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ABSTRACT

Modeling Water Flow and Contaminant Transport in Unsaturated

Soil by Artificial Intelligence

Xun Ding

Background. The flow of water in unsaturated soil is typically represented

by the Richardson-Richards Equation (RRE), while solute transport is often de-

scribed by the Advection-Diffusion Equation (ADE). These two equations are

fundamental for addressing problems in water and waste resources management

but are challenging to solve because of their input-data requirements and inher-

ent non-linearities. The RRE’s nonlinearity arises from the strong dependence

of material properties (hydraulic conductivity and gradient of water retention

curve) on state variables (soil water content and pore pressure), which can cause

convergence issues in numerical solutions. Additionally, solving the RRE requires

knowledge of the water retention curve (WRC), which is time-consuming, expen-

sive and sometimes difficult to measure. While pedo-transfer functions (PTF)

for estimating WRC from more easily measurable soil properties have been de-

veloped, uncertainties remain about the most relevant soil properties required for

the task. The ADE, for its part, depends on output from the RRE (water content

and seepage velocities) and is challenging to solve under advection-dominated sce-

narios (high Peclet number) in which spurious numerical oscillations may occur.

Recent advances in artificial intelligence (AI) offer potentially innovative so-

lutions to these challenges. The universal approximation capabilities of AI pro-

vide a new approach to estimating complex relationships. Furthermore, machine

learning methods can incorporate physics-based constraints, enabling models to

perform well even with limited data. This new class of machine learning algo-

rithm is called Physics-Informed Neural Networks (PINN) and has been shown to
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be effective in solving complex partial differential equations (PDE). Very recently,

new hard-constraint PINN approaches based on strict enforcement of boundary

conditions, have been proposed but are yet to be explored in the context of water

flow and contaminant migration.

Goal and Objectives. The goal of this thesis is to advance the modeling of

water flow and solute transport in unsaturated soils through the application of

the above AI techniques. Four objectives are pursued to achieve this goal: a)

investigate the ability of shallow and deep ANNs to generate accurate estimates

of WRC, b) develop a new hard-constraint PINN approach to the solution of the

time-dependent RRE, c) develop and explore a new hard-constraint PINN based

on novel distance functions to solve the steady-state and time-dependent ADE

under low and high Peclet numbers and d) assess the ability of PINN to solve

the coupled, time-dependent RRE-ADE problem. All of these developments are

conducted in one dimension in space.

Methods. Two major sets of developments were conducted to achieve the

above objectives: a) neural networks for predicting WRC and b) PINN solvers

for ADE and RRE. ANN predictors of WRC were trained and tested using the

Unsaturated Soil Database 2.0 (UNSODA 2.0), including 790 samples collected

worldwide. Thirteen different models were constructed with varying combinations

of input parameters. Each of the thirteen models was developed in two different

versions of neural network structure: SNN and DNN. In addition, a clay-specific

dataset was extracted from the National Cooperative Soil Survey (NCSS) Soil

Characterisation Database and used to explore whether improvements in predic-

tion accuracy for clayey soils could be achieved. For PINN solvers, soft-constraint

solvers of ADE and RRE were first developed and then modified to introduce hard

constraints for boundary and initial conditions. A set of distance functions – lin-

ear, exponential and logarithmic – were investigated to explore their effects on

the accuracy of the hard-constraint approach. Performances of the PINN models

were validated by comparing their predictions to analytical and numerical so-
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lutions. The RRE-ADE solvers were then coupled and validated. Finally, the

combined usage of the WRC-predictor and ADE-RRE solver was illustrated by

application to a problem of contaminant transport in unsaturated soil. All devel-

opments were made in Python and associated libraries, and all ADE and RRE

equations were in one dimension in space.

Key Findings. Usage of DNN did not always outperform SNN in predicting

WRC and the latter sometimes provided higher levels of accuracy. Soil texture,

augmented by either dry density or soil porosity, was found to be essential for

high accuracy in WRC prediction, whereas the contribution of specific gravity,

soil depth, and organic content appeared minimal. The two best-performing

models, out of 13 models developed and tested, compared favourably with WRC

AI models reported in the literature. For clayey soils, training an ANN on a

clay-soil-specific dataset, improved prediction accuracy by 20%.

A hard-constraint PINN algorithm was found to be able to generate accurate

solutions of both the RRE and ADE. In particular, in developing a hard-constraint

PINN solver for the ADE, it was found that using an adjustable exponential dis-

tance function achieved remarkably high levels of accuracy even at very high

Peclet numbers (up to 1 million and 1000 under steady-state and transient con-

ditions, respectively). Finally, a hard-constraint PINN algorithm was found to

be able to solve the coupled RRE-ADE problem and, when used in conjunction

with the WRC-ANN predictor developed earlier, offered an AI suite of solvers for

simulating the coupled time-dependent water flow and contaminant migration

problem in soils.

Hence, this thesis indicates a strong potential for deploying AI tools to model

time-dependent problems of unsaturated flow and contaminant transport in geoen-

vironmental engineering. Extension of the developments reported here to two and

three spatial dimensions and comparison of computational economies of AI to

more conventional solvers would consolidate these findings and allow researchers

to identify conditions under which AI solvers are advantageous in this field.
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Chapter 1

Introduction

1.1 Background and Overview

Understanding water movement and solute transport in unsaturated soils is of

utmost importance for water resources, waste management and protection of

groundwater, geotechnical and structural design. Contaminant transport is com-

monly simulated by the advection-diffusion equation (ADE), while water move-

ment in unsaturated soil is described by the Richardson–Richards Equation (RRE)

[3]. However, analytical solutions for these equations are only available for a lim-

ited number of simple scenarios with very specific geometries, boundary condi-

tions and usually homogeneous material properties [4, 5]. Consequently, numer-

ical methods such as the Finite Difference Method (FDM), the Finite Element

Method (FEM), and Finite Volume Method (FVM) have conventionally been

employed to solve these PDEs.

Nonetheless, certain obstacles persist in effectively and accurately modeling

water movement and solute transport in unsaturated soils. Firstly, experimen-

tal determination of the water retention curve (WRC), a critical soil property,

is time-consuming, technically complex and expensive [6]. This is especially the

case for soils with significant swelling clay content, with each point on the curve

requiring up to two weeks, particularly in the low- and mid-suction ranges [7].

Secondly, the accuracy and computational efficiency of FDM and FEM solvers

decline when used to solve highly nonlinear problems such as the ADE and RRE.

For example, when advection dominates transport in the ADE, numerical disper-

sion is known to distort the FEM solutions and yield erroneous results [8, 9]. The
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traditional FEM approach also struggles to effectively solve the RRE because of

the dependence of water content and hydraulic conductivity on pore pressure and

the highly nonlinear and hysteretic nature of this relationship [4]. Hence, new

approaches to solving these equations remain an active research pursuit.

In recent years, remarkable advances have been achieved in artificial intelli-

gence (AI) and deep learning, driven by the rapid evolution of computing power

and data science. These advances have led to significant breakthroughs in various

scientific disciplines, including computer visualisation, data analysis, classifica-

tion and regression tasks. Machine learning techniques are especially powerful

in finding hidden patterns and relationships within data due to their universal

approximation capabilities. Recent studies have applied AI techniques to develop

pedotransfer functions (PTFs) that estimate difficult-to-measure soil properties

from more readily available ones. One application is the use of neural networks

to predict the WRC. However, several important research gaps remain unsolved.

First, model performance is highly sensitive to AI model’s architecture. Most ex-

isting work relies on shallow neural networks, with limited exploration of deeper

models. Second, the influence of individual input variables on model accuracy

is not well understood or inconclusive. Finally, current models tend to perform

poorly for certain soil textures, especially clay-rich soils, and strategies to improve

predictions for these cases are lacking. This research aims to address these gaps.

Until recently, machine learning was largely limited to problems in which large

datasets exist, was entirely data-driven and could not incorporate fundamental

physical laws that govern relationships between input and output variables. In

2017, a new category of machine learning techniques, physics-informed neural net-

work (PINN), emerged to address the above limitations [10, 2, 11]. This approach

addresses the challenge of training with limited data by incorporating available

physics knowledge as additional training resources when building machine learn-

ing models. It also offers insights into solving challenging PDEs, particularly in

scenarios involving significant nonlinearities or shocks where standard numerical
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approaches often face difficulties [10]. Hence, there is potential for PINN to con-

tribute to the solution of ADE and RRE equations and help address the issues

faced by conventional numerical techniques discussed above. However, several

challenges remain in the current PINN framework. In advection-dominated sce-

narios with high Peclet numbers, standard PINNs often experience convergence

issues due to the competition between multiple loss terms. The hard-constraint

approach, which enforces boundary and initial conditions exactly, has the po-

tential to address this by eliminating such competitions. However, its ability to

solve advection-dominated ADEs remains untested. In addition, hard-constraint

PINNs typically rely on simple linear distance functions to apply constraints, and

there has been no systematic investigation into whether alternative forms, such as

exponential or logarithmic, could improve model performance. For the Richards

equation, the use of PINNs is still in its early stages, with only five known studies

attempting to solve it [12, 13, 14, 15, 16]. Among these, only one presented a

forward solution, and the results reported were highly sensitive to model con-

figurations and unstable during training. This study will explore whether the

hard-constraint formulation can improve both the stability and accuracy of RRE

predictions. Furthermore, an AI-inspired model will be developed to couple the

RRE and ADE equations for modeling water and solute transport in unsaturated

soil.

In summary, three problems in modeling water flow and contaminant trans-

port in unsaturated soils remain, in particular are addressed in this thesis through

machine learning: WRC determination, advection-dominated solute transport,

and accurate solutions of the RRE.

1.2 Research Aims

This project aims to advance the modeling of water flow and contaminant trans-

port in unsaturated soils using AI techniques. The study focuses on addressing

key challenges and gaps in current approaches. The specific aims are:
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1. Investigate the potential of deep neural networks to enhance the accuracy

of PTFs for estimating WRC by exploring various combinations of input

parameters.

2. Explore the use of ANN with clay-specific datasets to improve the predictive

accuracy of PTFs for WRC in clayey soils.

3. Evaluate the effectiveness of hard-constraint approaches in improving the

ability of PINN to solve the ADE under high Peclet number conditions and

assess different distance function formulations.

4. Assess the capability of hard-constraint approaches to enhance the stability

and accuracy of PINN solvers for RRE and identify strategies for further

improving solver performance.

5. Develop an integrated ANN-PINN-based solver for coupled water flow and

solute transport in saturated and unsaturated soils.

1.3 Research Questions

This research aims to explore the application of ANN and PINN in modeling water

flow and contaminant transport in unsaturated soils. The study is structured

around the following key research questions:

1. Can ANN improve predictions for WRC?

(a) Can deep ANN improve the predictive accuracy of PTFs for WRC?

(b) Which input variables are most critical for achieving high predictive

accuracy in ANN models?

(c) Can datasets enriched with clay-specific data enhance the accuracy of

WRC predictions for clay-dominated soils?

2. Can PINNs provide better solutions for the ADE?
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(a) Can a hard-constraint approach improve the ability of PINN to solve

the ADE for high Peclet numbers?

(b) What is the most effective formulation for a distance function when

applying a hard-constraint approach in PINNs?

3. Can PINNs enhance the modeling of RRE?

(a) Can a hard-constraint approach improve the stability and accuracy of

PINN solvers for the RRE?

(b) How can the performance of PINN-based RRE solvers be further im-

proved?

4. Can a robust and accurate ANN-PINN-based solver be developed

for the coupled ADE-RRE equations?

(a) How can ADE and RRE solvers be effectively coupled to simulate the

complete coupled system?

(b) Can such a hybrid solver effectively integrate contaminant transport

and water flow dynamics?

1.4 Thesis Structure

The remainder of this thesis is composed of nine chapters:

Chapter 2 reviews current knowledge and techniques relevant to this research.

It examines advancements in AI and its application in predicting WRC. The

chapter also explores the development and application of physics-informed ma-

chine learning, with a focus on its use in solving advection-dominated ADE and

modeling the RRE. Additionally, studies on coupling water movement and solute

transport in unsaturated soils are reviewed.

Chapter 3 outlines the methodologies employed in this thesis. It provides a

detailed description of the database utilised, including its structure and relevance

to the study. The chapter discusses theories of solute and water movement,
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along with their governing equations: ADE and RRE. Furthermore, it discusses

the different methodologies and algorithms, either used or developed, and the

evaluation metrics used to assess model performance and accuracy.

Chapters 4 to 8 presents the results of various developments detailed in Chap-

ter 3. Chapter 4 presents the results of using machine learning to predict WRC.

This chapter examines whether transitioning from shallow neural networks (SNN)

to deep neural networks (DNN) improves WRC prediction accuracy. It also inves-

tigates the most effective input parameters for enhancing prediction performance.

Chapter 5 focuses on the development of a point-based PTF model specifically

for clayey soils, addressing the challenge of lower prediction accuracy for this soil

texture compared to others. The model is designed to predict gravimetric water

content at predefined matric potentials and to estimate the parameters of the

Van Genuchten model, providing a more accurate and reliable solution for clayey

soils.

Chapter 6 explores the use of physics-informed machine learning to solve the

ADE, particularly under advection-dominated conditions. The chapter addresses

optimisation challenges arising from conflicts among loss terms. A new approach

is introduced, incorporating a novel exponential distance function formulation

within the hard constraint framework, along with a recommended shape fac-

tor. This approach successfully resolves the ADE across a wide range of Peclet

numbers (Pe). The results highlight the model’s effectiveness in solving both

steady-state and transient problems.

Chapter 7 discusses modeling the RRE using PINNs. Traditional numerical

approaches face significant challenges due to the nonlinearity and dependency on

complex parameters. This chapter details the development of a robust model that

effectively converges to accurate solutions using a hard constraint method. This

chapter also tested two resampling strategies to find out if further improvement

can be achieved.

Chapter 8 illustrates the coupling of the RRE and the ADE equations to
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simulate water and solute transport in unsaturated soils. The chapter evaluates

the performance of the coupled machine learning PDE model in solving a reference

problem.

Chapter 9 concludes the thesis by summarising findings of this research, dis-

cussing its limitations and highlighting future research directions, including sug-

gestions for advancing machine learning applications in modeling unsaturated soil

systems.
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Chapter 2

Literature Review

2.1 Data-Driven Machine Learning

Data is a collection of recorded facts and observations. It allows humans to doc-

ument knowledge, understand the world, and make better decisions [17]. In the

fields of scientific research and professional practice, data is analysed to uncover

the underlying relationships between variables, understanding complex patterns,

and supporting prediction and decision-making. This process is referred to in the

literature as statistical learning [18, 19]. Building on these principles, data-driven

machine learning has emerged over the past decade as a powerful technique to

learn and elicit hidden patterns in data, make predictions and/or aid decisions

based on learned knowledge. Commonly used algorithms in data-driven machine

learning, include Support Vector Machine (SVM), Decision Tree (DT), Random

Forest (RF) and Artificial Neural Network (ANN). Each algorithm has its own

strengths and limitations, and their areas of application vary according to their

characteristics and modelling capabilities. These commonly used AI algorithms

are described and justified in the following paragraphs.

kNN is a classical AI algorithm that has been widely used for classification

tasks. The name ”kNN” was formally introduced and named by Cover and Hart in

1967 [20]. Its theoretical foundation is the nonparametric discrimination method

proposed by Fix and Hodges in 1951 [21]. The prediction for a new sample is de-

termined by label aggregation of its k nearest neighbours in the dataset. The sim-

ilarity between the new sample and every single record in the dataset is quantified

using a distance metric, which measures how far apart the new sample is from each
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existing record within the feature space. The simplicity and ease of implemen-

tation of kNN make it suitable for simple and low-dimensional classification and

regression tasks [22]. However, the drawbacks of kNN are also straightforward.

Because the algorithm must compute the distance between the new sample and

all existing records, its computational cost increases linearly with the dataset size,

making kNN less suitable for applications with large datasets [23]. Additionally,

the data similarity evaluation of kNN relies purely on distance metrics in feature

space. Therefore, irrelevant features can impact the model’s performance, and

the distance metrics become less meaningful in high-dimensional spaces [23, 24].

SVM is another popular AI algorithm introduced by Cortes and Vapnik in

1995 [25]. This algorithm learns the relationships and differences among sam-

ples to identify an optimal boundary that could effectively separate data from

different groups. Once trained, the model can classify new samples into their

corresponding groups. Since its introduction, SVM algorithm has been widely

applied to classification tasks such as face recognition [26, 27] and text categori-

sation [28, 29, 30]. Despite the successful applications of SVM in various types

of tasks, a common limitation of this algorithm is its computational complexity.

The training cost of the SVM model is typically between O(N2) to O(N3) (for

a definition of big O notation, the reader is referred to [31]) [32]. Therefore, the

training cost increases exponentially as the size of the training dataset grows.

The model can become computationally prohibitive when the training dataset is

too large. So, SVM is more suitable for tasks with small to medium-sized training

datasets [33, 34].

Another widely used AI algorithm is DT, whose development can be traced

back to the mid-1980s [35, 36]. A DT model has a hierarchical structure (Fig-

ure 2.1) starting from a root node and branching through several levels of in-

ternal nodes until reaching the leaf nodes. From root to leaf, each hierarchical

level selects one feature and uses a splitting threshold to divide the data into

groups. This splitting process continues level by level until all available features
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have been used or the samples within each leaf node already belong to the same

category. As described above, the structure of DT is very straightforward and

can be easily applied in practice. Its rule-based modeling strategy also made

it highly interpretable [37, 38]. However, DT is prone to overfitting, especially

when the tree grows too deep, leading to a reduced generalisation capability of

the model[39, 40, 41]. This limitation occurs because in each DT level, the model

makes splitting decisions based on local information at each node. This strategy

makes the algorithm lose the global view of the data, which can let the tree grow

to a level of detail that captures noise in the training data rather than meaningful

patterns. To address the overfitting issues of DT algorithm, Breiman introduced

the concept of randomness into the decision tree framework and proposed the

Random Forest algorithm in 2001 [42]. In RF, a large number of modified deci-

sion trees are constructed and combined to form an ensemble model. Two types

of randomness are introduced to each single DT during the RF development.

The first type is data randomness, where each tree is trained on a slightly differ-

ent subset of the original dataset by randomly excluding a small portion of the

records. The second type is feature randomness, where each tree considers only

a fraction of randomly selected features from the feature field rather than using

all of them. These two types of randomness create variations among DTs. By

aggregating their predictions through a majority voting process, RF could signif-

icantly increase its generalisation and reduce the risk of overfitting [42, 43]. RF

has shown excellent performance in both classification and regression tasks across

various science disciplines [44, 45, 46, 43, 47, 48]. However, RF has a significant

limitation that is widely recognised by researchers when this tree-based algorithm

is applied in regression tasks [49, 50, 51], it produces intrinsically discontinuous

predictions. When visualised, the resulting prediction has a serrated appear-

ance (Figure 2.2 provides an example). This behaviour arises from the piecewise

constant function (i.e., output has the same value in the same leaf region) of

tree-based algorithms, which makes the prediction lack smoothness.
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Figure 2.1: Structure of a decision tree model

Figure 2.2: Sample regression results by DT and RF [1].

The last AI algorithm to be reviewed in this section is ANN, this algorithm

has been found to be successful in classification and regression tasks in a wide

range of disciplines and sectors, especially when working with large data sets. It

is particularly powerful in capturing intricate patterns and relationships in data,

especially high-dimensional data (i.e., where a large number of input parameters

is present), and data exhibiting high levels of nonlinearity. For example, ANN

has been extensively applied in the fields of computer vision, speech recogni-

tion and processing, medical imaging, and aerospace [52, 53, 54, 55, 56, 57, 58].

ANN has also been successfully applied in the geotechnical field, especially in

problems in which high levels of heterogeneity, nonlinearity and uncertainty in

soil behaviour are present, such as ground excavation [59, 60], estimation of soil
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hydraulic properties [61, 62, 63], earth retaining structures [64, 65], site char-

acterisation [66, 67, 68, 69, 70, 71], pile-bearing capacity [72, 73], settlement

of structures [74], liquefaction [75, 76, 77], slope stability [78, 79, 80], mapping

landslide susceptibility [81, 82], and soil classification [83, 84, 85].

While ANNs have demonstrated remarkable success across various fields, their

effectiveness largely depends on how they are structured and trained, particularly

in the design of hidden layers and selection of activation functions. In terms of

the structure of hidden layers, the number of neurons selected for each layer

significantly influences the accuracy of the ANN model [86]. Unlike input and

output neurons, which are equal to the number of input and output variables,

respectively, the number of hidden layers and the number of hidden layer neurons

must be chosen depending on the problem’s environment.

The structure of hidden layers in neural networks is also greatly influenced

by the choice of activation function. These functions are used to introduce non-

linearity between outputs of consecutive layers, a critical element that enables

the network to learn and accurately represent data patterns. Different activation

functions bring distinct properties and condition the learning process differently.

Their selection can significantly influence various aspects of neural network train-

ing, including the rate at which the model converges, and its overall performance

when tackling tasks [87]. Thus, choosing the right activation function is a key

consideration in structuring the neural network. This is a complex and time-

consuming step because there is no rule of thumb to identify an optimum hidden

layer’s structure.

ANN models can be classified as SNN and DNN, depending on whether they

contain one or more hidden layers, reflecting increased model complexity [88].

While adding a hidden layer might enable the model to capture more complex

data patterns, it can also cause the training process to be slower. Thomas et al.

[89] analysed the effects of additional hidden layers for 10 datasets from different

scientific disciplines. They found that, while shifting from SNN to DNN improved
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accuracy for some datasets, no improvements were detected in others, and, in one

case, a 3% decline was found. This was consistent with the findings reported in

earlier work by Hayashi, Sakata, and Gallant [90].

As discussed earlier in the introduction, this thesis uses the predictive capac-

ity of AI for modeling water flow and solute transport. So, the selection of a

suitable AI algorithm is key to the thesis. In this thesis, the selected AI algo-

rithm serves two primary purposes (1) WRC prediction and (2) as the function

approximator in a PINN framework for modeling water flow and solute trans-

port in unsaturated soils. To achieve accurate WRC estimation, the algorithm

must demonstrate a powerful expressive capability to capture complex and highly

nonlinear relationships within the soil hydraulic dataset, and produce smooth,

continuous regression predictions. For an effective integration of PINN modeling

framework, the selected algorithm should not only have strong function approxi-

mation capabilities but also be fully differentiable throughout the computational

domain. Based on the review of AI algorithms above, ANN is selected in this

thesis because it best satisfies the required criteria.

2.2 Classical Numerical Methods for Solving PDEs

At the macroscopic scale, PDE is a parametric model that provides a quantitative

description of how physical quantities evolve in space and time [91]. Accurate

solutions of PDEs are the basis of the meaningful interpretation of the natural

system under the given initial and boundary conditions. However, analytical

solutions are typically limited to simple PDEs [4, 5]. For problems with high-order

equations, complex boundary and initial conditions, high levels of nonlinearity, or

solutions with sharp fronts, such closed-form analytical solutions are not usually

available [92, 93, 94].

In the history of numerical modeling, the first widely recognised attempt to

use numerical methods for solving PDEs is often attributed to von Neumann’s re-

search on Lagrangian hydrodynamic schemes in the mid-1940s [91, 95, 96]. Since
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then, a family of classical numerical methods built on the space and time dis-

cretisation principle has been developed over the past 8 decades, including FDM,

FEM, and FVM [97, 98, 99, 100]. These techniques allow researchers to solve

PDEs and address a wide range of tasks, including spatial prediction, temporal

prediction, data assimilation between observations and deterministic/stochastic

model outputs, and model parameter inference [101].

Classical numerical methods also led to the development of a number of

numerical software, such as COMSOL Multiphysics, ANSYS, and ABAQUS,

which greatly improve the research efficiency and allow the industrial applica-

tions [102, 103]. For example, in structural engineering, numerical methods were

used to identify weak points by testing the digital twin of the real structure,

and improve the reliability and safety of the design [104, 105, 106, 107, 108].

In aerodynamics, numerical analysis can efficiently model flow behaviour under

various conditions. One noticeable example is the use of computational fluid dy-

namics (CFD) simulations, a numerical approach for solving the governing equa-

tions of fluid flow, to analyse the vortex around aircraft wings [109, 110, 111].

The application of CFD provides valuable information for adjusting wing design

and improving aerodynamic performance and structural stability [112, 113, 114].

Furthermore, classical numerical analysis has also contributed to fields such as

biomechanics [115, 116, 117, 118], energy and thermal systems [119, 120, 121], and

many other branches of science and engineering disciplines [122, 123, 124, 125].

Although classical numerical methods have achieved significant success across

many scientific disciplines, this family of discretisation-based approaches still

faces difficulties in certain types of problems due to their conceptual limitations.

For problems whose solution fields have strong spatial and temporal variations,

fine spatial meshes and small time-step sizes are always required. As a result,

computational cost, including memory requirements, increases rapidly. The situ-

ation is even worse when the problem is also multidimensional [126, 127, 128, 129,

130, 131]. When dealing with highly nonlinear PDEs, numerical instability and
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potential convergence issues continue to be major concerns and challenges despite

decades of development by researchers around the globe [132, 133, 134]. In this

thesis, an alternative modeling framework that combines statistical data-driven

techniques with physical principles is investigated, aiming to test if the new hybrid

approach can address the conceptual limitations of classical numerical methods.

The new framework is introduced in the following subsection.

2.3 Physics-Informed Machine Learning

A new class of machine learning models, PINN, has been proposed as a viable

alternative for solving complex partial differential equations (PDEs) [2, 11]. PINN

is a class of neural networks that incorporates physical laws as constraints, along

with available data, to address scientific problems effectively. PINN is a mesh-free

approach that treats the process of solving PDE as an optimisation problem. The

neural network for a given PDE undergoes unsupervised training to generate a

functional model that minimises an aggregate of residuals of PDE at collocation

points inside the problem’s domain, as well as residuals of initial and boundary

conditions. Once training is completed, the PINN is capable of predicting the

PDE solution at any location within the domain.

PINN was first proposed in 2017 in a paper that demonstrated the method’s

potential by solving three representative PDEs [2]. As shown in Figure 2.3,

the solutions of Burger’s equation, Schrödinger equation, and Allen-Cahn show

excellent agreement between PINN predictions and exact analytical solutions.

Since its introduction in 2017, PINN has been successfully applied to a range of

challenging PDEs, including the Navier-Stokes equations [135, 136, 137], Maxwell’s

equations [138, 139], and the Schrödinger equation [140, 141, 142]. PINN has

also been used in industries across different domains [10, 143]. For instance,

in aerospace engineering, PINNs have been used to optimise aerofoil shapes for

improved aerodynamic performance [144]. Their study found minimal discrepan-

cies between PINN simulations and traditional Computational Fluid Dynamics
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(a)

(b)

(c)

Figure 2.3: PINN predictions contours, and their comparison to analytical solu-
tions at a given time station in graphs: (a) Burger’s equation PINN solution. (b)
Schrödinger equation PINN solution. (c) Allen-Cahn equation PINN solution.
The figure is adopted from Raissi et al. [2] (solid and dashed lines in the graph
represent analytical solutions and PINN, respectively)

(CFD). Aside from the success of PINN in solving forward problems, another im-

portant value of this framework lies in its strong potential for inverse problems.

In the inverse PINN algorithm, unknown PDE parameters and the underlying so-

lution field are estimated simultaneously from sparse and noisy observation data.

The procedure for implementing an inverse PINN model is very similar to the

implementation of a forward PINN model. In a forward PINN solver, the ANN

parameters are optimised to approximate the PDE solution field by enforcing ini-

tial and boundary conditions together with the governing PDE as penalty terms in
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the loss function. In an inverse PINN model, the ANN is trained to approximate

both the solution field and the unknown PDE parameters simultaneously, with

available measurements incorporated as additional constraints on top of the for-

ward model setup during optimisation. Compared with inverse solvers developed

based on classical numerical methods, inverse PINN does not require iterative

forward solvers and can operate more effectively [10, 145]. Inverse PINN has

been successfully applied to diverse problems, including estimating the thermal

conductivity in heat transfer [146] and predicting lift and drag coefficients in fluid

dynamics [11]. The inverse PINN model has also attracted significant attention in

large-scale infrastructure projects. A notable example is its application in the set-

tlement estimation of the immersed tunnel of Hong-Kong-Zhuhai-Macao Bridge,

a 55 km bridge-tunnel system [147]. The customised PINN model, named the

hybrid physical data-informed DNN model (HPD-DNN), was employed to predict

immersion joints’ axial displacement (DIS). In that study, HPD-DNN utilised a

limited set of DIS monitoring data combined with fundamental relationships be-

tween DIS and volume change of adjacent tunnel segments caused by temperature

changes in the concrete tunnel. The average error of prediction by the HPD-DNN

model was 30% lower than that of a model trained by purely data-driven machine

learning.

It is worth noting that, as a relatively new technique, PINN has not yet

outperformed traditional numerical methods across all scenarios. Nevertheless,

researchers continue to actively investigate PINN due to its potential to address

certain classes of problems that remain challenging for conventional approaches.

Cuomo et al. reviewed and summarised several drawbacks and issues that re-

quire additional attention in the development of PINN [10]. The biggest concern

is the loss imbalance, as the different components of the loss function do not have

the same contributions to the model training. Without appropriate balancing

strategies, the optimisation process may converge poorly or lead to overfitting.

The other concern is the spectral bias, particularly for problems involving high-
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frequency or sharp gradient solutions. Recent studies have demonstrated the

feasibility of PINN in these contexts, although further methodological advances

are still required to fully boost its capabilities and broaden its practical applica-

bility.

In this study, the PINN approach will be incorporated to solve both the ADE

and RRE. This chapter will later present the limitations of existing PINNmethods

in addressing each equation, followed by the novel contributions introduced in this

study and the specific implementation strategies employed to solve the ADE and

RRE.

2.4 Prediction of Water Retention Curves

Knowledge of the WRC – sometimes referred to as soil water characteristic curve

(SWCC) – is imperative for predicting water movement, mechanical behaviour

and solute transport in unsaturated soil [148, 149]. WRC depicts the relationship

between soil’s water content (gravimetric or volumetric) and soil matric suction

(referred to as ’suction’ henceforth for brevity). The soil matric potential for a

given water content can be measured in the laboratory by the dew-point poten-

tiometer method, axis translation technique, or vapour adsorption and desorption

methods [62, 150, 151]. However, direct measurement of WRC is time-consuming

and expensive [6, 152, 153, 154, 155]. Hence, developing faster and more eco-

nomical ways of estimating WRC has been of interest to researchers for decades

[156].

The term PTF was introduced by Bouma in 1989 to describe mathematical

tools that estimate complex soil properties from readily accessible ones, such as

soil texture, porosity, and dry density [157]. PTF can be established by traditional

regression or data mining methods [158]. The advantage of using machine learning

and data-mining techniques, including ANN, to generate PTF, is that no prior

model concept is needed [159]. The predictive power of the model depends on

the quality of the dataset used to train the neural network.
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The first attempt to predict WRC with neural networks was made by Pachep-

sky et al. in 1996 [160]. They found that an ANN model performed better than

traditional regression analysis. Three research questions have been of interest

to scholars since this early development [160], but especially in the past decade

which saw accelerating interest in ANN. What is the best PTF form for predict-

ing WRC? What are the most critical soil properties to be used as input variables

in ANN for achieving high prediction accuracy? What is the most suitable ANN

structure for WRC estimation? These three questions are discussed next.

WRC-PTF can be classified into three categories, namely point, parametric,

and continuous PTFs. Point PTFs estimate soil water content at several prede-

fined pressure heads (e.g. -1, -10, -100, -1500 kPa, etc) [159, 161]. A drawback

of point PTF is that soil water content at a matric potential other than the

predefined ones cannot be directly determined from the model.

Parametric PTF is an alternative approach that directly estimates the fitting

parameters of analytical WRC equations [61, 148, 149, 159, 161, 162, 163]. The

advantage of using parametric PTF is, in addition to its ability to estimate water

content at any value of matric potential, the reduction of the WRC to a small

number of parameters (usually 2 or 3 depending on the specific analytical equation

adopted). These parameters can then be readily used in computational modeling

of unsaturated soil behaviour. However, a key limitation of the parametric PTF

is that its accuracy depends on how well the predefined analytical WRC equation

captures the real shape of the WRC.

Finally, continuous PTF overcome the drawbacks of point and parametric

PTF by introducing the matric potential as an additional input parameter, with

the model yielding the water content at this specific matric potential as the only

output [164]. Hence, continuous PTF are not limited to the predefined matric

potential and do not depend on the choice of the WRC analytical equation. On

the other hand, it is possible to fit, a posteriori, the predictions of a continuous

PTF for a given set of soil parameters to an analytical function, hence combining
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the advantages of parametric and continuous PTF. Nevertheless, the accuracy of

the continuous approach still depends on suitable coverage by the training dataset

of a wide range of suction values.

As mentioned above, determining the best combination of input variables

when developing PTF to estimate WRC is another research pursuit. It has al-

ready been proven that soil texture data is a fundamental soil property required

for a good WRC prediction [148, 149, 160, 165]. Some additional input variables

may lead to further improvements in predictive power, but others may have the

opposite effect, and research on which additional variables are beneficial remains

inconclusive. For example, Minasny and McBratney [165] compared the perfor-

mances of PTF with three (% sand, % silt, % clay) and four (% sand, %silt, %

clay, dry density) input parameters. They found that introducing soil dry density

as input variable reduced the mean root mean squared error (RMSE) from 0.049

m3/m3 to 0.043 m3/m3, a 12.3% improvement in accuracy. This conclusion was

reinforced in later work by Bayat et al. [162]. On the other hand, results reported

by Haghverdi et al. [164] did not show a significant improvement in WRC pre-

diction with the addition of either soil organic carbon content or dry density for

all three types of PTF models considered (point, parametric, and continuous).

As discussed earlier, the size and structure of the ANN model are another

critical factor that influences the accuracy of PTF predictions [166]. The feedfor-

ward neural network has been widely adopted in previous research on estimating

WRC by machine learning and data mining techniques, and shows considerable

accuracy [148, 149, 152, 158, 159, 164, 165]. In this thesis, the impact of network

architecture and model configurations on the prediction performance of the WRC

will be systematically investigated.

Despite the wide adoption of ANN models, an important question remains

insufficiently explored: can DNN, with increased model complexity, offer a sig-

nificant performance advantage over SNN in predicting the WRC? Achieng [167]

compared SNN and DNN performances in regressing suction measurements onto

21



a WRC equation for four loamy sand samples but did not attempt to build a

PTF model, since the model can only be used if experimental measurements for

the soil in question already exist. To the best of the author’s knowledge, studies

for building a PTF model based on DNN or comparing the performances of SNN

and DNN for the prediction of WRC from easy-to-measure soil properties are

lacking.

In addition to model complexity, another important factor affecting WRC

prediction accuracy is the representation of soil texture classes in the training

dataset. Previous studies have shown that the estimation accuracy of PTFs

for predicting WRC is highly sensitive to the prevalence of specific soil texture

classes in the dataset [63, 168]. When certain textures are underrepresented, the

resulting PTFs tend to perform poorly for those classes. This issue is especially

pronounced for clayey soils, which are often sparsely represented in global datasets

[168, 169]. A notable exception is the study by Singh et al. [170], which employed

a dataset where clay samples accounted for 48.1% of the total, leading to improved

prediction performance for that class. This thesis will investigate the accuracy

of WRC predictions for clayey soils and assess how their representation in the

training data influences the performance of PTF models in predicting clayey soil’s

WRC.

2.5 Solute Transport: Advection-Diffusion Equation

ADE is commonly used to describe a wide range of problems including contam-

inant transport in soil, water and air [171, 172, 173], drug delivery through the

circulatory system [174, 175], sediment transport [176, 177] and financial fore-

casting [178]. Of particular importance is the use of the equation to model the

degradation of groundwater quality caused by pollutants leaching from surface

sources [179, 180]. The ADE has been shown to capture key processes governing

contaminant transport in the subsurface and has therefore been widely used in

water quality modelling [181, 182, 183, 184].
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The ADE carries two key components, namely a) molecular diffusion or me-

chanical dispersion and b) advection. Molecular diffusion refers to the redistri-

bution of solute in soil water along concentration gradients caused by Brownian

motion. Mechanical dispersion, also proportional to concentration gradients, is

driven by fluctuations in pore-scale seepage around the mean velocity. Both dif-

fusion and dispersion are often represented by a Fickian diffusion equation and

quantified through the hydrodynamic dispersion coefficient (HDC) which incor-

porates both processes in a single coefficient. Advection, on the other hand, is a

process through which solutes are carried by the movement of water in soil. The

importance of advection relative to diffusion/dispersion is captured by the Peclet

number: Pe = vL/D, where v is the seepage velocity, L is a representative length,

and D is the HDC.

At low Pe, diffusion/dispersion is dominant over advection, the ADE is pri-

marily hyperbolic in nature and common discretisation techniques such as the

FEM, FDM, finite volume (FVM) or boundary element methods (BEM) yield

stable numerical solutions. However, when Pe is high, advection is dominant,

the ADE becomes primarily parabolic, and results generated by the above con-

ventional numerical methods suffer from spurious numerical oscillations. Several

remedies have been proposed in the literature to tackle this problem including dis-

cretisation mesh refinement, special shape functions and stabilisation techniques

[8, 185, 186, 187, 188]. However, these approaches do not always work, can be

computationally expensive and may require complex modifications to numerical

algorithms.

As previously discussed, PINN provides an AI-driven framework for solving

PDEs and has been successfully applied to several challenging problems. In re-

cent years, significant developments have been made in using PINN to solve the

ADE. He and Tartakovsky [189] showed that PINN can solve problems with

Pe up to approximately 60 in one-dimensional steady-state cases and up to 200

in two-dimensional cases. However, they observed a decline in performance as
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Pe increased, particularly in scenarios involving complex boundary conditions

and time-dependent dynamics. Hou et al. [190] and Sukumar and Srivastava

[191] reported a good fit between PINN predictions and analytical solutions for

steady-state problems with Pe of 50 and 100, respectively. Similar outcomes

under low to moderate Pe regimes have been reported by several other studies

[192, 193, 194, 195, 196, 197, 198].

Early attempts to tackle high Pe problems using PINN include the work of

Gomes et al. [199], who explored several steady-state ADE cases with Pe values

up to 1000. They tested two PINN structures to solve the problem. The first

structure used the standard PINN models with only the coordinates as inputs,

but it resulted in large discrepancies between PINN predictions and analytical

solutions. However, they reported that if an additional diffusion/dispersion coef-

ficient is added as an input feature, the model yielded good results at Pe values

up to 1000, though with some errors at low Pe values. Sikora et al. [200] and

Hsieh and Huang [201] also attempted to address high Pe problems. Similar to

Gomes et al., they observed poor performance when using standard PINN models

without modification. However, Hsieh and Huang [201] achieved better outcomes

by incorporating a weakly imposed boundary conditions (WBC) approach com-

bined with transfer learning, in which knowledge from a pre-trained model is

reused to improve the training performance of a new model. Although their re-

sults showed significant improvements, there was still a sharp fluctuation near

the boundary that was absent in the analytical solution. Currently, no PINN

approach has accurately solved steady-state ADE problems across a wide range

of Pe. In contrast, accurate PINN solutions for transient ADE with higher Peclet

numbers have been reported. He and Tartakovsky [189], Niu et al. [202] and Bo

et al. [203] all reported accurate predictions of transient ADE solutions at Peclet

numbers of 200, 1000 and 6000, respectively.

Most of the above-mentioned studies have considered only Dirichlet-type bound-

ary conditions, with only a few exploring the ability of PINN to simulate Neumann-
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type boundary conditions. The latter are more complex because they require the

enforcement of gradient variables at or near the boundary. However, they are

critical for real-life applications of the ADE in science and engineering.

Hence, several gaps remain in the application of PINNs to ADEs: (1) Solv-

ing steady-state ADE with PINNs under high Pe is still challenging, (2) existing

methods often struggle with accuracy and stability as advection dominance in-

creases and (3) little consideration has been given to Neumann-type boundary

conditions.

In standard PINN algorithms, the loss function typically includes three com-

ponents, namely the residuals of the PDE, boundary conditions and initial condi-

tions. In other words, the boundary condition (BC) and initial condition (IC) are

enforced in a ‘soft’ fashion, by ensuring that deviations from the correct BCs and

ICs incur a penalty during the optimisation process. This approach maintains a

useful flexibility in the optimisation process which enables the model to search

a broader solution space for a more globally optimal solution. However, multi-

ple residual terms in the loss function may also compete during the optimisation

process and their contributions may not always be effectively balanced, hence

leading to poor convergence [195, 204, 205, 206].

To address this problem, some researchers have applied relative weights to

each loss term, resulting in some improvements [137, 144, 207]. However, adjust-

ing these weights is highly case-specific and determining the appropriate weighting

for the boundary condition loss term can be challenging [208]. It has also been

shown that soft boundary constraints often lead to suboptimal solutions [209].

Recognising these challenges, an alternative approach in which the BCs and

ICs are enforced in a ‘hard’ fashion has been proposed by Krishnapriyan et al.

[205]. This method was first applied by Lu et al. [210] who demonstrated the

effectiveness of a hard-constraint (HC) PINN in solving a holography problem in

optics and a fluid problem of Stokes flow. HC-PINN has since been successfully

applied to problems of wave propagation [208, 211, 212].
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To the best of the authors’ knowledge, only two studies have applied HC-PINN

to ADE problems. Mojgani et al. [213] proposed a PINN within a Lagrangian

framework to solve advection-dominated ADE problems, up to Pe = 6000, albeit

with periodic boundary conditions. Li et al. [195] developed an HC-PINN that

uses Fourier-induced activation functions to address ADE problems with high-

frequency components but low Peclet numbers.

When using HC method, a distance function needs to be defined to enforce

constraints at spatial boundaries or initial time while restricting the spread of its

effect. A distance function helps demarcate boundary/initial conditions points

from the rest of the spatial/time domains [195, 208, 210, 211, 212]. It should

be smooth and maintain the differentiability of the neural network output [195].

While the possibility of using non-linear distance functions has been raised by

some authors (e.g., [195, 214]), to the best of the authors’ knowledge, no attempt

has been made to explore the effects of different types of distance functions on

the performance of hard-constraint PINN. Two questions hence arise as to what

the most effective form for a distance function is and whether non-linear distance

functions can improve the accuracy and convergence speed of a hard-constraint

PINN.

Hence, in summary, existing literature reveals several unresolved challenges

in the application of PINNs to the ADE, particularly under conditions of high

Pe. In this thesis, the following gaps will be addressed, namely a) improving the

accuracy and convergence speed of PINN solutions to steady-state and transient

ADE under high Pe values, including both Dirichlet and Neumann boundary

conditions, and b) assessing the ability of a hard-constraint approach to improve

PINN predictions while exploring the effects of different types of distance func-

tions associated with it. Following this, a new PINN is proposed and evaluated,

based on a hard constraints approach with a Pe-adjusted exponential distance

function. The proposed PINN is shown to be able to tackle significantly higher

Peclet numbers than the current PINN solutions found in the literature.
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2.6 Water Flow in Unsaturated Soils: Richards’ Equation

Understanding and modeling water movement in the vadose zone is important

for a range of engineering and environmental problems including agricultural irri-

gation management [215, 216, 217], slope and foundation stability [218, 219, 220,

221], and contaminant transport in soil and groundwater protection [222, 223,

224]. Over the past century or so, soil water movement in unsaturated soil has

been modelled by the Richards Equation [225]. Richards applied the principle of

fluid mass conservation and incorporated capillary forces into Darcy’s law, deriv-

ing a governing equation for water movement in unsaturated soil. The Richards

equation involves two constitutive relationships that are highly non-linear, namely

between a) pressure head and water content, a relationship commonly referred

to as WRC, and b) hydraulic conductivity and pressure head (known as hy-

draulic conductivity function, HFC). The few available analytical solutions of the

Richards equation typically rely on highly simplifying assumptions for bound-

ary conditions and material properties (e.g., using Gardner’s equation for WRC)

[226, 227, 228, 229]. Hence, the equation is much more commonly solved numeri-

cally [4]. However, the highly non-linear nature of the equation makes it difficult

to solve numerically as well, and despite significant advances in the past decades,

research continues on developing more accurate, stable and computationally effi-

cient solutions to this equation [230, 231].

Recent applications of PINN to nonlinear PDEs suggest it may offer a promis-

ing framework for addressing such problems. However, there have been relatively

few attempts to use PINN to solve the Richards equation [12, 13, 14, 15, 16].

The first attempts were made by Bandai and Ghezzehei [12, 13] who reported

a PINN inverse solver of the Richards equation to estimate fitting parameters

of the Van Genuchten equation. Employing three concurrent neural networks

and a monotonicity constraint applied to water content and hydraulic conduc-

tivity, they showed that PINN can effectively solve the inverse problem but did

not provide a solution to the forward problem. Depina et al. [15], on the other
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hand, used a single network in conjunction with closed-form WRC and hydraulic

conductivity functions and successfully solved the inverse problem. However, ex-

ploring the ability of PINN to solve the forward solver, they reported difficulty in

achieving consistent convergence to sufficiently accurate solutions, owing to the

non-linearity of the equation, and hence did not present quantitative results. To

the best of the authors’ knowledge, Chen et al. [14] and Haruzi et al. [16] are

the only two papers to present a PINN forward solver of the Richards equation.

Both studies employed a method that dynamically adjusts the weights of the loss

terms in the PINN residuals, and their results demonstrate that this approach

can achieve high accuracy. However, Chen et al. [14] mentioned that a drawback

of their approach is that it requires problem-specific adjustment of weights of

various contributions to the loss term (PDE and boundary and initial conditions)

in order to achieve the desired accuracy.

Based on the above, there remains significant room for improvement of PINN

approaches to the solution of the Richards equation. Enhancing the predictive

performance of AI models can be achieved by either improving the algorithm’s

expressive capacity or increasing the quality of the training data [232, 233, 234].

In this study, both strategies will be explored. First, as noted in the ADE section,

the soft enforcement of loss terms in traditional PINNs can lead to convergence

challenges when solving complex PDEs [195, 204, 205, 206]. In this study, the

hard-constraint approach is also evaluated to assess whether reducing conflicts

among loss terms can enhance model performance and prediction stability.

Second, this study also investigates methods to enhance the quality of training

data. As an unsupervised learning approach, the quality and distribution of these

collocation points play a critical role in determining the training performance and

accuracy of the model. In the PINN framework, a series of collocation points are

selected from the physical domain to enforce the underlying PDE. In more con-

ventional PINN, the location of these points is predetermined and remains fixed

throughout the entire training process. Lu et al. [210] first suggested adap-
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tive resampling in which, after a few training epochs, the PDE residuals at each

point are evaluated, and additional collocation points are adaptively deployed in

regions with higher residual values. This refinement allows the model to focus

more on regions with higher errors, and the results show a significant improve-

ment compared to fixed sampling. Following this work, adaptive resampling has

shown the capacity to improve the performance of PINN in several applications

[235, 236, 237, 238]. Wu et al. [239] compared several resampling strategies and

found that residual-based adaptive refinement yielded the most promise.

Based on the above, in this thesis, the following aims will be pursued:

1. To develop a reliable forward solver for Richard’s equation using the PINN

framework;

2. To investigate the effect of improving training data quality by adaptively

resampling collocation points to strengthen the model training in regions

with high residual errors.

2.7 Coupled Water Flow and Solute Transport in Unsat-

urated Soils

So far, the use of PINN to solve the ADE and RRE has been reviewed separately.

However, coupling the two equations is of great interest in a range of fields in

water resources, geoenvironmental engineering and waste management. Only one

prior study has attempted to couple these two equations within a unified PINN

framework to model the complete water and solute transport in unsaturated

soils [16]. Haruzi and Moreno [16] proposed an innovative approach by employ-

ing PINN in combination with time-lapse geoelectrical data to reconstruct the

spatiotemporal distribution of water content and solute concentration in unsat-

urated soils. Their method integrates established physical models with indirect

observational data derived from geoelectrical measurements, along with available

initial and boundary conditions, to estimate the coupled processes governing wa-

ter movement and solute transport. The geoelectrical data used in their study
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are apparent resistivity measurements, which reflect the bulk electrical resistivity

of the subsurface. This bulk resistivity is influenced by both the water content

and the electrical conductivity of the pore fluid, making it a coupled function

of these two variables [240, 241]. Conversely, changes in water content and so-

lute concentration at a given spatiotemporal location will result in corresponding

changes in the apparent resistivity. When integrated with PINNs, this indirect

information is incorporated as a soft observational constraint, helping guide the

network to learn physically consistent representations of the underlying water

and solute distributions.

Integrating indirect observational data with physics-based learning signifi-

cantly enhances predictive accuracy and robustness, particularly in scenarios

where direct measurements are limited. However, as Haruzi and Moreno also

acknowledge, there are certain limitations to this approach [16]. First, the inver-

sion of geoelectrical signals is an ill-posed problem, which often leads to smoothing

artefacts and structural inaccuracies [242, 243]. Second, the traditional interpre-

tation of bulk electrical conductivity cannot unambiguously separate the effects

of water content and solute concentration, introducing uncertainty in the recov-

ered distribution of [244, 245]. Furthermore, geoelectrical data are not always

available in practice. In the absence of such data, the PINN model alone may not

be able to accurately predict the coupled dynamics of water and solute transport.

In this thesis, the individual studies conducted on PINN solvers for ADE and

RRE serve as foundational components for the development of a coupled PINN

framework. The knowledge gained from studies in previous sections, including

their structure, optimisation strategies, and treatment of boundary and initial

conditions, will be utilised to construct a coupled model that simultaneously

simulates water flow and solute transport in unsaturated soils. This coupling

aims to capture the dynamic interactions between moisture movement and solute

distribution.

30



Chapter 3

Methods

3.1 Overall Research Design

This thesis aims to bring about advances in AI-based modeling of water flow and

contaminant transport in unsaturated soils. Figure 3.1 shows the overall research

design.

Figure 3.1: Overall Research Design (PTF: Pedo-Transfer Functions; NN: Neu-
ral Network; PINN: Physics Informed NN; RRE: Richardson-Richards Equation;
ADE: Advection-Diffusion Equation)

Guided by the statistical learning theory, the model development in this thesis

is framed as a process of systematically reducing predictive error. The error can

be decomposed into three components, which are approximation error, estimation

error, and irreducible error. The magnitude of the approximation error is related

to how well the developed model can approximate the underlying functions, while

the estimation error is related to how efficiently the model development process

utilises the available dataset. The irreducible error is caused by the noise that
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exists in the data and cannot be eliminated during model development. The

models built in this thesis focus on reducing approximation and estimation errors

across all subprojects.

Two new machine learning models are first developed to predict WRC from

readily available soil properties, using available databases. The first model is

general in scope while the second is aimed specifically at clay and clay-rich soils.

These can be used when direct measurements of WRC is not possible. Then, a

newly introduced machine learning framework, PINN, is employed to model solute

transport by solving ADE. This framework is also applied to model unsaturated

flow governed by RRE. Finally, the ADE PINN solver and RRE PINN solver

are combined to simulate the coupled water and solute transport in unsaturated

soils.

This chapter presents various aspects of this methodology and provides a

rationale for key methodological choices made in the thesis.

3.2 Artificial Neural Network

ANN is a machine learning algorithm for classification or regression tasks. The

development of an ANN is inspired by the animal brain’s biological neural network

(BNN) (Figure 3.2). The most basic element of an ANN model is the artificial

neuron. As shown in Figure 3.3, the artificial neuron comprises several inputs,

weights for each input, a summation function, a bias, an activation function, and

outputs. Weighted inputs are summed and augmented by a bias value before

passing through the activation function. The activation function is an important

step that adds nonlinearity to the process, allowing the network to better capture

complex relationships in the training data. The selection of an activation function

for the hidden neuron can significantly influence the outcome of the whole model

[246]. The suitability of each activation function is dependent on the specific

dataset and input, and output parameters [247]. In this study, several widely

used activation functions are assessed for their suitability, including Sigmoid,
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hyperbolic tangent (Tahn), rectified linear unit (ReLU), and leaky rectified linear

unit (Leaky ReLU) (Figure 3.4). Mathematically, the data transformation process

of an artificial neuron shown in Figure 3.3 can be expressed by:

yj = f [(
n∑

i=1

Wijxi) + bj] (3.1)

where xi is the ith input, Wij is the weight connecting the ith input to the

jth neuron, and bj is the bias associated with the jth neuron, n is the number of

inputs for this neuron. The weight (Wij) and bias (bj) are adjusted iteratively

during the training process until the predicted output from the network is close

enough to the data. Then, the combination of weights and bias is considered

representative of the complex relationship between input and output data. The

output of each artificial neuron serves as the input of the next available artificial

neuron and so on, as illustrated in Figure 3.3.

Figure 3.2: Schematic of a biological neural network

ANN models are always composed of three layers: input layer, hidden layer,

and output layer. Each layer consists of several neurons. The schematics of the

ANN structures are shown in Fig. 3.5 for both a single hidden layer (SNN; Fig-

ure 3.5a) and multiple hidden layers (DNN; Figure 3.5b). The network takes

inputs x1, x2, . . . , xn, and approximates the solution u(x1, x2, . . . , xn). This is

achieved by passing the inputs through multiple layers of interconnected neu-
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Figure 3.3: Schematic of an artificial neuron’s working principle

(a) (b) (c) (d)

Figure 3.4: Activation functions compared in this study. (a) Sigmoid (b)Tahn
(c) ReLU (d) Leaky ReLU.

rons, where weighted sums and activation functions are applied at each layer to

transform the data and produce the final output. Mathematically, the approxi-

mate solution u(x, t) can be represented by the formula:

u(x1, . . . , xn) = Wnl σ
(
Wnl−1 σ

(
· · · σ

(
W1


x1
...

xnl

+ b1
)
· · ·+ bnl−1

)
+ bnl

)

(3.2)

where nl is the total number of hidden layers, Wi is the weights matrix of

the ith hidden layer, bi is the biases matrix of the ith hidden layer, and σ is the

activation function applied to the neuron in order to inject nonlinearity into the

network.

Both SNN and DNN are composed of several artificial neurons organised in
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(a) (b)

Figure 3.5: Structure of neural network models built in this study. (a) SNN (b)
DNN.

a three-layer structure. The neurons in adjacent layers are fully connected. The

weights and biases in each neuron are adjustable to let the approximation of the

network be closer to the expected outcome, as measured by a loss function [206].

In the present study, the mean squared error (MSE) is used as a loss function:

MSE =
1

na

na∑
i=1

(pi − ai)
2 (3.3)

where pi is the predicted data of the ith data point, ai is the actual value of

the ith data point, and na is the total number of data points to be analysed.

3.3 Water Retention Curve

Water retention behaviour is a fundamental soil hydraulic property that describes

how soil retains water at different suction pressures under unsaturated conditions.

It is mathematically represented by the water retention curve, a non-linear func-

tion that describes the relationship between soil suction pressure and water con-

tent. Traditionally, determining the WRC involves measuring soil water content

across a wide range of matric potentials, followed by curve fitting using empirical

models.

Over decades of development, several empirical models have been developed to
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describe the WRC. Three widely used empirical models are the Brooks-Corey, Van

Genuchten and Fredlund-Xing models. The Brooks-Corey model was introduced

in 1964 by Professors Royal Harvard Brooks and Arthur Thomas Corey [248].

This four-parameter water retention model is defined as:

θ(h) = θr +
θs − θr

(αbc|h|)λbc
(3.4)

where h is the suction pressure, θ(h) is the volumetric water content with

respect to a specific h, θr is the residual water content (m
3/m3), θs is the saturated

water content (m3/m3), αbc is the empirical fitting parameter of the Brooks-Corey

model related to air entry pressure, and λbc is another fitting parameter.

Another well-established WRC model is the Van-Genuchten (VG) model,

which was developed by Professor Martinus Th. Van Genuchten in 1980 [249].

The general form of this formulation is expressed as follows:

θ(h) = θr +
θs − θr

[1 + (αvg|h|)nvg ]mvg
(3.5)

where αvg is the Van Genuchten model fitting parameter related to the air-

entry pressure, nvg and mvg are the other two fitting parameters which are often

assumed to be related by: mvg = 1−1/nvg. The extended VG model can be used

to derive the hydraulic conductivity function (HCF), another important hydraulic

parameter, based on the effective saturation, and is expressed as:

K(h) = Ks · S ·
[
1−

(
1− S1/mvg

)mvg
]2
, (3.6)

whereKs [L T−1] is the saturated hydraulic conductivity, and S is the effective

saturation, defined as:

S =
θ − θr
θs − θr

, (3.7)

Another frequently used WRC formulation, known as the Fredlund and Xing
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model, was proposed in 1992 [250]. The relationship between soil suction and

volumetric water content is formulated as:

θ(h) = θr +
θs − θr

[1 + (αfx|h|)nfx ]
(1 + (βfx|h|)mfx)−λfx (3.8)

where αfx is the Fredlund and Xing model fitting parameter related to the air-

entry pressure, βfx, and mfx are two fitting parameters related to pore structure,

nfx and λfx are another two fitting parameters.

3.4 General PTF models for WRC

3.4.1 Data Source

The dataset used for building PTFs for WRC is extracted from UNSODA 2.0

(unsaturated soil database 2.0) [251]. This dataset contains measured soil hy-

draulic properties and pedological information about 790 samples collected from

around the world. UNSODA 2.0 is widely used in the modelling and investigation

of unsaturated zones [153, 168, 252, 253]. According to Feike [254], UNSODA

database is assembled from contributions by individual scientists and published

peer-reviewed publications. The data is carefully judged by the database man-

agers before adding any entry to the database, based on criteria previously agreed

at a soil-hydraulic workshop in Riverside in 1989 [254].

3.4.2 Models

To investigate the effects of different parameters on SWRC prediction, thirteen

continuous models (M1 to M13) with different sets of input parameters, shown

in Table 3.1, are built. In addition to suction, a maximum of eight input param-

eters are included, namely soil texture (%clay, %sand, %silt), dry density (DD),

porosity (PO), specific gravity (SG), depth of sample (DS) and organic content of

sample (OM). In all models, the output is the volumetric water content. The ro-

bustness of ANN to multicollinearity enables the simultaneous inclusion of some
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correlated variables, such as the 3 soil fractions [255, 256]. Additionally, the ro-

bustness of ANN to multicollinearity allows the inclusion of correlated features

during prediction [257]. This is important because in this study, sand, silt, and

clay contents were all included as input variables, which clearly leads to multi-

collinearity. Although these three fractions should theoretically add up to 100%,

measurement methods and inherent errors often lead to small deviations, so the

total sum does not always equal exactly 100%. Therefore, excluding one compo-

nent may affect the true relationships among soil texture components and target

variables. Including all three components has been the conventional practice in

previous WRC PTF studies, as it allows for a more accurate representation of

soil texture [148, 164, 165, 258]. This has also been confirmed in this project:

models built with two out of the three texture variables have been found to lose

predictive accuracy. Hence, all 3 variables are kept in the models.

Table 3.1 summarises the input parameters considered for each model (from

M1 to M13). This selection of models is made so as to allow an assessment of the

effects on the accuracy of each variable (other than the 3 soil texture variables)

by comparing the performances of models with and without that variable. When

one of the three parameters of dry density, specific gravity and porosity is missing

while the other two are available, it is possible to infer the former from the latter

as follows:

DD = SG× (1− PO) (3.9)

The total dataset is divided into two dedicated subsets: a training dataset

and a testing dataset. The training dataset is used during the training phase,

followed by testing using the testing dataset. In addition, 20% of data in the train-

ing dataset is used for validation during the training process. In other words, the

training dataset is divided into a “training” subset and a “validation” subset.

The model is trained on the “training” subset and then evaluated on the “valida-

tion” subset to fine-tune the model parameters and select the best model. This
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approach has two advantages. First, it ensures that the model is evaluated during

the training process, which is essential to prevent overfitting and ensure the model

has good generalisation performance. Second, it allows the use of available data

efficiently, which is particularly important when the dataset is not very large.

The same testing dataset is used for all thirteen models to ensure consistency in

performance evaluation and comparison of models.

Table 3.1: Input parameters combination of models M1 to M13
Input Clay% Silt% Sand% DD PO SG Depth OM Suction
M1 ✓ ✓ ✓ ✓
M2 ✓ ✓ ✓ ✓ ✓
M3 ✓ ✓ ✓ ✓ ✓ ✓
M4 ✓ ✓ ✓ ✓ ✓ ✓ ✓
M5 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
M6 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
M7 ✓ ✓ ✓ ✓ ✓ ✓
M8 ✓ ✓ ✓ ✓ ✓ ✓ ✓
M9 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
M10 ✓ ✓ ✓ ✓ ✓ ✓
M11 ✓ ✓ ✓ ✓ ✓ ✓ ✓
M12 ✓ ✓ ✓ ✓ ✓
M13 ✓ ✓ ✓ ✓ ✓ ✓ ✓

If either dry density, specific gravity, or porosity is not available, and the other

two values are known, the absent parameter can be calculated using the relation-

ship outlined in Equation 3.9, resulting in 3217 data points for all models. Points

with missing input are also removed from training datasets, however as different

models have different input parameters, the training datasets for different models

will not be identical to each other (after points with missing data are removed).

Therefore, the higher the number of input variables used in the model, the higher

the likelihood that some data points are incomplete, and therefore the lower the

number of data points available for training. Distribution of the soil samples in

the dataset over the range of soil texture, based on USDA classification, is shown

in Figure 3.6, revealing a paucity of clay samples in the data. The number of

available training data points for each model is summarised in Figure 3.7. On the

other hand, a reasonably uniform distribution of data points over the suction head
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axis for both training (3217 data points) and testing (122 data points) datasets

can be seen in Figure 3.8. These figures also show that the range of volumetric

water contents in the training dataset for model M1 is wider than that of the

more restricted testing dataset used for all models including M1, for the reasons

described above.

Figure 3.6: Soil texture ternary diagrams for soil samples

Figure 3.7: Number of available training data points for all models
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(a) (b)

Figure 3.8: Distribution of datapoints over wide ranges of volumetric water con-
tent (m3m−3) and pressure heads |h| (cm of H2O). (a) Training Dataset (for model
M1), (b) Testing Dataset (for all models).

3.4.3 Development of PTF models for General WRC es-

timation

For each of the 13 models, one SNN-PTF and one DNN-PTF are built and

evaluated, with a total of 26 ANN models hence constructed (SNN-PTF-M1 to

SNN-PTF-M13 and DNN-PTF-M1 to DNN-PTF-M13). Four activation func-

tions, Sigmoid (Figure 3.4a), Tanh (Figure 3.4b), ReLU (Figure 3.4c), and Leaky

ReLU (Figure 3.4d), are implemented, their performances evaluated, and the

best-performing function selected.

As a first step in data preprocessing, data points with missing variables or

some variables falling outside an acceptable range (e.g., volumetric water content

values less than 0 or exceeding 1) are removed. After examining the data for

outliers, the potential influence of outliers is mitigated by applying a logarithmic

transformation to the matric potential data, and all input variables are normalised

to the range of 0 to 1.

Hyperparameter tuning is applied whereby the number of neurons used in

each hidden layer, the gradient coefficient of Leaky ReLU activation function, and

training-related parameters (e.g., learning rate, batch size) are carefully selected

to optimise the performance of the machine learning model.

Model development has been conducted using Python 3.8, machine learning
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platform TensorFlow [259], application programming interface (API) Keras, and

Python library Scikit-Learn [260]. The correlation between different input vari-

ables in the training dataset is evaluated using the correlation coefficient (r):

r =

∑
(V 1i − V̄ 1)(V 2i − V̄ 2)√∑

(V 1i − V̄ 1)2
∑

(V 2i − V̄ 2)2
(3.10)

where V 1i is a given input variable, V̄ 1 is the mean of V 1i in the dataset,

V 2i is another input variable, V̄ 2 is the mean of V 2i. r is also used to assess the

correlation between two input variables. r in Eq. 3.10 is also used to assess model

performance by replacing V 1 and V 2 with p and t, respectively. The performance

of ANN models is also evaluated by the root mean squared error (RMSE):

RMSE =

√√√√ 1

na

na∑
i=1

(pi − ai)2 (3.11)

where pi is the ith predicted value, ai is the ith actual value.

3.5 PTF models for WRC of clayey soils

3.5.1 Data Source

The datasets used in the study of WRC prediction for clay soils are extracted from

the National Cooperative Soil Survey (NCSS) Soil Characterisation Database.

Compared to UNSODA, the NCSS Database provides a larger and more com-

prehensive dataset for clay soils, which is beneficial for developing and validating

predictive models. The NCSS database consists of soil properties collected from

laboratories across the United States. For our analyses, only data featuring soil

texture, soil density, suction and water content were used. Two datasets are

extracted from the NCSS database for the training of three PTF applications.

Dataset C1 (Figure 3.9a), which is a subset of NCSS database with only clayey

soil data retained. Dataset C2 consists of data from all soil texture classes (Fig-

ure 3.9b). Both datasets contain soil water retention data in 7 predefined matric

potentials (6, 10, 33.3, 100, 200, 500, and 1500 kPa). Datasets 1 and 2 have
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12,799 and 119,112 data points, respectively.

(a) (b)

Figure 3.9: Soil texture ternary diagrams of datasets used for (a) Dataset C1,
and (b) Dataset C2. Based on USDA taxonomy, soil particles are classified as
clay (< 0.002 mm), silt (0.002− 0.05 mm), and sand (> 0.05 mm), depending on
their particle diameters.

3.5.2 Development of PTF models for Clay WRC estima-

tion

As shown in Table 3.2, data in the two datasets is unevenly distributed across

the 7 predefined potentials, with the majority of data points concentrated at 200

and 1500 kPa. Specifically, in the clay-focussed Dataset C1, measurements at

1500 kPa account for 70.5% of the data, while in Dataset C2, 70.2% of the data

is recorded at the same potential. Such an imbalance may significantly influence

the performance of ANN-based PTFs, as dominant data points tend to bias model

training and limit generalisation [261].

Table 3.2: Number of available data points for each matric potential of both
datasets

Matric Potential (kPa) 6 10 33.3 100 200 500 1500
Dataset C1 72 126 469 198 2822 87 9025
Dataset C2 1384 2254 3860 3188 23457 1337 83632

To address this issue, point PTFs are developed in this study, where separate

ANN models are trained for each matric potential. Two PTF systems are con-
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structed: PTF-C1, which is trained using clayey soils (Dataset C1), and PTF-C2,

which is trained using samples across all soil texture classes (Dataset C2). The

architecture diagram of PTF-C1 is shown in Figure 3.10, and PTF-C2 has the

same architecture. Each PTF consists of seven independent ANN sub-models

corresponding to the seven matric potentials, denoted as PTF-C1a to PTF-C1g

for PTF-C1, and PTF-C2a to PTF-C2g for PTF-C2. For example, PTF-C1a

predicts the soil water content at 6 kPa matric potential.

Figure 3.10: The architecture diagram of PTF-C1

All sub-models adopt a feedforward neural network architecture with two

hidden layers to capture the nonlinear relationships between soil properties and

water retention. The selection of two hidden layers enhances the model’s capabil-

ity to approximate the complex nature of soil WRC. Due to the diversity of the

datasets and in order to maximize the number of available training samples, a

simple input parameter combination is used. The inputs are bulk density and soil

texture (percentage of clay, silt, and sand). Leaky ReLU is used as the activation

function for all hidden layers based on the activation analysis in previous general

PTF development.

After the model is trained, each PTF is capable of predicting soil water content

at seven predefined matric potentials. The predicted data points are subsequently
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fitted to the Van Genuchten equation (Eq. 3.5) using the Levenberg–Marquardt

curve-fitting algorithm, allowing estimation of the VG WRC model parameters.

This parametric representation is more convenient because it makes it easier

to integrate the WRC information into soil hydraulic modelling applications,

without affecting the prediction outcomes of the WRC model.

Nine independent clayey soil samples are used to evaluate the performance

of the two PTF applications developed in this section. Table 3.3 describes the

soil properties of these nine samples. None of the samples used for evaluation

are included in the training dataset, so all PTF applications are unfamiliar with

these new samples.

Table 3.3: Properties of clay samples used for performance evaluation of PTFs
Sample Clay (%) Silt (%) Sand (%) Bulk Density (g/cm3)

1 56.7 27.0 16.3 1.36
2 56.1 39.9 4.0 1.32
3 58.6 32.0 9.4 1.34
4 43.9 34.8 21.3 1.08
5 64.5 31.9 3.6 1.30
6 55.6 37.0 7.4 1.43
7 55.6 39.9 4.5 1.52
8 70.2 28.0 1.8 0.96
9 67.2 23.1 9.7 1.19

The predicted results for both PTFs are directly expressed as water contents

at seven predefined matric potentials (6, 10, 33.3, 100, 200, 500, and 1500 kPa).

Therefore, the model performance can be evaluated by directly comparing the

predicted water contents with the experimentally measured values at the corre-

sponding matric potentials. The following error metrics are used: mean absolute

error (MAE), RMSE (Eq. 3.11), and % Error. MAE has the following formula:

MAE =

∑na

i=1 |pi − ai|
na

(3.12)

The % Error is expressed as:

% Error =

∑na

i=1 |pi − ai|∑na

i=1 |ai|
× 100 (3.13)
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In addition to predicting point-wise water contents, the PTFs can also esti-

mate the fitting parameters of the VG WRC model. These predicted parameters

can be used to build the entire WRC curve. Therefore, model performance can

also be evaluated by comparing the predicted WRC curves with those derived

from experimental data, providing a parametric perspective on accuracy. The

predicted WRC curves are evaluated using the same overall error metrics: MAE

(Eq. 3.12), RMSE (Eq. 3.11), and %Error (Eq.3.13).

3.6 Physics-informed neural network

3.6.1 PINN Algorithm

A typical PINN network consists of three building blocks: a neural network, a

physics-informed network, and a loss function (Figure 3.11). The neural network

on the left-hand side of Figure 3.11 is used to predict the value of the state variable

u(x, t) in the PDE. Then, the predicted u(x, t) is differentiated by an algorithmic

differentiation technique as shown on the right-hand side of Figure 3.11 to esti-

mate ut =
∂u
∂t
, ux = ∂u

∂x
, and uxx = ∂2u

∂x2 [262]. In a conventional soft-constraint

approach, a loss function Ltotal is calculated next to assess the extent to which

the current solution satisfies the differential equation and initial and boundary

conditions:

Ltotal = wILI + wBLB + wRLR, (3.14)

where LI is the loss term for the initial condition, LB is the loss term for the

boundary conditions, LR is the loss term for the PDE constraint, wI , wB and wR

are weights in the loss function. The mean squared error (MSE) is commonly

selected as a loss function. Then, the total loss LTotal is used as a penalty term

to optimise the neural network. Designating the set of weights and biases in each

neuron of the neural network as η, the formula for the η optimisation can be

written as:
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η̂ = argmin
[
Ltotal(η)

]
, (3.15)

where η̂ is the optimised parameter collection of the neural network. After η

is optimised, the trained network can simulate the complex physics that the PDE

represents.

Figure 3.11: Structure of a typical, soft-constraint PINN network

3.6.2 Soft and Hard Constraints and Distance Functions

As mentioned earlier, during the training process of a traditional PINN, the BC

and IC of the problem are not strictly enforced but rather included in the loss

function as terms to be minimised, hence treated as soft constraints. However,

previous studies have shown that the contribution and significance of each residual

term can become skewed during the optimisation process, with the loss associated

with some components remaining high [207]. Adjusting the weights of the three

components to balance their influence can be difficult, as there is no universal

rule for selecting optimal weights to achieve desired accuracy and convergence

[207, 263, 264]. Instead, an empirical trial-and-error process is followed, which is

highly specific to each case and problem setup.
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To address this problem, an alternative approach has been proposed in the

literature which consists of strictly enforcing the BC and/or IC, and the method

is referred to as hard-constraint (HC) PINN [208, 265]. The implementation of

an HC PINN is illustrated in Figure 3.12. An additional HC module is inserted

between the neural network and physics-informed modules that ensures the con-

straints are enforced.

Figure 3.12: The structure of PINN with hard constraint

Mathematically, the transformation in HC layer can be expressed as follows.

For an IC:

û(x, t) = u∂t(x, 0) + l(t)NN(x, t; η) (3.16)

And, for a Dirichlet-type BC:

û(x, t) = u∂Ω(x, t) + l∂Ω(x)NN(x, t; η) (3.17)

where u∂t(x, 0) is the user-specified value of the IC at any coordinate (x, 0),

u∂Ω(x, t) is the user-specified BC, l(t) and l∂Ω(x) are the distance functions for

the IC and BC, respectively. The distance function is an important component

of an HC framework. Its primary role is to ensure that the solution at initial and

boundary points remains unaffected by the neural network’s output, enforcing

exact solutions at these locations. This function also allows the neural network
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to represent the results at all other points while maintaining the specified values

at the initial and boundary conditions. The most stringent distance function that

meets these two requirements [195] is:

l(t) =


0 if t = 0

1 otherwise

(3.18)

l∂α(x) =


0 if x ∈ ∂Ω

1 otherwise

(3.19)

However, Eq. 3.18 and Eq. 3.19 cannot be used as distance functions in prac-

tice because they are not differentiable everywhere, a key requirement across the

entire neural network to allow optimisation. So far, to the best of the authors’

knowledge, only linear distance functions have been used in HC-PINN implemen-

tation reported in the literature. The linear distance function for initial conditions

can be defined as:

l(t) =
t− tmin

tmax − tmin

(3.20)

where tmin [T] and tmax [T] are the minimum and maximum time, respectively.

For Dirichlet-type BC:

l∂Ω(x) =

(
x− a

b− a

)ia (b− x

b− a

)ib

(3.21)

where Ω = [a, b] with a [L] and b [L] as the coordinates of the points at which

the two BCs are applied, ia (ib) is a switch set to 1 if a Dirichlet BC applies at

boundary x = a (x = b) and zero otherwise. In the case where ia = ib = 0, Eq. 14

yields 1 but this is irrelevant since, in this case, no Dirichlet BC applies at either

end, and the hard constraint equation no longer applies.

A linear distance function seems the simplest form complying with differ-

entiability requirements, but other functions are possible. While this has been
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recognised by some researchers (e.g., [195]), no attempt to date has been made

to implement non-linear functions [211, 212, 265]. In this study, two other forms

are tested, logarithmic and exponential, in order to assess their effects on the

accuracy of HC-PINN predictions. The general forms of the equations considered

here are given in Table 3.4. The exponential distance function is especially per-

tinent for ADE problems, given that analytical solutions of simple forms of the

equation are exponential in nature.

Table 3.4: Distance functions investigated in this study (αt > 0 and αx > 0 are
shape parameters for IC and BC distance functions, respectively; ia/ib are 1 or 0
depending on whether the BC at points a/b is Dirichlet-type or not).

Name Equation l(t) or l∂α(x)

Initial Conditions
Distance Function

l(t)

Linear:
t− tmin

tmax − tmin

Logarithmic: logat

(
1 +

t− tmin

tmax − tmin

)

Exponential: 1− e
−at

 t− tmin

tmax − tmin



Boundary
Conditions

Distance Function
l∂α(x)

Linear:

(
x− a

b− a

)ia (b− x

b− a

)ib

Logarithmic:[
logax

(
x− a

b− a
+ 1

)]ia [
logax

(
b− x

b− a
+ 1

)]ib

Exponential:
(
1− e−ax

x−a
b−a

)ia (
1− e−ax

b−x
b−a

)ib

Neumann-type boundary conditions are more difficult to impose as HC be-

cause they are a function of a gradient term at the boundary, a variable not

directly generated by the neural network. Hence, in this study, Dirichlet-type

BCs are imposed as hard constraints, while Neumann-type BCs are included in

the loss function as soft constraints.
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3.6.3 Sampling Mechanisms

In a data-driven machine learning method, the quality of data plays an important

role in the training performance as discussed in section 3.4.1 and 3.5.1. Although

PINNs are not purely data-driven methods, their training quality also depends on

how effectively the underlying physical laws are enforced across the domain. To

ensure accurate enforcement of these laws, sampling of collocation points becomes

a critical factor contributing to the success of PINN-based approaches [205, 266].

Since the introduction of PINNs, sampling strategies have received significant

attention from researchers due to their strong influence on model performance.

Broadly, these methods can be classified into two main categories: fixed sampling

approaches, where collocation points remain unchanged during training, and re-

sampling (including adaptive resampling) approaches, where points are updated

after certain training intervals. These two categories are discussed next.

Fixed Sampling

The fixed sampling strategy involves generating a set of collocation points prior

to training, which remain unchanged throughout the entire training process. This

approach is widely adopted in the PINN research community due to its simplicity

and ease of implementation. The two most commonly used methods for fixed

sampling are equi-spaced uniform grids and uniformly random sampling [2, 239,

267, 268, 269]. Their definitions are as follows:

• Equi-spaced Uniform Grid: The domain is divided into evenly spaced

intervals along both the spatial and temporal dimensions, forming a struc-

tured grid. The sampled collocation points are located at the intersection

points of this grid. If the domain is one-dimensional, the collocation points

are equally spaced points between the boundaries.

• Uniformly Random Sampling: Collocation points are generated by

drawing samples from a continuous uniform distribution over the domain,
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meaning that every location within the domain has an equal probability

of being selected. For example, in PyTorch (a machine learning library in

python) [270], to generate Nc collocation points over a 1D domain [a, b], the

following expression can be used:

xc = a+ (b− a)× torch.rand(Nc, 1) (3.22)

xc is the collocation points collection, torch.rand(Nc, 1) generates a tensor

of shape (Nc, 1) containing Nc random values sampled from the range [0, 1].

This function produces Nc points that are independently distributed over

the interval [a, b].

In this thesis, uniformly random sampling is selected as the primary strategy

for generating collocation points. This method is widely adopted as the standard

choice in the PINN literature [271, 272, 146], and was originally introduced by

Raissi et al. [2, 11] in their papers that proposed PINN framework. Since then,

it has been adopted in the majority of subsequent studies due to its simplicity,

flexibility, and effectiveness in capturing general solution features across a variety

of problems. Equi-spaced uniform grids have also been explored in some later

works and have shown good results in specific cases [269, 273, 274]. However,

many studies have pointed out that this sampling method is only suitable for

those cases with smooth solutions. It performs poorly when the target solution

exhibits sharp gradients in their solution [239, 274]. Other sampling techniques,

such as Latin Hypercube Sampling (LHS) [264], have also been introduced to im-

prove coverage of the domain. However, these methods are less commonly used in

the PINN literature, and current empirical results have not demonstrated signifi-

cant performance advantages over more conventional strategies such as uniformly

random sampling [239]. For these reasons, this thesis adopts uniformly random

sampling as the baseline sampling strategy.
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Adaptive Resampling

Adaptive resampling uses the residual information during training to identify re-

gions with higher errors. At certain training intervals, a fraction of the collocation

points is replaced, allowing the sampling distribution to gradually shift towards

areas with larger errors. This enables the model to allocate more computational

resources to better approximate these challenging regions.

Two adaptive resampling methods are tested in this study. The first method

explored is the residual-based adaptive refinement (RAR) method [237, 145, 275].

RAR aims to increase the collocation points coverage in regions with large PDE

residuals. While many RAR implementations achieve this by continuously adding

new points to high-residual regions, the method proposed by Zapf et al. [237]

maintains a fixed number of collocation points throughout training in order to

control computational cost while achieving comparable accuracy. The approach

adopted in this study follows the same principle, but with some modifications. Af-

ter each training stage, the PDE residuals are evaluated at all current collocation

points. A proportion of collocation points with the highest residuals is retained,

while the remaining points are replaced by new samples drawn uniformly from

the entire spatial-temporal domain. The algorithm is shown as follows:

Algorithm 1 Residual-Based Adaptive Refinement Algorithm. Adapted from
the method in [237], with modifications applied in this study.

1: Uniformly sample Nc collocation points from the domain to form the initial
training dataset Tinitial.

2: Train the PINN for a predefined number of iterations.
3: repeat
4: Evaluate the PDE residuals |Ri| at each collocation point.
5: Retain the top Nkeep = k1Nc points with the largest residuals to form Tkeep.

6: Uniformly resample Nresample = (1− k1)Nc new points from the domain to
form Trand.

7: Update the collocation set: Tnew = Tkeep ∪ Trand.
8: Train the PINN for a predefined number of iterations.
9: until The maximum number of iterations is reached.

In Algorithm 1 described above, two special cases can be identified. When

k1 = 0, full replacement is implemented, where all collocation points are resam-
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pled without considering the residual information. In this case, the residual hot

spots do not influence the sampling strategy. Resampling is conducted only to

update the training dataset and prevent excessive dependence on a fixed set of

collocation points. The other special case is when k1 = 1, in which no resam-

pling is performed and the entire training process relies on a single, fixed set of

collocation points.

The second method examined in this study is a probability-based resampling

strategy, which is referred to as the residual-based adaptive distribution (RAD)

method in some publications [210, 236, 238]. In this approach, the probability

of sampling each point is determined based on its residual value and can be

expressed as:

p(x, t) ∝ εk2(x, t), (3.23)

where ε(x, t) denotes the point-wise PDE residual, and k2 is a resampling

scaling factor that controls the sharpness of the probability distribution. Larger

values of k2 amplify the contribution of high-residual points, thereby increasing

the density of resampled points in regions with larger residual errors. Because

the resampling is based on probability, this adaptive strategy enables the model

to focus more on difficult regions with higher residuals, while still maintaining

a certain level of global coverage across the entire domain. In this study, the

resampling procedure is performed every 5000 epochs and continues until either

the maximum number of training epochs is reached or the model converges. To

investigate the influence of the scaling factor on model performance, five different

k2 values (0.5, 1, 1.5, 2, 2.5) are tested. The detailed algorithm of the RAD

method is presented as follows:
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Algorithm 2 Residual-based Adaptive Distribution (RAD), adapted from [210,
236, 238]

1: Uniformly sample Nc collocation points from the domain to form the initial
training dataset Tinitial.

2: Train the PINN for a predefined number of iterations.
3: repeat
4: Evaluate the PDE residuals ε(xi, ti) at each collocation point.
5: Compute the sampling probability for each point according to:

p(xi, ti) =
εk2(xi, ti)∑Nc

j=1 ε
k2(xj, tj)

where k2 ≥ 0 is the resampling scaling factor.
6: Resample Nc new collocation points according to the probability distribu-

tion p(xi, ti) to form Tnew.
7: Replace the collocation set with Tnew.
8: Train the PINN for a predefined number of iterations.
9: until The maximum number of iterations is reached.

3.7 PINN for Advection-Diffusion Equation

3.7.1 Governing Equation

A general form of the one-dimensional version of the ADE and its initial and

boundary conditions can be written as [276]:

ut +Nx[u] = 0, x ∈ Ω, t ∈ [0, tlim], (3.24)

Nx[u] = −∇ · (D∇u) +∇ · (vu), (3.25)

fx[u] = −D∇u+ vu, (3.26)

u(x, 0) = h(x, 0), x ∈ Ω, (3.27)

γ · u(x, t) + δ · ∇u(x, t) = g(x, t), x ∈ ∂Ω & t ∈ [0, tlim]. (3.28)

where x [L] is a space coordinate in the interval [a,b] with Ld = b − a, t [T]

is a temporal coordinate, Ω is a spatial domain, ∂Ω is the boundary of Ω, tlim

is the upper bound of time, Nx[u] is the spatial differential operator, u [M.L−3]

is the state variable that denotes contaminant concentration in transport prob-

lems, ut [M.L−3.T−1] is the first-order time derivative of u, D [L2.T−1] is the

hydrodynamic dispersion coefficient, v [L.T−1] is the advection coefficient, h(x, 0)
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and g(x, t) represent the initial and boundary conditions, respectively. γ and δ

are coefficients that control the boundary behaviour. When γ = 1 and δ = 0,

the condition reduces to a Dirichlet-type boundary condition. When γ = 0 and

δ = 1, it becomes a Neumann-type boundary condition. The steady-state version

of the ADE can be obtained by setting the first term on the left-hand side of

Eq. 3.24 to zero. Note that, although the ADE carries the term “diffusion” but

not “dispersion”, it is understood throughout this thesis that D in the equation

is the hydrodynamic dispersion coefficient which incorporates the effects of both

molecular diffusion and mechanical dispersion.

3.7.2 ADE under Unsaturated Conditions

In contrast to saturated conditions that the soil pore space is filled with water, the

pore space in unsaturated soil is only partially filled. ADE under unsaturated soil

conditions is different from its saturated version due to the varied dynamics across

the entire domain. The governing equation of solute transport by considering the

varied water content in unsaturated soil is expressed as [277]:

∂(θu)

∂t
=

∂

∂x

(
θDeff

∂u

∂x

)
− ∂(qu)

∂x
(3.29)

where Deff is the effective dispersion coefficient, q is the water flux in the x di-

rection, and the water flux information can be determined from the simulation of

the water movement in unsaturated soil with RRE. The effective dispersion coef-

ficient comprises two components: mechanical dispersion and molecular diffusion.

Deff can be expressed as [278, 279]:

Deff = DL · |q|
θ

+Dm · τ(θ) (3.30)

where DL is the longitudinal dispersivity coefficient, Dm is the molecular

diffusion coefficient, and τ(θ) is the tortuosity factor which is given as τ(θ) = θ10/3

θ2s

[279]. In this thesis, the molecular diffusion coefficient Dm is assumed to be
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neglected because the focus of this study is on solute transport processes primarily

contributed by advection and mechanical dispersion, both of which are mainly

driven by water flow.

3.7.3 Implementation and validation of PINN for ADE

The algorithms described above are implemented in Python. Early stopping

is employed in training with a patience value of 20 adopted (i.e., training was

stopped when no decline in loss was recorded over 20 consecutive epochs). The

choice of patience value is a compromise between adequate fitting, the need to

reduce the risk of overfitting (the model becoming too tailored to the training

data and hence losing some generalisability) and computational economy.

For validation, both steady-state and transient ADE problems, with both

Dirichlet and Neumann boundary conditions, are considered, as shown in the

three case problems described in Table 3.5. In each case, predictions of the pro-

posed PINN algorithm are compared to those of the reference solutions, either

analytical closed-form solutions or solutions derived from numerical solvers, with

sources shown in Table 3.5. The performance of HC-PINNs under various distance

functions described above, are compared to each other and to that of traditional

soft-constraint PINN, under low and high-Peclet number conditions. Note that

the four problems shown in Table 3.5 all assume saturated conditions for simplic-

ity. However, the unsaturated version of the ADE, with Deff and v varying in

time and space, will be used in solving the coupled problems, as described later

in this chapter.

To evaluate the global performance of the proposed model, three commonly

used error metrics are employed: MAE (Eq. 3.12), RMSE (Eq. 3.11), and the

Coefficient of Determination (R2). These metrics provide quantitative insights

into the accuracy and reliability of the model’s predictions. MAE offers a direct

measure of the average absolute difference between predicted and actual val-

ues. RMSE incorporates squared differences, which penalise larger errors more
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Table 3.5: Problems simulated with PINN

severely. Lastly, R2 quantifies how well the predictions approximate the actual

data by comparing model variance to the total variance in the data. R2 is shown

as follows:

R2 = 1−
∑na

i=1(pi − ai)
2∑na

i=1(pi − ā)2
(3.31)

To quantify the point-wise error at random locations within the domain, two

additional local metrics are used: Point-Wise Absolute Error (PWAE) and Point-

Wise Absolute Percentage Error (PWAPE). These metrics provide a more de-

tailed, location-specific evaluation of model performance. PWAE measures the

absolute deviation at each point, while PWAPE expresses this deviation as a per-

centage of the actual value, allowing for better interpretability and comparison

across scales. The equations for these metrics are:

PWAEi = |pi − ai| (3.32)

PWAPEi =
|pi − ai|
|ai|

(3.33)

58



3.8 PINN for Richard’s Equation

3.8.1 Governing Equation

The Richards Equation is derived from the continuity equation and Darcy’s law.

The mass balance of water in a controlled volume of soil can be written as [225]:

∂θ

∂t
= −∇ · q (3.34)

where θ [L3L−3] is the volumetric water content of the soil, t [T] is the time

variable, and q [LT−1] is the water flux. The water flux term in Eq. 3.34 can

be derived from Darcy’s law under unsaturated conditions, and in this case, soil

hydraulic conductivity is dependent on the water content in the soil. The water

flux is expressed as:

q = −K(θ) · ∇H (3.35)

where K(θ) [LT−1] is the unsaturated hydraulic conductivity as a function of

the volumetric water content of the soil, and H [L] is the total pressure head.

Using the relationship in Eq. (3.35) to replace the water flux term in Eq. 3.34,

the Richards Equation can be written as:

∂θ

∂t
=

∂

∂x

[
K(θ)

(
∂h(θ)

∂x
+ 1

)]
(3.36)

where x [L] is the soil depth, and h(θ) [L] is the soil water pressure head,

which is dependent on the volumetric water content of the soil. As shown in

Eq. 3.36, the solution of the Richards Equation requires the specification of the

WRC (h(θ)) and HCF (K(θ)). In this study, the widely used Van Genuchten

WRC model and the Van Genuchten-Mualem HCF model are implemented (see

Eq. 3.5 and Eq. 3.6).
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3.8.2 Implementation of PINN solution for RRE

The overall structure of the PINN algorithm is illustrated in Figure 3.13. A hard

constraint module is incorporated between the neural network and the PDE loss

function, transforming the conventional soft-constraint framework into a hard-

constraint formulation. To investigate potential improvements over the baseline

model, three adaptive resampling strategies discussed in section 3.6.3 are imple-

mented and evaluated. The performance of each PINN variant developed in this

study is assessed in comparison with the conventional soft-constraint PINN.

In the hard-constraint formulation, the feedforward neural network outputs

the pressure head h(θ). The boundary and initial condition residuals are exactly

satisfied, so the total loss consists only of the PDE residual. In RRE, the distance

function used is the linear one for the spatial domain, and an exponential one with

a shape factor αt = 100 is used for the temporal domain. Since Eq. 3.36 depends

on θ and K(θ), the network output h(θ) is used to compute these variables via

the Van Genuchten WRC and Van Genuchten-Mualem HCF models, defined

in Eq. 3.5 and Eq. 3.6, respectively. The corresponding derivatives are then

calculated to evaluate the PDE residual, given by:

LPDE =
∂θ

∂t
− ∂

∂x

[
K(θ)

(
∂h(θ)

∂x
+ 1

)]
(3.37)
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Figure 3.13: Model implementation flowchart, including hard constraint and
adaptive resampling.

3.8.3 Model Evaluation

A test case study, shown in Figure 3.14 is used to assess the performance of the

various PINN algorithms explored in this paper. PINN predictions are compared

to a generalised analytical solution for this problem developed by Warrick et al.

[280] and detailed in Appendix B.

The PINN solution and sensitivity analysis results are compared with the

generalized solution provided by Warrick et al. [280], as stated in the previous

section. We selected twelve time steps ranging from 0.5 to 6 days (∆t = 0.5).

At each time step, predictions of the analytical solution and PINN solver are

compared at three reference volumetric water content levels (0.24, 0.31, and 0.38),

hence a total of 36 observation points (3 points per time step).

The absolute error (AE) at each observation point is defined as:
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Figure 3.14: RRE test case

AE(θi,j) = |xpred(θi,j)− xtrue(θi,j)| (3.38)

where i is the time step number (1 ∼ 12), j is the observation index within

each time step (1 ∼ 3), θi,j is the reference water content at observation point

(i, j), xpred is the depth predicted by the PINN model, and xtrue is the target

value from the analytical solution. To evaluate the overall model performance, a

global %Error (Eq. 3.13) is used.

However, a limitation of the analytical solution incorporated in this study is

that it cannot capture the sharp gradient near the wetting front. To address

this limitation, the PINN predictions are also compared against a FEM solution

obtained using HYDRUS software [281]. The FEM solution is first evaluated at

the same observation points used in the analytical comparison to verify its consis-

tency with the analytical results under a conservatively refined FEM mesh. Once

a strong agreement is achieved between the FEM and analytical values at these
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reference points, the FEM solution is used as an additional benchmark to assess

the performance of the PINN model near the wetting front. This comparison

helps to determine whether the PINN model can replicate the sharp transitions

at the wetting front.

3.9 Coupled Water Flow and Solute Transport by PINN

The final part of the methodology in this thesis brings together three key devel-

opments described earlier to illustrate how machine learning can be used to solve

the coupled problem of water flow and solute transport in unsaturated soils.

Parameters of the WRC and HCF are first predicted by the neural network

PTF from soil data input. Next, the WRC parameters are provided as part

of the input to the RRE PINN solver, alongside geometry, saturated hydraulic

conductivity, saturated and residual water content, and initial and boundary con-

ditions to the water flow problem. Finally, the distribution in time and space of

the seepage velocities and water content is used as part of the input to the un-

saturated version of the ADE (Eq. 3.29) to solve the solute transport problem.

Additional inputs include the diffusion coefficient, dispersivity (both dependent

on water content), and the saturated volumetric water content. Figure 3.15 de-

scribes the combination of machine learning components solving the problem.

All of the components shown in Figure 3.15 have already been described earlier

in this chapter. However, the PINN solver of the ADE has been presented in a

saturated soil context. Modification of the ADE hence needs to be made to cater

for unsaturated problems as described in Section 3.7.2.

The individual components of the coupled system (Figure 3.15) have been

systematically evaluated from Chapters 4 to 7. For the coupled analysis, the focus

is to assessing the performance of the integrated system as a whole. To this end,

results predicted by the coupled system are compared against those generated

by using the numerical solver Hydrus-1D. This comparison serves to evaluate the

level of agreement between the machine learning approach and traditional FEM
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numerical modelling techniques.

Figure 3.15: The Flowchart that illustrates the one-way coupling mechanism
between RRE and the unsaturated ADE. The chart also incorporates a WRC-
PTF model to allow users to predict WRC when needed.
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Chapter 4

Water Retention Curves Prediction for all soil types

4.1 Overview

This chapter presents the evaluation of the newly developed PTF-based neural

network models for predicting WRC using both SNN and DNN. The models are

trained and tested using datasets from UNSODA 2.0 and include various combi-

nations of easy-to-measure soil properties as input variables. The performance of

the models is systematically assessed across a wide range of model architectures

and input combinations, addressing the limitations of previous PTF studies.

The results are organised as follows: first, the correlation between various

input parameters and WRC outputs is examined. Next, the performances of dif-

ferent activation functions are compared. The study then evaluates and compares

the predictive capabilities of both SNN and DNN structures across 13 different

models (M1 to M13). Subsequently, the influence of individual input variables

such as dry density, porosity, specific gravity, depth, and organic content on model

accuracy is systematically analysed. Finally, the performance of the best models

is benchmarked against existing PTF-ANN models reported in the literature.

4.2 Binary Correlations between Input and Output Vari-

ables

Table 4.1 shows the correlation matrix r between all considered input variables

and output data (volumetric water content) in the dataset used in this study. It

is widely accepted that an r value exceeding 0.7 signifies a very strong correlation,

while a value between 0.4 and 0.7 reflects a moderate to strong correlation ranging

65



from strong to moderate. The presence of a plus (+) or minus (–) sign indicates

whether the correlation is positive or negative, respectively. As expected, the

table shows that soil texture data (% sand, % silt, % clay) and dry density

correlate more strongly with the output than other input variables. The soil

sample depth correlates least with volumetric water content (r = −0.041).

Note that the presence of multicollinearity in the data (especially caused by

the presence of three texture variables) has already been discussed in section 3.4

and the rationale for keeping all three texture variables presented.

Table 4.1: Correlation matrix for input variables and output data; the output
data is volumetric water content.

4.3 Performance of Activation Functions

Table 4.2 summarises the performance of four candidate activation functions con-

sidered in this study. ReLU and Leaky ReLU demonstrated a reduced RMSE

compared to Sigmoid and Tahn in predicting WRC. The model built with Leaky

ReLU, as a modification of ReLU, has a lower RMSE value of 0.042 m3m−3 com-

pared with the model built by ReLU (0.051 m3m−3). This finding agrees with

results reported by Xu et al. [282] and Dubey and Jain [283]. In the rest of this

chapter, Leaky ReLU activation function with a carefully tuned slope value is
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selected to develop the SNN-PTF and DNN-PTF models.

Table 4.2: Evaluation of the suitability of activation functions for WRC estima-
tion by using SNN-PTF model. The input parameters considered here are those
for M2, i.e., soil texture data (%sand, %silt, %clay) + dry density.

Activation Function Testing
MSE RMSE

Sigmoid 0.0041 0.064
Tahn 0.0042 0.065
ReLU 0.0026 0.051
Leaky ReLU 0.0018 0.042

4.4 Overall Models Performance

The relationships between predicted volumetric water content (m3m−3) and tar-

get volumetric water content (m3m−3) of the training dataset are shown in the

form of scatter plots (Figure 4.1) and correlation coefficients (Table 4.3). Most

models have an r value (Eq. 3.10) greater than 0.9 except SNN-PTF-M1, M3 and

DNN-PTF-M1, and these three exceptions still have r values greater than 0.86.

Scatter plots in Figure 4.1 illustrate the good agreement between prediction and

measurement.

Table 4.3: Binary correlation coefficient (r) between predicted volumetric water
content (m3m−3) and target volumetric water content (m3m−3) evaluated by the
testing dataset for both SNN-PTF and DNN-PTF at all 13 models.

Inputs SNN-PTF DNN-PTF Inputs SNN-PTF DNN-PTF
M1 0.869 0.884 M8 0.926 0.954
M2 0.954 0.925 M9 0.952 0.944
M3 0.869 0.941 M10 0.940 0.936
M4 0.945 0.918 M11 0.942 0.941
M5 0.952 0.955 M12 0.951 0.961
M6 0.952 0.936 M13 0.910 0.933
M7 0.945 0.916
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Figure 4.1: Scatter Plots of the testing dataset’s predicted volumetric water con-
tent (m3m−3) against target volumetric water content (m3m−3). Legends in each
subfigure indicate the scatter plot of SNN and DNN of models M1 to M13.
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4.5 Deep versus Shallow Neural Networks

Table 4.4 shows the performance evaluation of SNN-PTF and DNN-PTF for 13

models from M1 to M13. Taking the RMSE of testing dataset as a criterion

of accuracy, Table 4.3 shows that DNN-PTF has lower RMSE (Eq. 3.11) values

than SNN-PTF by more than 24% in four models (M3, M8, M12, M13) and by

less than 4% in another two (M1 and M5). The largest improvement is obtained

for M12, when texture and porosity are adopted as input variables, with a 32%

reduction in RMSE of the testing dataset when shifting from SNN to DNN.

On the other hand, SNN-PTF performs better in seven out of thirteen models.

However, only in three of these seven models, does SNN-PTF achieve an RMSE

that is more than 20% lower than its corresponding value for DNN-PTF. Hence,

whether improvement in accuracy can be achieved by shifting from SNN to DNN

depends on the specific set of input variables chosen, even when using the same

dataset.

4.6 Influence of Input Variables

Table 4.4 and Table 4.5 provide insights into the effect on prediction accuracy of

introducing different input variables by comparing models M1 to M13. The base

case is model M1 which includes only three texture parameters as input, with

different input variables added in different models from M2 to M13. Table 4.5

lists 17 pairs of models for which the only difference is the addition of a single

variable. For example, the only difference between M1 and M2 is the addition

of dry density to the latter; hence, a comparison of the performances of these

two models provides some evidence for the importance of this particular input

variable in predicting WRC.

Comparing models M1 and M2, the RMSE value of SNN-PTF drops from

0.069 to 0.042 m3m−3 (38.5% Improvement), and the value for DNN-PTF drops

from 0.066 to 0.054 m3m−3 (19.2% Improvement) when evaluated for the testing

dataset. In fact, model M2 performs significantly better than M1, in training
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Table 4.4: Root mean squared error (RMSE: m3m−3) for SNN-PTF and DNN-
PTF for training and testing datasets.

and testing, in both SNN and DNN, hence highlighting the importance of dry

density as a predictor of water retention behaviour. This trend is also evidenced

by comparing models M13 and M5, whereby the inclusion of dry density leads to a

36% and 16.5% performance improvement for testing datasets of SNN and DNN,

respectively. This finding agrees with those reported by Schaap and Bouten [148],

and Rastgou et al. [155]. Haghverdi et al. [164], on the other hand, did not find

a significant advantage in using dry density. However, in a later study, also led

by Haghverdi, but using a different dataset, the introduction of dry density was

found to lead to a significant improvement in accuracy [258].

Table 4.4 and Table 4.5 show that the picture is more mixed when dry den-

sity is added to models that include porosity as part of the input variables (M12

to M3 and M13 to M5). Improvements are found when moving from M13 to
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M5, for both testing and training in SNN, but only for the testing dataset for

DNN. On the other hand, moving from M12 to M3 increases the RMSE of SNN

and DNN, for both training and testing, i.e., lowering prediction accuracy. The

strong predictive power of dry density and porosity in relation to WRC is con-

sistent with fundamental mechanisms. Changes in dry density or porosity are

indicators of soil structural change [284, 285, 286, 287, 288]. From a microscopic

perspective, matric potential arises from the tensile capillary forces in the liq-

uid bridges between soil particles. Soil densification process shortens the liquid

bridges and leads to an increase of the capillary force [289]. Therefore, if the

soil is compacted, the same level of matric potential can be obtained with fewer

liquid bridges. At the macroscopic scale, soil densification reduces the total pore

volume, and the relative fraction of small pores becomes larger in the pore-size

distributions [290]. This macro-scale change typically leads to a decrease in soil

water content at any given matric potential [291, 292].

Conversely, Table 4.5 also shows that the addition of porosity to the list of

input variables yields a significant improvement in prediction accuracy in both

SNN and DNN, for training and testing datasets, provided dry density is not

included in the input variables (M1, M12 and M13). However, when dry density

is included, adding porosity does not generally yield improvements (M2 to M3,

M8 to M5, M7 to M4 and M9 to M6). In fact, Table 4.4 shows that the best-

performing shallow and deep PTFs are models SNN-M2 and DNN-M12 with

RMSEs of 0.042 m3m−3 (SNN-M2) and 0.039 m3m−3 (DNN-M12). Models M2

and M12 differ from the base model M1 (3 texture variables as the only input,

in addition to suction) by adding one input variable, namely dry density for M2

and porosity for M12.

Concerning specific gravity, Table 4.5 shows no clear pattern concerning the

benefits, or lack thereof, of adding it to the list of input variables. Depth, on

the other hand, seems to add to the accuracy of prediction in DNN-PTF but

not SNN-PTF. This may be due to the ability of DNN to capture more complex
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data relationships, compared to SNN. Soil sample’s depth can affect the soil’s

overburden stress, leading to different porosities which may affect the shape of

the WRC when expressed in terms of volumetric water content [293]. However,

in the datasets under consideration, depth ranges between 0 and 325cm and a

stronger relationship between depth and WRC may emerge if data with a wider

range of depth is considered, reflecting deeper soils with higher overburden stress.

Finally, organic content can affect soil particle size distribution, soil porosity,

hydraulic conductivity, and soil strength [6]. Including organic content as an input

variable in this study, seems to improve the prediction of the training dataset but

has the opposite effect on the testing dataset. This may be due by data overfitting

caused by the large number of samples with missing values of organic content in

the overall dataset, with models containing OM (M6, M8 and M11) as an input

variable, reduced to around 700 points, from over 1000 for all other models.

4.7 Comparison with PTF in the Literature

The best performing PTF in this study, based on RMSE of testing data, is DNN-

M12 (RMSE=0.03914 m3m−3) which takes soil texture and porosity as input

variables. SNN-M2, using dry density instead of porosity as input, is the sec-

ond most accurate model, with an RMSE of 0.042 m3m−3. Table 4.6 compares

the performances of these two models to those of PTF-WRC published in the

literature, as evaluated by RMSE of testing data. Different studies use differ-

ent databases and different sizes of training and testing datasets which limits

the value of the comparison. In addition, it is not always possible to compare

the sizes of the datasets as some studies only report the number of soil samples,

rather than the number of data points, used in building the models. Nevertheless,

Table 4.6 shows that the RMSE reported for the two best-performing models in

this study compares favourably with those published in the literature.
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Table 4.5: Percent difference in RMSE between pairs of models; a negative differ-
ence indicates an improvement in performance by moving from “model without”
to “model with”; each row shows a pair of models in which the only difference is
the addition of the variable in question (e.g., the only difference between models
M4 and M5 is the addition of depth as input parameter in the latter, as is the
case for M7 and M8 and for M2 and M10).
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Table 4.6: Comparison of performance of best ANN model developed in this study to models published in the literature evaluated by
RMSE m3m−3 of testing dataset (HC = heat capacity, FSI = Free swelling index).

Model Algorithm PTF
Type

Input Vari-
ables

RMSE Dataset Size

SNN-M2 ANN with
Leaky ReLU

Continuous %Clay, %Silt,
%Sand, DD

0.042 3217 training data points and 122 testing data
points, the dataset is extracted from UNSODA

DNN-M12 ANN with
Leaky ReLU

Continuous %Clay, %Silt,
%Sand, PO

0.039 1277 training data points and 122 testing data
points, the dataset is extracted from UNSODA

Schaap et al. [149]
Model 1 ANN %Clay, %Silt,

%Sand
0.076 UNSODA dataset is used for model develop-

ment
Model 2 ANN Parametric

%Clay, %Silt,
%Sand, DD

0.068 UNSODA dataset is used for model develop-
ment

Bayat and Zadeh [6]
Model 1 ANN %Clay, %Silt,

%Sand, DD
0.036 98 training samples and 50 testing samples,

samples are collected from six provinces of Iran
Model 2 ANN Parametric

%Clay, %Silt,
%Sand, HC

0.038 98 training samples and 50 testing samples,
samples are collected from six provinces of Iran

Javanshir et al. [294]
Model 1 ANN %Clay, %Silt,

%Sand, DD
0.047 90 training samples and 40 testing samples,

samples are collected from five provinces of Iran
Model 2 Regression Parametric

%Clay, %Silt,
%Sand, DD

0.049 90 training samples and 40 testing samples,
samples are collected from five provinces of Iran

Model 3 ANN %Clay, %Silt,
%Sand, DD, FSI

0.043 90 training samples and 40 testing samples,
samples are collected from five provinces of Iran

Model 4 Regression Parametric
%Clay, %Silt,
%Sand, DD, FSI

0.048 90 training samples and 40 testing samples,
samples are collected from five provinces of Iran
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4.8 Summary

The performances of single (SNN-PTF) and double (DNN-PTF) hidden layer

ANN models using thirteen combinations of up to eight input parameters (in

addition to suction) have been compared. Differences in performance between

SNN-PTF and DNN-PTF are found to be significant in seven models, but which

of the two (SNN vs DNN) is more favourable is highly case-dependent. It is hence

recommended to give the freedom to the ANN model to exceed one hidden layer

when building WRC PTF, and to consider the number of hidden layers as an

additional hyperparameter to be tuned during model development. The study

has also found that, of the five input parameters added to texture, only porosity

and dry density yield a consistent and significant improvement in accuracy. In

fact, based on the dataset used in this study, models with texture variables and

only one of the two variables of porosity or dry density appear sufficient for

generating accurate predictions of WRC.

The above findings are based on a database of around 3200 points and are

hence inevitably limited by the breadth of data used. Indeed, other potentially

useful predictors, such as initial water content, soil mineralogy, cation exchange

capacity, wetting and drying paths, and method of soil compaction, could not be

explored here because of data limitations. For future studies, there is a need for

creating more comprehensive datasets from the literature. Specifically, further

enriching datasets with more data points, a wider range of values for variables

and additional potentially useful input variables are arguably the most effec-

tive measures for further improving the prediction accuracy of PTFs based on

neural networks. An extensive experimental literature on the water retention

curve exists in peer-reviewed journals. While some of the water retention data in

that literature can be found in databases such as UNSODA, much of it remains

undigitized and not yet fully exploited in PTF model building. This presents a

valuable opportunity in this space, provided digitised data undergoes strict qual-

ity assurance evaluation. Such evaluation is necessary because of the wide range
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of methods used to measure WRC in the laboratory and the different forms in

which this data is presented. In addition to the data-related limitations, an im-

portant architecture limitation must be acknowledged. The ANN models used in

this study are a type of implicit model that does not contain explicit interaction

terms between input variables. Therefore, any interaction can only be captured

indirectly, making it difficult to rank feature importance. In future research, in-

corporating feature importance ranking could add to our understanding of how

different soil properties contribute to WRC predictions with AI. Developments in

the interpretability tools of ANN, such as Shapley Additive explanations (SHAP)

method, can offer new insights and their application to WRC PTF estimation is

worth in future study.
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Chapter 5

Water Retention Curves Prediction for Clay Soil

5.1 Overview

This chapter presents the evaluation of a newly developed PTF-based neural

network model specifically trained on clayey soil datasets for predicting the WRC

of clayey soils. The performance of the ANN model trained exclusively on clayey

soil data (PTF-C1) is compared with that of a model trained on a broader dataset

(PTF-C2) containing various soil textures. Each PTF model consists of seven sub-

models, and each sub-model is used to estimate the water content at a predefined

matric potential. The evaluation is performed based on nine clay soil samples as

described in the methodology chapter.

The evaluation of the developed PTF models was conducted in three stages.

Firstly, the predictive performance of the sub-models (C1a to C1g for PTF-C1,

and C2a to C2g for PTF-C2), which estimate water content at seven predefined

matric potentials (6, 10, 33.3, 100, 200, 500, and 1500 kPa), was assessed. Sec-

ondly, for each PTF model, the predicted water contents at the seven predefined

matric potentials were used to fit the VG WRC model to obtain the correspond-

ing fitting parameters and generate the corresponding WRC. The fitted curves

were compared with the curve generated by directly fitting the experimental data

points to assess the overall performance of PTF models.
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5.2 Evaluation of Sub-model Predictions at Predefined

Matric Potentials

The performance evaluation for each sub-model is summarised in Table 5.1. The

table presents the MAE (Eq. 3.12), RMSE (Eq. 3.11), and % Error(Eq. 3.13)

for the prediction of each sub-model at its predefined matric potential. Overall,

the clay-focused PTF-C1 has lower errors across all metrics in 5 out of the 7

sub-models. In sub-models corresponding to 6 kPa and 500 kPa, PTF-C2 has a

slightly lower error than PTF-C1.

The mean %Error for PTF-C1 is 10.5%, while the error is 13.2% for PTF-C2.

PTF-C1 has approximately 20% lower errors than PTF-C2 among all assessment

metrics, MAE, RMSE, and %Error. It is also noticeable that the %Error of

PTF-C1 remain relatively stable across most matric potentials with a %Error of

10%. The only exception is at 100kPa, and the %Error is 13.2% for that case. In

contrast, PTF-C2 shows a much wider range of variation, with %Error ranging

from as low as 7% (at 6 and 500 kPa) to as high as 19.5% (at 33.3 kPa).

Table 5.1: Prediction errors of PTF-C1 and PTF-C2 models for water content
estimation at different matric potentials. MAE, RMSE, and %Error are reported
for each matric potential, along with the overall mean values.

Matric Potential (kPa)
MAE RMSE % Error

PTF-C1 PTF-C2 PTF-C1 PTF-C2 PTF-C1 PTF-C2

6 0.057 0.041 0.067 0.051 9.8% 7.0%

10 0.052 0.084 0.083 0.103 10.4% 16.8%

33.3 0.044 0.079 0.050 0.122 10.8% 19.5%

100 0.045 0.049 0.051 0.064 13.2% 14.4%

200 0.031 0.042 0.035 0.054 9.7% 13.3%

500 0.032 0.025 0.032 0.025 9.0% 7.0%

1500 0.024 0.025 0.031 0.032 9.4% 9.9%

Mean 0.042 0.052 0.062 0.086 10.5% 13.2%
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5.3 Estimation of van Genuchten Model Parameters Us-

ing PTF-Predicted Data

After assessing the prediction accuracy of individual sub-models, the predicted

water contents were further used to estimate the van Genuchten model parameters

through curve fitting as the model architecture shown in Figure 3.10. The VG

fitting parameters derived from PTF-C1 and PTF-C2 predictions are summarised

in Table 5.3, which also includes the reference parameters obtained by directly

fitting the experimental data. Using these parameters, the WRC can be built

based on the VG WRC model. Figure 5.1 presents the WRC predictions for the

first test sample. The figure includes three lines, two WRC curves generated from

PTF-C1 and PTF-C2, and one curve generated by direct fitting to experimental

data. The figure also shows the experimental data points and the predicted

water contents at the seven predefined matric potentials. As shown in the figure,

the fitting quality for each set of data is great, and the fitted curve can reflect

the trend that their associated data points present. Then, the two fitted curves

are compared with the reference curve. Both curves overestimate the saturation

water content, as indicated by the horizontal lines on the left. However, PTF-

C1 provides a better approximation of the air entry value, capturing the knee

of the curve more accurately. While both PTF-C1 and PTF-C2 perform well in

capturing the steep decline after air entry, they begin to deviate near the dry

end. In this region, both deviate from the residual water content, with PTF-C1

showing slightly greater deviation than PTF-C2.

Furthermore, the error of the fittedWRCs generated by the PTF-C1 and PTF-

C2 models from the reference curves obtained through direct fitting was evaluated

using MAE, RMSE, and % Error. These metrics were calculated based on the

fitted curves for each of the nine soil samples, and the results are summarised in

Table 5.3. The table also includes the average performance across all samples for

both models.

While PTF-C1 outperforms PTF-C2 in most cases with lower MAE and %Er-
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Table 5.2: Fitting parameters estimated for the nine test samples using PTF-
C1 and PTF-C2 predictions, together with the reference parameters obtained
by direct fitting of the experimental data. The percentage difference of each
predicted fitting parameters are also presented

ror, the RMSE values between the two PTF models are often quite similar. For

example, in Sample 5, PTF-C1 and PTF-C2 have MAE values of 0.055 and

0.086, respectively, reflecting a 35% relative improvement. However, the RMSE

values (0.580 vs. 0.560) are nearly the same, indicating similar deviation mag-

nitudes. From an overall perspective, the mean RMSE values of the two models

are nearly identical (0.546 vs. 0.534), but PTF-C1 achieves a lower mean MAE

(0.038 vs.0.052) and a lower mean %Error (10.0% vs. 13.6%). This indicates that

PTF-C1 shows an improved predictive performance than PTF-C2.
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Figure 5.1: Comparison of the fitted WRC from PTF-C1 and PTF-C2 with the
curve derived from direct fitting of experimental data points. The experimental
data points and the predicted water contents at seven predefined matric potentials
(6, 10, 33.3, 100, 200, 500, and 1500 kPa) for PTF-C1 and PTF-C2 are also
presented. *Note: The experimental data point at 500 kPa is unavailable for this
soil sample, so there are only six experimental data points.

Table 5.3: The accuracy of the fitted WRC for the PTF-C1 and PTF-C2 models.
MAE, RMSE, and %Error are presented for each of the nine soil samples, along
with the overall mean values.

Sample
MAE RMSE % Error

PTF-C1 PTF-C2 PTF-C1 PTF-C2 PTF-C1 PTF-C2

1 0.015 0.024 0.474 0.479 4.6% 7.3%

2 0.032 0.053 0.546 0.534 8.2% 13.7%

3 0.043 0.024 0.475 0.464 14.0% 7.9%

4 0.060 0.087 0.603 0.584 13.7% 19.9%

5 0.055 0.086 0.580 0.560 13.0% 20.2%

6 0.026 0.016 0.449 0.447 8.9% 5.3%

7 0.025 0.019 0.427 0.431 8.5% 6.4%

8 0.079 0.121 0.739 0.724 14.6% 22.3%

9 0.007 0.036 0.617 0.587 1.6% 8.6%

Mean 0.038 0.052 0.546 0.534 10.0% 13.6%
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5.4 Summary

This chapter developed and evaluated two PTF models to investigate whether

excluding non-clayey soils from the training dataset improves the accuracy of

ANN-based WRC predictions for clayey soils. Between the two PTF models

examined in this chapter, the PTF trained exclusively on clayey soil data (PTF-

C1) achieves over 20% improvement on average compared to the model trained

on a mixed-texture dataset (PTF-C2), in which only 10.7% of the samples were

clayey soils. The results highlight the advantage of using soil-type-specific train-

ing data. Although both models shared the same structure, the model trained

exclusively on clayey soils demonstrated better WRC prediction accuracy across

most evaluation scenarios, including both point-wise assessment at predefined

matric potentials and the overall fitting of the WRC curve. It must be acknowl-

edged that each empirical WRC model has its own domain of suitability. In this

study, the van Genuchten model is adopted to represent the hydraulic behaviour

of all types of soil. However, this empirical model is not suitable for all soil types,

preventing it from fully capturing the true hydraulic behaviour. Furthermore,

even in soils for which the van Genuchten model is considered most appropriate,

its fixed mathematical form inherently restricts the flexibility of the model and

introduces structural uncertainties to the fitting parameters. When these pa-

rameters are subsequently used in hydraulic modelling, the uncertainties in these

parameters will be propagated through the modelling process and may affect the

modelling outcomes. In future work, instead of selecting only one form of em-

pirical WRC model for all soil samples, automatically selecting the most suitable

empirical WRC model that best fit the specific soil characteristics may lead to

more reliable models.
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Chapter 6

Advection-Diffusion Modelling with Machine Learning

6.1 Overview

This chapter presents the evaluation of the newly proposed hard-constraint PINN

incorporating a Peclet-adjusted exponential distance function for solving the ADE

under both steady-state and transient conditions. The model’s performance is

systematically assessed across a wide range of Peclet numbers, including high

Pe scenarios that are particularly challenging for conventional PINN approaches

and traditional numerical methods. The evaluation is conducted under Dirichlet-

Dirichlet and Dirichlet-Neumann boundary conditions.

The results are organised as follows: first, the model is tested for steady-state

ADE problems with Pe ranging from 1 to 1,000,000, and the effects of differ-

ent distance function formulations are examined. An analysis of the optimised

shape factor and its relationship with Pe is also presented. Next, the model’s

performance is evaluated for transient cases under Dirichlet-Dirichlet boundary

conditions, including an investigation of shape factors in both spatial and tem-

poral domains. Finally, the model is assessed for transient Dirichlet-Neumann

problems to assess its predictive capability under mixed boundary conditions.

6.2 Case 1: Steady-State with Dirichlet-Dirichlet Bound-

ary Conditions

The ability of the three different types of distance functions associated with HC

to simulate case 1 was assessed in two stages. In the first stage, optimal values

of parameter αx for the exponential and logarithmic functions were determined.
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In the second stage, the performances of four versions of the PINN algorithm,

namely soft constraints and HC with linear, optimal exponential, and optimal

logarithmic, were compared. Figure 6.1 shows convergence histories (loss versus

epoch) of exponential and logarithmic functions for different values of αx, as well

as loss versus αx at different epochs, for Pe = 50 and Pe = 100. In addition, two

indicators are introduced to further quantify the speed of convergence of PINN

under different distance functions: E1 and E5, defined as the number of epochs

at which the loss function first drops below 1 and 5, respectively; the smaller E1

and E5, the faster the convergence. Figure 6.2 shows E1 and E5 versus αx for

both exponential and logarithmic distance functions. Four observations can be

drawn from Figure 6.1 and Figure 6.2.

First, it is clear that αx has a strong effect on both PINN accuracy (Figure

6.1) and speed of convergence (Figure 6.2). Second, it can be seen from the

right-hand side graphs of Figure 6.1 (loss versus epoch) that, even after the

loss has dropped to low values, some fluctuations still occur at later epochs.

It is notable, however, that these fluctuations are far more pronounced in the

logarithmic distance functions, and rather mild in the exponential one.

Third, the right-hand side graph of Figure 6.1c shows that for the logarithmic

distance function at Pe = 50, the range of αx corresponding to a basin of low

loss values widens with the number of epochs completed. The same observation

can be made for Pe = 100 except that some fluctuations occur before the low loss

values stabilise by the time 1000 epochs are reached. Based on these two cases,

an optimal value of αx = 25 is chosen for the logarithmic function.

Finally, a much stronger pattern emerges in Figure 6.1a, b and Figure 6.2 for

the exponential function with a minima of loss, E1 and E5 as a function of αx

clearly visible. This optimal minimum seems to correspond αx = Pe. To further

test this finding and explore whether it applies to higher Peclet numbers, Figure

6.3 shows loss versus αx for the exponential function at Pe = 200 and Pe =

500. Although the loss function is generally larger under Pe = 500, compared to
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lower Peclet numbers, and experiences more fluctuations, the pattern of optimal

αx = Pe holds well for both cases considered. Based on the above discussion, the

following form is adopted as optimal:

l∂Ω(x) =
[
1− e−Pe

x−a
b−a

]ia [
1− e−Pe

b−x
b−a

]ib
(6.1)

For the second stage of evaluation, Figure 6.4 compares the performances of

four different versions of PINN: soft constraint, and HC based on linear, logarith-

mic, and exponential functions. A soft-constraint approach struggles to minimise

the loss function, and the loss-versus-epoch curve, after an initial drop, remains

flat at a rather high value of loss. By comparison, a hard-constraint approach

based on a linear distance function achieves a much better reduction in loss func-

tion after 400 and 4700 epochs, for Pe = 50 and 100, respectively. The logarithmic

distance function achieves even lower loss values at earlier epochs but suffers from

significant fluctuations at later epochs. Hence, the exponential distance function

performs best by far in terms of faster convergence and a much lower level of

fluctuations. While the value of minimised loss for the exponential function is

higher than the average value for the logarithmic function, the former remains

much more reliable, especially given the fluctuations of the logarithmic function.

Finally, the performance of the hard-constraint PINN with exponential dis-

tance function is tested for a range of Peclet numbers. Figure 6.5 shows the com-

parison between PINN predictions and analytical solutions for Pe values ranging

from 0.5 to 5000, all demonstrating good agreement. Table 6.1 summarises the

model performance across a broader Pe range from 1 to 1 million. Each case

was repeated five times, and the reported accuracy is the average of each case.

Table 6.1 also presents the convergence speed with respect to each Pe, average

time (AVG) and standard deviation (STD). For Pe < 500, no clear pattern is ob-

served. The slowest convergence occurs at Pe = 1, where early stopping was not

triggered. This is because the loss continued to decrease throughout the train-

ing process. Since the model allows continuous refinement, it kept improving for
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this relatively smooth case. Introducing a target accuracy threshold could help

terminate training earlier in practical use. Nevertheless, this case also achieves

the lowest error. For Pe > 500, convergence speed generally declines as Peclet

number increases.

Table 6.1: Case 1, Accuracy and Convergence Speed of Hard-Constraint PINN
with Exponential Distance Function at Different Peclet Numbers.

Parameters Accuracy CPU Time (s)
D V L Pe αx MAE RMSE R2 AVG STD
0.1 0.1 1 1 1 1.2× 10−5 1.4× 10−5 1.000 77.9 1.9
0.1 0.5 1 5 5 2.2× 10−4 2.7× 10−4 1.000 11.8 4.4
0.1 1 1 10 10 6.9× 10−4 8.8× 10−4 1.000 9.5 1.9
0.1 5 1 50 50 5.3× 10−3 6.5× 10−3 0.996 20.9 3.4
0.1 10 1 100 100 3.8× 10−3 4.7× 10−3 0.996 19.7 2.9
0.1 50 1 500 500 1.4× 10−3 1.7× 10−3 0.997 3.9 0.8
0.1 100 1 1000 1000 7.5× 10−4 8.9× 10−4 0.998 4.0 0.7
0.1 1000 1 10000 10000 3.1× 10−4 3.6× 10−4 0.998 6.4 3.0
0.1 1000 2 20000 20000 6.1× 10−4 6.9× 10−4 0.990 7.7 2.4
0.1 1000 5 50000 50000 2.9× 10−4 3.3× 10−4 0.998 14.3 2.4
0.1 1000 10 100000 100000 2.4× 10−4 2.8× 10−4 0.998 27.0 7.8
0.1 1000 100 1000000 1000000 1.3× 10−3 1.4× 10−3 0.960 37.5 2.1
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Figure 6.1: Case 1, Results showing the performance of the PINN solver under
different distance function formulations and Peclet number cases using various
values of αx. The left-hand side figures show the loss versus epochs for three
values of αx; the right-hand side figures show the loss versus αx at four different
epochs.
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Figure 6.2: Case 1, E1 and E5 versus αx for a) Pe = 50 and b) Pe = 100.

Figure 6.3: Case 1, a) Pe = 200 and b) Pe = 500, showing the performance of
PINN solver under exponential BC distance function using different values of αx.
Left-hand side figures show loss versus epochs for three αx; right-hand side figures
show loss versus αx at four different epochs.
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Figure 6.4: Case 1, loss history comparison among different PINN versions (with
soft and hard constraints) for a) Pe = 50 and b) Pe = 100.

Figure 6.5: Case 1, comparison between PINN predictions and analytical solu-
tions. a) including cases of Pe = 0.5, 100, and 500 and b) zooming to the range
of 0.95∼1 in the spatial domain for high Pe cases comparison at Pe = 250, 500,
and 5000. *Note: The solid line is the analytical solution, and the dashed line is
the PINN solution.
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6.3 Case 2: Transient Case Study with Dirichlet-Dirichlet

Boundary Conditions

Cases 2a and 2b, shown in Table 6.2, are time-dependent variations of case 1

analysed in the previous section. The only difference between cases 2a and 2b lies

in their initial conditions. Case 2a has a linearly distributed initial concentration

between two boundaries at x=0 and x=1, which ensures compatibility between

initial and boundary conditions. Case 2b has a uniform initial concentration

of zero across the spatial domain, creating a discontinuity at x=0 between the

boundary (u=1) and initial condition (u=0). These two cases are used to assess

the effects of different distance functions for initial and boundary conditions on

the performance of PINN. Ten tests are conducted for this purpose, as summarised

in Table 6.2. Tests 2.1-2.6 and 2.7-2.10 are based on cases 2a and 2b, respectively.

All tests have Pe = 100, except for Test 2.10 conducted under Pe = 500. HC-

PINN predictions in all tests are compared to those of a FEM model discretised

with a highly refined mesh established through a mesh-convergence analysis.
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Table 6.2: Summary of tests conducted on Cases 2a and 2b to determine optimal
BC and IC distance functions (Ld = 1 in all problems; for Case 2a: tmax = 2,
D = 0.01 and v = 1; for Case 2b: tmax = 1, D = 0.1 and v = 10, except for 2.10
where tmax = 1, D = 0.01 and v = 5)
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6.3.1 Case 2a: Linear initial condition distribution: com-

patible IC and BC

Figure 6.6 shows results from Tests 2.1 to 2.4 which consider different combina-

tions of linear and exponential BC and IC distance functions. In Tests 2.2 and

2.4, an exponential IC distance function is used with αt = 100, while in Tests

2.2 and 2.3, a linear IC distance function is used. Figure 6.6 clearly shows that,

as under steady-state, exponential BC distance functions yield highly accurate

solutions, regardless of whether linear or exponential IC distance function is used,

at least for the case under study. PINN with linear BC distance function, on the

other hand, fails to produce accurate predictions.

With the exponential BC distance function confirmed as superior, the aim of

Test 2.5 is to investigate whether αx = Pe remains optimal, by examining a range

of values on either side, namely [Pe − 15, Pe + 15]. A linear IC distance function

is used in this test. Figure 6.7 confirms the optimality of αx = Pe which produces

the lowest loss at the fastest rate.

In Test 2.6, exponential BC and IC distance functions are adopted with αx =

100 and the effect of changing the value of αt between [αt−15, αt+15] investigated.

Results, shown in Figure 6.8a, do not reveal any distinct relationship between

loss and αt, except for lower and relatively more constant loss versus αt at higher

epochs. Figure 6.8a also confirms that a linear IC distance function performs at

least as well as exponential ones, while exhibiting fewer fluctuations with epochs.

These results hence confirm the conclusion drawn from Tests 2.1 to 2.4 that

a combination of exponential BC distance function with αx = Pe and a linear IC

distance function is optimal, at least for Dirichlet-Dirichlet BCs with no discon-

tinuity between BC and IC.
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Figure 6.6: Case 2a, Pe=100, results of Tests 2.1 to 2.4 showing performance
of PINN solver under different combinations of linear and exponential distance
functions: a) u versus t at x=0.5, and b) u versus x at t=0.5. *Note: Linear-BC
= Linear BC distance function, Linear-IC = Linear IC distance function, Exp-
BC = Exponential BC distance function, and Exp-IC = Exponential IC distance
function.

Figure 6.7: Case 2a, Pe=100, results of tests 2.5 showing performance of PINN
solver under BC exponential and IC linear distance functions with different values
of αx: a) loss versus epochs for three αx and b) loss versus αx at three different
epochs.
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Figure 6.8: Case 2a, Pe = 100, results of tests 2.6 showing performance of PINN
solver under BC exponential and IC exponential distance functions with different
values of αt: a) loss versus epochs for three αt and b) loss versus αt at three
different epochs.

6.3.2 Case 2b: Uniform initial condition distribution: non-

compatible BC and IC

Tests 2.7 to 2.10 analyse the performance of linear and exponential distance func-

tions (BC and IC) under the conditions of Case 2b, where there is a discontinuity

at one boundary between BC and IC, which leads to incompatibility between BC

and IC hard constraints.

Using an exponential BC distance function with αx = Pe, Tests 2.7 and 2.8

assessed the performance of linear and exponential IC distance functions, respec-

tively. Starting with the linear IC distance function Figure 6.9 shows the contours

of u versus x and t. It is clear from the figure that IC conditions dominated the

solution in earlier times, with the PINN solver unable to enforce the BC of u=1

at x=1 until much later.

Moving to exponential IC distance function, Figure 6.10 shows the results

of Test 2.8, with a range of αt values tested. The figure indicates that an IC

exponential distance function with low αt = 10 achieves the lowest loss and fastest

convergence. However, it is important to note that as αt declines and approaches

0, the IC distance function reduces to 0 (see Table 3.4) which is unsuitable for

enforcing initial conditions as a hard constraint.
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Figure 6.9: Case 2b, Pe = 100, contour result of test 2.7 of PINN solver under
exponential BC distance function and linear IC distance function.

The effect of decreasing αt can be seen by examining the different contours

in Figure 6.11. The incompatibility between IC and BC in case 2b leads to

a transition zone in the PINN result field. The width of the transition zone

is significantly influenced by the choice of αt. For instance, the length of the

transition zone is around 0.45 when αt = 10, 0.08 when αt = 50, and 0.04 when

αt = 100. To achieve a reasonably small transition zone, αt greater than 50

appears necessary.

Next, adopting an IC exponential distance function with a fixed αt = 50,

Tests 2.9 and 2.10 explore whether αx = Pe continues to be optimal for the BC

exponential distance function, under Pe = 100 and Pe = 500. Figure 6.12 confirms

that this is the case in both tests, with the lowest loss and fastest convergence

observed under αx = Pe. It is noticeable however that the minimal loss achieved

is significantly higher under Pe=500 compared to Pe = 100. Finally, adopting

exponential distance functions for both BC and IC, with αx = Pe and αt > 50,

Figure 6.13 shows excellent agreement between the proposed PINN algorithm and

FEM results.
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Figure 6.10: Case 2b, Pe = 100, results of test 2.8 showing performance of PINN
solver under exponential BC distance function and exponential IC distance func-
tion using different values of αt: a) loss versus epochs for four αt and b) loss
versus αt at three different epochs.

Figure 6.11: Case 2b, Pe = 100, results of test 2.8 showing performance of PINN
solver under exponential BC distance function and exponential IC distance func-
tion, illustrating the width of the transition zone affected by different selection
of αt values (a)10, (b) 50, and (c) 100.
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Figure 6.12: Case 2b, results of test 2.9 a) Pe = 100 and 2.10 b) Pe =500,
showing performance of PINN solver under exponential BC distance function
and exponential IC distance function using different values of αx. Left-hand side
figures show loss versus epochs for three values of αx; right-hand side figures show
loss versus αx at three different epochs.
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Figure 6.13: Case 2b, comparison of optimal PINN solver results with FEM
solutions at selected observation points in both temporal and spatial domains
for: a) Pe = 100 and b) Pe = 500
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6.4 Case 3: Transient Case Study with Dirichlet-Neumann

Boundary Conditions

Case 3 investigates a one-dimensional transient ADE with a Dirichlet boundary

condition at x = 0(u = 1) and a Neumann boundary condition at x = 1 (zero

flux). As summarised in Table 6.3, nine tests with Pe ranging from 1 to 1000

were conducted to evaluate the ability of the proposed PINN to solve transient

ADE under Dirichlet-Neumann Boundary conditions.

Table 6.3 shows that MAE ranges from 6.89× 10−3 to 4.94× 10−2, while the

RMSE spans from 1.82 × 10−2 to 4.94 × 10−2. The R2 values for all cases are

consistently high, close to 1.0, showing that even as Pe increases and advection

becomes more dominant, PINN maintains its predictive accuracy.

Figure 6.14 shows contour plots of u(x, t) from PINN and analytical solution,

as well as plots of pointwise absolute error, for Tests 3.1, 3.5 and 3.9, with Pe =

1, 100 and 1000, respectively. In all cases, there is a good agreement between

PINN analytical solutions across the domain, and the absolute error is relatively

low. It is noticeable that near x = 0, t = 0, higher absolute errors occur that

dissipate over time. This discrepancy arises from the mismatch between the

boundary condition at x = 0 and the initial condition at time 0. This is similar

to behaviour observed in Case 2a.

Table 6.3: Case 3, Discrepancies between PINN and Analytical Solution for Prob-
lems with increasing Peclet Numbers under Transient Conditions with Dirichlet-
Neumann Boundary Condition.

Parameters Accuracy
Test D v L T Pe MAE RMSE R2

3.1 1 1 1 3 1 3.72× 10−2 4.94× 10−2 0.969
3.2 0.2 1 1 3 5 7.05× 10−3 1.91× 10−2 0.995
3.3 0.1 1 1 3 10 6.89× 10−3 1.82× 10−2 0.996
3.4 0.02 1 1 3 50 7.08× 10−3 2.02× 10−2 0.996
3.5 0.01 1 1 3 100 7.47× 10−3 2.36× 10−2 0.995
3.6 0.005 1 1 3 200 7.30× 10−3 2.54× 10−2 0.995
3.7 0.004 1 1 3 250 8.16× 10−3 2.89× 10−2 0.993
3.8 0.002 1 1 3 500 7.59× 10−3 2.90× 10−2 0.994
3.9 0.001 1 1 3 1000 9.25× 10−3 3.55× 10−2 0.991
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Figure 6.14: Case 3, comparison between PINN solver predictions and analytical
solutions, along with pointwise absolute error for a) Pe = 1, b) Pe = 100, and c)
Pe = 500.

100



6.5 Summary

Distance functions in hard-constraints PINN are under-researched in the liter-

ature and several distance functions have been systematically explored in this

study. Under steady-state, the HC-PINN model with an exponential distance

function, using a shape factor equal to the Peclet number is found to produce by

far the best performance.

As a result, a new mixed-constraints-PINN model, based on exponential dis-

tance functions, is proposed and shown to perform remarkably well in solving

the advection-diffusion equation under both steady-state and transient condi-

tions across a wide range of Pe values, from 1 to 1 million. This is a significant

improvement relative to current PINN solvers and shows that a mixed-constraint

PINN with exponential distance functions can tackle both diffusion/dispersion-

dominated and advection-dominated cases. Furthermore, the method is able

to capture transient behaviour in cases where there is incompatibility between

boundary and initial conditions, as well as cases of mixed, Dirichlet-Neumann,

boundary conditions.

However, there are still some limitations of this project. First, there are

noticeable fluctuations observed in the loss history of HC-EXP-PINN models.

Similar fluctuations during PINN models training have been widely reported in

the literature although the reason for these fluctuations is still underexplored. In

future research, understanding the mechanisms behind these fluctuations is key

to enhancing the training reliability of PINN [295, 296, 297]. Second, Given the

versatility of the method, future research should also explore its effectiveness in

2D and 3D space, as well as its ability to capture real-life behaviour characterised

by heterogeneous and/or time-dependent seepage velocity fields. In addition, an

extension of the method to unsaturated conditions in which the diffusion and/or

mechanical dispersion coefficients may depend on water content and hence become

time-dependent would be an important step towards a practical application of

PINN to practical problems.
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Chapter 7

Richard’s Equation Modelling with Machine Learning

7.1 Overview

This chapter presents results of the development of PINN solvers for the RRE.

Specifically, it evaluates the effectiveness of two candidate approaches for improv-

ing the prediction accuracy of RRE PINN solvers, namely hard constraint and

adaptive resampling. The first part of the chapter focuses on the hard constraint

approach, by comparing its predictions to both analytical and FEM solutions to

assess its accuracy. In addition, a comparison is made between the accuracies of

hard constraint and soft constraint models to evaluate any gains achieved through

a hard constraint approach.

The second part of the chapter presents the results of two adaptive resampling

algorithms applied to the hard-constraint PINN solver: RAR and RAD. The evo-

lution of the collocation point distributions over the training intervals is presented

and the accuracy of the two models, as well as their effectiveness in improving

prediction accuracy are discussed. Finally, a summary of findings is presented,

and recommendations for optimal modelling strategies for the PINN-RRE model

are made.

7.2 Hard vs. Soft Constraint PINN Performance

The contour plots of model predictions are presented in Figure 7.1, where sub-

figure (a) shows the results of the soft constraint PINN, and subfigure (b) shows

the results of the HC-PINN. Both subfigures illustrate the spatial-temporal dis-

tribution of pressure head and volumetric water content. Clear differences can
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be observed between the two models. In particular, the HC-PINN predicts a

much sharper wetting front compared to the soft constraint PINN. This indicates

that the HC-PINN produces a much narrower transition zone between the sat-

urated and unsaturated regions, whereas the soft constraint PINN generates a

considerably smoother and wider transition zone.

Figure 7.1: Contours of pressure head and volumetric water content predicted by
PINN solutions of the Richard’s equation: a) baseline PINN with soft constraints
b) HC-PINN.

To assess the accuracy of the two models, their predictions are compared
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against the reference solution. As explained in the methodology section, the

analytical solution is limited to 36 observation points in this thesis and cannot

fully evaluate whether the models can accurately capture the sharp wetting front

and reproduce the water content behaviour near both the saturated and dry ends

of the infiltration profile. Therefore, a combination of analytical observation

points and FEM predictions is used as the reference solution for comparison.

First, a comparison between the soft constraint PINN model and the reference

solution is shown in Figure 7.2. At early time steps (t = 1 to t = 3), both

the FEM model and the soft-PINN model align well with the analytical data

points. As time progresses (t = 4 to t = 6), the soft-PINN starts deviating from

the analytical solution, while the FEM model continues to align well with the

analytical data. In addition, across all time steps, near both the saturated and

dry ends of the infiltration profile, the soft-PINN fails to reproduce the transition

patterns captured by the FEM model, which exhibits much sharper transitions

and steeper gradients.

Next, the HC-PINN model is also compared with the reference solutions. The

comparison with the analytical solution is shown in Figure 7.3. Except for the

initial time step at t = 0.5, the HC-PINN predictions closely match the analyti-

cal observations at all other time steps. At the available observation points, the

HC-PINN solution aligns more closely with the analytical solution than the FEM

model. Furthermore, when comparing the full profiles with the FEM solution,

the HC-PINN model successfully captures the key features observed in the FEM

results across the entire infiltration process. Specifically, the HC-PINN accurately

reproduces the steep wetting front transition and properly reflects the water con-

tent behaviour near both the saturated and dry ends. This demonstrates that

the hard constraint approach enables the HC-PINN to effectively represent both

the sharp gradients and the overall infiltration dynamics.

The performance of both models is also captured in Table 7.1, which reports

the %Error (Eq. 3.13) at each time step as well as the overall average error.
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Figure 7.2: Comparison of predictions of analytical solutions, FEM model, and
baseline soft constraint PINN model at different time steps ranging from t = 1
to 6.

As shown, the overall percentage error decreases from 4.02% for the soft-PINN

model to 1.28% with the introduction of hard constraints. In addition, the error at

nearly all time steps is significantly reduced under the hard constraint approach,

except at t = 1.5, where a slight increase is observed.
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Figure 7.3: Comparison of predictions by analytical solution, FEM model, and
HC-PINN model at different time steps ranging from t = 1 to 6.

Table 7.1: Comparison of percentage error between soft constraint PINN and
HC-PINN at different time steps.
Time (h) Soft Constraint PINN Error (%) HC-PINN Error (%)

0.5 18.99 13.90
1.0 5.05 4.59
1.5 1.74 2.41
2.0 2.37 1.61
2.5 2.82 1.21
3.0 2.81 0.94
3.5 2.71 0.69
4.0 2.68 0.55
4.5 3.03 0.46
5.0 3.91 0.32
5.5 4.78 0.29
6.0 5.64 0.27

Average 4.02 1.28
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7.3 Effect of Adaptive Resampling on PINN

In the previous section, it has been demonstrated that the application of hard

constraints can significantly improve the prediction accuracy of the PINN solver

for the Richards equation. Based on this improved baseline, the HC-PINN model

is used as the reference framework to further evaluate the effectiveness of two

adaptive resampling strategies, RAR and RAD. THe two algorithms have been

presented in section 3.6.3. The results of these two methods are presented in the

following subsections.

7.3.1 RAR Method

The RAR resampling method is first tested to examine whether it can further

improve the accuracy of the PINN solver in solving the Richards equation. Fig-

ure 7.4 illustrates the evolution of collocation points under different k1 values at

various training stages. In this figure, the first column shows the initial distribu-

tion of training collocation points, the second column presents the distribution

after the first resampling stage, and the third column shows the distribution after

the second resampling stage. Each row corresponds to a different k1 value, with

k1 increasing from 0 to 1 from top to bottom.

The topmost row represents a special case where k1 = 0, meaning full re-

placement is performed at each resampling stage, resulting in purely uniform

sampling across the spatial-temporal domain. In this case, the distribution re-

mains random and is not influenced by the residual distribution. As k1 increases,

a larger proportion of collocation points with higher PDE residuals are retained

after each resampling. This leads to a visible accumulation of collocation points

along regions where residuals are higher. For cases with k1 = 0.6 and 0.8, a clear

accumulation pattern is observed, where points increasingly cluster along high-

residual zones, while certain regions, particularly in the lower-left corner, exhibit

lower sampling density. Finally, at k1 = 1.0, another special case is observed

where no resampling is performed, and the collocation point distribution remains
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identical throughout all resampling stages.

The overall prediction accuracy of the RAR method for different k1 values is

presented in Figure 7.5. The red dashed line represents the baseline HC-PINN

error, which is 1.28%. It can be observed that five cases achieve lower prediction

errors than the baseline, all of which correspond to k1 values smaller than 0.5.

The special case of k1 = 0, full replacement, yields the best performance with

the lowest prediction error. When comparing the cases with k1 values between

0.1 and 0.4, it is noticeable that partial adaptive resampling does not further

improve the performance beyond the full replacement case. Although these cases

still achieve slightly lower errors than the HC-PINN baseline, the improvement

is likely attributed more to the benefit of periodically refreshing the collocation

points rather than to the adaptive concentration guided by residual information.

In other words, simply updating the training samples across the entire domain at

certain intervals contributes to better generalisation, while adaptive resampling

based on residuals does not provide additional gains.

Furthermore, as k1 increases beyond 0.5, the prediction errors begin to rise

and consistently exceed the baseline HC-PINN error. This suggests that increased

attention on high-residual regions may lead to insufficient global coverage, causing

the model to lose its ability to represent the full solution domain. Therefore, based

on the results of the RAR method, maintaining sufficient global coverage through

unbiased resampling appears to be more important for improving the prediction

performance. The use of the RAR method (except the special case with k1 = 0)

does not contribute positively to the overall model accuracy.
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Figure 7.4: Evolution of collocation points during training using the RAR resam-
pling method. The first column shows the initial distribution; the second and
third columns show the distributions after the first and second resampling, re-
spectively. From top to bottom, five cases are presented with increasing k1 values
from 0 to 1 in increments of 0.2. 110



Figure 7.5: Comparison of percentage errors for eleven RAR resampling cases
with k1 values ranging from 0 to 1, shown against baseline HC-PINN model.
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7.3.2 RAD Method

The RAD method is also investigated to assess its impact on prediction accu-

racy. Figure 7.6 illustrates the evolution of collocation point distributions under

different k2 values at various training stages. Similar to the presentation in the

RAR result section, the first column shows the initial uniform distribution of col-

location points, and the second and third columns display the distribution after

the first and second resampling stages, respectively. Each row corresponds to a

different k2 value, ranging from 0.5 to 2.5.

As shown in the figure, when k2 increases from 0.5 to 1.5, a clear accumulation

pattern begins to emerge along the wetting front region, which is consistent with

the wetting front location observed in the contour map presented in Figure 7.1b.

When k2 is further increased to 2.0 and 2.5, the collocation points become highly

concentrated within localised high-residual regions, while other regions have re-

duced sampling density.

The prediction errors for all RAD cases with different k2 values are presented

in Figure 7.7. As shown in the figure, all five cases result in much higher %Error

compared to the baseline HC-PINN model. In other words, the application of

the RAD method does not lead to improved prediction performance. Consistent

with the discussion in the previous subsection, these results further strengthen the

importance of maintaining sufficient generalisation and diversity in the collocation

point distribution. In all RAD cases, the selection of collocation points biased

towards high-residual regions leads to an increase in the overall %Error. The

failure of adaptive resampling observed aligns with the findings of Daw et al. [274],

which show that too many collocation points in high residual regions can result

in other areas being under sampled. In the case of the RRE solver, the sharp

gradients tend to draw sampling points into narrow regions. Due to the differences

in resampling strategies, this problem is more significant when using RAD than

RAR. The research from Gao et al. [298] also supported this point.
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Figure 7.6: Evolution of collocation points during training using the RAD resam-
pling method. The first column shows the initial distribution; the second and
third columns show the distributions after the first and second resampling, re-
spectively. From top to bottom, five cases are presented with increasing k2 values
from 0.5 to 2.5 in increments of 0.5.
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Figure 7.7: Comparison of percentage errors for five resampling cases with k
values ranging from 0.5 to 2.5, along with a comparison to the performance of
the HC-PINN model.
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7.4 Comparison of Different Resampling Strategies

As shown in Table 7.1, although the HC-PINN model achieves strong overall

performance with a relatively low total %Error of 1.28%, it performs not so

well at early time steps, with errors of 13.90% at 0.5h and 4.59% at 1.0h. As

discussed in Section 7.3.1, incorporating the RAR strategy into HC-PINN with

k1 < 0.5 can result in lower overall errors compared to the baseline HC-PINN.

In contrast, in Section 7.3.2, applying the RAD strategy with HC-PINN across

all tested values of k2 from 0.5 to 2.5 yields no improvement and shows a much

higher %Error. To better understand these behaviour when applying adaptive

resampling method, we show the predicted water content profile across the entire

soil column at different time steps with the different resampling configurations

with HC-PINN in Figure 7.8. In Figure 7.8, five sets of solution profiles are

presented for each of the six selected time steps. These include the baseline HC-

PINN model, three cases of HC-PINN with RAR using k1 = 0, 0.5, and 0.9,

as well as the HC-PINN model with RAD using k2 = 1. Subfigures (a) to (f)

correspond to time steps from t = 0.5h to t = 5.0h.

From Figure 7.8, the first noticeable observation is that the RAR k1 = 0.9

model consistently underestimates the solution across all time steps, and the

prediction near the dry-end boundary is also not accurate. With the exception

of the RAR k1 = 0.9 model, the predictions of all remaining resampling models

at t = 0.5h are closer to the analytical solution than the baseline HC-PINN. At

t = 1.0h, the RAD k2 = 1 model shows the best agreement with the analytical

solutions, while the predictions of RAR k1 = 0 and 0.5 models are very similar

to the HC-PINN baseline. Although the RAD k2 = 1 model performs well at

t = 0.5h and 1.0h, clear differences from the baseline start to appear at t = 2.0h,

and the gap becomes larger at later time steps. The RAR k1 = 0 and 0.5 models

remain consistently close to the baseline across all time steps. As shown in

Table 7.1, the HC-PINN already achieves very low %Error at these later stages,

so these models are also accurate.
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Figure 7.8: Comparison of solutions obtained by HC-PINN, HC-PINN with RAR
(k1 = 0, 0.5, 0.9), and HC-PINN with RAD (k2 = 1) at (a) t = 0.5h, (b) t = 1.0h,
(c) t = 2.0h, (d) t = 3.0h, (e) t = 4.0h, and (f) t = 5.0h.
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7.5 Summary

In this chapter, the hard constraint and adaptive resampling method for solving

the RRE have been systematically evaluated. First, the application of hard con-

straints has shown a significant improvement in the prediction accuracy compared

to the soft constraint PINN. As the comparison with the combined analytical and

FEM reference solution, the HC-PINN model reproduces the sharp wetting front

and aligns well with the available analytical observation points, outperforming

the FEM solver.

Following the application of the hard constraint, two adaptive resampling

strategies, RAR and RAD, have been tested to assess whether they can enhance

model performance. However, only a special case of the RAR method, where

k1 = 0, shows clear improvement in prediction accuracy. In this case, all colloca-

tion points are periodically replaced by uniformly sampled points from the entire

domain without utilising any residual information. For all other cases where

sampling is biased toward high-residual regions, no performance improvement is

observed. These results indicate that maintaining sufficient global coverage in

the collocation sampling is essential for ensuring the prediction accuracy of RRE.

In summary, the combination of hard constraints and periodic full replacement

across the entire domain is recommended to improve the prediction accuracy of

the RRE-PINN solver. However, it must be acknowledged that the resampling

approach in this thesis is applied in combination with the hard constraint frame-

work. Our primary objective is to evaluate whether adaptive resampling can bring

additional benefits when hard constraint is already been implemented. If the HC

framework is not used, whether adaptive resampling can improve the performance

of a soft-constrained model for RRE solver remains unclear. The behaviour of the

resampling approaches observed in this infiltration problem should not be taken

as evidence against their potential applicability to a broader range of problems.

Its effectiveness may vary depending on the nature of the problem. In future

work, it is necessary to investigate more problems with sharp gradients in the
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solution field to assess the effectiveness of this approach to this type of problems.

Another limitation is that the hydraulic characteristics of the soil are described

by using VG WRC model and VG HCF model when solving Richard’s Equa-

tion In future research, the selection of different empirical models and how their

associated uncertainties propagate the performance of the RRE solver is worth

investigating.
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Chapter 8

Coupling of ADE and RRE model

8.1 Overview

This chapter presents the application of the PINN framework for simulating cou-

pled water (RRE) and solute transport (ADE) in unsaturated soil. The aim is to

make a preliminary assessment as to whether PINN is capable of modelling this

coupled set of equations by testing a relatively simple problem.

A problem in which a partially dry soil is infiltrated by polluted water is

simulated. The simulation is conducted in a one-dimensional vertical soil column

with a total depth of 1 m and a total simulation time of 6 hours. The soil

hydraulic properties are given in the form of VG WRC model (Eq 3.5) and HCF

model (Eq 3.6) with the following parameters: residual water content θr = 0.10,

saturated water content θs = 0.45, shape parameters αvg = 1m−1, nvg = 2, mvg =

1–1/nvg = 0.5, saturated hydraulic conductivity Ks = 0.0216m/h. For the water

movement component, the initial condition for volumetric water content of the

soil column profile is set as θ = 0.17. The boundary condition at the soil surface

(x = 0m) is maintained at saturated water content (θ = 0.45), while the bottom

boundary (x = 1m) is assumed to be free drainage. For the solute transport

component, the initial concentration is u = 0kg/m3 across the soil column, and

the boundary condition of the top surface (x = 0m) is set as u = 1 kg/m3. The

longitudinal dispersivity coefficient is DL = 0.1 m, while molecular diffusion is

neglected because mechanical dispersion and advection are assumed to dominate

the solute transport process under the simulated flow conditions.

The evolutions of the key state variables, including pressure head, water con-
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tent, water flux, and solute concentration, are presented in a series of contour

plots. Then, PINN predictions are compared with a reference solutions obtained

from the Hydrus FEM model for all state variables. The comparisons are con-

ducted at five selected depths of the soil column (x = 0 m, 0.25 m, 0.5 m, 0.75

m, and 1.0 m) to evaluate the model’s performance.

8.2 Evolution of State variables

With the model parameters and boundary conditions defined, the coupled water

and solute transport processes were simulated by using the PINN framework.

The hard constraint approach was applied to both water flow (governed by RRE)

and solute transport component (governed by ADE). For the solute transport

component, the newly developed Peclet-adjusted exponential distance function

was also used. However, in this problem setup, the water flux varies over space

and time and resulting in a non-uniform water flux profile in the soil column, and

hence a variable Peclet number. Hence, a value of αx = αt = 100 was used for

solving the unsaturated ADE with the hard constraint method. For the water

flow component, a linear distance function was applied to the spatial domain and

an exponential distance function with αt = 100 was used, consistently with the

convergence observed in the RRE-only PINN model.

To understand the overall dynamics of this coupled process, Figure 8.1 presents

the contour plots showing the evolution of four key state variables, including

pressure head, volumetric water content, water flux, and solute concentration.

Figure 8.1a shows the pressure head distribution in the spatial-temporal domain.

The pressure head distribution can be further converted into the corresponding

evolution of volumetric water content, as shown in Figure 8.1b. The wetting

front is clearly observed, with a sharp transition zone between the saturated and

unsaturated regions. As water infiltrates deeper soil, the transition zone gradu-

ally broadens but remains relatively confined. Figure 8.1c shows the water flux

contours. In the initial time steps, due to the water content gap between the top
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surface (x = 0m) boundary condition and the relatively dry initial setup, a high

water flux is observed near the soil surface shortly after infiltration begins. As

water infiltrates the soil column, the water flux starts to stabilise. As the linking

variables in the coupled system, the predicted volumetric water content (Fig-

ure 8.1b) and water flux (Figure 8.1c) provide the necessary input information

for solving the ADE in the coupled analysis. The distribution of solute concen-

tration in the domain is presented in Figure 8.1d. At the initial time steps, mild

numerical oscillations in the solute distribution are observed near the soil surface.

This seems to coincide with areas with potentially high Peclet numbers and may

be due to non-optimal choice of shape parameters for the distance functions. As

time progresses, oscillations are diminished, and the solute gradually moves from

the soil top surface (x = 0m) to the deeper soil over time.
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Figure 8.1: Spatial-temporal domain evolution of four state variables reproduced
by the coupled PINN model. (a) Pressure head (m); (b) Volumetric water content
(m3/m3); (c) Water flux (m/h); and (d) Solute concentration (kg/m3).

122



8.3 Model Prediction Comparison with FEM Solutions

Figure 8.2 presents the PINN predictions of the temporal evolution of the four

state variables at five elevations, along with their comparisons against the FEM

(Hydrus-1D) reference solutions. The evolution of pressure head is shown in Fig-

ure 8.2a. The PINN solutions closely match the FEM results at the soil surface

(x = 0m) and at shallow depth (x = 0.25m). However, as the wetting front

propagates to deeper layers, discrepancies between the PINN and FEM solutions

become slightly larger but remain close. A similar trend is observed in the evo-

lution of volumetric water content, as shown in Figure 8.2b. The agreement

between the two models is very good at the surface and declines somewhat at

further depth.

For water flux (Figure 8.2c), a logarithmic scale is used on the vertical axis

to better capture the wide range of values. One of the most noticeable differences

between PINN and FEM solutions occurs near the soil surface at early time steps.

Due to the initial water content gap between the imposed boundary condition

and the initial water content, the FEM solution shows a very sharp drop from

a very high initial flux to a relatively stable lower value. In contrast, the PINN

prediction exhibits a rapid initial increase, followed by a sharp decrease before

reaching the stable value. Among the five depths, the best agreement between

PINN and FEM is observed at x = 0.25m, followed by x = 0.5m and x = 0.75m.

For the x = 1.0m case, the wetting front has not reached this depth within the

simulation period, and both the PINN and FEM models correctly predict zero

values, which is physically consistent with the infiltration process.

Finally, the solute concentration comparisons are shown in Figure 8.2d. The

overall trend of solute transport is consistent with the patterns observed in the

water flow variables. However, the discrepancies between PINN and FEM are

more noticeable for solute concentration than water content and water flux. This

may be caused by the accumulation of linking variables in the one-way coupling

mechanism. The two linking variables, water content and water flux, may provide
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imperfect information to the ADE due to inaccuracies in their predictions. As

the coupled simulation progresses, the accumulation of errors from both variables

propagates into the solute concentration predictions, making the discrepancies

more obvious in the solute transport results.

However, Figure 8.2d does not show the mild numerical oscillations observed

in the solute distribution near the soil surface at the initial time steps, as seen in

Figure 8.1d. The oscillations occurred between the boundary (x = 0m) and the

observation elevation (x = 0.25m), and there are no additional observation points

placed between them, so that the oscillations are not captured in Figure 8.2d.

To better illustrate the spatial and temporal characteristics of these oscillations,

Figure 8.3a presents the concentration distribution at various depths near the

soil surface (x = 0, x = 0.05, 0.1, 0.15, and 0.2m), while Figure 8.3b shows the

concentration profiles at early time steps (t = 0.1, 0.2, 0.3, 0.4, and 0.5h). As

shown in the figure, the mild oscillations can be observed in both space and time.
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Figure 8.2: Comparison of model predictions between the PINN predic-
tions and the FEM results generated by HYDRUS) at five elevations (x =
0 m, 0.25 m, 0.5 m, 0.75 m, and 1.0 m) for four state variables: (a) pressure head
h, (b) volumetric water content θ, (c) water flux q, and (d) solute concentration
u. Notes: dashed lines represent PINN predictions; Solid lines represent FEM
solutions.
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Figure 8.3: The distribution of concentration profile along the additional a) Spa-
tial observation points(x = 0, x = 0.05, 0.1, 0.15, and 0.2m); b) Temporal
observation points (t = 0.1, 0.2, 0.3, 0.4, and 0.5h)
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8.4 Summary

In this section, a coupled PINN framework was applied to simulate water flow

and solute transport in unsaturated soil. The evolution of four key state vari-

ables, pressure head, water content, water flux, and solute concentration, was first

presented through a series of contour plots. Then, detailed comparisons between

PINN predictions and FEM solutions were conducted at five selected depths in

the soil column (0, 0.25, 0.5, 0.75, and 1.0 m).

Overall, the simulation has demonstrated the potential for using PINN to

solve the coupled RRE-ADE problem. Coupling adopted here is in one direction,

with flow rate and water content calculated by RRE transferred to the ADE.

Hence, uncertainties in both hydraulic outcomes will propagate into the ADE,

making the errors in solute transport prediction larger.

This promising start clearly requires further investigation. Specifically, the

following two research pathways can be followed:

a) further improve PINN prediction accuracy for the coupled RRA-ADE by

investigating non-linear distance functions when water flux varies in time and

space. b) evaluate the ability of the proposed coupled PINN to solve more com-

plex problems (e.g., more complex boundary conditions, multi-layered soils) c)

extend the proposed coupled PINN to 2D and 3D space.
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Chapter 9

Conclusions and Future Research

9.1 Conclusions

9.1.1 Review of Research

This thesis has investigated the use of AI techniques for simulating water flow

(RRE) and solute transport (ADE) in unsaturated soils. Water and solute move-

ments in porous media are important in a wide range of environmental and

engineering applications, including water resources management, groundwater

protection, and prevention and remediation of soil contamination. Traditional

numerical methods, such as FEM and FDM, have been widely applied in this

field. However, these methods often have difficulties when dealing with nonlinear

governing equations, highly dynamic behaviours, and situations where observa-

tional data are limited, and those three factors are all present in the problems

considered here.

In this context, AI-based modelling approaches provide an alternative path-

way that integrates data-driven learning with the underlying physical mecha-

nisms. In this study, AI-driven frameworks have been developed, optimised and

evaluated to address the challenges of simulating water and solute transport in

unsaturated soils.

In addition, WRC, which characterises the hydraulic behaviour of unsaturated

soils by describing the relationship between soil water content and matric poten-

tial, plays an important role in the analysis and modelling of unsaturated flow.

However, obtaining accurate WRC parameters is often challenging, as it typically

requires time and resource consuming laboratory experiments. To overcome this
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limitation and improve the availability of soil hydraulic data, an AI-based pre-

dictive model, referred to as WRC-PTF, has been developed to estimate WRC

parameters efficiently. The developed model offers an efficient approach to pa-

rameter estimation and delivers input data for subsequent water flow simulations.

9.1.2 Research Work and Contributions

This thesis made several original contributions. First, A machine learning-based

predictive model was developed for estimating WRC parameters, achieving com-

petitive accuracy compared to existing models. The first part of this work is

presented in Ding et al, [299], where a general-purpose AI-based PTF model was

developed using a large international soil dataset, demonstrating strong predic-

tive capability across a wide range of soil textures. In addition to evaluating

model accuracy, the study identified key input features that contribute to accu-

rate WRC predictions. It was found that models incorporating texture variables

and either porosity or dry density are sufficient to generate reliable predictions,

thereby simplifying input requirements while maintaining model performance.

This study also investigated the effect of model complexity by allowing deeper

neural network structures, and recommended giving the ANN model the flex-

ibility to exceed one hidden layer, treating the number of hidden layers as an

additional hyperparameter to be tuned during model development. In addition,

a clay-specific model was constructed using a dedicated clayey soil dataset to

further enhance WRC predictions for fine-textured soils, as presented in Ding et

al. [300]. This targeted approach improved prediction accuracy for clayey soils,

achieving an average 20% improvement compared to the model trained on the

full dataset, in which clayey soils accounted for only 10.7% of the total samples.

Secondly, a PINN model was constructed for solving the ADE to simulate

solute transport processes. In particular, this study addressed a key challenge

associated with high Peclet number conditions, where solute transport becomes

strongly advection-dominated. This scenario leads to steep concentration fronts
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near boundaries. Such features often result in numerical oscillations and con-

vergence difficulties in conventional numerical methods. A new PINN algorithm

was proposed that can accurately solve, for the first time, both steady-state

and transient ADE over a large Pe range. A novel method combining hard-

constrained PINN with a newly introduced Peclet-adjusted exponential distance

function was proposed. The shape factor of the exponential distance function

was dynamically adjusted based on the Pe value of the problem to achieve best

performance. Extensive analysis was conducted to assess the extent to which

the method enhances model stability and accuracy, and to identify optimal re-

lationships between shape factor and Pe values. The proposed solver performed

consistently well for a wide range of Pe values from 1 to 1 million, successfully

tackling both Dirichlet-Dirichlet and Dirichlet-Neumann boundary conditions in

steady-state and transient scenarios.

In addition, a PINN model was developed to solve RRE for simulating un-

saturated soil water flow processes. The nonlinear nature of the RRE and its

sensitivity to both boundary and initial conditions often create challenges for

PINN training, particularly in balancing the contributions of different loss terms.

To address the issue of loss competition during training, a hard-constraint formu-

lation was also introduced into the model architecture, consistent with the ADE

solver developed earlier. In this approach, the initial and boundary conditions

were first reformulated into pressure head form and then directly embedded into

the network solution structure as hard constraints. The incorporation of these

hard constraints allowed the developed PINN-RRE model to accurately solve the

Richards equation while simultaneously enhancing training stability. By reduc-

ing the number of loss terms to a single residual loss, this method eliminated

competition among loss components and removed the problem of the model’s

sensitivity to weight selection when a soft-constraint approach is followed. The

developed model successfully captured the nonlinear dynamics of unsaturated

flow and produced accurate predictions for the test case examined in this study.
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Finally, building on the RRE and ADE developments, a PINN solver for the

coupled water flow and solute transport problem was presented for the first time.

The one-way coupling was established through shared variables, including water

flux and water content distributions, in space and time. The two variables were

computed by the RRE PINN solver then input into the ADE PINN solver. A

relatively simple test case was used to evaluate the performance of the coupled

PINN solver and reasonable agreement was found between PINN predictions and

an FEM solution. While further refinement and validation are no doubt required

before PINN can be deployed to solve this kind of coupled problem, results from

this thesis are a promising start.

9.1.3 Limitations

Research in this thesis was constrained by several limitations in each of the four

core developments (WRC prediction, PINN ADE solver, PINN RRE solver and

PINN coupled RRE-ADE solver).

In the estimation of WRC parameters, the developed model was data-driven,

meaning that the projection between input features and predictions depends heav-

ily on the quality and completeness of the available data. Although the dataset

used in this study is reputable and provides wide global coverage, certain lim-

itations remain. First, there is an imbalance in the geographic distribution of

samples, as some regions of the world are underrepresented due to differences

in research activity and economic development, resulting in fewer available data

entries. Second, inconsistencies in data formats, unit systems, and measurement

standards across different national databases and laboratory protocols introduce

additional complexity in data integration. These variations complicate the pro-

cess of unifying and standardising the dataset, potentially introducing noise or

errors during the transformation and unification processes. Consequently, the

breadth and consistency of the dataset limit the generalisation of the developed

PTF models, particularly for soil types or conditions not well represented in the
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current database. Furthermore, several potentially important predictor variables,

such as initial water content, soil mineralogy, cation exchange capacity, wetting

and drying hysteresis, and compaction method, could not be incorporated into

the model because they were not included consistently in the database.

In the modelling of water flow and solute transport, this study was restricted

to one-dimensional simulations under idealised conditions. The primary focus of

this work was to evaluate the feasibility, stability, and accuracy of applying PINN

for modelling water flow and solute transport in unsaturated soils. Working with

one dimension allowed for a detailed investigation of several key challenges that

PINN faces, including balancing of loss, hard constraint implementation, training

stability, and convergence issues. However, it must be acknowledged that one-

dimensional simulations represent a simplification of real-world conditions. In

natural soil systems, water flow and solute transport are often multidimensional

and have more complex boundary conditions. These factors were not considered

in this study. Therefore, extending the developed framework to high-dimensional

domains remains an important direction for future research.

Although the AI models developed in this thesis achieve improved performance

by reducing both approximation error and estimation error, several additional

sources of uncertainty remain unaddressed. First, in terms of approximation

error, the ANN models used in this thesis learn feature interactions implicitly. As

a result, potential interaction effects among input variables cannot be explicitly

captured, leading to some uncertainties related to the model structure. Second, in

terms of estimation error, uncertainties can also arise from variability introduced

by random weight initialisation, stochastic gradient descent, and other sources of

randomness in the training procedure, even when the training dataset is fixed.

Although these factors are usually not the major source of uncertainties, they

can still have an effect on predictions.

While the accuracy of the developed PINN models was evaluated against an-

alytical solutions and selected FEM simulations, no validations were performed
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using real experimental or field data. As a result, the applicability of the pro-

posed models to real-world problems remains to be further verified. In addition,

due to resource limitations and the time constraints associated with a PhD re-

search project, the scope of this study was necessarily limited. For example,

comprehensive testing of model scalability, computational efficiency, and large-

scale applicability of the PINN framework could not be fully explored within the

current work.

9.2 Future Research

In future research, I will first address each of the limitations acknowledged and

discussed in Section 9.1.3. In addition, three potential directions for extending

the current work are discussed in the following paragraphs. First, for WRC esti-

mation, future work should focus on expanding and enriching existing datasets.

A considerable amount of potentially valuable data remains underutilised due to

difficulties in data transformation, inconsistencies in formats, and the absence of

standardised processing protocols [301, 302, 303, 304]. Developing unified pro-

cedures to standardise, convert, and integrate these datasets could substantially

increase the volume of available data and improve the overall predictive capability

of WRC models. There is a need to develop a unified framework that can facil-

itate the standardisation and transformation of soil data entries across different

data formats, unit systems, measurement protocols, and testing standards. Such

a framework would enable researchers to fully utilise a broader range of available

data for data-rich analyses and model development. This approach would not

only benefit WRC estimation but also support a wide range of soil studies where

large empirical datasets are essential for developing predictive models and con-

ducting comprehensive analyses. Some very recent studies (published in 2024 and

2025) have already started to tackle this field of research [305, 306, 307]. Another

possible direction is to develop region-specific models by fine-tuning the global

WRC model. The global model benefits from a large number of data rows for
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a diverse set of soils whereas regional datasets are often limited in size, particu-

larly in underdeveloped regions. However, soil properties are strongly regionally

specific. Fine-tuning the pre-trained global model to adapt to local conditions

represents a potentially useful future research direction.

Second, for the modelling with PINN, this thesis focuses exclusively on one-

dimensional problems for both water flow and solute transport. This dimen-

sional simplification allows the research can focus on solving key challenges,

advection-dominated ADE and the prediction difficulty and numerical instability

of RRE with PINN. After achieving progress with the one-dimensional model,

future research should aim to extend the current developments to two- and three-

dimensional domains. Although a few studies have demonstrated ADE mod-

elling in higher dimensions, the advection-dominated scenarios remain unexplored

[189, 190, 308]. For water transport, modelling of RRE by PINN remains limited

and the success of the RRE solver developed in this thesis for the one-dimensional

case provides a basis for future extension to higher dimensions. In this thesis,

the Peclet-adjusted distance function demonstrated significant improvements in

solving ADE problems under both steady-state and transient conditions across a

wide range of Peclet numbers. However, its applicability to more complex sce-

narios, such as unsaturated conditions where diffusion and mechanical dispersion

coefficients are functions of water content and may vary over time, remains to

be investigated. Some existing studies have attempted to model unsaturated

conditions ADE using conventional methods like FEM and FDM approaches

[277, 309, 310, 311]. Whether machine learning–based methods, such as PINNs,

can offer improved modelling capabilities or new insights in these contexts re-

mains to be determined. Addressing these aspects would represent an important

step toward advancing the practical applicability of PINNs for real-world water

flow and solute transport problems.

Third, computational cost remains an important consideration for PINN-

based modelling, as well as for most AI-based models. Although the current
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framework demonstrates competitive accuracy, there is still considerable room

for improving computational efficiency, particularly when scaling up to larger

domains, higher dimensions, or more complex coupled systems. The topic has

recently attracted increasing attention, and several studies have begun to ex-

plore ways to improve computational efficiency. Some recent studies explore the

advanced optimisation algorithms to achieve faster convergence [312, 313, 314].

Some researchers are attempting to increase computational efficiency by utilising

the parallel computing capabilities supported by recent developments in AI hard-

ware [315, 316, 317]. These studies highlight the ongoing progress in improving

the computational efficiency of PINN, which continues to advance as new methods

and technologies are developed and incorporated.

Overall, the growing interest in AI within the geoenvironmental and geotech-

nical research communities highlights its great potential for advancing knowledge

and best practice in the field. There is increasing realisation in both communities

that access to comprehensive, high-quality, and well-organised datasets is an im-

portant objective in itself that can significantly enhance the prediction accuracy

and generalisation of AI models. Then, the incorporation of physical laws with

data-driven models can open up major opportunities for tackling complex and

challenging problems. This thesis has highlighted the power and promise of com-

bining high-quality data-driven models with physics-informed neural networks.

It is a small step towards maximising the benefits of artificial intelligence in the

theory and practice of geoenvironmental and geotechnical engineering.

136



REFERENCES

[1] A. Tafteh, N. Davatgar, and A. Sedaghat, “Estimation of important

points on soil water retention curve (SWRC): comparison experimental-

physical models and data mining technique,” Arabian Journal of

Geosciences, vol. 15, no. 10, p. 968, May 2022. [Online]. Available:

https://doi.org/10.1007/s12517-022-10232-0

[2] M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics Informed Deep

Learning (Part I): Data-driven Solutions of Nonlinear Partial Differential

Equations,” Nov. 2017. [Online]. Available: http://arxiv.org/abs/1711.

10561

[3] C. V. Henri and E. Diamantopoulos, “Unsaturated Transport Modeling:

Random-Walk Particle-Tracking as a Numerical-Dispersion Free and Ef-

ficient Alternative to Eulerian Methods,” Journal of Advances in Mod-

eling Earth Systems, vol. 14, no. 9, p. e2021MS002812, 2022, eprint:

https://agupubs.onlinelibrary.wiley.com/doi/pdf/10.1029/2021MS002812.

[4] M. W. Farthing and F. L. Ogden, “Numerical Solution of Richards’ Equa-

tion: A Review of Advances and Challenges,” Soil Science Society of Amer-

ica Journal, vol. 81, no. 6, pp. 1257–1269, 2017.

[5] M. Van Genuchten and W. Alves, Analytical Solutions of One Dimensional

Convective Dispersive Solute Transport Equations, Jun. 1982, vol. 1661,

journal Abbreviation: United States Department of AgricultureTechnical

Bulletin Publication Title: United States Department of AgricultureTech-

nical Bulletin.

[6] H. Bayat and G. Ebrahim Zadeh, “Estimation of the soil water retention

curve using penetration resistance curve models,” Computers and Electron-

137

https://doi.org/10.1007/s12517-022-10232-0
http://arxiv.org/abs/1711.10561
http://arxiv.org/abs/1711.10561


ics in Agriculture, vol. 144, pp. 329–343, Jan. 2018.

[7] W. Su, Y.-J. Cui, P.-J. Qin, F. Zhang, W.-M. Ye, and N. Conil,

“Application of instantaneous profile method to determine the hydraulic

conductivity of unsaturated natural stiff clay,” Engineering Geology,

vol. 243, pp. 111–117, Sep. 2018. [Online]. Available: https://www.

sciencedirect.com/science/article/pii/S0013795218304952

[8] A. El-Zein, “Exponential finite elements for diffusion–advection

problems,” International Journal for Numerical Methods in

Engineering, vol. 62, no. 15, pp. 2086–2103, 2005,

eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1002/nme.1249. [On-

line]. Available: https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.

1249

[9] Z. H. Qiu, L. C. Wrobel, and H. Power, “Numerical solution of convec-

tion–diffusion problems at high Péclet number using boundary elements,”

International Journal for Numerical Methods in Engineering, vol. 41, no. 5,

pp. 899–914, 1998.

[10] S. Cuomo, V. S. Di Cola, F. Giampaolo, G. Rozza, M. Raissi, and

F. Piccialli, “Scientific Machine Learning Through Physics–Informed

Neural Networks: Where we are and What’s Next,” Journal of Scientific

Computing, vol. 92, no. 3, p. 88, Jul. 2022. [Online]. Available:

https://doi.org/10.1007/s10915-022-01939-z

[11] M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics-informed

neural networks: A deep learning framework for solving forward

and inverse problems involving nonlinear partial differential equations,”

Journal of Computational Physics, vol. 378, pp. 686–707, Feb. 2019.

[Online]. Available: https://www.sciencedirect.com/science/article/pii/

S0021999118307125

138

https://www.sciencedirect.com/science/article/pii/S0013795218304952
https://www.sciencedirect.com/science/article/pii/S0013795218304952
https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.1249
https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.1249
https://doi.org/10.1007/s10915-022-01939-z
https://www.sciencedirect.com/science/article/pii/S0021999118307125
https://www.sciencedirect.com/science/article/pii/S0021999118307125


[12] T. Bandai and T. A. Ghezzehei, “Physics-Informed Neural Networks

With Monotonicity Constraints for Richardson-Richards Equation:

Estimation of Constitutive Relationships and Soil Water Flux

Density From Volumetric Water Content Measurements,” Water

Resources Research, vol. 57, no. 2, p. e2020WR027642, 2021, eprint:

https://agupubs.onlinelibrary.wiley.com/doi/pdf/10.1029/2020WR027642.

[Online]. Available: https://onlinelibrary.wiley.com/doi/abs/10.1029/

2020WR027642

[13] ——, “Forward and inverse modeling of water flow in unsaturated soils

with discontinuous hydraulic conductivities using physics-informed neural

networks with domain decomposition,” Hydrology and Earth System

Sciences, vol. 26, no. 16, pp. 4469–4495, Aug. 2022, publisher: Copernicus

GmbH. [Online]. Available: https://hess.copernicus.org/articles/26/4469/

2022/

[14] Y. Chen, Y. Xu, L. Wang, and T. Li, “Modeling water flow in

unsaturated soils through physics-informed neural network with principled

loss function,” Computers and Geotechnics, vol. 161, p. 105546, Sep.

2023. [Online]. Available: https://www.sciencedirect.com/science/article/

pii/S0266352X23003038

[15] I. Depina, S. Jain, S. Mar Valsson, and H. Gotovac, “Application of physics-

informed neural networks to inverse problems in unsaturated groundwater

flow,” Georisk: Assessment and Management of Risk for Engineered

Systems and Geohazards, vol. 16, no. 1, pp. 21–36, Jan. 2022, publisher:

Taylor & Francis eprint: https://doi.org/10.1080/17499518.2021.1971251.

[Online]. Available: https://doi.org/10.1080/17499518.2021.1971251

[16] P. Haruzi and Z. Moreno, “Modeling Water Flow and So-

lute Transport in Unsaturated Soils Using Physics-Informed Neu-

ral Networks Trained With Geoelectrical Data,” Water Re-

sources Research, vol. 59, no. 6, p. e2023WR034538, 2023,

139

https://onlinelibrary.wiley.com/doi/abs/10.1029/2020WR027642
https://onlinelibrary.wiley.com/doi/abs/10.1029/2020WR027642
https://hess.copernicus.org/articles/26/4469/2022/
https://hess.copernicus.org/articles/26/4469/2022/
https://www.sciencedirect.com/science/article/pii/S0266352X23003038
https://www.sciencedirect.com/science/article/pii/S0266352X23003038
https://doi.org/10.1080/17499518.2021.1971251


eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1029/2023WR034538.

[Online]. Available: https://onlinelibrary.wiley.com/doi/abs/10.1029/

2023WR034538

[17] W. A. Günther, M. H. Rezazade Mehrizi, M. Huysman, and

F. Feldberg, “Debating big data: A literature review on realizing

value from big data,” Journal of Strategic Information Systems,

vol. 26, no. 3, pp. 191–209, Sep. 2017. [Online]. Available: https:

//www.scopus.com/pages/publications/85030871734

[18] D. Ruppert, “The Elements of Statistical Learning: Data Mining,

Inference, and Prediction,” Journal of the American Statistical Association,

vol. 99, no. 466, pp. 567–567, Jun. 2004. [Online]. Available:

http://www.tandfonline.com/doi/abs/10.1198/jasa.2004.s339

[19] V. Vapnik, “An overview of statistical learning theory,” IEEE Transactions

on Neural Networks, vol. 10, no. 5, pp. 988–999, Sep. 1999. [Online].

Available: http://ieeexplore.ieee.org/document/788640/

[20] T. Cover and P. Hart, “Nearest neighbor pattern classification,” IEEE

Transactions on Information Theory, vol. 13, no. 1, pp. 21–27, Jan. 1967.

[Online]. Available: https://ieeexplore.ieee.org/document/1053964

[21] E. Fix and J. Hodges, “Discriminatory Analysis, Nonparametric Discrimi-

nation: Consistency Properties,” USAF School of Aviation Medicine, Ran-

dolph Field, Texas, USA, Tech. Rep. Technical Report No. 4, 1951.

[22] N. Bhatia and Vandana, “Survey of Nearest Neighbor Techniques,” Jul.

2010, arXiv:1007.0085 [cs]. [Online]. Available: http://arxiv.org/abs/1007.

0085

[23] S. Zhang, “Challenges in KNN Classification,” IEEE Transactions on

Knowledge and Data Engineering, vol. 34, no. 10, pp. 4663–4675, Oct.

2022. [Online]. Available: https://ieeexplore.ieee.org/document/9314060

140

https://onlinelibrary.wiley.com/doi/abs/10.1029/2023WR034538
https://onlinelibrary.wiley.com/doi/abs/10.1029/2023WR034538
https://www.scopus.com/pages/publications/85030871734
https://www.scopus.com/pages/publications/85030871734
http://www.tandfonline.com/doi/abs/10.1198/jasa.2004.s339
http://ieeexplore.ieee.org/document/788640/
https://ieeexplore.ieee.org/document/1053964
http://arxiv.org/abs/1007.0085
http://arxiv.org/abs/1007.0085
https://ieeexplore.ieee.org/document/9314060


[24] N. Kouiroukidis and G. Evangelidis, “The Effects of Dimensionality

Curse in High Dimensional kNN Search,” in 2011 15th Panhellenic

Conference on Informatics, Sep. 2011, pp. 41–45. [Online]. Available:

https://ieeexplore.ieee.org/document/6065061

[25] C. Cortes and V. Vapnik, “Support-vector networks,” Machine

Learning, vol. 20, no. 3, pp. 273–297, Sep. 1995. [Online]. Available:

https://doi.org/10.1007/BF00994018

[26] G. A. Senthil, S. Geerthik, R. Karthikeyan, and G. Keerthana, “Face

Recognition based Automated Smart Attendance using Hybrid Machine

Learning Algorithms and Computer Vision,” 2024 3rd International

Conference on Applied Artificial Intelligence and Computing (ICAAIC),

pp. 606–611, Jun. 2024, conference Name: 2024 3rd International

Conference on Applied Artificial Intelligence and Computing (ICAAIC)

ISBN: 9798350375190 Place: Salem, India Publisher: IEEE. [Online].

Available: https://ieeexplore.ieee.org/document/10574896/

[27] S. B. Chaabane, M. Hijji, R. Harrabi, and H. Seddik, “Face recognition

based on statistical features and SVM classifier,” Multimedia Tools and

Applications, vol. 81, no. 6, pp. 8767–8784, Mar. 2022. [Online]. Available:

https://link.springer.com/10.1007/s11042-021-11816-w

[28] A. Wibowo Haryanto, E. Kholid Mawardi, and Muljono, “Influence

of Word Normalization and Chi-Squared Feature Selection on Support

Vector Machine (SVM) Text Classification,” 2018 International Seminar

on Application for Technology of Information and Communication, pp.

229–233, Sep. 2018, conference Name: 2018 International Seminar

on Application for Technology of Information and Communication

(iSemantic) ISBN: 9781538674864 Place: Semarang Publisher: IEEE.

[Online]. Available: https://ieeexplore.ieee.org/document/8549748/

[29] M. Haddoud, A. Mokhtari, T. Lecroq, and S. Abdeddäım, “Combining
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ternational Publishing, 2019, pp. 77–96.

[63] H. Vereecken, M. Weynants, M. Javaux, Y. Pachepsky, M. G. Schaap,

and M. van Genuchten, “Using Pedotransfer Functions to Estimate

the van Genuchten–Mualem Soil Hydraulic Properties: A Review,”

Vadose Zone Journal, vol. 9, no. 4, pp. 795–820, 2010, eprint:

https://onlinelibrary.wiley.com/doi/pdf/10.2136/vzj2010.0045. [Online].

Available: https://onlinelibrary.wiley.com/doi/abs/10.2136/vzj2010.0045

[64] K. R. Aljanabi and O. M. AL-Azzawi, “Neural network application in

forecasting maximum wall deflection in homogenous clay,” International

Journal of Geo-Engineering, vol. 12, no. 1, p. 29, Oct. 2021. [Online].

Available: https://doi.org/10.1186/s40703-021-00158-z

[65] P. Mishra, P. Samui, and E. Mahmoudi, “Probabilistic Design of

Retaining Wall Using Machine Learning Methods,” Applied Sciences,

vol. 11, no. 12, p. 5411, Jan. 2021, number: 12 Publisher:

Multidisciplinary Digital Publishing Institute. [Online]. Available: https:

//www.mdpi.com/2076-3417/11/12/5411

[66] I. A. Basheer, L. N. Reddi, and Y. M. Najjar, “Site Char-

acterization by Neuronets: An Application to the Landfill Sit-

ing Problem,” Groundwater, vol. 34, no. 4, pp. 610–617,

1996, eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1111/j.1745-

6584.1996.tb02048.x. [Online]. Available: https://onlinelibrary.wiley.com/

doi/abs/10.1111/j.1745-6584.1996.tb02048.x

[67] W. G. Baxt, “The Role of the Artificial Neural Network in the

Characterisation of Complex Systems and the Prediction of Disease,”

147

https://onlinelibrary.wiley.com/doi/abs/10.2136/vzj2010.0045
https://doi.org/10.1186/s40703-021-00158-z
https://www.mdpi.com/2076-3417/11/12/5411
https://www.mdpi.com/2076-3417/11/12/5411
https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1745-6584.1996.tb02048.x
https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1745-6584.1996.tb02048.x


in Artificial Neural Networks in Biomedicine, ser. Perspectives in

Neural Computing, P. J. G. Lisboa, E. C. Ifeachor, and P. S.

Szczepaniak, Eds. London: Springer, 2000, pp. 25–37. [Online]. Available:

https://doi.org/10.1007/978-1-4471-0487-2 3

[68] C. H. Juang, T. Jiang, and R. A. Christopher, “Three-dimensional site

characterisation: neural network approach,” Géotechnique, vol. 51, no. 9,
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the unsaturated soil hydraulic database UNSODA version 2.0,” Journal of

Hydrology, vol. 251, no. 3, pp. 151–162, Oct. 2001.

[252] J. De Pue, Y.-D. Botula, P. M. Nguyen, M. Van Meirvenne, and W. M.

Cornelis, “Introducing a Kriging-based Gaussian Process approach in pe-

dotransfer functions: Evaluation for the prediction of soil water retention

with temperate and tropical datasets,” Journal of Hydrology, vol. 597, p.

125770, Jun. 2021.

[253] W. Liu, X. Luo, F. Huang, and M. Fu, “Prediction of soil water retention

curve using Bayesian updating from limited measurement data,” Applied

Mathematical Modelling, vol. 76, pp. 380–395, Dec. 2019.

[254] J. L. Feike, The UNSODA unsaturated soil hydraulic database : user&#39;s

manual. Version 1.0. Cincinnati, Ohio : National Risk Management Re-

search Laboratory, Office of Research and Development, U.S. Environmen-

tal Protection Agency, [1996], 1996.

[255] R. D. De Veaux and L. H. Ungar, “Multicollinearity: A tale of two non-

parametric regressions,” in Selecting Models from Data, ser. Lecture Notes

in Statistics, P. Cheeseman and R. W. Oldford, Eds. New York, NY:

Springer, 1994, pp. 393–402.

[256] M. Paliwal and U. A. Kumar, “Assessing the contribution of

variables in feed forward neural network,” Applied Soft Computing,

vol. 11, no. 4, pp. 3690–3696, Jun. 2011. [Online]. Available:

https://www.sciencedirect.com/science/article/pii/S1568494611000585

[257] J. Y.-L. Chan, S. M. H. Leow, K. T. Bea, W. K. Cheng, S. W. Phoong, Z.-

W. Hong, and Y.-L. Chen, “Mitigating the Multicollinearity Problem and

Its Machine Learning Approach: A Review,” Mathematics, vol. 10, no. 8, p.

178

https://www.sciencedirect.com/science/article/pii/S1568494611000585


1283, Jan. 2022, publisher: Multidisciplinary Digital Publishing Institute.

[Online]. Available: https://www.mdpi.com/2227-7390/10/8/1283
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and Applications of the HYDRUS Computer Software Packages,”

Vadose Zone Journal, vol. 15, no. 7, p. vzj2016.04.0033, 2016, eprint:

https://acsess.onlinelibrary.wiley.com/doi/pdf/10.2136/vzj2016.04.0033.

[Online]. Available: https://onlinelibrary.wiley.com/doi/abs/10.2136/

vzj2016.04.0033

182

https://royalsocietypublishing.org/doi/10.1098/rspa.1953.0139
https://www.academia.edu/3367245/Dynamics_of_fluids_in_porous_media
https://www.academia.edu/3367245/Dynamics_of_fluids_in_porous_media
https://pubs.rsc.org/en/content/articlelanding/1961/tf/tf9615701200
https://onlinelibrary.wiley.com/doi/abs/10.2136/vzj2016.04.0033
https://onlinelibrary.wiley.com/doi/abs/10.2136/vzj2016.04.0033


[282] B. Xu, N. Wang, T. Chen, and M. Li, “Empirical Evaluation of Rectified

Activations in Convolutional Network,” 2015.

[283] A. K. Dubey and V. Jain, “Comparative Study of Convolution Neural Net-

work’s Relu and Leaky-Relu Activation Functions,” Applications of Com-

puting, Automation and Wireless Systems in Electrical Engineering, pp.

873–880, 2019.

[284] L. R. Ahuja, F. Fiedler, G. H. Dunn, J. G. Benjamin, and A. Garrison,

“Changes in Soil Water Retention Curves Due to Tillage and Natural Re-

consolidation,” Soil Science Society of America Journal, vol. 62, no. 5, pp.

1228–1233, 1998.

[285] C. F. Stange and R. Horn, “Modeling the Soil Water Re-

tention Curve for Conditions of Variable Porosity,” Vadose

Zone Journal, vol. 4, no. 3, pp. 602–613, 2005, eprint:

https://acsess.onlinelibrary.wiley.com/doi/pdf/10.2136/vzj2004.0150. [On-

line]. Available: https://onlinelibrary.wiley.com/doi/abs/10.2136/vzj2004.

0150

[286] E. Rabot, M. Wiesmeier, S. Schlüter, and H. J. Vogel, “Soil
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APPENDICES

A Steady-state Analytical solution of ADE

The PDE for the 1D ADE sets the time derivative term ut in Eq. 1 to be 0,

transforming the transient formula into its steady-state form as follows:

Nx[u] = − [∇ · (D∇u) +∇ · (vu)] = 0, x ∈ Ω, t ∈ [0, tlim] (A.1)

To solve Eq. A.1 analytically, we assume:

u = Aeϕx (A.2)

Substituting Eq. A.2 into Eq. A.1:

DAϕ2eϕx − vAϕeϕx = 0 (A.3)

Aeϕx(Dϕ2 − vϕ) = 0 (A.4)

Dϕ2 − vϕ = 0 (A.5)

The equation above is a quadratic equation, the solution of ϕ can be easily

calculated as follows:

ϕ1,2 =
v ± v

2D
(A.6)

The closed form solution of concentration at any given location x can be
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expressed as:

u(x) = A1e
ϕ1x + A2e

ϕ2x (A.7)

Let we define two new variables:

p(1,x) = eϕ1x; p(2,x) = A2e
ϕ2x (A.8)

Substituting the solution from Eq. A.6 to Eq. A.8, we got:

p(1,x) = e
v
D
x; p(2,x) = e0·x = 1 (A.9)

Thus, the closed-form solution can be rewritten as:

u(x) = A1p(1,x) + A2p(2,x) (A.10)

The values of A1 and A2 can be calculated based on the boundary conditions

set up. The Dirichlet boundary conditions are applied at both ends of the do-

main and expressed as: u(x1 = a) = ua and u(x2 = b) = ub. Then, applying

the boundary conditions to Eq. A.10, we can get a pair of equations with two

unknowns: 
ua = A1 + A2

ub = A1e
vLd
D + A2 · 1

(A.11)

Solving the equation: 
A2 =

uae
vL
D −ub

e
vLd
D −1

A1 = ua − A2

(A.12)

After substituting A1 and A2 into Eq. A.10, we can get the closed form solution

as:

u(x) =

(
ua −

uae
vLd
D − ub

e
vLd
D − 1

)
e

v
D
x +

uae
vLd
D − ub

e
vLd
D − 1

(A.13)
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B Generalised Solution for RRE

The performance of the PINN model for solving RRE is evaluated by comparing

its predictions with a generalised solution proposed by Warrick et al. [280]. The

generalised solution uses a reduced form framework, which simplifies the RRE

(Eq.3.36) by replacing its dimensional parameters by dimensionless ones. The

reduced form parameters are defined as follows:

W =
θ − θr
θs − θr

(B.1)

T =
µKst

θs − θr
(B.2)

X = µx (B.3)

K∗ =
K

Ks

(B.4)

h∗ = µh (B.5)

where W , T , X, K∗ and h∗ are all dimensionless parameters, representing

respectively water content, time, soil depth, hydraulic conductivity and suction

pressure. µ, [L−1] is a positive scaling factor for length. Note that the dimension-

less water content W is the degree of saturation of the soil. Substituting these

dimensionless variables into Eq.3.36, the reduced form of RRE is derived as:

∂W

∂T
=

∂

∂X
(K∗∂h

∗

∂X
)− ∂K∗

∂X
(B.6)

The reduced form RRE is subject to the following initial and boundary con-

ditions, given by:
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W (X, 0) = Wi (initial condition) (B.7)

W (0, T ) = W0 (boundary condition at X = 0) (B.8)

W (X → ∞, T ) = W∞ (boundary condition at X → ∞) (B.9)

where Wi is the initial degree of saturation, and W0 and W∞ are the degrees

of saturation are at X = 0 and X = ∞, respectively. The spatial domain is semi-

infinite, extending to X → ∞, implying that the comparison between the PINN

model and the generalised solution is valid only prior to the system reaching

hydraulic equilibrium.

Similar to the dimensional form of RRE, the reduced form variables can also

be interrelated using empirical WRC models, such as Van Genuchten or Brooks-

Corey model. In this analysis, the reduced form Van Genuchten model is adopted,

expressed as:

W =
1

(1 + |h∗|n)m
(B.10)

The solution to Eq.B.6 provides the infiltration profile in reduced form, ex-

pressed as the soil depth X(W ) corresponding to a given water content W . The

solution is given by:

X(W ) = λ(W )T 0.5 + χ(W )T + ψ(W )T 1.5 + ... (B.11)

X(W ) can usually be approximated with sufficient accuracy using the first

three terms of the series. The coefficients λ(W ), χ(W ), ψ(W ) in the first three

terms can be determined numerically by using the method outlined by Philip

[226], or obtained from the lookup table as presented in Table B.1. Once the so-

lutions in reduced form have been determined, the results field can be transformed

back to their dimensional forms by using Eq. B.1 to Eq. B.5.
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Table B.1: Values of λ(W ), χ(W ) and ψ(W ) defining moisture profiles for W ∗ =
0.25, 0.5, and 0.75. [280]

λ χ ψ

n Wi W ∗ = 0.25 0.50 0.75 W ∗ = 0.25 0.50 0.75 W ∗ = 0.25 0.50 0.75

1.1 0.0 0.314 0.314 0.312 0.266 0.266 0.269 0.200 0.200 0.200
0.1 0.316 0.316 0.313 0.282 0.282 0.288 0.258 0.258 0.255
0.2 0.321 0.320 0.316 0.299 0.300 0.305 0.336 0.336 0.334
0.3 0.329 0.328 0.320 0.317 0.319 0.334 0.443 0.443 0.445

1.25 0.0 0.475 0.472 0.446 0.185 0.187 0.208 0.160 0.161 0.171
0.1 0.503 0.498 0.463 0.198 0.202 0.229 0.183 0.186 0.202
0.2 0.537 0.527 0.483 0.213 0.220 0.256 0.213 0.218 0.244
0.3 0.579 0.562 0.504 0.232 0.245 0.292 0.250 0.261 0.301

1.5 0.0 0.725 0.710 0.642 0.229 0.239 0.280 0.119 0.121 0.130
0.1 0.772 0.748 0.665 0.250 0.266 0.317 0.137 0.140 0.154
0.2 0.828 0.791 0.691 0.278 0.302 0.364 0.159 0.165 0.186
0.3 0.895 0.840 0.720 0.316 0.352 0.426 0.188 0.198 0.232

1.75 0.0 0.884 0.857 0.763 0.284 0.301 0.355 0.113 0.112 0.118
0.1 0.941 0.901 0.790 0.315 0.340 0.404 0.129 0.129 0.140
0.2 1.008 0.951 0.819 0.355 0.392 0.465 0.150 0.152 0.171
0.3 1.088 1.000 0.853 0.409 0.461 0.528 0.183 0.217 0.217

2.0 0.0 0.990 0.955 0.846 0.331 0.354 0.413 0.110 0.107 0.111
0.1 1.054 1.003 0.876 0.369 0.402 0.469 0.127 0.124 0.127
0.2 1.128 1.058 0.909 0.419 0.464 0.539 0.146 0.145 0.165
0.3 1.215 1.120 0.947 0.487 0.546 0.628 0.171 0.174 0.216

2.5 0.0 1.120 1.077 0.957 0.401 0.429 0.489 0.107 0.100 0.105
0.1 1.191 1.130 0.992 0.449 0.488 0.552 0.122 0.122 0.127
0.2 1.273 1.191 1.031 0.513 0.564 0.628 0.150 0.152 0.171
0.3 1.370 1.260 1.077 0.598 0.661 0.728 0.160 0.161 0.202
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