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Abstract

Interferometry is the ultimate exercise in information theory. In performing interferometry a trade is
made — fewer observables are obtained than from a direct image but each may have intrinsically higher
resolution and signal to noise. However, this trade is not free — from a restricted number of observables,
information recovery techniques are required to fit models and reconstruct images of the underlying scene
for astrophysical inference.

A powerful observational technique is found in the combination of interferometry with spectro-polarimetry
— optical wavelength spectro-polarised interferometric measurement provides a high resolution spatio-
spectral probe of the geometry, chemistry and grain size of the dust within inner-most circumstellar
environments. Observing the circumstellar environments of evolved stars remains a core pursuit of mod-
ern stellar astrophysics, as these regions encode information on the physical mechanisms driving the
intense stellar mass loss that enriches the interstellar medium. Whilst information recovery techniques
for traditional optical interferometric observables have a long history, techniques applicable to optical
spectro-polarised interferometry have so far been restricted to simple scattering regimes and symmetric
geometries, leaving significant room for technical development.

This thesis aims to advance the use of optical-wavelength spectro-polarimetric interferometry as a method
for probing the inner circumstellar environments of evolved stars. The present understanding of how
stellar winds are driven is unable to explain how the winds of O-rich evolved stars are launched. One
theorised solution is that starlight scattered by large and transparent dust grains may impart sufficient
momentum to drive the grains outwards (Hofner 2008). Support of this theory relies on the direct
detection and characterisation of circumstellar dust grains — a task for which optical-wavelength spectro-
polarimetric interferometry is ideally configured. The primary scientific focus of this thesis is O-rich Red
Supergiant star p Cephei, which we will use as a test case to investigate how optical spectro-polarised
interferometry can constrain circumstellar geometry, chemistry and dust grain size, and whether this
informs the plausibility of a scattering driven stellar wind.

This thesis pursues three core goals: (1) the development of novel astronomical instrumentation — the
spectro-polarimetric interferometry mode of the VAMPIRES instrument, (2) the creation of a suite of
modelling and image reconstruction tools for spectro-polarised interferometric observables which signifi-
cantly advance upon existing techniques and (3) the application of these methods to u Cephei as a test
case, to characterise its circumstellar environment. Together, these efforts aim to establish VAMPIRES
as a leading and fully-supported instrument for performing optical wavelength spectro-polarimetric in-
terferometry.
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Chapter 1

An Introduction to Spectro-Polarimetric
Interferometry

“There is no such thing as a
diffraction limit, only noise.”

Peter G. Tuthill

1.1 Observing through Earth’s turbulent atmosphere

Study of the cosmos has always fascinated human kind — the practice of astronomy is woven into historical
records across cultures and continents (Ruggles 2015; Selin 2000). Our knowledge of ancient astronomical
practices is rapidly increasing as greater attention is given to astronomical observations embedded in
ancient texts, monuments and the dominant practice of oral history records (Norris et al. 2015b). Our
existing understanding indicates that study of the sky was born out of both necessity and curiosity (Kelley
et al. 2005); as a means to understand weather patterns, agriculture and to navigate, but also from a
deep desire to understand the vast depth surrounding us — which existed long before humanity and will
persist long after life on Earth has ceased.

The observation that stars ‘twinkle’ (defined in modern astronomy as scintillation) is widely recorded as a
method for understanding weather variability (Hamacher et al. 2019; Kerrison et al. 2024). Scintillation
is caused by Earth’s turbulent atmosphere, which spatio-temporally randomises the phase of incident
starlight at scales between ~ 1 mm - 10 m (Kolmogorov 1941). At the optical wavelengths sensed by the
human eye, these spatial and temporal scales are 1o ~10cm (the Fried parameter) and 79 ~10ms (the
atmospheric coherence time) (Labeyrie et al. 2006a). The interaction of a wavefront with the atmosphere
results in modulation to the observed amplitude (or intensity) of the object — this causes unresolved stars
to appear to ‘jitter’ about their true position in the sky. For sources such as planets that occupy a larger
angular size, the effects of this scintillation can be dramatically reduced (leading to the well-known tip
for distinguishing stars from planets), though the quality of imagery recovered remains badly affected.

The same atmospheric variability that causes scintillation (amplitude error) also causes an effect called
seeing (phase error) that blurs the wavefront containing information on the astronomical scene, impacting
the performance of ground based telescopes with severity proportional to observing wavelength. The
commonly understood resolution of a ground based telescope is usually quantified by Rayleigh’s criteria,
where the diffraction limit 6 of a telescope of diameter D and observing wavelength A defines the smallest
resolvable angular separation of two point sources (Equation 1.1).

A
0~122— 1.1
= (1)

In principle, finer detail can be resolved by decreasing the observing wavelength or increasing the telescope
diameter. However, in reality the diffraction limited resolution of large optical telescopes (with diameter
above 10 cm) is not attainable without intervention as the atmosphere lowers the inherent resolution of



1.1 Observing through Earth’s turbulent atmosphere

ground based telescopes to what is known as seeing limited performance. At optical wavelengths the
effects of seeing typically limit a telescope’s resolution to ~ O(1”) (Labeyrie et al. 2006a). Given this is
our starting point, performing high resolution optical astronomy is a remarkably challenging pursuit.

One way to overcome atmospheric seeing is to put telescopes in space, a solution with significant inter-
est and increasing investment (National Academies of Sciences 2023; Kouveliotou et al. 2014). Existing
observatories like the Hubble Space Telescope (HST) (Lauer et al. 1991) and the James Web Space Tele-
scope (JWST) (Gardner et al. 2023) capture remarkably high resolution images of astrophysical scenes.
Planned space-based observatories like the Habitable Worlds Observatory (HWO) and the PLAnetary
Transits and Oscillations of stars (PLATO) mission will transform space-domain detection and character-
isation of exoplanets (Stark et al. 2024; Rauer et al. 2014). These missions carry high risk though promise
great reward, entailing high expense and unique challenges in troubleshooting and upgrade. Complemen-
tary to space missions are ground based techniques designed to mitigate seeing, which include specialised
instrument design, active wavefront control and data post-processing techniques. Within the present
thesis, two of these techniques are used — adaptive optics and single telescope interferometry.

Adaptive optics (AO) systems entail control loops which use wavefront sensing to measure perturbations
in the phase of an incident wave-front, correcting for phase errors by varying instrumental optical path
lengths via a deformable mirror (DM) (Guyon 2018; Hampson et al. 2021). A well tuned AO system can
drive a seeing limited telescope towards a diffraction limited performance (Ahn et al. 2021), although the
diffraction limit still represents a practical ceiling for the resolution of classical imaging systems (Max
Born 1975). Within this work we use adaptive optics as an end-user, benefiting from its improvement to
the resolution of interferometric measurements without delving into its complexities.

The focus of this thesis is interferometry — a technique responsible for some of the highest resolution
measurements made in modern astronomy (Eisenhauer et al. 2023). Instead of recording images of an
astrophysical scene, light from the scene is interfered to produce an interferogram. Most famously, long-
baseline interferometry interferes recombined light from multiple separated telescopes to obtain higher
resolution by virtue of creating a greater effective telescope diameter — this separation between telescope
diameters is called a ‘baseline length’ (Hofmann 2005; Ten Brummelaar 1999). Notable examples of
long-baseline interferometers include the Very Large Telescope Interferometer (VLTI) (Glindemann et
al. 2000), the Center for High Angular Resolution Astronomy (CHARA) (Ten Brummelaar 1999), the
Atacama Large Millimeter /submillimeter Array (ALMA) (Wootten et al. 2009) and the Event Horizon
Telescope (EHT) (Akiyama et al. 2019a). These facilities perform interferometry across the electro-
magnetic spectrum, permitting investigation of astrophysical phenomena ranging from the surfaces of
evolved stars (Wittkowski et al. 2016) to the environments around black holes (Akiyama et al. 2019a).

However, it is also possible to perform single telescope interferometry by placing an opaque mask called
a Sparse Aperture Mask (SAM) or Non Redundant aperture Mask (NRM) into the pupil plane of a
single telescope. The advantage of doing so is counter-intuitive at first glance, as adding an aperture
mask neither changes the observing wavelength nor increases the telescope’s diameter (Equation 1.1).
As we will subsequently explore, NRM’s advantage is that it removes spatial redundancy noise from the
measured signal — which allows us to drive the resolution of a single telescope below the diffraction limit.
NRM is so successful at removing redundancy noise that even space based observatories like the James
Webb Space Telescope (JWST) carry an aperture mask, as it can provide an observational advantage for
a subset of targets of appropriate size and sufficient brightness to tolerate the significant loss incurred by
the low throughput of an aperture mask (Sivaramakrishnan et al. 2014). In contrast to the expense of
long baseline interferometry, NRM requires only the addition of an opaque mask to the pupil plane of an
existing instrument (Lacour et al. 2011) and does not suffer from signal loss along the long beam paths
required for recombining signal in long baseline interferometers (Kawaguchi 1983).

NRM was first implemented in 1851 in Fizeau’s earliest demonstrations of interferometry and was then
used by Michelson in the 1920s to measure stellar diameters (Glindemann 2012). Subsequent inter-
ferometric experimentation quickly sought to combine light from multiple telescopes to obtain higher
resolutions (Glindemann 2012). NRM’s modern resurgence began with a series of experiments performed
at the Keck Observatory in the late 1990s (Tuthill et al. 2000b; Woodruff et al. 2008; Monnier et al.
2007a), permitting study of the dusty circumstellar environments of evolved stars. With maturation of
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the technique it spread to other ground-based facilities including the VLT where it has been used on
NACO (Tuthill et al. 2010b; Lacour, Sylvestre, Tuthill, Peter 2023), SPHERE (Cheetham et al. 2016),

and at the SUBARU Telescope on the VAMPIRES Instrument (Norris et al. 2015a; Lucas et al. 2024).
The development and use of the NRM mode of VAMPIRES (VAMPIRES + NRM) is the subject of this

thesis.

1.2 Principles of Interferometry

At the core of interferometry is the concept of complex coherence v — the time averaged correlation of
two electric fields Fy(r1,t, A + AX) and Es(ra,t, A £ A)) emitted from spatial locations ry and ro at
time ¢ and wavelength A & AX (Equation 1.2). For a baseline vector rp — ry, an unresolved object with
size S << = irl has full coherence (v = 1) — all light from the object is degenerate and has perfect
time averaged correlation (Figure 1.1, (a)). Conversely, an object which is over-resolved on ro — ry with
S >> —2_ is incoherent (v = 0) (Figure 1.1, (c)) — there is no time averaged correlation between the

ro—riy
two signals and thus no measurable interference fringes. Between these two extremes is an object that is
partially resolved on baseline ro — ry with S ~ ﬁ, for which the measured electric fields will have a

coherence of between 0 < v < 1 (Figure 1.1, (b)).

’y(r17r27>\ + A)\) _ <E1(I‘1,t,>\ + A)\) EQ(I‘z,t,)\ + A)\)> i (12)
[([E1(re, 6, A = AN)[?) ([Ea(r2,t, A £ AN)[?)]2

As the baseline length and angle defined by ro — ry vary, the complex coherence y varies between 0 and
1 as a function of the size and orientation of the underlying astronomical scene (Figure 1.1 (b)). As there
is no sharp transition from ‘resolved’ to ‘unresolved’, partially resolved objects with features smaller than
the diffraction limit may be characterised. The fidelity of these measurements depends predominantly
on the limitations imposed by noise and calibration (Ireland 2013). As a result of these mathematical
properties, for an otherwise identical apparatus and a partially resolved astronomical target of sufficient
brightness, interferometry can deliver higher angular resolution measurements than a direct image.
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Figure 1.1: Interferometric measurement of objects of angular size S at wavelength A + AX. (a)
Unresolved objects (where S << A/B) exhibit full coherence and visibility measurements are ~ 1. (b)
Partially resolved objects (where S ~ A/ B) exhibit partial coherence and have visibilities between 0 and
1, which are a function of the size and orientation of the object. (¢) Completely resolved objects (where

S >> A\/B) will not exhibit time averaged coherence and have visibilities of zero.
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In practice, the complex coherence function is measured via a proxy for the contrast of the interference
fringes, the squared visibilities V2, as a function of ro — ry (Figure 1.1 (b)). The relationship between the
squared visibilities and the complex coherence function is given by Equation 1.3, where A; and As are
the amplitudes of the electric fields Fy(r1,t, A £ AX) and Ea(ra, ¢, A = A X), and Inax and Iy, are the
maximum and minimum fringe visibilities generated by the two electric fields (Greenbaum et al. 2014).

24:A 2 Imax — ]min ?
V2(r1,r2, A £ AN) = (Agjrjg |’Y(1‘171‘27)\iA)\)> = (I+I> (1.3)
1 2 max min

The relationship between the complex coherence function v and the underlying source structure is given
formally by the Van Cittert Zernike Theorem (Equation 1.4) — “for a monochromatic, incoherent source,
the Fourier transform F of the complex spatial coherence function is the angular intensity distribution of
the source I(r)” (Labeyrie et al. 2006b). Measuring the squared visibilities as a function of baseline length
and angle is thus equivalent to probing the two dimensional Fourier spectrum of the imaged astronomical
scene, where each baseline vector measures a single Fourier component.

I(r1,r2, A+ AN) = F(y(r1,r2, A £ A))) = % //fy(rl, r2, A+ AN)e 2T g2y (1.4)

The design of aperture masks is driven by observational intention — different numbers, sizes and orien-
tations of sub-apertures have different throughput and Fourier coverage which must be matched to the
astronomical target. The aperture mask used within the present work is the ‘g1l8 — an 18 hole mask with
153 independent baseline vectors and 3% throughput (Golay 1971; Norris et al. 2015a). The ‘gl8’ mask
design is displayed in Figure 1.2 (left) alongside its corresponding power spectrum (right) — the Fourier
coverage of the g18 mask is reasonably complete.
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Figure 1.2: The VAMPIRES ‘gl18 18-hole aperture mask design (left), and the associated power
spectrum (right) — from which interferometric observables (visibilities and closure phases) are measured.
Figure is reproduced from (Norris et al. 2015a).

The phase-randomisation induced by atmospheric turbulence is an ever-present contribution. It can be
modelled to first order as a piston term above each sub-aperture, which manifests as varying spatial
displacement of each pair of interference fringes on the detector (Tuthill et al. 2000a). Although the
fringe amplitudes are in principle mathematically immune to atmospheric phase noise, the rapid and
random displacement of all pairs of fringes leads to a noisy incoherent sum on the detector, limiting our
ability to capitalise on this theoretical immunity. This fringe displacement can be reduced with a well
tuned AO system which will stabilise the fringes on the detector thereby improving the signal to noise of
the measured interferometric quantities (Tuthill et al. 2006).

The sub-diffraction limited resolution promised by interferometry is most powerful when interferometry
is performed non redundantly. When two identical Fourier components are measured twice by the same
interferometric array, they sum incoherently on the detector and at the same location in the (u,v) plane
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(power spectrum). Earth’s atmosphere has both temporal (79) and spatial () scales to its phase corrup-
tion. If a Fourier component is measured twice by an interferometric array then each pair of apertures
will experience a different phase error on account of differing location in the pupil plane. When their
fringes are summed incoherently, each pair of sub-apertures contributes a unique random error term.
The resulting noise is called redundancy noise — by measuring the same baseline twice (ie, a redundant
measurement), the amount of noise in our measurement is also increased. Redundancy noise grows as
V/N for N redundant measurements of the same Fourier component. As such, signal to noise is maximised
with an array design that probes each Fourier component only a single time in a ‘non-redundant’ fashion
(Tuthill 1994).

The second significant benefit of interferometry is that it allows for some degree of phase retrieval.
Whilst the observed phase of incident light is corrupted by the atmosphere, the conservative nature of
the phase field can be used to remove phase error by constructing phase quantities known as closure
phases (Readhead et al. 1988). Each triplet of telescopes (or sub apertures) each with measured phase
¢n and error €, (Equations 1.5-1.7) can be used to construct a closure phase ¢cp, a function of the
three measured phases which is immune to the individual error terms (Equation 1.8).

Q1 o=¢1+€e1—p2—€

1.5
=12+ € —€ (1.5)
DPo_3=q¢a+€— 3 —¢€
2-3=¢2+ €2 — P3 — €3 (1.6)
=¢o_3+ € —€3
By = 3+ 3 — Py —
31 =¢3+€3— 1 — € (17)
=¢3_1+€—¢€
pcp=P1o+Po 3+ P31 =12+ P23+ P31 (1.8)

Several assumptions are made in the construction of closure phases, including the perfect conservation of
the phase field and the uniformity of phase across each sub-aperture. However even with the approximate
satisfaction of these conditions, closure phases provide a very effective method for phase recovery. For N
non-redundant sub-apertures there are (]; ) independent Fourier phases and (N 5 1) independent closure
phases. The proportion of recovered phase information is the ratio between independent closure phases
and Fourier phases — simple combinatorics can show that by the time N = 50, 96 % of the phase information
has been recovered (Monnier 2002). For the g18 mask used in this thesis we may recover as much as 89 %.
Closure phases provide critical information on the edges, orientations, and asymmetry of the underlying
source structure, breaking the symmetric degeneracy present within visibility measurements (Monnier
2003). Closure phases are also immune to image translations and to varying phase centre, making them
a robust source of information on asymmetry (Monnier 2003; Readhead et al. 1988).

1.3 High Contrast Imaging via Polarimetry

A central challenge in observational astronomy is the ability to make measurements within high-contrast
environments, to detect and characterise faint structures whose signals are dwarfed by a bright counter-
part. Two of the most notable examples of faint structures in high contrast environments are: circumstel-
lar dust shells and exoplanetary signatures (Bjorkman 2000; Hough 2006; Kolokolova et al. 2015; Claudi
et al. 2025; Zurlo 2024). A powerful strategy for observing these faint components is polarimetry. The
polarisation state of transverse waves describes the orientation of the oscillating electric field component
with respect to the direction of propagation (Max Born 1975). The polarisation state of light is modified
by physical processes where symmetry is broken, such as: reflection, transmission, dichroism, double
refraction and scattering (Jenkins 1981). Each process imparts a unique signature into the polarisation
state, providing information on the physical process that is unavailable within an intensity measurement.

A convenient mathematical framework for describing partially polarised light is the Stokes formalism,
where the polarisation state is given by a four vector S = (Sp, S1,52,53) = (I,Q,U,V) (Stokes 1851)
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(Equation 1.9). Each component of the Stokes vector is derived from measurement of orthogonal electric
field components E, and E, which are separated by an angle ¢ in the plane perpendicular to the wave-
front’s propagation (Snik et al. 2013). Stokes I defines the total intensity of incident light, whilst Stokes
Q and U define the orthogonal linear polarisation states. Stokes V describes circularly polarised light
which is unmeasured in the present work. Equation 1.10 is an inequality when light is partially polarised
(most astronomical contexts, including the present). From a Stokes vector, the polarisation vector P may
be constructed — with length P (Equation 1.11) and angle ¢p (Equation 1.12) (Trippe 2014).

E2 + Eé So I
E?-F S, Q
= z y = =
S 2E,F, cosd Sa U (1.9)
2E,E, sin S 1%
S5 > S7+ S35+ 53 (1.10)

P=,/82+83=1/Q%+ U2 (1.11)

1 U
op = iarctan@ (1.12)

Polarimetry is a particularly effective high contrast imaging technique because the polarisation prop-
erties of high contrast structures are usually very different (Snik et al. 2018). At optical wavelengths,
light scattered off circumstellar dust grains is highly polarised compared to light originating from the
stellar surface (Snik et al. 2013). This permits polarimetry to reveal dust structures close to the stellar
surface that would otherwise be dominated by the stellar signal in an intensity measurement (Gledhill
1991; Canovas et al. 2011; Holstein 2021). Polarimetry has been used to study a wide variety of dusty
astronomical objects, including: protoplanetary disks (Hashimoto et al. 2012), debris discs (Vandeportal
et al. 2019), planetary nebulae (Gledhill et al. 2001), circumbinary disks (Andrych et al. 2023; Andrych
et al. 2024) and the circumstellar environments of evolved stars (Gonzdlez Delgado et al. 2003; Haubois
et al. 2019) which will be the focus of the present work.

In addition to providing reach into high contrast environments, polarimetric images can reveal three-
dimensional dust structure if the dust exhibits anisotropic scattering. In these cases, the magnitude and
orientation of the emergent polarisation vector depends on the scattering angle and physical properties
of the dust grains, enabling inference of the relative distances of different dusty components along the
line of sight. An example of this is the use of polarimetry to probe the inclination angles of circumstellar
disks (Perrin et al. 2009a; Avenhaus et al. 2018a; Wahhaj et al. 2024; Quanz et al. 2011; Perrin et al.
2015) — Figure 1.3 displays a striking increase in information from polarimetry for disk HR 4796A.

When imaged in Stokes I (ADI, Figure 1.3 left), HR 4796A’s dusty ring is partially occluded by speckle
noise around a coronagraph and the ring’s 3D orientation is unclear. When imaged in polarised light
(Figure 1.3 right), the polarised image suffers less from speckle noise and the image reveals the disk’s
inclination — ie, which face of the disk is closest to us (the brighter limb). This brightened forwards sector
of the ring is the result of forward scattering — light scattered off large (~ A) dust grains at large scattering
angles (closer to us at ~ 180°) exhibit stronger polarisation than dust grains at small scattering angles
(furthest away from us at ~ 0°) which exhibit back scattering. Polarimetry is made even more powerful
when performed over multiple wavelengths — a technique known as spectro-polarimetry. Information
on the dust, such as its chemical composition and grain size, are degenerate with the total amount of
scattered light at a single wavelength. Spectro-polarimetry enables these properties to be disentangled
as chemistry and grain size have unique wavelength dependent signatures (Honda et al. 2022; Hartquist
et al. 2006; Hunziker et al. 2021; Dykes et al. 2024; Haubois et al. 2019; Norris et al. 2012).
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Figure 1.3: HR 4796A in ADI and PDI — obtained via the Gemini Planet Imager (GPI) in the K1
band (1.90-2.19 pm). Figure is reproduced from Perrin et al. 2015. Whilst the disk’s shape is evident in
ADI (left), in PDI (right) the inclination of the disk is revealed via strong anisotropic forward scattering
induced by large dust grains (large meaning of size comparable to the observing wavelength).

1.4 Spectro-Polarimetric Interferometry

A innovative observational technique is forged by combining interferometry and spectro-polarimetry —
the latter yielding multi-wavelength characterisation of high contrast regions while the former enables
us to probe them with sub-diffraction limited resolution. When performed at optical wavelengths where
polarisation signatures induced by dust scattered starlight are strong, spectro-polarimetric interferometry
provides a sub-diffraction limited spatio-spectral probe of innermost circumstellar environments (Norris
et al. 2015a; Norris 2015). Within this thesis we will perform spectro-polarimetric interferometry using
the VAMPIRES + NRM instrument (Norris et al. 2015a; Lucas et al. 2024), described in detail in Chap-
ter 3. Here we introduce the spectro-polarimetric interferometry data product (depicted in Figure 1.4)
and summarise its history and scientific potential. Figure 1.4 depicts a simulated spherical circumstellar
dust shell as observed with each mode of VAMPIRES. VAMPIRES produces both a polarised differential
imaging (PDI) data product and a polarimetric differential interferometry data product (PDI+ NRM),
both are displayed for comparison. The polarimetric data product is described as differential because
its computation requires the subtraction (for PDI) or division (for PDI+ NRM) of orthogonal linear
polarisation states H/V (Stokes Q) and H45/V45 (Stokes U). The polarised differential visibilities of a
spherical shell (like Figure 1.4) have a characteristic sinusoidal and cosinusoidal appearance. In conven-
tional measurement of high contrast circumstellar environments, intensity (Stokes I) is dominated by the
stellar signal (column 1), whilst in polarimetric measurements the dust dominates (columns 2-3).

Optical and infrared wavelength spectro-polarimetric interferometry data is relatively novel. The only fa-
cilities to currently perform such measurements are SPHERE/ZIMPOL (Cheetham et al. 2016) and VAM-
PIRES/SCExAO (Norris et al. 2015a; Lucas et al. 2024). Historically it was performed on NACO/VLT
(Tuthill et al. 2010a; Norris et al. 2012; Girard 2010) and the Sydney University Stellar Interferometer
(SUSI) (Ireland et al. 2005), both of which are now decommissioned. Interest in developing polarimetric
modes of existing interferometers is growing due to the great scientific potential of the data type. Work
on instrumental characterisation (the first step to performing polarimetric measurements) is currently
underway at the CHARA array (Setterholm et al. 2020). As such, development of methods for extract-
ing, reducing and modelling spectro-polarimetric interferometry data are of wide interest to the broader
community as the technique expands and develops maturity. At the time of writing this thesis there is no
published VAMPIRES + NRM data beyond instrumental polarisation calibration measurements (Norris
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et al. 2015a). There are only three existing studies that perform and model polarimetric interferometry at
optical and infrared wavelengths, all of which use decommissioned instruments that pre-date VAMPIRES.
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Figure 1.4: Simulated VAMPIRES observables for a thick spherically symmetric circumstellar enve-
lope: polarimetric differential images (PDI) of Stokes I, Q and U (top row) and corresponding polarised
differential interferometric visibilities (PDINRM) of Stokes Q and U, along with conventional visibilities
for Stokes I (bottom row). Stokes Q and U visibilities are polarised and self-differential — formed from
division of orthogonal linear polarisation states. Polarimetric visibilities of symmetric objects have a
characteristic sinusoidal and co-sinusoidal appearance.

The first successful implementation of polarimetric interferometry was performed with the SUSI instru-
ment (Ireland et al. 2005). Although the technology required for long-baseline interferometry differs
greatly from NRM, the astrophysical domain addressed is largely the same. This study characterised the
circumstellar material around Mira variables R Car and RR Sco (Ireland et al. 2005). Subsequently, two
further studies employed the SAMPoL mode of NACO/VLT - fitting to the geometry, chemical compo-
sition and grain size of the circumstellar dust of asymptotic giant branch Mira Variables R Dor, W Hya
and R Leo (Norris et al. 2012), and then of red super-giant star Betelgeuse (Haubois et al. 2019).

Several modelling simplifications were employed within these previous studies. Firstly, all three papers
assumed the geometry of the circumstellar dust to be symmetric — modelling it as a thin spherical
shell. As we will review in Section 1.5.1, there is growing observational evidence that circumstellar
environments are asymmetric and inhomogeneous. There is thus great un-tapped potential for spectro-
polarised interferometry to probe the inhomogeneity of inner circumstellar environments. The second
feature of these existing studies is that they model the circumstellar dust as optically thin and use
simple scattering models with either Rayleigh (Ireland et al. 2005) or Mie scattering approximations
(Norris et al. 2012; Haubois et al. 2019). The validity of assuming optically thin physics has not been
fully tested in this context — no existing studies have systematically injected these simple models into
fully physical radiative transfer code to confirm they represent physically valid solutions. Whilst these
studies have successfully demonstrated the great potential which spectro-polarimetric interferometry has
for characterising the circumstellar environments of evolved stars, their modelling practices leave room

for technical development to increase the information content extracted from signals obtained from these
critical circumstellar regions.
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1.5 Scientific Motivations

1.5.1 Mass Loss from Evolved Stars

Asymptotic Giant Branch (AGB) and Red Supergiant (RSG) stars are physically extended objects in the
advanced evolutionary phases of the stellar life-cycle. Once residing on the main sequence, their histories
are dictated primarily by their initial mass which governs how long they fuse Hydrogen before moving
into successive phases of Helium and heavier element burning (Carroll et al. 2007; Fraknoi et al. 2016).
As they evolve, dredge-up processes enrich their outer envelopes with newly synthesised material (Carroll
et al. 2007) and their outer layers expand dramatically, leading to intense mass loss and the eventual
end of their stellar lives (Dorfi et al. 1998; Stancliffe et al. 2007). The final fate of these stars is driven
strongly by mass loss — the primary mechanism for facilitating stellar mass loss is called the stellar wind.

The observation that evolved stars lose mass as dust is a well studied phenomena — the presence of
circumstellar dust is indicated spectroscopically by an excess in the infra-red (IR) (Hofner et al. 2018).
However, despite wide observation of the end-product of stellar mass loss (circumstellar dust), the mech-
anisms which drive the stellar wind are not well understood across all stellar sub-classes. Mass loss from
carbon-rich AGB stars is reasonably explained by a combination of pulsation, convection and radiation
pressure (Mehner 2021a) — pulsation and convection elevate material to sufficient heights for dust nucle-
ation and then radiative pressure drives the material outwards from the star (Bladh et al. 2013; Janet
Akyuz Mattei 1997; Soker et al. 2002; Dorfi et al. 1998; Hofner et al. 2018). The role played by radiation
pressure is a function of the star’s temperature, variability and the composition of circumstellar dust.
Whilst radiation pressure is sufficient to drive the opaque dust of a carbon-rich AGB, it is insufficient
at driving the transparent silicate dust of oxygen-rich AGBs (Arroyo-Torres et al. 2015; Mehner 2021b;
Adam et al. 2019). This issue extends to oxygen-rich RSG stars which are less luminous and variable,
thus having a more extreme deficit in the mechanisms supporting mass loss after pulsation, convection
and radiation are modelled (Arroyo-Torres et al. 2015). At the time of writing, the primary mechanism
driving mass loss from these O-rich evolved stars is unknown.

General research on RSG stars highlights several remaining questions concerning their circumstellar mass
loss. Evolutionary models demonstrate that the stellar winds launched by an RSG are capable of removing
the circumstellar envelope (Meynet et al. 2015; Zapartas et al. 2024), but contradict empirical mass loss
relations which predict lesser winds (Beasor et al. 2020; Decin et al. 2023). Empirical mass loss relations
themselves are conflicted — varying by up to three orders of magnitude (Wit et al. 2024; Walmswell
et al. 2012). We comment here that such relations employed to approximate ejected dust typically
assume a homogeneous and spherically symmetric outflow, which is in contrast to the growing number
of observational studies that indicate extensive irregularity and inhomogeneity in inner circumstellar
environments (Ohnaka et al. 2016; Khouri et al. 2015a; Khouri et al. 2024; Adam et al. 2019; Sacuto
et al. 2013; Planquart et al. 2024; Karovicova et al. 2013).

The significance of this approximation depends on the research goal — many of these studies aim to
explain the total material contribution of dust to the ISM, for which this approximation may suffice.
However, given that these relations cannot explain the high rates of mass loss from red supergiants, it
is possible that the assumption of a spherically symmetric outflow is a significant limitation to current
prescriptions. In addition, mass loss relations which assume symmetry may not be capable of explaining
the mechanisms contributing to acute episodic mass loss events, which are typically very asymmetric.
There is growing evidence that episodic mass ejections play a dominant role in mass loss from evolved
stars (Munoz-Sanchez et al. 2024a; Wit et al. 2024; Humphreys et al. 2022; Bruch et al. 2021; Zapartas
et al. 2024; Alharbi 2018), in some cases contributing 17-33 % of the total dust mass lost from the star
(O’Gorman et al. 2015; Ohnaka 2014).

Understanding RSG mass loss has wider implications as well. The elusive nature of red supergiants
extends into their observed frequency. There is an observational lack of evidence for high mass RSG
Type II P core-collapse supernova progenitors, a problem described as the ‘Red Supergiant Problem’
(Smartt et al. 2009; Smartt 2015). One possible solution to this problem is that mass loss may be a
function of luminosity — suggesting that higher mass stars have higher mass loss rates (Yang et al. 2023;
Vink et al. 2023) and that blue-ward evolution via mass loss can prevent these very high mass RSGs from
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exploding as Type II P core-collapse supernova (Meynet et al. 2015; Walmswell et al. 2012). As a result,
these stars would no longer appear as RSGs when they explode and thus are absent from the observed
population of Type II P progenitors.

Unlike theoretical studies, empirical studies display far more consistency across populations. In regards
to the geometry of circumstellar dust — there is consistent observation of inconsistency within the inner
circumstellar environments of AGB and RSG stars. Common circumstellar descriptions include: elon-
gations, ‘clumpy’ envelopes, ‘blobs’ and generally described inhomogeneity and asymmetry that is often
suggested as evidence of episodic mass ejection, which may vary in its morphology on timescales as short
as months (Ohnaka et al. 2016; Khouri et al. 2015a; Khouri et al. 2024; Adam et al. 2019; Sacuto et al.
2013; Planquart et al. 2024; Karovicova et al. 2013; Cannon et al. 2021; Jeffers et al. 2012; Richards
et al. 1996; Dupree et al. 2022; Munoz-Sanchez et al. 2024b; Scicluna et al. 2015; Wittkowski et al. 2012;
Ohnaka et al. 2024; Hofner et al. 2018; O’Gorman et al. 2015; Ohnaka 2014). Ejected dust is observed
on a variety of spatial scales, as close as 1.5 R, from the stellar surface (Munoz-Sanchez et al. 2024b;
Scicluna et al. 2015; Wittkowski et al. 2012; Ohnaka et al. 2024; Norris et al. 2012; Haubois et al. 2019).
The dust within these regions has been identified as iron-free silicates like forsterite, enstatite or corun-
dum, with typical ‘characteristic’ or ‘averaged’ dust grain sizes between 0.02- 0.7 pm (Norris et al. 2012;
Scicluna et al. 2015; Ohnaka et al. 2016; Haubois et al. 2019; Karovicova et al. 2013; Dell’Agli et al. 2014;
Zhao-Geisler et al. 2012; Gobrecht et al. 2016).

One proposed mechanism to explain mass loss from O-rich evolved stars is a scattering-driven stellar
wind — whereby photons impart momentum onto circumstellar dust via scattering, which drives the
dust grains outward from the star. The dust grains required for this mechanism are large (0.1-1 pm
for the AGB characterised in Hofner 2008) and must be transparent (poorly absorbing) to survive the
high temperatures within the wind base (Hofner 2008; Bladh et al. 2012). We refer to these conditions
henceforth as the ‘Hofner criteria’ for circumstellar dust grains, or to the dust grains themselves as ‘Hofner
grains’. Whilst modelling has demonstrated the theoretical plausibility of this mechanism (Hoéfner 2008;
Bladh et al. 2012), support for this theory relies most heavily on the direct detection of such dust grains,
requiring observation of inner circumstellar environments. There is growing observational evidence for
these grains — this work is largely based on O-rich AGB stars (Norris et al. 2012; Khouri et al. 2016;
Khouri et al. 2020; Ohnaka et al. 2016; Ohnaka et al. 2017a; Adam et al. 2019; Sacuto et al. 2013), whilst
the extension of this idea to RSG stars is much newer (Scicluna et al. 2015; Haubois et al. 2019). These
studies all used a form of spectro-polarimetry to diagnose the size of circumstellar dust grains. As part
of the next generation of spectro-polarimeters, VAMPIRES is optimally positioned to play a critical role
in producing future observational evidence of Hofner grains in the inner circumstellar environments of
evolved stars.

1.5.2 u Cephei

Within the present work we will use the VAMPIRES instrument to search for Hofner grains in the
circumstellar environment of p Cephei (HD 206936), fondly referred to as “Herschel’s Garnet Star”
(LeVan 1989; Russell et al. 1975; Aller et al. 1951). u Cephei is a single M2 Ia O-rich RSG, making
it an excellent test for the mechanisms contributing to RSG mass loss without the effects of binary
companionship. p Cephei has many interesting features which include a variable light curve (AV ~ 1)
(Aller et al. 1951; Krisciunas 1986; Sharpless et al. 1966; Polyakova 2003) and high and variable net
polarisation (AP ~ 2%, A¢p ~ 120°) (Larsson-Leander 1964; Coyne et al. 1968; Polyakova 2003) which
have been interpreted as evidence of asymmetric and polarised circumstellar material.

As is characteristic of red super-giant stars, u Cephei is undergoing extensive mass loss with estimated
rates between 1077 — 107°Mg, yr~! (Shenoy 2016; Gehrz 1971; Montarges et al. 2019). p Cephei’s mass
loss is irregular and complex, with inhomogeneous dust observed from the local circumstellar environment
(Safonov et al. 2019) out to scales as broad as 25” (Shenoy et al. 2016). On large scales, direct imaging
studies reveal complexity and find strong asymmetry, ‘clumps’ and discrete shells (between 15-177)
(Mauron 1986; Le Borgne et al. 1989; Mauron 1990; Wit et al. 2008b) (Figure 1.5, (a) and (b)), which are
broadly interpreted as evidence of discrete or episodic mass ejections causing variability in the mass loss
rate (Mauron 1986; Le Borgne et al. 1989; Shenoy et al. 2016). However, these studies probe large fields
with low resolution and have observational reach that is insufficient to study the inner-most dust envelope
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1.5 Scientific Motivations

which must be characterised in the search for Hofner grains. There are two existing high resolution studies
which reveal features of p Cephei’s inner circumstellar environment (Safonov et al. 2019; Norris et al.
2012). Safonov et al. 2019 observed p Cephei at 880 nm with a 2.5m telescope, unveiling a pronounced
asymmetric dust feature at ~ 0.1-0.15 with a position angle of 170-220° (Figure 1.5 (d)). Within
the preliminary thesis work of Norris 2015, VAMPIRES + NRM captured p Cephei with the partially
redundant ‘annulus aperture mask’ and modelled a pronounced asymmetry in the inner circumstellar
environment at 750 nm (Figure 1.5 (c)).

Y position (mos)

-40 -20 0 20 40 -0.2

X position (mos) 02 01 00 -01 —02

() (d)

Figure 1.5: Existing images and reconstructed models of p Cephei — Reproduced from: (a) Montarges
et al. 2019 (image in CO lines), (b) Wit et al. 2008a (image at 25 um), (c) Norris 2015 (image of Stokes
Q at 750 nm) and (d) Safonov et al. 2019 (image of polarisation P at 800 nm). All axes are in arc seconds
except for (d) which is in milli-arcseconds. All images are in celestial coordinates. These existing studies
demonstrate the presence of asymmetry and anisotropy in g Cephei’s circumstellar environment on all
spatial scales.

There are several questions remaining from these studies. Firstly, Norris 2015 fit without closure phases
and to only the inner-most circumstellar environment, leaving opportunity for future analysis to better
constrain both broader scale dust features and the full extent of asymmetry. Comparing the images and
models of Norris 2015 and Safonov et al. 2019, the orientation of the inner circumstellar environment
appears to differ between 2015- 2017, suggesting that temporal evolution of the inner environment may
occur on the scale of 2 years. Neither study observed p Cephei over the multiple wavelengths required to
probe the dust chemistry and grain size, leaving uncertainty as to the plausibility of Hofner’s scattering
driven stellar wind from p Cephei. Within the present work we will attempt to constrain these remaining
questions on u Cephei’s circumstellar geometry, chemistry and grain size.
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1.6 Thesis Overview

This thesis aims to advance the use of optical-wavelength spectro-polarimetric interferometry as a method
for probing dust in the inner circumstellar environments of evolved stars. We achieve this by pursuing
three core goals: (1) the development of our instrumentation — VAMPIRES + NRM, (2) the creation of
a suite of modelling and image reconstruction tools which address the limitations of existing techniques
and (3) the application of these methods to a scientific target, u Cephei, which we use as a test example
to investigate how VAMPIRES + NRM data can constrain circumstellar geometry, chemistry and dust
grain size. In particular, we seek to understand if this constraint supports a scattering driven stellar wind
from p Cephei (Hofner 2008). Together, these efforts aim to establish VAMPIRES + NRM as a leading
and fully-supported instrument for performing optical wavelength spectro-polarimetric interferometry.

We commence our work in Chapter 2 where we place theoretical constraint on the chemistry and dust grain
size within g Cephei’s inner circumstellar environment. By rigorously combining: theoretical predictions
from the O-rich condensation sequence, Infrared Space Observatory Short Wavelength Spectrometer
(ISO-SWS) data and our own radiative transfer simulations for thermodynamic constraint, we provide a
renewed perspective on the species of dust which should be tested in these environments. The outcome of
this chapter is an extensive and thermodynamically-viable set of dust candidates which are fit to u Cephei
data throughout this thesis — providing the most comprehensive pool of dust candidates fit to optical and
infrared spectro-polarimetric interferometry data to date.

In Chapter 3 we document the instrumentation work required to fully develop VAMPIRES + NRM
for science use. A robust data reduction pipeline is written and integrated into the existing SUB-
ARU/SCExAO facility pipeline vampires_dpp — providing the first standardised reduction framework
for VAMPIRES + NRM data, a significant step towards increasing its accessibility to the broader com-
munity. To the historical treatment of the NRM mode we introduce an empirically fitted Mueller matrix
model, permitting the complete disentanglement of non-ideal instrumental polarisation effects from sci-
ence signal. To benchmark the polarimetric calibration limits of the upgraded VAMPIRES instrument
we conduct engineering observations and in doing so correct a computational issue that improves ob-
serving efficiency by up to 30 %. We review archival VAMPIRES data, commenting on historical trends
within polarimetric observations and suggesting methods for making polarimetric corrections where re-
quired. With this infrastructure in place we conduct a multi-year observing campaign of u Cephei. We
combine our campaign with pre-existing archival data to yield 7 years of optical-wavelength polarised
interferometric coverage of p Cephei.

In Chapter 4 we develop our first modelling package — the Parametric Inference Package for Polarimetric
Interferometry (PIPPI) — the first publicly available parametric modelling package for optical-wavelength
spectro-polarimetric interferometry. PIPPI is a differentiable implementation of the single scattering
models used in existing studies (Norris et al. 2012; Haubois et al. 2019) and permits accelerated inference
on circumstellar geometry, chemistry and dust grain size under the assumption that circumstellar dust is
optically thin.

In Chapter 5 we apply the PIPPI package to our observational campaign of u Cephei. First, we use a
Rayleigh scattering approximation to constrain the circumstellar geometry at A 750, 760 + 25nm over a
7 year period. Then, we use a Mie scattering approximation to constrain the circumstellar chemistry and
dust grain size using multi-wavelength data obtained in 2023 at A 610, 670, 720, 760 £ 25nm. We then
injection test single scattering models like PIPPI by reproducing them in radiative transfer code MCFOST
(Pinte et al. 2006). Our findings provide a new perspective on the utility and physical realism of simple
scattering models like PIPPI and recommend a change to how they are used to fit spectro-polarimetric
interferometry data.

In Chapter 6 we develop the first image reconstruction algorithm for optical-wavelength polarised in-
terferometry data — Polarimetric Image Reconstruction Al for Tracing Evolved Structures (PIRATES).
PIRATES is trained on self-consistent and physically realistic polarised images generated from radiative
transfer code and implements a two-stage framework to balance the reconstruction of high fidelity images
with the accurate reproduction of interferometric observables. Our paper Lilley et al. 2024 demonstrates
that PIRATES can accurately reconstruct images of a wide variety of astronomically relevant polarised
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1.6 Thesis Overview

circumstellar environments, and is robust to typical amounts of random observational error.

In Chapter 7 we apply PIRATES to our observing campaign for p Cephei, producing the highest spatio-
temporal resolution image reconstructions of p Cephei’s inner circumstellar environment to date. We
use these image reconstructions as inspiration to parameterise p Cephei’s circumstellar geometry and fit
our multi-wavelength data with radiative transfer code MCFOST using Bayesian Optimisation package
optuna. Our results provide a comprehensive description of p Cephei’s circumstellar environment, cap-
turing multiple scales of asymmetry. Our constraint of the dust’s chemistry and grain size enable us to
comment on the plausibility that p Cephei’s circumstellar dust can support a scattering driven stellar
wind (Héfner 2008).

In Chapter 8 we summarise our findings and make several recommendations for the direction of future
work on VAMPIRES + NRM, p Cephei, and modelling of the spectro-polarimetric interferometry data
product.
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Chapter 2

Constraining the properties of ;1 Cephei’s
circumstellar dust

Chapter Overview

In this chapter we place constraint on the chemical composition and grain size of i Cephei’s circumstellar
dust. To do so we draw on: a theoretical description of the condensation sequence in O-rich evolved stars,
the ISO-SWS spectra of 1 Cephei, and existing studies which characterise analogous stellar environments.
We compile necessary optical constant data and perform radiative transfer simulations to profile the
thermodynamic stability of each dust species recommended by our analysis. Combined with condensation
temperatures we collate from literature sources, our simulations enable us to rule out iron-rich silicates
as candidates for the inner circumstellar environment (between 1-2R,). We then use the methods of
Hofner 2008 to re-calculate the grain sizes that would support a scattering driven stellar wind from
w1 Cephei, finding that a broader range of grains (80-1250 nm) will facilitate such a mechanism than in
the AGB stars examined historically (Hofner 2008; Norris et al. 2012). The analysis contained within this
chapter recommends fitting to a substantially broader and more physically motivated set of iron-poor dust
candidates than have been considered within existing spectro-polarimetric interferometry studies. Our
suggested pool of dust candidates forms the basis of our modelling of i Cephei in subsequent chapters.

Contribution Statement

The idea to re-constrain the chemical possibilities of O-rich circumstellar environments was my own. I
conducted a review of the relevant literature, collating optical constant data and writing code to derive
the Hofner grain size for p Cephei. I performed radiative transfer simulations for each of my candidate
dust species and reviewed condensation temperature literature to derive values of the condensation radius.
I was assisted by Christophe Pinte in the provision of optical constant data from MCFOST and in the
use of MCFOST. I synthesised the final pool of dust candidates from all analysis.

2.1 Methods for constraining expectations

The chemical compositions proposed when fitting to the inner circumstellar environments of evolved
stars have been relatively limited. Many studies fit only to: amorphous forsterite (Mg2SiO4), enstatite
(MgSiOs3) or corundum (Al;Os), finding they cannot be distinguished at optical wavelengths (Adam
et al. 2019; Khouri et al. 2020; Scicluna et al. 2015; Ohnaka et al. 2016; Khouri et al. 2016; Ohnaka
et al. 2017b; Haubois et al. 2019). To identify that the fitted dust would have the transparency required
to support a scattering driven stellar wind, these studies instead posit that the fitted radial location of
the dust is consistent with an iron-free (transparent) species that can survive high temperatures (Norris
et al. 2012; Haubois et al. 2019). Here we aim to extend on this typical sub-set of dust chemistries
to provide a broader, more inclusive and rigorously defined pool of options to fit to the circumstellar
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2.2 The condensation sequence of O-rich evolved stars

environment of p Cephei, to fully test which species can be distinguished at the operational wavelengths
of VAMPIRES. To do so, we first construct a set of chemical possibilities from the condensation sequence
of O-rich stars and from Infrared Space Observatory Short Wavelength Spectrometer (ISO-SWS) data of
1 Cephei. Constrained by the availability of optical constants we propose a final pool of dust candidates
for chemical inference. We derive the Hofner grain size criteria for p Cephei and then evaluate the
thermodynamic stability of each dust candidate and grain size in radiative transfer code MCFOST.

2.2 The condensation sequence of O-rich evolved stars

The chemistry of O-rich stellar environments is complex, with many competing processes occurring and
many environmental conditions that may alter the proportions of chemical end products. Here we largely
take this complexity for granted and focus on the fundamental processes that suggest a handful of rea-
sonable dust candidates for the inner circumstellar environment. O-rich stars form silicate and oxide
dust from the elements: Mg, Fe, Si, Al, Ca and Na (Woolf 1969; Hans-Peter 1941; Asplund et al. 2009).
From calculations that yield typical abundances at typical circumstellar pressures (~ 10~% — 10~ bar)
(Hans et al. 2013; Hans-Peter 1941), it can be derived that the most dominant dust species must be
formed from SiO, Mg, Fe and H2O, and that the second most dominant species are formed from Ca,
Al, AIOH, and Al,O (Fig 10.9, 10.12 Hans-Peter 1941). From these molecules and elements, combined
with thermodynamic stability limits, the following dust products may condense in solid form: corun-
dum (AlyO3), forsterite (Mg2SiOy), olivine (MgFeSiOy), enstatite (MgSiOs), pyroxene (Mgg.5Fe 55103),
gehlenite (CazAlySiO7), spinel (MgAl,Oy), silica (SiOg) and diopside (CaMgSiaOg) (Hans-Peter 1941).

2.3 Spectroscopic analysis of ISO-SWS data of iy Cephei

A second method for suggesting the chemical composition of circumstellar grains is mid-IR spectroscopy
— here we used data from the ISO-SWS (Heras et al. 1997). At wavelengths of ~8 um and longer the
dominant contribution to emission features is from circumstellar dust (Molster et al. 1999). From the
spectra of u Cephei (Figure 2.1) we can infer that the dominant dust species present in the wider field are
amorphous silicates like olivine and pyroxene. The sharper emission features expected from crystalline
silicates are not present (see EP Aqr for a comparison in Figure 2.1), which suggests that either the dust
cools too quickly for the formation of crystal structure or that crystal structure is present in such a small
volume that it is dominated by its amorphous counterparts in emission (Gail et al. 1984; Molster 2000).
The second significant spectral feature present is corundum, indicated by a plateau between 11-13 um
known as the ‘corundum shoulder’ (Hans-Peter 1941). Our identification of these species is supported by
existing spectroscopic study of p Cephei (Gail et al. 2020).

However, care must be taken not to eliminate chemical candidates from spectroscopic analysis alone —
for four reasons. Firstly, emission spectra do not reflect how strongly polarising a dust species is — some
dust may emit weakly but be strongly polarising at optical wavelengths. Secondly, spectra like those in
Figure 2.1 reflect the content and volume of all dust species within the ISO-SWS field of view (14”7 x 207)
(Leech et al. 2003). The circumstellar dust around p Cephei extends to scales that encompass this entire
field of view (Shenoy et al. 2016). The emission features that define the bulk of the circumstellar dust on
broader scales may not accurately reflect the chemical contents or proportions of the inner circumstellar
environment probed by VAMPIRES + NRM data (~ 150 mas from the stellar surface). As dust travels
outwards from the star, additional dust species become thermodynamically permitted to condense. Most
importantly, iron-rich silicates which would not appear in inner circumstellar regions below ~ 2 R, may
condense at larger radii of ~ 10 R,.. Whilst iron is a dominant feature of u Cephei’s emission spectra (Gail
et al. 2020), we expect no iron-rich species to be thermodynamically stable within the inner circumstellar
regions due to its low condensation temperature (we support these statements on iron-rich silicates with
simulations in Section 2.6).

Thirdly, we would not expect likely candidates for the inner circumstellar environment (iron-free species)
to have large signatures in the IR spectra, as by definition they do not heat strongly due to their
transparency (Khouri et al. 2015a; Khouri et al. 2016; Ohnaka et al. 2016). For the same reason we are
also under no obligation to provide dust candidates that fully fit mid-IR spectroscopic data, and can
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2.3 Spectroscopic analysis of ISO-SWS data of p Cephei

only confirm that dust fitted to the inner environment is broadly consistent with spectroscopy of the
wider-field, where iron-rich counterparts may condense at lower temperatures.

Fourthly, in addition to chemical evolution, the time required for dust to leave the star and travel outwards
allows for structural evolution. Typically, crystalline silicates form slowly at high temperatures (Hans-
Peter 1941; Fabian et al. 2000), whilst amorphous silicates form when material is rapidly cooled (Jager
et al. 1994). Likely the rate of mass loss and the speed of the stellar wind will contribute to the initial
structure of silicates formed in circumstellar environments. However, conversion between structural states
is also possible as amorphous material may re-anneal (Jéger et al. 2003b) and crystalline structure can
be re-amorphised by cosmic rays (Jager et al. 2003c).
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Figure 2.1: ISO SWS Spectra of p Cephei, EP Aqr and Betelgeuse, data obtained from (Sloan et al.
2003), A/AX = 500-1000. Each spectrum has been subtracted from a ‘continuum’ approximated with
a black body at stellar temperatures 3750, 3200 and 3600 K respectively. Amorphous silicate features
are broad, seen at 9.7 and 18 pum, FWHM ~ 2—4 pum. Crystalline silicate features are more narrow,
seen at 11.3,19.5,23.7,28.5,31.8 yum, FWHM ~ 0.2 um. There is a corundum ‘shoulder’ (plateau) in the
region between 11—13 um. pu Cephei’s spectrum strongly contains broad amorphous silicate emission, and
lacks the narrow features expected from crystalline silicates — compared to EP Aqr which has crystalline
features at 19.5,28.5,31.8 um. p Cephei has a corundum shoulder, as does Betelgeuse.

Whilst amorphous silicate features are predominantly found in the spectra of O-rich evolved stars, some
analysis suggests that the relative strength of amorphous and crystalline features is correlated with
geometry — objects with ‘disk-line’ geometry have stronger crystalline bands than objects with ‘dust
shell” outflows (Molster et al. 2002a; Molster et al. 2002b). However, it may be possible that crystalline
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grains form in hot inner circumstellar environments and then rapidly amorphise via interaction with
cosmic rays. If this is the case then we would detect crystalline silicates in the inner circumstellar
environment where they are first formed and then observe amorphous silicate features on the broad
scales that dominate emission spectra (eg. Figure 2.1). To test this hypothesis we include crystalline
forms of the iron-free silicates and alumina expected from the O-rich condensation sequence within our
chemical inference (forsterite, enstatite and corundum).

Existing spectroscopic analysis of ;1 Cephei has identified iron as an essential component of circumstellar
dust, causing strong extinction within the UV portion of the emission spectrum (Gail et al. 2020). Whilst
most iron-rich species are unable to condense in proximity to the stellar surface (Norris et al. 2012), it
may be thermodynamically possible for iron-poor silicates to exist in inner circumstellar environments.
As such, we include iron poor versions of olivine and pyroxene (with Mg/Fe ratios of: 95/5, 80/20, 70/30
and 60/40) within our pool of dust candidates for thermodynamic assessment.

2.4 On the availability of optical constant data

The condensation sequence of O-rich stellar environments and p Cephei’s spectroscopic features have
so far suggested a pool of chemical candidates for y Cephei’s circumstellar dust. To properly test each
species the complex refractive index m(A) = n+ik is required over a) the visible observational wavelength
bands of VAMPIRES, and b) over the majority of the stellar SED. Optical data is required over a) to fit
to observed data, and b) to evaluate the thermodynamic stability of each material via integration over
the stellar spectrum (which we approximate with a blackbody of T, =3750K (Josselin et al. 2007)).

For some dust candidates m(\) values were available as input files to MCFOST (Pinte et al. 2006; Pinte
et al. 2009). However, for most species we were required to generate m(\) files using data sourced from
literature. Of significant help were the Jena Database of Optical Constants for Cosmic Dust (Harald
Mutschke 2020), or the Heidelberg-Jena Database of Optical Constants (HEJDOC) (Heidelberg-Jena
Database 2024), which collate m(\) for a vast number of astrophysically meaningful dust species. How-
ever, we found it common for m(\) data to be tabulated for wavelengths larger than ~ 1 pum (Harald
Mutschke 2020), omitting the shorter optical wavelength values we also require.

For some dust candidates it was possible to construct the required range of m(\) from multiple sources
(eg. crystalline enstatite and amorphous spinel). Some dust species had no available optical wavelength
values for m(\), which prohibited us from testing them entirely (eg. gehlenite and diopside). Crystalline
data was often available as m(\) values along each principal axis of the crystal. It is typical to ‘mix’
the polarisation properties of each axis in dielectric space (Bohren et al. 1998) — ie, to assume there is
no preferential alignment of grains along a particular optic axis. To derive (n,k) for iron-poor silicate
mixtures of olivine (which were not available as pre-computed values), mixing in dielectric space between
forsterite and olivine was required (optical coefficients for iron rich fayalite were unavailable).

All of these restrictions yield the dust candidates detailed in Table 2.1 as the starting point for our
chemical inference. The optical coefficients (n,k) used for each species are plotted in Figures A.1 - A.3.
The assumption of optically thin dust permits a tremendous number of combinatorial options during
fitting; as all photon-grain interactions are singular and independent, mixtures of grain materials may be
composed by linearly averaging the scattering cross sections. We will return to this idea during chemical
inference in Chapter 5.

2.5 Deriving the Hofner grain size criteria for ; Cephei

The size of astronomical dust grains is a function of environmental and stellar conditions (Hutchison et al.
2016). To inform the range of dust grain sizes to test in our inference we draw on existing observational
and laboratory studies which suggest physically realistic grain sizes, and derive the grain sizes required
to facilitate a scattering driven stellar wind from p Cephei by re-performing the calculations from Hofner
2008 for p Cephei.

As reviewed in Chapter 1, observational studies have found circumstellar dust around evolved stars at
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distances as close as 1.5 R, with grain radii between 0.02- 0.7 um (Munoz-Sanchez et al. 2024b; Scicluna
et al. 2015; Wittkowski et al. 2012; Ohnaka et al. 2024; Norris et al. 2012; Ohnaka et al. 2016; Karovicova
et al. 2013). We may also look to the interstellar medium as much of the dust permeating the ISM
originates from evolved stars (Gehrz 1988). Laboratory studies of interstellar grains suggest a grain size
distribution of 0.1-1 pum with a peak at 0.3 um (Srama et al. 2009; Mathis et al. 1977a), and that power
law distributions with exponents between -2.5 and -4 are typical (Mathis et al. 1977a; Weingartner et al.
2001). Of course, it is also understood that grain size evolution occurs after dust is lost from an evolved
star (Asano et al. 2013), so caution must be taken not to exclude grain sizes based only on representative
values observed in the broader ISM.

The dust grain sizes which will facilitate a scattering driven stellar wind depend on the dust and stellar
properties. The sizes of these grains derived in Hoéfner 2008 (125-1250nm) were for a 1 Mg, 7000 Lg
and 2700 K star. Here we re-derive these grain sizes for u Cephei using stellar parameters: M, = 25 Mg
(Ariste 2023), T, = 3750K (Josselin et al. 2007), L, =269 000Ls (Kravchenko et al. 2019). For a full
description of this derivation, see Hofner 2008 — here we summarise the main equations. To drive a stellar
wind, dust grains must have a flux mean opacity per mass that is higher than the critical threshold given
by Kerit — at which point radiation pressure overcomes the inward gravitational pull. k.. is given by
Equation 2.2 and is proportional to the ratio between the stellar mass M, and luminosity L, where ¢ and
G are the speed of light and the gravitational constant.

47rcGM,

T (2.1)

Rerit =

The total cross section per unit mass of dust grains with radius ag,, density pgrqin and efficiency Q. is
given by Equation 2.2, where we use the constants as defined in Hofner 2008: €, = 3.55 x107°, e, = 0.1,
Amon = 140 and f. = 0.30. The efficiency @,, is calculated from Mie theory, we used python package
miepython (Prahl 2025) and assumed Forsterite grains with p = 3.3 g cm~! as in Hofner 2008.

3 Amon Qr ()\ a r) €c
A agr) = < b 2.2
’%7"27( 1% ) 4 Pgrain Qgr 1+ 46He fC ( )

The grains capable of driving the stellar wind must have a flux weighted opacity &,,(A, agr, Tx) greater
than the critical opacity .. For each wavelength X\ the stellar intensity is approximated as a blackbody
using the Planck function By (T.) (Equation 2.3).

AB)(T,)

e (2.3)

’%Tp()\a Qgr, T*) = K:rp(A; agr)

The results of our calculations are displayed within Figure 2.2. The top panel depicts our re-computation
of Figure 1 of Hofner 2008 for a star of 1 Mg, 7000 Lg and 2700 K for comparison and the bottom
panel depicts our new application of this formalism to p Cephei. The black circles in each figure depict
the regions for which &rp(X, agr, Ti) > Kerit, which defines where grains are large enough to facilitate
a scattering driven stellar wind. When compared to the star described in Hofner 2008 (Figure 2.2, top
panel) which is used as the standard for Mira variables in Norris et al. 2012, our results demonstrate that
the population of grain sizes capable of facilitating a scattering driven wind from p Cephei is larger and
includes smaller grains (Figure 2.2, bottom panel).

The dust grains capable of driving a scattering driven stellar wind from p Cephei have radii between
80-1250 nm (Figure 2.2, bottom panel). An interesting point of difference between these values derived
for p Cephei and those of Hofner 2008 for a prototypical AGB star is that they include grains small
enough to be described by the Rayleigh scattering approximation (smaller than ~ 100 nm at ~ A 700 nm).
Thus, to discriminate between grains that can drive a scattering driven wind and those that cannot, we
fit u Cephei with grain sizes on either side of this critical region and test grain radii between 0.001 -2 pm.
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Figure 2.2: Comparison between scattering driven wind grain radii derived in Hoéfner 2008 for a
star of 1 Mg, 7000 Lo and 2700 K (top panel) and our new derivation for p Cephei with M, = 254,
» = 3750 K, L, =269000 L (bottom panel). The heavy black contour constrains the dust grain sizes for
which Rrp(A, agr, Tx) > Kerit, within which grains are of appropriate size to facilitate a scattering driven
stellar wind. The grain sizes which facilitate a scattering driven stellar wind from the prototypical AGB
modelled in Héfner 2008 are between 0.1—1.25um, whilst the population that supports this mechanism
from p Cephei are 0.08—1.25um. Interestingly, © Cephei’s population includes grains small enough to
satisfy the Rayleigh scattering approximation at VAMPIRES observational wavelengths (~ 700 nm).
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2.6 Thermodynamic constraint via radiative transfer simulation

Finally, for our pool of dust candidates we derive thermodynamic stability limits that constrain the
geometric regions in which each dust species may exist in solid form. To do so we simulate p Cephei in
radiative transfer code MCFOST (M, = 25Mg, R, = 2257Rg, T, = 3750K). ! For each dust species
and grain size we inject a uniform field of (optically thin) dust into the model domain and compute
the radial temperature profile as a function of distance from the stellar surface. Radial temperature
profiles are then compared to the condensation temperatures of each species to derive a ‘condensation
radius’ — the inner-most distance at which each species of dust can form as a solid. Condensation and
sublimation temperatures vary significantly across the literature, reported values depend on circumstellar
pressure. We collated values relevant to typical circumstellar pressures of RSGs ~ 1074-1073 bar (Table
2.1) (Hans-Peter 1941).

We used condensation temperature (gas — solid) and not sublimation temperature (solid — gas) to be
conservative — of course it is possible that formed dust may infall and exist as a solid until crossing the
sublimation radius, which will be closer to the stellar surface than the condensation radius. In-falling
material is more likely to be a feature of the periods between episodic mass loss events than a feature of
persistent mass loss. The mass loss rate of y Cephei is at times very high (up to 107° Mg yr=!) (Gehrz
1971), and whilst there are defined shells and anisotropic and ‘clumpy’ features that suggest the role of
episodic mass loss events (Mauron 1986; Le Borgne et al. 1989; Mauron 1986), there is also a large amount
of dust distributed continuously out towards wider scales (Wit et al. 2008a). This suggests that the mass
loss mechanism (whether it be persistent, episodic, or a combination of both) is reasonably active, that
it is appropriate to assume the bulk of dust movement is radially outward and to use condensation
temperature to derive radial thermodynamic stability limits.

Thermodynamic profiles of dust temperature as a function of radius are depicted in Figures 2.3-2.5 and
demonstrate which species may exist stably in solid form between 1-2R,. These are: enstatite, forsterite
(all in amorphous and crystalline forms), amorphous corundum, spinel, silica, and iron poor (Mg/Fe =
95/5) pyroxene. Crystalline corundum and species with heavier iron content, including: olivine, pyroxene,
most iron poor pyroxenes and all iron rich olivines are not thermodynamically stable within these regions
and thus may be excluded from chemical inference concerning the inner-most circumstellar environment.

Our thermodynamic simulations also demonstrate that the condensation radius R¢ depends non mono-
tonically on grain size, reflecting the non-linear relationship between grain size (given by the size pa-
rameter © = 2wa/A) and the absorption efficiency predicted by Mie theory. Very small grains (z << 1)
absorb inefficiently, then as grains grow to intermediate sizes (x ~ 1) their emission efficiency decreases.
As grains become larger (z >> 1) they approach ‘grey’ absorbers with efficient emission, decreasing the
condensation radius again (Ysard et al. 2018) (Figure 2.6).

Figure 2.6 reveals that for some dust species the condensation radius can vary by large values (up to 4 R,
for species like olivine) as the grain size is changed, which would theoretically permit some constraint of
dust grain size from the dust’s radial location. We note that for iron-poor candidates there is a weaker
(fractional) variation in condensation radius with grain size, and so stochastic perturbations present in
simulations for all species (from finite sampling and a discrete number of photons) are more evident in
plots for iron-free species (bottom panel) than they are for iron-rich species (top panel).

In Table 2.1 we report the smallest possible condensation radius R¢ [Ry] for each grain species, which are
typically for the smallest grain size. From our thermodynamic analysis we are able to eliminate iron-rich
species and crystalline corundum as candidates for the inner-most circumstellar environment (1-2Rj).
Dust species which are thermodynamically permitted to exist in the inner circumstellar environment and
will be tested in our subsequent analysis are marked with a v/, whilst those that we can exclude are
marked with a X.

1To obtain this value for stellar radius we used a literature value for the angular size obtained in the continuum at 800
nm — R, = 10 mas (Quirrenbach et al. 1993). We then used a distance of 1000 pc which yields a stellar size of 2257 Rg.
The distance to u Cephei carries uncertainty — standard distance catalogues like Hipparcos or Gaia yield unreliable results
for red supergiants (Chiavassa et al. 2022). As such, we adopt a value of 1000 pc which is common for studies on p Cephei
(Davies et al. 2020).
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Figure 2.3: Condensation Radii Derivations — Part 1. Dust composed of each chemical and grain size is
injected into a radiative transfer simulation surrounding p Cephei. The temperature profile is computed
as a function of distance from the stellar surface in units of R, = 2257Rg. Vertical lines from each
temperature profile indicate the location of the condensation radius for each dust grain size, which is
calculated by comparison of the temperature profile to the condensation temperature. The condensation
radius defines how close to the stellar surface each dust species may exist in solid form.
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Figure 2.4: Condensation Radii Derivations — Part 2. Dust composed of each chemical and grain size is

injected into a radiative transfer simulation surrounding p Cephei.

The temperature profile is computed

as a function of distance from the stellar surface in units of R, = 2257Rg. Vertical lines from each
temperature profile indicate the location of the condensation radius for each dust grain size, which is
calculated by comparison of the temperature profile to the condensation temperature. The condensation
radius defines how close to the stellar surface each dust species may exist in solid form.
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Figure 2.5: Condensation Radii Derivations — Part 3. Dust composed of each chemical and grain size is
injected into a radiative transfer simulation surrounding ;¢ Cephei. The temperature profile is computed
as a function of distance from the stellar surface in units of R, = 2257Rg. Vertical lines from each
temperature profile indicate the location of the condensation radius for each dust grain size, which is
calculated by comparison of the temperature profile to the condensation temperature. The condensation
radius defines how close to the stellar surface each dust species may exist in solid form.
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Figure 2.6: Condensation radii (R.) as a function of grain size (radius in microns) for different dust
species. Row 1: iron-rich dust; Row 2: iron-poor and iron-free dust. p Cephei was simulated in radiative
transfer code (M. = 255, Tx = 3750K, L, =269000 Ls, R« = 2257Rg) and each dust species was
injected into the model domain. Condensation radii were computed by comparing the dust’s temperature
to its condensation temperature.



2.7 Chapter Summary

Mineral Formula Teona [K]  (n,k) Re[R.] Candidate?
A. Olivine (Mg, Fe)2SiO4 950 [o] [a] 10.0 X
A. Forsterite Mg,SiOy4 1354 [m] [b] 1.0 v
A. Pyroxene (Mg, Fe)SiO3 1316 [m] [b] 5.1 X
A. Enstatite MgSiOg4 1316 [m] [b] 1.1 4
A. Corundum Aly,O3 1677 [m] [c] 1.0 v
C. Enstatite MgSiOj4 1316 [m]  [d],]]] 1.1 v
C. Forsterite Mg,Si0Oy4 1354 [m] [e] 1.0 v
C. Corundum Al O3 1677 [m] [f] 2.1 X
A. Silica Si0, 950 [o] ] 1.0 v
C. Spinel MgAl,O, 1397 [m] [b),k] 1.0 v
A. Pyroxene Mg 95 Mg0_95Fe0.05SiOg 1316 [m] [ } 1.3 v
A. Pyroxene Mg 80 Mg goFeq.205103 1316 [m] [b] 2.2 X
A. Pyroxene Mg 70 Mg 7oFeq.305103 1316 [m] [b] 3.0 X
A. Pyroxene Mg 60 Mg ¢0Feo.405103 1316 [m] [b] 5.0 X
A. Olivine Mg 95 (Mg0.95F80.05)QSiO4 950 [O} [p} 5.0 X
A. Olivine Mg 80 (Mg0.80F60_20)28i04 950 [O} [p] 8.6 X
A. Olivine Mg 70 (Mgg.70Fe0.30)25104 950 [0] [p] 9.7 X
A. Olivine Mg 60 (Mg, 60Feq.40)2Si104 950 [o] [p] 10.0 X

Table 2.1: Chemical formulae, condensation temperatures (Tcond), Optical-constant (n,k) references
and computed condensation radii Re for candidate dust species. A/C denote amorphous or crystalline
structural form of each dust species. References for optical constants: [a] (Kama et al. 2009); [b] (Jager
et al. 2003a); [c] (Kobayashi et al. 2011); [d] (Rucks et al. 2022); [e] (Pitman et al. 2013); [f] (Querry
1985); [g] (Franta et al. 2016); [h] (Chernova et al. 2017); [k] (Zeidler et al. 2013); [1] (Jaeger et al. 1998);
[m] (Lodders 2003); [o] (Galil et al. 1999); [p] (Jager et al. 1994)

2.7 Chapter Summary

This chapter derived a comprehensive subset of candidates for the composition of circumstellar dust
around RSG p Cephei, extending on the pool of candidates explored in prior studies of the inner circum-
stellar environments of evolved stars, in particular to those fitted via spectro-polarimetric interferometry
(Norris et al. 2012; Haubois et al. 2019; Adam et al. 2019; Khouri et al. 2020; Scicluna et al. 2015; Ohnaka
et al. 2016; Khouri et al. 2016; Ohnaka et al. 2017b). We derived the grain sizes sufficient to support
a scattering driven stellar stellar wind from p Cephei, finding that grain radii between 80-1250 nm are
required. This range of dust grain sizes includes grains smaller than those quoted in Hofner 2008, most
notably including grains small enough to be described by the Rayleigh scattering approximation. By
simulating each dust species within radiative transfer code MCFOST, we evaluated the regions in which
each species is thermodynamically stable. This has confirmed that crystalline corundum and iron-rich
silicates are not candidates for the inner circumstellar environment (1-2R.,).

This same thermodynamic reasoning yields that all our proposed iron-free dust species (except crystalline
corundum) may exist within the inner circumstellar environment over a diverse range of grain sizes.
Existing studies which have characterised the inner circumstellar environments of evolved stars have
found that species like forsterite, enstatite and corundum are indistinguishable at optical and mid-IR
wavelengths (Haubois et al. 2019; Adam et al. 2019; Khouri et al. 2020; Scicluna et al. 2015; Ohnaka
et al. 2016; Khouri et al. 2016; Ohnaka et al. 2017b). Here, we provide our pool of candidate dust grains
to ascertain what discrimination the optical wavelengths of VAMPIRES may have over a broader and
more exhaustive range of plausible dust species. We will use these derived candidates for dust chemistry
and grain size in our subsequent modelling of u Cephei.
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Chapter 3

Developing the NRM mode of the
VAMPIRES Instrument

“An expert is a person who has
made all the mistakes that can
be made in a very narrow field.”

Niels Bohr

Overview of Chapter

This chapter describes the instrumentation and engineering work necessary to develop the NRM mode
of the VAMPIRES Instrument for science use. This consisted of software development, instrumental
characterisation, engineering activities, archival data analysis and observation of p Cephei. We first in-
troduce the VAMPIRES instrument, reviewing the instrumental Mueller matrix model and integrating
it into our treatment of the NRM data product. We then develop a robust pipeline for reducing VAM-
PIRES + NRM data which is now integrated into the SCExAO facility vampires_dpp pipeline for public
use. We conducted engineering observations to measure the intrinsic polarimetric calibration limit of new
VAMPIRES - during which we resolved a computing issue that improved the observing efficiency of the
NRM mode by up to ~ 30%. We present our observing campaign of 1 Cephei — composed of existing
archival observations and our own new observations. Our campaign provides the highest spatio-temporal
coverage of ;1 Cephei at optical wavelengths to date, spanning a 7 year period. Lastly, we review archival
VAMPIRES data to identify historical trends and provide methods for making polarimetric corrections
to archival data where required.

Contribution Statement

I created a pipeline for VAMPIRES + NRM data which was integrated into the SCExAQ facility code
vampires_dpp in collaboration with Miles Lucas. The VAMPIRES Mueller matrix instrument model
and empirically fitted matrix coefficients are the work of (Zhang et al. 2023). I worked closely with
the VAMPIRES polarimetry team to implement their model within the NRM framework. Engineering
observations conducted are my own but were greatly supported by the SCExAO team. I identified
the issue with observing inefficiency and worked in collaboration with the SCExAQO team to identify its
source. In collaboration with my supervisors I wrote three successful observing proposals for the SUBARU
telescope. Due to technical issues experienced in 2023 I was generously gifted additional observation time
by Miles Lucas. The review of archival data is my own work, as were the identification of and methods
for correcting polarimetric errors.
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3.1 Instrumental Mueller Matrix Model of VAMPIRES

The VAMPIRES Instrument (Visible Aperture Masking Polarimeter for Resolving Exoplanetary / Evolved
Star Signatures) is a differential imaging polarimeter mounted on the SCExAO bench of the SUBARU
telescope on Mauna Kea, Hawaii. In addition to its functionality as a polarimetric imager, VAMPIRES
is equipped with a suite of aperture masks which enable differential, spectro-polarimetric interferome-
try. VAMPIRES + NRM is a prototypical example of polarised interferometry — preceded by the now
decommissioned NACO + SAMPOL/VLT (Lenzen et al. 2003; Tuthill et al. 2010b), and SUSI instru-
ments (Davis et al. 1999). Operating at optical wavelengths (600-800nm) where polarisation signatures
induced by dust-scattered starlight are strong, VAMPIRES + NRM performs multi-wavelength spectro-
polarimetric interferometry of linear polarisation states Stokes I, Q and U, providing a sub-diffraction
limited spatio-spectral probe of dusty inner-circumstellar environments (Norris et al. 2015a; Norris 2015).

Two distinct hardware versions of the VAMPIRES instrument contributed data to this thesis — we refer
to them as the original (Norris et al. 2015a) and upgraded (Lucas et al. 2024) instrument versions. All
instrument analysis is common to both unless specified. VAMPIRES is complex and contains a long
optical train with many moving parts — for a full review see Norris et al. 2015a and Lucas et al. 2024.
The components required to understand and model the polarimetric data products are those explicitly
defined in the instrument model — outlined schematically in Figure 3.1. In the context of polarimetry
an instrument model is typically a Mueller matrix model where each optic is defined by a (4x4) matrix
(Equation 3.1) (Bickel et al. 1985; Snik et al. 2013). Each matrix element quantifies the materially-
induced modification made by optic M to incident Stokes vector Si,, yielding output Stokes vector Sous
(Equation 3.2).

I—-1 Q—1 U—1 V-=>I
M — I—-Q Q—-Q U—=Q V-=Q (3.1)
T |\I=-U Q—-U U—-U VU )

I-V Q->V U->V V-V

Sout = M - Si (3.2)

The instrument model is in many ways the most important part of any polarimetric study — it is a
deterministic function that specifies how the polarisation of light is influenced by propagation through
the instrument. Provision of an instrument model enables the disentanglement of astrophysical and
instrumental origins of measured polarisation, causes which are otherwise degenerate.

EEIEVAN "W | BTN "o

|
HWP AO IMR OPTICS FLC | DICHROIC

Figure 3.1: Schematic of key Subaru telescope and VAMPIRES Instrument hardware components nec-
essary for modelling the polarimetric data product. Starlight arrives at the SUBARU Telescope mirrors
(primary (M1), secondary (M2), and tertiary (M3)). Components defining the VAMPIRES instrument
are then depicted — five elements are common to both the original and upgraded versions of VAMPIRES:
a half wave plate (HWP), an image rotator (IMR), an optics term (OPTICS), a ferro-electric liquid crys-
tal (FLC), a polarising Beam splitter (BS) and two cameras (CAMS). Upgraded VAMPIRES features a
dichroic stack (DICHROIC, dotted line) which enables simultaneous multi-wavelength observation.
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3.1 Instrumental Mueller Matrix Model of VAMPIRES

Muller matrices are multiplicative but do not commute; as such, the interaction of light with n instrument
elements can be written as Equation 3.3 where sub-indices are ordered from upstream (1) — downstream
(n). This formalism produces one aggregate Mueller matrix for the instrument, a dynamic model that is
a function of instrumental telemetry and will change throughout an observation as optics rotate.

Sout = MnMn—l e M2Mlsin = Mtotal : Sin (33)

The terms of a Mueller matrix are either approximated with idealised values or fitted empirically using a
combination of internal calibration measurements and on-sky polarisation standard star measurements.
In this work we use empirically fitted Mueller matrix coefficients fitted by Zhang et al. 2023.!

Subaru is an alt-az telescope. The SCExAO bench operates in ‘pupil tracking mode’ where the orientation
of the telescope pupil is fixed while the sky field of view rotates clockwise with the parallactic angle (pa)
throughout observation. From altitude (alt) and azimuth angles (az) all other instrument angles can be
calculated. For convenience we first define several Mueller matrix expressions common to multiple optical
components.

Common Mueller matrices

The Muller matrix for an optic which rotates the polarisation reference frame by angle 6, also referred to
as a ‘rotator array’ is given by Equation 3.4.

1 0 0 0
|0 cos(20) sin(26) O

Mrotator(e) - O — Sln(29) COS(29) 0 (34)
0 0 0 1

The Muller matrix for a general optical component oriented at an angle § with a diattenuation € and a
phase retardance ¢ is given by Equation 3.5.

1 € cos(26) esin(20) 0
. _ |ecos(20) cos?(20) 4 sin?(20) —sin(28) 0
Myenere (6, €,0) = 0 sin(24) cos(20) 0 (3.5)
0 0 0 1
The Muller matrix for a wave-plate at angle  with retardance ¢ is given by Equation 3.6.
1 0 0 0
M |0 cos?(20) + cos(8) sin®(20) (1 — cos(d)) sin(26) cos(20)  — sin(6) sin(26) (3.6)
waveplate = (1 — cos(8)) sin(20) cos(20)  sin®(20) + cos(8) cos?(20)  sin(6) cos(26) '
0 sin(d) sin(26) — sin(d) cos(26) cos(9)

The Mueller matrix for a linear attenuator with retardance ¢ and diattenuation € is given by Equation
3.7.

0 0

0 0
V1—€2cos¢p V1—¢€2sing (3.7)
—V1—€esing V1—¢€2cosg

Matt =

O O =
SO O =

The Muller matrix for a polarising beam-splitter or Wollaston prism with diattenuation 7 is given by
Equation 3.8 where the direction of 7 is reversed to switch between the ordinary and extraordinary ray
states.

1We used the most updated coefficients available at the time of modelling our data, which are not the same values in
the original paper by Zhang et al. 2023. We obtained updated coefficients via private communication with the authors of
Zhang et al. 2023.

28



3.1 Instrumental Mueller Matrix Model of VAMPIRES

1 9 0 0
B n 1 0 0
MPBS =0.5x 0 0 (1 — 77)(1 i 77) 0 (38)
0 0 0 (1—n)(1+mn)

With these general expressions defined we now employ them to define the core components of the VAM-
PIRES Mueller matrix instrument model — following the optical train from sky to detector as outlined in
Figure 3.1.

Telescope Mirrors

The primary (M1), secondary (M2) and tertiary (M3) mirrors collect and focus light into the SCExAO
bench. The reflection angle of M3 is maintained at 45° while its plane of incidence is rotated relative
to the Nasmyth platform. Subaru has two tertiary mirrors, each sending light to the optical and in-
frared Nasmyth platforms. Counter-intuitively (given VAMPIRES is an optical-wavelength instrument)
SCExAO/VAMPIRES is located on the infrared bench — SCExAO is a near-IR instrument and VAM-
PIRES operates simultaneously in ‘hitch-hiker mode’, collecting unused optical-wavelength photons. The
IR M3 is uncoated silver (NAOJ 2024). The Muller matrix for M3 is given by Equation 3.9, where M,
and Mgeneric Were defined in Equations 3.4 and 3.5.

MM3 = Mrotator(*alt) . Mgeneric(9M37 €EM3, 5M3) : Mrotator(pa) (39)

The current instrument model for VAMPIRES uses idealised coefficients for M3. We tested the use
of material coefficients for un-coated silver but found this overestimated the amount of instrumental
polarisation induced by the tertiary mirror and created an instrument model which calibrated poorly.
The inadequacy of using material coefficients for deriving instrumental polarisation in this context has
been addressed previously (Hart et al. 2021). The use of on-sky standards to empirically calibrate the
coefficients of M3 is part of ongoing instrumental work (Zhang et al. 2023).

VAMPIRES Components
Half Wave Plate (HWP)

A half wave plate is rotated to probe four orthogonal polarisation states (H,V,H45,V45) which are
combined to measure Stokes Q (H-V) and Stokes U (H45-V45). There are two modes of operation for
the HWP: ADI sync ‘ON’ and ‘OFF’. In ADI sync OFF, HWP angles are fixed relative to the Nasmyth
platform at 0°,22.5°,45°, and 67.5°. In ADI sync ON, these HWP angles are offset by a term that
depends on telemetry and tracks the parallactic angle (Equation 3.11). The Muller Matrix for the HWP
is given by Equation 3.10, where Afgwp = 0 in ADI sync ‘OFF’ mode, and ‘lat’ denotes the observing
latitude.

Muawp = Myaveplate (fawp + Afrwe, dnwp) (3.10)

1
Abgwp = 3 arctan % + alt

a = sin(az) (3.11)
B = sin(alt) cos(az) + cos(alt) tan(lat)
Image Rotator (IMR)

The image rotator (also known as a ‘K mirror’) is a rotating assembly of three inclined mirrors. For
simplicity it is modelled here as a non-ideal half wave-plate (Equation 3.4, 3.12) which rotates by angle
Omvr (Equation 3.13). IMR,,;, is a static instrument offset (Lucas et al. 2024).

Mmvr = Mgeneric (fiMR) (3.12)
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3.1 Instrumental Mueller Matrix Model of VAMPIRES

Ovr = %(alt 490 — IMRpap) (3.13)
IMRpap = —39

Optics

The ‘optics’ term aggregates all non-individually modelled optical components (Equation 3.14). The
main role of the ‘optics’ term here is to model any residual instrumental polarisation that is not corrected
by two quarter wave-plates (QWPs) which are tuned to minimise instrumental polarisation predomi-
nantly introduced by a periscope that moves light vertically between the ‘top’ and ‘bottom’ benches of
VAMPIRES. In original VAMPIRES the QWPs were tuned to optimal values for each wavelength and
were moved to those positions when changing the wavelength filter during observation. In upgraded
VAMPIRES the new ‘multi-band imaging mode’ uses a dichroic stack to capture multi-wavelength data,
requiring use of averaged QWP values. Thus particularly in upgraded VAMPIRES, the optics term is an
important part of compensating for residual instrumental polarisation effects.

Mopt = Mgeneric(fopT, dopT, €0PT) (3.14)

Ferroelectric Liquid Crystal (FLC)

The FLC is modelled with Equation 3.16 where S, . defines whether the ordinary or extraordinary crystal
axis is being used. Each transmits a different polarisation component — these two FL.C states are referred
to as ‘A’ and ‘B’ within VAMPIRES meta-data.

MFLC = Mwaveplate(So,ea 6FLC) (315)

Dichroic Stack — Upgraded VAMPIRES only

The dichroic stack is a new instrumental component that was introduced as part of upgraded VAMPIRES.
Rather than requiring sequential changing of wavelength filters, the dichroic stack enables simultaneous
collection of multi-wavelength data (Lucas et al. 2024). The dichroic stack is modelled with a general
expression for a retarder (Equation 3.7).

Mpicuaroic = Mrotator (ID1CH) - Matt (0, €p1cH, ¢pIcH) - Mrotator (—0p1CH) (3.16)

Polarising Beam Splitter

The beam splitter is modelled with Equation 3.17 and sends light to each camera.

Mpgs = Myoltaston (fFLC, OFLC) (3.17)

Cameras

Two cameras are oriented orthogonally with each viewing one of the two output beams of the polarising
beam splitter. There is no explicit term in the Muller matrix for each camera — the model assumes the
image intensity measured corresponds to each beam splitter state. The cameras are numbered ‘1’ and ‘2’
within meta-data.

Net Instrument Expressions

The total Mueller matrix models for original and upgraded VAMPIRES are given by Equations 3.18 and
3.19.

MoricivaL = Mpgs - Mrrc - MopT - Mivmr - Mawp - Mus (3.18)

MuypcrapED = MpBs - Mpicuroic - Mrrc - MopT - Mmmr - Muawe - M3 (3.19)
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3.1 Instrumental Mueller Matrix Model of VAMPIRES

Net image transformations

The wavefront incident on M1 undergoes a spatial transformation as it propagates through the instrument
to the detector. Upgraded VAMPIRES has a parity flip relative to original VAMPIRES, which results in a
different relation for this transformation between instrument versions. In both instrument versions there
is a relative mirror inversion in the images for camera 2 due to the staging of the cameras on orthogonal
sight-lines: one sees a reflected beam while the other a transmitted beam. The net image rotations I,
(counter clockwise) for original VAMPIRES (Equation 3.20) and upgraded VAMPIRES (Equation 3.21)
define the rotation of the camera 1 image with respect to the parallactic angle.

Irot, orig = Pa — 78.6 (320)
Irot, upgraded = Pa +102.25 (321)

Empirically fitted Mueller matrix coefficients

Empirically fitted Mueller matrix coefficients for each instrumental version are tabulated in Tables 3.1
and 3.2.

H Parameter Symbol unit 625nm 675nm 725nm 750nm 775nm Ideal H
HWP retardance SHwWP A 0.432 0.451 0.465 0.479 0.5 0.5
HWP offset Ouwp °  -0.002 -2.642 -4.472 -2.316 2.508 0
IMR retardance OIMR, A 0.223 0.32 0.446 0479 0497 0.5
IMR offset O1vRr °  -0.118 -0.011 0.192 0.127 -0.133 0
OPTICS retardance doprics A 0.13 -0.163 -0.104 -0.155 -0.272 0
OPTICS diattenuation epprics — 0.005 0.036  0.011  0.001  0.002 0
OPTICS offset angle foprics °©  60.749 -7.151 -31.142 -26.709 -17.222 0
FLC retardance OFLC A 0.3 0.302 0.281 0.242 0.389 0.5
FLC offset angle OrLc ° -2.718 0.256  4.238 -1.257 2.373 0

Table 3.1: Empirically fitted Mueller matrix coefficients for original VAMPIRES, obtained by private
communication with the authors of Zhang et al. 2023 who obtained these coefficients by fitting internal
polarised source data with an MCMC and the model defined in Equation 3.18.

H Parameter Symbol unit 760nm 720nm 670nm 610nm Ideal H
HWP retardance OHWP A 0.5 0.48 0.46 0.45 0.5
HWP offset Oawp ° -4.8 -2.4 -0.5 5% 0
IMR retardance OIMR. A 0.53 0.42 0.32 0.22 0.5
IMR offset OrvRr ° 0 0 0 0 0
optics retardance dOPTICS A 0.07 0.04 0.86 0.18 0
optics diattenuation €OPTICS - 0.17 0 0 0.02 0
optics offset angle fopTICS ° -85 -2 -82 4.4 0
FLC retardance OFLC A 0.5 0.52 0.48 0.49 0.5
FLC offset angle OrLc ° 1.3 1.1 -0.9 -4.8 0
dichroic retardance ODICH A 0 0 0.16 0.03 0
dichroic diattenuation €DICH - 0.36 0.3 0 0 0
dichroic offset angle Obicu ° -45 -45 86 63 0

Table 3.2: Empirically fitted Mueller matrix coefficients for upgraded VAMPIRES, obtained by private
communication with the authors of Zhang et al. 2023 who obtained these coefficients by fitting internal
polarised source data with an MCMC and the model defined in Equation 3.19. *A 2.5 degree adjustment
was added to this value in consultation with the wider polarimetry team on account of a miscalibration
present within the 610 nm matrix, which is the subject of ongoing calibration work.
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3.1 Instrumental Mueller Matrix Model of VAMPIRES

It is worth noting that each coefficient on its own may not be interpreted as physically meaningful — as the
entire optical train was fitted simultaneously. A good example of this is the variable ‘optics offset angle’ for
upgraded VAMPIRES. It is highly implausible that a physical optic has an offset that varies by 80° over
40 nm of wavelength change (eg. compare 625 and 675 nm). Instead, as there are many degenerate ways to
apportion non-ideal behaviour among modelled components, refitting the coefficients for each wavelength
can result in different allocations of the non-ideal behaviour — even though the underlying optical system
is the same and the outcome of applying the fitted Mueller matrix is unaffected. Additionally, although
cursory inspection of some empirically fit values might suggest that the instrument behaves very non-
ideally — this is also not the case. The idealised instrument model provides an excellent approximation
for all wavelengths except the shortest (625 nm and 610 nm), which suffer most from a dichroic that splits
light between VAMPIRES and a visible wavefront sensor. We used these empirically fitted coefficients
(Tables 3.1 and 3.2) to build a forwards model for the VAMPIRES instrument, creating a function that
produces the polarimetric coordinates on the detector at the time of each observation. A clear description
of the polarimetric coordinates on the detector is essential for our approach to modelling polarimetric
NRM data.

NRM'’s ‘detector’ polarisation coordinate system

When performing PDI, the instrument model and image transformations are applied to the raw images,
returning them to the Stokes TAU celestial coordinate system for inspection. However, when polarimetric
NRM is performed, there are no images to apply the instrument model to until a model has been fitted
to the polarised interferometric observables. To fit a model to the polarised interferometric observables
in the first place, the polarimetric coordinate system on the detector must be known so that models can
be fitted within that local polarimetric coordinate system (Figure 3.2).
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Figure 3.2: Model of a thick circumstellar envelope in the Stokes IAU celestial coordinate system (top
row) and in the local detector coordinate system for the instrument configuration in a given observing
epoch (bottom row). Here we fit observables within the local ‘detector’ coordinate system (bottom row)
which is obtained by applying the instrument Mueller matrix model in the forwards direction.

Defining a coordinate system with respect to a detector needs care. Here we adopt a polarimetric
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3.2 A facility data reduction pipeline for VAMPIRES + NRM

coordinate system defined relative to the perpendicular detector edges which are fixed to the instrumental
bench and have a known orientation relative to the telescope’s field of view on sky. Within the present
work we generate one instrument model (Mueller matrix) for every observation, which is used during
model fitting. The images generated from fitted models are then de-rotated into the celestial and Stokes
TAU coordinate system for examination.

3.2 A facility data reduction pipeline for VAMPIRES + NRM

I wrote a data reduction pipeline for VAMPIRES + NRM and integrated it into the SCExAO facility
supported pipeline vampires_dpp 2, which historically has only provided PDI support. The addition of an
NRM pipeline into vampires_dpp is a significant step towards making VAMPIRES + NRM more accessible
to the broader scientific community, as VAMPIRES matures towards becoming a facility instrument in
the coming years. A schematic of the NRM pipeline is outlined in Figure 3.3. Our pipeline features four
main components: nrm: which performs raw frame pre-processing and cleaning, mask alignment: where
the mask is aligned to sample the power spectra, run amical: where the AMICAL package (Soulain
et al. 2020) is used to extract interferometric observables from the data, and triple diff: where triple
differential interferometric quantities are computed. Each of these components are now detailed in turn.

Component 1 — nrm

The following pre-processing steps are required prior to extracting interferometric observables.

FLC de-interleaving

Raw data cubes output from VAMPIRES each have a unique HWP angle and camera but have FLC
frames ‘interleaved’ — ie, each frame switches between FLC state ‘A’ and ‘B’. Frames must first be ‘de-
interleaved’ to create data cubes that each have a unique HWP, camera and FLC state. To perform
de-interleaving a script was already available in vampires_dpp (Lucas et al. 2024).

Dark Frame subtraction

Dark frames are obtained on the same night of observation with the same instrumental configuration as
science measurements. Dark frame statistics (mean, mode, std) are examined for obvious artefacts or
structural noise prior to compilation of master dark frames which are subtracted from every frame.

Frame re-centring

Each frame is re-centred on the brightest pixel to ensure that windowing applied subsequently does not
remove information from the edges of the interferogram. The frames are padded with zeros after cropping.
Re-centreing employed within vampires_dpp uses an automated method to centre the PSF.

Windowing

A Gaussian window function is applied to every frame to ensure that the flux is sufficiently attenuated
towards the edges of each frame — this avoids the introduction of classical ‘cross artefacts’ into the power
spectra from non-zero image edges. Care must be taken to ensure the window size does not attenuate
visibilities from short baselines which are closer to the data array’s edge — to facilitate this, vampires_dpp
displays the interferogram and window function on a log stretch.

Sense checks

To confirm there were no significant disruptions to an observation several ‘sense check’ statistics are plot-
ted as a function of observing time (the average and mode frame flux). It is possible to use these statistics
to diagnose significant changes to the conditions or to the AO performance, both of which may require
data to be trimmed from the total integration time to yield observationally consistent measurements.

2https://github.com/scexao-org/vampires_dpp
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Figure 3.3: Flowchart of our pipeline for processing VAMPIRES + NRM data, which is now inte-
grated into the vampires_dpp SCExAO facility pipeline. Our pipeline has four main components: nrm,
mask_alignment, run_amical and triple_diff. The pipeline outputs are the raw and reduced polarised
interferometric observables — visibilities and closure phases.
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3.2 A facility data reduction pipeline for VAMPIRES + NRM

Component 2 — mask alignment

AMICAL has hard coded parameters for the g18 mask stored in ami_function/get_mask. These coor-
dinates are then used to generate sampling regions in (u,v) space. However, small changes in staging
and focus require the user to modify two parameters that adjust the (u,v) sampling: theta detector
— a radial stretch, and scaling uv — a rotation angle. AMICAL function amical/_show_ft_arr_peak
generates a figure that overlays the (u,v) sampling coordinates on the log stretched power spectrum so
that these parameters are visually easy to update (Figure 3.4).

At present this adjustment is manual. Automation of (u,v) alignment will be introduced in a future
version of the pipeline. Mask parameters theta_detector and scaling uv may require some adjustment
for each observation and should be confirmed before every data reduction. There are three different
visibility sampling methods available within the AMICAL package — at the time of writing this package
the square method was the most thoroughly tested and so is used here.

Figure 3.4: A power spectrum of a VAMPIRES + NRM frame. The splodges (purple) are sampled with
the (u,v) coordinates (overlaid points in various colours). The left panel shows the full power spectra, the
right panel shows a section from the lower right quadrant of the same power spectra. The power spectra
are log stretched to maximise contrast, revealing power on all baselines despite a large intrinsic dynamic
range in signal. This ensures that alignment can be optimally tuned by the user for all baselines.

Component 3 — run amical

The AMICAL pipeline (Soulain et al. 2020) is a publicly available aperture masking pipeline for which
there is a VAMPIRES branch. 2 We were involved in the development of this branch and used its initial
release to identify bugs and recommend improvements to the authors. Our vampires_dpp NRM pipeline
deploys AMICAL function extract_bs.py to sample interferometric observables from power spectra.
Each observational data cube (each .fits file) is passed to this function and the output is saved as a .hb
file. We use the following variables from each .h5 file in subsequent reductions — here file denotes the
loaded AMICAL .h5 object, Nt denotes the number of temporal frames, and Npix denotes the number of
spatial pixels:

e file.[‘matrix’].v2_arr — [Ny, Npiy, Npix]: visibilities computed for every frame
e file.[‘matrix’].cp_arr — [N, Npiy, Npix]: closure phases computed for every frame

e file.mask.bs2bl_ ix — [3, 816]: closure phase closing triangle indices

file[‘u’] — [153,]: u coordinates used for sampling interferometric quantities

e file[‘v’] — [153,]: v coordinates used for sampling interferometric quantities

Shttps://github.com/SAIL-Labs/AMICAL/tree/vampires_dev
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A word of caution about (u,v) coordinates

As previously described, VAMPIRES has two cameras mounted to view opposing beams emerging from
the polarising beam-splitter. This means that the (u,v) coverage is flipped between cameras. It can be
confusing if the (u,v) coverage used is not consistent in plotting and modelling — within the present work
we always use the (u,v) coverage of camera 2 as the reference. The choice is arbitrary so long as it is
consistent. It is essential that the same (u,v) coverage is also used when making comparisons to the
instrument model, as using an alternative camera’s (u,v) coverage will appear as a flip in polarimetric
coordinates at first inspection.

Component 4 — triple diff

With visibilities and closure phases extracted for each frame, triple differential visibilities and closure
phases are now computed. First, for every instrumental configuration (of HWP, camera and FLC), all
visibilities and closure phases are concatenated together. This implicitly assumes the entire observing
campaign has experienced minimal rotation of the polarimetric coordinates (we found that up to ~3°
was acceptable). The information for each instrumental state is now contained in an array (M, 153) for
visibilities, and (M, 816) for closure phases, where M denotes the number of frames (and therefore number
of measurements). To compute the final triple differential measurements and to quantify the amount of
random error present, we use bootstrapping (Efron 1979). The procedure for bootstrapping is outlined
below and the outputs are summarised in Table 3.3.

| Output Dimensions Meaning Variable Name ||
Qa, vis [153, N] All Q vis triple-diff bootstrap samples qvis_all
Uan, vis [153, N] All U vis triple-diff bootstrap samples uvis_all
Qan, cp [816, N] All Q CP triple-diff bootstrap samples qcp-all
Uan, cp [816, N] All U CP triple-diff bootstrap samples ucp._all
Qfinal, vis [153,] Q vis triple-diff bootstrap average qvis_final
Ufinal, vis [153,] U vis triple-diff bootstrap average uvis_final
Qfinal, cP [816,] Q CP triple-diff bootstrap average qcp_final
Ufinal, cP [816,] U CP triple-diff bootstrap average ucp_final
AQfinal, vis  [153,] Q vis triple-diff bootstrap standard deviation qvis_err
AUgnal, vis ~ [153)) U vis triple-diff bootstrap standard deviation uvis_err
AQgpar cp  [816)] Q CP triple-diff bootstrap standard deviation qcp_err
AUfpa, cp [816,] U CP triple-diff bootstrap standard deviation ucp_err
Miotal [4,4] Instrumental Mueller matrix M

Table 3.3: Outputs of the vampires_.dpp NRM pipeline for the gl8 mask — where there are 153
baseline vectors and 816 closure phase quantities. All bootstrapping samples are stored along with the
bootstrapped mean and standard deviation of each observable. The instrumental Mueller matrix is also
supplied, to be used within any subsequent modelling of the data.

For N bootstraps (N chosen when the observed quantities are not modified by adding new bootstraps):

e Randomly sample visibilities for each state — M times from [M, 153] with replacement. Average the
visibility populations for each state.

e Randomly sample closure phases for each state — M times from [M, 816] with replacement. Average
the closure phase populations for each state.

e Compute Qfnal,,. and Ugpal,,, (Equations A.1, A.2; A.3, A.4) and store

vis

e Compute Qfnalep and Usnalep (Equations A.5, A.6, A.7, A.8) and store
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After N bootstraps:

e Final values of each quantity: Qfnal,..; Usinalyi., @finalop, Usinalop ar€ obtained by taking the mean
over all N bootstraps.

e Final errors of each quantity: AQfnal,.., AUsinalyi.; AQfinaleps AUsinalgp are obtained by taking the
standard deviation over all N bootstraps.

3.3 Polarimetric calibration limit of upgraded VAMPIRES

We made many attempts to characterise the intrinsic polarisation calibration limits of upgraded VAM-
PIRES, to facilitate comparison with original VAMPIRES. To do so we observed bright un-polarised
calibrators like Alioth and Vega between 2023-2025. However, persistent issues arose in reaching the
noise floor, with the total integration time devoted appearing systematically insufficient despite prior
calculation of the required integration time. This discrepancy was eventually traced to a computational
inefficiency arising from the control electronics: details of the problem and its resolution are outlined
in Section 3.4. The best measurement we obtained for the polarimetric calibration limit of upgraded
VAMPIRES was in 2025 (Figure 3.5).

Here we plot Stokes Q which has a residual error of ~ 0.44 %, similar to the ~ 0.42 % residual error
quoted for the polarimetric calibration of the original VAMPIRES instrument (Norris et al. 2015a). It
was noted in Norris et al. 2015a (alongside equivalent measurements for original VAMPIRES) that their
estimation of the polarimetric calibration limit would benefit from additional integration time — as would
ours, as evidenced by the left panel of Figure 3.5. Following the procedure in Norris 2015, we use this
polarimetric calibration to estimate the magnitude of systematic errors, by increasing the calibrator’s
error bars until a X12”e 4 = 1 is obtained (representing an ideal polarimetric calibration). From this data
we found a factor of 2.5 was required and adopt this value when modelling p Cephei.

Work to characterise polarisation aberrations (non-uniformity in optics) is forthcoming and may be used
in future to provide more accurate constraint of systematic errors, which will permit recovery of a better
polarimetric calibration in post processing (Ashcraft et al. 2025). Given our (and Norris et al. 2015a’s)
limited total integration time, we cannot draw firm conclusions on the relative performance of the original
and upgraded VAMPIRES instruments. However, our analysis suggests they have similar performance
and provides an upper calibration limit of ~ 0.44% for upgraded VAMPIRES.
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Figure 3.5: Measuring the intrinsic polarisation calibration limit of upgraded VAMPIRES — observations
of Vega were obtained on 2025/05/09 using the g18 aperture mask. The polarimetric calibration limit of
the instrument has not yet been reached within the requested integration time. This is indicated by the
black curve (left) which has not yet plateaued. A slope of zero indicates that additional measurements
will not improve the polarimetric calibration and that data are limited only by systematics. The best
polarimetric calibration limit we obtained is plotted on the right — our error is ~ 0.44% which is similar to
~ 0.42% quoted for the original VAMPIRES instrument. Errors plotted are obtained from bootstrapping
and represent the amount of random error within the measurements.
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3.4 A 30% improvement to observing efficiency

In the process of obtaining data for Section 3.3 we found that the total integration time required to
reach the polarimetric calibration limit was systematically under-estimated, despite use of deterministic
relations that predict theoretical observing efficiency. Our final attempt at this measurement (obtained
in May 2025) is displayed in Figure 3.5 where the left panel demonstrates that the noise floor has not
been reached. During this observation we found that for 126 minutes of total ‘on sky’ time only ~ 13
minutes of data were obtained per camera (Figure 3.6). Figure 3.6 displays 100 seconds of our observation
from Section 3.3. Time acquiring data is plotted in blue against the time spent ‘on sky’, revealing that
significant amounts of ‘down time’ occur where no data is acquired.

We could not explain these latent periods with known instrumental overheads (like HWP switching or
camera triggering). In collaboration with the VAMPIRES/SCExAO instrument team, further investi-
gation of this issue traced the cause to the data acquisition system’s management of parallel processing
during ‘fast’ FLC read-out observations (in which all of our NRM datasets are obtained). The upgraded
VAMPIRES data acquisition process involves two continuous streams of ‘video’ on each camera and the
data is then ‘synchronised’ into files of each FLC state as part of post processing. This system involves
two key processes per camera:

e A bufferiser, which handles acquisition timing and temporarily stores frames in memory

e A FITS writer, which uses the cfitsio library to write the buffered frames to disk

These two processes manage the transition from high-frame-rate video acquisition to the output FITS data
cubes. With two cameras in operation the system runs a total of four processes during each observation.
The root cause of the observing inefficiency we identified was traced to these four processes being scheduled
on a single CPU core. The operating system’s scheduler was rapidly switching between processes sharing
the same core, undermining the true parallelism which the VAMPIRES computers rely on to process and
save data in real time. The solution implemented by the SCExAO team was to reconfigure software to
allocate four dedicated CPU cores during observation.

Fixing this issue improved observing efficiency by rates of up to ~ 30%.* This discovery explained why
we had struggled to reach the noise floor in our earlier engineering observations (Section 3.3). This issue
appears to have been present in the computational software from VAMPIRES’ upgrade in mid - 2023 until
its correction in mid-2025. Rectification of this issue will significantly lower observational overheads for
future users of the fast-FLC mode (predominantly NRM users) and will re-enable reliable budgeting of
integration time.
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Figure 3.6: A representative time series selected from our observation of Vega on 2025/05/09. Between
sparse periods of data acquisition (blue), there is a significant amount of ‘down time’ (white). Despite
a heavy penalty expected in FLC ‘fast’ mode and the compulsory periods of switching time intrinsic to
instrumental overheads, the length of the down time periods could not be explained with understood
sources.

4The exact improvement yielded by our resolution depends on the frame size and exposure time. We calculated an
improvement of 30 % for FAST-mode FLC data obtained with an exposure time of 1 ms, which is representative of our
Vega engineering observations depicted in Figure 3.5.
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3.5 Observing Campaign of i Cephei

This section describes the VAMPIRES + NRM data of p Cephei used within this thesis. Our data
(summarised in Table 3.4) is a combination of existing archival observations (datasets 1-4), and newly
obtained datasets (datasets 5-9). In collaboration with my supervisors I wrote three successful observing
proposals for open-use time on the Subaru Telescope and observed with VAMPIRES in Semesters S23A,
S24B and S25A.

Our observations in S23A (dataset 5) suffered from an FLC malfunction which rendered this dataset
unusable. However, we were able to use p Cephei as a dual-purpose engineering target within the
following month (dataset 6). Observations obtained in 2024 (datasets 7 and 8) await a polarimetric
calibration model from the instrument team as it appears there was internal re-alignment after a long
period of down time in late 2023. > Our 2025 observations (dataset 9) suffer from a significant polarimetric
miscalibration issue that is common to multiple observations within this period and is the subject of an
ongoing observation. As a result we were only able to contribute our 2023 (dataset 6) to existing archival
datasets, yielding a total observing campaign that spans a 7 year period.

l Target [ Code [ Date [ Observer [ Outcome [ Modelled? [ A ‘
1 Cephei 1 19/06/2017 B. Norris Good v S
1 Cephei 2 23/10/2018 B. Norris Good v S
1 Cephei 3 23/10/2018 B. Norris Good v S
1 Cephei 4 07/12/2020 B. Norris Good v S
1 Cephei 5 27/06/2023 L. Lilley FLC Issue X M
1 Cephei 6 07/07/2023 L. Lilley, M. Lucas Good v MBI
1 Cephei 7 26/07/2024 L. Lilley, M. Lucas IP Cal X MBI
© Cephei 8 26/07/2024 L. Lilley, M. Lucas 1P Cal X MBI
1 Cephei 9 09/05/2025 L. Lilley Pol Miscal X MBI

Table 3.4: Summary of our observing campaign for y Cephei. The outcome of each observation is listed
in column 5 — here ‘FLC Issue’ denotes an FLC malfunction, ‘IP Cal’ denotes that the observations await
an instrumental polarisation model, and ‘Pol Miscal’ denotes that there is a polarisation miscalibration
issue which is the subject of ongoing work. The datasets which could be modelled (column ‘Modelled?’) in
this thesis are marked with a v' — those that could not are marked with a X. The wavelength range of each
observation is marked as either S — single-band (750 £ 25 nm), M — multiple single-band measurements
or MBI — multi-band measurements (610, 670, 720, 760 £ 25 nm).

3.6 Reduced Data Products of i Cephei

Reduced datasets for g Cephei — which are polarised interferometric visibilities and closure phases — are
displayed within this section. Figures 3.7 and 3.8 depict observables from our archival data on pu Cephei,
spanning 2017-2020 (datasets 1-4). Figures 3.9 and 3.10 depict observables from our newly obtained
data on p Cephei in 2023 (dataset 6). Errors plotted are obtained by bootstrapping and do not include
the systematic error factor of 2.5 derived in Section 3.3, for ease of visualisation.

5A guard rail fell onto Subaru’s primary mirror in late 2023 and the telescope was offline whilst the damage was repaired
https://subarutelescope.org/en/news/announcements/2023/10/16/3312.html

39


https://subarutelescope.org/en/news/announcements/2023/10/16/3312.html

3.6 Reduced Data Products of y Cephei
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Figure 3.7: Polarised differential visibilities for archival datasets 1-4 (2017-2020), obtained with the
original VAMPIRES instrument. Each dataset is obtained in a unique polarimetric coordinate system.
Data are obtained at A = 750 £+ 25 nm. Dataset codes denoting observation date are given on the right

of each row.
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Figure 3.8: Polarised differential closure phases for original datasets 1-4 (2017-2020), obtained with
the original VAMPIRES instrument. Each dataset is obtained in a unique polarimetric coordinate system.
Data are obtained at A = 750 £ 25nm. Dataset codes denoting observation date are given on the right

of each row.

Observing logs from archival data:

Dataset 1 (2017): Target at very low airmass.
Dataset 2 (2018): PWFS loop open, AO188 only.
Dataset 3 (2018): Both loops closed.

Dataset 4 (2020): Seeing is 0.6”.
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Figure 3.9: Polarised differential visibilities for our newly obtained dataset 6 (2023). Data are obtained
at A = 610, 670, 720, 760 + 25nm in the ‘multi-band’ mode of the upgraded VAMPIRES instrument.
Dataset codes denoting observation date are given on the right of each row.
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Figure 3.10: Polarised differential closure phases for our newly obtained dataset 6 (2023). Data
are obtained at A = 610, 670, 720, 760 + 25nm in the ‘multi-band’ mode of the upgraded VAMPIRES
instrument. Dataset codes denoting observation date are given on the right of each row.

Observing log from new data:

Dataset 6 (2023): Good seeing.
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3.7 Diagnosis and correction of faults in archival VAMPIRES data

3.7 Diagnosis and correction of faults in archival VAMPIRES
data

When processing archival data some anomalies were detected that require discussion and correction. As
described in Section 3.1 each observing epoch has a single instrumental Mueller matrix model. It is
useful to propagate a synthetic polarised image through the instrument model — we recommend using a
spherically symmetric circumstellar shell with size that matches the highest visibility amplitude of the
data (here, red, ~ 6m). To first order, comparison of the synthetic image’s polarised visibilities with
those of the science signal will confirm that the Mueller matrix is an accurate description of the detector
polarimetric coordinates during observation (allowing for some small perturbations due to asymmetry and
non-azimuthal scattering). When performing this sanity check for our observing campaign we found that
the Mueller matrices for 2017, 2020 and 2023 were consistent with our data but that in 2018 (datasets 2
and 3) there was a significant discrepancy (Figure 3.11).
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Figure 3.11: Comparison of polarised differential visibilities for pz Cephei dataset 2 (2018/10/23)

(bottom row), with a model envelope propagated through the Muller matrix instrument model (top
row). The polarimetric coordinate system, as indicated by the phase of the sinusoidal and cosinusoidal
polarised visibilities, should be approximately matched between the real data and model data (allowing
for some minor distortions due to asymmetry and non-azimuthal scattering signal). Instead we found a
large discrepancy which persists over both visits to i Cephei on 2018/10/23 (datasets 2 and 3).

To gain clarity on the cause of this discrepancy and to ascertain whether it was persistent, we performed an
archival review of PDI data of AB Aurigae, a Herbig Ae/Be star surrounded by a large proto-planetary
disk (Tang et al. 2017). The choice of AB Aurigae was twofold — firstly, it is a source dominated by
azimuthal scattering and so is a reasonable proxy for a ‘resolved polarisation calibrator’ (Perrin et al.
2009b). Secondly, AB Aurigae has more than a decade of observational coverage within our archive with
multiple epochs obtained near to our 2018 observations, making it best poised to ascertain the general
behaviour of the instrument during this period of time.

Each archival dataset of AB Aurigae was compared to an instrument model (Section 3.1). We identified
several trends from these comparisons. Firstly, we found that undocumented changes to the definitions
of H and V (or H45 and V45) are common, a result of an error in labelling the FLC or camera states
(which cannot be of physical origin during an observation). Resolving these issues is usually simple as
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3.7 Diagnosis and correction of faults in archival VAMPIRES data

the instrument model requires a simple switch of H and V (and H45 and V45) to restore the true detector
coordinates. A clear example of this is illustrated within Figure 3.12.

Conveniently there was archival PDI data of AB Aurigae from 2018/10/17 and 2018/10/22 in the nights
prior to our 2018 observations on 2018/10/23. Reduction of these AB Aurigae datasets revealed a polari-
metric mis-calibration preceding our observations that could not be resolved with the simple mislabelling
of states described above. Instead, the error appears as a rotation of (almost) H— H45, V— V45, and
H45 —V, V45 — H (Figure 3.13). According to instrumental telemetry from this evening, all wave plates
were configured ‘typically’ in the positions implicitly assumed by the Mueller matrix, indicating that this
rotation was not intentional.
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Figure 3.12: PDI data of AB Aurigae (Stokes Q is displayed in the bottom row) obtained 2017/03/13,
compared to the predicted instrument state (top row). Each column corresponds to a different parallactic
angle. The observed data are inconsistent with the instrumental model but are easily reconciled with a
simple flip in convention of H/V and H45/V45. Within polarimetric images, red denotes positive and
blue denotes negative.

Instrumental metadata from this era recorded the positions ‘requested’ of optics but not their true
position, unless this information was specially requested prior to an observation (which for this data, it
was not). The most likely candidates for a static rotational offset to the expected polarimetric coordinates
are the homing units of the half wave plate and quarter wave plates (QWP). Observing logs from nights
prior to these observations indicate that a series of QWP tests took place, wherein QWPs were moved and
then (allegedly) returned to their usual positions. However, we suspect that the QWP homing unit failed
during this last request. Regardless of the the exact cause, to fit to our 2018 data we were required to
modify the Mueller matrices for datasets 2 and 3. To do so we solved for a single polarimetric rotation by
fitting to our 2018/10/22 PDI data of AB Aurigae using an MCMC, yielding a waveplate offset of ~ 20°
(Figure 3.13). Applying this updated Mueller matrix model to our p Cephei data from 2018 produced
excellent alignment for both datasets 2 and 3 (Figure 3.14).

We were also able to confirm that this offset was no longer present by 2019/03/20 where the un-modified
instrument model again matches the polarimetric orientation of AB Aur. Our analysis highlights the
importance of observing polarisation calibrators and that observing resolved polarimetric ‘coordinate
standards’ at the beginning of any major observing campaign is highly advisable as an easy sanity check.
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3.7 Diagnosis and correction of faults in archival VAMPIRES data

Our ability to diagnose and trace the polarimetric miscalibration issue afflicting our 2018 data was luck
as there had been a simultaneous observation campaign for AB Aurigae.
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Figure 3.13: Fitting AB Aurigae PDI data from 2018/10/22 to solve for a correction to the Mueller
matrix instrument model. We fitted to an additional image rotation (of the polarimetric coordinates)
using the PDI images of AB Aurigae. We ran an MCMC for 50,000 epochs with 4000 discards (posterior
distribution is displayed in the bottom panel). An image rotation of ~-40° was fitted which is equivalent
to a HWP angle offset of -20°, which we added to the HWP term of our Mueller matrix. This correction
was applied to our p Cephei datasets 2 and 3. Within polarimetric images, red denotes positive and blue
denotes negative.

We note more generally that VAMPIRES data pre-2019 has been described by the broader instrument
team as ‘difficult’ to work with — the Mueller matrices do not always return the correct polarisation vectors
for standard stars. © In our archival data review of AB Aurigae alone we found multiple instances of
either state mislabelling or probable wave-plate re-homing issues. If these events are equally persistent

SPrivate communication with VAMPIRES Instrument polarimetry team.
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3.8 Chapter Summary

throughout archival VAMPIRES data of this era then this would explain the difficulty of working with
data from this period. Our method for applying polarimetric corrections to our 2018 data is simple yet
effective — more nuanced methods may be required to unlock other datasets from this period of time.
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Figure 3.14: u Cephei data (bottom row) and the now corrected instrument model (top row), with
correction of -20.5 degrees to the half wave plate angle applied as derived in Figure 3.13. The polarimetric
coordinate systems now appear aligned and the Mueller Matrix is ready to be used in modelling of
w1 Cephei datasets 2 and 3.

3.8 Chapter Summary

In this chapter we presented the instrumentation and engineering work required to develop the NRM
mode of VAMPIRES for science use. To the SCExAO facility code vampires_dpp we have now con-
tributed a robust data reduction pipeline for VAMPIRES + NRM data. Our integration of an empirically
fitted Mueller matrix model has improved upon the pre-existing treatment of VAMPIRES + NRM as it
allows for complete disentanglement of astrophysical non-azimuthal polarisation signatures from instru-
mental polarisation effects. We then conducted engineering observations to characterise the polarimetric
calibration limits of the upgraded VAMPIRES instrument, demonstrating it has a similar performance
to the original VAMPIRES instrument. During this engineering we diagnosed a significant issue with
VAMPIRES’ computational infrastructure, correction of which improved observing efficiency by up to
30%. We then conducted a multi-epoch observing campaign of i Cephei which was combined with
archival datasets to yield a 7 year observation campaign on u Cephei. We then reviewed archival data,
uncovering several trends that may explain the difficulty of working with data pre-dating 2019, from
which we recommended methods to make polarimetric corrections where required.
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Chapter 4
PIPPI

“I have never tried that before, so
I think I should definitely be able
to do that.”

— Astrid Lindgren,
Pippi Longstocking

Chapter Overview

A number of parametric modelling pipelines exist for interferometric and spectro-interferometric data
(Baron 2020; JMMC n.d.; Mérand 2022; Marti-Vidal et al. 2014; Tazzari et al. 2018; Jennings et al.
2020; Chael et al. 2018). However, to date those that treat spectro-polarimetric interferometry have
only been built for radio or sub-millimeter wavelengths (The CASA Team et al. 2022; Pesce 2021). At
the time of writing there is no publicly available parametric modelling package for optical wavelength
spectro-polarimetric interferometry data. Here we present the first, PIPPI — the ‘Parametric Inference
Package for Polarimetric Interferometry’. The PIPPI package is a differentiable implementation of the
simple scattering models which have been used historically to fit spectro-polarimetric interferometry data
(Treland et al. 2005; Norris et al. 2012; Haubois et al. 2019). PIPPI’s creation has two purposes — to
provide an accelerated inference framework to fit VAMPIRES + NRM data, and to permit reanalysis of
the utility and physical realism of single-scattering models via comparison with radiative transfer.

Contribution statement

The idea to fit parametric Rayleigh scattering models to VAMPIRES 4+ NRM data in a Bayesian frame-
work was originally my supervisors. The idea to expand PIPPI to include Mie scattering was my own.
I designed PIPPI and implemented it in jax, with assistance from Louis Desdoigts in implementing
complex jax functionalities. The design of models in PIPPI are my own.

4.1 A brief introduction to Parametric Modelling

A parametric model is one with a finite number of continuous variables, or ‘parameters’ (Bickel et al.
2015). At the outset of a parametric modelling study there is a decision to be made on the level of
physical complexity required to model the system of interest. Within this decision there is a tension
between computational efficiency and physical realism — typically motivating an initial choice of ‘first
order’ models which are physically simple and computationally inexpensive. Even if the initial choice of
physical complexity is unrealistically simple, quick inference enables this to be rapidly uncovered. In many
ways this is an implementation of Occam’s Razor, a philosophy for which William of Occam is credited but
the foundational ideas of which can be dated as far back as Aristotle’s (384 —322 BC) Posterior Analytics
— ‘We may assume the superiority ceteris paribus (other things being equal) of the demonstration which
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4.1 A brief introduction to Parametric Modelling

derives from fewer postulates or hypotheses’ (Aristotle 1981).! The simplest possible models should be

fitted to data and model complexity should only be increased with quantitative justification. These
principles drove the creation and use of single scattering models as the original parametric models used
to fit optical wavelength spectro-polarised interferometry data (Ireland et al. 2005; Norris et al. 2012;
Haubois et al. 2019) — of which PIPPT is a differentiable implementation.

There are many algorithms for parametric model fitting. Here we employ a Markov Chain Monte Carlo
(MCMC) method, a class of algorithms used to sample from a posterior distribution (Hogg et al. 2018).
Use of an MCMC permits Bayesian inference, where model parameters can be expressed as probability
distributions and uncertainty in their values quantified with respect to this distribution (Silvia D 2008).
Bayesian inference is underpinned by Bayes’ theorem (Equation 4.1) which defines the probability of an
outcome — the posterior P(0 | D, M) (here, of a model My (6)) explaining the data D), in terms of what
is already known — the prior P(6y | My), how well the model fits the data — the likelihood P(D | 6y, M),
and a normalisation factor — the Bayesian evidence P(D | M}) (Equation 4.2).

P(D | 6y, M) P(6r, | M)

(4.1)
P(D | My) = /P(D | O, Mi) P(0r | My) doy, (4.2)

The most probable value of each model parameter is the mean or mode of the marginalised posterior
distribution, which provides a mazimum likelihood estimate (MLE) (Equation 4.3) with uncertainty given
by the posterior’s width. PIPPI uses a chi-squared statistic (x?) as its likelihood function, which is the
summed squared difference between the observed data O; and model data M;, scaled by observed errors
o; (Equation 4.4). By default PIPPI uses uniform prior distributions for all parameters.

éMLE,k = argnbax P(D | Mk) (43)
k

O; — M;)?
P(D | 0, M) = x° = (i = M) 4.4
(D10 M) = 3 = 3 5 (44)
After sampling the posterior distributions of each model, two models can be compared by using the ratio
of their Bayesian evidences — the Bayes factor. Computing the Bayesian evidence P(D | My) requires

marginalisation over all possible parameter values 6 (Equation 4.5).

P(D | M) = [ P(D |61 302) P(Os | M) doy (45)

However, this integral is intractable in high dimensions and may be approximated with the Laplace
approximation, which expands the posterior around the maximum a posteriori (MAP) estimate under
the assumption of a Gaussian distribution (Equation 4.6).

Onap,i = argmax P(0y | D, My) = argmax |P(D | 6k, My,) - P(6y | Mk)} (4.6)

Gk Gk

The posterior is then approximated as Equation 4.7, where Hj, is the Hessian of the negative log posterior
at HMApyk.

log |P(D | 6y, My) P(6y | Mk:)} ~log P(D | Oniap ks Mi) + log P(Oviap,k | My)

(47)
— 10k — Onapr k)T Hy (0 — Onap.k)

IThis date is of the translation.
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4.2 PIPPI — Parametric Inference Package for Polarimetric
Interferometry

The log of the Bayesian evidence for model M}, is then given by Equation 4.8, where H, !is estimated
from a covariance matrix of posterior samples (within PIPPI, posterior samples are obtained from MCMC
chains — explained further in Section 4.7).

log P(D | M) ~ log P(D | Oxiap i, M) + log P(0uap i | My) — 4 log(2m) — & log |H;, | (4.8)

Computing the Bayes factor for two models M; and M, then enables Bayesian hypothesis testing via
comparison of competing models (Equation 4.9) (Ando 2010).

/P(D 01,0y P(6; | My) do,
312 = = . (49)
/ P(D | 65, My) P(6; | My) db

To interpret the value of the ratio B1o we use the Jeffrey’s scale (Jeffreys 1998). For ease of interpretation
within the present work we record the natural logarithm of the Bayes factor, In(B12). The Jeffrey’s scale
gives that values In(B12) < 0 support Ms, values 0 < In(Bjs) < 1 are weak evidence for My, values
1 < In(Bj2) < 2.5 are substantial evidence for My, values 2.5 < In(Bj2) < 5 are strong evidence for M
and values 5 < In(By3) are very strong evidence for M; (Jeffreys 1998).

One important limitation of the parametric modelling process is that it is intrinsically non-exhaustive.
For each class of model, the question ‘which model within this class best fits my data’ may be posed and
answered, but not ‘what is the best possible model to describe my data’ — this latter question is never
truly answered. Whilst more complex models can be designed and their use justified with metrics like
the Bayes factor, the exact form of additional complexities can be ambiguous. The parametric modelling
process is typically ceased when a model is found that fits data to below x2,; < 1, where p is the number
of model parameters and N is the number of observables (Equation 4.10). However, as the x2 , statistic
does not penalise for model complexity it must be accompanied with computation of the Bayes factor
when justifying an increase in model complexity.

1 (0; — M;)?
2 _ A i
Xred = N — p Z 0_2 (410)

K2

4.2 PIPPI — Parametric Inference Package for Polarimetric
Interferometry

PIPPI (Parametric Inference Package for Polarimetric Interferometry) is a differentiable parametric mod-

elling framework for optical wavelength polarimetric interferometry data. PIPPI is designed to provide a

fast and statistically principled method for rapidly assessing the geometry, chemical composition and grain

size of the dusty circumstellar environments of evolved stars. We developed PIPPI with the VAMPIRES

Instrument in mind but maintained flexibility where possible to facilitate use of PIPPI on alternative

instruments. PIPPI is available for public download via the SAIL Github. 2 PIPPI has five core compo-
nents:

I: Astronomical Scenes

II: Instrument Model
III: Non Redundant Masking Simulation
IV: Graphical User Interface

V: Inference Framework

2https://github.com/SAIL-Labs/VAMPIRES
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4.3 Part I — Astronomical Scenes

The core components and flow of information through PIPPI are outlined in Figure 4.1 and Table 4.1.
Parts I-1II include a complete forwards model of the VAMPIRES instrument — from the astronomical
scene to the interferometric observables computed from the interferogram on the detector. Parts I-III
are designed to be used iteratively as input to the Graphical User Interface (GUI) (Part IV) to facilitate
the user’s design and understanding of candidate models and then as input to the Inference Framework
(Part V) where models are fit to data using an MCMC framework.

PIPPI is a Python code written in jax (Bradbury 2018), a Python library providing code acceleration via
the XLA compiler (Accelerated Linear Algebra). Once a function has been ‘just-in-time’ (JIT) compiled,
subsequent function calls are substantially accelerated — providing a clear advantage when parallelised
codes like MCMCs are used iteratively after a single compilation. Further acceleration is obtainable by
running jax code on a GPU. Within this work we used a GeForce RTX 4090 and were able to accelerate
each PIPPI model evaluation from ~ 3 s to ~33 ms. We now derive each component of PIPPI.

Function Part Inputs Outputs
make_dust () I Model Parameters Dust Density Grid
make_scattering grid() I Dust Grain Size Scattering Grids
Dust Chemistry in TAU, NE
Star Size
apply_instrument model() II Altitude Scattering Grids
Azimuth on Detector
simulate nrm() 111 (u,v) coordinates Stokes I: V2, CP
Indices of CP Stokes Q: V2, CP
Stokes U: V2, CP
gui nrm() v Model Class GUI

(u,v) coordinates
Indices of CP
model_fitting nrm() \Y% Model Class MLE
MCMC Parameters Diagnostic Plots
Real Data (Q,U: V2, CP) X2, x2.,

Table 4.1: Outline of PIPPI’s core components — inputs and outputs of each function are summarised.
PIPPI Parts I-1II define a complete forwards model for simulating observation of dusty circumstellar
scenes with the NRM mode of the VAMPIRES Instrument. A circumstellar dust geometry (I) is propa-
gated through an empirically fitted instrument model to correct for instrumental polarisation (II), after
which, observation with an aperture mask is simulated (IIT). PIPPI Parts I-III are parsed iteratively to
either the GUI (IV) for model development, or to the model fitting framework (V).

4.3 Part I — Astronomical Scenes

Part T of PIPPI generates dusty circumstellar environments and models single scattering through a
simulated dust media to generate polarised images of Stokes I, Q and U. To do so, three dimensional
dust density grids of the desired circumstellar morphology are first generated.

Generation of Dust Morphologies

PIPPI function: make_dust.py

The equations used to define circumstellar dust geometries are defined below in the coordinate system
of Figure 4.2. To generate dust volumes a Gaussian function G is used (Equation 4.14). From this, thin
shells S (Equations 4.13, 4.15) and power law outflows S, (Equation 4.16) may be generated.
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4.3 Part I — Astronomical Scenes

‘ ‘ IT — Instrument Model ‘ ‘ I — Astronomical Scenes ‘

V — Inference

III - NRM

Figure 4.1: An overview of the PIPPI package — Parametric Inference Package for Polarimetric Interfer-
ometry. PIPPT has five core components: Part I: Astronomical Scenes — dusty circumstellar environments
are designed by the user, Part II: Instrument Model — an empirically fitted Muller Matrix model is gen-
erated to determine the polarisation coordinates at the time of observation and correct for non-ideal
instrumental polarisation, Part III: Simulation of NRM — where NRM measurement is simulated using
the g18 mask. Parts I-III are used iteratively as input to Parts IV and V. Part IV: GUI — where the user
can interactively modify model parameters to build intuition for model candidates and Part V: Inference
— where the models are fit to data using an MCMC framework.
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Figure 4.2: Coordinate system for PIPPI (right handed). The green circle denotes the star centred at
the origin. The orange circle denotes a dust grain located at coordinates (x4, yda, z4) and (rq, 04, da).
Angles are defined as 6 = arctan(y/x) and ¢ = arcsin(R,/Raust). The observer sits at z = co.

~

x' = zcos(a) — ysin(a),
y' = zsin(a) + y cos(a), (4.11)
2=z

r=+x?+y?+ 22 (4.12)

x—h)? —k)? —n)2\7
E(x,y,z) = exp <—1 <( 2h) +(y ka) +( 5 )> ) (4.13)

2 a c
G(z,y,2) =1— E(z,y, 2) (4.14)
S(z,y,2) = G(x,y,2)) * E(x,y, 2) (4.15)
Sp(w,y,2) = Gz,y, 2)) * ! (4.16)

e h,k,n are the centre coordinates of the Gaussian or shell in the x, y, and z directions, respectively.

a, b, c are the radii of the Gaussian or shell in the x, y, and z directions, respectively.

[ is the shape parameter, a value of 0.1 was found to create appropriately thin and smooth shells.
e pl is a power law exponent

e « is a rotation angle defined in the plane of the sky

A multitude of circumstellar morphologies can be generated using these equations, six examples are
depicted in Figure 4.3. The set of basis functions available in PIPPI are inspired by observational studies
which indicate the prevalence of shells and ‘clumpy’ dust structures in the circumstellar environments of
evolved stars (see Chapter 1 for relevant studies). Additional parametrisations can be easily introduced
by the user if required. The pixel scale of the model (in units of mas) is a free parameter — oversampling
is recommended to prevent pixel-artefact noise (we used 1 mas/pixel).
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Figure 4.3: Examples of dust density distributions generated by PIPPI using combinations of shells
and blob structures identified in observational studies on evolved star dust morphology. Images are of 3D
density distributions summed over the line of sight. Models include the simple thin spherical shell models
(top left) fitted to polarimetric NRM data in existing studies (Norris et al. 2012; Haubois et al. 2019), as
well as double-shell (top right) and elliptical shell morphologies (bottom right). These parametrisations
can be used independently or in combination.

Stellar Function

A star is inserted at the centre of the simulated dust. With p Cephei in mind, PIPPI is designed to model
late-type evolved stars which typically have low surface gravity and strong limb darkening (Hofmann et
al. 1998). As such, a fully darkened disk (FDD) is used as the default centre-to-limb (CLV) function for
stars generated by PIPPI (Equation 4.17): where R defines the radius of the solar disk and r is the radial
distance from the star (Equation 4.12).

I(r) = I(0) (1 - (;)2> (4.17)

Simulation of Scattering — generating ‘scattering grids’

PIPPI function: make_scattering grid.py

PIPPI simulates the scattering of starlight off the constructed dust morphology, generating polarised
images that are the input to the Mueller matrix model of the VAMPIRES instrument. Both Rayleigh
scattering and Mie scattering functionalities are supported — the user may specify which approximation
they wish to utilise. Each is used in our subsequent analysis for a different purpose (see Chapter 5)
— here we simply summarise their implementation in PIPPI. PIPPI is limited to modelling a single
scattering process, which implicitly assumes that the underlying astrophysical scene is optically thin.
This assumption and its utility is evaluated in detail within our later analysis (see Chapter 5).

In both Rayleigh and Mie approximations, equations which define the spatial dependence of scattering
induced polarisation are used to pre-compute 3D cubes (representing our model domain) that we refer
to as ‘scattering grids’. To generate polarised ‘images’ these scattering grids are multiplied by the dust
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4.3 Part I — Astronomical Scenes

morphologies generated with make_dust.py and are then summed over the line of sight to form polarised
images. However, even with accelerated code, calculation of these scattering grids is the slowest part of
model construction and computation of a single scattering grid may take several minutes. Conveniently,
a scattering grid only needs to be computed once for each stellar size and dust composition (grain size,
chemistry). As such, scattering grids can be pre-computed and parsed as constants to the GUI (Part IV)
and the inference (Part V) components of PIPPIL.

We now detail the mathematics involved in computing a scattering grid. Each volumetric pixel in the
scattering grid is approximated as a single dust grain (Figure 4.4 (a), orange circle). For each of these
dust grains, computing the total outgoing scattering induced polarisation requires integration of incident
flux from the visible stellar surface 6,,,, — each patch of stellar surface is parameterised by angles 6;
and ¢; (Figure 4.4, (b)) (Equations 4.18, 4.19). Below we describe the computation of this integral for a
single dust grain. The same process is repeated for all dust grains in the model domain.

0 = arctan (%) (4.18)

(4.19)

Onae = arcsin
dust

For our dust grain at (x4, Y4, 24), integrating over 6; and ¢; requires definition of two vectors — 7 and
§ (Figure 4.4, (b)). The final scattered flux from our dust grain will be the integral of all scattering
contributions from all § vectors (over all 0; and ¢;). Here we outline the process involved in computing
the polarised scattering contribution from a single § vector (ie. for a given 6; and ¢;). Each vector
§ (Equation 4.21) is defined in terms of an intermediate vector & (Figure 4.4, (c)) and the vector 7
(Equation 4.20).

7= —2aX = ya¥ — 2a2 (4.20)
S=7r+u0 (4.21)
OBS
z s R
A A 3 % . A .
2 <
(xd, ¥4, 2a)
(ra, 84, Ba) (ra, 84, Ba) e (rd, B4, Pa)
(%d; ¥d» 7d) (%, ¥a, 7a)
| |
| |
I |
] ]
>y ~ I Y N Y
N S :
< | < !
N N~
< x

Figure 4.4: The angles and vectors required to pre-compute scattering grids, as defined in Equations
4.18-4.26. The star (green), and an example dust grain (orange) are depicted. The star is centred on
the global observational coordinate system (x,y,z) whilst the dust grain is offset and has its own local
coordinate system (x’,y’,z’). The observer is located at z = co along a vector indicated by ‘OBS’ in (c).

To derive intermediate vector @ a second coordinate system centred on the dust grain is defined, where
vector 7 is the -x’ axis (Figure 4.4, (b)) and the -y’ axis is @ when ¢; = 0 (Figure 4.4, (c)). We thus now
have two coordinate systems, the ‘stellar’ coordinate system defined by axes (z, y, z) or (r, 8, ¢) and the
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4.3 Part I — Astronomical Scenes

‘dust’ coordinate system defined by axes with primes (z’, 3/, ') or (v, ', ¢'). To construct vector & a
unit vector along the y’ axis is defined as p’ (Equation 4.22).

=y (4.22)
To parameterise d¢;, 1;’ is rotated about the 2’ axis using an Euler rotation matrix (Equation 4.23).

1 0 0
Ey, =10 cos(¢;) —sin(¢;) (4.23)
0 sin(¢i)  cos(¢i)

To parameterise df;, the length of p_" is varied to produce vector w' — for an angle 6; at radial distance
R,qq the length of w’ is given by Equation 4.24.

|w'| = Riaq X tan(6;) (4.24)

These calculations remain in the dust grain coordinate system. The relationship between the dust co-
ordinate system and the stellar coordinate system is given by two Euler rotation matrices (Figure 4.5).
Stellar coordinates are first rotated by an angle « about the z axis to arrive at a system described by (z”,
y”, 2""). This intermediate coordinate system is then rotated by an angle 8 (defined as a rotation around
intermediate dust axis y”) to arrive at the dust system (z/, 3/, 2’). Angles o and 8 may be defined in
the stellar coordinate system for convenience. Angle « is simply angle § € [0,27]. In the intermediate
coordinate system (z”, y”, z’) angle 3 is defined in the clockwise direction and so it is convenient to
define a second angle v = 27 — 8 € [0, 27] to maintain the consistency of anti-clockwise rotations. The
compound rotation by « and + is defined in Equation 4.25 and is applied to s (Equations 4.25, 4.26).

Figure 4.5: Derivation of local dust grain coordinate system (z’, 3/, z’) — two rotations by a and 3 are
required as depicted. The star is denoted as the green circle at the global origin and the dust grain is
assumed to be at (0,0,0) within the (2, 3/, 2’) system.

. . cos(y)cos(a)  —sin(a)cos(y) sin(y))
§=Eit -5 =Ey(7) -E.(a) - ' = sin(a) cos(a) 0 s (4.25)
—sin(y) cos(e)  sin(a)sin(y)  cos(7)

cos(y)cos(a)  —sin(a)cos(y) sin(7) s
sin(a) cos(a) 0
—sin(y) cos(a)  sin(a)sin(y)  cos(y) s

»y
I

(4.26)

The angle between § and the observing vector is the scattering angle 0., (Figure 4.4 (c)). The scattering
angle 0.4+ is used as input into scattering equations for either the Mie or Rayleigh approximation. The
details of these scattering computations are outlined in the next section; for now we assume the horizontal
(omm) and vertical (oyy) components of the polarised scattering cross section have been computed in
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4.3 Part I — Astronomical Scenes

whatever approximation was specified by the user. Equation 4.26 gives the scattering contribution from
a given df; and d¢; of stellar surface. The total polarised scattered flux in the horizontal and vertical
directions are the integral over all df; and d¢; (Equations 4.27 and 4.28).

¢=27 0=0max

Ing = / / Sin(Omax) Tr,a,i A0 do (4.27)
= —Omaz
¢=27  r0=0mac

Iv d = / / SIH max) IVd i df d¢ (428)
¢ _07naz

The final Stokes vector emerging from each dust grain is given by Equation 4.29, where Stokes V is set
to 0 as we do not measure it with VAMPIRES. However, this Stokes vector is defined in terms of Iy 4
and Iy q where the horizontal and vertical planes are defined in the dust grain coordinate system.

I Iga+1Iva

Q| _ |Iga—1va

ol = . (4.29)
Vv 0

scat’ _

A final transformation is required to measure the Stokes vector in the global stellar coordinate system,
achieved by application of Mueller rotation matrix Er, where 6, is the angle between the x, y projection
of our vector § and the star coordinate’s x axis (Equation 4.30). This yields the Stokes vector in the
stellar coordinates (Is, Qs, Us, Vi), equivalent to what we measure as the observer.

1 0 0 0\ [Igm:+Ivv, I
/ 0 COS(20 ) sin(20 ) 0 IHH P — IVV' Q
. gscat’ _ T T 51 K _ s — gscat
Er s 0 —sin(26,) cos(26,) 0 0 Us 5 (4.30)
0 0 0 1 0 0

Performing this for every volumetric pixel in the model domain [N3] creates our ‘scattering grid’ [4xN3].
The scattering grids are by default produced in the Stokes IAU NE coordinate system (Hamaker et al.
1996). Figure 4.6 depicts the sum over the grid in the observing direction after multiplication by a
spherically symmetric dust density grid.
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Figure 4.6: The output of multiplying a Rayleigh scattering grid (10 nm grains of Forsterite) with
a spherically symmetric dust envelope — polarised differential images of Stokes Q (left) and Stokes U
(right). Models were summed along the line of sight to produce polarised images.
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4.4 Part II — Instrumental Mueller Matrix Model

Scattering Cross Section Computation

We use a different method for computing polarised scattering cross sections for the Rayleigh and Mie
approximations, to capitalise on different computational acceleration limitations for each method. For
both formalisms the angle 6. (Figure 4.4 (c)) is used as input, along with the grain size and optical
constant data that specifies the dust chemistry.

Rayleigh scattering

For Rayleigh scattering Equations 4.31 and 4.32 are used to compute the polarised scattering cross
sections — A is ;\Tf(’) where \g is the incident wavelength and my is the refractive index of the surrounding
medium. The dust’s refractive index is m = n — ik where n and k are the real and complex coefficients.
The approximation of no absorption is made (m = n, k = 0). The dimensionless size parameter is defined
as a = %T“ where a is the grain radius. The Rayleigh scattering functionality of PIPPI is designed for
use simulating single wavelength data (over an observational bandwidth). Whilst equations for Rayleigh
scattering reference dust size and chemical-specific refractive indices n and k, dust chemistry and size are

entirely degenerate at a single wavelength.

A2 6|th—1|2

= 4.31

W T e e (4.31)

OHH = OvvCos> (Oscat) (4.32)

Here we use a grain size of 10nm and assume forsterite (MgeSiO4) grains with n = 1.636. Like the

simple models employed by prior studies, PIPPI has a ‘star-dust-contrast’ parameter which permits the
polarised scattering cross section to be modified in a spatially uniform manner (as a proxy for increasing
the amount of dust). As such, the scattering is not restricted to emulating 10 nm grains of Forsterite, as
the ‘star-dust-contrast’ is effectively able to modify the polarised scattering cross section. As the goal
of applying a Rayleigh scattering approximation is simply to fit to an isotropic scattering regime, any
small grains (with an isotropic scattering function) will suffice as input. To accelerate pre-computation
of Rayleigh scattering grids our code is implemented in jax and accelerated by using a GPU (NVIDIA
GeForce RTX 4090) — taking ~ 2 minutes to compute a single set of scattering grids.

Mie scattering

In contrast to the simple analytic solutions for Rayleigh polarised scattering cross sections, Mie scattering
equations are numerical approximations to infinite series of spherical harmonics (Max Born 1975). PIPPI
implements Mie scattering via miepython (Prahl 2025) which accepts 0s.4; and the physical dust proper-
ties as input. The Mie functionality of PIPPI is designed to fit to multi-wavelength data. Scattering grids
need to be computed at all observational wavelengths (over observational bandwidth) for each dust grain
chemistry and size. To encode the dust grain chemistry, the complex refractive index m(\) as function of
wavelength is required. The construction of m(\) data and choice of dust grain materials are motivated
by the modelled target and were outlined in Chapter 2. miepython is not differentiable but may be
accelerated using numba on a high performance CPU. With acceleration we were able to generate each
set of multi-wavelength scattering grids (for a given dust grain size and chemistry) within ~ 8 minutes.

The outputs of PIPPI Part I are scattering grids and dust density distributions. By multiplying these
together, polarised images are generated (Figure 4.6) which simulate the astronomical input to the Mueller
Matrix instrument model of the Subaru Telescope and VAMPIRES instrument.

4.4 Part II — Instrumental Mueller Matrix Model

PIPPI function: apply_instrument model.py

Part IT of PIPPI consists of the instrumental forwards model outlined in Chapter 3. For each observing
epoch the vampires_dpp NRM pipeline returns a Mueller matrix and net image transformation. These
are parsed as inputs to PIPPI function apply_instrument model.py to augment the scattering grids
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4.5 Part III — Simulating Non Redundant Masking

such that they reflect the detector’s polarimetric coordinates at the time of observation (Figure 3.2).
Models are always constructed and fit in this local detector polarimetric coordinate system. Polarised
images generated from the fitted models can later be de-rotated back into the Stokes IAU system like PDI
images. PIPPI is agnostic to the instrument used, only applying an instrumental Mueller Matrix and a
net image transformation. With appropriate equivalent metadata, data from alternative instruments can
be easily parsed instead.

4.5 Part III — Simulating Non Redundant Masking

PIPPI function: simulate nrm.py

Part IIT of PIPPI simulates NRM measurement — computing visibilities and closure phases in Stokes
I, and differential polarised visibilities and closure phases in Stokes Q and Stokes U. All quantities are
computed in the local detector coordinate system at the time of observation (Figure 4.7). Rather than
hard coding the pupil plane mask coordinates in (x,y), PIPPI reads in the (u,v) coordinates output from
vampires_dpp-nrm. This permits flexible use of alternative masks and accounts for small changes to
the (u,v) coordinates on account of variability in focus within optics. The (u,v) coordinates are used to
compute a discrete Fourier transform matrix which samples the complex coherence in the Fourier domain
to produce visibilities and closure phases. PIPPI treats the (u,v) coordinates as non-rotating, instead
implementing rotation of the underlying astronomical scene. This is largely for convenience — of course,
as the rotating sky is tracked by an alt-az telescope the relative orientation of the mask and sky varies.
If projected onto sky coordinates, the (u,v) coordinates would rotate in circles (not the typical elliptical
arcs) due to SCExAQ’s pupil-tracking mode of operation (Millour 2008; Millour 2014).
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Figure 4.7: Polarised images, power spectra and observables produced by PIPPI Part (II), all measured
within the detector coordinate system. Column 1 — differential polarised images for Stokes Q and U.
Column 2 — differential polarised power spectra from which interferometric observables are sampled.
Green points overlaid are the (u,v) coordinates of the g8 NRM mask. Column 3 — differential polarised
visibilities. Column 4 — differential polarised closure phases.

4.6 Part IV — Graphical User Interface (GUI)

Optical wavelength polarised interferometric observables are a largely unexplored and under-utilised
data type — most of the geometric models which have been fitted in prior works have been simple and
symmetric (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019). To aid in developing intuition and
understanding of how astrophysical scenes are embedded in polarised interferometric observables, PIPPI
has a Graphical User Interface (GUI). The GUI enables the user to change a model and simultaneously
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observe the influence of these changes on the polarised images and observables. We found our GUI to
be a very effective way to quickly build intuition on this data product and recommend its use during
modelling. Within the following section the PIPPI GUI is used to generate astrophysical scenes and
compare polarised interferometric observables (Stokes Q and U) to their unpolarised interferometric
counterparts (Stokes I). By generating models and experimenting with scene rotation we will explore
how asymmetry is embedded in polarised observables. This analysis will guide our design of parametric
models in Chapter 5.

Terminology

For consistency we define several new pieces of terminology for different features of polarised interfer-
ometric visibilities (for each linear polarisation state Stokes Q and U) — represented diagrammatically
within Figure 4.8. We will refer to these terms within subsequent discussions.
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Figure 4.8: A modelled spherical circumstellar envelope with simulated polarised visibilities from obser-
vation with VAMPIRES and the ‘g18’ mask. Row 1 depicts the polarised differential images of Stokes Q
(left) and U (right). Row 2 gives the corresponding differential polarised visibilities. Row 3 is a duplicate
of row 2, faded to illustrate the terminology defined in the main text. The horizontal dashed black line
defines the ‘mean of differential visibilities’. The vertical dotted black line denotes the ‘g—H =1 crossing’.
The blue and red arrows denote the ‘upwards and downwards lobes’ (respectively), the amplitude of both
is indicated by the green arrow. Illustrations are drawn onto both Stokes Q and U visibilities, as each
polarisation state may have different values of these features.
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e Mean of differential visibilities — represented by black dashed horizontal lines. These lines define
the average of each signal (over azimuth angle). The mean of differential visibilities can be shifted
away from “% =1 as a result of asymmetry in the dust.

. %’ = 1 crossing (radians) — represented with black dotted vertical lines. These values are used
as a proxy for understanding how the inflexion points of the differential visibilities are affected by
asymmetry. There may be different values of this term for different baseline lengths, depending on
the distribution of asymmetry across spatial scales.

e Upwards Lobe — represented with blue arrows. These arrows denotes the amplitude of the polarised
Vi _

visibility lobe above the line T
e Downwards Lobe — represented with red arrows. These arrows denote the amplitude of the polarised

visibility lobe below the line “;—H =1.
\4

o Amplitude of Differential Visibilities — represented with green arrows. This term describes global
variation in the differential visibility amplitudes, caused by changing polarisation strength.

Polarimetric visibilities give us higher sensitivity in high contrast regions than unpolarised
visibilities.

The observational advantages of polarimetry and interferometry were summarised in Chapter 1. The
combination of polarimetry and interferometry provides a high resolution measurement of polarised cir-
cumstellar dust that would be too faint to measure in Stokes I. Contrasts typical of circumstellar envi-
ronments lie between 1073 and 107¢ (Avenhaus et al. 2018b; Garufi et al. 2020; Esposito et al. 2020).
Stars with circumstellar dust envelopes lying towards the higher range of these contrasts (between 10~*
and 107%) have Stokes I visibilities dominated by the stellar flux — in the presence of realistic random
error the signal from the dust will likely lie below the noise floor (Figure 4.9). Only prominent dust shells
at low contrast (~ 1073) will have measurable impact on visibilities (Figure 4.9, red).
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Figure 4.9: The impact of a spherically symmetric circumstellar dust envelope at 1.5 R, on Stokes I
visibilities — plotted for typical contrast ratios given in the legend. Visibilities for high contrast dust
shells lying between 10™* and 107% are dominated by the stellar signal — information on the dust is
indistinguishable from that of the star. Shells with these high contrasts are indistinguishable from one
another in the presence of realistic error from seeing and/or calibration precision. In this regime little
information about the dust may be recovered. Where scattered light is more prominent at lower contrasts
(here, 1073), the impact of dust on the signal becomes clearer.

Contrastingly, differential polarimetry yields measurements of Stokes Q and U which show only the po-
larised circumstellar dust, removing the unpolarised stellar contribution (Figure 4.8, top row). Further-
more, without averaging over azimuthal angle, polarised interferometric visibilities encode information
on the high contrast dust over the range of spatial frequencies probed by the available baselines (Figure
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4.8, middle row). While the absolute contrast ratio between the star and dust is inherently embedded
in these measurements, by using differential polarimetric interferometry we have gained access to a new
regime of measurement where signal strength is dominated by intrinsically faint polarised flux resulting
from scattered light off circumstellar dust.

Polarimetric visibilities give us detailed information on asymmetric circumstellar structure.

Asymmetric objects have polarised visibilities which depart from the sinusoidal and cosinusoidal shapes
characteristic of symmetric objects like those depicted in Figure 4.9. To illustrate how signal can vary
on account of asymmetry in the dust an elliptical dust morphology is plotted in Figure 4.10 at various
orientations relative to the polarimetric coordinate system. Asymmetry can vary the shape of the lobes —
causing them to be more or less rounded, changing the relative amplitude of the upwards and downwards
lobes and causing the mean of the polarised visibilities to depart from 1 (these behaviours exhibited in
Figure 4.10 — compare the left and middle columns).

When an asymmetric scene is rotated with respect to the polarimetric coordinates, the polarised visibility
signal is modulated. The nature of this modulation depends on the distribution of asymmetry along each
polarimetric axis. In Figure 4.10 an asymmetric elliptical shell is plotted at three different orientations.
When the ellipse is oriented such that flux is most evenly distributed between the positive and negative
Stokes quadrants, the distortion of the polarised visibilities is minimised and visibilities are most co-
aligned across baseline lengths (Figure 4.10, middle column).

The most significant distortions are observed when there is a large imbalance in flux (and symmetry)
between the two Stokes Q quadrants (Figure 4.10 — compare the left and right columns). This imbalance
causes the polarised visibilities to ‘fan out’ at azimuthal angles of -1 and 1 radians causing the % crossing
points of all baseline lengths to no longer be co-aligned. The variation in this co-alignment with scene
orientation can be predicted for a given dust morphology by grouping the triple differential visibilities
into baseline lengths and tracking the azimuthal location of the VH = 1 crossing of each baseline length.
Figure 4.11 displays this effect for the elliptical geometry deplcted in Figure 4.10.
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Figure 4.10: Model of an elliptical circumstellar envelope, captured with Stokes Q polarimetric images
(top row) and Stokes Q polarimetric visibilities (bottom row). The dust morphology is an asymmetric
ellipse and distorts the polarised visibilities. As the ellipse is rotated the polarised visibilities are modu-
lated — the extent and nature of this modulation depends on the orientation of the ellipse with respect
to the polarisation coordinates.
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4.7 Part V — Inference

Many of these markers of structural asymmetry are present in our polarised interferometric observables
of p Cephei (see Section 3.6 of Chapter 3). These features include: uneven sizes of the upwards and
downwards polarimetric lobes, a mean of polarised visibilities that is not equal to 1, and distortion to the
polarised visibilities such that they are skewed from the sinusoidal and cosinusoidal form of a symmetric
object. The importance of asymmetry is also supported by u Cephei’s polarised differential closure phases
which diverge from zero as is expected from asymmetric structure.
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Figure 4.11: The location of Stokes Q, “;—H =1 (“% = 1 crossing) as a function of ellipsoid rotation,
as simulated with the gl8 mask. The baseline lengths are grouped into 4 bins and a sine function was
fitted to the Stokes Q visibilities for each bin. The Stokes Q, “;—V = 1 location in azimuth is plotted as a
function of the elliptical rotation a. As the ellipse rotates, it is able to distort the location of the Stokes

Q “% =1 crossing by as much as ~0.12 rad.

4.7 Part V — Inference

PIPPI function: model fitting nrm.py

PIPPI uses python package emcee (Foreman-Mackey et al. 2013) to implement the affine invariant MCMC
to fit VAMPIRES + NRM data. Affine invariant MCMCs exploit the idea that an affine transformation
can be used to make convergence less sensitive to covariances among parameters (Goodman et al. 2010).
To accelerate inference further than already described by writing PIPPI in jax, PIPPI also has a jit
compiled log likelihood function which is passed to emcee, allowing the inference within Part V to be
accelerated by use of a GPU. The inputs to PIPPI Part V were outlined in Table 4.1. The user specifies a
model class to fit — PIPPI provides 17 pre-defined classes inspired by evolved circumstellar environments
and additional classes are easily defined with combinations of the pre-existing classes. As is customary
with any MCMC code the user also specifies priors, initial conditions and hyper-parameters specifying
the number of walkers and the number of walker steps.

By default, uniform priors with generous ranges are used, accounting for geometric degeneracies in pa-
rameters. For initialisation and tuning of each MCMC PIPPI adopts several recommendations made by
Foreman-Mackey et al. 2013; that the walkers are initialised in a tight N dimensional ball around initial
values and that the acceptance fraction parameter ‘a’ is set to 2. PIPPI uses the auto-correlation time
to assess convergence, which quantifies how efficiently the sample mean of a function converges to its
expectation value (Thompson 2010). Several diagnostic plots are then produced to assess the features
and goodness of each model fit. The corner package is used to visualise marginalised posteriors and
plots of the maximum likelihood model and data are produced (Figure 4.12).

PIPPI’s simplest model is that which has been historically fitted to optical polarimetric interferometry
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4.8 Chapter Summary

data — a symmetric ‘thin shell’ model (Norris et al. 2012). When accelerated on a GeForce RTX 4090
this model satisfies autocorrelation time requirements within ~ 3 minutes. As a result of this accelerated
inference PIPPI can rapidly assess a variety of dust grain sizes and compositions, enabling finer sampling
of dust grain sizes and testing of a wider variety of chemical possibilities than were computationally
tractable to test in prior studies (Haubois et al. 2019; Norris et al. 2012).

a=16.76+0.07

SX 55K 1
1.1 X >
% g*&%m%
3 R %
& X XXX &
o L0y K <%
) - RGN X
5 R
&

©
T
i

alpha = 40.97 + 1.35

Corner Plot

alpha

‘
L
o —
ot o
AN
&< 1
ﬁé
<
e

P

t_star_contrast = 5.20 + 0.08

Model V2 (Stokes Q)

Model V2 (Stokes U
5
S

% 00
- U ° 1
7 ; 0.95 | 1"."7 1
kg L L L 1 L L L L
’ AR SOOI S I S S SRt 0.90 095 1.00 1.05 095 1.00 1.05 1.10
2 g True V2 (Stokes U)
a b alpha dust_star._contrast True V* (Stokes Q)

Figure 4.12: Outputs of PIPPI: A corner plot assesses the convergence and fit of each model candidate.
The Maximum Likelihood Estimate (MLE) solution for each model class is plotted — the dust density,
observables and correlation of observables with the fitted data. Due to its implementation in jax PIPPI
can be accelerated to run simple models in as little as 3 minutes. PIPPI returns a x2., value and the
Bayesian Evidence for the model class, which should be used in combination to assess whether greater
model complexity is required to fit the data.

4.8 Chapter Summary

This chapter presented PIPPI, the first publicly available parametric modelling package for optical wave-
length spectro-polarimetric interferometry data. PIPPI’s differentiable design permits accelerated infer-
ence for both single-wavelength and multi-wavelength datasets, permitting constraint of circumstellar
geometry, chemistry and grain size. Here PIPPI was discussed in the context of VAMPIRES + NRM
data, however with small adjustments to metadata PIPPI is straightforwardly adapted to alternative
polarised interferometry instruments. PIPPI is best deployed with a combination of high performance
computing resources — both GPU and CPU, to accelerate the creation of input scattering grids and the
inference process. PIPPI makes several simplifying assumptions — that absorption is negligible and that
the dust is optically thin, as is customary of single scattering codes (Ireland et al. 2005; Norris et al. 2012;
Haubois et al. 2019)). The following Chapter 5 will apply both the Rayleigh and Mie approximations of
PIPPI to our VAMPIRES + NRM datasets for p Cephei.
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Chapter 5
Application of PIPPI to i Cephei

Overview of Chapter

In this chapter we apply the PIPPI package to our observing campaign of p Cephei. We first assume
Rayleigh scattering and fit the circumstellar geometry at a single wavelength (A 750,760 £ 25 nm). We
detect strong asymmetry in the inner circumstellar environment and in extended material, confirming the
presence of a previously reported ‘clump’ of dust in the South-Western quadrant (Safonov et al. 2019).
Within our 7 year observing campaign we observe temporal evolution of the circumstellar dust, which
we attribute to either moving convection illumination effects or the evolution of an inhomogeneous dust
distribution at the speeds of typical stellar winds. We then use Mie scattering to fit multi-wavelength data
from 2023 (A 610,670,720, 760 £+ 25 nm), constraining the chemistry and dust grain size of u Cephei’s
circumstellar material. Our chemical inference indicates that our data have weak ability to distinguish
between the chemical options postulated in Chapter 2 and that many iron-free dust species all provide
excellent fits to our data. We find three degenerate regimes of dust grain size that all equally fit our data —
grains with radius ~ 250, 750 and above 1200 nm. Whilst grains of 250 or 750 nm lend support to Hofner’s
scattering driven stellar wind, grains above 1200 nm are too large, leaving our inference as to whether
1 Cephei’s grains support Hofner’s theory, inconclusive. We then evaluate the physical realism of single
scattering models by injecting them into the radiative transfer code MCFOST. Our analysis reveals that
the vast majority of the PIPPI models used in our chemical inference do not represent physically valid
solutions — thin shells composed of these grains are no longer optically thin when they are made dense
enough to produce polarised visibility amplitudes as high as g Cephei’s. Our findings demonstrate that
caution and rigorous injection testing in radiative transfer are necessary to determine whether simple
scattering codes like PIPPI should be used for chemical inference.

Contribution Statement

The idea of a simple scattering code was originally my supervisors — and has been used in their pioneering
of spectro-polarised interferometry data (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019). I
built PIPPI (Chapter 4) and applied it to our observing campaign of p Cephei, designing models and
guiding the direction of inference and subsequent analysis. The re-analysis of these simple models and
their injection testing in radiative transfer code was my own idea and work, as is subsequent analysis on
their suitability for use in chemical inference.

5.1 Constraining i Cephei’s circumstellar geometry with Rayleigh
scattering

We commence by using PIPPI’s Rayleigh scattering mode to constrain p Cephei’s circumstellar dust ge-
ometry. We fit to all four of our single-wavelength archival VAMPIRES datasets (datasets 1-4, A 750 nm)
and to a single wavelength of our upgraded VAMPIRES dataset (dataset 6, A 760 nm), which collectively
span a 7 year period (2017-2023). Existing literature on the circumstellar geometry of p Cephei and
analogous evolved stars was reviewed in Chapter 1 — here we draw inspiration from these descriptions
when designing candidate models. Commencing from the simple models used in Ireland et al. 2005, Norris
et al. 2012 and Haubois et al. 2019, we first explore how well the historically employed symmetric ‘thin
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5.1 Constraining p Cephei’s circumstellar geometry with Rayleigh scattering

shell’ model is able to fit our y Cephei VAMPIRES + NRM data. Then, as required, we deploy increas-
ingly complex models by adding ‘shell’ and ‘blob’ structures. We expect 1 Cephei’s circumstellar dust to
create a complex scene spanning multiple spatial scales, as our data suggests the scene is well resolved
and has asymmetric contributions on most baseline lengths (Figures 3.7-3.9). Asymmetric structure has
been previously identified on both broad scales and within the inner circumstellar environment (Norris
2015; Safonov et al. 2019), however our data should capture both scales simultaneously and with higher
resolution. Given the high rates of mass loss exhibited by p Cephei (107° Mgyr—!) (Gehrz 1971) we
anticipate that circumstellar material may evolve within our observing campaign — as has been observed
to occur on scales as short as months in analogous circumstellar environments (Ohnaka et al. 2017b;
Khouri et al. 2016). We aim to probe the following features of p Cephei’s circumstellar environment:

1. The outflow properties of the inner circumstellar environment — whether it is a discrete shell or out-
flow and what this may suggest about the persistence or episodic nature of the mass loss occurring,

2. The role of asymmetry — in both the inner circumstellar environment and on broad scales, and
whether we can model these previously separately identified phenomena simultaneously,

3. The proximity of dust to the (nominal) stellar surface,
4. Whether temporal evolution is observed over a 7 year observing campaign.

Our candidate models are formulated in pairs to facilitate the hypothesis testing of geometric features
that probe these questions. The geometric parameters used to construct our models are defined in Figure
5.1 — all model parameters are depicted on the same axes for illustration purposes only and Table 5.1
indicates which subset of model parameters is fitted to each model class.

Table 5.1: Overview of all parametric models fitted to p Cephei with PIPPI. Each model class has a
label defined in column '#’, a description, number of parameters N,, and the modelled parameters as
defined in Figure 5.1.

#  Description N, Parameters”

A Thin Spherical Shell 2 a, Cp

B Thick Spherical Shell 3 a, Cp, St

C  Power Law Spherical Shell 3 a, Cp, pl

D  Two thin Spherical Shells 4 a, a2, Cp, St

E  Thin Elliptical Shell 4 a,Cp, b, a

F  Thick Elliptical Shell 5 a, Cp, b, a, St

G Power Law Elliptical Shell 5 a, Cp, b, a, pl

H  Thin Offset Circle 4 a, Cp, h, k

I Thin Offset Ellipse 6 a, b, a, Cp, h, k

J Thin Spherical Shell + Blob 5 a, Cp, Cg, 1, Oy

K Thin Elliptical Shell + Blob 7 a, b, a,Cp, Cp, s, O

L Thick Spherical Shell 4+ Blob § a, St, Cp, Cg, rp, Op

M  Thick Elliptical Shell + Blob 8 a, b, a, St, Cp, Cg, 1, O

N  Power Law Spherical Shell + Blob 6 a, Cp, pl, Cg, 1, O

O  Power Law Elliptical Shell + Blob 8 a, b, a, Cp, pl, Cg, 1, O

P Offset Power Law Spherical Shell + Blob 8 a, Cp,pl, Cg, mv, 0y , h, k

Q  Offset Power Law Elliptical Shell + Blob 10 a,b,a, Cp,pl, Cs, s, O, h, k
R Enhanced Power Law Spherical Shell 4+ Blob 8 a, Cp, pl, Cg, v, O , Ea, E;

S Enhanced Power Law Elliptical Shell + Blob 10 a, b, a, Cp, pl, Cg, 7, b, Ea, E;

*: All parameters fitted are defined in Figure 5.1.
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5.1 Constraining p Cephei’s circumstellar geometry with Rayleigh scattering

Figure 5.1: Geometric parameters fitted within PIPPI. All parameters are displayed on the same axes
for illustration purposes only — the subsets of parameters used within each model class are outlined in
Table 5.1. The parameters inscribed define the geometric configuration of a dust density distribution
around a star centred at the origin (denoted with a *). a and b are the semi-minor and semi-major axes
of the circumstellar shell, « is the clocking angle of the (elliptical) semi-major axis. The third dimension
of the shell (in z) is assumed to be the same as a. The centre of the shell may have an offset from the
stellar location in (z, y), denoted (h, k), and the star dust contrast is denoted Cp. A second shell (only
in full spherical symmetry for the present work) is defined with radius a2 and shell contrast S¢ (where
this contrast is between shell 1 and shell 2). A Gaussian blob is parameterised by its radial distance 7y,
angular location 6, and contrast Cp. The internal structure of the circumstellar shell (blue) can take
three forms: a finite thin shell (2 mas), a finite thick shell (thickness St) or a power-law outflow (exponent
denoted pl). A density enhancement along the circumstellar shell’s limb (marked in green) may also be
added at an angular location E; with a contrast E,.

5.1.1 Results of Rayleigh scattering inference

We fit 19 model classes to pu Cephei — for each model the parameter MLEs, x?2_, and In(B) values are
provided in Tables 5.2 - 5.6. All angles are in celestial coordinates. The priors, hyper-parameters and
corner plots for each class of model are included in Appendix A.3.

67



89

Table 5.2: Summary of Model Fits and Parameter MLEs (I). Superscript * denotes that in the model’s original form the dust converged on the nominal
stellar surface — and that the model was re-run to enable the dust to converge below the nominal stellar surface. All parameters stated within the present table
have been transformed into celestial NE coordinates — angles are defined in the direction East of North. Parameter values stated are the maximum likelihood
estimates, with uncertainties given by the posterior distribution widths 1o. In(B) denotes the natural logarithm of the Bayesian Evidence. Larger values (less
negative) denote more probable models.

Model a [mas] as [mas) Sc Cp St [mas] pl X%q In(B)

Asg17 18.4 + 0.3 - - 5.8 £ 0.3 - - 1.97 -1843.01
Asorsos 167 + 0.5 ] ] 5.8 + 0.2 ] ] 1.06 -1399.16
Asorsos  17.1 + 0.3 ] - 5.6 + 0.3 - ] 3.38  -2526.86
Asp20 170 £ 04 - - 6.4 + 0.2 - - 1.23 -1483.83
Aopa3 16.3 £ 0.6 - - 6.7 £ 0.2 - - 1.67 -1695.85
Bag17 126 £ 1.3 - - 51+ 04 170+ 4.6 - 1.96 -1834.35
Bioisos 95 £ 1.2 ] - 45404 239 +57 - 1.02 -1379.85
Bioisos  10.0 £ 0.5 - - 44403 242443 - 3.27 -2476.89
Bagao 12.0 £ 2.5 - - 58 + 0.7 13.2 £8.1 - 1.23 -1466.04
B393 1.7+ 84 - - 59+ 04 19.2 +8.6 - 1.67 -1691.61
Coorr 144 + 0.6 - - 50+ 0.3 - 23407 194 -1824.04
Coo1802  12.1 £ 1.2 - - 4.7+ 04 - 1.6 £ 0.8 1.01 -1372.03
Coorsos  12.0 + 0.4 ] - 44+ 0.2 - 12403 322 -2445.19
C020 148 £1.3 - - 6.0 £ 04 - 44 +£24 1.22 -1478.20
C3003 7.8 + 2.1 - - 4.1 +£0.8 - 45+ 04 1.62 -1673.42
Dogiz 17.94+0.6 527+131 01+02 53+04 - _ 1.93  -1823.88
Dooisos 159+ 1.0 343465 25414 52403 - ] 1.01  -1376.32
Dooisos 169 +25 41.0+13.7 03 +02 51+ 0.3 - - 3.24  -2462.10
Dag2o 16.8 £0.5 388+ 121 12+1.7 62+0.3 - - 1.22  -1480.10
Dogas 153 +£1.0 4114+47 64+1.7 58+03 - - 1.63 -1680.75
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Table 5.3: Summary of Model Fits and Parameter MLEs (II). Superscript * denotes that in the model’s original form the dust converged on the nominal
stellar surface — and that the model was re-run to enable the dust to converge below the nominal stellar surface. All parameters stated within the present table
have been transformed into celestial NE coordinates — angles are defined in the direction East of North. Parameter values stated are the maximum likelihood
estimates, with uncertainties given by the posterior distribution widths 1o. In(B) denotes the natural logarithm of the Bayesian Evidence. Larger values (less

negative) denote more probable models.

Model a [mas] b [mas] a [°] Chp St [mas] h [mas] k [mas] x%, In(B)

Foor7 16.8 £ 0.1 2444+0.2 109.3 +£2.8 52+0.2 - - - 1.67 -1694.09
Fopi1goe 149 4+0.1 204 +02 981+14 6.2+0.2 - - - 0.85 -1292.65
Eooigos 145400 21.7+02 932414 6.1+ 02 ] - ] 276 -2222.90
FEoo20 151 +£0.1 1994+02 774+42 68=+0.2 - - - 0.99 -1364.03
FEogos 152 +£04 176 0.5 275.0+ 3.8 6.8 +0.2 - - - 1.58 -1659.70
Foo17 169 £00 2444+02 1090+£09 52+02 1.14+0.1 - - 1.64 -1656.42
Foo1802 150+ 00 206+02 959+12 63+02 1.3+0.1 - - 0.81 -1289.15
Foo1s05 13.24+0.1 1954+02 9344+14 6.0+02 53+0.3 - - 2.75  -2226.53
Foo90 155 +0.0 19.74+01 741+1.2 6.7+0.1 1.6 £ 0.1 - - 0.97 -1360.23
F3oas 1.2 +£ 6.6 40+66 274.0+38 6.0+03 18.0+6.8 - - 1.59 -1626.60
Gao17 128+ 0.2 16.0+£0.3 111.8+ 2.2 81 +0.2 - - - 1.18 -1436.32
Goo1g02 11.44+£0.1 141 4+0.1 978+ 14 81+0.1 - - - 0.63 -1203.24
Gooisos 117401 150402 958+ 14 7.9 402 ] - - 1.87 -1801.30
G2020 11.7+£0.1 136+0.1 791+£02 89+0.2 - - - 0.75 -1255.96
G003 83+£06 11.6 4+ 05 269.3+54 52402 - - - 1.58 -1660.81
Hso17 20.6 = 1.0 - - 5.0 £0.3 - 484+ 05 -93+23 1.77 -1744.34
Hop1g02 18.3 £ 0.6 - - 5.0+ 0.3 - 77+ 1.4 1.8+ 1.1 091 -1328.97
Hooisos  19.9 + 1.0 - - 44 + 0.2 - 10.6 £ 0.8 -23 407 273 -2207.45
Hop20 18.1 £ 0.2 - - 5.8 +£ 0.2 - 66+02 -1.0+07 1.09 -1411.36
Hopos 13.3 £ 0.1 - - 6.3 £ 0.1 - 1.3+01 -0.1+£0.1 1.19 -1454.61
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Table 5.4: Summary of Model Fits and Parameter MLEs (III). Superscript * denotes that in the model’s original form the dust converged on the nominal
stellar surface — and that the model was re-run to enable the dust to converge below the nominal stellar surface. All parameters stated within the present table
have been transformed into celestial NE coordinates — angles are defined in the direction East of North. Parameter values stated are the maximum likelihood
estimates, with uncertainties given by the posterior distribution widths 1o. In(B) denotes the natural logarithm of the Bayesian Evidence. Larger values (less

negative) denote more probable models.

Model a [mas] b [mas] h [mas] k [mas] a [°] Cp Cp rp [mas] 0 [°] X2q In(B)

Ix017 170 £02 247+07 -07+£02 -38+£06 1076+16 52102 - - - 1.64 -1680.74
I501802 177+£10 1944+20 73+12 43+£56 1288 £35.1 4.7+ 0.5 - - - 0.92 -1321.98
12015805 149+05 21.94+08 30+49 00+04 88.5 + 2.6 6.1 + 0.2 - - - 2.72  -2209.93
15020 15.3+£02 196+05 094+02 -04+0.2 76.6 + 1.9 6.7 £ 0.2 - - - 0.97 -1355.14
15003 14.7+05 16.7+05 12401 -02+0.1 2748+33 6.6+0.1 - - - 1.16 -1450.72
J2017 18.4 £ 0.2 - - - - 52+0.1 3884+76 878+39 2020+11 060 -1172.60
Joo1802  16.3 + 0.3 - - - - 51 +£0.1 278457 72737 1665 +1.1 046 -1104.45
Joo1s05  16.5 + 0.1 - - - - 484+ 0.2 163+27 654+34 1433+ 1.1 148 -1599.59
J2020 16.7 + 0.3 - - - - 59+0.1 151442 739+51 177.0+3.4 0.68 -1212.20
J2023 16.0 £ 0.4 - - - - 64+01 01+00 479+5.1 1949 +34 148 -1602.36
Koor7 174 +£03 194 + 0.2 - - 1047+ 56 514+01 404+76 88.6+ 3.8 202.6+56 0.57 -1161.47
Kop1802 15.24+0.2 179 £ 0.3 - - 91.6 + 4.1 54 +0.1 2344+51 741+37 190.0+ 4.1 044 -1091.91
Kop1805 151 4+03 189+ 1.6 - - 85.8 + 8.4 52+0.2 1454+41 685+40 184.5+84 1.37 -1556.04
Kog29 155 £03 179+ 0.3 - - 69.0 + 4.5 6.2+01 147440 756=x49 1799 +45 0.63 -1189.90
Kogos 129 £0.5 152+ 0.6 - - 271.84+38 54+02 04+0.0 74 +1.1 255.7+34 1.35 -1546.02
Loo17 14.7 £ 0.3 - - - - 504+0.1 37.7+73 882+40 158.0+1.1 0.59 -1173.14
Lop1go2 13.0 £ 0.4 - - - - 49 4+01 253+53 73.7+£38 171.24+ 1.1 046 -1106.54
Loowsos  13.1 £ 0.3 - - - - 46401 146427 662+37 176.1+1.1 147 -1601.60
Laop20 13.3 £ 0.3 - - - - 56 £0.1 13.8+4.1 751+£53 183.0+34 0.68 -1217.81
Lopas 16.0 £ 0.4 - - - - 64+01 01+00 48.0+£5.0 165.1 £34 148 -1606.30
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Table 5.5: Summary of Model Fits and Parameter MLEs (IV). Superscript * denotes that in the model’s original form the dust converged on the nominal
stellar surface — and that the model was re-run to enable the dust to converge below the nominal stellar surface. All parameters stated within the present table
have been transformed into celestial NE coordinates — angles are defined in the direction East of North. Parameter values stated are the maximum likelihood
estimates, with uncertainties given by the posterior distribution widths 1o. In(B) denotes the natural logarithm of the Bayesian Evidence. Larger values (less
negative) denote more probable models.

Model a [mas] b [mas] a ] pl Cp Cg rp [mas] 0 [°] X2y In(B)

Mso17 1414+04 16.1 £0.5 1004 £ 8.7 - 49+01 374£7.0 89.6 £ 3.9 202.6 £ 1.1  0.57 -1163.15
Moap1802 117+ 04 146 £04 92.7 £ 5.1 - 524+01 221+£47 74.8 £ 3.7 1900 £ 1.1 043 -1092.03
Moo1805 11.7+£ 05 154 +£0.3 88.1 £ 6.2 - 5.0+ 0.1 13.6 £ 2.8 69.6 £ 4.1 184.5 £2.3 1.37 -1552.89
Msp20 11.9 £ 0.2 14.7 + 0.3 69.2 + 4.2 - 59 £ 0.1 13.2 £ 3.8 76.0 + 5.2 181.0 £ 34 0.64 -1194.30
Mspas 1414+ 04 16.1 £ 0.5 272.2 + 3.8 - 5.4 4+ 0.2 0.4+ 0.0 7.5+ 1.0 256.3 + 4.6 1.35  -1549.54
Noo17 16.7 + 0.5 - - 6.4+ 1.7 5040.1 33.3 £ 8.5 89.3 £ 4.1 2020+ 1.1 0.59  -1169.23
Nop1802 14.4 + 0.6 - - 49+15 49=+0.1 19.6 + 6.6 74.5 + 4.0 1889 £ 1.1  0.55 2177.13
N2o1805 14.1 £ 0.3 - - 39+06 4.6+0.1 7.8 £3.1 67.1 £ 3.9 1845 £ 1.1 147 -1599.11
Nagag 15.5 £ 0.2 - - 5.0+ 0.2 6.24+0.1 104 + 3.2 77.0 £ 5.5 1770 £ 34 069 -121741
N3oos 10.1 £ 14 - - 52+05 47405 0.2+0.1 50.0 £ 5.0 1949 £ 34 146 -1593.04
Osorr 147402 161 +03 1040 + 4.7 - 46+01 113+21 95.6+41 2038+ 1.1 054 -1140.46
Osorsoz 126 03 142+03 934 +4.1 i 51+01 66417 T798+47 191.1+23 042 -1082.58
Osoisos 128 03 145+ 04 879+ 4.4 ] 51+01 50419 786+81 1862+34 129 -1514.30
03020 13.0 £ 0.1 14.5 £ 0.2 70.2 + 44 - 5.8 £ 0.1 4.6 + 3.5 8.2 £ 128 191.3+69 0.60 -1280.10
O3093 6.2 £ 0.7 12.0 £ 0.8  263.8 = 4.3 - 4.5+ 0.2 0.1 £ 0.0 9.5 £ 1.5 250.0 £ 5.7 141  -1577.46
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Table 5.6: Summary of Model Fits and Parameter MLEs (V). Superscript * denotes that in the model’s original form the dust converged on the nominal
stellar surface — and that the model was re-run to enable the dust to converge below the nominal stellar surface. All parameters stated within the present table
have been transformed into celestial NE coordinates — angles are defined in the direction East of North. Parameter values stated are the maximum likelihood
estimates, with uncertainties given by the posterior distribution widths lo. In(B) denotes the natural logarithm of the Bayesian Evidence. Larger values (less
negative) denote more probable models.

Model a [mas] b [mas] a [°] pl Cp Cgp rp [mas] 0 °] h [mas] k [mas] X%, In(B)

Poo17 15.2 +£ 0.1 — — - 48401 13.0+ 2.2 94.5 + 3.7 202.0 £ 0.0 -0.4 £0.1 -0.8 £0.1 0.55 -1145.06
Pooi1goe 13.2 £ 0.2 - - - 4.74+0.1 8.0 £ 2.0 75.6 + 4.6 188.9 + 0.0 0.3 £0.2 03+£0.2 046 -1101.25
Poo1so5  13.6 £ 0.2 - - - 43 4+02 3.4 +£07 62.1 + 4.3 184.5 + 0.0 0.6 £0.2 -0.5 £0.2 145 -1585.83
Pso20 13.9 £ 0.5 - - - 49404 1.5+ 0.7 55.2 + 9.1 178.7 £ 3.5 09 £0.3 -1.5£0.6 0.65 -1194.78
Pooas 12.2 £ 0.2 - - - 464+0.1 0.1+0.05 42.4 +£5.9 192.7 £ 0.1 -4.2 + 0.3 1.9+0.3 1.10 -1378.34
Qoorr 148 +£02 163+03 1038+41 - 46401 11.7+21 97.0+40 2038+11 -05+01 -09+02 048 -1115.69
Q201802 12.7+0.3 143 +£03 93.2+42 - 51+0.1 6.8 £ 1.8 80.2 + 4.8 190.6 + 2.3 0.5£0.3 0.1 £ 0.2 041 -1081.83
Q201805 12.8 £ 0.2 14.7+£ 0.3 88.6 + 4.2 - 5.14+0.1 5.8 £ 2.3 81.7 + 84 186.2 + 3.4 0.6 + 0.3 0.1 £0.2 1.26 -1499.31
Q2020 145+03 13.0+03 1698+6.3 - 58+0.1 32+1.6 77.3 +£10.0 190.2 £ 5.7 0.3 +£0.3 -0.6 £0.2 0.59 -1167.32
Q2023 139 +£03 10.8+0.2 2568+40 - 49401 0.1+0.05 40.0 £ 5.9 198.4 + 5.0 -3.9+04 27+£03 099 -1369.33
Model  a [mas] b [mas] a [°] pl Cp Cp rp [mas] 0 [°] E; [°] E, X2y log(B)

Roo17 15.0 £ 0.2 - - - 48401 138 +£25 95.1 + 3.9 202.0 £ 5.0 2275 +11.3 0.6 +0.2 048 -1115.60
Rop1g02 13.3 £ 0.2 - - - 47401 7.7+ 2.1 76.4 £+ 5.0 1889 £3.0 190+£308 03+02 045 -1105.10
Rop1805 13.9 + 0.7 — — - 39406 2.6 £0.9 54.6 + 9.7 184.5 + 3.0 180.5+234 144+21 145 -1591.61
Ro020 13.6 = 0.3 - - - 50403 1.7+ 0.5 55.6 + 7.0 178.7 + 4.0 1808 +10.2 1.8+ 14 0.65 -1196.88
R5g95 8.3 £0.3 - - - 42401 0.01 £0.05 32.5 + 5.0 192.7 +41 2321 +£36 334+08 1.00 -1373.23
S2017 14.7+0.2 16.1+03 1036 +46 - 46+0.1 12.2+24 98.0 + 4.2 203.8 £ 1.1 21584+ 109 0.7+0.2 0.48 -1118.14
Soo1s02 143 £0.3 12.7+03 943 +40 - 51=£0.1 72+ 1.9 80.9 + 5.1 190.6 + 2.9 979 £ 27.1 03+£0.2 041 -1086.90
Soo1s05 149 £0.3 13.0+ 0.3 88.6 4.1 - 51401 4704+13.0 13394+7.2 1862+ 23 261.1 +181 044+0.2 1.21 -1476.30
S2020 146 £0.2 13.0+ 0.1 69.0 £ 4.2 - 58401 442 +19.0 1399+ 11.3 193.0+ 34 1823+ 187 05+0.2 0.57 -1161.44
S5023 106 £1.0 55+04 2478+42 - 42402 0.1+0.05 26.8 + 4.5 188.1 + 3.5 2004 + 5.4 7.0+ 29 097 -1366.07
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5.1 Constraining p Cephei’s circumstellar geometry with Rayleigh scattering

5.1.2 Analysis of Rayleigh scattering inference

Inadequacy of simple spherical shell models

The thin spherical shell models (here our Model Class A) fit in existing studies (Ireland et al. 2005; Norris
et al. 2012; Haubois et al. 2019) appear to be an insufficient description of 11 Cephei’s circumstellar dust
— correlation plots reveal more clearly that p Cephei’s visibilities are distorted from the typical sinusoidal
and cosinusoidal shape of a symmetric shell and that closure phases depart from the zero values of a
centro-symmetric model (Figure 5.2, column 1). Despite these limitations, Model Class A still acts as
a proxy for the centre of polarised flux. It is interesting to note that our fits locate circumstellar dust
between 1.6-1.8 R, which is consistent with the inner dust radii fit to analogous stellar environments
(Munoz-Sanchez et al. 2024b; Scicluna et al. 2015; Wittkowski et al. 2012; Ohnaka et al. 2024; Norris
et al. 2012; Haubois et al. 2019).

Preference for asymmetry

Asymmetric models are strongly preferred by all epochs of data — in pairs of models where one model
is symmetric and the other has an additional degree of asymmetric freedom, the asymmetric model
is always preferred (indicated by improvements to the x2,,; and In(B) values). For examples of this
compare In(B) values for model pairs: A/E, C/G, L/M, O/Q, O/S (Tables 5.2-5.5). We were able to
simultaneously characterise the asymmetry within the inner circumstellar environment and in extended
material — confirming and extending the findings of Norris 2015 and Safonov et al. 2019. We detail our
findings on each region below.

Inner circumstellar asymmetry

The best fit models to the inner circumstellar environment had two degrees of asymmetry — a) a geometric
asymmetry which we modelled as an elliptical shell, and b) a density asymmetry which we modelled as
either an offset of the dust from the star (Model Q), or an angular density enhancement along the limb of
the elliptical shell (Figure 5.2, Model S). We found the fits between Models Q and S to be very similar, but
that the offsets fit in Model Q consistently caused dust to eclipse the star and so we preferred Model S.
The density enhancement of Model S was restricted to 45° to reduce the number of parameters. The best
radial function for the dust was an elliptical power law outflow with an exponent of -3 — this was preferred
over a thin or thick shell, suggesting that the circumstellar environment does not readily conform to a
steady outflow.

Extended material asymmetry

We found that asymmetry was also strongly favoured in the extended environment (Models K, M, O,
Q, S). We modelled extended material with a simple Gaussian ‘blob’ of fixed 20 mas size. Our best
models fitted the blob with a position angle of ~186-203° and with radial position between 80 - 140 mas
(except for 2023 which located this blob at 26 mas — we return to discussion of this below) (Figure 5.2
(column 4, Model S) and Figure 5.3 (b)). In all years but 2023 the ‘blob’ fitted in Model S was co-located
with the extended feature identified in wider-field images of p Cephei from 2017 (Safonov et al. 2019),
where it was located at a position angle of 170-220° with a centre of radial displacement of ~ 120 mas
(Figure 5.3 (¢)). It is important to note that our blob is ~1/5 the size of the blob in Safonov et al. 2019
and so this difference is accounted for when interpreting our blob as co-located. We were further able
to support the persistence of this extended feature into at least 2018 using our own PDI reduction of
archival VAMPIRES imaging data obtained on 2018/10/23 (Figure 5.3 (a)).

Our parametric fits to NRM data are therefore able to resolve asymmetries within the inner circumstellar
environment at angular resolutions beyond existing imagery with comparable field of view (Safonov et
al. 2019) and also beyond that of our own VAMPIRES PDI data that delivers at most a diffraction
limited performance (Figure 5.3 (a)). These results demonstrate the extended reach which NRM brings
in characterising the geometry of inner-circumstellar environments and how NRM may be used in a
complementary fashion to imaging, to probe finer features.
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5.1 Constraining p Cephei’s circumstellar geometry with Rayleigh scattering
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Figure 5.2: Images and correlation plots for representative models from Table 5.1 — for dataset 1
(2017). Each column depicts a different model (A, E, O,S) of increasing complexity from left to right.
Row 1 depicts the dust density distribution, rows 2 and 3 depict correlation plots for the polarised
visibilities, rows 4 and 5 depict correlation plots for the polarised closure phases. Model A (column 1) is
the prototypical thin spherical shell model fitted in existing polarimetric interferometry studies and was
found to have insufficient complexity to yield good fits to p Cephei. Model E was our first asymmetric
morphology — whilst providing some improvement to the fit, the form of asymmetry is not correct. Model
O introduced asymmetry into both the inner environment and to extended scales in the form of a Gaussian
blob. Model S yielded our best fits — the inner circumstellar environment has a geometric asymmetry
and a density enhancement in addition to an extended Gaussian feature. For ease of visualisation the
error bars plotted are the intrinsic random errors and do not include the multiplicative systematic factor
we derived in Chapter 3 and used in fitting.
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5.1 Constraining p Cephei’s circumstellar geometry with Rayleigh scattering

We note an interesting behaviour of the Gaussian blob used to model extended material. Both the angular
position of the blob and its radial location vary as our models increase in complexity — in some simpler
models the blob appears to move by up to 80° and 80 mas between epochs of data (see Model K). This
effect becomes less prevalent as complexity is built into the inner circumstellar region. This suggests
that when our models for the inner circumstellar environment are inadequately complex, the Gaussian
blob moves inwards to compensate, balancing its contribution to fitting wider scale features (a weak
contribution to measured signal) with its ability to emulate greater asymmetry in the inner environment
(the dominant contribution to measured signal).
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Figure 5.3: Images and models of i Cephei’s inner circumstellar environment — (a) Our VAMPIRES PDI
from 2018/10/23 (polarisation P is plotted), (b) Our best parametric fit for ;1 Cephei from 2018/10/23
(dust density is plotted with a radial stretch r*2 to make the extended feature clearer), and (c) Image of
u Cephei reproduced from Safonov et al. 2019, obtained via speckle interferometry on a 2.3 m telescope
(polarisation P is plotted). Our PDI and NRM datasets have an extended feature co-located with the
extended feature within Safonov et al. 2019 — at a position angle of ~170-220°, and r~120 mas.

As complexity was built into the inner environment (Models O, Q, S), the radial location of the blob
stabilised at ~80-130 mas — for all epochs except 2023. We suggest three causes for a closer radial fit
of the blob in 2023 — firstly, that our best Model S provides an inadequately complex representation of
the inner circumstellar environment in 2023, and as previously described, the blob may move inwards to
compensate for this; secondly that the extended feature modelled in 2017 - 2020 has moved outwards by
2023 and so is not detected as strongly; and thirdly that new circumstellar material has been ejected from
the star since 2020 and that we are detecting a new extended feature outside the circumstellar shell but
closer to the star than the extended feature observed in 2017-2020. Regardless of the cause, it appears
that there is increased asymmetry in the inner circumstellar environment in 2023 as compared to earlier
years of our data. We will further support this finding in Chapter 7.

Proximity of dust to the stellar surface

The location of the dust relative to the stellar surface changes between each of our model classes. From
the canonical thin spherical shell Model Class A our estimates for shell radius were between 1.6-1.8 R .
These values are much larger than those obtained from our best Models S — most are between 1.0-1.4 R,
however in 2023 our elliptical semi-minor axis value is ~ 0.5 R,. We have already noted our suspicion that
the circumstellar environment is highly asymmetric in 2023 and thus treat this value with some caution
as it could be artificially generated by a too-simple model in an attempt to emulate greater complexity
than it can represent in a physical manner. In addition to this, all values for the proximity of dust to
the stellar surface must be interpreted with caution as the Rayleigh scattering approximation does not
produce forwards scattering — which may reduce the apparent diameter of the fitted circumstellar shells
(see Section 5.2 for a detailed explanation of this effect).

An additional source of uncertainty lies within what we defined as R, (we used a literature value obtained
in the continuum R, = 10 mas which is 2257 R at 1000 pc) (Quirrenbach et al. 1993). Stellar diameter
measurements of evolved stars are made significantly more complex by their very low surface gravities
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5.1 Constraining p Cephei’s circumstellar geometry with Rayleigh scattering

which result in extended photospheres (Arroyo-Torres et al. 2015; Josselin et al. 2007). Red supergiants
also have extended molecular layers (Perrin et al. 2005; Wittkowski et al. 2014; Wittkowski et al. 2011).
The wavelength dependence of limb darkening, photospheric radius and molecular absorption all make
stellar diameter a strong function of wavelength (Quirrenbach et al. 1993). The strong influence of the
TiO bands (the closest to our observations are at 623 nm, 672 nm, 712 nm) is thought to cause inflation
of 1 Cephei’s stellar diameter by up to 17% (Quirrenbach et al. 1993). In addition to the resonant ‘bands’
which the TiO molecule imposes, at high circumstellar temperatures the continuum opacity of TiO is a
large fraction of the TiO resonant peak opacity (McKemmish et al. 2019). Thus, although our observing
wavelength is not in a resonant band, the photospheric radius may also be inflated by TiO. This would
imply that the true size of the dust shell, expressed as a fraction of Ry, is larger.

Temporal variability

Our model fits provide evidence for temporal evolution of inhomogeneous structure in g Cephei’s inner
circumstellar environment. This evolution is a persistent feature of all model classes fitted, from the most
simple (Model A) to the most complex (Model S). The timescales of this evolution are difficult to quantify
as the variation is most likely not well sampled by our low observing cadence — however we suggest two
potential astrophysical causes. The first could be evolution of dust structure in the inner circumstellar
environment on account of an inhomogeneous outflow. Reasonable timescales for dust evolution can
be derived from wind velocities — estimates vary quite considerably between 19-35kms~! (Montarges
et al. 2019; Decin et al. 2023; De Beck et al. 2010; Le Borgne et al. 1989). Adopting even the slowest
of these values (19kms™!) and assuming the stellar wind drives dust at the same speed, dust could be
displaced radially by ~ 4 AUyear~! (4mas at 1000 pc), which would be more than sufficient to account
for variations in our fitted asymmetry. Dust variability is also supported by observations of analogous
stellar environments — dust within the inner circumstellar environment of AGB stars has been observed
to vary on timescales as short as months (Ohnaka et al. 2017b; Khouri et al. 2016).

A second cause for temporal evolution could be the movement of convective cells on the stellar surface.
Convection cells generate ‘bright spots’ (also called ‘hot spots’) on the stellar surface (Haubois et al.
2009) which can create regions of enhanced illumination in the dust immediately above the hot spot.
Image reconstructions of evolved giant photospheres show convective structures at contrast levels believed
plausible for illumination asymmetries in the circumstellar dust (Pilate et al. 2025). Convective cells are
expected to comprise a dominant feature of RSGs: high variability of convective structures spanning a
range of scales have featured in simulations (Chiavassa et al. 2011) and in observational data (Haubois
et al. 2009; Wilson et al. 1997; Young et al. 2000; Anugu et al. 2024; Montarges et al. 2016). Convection
is so intense on p Cephei that the tops of up-wellings create ‘plumes’ observed to extend up to 1.1R,,
changing on the scale of years (Ariste et al. 2023). Similar evolutionary timescales have been reported
when using tomographic methods (Kravchenko et al. 2019). On Betelgeuse, an analogous red supergiant
star, convective cells are reported to occupy as much as 60 % of the stellar diameter. Smaller convective
structures are seen to vary on a monthly scale (Vlemmings et al. 2024) while large scale convective
features are observed to persist for up to 4 years (Lépez Ariste et al. 2018). Observations of Betelgeuse
have also been used to demonstrate that photometric variability is correlated with convective time scales
and linear polarisation strength, suggesting that convective structures can be responsible for heightened
polarisation measurement (Pilate et al. 2024). Thus, it is plausible that illumination changes originating
from varying convective cells could also be responsible for evolving asymmetric structure in our models
fitted to u Cephei’s circumstellar environment.

General comments on fitting to circumstellar geometry

For all epochs except dataset 3 (2018) we were able to obtain a x?_; < 1 with our best fit models (Class
S). Use of these models was supported by In(B) values which become larger (less negative) as model
complexity was increased. Our parametric modelling study added no further complexity beyond Model
S for numerical reasons — ensemble methods (like the affine invariant MCMC PIPPI employs) suffer from
poor convergence in high dimensions. The number that qualifies as ‘high’ is somewhat ambiguous but
occurs at approximately 10 parameters (Carpenter 2017; Huijser et al. 2022). Future implementations of
PIPPI should be upgraded to non-ensemble methods such as a HMC code like numpyro (NumPyro 2019)
which would not place the same restrictions on the number of fitted parameters.
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5.2 Constraining u Cephei’s dust grain size and chemistry with Mie scattering

Small grains satisfying the Rayleigh scattering approximation do not exhibit forward scattering and so
our measurements of the circumstellar geometry must be interpreted with some caution — an example
of a non-physical outcome is the sub-surface value for circumstellar radius obtained in 2023 (Model S).
To quantify the forwards scattering present the Mie scattering approximation must be used — requiring
multi-wavelength data and full chemical inference over the dust grain material and size. However, even
if we adopt these fitted radii as first-order approximations, their values (<2R,) combined with our
thermodynamic analysis in Chapter 2 would suggest that the dust is most likely an iron-poor silicate or
an alternative transparent species like corundum.

Our two epochs obtained on the same evening in 2018 (datasets 2 and 3) exhibit variability in their fits
that exceed each fitted parameter’s posterior distribution width, suggestive of un-quantified systematic
errors. The 2018 data is complex — in Section 3.7 we diagnosed a probable electronic fault in a wave-plate
homing unit and noted in Section 3.6 that AO was configured differently for each dataset. Whilst we
do not know the exact cause of the variation in model fits between these epochs, we have identified two
sources of systematic error that may contribute, neither of which would be accurately quantified by our
multiplicative scaling factor used to estimate the contribution of systematic errors (Section 3.3).

More generally we also note that most of our fitted parameters have very small uncertainty estimates —
these must also be interpreted with caution. The width of marginalised posterior distributions reflect the
sensitivity of the model parameters to our data, which is a fundamentally different thing to how well the
model describes the data. It is very possible that our data is highly sensitive to the model despite the
model itself not adequately representing the data. A good thought experiment for understanding this is
to consider fitting real data of a cubic function (with small uncertainties) with a linear function — the
posteriors may be very tight but the model itself is incorrect. Small posteriors are an indication of a
tightly constrained model but do not guarantee that we are able to estimate the true uncertainty in the
parameters themselves.

A second contribution to narrow posteriors arises from our errors. With no alternative model we used
a multiplicative factor to estimate the contribution of systematic errors (see Section 3.3). However, it is
quite likely that the systematic errors we are approximating with this multiplicative factor are largely
polarisation aberrations — instrumental polarisation effects that occur across the pupil plane from non-
uniformity within optics (Ashcraft et al. 2025). A proper quantification of these polarisation aberrations
requires ray tracing and is not equivalent to increasing the magnitude of normally distributed noise as
polarisation aberrations will be highly spatially correlated. Un-accounted for systematic errors may make
our data artificially sensitive to the fitted parameters and narrow our posteriors further. Characterisation
of polarisation aberrations within the VAMPIRES instrument is the subject of ongoing work. For all
these reasons we do not straightforwardly adopt the posterior distribution widths of our fitted parameters
to constitute a physically meaningful measure of how well our model represents the data. We return to
these ideas in Chapter 7.

5.2 Constraining i Cephei’s dust grain size and chemistry with
Mie scattering

So far we have demonstrated that computationally convenient Rayleigh scattering models are an effective
way to constrain circumstellar geometry using data obtained at a single wavelength. However, use of a
Rayleigh scattering approximation has a natural end point which we now explore in greater detail. When
the circumstellar grain size is unknown, fitting to circumstellar geometry with a Rayleigh scattering
approximation can be misleading as forward scattering is not modelled. The impact which forward
scattering has on how circumstellar material is illuminated can be illustrated by considering a spherical
dust shell (Figure 5.4 (b)). The polarised scattering function for Rayleigh grains (< 100 nm) is symmetric,
with a degeneracy in the forward and backward directions that causes the strongest polarisation feature to
be the shell’s limb (Figure 5.4a (a,b) blue line). However, as grain size is increased and the threshold into
the Mie scattering regime is crossed (= 100nm) the scattering function is no longer forwards/backwards
symmetric and instead peaks at larger scattering angles (Figure 5.4a (a,b) pink line). From the observer’s
perspective this effect causes grains in front of the star to be more strongly polarised than those behind
the star — this anisotropy of the scattering function is known as forwards scattering (Max Born 1975).
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5.2 Constraining u Cephei’s dust grain size and chemistry with Mie scattering

Whilst forwards scattering is a highly useful property of large grains that allows us to probe the ‘depth’
of circumstellar material (Perrin et al. 2009a; Avenhaus et al. 2018a; Wahhaj et al. 2024; Quanz et al.
2011; Perrin et al. 2015), it has the effect of distorting the apparent size of dust features — making them
seem smaller than their true size. If a spherically symmetric dust shell of large Mie grains is fit under the
assumption of small Rayleigh grains, strong forwards scattering can bias the fitted dust radius towards
un-physically small values as the concentration of polarised flux moves forward.

Mie Scattering (Bandpass 725-775 nm)
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Figure 5.4: The absolute polarised differential scattering cross section for dust grains of increasing
size at an observing wavelength of 750 & 25 nm. For small grains satisfying the Rayleigh approximation
(radius ~ 1-100 nm) the scattering function is forward /backward symmetric about a peak at a scattering
angle of ~ 90° (on the shell’s limb, bisecting the star in the plane of the sky). For larger Mie-scattering
grains (~100 nm+) the scattering phase function becomes anisotropic and the peak scattering angle
moves forward to larger scattering angles. Subplot (a) shows this relationship as a function of scattering
angle. Subplot (b) projects this onto a sphere (here representing a dust shell) — showing how strong
forwards scattering can distort the apparent radius of the circumstellar shell, making it appear smaller
when viewed using polarimetry. The colours plotted are consistent between subplots (a) and (b).

Therefore, for grains too large for the Rayleigh approximation it is inescapable that circumstellar ge-
ometry, grain size and chemistry are entangled and must be fitted simultaneously. The consequences of
modelling large (Mie) grains under the Rayleigh scattering approximation may be significant: derived
parameters (such as the dust shell radius) used to place thermodynamic constraint on the dust species
may not be valid. For these reasons, Mie scattering should be a necessary ingredient for modelling the
dust within inner circumstellar environments — once simpler Rayleigh scattering models have been used
to reduce the geometric subspace at a single wavelength. In Chapter 2 we derived a broad and physically
motivated set of chemicals and dust grain sizes that may exist in g Cephei’s circumstellar environment.
We now deploy the Mie scattering functionality of PIPPI to fit these chemical candidates and grain sizes
to our multi-wavelength p Cephei dataset (6) obtained in 2023.

Previous studies of spectro-polarised interferometry data have performed chemical inference under the
geometric assumption of a thin spherically symmetric dust shell (Norris et al. 2012; Haubois et al.
2019), which we established in Section 5.1 is an inadequately complex model for i Cephei’s circumstellar
dust. It remains unclear how this geometric approximation may have influenced the outcome chemical
inference in these studies. To explore this, we conduct our chemical inference on p Cephei under the
assumption of three increasingly complex models for the inner circumstellar environment. We test the
canonical thin spherical shell as a point of reference against the literature (Model A), an elliptical thin
shell as a representative intermediate model (Model E), and an elliptical power law shell with a density
enhancement as the best description of i Cephei’s inner circumstellar environment found with Rayleigh
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5.2 Constraining u Cephei’s dust grain size and chemistry with Mie scattering

modelling (Model S without extended material). Given our Rayleigh scattering modelling demonstrated
that the extended material of Model S contributed a small fraction of the total polarised signal we omit
the extended feature from chemical inference here.

The assumption of an optically thin media permits a tremendous number of combinatorial options for
grain size and material. As all grains are independent, combinations of different scattering contributors
may be linearly averaged to simulate many ‘mixed media’. For now we restrict our attention to the
assessment of each dust species defined in Chapter 2 independently, and return to the idea of mixed
models after examining the results of preliminary chemical inference. In addition to the novel advance
we make in characterising a larger number of candidates for grain chemistry (see Chapter 2), we also
implement two improvements in the characterisation of dust grain sizes: firstly by fitting to a much
broader and more finely sampled range of dust grain radii, and secondly by fitting to observationally
motivated power-law distributions which we anticipate will provide a more physically realistic description
of the circumstellar dust than single grain-sizes (see Chapter 2).

5.2.1 Results of Mie scattering chemical inference

The result of our chemical inference with single-grain sizes and power-law grain distributions are depicted
below in Figures 5.5 and 5.6.
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Figure 5.5: Chemical and dust grain radius inference for u Cephei in 2023 (dataset 6), for Models A
(panel 1), E (panel 2) and S* (panel 3). Here single-sized grain distributions are assumed. Plotted values
are the x2.; values — the optimum value of (chemical, dust grain size) is marked with a red X. Our fits
demonstrate that grain size is far better constrained than chemistry — many options for grain chemistry
provide equitably good fits to data. There are three regimes of grain sizes that provide good fits, ~ 250,
750 and above 1200 nm.
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Figure 5.6: Chemical and dust grain radius inference for p Cephei in 2023 (dataset 6), for Models
A (panel 1), E (panel 2) and S* (panel 3). Here power-law distributions are assumed. The power law
distributions of grains are given in terms of a minimum grain size Gmin, Maximum grain size Gmqz and
a power law exponent pl. Plotted values are the 2., values. Our fits demonstrate that grain size is
far better constrained than chemistry — many options for grain chemistry provide equitably good fits to
data. There are three regimes of grain sizes that provide good fits, ~ 250, 750 and above 1200 nm.

5.2.2 Analysis of Mie scattering chemical inference

Several interesting trends emerge from testing a broad range of physically motivated chemical solutions
and grain sizes. We performed chemical inference under the assumption of three different dust geometries
— a thin spherical shell (Model A), a thin elliptical shell (Model E) and a power law elliptical shell with
a density enhancement (Model S*) — to investigate how approximations to the circumstellar geometry
could influence the outcome of chemical inference. From our experiments it appears that whilst more
simplified approximations to the circumstellar geometry will naturally result in higher Xfed values, they
do not appear to significantly change the relative performance of different chemical and grain sizes within
each model class. We note that for Model A and E, the best fit solutions are 250 nm grains of amorphous
Spinel, and that for Model S* the best fit solution is for 800 nm grains of crystalline Forsterite. Whilst
these are different solutions, in the paragraphs below we will argue that these should not be interpreted
as physically significant differences.

The reason that differing geometric approximations do not significantly change the results of chemical
inference here lies in the assumption of an optically thin media. If fit optimally, the best fit geometry
for each chemical and grain size will have the same intrinsic amount of approximation in how polarised
material is presented in the image plane. This would not necessarily be the case if full radiative transfer
code was used as modifying the material and dust grain size could then increase the volume of multiple
scattering events which would change how the dust geometry is projected into the image plane (eg. how
opaque the dust morphology appears).

From our inference (Figures 5.5 and 5.6) it is evident that grain size and not chemistry is the primary
driver of fit quality for each model class. Single-size distributions of small Rayleigh sized dust grains
(below 100nm) all yield poor fits to the data. Numerically, the best fits are obtained at ~ 250 nm
(Xfed < 1), well into the regime where scattering requires Mie theory. The representative grain size
fitted with single scattering models has historically been interpreted as the grain size that dominates
the scattering cross section (Norris et al. 2012). A radiative environment dominated by scattering from
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grains of size 250 nm would facilitate a scattering-driven stellar wind from p Cephei (Héfner 2008).

Whilst numerically the best fits occur at ~ 250 nm, there is periodicity in the fit quality with respect to
grain size — generally the fit deteriorates on either side of ~ 250 nm and improves again by ~ 700 nm. This
‘beating’ in the goodness of fit is characteristic of Mie scattering where grains are all approximated to be
of a single uniform size and results from the regular pattern of constructive and destructive interference
between the incident and reflected components of scattered light from the front and back of a grain
(Jenkins 1981). As the grain size becomes larger than the wavelength the strength of this beating is
suppressed as an increased number of paths reduces the coherence of re-emitted light. This behaviour is
characteristic of the beginning of the geometric optics regime (Max Born 1975).

Beating is also seen in fits to the power law distributions — however, the broader range of grain sizes mod-
elled in each distribution make this effect more subtle. The power law grain fits demonstrate agreement
with the single grain fits in that power law distributions dominated by small grains provide the worst fit
and a minimum grain size of at least ~ 250 nm is required. Also in agreement is that many power law fits
containing big grains are indistinguishable from each-other. We had anticipated that use of power law
distributions would provide improved fit over single grain distributions on account of providing greater
physical realism. However, our results demonstrate that many large-single-grains and many large power-
law distribution grains provide indistinguishably good fits to our data. As our fits were not improved by
broader distributions, this may suggest that the circumstellar dust grains have a narrow distribution —
which has been suggested for the silicon-carbon dust of carbon-rich AGBs (Yasuda et al. 2012).

The beating we observe in both the single-grain and power-law grain fits suggests multiple regimes of
dust grain sizes which fit data equally well. Figures 5.5-5.6 are plotted on a linear scale to illustrate
the similarity of these solutions. From these results we could not confidently rule out grains with radius
above ~1.25 um, which is the upper limit for a grain supporting a scattering driven stellar wind from
1 Cephei (Hofner 2008) (derived in Chapter 2). Hence, we are unable to use this inference to conclude
on whether p Cephei’s circumstellar dust grains can support a scattering driven stellar wind. However,
our fits do seem to strongly support that the grains are not Rayleigh sized, suggesting a lower limit on
the grain size of ~250 nm. This grain size is close to the peak of grain sizes observed in the distribution
within the ISM (~300nm) (Srama et al. 2009; Mathis et al. 1977a).

Our fits provide far less constraint on dust chemistry than on dust grain size — whilst numerically there is
an optimal solution, many chemical options tested are separated by x2_, differences less than ~0.01 and so
we interpret these fits as equally good. The similarity of our chemical fits can be understood by examining
the optical constant data for the tested chemicals — the real components (n) which dominate the single
scattering physics applied in PIPPI are all very similar as is their wavelength dependent behaviour. The
results of this chemical inference are consistent with existing studies which found amorphous forsterite,
enstatite and corundum to be indistinguishable (Haubois et al. 2019; Khouri et al. 2016; Ohnaka et
al. 2016; Ohnaka et al. 2017b). It appears that testing our broader range of chemicals under a single
scattering approximation did not yield more conclusive constraint of p Cephei’s circumstellar chemistry
— all our tested chemical candidates provided approximately equitable fits to the data.

5.3 A renewed perspective on single scattering models

The three degenerate regimes of grain size obtained from chemical inference on g Cephei motivate re-
analysis of the physical realism of single scattering models like PIPPI (and those implemented in existing
spectro-polarimetric interferometry studies (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019)).
These types of models are commonly referred to as ‘single scattering’ or ‘optically thin’ models. However,
whilst they model the physics of a single scattering process, they are not constrained to producing
solutions that exhibit optically thin behaviour. The parameter responsible for this lack of constraint
is the ‘star-dust-contrast’ parameter common to all single scattering models, which freely modifies the
contrast between star and dust to simulate changing the number of dust grains and thereby varying the
polarisation amplitude. This parameter makes it possible to indefinitely increase the ‘density’ of the dust
whilst continuing to model all grains as optically thin. This permits simple models to add grains beyond
the point at which multiple scattering processes would commence and eventually reduce the polarised

81



5.3 A renewed perspective on single scattering models

visibility amplitudes in a physically realistic system. It is thus possible for single scattering models to
enter a subspace of un-physical models in which the optically thin assumption is violated and so the

models are self-contradictory.

The relationship between grain size and maximum achievable polarisation amplitude has been briefly
mentioned in several direct polarimetric imaging studies on circumstellar environments (Khouri et al.
2016; Ohnaka et al. 2016; Adam et al. 2019). However, as these studies fit to circumstellar material using
fully physical (and therefore constrained) radiative transfer code, the consequences of their comments
have not been evaluated in the context of simple scattering codes like PIPPI. Specifically, no existing
studies have addressed where the assumption of an optically thin dust breaks down relative to observa-
tionally relevant polarised visibility amplitudes, and how grain size effects where this break down occurs.
Simple scattering codes like PIPPI were created to make modelling circumstellar environments computa-
tionally tractable — fitting to the circumstellar geometry, chemistry and grain size simultaneously yields
an enormous parameter space. However, the state of modern radiative transfer codes (in both compu-
tational speed and the level of astrophysical detail) now permit re-analysis of these simple scattering

models with these questions of physical realism in mind.

To quantify where the physical realism of simple models will break down, we injected the models fit in
Section 5.2.2 into radiative transfer code MCFOST — modelling p Cephei (M, = 25Mg, R, = 2257Rg,
T, = 3750K) with a representative thin (2mas) shell at 1.5R, (our Model Class A). For the range of
grain sizes fitted in Section 5.2.2 we systematically increased the circumstellar dust mass (ie, added more
dust grains) until polarised visibility amplitudes as high as u Cephei’s were obtained (V2 ~1.1). At
this point we measured a) the polarised images, b) polarised interferometric observables obtained with
the gl18 mask and c) the optical depth of the model over the observer’s line of sight. Given many of
our chemical candidates yielded very similar outcomes in Section 5.2.2, here we restricted our injection
testing to a smaller subset of chemicals: amorphous forsterite, corundum, enstatite, spinel, and then as
a metal-rich comparison, olivine. The results of these simulations are depicted in Figure 5.7, where the
highest polarised visibility amplitude obtainable while the model’s dust has 7 < 1 is plotted against grain
size. Figure 5.7 demonstrates that for most of the dust grain sizes we have tested in Section 5.2.2, it is
not possible to make optically thin dust shells with polarised visibility amplitudes as large as 1 Cephei’s.
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Figure 5.7: Maximum obtainable polarised visibility amplitudes (gl8 mask) for thin (2mas) shell
radiative transfer models whilst 7 < 1 (dust shell is at ~ 1.5 R, ). For each dust grain species (~ A 10nm),
dust mass is added until the optical depth is ~ 1, at which point the polarised visibility amplitude is
measured. Our results demonstrate that only a small portion of the models in Section 5.2.2 are physically
valid solutions — most models would instead require 7 > 1 to have polarised visibility amplitudes as large
as u Cephei’s (dashed grey line), violating the internal assumption of a simple scattering model.

At an observing wavelength of 750nm, grains satisfying the Rayleigh scattering approximation may
be as large as ~100nm (Papadakis 1965; Max Born 1975). The first phenomena apparent from our
experiment is that for all species except Spinel, very small Rayleigh grains (below ~ 50nm) and large
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grains (above ~200nm) are incapable of producing observationally high polarised visibility amplitudes
whilst maintaining their optically thin nature. Rather, only grains of sizes between ~50-150 nm (half
of which exceed the upper limit for the Rayleigh scattering approximation) are capable of achieving
observationally high polarised visibility amplitudes whilst maintaining an optically thin density. Thus, in
the case of u Cephei, a simple scattering code like PIPPI only truly allows us to model a small fraction of
the physical solution space required to assess the plausibility of Hofner’s scattering driven stellar wind.

The simulations of Figure 5.7 were built using a thin shell (2mas) at 1.5R,. To confirm that these
findings are not simply the result of either an artificially restricted geometry, the chosen dust shell radius,
nor the use of a narrow dust grain distribution, we repeated our experiments for thicker shells (10 mas),
for smaller shells (1.2R,) and for broad power law distributions (exponent of -2). Given the similarity of
outcomes across all iron-free chemicals tested in Figure 5.7, here we test these variations using amorphous
corundum as a representative species. The results of these additional experiments are presented in Figure
5.8 and reveal that neither: increased proximity of dust to the stellar surface, increased thickness of the

circumstellar shell nor a broader grain size distribution were able to significantly alter the conclusions of
our original experiment.
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Figure 5.8: Maximum obtainable polarised visibility amplitudes (g18) for various geometric configu-

rations of radiative transfer models of an amorphous corundum circumstellar envelope. For each dust

grain species (~ A 10nm) dust mass is added until the optical depth is ~1 and the polarised visibility

amplitude is measured. Changing neither: the proximity of dust to the stellar surface, the thickness of

the dust shell nor the grain size distribution were able to dramatically increase the maximum attainable
polarised visibility amplitudes of grains larger than ~200nm or below ~ 50 nm.

These findings have several interesting consequences for the results of our chemical inference on u Cephei
(Section 5.2.2). Our best fit grain sizes were at ~ 250, 700 and above 1200 nm and yielded indistinguishably
good fits to our data. However, Figure 5.7 indicates that most of the PIPPI models used in our inference,
including the best fit solutions, cannot be replicated in radiative transfer code. If the grain sizes are
truly ~ 250, 700 or above 1200 nm, the circumstellar dust would be of modest optical depth — rendering
our assumption that absorption and multiple scattering effects are negligible contributors to wavelength
dependence, invalid. In addition, in Section 5.2.2 our chemical inference suggested we could ‘rule out’
Rayleigh grain sizes below ~ 100 nm as they provided a worse fit to our data than larger grains. However,
our injection testing here also reveals that the PIPPI models we used to make this assessment also
cannot be replicated in radiative transfer code — making our assertion precarious as we have not ruled
out Rayleigh grains with a set of physically valid models.

From our re-analysis of the PIPPI models used in our chemical inference of y Cephei (gl8) we have
revealed that most grain sizes cannot produce observationally high polarised visibility amplitudes whilst
maintaining that 7 < 1 — demonstrating that most of the PIPPI models we used in chemical inference
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(Section 5.2.2) were physically invalid solutions. The results of our chemical inference are therefore
inconclusive (at best). Our findings necessitate the use of fully physical radiative transfer code for
chemical inference on p Cephei’s circumstellar material.

The consequences of this analysis and the corresponding limitations of using simple scattering models will
be different for every star and observing configuration — ultimately depending on the targets true optical
depth and the spatial scales of polarised structure that are probed. Given the state of modern radiative
transfer codes, our findings recommend the re-analysis of data within Norris et al. 2012 and Haubois et al.
2019. Though we note that Haubois et al. 2019 confirmed their best fit simple models (~300 nm grains)
could be reproduced in radiative transfer code, it is unclear if all tested grain sizes would be robust to
injection testing in radiative transfer — as we have demonstrated (Figure 5.7) it is possible for there to
remain a portion of grain sizes for which simple scattering models represent physically viable solutions.

We were able to perform a preliminary re-analysis of the model of AGB W Hya fit in Norris et al. 2012
(R, =18.7 mas, Rgpen = 37.9 mas), for which large 316 nm grains were fitted using single scattering models
and interpreted as evidence for Hofner’s scattering driven stellar wind. In Norris et al. 2012 the chemistry
was not constrained from the data itself. Given the proximity of the dust (< 2R4) to the stellar surface,
forsterite, enstatite or corundum were suggested as thermodynamically viable candidates. We simulated
the fitted models of each candidate, increasing the dust mass until the polarised visibility amplitudes
matched those of W Hya at 1.04,1.24 and 2.06 ym, which we obtained from Figure 2a of Norris et al.
2012. Figure 5.9 depicts the results of this experiment — for all chemical candidates, a dust shell of
316 nm grains will be optically thick at 1.04 gm when it is dense enough to produce W Hya’s polarised
visibility amplitudes. For corundum, such a shell will also be optically thick at 1.24 yum. For enstatite
and forsterite, observationally equivalent shells remain optically thin at 1.04 and 1.24 ym.
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Figure 5.9: Injection testing models from Norris et al. 2012 in radiative transfer code. W Hya is con-
structed (R« =18.7 mas, Rshen = 37.9 mas) with a shell of 316 nm grains of either: amorphous corundum,
enstatite or forsterite. For each chemical candidate (column): solid lines represent the injected radiative
transfer models of W Hya, filled in circles denote where 7 = 1 and filled in stars denote W Hya’s polarised
visibility amplitude. For all proposed candidates, the fitted dust shell will be optically thick at 1.04 ym.

Our injection testing of the models in Norris et al. 2012 with modern and fully-physical radiative transfer
code suggests that at least the 1.04 um wavelength may have been impacted by the limitations of single
scattering models diagnosed within this section. Our findings are consistent with that of Ohnaka et
al. 2016 (VLT/SPHERE-ZIMPOL — A 645,748,820 nm), where radiative transfer code was used to fit
grains between 400 - 500 nm, obtaining a different grain size to Norris et al. 2012 when fully physical and
constrained models were deployed. The authors of Ohnaka et al. 2016 noted this point of difference and
found when they tested 300 nm grains, their models became optically thick like ours have here. Future
analysis of W Hya with spectro-polarimetric interferometry data should re-perform chemical inference in
a fully physical radiative transfer code to establish whether the modelling limitations we have explored
will influence the results of grain size inference.
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5.4 Chapter Summary

In this chapter we used the PIPPI package to model the circumstellar material around g Cephei under
the assumption that the circumstellar dust is optically thin. We first fit the circumstellar geometry
using a Rayleigh scattering approximation, demonstrating that the geometry of pu Cephei is substantially
more complex than the spherical thin shell models which have been modelled in existing polarimetric
interferometry studies (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019).

Our best fit to p Cephei’s circumstellar geometry required an inhomogeneous inner envelope and an
extended Gaussian feature. The inner envelope required two forms of asymmetry — both a geometric
asymmetry and a density asymmetry. We found that asymmetries on larger spatial scales could be well
described by a Gaussian blob at a location consistent with an extended feature reported in a previous
study (Safonov et al. 2019). Our modelling also exhibited temporal variability in the asymmetry of the
inner circumstellar region, which we suggest may be due to either evolving convective cells or a changing
inhomogeneous circumstellar dust distribution. Our modelling demonstrates the powerful reach afforded
by VAMPIRES + NRM data into the inner circumstellar environments of evolved stars and provides the
most detailed description of p Cephei’s circumstellar geometry to date.

We then used the Mie scattering functionality of PIPPI to infer the chemical and grain size properties
of pu Cephei’s circumstellar dust, finding that dust grain size is far more constrained than chemistry and
that many of our chemical options are indistinguishable. Our analysis found that grain sizes of ~ 250, 750
and above 1200 nm all provided indistinguishably good fits to our data. Whilst grain sizes of ~ 250 and
750 nm would facilitate the scattering driven stellar wind proposed by Hofner 2008, grains above 1250 nm
are too large. The degeneracy in our grain size solutions thus prevented us from using this analysis to
ascertain the plausibility of a scattering driven stellar wind from p Cephei.

Finally, we re-analysed the physical realism of single scattering models deployed by PIPPI and by previous
studies (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019). By injecting representative models
into fully physical radiative transfer code we demonstrated that most of the solutions we fit to p Cephei
using PIPPI’s Mie framework are not physically valid solutions. Most truly small Rayleigh grains (below
50nm) and large Mie grains (above 200 nm) are incapable of producing polarised visibility amplitudes as
large as p Cephei’s whilst maintaining an optically thin dust density. As most of the models we used in
our chemical inference were self contradictory and violated the assumptions used in their creation, the
outcomes of any inference performed on p Cephei using this framework are inconclusive.

We then performed injection testing of the models from Norris et al. 2012 of W Hya in full radiative
transfer code, demonstrating that for at least the shortest observing wavelength (1.04 ym), models of
316 nm grains will be optically thick when dust is dense enough to produce polarised visibility amplitudes
as large as W Hya. These findings suggest that re-analysis of this data in fully physical radiative transfer
code may be a promising future avenue for research on this star, to confirm the fitted dust size was not
affected by the limitations we have diagnosed in simple scattering models.

Simple scattering models like PIPPI provide a fast and effective method for converging on a description
of the circumstellar geometry, capitalising on tools like jax and the acceleration provided by the current
state of GPUs. However, our analysis on the physical realism of these scattering models suggests that
they must be compared to radiative transfer for each modelled target — else it is possible that they enter
a physically invalid regime which may compromise the results of inference on dust grain size. In the case
of our p Cephei data we have demonstrated that use of PIPPI is not possible and that the results for
grain size obtained with PIPPI were physically invalid. Our findings necessitate the full use of radiative
transfer models for chemical inference on i Cephei and motivate the development of tools to fit radiative
transfer models in subsequent Chapters.
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Chapter 6

The PIRATES Image Reconstruction
Algorithm

This chapter consists of the original version of our paper: L Lilley et al. (July 2025b). “PIRATES — a
machine-learning framework for polarized, interferometric image reconstruction”. In: JATIS (accepted).
The most updated version is available electronically via JATIS.

Chapter Overview

Within this chapter we present the PIRATES image reconstruction algorithm (Polarimetric Image Recon-
struction AI for Tracing Evolved Structures). PIRATES is the first image reconstruction algorithm for
optical wavelength polarised interferometry data. Our algorithm is explained and its performance demon-
strated in our paper, which comprises the majority of this chapter. In this chapter we also motivate the
creation of PIRATES and introduce relevant machine learning concepts.

Statement of Contribution

The idea to use machine learning to create a polarimetric image reconstruction algorithm was originally
my supervisors. We collaboratively built a preliminary framework for Stage 1 (see our paper), after
which I was fully responsible for its development, the creation of Stage 2, the design and generation
of our custom training data and algorithm training. I wrote our paper with editorial input from my
supervisors.

6.1 Motivating the creation of PIRATES

In Chapter 5 we demonstrated that the established practice (Ireland et al. 2005; Norris et al. 2012;
Haubois et al. 2019) of using simple scattering codes to model spectro-polarised interferometry data has
a significant limitation — simple codes are capable of producing unphysical models that violate their
underlying assumption of optically thin dust. Our analysis demonstrated that for p Cephei as observed
with VAMPIRES + NRM (g18) most of the dust grain sizes tested in chemical inference required moderate
optical depth (1 < 7 < 10) to produce polarised visibility amplitudes as large as ;1 Cephei’s. Determining
the point at which simple scattering codes diverge into an unphysical domain requires rigorous injection
testing in radiative transfer codes, as this point is a function of the target and observing apparatus.
These findings necessitate use of fully physical radiative transfer code for performing chemical inference on
1 Cephei. Fitting simultaneously to the geometry, chemistry and grain size of a circumstellar environment
in radiative transfer code is a very expensive exercise. Unlike a simple PIPPI model which may be
computed in ~ 0.3 seconds, an equivalent radiative transfer model may require ~ 10 minutes even with
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parallelised execution on a high performance computer. As such, using an inference framework such as
the MCMCs used with PIPPI models would be intractably slow.

Image reconstruction algorithms are complementary to parametric model fitting techniques. It is common
for them to be used simultaneously and to serve as inspiration for the design of parametric models which
are then used for astrophysical inference (Monnier et al. 2007b; Buscher 2015; Akiyama et al. 2019b).
In a large and complex parameter space like that which defines a circumstellar environment, an image
reconstruction algorithm would provide a particularly useful tool for narrowing the parameter space. At
the time of writing this thesis no such algorithms exist for optical wavelength polarised interferometry
data — here we present PIRATES as the first.

One of the central challenges of optical polarised interferometric image reconstruction is that it requires
the reconstruction of three images (Stokes I, Q and U). These images must display an internally consistent
and physically constrained description of the circumstellar environment, as mathematically they are
spatial maps of vector components. To establish a physically self-consistent prior, PIRATES is trained on
images generated from radiative transfer models of dusty circumstellar environments that are agnostic to
specific astrophysical structures (like disks or shells). As demonstrated in our paper (Lilley et al. 2025b),
PIRATES is able to reconstruct self-consistent polarised image triplets that also provide optimised fits
to polarised (and unpolarised) interferometric observables.

6.2 A brief introduction to Machine Learning

Machine Learning (ML) techniques have seen exponential growth in research and commercial markets in
the last 10 years. The internet provides a staggeringly large data source of training data — this, coupled
with technological advancement and the lowering cost of GPU chips have enabled the rapid development
of extremely high performing ML models that have captured the attention of both developers and the
general public. Interest in and use of machine learning techniques has been driven by the remarkably high
performance of algorithms like AlexNet (Krizhevsky et al. 2012), AlphaFold (Jumper et al. 2021) and
GPT-3 (Brown et al. 2020), which are being rapidly integrated into different parts of modern life. The
early mathematical principles underpinning some of today’s most powerful ML techniques first formed
in the 1940s. In 1943 the first theoretical model of an artificial neural network was proposed (McCulloch
et al. 1943), inspired by the functional biology of real neurons in the brain. In 1958 the introduction of the
Perceptron model (Rosenblatt 1958) re-framed the artificial neuron as a computational model — becoming
the first algorithm to learn from data. However it wasn’t until the concept of ‘back-propagation’ was
rediscovered in the 1980s that representational power was enhanced by the ability to train multi-layer
networks (Rumelhart et al. 1986).

Machine learning algorithms can be broadly classified as ‘supervised’ or ‘unsupervised’, referring to
whether they are taught to learn a mapping or to find a mapping between a dataset of input and output
points. A supervised algorithm that is trained to learn a function f(z, #) consisting of parameters 6 which
maps inputs x € R to outputs y € R based on labelled training data. Internal to the algorithm, this
mapping is encoded in an architecture of neural ‘units’ which each have weights w and biases b, combined
linearly and then parsed as input to a non-linear activation function o which gives the algorithm the
ability of non-linear expression (Equation 6.1). The model’s output prediction ¢ is then compared with
the true output y using a loss function L(y,§). To train the model, the parameters (w, b) are updated
by computing the gradient of the loss function with respect to each neural parameter via the chain rule,
adjusting each parameter in the direction which reduces the loss (Equations 6.2 and 6.3). The size of
each parameter update is tuned with the learning rate n (Deisenroth et al. 2020).

g = f(x,0) = o(wTz +b) (6.1)
oL

W —w — U (6.2)
oL

beb—nor (6.3)
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This process of computing the gradients and updating the parameters is repeated iteratively across
batches of the training examples until the loss function is minimised — representing that a mapping has
been learned from the training data (Goodfellow et al. 2016). The internal mechanism for this mapping
can take many forms that depend on the task at hand. The simplest form is the perception — the building
blocks of fully connected or dense neural networks. Two dimensional architectures of perceptions can
be arranged in parallel (width) and in sequence in layers (depth) in a variety of structures to vary the
network’s representational power (Figure 6.1).

Input Layer Hidden Layer Output Layer

Figure 6.1: A simple fully connected (dense) neural network with 3 input neurons, 4 hidden neurons
and 2 output neurons. Functional complexity is added with additional neurons — in either depth (adding
more hidden layers) or width (adding more neurons in the same layer). The structure of a dense network
requires data to be flattened prior to input — rendering them of limited utility when applied to images
which have complex two dimensional structure crucial for information representation.

Though powerful, a major limitation of dense architectures is that data must be flattened (made one-
dimensional) prior to network input. This reshaping removes information on two-dimensional structure,
meaning that dense networks are not an optimal network architecture for processing and understanding
images. A solution to this issue is found in the design of Convolutional Neural Networks (CNNs). Unlike
the dense architecture, the CNN architecture is designed to preserve spatial information — it permits two-
dimensional input to the network and the ‘weights’ and biases are assigned to two-dimensional kernels
that perform convolution operations (Figure 6.2). As such, CNNs are architecturally well designed to
encode the complex higher order spatial relationships crucial for meaningfully processing images (Wang
et al. 2023). The core operation implemented within a CNN is the convolution — from an input image I
and a learned filter (convolutional kernel) K, the convolution operation produces a feature map S (Figure
6.2, Equation 6.4). The filter K slides over the input image I and at each position the dot product of the
overlapping region is computed. This process allows the network to learn patterns from two-dimensional
spatial structures like edges or textures.

1 0 1 &
01 0 1 0 1 1 2 3
1 0 1 0 1 0 * 4 5 6
01 0 1 0 1 7 8 9
1 0 1
Receptive Field Kernel (K)
Input (I)

Output (S)

Figure 6.2: An example of the convolution operation at the core of a CNN architecture: a 3 x 3 kernel
is applied to an input image, producing a single output value. Each convolutional kernel is shared across
the whole image or latent feature space (the two-dimensional ‘hidden layers’ of a CNN), giving the CNN
a powerful structurally derived inductive bias. The two-dimensional structure of convolutional kernels
permits the interpretation of complex spatial structures.
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6.3 Paper: PIRATES

S(i,j) = (I K)(i,j) =Y > I(i+m,j+n)- K(m,n) (6.4)

m n

Filters are applied across the entire spatial domain of each image, providing CNNs with a powerful
structurally derived inductive bias (LeCun et al. 1989). A CNN typically has many kernels which may
be added in depth or width to modify the network’s representation power. The application of N kernels
will produce N feature maps which comprise a ‘latent feature space’ equivalent to the ‘hidden layers’ of a
dense network. Convolutional neural networks most commonly take images as inputs and downsize the
latent feature space via Pooling layers (which apply aggregate statistics to reduce dimensionality), until
the required output dimensionality is obtained (Figure 6.3). However, CNNs can also be built in the
reverse order and instead used to generate images from a vector — here we exploit this functionality in
the architecture of PIRATES, which is a supervised algorithm that learns to reconstruct images from a
one-dimensional vector of interferometric observables.

J{-p-aw-—m -

Input Conv 1 4+ ReLU Pooling 1 Conv 2 + ReLU Pooling 2 Fully Connected (Output)

Figure 6.3: A simple schematic of a typical CNN: two convolutional layers each followed by pooling
layers which reduce the dimensionality of the latent space, leading to a fully connected output layer.
This structure is typical when the goal is to learn information from input images. In PIRATES we apply
the opposite structure — from an input vector of points, images are reconstructed by the application of
transpose convolutional layers.

Rather than using convolutional layers, transpose convolutional layers are used (Equation 6.5), which
enable the dimensionality of the input to be increased to that of the three output polarised images (Stokes
I, Q and U). Use of this architectural structure encodes the physically realistic scattering relationships
embodied by our training data into two dimensional feature maps that are shared between the output
images, creating a prior that the images are internally consistent.

S(i,§) = (I«" K)(i,§) =YY I(m,n) K(i —m,j—n) (6.5)

6.3 Paper: PIRATES — a machine learning framework for po-
larised, interferometric image reconstruction.

We now present our paper (Lilley et al. 2025b), which provides all further details on our algorithm’s
design, training and performance. This paper has been accepted to JATIS.
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Abstract.

Optical interferometric image reconstruction is a challenging, ill-posed optimization problem which usually relies
on heavy regularization for convergence. Conventional algorithms regularize in the pixel domain, without cognizance
of spatial relationships or physical realism, with limited utility when this information is needed to reconstruct images.
Here we present PIRATES (Polarimetric Image Reconstruction Al for Tracing Evolved Structures), the first image
reconstruction algorithm for optical polarimetric interferometry. PIRATES has a dual structure optimized for parsi-
monious reconstruction of high fidelity polarized images and accurate reproduction of interferometric observables.
The first stage, a convolutional neural network (CNN), learns a physically meaningful prior of self-consistent polar-
ized scattering relationships from radiative transfer images. The second stage, an iterative fitting mechanism, uses the
CNN as a prior for subsequent refinement of the images with respect to their polarized interferometric observables.
Unlike the pixel-wise adjustments of traditional image reconstruction codes, PIRATES reconstructs images in a latent
feature space, imparting a structurally derived implicit regularization. We demonstrate that PIRATES can reconstruct
high fidelity polarized images of a broad range of complex circumstellar environments, in a physically meaningful and
internally consistent manner, and that latent space regularization can effectively regularize reconstructed images in the
presence of realistic noise.

Keywords: Image Reconstruction, Polarimetric Image Reconstruction, Polarimetric Interferometry, Interferometry,
Machine Learning, VAMPIRES Instrument.

* Correspondence to: Lucinda Lilley, lucinda.lilley @sydney.edu.au




1 Introduction

Image reconstruction is an essential technique for deriving physical meaning from interferometric
observables and is complementary to forwards modeling that yields plausible descriptions of an
astrophysical scene. Reconstructing an accurate image from interferometric observables (visibil-
ities and closure phases) is an inherently ill-posed and non-convex optimization problem.! The
reconstruction process requires the information contained in interferometric observables to be re-
represented in an over-sampled basis (the image), with a significantly higher number of degrees
of freedom (pixels) than there are observables - a task with a vast number of degenerate solutions,
most of which will be un-physical or dominated by spurious structure or noise. To increase the
probability of obtaining physically meaningful solutions, the convergence of an image reconstruc-
tion algorithm is often heavily driven by regularization penalties, which place constraints on the
statistics of the reconstructed images. Commonly used regularization penalties include; maximum
entropy, total variation, L1 and L2 norms.>* These forms of pixel-distribution regularization typ-
ically aggregate some function of the pixel values, losing information on spatial connectivity and
two dimensional structure. In addition to regularization, a prior on the flux distribution can be
specified, for example that flux is expected in the image center.” With the assistance of regular-
ization and a prior, image reconstruction algorithms aim to converge on a reconstructed image
that is meaningful, contains minimal spurious noise, and most importantly, does not mislead the
viewer to infer more complex phenomena than may be mathematically constrained by the original
observables.

There are many successful image reconstruction algorithms for un-polarized, optical inter-
ferometry,””’ however no algorithms currently exist for optical, polarimetric interferometry. The
polarization state of light contains critical information otherwise not captured by standard, unpolar-
ized interferometry, and major facilities are now looking towards fully leveraging this information
to broaden the observational reach of new and existing instruments.®° Polarized interferometric
image reconstruction has an important additional challenge compared to unpolarized interfero-
metric image reconstruction: the images of the different polarization components (e.g. Stokes I,
Q and U) are more accurately described as spatial maps of vector components, which at optical
wavelengths define the geometry of light-scattering processes. As such, the Stokes images require
simultaneous reconstruction, and must mutually depict a physically realistic and internally consis-
tent description of the physics of the scattered scene. Regularizing for these physical constraints
from the distribution of flux within and between each Stokes image is a challenging task without
a straightforward solution, as each pixel has a complex relationship with its surrounding pixels,
both spatially and across each polarization vector component. Polarimetric images of Stokes Q
and U also break the assumption of image positivity which is required for the use of many pixel-
distribution regularization penalties like maximum entropy or the L1 and L2 norms.'%!! As such,
polarimetric image reconstruction has the simultaneous requirement of a nuanced adaptation of
common pixel-distribution regularization penalties, and a way to ensure that reconstructed Stokes
image triplets are internally consistent and physically meaningful.

1.1 The PIRATES algorithm

Here we present PIRATES, a two stage machine learning framework (pre-trained CNN + iterative
fitting), that can handle these complex regularization requirements, parsimoniously reconstructing



high fidelity polarized images that accurately match polarized observables (Figure 1).
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Fig 1 Schematic of PIRATES’ dual structure. Stage 1 is a pre-trained CNN which learns the mapping from polarized
interferometric observables to the Stokes image triplet (I, Q, U). This mapping between observables and images is
learned from ‘probe’ radiative transfer images which are agnostic to specific astrophysical structure. The resulting
algorithm then generalizes well to astrophysically meaningful examples like the disk above. Stage 2 is an iterative
fitting algorithm - it optimizes the pre-trained CNN images now with respect to their interferometric observables.
Changes to the images are made via updates to convolutional kernels in a latent feature space, and not the pixel
wise adjustments of conventional unpolarized image reconstruction codes, imparting a structurally derived implicit

regularization on reconstructed images.

Firstly, the radiative transfer code MCFOST'> '3 is used to probe a space of physically realistic
and relevant polarized images of smooth and diffuse circumstellar dust. A distribution of Gaussian
probe ‘volumes’ of dust are randomly generated and injected into the model domain, spanning the
physical field of view and spatial scales represented by the observables whilst remaining agnostic to
specific astrophysical structures. Similarly, a distribution of dust densities, grain sizes, etc. is used
to probe the space of valid scattering solutions. Pre-training the CNN on this data teaches it to learn
the mapping between polarized images and polarized interferometric observables (visibilities and
closure phases), over a space of self-consistent images which have physically meaningful spatio-
polarimetric relationships. Rather than using an explicit term, regularization is encoded in the
CNN training data - at inference time, reconstructions are implicitly regularized by the statistics of
the training distribution. The architecture of a CNN allows the mapping between observables and
images to be learned via non-linear operations of convolutional spatial kernels, and not the pixel-
level adjustments performed in conventional image reconstruction codes. Whilst the CNN learns
from considerable training data, the enforced generalization of convolutional kernels to the whole
of each image gives CNNs a powerful, structurally derived inductive bias."* The combination



of appropriately regularized pre-training data and the architectural inductive bias of a well built
and tuned CNN imparts a powerful implicit regularization on image reconstructions,'” in this case
towards physically consistent Stokes triplets depicting scattered light.

At inference time, we use our pre-trained CNN to reconstruct polarimetric images from ob-
served visibilities and closure phases, for a single test example (stage 1). The CNN-predicted
image provides a moderate detail and low noise estimate of the reconstructed images with a single
pass, and initializes the iterative fitting in a physically meaningful feature space close to the true
minimum (Figure 1, middle column). Iterative fitting (stage 2) then performs additional refinement
to the CNN-predicted images by now optimizing them (in the learned feature-space) with respect
to the interferometric observables, making physically meaningful updates to the polarized images
without introducing spurious structure or noise into the images (Figure 1, right column).

1.2 Differential interferometric polarimetry

Here we apply PIRATES to simulated polarized-interferometric observables produced by the VAM-
PIRES Instrument (Visible Aperture Masking Polarimeter for Resolving Exoplanetary Signatures
/ Evolved Stars), a differential imaging polarimeter mounted on the SCExAO bench of the SUB-
ARU Telescope.” ' VAMPIRES is equipped to perform single telescope interferometry via non-
redundant aperture masking (NRM). VAMPIRES + NRM is a prototypical example of polarized
interferometry - an instrument built on earlier successes from the now decommissioned NACO +
SAMPOL/VLT,!!8 and SUSL' Operating at optical wavelengths (600 - 800 nm) where polar-
ization signatures induced by dust-scattered starlight are strong,”> VAMPIRES + NRM performs
simultaneous multi-wavelength polarimetric interferometry of linear polarization states Stokes I, Q
and U, providing a sub-diffraction limited spatio-spectral description of observationally challeng-
ing inner-circumstellar environments that lay host to dusty material,'®?!' such as proto-planetary
disks and evolved-star mass-loss shells. Within the present work, we demonstrate our algorithm by
simulating observations with the 18 hole ‘g18’ aperture mask, which has 153 baseline vectors.'¢
For consistency, the IAU polarimetric coordinate system is adopted throughout this paper.?

The reduced data products for polarimetric interferometry are squared visibilities (or visibility
ratios) and closure phases for Stokes I, (Q and U. The Stokes formalism represents each point
in a wavefront with a Stokes vector, S = (1,Q,U,V), where [ is intensity, and () and U are
the orthogonal linear polarization components.?® Circular polarization, V is omitted from the
present work (set as V' = 0), as it is not measured by VAMPIRES. For Stokes /, visibilities take
the conventional format (Figure 2, left panel), however for Stokes ) and U, the visibility and
closure phase measurements are polarized and differential (Figure 2, middle and right panels).
We define the differential visibility as the ratio of orthogonally-polarized raw visibilities, and the
differential closure phase as the difference between orthogonally polarized raw closure phases. For
VAMPIRES, measurement of Stokes Q and U is the result of a triple-differential measurement -
linear polarization states H and V (Stokes Q), and H45 and V45 (Stokes U), are made thrice by
modulating three optical components - a ferroelectric liquid crystal (FLC), a half wave plate (HWP)
and a polarizing beam-splitter (BS).? Triple division of the corresponding visibilities yield very
high precision and self-calibrated measurement of Stokes Q and U, and remove the conventional
need for a PSF calibrator star.'® For description of the VAMPIRES instrument and data reduction
process, please see'® and.’
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Fig 2 Simulated VAMPIRES observables for a thick, spherically symmetric circumstellar envelope: images and visi-
bilities in Stokes I, and polarimetric and self-differential images and visibilities in Stokes Q and U. Stokes I visibilities
have the traditional interferometric format, whilst Stokes Q and U visibilities are polarized and self-differential. Po-
larimetric visibilities of symmetric objects have a characteristic sinusoidal and co-sinusoidal appearance for Stokes Q
and Stokes U.

Physical interpretation of polarimetric interferometry data first involves modeling the circum-
stellar geometry. Historically, this has been achieved via parametric forwards modeling.>*2 For
computational tractability, several significant physical assumptions are typically made - firstly, that
the scattering environment is optically thin and homogeneous.>**® Secondly, models for scattering
allow for additional dust grains to increase polarization amplitudes indefinitely: an approximation
that eventually becomes unphysical with the onset of effects from multiple scattering events.?*’
The limitations of these assumptions are elucidated by recent VAMPIRES datasets for complex
evolved stars,?® for which there are visible and systematic departures from these assumptions. To
properly model complex targets, a physically complete treatment of optical depth and inhomo-
geneity in the dust is required, necessitating full radiative transfer models. Parametric forwards
modeling with radiative transfer code is computationally expensive - in contrast to simple para-
metric scattering models which may run with GPU acceleration in several milli-seconds, a full
radiative transfer model may take several minutes. In addition, the design and choice of candidate
parametric models becomes counter intuitive when inhomogeneity, optical depth and asymmetry
all interact. These limitations and challenges motivate the development of our algorithm, which
we design as a tool to reconstruct polarimetric images of challenging and complex circumstellar
scenes. PIRATES aims to produce maximally parsimonious and physically self-consistent polar-
ized images which best fit the polarized interferometric observables. The resulting images can also
be used to initialize and constrain further parametric model-fitting.



2 Materials and Methods

2.1 Algorithm Architecture

Here we summarize the structure of PIRATES (Figure 1), the chosen architecture and hyper-
parameters; the tuning performed to obtain these values is explained in Section 3. All code within
this study is written in Python, neural networks are built in TensorFlow? and Keras*® and run on
an NVIDIA GeForce RTX 4090.
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Fig 3 Structure of PIRATES CNN (stage 1). Inputs to the network are vectors of polarized interferometric observ-
ables (visibilities and closure phases) (1, 2907). These are accepted by a dense layer, and then reshaped into a two
dimensional image with many channels (4 x 4 x 256), which allows for the subsequent application of transpose con-
volutional layers. Five stride-two transpose convolutional layers then up-sample until the spatial output size (128 x
128) is achieved, with 200 kernels in each layer. Then follow three stride 1 convolutional layers - the first with 200
kernels, and the last two with 8 and 3 to downsize the output channel dimension to 3 (one for each of I, Q and U). The
outputs of the network are the polarized image triplets - Stokes I, Q and U (128 x 128 x 3). Choice of this architecture
is discussed in Section 3.1.

Stage 1 of PIRATES is a CNN which takes polarimetric observables as input, and outputs
reconstructed polarimetric images (Figure 3). Each training example input consists of a single
vector of interferometric observables: visibilities and closure phases for Stokes I, and polarized
differential visibilities and closure phases for Stokes Q and U. This vector is then reshaped to have
two spatial and one filter dimension, after which it is passed to eight transpose convolutional layers.
The first five of these layers have a stride of 2 and up-sample the input until the required spatial
dimensions are obtained (128, 128). 200 kernels of size (4 x 4) are used in each layer. The last three
convolutional layers have a stride of 1 and have 200, 8 and 3 convolutional kernels respectively, to
downsize the number of channels to the final output dimensions of (128, 128, 3) - corresponding to
the image triplet Stokes I, Q and U. The CNN uses the training data (probe images from radiative
transfer code) to learn the mapping from observables to images with an image based mean squared
error (MSE) as the loss function.

The network is trained on 10,000 training examples, using an automatic learning rate scheduler
that commences at 10~*, and training is conducted until there is negligible improvement to the
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validation loss. A batch size of 32 was used. Dropout was used as regularization and tuned to 0.3.
Leaky ReL.U activation functions were used, the negative slope coefficient o was tuned to 0.25.
Training of the CNN took approximately 4 hours on an NVIDIA GeForce RTX 4090.

Stage 2 of PIRATES, an iterative fitting mechanism, is only applied at inference time and to a
single observation at a time. First, stage 1 (the pre-trained CNN) is used to reconstruct polarized
images from observables. The kernel weights of a copy of the pre-trained CNN are then further
updated - wherein the objective function is now replaced with the MSE between the true interfer-
ometric observables and those recalculated from the pre-trained CNN images. Then commences
stage 2 (iterative fitting) - the pre-trained CNN images are optimized with respect to their fit to the
true interferometric observables. Since convolutional kernel weights — rather than the image pixels
— are adjusted during iterative fitting, the reconstructions take place within the physics-informed
feature space learned by the pre-trained CNN.

At the commencement of stage 2, each copy of the CNN becomes a ‘single use’ item - the
pre-trained CNN must be freshly reloaded every time iterative fitting is deployed. Whilst iterative
fitting continues to update the CNN weights, we refer to it as ‘fitting’ and not ‘training’, as iterative
fitting does not continue to learn a generalizable mapping. Instead, the pre-trained convolutional
kernel weights are used as initialization for the iterative fitting, which then optimizes a single image
with respect to its observables. When running the iterative fitting, we used an adaptive learning rate
scheduler commencing from a learning rate of le-5, with a conservative reduction rate of 0.8 and a
patience of 5. To ameliorate computational overheads incurred when ending each training epoch,
we populated each epoch with ~75 instances of the input data, balanced against the requirement to
regularly complete epochs to trigger the learning-rate scheduler (a limit which could be removed
with custom-written code). Iterative fitting typically takes 5 - 10 minutes and 1500 - 2000 epochs
to converge.

2.2 Training and Validation ‘Probe’ Datasets and Simulated Astrophysical Data

Our CNN is pre-trained on a custom built dataset of polarimetric ‘probe’ images and resulting po-
larimetric interferometric observables generated using radiative transfer code MCFOST'> !* (Fig-
ure 4). Choice of training data is crucial for imposing a physically meaningful prior of realistic
spatial and polarization distributions. Our training data contains a distribution of scattering rep-
resentations which feature minimal noise or unwanted artifacts from the radiative-transfer calcu-
lations, and have no bias towards any particular astrophysical structure. To achieve this balance,
we perform radiative-transfer calculations for an ensemble of randomly generated dust-density vol-
umes, each of which is made up of sets of three-dimensional-Gaussian probe-volumes of randomly
chosen location, size and density, and situated around a randomly sized star. Each of these then
produces corresponding polarized images and observables (Figure 4). Gaussian volumes spanning
a range of sizes probe all spatial scales while avoiding aliasing due to their smoothness, discour-
aging pixel-level noise or sharp structures in image reconstructions. We convolve all images with
a Gaussian kernel of full width half maximum of 1.5 pixels to help suppress pixel-scale stochastic
noise arising from the discrete number of photons used within radiative transfer calculations and
the edge artifacts from a discrete number of volumetric model cells.
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Fig 4 Five examples of CNN pre-training probe image triplets. Each training example (column) consists of a (log10)
Stokes I (first row), Q (second row) and U (third row) image. Images are calculated via a radiative transfer code,
using an ensemble of randomly drawn Gaussian probe densities. The CNN learns a mapping between interferometric
observables (visibilities and closure phases) and polarized image triplets, that is agnostic to specific astrophysical

structure. Moreover, it learns to represent this mapping as a maximally parsimonious, physics-informed feature space.

Input and output data were both normalized prior to training. Inputs of interferometric ob-
servables are normalized with respect to their subclasses. Outputs of polarized images are also
normalized with respect to their subclasses but require two intermediate modifications. Since the
star is orders of magnitude brighter than the surface brightness of the dust, the logarithm of the
Stokes I image is used whilst training the network, so that faint dust structures in Stokes I ade-
quately influence loss calculations. In addition, all three images are normalized by the sum of flux
in the (natural) Stokes I image, as is conventional in interferometric image reconstruction since the
visibilities are independent of absolute flux.

Radiative transfer code was used to make 5500 pairs of polarized images and interferometric
observables, which were then subject to augmentation. Images were randomly rotated and flipped,
with appropriate Mueller matrices applied to maintain the polarimetric coordinate system, and
interferometric observables were resampled from augmented images. A total of 11,000 examples
were generated, 10,000 of which were used for training data and 1000 of which were reserved
as validation data, which is used to independently evaluate the prediction accuracy of the CNN
at the end of each pre-training epoch. Separately, prototypical circumstellar objects like disk and
envelopes were injected into radiative transfer code, to create a set of simulated astrophysical
data. This dataset was used to evaluate the performance of the iterative fitting, and was not used
during training of the CNN (stage 1). More broadly, the simulated astrophysically dataset was
used to assess how well PIRATES generalizes to spatially extended and astrophysically meaningful
structures.



3 Results and Discussion Part I - Architectural Tuning

This section summarizes the tuning of PIRATES’ architecture. For PIRATES’ final results and
performance, see Results and Discussion Part II (Section 4). PIRATES hyper-parameters were
tuned on the validation data to maximize the accuracy of final iteratively fit images, using the MSE
and SSIM (structural similarity index measure) to quantify pixel-wise and structural accuracy.

3.1 Stage I - CNN Architecture

Three architectural hyper-parameters were tuned: the number of convolutional layers, the number
of convolutional kernels per layer, and the size of the convolutional kernels. We evaluated the
impact of the number of layers and kernels simultaneously - conducting a grid search over reason-
able values of both parameters. We maintained a ‘rectangular’ network shape - adding the same
number of kernels to every layer, with the exception of the final two convolutional layers which
downsize the kernel number to the output channel size of 3 (Figure 3). When varying the number
of convolutional layers we were constrained by the requirements of adequate receptive field and
adequate up-sampling to the final output image size of (128, 128). Up-sampling was achieved by
using early convolutional layers with a stride of 2, and layers beyond layer 5 have a stride of 1.
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Fig 5 The influence of changing the number of intermediate convolutional layers on the performance of the a) the
pre-trained CNN only (left panel), and b) the entire image reconstruction algorithm - CNN + iterative fitting (right
panel), with respect to the validation ‘probe’ data. The influence of increasing layers is evaluated using both the image
MSE and SSIM. Adding intermediate convolutional layers improves performance with diminishing returns after ~ 6
layers. In all examples, two final convolutional layers are used to downsize the channel size to 3.

We found that increasing the number of convolutional kernels provided enhanced validation
performance with diminishing returns after approximately 200 kernels were added to each layer,
and adopted 200 kernels per layer for the remainder of this analysis. We restricted ourselves to
even convolutional kernel sizes, to avoid checkerboard noise associated with the combination of
odd kernel sizes and stride 2 convolutions,*' and found that (4 x 4) was the optimal kernel size.
The number of convolutional layers had the strongest influence on the accuracy of reconstructed
images - see Figure 5. The best final reconstruction accuracy after iterative fitting was found to be



at ~6 intermediate layers, with no improvements seen beyond that, suggesting that this number of
intermediate layers is sufficient to represent the complexity of this feature space (Figure 5, right).

This trend was also consistently observed with simulated astrophysical data. As convolutional
layers are added, the pre-trained CNN images themselves converge to images with modest detail,
but more critically, low amounts of noise (Figure 6, top row). As the pre-trained CNN initializes
the iterative fitting, this suggests that initialization from a lower resolution but less noisy feature
space is more advantageous for the iterative fitting. Using a larger number of layers results in final
iteratively fit images that are more accurate and contain minimal noise (Figure 6, bottom row, also
see ground truth image on far right). We thus adopt six intermediate convolutional layers - five of
stride 2, and one of stride 1, as an optimum architectural configuration for the CNN of PIRATES.
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Fig 6 The influence of increasing the number of intermediate convolutional layers on the images reconstructed at each
stage of PIRATES (top row - stage 1, bottom row - stage 2), demonstrated for a simulated astrophysical example of
an inclined circumstellar disk. As convolutional layers are added, pre-trained CNN images converge to modest detail
and low noise versions of the ground truth, which will subsequently produce the most accurate and low noise final
iteratively fit images (compare to ground truth image in bottom right).

3.2 Stage 2 - Iterative Fitting Architecture

The iterative fitting is tuned to minimize the residuals between the true observables and those
recomputed from the pre-trained CNN images, whilst also ensuring that improvements to the pre-
trained CNN images are self-consistent and do not introduce significant spurious noise or structure.
The improvement which iterative fitting yields to the observables is used explicitly as the loss
function (MSE of observables), however we also monitored the image MSE and the SSIM as
metrics to quantify both pixel wise and structural improvements to the images. The iterative fitting
process can be tuned by controlling how many CNN layers are iteratively fit - as opposed to having
their weights ‘frozen’ to pre-trained values for the duration of the iterative fitting. To assess this,
we investigated the impact of freezing layers in both directions (shallow-deep). We found that
iterative fitting has the best performance on validation data when all layers are iteratively fit and
none are frozen - this optimum is measurable in the improvement to observables, as well as both
image based MSE and SSIM scores (Figure 7).
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Fig 7 The influence of freezing convolutional layers during iterative fitting. Here the results are plotted for freezing
layers starting from the shallowest layers to the deepest layers, though the results are the same for deep-shallow. The
iterative fitting performs optimally with the maximum number of degrees of freedom - where all layers are iteratively

fit, and none are frozen to pre-trained values.

4 Results and Discussion Part II - Performance of the two-stage framework on simulated
astrophysical examples

Here we demonstrate the performance of PIRATES using a our simulated astrophysical dataset
of disks, spirals and complex circumstellar environments, generated using the MCFOST radia-
tive transfer code. These examples encode the astrophysical complexity we anticipate underlie
VAMPIRES NRM (and other polarized-interferometric) datasets - optical depth, non-azimuthal
scattering and significant geometric asymmetry. In making these examples, we drew inspiration
from real observations of the circumstellar environments of evolved stars like Betelgeuse®? and u
Cephei,* debris disks like HR 4796, % and spiral armed disks like HD 135344B,% HD 142527
and MWC 758.% Figures 8 - 13 demonstrate the image reconstruction performance of PIRATES
on a sub-set of the simulated astrophysical dataset, and include the predictions from the pre-trained
CNN alone (the ‘initial guess’) (rows 1 and 2) and the final predictions after iterative fitting (rows
3 and 4) - for both the images and interferometric observables.

It can be seen that the predictions from the pre-trained CNN alone give surprisingly accurate
results, with broad features of the true image being reproduced (Figures 8 - 13, rows 1). Finer detail
is missing, and the appearance of overly connected structure or excess material in the image centers
occurs. The observables resampled from the CNN images are relatively poor fits to those sampled
from the ground truth images (Figures 8 - 13, rows 2). As iterative fitting proceeds, observables
are typically optimized to well below realistic observational levels of uncertainty (O(1%)) (Figures
8 - 13, rows 4); simultaneously the reconstructed images are improved on both a pixel wise and
structural level (Figures 8 - 13, rows 3), indicated by improved MSE and SSIM scores. As is
visually apparent in Figures 8 - 13, all astrophysical examples see clear improvement in both
image accuracy and observables accuracy as a result of the iterative fitting. The final reconstructed
images are high fidelity and noise free, accurately resembling the ground truths.

There are two consistent styles of refinement which iterative fitting makes to the reconstructed
images. Firstly, iterative fitting enhances the resolution of the CNN pre-trained images to match
the information contained in the interferometric observables. This effect is evident across all sim-
ulated astrophysical examples - disk profiles are narrowed (Figures 9, 8, 12), the inner cavities of
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Fig 8 PIRATES performance on an inclined model circumstellar disk, with a non-azimuthal scattering feature on the
top edge of the disk.
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Fig 9 PIRATES performance on an inclined model circumstellar disk. The effects of large Mie grains are evident -
the back of the disk is shadowed and the image is dominated by strong forward scattering within the disk’s front.
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Fig 10 PIRATES performance on a model clumpy, inhomogeneous circumstellar environment typical of evolved

stars.
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Fig 11 PIRATES performance on a model dust spiral.
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Fig 12 PIRATES performance on a model circumstellar disk.
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Fig 13 PIRATES performance on a model dusty circumstellar environment typical of evolved stars.
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clumpy circumstellar dust shells are widened (Figure 10, 13) to reveal inner dust radii. The second
effect which iterative fitting has on the reconstructed images is that it is capable of reconstructing
material that was originally missing from the pre-trained CNN reconstructions, including - fine
non-azimuthal lobes of circumstellar disks (Figure 8) and the full length of a spiral tail (Figure
11). Iterative fitting is also capable of removing structure that was incorrectly present within the
pre-trained CNN images; a faint circle of dust in the center right of Figure 10, some structure in
the center left of Figure 9. These image improvements are quantified by improved MSE and SSIM
scores for each image.

Refinements which the iterative fitting makes to images are mutual and consistent across all
three Stokes images - both locally and globally, demonstrated not only by the mutual improvement

V@

in polarized structure within the images, but also by measuring the total polarization p = 7
and polarization angle p, = % arctan %, as annotated in the right column of each example (Figures
8 - 13). Improvements to the images occur without the introduction of spurious noise or structure,
as the pre-trained CNN is optimized as a modest detail but low noise initialization and feature-

space for the iterative fitting.

5 Performance with random noise

We also demonstrate that PIRATES is compatible with the presence of realistic amounts of random
error. To investigate the impact of noise, we inject the interferometric observables of our simulated
astrophysical examples with error that matches the signal to noise ratio previously seen in on sky
NRM datasets (Figure 14 columns 1 and 2). With no adaptation of the PIRATES network, we
find that stage 1 (the CNN) still does a good job at providing moderate resolution and low noise
initializations for the iterative fitting (Figure 14, row 1, columns 3-5), as it does for noise-free
examples (Figures 8 - 13). However, when stage 2 is deployed and images are iteratively fitted
with respect to their (now noisy) observables, significant amounts of noise are now introduced into
the images, as may be anticipated (Figure 14, row 2, columns 3-5). Thus, to perform optimally on
noisy real datasets, PIRATES requires adaptation to reduce the noise and spurious structure that
iterative fitting may inject into the reconstructed images as a consequence of noise.

In the presence of noise, the loss function of the iterative fitting is updated to a chi-squared
x? statistic, allowing the iterative fitting to more heavily weight the reconstruction of features
represented by higher signal to noise observables. In the spirit of the ‘implicit regularization’
functionality of PIRATES, rather than regularizing the reconstructed images in pixel space like
traditional image reconstruction codes, we regularize the CNN'’s latent feature space - restricting its
functional complexity and encouraging lower complexity solutions which minimize noise. There
are many ways to implement latent feature space regularization - here we explore one promising
solution, but do not assert this is the only solution.

To provide the additional regularization required to prevent stage 2 (iterative fitting) from intro-
ducing noise to reconstructed images, we use an Elastic Weights Consolidation penalty during the
iterative fitting stage. Elastic Weights Consolidation (EWC) is useful where retaining historical in-
formation benefits future predictive accuracy.*® It is employed by introducing a continuous penalty
for the gradual ‘forgetting’ of network weights which prior information indicates will improve the
accuracy of a sequential prediction. In the context of PIRATES, we introduce a penalty during the
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Fig 14 The performance of PIRATES with signal to noise consistent with recent VAMPIRES NRM data, with no
algorithmic treatment to constrain the influence of noise. Visibilities and closure phases with injected noise and corre-
sponding error bars are plotted in columns 1 and 2. Stage 1 (CNN) does a good job of a moderate resolution and low
noise reconstruction of the ground truth (top row, columns 3-5), however, significant amounts of noise are introduced
into the images during the iterative fitting (middle row, columns 3-5). The ground truth images are displayed in the

bottom row, columns 3-5.

iterative fitting if iteratively fit weights are modified too much from their pre-trained CNN values.
The choice of EWC as regularization is guided by intuition that the CNN’s predictions are already
reasonably good, and more crucially, low noise representations of the ground truth. With an EWC
penalty, changes to the pre-trained CNN weights are only made where they strongly improve the
iteratively fit image’s fit to observables, discouraging non-critical changes to weights that may in-
troduce spurious noise or structure. The elegance of EWC is that when it is applied to an extreme
level, it simply converges to the pre-trained CNN prediction. This gives a clear indication where
over-regularization has occurred, making it robust to tune.

To create a penalty using EWC, we are first required to quantify the ‘importance’ of each pre-
trained CNN parameter, 6;. We then use this ‘importance’ to weight the contributions of each
network parameter to the EWC penalty. To quantify the importance of each network parameter,
we derive a heuristic for the diagonal of the empirical Fisher Information matrix as is standard
practice when defining an EWC penalty for machine learning.*®

To do so, we first compute an average loss £, over a batch of N input-output pairs (z;, y;)
(Equation 1), where ¢ is the pre-trained CNN loss function and f, denotes the CNN, constructed
of network parameters 6; (weights, biases).
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We then use backpropagation to compute the gradient g](-b) of L, with respect to each model
parameter 0; (Equation 2).

) _ 9L >

9; 20, (2)

We use the average squared gradients over M batches of training data, F'j, as a heuristic for
the Fisher Information of parameter j, (Equation 3):

M M 2

1 )2 1 oLy

F=— < ( ) — == 3

=372 (9 > 09, )
b=1 b=1

F; is used to weight the squared difference between current 6; (iterative fitting) and previous

07 (pre-trained CNN) network parameters (Equation 4), penalizing changes to weights which were

more important to the CNN’s original reconstructions.
EWC =\ F; (6, - 0;)° )

The strength of the EWC penalty is tuned via hyperparameter ), the final loss function of the
iterative fitting, L, is given by Equation 5.%¢

L=x*+XY Fi (0, -0 5)
J

The effect of increasing the strength of EWC regularization via A is visually striking. The
results of iterative fitting with insufficient A are noisy images (Figure 15, col 1). When A is of
optimal strength, the iterative fitting converges to images with minimal noise (Figure 15, col 2),
and the fit to interferometric observables is simultaneously optimized (Figure 15, col 5, row 4). The
SSIM scores of iteratively fit images are improved, as are the reproduction of polarization statistics
(inset in Stokes U panels). As expected, when EWC regularization is applied to an extreme level,
the iteratively fit images do not vary much from the pre-trained CNN images (Figure 15, col 3),

nor is there improvement in the fit to observables from the pre-trained CNN initialization.

The influence of the EWC penalty on image reconstruction is easiest to assess by monitoring
the SSIM between the pre-trained CNN and iteratively fit images, as a function of A (Figure 15, col
4-5, row 6). Small values of A result in noisy iterative fitting images, which are most structurally
dis-similar to the CNN images. As A is increased, the SSIM score increases as the algorithm
is encouraged to fit the observables to real structure and not to noise, now maintaining network
parameters which were highly informative in the pre-trained CNN. However, eventually A\ becomes
so large that the iteratively fit images barely deviate from the CNN images (and hence the SSIM
converges to ~ 1).
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Fig 15 The impact of increasing EWC strength via A (Equation 5). With low A (col 1), significant noise is present
in reconstructed images. As A is increased (col 2), the noise present in images is substantially reduced and the SSIM
of the reconstructed images is improved relative to the ground truth (col 5). When A is applied to an extreme level
(col 3), reconstructions do not deviate from the CNN pre-trained images (col 4). A may be tuned by monitoring: the
SSIM between iteratively fit images and the pre-trained CNN images (col 4-5, row 6), and the fit to interferometric
observables (col 4-5 row 4). We found that the optimal value of A (where the SSIM between the iteratively fit images
and the ground truth is maximized) (col 4-5, row 6) was correlated with an optimized fit to observables (col 4-5, row
4).
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To locate an optimum value of A\, we found that a useful heuristic was to monitor the fit to
interferometric observables. For our simulated astrophysical examples, with known ground truths,
we know a-priori the optimal value of A\, as we can measure the SSIM between the iteratively fit
images and the ground truth (Figure 15, col 4-5, row 5). We found that the value of A where the
goodness of fit of interferometric observables was optimized was correlated with the value of A that
maximized the SSIM of the iteratively fit images and their ground truths (Figure 15, col 4-5, row
4 and 5). Initially, increasing A improves the fit to observables (Figure 15, col 4-5, row 4). As A is
increased, the sub-space of possible image solutions shrinks - as noisy solutions are excluded by
regularization. As such, we interpret the improvement which increasing A yields to the observables
as a consequence of more stable and uniquely defined convergence, towards solutions that are free
of noise that may perturb the fit to observables. In summary, in real applications with no known
ground truth, increasing A until the goodness-of-fit of the interferometric observables begins to
exceed the levels determined by observational error is recommended as a useful heuristic, along
with simple inspection of the images.?”-*8

6 Conclusions

We have presented PIRATES, the first image reconstruction algorithm for optical polarimetric in-
terferometry, which uniquely performs image reconstruction in a learned, physics-informed feature
space rather than in pixel space. PIRATES’ dual structure - a pre-trained CNN and an iterative fit-
ting mechanism - allow the algorithm to parsimoniously reconstruct high fidelity polarized images
which accurately reproduce polarized, interferometric observables. We have demonstrated that
PIRATES accurately reconstructs polarized images of a diverse range of astrophysically realistic
radiative transfer models, including disks, spirals and clumpy circumstellar environments.

We found that optimization of PIRATES dual stage structure required a CNN which constructs
modest detail but low noise versions of the ground truth, providing a physics-informed feature
space to be used as initialization for iterative optimization in the second stage. The iterative fitting
stage is capable of improving the reconstructed images consistently across all polarimetric states
(Stokes I, Q and U), without introducing noise or spurious structures, simultaneously improving
the fit to observables to within realistic observational uncertainty. PIRATES implicitly regularizes
reconstructed images via a physically meaningful prior that the CNN learns from pre-training data
(produced via radiative transfer models), and the structurally derived inductive bias that forces im-
age updates made by iterative fitting to be statistically consistent across the image domain. In the
presence of realistic amounts of noise in interferometric observables, we found that introducing
Elastic Weights Consolidation as a latent feature space regularizer was able to prevent the intro-
duction of noise into images during the iterative fitting, and that a single parameter to adjust the
strength of regularization was sufficient and robust in tuning the algorithm.

In future work we intend to upgrade PIRATES to streamline flexible polarimetric coordinates
and varying (u,v) coverage, by adding an auto-encoder to the beginning of our existing algorithm.
Additionally, our treatment of noise only includes random error - strategies for treating systematic
sources of error that are common to polarized optical systems are in development. The perfor-
mance of our algorithm demonstrates the power of dual-structure machine learning algorithms,
and suggests they may more broadly be a useful technique for contexts with complex regulariza-
tion constraints, beyond just those of polarized interferometry.
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7 Data and Code availability
Code for PIRATES is available on GitHub: github.com/LucindaLilley/PIRATES.
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Chapter 7
Application of PIRATES to u Cephei

Chapter overview

This chapter applies the PIRATES algorithm to our observing campaign of p Cephei, reconstructing
polarised images of the circumstellar environment over a 7 year period. To our knowledge, these recon-
structions provide the highest spatio-temporal resolution description of p Cephei’s inner circumstellar
environment to date. The PIRATES image reconstructions demonstrate strong consistency with the
outcomes of parametric modelling in Chapter 5, though provide additional information that yields an
improved description of p Cephei’s circumstellar geometry.

Using a parametrisation inspired by the PIRATES image reconstructions of u Cephei we fit to the
circumstellar geometry, chemistry and grain size in fully physical radiative transfer code via Bayesian
Optimisation algorithm optuna. The best fit model for ;2 Cephei is an optically thick and inhomogeneous
circumstellar envelope with a significant density enhancement of strength 8.7 + 0.3 at 267 £ 26° East of
North, which we interpret as a ‘clump’ suggestive of an episodic mass loss event. To extended material
we fit a Gaussian clump at a radius 61 £ 5 mas at 200 £ 5° East of North, angularly co-located with
an extended feature previously identified by Safonov et al. 2019 in the same region of the South-Western
quadrant.

We also place physically meaningful constraint on the circumstellar dust grain size and chemistry — finding
that ~ 120f§§ nm grains of Amorphous Enstatite provide an optimal fit. Grains of this size support the
idea that Hofner’s scattering driven stellar wind may explain the high rates of mass loss observed from
i Cephei. Our fitted model provides a mass loss rate of 107°Mgyr~!, in healthy agreement with literature
values. Our detection of these grains has broader implications for red supergiants, adding to growing
evidence that a scattering driven flow may explain the copious contributions of material made by these
stars to the interstellar medium.

Contribution Statement

I re-trained PIRATES for each observational epoch and applied it to the observational data. I wrote the
code to fit radiative transfer models using Bayesian Optimisation algorithm optuna. I wrote custom code
to generate custom density models that can interface with MCFOST. I conducted all analysis.
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7.1 Managing systematic errors in real data

7.1 Managing systematic errors in real data

PIRATES (Chapter 6) has exhibited the potential to be a useful tool for image reconstructions in a number
of contexts — in modelling both polarised and unpolarised interferometric data. Here we apply PIRATES
to our observing campaign of u Cephei, reconstructing images of the circumstellar environment over a
7 year period. We reconstruct four single-wavelength images at A 750 £ 25 nm from 2017-2020 (datasets
1-4), and four multi-wavelength images at X610, 670, 720, 760 & 25 nm from 2023 (dataset 6).

As outlined in our paper (Lilley et al. 2025b), PIRATES implements an Elastic Weights Consolidation
(EWCQC) strategy to mitigate the influence with random error in interferometric observables has upon the
quality of image reconstructions. However, VAMPIRES Stokes I interferometric observables suffer from
significant systematic miscalibration errors, and so a method to manage systematic errors is required
when applying PIRATES to our observing campaign of u Cephei.

To manage systematic noise in Stokes I observables we approximate visibilities and closure phases with
those of a fully darkened disk (FDD) and then strongly down-weight the contribution of Stokes I observ-
ables during the iterative fitting (stage 2). This is an effective method for two reasons. Firstly, Stokes
I observables approximated in this way are ‘within the distribution’ of the examples used to pre-train
PIRATES, ensuring that the output of the CNN (stage 1) is not a spurious response to out of distribu-
tion noise. A physically meaningful output from the CNN (stage 1) is required to provide a reasonable
initialisation for the iterative fitting (stage 2). The second reason this method is effective is that the
Stokes I observables can then be strongly down-weighted during the iterative fitting by using errors the
same size as the FDD signal. This ensures that the iterative fitting stage is as agnostic as possible to the
FDD approximation.

When this method is applied to realistic test examples of astrophysical scenes modelled in radiative trans-
fer code we found that the polarised observables maintain their ability to reconstruct high fidelity polarised
images, whilst also ‘leading’ the Stokes I image reconstructions to have the same dust distribution — de-
spite the Stokes I observables themselves having only a stellar signal. This behaviour demonstrates the
internally consistent weight sharing behaviour of convolutional kernels, and that we can benefit from this
inductive bias when missing a modest amount of information (Ulyanov et al. 2020). Figures 7.1 and 7.2
depict two examples of this weight sharing behaviour, providing comparisons between the ground truth
images (rows 1), reconstructions with full Stokes I information (rows 2), and reconstructions with FDD
approximations to Stokes I (rows 3).

When the Stokes I observables are approximated with a FDD, the Stokes I image reconstructions are of
varying fidelity — missing dust cavities (Figure 7.1) and in some cases missing patches of dust (Figure 7.2).
However, the overall cost of this approximation to the polarised images is still modest — the reconstruction
fidelity and structural accuracy of the polarised images (Stokes Q and U) is still high (see MSE and SSIM
values in Figures 7.1 and 7.2). In the test examples of Figures 7.1 and 7.2 we fit Stokes I observables
with a FDD, however the systematic errors present within our real VAMPIRES 4+ NRM data are so large
that we do not attempt this and instead adopt a literature value for the continuum stellar diameter (21
mas) (Quirrenbach et al. 1993) as we did within parametric modelling in Chapter 5
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Figure 7.1: PIRATES reconstruction fidelity for a simulated clumpy circumstellar environment — row 1
depicts the true images, row 2 depicts images reconstructed by PIRATES with full Stokes I information,
row 3 depicts images reconstructed by PIRATES when Stokes I observables are approximated with a
fully darkened disk (FDD). When an approximation to the Stokes I observables is used (bottom row),
the Stokes I reconstruction accuracy is lower and dust features can be missing — for example, the dust
cavity between the star and dust. However, this comes at a small cost to the quantified accuracy of the
polarised images (see MSE and SSIM values), which are able to ‘lead’ the Stokes I reconstructions to
produce low order versions of the ground truth.
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Figure 7.2: PIRATES reconstruction fidelity for a simulated inclined disk — row 1 depicts the true
images, row 2 depicts images reconstructed by PIRATES with full Stokes I information, row 3 depicts
images reconstructed by PIRATES when Stokes I observables are approximated with a fully darkened
disk (FDD). When an approximation to the Stokes I observables is used (bottom row), the Stokes I
reconstruction accuracy is lower and missing some dust on the disk’s closest edge. However, this comes
at a small cost to the quantified accuracy of the polarised images (see MSE and SSIM values), which are
able to ‘lead’ the Stokes I reconstructions to produce low order versions of the ground truth.
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7.2 Reconstructing images of ;1 Cephei with PIRATES

For each of our observing epochs we augmented the training dataset with the instrumental Mueller
matrix (Chapter 3) and re-trained an instance of PIRATES. In 2023 where data is multi-wavelength, one
PIRATES instance is required for each wavelength to account for the varying (u,v) coverage. A future
implementation of PIRATES will circumvent the requirement for this retraining with an auto-encoder
that can manage both varying (u,v) coverage and varying polarisation coordinates.

Tuning of the Elastic Weights Consolidation (EWC) factor

Using the procedure outlined Lilley et al. 2025b we optimise the strength of EWC by monitoring the
magnitude of the EWC loss and the fit to interferometric observables. EWC scans and the identification of
optimal values for each observing epoch are illustrated in Figures A.23 - A.24. All image reconstructions
presented within this Chapter were reconstructed with these optimised EWC values.

Improved fit to observables compared to best parametric models

The PIRATES image reconstructions of y Cephei yielded an improved fit to polarised interferometric
observables in all epochs when compared to the best PIPPI models (Chapter 5). Table 7.1 compares the
x? values of each method for each sub-category of observables.

Table 7.1: The improvement yielded by PIRATES compared to our fitting with PIPPI — x? values
obtained for each sub-class of observables are displayed.

Year PIPPI PIRATES

Q-V2 U-V? Q-CP U-CP Q-V? U-V? Q-CP U-CP
2017 1.18 2.21 0.26 0.25 1.01 1.86 0.22 0.24
2018-02 1.36 1.95 0.17 0.18 1.29 1.33 0.16 0.16
2018-05 8.84 3.82 0.23 0.24 5.95 4.25 0.19 0.23
2020 3.02 2.04 0.20 0.18 2.40 1.66 0.17 0.16
2023-760 0.66 3.33 0.78 0.86 0.41 3.13 0.30 0.27

Image Reconstructions

The PIRATES image reconstructions (Stokes I, Q and U) are plotted in Figures 7.3 and 7.4. A logarithmic
scale is used for Stokes I (column 1), and a radial stretch (r!-?) has been applied to the Stokes Q and U
images (columns 2 and 3) to make fainter extended dust structure clearer. All image reconstructions have
been transformed back into the Stokes IAU NE celestial coordinate system applying the instrumental
Mueller matrix model inverse via least squares. The PIRATES image reconstructions of y Cephei suggest
a dominant asymmetric inner circumstellar envelope and fainter extended material concentrated in the
South-Western quadrant.

Dust both in the inner environment and in extended regions

Our image reconstructions reveal that for all epochs of data the scene is dominated by polarised flux from
the inner circumstellar environment. However, there is also consistent extended material present in the
South-Western quadrants of all epochs, as also seen in our parametric modelling and detected an PDI
study (see our Chapter 5 and Safonov et al. 2019). In the PIRATES image reconstructions this extended
feature has polarisation strength of at most 6% of the signal from the inner circumstellar environment.
There is also a fainter feature in the North/North-Eastern quadrants, which was also tentatively identified
by Safonov et al. 2019. In our PIRATES images this feature has at most 2% of the polarised signal of
the inner circumstellar environment, and is significantly varied in its reconstruction between epochs. We
suspect that this demonstrates this feature is limited by the intrinsic signal to noise of our data. This
suggests that PIRATES is able to reconstruct images with internal contrast of up to ~ 1/50.
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Figure 7.3: PIRATES image reconstructions for archival VAMPIRES data of i Cephei at A750 4+ 25 nm
from 2017-2020. All epochs of data reveal an asymmetric circumstellar envelope and consistent extended
material in the South-Western quadrant. Stokes I (column 1) is plotted on a logarithmic scale, Stokes Q
and U (columns 2 and 3) are plotted with a radial stretch (r'?) to accentuate fainter dust on extended
scales.
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PIRATES image reconstructions for our multi-band VAMPIRES data of u Cephei from

2023, obtained at A 610,670,720, 760 £+ 25 nm. All wavelengths reveal an asymmetric circumstellar enve-
lope and consistent extended material in the South-Western quadrant. Stokes I (column 1) is plotted
on a logarithmic scale, Stokes Q and U (columns 2 and 3) are plotted with a radial stretch (r'?) to
accentuate fainter dust on extended scales.
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7.2 Reconstructing images of y Cephei with PIRATES

Asymmetry in inner environment

All image reconstructions reveal asymmetry in both the inner circumstellar environment and in extended
material. The asymmetry in the inner environment is most clearly visualised in images of polarisation P =
v/ Q? 4+ U? (Figure 7.5). In the inner circumstellar region, image reconstructions for datasets 1-4 (2017-
2020) exhibit both a mild geometric asymmetry and a brightness asymmetry, whilst image reconstructions
of dataset 6 (2023) exhibit geometric symmetry and a much stronger brightness asymmetry. Both of these
forms of asymmetry were identified and fitted in earlier parametric modelling with PIPPI. Pleasingly,
the brightness asymmetries reconstructed by PIRATES are co-incident with the brightness asymmetries
fitted parametrically with PIPPI in Chapter 5 (Figure 7.5 — compare the top row of parametric models
to the bottom row of image reconstructions where the brightness asymmetries are generally aligned).

It was noted in Chapter 5 that we suspected the density asymmetry fitted in Model S (which was
restricted to an angular size of 45°) was insufficiently small and that this led to an unphysically small
semi-minor axis fitted to the ellipse — that the geometric asymmetry was attempting to emulate greater
complexity than it could represent in a physically meaningful manner. We also suspected that the 2023
data was more asymmetric than in earlier epochs. These suspicions are confirmed by the PIRATES image
reconstructions for 2023 which have the strongest brightness asymmetry of all years, of size that exceeds
45° with no artificially small semi-minor axis.
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Figure 7.5: The consistency of asymmetry fitted with PIPPI and reconstructed by PIRATES. Here the
middle 70 mas of each image is depicted to highlight the inhomogeneity of the inner-most circumstellar
environment. Row 1 depicts the best PIPPI models (Model S from Chapter 5), and row 2 depicts the
PIRATES image reconstructions. All images are of Polarisation (P = 1/Q? + U?) at A750£25nm or
A760+25nm (see headings). There is general alignment of asymmetric features between the PIPPI fits
and PIRATES images.

We note that the orientation of the ellipses fitted parametrically are consistently not aligned with the small
geometric asymmetries indicated within the image reconstructions. However, interestingly, the parametric
ellipses are aligned along the axis of the image reconstructions which have the most brightness asymmetry.
This suggests that the density asymmetry of Model S may have been inadequately small for all epochs
of data — and that parameters defining the geometric asymmetry were thus fitted to compensate for this,
rather than fitting to the true alignment of the circumstellar shell.

Temporal Evolution

The PIRATES image reconstructions exhibit temporal evolution of the dust in both the inner circumstel-
lar environment and in extended regions between 2017-2023. This evolution was also suggested by our
parametric modelling (Chapter 5), affirming that this is a systematic feature of the data. We interpret
this variability differently depending on the geometric region and strength of the polarised material. The

123



7.2 Reconstructing images of y Cephei with PIRATES

inner-most circumstellar environment (the circumstellar shell) strongly dominates the signal and recon-
structed images. We interpret the temporal variability of this material with confidence as there is clear
evolution to both the dust shape and the changing orientation and size of a strong brightness asymmetry.
We also note that the image reconstructions from the two 2018 datasets (2 and 3) are consistent, which
suggests that we can interpret broader variability of this region across other years as significant.

However, there is also significant variability in the presentation of fainter extended material. Firstly, we
note that in Chapter 5 we found that a low order representation of this extended material (a Gaussian
blob fitted in the South-Western quadrant) was an essential feature of geometric modelling of p Cephei’s
circumstellar environment. If we interpret the extended material in our PIRATES image reconstructions
to first order, our image reconstructions would also support that this is a good low-order representation
of the extended material in this quadrant. This extended feature is faint (6% the polarisation of the inner
region) though persists in our image reconstructions through all epochs of data with a small amount of
variability to its centre of mass.

When the reconstructed Stokes I images are stretched on a logarithmic scale, significantly more variability
is revealed in the appearance of the extended dust. This includes a faint variable feature (2% of the
maximum polarisation) in the North or North-Eastern quadrant, which was also tentatively suggested
by imagery from Safonov et al. 2019. We first confirmed that variations in the location and morphology
of this faint extended material were not caused by stochastic variability in the iterative fitting process
— we obtained indistinguishable images by running the iterative fitting multiple times. True variations
in the dust morphology between our observing epochs are entirely plausible — analogous evolved stellar
environments are observed to exhibit variability in the inner-circumstellar dust distribution on timescales
as short as months to a year (Khouri et al. 2016; Ohnaka et al. 2017b). However, we would expect that
our two reconstructions from the same evening in 2018 (datasets 2 and 3) should demonstrate consistency
in the faintest extended material, which does not appear to be the case. As discussed, there are likely
to be unquantified systematic variations between our 2018 datasets which may explain this variation
(Chapter 3).

We interpret these results broadly to suggest that variations in the location and detailed morphology
of faint extended material in our images reconstructions are likely the result of: variations in observing
conditions, varying or uncharacterised systematic errors in our data, differing values required for the
EWC, or the result of these dust features having very low signal to noise in our datasets. It seems most
reasonable to interpret the extended material to first order — supporting the presence of an extended
feature in the South-Western quadrant from 2017 through to 2023. In our original observing plan we
had hoped to observe temporal evolution of this extended feature — expecting that it may travel radially
outward with the stellar wind. When comparing the image reconstructions across epochs, there is indeed
some suggestion that the extended feature exists at a larger radial distance in 2023 than in 2017. In
the circumstellar environment of red supergiant Antares, similar ‘clumps’ were observed move outwards
radially by 0.4” over 12 years (Ohnaka 2014). However, to explore this idea with sufficient confidence,
we await polarimetric calibration models for our 2024 and 2025 data in which we would required analysis
of to confirm this motion is persistent.

Polarisation Statistics

1 Cephei exhibits variable total polarisation in strength and direction (Larsson-Leander 1964; Coyne et al.
1968; Polyakova 2003). One of the limitations of reconstructing images from interferometric observables
is that there is an unknown normalisation factor that renders comparison to literature values of P
and ¢p impossible on a pixel scale without photometric calibration of Stokes I flux.! However, it is
interesting to compare the net fractional variability of P = \/Q? + U?/I and ¢p = 1/2arctan (U/Q)
values computed from reconstructed images to historically reported variability. Our reconstructed images
exhibit variability in P of up to ~ 0.6 %, and ¢p of up to ~ 25° (Figure 7.7), which is fractionally consistent
with historical data (V band, 550 nm) that shows P and ¢p can vary by 2% and 160° within as little as
a ~ 2 — 4 year period (Figure 7.6, reproduced from Polyakova 2003). Throughout this thesis we have
noted subtle geometric variation in models and images fit or reconstructed from the two 2018 datasets

IThis is a planned part of future work
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7.2 Reconstructing images of y Cephei with PIRATES

obtained on the same evening (datasets 2 and 3) — however, we note here that their net polarisation
statistics are very similar.
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Figure 7.6: p Cephei’s light curve (V band, 550 nm), degree of polarisation strength P % and angle 6°
vary significantly over ~ 20 years. The smooth curve in row 1 is superimposed, with a period of 850 & 150
days. Figure and caption reproduced from Polyakova 2003.
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Figure 7.7: Variation of degree of polarisation strength P % and angle ¢ derived from the PIRATES
image reconstructions of u Cephei from 2017-2023. All years depict data obtained at A750425nm,
except for 2023 which is obtained at A 760+25nm. Whilst the pixel-wise values cannot be compared, the
summed polarisation statistics demonstrate fractional variability that falls well within the typical scales
reflected historically (Figure 7.6).

Whilst we do not have P and ¢p values covering the time periods from which we have reconstructed
images of u Cephei, it is useful to confirm the fractional polarisation values appear consistent with
historically reported trends. From our PIRATES image reconstructions we constructed vector maps of
the pixel-wise polarisation vectors, confirming that the scattering symmetry is predominantly azimuthal
in both the inner circumstellar environment and in extended material (Figure 7.8).
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angles demonstrate that the circumstellar structure is dominated by azimuthal scattering, with no persistent radial features evident.
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7.3 Parametrisation of y Cephei’s circumstellar geometry

7.3 Parametrisation of ;1 Cephei’s circumstellar geometry

We used the PIRATES reconstructed images of p Cephei as inspiration for a parametric model of the
circumstellar environment. We then fit to this parametrisation in radiative transfer code via Bayesian
Optimisation algorithm optuna, solving for the geometry, chemistry and dust grain size simultaneously
within a fully physical framework that should account for the limitations of PIPPI addressed in Chapter
5. Bayesian Optimisation algorithms are probabilistic estimators that balance the need to fully explore
a probability space with the task of finding optimal parameter values (Brochu et al. 2010). They are
designed for use on high dimensional and computationally expensive models like the fully physical and
multi-wavelength radiative transfer models we fit here.

Due to the computational expense of radiative transfer models (which may take ~ 10 minutes per multi-
wavelength model) we first approximate the circumstellar geometry with the most dominant component
of the signal — the inner-most circumstellar shell, which we model as a thick spherically symmetric shell
with a density enhancement — we refer to this as Model 1. We fit u Cephei with Model 1 for each of the
candidates for dust chemistry derived in Chapter 2. Then, once the best dust chemistry is established,
we fit a second model combining this enhanced circumstellar shell with the extended dust feature we
identified in Chapter 5 and our PIRATES image reconstructions — we refer to this as Model 2.

When fitting multi-wavelength data, the final x?_,; score depends on both the geometric approximation
and the appropriateness of the multi-wavelength behaviour set by chemistry and grain size. In Chapter
5 we fit to a geometric approximation equivalent to Model 1 and obtained a Xfed < 1 during chemical
inference. Despite limitations with the physical realism of PIPPI models, the ability to obtain this good
fit suggests that we should be able to obtain a similarly satisfactory fit to p Cephei here (with either
Model 1 or 2), and are not limited by either geometric approximations nor systematic errors. A schematic
defining all parameters for both models is provided in Figure 7.9.

Instead of hypothesis testing different representative grain sizes like we did with PIPPI (Chapter 5), here
we fit continuously to a power law distribution and maintain the assumption of spherical Mie grains.
With fully physical radiative transfer code, multiple scattering effects may have a significant influence
on the fitted grain size, as was suggested by our injection testing of radiative transfer models in Chapter
5. The image reconstructions from PIRATES (Figure 7.4) allow us to use reasonably narrow priors
for some geometric parameters — eg. the density enhancement can be localised to within ~ 90°, the
extended material to within ~ 30 mas and our shell radius to within ~10mas. For parameters we
cannot constrain from the images (eg. the dust grain size), wide priors that cover the ranges that we
derived in Chapter 2 are necessary to assess the plausibility of grains supporting a scattering driven
stellar wind. To initialise each Bayesian Optimisation we randomly drew 50 points from an approximate
region of high probability (found manually). We then ran each Bayesian Optimisation algorithm for 700
evaluations which we assessed was sufficient to adequately span the parameter space and to observe stable
numerical convergence (the loss function had plateaued for ~ 200 iterations). Initial conditions and priors
are summarised in Table 7.2. To ensure that the whole prior for each parameter is fully explored, some
parameters (like the dust mass and grain size) were explored on a logarithmic scale, whilst others could
be satisfactorily explored linearly (also noted in Table 7.2).

7.4 Chemical Inference with Radiative Transfer

All fitted models, their parameters estimates and uncertainties are summarised in Table 7.3, where
uncertainties are the 1o values obtained from using Kernel Density Estimation (KDE) on the likelihood-
weighted samples. Estimated posteriors for each chemical are provided in Appendix A.4.2, Figures A.25
- A.33. The dust density distribution of our best fit model (Model 2 — Amorphous Enstatite) is depicted
in Figure 7.10. Images made from the best fit model are depicted in Figure 7.11. Correlation plots of the
best model and real observables are depicted in Figure 7.12.
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Figure 7.9: An overview of the parametrisation of the dust models fit to p Cephei in radiative transfer
code. Shell (grey) has radius R, thickness AR, dust mass Maust, enhancement (Eq, Ey, Ey, E5), and a
Gaussian blob (blue) (B;, By ,Bs ,Bg ,Bmass). All angles denoted with subscripts 6 are angles into the
plane of the sky, measured from the z axis (where § = 0°) towards the x axis (where § = 90°).
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7.4 Chemical Inference with Radiative Transfer

Table 7.2: Bayesian Optimisation Parameters — names, meanings, units, initial conditions, priors and
the scale with which the prior space was explored. Model 1 is a thick circumstellar spherical shell with
a density enhancement — fitted parameters are those above the table’s midline. Model 2 is a thick
circumstellar spherical shell with a density enhancement and an extended Gaussian feature — fitted
parameters are all those defined in the table. Angles that represent angular coordinates in the image
plane (E4, By) are defined in celestial NE coordinates, in degrees East of North.

Parameter Meaning Unit Initial Prior Linear/Log
Gmin Minimum dust grain size pm [0.05, 0.15] [0.001, 1] Log
Guwidth Dust grain distribution width — pm [0.001, 0.05] [0.001, 1.0] Log
a?! Power law exponent pl - [-2,-4] [-2, } Linear
R Shell radius mas [13 18] [10 20] Linear
AR Shell thickness mas  [0.1,5] [1, 40] Log
Mayst Dust mass Mg [2e-9, 6e-8]  [le-11 1le-6] Log
E, Enhancement width o ° [0.001, 0.05] [20, 150] Linear
Ep Enhancement location 6 ° [70, 110] [45, 145] Linear
E, Enhancement location ¢ ° [290, 330] [200, 300] Linear
E, Enhancement amplitude - [3,5] [1, 10] Linear
Binass Blob dust mass Mg [1e-10, 4e-8] [le-11, le-8] Log
B, Blob radial distance mas  [50, 70] [45, 75] Linear
By Blob location ¢ ° [190, 210] [155, 265] Linear
By Blob location ¢ ° [80, 100] [45, 135] Linear
B, Blob size o ° [25, 35] [5, 50] Linear
F I I I I I
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Figure 7.10: The dust density distribution of the best model fit to p Cephei in 2023 — Model (2)
consisting of Amorphous Enstatite. Model was fit in radiative transfer code MCFOST via Bayesian
Optimisation algorithm optuna. Image is formed by summing over the line of sight and has been radially
scaled by 71? to make the extended feature in the South Western quadrant visible.
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Table 7.3: Bayesian Optimisation Results for all fits to Model 1 and 2. All chemical options derived in Chapter 2 are fitted to Model 1, and the best fit
chemical from Model 1 is then fit to Model 2. Model fits are ordered in descending x2,;. Parameter uncertainties are obtained via Kernel Density Estimation
with a kernel size set by Scott’s rule — values provided are 1o. Angles that represent angular coordinates in the sky plane (Ey, By) are defined in celestial NE

coordinates in degrees East of North.

Chemical Model  amin [nm] Qwideh [nm] pl R [mas] AR [mas] Maust [Mo] Eo [°]
Forsterite (C) 1 62137 213 -3.9+05 16 + 1 1.2758 547553 x 1078 108 + 10
Enstatite (C) 1 51739 G 2.2+ 0.2 17+ 1 0.2%5] 1.279° %1078 59 + 11
Silica (A) 1 1574 3407338 4.8 £ 0.2 17 +2 0.2} 6.975 x 1078 66 4+ 17
Pyroxenegs (C) 1 1097150 2017228 -53+£0.3 17+1 0.5753 0.7758 x 1078 103 £ 19
Forsterite (A) 1 1012 1971122 -3.6 + 0.1 17+ 1 56105 2.010% x 1078 80 + 14
Corundum (A) 1 107453 69775 4.5+ 0.2 17+ 1 0.1751 1.079¢ x 1078 126 + 8
Spinel (A) 1 13878 1277154 -5.2 4+ 0.3 17+ 1 7.3118 1173, x 1078 105 £ 9
Enstatite (A) 1 12314) 27} 32+ 0.3 17+ 1 0.810% 11796 x 1078 45 + 6
Enstatite (A) 2 12071533 211 -2.2+0.2 16 £ 1 56757 1.6%758 x 1078 43 + 8

Eo [°] Es [°] E, Binass [Mo)] B; [mas] By [°] By [°] B, [°] Xied
84 + 10 259 + 16 4.0 £ 0.6 - - - - - 4.6
137 £ 11 262 + 13 4.9 + 0.5 - - - - - 3.9
117 £+ 10 276 + 29 1.9 + 0.4 - - - - - 3.1
115 + 21 266 + 21 5.0 + 1.0 - - - - - 3.1
119 + 18 285 4 24 1.8 + 0.4 - - - - - 2.8
92 + 13 272 4+ 16 5.5+ 0.4 - - - - - 2.8
96 + 18 237 + 25 7.0 £ 0.4 - - - - - 2.5
150 + 15 230 + 11 6.6 + 0.4 - - - - - 2.3
156 & 10 267 + 26 8.7+ 0.3 7.3752 x 107 61 £5 200 £ 5 99 £ 7 27 £ 2 2.0
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Figure 7.11: Images of the best model fit to u Cephei in 2023 (dataset 6) using radiative transfer
code MCFOST — Model 2 consists of a spherical thick shell with a density enhancement and an extended
Gaussian blob. Amorphous Enstatite was adopted as it was found to yield the best chemistry for the
inner circumstellar environment when all options were tested with Model 1. The first three columns
depict images of the best model — Stokes Q (column 1), Stokes U (column 2) and polarisation (column
3). Columns 1-3 have been blurred by an Airy function of FWHM corresponding to our longest baseline
length. Column 4 depicts the PIRATES reconstructed images of u Cephei. All images have a radial stretch
of r*2, and all Stokes images were sum normalised by Stokes I and are dimensionless. Comparison of
columns 3 and 4 demonstrates that both the inner circumstellar cavity and extended material are well
reproduced by our best model. Each row depicts a different observational wavelength — A 610, 670, 720,
760 £+ 25 nm (denoted as row labels).
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Figure 7.12: Observables of the best model fit to u Cephei in 2023 (dataset 6) using radiative transfer code MCFOST (Model 2 as depicted and described in
Figure 7.11 — Amorphous Enstatite). Each row depicts the fit to observables at a different observational wavelength (610, 670, 720, 760 nm). Columns 1 and
2 depict the correlation of polarised visibilities, columns 3 and 4 depict the correlation of polarised closure phases. The error bars plotted are the combination
of random (obtained by bootstrapping) and systematic (estimated by comparison with a calibrator).
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7.5 Analysis of Radiative Transfer models

7.5 Analysis of Radiative Transfer models

Chemical Differentiation in systems with 7 > 1

We fitted all chemical options derived in Chapter 2 with Model 1 and found that the best fit dust chemistry
was Amorphous Enstatite. In Chapter 5 we found that with optimised grain size all chemical options
provided very similar fits to the data with A x2_; ~ 0.01 between chemicals. In contrast, here we found
that the differences between each optimised chemical species are much larger with Ax?_ , ~ 0.2 — 2.3,
which implies that we have a greater ability to differentiate between chemicals when fitting using radiative
transfer code. The most crucial improvement made by using radiative transfer code is the inclusion of
multiple scattering processes. Photons emitted from the star no longer have a single polarising interaction
with a single dust grain. Instead, they navigate stochastically through the dust and may have multiple
interactions that re-scatter and de-polarise the emerging light in an anisotropic fashion that depends on
grain size (Max Born 1975). In Chapter 5 it was noted that when modelling only a single scattering
process we anticipated the equivalence of chemical fits on account of the similarity of optical constant
data — in particular the real component (n) which dominates scattered signal when 7 < 1. However, here
our fitted radiative transfer models depart significantly from 7 < 1 (Figure 7.13).
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Figure 7.13: Optical Depth of best fit model — Amorphous Enstatite (Model 2) as a function of
wavelength. Most of the fitted shell has an optical depth above 1, the peak of density and optical depth
are observed in the region where the density enhancement is maximised.

When 7 > 1, absorption processes become increasingly dominant as each additional photon-dust interac-
tion increases the probability that the photon will be absorbed. The absorption cross section is a strong
function of the imaginary component £ of the dust refractive index. Though the values of k are small for
all our tested chemicals, they differ from each-other by several orders of magnitude (Figures A.1 - A.3).
To illustrate how rapidly these differences compound to distinguish chemical species, we used miepython
to compute the absorption and scattering cross sections for 100 nm grains of varying k (using a range
of 1072-107% that spans the variation in our candidate chemicals from Chapter 2). By plotting the
probability of photon survival after N interactions, the differing behaviour of each species is clear after
only a single interaction (Figure 7.14). Thus when 7 > 1, we would expect from a theoretical standpoint
to have greater chemical differentiation on account of both the real and imaginary components of the
refractive index now being modelled in a physically complete manner. We previously noted that existing
studies have been unable to constrain the circumstellar chemistry from optical and near-IR data alone
(Haubois et al. 2019; Khouri et al. 2016; Ohnaka et al. 2016; Ohnaka et al. 2017a). However, we note an
important point of difference — these studies found that the dust was best fitted as optically thin when
using radiative transfer code. In contrast, the circumstellar dust shell we have fitted to p Cephei has a
minimum optical depth of ~ 1 which becomes as large as 7 = 3.6 at 610 nm — the greatest optical depth
occurs within the fitted density enhancement (Figure 7.13).

Thus, our results do not contradict existing studies which struggled to differentiate between chemicals.
Instead, they suggest that greater optical depth (which we can now model in radiative transfer code)
provides greater chemical differentiation on account of absorption processes further distinguishing each
chemical. We proceed to analyse our best fit solution (Amorphous Enstatite) as the numerical optimum
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— however we note that our subsequent arguments remain true for many of the better fitting models and
withstand variations to the fitted parameters. We return to interpreting our spread of fitted models in
later discussion.
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Figure 7.14: Survival probability of photons scattering through dust media with fixed real refractive
index n and varying imaginary refractive index values k (given in the legend). Psyrvivar = (1 — PabS)N ,
where P,ps is computed from Mie scattering theory as Cabs/(Cabs + Cscat). Though the values of k of
our tested chemicals are all small (1072 - 1076), they are distinguished from one another after a small
number of photon interactions — suggesting that theoretically we have greater chemical differentiation
when 7 > 1.

The enhanced optical depth of our best model also confirms the suspicions raised in Chapter 5: that a
fully physical solution for p Cephei’s circumstellar dust requires 7 > 1, meaning it cannot be accurately
modelled with simple scattering models like PIPPI and those of Ireland et al. 2005, Norris et al. 2012 and
Haubois et al. 2019. In Chapter 2 we also hypothesised that if circumstellar conditions permit, crystalline
structure may form and be rapidly re-amorphised by cosmic rays — which would lead to a dominant
amorphous signature in wide field spectroscopy and a crystalline signature in the inner circumstellar
environment. The greater chemical differentiation yielded by modelling optical depth here has revealed
that p Cephei’s inner circumstellar environment is best described by an amorphous silicate and not a
crystalline alternative (which produced some of the worst fits to data), which does not support this
hypothesis.

Clumps of dust with 7 > 1

Our best model of p Cephei’s inner circumstellar environment features a significant density enhancement
of amplitude 8.7+0.3 at 267 & 26° East of North and at 156 4 10° into the plane of the sky (see model
description in Figure 7.9). In Chapter 1 we reviewed the growing observational evidence suggesting that
‘clumps’ (regions of enhanced density) are common in circumstellar environments, often interpreted as
evidence for episodic mass loss events. Such ‘clumps’ are typically modelled with a density enhancement
like ours (eg. AGB W Hydrae in Ohnaka et al. 2016 with contrast 4 £ 1), and have been demonstrated to
be optically thick (eg. RSG VY Canis Majoris and YSG IRC +10420 in Shenoy et al. 2013 and Shenoy
et al. 2015). Our best model’s density enhancement is more intense than that fit for W Hydrae. If these
clumps are interpreted as signatures of episodic mass loss events then is reasonable that we might observe
more intense clumps around p Cephei given W Hydrae’s lower mass loss rate (Khouri et al. 2015b).

Extended material — clump in the South Western quadrant

Model 2 allowed us to fit the extended material around p Cephei — the model located a Gaussian blob at
a radial distance of 61 £5 mas at an angular location of ¢: 200+ 5° East of North and , #: 99 £ 7° (see
model description in Figure 7.9). We note the agreement of the angular position of this blob (¢) with
that which we fitted parametrically with PIPPI, and with the extended material identified by Safonov
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et al. 2019. As we predicted in Chapter 5, with the representation freedom provided by PIRATES, a
more complex inner circumstellar environment is reconstructed for the 2023 dataset than was permitted
with PIPPI’s Model S. This then leaves this extended clump free to exist at a greater radial distance,
no longer needing to compensate for a lack of asymmetric representation in the inner environment. Here
the blob is located at more than twice the radial distance found in Chapter 5. This extended clump is
different to the enhancement fitted in the inner circumstellar environment — it is optically thin (7 ~ 0.15)
and has a dust mass of 7.3%9 ; x 10711 M.

Consistency with PIRATES image reconstructions

Images of our best fit model are in excellent agreement with the PIRATES reconstructed images (Figure
7.11). The density enhancement fitted within the circumstellar shell is consistent with the brightness
asymmetry presented in the reconstructed images (both in contrast and in location, though we note
less agreement is exhibited in the angular location at 760 nm than at other wavelengths — we return to
this in later discussion). The Gaussian clump fitted to extended material appears to approximate the
extended material’s centre of mass, co-located with the angular location and radial distance suggested
by the PIRATES image reconstructions.

Proximity of dust to the stellar surface

Our best model fits a thin shell (2] mas) with a radius of 1.6 R, (16+1 mas) which is consistent
with the range of dust shell radii fitted to analogous stellar environments (Munoz-Sanchez et al. 2024b;
Scicluna et al. 2015; Wittkowski et al. 2012; Ohnaka et al. 2024; Norris et al. 2012; Haubois et al. 2019).
Our fitted dust shell is co-located with p Cephei’s disconnected molecular layers at ~2R,, coined the
‘Mol-Sphere’ (Tsuji 2000). The co-location or mixing of circumstellar gas and dust is an understood
phenomena in O-type evolved stars (Kervella et al. 2018; Gobrecht et al. 2016; Karovicova et al. 2013).
Like our parametric modelling in Chapter 5, the thin nature of the circumstellar shell fitted confirms that
1 Cephei’s circumstellar dust does not appear to readily conform to a steady outflow.

Grain size inference

The grain distribution fit to our best model is very narrow if only the MLE values are considered (120-
122 nm). Our fits to all chemical options via Model 1 reveal that this is a persistent feature of all fits — most
of the better fit distributions are less than ~ 200 nm wide, and for both Models 1 and 2 fit (independently)
to Amorphous Enstatite, the grain distribution widths are very narrow. We will return to discuss in great
detail how these narrow distributions should be interpreted — first we assess the MLE solutions for their
physical consequences, accepting their narrow parametrisation as the numerical optimum.

In Chapter 5 we used PIPPI to find that multiple dust grain sizes provided very similar fits to our data —
grains of radius ~ 250, 750 and above 1200 nm. Whilst grains of 250 and 750 nm would support Hofner’s
scattering driven stellar wind from g Cephei, grains of above 1200 nm are too large and hence we were
unable to conclusively comment on the plausibility of a scattering driven wind from this inference. In
contrast, the posterior for our best fitted model fitted in radiative transfer here demonstrates that we can
rule out very large grains above 1200 nm, and instead supports a distribution of grains around ~ 120 nm.
There are several comments to be made about these points of difference.

Firstly, to understand why it is possible to rule out very large (1200nm) grains when using radiative
transfer code, we constructed a set of models containing a thin shell of Amorphous Enstatite around
i Cephei (Rqust =1.2R4) at representative grain sizes (2nm-2 um) and simulated observing at A 750 +
25nm. For each of these models we increased dust shell mass until polarised visibility amplitudes were as
large as pu Cephei’s (~1.1). Our results demonstrate why radiative transfer permits us to rule out large
grains of 750 nm and above 1200 nm — when models with these large grains have sufficient dust density to
generate observationally high polarised visibility amplitudes, they are very optically thick with 7 ~ 10
(Figure 7.15).

Clarity on why these large grain models with high optical depth provide poor fits to data can be ob-
tained by examining the polarised images of these models and comparing them to our PIRATES image

135



7.5 Analysis of Radiative Transfer models

reconstructions. Multiple scattering induced by high optical depth causes the ‘shell’ structure of these
models to appear in the polarised images as filled in ‘discs’ (Figure 7.16). In Figure 7.16 we plot several
representative models from Figure 7.15 that convey how this structural trend relates to grain size — each
column depicts a representative grain size, the first row is the Stokes I image and the second row is the
polarisation P = \/Q? + U2 image made from each model.

10t 1
1075 ]

—_
o
|
=
T
L

Optical Depth 7
Dust Mass Mg

=
(=
|
Y
T
L

100F .

1078 E

1 1 1 1 1 1 1 1

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Dust grain radius (um) Dust grain radius (um)

Figure 7.15: Simulated thin shells of Amorphous Enstatite around p Cephei (Rshen = 1.2 R ), observed
at A750nm. For each grain size, dust mass is increased until polarised visibility amplitudes match
u Cephei’s (~1.1). Plotted are the optical depths of these observationally comparable models (left) and
the required dust mass (right). These simulations demonstrate that most large grains (radii > 500 nm)
capable of matching p Cephei’s polarised visibility amplitudes have densities that correspond to very
high optical depths (7 ~ 10).
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Figure 7.16: The cost of obtaining p Cephei’s polarised visibility amplitudes — images are of our
models from Figure 7.15 where dust mass has been increased until the polarised visibility amplitude
of the model matches p Cephei’s. This point occurs in a different physical regime for each grain size,
which the present images depict. For small grain sizes (2nm), obtaining p Cephei’s polarised visibility
amplitudes requires modest optical depth, reducing the clarity of the shell’s cavity. For intermediate
grain sizes (~100nm), high polarisation is obtainable whilst the shell’s cavity is maintained. However,
as dust grain size is increased up to and beyond 500 nm, the prominence of the cavity is reduced and the
morphology becomes heavily embedded.

For small grains (~2nm) the central cavity of the dust shell is partially obscured by the intermediate
optical depth required. For intermediate sized grains (~ 100 nm), high polarised visibility amplitudes can
be obtained whilst retaining the shell’s cavity, however as grains grow larger (~250nm and above) the
cavity becomes opaque. By ~ 500 nm optical depth is so high (7 = 10) that multiple scattering dominates
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the images and the cavity has ‘closed’ — the star is heavily embedded in dust. Such a morphology
contradicts the structure of our PIRATES image reconstructions (Figures 7.3 and 7.4) — which feature a
strong central cavity at all wavelengths, indicating that the dust cannot be so optically thick as to remove
this feature.

Thus with fully physical radiative transfer code we have so far obtained far more constraint on dust grain
size than we did using simple scattering models like PIPPI. The major point of difference is inclusion of
optical depth which provides full physical constraint of the modelled dust systems. Whilst our previous
use of PIPPI left ambiguity over p Cephei’s true dust grain size and the consequences for Hofner’s
scattering driven stellar wind, with radiative transfer code we have broken this degeneracy and can now
rule out grain sizes of ~500nm and above.

The second significant point of comparison to be made is that the grain sizes we have fitted in the
present radiative transfer framework (a narrow distribution around 120fg§ nm) are significantly smaller
than even the smallest grain size indicated by our modelling with PIPPI in Chapter 5 (~250nm). This
suggests that the wavelength dependence of a system with modest optical depth and ~ 120 nm grains was
best emulated by our (un-physical) simple scattering models with ~250 nm grains. To understand why
we obtained different grain sizes using each modelling framework, it is helpful to consider the two key
changes that dust exhibits when its optical depth is increased beyond 7 = 1. Firstly, the increase in
multiple scattering effects causes a net de-polarisation — photons navigate stochastically through the dust
and subsequent interactions reduce the coherence of emerging polarisation as a result of randomising the
original polarisation vector.

The second important change is that increased optical depth does not simply rescale the wavelength
dependence of polarisation but reshapes it, typically moving the scattering angle at which maximum
polarisation is observed forwards (Shrestha et al. 2020; Lin et al. 2022; Yang et al. 2017). It is this
behaviour that explains why we obtained different grain sizes with each modelling technique, and why
those obtained with PIPPI may be larger — increased optical depth and larger grain sizes may both
move the scattering angle of maximum polarisation forwards. As PIPPI could not model optical depth, it
instead fit a larger grain size and compensated for the change in polarised flux with the star-dust-contrast
parameter (see Chapter 5 for a discussion of this free parameter).

We confirmed that optical depth re-shapes the wavelength dependence of polarisation in our own simu-
lated circumstellar shells by tracking how the wavelength dependence of P = /Q? + U?/I varies as a
function of observing wavelength and optical depth. To do so we use the same representative Amorphous
Enstatite shell at 1.2R,. Our results are plotted in Figure 7.17 for several representative grain sizes,
revealing that it requires only modest optical depth (~ 7 = 2 — 3) to change the wavelength dependence
of polarisation significantly from optically thin behaviour. Our models clearly show that we should expect
to obtain different values for fitted grain size if we fit an optically thicker system using simple scattering
models restricted to optically thin wavelength dependence — in other words, that simple models may bias
grain size inference if they are not applied to targets that are strictly optically thin.

Given that there is growing empirical evidence (including our own analysis) that enhanced density
‘clumps’ cause the inner circumstellar environment to have 7 > 1 (Shenoy et al. 2013; Shenoy et al.
2015; Ohnaka et al. 2016), our results reinforce the necessity of using fully physical radiative transfer
code for inference on grain size. The significance of the discrepancy between these two modelling prac-
tices will depend on the astronomical target and observing apparatus — in our case for y Cephei we found
a discrepancy of ~130nm between methods, which for some targets would be large enough to change
whether inference supports the detection of circumstellar grains facilitating a scattering driven stellar
wind (Hofner 2008). It is also satisfying to visually compare the similarity of wavelength dependence of:
the grains we fitted with PIPPI (250 nm, optically thin, 7 = 0.78 Figure 7.17) to those we have fitted
in radiative transfer (~100nm, using 7 = 3.68 Figure 7.17), which have similar wavelength dependent
polarisation.
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Figure 7.17: The effect of increased optical depth on the wavelength dependence of polarisation, each
panel displays this relationship for a different representative grain size. A thin circumstellar shell of
Amorphous Enstatite was simulated around g Cephei at 1.2 R,. Dust mass was increased to span a
range of optical depths 7 as indicated within each legend. The polarisation P = \/Q? + U?/I of the shell
is measured at each observational wavelength A 610,670,720,760 +25nm. As optical depth is increased
above ~ 7 = 2, the wavelength dependence changes significantly, and may be quite different to that of
the optically thin case. Optical depth 7 is a wavelength dependent property — we recorded the value of
7 at 760nm in the figure legends.
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Support for Hofner’s scattering driven stellar wind hypothesis

In the case of our best fit model, the fitted grains have minimum size of 120752 nm and a grain distribution
width of Zﬂ nm. If we treat only the MLE values, this dust grain distribution is very narrow. In
this section we will explore both the physical and numerical origins for the sizes of these fitted grain
distributions.

The general expectation of these inner circumstellar environments is that they may host larger grains
than the broader distribution of the interstellar medium (Asano et al. 2013; Srama et al. 2009; Mathis et
al. 1977a), and that their grain distributions may be narrow (though we note the theoretical research on
this has mostly been conducted for carbon-rich AGBs) (Groenewegen 2006; Winters et al. 1997; Yasuda
et al. 2012). In the case of silicate dust, dust grains are anticipated to have a narrow distribution with
radii of ~500nm due to the interaction of grain growth and wind acceleration (Hoéfner 2008).

These ideas have guided existing studies to fit an ‘effective’ or ‘averaged’ grain radius as a reasonable
approximation for a narrow grain distribution — representative values between 0.02-0.7 pym are common
(Norris et al. 2012; Ohnaka et al. 2016; Khouri et al. 2020; Scicluna et al. 2015; Adam et al. 2019).
Norris et al. 2012 argued that grains smaller than the effective radius may exist but will contribute a
significantly smaller amount to the polarised signal on account of a smaller polarised scattering cross
section. An alternative treatment of dust grain size has been to assume a Mathis et al. 1977b ISM
distribution consisting of small (Rayleigh) grains, a power law exponent of -3.5 and a maximum grain
size that is fitted freely (Khouri et al. 2015a). In our present radiative transfer modelling we attempted
to advance the level of constraint placed on the circumstellar grain size distribution by fitting freely to a
power law distribution with a minimum size ani,, width ayiqsn and power law exponent pl.

Considering our best fit solution, the grains fitted to u Cephei (~ 120;753) are significantly smaller than the
~500 nm predicted by Hofner 2008, and we demonstrated in Figures 7.15 and 7.16 that a representative
shell of 500 nm grains that generates polarised visibility amplitudes comparable to p Cephei’s will be too
optically thick to be consistent with our PIRATES image reconstructions of p Cephei (Figures 7.3 and
7.4).

Our analysis in Chapter 5 found that the provision of power law distributions did not significantly
improve the fit to data — although the differences between fits obtained with single grains and power law
distributions were small, the single grain size distributions provided a slight improvement. These models
were later shown to be physically unrealistic, however our present fit’s preference for a very narrow grain
distribution seems to be consistent with the wavelength dependence of results presented in Chapter 5.
Our finding is also consistent with research on analogous RSG Betelgeuse — where spectro-polarimetric
interferometry was used to constrain the grain distribution to around ~300nm with distribution width
of ~20nm (Haubois et al. 2019). Thus it may be possible that the grain size distributions around O-rich
RSGs are as narrow as those found in C-rich AGBs (Groenewegen 2006; Winters et al. 1997; Yasuda
et al. 2012).

To comment on the idea raised in Norris et al. 2012 — that small grains may be present but do not
contribute significantly to the signal — it is useful to be reminded of the relationship between grain
size and polarisation. To demonstrate this we simulated 3D thin shells of Amorphous Enstatite using
miepython and for each grain size computed the total contribution to scattering and polarised scattering
cross sections. Whilst the scattered cross section ., (which is the product of both the geometric cross
section and the total scattering cross section) rapidly rises with grain size, the polarised cross section
Opol 1s also a function of the scattering phase function (Figure 7.18). As grain size increases above
the Rayleigh scattering threshold (~100nm at 750 nm), the scattering function becomes increasingly
anisotropic and dominated by strong (in direction anisotropy) forwards scattering that is comparatively
weaker in contribution to polarised signal. The change in strength of polarised scattering can be visualised
by plotting the scattering cross section o4, and polarised scattering cross section o,y against grain size
(Figure 7.19).

The resulting function has a ‘flat top’ — indicating that in the presence of a uniform (in number) grain
distribution, the emerging polarised signal would be dominated by grains between ~40-120nm. In the
case of Norris et al. 2012 and their fit of 300 nm grains to W Hya, from Figure 7.19 we can infer that a
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distribution of grains around 300 nm must be narrow. If smaller grains between 50-120 nm were present
in any significant fraction, they would rapidly down-weight the effective grain size. Given that we do
not expect or have evidence to support the idea of a multi-modal grain distribution (clustered around
perhaps ~10nm and ~300nm), this reasoning combined with the result of Norris et al. 2012 seem to
support that a narrow grain size distribution is a feature of these inner circumstellar environments, and
that in terms of the grain sizes we can measure with spectro-polarimetric interferometry, Norris et al.
2012’s 300 nm grains may actually be a lower limit for the representative polarising grain size.

10 nm 80 nm 200 nm 300 nm

0° 180 0°

90°

Figure 7.18: The relationship between grain size and scattering anisotropy — for Amorphous Enstatite
grains observed at 760 £ 25 nm. Each panel depicts the polarised scattering phase function as a function of
observation angle. Here the source of light (incident) is travelling leftward from the 180° labels. The size
of the lobes indicate relative polarisation strength and the orientation of the lobes inscribe the anisotropy
of the polarised scattering function for that grain size. As grains increase in size towards the upper
threshold for the Rayleigh scattering approximation (~100 nm at 760 nm), polarisation strength increases.
However for grains larger than this threshold, the scattering function becomes increasingly anisotropic
and dominated by forwards scattering. Strong forwards scattering contributes weaker polarisation than
smaller grains — and so a decrease in polarised scattering is observed.
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Figure 7.19: The relationship between grain size and polarised scattering cross section — for simple
thin shells of single sized grains. Amorphous Enstatite was simulated at A760 £ 25 nm using n = 1.6 and
k = 0.0001 (derived from optical constant data). miepython was used to compute the scattering cross
sections and they were averaged over the scattering angles that constitute a 3D spherically symmetric
shell.

With these concepts in mind we now examine the fitted grain distributions of all of our chemical options
(Table 7.3), regardless of fit quality, as we found they yielded interesting insight on the appropriateness
of the power-law distribution as a description of the grain number density in these inner circumstellar
environments. Between chemicals there is considerable variability in the dust distribution widths fitted.
Whilst we would anticipate variation in the best fit dust grain size distributions for each chemical, it was
unexpected that some chemicals (eg. best fit Amorphous Enstatite Models 1 and 2) have widths of 2 nm,
whilst others (eg. Amorphous Silica or Pyroxene Mg95) have widths of 200- 340 nm. An explanation for
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this variability may be found by scaling the fitted number density distributions by the polarised scattering
cross section function depicted in Figure 7.19, which provides a first order estimate of how each grain size
contributes to the measured signal. Figure 7.20 depicts the grain distributions fitted to each chemical
and model (x axis), where the space between the minimum and maximum grain size (y axis) is filled
with a gradient that is the fitted number density distribution multiplied by the polarised scattering cross
section. This scaling demonstrates that whilst there is numeric variability in the distribution widths,
typically ~ 80% of the polarised signal is obtained from ~ 20 — 40 nm of each distribution. It seems that
all our distributions are narrow when weighted by their contribution to the polarised signal.
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Figure 7.20: Dust grain distributions fitted in radiative transfer code to each chemical candidate and
model with Bayesian Optimisation package optuna. For each model, the gradient between the minimum
and maximum grain sizes (blue) is given by the fitted number density scaled by the polarised scattering
cross section, which provides a first order indication of which of the fitted grains contribute most to
the polarised signal. The x2., values for each model are plotted in forest green. The minimum grain
size required to facilitate a scattering driven stellar wind is indicated by the dashed grey line (80 nm).

The upper limit for the size of grains supporting a scattering driven stellar wind is 1250 nm and was
eliminated within our inference.

These results (Figure 7.20) suggest that whilst our minimum grain sizes appear to be well constrained, the
power law widths and exponents are not well constrained. We hypothesise both numerical and physical
reasons for this. From a numerical perspective it is possible that this lack of constraint is due to the
intrinsic signal to noise of our data, and in that we have attempted to fit 3 grain size distribution param-
eters with 4 wavelengths of data — the complexity of this prescription may have been overly ambitious.
We may find that with improved signal to noise in our data (namely, the appropriate characterisation of
systematic errors), the upper limits of these power-law distributions (which contribute weakly to signal)
are better constrained. Alternatively, there may be too much covariance between the power law exponent
and maximum grain size, which results in the fitted solution collapsing to a representative grain size amyin.

From a physical perspective there are several reasons that our fitted power-laws may not be well con-
strained. Firstly, a power law may not be well constrained given that all grain sizes do not contribute
equally to the polarised scattered flux — as indicated by Figure 7.19. Both the number of grains and their
relative contribution to the scattered signal will affect the fitted number density. Less polarising grains
(here, those on the upper limits of our fitted grain distributions) will be harder to constrain. The second
physical reason a power-law distribution may not be well constrained by our data is that it is not the
appropriate number density function. Characterisations of number density distributions of circumstel-
lar grains are limited — we could only find an explicit number density distribution for the silicon-carbon
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grains of Carbon-rich AGBs (Yasuda et al. 2012). We attempted to reproduce this distribution and found
it could not be reproduced with a power law, instead requiring a very narrow (at most ¢ = 0.02 um)
distribution such as a log-normal with a cut off at ~1 um. Figure 7.21 depicts the distribution of Yasuda
et al. 2012 (right column) alongside our reproduction of this distribution with respect to grain number
density (left column, black) and scaled grain number density (middle column, black). We also overlaid a
representative power law distribution on this figure (blue lines, left and middle columns), which we man-
ually aligned to best match the Yasuda et al. 2012 distribution (minimum grain size 30 nm and power
law exponent of -2).

25— C T T T | 0 T T N T T T T ]
g ! Log Normal 10°F 3 !
20 === Wide Power Law 4 107! F 4 01 F N
1072 F E 0.01 F 4
= s
& 107 1 =108k 4
0 0
1074 4 1074 4
1075 F 4 1075 ;
0 L L L 10—6 L L L L 1 nd 1 L L 1
0.00 0.05 0.10 0.15 0.20 0.00 0.01 0.10 1.00  10.00 1073 0.01 0.1 1 10
a [pm] a [pm)] a[um]

Figure 7.21: Our reproduction of the number density distribution for silicon-carbon dust from Yasuda et
al. 2012. Column 3 depicts the distribution from Yasuda et al. 2012, column 1 depicts our reproduction of
this distribution with respect to number density (black) and column 2 depicts our reproduced distribution
on scaled axes (black). To approximate the distribution from Yasuda et al. 2012 we required a log-normal
distribution (4 = 0.03 um, o = 0.02 um) with a cut off at ~1 um. Overlaid onto columns 1 and 2 is a
representative power law distribution that we manually aligned to best match the Yasuda et al. 2012
distribution (minimum grain size of 30 nm and power law exponent of -2).

Though carbon dust has different properties to silicon dust (namely enhanced absorption which will result
in grain formation at much larger values of Ry), it is interesting to consider that if the dynamics of grain
formation are similar, silicon grains could also be described by a similar more symmetric distribution than
a power-law. If this is the case, a power law is not the appropriate number density function, we would
expect the maximum grain size to be poorly defined, and for the power law distribution’s minimum grain
size to be fitted to the most strongly contributing grain size effectively collapsing the parametrisation to
a ‘representative’ grain size.

The above reasoning — for both numeric and physical origins of our fitted solutions — suggest that it is
reasonable to treat the outcome of our model fits in Table 7.3 as best providing representative grain sizes
— equivalent to models fit in existing studies (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019).
Our results suggest that assessing the plausibility of narrow distributions more symmetric than the power
law would be an interesting direction of future work. The radiative transfer code used within this analysis
(MCFOST) (Pinte et al. 2006; Pinte et al. 2009) at present only treats power law distributions of grain
sizes. Future package development could include flexible number density functionality to allow the testing
of these ideas.

The MLE for the minimum grain size fitted to our best model (Enstatite (A) (2)) is 120735 nm - large
enough to support a scattering driven stellar wind from g Cephei. Uncertainty in this grain size is asym-
metric on account of the logarithmic scaling used when fitting the parameter via Bayesian Optimisation.
This value and its uncertainties support at least a 1o detection of grains supporting Hofner’s scattering
driven stellar wind in the circumstellar environment of ;1 Cephei.

Mass Loss Estimates

From our best fit model we can estimate the mass loss rate. Given that the fitted grain size is large enough
to support Hofner’s scattering driven stellar wind, we assume that all the dust in our model is lost from
the star at the speed of a typical stellar wind with velocity 19-35 kms~! (Montarges et al. 2019; Decin
et al. 2023; De Beck et al. 2010; Le Borgne et al. 1989). We adopt an average of these values (27 kms™1!)
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and assume a gas/dust ratio of 200 as is typical for u Cephei and analogous red supergiants (Montarges
et al. 2019; Mauron et al. 2011). Combining these assumptions with the geometric parameters fitted, we
derive a total mass loss rate of 107> M, yr~!, which is in agreement with the upper range of literature
values between 10~7 — 107°Mg, yr~! (Shenoy 2016; Gehrz 1971; Montarges et al. 2019).

A missing piece of the puzzle?

We can make several statements from the analysis presented within this thesis:

1. When fitting to a single wavelength of our 2023 data using PIPPI (A760nm) (Chapter 5), and
when examining our PIRATES image reconstructions (Figure 7.3 - 7.4), we were able to obtain fits
to our observables that were x2., < 1. This tells us that our geometric description of y Cephei’s
environment is not a limitation to our modelling.

2. When fitting to multi-wavelength data from 2023 using PIPPI, we were also able to produce chemical
fits with x2_, ~ 1 — however, we subsequently demonstrated these models were un-physical when
injected into radiative transfer code, an effect we identified to be caused by a lack of optical depth
modelling.

3. When using fully physical radiative transfer, and an equivalent (or more detailed) geometry equiv-
alent to (2) — we were unable to obtain a x2,, < 1.

These findings suggest that when fully physical radiative transfer code is used, and the wavelength
dependence of our tested dust species is constrained to that of physically valid solutions — that there
remains a missing element in our model for wavelength dependence.

We hypothesise several possible causes for this apparent limitation to our final models of p Cephei.
Firstly, it is possible that whilst our Bayesian Optimisations converged, our estimation of the underlying
posteriors could be improved. Variations to the stochastic convergence of the trials may cause variations
to the x?%,, but are unlikely to cause the larger discrepancy of Ax? ; ~ 1 between our best model in
the present Chapter (which had x?,;, = 2) and our best PIPPI chemical solution (which had x?_;, = 1).
Under the assumption that Xfed = 2 does (approximately) represent the best obtainable model using
radiative transfer code, we can hypothesise several origins of a ‘missing’ component of our present model’s
wavelength dependence.

Firstly, we assumed that the chemical composition of our extended circumstellar feature (SW quadrant)
was the same as that of the inner-circumstellar shell. The extended material is modelled as a clump
located at ~ 61 + 5mas (~ 6R,). As simulated in Chapter 2, at these radii many of the iron-richer
chemicals tested will now be cool enough to condense into solids. The presence of higher iron content
at larger radii could contribute to the wavelength dependence of polarisation. However, given how faint
this clump is compared to the inner circumstellar environment, it seems this would be unlikely to yield
sufficient improvement to obtain a X72"ed < 1.

The second option is that what we have modelled as a ‘density enhancement’ is actually an illumination
enhancement — we outlined this as a possibility in Chapter 5. Large and persistent convective cells may
cause heightened illumination in the circumstellar dust in the region above the cell. This would modify
the wavelength dependence of our illumination feature — an illuminated region will have very different
wavelength dependence to a density enhanced region with 7 ~ 3.5. We were not able test this possibility
in the present work as we do not have Stokes I observables from our VAMPIRES data and so could not
confirm the presence of a hot-spot on the surface of the star.

The third possible cause, which we consider most likely, is that we have not modelled the effects of limb
polarisation — polarisation from scattering in the extended photosphere of a star, originally predicted
by (Harrington 1969). Since the prediction of limb polarisation, the injection of atmospheric models
into radiative transfer has confirmed the significant contribution which the photosphere makes to total
polarisation measurements (Kostogryz et al. 2015; Kostogryz et al. 2016; Wittkowski et al. 2016; Ohnaka
et al. 2016; Gustafsson et al. 2008). Two studies have examined the contribution of atmospheric scattering
to RSG Betelgeuse (Haubois et al. 2019; Lépez Ariste et al. 2018), demonstrating that limb polarisation
may contribute up to Q/I = 12% at the limb at 550 nm (Haubois et al. 2019). At observing wavelengths
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closer to our own (750 nm), values provided are between Q/I = 1-2% for a surface gravity of log g = 0.5
or 0 (Haubois et al. 2019; Lépez Ariste et al. 2018).

p Cephei’s surface gravity has estimates between log g = —0.36 and 0 cgs (Kipper 2010; Josselin et al.
2007). We can estimate from these models of Betelgeuse that the lower limit of polarisation from the
limb may be Q/I = 1-2%. As modelled in Haubois et al. 2019 for Betelgeuse, we also expect that
the molecular atmosphere around p Cephei will lower the total polarisation as a function of increased
absorption which will dilute the coherence of polarisation in the escaping light (Turner 2014; Magalhaes
1981; Coyne et al. 1979). u Cephei’s nominal stellar diameter at A 750 nm (21 mas) and the resolving
power of VAMPIRES + NRM (longest baseline length has a resolution of 20 mas) should mean that limb
polarisation is resolvable. At the present time no limb polarisation models for p Cephei exist, though
we are currently involved in their development as a result of the findings presented within this Chapter.
The integration of limb polarisation models with our dust modelling framework is a part of our ongoing
work. 2

7.6 Chapter Summary

This Chapter discussed the application of PIRATES to data from our observing campaign of pu Cephei,
providing 7 years of high spatio-temporal coverage of p Cephei’s inner circumstellar environment. Our
image reconstructions provide the most detailed description of 1 Cephei’s inner circumstellar environment
to date, and demonstrate the prevalence of asymmetry on all scales — adding to the growing body of ob-
servational evidence on such features in circumstellar environments. Our image reconstructions indicated
that both a significant density asymmetry in the inner circumstellar environment and an extended clump
are required to model p Cephei’s circumstellar dust.

By fitting to the parametrisation suggested by our PIRATES reconstructions in fully physical radiative
transfer code we found that Amorphous Enstatite provided the best fit to our data by a slim margin.
Our best fit model consisted of a circumstellar shell at 1.6 R, with a large density enhancement of
contrast ~ 8.7+ 0.3 at ~ 267£26° East of North, brighter than equivalent enhancements fitted to AGB
stars. We interpreted this density enhancement in a similar fashion to previous studies — as evidence
of a large clump of dust in the inner circumstellar environment. Our fitted model consists of dust with
7 ~ 1—3.5, which supports a growing body of evidence that circumstellar environments contain optically
thick features that cannot be modelled without treatment of multiple scattering. Our model also included
an extended clump in the South-Western quadrant, at a radial distance of 61 4+ 5 and an angular location
of 200 + 5° East of North, co-located with material previously detected by Safonov et al. 2019 and within
our own PDI reduction (see Chapter 5). The extended clump is much less dense than the inner material,
with 7 ~ 0.15 and a total mass of 7.3755 x 10711

We found that use of radiative transfer code for chemical inference was able to resolve the degeneracy in
grain size solutions obtained from simple scattering codes like PIPPI. Through radiative transfer analysis
we demonstrated that the cause of better constraint was the modelling of optical depth — which not only
changes the appearance of a model in the image plane, but changes the wavelength dependence of the
polarisation signal. Critically, we demonstrated that use of simple scattering models can bias the outcome
of grain size inference if simple models are fitted to targets that are not strictly optically thin — in this
scenario, simple models may attempt to emulate optical depth by increasing the fitted grain size. Using
radiative transfer code, p Cephei was fit with grains of size 120Jjg§ nm, occupying a narrow distribution
which we evaluated may have physical or numeric origins, both of which suggested it was appropriate
to treat this grain size as a representative fit to the data. Amorphous Enstatite grains with radius of
~120nm are of appropriate size to support a Hofner scattering driven stellar wind from pu Cephei. This
analysis adds to a small but growing body of evidence that scattering is a critical element in the launch
of winds from O-rich evolved stars — and that this mechanism may apply not only to the AGB stars for
which it was originally construed, but to RSG stars as well. Our estimated mass loss rate is within the
higher range but in agreement with values for  Cephei from the literature — 10=° Mg, yr—1.

2Private communication with J.P Harrington, N Kostogryz, X Haubois. We were unable to obtain models for the limb
polarisation of p Cephei during this candidature, but its proper treatment is a part of ongoing work and will be included
in our subsequent paper.
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However, we found that we were unable to obtain a Xfed ~ 1 for our chemical inference in fully physical
radiative transfer code (despite being able to do so with the simpler unphysical models of Chapter 5).
Given that our analysis in the present chapter has tested the same pool of candidates for grain chemistry
but with full physical constraint, this suggests that there is a component of the wavelength dependence
of u Cephei missing from our modelling. Whilst there are no existing models at this time, we hypothesise
that this missing element is limb polarisation, and suggest this to be a promising avenue for future studies
of i Cephei’s circumstellar environment.
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Chapter 8

Conclusions and Future Work

8.1 Summary

This thesis aimed to advance the status of optical-wavelength spectro-polarimetric interferometry as a
method for probing the inner circumstellar environments of evolved stars. Its primary scientific focus was
RSG p Cephei, for which we aimed to constrain the circumstellar geometry, chemistry and dust grain
size with a core objective of ascertaining the plausibility of Hofner’s scattering-driven stellar wind from
1 Cephei (Hofner 2008).

We have achieved this aim by advancing three core initiatives: (1) the development of novel instrumen-
tation — VAMPIRES + NRM, (2) the creation of a suite of modelling and image reconstruction tools
for analysing optical spectro-polarised interferometric observables — which have addressed the limita-
tions of existing techniques — and (3) demonstrating the viability of these methods via their application
to u Cephei. Subsequent constraint of the circumstellar material has yielded novel science outcomes
underpinning the mechanisms that contribute to a scattering driven stellar wind.

The foundation of this research was the instrumentation work conducted in Chapter 3 — within which we
have created facility level reduction software for the NRM mode of VAMPIRES. We upgraded the existing
treatment of VAMPIRES + NRM data by integrating empirically fitted Muller matrix instrument models
into software and modelling frameworks, permitting the disentanglement of instrumental polarisation and
non-azimuthal science signal. Our engineering work — in particular the correction of a computing issue
which improved observing efficiency by ~ 30% and our archival data analysis — have improved observing
with and interpretation of VAMPIRES + NRM data, which will provide a solid foundation for planned
future science.

We developed two modelling tools for VAMPIRES 4+ NRM, that may be applied more generally to all
optical spectro-polarised interferometric observables. Firstly, we created PIPPI (Chapter 3), which is a
differentiable and GPU accelerated version of the simple scattering models which constitute the existing
treatment of this data type (Ireland et al. 2005; Norris et al. 2012; Haubois et al. 2019). The acceleration
provided by PIPPI’s design permitted the testing of broader and more finely sampled circumstellar
chemistry and grain size than has historically been computationally tractable. Secondly, we created
PIRATES (Chapter 6) — the first image reconstruction algorithm for optical wavelength polarimetric
interferometry data (Lilley et al. 2025b). PIRATES was designed to be a complementary technique to
parametric model fitting and is trained on polarised images and observables generated by fully physical
radiative transfer code. In our paper (Lilley et al. 2025b) we demonstrated that PIRATES may be
applied to a broad range of astrophysically relevant targets, and can reconstruct high fidelity images
whilst simultaneously optimising fits to the polarised interferometric observables.

The application of these two codes (PIPPI and PIRATES) to u Cephei and the comparison of their
outcomes yielded several valuable insights which are helpful in guiding future modelling practices for
this data type. Our results demonstrated that whilst simple models (PIPPI) are a very effective way
to constrain circumstellar geometry, they are limited and potentially misleading if used to constrain
the chemistry and grain size of circumstellar dust that is not strictly optically thin at all observational
wavelengths. In Chapter 5 we applied PIPPI to fit u Cephei’s grain size — finding three degenerate grain
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size regimes could equally well explain the data (~ 250, 750, above 1200 nm). We then proceeded to re-
analyse the simple scattering model approach by injecting the fitted PIPPI models into radiative transfer
code. Doing so revealed that most of the fitted models were not physically valid solutions — most of the
fitted dust grain sizes require an optical depth greater than 1 to produce polarised visibility amplitudes
as large as p Cephei’s.

Subsequently, informed by the PIRATES image reconstructions of u Cephei, in Chapter 7 we fit to the
geometry, chemistry and grain size of y Cephei’s circumstellar dust using fully physical radiative transfer
code. We obtained a narrow distribution of best fit grain sizes around 1201‘@? nm — a value significantly
below even the smallest grain size fit with PIPPI (250 nm). To understand why use of radiative transfer
code gave us a) a non-degenerate solution for grain size and b) a different solution for grain size to PIPPI,
we analysed the radiative transfer models used to constrain p Cephei’s dust. Doing so demonstrated that
the proper modelling of optical depth is responsible for explaining both points of difference. Increased
optical depth changes both the appearance of the dust geometry in the image plane and the wavelength
dependence of polarisation. These results demonstrate that if targets which are not strictly optically thin
are fit with simple models like PIPPI, the results of grain size inference will be biased. Without strong
prior information to support that a target has optically thin dust at all observational wavelengths, fully
physical radiative transfer code should be used for chemical inference.

Throughout application of our developed modelling techniques we constrained several elements of 1 Cephei’s
circumstellar geometry, providing the highest resolution spectro-spatial coverage of the inner circumstel-
lar environment to date. We used PIRATES to reconstruct images of p Cephei over a 7-year period,
consistently observing a strong polarised circumstellar shell and a persistent extended dust feature. The
circumstellar shell is best fit at 1.6 Ry, with a large density enhancement of contrast ~ 8.3 +£0.3 at
~ 2674+ 26° East of North, brighter than equivalent enhancements fitted to AGB stars. We interpreted
this density enhancement in a similar fashion to previous studies — as evidence of a large clump in the
inner circumstellar environment. Our fitted model consists of dust with 7 ~ 1 — 3.5, which supports a
growing body of evidence that circumstellar environments contain optically thick features that cannot
be modelled without treatment of multiple scattering. We observed temporal evolution of the inhomo-
geneity within the inner circumstellar environments, on scales that could be explained by typical stellar
wind speeds. To the extended environment we fitted a Gaussian clump in the South-Western quadrant,
at a radial distance of 61 4+ 5 and an angular location of 200 + 5° East of North, angularly co-located
with material previously detected by Safonov et al. 2019 and within our own PDI reduction (see Chapter
5). The extended clump is much less dense than the inner material, with 7 ~ 0.15 and a total mass of
7.3755 x 1071

Our radiative transfer fitting yielded that the best fit chemistry was Amorphous Enstatite, with grains
narrowly distributed about ~ 120f§?§ nm. These grains are of appropriate size and transparency to
facilitate Hofner’s scattering driven stellar wind, adding to a small but growing body of evidence that
this may explain the deficit remaining from our theoretical understanding of RSG mass loss (Scicluna
et al. 2015; Haubois et al. 2019).

8.2 Suggestions for Future Work

This research has revealed great scope for future work employing optical-wavelength spectro-polarised
interferometry data on p Cephei and on other evolved targets — here we outline what we think are the
most important avenues to advance instrumentation, modelling and the astrophysics of evolved dusty
stars.

Firstly, we suggest that the next direction of instrumental characterisation is to model polarisation
aberrations — which we estimated in this work with a multiplicative scaling factor. We suspect the biggest
improvement to results (in particular to physical model constraint) will be yielded by understanding the
effect that these highly spatially correlated errors have on VAMPIRES + NRM data.

Secondly, from the perspective of refining our best-fit model of 1 Cephei — as we outlined at the end of
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Chapter 7 — we suggest that limb polarisation may play an important role in p Cephei’s circumstellar
environment and in modelling the wavelength dependence of our data. Although models for p Cephei’s
limb polarisation do not yet exist, our dust framework is now ready to integrate them for a more phys-
ically complete description of low surface gravity stars like ;1 Cephei. We are currently involved in the
development and integration of these models and will include them in a forthcoming publication (Lilley
et al. 2025a). There are many exciting potential astronomical targets which our work can now be applied
to, directly expanding the scope and relevance of our findings to wider classes of dust-producing stel-
lar systems. Specific targets likely to yield excellent data with available observational resources include
evolved stars Omicron Ceti and R Aquarii, each has been previously observed with VAMPIRES + NRM
but (unfortunately) only in the faintest part of their variability cycles (Wong 2023; Charles 2022). More
generally, we suggest that alternative targets with equivalently low surface gravities should be probed for
limb polarisation, and that these efforts may lead to the spatially resolved detection of limb polarisation
around an evolved star. Such an effort might be best targeted to dust-free objects so as to avoid ambiguity
over the origin of polarised signals.

The research within this PhD focused on singular evolved stars, not addressing the role which obscured
and un-detected binary companions play in the stellar mass loss process (Vermeulen et al. 2025; Smith
2014; Decin et al. 2020). The instrumentation discussed and modelling techniques developed would nicely
lend themselves to research on this subject matter, and would be an interesting avenue of further research.

At the heart of our analysis is the outcome that fully physical and constrained modelling is required to
capture the effects of optical depth — which plays a dominant role in 1 Cephei’s circumstellar environment.
Our preliminary re-analysis of the models in Norris et al. 2012 suggest that data should be reanalysed
now that detailed radiative transfer code and modelling techniques (like those described here-in) exist to
facilitate modelling optical depth. Our analysis suggests that tools like PIPPI are best used for modelling
the circumstellar geometry, but should not be used for modelling the circumstellar chemistry or grain
size without a strong prior that the circumstellar dust is optically thin. In cases where this prior does
not exist, chemistry and grain size inference should be performed in radiative transfer code.

Within the present work we fitted radiative transfer models using a Bayesian Optimisation algorithm, as it
provided an efficient but thorough way to sample the parameter spaces of interest given the computational
expense of radiative transfer models. Fitting continuously to parameters like the circumstellar grain size is
ideal so long as numerical convergence is guaranteed. A stronger method (which is not computationally
tractable at the present time) is to fix the grain distribution and then constrain all other parameters
under the assumption of fixed grains. This was possible to do with PIPPI given GPU acceleration
but is not currently computationally tractable to employ with radiative transfer codes like MCFOST.
However, the computational tractability of such an approach may be on the horizon given the rapid and
exciting development of faster radiative transfer codes like RAD-Jax which obtain a speed up of 10*
compared to existing methods (Levis et al. 2025). Although RAD-Jax does not yet support scattering,
its implementation would make more rigorous hypothesis testing of grain size in full radiative transfer
code computationally tractable.

When fitting to circumstellar grain size using a power law distribution we found that parameters for
the distribution width and exponent were not well constrained, and that it was most appropriate to
interpret the minimum fitted grain size as a representative grain size for the dust. Whilst we hypothesised
numerical and physical origins for this lack of constraint, our results may also indicate that narrow grain
distributions could provide better characterisation of the grains within inner circumstellar environments
than power law distributions. Adding flexible grain distribution functionality to MCFOST would permit
the investigation of this possibility.

One idea that we pursued during our use of PIPPI was the viability of performing ‘volume reconstruction’
of circumstellar environments using the three-dimensional information yielded by polarimetry. This
idea stemmed from the need for physical consistency between polarised images, and the difficulty of
regularising images that are not positive definite (which Stokes Q and U are not). Implemented in jax,
this algorithm computed the gradients of every 3D voxel with respect to the fit to observables and a
volume-based regularisation term. To make this computationally tractable we were required to assume
the scene was optically thin and multiply the volume by the pre-computed scattering grids we described
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in Chapter 4. Whilst we found this technique worked, it suffered from the same limitations we identified
in PIPPI in Chapter 5. However, if packages like RAD-Jax have scattering functionality in the near
future, reconstructing circumstellar volumes in fully physical radiative transfer will be computationally
tractable and would be a very interesting and promising direction of future modelling development.
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Chapter A
Appendix Material

This chapter contains supplementary Appendix material for the following chapters:

For Chapter 2:

e Optical constant data collated and used in all chemical modelling (Figures A.1 - A.3).

For Chapter 3:

e Equations for reducing the triple differential visibilities and closure phases (Equations A.1 - A.8).

For Chapter 5:
e MCMC Hyper-parameters (Table A.1).
e MCMC priors, initial conditions (Tables A.2 and A.3).

e Corner plots for fitted models (Figures A.4 - 77)

For Chapter 7:

e EWC scans for application of PIRATES to real u Cephei data (Figures A.23 - A.24).

e Bayesian Optimisation Posteriors for each fitted chemical (Figures A.25 - A.33)
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Figure A.1: Optical constants for various dust species used in radiative transfer models. Data obtained
from Jena University Optical Constants Database. Where species have a crystalline form, the contribu-
tions from all three optic axes are ‘mixed’.
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Figure A.2: Optical constants for various dust species used in radiative transfer models. Data obtained
from Jena University Optical Constants Database. Where species have a crystalline form, the contribu-
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Figure A.3: Optical constants for various dust species used in radiative transfer models. Data obtained
from Jena University Optical Constants Database. Where species have a crystalline form, the contribu-
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HN denotes the HWP state (0,22.5,45,67.5) FN denotes the FLC state (A,B) and CN denotes the camera
state (1,2).
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Cgﬁna,l7 CP — 2

Ucp1 = H22.5_FA_C1,CP — H22.5 FA_.C2,CP  Ucp 4 = H67.5_FA_C1,CP — H67.5_FA_C2,CP
Ucp» = H225FB.C1,CP — H22.5FB.C2.CP  Ucp 5 = H67.5.FB.C1,CP — HOT5.FB.C2.CP ( o

Ucp,1 — Ucp,2

Ucpa—Ucps
UCP,B = 9 UCP,G =

2

Ucps — Ucp,s

5 (A.8)

Ufinal, cp =
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A.3.1 MCMC Hyper-parameters, Priors, Initial Conditions

Table A.1: MCMC steps, walkers and burn in discard

’ Model H Steps \ Walkers \ Burn in
A 5000 6 2500
B 5000 9 2000
C 5000 9 2000
D 8000 12 3000
E 8000 12 3000
F 9000 15 3000
G 9000 15 3000
H 8000 12 3000
I 13000 18 3000
J 9000 15 3000
K 11000 21 3000
L 7000 8 2000
M 12000 24 3000
N 13000 18 3000
O 12000 24 3000
P 12000 24 3000
Q 15000 30 5000
R 12000 24 3000
S 15000 30 5000
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Table A.2: Model Priors and Initial Conditions — Rayleigh Scattering with PIPPI (I)

Model|| po/[Pmins a Cp St pl as Sc « b h k
pmam}
A Po 15 4 - - - - - - - -
rmins Prmaz] | [12,200] | [0.01,10] | - - - - - . . -
B Do 15 4 15 5 : : 5 5 5 5
Prmins Pmaz] | [1,200] | [0.01,10] | [1,150] | - - - - - - -
C Po 15 4 - 3 - - - - - -
[pmina pmaz] [17200} [001710] - [17 10} - - - - - -
D 20 15 4 5 - 15 2 - . - 5
[Doins Pmaz] | [1,200] | [0.01,10] | - ; [12, 200] | [0.01, 50] | - ; ; ;
E 20 15 4 5 5 - 0 15 5 5 5
[Pmin; Pmaz) [1,200] 0.01,10] | - - - [-25, 25] [12, 200] - - -
F Do 15 4 3 5 5 0 15 5 5 5
Pmin, Pmaz] | [1,200] | [0.01,10] | [1,6] | - - 25, 25] | [12,200] | - - -
G o0 15 4 5 5 5 0 15 5 5 5
[Pmins Pmaz] | [1,200] | [0.01,10] ; - 25, 25] | [12, 200] | - - ;
H Po 15 4 - - - - - - 0 0
[Pmin, Pmas] | [1,200] | [0.01,10] | - - - - - _ [-25,25] | [-25, 25]
I Do 15 4 - - - - 0 15 0 0
[pm’ina pmaw] [127200] [0 01710] - - - - [_257 25] [127 200] [_257 25} [_257 25}

¢ wdey) ¢y
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Table A.3: Model Priors and Initial Conditions — Rayleigh Scattering with PIPPI (II)

Model|| po/[Pmin, a Ch o b 1o T Cg h k E, E;
pmax]

J Po 15 4 - - 2/371‘ 120 0.5 - - - -
[Prins Prmaz] [12, 200] | [0.01, 10] | - - (r,2q] | [0,500 | [0.01,500] | - - - -

K Po 15 4 0 15 2/3m 120 0.5 - - - -
(Prmins Pmae] | [12, 200] | [0.01, 10] | [-25,25] | [12,200] | [x, 27] | [0,500] | [0.01, 500] | - - - -

L Po 15 4 - - 2/3w 120 0.5 - - - -
Doins Dmaa] | [12, 200] | [0.01, 10] | - ; (r,27] | [0,500] | [0.01, 500] | - . - .

M Po 15 4 0 15 2/371' 120 0.5 - - - -
Doins Pmae] | [12, 200 | 0.01, 10] | [-25, 25] | [12,200] | [x, 27] | [0,500] | [0.01, 500] | - ; - -

N Po 15 4 - - 2/3m 120 0.5 - - - -
[Prins Prmaz] [12, 200] | [0.01, 10] | - ; (r,2q] | [0,500 | [0.01,500] | - - - -

O Po 15 4 0 15 2/3m 120 0.5 - - - -
Poins Dmaa] | [12, 200 | 0.01, 10] | [-25, 25] | [12,200] | [x, 27] | [0,500] | [0.01, 500] | - . - -

P Po 15 4 - - 2/3m 120 0.5 0 0 - -
Drmins Prmae] | [12, 200] | [0.01, 10] | - ; (r,27] | [0,500] | [0.01,500] | [9-9] | [-9-9] |- ;

Q Po 15 4 0 15 2/371‘ 120 0.5 0 0 - -
Prmins Pmaa] | [12, 200] | [0.01, 10] | [-25,25] | [12, 200] | [m, 27] | [0, 500] | [0.01,500] | [-99] | [-99] |- .

R Po 15 4 - - 2/3m 120 0.5 - - 2 270
[Prmins Prmas [12, 200] | [0.01, 10] | - ; (r,2q] | [0,500 | [0.01,500] | - ; [0.01, 15] | [90, 360]

S Po 15 4 0 15 2/3w 120 0.5 - - 2 270
[Pins Dmas [12, 200] | [0.01, 10] | [-25, 25] | [12,200] | [r, 27] | [0,500] | [0.01, 500] | - . [0.01, 15] | [90, 360]

¢ wdey) ¢y
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A.3.2 Corner Plots
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Figure A.4: Corner plots for Model Class A — thin spherical shell.
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Figure A.5: Corner plots for Model Class B — thick spherical shell.
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Figure A.6: Corner plots for Model Class C — power-law spherical shell.
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Figure A.7: Corner Plots for Model Class D — Two thin spherical shells.
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Figure A.9: Corner Plots for Model Class F — Thick elliptical shell. Elliptical thickness constrained
to 1-6.
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Figure A.10: Corner Plots for Model Class G — Power-law elliptical shell (exponent 3).

165



A.3 Chapter 5

2060 2 052 625 5031
star_contrast = 4.96 £ 015 ¢ stor_contrast = 5.01 £ 013
n=-475 2025 h= 7652069
9342113 k=178056
»
S
« ~
° L L
s A S © S o» o o & o
S S «
S « Pl > K TR Vv ’L/L 2
a dust_star_contrast h K a dust_star_contrast h «

(a) 2017 (b) 2018/02

2=1993 2048 18,07 £ 0.05
t_star_contrast = 443 £ 0.07 star_contrast = 5.82 + 0.08
2 2
3 3
h=1059 % 0.44 h=663+009
k=22003s 032037
o ° © o & o
P A 3 PO R

a dust_star_contrast

(c) 2018/05 (d) 2020

a=13282005

t_star_contrast = 6.31 = 0.06

dust_star_contrast

h=1292003

K=-0.10 % 0.03

T T S S S S Y
P AR

. ot st contast " 8
(e) 2023

Figure A.11: Corner Plots for Model Class H — Thin offset spherical shell. Multi-modal posteriors
but clear MLEs.
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Figure A.12: Corner Plots for Model Class I — Thin offset elliptical shell. 2018 epochs are notably
more multimodal/noisy.
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Figure A.13: Corner Plots for Model Class J — Thin spherical shell with blob.
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(e) 2023

Figure A.14: Corner Plots for Model Class K — Thin elliptical shell with blob.
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Figure A.15: Corner Plots for Model Class L — Thick spherical shell with blob.
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(a) 2017 (b) 2018/02

(c) 2018/05 (d) 2020
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Figure A.17: Corner Plots for Model Class N — Power-law spherical shell with blob.
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(c) 2018/05 (d) 2020
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A.4.1 EWC Scans
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Figure A.23: u Cephei EWC scans for archival datasets 1-4.
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Figure A.24: p Cephei EWC scans for multi-band dataset 6.
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A.4.2 Bayesian Optimisation Posteriors

Shaded regions indicate the mode used to estimate the lo uncertainties of the maximum likelihood
estimates for each parameter.
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Figure A.25: Bayesian Optimisation Posteriors: Amorphous Enstatite — Model 2.
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Figure A.26: Bayesian Optimisation Posteriors: Amorphous Enstatite — Model 1.
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Figure A.27: Bayesian Optimisation Posteriors: Amorphous Spinel — Model 1.
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Figure A.28: Bayesian Optimisation Posteriors: Amorphous Corundum — Model 1.
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Figure A.29: Bayesian Optimisation Posteriors: Amorphous Forsterite — Model 1.
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Figure A.30: Bayesian Optimisation Posteriors: Crystalline Pyroxene 95— Model 1.
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Figure A.32: Bayesian Optimisation Posteriors: Crystalline Enstatite — Model 1.
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