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1. INTRODUCTION

1.1. Problem. In this thesis, we aim to investigate non-linear diffusion problems
on domains with shrinking holes, and study the continuous dependence of the weak
solutions. We start by defining exactly what is meant by a domain with shrinking
holes. Throughout this introductory section, we are in the following setting.

Assumption 1.1. Let Q € R? be a bounded domain with a Lipschitz-continuous
boundary, d € {n € N|n > 2}, and K := {z1,...,2,} be a set of m distinct
points of ). For every j =1,...,m, let K; C R? be a nonempty, compact, simply
connected domains containing the origin 0 € R? with at least a Lipschitz-continuous
boundary 0K;. Let (€,)n>1 be a zero-sequence of positive numbers ¢, € (0,1] so
that for every n € N, and every j € {1,...,m}, z; + ¢, K; C Q. Then, for every
n € N, we set

Hy = J(zj tenK;), Qn:=Q\H,, and Q":=0Q\K.

Tt

1

J

In this given setting, the set H, represents the set of finitely many holes in €2,
which we have taken out of €2. By construction, the sets H, shrink as n — oo
to the set K of m distinct points, where shrinking means converging in Hausdorff
distance (see Definition [A.9). Therefore, we have that

Q, — QF as n — oo.

Next, we introduce the elliptic boundary value problems driven by the p-Laplace
operator Ap,. The p-Laplace operator A, is a non-linear 2nd-order differential
operator defined by

d
(1.1) Apu = div(|VulP"2Vu) := Y D;(|VulP~?D;).
i=1
for sufficiently smooth functions u : 2 — R. Note, for p = 2, the p-Laplace operator
A, reduces to the well-known linear Laplace operator Au := Z?:l Diiu.

We begin by stating the mixed-type boundary-value problem on the set €2, with
holes.
Let 1 < p, p’ < oo so that % + 1% =1, V € L*®(f) be a potential satisfying

V > vy >0 a.e. on Q. Then for every n € N, let f,, € Lp/(Qn)7 an > 0, and u, be
a weak solution (see Definition [2.11]) of

—Apu, +V(x) [ [Py = fn in Q,,
(1.2) |vun‘pizvun v+ ap ‘un‘pizun =0 on 0Hp,
Up =0 on 0f).

Here, v denotes the outward pointing unit normal vector on 0H,,.

Further, we consider the following Poisson problem on the limit set 2*. Further-
more, for given f € LP (Q), let u be a weak solution of the Poisson problem

{—Apu + V(@) |JulP?u = f in Q*,

(1.3) u=~0 on 0f2.
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The p-Laplacian is a famous equation that has a variety of applications due to
it’s non-linear properties, especially when 1 < p < 2. These of particular interest in
the recent applications to machine learning [I5], image processing [7], materials [3]
and even ecological applications such as modelling populations [13].

In this framework, our aim is to establish the following convergence result. For
this, we extend f,, by zero on H,, = Q\ £,,, and recall

pd_
(1.4) pri=q P L=p<d,
oo p>d.

If p = d then p* takes on any value between [d, +00).

Theorem 1.2 (Convergence on domains with shrinking holes). Following the as-
sumptions of this section, suppose that

fn—f weakly in ¥ (Q) asn — oo

and (an)n>1 be a zero-sequence in (0,00). Let u, be the unique weak solution

of (L.2) for f,. Then, there exist a weak solution u of (L.3)) corresponding to f
such that for every 1 < q < p*, one has that

un —ullpa(q,) =0 as n — 0o.

Remark 1.3. We note that this convergence result is not yet complete as it does
not provide the uniqueness of the weak solution u of the limiting problem ([1.3)).
But we leave this task to future research.

1.2. Structure of thesis. The structure of the thesis is laid out as follows:

In the second section we establish the weak formulation of the boundary-value
problem using the p-Laplacian. First, we establish the existence and uniqueness
of solutions to the Dirichlet boundary problem, and show that it is well-posed.
Then, we consider the motivating problem of the thesis with the mixed boundary

condition problem (|1.2)).

The third section focuses on the measure-theoretic framework of transformations,
establishing the preliminaries of embeddings used later in the following sections.

In the fourth section we seek to establish uniform Sobolev embeddings inde-
pendent of the volume || of the domain Q. We demonstrate this using so called
“cone conditions”. First, we establish domain independent on bounded domains,
and then extended to unbounded domains.

The fifth section builds on the work of Daners [] to establish uniform Sobolev
estimates on shrinking domains. However we extend the results to p # 2 as in the
pre-published work of Hauer& Lee [6].

The final section begins with an introduction to the Calderén operator. Then,
the remaining components of the section are to the best of the author’s knowledge,
original results. The first is establishing uniformly bounded families of extension op-
erators for domains with shrinking holes. Then, due to the result of these bounded
extension operators an alternative proof of the main result in Section 5 is provided.
Next a Rellich-Kondarchev’s compactness result is establish for the same shrinking
domains. Finally, convergence in the L? norm is established for the mixed boundary
condition problem . The results of this section will be published.
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The appendix covers the background material use throughout the thesis for the
sake of completion covering geometry, linear algebra, measure theory, functional
analysis, mollifiers, and singular integrals.

2. WEAK FORMULATION OF BOUNDARY-VALUE PROBLEMS DRIVEN BY THE
p-LAPLACIAN

The p-Laplace operator A, is a non-linear 2nd-order differential operator, which
as mentioned in section [[ has been used extensively in the literature to model power
law based diffusion. This section will provide a comprehensive introduction to the
background and setting. We start by formally defining the p-Laplace operator A,,.
Let Q C R? be an open subset with, d € {n € N|n > 2} and 1 < p < co. Then

d
(2.1) Apu = div(|VulP~2Vu) = ZDi (|VulP~*Dju) .
i=1

for sufficiently smooth functions u : Q@ — R.

2.1. Dirichlet p-Laplace operator. We start by recalling the definition of the
Sobolev space WP(Q) as given in [2, Section 9.1].

Definition 2.1. Let 1 < p < oo and Q2 C R< be an open subset. Then, the first
Sobolev space W1P(Q) is defined by

WP(Q) = {ue LP(Q)|3g1, ..., ga € L’ () satisfying 22) },

where
(2.2) / uD;&dr = —/ gi&dx V€ € C(Q).
Q Q
Notation 2.2. Since gy, ..., gq are uniquely defined by the integral equation (2.2))

and represent the distributional partial derivatives of w, one sets D;u := g;. We
equip W1P(Q) with the norm
1
ullyrnay = (1l + 1Dl )
for every u € WHP(Q).

The Sobolev space W1?(2) equipped with this norm ||| \Wl,p(m becomes a closed
linear subspace of LP(Q2) and hence is a Banach space.

It is natural to introduce a Sobolev space for domains 2 with zero boundary
conditions which we label as W, ().

Definition 2.3. Let 1 < p < oo and © C R be an open subset. Then, we define
the Sobolev space with zero boundary values as

Wir(0) = CE@) e

where ﬁ”“wl’p(m is compact support in the W?()) norm. We also have the
associated dual space (see Definition [B.3))

W (Q) = (WP ()
where p’ denotes the Holder conjugate defined by % + 1% =1.
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The spaces of functions where the p-Laplace operator A, is well-defined on de-
pends on the boundary conditions of the differential operator. We start with the
simple case of homogeneous Dirichlet boundary conditions.

Definition 2.4. Let 1 < p < oo and 2 C R? be an open subset. Then, the
Dirichlet p-Laplace operator Ay, : Wol’p(Q) — WL (Q) is defined by

(Aot = = [ [Vl uToda,

for every u,v € Wy *(1).

In this section, we are mainly focusing on the following Poisson problem equipped
with homogeneous Dirichlet boundary condition associated with the Dirichlet p-
Laplace operator A,u:

(2.3)

—Apu=f in €,
{ u=0 on Of).

for given f € W17 (Q).

From Definition m we have a natural definition for the notion of weak solutions
of the Poisson problem (2.3)).

Definition 2.5. Let 1 < p < oo and 2 C R? be an open subset. For given
f e W=bP(Q), a function u € Wy*(Q) is called a weak solution of the Poisson
problem ([2.3]) provided u satisfies

(2.4) /Q |VulP"2VuVodr = <f,v>W,1,p/(Q)7W01,p(Q) )

for all v € WP (Q).

We will now show that the Dirichlet p-Laplace operator A, is a well defined,
continuous mapping.

Proposition 2.6. Let 1 < p < oo and 2 C R? be an open subset. Then, the
Dirichlet p-Laplace operator AJ : WyP() = WP (Q) is a continuous and well-
defined mapping and the following hold:

(2.5) 1850l 0y < [ullfys g, forall w € Wo(9),
(2.6) (= Dpu, Wyy—1.0 () Wm0y = ||u||§vol,p(m for all u € W, *(%).

For the sake of completeness we provide the outline of a proof of Proposition [2.6
based on Lecture 3 from the series [10].

Proof. We first show that (2.5) holds by utilising the definition of the W, ()
norm |||[y;-1.0 (), the definition of the Dirichlet p-Laplacian A, (see (B.1) and
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(2.1) respectively) and Holder’s inequality

HAPUHW—LIJ’(Q) = sup | <Ap“’v>w—1‘p’(g),w(}m(g) ‘
ol tp () <1

- / |Vu|P~2VuVode
Q

sup
v 1, Sl
ol

< sup ||Vu||LP(Q) VOl Lo (o)

R

< sup ||u||W1 P(Q) ||U||W01’p(Q)
o1l . <

< ||uHW1 :D Q)

Thus showing that (2.5 holds and that the Dirichlet p-Laplacian Ay, : WO1 Q) —
W*I’p'(Q) is a well defined mapping. For equation (2.6) we use the definition of

the p-Laplacian A, (see (2.1))),
Byttt ey = [ [TV uVods = [Vl
Q
]

Before we finish proving Proposition we first introduce the following lemma
establishing the linear continuity of several operators.

Lemma 2.7. For every 1 < p < oo and for an open subset Q C RY the following
operators are linear continuous

d
div:V[/L]”(Q;}Rd)%LP(Q)7 U= (ul,...,ud)Hzgu
T
=1
4 u
div : LP'(Q; R? LP(Q i
iv (s RY) — WHP(Q), UHzaxi

We now continue the proof of Proposition by showing that the p-Laplacian
A, is continuous.

Proof. In order to prove the continuity of of A, : Wj*(Q) — W12 (Q), let
(Un)n>1 C WyP(R) be a sequence converging to some u € WyP(Q). We note
by Theorem we have that for every convergent sequence in LP(£2) there is a
subsequence which converges almost everywhere and is dominated by a function
g € LP(Q). We apply this to the sequence (u,)n>1 in LP(Q;R?). That is for a
function g € LP(2) we have that

(2.7) |V, (z)] < g(x) for all n > 1 and almost everywhere for z € Q

and that Vu,, (z) — Vu(x) almost everywhere for z € ). For convenience we
rewrite ng as n. Next by the continuity of z ~ |2[P~22 on R? we have the
following

|V () [PV (2) = [Vu()[P~*Vu(z)
|V, (2) P2V, () = |Vu, ()P~ < gP 7 (2)
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for all n > 1 and almost everywhere for z € €. Thus each |Vu, (z)|P~2Vu,(z) €
LP (9;R%) and by Lebesgue’s dominated convergence theorem (see Theorem [B.36))
we have,

|V, P2V, — |Vu|P~2Vu

in LPI(Q;R‘I). As (upn)n>1 was an arbitrary sequence in Wol’p(Q)7 we have shown
that the mapping

WP (Q) — L (9 RY)
u () = |Vu|P2Vu
is continuous. As the p-Laplacian A, can be defined as
Apu = divg(u) = (div o ¢)(u)
by Lemma we have that A, : W, ?(Q) — W1 (Q) is continuous. O

o:

We now introduce an energy functional in order to determine the uniqueness of
the weak solution to the Poisson problem (2.3).

Proposition 2.8. Let 1 < p < oo and Q C R? be an open subset. We consider
the energy functional & : Wol’p(Q) — R given by

(2.8) E(u) = %/Q |VulPdx,

for all u € VVO1 P(Q). Then, £ is strictly convex and continuously differentiable on
Wy P (Q), and

(2.9 (EW). M@y iy = [ IVl 5 uVhda,

for all u, h € W, ().

We recall Definition for the Dirichlet p-Laplace operator A, : I/VO1 Q) —
W=7 (Q) which is applied to the energy functional & : Wy (Q) — R using equa-

tion (2.9) we have,

(€7 (), -1 ey w2y = (=Bt M)y ) i) »

for all u,h € WyP(Q). For every f € W=1#'(Q) we recall from the definition of
weak solutions (see Deﬁnition that u € Wg "P(Q) is a weak solution of the bound-
ary value problem if u satisfies equation . To establish well-posedness of
the boundary value problem we now consider 2 steps, determining existence
and uniqueness and then determining continuous dependence. We start by estab-
lishing existence and uniqueness.

Theorem 2.9. Let 1 < p < oo and Q C R? be an open and bounded subset.
Then, there exists a unique weak solution u € Wol’p(Q) to the non-linear Dirichlet

boundary problem ([2.3)).

Proof. Let 1 < p < oo and 2 C R? be an open and bounded subset and for a given
f e W= (Q) we define the functional £ : W, ?(Q) — R by

1
Ep(u) = 13/9 [VulPde — (f,u)y 1.0 ) wiv )
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for all u, h € W, ?(Q). By Poincar¢’s inequality there exists a ¢ > 0 so that
|ivui|LP(Q) 2 C”“HWOI”’(Q) J
for all u € Wy*(€). Then, we have the lower estimate

min{1, ¢P}

(2.10) Ep(u) = o ||U|i€V&,p(Q) - ||f||wfl,p'(sz) ||U||w01»”(o) :

. y . . . min{1,c?
Using Young’s inequality with a = [|f|[y-1.7 (), b = ||u||W01,p(Q), € = #
then the estimate (2.10) is updated to

min{l, ¢’} » 1 »
&5 > Pl ) - ———— 171

min{1,cP
p (minthen)

Thus for [[ul|y1.0 ) — +00 we have that £ — +00 we conclude that &y is coercive.
By Theorem for every f € WL (Q) there is a unique u € Wol’p(Q) satisfying
Er(u) = min Ef(v).

veEWLP(Q)
By Proposition this is equivalent to stating
(2.11) 0 € 9 (u).

Combining this with Proposition &y is differentiable on VVO1 "P(Q) and by Propo-
sition [B.16]

08 = {&(u)}.
So equation (2.11)) yields that & =0 € WO1 P(Q) is equivalent to

(€5 (W 0) s 0wty = 0w @) wit (o)

for all u € W, P(1).
Thus we conclude that that u € W, *(2) is a weak solution of the boundary
value problem (2.3]) and due to the strict convexity of £ is unique. (]

2.2. Mixed boundary p-Laplace operator. We now focus on the existence and
uniqueness of problem (1.2]) which we recall is given as,

—Apu, +V(2) \un\pﬂun = fn in Q,,
(2.12) Va2Vt - v+ g funl?2un =0 on OH,,
Uy, =0 on 02

we note that the p-Laplace operator A, in this case is not using Dirichlet bound-
ary conditions. We now base the following on the methods in [5, Section 2]. The
first step is to introduce the notion of a weak solution and what space this weak
solution belongs to.

Let 1 < p < oo and Q be a bounded domain in R? satisfying the Assumption
Then, for every n € N, let (V17(,), ||'||V1«P(Qn)) be a Banach space such that

ViP(Q,) — WP(Q,),
so that

(2.13) {u € CHQ\O0) NWP(Q,,)

/ lulPdHq—1 < oo} CVhP(Q,),

n
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recalling H,—1 denotes the (d — 1) dimensional Hausdorff measure restricted on
OH,,. Here, we equip V() with the norm
1/p
LP(aHn>>

(2.14) Hu||V1m(Qn) = <||U|I£p(ﬂn) T HVuHi,,(Qn) + H“avlz/p‘

for every u € V1P(Q,,), which is equivalent to the WP-norm

p p 1/p
ullyingany = (1l + I9UE0,)
for all u € VIP(Q,,).

Remark 2.10. We also have that V1?(Q,,) is uniformly convex and a reflexive
space due to [5, Remark 2.2b].

Next, we introduce the notion of weak solutions to the mixed boundary-value
problem (2.13) as given in [5| Definition 2.3].

Definition 2.11. Let

an (u,v) ::/ \Vu\p_ZVqudx—&—/ V|u\p_2uvda:+an/ |u[P~2uvdHy
Q, Q. OH,,

for every u, v € V1?(Q,,). Then, for given f € (V1?P(Q,)), we call u € V1P(Q,) a
weak solution of the Poisson problem if

(2.15) an(u,v) = (f,0) 1o,y vie@,)

for all v € V1P(Q,).

Remark 2.12. We note that u — E(u) := %an(u, u) is convex and continuous on
V1P(Q,). Additionally it is coercivity as a,(u,u) — co as ||z|| — co.

Recalling the methods in Section [2:I] by the convexity, coercivity, and continuity
of & on V1P(Q,), we then deduce that the Poisson problem ((1.2)) is well-posed.

Theorem 2.13. For every f € (VVP(,)), there exists a unique weak solution
u € VIP(Q,) to the non-linear boundary problem (1.2)).

2.3. The Poisson problem on the limiting domain. Finally, we come to the

Poisson problem on the limiting domain.
For given f € L¥ (Q), let u be a weak solution of the Poisson problem
—Apu+V(z)|uP%u = in QF,
010 V() = f
u=0 on 0f).

where V(z) > 0. Thus we aim to show that for the weak solutions u, of prob-
lem (2.12)) and the weak solution u of problem (2.16)), we have that
Jm o w0,y =0
for every 1 < ¢ < p*.
We start by defining a suitable space for weak solutions to the Poisson prob-
lem (2.16]).

Notation 2.14. The space Wol”gﬂ (Q*) is given by
(2.17) W()l”gﬂ(Q*) = {u € WP(Q*)| trace u = 0 on 9Q}.
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Remark 2.15. (1) We note that for 1 < p < d and d > 2, the limit problem (2.16))
coincides with Poisson problem on €2, that is,
—Apu+ V(2) [ulP?u = f in Q,
u=~0 on 0N

since the space W()l”gQ(Q) = W&’gg(Q*) this follows from [9, Lemma 3.2.3]. If we
intend to describe limit problem (2.16]) on € for p > d, then one would need to add

zero-order terms similar to

> Capy({z5}) [ulP 2w,

j=1
where Cap,({7;}) denotes the p-capacity of the point x; € 2. We leave the details
to a forthcoming research project.

(2) Further, we remark that the convergence result in Theorem is not yet
complete as it does not provide the uniqueness of the weak solution u of the limiting
problem (1.3]). But we leave this task to future research.

3. BOUNDED FAMILIES OF SOBOLEV EMBEDDINGS

3.1. Preliminaries. We begin by introducing the transformation operator Ay-1,
which is central to establish Sobolev embeddings with upper bounds independent
of the domain. Here, we follow [T, Section 3.34].

Definition 3.1. Let Q and G C R be two given open subsets, we call a mapping
¢ : Q — G a C'-diffeomorphism if ¢ is bijective and continuously differentiable on
Q and its inverse ¢! : G — € is continuously differentiable on G.

The following notation is used throughout the thesis.

Notation 3.2. For a given measure space (X, B, \), we denote by M (X, \) the set
of M-a.e. equivalence classes of-measurable functions u : ¥ — R? meaning that two
functions u, v : ¥ — R?, belong to the same equivalence class provided

u(x) = v(z) A-a.e. on X.

If ¥ is an open subset of R? and X\ denotes a Lebesgue measure of R? restricted on
3, then we write M (X) instead of M (X, \).

Definition 3.3. Let Q and G C R? be two given open subsets and ¢ : @ — G a
continuous bijective mapping, we denote by A1 : M(Q) — M (G) the composition
operator

(3.1) (Ag-1u)(y) == u(¢™ (y)),
for every u € M(2) and every y € G.

Remark 3.4 (Inverse mapping). We recall, for a given open subset  C R? and
continuous bijection ¢ : R? — R?, the composition Ay1u = uo ¢~ ! belongs
to M(G) for every u € M(Q) (see [14, Section 1.11]). Furthermore, it is not
difficult to see that the operator A,-1 : M(Q) — M(G) is linear. Now, Let
By : M(G) — M(R) be the operator given by

(3.2) (Byu)(z) := u(o(x))
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for every u € M(G) and x € Q. Then, one sees that for every u € M(G),

(Ag-10Bg)u=Ay-1(uo¢) =u(¢™' 0¢) =u.
Similarly, one verifies that By o A,-1 = I(q). Hence, the composition operator
Ayt M(Q2) — M(G) as given by (3.1) is bijective and By given by (3.2) is its
inverse, so we have A;,ll = By.

Notation 3.5. For a given continuous matrix-valued function f = ( fl-j)ﬁl’jzl Q=
R¥*? defined on an open subset  C R%, we set

| flint,0 = xﬂelg | det f(x)]

and
|floo. := sup | det f(z)].
TEQ

With this notation in mind, we now fix the following assumption.

Assumption 3.6. Let Q and G C R? be two open subsets, and ¢ : Q@ — G be a
C'-diffeomorphism and D¢ be its Jacobian. We assume that
0< |D(b‘infﬂ and ‘D¢|OO’Q < 00.
Then, one has that
0< |D¢|inf’Q < |det Do(z)] < |D¢‘OO’Q < 00
for every = € Q.

We provide some motivating examples of transformations ¢.

Example 3.7. For a given invertible matrix A € R%*? and vector b € R?, let
¢ : R4 — R? be given by

(3.3) ¢(x):=Ax+b

for all z € RY. The affine transformation ¢ given by (3.3)) is an C'- diffeomorphism
with inverse ¢~ ! : R* — R? given by

¢~ (y) = A" (y +b)
for all y € R
We also have that the derivative D¢ = A. Several specific examples are given
below.

(1) The first example of ¢ is that of a rotation transformation
#(r) = Rr, x€RY

which consists of a rotation matrix R € SO(d,R) (see Definition |A.6]). We
recall that R is orthogonal and has determinant det R = 1.
(2) The next example is the shear transformation,

#(z) = Ryz. = €R?

which consists of a composition shear matrices Ry € SL(d,R) (see Defi-
nition [A.7). We recall that the volume is preserved and the determinate
det R; = 1.
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(3) The final example is the parallelepiped to cube transform,
#(z) := SRR,z +b zcR?

this transformation consists of a composition of a scaling matrix with non-
zero scaling factors S, a rotation matrix R, a non-singular shearing matrix
R, and a translation vector b. The inverse mapping cube to parallelepiped
transform is then given by

¢ '(y) =R;'R 'S '(y—-b) yeR”

We also recall that the determinate of the rotation and shear matrices are
equal to 1 we have det SRR, = det S and det R;'R"!S~! = detS~!
respectively.

FIGURE 1. An example of a parallelepiped transforming into a cube.

Lemma 3.8. Let 1 < p < 00, Q and G C RY be two open subsets, and ¢ : Q@ — G
a diffeomorphism satisfying Assumption[3.6 Then, the transformation operator

Ay LP(Q) — LP(G)  defined by (3.1)

1 a well-defined linear isomorphism. In particular, one has that

1 1
(3.4) 0< |D¢|ir{f1?§l ||U||Lp(Q) < HAdfluHLp(G) < |D¢‘o</fsz ||UHLP(Q)
for every u € LP(2).

Proof. Let u € LP(§). Then, as mentioned in Remark Ayu: G — Ris
measurable. Moreover, by the definition (3.1]) of A,-1 and by using the substitution
y = ¢(z), we see that

14g-stl iy = [ futo™ )l ay
}|A¢,1u|;§p(c):/Q|u(z)|p|detp¢(z)\dz

< |D¢\oo,sz/ﬂlu(z)|pdz.
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Thus, A,-1u € LP(G). Now, to see that the lower bound of (3.4) also holds,
we note that this is proven in the same way by using By, defined in (3.2) and by
recalling that By = A;}l. |

The following theorem shows that the transformation operator A1 for a dif-
feomorphism ¢ remains an isomorphism between Sobolev spaces.

Theorem 3.9. Let 1 < p < oo, Q and G be two open subsets of R, and ¢ : Q — G
a diffeomorphism satisfying Assumption 3.6 Then, the transformation operator
Ay WH2(Q) — WHP(G) given by B.2) is a well-defined isomorphism. In
particular, one has that

(3‘5) 0< Cl(¢7 Q) HUHWLP(Q) < HA(z)_luHWl:P(G) < 02(¢v Q) ||UHW1,p(Q)

for every u € WHP(Q), where

i D in 1/p
and )
Dol P
C2(¢, ) = max (|D¢|oo,n, Wz) .

Example 3.10. We now provide the computations of the constants Ci(¢,2) and
Ca(¢, Q) for the rotation transformation, the shear transformation, and the trans-
formation from a parallelepiped to cube. (see Example [3.7)).

(1) Rotation transformation ¢(x) = Rx: Here, R is a rotation/orthogonal
matrix in R?*? with determinant det R = 1. Thus, the constants are given
by

C1(6,Q) = Co(0, Q) = 1.

(2) Shear transformation ¢(x) = Rsx: Here, R is a shear/special linear matrix

in R¥? with determinant det R = 1. Thus, the constants are given by

Ci(¢, Q) = C2(¢, ) = 1.

(3) Parallelepiped to cube ¢ := SRRs + b: As both the determinate of the
rotation and shear matrices are equal to 1, we simply have

(3.6) C1(¢,Q) = min (1, |5|1/p) .
(3.7) Ca(¢, ) = max (1, |S|1/P) .

The proof of Theorem following the methods in [T, Section 3.34] is outlined
below.

Proof. Let u € WHP(Q). Then, by Lemma Ay-1u € LP(G). It remains to show

that Ag-1u € WHP(G), that is, we need to show that there are g1, ..., ga € LF(G)
such that
(3.8) / ApruDidr = 7/ g; D;¢dx
G G
for every £ € C°(G) and every i = 1, ..., d. Due to the Meyers and Serrin theorem

(see Theorem in the Appendix), and so there exists a sequence
(w)uz1 € CHE) N WP(G)
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satisfying
(3.9) up, = u in LP(Q) as n — oo,
(3.10) for every i =1, ..., d, Dju, — D;u in L?(Q2) as n — oo.

Since the transformation ¢ is a diffeomorphism, we have for every n > 1 that
Ag4-1uy is continuously differentiable and

D; [Ag-1u,] (x) = Do~ () Dyjun(2),

for every x € G. From this, we conclude that each Ay-1u, satisfies

(311) / A¢—1Un Dlg de = — / Dd)il Diun ng dx
G G

for every ¢ € C°(G) and every i = 1, ..., d. Moreover, since D¢~! is continuous
on GG, we have for every compact subset K C G,

|D¢~" (2) Diun(z)| < || D¢ | Diun ()|

—1
|| )
for every z € K and n > 1. Thus, and by (3.10)), it follows that

/ D¢~ (z) Dyjuy(z) Edr — / D¢~ (z) Diuédx as n — oo.
G e

Furthermore, by (3.9) and by the continuity of A,-1 : LP(Q) — LP(G), we conclude
that

/GA¢_1un D;(dx — /GA¢_1u D;¢dx as n — o0o.
Therefore, sending n — oo in the integral equation (3.11) shows that A,-1u satis-
fies (3.8) with g; = D¢~ (z) Dyu for every i = 1, ..., d.

To conclude this proof, we note that by (3.1) and by the substitution z = ¢(z)
for every z € €1, one finds

4oty = [ 190067 (@) P

/ Vun (2)]7| det Do~ (2)]| det Deb(2)|d=
G

S |D¢‘oo,§2
| D@|int 02
Thus, the limit (3.10]) implies that

/ [Vu,(2)|Pdz.
G

D |D¢|oo,Q
‘|A¢’1uHLP(G) < 7‘D¢|inf,ﬂ /G |Vu(z)|1’dz

From this and by the upper estimate in (3.4]), we conclude that
HAdflu’ |W1*p(G) < 02(¢’ Q) ||u||W1P(Q)

holds, establishing the upper bound of . The lower bound of is be proven
in the same way and finally bounding the inverse is analogously proven by using
By (recall By = A;,ll in place of A,-1 and performing the same steps with G' and
Q swapped. This establishes the proof of Theorem [3.9] (Il

With these preliminaries in mind, we now turn to our first main section on
Sobolev embeddings with constants independent of the volume of the domain.
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3.2. Sobolev embeddings independent of the volume of the domain. We
recall the Sobolev embedding theorem for Q = R (see, for example [T, Chatper 9]).

Theorem 3.11 (Sobolev, Gagliardo and Nirenberg embedding theorem). For every
1 <p<d, one has that
WhP(RY) — LI(R?)
for every p < q < p*, we recall that p* = dpfdp (see equation (1.4)). In the case that
p =d, one has that
WP (R?) — LI(R?)
for every d < q < co.Finally in the case where p > d, one has that
WHP(RY) — L®°(RY).
In each case the Sobolev embedding constants only depend on p and d.

In this section, we develop Sobolev embeddings for more general domains 2 of
R?. The aim is to determine conditions such that the Sobolev embedding constant
is independent of the volume |Q| of the domain €. In general this is not true as we
show in Corollary To ensure domain independence of the Sobolev embedding
constant, one requires, for example some form of regularity of the boundary of the
domain. Namely the so called “cone conditions”. We demonstrate that this is a
sufficient condition for the Sobolev embedding constant to be independent on the
volume || of 2. We start this section by introducing the concept of finite cones
and the interior and exterior cone conditions following [Il Section 4.1 and 4.3].

Definition 3.12. Given a point z € R?, let B; be an open ball centred at z and
By be a second open ball so that © ¢ By. Then, a finite cone C,, at vertex x € R?¢
is given by the set

Co=BinN{z+Ay—=z):y€ By, A>0}.

Definition 3.13. An open subset Q C R? is said to satisfy the interior cone
condition if every x € () is the vertex of a finite cone C, with its closure contained
in Q. Moreover, after possible rotation and translation C, is represented by
(3.12)
Y G d|,2 2 2
Co = {z=(21,22,...,04-1,2q) ER |2} + ...+ 27, <baj&wzq € (0,a)}

for some a,b > 0. Furthermore, a closed set G C R? is said to satisfy the exterior
cone condition if the complement G° := R?\ G satisfies the interior cone condition.

Example 3.14. To better visualise the cone conditions, we provide several exam-
ples of open sets  C R? which satisfy the interior cone condition:
(1) Qis an open ball (see Definition |A.4]),
(2) Q is an open cube (see Definition |A.5|),
(3) Q is a parallelepiped (see Definition [A.3]),
(4) © is a Lipschitz domain (see Definition .

On the other hand, an example of {2 which does not satisfy the interior cone con-
dition is the cusp, that is

Q={z=(21,...,24-1,24) € RYzg > 0,|(21,...,24-1)] <25, 1 < a}.
An example of a cusp is demonstrated in Figure [2]

0
For completeness we provide a proof for each of these examples.
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Cusp

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
X1

X2
o
:

FIGURE 2. An example of a cusp domain with o = 2.

Proof. Open Ball: Let Q C R? be an open ball with radius » > 0 and dimension

d > 2. Then we choose an interior cone Chp,; so that a = % and b = 1 (see

equation (3.12))). By definition this satisfies the interior cone condition as

x%+x§+~~-—|—x§<(1—|—b)x§<2a2:r2.

Open Cube: Let Q C R? be an open cube with side length ¢ > 0 and dimension

d > 2. We then choose an interior cone Ccype With constants b = 1 and a = 2—\%

(see equation (3.12))). By definition this satisfies the interior cone condition as

ds?
it arr+ o+ a3 < (1+b)ad < 2a® = e
and as Coube 18 symmetric in x1, ..., z4-1 (after rotation and translation), we have

that

\/B Tg < ! \/EC<10
Vi—1""Vd=12v2 2

for d > 2, which implies that Ccoupe lies entirely inside the open cube with any
vertex x € ().

|IL’Z| <

Parallelepiped: Let €2 be a parallelepiped. Then, we use the fact that € is
isomorphic to a cube after scaling, rotation and shearing (see Example )
As the open cube satisfies the interior cone condition with cone Ccype, Wwe now
determine an interior cone that also works for 0 with cone Cp,.. Recall that the
interior cones remain unchanged after rotation. Further, scaling changes the size of
the cone. Thus, we first scale the entire cone Caype by the smallest non-zero factor
in the scaling matrix S, defined as sy,. If the smallest scaling factor is larger than
1, then the size of the cone remains unchanged.

Finally, when one shears the cone, the cone may widen, thus we shrink the
aperture angle of the cone so that the face is bounded above by an open ball with
radius equivalent to the radius of the minor axis of the sheared cone of the open
cube. Thus the interior cone condition still holds.
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Lipschitz domain: Let €2 be a Lipschitz domain and x be a point on the bound-
ary 0 with neighbourhood U, C R?. Further, let f : R?~! — R be a Lipschitz-
continuous function such that for every & = (£1,...,&) € RY f(&1,...,&q-1) = &a
which means that & € 082, moreover we recall that if £ lies in the interior of the
domain then one has that

f(glv e 75(171) < gdv

and £ lies in the exterior of the domain then one has that

f(gla e 7§d71) > €d7

For further details on this property we refer the reader to Remark We
recall the following estimate from Definition for every £ = (&, ,&q) € Uy
near 0 € R? in a local coordinate system centred on x such that the interior is given
as Q¢ and the exterior as €2, then one has that

(3.13) |f(1s s €a—1)] < M[(&1s -5 8a—1)]l,

for some Lipschitz constant M > 0. We now introduce a finite cone C with vertex
centred at 0, as defined in equation (3.12) with b such that 0 < b < ﬁ We have
for every ¢ € C, NU, that,

Fr, ) < My 2= o

Thus U, NC, C U, NN by definition. As x was an arbitrary point on the boundary
we conclude that €€ satisfies the exterior cone condition and therefore (2 satisfies
the interior cone condition. O

Definition 3.15. An open subset Q C R¢ is said to satisfy the uniform interior
cone condition if there exists a family {U;};ew of open subsets U; C R? with each
U, having finite volume |U;| and {U;};ew covers the boundary 05, that is,

onc|Ju;.
jEN

Additionally we have a corresponding sequence {C;} e of finite cones C}, which
are respectively congruent to a fixed cone C. We also have that {U;};en and
{C;}jen satisfy the following properties:

(1) There is an M > 0 such that for every j > 1, the diameter (see Defini-
tion [B.2))
diam(U;) < M.

(2) For every ¢ > 0 sufficiently small, one has that
Q5 = {z € Q: dist(2,00) < 6} € | J U;.
j=1

(3) For every j > 1, one has that

(3.14) Q= |J @+¢g)ca

zeQNU;
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(4) thereis an R € N such that every collection {Qj,,...,Qj,,, } of R+ 1 sets
Q; defined in (3.14) satisfies

R+1

() Qi =0.
j=1

Example 3.16. All of the examples provided for the interior cone condition (see
Example also satisfy a uniform interior cone condition, with the exception of
the cusp which also does not satisfy the uniform interior cone condition.

It is possible to decompose a bounded domain satisfying the interior cone con-
dition into a finite collection of open subsets with associated parallelepipeds.

Theorem 3.17. Let Q C R? be an open bounded subset satisfying the interior cone

condition. Then, there exists a finite collection {Q1,...,Qn} of open subsets Q; of
Q such that
(3.15) =[]

j=1

Additionally for each §;, there exists a corresponding subset A; C Q; given by
(3.16) Aj={zeQ:z+P; CQ}
where Pj is an open parallelepiped with a vertex at the origin associated to §); and
A;j respectively, such that
Qj = U (£C+PJ)
TEA;

We prove Theorem following the methods in the first part of [I, Theo-

rem 4.8].

Proof. Let Cy be the finite cone with vertex at the origin 0 € R? associated with
the interior cone condition. Then for every = € ), x is the vertex of a finite cone
C, C €, which is congruent to Cy and contained wholly within . We introduce
a finite number of “sub”-cones C1, ..., Cy of which each have their vertices at zero
(and each aperture angle is less than the aperture angle of Cp), so that any cone
congruent to Cy with vertex at the origin contains at least one of the cones Cj, for
1<j<k.

For each C; we associate an open parallelepiped P; with one vertex at the origin
so that P; C C;. Then, for each = € ) there exists j, for 1 < j <k such that

m+Pij+CjCC’z§Q.

Since €2 is open and z + F; is compact, it follows that y + P; C Q for all y
sufficiently close to x. Furthermore, for every x € Q we find y € 2 such that
x € y+ P; for some 5,1 < j < k. Thus we conclude that 2 is expressed as a union
of finitely many translates of parallelepipeds. We now have that the set A; given
by equation is used to construct €2; by

Q= @+p)
TEA;

and by setting m = k we have demonstrated equation (3.15). Thus completes the
proof. ([l
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We aim to demonstrate that bounded domains satisfying the interior cone condi-
tion can be broken down into a finite collection of subsets each satisfying the strong
local Lipschitz property. For the sake of completeness we define the strong local
Lipschitz property as in Definition [I, Definition 4.5].

Definition 3.18. An open subset  C R is said to satisfy the strong local Lipschitz
condition if there exists constants 6, M > 0, a locally finite open cover {U;}jen of
00 and each U; € {U,};en has an associated function f; : R9~! — R. Additionally
the following conditions hold:

(1) There exists a constant integer R such that every collection of R + 1 sets
U; has empty intersection.
(2) For every pair of sufficiently close points

z,y € Qs := {x € Q: dist(z, Q) < §}
with dist(z,y) < ¢ there exists j such that,
z,y € V; = {z € U; : dist(z,0U;) > 6}
(3) Each function f; satisfies the Lipschitz condition with constant M:
|f(&1y- s €a—1) = fm, - sma—1)| < M[(&—ms- o, §a—1 — na—1)|-

(4) For a fixed Cartesian coordinate system (& 1, .. .,&;.4) in U; the intersection
of U; N € is represented by
UinQ={§ = (§1,---,&5,4) €Ujl&ja < f3(&a5- -+, &5,a-1)}

Remark 3.19. If O C R? is a bounded open set then it satisfies Definition [3.18]

with the simplified requirement that the boundary 9 is locally Lipschitz (see

Definition . We also note that the inequality relating &; 4 to f;(&1,...,&.a-1)

is also able to determine the boundary and exterior of the domain, that is
UinQ={& = (§,---,&.a) €Ujl&a > (&0 &a-1)}

and

UinoQ={& = (&5 -5 &5.a) €Ujla = fi(&as -5 &5a-1)}

We now demonstrate the desired theorem relating bounded domains satisfying
the interior cone condition, to the strong local Lipschitz property.

Theorem 3.20. Let Q C R be a given bounded open subset satisfying the interior
cone condition. Then, for every sufficiently small p > 0, there is a finite collection
of subsets {U, ..., Uy} as defined in Theorem [3.17 such that

p> sup diam(8;)
je{1,....m}
then each Q; € {Uy,...,Un} has the strong local Lipschitz property.

Theorem is proven following the methods in the second part of [I, Theo-
rem 4.8].

Proof. We recall from Theorem the set A; is given by
Aj Z:{.’I,‘Eﬁjll‘-i-Pj CQ}

For each j € {1,...,m} there are 2 cases:
Case 1: If the diameter of A; is less than p we directly utilise A;.
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Case 2: If the diameter of A; is greater than p we split A; into a finite union
of sets with diameter less than p and relabel these accordingly for the new larger
collection.

Thus after relabelling we now focus on an arbitrary Q; C {Us,...,Ux} given by
Q= @+p)
IGAJ'

where diam(A;) < p and P; is the parallelepiped associated to A;. To demonstrate
that €2, satisfies the strong Lipschitz condition (see Definiton for sufficiently
small p, we introduce an infinite pyramid with a corner piece centred on each of
the 2% vertices vy, 1 <1 < 29, of the fixed parallelepiped P; defined as

Qi={y=v+ANz—v):z€P;, A>01<1<2%.

P; is expressed as the intersection of each of the pyramids,

2d
P=(Q.
=1

We set 0 = dist(zo,0P;) where zg is the centre of P; and introduce an open ball
B with radius ¢ = g.Next7 we suppose B is able to cross two opposite faces at
x + Pj, y+ P; for every z,y € A;, we now set two arbitrary points from each
opposing face a and b such that  +a € B and y + b € B, then the following
inequality is established

p > dist(z,y) = dist(x + b,y + b)

> dist(z + b,z + a) — dist(z + a,y + )

>26—20=6.
Therefore if p < §, and = € §2; is fixed then B cannot cross two opposite faces of
the parallelepiped = + P;. So we have a vertex x 4 v; that it is shared with all faces
that intersect with B (if no faces intersect this is also trivially true) so the pyramid
Q; and parallelepiped P; intersected with the ball are equal, that is

Bn(z+Pj))=BN(X+Q)
which means that
Next we choose coordinates £ = (£1,...,€4-1,&q) in B such that the &, axis lies

in the direction of the centre of P; towards the vertex v;. Then, (z + Q;) N B is
represented by an equality of the form &; < f.(&1,...,&4—1), where f, satisfies a

Lipschitz condition with a constant independent of z. Finally we define f : R9~1 —
R by

f(gla" '7§d—1) ‘= Sup fw(gla"wgd—l)

:EEAj
which is also a Lipschitz function. So we have &; < f(&1,...,€4—1) and as B was
arbitrarily placed on 0€Q;, Q; has the strong Lipschitz property for all 1 < j <
m. (]

We now use the above results to demonstrate a volume independent embedding
for W1P(Q) when the open subset @ C R? is a bounded and satisfies the interior
cone condition.
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Theorem 3.21. Let 1 <p<d, d>2, p* :=dp/(d—p) and Q C R? be an bounded
open subset satisfying the interior cone condition. Then, we have that

||| o @ = Csob,p H“HWLP(Q)
for every u € WYHP(Q) with uniform constant

p—1)/p dp—p

Csob,p = max {sup|SsyQ|1/p,1} 2 i p

$,Q
where S5 g is a scaling factor for the parallelepiped to cube transformation on a
subset of 0 and is dependent only on C, the cone associated with the interior cone
condition and d.

Remark 3.22. We note that the constant S ¢ is entirely determined by the cone
C associated to the interior cone condition and the dimension d.

The proof of Theorem is outlined following the methods in [I, Lemma 5.10].

Proof. Our goal is to demonstrate that for any u € WP (Q),

(3.17) ull Loy < K llullyreq)
with some K dependent only on p,d and C.

By Theorem we have that € is a union of finitely many subdomains with
the strong local Lipschitz property (see Definition and each subdomain is split
into a union of corresponding sub parallelepipeds. As these depend only on d and
C, therefore it is only required to establish on one of these sub-domains,
referred from this point onwards as (2.

Next using Theorem we apply a non-singular affine transformation of the
parallelepipeds to cubes @) with edge length 2 and edges parallel to the coordinate
axis. It is assumed that

QS,Q = U (LL' + Q)
T€A
with A C Q¢ defined in Theorem @ and additionally we recall that Qg ¢ has
the segment property

By Theorem we only need to show estimate for every u € C*(Qs.0)-
For every x € €5 ¢ let w;(x) represent the intersection of Q, ¢ with the straight line
equation parallel to the z; coordinate axis for every 1 <i < d. As w;(z) contains a
segment of unit length (due to the earlier transformation), we set x +te;, 0 <t <1
where e; denotes the unit vector along the x; axis. Next we introduce the quantity
v = (dp—p)/(d—p) so that v > 1. By integration by parts for every u € C°°(Q; )

1
/ lu(z 4+ (1 — t)e;|Vdt
0

1
d
(3.18) = |u(z)|” — fy/ tu(x + (1 — t)ei)r’*l%u(x + (1 —t)e;)|dt.
0
As x; is fixed, we set &; = (z1,...,%i_1,Tit1,...,2q) we define F; : RI™1 — R by
(3.19) Fi(#:) = sup [u(y)"/“7.

YEW; ()
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Then, we apply (3.18]) to equation (3.19) which gives

Fy(an) 4! < / () + / ()| Dyl .

w;(z) w;(z

Next we integrate over the projection of 2, ¢ onto the d — 1-dimensional plane
x; = 0, set as €,

(2:)4 1 da, u(x)|"dx w(2) Y Du(z)|dz.
/le(l)l dzs/gwund +7/ ()~ | Dsu(z)|d

QS,Q
If p > 1, then one has that v > 1 and applying Holder’s inequality

1/p
IF 2t g <7 [ /Q u<x>|<“>1”dx]
s,Q

<2070y |y, o) 1l Zg, o)

1/p

| u@iip)y ar

Qs.q

as (y — 1)p’ = ¢ and @ is a cube with unit length 2. Finally using Lemma
applied to F;, for every 1 < i < d, and noting k = d — 1 for this Lemma we get that

il = [ Ju() dz
QS,Q

< [ R

i

d
< TTF e
i=1
B ;o \d/d-D)
< (297 s, o 2 )"

As (d —1)q/d — q/p’ = 1 the desired estimate (3.17)) is derived by cancelling the
excess terms due to Hu||qL/q]ZQ o) I8 finite as u € C*°(Q5,) and €2, ¢ is bounded.
Finally as C*>°(Q; ) is dense in W1P(Qg ) one has that estimate (3.17) extends
to all of WP(Q o). So one has that

||u||Lq(szS,Q) < 2(p_1)/p(dp —p)/(d—p) HUHWLP(QS,Q) :

Now we convert this estimate back from a cube into the original parallelepiped, by

estimate ([3.6) we have

[l o, o) < max (18,0177, 1) 2002 (dp — p)/(d — ) e [y,

where S, ¢ is the scaling matrix associated with the transformation between the
cube and the parallelepiped on €25 . We note that this scaling matrix is ultimately
dependent on both the dimension d and the cone C. As C*°(Q) is dense in W1 (£2)
we extend this over the entirety of {2 to get

(3.20) Nl oy < Sa.c2®V/P(dp —p)/(d = p) llullyr0 (g -
where
Sq,c = max (sup \SSVQ\*I/p, 1> .

Si
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We now prove that we have the desired Sobolev embedding constant independent
of the volume |Q] for bounded open {2 satisfying the interior cone condition for any
q bounded between p < g < p*.

Lemma 3.23. For a given bounded open subset Q C R® satisfying the interior cone
condition we have that if p < d, then

WP (Q) — LY(Q)

for every p < q < p*. The Sobolev embedding constant only depend on d,p,q and
the cone C associated with the interior cone condition.

The proof of Lemma follows the methods in [I, Lemma 5.12].

Proof. We set qo = p* by Theorem we have that W1P(Q) < L%(Q). For

every p < ¢ < qo we now set s = (qo — q)p/(qo —p) and t = p/s = (qo — p)/(q0 — q)
we then apply Hdélder’s inequality so one has that

el ey = [ ) uo))*~da

<[/ |u<x>|stdx]1/t | u<x>|<q-s>t’dx]l/

t/

q/t

= [l [ g a5y < (Sac2® 7 (dp —p)/(d =)™ [ull Loy
Where Sg.¢ is the constant from estimate (3.20), simplifying we have that
_ a0/ (')
(321)  Nullpae < (Sac20(p— )/ )"l

We also provide a simple corollary in the special case that p = d.
Corollary 3.24. If p = d, we have that WP(Q) — L4(Q) for every 1 < ¢ < .

The proof of Corollary is briefly outlined following the methods in [II, Corol-
lary 5.13].

Proof. We recall that p’ = p/(p — 1) and we have two cases to consider:

Case 1: ¢ > p/

We set ¢ = ds/(d — s), where s = pq/(p + q) satisfying 1 < s < p. By The-
orem WLP(Q) — W1#(Q) with an embedding constant depending on the
volume of 2. Finally as s < d,

Whe(Q) — LI(Q)

by Lemma [3.23]

Case 2: p<qg<yp
For this case the Sobolev embedding is achieved by interpolating between

WhP(Q) < LP(Q)
and
WhP(Q) < LY (Q)
as in estimate (3.17)). (]
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Remark 3.25. It should be noted that the Sobolev embedding constant for Corol-
lary can have a dependence on the volume || of €.

Now, we generalise the embedding independent of volume || to the case of
unbounded domains (2 satisfying the interior cone condition.

Theorem 3.26 (Unbounded Sobolev, Gagliardo and Nirenberg). For a given open
subset 0 C R? satisfying the interior cone condition one has that if p < d, then
WP(Q) — L4(Q) for every p < q < p*. Additionally if 2 < p = d then

WHP(Q) — LY(Q)

for every p < q < oo. In particular, for each case, the Sobolev embedding constant
only depend on p,d,q and volume of the cone.

We provide the proof of Theorem following the methods in [I, Lemma 5.14]

Proof. R? is tessellated by cubes of unit length. If A = (\y,...,\q) is a d-tuple of
integers, we define

HAZZ{LEERd:)\jSZ‘jS)\j+1f0r1§j§d}.

Then, R = UyHy. As per Theorem one has that € is written as a union of
finitely many subdomains so that Q = Ué\’:lﬂj, with ©Q; = Uzea, (z + Pj), where
Aj, P; are defined as in Theorem The number N and dimensions of P; are
dependent on the dimension d and the cone C associated with the interior cone

condition. For each A and for every 1 < j < N let

Q)\J' - U (ZL'+P])
wEAjﬁH)\

The bounded subdomains €2, ; possess the following properties:

(1) The domain Q is the union of Q) ; given by,

(3.22) Q:UQM.
i

(2) There exists a finite cone C’ depending on Py, ..., Py (i.e. only depend on
d and C) so that , ; has the interior cone property determined by C’.

(3) There exists a constant integer R depending on d and C, so that any R+ 1
of the subdomains 2 ; have empty intersections.

(4) Finally there exists constants K’ and K" depending on d and C such that
for each (1, ; are lower and upper bounds on the volume of 2, ;.

We now have two cases to consider.

Case 1: p<d

Let u € WHP(Q), if p < ¢ < p*, then as Q) is bounded and has the interior cone
property a combined with Lemma we have

(3.23) HUHL‘Z(Q)\J) < KHUHWI*P(QA,J‘)

where

ao/(t'q)
K = (402707 (dp — p)/(d - p)))
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with Sy ¢ defined as in Theorem [3.21} As this constant is independent of both X and
Jj, so by Property (3.22) and given that subdomains Q) ; have empty intersections
and for every p < ¢ we have that

[ Z lulldoes )

a/p
< KO3 [l |

AJ
q/p

<KD Nl
7

< KIRP [l [y P(Q)

Therefore one has that WP(Q) < L4(Q) with an embedding constant of KR/
Case 2: p=n
Equation holds for any ¢ such that p < g < oo by Corollary and
using the fact that K is independent of €2, from here the same proof as Case 1 is
then used. ([

3.3. Bounded families of Sobolev embeddings. This section is dedicated to
establish uniform bounds on local Sobolev embeddings for a given family (€,,)n>1
of domains Q,, C R? Uniform local Sobolev embeddings. We will generalise the
work of Daners in [4] to the case where p # 2 using the ideas in the preprint [6] by
Hauer and Lee.

We now extend the calculations of the previous sections to domains with shrink-
ing holes as in Assumption [I.1] We aim to establish the Sobolev constant

Csonp($2) 1= sup {||u||Lp*<Q> [ € W), ully 1y = 1}

for a sequence of domains (2,,),>1 is bounded. Let 1 < p < oo and the open
subsets Q* C Q,, C Q satisfy Assumption [[.1] We recall

L_{fi 1<p<d,
pi=
oo p>d.

If p = d then p* takes on any value between [d, +00).

If the family of domains (€2,),>1 satisfy an interior cone condition given by
Definition for the same cone, we show this is a sufficient condition to bound
the Sobolev constant. From Lemma one has that

CSob,p(Q) S &

for domains satisfying the interior cone condition. Next we formulate a proposition
that provides a sufficient condition to provide an upper bound to the sequence of
Sobolev constants (Csop,p(2n))n>1. The results are based on the work by Daners [4]
Proposition 2.4] with the results generalised to p # 2 using the ideas in the preprint
by Hauer & Lee [0]. First we start by giving a motivating example.

Example 3.27. Let K = {x¢} for some xy € Q for every d > 2. Then, K
is compact and let Br be a ball centred at zo for radius R > 0 chosen so that
Bag C Q. Then, for a sequence (6,),>0 C (0,1) so that §, — 0 as n — oo, set
H, := §,Bp for every n > 1. Then, each H,, is a closed subset of Q satisfying
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Assumption [T.] and satisfies the exterior cone condition with the same cone for all
n>1.

Proposition 3.28. Let 1 < p < oo, for a sequence of domains (H,,),>1 satisfying
the exterior cone condition uniformly in n and assuming that Cgep,(€2) is finite
then for Q,, := Q\H,, the sequence (Cgop,p(25))n>1 is bounded.

We prove Proposition based on [4, Theorem 2.8] with p generalised to p # 2
as in the pre-published work by Hauer & Lee [0].

Proof. We choose a subset ' C Q satisfying the interior cone property so that
H, C Q for all n > 1. We also set Q, := Q'\H,, for all n > 1 and introduce a
truncation function ¢ € C°°(Q) bounded between 0 < ¢ < 1 and ¢ = 0 on O/, we
note the existence of such a function is given by the Lemma of Uryson. For every
u € WHP(Q,) then pu € WHP(Q) with support Q\Q'. Therefore we have

|| v @) = |loul] Lo~ @ T (- SD)UHLP*(QH)
< lleull o ey + 11X = @)ull s () + 11 = @)ull Lor o\
< 2|[ull por ey T I(E = @)ull Lo @
< 2C50p,5(A\EY) ||U|‘W1,p(n\ﬁ) + ||l o Q)
By our initial assumption, H,, satisfies the exterior cone condition with the same
cone for all n > 1. Thus (£2],),,>1 satisfies a interior cone condition with the same
cone for all n > 1. So Theorem [3.26]implies that there is a constant ¢ > 0 dependent

only on p, N,p* and the cone C' so that Cgep,(2),) < ¢ for all n > 1. So one has
that

HUHLP*(Qn) <2Cs0b,5(NDY') ||u||wl,p(g\ﬁ) + Csob,p(27,) ||U||W1,p(le)
SQCSob,p(Q\W) ||u||W1«P(Qn) + C||UHW1-,P(Q;L)

Therefore one has that

|y p* _
sup sup M < 2C500,, () + c.
n>1ueWlr(Q,)\{0} ||UHW1,p(Qn)

O

Next consider the case where the holes (Hy,),>1 still shrink to a set K, but do
not necessarily satisfy an exterior cone condition with the same cone for all n > 1.

Assumption 3.29. For every 1 < p < oo and 2 C R be an open measurable
subset and u € L'(Q). We suppose there exists a R > 0 so that a closed ball
Bsr C Q and introduce a sequence (0n)n>1 C (0,1) so that d,, — 0 as n — oo, such
that H, C Bs, for every n > 1. We also assume that there are constants cp,; > 0
and cgop > 0 so as the holes are rescaled to U, := BQR\(;_lHn they additionally
satisfy a uniform Poincaré inequality

Vulll;»
(Poi) sup in I 7|||L )
n>1uEWLP U0} ||u — Ty,

2 Cpoi

L (Un)

and a uniform Sobolev inequality

(Sob) sup Cp(Uy) < csob-

n>1
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where we recall ) is mean the of u over € given by

1
U = @/ﬂudx

We provide 2 examples that satisfy these assumptions.

Example 3.30. The example given in Example satisfies Assumption [3.29
Additionally shrinking holes of a fixed shape also satisfy Assumption [3.29] For
an open set H C Bgr with a smooth boundary so that Bog\H is connected, the
sequence (0n)n>0 C (0, R] so that 6, — 0 as n — oo set H,, = ¢, H for every
n > 1. Then, for every n > 1 all of the rescaled holes are defined as U,, = Bar\H
independent of the value n, and so estimates and are trivially satisfied.

Now we wish to show the main result of this section, demonstrating that the
sequence of constants (Csop,p(£2s))n>1 is bounded under Assumption

Theorem 3.31. Let 1 < p < 0o and Q be a open subset of R such that Cp(1)
is finite and that Assumption holds. Then, for Q, := Q\H,, the sequence
(Cs0b,p(n))n>1 of Sobolev constants is bounded.

We now prove Theorem which is based off a generalisation of [4, Theo-
rem 2.8] to p # 2, we base this off the ideas in [6] Theorem 1.3].

Proof. We assume that the sequence (Cgopp(€2n))n>1 is unbounded and aim to
reach a contradiction. For integer k > 1 there is an index ni > 1 such that
Csobp(y,) > k. For convenience we relabel the index ny to k, then for every
u, € WHP(Qy) there is a sequence (uy)r>1 satisfying |l (q,) = 1 and

(3.24) kllurllwoo,) = F < llurll o= @) »

for every integer k > 1. As we have that Bas, \Hy = (Q\Hy)\(Q\Bas, ), so by the
reverse triangle inequality and estimate (3.24)) we have

k]| o (Bas, \Hi) — ‘uk]le - uk]lQ\Bzak Lo (Q)

> lukll o= () — Nkl o (Q\Bas,)
>k ||uk||W1wp(Qk) = [|ukll o (2\Bas,) -

Taking advantage of the convexity of ¢ — tP for every 0 <t we have the inequality

1
(3.25) ﬁ(t +5) < {tP 4 sP for every t,s > 0.

By assumption Cgop p(€2) is finite and for each ball Bas, satisfies the exterior cone
condition with the same cone for all £ > 1 thus Proposition shows that the
sequence (Cgob,p(Q2\Bas, ))n>1 is bounded. In particular there exists a ko > 1 so
that

k

0 S y - CSob,p(Q\B25k)

for all kg < k. Combining this with estimate (3.25) and setting
t = |[wnllwo(Bys, \ 1)

s = [[ukllwr@\Bas,)
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we have that

||| Lo~ (Ba2s, \Hx) >k ||Uk‘|wl,p(§zk) - H“kHWl,p(Q\B%k)

>k Huk||wlm(9k) — Csob,p(2\Bas,) ||Uk||W1,p(Q\B%k_)

1

=k [k By, 11y + 1k B s,

— Csob,p(0\Bas,.) [|uk| |W1,p(Q\Bzék)

k
> oo (sl gy el oo, )

= Csob,p(2\Bas,.) | |us| |W1,p(Q\325k)
k

= o tkllwrn(Bys\ i)

k
+ (0 — Csonal@\Bs) ) sy

k
2 o unllw oy \ 1)

for every k > kg so we have shown,

(3.26) o ||Uk||W1,p(325k\Hk) < ||Uk||Lp*(325k\Hk,) :
By and one has that
(3.27) o]l iy < 0 1190l ey
for every v € W“’(Z/{k) with mean u;,; = 0 where ¢y is a constant dependent

only on cp,; and cs,, we emphasise is independent of k. As U, = BQR\(SI;lHk
we rescale uy € WHP(Bgs, \Hy) to the domain Uy by applying the substitution

v = %uk(x—xo). By estimate (3.27) and recalling |[Vug|| 150, ) < [[Vtrllyroq,)
we have that

d_
k| P
L kM

d_

£
<co |2 V0l
(3.28) L aia
O | P° P
=00 R |||Vuk|||Lp(325k\Hk)
T 1t
< ¢ ) ||Uk||wlyp(325k\Hk) .

Subtracting estimates (3.28]) and (3.26)) we have

0
R <

which leads to a contradiction for sufficiently large k. O

d d
17k
0 S Co |:k:| - 21)’
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4. UNIFORMLY BOUNDED FAMILIES OF EXTENSION OPERATORS

In this section, we aim to show that for a family of domains (€.).s0 the as-
sociated Calderén extension operators . : WhP(Q.) — WHP(RY) are uniformly
bounded on domains €. with a finite number of shrinking holes as ¢ — 07 (see
Assumption [[.I). The main idea of this proof, namely for a given family (€):>0
of domains €. containing a finitely many shrinking holes as ¢ — 07 then the
corresponding family (E.)).~o of Calderén operators E. : WhP(Q.) — WhP(R?)
remains uniformly bounded under the given assumptions, which will be specified
in this section. This is based on an idea given by E.N. Dancer, which was already
used by Daners [4] and more recently by Hauer & Lee [6] to establish the uniform
Sobolev embedding on domains with shrinking holes (see Subsection [3.3).

4.1. The Caldéron Extension Operator. We start by introducing a modified
version of the uniform interior cone condition (see Definition [3.15]), which we take
from [Il Theorem 4.32].

Definition 4.1. An open subset Q C R? is said to satisfy the modified uniform
interior cone condition provided it satisfies the uniform interior cone condition with
the following changes:

(1) There is a finite open cover Upq = {U1, ..., Un} of the boundary 0€.

(2) Each set U; € Upn does not need to be bounded.
That is we restrict the number of covers U; € Upq from potentially infinite to N
elements, and allow each U; to unbounded.

Remark 4.2. As a consequence of property of the uniform interior cone con-
dition (see Definition [3.15)) we express € as a combination of open covers U; € Uaq
and an open subset Uy C 2 such that dist(£g,0%?) is sufficiently large. One then
has that

N
o=Ju;,
j=0
which covers the entirety of €.

‘We now introduce a lemma that will be of use later in this subsection.
Lemma 4.3.

We now introduce the concept of an extension operator, which we recall from [11]
Definition 12.16].

Definition 4.4. Let 1 < p < oo and 2 C R4 be an open subset. Then Q is said
to be a (1, p)-extension domain or is said to admit the (1,p)-extension property, if
there exists a bounded linear operator

(4.1) E: Wh?(Q) — WhP(RY) defined by E(u)(x) = u(x)
for a.e. x € Q and every u € W1P(Q).

In other words, definition is saying that a domain Q admits the (1,p)-
extension property if there is an operator I defined by (4.1)) and a constant K > 0
such that the operator norm

(4.2) EN 2w @), wien (ray) < K-
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Note, in general this constant K can be dependent on the volume || of Q. In
this thesis, in order to avoid potential singularities in our later applications, we are
interested in conditions implying that this constant K might depend on p and the
dimension d, but is independent of the volume || of the domain 2. We specify
domains  with such a property as follows (see [I, Section 4.24]).

Definition 4.5. An open subset 2 C R? is said to admit the simple (1, p)-extension
property if there exists a bounded linear operator It : W?(Q) — WP (R9) satisfy-
ing (4.1) and there is a constant K, 4 > 0 independent of the volume || of © such
that holds. If Q admits the simple (1, p)-extension property, then we call the
operator E a simple (1, p)-extension operator.

The following theorem demonstrates that if the domain §2 satisfies the modified
uniform interior cone condition (see Definition 4.1]), then 2 admits the simple (1, p)-
extension property with the Calderén extension operator IE.

Theorem 4.6 (Existence of the Calderén extension operator). Let Q C R? be an
open subset satisfying the modified uniform interior cone condition. Then, for every
1 < p < oo, Q admits the simple (1, p)-extension property.

Here, we outline the proof of Theorem 4.6 based on [I], Section 3.13]. The proof
proceeds in several steps.

Proof of Theorem @ Let © C R? be a domain in R? satisfying the modified
uniform interior cone condition and Upq = {U1, ..., Un} be a family of open subsets
U; covering the boundary 912, and {C4,...,Cn} a corresponding family of cones
C; associated with U; with vertices centred at the origin 0 € R,

We now introduce several definitions and functions in order to construct the
framework required to define the Calderén extension operator. To do this, we
introduce several definitions. The first definition we consider is the C'*°-partition
of unity, based on [Il Section 3.13].

Definition 4.7. For a given open subset Q C R¢, let ¢ be a collection of open
subsets U of R? covering (2, that is

QQUU.

veu

Then, one calls a collection ¥ of test functions 1 € C°(RY) a C>-partition of unity
of ) corresponding to U if U satisfies the following properties:

(1) 0 < <1 for every 3 € 0.

(2) For every relatively compact subset K C R? satisfying K C Q, all but
possibly finitely many ¢ € ¥ satisfy ¢y =0 on K.

(3) For every ¢ € W, there is a U € U such that supp(¢) C U.

(4) For every x € €, 37y ¥(2) = 1.

The next theorem provides the existence of a C'*-partition of unity as given
in [IL Theorem 3.14].

Theorem 4.8. For every open subset Q C R? and every collectionU of open subsets
U C R? covering , there exists a C™-partition of unity ¥ of Q corresponding to
Uu.
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For the construction of the Calderon operator I we we now introduce homoge-
neous functions of degree k following [I, Section 4.29].

Definition 4.9. A function g : R? — R is said to be a homogeneous function of
degree k on Bg\{0} if g(tz) = t*g(z) for all z € Br\{0}, and 0 < ¢t < 1 where By
denotes the ball of radius R.

Given a covering Usq = {Ui,...,Un} of the boundary 952, we introduce two
associated collections {¢;};jer1,... vy and {9} eq1,... vy of auxiliary functions for
the construction of the Calderén operator E (see [I, Proof of Theorem 4.32]).

For every j € {1,...,N}, let ¢; : RA\{0} — R be a C*°(R%\{0})-function with
the following properties;

(1) ¢; > 0;

(2) the support supp(¢;) € —C; U {0}, where we recall that —C; = {—z|z €
C;} and C is the cone associated with Uj;

(3) there exists an € > 0 such that ¢; restricted to the punctured ball B.\{0}
is homogeneous of degree 1 — d (see Definition 4.9)).

Associated with each ¢;, we define the function ¥; : R4\ {0} — R by setting

9 [rdil%(rz)]

Yi(x) = ar
for every y = 7z € RN\ {0} with r = |y| > 0, 2 € Sg_1 , where Sy_1 denotes the unit
sphere in R?. As ¢; is homogeneous of degree 1—d on the punctured ball B.(0)\{0}

we have that g(x) := r¢~1¢, is homogeneous of degree 0 on the punctured ball.
This means that we have that g(rz) = g(z) and thus the derivative % =0 on

the punctured ball Bp\{0}. Thus one has that ¢; = 0 on the punctured ball.
Therefore, each ¢; can be extended continuously to « = 0 by setting ;(0) = 0 and
we can conclude ¢; € C3°(—Cj).

Next, for each U; € Upq the Calderén operator IE also requires so called sub-
extension operators E;u : U;NQ — R? (see [I, Theorem 4.32]). For every z € U;NAY,
let

Eju(r) = —Kp {/Sd_l /000 @i(rz) Tdilw&“da(z)

r

(4.3) n /Sd1 /0OO Py (ez) u(z — rz)drda(z)}

=K, (I + 1),

for every y = rz € R4\{0} with 7 = |y| > 0, z € S4—1 and where the constant K,
is given by

r—0

(4.4) K, ;= lim (/S ri g, (rz) da(z)>

where the integral de_l f(2)do(z) denotes the surface integral over the unit sphere
Sq_1 for smooth functions f.

With this notation and setting in mind, we can now define the Calderdn extension

operator | : WHP(Q) — WLP(RY).
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Definition 4.10. For a given open subset  in R? satisfying the modified uniform
interior cone condition, the Calderén extension operator | : WLP(Q) — WhP(R?)
is defined by

N

FEu=wou+ ij E;u

j=1
for every u € WHP(Q), and where {wo,ws,...,wn} is a C-partition of unity of
associated with {Uy, Uy, ...,Un} consisting of a finite covering Usq = {U1,...,Un}
of the boundary 99 and Uy C Q which is an open subset with 0Uy having positive
distance to the boundary 02, that is dist(9€2,Uy) > 0.

Now, we complete the proof of Theorem [4.6

Continuation of the proof of Theorem[{.6 In order to prove that Eu is a simple

(1, p)-extension operator it is sufficient to show that for each j € {1,...,N} we
have that IE;u satisfies

(4.5) Eju(z) = u(z) for all z € U; N 1,

(4.6) ||Eju|‘wl,p(Rd) <Ky, ||u||W1»P(Q) )

where K, ; is a constant dependent only on p and j defined by equation (4.4]).

As C°°(9) is dense in the Banach space WP(Q), we first establish for
functions v € C*°(£2). Since the extension operator E; is Lipschitz continuous
with the constant K, ; it can then be uniquely extended on WhP(€). Hence, let
u € C*(Q). By the Lemma we have that u(x — rz) is infinitely differentiable
for rz € supp(¢;). By using integration by parts and noting that ¢ is homogeneous
of degree 1 — d in the punctured ball of € radius B.\{0}, one has the following

ou(x —rz)

o /Ooogbj(,,,z),,,d—lardr _ ll_l;% rd_1¢j(rz)u(y) —+ -/OOO d)J(’I’Z)U(ZE — TZ)dT~

So therefore we have that equation (4.3)) is expressed as

Eju(y) = <lim/S rd_1¢j(rz) do(z)) u(y) lim rd_1¢j(rz) do(2)

r—0 r—0 Sa_1

= u(y)

f or  almost everywhere in U; N 2. This shows that (4.5 holds. Next we must
show that estimate (4.6) is satisfied, this is equivalent to,

||Danu||L1’(Rd) < Ko HUHWLP(Q)

for any multi-index « satisfying |a| < 1. We now consider the two integrals in
equation (4.3)), I; and Is separately.
For I we directly apply Young’s theorem (see D with

0(z) = ¥;(w)la|' =% € L'(R?)
For an appropriately smooth approximation of u we have,
1D°(8(2) W)l gy = 16(2) * Dl 1 e

< 10| Lo ay lull 1o (q) -



36 KYLE ANTHONY MCLAREN

Finally we consider I;. We now convert the integral back into Cartesian coordinates
. d

with % => Ziaiyi’ where z = (21,...,24) € Sq—1 and y = (y1,...,yq) € R?

respectively. This yields

(4.7) /S / b5 (rz)rt 13“( drda Z/ %5 (y _ )dy.

Z

It remains to show that all terms of the sum in equation (4.7) are bounded. We
note that z;4;(x) is homogeneous of degree 1 —d in the punctured ball B.\{0} and
belongs to C°. Recalling our assumption that u € C*°(£2), we have

0 — oulz —
/Rd Zi¢j(y)Mdy = lim Zifbj(y)Mdy

Ay; 6—=0F JRd\ By Jy;

= lim ([zirbj(y)U(x — Y)lra\, + /Rd\B u(z — y)azgiji(y)dy> :

6—0

As this is a surface integral over the sphere Ss of the form u(y — -) this tends
to Ku(y) for some K independent of Q. Noting that (%%L;(w is homogeneous of

degree —d in the ball B. we have that %y’(y) satisfies all the requirements of the
singular kernel g in the Calderén-Zygmund theorem inequality (see Theorem
for a convolution operator ||g * ul|;,ga), S0 one has that (assuming u € LP(€2) is
identically zero outside of ),

l[2i¢; * UHLp(]Rd) < Kijp ||UHLP(Q) .

where we note Kj ;. is independent of (2. ([

4.2. Uniformly Bounded Extension Operators on Domains with Shrink-
ing Holes. Now that we have established the suitability of the Calderén operator
E as a simple (1, p)-extension operator we introduce the framework to consider
uniform extension operator bounds.

Assumption 4.11. For every 1 < p < oo and given an open subset 2 C R? with
the origin 0 € Q and u € L'(Q) and € satisfies Assumption We suppose
there exists a R > 0 so that a closed ball Bor C  and introduce a sequence
(0n)n>1 C (0,1) so that é,, — 0 as n — oo, such that H, C Bj, for every n > 1.
We also assume that there exists a constant cp,; > 0 so as the holes are rescaled
to Uy, := Bag\6 ' H, they satisfy a uniform Poincaré inequality

Vulll;p
(4.8) s IVulll 1o,y
ot wew 2w\ (0 [[u — Ty, |

| = CPoi
Lr (Un)

which holds for all w € W'P(U,), and recall Tjq is mean the of u over € given by

i
U = — udz.
700l Jq

We start with the simplified example where 2 is an open ball with a single
shrinking hole that is also a smaller open ball of radius &,, centred at z = 0 € R¢
that is, H,, := B;,. This will show the concepts on a model geometry with the
limiting case of 2* as the punctured ball.
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Theorem 4.12. For every 1 < p < oo and given an open ball @ C R? and a
shrinking hole H,, = B., centred at 0 € R?. Thus, for Q, := Q\H,, the sequence
of associated extension operators (Ey)n>1 is bounded, that is

C =S [[Bnll cwr.o (., wr o)) < 00
n>1

where (E,)n>1 15 @ sequence of Calderdn operators associated to 1, given by Defi-
nition [{-10

We now provide an original proof for the simplified case of punctured ball.

Proof. We choose the cover (U, ;) eq1,..,ny for IE, such that the outer boundary
0} is fully covered by U;\[:_llUmj, and U, o is chosen in the same manner as Defini-
tion The remaining components is chosen such that U, y fully covers Hj we
choose Uy, n to be a ball of radius 20k, centred at the hole. As

N
E,u= w(()")u + ij(»")Enyju,
j=1
we see that the first N — 1 terms

N—1
wiu + Z wj(n)]En,ju
j=1
do not become singular as n increases due to the fact that the outer boundary
remains constant for all n > 1, thus we focus on the remaining cover.
We now assume that

(n) H _
sup ||w; T, = 400
nZI;H / N LWLP(Un\Hnp, ),Whp(RY))

Then, for every k > 1, there exists an njy > 1 such that

o]
LWLP(Un\Hnp,),WP(RY))

and hence, there is a u,, € W'P(U,, y\H,,) satisfying

||unk ||W11”(U1L,N\an) =1

and

>k
LWLP(Un\Hn,),Wr (R4))

ij(\;lk)Enk,Nunk

For convenience we relabel ny, as k. We note that |[ug|[y1.0(p, y\m,) = 1 yields
that ’

(4.9) VUl Lo @, vy <1

Next we note that 2 satisfies Assumption [4.11] without the need for a transfor-
mation and we then use the uniform Poincaré inequality combined with the
continuity of the extension operator, for every v € WP (Uy n\Hj,) with mean zero
one has that,

H]EN’kv”Wl’p(Uk,N\Hk) < Ky ||v||W1’p(Uk,N\Hk)
(4.10) < Kn(1+ cpoi) ||V,UHLP(U]C,N\H,€)
where Ky and cp,; are both independent of k. Then, by estimate (|4.10))



38 KYLE ANTHONY MCLAREN

e
Wl*p(Uk’N\Hk)

< HUJE\];)EIC,NUIC‘ + HV(W%C)EIC,NM)‘

Lr(Ug,n\Hy) LP(Ui,N\Hy)

<@+ llonl e ) (NBN K] oo, i

+IVEN bkl o 0, v i10))
for convenience we define a constant
Cun =2+ l[wjll oo (0
and recalling estimate ,
k <CunKn(1+ cpoi) ||v“k||LP(Uk,N\Hk)
<Cuy Kn(1+ cpoi),
which leads to a contradiction for sufficiently large k as Cu,,Kn(1 + cpo;) is a
constant independent of k. O
We now consider a more general sequence of domains with shrinking holes.

Theorem 4.13. For every 1 < p < oo and given an open subset 2 C R? that satis-
fies Assumption|.11. Thus, for Q, := Q\H,, the sequence of associated extension
operators (E,),>1 is bounded, that is

Cp = sup |‘]E7L||£(lep(Q”)7W1,p(Rd)) < 00,
n>1

where (E,)p>1 is a sequence of Calderén operators associated to €, given by Defi-
nation [{-10

We now provide an original proof that builds off the ideas in [I, Theroem 4.32]
and the simplified case in Theorem [£.12]

Proof. We choose the cover (Un,j)je{l,...,N} for E,, such that the outer boundary
09N is fully covered by UjﬂilUn,j, and U, o is chosen in the same manner as Defini-
tion The remaining components are chosen such that
N
Uiy Un,j

fully covers Hj, we choose these U, ; to be balls of radius 20k, centred at each hole
K;. We also assume that each hole is covered by a single cover. As

N
j=1

we see that the first M terms

M
wén)u + Z w§7L)En,ju
j=1
do not become singular as n increases due to the fact that the outer boundary

remains constant for all n > 1, thus we focus on the remaining elements j €

{M+1,...,N}.
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We now assume that there exists a j € {M + 1,..., N} such that

| .
LOWAP (U;\Hpy ), Wop (R))

sup Hwyl)EnJ
n>1

Then, for every k > 1, there exists an ny > 1 such that

and hence, there is a u,, € W'P(U, ;\H,,) satisfying

o™

j Enk>jH >k

LWL (Uj\Hy, ), W (RD)) —

[ty | |W1,p(U“,j\an) =1

and
(k)

ij Eny.jtn,

>
LWLP(U\Hy,,),Whr(RD))

For convenience we relabel ny as k. We note that Huk||W1,p(Un Ay =1 yields that
(4.11) ||V“k||LP(U,€,j\Hk) <1

Next we note that on the domain Uy, = Bs R\é,;lH & we use the uniform Poincaré
inequality combined with the continuity of the extension operator, for every
v € WHP(Uy,) with mean zero one has that,

By < Kl
3.k LWL (Uy),WLr(R)) — J ||UHW1, (Ux)

(4.12) HEJ?’“”H

< Kj(1+ cpoi) ||VU||Lp(uk)

LWL (U ), WP (RD))

where K ; and cpo; are both independent of .
We now rescale the functions u, € W?(U,, ;\Hg) to v, € WIP(Uy,) with mean

Vgl = 0 by the substitution y = R/6x(z — x0), vk (y) = wr(x), Ej o = Ey jug
and w;(y) = wj(.k)(x). Then, by estimate (4.12)

o]

> w] k,jUk W (Up\ Hy)
B [V B

< R V(w:"IE

—Hwﬂ b ﬁ(LP(Uj\Hk),LP(Rd))Jr (5 B

S\ o

< <R> <R ||WjEk7jUk‘|/;(Lp(uk)7Lp(Rd))

L(LP(U;\Hy),L? (R4))

_|_H (WJ kﬂvk) L(LP(Uy),LP (R1))

5 d/p—1 .
<@l @) <R> <’ ’]Ej’kvk"L(Lp(uk),Lp(Rd))

+ HVIAEj,k’Uk‘

[,(LP(I/{k),Lp(Rd))>

for convenience we define a constant

C&j =2+ ||wj‘|LOO(Q)
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and recalling estimate (4.11)),

R
=Co, K (1 + cpoi) | Vukl| o, i)
SCajf(j(l + cpoi),

R 5k d/p—1
k SC@jKj(l + ¢Poi) () vakHLP(L{k)

which leads to a contradiction for sufficiently large k as C@j K j(1+c Poi) 1S a constant
independent of k. O

Remark 4.14. We note that the proof is similar if a finite number of elements of

the cover (U, j)je{1,..,n} contain the i-th hole, Hy ;. The union of the elements is

still transformed to the same uniform ball (see Assumption . Thus we replace

K ; with sup K j and Cy, by sup Ca,- The proof then continues
§:U ;N Hy i #0 J€{Ur ;NHy i #0}

as before.

For the sake of clarity we provide a diagram of the process of creating the uniform
cover Uy, in Figure

Q¢ =Q\H, with shrinking Hy. Applying Covers Uniform domain after transformation: vk

F1GURE 3. An example of the process used in the proof of Theorem [4.13

Utilising Theorem [4.13] we now give an alternative proof of Theorem [3.31

Alternative proof of Theorem[3.31]. Let 1 < p < 0o, @ C R? be an open set sat-
isfying Assumption and set 2, := Q\H, for every n > 1. Furthermore, let
E, : WbP(Q,) — WLP(RY) be the associated extension operator to W1P({,)
and u, € WHP(Q,). Thus, by the classical Sobolev embedding theorem (see
Lemma , one has that

HUnHLP*(Qn) = [|Enun|| o (D)
< HEnunHLP* (R4)
< Cd,p ||Enun|‘wl,p(Rd)
<CapCp ||UnHW1,p(Q) )
showing that the sequence (Cgop,p(25))n>1 of Sobolev constants is bounded above

by Od,pCE. ([

In addition, we get the following version of the classical Rellich-Kondarchev’s
compactness result (see, for instance [II, Theorem 12.18]) for moving domains
with shrinking holes. To the best of our knowledge, this result seems to be new in
the literature.
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Corollary 4.15 (Rellich-Kondarchev on moving domains ). Let 1 < p < oo, 2
be an open domain in R? with finite Lebesgue measure, and assume the Assump-
tion holds. We set Q,, := Q\H,, for every n > 1. Then, every bounded
sequence (u,)n>1 € WHP(€,) admits a subsequence (uz,),>1 and a u € WHP(R9)
such that

(4.13) timfug, — ull a,. ) = 0.
Moreover, if 1 < p < oo, then for every 1 < ¢ < p*, one has that
(4.14) i g, —ullgq,. ) = 0.

To prove Corollary .15 we make use of the following auxiliary results. The first
lemma is taken from [I1, Lemma 12.20]. We omit its proof.

Lemma 4.16. Let 1 < p < 0o and let u € WP (R?) and Jii for every k > 0 be
the standard mollifier as defined in Definition [C.3 Then, there exists a constant
C :=C(d,p) > 0 such that

(4.15) [ s @) —@pde < 1 [ 19u(@) da

for every k > 0.

Our proof of Corollary is based on an idea by Leoni [1I] to prove the classic
Rellich-Kondrachov compactness theorem.

Proof. Let (un)n>1 € W1P(,) be a bounded sequence. Then, due to The-
orem each u, admits an extension E,u, € WYP(R?) and the sequence
(Entn)n>1 is bounded in WHP(R?). Since for every 1 < p < oo, WHP(R?) is re-
flexive and since for reflexive Banach spaces the closed unit ball is relatively weakly
compact (see Theorem, there is a u € W1P(R?) and subsequence (uy, )n>1 of
(tn)n>1 such that

(4.16) E;, w, —~u weakly in WP (R?) as n — oo.
We claim that the limit (4.13]) holds.

Since the sequence (VIE,uy,),>1 is bounded in LP(R% R?), we conclude form

inequality (4.15)) of Lemma that

C
igli ||J1/k * Epu, — EnunHLp(Rd) < El

where ¢1 := C sup,,>1 |[VEpun||1sgae)- Hence, taking the limit for k£ — oo in the
previous inequality yields that

(4.17) lim sup ||J1/x * Epu, — E =0.

k0o n>1 ”u”HLP(Rd)
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On the other hand, by the triangle inequality of the LP(2)-norm, one sees that
||, — UHLP(an)
= |Jut, = (Jajx * Er,u,) + (e * Erur,) = (Jagpoxw) + (Jigp % u) — uHLP(an)

< B, w, = (Jayn * Elnuln)HLP(an) [T+ Brw,) = (i u)||L1’(an)

N xw) =l g,
< ||Bv,w, — (Jiyk * Elnuln)HLp(Rd) + || 1y * (By, w, — “)HLP(Q)
1 Cgnx ) =l gy -
By and in particular 7 holds for the weak limit u given by , for

every given ¢ > 0, there exists an index kg > 0 such that

[, = G * Brw) gy < 5 and | #0) =y < 5

for all n > 1. Therefore, in order to establish the limit (4.13)), it remains to show
that there is an Ny € N such that

€
(4.18) |10 * (Bt w,, — u)HLp(Q) <3
for all n > Ny. Owing to (4.16)), u,, — u weakly in LP(R?) as n — oo and since for
every x € R, Jy p (z —-) € LP (RY), it follows that

(igra By, )0 = [ iy = 9B, ()dy = (i, *u)la) in R
R

as n — oo for every x € R?, or equivalently,
(4.19) (J1/ko * (B, w, — u)(x) =0,

lim
n—oo
for every x € R

Further, as the mollifier J, ), is defined by

J1 ko (@) = k§ J (ko)

for every € R? and for some non-negative bump function J € C>(R?) with
support supp(J) contained in the closed unit ball B;(0), and since (E;, u;, )n>1 is
bounded in LP(R%), there is a constant Cy > 0 such that

|1k * (Br,w, — u)(2)|

<t [ T hala =) [Br, (5) = ()| dy

(4.20) < K Il e / By, () — u(y)] dy

B /1, (0)
< k§Cy

for every z € R? and every n € N. Now, thanks to equation and
equation and since we recall ) admits finite Lebesgue measure, it follows
from Lebesgue’s dominated convergence theorem (see Theorem that Jy /g, *
(E;, u;, —u) = 0in LP(Q2) as n — oo. From this, we know that there is an index
Ny € N such that holds. This proves the limit . To see that the sec-
ond limit holds as well, one proceeds as before, but one applies the classical
Sobolev embedding W?(R?) — LP" (R?) (see Unbounded Sobolev, Gagliardo and
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Nirenberg theorem [3.26) to the sub-sequence (E;, u;, )n>1, and then one establishes
first the limit (4.14) for ¢ = p*. This limit for ¢ = p* implies that, in partic-
ular, equation (4.14]) holds for all 1 < ¢ < p* due to the continuous embedding
LP" () < L9(Q, ), which holds uniformly due to €;, C Q for all n > 1 and Q
has finite Lebesgue measure. O

5. PROOF OF CONVERGENCE ON DOMAINS WITH SHRINKING HOLES

In this section, we outline the proof of our main Theorem [I.2]stated in Section[I}

We use the compactness result stated in Corollary to obtain L?(€,,) conver-
gence of the weak solutions u,, of the mixed boundary-value problem which
we recall briefly here. To do this, we assume in this section that the domain 2
satisfies Assumption [I.1

Let 1 < p < oo and p’ = p/(p —1). For given f, € LP/(Qn) and «a, > 0, let
un € V1P(Q,,) be the unique weak solution of

—Apu, +V(x) \un\p_zun = fn in Q,,
(5.1) |vun‘p72vun VA an ‘un‘pizun =0 on O0Hp,
Up =0 on 0f).

Further, for given f € L¥' (), let u € Wolv’gﬂ(ﬂ*) (see equation (2.17))) be a weak
solution of the Poisson problem

(5.2) A A V@) P = mor,
u=20 on 0f2.

We extend f, by zero on ¢, and suppose that
fo—1Ff weakly in L¥' (Q) as n — oo,
and (o )n>1 C (0,00) be a zero-sequence.

Proof of Theorem . We multiply the differential equation in (5.1 by u,,. Then,
we obtain that

/ |Vun|pd:v+/ V|un|pdx+an/ |tp [PAH -1 :/ Ity dz.
Q Q OH, Qn

n n

Since V' > vy > 0, and since by Hoélder’s and Youngs-inequality,

‘/anundx

< ||fn||m’(9") ||un||LP(Qn)

< nllpe ) Nunllpeq,)
P’ Yo P
<C ||fn||Lp’(Q) + 9 ||un||Lp(Qn)

for some constant C' > 0, it follows that

P Yo p p P’
(5.3) /Q [Vetn Pz + 2 /Q ) da:—&—an/aHn P dHar < C [ ful By -
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Since weak convergence of (f,)n>1 in LP' () implies that (f,),>1 is bounded in
LPI(Q) and since a,, > 0, we conclude from that for the sequence (uy)n>1 one
has that

sup [ty < V7 IUfllo0%)
Thus, due to the Rellich-Kondarchev result on moving domains (Corollary ,
it follows that there is a function u € WP(R?) and a sub-sequence (uy, )n>1 of
(un)n>1 such that

nlggo ||k, — u”LQ(an) =0.
In addition, one has that
ug, — U weakly in W7 (0) as n — oo,

for every open and bounded subset O such that the closure O C Q* U 9. Thus,
multiplying the differential equation in (5.1) by a test function £ € C*(2*) and
subsequently sending n — oo yields that v is a weak solution of

~Api+V§ulf2u=f  inQ*

To see that the trace u = 0 on 9, one uses that the trace u,, = 0 on 992 and that
(tn)n>1 is bounded in WP(§y), where Q1 = Q\ Hy. O

6. CONCLUDING REMARKS

In conclusion, we have rigorously established that families of shrinking domains
(Q:)e>0 have embedding constants independent of the domain under certain con-
ditions, and that we can establish that the associated family of Calderon operators
(E.)eso are also uniformly bounded. This led to 3 new results, an alternative proof
for Theorem Rellich-Kondarchev on moving domains (see Corollary ,
and finally obtaining L4(£2,,) convergence of the weak solutions u,, of the mixed
boundary-value problem .

Looking beyond this thesis there are several areas to be improved, and natural
extensions to be made. First the uniqueness in the limit problem should be given
further thought. Next we should consider both extending these results to the non-
local problem as well as include capacity, to allow for more complicated “holes”.
Finally it would be of interest to add numerical simulations to extend these results.

APPENDIX A. GEOMETRY AND LINEAR ALGEBRA

In order to ensure domain independent Sobolev embeddings in Subsection [3.2
we used several key geometric and linear algebraic ideas. In this section we lay out
these ideas. We start by introducing two notions of regularity. Firstly we recall the
segment property [I, Definitions 4.2].

Definition A.1. An open subset Q C R? is said to satisfy the segment property
if there exists a locally finite open cover {U;} of 992 and a corresponding sequence
of non-zero vectors {y;} such that, for each j, whenever z € aQn U;, it holds that
rx4+ty; € Qforall 0 <t <1.

We also recall the locally Lipschitz property.

Definition A.2. An open subset Q C R? is said to have a locally Lipschitz boundary
0N if for each = € 0N there is a neighbourhood U, such that U, N oS is the graph
of a Lipschitz continuous function.
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A Key geometric object that was used throughout this document, is the d-
dimensional parallelepiped (see [II, Section 4.1]).
Definition A.3. Given linearly independent vectors y1, . . .,yqs € R?, the set

d
P={> "Ny :0< <1
j=1
forms a d-dimensional parallelepiped with a vertex placed at the origin. = + P
similarly has a vertex placed at x. We also recall that  + P contains a finite cone
with a vertex at = in addition to being contained by a finite cone with a vertex at
x. We see an example of a parallelepiped in Figure

We also recall the definition of an open d-dimensional ball and open d-dimensional
cube.

Definition A.4. Given a scalar > 0 we say the open d-dimensional ball centred
at vertex zg € R? is given by the set

B(r,zo) = {xéRd e —xol <1}

Definition A.5. Given a scalar ¢ > 0 we say the open d-dimensional cube centred
at vertex 0 € R? is given by the set

ng{x:(xl,...,zd)ERd’fg<xj<g,1§j§d}

The open cube centred at zo € R is given by the translation Rz, = %o + Qo-

We now recall some linear algebra concepts that were used in this thesis. The
following groups are defined in [8] Section 1.2.2 and Section 1.2.1]

Definition A.6. The special orthogonal group SO(d,R) also known as the rota-
tional group each element R € SO(d,R) satisfies the following properties:

(1) det(R) =1,

(2) RRR=RR=1,

(3) R is invertible,
where R is a square d-dimensional matrix with each element in R.
Definition A.7. The special linear group SL(d,R) also known as the shear group
with each element Rs € SO(d,R) satisfies the following properties:

(1) det(Rs) =1,

(2) R is invertible,
where Ry is a square d-dimensional matrix with each element in R.

To conclude this section of the appendix, we recall the definition of the Hausdorff
complementary topology on open sets. For this we recall the following notation.

Notation A.8. First, for a given subset A C R?,
dist(xz, A) := inf |z —
ist(x, A) ;2A|:I: yl,

where one sets dist(z, ) = oo and sup ) = 0. Now, for every to two closed subsets
Ay, Ay of R, the Hausdorff metric

dy(Aq, Ag) = max{ su}:; dist(z, As), su}? dist(x,Al)},
TE€A TEA2

where one sets dy (0, F) = 0 if F =0 and dy (0, F) = co otherwise.
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With this notation in mind, we now give the definition of the Hausdorff comple-
mentary topology.

Definition A.9. A sequence (Q,),>1 of open sets Q,, in R? converges to the open
set  in R? in the Hausdorff complementary topology if for every closed ball B in
R9, one has that dy(BNQS, BNQS) — 0 as n — oo. We write this as Q,, — Q in
He.

APPENDIX B. MEASURE THEORY AND FUNCTIONAL ANALYSIS

Throughout the thesis, several elementary measure-theoretic and functional ana-
lytic concepts were utilised. These are included below for the sake of completeness.

Specifying where a function is non-zero is essential for analysis, particularly in
the context of zero-boundary condition problems. The support of a function u is
introduced, as defined in [Il Section 1.2].

Definition B.1. Let Q C R? be an open set and u be a function u defined on .
Then, we define the support of u as

suppu = {x € Q : u(x) # 0}.
We also recall the diameter of a set.

Definition B.2. For a subset Q C R? the diameter of the set is given by

diam(Q) := sup |z —y|.
z,yeN

We recall the definition of dual space based on [I0].

Definition B.3. For a Banach space (X, ||-||y) we denote X’ as the dual space of
X, defined by

X' := {2’ € X : 2 is linear and continuous}.
equipped with the norm

(B.1) l2|lx = sup |(2',2)x x|
2l <1

forallz € X, 2’ € X'.

We introduce a method to decompose R? into two domains, the first the region
where f is bounded and a union of cubes containing the larger values of f, this is
based off [16], Theorem 1.4].

Theorem B.4. Let f be a non-negative integral function on R% and let a > 0 be
a constant. Then, there exists a decomposition of R such that:
(1) RE=FUG FNG =10,
(2) f(z) <a ae onkF.
(8) G is the union of cubes, G = |J Qy with disjoint interiors and for each Qy
k

1 d
a</‘Qk| Qkf(x)deQ Q.

We recall the interpolation theorem to extend norm estimates from from L*(R%)
and L"(R%) to 1 < p < r as given in [I6, Theorem 1.5].

Theorem B.5 (Interpolation). Let 1 < r < oo, if T' is sub-additive from L*(RY)+
L"(R?) to the space on R®. If T satisfies the following:



SINGULAR DOMAIN PERTURBATION 47

(1) IT(f + 9)(@)| < |Tf(@)| + [Tg(w)].
(2) Ho: |Tf(@)] > a}| < L1 flpa gy f € LHRY).
(3) Ha : IT@)| > a} < (4 1f 1l gay) f € L7(RY).
Then, we have that,
T (N o ray < Ap I1f 1] Lo (ray f e LP(RY)
for all 1 < p < r where Ay depends only on Ay, As,p and r.

In Subsection we used the fact that C*°(£) is dense in WP(Q) by the
famous result of Meyers and Serrin (see [12, Theorem 3.18]).

Theorem B.6 (Meyers and Serrin). If 1 < p < oo, then
HY?(Q) = WhP(Q).

For the interested reader, we briefly outline the proof of Theorem where we
follow [I, Theorem 3.16].

Proof. We recall that H'?(2) is the completion of
fue CHO) : [ullyrmey

By definition one has that H“?(Q) C W1P(Q). It remains to be shown that
Whr(Q) C HYP(Q) ie. HYP(Q) is dense in WHP(Q). If u € WHP(Q) and € > 0,
we show that there exists a ¢ € C°°(Q) such that [[u — ¢|ly1.,(q) < €. For every
k=1,2,...let

Q. :={x € Q:|z| < k and dist(z,00) > 1/k}
and set Qg = (). Then, we have,

0= {Uk U, = Qk+1 ﬂﬁkfl)c,k =1,2,.. }

is a collection of open subsets of () that cover €. Let ¥ be a C'*°-partition of unity
for € that is subordinate to O. Let 1 denote the sum of finitely many functions
1 € ¥ whose support are within Uy. Then, ¢y, € C§°(Uy) and

Zwk(x) =1on Q.
k=1

Ifo<e< m, then J. % (¢u) has support in Q19 N (Qg—2)¢ =V, CC Q
where J. is a mollifier function given by Definition Since ¢Yru € WHP(2) we
select e such that 0 < e, < 1/(k+ 1)(k + 2), and we get that
e * (Wrw) — Yrull e ) = [1Je * (Yreu) — Yrully ,y, < e/2k.
Let ¢ = >0, Jep * (Yru). On any Q' CC Q all but a finite number of terms are
non-zero. Therefore ¢ € C*°(Q2) and we have for every = € €, we have
k+2 k+2

ulw) = 3o vy@ul), () = 3+ (0 (@u(@)

Thus
k+2

[Ju — ¢||1,p,gzk < Z HJEJ- * W’j“) - wjuHWI»P(Q) <e.
j=1

By the monotone convergence Theorem, [[u — Y[l (q) < & O
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The following theorem shows that C§°(R?) is dense in WP(Q) with certain
conditions as given in [I, Theorem 3.18].

Theorem B.7. Let Q C R be an open set with the segment property (A1]). Then,
the set of restrictions to Q of functions in C§°(R?) is dense in WHP(Q) for every
1 <p<oo.

Next we introduce a useful estimate given in [I, Lemma 5.9] which was used in
the proof of Theorem [3:21]

Lemma B.8. Let Q@ C R? pe a given open subset where d > 2. We set k to be an
integer satisfying 1 < k < d, and let k = (K1, ...,kk) denote a k-tuple of integers
satisfying 1 < k1 < ... < K < d. We additionally define S to be the set of (z)
k-tuplesand given x € R?, let x), denote the point

(Tryy- ooy T, ) € RE

and
dz, = dzg, ... dkg.

For a given r € S let E,, be the k-dimensional plane in R? spanned by the coordinate
azxis corresponding to the components of x, given by

E.,={zeR: 2, =0ifj¢x1<j <k},
and for any set G C R? set Gy as the projection of G onto Ey, in particular
Q. ={x € E;:Jy €Q so that y, = x}.

Let F,; be a function depending on on the k components of x, and belonging to
LANR), where \ = (dil). Then, the function F defined on £ by

k—1
v) =[] Frlax)

is contained in L*(2), and [El 1) < H [Fl[ 7 ) that is,

(B.2) Mwmm}

Remark B.9. Lemma[B.8|is proven by induction, using integration and Ho lder’s
inequality, we omit the full details of this proof.

H/ () Ny,

KES

The following theorem [Il Theorem 2.8] establishes several embedding results,
but its application is dependent on the volume of the domain, §2. For this reason,
it is used as a stepping stone to the domain independent results.

Theorem B.10. Let 1 < p < ¢ < 0o and Q C R? be an open subset and suppose
Q| < co. Ifu € LYQ) then v € LP(Q) and

||uHLP @ = (‘QDI/Z) Y HuHLq Q) -

So that
LP(Q) — L1(Q).
Additionally If w € L*>®(Q), then we have

(B.3) Tim Jlull () = 1] 0
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For every 1 <p < oo and u € LP(Q) fif there is a constant K such that for all p

(B4) lull () < K,
then u € L>®(Q) and
(B.5) ull oo (@) < K-

We outline a summary of the proof of Theorem following the methods in [T,
Section 2].

Proof. Part 1: estimate (B.10)
Estimate (B.10]) trivially applies for every p = ¢, if 1 < p < ¢ < o0 and u €
L1(£2), by H6 lder’s inequality we have

/Q\u(x)|pdx§ {/Qu(x)|qu}p/q{/ﬂldx}l_p/q.

and estimate (B.10|) follows immediately.

Part 2: equation (B.3)
If u € L>*(Q), applying estimate (B.10) and taking the limit of p — oo we have

(B.6) lim sup ||UHLP(Q) < ||U||L<>°(Q) :
p—00
Additionally for any € > 0 there exists a set A C  with positive measure \(A)
so that
()] = [[ul[poe () — &

So raising this to the power of p and integrating over the domain we get

/Q () Pdz > /A u(@)Pde > A(A) (el e i) — )P

(B.7) ali%l+ hpfgg}fHUHLp(Q) 2 ||uHL°°(Q)'

Equation (B.3) is obtained by combining bounds and (B.7).

Part 3 : estimate (B.5))
Finally suppose if estimate (B.4) holds and u ¢ L>°(Q2) or estimate (B.5|) does

not hold, then there exists a constant K7 > K and a A C Q with A(A) > 0 such
that * € A, |u(x)| > K;. Using the same logic used to derive estimate (B.7)
demonstrates that

Jirg, tim inf full @) 2 K

which contradicts estimate (B.4]). O

B.1. Derivatives. This subsection recalls various generalised derivative definitions
for normed spaces based off [10].

Definition B.11 (Fréchet derivatives). Let (X, ||-|| ) and (Y,]|-||y-) be two normed
spaces and U C X be an open subset. A function f : U — Y is Fréchet differentiable
at xg € U if there exists a linear, continuous mapping 7" : X — Y such that for all
h € X sufficiently small, we have that

(B.8) f(zgh) = f(zo) + Th+ o(h)



50 KYLE ANTHONY MCLAREN

and

h
(B.9) lim llotlly _ 0.
h=0  |[h]]x
If both equations (B.8) and holds then we set f/(zg) := T to be the derivative

of [ at xg.

Definition B.12 (Gateaux derivative (directional derivative)). Let (X, ||-||y), and
(Y, ||-ly) be two normed spaces and U C X be an open subset. A function f: U —
Y is Gateauz differentiable (Directional differentiable) at some xy € U if there exists

linear, continuous mapping T, : X — Y such that for all v € X : ||v]| = 1 one has
that

. fladto)
(B.10) lim % = Tp,v.

If equation (B.10) holds then we set Dy, f(xg) := Ty, as the directional derivative
of f at xq in direction v.

Lemma B.13. Let (X,||-||y) be a normed space, U C X be an open subset and
additionally if f : w € U. If there is an xo € U such that f(xo) = ml}nf then

f/(on) =0.
Definition B.14 (Proper functions and effective domains). Let (X, ||-||) be a
normed space, and f: X — RU {+oc}. Then, we call the set
D(f) :={x € X|f(z) < +oc}
the effective domain of f. Additionally if D(f) # (0 then f is called a proper

function.

Definition B.15 (Sub-differential). Let (X, ||-|| ;) be a normed space and f : X —
R U {+0c0}. Then, we define the sub-differential of f as the potentially multi-value
mapping 0f : X — 2X" where (2X") denotes the powerset of X’ with domain

(fla 1) - f()
t

D(@f)::{x € D(f) ‘EIx’EX’: lim in

t—0+

> (', x) 5 x YV € X}
and value-set

of (x) == {x/ ¢ X' liming £& 1) = f(@)

t—0+ t

> () x) 5, x forallwe X}.

Proposition B.16. Let (X, ||-||y) be a normed space and f: X — RU {+oco}. If
the following statements hold:

e f: X — R is Gateau-differentiable, then df : X — X’ is a well-defined
single-valued mapping with 9f = {Df(z)}.
e f: X — RU{+o0} is proper and convex.
Then, we have the following properties:
D(0f) :={z € D(f)|32" € X' so that f(z +tv) — f(z) > (2, 2) x, Vv € X},
and

of(x) = {a' € X'|f(z +v) — f(z) > (¢/,2) 5, x  forallve X}.

We recall the generalised idea of critical points in normed spaces as given in [10].



SINGULAR DOMAIN PERTURBATION 51

Proposition B.17. Let (X, ||-|| ) be a normed space and f: X — RU {+o0} be
convex. Then, for every xg € D(f), one has that

f(xo) = Jof f & Ox € df (xo).

B.2. Minimisation. The framework for minimising convex functions is now pro-
vided for completeness based off [I0]. We start by introducing several required
definitions.

Definition B.18. A real-extended-function f : X — RU{+00} on a normed space
(X, Il ) is convez if for every x,y € X and every A € [0,1],

fOz+ (1 =Ny) <Af(2x) + (1 =N f(y)
Furthermore, f is strictly convez if the estimate (B.18) is replaced with a strictly
less than requirement,

fOz 4+ (1= XNy) <Af(z) + (1 =X f(y)

Definition B.19. A real-extended-function f : X — R U {+oo} on a normed
space (X, ||-]|x) is lower semi-continuous if for every € X and every sequence
(xn)nzl g X7

(B.11) Ty = 2 € X = f(zr) <liminf f(x,).

n—roo
Conversely one has that upper semi-continuous if the inequality in estimate
(B.11]) is converted to

Tp = ¢ € X = f(z) > liminf f(z,).

n—oo
Definition B.20. Let X C R? be a set. The sublevel set is given by
E.:={zeX|f(x) <c}.

Lemma B.21. A real-extended-function f : X — RU {+o0} on a normed space
(X, Il x) if lower semi-continuous (see Deﬁm'tz'on if and only if for allc € R
the sublevel set E. is closed in X.

Definition B.22. Let (X, ||-|| ;) be a normed space. A sequence (&,,),>1 converges
weakly to some x € X denoted as z,, — x weakly in X as n — oo if

<x,vmn>X’,X - <xlvx>X’,X n— oo,
for all 2’ € X'.

Definition B.23. A real-extended-function f : X — RU{+o00} on a normed space
(X, 1|1l ) is weakly lower semi-continuous if for every x € X and every sequence
(In)n21 CcX,

(B.12) Tp =z € X = f(z) <liminf f(z,).

n—roo
Conversely we have that weakly upper semi-continuous if the inequality in esti-
mate (B.12) is converted to

Ty =z € X = f(z) > liminf f(z,).

n—oo

Corollary B.24. Let (X, ||-||) be a normed space and K C X be a closed convex
set. If the sequence (2,,),>1 C K converges weakly to € X, then € K.
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Corollary B.25. Let (X, ||-|| ) be a normed space and K C X be a closed convex
set. If f: K — RU {400} if lower semi-continuous and convex then f is weakly
lower semi-continuous (see Definition [B.23]).

Corollary B.26. Let (X, ||-||y) be a normed space. There exists 2’ € X’ such
that [|2'||x, = 1 and (2, 20) x/ x = [|zol|x For every zo9 € X\{O,}.

Definition B.27. Let (X, ||-|| ) be a normed space, the set
X" =(X"):={2": X' - C}
is the bidual of X.

Lemma B.28. Let (X,||-||y) be a normed space. Then, the mapping F is well-
defined and a linear isometry. Where F is defined as,

F: | X—>X"
(B.13) v F,
and
Fo: | X' =C
z’ = <]:$71'/>X”,X’ = <x’,x>X,7X

Definition B.29. A Banach space (X, ||-|| ) is reflezive if the isometry defined in
equation (B.13)) is surjective. in other words this means that a Banach space X is
reflexive if for all " € X" there exists € X so that

(@, 2") xn xr = (X', X) 0 x
for all 2’ € X'.

Theorem B.30. Ewery closed linear sub-space V' of a reflexive Banach space
(X, 11 %) 3s reflexive.

Remark B.31. For every 1 < p < oo and let Q C R? be an open subset. Then,
we have that W'?(Q) and W,"*(Q2) are both reflexive.

Theorem B.32. Let (X,||:||y) be a reflexive Banach space. Every bounded se-
quence admits a weakly convergence subsequence.

Definition B.33. Let (X, ||-||y) be a Banach space, and K C X be a closed subset
and f: K — RU{+oc}, F is defined as weakly coercive if

lim f(z) =00 ,
[lz|| x =00

for all x € G.

Theorem B.34. Let (X,||-||y) be a reflexive Banach space, K C X be a closed,
convezx, non-empty subset, and f : K — R U {+o0} is a lower semi-continuous,
convex and weakly coercive (see Definition , Then, there exists xg € K so
that

(B.14) f(zo) = min f(z) > —o0.

zeK

Lemma B.35 (Uniqueness). Let (X, ||-|| ) be a normed space, K C X be a convex
set. if f: K — RU {400} is strictly convex then there is at most one solution to

equation (B.14)).
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B.3. Convergence. To identify the limit of a sequence of measurable functions
that are bounded by a Lebesgue integrable function we call the Lebesgue’s domi-
nated convergence theorem (see [II, Theorem B.48, p. 661]).

Theorem B.36 (Lebesgue’s dominated convergence). Let (X,B,)\) be a measure

space, u, : X — [—00,00] be measurable functions be a sequence of measurable

functions so that lim u,(x) = u(z) A-a.e. = € X. If there exists a Lebesgue
n—oo

integrable function v so that |u,(z)| < v(x) for A-a.e, x € ¥ and for all n € NN,
then u is Lebesgue integrable and

lim / [y, — u|dA =0
b

n—roo

and

n—oo

lim und/\:/ud)\.
) b))

We also introduce a theorem that bounds sub-sequences by a function (see [2]).

Theorem B.37. Let Q C R? be an open subset for all 1 < p < oco. Then for
a convergent sequence (fn)n>1 € LP(Q) converging to LP(SY) there exists a sub
sequence (fn, )ny>1 and a function h € LP(Y) such that

(1) fn, converges to f almost everywhere x € §);
(2) |fne] < h(x) almost everywhere x € .

In order to utilise the reflexivity of LP" we recall the Riesz’s representation
theorem in LP (see [11l, Theorem B.92]).

Theorem B.38 (Riesz’s representation theorem in LP). Let (£, B, \) be a measure
space, 1 < p < oo. Then, every bounded linear functional L : LP(¥) — R is
represented by a unique v € LY (3) i.e.

(B.15) L(u):/zuvd)\,

for every uw € LP(X). Additionally for every functional of the form matching equa-
tion (B.15) with v € LP (%), is a bounded linear functional on LP(X). Therefore
the dual of LP(X) is LP () and LP(X) is reflexive.

The following definition and theory will be used to show that (u,)n>1 converges
to w in L based off [I1] Definition B.100 and Theorem B.101].

Definition B.39. Let (3, B, \) be a measure space and 1 < p < oco. A family F of
measurable functions u : 3 — [—00, 00| is p-equi-integrable if for every € > 0 there

exists § > 0 such that
/ lufPd) < &
E

for all u € F and for every measurable set E C ¥ with A(E) < 4.

Theorem B.40 (Vitali’s Convergence). Let (X, B, )\) be a measure space with finite
measure, 1 < p < oo, and let up, v € LP(X), n € N. Then, (un)n>1 converges to u
in LP(X) if and only if the following conditions hold:

(1) (un)n>1 converges to u in measure.

(2) (un)n>1 is p-equi-integrable.
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APPENDIX C. MOLLIFIERS

Throughout this document, mollifier functions are used to provide smooth ap-
proximations via regularisation. Firstly we introduce a key theorem that is used to
prove the properties of mollifier functions as given in [I, Theorem 2.13].

Theorem C.1. Let 1 < p < oo and Q be an open subset Q C R? then Cy(Q2) is
dense in LP ().

Now we introduce mollifier functions as defined in [I Definition 2.17].

Definition C.2. For every z € R?. We define the non-negative function J(x) €
Cs°(R?) as J : R? — R with the following properties:

J(x)=0if x| > e,

/Rd J(2)dz = 1.

Then, we define the mollifier function J. € C$°(RY) as J. : RY — R defined as
Je(x) := e~%J(x/¢) inherits the following properties:
(1) Je(z) is non-negative.
(2) Je(z) =01if |z] > e.
(3) fRd Je(z)dx = 1.
We also have that for functions u : L' (R?) — R the convolution

(1) Josulw) = [ o=y

referred to as the mollification of u.

Remark C.3. We note the existence of the integral of J. *u follows from Young’s
inequality (see [2, Theorem 4.15.]),

A simple example of a bump function is provided for illustrative purposes.
Example C.4. The bump function , for ¢ > 0, J.(z) : R* — R is defined by
—dpe—1/(~lz/el?)
e %e , if x| <e
Je(z) = . 2]
0, if |[x| > €
where k is the constant such that [;, J(x)dz = 1, we note that this has no closed

form solution but is roughly k = 2.25 for d = 1. We also provide a small illustration
to visualise this for d = 1 in Figure

We provide several useful properties of mollifier functions.

Lemma C.5. Let u be a function which is defined on R% and vanishes identically
outside of the domain  and for € > 0, the mollifier function J. defined as per
Definition[C 3, has the following properties:

(C.2) Ifu € L},.(Q), then J. xu € C°(R?).

loc

.3 If supp(u) CC Q, then J. x u € C3°(R?) for e < dist(supp(u), Q).

(C.3)
(C4) Foreveryl <p<oo Ifue LP(Q) then J. xu € LP(Q) and additionally,
(C.5)

||J€ * u||Lp(Q) < HUHLP(Q)
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Bump Function
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FIGURE 4. An example of a bump function
and

(C.6)

li J, — =0.
et |2+ u UHLP(Q)

We prove Lemma following the methods in [I, Lemma 2.18]

multi-index « and every function u that is integrable on compact sets in R% we
have that

D(J.xu) = [ DEJte = puly)dy,
Rd
So both properties (C.2]) and (C.3)) follow immediately. For Property- let u €

:
LP(Q) with 1 < p < 00, we also use the Ho lder conjugate exponent p’ = p/(
and then by H6 lder’s inequality we have

esuto)] =| [ e = iy
< { y Je(x - y)dy}l/p, {/Rd Je(x - y)IU(y)Ipdy}l/p

Proof. As J.(x —y) is infinitely differentiable and vanishes for |z —y| < e, for every

[ e vmra)

By Fubini’s Theorem we see that

/|J s« u(z \pdx<// (x — y)|u(y)|Pdydz

_/ Je(z—y dx/ lu(y |pdy_||u||Lp(Q)
R

By Theorem we also have for 7 > 0, that there exists a ¢ € Cy(f2) so that
|lw = &l s () < n/3. We also have by that

(C.7)

[ % u— Je x| () < /3.

55
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Next we see that

(C.8) < sup [p(y) — o)l

As ¢ is uniformly continuous on € so ((C.8)) tends to zero as € — 0F. As supp ¢ is
compact, one has that [|Je * ¢ — ¢[| 1, o) < 1/3 for sufficiently small €. So now one
has that

e u—ullppqy = [[Jexu—ut Jex o = Jex o+ = 9lloq)
SHJexu—Je @l oy e = ullpo) + e 20 =@l o) <0
Thus satisfying Property We note for p = 1 we directly compute (C.7))
from ((C.1)) and then repeat the remaining steps in the same fashion. O
In order to determine the difference between a function and it’s mollifier with
respect to LP(2) norms i.e. lim+ [|Je - =+|[ 1o () We introduce the following theorem
e—0
(see [1I, Theorem C.16]).

Theorem C.6. Let 1 < p < oo, Q C R be an open subset and v € LP(X) and J.
be a mollifier function defined in Definition[C.4 Then

C.9 lim [|J. % u — = 0.
(C.9) i [+ u = ul] o

APPENDIX D. SINGULAR INTEGRALS

This section explores integrals of singular kernels that are used to the to analyse
the Calderon operator. We start by adding some required background informa-
tion. The first being the Convolution operator, here we follow the definition in [I6],
Section 1.1].

Definition D.1. For every 1 < p,q,r < oo and f € LP(R?), g € LY(RY) where
% + é —1= 1. Then, the convolution f *g: LP(R?) x LY(R%) — L"(1) is defined

by
(F=9)e) = [ Fo=natu)d.

The Marcinkeiwicz integral is a speical type of integral is used to help evaluate
our singular kernel problems. The following definition and theorem is based on [L6],
Section 2.3].

Definition D.2. For a closed set F' C R along with a function J(z) : R? — R
which denotes the distance from x to F. The Marcinkeiwicz integral is defined as

oz +vy)
I(x :/ ———=~dy.
) ly|<1 ly|a+t Y

Theorem D.3. For ecvery x € RY and a closed set F C R with I(x) as given
by [D.9 has the following properties

I(z) =00 ifx€F°,
I(z) <00 a.e ifx €F.
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We recall the Schwartz space to take advantage of a generalised idea of a mollifier
function. We base our definition on [I7, Section 6.2].

Definition D.4. The Schwartz space S(R?) is all indefinitely differential functions
f on R? that so that f and it’s derivatives are rapidly vanishing. In other words

sup [2°Da f(2)] < o0,
z€ERC

for every multi-index « and S.

Remark D.5. We note that mollifiers (see Definition [C.2)) satisfy the requirements
for Definition [D.4l

We recall an important result central to this section, the Plancherel theorem
given in [I7, Corollary 2.4] |.

Theorem D.6. For a function f € S(RY) and its associated Fourier transform
f € S(RY), we have the following identity

[ rran= [ 1P

We also introduce a key inequality used throughout the remaining parts of thesis,
Young’s theorem, we use the definition given by Theorem A.2 [I6, Section A.2].

Theorem D.7. For, 1 < p,q,r < 0o and f € LP(R?),g € LY(R?) and given the
convolution f = g in Definition and where zl) + % —-1= % Then, we have that
1 gl e way < [1£11, Mgl

The (p, q)-type and (p, ¢)-weak types are used throughout this section are defined
as in [I6l Section 1.4.1].

Definition D.8. Let 1 < p,q < oo from the mapping 7 : LP(R?) — L4(R?) and
f € LP(RY), then T is of type (p,q) if

T oty < Al oy
where A is independent of f.

Definition D.9. Let 1 < p,q < oo from the mapping T : LP(R?) — L9(R?) and
f € LP(R?), then T is of weak-type (p,q) if

{z: |Tf ()| > a}| < AllfllLr ey -
where A is independent of f and a.

Remark D.10. If ¢ = oo then T is said to also be of weak type (p,q) if it is of
(v, q) type.

We aim to show that Convolutions involving the kernel g(z) are bounded in
LP(RY). We start by examining a simplified case and then work towards the required
singular kernels by the end of this section. First we introduce the assumptions of
the most basic case which are to be the core of our following theorems. We follow
the relevant proofs in Chapter 2 of [16, Chapter 2].

Assumption D.11. For every K € L?(R%), we assume the following conditions
hold.
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(1) The Fourier transform of K is essentially bounded
(D.1) |9(z)| < B.

(2) For some B > 0 independent of g and d. Additionally K € C! outside of
the origin and

(D.2) /My| l9(z — ) — g(z)|dz < B,.

We now introduce a convolution operator for a dense subset of LP.

Definition D.12. For f € L' N LP we set
(D.3) TN = [ ola =) ).
Rd

Before we state theorem, we include a small remark is conceptually used within
the proof.

Remark D.13. For essentially large integrals we make an effective substitution.
We start with the one dimensional integral

(D.4) / L ob(y)dy

=L Y

We approximate (D.4) by
Eroa 1
(D.5) — — | b(y)dy

_rlr-y =

This is valid so long as [, b(y)dy = 0. Next we observe that [# - ﬂ ~ L for

z—y
every z sufficiently far from the interval [—1, L]. We also have that

1
|#|>2L T

Combining these components we ensure that the singularities are avoided if we
ensure that the integrals are zero in the interval. We now extend this idea from R
to R? we ensure that the integral over each cube is fixed to zero.

The first theorem for the simplified case is demonstrated based on the methods
of [16] Theorem 2.1].

Theorem D.14. For every 1 < p < oo, and let g(x) be a kernel satisfying Assump-
tion and given the operator defined in Definition [D.19 Then, there exists a
constant Ay, so that

T gty < Ap 11l ey
where A, depends only on B,p and d.

We now present a proof of Theorem based on [I6l, Theorem 2.1].

Proof. We recall Definition and initially consider two cases.

T is of weak type (2,2)

By taking the Fourier transform of (T'f)(y) for f € L' N L? we then use esti-
mate (D.1)) combined with the Plancherel theorem to get that

(D.6) TP 2 @ay < BlIfll L2 gay -
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From we extend 7' uniquely over L?(R?) using Theorem we obtain our
desired estimate.

T is of weak type (1,1)

We split the function f into two components f = f; + fo. We set f1 as the
component that is equal to f when f is essentially small, and we set f; as the
component equal to f when f is essentially large. For the f; component, we now
see that this satisfies the L?(RY) requirements. Thus we have the required estimate
from estimate . For the fy component, we consider Remark and use this
simplified integral to evaluate the fo component.

We now split R? into two components, R = F' U Q as in Theorem [B.4] From
this we define f; a.e. as

= f(z), forz e F
1 @f% f(x)dz, for z € QY.

We combine this with the fact that f = f; + fo to determine that fo has the
following properties

(1) b(x) =0 for every x € F,
(2) [y, bla)dz =0 for all cubes Q;.

Thus we have for Tf =T f; + T fo and we have that
{z:[Tf(@)] = o}| < Ha: |TfHi(2)| = a/2} + [z« [Tf2(2)] = o/2}]

We now make estimates for T'f1(x) and T fo(x). To estimate f; we first establish
that f; € L2(RY).

\mmm@=/umw=/umm+/u#m
Rd F Q

< [ alfids + ca?lQ
F
< (C?A+1)a Hf”Ll(Rd) .

Thus we directly use estimate and formulate an estimate for f,. First we
introduce a function b;

b — fo(z), forze@;
70, for z ¢ Q;.

Then, one has that

Fale) = 3 by(@)

(D.7) (ﬂwu»=z§mx—w@@My

J
(Tf2)(x) = > (Th))(x).
J
For each cube @);, we introduce the associated cube ) which shares the same

centre point y; but has the edges rescaled by 2v/d. These cubes (); have several
properties that should be noted

(1) Let Qj C Qj*, then Q* = U; Q7 so that Q € Q* and Q" < (2vVd)4|Q|.
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(2) Let F* = (Q*) then F* C F.
(3) For every = ¢ QF, one has that |z —y;| > 2|y — y;| for all y € Q;.
Now we add a zero valued function to (Th;)(x) in equation (D.7)

(Th;)(x) = / [9(z —y) — gz — y;]b;(y)dy

as fQ y)dy = 0. Using property (3) we have for every y € Q;
(D.8) / l9(z —y) — g(z —y;)|dz < / o l9(z —y) — g(z)|dz < B.
;f z|>2|y

Using estimate we have that

| rhe o< 3 /m* |, tote =) gt =l
<BZ/ y)|dy

< Cfllgr ray -

Thus we immediately have

C
(D.9) Hz € F:[Th(@)] > a/2} < —Ifll g -

combining this with estimate we have our required estimate for weak type
(1,1).

Now we look to determine estimates for every p # 2. For every 1 < p < 2, we use
the interpolation theorem and combining this with the weak (1,1) and (2,2)
estimates we have that

HTf”LP(Rd) < AP ||f”Lp(]Rd)

for every 1 < p < 2 and for all f € LP(R?). Next we use the duality between

LP(R?) and LY(R?) using 5 + o = 1, with 2 < p < oo, 1 < p/ < 2. For all

continuous functions ¢ with compact support having |[¢||,, ®y) <1, for a locally
integrable function v let

Sup/wgpdmzA<oo
©

for some constant A > 0 then ¥ € LP(R?) and |[9)||p(gay = A. For f € L'(RY) N
LP(RY), due to g € L?(RY) and by H6 lder’s inequality we have that

@ hete < A411flLay

So taking the supremum of ¢ we have ||Tf||,, ®?) < Aq N1 Lo (re) completing our
proof. (Il

Remark D.15. We naturally extend Theorem to the uniform estimate of T
to all of LP(R9) by continuity.

Remark D.16. Theorem[D.14]covers the specific case of a bounded gradient where
Property is replaced by,

(D.10) V()| < B'la| ™
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where B’ is a different constant replacing B in Assumption

As we assumed g(z) was bounded in L?(R%) rather than have it be a conse-
quence of the properties of g(z) we now introduce some assumptions that ensure
the singular kernel has a cancellation property.

Assumption D.17. We now update the assumptions of the kernel g(x) by,
l9(x)| < Blz|~¢ 0 < fal,

lg(x —y) —g(z)|dz < B 0 <y
|z]>2]y]
where the constant B is the same as in assumption We also introduce a
cancellation property,

(D.12) Jay <iej<r, K(@)dz =0, 0< Ry < Ry < oo.

(D.11)

Now we add the definition of a convolution operator with an epsilon ball removed.

Definition D.18. For f € LP(R%), ¢ > 0 and for all 1 < p < oo, let
L)@ = [ 1= e
y>e

Below is a lemma that we use to prove the boundedness of the L?(R?) case.

Lemma D.19. Let g(z) be a kernel satisfying Assumption with bound B. We
define g.(x) fore >0

_ [ o9(@) iflxl>e,
(D-13) 9(x) = { 0 if |7 < e.
Then, we define g. € L?>(R?) for the Fourier transforms we have the estimate for

e>0

(D.14) sup |g:(y)| < CB,
yeRd

where C' depends only on d.
We prove Lemma following the methods in [I1l, Section 2]

Proof. First we consider the case ¢ = 1 for the estimate We see that K (z)
satisfies the both conditions (D.12) and (D.11) with B replaced by C'B where C
depends only on d. Next we take the Fourier transform of K7 to get

9(z) = lim ™Y gy (x)dw
—°J|z|<R

1 i

:/|x| < —e?™ Vg (2)dr + lim XY g, (r)dx
|y R=oo J L <|z|<R

=1 + .

We now estimate I; by taking advantage of the cancellation property (D.12) to
add a zero term

(D.15) = / (™Y — 1) gy (z)da.
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Now we bound equation (D.15)) using estimate (D.11))

nl<cll [ lello@)ids

[yl

< C'B.

To estimate Iy we choose z = z(y) so that e%™¥* = —1, we set z = %ﬁ, with

|z] = ﬁ Now we evaluate

) 1 .
/]Rd g1 (m)e%wy%dx = 5 /Rd [91 (3;‘) —q1 (.Z‘ _ Z)} €2mz'ydx,

so we now have that

lim g1 (x)e? ™™y
Ao ) b <lal<r
1 . Tz
D) Rhm [91(2) — g1(z — 2)] e dy
—0 ‘71|<\z|§R
1 2imz-y
(D.16) ~3 g1(x)e dz.
ﬁ<|a:+z|
=13+ 1.

For the integral I, this integral is contained within a spherical shell and is bounded
by since |g;(x)| < Blz|~¢. I3 is majorised by

I CEDETCTER

\yl—‘zl

However, as z = ﬁ, then the analogous Property (D.11]) is bounded by C'B. Now,
combining all of these separate estimates we satisfy the lemma for e = 1.
To extend this to a general ¢ > 0 we add a dilation factor 7. so that

(ref)(x) = f(ex).
Let T' = ¢ * f be a convolution operator where ¢ is a kernel. Then, 7.T7. is
a convolution operator with the kernel . = e 9p(¢71x). For a kernel ¢ that
satisfies Assumption we have that . also satisfies the same assumptions with
the same bounds. Now using the same g given in our lemma we let ¢’ = e%g(cx)
then ¢’ also satisfies the requirements of the lemma and if

vy dogla) x>,
gl(x)—{ 0 if |z| <e.

we know that |g}(z)| < CB and the Fourier transform of e =g} (¢~ 1) is ¢! (cy) is
also bounded by CB, but we know that this e~ 9¢} (¢~ 'x) = g.(x), thus we have
proven the lemma. O

We now introduce a theorem analogous to [D.14] for the cancelling case based
off [16l Theorem 2.2].

Theorem D.20. Let g(x) be a kernel satisfying Assumption and given the
operator defined in Definition[D. 18 Then, for all1 < p < oo and € > 0 there exists
a constant Ap, so that

(D.17) TP ey < Ap 1 f1] Lo (ra)
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where Ap depends only on B,p and d and is independent of f and €.
For each f € LP(RY), lir(r)1+ T.(f) =T(f). Additionally, one has that the operator
£—r

T defined in Definition also satisfies estimate (D.17]).
The following proof Theorem is based on [I6], Section 2.3.4].

Proof. Using Lemma one has that if g(z) satisfies the Properties (D.12))
and (D.11)) then K. also satisfies them so combining this with Corollary we

have that is satisfied.

Next we split an arbitrary f € LP(R?) into two components f = f; + fo where f;
is continuous with compact support and a continuous derivative and f, € LP(R?)
is a function with a sufficiently small LP(R¢) norm. Now, for the function f; we

have by the cancellation condition (D.12)) that,

T.(fi)(x) = / o) fr(z — w)dy

- / o) fie =)y + / ) A=y - Al =y)]dy
=1 + L. -

The first integral I; is in LP(R?) as it is a convolution of an LP(R?) (g(z)) with
an L'(R?) function (f;). Next we note that the second integral I also converges
uniformly as € — 0 as

(D.18) |fi(z —y) — fa(x)] < Alyl

for some constant A due to the differentiability of f;. Thus we conclude that T (z)
converges in L? norm as € — 0.
For the function f, we now apply estimate (D.17) to fo and see that lir% T.
E—r

exists in LP(R?) space. We also have that the limiting operator T also satisfies

estimate (D.17)). O

We now restrict the kernels to singular integral operators that are of particular
interest to our work.

Assumption D.21. The kernel g(x) is defined as,

o(z) = f;?

where G(z) : R? — R is homogeneous of degree 0 in Bz\{0} for some R > 0 and
G(z) is completely determined by its restriction to this sphere. Now we restrict
the conditions of Assumptions and [D.I7] to these specific functions. The
cancellation property is then reduced to

G(z)do(z) = 0.
Sa—1
Property (D.11]) is difficult to directly express in terms of G(z) but it is be satisfied if
G(z) possesses a “Dini”-type condition based on Property (D.11)) which is satisfied
if
w@d) = sup  |G(x) -G

e—a',|z|=|z|=1
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then

(D.19) /O ‘*’(?d‘s <0

Remark D.22. We note that if G(z) is C* then it satisfies property (D.19) directly.

We now introduce one last operator definition for this section.

Definition D.23. The operator T.(f) is defined by
G
(D.20) (@ = [ S yay
y>e |y|

The main result of the section is the following theorem which is used in defining
the properties of the Calderén operator in Section 4| based off [16], Theorem 2.3]) .

Theorem D.24 (Calder6n-Zygmund theorem inequality ). Let g(x) be a kernel sat-
isfying Assumption [D.21] and given the operator defined in Definition[D.20. Then,
for all 1 <p < oo and e > 0 there exists a constant Ay, so that

(D.21) T (Pl Lo ey < Ap 11l Lo (e
where A, depends only on B,p and d and is independent of f and €. For each
f € YRS, Tim T.(7) = T(f)

e—

For the interested reader we now provide a proof of Calderén-Zygmund theorem
inequality (Theorem [D.24]) based on [16, Section 2.4.2].

Proof. This theorem holds immediately by Theorem after we demonstrate g(x)

of the form Cﬁx(:f,) satisfies Property (D.11)) if G(x) while satisfying Property (D.19)).
We note that

g(z —y) —g(z) = (G(xy) G(x)) + G(x) {1 ! ] .

|z —yld lz—yld |zl

Focusing on the second term G(z) [ﬁ - ﬁ] it is immediately clear that is
bounded as both G(x) is bounded and

/ 1 1
[z[>]2y]

o —yl? Jal?
for some C independent of G(x),p,d. Next we consider the first term
Gz —y) — G(z)
|z =yl

de < C

To estimate this we take advantage of the “Dini” style continuity and note that the
distance between the projections of x —y and = on the unit sphere,

T—y T

|z =yl 2|

is bounded by C|¥]| for |z| > 2|y|. So the integral of this first group of terms is

dominated by
c/2
C’/ 0 <c|y|> dr c”/ 20 Lo
|z|>2|y| lz| ) || 0 4

Where C’,C"”, C are constants independent of g, G,p and d. O
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We note that the constant A, is independent of f,T,p and d as shown in [I6]
Further result 6.2] should be emphasised

Remark D.25. We note that the constants A, which appear in the preceding
theorems are for every 1 < p <2

and for every 2 < p < oo

Ap < Ap
where A is the constant based on Definitions and and are independent of
f,T,p and d.
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