is a necessary condition

for self-correcting quantum memory, which reduces the need for syndrome measurements

and thus improves fault-tolerance efficiency. Not only that, codes with macroscopic energy

barriers are expected to have a simple process that iteratively reduces energy, serving as a

decoder [102]. However, so far, rigorous bounds on the energy barrier have typically been

derived only for specific codes[103, 104, 105, 106]. Determining a lower bound for the energy

barrier of codes is generally challenging due to two reasons: there are too many possible error

paths (sequences of local errors) that can implement a fixed logical operator, and the logical

operator itself is defined only modulo stabilizers.

In Chapter 3, we establish tight bounds on the energy barrier of a family of quantum low-

density parity-check (LDPC) codes constructed using hypergraph products, which is a flexible
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framework for constructing quantum codes and offers numerous advantages [107, 108]. We

accomplish this by first proving a general fact applicable to any quantum LDPC codes:

equivalent logical operators up to stabilizers have the same energy barrier. Subsequently, we

propose an approach that rigorously connects the energy barriers of quantum codes with the

underlying classical codes. This chapter was published in Physical Review Letters [109].

The higher-dimensional hypergraph product [110] generalizes the hypergraph product to a

higher dimension. These higher-dimensional codes tend to be more fault tolerant by offering

better protection against errors. They possess numerous good properties, one of which is

that the effective distance of those higher-dimensional codes matches their code-theoretic

distance [111]. This extends the result that stabilizer measurement schedules preserve the

distance of hypergraph product codes [112]. Moreover, higher-dimensional hypergraph

product codes have efficient logical gates [113] and single-shot decoding [114, 59].

In Chapter 4, we demonstrate that higher-dimensional hypergraph product codes can poten-

tially exhibit higher energy barriers than their classical component codes due to additional

stabilizer redundancy. This enables the construction of quantum codes with macroscopic

energy barriers from classical codes lacking such barriers. This approach offers a pathway

toward discovering self-correcting quantum memories and may inform the design of local

decoders. This chapter was accepted by Physical Review A [115].



CHAPTER 2

Topological ordered time crystal in Toric code

2.1 Introduction

Initializing quantum error correction codes and identifying their states offer significant

challenges in quantum computing. Due to the sensitivity of quantum states, setting up a

quantum system in the ground state of a particular Hamiltonian is hard. Minor inaccuracies

during initialization can corrupt the encoded quantum information, necessitating precise

control and fault-tolerant methods [116]. There are many papers that focus specifically

on methods for initializing the well-known toric codes, and numerous challenges were

encountered in this process [117, 118, 119, 120].

In this chapter, we focus on toric code [121] and show that through a periodic driving

process, one can identify the toric code phase as a discrete time crystal. The non-local logical

information of the toric code characterizes the time crystal. Furthermore, we show that a

readout with a simple decoder makes the time crystal signal more robust.

State identification in quantum error correction involves measuring without disrupting the

fragile quantum state. Techniques such as syndrome measurement are employed to detect

errors indirectly, but these require a sophisticated implementation to avoid collapsing the

quantum information [122].

In 2021, Ruben V. and colleagues explored the feasibility of realizing the toric code within a

two-dimensional array of Rydberg atoms configured on a ruby lattice[123]. Their approach

to identifying the phase involves observing a continuous transition between two featureless

phases, measuring a topological entanglement entropy of ln 2 across various geometries,
36



2.1 INTRODUCTION 37

identifying degenerate topological ground states, and analyzing the expected modular matrix

from ground-state overlap. This study provides motivation for further exploration of the

dynamic properties and phase identification of the toric code through evolution.

Another key point of this work is exploring how a decoder might enhance or optimize the time

crystal phase. By observing a nonlocal order parameter, here defined as logical information,

in the evolution of the toric code, we show that a readout with a decoding process can yield

improved results regarding these time crystal oscillations.

2.1.1 Toric code

The study of the toric code has substantially influenced theoretical and experimental research

in quantum computing. Its conceptual simplicity and profound implications for fault tolerance

make it a foundational model for exploring more complex quantum systems and realizing

robust quantum computers.

2.1.1.1 Code construction

Consider a L× L square lattice defined on the torus for simplicity. By associating every edge

of the lattice with a qubit, this lattice with periodic boundary conditions has 2L2 edges. Thus,

a toric code defined on this torus has n = 2LxLy qubits.

The toric code is a CSS stabilizer code. There are two types of stabilizer generators in the

toric code. One is the plaquette operator SZ = ⊗ℓ∈PZℓ, where P is the plaquette in the

square lattice, which contains all Pauli Z in this plaquette. The other is the vertex generator

SX = ⊗ℓ∈VXℓ, where V is the vertex in the lattice, as shown in Fig. 2.1. Notice that although

the single Pauli operators X and Z are anti-commute with each other, there are always

even numbers of overlapping Paulis for each plaquette operator and vertex operator. Thus,

all stabilizer generators commute with each other, which means [SZSZ′ ] = [SX , SX′ ] =

[SZ , SX ] = 0.
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FIGURE 2.1: Stabilizers in the Toric code. Here, the lattice has a periodic
boundary condition, and the stabilizer SX (SZ) is denoted in red (blue).

There are L2 − 1 independent plaquette operators and L2 − 1 independent vertex operators

because ΠPSZ = I, ΠV SX = I , the product of all SX ( or SZ) stabilizers is indentity I .

Recall that for the stabilizer code, denote n as the number of physical qubits, m as the number

of independent stabilizers, then the number of logical qubits is k = n−m. For the toric code,

k = n−m = 2L2 − 2(L2 − 1) = 2, thus it is a [[n, 2]] code.

To find logical operators, we need to identify operators that commute with stabilizers but

cannot be generated by the stabilizers themselves. Furthermore, the corresponding logical Z

and logical X operators anti-commute with each other. In the toric code, a way to find such

operators is to construct a loop that cannot be built by local stabilizers but goes around the

entire surface of a torus.

We can define the logical Z operator as the Z loop that is topologically different from a local

loop (stabilizers), and we can find that the two logical Z operators commute with stabilizers,

ZL1 and ZL2 . Similarly, we can construct the logical X loop on a dual lattice like the logical

Z operator; then, we have two corresponding logical X operators XL1 and XL2 . Furthermore,

the logical Z operator defined on the lattice is anticommute with the logical X operator

defined on the dual lattice as they overlap on a single qubit, as shown in Fig. 2.2.

{XL1 , ZL1} = 0, {XL2 , ZL2} = 0 (2.1)
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FIGURE 2.2: Logical operators in the toric code are represented by nontrivial
circles on the torus.

Finally, notice that the code distance of the toric code is L, so the toric code is a [[n =

2L2, k = 2, d = L]] code.

2.1.1.2 Errors on the toric code

Consider a Z type error that occurred on a qubit; this error will commute with all the Z type

stabilizers but anti-commute with two SX stabilizers that contain this qubit. It is easy to

determine where this error occurred. In the case of two Z Pauli errors, if these two errors are

adjacent, the stabilizers that anti-commute with these two errors are two SX stabilizers on the

endpoint of the error line. But on the other hand, if we measure the stabilizers and find two

SX stabilizers that are flipped, then one cannot determine where the error occurred because

all the errors that are connected and have the same endpoint have the same syndrome. This is

referred to as error degeneracy. This is not so fatal that we cannot correct the error; we can

simply apply Z operators that connect the two vertex stabilizers that are flipped and don’t

care about where the errors actually occurred. The error will be corrected because all Z errors

will form a closed loop and become a stabilizer. It does not take our code outside the code

space. The same analysis holds for X-type errors.

The error can be recovered if the error chain is less than half the linear distance of the surface.

Otherwise, it may not be recovered because the standard recovery process may introduce

a logical error, mapping the code to a different logical state. For an L × L lattice, since
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d = 2t+ 1, the code can correct upto any t = (L− 1)/2 errors. The toric code generally has

a distance d ∼
√
n. A better error tolerance will be at the expense of more physical qubits.

Manifolds other than the torus can also be considered. Generally, for a surface code defined

on a manifold of genus g and having h holes, k = 2g + h. There are some advantages of

the surface code. (i) It has a distance d ∼
√
n, so it can correct t = (d− 1)/2 = O(

√
n)

errors. (ii) It has local stabilizers (involve operators geometrically neighboring each other).

An interesting feature of this kind of code is that the code space can be regarded as the ground

space of a local Hamiltonian

H = −
∑

SX −
∑

SZ . (2.2)

Since all stabilizers commute, the ground state of this Hamiltonian is the +1 co-eigenspace

of the stabilizers; thus, the code space. This Hamiltonian is gapped because there is a

finite energy difference between the ground state and the first excited states even in the

thermodynamic limit (n→∞).

2.1.1.3 Error model and decoder

The error model is crucial for developing effective codes. Here, we consider the code capacity

noise model, which means that the measurement operations are faultless. In the case of

toric code, for simplicity, we only focus on the phase flip errors, as the bit flip error can be

corrected in the same way as the phase flip error but with SX stabilizer measurement. Thus,

any single qubit has a probability p for a Z type error and a 1−p chance that the qubit remains

unchanged.

|i⟩ → pZρZ + (1− p)ρ (2.3)

Intuitively, we would expect that increasing code distance could increase the robustness

of toric code. In addition, increasing the code size would introduce more errors for an

independent noise channel. From this perspective, we can define an error threshold for the

code. If the error rate is less than the threshold, increasing the code size will improve the

robustness of the code. If the error rate exceeds the error threshold, increasing the code size
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will decrease the probability of successful error correction. In 2002, Dennis et al. gave an

analytical lower bound of the error threshold for the toric code, which is 11% [52].

The measurements of stabilizer generators, which are called error syndrome, can be used to

correct errors. However, in some cases, the syndrome and the correction operator are not

one-to-one. In those cases, we either correct the error or introduce a logical error. The strategy

for obtaining a correction operator for a given syndrome is called a decoder. The threshold

depends on both the error channel and the decoder. For the toric code under the independent

Pauli Z noise channel described above. We consider the minimal weight perfect matching

(MWPM) decoder.

The underlying logic of the MWPM decoder is that the error rate of the system is considered

to be sufficiently small, so the most likely error pattern that is consistent with the syndrome is

the one that has a minimal number of errors. Thus, we would like to find a minimal weight

for a given perfect match. To apply the MWPM decoder, the quantum code needs to have just

one type of excitation for each kind of error (X or Z). This means that any pair of matching

can give a valid correction operator. In the case of toric code, a simple simulation can be

done to show that the threshold for the MWPM decoder is about 10.3% [124, 88] (as shown

in Fig. 2.3).

2.1.2 Discrete time crystal

A discrete-time crystal (DTC) describes systems that spontaneously break the continuous-time

translation symmetry, much like ordinary crystals break the continuous spatial translation

symmetry (see [125] for a detailed discussion). Time crystals are typically realized in

periodically driven systems, known as Floquet systems, where a Floquet operator encapsulates

the driving mechanism. These systems are characterized by a periodic Hamiltonian with a

period T with H(t) = H(t+ T ), thus manifesting symmetry that is discrete and explicitly

linked to the periodicity of the driving term. This periodic driving leads to dynamics that are

not invariant under arbitrary time translations but only under multiples of the driving period,

hence breaking the continuous-time symmetry.
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FIGURE 2.3: The performance of the MWPM decoder is depicted in two
sections: the upper section illustrates its performance for even lattice sizes,
while the lower section shows its performance for odd lattice sizes. The
transverse axis is the physical error rate, while the vertical axis is the logical
error rate after decoding. Different colors label different system sizes. The
threshold is approximately 10%. When the physical error rate is less than the
threshold, an increase in the system size leads to better performance (lower
logical error rate), while this becomes not true when the error rate is larger
than the threshold.
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Raditya W. Bomantara has researched the impact of periodic driving in quantum codes,

explicitly focusing on repetition codes[126] and surface codes[127]. In his study on surface

codes, he suggests using a nonlocal generalization of specific metrics to characterize different

phases of the surface code Hamiltonian under varying boundary conditions. His findings

indicate that different boundaries exhibit DTC phases.

2.2 Periodical driving

In this section, we demonstrate how to construct a discrete-time crystal by periodically driving

the toric code. The system setup is the following: the toric code is defined on a Lx × Ly
lattice with periodic boundary conditions, with initial state |ψ⟩. The Floquet operator UT is

expressed as

UT = UT1Uerror UT2 = ei
∑

l alXlei
∑

k ckXkei
∑

j bjSj . (2.4)

This operator is applied periodically with time step T . Now, let us break down the driving

term and explain each part. First, the component UT1 implements a logical X operator, so

with a chosen logical X operator, l sums over all the single Pauli X that belong to that

logical operator. The parameter al here is for disturbance. At al = 0.5π, UT1 performs an

ideal logical X operator. The error term Uerror introduces X type errors across all qubits k

with corresponding amplitudes ck. Similarly, the term ck can vary to simulate different error

strengths. The last one, UT2 , involves the stabilizers of the toric code, denoted by Sj . Thus, j

is designed to sum over all plaquette and vertex operators, with perturbation parameters bj .

This setup is a Floquet system with discrete time-steps, where evolution is governed by the

Floquet operator UT rather than continuous-time evolution e−iHt from a static Hamiltonian.

The system evolves under UT , which comprises three components: UT1 (a logical operator),

Uerror (simulating the error mechanism), and UT2 (the Hamiltonian term with perturbations).

In the absence of errors and the logical operator (which gives discrete time crystal behavior),

this resembles evolution under a static Hamiltonian, effectively simulating a toric code

Hamiltonian with errors.
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The Floquet operator UT allows the simulation of both logical operators and arbitrary error

dynamics within the toric code. Given such a Floquet operator UT , with an input as toric code

state. The main output of this simulation is a time series of logical Z operator measurements.

In the following, we show the whole simulation process.

• 1. Initialization: set all qubits on the Lx × Ly lattice in the state of +1 eigenstate of

Pauli Z operator, i.e. |0⟩.

• 2. Apply stabilizer operator UT2 : Implement the stabilizer operations that involve all

plaquette and vertex operators of the toric code.

• 3. Introduce error Uerror : Introduce errors into the system based on a preset error rate

(governed by ck) that involves all qubits.

• 4. Measure the logical Z operator by first selecting a logical Z operator (e.g., a Z

chain along the horizontal direction of the torus layout), then computing the expecta-

tion value by sandwiching the operator with the state. Note that since we perform

state simulation with complete state information, we extract the logical information

while preserving the pre-measurement state; the state does not collapse from the

measurement. Furthermore, there are two different ways to do the measurement here.

One directly gives the measurement outcome, while the other involves reading the

value of the logical Z operator after the MWPM decoding. We will compare these

two results.

• 5. Apply logical X operation UT1: Execute logical X operations that flip single

qubits belonging to that logical operator.

• 6. Measure logical Z operator again: Same as step 4.

• 7. Repeat for multiple simulations: Cycle through steps 2 to 5 for N iterations to

gather time series data from logical Z measurements.

It should be emphasized that, in the first step, we construct a Lx × Ly qubit grid, with all

qubits in the |0⟩ state. This is not a toric code state. During the full simulation, we only

extract logical Z information. The all-|0⟩ state is a stabilizer state for all Z-type stabilizers,

which is sufficient to establish well-defined logical Z values (as it in the logical Z code state)

and track their dynamics under the Floquet protocol.
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The whole simulation is repeated multiple times, and the measurement results of the logical Z

operator are averaged over these repetitions. As expected, the result of the logical Z operator

falls within the range [−1, 1]. In the following section, we detail the various simulations we

conducted and explain our choice of parameters. To enhance the realism of the simulation,

we also show how to disturb those parameters.

2.3 Simulation results

2.3.1 Different stabilizer prefactor

We first show the results of varying the stabilizer prefactor bj while keeping the other para-

meters fixed. The size of the system is chosen as a 3 × 3 lattice with 18 qubits. The

logical operator prefactor al = 0.4π with a perturbation uniformly selected from (−0.1, 0.1)

for each l. The error rate parameter is set to ck = 0.02π, with a perturbation uniformly

selected from (−0.02, 0.02) for each k. Different values of bj are chosen from the set

[0.00π, 0.05π, 0.15π, 0.25π, 0.35π, 0.45π, 0.50π]. Note that we also add a perturbation uni-

formly sampled from (−0.5, 0.5) for each j. The simulation results are shown in Fig. 2.4.

The oscillation in Fig. 2.4 shows an alternation between negative and positive values with

a period of 2T . During each 2T interval, we first obtain a positive value (corresponding to

the logical Z information), followed by a negative value. This behavior is expected because

a logical X operation is applied between consecutive measurements, causing the logical Z

information to alternate sign and producing the 2T oscillation. After a certain time T , error

accumulation degrades the logical Z information, causing the measurement signal to collapse

to zero and the 2T oscillation to vanish.

Additionally, the oscillation is more robust when using a decoder, as it persists longer.

Moreover, as shown in Fig. 2.4. In the case of the decoder, it is evident that the optimal choice

is bj = 0.25π, as this value maintains the oscillation for the longest duration. In the following,

we will elucidate the reasons behind this assertion. This argument is attributed to Raditya W.

Bomantara.
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FIGURE 2.4: Simulation results with different bj . System size is 3×3 with 18
qubits. al = 0.4π with a perturbation uniformly selected from (−0.1, 0.1) for
each l. ck = 0.02π, with a perturbation uniformly selected from (−0.1, 0.1)
for each k. Different color corresponding to different value of bj , which
is chosen from the set [0.00π, 0.05π, 0.15π, 0.25π, 0.35π, 0.45π, 0.50π], with
perturbations uniformly sampled from (−0.5, 0.5) for each j. The transverse
axis is the time step, while the vertical axis is the average measurement
outcome of the logical Z operator. The plot on the left is the result without the
decoder, while the plot on the right is the case with the decoder.

Consider a typical 2T -crystal described by the unitary operator

U = UlogUstab = e−iHloge−iHstab , (2.5)

where

Hlog =
∑
j

hjXj ,

Hstab =
∑
j

JjSj , (2.6)

Sj are stabilizer operators. Note that U can be diagonalized with eigenvalues of the form

e−iε. In the following, we will refer to the eigenvectors of U as the Floquet eigenstates and ε

as quasienergy. Note that by construction, ε is only defined modulo 2π with ε and ε+ 2πk

representing the same physics. As such, we can restrict ε ∈ [−π, π].

Next, note that in a 2T time crystal, all eigenstates must come in pairs with π quasienergy

separation, i.e., if |ε⟩ is the Floquet eigenstate of U associated with quasienergy ε, then there
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must exist |ε′⟩ which is also a Floquet eigenstate of U but with quasienergy ε+ π mod 2π.

This can be understood from the fact that a generic state can be expanded as

|ψ⟩ =
∑
ε

cε|ε⟩ . (2.7)

In the special case that |ψ⟩ = |ε⟩+ |ε+ π⟩, it evolves to U |ψ⟩ = e−iε(|ε⟩− |ε+ π⟩) after one

period, before it returns back to U2|ψ⟩ = e−2iε(|ε⟩+ |ε+ π⟩) = e−2iε|ψ⟩, thus establishing a

2T -periodicity.

To understand how the above π spacing is established in the model, we first note that the

eigenstates of Hstab are at least two-fold degenerate and form logical subspaces corresponding

to different Sj = ±1 combination. At appropriate parameter values, the unitary Ulog realizes

a logical X gate. It has the effect of splitting the degeneracy between two logical states

in each logical subspace by π quasienergy. For a system to be called a time-crystal, this π

quasienergy spacing, hence the associated 2T -oscillation, must be robust against perturbation.

In the following, we intuitively explain the role of disorder and quasienergy gap in ensuring

this robustness.

First, let Jj = π/4 for simplicity. In the ideal case that Ulog is a perfect logical X gate,

the quasienergy spectrum can be easily obtained as Two eigenstates in a logical subspace

|0⟩, |1⟩ ∈ L with π quasienergy separation are highlighted in red and blue for reference, along

with a set of other eigenstates that are degenerate with them. Note that this large degeneracy

is generally not desirable for the formation of time crystals. Indeed, let |b1⟩ and |a1⟩ be

two eigenstates at quasienergy π and 0 respectively that belong to two different stabilizer
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subspaces L′ and L′′. Consider a perturbation of the form P = p′ + p′′, where p′ couples L

and L′, while p′′ couples L and L′′. According to the theory of degenerate perturbation, p′

will resolve |0⟩ into some superposition |0′⟩ = α|0⟩+β|b1⟩ with a quasienergy shift ⟨0′|P |0′⟩,

while p′′ will resolve |1⟩ into some superposition |1′⟩ = A|1⟩+B|a1⟩ with quasienergy shift

⟨0′|P |0′⟩. Since ⟨0′|P |0′⟩ ̸= ⟨1′|P |1′⟩ in general, the above π quasienergy separation no

longer exists and, consequently, 2T -oscillation is destroyed.

To avoid the above degeneracy problem, the disorder in Jj is required. Assuming that

Jj is taken from the set (π/4− δ, π/4 + δ), the qualitative effect of this disorder on the

quasienergy spectrum is illustrated below. That is, the disorder causes the “broadening" of

the clean quasienergy levels into bands centered at kπ/2 quasienergy due to the π/4 mean of

the disorder. In this case, quasienergy shift due to perturbation can generally be described by

the second-order perturbation theory∑
ε′ ̸=ε

⟨ε|P |ε′⟩⟨ε′|P |ε⟩
e−iε − e−iε′

. (2.8)

That is, such a shift is suppressed by the quasienergy gap e−iε− e−iε′ . As such, the maximum

robustness of the 2T oscillation is obtained when such a quasienergy gap is maximized. It

is now easy to understand why the choice of Jj centered on π/4 is optimal; the quasienergy

band at π/2 has the largest gap with respect to the two quasienergy bands at 0 and π. The

following figure illustrates how other choices of Jj compare with the optimal case above. In

the case of Jj centered around π/2, all quasienergy eigenstates are centered around either 0 or
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±π quasienergies; very large disorder strength is required to break any accidental degeneracy.

This is, therefore, not a good parameter choice.

Further analysis of simulations with different values of bj reveals that for the decoder-

enhanced scenarios, bj = 0.25π emerges as optimal. This optimal setting can be attributed

to the dynamics of quasienergy shifts resulting from perturbations, which can generally be

described by second-order perturbation theory:∑
ε′ ̸=ε

⟨ε|P |ε′⟩ ⟨ε′|P |ε⟩
e−iε − e−iε′

(2.9)

This quasienergy shift is mitigated by the quasienergy gap e−iε − e−iε′ , which is instrumental

in determining the robustness of the 2T-oscillation. Maximization of this gap is crucial to

improving the stability of the system against perturbations. In particular, the quasienergy band

at π/2 presents the largest gap relative to both bands at 0 and π, thereby offering maximal

robustness to the 2 T oscillation under optimal conditions.

2.3.2 Different error rate

We also performed simulations varying the error rate, which is determined by ck in the Floquet

operatorUT . This parameter directly influences the strength and frequency of errors introduced
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into the system, allowing us to assess the robustness of the toric code under different conditions

of quantum noise. In this case, we fix the system size as 3× 3 with 18 qubits. The prefactor of

the logical operator al = 0.4π with a perturbation uniformly selected from (−0.1, 0.1) for each

l. The term bj is chosen as bj = 0.5π with a perturbation uniformly sampled from (−0.5, 0.5)

for each j. The error rate parameter is chosen from the set [0.01π, 0.02π, 0.03π, 0.06π, 0.10π],

with a perturbation uniformly selected from (−0.02, 0.02) for each k. The result is shown in

Fig. 2.5.
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FIGURE 2.5: Simulation results across varying error rates. The logical op-
erator coefficient al = 0.4π with a perturbation uniformly selected from
(−0.1, 0.1). The system size is 3 × 3 with 18 qubits. bj = 0.5π with a per-
turbation uniformly sampled from (−0.5, 0.5) for each j. Error rates ck are
selected from [0.01π, 0.02π, 0.03π, 0.06π, 0.10π] with uniform perturbations
in (−0.1, 0.1). For different error rates, they compare decoder (green) and
without-decoder (purple) results, with time steps on the x-axis and logical Z
operator measurements on the y-axis

We observe that, at lower error rates, the oscillation persists longer. This is expected, as the

collapse of oscillations is due to errors destroying the toric code. Furthermore, for each error
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rate, using a decoder makes the oscillations more pronounced, as the absolute value of the

averaged logical outcome of the measurement Z is higher.

2.3.3 Different system size

Finally, we consider the effect of the system size. Here, we fix bj = 0.5π with auniform

perturbations in (−0.5, 0.5), logical operator coefficient al = 0.4π with perturbations in

(−0.1, 0.1), and error rate ck = 0.02π with perturbations in (−0.02, 0.02). We consider three

system sizes 3 × 2, 5 × 2, and 7 × 2, with 12, 20, and 28 qubits, respectively. Note that

for these system sizes, one logical operator of the toric code has a distance of 2, which is

insufficient for error correction. However, since the toric code encodes two logical qubits,

the other logical operator has distances of 3, 5, and 7 in these cases. Therefore, we can use

these long-distance logical operators for measurements and decoding. The reason we set one

direction to have a distance of 2 is mainly because simulating larger systems is difficult, as

the computational cost grows exponentially with the number of qubits. The simulation result

is shown in Fig 2.6.

FIGURE 2.6: Simulation results with different system sizes. In UT , bj = 0.5π
with a perturbation uniformly sampled from (−0.5, 0.5) for each j. al = 0.4π
with a perturbation uniformly selected from (−0.1, 0.1) for each l. ck = 0.02π,
with a perturbation uniformly selected from (−0.02, 0.02) for each k. We
consider three system sizes 3× 2, 5× 2, and 7× 2, with 12, 20, and 28 qubits,
respectively.
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In Fig. 2.6, we observe that for each size of the system, the oscillations last longer with

the decoder. In addition, decoder effectiveness increases proportionally with system size,

consistent with sub-threshold error rate behavior. Furthermore, we also plot the results of

different system sizes with and without the decoder to directly analyze the effect of the system

size, which is shown in Fig. 2.7. For the case without a decoder, the 2T oscillations are nearly

identical between system sizes since the error rate is the same, and the average logical Z

value depends primarily on this rate. However, with the decoder, the oscillations shift because

of the decoder’s performance. In particular, this enhancement diminishes at T = 18 when

errors exceed the threshold, negating the advantages of larger system sizes.

FIGURE 2.7: Simulation results for different system sizes are shown. The
parameters are the same as before, but we separately plot the cases with and
without the decoder to directly analyze the effect of system size.

2.4 Outlook

The simulation code can be found on Github 1. To give more persuasive results, we consider

scaling up the system size further. However, since we perform an exact simulation through

the code state, a 7× 2 size toric code system evolution requires approximately ten days to

complete on a high-performance computing system. Therefore, the current simulation method

1https://github.com/Guangqi-Phys/DTC-toric/tree/master
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is computationally constrained and is incapable of performing simulations on a larger system

size.

Nevertheless, tensor network approaches may offer a viable alternative for larger systems.

This approach is notably more efficient for simulating systems with mild entanglement.

As a simplification method, the tensor network framework allows us to effectively control

the entanglement between qubits. For example, in the case of 1D gapped systems, the

entanglement is naturally bounded due to the area law [128], making MPS an adequate

representation of the system. The toric code n× 2 can be modeled using a one-dimensional

matrix product state (MPS) and representing the Floquet operator as a matrix product operator

(MPO). Future work will employ tensor networks to investigate size-dependent behaviors of

discrete time crystals in the toric code.



CHAPTER 3

Energy barrier of hypergraph product codes

3.1 Introduction

Quantum computers are capable of solving problems that are likely intractable for classical

computers, such as factoring of large integers [2] and simulation of quantum systems [1,

129]. However, realistic quantum computers are noisy. In order to build a useful quantum

computer capable of carrying out such computational tasks, quantum error correction is likely

necessary.

Since the discovery of the first quantum error-correcting code [18], much progress has been

made towards finding better codes. While the leading approach to scalable quantum error

correction has been the surface code [121] for nearly 20 years, lately there has been a surge

of interest in using quantum low-density parity check (LDPC) codes. This recent interest is

in part due to Gottesman, who showed that with quantum LDPC codes, one can achieve a

constant overhead for fault-tolerant quantum computation [39]. A well-known approach to

construct such codes is the hypergraph product construction [40]. More recent studies led to

the development of other families of quantum LDPC codes with improved parameters [41, 42,

43, 44, 45, 46, 47, 48, 49]. Moreover, recent studies suggest that there are viable fault-tolerant

quantum computing architectures that can host such codes [50, 5, 51].

One challenge in using these codes lies in the decoding. While there are general methods

such as the BP+OSD decoder [71], it is a priori not obvious how well such a general-

purpose decoder would work for a given code. One attractive approach is to use codes that

have an extensive energy barrier. For such codes, a simple process that iteratively lowers
54
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the energy (quantified in terms of the number of stabilizers violated) is a viable decoder

candidate. Alternatively, such a model can be viewed as a candidate for self-correcting

quantum memory, protecting quantum information by the macroscopic energy barrier. This

has been demonstrated for codes with confinement using a thermal Gibbs “decoder" [130].

(We note that the energy barrier is not a sufficient condition for building a self-correcting

quantum memory [131, 104, 105], though it is nevertheless a necessary condition.)

Such approaches work well for four-dimensional (4D) toric code [132] and the quantum

expander code [102, 106], both of which have extensive energy barriers. Unfortunately,

rigorous bounds on the energy barrier are hard to come by and often derived for specific codes

(or family of codes) [133, 104, 102, 134, 135].

In this paper, we prove a tight bound on the energy barrier for the hypergraph product

codes [40], defined in terms of the energy barrier of the underlying classical codes. The

hypergraph product is defined in terms of the parity check matrices (or equivalently, the

Tanner graphs) of two classical codes. While there are codes with better parameters [44, 46,

45, 47], the hypergraph product remains a flexible framework for constructing quantum LDPC

codes with many advantages, such as the variety of decoders [102, 106, 71, 72, 136], logical

gates [108, 137, 138], and distance-preserving syndrome extraction circuit [50, 112].

Now, we describe our main result. Without loss of generality, consider a hypergraph product

of two classical codes, defined in terms of the parity check matrices H1 and H2. We denote

the parity check matrix of the resulting quantum code as H(H1,H2). For both the quantum and

the classical code, we denote the energy barrier as ∆(H), where H can be a parity check

matrix of the quantum or the classical code. We prove that under a modest condition,

∆(H(H1,H2)) = min(∆(H1),∆(H2),∆(HT
1 ),∆(HT

2 )), (3.1)

whereHT is the transpose ofH . Eq. (3.1) holds if the energy barriers of the classical codes are

larger than or equal to a certain sparsity parameter of the code. Importantly, if the underlying

codes are LDPC, then the sparsity parameter is O(1). Therefore, Eq. (3.1) holds if the energy

barriers of H1, H2, H
T
1 , and HT

2 grow as the code size grows. If this condition is not satisfied,
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the energy barrier is bounded by a constant, a fact that follows trivially from the definition of

the hypergraph product code.

The proof of Eq. (3.1) is based on two results. First, if two logical operators of a quantum

LDPC code are equivalent up to a stabilizer, their energy barriers differ only by a constant

related to the code’s sparsity parameters wc, wq [Theorem 3.3.1]. Due to this result, proving

the energy barrier for a given code reduces to proving the energy barrier for any complete set

of logical operators, which can be a much smaller set than the set of all logical operators. We

then identify a set of logical operators for which the exact energy barrier can be determined

in terms of the energy barriers of the underlying classical codes. Together, these two results

imply Eq. (3.1).

As an application, we provide a simple proof that the quantum expander code [102, 106] has

a macroscopic energy barrier. We remark that the energy bound for this code also follows

from Lemma 11 of Ref.[106], though our technique can be applied more generally.

3.2 Energy barrier of codes

We first present a formal definition of the energy barrier for stabilizer codes [139]. Let C

be the code subspace of a stabilizer code, defined in terms of the stabilizer group S. The

code subspace can be viewed as the ground state subspace of a Hamiltonian of the form

Ĥ =
∑m

i=1(I − si)/2, where {s1, . . . , sm} ⊂ S is a set of generators. Note that the energy

barrier depends on the choice of the generating set, the energy barrier is a physical concept

rather than an intrinsic mathematical property of codes. Specifically, the energy barrier

depends on the interactions of a system and the terms in its Hamiltonian. For a stabilizer code,

many different generating sets can define the same code space, but the choice of generating set

determines the Hamiltonian and thus the energy landscape. In this sense, the energy barrier

is dependent on the choice of generating set.. For an operator P in the Pauli group P , the

energy of the state P |ψ⟩ is given by ⟨ψ|P †ĤP |ψ⟩ = ϵ(P ). Here |ψ⟩ is any ground state with

⟨ψ| Ĥ |ψ⟩ = 0, and ϵ(P ) is the energy cost of P . This is the number of sis that anticommute

with P , i.e., ϵ(P ) = |{i : siP = −Psi}|. Equivalently, one may define the energy barrier in
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terms of the parity check matrix H of the stabilizer code (note that in the chapter, we use Ĥ

to denote the Hamiltonian, and use H to denote parity check matrix). Let v(P ) be the binary

(bit-string) representation of a Pauli P :

ϵ(P ) = wt(Hv(P )). (3.2)

A sequence P0, P1, . . . , Pt from the Pauli group P forms a path from P0 to Pt if for each

index i, the operators Pi and Pi+1 differ at no more than one qubit. The notation w(P0, Pt)

represents the collection of all such paths from P0 to Pt. For r ∈ w(P0, Pt), ϵmax(r) denotes

the highest energy along path r, i.e., ϵmax(r) = maxPi∈r ϵ(Pi), as the energy barrier of E

along the path r.

The minimum energy associated with a Pauli P is the smallest value of ϵmax across all possible

paths from 0 to P . This is the energy barrier of P , denoted as ∆(P ):

∆(P ) = min
r∈w(I,P )

ϵmax(r). (3.3)

The energy barrier of the quantum code is the minimum energy barrier over the set of nontrivial

logical operators.

DEFINITION 3.2.1. Given a quantum code with stabilizer generating set S, let H be the parity

check matrix corresponding to S, and let L(S) be the set of nontrivial logical operators. Then

the energy barrier is

∆(H) := min
ℓ∈L(S)

∆(ℓ). (3.4)

This is the smallest energy the environment has to overcome to enact a logical operation

on the encoded qubit. We can similarly define the energy barrier of classical codes by only

considering the path formed by Pauli-Xs. We shall denote this energy barrier also as ∆(H),

where H in this case is the parity check matrix of the classical code.
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In the following, as examples, we examine the energy barrier of some classical and quantum

codes.

Case 1: 1D repetition code. The one-dimensional repetition code can be regarded as

analogous to a one-dimensional Ising model:

H = −
∑

0<j<L

ZjZj+1. (3.5)

The code space encompasses the states |0 . . . 0⟩ and |1 . . . 1⟩. It is readily verifiable that the

energy barrier of this system remains constant, as the transition from |0 . . . 0⟩ to |1 . . . 1⟩

incurs a fixed, constant energy cost.

|000 . . . 0⟩ → |100 . . . 0⟩ → |110 . . . 0⟩ → . . .→ |111 . . . 1⟩ . (3.6)

During this process, at each step, only two checks adjacent to the defect (which is a point at

the location of |10⟩) exhibit anticommutation with the error. Consequently, the energy barrier

remains constant, independent of the system size.

Case 2: 2D Ising model. The 2D Ising model has the Hamiltonian

H = −
∑

0<i,j<L

Zi,jZi+1,j −
∑

0<i,j<L

Zi,jZi,j+1. (3.7)

The system is defined on an L × L square lattice with periodic boundary conditions. The

ground state of this Hamiltonian also has two distinct states: |0 . . . 0⟩ and |1 . . . 1⟩. In this

case, it is a self-correcting classical memory, because the energy barrier is proportional to

the linear size of the system. Intuitively, for a transition from state |0 . . . 0⟩ to |1 . . . 1⟩, all

spins must be flipped. The defect then takes the form of a line corresponding to the linear

dimensions of the system, ensuring that the energy barrier is O(L). It has been shown to be a

self-correcting memory at a sufficiently low temperature[140, 141].

Case 3: 2D Toric code. As discussed in Chapter 2, the 2D toric code encodes quantum

information within a two-dimensional lattice with periodic boundary conditions. The logical

operators of the toric code are defined as global loops possessing a topologically distinct

structure from the local loops generated by the stabilizers, forming a 1D string. In addition,
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any string errors cause stabilizers to anticommute only at the endpoints, thus the energy

barrier, according to its definition, is the number of endpoints, which is 2 in this case, thus the

energy barrier is a constant O(1).

Case 4: 4D Toric code. In the 4D case, the logical operators have a two-dimensional

membrane structure. To induce a logical error, for example, a logical X , it is necessary to flip

all the qubits of the membrane. This implies that, throughout this process, the defect forms a

line, as in the case of the 2d Ising model. Thus, similarly, the energy barrier is proportional

to the linear size of the system. The 4D Toric code has been rigorously verified to exhibit

exponential storage times τ ∝ exp(L), where L is the linear size. When operating below the

critical temperature, it is a self-correcting quantum momery[132].

3.3 Quantum LDPC codes and their energy barriers

A quantum LDPC code is a stabilizer code with a sparse parity-check matrix; see [37, 38]

for recent reviews. The sparsity parameters are wc and wq, which are the maximum row

and column weights of the parity check matrix, respectively. These represent the maximum

weight amongst all the checks and the maximum number of checks associated with a single

bit. A code is LDPC if wc, wq = O(1).

Here, we prove a property that holds true for any quantum LDPC code. It states that the

energy barrier of two logical operators equivalent under stabilizers are equal, provided that

at least one of their energy barriers is larger than or equal to wcwq. For quantum LDPC

codes, wcwq = O(1). Therefore, if the energy barrier is Ω(1) for any given non-trivial logical

operator, it must also be the same energy barrier for any equivalent logical operator.

We first prove the following bound.

LEMMA 3.3.1. Let C be a quantum code with sparsity parameters (wc, wq). For any stabilizer

s ∈ S,

∆(s) ≤ wcwq. (3.8)
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PROOF. Without loss of generality, any stabilizer s can be expressed as a product s =

s1 · · · sm, where s1, . . . , sm are the stabilizer generators. Consider a path that applies si in

sequence, from i = 1 to m. For each si, we envision applying a (sub)sequence of Paulis in

the support of si. This subsequence has a length of at most wc, and each single Pauli error in

the sequence anti-commutes with at most ωq stabilizers in the Hamiltonian of LDPC codes.

Therefore, the highest energy attained within this subsequence is at most wcwq. Once si is

applied, the energy cost becomes zero. Therefore, ∆(s) ≤ wcwq. □

FIGURE 3.1: Graphical illustration of the energy barrier for any stabilizer S of
quantum LDPC codes. Any stabilizer can be decomposed as S = s1s2 · · · sm,
where s1, s2, . . . , sm are constant-weight stabilizers. This naturally defines
a construction path for S by sequentially constructing s1, s2, . . . , sm. Con-
sequently, the energy barrier of S is bounded by the energy barriers of these
constant-weight stabilizers, which are constant.

THEOREM 3.3.1. Let C be a (wc, wq) quantum LDPC code with stabilizer group S. For any

logical X or Z operator L of C and any stabilizer s ∈ S,

∆(Ls) ≤ max(∆(L), wcwq). (3.9)

PROOF. Without loss of generality, consider a path r = (ℓ1, . . . , ℓN) ∈ w(0, L). We can

consider a new path r′ ∈ w(0, Ls) by appending r with a sequence δr ∈ w(0, s), forming

(ℓ1, . . . , ℓN , ℓ
′
1, . . . , ℓ

′
M) where δr = (ℓ′1, . . . , ℓ

′
M). By assumption,

ϵmax(r
′) = max(ϵmax(r),∆(s)). (3.10)

According to Lemma 3.3.1, ∆(s) ≤ wcwq. It implies that for any given path r, there exists a

path r′ such that ϵmax(r
′) ≤ max(ϵmax(r), wcwq). Choose r such that ∆(L) = ϵmax(r). Since

∆(Ls) ≤ ϵmax(r
′), we have ∆(Ls) ≤ max(∆(L), wcwq). □
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We remark that using the same logic, one can deduce ∆(L) = ∆(Lss) ≤ max(∆(Ls), wcwq).

Consequently, if ∆(L) ≥ wcwq or ∆(Ls) ≥ wcwq, ∆(L) = ∆(Ls). Therefore, to determine

the asymptotic scaling of the energy barrier of a quantum LDPC code, it suffices to consider

the energy barrier of any fixed complete set of logical operators. Once an energy barrier

is obtained for such a set, the energy of all the other logical operators is also essentially

determined, thanks to Theorem 3.3.1.

However, it is a priori not obvious how to choose such a set. Below, we will solve this problem

for a large family of quantum codes known as the hypergraph product code [40].

3.4 Hypergraph product code and its logical operators

Hypergraph product codes are CSS codes formed from two classical linear codes. Without

loss of generality, let H1 and H2 be r1 × n1 and r2 × n2 parity check matrices, respectively.

The parity-check matrix of the hypergraph product code becomes [40]:

HX =
(
H1 ⊗ In2 Ir1 ⊗HT

2

)
,

HZ =
(
In1 ⊗H2 H

T
1 ⊗ Ir2

)
.

(3.11)

Because HXH
T
Z = 0, these two parity check matrices define a CSS code, with a quantum

parity check matrix

H(H1,H2) =

 HX 0

0 HZ

 . (3.12)

The classical codes defined by H1, H2, H
T
1 , and HT

2 form the parent classical codes. Without

loss of generality, we will assume that Hi and HT
i define codes with parameters [ni, ki, di]

and [ri, k
T
i , d

T
i ], for i = 1, 2. Under this assumption, the quantum code has parameter [40][

[n1n2 + r1r2, k1k2 + kT1 k
T
2 ,min(d1, d2, d

T
1 , d

T
2 )]
]
. (3.13)

Hypergraph product codes can also be understood through the tensor product of chain

complexes. The properties of the corresponding homology groups are used to derive code
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parameters. See the Appendix for an overview of homology and the homological structure of

hypergraph product codes.

3.4.1 The graph structure of hypergraph product codes

Given two classical linear codes C1 and C2. Let G1(V1, C1, E1) and G2(V2, C2, E2) be the

Tanner graphs of C1 and C2. The hypergraph product is defined by the product graph G1 × G2,

which is a bipartite graph with vertex set V ∪ C, where

V = V1 × V2 ∪ C1 × C2, (3.14)

C = C1 × V2 ∪ V1 × C2. (3.15)

Then one can define two new classical codes, one is GX = GX(G1 × G2) as the subgroup of

G1 × G2 with bit set V and check set C1 × V2, another is GZ = GZ(G1 × G2) as the subgroup

of G1 × G2 with bit set V and check set V1 × C2, see Fig. 3.2. It can be verified [40] that

GX(G1 × G2)⊥ ⊂ GZ(G1 × G2). (3.16)

Such pair (GX ,GZ) defines a CSS code, which is the desired hypergraph product code.

Furthermore, suppose G1 have a parity check matrix H1 of size r1×n1, while G2 have a parity

check matrix H2 of size r2 × n2.

Just as in the classical case, each codeword is a binary string, with each bit regarded as a unit

vector; the same applies to each check. In constructing hypergraph product codes, we have

two classical codes. We can arrange one code horizontally (say C1) and another vertically

(C2). Thus, the bits and checks of C1 can be regarded as horizontal unit vectors, while those

of C2 are vertical unit vectors. Since the final qubit set comprises two parts, V1 × V2 and

C1 × C2, we have two tensor product components (formed by the tensor product of the two

sets, which is constructed from the tensor products of individual elements from each set), each

with its own horizontal and vertical structure. Moreover, the logical operators of classical

codes can also be regarded as vectors. In the next section, we will see that, for example, the
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FIGURE 3.2: Graphical illustration of the Tanner graph of the hypergraph
product codes. The Tanner graphs of GX (G1 × G2) and GZ (G1 × G2) are given
by the edges of G1 × G2 which join V to C1 × V2 for GX (the corresponding
edges are denoted by solid lines) and which join V to V1 × C2 for GZ (the
corresponding edges are indicated by dashed lines) [40].

tensor product (normal tensor product of two vector) of a logical operator of C1 and a unit bit

vector of C2 yields a logical operator of the hypergraph product code. This logical operator is

horizontal on the V1 × V2 part; similarly, we have vertical logical operators.

We use the toric code as an example. The toric code is a hypergraph product of two 1D

repetition codes. As shown in Fig. 3.4(a), both the horizontal and vertical codes are 1D

repetition codes. The V1 × V2 part is represented by green dots, while the C1 × C2 part is

represented by orange dots. Fig. 3.4(b) and (c) show the logical operators of the toric code:

the logical Z operator is a vertical vector on V1 × V2 but horizontal on C1 × C2, while the

logical X operator is a horizontal vector on V1 × V2 but vertical on C1 × C2.

3.4.2 Canonical logical operators

We now introduce a particularly useful set of logical operators, which we refer to as the ca-

nonical logical operators [142, 112]. For the Z-type logical operators, consider the following
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operator ∑k,j λkjxk ⊗ yj∑
ℓ,m κℓmaℓ ⊗ bm

 , (3.17)

where (i) H1xi = HT
2 bm = 0 and (ii) yj ̸∈ Im(HT

2 ) and aℓ ̸∈ Im(H1) are unit vectors. We

note that j ∈ {1, . . . , k2} and ℓ ∈ {1, . . . , kT1 } and that the set of logical operators expressible

in this form is complete [142, 112], which means all k1k2 + kT1 k
T
2 logical operators are

provided. A canonical logical operator is elementary if only one of the coefficients, either

λkj or κℓm, equals one. A similar form of canonical X-type logical operators can also be

constructed. Because our discussion below can be applied to such operators with little change,

we omit the discussion about the X-type logical operators.

Let G1(V1, C1) and G2(V2, C2) be the Tanner graphs of codes defined by H1 and H2, respect-

ively. Here, V1 and V2 represent the set of bits, and C1 and C2 denote the set of checks.

We use {vi1 : i ∈ {1, 2, · · ·n1}} (resp. {vj2 : j ∈ {1, 2, · · ·n2}}) to refer to bit vertices in

V1 (resp. V2), and also as length n1 (resp. n2) unit vectors with the ith (resp. jth) entry

as 1. The hypergraph product G1 × G2 is a bipartite graph with vertex set V ∪ C, where

V = V1 ⊗ V2 ∪ C1 ⊗ C2 is the qubit set and C = C1 ⊗ V2 ∪ V1 ⊗ C2 is the stabilizer set.

The set of qubits can be partitioned into two subsets, V1⊗ V2 and C1×C2. For HX , H1⊗ In2

acts on V1 ⊗ V2 and Ir1 ⊗HT
2 acts on C1 ⊗ C2. Moreover, the subset V1 ⊗ V2 can be further

partitioned into n2 subsets {V1⊗v12, V1⊗v22, · · · , V1⊗v
n2
2 }, where V1⊗vk2 := {v⊗vk2 : v ∈ V1}

and V2 = {v12, . . . , v
n2
2 } [Fig. 3.3].

Thus a Z-type Pauli operator can be expressed as a bit-string z =
(
z(1), z(2)

)T , where z(1)

is supported on the qubit subset V1 ⊗ V2 with vector space Fn1
2 ⊗ Fn2

2 , and z(2) is supported

on the qubit set C1 ⊗ C2 with vector space Fr12 ⊗ Fr22 . Because z(1) and z(2) act on a tensor

product of two vector spaces, one can view them also as a matrix. (For instance, vi ⊗ uj for

unit vectors vi and uj can be viewed as a matrix whose entry is 1 on the i’th row and the

j’th column and zero elsewhere.) We call this procedure as vector reshaping, and explain

a few basic facts in the Appendix. After the reshaping, z(1) and z(2) become Z(1) and Z(2)

respectively. Here, Z(1) is an n1 × n2 matrix, and the entry Z(1)
i,j is supported on qubit vi1 ⊗ v

j
2.

Moreover, the jth column Z(1)
j is supported on qubits {v11⊗ v

j
2, v

2
1⊗ v

j
2, · · · , vn1

1 ⊗ v
j
2}, which
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FIGURE 3.3: Graphical illustration of the hypergraph product structure: (a)
The qubit subset V1 ⊗ V2 is partitioned into {V1 ⊗ v12, V1 ⊗ v22, . . . , V1 ⊗ v

n2
2 },

where {v12, v22, . . . , v
n2
2 } ∈ V2. (b) The qubit subset C1 ⊗ C2 is divided into

{c11⊗C2, c
2
1⊗C2, . . . , c

r1
1 ⊗C2}, with {c11, c21, · · · , c

r1
1 } ∈ C1. An elementary

canonical logical operator (x̄k ⊗ yj, 0r1r2)T resides on the qubit subset V1⊗ vj2
if yj = vj2. Similarly, the logical operator (0n1n2 , aℓ ⊗ b̄m)T is localized on the
subset ci1 ⊗ C2 if ci1 = aℓ.

we refer to as V1 ⊗ vj2. Similarly, the subset C1 ⊗ C2 can be partitioned into r1 rows, and ith

row is supported on qubit subset ci1 ⊗ C2 (defined similarly).

An elementary canonical logical-Z operator, which is in the form (x̄k ⊗ yj, 0r1r2)
T (where

0r1r2 is the r1r2-dimensional zero vector), is supported on the subset V1 ⊗ vj2 if yj = vj2. In

the matrix form, it is supported on the jth column of Z(1).

It would be instructive to discuss an example of the canonical logical operators. It is well-

known that Kitaev’s toric code [121] can be viewed as two copies of 1D repetition code [40].

In this context, the canonical logical operators are the string operators of minimal lengths

[Fig. 3.4].

3.5 Energy barrier of hypergraph product code.

We now study relationship between the energy barrier of hypergraph product codes and their

underlying classical codes. We first upper bound the energy barrier of the hypergraph product

code in terms of the energy barrier of the classical codes. We then prove a matching lower

bound, establishing their equivalence.
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FIGURE 3.4: The hypergraph product construction of the Toric code from
two repetition codes (periodic boundary conditions). (a) Delineates the two
subsets of qubits, V1⊗ V2 and C1⊗C2. (b) Show the logical X operator (blue
circles) and the logical-Z operator (red circles) within the subset V1 ⊗ V2. (c)
Showcasing the logical X (blue circles) and Z (red circles) operators within
the subset C1 ⊗ C2.

3.5.1 Upper bound

The upper bound on the energy barrier can be obtained by considering a specific path from

the identity to some logical operator. By choosing this logical operator to be a canonical

logical operator, we obtain an upper bound. First, consider an elementary canonical logical

operator of the form of (x̄k ⊗ yj, 0r1r2)T , where 0r1r2 is the r1r2-dimensional zero vector. We

will consider a path consisting of the operators of the form of (xi⊗ yj)T from i = 1 to i = N ,

interpolating between x1 = (0, . . . , 0)T to xN = xk. The energy at the ith step is precisely

wt(H1xi), which is the energy of the classical code H1 evaluated with respect to xi. Because

xN = xk is a codeword of H1, the energy barrier along this path is at most ∆(H1).

Similarly, we can consider a path of the form of (0n1n2 , aℓ ⊗ bi) from i = 1 to i = N ,

interpolating between b1 = (0, . . . , 0)T to bN = bm, where bm is a codeword of HT
2 . This

yields an energy barrier upper bound of ∆(HT
2 ). Together, we obtain an energy upper bound
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of min(∆(H1),∆(HT
2 )) for the canonical logical-Z operators. A similar argument can be ap-

plied to the canonical logical X operators, yielding an upper bound of min(∆(H2),∆(HT
1 )).

3.5.2 Lower bound

We now prove a matching lower bound for the energy barrier of the canonical logical-Z

operators.

PROPOSITION 3.5.1. For any nontrivial canonical logical-Z operator L,

∆(L) ≥ min(∆(H1),∆(HT
2 )). (3.18)

We introduce two lemmas (Lemma 3.5.1 and Lemma 3.5.3) to prove this proposition. We use

the following convention in the proof. A path r = {P0, P1, . . . , PF} is said to be supported

on U ⊆ V if the support of all Pi in r is included in U .

Consider an elementary canonical logical-Z operator L supported on V1⊗ vα2 . Suppose ∆(L)

is given by a path r. The main idea behind the proof of Lemma 3.5.1 is to deform a general

path r into a new path r′, supported on V1 ⊗ vα2 . Importantly, we show that the energy barrier

of r′ is no greater than that of the original path r. A similar argument can be applied to prove

Lemma 3.5.3.

LEMMA 3.5.1. For any elementary canonical logical-Z operator L supported on V1 ⊗ vα2
(resp. cβ1 ⊗ C2), there exists an optimal error path P such that: All errors along P are

supported on V1 ⊗ vα2 (resp. cβ1 ⊗ C2), and the energy barrier of L is achieved by this path P .

Now we prove this lemma. Recall that a Z-type Pauli error of the hypergraph product code

can be expressed as a bit-string z =
(
z(1), z(2)

)T . The corresponding energy ϵ(z) = wt(HXz)

is

ϵ(z) = wt
(
(H1 ⊗ In2)z

(1) + (Ir1 ⊗HT
2 )z

(2)
)
. (3.19)

By applying vector reshaping, the energy can be written as

ϵ(z) = wt
(
H1Z

(1) + Z(2)H2

)
, (3.20)
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where Z(1) and Z(2) are the matrices reshaped from z(1) and z(2), respectively. The jth column

of Z(1) is supported on qubit subset V1 ⊗ vj2.

Using Eq. (3.20), we aim to prove a lower bound on the energy ϵ(z) [Lemma 3.5.2]. To that

end, we shall use the following convention. Let Lc be a nontrivial codeword of H2. The set of

columns of Z(1) associated with the nonzero entries of Lc will play an important role. We

define the index set of such columns as C(Lc):

C(Lc) := {j : (Lc)j = 1}. (3.21)

Given a codeword Lc of H2, one can construct a vector z1,s from Z(1) by summing all the

columns in the set C(Lc). More formally,

z1,si =
∑

j:j∈C(Lc)

Z
(1)
ij , (3.22)

where the addition is modulo 2. For example, if Lc = 110100, we would sum columns 1, 2,

and 4. Using Eq. (3.22), we can deform an arbitrary path to a path consisting of Paulis only

supported on subset V1 ⊗ vk2 for some k.1 In particular, we can prove an inequality between

the energy of the original Pauli and the deformed Pauli, proved in Lemma 3.5.2.

LEMMA 3.5.2.

wt(H1z
1,s) ⩽ wt

(
H1Z

(1) + Z(2)H2

)
. (3.23)

PROOF. We prove this by contradiction. Consider the row spaces of H1z
1,s and H1Z

(1) +

Z(2)H2. If wt(H1z
1,s) > wt

(
H1Z

(1) + Z(2)H2

)
, then there exists a row j such that

wt((H1z
1,s)row j) > wt

(
(H1Z

(1) + Z(2)H2)row j

)
. (3.24)

We will prove that Eq. (3.24) cannot be satisfied, thereby proving the claim.

Without loss of generality, consider the j’th row. SinceH1z
1,s is a r1×1 vector, wt((H1z

1,s)row j)

must be either 0 or 1. If wt((H1z
1,s)row j) = 0, Eq. (3.24) cannot be satisfied. Therefore, we

consider the wt((H1z
1,s)row j) = 1 case.

1The precise choice of k does not matter; any k ∈ C(Lc) would suffice.
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If wt((H1z
1,s)row j) = 1, (H1Z

(1))row j must contain an odd number of ones on the columns in

the set C(Lc). Otherwise, we would have had wt((H1z
1,s)row j) = 0, which is a contradiction.

On the other hand, we remark that (Z(2)H2)row j consists of an even number of ones on the

column set C(Lc). To see why, note that each row of Z(2)H2 is a linear combination of the

checks in H2. Because Lc is a codeword of H2, (Z(2)H2)row,jLc = 0. Therefore, in the

wt((H1z
1,s)row j) = 1 case, the number of ones in H1Z

(1) + Z(2)H2 on the j’th row and the

columns in C(Lc) is odd.

Thus we conclude wt
(
(H1Z

(1) + Z(2)H2)row j

)
≥ 1. As such, Eq. (3.24) cannot be satisfied.

This completes the proof. □

Now we are in a position to prove Lemma 3.5.1. We do so by identifying a path r′ =

{P ′
0, P

′
1, · · · , P ′

F} that is only supported on V1 ⊗ vα2 while ensuring that ϵmax (r
′) ⩽ ϵmax(r).

Lemma 3.5.2 suggests a way to deform the path r to the one supported on V1 ⊗ vα2 .

Without loss of generality, let r = {P0, P1, · · · , PF} be a path that ∆(L) = ϵmax(r), with

P0 = I and PF = L. We consider a Pauli Pi in the path r. It will be convenient to work

in its binary representation, written as (p(1), p(2))T , where p(1) and p(2) represent the Paulis

supported on V1 ⊗ V2 and C1 ⊗ C2, respectively. First, we remove all the Paulis supported on

C1 ⊗ C2 by setting p(2) as the zero vector. Next, we apply the following transformations to

p(1). We reshape p(1) and refer to the reshaped matrix as P (1). Let Lc be a codeword of H2

such that (Lc)α = 1. Consider a set of columns in P (1) corresponding to the index set C(Lc).

Denoting each column as uk, where k ∈ C(Lc), we update the column uα in the following

way:

uα → uα +
∑

k∈C(Lc)\{α}

uk. (3.25)

Afterward, the other columns of P (1) are set to the zero vector. This yields the deformed Pauli

operator P ′
i .

By construction, the resulting P ′
i is supported on V1 ⊗ vα2 . Note that r′ is a valid path because

wt(P ′
iP

′
i+1) ≤ 1 for every i. Also, because P ′

F = PF = L, r′ is still a path for L. Moreover,

because ϵ (P ′
i ) ⩽ ϵ (Pi) for all i [Lemma 3.5.2], we have ϵmax (r

′) ⩽ ϵmax(r). Both r′ and r
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are paths for L, by definition ϵmax (r
′) ⩾ ϵmax(r), we conclude ϵmax (r

′) = ϵmax(r). Thus, by

deforming r, we obtained a new path r′ supported on V1 ⊗ vα2 that yields the energy barrier

∆(L).

This argument can be applied to prove similar lower bounds for logical operators on cβ1 ⊗ C2.

To conclude, for any elementary canonical logical operator L supported on V1 ⊗ vα2 (resp.

cβ1 ⊗ C2), their energy barrier can be given by a path supported on V1 ⊗ vα2 (resp. cβ1 ⊗ C2).

Thus, we finish the proof of Lemma 3.5.1.

Another lemma we need to prove to establish the lower bound of the energy barrier is

LEMMA 3.5.3. For any nontrivial canonical logical-Z operator L, the energy barrier ∆(L)

is greater than or equal to the minimum energy barrier of the elementary canonical logical-Z

operators.

PROOF. Any nontrivial canonical logical-Z operator L belongs to one of the following

categories:

• Case 1: L is supported solely on the qubit subset V1 ⊗ V2.

• Case 2: L is supported solely on the qubit subset C1 ⊗ C2.

• Case 3: L is supported on both subsets.

We will focus solely on Case 1. Case 2 can be analyzed similarly by considering subsets

C1 ⊗ C2, while case 3 can be treated as Case 1 or 2.

Without loss of generality, let the energy barrier ofL be attained by a path r = {P0, P1, · · · , PF},

with P0 = I and PF = L. Similar to the approach taken in Lemma 3.5.1, we aim to deform

the path r to the one supported on V1 ⊗ vk2 for some k, such that the energy barrier of the

deformed path lower bounds that of the r.

The deformation works in the same way as in the proof of Lemma 3.5.1. We describe this

procedure again for the readers’ convenience. Let Lc be a nontrivial codeword of H2 and

C(Lc) be its corresponding column index set. We consider a binary representation of a Pauli

Pi, written as (p(1), p(2))T . As in the proof of Lemma 3.5.1, we remove the Paulis supported
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on C1 ⊗C2 by setting p(2) as the zero vector. Next, reshape p(1) into a matrix P (1) and update

its columns in the following way. Choose α ∈ C(Lc). This column is updated as Eq. (3.25).

The other columns of P (1) are converted to zero vectors.

Thanks to Lemma 3.5.2, we obtain a new path r′ = {P ′
0, P

′
1, · · · , P ′

F} supported on V1 ⊗ v2α
with the property ϵmax (r

′) ⩽ ϵmax (r). Note that P ′
F , in the binary representation, is of the

form x̄⊗ v2α, where x̄ is a codeword of H1. Therefore, P ′
F is either a nontrivial elementary

canonical logical operator or the identity. In the latter case, P ′
F is the trivial codeword (zero

vector) in the binary representation. Henceforth, we denote this as L′ = P ′
F .

If L′ is nontrivial, we can use the relation between the energy barriers of L and L′:

∆(L) = ϵmax(r) ⩾ ϵmax(r
′) ⩾ ∆(L′). (3.26)

Because L′ is an elementary logical operator, ∆(L) is greater or equal to the minimum energy

barrier of elementary canonical logical operators. Thus, if L′ is nontrivial, the proof follows

immediately.

If L′ is an identity, the above argument does not work. Fortunately, it turns out that for any

L′, one can choose Lc (the codeword of H2 used in the current proof) such that L′ is not an

identity.

Without loss of generality, consider a canonical logical-Z operator L, expressed as

L =

∑k,j λkjx̄k ⊗ yj
0r1r2

 , (3.27)

where (i) H1x̄i = 0 and (ii) yj /∈ Im
(
HT

2

)
are unit vectors. If a given path ends with L, its

deformation (using Eq. (3.25)) yields the following operator L′:

L′ =

∑k ckx̄k ⊗ yα
0r1r2

 , (3.28)
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where α ∈ C(Lc) and ck is defined as

ck :=
∑

j∈C(Lc)

λkj. (3.29)

Note that L′ is trivial if and only if ck = 0 for all k. Therefore, we aim to prove that there

exists a choice of Lc such that ck = 1 for at least one k.

Let us prove the contrapositive. Suppose ck = 0 for all k, for any choice of Lc. Consider the

following vector:

uk :=
∑
j

λkjyj. (3.30)

Note that ck = uTkLc. By our assumption, ck = 0 for any choice of Lc, and so the inner

product of uk with any codeword of H2 must be zero. On the other hand, uk, if it is nonzero,

must lie outside of Im(HT
2 ) by the definition of the yj’s. Thus, uk is not an element of the

row space of H2. However, this is a contradiction for the following reasons. For a linear code,

let H and G be the parity check matrix and the generator matrix. Then vTG = 0 if and only

if v is a vector in the row space of H . In our setup, if ck = 0 for any Lc, then uTkG2 = 0. This

implies that uk must be in the row space of H2, which contradicts the fact that it lies outside

of Im(HT
2 ). To conclude, there must be at least one k such that ck = 1. Thus, there is always

a choice of Lc such that L′ is not an identity, thereby proving the claim.

Case 2 can be analyzed similarly to Case 1 by considering rows in the subset C1 ⊗ C2. For

Case 3, one can treat it just as Case 1 or Case 2. For example, when treating it as Case 1, the

logical operator L has a nontrivial part in the subset V1 ⊗ V2. One can prove there exists a

codeword Lc of H2, such that after the deformation, the resulting L′ is a nontrivial elementary

canonical logical operator.

□

Let L = (x̄k⊗vj2, 0r1r2)T be an elementary canonical logical-Z operator, supported on V1⊗vj2.

Lemma 3.5.1 implies there is a path r supported on V1 ⊗ vj2 that attains the energy barrier of

∆(L).
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Using such a path, we can prove a lower bound on the energy barrier of L. Without loss of

generality, let r = (P0, P1, · · · , PF ) with P0 = I and PF = L. Because this path is supported

on V1 ⊗ vj2, in the binary representation, each Pi becomes ui ⊗ vj2 for some ui ∈ V1. In

particular, at the i’th step, the energy is wt(H1ui), which is exactly the energy of the classical

code with respect to ui ∈ V1. Because u1 = (0, . . . , 0) and uF = x̄k for some codeword

x̄k of H1, the path (u0, . . . , uF ) must have an energy barrier of at least ∆(H1). Similarly,

for any elementary canonical logical-Z operator L on subset cβ1 ⊗ C2, one can show that

∆(L) ≥ ∆
(
HT

2

)
. Then Lemma 3.5.3 imeidately implies Proposition 3.5.1.

3.5.3 Energy barrier

Since the lower bound and the upper bound match, the energy barrier of the canonical

logical-Z operators is precisely min(∆(H1),∆(HT
2 )). Similarly, the energy barrier of the

canonical logical-X operators can be shown to be min(∆(H2),∆(HT
1 )). Moreover, due to

Theorem 3.3.1, the energy barrier of any logical operator can be bounded in terms of the

canonical logical operators’ energy barrier and the code’s sparsity parameter. Note that this

conclusion applies to the hypergraph product of any two classical codes.

If the code is LDPC and the energy barrier is Ω(1), we conclude that the energy barrier of the

quantum code is exactly equal to min(∆(H1),∆(H2),∆(HT
1 ),∆(HT

2 )).

THEOREM 3.5.1. Let ∆(H) be the energy barrier of the hypergraph product code obtained

from parity check matrices H1 and H2 of O(1) row and column weight. If

∆(H1),∆(H2),∆(HT
1 ),∆(HT

2 ) = Ω(1), (3.31)

then

∆(H) = min(∆(H1),∆(H2),∆(HT
1 ),∆(HT

2 )). (3.32)

More precisely, for any (wc, wq) quantum code derived from a hypergraph product, if the

parent classical codes’ energy barriers exceed wcwq, the quantum code’s energy barrier

matches the minimum energy barrier of these parent codes. This can be used to prove tight

bounds on the energy barrier. For instance, a classical code whose Tanner graph is a bipartite
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expander graph has an extensive macroscopic energy barrier. Thus, our result implies that

the quantum expander code [102, 106] also has an extensive energy barrier. While this is

already known [106, 130], note that this argument does not rely on the expansion property of

quantum expander code.

3.6 Expander codes

Let G = (V ∪ C,E) be a bipartite graph. For a vertex subset S ⊆ V , a vertex g ∈ C is a

neighbor of S if it is connected to at least one vertex in S, N(S) is the set of neighbors of S.

We say g ∈ C is a unique neighbor of S if it is only connected to a single vertex in S. We use

U(S) to denote the collection of unique neighbors of S. The expander graph can be defined

as follows:

DEFINITION 3.6.1 (Expander graph). Let G = (V ∪ C,E) be a bipartite graph with left and

right degrees bounded by w. Let |V | = n and |C| = m. We say G is (γ1, δ1)-left-expanding

with constants γ1, δ1 > 0, if for any subset S ⊆ V with |S| ≤ γ1n, the neighbor N(S) of S

in the subset C satisfies:

|N(S)| ⩾ w(1− δ1)|S|. (3.33)

Similarly, We sayG is (γ2, δ2)-right-expanding with constants γ2, δ2 > 0, if for any subset T ⊆

C with |T | ≤ γ2n, the neighbor N(T ) of T in the subset V satisfies |N(T )| ⩾ w(1− δ2)|T |.

We call G an (n,m,w, γ1, δ1, γ2, δ2) expander graph if it is both left and right expanding.

Let HG be the parity check matrix of an expander code defined by this (n,m,w, γ1, δ1, γ2, δ2)

expander graph (choosing V and C as the variable and check nodes of the tanner graph) with

δ1 <
1
2
. Then for any S ⊂ V such that |S| ≤ γn, U(S) ≥ w(1− 2δ1)|S|. Furthermore, the

distance dC of the code C(G) is greater than γ1n [143].

LEMMA 3.6.1. let ∆(HG) be the energy barrier of classical expander code defined by HG

with parameters (n,m,w, γ1, δ1, γ2, δ2) and δ1 < 1
2
, then

∆(HG) ≥ cn, (3.34)
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where c > 0 is a constant.

PROOF. Without loss of generality, suppose that energy barrier ∆(HG) is equal to an

energy barrier of a logical operator L, with path rL. Since |L| ≥ γn, there is a point along

the path (denoted as P ) such that |P | = γn. Because U(P ) ≥ w(1 − 2δ1)|P |, we get

∆(HG) ≥ U(P ) ≥ w(1 − 2δ1)|P | = w(1 − 2δ1)γ1n. Thus we have ∆(HG) ≥ cn for

c = w(1− 2δ1)γ1 > 0. □

From Lemma 3.6.1, it follows that the classical expander code has an energy barrier scaling

linearly with the number of bits. A similar conclusion follows the transpose code in which the

variable and the check nodes are exchanged. Therefore, the quantum expander code defined

by parity check matrix H(HG,HG) has Ω(
√
n) energy barrier, where n here is the number of

qubits. Note that our argument does not rely on the expansion property of quantum expander

code.

3.7 Outlook

We proved a tight bound on the energy barrier of the hypergraph product code, determined

in terms of the energy barriers of the underlying classical codes. While it was expected that

the energy barrier of the quantum code is related to its counterpart [144], we provided a first

rigorous proof of this statement [Eq. (3.1)] to our knowledge. Looking forward, it would

be interesting to study the energy barrier of the codes such as the homological product [5],

balanced product codes [46] and lifted product codes [45]. The generalized bicycle code [145,

45], due to its simple structure, is another natural candidate to explore. Understanding how

our proof technique can be generalized to these setups and how to design efficient decoders

that can leverage the energy barrier is left for future work.



CHAPTER 4

Improved energy barrier of higher-dimensional hypergraph product

codes

In the previous chapter, we established a lower bound on the energy barrier of hypergraph

product codes. This bound matches the energy barriers of the underlying classical codes and

their duals. In that case, constructing a quantum code with a macroscopic energy barrier

requires classical codes and their duals that also feature a significant energy barrier. However,

determining energy barriers for classical codes still remains difficult. Thus, one might wonder

if quantum codes with a macroscopic energy barrier can be constructed when the underlying

classical codes lack that property.

Here, we propose that higher-dimensional hypergraph product [110] may offer such a route.

Unlike the original hypergraph product, this advanced construction uses more than two

classical codes. These extra codes serve as meta-checks, which means checks of checks.

These meta-checks can be used to validate stabilizer measurement outcomes.

The intuition of considering higher-dimensional hypergraph products stems from two ex-

amples: the 3D toric code and the 4D toric code. The 3D toric code is a 3D hypergraph

product code built from three 1D repetition codes. One type of logical operator has an energy

barrier proportional to the linear size of the system [146], while the other remains constant, as

in the case of the 1D repetition code. In contrast, the 4D toric code, a 4D hypergraph product

code constructed from four 1D repetition codes, achieves energy barriers proportional to the

linear system size for both types (X and Z) of logical operators[52, 147, 132].

Higher-dimensional hypergraph product codes have many good properties. In 2019, Campbell

demonstrated that by applying the hypergraph product twice, the resulting quantum codes have

76
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good soundness [148]. We will show later that applying a hypergraph product twice gives a 4D

hypergraph product code. Moreover, higher-dimensional codes tend to be more fault-tolerant,

offering better protection against errors. They have an effective distance matching their

code-theoretic distance [111]. This extends the result that stabilizer measurement schedules

preserve the distance of hypergraph product codes [112]. Additionally, higher-dimensional

hypergraph product codes have efficient logical gates [113] and single-shot decoding [114,

59].

Soundness is closely related to single-shot quantum error correction, a concept introduced by

Bombin [149]. In quantum error correction, usually, the number of syndrome measurement

rounds increases with code size due to measurement errors. However, single-shot error

correction offers a novel solution by enabling error correction with only a single round

of syndrome measurements, even in the presence of measurement noise. This approach

significantly accelerates the error correction process and demonstrates its practical advantages.

Later, Quintavalle et al. [59] demonstrated that confinement more effectively captures the

general requirements for single-shot error correction than soundness.

In this chapter, we will show that the energy barrier of LDPC HHGP codes is lower bounded

not only by the energy barriers of the underlying classical codes (as in standard hypergraph

products), but also by the distances of these underlying classical codes. Thus to construct

quantum codes with macroscopic energy barrier, one can just use classical codes that have

large distances.

Notably, previous research has demonstrated that HHGP codes exhibit good soundness and

confinement, making them single-shot correctable against adversarial errors [148, 59]. These

soundness and confinement properties induce a lower bound on the energy barrier. However,

we demonstrate that this bound is not optimal. Our approach, based on analyzing logical

operator structures, provides a tighter characterization of the energy landscape for HHGP

codes.

To guide the reader, our paper is structured as follows. In Sec. 4.1, we review key concepts

including soundness, confinement, energy barrier and HHGP codes. In Sec. 4.2, we formally
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demonstrate how confinement induces a lower bound on energy barriers and use the confine-

ment results from Ref. [59] to establish an energy barrier lower bound for 3D hypergraph

product codes. Then, in Sec. 4.3, we provide an energy barrier lower bound for tensor product

codes, as formally stated in Lemma 4.3.2. This lower bound serves as a key insight for proving

the energy barrier lower bound of LDPC HHGP codes. Finally, by analyzing the structure of

logical operators of HHGP codes and applying Lemma 4.3.2, we derive energy barrier lower

bounds for 3D and 4D hypergraph product codes in Sec. 4.4 and Sec. 4.5, respectively. These

bounds, presented in Theorem 4.4.1 and Theorem 4.5.1, relate directly to the distances of the

underlying classical codes.

4.1 Preliminaries

4.1.1 Quantum LDPC codes

Stabilizer codes, conceptualized by Daniel Gottesman in 1996 [35], encode quantum in-

formation in a protected subspace of a larger Hilbert space. Specifically, these codes

store quantum states within the +1 co-eigenspace of a set of m commuting Pauli oper-

ators, S = {S1, S2, . . . , Sm}, defined on an n-qubit Hilbert space H⊗n
2 . Each operator

Si ∈ {I,X, Y, Z}⊗n consists of a tensor product of the Pauli operators, with the requirement

that all these operators commute with each other. S excludes the operator −I to ensure a

non-trivial code space. Logical operators are defined as the elements of C(S)\S.

Calderbank-Shor-Steane (CSS) codes [36, 34] are an important family of stabilizer codes

with special structural properties. Their stabilizer generators are exclusively either X-type or

Z-type Pauli operators. This separation allows all X-type stabilizers to be represented by a

parity check matrix HX , while all Z-type stabilizers are represented by a parity check matrix

HZ . Consequently, the parity check matrix for the quantum CSS code takes the form

H =

 0 HZ

HX 0

 , (4.1)

with the condition HXH
T
Z = 0 ensuring that all stabilizers commute with each other.
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Quantum LDPC codes are stabilizer codes with sparse parity check matrices (see [37, 38] for

good reviews). The sparsity is defined by two parameters: wc, the maximum weight amongst

all stabilizer generators, and wq, the maximum number of stabilizer generators associated with

any single qubit. Formally, a code is classified as LDPC if both wc and wq remain constant as

the code size increases, specifically wc, wq = O(1).

Quantum LDPC codes are promising because they often provide lower overhead and can

be designed for fault-tolerance [39]. Recent research has led to several families of quantum

LDPC codes with enhanced parameters [41, 42, 43, 44, 45, 46, 150], with some efforts even

achieving good quantum LDPC codes [47, 48, 49].

Various methods exist for constructing quantum LDPC codes. From a mathematical perspect-

ive, the hypergraph product construction [40, 110] represents a well-established approach,

providing a systematic way to construct quantum codes from any classical codes. Alternative

methods such as two-block group-algebra (2BGA) codes [151, 152] offer different advantages,

like suitability for two-dimensional layouts [153], making them useful for practical quantum

computing architectures.

4.1.2 Energy barrier of codes

Please see the definition in previous chapter. Here, we emphasize that that there are two main

obstacles for computing the energy barrier of quantum codes. First, numerous paths exist

for implementing any logical operator, creating a vast solution space to explore. Second,

in quantum codes, any stabilizer can be multiplied with a logical operator to produce an

equivalent logical operator, while for those equivalent logical operators, the energy barriers

may differ. That is to say, for a logical operator L and stabilizer S, usually ∆(L) ̸= ∆(LS).

This complicates the analysis as one must consider the full equivalence class of logical

operators.

Quantum LDPC codes offer significant advantages for energy barrier computation by reducing

analytical complexity. As shown in Ref. [109], in LDPC codes, two logical operators that are

equivalent under stabilizers have identical energy barriers, provided at least one of their energy
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barriers equals or exceeds wcwq, the product of sparsity parameters. With wcwq = O(1), this

property yields a powerful simplification: if any non-trivial logical operator has an energy

barrier of Ω(1), all equivalent logical operators share the same energy barrier.

Therefore, to determine the energy barriers of quantum LDPC codes, one needs only analyze

a fixed complete set of logical operators. Once the energy barrier is established for this

complete set, the energy barrier of the code follows directly from these results.

4.1.3 Soundness

Soundness originated in the study of locally testable codes (LTCs) [154, 155, 156, 157]. LTCs

are a class of error-correcting codes that allow efficient verification of whether a string is a

valid codeword or is far from the code space. The soundness of a code, denoted by R(δ),

measures the likelihood that a randomly selected local constraint is violated by a string that is

at Hamming distance at least δn from the code space, where n is the codeword length. The

concept of locally testability has deeply influenced fields like PCP, combinatorial optimization,

property testing, program verification, and cryptography.

Aharonov and Eldar introduced quantum locally testable codes (QLTCs) [158], with in-

terest surging after Eldar and Harrow showed [159] that QLTCs with constant sound-

ness, locality, and relative distance could construct Hamiltonians lacking low-energy trivial

states—addressing the NLTS conjecture [160]. QLTCs are closely related to the quantum

PCP conjecture [161], a fundamental problem in quantum complexity theory related to the

quantum analog of the classical PCP theorem.

Roughly speaking, the soundness property ensures that high-weight errors produce high-

weight syndromes. The following is the formal definition of soundness provided by Aharonov

and Eldar [158].

DEFINITION 4.1.1 (Quantum locally testable code, Definition 14 of [158]). Let R = R(δ) be

some functionR(δ) : [0, 1] 7→ [0, 1], this is called the soundness function. Let C be a quantum

code on n d-dimensional qudits, defined as the groundspace of H =
∑m

i=1Π
i
C , where Πi

C are
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m k-local projections for some constant k. We say that C is quantum locally testable with

soundness R(δ), if:

∀δ > 0, |Ψ⟩ : dist(|Ψ⟩, C) ≥ δn 7→ 1

m
⟨Ψ|H|Ψ⟩ ≥ R(δ), (4.2)

where dist(·) denotes the distance between the state |Ψ⟩ and the code space C, defined as

the minimal Hamming distance between |Ψ⟩ and any state in C. The query complexity of the

code is defined to be k.

For stabilizer codes, soundness can be characterized as follows. Consider a code C defined

on n qubits, determined by a generating set G where each generator has support over w

qubits (representing the stabilizer size). For any error E acting on the code with a syndrome

weight of at least δn, a randomly chosen generator g ∈ G fails to commute with E with

probability at least R(δ). This property ensures that errors can be detected probabilistically by

examining only a limited number of stabilizers. Additionally, this soundness property induces

a macroscopic energy barrier [162].

To analyze single-shot property of quantum codes, Campbell provided the following alternat-

ive definition of soundness [148].

DEFINITION 4.1.2 (Soundness, Definition 3 in [148]). Let t be an integer and f : Z→ R be

a function termed the soundness function, where f(0) = 0. A set of Pauli stabilizersM is

called (t, f)-sound if, for every Pauli error E with syndrome weight |σ(E)| = x < t, there

exists an E⋆ such that σ (E⋆) = σ(E) and the weight wt (E⋆) ⩽ f(x).

In essence, this definition requires that low-weight syndromes are caused by low-weight errors.

This formulation represents the contrapositive of definition of locally testable codes, with the

key distinction being its focus on scenarios where |σ(E)| = x < t. Under this definition, good

soundness is characterized by function f(x), which is a monotonically increasing polynomial

function of x that remains independent of the size of the check set.

Campbell demonstrated that codes possessing good soundness naturally exhibit single-shot

error correction capabilities, with the specific performance determined by the soundness
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parameters t, f and the code parameters [n, k, d] [148]. Moreover, good soundness in LDPC

codes implies the existence of a macroscopic energy barrier [158, 148], as formalized in the

following lemma:

LEMMA 4.1.1 (Lemma 3 in [148]). Consider a [[n, k, d]] quantum code with checksM that

is (t, f)-sound and where all qubits are involved in no more than wc checks. It follows that

the energy barrier is at least f−1(c) where c = min [(t− 1)/wc, (d− 1) /2] and f−1 is the

inverse of the soundness function.

It is important to note that the converse statement, any LDPC check family with a macroscopic

energy barrier necessarily possesses good soundness, does not hold. The expander code

provides a clear counterexample: despite exhibiting bad soundness due to its lack of check

redundancy [163], it has been proven to support single-shot error correction with the small-set

flip decoder [106, 164]. In this context, check redundancy refers to the ratio between the check

set size (encompassing all checks, including dependent ones) and the number of independent

checks.

The soundness of a stabilizer code depends specifically on the selection of the stabilizer set,

not merely on the stabilizer generators. Campbell also demonstrated that for any stabilizer

code, it is possible to strategically choose a stabilizer set that endows the code with good

soundness properties [148]. The price is that the size of some checks could be excessively

large. LDPC property may be lost due to the existence of high-weight checks.

To maintain the LDPC characteristic, Campbell discovered an elegant solution for achieving

single-shot properties: applying the hypergraph product construction twice [148]. The

resulting structures naturally possess meta-checks, a direct consequence of the iterative

hypergraph product process. Check redundancy first induces meta-checks. With proper design

of the check redundancy, these meta-checks can be used to verify whether the checks (or

stabilizer measurement results) are correct. This potentially provides single-shot capability,

meaning decoding can be performed using a single round of measurement results. This is

possible because the meta-checks can first be used to correct the checks themselves, ensuring

sufficient fidelity such that the error after decoding remains bounded. To make the thesis
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more clear, I have added this discussion to the main text. Through this approach, Campbell

effectively combined soundness and LDPC properties by strategically leveraging check

redundancy. The following lemma shows this formally.

LEMMA 4.1.2 (Lemma 5 and Lemma 6 in [148]). Let C0
∂0←− C1 be a chain complex. Applying

the hypergraph product, we obtain a new chain complex C̃−1
δ̃−1←−− C̃0

δ̃0←− C̃1, where the maps

δ̃T0 and δ̃−1 are (t, f)-sound with f(x) = x2/4 and t = min
[
d0, d

T
0

]
, where d0, dT0 are the

distances of codes defined by δ0, δT0 , respectively. Applying the hypergraph products again,

we obtain a new chain complex C̆−2
δ̆−2←−− C̆−1

δ̆−1←−− C̆0
δ̆0←− C̆1

δ̆1←− C̆2, where the maps δ̆0 and

δ̆T−1 are (t, g)-sound with soundness function g(x) = x3/4, and t = min
[
d0, d

T
0

]
.

For a 4D hypergraph product code that constructed with four identical classical codes defined

by the same parity check matrix δ with distance d (δT with distance dT ), according to

Lemma 4.1.1, the energy barrier for logical operators of the resulting quantum code then has a

lower bound of Ω
(
(min[d, dT ])

1
3

)
. Later, we will demonstrate that the optimal lower bound

for this energy barrier scales as Ω(min[d, dT ]) in the given scenario.

4.1.4 Confinement

Confinement is another robustness measure of quantum codes. Bombín originally introduced

the concept of confinement as a mechanism that allows quantum codes to achieve single-shot

error correction [149]. However, in this discussion, we use a more developed definition

provided in [59].

DEFINITION 4.1.3 (Confinement, Definition 1 in [59]). Let t be an integer and f : Z→ Z

some increasing function with f(0) = 0. We say that a stabilizer code has (t, f)-confinement

if, for all errors e with wtred(e) ≤ t, it holds

f(|σ(e)|) ≥ wtred(e), (4.3)

where σ(e) is the syndrome of the error e.
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In this definition, wtred(e) denotes the reduced weight of the error e, which represents the

smallest weight of any error e′ that produces the same error syndrome as e.

Unlike Bombín’s more restrictive formulation (Definition 16 in [149]), the above definition

permits nonlinear functions f(x). 2D repetition code and 3D hypergraph product codes both

exhibit superlinear confinement functions while supporting single-shot correction. These

important cases would be excluded under Bombín’s original framework.

A code family is said to have good confinement if each code within the family satisfies

(t, f)-confinement with the following criteria: (1) t increases with the length of the code

n, specifically t ∈ Ω
(
nb
)

for some b > 0, and (2) the confinement function f(·) increases

monotonically and does not depend on n. Additionally, a code family is said to exhibit good

X-confinement if this property applies only to Pauli Z errors [59].

Confinement is a weaker requirement than soundness. While good soundness requires

low-weight syndromes to correspond to low-weight errors, good confinement demands that

low-weight errors produce low-weight syndromes. For an LDPC code that is (t, f)-sound,

if the maximum qubit degree is ωq (the sparsity parameter), then the code has (t/ωq, f)

confinement (see Lemma 2 in [59]). This follows from a direct analysis: if e is an error set

with wtred(e) ≤ t/ωq, then its syndrome satisfies |σ(e)| ≤ t/ωq · ωq = t. By the soundness of

the code, we have f(|σ(e)|) ≥ wtred(e).

Importantly, one can show that codes with good confinement possess single-shot error correc-

tion capabilities [59].

LEMMA 4.1.3 (Theorem 1 in [59]). Consider a family of [[n, k, d]] quantum-LDPC codes

with good confinement such that d ≥ anb with a, b > 0. This code family is single-shot for the

adversarial noise model. If the code family only has good X-confinement then it is single-shot

with respect to Pauli Z noise.

Confinement is also related to the energy barrier of a code [149, 130, 165]. In Sec. 4.2, we

demonstrate formally that confinement naturally induces an energy barrier lower bound.
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Researches have shown that good soundness requires check redundancy in LDPC codes [163,

166], the expander code exhibits poor soundness due to its lack of check redundancy. However,

despite this limitation, the quantum expander code has been proven to support single-shot

error correction when implemented with the small-set flip decoder [106, 164]. This makes

confinement a more general and inclusive property compared to soundness, in relation to

single-shot error correction.

4.1.5 Higher-dimensional hypergraph product

The hypergraph products provide a way to construct quantum codes with any two classical

linear codes [40]. It enables the application of extensive insights from classical coding

theory to quantum coding. Those codes have good properties, such as circuit-level distance

preservation [112, 167].

Given two classical codes C1 and C2, with respective parity check matrices H1 and H2, the

hypergraph product defines a quantum code with parity check matrices

HX =
(
H1 ⊗ I I ⊗HT

2

)
,

HZ =
(
I ⊗H2 HT

1 ⊗ I
)
.

(4.4)

One can verify that HXH
T
Z = 0 within the field F2. Thus these two parity check matrices

define a CSS code, with a quantum parity check matrix of the form

H(H1,H2) =

 HX 0

0 HZ

 . (4.5)

Hypergraph product codes can be interpreted through chain complexes. Classical codes

correspond to length-2 chain complexes, where boundary maps define parity check matrices.

A hypergraph product code arises from the tensor product of two such chain complexes,

yielding a length-3 chain complex. This structure provides two boundary maps that serve as

parity checks. The fundamental property that “a boundary has no boundary” ensures these

checks commute, allowing the construction of CSS quantum codes directly from the boundary

maps of the resulting length-3 chain complex.
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HHGP codes [110] extends this concept by generalizing the construction to create a length-n

chain complex. This generalization has important connections to topological codes: n-

dimensional toric codes on hypercubic lattices constitute a length-n chain complex [168, 52],

and can be perfectly described by higher-dimensional hypergraph products.

Following Ref. [110], we give a short introduction to the chain complex interpretation

of hypergraph product. A chain complex is a sequence of finite-dimensional vector spaces

{. . . ,Aj−1,Aj, . . .} connected by boundary operators ∂j : Aj−1 ← Aj , satisfying ∂j∂j+1 = 0

for all j ∈ Z.

For qubit systems, we consider vector spacesAj = Fnj

2 , consisting of binary vectors of length

nj . A ≡ K (A1, . . . , Am) can be defined as a length-(m+ 1) chain complex with boundary

map ∂j represented by nj−1 × nj binary matrices Aj:

A : {0} ∂0← A0
A1← A1 . . .

Am← Am
∂m+1← {0}, (4.6)

where adjacent matrices satisfy the orthogonality condition Aj−1Aj = 0 for j ∈ {1, . . . ,m}.

The trivial operators ∂0 : {0} ← A0 and ∂m+1 : Am ← {0} are treated as zero matrices of

dimensions 0× n0 and nm × 0, respectively.

The subspace Im (Aj+1) ⊆ Aj consists of boundaries, which can be represented as linear

combinations of the columns of Aj+1. This subspace defines a binary linear code with

generator matrix ATj+1, denoted as Im (Aj+1) = CAT
j+1

. For the special case where j = m, we

have Im (∂m+1) = 0, which forms a trivial vector space.

The subspace Ker (Aj) ⊆ Aj consists of cycles, which are vectors x ∈ Aj orthogonal to

the rows of Aj , satisfying AjxT = 0. This subspace defines a binary linear code with parity

check matrix Aj , expressed as Ker (Aj) = C⊥Aj
. In the special case where j = 0, we have

Ker (∂0) = A0, encompassing the entire vector space.

Within the binary vector spaceAj , we have defined two key subspaces: Im (Aj+1), consisting

of boundaries, and Ker (Aj), comprising cycles. A fundamental property of chain complexes

is that all boundaries are cycles, though not all cycles are boundaries. This relationship is

mathematically expressed through the orthogonality condition AjAj+1 = 0.
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Based on these subspaces, we can define the j-th homology group as

Hj(A) ≡ Ker (Aj) / Im (Aj+1) . (4.7)

This quotient space contains all elements that are cycles but not boundaries, which we refer to

as homologically nontrivial cycles.

The rank of the j-th homology group, representing the dimension of the associated vector

space, is given by

kj ≡ rankHj(A) = nj − rankAj − rankAj+1. (4.8)

Additionally, the homological distance dj is defined as the minimum Hamming weight of a

nontrivial element in Hj(A), expressed as:

dj = min{wt(x) : x ∈ Hj(A), x ̸= 0}. (4.9)

A quantum CSS code can be derived from a length-3 chain complex A0
A1← A1

A2← A2 by

setting HT
Z = A1 and HX = A2. In chain complex terminology, the code length equals

dimA1, while its dimension corresponds to the first homology groupH1 = kerA1/ ImA2,

or equivalently, the first cohomology groupH∗
1 = kerAT1 / ImAT2 . The X and Z distances are

determined by the minimum weights of non-zero vectors inH∗
1 andH1 respectively.

Classical codes can be described by length-2 chain complexes. To construct quantum codes

from classical codes, it is just a question of how to build a length-3 chain complex from

two length-2 chain complexes. For this purpose, we employ the tensor product of chain

complexes.

The tensor productA×B of two chain complexesA and B is defined as a new chain complex

in the following way

(A× B)l =
⊕
i+j=l

Ai ⊗ Bj. (4.10)
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The vector spaces in the new chain complex are direct sums of Kronecker products of vector

spaces from the original chain complexes. Moreover, the boundary operators in this tensor

product construction act as

∂i+j(a⊗ b) = ∂′ia⊗ b+ (−1)ia⊗ ∂′′j b, (4.11)

where a ∈ Ai, b ∈ Bj , and ∂′i and ∂′′j are the boundary operators in the corresponding space

A and B. If both A and B have finite dimension, then the dimension of C = A× B is

nj(C) =
∑
i

ni(A)nj−i(B). (4.12)

By the Künneth theorem, the homology groups of the product complex C = A× B are given

by

Hj(C) ∼=
⊕
i

Hi(A)⊗Hj−i(B). (4.13)

Consequently, the rank kj(C) of the j-th homology group Hj(C) can be expressed as

kj(C) =
∑
i

ki(A)kj−i(B). (4.14)

The hypergraph product code is defined as the tensor product of two length-2 chain complexes.

The higher-dimensional hypergraph product extends this concept to the tensor product of two

chain complexes of arbitrary lengths. As demonstrated in Ref. [110], for HHGP codes formed

from a length-m chain complex A and a length-l chain complex B with l = 2, there exists a

lower bound on the distance of logical operators in the resulting quantum codes:

dj(A× B) = min [dj−1(A)d1(B), dj(A)d0(B)] . (4.15)

In this work, we focus specifically on those 3D and 4D hypergraph product codes that can be

regarded as tensor products of three or four classical codes, respectively. This allows us to

apply the distance bounds given by above equation.
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4.2 Confinement and energy barrier

The relation between confinement and energy barrier is well-known [149, 130, 165]. In this

section, we formalize this connection through the following lemma.

LEMMA 4.2.1. For a [[n, k, d]] quantum code C with (t, f) confinement where t ⩽ d and

f(·) is increasing monotonically, the energy barrier of the code is at least f−1(w), where

w = min[t, (d− 1)/2].

PROOF. Without loss of generality, suppose that the code energy barrier ∆(C) is given

by logical operator L, with a path rL. Since |L| ⩾ d ⩾ t, we first show that there always

exist a step Pc along the path rL, such that wtred(Pc) ⩾ (d − 1)/2. This can be argued as

follows [148]:

Suppose rL = {P0, P1, · · · , PL}, and each Ej = PjPj−1 is single qubit Pauli operator. For

each Pj , we define the reduced weight as:

wtred(Pj) := min
V
{wt(PjV ) : V ∈ P , σ(V ) = 0}, (4.16)

where the minimization is over Pauli operators V with trivial syndrome. Let Vj denote the

Pauli operators achieving this minimum for Pj . Since σ (Vj) = 0, Vj is either a stabilizer or a

nontrivial logical operator.

Trivially, we find V0 = I and VL = PL, indicating that the sequence starts with a stabilizer and

ends with a logical operator. Therefore, there exists an index j∗ such that Vj∗ is a stabilizer,

while Vj∗+1 is a nontrivial logical operator. Then Vj∗Vj∗+1 is also a nontrivial logical operator,

leading to:

d ≤ wt (Vj∗Vj∗+1) . (4.17)
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Notice that

wt (Vj∗Vj∗+1) = wt
(
Vj∗Vj∗+1Pj∗P

†
j∗Pj∗+1P

†
j∗+1

)
= wt

(
Vj∗Pj∗Vj∗+1Pj∗+1P

†
j∗P

†
j∗+1

)
.

(4.18)

Applying the triangle inequality twice gives:

wt (Vj∗Vj∗+1) ≤ wtred (Pj∗) + wtred (Pj∗+1) + 1. (4.19)

Thus, combining this result, we obtain:

d ≤ 2 ·max [wtred (Pj∗) ,wtred (Pj∗+1)] + 1, (4.20)

which implies

d− 1

2
≤ max [wtred (Pj∗) ,wtred (Pj∗+1)] . (4.21)

Thus, the sequence of reduced weights {wtred (P0) ,wtred (P1) , · · · ,wtred (PL)} starts and

ends with zero, and it reach a value of at least (d− 1) /2 in the middle. Moreover, the local

error condition ensures that |wtred (Pj+1)− wtred (Pj)| is either 0 or 1, then the sequence

must include every integer from 0 to (d− 1) /2.

Recall that (t, f) confinement means that for all errors e with wtred(e) ≤ t, f(|σ(e)|) ≥

wtred(e). Then for w = min[t, (d − 1)/2], there must exist an Pw with wtred(Pw) = w,

such that f(|σ(Pw)|) ⩾ wtred(Pw) = w. Given f(·) is monotonically increasing, |σ(Pc)| ⩾

f−1(w). This implies that the energy barrier of code C is at least f−1(w). □

The converse statement of Lemma 4.2.1—that any quantum code with a macroscopic energy

barrier necessarily exhibits confinement—does not generally hold. This can be demonstrated

with a straightforward counterexample. Consider a quantum LDPC code C constructed as a

composite system comprising two regions: Region A, based on a 2D quantum repetition code

[[n, 1, n]] with energy barrier O(
√
n), and Region B, based on a 1D quantum repetition code

[[n, 1, n]] with constant energy barrier O(1), see Fig. 4.1. The overall code is a [[2n, 1, 2n]]
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Region A Region B

FIGURE 4.1: A composite system consisting of a 2D quantum repetition code
(Region A) and a 1D quantum repetition code arranged in a snake pattern
(Region B). The overall code exhibits an energy barrier determined by the 2D
quantum repetition code, which scales as the linear dimension of Region A.
However, confinement properties are influenced by the 1D quantum repetition
component, resulting in the absence of confinement for the composite system.

quantum repetition code with energy barrier O(
√
n) determined by Region A. However, for

an error e contained entirely within Region B, we can have wtred(e) = |e| that grows up to

(d− 1)/2 with |σ(e)| ≤ c, where c is constant. Consequently, the overall code fails to satisfy

the confinement criterion.

Quintavalle et al. proved that all 3D hypergraph product codes exhibit (t, f) X-confinement

(according to their convention) where t equals the minimum distance of classical codes and

f(x) = x3/4 (see Lemma 10 of Ref [59]). For a 3D hypergraph product code constructed

with three identical classical codes defined by the same parity check matrix δ with distance d,

the result in Ref [59] implies a lower bound for the energy barrier of Z-type logical operators

as Ω
(
d

1
3

)
. In section 4.4, we will demonstrate that the optimal lower bound for this energy

barrier actually scales as Ω(d) in this scenario.

4.3 Tensor product code and its energy barrier

In this section, we analyze the energy barrier of tensor product codes — a specific classical

code structure that builds new classical codes from two existing ones. We will demonstrate

that the energy barrier of the resulting code is related to the distance of the underlying classical

codes.
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This result is essential for our subsequent analysis of HHGP codes. Specifically, we establish

that the logical operators of HHGP codes admit a tensor product decomposition. This

structural property enables us to derive a lower bound on the energy barrier of HHGP codes

in terms of the distances of their constituent classical codes.

4.3.1 Code construction

Given two classical codes Ca and Cb with parity check matrix δa and δb, the tensor product

code Cc is a classical code defined to have the parity check matrix

δc =

 δa ⊗ Inb

Ina ⊗ δb

 . (4.22)

This tensor product structure can be also understood from the perspective of code space. Let

Ca with parameters [na, ka, da] and Cb with parameters [nb, kb, db] be two classical codes. The

tensor product of these two codes, denoted as Cc = Ca ⊗ Cb, encodes messages as follows:

The message of the tensor product code Ca ⊗ Cb can be represented as a ka × kb matrix M .

The encoding proceeds in two stages: first, each column of M is encoded using Ca, yielding a

na × kb intermediate matrix; second, each row of this intermediate matrix is encoded using

Cb, producing the final na × nb codeword.

Let La be the logical operator of δa, and Lb be the logical operator of δb, one can verify that

Lc = La ⊗ Lb is the logical operator of δc because

δcLc =

 δa ⊗ Inb

Ina ⊗ δb

 (La ⊗ Lb)

=

 (δa ⊗ Inb
)(La ⊗ Lb)

(Ina ⊗ δb)(La ⊗ Lb)


= 0. (4.23)

Here we used the relation δaLa = δbLb = 0.
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Given ka distinct logical operators La and kb distinct logical operators Lb, one can construct

kakb distinct logical operators Lc through this tensor product construction.

Moreover, the distance of the tensor product code is at least dadb. A simple argument

demonstrates this: consider two different message matrices of code Cc, denoted as Ma and

Mb. After the first encoding step, we obtain intermediate matrices Na and Nb, and the second

encoding step produces the final codewords Ca and Cb. If Ma and Mb differ in the i-th row,

then Na and Nb differ in at least da positions in that row, corresponding to da columns. Let

the indices of these differing columns be {j1, . . . , jda}. During the second encoding step,

each of these columns generates differences in at least db positions. Consequently, Ca and

Cb differ in at least dadb positions. In summary, the tensor product code δc has parameters

[nanb, kakb, dadb].

4.3.2 Energy barrier of tensor product code

Let La and Lb be the logical operators of δa and δb. Our goal is to determine the energy barrier

of the operator Lc = La ⊗ Lb, which serves as a logical operator for δc.

To compute the energy barrier of Lc, we consider a path r = {P0, P1, · · · , PF} with P0 = I

and PF = Lc. Then

∆(Lc) = min{ϵmax(r) : r ∈ w(0, Lc)}. (4.24)

Note that r is a path on the bit of code δc. Given a Pℓ ∈ r, the energy (the number of violated

checks) of Pℓ is

ϵ(Pℓ) = wt(δcPℓ)

= wt

 δa ⊗ Inb

Ina ⊗ δb

Pℓ


= wt((δa ⊗ Inb

)Pℓ) + wt((Ina ⊗ δb)Pℓ). (4.25)

Because wt(·) ⩾ 0, then we have

ϵ(Pℓ) ⩾ wt((δa ⊗ Inb
)Pℓ), (4.26)
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or

ϵ(Pℓ) ⩾ wt((Ina ⊗ δb)Pℓ). (4.27)

Because the path r contains paths for La and Lb, the above inequalities indicate that the

energy barrier of Lc is lower bounded by the energy barrier of La or Lb. Furthermore, the

energy barrier of code δc is then lower bounded by energy barrier of codes δa and δb. We

conclude this as the following Lemma

LEMMA 4.3.1. Given two classical codes δa and δb with parameters [na, ka, da, Ea] and

[nb, kb, db, Eb], where Ea and Eb are energy barriers of codes. Then the energy barrier of the

tensor product code δc is lower bounded by

∆(δc) ⩾ min[Ea, Eb]. (4.28)

However, this may not be the tightest bound, particularly when codes δa and δb have constant

energy barriers. In the following, we establish a relationship between the energy barrier of Lc

and the distance of La and Lb.

4.3.2.1 Lower bound

Given two classical codes δa and δb with energy barriers ∆(δa) = Ea and ∆(δb) = Eb. Here,

we show that the energy barrier of the tensor product code δc can be lower bounded by the

distances of the two constituent codes. Formally, we state the following lemma.

LEMMA 4.3.2. Given two classical codes δa and δb with parameters [na, ka, da, Ea] and

[nb, kb, db, Eb]. The energy barrier of the tensor product code δc is lower bounded by

∆(δc) ⩾ min[da, db]. (4.29)

PROOF. Let us first establish a clear representation of the tensor product code structure.

Given the parity check matrices δa ∈ {0, 1}ma×na and δb ∈ {0, 1}mb×nb , we can arrange the

code words of δc on a two-dimensional grid of size na × nb. Then, each row of the 2D grid

corresponds to a copy of code δb, and each column corresponds to a copy of code δa.
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The logical operator Lc = La ⊗ Lb can be visualized as a pattern on this grid, where La

specifies which rows are involved and Lb specifies which columns are involved. Specifically,

the support of Lc, denoted as supp(Lc), consists of positions (i, j) where i ∈ supp(La) and

j ∈ supp(Lb), forming a subgrid of size |La| · |Lb| = dadb.

Any valid path r = {P 0
r , P

1
r , P

2
r , . . . , P

L
r } from the identity operator I to the logical operator

Lc, by definition, must flip all the bits in the subset supp(Lc). For any intermediate state

P i
r along this path, the syndrome weight wt(δcP i

r) measures the energy cost at that step. To

finish the proof, We show that for any valid path, there must exist a intermediate state with

syndrome weight at least min[da, db].

To flip all bits in supp(Lc), the path must eventually form a logical operator in each of the da

rows indexed by supp(La), as well as in each of the db columns indexed by supp(Lb). More

precisely, in each row i ∈ supp(La), the final configuration must contain a codeword of δb.

Similarly, each column j ∈ supp(Lb) must contain a codeword of δa.

Since the path proceeds by single bit flips, there must exist a critical intermediate state P i∗ ,

which represents the first moment when a logical operator of either δa or δb appears. More

precisely, P i∗ could be one of the following configurations:

(1) Exactly one row i ∈ supp(La) contains a non-trivial logical operator L′
b of code δb

(not necessarily to be Lb), while other rows and columns contain none, or

(2) Exactly one column j ∈ supp(Lb) contains a non-trivial logical operator L′
a of code

δa (not necessarily to be La), while other rows and columns contain none, or

(3) In rare cases, exactly one row i ∈ supp(La) contains a non-trivial logical operator

L′
b of code δb (not necessarily to be Lb), while simultaneously, exactly one column

j ∈ supp(Lb) contains a non-trivial logical operator L′
a of code δa (not necessarily

to be La), with all other rows and columns containing none.

Case 1: The row containing the logical operator has db flipped bits at positions (i, j1), . . . , (i, jd′b)

where {j1, . . . , jd′b} ⊆ supp(L′
b). Each of these bits lies in a distinct column. Since these
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columns do not contain complete codewords of δa, each such incomplete column contributes

at least 1 to the syndrome weight. With d′b ⩾ db, the total syndrome weight is at least db.

Case 2: Similarly, the column containing the logical operator L′
a has d′a flipped bits, each

in a distinct row that does not form a complete codeword of δb. Thus each incomplete row

contributes at least 1 to the syndrome weight, yielding a total contribution of at least da.

Case 3: The row containing a logical operator of δb contributes at least db flipped bits, and the

column containing a logical operator of δa contributes at least da flipped bits. With out loss of

generality, suppose these two logical operators intersect at position (i, j). The row induces

syndrome violations in db−1 columns (excluding the column that contains a logical operator),

and the column induces violations in da − 1 rows (excluding the row that contains a logical

operator). Thus, the syndrome weight is at least (da−1)+(db−1) = da+db−2 ≥ min[da, db],

where the final inequality holds when da, db ≥ 2.

In all cases, provided da, db ≥ 2 (which is standard for codes with non-trivial distance), the

syndrome weight at the critical state P i∗ is at least min[da, db]. Since the energy barrier ∆(Lc)

is defined as the minimum over all paths of the maximum syndrome weight along each path,

we conclude ∆(Lc) ≥ min[da, db].

The above result holds for any logical operator Lc of δc. Let us denote the set of logical

operators of δc as L(δc), then we have

∆(δ) = min{∆(Lc) : Lc ∈ L(δc)} ≥ min[da, db]. (4.30)

□

The intuition of Lemma 4.3.2 is from the 2D repetition code, which can be interpreted

as the tensor product of two 1D repetition code. The 1D repetition code has parameters

[L, 1, L,Ω(1)], where the energy barrier scales as O(1). In contrast, the 2D repetition code

exhibits parameters [L2, 1, L2,Ω(L)], with an energy barrier scaling as Ω(L).

The energy barrier of the 2D repetition code can be rigorously analyzed through its tensor

product structure. Consider a 2D repetition code on an L × L square lattice, where the



4.3 TENSOR PRODUCT CODE AND ITS ENERGY BARRIER 97

logical operator corresponds to flipping all bits on the lattice. For any valid path (meets local

error condition) implementing this logical operator, there necessarily exists an intermediate

configuration where precisely a single row or a single column of bits has been flipped (or, a

single row and a single column simultaneously). At this configuration, the number of violated

checks (i.e., the energy cost) is at least L, as verified by analyzing the violated checks on each

column and row. Consequently, the energy barrier of the 2D repetition code is lower-bounded

by L.

4.3.2.2 Upper bound - “strip” argument

To establish an upper bound, one can just consider any specific path from the identity to a

logical operator. We analyze two distinct implementation strategies: row-wise and column-

wise implementation of logical operators. Same to the “strip” argument in Ref. [144].

We still view the tensor product code δc as operating on a 2D grid of size na × nb. In this

representation, each row corresponds to a copy of code δb, each column corresponds to a copy

of code δa.

For the row-wise implementation, let ra = {P 0
a , P

1
a , . . . , P

F
a } represent an optimal path for

implementing logical operator La, where P 0
a = I and P F

a = La. By definition, the maximum

syndrome weight along the path ra is Ea. Because PiPi+1 = Ei is a single Pauli for all i,

we denote qa = {j1, j2, . . . , jLa} as the position of single Pauli in each step of ra. These

positions correspond to rows on the 2D grid of the tensor product code.

We consider a path for implementing Lc by applying Lb sequentially according to the positions

in qa. Specifically, Our path rc for implementing Lc begins with P 0
c = I , for each position

jk ∈ qa, we implement the logical operator Lb on the corresponding row. After finishing all

rows in qa, we have P F
c = Lc.

Now consider the energy barrier given by this specific rc. Given any P i
c ∈ rc, the energy of

P i
c is

ϵ(P i
c) = wt((δa ⊗ Inb

)P i
c) + wt((Ina ⊗ δb)P i

c). (4.31)
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The maximum syndrome weight along this path is less than dbEa + Eb. This follows because

for the part wt((δa ⊗ Inb
)P i

c), each column contributes a syndrome weight of at most Ea,

and there are db columns where Lb has support, which gives dbEa. While for the part

wt((Ina⊗δb)P i
c), the maximum syndrome weight isEb because we implement Lb sequentially.

Analogously, for column-wise implementation, let rb = {P 0
b , P

1
b , . . . , P

F
b } represent an

optimal path for implementing Lb, with maximum syndrome weight Eb. One can construct

another path for Lc by implementing La on columns according to the positions provided by

path rb. The maximum syndrome weight along this path is less than daEb + Ea.

By selecting the implementation strategy with the lower maximum syndrome weight, we

establish the upper bound:

∆(Lc) ⩽ min[dbEa + Eb, daEb + Ea]. (4.32)

In addition, we assert that (although we cannot provide a formal proof) there is no path

with an energy barrier lower than min[dbEa, daEb], which we formally state in the following

conjecture.

CONJECTURE 4.3.1. Given two classical codes δa and δb with parameters [na, ka, da, Ea]

and [nb, kb, db, Eb], the energy barrier of the tensor product code δc is

∆(δc) ⩾ min[daEb, Eadb]. (4.33)

We conjecture this result and anticipate that an elegant, rigorous proof will be found in the

future (See more discussion in the Appendix). Meanwhile, the lower bound provided in

Lemma 4.3.2 is optimal with respect to the order of the distance, although the value Ea and

Eb may yield a non-negligible difference in the absolute value of the energy barrier. Thus

the lower bound in Lemma 4.3.2 is tight if underlying codes exhibit system size-dependent

distances but constant energy barriers.
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4.4 Energy barrier of 3D hypergraph product codes

With all the necessary preparations in place, we now turn our attention to the energy barrier

of HHGP codes. In this section, we consider the simplest instance, 3D hypergraph product

codes that are constructed from three classical codes.

We begin by reviewing the structure of 3D hypergraph product codes and analyzing their

logical operators, defining a complete set as elementary canonical logical operators. We first

address Z logical operators. Using the strip argument from Ref. [144], we establish an upper

bound for the energy barrier. We then derive a lower bound by examining the structure of

those elementary canonical Z logical operators. Based on energy barrier of tensor product

codes (Lemma 4.3.2), we demonstrate that this lower bound relates to the distances of the

underlying classical codes. Finally, we discuss the energy barrier of the logical X operators.

4.4.1 Code construction of 3D hypergraph product codes

Consider three classical codes δa, δb, and δc with respective parameters [nℓ, kℓ, dℓ], where

ℓ ∈ {a, b, c}, and the parameters of their transposes δTℓ are denoted by [nTℓ , k
T
ℓ , d

T
ℓ ]. For

convenience, we denote rℓ ≡ nTℓ . Applying the 3D hypergraph product to these classical

codes generates a length-4 chain complex [59]

C0
∂0←− C1

∂1←− C2
∂2←− C3, (4.34)

where ∂0, ∂1 and ∂2 are

∂0 =


δa ⊗ Inb

⊗ Inc

Ina ⊗ δb ⊗ Inc

Ina ⊗ Inb
⊗ δc

 , (4.35)

∂1 =


Ira ⊗ δb ⊗ Inc δa ⊗ Irb ⊗ Inc 0rarbnc×nanbrc

Ira ⊗ Inb
⊗ δc 0ranbrc×narbnc δa ⊗ Inb

⊗ Irc
0narbrc×ranbnc Ina ⊗ Irb ⊗ δc Ina ⊗ δb ⊗ Irc

 , (4.36)
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∂2 = (Ira ⊗ Irb ⊗ δc Ira ⊗ δb ⊗ Irc δa ⊗ Irb ⊗ Irc) . (4.37)

Here In denotes an identity matrix of size n× n.

The relation ∂1∂0 = 0 allows us to construct a quantum CSS code C (δa, δb, δc) with parity

check matrix HZ = ∂T0 and HX = ∂1. The commutation relation follows as HXH
T
Z =

∂1∂0 = 0.

Additionally, since ∂2∂1 = 0, the matrix M = ∂2 serves as the meta-check for HX . This

means any valid X-syndrome must satisfy the constraints imposed by M .

The parameters of the code C (δa, δb, δc) can be determined from the classical code δa, δb, and

δc. As demonstrated in Ref. [110], the resulting quantum code C (δa, δb, δc) is an [[n, k, dx, dz]]

code with

n = nTa nbnc + nan
T
b nc + nanbn

T
c ,

k = kTa kbkc + kak
T
b kc + kakbk

T
c ,

dx = min
[
dTa , d

T
b , d

T
c

]
,

dz = min [dbdc, dadc, dadb] .

(4.38)

4.4.2 Logical operators of 3D hypergraph product codes

The logical operators of stabilizer codes commute with all elements in the stabilizer group

while remaining distinct from it. We first examine the Z-logical operators, which are operators

in ker(HX)\im(HT
Z ).

Denote the binary form of logical operators of classical codes δa, δb, and δc as LA =

{L1
A, L

2
A, . . . , L

ka
A }, LB = {L1

B, L
2
B, . . . , L

kb
B }, and LC = {L1

C , L
2
C , . . . , L

kc
C }, respectively.

We first show that the following three sets of binary vectors give a complete set of Z logical
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operators.

L1
Z =

∑
i,j,k

αijk


vi ⊗ LjB ⊗ LkC

0narbnc

0nanbrc

 ,

L2
Z =

∑
i,j,k

βijk


0ranbnc

LiA ⊗ wj ⊗ LkC
0nanbrc

 ,

L3
Z =

∑
i,j,k

γijk


0ranbnc

0narbnc

LiA ⊗ L
j
B ⊗ uk

 ,

(4.39)

where vi, wj , and uk are unit vectors with length ra, rb, and rc, respectively. 0n is a zero vector

with length n, and αijk, βijk, γijk ∈ {0, 1}. Given that δaLiA = δbL
j
B = δcL

k
C = 0, one can

confirm that HXL
l
Z = 0 for l ∈ {1, 2, 3}.

For L1
Z , the condition HXL

1
Z = 0 ensures that any X-type stabilizer from HX commutes

with L1
Z . Similarly, any Z-type stabilizer from HZ naturally commutes with L1

Z as they both

consist solely of Pauli Z operators. To prove that L1
Z are Z logical operators, we must prove

that L1
Z are not in the image of HT

Z . To proceed with this analysis, we first denote:

L1,i,j,k
Z =


vi ⊗ LjB ⊗ LkC

0narbnc

0nanbrc

 . (4.40)

For ai ∈ {0, 1}, suppose that the linear combination of these operators

∑
i

aiL
1,i,j,k
Z =


(
∑

i aivi)⊗ L
j
B ⊗ LkC

0narbnc

0nanbrc

 (4.41)
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is in the image of matrix HT
Z . Then, there exists a vector x such that

∑
i

aiL
1,i,j,k
Z =


(
∑

i aivi)⊗ L
j
B ⊗ LkC

0narbnc

0nanbrc


= HT

Z (x⊗ L
j
B ⊗ L

k
C)

=


(δa ⊗ Inb

⊗ Inc)(x⊗ L
j
B ⊗ LkC)

(Ina ⊗ δb ⊗ Inc)(x⊗ L
j
B ⊗ LkC)

(Ina ⊗ Inb
⊗ δc)(x⊗ LjB ⊗ LkC)



=


δax⊗ LjB ⊗ LkC

0narbnc

0nanbrc

 . (4.42)

Recall the number of encoded bits for δTa is kTa , then dim(im(δa)) = na − kTa , it is feasible to

select a minimum of kTa unit vectors vi, ensuring that any combination of these vi remains

external to the image of δa. Specifically, for these kTa unit vectors vi, there does not exist any

vector x such that

kTa∑
i=1

aivi = δax. (4.43)

For fixed LjB and LkC , these kTa unit vectors generate kTa operators L1,i,j,k
Z that belong to

ker(HX)\im(HT
Z ). Since δb has kb logical bits and δc has kc logical bits, there are kb distinct

LB and kc distinct LC operators. This yields kTa kbkc unique instances of L1,i,j,k
Z , which

function as logical Z operators of the quantum code.

Applying the same logic to operators L2
Z and L3

Z defined in Eq. (4.39), we can demonstrate

that there exist kakTb kc distinct L2,i,j,k
Z and kakbk

T
c distinct L3,i,j,k

Z that serve as logical Z

operators of the quantum code.

This completely characterizes all kTa kbkc + kak
T
b kc + kakbk

T
c logical Z operators of the 3D

hypergraph product codes. We refer to these as elementary canonical logical Z operators.
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We now examine the logical X operators, which are in the set ker(HZ)\im(HT
X). Consider

the following three types of Pauli X operators,

L1
X =

∑
i,j,k α

′
ijk


Li

′
A ⊗ wj ⊗ uk
0narbnc

0nanbrc

 , (4.44)

L2
X =

∑
i,j,k β

′
ijk


0ranbnc

vi ⊗ Lj
′

B ⊗ uk
0nanbnc

 , (4.45)

L3
X =

∑
i,j,k γ

′
ijk


0ranbnc

0narbnc

vi ⊗ wj ⊗ Lk
′
C

 . (4.46)

(4.47)

Here vi, wj , and uk are unit vectors of length na, nb and nc respectively. Moreover, Li′A, L
j′

B

and Lk′C are logical operators of the code defined by the parity check matrix δTa , δ
T
b , and δTc

respectively.

For L1
X , HZL

1
X = 0 implies that any Z-type stabilizer from HZ commutes with L1

X . Mean-

while, any X-type stabilizer in HX also commutes with L1
X as they consist only of Pauli X

operators. To identify logical X operators, we need to find Pauli X operators in the set L1
X

that are not present in the image of HT
X . We denote:

L1,i,j,k
X =


Li

′
A ⊗ wj ⊗ uk
0narbnc

0nanbrc

 . (4.48)

For bj, ck ∈ {0, 1}, suppose that the linear combination of these operators

∑
jk

bjckL
1,i,j,k
X =


Li

′
A ⊗

∑
j bjwj ⊗

∑
k ckuk

0narbnc

0nanbrc

 (4.49)
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is in the image of matrix HT
X . Then, there exists vectors y, z such that

∑
jk

bjckL
1,i,j,k
X =


Li

′
A ⊗

∑
j bjwj ⊗

∑
k ckuk

0narbnc

0nanbrc


= HT

X(L
i′

A ⊗ y ⊗ z) (4.50)

Recall that kTb and kTc represent the number of encoded bits for δTb and δTc respectively. Then

with dim(im(δTb )) = nb − kb and dim(im(δTc )) = nc − kc, one can select at least kb unit

vectors wj and kc unit vectors uk such that any combination of these vectors remains outside

the image of δTb and δTc respectively.

Given that there are kTa different Li′A, and paralleling our analysis of logical Z operators, we

can verify that there exist kTa kbkc distinct L1,i,j,k
X , kakTb kc distinct L2,i,j,k

X , and kakbkTc distinct

L3,i,j,k
X that serve as logical X operators in ker(HZ)\im(HT

X), we call those logical opertors

as elementary canonical logical X operators. This accounts for all kTa kbkc+ kak
T
b kc+ kakbk

T
c

logical X operators of the code.

4.4.3 Energy barrier of Z logical operators

We now analyze the energy barrier for logical Z operators in 3D hypergraph product codes.

First, we employ a strip argument to establish an upper bound. Then, using Lemma 4.3.2, we

derive a lower bound for the energy barrier for logical Z operators.

4.4.3.1 Upper bound: “strip” argument

The upper bound on the energy barrier can be obtained by considering a specific path from

the identity to any logical operator. By choosing this logical operator to be an elementary

canonical logical operator, and considering the “strip” argument mentioned in Sec. 4.3.2, one

can obtain an upper bound.
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For elementary canonical logical operator in the form of L1,i,j,k
Z , with fixed i, j, and k, the

logical operator takes the form as in the Eq. (4.40). Since vi is a unit vector, the effective

logical operator simplifies to L1′,j,k
Z = LjB ⊗ LkC . This can be interpreted exactly as a logical

operator of a tensor product code. One can construct the same kind of strip configuration

when implementing these logical operators. Thus, the energy barrier of this logical operator is

upper bounded by the strip argument as ∆(L1′,j,k
Z ) ⩽ min [Ebdc, Ecdb], where Eb and Ec are

the energy barriers of the logical operators LjB and LkC , respectively, and db and dc are their

corresponding distances.

With the same argument, the energy barrier of the canonical logical Z operator L2,i,j,k
Z is

upper bounded by min [Eadc, Ecda], and the energy barrier of L3,i,j,k
Z is upper bounded by

min [Eadb, Ebda].

In summary, consider a 3D hypergraph product code C constructed from classical codes δa,

δb, and δc with parameters [nℓ, kℓ, dℓ, Eℓ], where ℓ ∈ {a, b, c}. Based on the structure of the

canonical logical operators we have derived, the energy barrier of the logical Z operators can

be shown to have the following upper bound.

∆(LZ) ⩽ min{dℓEm : ℓ,m ∈ {a, b, c}, ℓ ̸= m}. (4.51)

4.4.3.2 Lower bound

We now establish a lower bound for the energy barrier of Z-type logical operators by analyzing

the structure of these canonical logical operators. Consider a 3D hypergraph product code

C constructed from classical codes δa, δb, and δc with parameters [nℓ, kℓ, dℓ, Eℓ], where

ℓ ∈ {a, b, c}. The parity check matrices of this quantum code are HZ = ∂T0 and HX = ∂1, as

defined in Eq. (4.35) and Eq. (4.36). Recall that the Z-type canonical logical operators LZ
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fall into three categories.

L1
Z =

∑
i,j,k

αijk((vi ⊗ LjB ⊗ L
k
C)

T , 0T , 0T )T ,

L2
Z =

∑
i,j,k

βijk(0
T , (LiA ⊗ wj ⊗ LkC)T , 0T )T ,

L3
Z =

∑
i,j,k

γijk(0
T , 0T , (LiA ⊗ L

j
B ⊗ uk)

T )T .

(4.52)

where (i) δaLiA = δbL
j
B = δcL

k
C = 0 and (ii) vi /∈ Im (δa), wj /∈ Im (δb) and uk /∈ Im (δc) are

unit vectors. We note that i ∈ {1, . . . , kTa }, j ∈ {1, . . . , kTb } and k ∈ {1, . . . , kTc } and that

the set of logical operators expressible in this form is complete. A canonical logical operator

is elementary if only one of the coefficients, αijk (also βijk or γijk), is equal to one.

The Tanner graph representation provides an intuitive framework that is well-suited for our

analysis. Let G1(V1, C1), G2(V2, C2) and G3(V3, C3) be the Tanner graphs of codes defined

by δa, δb and δc, respectively. Here, V1, V2 and V3 represent the set of bits, and C1, C2 and

C3 denote the set of checks. We use {vi1 : i ∈ {1, 2, · · ·na}} (resp. {vj2 : j ∈ {1, 2, · · ·nb}},

{vk3 : j ∈ {1, 2, · · ·nc}}) to refer to bit vertices in V1 (resp. V2, V3), and also as length na

(resp. nb, nc) unit vectors with the ith (resp. jth, kth) entry as 1.

The 3D hypergraph product G1 × G2 × G3 is a bipartite graph with vertex set V ∪ C, where

V = V1 ⊗ V2 ⊗ C3 ∪ V1 ⊗ C2 ⊗ V3 ∪ C1 ⊗ V2 ⊗ V3 (4.53)

is the qubit set, and

C = V1 ⊗ V2 ⊗ V3 ∪ C1 ⊗ C2 ⊗ V3 ∪ C1 ⊗ V2 ⊗ C3

∪V1 ⊗ C2 ⊗ C3 ∪ C1 ⊗ C2 ⊗ C3 (4.54)

is the check and meta-check set. More specifically, V1 ⊗ V2 ⊗ V3 is the set the Z type checks,

C1⊗C2⊗V3∪C1⊗V2⊗C3∪V1⊗C2⊗C3 represents the set of X checks, and C1⊗C2⊗C3

is meta-checks on X checks.

The set of qubits can be partitioned into three subsets, V1 ⊗ V2 ⊗ C3, V1 ⊗ C2 ⊗ V3, and

C1 ⊗ V2 ⊗ V3. For HX = ∂1, there are three column blocks (see Eq. (4.36)). The first column
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block of HX acts on C1⊗V2⊗V3, the second column block of HX acts on V1⊗C2⊗V3, and

the third column block acts on V1⊗V2⊗C3. Moreover, the subset C1⊗V2⊗V3 can be further

partitioned into nTa ≡ ra subsets {c11 ⊗ V2 ⊗ V3, c21 ⊗ V2 ⊗ V3, · · · , cra1 ⊗ V2 ⊗ V3}, where

ck1 ⊗ V2 ⊗ V3 := {ck1 ⊗ y ⊗ z : y ∈ V2, z ∈ V3} and V2 = {v12, . . . , v
nb
2 }, V3 = {v13, . . . , vnc

3 }.

Thus, a Z-type Pauli operator can be expressed as a bit-string z =
(
z(1)

T
, z(2)

T
, z(3)

T
)T

,

where z(1) is supported on the qubit subset C1 ⊗ V2 ⊗ V3 with vector space Fra2 ⊗ Fnb
2 ⊗ Fnc

2 ,

z(2) is supported on the qubit set V1 ⊗ C2 ⊗ V3 with vector space Fna
2 ⊗ Frb2 ⊗ Fnc

2 and z(3)

is supported on the qubit set V1 ⊗ V2 ⊗ C3 with vector space Fna
2 ⊗ Fnb

2 ⊗ Frc2 . Because

z(1), z(2), and z(3) act as a tensor product of three vector spaces, one can view them also as

3D matrices. (For instance, vi ⊗ uj ⊗ wk for unit vectors vi, uj and wk can be viewed as a

3D matrix whose entry is 1 on the i’th a-slice, the j’th b-slice and the k’th c-slice and zero

elsewhere. We call this procedure vector reshaping. After reshaping, z(1), z(2) and z(3) become

Z(1), Z(2) and Z(3) respectively. Here, Z(1) is an ra × nb × nc matrix, and the entry Z(1)
i,j,k is

supported on the qubit ri1 ⊗ v
j
2 ⊗ vk3 . Moreover, the ith a-slice Z(1)

i is supported on qubits

{ri1⊗ v12⊗ v13, ri1⊗ v22⊗ v13, · · · , ri1⊗ v
nb
2 ⊗ vnc

3 }, which we refer to as ri1⊗V2⊗V3. Similarly,

the subset V1 ⊗C2 ⊗ V3 can be partitioned into rb b-slices, and jth b-slice is supported on the

qubit subset V1 ⊗ rj2 ⊗ V3. Also, the subset V1 ⊗ V2 ⊗ C3 can be partitioned into rc c-slices,

and kth c-slice is supported on the qubit subset V1 ⊗ V2 ⊗ rk3 (defined similarly).

An elementary canonical logical-Z operator, for example, in the form (vi ⊗ LjB ⊗ LkC , 0, 0)T ,

is supported on the subset ri1 ⊗ V2 ⊗ V3 if vi = ri1. In matrix form, it is supported on the ith

a-slice of Z(1). Fig. 4.2 provides an illustrative example of the 3D Toric code structure.

We now prove a lower bound for the energy barrier of the canonical logical-Z operators, as

shown in the following proposition.

PROPOSITION 4.4.1. For any nontrivial canonical logical-Z operator L,

∆(L) ≥ min[da, db, dc] (4.55)
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a-slices b-slices c-slices

FIGURE 4.2: The 3D toric code can be structured as a cubic lattice (with
periodic boundary conditions). From left to right, the figure illustrates its
decomposition into a-slices, b-slices, and c-slices. The 3D Toric code encodes
3 logical qubits, with corresponding 3 logical Z operators. Each Z elementary
canonical logical operator is supported on a single slice, with slices of the same
color representing logical operators equivalent up to stabilizers. Generally,
given any 3D hypergraph product code, one can create such a decomposition,
although the structure within each slice will be more complicated and depends
on the underlying classical codes.

We introduce two lemmas to prove this proposition. We use the following convention in the

proof. For the subsequent proof, we adopt the following notation: a path r = {P0, P1, . . . , Pℓ}

is said to be supported on a subset U ⊆ V if supp(Pi) ⊆ U for all 0 ≤ i ≤ ℓ.

LEMMA 4.4.1. For any elementary canonical logical-Z operator L supported on rα1 ⊗V2⊗V3
(resp. V1 ⊗ rβ2 ⊗ V3, V1 ⊗ V2 ⊗ r

γ
3 ), its energy barrier is attained by a path supported on

rα1 ⊗ V2 ⊗ V3 (resp. V1 ⊗ rβ2 ⊗ V3, V1 ⊗ V2 ⊗ r
γ
3 ).

LEMMA 4.4.2. For any nontrivial canonical logical-Z operator L, the energy barrier ∆(L)

is greater than or equal to the minimum energy barrier of the elementary canonical logical-Z

operators.

Consider an elementary canonical logical-Z operator L supported on rα1 ⊗ V2 ⊗ V3. Suppose

∆(L) is given by a path r. The main idea behind the proof of Lemma 4.4.1 is to deform a

general path r into a new path r′, supported only on rα1 ⊗ V2 ⊗ V3, and the energy barrier of

r′ is not greater than that of the original path r. A similar argument can be applied to prove

Lemma 4.4.2. The proofs closely extended from the arguments in the hypergraph product

case [109]. The details are provided in the appendix.

For the elementary canonical logical operator L1,α
Z = ((rα1 ⊗L

j
B ⊗LkC)T , 0T , 0T )T , with fixed

α, j, and k. L1,α
Z is supported on rα1 ⊗V2⊗V3. To compute the energy barrier of L1,α

Z , consider
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a path r = {P0, P1, · · · , PF}. Then

∆(L1,α
Z ) = min{ϵmax(r) : r ∈ w(0, L1,α

Z )}. (4.56)

Here, P0 = (0, 0, 0)T is a zero vector, and PF = ((rα1 ⊗ L
j
B ⊗ LkC)T , 0T , 0T )T . Note that r

is a path that walks throughout the set of qubits. Therefore, Pℓ ∈ r could be represented as

Pℓ = ((P 1
ℓ )
T , (P 2

ℓ )
T , (P 3

ℓ )
T )T , where each component, P 1

ℓ , P
2
ℓ , and P 3

ℓ , could be nontrivial.

Lemma 4.4.1 implies that there is a path r supported on rα1 ⊗ V2 ⊗ V3 that attains the energy

barrier of ∆(L). A path restricted to the first component means that for any Pℓ ∈ r, one

can set P 2
ℓ = P 3

ℓ = 0, the only nontrivial Paulis (nonzero binaries) are in P 1
ℓ with fixed rα1 .

Furthermore, rα1 is fixed means every P 1
ℓ has the form rα1 ⊗ y ⊗ z, where y ∈ V2 and z ∈ V3

are vectors of length nb and nc respectively.

Given a Pℓ ∈ r, the energy (the number of violated checks) of Pℓ is given by ϵ(Pℓ) =

wt (HXPℓ), has the form

wt



Ina⊗δb⊗Inc δa⊗Inb

⊗Inc 0

Ina⊗Inb
⊗δc 0 δa⊗Inb

⊗Inc

0 Ina⊗Inb
⊗δc Ina⊗δb⊗Inc



P 1
ℓ

P 2
ℓ

P 3
ℓ


 .

(4.57)

By setting P 2
ℓ = P 3

ℓ = 0, then

ϵ(Pℓ) = wt

 Ina ⊗ δb ⊗ Inc

Ina ⊗ Inb
⊗ δc

P 1
ℓ


= wt

(
Ina ⊗ δb ⊗ IncP

1
ℓ

)
+ wt

(
Ina ⊗ Inb

⊗ δcP 1
ℓ

)
.

(4.58)

Furthermore, for fixed rα1 , because rα1 is a unit vector, the part rα1 can be discarded by applying

the map (rα1 )
T ⊗ Inb

⊗ Inc to P 1
ℓ . Thus

ϵ(Pℓ) = wt
(
δb ⊗ IncP

1′

ℓ

)
+ wt

(
Inb
⊗ δcP 1′

ℓ

)
, (4.59)

with P 1′

ℓ = ((rα1 )
T ⊗ Inb

⊗ Inc)P
1
ℓ .
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In summary, to calculate the energy barrier of the Z-type logical operator L1,α,j,k
Z = ((rα1 ⊗

LjB ⊗ LkC)T , 0T , 0T )T , one can consider a path r ∈ {Q0, Q1, · · · , QL} supported on qubit

subset rα1 ⊗ V2 ⊗ V3, then

∆(L1,α,j,k
Z ) = min{ϵmax(r) : r ∈ w(0, LjB ⊗ L

k
C)}. (4.60)

where for each r,

ϵmax(r) = max[ϵ(Q0), ϵ(Q1), · · · , ϵ(QL)], (4.61)

and the energy cost of the step Qℓ is

ϵ(Qℓ) = wt (δb ⊗ IncQℓ) + wt (Inb
⊗ δcQℓ) . (4.62)

This scenario corresponds exactly to computing the energy barrier of a classical tensor product

code (Eq. (4.25)), where the underlying classical codes are δb and δc. The subset rα1 ⊗ V2⊗ V3
is the bit set of this classical tensor product code. The path for applying logical operator

L1,α,j,k
Z effectively forms a path for the logical operator LB ⊗ LC in the tensor product code

constructed by δb and δc.

According to Lemma 4.3.2, the energy barrier of LB ⊗ LC is lower bounded by min [db, dc].

Thus the energy barrier of the Z-type logical operator L1,α,j,k
Z satisfies ∆

(
L1,α,j,k
Z

)
≥

min [db, dc].

Following the same reasoning, the energy barrier for logical Z-type operators of the form

L2,i,j,k
Z =

(
0T , (LiA ⊗ wj ⊗ LkC)T , 0T

)T is lower bounded by min [da, dc], and the logical

operators of the form L3,i,j,k
Z =

(
0T , 0T , (LiA ⊗ L

j
B ⊗ uk)T

)T
have an energy barrier lower

bounded by min [da, db].

In summary, for any elementary canonical Z logical operator L in the 3D hypergraph product

code, the energy barrier is lower bounded by

∆(L) ⩾ min [da, db, dc] . (4.63)
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With Lemma 4.4.2, we can establish that for any canonical Z-type logical operator (not

just elementary ones), the energy barrier is lower bounded by min [da, db, dc]. Moreover,

results from Ref. [109] demonstrate that for any logical operator L and stabilizer S with

∆(L) ⩾ ∆(S), we have ∆(L) = ∆(LS). Therefore, with the LDPC property yielding

∆(S) = O(1) for any S, and in cases where da, db, dc ⩾ O(1), this lower bound applies to all

logical Z operators, not just the canonical ones.

Formally, we have the following theorem.

THEOREM 4.4.1. Let ∆(LZ) be the energy barrier of the Z logical operators of the 3D

hypergraph product code constructed from classical codes δa, δb and δc with parameters

[nℓ, kℓ, dℓ, Eℓ] for ℓ ∈ {a, b, c}. If the resulting quantum code is LDPC with sparsity paramet-

ers wc, wq, then in cases where da, db, dc ⩾ wcwq, we have

∆(LZ) ⩾ min[da, db, dc]. (4.64)

Similarly, with Lemma 4.3.1, we can conclude that the energy barrier of 3D LDPC hypergraph

product codes is lower bounded by the energy barriers of the underlying classical codes:

∆(LZ) ⩾ min[Ea, Eb, Ec]. (4.65)

Moreover, if Conjecture 4.3.1 is true, we have

∆(LZ) ⩾ min{dℓEm : ℓ,m ∈ {a, b, c}, ℓ ̸= m}. (4.66)

This lower bound matches the upper bound obtained using the strip argument, effectively

providing a tight bound.
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4.4.4 Energy barrier of X logical operators

The canonical X logical operators have the form

L1
X =

∑
i,j,k α

′
ijk((L

i′
A ⊗ wj ⊗ uk)T , 0Tnarbnc

, 0Tnanbrc
)T ,

L2
X =

∑
i,j,k β

′
ijk(0

T
ranbnc

, (vi ⊗ Lj
′

B ⊗ uk)T , 0Tnanbnc
)T ,

L3
X =

∑
i,j,k γ

′
ijk(0

T
ranbnc

, 0Tnarbnc
, (vi ⊗ wj ⊗ Lk

′
C )

T )T ,

(4.67)

where (i) δTa L
i′
A = δTb L

j′

B = δTc L
k′
C = 0 and (ii) vi /∈ Im

(
δTa
)
,wj /∈ Im

(
δTb
)

and uk /∈ Im
(
δTc
)

are unit vectors. We note that i ∈ {1, . . . , kTa }, j ∈ {1, . . . , kb} and k ∈ {1, . . . , kc} and that

the set of logical operators expressible in this form is complete. A canonical logical operator

is elementary if only one of the coefficients, α′
ijk, β

′
ijk or γ′ijk, is equal to one.

These elementary canonical logical X operators take the form of tensor products between

one classical logical operator and two unit vectors, which resembles that of logical operators

in hypergraph product codes, though in a higher dimension. By extending the reasoning

previously applied to hypergraph product codes [109] to this higher-dimensional case, in the

LDPC regime, one can establish a lower bound for the energy barrier of logical X operators as

∆(LX) ⩾ min
[
ET
a , E

T
b , E

T
c

]
. (4.68)

The upper bound can be also derived from the structure of these elementary canonical logical

X operators [109], which is also min[ET
a , E

T
b , E

T
c ]. In the case where min

[
ET
a , E

T
b , E

T
c

]
⩾

wcwq, with wc, wq are the sparsity parameters, we have

∆(LX) = min
[
ET
a , E

T
b , E

T
c

]
. (4.69)

4.5 Energy barrier of 4D hypergraph product codes

In 3D hypergraph product codes, the energy barrier of Z-type logical operators is lower

bounded by the distance of the underlying classical codes. While X logical operators retain
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the energy barrier of these classical codes. When classical codes possess large distances but

small energy barriers, only Z-type logical operators have improved energy barrier, potentially

enabling single-shot. The X-type logical operators, lacking this enhanced protection, remain

vulnerable. In this section, we show that 4D hypergraph product codes offer improved energy

barrier for both X and Z logical operators.

The distinction between the 3D and 4D cases stems from structural differences in their

elementary canonical logical operators. In 3D codes, Z logical operators take the form

LZ = Lc1 ⊗ Lc2 ⊗ uk, while X logical operators are simply LX = vi ⊗ wj ⊗ LTc3 , where

vi, wj , and uk are unit vectors, and Lc1 , Lc2 , Lc3 are classical logical operators. In contrast,

4D codes exhibit a more balanced structure where both X and Z logical operators are tensor

products of two classical logical operators (and two unit vectors, see Eq. 4.77 and Eq. 4.78),

resulting in enhanced energy barriers for both types of logical operators.

Given four classical codes represented by parity check matrices δa, δb, δc, δd, let [nℓ, kℓ, dℓ, Eℓ]

and
[
nTℓ , k

T
ℓ , d

T
ℓ , E

T
ℓ

]
represent the parameters of the classical linear code defined by the

parity check matrix δℓ and its transpose δTℓ . For convenience, we denote rℓ ≡ nTℓ , where

ℓ = {a, b, c, d}. The 4D hypergraph product is defined by a length-5 chain complex

C0
∂0←− C1

∂1←− C2
∂2←− C3

∂3←− C4, (4.70)

Boundary maps ∂0, ∂1, ∂2 and ∂3 are

∂0 =


δa ⊗ Inb

⊗ Inc ⊗ Ind

Ina ⊗ δb ⊗ Inc ⊗ Ind

Ina ⊗ Inb
⊗ δc ⊗ Ind

Ina ⊗ Inb
⊗ Inc ⊗ δd

 , (4.71)
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∂1 =



Ira ⊗ δb ⊗ Inc ⊗ Ind
δa ⊗ Irb ⊗ Inc ⊗ Ind

0 0

Ira ⊗ Inb
⊗ δc ⊗ Ind

0 δa ⊗ Inb
⊗ Irc ⊗ Ind

0

Ira ⊗ Inb
⊗ Inc ⊗ δd 0 0 δa ⊗ Inb

⊗ Inc ⊗ Ird
0 Ina ⊗ Irb ⊗ δc ⊗ Ind

Ina ⊗ δb ⊗ Irc ⊗ Ind
0

0 Ina ⊗ Irb ⊗ Inc ⊗ δd 0 Ina ⊗ δb ⊗ Inc ⊗ Ird
0 0 Ina ⊗ Inb

⊗ Irc ⊗ δd Ina ⊗ Inb
⊗ δc ⊗ Ird


,

(4.72)

∂2 =
Ira ⊗ Irb ⊗ δc ⊗ Ind Ira ⊗ δb ⊗ Irc ⊗ Ind 0 δa ⊗ Irb ⊗ Irc ⊗ Ind 0 0

Ira ⊗ Irb ⊗ Inc ⊗ δd 0 Ira ⊗ δb ⊗ Inc ⊗ Ird 0 δa ⊗ Irb ⊗ Inc ⊗ Ird 0

0 Ira ⊗ Inb ⊗ Irc ⊗ δd Ira ⊗ Inb ⊗ δc ⊗ Ird 0 0 δa ⊗ Inb ⊗ Irc ⊗ Ird

0 0 0 Ina ⊗ Irb ⊗ Irc ⊗ δd Ina ⊗ Irb ⊗ δc ⊗ Ird Ina ⊗ δb ⊗ Irc ⊗ Ird

 ,

(4.73)

∂3 =
(
Ira ⊗ Irb ⊗ Irc ⊗ δd Ira ⊗ Irb ⊗ δc ⊗ Ird Ira ⊗ δb ⊗ Irc ⊗ Ird δa ⊗ Irb ⊗ Irc ⊗ Ird

)
.

(4.74)

One can confirm that ∂i∂i−1 = 0 mod 2 for i ∈ 1, 2, 3. In this case, HZ = ∂T1 , HX = ∂2 is

used to construct a quantum CSS code H(δa,δb,δc,δd) with parity check matrix

H(δa,δb,δc,δd) =

 HX 0

0 HZ

 . (4.75)

Moreover, as ∂3∂2 = ∂1∂0 = 0, the remaining matrices M1 = ∂3, M2 = ∂T0 work as a

meta-check for HX and HZ , respectively. This means that any valid X-syndrome adheres to

the constraints defined by M1, and any valid Z-syndrome satisfies the constraints defined by

M2.
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The parameters of the resulting quantum code C (δa, δb, δc, δd) depend on the parameters of

classical codes δa, δb, δc, and δd, where

n = nTa n
T
b ncnd + nTa nbn

T
c nd + nTa nbncn

T
d + nan

T
b n

T
c nd + nan

T
b ncn

T
d + nanbn

T
c n

T
d ,

k = kTa k
T
b kckd + kTa kbk

T
c kd + kTa kbkck

T
d + kak

T
b k

T
c kd + kak

T
b kck

T
d + kakbk

T
c k

T
d ,

dx = min
[
dTa d

T
b , d

T
c d

T
a , d

T
a d

T
d , d

T
c d

T
b , d

T
b d

T
d , d

T
c d

T
d

]
,

dz = min [dbdc, dbdd, dadd, dadc, dadb] . (4.76)

The Z-type canonical logical operators LZ can be categorized into the following six sets.

L1
Z =

∑
i,j,k,l

a1ijkl((vi ⊗ wj ⊗ LkC ⊗ LlD)T , 0T , 0T , 0T , 0T , 0T )T ,

L2
Z =

∑
i,j,k,l

a2ijkl(0
T , (vi ⊗ LjB ⊗ uk ⊗ L

l
D)

T , 0T , 0T , 0T , 0T )T ,

L3
Z =

∑
i,j,k,l

a3ijkl(0
T , 0T , (vi ⊗ LjB ⊗ L

k
C ⊗ tl)T , 0T , 0T , 0T )T ,

L4
Z =

∑
i,j,k,l

a4ijkl(0
T , 0T , 0T , (LiA ⊗ wj ⊗ uk ⊗ LlD)T , 0T , 0T )T ,

L5
Z =

∑
i,j,k,l

a5ijkl(0
T , 0T , 0T , 0T , (LiA ⊗ wj ⊗ LkC ⊗ tl)T , 0T )T ,

L6
Z =

∑
i,j,k,l

a6ijkl(0
T , 0T , 0T , 0T , 0T , (LiA ⊗ L

j
B ⊗ uk ⊗ tl)

T )T ,

(4.77)

where vi, wj , uk, and tl are unit vectors with length ra, rb, rc and rd, respectively. LiA, L
j
B , LkC

and LlD are logical operators of the code defined by the parity check matrix δa, δb, δc and δd,

respectively. Given that δaLiA = δbL
j
B = δcL

k
C = δdL

l
D = 0, one can confirm that HXL

l
Z = 0

for l ∈ {1, 2, 3, 4, 5, 6}.
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Similarly, the X-type canonical logical operators LX can be categorized into six sets.

L1
X =

∑
i,j,k,l

b1ijkl((L
i
A

′ ⊗ LjB
′ ⊗ uk ⊗ tl)T , 0T , 0T , 0T , 0T , 0T )T ,

L2
X =

∑
i,j,k,l

b2ijkl(0
T , (LiA

′ ⊗ wj ⊗ LkC
′ ⊗ tl)T , 0T , 0T , 0T , 0T )T ,

L3
X =

∑
i,j,k,l

b3ijkl(0
T , 0T , (LiA

′ ⊗ wj ⊗ uk ⊗ LlD
′
)T , 0T , 0T , 0T )T ,

L4
X =

∑
i,j,k,l

b4ijkl(0
T , 0T , 0T , (vi ⊗ LjB

′ ⊗ LkC
′ ⊗ tl)T , 0T , 0T )T ,

L5
X =

∑
i,j,k,l

b5ijkl(0
T , 0T , 0T , 0T , (vi ⊗ LjB

′ ⊗ uk ⊗ LlD
′
)T , 0T )T ,

L6
X =

∑
i,j,k,l

b6ijkl(0
T , 0T , 0T , 0T , 0T , (vi ⊗ wj ⊗ LkC

′ ⊗ LlD
′
)T )T .

(4.78)

where vi, wj , uk and tl are unit vectors of length na, nb, nc and nd, respectively. LiA
′
, LjB

′
, LkC

′

and LlD
′ are logical operators of the code defined by the parity check matrix δTa , δ

T
b , δTc and

δTd , respectively.

Both X and Z elementary canonical logical operators have the structure of tensor product

of two classical logical operators (and two unit vectors). Thus, in the LDPC regime, with

Lemma 4.3.2, by applying the same reasoning used for logical Z operators in 3D hypergraph

product codes but extended to four dimension, we can establish the following lower bounds

on the energy barriers for logical Z and X operators in the 4D hypergraph product code.

∆(LZ) ⩾ min[da, db, dc, dd],

∆(LX) ⩾ min[dTa , d
T
b , d

T
c , d

T
d ]. (4.79)

We state it formally in the following Theorem

THEOREM 4.5.1. Let ∆(LZ), ∆(LX) be the energy barrier of the Z, X logical operators

of the 4D hypergraph product code constructed from classical codes δa, δb, δc and δd, with

parameters [nℓ, kℓ, dℓ, Eℓ] for ℓ ∈ {a, b, c, d}. If the resulting quantum code is LDPC with
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sparsity parameters wc, wq. When dℓ, dTℓ ⩾ wcwq for ℓ ∈ {a, b, c, d}, then we have

∆(LZ) ⩾ min[da, db, dc, dd], (4.80)

∆(LX) ⩾ min[dTa , d
T
b , d

T
c , d

T
d ]. (4.81)

Similarly, with Lemma 4.3.1, we have

∆(LZ) ⩾ min[Ea, Eb, Ec, Ed], (4.82)

∆(LX) ⩾ min[ET
a , E

T
b , E

T
c , E

T
d ]. (4.83)

Moreover, if Conjecture 4.3.1 is true, we have

∆(LZ) ⩾ min{dℓEm : ℓ,m ∈ {a, b, c, d}, ℓ ̸= m}, (4.84)

∆(LX) ⩾ min{dTℓ ET
m : ℓ,m ∈ {a, b, c, d}, ℓ ̸= m}, (4.85)

which is tight.

4.6 Conclusion and outlook

In this work, we first gave a introduction to the confinement, soundness, and expansion

properties of codes. We also discussed the relationships among these properties. Specifically,

we showed the equivalence between left-expansion and linear confinement, and demonstrated

formally that confinement property inherently induces a lower bound on energy barrier.

We then established a lower bound for the energy barrier of tensor product codes in Lemma 4.3.2,

showing its relation to the distance of the underlying codes. Using this lemma, we proved

that for 3D LDPC hypergraph product codes constructed from classical codes δa, δb, and δc

with parameters [nℓ, kℓ, dℓ, Eℓ], where ℓ ∈ a, b, c, the energy barrier of logical Z operators is

lower-bounded by Ω(dℓ), which improves upon the Ω(d
1
3
ℓ ) bound derived from the soundness

and confinement property. For logical X operators, the energy barrier corresponds to that of

the transpose codes of these classical codes, paralleling the behavior in standard hypergraph
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products. In the 4D case, we showed that X and Z logical operators have energy barriers

lower-bounded by Ω(dℓ) and Ω(dTℓ ), respectively.

Several questions remain for further investigation. An immediate one concerns the mechanism

behind energy barrier enhancement in HHGP codes. A possible explanation lies in the

increased check redundancy introduced by these higher-dimensional structures. This raises

follow-up questions: Is there a quantitative relationship between redundancy and energy

barriers? What amount or structure of redundancy is sufficient to achieve a specified energy

barrier?

The redundancy provided by higher-dimensional hypergraph products is sufficient for achiev-

ing soundness and confinement [148, 59]. Several works have also demonstrated the effect-

iveness of redundant parity check sets for simultaneously handling measurement and qubit

errors [169, 170, 171]. However, establishing a general framework for introducing redundancy

that ensures both confinement and macroscopic energy barriers remains an open question.

In contrast, quantum expander codes exhibit confinement even without check redundancy.

This inspires the thought to explore alternative methods of providing confinement beyond

redundancy or expansion, such as symmetries [172, 173]. Furthermore, quantum expander

codes display unique statistical properties that may intrigue researchers, as demonstrated in

recent studies [130, 174, 165, 175].

Finally, quantum codes with macroscopic energy barriers are conjectured to support local

decoders [102, 176, 177, 178, 179, 52, 180, 181, 182, 183, 184], based on intuition from

statistical mechanics. In such systems, local cooling processes can reduce system energy,

suggesting that for codes with macroscopic energy barriers, a simple iterative local process

could function effectively as a decoder. However, the design of local decoders for higher-

dimensional hypergraph product codes remains an open research question.



CHAPTER 5

Conclusion and outlook

The main results of this thesis are on the energy barrier of hypergraph product codes and

higher-dimensional hypergraph product codes. For the first time, we establish tight bounds on

the energy barrier of a family of quantum low-density parity-check (LDPC) codes constructed

using hypergraph products, which is a flexible framework for constructing quantum codes

and offers many advantages. We accomplish this by first proving a general fact applicable to

any quantum LDPC codes: equivalent logical operators up to stabilizers have the same energy

barrier. Subsequently, we propose an approach that rigorously connects the energy barriers

of quantum codes with the underlying classical codes. We present a general framework that

establishes tight bounds on the energy barrier of LDPC hypergraph product codes, offering a

way to discover self-correcting quantum memory and guiding the design of new decoders.

As demonstrated in Chapter 3, the energy barrier property of LDPC codes has broader

significance and potential applications.

To construct quantum codes with a macroscopic energy barrier using classical codes that lack

this property, we demonstrate that higher-dimensional hypergraph product codes can achieve

this goal. Generally speaking, the energy barrier of logical operators is shown to be lower

bounded by O(d), where d represents the distance of the classical codes.

Several questions remain for further investigation. An immediate question concerns the

origin of the energy barrier enhancement in higher-dimensional hypergraph product codes. A

likely explanation is the increased check redundancy introduced by the higher-dimensional

structure. However, this raises additional questions: What is the precise relationship between

redundancy and the energy barrier? How much redundancy is sufficient to achieve a given

energy barrier?

119
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Another issue, from a practical perspective, is to construct self-correcting quantum memories

in lower dimensions, specifically 2D or 3D. Unfortunately, there is a no-go theorem for the

2D stabilizer code [139], and 3D stabilizer codes with translational and scale symmetries have

been proven to not self-correct [146]. These no-go theorems arise because, in 2D, both logical

operators are sting-like, and in 3D, only one type of logical operator has a membrane-like

structure, but the other is still string-like. There are other approaches that can help bypass

these no-go theorems. For instance, Haah’s cubic code [131] breaks scale symmetries as the

number of encoded qubits increases with the size of the system. The 3D Haah’s cubic code

was shown to achieve anO(logL) energy barrier, where L is the linear system size. Unluckily,

it is only partially self-correcting due to the entropy effects [133, 103]. However, there is

still an interesting question of whether the polynomials associated with Haah’s cubic code

are related to its energy barrier properties. Another approach to constructing self-correcting

quantum memories is using subsystem codes. In particular, the 3D subsystem color code [149]

and the 3D subsystem toric code [185] have been shown to have single-shot error correction

properties and thus are very likely to be self-correcting.

It is believed that quantum codes with large energy barriers can support local decoders based

on intuition from statistical mechanics. In such systems, a local cooling process can reduce

the energy of the system. For codes with macroscopic energy barriers, it is expected that a

simple local process could iteratively lower energy, acting as a decoder. However, designing a

practical local decoder for such quantum codes remains an open problem. An example is the

small-set flip decoder for quantum expander codes [106, 164]. Although not strictly local, it is

considered ’local’ in a broader sense because each step involves a constant number of qubits.

Quantum expander codes present a puzzling case because of their unusual thermodynamic

properties. In typical models of self-correcting memory, thermodynamic phase transitions lead

to a low-temperature phase where logical qubits are protected by thermally stable topological

order. In contrast, quantum expander codes exhibit no thermodynamic phase transitions at

nonzero temperatures because there is no check redundancy in quantum expander code [130].

Furthermore, many constant-rate quantum LDPC expander codes have "check-soundness,"

defining stable phases of matter with a constant zero-temperature entropy density, thereby
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violating the third law of thermodynamics [186]. These special features inspire the further

need to investigate the thermodynamic properties of quantum expander codes.
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APPENDIX A

Appendix

A1 Homology

A path on the surfaceM is defined as a map α : I →M, where I is interval [0, 1]. While

α(0) = α(1), we call this path a loop.

Two paths α, β with common endpoints (means α(0) = β(0), α(1) = β(1)) are equivalent or

homotopic when there exists a continuous function H : I × I →M, such that

H(t, 0) = α(t), H(t, 1) = β(t), t ∈ [0, 1] (A.1)

and

H(0, s) = α(0), H(1, s) = α(1), s ∈ [0, 1] (A.2)

which means that α can be continuous deformed to β, we write as α ∼ β. Essentially, H

gives a family of paths that connect α and β.

A loop is defined as a path αwith α(0) = α(1), a special case is the constant loop: α(t) = α(0)

for all t ∈ [0, 1]. We can define a multiplication of paths as follows: If α, β are paths inM,

with property α(1) = α(0), we can define α ∗ β as

α ∗ β(t) =

 α(2t) 0 ≤ t ≤ 1
2

β(2t) 1
2
≤ t ≤ 1

(A.3)
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The equivalent class of α is denoted (all the paths that are homotopic to α) as [α]. Thus,

[α] = [β] if α ∼ β. Moreover, the multiplication is well-defined in these equivalent classes as

[α] ∗ [β] = [α ∗ β] (A.4)

Then, the equivalence class, combined with the multiplication, gives us an algebra object

π(M), which is called the fundamental group ofM, and the equivalence class of constant

loop is the identity of this group.

In mathematics, homology is a general way to abstract and generalize the boundary, which is

associated with a sequence of algebraic objects. Here, we focus only on the homology in the

group Z2. Consider a torus, cellulated with a square lattice, which is the same as a square

lattice with periodic boundary conditions.

This lattice consists of three different objects: 0-dimensional vertices, 1-dimensional edges,

and 2-dimensional plaquettes. We call an n-dimensional object an n-cell in homology

language, which means the vertices are 0-cells, the edges are 1-cells, and the plaquettes are

2-cells.

The homology on the group Z2 means that for each n-cell, an element from Z2 (0 or 1) is

associated with this n-cell. With such a setup, chains, which are the basic objects in homology,

can be defined. n-chain is just one specific Z2 assignment of an n-cell. two n-chains can be

added together via the bitwise addition operator of the group Z2 (which is addition modulo 2).

Therefore, the n-chains will form a group. If the number of elements in n-cell is n, then the

order of this group will be 2n. Moreover, there are n independent generators for this Abelian

group.

Now, consider the boundary map of this homology, which is associated with different n-chains.

For example, considering a single plaquette on the square lattice (a 2-chain), its boundary

contains four edges (a one-chain) enclosing it. In general, an n-boundary map ∂n is a map for

the set of n-chains c to the (n-1)-chains d

∂n(c) = d (A.5)
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and this map preserves the group structure.

Define an n-cycle as an n-chain c satisfying

∂nc = 0n−1, (A.6)

which means this n-chain has no boundary. Note that cycles form a group because

∂n(c+ d) = ∂n(c) + ∂n(d) = 0n−1 + 0n−1 = 0n−1 (A.7)

the group product between cycles will also be a cycle, so n-cycles is a subgroup of the

n-chains.

One can also define n-boundary chains as the boundary of an (n+1)-chain. Simply, it is the

n-boundary. Notice that every n-boundary is an n-cycle, but not every n-cycle is a boundary.

Every n-boundary is an n-cycle, which means applying a boundary map twice will always get

a null chain

∂n−1∂nc = 0n−2 (A.8)

This equation is called the fundamental lemma of homology.

There are three groups: the full group of n-chains Cn, which contains the subgroup of n-cycles

Zn, and the subgroup of n-boundaries Bn. Homology describes the relation between these

groups to characterize the topology of the manifold.

There is an important equivalence relation, homological equivalence, between two n-chains.

Two n-chains c1 and c2 are homologically equivalent if they are equal up to addition with

an n-boundary b. Such two n-chains c1 and c2 have the same boundary. Therefore, what

homological equivalence does for n-chains is partition the subgroup of n-chains with a given

boundary into equivalence classes. This partitioning can be performed in cycles. In this way,

the quotient group named as nth homology group Hn is defined as

Hn =
Zn
Bn

(A.9)
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Finally, the nth Betti number βn as the rank of the nth homology group is defined as

βn = rankHn = rankZn − rankBn (A.10)

The Euler characteristic of the manifold and the Betti numbers have a relation

χ = β2 − β1 + β0. (A.11)

For the torus, the Betti numbers are β0 = 1, β1 = 2, β2 = 1. The number of encoded qubits on

a surface is equal to the first Betti number β1, which is the number of independent generators

of the homological group H1. Moreover, we can define cohomology in the dual lattice, and

we also have co-chains, co-boundaries, and co-cycles, which hold the same structure as their

counterpart in homology. Then, we have the cohomology group

Hn =
Zn

Bn
(A.12)

A2 CSS code and its homological description

Let C1 and C2 be two classical codes with relation C2 ⊆ C⊥
1 . Then, one can construct a

quantum error correcting code (CSS code) with H1, H2, where Hi is the parity check matrix

of Ci, because

C2 ⊆ C⊥
1 ⇐⇒ H2H

T
1 = 0 (A.13)

Within the description of the stabilizer code, the rows of H2 give all X (or Z) type stabilizers.

In contrast, the rows of H1 contain all Z-type stabilizers (or X-type stabilizers), and X-type

stabilizers commute with Z-type stabilizers because H2H
T
1 = 0.

One can construct a CSS code with the property of homology. given a chain complex

C2
∂2−→ C1

∂1−→ C0 (A.14)
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and its co-chain

C̃0
∂̃0−→ C̃1

∂̃1−→ C̃0 (A.15)

then we can define the parity check spaces Hz, Hx ⊆ C1, where C1 is the qubit space,

Hz = im∂2, Hx = im∂̃0 (A.16)

and one can check the orthogonality by choosing any vector z = ∂2f ∈ Hz, x = ∂̃0g ∈ Hx,

then

⟨x, z⟩ = ⟨∂̃0g, ∂2f⟩ (A.17)

= ⟨g, ∂1∂2f⟩ (A.18)

= 0 (A.19)

as ∂1∂2 = 0. In this CSS code, the Z-type stabilizers belong to im∂2, and the X-type

stabilizers belong to im∂̃0. Logical Z operators are in ker ∂1 \ im∂2, while logical X operators

are in ker ∂̃1 \ im∂̃0, the number of qubits is given by the Betti number, i.e., ker ∂1/im∂2.

The homologous interpretation of the CSS code is extremely useful because it connects

the classical and quantum codes. Thus, it provides a way to construct quantum codes with

classical codes. To some extent, the quantum code flourishes as we can use the numerous

good classical codes that have been developed for many years.

Quantum low-density parity-check (LDPC) codes, designed for encoding many logical

quantum bits within the same block, provide excellent performance for large-scale fault-

tolerant quantum computing. Quantum LDPC codes have two attractive features. (i) They

are defined as stabilizers that involve only a small number of quantum bits, making quantum

LDPC codes easier to implement than general codes. (ii) some can encode k logical quantum

bits into n physical quantum bits, k = Ω(n), with a large code distance d. With two classical

LDPC codes, we can construct a quantum LDPC code using their homological property.
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There are many quantum codes constructed in this way, such as the hypergraph product code

(tensor product code)[187, 40], the fiber bundle code (twisted product code)[44], and the

balanced product code[46].

A3 Hypergraph product code from the homological

construction

Given two classical codes, represented by two length-1 chain complexes, one can construct a

quantum code by taking the tensor product of these two classical codes

(C1
∂C−→ C0)⊗ (D1

∂D−→ D0) (A.20)

which gives a new length-2 chain complex

(C1 ⊗D1)
∂2−→ (C0 ⊗D1 + C1 ⊗D0)

∂1−→ (C0 ⊗D0) (A.21)

with

∂1 = ∂2 = (∂c ⊗ idD + idC ⊗ ∂D) (A.22)

one can check that

∂1∂2 = (∂C ⊗ idD + idC ⊗ ∂D)2 (A.23)

= ∂C ⊗ ∂D + ∂C ⊗ ∂D (A.24)

= 0 (A.25)

since we work over Z2. If we have two classical codes with parameters [n1, k1, d1], and

[n2, k2, d2]. Let dmin = min(d1, d2) denote the minimum distance of the two codes. The

hypergraph product code is a [n2
1 + n2

2, k
2
1 + k22, dmin] quantum code[108].

It is worth noting that any CSS quantum code corresponds to a hypergraph product, while a

general hypergraph product code is not necessarily a CSS code. The hypergraph product can

be used to construct a non-CSS code through the XYZ product [188].
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A4 Vector reshaping

Consider a basis B of the vector space Fn1
2 ⊗ Fn2

2 :

B = {ai ⊗ bj | i = 1, . . . , n1 and j = 1, . . . , n2} . (A.26)

Then any vector v ∈ Fn1
2 ⊗ Fn2

2 can be written as

v =
∑

ai⊗bj∈B

vij (ai ⊗ bj) (A.27)

for some vij ∈ F2. We call the n1 × n2 matrix V with entries vij the reshaping of the vector

v. By this definition, if A,B are respectively m1 × n1 and m2 × n2 matrices, then

(A⊗B)v ⇒ AV BT . (A.28)

Define wt(M) as the number of ones in the vector (or matrix) M . We have wt((A⊗B)v) =

wt(AV BT ).

Now, considering a vector v lies in the tensor product space Fn1
2 ⊗ Fn2

2 ⊗ Fn3
2 , we need to

extend the reshaping and transformation concepts to accommodate this higher-order tensor

structure.

The basis for the tensor product space Fn1
2 ⊗ Fn2

2 ⊗ Fn3
2 is:

B = {ai ⊗ bj ⊗ ck | i = 1, . . . , n1; j = 1, . . . , n2; k = 1, . . . , n3} . (A.29)

Thus, any vector v in this space can be written as

v =

n1∑
i=1

n2∑
j=1

n3∑
k=1

vijk (ai ⊗ bj ⊗ ck) , (A.30)

where vijk ∈ F2. Here, the coefficients vijk form a 3-dimensional tensor (or array) V with

shape n1 × n2 × n3.

To analyze the action of a Kronecker product transformation, say (A⊗B ⊗ C), we extend

the idea of reshaping v: The vector v can be interpreted as a 3D tensor V with entries vijk.
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Let A,B, and C be matrices of dimensions m1 × n1,m2 × n2, and m3 × n3, respectively.

The action of A⊗B ⊗ C on v can be expressed as

(A⊗B ⊗ C)v ≡ AV BTCT . (A.31)

Here, V is treated as a tensor, and the transformation applies A,B, and C along the first,

second, and third modes of V , respectively. The resulting transformed tensor AV BTCT is a

new tensor of shape m1 ×m2 ×m3.

The weight of the tensor V , denoted wt (V ), counts the total number of 1 s in V . The

Kronecker product transformation preserves the weight

wt((A⊗B ⊗ C)v) = wt
(
AV BTCT

)
. (A.32)

A4.1 Proof of Lemma 4.4.1

Recall that a Z-type Pauli error of the 3D hypergraph product code can be expressed as a

bit-string z =
(
z(1), z(2), z(3)

)T . The corresponding energy ϵ(z) = wt(HXz) is

ϵ(z) = wt
(
(Ira ⊗ δb ⊗ Inc)z

(1) + (δa ⊗ Irb ⊗ Inc)z
(2)
)

+wt
(
(Ira ⊗ Inb

⊗ δc)z(1) + (δa ⊗ Inb
⊗ Irc)z(3)

)
+wt

(
(Ina ⊗ Irb ⊗ δc)z(2) + (Ina ⊗ δb ⊗ Irc)z(3)

)
.

(A.33)

By applying vector reshaping, the energy can be written as

ϵ(z) = wt
(
Z(1)δTb + δaZ

(2)
)
+ wt

(
Z(1)δTc + δaZ

(3)
)

+wt
(
Z(2)δTc + Z(3)δTb

)
, (A.34)

where Z(1), Z(2) and Z(3) are the 3D matrices reshaped from z(1), z(2), and z(3), respectively.

The jth a-slice of Z(1) is supported on qubit subset rj1 ⊗ V2 ⊗ V3.
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Using Eq. (A.34), we aim to prove a lower bound on the energy ϵ(z) [Lemma A4.1]. To that

end, we shall use the following convention. Let La be a nontrivial codeword of δTa .

The set of a-slices of Z(1) associated with the nonzero entries of La will play an important

role. We define the index set of such columns as C(La):

C(La) := {j : (La)j = 1}. (A.35)

Given a codeword La of δTa , one can construct a matrix Z1,s from the 3D matrix Z(1) by

summing all the a-slices in the set C(La). More formally,

Z1,s
jk =

∑
i:i∈C(La)

Z
(1)
ijk , (A.36)

where the addition is modulo 2. For example, if La = 110100, we would sum a-slices 1, 2,

and 4. Using Eq. (A.36), we can deform an arbitrary path to a path consisting of Paulis only

supported on subset ri1 ⊗ V2 ⊗ V3 for some i. 1 In particular, we can prove an inequality

between the energy of the original Pauli and the deformed Pauli, proved in Lemma A4.1.

LEMMA A4.1.

wt(Z1,sδTb ) ⩽ wt
(
Z(1)δTb + δaZ

(2)
)
. (A.37)

PROOF. We prove this by contradiction. Consider the elements of Z1,sδTb and Z(1)δTb +

δaZ
(2). If wt(Z1,sδTb ) > wt

(
Z(1)δTb + δaZ

(2)
)
, then there exists j, k such that

wt((Z1,sδTb )j,k) > wt
(
(Z(1)δTb + δaZ

(2))j,k
)
. (A.38)

We will prove that Eq. (A.38) cannot be satisfied, thereby proving the claim.

Without loss of generality, consider the j, k elements. Notice that (Z1,sδTb )jk is a bit, thus the

weight of it is either 0 or 1. If wt((Z1,sδTb )jk) = 0, Eq. (A.38) cannot be satisfied. Therefore,

we consider the wt((Z1,sδTb )jk) = 1 case.

If wt((Z1,sδTb )jk) = 1, (Z(1)δTb )jk must contain an odd number of ones on the a-slice in the

set C(La). Otherwise, we would have had wt((Z1,sδTb )jk) = 0, which is a contradiction. On

1The precise choice of i does not matter; any i ∈ C(La) would suffice.
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the other hand, we remark that (δaZ(2))jk consists of an even number of ones on the a-slice set

C(La). To see why, note that each jk-line of δaZ(2) is a linear combination of the checks in

δTa . Because La is a codeword of δTa , (δaZ(2))jkLa = 0. Therefore, in the wt((Z1,sδTb )jk) = 1

case, the number of ones in Z(1)δTb + δaZ
(2) on the jk-line and the a-slice in C(La) is odd.

Thus we conclude wt
(
(Z(1)δTb + δaZ

(2))jk
)
≥ 1. As such, Eq. (A.38) cannot be satisfied.

This completes the proof. □

With the same logic, one can prove that

LEMMA A4.2.

wt(Z1,sδTc ) ⩽ wt
(
Z(1)δTc + δaZ

(3)
)
. (A.39)

Now we are in a position to prove Lemma 4.4.1. We do so by identifying a path r′ =

{P ′
0, P

′
1, · · · , P ′

F} that is only supported on rα1 ⊗ V2 ⊗ V3 while ensuring that ϵmax (r
′) ⩽

ϵmax(r), for any path r supported on the entire qubit set. Lemma A4.1 and Lemma A4.2

suggest a way to deform the path r to the one supported on rα1 ⊗ V2 ⊗ V3.

Without loss of generality, let r = {P0, P1, · · · , PF} be a path that ∆(L) = ϵmax(r), with

P0 = I and PF = L. We consider a Pauli Pi in the path r. It will be convenient to work in

its binary representation, written as (p(1), p(2), p(3))T , where p(1),p(2) and p(3) represent the

Paulis supported on C1 ⊗ V2 ⊗ V3, V1 ⊗ C2 ⊗ V3 and V1 × V2 ⊗ C3, respectively. First, we

remove all the Paulis supported on V1 ⊗ C2 ⊗ V3 and V1 × V2 ⊗ C3 by setting p(2) and p(3) as

the zero vector. Next, we apply the following transformations to p(1). We reshape p(1) and

refer to the reshaped 3D matrix as P (1). Let La be a codeword of δTa such that (La)α = 1.

Consider a set of a-slices in P (1) corresponding to the index set C(La). Denoting each a-slice

as rk1 , where k ∈ C(La), we update the a-slice rα1 in the following way:

rα1 → rα1 +
∑

k∈C(La)\{α}

rk1 . (A.40)

Afterward, the other a-slices of P (1) are set to the zero matrices. This yields the deformed

Pauli operator P ′
i .
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By construction, the resulting P ′
i is supported on rα1 ⊗ V2 ⊗ V3. Note that r′ is a valid path

because wt(P ′
iP

′
i+1) ≤ 1 for every i. Also, because P ′

F = PF = L, r′ is still a path for L.

Moreover, because ϵ (P ′
i ) ⩽ ϵ (Pi) for all i [Lemma A4.1 and A4.2] as

wt(Z1,sδTc ) + wt(Z1,sδTb ) ⩽ ϵ(z) = wt
(
Z(1)δTb + δaZ

(2)
)

+wt
(
Z(1)δTc + δaZ

(3)
)
+ wt

(
Z(2)δTc + Z(3)δTb

)
,

(A.41)

we have ϵmax (r
′) ⩽ ϵmax(r). Both r′ and r are paths for L, by definition ϵmax (r

′) ⩾ ϵmax(r),

we conclude ϵmax (r
′) = ϵmax(r). Thus, by deforming r, we obtained a new path r′ supported

on rα1 ⊗ V2 ⊗ V3 that yields the energy barrier ∆(L).

This argument can be applied to prove similar lower bounds for logical operators on V1 ⊗

rβ2 ⊗ V3 and V1 ⊗ V2 ⊗ rγ3 . To conclude, for any elementary canonical logical operator L

supported on rα1 ⊗ V2 ⊗ V3 (resp. V1 ⊗ rβ2 ⊗ V3 and V1 ⊗ V2 ⊗ rγ3 ), their energy barrier can be

given by a path supported on rα1 ⊗ V2 ⊗ V3 (resp. V1 ⊗ rβ2 ⊗ V3 and V1 ⊗ V2 ⊗ rγ3 ).

A4.2 Proof of Lemma 4.4.2

Any nontrivial canonical logical-Z operator L belongs to one of the following categories:

• Case 1: L is supported solely on the qubit subset C1 ⊗ V2 ⊗ V3.

• Case 2: L is supported solely on the qubit subset V1 ⊗ C2 ⊗ V3.

• Case 3: L is supported solely on the qubit subset V1 ⊗ V2 ⊗ C3.

• Case 4: L is supported on multiple subsets.

We will focus solely on Case 1. Case 2 and Case 3 can be analyzed similarly by considering

subsets V1 ⊗ C2 ⊗ V3 and V1 ⊗ V2 ⊗ C3, while case 4 can be treated as Case 1, 2 or 3.

Without loss of generality, let the energy barrier ofL be attained by a path r = {P0, P1, · · · , PF},

with P0 = I and PF = L. Similar to the approach taken in Lemma 4.4.1, we aim to deform

the path r to the one supported on rk1 ⊗ V2 ⊗ V3 for some k, such that the energy barrier of

the deformed path lower bounds that of the r.
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The deformation works in the same way as in the proof of Lemma 4.4.1. We describe this

procedure again for the readers’ convenience. Let La be a nontrivial codeword of δTa and C(La)

be its corresponding column index set. We consider a binary representation of a Pauli Pi,

written as (p(1), p(2), p(3))T . As in the proof of Lemma 4.4.1, we remove the Paulis supported

on V1 ⊗ C2 ⊗ V3 and V1 ⊗ V2 ⊗ C3 by setting p(2), p(3) as the zero vector. Next, reshape p(1)

into a 3D matrix P (1) and update its columns in the following way. Choose α ∈ C(La). This

column is updated as Eq. (A.40). The other columns of P (1) are converted to zero vectors.

Thanks to Lemma A4.1 and A4.2, we obtain a new path r′ = {P ′
0, P

′
1, · · · , P ′

F} supported on

rα1 ⊗V2⊗V3 with the property ϵmax (r
′) ⩽ ϵmax (r). Note that P ′

F , in the binary representation,

is of the form rα1 ⊗ ȳ ⊗ z̄, where ȳ, z̄ are codewords of δb and δc respectively. Therefore, P ′
F

is either a nontrivial elementary canonical logical operator or the identity. In the latter case,

P ′
F is the trivial codeword (zero vector) in the binary representation. Henceforth, we denote

this as L′ = P ′
F .

If L′ is nontrivial, we can use the relation between the energy barriers of L and L′:

∆(L) = ϵmax(r) ⩾ ϵmax(r
′) ⩾ ∆(L′). (A.42)

Because L′ is an elementary logical operator, ∆(L) is greater or equal to the minimum energy

barrier of elementary canonical logical operators. Thus, if L′ is nontrivial, the proof follows

immediately.

If L′ is an identity, the above argument does not work. Fortunately, it turns out that for any

L′, one can choose La (the codeword of δTa used in the current proof) such that L′ is not an

identity.

Without loss of generality, consider a canonical logical-Z operator L, expressed as

L =
∑
i,j,k

αijk(xi ⊗ ȳj ⊗ z̄k, 0, 0)T , (A.43)
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where (i) δbȳj = δcz̄k = 0 and (ii) xi /∈ Im (δa) are unit vectors. If a given path ends with L,

its deformation (using Eq. (A.40)) yields the following operator L′:

L′ =
∑
j,k

cjk(xα ⊗ ȳj ⊗ z̄k, 0, 0)T , (A.44)

where α ∈ C(La) and cjk is defined as

cjk :=
∑

i∈C(La)

αikj. (A.45)

Note that L′ is trivial if and only if cjk = 0 for all j, k. Therefore, we aim to prove that there

exists a choice of La such that cjk = 1 for at least one choice of j, k.

Let us prove the contrapositive. Suppose cjk = 0 for all k, for any choice of La. Consider the

following vector:

ujk :=
∑
i

αijkxi. (A.46)

Note that cjk = uTjkLa. By our assumption, cjk = 0 for any choice of La, so the inner product

of ujk with any codeword of δTa must be zero. On the other hand, ujk, if it is nonzero, must lie

outside of Im(δa) by the definition of the xi. Thus, ujk is not an element of the row space of

δTa . However, this is a contradiction for the following reasons. For a linear code, let H and G

be the parity check matrix and the generator matrix. Then vTG = 0 if and only if v is a vector

in the row space of H . In our setup, if cjk = 0 for any La, then uTjkG = 0. This implies that

ujk must be in the row space of δTa , which contradicts the fact that it lies outside of Im(δa).

To conclude, there must be at least one choice of k, j such that cjk = 1. Thus, there is always

a choice of La such that L′ is not an identity, thereby proving the claim.

Case 2 and Case 3 can be analyzed similarly to Case 1 by considering subset V1⊗C2⊗V3 and

V1⊗V2⊗C3. For Case 4, one can treat it just as Case 1, Case 2, or Case 3. For example, when

treating it as Case 1, the logical operator L has a nontrivial part in the subset C1 ⊗ V2 ⊗ V3.

One can prove there exists a codeword La of δTa , such that after the deformation, the resulting

L′ is a nontrivial elementary canonical logical operator.
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A4.3 Discussion on Conjecture 4.3.1

Let La and Lb denote the logical operators of δa and δb, with distances da, db and energy

barriers Ea, Eb, respectively. Our goal is to determine the energy barrier of the operator

Lc = La ⊗ Lb, which serves as a logical operator for δc.

To compute the energy barrier of Lc, we consider a path r = {P0, P1, · · · , PF} with P0 = I

and PF = Lc. Then

∆(Lc) = min{ϵmax(r) : r ∈ w(0, Lc)}. (A.47)

Note that r is a path that walks on the bit of code δc. Given a Pℓ ∈ r, the energy (the number

of violated checks) of Pℓ is

ϵ(Pℓ) = wt(δcPℓ)

= wt

 δa ⊗ Inb

Ina ⊗ δb

Pℓ


= wt((δa ⊗ Inb

)Pℓ) + wt((Ina ⊗ δb)Pℓ). (A.48)

To proceed, one can express the identity matrices Ina and Inb
as

Ina =
na∑
j=1

wjw
T
j , Inb

=

nb∑
k=1

uku
T
k . (A.49)
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Eq. (A.48) can then be further processed as

ϵ(Pℓ) = wt (δa ⊗ Inb
Pℓ) + wt (Ina ⊗ δbPℓ)

= wt

(
δa ⊗

nb∑
k=1

uku
T
kPℓ

)
+ wt

(
na∑
j=1

wjw
T
j ⊗ δbPℓ

)

= wt

(
na∑
k=1

(δa ⊗ uk)(Ina ⊗ uTk )Pℓ

)

+ wt

(
na∑
j=1

(wj ⊗ δb)(wTj ⊗ Inb
)Pℓ

)

= wt

(
nb∑
k=1

(δa ⊗ uk)P k
ℓ

)
+ wt

(
na∑
j=1

(wj ⊗ δb)P j
ℓ

)

=

nb∑
k=1

wt
(
δaP

k
ℓ

)
+

na∑
j=1

wt
(
δbP

j
ℓ

)
,

(A.50)

where

P k
ℓ = (Ina ⊗ uTk )Pℓ, P j

ℓ = (wTj ⊗ Inb
)Pℓ. (A.51)

To calculate the energy barrier of Lc, we minimize ϵmax (Pℓ) over all possible r. Here, ϵ (Pℓ)

is the sum of two components:
∑nb

k=1 wt
(
δaP

k
ℓ

)
and

∑na

j=1wt
(
δbP

j
ℓ

)
. Although these two

components depend on each other, we first consider minimizing them independently.

We can first minimize
∑nb

k=1wt
(
δaP

k
ℓ

)
, followed by minimizing

∑na

j=1 wt
(
δbP

j
ℓ

)
. To min-

imize
∑nb

k=1wt
(
δaP

k
ℓ

)
, we apply La along the path ra, which corresponds to the energy

barrier of La for each k sequentially. The maximum energy contribution for this part is Ea.

Subsequently, we minimize
∑na

j=1 wt
(
δbP

j
ℓ

)
by setting the order of k according to the path

rb that gives the energy barrier of Lb. The highest energy contribution for this part is daEb. In

particular, when the second part reaches daEb, the first part has an energy of 0. Therefore,

this path results in an energy barrier of ϵmax(r) = daEb. Alternatively, we can reverse the

process by first minimizing
∑na

j=1 wt
(
δbP

j
ℓ

)
and then

∑nb

k=1wt
(
δaP

k
ℓ

)
. Following a similar

analysis, this approach leads to an energy barrier of ϵmax (r
′) = dbEa.
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To complete the argument, one needs to prove that there is no path with an energy barrier lower

than min [daEb, dbEa]. We developed a program to verify the conjecture 2. This program

generates random codes with their logical operators, computes their energy barriers and

distances, constructs the tensor product code, and calculates its energy barrier.

Computing the energy barrier of a general code is hard. Our implementation uses a best-first

search algorithm that may not always identify the absolute minimum. In our tests across many

random codes, most results support the conjecture. In the rare cases where the energy barrier

of the tensor product code differs from our product-based estimate, the discrepancy is minor

and can be attributed to computational limitations.

While our numerical simulations strongly support the conjecture, one needs to develop

alternative combinatorial methods for a rigorous proof. We believe that solving this problem

will not only strengthen our current findings but also have broader applications for tensor

product codes, particularly given their close relationship to locally testable codes.

2Github repository: https://github.com/Guangqi-Phys/Energy-Barrier-of-tensor-product-codes.git
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