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Abstract

Abstract

This thesis makes a first attempt to tackle large granular flow problems with grain 

crushing within a continuum mechanics framework. That is, a special finite element 

(FE) technique, the Eulerian method, is employed to allow the modelling of granular 

materials to flow through fixed meshes. The flowing materials are modelled using a 

linear elastic breakage model, which is derived from the continuum breakage 

mechanics theory (Einav 2007a, b). This enables the macroscopic behaviour of the 

flowing materials to be captured, in association with the evolving grain size 

distribution (GSD).

Two typical granular flow processes are studied: crushable granular materials 

displacing around a penetrating pile during installation, and mineral materials flowing 

through a roller mill. The former aims to study the pile end-bearing capacity at steady 

state penetration; while the latter focuses on the energy-size reduction relationship in 

mineral comminution. In addition, a cavity expansion process in a brittle granular 

medium is also studied, with an emphasis on the eventual dissipation of fluid in 

petroleum application.

The study highlights the fundamental connection between micro-structure and 

mechanics of brittle granular materials. It is demonstrated that tracking the evolution 

of the GSD can be useful in the continuum modelling of many applications, which is 

currently missing out from most existing studies. As a result of this research, a new 

formula to better predict the end-bearing capacity of piles is proposed and compared 

with previous equations. Another finding is the derivation of a correlation between the 

evolving GSD and permeability reduction during undrained cavity expansions. This is 

followed by establishing a relationship between generation/dissipation of excess pore 

pressures and grain crushing. Finally, the approach of this thesis is shown to enable us 

to find optimum roller gaps, which represent the maximum area of new surface to be 

created with the minimum level of work input; and the influence of increasing 

grinding speeds on new surface area creation.
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Chapter I - Introduction

Chapter I 

Introduction

1. Background

Grain crushing is associated with various granular processes, e.g. surrounding pile 

penetration in crushable soils, mineral engineering, deformation of fault gouges, etc. 

While the main concern in various disciplines might be different (e.g., bearing 

capacity and permeability reduction in geomechanics, energy efficiency in mineral 

engineering, and the budget of energy flow and generation in earthquakes), all share 

one unique feature: the evolution of grain size distribution (GSD). The study of any of 

the above processes would benefit greatly by making the evolution of grain size 

distribution an intrinsic feature of the models used. This issue is usually overlooked in 

the literature.

A rigorous way to integrate the grain size distribution (GSD) into a continuum 

constitutive relationship, in order to study the grain crushing process, has been 

developed by Einav (2007a, b) in his ‘breakage mechanics theory’. This theory was 

formulated with recourse to the micromechanics of grain crushing, resulting in good 

quantitative and qualitative estimates of both the macroscopic behaviour and 

microstructural changes of crushable granular material (see Chapter III). In addition, 

the fact that the breakage mechanics theory was formulated within the rigorous 

confinement of thermodynamics makes all derived models thermodynamically 

consistent. One of those models, the ‘linear elastic breakage model’, is employed in 

this thesis.

The linear elastic breakage model has been implemented into finite element (FE) 

codes (see Chapter IV), targeting large deformation problems where materials can 

flow. For instance, in Chapter V, the large pile penetration process is modelled by 

allowing granular materials to flow around piles, such that a steady state of pile
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penetration could be numerically achieved. The other application, studied in Chapter 

VII, is where modelled quartz sands flow through a roller mill, subject to 

comminution. It is worth noting that the above-mentioned FE simulations are based 

on the so-called Eulerian method that allows material to flow through the meshes that 

stay fixed in space. In addition, the thesis also analyses the permeability reduction and 

excess pore pressures surrounding expanding cavities in brittle granular materials in 

Chapter VI for completeness of the research purpose.

2. Aim and scope of the dissertation

The aim of this thesis is to analyse various granular flow processes involving grain 

crushing by using the breakage mechanics theory and large FE techniques.

The first part focuses on the correlation between crushability and pile end-bearing 

capacity in crushable soils. It has been widely recognised that for crushable soils, the 

predicted pile capacity—based on conventional theory and limiting design values— 

may result in unconservative designs. This is because the conventional methods did 

not incorporate the soil crushability and related factors into the design formulae. In 

this thesis those factors are taken into account, based on the breakage mechanics 

theory. Two FE simulation techniques dealing with large deformations are used, i.e., 

the Arbitrary Lagrangian Eulerian (ALE) and Eulerian methods. The theoretical 

predictions are compared with experimental observations and a new equation is 

formulated for predicting the pile end-bearing capacity in crushable granular soils.

The second subject is mainly concerned with variations of excess pore pressure in an 

instant cavity expansion in brittle granular materials. Due to considerable crushing of 

brittle particles, the permeability of the medium largely reduces. Consequently, the 

excess pore pressure increases rapidly and dissipates slowly. These changes are 

quantified by using a cylindrical cavity expansion, under undrained followed by 

drained conditions.

The last, but not least focus is the study of the energy-size relationship in 

comminution. The linear elastic breakage model is used to represent the behaviour of 

modelled quartz sands in a roller mill. Driven by gravity and the rollers’ friction, the 

modelled sands flow in and out of the space between a pair of rollers. Such a space is

2
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discretised with meshes that are fixed, eliminating the mesh distortion problem 

usually encountered in small strain FE simulations. This clearly distinguishes itself 

from the traditional grinding laws, or the population balanced grinding models 

(PBMs), which largely depend on empirical curve fitting of the experimental data.

3. Organisation of the dissertation

The structure of the thesis is as follows.

Chapter II reviews the existing research about grain crushing. This is followed by a 

critical assessment that paves the way for suggested new developments.

Chapter III reviews the systematic approach to the development of continuum 

breakage mechanics. A linear elastic breakage model used in this thesis is also 

introduced and explained in detail, which provides a sound theoretical basis for the 

study in this thesis.

Chapter IV elaborates on the FE implementation of the constitutive model used in this 

study. The implementations are then verified under four different loading paths. This 

is followed by a series of tests to show the model’s capabilities.

Chapter V incorporates the breakage model into the FE simulation of pile foundation. 

The numerical results are compared favourably to experimental observations in terms 

of grain crushing distribution around the pile, soil deformation and end-bearing 

capacities with pile driving. This is followed by a parametric study about various 

fundamental mechanical soil parameters and the results of a new end-bearing capacity 

formula that has found to be superior to many existing equations.

Chapter VI focuses on the breaking of crushable granules when subjected to sufficient 

undrained cavity expansion. The permeability reduction and generation/dissipation of 

pore pressure at the cavity interface are emphasized, which is quantitatively connected 

with the granular crushability and related factors .

Chapter VII employs the breakage model to study the mineral comminution in a roller 

mill. Correspondingly, a FE model of a roller mill is established and the numerical 

prediction of the product size distribution and the assumed moment work are in good
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agreement with experiments. Next, a parametric study is carried out to quantify the 

connection between the moment work rates and surface production rates.

Chapter VIII highlights the main findings in this thesis, the shortcomings of the 

current research, and recommendations for further research.

4
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Chapter II

Review of the literature

1 Introduction

The best way to start a new day, for many people, is with a cup of fresh coffee. To get 

fresh coffee, coffee beans first need to be ground into a fine powder using, for 

instance, a coffee grinder (Figure 2.1'). This is one of the most common examples of 

the comminution phenomena found in people’s daily lives. Another example of the 

comminution is in a grain-crushing wheel (Figure 2.21 2) that has been traditionally 

used to grind wheat, corn, and rice into a floury endosperm. Other examples of 

comminution include brewing beverages and beers that require finely ground grains.

Figure 2.1 Coffee bean grinder Figure 2.2 Grain-crushing wheel

Comminution leads to a change in grain size distribution (GSD) over time by 

processes such as crushing, grinding, shaking, striking, and explosions. It occurs 

naturally during earthquakes, when parent rocks degrade into granular cataclasite that 

may be further crushed during the formation of a fault gouge (Figure 2.3, from

1 http://chrisvonada.com/category/breathing-life/page/10/(access on 14/11/2011)
2 http://www.fotothing.com/rescuel93uk/photo/ld421858c59dc728ea2048207ca55al4/ (access on 
14/11/2011)

http://chrisvonada.com/category/breathing-life/page/10/(access
http://www.fotothing.com/rescuel93uk/photo/ld421858c59dc728ea2048207ca55al4/
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Nguyen and Einav 2009). In the mineral processing industry, size reduction is 

achieved by grinding coarse granular minerals to produce fine particles, which frees 

the desired mineral matter from the gangue (for example, the roller mill shown in 

Figure 2.43). The fine particles produced by this method serve many industrial 

applications, including cement production.

Figure 2.3 Granular cataclasite during earthquake Figure 2.4 Mineral comminution

In geotechnical engineering, grain crushing also confronts foundation designers. A 

typical problem in foundation design occurs when piles penetrate calcareous or 

carbonate sediments (Figure 2.5) and large quantities of grains may break as a result. 

This is due to the weak mineral composition and collapsible structure that make these 

soils very fragile and easy to crush even under relatively light stresses. While the 

crushing of grains is typically associated with the presence of weak strata in the soil 

profile, it is by no means restricted to such soils. Even for relatively hard granular 

soils, such as silica and quartz sands, if the penetration depth is sufficiently low, these 

seemingly stiff granular particles may also break under high stresses. Another 

geotechnical problem of grain crushing is encountered in rockfill dams where grains 

may break under the high pressure found at the bottom of the dams (Alonso and 

Cardoso 2010). The rearrangement of particles due to crushing, which is associated 

with the granule creep behaviour, may increase the deformation (or rate of 

deformation) of the dam to a greater degree than would otherwise be predicted.

3 http://yufmachine.eom/l 13.html (access on 14/11/2011)

6

http://yufmachine.eom/l


Chapter II -Review of the literature

(c) (b)

Figure 2.5 (a) Wind turbines4 and (b) an oil platform built on pile foundations^ placed 
on offshore sediments, which could easily be penetrated by a pile as seen in (c) 
(courtesy of Ben-Nun 2010)

This chapter, a literature review, comprises three main sections. In following Section 

2, research on grain crushing in geotechnical problems is reviewed, with an emphasis 

on pile foundation and cavity expansion in crushable granular materials. In Section 3, 

investigations on mineral comminution in the mining industry are presented and 

discussed. In Section 4, constitutive modelling of crushable granules is overviewed 

and the breakage mechanics theory employed in this thesis will also be briefly 

introduced.

2 Grain crushing in geotechnical engineering: Mechanical and 

hydraulic responses

In geotechnical engineering, the macroscopic behaviours have been found to be 

strongly associated with microstructural changes of the grains constituting the 

material, i.e. grain crushing (or GSD evolution). This change may affect soil strength, 

porosity, permeability, and excess pore pressure, etc (e.g., Hardin 1985; Lade et al. 

1996; McDowell and Bolton 2000) as well as the performance of structures supported

4 http://www.german-oilgas-expo.com/e-news-eon-wind.html (access on 14/11/2011)
5 http://www.alaska-in-pictures.com/monopod-oil-platform-3221-pictures.html (access on 14/11/2011)

7
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by the soil. For example, soil resistance might not be enough to support the structure 

loads transmitted through piles when considerable grain crushing is found ahead of 

the pile tip in crushable soils. For thiis reason, some pile foundations built in weak 

offshore sediments collapse during construction (see accident reports from 

McClelland 1988, and Alba and Audibert 1999).

Grain crushing also results in low perimeability and dissipation rates, and high excess 

pore pressure in the soil (Okada et all. 2004). This may trigger the soil liquefaction 

that is the cause of many collapses of ifoundations and slopes (Sassa et al. 1996; Wang 

and Sassa 2000; Okada et al. 2000). A  particular common interest are those sharing 

the similarities with expanding cavitiers, such as in situ soil testing, deep foundations, 

tunnels, underground excavations ini soil and rock, and gas- and oil-producing 

perforations (Yu 2000).

Sections 2.1 and 2.2 will focus on the existing investigations of the influence of grain 

crushing on these two engineering problems: the pile end-bearing capacity and excess 

pore pressure behaviour in crushable giranular materials.

2.1 Pile end-bearing capacity in crusihable soils

2.1.1 The significance of grain crushing in pile foundation design

As a popular foundation form, piles halve been widely used in various applications. A 

particularly common application is iin the offshore industry, where piles are built 

under oil platforms and wind turbines. These piles transmit the structure loads to deep 

sediments under the sea. However, these sediments may contain a large quantity of 

shell fragments and high carbonate contents, which are usually very compressible or 

generally weak. In such easily crushable soils a difficult problem confronting the 

engineering design is to predict whether the end-bearing capacities of weak sediments 

are sufficient to resist the vertical loads transmitted by the piles. This problem is 

becoming more pressing with the rapid introduction of engineering constructions into 

deep water to explore for oil and to buiild wind turbines.

Traditional methods of evaluating pife end-bearing capacity in crushable soils have 

lagged far behind the practice (Poulos and Chua 1985; Golightly and Hyde 1988; Yu

8
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2000): they only considered the friction angle of the soils as an exclusive or primary 

parameter for evaluating bearing capacity (e.*., Prandtl 1921; Terzaghi 1943; 

Meyerhof 1963; Vesic 1973). As a result, the higier the friction angle, the higher the 

end-bearing capacity is supposed to be. This appears to hold when applying 

traditional equations to predict the pile end-bearing capacity in normal soils consisting 

of coarse and relatively hard minerals such as quartz. However, in relatively weak 

soils (i.e. calcareous sand), though with relatively high friction angles, traditional 

equations usually overestimate pile end-bearing capacity (Angemeer et al. 1973; 

Poulos 1985; Golightly and Hyde 1988; Randobh 1988; Alba and Audibert 1999; 

Ohno et al. 1999). Consequently, many offsiore pile foundations fail during 

construction due to the inappropriate use of traditbnal methods (for example see Alba 

and Audibert (1999)).

This unusual occurrence (i.e. high friction but low end-bearing capacity) is largely 

due to granular crushability. Crushable sediments may break due to pile penetration, 

For example, a pile driving into a typical fragile soil, such as calcareous sand, would 

cause significant granular crushing within the vicinity of the pile (Klotz and Coop 

2001; White and Bolton 2004). This unique featu'e explains the relatively small end­

bearing capacity of crushable soils, whose friction angles are generally high. It is 

therefore essential to consider granular crushability when estimating pile end-bearing 

capacity (Yeung and Carter 1989; Yasufuku and Flyde 1995; Alba and Audibert 1999; 

Kuwajima et al. 2009).

2.1.2 Experimental study

Grain crushability and its effect on engineering design have been extensively studied 

experimentally, with particular attention given to model pile tests (e.g., Yasufuku and 

Hyde 1995; McDowell and Bolton 2000; Kuwajima et al. 2009). In McDowell and 

Bolton’s experiments, the ultimate resistance to piles penetration was found to be 

higher in well-graded soils than in uniformly graded soils. This highlights the direct 

connection between the GSD and pile end-bearing capacity. This observation appears 

reasonable since the GSD has been found to greatly influence the strength and stress- 

strain behaviour of a soil (Hardin 1985; Lade et al. 1996) and naturally affects the 

end-bearing capacity of a pile, e.g., the peak strength and the ultimate tip resistance 

are reached at relatively high strains or displacements (Kuwajima et al. 2009).

9
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Another significant consequence of grain crushing is that it causes a high volumetric 

strain reduction. The volumetric reduction of crushable soils is usually measured 

through curve fitting of the data by elementary soil tests (e.g., one-dimensional or 

isotropic compression tests) and is defined as soil compressibility. For comparable tip 

resistances, such high compressibility in weak soils requires much larger pile 

displacements than in relatively hard soils (Golightly and Hyde 1988; Kuwajima et al. 

2009). To emphasise this, Kuwajima et al. (2009) carried out model pile tests for a 

carbonate soil and silica sand. They found clear densification and a corresponding 

contraction in carbonate sand due to broken grains, while for a silica sand some heave 

occurred in the layers adjacent to the pile without grain crushing. Because of these 

two distinct failure mechanisms for weak and relatively hard soils, the developments 

of tip resistance in each case should be different. Thus, employing classical solutions 

to calculate pile end-bearing capacity in crushable soils is not a valid measure. Similar 

model pile tests have been studied by a number of other investigators (e.g., Poulos 

1985; Semple 1988; Nutt and Houlsby 1991; Yasufuku and Hyde 1995; Alba and 

Audibert 1999; White and Bolton 2004). Together with those existing model pile tests, 

two conclusions emerge:

(1) Granular crushability is the main cause of the high compressibility of crushable 

soils evidenced through the evolution of the GSD;

(2) The resulted high compressibility is the main reason to cause much larger 

displacements in crushable soils than in normal or relatively hard soils.

It is important to note that while the grain crushing phenomenon is normally 

associated with the presence of weak soils, it is by no means exclusively restricted to 

such soils. Relatively hard granular materials, i.e. quartz and silica sands, may also 

break when they are under sufficiently high pressures in various loading conditions 

(e.g., Miura and O-hara 1979; Bopp and Lade 1997; Hyodo et al. 1996; Nakata et al. 

1999). As an example, a clear shear zone consisting of a considerable quantity of fine 

broken quartz particles was observed to tightly cover the displaced pile in the 

experiments by Yang et al. (2010).

10
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2.1.3 Theoretical research

Vesic (1973) presented a pioneering theoretical work regarding the end-bearing 

capacity of pile driving in loose sands. This work however does not cover crushable 

soils with evolving GSD. Vesic argued that the slight compressibility was due to the 

rearrangement of the particles under confining pressures; while for dense soils, the 

compressibility could be ignored. Based on classical methods, e.g., Prandtl’s (1921) 

equation, Vesic introduced a rigidity index and average volumetric strain in the plastic 

zone to represent the soil compressibility. As a result, his equations are dependent on 

the confining pressure (through a relationship with initial vertical stress). Reasonably, 

his propositions are better than classical ones in end-bearing capacity prediction.

Vesic derived his equations using simple models of cavity expansion rather than 

employing rigid-plasticity theory as used for the traditional equations by Prandtl 

(1921) and Terzaghi (1943). This cavity expansion solution was found to be useful in 

estimating ultimate end-bearing capacity in loose silica sand that may be moderately 

compressible (Vesic 1977). For crushable soils that are largely compressible, the 

failure patterns under the pile are observed to be spherical (e.g., Kuwajima et al. 

2009). Therefore, the cavity expansion theory may be reasonable to crushable soils. 

Yasufuku and Hyde (1995) related the pile end-bearing capacity with the cavity 

expansion pressure by using Vesic’s solution. Their proposed equation requires the 

introduction of a so-called secant friction angle in order to capture the observed 

pressure-dependence of the end bearing capacity; the secant friction however is not a 

fundamental soil property and therefore cannot explain why the bearing capacity 

varies with crushability and GSDs.

The cavity expansion theory is also used to interpret the soil tests with grain crushing, 

such as in the cone penetration test (CPT) and pressuremeter test (PMT). For instance, 

Russell and Khalili (2002) found in their numerical simulation a reduction in the void 

ratio and limiting stress and radial stress at the cavity wall due to grain crushing. 

Regardless of the merit and some successful applications of cavity expansion theory, 

no result to date can predict the influence of the GSD (or grain sizes) in altering the 

end-bearing capacity of piles in crushable soils.

11
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The end-bearing capacity of piles has also been tackled with critical state soil 

mechanics (CSSM) models, the concept of which originated from clay behaviour. 

When these models are applied to describe the sand behaviours, their essential 

parameters X (particular fitted slope) and yield transition become largely dependent on 

curve-fittings from extensive laboratory testing. In addition, the CSSM models are 

very sensitive to microstructural changes of the grains due to the lack of physical 

connection of these models to the actual material. For instance, altering the initial 

GSD of the sand means that the whole set of parameters would need to be altered. On 

this basis, it is clear that CSSM models, while useful, are limited to the choice of 

unique tests and load paths in hand. In short, they lack predictive capabilities with 

respect to the evolution of the GSD.

2.2 Permeability and excess pore pressure in brittle granular soils

Permeability reduction and excess pore pressure generation due to grain crushing are 

important concerns in various designs and constructions. In this context the evolving 

GSD may lead to the increase of specific surface and/or the loss of porosity of the 

granular ensemble. Particularly in undrained conditions where there is no porosity 

reduction, since the specific surface o f the sample still increases as the GSD evolves, 

the local permeability reduces. This generates excess pore pressure which dissipates 

slowly (Okada et al. 2004). An adverse impact is soil liquefaction, which is of 

particular importance in many failures of foundations and slopes (Sassa et al. 1996; 

Wang and Sassa 2000; Okada et al. 2000). Therefore, a good understanding of the 

correlation between grain crushing, permeability and excess pore pressure is 

important for the understanding of liquefaction failures in various engineering 

applications. Of particular interest are those sharing the similarities with cavities 

expansion problems, such as in s;itu soil testing, deep foundations, tunnels, 

underground excavations in soil and rock, and gas- and oil-producing perforations 

(Yu 2000).

Some experiments have been conducted to study the influence of grain crushing on 

permeability reduction. Zhu and Womg (1997) compressed sandstone, at different 

effective confining pressures, to measure permeability. They found that permeability 

decreased by up to more than three orders of magnitude. A recent ring shear test result 

was reported by Okada et al. (2004) in terms of two samples of a fine silica sand and
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Osaka-group coarse sandy soil (i.e. a Japanese crushable sand). Their results 

quantified the influence of grain crushing in decreasing permeability and generating 

excess pore pressure. In detail, the level of permeability was found to decrease by 

around two orders of magnitude for silica sand samples, and by up to four orders of 

magnitude for the Osaka-group coarse sandy soil where much more grain crushing 

occurred, viz., the broken sand behaves similarly to typical clay as the fine size of 

fragments dramatically reduces the permeability (e.g. 10‘g m/s for clay (Purushothama 

Raj 2008)). This results in a much greater excess pore pressure with a slower 

dissipation rate than in the virgin, unbroken silica sand.

Many theoretical formulae have been proposed to find the connection between the 

permeability and various grain sizes. Hazen (1892) proposed an empirical formula 

(probably the first) to link the permeability, k to the grain size, D \o (a grain size for 

which 10% of the grains by mass are finer) using an empirical coefficient, c:

*=cO,0 (2.1)

Equation (2.1) was later slightly modified based on statistical power regression 

analyses on 19 sets of published data (Shepherd 1989):

k = j-J.65 to 1.85 
cDto ( 2.2)

Other forms have been suggested. For instance, Sperry and Peirce (1995) developed a 

linear model to estimate permeability based on the grain size of D5o (grain size for 

which 50% of the grains by mass is finer). Alyamani and §en (1993) used both D \ q 

and Dso (grain size for which 50% of the grains by mass is finer) in their equation. A 

highly effective and popular form is to adopt the Kozeny-Carman (Matyka et al. 2008) 

equation:

k = co
T 2S 2

(2.3)

In the above c0 is a constant; T = T(n) is the tortuosity as a function of the porosity 

n,S  is the specific surface area of the grains, which can be represented by the GSD.

13
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Nevertheless, further study is required to link the grain sizes and the soil permeability 

to the mechanical/hydraulic responses. An example was proposed by Papamichos et al. 

(1993). Its aim was to analyse the inter-granular stresses for estimating the local 

permeability reduction, which is dependent on a single size of D$o Instead of a single 

size, more recently Einav et al. (2011) used an entire evolving GSD to predict the 

permeability reduction and granular mechanics of stresses and strains. Their 

methodology is based on “breakage mechanics” with a breakage model (Einav 2007a, 

b), together with the solution of the cavity expansion theory. The validation shows 

their proposed closed-form solution is identical to finite element numerical results, 

highlighting the superior performance of such a mechanical approach to other existing 

models.

3 Grain comminution in the mining industry: Energy-size

relationship

In mineral comminution, the relationship between energy and size reduction is always 

an important initial consideration as the particle comminution is highly expensive in 

energy consumption. More than half of the energy expended by the cement industry 

and mineral processing plants was reported to be associated with size reduction 

operations. However, less than 10% of that energy is associated with the comminution 

of the materials (Tavares and King 1998).

Extensive surveys have been carried out to explore this relationship, mostly in ball 

mills and roller mills (e.g., Dutkiewicz et al. 1986; Seebach 1987; Schonert 1988; 

Fuerstenau et al. 1991; De 1995; Sander 1999; Abouzeid and Fuerstenau 2000; 

Abouzeid and Fuerstenau 2009; Morrell 2010; Farber et al. 2011; Benzer et al. 2011; 

Bitra et al. 2009). Taking a roller mill for example, the product size distribution 

usually possesses a self-similar form, such that log mean size decreases linearly with 

the amount of fines generated and the inverse of the median size increases directly 

with energy input (e.g., Fuerstenau et al. 1991; De 1995). Interestingly, the mean size, 

Z)50, has also been widely adopted as a specific measurement in energy-size 

relationship (e.g., Campbell et al. 2001; Stamboliadis 2007). To fit the self-similarity 

behaviour of the GSD curve, several mathematical solutions are proposed, among 

which the famous ones are Rosin-Ramler (R-R) and Gate-Gaudin-Schuhmann
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(GGS). However, they all fail to calculate the specific surface area of the product 

materials because there is no minimum size in their formulae (Stamboliadis 2007). As 

a result, the surface area becomes very large and tends to infinity as the size 

approaches zero.

To explain and predict the complex relationship of size reduction and energy, an 

appropriate grinding model is required. Different models have been developed ever 

since Rittinger's (1867) theory of comminution was published. Generally, these 

existing models may be classified in two ways: classical, and advanced grinding 

models. Classical models deal only with the energy required to break a single particle 

into a smaller size. Advanced models incorporate the GSD of the comminution 

products to the energy consumed. Sections 3.1 and 3.2 will review the existing models. 

This is followed by a critical assessment of these models in Section 3.3.

3.1 Classical grinding laws

The first grinding law is that proposed by Rittinger (1867), which has been called the 

first law of comminution. Rittinger stated that the energy consumed is proportional to 

the new surface created:

Er =  Cr
yDp Dp

(2.4)

where Er is the specific energy (energy per unit weight or volume) for the size 

reduction from feeding particle Df to product one Dp, and Cr is called Rittinger’s 

constant.

Kick (1885) later developed a second law of comminution. Instead of Rittinger’s 

argument of the energy proportional to the new surface created, he claimed that the 

specific energy required for breakage remain constant. He thereby derived the 

following type of logarithmic law:

f
Ek = Ck log

v

D,
Dp 7

(2.5)
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The notations have the same meanings as those in (2.4), except that subscript K refers 

to the name of Kick. However, Kick's statement has been proved to be true only for 

relatively large particles, as shown in Tavares and King's (1998) experiments. 

Regarding this limitation, Stamboliadis (2005) recently gave an explanation with 

regard to energy distribution by surface energy and internal energy. He believed that 

for large particles the surface energy for elastic deformation of a particle was 

negligible compared to the internal energy required for breakage. This naturally leads 

to the conclusion that the specific energy for breakage is a constant. However, for 

small particles, the surface energy for elastic deformation is reasonably great, or even 

greater than the internal energy for breakage at some point. In this case, Kick’s 

statement is no longer suitable. Similarly, Rittinger’s statement suffers the same 

limitation as Kick’s (Stamboliadis 2004).

Bond (1952) later proposed another relation, called the third law of comminution. He 

stated that the net energy required is proportional to the total length of the new cracks 

formed:

f \

Eb =Cb (2 .6)

Alternatively, in a more general form:

Eb =  C b
10 10

■\J E)p$Q yfDf 80
(2.7)

Notations in (2.6-2.7) again have the same meaning as those in (2.4), except the 

subscript B refers to the name of Bond; and Dpso and Dpo are the 80% passing size of 

the product and feed material. Bond’s proposition has proven to be more useful than 

Kick’s and Rittinger’s models in the ball mill circuits (Stamboliadis 2007), although it 

is a partial case of Rittinger’s statement (Charles 1957). Several modifications or 

extensions of Bond’s equation were later proposed for its application in ball mills 

(Morrell 2004 and 2006).

It is worth noting that the above three laws of comminution can be summarised using 

an incremental form (Walker and Shaw 1954):
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d E = - C —  (2.8)
Dm

where C and m are constant and the minus sign denotes the specific energy increases 

with decreasing sizes. D is a characteristic particle size, being an explicit function of 

either the surface area or some other parameters of the GSD. Soon after, many 

researchers (e.g., Charles 1957; Brown et al. 1960; Hukki 1962) showed that the 

exponent m is actually not a constant but a variable whose value is a function of 

characteristic particle size, f{D). Li and Xu (1992) employed fractal theory to 

elaborate on the choice of this function. However, this function is still very empirical 

with minimal theoretical explanation.

3.2 Advanced grinding models

3.2.1 Charles model

The above mentioned classical models are not related to the size distribution of the 

comminuted products and deal only with the energy required for single grain breakage. 

To take into account the size distribution, starting from equation (2.8), Charles (1957) 

first proposed the well-known energy-size reduction relationship:

(2.9)

where Dpmax and Dfmax refer to the product maximum size and feed maximum size 

respectively. The cumulative grain size distribution function, F, is:

F = D

y Dp max j
(2. 10)

Thus, the size frequency d F is given by:

D a - \
dF = a -------- dx (2.11)

Da^  p max

in which a  is the power law parameter. The power law distribution in (2.10) is the so- 

called GGS which has been widely used in the comminution industry (Kapur 1971;
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Stamboliadis 2002). Interestingly, the GGS distribution has the same form as the 

fractal equation proposed by Turcotte (1986) in describing the ultimate cumulative 

GSD by mass in earthquake studies of fault gouges.

A problem in Charles’s equation is the lack of explanation for the selection ranges of 

a  and m. The detailed explanation of the ranges of a  and m are later pointed out by 

Stamboliadis (2007), in which a  is dependent on whether m is equal to 1 or not. 

Furthermore, some other disadvantages in the derivation of Charles’s equation were 

identified by Kapur (1971), e.g., that the assumption of zero-order rate of breakage of 

particles is experimentally untenable, which suggests that it is inappropriate to use the 

Walker and Shaw equation (2.8) for the derivation of Charles’s law.

3.2.2 Models based on the population balance principle

More rigorous grinding models were derived based on the principle of population (or 

mass) balance over particulate entities (Ramkrishna 2000). The population balance 

principle in mineral comminution can be expressed briefly by stating that the mass of 

material in a size interval = sum of material broken into the interval from larger sizes 

+ material in the interval initially -  material broken out of the interval (Austin 1972; 

Campbell et al. 2001). From this principle, together with the additional assumption of 

selection and breakage function, which are related to the energy distribution inside the 

mills, many grinding models can be derived. These models are called population 

balance models (PBMs) (e.g., Kapur 1971; Kapur and Fuerstenau 1987; Kapur 1990; 

Fuerstenau et al. 1991).

A good example of a PBM was given by Kapur (1971) who incorporated the GGS 

distribution in the population balance equation, deriving a general form of Charles’s 

equation as shown in equation (2.12), in relation to the time as an independent 

variable:

dFf - C -S(D,t)F(x,t)+ fs(v ,t)B (v,D )F (v,t)dv (2.12)
at JL>

where F(x,i) is mass fraction of particles of size D at grinding time t. The selection 

function, S(D, t) implies the rate of breakage of particle size D, and B(D, t), the 

breakage function, is the mass fraction of product of size D when particles of size v
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are broken. Together with the mathematical assumption of S(D, t) and B(D, /), the 

analytical solution of the equation (2.12) can be worked out. According to Kapur’s 

model, the Charles equation in equation (2.9) is only a particular case without time

It is important to note that equation (2.12) might be suitable for ball and tumbling 

mills where the size distributions evolve with increasing running grinding time. 

However for roller mills, with only a limited time for solids to pass through the rollers, 

the size distribution would be more appropriately formulated with cumulative input 

energy. Based on this idea, Fuerstenau et al. (1991) derived a different grinding model 

by modifying the energy dissipation in Kapur’s equation. As a result, the time 

variable was replaced with specific energy input E :

the notations F and B in the above equation have the same meaning as those in 

equation (2.12) while E' defines a rescaled energy term of the specific energy input.

forms of k°(D) and B(v, D), equation (2.13) can be solved analytically.

Regardless of the natural merits of various PBMs in reflecting conservation of 

distributions, it is usually difficult to determine appropriate selection functions. At 

present, most selection functions are derived from empirically fitting to the 

experimental data. If changes to the mill operation occur, e.g., various grinding speeds, 

the parameters for selection functions might need to be entirely recalibrated. In some 

cases, such recalibration may results in selection functions incorrect or even 

meaningless (Austin 1972). Consequently, the breakage functions based on the 

selection functions would become inappropriate as well.

Campbell et al. (2001) developed a new mathematical relationship between the feed 

and product GSDs of a roller mill. Their method is to separate elements of the 

breakage equation into a matrix form by using different size ranges to describe the 

inlet and outlet GSDs, which removes some of the ambiguity of the election function. 

From their limited tests, good agreement between the experimental data and 

predictions were found.

effect.

d F{P,E') 
d E

(2.13)

k°(D) is the breakage constant normalised with energy input rate. By assuming the
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3.2.3 Models derived from energy dissipation assumptions

In addition to the population balance principles, some assumptions regarding energy 

dissipation are proposed to establish new models. For instance, Stamboliadis (2007) 

assumed specific surface, 5 (dimension: m2/kg) that obeys a power law relationship 

with the net specific energy, E (dimension: J/kg):

s = a - E n (2.14)

with maximum specific surface, smax when n= 1 in equation ( 2 . 14) .  he defined the 

breakage efficiency ratio as Y = s / smax = E n~] . Furthermore, he introduced an 

energy transmission efficiency of system, f 0 to relate the net energy available for 

comminution and total energy consumed in the system. Thus the more accurate

breakage efficiency is defined as f  = T-/o = E n~] • /o and the net specific energy for 

comminuting is simply Enet = E • f . This Enet is assumed to increase linearly with s 

with a constant y  (dimension: J/nr):

Enet =y-S (2.15)

On the other hand, s is associated with the equivalent size, Ds, simply through the 

equation: Ds =6/ (p s). Interestingly, the characteristic size, D50 was found to show 

a power law relationship with Ds:

D50=b-Dsm (2.16)

After rearrangement of the above equations, the specific energy is expressed as:

E = V P-fo , (2.17)

and thus the specific energy Eu  required to grind a sample of equivalent size D\ s to 

the size, D2,s is simply the deduction based on equation (2.17):

E 12
6  ■ r b , / m )

1 In
1 1

p-h J U 5o1/('” " ) d x  50 l / ( ' ” - ' , )  J (2 . 18)
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It is noted that when 1/(w? •«)equals to 1 and 0.5, the equation (2.18) would have 

similar form with Rittinger’s and Bond’s equations, respectively

3.3 Discussion

Strictly speaking, none of the three classical approaches works as expected. This has 

been realised long ago (e.g., Hukki 1962). One problem might be the selection of 

grain size: what is the reference size (or characteristic size)? With plenty of mineral 

particles, there is no single size, but rather various sizes. For different sizes taken as 

criteria (e.g., passing sizes of D\0, D5o or Z)8o), the energy-size relationship would be 

very different. As stated by Hukki (1962), each of these laws might be applicable for 

different narrow size ranges: Rittinger’s model is more applicable for finer grinding, 

Kick’s for crushing, and Bond’s for conventional milling. These limitations could be 

improved by using advanced models (e.g., PBMs), which consider size reduction by 

representing the full GSD. However, there are too many unphysical parameters 

required in those models, e.g., eight parameters for Fuerstenau et al’s (1991) model 

(analytical solution of equation (2.13)). Particularly for different grinding systems, 

many calibrations are desirable to determine the new values of those parameters. 

Further, the selection functions and breakage functions used are not physically 

understood; they are mostly mathemetically constrained to satisfy the experimental 

data and may even become negative, which is meaningless (Austin 1972). Although 

the matrix expression proposed by Campbell et al. (2001) can avoid problems such as 

that of irrational selection function, their predictive abilities rely on many series of 

grinding tests before constructing the matrix expression. In brief, these advanced 

models, despite their theoretical merit over classical models, seem difficult to use in 

practice.

Another problem is how to really know how much energy is exclusively consumed by 

breaking particles. When the fractures occur in grains, there is not only the energy 

consumed by the surface created but also much energy is dissipated from friction, 

sound emission, heat transfer and dissipation via energy redistribution (Nguyen and 

Einav 2009; Russell 2011). However, since necessary information on the flow of 

energy and its distribution in the mill is lacking, a detailed and accurate energy audit 

is not possible. As a consequence, a useful and meaningful energy law can only be
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formulated in terms of the overall net energy expended in operating the comminution 

machine (Kapur and Fuerstenau 1987). However, this is beyond the ability of PBMs 

since they are based on mass balance, not energy. From the point of view of soil 

mechanics, the energy problem can be explored by employing an appropriate 

constitutive model that underpins grain crushing mechanisms within the framework of 

the thermodynamic laws.

In addition, the existing models dealing with mineral commintuion have not 

considered boundary conditions, such as grinding speeds, roller gaps, rollers’ friction, 

etc. Those boundary conditions, of course, influence the energy-size reduction 

relationship in comminution. For example, increasing the rollers’ gaps to a large 

extent will eventually stop producing new surface areas. However, such changes 

could not be monitored by existing comminution models since they (the models) do 

not account for the effect of boundary conditions.

In general, the fundamental questions in size-reduction relationships might be 

summarised as follows: 1) what is the distribution of the products from a mill if the 

size distribution of the feed granule is known? 2) how to set up an efficient operation 

to obtain a required product of fine sizes from coarse feed material? These are the 

research aims in Chapter VII using the novel continuum breakage mechanics theory.

4 Models for granular crushing

From the point of view of geotechnical engineering, an appropriate constitutive model 

for granular materials might be helpful for various engineering problems involving 

grain crushing. In this section, existing granular models are reviewed. Particular 

attention is given to the study of GSD and its evolution that has been recognised as 

important in the macroscopic response of granular materials.

4.1 Continuum modelling of granular materials

Recent advances in granular mechanics encourage the development of models in the 

analysis of grain crushing. A good attempt was recently proposed by McDowell et al. 

(1996). Based on the assumption of fractal crushing of granular materials, they 

developed an approach called “clastic mechanics” that has been later extensively
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studied (McDowell and Bolton 1997; McDowell and Bolton 1999). In their 

formulation of the energy equilibrium equation, the energy dissipation due to 

breakage and new surface area is included. This means that their theory is able to 

explain the soil hardening as the result of fragmentation, the so-called “clastic 

hardening”. In addition, their theory provides a physical justification to the critical 

state parameter, X, which was used in the Cam Clay model. However, their energy 

equilibrium equation missed the consideration of energy dissipation due to load 

redistribution. This dissipation is significantly larger than energy dissipation due to 

the creation of surface (Russell 2011). Another effort by Ueng and Chen (2000) 

assumed a linear connection between the energy dissipation and surface areas due to 

grain crushing. On this assumption, Ueng and Chen were able to interpret the results 

of confined shear deformation. Alternatively, Lade et al. (1996) connected the input 

energy with the growth of various breakage measures to study the experimental 

constitutive relations of crushable grains through many drained and undrained triaxial 

shear tests under high pressure. One of the breakage measures, Marsal’s breakage 

index, has been adopted by Indraratna and Salim (2002) to establish a model that links 

the energy consumption due to crushing linearly with the breakage index. However, 

this brought additional phenomenological parameters from curve-fitting tests, which 

replaced the role of the breakage index as an independent state parameter. Therefore, 

this model did not provide the required solution: a model dependent only on 

physically understood parameters, which, by itself, could predict the evolving GSD.

4.2 Importance of GSD

The above mentioned contributions have different levels of complexity and 

applicability; however none of those works enable us to formulate a complete 

constitutive equation that links between the rates of the stress and strain tensors. This 

provides motivation for researchers to develop a rigorous constitutive model that 

incorporates important experimentally observed features during grain crushing. One 

of these naturally observed features is the evolution of GSD in any kind of 

comminution (Vesic and Clough 1968; Hardin 1985; Coop 1990; Hagerty et al. 1993; 

Lade et al. 1996; McDowell et al. 1996; McDowell and Bolton 1998; Nakata et al. 

1999; Nakata et al. 2001). As crushing continues, the GSD shifts towards the ultimate
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state and particles become less likely to be further broken. Therefore, there is a need 

to establish a connection between the evolving GSD and the overall granular response.

GSD has been recognised to be particularly important in determining the macroscopic 

behaviour of granular materials (Hardin 1985; McDowell and Bolton 1998; Lade et al. 

1996). Taking one-dimensional compression tests of sand for example, the 

compression curves are different for the same void ratio but variable GSDs, as shown 

in Figure 2.6a. Based on those results, two main distinguished features can be shown:

(1) Different yield strengths, pyo are found, representing the turning points in each 

curve

(2) Unlike clay, compressing sand would not develop a unique critical state relation in 

the e-log (<rv) scale (Yamamuro and Lade 1998; Mooney et al. 1998).

Figure 2.6 Effect of (a) particle sizes and (b) void ratios on initial yielding stress and 
post-yield slope (Nakata et al. 2001)

Those changes can also be found if the initial grain sizes are kept the same and 

different void ratios are used at the start as shown in Figure 2.6b. If the same test was 

conducted on other granules, say pasta, the same effect of GSD could also be found 

(McDowell and Daniel 2001). Therefore, there is a motivation for researchers to 

explain these curves in terms of tracking the evolution of GSD. The models with this 

ability might potentially form the physical foundations for clarifying many geo­

phenomena, and improve the confidence of geotechnical engineers in using 

constitutive models for sands (Einav 2007a).
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4.3 Evolution of GSD

In view of the importance of evolving GSD, much effort has been devoted to 

capturing such shifting from the initial stage to the ultimate condition. In general, the 

methods to determine the GSD fall into two categories: constrained (e.g., Sammis et 

al. 1987) and unconstrained approaches (e.g., Gilvarry 1961; Palmer and Sanderson 

1991). The unconstrained method assumes that particle crushing is dependent not on 

their neighbouring particles but on intrinsic strength. Based on this idea, Gilvarry 

(1964) proposed an expression to connect cumulative GSD with the Poisson 

distribution of flaw sizes. An alternative unconstrained model was developed by 

Epstein (1949), who assumed the same probability of breakage for various sizes of 

grain. This results in the conclusion that any initial GSD would approach to a self­

similarity distribution under extremely large compression conditions.

The unconstrained models might be suitable for a small number of particles 

(particularly for a single grain) while for large quantities of grain, the evolving GSD 

becomes more complicated to predict. In such a situation, the grain crushing is not 

only affected by the particle’s intrinsic strength but also by the configuration of 

neighbouring particles. In other words, the most relevant factors contributing to the 

grain’s fracture are the size and strength of the surrounding particles. Models based on 

this idea are called constrained methods. This idea, compared with unconstrained 

models, has been shown to be able to explain the widely observed crushing 

phenomena such as cushion effect, self-similar distribution and ultimate fractal 

distribution of the grain sizes.

(1) Cushion effect and self-similar distribution

Generally, a bigger particle is easier to break than a smaller one due to the higher 

probability of flaws in bigger grain. However, this is not always true. In some cases, 

bigger particles might be surrounded by smaller grains as they migrate into the pore 

space among the bigger particles. These smaller particles therefore form a sort of 

cushion, preventing the bigger grains from further crushing (see Figure 2.7). This 

cushion is believed helpful to form the self-similar distribution (e.g., Sammis et al. 

1986). Such distribution, for instance, is represented in Figure 2.8 (Ben-Nun and 

Einav 2010). According to Sammis et al., once this distribution is achieved, particles
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with various sizes would have the same probability of failure and hence the self­

similarity would be maintained. Eventually, even under extremely large deformation, 

some bigger particles might still survive. This illustration seems to agree with the 

assumption proposed by Epstein (1949).

Figure 2.8 Self-similarity appears across the scales (Ben-Nun and Einav 2010) 

(2) Ultimate GSD

To study the ultimate GSD, extremely large deformation tests are required. These can 

be realised in ring shear tests where unlimited shear deformation can be achieved. By 

extensively using such tests, the final distributions of fragment are usually observed to 

be self-similar and to follow a power law with power coefficient from 2.7 to 3.0. In 

constrained large-strain problems where the collision probability is independent of the 

size of the particles a  appears to approach 3.0 (Sammis and King 2007). This is the

Figure 2.7. Experimental observation of ‘cushioning effect’ in disks assembly 
Tsoungui et al. (1999)
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so-called fractal distribution by mass (seen an example in Figure 2.9). Although not 

absolutely necessary, it is practical to employ a fractal power law Fu(x) (Sammis et 

al. 1986; McDowell et al. 1996; Coop et al. 2004).

-B-

Initial grading 
No shearing 
LCSB152% 
LC3 104% 
RS1 171% 
LC4 251% 
LC2 730% 
RS4 1430% 
RS2 2860% 
RS3 11100% 
RS5 11030% 
RS6 2780%

Figure 2.9 Experimental evolution of grain size distribution of Dog’s Bay sand during 
ring shear tests to a vertical stress of 650-930 kPa by Coop et al. (2004), with 
additional ultimate distribution Fu (Einav 2007a)

(3) Minimum ultimate grain size

It can be expected that under extremely large deformations, the minimum size of

grains should tend to zero. However, it is found that very fine particles usually deform 

plastically rather than fracturing, which sets the theoretical limit at about 1 pm  size 

(Kendall 1978). Although supported theoretically by fracture mechanics (Kendall 

1978), the value of 1 pm  can only be regarded as a putative limit. The real size limit is 

surely dependent on the material and the comminution process, and the question of 

what should be this limit is therefore open. For example, the limit of 0.2 pm  was 

observed in steam jet milling3 * * 6. On the other hand, the limit of 1 pm  is widely adopted 

by the mineral processing community (Prasher 1987). Therefore, we proceed with this 

size as the minimum. This is essential because in the absent of any minimum size 

limit the resuiting product specific surface areas (surface divided by volume) will tend 

towards an unreasonable infinite value (Stamboliadis 2007) since at this extreme case 

the volume vanishes relative to the surface area.

6 http://www.ceramicindustry.com/articles/print/92186 (access on 24/07/2012)
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4.4 Breakage index

Many different measures have been proposed to measure the amount of fragmentation 

of crushable material; a widely used measure is that following Hardin’s (1985) 

proposition of a relative breakage index Br. In his statement, the ultimate grain size 

under extremely large compression tends to be a cut-off value of 0.074mm (silt size). 

In other words, no grain would be bigger than 0.074mm. Thus, the breakage index is 

defined as the ratio of the areas in Figure 2.10.

Figure 2.10 Hardin’s breakage index definition (1985)

4.5 Breakage mechanics theory and models

From Sections 4.2 to 4.4, it can be seen the incorporation of the GSD into constitutive 

modelling is essential, such that the evolving GSD under different compression 

conditions could be predicted. However, existing constitutive models for granular 

materials reviewed in Section 4.1 are not capable of achieving this.

A recently developed continuum mechanics theory called breakage mechanics (Einav 

2007a) opens a new potential for constitutive modelling of crushable granular 

materials by allowing for the prediction of evolving GSD at any time. Such evolution 

is further connected with mechanical stress-strain response of the material. This is one 

of the key features of breakage mechanics. In addition, unlike most relationships that 

connect the stresses and strains in a purely phenomenological way, breakage 

mechanics depend on only a few physically measurable parameters and are cast in a 

consistent thermodynamic framework. Consequently, the critical phenomena (e.g., the 

dependence on initial grading and pre-consolidation pressure) of granular materials
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can be better explained at the physical microscopic level of crushing, such as isotropic 

hardening behaviour and progression of the yielding strength.

Various models of breakage mechanics have been derived and validated in different 

engineering disciplines (see examples in Einav and Valdes 2008; Nguyen and Einav 

2009; Das et al. 2011; Zhang et al. 2012; Buscarnera and Einav 2012; Rubin and 

Einav 2011). Good introductory reading on the breakage mechanics theory and 

breakage models can be found in the above references while for fundamentals of this 

theory, references to Einav (2007a, b), are useful.

5 Computational methods in large deformation problems

To make full use of breakage mechanics for engineering purposes, large-deformation 

simulations of granular crushing is needed. Thanks to the advance of computational 

methods, many finite element analysis programs are now available for large-strain 

problems, abaqus (2010) for example, provides two typical relationships between 

mesh and underlying material when dealing with large deformation problems: 

Arbitrary Lagrangian Eulerian (ALE) adaptive meshing and Eulerian. Those methods 

are recently used, for instance, in dealing with the large pile penetration problem (e.g., 

Endra and Roman 2003; Sheng et al. 2005). With the ALE remeshing technique, the 

mesh motion is constrained to the material motion only at the free boundaries, while 

inside the model the mesh and material motions are separated. With this method, 

mesh distortion can be minimised by adjusting the shape of the mesh relative to the 

material inside the material boundaries and a good mesh is therefore maintained 

throughout the analysis. At the same time, it is easy to capture the material boundaries 

because they are always the same as the mesh-free surfaces.

The other technique uses the Eulerian formulation in which the nodes stay fixed while 

the material flows through the mesh. Though it becomes difficult to track the free 

surfaces of the material with the Eulerian formulation, it has the apparent advantage 

of eliminating mesh distortion caused by material deformation. Particularly for 

analysis with extreme deformation, such as fluid flow, the Eulerian technique may be 

the only method that can provide a solution (abaqus 2010). In light of the rigorous 

performance of the finite element analysis (FEA), this thesis adopts the ALE and
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Eulerian technique in abaqus to carry out the large-deformation simulations (in 

Chapters V, VI and VII).

30



Chapter III -Continuum breakage mechanics: Review o f theory and models

Chapter III

Continuum breakage mechanics: Review of theory 

and models

1 Introduction

The significance of thermodynamics in the formulation and development of 

constitutive models has been widely acknowledged (e.g., Zytynski et al. 1978, Ziegler 

1977; Collins and Houlsby 1997; Houlsby and Puzrin 2000; Einav 2002). Both the 

first and second laws of thermodynamics must be satisfied in the constitutive 

modelling, so that the derived models are rigorous, consistent and physically 

meaningful. Otherwise, models that violate thermodynamics cannot be used with any 

confidence to describe material behaviour (except perhaps under some rather 

particular and well-defined conditions) (Houlsby and Puzrin 2000).

The formulation of continuum breakage mechanics by Einav (2007a, b) are developed 

based on the thermodynamics principles. In addition, this theory also emphasises the 

significance of linking micro to macro scales (i.e., avoiding as much as possible the 

arbitrary mathematical structures) in constitutive modelling: it incorporates GSD and 

its evolution (through breakage, B) to capture macroscopic soil behaviour. In this way, 

the underlying microscopic process connects with macroscopic behaviour, which 

many other continuum theories fail to capture.

The various models previously derived from breakage mechanics are all 

thermodynamically consistent, providing better explanations of many of the 

phenomenological aspects of crushable soil behaviour. These models have thus far 

been used in different applications, including geophysics (Nguyen and Einav 2009; 

Das et al. 2011), foundation engineering (Zhang et al. 2011; Zhang et al. 2012),
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unsaturated soil mechanics (Buscarnera and Einav 2012), and a general breakage 

model accounting for finite deformation and porous compaction and dilation (Rubin 

and Einav 2011). In addition, an extended breakage theory was defined to explain the 

mechanics of granular mixtures (Einav and Valdes 2008).

The objective of this chapter is to present the hierarchy in the development of 

continuum breakage mechanics. This includes the concepts, hypotheses, and 

thermodynamic procedures on which the theory is based. Finally, a linear breakage 

model (2007a, b), which will be referred to throughout the whole thesis, is explained 

carefully. This is followed by a brief review of other enhanced breakage models 

recently derived from the field of breakage mechanics.

2 Breakage

To better quantify the amount of grain crushing within compacted crushable granular 

materials, Einav (2007a) proposed that the property of breakage should be based on 

the relative position of the current cumulative GSD from:

(1) an initial cumulative distribution, and

(2) a physical ultimate distribution curve (which, for most practical purposes, could be 

assumed to be fractal).

This definition appears in Figure 3.1 with the breakage B (bearing some connection to 

Hardin’s relative breakage Br presented in Chapter II) expressed as:

*  = A  (3.1)
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Figure 3.1 Einav’s breakage definition (2007a)

It will later be shown that B is an internal state variable in a thermodynamic sense. 

The connection between B and current cumulative GSD, F(x), is assumed to obey a 

linear scale based on the initial cumulative GSD, Fo(x), and final cumulative GSD, 

Fu(a') in terms of grain sizes x:

F(x, B) = ( \ -  B)Fq(x) +  BFU(x) (3.2)

In statistical analysis, it is more convenient to use GSD, p(x,B) that is given by 

differentiating F(x, B), and correspondingly:

p(x, B) = (1 -  B)p0(x) +  Bpu(x) (3.3)

where po(x) and p u(jc) define the initial and final GSD. Therefore, any current p(x, B) 

could also be assessed for a given B.

As for the ultimate distribution, Turcotte (1986), by assuming the minimum size, Dm 

is zero, gave a fractal distribution by mass:

,3 -o r

\ D M J (3.4)

in which Dm denotes the maximum grain size. A drawback of the assumption of Dm=0 

in equation (3.4), for instance in mineral comminution, might lead the calculated 

specific surface area of the product materials to be infinity as the size approaches zero 

(Stamboliadis 2007). Alternatively, Einav (2007a), ackowledging the physical size 

limit of Dm (e.g., taking 1pm), obtained the modified form of the fractal distribution
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by mass:

3 - a

v ( \  x3 a - D mu{ x) = ~ ~ ra— 3=7
D m - D m (3 .5)

The above modified fractal form in (3.5) is adopted as the ultimate size distribution 

throughout the thesis. Notice that the above expression has a limit when a =  3, where

it becomes Fu(x)=  \og(x/Dm ^/\og[pM / DOT) (Einav 2007a).

3 Statistical homogenisation

Adopting the proposed breakage property, Einav (2007a) used the approach of 

statistical homogenisation* to incorporate the GSD, p {x ,B )  into a continuum 

mathematical formulation. As seen in equation (3.6) the GSD, p (x ,B ) has been 

incorporated as a weighting average function over the microscopic variables zt(;c)to 

get any statistical average microscopic variable (A'} (“ ( ) ” denotes statistical 

average):

Du
(A }= [ A(x)p(x,B)<k=(A)0(\ -B )+ {A)uB  (3.6)

Dm

where

Du

{¿ )o =  {¿ M p o M d *  (3.7)
Dm

Du

(A)u = (3 -8)
Dm

Z)A/and Dm denote the maximum and minimum size of particles. A{x) can be treated as 

any microscopic variable. For instance, if we consider A(x) as the energy stored in

Homogenisation approaches have been used in many recent studies to describe the global behaviour 
of granular medium based on the knowledge of the microscopic characteristics of the material such as 
the inter-particle contact law, the particle size distribution and initial arrangement (Emeriault and 
Claquin 2000; Emeriault 2004).
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fraction size jc, i.e., zl(x) = ^/(x,£e)which is also a function of notional macroscopic 

elastic strain, Ee (expressed as a tensor). Thus, by making use of equations (3.6) to 

(3.8) the Helmholtz free energy potential, could be expressed as:

!P(*. 8 . ) =  ¥& (!- B )  + VUB (3.9)

where,

D,

n = Ĵ (x,£eK (^
D..

(3.10)

K =  \v { x ,z t )pu(x)\x  (3.11)
Dm

in which V^and lFu are Helmholtz free energy based on initial and ultimate GSDs.

4 Energy split hypothesis

The core idea in this hypothesis is that the difference between the stored energy of 

different sizes of grain is proportional to their size. This is because the larger grains 

have a larger surface area, which attract more forces (or energy) on average. 

Therefore, the stored energy of grains is in proportion to their size, i.e., their diameter. 

A general non-dimensional power function may be adopted to present energy split 

ability (Einav 2007a):

U  (x) =
i \n x '
\ xr J

(3.12)

in which xr represents the reference grain size with reference stored energy of (¿/r (ee).

Thus by making use of equation (3.12), the stored energy for other grains with the 

size of* is expressed:

Vf{x, £e ) =  fy/ ipfyf/r (ee ) (3 - l 3 )

Rewriting equations (3.10) and (3.11) by using equation (3.13) and employing the 

statistical average gives:
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f'o = V r (Ee) J/̂ (*KMfo = MEe)(/rM)o
Dm

D.u
K  = n ( Ee) \ f d X )Puix )A x = V r

Dm

Substituting the equation (3.12) to the above two equations:

Dy
Du (  y  / * " / * ( * ) ! *

^ 0 = r r ( Ee) f — i'o(*)d i = w ( ,:e)—----- — = Vr (£e )
JnO

D,

Dm { y  D ~ "

'f'u =^r(£e) f —  /’» ( ^  = rr(Ee)—----- J------=V'r(Ee)
D \ Xr J Xr

\x npu(x)hc
J „

(3.14)

(3.15)

(3.16)

(3.17)

J„o and Jm, are the /7th order moment of the initial and ultimate GSDs. For example, 

the first order current moment J\ is the mean particle size for plate disks, and second 

order current moment J2 (corresponding to sphere balls) describes the way in which 

the grain sizes are distributed around the mean grain size J\. Thus, with equations 

(3.16) and (3.17), the equation (3.9) becomes:

Y = tC £ A ( . , J \ - B ) +J m B) (3.18)

The question for equation (3.18) is, what is the reference size, xrl  To a first order let 

us set xr equal to Jno After rearrangement, the (3.18) becomes:

( f /  ^ A
) 1- 1 J nu B
V Jn* > )

= ti/r (Ee X '- ® )

where,

(3.19)

,9 = 1- J  nu
JnO

(3.20)
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S is called the ‘criticality proximity parameter’, which measures how far the initial 

GSD is from the ultimate GSD (Einav 2007a). It can be seen before crushing (i.e., 

B=0), the equation (3.19) means the specific strain energy of the confining granular 

material (i.e., gross average stored energy) equates to the stored energy within the 

reference grain size, xr\ as B develops, the current specific strain energy decreases 

with decreasing (l -  SB) .

5 Thermodynamic formulation of breakage mechanics

With the previous background, it is now possible to incorporate the concept of 

breakage in thermomechanical formulation and deriving rigorous models that 

adequately represent the grain crushing behaviour of crushable granular materials.

5.1 Energy balance equation

The first and second laws of thermodynamics of rate independent compacted 

agglomerate in isothermal conditions take the following forms (e.g., Ziegler 1977; 

Houlsby and Puzrin 2000; Walsh and Tordesillas 2004; Collins and Einav 2005):

where d W is the increment of Helmholtz free energy; 8tV is the increment of 

mechanical work along the boundaries of a representative volume element and 8 0  is 

the non-negative increment of energy dissipation. The increments are represented by 

different symbols to specify that W and 0 ,  unlike 0 , would not be differentiable 

with respect to state variables.

A general expression of 8fV is:

where de, dee and dep are increments of total, elastic and plastic strains in tensor

form; o is stress tensor. According to equation (3.19), the increment of Helmholtz free 

energy is:

8fV = d '// + 8 0 (3.21)

8 0  > 0 (3.22)

(3.23)
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d 0  = (¿/y(ceXl -3 B ) \  dce -  3ii/r (pt )dB (3.24)

The only expression now required to complete the energy balance equation (3.21) is 

the formulation of 8 0  that supposes to be the combination of plastic 8Op and the

breakage §<£># components. In conventional rate independent plasticity, the increment 

of plastic dissipation is assumed a homogeneous first order function of the plastic 

strain increment:

88 0 p
&0„ =----- —: dt

3dc p
(3.25)

Analogous to the formulation of 8 0 p , the increment of plastic dissipation, 8<£>fl for

rate independent granular materials is also assumed as equation (3.26), which is 

simply a first order homogeneous function of the breakage increment (Einav 2007a):

8 0  B B
B 8dB

A convenient form to couple 8 0  p and 8 0 B with 8 0  may be:

(3.26)

S0  = JS0~ + 80l (3.27)

Substituting the equations (3.23), (3.24) with (3.27) into the energy conservation 

equation (3.21):

(® “  W r  (£e X1 “  ^ 0 )  • d 8e +

( 880
<J -

3dc
:dep + / x 8 8 0 \Sy/r{zt ) --------dZ? = 0 (3.28)

p ; 3d B

Following the Ziegler’s orthogonality principle (1977), it is suggested that the terms 

in the brackets are zero,equations (3.19) and (3.27), thus:

0f = V/r(£eX1-*95) = 3c „
(3.29)

880 880  8 8 0 O 6 0 D 860,
a =

3dcp 38 0 p 3dcp 8 0  3dcp
(3.30)

where the second equality in (3.29) is due to (3.19), and the second equality in (3.30)
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is due to (3.27). Also following ziegler, a new stress-like variable is designated and is 

called (A3) breakage energy Eb (explained later):

Eb =3ii/r(zt)
dr
SB

(3.31)

360  _ 360  a5O b _ 3 6 0 B
ddB ~ 36 Ob 3dB 6 0  3dB

(3.32)

Equations (3.29)-(3.32) denote that both o and EB can be obtained not only from 

Helmholtz free energy but also by energy dissipation caused by plastic strains or 

breakage.

5.2 Breakage energy and residual breakage energy

To elaborate the meaning of EB, which is one of the fundamental properties in 

continuum mechanics, let us rewrite equation (3.31) by using (3.20), together with 

equations (3.16) and (3.17):

(f:e

Therefore, the breakage energy EB describes the total stored free energy available for 

release from the system during the fracturing from the state of initial GSD to the final 

slate of an ultimate GSD (Einav 2007a). Besides the total consumable energy, EB,

what further interests us is the available energy for breakage at the current fracturing
*siage. An internal variable residual breakage energy, EB, is proposed:

h = V 'r k iJn° JmJn0
=  ¥ r

J  nQ J  k (3.33)

eI = E b( \ - B )

From equation (3.9) we have:

1 - B  =

(3.34)

(3.35)

(3.36)

Vith equations (3.33) and (3.34), the equation (3.36) can be further expressed as
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Eb = V - V u , (3.37)

representing the current stored energy at the current GSD that is available for release

for further fracturing. In fact, the breakage energy Eb can be treated as a
*

particular EB before the commencement of breakage (B=0).

5.3 Breakage growth assumption

Figure 3.2 Breakage growth assumption (Einav 2007a)

As illustrated in Figure 3.2, “new” current cumulative GSD from breakage dissipation, 

b 0 B that associates with dB is assumed equal to the loss of residual breakage energy,

dE*B. A simple postulate of breakage growth states that 6 0 B is fully attained from

dE*B (Einav 2007a):

8 0 B =dE*B (3.38)

From equation (3.34):

6E*b =6Eb ( \ - B ) - E b6B (3.39)

5.4 Yield functions

5.4.1 Breakage yield function in an elastic-breakage model

From equations (3.26) and (3.32), in which 6 0  = 6 0 B in a pure elastic-breakage case: 

6 0 B - E BdB = O (3.40)

40



Chapter III -Continuum breakage mechanics: Review o f theory and models

The breakage yield function, associated with the evolution ofdi?, is related to the 

breakage dissipation function 8 0 B given in equation (3.40). As the breakage 

dissipation is homogeneous and first order function of dB, a general relationship is 

given by a degenerate Legendre transformation (Collins and Houlsby 1997):

8/t By B = E bA B - 8 0 b =0  (3.41)

in which yB denotes the yielding function in breakage space, and 8XB > 0 is a common 

non-negative multiplier. A possible yielding function of (3.41) might be obtained by 

integrating the equations (3.39) and (3.40), presented as:

y B =EB( l - B ) 2 - E c <0  (3.42)

where Ec is called “breakage energy constant”, is a constant resulted from the 

integration (Einav 2007b). Both (3.41) and special case of (3.42) describe the yield 

condition only relating to breakage dissipation but not accounting for the plastic strain 

dissipation.

5.4.2 Coupled yield function

The coupled dissipation function that includes the both breakage and plastic strain 

components is given in equation (3.27). It is possible to show them, together with 

equations (3.25) and (3.26):

d&0 d&0„ . 8 6 0  8 6 0 b Jn & 02„ 8 0 2h

dd0p ad£p P d80B ddB 8 0  8 0
(3.43)

Therefore, the proposed coupled dissipation function in equation (3.27) is still a first 

order homogeneous function in the rates. Thus, the general form of the coupled yield 

function in dissipative breakage/dissipative stress space can also be given by a 

degenerate Legendre transformation:

8Ay* = a : d£p + E BdB - 8 0  < 0 (3.44)
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From equations (3.25) and (3.26), we have dc ^ 0 p  and dB =
p d 6 0  p /  ddzp d 6 0 B/dd B

that are then placed in equation (3.44) resulting in:

6Ay = o :
6 0 ,

+ Eb
60  b

d 6 0 p /d  d£p d60ß/ddB
- 6 0  = 0 (3.45)

Rewriting equations (3.30) and (3.32) gives 6 0 o - c 6 0
d60p/dd£p

and

E r6 06 0 R = ----- -------- that are then substituted into equation (3.45), which, together with
d 6 0 B/dd B

the condition8T > 0, (3.45) becomes:

y = a : o
(db0p/dd£p): (d60p/dd£p) { d 6 0 B/ddB

-1 < 0 (3.46)

Equation (3.46) is a general form of coupled yield function, accounting for breakage 

dissipation and plastic dissipation (Einav 2007b). Alternatively, if we subdivide the

6 0 p in dissipation function (3.27) in terms of plastic volumetric dissipation, 6 0 vp

and plastic shear dissipation 6 0 1  :

80 = }]&0p2 +s<pf

using a triaxial model, the coupled yield function (3.46) becomes:

(3.47)

( \  
p

l ( > 
q

z
( r \Eß[ æ i > ; / 5 d <  J { d S 0 sp /ddEP J [ d 6 0 B/ddB J (3.48)

• • • * • • • • • •The equation (3.48) reflects the yield functiony  in dissipative triaxial stress/breakage

space, in which p  and q denote the mean stress and triaxial shear stress.
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6 Models developed from breakage mechanics theory

6.1 Breakage model based on linear elasticity (i.e., linear elastic breakage model)

The linear elastic breakage model is the simplest breakage model (Einav 2007a, b), in 

which the stored elastic energy equation (3.19) in a (reference) grain size is simplified 

by adopting linear elasticity (Einav 2007d):

*F = (l -  3 B ^ K e f  + | g ^ 2 j (3.49)

where K and G are the bulk and shear moduli, and ef and ees are the elastic volumetric 

and shear strains in triaxial conditions, respectively.

From the framework of thermodynamics (see equations (3.29) and (3.31)), 

constitutive equations can be defined as follows:

p  = ---- - -  (l -  &B)Ksev (3.50)
def

q = -----= 3(l -  SB)G£
del

(3.51)

eb =~
d 0

= - idB 2 V
Kef2 +3Geec2

3
2(l -  3 Bf y K 3Gy

(3.52)

Once breakage (or yield) develops, EB( \ -  B y  /  Ec =1 (as shown in equation (3.42)), 

and by incorporating this unity into the formulation of dissipations, we have:

b 0 B =
_ EBdB _ *Je bEb r p _ VEbEc

5B =  v-  ?■—c--  d£
COS CO cos co ( \ -  B)cosco

w vp
= p d e l p £ g ( l- f l )2 d _p =

sin&> sin^y

8 0 p =q d s% = Mp de f

(3.53)

Ædsf (3.54)
V Eb

(3.55)
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Note that in isotropic compression, grains rearmament is only passive to breakage. 

The “plastic-breakage coupling angle, co ” (Einav 2007b) is thereby introduced to 

reflect the coupling effect between the breakage dissipation and plastic volumetric 

dissipation. M=qfpp is the ratio between the shear stress and volumetric stress at

failure; d s ^and d z^are the incremental volumetric and shear strains. The flow rules

are defined based on the equation (3.48) that is derived obeying the second law of 

thermodynamics, with the mechanical dissipation assured of being non-negative. 

Consequently, the flow rules are defined as non-associated as follows:

dgvp = S / t ^  = S/l2 £ g ( l~ g) Sm -  (3.56)
dp pE c

d i f  =5/t^—= 8 1 —2- — (3.57)
Sq ( Mp )2

AB = b X ^  = &X2(X~ D) C° S 03 (3.58)
8Eb Ec

where 5/1 is a non-negative multiplier; dB is the incremental breakage, such that we 

are now able to predict the evolution of the current GSD (i.e. equation (3.3)); and 

finally, the angle co governs the coupling between plastic volumetric strain 

dissipation and grain crushing dissipation. Values c o -  0 and c o -  90 represent two 

extremes corresponding to dissipative processes due to grain crushing only and plastic 

volumetric strain only, respectively. The physical meaning of co might relate to local 

pore collapse, with co increasing as the amount of internal pores within the grains 

increases (see discussion by Das et al. (2011)).

Substituting equations (3.53)-(3.55) into (3.48), y*can be expressed in the mixed 

space of all the above three stresses (Einav 2007c, d):

y = ^ - B f  +
Er

i

Mp
- 1<0

Alternatively, using equation (3.52):

(3.59)

44



Chapter III -Continuum breakage mechanics: Review of theory and models

2EC[ K  3G Jy 1 — SB j

n i l  2 V  1 D \ 2 P | q j 1 ~ B (3.60)

An example of the yield surface in p-q-B space is plotted in Figure 3.3.
1.0

2000

1500 
q [kPa] loop

500
0
0 1000 2000

p [kPa]

Figure 3.3 Yield surface in p-q-B space (Dog’s Bay sand parameters, as listed in 
Table 4.2, Chapter IV)

The above model possesses only five physically identifiable mechanical parameters: 

shear and bulk modulus G and K\ friction coefficient M\ critical breakage energy 

constant Ec\ and coupling angle between the friction and breakage dissipative 

processes. All of these parameters can be measured and calibrated using a single 

standard triaxial test involving a stage of isotropic compression followed by a stage of 

drained or undrained shear. In this standard test, the energy threshold Ec is calculated 

from the maximum yield pressure defining the first yield surface, the “comminution 

pressure”, pc, which marks the commencement of grain crushing during isotropic 

compression: pc = f 2K Ec ! 3 (Einav 2007c). In addition, the model responds to

variations in the initial GSD through the grading index 3. To maximise the usefulness 

of this model, a convenient approach is to implement it into FE codes as detailed in 

Chapter IV.

6.2 Breakage model based on pressure-dependent elasticity

The pressure-dependent bulk and shear moduli could enhance the breakage model 

performance. This can be achieved by introducing a general form of Helmholtz free 

energy potential:

(3.61)
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where unlike the simple linear elasticity in equation (3.49), <//v j takes the form 

from Einav (2007b):

kk)Prfm
K ( 2 -m )

(3.62)

In the above equation, p r is defined as a reference pressure conveniently taken as 1 

kPa and m = 0.5, and K is a material constant that depends on intrinsic bulk modulus 

of the granular material, ^[sy) represents the pressure as a function of elastic

volumetric strain: & )  = PrU(\ -m )(sev where £vr is the initial 

volumetric strain dependent on the maximum (emax) and initial (e0) void ratios of the 

sample: £vr =-log((l + ̂ o)/(l + ̂ max)) (Einav and Puzrin, 2004). It is practical to take 

£vr = 0 given the emax unknown. From the formula ¿¡[fv), the pressure-dependent 

bulk modulus K\£ev lean be derived:

(3.63)

To obtain the pressure-dependent shear modulus G ^ ) ,  let us assume that the 

Poisson ratio v remains unchanged. Since v = (3A^(^)-2G(^))/(6A"(fve)+2G(i:^)), 

g ( ^ )  is thereby calculated:

p flz IS )  W( M
V ' 2(l +  v) ' ’2(1  +  I Pr

=  PrG i k i
Pr

(3.64)

where G is a non-dimensional material constant that depends on the intrinsic shear 

modulus of the granular material. The reference stored shear strain energy^/ can now 

be formulated, in the form of the linear elasticity, as:

(//5(^v , ^ ) = | g ( 4 ^ J 2 = | jg-g M
Pr

s f (3.65)
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Substitute the equations (3.62) and (3.65) into the constituive equations in (3.50) to 

(3.52), in case of m=0.5, we have:

(3.66)

f) u/ _
q = -  = 3 ( \ - M ) p rGAe

del
(3.67)

Eb = 9i//r = 19f 2prA3 3 -
3 K

— prGAs (3.68)

in which A = {^(fv)/Pr) A and ees in the above can be further expressed in terms of

p  and q by solving the equations (3.66) and (3.67), which then become: 

A = { l p G + ^ 9 p 2G 2 - 3 G K q 2 / 6{\-  9B)prG j and e es = q/?>{[- 9B)prG A . To

satisfy the mathematical requirement, the expression A must obey G/ K > q 2 / { fp2). 

While the upper bound of the ratio of shear and mean stress is just the Coulomb 

friction slope M(i.e., q = Mp), it therefore limits the choice of G andK by:

G M 2— >
K 3

(3.69)

This expression is the same condition proposed by Nguyen and Einav (2009), which 

they derived by eliminating instability issues (Houlsby 1985; Borja et al 1997; Einav 

and Puzrin 2004).

The flow rules follow the general forms in equations (3.56)-(3.58), but in which thep, 

q and Eb are replaced, respectively, by equations (3.66), (3.67) and (3.68).

The yielding function now can be rewritten using equation (3.68) to replace the EB in 

equation (3.59):

ymix= s l = f f  +
3 K  6(1 - 9B) 2p rGA

M )2 ,Mj Ec i mp j
- 1<0 (3.70)
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The initial critical crushing pressure p c in isotropic compression now becomes (i.e., 

given <7=0 in equation (3-68)):

f
Pc =Pr

2KEC
2pr3

x2/3

(3.71)

Generally, the breakage model based on pressure-dependent elasticity proved to better 

predict soil response (Nguyen and Einav 2009). However, the application of such a 

model has some limitations that will be discussed later in Section 6.6.

6.3 Breakage model for unsaturated granular materials

To study the dependence of yielding on the degree of saturation in brittle granular 

materials, the linear elastic breakage model has been integrated within the context of 

unsaturated soil mechanics (Buscarnera and Einav 2012). Buscarnera and Einav 

defined the Helmholtz free energy potential as a summation of mechanical (i.e.

equation (3.49)) and hydraulic Helmholtz free energy, ipr . The reason to consider
L I #

(//,. is due to that the potential energy increases when bulk water, driven by surface 

tension, moves to the particle surfaces (Tarantino 2010). According to Buscarnera and 

Einav (2012), such a process depends on the degree of saturation, Sr and evolving 

grain size (or index B in the context of breakage mechanics). The latter factor might 

play a dominant role, particularly for unsaturated brittle granular aggregates caused 

considerable grain crushing. Based on statistical homogenisation, the general form of 

Helmholtz free energy in unsaturated granular materials is given as:

r  = 0 ■- » M B ) f K c ‘2  + |  G e f  j + (l + 9h B V" (sr) (3.72)

in which i9m is equivalent to 3 (see equation (3.20)) while 3H is called hydraulic 

grading index (Buscarnera and Einav 2012).

By incorporating the equation (3.72) into energy balance equation (3.21), together 

with an uncoupled energy dissipation form (i.e., the summation of both plastic and 

breakage dissipation), the constitutive equations can be derived. Consequently, p and
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q have the same expressions as in equations (3.50) and (3.51) while the Eg now 

becomes:

eb =~
sr $M
SB 2(1 - 3 m B):

(  2 2 \ 
P _ + V_
K 3 G -  ShV? (Sr) (3.73)

The flow rules are the same as equations (3.56) and (3.57), except that in equation 

(3.58) the EB is replaced by equation (3.73).

By substituting the above Eg into equation (3.59), a new yielding function for 

unsaturated brittle granular materials is obtained:

y  = 2 Er -& m B )

2 (  2 2 3
! ^  + S -
K 3

+
Mp,

1 + sHy/r{sr\\-B)2 3

Er
<0

(3.74)

The mean effective stress at the onset of grain breakage in an unsaturated granular soil 

is now given by (i.e., q=0 and B=0 in equation (3.74)):

P
unsat
c

Ec
(3.75)

A comparison has been made between this model’s predictions and the experimental 

data regarding the suction-net isotropic stress plane (Buscarnera and Einav 2012). 

Satisfactory agreement was found.

6.4 Breakage model based on large strain deformation

A more recent general constitutive model of crushable granular materials has been 

developed within the context of large deformations (Rubin and Einav 2011). This idea 

originated from the widely known fact that the critical effects of brittle granular 

materials depend on their loading history and evolving grain size (or GSD). A 

particular feature of this model is that it is able to explicitly explain the yielding 

dependence on porosity. Moreover, many other important mechanisms of the brittle 

granular materials are also described, such as: (1) stiffness and critical comminution 

dependent on grain crushing and porosity; (2) competition between granular dilation
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(due to inelastic distortion) and compaction (due to crushing); and (3) jamming 

transition between solid and gaseous states.

6.5 Mixture breakage model

The previous models (Sections 6.1-6.4), derived from the theory of breakage 

mechanics, are for homogeneous granular materials. As for the mechanics of granular 

mixtures, Einav and Valdes (2008) extended the breakage mechanics theory by taking 

into account the strength of the independent homogeneous species. This allowed the 

researchers to predict the critical comminution pressure, breakage evolution, and yield 

pressure increase/hardening with increasing breakage in granular mixtures. The 

predictions for dissimilar constituent species were consistent with corresponding 

experimental findings.

6.6 Current development of a breakage model with cementation

Group members from University of Sydney are now working on a new model to study 

the behaviour of cemented granular materials. A feature of this model is to adopt a 

novel measurable property of damage for the cement phase, in addition to the 

breakage property used in those existing breakage models. Thus, the ability of the 

breakage model (and breakage theory) would have been rigorously extended to 

include the ductile responses of cemented granular materials. The formulation of the 

model is also thermodynamically consistent, with explicit links between the internal 

variables (breakage and damage) and the evolving microstructure of the material. In 

addition, only the plastic strain rate is considered with no need to define the total 

plastic strain. This provides a sounded insight into the physical nature of the 

mechanical behaviour of cemented granular materials, by comparing many existing 

models that only rely on plastic strain.

6.7 Discussion

The focus, in this thesis, is on a dry crushable granular material upon which either the 

linear elastic breakage model or breakage model based on pressure-dependent 

elasticity will be used. Although the latter model enhances the prediction of the 

model’s response for granular materials, it has several disadvantages. First, due to
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mathematical limitations, the choices of K and G are limited (i.e. (3.69)). However, 

such a limitation is not physically meaningful as both properties might not always

necessarily be within such a mathematical scale. Second, the derivation of GL^jis

based on the assumption of constant v. However, this is merely a simplification, 

which might not be necessary in reality. Probably the most significant drawback 

happened when implementing the breakage model (based on pressure-dependent 

elasticity) into a finite element code. Due to the model’s high non-linearity even 

within elastic regions, the stiffness of the model at low pressure (e.g., the artificial 

reference pressure of lkPa) is too small. This easily causes large mesh distortions in 

finite element simulation, and subsequently terminating the calculation or producing 

unreliable results. On the other hand, such a small amount of stiffness, due to low 

pressures, does not really reflect the true response of granular materials.

Having said that, all research work in this thesis is based on the linear elastic breakage 

model. Our motivation is to start with the simplest possible model to conceptually 

discover and identify the main mechanisms, before we turn to a more complicated 

model. Nevertheless, since the studied problems already involve the complexity at the 

level of geometry and boundary conditions, we consider the results obtained in this 

thesis valuable and meaningful. It will be shown in the latter chapters that this simple 

model proves to be very practical and attractive. The main reason might be that the 

simple model is already sufficiently informative for capturing the essential underlying 

features (i.e., evolving GSD) of the behaviour of granular materials without adding ad 

hoc fitting parameters to the model. As for the rest of its features, including pressure- 

dependent elasticity, they will be good supplements to enhance the model response if 

the drawbacks, mentioned in the previous paragraph, can be overcome.

Also notice that the used linear elastic breakage model does not reflect the 

dependence of the soil behavior on density, and does not directly reflect the recent 

finding by Altuhafi and Coop (2011) that the relation between breakage and pressure 

also depends on the porosity. However, more recently, such effects were explained by 

Rubin and Einav (2011), within the thermodynamics framework of breakage 

mechanics. Their work illustrated that by taking porosity dependent bulk modulus, in 

a form similar to that proposed by Hardin and Black (1966) and Viggiani and 

Atkinson (1995), the critical comminution pressure could be approximated by a linear
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dependence on the solid fraction. In addition, one might study the correlation between 

elastic moduli and porosity, such that the porosity-dependence elastic moduli would 

be further taken into account within thermodynamics. Those ideas motivate our future 

research to develop more rigorous simplified breakage model into practical 

application.

7 Summary

This chapter presented a thermodynamic approach to the constitutive modelling of 

granules using breakage mechanics. The theory rigorously incorporates the evolving 

GSD (through B) to construct constitutive models for crushable granular materials. 

The various models, based on the breakage mechanics theory, were explained; either 

briefly or in detail. The rigour and novelty of the breakage mechanics theory can be 

attributed to five key points, as highlighted below (Einav 2007a):

1) The ultimate cumulative GSD, Fw(x) , determines the critical state (this

explains the non-uniqueness of the critical-state pressure-porosity relation in sand, see 

Rubin and Einav (2011)). Although not necessary, it is practical to employ a fractal 

power law Fw(x) (Sammis et al. 1986; McDowell et al. 1996; Ben-Nun and Einav 

2010).

2) Breakage, B, is introduced to predict the current cumulative GSD by mass 

( F(x,B)) through a I inear scaling between the initial (F0(a:)) and ultimate cumulative 

GSDs (Fu(x)), as shown in equation (3.2).

3) Through statistical homogenisation, the macroscopic specific elastic strain 

energy stored is the average of such energies stored in the various size fractions, 

determined by the current GSD, p(x,B), as illustrated in Section 3 in this chapter.

4) The specific elastic strain energy stored in larger grains is greater than in 

smaller grains. To a first order this energy is in proportion to the grains’ surface area, 

as elaborated in Section 4 in this chapter.

5) Breakage dissipation from grain crushing is equal to the loss in the residual 

breakage energy (the residual breakage energy reflects the energy left in the system to 

crush particles towards the ultimate GSD ^ ( jc)), as explained in detail in Section 5.3 

in this chapter.
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It is important to note that breakage mechanics, though developed initially for the 

purpose of geotechnical modelling of sands, was never intended to be limited to this 

single discipline. In the mining industry, for example, the comminution modelling of 

minerals through a roller mill is also applicable to breakage mechanics (see Chapter 

VII). Furthermore, as stated by Einav (2007d), breakage mechanics offers a very 

promising mean of study access to deal with various granular modelling, i.e., pasta- 

sand or wheat-sand, by simply changing physical parameters and boundary conditions 

as required.
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Chapter IV

Finite element numerical implementation of the linear 
elastic breakage model

1 Introduction

Finite element (FE) numerical implementation is essential in order to maximise the 

use of constitutive models in engineering applications. In our study, the linear elastic 

breakage model of breakage mechanics is incorporated into the commercial FE code, 

abaqus. abaqus provides two user subroutines, the so-called ‘umat’ and ‘vumat’, to 

allow users to implement their own user defined constitutive models. The finite 

element analysis (FEA) for umat employs implicit schemes—i.e., the finite element 

momentum balance or equilibrium equations are solved implicitly—while for vumat, 

the FEA uses explicit schemes. Regardless of whether the FEA scheme is implicit or 

explicit, constitutive equations are always needed to update the stress at the end of the 

time increment. Moreover, in implicit FE codes the solution (mostly uses the Newton- 

Raphson method for the momentum balance or equilibrium equations), requires that 

the tangent stiffness matrix (the so-called Jacobian) be calculated in addition to the 

constitutive equations. In explicit FE, however, the tangent stiffness matrix is not 

necessary.

The purpose in this chapter, therefore, is to present a procedure to implement the 

linear elastic breakage constitutive equations for umat and vumat. Especially for umat, 

the additional tangent stiffness matrix is needed. To verify the model’s 

implementation it is tested using single and multiple elements under isotropic and 

triaxial shear tests in both drained and undrained conditions. Finally, the numerical 

results are compared with experimental shear tests to demonstrate the ability of the 

linear elastic breakage model to predict the mechanical responses of crushable 

granular aggregates.
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2 Brief review of stress return algorithm

Different stress return algorithms have been proposed to integrate the constitutive 

relations to compute the increments in stresses and state variables. One of the 

relatively easy algorithms is the so-called ‘explicit scheme’. This integration scheme 

enables the updated quantities at time t+At to be calculated based on known quantities 

at time t. Its notable advantage is its simplicity in FE implementation and it has been 

commonly used in goemechanics (Abbo and Sloan 1996; Sheng et al. 2000; Sheng 

and Sloan 2001; Luccioni et al. 2001; Zhao et al. 2005). However, the yield condition 

is not ensured at time /+A/ in such a forward integration process. As a result, the 

calculated quantities, for instance the plastic multiplier at time t+At, is not satisfied in 

the yield condition. This causes the solution, over many time increments, to drift away 

from the yielding surface (Dunne and Petrinic 2005). Moreover the time step size, At, 

cannot be too large. Otherwise, incorrect results will be computed. Therefore, the 

application of explicit schemes is usually limited to some simple constitutive models 

(e.g., the linear elastic model). For complex non-linear constitutive models, the 

explicit scheme is usually neither efficient nor capable. Nevertheless, some 

researchers have extended the performance of the explicit scheme. A good example is 

the explicit method with automatic substepping and error control proposed by Sloan 

(1987). Sloan aimed for conventional elastoplastic models in which the mechanical 

responses inside the yield surface are linear elastic. This work was recently further 

developed and extended to cover the non-linear elastic behaviour inside the yield 

surface (Sloan et al. 2001).

As opposed to the explicit scheme, another integration algorithm is called the ‘full 

implicit scheme’. In detail, an (elastic) trial stress increment is first computed to

obtain the updated trial s t r e s s , . The trial stress will be outside the yield surface 

if the yield condition is not satisfied. On this occasion, the trial stress is then updated 

with a plastic correction to bring it back onto the yield surface at time /+A/. This is 

known as the stress return process that must be solved iteratively. A most widely used 

method to solve the stress return process is the Newton method. Since the yield 

condition is satisfied at the end of the time increment, the full implicit method can 

avoid ‘drift’ from the yield surface, which occurs in the explicit scheme. In addition,
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the full implicit scheme allows for the use of significantly larger time increments, 

which generally leads to far quicker solutions (Dunne and Petrinic 2005). The full 

implicit method has been widely used in geomechanics (Simo and Taylor 1985; Gens 

and Potts 1988; Borja 1991; Jeremic and Sture 1997; Borja et al. 2001).

The constitutive equations can also be integrated using a backward Euler return 

algorithm (Crisfield 1991; Alawaji et al. 1992; Simo and Hughes 1997; Simo 1998; 

Tamagnini et al. 2002). This might be called a ‘semi-implicit’ method because it still 

follows the idea of stress return but uses the first-order of Taylor’s expansion of the 

yield function. This is much simpler than the full implicit method regarding the stress 

return process because no iteration is strictly necessary to predict the final stresses. 

Therefore the semi-implicit method makes the FE implementation much easier 

compared with full implicit method. Moreover, the semi-implicit method enables 

quantities to be updated almost as accurately as those obtained from the full implicit 

method. Due to its simplicity, stability and high level of accuracy, the semi-implicit 

integration method is used to implement the breakage model.

It is also interesting to note that a novel rate-dependent algorithm, i.e., Perzyna’s 

(1963 and 1966) model could also be used to predict the rate-independent response 

(e.g., Simo 1989; Needleman 1988). Although such a model is highly dependent on 

rate parameters, it is the simplest implementation ever used in the stress return 

algorithm. It is therefore unnecessary to use either explicit or implicit methods to 

obtain the non-negative multiplier, provided that the rate parameters used in Perzyna’s 

model are correct. The rate-independent response can then be accurately described by 

such a rate-dependent method. All in all, it provides a useful strategy to simplify the 

stress return algorithm given the correctly calibrated parameters; otherwise a rate- 

dependent response, but not a rate-independent response, may result.

3 Finite element implementation

The numerical implementation of the linear elastic breakage constitutive model 

described in Chapter III is presented for FE implementation. The tensorial form of the 

triaxial model is used, and here the sign convention follows that of solid mechanics, 

where compression is negative for implementation in abaqus. The triaxial stresses and 

strains are written in terms of the stress and strain invariants as follows:
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1
P =

£ v -  ~ £ kk

(4.1)

(4.2)

(4.3)

(4.4)

where (¿> is the Kronecker delta):

a kk
’ ij ~  v  ^  " lJ

(4.5)

e ij b ij ~ ° i j (4.6)

The elastic component of the constitutive equations (3.48-3.49 in Chapter III) of the 

model can be rewritten in tensorial form:

G ij ~  0 “  $ B )D ijkl£ kl

with the yield function given as:

(4.7)

y
&

2Er

( 1 2
£ - + « -  
K 3Gj

- B ~ ^
1 -SB

+
Mp)

- 1<0 (4.8)

and flow rules:

deg =ÒÀ
2(l -  E)2 Eb sin 2 co $ij + 3Sy

PEC M 2p 2
S AQU (4.9)

àB = SA —  -  — COs2 — = òÀR (4.10)
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The aim is to calculate the stress increment, dcr,y, given the current state of the 

material point at X (Figure 4.1) and the strain increment, d s y , obtained from the non­

linear finite element analysis. We consider the case that yielding occurs, indicated by 

y tnal >0 at trial point Y. This trial stress point is obtained by assuming linear elastic 

behaviour with secant stiffness (l -3B)Dijki for the strain increment dSjj, resulting in

the trial stress increment dcr;yial = {X-SB^D^ids^  . By performing a Taylor expansion 

of the yield function (4.8) at the trial point Y (Figure 4.1) we obtain:

trial+ ^ dB+
dB

dy dp dy dq+ ■
dp da a dq dcry y

do\, = >',nal +— A MudeTu 
J dB ‘J IJ (4.11)

Y (Trial point)

Figure 4.1 Schematics of the stress return algorithm. 

Substituting the flow rules (4.9-4.10), and the stress increment in the form:

dCT„ = -0 -  SB)D,lkldê i -
i9cru

1 - S B
dB (4.12)

into (4.11) results in (note that the total strain increment has been used to obtain the 

trial point Y, and hence there is no total strain increment beyond this trial point):

= / rial+ —  R - M a  
dB IJ

( ,  v ScTij \
(1 -3B )D utlQkl+ T - ^ R Ô/L (4.13)

where Qk/ and R are defined in equations (4.9-4.10). It is implied here that all 

variables and quantities in equation (4.13) are evaluated at trial point Y. Enforcing the 

yield condition at point Z, y -  y z = 0, we can obtain the multiplier,8A , in the form:

58



Chapter IV -  Finite element numerical implementation of the linear elastic breakage model

5/1 = y
trial

y
.trial

—  R - Mjj
dB “

f  Qf j  \  M

(l -  SB)DUUQU + -— f  R
1 -3 B

YZThe stress increment, d<r,y , then follows as:

(4.14)

dcr,YZ (l -  3B)DijkiQkl + ij
1 -S B

R 5/1 (4.15)

The total stress increment, dcr^, is obtained as the sum of dn ;yial and dcrj7 (Figure 

4.1):

d (Ty = dcr;yial + derj7 (4.16)

Due to the linearisation of the yield function in (4.11), the returned stress point Z 

usually does not lie on the new yield surface, e.g., y(B\ ,p\ ,q\ 0 . Repetition of

the above process, e.g., linearising the yield function at point Z and then following the 

same algorithm, is a simple way to bring the stress point closer to the yield surface. 

Improvements to the accuracy of the above algorithm can also be made by dividing 

the total strain increment, d£,y, into sub-increments, and applying the above algorithm

to each sub-increment. The above algorithm has been implemented in the commercial 

finite element package abaqus (2010) in the forms of umat and vumat subroutines. As 

an example, the vumat has been presented in Appendix B at the end of this thesis. 

Readers may straightforwardly convert vumat into umat with slight modification by 

following the format of umat.

4 Tangent stiffness matrix

Implicit finite element analysis (relevant to umat) using the Newton-Raphson iterative 

techniques requires the formulation of the tangent stiffness matrix (Jacobian). This 

matrix is of importance in increasing the rate at which convergence is achieved. The 

derivation of Jacobian is quite straightforward by starting from the stress-strain 

relationship (4.7) written in:
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d °ij =0 - 9B)DijkMeu ~ dski)- SDiju4tiB

= 0 -  M )DiJk,àsu -  (I -  -  &Dijkls ekldB
(4.17)1

Substituting (4.9) and (4.10) into the above: 

dav = (1 -  9B)Dtjk, dskl-  (1 -  t t y  - (4.18>

Using the following consistency condition:

dy = — dB+ 
dB

( dy dp dy dq ^
dp d(7,j dq dcrV

dy
d <j .. - — dB+ M¡¡dan 

lJ dB 7 ,J
(4.19>

Substituting the stress increment (4.17) and flow rules (4.9^1.10) results in:

dy = (\-3 B )M tJDljkldsk l-
(

—  R -M
dB ,J

f ( \ «9cr, V
(1 -8B)D ljklQkl+— ± - R  ÔT

1 -S B JJ
(4.20)i

The plasticity/breakage multiplier is then:

5/1 =
(l -  3B)MijD ijkldekl TkAGkl

—'-R -M  
5B 1

( \ $ cr ^ N
{l-8B)D IJklQkl+ j - j - R

(4.21)

Placing equation (4.21) into (4.18) we have:

doH (1 - 9 8 -(* - MfojuQu T- Y  -  R9Dvu4i T~y  Idsm„ (4.22)

Tmn is defined in equation (4.21). Thus the tangent stiffness matrix (for umat only) is:

s ijmn = (1 -  SB)Di]m„-  (I -  9B)Dljk,Qk, -  RSDIJk,e ‘k, (4.23)

The used notations and derivatives are as follow:

dy ,9(1 -  B)
dB Ec(\ -  3B)~

f  2 2 ^

V K  3 G 7

(4.24)

dy p 3  ( \ - B \ 2 2q2
dp KEC\ \ - 3 B )  M 2p 3

(4.25)
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q& ( \ - B  ^2 o 
1 2q

dq 3GEC[ l - ^ J M 2p 2

dp jq
dejj 3

dq dq d skl _ ;[SfL
d o  J d skl dcry 2 q

M :  =
1d y  dp ^ d y  dq  ̂
v dp d o l} dqd c i i j  y

Tkl ~ 0 “  8B)MijDijkld s kl

N = - R - M  ¡f 
dB lJ

{\-SB)D iJklQkl+j - f C R

5 Verification of implementations

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

To verify the FE implementation, it is necessary to test the model’s response using 

single or multiple quadratic, fully integrated 8-node axisymmetrie elements, under 

conditions of strain and load control. To do this, the following four numerical 

experiments were conducted and the results obtained were compared with solutions 

from the triaxial model. As the material is considered homogenous, the results of the 

model from single element and multiple elements were found to be identical. 

Therefore, only the single-element model’s results are presented here. The geometry 

of the single-element model for all verification cases is sketched in Figure 4.2, in 

which only a quarter of the whole is modelled; while the boundary conditions vary 

from case to case, which are illustrated in each case. The parameters, if not specified, 

are from Nguyen and Einav’s parameters (2009) as listed Table 4.1.

Table 4.1 Model parameters for numerical experiments

Sample name K{ MPa) G(MPa) Ec (MPa) M CO 3

Adamswiller sandstone 4608 4710 3.53 1.5 45° 0.9
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4cm

Nl
2cm

2cm

Figure 4.2 Axisymmetric finite element mesh (one element). Considering the 
geometry of the model, modelling of a quarter of the whole (the grey part) is 
sufficient.

5.1 Isotropic loading condition

As the simplest case, the isotropic loading condition is first applied to validate the 

implementation. The model’s boundary condition is shown in Figure 4.3. Increase 

confining pressure p until the expected volumetric strain of £v=0.5 achieves. The 

model’s mechanical responses are compared in Figure 4.4.

z
▲ p

Figure 4.3 Boundary conditions of isotropic loaded specimen
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(a) (b)

Figure 4.4 Validation of implementation in terms of (a) p-B and (b) p-sv relationship, 
under isotropic compression condition

5.2 Isotropic loading-unloading-reloading condition

While based on the same geometry used in Figure 4.3, first compress the sample until 

£vi- 0.3, then unload the model until fV2=0.15 (here ‘unloading’ is realised by adding 

an increased isotropic tensile pressure), and finally recompress the model until £-V3=0.6.

B

(a) (b)

Figure 4.5 Validation of implementation in terms of (a) p-B and (b) p-£v relationship, 
under isotropic loading, unloading, and reloading conditions.
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5.3 Conventional drained loading with constant confining pressure

(a) Isotropic stage (b) Shear stage
Figure 4.6 Boundary conditions of conventional shear test

The boundary conditions for this case are illustrated in Figure 4.6, in which the model 

first under an initial isotropic stress of/?o=100MPa. The model is then subjected to an 

increased shear stress Aq till the shear strain £-5=0.3. The model's responses to the 

triaxial model and finite element model (FEM) are compared in Figure 4.7.

Volumetric stress/? (MPa) Volumetric stress/? (MPa)

(c) (d)
Figure 4.7 Validation of implementation in terms of (a) q-ss, (b) p-sv, (c) p-q and (d) 
p-B relationship, under conventional drained loading condition.
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5.4 Conventional undrained loading with constant confining pressure

The FE undrained model is also based on Figure 4.6. To simulate the undrained 

behaviour of the soil model, all boundaries are impermeable. Therefore the 

permeability, k, can be defined arbitrarily. Let us take A=0.002m/s. Increase the shear 

stress Aq till the £^=1.0. The results from the FEM and triaxial models are compared 

in Figure 4.8.

B

Figure 4.8 Validation of implementation in undrained loading condition in terms of
(a) p-q, (b) normalized shear stress and shear strain relationship, q/pc-£s and (c) 
normalized volumetric stress and breakage relationship, pipc-B. Recall the 
p c = y]2KEc IS (Section 6.1, Chapter III). The following parameters used:
/C=30000kPa, G=10000kPa, is^SOkPa, M= 1, «9=0.9 and co=0° (indicating no plastic 
volumetric strain).

5.5 Accuracy verification

To validate the accuracy of the implementation, different Aes (i.e. from 10"1 to 10°) 

are selected for the conventional undrained test. As an example, only the results of 

q/Pc-Ss and p/pc-B are plotted in Figure 4.9. It can be seen that good convergence
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appears for Ass less or equal to 10‘2. For Ass equal or less than 103, the results 

coincide with each other. Given A£s=10~ , the corresponding yielding value, y  

(equation (4.11)) is around 10"4 that satisfies the requirement of numerical accuracy. 

Therefore, all simulations throughout the thesis consider the both conditions of 

As^lO"3 andy=10'4 as accuracy criterion.

D 0.1

Figure 4.9 Validation of accuracy in terms of different increment size

6 Model prediction

The behaviour of two typical calcareous soils, Dog’s Bay and Chiibishi sands, and 

Bentheim sandstone are predicted using the above FE model. The consolidated 

drained triaxial behaviour of these soils are simulated when subjected to different 

initial confining pressures. The single-element model is shown in Figure 4.2 and 

boundary conditions in Figure 4.6. The model’s parameters listed in Table 4.2 are 

mainly from Kuwajima et al. (2009), Coop et al. (2004) and Baud et al. (2004), 

respectively. The index property 3 for Dog’s Bay sand can be calculated based on the 

initial and ultimate cumulative GSDs, while that for Chiibishi sand is determined 

from the experimentally given initial cumulative GSD, and an assumed fractal 

ultimate cumulative GSD in equation (3.5) with the fractal dimension a  taking the 

value a  = 2.7 (Turcotte 1986). The high value, 3, for Bentheim sandstone implies 

very poor initial grading in the test.
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Table 4.2 Model parameters for calcareous sand
Crushable sand AT(MPa) G(MPa) Pc (MPa) M CO 3

Chiibishi sand 17.8 14.5 1.3 1.77 30° 0.2

Dog’s bay sand 25 14 0.6 1.65 38° 0.65

Bentheim sandstone 11522 7513 390 1.7 o o 0.9

Figures 4.10^.12 show the agreement between numerical predictions and 

experimental observations. From those examples, we can see that the linear elastic 

breakage model works very well for crushable granular aggregates, independent of 

their hardnesses.

(a) (b)
Figure 4.10 Model predictions of the mechanical response of Dog’s Bay sand for 
drained triaxial shear tests at different initial confining pressures: (a) shear stress-axial 
strain and (b) volumetric strain-axial strain (experimental data from Kuwajima et al. 
2009)

Axial strain e, (%) Axial strain (%)

(a) (b)

Figure 4.11 Model predictions of the mechanical response of Chiibishi sand under 
drained triaxial shear tests at different initial confining pressures: (a) shear stress-axial 
strain and (b) volumetric strain-axial strain (experimental data from Kuwajima et al. 
2009)
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Axial strain (%) Volumetric strain £v (%)

(a) (b)

Figure 4.12 Model predictions of the mechanical response of Bentheim sandstone 
under drained triaxial shear tests at different initial confining pressures: (a) shear 
stress-axial strain and (b) mean stress-volumetric strain (experimental data from Baud 
et al. 2004). More comparisons can be seen in Das et al. (2011), which focuses on 
compaction bands in such hard material.

7 Summary

The numerical implementation of the linear elastic breakage model proposed in 

Chapter 111 has been presented in this chapter. An implicit integration scheme for the 

incremental constitutive equations has been given. This procedure is to code the user- 

subroutines of umat and vumat in FEM using abaqus. The additional required tangent 

stiffness matrix, exclusively for the umat, has also been derived. The FE 

implementations have been validated against the triaxial model tests under different 

loading paths. Next, the model’s ability to predict soil behaviour is illustrated by 

comparing three samples of crushable material of varying hardness, ranging from very 

soft (calcareous sand) to very hard (sandstone). This implementation will be 

extensively used to study more complex problems of grain crushing in the following 

chapters.
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Chapter V

End-bearing capacity of pile into crushable soils

1 Introduction

Conventional bearing capacity equations predict increasing resistance with increasing 

friction angle (e.g. Terzaghi 1943). Accordingly, given the relatively high friction 

angle of calcareous sand, it can be expected that its resistance to pile penetration 

would be high. However, in such crushable soils the bearing capacity is much lower 

than estimated by conventional equations (Poulos and Chua 1985; Golightly and 

Hyde 1988; Yu 2000). For example, experiments have shown that for comparable tip 

resistances, pile displacements in highly crushable materials are much larger than in 

non-crushable soils (Kuwajima et al. 2009). This is because grain crushing helps the 

soil to accommodate the new volumetric intrusion by the pile. The result is an overall 

reduction in the total volume, defined by the soil compressibility. In crushable sands, 

the compressibility is governed by the way the GSD evolves, as observed 

experimentally (Datta et al. 1980), and rationalised theoretically (Einav 2007a). The 

GSD influences the strength and stress-strain behaviour of the soil (Hardin 1985; 

Lade et al. 1996) and subsequently affects the pile’s end-bearing capacity. For 

example, using geotechnical centrifuge tests of a model pile driven into crushable 

soils, McDowell and Bolton (2000) noticed that well-graded soils’ resistance to 

penetration is higher than that of uniformly poorly graded soils.

The importance of soil crushability to the design and construction of pile foundations 

was highlighted from a practical standpoint (Datta et al. 1980; Poulos and Chua 1985; 

Alba and Audibert 1999). Various laboratory and in situ field tests: e.g. a pile load test, 

a cone penetration test (CPT), and a pressuremeter test (PMT), have been carried out 

to obtain relevant experimental data and determine the pile end-bearing capacities 

(Joer et al. 1999; Foray et al. 1999). Simple models of cavity expansion were also
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used to assess end-bearing capacities. Vesic (1973) has used this approach to derive 

an end-bearing capacity equation for piles based on confining pressure and soil 

compressibility. The applicability of his derived formula has been noted for both 

shallow footings (Poulos 1989) and piles (Yasufuku and Hyde 1995) residing in 

crushable soils, at least when compared to results yielded from employing Terzaghi’s 

original equation (Terzaghi 1943). The outcome, however, does not explain why the 

bearing capacity varies with crushability and variations in the GSDs. Another formula, 

which relates the end-bearing capacity to the cavity expansion pressure, was 

developed by Yasufuku and Hyde (1995). Their proposed equation requires the 

introduction of a so-called secant friction angle in order to capture the observed 

pressure-dependence of the end-bearing capacity. The secant friction, however, is not 

a fundamental soil property and therefore cannot explain why the bearing capacity 

varies with crushability and GSDs. More recently, Russell and Khalili (2002) 

employed the cavity expansion approach to study the effect of grain crushing on CPT 

and PMT model tests, which required an assumed relationship between the grain 

crushing and the compressibility via the void ratio. However, this relationship was 

empirical and thus could not respond to variations in the tested material and its initial 

GSD.

The purpose of this chapter is to establish a more complete, rigorous and reliable 

bearing capacity equation of piles penetrating into sand taking into account the grain 

crushability as well as other critical factors (e.g. GSD, the friction coefficient, and 

elastic stiffness). To achieve this, the problem is analysed using the micromechanics- 

based continuum theory of breakage mechanics (Einav 2007a-d). As stated in Chapter 

III, this theory rigorously accounts for the effects of the evolving cumulative GSD due 

to grain crushing on the material behaviour. Micromechanical connections between an 

internal variable, breakage B, and the evolving GSD allows tracking continuously the 

GSD during the deformation. A linear elastic breakage model has been implemented 

into a FE code as outlined in the introduction to Chapter IV. This model will be used 

here to study pile penetration into crushable soils in the context of Finite Element 

Analysis. Comparing with experiments, it is shown that the FE model was able to 

predict pile end-bearing capacities, evolving GSDs, and soil deformations. On this 

basis, a parametric study was then carried out to establish the new formula for the 

piles’ end-bearing capacity. The formula is robust and versatile and can capture the
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effects of pressure, initial GSD, comminution limit defining yielding, friction 

coefficient, and the elastic stiffness of the material, on the prediction.

The structure of this chapter is as follows.

In the following Section 2, the results of cumulative GSDs obtained from theoretical 

prediction are compared with those from a model pile test. The good agreement 

highlights the model’s ability to accurately capture the particle breakage around the 

driving pile.

Section 3 in this chapter presents the theoretical results of soil deformation and end­

bearing capacities of a driving pile. These results are compared well to corresponding 

model pile tests, establishing a sound basis for the formulation of a new end-bearing 

capacity equation.

Section 4 in this chapter, through the parametric analysis, develops a new equation for 

predicting end-bearing capacity. The principal factors in such prediction are 

highlighted. Finally, the new equation’s success in accurately predicting the pile end­

bearing capacities in crushable soils is shown by comparing it with its experimental 

counterparts and many other existing formulae.

2 Analysis of cone-ended model pile test

Yang et al. (2010) carried out a pile test with cone tip in a quartz Fontainebleau sand, 

under an initial vertical stress of 150kPa. They measured the pile resistance and 

crushing profile surrounding the driven pile, which will be used to validate the 

numerical results in this study. The numerical simulaiton is conducted by employing 

the Arbitrary Lagrangeian Eulerian (ALE) method where appropriate remeshing and 

variable remapping technique are used for large deformation analysis (abaqus 2010).

The finite element model is depicted in Figure 5.1a. Following the procedure of the 

experiment, three steps are used in the currrent FE simulation. The first step is to 

gradually apply the gravity to the modelled sand until its elastic response becomes 

stable; second step is to apply the top pressure of 150kPa gradually to the surface of 

the model until its elastic reaction gets stable; the last step is to drive the pile into the 

modelled sand where the ALE technique is used to overcome the elements’ large
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distortion issue. Two input parameters are needed for the operation of the ALE 

calculation scheme in abaqus: remeshing frequency (i.e., how often a process of 

remeshing is being recurred) and sweeping frequency (i.e., time step duration of each 

remeshing). The remeshing and sweeping frequencies set for the current analysis are 

10 and 1. Information regarding the ALE FE method can be found in the abaqus 

manual.

The modelled sand parameters are as follows: A^=28.3MPa, G=13.1MPa and M= 1.5 

(based on effective friction angle of <ff= 36.5°). These parameters have been determined 

from a series of triaxial compression tests on Fontainebleau sand under the stress level 

of lOOkPa (De Gennaro and Frank 2002). Other parameters are from Yang et al. 

(2010): critial comminution pressurepc = 23MPa (from ID compression test), and the 

soil-pile interface friction coefficient //=tan{<f)p) was calculated using the measured 

interface friction angle (f)p=25°, (effective) unit weight of sand y =16.3kN/mJ. In 

addition, based on the initial GSD in Yang et al. (2010) the grading index is taken as 

3 = 0.7 (where the ultimate cumulative GSD was assumed to follow a fractal grading 

with a fractal dimension £2=2.7). The agreement between the theory and the 

experiment is excellent when the plastic-breakage coupling angle co is 55°.

The crushing profiles corresponding to different penetration depths are depicted in 

Figure 5.1b,c,d showing that the crushing influenced zone is approximately within 

half a pile radius from the shaft, in agreement with the experimenal observation (Yang 

et al. 2010). A closer look is given in Figure 5.2 where the numerically predicted 

breakage isolines are plotted in Figure 5.2b and the experimental ones in Figure 5.2a. 

The predicted cumulative GSD can be determined from the breakage using the initial 

and ultimate cumulative GSDs (3.2) and this is compared with the experimental 

measurements in Figures 5.3a-c. Figure 5.3d presents the theoretical prediction for the 

breakage variable B, which is plotted against the measured values calculated by the 

breakage definition (Einav 2007a). While the prediction of breakage in zone 1 appears 

excellent according to Figure 5.3d, inspection of the full cumulative GSD function in 

Figures 5.3a-c discloses some discrepencies since the cumulative GSD is a function of 

all the grain sizes and not only of a single internal variable B. Nevertheless, the 

usefulness of the fractional breakage hypothesis in Equation (3.2) should be 

highlighted, as the FEM model predicts favourably well the evolving GSD in all three
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zones (Figures 5.3a-d). The numerically predicted end-bearing capacity of the model 

pile with penetration depth also compares well with its experimental counterpart 

(Figure 5.4).

Figure 5.1 Simulation of model pile test in Fontainebleau sand: (a) finite element 
mesh and boundary conditions, (b-d) breakage distributions corresponding to 
penetration depths of S=5r, S=\5r, and S=25r, respectively (S: penetration depth; r. 
pile radius)

Axis of 
symmetry

-0-2 mm

(a) experimental (reproduced from Yang et al. 2010) (b) numerical

Figure 5.2 Simulation of model pile test in Fontainebleau sand: profile of crushing
zones
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0.25
B

0.2 - 8
□  Theory 
•  Experiment

0.15 - 

0.1 - 

0.05 -

□

□

0 J----------------------------------------------
zone 1 zone 2 zone 3

(C) (d)
Figure 5.3 Simulation of model pile test in Fontainebleau sand: average grain size 
distributions for (a) zone 1, (b) zone 2, (c) zone 3 and (d) average breakage index for 
three zones (zones 1, 2 and 3 indicated in Figure 5.2a)

<7c(MPa)
0 5 10 15 20 25

Figure 5.4 Simulation of model pile test in Fontainebleau sand: end-bearing capacity, 
qc, versus normalised penetration depth, Sir
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3 Analysis of pile penetration

In this section, the breakage constitutive model is used in an Eulerian finite element 

framework in abaqus (2010) to study the flat-ended pile penetrating into crushable 

sand, the Chiibishi sand (Kuwajima et al. 2009). In such an occasion, the elements 

around the pile tip would undergo extremely large deformation, beyond the accurate 

capacity of the ALE method. Instead, the Eulerian technique is able to overcome such 

extremely large distortion issues associated with ALE or Updated Lagrangian method 

for the pile with high cone angles such as 90° in flat tip piles (Sheng et al. 2005).

The following describes the mesh sensitivity analysis performed in Zhang et al. 

(2010). The model and boundaries are illustrated in Fig. 5.5, in which only a part of 

the rigid pile with a length L -4m is simulated. As indicated in the figure, lateral walls 

prevent horizontal movements; the pile’s tip prevents vertical movement; the top and 

bottom walls maintain constant vertical stress <rvo and enable the inflow and outflow 

of mass fluxes at a constant rate reflecting the pile’s penetration velocity. Notice that 

the initial stresses are pre-established current analyses by applying designated external 

pressures. The results of the mesh sensitivity in terms of normalised tip resistance qp 

by pile’s tip area, A and pc are presented in Figure 5.6, showing the convergence of 

the results upon mesh refinement.

4m

outflow
/jv/̂

A

inflow

6m 6m

(a) L-l (290 elements) (b) L-2 (892 elements) (c) L-3 (7700 elements)

Figure 5.5 Models for mesh sensitivity analysis (Zhang et al. 2010), in which 1) the 
rigid pile is fixed; 2) inflow material velocity is 0.02m/s; 3) initial vertical stress, 
oVirflOOkPa and lateral stress, O/zcf^OkPa. Parameters are used: A^=7586kPa, 
G=7112kPa, M= 1, »9=0.7, and jE^lSdkPa; unit weight of sand y=20kN/mJ, pile 
diameter D=0.2m, and interface friction coefficient //=0.3.
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qAAPc)

Figure 5.6 Mesh sensitivity results regarding to normalised tip resistance (Zhang et al. 
2010).

Based on the previous sensitivity analysis we set the mesh as in Figure 5.7 for 

Chiibishi soil parameters (i.e. using 3600 4-node, reduced-integration, axisymmetric, 

solid elements). The parameters of the Chiibishi sand have already been provided in 

Table 4.2 (Chpater IV); correspondingly, the shear stress at the interface is calculated 

using the Coulomb friction model with friction coefficient /y=tan(^/2)=0.4 

(Durgunoglu and Mitchell 1975). Other parameters relevant to the rigid pile and 

boundary conditions are defined same as those in Figure 5.5.

inflow
6m

Figure 5.7 Pile penetration in Chiibishi sand: axisymmetric Eulerian FE models and 
boundary conditions, in which 1) the rigid pile is fixed; 2) inflow material velocity is 
O.Olm/s; 3) initial vertical and horizontal stresses are defined by nominating <j vo and
<?h0
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(a) S/D=0.5, experiment (b) S/D=0.5, theory

(c) S/D= 1, experiment (d) S!D= 1, theory

(e) S/D=3, experiment (f) S/D=3, theory

Figure 5.8 Pile penetration in Chiibishi sand: experimental observation (Kuwajima et 
al. 2009) and numerical prediction of soil deformation (S is penetration depth and D 
pile diameter; red lines in left Figures indicate coloured sand during experiments, with 
the corresponding prediction on the right).

Next, the experimental observations of the deformation patterns in the Chiibishi sand 

are given by Figures 5.8a,c,e, which will be predicted numerically using the FE model. 

This is achieved by employing a technique similar to the strain path method, which 

was originally proposed by Baligh (1985) in terms of inviscid fluid streamlines and 

then by Einav and Randolph (2005) using the upper bound theory of plasticity. Here,
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this technique is adapted to employ the velocity profiles obtained by the FE numerical 

model, from the nodal velocities at steady state corresponding to the fixed Eulerian 

FEM mesh. Accordingly, when breakage and stress distributions tend to be stable, the 

velocity field at any point in the problem domain was calculated by employing shape 

functions interpolating the nodal velocities. Consequently, the positions and 

trajectories of the material points were tracked continuously from the moment they 

entered into the computational domain until they left it. This procedure then provides 

us with the numerical pictures of the soil deformation during steady state penetration. 

As can be seen in Figure 5.8, excellent agreement between the numerical (Figures 

5.8b,d,f) and experimental (Figures 5.8a,c,e) deformation patterns is found.

In addition, the numerical model could be furthered assessed in the more traditional 

way, by comparing the numerical and experimental tip resistances as the piles 

penetrate through the soil (Figure 5.9). The agreement between these curves is very 

good. The small noise shown by the numerical solution is linked directly to the 

remeshing cycles in the abaqus calculation, as part of the ALE method. A parametric 

analysis shows such noise is very sensitive to one of the model’s parameter, the 

critical state coefficient, M. We find that for higher M, the noise is larger (via Figures 

5.6 and 5.9). One possible way to remove such numerical disturbances in the future 

could be done by adopting different large deformation FE methods, such as the 

material point method (MPM) (Sulsky et al. 1994).
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qp (MPa) qp (MPa)

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20 22

qp (MPa)
0 2 4 6 8 10 12 14 16 18 20

qp (MPa)
0 2 4 6 8 10 12 14 16 18 20

Figure 5.9 Pile penetration in Chiibishi sand: experimental measurement (Kuvvajima 
et al. 2009) and numerical prediction of end-bearing capacity for different initial 
stress conditions (S: penetration depth; D: pile diameter).

4 A new formula for end-bearing capacity factor

One way to express the end-bearing capacity of piles is often written as:

Qp ^ q ^ v O (5.1)

where ovo represents the initial vertical stress at a depth corresponding to the pile’s tip 

and Nq is the dimensionless end-bearing capacity factor. More recently it became 

more common to express the end-bearing capacity of piles using the initial effective
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confining pressure, po, rather than crvo (Al-Awquati and Vesic 1972; Al-Awquati 1975; 

Vesic 1973):

qP =N*qpo (5.2)

N ,= 1 + 2 K0
N, (5.3)

where the modified end-bearing capacity factor Nq* depends on Nq through the 

coefficient of lateral earth pressure at rest, Ko. Both Nq and Nq are defined as 

functions of the frictional angle at the critical state. Various equations have been 

proposed in the past for these factors, and a few of the more famous ones are listed in 

Appendix A.

For crushable soils, in addition to the effects of confining pressure po on the bearing 

capacity (Figure 5.9), it is reasonably expected that the comminution pressure pc also 

play an essential role in the bearing capacity equation. The numerical analysis (Figure 

5.10) shows the dependence of Nq on both the confining and comminution pressures, 

through a sort of ‘over consolidation ratio’ po/pc. According to the analysis Nq is a 

power law ofpo/pc, which could be represented by a straight line in a log-log plot such 

as that given in Figure 5.10b, to give the following relation:

Nq - a Pc_

Po

S 2 P '  2 ECK 

y $Po~

\ p

y
(5.4)

where a  and ¡3 are parameters which will be found later to depend on the material 

stiffness (G and K) and the friction parameter (AT). The above equation provides the 

first formula to explain the sensitivity of measured bearing capacities on GSD through

the grading index 3 , viz. qp oc 3 ~ ^ . Since 3 weighs how far the initial GSD is from

its ultimate counterpart, this new equation predicts an increasing bearing capacity 

with increasing polydispersity. For example, crushable sands that are initially poorly 

graded would resist less to the penetrating piles, which is supported by the 

experimental observations by McDowell and Bolton (2000).
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Log (po/pc)
(b)

Figure 5.10 Modified bearing capacity factor Nq* versusp jp c (S : penetration depth; 
D: pile diameter; model parameters are listed in Table 4.2, Chapter IV)

Since the power law relation in (5.4) is controlled by two parameters a  and /?, it is 

necessary to quantify their dependence on the fundamental model constants: shear 

modulus, G; bulk modulus, K\ friction coefficient at critical states, Mand the coupling 

angle, co. Numerical results on the variation of a  and /3 with respect to penetration 

depth (Table 5.1) shows that /? apparently increases with the penetration depth till 

steady state while the change in a  is not monotonic. A comparison has been made by 

converting the experimental data from Kuwajima et al. (2009) into the definition of 

Nq . It is found that their experimental arranges from 17.96 to 33.66, and /?from 0.28 

to 0.35 up to 3D penetration.

Table 5.1 Effects of penetration depth on a  and /?
Penetration a P Ff

S=D 15.06 0.31 0.9975
S=2D 18.25 0.35 0.9922
S=3D 18.10 0.38 0.9960
Steady 17.41 0.42 0.9995

The results in Table 5.1 indicate that ft reaches a constant value of 0.42 at steady state. 

This constant value can be confirmed by a parametric study employing different 

values of G/K, M  and co. The numerical results are depicted in Figure 5.11 and the 

corresponding values of a  and /? listed in Table 5.2.
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(a) Log (Na )

Log (Nq )

(c)
Figure 5.11 Modified bearing capacity factor Nq versus po/pc at steady state 
penetration with ^o=l: (a) effects of G/K, (b) effects of M\ (c) effects of co (other 
model parameters, if not varied, are listed in Table 4.1 in Chapter IV)

Table 5.2 Effects of G/K, M, and co on a  and ft at steady state penetration
Parameter Value a P R2

0.5 12.98 0.42 0.999
G/K 0.75 16.98 0.42 0.998

1.0 20.55 0.42 0.998
1.4 14.12 0.42 0.996

M 1.6 15.68 0.42 0.999
1.8 17.99 0.42 0.998
0°

0)

oO

17.18 0.42 0.999

oOV
O
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Table 5.3 Effects of G/K and M  on a  (for (3=0.42)
M=\A M= 1.6 A M .8

G/K= 0.5 10.10 10.97 12.65
G/K= 0.75 13.47 14.57 16.24
G/K= 1.0 16.03 17.45 20.04

It can be seen that /?=0.42 is independent on the other parameters. In contrast, 

a  grows with increasing G/K and M. Also, both a  and /? are independent on the 

coupling angle, co, and therefore the end-bearing capacity is also independent on co. 

Therefore, a  can be expressed as a function of M  and G/K only, the relationship of 

which is obtained from another series of simulations using different values for G/K 

and M. The obtained results, listed in Table 5.3, give us the following relationship 

(with deviation errors always less than 4.5%):

a  = M 3 + \4(G/K)  (5.5)

Expressing G / K  in terms of the Poisson’s ratio v,  the complete expression for Nq* 

can given as:

f c
N < = M  + 7 3 -61/ 

\ +  v

V  „ V

\ Po J
(5.6)

Using the standard approximation M -  6 sin ^ /(3 -sin  , the bearing capacity 

equation can also be expressed as:

( 6sin^
3 H 7 f 3 - 6 i / V

( \ 
P c

0.84

1^3 - s i n ^ J [ \  + v U o J
(5.7)

where it is recalled that according to the breakage model the comminution pressure pc, 

which marks isotropic yielding, depends on the GSD via 3 , i.e. p c = ^ 2 KEC /3

(Einav 2007c). Therefore, the last equation for the end-bearing capacity of piles 

penetrating into sand is here dependent on the confining pressure p0, GSD (via 3), 

critical breakage energy Ec, elastic Young’s modulus (E) and Poisson’s ratio (i/), and 

the friction coefficient M. The performance of this new formula is compared for the 

two typical crushable soils with four previous ones by Prandtl (1921), Terzaghi (1943) 

and Vesic (1973, 1975), as depicted in Figure 5.12. Both the Prandtl and the Terzaghi
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solutions are pressure independent, unlike the experimental results showing high- 

pressure sensitivity. It appears that out of the previous formulae, the two equations by 

Vesic are the most successful in reproducing the pressure sensitivity, but either over 

or under estimate the true result. On the other hand, the new formula appears highly 

successful both qualitatively and quantitatively. Notice, that unlike the previous 

formulae, the new one depends on the critical comminution pressure pc (a value which 

was therefore employed identically to non-dimensional the pressure in all the 

solutions). This critical comminution pressure depends on the GSD, which for the first 

truly underpins the compressibility of crushable soils.
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Figure 5.12 Modified end-bearing capacity factor Nq versus po/pc for (a) Chiibishi 
sand; and (b) Dog’s bay sand (experimental data from Kuwajima et al. 2009).

The influence of the initial GSDs on Nq is further explored as seen in Figure 5.13 

based on the parameters of Dog’s bay sand (see Table 4.2, Chapter IV). Note that the 

initial GSDs indicated in the insert plot in Figure 5.13 are calculated by assuming the 

initial size distribution also power law, with a coefficient ¡3 replacing a  in equation 

3.5. It is evident that the more polydispersed the initial GSD is, the end-bearing 

capacity increases. This conclusion seems intuitively reasonable and should motivate 

future experimental research to validate, or adjust the theoretical expectation in Figure 

5.13.
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*Figure 5.13 Influence of initial GSDs on Nq for Dog’s bay sand described by the 
shape parameter /?(Inset shows the corresponding GSD, always with an ultimate GSD 
defined by a  =2.7, and a minimum grainsize always being Dm)

5 Summary

The end-bearing capacity of piles penetrating into crushable soils is analysed within 

the context of the breakage mechanics theory. The importance of resorting to 

fundamental failure mechanisms of crushable soils in determining the end-bearing 

capacity is highlighted. The breakage mechanics theory does not only improve the 

understanding of the constitutive response of crushable soils but also provides us with 

an insight into such problems as the bearing capacity and consequently results in 

predictions that are free from empirical parameters. This is particularly essential for 

practical purposes, given the reliability issues in interpreting and incorporating data 

from both lab and field tests in the prediction of the bearing capacity. The proposed 

end-bearing capacity equation captures the effects of the material crushability, in 

terms of the initial GSD, the confining pressure, the critical breakage energy, and the 

constants of elasticity. The result appears to provide a more reliable prediction of 

capacities compared to any of the previous equations. The new bearing capacity 

equation can benefit the future design of pile foundations in sand materials, and can 

be used as a reference for engineering purposes.
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Appendix V-l

Previous end-bearing capacity factors
Prandtl (1921) proposed an end-bearing capacity factor for flat strip surfaces 

punching through idealised weightless incompressible media with assumed general 

shear failure:

The assumption of a general shear failure, however, is known to be problematic for 

compressible soils. In such cases, the shear failure tends to be more local.

Terzaghi (1943) suggested modifying the equation above by incorporating the

Both (Al) and (A2) could be corrected in the usual way to allow applying these 

factors to the circular flat surface shape of typical piles. However, irrespective to the 

shape of the base, the assumption embedded do not reflect the strengthening of the 

soil with penetration depth. Moreover, (A2) is known to give too conservative 

answers for piles (Vesic 1973).

Vesic (1973) first attempted to modify Prandtl’s equation (Al), by considering the 

soil compressibility. For that reason Vesic introduced the reduction compressibility 

factor q̂c (here specificied for the case of flat circular surface):

(Al)

reduced friction angle account for the local shear in

compressible soils:

Nq = tan2 (A2)

N - N  £qc qbqc (A3)

Çqc -  exp (3.07sin -3 .8  tan(f)
1 + sin^

(A4)
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where for sand the rigidity index Ir -  G /(<rv0 tan tf)) was introduced to capture the 

influence of the initial (effective) vertical stress cr ,0.

Vesic (1975) proposed another equation, an alternative to his own (A3, 4), specified 

in terms of N *:

V = N  £a 1 qc^qc (A5)

. .  l (  71 <f>.V = tan “ — + -q U 2J

\  --<t> tan <t>
(A6)

4sin^

£ ,c = — 3 , U rr)3(,+Sin̂  (A7)

The main conceptual change may be seen through the modified rigidity index 

Irr = I r /(l + s vI r ) ,  which adds irreversible compressibility effects via s v , the

average volumetric strain in the plastic zone. Unfortunatly, volumetric strain is a 

reference dependent measure that requires a lot of guess work. More critically, it was 

recommended to take ev =0  for soils that are initially at their densest state (e.g.,

corresponding to the experiments evaluated in the current paper). Unfortunatly, the 

notion of densest state in crushable soils is ambiguous. This is because that in such 

soils the maximum and minimum densities depend on the GSD, which by itself varies 

during the deformation.

The above four formulae are plotted in Figure 5.12 against ours (5.7) for both the 

Chiibishi and Dog’s bay sands. Note that the experimental condition provides /fo=l, 

and therefore the Nq is the same as Nq*. Since Vesic’s formulae (A3-A7) include ovo 

through the use of Ir, the corresponding curves are indeed pressure-dependent. In the 

proposed equation, both the compressibility of the soil and the initial GSD are shown 

through the comminution pressure, pc. The initial GSD in the current experiments was 

fixed. Future experiments are recommended to explore the effect of the initial GSD on 

the end-bearing capacity, in a way that could be evaluated using the current formula

(5.7).

87



Chapter VI -  Hydro-mechanical response of expanding cavities in crushable granular soils

Chapter VI

Hydro-mechanical response of expanding cavities in 
crushable granular soils

1 Introduction

The study of perforations in crushable granular materials presents a challenge: how to 

predict the cavity expansion induced damage zone and its characteristics, both of 

which are essential in the study of sand-, gas- and oil-production, deep foundations, 

tunnels and underground excavations. This is complicated and requires the correct 

prediction of permeability reduction due to grain crushing and correspondingly excess 

pore pressures around the expanding cavity. For example, the excess pore pressure, 

instantly after the expansion, would introduce an erosion process involving the 

removal of fine particles and formation of localized annular clogging with the 

migratory of bigger particles (Valdes and Santamarina 2007). If sufficient clogging 

occurs, the production of the sand might cease but catastrophic unplugging via 

hydraulic fracture might follow. A similar situation may occur in gas- and oil- 

extraction from the drilling into crushable granular materials. Another adverse impact 

is the soil liquefaction when sufficient excess pore pressure appears, which is the 

main cause of many failures of foundations and slopes (Sassa et al. 1996; Wang and 

Sassa 2000). Therefore, the study of crushing damage zones, and the prediction of the 

development of the excess pore pressures, is of great importance to many production 

industries.

Grain crushing and the resulting evolving GSD lead to the increase of specific surface 

and/or the porosity reduction of the granular ensemble. Particularly in undrained 

conditions, where there is no porosity reduction, the specific surface of the sample 

still increases as the GSD evolves. Consequently, the local permeability reduces, 

generating high excess pore pressure that dissipates slowly (Okada et al. 2004). Many
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experiments (though noi directly relevant to cavity expansion) have already shown the 

significant impact of ¿¡rain crushing on permeability reduction and excess pore 

pressure generation (e.g, Zhu and Wong 1997; Okada et al. 2004). It is therefore 

essential to be able to predict the permeability and excess pore pressure given the 

evolving GSD as the characteristics of the grain crushing process.

Hazen’s (1892) formula links the permeability, k to Ao2 (Ao is a grain size for which 

10% of the grains are finer by mass). This statement was later slightly modified to 

link to D\ f  (yt~ 1.65-1.85) based on statistical power regression analyses of 19 sets of 

published data (Shepherd 1989). In addition, many other formulae have been 

suggested. For instance, Sperry and Peirce (1995) developed a linear model to 

estimate permeability bised on a grain size of A o (grain size for which 50% of the 

grains by mass are finer. Alyamani and §en (1993) used both Ao and A o (grain sizes 

for which 50% of the grains by mass are finer) in their equation. Finally, a highly 

effective and popular form is to adopt the Kozeny-Carman equation (Matyka et al. 

2008).

Although the connectioi between the grain sizes and permeability has been widely 

proposed, the correlation between the grain sizes and the hydro-mechanical behaviour 

of the granular assembes has yet to be satisfactorily addressed. An example was 

proposed by Papamichcs et al. (1993) who analysed the inter-granular stresses for 

estimating the local permeability reduction, which is dependent on a single size of Ao 
Another attempt is to account for grain crushing in the interpretation of the cone 

penetration test (CPT) or pressuremeter test by Russell and Khalili (2002). Their 

numerical findings high ighted how the limit stress at the cavity wall is significantly 

affected by grain crushing. A more recent work has been presented by Einav et al. 

(2011). They established a general grain-crushing analysis using breakage mechanics 

with a cavity expansion solution. Their work shows the advantage in being able to 

track the evolving GSD for the solution of stresses and permeability reduction. In 

particular, instead of relying on a single size, Einav et al. used a mean harmonic grain 

size, Dh calculated from the entire evolving GSD to predict the permeability reduction. 

The use of A/, rather than a single size, has been proved to be more reliable in 

accurately predicting the permeability reduction (Carrier 2003; Matyka et al. 2008).
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The continuum approach by Einav et al. (2011) established the theoretical basis for 

the connection between the evolving GSD and permeability reduction in the context 

of undrained cavity expansion. This work will be reviewed and further extended in 

this chapter for the study of hydro-mechanical behaviour in cavity expansion 

problems. A special focus is on the generation and dissipation of the excess pore 

pressures. The following section starts with a brief review of a constitutive model 

based on breakage mechanics. The Kozeny-Carman’s equation will then be briefly 

presented, followed by the Finite Element model of the cylindrical cavity expansion. 

The analysis of the excess pore pressure and other effective stresses of brittle granular 

materials will be presented and practical formulae to predict the excess pore pressure 

finally derived.

The philosophy we choose to adopt to address this issue is to use the simplest possible 

model to conceptually identify the main effects, without bringing too much 

complexity at once. Therefore, we currently use the simplest breakage model based on 

linear elasticity. The point being that the complexity of the boundary conditions will 

already provide untrivial results, even with this simple linear elastic breakage model. 

In the future, a more complicated model based on nonlinear elasticity will be 

implemented into the FE code to improve the model realism. In addition, the current 

analysis is unable to analyse erosion issues and assumes the particles during drainage 

do not erode.

2 Permeability reduction using breakage mechanics

Grain crushing would reduce permeability, k, due to increase of particle surface area, 

S. The surface area can be represented in terms of the harmonic mean grain size DH: 

S~6/Dh, for spherical grains. Using the modified Kozeny-Carman equation (Matyka 

et al. 2008), the permeability k is expressed as in Equation (6.1). Note that Kozeny- 

Carman equation has several limitations. For example, the equation is based on the 

assumption of laminar flow and low pore fluid velocity, and thus for turbulent flow 

conditions it can become inadequate (Francisco et al. 2009). In addition, the influence 

of soil structures on the permeability, including that from the void fabric and particle 

shape (Sahashi et al. 2005), is also beyond the scope of this equation. Nevertheless, 

the Kozeny-Carman equation has been well supported by experiments, where it was

90



Chapter VI -  ^¿ro-mechanical response of expanding cavities in crushable granular soils

argued to be particularly suitable for random packing of spheres (Klemm et al. 2001) 

and fractal porous media (Stanley and Andrade Jr 2001; Adler 1988). Accordingly, 

there are good easons to adopt this equation for analysing our current problem.

k{r) =
ci (1 - n f

DH( r f (6. 1)

where r  is the radial distance to the cylindrical centre; C\ is the Kozeny-Carman 

constant (Mat)ka et al. 2008); n is current porosity, which is calculated using n = 

el(\+e)\ and the void ratio, e, is updated using de ~ -devp(\+e). The harmonic mean 

grain size, Dh as a function of GSD (the GSD is the derivative with respect to 

fractional size i of its cumulative function F(x, B)) is defined by:

D\i ?
Dh ( r ) '1 = f g(x, B)—  = ( l -  B(r))D„ 0“' + B(r)DHu~' (6.2)

6. x

in which Dm ard Dm are the maximum and minimum grain sizes respectively; DHo and 

Dhu are the initial and ultimate harmonic mean grain sizes, which correspond to 

g0(*)and g M(x) and can be practically assumed to be power functions in the absence 

of experimental data (Buscarnera and Einav 2012):

.2-/3
g0W  = (3- / ? 1 3 -p

UM ~ u m

2- a
gw(x) = (3 -a)

DM2-a - D m2-a

(6.3)

(6.4)

Thus,

a
Dh o = J g0 '*)

\Dm

dx
x

X
2 - (3 Dm 3-P ~Dr 3-p \

y l - p k D M2~P

Dhu =
( Du , A

f \ dx 
g WU)---J XvA. X )

-l
(2 - a ) o / “
(3 - a )

Dr 3-a  \

DM2~a - D m2~a

(6.5)

(6.6)
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where a  and f3 are fractal coefficients. The model’s ability to capture the trends in 

porosity and permeability changes was already presented in Nguyen and Einav (2009), 

which highlighted the role of material non-linear elasticity (known to be pressure 

dependent) on well capturing the irreversible response of the permeability reduction, 

in a way intrinsically related to grain crushing. Nevertheless, the isotropic linear 

elasticity law currently employed is widely-used in soil mechanics practice, and its 

implementation should therefore be more approachable for practitioners. The use of 

the more predictive non-linear elastic law is left for future work.

3 Finite Element model for cylindrical cavity expansion

____J.

i P o ^
. 2 .

|=  A)

a o
- X -

L » a r,

Figure 6.1 Initial FE model
The disturbance of confined brittle granular material is often modelled as a cylindrical 

cavity expansion problem in plain strain conditions. Here, 4-node axisymmetric 

quadrilateral, bilinear displacement, bilinear pore pressure elements were used. This is 

illustrated in Figure 6.1, in which: 1) the brittle medium is considered to be saturated 

and the pore fluid flow behaviour is governed by Darcy’s law; 2) the domain is under 

various initial isotropic pressures of po with initial void ratio of /?o= 1.5 and a typical 

Australian sand’s permeability of Ao=0.002m/s (Alyamani and §en 1993); 3) only the 

right boundary is defined as being pervious through the analysis, i.e. the inner cavity 

interface, top and bottom boundaries were impermeable; and 4) undrained (stage I) 

procedures under each confining pressure are simulated with the expansion from ao 

(here 0.3m) to any necessary distance, a (here a-2.5ao is found to be adequate). To 

ensure the porosity remains unchanged during the expansion, the time incremental 

size and time period in step 2 are, respectively, 10~9s and 10'6s (during the calculation 

it was checked that the volumetric strain is near zero). The maximum pore pressure is 

found at the cavity wall, and it approaches an asymptotic umax as the expansion 

proceeds. When umax appears, the cavity size is maintained and the water pressure is 

allowed to dissipate/drain (stage II) in the radial direction only. The model parameters 

are listed in Table 6.1. Note that these elastic moduli are broadly similar in magnitude 

to those previously measured for calcareous soils (see Zhang et al 2012). Such a
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choice is only for the basis of the parametric study (sections 5.2 and 6.2). It will be 

shown later that the G/K ratio (i.e., a ratio defining the Poisson’s ratio) and f  are 

fundamental parameters for the analysis.

Table 6.1 The model’s relevant parameters
Bulk Shear Friction Critical Grading

modulus modulus coefficient angle breakage index
K( kPa) G(kPa) <f> energy £ c(kPa) 3
30000 10000 25° 50 0.4

An anyltical solution from Einav et al. (2011) enables us to calculate the breakage 

distribution and mechanical response of effective stresses and strains during 

undrained expansion. For example, the analytical solution in the case of a 50% 

expansion of the initial cavity radius, i.e., a=\.5cto has proved to be identical to our 

Finite Element results with the parameters listed in Table 6.1. Analytical solution is 

used as a benchmark to initially verify our Finite Element model (Figure 6.2a-d).

Figure 6.2 Mechanical responses of the brittle granular material in undrained 
expansion. The initial all-around pressure was set equal to the critical pressure, po=pc, 
showing the critical status for breakage under isotropic compression condition.
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The explicit link between the internal variable B and the evolving GSD (equation 3.2) 

allows the continuous tracking of the evolving GSD during the deformation process. 

Such a theoretical prediction of evolving GSD has already been compared favourably 

to experimental observations in various crushable sands (e.g., Einav 2007b; Zhang et 

al. 2012). This is a novel feature of any constitutive models derived from breakage 

mechanics theory, which distinguishes itself from other constitutive models for soils 

in the literature. In undrained loading case the grain crushing is the main contributor 

to the permeability reduction (see Nguyen and Einav 2009), which is associated to the 

generation/dissipation of excess pore pressure. On this basis, further study on the 

hydro-mechanical response of the model will be carried out in two stages: first in 

undrained cavity expansion in following Section 5 and then consolidation in Section 6. 

The main purpose is to explore the effects of material properties on the potential link 

between the grain crushing and the generation/dissipation of excess pore pressure 

under various conditions.

Our present analysis does not consider the erosive mobility of fragments during the 

drainage stage. At this point, our analysis assumes fragments remain in the same place 

during fluid dissipation. This is particularly useful to describe polydispersed systems.

4 Exploration in stage I: Cavity expansion

4.1 Variations of stress and excess pore pressure during expansion

The first issue of interest is the excess pore pressure variations, u, and total internal 

(radial) stress, at the cavity interface. As shown in Figure 6.3, u and crr increase 

asymptotically as expansion proceeds. Note that in this paper the stresses and excess 

pore pressure are normalised by pc (recall p c = ^2KEC1$ ). Correspondingly, the 

variation of effective stresses (i.e. radial stress, cr'. vertical stress, o  land hoop stress, 

g 'q) and pore pressure u with the distance from the inner interface during the cavity

expansion are plotted in Figure 6.4. A detailed illustration of the excess pore pressure 

is presented in Figure 6.5 in terms of various expansion ratios.
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Stress/^»c.

Figure 6.3 Variation o f  pore pressure  and total radial stress at the cavity  interface 
during undrained expansion

Stress//?,.

F igure 6.4 S tresses d istribution in radial position at a=\.5ao under undrained 
condition

u/pc

Figure 6.5 G enera tion  o f  pore pressure  against radial position during  undrained 
expansion
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4.2 Generation of maximum pore pressure at the cavity interface

We are interested in the excess pore pressure at the cavity interface because this is 

always the greatest compared to other locations (see Figure 6.5). We know that the 

increase in pore pressure reduces the effective pressure on the soil skeleton and hence 

the soil strength. A critical situation corresponds to the maximum value, umax, of such 

water pressure, as the cavity expands indefinitely (as shown in Figure 6.3). In this 

section, the correlation between the umax and granular crushability will be examined. 

A series of numerical experiments were performed by varying, one parameter at a 

time while the rest is kept fixed (with values indicated in Table 6.1).

From the numerical experiments, the pore pressure at the cavity interface was found 

to increase with the expansion till the maximum value, umax is reached (see Figure 6.3). 

Variation of umax with respect to change in model parameters are plotted in Figure 6.6.

UmJPc UmJPc

Figure 6.6 Generation of maximum pore pressure at cavity interface during undrained 
expansion under different isotropic confining pressures, (a) effects of G/K\ (b) effects 
of f  (other model parameters, if not varied, are listed in Table 6.1; The solid lines are 
fitting curves for each simulation)

With the data in Figure 6.6, a power law function can be used to obtain good 

agreement with numerical experiments:

=  a
( \p fPo /

Pc)
0.5M + 0.3 — + 0.75 

K

f  \ 07 Po
c J

(6.7)
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The relevant coefficients «and ft in above (6.7) are listed in Table 6.2.

Table 6.2 Parameters for equation (6.7)

Parameter Value a P R-

0.33 1.35 0.7 0.987

G/K 0.67 1.45 0.7 0.991

1 . 0 1.55 0.7 0.988

25° 1.35 0.7 0.987

<i>

oOCO 1.45 0.7 0.997

35° 1.55 0.7 0.996

Alternatively, using the standard approximation M  = 6 s in ^ /(3 -s in ^ ), and from 

elasticity, v= (3K-2G)/ (6K+2G). (6.7) can be written as:

= a
Pc

f  \p  f  P0_ _ |
KPc;

3sin <j)
3 -sin  <f)

+ 0.45 1 -2 v \

1 +  V j
+ 0.75

\ f n  S\°J  P0
K pc j

(6 .8)

In this breakage model, the comminution pressure pc, which marks the onset of 

isotropic yielding, depends on the GSD via 3, i.e. p c = -J2KEC 13 (Einav 2007c). 

Substitute this relation into (6.7) or (6.8), the connection between umax and GSD is 

therefore established through the grading index 3 , i.e. umax oc ,9“° l5. This indicates 

that for finer gradation of the initial granular assembly (corresponding to smaller 3), 

the value of umax becomes higher. This seems reasonable and reflects the influence of 

tortuosity: for polydispersed granular systems, which have more variation in grain 

sizes, the path of the fluid is more tortuous. Therefore, fluid flow becomes more 

difficult and lack of dissipation causes higher pore pressures (e.g., Matyka et al. 2008).

5 Exploration in stage II: Consolidation

5.1 Variations of stress and excess pore pressure during dissipation

The variation of the excess pore pressure in consolidation is of engineering interest, as 

the results between pore pressure and time measured from piezocone testing (CPTU) 

can be used to estimate the in situ horizontal coefficient of consolidation and 

coefficient of permeability (e.g., Robertson et al. 1992; Burns and Mayne 1998;
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Cortellazzo and Simonini 2001). Some theoretical models (or analytical solutions) 

have been used to interpret the pore pressure dissipation results, usually based on the 

cavity expansion theory (e.g., Torstensson 1977) and the strain-path method (e.g., Teh 

and Houlsby 1988). However, the above solutions strongly depend on an idealised 

initial pore-pressure distribution around the cone, which might not well reflect the real 

situation (Sully et al. 1998). In addition, most relevant studies in the literature focus 

on clay but very little on sand. Furthermore, there seem to have been no attempts so 

far to account for grain crushing in interpreting the results of pore pressure dissipation 

in sand.

The effect of grain crushing on pore pressure dissipation in crushable soils is studied 

in this section. For an illustration purpose, the initial and ultimate cumulative GSDs, 

Fq and Fu, of the modelled granular sample are given in Figure. 6.7 (recall the 

coefficients or and (d in Eqs. (6.5) and (6.6)).

Figure 6.7 Initial and ultimate GSDs in the consolidation analysis

Two numerical studies are performed after 1.5oo expansion: case 1 employs ko while 

case 2 adopts the current permeability, k, which is obtained from the modified 

Kozeny-Carman’s equation (6.1). The variation of k at the cavity interface with the 

increasing cavity radius, ac is plotted in Figure 6.8a, in which ac starts from the initial 

cavity radius oo-0.3m. At the end of expansion, when cavity radius achieves to a, the 

permeability distribution along the radial distance is presented in Figure 6.8b. As can 

be seen from both Figure 6.8a and b, the maximum permeability reduction is found to 

be four orders of magnitude (at cavity interface: r!a= 1). Such a great reduction in
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permeability seems highly probable for crushable granular soils (see Osaka-group 

coarse sandy soil in Section 2.2 where the finely broken sands present very low 

permeability, similar to those of clay). This theoretical finding reveals the 

inhomogeneous permeability distribution surrounding the expanding perforation in 

crushable granular soils. Such an inhomogeneous permeability distribution is 

conceptually reasonable, and should have implications on practice. In particular, the 

result highlights a possible drawback in the way permeabilities are currently 

interpreted using in-situ tests such as CPTU, which assumes homogeneous radial 

distribution of permeability surrounding the devise. Our current analysis should 

therefore motivate a new way of interpreting CPTU tests .

In view of such a great difference between ko and k, it is reasonable to expect a 

marked difference in the hydro-mechanical behaviours of both cases during the 

consolidation process.

ac (m)
0.3 0.33 0.36 0.39 0.42 0.45

r!a

k (m/s)

(a) (b)
Figure 6.8 (a) Permeability variation at the cavity interface during expansion; (b) 
permeability distributions after undrained expansion.

The major concern here is the excess pore pressure dissipation in the two cases, which 

are shown in Figs. 9a and b. For case 1 (Figure 6.9a) where the permeability reduction 

is ignored, the dissipation time of 95% consolidation for example, is less than two 

seconds. This indicates an almost instant dissipation of water pressure given &o=0.002 

m/s (typical sand e.g., see Alyamani and §en 1993). However, in case 2, based on the 

current k, 95% consolidation is much longer (around 200s in Figure 6.9b). This 

suggests that CPTU in brittle materials will take much longer time to measuring the 

pore pressure dissipation. It will show in next Section 5.2 that such a dissipation time 

can be quantified through the Poisson’s ratio and friction angle.
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Figure 6.9 Pore pressure dissipation against radial position in (a) case 1 and (b) case 2

Detailed comparison of the excess pore pressure dissipation at the cavity interface is 

shown in Figure 6.10. It can be seen that the water pressure at this position decays 

almost instantly for case 1 while it takes a very long time in case 2. This is explained 

by the great reduction of permeability as shown in Figure 6.8b at r/a=\. 

Accompanying the dissipation of pore pressure is the effective stresses increase as 

seen in Figure 6.11. Note that though the consolidation time is quite different, the 

trends of the time-varying effective stresses in both cases are quite similar, regardless 

of whether permeability reduction is ignored or not. This is reasonable since the 

effective stresses are determined by the constitutive model of breakage mechanics that 

is independent of water pressure. Therefore, the permeability reduction caused by 

grain crushing only plays a ‘time-delaying’ role, adjusting the time to accomplish the 

stress paths (a more detailed illustration can be seen later in Figure 6.13).

As u decreases the effective stress er' increases (see Figure 6.11). However, the total 

radial stress is found to decrease as shown in Figures 6.12a and b, due to decreasing u 

and increasing o'r . This exhibits the determinable role of excess pore pressure in 

controlling the development of total radial stress in brittle granular media. 

Interestingly, this is consistent with numerical and experimental observations of clay 

consolidation (Carter et al. 1979).
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Figure 6.10 Decay of pore pressure at cavity interface for both cases

? Stress//?,.

r < 1  P c

P c

r
-r--- a 'e! Pc

V u l p c

0 0.5 1 1.5 2
t(s)

(a)

Stress//?,.

Figure 6.11 Variations of stress at the cavity interface during consolidation for (a) 
ca<e 1 and (b) case 2

(a) (b)

Figure 6.12 Variation of pore pressure and total radial stress during consolidation at 
the cavity interface for (a) case 1 and (b) case 2
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Figure 6.13 depicts the stress path at the cavity interface for both cases, providing 

some insights into variations of effective and total stresses. At the end of the 

expansion, the stress state is at near failure (i.e., the isotropic hardening component of 

the breakage yield envelope is almost fully resourced). Therefore, the second stage of 

consolidation occurs fully within the expanded elastic domain. Together with the 

linearity of Darcy’s law, both the effective and total stresses follow linear paths. As 

seen in this figure, although k and ko are quite different in the consolidation stage, the 

stress paths are identical in both cases. This again indicates the unique stress path that 

is exclusively determined by the given constitutive model. Nevertheless, the time it 

takes to travel along this unique path is significantly different and determined by 

current permeability due to grain crushing. In addition, the excess pore pressure, as 

the difference between the plotted total and effective stresses, increases during 

expansion and decreases to null during consolidation.

<7(kP.)

Figure 6.13 Stress paths during cavity expansion and consolidation at the cavity 
interface

5.2 Dissipation of maximum pore pressure at the cavity interface

This section aims to provide a formula for the optimal dissipation time, to be used for 

CPTU measurements in brittle materials. This is achieved by performing 

consolidation analysis after umax at the cavity interface is reached. Here we introduce 

¿95 to define the dissipation time for 95% consolidation at the cavity wall. The 

corresponding tg5 versus po/pc are plotted in Figure 6.14 in terms of the fundamental 

parameters of the current breakage constitutive model.
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Figure 6.14 Dissipation of maximum pore pressure at cavity interface during 
consolidation under different isotropic confining pressures with (a) effects of G/K; (b) 
effects of f  (other model parameters, if not varied, are listed in Table 6.1). The solid 
lines are fitting curves for each simulation.

Interestingly, these relationships in Figure 6.14 could also be practically accounted for 

by another power law function of (6.9) and alternatively by (6.10) by using a standard 

approximation of the relationship between A/and <f), Poisson’s ratio and elastic moduli:

t95 — ct
f  \P  

Po_
Pc,

t95 GC
<Pcj

( G \  Y
4350-900 -2430M

V J A

f ( l- -2v )4350-1350 - 14580
V 1 1+ v J

P o  "
° \ i r 2

P c )

s i n ^  ^
i P o ]

3 - s i n ^  )V p c )

(6.9)

(6. 10)

The coefficient a  and /? for (6.9) or (6.10) are given in Table 6.3.

Table 6.3 Parameters for (6.9) or (6.10)

Parameter Value a P R2
0.33 1623 1.3 0.991

G/K 0.67 1317 1.4 0.996
1.0 1020 1.5 0.986
25° 1623 1.3 0.991

</> 30° 1137 1.3 0.986
35° 651 1.3 0.978

From (6.9) or (6.10), it can be deduced that 195 oc 3 [° 1?(GM K0.6] This relationship 

shows that the finer the graded granular soils (smaller 3),  the more time the pore
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pressures need to dissipate to achieve 95% consolidation This is again relevant to the 

bigger tortuosity in granular system with wider gradations.

6 Summary

The problem of expanding perforation damage zones and the generated excess pore 

pressure surrounding those in brittle granular materials was studied. This is achieved 

through a general grain-crushing analysis that embraces a constitutive model based on 

breakage mechanics integrated into numerical analyses of cylindrical cavity 

expansion problems. Thanks to the explicit connection between the breakage internal 

variable and the evolving GSD of the constitutive model, this general approach 

enables us to assess both the stress fields and the characteristics of the damage zone. 

This allows the correct prediction of the permeability reduction, and thus the excess 

pore pressure, especially in undrained condition when grain crushing is the sole 

contributor to this reduction. On this basis, our parametric study suggests practical 

formulae to predict the generation and dissipation of pore pressure in cavity expansion 

problems. These formulae give estimation of the maximum pore pressure and the time 

to dissipate this pressure, as functions of the material properties. The suggested 

formulae (Eqs. 17 and 19) may be helpful to in situ soil testing, deep foundations, 

tunnels, underground excavations in soil and rock, and sand-, gas- and oil-producing 

perforations.

Despite the fact that the studied problem is a cylindrical cavity expansion, 

applications of the general grain-crushing analysis to practical applications, for 

example to analyse a cone penetration test (CPT), is rather straightforward. Variations 

of geometry, initial/boundary conditions, and model parameters for a perforation can 

be readily taken into account in a Finite Element model, as shown in this study.

104



Chapter V/I -  Extracting relationships o f energy-size reduction in comminution

Chapter VII

Extracting relationships of energy-size reduction in 

comminution using continuum mechanics principles

1 Introduction

Energy efficiency is the key to the viability of industrial comminution processes. 

Although a great deal of effort has been focused on the relationship between energy 

consumption and grain size reduction, little has been gained towards the application 

of these studies for improving the efficiency of industrial comminution processes. As 

a consequence, in practice the energy delivered to the comminution still accounts for a 

very small amount of the total energy consumed in a typical grinding operation (e.g. 

approximately 4% (Tavares and King 1998)). Conventional mathematical formulas 

such as the three grinding laws (Rittinger 1867; Kick 1885; Bond 1952) were 

proposed to describe the energy-size reduction relationship of a single particle. 

However, none of those classic approaches actually work as expected (Hukki 1962). 

A typical problem is the selection of an adequate (reference) grain size. With plenty 

of mineral particles, there is no one exclusive size. Use of different grain sizes (i.e. 

£>io, Z)5o or Z>8o, as the sieve sizes on which 10%, 50% and 80% of the overall sieved 

mass remains, respectively) will lead to different the energy-size relationships. That 

results in each model working in a different and limited range.

Rigorous models derived from population balance principles (Ramkrishna 2000) 

(PBM) could deal with particles of various sizes. Through the introduction of new 

concepts such as selection functions and breakage functions, prediction of the energy- 

size reduction relationship was improved (e.g. Kapur 1971; Kapur and Fuerstenau 

1987; Kapur 1990; Fuerstenau et al. 1991). However, the parameters required in
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those functions are empirically fitted to product GSDs without a clear connection to 

the energetics of the comminution process. This process itself is complex, with the 

fracture and fragmentation of grains, followed by the flow of grains and their 

fragments. The input energy is therefore not only consumed by the grain fracturing 

process, but also dissipated from friction, acoustic emission, heat transfer, and 

redistribution of strain energy (Nguyen and Einav 2009). Describing properly this 

process is beyond the ability of PBMs since they are underpinned by mass balance but 

not energy.

An interesting way to deal with granular comminution is to use the DEM (discrete 

element method). Whereas DEMs allow a detailed study of the micro-dynamics of 

particles, they are generally computationally intensive, which results in a limit either 

in the duration of a simulation or in the number of particles (Cleary 2001; Cheng et al. 

2004; Ben-Nun and Einav 2010). The results are highly sensitive to minor 

perturbations in the initial conditions and easily affected by numerical noises. 

Moreover, it is difficult to determine and calibrate the constitutive force-displacement 

relationship describing the contacts between grains.

Alternatively, continuum mechanics is also widely used to model granular materials 

as a continuum, assuming smeared representative volumes. This requires less 

computational power than DEM study, while relying on the accuracy and reliability of 

the continuum model characterizing the complex behaviour of the material at the 

grain scale. Given the importance of tracking the evolving GSD during comminution, 

the breakage theory described in Chapter III is a good starting point for a continuum 

based study of comminution processes. Our present work aims to offer a good way for 

gaining insight into grain crushing and energy consumption in comminution via the 

newly developed theory of continuum breakage mechanics (Einav 2007a, b). This 

theory and a linear elastic breakage model have been described in detail in Chapter III. 

In the next section, the Finite Element analysis of a roller mill will be performed using 

the breakage model described in Chapter III. The distribution of grain crushing 

represented by the contour of breakage variable will be presented. In the following 

Section 3, the predicted breakage distribution will be used to calculate the product 

cumulative GSD and moment (rotation) work. The resulting product cumulative GSD
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and moment work are calculated in Section 4 in this chapter, and then verified against 

experimental counterparts. On this basis, the energy-size reduction relationships are 

further explored in a parametric study taking into account various rollers’ gaps and 

grinding (rotation) speeds.

2 FEA of comminution of granular materials in a roller mill

Fuerstenau et al. (1991) carried out a roller mill experiment for quartz sand. They 

measured the product cumulative GSDs of the sand and input energy in comminution 

with different roller gaps. Both measurements will be used to validate the numerical 

results in this Section.

In the following, numerical results are based on the Eulerian formulation in FEA 

where nodes stay fixed while the model material flows through the mesh (abaqus 

2010). This analysis configuration is selectively different that the ALE method 

employed for section 2, Chapter V, which benefits from the inherent self-similarity of 

the geometry. The Finite Element model (FEM) is depicted in Figure 7.1a. Here, the 

model size is big enough to well accommodate the possible grinding-influenced zone 

between the two rollers. Note that the geometry of the roller mill is symmetrical, 

therefore only half of the domain was modelled in FEA.

Figure 7.1 Numerical modelling of a roller mill; and (b) zoomed domain near rollers 
gap. The dimensions are referred to the experiment of Fuerstenau et al. (1991). Note 
that only the right half of the model is created in Finite Element analysis.

feed grains

product gra ins 
passingout
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Due to the lack of experimental data for the constitutive behaviour of that particular 

quartz sand in Fuerstenau et al. (1991), we have decided to employ a set of parameters 

from Fontainebleau sands, for the merits of its being a typical quartz sand. This sand 

has a density of around 2000 kg/m3. Using data from a series of triaxial compression 

tests on this quartz sand (De Gennaro and Frank 2002), we have estimated the 

following mechanical parameters: A=28.3MPa, G=13.1MPa and M= 1.5 (based on 

effective friction angle of ^=36°). From the ID compression test by Yang et al. (2010) 

the critial comminution pressure ispc = 23MPa. The sand-steel (i.e. the roller material) 

interface friction coefficient //=tan(<f>p) is calculated using the measured interface 

friction angle <j)p =25°. This friction, together with the gravity (lON/kg), causes the 

feed quartz sand to move through the rollers. In addition, based on the initial GSD in 

Yang et al. (2010) the grading index is taken as 3 = 0.92 (where the ultimate 

cumulative GSD was assumed to follow a fractal grading with a fractal dimension 

cx= 3.0 in equation (3.5)). All simulations run until a steady state (i.e. the breakage 

distribution becomes stable) is achieved. The results of breakage distribution between 

the two rollers during steady state comminution are presented in Figure 7.2a-b, for the 

cases when the roller’s gap equals to 3.2mm and 2.8mm, respectively.

product
grains grains

(a) (b)
Figure 7.2 Breakage distribution in roller mills, with a gap equalling to (a) 3.2mm and 
(b) 2.8mm
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3 Interpretation of numerical results

product
grains

(a) (b)
Figure 7.3 (a) breakage distribution between the two rollers (an example when 
gap=3.2mm); and (b) zoomed domain near rollers’ gap

This section explains a way to associate the FE numerical results of breakage to 

calculate the product cumulative GSD and moment (rotation) work. Take the right 

half domain as an illustration (as seen in Figure 7.3b), the product mass flux of grains

(per second), (subscript ip ' denotes ‘produci variables in all followings), can be

found through mass balance, by integrating the mass fluxes as a function of density, 

Pp{x), velocity, vp(x) and depth, a (i.e., 1mm already indicated in Figure 7.1b) over

the corresponding width of the product gap, wp ( only the right half of the roller is

simulated due to symmetry):

(7.1)

On the other hand, the average density, p p of the grains over wp is calculated using 
the following integration:

(7.2)
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Considering the fact that the maximum product grain size, Dmp, cannot be larger than 

2wp and taking into account the maximum feed size, DMq, a simple assumption is 

made, that is DMp = DMp(x) = min[2x, DMq\. Therefore, at location x the grains of size 

over DMp become 100% finer in their product cumulative GSD, otherwise, other feed 

grains obey the following relationship to generate a new cumulative GSD:

Fr { D’DMp’Bp,x) = Fa(D,DUp, x ) ( \ - B p) + Fu{D,DUp,x)Bp (? 3)

where Bp=Bp(x) defines the breakage variation (as seen in Figure 7.3a) at the product 

gap, depending on the location, *. Note that equation (7.3) is a slight modification of 

equation (3.2) (Chapter III), i.e. unlike equation (3.2) where the maximum grain size 

is assumed unchanged after grains comminution, equation (7.3) introduces a 

changeable maximum grain size of Dmp, depending on position, x. Moreover, the 

weighted average of Fp (D,DMp,Bp,x}along x is expressed as:

FP(D)

P

\ FP{D’DMP’BP’x) p P(x)vP(x)dx
_  _o_________________________________________________________

w pJV,Wv,W*
o

(7.4)
which represents the experimentally measurable cumulative GSD of the product 

material. By differentiating the 7^(7)) with respect to D, we can obtain the product

GSD, p p (Z)). This distribution is used to calculate the mass flux of grains in the size 

bin from D-dD/2 toD+dD/2 (say, the Z)-bin):

<ln{D)=QnPn(D)dD = a
P

\pp(x)vp(x)dx ,{D)dD (7.5)

As the volume of a single grain of size D can be approximated by a typical sphere

the produced (ejected) numbers of grains in the Z)-bin can be calculated given the 

mass flux qp(D) :
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i M = =
.(D)

A
a

_  V

p y ( D )

p

\ p p{x )vp{x )dx Pk
0 _  J

p A d )

,(D)dD

(7.7)

>ext, we can calculate their total product surface area of all grains within the D-bin:

io(D)= X p( D ) x D 2 = A
PpnD~ P ;

P

\Pp(Ap{x)dx
 ̂Pp(p)

py ’dD
D

(7.8)

Finally, the total product surface of all grains is given by:
D,

D. Pt

Y  A
*p= Isp(D)dD = ff\p p (xY’p(:c)dx I  PPp  ^

0

dD
\ D~

(7.9)

Similarly, the total feed surface for all grains is:

C _
V  -

6 a

P f
\p f (x)vf(x)dx { P/j P dD
o A D _ ,

(7.10)

vhere subscript p in equation (7.9) was replaced with / to denote the corresponding 

feed variables. Therefore, the new surface generated (per second) is:

AS —  S p —  S f (7.11)

Cn the other hand, the moment work in our simulation can be calculated from the 

irstantaneous moment M{t) and grinding velocity vr:

V -  \M(t)dd = vr \hi(t)dt (7.12)

Thus the moment work rate, Em is the slope of W with respect to time. The calculated 

AS and Em are adopted to elaborate the energy-size reduction relationship in Section 4 

in this chapter.

4 Results of product cumulative GSD and assumed moment 

(rotation) work

Eased on the estimation method in Section 3 in this chapter, the product cumulative
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GSDs for two cases of different roller gaps are plotted against the experimental 

counterparts as seen in Figure 7.4b and Figure 7.5b. Interestingly, such good 

comparisons are found with the plastic-breakage coupling angle oĵ (f>=3>60. The 

disagreement is probably mainly caused by loosing some of the rigor of the breakage 

mechanics formulism towards obtaining practical results. As explained previously, we 

changed the maximm diameters of particles artificially by x. This means the grading 

index 9 (equation 3.20) should ideally be considered as an internal variable, such that 

the thermodynamics formulation requires to acknowledge more terms and 

dependencies, and thus becomes more complicated than the present linear elastic 

breakage model that has not considered such variations of 9 . Having said that the 

current work makes only the first step towards the study of mineral comminution 

problem using the breakage mechanics theory. In the future, one would need to 

consider the changes of the maximum diameters within the themodynamics 

framework.
B
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product
grains

(a) (b)
Figure 7.4 Comminution of quartz sand ground through a roller mill (gap=3.2mm):
(a) theoretical prediction of breakage, and (b) experimental and theoretical cumulative
GSDs of product grains
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grains

(a) (b)
Figure 7.5 Comminution of quartz sand ground through a roller mill (gap=2.8mm): 
(a) theoretical prediction of breakage, and (b) experimental and theoretical cumulative 
GSDs of product grains

In addition, from the Section 3 the flux of product mass, Qp, and the input (moment) 

work, W are respectively calculated. Thus, the energy per unit mass (i.e., with the unit 

of kWh/ton) can be obtained, and is then used to compare with experimental measures 

in Fuerstenau et al. (1991). The numerial moment works are 1.05kWh/ton (for 

gap=3.2mm) and 1.39kWh/ton (for gap=2.8mm) while the experimental measures of 

total energy input (including moment work) are 1.17kWh/ton and 3.11 kWh/ton, 

respectively. The numerical predictions of moment work are always smaller than the 

experimental input energy. This is probably because the continuum model cannot 

include the full detail of the operation, especially neglecting energy consumption from 

the facility itself, e.g. the dissipation due to belts, gears, etc.

It is also important to note that the predictions of the product GSDs and moment work 

may be improved by using the accurate parameters of the quartz sand that was used in 

Fuerstenau et al. (1991). Additionally, our present breakge model has not taken into 

account the possible dependence of the elastic shear and bulk moduli on pressure. 

Significant improvements might also be expected through the employment of a 

pressure dependent breakage model. Future work is, of course, needed to resolve this 

aspect.
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5 Exploration of energy-size reduction relationship

In Engineering, a grindability index is used to describe the relationship between 

energy (or work) and the size of mill products. Such an index indicates the energy per 

unit mass or volume, i.e. J/kg or kWh/ton, etc. The comparisons in the previous 

section used this index to validate our model with experiments. However, this index 

does not indicate how much new surface is created in association with energy used in 

comminution. A simple way to present such relationship of the energy-surface 

creation (or size reduction) is to plot the results of the rate of work (viz. the moment 

work only in our simulation), Em (unit: J/s, referred to equation (7.12)) and the new 

surface flux (per second), AS (unit: m2/s in equation (7.11)). Consequently the slope 

of the relationship between Em and AS is defined as y, indicating the energy per unit 

surface area (J/m2). The index y can be therefore used as an alternative index of 

grindability. This provides a straightforward understanding of the relationship 

between the moment work input and the increased surface areas during the grains 

passing through a roller mill. Some recent research also supports the use of energy per 

unit surface area (i.e. y) to represent the grindability of a mill (e.g. Stamboliadis 2007).

The Finite Element model is also based on Figure 7.1 but now with an industrial roller 

size of 1.4m in diameter (Benzer et al. 2011). In addition, various rollers’ gaps and 

grinding speeds, vr are tested to obtain different Em and corresponding A S . The same 

quartz sand as in Section 3 in this chapter is used in a series of simulations, except the 

index property # = 0.81 that is based on the initial cumulative GSD in Figure 7.7 

(again, with a fractal dimension «=3.0 in equation (3.5)).

The results of Em versus AS are plotted in Figure 7.6, in which two fundamental 

findings can be summarised.
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AS (m2/s)

Figure 7.6 Moment work rate, Em versus increased surface (per second), AS

First, for any given rate of work Em, the maximum surface flux AS is achieved when 

the roller’s gap is 6cm. In our present investigation, the optimum gap in terms of 

maximizing the new surface created is of interest. As comparing with other cases 

given the same moment work, the case of 6cm gap always produces a maximum 

surface flux. The existence of the optimum gap is reasonable and can be explained as 

follows. The newly created surface flux, AS (calculated in Section 3 Al) is relevant 

to two competing factors: the amount of product grains (or flux of grain mass) ejected 

from the rollers, and the degree to which those grains are crushed. Both factors are 

dependent on the width of the rollers’ gap. In detail, in the case of a very large gap, 

AS is obviously very small as the feed grains undergo little crushing after 

comminution although the quantity of grain is very large. However, in the case of a 

very small gap, AS is also very small because only a small quantity of product grains 

is ejected, although those grains undergo very severe crushing. Therefore, there is an 

optimum gap to allow maximum surface generated with least work consumed, as 

indicated in Figure 7.6.

Second, the slope of the curves, i.e. the proposed index yof grindability, gets smaller 

with increasing rate of work Em in all cases of various gaps. Since the increasing Em 

was caused by the increased rotating (grinding) speeds, it can be said that less surface 

area is produced as grinding speeds increase. In other words, the energy efficiency to 

create new surface areas reduces with increasing grinding speed. This agrees with the 

observation in comminution industry (e.g. Stamboliadis 2007).
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Figure 7.7 gives an example of the predicted cumulative GSDs regarding differert 

roller gaps, which corresponds to £'m=600J/s. Unlike the cumulative GSDs in Figur; 

7.2 where the initial maximum grain size, DM0 is less than the gap, here Dm  is takei 

as 20cm so that it is larger than or equal to the modelled gaps of 20cm, 10cm an! 

6cm. One can see that in the cases of 10cm and 6cm gaps, the product cumulativj 

GSDs are entirely shifted, including the maximum size as well.

Grain size (mm)

Figure 7.7 An example of product cumulative GSDs predicted by the proposed 

method

6 Conclusions

This chapter makes the first use of a continuum breakage model to study the energy- 

size reduction relationship in comminution in a roller mill. This model places the 

focus on connecting the evolution of the GSD with the macroscopic granular 

behaviour, which enables monitoring of the breakage distribution during the passage 

of grains through the rollers. The present study validates the capability of this model 

by relatively well predicting the product cumulative GSDs and associated (moment) 

work input in the corresponding experiments.

Despite the fact that the studied problem is a roller mill, applications of breakage 

mechanics theory to other comminution problems, for example a ball mill, is rather 

straightforward. Variations of geometry, initial/boundary conditions, and model 

parameters for a milling problem can be readily taken into account in a Finite Element
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model, as shown in this study. This opens a new potential for the optimization of 

grinding operations for better energy efficiency.
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Chapter VIII

Summary and further research

1. Summary

This thesis opens a new domain of applications of breakage mechanics theory using 

Finite Element Method (FEM). Throughout the work for this thesis, it became clear 

that different optimal numerical schemes might be needed to find the solutions for 

various problems. Therefore, the main contributions in this thesis involve three 

distinguishable methods for the solutions:

• A Lagragian FE model is developed and used to deal with the undrained 

cavity expansion problem in the brittle granular medium, and the 

generation/dissipation of excess pore pressures.

• An Arbitrary Lagragian Eulerian (ALE) FE model is developed and used to 

study the cone-ended pile penetration into crushable granular soil, with a focus on 

GSDs in space and time.

• An Eulerian FE model is developed and used to simulate grain crushing 

effects on granular material flow in highly constrained geometries, including the end­

bearing capacity of a flat-ended pile in crushable soils and energy-size reduction 

relationships in mineral comminution.

The main contributions and suggestions for future improvements are summarised in 

the following sub-sections.

1.1 End-bearing capacities of piles in crushable soils

A new formula for the end-bearing capacity of piles penetrating into crushable soils 

was proposed in Chapter V. The formula is based on the linear elastic breakage model 

(Chapter III) that accounts for the evolution of the grain size distribution (GSD) due
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to grain crushing with only physically meaningful parameters. The model is integrated 

using the FEMs (both ALE and Eulerian methods) to study the penetration problem. 

Predictions of GSDs surrounding piles and pile end-bearing capacities are validated 

against experiments. This is followed by a parametric study carried out to quantify the 

effects of grain crushing on the end-bearing capacity and then to establish the formula.

This new equation treats the end-bearing capacity from a more comprehensive and 

physical perspective. Unlike the conventional or other existing formulae that mainly 

or solely rely on the granular frictional angle, the new equation considers the 

confining pressure po, GSD (via 3 ), critical breakage energy Ec, elastic Young’s 

modulus (£) and Poisson’s ratio (r), and the friction coefficient M  (via friction angle). 

All those parameters are easy to measure using regular soil tests (e.g., isotropic or 1-D 

compression tests followed by a conventional drained shear test) without any unusual 

technique.

Comparing the proposed equation to several other equations indicates the advantages 

of the new formula in predicting the end-bearing capacities of piles in crushable sands. 

In addition, the new formula enables us to quantify the influence of initial GSDs on 

end-bearing capacities (see Figure 5.10, Chapter V). This issue has been emphasised 

widely but was missing from previous equations.

1.2 Generation and dissipation of excess pore pressure in cavity expansion

Chapter VI studies the excess pore pressure generated and then dissipated from 

expanding perforations in brittle granular soils. This linear elastic breakage model has 

been implemented in a Finite Element package for the analysis of a cylindrical cavity, 

under undrained followed by drained (i.e. consolidation) conditions. This analysis 

shows the significant effects of grain crushing on the dissipation time of pore 

pressures, thus highlighting the importance of tracking the evolving GSD in 

modelling the hydro-mechanical response of granular materials. On the basis of this 

analysis, formulae are proposed for predicting the generation and dissipation of the 

pore pressure at the cavity interface. The predictions are correlated with the initial 

confining pressure, initial GSD, comminution pressure that defines yielding, the 

friction coefficient and the elastic stiffness of the material.
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The results of this analysis may be useful for the interpretation of CPTU tests, which 

are often used to estimate the in situ horizontal coefficient of consolidation and 

coefficient of permeability. In contrast to previous theoretical interpretations (e.g., 

using the cavity expansion theory and the strain-path approach) that focus on clay, the 

proposed approach enables us to quantify the effects of grain crushing on the excess 

pore pressure dissipation in crushable soils.

Note that the mobility of the fragments, i.e., the erosion, has not yet been considered. 

After grains have been broken in undrained followed by fluid dissipation, the 

fragments may migrate and clog. As a result, local permeability can change because 

the fragments start to move. This is the real physical phenomenon that so far we have 

been unable to take into account. We have to assume that: the fragments remain in the 

same places, there is no erosion, and the whole mass of the material is retained.

Despite these assumptions, simplifications and limitations, this research, by 

accounting for grain crushing in interpreting the hydro-mechanical response in 

undrained cavity expansion is pioneering.

1.3 The energy-size reduction relationship in comminution in a roller mill

A new continuum approach for predicting the energy-size reduction relationship in 

comminution is proposed in Chapter VII. The approach is based on a breakage 

mechanics model that accounts for the evolution of the GSD due to granular 

comminution with only five parameters, all of which are physically meaningful. The 

model is implemented and used in FEA to study the energy-size reduction relationship 

in a roller mill. Predictions of product GSDs and energy consumption are validated 

against experimental counterparts. On this basis, a series of parametric studies in 

terms of various rollers’ gaps and grinding speeds are carried out in order to explore: 

1) the optimum roller gap, which is the maximum area of new surface that can be 

created with the least input work; and 2) the influence of increasing grinding speeds 

on new surface creation.

A challenge in the current modelling is that the rollers’ horizontal force and 

movements have not been included, while such horizontal compaction is an important 

feature for high-compression roller mills. A possible solution might be to introduce a

120



Chapter VIII -  Summary and further research

spring element to replace the horizontal constraint, and then apply horizontal force to 

this spring element.

2. Further research

2.1 Enhancements in the model behaviour

The problems solved in this thesis involve complexity on different levels, from 

material modelling complexity to geometric complexity. In this author’s opinion, it is 

not feasible to include all of the complexity at once. A practical approach is to take 

one step at a time. For that purpose, this thesis has used the linear elastic breakage 

model. This is a simplification that should be noted. Considering the complex 

geometric factors in the studied models, this linear elastic breakage model may yield 

reasonable results that may be of benefit to engineering applications.

Future work may use a more complicated model with a refined assumption that may 

enhance the model’s performance. For instance, the breakage model based on 

nonlinear elasticity (Section 6.2, Chapter III) that accounts for Hertz contact among 

particles.

In addition, the porosity-dependent behaviour of the granular materials is another 

important concern. We can deal with porosity dependence now in a very simple way 

by introducing a porosity-dependent bulk modulus (Einav 2007d). For example, in 

studying pile penetration problems, if the porosity-dependent bulk modulus is 

introduced, the pile end-bearing capacity is also considered as porosity dependent 

(due to p c relevant to porosity), nevertheless this is very simplified. A more 

satisfactory future approach may be to implement an advanced model that rigorously 

accounts for porosity (i.e., the model in Rubin and Einav 2011).

It is also realised that the breakage model assumes one unique evolutionary path that 

the GSDs follow as they propagate from initial to ultimate curves. This is a simple 

assumption, which may not necessarily reflect the real situation because the evolving 

GSDs may also depend on load paths. In other words, patterns of grain crushing—for 

instance, during shearing and compression—are varied: the grain crushing is due 

mainly to attrition in shearing while to bulk failure in compression. A more rigorous
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assumption regarding GSD’s evolutionary path might be helpful in order to better 

capture the change of microstructures of granular assemblies. This may improve the 

model’s capability to better predict the granular macroscopic response due to grain 

crushing.

2.2 Engineering application aspects

An interesting topic in the future would be to examine the capacity of the proposed 

new formula for predicting the end-bearing capacity of piles. This would require 

collecting more data on the end-bearing capacities of piles in order to further verify 

the proposed new equation. Such a collection may by no means be restricted to 

calcareous/carbonate brittle materials. Relatively hard granular materials, i.e. quartz 

and silica sands, may also be useful, as those will break under high stress levels. 

However, it might not be an easy task because the critical comminution pressure, pc, 

which marks isotropic yielding, is usually missing in measurements of model pile or 

in situ tests. Consequently, it would be worthwhile conducting many new model pile 

tests of various sands, provided that the following parameters are known beforehand: 

thepc, Poisson’s ratio v, the effective friction angle (ft, and the shear modulus G.

It may also be worthwhile to continue modelling the mineral comminution in the 

mining industry. Chapter VII presents a demonstration in a roller mill; however, there 

are many more mills worth studying, like ball mills. This author plans to introduce a 

nonlinear elastic breakage model to further model the granular behaviours in 

comminution in various mills. Considering the high demand for reducing mineral 

comminution energy costs in the mining industry, further studies, as outlined above, 

would be highly beneficial.

Another challenging future project is to improve the numerical technique to model the 

large granular flow problem. The current models are based on Eulerian or ALE FE 

methods, which would unavoidably cause some oscillation in output results due to the 

remeshing technique. Alternative models may include the Material Point Method 

(MPM) (Sulsky et al. 1994; Daphalapurkar et al. 2007), which is very rigorous in 

modelling the flowing problems; and the mesh free method (Arroyo and Ortiz 2006; 

Netuzhylov and Zilian 2009; Liu 2010) without being concerned about mesh
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distortion. Current work is being carried out in the Particles and Grains Laboratory led 

by Dr Nguyen at the University of Sydney.

In addition to the topics in this thesis, there are extensive applications for breakage 

mechanics theory and its various models.

Consider the coffee bean grinder: the first example presented in the literature review. 

The coffee bean crushing process can be modelled through the Eulerian FE technique 

or MPM. This process is the same as used in the modelling of the roller mill in 

Chapter VII. The necessary changes may include the boundary conditions (grinder’s 

size, speeds, and gap width) and the mechanical parameters used in the breakage 

model. It is expected that the numerical results of product GSDs and grinding energy 

would benefit for optimising the design of various grinders. Similar modelling can be 

used to study other examples of comminution including grinding wheat, corn, and rice 

into a floury endosperm.

In Geotechnical Engineering, the solids may break under the high pressure at the 

bottom of rockfill dams (Alonso and Cardoso 2010). Using the breakage model, the 

dam’s deformation can be studied by accounting for the influence of grain crushing. 

The evolving GSDs may be connected with granular’s creep behavior in order to 

better predict the long-term deformation of the dam. In addition, the FE modelling of 

such a geotechnical problem with commercial software is relatively easy.

Studying the shallow foundation is another practical application for the breakage 

mechanics theory. Similar to pile end-bearing capacity, the resistance of shallow 

foundation is also affected by grain crushing (Poulos 1985). No existing studies 

examine the relationship between the bearing capacity of shallow foundation and soil 

crushability. Using the breakage mechanics theory and associated models, this topic 

can be explored by establishing appropriate FE models. The results of these models 

might be incorporated into upper bound or lower bound theory, such that a more 

rigorous and physical end-bearing equation can be derived for shallow foundations on 

brittle granular materials.

Anchors have been often used as a valid solution to secure offshore structures to the 

seabed (Andresen et al. 2008). The anchors may slide away when large quantities of
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sediments around the tip of anchors break away. On such occasions, the study of grain 

crushing due to the anchors’ penetration is of interest. This provides another 

application of the breakage mechanics theory. Using breakage models and FE 

modelling of the interaction between the anchor and brittle sediments may be useful 

for anchor design, to achieve the best holding effect.

A considerable amount of grain crushing would occur during the shearing process in 

landslides. This may generate high excess pore pressures and lower the pore-pressure 

dissipation rate (Okada et al. 2004). A subsequent disaster, which has been reported 

around the world, is the liquefaction failures of slopes. Therefore, modelling the grain 

crushing in various drained shearing conditions may be helpful to gain an appropriate 

understanding of the problems caused by landslides. In such a study, the breakage 

model for unsaturated granular material may be especially applicable.
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Appendix A

Subroutine vumat(
C Read only -

1 nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal,
2 stepTime, totalTime, dt, cmname, coordMp, charLength,
3 props, density, strainlnc, relSpinlnc,
4 tempOld, stretchOld, defgradOld, fieldOld,
3 stressOld, stateOld, enerlnternOld, enerlnelasOld,
6 tempNew, stretchNew, defgradNew, fieldNew,

C Write only -
5 stressNew, stateNew, enerlnternNew, enerlnelasNew )

C
include 'vaba_param.inc'

C All arrays dimensioned by (*) are not used in this algorithm 
dimension props(nprops), density(nblock),

1 coordMp(nblock,*),
2 charLength(*), strainInc(nblock,ndir+nshr),
3 relSpinInc(*), temp01d(*),
4 stretch01d(*), defgrad01d(*),
5 field01d(*), stress01d(nblock,ndir+nshr),
6 state01d(nblock,nstatev), enerlnternOld(nblock),
7 enerlnelasOld(nblock), tempNew(*),
8 stretchNew(*), defgradNew(*), fieldNew(*),
9 stressNew(nblock,ndir+nshr), stateNew(nblock,nstatev),
1 enerlnternNew(nblock), enerlnelasNew(nblock)

C
character* 80 cmname

dimension ds(6),delta(6), D(6,6),sig(6),dptridsigmatri(6),
1 dqtridsigmatri(6),dystardsigmatri(6),Ttri(6),
2 dstress(6),MatrixP(6,6),MatrixPinv(6,6),

3 DevEpsPls(6),epsPls(6),depsPls(6),difgsd( 16),
4 dstrainlnc(6),strain(6),gsd0( 16),gsd( 16),gsdU( 16) 
integer k 1 ,k2,k3,i,kk
real theta,K,G,M,Pc,Ec,Omega,xnu,E,alamda,voidO,voidmax,enO,nO,

1 nmax,nchange,B,dp,dq,p,q,ptri,qtri,ytri,Ebtri,epsEv,epsEs,
2 epsV,espS,epsEvtri,epsEstri,epsPv,epsPs,alfa,belta,
3 dytridEbtri,dEbtridB,dEbtridptri,dEbtridqtri,n,depsPv,
4 dytridptri,dytridqtri,dytridB,dystardEbtri,dystardptri,
5 dystardqtri,H2,H3,H4,Utri,dL,dB,Rd,Rk,dvoid,void,DH0,DHu,
6 DH,T0,T,Bmarsal,Rkl,Rk2,Rk3 

parameter (pi=3.141592653589793)
c
c Input Breakage model parameters 

theta=0.2 
G=14500e3 
K=17800e3

146



Appendix A

M=1.78
Ec =2e3

c Pc=sqrt(2.0*K.*Ec/theta)
pc=1300e3

c Ec=theta*Pc**2.0/(2.0*K)
omega=30.0*pi/l 80.0 

c Input Elastic parameters
xnu=(3.0*K-2.0*G)/(6.0*K+2.0*G)
E=2.0*G*( 1.0+xnu)
alamda=2.0*G*(E-2.0*G)/(6.0*G-2.0*E) 

c Define kroneck Matrix and after vectorization 
delta(l :ndir)=l .0 
delta(4)=0.0 
delta(5)=0.0 
delta(6)=0.0

c Define elastic modulus matrix D 
D(1:6, 1:6) = 0.0 

do kl = l,ndir 
do k2=l,ndir 

D(k2,kl)=aLamda 
end do

D(k 1 ,k 1 )=2.0*G+aLamda 
end do
do k3=ndir+l,6 

D(k3,k3)=2*G 
end do

c
Do Kl=l,ndir

MatrixP(kl,kl)=1.0 
MatrixPinv(kl,kl) = 1.0 

End do
Do k2=ndir+l, 6 
MatrixP(k2,k2)=2.0 
MatrixPinv(k2,k2) = 0.5 

End do
c--------------------------------- ----- --------------------------------
c

if (stepTime.eq.O) then 
do i=l,nblock

trace=strainlnc(i, 1 )+strainInc(i,2)+strainInc(i,3) 
stressNew(i, 1 )=stressold(i, 1)+

* (1 -theta* B)*(2*G*strainInc(i, 1 )+alamda*trace) 
stressNew(i,2)=stressold(i,2)+

* (1 -theta*B)*(2*G*strainInc(i,2)+alamda*trace) 
stressNew(i,3)=stressold(i,3)+

* (1 -theta*B)*(2*G*strainInc(i,3)+alamda*trace) 
stressNew(i,4)=stressold(i,4)+(l-theta*B)*(2*G*strainlnc(i,4))

if (nshr.GE.2) then
stressNew(i,5)=stressold(i,5)+(l-theta*B)*(2*G*strainlnc(i,5))
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stressNew(i,6)=stressold(i,6)+(l-theta*B)*(2*G*strainInc(i,6)) 
end if

end do
c

else
c

do 100 i=l, nblock
p=STATEOLD(i, 1) 
q=STATEOLD(i,2) 
epsV=STATEOLD(i,3) 
epsS=STATEOLD(i,4)
B=ST ATEOLD(i,5) 
y tri=ST ATEOLD(i,6) 
epsPv=STATEOLD(i,7) 
epsPs=STATEOLD(i,8) 
epsEv=ST ATEOLD(i,9) 
epsEs=STATEOLD(i,10) 
epsPls( 1 )=STATEOLD(i, 11) 
epsPls(2)=STATEOLD(i, 12) 
epsPls(3)=STATEOLD(i, 13) 
epsPls(4)=ST ATEOLD(i, 14) 

c Trial stress
trace=strainlnc(i,l)+strainlnc(i,2)+strainlnc(i,3) 
sig( 1 )=stressold(i, 1 )+

* (l-theta*B)*(2*G*strainInc(i,l)+alamda*trace) 
sig(2)=stressold(i,2)+

* (1 -theta*B)*(2*G*strainInc(i,2)+alamda*trace)
sig(3)=stressold(i,3)+

* (l-theta*B)*(2*G*strainInc(i,3)+alamda*trace) 
sig(4)=stressold(i,4)+(l-theta*B)*(2*G*strainlnc(i,4))

if (nshr.GE.2) then
sig(5)=stressold(i,5)+(l-theta*B)5t:(2*G*strainInc(i,5)) 
sig(6)=stressold(i,6)+( 1 -theta*B)*(2*G*strainInc(i,6)) 

end if 
c

epsV=epsV+(-trace) !!
epsS=epsS+sqrt((2.0/3.0)*((strainlnc(i, 1 )-trace/3.0)**2.0

* +(strainInc(i,2)-trace/3.0)**2.0
* +(strainlnc(i,3)-trace/3.0)**2.0
* +2*strainlnc(i,4)**2.0))
* +2*strainlnc(i,5)**2.0
* +2*strainlnc(i,6)**2.0)) 

c
epsEvtri=epsV-epsPv
epsEstri=epsS-epsPs

c
ptri=-(sig( 1 )+sig(2)+sig(3))/3 !! 

c deviatoric stresses
ds( 1 )=sig( 1 )-(sig( 1 )+sig(2)+sig(3))/3
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ds(2)=sig(2)-(sig( 1 )+sig(2)+sig(3))/3 
ds(3)=sig(3)-(sig( 1 )+sig(2)+sig(3))/3 
ds(4)=sig(4) 
if (nshr.GE.2) then 
ds(5)=sig(5) 
ds(6)=sig(6) 
end if 

c
qtri=sqrt( 1.5*(ds( 1 )**2+ds(2)**2+ds(3)**2 

* +2*ds(4)**2+2*ds(5)**2+2*ds(6)**2))
Ebtri=theta*(ptri* *2/K+qtri * *2/(3 *G))/(2*( 1 -B*theta)* *2) 
ytri=Ebtri*(l-B)**2/Ec+(qtri/(M*ptri))**2-l

c
if (ytri. LT.O) then 

c Elastic update
stressNew(i, 1 )=sig( 1)
stressNew(i,2)=sig(2)
stressNew(i,3)=sig(3)
stressNew(i,4)=sig(4)
stressNew(i,5)=sig(5)
stressNew(i,6)=sig(6)
p=ptri
q=qtri
epsEv=epsEvtri
epsEs=epsEstri
B=B
EpsPls=EpsPls

c
else

c Plastic/Breakage calculation
c

dytridEbtri=(( 1 -B)**2)/Ec
dEbtridB=(theta**2*(ptri**2/K+qtri**2/(3*G)))/((l-theta*B)**3) 
dEbtridptri=(ptri*theta)/(K*(l-theta*B)**2) 
dEbtridqtri=(qtri *theta)/(3 *G*( 1 -theta* B)* *2) 
dptridsigmatri( 1:6)=-delta( 1:6)/3 !!! 

c
if (qtri==0.0) then 

dqtridsigmatri=0.0 
else
dqtridsigmatri:=1.5*matniul(MatrixP,ds)/qtri 

end if
c

dytridptri=:(-2*qtri**2y(M**2*ptri**3) 
dytridqtri=(2*qtri)/((M*ptri)**2) 
dy trid B=(-2 * Ebtri *( 1 - B ))/Ec 
dystardEbtri=2*((l-B)**2)*(cos(omega))**2/Ec 
dystardptri=2*((l-B)**2*Ebtri)*(sin(omega))**2/(ptri*Ec) 
dystardqtri=(2*qtri)/((M*ptri)**2)
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c

*
dystardsigmatri( 1:6)r=dystardptri*dptridsigmatri( 1:6) 

+dystardqtri*dqtridsigmatri( 1:6)
c
c Obtain Ttrial and Utrial

Ttri=(dytridEbtri*dEbtridptri-l-dytridptri)*dptridsigmatri
* +(dytridEbtri*dEbtridqtri+dytridqtri)*dqtridsigmatri 

c
H2=dot_product(Ttri,( 1.0-theta*B)*matmul(D,dystardsigmatri)) 
H3=dytridB+dytndEbtri*dEbtridB
H4=(theta/( 1.0-theta* B))*dot_product(Ttri,matmul(MatrixP,sig)) 

c
Utri=H2-(H3-H4)*dystardEbtri
dL=ytri/Utri

c Update plastic/breakage stress and strain increments 
dB=dL*dystardEbtri 
depsPls( 1:6)=dL*dy stardsigmatri( 1:6) 
dstress( 1:6)=-( 1.0-theta* B)*matmul(D,depsPls)

* -theta*(sig/(l .0-theta*B))*dB 
c

epsPls(l :6)=epsPls(l :6)+depsPls(l :6) 
epsPv = -sum(epsPls(l :Ndir))
DevEpsPls(l :6)=epsPls(l :6)- sum(epsPls(l :Ndir))*delta/3.0 
epsPs = sqrt((2.0/3.0)*dot_product(DevEpsPls,

* matmul(MatrixP,DevEpsPls))) 
c

epsEv^epsV-epsPv
epsEs=epsS-epsPs

c
stressNew(i, 1 )=sig( 1 )+dstress( 1 ) 
stressNew(i,2)=sig(2)+dstress(2) 
stressNew(i,3)=sig(3)+dstress(3) 
stressNew(i,4)=sig(4)+dstress(4) 
stressNew(i,5)=sig(5)+dstress(5) 
stressNew(i,6)=sig(6)+dstress(6)
B=B+dB

c
dp=-sum(dstress(l :Ndir))/3 
dq=sqrt( 1.5*((dstress( 1 )+dp)**2

* +(dstress(2)+dp)**2
* +(dstress(3)+dp)**2
* +2*(dstress(4)**2
* +dstress(5)* *2+dstress(6)* *2))) 

c
p=-(stressNew(i,l)+stressNew(i,2)+stressNew(i,3))/3.0 !! Sign convention 
ds( 1 )=stressNew(i, 1 )-(stressNew(i, 1 )+stressNew(i,2)+stressNew(i,3))/3.0 
ds(2)=stressNew(i,2)-(stressNew(i,l)+stressNew(i,2)+stressNew(i,3))/3.0 
ds(3)=stressNew(i,3) -(stressNew(i,l)+stressNew(i,2)+stressNew(i,3))/3.0 
ds(4)=stressNew(i,4)
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ds(5)=stressNew(i,5)
ds(6)=stressNew(i,6)
q=sqrt(l .5*(ds(l )**2+ds(2)**2+ds(3)**2+2*ds(4)**2 

* +2*ds(5)**2+2*ds(6)**2))
c

End if
c Displaying in abaqus

ST ATENE W(i, 1 )=P 
STATENEW(i,2)=q 
STATENE W(i,3)=epsV 
ST ATENE W(i,4)=epsS 
ST ATENE W(i,5)=B 
ST ATENE W(i,6)=ytri 
ST ATENE W(i,7)=epsPv 
ST ATENE W(i,8)=epsPs 
ST ATENE W(i,9)=epsEv 
STATENE W(i, 10)=epsEs 
STATENE W(i, 11 )=epsPls( 1 )
STATENE W(i, 12)=epsPls(2)
STATENEW(i, 13)=epsPls(3)
STATENE W(i, 14)=epsPls(4) 

c
100 continue 

End if 
Return 
End
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