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Abstract

Minimal triangulations of 3–dimensional manifolds offer key insights to topological and geo-
metric properties of the underlying manifold. We study minimal triangulations through two
lenses – one geometric, and one topological. The lens of geometry allows us to utilise proper-
ties such as volume to understand the underlying topology. The lens of topology allows us to
use a more flexible theory to dissect the underlying subcomplexes.

In the former case we study geometric triangulations of hyperbolic 2–bridge link complements.
Using the hyperbolic structure induced on the triangulations, we are able to establish new lower
bounds on the complexity of infinitely many 2–bridge link complements. The main tool we use
for this is hyperbolic volume by way of angle structures.

In the latter case, we utilise normal surface theory together with layered and 0–efficient trian-
gulations to explore the anatomy of minimal triangulations by way of the Z2–Thurston norm.
Our main result bounds the number of edges of degree three within such triangulations and
hence gives us a method of analysing their subcomplexes intersecting layered solid tori. As an
application, we determine new infinite families of minimal triangulations.
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Introduction

This thesis exists in the world of low-dimensional topology, at the intersection between topol-
ogy, geometry, and combinatorics. We study triangulations of 3–manifolds with a focus to-
wards minimal triangulations. We give our attention to both material triangulations of closed
3–manifolds and ideal triangulations of cusped hyperbolic 3–manifolds† and employ techniques
from 3–manifold topology and hyperbolic geometry to examine their anatomy.

Why minimal triangulations?

Triangulations have proven to be a powerful tool in understanding 3–manifolds since the fol-
lowing landmark result of Moise.

Theorem [Moi52] Every closed 3–manifold admits a triangulation.

In the context of Moise’s work, a ‘triangulation’ was a simplicial triangulation. We, how-
ever, will focus on pseudo–simplicial triangulations. Further work of Moise [Moi54] and
Bing [Bin54] extended this result to include compact 3–manifolds with boundary. In the lan-
guage of this thesis, the triangulations stemming from these results were material triangula-
tions. Later work of Casler [Cas65], focusing on special spines, implied the existence of ideal
triangulations for the interior of a 3–manifold with boundary.

All of this still does not answer the question of why we are interested in minimal triangulations.

For a given 3–manifold M, there are infinitely many ways in which we may triangulate it. De-
pending on the application, some of these choices will be notably better than others. For an
instructive example, consider the 2–sphere. The three simplicial platonic solids – the tetrahe-
dron, the octahedron, and the icosahedron – have, as boundaries, the three triangulations of
the 2–sphere with the maximum number of symmetries per triangle. The tetrahedron is the
simplicial triangulation with the smallest number of pieces, the octahedron is the smallest tri-
angulation with central symmetry, and the icosahedron is the smallest triangulation covering a
simplicial triangulation of the real projective plane. It seems reasonable that these triangula-
tions should be “good” in most contexts. In 3–dimensions, it seems reasonable that the “best”
triangulations of 3–manifolds feature those that have the smallest number of tetrahedra, that is,
are minimal.
†The author would like to think that both are given an approximately equal amount of attention, though this may
not be true.
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2 INTRODUCTION

The complexity c(M) of a 3–manifold M is the minimum number of tetrahedra required in a
triangulation of M. In the case that M is closed and irreducible, this definition agrees with the
complexity defined by Matveev in terms of spines [Mat90] unless the manifold is S3, RP3,

or L(3,1). If a triangulation T of a 3–manifold M realises the complexity, that is |T | =
c(M), then the triangulation is minimal. Complexity acts as the organising principle when
enumerating manifolds as only a finite number of 3–manifolds can achieve a given complexity.
It also offers a measure as to how topologically complicated a given 3–manifold is.

In addition, minimal triangulations have many advantages in computations, especially since
algorithmic solutions to topological problems often scale exponentially in the size of the input
triangulation (see [HLP99] for an example).

A geometric perspective. The main focus of the geometric perspective in this thesis is on
geometric ideal triangulations of cusped hyperbolic 3–manifolds. Whilst all of these terms are
defined in due course, the main idea is that we take an inherently topological object (an ideal
triangulation) of an inherently geometric object (a cusped hyperbolic 3–manifold) in a way that
we can leverage the underlying geometry to analyse the topology.

In the context of minimal ideal triangulations, Thurston [Thu80] established a one-sided in-
equality connecting the volume of a complete hyperbolic 3–manifold of finite volume and its
complexity:

c(M)≥ Vol(M)

v3

where v3 ≈ 1.0149 . . . is the maximum volume of a hyperbolic ideal tetrahedron. Indeed,
through Mostow-Prasad rigidity [Mos68, Pra73] the volume itself is a topological invariant of
M. The difficulty remains in computing (or estimating) the volume of a hyperbolic 3–manifold.

Thurston [Thu80] also devised two sets of gluing equations – one a set of complex polynomi-
als and one a set of linear equations – which, when satisfied, guarantee that a set of hyperbolic
ideal tetrahedra will glue together to induce a hyperbolic structure (not necessarily complete)
on the resulting triangulation. Whilst this provides a starting point for leveraging the underlying
geometry, we ideally want to induce a complete hyperbolic structure on our triangulation which
agrees with the structure on the underlying 3–manifold. Casson and Rivin [Riv94] provided a
connection between the set of linear equations and the existence of this complete hyperbolic
structure on the triangulation. The main tools of this work are angle structures and volume
maximisation. Angle structures provide a method by which the volume of a hyperbolic tetra-
hedron may be calculated [Mil82]. Using these, combined with Thurston’s lower bound, an
avenue for computing lower bounds on the complexity is revealed and, perhaps unsurprisingly,
traversed in this thesis.
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A topological perspective. The main focus of the topological perspective in this thesis is on
minimal triangulations of closed, orientable, irreducible, connected 3–manifolds which admit a
colouring by some rank–2 subgroup of H1(M;Z2). The theory of such minimal triangulations
has been developed since work of Jaco, Rubinstein, and Tillmann [JRT09]. The main tool
used is the Z2 analogue of Thurston’s norm [Thu86]. The Z2–Thurston norm [JRT13] is
defined in terms of embedded surfaces in a manifold. By passing to a triangulation, this theory
offers a prime example of understanding the anatomy of 3–manifolds by studying the surfaces
embedded within a triangulation.

A particularly pleasing aspect of this theory is its use of normal surface theory, layered triangu-
lations, and 0–efficient triangulations. By colouring a triangulation with a rank–2 subgroup, we
may define a special class of normal surfaces dual to the colouring. By examining the properties
of the surfaces in a minimal triangulation, we are able to distil the essence of its anatomy.

The combination of these surfaces with the additional assumption of 0–efficiency allows a sys-
tematic study of the subcomplexes which may arise within minimal triangulations. Subcom-
plexes which are combinatorially equivalent to layered solid tori play a particularly important
role and their intersections are controlled within a 0–efficient triangulation. Using these as a
springboard, we can describe and classify more general subcomplexes within these triangula-
tions.

Organisation of the thesis.

The background required for this thesis is covered in Chapter 1. We define concretely what we
mean by a triangulation, a material triangulation, and an ideal triangulation (Section 1.1). We
then survey the landscape of minimal triangulations (Section 1.2). Normal surface theory (Sec-
tion 1.3) is introduced as a method by which we can study triangulations of 3–manifolds via
embedded surfaces. Special types of triangulations are introduced in Section 1.4. Layered tri-
angulations (Section 1.4.1) are ubiquitous in the study of both material and ideal triangulations,
in particular through layered solid tori. In the topological setting, 0–efficient triangulations
(Section 1.4.4) arise naturally when studying minimal triangulations. Finally, we introduce the
necessary hyperbolic geometry and define geometric triangulations in Section 1.5. Of particular
importance in this section are angle structures, as these play a fundamental role in our work.

Chapter 2 presents the geometric perspective in this thesis. We study the Sakuma–Weeks tri-
angulations of hyperbolic 2–bridge link complements. These triangulations are geometric and
thus we may utilise tools from hyperbolic geometry to study the topology and combinatorics
of the underlying 3–manifold. In Section 2.1 we introduce the construction and notation of a
2–bridge link and follow with Section 2.2 in which we define the Sakuma–Weeks triangula-
tions focusing on their construction from a link diagram. In Section 2.3 we provide a necessary
condition for the Sakuma–Weeks triangulation to be minimal and show that ‘most’ of them are
in fact not minimal. Finally, we present our main contribution in Section 2.4. We utilise angle



4 INTRODUCTION

structures on the triangulations together with their combinatorics to provide lower bounds on
the complexity of the 2–bridge links whose Sakuma–Weeks triangulation satisfies the necessary
condition for minimality. Our main contribution is the following result providing a multiplica-
tive lower bound on the complexity of these manifolds.

Theorem 2.20 Let L = L(Ω) be the 2-bridge link associated to the word Ω = RLa1 · · ·(LanR |
RanL) where ai ∈ {1,2} for all 1 ≤ i ≤ n and n ≥ 1. Let M = S3\L and T = T (M) be the
Sakuma-Weeks triangulation of M and let c(M) denote the complexity of M. Then,

0.8|T | ≤ c(M)≤ |T |

Chapter 3 presents the topological perspective in this thesis. We continue the study of minimal
triangulations of closed, orientable, irreducible, connected 3–manifolds using the Z2–Thurston
norm started by Jaco, Rubinstein, and Tillmann [JRT09, JRT13]. After reviewing the neces-
sary background in Sections 3.1 and 3.2 we move to understand the general anatomy of rank–2
coloured minimal triangulations in Section 3.3. This section culminates in our main technical
result which provides an upper bound on the number of edges of degree 3 in a rank–2 coloured
minimal triangulation. In particular, we reveal a link between the complexity of M, the ef-
ficiency of surfaces representing homology classes, and the degrees of homologically trivial
edges.

Theorem 3.1 Let M be a closed, orientable, irreducible, connected 3–manifold with min-
imal triangulation T . Suppose that all edge loops are coloured by the rank–2 subgroup H
of H1(M;Z2),T is (∆qq,4)–free with respect to the colouring and that |T | = (2 + k) +

∑ϕ∈H ∥ϕ∥. Letting ed denote the number of H –even edges of degree d, we have:

e3 ≤ k+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed.

One important aspect of this result is that it places constraints on the existence of layered solid
torus subcomplexes within a minimal triangulation. In Section 3.4 we apply this result to con-
duct a detailed analysis of 3–manifolds satisfying additional assumptions on their complexity.
We conclude this chapter by describing two new infinite families of 3–manifolds in Section 3.5.

The final chapter of this thesis, Chapter 4, describes an algorithm for computing the Z2–
Thurston norm for non-trivial classes ϕ ∈ H1(M;Z2) using a 0–efficient triangulation. Impor-
tantly, this algorithm does not rely on the triangulation being minimal. Having implemented
this algorithm using Regina [BBP+23], we provide several summary tables of data available
in the current Regina census of closed, orientable 3–manifolds up to 11 tetrahedra [Bur]. We
expect that the code and data will contribute to the discovery of further results.



CHAPTER 1

Minimal triangulations in geometry and topology

In this chapter we lay the groundwork for this thesis, providing background on the geometry
and topology of 3–manifolds. We define both material and ideal triangulations in Section 1.1
and introduce the Regina gluing table. In Section 1.2 we define the complexity of 3–manifolds
and provide a summary of work done in classifying minimal triangulations and enumerating
minimal triangulations in the creation of censuses. We finish this section with a set of combi-
natorial moves, called Pachner moves, which allow for the modification of triangulations. The
content of these sections (Sections 1.1 and 1.2) will be used throughout the thesis.

In Sections 1.3 and 1.4 we focus on topological aspects of triangulations. Section 1.3 introduces
Haken’s theory of normal surfaces, providing us with a finite set of building blocks for properly
embedded surfaces within a given triangulation. In Section 1.4 we define layered triangulations
and, with the language of normal surface theory, 0–efficient triangulations. These types of
triangulations play a fundamental role in the analysis of minimal triangulations, with many
subcomplexes being layered and most* closed, orientable, irreducible 3–manifolds having 0-
efficient minimal triangulations. The content of these sections is used in Chapters 3 and 4.

In Section 1.5 we focus on geometric aspects of triangulations in the setting of cusped, hy-
perbolic 3–manifolds. We define both topological and geometric ideal triangulations, focusing
on the latter. Through the use of angle structures, we conclude with a theorem by Casson and
Rivin which provides necessary and sufficient conditions for a topological ideal triangulation
equipped with an angle structure to be geometric. The content of this section provides a basis
for the work presented in Chapter 2.

1.1. Generalised triangulations

Let M be an orientable, connected 3–manifold. Intuitively, a triangulation is a decomposition
of M into finitely many tetrahedra together with a set of gluing instructions which describe
how their triangular faces are identified in pairs. In this thesis we concern ourselves with both
material triangulations of closed 3–manifolds and ideal triangulations of cusped hyperbolic 3–
manifolds. Whilst the treatment of each of these types of triangulations is broadly the same, we
define each type of triangulation separately.

*The only excluded 3–manifolds are RP3 and L(3,1).

5
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Definition 1.1 A (generalised) triangulation is a triple T = (∆̃,Φ, p) consisting of the union
of a finite collection of pairwise disjoint 3–simplices, ∆̃ = σ1 ∪ ·· · ∪ σt , a family of affine
isomorphisms, Φ, which pair faces of the simplices in ∆̃, and a natural quotient map p : ∆̃ →
∆̃/Φ, where the space M̂ = ∆̃/Φ is endowed with the identification topology.
The quotient map p is injective on the interior of each 3–simplex in ∆̃ and we thusly refer to
the image of a 3–simplex as a tetrahedron. Similarly, p is injective on faces and we further
require that it is injective on edges‡. We refer to the images of the k–simplices as the vertices,
edges, and faces of the triangulation for k = 0, 1, and 2, respectively.

Unless it is necessary, we suppress the triple and simply write T to denote a triangulation.
A triangular face which remains unpaired is termed a boundary face of the triangulation, and
similarly for the edges and vertices incident with it [ST80].

Definition 1.2 Given a triangulation T = (∆̃,Φ, p) of M̂ = ∆̃/Φ, the k–skeleton of T is the
set of images of the k–simplices in ∆̃. Letting σ k ⊂ ∆̃ denote a k–simplex in ∆̃, we write this
formally as

M̂(k) =
{

p(σ k) ∈ M̂ | σ
k ⊆ ∆̃

}

We sometimes refer to an edge e ∈ M̂(1) as an edge class when we need to distinguish between
e and an edge in p−1(e). This language is prevalent in Chapter 2. For an edge e ∈ M̂(1) we
define its degree, denoted deg(e), to be the number of pairwise distinct 1–simplices in the
preimage p−1(e).

The term generalised in our definition is to emphasise that we do not require our triangulations
to be simplicial†. This allows greater flexibility in that two triangular faces of a single 3–simplex
may be identified with each other.

Our definition of a triangulation makes no reference to 3–manifolds thus far, and this is inten-
tional. This is to emphasise triangulations as combinatorial objects and not just topological
ones. For a triangulation of M̂ to describe a 3–manifold there are additional conditions which
must be satisfied.

Definition 1.3 Let v be a vertex of a triangulation T . The link of v is the surface S that is
the boundary of a small regular neighbourhood of v. This surface is termed a vertex–linking
surface.
‡Requiring that p is injective on the edges allows us to avoid the situation where an edge is identified with itself
but in the opposite direction.
†Mathematicians have used many names for these types of triangulations – pseudosimplicial triangulations, semi-
simplicial triangulations, singular triangulations, topological triangulations, and loose triangulations, to name a
few.
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We now discuss the allowed vertex links and use these to determine when a triangulation is
homeomorphic to a 3–manifold. If the link of v is a sphere or disc, then v is termed a material
vertex. If the link of v is any other surface, then we term v an ideal vertex. When every vertex
is material, we say that T is a material triangulation. When every vertex is ideal, we say that
T is an ideal triangulation.

Given a triangulation T , the points at which the quotient space M̂ = ∆̃/Φ may fail to be a
manifold are contained in M̂(0) and we call M̂ a 3–dimensional pseudomanifold. Details
on pseudomanifolds can be found in [ST80, Chapter 3]. When T is a material triangulation
the neighbourhood of each vertex in M̂ is homeomorphic to the neighbourhood of a point in 3–
dimensional Euclidean space or the neighbourhood of a point on the boundary of 3–dimensional
Euclidean half–space.

If M̂ contains no boundary vertices, then it is a closed 3–dimensional pseudomanifold; oth-
erwise it is a compact 3–dimensional pseudomanifold with boundary. When T is an ideal
triangulation the space M̂\M̂(0) is a topologically finite, non–compact 3–manifold (possibly
with non–empty boundary). The elements of M̂(0) and M̂(1) are termed the ideal vertices and
ideal edges of M̂\M̂(0), respectively.

When working with material triangulations we will adopt the notation M = M̂. Similarly, when
working with ideal triangulation we will adopt the notation M = M̂\M̂(0) and hope this does
not cause any confusion.

Example 1.4 The lens space L(7,2) has a material triangulation consisting of two tetrahe-
dra. The complement of the figure-8 knot has an ideal triangulation consisting of two ideal
tetrahedra. These are illustrated in Figure 1.1.

(a)
0 (0)

0 (1)

0 (2)

0 (3)

1 (0)

1 (1)

1 (2)

1 (3)

(b)
0 (0)

0 (1)

0 (2)

0 (3)

1 (0)

1 (1)

1 (2)

1 (3)

FIGURE 1.1. (a) Material triangulation of the lens space L(7,2); (b) Ideal triangu-
lation of the figure-8 knot complement. Labels on the vertices denote tetrahedron
index and, in parentheses, the vertex index. That is, 0 (0) denotes tetrahedron 0 (ver-
tex 0).
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1.1.1. Triangulations with Regina. One key advantage of viewing a 3–manifold as a
combinatorial object is that we may develop algorithms and computational tools to aid our in-
vestigations. The software packages Regina [BBP+23] and SnapPy [CDGW] provide many
tools examining both the geometry and topology of 3–manifolds via their triangulations. More
specialised software packages, such as Veering [PSS25], have also been developed utilising
the tools available from both Regina and SnapPy which allow for the analysis of more spe-
cialised classes of triangulations.

The work presented in this thesis utilises Regina for both exploratory analysis and constructing
explicit examples. We present below a standard gluing table utilised by Regina for representing
a triangulation.

Example 1.5 The construction of a standard gluing table requires a labelling of each tetrahe-
dron and its vertices. For each face of each tetrahedron, the gluing table describes which face of
which tetrahedron it is paired with via a permutation of the vertices. Tables 1.1 and 1.2 provide
the gluing tables for the triangulations presented in Figure 1.1.

Tetrahedron Face 012 Face 013 Face 023 Face 123
0 1 (231) 0 (132) 1 (301) 0 (031)
1 1 (320) 0 (230) 1 (210) 0 (201)

TABLE 1.1. Gluing table for the triangulation of L(7,2) illustrated in Figure 1.1.

Tetrahedron Face 012 Face 013 Face 023 Face 123
0 1 (203) 1 (103) 1 (102) 1 (132)
1 0 (203) 0 (103) 1 (102) 0 (132)

TABLE 1.2. Gluing table for the triangulation of the figure-8 knot complement illustrated
in Figure 1.1.

1.2. Minimal triangulations

At the core of this thesis are minimal triangulations. For a given 3–manifold M, a triangu-
lation T is considered minimal if there does not exist another triangulation of M with fewer
tetrahedra.

Definition 1.6 The complexity of a 3–manifold M is the number of tetrahedra in a minimal
triangulation of M. We denote this quantity c(M).

The notion of complexity for 3–manifolds was first defined by Matveev [Mat88, Mat90] as
the number of vertices in a special spine. Termed the Matveev complexity, much of what is
currently known about the complexity of 3–manifolds is in terms of the Matveev complexity.
Combinatorially, special spines are dual to triangulations and the two definitions of complexity
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agree for all irreducible 3–manifolds except S3, RP3, and L(3,1); their Matveev complexities
all being 0 but their complexities being 1, 2, and 2, respectively.

Loosely speaking, the complexity of M measures how combinatorially difficult M is to de-
scribe. For every n ∈ N, the number of 3–manifolds of complexity at most n is finite and thus
complexity provides low-dimensional topologists with a useful tool for organising and system-
atically studying 3–manifolds.

Given a 3–manifold, the task of determining its complexity precisely is, in general, difficult.
For example, the Weber-Seifert dodecahedral space [WS33] is a closed, orientable hyper-
bolic 3–manifold for which the complexity remains unknown. Burton, Rubinstein, and Till-
mann [BRT12] have provided an explicit triangulation of this space (available with Regina)
consisting of 23 tetrahedra. A triangulation with fewer tetrahedra has not been found.

There are very few results which determine the complexity for infinite families of manifolds.
Work of Jaco, Rubinstein, and Tillmann determined the complexity for several infinite families
of lens spaces [JRT09]. Building on the methods developed in this work, Jaco, Rubinstein,
Spreer, and Tillmann provided a global lower bounds on the complexity of all closed, orientable,
irreducible, connected 3–manifolds M with non-trivial H1(M;Z2) by using the Z2 -Thurston
norm [JRT13, JRST20b] with Nakamura [Nak17] establishing the same result independently.
From this, they have determined the complexity of all such 3–manifolds which achieve these
lower bounds when the rank of H1(M;Z2) is exactly one or two.

Shifting our attention to finite volume, cusped, orientable hyperbolic 3–manifolds we still ob-
serve sparseness in the results which determine the complexity for infinite families of man-
ifolds. Perhaps one of the most studied manifolds here are the 2–bridge link complements.
Geometric triangulations of these manifolds were first described by Sakuma and Weeks [SW95]
with upper bounds on the complexity being determined by Ishikawa and Nemoto [IN16]. This
upper bound proved to be exact for a certain family of 2–bridge links, which we describe
in Section 2.4.3. Work of Morgan and Spreer [MS25] provides a necessary condition for
the minimality of the Sakuma-Weeks triangulations and establishes both multiplicative and
additive lower bounds on their complexity. Recent work of Aribi, Guéritaud, and Piguet-
Nakazawa [BAGPN23] constructed ideal triangulations for twist knots (a certain type of 2–
bridge knot) with approximately half the number of tetrahedra than the upper bound established
by Ishikawa and Nemoto.

Jaco, Rubinstein, Spreer, and Tillmann [JRST20a] extended their work with the Z2–Thurston
norm to the setting of cusped hyperbolic 3–manifolds and established a lower bound on the
complexity when the rank of H1(M;Z2) is at least two. The immediate application of this
theory was to show that the monodromy ideal triangulations of once-punctured torus bundles
over the circle are minimal. Rubinstein, Spreer, and Tillmann [RST24] further utilised this
theory to construct another infinite family of minimal triangulations of once-cusped hyperbolic
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3–manifolds which arise from certain Dehn surgeries on the complement of the 3-component
link 83

9.

Outside of these results, most research has generated bounds on the complexity of certain
classes of 3–manifolds. Notably, complexity bounds for Dehn-fillings have been determined
by Cha [Cha16a, Cha16b, Cha18], and in more special cases in [JRST25].

1.2.1. Enumeration and censuses. Prior to the introduction of Matveev complexity, the
work of Matveev and Savvateev [MS74] provided an enumeration of all 61 closed, orientable,
irreducible, connected 3–manifolds of complexity at most 5. This was extended further over
the next three decades through works of Matveev [Mat90] and Martelli and Petronio [MP01].
These censuses were developed utilising spines rather than triangulations.

The first census of all closed orientable 3–manifold triangulations of complexity at most 9 was
first reported by Burton [Bur10] and extended to all such manifold triangulations of complex-
ity at most 11 [Bur11a]. At the time of writing, the work of Matveev and Tarkaev [MT20]
has extended the census of closed, orientable, irreducible 3–manifolds to include all those of
complexity at most 13.

Work of Amendola and Martelli [AM03, AM05] provided the first censuses of closed non-
orientable 3–manifolds. Their census revealed that there were no such manifolds achieving a
complexity less than 6 and found that there were only eight achieving a complexity of at most 7.
Work of Burton [Bur07] independently found these manifolds and provided their 41 minimal
triangulations.

Attention has also been given to cusped hyperbolic 3–manifolds of finite volume, with the work
of Hildebrand and Weeks [HW89] generating the SnapPea census – the first census of mini-
mal ideal triangulations of cusped hyperbolic 3–manifolds containing at most 5 ideal tetrahe-
dra. Together with Callahan [CHW99], they extended this census to include all those minimal
ideal triangulations containing at most 7 ideal tetrahedra. Thistlethwaite [Thi10] extended it
further to 8 ideal tetrahedra. At the time, however, this census was not guaranteed to be com-
plete in that its construction relied upon inexact calculations and some unproven assumptions.
Burton [Bur14a] rectified this, proving that the SnapPea census indeed captured all minimal
ideal triangulations of cusped hyperbolic 3–manifolds with complexity at most 8 and further
extended the census to include such manifolds with complexity 9.

The final census that we mention is the Hodgson-Weeks census of closed hyperbolic 3–manifold
triangulations [HW94]. This census approximates the set of all closed hyperbolic 3–manifolds
of volume strictly less than 6.5 and systole length at least 0.15.
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All of the above mentioned triangulation censuses are shipped with Regina and/or SnapPy. The
development of these censuses over the past 50 years highlights the deep connection between
low-dimensional and algorithmic topology.

1.2.2. Modification of triangulations. Given a 3–manifold M with triangulation T , cer-
tifying that T is minimal is not an easy task as we have already mentioned. Of course if M is
in a census of minimal triangulations, then we need only check if T is one of the listed triangu-
lations in the census. Otherwise, we are left with a lower bound on c(M) from the appropriate
census and an upper bound from the number of tetrahedra in T . For example, the Weber-Seifert
dodecahedral space does not appear in the census of Matveev and Tarkaev [MT20]. We know
from this that it must have a complexity of at least 14. An upper bound of 23 on the complexity
is provided by Burton, Rubinstein, and Tillmann [BRT12] via an explicit construction.

For a given triangulation not in any census, we may attempt to modify it by a sequence of
elementary, or Pachner moves [Pac91]. These moves adjust a subcomplex of the triangulation
whilst preserving the manifold.

The only Pachner move we will encounter in this thesis is the 3–2 move. This takes three
pairwise distinct tetrahedra glued around a degree 3 edge and replaces it with two tetrahedra
glued along a triangular face. The inverse of this move is the 2–3 move. These are illustrated
in Figure 1.2.

FIGURE 1.2. The Pachner 3–2 and 2–3 moves. The 3–2 move replaces the three
tetrahedra on the left with the two tetrahedra on the right.

The other elementary move we will encounter in this thesis is the aggregate 4–4 move. A
square bipyramid can be triangulated with four pairwise distinct tetrahedra by inserting an edge
of degree 4 between a pair of opposite vertices. The 4–4 move replaces this edge with one of
the other two possible edges. We illustrate this in Figure 1.3. We consider this move to be
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‘aggregate’ as it is achieved by performing a 2–3 move followed by a 3–2 move. Importantly,
this means the 4–4 move preserves the number of tetrahedra in T .

A key observation of the 4–4 move is that whilst it preserves the number of tetrahedra, it alters
the degrees of edges incident to the four tetrahedra. The degrees of the equatorial edges always
increase by 1 whilst the degrees of the four edges opposite the new axis decrease by 1. We have
marked these decreases on the appropriate edges in Figure 1.3.

−1

−1 −1

−1

−1

−1

−1

−1

FIGURE 1.3. The aggregate 4–4 move. The negative degree changes are marked for
each of the two possible retriangulations.

The elementary moves are also defined on special spines and they are generally considered eas-
ier to visualise in this context. The following result, proved by Amendola [Ame05], establishes
the importance and power of the 3–2 and 2–3 moves.

Theorem 1.7 (Amendola) Let M be a 3–dimensional manifold or pseudomanifold. The set
of all triangulations of M with a fixed number of material vertices, including zero, is connected
under 3–2 and 2–3 moves, excluding those triangulations consisting of a single tetrahedron.

This result by itself is already powerful; combined with Theorem 1.17 it tells us that, in the
case of closed, orientable, irreducible 3–manifolds, we only need to consider one vertex trian-
gulations if we are searching for minimal triangulations. The triangulations excluded by this
result are those with only a single tetrahedron. Thankfully, these triangulations can be enu-
merated easily. In the closed setting there are two triangulations of S3, one of L(4,1), and
one of L(5,2). In the ideal setting, there is one triangulation of the Gieseking manifold – a
non-orientable, cusped hyperbolic 3–manifold of finite volume.

1.3. Normal surface theory

The concept of a normal surface was first introduced by Kneser in 1929 [Kne29]. Haken,
in 1961, extended this theory and developed an algorithm for detecting the unknot [Hak61,
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(a) S3 (b) S3 (c)L(4, 1)

(d)L(5, 2) (e)The Gieseking manifold (‘m000’)

FIGURE 1.4. The five 3–manifolds which can be triangulated with a single tetrahe-
dron. (a)-(d) are material triangulations of closed orientable 3–manifolds. (e) is an
ideal triangulation of a cusped, non-orientable hyperbolic 3–manifold.

Hak62], marking the start of the construction of an algorithmic solution to the homeomorphism
problem for certain classes of 3–manifold and establishing this theory as a core component of
algorithmic topology. Haken’s methods were not without their complications when it came to
implementation. Work of Jaco and Oertel [JO84] resolved these complications leading to the
development of the first finite time algorithm that could solve the homeomorphism problem for
closed, irreducible 3–manifolds containing a properly embedded, incompressible, two-sided
surface. In the thirty years since, normal surfaces have played a central role in many practical
algorithms and are used extensively in Regina.

Haken’s approach was to decompose a 3–manifold M into simple pieces and consider the sur-
faces which may be constructed from ‘elementary discs’ within these pieces. The two main
decompositions used in normal surface theory are triangulations and handle decompositions.
As our focus is on triangulations, we will not discuss handle decompositions. The definitions
and results we cover here can be found in [Mat07]. We assume that a surface mentioned is in
general position with respect to the triangulation, which is to say that it does not intersect the
vertices and it intersects the edges transversely.
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Definition 1.8 Let σ be a face in a triangulation T of a 3–manifold. A normal arc on σ is
a properly embedded arc whose endpoints lie on distinct edges of σ .

Definition 1.9 Let ∆ be a tetrahedron in the triangulation T . A normal disc in ∆ is a properly
embedded disc whose boundary consists of a sequence of normal arcs and meets each face of
∆ in at most one normal arc.

There are seven types of normal discs within a tetrahedron: four triangle discs, each separating
one of the four vertices; and two quadrilateral discs, each separating a pair of opposite edges.
The seven normal disc types are illustrated in Figure 1.5 below.

FIGURE 1.5. The seven types of normal disc in a tetrahedron.

Having defined the elementary discs of Haken’s scheme, we are able to define a normal surface
in the following, perhaps obvious, way. As a note to the reader, only closed surfaces will play
a role in this thesis and we accordingly restrict our attention to closed normal surfaces.

Definition 1.10 Let S be a properly embedded closed surface in a triangulation T . S is a
normal surface with respect to T if and only if it intersects each tetrahedron in a finite number
of normal discs.

Given a triangulation T of a 3–manifold M, it is unlikely that any properly embedded surface
S ⊂ M chosen will be a normal surface with respect to T . A core result of Haken’s theory
informs us that we can always ‘normalise’ a surface S with respect to T . The following result
can be found as Theorem 3.3.21 in [Mat07].

Theorem 1.11 Let M be a 3–manifold with triangulation T and let S be any properly embed-
ded surface in M. Then S can be realised as a, possible empty, normal surface F with respect
to T by a finite number of compressions, isotopies, and boundary compressions.

We now turn our attention to the use of normal surfaces in algorithms. Let T be a triangulation
consisting of n tetrahedra which we label ∆1, . . . ,∆n. The seven normal disc types in ∆i can be
represented by the vector xi = (ti,1, ti,2, ti,3, ti,4, qi,1, qi,2, qi,3) ∈R7, where each ti,r records the
number of normal triangles of type r and each qi,s records the number of normal quadrilaterals
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of type s. Extending this to all tetrahedra in T we obtain a vector x ∈R7n with entries ti,r and
qi,s for 1 ≤ i ≤ n.

Given any vector x ∈ R7n, we need a method to certify whether or not it corresponds to a valid
normal surface in T . The first observation we make is that a normal surface is an embedded
surface. This is not true if we allow more than one normal quadrilateral disc type to exist within
a single tetrahedron. The admissibility conditions we impose on x are that for each 1 ≤ i ≤ n
at most one of qi,1, qi,2, qi,3 is non-zero. We call the vector x admissible if it satisfies the
admissibility conditions.

Let ∆i and ∆ j be two tetrahedra in T which are identified along the face σ2. The intersection
of a normal disc and this face is a normal arc. For any pair of edges incident with σ2 there is
one type of normal triangle and one type of normal quadrilateral which meet both edges. Let ti,r
and qi,s denote the quantities of the corresponding disc types in ∆i and let t j,r′ and q j,s′ denote
the corresponding disc types in ∆ j. This condition can be written as ti,r + qi,s = t j,r′ + q j,s′.

Adding the requirement that ti,r,qi,s ≥ 0 we arrive at the matching equations:

ti,r +qi,s = ti,r′ +qi,s′

ti,r, qi,s, ti,r′ , qi,s′ ≥ 0

0 ≤ i ≤ n

The matching equations and admissibility conditions transform the problem of finding all
x ∈ R7n which define a valid normal surface in T into a linear programming problem. A
fundamental result of Haken’s scheme establishes a bijective correspondence between the set
of admissible solutions to the matching equations and the set of normal surfaces in T .

Theorem 1.12 (Haken’s Hauptsatz [Hak61]) Let T be a triangulation consisting of n tetra-
hedra. A vector x ∈ R7n represents a normal surface in T if and only if each of the following
conditions holds:

(i) x is a solution to the matching equations;

(ii) the entries of x are integers; and

(iii) x is admissible.

A pleasant property of normal surfaces is that we may combine them by adding their corre-
sponding vectors together. Let S1 and S2 be two normal surfaces with corresponding vector
representation v1 and v2, respectively. We say that S1 and S2 are compatible if the vector
v = v1 +v2 represents a normal surface in T . This new normal surface is written S = S1 +S2.

We similarly define the surface kS, for integer k > 0, to be the normal surface with vector
representation kv.
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Definition 1.13 Let S be a normal surface in a triangulation T with vector representation v.
The surface S is called a fundamental surface if it cannot be written as the sum S = S1 + S2

for any non–empty normal surfaces.

The surface S is called a vertex surface if there are no positive integer solutions to kS =

k1S1 + k2S2 for any non–empty surfaces S1 and S2 which are not multiples of S.

Fundamental and vertex solutions play an important algorithmic role. For any triangulation,
the set of fundamental surfaces is finite and constructible. Moreover, every normal surface
can be written as a positive, integer linear combination of the fundamental surfaces. Similarly,
vertex surfaces can be partitioned into finitely many equivalence classes where the set of chosen
representatives for these classes is constructible.

1.4. Layered and 0–efficient triangulations

Two important classes of 3–manifold triangulations, both introduced by Jaco and Rubinstein,
play a central role in this thesis — layered triangulations and 0–efficient triangulation. We
define both classes and provide important examples of layered triangulations.

1.4.1. Layered triangulations. Layered triangulations, introduced by Jaco and Rubin-
stein [JR06] in 2006, have played a major role in the understanding of minimal triangula-
tions [JRT09, JRT13, JRST20a, JRST20b, RST24] and the construction of triangulation
censuses [Bur07, Bur11b].

The primary focus of Jaco and Rubinstein’s paper was the layered solid torus, together with
a classification of all normal surfaces and almost normal surfaces contained therein. Layered
solid tori are interesting in their own right and provide a layered construction of all lens spaces.
More interestingly, they commonly appear as subcomplexes in many minimal triangulations
(in particular, all cited works above classify infinite families of minimal triangulations which
contain layered solid tori as embedded subcomplexes). Layered solid tori have also proven
useful in the construction of triangulations of 3–manifolds obtained via Dehn filling (see, for
example, recent work of Thompson [Tho25] and work of Guéritaud and Schleimer [GS10]).

We define layered triangulations under the assumption that T is a material triangulation of M.

However, it should be noted that the construction for ideal triangulations is the same.

Definition 1.14 Suppose that ∂M ̸= /0 and denote by T∂ the restriction of T to ∂M. Let e
be an edge in T∂ which is incident to two pairwise distinct faces. A tetrahedron ∆ is said to be
layered along e if a pair of adjacent faces in ∆ are identified to the two faces incident with e
“without a twist”, see Figure 1.6.
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The resulting triangulation T ∪e ∆ is homeomorphic to M with e now an interior edge. If all
tetrahedra in the triangulation are attached via layering, then we call T a layered triangulation
of M. We describe two important layered constructions of the solid torus.

e

M

FIGURE 1.6. Layering along an edge e in the boundary of M. The blue faces are
identified and the orange faces are identified.

1.4.2. Layered solid tori. A layered solid torus is a layered triangulation of the solid
torus constructed as follows. Start with the triangulation of the Möbius band consisting of
a single triangle, considered as a degenerate solid torus, and layer a tetrahedron along the
interior edge (see ∆−1 and ∆0 in Figure 1.7). The result of this is the standard one tetrahedron
triangulation of the solid torus. This triangulation contains one vertex, three edges, and three
faces. Layering along one of the boundary edges yields a layered solid torus consisting of two
tetrahedra. Inductively, a layered solid torus consisting of k tetrahedra is obtained by layering
along a boundary edge of a layered solid torus consisting of k−1 tetrahedra with each layering
introducing a single new edge. A layered solid torus consisting of k tetrahedra thus has one
vertex, k+2 edges, and 2k+1 faces. Two faces, three edges, and the vertex are contained in
the boundary and form the standard one vertex triangulation of the torus.

Starting from ∆0, there is a unique first edge which is layered along. This edge is termed the
base edge. There is also unique boundary edge with degree one and we term this the unital
edge.

The geometric intersection of the meridional slope with the three boundary edges can be written
as an unordered triple {p,q, p + q}, where p and q are positive, coprime integers and the
slope of the boundary torus is p/q. Two layered triangulations of the solid torus with triples
{p,q, p+ q} and {p′,q′, p′+ q′} are combinatorially equivalent if and only if the two sets of
numbers are the same. Hence each layered solid torus can be characterised by its relevant triple
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∆−1

e

∆0 ∆1

e

FIGURE 1.7. The construction of LST(1,3,4). ∆0 is layered along the interior edge
e of the Möbius band ∆−1 to first obtain LST(1,2,3) with ∆1 then layered along
the dashed edge to obtain LST(1,3,4). The meridional disc is shown as a normal
surface in ∆0 and ∆1.

and is denoted LST(p,q, p+q). Figure 1.7 illustrates the layered triangulation of LST(1,2,3)
and LST(1,3,4).

Given a layered solid torus LST(p,q, p+ q) we can determine the layered solid torus arising
from each of the three possible layerings as follows. First, label the three boundary edges
with the parameters p, q, and p+q based on their geometric intersection with the meridional
disc. Layering along the edge labelled p changes the slope of the boundary torus from p/q to
q/(p+q). The geometric intersection of the new unital edge with the meridional disc is given
by q+(p+ q) = p+ 2q and we obtain LST(q, p+ q, p+ 2q). Similarly, layering along the
edge labelled q produces LST(p, p+q,2p+q). Without loss of generality, suppose that p > q.
Layering along the edge p+q changes the boundary slope to (p−q)/q and we obtain LST(p−
q,q, p). It follows from the Euclidean algorithm that this process terminates in LST(1,1,2).

1.4.3. Layered chains. The layered chain of length n, denoted Cn, was introduced by
Burton [Bur03] and is one of the core components of many triangulations in the closed, ori-
entable Regina census. The starting point for this triangulation is the two triangle triangulation
of the annulus illustrated in Figure 1.8. The edges t, for ‘top’, and b, for ‘bottom’, form the
boundary edges of the annulus and are oriented so that the correspond to the same element of
the fundamental group. The remaining two edges, e1 and e2, are oriented from t to b. This
annulus forms the layered chain C0.
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To form C1 we layer a tetrahedron along e1. The new edge is e3 and is oriented from t to b.
Inductively, Cn is formed by layering a tetrahedron along en with the new edge, en+2, oriented
from t to b as depicted in Figure 1.8. The result is a triangulation of the solid torus consisting of
n tetrahedra, n+4 edges, 4 boundary triangles, and two vertices. Both vertices are contained
in the boundary.

e2 e2
e1

b

t

en+1 en+1

en

en+2

b

t

FIGURE 1.8. The construction of the chain Cn. The left illustration shows the trian-
gulated annulus, considered as the layered chain of length 0, with boundary edges
marked t and b. The n-th tetrahedron is layered along edge en, with the edges t and
b always remaining in the boundary.

1.4.4. 0–efficient triangulations. 0–efficient triangulations were introduced by Jaco and
Rubinstein [JR03] in 2003. These triangulations are particularly important when constructing
minimal triangulations of closed, orientable, irreducible 3–manifolds.

Definition 1.15 A triangulation of a closed, orientable, connected 3–manifold M is 0–efficient
if the only embedded, normal 2–spheres are vertex linking.

The following two results will be heavily used throughout Chapters 3 and 4 and act as a pow-
erful framework for studying minimal triangulations. The first result connects 0–efficient tri-
angulations and irreducible 3–manifolds. Moreover, it controls the number of vertices which
greatly simplifies Euler characteristic arguments.

Proposition 1.16 [JR03, Proposition 5.1] Suppose M is a closed, orientable 3–manifold. If
M has a 0–efficient triangulation, then M is irreducible and M ̸= RP3. Furthermore, either the
triangulation has one vertex or M is S3 and the triangulation has precisely two vertices.

The second result connects minimal triangulations and 0–efficient triangulations and establishes
precisely when a minimal triangulation is not 0–efficient.

Theorem 1.17 [JR03, Theorem 6.1] Let M be a closed, orientable, irreducible 3–manifold
with minimal triangulation T . If M is not homeomorphic with either RP3 or L(3,1), then T

is 0–efficient. Hence T has exactly one vertex unless M is one of S3, RP3, or L(3,1).
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1.5. Geometric triangulations

In Chapter 2 we study ideal triangulations of the complements of hyperbolic 2–bridge links.
In this section we describe the hyperbolic geometry required in a more general setting. More
details can be found in, for example, [Pur20] or [Mil82].

The main objects for this section are geometric (ideal) triangulations. These play a central
role in Chapter 2 and allow us to use the hyperbolic geometry of the 3–manifold to study its
topology. Despite a beautiful and rich theory surrounding this topic, it is still not known if
every cusped hyperbolic 3-manifold admits a geometric triangulation [LST08, FHH22, HP23,
Nim23]. Epstein and Penner [EP88] devised a method for decomposing a cusped hyperbolic
3–manifold of finite volume into convex ideal polyhedra. Further subdividing these polyhedra
may result in degenerate tetrahedra (topological ideal tetrahedra that are ‘flat’ with respect to
the hyperbolic structure).

1.5.1. Topological ideal triangulations. A 3–manifold M is hyperbolic if it admits a
complete metric with all sectional curvatures equal to −1. Under the additional assumption
that M is closed, it has finite volume. Our attention will be on cusped hyperbolic 3–manifolds.

Definition 1.18 A cusped hyperbolic 3–manifold is an orientable non-compact hyperbolic
3–manifold M of finite volume. Such a manifold is the interior of an orientable, compact,
irreducible and ∂ -irreducible, atoroidal, anannular 3–manifold M with boundary a finite union
of tori. If M has n boundary components, then we say that M is n–cusped.

Cusped hyperbolic 3–manifolds always admit a triangulation consisting of only (topological)
ideal triangulations. The following result, implicit from Matveev [Mat07], was proven in gen-
erality by Tillmann.

Theorem 1.19 ([Til08], Proposition 1.2) Let M be the interior of a compact 3–manifold M
with non–empty boundary. Then M admits a (topological) ideal triangulation in which the ideal
vertices are in one-to-one correspondence with the boundary components of M.

1.5.2. Hyperbolic structures on ideal triangulations. Our direction now is towards en-
dowing a topological ideal triangulation with a hyperbolic structure. We work in the upper half
space model of hyperbolic 3–space, H3, defined as

H3 = {(x+ iy, t) ∈ C×R | t > 0}

with Riemannian metric given by the first fundamental form

ds2 =
dx2 +dy2 +dt2

t2
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A topological ideal tetrahedron ∆ embedded in H3 has each of its six ideal edges forming
geodesics and its ideal vertices located on the boundary at infinity, ∂H3 =C∪{∞}. There exists
an orientation preserving isometry ψ ∈ PSL(2,C) taking three of these four ideal vertices to
the points 0, 1, and ∞ with the fourth being sent to some z ∈C with positive imaginary part. A
topological ideal tetrahedron embedded in H3 this way is a hyperbolic ideal tetrahedron and
is illustrated in Figure 1.9. Letting e be the edge with vertices at 0 and ∞, the edge parameter
z(e) of e is the complex number z at which the fourth vertex of the tetrahedron is located.

0

∞

1

∞

z

∞

α
γ

β

β

γ α

FIGURE 1.9. A hyperbolic ideal tetrahedron. The four vertices are at 0, 1, ∞, and
z, where z has positive argument. The (internal) dihedral angles are labelled α, β ,
and γ on each pair of opposite edges.

The shape of a hyperbolic ideal tetrahedron is determined entirely by the edge parameter z(e)
and is preserved under any orientation preserving isometry which permutes the vertices of the
tetrahedron. For a given hyperbolic ideal tetrahedron, its intersection with a Euclidean plane§

parallel to C forms a Euclidean triangle with internal angles α, β , and γ. A each vertex of this
triangle, label the corresponding vertical edge of the tetrahedron with the angle. The angles
α, β , and γ are the (internal) dihedral angles of the tetrahedron. It is known that opposite
pairs of edges of a hyperbolic ideal tetrahedron have the same dihedral angles and these angles
determine the shape of the tetrahedron, up to isometry [Thu80], see also [FG11].

Thurston [Thu80] devised two sets of edge gluing equations, determining when a set of hy-
perbolic ideal tetrahedron will glue together and induce a hyperbolic structure (not necessarily
complete) on the resulting triangulation. For each edge e of the triangulation, we obtain a poly-
nomial equation in terms of the edge parameters of all edges gluing to e. In this thesis we will
avoid this set of equations entirely. The second set of equations states that the sum of dihedral
angles around each (internal) edge of the triangulation must add to 2π. Working with this set
§Such a plane is called a horosphere about ∞ and it admits a genuine Euclidean structure.



22 1. MINIMAL TRIANGULATIONS IN GEOMETRY AND TOPOLOGY

of equations we may determine not only when there is a hyperbolic structure on T , but also
when this structure is complete.

Definition 1.20 A geometric ideal triangulation is a topological ideal triangulation of a
cusped hyperbolic 3–manifold M for which the induced hyperbolic structure is complete. The
complete hyperbolic metric on T agrees with the complete hyperbolic metric on M.

It remains an open question as to whether every cusped hyperbolic 3–manifold admits a geo-
metric triangulation. Those which do form a very important class of manifolds, see for in-
stance [Mah10].

1.5.3. Angle structures and hyperbolic volume. Our connection between hyperbolic ge-
ometry and triangulations will be through angle structures. As alluded to above, we may avoid
the complex polynomial component of Thurston’s gluing equations and determine a complete
hyperbolic metric of finite volume on a given triangulation T by considering the dihedral
angles surrounding each (internal) edge.

Definition 1.21 Let M be a 3–manifold with ideal triangulation T consisting of n ideal tetra-
hedra {∆1, . . . ,∆n}. An angle structure Θ = (θ1, . . . ,θ3n) on T is an assignment of (internal)
dihedral angles θ3i−2,θ3i−1,θ3i on each pair of opposite edges of each ideal tetrahedron ∆i in
T such that the following hold:

(i) θ3i−2,θ3i−1,θ3i ∈ (0,π) for each 1 ≤ i ≤ n,

(ii) For each ideal tetrahedron ∆i we have θ3i−2 +θ3i−1 +θ3i = π,

(iii) The sum of dihedral angles around every (interior) ideal edge in T is 2π.

The set of all angle structures on a triangulation is denoted A (T ). The assignment of dihedral
angles to the i–th ideal tetrahedron is notated as Θ(i) = (θ3i−2,θ3i−1,θ3i). The hyperbolic ideal
tetrahedron with dihedral angles {θ3i−2,θ3i−1,θ3i} is denoted ∆(θ3i−2,θ3i−1,θ3i).

Condition (iii) in the above definition is precisely Thurston’s edge gluing equation for dihedral
angles. Our definition is sometimes referred to as a strict or positive angle structure in the
literature. There is no reason why A (T ) should be non–empty, however if it is non–empty,
then it is the interior of a convex, compact polytope in [0,π]3n ⊂ R3n.

The assignment of (internal) dihedral angles to a hyperbolic ideal tetrahedron allows the com-
putation of its hyperbolic volume. The following result, attributed to Milnor, provides this
calculation.

Theorem 1.22 ([Mil82], Lemma 2) Suppose θ3i−2,θ3i−1,θ3i ∈ (0,π) and θ3i−2 + θ3i−1 +

θ3i = π. Then these angles determine a hyperbolic ideal tetrahedron ∆(θ3i−2,θ3i−1,θ3i) with
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volume
Vol(∆(θ3i−2,θ3i−1,θ3i)) = Λ(θ3i−2)+Λ(θ3i−1)+Λ(θ3i),

where Λ : R→ R is the Lobachevsky function

Λ(θ) =
∫

θ

0
log |2sinu|du.

The volume of a hyperbolic ideal tetrahedron is maximised when each of its dihedral angles are
equal to π/3. Such an ideal tetrahedron is called a regular ideal tetrahedron and its volume
is

(1.5.1) v3 = Vol(∆(π/6,π/6,π/6))≈ 1.0149 . . .

Given an angle structure Θ ∈ A (T ), we obtain a volume of each ideal tetrahedron in T . The
volume of the triangulation is obtained by summing the volumes of the tetrahedra. By varying
Θ in A (T ), we vary the volumes of the tetrahedra and hence the volume of T .

Definition 1.23 Let M be a 3-manifold with ideal triangulation T consisting of n ideal tetra-
hedra. The volume functional V : A (T )→ R is defined by

V (Θ) =
n

∑
i=1

Vol(∆(θ3i−2,θ3i−1,θ3i)).

The volume functional is a concave function on A (T ) [Riv94, Theorem 2.1], and it is a
continuous function on A (T ), with image contained in [0,3nΛ(π

3 )]. That means it either
takes its maximum on the interior of the space A (T ) and this maximum is unique, or there is
no maximum in A (T ), and V is maximised on the boundary of the closure A (T ).

The following theorem, proved independently by Casson and Rivin, allows us to use angle
structures to obtain a geometric triangulation in the case that the maximum occurs in the interior
of the space A (T ).

Theorem 1.24 (Casson, Rivin) Let M be the interior of a compact orientable 3–manifold
with torus boundary, and let T be an ideal triangulation of M. Then a point p ∈ A (T ) deter-
mines a complete hyperbolic structure on the interior of M if and only if the volume functional
V : A (T )→ R has a maximum at p.

The proof of Theorem 1.24 follows from work in [Riv94]. This version is found in [GS10,
Theorem 5]. An alternative proof which includes a nice exposition is given by Futer and
Guéritaud [FG11].

Corollary 1.25 Let M be a hyperbolic 3-manifold with ideal triangulation T . Suppose A (T )

is non–empty. For each Θ ∈ A (T ),

V (Θ)≤ Vol(M).





CHAPTER 2

Complexity bounds on hyperbolic 2–bridge links

In this chapter we establish new results on the complexity of 2-bridge link complements
through a detailed study of the Sakuma-Weeks triangulations [SW95]. The manifolds we con-
sider are cusped hyperbolic 3–manifolds (Theorem 1.18) and the triangulations examined are
geometric ideal triangulations (Theorem 1.20). The approach we take utilises the connection
between angle structures and hyperbolic volume.

Thurston [Thu80] established a one-sided inequality connecting the hyperbolic volume of a
hyperbolic 3–manifold (cusped or closed) and its complexity:

(2.0.1) c(M)≥ Vol(M)

v3

The moral of this inequality is that a minimal triangulation of M requires at least the maximal
number of the ‘largest’ possible pieces and, importantly, any geometric triangulation involving
only regular ideal tetrahedra is minimal. Manifolds admitting such minimal triangulations are
referred to as tetrahedral in the literature, see [FGG+16] for a census of examples. Thurston’s
bound remains one of very few lower bounds on the complexity of 3-manifolds.

In an idealised setting, we aim to maximise the number of regular ideal tetrahedra in a trian-
gulation and then fill in the remaining volume with the minimal number of smaller volume hy-
perbolic ideal tetrahedra. This approach has already been realised in the case of 2–bridge links
by Ishikawa and Nemoto [IN16]. Using bounds on the hyperbolic volume they successfully
classified an infinite family of 2–bridge links whose Sakuma-Weeks triangulation is minimal.
The minimal triangulations identified have only four tetrahedra which are not regular ideal.

The Sakuma-Weeks triangulations of hyperbolic 2–bridge links have been studied in detail
by Futer in the appendices to [Gué06] and Purcell in [Pur20]. Work of Akiyoshi, Sakuma,
Wada, and Yamashita [ASWY00] gave an affirmative answer to a conjecture of Sakuma and
Weeks [SW95], showing that the Sakuma-Weeks triangulations were geometrically canonical†.
A method to compute their volumes exactly is due to Tsvietkova [Tsv14], however we are
unable to infer explicit volume or complexity bounds for infinite families of 2-bridge links
from these calculations.
†We will not need the assumption that the triangulations are canonical. The interested reader is directed to [Pur20].

25
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Bounds on their complexity are contained in work by Ishikawa and Nemoto [IN16], where
they observe that many of the Sakuma-Weeks triangulations are not minimal by constructing
a smaller upper bound on the complexity of some 2-bridge link complements by realising the
triangulations as spines. In more recent work, Aribi, Guéritaud and Piguet-Nakazawa describe
triangulations of twist knots, a family of 2–bridge links, which are roughly half the size of the
improved Ishikawa and Nemoto bound – and conjectured to be minimal [BAGPN23, Conjec-
ture 3.3].

The chapter proceeds as follows. In Section 2.1 we describe the construction of 2–bridge links,
closely following the construction used by Futer [Gué06], and connect this to the standard con-
tinued fraction expansion. The construction and anatomy of the Sakuma-Weeks triangulations
are described in Section 2.2 with a focus on providing a visual construction with which we can
discern the combinatorics easily. Utilising this anatomy we provide a necessary condition for
the Sakuma-Weeks triangulations to be minimal in Section 2.3. Our proof provides a funda-
mental, but alternative, argument of the Ishikawa and Nemoto non-minimality result. The heart
of this chapter is presented in Section 2.4 in which we apply (2.0.1) to give lower bounds for the
complexity of 2-bridge link complements. Our proof goes by explicitly describing strict angle
structures on the canonical triangulations of all of these 2-bridge link triangulations, alongside
an evaluation of the volume functional on those angle structures. We conjecture that all of the
triangulations satisfying the hypotheses of these results are minimal. We conclude this chapter
with a comparison of our complexity bounds to existing volume bounds in the literature.

2.1. Constructing 2–bridge links

We follow the setup from Appendix A in [Gué06]. Let S denote a sphere with four marked
points, which we refer to as a pillowcase. A four-string braid between two pillowcases, one
interior and one exterior, is an embedding of four disjoint arcs into the product region S× I,
where I = [a,b], such that each arc connects a marked point on the exterior pillowcase S×{b}
to a marked point on the interior pillowcase S×{a}. Such an embedding is described by a
word

Ω =





Ra1La2 · · ·Ran or La1Ra2 · · ·Lan, if n is odd,

Ra1La2 · · ·Lan or La1Ra2 · · ·Ran, if n is even

where ai ∈ Z. We fix the projection of the braid onto a plane such that each R encodes a twist
between the top two strands and each L encodes a twist between the right two strands, shown
in Figure 2.1. We refer to these as vertical and horizontal crossings, respectively, and note
that the word Ω encodes a sequence of twists from the outside in; we start at S ×{b} and
work in towards S ×{a}. A syllable is a maximal subword in L or R. For example, RaRb

will occur as the single syllable Ra+b. The word Ω consists of n syllables. The sign of each
ai determines whether a crossing is positive or negative and |ai| determines the number of
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R
L

FIGURE 2.1. Crossings of the four arcs encoded by R and L. A crossing encoded
by R is called vertical and a crossing encoded by L is called horizontal.

crossings in the syllable. The crossings associated to a syllable form a twist region which is
homeomorphic to S× I. A 2-bridge link K(Ω) is obtained by adding two arcs with a single
crossing connecting the opposite pairs of marked points on the exterior pillowcase and two arcs
with a single crossing connecting opposite pairs of marked points on the interior pillowcase.
This is shown in Figure 2.2. Note that every 2-bridge link can be obtained this way.

FIGURE 2.2. The 2-bridge link K(Ω) with Ω = R3L2R. Removing the outermost
and innermost crossings returns the four-string braid corresponding to Ω.

The presentation of a 2-bridge link by a word Ω is connected to continued fraction expansions
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of rational tangles, see [Con70, Pur20]. Hence we make the following simplifying assump-
tions:

• Given any word Ω describing a 2-bridge link K(Ω) there is another word Ω′ with either
all ai > 0 or all ai < 0 for 1 ≤ i ≤ n such that K(Ω′) is ambient isotopic to K(Ω);

• The first syllable of Ω is Ra1 ; and

• |a1| ≥ 1 and |an| ≥ 1.

Throughout we assume that ai > 0 for all 1 ≤ i ≤ n. The case where all ai < 0 is similar.

For the purposes of this thesis we concern ourselves only with hyperbolic 2-bridge links; those
whose complements admit a complete hyperbolic metric of finite volume. For each word Ω

the associated 2-bridge link K(Ω) is non-split, in the sense that the complement is irreducible,
and the chosen projection is alternating. In particular, K(Ω) is a torus link when Ω contains
exactly one syllable. This imposes the following condition on Ω due to Menasco.

Theorem 2.1 ([Men84], Corollary 2) A 2-bridge link K(Ω) is hyperbolic if and only if the
associated word Ω has at least two syllables.

2.2. Sakuma-Weeks triangulations of 2–bridge link complements

We now outline the construction of the Sakuma-Weeks triangulations for the complements of 2-
bridge links and detail the combinatorics needed for our results. We follow the setup described
in Section 2.1. Further details of this construction can be found in [Gué06, Pur20, SW95].
Throughout this section we define Ω= Ra1La2 · · ·(Ran | Lan) with K(Ω) denoting the associated
2-bridge link, where (Ran | Lan) denotes the regular expression determining either the string Ran

or Lan which we assume is done appropriately. We assume that ai > 0 for all 1 ≤ i ≤ n and that
a1,an ≥ 1. We set ℓ = ∑

n
i=1 ai. Let M = S3\K(Ω) denote the link complement. It is vital to

first note that we consider a 2–bridge link as being embedded in S3 ; we suppress this for most
of what follows.

2.2.1. Construction of the Sakuma-Weeks triangulations. Each crossing of the four-
string braid determined by Ω occurs inside a product region homeomorphic to S× I. We denote
the complement of these regions as Si × I for 1 ≤ i ≤ ℓ, where Si is a four-punctured sphere
and I = [0,1]. The Sakuma-Weeks triangulation is constructed by first creating isotopic ideal
triangulations of Si ×{1} and Si ×{0} for each i. Each such triangulation contains three pairs
of edges - vertical, horizontal and diagonal which follow the perspective shown in Figure 2.3.

By gluing Si ×{0} and Si+1 ×{1} along their horizontal and vertical edges we obtain two
regions, each bounded by four ideal vertices, six ideal edges, and four triangular faces. This
forms a pair of ideal tetrahedra for each 1 ≤ i ≤ ℓ− 1. We call each such pair of tetrahedra a
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L R

Si × {1}

Si × {0}
Si × {0}

FIGURE 2.3. Ideal triangulation of Si×{1} (outside) and Si×{0} (inside) with ori-
entations marked on each pair of edges. The complements of the four arcs define an
isotopy between the ideal triangulations. Going from Si×{1} to Si×{0}, a vertical
twist R exchanges vertical and diagonal edges and a horizontal twist L exchanges
horizontal and diagonal edges, as indicated by the braid arcs (dashed lines).

layer and denote this by ∆̃i. These layers are glued together by identifying the diagonal edges in
Si+1×{1} to either the horizontal or vertical edges in Si+1×{0} for 1≤ i≤ ℓ−2. This process
is shown in Figure 2.4. There remains four unidentified faces in ∆̃1 and four unidentified faces
in ∆̃ℓ−1 coming from S1×{0} and Sℓ×{1}, respectively. In order to complete the triangulation
of the complement of the 2-bridge link K(Ω) we identify the four remaining ideal triangles on
S1 ×{0} in pairs following the isotopy defined by the crossing in S1 and the added exterior
crossing. Similarly, for the four remaining faces on Sℓ×{1}, we follow the isotopy defined by
the crossing in Sℓ and the added interior crossing. The identification on Sℓ−1 ×{0} is shown
in Figure 2.5. Since we assume that the Ω starts with Ra1 we can note that the ideal triangles
on S1 ×{1} are identified similarly to those on Sℓ−1 ×{0} in the case where Ω ends with
Ran. The resulting triangulation T =T (M) consists of layers ∆̃1, . . . , ∆̃ℓ−1, each consisting of
two ideal tetrahedra ∆2i−1 and ∆2i for 1 ≤ i ≤ ℓ−1. This gives the size of the Sakuma-Weeks
triangulation as |T |= 2(ℓ−1) = 2∑

n
i=1 ai −2.

As a final note on the construction of the Sakuma-Weeks triangulation, we can observe that the
gluing of two layers together forms, in essence, a layered triangulation. In Figure 2.4 we layer
the blue and red diagonal edges in ∆̃i over opposite pairs of horizontal or vertical edges in ∆̃i+1

for horizontal (L) and vertical (R) twists, respectively.

2.2.2. Edge Degrees. The Sakuma-Weeks triangulations of 2-bridge link complements
possess many attractive properties; the construction can be read directly from the link diagram
or done algorithmically by reading the word Ω. Our interest lies in computing the degree of
each edge class in the triangulation T = T (M).

The isotopy defined by the crossing between Si×{1} and Si×{0} combined with the gluing of
Si ×{0} and Si+1 ×{1} along vertical and horizontal edges allows us to determine each edge
class of T explicitly and hence compute their degrees. Figure 2.4 shows the tracking of edges
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∆̃i

∆̃i+1 ∆̃i+1

L R

FIGURE 2.4. The process of gluing the layers of the Sakuma-Weeks triangulation
together. Each layer consists of two ideal tetrahedra glued along their horizontal and
vertical edges. The four faces on the back of ∆̃i lie on Si×{0} and the four faces on
the front lie on Si+1 ×{1} and similarly for ∆̃i+1. We have highlighted two faces on
Si+1 ×{1} and the faces they glue to in Si+1 ×{0}.

through the triangulation with Figure 2.5 showing the edge identifications coming from the
gluing of faces on S1×{0} (Figure 2.5a) and Sℓ×{1} (Figure 2.5b). We make two immediate
observations from these figures.

First, there are no edges of degree 1 or 2 in T . Each layer ∆̃i consists of two ideal tetrahedra
glued along four edges. The corresponding edge classes must have degree of at least 2. Each
such edge class also includes at least one diagonal edge. Hence the minimum edge degree is 3.
Second, opposite edges in any layer (e.g. horizontal) belong to edge classes of the same degree.
This follows since the isotopies are the same on opposite pairs of edges, up to preserving
orientation.

The following lemma provides the number of edges in T . This result is not new and can be
found, for example, in [FG11].

Lemma 2.2 Let M be the interior of a compact 3-manifold M̂ with ∂M̂ ̸= /0 consisting only of
a finite number of tori. Let T be a topologically ideal triangulation of M. Then |T (1)|= |T |,
where T (1) denotes the one-skeleton of T .
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∆̃1

(a) Identifications of ideal triangles on S1 ×{0}. The shaded faces are identified and the
unshaded faces are identified.

∆̃ℓ−1 (n odd) ∆̃i+1 (n even)

(b) Identifications of ideal triangles on Sℓ×{1} when Ω ends with R (left) and L (right).
For each case, the shaded faces are identified and the unshaded faces are identified.

FIGURE 2.5. Identifications of remaining ideal triangles in ∆̃1 and ∆̃2. For each
layer shown, the back faces belong to Si×{0} and the front faces belong to Si×{1}.
Note that no two faces of a single ideal tetrahedron are identified.

Proof The triangulation of the boundary tori is obtained by truncating the ideal tetrahedra in
M, giving 4|T | triangles along with 12|T | edges identified in pairs for a total of 6|T | edges.
From the Euler characteristic we have

0 = χ(∂M̂) = v−6|T |+4|T |

giving 2|T | vertices. Since each pair of vertices corresponds to a single edge in T we obtain
the desired equality.

Minimal triangulations of 3-manifolds often place restrictions on the possible anatomy of
the triangulation. One key restriction is the presence of low-degree edges [JRT09, JRT13,
JRST20a, JRST20b]. We conclude this section with necessary and sufficient conditions for
the Sakuma-Weeks triangulation to possess edges of degree 3 or 4.

Lemma 2.3 Let K(Ω) be the 2-bridge link generated by the word Ω = Ra1La2 · · ·(Ran | Lan).

Let T = T (M) be the Sakuma-Weeks triangulation of the complement M = S3\K(Ω). T

contains an edge of degree 3 if and only if a1 > 1 or an > 1.



32 2. COMPLEXITY BOUNDS ON HYPERBOLIC 2–BRIDGE LINKS

Proof Any edge class containing two diagonal edges must have even degree. This can be
determined from Figures 2.4 and 2.5. Hence any edge class with odd degree must contain either
the vertical edges from ∆1 or the horizontal or vertical edges from ∆̃ℓ−1 if the last syllable of
Ω is Lan or Ran, respectively.

If a1 = 1, then the first two letters of Ω are RL and we see that the vertical edges in ∆̃1 are
glued to vertical edges in ∆̃2. If a1 > 1, however, then the vertical edges in ∆̃1 are glued to
distinct diagonal edges in ∆̃2 giving edge classes of degree 3. The argument for an > 1 is
analogous, noting that the last letter of Ω only determines how the remaining four faces are
identified on the last layer.

Lemma 2.4 Let K(Ω) be the 2-bridge link generated by the word Ω = Ra1La2 · · ·(Ran | Lan).

Let T = T (M) be the Sakuma-Weeks triangulation of the complement M = S3\K(Ω). T

contains an edge of degree 4 if and only if ai ≥ 2 for some 1 < i < n or ai ≥ 3 for i ∈ {1,n}.

Proof From Figures 2.4 and 2.5 we observe the only way to form an edge class of degree 4
is to glue edges in the sequence diagonal–vertical/horizontal–diagonal. This sequence is only
obtainable by performing the same crossing at least twice in succession, with the first diagonal
coming from an ideal tetrahedron in the previous layer. Hence we require ai ≥ 2 for some
1 < i < n. The first letter of Ω introduces the first diagonal edges to start this sequence whilst
the last letter does not introduce any new ideal tetrahedra. Hence we require that a1 ≥ 3 or
an ≥ 3 for an edge class of degree 4 to contain an edge in ∆̃1 or ∆̃ℓ−1.

2.3. Non-minimality via elementary moves

Utilising the combinatorics from the previous section we now provide a necessary condition
for the Sakuma-Weeks triangulation to be minimal.

2.3.1. A necessary condition for minimality. In order to show that a triangulation is
non-minimal one could simply find a different triangulation possessing fewer tetrahedra. This
is often hard. A common approach is to locally change the given triangulation in such a way
that we decrease the number of tetrahedra whilst simultaneously preserving the manifold. We
use the 3–2 move and the 4–4 move, defined in Section 1.2.2. We remind the reader of these
moves below.

For the 3–2 move consider a triangulation of a triangular bipyramid consisting of three distinct
tetrahedra glued along an internal edge of degree 3. The 3–2 move replaces this triangulation
with one consisting of two distinct tetrahedra glued along an internal triangle (Figure 1.2). For
the 4–4 move, consider an octahedron triangulated with four distinct tetrahedra glued along an
internal edge of degree 4. This edge is realised as a main diagonal of the octahedron which can
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occur in three distinct ways giving rise to three distinct triangulations of the octahedron. The
4–4 move replaces one of these triangulations with one of the other two [Bur13]. Crucially, the
4–4 move adjusts the edge degrees of each edge class incident to the tetrahedra by either ±1 or
0. The edges whose degree decreases are indicated in Figure 1.3.

Theorem 2.5 Let K(Ω) be the 2-bridge link generated by the word Ω = Ra1La2 · · ·(Ran |
Lan). Let T = T (M) be the Sakuma-Weeks triangulation of the complement S3\K(Ω). T is
minimal only if a1 = an = 1 and ai ∈ {1,2} for 1 < i < n with n ≥ 2.

Ishikawa and Nemoto [IN16] provide an upper bound on the complexity of the complements
of hyperbolic 2-bridge links as

c(M)≤
n

∑
i=1

ai +2(n−1)−#{ai = 1}

where we have adjusted the formula for our notation of Ω. This result agrees with Theorem 2.5
and quantifies a lower bound on the amount of ideal tetrahedra that can be removed.

Proof If a1 > 1 or an > 1, then there is a degree 3 edge by Theorem 2.3. By the construction
of the Sakuma-Weeks triangulation we know that no two faces of a single ideal tetrahedron are
identified and there must be three distinct ideal tetrahedra glued around this edge. Applying a
Pachner 3–2 move reduces the size of the triangulation by one and thus T is not minimal.

Suppose now that ai ≥ 3 for some 1 ≤ i ≤ n and that the corresponding syllable in Ω is Rai.

There are two degree 4 edges, e and e′, incident to each other. Figure 2.6 shows the four
layers of T containing e (shown in red) and e′ (shown in blue) with the four ideal tetrahedra
glued around e shaded. We see that e′ is contained in this octahedron. Applying a 4–4 move
replacing e with ê in the octahedron so that ê and e′ are not incident reduces the degree of e′ by
one giving deg(e′) = 3. Observe that the two faces incident to e′ now belong to the same ideal
tetrahedron and, as we can deduce from Figure 2.6, there are two ideal tetrahedra glued around
e′ not contained in the octahedron. Hence there are three distinct tetrahedra glued around e′

after performing the 4–4 move and we can apply a Pachner 3–2 move to reduce the size of the
triangulation by one and thus T is not minimal.

Finally, we note that if ai ∈ {1,2} for all 1 ≤ i ≤ n then no two degree 4 edges will be incident
to each other in the triangulation and thus we cannot perform a sequence of 4–4 moves to create
a degree 3 edge in order to simplify the triangulation.

Combining our combinatorial analysis with Ishikawa and Nemoto’s upper bound on complex-
ity [IN16], leads us to the following conjecture.
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R

R

R

FIGURE 2.6. The four layers of T containing incident degree 4 edges correspond-
ing to R3 in Ω. The four shaded ideal tetrahedra are glued around the red edge e to
form an octahedron which contains the blue edge e′.

Conjecture 2.6 Let K(Ω) be the 2-bridge link generated by the word Ω = Ra1La2 · · ·(Ran |
Lan). Let T = T (M) be the Sakuma-Weeks triangulation of the complements S3\K(Ω). T

is minimal if and only if a1 = an = 1 and ai ∈ {1,2} for 1 < i < n with n ≥ 2.

2.3.2. Example of a simplification. We conclude this section with two examples of a
2-bridge links whose Sakuma-Weeks triangulation is non-minimal, demonstrating the use of
4–4 and Pachner 3–2 moves to simplify this using Regina [BBP+23].

Consider K(Ω) generated by the word Ω = R2LR. The Sakuma-Weeks triangulation contains
6 ideal tetrahedra with gluings described by Table 2.1. All numbers referenced in this section
are given with respect to the numbering provided by Regina given this gluing table.

The triangulation contains two edges of degree 3, listed as Edge 1 and Edge 3. Performing a
Pachner 3–2 move along Edge 1 returns a triangulation with 5 ideal tetrahedra. The isomor-
phism signature of the simplified triangulation is fLLQcbcdeeetsfxxh.

Now consider K(Ω′) generated by the word Ω′ =RL3R. The Sakuma-Weeks triangulation con-
tains 8 ideal tetrahedra with gluings described by Table 2.2. To perform the 4–4 move we use
Edge 4 and perform the 4–4 move along Axis 0 to ensure the new edge is not incident to the edge
whose degree we want to decrease. The new triangulation obtained has isomorphism signature
iLLMLQcbcdefhghhmvftgafqa. This triangulation contains one degree 3 edge with 3 distinct
ideal tetrahedra glued around it. Selecting this and performing a Pachner 3–2 move produces a
triangulation with 7 ideal tetrahedra and isomorphism signature hLLMPkbcdfggfgmvfafwkf.
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Tetrahedron Face 012 Face 013 Face 023 Face 123
0 3 (102) 1 (213) 1 (021) 2 (023)
1 0 (032) 2 (103) 3 (123) 0 (103)
2 4 (032) 1 (103) 0 (123) 5 (321)
3 0 (102) 4 (031) 5 (021) 1 (023)
4 5 (032) 3 (031) 2 (021) 5 (103)
5 3 (032) 4 (213) 4 (021) 2 (321)

TABLE 2.1. Regina gluing table for the Sakuma-Weeks triangulation of K(Ω) generated
by Ω = R2LR.

Tetrahedron Face 012 Face 013 Face 023 Face 123
0 2 (032) 1 (213) 1 (021) 3 (321)
1 0 (032) 2 (031) 3 (021) 0 (103)
2 4 (032) 1 (031) 0 (021) 5 (321)
3 1 (032) 4 (031) 5 (021) 0 (321)
4 6 (032) 3 (031) 2 (021) 7 (321)
5 3 (032) 6 (031) 7 (021) 2 (321)
6 7 (032) 5 (031) 4 (021) 7 (103)
7 5 (032) 6 (213) 6 (021) 4 (321)

TABLE 2.2. Regina gluing table for the Sakuma-Weeks triangulation of K(Ω′) generated
by Ω′ = RL3R.

2.4. Complexity bounds via angle structures

In the previous section we provide necessary conditions for the Sakuma-Weeks triangulations
of 2-bridge link complements to be minimal. In this section we provide complexity bounds on
the remaining triangulations.

Our argument is centred on a two–sided version of Thurston’s lower bound (2.0.1). Given a
triangulation T of a hyperbolic 3-manifold M, we obtain the two–sided bound on complexity

(2.4.1)
Vol(M)

v3
≤ c(M)≤ |T |

where v3 ≈ 1.0149 . . . is the volume of a regular ideal tetrahedron.

The construction of the Sakuma-Weeks triangulations is symmetric. The layerings used when
adding the two ideal tetrahedra from the next layer are the same with the only difference being
that we layer each tetrahedron on opposite edges. It is also known that these triangulations have
a non-empty space of angle structures. Combining these leads to the following result.

Lemma 2.7 ([Pur20], Lemma 10.24) Let T be a Sakuma-Weeks triangulation of a 2-bridge
link complement with 2n tetrahedra. Let ∆2i−1 and ∆2i be the two tetrahedra in the i-th layer
∆̃i with angles (θ 1

3i−2,θ
1
3i−1,θ

1
3i) and (θ 2

3i−2,θ
2
3i−1,θ

2
3i), respectively. The volume function

V : A (T )→ R obtains a maximum when the angles for ∆2i−i agree with those for ∆2i for all
1 ≤ i ≤ n.
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We utilise this lemma to simplify the construction of explicit angle structures. For the remainder
of this chapter, in an abuse of notation, we refer to both the i-th layer and the tetrahedra it
contains as ∆i. Throughout this section we assume the conditions from Theorem 2.5.

2.4.1. Block decomposition of 2–bridge links. Let Ω′ denote the subword of Ω obtained
by removing the first and last letters. Then for n ≥ 1,

(2.4.2) Ω
′ :=





La1Ra2 · · ·Lan, for odd n,

La1Ra2 · · ·Ran, for even n

We define a decomposition of Ω′ via regular expressions to characterise subwords through the
use of two operations:

• (ω)m determines m copies of the string ω,

• (α|ω) determines either the string α or the string ω.

These operations allow us, for instance, to write (2.4.2) simply as Ω′ = La1Ra2 · · ·(Lan |Ran).

Definition 2.8 A block is a collection of consecutive syllables matching one of the following
types:

(B1) (Lp(RL)m | Rp(LR)m) for m ≥ 0 and p ∈ {0,1};

(B2) ((L2)p(R2L2)m | (R2)p(L2R2)m) for m ≥ 0 and p ∈ {0,1};

(B3) A sequence of (k+ 1) blocks of type (B1) of length one separated by k blocks of type
(B2).

The length of a block is the number of syllables it contains.

The above blocks can be described simply. (B1) describes strings of alternating L’s and
R’s and (B2) describes strings of alternating L2 ’s and R2 ’s. A (B3) block may look like
R(L2)R(L2R2L2R2)L(R2L2)R.

The length of a block is not defined in terms of the number of letters the block contains since
we aim to decompose words by their syllables. This means that no syllable is split between two
different blocks. By our definition we can see that (B1) and (B2) blocks have length 2m+ p and
a (B3) block consisting of k (B2) blocks has length (k+ 1)+∑

k
i=1(2mi + pi) where 2mi + pi

is the length of the i-th (B2) block. Given a fixed word Ω′, we call a block of Ω′ maximal if it
cannot be extended to a larger block (possibly of a different type).

Lemma 2.9 Let Ω′ = La1Ra2 · · ·(Ran | Lan) with ai ∈ {1,2} for all 1 ≤ i ≤ n. Then Ω′ can be
decomposed into maximal sequences of (B3) blocks, possibly separated by (B1) blocks, and
such that (B2) blocks occur at most at the start or end of Ω′.
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Proof If a1 = 2 or an = 2, then the decomposition consists of a (B2) block at the start or
end Ω′, respectively. Assume this is not the case and that a1 = an = 1. We show that the
decomposition of Ω′ consists only of (B1) and (B3) blocks.

Let (ai, . . . ,ai+k) be a maximal sequence of exponents such that a j = 1 for i ≤ j ≤ i+ k with
k ≥ 0. This sequence has length k+1. If n = k+1, then i = 1 and the sequence corresponds
to a (B1) block. Hence let n > k + 1. If i = 1, then ai+k+1 = 2 and the (possibly empty)
subsequence (a1, . . . ,ai+k−1) corresponds to a (B1) block with (ai+k,ai+k+1) corresponding to
the start of a (B3) block. Similarly, if i+k = n, then ai−1 = 2 and (ai−1,ai) corresponds to the
end of a (B3) block followed by a (possibly empty) (B1) block. Otherwise ai−1 = ai+k+1 = 2.
If k = 0, then the sequence is contained in a (B3) block; if k ≧ 1, then the sequence corresponds
to the end of a (B3) block followed by a (possibly empty) (B1) block followed by the start of
another (B3) block.

From this, the maximal sequences of exponents equal to one determine the decomposition of
Ω′ with (B2) blocks occurring only at the start or end of Ω′.

2.4.2. Angle structures on blocks. We show that a decomposition of the Sakuma-Weeks
triangulation T associated to a word Ω can be endowed with an angle structure Θ ∈ A (T )

which can be computed directly from the decomposition of Ω′ into blocks of types (B1), (B2)
and (B3). Given a block of Ω′ corresponding to one of the types in Theorem 2.8 we can find the
corresponding subcomplex S ⊆T . The edge classes which glue to adjacent subcomplexes are
incomplete. From condition (2) of Theorem 1.21, the angle sum around any edge class in T

adds to 2π. We define the angle deficit as the remaining angle required to achieve 2π on such
incomplete edge classes. An edge is interior if its edge class is entirely contained in a single
block, otherwise we call it a boundary edge. Each block has three boundary edge classes at
both the start and end of the corresponding subcomplex, each with an angle deficit. We call the
triple of angle deficits at the start or end of a block a δ - or ε -boundary deficit, respectively.
Recall from Theorem 1.21 that Θ = (θ1, . . . ,θ3ℓ) ∈ A (T ) where ℓ = |Ω|− 1 and the angles
assigned to the i-th tetrahedron are Θ(i) = (θ3i−2,θ3i−1,θ3i). We define the boundary deficits
on a block δ = (δ0,δ1,δ2) and ε = (ε0,ε1,ε2) in the same way (Figure 2.7).

Ishikawa and Nemoto [IN16] prove that the Sakuma-Weeks triangulation of the 2-bridge link
complement S3\L(Ω) is minimal when the word Ω can be decomposed as a single (B1) block.
Their proof shows that the volume of the link complement in this case is almost |T | · v3, with
a deficit of approximately 0.66 in total. We generalise their work by assigning a dihedral angle
of π/3 to each edge in a (B1) block ensuring these tetrahedra are regular ideal.

Lemma 2.10 Let T be the Sakuma-Weeks triangulation of a 2-bridge link complement. A
subcomplex S ⊂ T corresponding to a (B1) block can be constructed from only regular ideal
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δ0

δ1

δ0

δ1

ϵ0

ϵ1

ϵ0

ϵ1δ2 ϵ2

∆i ∆i+k

FIGURE 2.7. Assignment of δ = (δ0,δ1,δ2) and ε = (ε0,ε1,ε2) boundary deficits
on a block containing k+ 1 layers, starting from layer ∆i and containing all layers
up to (and including) ∆i+k.

tetrahedra. The first and last letter of the block determine the δ− and ε−boundary deficits,
respectively as

• L at start: δ = (π/3, π, 5π/3); L at end: ε = (π, π/3, 5π/3)

• R at start: δ = (π, π/3, 5π/3); R at end: ε = (π/3, π, 5π/3)

Proof Let Ω′ = Lp(RL)m be the (B1) block. When m = 0, p = 1 we have the following angle
equations associated with the boundary edges of S ,

δ0 +2θ3i−2 + ε0 = 2π

δ1 +2θ3i−1 + ε1 = 2π

δ2 +θ3i = 2π

θ3i + ε2 = 2π

where δi and εi denote the boundary deficits at the start and end of the block, respectively.
Setting θ j = π/3 for each 3i−2 ≤ j ≤ 3i gives,

δ0 + ε0 = δ1 + ε1 =
4π

3
and δ2 = ε2 =

5π

3
This satisfies the claimed boundary deficits. When m = 1, p = 0 we obtain the following angle
equations associated with the boundary edges of S ,

δ0 +2θ3i−2 +θ3(i+1) = 2π

δ1 +2θ3i−1 +2θ3(i+1)−1 + ε1 = 2π

δ2 +θ3i = 2π

θ3i +2θ3(i+1)−2 + ε0 = 2π

θ3(i+1)+ ε2 = 2π
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Setting θ j = π/3 for each 3i−2 ≤ j ≤ 3(i+1) gives

δ0 = ε0 = π δ1 + ε1 =
2π

3
and δ2 = ε2 =

5π

3
Setting δ1 = ε1 = π/3 gives the desired boundary deficit.

Suppose that for Ω′ we achieve the desired boundary deficits with each tetrahedron being reg-
ular ideal for some m ≥ 1 and p ∈ {0,1}. The angle equation an interior edge of the block first
appearing in ∆i+k, k ≥ 0, is either

θ3(i+k)+2θ3(i+k+1)−2 +2θ3(i+k+2)−2 +θ3(i+k+3) = 2π or

θ3(i+k)+2θ3(i+k+1)−1 +2θ3(i+k+2)−1 +θ3(i+k+3) = 2π

In each case, setting each angle to be π/3 satisfies these equations. The angle equations for
boundary edge classes at the start of the block are,

δ0 +2θ3i−2 +2θ3(i+1)−2 +θ3(i+2) = 2π

δ1 +2θ3i−1 +θ3(i+1) = 2π

δ2 +θ3i = 2π

or

δ0 +2θ3i−2 +θ3(i+1) = 2π

δ1 +2θ3i−1 +2θ3(i+1)−1 +θ3(i+2) = 2π

δ2 +θ3i = 2π

for p = 1 and p = 0, respectively. Setting θ j = π/3 for each 3i− 2 ≤ j ≤ 3(i+ 1) gives the
desired boundary deficit. The angle equations for the boundary edge classes at the end of the
block are then,

θ3(i+m−1)+2θ3(i+m)−2 + ε0 = 2π

θ3(i+m−2)+2θ3(i+m−1)−1 +2θ3(i+m)−1 + ε1 = 2π

θ3(i+m)+ ε2 = 2π

Setting θ j = π/3 for each 3(i+m−2)≤ j ≤ 3(i+m) gives the desired boundary deficit with
ε0 = π, ε1 = π/3 and ε2 = 5π/3.

The proof follows similarly if we assume instead that Ω′ = Rp(LR)m.

It remains to show that we can assign angles to the remaining block types which are compatible
with the boundary deficits on the (B1) blocks. As there are many ways to achieve this, we
endeavour to assign angles which achieve a larger volume for the block. We restrict to the
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following shapes of ideal tetrahedra,

(0) ∆(π/3,π/3,π/3) (V) ∆(π/6, π/2, π/3)

(I) ∆(π/3, 3π/8, 7π/24) (VI) ∆(π/6, π/4, 7π/12)

(II) ∆(π/3, π/4, 5π/12) (VII) ∆(π/8,3π/8,π/2)

(III) ∆(π/4, π/4, π/2) (VIII) ∆(π/8, π/4, 5π/8)

(IV) ∆(5π/24, 7π/24, π/2) (IX) ∆(π/12, 7π/12, π/3)

Remark 2.11 The above shapes can be refined further to obtain slightly better volume es-
timates for our main result. However, such a refinement introduces more shapes and more
complicated arguments decreasing the overall readability of the remainder of this section. At
the same time the increase in volume estimates is not sufficient to sharpen our main result
significantly enough to justify the extra burden put on the reader.

Lemma 2.12 Let T be the Sakuma-Weeks triangulation of a 2-bridge link complement. A
subcomplex S ⊂ T corresponding to a (B3) block can be constructed using only ideal tetra-
hedra of shape types (I), (II), (III), (IV), (VI) and (VIII) assigned depending on the number of
(B2) blocks as:

• a single (B2) block of length k

(I) (VI)
[

(III)
] 2(k−1) (IV) (II)

• k (B2) blocks of length 1,

(I) (VI)
[

(III) (III) (VIII)
] k−1

(IV) (II)

• k (B2) blocks of arbitrary lengths combines the above two by adding more layers of shape
(III).

The first and last letter of the block determines the δ− and ε−boundary deficits, respectively
as

• L at start: δ = (π/3, π, 5π/3); L at end: ε = (π, π/3, 5π/3)

• R at start: δ = (π, π/3, 5π/3); R at end: ε = (π/3, π, 5π/3)

Proof Recall that a (B3) block consists of at least two (B1) blocks of length one separated by
nonempty (B2) blocks. The shapes which appear are determined by both the number of (B1)
blocks, and the lengths of the (B2) blocks. We assume throughout that our block starts with L,
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however all of the following arguments still hold if it instead starts with R by switching θ3 j−2

and θ3 j−1 in each ∆ j.

One (B2) block – Let Ω′ = L(R2L2)m(R2L)pR1−p with m≥ 0, p∈ {0,1}. When m= 0, p= 1
we have Ω′ = LR2L giving the following angle equations,

δ0 +2θ3i−2 +2θ3(i+1)−2 +2θ3(i+2)−2 +θ3(i+3) = 2π

δ1 +2θ3i−1 +θ3(i+1) = 2π

δ2 +θ3i = 2π

θ3i +2θ3(i+1)−1 +θ3(i+2) = 2π

θ3(i+1)+2θ3(i+2)−1 +2θ3(i+3)−1 + ε1 = 2π

θ3(i+2)+2θ3(i+3)−2 + ε0 = 2π

θ3(i+3)+ ε2 = 2π

(2.4.3)

where δ j and ε j denote the boundary deficits at the start and end of the block, respectively. We
obtain tetrahedra of types (I), (II), (IV) and (VI) by setting,

(2.4.4)
(I) Θ

(i) =

(
7π

24
,

3π

8
,

π

3

)
(VI) Θ

(i+1)=

(
π

6
,

7π

12
,

π

4

)

(IV) Θ
(i+2) =

(
5π

24
,

7π

24
,

π

2

)
(II) Θ

(i+3)=

(
π

4
,

5π

12
,

π

3

)

Substituting these values into (2.4.3) results in the following boundary deficits,

δ0 = ε1 =
π

3
δ1 = ε0 = π and δ2 = ε2 =

5π

3
.

Proceeding to the case when m = 1, p = 0 so that Ω′ = LR2L2R, we can note that the first four
angle equations of (2.4.3) remain the same and are solved by the same values as above, also
preserving the δ -boundary deficit. The remaining angle equations are as follows,

θ3(i+1)+2θ3(i+2)−1 +2θ3(i+3)−1 +2θ3(i+4)−1 +θ3(i+5) = 2π

θ3(i+2)+2θ3(i+3)−2 +θ3(i+4) = 2π

θ3(i+3)+2θ3(i+4)−2 +2θ3(i+5)−2 + ε0 = 2π

θ3(i+4)+2θ3(i+5)−1 + ε1 = 2π

θ3(i+5)+ ε2 = 2π

We set Θ(i) and Θ(i+1) as in (2.4.4). To obtain tetrahedra of shapes (IV) and (II) we set,

(2.4.5) (IV) Θ
(i+4) =

(
7π

24
,

5π

24
,

π

2

)
(II) Θ

(i+5)=

(
5π

12
,

π

4
,

π

3

)

This assignment of angles yields ε1 = π and ε2 = 5π/3. To satisfy the remaining equations,
we choose ∆i+2 and ∆i+3 to be have shape (III) as,

(2.4.6) Θ
(i+2) =

(
π

4
,

π

4
,

π

2

)
and Θ

(i+3) =
(

π

2
,

π

4
,

π

4

)
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yielding ε0 = π/3. Observe that in the preceding two cases the first two angle vectors are
the same and the last two angle vectors are the same with the first two angles swapped. The
order in which these angles are assigned can be determined by the last letter of the block. If
Ω′ ends on L, then we assign these angles as in (2.4.4), otherwise we set them as in (2.4.5).
For this assignment of angles we always obtain the desired boundary deficits. Similarly, when
increasing m, if the added pair of syllables is L2R2 we repeat the assignment of angles in (2.4.6)
with the first two angles swapped in each vector.

Suppose now that m ≥ 2 and p ∈ {0,1}. We only need to verify the claim that all tetrahedra not
in the first or last two layers are of type (III). The angle equations for the interior edge classes
alternate between,

θ3(i+k)+2θ3(i+k+1)−1 +2θ3(i+k+2)−1 +2θ3(i+k+3)−1 +θ3(i+k+4) = 2π

θ3(i+k+1)+2θ3(i+k+2)−2 +θ3(i+k+3) = 2π
(2.4.7)

and

θ3(i+k)+2θ3(i+k+1)−2 +2θ3(i+k+2)−2 +2θ3(i+k+3)−2 +θ3(i+k+4) = 2π

θ3(i+k+1)+2θ3(i+k+2)−1 +θ3(i+k+3) = 2π
(2.4.8)

for k ≥ 1. In the case that (2.4.7) is followed by (2.4.8), obtained by replacing (i+ k) in the
latter equation with (i+ k+2), we can solve the equations by setting the relevant tetrahedra to
have shape (III) as

Θ
(i+k+1) =

(
π

4
,

π

4
,

π

2

)

Θ
(i+k+3) =

(
π

4
,

π

4
,

π

2

)
Θ
(i+k+2) =

(
π

2
,

π

4
,

π

4

)

Θ
(i+k+4) =

(
π

4
,

π

2
,

π

4

)

where this sequence of angle vectors is repeated as necessary. If instead (2.4.8) is followed
by (2.4.7) we simply swap Θ(i+k+2) and Θ(i+k+4) above.
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Multiple (B2) blocks of length one – Let Ω′ = L(R2L)m. When m= 2 we have Ω′ = LR2LR2L
giving the following angle equations,

δ0 +2θ3i−2 +2θ3(i+1)−2 +2θ3(i+2)−2 +θ3(i+3) = 2π

δ1 +2θ3i−1 +θ3(i+1) = 2π

δ2 +θ3i = 2π

θ3i +2θ3(i+1)−1 +θ3(i+2) = 2π

θ3(i+1)+2θ3(i+2)−1 +2θ3(i+3)−1 +θ3(i+4) = 2π

θ3(i+2)+2θ3(i+3)−2 +2θ3(i+4)−2 +2θ3(i+5)−2 +θ3(i+6) = 2π

θ3(i+3)+2θ3(i+4)−1 +θ3(i+5) = 2π

θ3(i+4)+2θ3(i+5)−1 +2θ3(i+6)−1 + ε1 = 2π

θ3(i+5)+2θ3(i+6)−2 + ε0 = 2π

θ3(i+6)+ ε2 = 2π

(2.4.9)

Noting that Ω′ ends on L, we set Θ(i), Θ(i+1), Θ(i+5) and Θ(i+6) as in (2.4.4) in order to obtain
tetrahedra of types (I), (VI), (IV) and (II), respectively. To obtain tetrahedra of type (III) we set,

(2.4.10) Θ
(i+2) =

(
π

4
,

π

4
,

π

2

)
and Θ

(i+3) =
(

π

4
,

π

2
,

π

4

)

Note that the part of Ω′ these angles are associated to is the first R2L and hence the π/2 appears
as the second angle in Θ(i+3), rather than as the first angle. Solving the remaining equations
gives us a layer of shape (VIII) as

(2.4.11) Θ
(i+4) =

(
π

8
,

5π

8
,

π

4

)

Substituting these angles into (2.4.9) results in the following boundary deficits,

δ0 = ε1 =
π

3
δ1 = ε0 = π and δ2 = ε2 =

5π

3
Suppose that for some m ≥ 2 we can assign angles as above with tetrahedra shapes (I) and (VI)
appearing at the start of the block, shapes (IV) and (II) appearing at the end of the block and
all other tetrahedra having shapes (III) and (VIII) following the pattern of Θ(i+2),Θ(i+3) and
Θ(i+4) above. Consider Ω′ = L(R2L)m+1. The modified and new angle equations are

θ3(i+3m−2)+2θ3(i+3m−1)−1 +2θ3(i+3m)−1 +θ3(i+3m+1) = 2π

θ3(i+3m−1)+2θ3(i+3m)−2 +2θ3(i+3m+1)−2 +2θ3(i+3m+2)−2 +θ3(i+3m+3) = 2π

θ3(i+3m)+2θ3(i+3m+1)−1 +θ3(i+3m+2) = 2π

θ3(i+3m+1)+2θ3(i+3m+2)−1 +2θ3(i+3m+3)−1 + ε1 = 2π

θ3(i+3m+2)+2θ3(i+3m+3)−2 + ε0 = 2π

θ3(i+3m+3)+ ε2 = 2π

(2.4.12)
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By our assumption ∆i+3m−2 has shape (VIII). We set ∆i+3m+2 and ∆i+3m+3 to have shapes (IV)
and (II), respectively, as in (2.4.4). Substituting these values into the above equations we find

(III) Θ
(i+3m−1) =

(
π

4
,

π

4
,

π

2

)
(III) Θ

(i+3m)=
(

π

4
,

π

2
,

π

4

)

(VIII) Θ
(i+3m+1) =

(
π

8
,

5π

8
,

π

4

)

This assignment of angles gives the desired ε -boundary deficit of ε0 = π, ε1 = π/3 and ε2 =

5π/3.

At least two (B2) blocks with arbitrary length – The final case combines the previous two
cases. Starting from the second case, we claim that increasing the length of any (B2) block adds
additional tetrahedra of shape (III) whilst preserving the shapes of the remaining tetrahedra.
Note that it follows from the preceding arguments that if there are at least two (B2) blocks, then
increasing the length of the first or last (B2) block does not affect the equations containing the
first or last boundary deficit, respectively, up to permuting the first two angles.

Suppose Ω′ = L(R2L)m with m ≥ 2 with shapes described above. Consider the subword Ω′′ =
LR2 consisting of the first two syllables of Ω′ and the relevant subcomplex S ′′ ⊂ S . Then
S ′′ has boundary deficits along the edges which glue to S \S ′′. We show that these deficits
are preserved up to permutation of the first two angles if we extend the (B2) block in Ω′′.

By assumption ∆i, ∆i+1 and ∆i+2 have shapes (I), (VI) and (III), respectively, assigned as in
the previous case. Substituting into lines 1, 5 and 6 of (2.4.9), which are the angle equations
containing the deficits in S ′′, we have

δ0 +
14π

24
+

2π

6
+

π

2
+µ0 = 2π

π

4
+

2π

4
+µ1 = 2π

π

2
+µ2 = 2π

where µ0,µ1,µ2 denote the angle deficits on S ′′, replacing the angles from Θ(k) for k ≥ i+3
in (2.4.9). Since δ0 = π/3 we solve the above equations as

µ0 =
π

4
µ1 =

5π

4
and µ2 =

3π

2
Suppose we now extend the length of the (B2) block in Ω′′ by one. This corresponds to a
subword of Ω′ = (LR2L2)(RL2)qR with q = m−1. By assumption we have Θ(i) and Θ(i+1) as
above and further that Θ(i+2),Θ(i+3) and Θ(i+4) have shape (III) assigned as

Θ
(i+2) =

(
π

4
,
π

4
,
π

2

)
Θ
(i+3) =

(
π

2
,
π

4
,
π

4

)
and Θ

(i+4) =
(

π

4
,
π

4
,
π

2

)
.
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The relevant equations containing the new deficits of S ′′ are

θ3(i+1)+2θ3(i+2)−1 +2θ3(i+3)−1 +2θ3(i+4)−1 +η0 = 2π

θ3(i+3)+2θ3(i+4)−2 +η1 = 2π

θ3(i+4)+η2 = 2π

where η0,η1,η2 denote the new deficits on S ′′. Substituting the angles in we have

π

4
+

2π

4
+

2π

4
+

2π

4
+η0 = 2π

π

4
+

2π

4
+η1 = 2π

π

2
+η2 = 2π

Solving the above equations we see that

η0 =
π

4
η1 =

5π

4
and η2 =

3π

2
Since µi = ηi for each i = 0,1,2, extending any (B2) block in Ω′ must introduce ideal tetrahe-
dra with shape (III). The remaining shapes of the tetrahedra in both instances remain the same.
However, after we extend the (B2) block we must swap the first two angles in each remaining
Θ( j) as described in Cases 1 and 2 above. We also observe that the angle deficits seen here are
the same if we follow this procedure at the end of any (B2) block in Ω′.

Given the angle structures on (B1) and (B3) blocks we now check that these angle structures
are valid when we glue a (B1) block to a (B3) block.

Lemma 2.13 The angle structures on (B1) and (B3) blocks are compatible. More precisely, a
(B1) block can always be glued to either the start or the end of a (B3) block.

Proof Denote the first and last letters of a (B1) and (B3) block by α(B1), α(B3), and ω(B1),

ω(B3), respectively. Let ε0, ε1 and ε2 denote the boundary deficits at the end of the (B1) block
as in Figure 2.7. Similarly, let δ0, δ1 and δ2 be the boundary deficits at the start of the (B3)
block. One key take away from Theorems 2.10 and 2.12 is that the ε -boundary deficit of a (B1)
block equals the δ -boundary deficit of a block of (B3) as long as ω(B1) ̸= α(B3). In particular,
we have δi = εi, 0 ≤ i ≤ 2 whenever ω(B1) ̸= α(B3). The same is true for the end of a (B3)
block and the start of a (B1) block.

For the angle structures from the blocks to extend to a valid angle structure after gluing, the
boundary angles of the identified edges must sum to 2π. If ω(B1) = L and α(B3) = R we have
identifications leading to ε0+δ0 = ε2+δ1 = ε1+δ2 = 2π. To see this note that, since α(B3)=R,
this layering swaps vertical and diagonal edges (indices 1 and 2). Since, following Theo-
rems 2.10 and 2.12 we have ε0 = δ0 = π, ε1 = δ1 = π/3, and ε2 = δ2 = 5π/3, these identities
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hold. If instead we have ω(B1) = R and α(B3) = L, we have ε0 +δ2 = ε1 +δ1 = ε2 +δ0 = 2π.

Again, following Theorems 2.10 and 2.12, we have ε0 = δ0 = π/3, ε1 = δ1 = π, ε2 = δ2 =

5π/3, and the equations are satisfied.

An analogous argument shows that the angle structures are compatible when gluing the end of
a (B3) block to the start of a (B1) block.

Lemma 2.14 Let Ω = RLa1 · · ·(RanL | LanR) with n ≥ 1 be a word such that Ω′ = La1 · · ·(Ran |
Lan) can be decomposed into only (B1) and (B3) blocks. Let T be the Sakuma-Weeks trian-
gulation of the associated 2-bridge link complement consisting of Σ = 1+∑ai layers. There
is an angle structure on T such that each block has the angles assigned as in Theorem 2.10
and Theorem 2.12 and ∆1 has shape (V). If the last block in Ω′ is of type (B1), then ∆Σ has
shape (V). If the last block of Ω′ is of type (B3), then ∆Σ−1 has shape (III) and ∆Σ has shape
(VIII). In both cases, ∆Σ replaces the last tetrahedron in the final block.

Proof From Theorems 2.10 and 2.12 we have the δ -boundary deficit at the start of the first
block

δ0 =
π

3
δ1 = π and δ2 =

5π

3
From Figure 2.5a we equate this boundary deficit to edges in ∆1 as,

δ0 = θ3(1) δ1 = 2θ3(1)−1 and δ2 = 4θ3(1)−2 +2θ3(1)+θ3(2)

As ∆2 is the first layer in a (B1) or (B3) block, we have θ3(2) = π/3 (see (2.4.4) for the case of
(B3)). Assigning shape (V) to ∆1 as

Θ
(1) = (θ1,θ2,θ3) =

(
π

6
,
π

2
,
π

3

)

solves the boundary angle equations. Note that extending the length of the block in the case
of (B1) replaces the δ -boundary deficit with multiples of π/3 leaving the above assignment of
Θ(1) to satisfy the equations.

We now consider the shape of ∆Σ. Suppose that Ω= R · · ·Ran−1LanR so that n is odd. From Fig-
ures 2.4 and 2.5b (using the case of n odd), the angle equations for edges in ∆Σ are

4θ3Σ−2 +2θ3Σ +2θ3(Σ−1) = 2π

x+2θ3Σ−1 = 2π
(2.4.13)

where x denotes the angle deficit on the vertical edge class of ∆Σ. To verify this, we note that
the four horizontal edges and two diagonal edges in ∆Σ are identified and, given Ω, must also
include both diagonal edges from the previous layer. This gives the first equation. To obtain
the second equation, note that we have two distinct edge classes for the four vertical edges in
∆Σ which also include some edges from previous layers. We consider two cases for the values
of an−1 and an.
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Case 1: Suppose that an = an−1 = 1 so that Ω′ ends on a (B1) block. Note that Ran−1

either corresponds to a part of the same (B1) block or to the last syllable of a (B3) block.
From Theorems 2.10 and 2.12 we know that we have θ3(Σ−1) = π/3 in both of these cases.
Using this, the first line of (2.4.13) above is satisfied by θ3Σ−2 = π/6 and θ3Σ = π/3.

We now verify that θ3Σ−1 = π/2. This angle corresponds to the vertical edge class of ∆Σ.

Remove Lan from Ω′ and consider it as a (B1) block of length one. Then Ran−1 is the end of
either a (B1) or (B3) block. We know that the vertical edge class of ∆Σ glues to the vertical
edge class of ∆Σ−1 and hence it suffices to check that the angle deficit in ∆Σ−1 is π. It follows
from Theorems 2.10 and 2.12 that the angle deficit of the vertical edge class for a (B1) or (B3)
block ending on R is indeed π, and hence Θ(Σ) has shape (V).

Case 2: Suppose now that Ω has the same form as above with an−1 = 2 and an = 1 so that Ω′

ends on a (B3) block. The angles in the first equation from (2.4.13) remain the same, however
we can determine x explicitly from Figure 2.4 as

x = θ3(Σ−2)+2θ3(Σ−1)−1

It must be that ∆Σ−2 has shape (VI) or (VIII). From (2.4.4) and (2.4.11) we must have that
θ3(Σ−2) = π/4. Substituting in the second line of (2.4.13) yields

2θ3(Σ−1)−1 +2θ3Σ−1 =
7π

4
This is solved by setting θ3(Σ−1)−1 = π/4 and θ3Σ−1 = 5π/8. Solving the remaining equation
gives θ3Σ−2 = π/8, θ3Σ = π/4 and θ3(Σ−1) = π/2. This gives shapes (III) and (VIII) as

Θ
(Σ−1) =

(
π

4
,

π

4
,

π

2

)
and Θ

(Σ) =

(
π

8
,

5π

8
,

π

4

)

To check compatibility we consider the one remaining angle equation which interacts with these
shapes,

θ3(Σ−3)+2θ3(Σ−2)−1 +θ3(Σ−1) = 2π

For these shapes to be compatible we require θ3(Σ−3)+2θ3(Σ−2)−1 = 7π/4. If ∆Σ−2 has shape
(VI), then (2.4.4) gives us θ3(Σ−2)−1 = 7π/12 and θ3(Σ−3) = π/3. Otherwise both ∆Σ−2 and
∆Σ−3 have shape (III) and we have θ3(Σ−2)−1 = π/2 and θ3(Σ−3) = π/2 and conclude that the
shapes are compatible.

We now have valid angle structures for the Sakuma-Weeks triangulation of any 2-bridge link
described by a word Ω = RLRa2 · · ·(LR | RL) such that a2, . . . ,an−1 ∈ {1,2} – that is, the
subword obtained by removing the first and last letter can be decomposed into only (B1) and
(B3) blocks.

We now examine the angle structures on (B2) blocks. Recall from Theorem 2.9 that a (B2)
block must occur as the first or last block in the word. We find an angle structure on these
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blocks which is compatible with (B1) and (B3) blocks on one boundary and satisfies the face
identifications corresponding to the first or last letter of Ω on the other boundary. For reference,
we record the δ− and ε−boundary deficits of (B1) and (B3) blocks here.

δ0 δ1 δ2 ε0 ε1 ε2

π/3 π 5π/3 L π π/3 5π/3

π π/3 5π/3 R π/3 π 5π/3

Lemma 2.15 Let T be the Sakuma-Weeks triangulation of a 2-bridge link complement as-
sociated to the word Ω = RLa1 · · ·(LanR | RanL) with ai = 2 for 1 ≤ i ≤ k. The subcomplex
S ⊂ T corresponding to the (B2) block at the start of Ω′ can be constructed using only ideal
tetrahedra of shape types (I), (III) and (VI) arranged as

[
(III)

]2(k−1) (VI) (I)

The block is compatible with ∆1 having shape (VII) and the end of the block is compatible with
(B1) and (B3) blocks.

Proof Let Ω′ = (L2R2)m−1L2 for m ≥ 1 be the (B2) block. Denote the layers of this block as
∆2, . . . ,∆4m−1. The angle equations for the edges of ∆4m−2 and ∆4m−1 are,

x0 +2θ3(4m−2)−2 +θ3(4m−1) = 2π

x1 +2θ3(4m−2)−1 +2θ3(4m−1)−1 + ε1 = 2π

x2 +θ3(4m−2) = 2π

θ3(4m−2)+2θ3(4m−1)−2 + ε0 = 2π

θ3(4m−1)+ ε2 = 2π

(2.4.14)

where x0, x1 and x2 denote angle deficits on the respective edge classes. For any angle structure
on this block to be compatible with a (B1) or (B3) block we require that the ε -boundary deficit
on ∆4m−1 agrees with the δ -boundary deficit of the (B1) or (B3) blocks - which must start on
R. That is εi = δi for 0 ≤ i ≤ 2. Hence ε0 = π, ε1 = π/3 and ε2 = 5π/3.

Setting

(VI) Θ
(4m−2) =

(
7π

12
,

π

6
,

π

4

)
and (I) Θ

(4m−1) =

(
3π

8
,

7π

24
,

π

3

)

solves the last two equations and determines the angle deficits as

(2.4.15) x0 =
π

2
x1 =

3π

4
and x2 =

7π

4
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Suppose that m = 1 so that the (B2) block is of length one. The angle deficits above must be
satisfied by the angle equations from ∆1. From Figures 2.4 and 2.5a we have,

x0 = θ3(1)

x1 = 2θ3(1)−1

x2 = 4θ3(1)−2 +2θ3(1)+θ3(2)

(2.4.16)

Setting Θ(1) = (π/8,3π/8,π/2) gives ∆1 shape (VII) and satisfies the deficits in (2.4.15).

Suppose now that m > 1. We claim that the additional layers between ∆1 and ∆4m−2 all have
shape (III). The angle equations are the same as those seen in the proof of Theorem 2.12 and so
it suffices to check that this assignment is compatible with (2.4.15) and assigning shape (VII)
to ∆1.

We first expand the angle deficits above as,

x0 = θ3(4m−3)

x1 = θ3(4m−4)+2θ3(4m−3)−1

x2 = y+2θ3(4m−4)−2 +2θ3(4m−3)−2

We have π/2 = x0 = θ3(4m−3) and assume ∆4m−3 has shape (III), hence we assign Θ(4m−3) =

(π/4,π/4,π/2). By construction, y must correspond to the horizontal edge class of the pre-
vious layer. Observe that Ω′ repeats strings of (L2R2). This corresponds to (2.4.8) followed
by (2.4.7) and hence, from the reasoning following these equations, we have Θ(4m−4)=(π/4,π/2,π/4).
This forces y = 3π/4. From the proof of Theorem 2.12 (the case of one (B2) block) we know
that y = 2π/4+π/4 and thus conclude that ∆4m−4 and ∆4m−3 have shape (III).

To check that this assignment is compatible with ∆1 having shape (VII), we consider the fol-
lowing angle equations from ∆2 and ∆3, assuming m > 1,

x0 +2θ3(2)−2 +θ3(3) = 2π

x1 +2θ3(2)−1 +2θ3(3)−1 + z = 2π

x2 +θ3(2) = 2π

where the deficits xi are as in (2.4.16). Assigning shape (III) as Θ(2) = (π/2,π/4,π/4) and
Θ(3) = (π/4,π/4,π/2) gives ∆1 shape (VII) as above if z = π/4. Note that ∆4 must have
either shape (III) or shape (VI) and z must correspond to the diagonal edge class. In either
case, we have θ3(4) = π/4 and thus the shape assignment is compatible.

An analogous argument applies if Ω′ = (L2R2)m for m ≥ 1. Here, the first two angles in each
layer are swapped.

Lemma 2.16 Let T be the Sakuma-Weeks triangulation of a 2-bridge link complement as-
sociated to the word Ω = RLa1 · · ·(LanR | RanL) with ai = 2 for n− k < i ≤ n, k ≥ 2, and let
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Σ = 1+∑ai. The subcomplex S ⊂ T corresponding to the (B2) block at the end of Ω can be
constructed using only ideal tetrahedra of shape types (III), (V) and (IX) arranged as

(IX)
[
(V)
] 3

for k = 2 and,

(IX)
[
(III)

] 2k−5
[
(V)
] 4

for k ≥ 3. The start of the block is compatible with blocks of types (B1) and (B3) and the end
of the block is compatible with the face identifications on ∆Σ.

Proof Assume the last letter of Ω is R. Suppose that k = 2 and the (B2) block is given by
R2L2. The block contains the layers ∆Σ−3 to ∆Σ, inclusive. The angle equations of this block
are now,

δ0 +2θ3(Σ−3)−2 +2θ3(Σ−2)−2 +θ3(Σ−1) = 2π

δ1 +2θ3(Σ−3)−1 +θ3(Σ−2) = 2π

δ2 +θ3(Σ−3) = 2π

θ3(Σ−3)+2θ3(Σ−2)−1 +2θ3(Σ−1)−1 +2θ3Σ−1 = 2π

θ3(Σ−2)+2θ3(Σ−1)−2 +θ3Σ = 2π

2θ3(Σ−1)+4θ3Σ−2 +2θ3Σ = 2π

The block starts on R hence the δ -boundary deficit is given by δ0 = π, δ1 = π/3 and δ2 =

5π/3. We assign shape (IX) to ∆Σ−3 as

Θ
(Σ−3) =

(
π

12
,

7π

12
,

π

3

)

We then assign shape (V) to the remaining shapes as,

Θ
(Σ−2) =

(
π

3
,

π

6
,

π

2

)
Θ
(Σ−1) =

(
π

2
,

π

3
,

π

6

)
and Θ

(Σ) =
(

π

6
,

π

3
,

π

2

)

Increasing to k = 3 the (B2) block is now given by L2R2L2. We can observe that the last three
angle equations above remain the same. The three boundary angle equations are the same as
above, however the angles assigned to vertical and horizontal edges are swapped. From this we
assign shape (IX) to ∆Σ−5 as was done for ∆Σ−3 above but swapping the first two angles, and
shape (V) to layers ∆Σ−2, ∆Σ−1 and ∆Σ exactly as above. The angle equations involving layers
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∆Σ−4 and ∆Σ−3 are,

δ0 +2θ3(Σ−5)−2 +θ3(Σ−4) = 2π

δ1 +2θ3(Σ−5)−1 +2θ3(Σ−4)−1 +θ3(Σ−3) = 2π

θ3(Σ−5)+2θ3(Σ−4)−2 +2θ3(Σ−3)−2 +2θ3(Σ−2)−2 +θ3(Σ−1) = 2π

θ3(Σ−4)+2θ3(Σ−3)−1 +θ3(Σ−2) = 2π

θ3(Σ−3)+2θ3(Σ−2)−1 +2θ3(Σ−1)−1 +2θ3Σ−1 = 2π

Substituting in δ0 = π/3, δ1 = π and the angles from the shape assignments to ∆Σ−5,∆Σ−2,∆Σ−1

and ∆Σ allows us to assign shape (III) to ∆Σ−4 and (V) to ∆Σ−3 as,

Θ
(Σ−4) =

(
π

4
,

π

4
,

π

2

)
and Θ

(Σ−3) =
(

π

6
,

π

2
,

π

3

)

Extending the block to k > 3 adds angle equations as in (2.4.7) and (2.4.8) and can be solved
by adding additional layers of shape (III).

An analogous argument shows that this assignment of shapes is valid if the (B2) block ends on
R2 (giving the last letter of Ω to be L) or starts on L2 with the first two angles of each shape
vector swapped.

We now address the case of an−1 = 1 and an = 2, which is neglected in the above lemma.
Extending this block to contain the final letter of Ω we obtain a (B3) block in which the final
(B2) block contained within it has length one. In this situation it is more convenient to treat the
subcomplex corresponding to this block as an ‘unfinished’ (B3) block.

Lemma 2.17 Let T be the Sakuma-Weeks triangulation of a 2-bridge link complement asso-
ciated to the word Ω = RLa1 · · ·(LanR | RanL) with an−1 = 1, an = 2, n ≥ 2, and Σ = 1+∑ai.

The subcomplex S ⊂ T corresponding to an unfinished (B3) block at the end of Ω contain-
ing the layers ∆Σ−2, ∆Σ−1 and ∆Σ can be constructed as in Theorem 2.12 with the two layers
containing ideal tetrahedra of shapes (IV) and (II) replaced with a single layer containing ideal
tetrahedra of shape (VII) or (III) if the block contains one or more (B2) blocks, respectively.

Proof Suppose that Ω′ = LR2(L) so that S contains only three layers, with (L) denoting the
final letter of Ω. The corresponding angle equations are,

δ0 +2θ3(Σ−2)−2 +2θ3(Σ−1)−2 +2θ3Σ−2 = 2π

δ1 +2θ3(Σ−2)−1 +θ3(Σ−1) = 2π

δ2 +θ3(Σ−2) = 2π

θ3(Σ−2)+2θ3(Σ−1)−1 +θ3Σ = 2π

2θ3(Σ−1)+4θ3Σ−1 +2θ3Σ = 2π



52 2. COMPLEXITY BOUNDS ON HYPERBOLIC 2–BRIDGE LINKS

The block starts on L hence the δ -boundary deficit is given by δ0 = π/3, δ1 = π and δ2 =

5π/3. We obtain shapes (I), (VI) and (VII) by assigning the angles,

Θ
(Σ−2) =

(
7π

24
,

3π

8
,

π

3

)
Θ
(Σ−1) =

(
π

6
,

7π

12
,

π

4

)
and Θ

(Σ) =

(
3π

8
,

π

8
,

π

2

)

If instead the (B3) block is longer, then we only need to consider an additional two layers
preceding ∆Σ−2. Suppose that the tail of Ω′ has the form R2LR2(L), where (L) denotes the
final letter of Ω. The corresponding angle equations are,

θ3(Σ−4)+2θ3(Σ−3)−1 +2θ3(Σ−2)−1 +θ3(Σ−1) = 2π

θ3(Σ−3)+2θ3(Σ−2)−2 +2θ3(Σ−1)−2 +2θ3Σ−2 = 2π

θ3(Σ−2)+2θ3(Σ−1)−1 +θ3Σ = 2π

2θ3(Σ−1)+4θ3Σ−1 +2θ3Σ = 2π

Following Theorem 2.12 we assign shape (VIII) as

Θ
(Σ−1) =

(
π

8
,

5π

8
,

π

4

)

and shape (III) as

Θ
(Σ−2) =

(
π

4
,

π

4
,

π

2

)
and Θ

(Σ−3) =
(

π

4
,

π

2
,

π

4

)

This assignment yields ∆Σ having shape (III) as Θ(Σ) = (π/2,π/4,π/4). Finally, we require
θ3(Σ−4) = π/4. We must have the ideal tetrahedra in ∆Σ−4 having either shape (VI) or shape
(III). In both cases we can set θ3(Σ−4) = π/4. All solutions to any remaining angle equations
can be set as in Theorem 2.12.

Lemma 2.18 Let T be the Sakuma-Weeks triangulation of a 2-bridge link complement asso-
ciated to the word Ω = RLa1 · · ·(LanR | RanL) with ai = 2 for all 1 ≤ i ≤ n. That is, the subword
Ω′ = La1Ra2 · · ·(Lan | Ran) consists of a single (B2) block. Then T admits an angle structure
consisting only of shapes (III) and (VII) arranged as

(VII)
[
(III)

] 2n−1 (VII)

Proof Suppose n = 1 so that Ω = RL2R. The angle equations describing T are,

4θ3(1)−2 +2θ3(1)+2θ3(2) = 2π

2θ3(1)−1 +2θ3(2)−1 +2θ3(3)−1 = 2π

θ3(1)+2θ3(2)−2 +θ3(3) = 2π

2θ3(2)+4θ3(3)−2 +2θ3(3) = 2π
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We assign shape (VII) to ∆1 and ∆3 as,

Θ
(1) = Θ

(3) =

(
π

8
,

3π

8
,

π

2

)

The remaining equations are solved by assigning shape (III) to ∆2 as

Θ
(2) =

(
π

2
,

π

4
,

π

4

)

Adding additional syllables with ai = 2 adds angle equations that are solved by assigning shape
(III) to the added layers in the following (cyclic) order starting from ∆2,

(
π

2
,

π

4
,

π

4

) (
π

4
,

π

4
,

π

2

) (
π

4
,

π

2
,

π

4

) (
π

4
,

π

4
,

π

2

)

The assignment of shape (VII) is as above if Ω ends with R, otherwise the first two angles are
exchanged.

2.4.3. Complexity bounds. We now prove lower bounds on the complexity of 2-bridge
link complements through the angle structures established in the previous section. The first
step of this proof is determining explicit formulae for the volume of a given block type in the
decomposition of Ω. The approximate volume of each of the ten shapes is given below as a
multiple of the volume of a regular ideal tetrahedron v3.

v3 = Vol(∆(π/3,π/3,π/3))≈ 1.0149

vI = Vol(∆(π/3, 3π/8, 7π/24))≈ 0.9902v3

vII = Vol(∆(π/3, π/4, 5π/12))≈ 0.9604v3

vIII = Vol(∆(π/4, π/4, π/2))≈ 0.9024v3

vIV = Vol(∆(5π/24, 7π/24, π/2))≈ 0.8855v3

vV = Vol(∆(π/6, π/2, π/3))≈ 0.8333v3

vV I = Vol(∆(π/6, π/4, 7π/12))≈ 0.7754v3

vV II = Vol(∆(π/8,3π/8,π/2))≈ 0.7417v3

vV III = Vol(∆(π/8, π/4, 5π/8))≈ 0.6768v3

vIX = Vol(∆(π/12, 7π/12, π/3))≈ 0.5833v3
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Recall that the length of a block is the number of syllables it contains - that is, the number of
maximal subwords Rai or Lai.

Using the lemmas in the Section 5.2, we can determine the number of layers containing ideal
tetrahedra of each shape type in each given block. This also provides the volume of each block
type in terms of its length and is collected in Table 2.3. To prove our main result we first

# layers (0) (I) (II) (III) (IV) (V) (VI) (VII) (VIII) (IX)
(B1) k k⋆ 0 0 0 0 ∆1,∆Σ 0 0 0 0

(B2), at start 2k 0 1 0 2(k−1) 0 0 1 ∆1 0 0
(B2), at end (k = 2) 4 0 0 0 0 0 3 0 0 0 1
(B2), at end (k ≥ 3) 2k 0 0 0 2k−5 0 4 0 0 0 1

(B3) 2ℓ+m+1 0 1 1 2(ℓ−1) 1 ∆1 1 0 m−1 0
(B3), at end 2ℓ+m+1 0 1 0 2ℓ−1 0 ∆1 1 0 m 0

Unfinished (B3) (m = 1) 3 0 1 0 0 0 ∆1 1 1 0 0
Unfinished (B3) (m > 1) 2ℓ+m 0 1 0 2ℓ−1 0 ∆1 1 0 m−1 0

All (B2) 2k 0 0 0 2k−1 0 0 0 2 0 0

TABLE 2.3. Number of layers containing ideal tetrahedra of each shape in each
block type. The length of a block is denoted k (length does not include ∆1 ) and the
number of (B2) blocks in a (B3) block is denoted m and the total length of the (B2)
blocks is denoted ℓ. Values marked by ⋆ contain one less layer of this shape if the
block occurs at the end of the word Ω, with the final layer replaced with the shape
marked by ∆Σ. The entry marked by ∆1 indicates the shape of the initial layer of
T if the block occurs at the start of Ω. Recall that the unfinished (B3) block occurs
only when an−1 = 1 and an = 2 and is always at the end of Ω.

show that the above prescription of angle structures, combined with Thurston’s lower bound on
complexity (2.4.1), determine that the Sakuma-Weeks triangulation is minimal if ai = 1 for all
1 ≤ i ≤ n.

Lemma 2.19 ([IN16], Corollary 1.1) Let K = K(Ω) be the 2-bridge link associated to the
word Ω = RLa1 · · ·(LanR | RanL) with ai = 1 for all 1 ≤ i ≤ n, n ≥ 1. Let M = S3\K and T =

T (M) be the Sakuma-Weeks triangulation of M, Moreover, let c(M) denote the complexity
of M. Then T is minimal; that is

c(M) = |T |= 2(n+1)

Proof The subword Ω′ = La1 · · ·(LanR | RanL) decomposes into a single (B1) block consisting
of n layers. Using Table 2.3, we note that the ideal tetrahedra in ∆1 and ∆Σ, where Σ = n+1,
have shape (V) whilst the ideal tetrahedra in the remaining n−1 layers are regular ideal. Denote
the corresponding angle structure Θ⋆. Combining (2.4.1) with Theorem 1.25 we obtain

(2.4.17)
V (Θ⋆)

v3
≤ c(M)≤ |T |

This gives us a lower bound on the complexity as
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(2.4.18)
2(2vV +(n−1)v3)

v3
= 2n+1.3332

Combining with the upper bound on complexity we have,

2n+1.3332 ≤ c(M)≤ 2n+2,

and conclude that T is minimal.

Theorem 2.20 Let L = L(Ω) be the 2-bridge link associated to the word Ω = RLa1 · · ·(LanR |
RanL) where ai ∈ {1,2} for all 1 ≤ i ≤ n and n ≥ 1. Let M = S3\L and T = T (M) be the
Sakuma-Weeks triangulation of M and let c(M) denote the complexity of M. Then,

0.8|T | ≤ c(M)≤ |T |

Before we provide a proof we remark that the lower bound we find is conservative. For example,
if Ω is such that ai = 2 for all 1 ≤ i ≤ n, then the angle structure we find gives a lower bound of
approximately 0.85|T | ≤ c(M) for n = 3 and this converges to approximately 0.9|T | ≤ c(M)

as n → ∞. Moreover, we show below that the greatest volume deficits are attained by (B3)
blocks with all (B2) blocks having “small length”. Provided that the total length of such blocks
is finite, we typically see an asymptotic lower bound of approximately 0.9|T | ≤ c(M). The
choice of conservative bound was made as providing a complete list of constraints decreased
the readability of the proof more than what was justifiable.

Proof Using (2.4.17) it suffices to show that there is some angle structure Θ⋆ on T such that

0.8 ≤ V (Θ⋆)

|T |v3

Consider a decomposition of T into three subcomplexes S1, S2, and S3 where S1 contains
∆1 and the ideal tetrahedra associated to the first block in the decomposition of Ω, S3 contains
∆Σ and the ideal tetrahedra associated to the last block of the decomposition of Ω, and S2

contains all remaining ideal tetrahedra. Denote the angle structure on Si by Θ⋆
i so that Θ⋆ is

the concatenation of these three angle structures.

We proceed by computing the volume for each Si in terms of the length of the block(s) it
contains different from (B1). Refer to Table 2.3 for all shapes used in what follows.

The first observation we make is that the volume of a (B3) block is smallest when it contains
m (B2) blocks of length 1. This follows since each (B2) block after the first replaces two
ideal tetrahedra of shape (III) with two ideal tetrahedra of shape (VIII), which have a smaller
volume. To minimise the volume for a fixed length of the block we maximise the number of
ideal tetrahedra of shape (VIII) which is done by giving each (B2) block length 1. Consequently,
we only consider (B3) blocks of this form.
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Consider first S1. A single (B2) block consists of 2k1 layers plus ∆1 giving |S1|= 2(2k1+1)
ideal tetrahedra. Assigning the appropriate angle structures we compute

V (Θ
(B2)
1 )

2(2k1 +1)v3
=

2(vV II + vI + vV I +2(k1 −1)vIII)

2(2k1 +1)v3
=

3.6096k1 +1.405
2(2k1 +1)

This evaluates to 0.8357 for k1 = 1 and increases with k1. A single (B3) block with m1 (B2)
blocks of length 1 consists of 3m1+1 layers plus ∆1 giving |S1|= 2(3m1+2) ideal tetrahedra.
As above we find

V (Θ
(B3)
1 )

2(3m1 +2)v3
=

2(vV + vI + vII + vIV + vV I +2(m1 −1)vIII +(m1 −1)vV III)

2(3m1 +2)v3

=
4.9632m1 +3.9264

2(3m1 +2)

This evaluates to 0.8889 for m1 = 1 and decreases with m1, approaching 0.8272 as m1 → ∞.

For S2, observe that the largest deficit for the subcomplex S2 must occur with a single (B3)
block with m2 (B2) blocks of length 1. Adding multiple (B3) blocks – or even (B1) blocks in
between (B3) blocks – introduces tetrahedra of shapes (0), (I), (II), (IV) and (VI), which have
a larger volume than an ideal tetrahedra of shape (VIII). Hence, using the calculations above
without the ideal tetrahedra of shape (V),

V (Θ⋆
2)

2(3m2 +1)v3
=

4.9632m2 +2.2598
2(3m2 +1)

This evaluates to 0.9028 for m2 = 1 and, as above, decreases with m2, approaching 0.8272 as
m2 → ∞.

Consider now S3. A single (B2) block consists of 2k3 layers for k3 ≥ 2 giving 4k3 ideal
tetrahedra. We compute

V (Θ
(B2)
3 )

4k3v3
=





2(3vV+vIX )
8v3

= 0.7708, k3 = 2
2(4vV+vIX+(2k3−5)vIII)

4k3v3
= 3.6096k3−1.191

4k3
, k3 ≥ 3

This evaluates to 0.8031 for k3 = 3 and increases with k3. However, we need to ensure that
the deficit when k3 = 2 is balanced by the other subcomplexes. We need only check two cases.
First, if T = S1 ∪S3 with S1 a (B3) block with m1 (B2) blocks of length 1 then,

V (Θ⋆)

2(3m1 +6)v3
=

4.9632m1 +0.0928
2(3m1 +6)

This evaluates to 0.8364 when m1 = 1 and decreases with m1 as above. If instead T =

S1∪S2∪S3 with S1 a (B2) block of length k1 and S2 a (B3) block with m2 (B2) blocks of
length 1, then we obtain

V (Θ⋆)

2(2k1 +3m2 +6)v3
=

3.6096k1 +4.9632m2 +9.8312
2(2k1 +3m2 +6)
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This evaluates to 0.8365 for k1 = m2 = 1 and increases with k1 and decreases with m2, ap-
proaching 0.8272 as m2 → ∞.

Returning to S3, we consider now when S3 is a single unfinished (B3) block with m3 (B2)
blocks of length 1. This gives 3m3 layers and hence |S3|= 6m3. We compute

V (Θ⋆)

6m3v3
=





2(vI+vV I+vV II)
6v3

= 0.8357, m3 = 1
2(vI+vV I+(2m3−1)vIII+(m3−1)vV III)

6m3v3
= 4.9632m+0.3728

6m3
, m3 ≥ 2

This evaluates to 0.8582 for m3 = 2 and decreases with m3, approaching 0.8272 as m3 → ∞.

For all of the above computations we have 0.8 ≤ V (Θ⋆
i )/|Si|v3 for each 1 ≤ i ≤ 3. Combining

these subcomplexes together ensures that the inequality is true for |T |. Note that we have
omitted the case when T is a single (B3) block or a single unfinished (B3) block. Whilst this
will reduce the ratios computed above, we still compute a value above 0.8 which decreases to
0.8272 as the number of (B2) blocks increases.

Finally, we consider when T decomposes as a single (B2) block of length k. We have |T |=
2(2k+1) and compute

V (Θ(B2))

2(2k+1)v3
=

2((2k−1)vIII +2vV II)

2(2k+1)v3
=

3.6096k+1.162
2(2k+1)

This evaluates to 0.8381 for k = 2 and increases with k and satisfies our desired result. How-
ever, when k = 1 this evaluates to 0.7952. In this case we assign a different angle structure
to the triangulation. We solve the angle equations, obtained from Figures 2.4 and 2.5a, by
assigning

(II) Θ
(1) = Θ

(3) =

(
π

4
,

5π

12
,

π

3

)
and Θ

(2) =

(
2π

3
,

π

6
,

π

6

)

The volume of the new shape here is computed as Vol(∆(2π/3, π/6, π/6)) = 0.6666v3. Hence
we have,

V (Θ⋆)

|T |v3
=

2(0.9604)+0.6666
3

= 0.8720

It follows that the Sakuma-Weeks triangulation of a 2-bridge link associated to the word Ω =

RLa1 · · ·(LanR | RanL) with ai ∈ {1,2} for all 1 ≤ i ≤ n satisfies 0.8|T | ≤ c(M)≤ |T |.

The minimal volume for each subcomplex in the preceding proof occurs with a (B3) block
containing m blocks of type (B2) of length one. This provides a linear relationship between
m, the number of ai = 2, and the gap between certifying minimality of the Sakuma-Weeks
triangulation.

Corollary 2.21 Let W = {Ω = RLa1 · · ·(LanR | RanL) | ai ∈ {1,2} for 1 ≤ i ≤ n} and for each
C ∈ N set

WC = {Ω ∈W | a1 + · · ·+an = n+C, n ∈ N, n ≥C}
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For Ω ∈ WC let K = K(Ω) be the associated 2-bridge link. Let M = S3\K and T = T (M)

be the Sakuma-Weeks triangulation of M with |T |= 2(n+1+C). Let c(M) denote the com-
plexity of M. Then,

2n+1+(0.9632C+0.393)≤ c(M)≤ 2n+1+(2C+1)

Proof It follows from the proof of Theorem 2.20 that the only case we need to consider is
when Ω decomposes as a single (B1) block of length 3C + 1. Let Φ∗ denote the associated
angle structure. The largest deficit is obtained when Ω decomposes as a single (B3) block of
length 3C + 1 consisting of C (B2) blocks of length 1. Let Θ∗ denote the associated angle
structure. We compute the volume functional for Θ∗ as

V (Θ∗) = 2(vV + vI + vV I +(C−1)(2vIII + vV III)+ vIII + vV III)≈ (4.9632C+3.3930)v3

The largest deficit obtained from Ω ∈WC is then

V (Φ⋆)−V (Θ⋆)

v3
≈ 2(2vV +3C v3)− (4.9632C+3.3930)v3

v3
≈ 1.0368C−0.0598

This gives the lower bound on the complexity as,

Vol(S3\K)

v3
≥ V (Θ⋆)

v3
≥ V (Φ⋆)

v3
− (1.0369C−0.0597)

= 2
(

n+C−1+
2vV

v3

)
− (1.0369C−0.0597)

≥ 2n+1+(0.9632C+0.393)

In Theorem 2.20 we have determined the complexity of infinitely many hyperbolic 2-bridge
links up to a multiplicative constant of 0.8. In the proof of this theorem we have also certified
that the Sakuma-Weeks triangulation of the complement of the 2-bridge link associated to
Ω = RL2R is minimal.

We now analyse when the general lower bound in Theorem 2.20 is better than that in Theo-
rem 2.21. For this, consider a word Ω ∈WC giving |T |= 2(n+C+1). This gives us

2n+1+(0.9632C+0.393)≤ 0.8|T |
≤ 1.6(n+C+1)

and hence

(2.4.19) C ≥ 0.628n−0.325

We conclude that our additive bound is more suitable when C is small relative to n. This aligns
with the fact that Theorem 2.21 is meant to provide the complexity of infinitely many 2-bridge
link complements up to a fixed additive constant, only depending on the number C of syllables
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of length two. Theorem 2.20, on the other hand, is meant to work in the general setting, where
we can capitalise on the fact that syllables of length two must become adjacent once they are
numerous enough.

2.4.4. Comparison using existing volume bounds. Lower bounds for volumes of al-
ternating links have been established by Lackenby [Lac04] and refined by Agol, Storm and
Thurston [AST07]. Work by Futer [Gué06, Appendix B] improves this lower bound multi-
plicatively, establishing 2v3n−2.7066 < Vol(S3\K(Ω)) for all hyperbolic 2-bridge links con-
structed from a word Ω with n syllables. Petronio and Vesnin [PV09] prove a further refine-
ment of this as

v3 ·max{2,2n−2.6667} ≤ Vol(S3\K(Ω))

To the best of the author’s knowledge, this bound provides the best estimate of the volume for
infinite families of hyperbolic 2-bridge links as

max{2,2n−2.6667} ≤ c(M)

In particular, this bound readily provides a lower bound for the complexity of S3\K(Ω). We
conclude this chapter by comparing our results to this lower bound on complexity.

For convenience we work in the setting of Theorem 2.21. Consider Ω∈WC for C ≥ 0 and let T

be the Sakuma-Weeks triangulation of the complement of K(Ω). We write |T |= 2(n+C+1).
An immediate observation is that for all n ≥ 1 and 0 ≤C ≤ n we have

max{2,2n−2.6667} ≤ 2n+1+(0.9632C+0.393)

That is to say incorporating the number of syllables and length of syllables in Theorem 2.21
provides a better lower bound on the complexity for the 2–bridge links we are considering.

We compare the lower bound in Theorem 2.20 in two cases. First, if n = 1,2 then the Petronio-
Vesnin bound gives 2 ≤ c(M). The smallest triangulation we consider occurs when n = 1 and
C = 0 with 0.8|T |= 3.2. Hence our lower bound is better in this case. For n ≥ 3 we consider
2n−2.6667 ≤ 0.8|T |. This is satisfied when

C ≥ 0.25n−2.6666

Again, we can see that the bound from Theorem 2.20 works better in the case of C being
sufficiently large, with the case of relatively small C covered by the bound from Theorem 2.21.





CHAPTER 3

The anatomy of minimal triangulations via the Z2–Thurston norm

Commencing in 2009, a series of papers by Jaco, Rubinstein, Spreer, and Tillmann [JRT09,
JRT13, JRST20a, JRST20b, JRST25] develops a theory of minimal triangulations via a Z2

analogue of Thurston’s norm on homology [Thu86]. This framework has been used to clas-
sify several infinite families of minimal triangulations of 3–manifolds, both material and ideal.
In this chapter, we build on this framework in the setting of closed, orientable, irreducible,
connected 3–manifolds.

Our main contribution to this theory is the following technical result:

Theorem 3.1 Let M be a closed, orientable, irreducible, connected 3–manifold with min-
imal triangulation T . Suppose that all edge loops are coloured by the rank–2 subgroup H
of H1(M;Z2),T is (∆qq,4)–free with respect to the colouring and that |T | = (2 + k) +

∑ϕ∈H ∥ϕ∥. Letting ed denote the number of H –even edges of degree d, we have:

(3.0.1) e3 ≤ k+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed.

Providing a concrete bound for the number of degree 3 edges present in a rank–2 coloured
minimal triangulations plays a central role in this work. A bound under the additional assump-
tion that M is atoroidal was established by Jaco, Rubinstein, and Tillmann [JRT13]. As we
demonstrate in Section 3.3.3, dropping this assumption requires a drastically finer analysis.

Using this result, we provide the following corollary.

Corollary 3.2 Let M be a closed, orientable, irreducible, connected 3–manifold with mini-
mal triangulation T . Suppose that all edge loops are coloured by the rank–2 subgroup H of
H1(M;Z2) and that T is (∆qq,4)–free with respect to the colouring with |T | = (2+ k) +

∑
3
i=1 ∥ϕi∥. Then ntt+nqtt ≤ 3k.

This bound provides the main tool for determining the types of tetrahedra present in a rank–2
coloured minimal triangulation. In particular, we use this to provide a complete list of profiles
when k = 1.

Using this theory, we characterise central subcomplexes in minimal rank–2 coloured triangu-
lations in which k = 1 and classify two new infinite families of 3–manifolds achieving such a
complexity.

61
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The chapter is organised as follows. In Sections 3.1 and 3.2 we provide the background for the
new results. We omit all proofs in Section 3.1 and only include those in Section 3.2 which offer
insight into the techniques used to carry out our analysis. Section 3.3 marks the start of our
contribution to this theory. In this section, we provide the proofs to Theorem 3.1 and Corol-
lary 3.2. We turn our attention to the aforementioned case of k = 1 in Section 3.4 and analyse
the anatomy of minimal triangulations satisfying this assumption. We conclude the chapter
with Section 3.5 in which we classify two new infinite families of minimal triangulations.

3.1. Preliminaries

The main results used throughout this chapter concern 0–efficient triangulations (see Theo-
rem 1.15) and layered solid tori (see Definition 3.3). In this section we summarise the def-
initions and results from [JR03, JRT09, JRT13] used to carry out the new proofs. Unless
otherwise stated, we assume M is a closed, orientable, irreducible, connected 3–manifold.

3.1.1. Intersections of maximal layered solid tori. Throughout our analysis, we will be
interested in the subcomplexes contained within a triangulation T . Of the possible subcom-
plexes that arise, our focus will often be on those which are combinatorially equivalent to a
layered solid torus.

Definition 3.3 A layered solid torus with respect to T is a subcomplex T of T which is
combinatorially equivalent to a layered solid torus LST(p,q, p+q) where p and q are positive,
co-prime integers. The boundary of T is a triangulation of the torus with two triangles. If an
edge e is in the boundary of T, then we refer to it as a boundary edge of T, otherwise we refer
to it as an interior edge of T.

It is sometimes useful to distinguish between the degree of an edge e with respect to the trian-
gulation and the degree of e with respect to a layered solid torus subcomplex T. We refer to
the former as the M–degree of e, denoted deg(e), and the latter as the T–degree of e, denoted
degT(e), as needed. From this definition, the T–degree of any edge not contained in T is 0 and
the M–degree agrees with the T–degree for any interior edge of T. The unique boundary edge
of T with T–degree equal to one is the unital edge.

Definition 3.4 A layered solid torus T with respect to T is maximal if there is no other
layered solid torus T′ with respect to T such that T ⊂ T′.

Often times there may be more than one maximal layered solid torus in a minimal triangulation
of M. Their intersections, however, are small.
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Lemma 3.5 [JR03, JRT09] Assume that the triangulation T is minimal and 0–efficient. If
M is not a lens space with layered triangulation, then the intersection of two distinct maximal
layered solid tori in M consists of at most a single edge.

Lemma 3.6 [JR03, JRT09] Assume that the triangulation T is minimal and 0–efficient and
suppose that M contains a layered solid torus T made up of at least two tetrahedra and having
boundary edge e of M–degree 4. Then either

(i) T is not a maximal layered solid torus in M ; or

(ii) e is the unital edge for T and it is contained in four pairwise distinct tetrahedra in M ; or

(iii) M is a lens space with minimal triangulation.

3.1.2. Edges of low degree in minimal triangulations. Let M be a closed 3–manifold
with one–vertex triangulation T . Let E = |T (1)| denote the number of edges in T and Ed

the number of edges of degree d. As M is closed, χ(M) = 0 and, as T has a single vertex,
|T |= E −1. Since E = ∑

∞
d=1 Ed we observe
∞

∑
d=1

dEd = 6|T |= 6(E −1) = 6
∞

∑
d=1

Ed −6

and hence obtain 6 = ∑
∞
d=1(6−d)Ed. It follows that T must have at least two edges of degrees

at most five. The following two lemmas strengthen this observation.

Lemma 3.7 (Edges of degree 1 or 2, [JR03, JRT09]) A minimal and 0–efficient triangula-
tion T of the closed, orientable, irreducible, connected 3–manifold M has:

(i) no edge of degree 1 unless M = S3 ; and

(ii) no edge of degree 2 unless M = L(3,1) or L(4,1).

Lemma 3.8 (Edges of degree 3, [JR03, JRT09]) A minimal and 0–efficient triangulation T

of the closed, orientable, irreducible, connected 3–manifold M has no edge of degree 3 unless
either:

(3a) T contains a single tetrahedron and M = L(5,2); or

(3b) T contains two tetrahedra and M = L(5,1) or L(7,2); or

(3c) T contains a two tetrahedron subcomplex combinatorially equivalent to the layered solid
torus LST(1,3,4). Moreover, T contains at least three tetrahedra and every edge of
degree 3 is contained in such a subcomplex.
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3.1.3. Neighbourhoods of low degree edges. Jaco, Rubinstein, and Tillmann completely
describe the maximal complexes containing degree 4 and degree 5 edges in minimal and 0–
efficient triangulations of closed orientable 3–manifolds [JRT09]. Together with Lemmas 3.7
and 3.8, this provides a complete classification of the neighbourhoods of low degree edges.

Let M be a closed, orientable, irreducible, connected 3–manifold with minimal and 0–efficient
triangulation T = (∆̃,Φ, p). Suppose e is a degree d edge contained in k pairwise distinct
simplices σ1, . . . ,σk ∈ ∆̃, with 1≤ k ≤ n. There exists triangulated complex X =Xd;k consisting
of k tetrahedra with an interior edge e of degree d, and a well defined map pe : X → M with
pe(e) = (e) such that the restriction of p to {σ1, . . . ,σk} factors through X . The complex X is
maximal if there is no other complex X ′ such that this restriction of p first factors through X ′.
If Xd;k is maximal, then we say that (Xd;k,e) is a model for e.

Theorem 3.9 [JRT09, Proposition 10] Let M be a closed, orientable, irreducible, connected
3–manifold with minimal triangulation T containing a degree 4 edge e. The model (X4;k,e)
for e is one of the following.

(i) If j = 1, then X4;1 ∼= S3 or L(4,1). In each case we have T =X4;1 and M = S3 or L(4,1).
See Figures 3.1a and 3.1b, respectively.

(ii) If j = 2, then X4;2 ∼= L(8,3), S3/Q8, or LST(2,3,5). When X4;2 ∼= L(8,3) it is a two
tetrahedron triangulation of L(8,3) where e is the unique edge having degree 2 with
respect to each tetrahedron and M = L(8,3). When X4;2 ∼= S3/Q8 it is a two tetrahedron
triangulation of the generalised quarternionic space S3/Q8 where e is any of its three
degree 4 edges and M = S3/Q8. When X4;2 ∼= LST(2,3,5) is a two tetrahedron layered
solid torus where e is the base edge. See Figures 3.1c to 3.1e, respectively.

(iii) If j = 3, then X4;3 is one of two solid tori. The first is formed by attaching two tetrahedra
to the boundary faces of the layered solid torus LST(1,2,3) so that the degree 2 boundary
edge becomes an interior edge e of degree 4. The second is formed by first identifying a
pair of opposite edges of a tetrahedron and then layering two tetrahedra along the result-
ing degree 2 edge making it an interior edge e of degree 4. See Figures 3.1f and 3.1g,
respectively.

(iv) If j = 4, then X4;4 is an octahedron consisting of four tetrahedra glued around a common
edge e. See Figure 3.1h.

Theorem 3.10 [JRT09, Proposition 11] Let M be a closed, orientable, irreducible, connected
3–manifold with minimal triangulation T containing a degree 5 edge e. The model (X5;k,e)
for e is one of the following.

(i) If j = 1, then X5;1 is a one tetrahedron triangulation of S3 and M = S3. See Figure 3.2a.
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4;1

∼=
L(4,1)

e

(c) X0
4;2

∼= L(8,3)

e
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e

(h) X4;4 ∼=
3–ball

FIGURE 3.1. The models (X4;k,e) for the degree 4 edge e in the closed, orientable,
irreducible 3–manifold M. Edges in layered solid tori are marked to correspond with
the edges in Figure 1.7.

(ii) If j = 2, then X5;2 ∼= L(3,1) or L(7,2). When X5;2 ∼= L(3,1) it is a two tetrahedron
triangulation of L(3,1) where e is either of the two degree 5 edges and M = L(3,1).
When X5;2 ∼= L(7,2) it is a two tetrahedron triangulation of L(7,2) where e is the unique
degree 5 edge and M = L(7,2). See Figures 3.2b and 3.2c, respectively.

(iii) If j = 3, then X5;3 is one of three solid tori. The first is formed by layering a tetrahedron
along the unique degree 4 boundary edge of LST(2,3,5) resulting in an interior edge e
of degree 5 and X5;3 ∼= LST(3,5,8). The second is formed by attaching two tetrahedra
to the boundary faces of LST(1,2,3) so that the degree 3 boundary edge becomes an
interior edge e of degree 5. The third is formed by identifying two boundary squares
of a three tetrahedron triangular prism resulting in a unique interior edge e of degree 5.
See Figures 3.2d to 3.2f, respectively.
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(iv) If j = 4, then X5;4 is one of two solid tori. The first is formed by attaching three tetrahedra
to the boundary faces of LST(1,2,3) so that the degree 2 boundary edge becomes an
interior edge e of degree 5. The second is formed by identifying a pair of opposite edges
of a tetrahedron, then layered one tetrahedron along this edge, and then attaching two
tetrahedra to the remaining boundary faces to create a unique interior edge of degree 5.
See Figures 3.2g and 3.2h.

(v) If j = 5, then X5;5 is a triangulated 3 ball with five tetrahedra such that their common
intersection is a unique interior edge e of degree 5. See Figure 3.2i.

e
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e

(b) X0
5;2

∼= L(3,1)

e

(c) X1
5;2

∼= L(7,2)

e

LST(2, 3, 5)

(d) X0
5;3

∼=
LST(3,5,8)
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LST(1, 2, 3)

(e) X1
5;3
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solid torus

e
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solid torus

e

LST(1, 2, 3)
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(h) X1
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e
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FIGURE 3.2. The models (X5;k,e) for the degree 5 edge e in the closed, orientable,
irreducible 3–manifold M. Edges in layered solid tori are marked to correspond with
the edges in Figure 1.7.

3.1.4. The Q–matching equations. Recall that a properly embedded surface S in T is a
normal surface if the intersection of S with any tetrahedron is comprised of a collection of pair-
wise disjoint triangles and quadrilaterals as depicted in Figure 1.5. A normal surface contains
finitely many quadrilateral discs which determine the surface uniquely, up to normal isotopy. A
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normal isotopy of M is an isotopy which preserves the triangulation. This sets up an algebraic
framework for normal surfaces as follows. Note that equivalent algebraic frameworks for more
restricted classes of 3–manifolds have been established by, for example, Tollefson [Tol98].

Let □ denote the set of normal isotopy classes of normal quadrilaterals in T . As |T | = t it
follows that |□|= 3t, where each class is a quadrilateral type. Identifying R□ with R3t , the
normal Q–coordinate of a normal surface S is the integer vector x(S) = (x1, . . . ,x3t) ∈ R3t ,

where xi records the number of normal quadrilaterals in S of type qi. For simplicity, we assume
q3i−2, q3i−1, and q3i are the three normal quadrilateral types in the i-th tetrahedron.

The normal Q–coordinate satisfies two algebraic conditions. First, x(S) is admissible. A vector
x ∈ R3t is admissible if xi ≥ 0 for all 1 ≤ i ≤ 3t and, for each 1 ≤ j ≤ t, at most one of x3 j−2,

x3 j−1, and x3 j is non-zero. This is to say that the intersection of S and a tetrahedron ∆ contains
at most one normal quadrilateral type.

Second, x(S) satisfies a linear equation for each edge e in T called a Q–matching equation.
Intuitively, these equations state that as one circumnavigates the globe the number of times the
equator is crossed from north to south must equal the number of times the equator is crossed
from south to north. We give a more precise, but brief definition of these equations below and
direct the reader to [Til08, Sections 2.3–2.9] for more details.

Assume M is oriented and all tetrahedra in T are given the induced orientation. Let e be a
degree d edge in T and define B̃(e) to be the collection of all tetrahedra incident with e up
to multiplicity. That is, if a tetrahedron meets e a total of k times, then we include k copies
of this tetrahedron in B̃(e). The abstract neighbourhood B(e) of e is a triangulated 3–ball
formed by pairwise identifying the faces of tetrahedra in B̃(e) such that there is a well defined
quotient map pe : B(e)→ ∆̃/Φ taking B(e) to a neighbourhood of e in T . This is illustrated
in Figure 3.3a.

Following the circumnavigation analogy, we refer to the endpoints of the edge e as the poles
of ∂B(e) and to the edges disjoint from the poles as the equatorial edges.

Let ∆ be a tetrahedron in B̃(e) and q a normal quadrilateral in ∆. The boundary of q has a
vertex on e if and only if it has a vertex on an equatorial edge of ∂B(e). The boundary of such
a quadrilateral has an induced orientation from ∆ and thus a slope of ±1, where the sign is
well–defined and independent of the orientation of e. Figure 3.3b illustrates quadrilaterals with
negative and positive slopes.

For a quadrilateral type qi ∈ □, define the weight of qi at e, wte(qi), to be the sum of all the
slopes of qi in B(e). By taking the sum we account for instances where qi has multiple vertices
on e. If qi has no vertices on e, then we set wte(q) = 0.
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(a)

e

(b)

e e

FIGURE 3.3. (a) The abstract neighbourhood B(e) of the edge e. (b) Normal quadri-
laterals of negative slope (left) and positive slope (right) in the abstract neighbour-
hood B(e).

For a normal surface S in T with normal Q–coordinate x(S), the Q–matching equation for
e is defined as

0 =
3t

∑
i=1

wte(qi)xi

3.2. Rank–1 and –2 colourings of minimal triangulations and the Z2–Thurston norm

We now present a definition of the Z2–Thurston norm together with the key theorem statements
from [JRST20b, Nak17]. Given these, we describe rank–1 and rank–2 colourings of minimal
triangulations together with their combinatorics. We assume throughout that M is a closed,
orientable, irreducible, connected 3–manifold different from RP3 unless otherwise stated.

Definition 3.11 [JRT13, JRST20b] Let M be a closed, orientable, irreducible, connected
3–manifold and let S be a closed, embedded surface dual to a given ϕ ∈ H1(M;Z2). If S is
connected, let χ− = max{0,−χ(S)} and otherwise let

χ−(S) = ∑
Si⊂S

max{0,−χ(Si)}

where the sum is taken over the connected components of S, noting that Si may not be ori-
entable. The Z2–Thurston norm of ϕ is defined as

∥ϕ∥= min{χ−(S) | S dual to ϕ }
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The surface S dual to ϕ ∈ H1(M;Z2) is said to be Z2–taut if no component of S is a sphere
or a projective plane and χ(S) =−∥ϕ∥. As observed in [Thu86] after possibly deleting com-
pressible tori, every component of a Z2–taut surface is non-separating and geometrically in-
compressible.

Each of the two theorems bounding the complexity were proven by Jaco, Rubinstein, Spreer,
and Tillmann [JRT13, JRST20b] and, independently, Nakamura [Nak17]. The first theorem
establishes a connection between the complexity of M and the Z2–Thurston norm for any non-
trivial class ϕ ∈ H1(M;Z2). In particular, this provides a lower bound on the complexity of any
such 3–manifold M with non-trivial H1(M;Z2).

Theorem 3.12 [JRST20b, Theorem 1] Let M be a closed, orientable, irreducible, connected
3–manifold not homeomorphic with RP3, and suppose that 0 ̸= ϕ ∈ H1(M;Z2). Then

c(M)≥ 1+2∥ϕ∥

Moreover, if equality holds, then M is a balanced lens space*.

When the rank of H1(M;Z2) is at least 2, we are able to present a finer analysis of a minimal
triangulation by considering the interactions between multiple H1(M;Z2) classes.

Theorem 3.13 [JRST20b, Theorem 3] Let M be a closed, orientable, irreducible, connected
3–manifold with the property that H1(M;Z2) has rank at least two. Then, for any rank two
subgroup H ≤ H1(M;Z2)

c(M)≥ 2+ ∑
0̸=ϕ∈H

∥ϕ∥

Moreover, if H1(M;Z2) has rank 2 and this is and equality, then M is a generalised quar-
ternionic space†.

3.2.1. Rank–1 colourings and dual normal surfaces. Let M be a closed, orientable,
connected 3–manifold with arbitrary one–vertex triangulation T . For each edge e ∈ T (1) we
fix an orientation to obtain a representative of [e]∈ π1(M). Consider an element ϕ ∈H1(M;Z2)

as a nontrivial homomorphism ϕ : π1(M)→ Z2. If ϕ[e] = 0, then we say that e is ϕ –even; if
ϕ[e] = 1, then we say that e is ϕ –odd. This construction and terminology is independent of
the orientation of e.

As ϕ ∈ H1(M;Z2), it follows that ϕ partitions the tetrahedra of T into three distinct types:

Type ∆ /0 : All edges of the tetrahedron are ϕ –even;

*Using the terminology in Section 3.2.1, a lens space is balanced if the number of ϕ –even edges equals the number
of ϕ –odd edges in a minimal layered triangulation.
†The generalised quarternionic spaces S3/Q4k are the Seifert fibred spaces over S2 with three exception fibres
S2((2,1),(2,1)(k,−k+1)). See [JRT11] for more details.
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Type ∆t : The three edges bounding a face of the tetrahedron are ϕ –even and the remaining
edges are ϕ –odd; and

Type ∆q : A pair of opposite edges of the tetrahedron are ϕ –even and the remaining edges are
ϕ –odd.

Such a partition of the tetrahedra in T is termed a rank–1 colouring by ϕ . This colouring
provides a natural way to construct a normal surface Sϕ dual to the colouring. Such a surface
is guaranteed to exist by Poincaré duality and is termed the canonical normal surface dual
to ϕ . We construct this surface as follows. In each tetrahedron of type ∆t we place a normal
triangle with a single vertex on each ϕ –odd edge. In each tetrahedron of type ∆q we place
a normal quadrilateral with a single vertex on each ϕ –odd edge. The types of tetrahedra and
their associated normal discs are shown in Figure 3.4.

∆∅ ∆t ∆q

FIGURE 3.4. Rank–1 colouring by 0 ̸= ϕ ∈ H1(M;Z2) and dual normal discs.

Lemma 3.14 ([JRT13], Lemma 1) Let M be a closed, orientable, irreducible, connected
3–manifold with one–vertex triangulation T and 0 ̸= ϕ ∈ H1(M;Z2). Then

∥ϕ∥ ≤ −χ(Sϕ)

unless M = RP3.

3.2.2. Rank–2 colourings and dual normal surfaces. The construction of a rank–1
coloured one–vertex triangulations naturally extends to colourings by subgroups of H1(M;Z2)

of arbitrary rank. We are concerned with colourings by a rank–2 subgroup.

Let ϕ1,ϕ2 ∈ H1(M;Z2) with nontrivial ϕ3 = ϕ1+ϕ2 and consider ⟨ϕ1,ϕ2⟩= H ≤ H1(M;Z2).

It follows that H ∼= Z2 ⊕Z2. Each ϕi, 1 ≤ i ≤ 3, gives a rank–1 colouring of T and a canon-
ical surface Sϕi dual to ϕi. These three rank–1 colourings partition the edges of T into the
following classes:

• e is H–even if ϕi[e] = 0 for all 1 ≤ i ≤ 3; and

• e if i–even if ϕi[e] = 0 for a unique 1 ≤ i ≤ 3.
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An edge e is ϕi–even if it is i–even or H –even; we still refer to an edge as ϕi–odd if ϕi[e] = 1.
To determine the partition of tetrahedra in T we consider the possible assignment of H –
even and ϕi–even edges for a single tetrahedron. Let {e,e′,e′′} be the three edges bounding
a face of a tetrahedron ∆. For each 1 ≤ i ≤ 3 it must hold that ϕi[e] +ϕi[e′] +ϕi[e′′] = 0 as
ϕi ∈ H1(M;Z2). This allows us to characterise the possible colourings of the edges bounding a
face of a tetrahedron.

Let (i, j,k) = (1,2,3). The possible colourings of the three edges bounding a face of a tetrahe-
dron in T are: all three edges are H –even; two edges are ϕi–even and the third is H –even;
two edges are ϕ j –even and the third is H –even; two edges are ϕk –even and the third is H –
even; or one edge is ϕi–even, one edge is ϕ j –even, and one edge is ϕk even. Piecing these
possible colourings together over the four faces of each oriented tetrahedron in T partitions
the tetrahedra into five distinct types:

Type ∆ /0 : All edges of the tetrahedron are H –even;

Type ∆tt : The three edges bounding a face of the tetrahedron are H –even and the remaining
edges are i–even (there are three distinct subtypes);

Type ∆qtt : One edge e is H –even and the edge opposite e is k–even. The remaining two edges
of one face incident with e are i–even and the remaining two edges of the other face incident
with e are j–even (there are six distinct subtypes);

Type ∆qq : One pair of opposite edges is H –even and the remaining edges are i–even (there are
three distinct subtypes); and

Type ∆qqq : One pair of opposite edges is i–even, one pair of opposite edges is j–even, and one
pair of opposite edges is k–even (there are two distinct subtypes).

When two or more tetrahedra belong to the same distinct subtype we say that they are coloured
the same.

The canonical surface Si dual to ϕi is constructed by placing a single vertex on each j–even
edge and k–even edge followed by placing the appropriate normal disc in each tetrahedron. The
types of rank–2 coloured tetrahedra and their associated normal discs are shown in Figure 3.5.

The existence of a rank–2 colouring of the edges of T allows all layered solid tori with respect
to T to be partitioned, broadly, into two families.

Lemma 3.15 ([JRT13], Lemma 7) Let T be a one–vertex triangulation of a closed, ori-
entable, connected 3–manifold M whose edges are coloured by a rank–2 subgroup H of
H1(M;Z2). Then all tetrahedra in a layered solid torus T with respect to T are of type ∆ /0

or ∆qq, but not both.
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FIGURE 3.5. Rank–2 colouring by Z2 ⊕Z2 ∼= H ≤ H1(M;Z2) and dual normal
discs. The i–even (resp. j–even and k–even) edges are coloured and indicated with
the appropriate letter for (i, j,k) = (1,2,3).

Proof Any layered solid torus T contains, as an embedded subcomplex, the one tetrahedron
layered solid torus LST(1,2,3). This contains a degree 3 edge which does not bound a face and
hence must be of type ∆ /0 or ∆qq. It follows from the layering procedure that the type of each
subsequent tetrahedron must match that of the initial tetrahedron.

Definition 3.16 Let T be a one–vertex triangulation of a closed, orientable, connected 3–
manifold M whose edges are coloured by a rank–2 subgroup H of H1(M;Z2). A layered solid
torus T with respect to T is of type ∆ /0 (respectively ∆qq ) if all tetrahedra in T are of type ∆ /0

(respectively ∆qq ).

3.2.3. Combinatorics of rank–2 coloured minimal triangulations. Let M be a closed,
orientable, irreducible, connected 3–manifold with one–vertex minimal triangulation T whose
edge loops are coloured by the rank–2 subgroup H ≤ H1(M;Z2). Using the setup and notation
of the previous section we let:

n /0(T ) = the number of tetrahedra of type ∆ /0,

ntt(T ) = the number of tetrahedra of type ∆tt,

nqtt(T ) = the number of tetrahedra of type ∆qtt,

nqq(T ) = the number of tetrahedra of type ∆qq,

nqqq(T ) = the number of tetrahedra of type ∆qqq,

e(T ) = the number of H –even edges,

ed(T ) = the number of H –even edges of degree d,

ẽ(T ) = the number of pre-images of H –even edges in ∆̃.

The number of tetrahedra in T can be expressed as

|T |= n /0(T )+ntt(T )+nqtt(T )+nqq(T )+nqqq(T )

When the triangulation is fixed, or there is no confusion, we will suppress the references to
T . The tuple (n /0,ntt,nqtt,nqq,nqqq) is termed the profile of T . We stress that the profile of a
triangulation does not determine the triangulation nor the manifold; it does give a streamlined
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way to determine the types of tetrahedra and combinatorics of the canonical normal surfaces
dual to classes in H.

Lemma 3.17 ([JRT13], Lemma 2) Let T be a rank–2 coloured minimal and 0–efficient
triangulation of the closed, orientable, irreducible, connected 3–manifold M. Then ntt and nqqq
are even.

Proof We pullback the colouring of T to ∆̃. The number of faces bounded by three H –even
edges in ∆̃ is ntt+ 4n /0. As faces in ∆̃ are paired, with no face identified to itself, we require
this quantity to be even and hence have ntt is even.

Let q be a quadrilateral disc in Sϕ1. The vertices of q must lie on 2–even and 3–even edges
of T . As M is orientable we know that adjacent vertices of q must contribute opposite slopes
to the Q–matching equations. Consider the sum of the Q–matching equations for all 2–even
edges. This sum must be zero and we consider the possible contributions of q.

If q is contained in a ∆qtt tetrahedron, then it must have a pair of adjacent vertices on 2–
even edges. As these have opposite signs, the contribution is (+1)+ (−1) = 0. If instead q
is contained in a ∆qq tetrahedron, then either all four vertices lie on 2–even edges or 3–even
edges. In the former case the contribution is 2(+1)+ 2(−1) = 0 and the latter case has no
contribution. Finally, if q is contained in a ∆qqq tetrahedron, then a pair of opposite vertices
lie on 2–even edges. The contribution is either 2(+1) or 2(−1). To balance this contribution,
we must have another quadrilateral disc in Sϕ1 contained in a distinct ∆qqq tetrahedron. Hence
nqqq is even.

We now consider the contribution of each normal disc to χ(Sϕi). The surface Sϕi has a single
vertex on each ϕi–odd edge, as in the rank–1 colouring case. Let ti be the number of triangle
discs and qi the number of quadrilateral discs. We obtain

χ(Sϕi) = ∑
[e]∈T (1)

ϕi[e]−
3
2

ti −2qi + ti +qi = ∑
[e]∈T (1)

ϕi[e]−
1
2

ti −qi

where ϕi[e] ∈ {0,1} and the sum is taken over Z. Each triangle contributes −1/2 and each
quadrilateral −1. Let K be the subcomplex spanned by the H –even edges of T . We compute
its Euler characteristic as

χ(K) = 1− e+
1
2

ntt+n /0

Let N =N(K) a small regular neighbourhood of K. Then ∂N is a normal surface meeting tetra-
hedra of types ∆tt, ∆qtt, and ∆qq in the same number and types of normal discs as the canonical
surfaces Sϕi, 1 ≤ i ≤ 3. As T has a single vertex, ∂N meets each type ∆qqq tetrahedron in
four normal triangles – one for each vertex of the 3–simplex. It follows from the above that we
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have

χ(Sϕ1)+χ(Sϕ2)+χ(Sϕ3)+nqqq = χ(∂N) = 2χ(N) = 2χ(K) = 2−2e+ntt+2n /0

Rearranging this expression yields

(3.2.1) ntt+2n /0 −nqqq = 2e−2+
3

∑
i=1

χ(Sϕi)

Lemma 3.18 ([JRT13], Lemma 4) Let M be a closed, orientable, irreducible 3–manifold,
and suppose that ϕ1,ϕ2 ∈ H1(M;Z2) are non-trivial with ϕ1 +ϕ2 = ϕ3 ̸= 0. Let T be a min-
imal triangulation with |T | tetrahedra and let Sϕi be the canonical surface dual to ϕi. Letting
ed denote the number of H –even edges of degree d, we have:

(3.2.2) e3 = 4+ntt+nqtt−2

(
|T |+

3

∑
i=1

χ(Sϕi)

)
+

∞

∑
d=5

(d −4)ed

Proof The existence of a rank–2 subgroup of H1(M;Z2) implies that M is not one of S3, RP3,

L(3,1), or L(4,1). From [JR03] we have that T is 0–efficient and hence has a single vertex.
Moreover the smallest degree of any edge in T is three from Lemma 3.7. Using (3.2.1) we
have

ẽ= 6n /0 +3ntt+nqtt+2nqq

= 2|T |+4n /0 +ntt−nqtt−2nqqq

= 2|T |−ntt−nqtt+4e−4+2
3

∑
i=1

χ(Sϕi)

Note that we have

ẽ=
∞

∑
d=3

ded and e=
∞

∑
d=3

ed

Combining these equations we obtain

∞

∑
d=3

ded = 2|T |−ntt−nqtt+4
∞

∑
d=3

ed −4+2
3

∑
i=1

χ(Sϕi)

Rearranging this equality yields the desired result.

Definition 3.19 Let M be a closed, orientable, irreducible, connected 3–manifold with min-
imal triangulation T whose edges are coloured by the rank–2 subgroup H ≤ H(M;Z2). The
H–thickness, tH(M), of M is the quantity

tH(M) = c(M)−2−
3

∑
i=1

∥ϕi∥

where 0 ̸= ϕi ∈ H for each i ∈ {1,2,3}.The 2–thickness of M is the minimum tH(M) taken
over all rank–2 subgroups of H1(M;Z2).
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The H –thickness allows the bound in Theorem 3.13 to be written as an equality instead and we
observe that tH(M)≥ 0.

For each nontrivial class ϕi ∈ H, 1 ≤ i ≤ 3, we have from Lemma 3.14 that ∥ϕi∥ ≤ −χ(Sϕi)

and can instead write

(3.2.3) ∥ϕi∥=−χ(Sϕi)−dϕi

where dϕi ≥ 0. The quantity dϕi is called the defect. It is zero if and only if Sϕi is Z2–taut.
Letting tH(M) = k ≥ 0, for a minimal triangulation T , we have

|T |= (2+ k)+
3

∑
i=1

∥ϕi∥= (2+ k)−
3

∑
i=1

χ(Sϕi)−
3

∑
i=1

dϕi

where k ≥ 0. Rearranging and substituting into (3.2.2) we obtain

(3.2.4) e3 +2k = ntt+nqtt+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed

3.3. Rank–2 coloured minimal triangulations

Throughout this section let M be a closed, orientable, irreducible, connected 3–manifold with
minimal triangulation T . Suppose H ≤ H1(M;Z2) is a rank–2 subgroup containing nontrivial
classes ϕ1,ϕ2, and ϕ3 = ϕ1 +ϕ2. Then for k ≥ 0 we can write

(3.3.1) |T |= (2+ k)+
3

∑
i=1

∥ϕi∥

The main goal of this section is to understand the arrangement of maximal layered solid tori
in T . A consequence of this will be to generalise Lemma 13 in [JRT13] to provide an upper
bound on the number of degree three edges and extend this to bound the number of ∆tt and ∆qtt

tetrahedra in a minimal triangulation.

3.3.1. Not all profiles at odd thickness. Given a rank–2 subgroup H ≤ H1(M;Z2) with
H –thickness tH(M) = k we establish for which profiles may be excluded when considering
minimal triangulations of M.

Proposition 3.20 Let M be a closed, orientable, irreducible, connected 3–manifold with min-
imal triangulation T . Suppose all edges are coloured by the rank–2 subgroup H ≤ H1(M;Z2)

and that |T | = (2+ k)+∑
3
i=1 ∥ϕi∥ where H ∼= ⟨ϕ1,ϕ2⟩. If k is odd, then the profile of T

cannot be (0,0,0,0,nqqq)

Proof Suppose that the profile of T is (0,0,0,0,nqqq). Then each canonical surface Sϕi dual
to the colouring is a quadrilateral surface and consists of exactly one normal quadrilateral disc
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in each tetrahedron. From [JRT13, Lemma 11], each Sϕi is non-separating and

|T |+
3

∑
i=1

χ(Sϕi) = 2

As χ(Sϕi) =−∥ϕi∥−dϕi, for some dϕi ≥ 0,

2 = |T |+
3

∑
i=1

χ(Sϕi) = |T |−
3

∑
i=1

∥ϕi∥−
3

∑
i=1

dϕi = (2+ k)−
3

∑
i=1

dϕi

It follows that ∑
3
i=1 dϕi = k.

Since Sϕi is a quadrilateral surface, M\\Sϕi is a handlebody. As k is odd it follows that at least
one dϕi is odd so that ∑

3
i=1 dϕi = k. Without loss of generality, suppose that dϕ1 is odd so that

−∥ϕ1∥ = χ(Sϕ1)+ dϕ1. Let F be the Z2–taut representative dual to ϕ1 so that [F ] = [Sϕ1] ∈
H2(M;Z2) and −∥ϕ1∥= χ(F) = χ(Sϕ1)+dϕ1.

As Sϕ1 is non–separating, we have a one–sided Heegaard splitting (M,Sϕ1) of M and the
small closed regular neighbourhood N(Sϕ1) of Sϕ1 is homeomorphic to the twisted I–bundle
Sϕ1×̃I [Rub78]. Let Γ1 ⊂ T (1) denote the 1–even edges. It follows that N(Sϕ1)∩Γ1 = /0 and
F ∩ e consists of an even, non–negative number of points for each edge e ∈ Γ1.

Consider a small regular neighbourhood N(Γ1) of Γ1 homeomorphic to a handlebody of genus
g. The surface F intersects each 1–handle of N(Γ1) in an even number of discs. For each such
pair of discs D1 and D2 we perform surgery on F replacing D1 and D2 with an annulus A such
that ∂A = ∂D1∪∂D2. The result is a surface F ′ with [F ′] = [F ] ∈ H2(M;Z2), F ′∩Γ1 = /0 and
χ(F ′)+2m = χ(F) = χ(Sϕ1)+dϕ1 where 2m is the number of intersections of F with Γ1.

We claim that [F ′] = [Sϕ1] ∈ H2(Sϕ1×̃I;Z2). First note that M = N(Sϕ1)∪ (M − int(N(Sϕ1)))

where M− int(N(Sϕ1)) is a handlebody Σ of genus g satisfying N(Sϕ1)∩Σ= ∂Σ. The inclusion
(Σ,∂Σ) ↪→ (M,N(Sϕ1)) induces an isomorphism Hn(Σ,∂Σ;Z2)∼= Hn(M,N(Sϕ1);Z2) for all n.
We know H3(M;Z2) ∼= H2(N(Sϕ1);Z2) ∼= H3(Σ,∂Σ;Z2) ∼= Z2 and H3(N(Sϕ1);Z2) = 0. This
gives the long exact sequence of the pair (M,N(Sϕ1))

0 −→ H3(M;Z2)−→ H3(M,N(Sϕ1);Z2)−→ H2(N(Sϕ1);Z2)−→ H2(M;Z2)−→ ·· ·∼= ∼= ∼=

Z2 Z2 Z2

From exactness we have ker(Z2 → H2(M;Z2)) is trivial and hence there is an injection ι∗ :
H2(N(Sϕ1);Z2)→ H2(M;Z2) with ι∗[F ′] = ι∗[Sϕ1 ] = [F ] ∈ H2(M;Z2) and thus [F ′] = [Sϕ1] ∈
H2(N(Sϕ1);Z2).

Let F ′′ be the surface obtained by performing all possible compressions on F ′ in N(Sϕ1),

noting that we may have F ′′ = F ′. Then F ′′ is an incompressible representative for the class
[Sϕ1] in N(Sϕ1) and it follows from [Rub78, Lemma 15] that Sϕ1 and F ′′ are isotopic giving
χ(Sϕ1) = χ(F ′′). However, as F ′′ was obtained from F ′ it must be that χ(F ′′) and χ(F ′)
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differ by an even amount. This contradicts χ(Sϕ1)+ d1 = χ(F ′)+ 2m as this implies χ(Sϕ1)

and χ(F ′′) differ by an odd amount. No such surface Sϕ1 can exist in T and the profile of T

cannot be (0,0,0,0,nqqq).

3.3.2. Controlling Maximal Layered Solid Tori. We restate and prove Lemma 12 from
[JRT13] with the assumption of atoroidal removed. The arguments we present closely follow
those seen in [JRT09] (proof of Theorem 5 on pp. 173–175) and [JRST20a, JRST20b]. These
lemmas allow us to provide a profile for the anatomy of the minimal triangulations we are
considering.

Let T be a maximal layered solid torus containing an H –even edge e of M–degree 3. We call
T supportive if it is of type ∆qq and all H –even edges distinct from e have M–degree 4; we
call T almost supportive if each interior H –even edge distinct from e has degree 4 and the
unique H –even boundary edge has M -degree at least 5. We say that T is of type (∆qq,4) if it
is of type ∆qq and the unique H –even boundary edge has M -degree equal to 4. Note that every
supportive maximal layered solid torus is of type (∆qq,4). If T contains no maximal layered
solid torus of type (∆qq,4), then we say that T is (∆qq,4)–free.

A constellation is a subcomplex K ⊂ T consisting of all tetrahedra in T incident with a
specified edge. In the following lemma, we consider special constellations surrounding degree
4 H –even edges.

Lemma 3.21 ([JRT13], Lemma 12) Let M be a closed, orientable, irreducible, connected
3–manifold with minimal triangulation T . Suppose that all edge loops are coloured by the
rank–2 subgroup H of H1(M;Z2). Then there is a (∆qq,4)–free minimal triangulation of M
which is obtained from T by a finite number of 4–4 bistellar flips.

Proof Suppose that T is of type (∆qq,4) with unique H –even boundary edge e. Lemma 3.6
implies that e is the unital edge of T and that it is contained in four distinct tetrahedra in M.

The proof proceeds by performing 4–4 bistellar flips to replace the four tetrahedra around e
with a different constellation of four tetrahedra, shown in Figure 3.6. We show that there is
always a flip which reduces either the number of maximal layered solid tori of type (∆qq,4) or
the number of maximal layered solid tori of type ∆ /0. Since both of these quantities are finite
and 4–4 bistellar flips don’t change the number of tetrahedra in the triangulation, this process
terminates with a (∆qq,4)–free minimal triangulation of M.

We consider three cases determined by how we choose the appropriate 4–4 bistellar flip. In
each case we list the types of the tetrahedra surrounding e in cyclic order, starting with T.
Denote the triangulation obtained from T after the 4–4 bistellar flip as T ′.

(∆qq,∆qq,∆qq,∆qq),(∆qq,∆qq,∆qtt,∆qtt),(∆qq,∆qtt,∆qq,∆qtt),(∆qq,∆qtt,∆qtt,∆qq),(∆qq,∆qtt,∆qtt,∆qtt):

In each constellation there are at most two maximal layered solid tori incident to e. Denote the
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−1

−1 −1

−1

−1

−1

−1

−1

FIGURE 3.6. 4–4 bistellar flip with negative changes in degrees marked. Note that
the degrees of the equatorial edges always increase by 1 regardless of which flip is
chosen.

second one T1 and note that we may have T1 = T. Any 4–4 bistellar flip replaces the con-
stellation with one containing only tetrahedra of types ∆tt and ∆qtt. Since no maximal layered
solid torus contains tetrahedra of these types we have that every maximal layered solid torus
with respect to T is a maximal layered solid torus with respect to T ′, except possibly T and
T1. In all cases the degrees of the equatorial edges of the constellation increase by one and
the unique H –even boundary edges of T′ and T′

1 cannot be unital. The number of maximal
layered solid tori of type (∆qq,4) decreases.

(∆qq,∆tt,∆tt,∆qq),(∆qq,∆tt,∆tt,∆qtt),(∆qq,∆qq,∆tt,∆tt),(∆qq,∆qtt,∆tt,∆tt): In each constellation
T is the unique maximal layered solid torus containing e. We claim that choosing the flip
which preserves the degree of the non-equatorial H –even edges not contained in faces of T
decreases the number of maximal layered solid tori of type (∆qq,4). Such a flip replaces e with
a ϕi–odd edge, for some i ∈ {1,2,3}. If every maximal layered solid torus with respect to T

is also a maximal layered solid torus with respect to T ′, then T cannot remain of type (∆qq,4)
after the flip. Assume that some maximal layered solid torus, T′

0, with respect to T ′ is not
a maximal layered solid torus with respect to T . Then T′

0 is obtained from some maximal
layered solid torus, T0, with respect to T by layering onto one of the tetrahedra of type ∆qq

in the new constellation. There cannot be two tetrahedra in the constellation contained in T′
0

otherwise, by Lemma 3.5, T′
0 is not maximal or it meets another maximal layered solid torus

in a face, which cannot happen. The H –even boundary edge of T0 increases by one with this
layering and so it cannot be the unital edge of T′

0 and hence T′
0 cannot be of type (∆qq,4). The

number of maximal layered solid tori of type (∆qq,4) decreases.

(∆qq,∆tt,∆ /0,∆tt): Any flip produces a constellation consisting of two tetrahedra of type ∆qq and
two tetrahedra of type ∆tt surrounding a ϕi–odd edge, for some i ∈ {1,2,3}. This reduces the
number of tetrahedra of type ∆ /0.

The remainder of this section is dedicated to proving Theorem 3.1. The 4–4 bistellar flips
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used to produce a (∆qq,4)–free triangulation remove all supportive maximal layered solid tori
but may leave behind some almost supportive maximal layered solid tori. Our approach for
bounding the number of degree 3 edges is to examine the subcomplexes of T in which the
almost supportive solid tori are contained.

3.3.3. Proof of Theorem 3.1.

Theorem 3.1 Let M be a closed, orientable, irreducible, connected 3–manifold with min-
imal triangulation T . Suppose that all edge loops are coloured by the rank–2 subgroup H
of H1(M;Z2),T is (∆qq,4)–free with respect to the colouring and that |T | = (2 + k) +

∑ϕ∈H ∥ϕ∥. Letting ed denote the number of H –even edges of degree d, we have:

e3 ≤ k+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed.

Remark 3.22 Before we begin the proof, we remark on the perspective from which certain
subcomplexes are illustrated. When it is reasonable, we shall endeavour to provide a schematic
of the entire subcomplex and any normal surfaces embedded within. When a subcomplex
contains too many tetrahedra, or we wish to provide an exhaustive list, we shall instead exploit
certain symmetries of the subcomplex and provide a ‘top–down’ perspective. An example of
this is shown in Figure 3.7.

We now commence the proof. Assume, for the sake of contradiction, that

(3.3.2) e3 > k+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed

Every edge e of degree three is H –even and, by Lemma 3.8, is contained in a unique maximal
layered solid torus T(e). Hence (3.3.2) states that there are at least k+1 maximal layered solid
tori containing a degree three edge. Note that only H –even edges appear in (3.3.2).

We will construct a set of subcomplexes K by examining the intersections of maximal lay-
ered solid tori, together with a partition E of all H –even edges which satisfies the following
properties:

(E1) for each K ∈ K there is a partition set EK ∈ E such that EK ⊂ K ;

(E2) for each degree 3 edge e ∈ T (1) there is a unique K ∈ K such that e ∈ EK ; and

(E3) the H –even edges not contained in ∪K∈K EK are in a partition set which we denote E⋆.

We stress that the subcomplexes in K will not necessarily be pairwise distinct nor will every
tetrahedron in T be in a subcomplex. Any tetrahedron, however, will belong to at most one
subcomplex in K . Moreover, the partition set E⋆ need not be associated to any subcomplex
K ∈ K . Roughly speaking, each subcomplex K ∈ K will be contained in a maximal layered
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f f

FIGURE 3.7. Example of a top–down perspective for a subcomplex containing six
tetrahedra arranged around a central edge f . The left shows the subcomplex from a
three–dimensional perspective with the right showing the same subcomplex viewed
from one end of the edge labelled f . Each radial ‘edge’ in the right figure corre-
sponds to a pair of incident edges with matching colours.

solid torus or consist of multiple layered solid tori incident to some H –even edge. The only
maximal layered solid tori we will be interested in are those which contain a degree 3 edge.

For a given K ∈ K we let ed(K) denote the number of H –even edges of degree d contained
in K. Observing that ed ≥ ed(K) for any K ∈ K and d ≥ 3, we may rewrite (3.3.2) as

∑
K∈K

e3(K) = e3 > k+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed ≥ k+2
3

∑
i=1

dϕi + ∑
K∈K

∞

∑
d=5

(d −4)ed(K)

Rearranging this further we obtain

(3.3.3) ∑
K∈K

(
e3(K)−

∞

∑
d=5

(d −4)ed(K)

)
−2

3

∑
i=1

dϕi > k ≥ 0

We also distribute some of dϕi over some of the subcomplexes by analysing compressions in a
neighbourhood of K. We let dϕi(K) denote the allocation of dϕi to K. This will give

2 ∑
K∈K

3

∑
i=1

dϕi(K)≤ 2
3

∑
i=1

dϕi
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We proceed by constructing subcomplexes K and their associated partition sets EK and calcu-
lating their contribution to the left side of (3.3.3). Denote this contribution by

δ (K) = e3(K)−
∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi(K)

As k ≥ 0 it is sufficient to determine whether δ (K) ≤ 0 or δ (K) > 0. We term the former a
deficit and the latter a gain.

The first subcomplexes we consider are those that consist of at most one maximal layered solid
torus. Let T(e) be a maximal layered solid torus with degree 3 edge e. Since H has rank two,
M is not a lens space. Since T is minimal, each edge incident with T(e), except for e, has
degree at least four. We claim that for K ⊂ T(e), δ (K) is a gain only when T(e) is almost
supportive and the unique H –even boundary edge is unital.

Claim 1: If any interior H –even edge of T(e) has degree at least 5, then δ (K) is a deficit.

Proof of Claim 1: Suppose that T(e) contains an interior H –even edge f with deg( f ) ≥ 5.
Let K be the subcomplex T(e)\∂T(e) and EK = {e, f}. Then e3(K) = 1 and, for some d ≥ 5,
ed(K)≥ 1 giving δ (K)≤ 0. This proves the claim.

Currently, for any K ∈ K we have that K is the interior of a maximal layered solid torus T(e)
which contains at least one H –even edge of degree at least 5. The associated partition set EK

consists of the degree 3 edge e and one H –even edge of degree at least 5. We add the remaining
interior H –even edges of T(e) to E⋆. The boundary edges of such a subcomplex are contained
in T \K .

Claim 2: If T(e) is of type ∆ /0, then δ (K) is a deficit.

Proof of Claim 2: Assume T(e) is of type ∆ /0. All of its interior edges distinct from e are
H –even and, from Claim 1, it remains to assume they all have degree four. Since T(e) con-
tains a degree three edge it must contain, as an embedded subcomplex, T1 ∼= LST(1,3,4) by
Lemma 3.8. We claim that T(e) always has a boundary edge with T-degree at least five.

The subcomplex T1 has unital boundary edge h and non–unital boundary edges f and g with
degT1

( f ) = 5 and degT1
(g) = 3. If T(e) = T1, then we are done. Otherwise we construct

T(e) by first layering a tetrahedron onto one of the non–unital boundary edges. Layering onto
f yields an interior H –even edge of degree six, contradicting the assumption that all interior
edges distinct from e have degree 4 and so we must layer on g. Then f and h are non–unital
boundary edges with degT( f ) = 7 and degT(h) = 3. Repeating this argument we must always
layer on the boundary edge with T-degree three and conclude that T(e) must have a non–unital
boundary edge f with degT( f )≥ 5.
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Suppose that m− 1 additional maximal layered solid tori containing a degree three edge and
with all other interior H –even edges of degree 4 are incident with f . Let K be the union of these
solid tori and let EK be the collection of the degree 3 edges in K together with the common
boundary edge f . Then e3(K) = m, deg( f ) ≥ 2m+4, and ∑

∞
d=5(ed(K)−4) ≥ 2m > m. This

gives the deficit δ (K)< 0.

For each K arising in Claim 2 we add all remaining H –even edges in K\EK to E⋆. Claims 1
and 2 verify that any T(e) in T \K must be almost supportive. It remains to check that the
unique H –even boundary edge in each of these remaining maximal layered solid tori is unital.

Claim 3: If T(e) is almost supportive and the unique H –even boundary edge is non–unital,
then δ (K) is a deficit.

Proof of Claim 3: As T(e) is almost supportive it is of type ∆qq with unique H –even boundary
edge f . Suppose that f is non–unital. Then degT( f ) ≥ 3 as T(e) contains LST(1,3,4) as an
embedded subcomplex.

Suppose an additional m−1 almost supportive maximal layered solid tori are incident with f .
Let K be the union of these solid tori and EK the union of the m degree 3 edges and f . Then
e3(K) = m, deg( f )≥ 2m+2, and ∑

∞
d=5 ed(K)−4 ≥ 2m−2. This yields δ (K)≤ 2−m. When

m ≥ 2 we observe δ (K) is a deficit. If m = 1, then we claim that deg( f ) ≥ 5 and thus δ (K)

is a deficit. Suppose this is not the case. Then deg( f ) = 4, contradicting the fact that T is
(∆qq,4)–free. Hence deg( f )≥ 5 and δ (K)≤ 0 is a deficit.

For each K arising in Claim 3 we add all H –even edges in K\EK to E⋆. Reviewing the sub-
complexes in K we observe that each K obtained from Claims 1–3 satisfies

e3(K)≤
∞

∑
d=5

(d −4)ed(K)

From Claims 1–3 we conclude that if K consists only of the union of m ≥ 1 maximal layered
solid tori, then δ (K) is a gain only when these tori are almost supportive and each unique H –
even boundary edge is unital. In particular, the only maximal layered solid tori left in T \K are
precisely those satisfying this restriction. We will build our remaining subcomplexes from these
solid tori and show that the total possible gain cannot exceed k, giving the desired contradiction.

Suppose m ≥ 1 almost supportive maximal layered solid tori are incident to the H –even edge
f , which is necessarily unital in each of them and not yet contained in any partition set of E .

Let K be the union of these solid tori. Then e3(K) =m, deg( f )≥ 2m, and ∑
∞
d=5(d−4)ed(K)≥

2m−4. We observe a deficit δ (K)= 4−m< 0 if m> 4 or m= 4 and deg( f )> 8. Furthermore,
we obtain the deficit δ (K) = 0 when

(m,deg( f )) ∈ {(4,8),(3,7),(2,6),(1,5)}
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We call these subcomplexes balanced and we assign to EK the degree 3 edges together with f .
The remaining H –even edges in K are placed into E⋆. It remains that a gain of δ (K) = 1 can
be obtained when

(m,deg( f )) ∈ {(3,6),(2,5)}
We call these subcomplexes unbalanced and say that f is the central edge. Note that we need
not consider any configuration in which deg( f ) = 4 as T is (∆qq,4)–free. We proceed by
analysing the cases where δ (K) = 1.

Claim 4: If (m,deg( f )) ∈ {(3,6),(2,5)}, then the edge f is incident to deg( f ) pairwise dis-
tinct tetrahedra.

Proof of Claim 4: Writing d = deg( f ), let ∆1, . . .∆d denote the (not necessarily distinct)
tetrahedra meeting around f in cyclic order such that ∆i and ∆i+1 share a face for 1 ≤ i ≤ d
where it is understood that ∆d+1 = ∆1. Without loss of generality we assume that the tetrahedra
which belong to the maximal layered solid tori in this arrangement are ∆2i for 1 ≤ i ≤ m. Each
of these tetrahedra is of type ∆qq.

There are no tetrahedra of type ∆qqq incident with f and any tetrahedron of type ∆qtt can only
occur only once around f as it possesses exactly one H –even edge. The minimum arrangement
for a tetrahedron ∆i to be of type ∆ /0 requires ∆i−1 and ∆i+1 to be of type ∆tt. When (m,d) =
(3,6) we have ∆2, ∆4, and ∆6 of type ∆qq ; (m,d) = (2,5) gives ∆2 and ∆4 of type ∆qq. Hence
this arrangement is not possible and we have no tetrahedra of type ∆ /0.

Suppose now that ∆1 is of type ∆qq and meets f twice. Letting f ′ denote the other H –even
edge in ∆1 it must be that f ′ is identified with f and the two faces of ∆1 containing f ′ meet ∆d

in at least two edges. Hence we cannot identify these faces with a face of any tetrahedron ∆2i

for 1 < i ≤ m. By a symmetric argument, this shows that all tetrahedra in the (3,6) case must
be pairwise distinct. In the (2,5) case this reasoning shows that ∆1 ̸= ∆3. Observing that the
two faces of ∆1 containing f ′ meet ∆2 in two edges, the same argument shows that ∆1 ̸= ∆5.

This leaves the possibility that ∆3 = ∆5, however we can note that this would mean that ∆2∩∆4

consists of two edges, which is not possible.

It remains to check when f occurs more than once in a tetrahedron of type ∆tt. A tetrahedron
of this type can only occur when (m,d) = (2,5) and forces ∆ = ∆4 = ∆5 to be this tetrahedron.
This configuration identifies two faces of ∆ in an orientation preserving manner, giving rise
to an edge of degree one, which is not possible. Hence we cannot have a tetrahedron of type
∆tt meeting f more than once and all the tetrahedra in the configuration (m,d) = (2,5) are
pairwise distinct.

The remaining claims require a more subtle analysis, taking into account the constant k and
any compressions of the canonical surfaces. Recall that k ≥ 0 and the minimal triangulation T
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satisfies

c(M) = |T |= (2+ k)+
3

∑
i=1

∥ϕi∥

Recall further that from Lemma 3.14 we can write −∥ϕi∥= χ(Sϕi)−dϕi for each i ∈ {1,2,3},
where dϕi ≥ 0. A compression of the canonical surface Sϕi contributes +2 to dϕi and hence
+4 to 2∑

3
i=1 dϕi. For the following claims we will consider this latter contribution in order to

make the allocations to 2∑
3
i=1 dϕi(K) clear.

The first subcomplexes we consider are the (2,5) unbalanced subcomplexes which contain two
∆tt tetrahedra. Following Claim 4, we assume ∆1 and ∆5 are the ∆tt tetrahedra and their shared
face is bounded by three H –even edges f , g, and h (see Figure 3.8).

LST1

LST2

g

h

f

LST1

LST2

g

h

f

FIGURE 3.8. The two possible (2,5) unbalanced subcomplexes containing two
tetrahedra of type ∆tt. The ∆tt tetrahedra meet in the shaded face which is bounded
by H –even edges f , g, and h. The left subcomplex contains three tetrahedra of type
∆qq. The right subcomplex contains two tetrahedra of type ∆qq and one of type ∆qtt.

Claim 5: Suppose (m,deg( f ))= (2,5) and each H –even edge f , g, and h is incident to exactly
two ∆tt tetrahedra. Then we may adjust dϕi(K) so that δ (K) is a deficit.

Proof of Claim 5: Let ∆1 and ∆5 denote the tetrahedra of type ∆tt and label the three H –
even edges bounding the face they meet along f , g, and h with deg( f ) = 5 (see Figure 3.8).
Let mg,mh denote the number of almost supportive maximal layered solid tori incident with g
and h, respectively. We consider the possible subcomplexes for (mg,deg(g)) as the case for
(mh,deg(h)) is similar. After performing any compression in the following arguments, we do
not change the types of the tetrahedra and only adjust the compressed surface(s).

The first arrangement to consider is (mg,deg(g)) = (2,5). This subcomplex around g must be
coloured the same as that around f – if three ∆qq tetrahedra of the same type are incident with
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f , then three ∆qq tetrahedra must also meet g and if one ∆qtt tetrahedron is incident with f ,
then one ∆qtt tetrahedron is incident with g. In the former arrangement, two of the canonical
surface Sϕi, i ∈ {1,2,3}, each intersect three tetrahedra incident with f and three tetrahedra
incident with g in normal quadrilaterals forming an annulus linking the face bounded by f ,
g, and h through a triangle in each ∆tt tetrahedron. We can perform a compression of each
surface by cutting along these annuli and pasting in two discs, each intersecting f and g once.
This is illustrated for a single surface in Figure 3.9. The resulting surface is normal with each
quadrilateral replaced by two normal triangles and each triangle replaced with one triangle and
one quadrilateral. Considering the latter arrangement, we obtain the same compression for only
a single canonical surface.

The number of connected components in each surface is preserved under the compression since
four of the quadrilaterals in each annulus meet the maximal layered solid tori and hence have
their corners identified in diagonally opposite pairs. As T is 0–efficient, no component of
the compressed surface can be a sphere as it intersects some edges of T only once; M being
irreducible and not RP3 implies no component of the compressed surface is a projective plane
and the Euler characteristic of each component remains non–positive.

Letting K be the union of the four maximal layered solid tori and EK the union of degree 3
edges in K together with f and g we observe 2∑

3
i=1 dϕi ≥ 4 when ∆3 is of type ∆qtt and

2∑
3
i=1 dϕi ≥ 8 when ∆3 is of type ∆qq. We allocate +2 to 2∑

3
i=1 dϕi(K) in each case to obtain

δ (K) = e3(K)−
∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi(K) = 4−2−2 = 0

Alternatively, g may be the central edge of a balanced subcomplex. If (mg,deg(g)) = (3,7)
or (mg,deg(g)) = (2,6), then deg(g) pairwise distinct tetrahedra are incident with g, follow-
ing the proof of Claim 4. If (mg,deg(g)) ∈ {(1,5),(0,4)}, then either deg(g) or deg(g)− 1
pairwise distinct tetrahedra are incident with g.

Suppose that deg(g) pairwise distinct tetrahedra are incident with g. Further assume that there
is at most one distinct type of ∆qtt tetrahedron (with both subtypes permissible) and that the
only ∆tt tetrahedra incident with g are ∆1 and ∆5. We list the possible arrangements of tetra-
hedra around g, up to changing symmetry, in Figure 3.10. In all arrangements, at least one
canonical surface Sϕi, i ∈ {1,2,3}, intersects three tetrahedra incident with f and deg(g)−2
tetrahedra incident with g in quadrilaterals forming an annulus linking the face bounded by
f , g, and h through a triangle in each ∆tt tetrahedron. Following previous arguments, we can
compress each such surface by cutting along the annulus and pasting two discs, each intersect-
ing f and g once. This compression replaces each quadrilateral with two triangles and the
triangles in ∆1 and ∆5 with a triangle and a quadrilateral. No component of the compressed
surface is a sphere or projective plane and the Euler characteristic remains non-positive.
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f

f

f

f

FIGURE 3.9. The single compression of the annulus linking the face bounded by
H –even edges f , g, and h when deg(g) = 5. The compressions when deg(g) = 6,7
are the same with the only change being additional quadrilaterals around g. The
compression is only shown for one canonical surface, however it is the same when
there are two. Note that the back faces do not need to be coloured the same, despite
this illustration.

Letting K be the union of the solid tori and EK the union of the degree 3 edges in K together
with f and g, we observe 2∑

3
i=1 dϕi ≥ 4 for all arrangements depicted in Figure 3.10 and

2∑
3
i=1 dϕi ≥ 8 when deg(g)− 2 tetrahedra incident with g are of type ∆qq. For each case we

allocate +2 to 2∑
3
i=1 dϕi(K) to obtain the deficit

δ (K) = e3(K)−
∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi(K) = 1−2 =−1

Consider now deg(g) = 5 with 4 pairwise distinct tetrahedra incident with g. Referring to
Figure 3.2, the only neighbourhood of g which is both compatible with the colouring and pos-
sesses one almost supportive layered solid torus is X1

5;4. The colouring and edge identifications
are shown in Figure 3.11 and it is noted that we require the two ∆tt tetrahedra to be coloured the
same. Restricting to this subcomplex, there are no compression discs for any canonical surface
dual to the colouring. It can be observed by combining the position of the maximal layered
solid tori in Figure 3.8 and the identifications in Figure 3.11 that if h is of degree 5, then it must
meet five pairwise distinct tetrahedra and we apply the arguments above to obtain a deficit in
δ (K).

The final arrangements to consider are those with (mg,deg(g)) = (0,4). If g is incident to ex-
actly four pairwise distinct tetrahedra, then the possible arrangements are shown in the final
row of Figure 3.10. If instead g is incident to three pairwise distinct tetrahedra, then the neigh-
bourhood must be modelled on X0

4;3 from Figure 3.1 with edges coloured as in Figure 3.12.

In each of these arrangements at least one canonical surface Sϕi, i ∈ {1,2,3}, intersects the
three tetrahedra incident with f and two tetrahedra incident with g in quadrilaterals forming
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FIGURE 3.10. Arrangements of balanced subcomplexes about g from a top down
perspective. We assume that at most one distinct type of ∆qtt tetrahedron is incident
with g and that the only ∆tt tetrahedra incident with g are ∆1 and ∆5. Symmetric
cases have not been included.
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g

f

h

FIGURE 3.11. The neighbourhood of g modelled on X1
5;4 with identifications ad-

justed so that the two tetrahedra of type ∆qq belong to a maximal layered solid torus
consisting of at least three tetrahedra. The solid arrows indicate identifications from
the maximal layered solid tori incident with f , the single coming from one and the
double coming from the other.

h

f

g

g

LST(1, 2, 3)

FIGURE 3.12. The neighbourhood of g modelled on X0
4;3. The single tetrahedron of

type ∆qq forms the one tetrahedron layered solid torus LST(1,2,3).

an annulus linking the face bounded by f , g, and h through a triangle in each ∆tt tetrahedron.
Following previous arguments, we can compress each such surface by cutting along the annu-
lus and pasting in two discs, each intersecting f and g once. This compression replaces each
quadrilateral with two triangles and the triangles in ∆1 and ∆5 with a triangle and a quadri-
lateral. No component of the compressed surface is a sphere or projective plane and the Euler
characteristic remains non–positive.

Letting K be the union of the solid tori and EK the union of the degree 3 edges in K together
with f and g, we observe 2∑

3
i=1 dϕi ≥ 4 when at least one ∆qtt tetrahedron is incident with

g and 2∑
3
i=1 dϕi ≥ 8 otherwise. For each case we allocate +2 to 2∑

3
i=1 dϕi(K) to obtain the
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deficit

δ (K) = e3(K)−
∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi(K) = 1−2 =−1

This completes the analysis of the local neighbourhoods of the (2,5) unbalanced subcomplexes
satisfying the assumptions of this claim. We note that there are some extensions to consider
and cover those here.

Suppose that ∆1 and ∆5 are coloured the same and further suppose that g is the central edge
of a (3,7) balanced subcomplex such that five tetrahedra of type ∆qq are incident with g (this
is the first arrangement shown in Figure 3.10). We observe three ∆qq tetrahedra incident either
f or g that are not contained in a layered solid torus. Label the H –even edges distinct from f
and g in these tetrahedra a, b, and c and label the tetrahedra ∆a, ∆b, and ∆c, respectively. It
remains that a, b, and c may be the central edge in a balanced or an unbalanced subcomplex
analysed above. Performing a compression of a canonical surface above f and g prevents any
compressions of the same surface above a, b, and c and the surface will no longer form an
annulus about these edges. Thus, we must consider the compressions we lose by performing
one of the compressions described above.

In Figure 3.13 we extend this situation to the worst case scenario. Here, each of a, b, and c
is the central edge of a (3,7) balanced subcomplex containing two ∆tt tetrahedra which are
coloured the same. To each such subcomplex is attached a (2,5) unbalanced subcomplex. By
performing a compression of two canonical surfaces about f and g, we may no longer perform
the same compressions to the canonical surfaces about these new subcomplexes. We extend K
to include all maximal layered solid tori from these subcomplexes and extend EK to include
all degree 3 edges, the edges a, b, and c, together with the three additional degree 5 H –even
edges. Using our previous deficit, we now have

δ (K) = e3(K)−
∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi(K) = 20− (5−4)×4− (7−4)×4−2 = 2

As the compression of two surfaces gives 2∑
3
i=1 dϕi ≥ 8, we give a total allocation of +4 to

2∑
3
i=1 dϕi(K), rather than our previous +2, to obtain the deficit of δ (K) = 0. Note that this

chain of subcomplexes may arise in different ways but the contribution from such a chain to
δ (K) will not exceed the above.

As a final observation, we note that the edge h may be the central edge of a balanced or un-
balanced subcomplex as above. We could perform an additional compression of the surfaces in
this case (see [JRST20b], Figure 4). However, it is easier to note that in our set up there are
only two ∆tt tetrahedra meeting h and thus no performing our compression(s) about f and g
will not prevent the compressions of any further subcomplexes which may be connected to h.
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FIGURE 3.13. The maximum number of balanced and unbalanced subcomplexes
which may be chained together through ∆qq tetrahedra so that any compression of a
canonical surface about f and g prevents a compression of the same surface in any
other depicted subcomplex. The lines cutting through the tetrahedra show the in-
tersection of normal discs in one canonical surface with the subcomplexes - quadri-
laterals run parallel to the exterior edges and triangles intersect the exterior edges.
The coloured shaded regions show the compressions performed in our analysis. No
further compressions of the canonical surface about the central edge of a subcom-
plex with one of these shaded region can be performed. Grey shaded regions denote
maximal layered solid tori.

There are several other arrangements in which we may perform a compression of at least one
canonical surface. The following claim handles these and we leverage what we can from the
previous proof in an attempt to avoid repetition.

Claim 6: If (m,deg( f )) ∈ {(3,6),(2,5)} and the intersection of a canonical surface Sϕi with
the deg( f ) pairwise distinct tetrahedra incident with f consists only of normal of quadrilaterals,
then we may adjust dϕi(K) so that δ (K) is a deficit.

Proof of Claim 6: Using the notation from Claim 4, we assume ∆2i, 1 ≤ i ≤ m, belong to
the almost supportive maximal layered solid tori incident with f and are of type ∆qq. After
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performing any compression in the following arguments, we do not change the types of the
tetrahedra and only adjust the compressed surface(s).

First, suppose that (m,deg( f )) = (3,6) and that each of the maximal layered solid tori are
coloured the same. Each of ∆1, ∆3, and ∆5 must be of type ∆qq and coloured the same. Two
of the canonical surfaces Sϕi, i ∈ {1,2,3}, each intersect these tetrahedra in six quadrilaterals
forming an annulus around f . We can perform a compression of each surface by cutting along
these annuli and pasting in two discs, each intersecting f once. This is illustrated for a single
surface in Figure 3.14. The resulting surfaces are normal and each has two triangles intersecting
f replacing the quadrilaterals.

Following arguments in Claim 5, the number of connected components in each surface is pre-
served under the compression, no component of the compressed surface is a sphere or projective
plane, and the non–positivity of the Euler characteristic is preserved. Each compression con-
tributed +2 to the corresponding dϕi term and we observe 2∑

3
i=1 dϕi ≥ 8. We assign +2 from

the available +8 to 2∑
3
i=1 dϕi(K) and obtain a deficit

δ (K) = e3(K)−
∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi(K) = 3−2−2 =−1

Suppose that the H –even edge in ∆1 opposite f is the central edge in an unbalance subcomplex.
Denote this edge g. Suppose further that the intersection of at least one canonical surface Sϕi

with the tetrahedra incident with g consists only of normal quadrilaterals. After performing the
compression around f we may not be able to perform a compression of this surface about g.
To rectify this, we extend K and EK by adding the maximal layered layered solid tori incident
with g to K and adding the degree 3 edges in these tori together with g to EK. Observe that
this situation is symmetric for the remaining H –even edges in ∆3 and ∆5.

Assume we have three such unbalanced subcomplexes. Each such subcomplex contributes +1
to e3(K)−∑

∞
d=5(d−4)ed. We allocate an additional +2 from the remaining +6 to 2∑

3
i=1 dϕi(K)

and obtain a deficit
δ (K) =−1+3−2 = 0

By always allocating the total of +4 to 2∑
3
i=1 dϕi(K) we ensure that a gain is never obtained

from this arrangement.

Continuing with (m,deg( f )) = (3,6), suppose instead that one of ∆2i, 1 ≤ i ≤ 3, is coloured
differently from the other two. Without loss of generality, suppose this is ∆2. It follows that ∆1

and ∆3 must be of type ∆qtt corresponding to the two distinct subtypes with the edge opposite f
coloured the same. ∆5 is of type ∆qq and coloured the same as ∆4 and ∆6. One of the canonical
surfaces Sϕi, i ∈ {1,2,3}, intersects these tetrahedra in six quadrilaterals forming an annulus
around f . We may perform the same compression described above, cutting along this annulus
and pasting in two discs, each intersecting f once. This contributes +2 to the corresponding
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FIGURE 3.14. Compression of one canonical surface forming an annulus around the
central edge of a (3,6) unbalanced subcomplex. For the colourings given we may
compress two canonical surfaces, however only one is drawn for clarity.

dϕi. Letting K be the union of the maximal layered solid tori and EK the union of degree 3 edges
in K and f we observe 2∑

3
i=1 dϕi(K)≥ 4 and assign +2 of this to 2∑

3
i=1 dϕi(K), yielding the

deficit δ (K) =−1 as before.

We may have one additional unbalanced subcomplex intersecting K in ∆5. We extend both K
and EK as before and note that this unbalanced subcomplex contributes +1 to δ (K) and the
result is δ (K) = 0, maintaining the deficit.

We now consider the subcomplexes arising when (m,deg( f )) = (2,5). We have ∆2 and ∆4

contained in maximal layered solid tori and hence are of type ∆qq. To avoid repeating the
arguments above we indicate the types and colourings of tetrahedra incident with f , the number
of compressions and their contributions to 2∑

3
i=1 dϕi, and the allocation to 2∑

3
i=1 dϕi(K). In

each case, K consists of the union of the solid tori and EK is the union of degree 3 edges in K
and f . We also indicate if any additional unbalanced subcomplexes may need to be accounted
for and extend both K and EK as above.

• All five tetrahedra are of type ∆qq and coloured the same. Two canonical surfaces Sϕi, i ∈
{1,2,3}, each intersect these tetrahedra in five quadrilaterals forming an annulus around
f and can be compressed by cutting along the annulus and pasting in two discs, each
intersecting f once. Each compression contributes +2 to the corresponding dϕi and we
obtain 2∑

3
i=1 dϕi(K)≥ 8. Of this +8 we assign +2 to 2∑

3
i=1 dϕi(K) obtaining the deficit

δ (K) =−1.
We may observe up to three additional unbalanced subcomplexes, with the possible cen-
tral edges the remaining H –even edges in ∆1, ∆3, and ∆5. We extend K and EK appro-
priately and allocate an additional +2 to 2∑

3
i=1 dϕi(K) to ensure δ (K) remains a deficit.
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• ∆2, ∆3, and ∆4 are of type ∆qq and coloured the same with ∆1 and ∆5 of type ∆qtt

corresponding to the two distinct subtypes with the edge opposite f coloured the same.
One canonical surface Sϕi, i ∈ {1,2,3}, intersects these tetrahedra in five quadrilater-
als forming an annulus around f and can be compressed by cutting along the annulus
and pasting in two discs, each intersecting f once. This compression contributes +2
to the corresponding dϕi and we obtain 2∑

3
i=1 dϕi(K) ≥ 4. Of this +4 we assign +2 to

2∑
3
i=1 dϕi(K) obtaining the deficit δ (K) =−1.

The only additional unbalanced subcomplex must contain ∆3, using its remaining H –
even edge as its central edge. This contributes an additional +1 to δ (K) and the deficit
is maintained without any further allocations.

• ∆2 and ∆4 are coloured differently with ∆1, ∆3, and ∆5 each of a distinct ∆qtt type.
One canonical surface Sϕi, i ∈ {1,2,3}, intersects these tetrahedra in five quadrilaterals
forming an annulus around f . The compression, contributions, and allocations follow
the same as the previous colouring and we obtain δ (K) = −1. There are no additional
unbalanced subcomplexes to consider.

Hence for each unbalanced subcomplex we may allocate a sufficient amount to 2∑
3
i=1 dϕi(K)

from each compression to obtain a deficit in δ (K).

The only remaining subcomplexes to consider are the unbalanced subcomplexes in which no
canonical surface is compressible. These can be loosely characterised as:

• (3,6) and (2,5) unbalanced subcomplexes in which each layered solid torus is coloured
differently, forcing the remaining tetrahedra to correspond to different ∆qtt types; and

• (2,5) unbalanced subcomplexes in which two tetrahedra are of type ∆tt, both included in
an additional balanced or unbalanced subcomplex with at least two additional ∆tt tetra-
hedra.

In each such subcomplex, or an expanded neighbourhood of the subcomplex, we must see an
increased number of tetrahedra of types ∆tt and ∆qtt to avoid compressions. We consider these
in the context of (3.2.4), which we remind the reader is

e3 +2k = ntt+nqtt+2
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed

Each term on the right side of the equation is non–negative and their sum may only exceed
the total number of degree 3 edges when k > 0. For example, when k = 0 the contributions
to both sides must be equal (as observed in [JRST20b]). Each remaining subcomplex K will
be built using one of the (2,5) or (3,6) unbalanced subcomplexes described above with EK

being the union of degree 3 edges and the degree 5 or 6 edge. Let P denote the set of all such
subcomplexes.
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Claim 7: ∑
K∈P

δ (K)≤ k.

Proof of Claim 7: Consider first a (3,6) unbalanced subcomplex where ∆2, ∆4, and ∆6 cor-
respond to the layered solid tori and are each coloured distinctly. The remaining tetrahedra are
each of type ∆qtt. The contribution to the left side of (3.2.4) is +3 and the contribution to the
right side is +5. For equality to hold we require k ≥ 1. Inductively, if k(3,6) denotes the number
of such subcomplexes K, then we require k ≥ k(3,6).

Consider instead a (2,5) unbalanced subcomplex where ∆2 and ∆4 correspond to the layered
solid tori and are each coloured distinctly. If these tetrahedra are coloured distinctly, then ∆3 is
of type ∆qtt and ∆1 and ∆5 are either both of type ∆tt or both of type ∆qtt. The contribution to
the left side of (3.2.4) is +2 and the contribution to the right side is +4. For equality to hold
we require k ≥ 1. Inductively, if k(2,5) denotes the number of such subcomplexes K, then we
require k ≥ k(2,5).

Alternatively, suppose ∆2 and ∆4 are coloured the same. Then ∆3 is of type ∆qq and coloured
the same and ∆1 and ∆5 are of type ∆tt and coloured the same. The contribution to the left side
of (3.2.4) is +2 and the contribution to the right is now +3. We consider the possible expanded
neighbourhoods of the constellation.

Let f , g, and h denote the H –even edges incident with ∆1 and ∆5 as in Figure 3.8. Without
loss of generality, we consider the possible (mg,deg(g)) subcomplexes surrounding g. Ob-
serve that these subcomplexes must be balanced, otherwise at least one canonical surface will
be compressible. All such balanced subcomplexes, up to symmetry, about g are illustrated
in Figure 3.15. We omit any arguments concerning the pairwise distinctness of the tetrahedra
that have already been explained in previous claims.

In each of the illustrated subcomplexes we observe two additional tetrahedra of types ∆qtt or
∆tt bringing the total contribution to the right side of (3.2.4) to at least +5. For equality to hold
we require k > 1. Inductively, letting k′(2,5) denote the number of such subcomplexes K, we
require k > k′(2,5).

The final arrangement to consider is when (mg,deg(g)) = (1,5) and the neighbourhood of g
is modelled on X1

5;4, as in Claim 5 (see Figure 3.11). As stated in the proof of Claim 5, the
neighbourhood of h cannot also be modelled on X1

5;4 and so we apply the above analysis to
h. Note that contribution from the additional degree 3 edge coming from the maximal layered
solid torus with unital edge g is cancelled out by deg(g) = 5.

Letting the number of subcomplexes in P be k(3,6)+ k(2,5)+ k′(2,5) and combining the above
arguments, we require k > k(3,6)+ k(2,5)+ k′(2,5) to ensure (3.2.4) holds. For each K ∈ P we
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∆5

g

∆1∆5

g

∆1∆5

g
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FIGURE 3.15. The balanced subcomplexes about g, up to symmetry, for which there
is no compression of a canonical surface.

have δ (K) = 1 and hence

∑
K∈P

δ (K) = k(3,6)+ k(2,5)+ k′(2,5) < k.

Combining Claims 1–7 we obtain

∑
K∈K

δ (K) = ∑
K∈K

(
e3(K)−

∞

∑
d=5

(d −4)ed(K)−2
3

∑
i=1

dϕi

)
≤ k,

and hence the desired contradiction with (3.3.2). This completes the proof of Theorem 3.1.

3.3.4. Bounding ntt+nqtt . The proof of Theorem 3.1 has important consequences for the
rank–2 coloured minimal triangulations. It provides the main tool for determining the allowable
profiles for a given H –thickness. The result is as follows.
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Corollary 3.2 Let M be a closed, orientable, irreducible, connected 3–manifold with mini-
mal triangulation T . Suppose that all edge loops are coloured by the rank–2 subgroup H of
H1(M;Z2) and that T is (∆qq,4)–free with respect to the colouring with |T | = (2+ k) +

∑
3
i=1 ∥ϕi∥. Then ntt+nqtt ≤ 3k.

Proof From (3.0.1) we have,

e3 ≤ 4+3k−2(k+2)+
3

∑
i=1

dϕi +
∞

∑
d=5

(d −4)ed.

Recall that for the canonical surface Sϕi dual to ϕi ∈ H we have ∥ϕi∥=−χ(Sϕi)−dϕi, dϕi ≥ 0.
Combining this with |T | the inequality becomes

e3 ≤ 4+3k−2

(
|T |+

3

∑
i=1

χ(Sϕi)

)
+

∞

∑
d=5

(d −4)ed.

Combining this with (3.2.2) gives the desired result.

3.4. Rank–2 coloured minimal triangulations with H–thickness 1

The results of the previous section set up a general framework in which we can determine
profiles of minimal triangulations for a given H –thickness. In this section we take the H –
thickness equal to one and consider minimal triangulations T satisfying

|T |= 3+
3

∑
i=1

∥ϕi∥.

3.4.1. Profiles of rank–2 colourings. Given a rank–2 coloured minimal triangulation T

of the closed, orientable, irreducible, connected 3–manifold M, where the rank–2 colouring is
by the subgroup H ≤ H1(M;Z2), recall that the profile of T is the tuple (n /0,ntt,nqtt,nqq,nqqq)
so that the number of a tetrahedra in T can be expressed as

|T |= n /0 +ntt+nqtt+nqq+nqqq.

Using Proposition 3.20 and Corollary 3.2 we provide a strengthened version of Lemma 3
from [JRT13], classifying the allowable profiles of minimal triangulations when tH(M) = 1.

Proposition 3.23 Let M be a closed, orientable, irreducible, connected 3–manifold with min-
imal triangulation T . Suppose all edges are coloured by the rank–2 subgroup H of H1(M;Z2)

and that |T | = 3 + ∑
3
i=1 ∥ϕi∥. Suppose further that T is (∆qq,4)–free with respect to the

colouring. Then ntt+nqtt ≤ 3 and the profile of T is one of the following forms:

(0,0,2,nqq,nqqq), (0,0,3,nqq,nqqq), (0,0,3,nqq,0)
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where nqq,nqqq > 0. Moreover, there is a unique H –even edge incident with all tetrahedra of
type ∆qtt.

Proof As tH(M) = 1 we have ntt+nqtt ≤ 3 by Corollary 3.2. We first show that nqtt ̸= 0 and
use this to show that ntt = 0.

For a contradiction, suppose that nqtt = 0.

If nqqq > 0, then n /0 = ntt = nqq = 0 as each face of a tetrahedron of type ∆ /0, ∆tt, or ∆qq

contains at least one H –even edge and M is connected. This forces the profile of T to be
(0,0,0,0,nqqq). As tH(M) is odd, this is impossible from Proposition 3.20. Hence nqqq = 0.

If ntt = 0, then either all tetrahedra are of type ∆ /0 or all tetrahedra are of type ∆qq. In either
case, this contradicts the fact that H1(M;Z2) has rank at least two. Hence ntt ̸= 0 and we must
have ntt = 2 from Lemma 3.17. Both tetrahedra of type ∆tt must be of distinct subtypes lest
H1(M;Z2) has rank one; suppose one has three i–even edges and the other has three j–even
edges for i, j ∈ {1,2,3} and i ̸= j. Pulling back the colouring to ∆̃ we observe an odd number
of faces with one H –even edge and two i–even edges, contradicting the fact that M is closed.
Since all possibilities lead to a contradiction, we have nqtt ̸= 0.

We now show that ntt = 0.

Suppose, to the contrary, that ntt = 2. As nqtt ̸= 0 it must be that nqtt = 1. Let ∆0 denote
the tetrahedron of type ∆qtt with ∆1 and ∆2 of type ∆tt. There is an H –even edge e incident
to ∆0, ∆1, and ∆2. Let f and g denote the two remaining H –even edges in ∆1, oriented so
that e+ f + g homologically is the boundary of a face. As M ̸= S3, we have from [JR03,
Corollary 5.4] and [JRT09, Lemma 7] that this face is neither a cone nor dunce hat. As T has
only one vertex, it follows that either e = f = g or e ̸= f = g. Let B( f ) denote the abstract
neighbourhood of f , considered with an orientation, and denote the quotient map ρ f : B( f )→
T . As f = g there exist two tetrahedra in B( f ) whose image under ρ f is ∆1. Moreover, the
images of these tetrahedra induce opposite orientations on ∆1, contradicting the orientability
of M. This completes the proof that ntt = 0 and nqtt ̸= 0.

We have shown that nqtt ∈ {1,2,3} and ntt = 0. An immediate observation is that n /0 = 0 as M
is connected. Hence the remaining profiles are of the form (0,0,nqtt,nqq,nqqq). If nqtt = 1, then
the H –even edge e incident with the single ∆qtt tetrahedron is incident with a face containing
two i–even edges and a face containing two j–even edges, i, j ∈ {1,2,3} with i ̸= j. As this
contradicts M being closed, we have nqtt ̸= 1.

The remaining profiles are of the form (0,0,2,nqq,nqqq) and (0,0,3,nqq,nqqq). For each profile
there is a unique H –even edge, e, incident with all tetrahedra of type ∆qtt. Moreover deg(e)> 3
since otherwise it would be contained in a maximal layered solid torus by Lemma 3.8 and all
tetrahedra incident to it would be of type ∆ /0 or ∆qq.
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Our final consideration is the profile (0,0,2,nqq,nqqq) as we will show that nqqq ̸= 0 in this
case. Observe that the two ∆qtt tetrahedra must be of the same subtype. Each of these tetrahedra
must have two i–even, two j–even, and one k–even edge for i, j,k ∈ {1,2,3} with i ̸= j ̸= k.
If nqqq = 0, then the two k–even edges must be identified to form a degree 2 edge, which is
impossible from Lemma 3.7. Hence if nqtt = 2, then nqqq > 0.

3.4.2. H–thin layered solid tori and central subcomplexes. Let T = T(e) be a maximal
layered solid torus in T containing a degree 3 edge e. As we are assuming tH(M) = 1 we have
n /0 = 0 and thus T is of type ∆qq. We define a H –thin layered solid torus as follows.

Let f be the first H –even edge in T with deg( f ) ≥ 5. We consider the order of the H –even
edges in T to be the order they are introduced via the layering procedure. The H–thin layered
solid torus Tth ⊂ T is the layered solid torus subcomplex in T such that f is the unique H –
even boundary edge. Moreover, this means that degTth

( f ) = 1. If f is the unique H –even
boundary edge of T, then we set Tth = T. By this definition, a thin layered solid torus may not
be maximal.

We use the concept of a thin layered solid torus to provide a modified version of (3.2.4). Let
ed,x denote the number of H –even edges of degree d incident with exactly x pairwise distinct
H –thin layered solid tori, where x ≥ 0. In particular, such an edge must be the unique H –even
boundary edge of all x layered solid tori when x ≥ 2. With this notation, we may write

(3.4.1) ed = ∑
x≥0

ed,x

Moreover, the number of degree 3 edges is equal to the number of H –thin layered solid torus.
By noting that no H –even edge of degree d is counted by more than one ed,x, we write

(3.4.2) e3 =
∞

∑
d=4

∑
x≥0

xed,x

Using tH(M) = 1 and ntt = 0 from Proposition 3.23, we rewrite (3.2.4) as

0 = (nqtt−2)+2
3

∑
i=1

dϕi − e3 +
∞

∑
d=4

(d −4)ed

noting the change of the starting index d = 4 in the final sum. Substituting in (3.4.1) and (3.4.2)
we obtain

(3.4.3) 0 = (nqtt−2)+2
3

∑
i=1

dϕi +
∞

∑
d=4

∑
x≥0

(d −4− x)ed,x

Define the central subcomplex of T to be the union of all tetrahedra incident with the unique
H –even edge along which the tetrahedra of type ∆qtt meet. We determine the possible central
subcomplexes when nqtt = 2.
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Remark 3.24 In many of arguments that follow we will encounter the same, or similar ar-
rangements to those analysed in the proof of Theorem 3.1. In particular, these arguments will
involve having two maximal layered solid tori intersecting in more than one edge. When these
are encountered we will not repeat the arguments and instead note that they have been explained
previously.

3.4.3. Central subcomplexes for (0,0,2,nqq,nqqq). Substituting nqtt = 2 into (3.4.3)
yields

(3.4.4) 0 = 2
3

∑
i=1

dϕi +
∞

∑
d=4

∑
x≥0

(d −4− x)ed,x

Observe that since dϕi ≥ 0 for all i ∈ {1,2,3}, any positive contribution to this equation must
be cancelled by a some collection of summands in the second sum. We check the possible
contributions.

Consider an H –even edge e of degree d meeting exactly x pairwise distinct H –thin layered
solid tori. From Lemma 3.5, at most d/2 maximal layered solid tori may meet along e and thus

d −4− x ≥ d −4− d
2
=

1
2
(d −8)

Hence, (d−4−x)ed,x > 0 for all x ≥ 0 when d ≥ 9. The remaining values of d require a finer
analysis of the cases when d −4− x = 0.

FIGURE 3.16. Arrangements of tetrahedra around an H –even edge of degree 8
meeting exactly four H –thin layered solid tori. Two of the tetrahedra are of type
∆qtt. A top-down perspective is used.

Suppose that d = 8. Then x ≤ 4 and d − 4− x > 0 when x ≤ 3. If x = 4, then four pairwise
distinct maximal layered solid tori of type ∆qq meet along an H –even edge of degree 8. Using
previous arguments, if all tetrahedra meeting this edge are of type ∆qq, then they are pairwise
distinct and two of the canonical normal surfaces dual to the colouring admit compression
discs, each giving +2 to the corresponding dϕi terms. If the two tetrahedra of type ∆qtt meet
this edge, then the remaining tetrahedra are pairwise distinct and one of the canonical normal
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surfaces dual to the colouring admits a compression disc (these arrangements are illustrated
in Figure 3.16). Both cases yield a positive contribution to (3.4.4).

FIGURE 3.17. Arrangements of tetrahedra around an H –even edge of degree 7
meeting exactly three H –thin layered solid tori. The shaded tetrahedra belong to
the layered solid tori. Two of the tetrahedra are of type ∆qtt. A top-down perspective
is used.

Suppose that d = 7. Then x ≤ 3 and d − 4− x > 0 when x ≤ 2. We consider the possible
arrangements for x = 3. Let f denote the H –even edge of degree 7. If all tetrahedra meeting f
are of type ∆qq, then seven pairwise distinct tetrahedra meet f and two of the canonical normal
surfaces dual to the colouring admit compression discs. Instead, consider the situation in which
the two tetrahedra of type ∆qtt meet f . As the tetrahedra of type ∆qtt partition the tetrahedra
of type ∆qq meeting in f into two subcomplexes there are, up to symmetry, three partitions
to consider. These are illustrated in Figure 3.17. Applying the same arguments, f must meet
seven pairwise distinct tetrahedra lest two maximal layered solid tori meet in more than one
edge. Hence one of the canonical normal surfaces admits a compression disc. In all cases, a
positive contribution to (3.4.4) is obtained.

Suppose now that d = 6. Then x ≤ 3 and d −4− x > 0 when x ≤ 1. The arrangements when
x = 3 are analogous to the above, and at least one of the canonical normal surfaces admits a
compression disc. We consider x = 2 and enumerate the possible arrangements, up to symme-
try, in Figure 3.18. We examine these cases individually, using the notation from the figure.

(i) Observe that ∆0 ̸= ∆2, ∆0 ̸= ∆4, and ∆2 ̸= ∆4 as this would result in the two maximal
layered solid tori intersecting in more than one edge. We also must have ∆0 ̸= ∆3 as this
would leave ∆2 and ∆4 each with a cone face. As T is 0–efficient and not S2, this cannot
happen.

Suppose that ∆2 = ∆3. The induced identifications are illustrated in Figure 3.19. Observe
that the tetrahedron ∆2 forms the one tetrahedron layered solid torus LST(1,2,3). In
particular, this is maximal and intersects another maximal layered solid torus in a face.
Hence ∆2 ̸= ∆3. Hence we have six pairwise distinct tetrahedra meeting in a degree 6 H –
even edge. Two of the canonical normal surfaces dual to the colouring admit compression
discs and we obtain a contribution of +2 to each of the corresponding dϕi ’s.
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(i)

∆0∆2

∆3

∆4

(ii)

∆2

∆3 ∆5

∆0

(vi)

∆3 ∆5

(v)

∆3

∆4

(iv)

∆3 ∆5

(iii)

∆3

∆4

FIGURE 3.18. Arrangements of tetrahedra around an H –even edge of degree 6
meeting exactly two H –thin layered solid tori. The shaded tetrahedra belong to
the H –thin layered solid tori and labelled tetrahedra are of type ∆qq. The unshaded,
unlabelled tetrahedra are of type ∆qtt. A top down perspective is used.

(ii) Following the reasoning in (i), we must have ∆0 ̸= ∆3, ∆2 ̸= ∆3, and ∆0 ̸= ∆5. The only
identifications that we need to check are ∆0 = ∆2 and ∆3 = ∆5. As these are symmetric,
we only check the former. The induced identifications are illustrated in Figure 3.20. The
resulting boundary of this subcomplex is a pinched torus consisting of four faces. If,
in addition, ∆3 = ∆5, then we obtain two layered solid tori meeting in two faces and
conclude that M is a lens space. As we assume T admits a rank–2 colouring, this is not
possible. Hence this arrangement is possible with exactly one of ∆0 = ∆2 or ∆3 = ∆5. In
either case, we obtain a contribution of 0.

(iii) If ∆3 = ∆4, then the two maximal layered solid tori meet in more than one edge. This is
not possible and we have six pairwise distinct tetrahedra. One of the canonical normal
surfaces dual to the colouring admits a compression disc and we obtain a contribution of
+2 to the corresponding dϕi.

(iv) If ∆3 = ∆5, then the two maximal layered solid tori meet in more than one edge. This is
not possible and we have six pairwise distinct tetrahedra. One of the canonical normal
surfaces dual to the colouring admits a compression disc and we obtain a contribution of
+2 to the corresponding dϕi.

(v) Setting ∆3 = ∆4 is analogous to (i) and we obtain a maximal LST(1,2,3) which meets
another maximal layered solid torus in a face. Hence the tetrahedra are pairwise distinct
and we obtain a positive contribution as above.
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∆2 ∆3 ∆4 ∆0

∆2 = ∆3 ∆3 = ∆2 ∆4 ∆0

FIGURE 3.19. Induced identifications on ∆2, ∆3, ∆4, and ∆0 when ∆2 = ∆3 for
arrangement (i) in Figure 3.18. The H –even edge at the back is the edge of degree
6. The first row shows the tetrahedra before the identification ∆2 = ∆3. The second
row shows the tetrahedra after this identification.

(vi) Setting ∆3 = ∆5 extends the layered solid torus by one tetrahedron. This configuration is
valid and contributes 0.

Combining all of the above cases, only (ii) and (vi) give a contribution of 0 to (3.4.3).

As the second last collection of cases, suppose d = 5. Then x ≤ 2 and d − 4− x > 0 only if
x = 0. When x = 2, we must have five pairwise distinct tetrahedra meeting around the H –even
edge of degree 5. To see this, note that if two of the tetrahedra are of type ∆qtt then we can only
have one tetrahedron of type ∆qq which is not contained in the layered solid tori. Otherwise if
all tetrahedra are of type ∆qq, then the case is analogous to identifying ∆2 and ∆3 in Figure 3.18,
(ii). Hence if x = 2, then we obtain a positive contribution to (3.4.3) taking the compression
discs into account.

It remains to check x = 1. First suppose that all tetrahedra in the subcomplex are of type ∆qq.

We examine the neighbourhoods of the degree 5 edge by considering the subcomplexes listed
in Figure 3.2. We can immediately rule out X5;1, X0

5;2, and X1
5;2 as these do not admit a colour-

ing by a non-trivial Z2 class. We may also rule out X0
5;3 as this forms LST(3,5,8) which does

not contain a degree 3 edge, and X1
5;3 as this would result in two maximal layered solid tori

meeting in a face. The neighbourhood X2
5;3, from the identification of the edge e, would re-

quire a tetrahedron of type ∆tt and we may rule it out. If the neighbourhood is modelled on
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∆2 ∆3 ∆5 ∆0

∆2 = ∆0 ∆3 ∆5 ∆0 = ∆2

FIGURE 3.20. Induced identifications on ∆2, ∆3, ∆4, and ∆0 when ∆0 = ∆2 for
arrangement (ii) in Figure 3.18. The H –even edge at the back is the edge of degree
6. The first row shows the tetrahedra before the identification ∆0 = . The second row
shows the tetrahedra after this identification.

X5;5, then there are five pairwise distinct tetrahedra and we find the aforementioned compres-
sion discs.

The only remaining neighbourhoods are X0
5;4 and X1

5;4. We illustrate these with the induced
identifications in Figure 3.21. We observe a contribution of 0 to (3.4.3) from either of these
subcomplexes.

Assume instead that the two tetrahedra of type ∆qtt meet in the H –even edge f of degree 5. If
there are two distinct types of ∆qq tetrahedra meeting f , then f must meet five pairwise distinct
tetrahedra. Hence the tetrahedra of type ∆qtt meet in a face. The two possible arrangements
are illustrated in Figure 3.22. For arrangement (i), this is analogous to arrangement (v) in Fig-
ure 3.18 and we obtain two maximal layered solid tori meeting in a face. Hence (i) contains
five pairwise distinct tetrahedra. For arrangement (ii), this is analogous to arrangement (vi)
in Figure 3.18. We identify ∆2 = ∆4 which extends the layered solid torus by one tetrahedron.
Note that in this case, we obtain no contribution to (3.4.3).

For the final analysis, take d = 4. Then d − 4− x ≤ 0 and x ≤ 2. Note that x > 0 contradicts
our assumption that T is (∆qq,4)–free and thus the only possibility here is x = 0. Using
the neighbourhoods illustrated in Figure 3.1, the only subcomplexes which admit a rank–2
colouring are X0

4;3 and X1
4;3. The former attaches one LST(1,2,3) of type ∆qq to two tetrahedra
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(i)

(ii)

f

LST(1, 2, 3)

f

FIGURE 3.21. The neighbourhoods of (i) X0
5;4 ; and (ii) X1

5;4. The identifications
from the H –thin layered solid torus are drawn as solid arrows and the H –thin layered
solid torus is shaded in each case.

(i)

∆2

∆3

(ii)

∆2

∆4

FIGURE 3.22. Neighbourhoods of an H –even edge of degree 5 which meets two
tetrahedra of type ∆qtt and exactly one H –thin layered solid torus. The shaded tetra-
hedra belong to the H –thin layered solid tori and labelled tetrahedra are of type ∆qq.
The unshaded, unlabelled tetrahedra are of type ∆qtt. A top down perspective is used.

either both of type ∆qq or both of type ∆qtt, whilst the latter must contain three tetrahedra of
type ∆qq.

In all of the above configurations, we obtain a non-negative contribution to (3.4.3). The sub-
complexes in which we obtain a contribution of 0 are illustrated in Figure 3.23.

Theorem 3.25 Let M be a closed, orientable, irreducible, connected 3–manifold with minimal
triangulation T . Suppose further that T is coloured by the rank two subgroup H ≤H1(M;Z2)
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and is (∆qq,4)–free with respect to the colouring. If tH(M) = 1 and the profile of T is
(0,0,2,nqq,nqqq), then all canonical normal surfaces dual to the colouring are Z2–taut and
T falls into one of the following combinatorial types:

(i) the central subcomplex is (6.1) and T contains exactly two edges of degree 3. Moreover,
the interior of the subcomplex consisting of the tetrahedra of type ∆qtt and ∆qq is a Seifert
fibred space over D2 with two exceptional fibres;

(ii) the central subcomplex is (5.1) and T contains a single edge of degree 3. Moreover, the
subcomplex consisting of the tetrahedra of type ∆qtt and ∆qq is a solid torus; or

(iii) the central subcomplex is (4.1) and T contains no degree 3 edges. Moreover, the sub-
complex consisting of the tetrahedra of type ∆qtt and ∆qq is a solid torus.

Proof Suppose that the profile of T is (0,0,2,nqq,nqqq). As nqtt ̸= 0 there is at least one H –
even edge in T . From the previous discussion, the maximum degree of any H –even edge in
T is 6. As nqtt = 2, this forces the central subcomplex to be of type (6.1), (5.1), or (4.1). The
four boundary faces of such a central subcomplex, not contained in a layered solid torus, are
each bounded by exactly one 1–even, one 2–even, and one 3–even edge. Hence, the tetrahedra
glued to these faces must be of type ∆qqq. The subcomplexes (6.2), (5.2), (5.3), (4.2), and (4.3)
in Figure 3.23 possess no such faces in their boundaries and hence cannot glue to the central
subcomplex nor a tetrahedron of type ∆qqq.

Suppose the central subcomplex is (6.1). We can build a triangulation of a 3–manifold con-
taining this subcomplex in Regina by attaching a layered chain of even length to the four tri
coloured boundary faces. An isomorphism signature of such a triangulation consisting of 13
tetrahedra and having profile (0,0,2,5,6) is nLAvPMzAMkbcbgfhijkilmmmhxjqxqhqqsqqfo.
This triangulation can be simplified and the manifold is recognised by Regina as the Seifert
fibred space S2((1,−1),(4,1),(4,−1),(6,1)). Drilling out the exceptional fibre formed by the
layered chain results in a Seifert fibred space over the disc with exactly two exceptional fibres.

The statements for the cases where the central subcomplex is (5.1) or (4.1) follow from the
identification of the models X1

5;4 and X0
4;3, respectively. The number of degree 3 edges in each

of the three cases is determined directly from the preceding analysis.

A similar analysis can be done for profiles of the form (0,0,3,nqq,nqqq) and will appear
in [MT].
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(6.1)

∆ ∆

LST1

LST2

(6.2)

∆ ∆

LST1

LST2

(5.1) ∼= X1
5;4

∆

∆

LST1

(5.2) ∼= X1
5;4

∆

∆

LST1

(5.3) ∼= X0
5;4

LST(1, 2, 3)

LST1

(4.1) ∼= X0
4;3

LST(1, 2, 3)

(4.2) ∼= X0
4;3

LST(1, 2, 3)

(4.3) ∼= X1
4;3

∆

∆

FIGURE 3.23. The central subcomplexes, numbered (x.1), and neighbourhoods of
H –even edges of degree at least 4 in T when nqtt = 2. The degree of the shared
H –even edge is 6 in the first row, five in the second, and four in the third. Shaded
tetrahedra belong to a layered solid torus. Tetrahedra marked with ∆ are the same
for the given subcomplex. The boundary faces are unshaded.

3.5. Examples of 3–manifolds with 2–thickness one

In this section we provide new infinite families of 3–manifolds with 2–thickness t2(M) = 1 and
hence have complexities satisfying

c(M) = 3+
3

∑
i=1

∥ϕi∥

for some rank–2 subgroup H ≤ H1(M;Z2). All examples provided are small Seifert fibred
spaces with base orbifold S2 and three exceptional fibres. Hence H1(M;Z2) has rank–2. The
triangulations we provide follow the notation of [Bur03].
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3.5.1. A note on computing the non-orientable genus of one-sided vertical surfaces.
Work of Du [Du22] provides an algorithm for computing the Z2–Thurston norm of an ori-

entable Seifert fibred space with orientable base orbifold. This is done by providing a method
for detecting one-sided horizontal surfaces and computing both their Z2–homology class and
their genus.

The main tool used in the computations is the recursive function of Bredon and Wood [BW69].
Let k ≥ 0 and q > 0 be integers such that 2k > q > 0 and q is odd. The function N(2k,q) is
defined recursively as

(3.5.1) N(2k,1) = k, and N(2k,q) = N(2(k−Q),q−2m)+1

where Q and m satisfy 2km−Qq =±1 and 0 < Q < k. We may extend N(2k,q) to be defined
for all integers k and all odd integers q by the following properties:

(i) N(−2k,−q) = N(2k,q) (normalising for k > 0);

(ii) for k > 0, N(2k,2k+q) = N(2k,q) (normalising for 0 < q < 2k);

(iii) for 0 < q < 2k, N(2k,2k−q) = N(2k,q) (normalising for 0 < q < k);

(iv) for 0 < q < k, N(2k,q) = 1+N(2(k−q),q).

The proofs of these properties, together with additional formulations of N(2k,q), can be found
in [BW69, Sections 6,7,8]. An important consequence of (ii) and (iii) that we will use is
N(2k,−1) = N(2k,1) = k. Our use of this function comes from the following lemma (which
we specialise to our case)

Lemma 3.26 [Du22, Lemma 2.11] The Seifert fibred space S2((α1,β1),(α2,β2),(α3,β3))

contain a one-sided vertical surface Si, j formed by connecting the fibred solid tori with pa-
rameters (αi,βi) and (α j,β j) if and only if αi and α j are even. Moreover, the non-orientable
genus of Si, j is

g(Si, j) = N(αi,βi)+N(α j,β j)

3.5.2. An infinite family with no edges of degree 3.

Proposition 3.27 Let Mk = S2((1,−1),(2,1),(4,3),(2k + 2,1)) for k ≥ 1. Then t2(Mk) =

1 and Mk has a (∆qq,4)–free minimal triangulation Tk with profile (0,0,2,1,2k + 2) and
c(Mk) = 2k+5.

Proof Standard calculations of Seifert invariants allow us to re-normalise the parameters of Mk

and write Mk = S2((2,1),(4,−1),(2k+2,1)). This Seifert fibred space can be triangulated by
the chained triangular solid torus of major type J(2k+1 | 3,−1) [Bur03, Definition 3.3.19 and
Theorem 3.3.21]. This triangulation consists of 3+2k+1+1 = 2k+5 tetrahedra.
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By Lemma 3.26, there are three one-sided vertical surfaces and each is dual to a distinct 0 ̸=
ϕ ∈ H1(Mk;Z2). Computing the non-orientable genus of each we obtain

g(S1,2) = N(2,1)+N(4,−1) = 3

g(S1,3) = N(2,1)+N(2k+2,1) = k+2

g(S2,3) = N(4,−1)+N(2k+2,1) = k+3

Following the algorithm in [Du22], all one-sided horizontal surfaces have a non-orientable
genus at least as large as that of the one-sided vertical surface in the same class. Hence, the
one-sided vertical surfaces are Z2–taut and we compute their Euler characteristics as

χ(S1,2) = 2−g(S1,2) =−1

χ(S1,3) = 2−g(S1,3) =−k

χ(S2,3) = 2−g(S2,3) =−k−1

Hence we calculate for 0 ̸= ϕi ∈ H1(M;Z2)

3

∑
i=1

∥ϕi∥=−χ(S1,2)−χ(S1,3)−χ(S2,3) = 2k+2

From Theorem 3.13, we thus have

2k+4 ≤ 2k+4+ t2(M)≤ 2k+5

Note that Mk is not a generalised quarternionic space and thus t2(M) ̸= 0. This forces t2(M) = 1
and we are done.

3.5.3. An infinite family with exactly one edge of degree 3.

Proposition 3.28 Let Mk,n = S2((1,−1),(2,1),(2k,1),(2n,2n−1)) for k ≥ 1 and n≥ 2. Then
t2(Mk) = 1 and Mk,n has a (∆qq,4)–free minimal triangulation Tk,n with profile (0,0,2,2n−
3,2k) and c(Mk,n) = 2k+2n−1.

Proof Standard calculations of Seifert invariants allow us to re-normalise the parameters of
Mk,n and write Mk = S2((2,1),(2k,1),(2n,−1)). This Seifert fibred space can be triangulated
by the chained triangular solid torus of major type J(2k− 1 | 2n− 1,−1) [Bur03, Definition
3.3.19 and Theorem 3.3.21]. This triangulation consists of 3+ 2k− 1+ 2n− 3 = 2k+ 2n− 1
tetrahedra.
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By Lemma 3.26, there are three one-sided vertical surfaces and each is dual to a distinct 0 ̸=
ϕ ∈ H1(Mk,n;Z2). Computing the non-orientable genus of each we obtain

g(S1,2) = N(2,1)+N(2k,1) = k+1

g(S1,3) = N(2,1)+N(2n,−1) = n+1

g(S2,3) = N(2k,1)+N(2n,−1) = k+n

Following the algorithm in [Du22], all one-sided horizontal surfaces have a non-orientable
genus at least as large as that of the one-sided vertical surface in the same class. Hence, the
one-sided vertical surfaces are Z2–taut and we compute their Euler characteristics as

χ(S1,2) = 2−g(S1,2) = 1− k

χ(S1,3) = 2−g(S1,3) = 1−n

χ(S2,3) = 2−g(S2,3) = 2− k−n

Hence we calculate for 0 ̸= ϕi ∈ H1(M;Z2)

3

∑
i=1

∥ϕi∥=−χ(S1,2)−χ(S1,3)−χ(S2,3) = 2k+2n−4

From Theorem 3.13, we thus have

2k+2n−2 ≤ 2k+2n−2+ t2(M)≤ 2k+2n−1

Note that Mk,n is not a generalised quarternionic space and thus t2(M) ̸= 0. This forces t2(M) =

1 and we are done.





CHAPTER 4

Computing the Z2–Thurston norm for closed 3–manifolds

The final chapter of this thesis presents a continuation of Chapter 3 in which we describe an
algorithm for computing the Z2–Thurston norm for any non-trivial ϕ ∈ H1(M;Z2). This al-
gorithm, as previously alluded to, has played a significant role in classifying examples of 3–
manifolds with rank–2 coloured minimal triangulations.

Throughout this chapter M denotes a closed, orientable, irreducible, connected 3–manifold
distinct from S3 and RP3 and T denotes a 0–efficient triangulation of M. Hence, by Proposi-
tion 1.16, T contains exactly one vertex. We let T denote the number of tetrahedra in T and
r = rankH1(M;Z2).

Our algorithm constructs two main objects – the compatibility complex of T and the ϕ –Euler
characteristic table. The compatibility complex is the clique complex of the compatibility graph
of the fundamental normal surfaces in T . Each vertex of the compatibility graph corresponds
to a normal surface in T and two vertices are connected by an edge if and only if the corre-
sponding normal surfaces are compatible. The maximal cliques are termed compatibility cones.
The ϕ –Euler characteristic table contains one column for each non-trivial class ϕ in H1(M;Z2)

where the i-th entry of this column is the set of all compatibility cones which contain a normal
surface dual to ϕ with Euler characteristic equal to i.

The fundamental result for correctness of our algorithm (Lemma 4.7) shows that for any 0 ̸=
ϕ ∈ H1(M;Z2) the surface S dual to ϕ with maximal Euler characteristic can be expressed as
a sum of bounded length

S =
2r−1

∑
i=1

λiFi

where λi ∈Z2 and Fi is a fundamental surface dual to 0 ̸=ϕi ∈H1(M;Z2) for all 1≤ i≤ 2r−1.

Algorithm 4.1 Input: a 0–efficient triangulation T of the closed, orientable, irreducible,
connected 3–manifold M, which is different from S3 and RP3.

Output: a vector v ∈ N2r−1
0 containing the Z2–Thurston norm for all 2r −1 non-trivial classes

in H1(M;Z2).

(i) If H1(M;Z2) = {0}, return /0.

(ii) Enumerate all non-trivial classes in H1(M;Z2) as edge weight vectors in ZT+1
2 , where

T +1 is the number of edges in T ;

111
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(iii) Enumerate fundamental surfaces dual to non-trivial classes in H1(M;Z2). Compute their
edge weight vectors. Group the surfaces by cohomology classes using their edge weight
vectors;

(iv) Form the compatibility complex for the fundamental surfaces in (iii);

(v) Enumerate the ϕ –Euler characteristic table and return the maximal Euler characteristics
ranging over all normal surface representatives in each H1(M;Z2) class. This can be
done in finite time by Lemma 4.7.

Sections 4.1 to 4.4 each describe one of the four steps of Algorithm 4.1 and provide a com-
plexity analysis of the respective step. In Section 4.5 we provide a proof that the ϕ –Euler
characteristic table is finite and that our algorithm is correct.

4.1. Enumerating non-trivial classes

Let 0 ̸= ϕ ∈ H1(M;Z2) considered as a non-trivial homomorphism ϕ : π1(M)→ Z2 and recall
that an edge e ∈T (1) is ϕ –even if ϕ[e] = 0 and ϕ –odd if ϕ[e] = 1. For a given face f ∈T (2)

bounded by edges ei, e j, and ek, which may not be pairwise distinct, the class ϕ must satisfy

ϕ[ei]+ϕ[e j]+ϕ[ek] = 0

Label the edges of T as e1, . . . ,eT+1 and the faces of T as f1, . . . , f2T . We construct a matrix
A ∈ Z2T×(T+1)

2 such that the m-th row contains a 1 in the i-th column if and only if ei bounds
fm an odd number of times. That is, am,i counts the number of times ei appears as a boundary
edge of fm modulo 2.

Lemma 4.2 The nullspace of A is isomorphic, as a vector space, to H1(M;Z2).

Proof Let N (A) ⊆ ZT+1
2 denote the nullspace of A. By construction, each row of A cor-

responds to some ϕ[ei] +ϕ[e j] +ϕ[ek], where ei, e j, and ek a face f ∈ T (2). Hence each
non-trivial element of N (A) corresponds to some ϕ ∈ H1(M;Z2). For the converse, we note
that as T is a 1–vertex triangulation every cycle is a generator of H1(M;Z2).

Using Gaussian elimination, a basis for N (A) can be found in O(T 3) time. Given r =

rank(H1(M;Z2)) basis vectors, the enumeration of all vectors in N (A) can be done in O(r2r)

time by taking all 2r Z2–linear combinations of the r basis vectors. To optimise later lookups,
we sort the non-trivial vectors in lexicographical order which can be done in O(2r log(2r)) =

O(r2r) time. This allows for O(r) run time when searching the lookup table via, for example,
a binary search operation.

Enumerating the non-trivial cohomology classes occurs as a preprocessing step. We are left
with an ordered list of non-trivial classes, represented as vectors in ZT+1

2 . For the remainder
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of this chapter, we assume that the non-trivial elements of H1(M;Z2) follow this order, with
the understanding that for any 0 ̸= ϕi,ϕ j ∈ H1(M;Z2) we have ϕi < ϕ j in the lexicographical
order if i < j.

4.2. Enumeration of fundamental surfaces dual to non-trivial classes

Recall that a normal surface F is fundamental if it cannot be obtained as the sum F = F1 +F2,

where F1 and F2 are non-empty normal surfaces (Definition 1.13). Hass, Lagarias, and Pip-
penger [HLP99] bound the number of fundamental normal surfaces N at N ≤ T 7T 249T 2+14T ,

with the maximal coordinate of a given coordinate vector v = (v1,v− 2, . . . ,v7T ) bounded by
max

1≤i≤7T
(vi)≤ T ·27T+2. Work of Burton [Bur14b] establishes enumeration methods which are

effective in practice but may still suffer from combinatorial explosion. Because of this, we omit
the complexity analysis of this step and instead direct the reader to the previously cited paper.
We are, however, only interested in those fundamental surfaces dual to a non-trivial class in
H1(M;Z2). Let F denote the set of such fundamental surfaces in T .

For a normal surface S ⊂T and an edge ei ∈T (1), denote the edge weight, wi(S), of S as the
number of times S intersects ei. This number is finite, non-negative, and equal to the number of
vertices of S which lie on ei. Let the total weight of S, wt(S), be the vector in ZT+1 whose i-th
entry is wi(S). Let ϕ ∈ H1(M;Z2) be dual to S. If ϕ[ei] = 1, then any surface dual to ϕ must
intersect ei an odd number of times. Hence, reducing wt(S) modulo 2 returns wt2(S) ∈ ZT+1

2

equal to the corresponding ϕ ∈ H1(M;Z2) dual to S.

For each Fi ∈ F we compute wt(Fi) and wt2(Fi). If Fi is dual to one of the nontrivial classes
ϕ ∈ H1(M;Z2), then we keep Fi and compute its Euler characteristic using wt(Fi), otherwise
we delete both. To compute the Euler characteristic we note that the sum of the components
of wt(Fi) is the number of vertices in Fi. Letting ti and qi denote the number of triangles and
quadrilaterals in Fi, respectively, and w j the j-th component of wt(Fi), we compute

χ(Fi) =
T+1

∑
j=1

w j −
3ti +4qi

2
+(ti +qi)

After this step we are left with the set F = {F1, . . . ,Fn } , n ∈ O(N), of fundamental surfaces
together with the corresponding non-trivial classes in H1(M;Z) each is dual to. We also store
the Euler characteristic of each Fi together with the minimum Euler characteristic χmin

To calculate wt(Fi) we must determine the number of normal disc types intersecting each of
the T + 1 edges. Using max(vi) ≤ T ·27T+2, this count requires O(T log(max(vi))) = O(T 2)

operations. Reducing wt(Fi) modulo 2 to obtain wt2(Fi) requires a further O(T ) operations.
Searching for wt2(Fi) in the list of non-trivial classes requires O(r) operations, if we use a
binary search function. The total complexity of this component of the algorithm, not including
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the enumeration of fundamental solutions, is O(N(T 2 + r)). Note that, in practice, the values
of N and max(vi) are usually much smaller than the bounds provided above.

4.3. Construction of the compatibility complex

Given the collection of fundamental normal surfaces F we must compute the compatibility
complex of the constituent surfaces.

Definition 4.3 Let S1, . . . ,Sn be a collection of normal surfaces in T . The compatibility
matrix C = (ci j) is the n×n matrix where, for i ̸= j, ci j = 1 if Si and S j are compatible, and
0 otherwise.

Note that we set cii = 0, since our goal is to consider the Haken sums of the normal surfaces
in F . For any Fi ∈ F we have [Fi +Fi] = [Fi]+ [Fi] = 0 with Fi +Fi having no components
a sphere as T is 0–efficient. Hence, these sums do not need to be considered as is shown
in Lemma 4.7. The compatibility matrix forms the adjacency matrix of a simple graph, where
the vertices are normal surfaces and two vertices are connected by an edge if and only if they
are compatible. This motivates the definition of the compatibility complex.

Definition 4.4 Let C = (ci j) be the compatibility matrix for a collection of normal surfaces
S1, . . . ,Sn. The compatibility complex C is the collection of maximal cliques C1, . . . ,Cm in
the graph whose adjacency matrix is C. We call each Ci a compatibility cone.

The compatibility complex plays a central role in our algorithm. Its construction reduces to
the problem of enumerating maximal cliques, which may be done in O(3n/3) time [BK73]. In
practice, however, more naive approaches are effective. Moreover, the number of fundamental
surfaces we work with is much smaller than the bound given by Hass, Lagarias, and Pippenger,
rendering this computation practical despite its prohibitive running time.

The compatibility of two surfaces can be determined in O(T ) operations as we only need to
check the normal quadrilateral types in each tetrahedron. The construction of the compatibility
matrix thus requires O(T n2) operations, with a further O(3n/3) operations to construct the
compatibility complex.

4.4. Enumerating the ϕ –Euler characteristic table

Following the construction of the compatibility complex C , we move to determine the maximal
Euler characteristic for each non-trivial class in H1(M;Z2). We do this by enumerating the ϕ –
Euler characteristic table T of T for H1(M;Z2) as follows.
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The table T contains |χmin|+ 1 rows labelled 0,−1, . . . ,χmin and 2r − 1 columns labelled
ϕ1, . . . ,ϕ2r−1, where r = rank(H1(M;Z2)). The entry ti, j is the set of all 1 ≤ k ≤ m such that
the compatibility cone Ck contains a surface F ∈ F dual to ϕ j with χ(F) = i.

To ensure that χmin is not exponential in T, which may be the case given the previous bound
on max(vi), we compute it as follows. Recall that for each 0 ̸= ϕ ∈ H1(M;Z2) the canonical
normal surface dual to ϕ, Sϕ , is formed by placing at most one normal disc in each tetrahedron.
For a given 0 ̸= ϕ ∈H1(M;Z2), we can construct Sϕ by using the edge weight representative of
ϕ to mark the vertices on each edge and then adding the appropriate normal disc to each tetra-
hedron. The number of normal triangles and quadrilaterals in Sϕ can be determined in O(T )
operations, resulting in −χmin ∈ O(T ). The computation of χ(Sϕ) is as previously described.
We set

χmin = min
0̸=ϕ∈H1(M;Z2)

(χ(Sϕ))

For any Sϕ constructed, if χ(Sϕ)≥ χ(F) for each F ∈F dual to ϕ, then we append Sϕ to the
relevant compatibility cone.

We first claim that the range of Euler characteristics used in T is sufficient. Since we want
to compute the maximal Euler characteristic for each ϕ j, it suffices to check that the Euler
characteristics of all surfaces in F are non–positive.

Lemma 4.5 For each F ∈ F , χ(F)≤ 0.

Proof Since F is a fundamental normal surface in T it must be connected. To see why this is
true, note that each component of F must be a normal surface in T . If F was not connected,
then it could be written as the sum of its components, contradicting it being a fundamental
surface.

Since F is a closed surface, it suffices to check that F is neither an S2 nor an RP2. As T is
0–efficient and has a single vertex, all normal spheres are vertex linking and thus must intersect
each edge an even number of times. Thus F is not a sphere. Since M is 0–efficient, it cannot
contain any properly embedded projective planes and hence F cannot be RP2.

To update the table, we make the following observation. Let ϕi,ϕ j,ϕk ∈H1(M;Z2) be such that
ϕi +ϕ j = ϕk. If there exist surfaces Si dual to ϕi and S j dual to ϕ j in the same compatibility
cone, then the surface Si +S j is dual to ϕk and also in the same compatibility cone. To modify
the table, we utilise the additivity of the Euler characteristic under the Haken sum of normal
surfaces.

Lemma 4.6 (Additivity of Euler characteristic under the Haken sum) Let S1 and S2 be com-
patible normal surfaces. Then χ(S1 +S2) = χ(S1)+χ(S2).
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Proof Let vi, ti, and qi denote the number of vertices, normal triangles, and normal quadrilat-
erals in Si, respectively, for i = 1,2. The Euler characteristic of Si is

χ(Si) = vi −
(

3ti
2
+2qi

)
+(ti +qi)

The surface S = S1+S2 has vector representation v = v1+v2, where vi is the vector represen-
tation of Si for i = 1,2. Hence S contains v = v1+v2 vertices, t = t1+ t2 normal triangles, and
q = q1 +q2 normal quadrilaterals. Its Euler characteristic is

χ(S) = (v1 + v2)−
(

3(t1 + t2)
2

+2(q1 +q2)

)
+((t1 + t2)+(q1 +q2)) = χ(S1)+χ(S2)

The enumeration of T proceeds as follows. For each surface Fi ∈ F we check its membership
in each of the compatibility cones C1, . . . ,Cm and record the index of each cone returning the
affirmative. Suppose Fi ∈ Ck for some 1 ≤ k ≤ m. As we have already computed and stored
the class ϕ j dual to Fi and the Euler characteristic χ(Fi), we check whether k ∈ tℓ, j ∈ T for
0 ≤ ℓ < χ(Fi). If it isn’t, we append k to tχ(Fi), j and remove k from all cells below.

By this construction, each 1 ≤ k ≤ m will appear at most once in each column of T. In par-
ticular, if k ∈ tx, j, then x is the maximal Euler characteristic for all surfaces dual to ϕ j in Ck.

Hence the table contains at most m(2r−1) entries after construction. We preserve this property
throughout the full enumeration.

To update the table, let j1 ∈ {1, . . . ,2r −2} and j2 ∈ { j1 +1, . . . ,2r −1} and set j3 to be
the index such that ϕ j1 + ϕ j2 = ϕ j3 . For each (x1,x2) ∈ {0, . . . ,χmin }2 we check to see if
tx1, j1 ∩ tx2, j2 is empty or not.

Let k ∈ tx1, j1 ∩ tx2, j2. Then there exist surfaces Fi1,Fi2 ∈ Ck such that Fi1 is dual to ϕ j1 and Fi2

is dual to ϕ j2 with Euler characteristics x1 and x2, respectively. The surface Fi3 = Fi1 +Fi2

is also in Ck, is dual to ϕ j3, and has Euler characteristic x1 + x2. The update to the column
corresponding to ϕ j3 is one of the following cases.

• if x1 + x2 < χmin and the column corresponding to ϕ j3 is not empty, then we discard this
surface and move to the next iteration; else

• If k ∈ tz, j3 for some x1 + x2 < z ≤ 0, then we discard this surface move to the next
iteration. Otherwise we append k to tx1+x2, j3 and delete k from any tz, j3, χmin ≤ k <

x1 + x2 it occurs in.

To understand the update procedure, consider the column corresponding to some ϕ j. After the
initial construction the information in this columns is determined by all normal surfaces dual
to ϕ j which can be written as a single fundamental surface. After the second update, we add
information about surfaces S = F +F ′, where F,F ′ are fundamental surfaces. Each update
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increases the number of fundamental surface summands. Running this 2r − 2 times yields
information about all surfaces which can be written as the sum of a fundamental surface from
each class ϕ1, . . . ,ϕ2r−1 (see Lemma 4.7).

To analyse the complexity, we compare the construction and update separately. In the con-
struction phase, for each surface we check membership in the compatibility cones, done in
O(m log(m)) operations, and then check whether the found indices occur in a given column.
This second check requires O(|χmin|m) operations. Iterating over all surfaces, the construction
has complexity O(N ·m(log(m)+ |χmin|)).

For the update procedure, we consider
(2r−1

2

)
pairs of classes and hence perform O(4r) itera-

tions to add classes together. In each iteration we consider all χ2
min pairs of Euler characteristics

and check the intersection of the appropriate table entries. As each table entry contains at most
m entries, this check has complexity O(m). Finally, for each element of the intersection we
check all entries in the appropriate column which, as before, has complexity O(|χmin|m). Run-
ning the update procedure O(2r) times, the total complexity is O(8r · |χmin|3 ·m2).

4.5. Correctness of the algorithm

It remains to prove that Algorithm 4.1 terminates and correctly computes the Z2–Thurston
norm of each non-trivial ϕ ∈ H1(M;Z2). Parts (i)–(iii) involve a finite number of iterations,
checks, and calculations and thus must terminate. It remains to show that the enumeration
of the ϕ –Euler characteristic table is complete. To do this, we show that the maximal Euler
characteristic surface dual to any non-trivial class ϕ ∈ H1(M;Z2) can be written as a sum of at
most 2r −1 normal surfaces.

Lemma 4.7 Suppose rank(H1(M;Z2)) = r and let 0 ̸= ϕ ∈ H1(M;Z2). The maximal Euler
characteristic surface S dual to ϕ is realised as the sum of at most 2r −1 distinct fundamental
normal surfaces, each dual to a distinct non-trivial class in H1(M;Z2). That is,

(4.5.1) S =
2r−1

∑
i=1

λiFi

where λi ∈ Z2 and Fi ∈ F is a normal surface dual to ϕi.

Proof List the non-trivial classes in H1(M;Z2) as ϕ1,ϕ2, . . . ,ϕ2r−1 and suppose that we can
write S = S1 + S2 + · · ·+ Sℓ for some ℓ ≥ 1 where the Si ’s are non-empty, compatible nor-
mal surfaces. Note that χ(S j) ≤ 0 for all j by Lemma 4.5. Grouping these surfaces by the
cohomology classes they are dual to, we may express S as

(4.5.2) S =
2r−1

∑
i=1

∑
S j dual
to ϕi

S j
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For any ϕi, if the second sum contains an even number of terms, then the summand corre-
sponds to the trivial class in H2(M;Z2) and hence its removal does not affect [S]. Moreover,
using Lemmas 4.5 and 4.6, we observe

∑
S j dual
to ϕi

χ(S j)≤ 0

If this sum of Euler characteristics is negative, then removing the corresponding summand
in (4.5.2) results in a positive change to χ(S). This contradicts S having maximal Euler char-
acteristic amongst the surfaces dual to ϕ. Hence these surfaces have a combined Euler charac-
teristic of 0 and we remove them from the sum, preserving both [S] and χ(S).

If the second sum contains an odd number of normal surfaces dual to ϕi, then let Fi denote the
normal surface summand with the maximal Euler characteristic. Using this, we split the sum as

∑
S j dual
to ϕi

S j = Fi + ∑
S j ̸=Fi dual

to ϕi

S j

Note that the new sum on the right-hand side contains an even number of normal surfaces and
hence is trivial in homology. From the previous arguments, the surfaces in this sum must have
a combined Euler characteristic of 0 and we may remove them whilst preserving [S] and χ(S).
This leaves us with exactly one normal surface dual to ϕi in (4.5.2).

Hence S can be written as the sum of at most 2r −1 fundamental normal surfaces, each dual to
a distinct ϕi.

Given that Algorithm 4.1 terminates, we now verify that it indeed computes the Z2–Thurston
norm for each non-trivial ϕ ∈ H1(M;Z2).

Proposition 4.8 Upon termination, Algorithm 4.1 returns the correct Z2–Thurston norm for
each non-trivial ϕ ∈ H1(M;Z2).

Proof First note that, since every class ϕ ∈ H1(M;Z2) has a normal surface representing its
Poincaré dual, Lemma 4.7 ensures that, upon termination, no column of the ϕ –Euler charac-
teristic table is empty.

It remains to show that, upon termination, the first non-empty entry in each column must occur
at the maximal Euler characteristic for the corresponding class.

When updating T we do not explicitly construct new surfaces as we only use the additivity of
the Euler characteristic under the Haken sum. The update procedure of our algorithm iteratively
considers the sums of cohomology classes. In the dual setting, this is the same as considering
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surfaces S of the form
S = ∑

ϕ

∑
F dual
to ϕ

F

where F ∈ F . We claim that the maximal Euler characteristic surface S dual to some ϕ j is
realised as above, where the second sum contains at most a single summand for each ϕ in the
first sum.

From Lemma 4.7, a maximal Euler characteristic surface dual to a non-trivial class must nec-
essarily be realisable in this form. In the update procedure we only update an entry of T with
the compatibility class of S if it is not already realised with a larger Euler characteristic in the
appropriate column. The k-th update considers normal surfaces which can be written as the
sum of k+1 fundamental surfaces and we thus consider all combinations of Euler characteris-
tics. Hence, a column is only updated if either: a surface dual to ϕ is found where previously
no surface representative was known; or we find a normal surface dual to ϕ with larger Euler
characteristic than those previously found.

After all updates are completed, the first entry of each column is thus the maximal Euler char-
acteristic surface dual to the corresponding class 0 ̸= ϕ ∈ H1(M;Z2). The negative Euler char-
acteristic of this surface is the Z2–Thurston norm of ϕ.

4.6. Summary of results from Regina census

We conclude this chapter (and thus the thesis) with data obtained by an implementation of our
algorithm. We calculated the Z2–Thurston norms of all rank 1 and 2 subgroups of H1(M;Z2)

for every triangulation in the Regina closed orientable census up to 11 tetrahedra [Bur11a,
Bur]. The manifolds we present data for in this section satisfy rank(H1(M;Z2))≥ 2.

In Table 4.1 we list all triangulations in the census for which the 2–thickness of the correspond-
ing 3–manifold is 1. Similarly, in Table 4.2 we list all triangulations in the census for which
the 2–thickness of the corresponding 3–manifold is 2. In all tables we list the size of the trian-
gulation, the Z2–Thurston norm for each non-trivial class in H1(M;Z2), the number of degree
3 edges, and the profile. The order in which the Z2–Thurston norms are reported is based on
the ordered basis of H1(M;Z2) computed by our algorithm. As in Chapter 3, the profiles are
ordered (n /0,ntt,nqtt,nqq,nqqq).

The main observation we make from this data is that all triangulations found are Seifert fibred
spaces (or a graph manifold constructed from two Seifert fibred spaces). When the base orbifold
is S2 the manifold has 3 exceptional fibres. The first Seifert fibred space with four exceptional
fibres and base orbifold S2 found in the census has 2–thickness equal to 4 and is SFS [S2:

(2,1) (2,1) (2,1) (2,-1)] : #1.
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When the 2–thickness is 3, we observe orientable Seifert fibred spaces over RP2 with two ex-
ceptional fibres, together with 2-piece graph manifolds obtained from two Seifert fibred spaces
with 2 exceptional fibres and base orbifold D2.

The final table of data we list is Table 4.3. In this table we list all closed hyperbolic 3–manifolds
in the census in which rank(H1(M;Z2)) ≥ 2 and calculate their 2–thickness. The smallest
observed 2–thickness is 3. Based on other experimentation, and running our algorithm on the
Hodgson-Weeks census data, we form the following conjecture.

Conjecture 4.9 Let M be a closed, orientable, irreducible, connected 3–manifold such that
rank(H1(M;Z2))≥ 2. If t2(M)< 3, then M is not hyperbolic.

Census triangulation Size Z2–norms e3 Profile

SFS [S2: (2,1) (2,1) (4,-1)] : #2 5 (1, 0, 1) 0 (0,0,2,1,2)
SFS [S2: (2,1) (2,1) (6,-1)] : #2 7 (2, 0, 2) 1 (0,0,2,3,2)
SFS [S2: (2,1) (2,1) (10,-7)] : #2 7 (2, 0, 2) 1 (0,0,2,3,2)
SFS [S2: (2,1) (2,1) (10,-7)] : #4 7 (2, 0, 2) 0 (0,0,2,1,4)
SFS [S2: (2,1) (2,1) (10,-3)] : #2 7 (2, 0, 2) 1 (0,0,2,3,2)
SFS [S2: (2,1) (4,1) (4,-1)] : #1 7 (2, 1, 1) 2 (0,0,3,4,0)
SFS [S2: (2,1) (4,1) (4,-1)] : #2 7 (2, 1, 1) 0 (0,0,2,1,4)
SFS [S2: (2,1) (4,3) (4,-1)] : #1 7 (2, 1, 1) 2 (0,0,3,4,0)
SFS [S2: (2,1) (2,1) (8,-1)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (2,1) (16,-13)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (2,1) (16,-13)] : #4 9 (3, 0, 3) 1 (0,0,2,3,4)
SFS [S2: (2,1) (2,1) (16,-13)] : #6 9 (3, 0, 3) 0 (0,0,2,1,6)
SFS [S2: (2,1) (2,1) (16,-11)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (2,1) (16,-11)] : #4 9 (3, 0, 3) 1 (0,0,2,3,4)
SFS [S2: (2,1) (2,1) (16,-5)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (2,1) (16,-3)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (2,1) (24,-17)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (2,1) (24,-17)] : #4 9 (3, 0, 3) 1 (0,0,2,3,4)
SFS [S2: (2,1) (2,1) (24,-7)] : #2 9 (3, 0, 3) 1 (0,0,2,5,2)
SFS [S2: (2,1) (4,1) (6,-1)] : #1 9 (3, 1, 2) 2 (0,0,3,6,0)
SFS [S2: (2,1) (4,1) (6,-1)] : #2 9 (3, 1, 2) 1 (0,0,2,3,4)
SFS [S2: (2,1) (4,1) (10,-3)] : #1 9 (3, 1, 2) 2 (0,0,3,6,0)
SFS [S2: (2,1) (4,1) (10,-3)] : #2 9 (3, 1, 2) 1 (0,0,2,3,4)
SFS [S2: (2,1) (4,3) (6,-5)] : #1 9 (3, 1, 2) 2 (0,0,3,6,0)
SFS [S2: (2,1) (4,3) (6,-5)] : #2 9 (3, 2, 1) 0 (0,0,2,1,6)
SFS [S2: (2,1) (4,3) (6,-1)] : #1 9 (3, 1, 2) 2 (0,0,3,6,0)
SFS [S2: (2,1) (4,3) (10,-7)] : #1 9 (3, 1, 2) 2 (0,0,3,6,0)
SFS [S2: (2,1) (4,3) (10,-3)] : #1 9 (3, 1, 2) 2 (0,0,3,6,0)
SFS [S2: (4,1) (4,1) (4,-3)] : #1 9 (2, 2, 2) 3 (0,0,3,6,0)
SFS [S2: (4,1) (4,1) (4,-1)] : #1 9 (2, 2, 2) 3 (0,0,3,6,0)
SFS [S2: (4,1) (4,3) (4,-1)] : #1 9 (2, 2, 2) 3 (0,0,3,6,0)
SFS [S2: (4,3) (4,3) (4,-1)] : #1 9 (2, 2, 2) 3 (0,0,3,6,0)
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SFS [S2: (2,1) (2,1) (10,-1)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (22,-19)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (22,-19)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (22,-19)] : #6 11 (4, 0, 4) 1 (0,0,2,3,6)
SFS [S2: (2,1) (2,1) (22,-19)] : #8 11 (4, 0, 4) 0 (0,0,2,1,8)
SFS [S2: (2,1) (2,1) (22,-15)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (22,-15)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (22,-7)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (22,-3)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (26,-21)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (26,-21)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (26,-21)] : #6 11 (4, 0, 4) 1 (0,0,2,3,6)
SFS [S2: (2,1) (2,1) (26,-5)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (38,-31)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (38,-31)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (38,-31)] : #6 11 (4, 0, 4) 1 (0,0,2,3,6)
SFS [S2: (2,1) (2,1) (38,-27)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (38,-27)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (38,-11)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (38,-7)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (42,-29)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (42,-29)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (42,-13)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (58,-41)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (2,1) (58,-41)] : #4 11 (4, 0, 4) 1 (0,0,2,5,4)
SFS [S2: (2,1) (2,1) (58,-17)] : #2 11 (4, 0, 4) 1 (0,0,2,7,2)
SFS [S2: (2,1) (4,1) (8,-1)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,1) (8,-1)] : #2 11 (4, 1, 3) 1 (0,0,2,5,4)
SFS [S2: (2,1) (4,1) (16,-5)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,1) (16,-5)] : #2 11 (4, 1, 3) 1 (0,0,2,5,4)
SFS [S2: (2,1) (4,1) (16,-3)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,1) (16,-3)] : #2 11 (4, 1, 3) 1 (0,0,2,5,4)
SFS [S2: (2,1) (4,1) (24,-7)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,1) (24,-7)] : #2 11 (4, 1, 3) 1 (0,0,2,5,4)
SFS [S2: (2,1) (4,3) (8,-7)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (8,-7)] : #2 11 (4, 3, 1) 0 (0,0,2,1,8)
SFS [S2: (2,1) (4,3) (8,-1)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (16,-13)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (16,-11)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (16,-5)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (16,-3)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (24,-17)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (4,3) (24,-7)] : #1 11 (4, 1, 3) 2 (0,0,3,8,0)
SFS [S2: (2,1) (6,1) (6,-1)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
SFS [S2: (2,1) (6,1) (6,-1)] : #2 11 (4, 2, 2) 1 (0,0,2,3,6)
SFS [S2: (2,1) (6,1) (10,-3)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
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SFS [S2: (2,1) (6,1) (10,-3)] : #2 11 (4, 2, 2) 1 (0,0,2,3,6)
SFS [S2: (2,1) (6,5) (6,-1)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
SFS [S2: (2,1) (6,5) (10,-7)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
SFS [S2: (2,1) (6,5) (10,-3)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
SFS [S2: (2,1) (10,3) (10,-3)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
SFS [S2: (2,1) (10,7) (10,-3)] : #1 11 (4, 2, 2) 2 (0,0,3,8,0)
SFS [S2: (4,1) (4,1) (6,-5)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,1) (6,-1)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,1) (10,-7)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,1) (10,-3)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,3) (6,-5)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,3) (6,-1)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,3) (10,-7)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,1) (4,3) (10,-3)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,3) (4,3) (6,-5)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,3) (4,3) (6,-1)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,3) (4,3) (10,-7)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)
SFS [S2: (4,3) (4,3) (10,-3)] : #1 11 (3, 2, 3) 3 (0,0,3,8,0)

TABLE 4.1. A complete list of all minimal triangulations of closed, orientable, irre-
ducible, connected 3–manifolds up to 11 tetrahedra with rank(H1(M;Z2)) ≥ 2 and
complexity c(M) = 3+∑

3
i=1 ∥ϕi∥. All examples are Seifert fibred spaces with three

exceptional fibres and base orbifold S2.

Census triangulation Size Z2–norms e3 Profile

SFS [S2: (2,1) (2,1) (2,1)] : #1 4 (0, 0, 0) 0 (0,0,3,1,0)
SFS [S2: (2,1) (2,1) (4,1)] : #1 6 (1, 0, 1) 1 (0,0,3,3,0)
SFS [S2: (2,1) (2,1) (4,1)] : #2 6 (1, 0, 1) 1 (0,0,3,3,0)
SFS [S2: (2,1) (2,1) (4,3)] : #1 6 (1, 0, 1) 1 (0,0,3,3,0)
SFS [S2: (2,1) (2,1) (4,3)] : #2 6 (1, 0, 1) 1 (0,0,3,3,0)
SFS [S2: (2,1) (2,1) (8,-5)] : #1 6 (1, 0, 1) 0 (0,0,3,3,0)
SFS [S2: (2,1) (2,1) (8,-5)] : #2 6 (1, 0, 1) 0 (0,0,2,2,2)
SFS [S2: (2,1) (2,1) (8,-5)] : #3 6 (1, 0, 1) 0 (0,0,3,1,2)
SFS [S2: (2,1) (2,1) (8,-3)] : #1 6 (1, 0, 1) 0 (0,0,3,3,0)
SFS [S2: (2,1) (2,1) (8,-3)] : #2 6 (1, 0, 1) 0 (0,0,2,2,2)
SFS [S2: (2,1) (4,1) (4,-3)] : #1 6 (1, 1, 0) 0 (0,0,4,0,2)
SFS [S2: (2,1) (4,1) (4,-3)] : #2 6 (0, 1, 1) 0 (0,0,0,0,6)
SFS [S2: (2,1) (2,1) (6,1)] : #1 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (6,1)] : #2 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (6,5)] : #1 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (6,5)] : #2 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (10,3)] : #1 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (10,3)] : #2 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (10,7)] : #1 8 (2, 0, 2) 1 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (10,7)] : #2 8 (2, 0, 2) 1 (0,0,3,5,0)
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SFS [S2: (2,1) (2,1) (14,-11)] : #1 8 (2, 0, 2) 0 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (14,-11)] : #2 8 (2, 0, 2) 0 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (14,-11)] : #3 8 (2, 0, 2) 0 (0,0,3,3,2)
SFS [S2: (2,1) (2,1) (14,-11)] : #4 8 (2, 0, 2) 0 (0,0,2,2,4)
SFS [S2: (2,1) (2,1) (14,-11)] : #5 8 (2, 0, 2) 0 (0,0,3,1,4)
SFS [S2: (2,1) (2,1) (14,-9)] : #2 8 (2, 0, 2) 1 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (14,-9)] : #3 8 (2, 0, 2) 1 (0,0,3,3,2)
SFS [S2: (2,1) (2,1) (14,-5)] : #2 8 (2, 0, 2) 1 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (14,-3)] : #1 8 (2, 0, 2) 0 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (14,-3)] : #2 8 (2, 0, 2) 0 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (18,-13)] : #1 8 (2, 0, 2) 0 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (18,-13)] : #2 8 (2, 0, 2) 0 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (18,-13)] : #3 8 (2, 0, 2) 0 (0,0,3,3,2)
SFS [S2: (2,1) (2,1) (18,-13)] : #4 8 (2, 0, 2) 0 (0,0,2,2,4)
SFS [S2: (2,1) (2,1) (18,-11)] : #2 8 (2, 0, 2) 1 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (18,-11)] : #3 8 (2, 0, 2) 1 (0,0,3,3,2)
SFS [S2: (2,1) (2,1) (18,-7)] : #2 8 (2, 0, 2) 1 (0,0,2,4,2)
SFS [S2: (2,1) (2,1) (18,-5)] : #1 8 (2, 0, 2) 0 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (18,-5)] : #2 8 (2, 0, 2) 0 (0,0,2,4,2)
SFS [S2: (2,1) (4,1) (4,1)] : #1 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (4,1)] : #2 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (4,3)] : #1 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (4,3)] : #2 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (4,3)] : #3 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (6,-5)] : #1 8 (2, 1, 1) 0 (0,0,0,0,8)
SFS [S2: (2,1) (4,1) (6,-5)] : #2 8 (2, 1, 1) 0 (0,0,4,0,4)
SFS [S2: (2,1) (4,1) (8,-5)] : #1 8 (2, 1, 1) 1 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (8,-5)] : #2 8 (2, 1, 1) 0 (0,0,2,2,4)
SFS [S2: (2,1) (4,1) (8,-5)] : #3 8 (1, 1, 2) 0 (0,0,3,1,4)
SFS [S2: (2,1) (4,1) (8,-3)] : #1 8 (2, 1, 1) 1 (0,0,3,5,0)
SFS [S2: (2,1) (4,1) (8,-3)] : #2 8 (2, 1, 1) 0 (0,0,2,2,4)
SFS [S2: (2,1) (4,3) (4,3)] : #1 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,3) (4,3)] : #2 8 (2, 1, 1) 2 (0,0,3,5,0)
SFS [S2: (2,1) (4,3) (8,-5)] : #1 8 (2, 1, 1) 1 (0,0,3,5,0)
SFS [S2: (2,1) (4,3) (8,-3)] : #1 8 (2, 1, 1) 1 (0,0,3,5,0)
SFS [RP2/n2: (3,1) (3,1)] : #1 8 (2, 0, 2) 0 (0,0,3,5,0)
SFS [RP2/n2: (3,1) (3,1)] : #2 8 (2, 0, 2) 0 (0,0,4,2,2)
SFS [D: (2,1) (2,1)] U/m SFS [D: (3,1) (3,1)], m = [ 0,1 — 1,0 ] : #1 8 (2, 0, 2) 0 (0,0,3,5,0)
SFS [S2: (2,1) (2,1) (8,1)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (8,1)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (8,7)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (8,7)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,3)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,3)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,5)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,5)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
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SFS [S2: (2,1) (2,1) (16,11)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,11)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,13)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (16,13)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (20,-17)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (20,-17)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (20,-17)] : #3 10 (3, 0, 3) 0 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (20,-17)] : #4 10 (3, 0, 3) 0 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (20,-17)] : #5 10 (3, 0, 3) 0 (0,0,3,3,4)
SFS [S2: (2,1) (2,1) (20,-17)] : #6 10 (3, 0, 3) 0 (0,0,2,2,6)
SFS [S2: (2,1) (2,1) (20,-17)] : #7 10 (3, 0, 3) 0 (0,0,3,1,6)
SFS [S2: (2,1) (2,1) (20,-13)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (20,-13)] : #3 10 (3, 0, 3) 1 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (20,-7)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (20,-3)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (20,-3)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (24,-19)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (24,-19)] : #4 10 (3, 0, 3) 1 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (24,-19)] : #5 10 (3, 0, 3) 1 (0,0,3,3,4)
SFS [S2: (2,1) (2,1) (24,7)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (24,7)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (24,17)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (24,17)] : #2 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (24,-5)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (28,-23)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (28,-23)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (28,-23)] : #3 10 (3, 0, 3) 0 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (28,-23)] : #4 10 (3, 0, 3) 0 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (28,-23)] : #5 10 (3, 0, 3) 0 (0,0,3,3,4)
SFS [S2: (2,1) (2,1) (28,-23)] : #6 10 (3, 0, 3) 0 (0,0,2,2,6)
SFS [S2: (2,1) (2,1) (28,-17)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (28,-17)] : #3 10 (3, 0, 3) 1 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (28,-11)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (28,-5)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (28,-5)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (32,-25)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (32,-25)] : #4 10 (3, 0, 3) 1 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (32,-25)] : #5 10 (3, 0, 3) 1 (0,0,3,3,4)
SFS [S2: (2,1) (2,1) (32,-23)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (32,-23)] : #4 10 (3, 0, 3) 1 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (32,-9)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (32,-7)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (36,-25)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (36,-25)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (36,-25)] : #3 10 (3, 0, 3) 0 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (36,-25)] : #4 10 (3, 0, 3) 0 (0,0,2,4,4)
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SFS [S2: (2,1) (2,1) (36,-23)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (36,-23)] : #3 10 (3, 0, 3) 1 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (36,-13)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (36,-11)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (36,-11)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (40,-29)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (40,-29)] : #4 10 (3, 0, 3) 1 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (40,-11)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (44,-31)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (44,-31)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (44,-31)] : #3 10 (3, 0, 3) 0 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (44,-31)] : #4 10 (3, 0, 3) 0 (0,0,2,4,4)
SFS [S2: (2,1) (2,1) (44,-27)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (44,-27)] : #3 10 (3, 0, 3) 1 (0,0,3,5,2)
SFS [S2: (2,1) (2,1) (44,-17)] : #2 10 (3, 0, 3) 1 (0,0,2,6,2)
SFS [S2: (2,1) (2,1) (44,-13)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [S2: (2,1) (2,1) (44,-13)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [S2: (2,1) (4,1) (6,1)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (6,1)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (6,1)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (6,5)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (6,5)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (6,5)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (8,-7)] : #1 10 (2, 3, 1) 0 (0,0,0,0,10)
SFS [S2: (2,1) (4,1) (8,-7)] : #2 10 (2, 3, 1) 0 (0,0,4,0,6)
SFS [S2: (2,1) (4,1) (10,3)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (10,3)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (10,3)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (10,7)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (10,7)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (10,7)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (14,-9)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (14,-9)] : #2 10 (3, 1, 2) 1 (0,0,2,4,4)
SFS [S2: (2,1) (4,1) (14,-9)] : #3 10 (2, 1, 3) 1 (0,0,3,3,4)
SFS [S2: (2,1) (4,1) (14,-5)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (14,-5)] : #2 10 (3, 1, 2) 1 (0,0,2,4,4)
SFS [S2: (2,1) (4,1) (14,-3)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (14,-3)] : #2 10 (3, 1, 2) 0 (0,0,2,4,4)
SFS [S2: (2,1) (4,1) (18,-11)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (18,-11)] : #2 10 (3, 1, 2) 1 (0,0,2,4,4)
SFS [S2: (2,1) (4,1) (18,-11)] : #3 10 (2, 1, 3) 1 (0,0,3,3,4)
SFS [S2: (2,1) (4,1) (18,-7)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (18,-7)] : #2 10 (3, 1, 2) 1 (0,0,2,4,4)
SFS [S2: (2,1) (4,1) (18,-5)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (4,1) (18,-5)] : #2 10 (3, 1, 2) 0 (0,0,2,4,4)
SFS [S2: (2,1) (4,3) (6,1)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
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SFS [S2: (2,1) (4,3) (6,1)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (6,1)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (6,5)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (6,5)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (6,5)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (10,3)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (10,3)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (10,3)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (10,7)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (10,7)] : #2 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (10,7)] : #3 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (14,-11)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (14,-9)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (14,-5)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (14,-3)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (18,-13)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (18,-11)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (18,-7)] : #1 10 (3, 1, 2) 2 (0,0,3,7,0)
SFS [S2: (2,1) (4,3) (18,-5)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (6,1) (6,-5)] : #1 10 (2, 2, 2) 0 (0,0,0,0,10)
SFS [S2: (2,1) (6,1) (6,-5)] : #2 10 (2, 2, 2) 0 (0,0,4,0,6)
SFS [S2: (2,1) (6,1) (8,-5)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (6,1) (8,-5)] : #2 10 (3, 2, 1) 0 (0,0,2,2,6)
SFS [S2: (2,1) (6,1) (8,-5)] : #3 10 (1, 2, 3) 0 (0,0,3,1,6)
SFS [S2: (2,1) (6,1) (8,-3)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (6,1) (8,-3)] : #2 10 (3, 2, 1) 0 (0,0,2,2,6)
SFS [S2: (2,1) (6,5) (8,-5)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (6,5) (8,-3)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (8,3) (10,-7)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (8,3) (10,-3)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (8,5) (10,-7)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (2,1) (8,5) (10,-3)] : #1 10 (3, 1, 2) 1 (0,0,3,7,0)
SFS [S2: (4,1) (4,1) (4,1)] : #1 10 (2, 2, 2) 3 (0,0,3,7,0)
SFS [S2: (4,1) (4,1) (4,3)] : #1 10 (2, 2, 2) 3 (0,0,3,7,0)
SFS [S2: (4,1) (4,1) (4,3)] : #2 10 (2, 2, 2) 3 (0,0,3,7,0)
SFS [S2: (4,1) (4,1) (8,-5)] : #1 10 (2, 2, 2) 2 (0,0,3,7,0)
SFS [S2: (4,1) (4,1) (8,-3)] : #1 10 (2, 2, 2) 2 (0,0,3,7,0)
SFS [S2: (4,1) (4,3) (4,3)] : #1 10 (2, 2, 2) 3 (0,0,3,7,0)
SFS [S2: (4,1) (4,3) (4,3)] : #2 10 (2, 2, 2) 3 (0,0,3,7,0)
SFS [S2: (4,1) (4,3) (8,-5)] : #1 10 (2, 2, 2) 2 (0,0,3,7,0)
SFS [S2: (4,1) (4,3) (8,-3)] : #1 10 (2, 2, 2) 2 (0,0,3,7,0)
SFS [S2: (4,3) (4,3) (4,3)] : #1 10 (2, 2, 2) 3 (0,0,3,7,0)
SFS [S2: (4,3) (4,3) (8,-5)] : #1 10 (2, 2, 2) 2 (0,0,3,7,0)
SFS [S2: (4,3) (4,3) (8,-3)] : #1 10 (2, 2, 2) 2 (0,0,3,7,0)
SFS [RP2/n2: (3,1) (3,7)] : #1 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [RP2/n2: (3,1) (3,7)] : #2 10 (3, 0, 3) 0 (0,0,2,6,2)
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SFS [RP2/n2: (3,1) (3,7)] : #3 10 (3, 0, 3) 0 (0,0,4,2,4)
SFS [RP2/n2: (3,1) (3,7)] : #4 10 (3, 0, 3) 0 (0,0,3,5,2)
SFS [RP2/n2: (3,1) (3,7)] : #5 10 (3, 0, 3) 0 (0,0,4,2,4)
SFS [RP2/n2: (3,1) (3,7)] : #6 10 (3, 0, 3) 0 (0,0,4,2,4)
SFS [RP2/n2: (3,1) (3,7)] : #11 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [RP2/n2: (3,1) (3,7)] : #12 10 (3, 0, 3) 1 (0,0,4,4,2)
SFS [RP2/n2: (3,1) (5,1)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [RP2/n2: (3,1) (5,1)] : #2 10 (3, 0, 3) 1 (0,0,4,4,2)
SFS [RP2/n2: (3,1) (7,3)] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [RP2/n2: (3,1) (7,3)] : #2 10 (3, 0, 3) 1 (0,0,4,4,2)
SFS [D: (2,1) (2,1)] U/m SFS [D: (3,1) (3,1)], m = [ 0,1 — 1,-2 ] : #1 10 (3, 0, 3) 0 (0,0,2,6,2)
SFS [D: (2,1) (2,1)] U/m SFS [D: (3,1) (3,1)], m = [ 0,1 — 1,-2 ] : #2 10 (3, 0, 3) 0 (0,0,3,7,0)
SFS [D: (2,1) (2,1)] U/m SFS [D: (3,1) (3,1)], m = [ 0,1 — 1,-2 ] : #5 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [D: (2,1) (2,1)] U/m SFS [D: (3,1) (5,1)], m = [ 0,1 — 1,0 ] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [D: (2,1) (2,1)] U/m SFS [D: (3,1) (7,3)], m = [ 0,1 — 1,0 ] : #1 10 (3, 0, 3) 1 (0,0,3,7,0)
SFS [D: (2,1) (4,1)] U/m SFS [D: (3,1) (3,1)], m = [ 0,1 — 1,0 ] : #1 10 (3, 2, 1) 1 (0,0,3,7,0)
SFS [D: (2,1) (4,1)] U/m SFS [D: (3,1) (3,1)], m = [ -1,1 — 1,0 ] : #1 10 (3, 2, 1) 1 (0,0,3,7,0)
SFS [D: (2,1) (4,3)] U/m SFS [D: (3,1) (3,1)], m = [ 0,1 — 1,0 ] : #1 10 (3, 2, 1) 1 (0,0,3,7,0)
SFS [D: (2,1) (4,3)] U/m SFS [D: (3,1) (3,1)], m = [ -1,1 — 1,0 ] : #1 10 (3, 2, 1) 1 (0,0,3,7,0)

TABLE 4.2. A complete list of all minimal triangulations of closed, orientable, irre-
ducible, connected 3–manifolds up to 11 tetrahedra with rank(H1(M;Z2)) ≥ 2 and
complexity c(M) = 4+∑

3
i=1 ∥ϕi∥. We still observe many Seifert fibred spaces with

three exceptional fibres and base orbifold S2, but we now see orientable Seifert fi-
bred spaces with base orbifold RP2 and two exceptional fibres, and two-piece graph
manifolds constructed from two Seifert fibred spaces with base orbifold D2 and two
exceptional fibres each.

Census triangulation Size tH(M) Z2–norms e3 Profile

Hyp 2.56897060 (2 Z 8) : #1 11 3 (2, 2, 2) 0 (0,0,4,3,4)
Hyp 1.83193119 (Z 2 + Z 12) : #1 10 4 (1, 1, 2) 0 (0,0,6,2,2)
Hyp 1.83193119 (Z 2 + Z 12) : #2 10 4 (2, 1, 1) 0 (0,0,6,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #1 11 5 (2, 1, 1) 0 (0,0,6,1,4)
Hyp 1.83193119 (Z 2 + Z 4) : #2 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #3 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #4 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #5 11 5 (2, 1, 1) 0 (0,0,4,3,4)
Hyp 1.83193119 (Z 2 + Z 4) : #6 11 5 (2, 1, 1) 0 (0,0,4,3,4)
Hyp 1.83193119 (Z 2 + Z 4) : #7 11 5 (2, 1, 1) 0 (0,0,6,3,2)
Hyp 1.83193119 (Z 2 + Z 4) : #8 11 5 (2, 1, 1) 0 (0,0,4,5,2)
Hyp 1.83193119 (Z 2 + Z 4) : #9 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #10 11 5 (2, 1, 1) 0 (0,0,5,2,4)
Hyp 1.83193119 (Z 2 + Z 4) : #11 11 5 (1, 1, 2) 0 (0,0,5,4,2)
Hyp 1.83193119 (Z 2 + Z 4) : #12 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 1.83193119 (Z 2 + Z 4) : #13 11 5 (2, 1, 1) 0 (0,0,7,0,4)
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Hyp 1.83193119 (Z 2 + Z 4) : #14 11 5 (1, 1, 2) 0 (0,0,6,1,4)
Hyp 1.83193119 (Z 2 + Z 4) : #15 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 1.83193119 (Z 2 + Z 4) : #16 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 1.83193119 (Z 2 + Z 4) : #17 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 1.83193119 (Z 2 + Z 4) : #18 11 5 (1, 1, 2) 0 (0,0,5,2,4)
Hyp 1.83193119 (Z 2 + Z 4) : #19 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 1.83193119 (Z 2 + Z 4) : #20 11 5 (1, 1, 2) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #21 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 1.83193119 (Z 2 + Z 4) : #22 11 5 (2, 1, 1) 0 (0,0,5,2,4)
Hyp 1.83193119 (Z 2 + Z 4) : #23 11 5 (2, 1, 1) 0 (0,0,6,1,4)
Hyp 1.83193119 (Z 2 + Z 4) : #24 11 5 (2, 1, 1) 0 (0,2,5,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #25 11 5 (2, 1, 1) 0 (0,2,5,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #26 11 5 (1, 1, 2) 0 (0,2,5,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #27 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #28 11 5 (1, 1, 2) 0 (0,2,5,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #29 11 5 (1, 2, 1) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 4) : #30 11 5 (2, 1, 1) 0 (0,2,4,1,4)
Hyp 1.83193119 (Z 2 + Z 4) : #31 11 5 (2, 1, 1) 0 (0,2,4,1,4)
Hyp 1.83193119 (Z 2 + Z 4) : #32 11 5 (1, 1, 2) 0 (0,0,6,1,4)
Hyp 1.83193119 (Z 2 + Z 4) : #33 11 5 (1, 1, 2) 0 (0,0,8,1,2)
Hyp 1.83193119 (Z 2 + Z 4) : #34 11 5 (1, 1, 2) 0 (0,0,8,1,2)
Hyp 1.83193119 (Z 2 + Z 4) : #35 11 5 (1, 1, 2) 0 (0,0,7,0,4)
Hyp 1.83193119 (Z 2 + Z 6) : #1 11 5 (2, 1, 1) 0 (0,0,5,0,6)
Hyp 1.83193119 (Z 2 + Z 6) : #2 11 5 (2, 1, 1) 0 (0,0,6,3,2)
Hyp 1.83193119 (Z 2 + Z 6) : #3 11 5 (2, 1, 1) 0 (0,0,4,3,4)
Hyp 1.83193119 (Z 2 + Z 6) : #4 11 5 (1, 1, 2) 0 (0,0,4,3,4)
Hyp 1.83193119 (Z 2 + Z 6) : #5 11 5 (2, 1, 1) 0 (0,0,4,1,6)
Hyp 1.83193119 (Z 2 + Z 6) : #6 11 5 (2, 1, 1) 0 (0,0,5,0,6)
Hyp 1.83193119 (Z 2 + Z 6) : #7 11 5 (2, 1, 1) 0 (0,0,5,2,4)
Hyp 1.83193119 (Z 2 + Z 6) : #8 11 5 (2, 1, 1) 0 (0,0,4,1,6)
Hyp 1.83193119 (Z 2 + Z 6) : #10 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 1.83193119 (Z 2 + Z 6) : #11 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 1.83193119 (Z 2 + Z 6) : #12 11 5 (1, 1, 2) 0 (0,2,5,2,2)
Hyp 1.83193119 (Z 2 + Z 6) : #13 11 5 (1, 1, 2) 0 (0,2,6,1,2)
Hyp 1.83193119 (Z 2 + Z 6) : #14 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 1.83193119 (Z 2 + Z 6) : #15 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 1.83193119 (Z 2 + Z 6) : #16 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 1.83193119 (Z 2 + Z 6) : #17 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 1.83193119 (Z 2 + Z 6) : #18 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 1.83193119 (Z 2 + Z 6) : #19 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 1.83193119 (Z 2 + Z 6) : #20 11 5 (2, 1, 1) 0 (0,2,6,1,2)
Hyp 2.02988321 (Z 2 + Z 6) : #1 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 2.02988321 (Z 2 + Z 6) : #2 11 5 (1, 1, 2) 0 (0,0,5,4,2)
Hyp 2.02988321 (Z 2 + Z 6) : #3 11 5 (2, 1, 1) 0 (0,0,5,2,4)
Hyp 2.02988321 (Z 2 + Z 6) : #4 11 5 (1, 1, 2) 0 (0,0,4,5,2)
Hyp 2.02988321 (Z 2 + Z 6) : #5 11 5 (2, 1, 1) 0 (0,0,4,3,4)
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Hyp 2.02988321 (Z 2 + Z 6) : #6 11 5 (2, 1, 1) 0 (0,0,4,3,4)
Hyp 2.02988321 (Z 2 + Z 6) : #7 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 2.02988321 (Z 2 + Z 6) : #8 11 5 (2, 1, 1) 0 (0,0,7,0,4)
Hyp 2.02988321 (Z 2 + Z 6) : #9 11 5 (2, 1, 1) 0 (0,0,6,1,4)
Hyp 2.02988321 (Z 2 + Z 6) : #10 11 5 (1, 2, 1) 0 (0,0,8,1,2)
Hyp 2.02988321 (Z 2 + Z 6) : #11 11 5 (1, 1, 2) 0 (0,0,5,4,2)
Hyp 2.02988321 (Z 2 + Z 6) : #12 11 5 (1, 1, 2) 0 (0,0,7,0,4)
Hyp 2.02988321 (Z 2 + Z 6) : #13 11 5 (2, 1, 1) 0 (0,0,6,3,2)
Hyp 2.02988321 (Z 2 + Z 6) : #15 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 2.02988321 (Z 2 + Z 6) : #16 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 2.02988321 (Z 2 + Z 6) : #17 11 5 (1, 1, 2) 0 (0,2,5,2,2)
Hyp 2.02988321 (Z 2 + Z 6) : #18 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 2.02988321 (Z 2 + Z 6) : #19 11 5 (1, 1, 2) 0 (0,2,6,1,2)
Hyp 2.02988321 (Z 2 + Z 6) : #20 11 5 (2, 1, 1) 0 (0,0,7,2,2)
Hyp 2.02988321 (Z 2 + Z 6) : #21 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 2.02988321 (Z 2 + Z 6) : #22 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 2.02988321 (Z 2 + Z 6) : #23 11 5 (2, 1, 1) 0 (0,0,8,1,2)
Hyp 2.02988321 (Z 2 + Z 6) : #24 11 5 (2, 1, 1) 0 (0,0,8,3,0)
Hyp 2.02988321 (Z 2 + Z 6) : #25 11 5 (1, 1, 2) 0 (0,2,6,1,2)
Hyp 2.02988321 (2 Z 6) : #1 11 5 (1, 1, 2) 0 (0,0,4,3,4)
Hyp 2.20766624 (Z 2 + Z 24) : #1 11 5 (1, 1, 2) 0 (0,0,6,3,2)
Hyp 2.20766624 (Z 2 + Z 24) : #2 11 5 (2, 1, 1) 0 (0,0,4,1,6)
Hyp 2.20766624 (Z 2 + Z 24) : #3 11 5 (1, 1, 2) 0 (0,0,8,1,2)
Hyp 2.20766624 (Z 2 + Z 24) : #4 11 5 (1, 1, 2) 0 (0,0,8,1,2)
Hyp 2.20766624 (Z 2 + Z 24) : #5 11 5 (1, 1, 2) 0 (0,2,5,2,2)
Hyp 2.20766624 (Z 2 + Z 24) : #6 11 5 (1, 1, 2) 0 (0,0,5,2,4)
Hyp 2.20766624 (Z 2 + Z 24) : #7 11 5 (2, 1, 1) 0 (0,0,4,1,6)
Hyp 2.37585098 (Z 2 + Z 24) : #1 11 5 (1, 1, 2) 0 (0,0,6,3,2)

TABLE 4.3. A complete list of all minimal triangulations of closed, ori-
entable, irreducible, connected hyperbolic 3–manifolds up to 11 tetrahedra with
rank(H1(M;Z2)) ≥ 2 and complexity c(M) = (2 + t2(M)) + ∑

3
i=1 ∥ϕi∥. The table

is arranged in increasing order of the 2–thickness and we observe a minimal 2–
thickness of 3.
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