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Abstract

Nelson and Siegel [1987] introduce a smooth exponential function to
analyze the term structure of interest rates. This greatly facilitates the
literature in the Nelson-Siegel model family. In this thesis, the Nelson-
Siegel framework is studied extensively in terms of arbitrage-free re-
strictions, pricing of interest rate derivatives and empirical perfor-
mance of both in-sample fitting and out-of-sample forecasting. Chap-
ter 1 introduces the motivations and contributions of this thesis. In
the following chapter, I review the literature of interest rate models

that are used in this thesis.

In chapter 3, I study the performance of the dynamic Nelson-Siegel
model in fitting and forecasting the government bond yields in Aus-
tralia. The model is improved by utilizing a more powerful and robust
state-space framework estimated with a Kalman filter. I show that
this approach outperforms a random walk and a two-step estimation
dynamic Nelson-Siegel model in forecasting the Australian govern-

ment term structure across various forecasting horizons.

Using the results from chapter 3 and Diebold and Li [2006], the dy-
namic Nelson-Siegel model provides exceptional in-sample fitting and
out-of-sample forecasting of interest rates. However, the lack of the-

oretical background is criticized by academics and practitioners, such



as the absence of arbitrage-free pricing. In this chapter, I develop a
general arbitrage-free Nelson-Siegel model under the HJM framework,
see Heath, Jarrow, and Morton [1992]. It maintains a Nelson-Siegel
factor loading structure and features unspanned stochastic volatility
factors. The corresponding market price of risk is derived based on
Duffie, Pan, and Singleton [2000], Trolle and Schwartz [2009a], and
Christensen, Diebold, and Rudebusch [2011]. The price of interest
rate contingent claims, such as caps, swaptions and bond options, are
derived from the generalized arbitrage-free Nelson-Siegel model based

on Schrager and Pelser [2006] approximation procedure.

To overcome a computationally inefficient pricing scheme in chapter
4, chapter 5 derives a consistent pricing framework of interest rate
caps and swaptions based on Carr and Madan [1999] and Duffie, Pan,
and Singleton [2000]. This exploits the potential to jointly model the
interest rates and their derivatives. I calibrate the model on an ex-
tensive panel data including Libor/Swap rate, At-The-Money(ATM)
caps and swaptions. By casting the entire model into a state-space
form, the extended Kalman filter is employed to calibrate the model.
The results show that the model prices both interest rates and their

derivatives accurately.

Finally, Chapter 6 concludes the thesis and discusses potential exten-

sions.
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Chapter 1

Introduction

1.1 Why interest rate models?

Interest rate models are one of the most sophisticated financial models applied
to daily business. Consequently, a vast amount of research has been devoted to
interest rate modelling. From my perspective, the reasons are three fold; analyz-
ing the dynamics of interest rates, understanding the transmission mechanism of
monetary policy and the pricing and hedging of fixed-income derivatives. Firstly,
the ability to model the dynamics of interest rates is of crucial importance in
many areas of finance. Equally important are accurate forecasts of future inter-
est rates. Monetary policy is a second reason for modelling interest rates. The
short-term rate is controlled by the central banks in most countries. The long-
term yield, however, is the main factor required to understand and predict the
future economy. For instance, mortgage decisions are often influenced by long-
term mortgage rates instead of the short rate controlled by the central banks.

Interest rate models are therefore designed to understand how the transmission



mechanism works and how the central bank conducts monetary policy. The third
reason is the pricing and hedging of fixed-income derivatives, the future payoffs of
which are contingent on future interest rates. Standard products of interest rate
derivatives, including interest rate caps and swaptions, are among the most lig-
uid derivatives traded in financial markets. The exotic interest rate derivatives,
which are designed to meet the particular needs of clients, can also be priced
through specialized interest rate models. In addition, interest rate models pro-
vide a consistent framework to jointly model interest rates and their derivatives.
For example, casting the interest rates and their derivatives into a consistent
model provides additional information from fixed-income derivative markets for

studying the dynamics of interest rates.

1.2 Interest rate models

There are various types of interest rate models, each with their own focus. This
thesis employs three types of interest rate models: the Nelson-Siegel family, affine
term structure models and Heath, Jarrow and Morton (HJM) models. This

section introduces the literature on these models.

1.2.1 Nelson-Siegel framework

Nelson and Siegel [1987] introduce a parsimonious parametric model! to analyse
the term structure of interest rates. Instead of modelling the yield of all matu-

rities, the Nelson-Siegel model reduces the number of dimensions to be modelled

'Fit is a more appropriate description of the Nelson-Siegel contribution. However, to be
consistent with literature the thesis refers to the Nelson-Siegel model.



to just three factors. The model consistently empirically fits the interest rate
curves because it can generate most types of yield curve shapes. According to
Bank for International Settlements [2005], nine out of thirteen central banks es-
timate their yield curves using the Nelson-Siegel model or its variants. Since its
inception, the Nelson-Siegel model has been studied extensively by changing the
numbers of parameters or using different specifications. Examples are the two-
factor model (Diebold, Piazzesi, and Rudebusch [2005]), the three-factor model
(Bliss [1996]) and the four-factor model (Svensson [1994], Bjérk and Christensen
[1999]). The development of the Nelson-Siegel model has been covered in Diebold
and Rudebusch [2013].

The dynamic Nelson-Siegel model estimated via a two-step estimation proce-
dure is proposed by Diebold and Li [2006]. Diebold and Li [2006] show that the
three-factor Nelson-Siegel model not only provides good in-sample fittings, but
can also forecast the future interest rate by incorporating time-varying factors,
especially for longer forecast horizons. Since then many studies have confirmed
these results in different markets, for example government zero-coupon bond rates
in Japan, Germany, and the UK, (Diebold, Li, and Yue [2008]), corporate bond
rates in the US market, (Yu and Salyards [2009]), government bond rates in
Brazil, (Vicente and Tabak [2008]) and government bond rates in China, (Luo,
Han, and Zhang [2012]).

Although the dynamic Nelson-Siegel model forecasts interest rates well, it has
a theoretical drawback that is not arbitrage free, see Filipovic [1999], Filipovic
[2000], Diebold, Piazzesi, and Rudebusch [2005] and Krippner [2006]. Chris-
tensen, Diebold, and Rudebusch [2009] and Christensen, Diebold, and Rude-

busch [2011] propose a new class of affine arbitrage-free models by adding an



additional arbitrage-free term. The proposed affine arbitrage-free Nelson-Siegel
model combines the advantages of affine term structure models and the dynamic

Nelson-Siegel models.

1.2.2 Affine term structure model

Affine term structure models, which are originally proposed by Vasicek [1977]
and Cox, Ingersoll, and Ross [1985], are extensively analyzed in Duffie and Kan
[1996] and Dai and Singleton [2000]. The term, affine, refers to the zero-coupon
rates and their stochastic differential equations under both real and risk-neutral
measures described by an affine function of a group of state variables. The
closed-form solutions of interest rate derivatives greatly facilitates research on
the affine term structure models. Affine models have numerous advantages, such
as the correlated and mean reverting factors, stochastic volatility and closed-form
zero-coupon bond price. Due to its affine structure of zero-coupon bond rate, a
vast amount of research has focussed on estimating various forms of affine inter-
est rate models, (e.g., Chan, Karolyi, Longstaff, and Sanders [1992], Chen and
Scott [1992], Chen and Scott [1993], Duan and Simonato [1993], Longstaff and
Schwartz [1993], Brown and Schaefer [1994], Duffie and Singleton [1997], Duan
and Simonato [1999], Dai and Singleton [2000], Bali [2003], Duffee and Stanton
[2004)).

Moreover, the conditional characteristic function of an affine process is known
in closed-form, see Liu, Pan, and Pedersen [1999], Duffie, Pan, and Singleton
[2000], and Singleton [2001], which allows the pricing of exotic interest rate deriva-

tives. The affine model is particularly attractive for pricing and hedging interest



rate derivatives. For example, Chen [1996] prices bond options and more so-
phisticated interest rate contingent claims by adding a stochastic mean reverting
factor and a volatility factor. Munk [1999] shows that the price of a European
coupon-bearing bond option can be approximated accurately through a group
of European zero-coupon bond options by introducing the stochastic duration
method. Singleton and Umantsev [2002] provide an semi closed-form solution for
European options on coupon bonds using a numerically accurate and computa-
tionally fast method identical to the Fourier inversion method used for pricing
European zero-coupon bond options in Duffie, Pan, and Singleton [2000]. Collin-
Dufresne and Goldstein [2002] propose an Edgeworth expansion of the coupon
bond density to price the swaptions approximately, whose moments are calcu-
lated by the joint moments of the associated zero-coupon bonds. Schrager and
Pelser [2006] extend the literature on European coupon bond options pricing in
both speed and accuracy based on the affine structure of approximate swap rate
dynamics. The approximate method used in Schrager and Pelser [2006] is similar

to Munk [1999).

1.2.3 HJM model

In contrast to the affine term structure model by modelling the dynamics of
the short rate, Heath, Jarrow, and Morton [1992] provide a framework to di-
rectly model the dynamics of the instantaneous forward rate. The paper presents
the no-arbitrage conditions that must be satisfied by the term structure models.
The original idea comes from Richard [1978]. Heath, Jarrow, and Morton [1992]

provide major breakthrough in the pricing of interest rate contingent claims by



building a framework that must be satisfied by all of the models. By modelling
the forward rate directly, the yield curve fitting is contained naturally in the HIM
model. Extensive studies have been undertaken assuming Gaussian instantaneous
forward rates, for example, DeMunnik [1992], Frachot, Janci, and Lacoste [1992],
El Karoui and Lacoste [1992], Frachot [1995] and Miltersen [1994].

The applications of the HIM model, such as interest rate contingent claims
pricing and computational methods, are extensively studied by Brace and Musiela
[1995], Carverhill and Pang [1995], Jeffrey [1995], Rutkowski [1996], Miltersen and
Persson [1999], Chiarella and Kwon [2000], Trolle and Schwartz [2009a] and Trolle
and Schwartz [2009b].

Heath, Jarrow, and Morton [1992] derive the no-arbitrage condition which is
guaranteed by the particular relationship between the drift term and the volatil-
ity term in the stochastic differential equation of the instantaneous forward rate.
However, HIM models are non-Markovian in general. It is well known that inter-
est rate derivatives cannot be priced in non-Markovian models using a PDE-based
approach. The Markovian transformation method has been analysed by Bjork

and Svensson [2001], Chiarella and Kwon [2001] and Chiarella and Kwon [2003].

1.3 Contributions

This thesis extends the literature on the Nelson-Siegel model in several ways.
They are classified into empirical extension and theoretical extension and are

introduced in detail in the following sections.



1.3.1 Empirical extensions

The dynamic Nelson-Siegel model provides a better in-sample fitting and out-of-
sample forecast, relative to competing models, including the affine term structure
model (see Vicente and Tabak [2008]) and the Random Walk (see Diebold and
Li [2006] and Koopman, Mallee, and Van der Wel [2010]). According to Litter-
man and Scheinkman [1991], most of the variation in the term structure can be
explained by a three factor interest rate model and most interest rate models
have focused on three-factor specifications, see Dai and Singleton [2002], Duffee
and Stanton [2004] and Trolle and Schwartz [2009a]. These empirical findings
have been confirmed across different markets. However, to best of my knowl-
edge, the model has not been tested on the Australian government bond rates. A
straightforward extension is therefore to apply the dynamic three-factor Nelson-
Siegel model to the Australian government bond rates. The second extension
can be employed in the estimation procedure. Although the two-step estima-
tion procedure proposed by Diebold and Li [2006] is easy to implement, Diebold,
Rudebusch, and Aruoba [2006] argue that the parameter estimation and signal
extraction uncertainty associated with the first step are not considered in the
second step. De Pooter [2007] also points out that the time series of the three
factors can potentially be biased with outliers estimated in the first step. The
second extension is therefore to test the performance of the one-step and two-step
estimation procedures on the Australian government bond rates.

Chapter 3 studies the performance of the dynamic Nelson-Siegel model in
fitting and forecasting the government bond yields in Australia. Using Australian

Treasury notes from January 1994 to August 2010. The results are similar to the



results obtained by Diebold and Li [2006] using US government bond yields from
January 1985 to December 2000. In order to test the performance of two types of
estimation procedures, the state-space Nelson-Siegel model is estimated via the
Kalman filter to forecast the government bond yields in Australia. The results
show that the one-step approach outperforms a random walk model and two-
step approach in forecasting Australian government bond rates, which confirm
the suggestions in Diebold, Rudebusch, and Aruoba [2006] and De Pooter [2007].
The dynamic Nelson-Siegel model via a one-step estimation procedure is therefore
proved to be an appropriate framework to model and forecast the Australian
government interest rates, which provides a basis for making policy decisions and

investing in Australian fixed-income market.

1.3.2 Theoretical extensions

Although the dynamic Nelson-Siegel model performs well both in-sample and
out-of-sample, see Diebold and Li [2006] and Koopman, Mallee, and Van der
Wel [2010], Filipovic [1999] and Krippner [2006] show that it is not arbitrage-
free. Without the arbitrage-free pricing, it is impossible to apply the Nelson-
Siegel model to pricing interest rate derivatives. Christensen, Diebold, and Rude-
busch [2009] and Christensen, Diebold, and Rudebusch [2011] therefore present
an arbitrage-free specification of the Nelson-Siegel model, which basically incor-
porates the Nelson-Siegel structure in the affine term structure framework by
adding an additional arbitrage-free term. Interest rate volatility is assumed to
be constant in Christensen, Diebold, and Rudebusch [2009] and Christensen,

Diebold, and Rudebusch [2011]. However, the interest rate is clearly stochastic



and stochastic volatility contains important unspanned parts, see Li and Zhao
[2006] and Trolle and Schwartz [2009a]. The first theoretical extension is there-
fore to derive an arbitrage-free Nelson-Siegel model that relaxes the constant
volatility assumptions in the previous literature as well as incorporating the un-
spanned stochastic parts. The second theoretical extension is to price interest rate
derivatives under the generalised arbitrage-free Nelson-Siegel model. According
to Chacko and Das [2002], since the payoff of interest rate caps and swaptions
can be manipulated into particular bond options with a specialized strike price,
pricing the interest rate caps and swaptions is equivalent to pricing the bond
options, including zero-coupon bonds and coupon-bearing bonds.

Chapter 4 tries to fill the gap in the literature by introducing a generalised
arbitrage-free Nelson-Siegel model, which is derived from a more generalised
HJM framework. According to Trolle and Schwartz [2009a], it is widely believed
that the unspanned stochastic volatility can be modeled much easier in a HJM
framework. The generalised arbitrage-free Nelson-Siegel model relaxes the con-
stant volatility assumptions in Christensen, Diebold, and Rudebusch [2009] and
Christensen, Diebold, and Rudebusch [2011]. A Markovian transformation, see
Chiarella and Kwon [2001], is introduced to model the additional arbitrage-free
term, which is assumed to be locally riskless in my model. The generalised
arbitrage-free Nelson-Siegel model maintains the Nelson-Siegel factor loading
structure and features unspanned stochastic volatility factors. By assuming a
constant volatility, the model in Christensen, Diebold, and Rudebusch [2011] can
also be derived based on my model framework as a special case. The correspond-
ing market price of risk is also derived based on Duffie, Pan, and Singleton [2000],

Trolle and Schwartz [2009a] and Christensen, Diebold, and Rudebusch [2011].



The dynamic Nelson-Siegel model is incorporated into the HJM framework by
featuring the unspanned stochastic volatility and thus represents an original con-
tribution. Swaption prices are derived under my framework based on Schrager
and Pelser [2006] approximation scheme. However, their approach is based on
the affine term structure models, my swaption prices are derived under the HJM
framework and thus represents another original contribution.

However, the method of Schrager and Pelser [2006] is computationally inef-
ficient in the calibration procedure. Traders demand the models not only price
accurately, but also price derivatives real-time. I therefore introduce a second
pricing method according to a Fourier transformation in Carr and Madan [1999]
and the transform method in Duffie, Pan, and Singleton [2000] in chapter 5. This
method provides a consistent and efficient way to price the interest rate caps and
swaptions, which also exploits the potential to jointly model interest rates and
their derivatives. The joint framework is then calibrated on an extensive panel
data including Libor/Swap rate, ATM caps and swaptions. By casting the entire
model into a state-space form, I employ a extended Kalman filter to calibrate
the model. The results show that the consistent model derived in chapter 5 price
interest rates and their derivatives accurately. More importantly, it extends the
Schrager and Pelser [2006] method on speed. This consistent framework can be
applied to pricing and hedging interest rate derivatives. In addition, the semi-
closed form solutions provide an accurate way to calculate the Greeks for interest
rate derivatives, which are very important sensitivity measures for interest rate
risk management.

The remainder of this thesis is organized as follows: In the next chapter, I

introduce the Nelson-Siegel model framework and its extensions. In Chapter 3, I

10



study the performance of the dynamic Nelson-Siegel model in modelling and fore-
casting the government bond yields in Australia. The model is further casted into
a state-space model, which is then calibrated via Kalman filter algorithm. Chap-
ter 4 presents a general arbitrage-free Nelson-Siegel model via the HJM framework
and the price of interest rate contingent claims under the general ar'bitrage-free
Nelson-Siegel model. In chapter 5, the price of interest rate derivatives is derived
in a consistent and computationally efficient framework, and then the model is
calibrated on an extensive panel data via an extended Kalman filter. Chapter 6

concludes the thesis and discusses several future extensions.

11



Chapter 2

Literature reviews

This chapter discusses the literature on the Nelson-Siegel framework. I first intro-
duce the original Nelson-Siegel model. Followed by a extensive explanation of its
variants, the Nelson-Siegel model family is summarised into a general state-space
model form. The literature on the calibration of the Nelson-Siegel model family

is also discussed.

2.1 Nelson-Siegel family of models

2.1.1 Nelson-Siegel model

Nelson and Siegel [1987] suggest an exponential function to analyse the dynamics

of the forward rate,

f&T)=p+ Boe™ + BsATe ™

12



where f(t,T") denotes the forward rate on time ¢ with time to maturity 7 = T —*t.
The parameters 1, 52, 83 can be interpreted as the level, slope and curvature,
respectively. The decay parameter A controls the exponential decay rate as well
as where (33 achieves its maximum curvature loading. Large values of A produce
fast decay and provide better fitting of the short-term rate, while small values
generate slow decay and fit the yield curve better over longer-term horizons.
The model is flexible enough to generate most empirical interest rate shapes and
consistently fits various interest rate curves, see Diebold and Li [2006], Vicente
and Tabak [2008] and Yu and Salyards [2009].

The corresponding zero-coupon rate y(t, T') in the Nelson-Siegel model is given

by,
1— e—)«r 1-— e—AT o
y(taT)_:B1+,B2(T)+,B3(T'6 )

where y(t,T') denotes the zero-coupon rate on time ¢ with a maturity at 7 = T —t.

The three factor loadings, 1, 1‘;;”, —1;§;—M— — e~ with a fixed A (A = 0.0609) are
illustrated in Figure 2.1. The loading of 3; is one; does not decay to zero in
the limit which suggests that it is a long-term factor. The loading of B2 decays
monotonically and quickly from one to zero. Therefore, the loading suggests a
short-term factor. Finally, the loading of (5 increases from zero to the maximum
value and then decays relatively slowly to zero; hence, it may be viewed as a
mid-term factor.

Although the Nelson and Siegel [1987] model lacks a theoretical background,
Diebold, Rudebusch, and Aruoba [2006] find that the level factor is a good proxy

for inflation and the slope factor is highly correlated with real economic activity.

13



Figure 2.1: The three factor loadings of the Nelson and Siegel model (A = 0.0609)
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The model is known for its parsimonious yet good approximation of the yield
curve of government bonds with over 99% explanation of the variation in yields.
According to Bank for International Settlements [2005], the model is widely used
in industry and nine out of thirteen central banks estimate their yield curves

using the Nelson-Siegel model or one of its extensions.

2.1.2 Extensions of the Nelson-Siegel model

The Nelson-Siegel model has been widely extended in the literature. The variants
of the Nelson-Siegel model are introduced in this section, such as Svensson [1994],
Bliss [1996], Bjork and Christensen [1999] and Diebold, Piazzesi, and Rudebusch

[2005]. The corresponding factors and factor loadings are discussed in detail.
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2.1.2.1 Svensson (1994)

Svensson [1994] proposes a four factor model by incorporating an additional cur-

vature factor with a different \ value,

£, T) = By + Boe™T + BshiTe ™" + Bigre ™"

where f(¢,T) denotes the instantaneous forward rate on time ¢ with time to
maturity 7 = T —t. The parameters 1, 52, B3, 34 can be interpreted as the level,
slope, first curvature and second curvature factor. The additional fourth factor

increases the model flexibility and improves the in-sample fitting. Svensson [1994]

Figure 2.2: The four factor loadings of the Svensson model (A\; = 0.0609, A\, =
0.177)
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demonstrates that the extension model easily fits the yield curve, particularly
when the term structure of interest rates is abnormally shaped, by using the
Sweden forward rate from 1992 to 1994. The corresponding spot rate y(¢,T") can
be derived by integrating the instantaneous forward rate. Let y(¢,T) denote the
spot rate maturity at time T, for a given date t. The spot rate is given by,

1 — e—/\lT 1 - e—)\lT _)‘11-
y(t,T) =P+ B2 (—)\1-7'_—)4-53 (—-—/\1—7_——6 )

_ p—A2T
+ ,34 (l—e__ _ e—z\zf)
/\27’

The exponential decay rate as well as the maximum value of curvature are con-
trolled by two different As, which turns out to provide more flexibility to the
model. Instead of choosing to fit the short-term or the long-term rate better,
the two different As can provide better fitting simultaneously by choosing two
appropriate values. The four factor loadings, with two fixed As, are illustrated in
Figure 2.2. Similar to Nelson and Siegel [1987], the loading of $; can be viewed
as a long-term factor loading, and the loading of 3, can be viewed as a short-term
loading. However, the loading of 83 and £, can be viewed together as a mid-term

loading.

2.1.2.2 Bliss (1997)

Bliss [1996] extends the Nelson-Siegel model by relaxing the restriction that the
slope and curvature loadings should be governed by the same A. Therefore, Bliss

[1996] suggests different values of A for slope and curvature factor loadings in the
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Nelson-Siegel model,
& T) =By + foe™7 + BsAare 2"

where f(t,T) and B, B2, B3 represent the instantaneous forward rate, level, slope
and curvature factors, respectively. A; is the decay parameter controls exponential
decay rate of slope, and A, controls the maximum value of the curvature loading.
The corresponding zero-coupon bond rate y(¢,T") can be derived by,

1-— e-—/\lr 1— e—)\zT gt
y(t,T) = B+ P2 (—/\17_—)+ﬁ3 (T—e )

By incorporating a different ), the author argues that the different decay parame-
ters introduce more flexibility into the Nelson-Siegel framework. Intuitively, when
A1 = Mg, the Bliss model is identical to the original Nelson-Siegel model. The
three factor loadings, with two fixed As, are illustrated in Figure 2.3. Compared
with Nelson and Siegel [1987] and Svensson [1994], the loading of 3; remains the
same. However, the slope and curvature factor loadings have different shapes

because of the different decay parameters.

2.1.2.3 Bjork and Christensen (1999)

Bjork and Christensen [1999] introduce a second slope factor and propose a four-

factor Nelson-Siegel model,

(&, T) = By + Pae™7 + Bshy7e ™27 + Bye™ 27
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Figure 2.3: The three factor loadings of the Bliss model (A; = 0.0609, Ay = 0.177)
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where f(t,T) is the instantaneous forward rate and (3, B2, B3, B4 are level, curva-
ture, first slope and second slope factors, respectively. The decay rate is governed
by the summation of A; and A\y. The corresponding spot rate y(¢,7T') is then given

by,

y e—/\17 1 e—)\l'r Y
Y(T) = B1 + B2 <T>+53 (T—e )

1—e 27
+o(50)

The slope of the yield curve can thus be explained by 3, and (4 instead of depend-
ing only on ;. Similar to Svensson [1994], the different As provide additional

flexible to fit the interest rate curve. The four factor loadings, with two fixed
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Figure 2.4: The four factor loadings of the Bjork and Christensen model (A\; =
0.0609, Ay = 0.177)
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As, are illustrated in Figure 2.4. Two slope parameters can explain more compli-
cated shapes of the yield curve. According to Diebold, Rudebusch, and Aruoba
[2006], the Bjork and Christensen Nelson-Siegel model provides a better in-sample
fitting in terms of Root-Mean-Square-Error(RMSEs), compared with to the orig-
inal Nelson-Siegel model using US government bond yields from January 1972 to

December 2000.

2.1.2.4 Diebold Piazzesi and Rudebusch (2005)

Diebold, Piazzesi, and Rudebusch [2005] introduce a two-factor Nelson-Siegel

model. The instantaneous forward rate in Diebold, Piazzesi, and Rudebusch

19



[2005] is then given by,

f(&,T) = B1+ Boe™

where 3, (5 are the level and slope factors. According to Litterman and Scheinkman
[1991], most of the variation in term structure can be explained by three princi-
pal components, with the first two components explaining over 90%. Although
Diebold, Piazzesi, and Rudebusch [2005] suggest the two-factor model is most
likely not enough to fit the interest rate curve accurately, its parsimony may pro-

duce better out-of-sample forecasting. The corresponding spot rate y(t,7") can

Figure 2.5: The two factor loadings of the Diebold Piazzesi and Rudebusch model
(A = 0.0609)
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be derived by,

1— 6_’\T

W6 1) = b+ (S5

where the level and slope factor loadings are 1 and 1‘;”, which is illustrated in

Figure 2.5 by fixing the decay parameter A.

Table 2.1 summarises the Nelson-Siegel family of models introduced.

Table 2.1: Summary of Nelson-Siegel family of models

Model Number of Factors Level Slope Curvature

NS 3 1 1 1
Sv 4 1 1 2
Bl 3 1 1 1
BC 4 1 2 1
DPR 2 1 1 0

NS, Sv, Bl, BC and DRA represent Nelson and Siegel {1987], Svens-
son [1994], Bliss [1996], Bjork and Christensen [1999] and Diebold,
Piazzesi, and Rudebusch [2005]

2.1.3 Model calibration

2.1.3.1 State-space form

All the models listed in the previous section are variants of the original Nelson-
Siegel model. This section captures the general model specification in a state-
space framework. The variants of the Nelson-Siegel model in the previous section
are special cases of equations (2.1) and (2.2) by selecting a different number of
factors or a different value of the decay parameter.

The state-space model consists of a measurement equation and a transition
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equation. According to Harvey [1989] and Diebold, Rudebusch, and Aruoba

[2006], the measurement equation for the Nelson-Siegel family is given by,

Y, = HB, + e (2.1)

where Y; is the N x 1 column vector of interest rates, which includes N different
maturities. The matrix H is the N x K factor loading matrix and K is the
number of the factors. For example, the value of K equals to three in the original
Nelson-Siegel model. The time-varying factors 3, is the K x 1 column vector of
the factors, and €; is a N x 1 column vector of the measurement errors, which
are assumed to be normally independent distributed.

The transition equation for the Nelson-Siegel family is given by,

Bi=U~d)pu+ By +ny (2.2)

where f; is the K x 1 column vector of the factors at time ¢. I is the K x K identity
matrix and p is the K x 1 column vector, which represents the unconditional mean
of the factors. Transition matrix ¢ is the K x K diagonal matrix since the factors
are assumed to be independent. The error term 7 is a K x 1 column vectors of the

transition errors, which are also assumed to be normally independent distributed.

2.1.3.2 Estimation procedure

In general, two types of estimation methods are used to calibrate the state space
model: two-step estimation and one-step estimation. As stated earlier, the two-

step estimation procedure was introduced by Diebold and Li [2006] to calibrate
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the dynamic Nelson-Siegel model. In the first step, A is assumed to be fixed
which reduces the equations to a multi-linear regression problem. The three
latent factors are then estimated by ordinary least squares from a cross-section
of yields for each month ¢. In the second step, a time series proceés is employed
to model three latent factors which is further used to fit and forecast the term
structure of interest rates.

By using a AR(1) process, Diebold and Li [2006] show that the out-of sample
forecasts outperform a random walk model, especially at longer forecast horizons.
Similar conclusions have been obtained in forecasting the term structure of inter-
est rates in Japan, Germany and the UK (Diebold, Li, and Yue [2008]), Brazil
(Vicente and Tabak [2008]) and China (Luo, Han, and Zhang [2012]).

De Pooter [2007] and Diebold, Rudebusch, and Aruoba [2006] argue that the
time series of the factors obtained from the Diebold and Li [2006] two-step estima-
tion procedure can be potentially biased with outliers estimated in the first step.
Rather than fitting the zero-coupon yield curve separately from the modeling of
the factor dynamics, De Pooter [2007] estimates all parameters simultaneously
with a one-step state-space approach. The parameters are estimated by the max-
imum likelihood function and Kalman filter used to obtain the optimal factor
estimates. Although the number of parameters to estimate in a one-step ap-
proach is substantial, De Pooter [2007] argues that this method ensures that the
dynamics of all parameters are taken into account simultaneously. His results
illustrate better performance in out-of-sample forecasting of US data compared

to the two-step approach.
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2.1.4 The arbitrage-free Nelson-Siegel model

The Nelson-Siegel model could not exclude the probability of arbitrage. To the
best of my knowledge, Bjork and Christensen [1999] followed by Filipovic [1999]
and Filipovic [2000] are the original articles establishing the inconsistency of
Nelson-Siegel models with the absence of arbitrage. Sharef and Filipovic [2004]
develop an arbitrage-free version of the Svensson [1994] extension to the Nelson-
Siegel model and Krippner [2006] develops a special case of the arbitrage-free
Nelson-Siegel model assuming constant market prices of risk and independent
innovations. Christensen, Diebold, and Rudebusch [2009] also propose an ex-
tended arbitrage-free Nelson-Siegel model with additional slope and curvature
components. Christensen, Diebold, and Rudebusch [2011] develop the general
arbitrage-free Nelson-Siegel model by maintaining the Nelson-Siegel factor load-
ing structure, in which the zero-coupon bond rate is given by,

b lme o (1= ) s
y(t,T) = X; + _)\T—Xt + BT € X; + L(¢,T)

where X}, X2, and X} correspond to Bi;, B2 and fBs.! The model exactly
matches the Nelson-Siegel factor loading structure, but there is an additional
yield-adjustment term L(¢,T). One can also write the version of the affine
arbitrage-free Nelson-Siegel model with respect to the instantaneous forward rate

curve as follows,

OL(t, Tt
or

1The notation has been changed since the factors are now described by an stochastic dif-
ferential equation instead of discrete time series models.

f@t,T) =X + X2 + X3Are™ +
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The probability of arbitrage is automatically excluded since the dynamic Nelson-
Siegel model is incorporated into the framework of affine term structure models,
see Duffie and Kan [1996] and Dai and Singleton [2000]. Krippner [2012] pro-
vides one form of theoretical foundation for Nelson-Siegel models, by relating
them explicitly to the Gaussian affine term structure class of models, see Diebold
and Rudebusch [2013]. Krippner [2008] also provides a theoretical basis for in-
terpreting the arbitrage-free Nelson-Siegel components from a macroeconomic

perspective.

2.2 General equilibrium model

Term structure modeling is one of the most active and sophisticated areas of
financial theory applied to everyday business problems, ranging from managing
the risk of a bond portfolio to the design and pricing of collateralized mortgage
obligations. In this section, the affine term structure models are introduced. An
understanding of these theoretical models is particularly useful in Chapter 4 and
Chapter 5, where I derive the generalised arbitrage-free Nelson-Siegel model and

the price of the interest rate derivatives.

2.2.1 Affine term structure model

The term structure of interest rates is defined as the relationship between the level
of the interest rate and its corresponding time to maturity. A general version of
the affine term structure model is introduced first, see Duffie and Kan [1996].
Affine models are developed in a general equilibrium setting, as originated by

Vasicek [1977] and Cox, Ingersoll, and Ross [1985]. Duffie and Kan [1996] provide
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a characterization of the multifactor affine model, finally classified by Dai and
Singleton [2000]. Simply put, in affine term structure models the bond price

P(t,T) maturing at time T is given by a simple exponential affine equation,
P(t, T) — e—A(t,T)—B(t,T)’Xt (23)

where A(t,T) and B(¢,T) are coefficients that depend on maturity 7 and X,
satisfies a stochastic differential equation. Duffie and Kan [1996] suggest modeling
the dynamics of interest rates with latent factors where the state vectors X;
cannot be obtained directly. Vasicek [1977] proposes the one-dimensional affine
class. Additional dimensions are considered in Cox, Ingersoll, and Ross [1985]
and Langetieg [1980]. Multifactor affine models include those of Longstaff and
Schwartz [1993], Strickland [1996], Balduzzi, Das, and Foresi [1998] and Berardi
and Esposito [1999]. A key contribution of the affine term structure models is the
closed-form solution. Otherwise, numerical optimization, such as Monte Carlo, is
required to solve these partial differential equations(PDEs).

The state variables X; are assumed to follow a Markovian process and are

further described by the following stochastic differential equation,
dXt = [I/(t, Xt)dt =+ O'(t, Xt)th (24)

where u(t,X;) € R¥, o(t,X;) is a k x k matrix and dW; is a k-dimensional
Wiener process. Equations (2.3) and (2.4) together are the affine term structure

framework. Applying It6’s lemma to equations (2.3) and (2.4), the dynamics of
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the bond price P(¢,T) can be derived by,

dP(t7 T) = P(t’ T) ([ - At(t) T) - Bt(t’ T)Xt - I-l‘(t7 Xt)TB(t7 T)

kE k&
+3 30 Y Bt TIB,(8 T)on(t, Xy (¢, X) Tt

i=1 i=j

- B(ta T)Td'(t, Xt)dwt)

If the market is free of arbitrage, there must exist a probability measure P* to

guarantee that the bond price P(¢,T) is a martingale,
dP(t,T) =rP(t,T)dt

where r; is the risk-free rate. Given the bond price P(¢,T) is a martingale under

the P* measure, the drift term is then equal to the risk-free rate, which gives,

— Ay(t,T) — By(t, )X, — pu(t, Xs) "B(t, T)

Lk . (2.5)
+ 5 Z Z Bi(t7 T)Bj(t7 T)ai(tr Xt)aj(t’ Xt) ] —r=0

i=1 i=j

The drift condition in equation (2.5) provides general constraints between A(t, T,
B(¢,T), p(t,X;) and o(t,X;). There may be many solutions for A(¢,T), B(t,T),
p(t,X;) and o (¢, X;). Duffie and Kan [1996] and Dai and Singleton [2000] provide
the condition that is required to be placed on p(t, X;) and o (¢, X;) to guarantee
the existence of A(¢,T) and B(¢,T). The bond prices can then be calculated as
solutions to a system of ordinary differential equations of A(X;,7) and B(X;, 7).

Because of their computational and empirical tractability, affine term structure
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models have been applied in finance for decades, including term structure model

theory, pricing for interest rate derivatives and modeling of credit risk.

2.2.2 Short-rate models

Short-rate models are actually one-factor term structure models, because they
treat the entire term structure of interest rates at any time as a function of a
single state variable, the short rate of interest, see Merton [1974], Vasicek [1977],
Cox, Ingersoll, and Ross [1985], Ho and Lee [1986], and Black, Derman, and
Toy [1990]. Merton [1974] originates literature on the Gaussian short-rate model.
The model is extended by Ho and Lee [1986]. They also develop the econometric
procedure to calibrate the model to the current term structure. Black, Derman,
and Toy [1990] further develop the calibration methodology in Ho and Lee [1986].
Alternatively, the framework of Cox, Ingersoll, and Ross [1985] is developed in a
general equilibrium setting. In one-factor term structure models, the short rate

¢ is given by a SDE of the following form:
dry = p(re, t)dt + o (ry, t)dBP (2.6)

where 41 : R x [0,7] = R and ¢ : R x [0,7] — R? satisfy technical conditions
guaranteeing the existence of a solution to equation (26) The u(rs, t) and o(ry, t)
can be positive constants (time-homogenous short rate model) or deterministic

functions of time (time-varying parameters short rate model).
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2.2.2.1 Vasicek model

The framework of Vasicek [1977] is considered as one of the earliest models of
interest rate dynamics. The author suggests that the short rate under the real

world measure P evolves as an Ornstein-Uhlenbeck process,
th = m(@ - Tt)dt + O'th (27)

where &, § and o are positive constants. The most important aspect of the Vasicek
model is the mean reversion property, which implies that interest rates are always
reverting towards a long-term equilibrium level §. This property is both supported

by economic theory and observed interest rate dynamics. Integrating equation

(2.7) yields,

t
re=re ) 4 0(1-e ) 4o / et aw,

8

where r; is normally distributed conditional on F, with mean and variance,

E(Ttlffs) = TSC_N(t_S) + 0 (1 _ e—l‘i(t—s))

2

Var(ry|Fs) = g—ﬂ (1 — em2st=2))

The major drawback of this framework is that the short rate r; can be negative
with positive probability. However, without the normal distribution assumption,
the analytical tractability of the interest rate model is rarely achieved, see Brigo
and Mercurio [2007]. The framework of Vasicek [1977] is also notable because of

its closed-form solution to a zero-coupon bond price P(t,T), see equation (2.3).
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A(t,T) and B(t,T) are given by,

A, T) = %ZB(t,T)z - (0 - %;) (B(t,T) =T +1t)

B(t,T) = % (1 —e=T-9)

2.2.2.2 Cox, Ingersoll and Ross model

The framework of Cox, Ingersoll, and Ross [1985] has been a benchmark for many
years because it overcomes the problem of negative interest rates by introducing
a square root term into the diffusion coefficient. The dynamics of the short rate

is given by,
th = l‘\?(e - Tt)dt + U\/T_':th

where k, § and o are positive constants. To prohibit the interest rate from being

zero, the following condition is required to be placed on &, 6 and o,
260 > o

Following Cox, Ingersoll, and Ross [1985], the short rate process features a non-
central chi-squared distribution under the risk-neutral measure P*. The mean

and the variance of r; conditional on F, are therefore given by,

E(re|Fs) = R ) (1 _ e—n(t—s))

2 2
Var(r|Js) = Tt% (e""(t_s) — 7 2n(t=9)) 4 9;_,.; (1- e_'“(t_s))2
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The zero-coupon bond price P(t,T) is again given by equation (2.3), where,

A(t,T) = exp( - [2h + (k+h) (e(T—t)h — 1)] o
2 (e(T—t)h _ 1)
=T (kB ()

h = VK% + 202

x+h)(T—
2he£.L)L_tl zno>

B(t,T)

The framework of Cox, Ingersoll,' and R(;SS [1985] is significantly more complicated

than Vasicek [1977] in terms of derivation.

2.2.2.3 Dothan Model

Dothan [1978] proposes a driftless geometric Brownian motion to model the dy-

namics of interest rates under the real world measure P,
dr; = or:dW;

where o is a positive constant. By incorporating a constant market price of risk,

the rate SDE of Dothan [1978] can be written in the following manner,
dry = ary + ory dW; (2.8)

where a is a real constant. This is actually a continuous version of the framework

of Rendleman and Bartter [1980]. Integrating equation 2.8,

1.2 —
T = rse(a—ia )(t—-s)+a’(Wt Ws)

31



The short rate 7, process features a lognormal distribution conditional on F,. The

mean and the variance of r; conditional on F; are therefore given by,

E(re|F,) = ree?t

Var(r|F,) = r2e?t= (e”z(t"s) — 1)

This model also overcomes the main drawback in Vasicek [1977] since the short
rate r; is always positive because of the definition of a lognormal dis;.fribution.
Unfortunately, the Dothan model is only a mean-reverting interest rate model
when a < 0, see Brigo and Mercurio [2007]. The zero-coupon bond price of the
Dothan model is derived in analytical form. However, the pricing formula can
not be written in the manner of equation (2.3). Therefore, the Dothan model is

a short rate model that is not included in the affine term structure framework.

2.2.2.4 Hull and White model

Vasicek [1977], Dothan [1978] and Cox, Ingersoll, and Ross [1985] are time-
homogeneous short-rate models that provide a poor fit to the initial term struc-
ture of interest rates, see Ho and Lee [1986] and Hull and White [1990]. Hull and
White [1990] propose a time-varying parameter in the Vasicek model to accurately

fit the currently-observed yield curve,
d’l"t = (Gt — atrt)dt + O'tth

where 6;, a; and o; are deterministic functions of time. Although it fits the
current yield curve perfectly, the perfect fitting of a volatility term structure can

be rather misleading because of the liquidity issues of financial markets, see Hull
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and White [1995]. Hull and White [1994] propose a different framework,
d?"t = (Gt - art)dt + O'th (29)

where a and ¢ are positive constants and 6, is a deterministic function of time.

Integrating equation (2.9),

¢
ry =ree” ) 4oy — e o / e t-vgqw,

S

where

= f(0,t) + 22(1 e~ )2
dln P(0,t)

f(07t) = ot

f(0,t) is the instantaneous forward rate at time zero for the maturity ¢. The

mean and the variance of ; conditional on ¥, are therefore given by,

E(Ttlg's) = rse—a(t—s) +a; — ase—a(t_s)
o* 2a(t
Var(ry|F,) = o (1-e af —s))
Again, the dynamics of r; feature a normal distribution conditional on F;. The

zero-coupon bond price can be classified into equation (2.3), where A(¢,T) and

B(t,T) are given by,

@

At,T) = (”— — e~ B(t, T)% — B(t, T) (0, t)) P
1

4
B, T) = - (1—eT)

33



The framework of Hull and White [1994] provides an exact fit of interest rates by
setting a time-varying ;. The Gaussian distribution of the short rate r; allows
for the derivation of closed-form solutions of interest rate contracts. However,
similar to Vasicek [1977], the short rate r; may have negative values with positive
probability.

Table 2.2 summarises the short-rate models introduced.!

Table 2.2: Summary of short-rate models

Model Dynamics r>0 Distribution

A% dry = k(6 — r¢)dt + odW; N normal

CIR dry=k(0—r)dt+o/ridW; Y  noncentral chi-squared
D dry = ary + ordW; Y lognormal

HW dry = (6; — ary)dt + odW, N normal

V, CIR, D, and HW represent Vasicek [1977], Cox, Ingersoll, and Ross [1985], Dothan
[1978] and Hull and White [1994], N and Y represent No and Yes.

2.3 HJM framework and its no-arbitrage condi-
tion

Heath, Jarrow, and Morton [1992] provide a framework to directly model the
dynamics of instantaneous forward rate instead of the short rate in section 2.2.2,

which is defined by,

9l P(t,T)
oT

1This summary is similar to Table 3.2 of Brigo and Mercurio [2007]

f(t7 T) = (2.10)
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By integrating both sides of equation (2.10),
T T
Oln P(t,u)
f(t,u du=—/ ————du
| fewan=- [ =2
=—InP(¢,T)

The bond price P(t,T) can be derived as follows,
P(t,T) = e~ i ftw)du

Intuitively, the instantaneous forward rate is the fundamental building block in
the HIM model. The stochastic differential equation of the instantaneous rate is

therefore assumed explicitly under real world measure,
df(t,T) = a(t,T)dt + o(t, T) T dW;

where W; is a d-dimensional standard Brownian motion. «(t,T’) and o(¢,T) are
F:-adapted processes for all T' > 0. Thus, according to the proof in Heath, Jarrow,
and Morton [1992], the no-arbitrage condition is guaranteed by the particular

relationship between the drift a(¢,7T") and the volatility o (¢, T).
T
a(t,T) = ot,T)T / o(t, u)du
t

This is the key result in the HIM model and is used as my no-arbitrage condition
for the generalised arbitrage-free Nelson-Siegel model. However, HIM models are
non-Markovian in general. It is well known that interest rate derivatives cannot

be priced in a non-Markovian models by using a PDE-based approach. Since the
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unspanned stochastic volatility arbitrage-free Nelson-Siegel model is derived in
the HJIM framework, it has to facilitate a Markovian version to be able to price
interest rate derivatives. Related studies are Miltersen {1994] and Frachot [1995].
The Markovian decomposition method used in this thesis comes from Chiarella

and Kwon [2001] and Chiarella and Kwon [2003].
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Chapter 3

Modeling and forecasting the
government bond term structure

in Australia

This chapter looks at the performance of interest rate models in fitting and fore-
casting the government bond yields in Australia. The Diebold and Li interest rate
model is improved by utilizing a more powerful and robust state-space framework
estimated via a Kalman filter. I show that this approach outperforms a random
walk and the original Diebold and Li model in forecasting the Australian govern-

ment term structure across various forecasting horizons.

3.1 Introduction

A vast amount of research has been devoted to modeling the term structure of

interest rates and pricing of fixed-income derivatives. Significant advances have
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been achieved in equilibrium term structure models, summarized by Duffie and
Kan [1996], where future yield dynamics depend on several state variables (see for
example, Vasicek [1977]; Cox, Ingersoll, and Ross [1985]) and no-arbitrage models,
focusing on the cross-sectional fitting of the interest rates (Ho and Lee [1986]; Hull
and White [1990]). The ability to predict the yield curve is of equal importance
in many areas of finance and of great interest to both academics and market
practitioners. However, literature on forecasting the term structure of Australian
interest rates is sparse considering Australian government bonds are playing an
increasing role in international markets. Largely due to the governments good
credit rating, the Australian market has attracted new international investors
such as central banks and sovereign wealth funds. According to the Reserve Bank
of Australias statement on monetary policy, as at the end of 2011, 75 per cent of
Commonwealth government securities were held by non-residents, up from 60 per
cent five years earlier. Interest rates are generally forecast with statistical models
that express yields as a vector time series process (for example, Diebold and Li
[2006]). These models generally outperform theoretical models at forecasting the
yield curve, yet they still rarely outperform even the most basic random walk
benchmark. Recent improvements in the forecasting performance of statistical
models (see for example, De Pooter [2007]) have been driven by improvements in
the estimation methodology.

This chapter focuses on statistical methods, forecasting the term structure of
Australian Government bonds using a dynamic factor model proposed by Diebold
and Li [2006] estimated with a State-Space model of De Pooter [2007]. Using an
out-of-sample period from August 2001 to August 2010 I conclude that more

efficient estimation produces forecasts that are superior to both the Diebold and
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Li [2006] model and the Random Walk model.

The remainder of this paper is organized as follows: The next section presents
the original Nelson and Siegel model framework and its recent extensions. In
section 3.2, I introduce the State-Space representation of the model and the
Kalman filter estimation procedure. Section 3.3 presents the dataset while section
3.4 presents the forecasting performance of the state-space Diebold and Li model
in predicting Australian zero coupon government bond term structure. Section

3.5 summaries and concludes.

3.2 State space representation and the Kalman

filter

The time series of the factors obtained from the Diebold and Li two-step estima-
tion procedure can be potentially biased with outliers estimated in the first step,
see De Pooter [2007] and Diebold, Rudebusch, and Aruoba [2006]. Rather than
fitting the zero-coupon yield curve separately from the modeling of the factor
dynamics, De Pooter [2007] suggests a one-step state-space approach via Kalman
filter to calibrate all parameters simultaneously. The one-step state-space method
outperforms the two-step approach in out-of-sample forecasting of US government
bond yields. The Kalman filter has also been used to analyze the affine interest
rates models, see Duffee and Stanton [2004] and general HIM models, see Trolle
and Schwartz [2009a]. Consistent with these papers, all parameters are estimated
simultaneously using information from both the cross-section and time-series of

yields with a linear state space model specification estimated by a Kalman filter,
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in order to obtain more efficient estimates of fS3s.

A state-space model is specified by a measurement and a transition equation.
In my case, the measurement equation represents the relationship between the
market zero-coupon rate and the underlying state variables while the transition
equation describes the time series dynamics of the underlying state variables.
The optimal parameters are estimated via a Kalman filter by maximising the log-
likelihood function, which is derived recursively from the state-space formulation.
According to Duan and Simonato [1999] and Duffee and Stanton [2004], the
Kalman filter is considered an efficient approach for modelling state variables
that are not directly observed. Consistent with Diebold and Li [2006], A is set to
a fixed number 0.0609. ! To clarify the notation, I substitute 1, B2, Bs with L,
St, C} to represent the level, slope and curvature of the yield curve, respectively.

In a linear Gaussian state space model, the transition equation is given by:

Li—pr, az 0 O Liy—pr (L)
St — ps = 0 a2 O Si—1— ps + | m(S)
C — uc 0 0 as Ci—1 — bc n:(c)
I define
aii 0 0
F= 0 axp O
0 0 ass

1)\ does not necessarily have to be at Diebold and Li [2006] value. A different value may
prove more suitable for different markets or data sets, see Krippner and Thorsrud [2009]. How-
ever, many authors have simply adopted the Diebold and Li [2006] value for their application,
see De Pooter [2007], Vicente and Tabak [2008], the fixed value 0.0609 is therefore applied to
consistent with these studies.
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where 7;|F;—1 ~ N(0,Q). Since the factors are assumed to be independent, the
Q matrix is therefore a diagonal matrix. ur, ps and pc are the unconditional

mean of the three factors. The measurement equation can be written according

to Diebold and Li [2006],

N

AT ATy I
t
1— —ATy 1— —ATg Y
1 irz ;Tz —e € (7—2)
v=| 7 | s |+
Ci
1—e= AN 1—e~ AN L= ATN
\ 1 ATN ATN € ) et(TN)

Where

Y. =

\ ¥(t.Y) /

where y(t,Y;) indicates the zero-coupon rate maturating at time Y; with time to

maturity ; = Y; — t. I also define

( 1 1—e~271 1—e~?n1 —6_’\T1 \

AT1 AT1

—e—AT2 _e—AT2 _
R

—e—ATN —e—ATN _
\1 liTN lirN _6/\TN)

where €|F;—; ~ N(0, R) and matrix R is diagonal, thus I assume that the error

terms in the measurement equation are normally and independently distributed.
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The Kalman filter estimation technique is applied as follows.

Step 1 The Kalman filter is initialized with the unconditional mean and vari-
ance of the underlying unobserved state variable using historical data preceding

the start of the sample.

]
Bl5) = (1. s o, )

Step 2 The recursive procedure begins by forecasting the measurement equa-

tion. The conditional forecast of the measurement equation is given by,
E(Yy|F,) = HE(Xy|F,y)
Where the associated conditional variance has the following form,
Var(Y;,|F:,_,) = HVar(X,,|F:,_, )H' +R

Step 3 Once the true value of the observed zero-coupon rate Y;, enters the
recursive system, the error in the conditional prediction in Step 2 can be obtained

from,
Cti = Y;i - E(}ftilgti—l)

The prediction error is used to update the dynamics of transition equation in the

Kalman filter technique. The updating equations are given by,

E(Xti’?ti) = E(Xti|3:ti—1) + Kticti

42



Va'r‘(Xti|3'ti) = (I — KtiH)Var(Xti

S:ti—l)

where K, is the Kalman gain matrix, which determines the weight given to the

new observation in the updated state system forecast. It can be denoted as,

Kti = Var(Xti ?ti-l)HTva’T(Kil‘(}'ti-l)

Step 4 In the recursive loop, the next time period state variables are forecasted
conditioning on the information from 3 steps above. According to the transition
equation, the conditional expectation of the underlying state variables during the

next period is given by:
E(X4,|F) = (I = F)u+ FE(Xy|F,)
and the conditional variance has the following form:
Var(X,,,|F:) = Var(Xs,|F:) + FVar(Xe|Fu)F' +Q

Step 5 The likelihood function is constructed by repeating the previous four
steps in the data sample. At each step a measurement-system prediction error
Ct, and a prediction error covariance matrix Var(X,|J:,_,) is generated. Under
the assumption that measurement-system prediction errors are Gaussian, the log-

likelihood function can be given as follow:

_nN ln nNin(2r) 1

¢9) = -5

N
Z ln det VCLT’ thlf}dtz 1))) + Ct-i-var(Xti'g:ti—l)_lcti]
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To find the optimal parameter set, the preceding algorithm is treated as the
objective function and non-linear numerical optimization techniques are used to

find the maximum.

3.3 Data and methodology

As zero-coupon bonds are not issued in Australia, I bootstrap the zero-coupon
rate from Australian government coupon-bearing bonds using the Fama and Bliss
[1987] assumption (constant forward rates between maturities of the yield curve
data). I utilize 14 different maturities; 1, 3 and 6 months, and 1, 2, 3, 4, 5, 7, 10,
12 and 15 years observed at the monthly frequency from January 1994 to August
2010 for a total of 200 monthly observations. The period from January 1994 to
July 2000 is used to estimate the model and then roll the calibration period ahead
by one month to estimate a new set of parameters. A rolling forecast window
ensures estimates are constructed from more recent data. Similar to all types
of multi-factors term structure models, forecasting future yield curve is equiv-
alent to forecasting the factors. I implement the Nelson-Siegel model preferred
by Diebold and Li [2006], in which each of the three latent factors follows an
AR(1) process. The factors are recursively estimated out-of-sample at a monthly
interval for the 11-year period between August 2000 and August 2010 and con-
struct point forecasts across the twelve maturities for four different horizons, 1-,
3-, 6- and 12-months ahead. For maturities of less than one year, I use Treasury
notes or Overnight Indexed Swaps (OIS), if Treasury notes are not available. All
data is supplied by the Reserve Bank of Australia. The descriptive statistics,

summarized in 3.1, support the stylized facts of term structure, including pre-
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dominantly upward sloping yield curve and high persistence. Persistence tends to
slightly decrease with maturity while yield volatility generally tends to increase

with maturity.

Table 3.1: Descriptive Statistics for Australian Government bonds

Maturity L o Max Min p(1) p(12) p(24)

1 5439 1.120 7.780 2.890 0.979 0.342 -0.189
3 5.464 1.174 8350 2.590 0.977 0.336 -0.166
6 5.521 1.245 9.160 2.295 0972 0.325 -0.134
12 5.638 1.311 10.023 2.430 0.965 0.441 -0.012
24 5.807 1.363 10.497 2.605 0.964 0.469 0.089
36 5.966 1.369 10.501 2.888 0.965 0.521 0.163
48 6.088 1.382 10.583 3.124 0.967 0.559 0.211
60 6.189 1.401 10.594 3.365 0.969 0.598 0.254
84 6.340 1.436 10.826 3.824 0972 0.633 0.305
120 6.451 1.449 10981 4.097 0.973 0.662 0.345
144 6.513 1.438 10975 4.153 0971 0.655 0.344
180 6.472 1.287 10.333 4.016 0.962 0.632 0.367

Descriptive statistics across the various bond maturities expressed in months.

© and o, Max, Min represent mean, standard deviation, maximum and min-
imum yield on the zero coupon bond. p(.) shows the level of autocorrelation
with the order (in months) specified in the brackets. All autocorrelation coef-
ficients are significant at the 5 per cent level of significance.

A 3-dimensional plot of the Australian zero-coupon rate is shown in Figure
3.1. It clearly demonstrates that the large amount of temporal variation in the

Australian data comes from the interest rate level from the figure.
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Figure 3.1: 3-dimension Yield Curves
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3.4 Resiills

3.4.1 In sample performance

The above estimation procedure is used to forecast the term structure of the
Australian Government bonds. The descriptive statistics for the Diebold and Li

[2006] model are reported in Table 3.2.

Table 3.2: Descriptive Statistics for Diebold and Li model

Diebold and Li model

Lt St Ct I
0.973 0 0 6.194
0 0.951 0 -0.943
0 0 0.869 -1.037

The parameter estimates reported in Table 3.2 are similar to the results ob-
tained by Diebold and Li [2006] using US data. The level factor displays the high-

est persistency while the curvature factor has the fastest rate of mean-reversion.

46



The summary statistics of the fitted errors are shown in Table 3.3. The average

error across all maturities is close to zero indicating a good in-sample fit.

Table 3.3: Descriptive Statistics for the fitted errors

Maturity W o Max Min p(1) p(12) p(24)

1 -0.43 10.64 -50.17 38.25 0.81 -0.07 0.08
3 062 319 -885 1629 045 0.02 0.13
6 0.17 1255 -35.01 4145 085 0.05 0.23
12 -1.12 12.80 -4593 3899 0.75 0.16 0.06
24 © 093 758 -21.70 42.04 0.78 -0.18 0.13
36 061 596 -2142 2262 082 0.16 0.00
48 071 6.59 -2291 25.71 0.80 0.05 -0.04
60 014 748 -4748 1873 0.75 -0.08 -0.04
84 -1.86 6.80 -56.90 5.70 0.71 0.29 0.18
120 -1.75  9.19 -6519 855 081 039 0.15
144 -3.37 7.89 -33.20 15.79 088 0.19 -0.19
180 5.36 15.95 -12.09 4888 0.85 045 0.19

Descriptive statistics across the various bond maturities expressed in
months. g and o, Max, Min represent mean, standard deviation, maxi-
mum and minimum yield on the zero coupon bond. (in bps) p(.) shows the
level of autocorrelation with the order (in months) specified in the brackets.

Figure 3.2 plots the actual and empirical level, slope, and curvature factors.
The figure confirms the in-sample performance of the model is quite good with
all three factors closely fitting the actual values for the Australian government

bond zeros data.

3.4.2 Out of sample evaluation

This section investigates the performance of the State Space Diebold and Li
model. There are numerous evaluation metrics available but ultimately I am in-
terested in the model forecasting ability. The accuracy of the state space Diebold

and Li model out-of sample forecasts is compared with that of the no change
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Figure 3.2: Evaluation of the actual and empirical DL factors
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forecast which is equivalent to a Random Walk process. I use the root mean
squared prediction error (RMSPE) criteria and the Diebold and Mariano [1995]
test for comparing predictive accuracy. The Random Walk model forecasts are
constructed by using previous observations as forecasts of future rates. Although
the Random Walk is one of the most elementary benchmarks, Duffee [2002] and
Ang and Piazzesi [2003] all conclude that few term structure forecasting models
have outperformed it. I also compare it to the Diebold and Li [2006] dynamic
Nelson-Siegel model. The dynamic Nelson-Siegel model has superior forecasting
power when compared with an affine term structure model and can produce bet-
ter forecasts than the Random Walk model when forecasting yield maturities less
than 5 years at the 12-month ahead horizon. The RMSPE in basis points (bps)
and the Diebold-Mariano statistic across the 14 maturities at the 1-, 3-, 6- and
12-month horizons are displayed in Table 3.4 and 3.5. I disaggregate the forecast

evaluation by its maturity.

The table 3.4 and 3.5 show that with an average RMSPE of 18.4 bps the
1-month maturity bonds estimated with the state space Diebold and Li model
outperforms both the Random Walk and the dynamic Nelson-Siegel models at the
1-month ahead horizon. Its outperformance over the Random Walk is significant
at the 5 per cent level of significance. However, neither model systematically out-
performs the basic RW model benchmark at the 1-month horizon. The Random
Walk model exhibits a marginally lower RMSPE of 26.6 bps compared to 27.2
bps and 27.6 bps, for the state space Diebold and Li model and two-step Diebold
and Li model, respectively across all the maturities at the 1-month horizon.

However, the state space Diebold and Li model dominates the Diebold and Li
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Table 3.4: Out-of-sample RMSE forecast evaluation for 1-, 3-, 6-, and 12-month
ahead horizons (in bps), Part A

Maturity Horizon RW DL SSDL SSvs RW SS vs DL

1 1 22.088 18.619 18.399 -2.282 -1.517
3 55.121 61.701  51.022 -1.570 -2.555
6 96.117 112.424  90.695 -1.087 -1.321
12 144.946 123.581 133.817 -0.879 0.460
3 1 23.098 23.955 23.626 0.884 -2.267
3 60.089 71.832 59.623 -0.261 -2.910
6 103.868 118.727  99.597 -0.862 -1.206
12 152.145 127.787 138.712 -0.926 0.482
6 1 25.994 31.086  30.708 2.814 -2.516
3 65.713 81.160 66.994 0.382 -3.084
6 112.006 124.496 106.770 -0.783 -1.223
12 159.830 131.545 142.289 -0.952 0.479
12 1 27.609 33.624 33.182 2.269 -2.386
3 63.627 76.682  66.897 0.580 -1.977
6 101.092 111.395 99.972 -0.237 -0.942
12 137.114 114.047 125.981 -1.474 0.555
24 1 29.292  29.887  29.517 0.337 -1.963
3 64.231 72.645 63.233 -0.320 -1.680
6 96.884 103.210 92.258 -1.365 -1.323
12 126.249 101.483 110.560 -1.740 0.529
36 1 29.921 29450 29.083 -1.82 -2.012
3 62.920 69.664 60.938 -0.826 -1.569
6 91.326 97.057 86.358 -1.320 -1.524
12 115.123  92.348  99.364 -1.898 0.518
48 1 28.836  29.058  28.667 -0.309 -2.201
3 60.124 67.090 58.538 -0.680 -1.633
6 85.577  92.696  81.105 -1.140 -1.692
12 106.280 86.034 91.271 -1.980 0.477
60 1 27767 28220 27.815 0.087 -2.341
3 56.572  63.422  55.191 -0.630 -1.671
6 79.357 88.176  75.463 -1.059 -1.785
12 95.489 80.076  83.282 -2.082 0.343
84 1 26.079 26.700 26.400 0.770 -1.780
3 50.072  57.127  49.150 -0.458 -1.832
6 69.994 81.802 66.271 -1.289 -2.157
12 83.080 73.518 73.482 -2.167 -0.005
120 1 25.750  26.406  26.013 0.599 -2.334
3 45.421 53.305 44.764 -0.370 -2.184
6 61.674 78.233  58.995 -1.165 -2.496
12 71.385 69.637 64.959 -1.872 -0.645
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Table 3.5: Out-of-sample RMSE forecast evaluation for 1-, 3-, 6-, and 12-month
ahead horizons (in bps), Part B

Maturity Horizon RwW DL SSDL SSDL vs RW SSDL vs DL

144 1 26.123 26.061 25.857 -1.325 -1.216
3 44.265 50.410 43.157 -0.897 -1.898
6 59.212 74.560 55.993 -1.825 -2.425
12 67.571 66.532 60.948 -2.400 -0.819
180 1 26.970 27.661 27.464 0.427 -1.232
3 45.668 52.329 44.735 -0.326 -2.079
6 61.410 76.846 57.557 -1.203 -2.654
12 68.681 69.195 61.814 -2.005 -1.136

RW represents the Random Walk, DL represent the Diebold and Li two-step estimation via
AR(1), SSDL represents the Diebold and Li one-step estimation via Kalman filter. The last
two columns tabulate the D-M statistic. Under the null of equal predictive accuracy D—M ~
N(0,1). Negative values indicate the state space Diebold and Li model is preferred to the
competing model. We reject the null of predictive accuracy at the 5% level if |D — M| > 1.96

model across the whole yield curve at the 1-month ahead forecasts. I attribute
the results to a more efficient recursive estimation technique combined with high
persistence in the yields in the Australian data. As the forecast horizon increases
to 3-months ahead, the State space Diebold and Li continues to dominate the
Diebold and Li model and also begins to outperform the Random Walk high-
lighting the advantage of the recursive Kalman filter estimation technique. In
the 3-month ahead forecast the State space Diebold and Li is superior to the
Random Walk in 10 out of the 12 maturities. As the forecast horizon is further
increased to 6-months ahead, both the Diebold and Li and the State space Diebold
and Li begin to outperform the Random Walk and the advantage of the recursive
Kalman filter estimation techﬁique over the simple AR(1) process diminishes.
Nevertheless, overall, the State space Diebold and Li model is still the preferred
model outperforming the Random Walk and the Diebold and Li in all maturities,

respectively. Interestingly the State space Diebold and Li forecasts perform worse
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than the Diebold and Li forecasts at the 12-month horizon, although they still
outperform the Random Walk across all maturities. Overall, it can be concluded
that although the State space Diebold and Li tends to outperform its rival models,
its performance depends on the maturity and forecast horizon. I can summarize
its performance into two parts. Firstly, the State space Diebold and Li model
consistently outperforms the Diebold and Li model across all maturities in fore-
casts up to 6-months ahead and majority of the outperformance is significant at
the 5 per cent level of significance. At longer horizons the recursive nature of
the Kalman filter offers little benefit over an AR(1) process and thus it is not
unexpected that the Diebold and Li model offers slightly better forecasts at the
12-month horizon, particularly at shorter maturities. Secondly, the State space
Diebold and Li outperforms the Random Walk benchmark at maturities medium
(3-months) to long term-maturities but the outperformance is only statistically
significant at longer forecasting horizons. To check that these results are robust,
I vary the starting point of the out-of-sample period between August 2000 (80th
observation) to December 2003 (120th observation). I find that relative results

do not change through time and are not affected by the financial crisis.

3.5 Conclusion

Superior yield curve forecasting provides a better base to understand fixed-income
securities derivative pricing, portfolio allocation and risk management. There-
fore, I evaluate the most successful empirical term structure model, Diebold and
Li model, using data from the Australian fixed-income market. In this chapter,

it is demonstrated that, based on Australian government bond data Diebold and
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Li approach still fits and forecasts well, like in US data according to Diebold and
Li [2006]. And I take a step further by incorporating Diebold and Li framework
into a State-space model. Accordingly, the Kalman filter can be used to estimate
parameters of my model instead of a simple OLS in Diebold and Li [2006]. My
forecast results conclude that Kalman filter estimation procedure outperforms
the original methodology of the Diebold and Li model, especially in one month
ahead forecasting. The previous literature has shown that introducing dynamic
coefficients into the Nelson-Siegel model not only provides good in sample fit but
also outperformance over other benchmarks models in out-of sample forecasting,
especially at the longer forecast horizon. I show that improved single-step es-
timation of the three parameters leads to an improvement of the out-of sample
performance of the Nelson-Siegel model in forecasting the Australian government
bond rates. The results confirm that the dynamic Nelson-Siegel factor model not
only provides robust in sample fitting but also outperforms the other competitors

on the out-of-sample forecast accuracy.
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Chapter 4

A generalised arbitrage-free
Nelson and Siegel model and

pricing of interest rate derivatives

According to the results shown in chapter 3 and Diebold and Li [2006], the
dynamic Nelson-Siegel model provides exceptional in-sample fitting and out-of-
sample forecasting of interest rates. However, the lack of theoretical background
on this model has been criticized by academics and practitioners. Most notably,
the model does not exclude the possibility of arbitrage. In this chapter, I de-
velop a general arbitrage-free Nelson-Siegel model under the HJIM framework.
The model maintains the Nelson-Siegel factor loading structure and features un-
spanned stochastic volatility factors. The corresponding market price of risk is
derived based on Duffie, Pan, and Singleton [2000], Trolle and Schwartz [2009a),
and Christensen, Diebold,. and Rudebusch [2011] and the semi-closed form inter-

est rate derivative prices are then derived from the Fourier transform techniques
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of Carr and Madan [1999], Duffie, Pan, and Singleton [2000] and Schrager and
Pelser [2006].

4.1 Introduction

Derivative prices reflect investors’ expectations of future movements in the un-
derlying assets and hence contain the forward looking information relevant to
these assets. In addition, interest rate derivatives, such as caps and swaptions,
are among the most liquid securities being traded in financial markets. Thus, the
information obtained from interest rate derivative prices may improve the perfor-
mance of the dynamic Nelson-Siegel model. To extract this additional informa-
tion from interest rate derivatives I require a framework which jointly models the
interest rate dynamics and their derivative prices in the Nelson-Siegel structure.

However, the Nelson-Siegel family is not arbitrage-free, see Bjork and Chris-
tensen [1999], Filipovic [1999], Filipovic [2000], Krippner [2006], Christensen,
Diebold, and Rudebusch [2009], Krippner [2009], Christensen, Lopez, and Rude-
busch [2010] and Christensen, Diebold, and Rudebusch [2011]. Without arbitrage-
free constraints, it is impossible to jointly model interest rates and their deriva-
tives. Krippner [2006] addresses that deficiency by deriving an intertemporally
consistent and arbitrage-free version of the Nelson-Siegel model. His result is
further extended by Christensen, Diebold, and Rudebusch [2011] to propose an
arbitrage-free Nelson-Siegel model. By adding an arbitrage-free adjustment term,
the structure of Nelson-Siegel models has been incorporated into classical affine
term structure models in the spirit of Duffie and Kan [1996] and Dai and Single-
ton [2000]. The framework of Christensen, Diebold, and Rudebusch [2011] is thus
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arbitrage-free since it is an affine term structure model. However, the arbitrage-
free Nelson-Siegel model may not be suitable for derivative pricing due to its
constant volatility. Interest rates are clearly stochastic; this stochastic volatility
contains important unspanned parts, see Collin-Dufresne and Goldstein [2002]
and Li and Zhao [2006]. Therefore, it is important to incorporate the unspanned
stochastic volatility into the Nelson-Siegel framework in order to price interest
rate derivatives accurately.

A number of studies have been proposed for pricing interest rate derivatives.
Singleton and Umantsev [2002] introduce a method that is based on an approxi-
mation of the exercise region in the space of underlying factors by line segments.
This reduces the exercise probability of the swaption to the form of a caplet. A
transform inversion is introduced to calculate the required exercise probabilities,
(see Duffie, Pan, and Singleton [2000]). This method requires a simplifying as-
sumption to bring the framework back to the affine term structure models, which
is similar to Schrager and Pelser [2006]. Collin-Dufresne and Goldstein [2002]
propose an Edgeworth expansion of the coupon bond density to price the swap-
tion approximately. The moments of the coupon bond are approximated by a
sequence of zero-coupon bonds, which are available in closed form. Munk [1999]
introduces the stochastic duration of the coupon-bond to approximately price the
coupon-bond options through zero-bond options. Schrager and Pelser [2006] and
Trolle and Schwartz [2009a] introduce a similar approximation procedure in their
derivation of swaption prices. Schrager and Pelser [2006] extend the literature on
both speed and accuracy. The pricing structure has been incorporated into the
affine term structure models using an approximation similar to Munk [1999].

In this chapter, I develop an unspanned stochastic volatility arbitrage-free

56



Nelson-Siegel model to relax the constant volatility assumptions in Christensen,
Diebold, and Rudebusch [2011] while maintaining the Nelson-Siegel factor load-
ing structures. In contrast to Christensen, Diebold, and Rudebusch [2011], which
is derived from the affine term structure framework, I present the unspanned
stochastic volatility arbitrage-free Nelson-Siegel model by incorporating HJM
no-arbitrage constraint into the Nelson-Siegel framework, similar to the work
of Devin, Hanzon, and Ribarits [2010]. Indeed, the arbitrage-free Nelson-Siegel
model of Christensen, Diebold, and Rudebusch [2011] is a special case of the model
introduced in this chapter.! Furthermore, I derive a Markovian representation
(see Bjork and Svensson [2001] and Chiarella and Kwon [2001]) of the additional
term in Christensen, Diebold, and Rudebusch [2011], which is assumed to be
locally riskless in my model. Thus, the unspanned stochastic volatility arbitrage-
free Nelson-Siegel model is actually a Markovian factor term structure model,
which enjoys the advantage of the factor model in estimation and the HJM mod-
els’ advantage of being theoretically arbitrage-free. Finally, according to Dulffie,
Pan, and Singleton [2000], Cheridito, Filipovié, and Kimmel [2007], Trolle and
Schwartz [2009a], and Christensen, Diebold, and Rudebusch [2011], I derive the
market price of risk in the unspanned stochastic volatility arbitrage-free Nelson-
Siegel model. The Markovian representation method applied in this chapter is
applicable to the entire family of Nelson-Siegel models discussed in chapter 2.
The prices of the zero-coupon option and interest rate caps are derived ac-

cording to Duffie, Pan, and Singleton [2000] and Trolle and Schwartz [2009a].

1There are two Gaussian affine term structure models with unspanned/stochastic volatility
that are conceptually similar to the model developed in this chapter, Fong and Vasicek [1991]
and Balduzzi, Das, Foresi, and Sundaram [1996]. Of course, the proposed model in this chapter
extends all of the models noted in these references.
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The swaption prices are also derived by applying the framework of Schrager and
Pelser [2006]. Although there are a number of studies on pricing interest rate
contingent claims, as far as the author is aware, this is the first study to price
interest derivatives in a Nelson-Siegel framework. This method provides a nu-
merically accurate approximation to the prices of interest rate derivatives, which
is substantially furthered the understanding for pricing interest rate securities.
The remainder of this chapter is organized as follows. In section 4.2, I de-
rive the unspanned stochastic volatility arbitrage-free Nelson-Siegel model and
the market price of risk specifications. In section 4.3, I derive the interest rate
contingent claims under the framework of section 4.2. Section 4.4 summarises

and concludes.

4.2 The model

4.2.1 Framework

Define f(¢,T') to be the time ¢ instantaneous forward rate with maturity 7', T > t
and let 7 be the corresponding time to maturity, 7 = T'—t. The proposed model

for f(¢,T) is given by,
f&,T)=at,T)'X,+Y; , (4.1)

where X; = (X}, X2, X?)" is assumed to be a 3-dimensional stochastic process
defined on the filtered probability space (Q2, F,P). The factor loading a(-,-) is a

3-dimensional deterministic function of the present time ¢t and maturity 7', which
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maintains the specific structure of the Nelson-Siegel model,

(03] (t, T) 1
a=| a(t,T) | = | T (4.2)
as(t,T) AT — t)e~ T

The additional term Y; ensures the model is arbitrage-free. This function is al-
lowed to fluctuate slightly and is assumed to be Iocally riskless. The arbitrage-free
term Y; must have some risk (i.e. an unanticipated/stochastic component) be-
cause Y; essentially accounts for the effect that volatility has on expected returns,
and volatility is explicitly stochastic in the model specification. However, explic-
itly allowing for the risk in Y; due to the stochastic volatility would introduce a
substantial amount of additional complexity into the model, and that complexity
can be mitigated with the simplifying approximation. It is worth noting that the
proposed model exactly matches the dynamic Nelson-Siegel model of Diebold and
Li [2006] without this additional term. Meanwhile, the zero-coupon rate y(¢,T)

can be presented as follows,

tquu X + u)du
T—t '

y(¢,T) =

1 ag!t,T!

A az(t,T)

Lemma 4.2.1. &(t,T) = loea@T) , where &(t,T) = ftT a(t,u) " du

1—0s(t,T)—a3(t,T)
A
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Proof. Given &(t,T) = ftT a(t,u)"du and equation (4.2),

[T 14t Tt
a(t,T) = JT N0y _ e
_ftT NT - t)e_’\(T‘t)dt_ hl'e_/\(T_t)—A/\(T—t)e—'\(T—t)-

and recall my equation (4.2), I may write,

l a3 !tiT)

A ao(t,T)

a(t’ T) — l—af\!t,T!

1—a2(t,T)—a3(t,T)
A

d

Assume (X/,v;) to be a unique strong solution of the following stochastic

differential equation under the risk-neutral measure P*,

al*]=[% 2)([]-[x])

= awy
o | |aw;

++/0 [ s s 4] [dwz*} (4.3)
U’U a‘U U‘U U’U dWZ

where (WL, W2, W;3, W) T is a 4 dimensional standard Brownian motion under
the risk-neutral measure P*. The 3 x 3 matrix of parameters K is the reversion
factor, while the 3 x 1 vector @ is the central tendency factor. The 3 x 3 matrix
of parameters 3 represents the constant part of volatility for the state variable
X;. The parameter v, is a stochastic volatility factor described by the long term
mean k,, the mean reversion factor 6,, and the volatilities of the volatility o, =

(ol,02,03 0%). Tt is worth noting that the unspanned stochastic volatility o2
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is modeled into the unspanned stochastic volatility arbitrage-free Nelson-Siegel
structure.
To obtain the SDE for the instantaneous forward rate, I apply It6’s lemma to

equation (4.1),

df(t,T) = d [a(t, T)"X; + Y]

da(t, T)T
—a-(a’t—)xtdt +av, (4.4)

oo’
ot

=a(t,T) dX, +

- <aTK(0 —X) + Xt> dt + dY; + /oo SdWY,

where W7 is the vector containing three Brownian motions.
* *1 *2 *3\T
Wi = (W, Wes, )t

The 4th Brownian motion W}* is used to model the unspanned stochastic volatil-
ity, therefore it does not appear in the SDE of f(¢,T') in equation (4.4). Note that,
the arbitrage-free term Y; is a deterministic function in Christensen, Diebold, and
Rudebusch [2011], however it is assumed to be locally riskless in my model to al-
low the stochastic volatility. This can be viewed as the sacrifice for relaxing the
constant volatility assumption. The additional term Y; can therefore be written
into the drift term of equation (4.4),

A

o Xet E) dt + v ZdW; .

df(t,T) = <aTK(0 —X¢) +
The drift of f(¢,7) under the risk-neutral measure is thus given by,

oa’ dY;
* T _ At wrt
B T) = aTK(O — X)) + o X+
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4.2.2 Implementation of HJM no-arbitrage restriction

According to Heath, Jarrow, and Morton [1992], to guarantee that the proposed
model is arbitrage-free, the drift term under the risk-neutral measure should be
determined only by its volatility. In addition, according to Girsanov’s theorem,
the volatilities are identical under the risk-neutral measure P* and real world
measure P. Thus, the drift under the risk-neutral measure p*(¢,T") can be ‘derived

from equation (4.4),

p(t,T) = (Voea(t, T)T (/ Vit u) Edu)T
= (Vuie(t,T)"S) 5Ty / a(t, u)du (4.6)

= va(t, T)' =X a(t, T)

Thus, to guarantee the proposed model to be arbitrage-free, the risk neutral drift

w*(t,T) in equations (4.5) and (4.6) should match,

oa’ (t, T)X N dY;
Lt

ot dt
=y (t,T)EX" a(t, T)

pr(t,T) =o' (t,T)K(O —X,) +

which provides the expression for the additional arbitrage-free term Y; as

dY; = ('vta (t, T)SET&(t, T)
(4.7)
—a'(t,T)K(O - X,) -

Note that there are no extra diffusion terms entering the HJM drift constraint in

equation (4.6) since Y; is assumed to be locally riskless process.

62



Lemma 4.2.2. Assume the matrix of the reversion factor K is given as

00 O
K=o -
00 A

The equation (4.7) can be further reduced to dY; = (v;a' X" a — o K6) dt.!

Proof. The reversion factor matrix K takes the following form:

00 0
K=10 X =X
00 A

Following equation (4.7), dY; can be written as,

dy; = (vtaT(t,T)EET&(t,T) —a"(t, T)KO

da™ (t,T)

+a'(t,T)KX, — o

Xt)dt .

Intuitively, the main fluctuations of Y; come from the X; term. Substitute matrix

K into the X; terms in this equation, which gives,

0
oa (¢, T)

=T
Bt e

A2re > — Are M

IThis is identical to the reversion factor matrix K in Christensen, Diebold, and Rudebusch
[2011]

63



and

00 0 0
a'(t,T)K = [l,e‘)"',/\Te"\T} 0 X =)\ = e
00 X Are™ A — \re= T

Therefore

T T
o (t, T)KX, — Qﬁ‘-‘%xt = (aT(t,T)K - aig—:’—ﬂ) X, =0

which implies that the locally riskless term Y; thus becomes,
dY;= (va'SETa-a'Ke)dt .

O

Note that the main fluctuations due to the factors X; vanish under the setting
of the reversion matrix K. The only source of fluctuation now comes from the
stochastic volatility term v;. The form of Y; presented in Christensen, Diebold,
and Rudebusch [2011] may be recovered by setting v; equal to the constant vy = 1

without loss of generality,
dY;= (a'EX'a - a'K6)dt .

Thus, the arbitrage-free Nelson-Siegel model of Christensen, Diebold, and
Rudebusch [2011] arises as a special case in a more general HIM framework.

The additional arbitrage-free term can be further divided into two components:
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a volatility and a drift contribution. In Christensen, Diebold, and Rudebusch
[2011], both components are deterministic and consequently can be analysed to-
gether as a merged term. The volatility contribution v, (¢, T)EX"&(t, T) is
however locally riskless in my model and can not be analysed together with the
drift component —a (¢, T)K8 as in Christensen, Diebold, and Rudebusch [2011].

Without loss of generality, assume that,
Y =M(@T)+ D(t,T)
where D(t,T) is the drift contribution component,

T
D(t,T)=/ o' (s,T)K6Ods
o
=/ a' (s, T)dsK@
t

=a'(t,T)KO .
Note that at maturity T, D(T,T) = 0. The volatility contribution component
M(t,T) is defined by,

dM(t,T) = v,a' (t, T)SZ &(t, T)dt (4.8)

with initial value M(0,T), which is assumed to be determined by the market
data.! The Markovian HJIM models, see Chiarella and Kwon [2001]?, are used to

analyse the volatility contribution part M (¢, T'). The difference is that in Chiarella

1This is similar to the initial value of the instantaneous forward rate, f(0,7), in HIM
framework. However, for the HIM case, f(0,7) is assumed to be given, whereas M(0,T) is
hidden and needs to be modeled in this thesis.

2The method of Chiarella and Kwon [2001] is used in my model, however, Bjérk and Svens-
son [2001] provides a general treatment of Markovian realization.
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and Kwon [2001], the Markovian realization is applied to the entire forward rate
structure. However, only the volatility component M (¢,T") is decomposed by
applying the Markovian realization in this study.! This makes my model a hybrid
of the affine short rate models of Duffie and Kan [1996], Dai and Singleton [2000]
and the Markovian HJM framework of Chiarella and Kwon [2001].

4.2.3 Markovian factor loading structures

Proposition 4.2.3. The volatility contribution part M(t,T) can be written in a

Markovian factor loading form,

M(t,T) = 28: E(t,T)¢: + M(0,T)

i=1

where E'(t,T), i € {1,...,8} and ¢, = (¢},...,98)T are given by,

EYt,T) = B3, dol = ¢idt

E*(t,T) = B3, + B3, + ABs d¢? = (¢t — M\p?)dt
E%(t,T) = B3, dg} = (20p} — A¢})dt
Et,T) = Bi‘z + B dot = (vy — Ap)dt
E*(t,T) = de? = (v — 2X\¢))dt
B, T) = Bl + BT 45 = (O} - )
E'(t,T) = B3, de] = (2¢7 — 2)¢;)dt
E3(t,T) = B} d¢? = v,dt

1Only M(0,T) requires the Markovian treatment because, bemg a Gaussian affine specifi-
cation, the other components are already Markovian
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with initial values for all ¢} equal to 0.

In Proposition 4.2.3, M(0,T) is the initial value of the volatility contribution,
which generates various shapes to fit the initial forward rate curve. This should
hence be determined from the market data, similar to HJM models.

The proof of Proposition 4.2.3 is non trivial and so it is divided into several

lemmata and definitions.

Lemma 4.2.4. For 0 < s < t < T, the Nelson-Siegel factor loading structure

a(s,T) is equal to B(t,T)a(s,t), where

Proof. Given equation (4.2),

1 0 0 1
BX(t, T)a(s,t) = |0 as(t,T) 0 AT—2)
0 as(t,T) ay(t,T)| | MT — s)e~T-9)

1 0 0 1

=10 e T—1) 0 o= At=s)

0 AT —t)e T e MT-D| | \(t — 5)e =)

1

- e—A(T—s)

MT — s)e™2T—9)
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= a(s,T)

O

Lemma 4.2.5. For 0 < s <t < T, the factor loading of zero rate &(s,T) where

a(s,T) = /Ta(s,u)du

is equal to B°(¢, T)+BY (¢, T) (s, t), where BO(t,T), &(s,t) and B(t,T) are give

as follows
T-1 t—s
B°(t,T) = L], ast)= YD)
: (6 - s)ee=
1 0 0
B'(t,T) = —Le=MT-t) 0

0
0 (_% _ (T _ t)) e~ MT—t)  _o=AT-1)

Proof. Recall Lemma 4.2.1,

B°(t, T) + BY(t, T)&(s, t)

T—-1 1 0 0 t—s
— % + 10 _ _}‘_e—/\(T—t) 0 e—/\(t—s)
i % | -0 (_% _ (T _ t)) e—A(T—t) _6—A(T—t)- _(t _ S)e"\(t_s)_
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T—s

—e—MT=-s3) _ =
= 167 =a(s,T)
1—e=MT=3) _\(T—5)e=MT—s)
A

Definition 4.2.6. B3(¢,T) is defined as the following 3 x 3 matriz

B}, B, Bis
B%t,T) =B*(t,T)"SX"B'(t,T) = |B}, B3, B3,

3 3 3
B31 BS2 B33

Definition 4.2.7. B4(t,T) is defined as the following 3 x 1 vector

B}
B(t,T) = B*(t,T)'=X"B°(t,T) = | B}
Bj

Using Lemma 4.2.4 and 4.2.5, Definition 4.2.6 and 4.2.7, and equation (4.8),

proposition 4.2.3 may be demonstrated as follows,

Proof. M(t,T) can be given by,

M(t,T) = M(0,T) + / ta(s,t)TvsdsB2(t,T)TEETBO(t,T) (4.9)

t
+/ a(s,t) B3 (T — t)a(s, t)vsds .
0

69



The second term in equation (4.9) can be written as,

t
/ a(s,t)Tv,dsB%(t, T)TSE"BO(¢, T)
0

t t t
=/ alvsdst-l-/ agvsdsB§+/ agvsdsB§ .
0 0 0

The third term in equation (4.9) can thus be obtained as follows,

t
/ a(s,t) " B3(t, T)a(s, t)vsds
0

t t t
= / o1y vsdsB3 + / Q0 vsdsB3; + / a3, v,ds B3,
0 0 0

¢ ¢ ¢
+ / a1 0v,dsBY, + / Qo0zv,ds B3, + / Q30av5ds B3,
0 0 0

t t t
+ / o Q3vsdsB3; + / Qo03v,ds B3, + / Q3030,ds B3, .
0 0 0

Therefore, the volatility contribution component M(¢,T) can be separated

into the following twelve terms.

t

,
/ o1vsdsB3 = B3 [ (t — s)v,ds
0

t
/ apaqvsdsB3 = B3 [ e 29y ds
0

o~

t
/ a30v,dsB3, = B3, [ At — 5)2e )y ds
0

t

t
/ oy0pvsdsB3, = B3, [ e 29y, ds
0

t

t
/ oopvsdsB3, = B3, [ e P9y ds
0

t

t
/ a30v,dsBS, = B3, | A(t — s)e™9q.ds
0
t

o~

(t — s)e ¥y ds

S S S T o o o

/ oy a3v,ds B3y = B,
0



t B3 [t
/ Qa3v,ds By = —2 / At — 8)e” P9y ds
0 A Jo
¢ t
/ a303vsdsB3; = B3, / At — 5)%e P9y ds
0 0
t ¢
/ alvsdst = Bi‘ / vsds
0 0
t ¢
/ agv,dsB; = B; / e Mt=9)y ds
0 0

t t
/ a3v,dsB; = \B; / (t — s)e )y ds
0 0

It is clear that B3, B3 and ABj, B?, and Bj, B3, and E/\%& have identical Marko-
vian loadings. Therefore the volatility contribution component therefore is further

derived in the following nine terms,
8 . .
M(t,T) =) E't,T)¢} + M(0,T)
i=1

where E(t,T), i € {1,...,8} and the state variables ¢, = (¢}, ...,¢¢)T are given

by,

E'(t,T) = B}, dg} = ¢idt

E*(t,T) = B3 + Bis + ABs  dg} = (¢; — A¢})dt

E*(t,T) = B, dg; = (2A¢} — ¢} dt
E4(t,T) = B, + B} dot = (v, — Aph)dt
E5(t,T) = BS, de? = (v, — 2X¢2)dt
ES(t,T) = B, + %gé de? = (A\p2 — 2)0¢%)dt
E'(t,T) = B3 dei = (2¢7 — 2)¢;)dt
E8(t,T) = B de? = vydt
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with initial values for all ¢! equal to 0. O

4.2.4 Zero-coupon bond price

The derivation of the unspanned stochastic volatility arbitrage-free Nelson-Siegel

model leads to the following proposition:

Proposition 4.2.8. Assume the instantaneous forward rate is given by

T

a(t, T) Xt
f@&,T) = +D(t,T)+m
E(t7 T) ¢t

where the factors X; and ¢, are defined in equation (4.3) and Proposition 4.2.3
under the risk-neutral measure and the loadings a(t,T) and E(t,T) are defined
in equation (4.2) and Proposition 4.2.3. The model then becomes arbitrage-free

and the zero coupon bond price is given by

T
P(t,T) = exp {-—/ f(t, u)du}
t
and the zero coupon bond yields are given by,

_ p—AT _ p—AT
y(t,T) = X} + X2 (le—> + X3 (1 ¢ _ e_’\T)

AT AT
+E(t,T)" ¢, + D(t,T)

(4.10)

where T is the time to maturity and E(t,T) represents the factor loadings of the

locally riskless part M(t,T), such that,
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while D(t,T) is a deterministic drift term of the form,

ftT D(t,u)du

D(t,T) = T3

+ M(0,T)

Note that the first three factor loadings for y(¢,T) in equation (4.10) ex-
actly match the dynamic Nelson-Siegel model, but there are the additional terms
E(t,T)"¢, and D(t,T). Assuming a constant volatility, the model reduces ex-
actly to that of Christensen, Diebold, and Rudebusch [2011]. In this case, since
the volatility term v, is allowed to fluctuate, E(t,T)" ¢, is now a locally riskless

random variable, the corresponding fluctuation of which is negligible for order dt.

4.2.5 Market price of risk specifications

The Wiener process in the dynamics of the factors X, = (X}, X2, X3,v,)7 in
the SDE given by (4.3) is under the risk neutral measure P*. The dynamics of
X, under the real world measure P are required for parameter estimation. As a
result, I need to specify the market price of risk A; to link P and P* by applying

Girsanov’s theorem,
dW; = dW,; + A,dt .

Furthermore, for computational simplicity, a specific market price of risk process
A, is required to be specified such that (4.3), when converted to the real world
measure P, is still affine in the sense of Duffie, Pan, and Singleton [2000]. The mar-
ket price of risk specification is derived using the setting of Trolle and Schwartz

[2009a] and Christensen, Diebold, and Rudebusch [2011], Ay = (A}, A2, X3 AH)T
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where

N ) X MM e Ma ] 1
A A A3y A3g Az A 2
/\(ti = /\g + )\%1 A%2 /\%3 )\%4 X% ) (4]‘1)
d v\ | X sl LY
A A4 Ay Az2 Mz Adg vt
and for 7 € {1,2,3},
1 3
1 _ § : 141
v j=1

Here A® = (X0)%, is a 4x 1 vector of constants and A! = (\};){’; is a 4x4 matrix
of constants. The reason for the asymmetry for \};, AL, and \}; is that the latent
factors X}, X? and X3 can, at times, be very negative. To guarantee the strict
positivity of the volatility process, X}, X? and X? should not be incorporated
into the drift of v;. Furthermore, we would like to guarantee that the volatility
process v; also forms a square-root process under the measure P, which serves to
simplify the calibration.

Note that in equation (4.11), there exists the inverse of the square-root of
vs. As a result, according to Trolle and Schwartz [2009a], to prevent A; from
exploding, as well as to guarantee that v; does not exit its state space under both

P and P*, we need to prevent v; from reaching zero under both P and P* by

applying the following Feller condition,

2k,0,
4 i\2 — 1
Zi:l(af;)
PP
2k, 0, >1

Z?ﬂ(afj)?

where k26F = T, = k8, + STA°. The dynamics of X, = (X}, X2, X3,v,)7
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under the real world measure P can then be expressed as follows,
dX, = (B' — KPX,)dt + /S dWF (4.13)

where KF = KP* — X" A!. The SDE (4.13) under the real world measure P is
still affine, see Christensen, Diebold, and Rudebusch [2011]. The dynamics of
the associated factors ¢, = (¢1,...,#%) are identical under both the risk-neutral

measure and the real world measure, since they are assumed to be locally riskless.

4.3 Pricing of interest rate derivatives

Interest rate derivatives, such as caps and swaptions, are among the most liquid
derivatives traded in financial markets. It is also widely believed that the price
of interest rate derivatives contains forward looking information about the risk-
adjusted averages of expected rates, see Almeida, Graveline, and Joslin [2011].
In this section, I derive the price of interest rate derivatives using the framework
of Carr and Madan [1999], Duffie, Pan, and Singleton [2000] and Schrager and
Pelser [2006].

4.3.1 Zero-coupon bond options

Call and put options written on zero-coupon bonds are fundamental elements in
pricing interest rate derivatives. More complicated interest rate contingent claims
may be calculated based on the prices of these simple bond options.

Denote P* as the risk-neutral measure, C{™* (K) as a call option written on
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a zero-coupon bond P(Ty,T;) with strike price K, maturity at Tp is defined by,
CtTO’Tl (K) = E: (e— ftTO Tsds [P(T07 Tl) - K]+) . (414)
Denote B(t) as the bank saving account,

B(t) = /Otrsds , (4.15)

where 7 is the short rate at time ¢. Substitute equation (4.15) into equation

(4.14), this expression may be rewritten as,

CPT(K) = E; (-B?(-E_% P(Th, T}) - K]*)

The Radon-Nikodym derivative is defined as,

dPT  B(s)

dP~ P(s,To)

which changes equation 4.14 to the forward measure P™° to yield,

B(To)

CPo™ (K) = BF (——”ﬁ‘éﬁ"’ [P(T5, ;) - K]*)

PGTo) (4.16)

= P(t, To)ER ([P(Ty, T) — K]")

where the conditional expectation E° is taken under the Tyth forward measure.
The zero-coupon bond price P(t, Tp) is derived from equation (4.10). The problem
thus reduces to solving the conditional expectation term under the Tyoth forward

measure. To this end, I apply the transform inversion technique, proposed by
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Duffie, Pan, and Singleton [2000] to solve this conditional expectation term.
Define ¢7,(u)! to be the conditional characteristic function of the In P(Tp, T;)

under the Tyth forward measure,

QSTo(u) — EtTo (eiulnP(To,Tl))

+oo
= / e™sq™(s)ds

—0o0

where ¢™(s) is the density of In P(Tp,T1) under the Tpth forward measure. Fur-

ther define k to be the natural logarithm of the strike price K,
k=InK .

The conditional expectation term in equation (4.16) can hence be further

simplified to,

V(k) = EP* ([P(To, Th) — K]*)

— ED ([elnP(To,Tl) _ ek]+>

= [T - |

where the limits of integration are reduced to eliminate the plus function [ ]*.
The next step is to apply the Fourier transform as in Carr and Madan [1999].
This requires square integrability and it is straightforward to show the functions

used satisfy this property. Define the modified conditional expectation term ¥(k)

1To be consistent with the notation in Carr and Madan [1999], I use ¢ to represent the
conditional characteristic function. This should not be confused with the factors in proposition
4.2.3
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by,
U(k) == e*U(k) ,

where o > 1 is a constant. Now denote 15, (v) as the Fourier transform of ¥(k),
which gives,
—00

W, (v) = / ™ G kydk

The conditional expectation ¥(k) may then be obtained through the Fourier

inversion,

(k) = / " ik o)y

2r o

Similar to Carr and Madan [1999], the function ¥, (v) is odd in its imaginary

part and even in its real part, which gives,

e—ak

U(k) = /O+oo Real{e ™, (v)}dv

T

¢To (v_(a+1)i)
a?+a—v2+i(2a+1)v

Lemma 4.3.1. The expression, ¢, (v), equals where ¢r, 1s the

conditional characteristic function of In P(Ty,T})

Proof. The proof is identical to Carr and Madan [1999]. The expression for ¢, (v)

can be derived as follows,

vz, (v) = / " T (k) dk

—00
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+oo +o00
= / ek / e** (e — e¥)q™ (s)dsdk
k

—00

using Fubini’s theorem

+o0 s
'l/)To('U) =/ qTO(S)/ eivk (es+ak _ e(1+a)k) dkds

—00

+oco (a+1+iv)s (a+1+iv)s
/ g™ (s [e _— — | ds
a+ v a+1+v

—00
T Ty platibi) 1
— osea iv)s : : ds
/_oo () (a+ ) (a+ 1+ iv)

__ ¢n(w—(a+1)i)
a4+ a—v2+i2a+1)v

Finally, the conditional characteristic function is given by,

¢To(u) — Eél"o (eiulnP(To,Tl))

— E* B(t) 1 e’iu In P(Tp,T1)
' B(TO) P(ta TO)

(4.17)

The probability measure has been changed back from Tgth forward to a risk-

neutral measure P* to allow the use of the results from Duffie, Pan, and Single-

ton [2000]. An exponential affine solution for the corresponding characteristic

function can therefore be obtained under the risk-neutral measure.

Proposition 4.3.2. The conditional characteristic function introduced in (4.17)
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is given by,

£ B(t) 1 giuln P(To,Tr)
" \B(To) P(t, To)

. P(t,T
— 6M(‘r)+N(7')'ut+w In PE%%—;

where M(7) and N(7) satisfy the following system of Riccati equations

e N(7)k,0,
M(0) =0
d];[’f_T) = ——(1 —iw)a(t,Ty) "= a(t, T) — ~iua(t, ) ZE a(t, Ty)

+ (N(NE] - 1 —w)a(t,To) S —ua(t,T1)TZ)
(N(D)ST — (1 - iw)a(t, To) TS — iua(t, T,)TS)
~ N(r)ko + SN0

N(0) =0

where B, = (ol,0%,03)7.

The proof of this statement is non trivial and requires a prior result presented

in lemma 4.3.3.

Lemma 4.3.3. if 7, = e~ JomsdseMM+N(DuetBin PAT)+1-B) I P(ET0) 45 ¢ martin-

gale, proposition 4.3.2 holds true.

Proof. It is easy to show that M (0) = 0 and N(0) = 0 at maturity time Tp(7 = 0).

T use M(.) to represent the Riccati equation. This should not be confused with the volatility
contribution component M (¢,7T) in section 4.2.3
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if the process z;

T, = e Jirsds eM(T)+N(7)ve+B1n P(t,T1)+(1~B) In P(t,To)

is a martingale, therefore the equation E(Xr) = x; must hold which gives,

E ( e JT0 yds eM(O)+N(0)vr,+B1n P(To,T1)+(1-B) In P(To ,Tg))

— o= Jo msds gM(1)+N(7)ve+B In P(t,T1)+(1~B) In P(t,To)

Recalling M(0) =0, N(0) = 0 and P(Tp,Tp) = 1, which leads to,

E (e_ J5® reds ;M (0)+N(0)vry +B81n P(To,T1)+(1-8) In P(TO’T‘J))
_ B (e_ T rsds+ﬁlnP(To,T1))

— o= Jireds QM(r)+N(r)ve+BIn P(t,Ty)+(1~6) In P(t,To)

and given e PtT0) = P(t, Tp),

E; ( o= [0 ryds eM(0)+N(0)vry+61n P(To,T1)+(1-p) In P(To,TO))
=P

(t, To)e_ fot rsdseM(T)+N(7-)vt+ﬁ In %

rearranging the equation by moving the known price at time ¢, P(t,7p) and

e~ Jo 7545 t0 the lefthand side gives,

P\ P(t, Tp)

P(t,Tq)
— eM(T)+N(T)‘Ut+ﬂ In WTOL)

* < 1 e~ f(;TO rsds+f81n P(TQ,T1)+fg 7‘st>
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and as the bank savings account B(t) = fg rsds, I finally arrive at,

£ Bt) 1 giuln P(To,T1)
* \B(To) P(t,To)

= MONIBI BT
By simply specifying 8 = iu, the proposition can thus be proved. a
I start to prove the proposition 4.3.2 here,

Proof. if I can prove z; is a martingale, the proposition can be proved according
to lemma 4.3.3. Recalling the definition of a martingale is that the drift term
must be equal to zero. I therefore need to specify the ODEs for M(7) and N(7)

to guarantee that the drift of,

de~ JErsds eM(T)+N(r)ve+B1n P(t,T1)+(1~B) In P(t,To)

is zero. The SDE of the bond price P(t,T;) in the generalised arbitrage-free

Nelson-Siegel model is,
dP(t,T;) = P(t,T;) (r. — Vuia(t, T;) T SdW7)
Using It6’s formula, the d1n P(t,T;) can be derived as,

d]nP(t,Ti) = ("'t — -;-vta(t,ﬂ)TEETa(t,Ti)) dt
(4.18)

— Voa(t, T;) TSdW; .
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Further, define
t
R / rods + M(r) + N(r)vor + BIn P(t, T}) + (1 — B)In P(t,Ty) . (4.19)
0
Again, using the It6 formula, given Y = €?, I have,
z z 1 z 2
de* = e*dz + 3¢ (dz)* . (4.20)

By substituting equations (4.18) and (4.19) into equation (4.20) and considering

only the drift term,

dz = —ridt + dM(7) + v dN (1) + N(7)dv,

+ 4 (rt - %vta(t, Tl)TEZJTa(t, Tl)) dt

+(1-=p5) (rt - %vta(t, TO)TZETa(t,TO)) dt .
Note that all terms containing r; may be canceled, which leads to,

dz = dM(7) + vdN(7) + N(7)dv, + 8 (——;—vta(t, T)"Zx T a(t, T1)> dt

+(1-8) (—%vta(t,To)TEETa(t,To)) dt

where as stated in equation (4.3), the dynamics of v; are given by,

dvy = ky(0, — vp)dt + \Jvo, dW] .
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The drift of (dz)? is given by,

(d2)? = %N(T)2vta§4dt + %vt (N(T)O'T —Ba(t,T))TE — (1 - ,3)a(t,To)Tz:)

v1,2,3

(N GQri

v1,2,3

— Ba(t, T))TS — (1 - [J’)a(t,To)TE)T dt

By specifying § = iu and rearranging the terms in v; which are all equal to zero

by the properties of martingales, the proposition has been proved. d

The semi closed-form solution of zero-bond calls has thus been derived. The

corresponding put option prices may be obtained via put-call parity.

4.3.2 Caps and floors

An interest rate cap is a contract that can be viewed as a payer interest-rate
swap where each exchange payment is executed only if it has a positive value.

The discounted payoff for a cap Hy " is given by

AP =Y e W ret Np(L(T -, T — KO

1=2

where N is the face value, usually assumed to be 1. Define the variable 7; as the
scaled time interval such that 7; = T; — T;_; and L(T;_1,T;) is the LIBOR rate,

given by

L(T'_l,:ri) = F(,I;—I,T%—I,E) ’
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where F'(t,S,T) is the forward rate defined as

1 P(t,S)
F(t,8,T) = 75— (P(t,T) B 1)

The discounted payoff and thus the price of a cap can be represented by the sum
of a sequence of caplets, where each caplet has its own discounted payoff ﬁf apleté

where
I:ItCaplet,i — e-—ftT" TSdSNTi(L(Ti_l, T;) - K)+ (4.21)

Lemma 4.3.4. The price of a caplet with discounted payoff HZ*P**** given in
(4.21) is equivalent to (141, K) European put options of zero coupon bond P(T;_1,T;)

with strike _IT:';_K at maturity time T;_,, such that

T 1
Caplet ] X — ) Ti—1,T;
|4 (t,Ti-1, T3, K) = (1 4+ 1K) F; <_—1+TiK)

Proof. With the payoff H**** given in (4.21), the price of the caplet equals

VRS (4 T, T, K) = By (H]P)

— E (e- [ reds N (L(Tie, Ty) — K)+)

+
_ I —L.Ti rsds _1— _ _1_
N~E} <e (nP(ﬂ_l,ﬂ) <n + K

6—ftTi rsds 1 +
=N(1+KT1;)Et P(Ti_l,Ti) (l-I-KT,' —P(Ti_l,Ti))
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by applying iterated expectations

T; +
o JTirads (1++< ~ P(Ti-1,T))

P(ipi—la E)

=N(+Kn)E! | E,_|

i +
P(Tiy, T)em I 7 s (e — P(Ty, )

1+KT; -

e + s
= L * '—ftTi_l Tsds 1 —_ . .
N(1+ Kr,)E; (e (1 e P(T;_4, T;)) )

1
1+KT¢

=N(1+ K7,)PFvT (

d

Analogously, a floor is equivalent to a receiver interest-rate swap where each
exchange payment is executed only if it has positive value, which can also be
interpreted by a sequence of floorlets. The corresponding floorlet can also be
calculated from the caplet via put-call parity.

The price of interest rate caps may now be easily computed by simply taking

the sum of the prices of sequential caplets,

n

VeR(t, Ty, T, K) = Y _ VORI (t, T}, T, K)
1=2

where i is a prespecified set of dates 75 ... T}, and 7; is a year fraction between
T;_1 and T;. As discussed previously, the price of the caplet at time 7;_; equals

1+7;K zero-bond puts with strike ; +i¢ % The caplet price thus can be calculated

according to the zero-bond options that have been derived in section 4.3.1.
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4.3.3 Swaptions

Now I derive the price of a swaption via an approximation method proposed by
Schrager and Pelser [2006]. A swaption can be viewed as a European option on a
coupon bond as follows. Given a set of dates, T;, i =n+1,..., N at which swap

payments are to be made, the forward par swap rate y, n(t) is given as

P(t,T,) — P(t,Tn)
Pn+1,N(t)

Yn,N(t) = (4.22)

where

N
Pron(t) = Z AL P(t,Ty)

i=n+1

is the present value of a basis point, which is used as the numéraire for the
n+ 1, Nth swap measure and AY | represents the year fraction between T;_; and

T;. The swaption price, PS;(K) is then given by,

PSi(K) = B:EY (PTL_HB,—N@ [yn+1,N(Tn) - K]+)

n

= n+1,N(t)E?+1’N ([yn+1,N(Tn) - K]+)

where the expectation EfT""(.) is taken under the n + 1, Nth swap measure.
To solve the conditional expectation under the n + 1, Nth swap measure
U(K) == EMYY([ynsin(Tn) — KJ*), the Carr and Madan [1999)'s approach

is again used. Assume ¢(u,t,T;,) to be the conditional characteristic function of

87



Yn N (T,) under the n + 1, Nth swap measure, such that

(}5(/1:, t Tn) = EZH_l’N (eiuyn,N(Tn))
+oo
= / elusg(s)ds

oo

with the density of y, n(T,,) under the n + 1, Nth swap measure given by g(s).
Now define

@t(K) = eaK\I!t(K)

and the Fourier transform

+00

b(v,t,T,) = / eKT,(K)dK .

—00

The conditional expectation ¥;(K) can thus be obtained as the corresponding

inversion

—aK +o00
U, (K) = < / R (v)dv

2r J_o
e—aK

= / = Real {e™*yr(v)} dv
0

™

Lemma 4.3.5. The expression ¥, (v) is given by

¢(’U - ’iOl, t7 Tn)

Y. (v) = (iv + a)?

where ¢ is the conditional characteristic function of yni1,n(Tn) under the n +

1, Nth swap measure.
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‘Proof. The proof of this Lemma is similar to Lee [2004]. The expression of ¢, (v)

can be derived by

+00
¥ (v) = / KT, (K)dK
_'T‘OOO . +o0
=/ e“’K/ e*® (s — K)q(s)dsdK
) K

applying Fubini’s theorem, -

+o0 s
Y, (v) =/ q(s)/ K (se*K — Ke*®)dKds

wta (tv + a)?
(v —ioyt, Ty)
(v 4a)?

+ s(ivta) s(iv+a) ; -1
=/ o(s [se e (s(iv +a) — 1) ds
—00

This completes the proof.

O

The proposition 4.3.6 incorporates the entire structure into the affine frame-

work.

Proposition 4.3.6. Denote by

qn (t) - P(t Tn)

n+1 N

QN (1 + Az—lyn N(t)) S0

4 Pry1,n(t)

P 77-’1 N
g (t) = AL Unn (2 )Pnﬁ,w()t) t=n+1,...,N-1
pi(t) — AY P(t,T;)

i— IP"_'_1

(4.23)

Assume that pt and q¢ can be approzimated by their initial values p§ and g}, and

the conditional characteristic function of y, n(T') can be obtained in closed form,
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then

E: (eiuyn,N(T)+lnI5n+1,N(T)) — eﬁ(f)+ﬁ(r)"'it

where M(7) and N(7) satisfies the following system of Riccati equations

—~

oM (1)

—5 = N(7)TK(7)8(r)
M(0)=0 (4.24)
81\19(:)T = —N(r)"K(r) + %N(T)TEETN(T)SS’G

N(0)T = [iu, Ss4]

where S;; is a length © row vector with all elements zero, except for position j

which equals 1.

Proof. The conditional characteristic function ¢(u,t,T,) under the n + 1, Nth

swap measure is given by,

B,

d(u,t,T,) = —Pn+1,N(t)

E (ez’uyn,N(Tn)HnPn+1,N(Tn))

The swap rate y, n(t), see equation (4.22), is a martingale under the n+1, Nth

swap measure with SDE

N
dyn v (t) = V05 [Z & alt,T)T | Sawpby

i=n

where ¢¥ (t), ¢% and ¢¥ (t),i = n+1,...,N — 1 are defined in equation (4.23)

and W2 i the 3-dimension standard Brownian Motion under the n + 1, Nth
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swap measure, such that

N
Z AY P(taTz) a(t,ﬂ)

dW?H’N = \/U_tZT 1B o)

dt +dW; .

i=n+1

By applying Itd’s formula, the SDE for y, n(T3,) and In P,,; n(T,,) may be

obtained as follows,

N N
dyn,n (t) =0t (Z qfa(t,ﬂ)T) =z’ < > pia(t,iil-)) dt

i=n i=n+1

+ /v (Z Qfa(t,ﬂ)T> SdW;

i=n

and

N N
_ 1 : ;
dln Py n(t) = — S ( Z pia(t, Ti)"'> > < Z p;a(t,Ti)> dt

i=n+1 i=n+1

N
+ /0 ( > pia<t,:n)T> SdW;

i=n+1

where ¢! is given in equation (4.23) and p! is defined as,

. P(t,T)
=AY bt
pt 1 1Pn+1,N(t)

Since p! and ¢ are low volatility martingales, which could be approximated by

their initial value p§ and ¢f respectively, see Schrager and Pelser [2006].
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The previous approximation makes the model structure affine such that

dyn,n(t) = viAldt + /v, (Bf)T AW

din Prys () = — =0, A%dt + /55 (BY)T AW
2 (4.25)
dX, = K (6 — X,) dt + /5 ZdW?

d’Ut = kv (e‘v - 'Ut) dt + \/’thZ;]rd-W:

where A, B}, A? and B} are deterministic functions of time, given by,
t t t t

Aj = (Zf;n qfa(t,T,-)T) >0 (Zf__nﬂpia(t,ﬂ))

B! =Y., dia(t, T)

Al =—3 (Zfinﬂ piedt, Tz)T) =27 <Zf\;n+1p§a(t,Ti))
\ B; = Zg_—nﬂ pie(t, T;)

~ _ T
Define X, = [yn,N(t),ln Pn.,.l,N(t),X;r ] to be the factors under the enlarged

state space. Equation (4.25) can be written in the following manner,
dX, = K(t) (é’(t) - Xt) dt + oS () dW? . (4.26)

Thus, according to Duffie and Kan [1996], one has the systems of the Riccati

equations (4.24), which completes the proof. O

Swaptions prices can thus be obtained via,
PS{(K) = Py n(t) U (K) .

Although the methodology applied here is based on Schrager and Pelser [2006],
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their original approach was based on the affine term structure framework. My
method on the other hand derives from the HJM framework and thus represents

an original contribution.

4.4 Conclusion

Although most factor models of term structure perform well both in-sample and
out-of-sample, criticism largely focuses on the lack of a theoretical background,
especially the arbitrage-free assumption. In this chapter, I present a methodology,
based on the HJIM no-arbitrage condition, to connect empirical term st.ructure
models with theoretical interest rate models. The presented framework enjoys
the advantages of both factor models as well as theoretical models. Additionally,
I introduce the stochastic volatility into this model to relax the constant volatility
aséumption in Christensen, Diebold, and Rudebusch [2011], which is inconsistent
with the empirical findings from financial markets. The market price of risk
is derived according to Duffie, Pan, and Singleton [2000], Trolle and Schwartz
[2009a], and Christensen, Diebold, and Rudebusch [2011]. I have derived the
solutions to these contingent claims under my arbitrage-free Nelson-Siegel model
by employing the method of Carr and Madan [1999], Duffie, Pan, and Singleton
[2000] and Schrager and Pelser [2006]. This framework allows me to exploit as

much information as possible for modelling the interest rates and their derivatives.
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Chapter 5

On the joint calibration of
LIBOR /Swap and interest rate

derivatives

The consistent pricing framework of interest rate caps and swaptions is derived
from the studies of Carr and Madan [1999] and Duffie, Pan, and Singleton [2000].
The model is calibrated using extensive panel data, including Libor/Swap rates,
ATM caps and swaptions. By casting the entire model into a state-space form,
an extended Kalman filter is employed to estimate the model. The results show

that the model prices both interest rates and their derivatives accurately.

5.1 Introduction

Interest rate contracts are amongst the most liquid instruments in the finan-

cial market. There are numerous term structure models that are proposed in
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academic literature for pricing interest rate derivatives. Examples are Hull and
White [1990], Carr and Madan [1999], Singleton and Umantsev [2002], Chacko
.and Das [2002], Collin-Dufresne and Goldstein [2003] and Schrager and Pelser
[2006]. The closed-form solutions also exploit the potential to jointly model in-
terest rates and their derivatives, for example, the general stochastic volatility
model of Trolle and Schwartz [2009a], as well as stochastic volatility Libor mar-
ket models of Han [2007] and Jarrow, Li, and Zhao [2007]. Trolle and Schwartz
[2009a] estimate their model using extensive data, including the US Libor/Swap
rate, caps and swaptions, whereas Han [2007] estimates his model using swaption
data and Jarrow, Li, and Zhao [2007], using cap skew data.

The pricing method of Schrager and Pelser [2006] used in section 4.3 is mathe-
matically elegant, however from an empirical perspective, there are two disadvan-
tages. Firstly, by using an extended Kalman filter, it is computationally inefficient
as fourteen Riccati equations must be solved in every loop of the Kalman filter.
Secondly it is also inefficient in that the pricing method for swaptions and caps
are different in chapter 4. The pricing and hedging of interest rate derivatives not
only needs an accurate price, but also requires the results to be calculated in real
time. The computationally efficient therefore turns into a big problem for trading
interest rate derivatives. To overcome these problems, an approximated scheme
is introduced to price the coupon bond options.! Using this scheme, the Riccati
equations only have to be solved once for each Kalman loop. The zero-coupon
bond options can also be priced as a special case of this method which implies

that swaptions and caps are priced under a consistent framework.

!Similar to the zero-bond options in pricing the caps, it is widely agreed that the swaption
prices can be given by a specialized coupon-bond option contract.
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This joint framework is then estimated using Libor/Swap rates, ATM caps and
ATM swaptions from the US market. Similar to Trolle and Schwartz [2009a], the
model is estimated using a quasi maximum likelihood via the extended Kalman fil-
ter. The results show that the three factor model provides a very good fit to both
interest rates and interest rate derivatives, which is consistent with the literature
that three factors are required to explain the variations in the term structure, see
Litterman and Scheinkman [1991]. The additional unspanned stochastic volatility
factors are necessary to capture the variation of interest rate derivatives.

The remainder of this chapter is organized as follows. Section 5.2 introduces
the consistent pricing framework of interest rate contracts. Section 5.3 describes
in detail the estimation framework of the model in previous section, such as the
state-space form and the extended Kalman filter. In Section 5.4, the data and

the estimation results are presented. Section 5.5 concludes the chapter.

5.2 Pricing of interest rate derivatives

5.2.1 Bond options

Denote PtT1 Tm as the coupon-bond price,
m
PtleTm — Z CiP(t, /I'z)
i=1

where ¢; is the coupon payments at time T;, ¢ € {1,...,m} and P(¢,T;) is the
zero-coupon bond price maturity at time 7.

CTTi(K) is the European call option written on a coupon bond P> with
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strike price K, maturity Ty, To < 7} such that
Cth,Tl (K) _ E: <e_ ftTO rst[-PtTl,Tm _ K]-i-) ,

where the conditional expectations E*(-) is taken under the risk neutral measure.

Recall that the Radon-Nikodym derivative is given by,

dP™  B(s)

dP P(S,To)

Changing to the forward measure P,

B(To)
CT (K) = B{° <———P(§‘Z;>T°’ [ — K]*)
P(t,To)

(5.1)
= P(t, To)EP ([P"™ - K]*)

where the conditional expectation E.° is taken under the Tyth forward measure
P70, The zero-coupon bond price P(Ty,T;) is calculated by equation 4.10. The
transform inversion techniques in Duffie, Pan, and Singleton [2000] and Carr
and Madan [1999] are applied to solve the conditional expectations in equation
5.1. Basically, an approximate form for the conditional characteristic function of
the logarithm coupon-bond price In P/*'™ is derived. The Fourier inversion has
been applied to the approximate conditional characteristic function to solve the
coupon-bond option prices numerically.

Denote ¢r,(u) as the conditional characteristic function of the logarithm of
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the coupon-bond price under the Tpth forward measure P70,

o1 (u) = EtPTO (ei“mzﬁl GLP(TO,Ti))

+oo
= / e qP(s)ds

o0

(5.2)

where ¢% (s)ds is the density of In /"™ under the Tyth forward measure. Further

define k as the natural logarithm of the strike price K,
k=InK

U(k) is the conditional expectation in equation (5.1),

(k) = BP (B — KI*)

T1,Tm

— gD ([elnPt _ ek]+)

Using equation 5.2,

v = | " (e = )P (s)ds

To guarantee square integrability, define the modified conditional expectation

term U (k) by,
U(k) = e (k)

where « is any real number and a > 1. Similar to the previous pricing framework,
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the Fourier transform of ¥(k) is given by,

Y, (v) = /_ " e (k) dk

[e o}

Reversing the Fourier transform gives,

U0 =5 [ o n e

21 J_ oo
Recall that U(k) = e**¥(k), (k) can thus be derived by,

€

Wik = / " ik (0)dy

2 J_o

U(k) is a real number since it is the price of the coupon-bond options. The
function 1, (v) is therefore odd in its imaginary part and even in its real part,

which gives,

e—ak

T(k) =

+o00
| Refe unw)as
0
¥r,(v) is given in lemma 4.3.1,

_ én(v—(a+1))
")DTO('U) - a2+a_7_)2+i(20—|—1)'0 '

where ¢, (u) is given by,

o1, (u) = EtTO (eiulnz;il ciP(T07T1;))

B(t) 1 ju 1 m . A
- E* tulnd 70, ¢; P(To,T3)
f (B(To> P(t,To)°

99



However, in the case of the coupon-bond options, there are no closed-form so-
lutions for the conditional characteristic function ¢r,(u), see Brace, Gatarek, and
Musiela [1997], Singleton and Umantsev [2002] and Schrager and Pelser [2006].

Approximate methods are needed in this situation.
Assumption 5.2.1. Assume the fraction of the jth coupon payment, c;P(t,T;),

Jj€{1,...,m}, with respect to the entire coupon bond price Y .-, ¢;P(t,T;)

ch(t7Tj)
ZZ:l C,'P(t,ﬂ)

w;(t) =

fort > 0 can be approzimated by its initial value W;(0).

This assumption is similar to Brace, Gatarek, and Musiela [1997] and Schrager

and Pelser [2006].

Proposition 5.2.2. Given assumption 5.2.1, the conditional characteristic func-

tion of the coupon bond is given by

o B(t) 1 wln Y, ¢; P(To,T;)
¢To(u) - Et (B(To) P(t, To)e !

. ™ ¢ P(t,T;
— eM(T)-{-N(T)‘Ut +iuln ——‘—-‘7—2 =1 ?To(; i)

where M (1) and N(7) satisfies the following system of Riccati equations

aM
— = Nk,0,
M(0) =0
dN 1. | & N
- = -5 (Y | XX i(t) oy
- Nk, 5 U [; w;(t) ey } {;w (t) e ]
1 & .
+3 {NEII_S - zuZa;rE —(1- zu)agﬁ] (5.3)
i=1
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m T
NE) —iu) oS- (1-iu)ogs
=1

v1-3

1 ) 1
— -2-(1 —iu)ol BZ o + §N20§4

N(0)=0

The proof of this statement is not obvious, so I first introduce the lemma

5.2.3.

Lemma 5.2.3. Assume z, = e~ Jo TsdseMM+N(Mu+BIn T, eiP(ET)+(1-A) I P(ETo) g

a martingale, the proposition 5.2.2 can thus be proved.

Proof. if the process z,

T, =e" Jo rads M () +N (r)ve+BIn T2 ¢ P(¢,T:)+(1-) In P(t,To)

is a martingale, then

E: (e_ fOTO rsteM(O)-I—N(O)'Ug-i-B In E:’;l CiP(To,Ti)-i-(l—-ﬁ) In P(To,To))
given M (0) =0, N(0) = 0 and P(T5,To) = 1,

= E: <e—f0T° rsds +,BIDZC,LP(T0,T;))

i=1

— o~ Jo rsds GM(D)+N(T)ve+BIn 7 i P(4T3)+(1—B) In P(t,To)
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taking In P(t,Tp) out of the exponential term,

= P(t, Ty)e™ Jo rods M +N(reef1n B

rearranging the equation,

]. To mo,. A - ft rsds
E? = Jo®rsds+BIn 32 i P(To,Ti)—e™ J0
’ (P (t,To)e

m c‘iP t,T;
_ MO+N(Due+B1n e

using the dynamics of the bank saving accout B(t) = f(f rsds,

E B(t) 1 eieIn 3%, i P(To,Ti)
* \B(Tv) P(t, To)

m P Ty
_ MO+N D+ fin ZSEECTD

The theorem can then be proved by specifying 8 = iu. a

Proof. At the maturity time Tp,

B B(Th) 1 Guln TR, ¢:P(To.T:) =6M(0)+N(0)v:+iuln%%%m
* \ B(Ty) P(To, To)

where M(0) and N(0) are all zero at maturity time Tp (7 = 0) as well as
P (TO, TO) = 17

Er (eiulnzgqu(To,Ti)) — T, 6 P(ToT5)

at the maturity time Tp, the e XiZ1%P(T0.T3) can be taken out of the expectation
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E} since it is known at time 7. Thus,

eiu In377, e P(To,T3) eiu In} 7, ¢ P(To,T3)

The theorem has been proved at the maturity time 7.

In the generalised situation, following lemma 5.2.3, the only task left is to
prove that z; is a martingale. According to properties of the martingale, the
ODEs for M(7) and N(7) are required to guarantee that the drift term of dz; is
zero. Recalling the SDE of In) ., ¢;P(Ty, T;) and 4.3.1, the M(7) and N(7) are

required to satisfy the ODEs in 5.2.2 to guarantee that the z; is a martingale. O

This model is different from Schrager and Pelser [2006] since the framework
of Heston [1993] has been applied. The logarithm of the characteristic function
is calculated by the transform inversion techniques of Duffie, Pan, and Singleton
[2000]. Only two Riccati equations are required to be solved in this case. If one
simply applies Schrager and Pelser [2006], more Riccati equations are needed to
solve by using the affine term structure models from Duffie and Kan [1996] and
Dai and Singleton [2000]. There are fourteen Riccati equations must be solved

by the method from section 4.3.3.

5.2.2 Caps and floors

If the coupon-bond pays one unit of the currency at time T;, (¢, = 1) and zero at
the other paying dates ¢; =0, 7 € {1,...,m—1}. This coupon-bond is reduced to
a zero-coupon bond P(Tg,T,). The conditional characteristic function ¢r,(u) can

be obtained in closed form from the proof in 4.3.1. The conditional characteristic
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function introduced in (4.17) is given by

B Bt) 1 giuln P(To,T1)
t B(Ty) P(t,To)

L P@,Ty)
— eM(v’)+N(7’)'ut+zu In Wt,_T(J)_)

where M (7) and N(7) satisfy the following system of Riccati equations

dM (1)

= N(7)k,0,
M(0)=0
d"ZiT) = —%(1 —iuw)a(t,Tp) ' SE alt, Ty) — %iua(t,Tl)TZETa(t,Tl)
+ (N(1)Z] — (1 —w)a(t,To) 'S — iua(t, Ty) " X) (5.4)

(NS — (1 - w)a(t, To) TS — iua(t, T,)TS)

— N()ko+ N ()0l

N(0) =0

where X, = (0},02,03)7.

Proof. The proof is similar to proposition 5.2.2. According to Duffie, Pan, and
Singleton [2000], Collin-Dufresne and Goldstein [2003], and Trolle and Schwartz
[2009a],

E: (e_ ftTr,dseﬁlnP(To,Tl)) — eM(‘r)+N(‘r)vt+ﬂInP(t,Tl)-i-(l-ﬁ) In P(t,T5) (55)

where M (7) and N(7) satisfy the system of Riccati equations. This can be shown
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if one assumes that the process

T =" Jireds eM(T)+N(r)ve+B1n P(t,T1)+(1~B) In P(t,To)
is a martingale. Thus, equation (5.5) would hold by applying the law of iteration.
If one specifies M(7) and N(7) to make z; as a martingale, then specifying 8 =

will give equation (5.5). a

According to section 4.3.2, the prices of the interest rate caps can be calculated
by summing the prices of the sequential caplets. The price of the corresponding
caplets can be further solved by a special zero-coupon bond put option, which is
written on a 1 + 7, K zero-coupon bond with a strike

_1
+nK"

5.2.3 Swaptions

A swaption can be seen as an European option on a coupon bond as follows.
Given a set of dates, T;, ¢ = n+ 1,..., N at which swap payments are to be

made, it is well known that a forward par swap rate y, y(t) is given as

P(t,T,) — P(t, Ty)
Zz—n+1 AE/ 1P(t? T"l)

Yn,N (t) =

Furthermore, the swaptions price is given by

Pst( ) ( ft rods Z A Tn’T)[yn+1N( ) K]+)

i=n+1
+

N
— P(Ty,Tv) — Y, AKP(T,,T)

i=n+1

= B} | e reds
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which can be viewed as a European put option of a coupon bond
o - fT" Tsds Tnt1, TN +
PS,(K) = Ef [ e/ 1- Py (Ty)

where the coupon payments are ¢; = A;K fori € {1,...,N -1}, ey =1+ AyK
and the strike price equals 1. Again, the prices of the swaptions can be calculated

by this specialised put option written on the coupon-bond by proposition 5.2.2.

5.3 Estimation approach

5.3.1 Model framework

The Libor and Swap rates can be calculated from the corresponding zero-coupon
bond prices, which are given by proposition 4.2.8. According to Shreve [2004] and
Brigo and Mercurio [2007], the time-t Libor rate for the period ¢ to T is given by,

1- P(t,T)

LT = 7 —ppam

(5.6)
and the time-t swap rate for the period ¢ to T, and fixed-leg payments at Ti, ...,
T, is given by,

1— P(t,T,)
v 2?:1 P(t’ ,'T."I)

S(t,Tn) = (5.7)

The US Dollar swap has a semiannual fixed-leg and a quarterly floating-leg. The
v is thus defined by v = % with regard to the market convention, see Trolle and

Schwartz [2009a]. Since the zero-coupon bond prices are derived in closed-form
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in proposition 4.2.8, the Libor and swap rates can then be calculated based on
the formulas.

An interest rate cap contract is designed to provide insurance against the risk
of interest rate rising, which is offered by financial institutions in the over-the-
counter market, see Hull [2009]. As discussed in section 4.3.2, the cap contract can
be priced by the sum of a group of the corresponding caplets. To price interest rate
caps therefore reduces in order to pricing the corresponding caplets. According to
Brigo and Mercurio [2007], the caplet can be manipulated to (1 + vK) European
put options with strike 1++K The price of European put options is derived in
section 5.2. Therefore, if the Riccati equations in 5.4 can be solved numerically,
the price of the corresponding European call option can be calculated by integrals.

Put-Call parity is employed to price European put options,
Call = E} (e" L reds [ p(Ty, Ty) — K]*)
Similarly, the price of a European put option is defined by,
Put = B} (eI ™% [K - P(T,, Tl)]+>
Intuitively,

—Put + Call = E; (e- [ords [j¢ _ p(Ty, Tl)])

= P(ta Tl) - P(taTO)K

Swaptions are options on interest rate swaps. Similar to zero-coupon bonds in

pricing the interest rate cap contracts, swaptions can be priced by manipulating
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coupon-bond options. Specifically, according to Trolle and Schwartz [2009a] the
swaption price can be viewed as an European put option on a coupon bond, which
has the coupon payments ¢; = ;K fori € {1,...,N —1}, ey = 1+ vy K and the
strike price 1. The price of a coupon-bond call option is derived in section 5.2.
Put-Call parity is used to solve for the coupon-bond put option. The call

option price is defined by,

Call = (e— forsds | ptn — K| +>
where the put option price is defined by,

Put = E; (é- fomde [ — PRt +)

The portfolio of long one unit call option and short one unit put option is given

by,

—Put + Call = E} (e— o ryds [ PRV _ K])

= E: (e_ﬁTo'nds ZCZP(T07T;,) _ K:|>
=1

m

= 3" GP(t,T) - KP(t,Ty)

i=1

5.3.2 State space form

The state-space representations of the model are presented below. Let X; =

(X3, 418 1) denote the vector of state variables, the SDE of the factor X,
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under the physical measure P is given by,

dX; = (¥ — KX,) dt + /0, 2dWT

KtXt

Applying It6’s Lemma to e we obtain the conditional mean of the factor

Xt)
t+1
Eu(Xon1) = / K10 g gy 4 KA, (5.8)
t

and the conditional covariance matrix of the factor X; is given by,

t+1
Covt(Xt+1) — / (1 _ e—kﬁ(t+1—u)) ege—K(t-H_u)EETC_KT(H-I_u)dU
t t+1 (5.9)
+ ( / e kb (t+1-u) —K(t+1-u) 52T e—KT(t+1—-u) du) v
t

The state transition equation is thus,

Xir1 =0+ 0o X +wir1,  wipr ~ N0, Qe41)

Qis1 = Qo + Quvy

where ¢g, ¢, and Q41 are defined based on 5.8 and 5.9. Let Y; be the vector of
observable quantities and h is the pricing function for the price of interest rate

derivatives, the observation equation is given by,

Note that h(X;) is a non-linear function. However, the standard Kalman filter

is designed for linear Gaussian state-space models. This model requires to be
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calibrated by the extended Kalman filter, which is based on Trolle and Schwartz
[2009a].!

Yo = (K1) = HXyor) + HXe+w, 4 ~N(0,S)

where

!
8Xt Xe=Xyjs-1

The model is now casted into a state-space form. The next step is to estimate

the parameters using the extended Kalman filter framework.

5.3.3 Extended Kalman filter

The extended Kalman filter? is widely used in engineering to solve nonlinear
systems based on the first-order linearization, see Ljung [1979]. By comparing
the finite-sample properties of some standard techniques used to estimate term
structure models. Duffee and Stanton [2004] conclude that the Kalman filter is
the most accurate estimation technique when maximum likelihood is unavailable.

According to Trolle and Schwartz [2009a], this model is cast into a state-

space framework that can be estimated by quasi maximum-likelihood (QML)

1The QML estimation is in fact not consistent in the present linearized state-space model.
However, in Trolle and Schwartz [2009a], the small-sample properties of the QML kalman filter
method, in terms of estimating multi-factor stochastic term structure models, is investigated.
The results show that there are virtually no biases in the estimation of parameters under both
risk-neutral and physical measures.

2Particle filter is another possible way to calibrate the model, see Chib, Nardari, and Shep-
hard [2002]. However, in order to compare my model with Trolle and Schwartz [2009a] model,
identical estimation method, the extended Kalman filter is employed in this thesis.
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in conjunction with the extended Kalman filter.! The extended Kalman filter is
initialised with the unconditional mean and variance of the underlying unobserved
state variable.? The recursive process is started by forecasting the state factors

where the conditional forecast of the state factors, which are given by,

Xit1 = o+ 0o Xi + wiy1,  wipr ~ N(0, Q41)

Qi41 = Qo + Quvy

The associated conditional variance can be written as follows,

Py = ¢ Py + Q
The model forecast can therefore be calculated using the measurement equation,
Y= (h(xtlt—l) - H;Xﬂt—l) + H;Xt + U U N(O, S)

The true value of the observed data enters the recursive system and then the

predicted errors can be obtained from,

& =Y — h(Xt+1|t)

1By comparing several estimation methods in terms of estimating term structure models,
namely Efficient Method of Moments (EMM), Simulated Maximum likelihood (SML), and
Quasi-Maximum likelihood (QML), in conjunction with the Kalman filter, Duffee and Stanton
[2004] conclude that the QML/Kalman filter approach is preferable because of its better finite-
sample properties.

2Note that, several different initial values are employed in the estimation procedure to find
the global optimal set.
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The predicted error is used to update the dynamics of the transition equation,
Xt+1 = Xt+l|t + Pt-l—lItH;Ft—let
The corresponding conditional variance is updated by,
Piv1 = Po1e — PorpH Fy  Hi Py
where the F} is given by,
F, = HPoy H, + SQ

In the recursive loop, the following time period state variables are forecasted
conditional on the previous information. Therefore, the likelihood function can
be constructed by repeating the above steps. Under the assumption that the

measurement errors are Gaussian, the log-likelihood function is given by,

1 = 1o 1o
log L = —§log27r;Nt - 5;10g|Ft| - §;6tFt_lft

The preceding algorithm is treated as the objective function to find the opti-
mal parameter set using non-linear numerical optimization techniques to find the

maximum.
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Figure 5.1: The term structure of LIBOR /Swap rates
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5.4 Empirical results

54.1 Déta

The generalised arbitrage-free Nelson-Siegel model and its corresponding deriva-
tive prices are presented in section 5.3.1. The next step is to calibrate the pa-
rameters of the model with financial market data.

The models are estimated using the weekly Libor and swap rates and ATM
swaptions and caps implied volatilities from August 21, 1998 to January 26,
2007.! This data is obtained from Bloomberg and all observations are closing

midquotes on Friday. Tables 5.1 and 5.2 present the descriptive statistics of the

!There are 441 observations in total. The data period used in this study is identical to
Trolle and Schwartz [2009a]
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entire sample. The average Libor and swap rates increases with maturity and the

volatilities of these rates decrease with maturity.

Figure 5.2: The term structure of interest rate caps data
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The average implied volatilities of caps and several tenors of implied volatility
of swaptions present a humped shape. Following Trolle and Schwartz [2009a],
Libor, Swap, Swaption, and Cap markets are assumed to be of homogeneous
credit quality because of the identical discount factors for cash-flows. Note that
the data used here experiences considerable volatility during long term capital
management crisis in 1998 and the dot com bubble in 2001.

The Libor and Swap term structures are constructed from the end-of-week
Libor rates at three maturities: 1, 3 and 6 months and swap rate at seven matu-

rities: 1, 2, 3, 5, 7, 10 and 15 years. Figure 5.1 displays the Libor and Swap data.
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In Figure 5.3, I show the implied volatilities of ATM swaptions across tenors and
time. Swaptions with different tenors at 1, 2, 3, 5, 7 and 10 years are used. The
maturities are at 1 month, 3 months, 6 months, 1 year, 2 years, 3 years and 5
years. Thus, the total number of the ATM swaptions is 42. In Figure 5.2, the US
dollar caps are graphed across maturity and time. The caps used in this study
have maturities of 1, 2, 3, 4, 5, 7 and 10 years.

In order to calibrate the model, several off-line processes are needed. First,
the entire forward curve on each observation is calibrated using a cubic spline
interpolation. The zero-coupon rate term structure is calculated using the forward
curve by using the price formula for Libor and Swap rates, see equations (5.6)
and (5.7). Based on the zero-coupon rate term structure, the swaption and cap

prices can be calculated as in Black [1976].
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5.4.2 Estimation results

The joint framework is estimated on the entire dataset from August 21, 1998
to January 26, 2007, which consists of 441 weekly observations. The parame-
ter estimates are given in Table 5.3. All parameters in matrix A\! are negative,
which guarantees that the mean reversion of the model under the real world mea-
sure P. The unspanned stochastic volatility term o2 is positive and statistically

significant, which confirms the existence of the unspanned stochastic volatility.

Table 5.3: Parameter estimates

m 0.0243 o2 0.3016 A 0.0295 o3 0.2057 Kk 2.3688

(0.3641) (0.1215) (0.1386) (0.3687) (0.8693)
o  1.1496 k, 03672 X 01135 of 02117 X 0.2536
(0.0234) (0.1037) (0.3678) (0.0011) (0.0013)
X 04663 0, 15443 N -03372 XM -0.3096 o  0.0499
(0.0091) (0.5564) (0.0023) (0.2358) (0.0236)
o1 04394 kI 03604 X -00295 o2 02044 X 0.3972
(0.2423) (0.1283) (0.0136) (0.3687) (0.2861)
o2 05975 k2 04408 X, -0.0096 ocs 0.0236 oz  0.0008
(0.0346) (0.0783) (0.1078) (0.0000) (0.0000)

Loglikelihood -43786.37

Standard errors are in parentheses, ors denotes the standard deviation of interest rate mea-
surement errors and ocg denotes the standard deviation of swaption and cap price measure-
ment errors.

This finding is also reported by Collin-Dufresne and Goldstein [2002] and Li
and Zhao [2006]. The parameter a is also statistically significantly greater than
1. According to the restriction of « in section 4.3.1, the square integrability of
the model is guaranteed, see Carr and Madan [1999]. The standard deviation of
swaption and cap price measurement errors o, and o;s are small and significant,

which implies the model accurately fits the data.
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Table 5.4: Summary statistics for Libor/Swap fitting errors

Libor Maturity
1mth 3mth 6mth
0.72 -0.63**  1.02%**
(0.54)  (-1.72) (3.15)

Swap Maturity
lyr 2yr 3yr oyT Tyr 10yr 15yr
L7r*ek 213%*%  _0.67*** 058 -0.23 -0.18 0.17
(4.72)  (-3.09) (-2.78)  (0.69) (-0.37) (-0.23) (0.12)

The table reports the mean pricing errors for the Libor/Swap rates. The pricing errors
are defined as the difference between fitted rates and actual rates (in bps), which are
reported in percentages. t-statistics are in parentheses, which are calculated by Newey
and West [1987] standard error with 12 lags. *, **, and *** denote significance at the
10%, 5% and 1% levels, respectively.

Table 5.4 reports the mean valuation errors and associate t-statistics for Libor
and Swap rates. Overall, the fitting errors of Libor and Swap rates are very small
and range from —2.13 to 1.77 in basis points. The average fitted error is less than
1 basis point. These results are consistent with the results from chapter 3, which
show that the variations of interest rates can be explained by the three-factor

model.

Table 5.5: Summary statistics for caps fitting errors

Cap Maturity

lyr 2yt 3yr oyr Tyr 10yr
1.13  -3.16%* 287 3.64%** 237 -1.06
(1.02) (-2.13) (2.36) (4.58) (-1.14) (-0.79)

The table reports the mean pricing errors for interest rate caps. The pricing
errors are defined as the difference between fitted cap prices and actual cap
prices divided by the actual prices, which are reported in percentages. t-
statistics are in parentheses, which are calculated by Newey and West [1987]
standard error with 12 lags. *, **, and *** denote significance at the 10%, 5%
and 1% levels, respectively.
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Further inspection shows that the model fits 6-month Libor, 1-year and 2-year
Swap rates relatively worse. This may indicate the structure difference between
the Libor and Swap market, which is also documented by Longstaff, Santa-Clara,
and Schwartz [2001] and Heidari and Wu [2009].

The pricing errors and associated t-statistics for interest rate caps are pre-
sented in Table 5.5. The average ATM cap errors range from —3.16% to 3.64%,
which are slightly better than the results reported in Jarrow, Li, and Zhao
[2007](around 5% during the same period). The pricing errors for 2yr, 3yr and
Syr are relatively large and statistically significant, which implies that these caps

fit relatively worse.

Table 5.6: Summary statistics for swaptions fitting errors

Swaption Maturity
Tenor 1mth 3mth 6mth lyr 2yr 3yr oyT
lyr -2.05%FF _0.62%F*  1.82%**  1.61%FF 1.37*** 235%F* (.63
(-4.86)  (-2.67) (5.13) (4.88) (6.32) (5.28) (1.13)
2yr 0.33 1.96* 0.47*%*  1.68%** 2.12%** 128*%F 263
(0.96) (1.78) (4.23) (6.78) (9.32) (2.01) (0.58)
3yt 0.65 1.39 0.73***  2.43%F  (0.82 0.24 1.19
(1.21) (0.86) (2.97) (5.38)  (0.87) (0.55)  (1.28)
oyr 1.85 2.13 0.40 1.72 1.26 0.36 0.74
(0.54) (0.68) (0.99) (0.86)  (0.56) (0.93) (0.48)
Tyt -1.29%%% 0 58%**  _(.93** -1.41 -1.02 -0.83 -0.67
(-3.76)  (-2.84) (-1.96) (-0.87) (-1.23) (-0.56) (-0.43)
10yr -0.29%%  .0.QTH** -0.02 -1.29 -0.76 -0.88 -0.83

(-2.24)  (-3.68)  (-1.07)  (-0.86) (-0.56) (-0.76) (-0.54)

The table reports the mean pricing errors for interest rate swaptions. The pricing errors are defined

as the difference between fitted swaption prices and actual cap prices divided by the actual prices,
which are reported in percentages. t-statistics are in parentheses, which are calculated by Newey
and West [1987] standard error with 12 lags. *, **, and *** denote significance at the 10%, 5% and
1% levels, respectively.
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Table 5.6 presents the average pricing errors and associated t-statistics for
swaptions. The average pricing error ranges from —2.05% to 2.43%. Several
pricing errors are statistically significant, which implies the model prices interest
rate swaption accurately. These results are similar to Han [2007] and Trolle and
Schwartz [2009a]. In addition, most of significant fitting errors are found in 1-year
and 2-year tenors. These swaptions are on the ’edges’ of the volatility surface,
which are usually more difficult to fit. On the other hand, the model fits 5-year
tenor swaptions almost perfectly. Overall, according to tables 5.4, 5.5 and 5.6,
the joint framework provides a very good in-sample fitting of Libor/Swap rates

and their derivatives.

5.5 Conclusion

A consistent pricing framework is proposed under the arbitrage-free Nelson-Siegel
model from chapter 4. As discussed in the introduction, this method is computa-
tional efficient in terms of empirical calibration because there are only two Riccati
equations must be solved in every loop of Kalman filter(fourteen Riccati equa-
tions require to be solved in the framework of Schrager and Pelser [2006] and
section 4.3.3. The semi-closed solutions also provide a accurate way to calculate
the Greeks for interest rate derivatives. The consistent framework is then cast
into a state-space form, which is further estimated via an extended Kalman filter
using the US Libor/Swap rates, ATM caps and swaptions. The results show that

the proposed joint framework prices the data both accurately and efficiently.
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Chapter 6

Conclusions

This thesis investigates the empirical performance of the Nelson-Siegel model in
Australian government bond rates, which are similar to studies on US government
bond rates, see Diebold and Li [2006]. The advanced estimation procedure, which
uses a state-space model calibrated via a Kalman filter is introduced to improve
the results further. As discussed in chapter 4, because the Nelson-Siegel model
is not arbitrage-free, I therefore introduce the generalized arbitrage-free Nelson-
Siegel model to overcome this problem. In particular, the methodology I proposed
here not only makes Nelson and Siegel [1987] arbitrage-free, but also applies
to the entire family of Nelson-Siegel models, including Svensson [1994], Bliss
[1996], Bjork and Christensen [1999] and Diebold, Piazzesi, and Rudebusch [2005].
The derivatives pricing framework based on the generalized arbitrage-free Nelson-
Siegel model is also proposed in this thesis. Finally, I calibrate the arbitrage-free
Nelson-Siegel model and the derivative pricing framework using US financial data,
including Libor and swap rates, interest rate caps and swaptions. In conclusion, I
summarize the main contributions of this thesis and then discuss potential future
studies.

The three main chapters extend the Nelson-Siegel family of models both em-
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pirically and theoretically. Chapter 3 models and forecasts the government bond
term structure in Australia. This empirical study uses the dynamic Nelson-Siegel
model to model Australian government bond rates. The question is whether
the dynamic Nelson-Siegel model can deliver a robust empirical performance in
the Australian fixed-income market. I have also cast the dynamic Nelson-Siegel
mode into a state-space form, which can be estimated robustly via a Kalman
filter. The estimation results confirm that the dynamic Nelson-Siegel model still
performs well in the Australian financial market. Moreover, by incorporating the
state-space form of the Nelson-Siegel model, the out-of-sample forecasts can be
further improved compared to the two-step estimation procedure in Diebold and
Li [2006]. The result suggests that the dynamic Nelson-Siegel model via one-
step estimation procedure should be applied in Australian financial markets. In
particular, its prominent out-of-sample forecasting could provide a basis for in-
vestment decisions of the financial industry and policy decisions of Reserve Bank
of Australia.

The research question that naturally arises is whether the dynamic Nelson-
Siegel model can be further extended. The first possible extension is that because
the dynamic Nelson-Siegel model is not arbitrage-free, Christensen, Diebold, and
Rudebusch [2009] and Christensen, Diebold, and Rudebusch [2011] present an
arbitrage-free version of the Nelson-Siegel model, which incorporates the Nelson-
Siegel structure into the affine term structure framework by adding an additional
arbitrage-free term. However, interest rate volatility is assumed to be constant
in Christensen, Diebold, and Rudebusch [2009] and Christensen, Diebold, and
Rudebusch [2011], which is not an appropriate assumption. According to Li and

Zhao [2006] and Trolle and Schwartz [2009a], interest rates are clearly stochastic,
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and stochastic volatility contains important unspanned parts. In addition, un-
spanned stochastic volatility is difficult to incorporate into the affine term struc-
ture model, which has been widely proved throughout the literature, see Trolle
and Schwartz [2009a]. Therefore in chapter 4, I introduce a generalized arbitrage-
free Nelson-Siegel model, which is derived from a more generalized framework,
the HJM framework. It is widely believed that stochastic volatility can be incor-
porated much more easily in ' HJM models, see Trolle and Schwartz [2009a]. The
generalized arbitrage-free Nelson-Siegel model is introduced to relax the constant
volatility assumptions in Christensen, Diebold, and Rudebusch [2011]. Iintroduce
a Markovian transformation for the additional terms, which is assumed to be lo-
cally riskless. The model can be finally classified into the Markovian HJM model
class. By assuming constant volatility, the framework of Christensen, Diebold,
and Rudebusch [2011] can also be derived based on my model framework as a
special case.

When generalized arbitrage-free model is built, the second extension, which
comprises pricing and hedging the interest rate contingent claims under the new
model, arises naturally. According to Chacko and Das [2002], pricing the interest
rate caps and swaptions is actually to price the bond options, both zero-coupon
bonds and coupon-bearing bonds, because the interest rate caps and swaptions
can be manipulated into particular bond options with specialized strike prices.
The prices of interest rate contracts are derived based on Schrager and Pelser
[2006] scheme. Their original approach is based on the affine term structure
framework. My method on the other hand derives from the HJM framework
and thus also represents an original contribution. Nonetheless, this method has

two disadvantages during the estimation procedure. The first problem is that the
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pricing procedure for interest rate caps and swaptions is not consistent; the second
drawback is that the estimation of this model is computationally inefficient. The
computational efficient matters in the financial markets, especially for pricing and
hedging interest rate derivatives.

Therefore, in chapter 5, I introduce a second pricing methodology based on
the generalized arbitrage-free Nelson-Siegel model to overcome this problem. The
model provides a consistent and efficient way to price interest rate caps and swap-
tions by using the transform inversion techniques in Carr and Madan [1999] and
Duffie, Pan, and Singleton [2000]. In addition, the consistent framework for
pricing interest rate derivatives also exploits the potential to jointly model the
interest rates and their derivatives. The framework is calibrated via an extended
Kalman filter using the US Libor/Swap rates, caps and swaptions. The results
show that the model prices both interest rates and their derivatives accurately.
This consistent framework dramatically improves the program efficiency, which
is important for real timé interest rate derivative trading and fixed-income port-
folio management. The semi-closed form solutions also provide an accurate and
efficient way to calculate Greeks for interest rate derivatives, which are vital tools
in risk management.

The results found in this thesis indicate that several potential extensions war-

rant future research.

¢ Economic meaning of no-arbitrage constraints. The generalized arbitrage-
free Nelson-Siegel model is designed to make the Nelson-Siegel model con-
sistent with no-arbitrage pricing. However, similar to Coroneo, Nyholm,
and Vidova-Koleva [2011], whether the arbitrage-free model is necessary to

produce better fits and forecasts needs further research.
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e Comparison with other models based on Australian data. Several
papers also conclude that their out-of-sample forecasts are better than the
Random Walk benchmark, for instance Bowsher and Meeks [2008], Chua,
Foster, Ramaswamy, and Stine [2008]. The comparison of the empirical
performances of these models using Australian data shows potential for

Australian financial markets.

e Risk-neutral dynamics of the generalized arbitrage-free Nelson-
Siegel model. Given the closed-form risk-neutral dynamics of the forward
rate in the generalised arbitrage-free Nelson-Siegel model, the more compli-
cated interest rate derivatives can be derived by Monte Carlo simulations,

see Longstaff and Schwartz [2001].

e Extended to commodity futures and options pricing. Similar to
Trolle and Schwartz [2009b], the framework of the generalised arbitrage-
free Nelson-Siegel model can be applied to value derivatives of other assets,

such as commodity futures and options.
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