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Abstract
Learning-based control is a powerful tool for nonlinear control design for complex
dynamical systems. Driven by the rise of deep Reinforcement Learning (RL), most
approaches parametrise control policies with black-box neural networks, which are
universal approximators for nonlinear systems. These can easily be trained in simula-
tion with simple, gradient-based optimisation schemes. However, black-box approaches
such as deep RL suffer a fundamental limitation: they lack certifiable guarantees of
closed-loop stability, robustness to disturbances, and sensitivity to model error.

This thesis introduces novel parametrisations of neural feedback policies with built-in
stability and robustness guarantees. Instead of relying on black-box neural networks,
we parametrise our policies with state-of-the-art robust neural networks that are de-
signed to automatically satisfy stability and robustness constraints of their own.

Our main contribution combines robust neural networks with a nonlinear version of
the Youla-Kučera parametrisation. We propose a theoretically-motivated framework
that fuses classical and learning-based control with model information under a single
policy architecture. The resulting policy parametrisation: (1) automatically guaran-
tees closed-loop stability and robustness; (2) allows for plug-and-play optimisation
with standard training pipelines based on gradient descent; and (3) is not restrictive
in the controllers it covers (for certain classes of nonlinear systems). We derive rig-
orous theoretical certificates for our parametrisation in partially-observed, nonlinear
systems with incremental stability requirements (contraction and Lipschitzness), and
demonstrate its capability for stability-certified deep RL via numerical experiments.

We extend our study of robust learning-based control with two further contributions. In
the first, we demonstrate via an empirical study that to improve robustness in existing
deep RL architectures, one can directly replace the black-box neural network with a
Lipschitz-bounded network. However, the structure of the network parametrisation
is important. We show that only expressive parametrisations with tight Lipschitz
bounds can boost closed-loop robustness without sacrificing nominal performance. In
the second, we derive a new, scalable parametrisation of stable (contracting) and robust
(Lipschitz) networks as a computationally-efficient alternative to existing robust neural
networks. Our new parametrisation is up to an order of magnitude faster in training
and inference than existing tools, and opens the possibility of learning large-scale
stabilising controllers for high-dimensional systems in future work.
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Chapter 1

Introduction

1.1 Learning Robustly-Stabilising Neural Policies

The motivation for this thesis comes from the field of deep Reinforcement Learn-

ing (RL). Deep RL is an extremely powerful tool for general-purpose nonlinear con-

trol design via simulation [7, 159, 18]. It has been the driving force behind many

recent successes in learning-based control, including: teaching computers to play ar-

cade [113] and strategy games [149, 150]; enabling highly-dynamic robotic locomotion

[97, 148, 138] and manipulation [62, 81]; reaching super-human performance in high-

speed autonomous drone racing [83, 156]; and even in nuclear fusion [35]. The power of

deep RL comes from its use of simple, gradient-based optimisation methods [107, 143]

to train control policies parametrised by Deep Neural Networks (DNNs), which we

call policy networks. Together with modern automatic differentiation tools [19, 22]

and hardware-accelerated physics simulators [46, 111], it is now possible to train deep

RL policies to control real-world robotic systems in less than an hour on a standard

desktop Graphics Processing Unit (GPU) [138, 25].

The standard approach to training a policy network with deep RL is to minimise

empirical estimates of an expected cost over a distribution of different initial system

1



Chapter 1. Introduction

states, disturbances, and physical properties [159, 5, 166]. It is here, however, that

we encounter one of the key limitations of deep RL – there are no guarantees on

the stability, bounded response to disturbances, or sensitivity to model error of the

resulting closed-loop system. While the risk of instability can be reduced by using long

training horizons with regulation- or tracking-style cost functions, closed-loop stability

and robustness are not explicitly part of the standard RL problem formulation. This

makes deep RL policies susceptible to unexpected failures in new environments [27, 36],

even in the presence of very small disturbances such as those generated by targeted

adversarial attacks [70, 139, 144].

Readers with a background in control theory may find the lack of closed-loop stability

guarantees in deep RL rather disturbing. Indeed, classical control is built on a deep and

rigorous understanding of stability theory for dynamical systems [186, 196, 175, 130],

and one of the primary objectives of control engineering is to design (robustly) stabilis-

ing controllers. The performance of these controllers should of course be optimised, but

always subject to the fundamental constraint that the closed-loop system be provably

stable in all operating conditions. This raises the question of whether a similar design

philosophy can be brought to learning-based control without sacrificing the power and

flexibility of methods such as deep RL. Specifically, we consider the following question:

Can we learn robustly-stabilising neural feedback policies with closed-loop

guarantees for nonlinear systems using simple, gradient-based optimisation tools?

How best to approach this question remains an open challenge [69]. Verification tools

such as [33, 190, 123] have been developed to test the closed-loop stability and ro-

bustness of learned policy networks after they have been trained. However, training a

policy network often takes tens of minutes (with many GPUs or on small problems)

or hours to days (otherwise), making it infeasible to iteratively train a network, verify

its closed-loop stability, adjust the training setup, and train it again. Instead, other

works such as [60, 80, 69] have proposed projected gradient descent methods, where the

parameters of a neural network are projected into a known set of robustly-stabilising

2



Chapter 1. Introduction

policies at each step during training. While this approach guarantees closed-loop sta-

bility, projection steps are computationally expensive and scale poorly with both the

size of the dynamical system and the complexity of the policy network. The growth

in the scale of systems and policies that can be trained by RL methods is significantly

outpacing the scalability of such methods. An alternative approach which avoids pro-

jections is to apply the classical small-gain theorem [2]. That is, if an upper bound

on the input-output gain of the dynamical system to be controlled is known, we can

guarantee closed-loop stability by also limiting the input-output gain of the policy net-

work [145, 78]. However, the small-gain theorem is known to be a conservative design

tool. The trade-off for computational efficiency is therefore a limit on the expressive

power of the policy network, which in turn limits performance. Note that there is also

a wealth of related literature called safe RL, where the objective is to learn policy net-

works that constrain a dynamical system within some “safe” region of its state-space

[54, 65, 23, 61]. Even in safe RL, however, the question of learning robustly-stabilising

policies within the safe region remains an open problem [23, Sec. 3.3.1.1].

The approach we take in this thesis is to construct neural policy parametrisations

that are stable by design – i.e., closed-loop stability and robustness constraints are

embedded directly within the policy parametrisation itself. Specifically, we study policy

parametrisations which automatically satisfy the following high-level requirements.

1. Robustly-stabilising: the policy parametrisation only includes controllers which

stabilise the closed-loop system according to particular notions of stability and

robustness.

2. Differentiable: the policy parametrisation is compatible with standard auto-

matic differentiation tools to facilitate plug-and-play learning with existing opti-

misation pipelines, such as those based on Stochastic Gradient Descent (SGD).

3. Expressive: the policy parametrisation is expressive and contains a large set of

(preferably all) robustly-stabilising controllers for a given system.

3



Chapter 1. Introduction

These three requirements allow us to decouple closed-loop stability and robustness

certificates from the training setup, which includes the optimisation algorithms, cost

functions, and training data. Any policy parametrisation satisfying these requirements

is guaranteed to be robustly-stabilising by construction, and can easily be trained via

existing data-driven control pipelines such as deep RL without worrying about closed-

loop stability or robustness during training – that is, there is no need for additional

computationally-expensive projections or stability analysis procedures during training.

Moreover, the more expressive the parametrisation, the greater the likelihood that it

will contain high-performing policies. In a sense, the goal of this thesis is to design pol-

icy parametrisations which maximise the third requirement subject to the constraints

of the first two.

The fundamental tool that will allow us to construct stable-by-design policy parametri-

sations is a robust neural network. The current state-of-the-art approach to parametris-

ing neural policies is to use black-box neural networks, which are widely known to be

sensitive to small perturbations and have no constraints on their input-output robust-

ness or internal stability [160, 55, 1]. This makes it challenging to certify stability and

robustness of the resulting closed-loop system, and is the root cause of the difficulties

with the existing methods for learning stabilising policies outlined above. In contrast,

robust neural networks are designed to automatically satisfy a set of user-defined be-

havioural constraints including certified bounds on their sensitivity to perturbations

[133, 181] and guarantees on their internal stability [135, 136].

1.2 Contributions and Outline

The contributions of this thesis are as follows. In Chapters 3 to 5, we address the prob-

lem of parametrising robustly-stabilising neural policies using robust neural networks.

Roughly speaking, we replace the black-box policy network in a typical neural policy

architecture with either a robust neural network (Chapter 3) or a more sophisticated

policy parametrisation built around a robust neural network (Chapters 4 and 5). We

4



Chapter 1. Introduction

then use the certified robustness properties of the network to regulate the stability

and robustness of the closed-loop system via the policy parametrisation itself, which

is not possible with black-box networks. The main theoretical contribution is the

study of a stable-by-design policy parametrisation based on the classical Youla-Kučera

parametrisation [193, 92] in Chapters 4 and 5, where we find that the closed-loop sys-

tem automatically inherits the same robust stability properties as the policy network

under assumptions.

In Chapter 6, we shift our focus to the robust neural networks themselves. We propose

a new method to improve the scalability of the robust network parametrisation from

[136] (which we use as the basis of our policy class in Chapter 5) so that our policies

can be scaled to large neural models for high-dimensional problems in future work.

A detailed overview of the contributions of each chapter is provided below, including

the publications on which they are based (see Section 1.3).

• Chapter 3 is based on [13]. It presents a study of robust policy networks satisfying

a particular constraint on their input-output sensitivity called a Lipschitz bound.

We investigate the benefits of different parametrisations for Lipschitz-bounded

policy networks in deep RL by analysing their empirical performance and robust-

ness on two representative problems: pendulum swing-up and Atari Pong. We

illustrate that policy networks with smaller Lipschitz bounds are more robust to

disturbances, random noise, and targeted adversarial attacks than unconstrained

policies composed of vanilla Multi-Layer Perceptrons (MLPs) or Convolutional

Neural Networks (CNNs). However, the structure of the Lipschitz layer is impor-

tant. We find that the widely-used method of spectral normalisation [112] is too

conservative and severely impacts clean performance, whereas more expressive

Lipschitz layers such as the recently-proposed Sandwich layer [181] can achieve

improved robustness without sacrificing clean performance.

• Chapters 4 and 5 are based on [15, 12, 178]. We study stable-by-design parametri-

sations of nonlinear policies for learning-based control. We propose a structure

5



Chapter 1. Introduction

based on a nonlinear version of the Youla-Kučera parametrisation combined with

robust neural networks such as the Recurrent Equilibrium Network (REN) [136].

The resulting parametrisations are unconstrained, and hence can be searched over

with first-order optimization methods, while always ensuring closed-loop stability

by construction. We study the combination of (a) nonlinear dynamics, (b) partial

observation, and (c) incremental closed-loop stability requirements (contraction

and Lipschitzness). We find that with any two of these three features, a con-

tracting and Lipschitz Youla parameter always leads to contracting and Lipschitz

closed loops. However, if all three hold, then incremental stability can be lost

with exogenous disturbances. Instead, a weaker condition is maintained, which

we call d-tube contraction and Lipschitzness. We further obtain converse results

showing that the proposed parametrisation covers all contracting and Lipschitz

closed loops for certain classes of nonlinear systems. Numerical experiments il-

lustrate the utility of our parametrisation when learning controllers with built-in

stability certificates for: (i) cost functions without stabilizing effects; (ii) short

training horizons; and (iii) uncertain systems.

• Chapter 6 is based on [14]. It focuses on improving the scalability of robust neu-

ral network parametrisations so that they can be applied to higher-dimensional

learning tasks in future work. Specifically, we present the Robust Recurrent

Deep Network (R2DN), which is a feedback interconnection of an Linear Time

Invariant (LTI) system and a 1-Lipschitz deep feedforward network. We directly

parametrise the weights of the R2DN so that the models are stable (contracting)

and robust to small input perturbations (Lipschitz) by design. Our parametri-

sation uses a similar structure to the REN architecture [136], but without the

requirement to iteratively solve an equilibrium layer at each time-step. This

speeds up model evaluation and backpropagation on GPUs, and makes it com-

putationally feasible to scale up the network size, batch size, and input sequence

length in comparison to RENs. We compare R2DNs to RENs on three repre-

sentative problems in nonlinear system identification, observer design, and deep
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RL and find that training and inference are both up to an order of magnitude

faster with similar test set performance, and that training and inference times

scale more favourably with respect to model expressivity.

Another significant contribution of this thesis is the development of two software pack-

ages1,2 open-sourcing the robust neural networks developed at the Australian Centre

For Robotics (ACFR) during the author’s PhD candidature. Partial documentation

for one of these packages is included in this thesis.

• Appendix B is based on [11]. It documents RobustNeuralNetworks.jl, an

open-source software package written in the Julia programming language [19]

which contains implementations of Lipschitz-bounded Sandwich networks from

[181] and RENs from [136]. The package was designed to make these recently-

developed robust network architectures accessible to the community, and allows

users to interface directly with Julia’s most widely-used machine learning pack-

age, Flux.jl [76]. We discuss how the parametrisation of robust neural networks

can be elegantly represented in Julia code, give an overview of the package, and

provide a tutorial demonstrating its use in image classification, RL, and nonlinear

observer design. The package is registered on the Julia general package registry.

The remainder of this thesis is structured as follows. Chapter 2 provides an overview

of key concepts and tools used in the main body of this thesis, including: neural policy

parametrisations and their lack of closed-loop guarantees; incremental stability and

robustness in nonlinear systems; a review of the robust neural network architectures

from [181, 136]; and numerical methods for solving deep RL problems. The main

contributions are in Chapters 3 to 6. Chapter 7 presents a summary of key findings and

concluding remarks, including suggested directions for future work, and Appendix A

contains additional proofs not included in the main body of this thesis. We conclude

with Appendix B on RobustNeuralNetworks.jl.

1https://github.com/acfr/RobustNeuralNetworks.jl
2https://github.com/acfr/RobustNeuralNetworks
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1.3 Publications

The following publications make up the main content of this thesis. Note that [15] is

currently under review, and an updated version of [14] is currently in preparation.

[15] Nicholas H. Barbara, Ruigang Wang, Alexandre Megretski, and Ian R. Manch-

ester, “React to Surprises: Stable-by-Design Neural Feedback Control and the

Youla-REN,” Submitted to the IEEE Transactions on Automatic Control, 2025.

[14] Nicholas H. Barbara, Ruigang Wang, and Ian R. Manchester, “R2DN: Scal-

able Parametrization of Contracting and Lipschitz Recurrent Deep Networks,” In

Preparation for the IEEE Control Systems Letters, 2025.

[11] Nicholas H. Barbara, Max Revay, Ruigang Wang, Jing Cheng, and Ian R.

Manchester, “RobustNeuralNetworks.jl: a Package for Machine Learning and Data-

Driven Control with Certified Robustness,” Proceedings of the JuliaCon Confer-

ences, 2025.

[13] Nicholas H. Barbara, Ruigang Wang, and Ian R. Manchester, “On Robust

Reinforcement Learning with Lipschitz-Bounded Policy Networks,” Symposium

on Systems Theory in Data and Optimization, 2024.

[12] Nicholas H. Barbara, Ruigang Wang, and Ian R. Manchester, “Learning Over

Contracting and Lipschitz Closed-Loops for Partially-Observed Nonlinear Sys-

tems,” Proceedings of the IEEE Conference on Decision and Control, 2023.

[178] Ruigang Wang, Nicholas H. Barbara, Max Revay, and Ian R. Manchester,

“Learning Over All Stabilizing Nonlinear Controllers for a Partially-Observed Lin-

ear System,” IEEE Control Systems Letters, 2022.
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1.4 Notation

Let N and (R+) R be the set of natural and (positive) real numbers, respectively.

We denote the set of sequences x : N→ Rn by ℓn, where the superscript n is omitted if

it is clear from context. We write ℓnp ⊂ ℓn for the set of sequences with finite ℓp norm

for p ∈ [1,∞), where the ℓp norm is defined by

∥x∥p :=
( ∞∑

t=0

|xt|p
) 1

p

for any x ∈ ℓn, and | · | is the Euclidean norm. Letting xi:j := (xi, xi+1, . . . , xj) be the

sequence truncation over [i, j] with i ≤ j, we use ∥x∥p,T to denote the ℓp norm of x0:T

with T ∈ N. For the majority of this thesis, we are interested in the ℓ2 norm of signals,

hence we use the short-hand ∥ · ∥ := ∥ · ∥2 and ∥ · ∥T := ∥ · ∥2,T where appropriate.

We write A ≻ 0, A ⪰ 0, A ≺ 0, A ⪯ 0 for positive-definite, positive semi-definite,

negative-definite, and negative semi-definite matrices A ∈ Rn×n, respectively.

A function f : Rm → Rn is said to be Lipschitz continuous if ∃ γ⋆ ∈ R+ such that

|f(a)− f(b)| ≤ γ⋆|a− b|

for all a, b ∈ Rn. We call the function γ-Lipschitz if the condition holds for a particular

γ ∈ R+ where γ ≥ γ⋆.

We denote the concatenation of vectors u ∈ Rn, v ∈ Rm as [u; v].
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Chapter 2

Background

The work presented in this thesis combines ideas from classical feedback control and

modern machine learning. In this chapter, we present an overview of the necessary

background to understand our main contributions in Chapters 3 to 6. We assume

that the reader has a background in control theory and some familiarity with standard

methods in machine learning and learning-based control.

We start by reviewing the problem of learning neural feedback policies through the

lens of deep RL, and introduce the concept of a neural policy parametrisation. We

then discuss limitations of existing black-box neural policy parametrisations, in par-

ticular their failure to guarantee stability and robustness in the closed-loop system.

This is followed by an introduction to two specific notions of nonlinear stability and

robustness (respectively) – contraction [98] and incremental Integral Quadratic Con-

straints (IQCs) [108]. Having defined these notions, we introduce the concept of a

robust or behaviourally-constrained neural network and discuss two important net-

work architectures which we ultimately use in place of black-box policy networks in

Chapters 3 to 6. We conclude with a brief review of numerical methods in deep RL,

which we use for training policy networks later in this thesis.
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2.1 Learning Neural Feedback Policies

There are many strategies with which to learn feedback controllers from data [32, 7, 45].

The most powerful methods for nonlinear systems all share a common trait – they

use a high-dimensional neural network to parametrise the control policy, and learn the

weights of the network via first-order optimisation schemes. This means, however, that

the most powerful methods are also those that are affected by fundamental limitations

on the robustness of black-box neural networks.

Before reviewing black-box neural networks and their relevant advantages and limi-

tations, we first formally introduce the problem of learning feedback control policies,

which will form the basis of the main contributions in this thesis.

2.1.1 Problem Formulation

Consider the block-diagram in Figure 2.1. We are interested in controlling discrete-

time, nonlinear dynamical systems G with state-space representations

xt+1 = f(xt, ut, wt)

yt = h(xt, ut, vt),
(2.1)

internal states xt ∈ Rnx , controlled inputs ut ∈ Rnu , measured outputs yt ∈ Rny , and

(unknown) disturbances d = [wt; vt] ∈ Rnd .

Our main objective is to design controllers u = K(y) which stabilise the closed-loop

system in the presence of disturbances, and which minimise arbitrary cost functions

J(K) depending on the states and controls. A typical cost structure is

J(K) = E
x0,d

[
T−1∑
t=0

g(xt, ut) + gf (xT )

]
∀T ∈ N, (2.2)

where the expectation E[·] is taken over some distribution of disturbances d and initial

states x0, and g, gf are piecewise differentiable stage and terminal costs, respectively.
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Figure 2.1: Typical block diagram for feedback control and reinforcement learning.

The typical workflow is to choose a controller structure or policy class Kθ parametrised

by a vector θ ∈ Θ ⊆ RN , and to optimise over controller parameters θ ∈ Θ until some

design specifications are met. We can therefore write the control design problem as

min
θ∈Θ

J(θ) s.t. y = G(u, d), u = Kθ(y). (2.3)

There are some simplified settings in which (2.3) can be solved exactly. For example,

if G is an LTI system and J(θ) a quadratic cost on the states and controls, it is well-

known that the optimal structure for Kθ is the series interconnection of a Kalman filter

and state-feedback controller, and several constructive methods exist for choosing the

optimal controller and observer gains θ [41, 64]. In the nonlinear setting, however,

solving (2.3) is extremely challenging. In general, it is not clear what structure a

controller Kθ should have for it to be a “good” controller, and even if a particular

structure is chosen, finding controller parameters θ which even approximately minimise

the cost function (2.2) can be tricky.

The approach taken in many learning-based control methods is to choose a high-

dimensional DNN for the controller Kθ. In this case, θ is a vector of the network’s

learnable weights and biases. How best to find the minimising θ then becomes a mat-

ter of preference. For example, the common approach in deep RL is as follows. Rather

than trying to solve (2.3) exactly, the cost function is approximated by sampling over

batches of M trajectories of the closed-loop system with different initial conditions and

13
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disturbances to estimate

Ĵ(θ) :=
1

M

M−1∑
m=0

[
T−1∑
t=0

g(xmt , u
m
t ) + gf (x

m
T )

]
≈ J(θ). (2.4)

Typically M is chosen to be very large (hundreds or thousands) to give a good estimate

of the true cost for a particular choice of controller parameters θ. The optimal choice

of θ is then estimated by running variants of the classic gradient descent algorithm

θk+1 ← θk − α∇θĴ(θ) (2.5)

on the approximate cost function (2.4) until convergence, where α > 0 is the learning

rate (a hyperparameter to be chosen). A significant topic of research in deep RL is

how to approximate the cost gradient ∇θĴ(θ) in (2.5) in a computationally-efficient

manner. The most successful approaches leverage automatic differentiation tools and

massive parallelism with GPUs to approximate the cost gradient – see for example

[113, 141, 143, 63, 49]. We defer our discussion of specific deep RL algorithms to

Section 2.4.

2.1.2 Neural Policy Parametrisations

When a neural network is used to parametrise the feedback controller Kθ in Figure 2.1,

we call it a neural policy parametrisation. The strength of a neural policy parametri-

sation lies in the fact that sufficiently large neural networks universally approximate

all continuous nonlinear functions (for static, feedforward networks) and all nonlinear

state-space models (for recurrent networks) [68, 147]. Moreover, deep neural networks

are directly compatible with automatic differentiation tools and can easily be trained

with gradient descent methods based on (2.5). Neural policy parametrisations there-

fore offer a straightforward method for learning over a (very) large class of feedback

controllers to optimise arbitrary cost functions (2.4).

The most common neural network structure used to parametrise feedback controllers
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is a multi-layer feedforward network, which is a static nonlinear function defined by

w0 = u,

wk+1 = σ(Wkwk + bk), k = 0, . . . , L− 1

y = WLwL + bL,

(2.6)

where u ∈ Rnu , wk ∈ Rnk , y ∈ Rny are the input, hidden unit of the kth layer, and

output of the network, respectively, and L is the number of hidden layers. The terms

Wk ∈ Rnk+1×nk , and bk ∈ Rnk are the learnable weight matrix and bias vector of the kth

layer, respectively, and σ is a scalar, nonlinear activation function (e.g., ReLU, tanh).

The two most common examples of feedforward networks (2.6) are MLPs and CNNs.

Both are widely used as neural policy parametrisations, with practitioners typically

relying on small MLPs for problems with low-dimensional measurement spaces (e.g.,

encoder readings in a robotic system [138, 83]) and CNNs for problems with high-

dimensional measurements (e.g., images and video streams in vision-based feedback

control [113, 81]). In the case of an MLP, the weight matrices Wk are (in general)

dense, whereas a CNN uses highly-structured weights and is implemented in practice

by convolving the layer inputs with learnable convolution kernels [90].

A common assumption when learning neural policies is that all states of the system G in

Figure 2.1 are directly measurable – i.e., yt = xt exactly in (2.1). In this setting (under

standard stochastic optimal control formulations) the optimal policy is a static, state-

feedback controller [8], and it is common to use a memoryless network architecture

like (2.6) to parametrise the policy [159]. In many practical scenarios, however, only

partial state information is available. For example, one may have encoders reading the

angular positions of joints in a robotic system, but no direct measurements of angular

velocities or vibrational modes in flexible appendages. In classical feedback control,

the solution in these situations is to add internal dynamics to the controller structure

Kθ, often in the form of a state observer. A similar strategy in learning-based control

is to use a dynamic or recurrent policy network which has an internal state – i.e., a
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Recurrent Neural Network (RNN) [185]. The classic structure of a single-layer RNN is

xt+1 = σ(C1xt +Dut + bx)

yt = C2xt + by

(2.7)

where xt is the internal state at time t ∈ N, C1 ∈ Rnx×nx , C2 ∈ Rny×nx , D ∈ Rnx×nu are

the layer’s weight matrices, and bx ∈ Rnx , by ∈ Rny are the layer’s bias vectors. Multi-

layer RNNs can be constructed in much the same way as (2.6) by connecting multiple

copies of (2.7) in series. Note, however, that recurrent policy networks parametrised by

classic RNNs can be difficult to train due to internal model instability, which is widely

known in the literature and is often referred to as the exploding gradients problem

[17, 134]. In practice, Long-Short Term Memory (LSTM) networks [67] are preferred

to vanilla RNNs due to their superior numerical performance [10, 185, 148].

It is important to reflect here that, unlike many controller parametrisations in classi-

cal optimal or robust control (e.g., [196, 155, 130]), no model information is explicitly

included in a standard neural policy parametrisation. This is often seen as an advan-

tage of learning-based methods such as deep RL and the term “model-free” is typically

applied (e.g., [10, 97, 107, 151]). We note, however, that most deep RL policy net-

works, particularly those for robotics applications, are trained in high-fidelity physics

simulators (e.g., [167, 46, 111]). While no explicit mathematical model is written into

the controller parametrisation, the simulator is itself a model of the robotic system

and its environment, hence a model is present and the neural network learns some

internal representation of the physics during training. We will introduce an example of

a policy parametrisation that explicitly includes model information later in this thesis

(Chapters 4 and 5).

2.1.3 Stability and Robustness Are Not Guaranteed

Most neural network architectures, such as (2.6) and (2.7), are simple function approx-

imators. We refer to these architectures as “black-box” since they take an input vector,
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return an output vector, and we have no control over the inner workings of the network

other than by training them to minimise high-level cost functions. This very general

structure leads to a fundamental limitation of black-box neural networks – they have

no constraints on their input-output behaviour or internal stability.

In fact, black-box policy networks are widely known to be highly sensitive to small

perturbations to their inputs [160], which in turn can de-stabilise the closed-loop sys-

tem. The sensitivity of feedforward networks (2.6) was first observed in the context

of image classification, where small amounts of optimised adversarial noise (adver-

sarial attacks) were found to severely degrade the performance of CNN classifiers in

[160, 55]. Similarly-styled adversarial attacks were also observed to negatively effect

performance in recurrent network architectures (e.g., [26]). This vulnerability extends

to the closed-loop setting too, where adversarial attacks have been shown to de-stabilise

even state-of-the-art policy networks trained via deep RL [70, 139, 144].

We show two examples of this phenomenon in Figure 2.2. In Figure 2.2a [70], the policy

network was trained to win the game of Atari Pong. The adversarial noise added to

the gameplay image is entirely imperceptible to the human eye, and yet it is enough

to cause the policy to make a sub-optimal decision and hold its paddle still instead of

moving it towards the puck. The sensitivity of policy networks to adversarial attacks is

also a problem outside of toy examples. Figure 2.2b shows a recent example from [144]

on the ANYmal quadrupedal robot [73], where the state-of-the-art locomotion policy

network from [109] was rendered closed-loop unstable by small, optimised adversarial

noise added to the policy’s measurements.

It is common to improve the robustness of neural policy networks by augmenting

the training data with adversarial examples or realistic perturbations to the closed-

loop system during training [122, 30, 166, 139]. Alternatively, one can train the policy

network with specialised loss functions which encourage smooth responses that are less

sensitive to perturbations [116, 114]. The key issue with these approaches, however,

is that they still rely on black-box neural networks. This means that they do not
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action taken: down 
original input 

action taken: noop 
adversarial input 

action taken: up 
original input 

action taken: down 
adversarial input 

Figure 1: Two approaches for generating adversarial examples, applied to a policy trained using
DQN [15] to play Pong. The dotted arrow starts from the ball and denotes the direction it is traveling
in, and the green rectangle highlights the action that maximizes the Q-value, for the given input. In
both cases, the policy chooses a good action given the original input, but the adversarial perturbation
results in missing the ball and losing the point. Top: This adversarial example is computed using the
fast gradient sign method (FGSM) [10] with an `1-norm constraint on the adversarial perturbation;
the adversarial input is equivalent to the original input when converted to 8-bit image encodings, but is
still able to harm performance. Bottom: FGSM with an `1-norm constraint; the optimal perturbation
is to create a “fake” ball lower than the position of the actual ball.

Our main contribution is to characterize how the effectiveness of adversarial examples is impacted by
two factors: the deep RL algorithm used to learn the policy, and whether the adversary has access
to the policy network itself (white-box vs. black-box). We first analyze three types of white-box
attacks on four Atari games trained with three deep reinforcement learning algorithms (DQN [15],
TRPO [19], and A3C [16]). We show that across the board, these trained policies are vulnerable to
adversarial examples. However, policies trained with TRPO and A3C seem to be more resistant to
adversarial attacks. Fig. 1 shows two examples of adversarial attacks on a Pong policy trained with
DQN, each at a specific time step during test-time execution.

Second, we explore black-box attacks on these same policies, where we assume the adversary has
access to the training environment (e.g., the simulator) but not the random initialization of the
target policy, and additionally may not know what the learning algorithm is. In the context of
computer vision, Szegedy et al. [22] observed the transferability property: an adversarial example
designed to be misclassified by one model is often misclassified by other models trained to solve
the same task. We observe that the cross-dataset transferability property also holds in reinforcement
learning applications, in the sense that an adversarial example designed to interfere with the operation
of one policy interferes with the operation of another policy, so long as both policies have been
trained to solve the same task. Specifically, we observe that adversarial examples transfer between
models trained using different trajectory rollouts and between models trained with different training
algorithms.

2

Adversarial Input

(a) Example on Atari Pong from [70].

Rethinking Robustness Assessment: Adversarial
Attacks on Learning-based Quadrupedal

Locomotion Controllers
Fan Shi†123, Chong Zhang†1, Takahiro Miki1, Joonho Lee1, Marco Hutter1, Stelian Coros2

† Equal contribution. Video: https://fanshi14.github.io/me/rss24.html
1 Robotic Systems Lab, ETH Zurich 2 Computational Robotics Lab, ETH Zurich 3 ETH AI Center

Abstract—Legged locomotion has recently achieved remark-
able success with the progress of machine learning techniques,
especially deep reinforcement learning (RL). Controllers employ-
ing neural networks have demonstrated empirical and qualitative
robustness against real-world uncertainties, including sensor
noise and external perturbations. However, formally investigating
the vulnerabilities of these locomotion controllers remains a
challenge. This difficulty arises from the requirement to pinpoint
vulnerabilities across a long-tailed distribution within a high-
dimensional, temporally sequential space. As a first step towards
quantitative verification, we propose a computational method that
leverages sequential adversarial attacks to identify weaknesses in
learned locomotion controllers. Our research demonstrates that,
even state-of-the-art robust controllers can fail significantly un-
der well-designed, low-magnitude adversarial sequence. Through
experiments in simulation and on the real robot, we validate
our approach’s effectiveness, and we illustrate how the results it
generates can be used to robustify the original policy and offer
valuable insights into the safety of these black-box policies.

I. INTRODUCTION

Legged robots, especially quadrupedal robots, are expected
to free people from dull, dirty, and dangerous (3D) tasks, such
as transportation, underground inspections, and rescue oper-
ations. However, real-world scenarios with complex terrain,
sensor noises, and unexpected perturbations present significant
hurdles. Robust locomotion controllers are essential in this
context.

Recent advancements in machine learning, especially in
reinforcement learning (RL), have significantly improved the
performance of quadrupedal robots. [32, 67, 42]. Controllers
based on neural networks (NN) have demonstrated remarkable
robustness, contributing to the success of team CERBERUS in
the DARPA Subterranean Challenge [62]. This competition is
known for its demanding mobility tasks in real underground
environments [12]. Unlike traditional controllers that rely on
explicit dynamics models and online optimization [28, 20],
neural network controllers reformulate the problem into offline
optimization of the control policy through massive trials and
errors in simulation.

Despite the rich literature on neural locomotion controllers,
there’s still a limited understanding of how neural networks
operate, making these controllers seem like a ”black box” to
researchers [37]. Recent studies have increasingly focused on
the vulnerabilities of neural networks [15, 23], highlighting

Fig. 1: The state-of-the-art robust locomotion policy [42]
can be destabilized even on flat ground when subjected to
a sequence of low-magnitude multi-modal adversarial attacks
on observations, demonstrating the vulnerabilities in learning-
based neural controllers.

how small, adversarial modifications can significantly impact
their performance. These subtle manipulations pose consider-
able risks in practical applications of neural network systems.

In the context of robot control, adversarial attacks can be
formulated as introducing noises or disturbances that compro-
mise the effectiveness of the controllers. For instance, Koren
et al. [30] proposed to identify specific pedestrian movement
patterns that could potentially cause an autonomous vehicle to
crash [30]. Yet, within the domain of quadrupedal locomotion
controllers, validation of such risks with temporally sequential
attacks is still missing, highlighting the need of further explo-
ration to understand and mitigate potential vulnerabilities.

Given the high-dimensional and multi-modal nature of
the search space for sequential attacks, strategies such as
introducing random noise through domain randomization [61]
are insufficient for identifying the subtle vulnerabilities of
the controllers. Moreover, policies which are designed to be
resilient against such disturbances [42] present further chal-
lenges to discover effective sequential attacks using straight-
forward methods. Additionally, adversarial scenarios should
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(b) Example on ANYmal quadruped from [144].

Figure 2.2: Black-box policy networks are not robust to perturbations: (a) a policy net-
worked trained to play Atari Pong is tricked into not moving the controlled paddle (right)
instead of moving it down to meet the puck (left) by adding very small amounts of adversarial
noise (middle) to the image; (b) a policy network trained to control the ANYmal quadruped
is rendered closed-loop unstable when subject to adversarial measurement noise.

provide any certifiable guarantees of closed-loop stability and robustness, and that any

improvement in empirical robustness is entirely dependent on the data used to train

the policy. For the remainder of this thesis, we will be interested in policy networks

which come equipped with certificates of internal stability and reduced input-output

sensitivity so that we can derive guarantees of stability and robustness independently

of the training data.
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2.2 Incremental Stability and Robustness

Having established a need for learning neural feedback policies which provably and

robustly stabilise nonlinear dynamical systems, we now need clear definitions of what

is meant by closed-loop stability and robustness in this thesis. This section introduces

contraction [98] and incremental IQCs [108] as our definitions of internal stability

and robustness for nonlinear systems, respectively. We provide precise definitions of

contracting systems admitting incremental IQCs, and highlight useful properties and

special cases that motivate our study of such systems.

2.2.1 Contraction

In contrast to stability theory for LTI systems, common definitions of stability for non-

linear systems come in varying degrees of strength [87, 155]. For example, asymptotic

stability is a relatively weak notion of nonlinear stability. It has minimal restrictions

on the transient behaviour or rate at which a system eventually converges to some

equilibrium state or trajectory. A stronger notion is exponential stability, which en-

forces that the state trajectories of a system exponentially converge to a particular

equilibrium state or trajectory. The stability notion we are interested in achieving in

this thesis is one step stronger – contraction, also known as incremental exponential

stability [98].

A contracting dynamical system is one in which all the state trajectories exponentially

converge together when given the same input sequence (see Figure 2.3). It is a strong,

incremental form of nonlinear stability in that it describes the stability of the differ-

ences between trajectories. This makes it completely independent of any particular

equilibrium point or trajectory, unlike other stability notions such as asymptotic or

exponential stability. Incremental stability is well-suited to machine-learning applica-

tions because it allows for the stabilisation of all trajectories and smooth closed-loop

responses. This is particularly useful: when a trained policy network is required to

generalise to unseen data; for providing intuitive responses when hand-tuning; when
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Figure 2.3: Contracting systems exponentially forget their initial states.

including the policy as a certified component in a bigger system; and for smooth be-

haviour in end-to-end optimisation pipelines.

Formally, we define a contracting system as follows. Consider a discrete-time, nonlinear

dynamical system

xt+1 = F (xt, ut) (2.8)

with internal state xt ∈ Rnx , inputs ut ∈ Rnu , and F locally Lipschitz.

Definition 2.1 (Contraction). The system (2.8) is said to be contracting (incremen-

tally exponentially stable) with contraction rate α ∈ [0, 1) and overshoot β ∈ R+ if

for any two initial states xa0, xb0 ∈ Rnx given the same input sequence u ∈ ℓnu, the

corresponding state trajectories xa, xb ∈ ℓnx satisfy

|xat − xbt | ≤ βαt
∣∣xa0 − xb0∣∣ ∀ t ∈ N. (2.9)

The above definition implies that contracting systems forget their initial states expo-

nentially (Figure 2.3). This is a useful property in the context of feedback control.

For example, if we can design a controller which (provably) achieves contracting closed

loops with (2.8), then we can be sure that the system will be stable from any initial

state. This is just one of the many useful properties of contracting systems. The

following are all properties that naturally occur for contracting systems with a given

(bounded) input sequence u [98]:
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• Under the mild assumption that there exists a single bounded trajectory of the

system, then all state trajectories of the system are bounded.

• A convex contraction region contains at most one equilibrium point. Hence, if

the input ut is constant for all t ∈ N, all trajectories of the system exponentially

converge to a unique equilibrium point.

• If u is periodic, the state trajectories of (2.8) exponentially converge to a periodic

sequence with the same fundamental frequency as the input.

Moreover, contracting systems are naturally robust to changes in their inputs u. Specif-

ically, one can show that if F is Lipschitz with respect to the inputs u, then bounded

changes to the inputs of (2.8) result in bounded changes to the state trajectories, and

exponentially converging inputs result in exponentially converging state trajectories.

We formalise these properties in the following lemmas.

Lemma 2.1. Suppose (2.8) is contracting with rate α and overshoot β, assume F is

Lipschitz continuous w.r.t. u with Lipschitz constant γ, and consider any two input

sequences u, u⋆ ∈ ℓ. Then the corresponding state trajectories x, x⋆ ∈ ℓ satisfy

∥x− x⋆∥p ≤ βC|x0 − x⋆0|+
γuβ

1− α∥u− u
⋆∥p (2.10)

for p ∈ [1,∞), where C is a constant that depends on the contraction rate α.

Lemma 2.2. Suppose (2.8) is contracting with rate α and overshoot β, assume F is

Lipschitz continuous w.r.t. u with Lipschitz constant γ, and consider any two exponen-

tially converging input sequences u, u⋆ ∈ ℓ such that |ut − u⋆t | ≤ ūϵt for some ū ∈ R+

and ϵ ∈ [0, 1). Then the corresponding state trajectories x, x⋆ ∈ ℓ satisfy

|xt − x⋆t | ≤ β(|x0 − x⋆0|+ ūC̄)ρt, ∀t ∈ N (2.11)

for some ρ ∈ [0, 1) and C̄ ∈ R+ depending on α, ε, γ.
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These two lemmas describe well-known properties of contracting systems. Similar

statements appear in [98, Sec. 3.7, property (vii)], [173, Thm. 2.8], and [157, Thm. 4],

respectively. We provide self-contained proofs in Appendix A.1 for completeness, and

use the specific statements of Lemmas 2.1 and 2.2 to prove later results in Chapter 5.

Over the last two decades, contraction has seen a rise in popularity due to its many

attractive properties. Some notable examples include: nonlinear control design via

convex optimisation [104, 105, 182]; learning-based stability analysis and control [173,

172]; robot motion planning [153, 171, 191]; and as an analysis tool in neuroscience

[89, 28]. For a comprehensive overview of contraction theory and its applications, we

refer the reader to: the seminal paper on contraction theory [98]; a recent tutorial

paper [173]; lecture notes introducing the topic for simplified settings [24]; connections

between contraction and other definitions of nonlinear stability [169]; and an opinion

paper on the benefits of contraction theory for control, optimisation, and learning [34].

We further provide a geometric interpretation of contraction theory in Appendix A.1.

2.2.2 Incremental IQCs

Contraction describes the internal stability of a dynamical system given a particular

input sequence. We also need to define the robustness of a system to changes in its

inputs. For this, we use incremental IQCs [108].

Let us first add an output map to the discrete-time nonlinear system (2.8) such that

xt+1 = F (xt, ut)

yt = H(xt, ut)
(2.12)

where yt ∈ Rny is the system output and F , H are locally Lipschitz. For the same

reasons as discussed with regards to contraction analysis, we are interested in incremen-

tal definitions of robustness (i.e., concerning differences between trajectories) so that

our robustness metrics are suitable for machine-learning applications. We therefore

introduce the following definition [108].
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Definition 2.2 (Incremental IQC). The system (2.12) is said to admit the incremental

Integral Quadratic Constraint (IQC) defined by (Q,S,R) where Q = Q⊤ ∈ Rny×ny ,

S ∈ Rnu×ny , R = R⊤ ∈ Rnu×nu if for any two initial states xa0, xb0 ∈ Rnx and input

sequences ua, ub ∈ ℓ, the corresponding output sequences ya, yb ∈ ℓ satisfy

T∑
t=0

∆yt
∆ut

⊤Q S⊤

S R

∆yt
∆ut

 ≥ −κ(xa0, xb0) ∀T ∈ N (2.13)

for some function κ(xa0, x
b
0) ≥ 0 with κ(x0, x0) = 0, and where ∆yt = ybt − yat , ∆ut =

ubt − uat . We call such a system (Q,S,R)-dissipative.

Incremental IQCs provide a very general and powerful framework for the analysis of

nonlinear systems [108, 29], optimisation algorithms [96, 95], neural networks [133,

123], and many other complex dynamical systems. Definition 2.2 also includes many

common definitions of incremental input-output stability and robustness as special

cases (e.g., incremental passivity [175]). One particularly important special case for

this thesis is a Lipschitz system, which is a (Q,S,R)-dissipative system with Q = − 1
γ
,

S = 0, R = γI for some γ ∈ R+.

Definition 2.3 (Lipschitz system). The system (2.12) is said to be Lipschitz (i.e., has

a finite incremental ℓ2-gain bound) if there exists a γ⋆ ∈ R+ such that

∥∆y∥T ≤ γ⋆∥∆u∥T + κ(xa0, x
b
0) ∀T ∈ N (2.14)

with κ(·, ·),∆y,∆u as defined in Definition 2.2. We call a system γ-Lipschitz if (2.14)

holds for a particular γ ∈ R+ with γ ≥ γ⋆.

The Lipschitz bound plays an important role in quantifying the robustness of dynamical

systems to input perturbations. Systems with small Lipschitz bounds are “smooth” in

the sense that small changes to their inputs do not induce large variations in their

outputs. The smaller we make γ, the smoother the response to input perturbations.

The Lipschitz bound is a rather natural measure of smoothness for static functions,
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since it is exactly the maximum slope of the function (for scalar functions) or the largest

singular value of the Jacobian (for multi-variate functions). For dynamical systems,

the connection between smoothness and robustness is perhaps most intuitive for LTI

systems. In this case, the Lipschitz bound is exactly the H∞ norm of the system,

which is so often used as a measure of robustness in classical control theory [42, 196].

We therefore use the Lipschitz bound as a generalised notion of robustness to input

perturbations for nonlinear dynamical systems throughout this thesis.

Note that Definition 2.2 only describes static incremental IQCs. We will extend it to

the more general case of frequency-weighted IQCs [108] in Chapter 5.

2.3 Robust Neural Networks

We saw in Section 2.1.3 that using black-box neural networks to parametrise feedback

policies can cause unstable closed-loop behaviour. Having defined our specific notions

of stability and robustness in Section 2.2, we are now ready to introduce the main

tool used in thesis to combat this limitation – stable and robust neural networks

(a.k.a behaviourally-constrained neural networks [132]). We will see in Chapters 4

and 5 that, with certain policy architectures and assumptions on the system to be

controlled, the closed-loop system can inherit the stability and robustness properties

of a behaviourally-constrained neural network.

This section presents an overview of the two robust neural network architectures which

we will use for numerical experiments (Chapters 3 to 5) and as a point of comparison

(Chapter 6) throughout this thesis:

1. Lipschitz-bounded Sandwich networks [181].

2. Robust Recurrent Equilibrium Networks (RENs) [136].

Sandwich networks and RENs are designed to automatically satisfy user-defined sta-

bility (contraction) and robustness (incremental IQC) constraints by construction –
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i.e., there is no need to impose these properties as constraints during training via

computationally-expensive projection methods or with specialised cost functions. This

is achieved via direct parametrisations, which are surjective, differentiable mappings

from a set of learnable parameters to the network weights. Both network architectures

are also highly expressive (i.e., not restrictive) in that they contain many existing

neural network architectures as special cases.

2.3.1 Direct Parametrisations of Neural Networks

The key feature in the construction of the robust neural networks in [181, 136] is

a direct parametrisation of the learnable parameters. Put simply, we say a neural

network is directly parametrised if its learnable parameters live in RN . This is the case

for standard, unconstrained neural networks. For example, an L-layer feedforward

DNN (2.6) has learnable parameters φ := {(Wk, bk)}0≤k≤L ∈ Rnφ . However, imposing

constraints on the stability and robustness of a neural network restricts the set of

possible weights and biases. Continuing with the example above, we would have

φ ∈ {φ | constraints are satisfied} ⊆ Rnφ

which may be a (highly) non-convex set.

Training models whose learnable parameters need to be restricted to a non-convex

set can be computationally challenging, and in some cases infeasible. Instead, we can

introduce a new set of learnable parameters θ ∈ Θ and a parametrisation φ =M(θ)

which maps θ 7→ φ such that the weights and biases φ satisfy the constraints, but Θ

is easier to work with. We formalise the notion of a neural-network parametrisation in

the following definition [181, Def. 2.3].

Definition 2.4. A parametrisation of a neural network is a differentiable mapping

φ =M(θ) from the learnable parameters θ ∈ Θ ⊆ RN to the weights and biases φ. It

is a convex parametrisation if Θ is convex, and a direct parametrisation if Θ = RN .
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Non-convex Convex Direct−→ −→

Θ ⊆ R2 Θ ⊆ R2

θ2

θ1

Θ = R2

Figure 2.4: Illustration of different types of parametrisation for neural networks. The
learnable parameters θ ∈ Θ ⊆ RN of a neural network can live in a non-convex set (left), a
convex set (middle), or RN itself (right). When Θ = RN , we call this a direct parametrisation.
We use N = 2 here for illustrative purposes.

Different classes of the parameter set Θ are illustrated in Figure 2.4. It is argued in

[181, 136] that direct parametrisations should be the gold standard for neural-network

parametrisations due to their compatibility with common optimisation tools in machine

learning. Most practitioners train neural networks with variants of unconstrained gra-

dient descent which assume Θ = RN [88, 159, 143]. When Θ ⊂ RN , even if Θ is

convex, we cannot directly apply standard optimisation tools. Instead, we must use a

restricted class of methods which are either tailored to particular structures of Θ (such

as optimising over particular manifolds [21]), or involve computationally-expensive

projection steps (e.g., [123, 134, 80]). In contrast, if we have a direct parametrisation

such that Θ = RN , we can immediately use standard optimisation tools, making the

parametrisation “plug-and-play” with existing learning pipelines which do not include

behavioural constraints. Note that Definition 2.4 specifies that a direct parametrisa-

tion should be differentiable. This is important for it to be compatible with smooth

optimisation tools and automatic differentiation.

In the following subsections, we will look at two cases where direct parametrisations

make it feasible to design plug-and-play neural network architectures with stability

and robustness constraints.
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2.3.2 Lipschitz-Bounded Sandwich Networks

The Lipschitz bound, introduced in Definition 2.3, is a natural robustness metric for

static neural networks since it describes the sensitivity of the model to small changes

in its inputs. However, computing the exact Lipschitz constant of a DNN (2.6) is NP-

hard [177], which makes parametrising Lipschitz-Bounded Deep Networks (LBDNs) a

challenging problem. Instead, the best we can do is to compute a tight upper bound

on the Lipschitz constant.

The main contribution of [181] was deriving a direct parametrisation for LBDNs called

the Sandwich network which satisfies the tightest-known bounds on the Lipschitz con-

stant of a DNN, proposed in [44]. The bounds in [44] were derived by leveraging

the incremental IQC framework [108] and by assuming that the activation function σ

satisfies the following assumption.

Assumption 2.1. The activation function σ is piecewise differentiable and slope-

restricted in [0, 1]. That is, it satisfies the incremental sector bound

0 ≤ σ(x)− σ(y)
x− y ≤ 1 ∀x, y ∈ R with x ̸= y. (2.15)

This assumption holds for many common activation functions including the ReLU,

tanh, and sigmoid functions, as depicted in Figure 2.5.

The Sandwich network [181] is a γ-Lipschitz, L-layer feedforward DNN with the par-

Figure 2.5: Common activation functions satisfying assumption 2.1.
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Figure 2.6: γ-Lipschitz deep networks like the Sandwich network are constructed by con-
catenating 1-Lipschitz layers and multiplying by √γ at the network inputs and outputs.

ticular structure

h0 =
√
γu (2.16a)

hk+1 =
√
2A⊤

k Ψkσ(
√
2Ψ−1

k Bkhk + bk), k = 0, . . . , L− 1 (2.16b)

y =
√
γBLhL + bL, (2.16c)

where h ∈ Rnk is the hidden unit of the kth layer, the weight matrices are Ak ∈
Rnk+1×nk+1 , Bk ∈ Rnk+1×nk ,Ψk ∈ Rnk+1×nk+1 , the bias vector for the kth layer is bk ∈
Rnk+1 , and the activation function σ satisfies assumption 2.1. The main component

is the so-called Sandwich layer (2.16b), which is designed to be 1-Lipschitz. One can

think of a γ-Lipschitz Sandwich network (2.16) as a series interconnection of Sandwich

layers with a multiplier of √γ on the inputs and outputs such that the total upper

bound on the Lipschitz constant is γ. This is illustrated in Figure 2.6.

The Sandwich layer was directly parametrised in [181] to be 1-Lipschitz by construc-

tion. We review the parametrisation below. The learnable (direct) parameters in a

Sandwich network are

θ = {dj ∈ Rnj , Xk ∈ Rnk+1×nk+1 , Yk ∈ Rnk×nk+1 , bk ∈ Rnk+1}0≤j<L,0≤k≤L (2.17)

hence θ ∈ Θ = RN . The direct parametrisation mapping θ to the weights and biases

in (2.16) is described by the following transformations:

Ψk = diag
(
edk
)
,

A⊤
k

B⊤
k

 = Cayley

Xk

Yk

 , (2.18)
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where the Cayley transform is defined such that for any X ∈ Rm×m, Y ∈ Rn×m we

have Q⊤Q = I if

Q = Cayley

X
Y

 :=

(I + Z)−1(I − Z)
−2Y (I + Z)−1

 (2.19)

with Z = X − X⊤ + Y ⊤Y . This parametrisation of 1-Lipschitz Sandwich layers is a

highly expressive parametrisation. Indeed, [181] show that it contains all 1-Lipschitz

linear layers as a special case. We will explore the benefits of expressive parametrisa-

tions of LBDNs further in Chapter 3.

The definition of the Sandwich network in (2.16) has a similar structure to that of a

feedforward DNN in (2.6). In fact, (2.16) is a particular parametrisation of (2.6) if we

define the hidden units and weight matrices as

hk =
√
2A⊤

k−1Ψk−1wk,

Wk = 2Ψ−1
k BkA

⊤
k−1Ψk−1,

respectively. Just like with classic DNNs (2.6), the Sandwich network (2.16) includes

both MLPs as well as other feedforward architectures like CNNs. From a mathematical

perspective, their treatment is the same. From an implementation perspective, see [181,

Algorithm 1] for details on convolutional Sandwich layers, and recent work in [125] for

a new and more efficient parametrisation of Lipschitz-bounded CNNs. We will study

the empirical benefits of both Lipschitz-bounded MLPs and CNNs constructed from

Sandwich layers in Chapter 3.

2.3.3 Robust Recurrent Equilibrium Networks

Sandwich networks are a special class of robust neural network with a static, feed-

forward structure and a prescribed upper bound on their Lipschitz constant. We now

introduce a more general model class that allows for recurrent networks with guarantees

of contraction (internal stability) and (Q,S,R)-dissipativity (input-output robustness)
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Figure 2.7: Block diagram for a REN. The system G is described by (2.20a).

called the Recurrent Equilibrium Network (REN) [135, 136].

RENs take the form of a classical Lur’e system, which is the feedback interconnection

of an LTI (in this case affine) system and a static nonlinearity. This is illustrated in

Figure 2.7. We can express a REN as a discrete-time dynamical system of the form


xt+1

vt

yt

 =

W︷ ︸︸ ︷
A B1 B2

C1 D11 D12

C2 D21 D22



xt

wt

ut

+

b︷ ︸︸ ︷
bx

bv

by

 (2.20a)

wt = σ(vt), (2.20b)

where ut ∈ Rnu , xt ∈ Rnx , yt ∈ Rny are the input, internal state, and output of the

REN at some time t ∈ N, σ is a scalar activation function satisfying assumption 2.1,

and W, b are the weights and biases of the network, respectively.

Expressivity of the REN Model Class

The main component of a REN is its equilibrium layer – i.e., (2.20b) together with the

middle line of (2.20a) – which is described by

wt = σ(D11wt + bwt) (2.21)

where w ∈ Rnv and bwt := C1xt + D12ut + bv. Equilibrium networks built from

layers (2.21) are themselves a widely-studied form of recurrent neural architecture

[188, 133, 43]. Their name comes from the fact that at each time t ∈ N, solutions to
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(2.21) are equilibrium solutions of the discrete-time system wk+1
t = σ(D11w

k
t + bwt), or

alternatively the Ordinary Differential Equation (ODE)

d

ds
wt(s) = −wt(s) + σ(D11wt(s) + bwt).

If D11 = 0, the equilibrium layer reduces to wt = σ(bwt) and the REN (2.20) describes

a single-layer RNN. If, however, D11 ̸= 0, then the equilibrium layer is non-trivial and

the REN (2.20) describes a rich class of multi-layer networks, making the REN quite

an expressive model class.

We illustrate the expressive power of RENs with non-zero D11 by showing that the

feedforward DNN structure (2.6) is contained within the REN model class. We repeat

(2.6) below for convenience, and illustrate the process in Figure 2.8.

w0 = u,

wk+1 = σ(Wkwk + bk), k = 0, . . . , L− 1

y = WLwL + bL.

(2.6)

Take the DNN (2.6), then pull apart the weights and activations to group the linear

and nonlinear terms, respectively. We can then write it in the form of a Lur’e system

with static nonlinearity w = σ(v) and linear component

v = D11w +D12u+ bv

y = D21w + by

(2.22)

where by = bL and

bv =


b0

b1
...

bL−1

 , D11 =


0

W1
. . .

... . . . 0

0 · · · WL−1 0

 , D12 =


W0

0
...

0

 , D21 =
[
0 · · · 0 WL

]
.

(2.23)
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Figure 2.8: Illustration of how a DNN can be written in the form of a Lur’e system (and
therefore a REN). Simply group the activations and weight matrices to form interconnected
nonlinear and linear components σ and G, respectively. The system G is described by (2.22).
Bias terms are omitted for illustrative purposes. Figure adapted from [181].

This is now a REN (2.20) with A,B1, B2, C1, D22, bx = 0. Note that if D11 = 0, this is

simply a single-layer DNN. However, with D11 as in (2.23), we can represent L-layer

feedforward networks. Visually, one can think of the equilibrium layer as a “stack” of

nonlinear activations, as depicted in Figure 2.8.

Similar manipulations [136] can be performed to show that a number of other common

neural network architectures and model classes are special cases of RENs, including:

1. Linear state-space models, which are essential for linear modelling and control

[64] and also for large-scale sequence modelling in machine learning [58, 59, 57,

146]. Choose all weights and biases as zero in (2.20) except A,B2, C2, D22.

2. RNNs (2.7), which are the classic recurrent neural architecture. Choose all
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weights and biases as zero in (2.20) except C1, C2, D12, bx, by.

3. Static equilibrium networks (2.21), which themselves have been shown to contain

a large class of feedforward network architectures including DNNs and residual

networks [188, 133, 43]. Choose all weights and biases as zero in (2.20) except

D11, D12, bv.

4. Block-structured models such as Wiener-Hammerstein or Hammerstein-Wiener

models [140]. Choose B1, C2 = 0 or B2, C1 = 0 in (2.20) (respectively).

Despite the remarkable expressive power offered by the equilibrium layer (2.21), having

non-zero D11 comes at a price. Firstly, one must impose restrictions on D11 to ensure

that the equilibrium layer is well-posed (i.e., there is a unique solution to (2.21) for a

given D11, bwt). Conditions to ensure this are provided in [136]. Secondly, we have to

actually solve the equilibrium layer (2.21) to compute wt for every time-step at which

the model is evaluated. Since wt is the solution to a fixed-point equation, (2.21) must

be solved iteratively. There are two cases considered in [136]:

• When D11 is dense, one can solve (2.21) with operator-splitting methods [133].

However, this is computationally expensive and can be prohibitively slow for

training and inference in moderate- to large-scale models.

• In the special case that D11 is lower-triangular, one can explicitly solve (2.21)

row-by-row, which still requires iteration but can be implemented with a simple

for loop, making training and inference of moderately-sized models feasible on

standard Central Processing Unit (CPU) and GPU architectures.

RENs with lower-triangular D11 are referred to as acyclic RENs in [136]. Moreover, it

was shown in [136] that acyclic RENs achieve similar performance to RENs with dense

D11 on common machine-learning tasks. Therefore, for the remainder of this thesis,

we only consider acyclic RENs with lower-triangular D11.
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Contracting and (Q,S,R)-Dissipative RENs

The main contribution of [136] was deriving a direct parametrisation of all RENs

(2.20) that are contracting and (Q,S,R)-dissipative in the sense of Definitions 2.1

and 2.2, respectively. The authors follow a similar strategy to the parametrisation

of Sandwich networks outlined in Section 2.3.2. The basic idea is to construct Linear

Matrix Inequality (LMI) conditions for the weightsW of a REN (2.20) to be contracting

and Lipschitz, which take the form

H(W ) ≻ 0

for some matrix H ∈ RnH×nH which depends on the components of the weight matrix

W from (2.20a). The direct parametrisation is then constructed by introducing a free

variable XnH×nH and a small positive scalar ϵ ∈ R+ to parametrise H via

H = X⊤X + ϵI.

The weights W satisfying the LMI are then directly constructed from the elements of

H. We leave specific details on the direct parametrisation of RENs to Chapter 6 and

refer the reader to [136, Sec. V] for a complete overview.

In recent years, several other methods have been proposed which also impose con-

straints on the internal stability [106, 134, 117] and input-output robustness [170, 6,

125] of neural networks. The advantage of RENs is that they are the most general of

these model classes, and include many as special cases. Furthermore, contracting RENs

were shown to be universal approximators of all contracting and Lipschitz nonlinear

systems in [178, Prop. 2].

It should be noted that despite their many advantages, RENs are by no means the

perfect solution to learning stable and robust nonlinear models. Despite the expres-

sivity of the unconstrained REN model class (2.20), it is challenging to obtain direct

parametrisations of contracting and (Q,S,R)-dissipative RENs whose weight matrices
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require particular structures – for example, convolutional RENs. Moreover, the size

of the equilibrium layer (2.21) scales quadratically with the number of neurons nv in

the REN, making RENs prohibitively slow for training and inference when very large

models are required, such as in deep RL applications with image or video data. We

will address these limitations further in Chapter 6.

2.4 Numerical Methods in Deep RL

The direct parametrisations of Sandwich networks and RENs allow us to train robust

neural models with standard, unconstrained optimisation tools. We will use both

network architectures to parametrise feedback control policies in numerical examples

throughout Chapters 3 to 6. Since it is the motivating problem setting for this thesis,

the majority of these examples involve learning controllers via deep RL. We therefore

conclude this chapter with an overview of the two RL algorithms applied in this thesis:

Analytic Policy Gradients (APG) and Proximal Policy Optimisation (PPO) [143].

In Section 2.1.1, we formulated the problem of learning neural feedback policies Kθ as

choosing model parameters θ to minimise an estimate Ĵ(θ) of an expected cost J(θ)

over a distribution of initial system states and disturbances. Broadly-speaking, RL

algorithms for solving this problem can be divided into two categories: value-based

methods, where the control policy is decided by learning a neural value function and

using it to select optimal control actions; and policy optimisation methods, where a

neural feedback policy is learned directly. We focus on the latter approach in this

section, as policy optimisation is most commonly used in scenarios with continuous

measurement and control spaces such as robotics [97, 138, 83].

2.4.1 Analytic Policy Gradients

Given a dynamical system (2.1), the simplest approach to policy optimisation is to

run SGD (2.5) – or variants such as Adam [88] – on the approximate cost (2.4) until
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convergence. We repeat these equations below for convenience:

θk+1 ← θk − α∇θĴ(θ) (2.5)

where Ĵ(θ) =
1

M

M−1∑
m=0

[
T−1∑
t=0

g(xmt , u
m
t ) + gf (x

m
T )

]
. (2.4)

Solving for the policy parameters θ in this way is referred to as APG, or first-order

policy gradients, in the RL literature [100, 184]. The term “analytic” comes from

the underlying assumption that we have accurate gradient information for the whole

closed-loop system – that is, the cost function, the dynamics, and the policy itself. To

see this, consider even the simple case where the measurement is yt = xt such that

ut = Kθ(xt). Then at each time-step, the cost gradient is

∂g

∂θ
(xt, ut) =

∂g

∂x

∂xt
∂θ

+
∂g

∂u

(
∂Kθ

∂θ
+
∂Kθ

∂x

∂xt
∂θ

)
where

∂xt
∂θ

=
∂f

∂x
(xt−1, ut−1)

∂xt−1

∂θ
+
∂f

∂u
(xt−1, ut−1)

∂ut−1

∂θ
,

which depends on gradients of g, f , and Kθ. This is increasingly a reasonable assump-

tion thanks to the rise of differentiable programming libraries [22] and languages [19],

and mature implementations of differentiable physics simulators [167, 46, 111] which

are used to train RL policies for real-world robotic systems [138, 100, 25].

In practice, APG is typically implemented by splitting up the training horizon of T

steps in (2.4) into multiple smaller time windows of length T̄ [100]. One then performs

SGD on each window in a process akin to multiple shooting in trajectory optimisation

[93]. That is, instead of running a single step of SGD on (2.4) over a horizon T , run it

T/T̄ times on

J̄i(θ) =
1

M

M−1∑
m=0

(i+1)T̄−1∑
t=iT̄

g(xmt , u
m
t ) + gf (x

m
T̄ )

 (2.24)

where i = 0, . . . , (T/T̄ − 1). We will employ this approach to APG in numerical

examples throughout Chapters 5 and 6.
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2.4.2 Policy Gradient Algorithms and PPO

Despite the rise of differentiable physics simulators, there remain many situations in

which we cannot, or may not want to, compute gradients of the dynamics. A classic

example is the suite of Atari video games [113], where the dynamics of each game

environment is defined by a set of discrete rules. Even in scenarios where the gradients

can be computed, the quality of numerical gradient estimates in highly-discontinuous

tasks (e.g., robotic locomotion and manipulation) is often questionable [158], and dif-

ferentiating through an entire closed-loop physics simulator can be computationally

expensive. Instead, most common policy optimisation algorithms in RL approximate

the cost gradient using the so-called policy gradients approach [159]. In this subsection,

we introduce the policy gradients method and one of the more popular algorithms –

PPO [143].

We briefly consider RL from a probabilistic perspective to introduce policy gradient

algorithms. To simplify notation, assume that the full state of the system (2.1) is

measurable (yt = xt), there are no disturbances (w, v = 0), and control policies ut =

Kθ(xt) are static functions. We first introduce the notion of a policy distribution πθ(ut |
xt) from which we sample control actions ut given a state xt. If we already have a

deterministic controller, we can easily construct a corresponding policy distribution by

adding Gaussian noise to the control output

ut = Kθ(xt) + nt, nt ∼ N (0, ν2)

with variance ν2 so that the policy distribution is

πθ(ut | xt) =
1

ν
√
2π

exp

[
−1

2

(
ut −Kθ(xt)

ν

)2
]
.

We then re-write the cost function (2.2) as

J(θ) = Ep(τ |θ) [R(τ)]
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where the expectation is over the probability distribution p(τ | θ) of trajectories τ :=

(u0, . . . , uT−1, x0, . . . , xT ) given θ, and R(τ) :=
∑T−1

t=0 g(xt, ut) + gf (xT ). The key step

in deriving policy gradient algorithms is to compute the gradient of J(θ) by applying

the well-known log-likelihood trick. This approach is well-documented in works such

as [185, 131], but it is a neat trick so we include it below for completeness.

∇θJ(θ) = ∇θEp(τ |θ) [R(τ)]

= ∇θ

∫
R(τ)p(τ | θ)dτ

=

∫
R(τ)∇θp(τ | θ)dτ

=

∫
R(τ)

(∇θp(τ | θ)
p(τ | θ)

)
p(τ | θ)dτ

=

∫
R(τ)∇θ ln p(τ | θ)p(τ | θ)dτ.

The third line is due to the fact that ∇θR(τ) = 0 since R(τ) is independent of θ by

definition (i.e., it is simply the cost of a given trajectory). The log-likelihood trick

allows us to transition from the fourth to the fifth line. The cost gradient can therefore

be written as

∇θJ(θ) = Ep(τ |θ) [∇θ ln p(τ | θ)R(τ)] .

The probability of a trajectory τ given a particular vector of learnable parameters θ is

p(τ | θ) =
T−1∏
t=0

p(xt+1 | xt, ut)πθ(ut | xt),

where p(xt+1 | xt, ut) describes the probability of the state transition dynamics (i.e.,

a probabilistic version of the function f(xt, ut) in (2.1)). Since p(xt+1 | xt, ut) is

independent of θ, then the gradient of ln p(τ | θ) is simply

∇θ ln p(τ | θ) =
T−1∑
t=0

∇θ lnπθ(ut | xt).
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Hence, with no approximation, we arrive at

∇θJ(θ) = Ep(τ |θ)

[
R(τ)

T−1∑
t=0

∇θ lnπθ(ut | xt)
]
. (2.25)

Equation (2.25) shows that to compute the cost gradient ∇θJ(θ), all we have to do

is sample trajectories τ , compute their corresponding costs R(τ), and take a gradient

of the log of the policy distribution (i.e, the policy gradient). Nowhere here are we

required to differentiate through the cost function itself or the dynamics of the system.

The approach used in policy gradient RL algorithms is to define a loss function L(θ)
whose gradient is either identical to or an unbiased estimate of (2.25). One then applies

gradient descent using automatic differentiation tools. The simplest such loss function

is

L(θ) = Ep(τ |θ)

[
R(τ)

T−1∑
t=0

ln πθ(ut | xt)
]
, (2.26)

which is the loss function in the classic REINFORCE algorithm [187]. However, ap-

plying gradient descent to (2.26) is known to be quite sample-inefficient in comparison

to current state-of-the-art RL algorithms [5].

The perspective taken in PPO is to use a surrogate loss function which is clipped to

ensure that updates to the policy parameters θ are never too aggressive, which helps

with sample efficiency and reduces numerical instability during training [141, 143]. Let

rt(θ) denote the probability ratio

rt(θ) =
πθ(ut | xt)
πθold(ut | xt)

between the policy distribution parametrised by the current θ to be updated, and the

parameters θold at the previous iteration of gradient descent. The classic PPO loss

function is then

LPPO(θ) = Ep(τ |θ)

[
T−1∑
t=0

min(rt(θ)Â
πθ
t , clip(rt(θ), 1− ϵ, 1 + ϵ)Âπθ

t )

]
(2.27)
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where ϵ is a hyperparameter to be chosen (typically ϵ ≈ 0.25 [5]) and Âπθ
t is an estimate

of the advantage function1.

In practice, the PPO loss function combines multiple loss terms of which (2.27) is

just one component (see [143] for a complete overview). Moreover, it is typically

assumed that the expectation in (2.27) is approximated by sampling over batches of

trajectories (as in (2.4)), and the time order of states, controls, and costs is shuffled

since Kθ is assumed to be a static function. These implementation details allow the

PPO loss to be computed in many parallel minibatches, allowing for extremely efficient

implementations of the algorithm over clusters of parallel threads. The parallelism of

policy gradient algorithms like PPO is their main selling point over simpler methods

like APG in scenarios where gradient information is actually available.

There are numerous mature implementations of the PPO algorithm in open-source RL

libraries such as [138, 72, 46, 129]. Furthermore, there is strong empirical evidence

demonstrating that PPO performs well on a wide range of deep RL tasks (see [5] for a

detailed study). This, together with the efficient parallelism of the algorithm, has lead

to PPO being widely adopted by the RL community, particularly for learning policy

networks for feedback control of real-world robotic systems [148, 138, 83, 25].

Note that policy gradient methods like PPO can be extended to learning dynamic

policies ut = Kθ(yt) with partial state information. In this case, samples in (2.27)

cannot be shuffled in time, and special care must be taken to track the state of the

policy network. See [185, 71] for details on extending policy gradient algorithms to

recurrent policy networks.

1Qualitatively, the advantage Aπθ
t of a policy distribution πθ(ut | xt) is a measure of the improve-

ment in cost between a randomly-sampled ut ∼ πθ and the mean control action of the distribution,
Kθ(xt). The estimate Âπθ

t is typically computed via Generalised Advantage Estimation (GAE) [142].
See [142, Sec. 3] for a derivation and [5, App. A] for implementation details.
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Lipschitz-Bounded Policy Networks

The goal of this thesis is to parametrise robustly-stabilising policies for learning-based

control. In this chapter, we begin our journey with an empirical study of robust policy

networks in deep RL. Specifically, we investigate the benefits of replacing the black-

box policy network in a deep RL controller with a Lipschitz-bounded policy network –

i.e., a policy network that is directly parametrised to satisfy a user-defined bound on

its Lipschitz constant. We seek to address the following questions:

1. Can Lipschitz-bounded deep networks improve the empirically-observed robust-

ness of control policies in deep RL?

2. If so, does the policy network architecture matter? That is, do more sophisticated

policy parametrisations with less-conservative Lipschitz bounds give finer control

over the performance-robustness trade-off?

We provide an empirical study of Lipschitz-bounded policy networks on two representa-

tive problems: pendulum swing-up, a classical benchmark problem in control and RL;

and Atari Pong, a simple proxy for vision-based autonomous decision-making tasks. To

the best of our knowledge, our comparison of Lipschitz-bounded policy architectures

in deep RL is the first of its kind.
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Publications

The content in this chapter previously appeared as part of the following publication:

[13] Nicholas H. Barbara, Ruigang Wang, and Ian R. Manchester, “On Robust

Reinforcement Learning with Lipschitz-Bounded Policy Networks,” Symposium

on Systems Theory in Data and Optimization, 2024.

3.1 Introduction

We saw in Section 2.1.1 that the applicability of deep RL to performance- and safety-

critical systems is currently limited by questions of its robustness [70]. This is due to the

sensitivity of neural networks to small input perturbations [160], which makes policy

networks learned via deep RL potentially unrobust to disturbances, noise, and targeted

adversarial attacks. Despite sharing similar sensitivity issues to neural classifiers, for

which many robust neural networks have recently been developed [126, 170, 181, 125],

the use of robust policy architectures in deep RL has not been widely studied.

Most common approaches to improving policy robustness in deep RL are based on

adversarial training [122], where adversarial attacks on a policy’s inputs are optimised

during training to encourage the network to perform well under perturbations. While

this works well in applications where the structure of test-time perturbations is always

similar to those seen during training, adversarial training only certifies a lower bound

on a policy’s robustness. It is therefore possible to find new, out-of-sample attacks

that cause the policy to fail, such as the examples from [139, 144] in Figure 2.2.

An alternative strategy is to learn control policies with a certified upper bound on

their sensitivity using methods like randomised smoothing [91, 189] and loss-function

regularisation [116, 114]. However, these methods bound the sensitivity of a learned

policy during the training process, and are therefore fundamentally linked to how the

it is trained. In this chapter, we instead study how, via careful choice of a policy’s

architecture and parameterisation, we can directly bound the sensitivity of a policy

independently of how it is trained.

42



Chapter 3. Lipschitz-Bounded Policy Networks

One promising approach is to use a directly-parametrised, Lipschitz-bounded neural

network. We introduced the concepts of direct parametrisations and Lipschitz-bounded

systems in Definitions 2.3 and 2.4, respectively. For a static neural network ϕ : Rn →
Rm, the Lipschitz condition (2.14) is simply

|ϕ(x1)− ϕ(x2)| ≤ γ|x1 − x2|, ∀x1, x2 ∈ Rn (3.1)

for some γ ∈ R+. The true ℓ2 Lipschitz constant, denoted Lip(ϕ), is the smallest γ

satisfying (3.1). Despite the wealth of recent work on constructing Lipschitz-bounded

deep networks [170, 181, 125, 6], to the best of our knowledge, the only method com-

monly used in deep RL is spectral normalisation [20, 161] which is known to give

conservative bounds on the true Lipschitz constant. We therefore study the robust-

ness benefits of different Lipschitz-bounded network parametrisations as substitutes

for black-box deep RL policies.

3.2 Preliminaries

3.2.1 Problem Formulation

We introduced the problem of learning policy networks for nonlinear dynamical systems

in Section 2.1. We consider the particular problem formulation depicted in Figure 3.1,

where the system has a discrete-time, nonlinear state-space representation

xt+1 = f(xt, ut, wt) (3.2)

with state vector xt ∈ Rnx , controlled inputs ut ∈ Rnu , and disturbances wt ∈ Rnw .

For training, we assume that the state is completely measurable (i.e., yt = xt). We will

consider perturbations to the state measurements at test time in the next subsection.

As outlined in Section 2.1, the task in deep RL is to learn feedback control policies ut =

Kθ(xt) parametrised by θ ∈ RN which (locally and approximately) solve Problem (2.3).
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Figure 3.1: Reinforcement learning and adversarial attacks. Adversarial attacks are not
included during training in this work. They are only used to evaluate the robustness of
trained policy networks Kθ at test time.

In keeping with traditional RL literature [159], we will refer to maximising a reward

R := E
x0,w

[
T−1∑
t=0

rt(xt, ut) + rT (xT )

]

in this chapter rather than minimising a cost (2.2) (these two perspectives often only

differ by a negative sign on the cost or reward). We also restrict ourselves to static

nonlinear policies Kθ, and train them using PPO [143] (Section 2.4.2).

3.2.2 Adversarial Attacks for Deep RL

Given a learned policy Kθ, an adversarial attack is an input sequence v = (v0, v1, . . .)

with some restricted “attack size” ϵ > 0 that is designed to reduce the expected cu-

mulative reward of the policy as much as possible. While attacks can be designed to

change the closed-loop behaviour in many ways, the most common structure is an ad-

ditive perturbation to the policy input (i.e., perturbations to the state measurements,

Figure 3.1) [70, 122]. The attack problem can be formulated as

min
v

R s.t. xt+1 = f(xt,Kθ(xt + vt), wt), |vt|p ≤ ϵ, ∀t, (3.3)

where | · |p can be any p-norm with p ∈ [1,∞). If the reward function and dynamic

model are both differentiable and known to the attacker, (3.3) can be solved directly

by gradient descent. If part of the dynamical system is unknown or not differentiable,
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solving (3.3) is difficult or impossible and it is common to instead solve the simplified

problem

max
vt

|Kθ(xt + vt)−Kθ(xt)|p s.t. |vt|p ≤ ϵ. (3.4)

That is, find an admissible attack vt which leads to a large perturbation in the policy

output at each time step, regardless of its effect on the final reward [70]. Problem (3.4)

can be solved by attack methods like Projected Gradient Descent (PGD) [101].

3.2.3 Lipschitz-Bounded Deep Networks

The adversarial attack problem in (3.4) is exactly the calculation of the (local) Lipschitz

constant of the policy network Kθ. We can therefore control the effect of adversarial

attacks everywhere in state space by bounding the global Lipschitz constant Lip(Kθ) ≤
γ. Policy networks with smaller γ are then smoother and are likely to be more robust

to attacks than those with a large γ.

As discussed in Section 2.1, deep RL policy networks are often parametrised by L-layer

MLPs or CNNs of the form

K = ϕL ◦ σ ◦ ϕL−1 ◦ · · · ◦ σ ◦ ϕ1 (3.5)

where σ is a fixed monotone and 1-Lipschitz scalar activation (Figure 2.5) and ϕk is

a linear layer ϕk(x) = Wkx + bk with weights Wk and biases bk, respectively. The

Lipschitz constraint for (3.5) is then

Lip(Kθ) = sup
J2,...,JL

∥WLJLWL−1 · · · J2W1∥2 ≤ γ (3.6)

where Jk is a diagonal matrix with 0 ≤ Jk,ii ≤ 1 and ∥ · ∥2 denotes the matrix 2-norm

(the spectral norm). Since it is NP-hard to compute the exact Lipschitz constant of

a DNN [177], a practical approach is to find an upper bound γ for Lip(Kθ) and then

impose the constraint γ = γ. There are many bound estimation methods resulting

in different constructions of Lipschitz networks. A metric to measure the expressive
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power of Lipschitz networks is tightness, which is defined in [181] as γ/γ with γ as the

empirical lower Lipschitz bound

γ := max
x∈X,|v|≤ϵ

|Kθ(x+ v)−Kθ(x)|
|v| (3.7)

where v ∈ Rnx and X ⊂ Rnx is some compact region, and Lip(Kθ) ∈ [γ, γ] by definition.

A simple Lipschitz bound estimation is the layer-wise spectral norm bound γ =∏L
k=1 ∥Wk∥2. This approach uses the fact that common activation functions σ are

1-Lipschitz. Thus, we can construct Lipschitz policy networks via scaling factors and

1-Lipschitz linear layers ϕ(x) = Wx+ b, as depicted in Figure 2.6. We give three rep-

resentative examples of Lipschitz policy networks constructed via this method below,

and introduce them in order of increasing tightness γ/γ. Note that each of the follow-

ing layers are directly parametrised to satisfy the 1-Lipschitz constraint, and therefore

inherit all the computational benefits of directly-parametrised robust neural networks

discussed in Section 2.3.1.

• (SN) The Spectral Normalisation (SN) layer [112] is a linear layer with weight

matrix

W = (1/ρ)A

directly parametrised by a learnable matrix A whose maximum singular value is

ρ = ∥A∥2 such that ∥W∥2 = 1 by construction. Lipschitz networks composed of

SN layers often have quite loose Lipschitz bounds, so γ/γ is very small.

• (AOL) The Almost Orthogonal Lipschitz (AOL) layer [126] is a linear layer with

weight matrix

W = AD

directly parametrised by a (dense) learnable matrix A and a diagonal matrix D

withDii =
√∑

j |A⊤A|ij. The experimental results in [126] show that the learned

weight W tends to have singular values close to 1, which helps to improve the

model tightness compared to SN.
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• (Cayley) To obtain an even tighter Lipschitz bound, an orthogonal layer was

proposed in [170] which leverages the Cayley transform (2.19). Specifically, given

a free learnable matrix P ∈ Rn×n, one first obtains a skew symmetric matrix

A = P − P⊤ and then constructs the weight matrix by

W = (I − A)(I + A)−1.

It is easy to verify that W⊤W = I and hence all singular values of W are auto-

matically one. Note that the Cayley layer has greater computational overhead

than the SN or AOL layers, since the Cayley transform involves taking a matrix

inverse. This is the trade-off for a tighter upper bound on the Lipschitz constant.

Each of these layers parametrises 1-Lipschitz feedforward networks by constraining

their spectral norm to be less than or equal to one. An alternative strategy is to directly

use the tighter and more expressive bound estimation proposed in [44] which exploits

both the monotonicity and Lipschitz properties of the activation σ by leveraging the

IQC framework [108]. This is exactly the approach taken by the Sandwich layer [181],

which we introduced in detail in Section 2.3.2.

• (Sandwich) The Sandwich layer [181] is a 1-Lipschitz nonlinear layer of the form

(2.16b). It is an expressive layer architecture in that it contains all 1-Lipschitz

linear layers as a special case, and it allows the spectral norm bound of each layer

(and their product) to be greater than one [181, Fig. 4].

Experimental results in [181] on image classification tasks show that the Sandwich

layer can achieve better performance than 1-Lipschitz linear layers such as AOL and

Cayley. It is natural to ask whether similar results hold true for deep RL.

3.3 Experimental Setup

We study two classic RL problems – pendulum swing-up and Atari Pong – to in-

vestigate the research questions outlined at the beginning of this chapter. Code for
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all experiments is available on GitHub1,2. Additional training details are provided in

Section 3.6.

Pendulum Swing-up

The pendulum swing-up task is depicted in Figure 3.2a. The aim is to swing a physical

pendulum to its upright equilibrium based on a quadratic reward (negative stage cost)

rt = −(α2
t + 0.1α̇2

t + 0.001u2t ), (3.8)

where αt is the pendulum angle (wrapped to [−π, π]), α̇t is its angular velocity, ut is

the pendulum torque, and the reward weightings are from [168]. The optimal policy

is well-known to have sharp decision boundaries which make it susceptible to chat-

tering and instability under small measurement perturbations, delays, or uncertainty.

We trained unconstrained MLP policies without any bounds on their Lipschitz con-

stant, and Lipschitz-bounded policies using the Sandwich layer. We investigated the

robustness of each policy to two sources of perturbations: (a) sample delays; and (b)

adversarial attacks with constrained ℓ2 norm. Adversarial attacks were computed by

solving (3.3) over a sequence of four windows of 50 time-samples each with gradient

descent.

Atari Pong

Atari Pong (Figure 3.2b) is a video game in which two players each control a paddle

that can move up and down, and try to deflect a puck into their opponent’s goal. The

reward is the net game score, with a maximum score of 21 goals to nil. An automated

“computer” player controls the left paddle and the RL policy controls the right paddle.

It is a commonly-studied benchmark in deep RL [113, 139]. The game can be written

as an RL problem where the states are grayscale gameplay images and the control ac-

tions are discrete paddle movements. We trained classic, unconstrained CNN models

1https://github.com/nic-barbara/Lipschitz-RL-MJX
2https://github.com/nic-barbara/Lipschitz-RL-Atari
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Figure 3.2: Feedback control problems to be solved via RL. In pendulum swing-up, the
goal is to swing the pendulum upright and maximise a cumulative reward based on (3.8). In
Atari Pong, the goal is to be the first player to 21 points.

and four different Lipschitz-bounded policy architectures (SN, AOL, Cayley, Sand-

wich) with various Lipschitz bounds. The architecture for each network is provided in

Table 3.2. We compared the robustness of each policy network to: (a) uniform random

noise; (b) PGD attacks (3.4) with constrained ℓ2 norm; and (c) PGD attacks (3.4)

with constrained ℓ∞ norm.

3.4 Results and Discussion

We first study the advantages of Lipschitz-bounded policy networks in terms of robust-

ness to perturbations and adversarial attacks in Section 3.4.1, using pendulum swing-up

as an illustrative example. We then extend this study to vision-based feedback control

in Atari Pong in Section 3.4.2 and compare the benefits of different Lipschitz-bounded

policy architectures. The Lipschitz lower bounds γ in Figures 3.6, 3.7, and Table 3.1

were computed for each policy by performing gradient ascent on (3.7).
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3.4.1 Illustrative Example – Pendulum Swing-up

Let us first consider the effect of small Lipschitz bounds on unperturbed policy net-

works. Figure 3.3 compares the policy landscape and (empirically-estimated) local

Lipschitz constant in phase space for an unconstrained MLP policy and a Lipschitz-

bounded policy composed of Sandwich layers with γ = 4. The unconstrained policy

has sharp decision boundaries, either side of which it flips the sign of the control torque

(limited to ±1N.m). While these sharp changes are optimal in the unperturbed case, it

is clear that any small uncertainty in the pendulum’s position or velocity will cause the
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(a) Unconstrained policy landscape.
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(b) Lipschitz-bounded policy landscape.
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(c) Local Lipschitz (unconstrained).
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(d) Local Lipschitz (Lipschitz-bounded).

Figure 3.3: Contours of control actions (a,b) and local Lipschitz bounds (c,d) for an un-
constrained (MLP) and a Lipschitz-bounded (Sandwich, γ = 4) policy show how Lipschitz
bounds regulate a policy’s smoothness.
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network to apply a drastically different control action, potentially driving the system

to instability. In contrast, imposing a bound on the Lipschitz constant with Sandwich

layers visibly smooths the decision boundaries with negligible penalty to the final test

reward (−153 for unconstrained and −157 for Lipschitz-bounded, see Figure 3.4).

Figure 3.5 illustrates the effect of this smoothing on each policy’s robustness to sample

delays and ℓ2-optimal adversarial attacks. The simulated trajectories in Figures 3.5a

and 3.5b indicate that both policy networks perform similarly in nominal operation.

However, when introducing a small sample delay (2 time samples or 0.1 s, Figures 3.5c

and 3.5d) or a small adversarial attack (ϵ = 0.11, Figures 3.5e and 3.5f), the un-

constrained policy is unable to hold the pendulum stable and upright, whereas the

Lipschitz-bounded policy is successful and only exhibits minor oscillations about the

equilibrium under adversarial attacks.

We find that this improvement in robustness is highly correlated with the policy’s Lip-

schitz bound. Comparing unconstrained policies to Lipschitz-bounded policies with
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Figure 3.4: Test cost vs. training epochs for the pendulum swing-up problem with un-
constrained (MLP) and Lipschitz-bounded (Sandwich) policies. Bands show one standard
deviation over 10 random model initialisations.
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(e) Unconstrained (ℓ2 attack, ϵ = 0.11).
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(f) Lipschitz-bounded (ℓ2 attack, ϵ = 0.11).

Figure 3.5: Pendulum trajectories generated by unconstrained (MLP) and Lipschitz-
bounded (Sandwich, γ = 4) policies in nominal operation (a,b), with sample delays (c,d),
and with ℓ2 adversarial attacks (e,f). Red lines indicate the target.

various γ in Figure 3.6, there is a smooth transition from high to low robustness to

sample delays and ℓ2-optimal adversarial attacks as the policy’s Lipschitz bound in-

creases. Interestingly, it appears that there is a “best choice” for γ, and that restricting

it to very small values (γ = 3) harms the closed-loop performance. This is to be ex-

pected, since the optimal policy for pendulum swing-up is known to be non-smooth,

hence with excessive regularisation it is likely that the network’s parameter space does
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(c) Reward under ℓ2-optimal attacks.
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(d) Rewards at ϵ = 0.11.

Figure 3.6: Robust performance of unconstrained (MLP) and Lipschitz-bounded (Sand-
wich) policies on pendulum swing-up under sample delays and ℓ2-optimal adversarial attacks.
Panels (b,d) show cross-sections of (a,c) as a function of each model’s empirically-estimated
Lipschitz lower bound. Bands and error bars show one standard deviation over 10 random
model initialisations.

not contain any high-performing policies. Aside from the policies with γ = 3, all

models were successfully trained to approximately the same final reward (Figure 3.4).

It is therefore clear from Figures 3.3 to 3.6 that, at least in the context of pendu-

lum swing-up, Lipschitz-bounded policy networks significantly improve robustness to

disturbances and adversarial attacks over standard, unconstrained networks without

sacrificing clean performance.
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3.4.2 Comparing Architectures – Atari Pong

In the game of Pong, we expect small amounts of image noise to make very little

difference to the state of the game and the optimal action. We would therefore hope

that smooth, Lipschitz-bounded policies can improve robustness to perturbations like

random noise and adversarial attacks. We see this immediately in Figure 3.7, where we

compare the robustness of unconstrained CNN policies and Lipschitz-bounded Sand-

wich policies to uniform random noise, ℓ2 PGD attacks, and ℓ∞ PGD attacks. The

same qualitative results observed for the pendulum in Figure 3.6 can be seen in Fig-

ure 3.7: there is a smooth transition from high to low robustness as γ decreases;

robustness is improved not just for ℓ2-constrained attacks (which we expect for poli-

cies with a small ℓ2 Lipschitz bound), but also for random noise and ℓ∞-constrained

attacks; and if γ is too small (e.g., γ = 5 here), the policy’s nominal performance

and robustness to perturbations is degraded. In this case, it is possible that the γ = 5

models have not finished training and could perform better if trained over more epochs

(see Figure 3.9d).

It is interesting to look deeper into the effect of adversarial attacks on these models.

Figure 3.8 shows just how much of an improvement Lipschitz-bounded policy networks

provide in Pong over a standard, unconstrained CNN. The CNN loses the game when

subject to very small amounts of random noise and almost imperceptible adversarial

attacks. In contrast, the Lipschitz-bounded policy is only beaten with a level of random

noise that could even make the game difficult for a human. Moreover, highly-structured

ℓ2-constrained attacks are required to beat the Lipschitz-bounded policy. Looking

closely at Figure 3.8, successful ℓ2 PGD attacks try to trick the policy into thinking

the opponent’s paddle is shifted from where it actually is while also trying to hide the

exact location of the puck. The ℓ2 attacks also seem to focus on the white boundary

walls of the game. It is less clear why the policies should be sensitive to these features,

but we hypothesise that the straight lines of the walls may appear similar to a paddle

in feature space after passing through convolutional layers. There is no clear structure

to the ℓ∞ PGD attacks and they remain rather small, since the Lipschitz-bounded
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(e) ℓ∞ PGD attacks.
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Figure 3.7: Robust performance of unconstrained (CNN) and Lipschitz-bounded (Sandwich)
policies for Atari Pong. Bands and error bars show one standard deviation over 4 random
model initialisations.
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Figure 3.8: Adversarial examples showing the smallest attacks required to make an uncon-
strained (CNN) and a Lipschitz-bounded (Sandwich, γ = 10) policy lose the game. In each
image, the “computer” controls the paddle on the left, while the policy controls the paddle on
the right. All perturbed frames show scenarios where the policy is about to concede a goal
(puck moving to the right).

policies have a constrained ℓ2 Lipschitz bound, and the ℓ2 norm is only a loose upper

bound of the ℓ∞ norm in high-dimensional spaces. The additional robustness to ℓ∞

PGD attacks over CNN policies is a nice bonus.

So far, we have only investigated Lipschitz-bounded policy networks constructed from

Sandwich layers to illustrate that smoother policies can improve robustness in deep RL.

It turns out that in addition to choosing its upper bound γ, the layer architecture we

use to bound the Lipschitz constant Lip(Kθ) of a policy Kθ is extremely important. Fig-
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(c) Cayley.
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Figure 3.9: Test reward during training on Atari Pong for all layer architectures. Bands
show one standard deviation over 4 random model initialisations.

ure 3.9 compares the training curves of all four Lipschitz-bounded policy architectures

from Section 3.2.3 with unconstrained CNN policies, while Table 3.1 summarises their

nominal and robust performance. It is immediately clear from Figures 3.9a and 3.9b

that the two layer architectures known to have conservative bounds, SN and AOL,

perform poorly when γ is small – e.g., when γ ≤ 20, neither architecture ever produces

a winning policy. For larger γ, the SN and AOL policies learn to win the game, but

their training dynamics are extremely slow in comparison to the CNN (this is a known

problem for AOL, see [126, Sec.7]). Moreover, Table 3.1 shows that the estimated lower

bound γ on Lip(Kθ) for these policies is very small when γ is small. This suggests that

the conservative parametrisation of SN and AOL layers restricts their parameter spaces

to small sets of very smooth models which do not include high-performing policies. In
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Policy Lipschitz Reward Smallest winning attack size ϵ (↑)
γ γ Unperturbed Uniform ℓ2 PGD ℓ∞ PGD

CNN - 738 20.1 18.7 19.5 0.38

SN

5 1.14 -20.2 - - -
10 2.78 -19.4 - - -
20 6.05 -18.7 - - -
60 24.7 1.21 15.0 9.80 0.21
100 42.4 14.8 21.5 21.3 0.49

AOL

5 1.40 -18.9 - - -
10 2.95 -16.9 - - -
20 7.62 -9.28 - - -
60 15.3 1.31 12.4 19.2 0.52
100 17.4 8.85 23.6∗ 42.3 1.20∗

Cayley

5 4.56 13.6 23.7 106 1.52
10 8.99 17.8 28.7 154 1.59
20 16.6 20.0 23.1 129∗ 1.36
60 34.8 20.6∗ 20.9 67.4∗ 0.98∗
100 47.0 20.4∗ 17.1 54.0∗ 0.76

Sandwich

5 4.16 17.5∗ 33.4∗ 183∗ 2.01∗
10 6.90 19.5∗ 35.0∗ > 200∗ 2.08∗

20 12.4 20.2∗ 30.8∗ 99.2 1.53∗
60 28.0 20.6∗ 23.9∗ 58.1 0.94
100 42.5 20.2 20.1 43.3 0.63

Table 3.1: Averaged results (4 random model initialisations and 20 random game and attack
seeds) on performance and robustness of policy networks trained on Atari Pong. γ is the
certified Lipschitz upper-bound for a network and γ is its empirically-estimated lower-bound.
The unperturbed reward is the final mean test reward achieved during training. Results for
each attack strategy are the smallest average attack size ϵ required to beat the policy (i.e.,
reward < 0). Attack results are not provided for policies that did not learn a positive reward.
Bold values indicate the overall best performing models in each column. Values with an *
indicate the best performing models for each value of γ.

contrast, Figures 3.9c and 3.9d show that the two layer architectures with much tighter

bounds on Lip(Kθ), Cayley and Sandwich, perform quite well even for small choices

of γ. The choice of γ still seems to have a strong impact on the training dynamics

for these layers – as γ increases, so too does the speed at which the policies converge

on a winning strategy. This raises interesting questions about the coupling between a

policy’s Lipschitz constant and the exploration of its parameter space, which we leave
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for future work.

Looking closer at Table 3.1 reveals that simply having a tight Lipschitz bound (i.e.,

close lower and upper bounds γ and γ) is not the only factor contributing to a pol-

icy’s performance and robustness. Instead, there appears to be an advantage to using

expressive policy networks, particularly when high robustness (small γ) is required.

Table 3.1 indicates that both the Sandwich and Cayley policies exhibit strong per-

formance and robustness for γ ≥ 20. Either layer architecture is therefore a suitable

choice for reasonable improvement over existing methods in robust RL like SN. For

smaller γ < 20, however, Sandwich policies are far superior, and with γ = 10 they are

the most robust of any policy across all three input perturbations while still achieving

a strong unperturbed reward of 19.6. This is despite the fact that Cayley policies often

have a tighter Lipschitz bound than the Sandwich policies (take γ = 10 as an example).

We suggest that this is due to the less conservative parametrisation of the Sandwich

layers. Each of the SN, AOL, and Cayley policies are composed of linear layers with a

spectral norm of approximately 1 (exactly 1 for Cayley). In contrast, Sandwich layers

have no direct restriction on their spectral norm [181, Fig. 4], and instead constrain

Lip(Kθ) via a composition of nonlinear layers which are a complete parametrisation of

all networks satisfying the tightest known bounds on the Lipschitz constant of DNNs

[44], of which 1-Lipschitz linear layers are a special case. This expressivity allows the

Sandwich models to converge on policy networks that are both performant and robust

even when their parameter space is restricted by a small value of γ, allowing finer

control over the performance-robustness trade-off in deep RL.

3.5 Conclusions

This chapter has studied the robustness benefits of Lipschitz-bounded policy networks

in deep RL. We have found that policy networks with small Lipschitz bounds are

significantly more robust to perturbations such as disturbances, random noise, and

targeted adversarial attacks. Moreover, we have observed that choosing a policy with
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non-conservative Lipschitz bounds and an expressive layer architecture like the Sand-

wich layer gives the user finer control over the performance-robustness trade-off than

existing methods based on spectral normalisation. This raises interesting questions

for future study, such as whether Lipschitz-bounded policy networks can augment or

alleviate the need for adversarial training, and whether the observed benefits can be

transferred to real-world robotic systems.

3.6 Additional Training Details

Pendulum Swing-up

The pendulum was modelled in MuJoCo XLA (MJX), a fully-differentiable implemen-

tation of the MuJoCo physics simulator [167] written in JAX [22] that allows users to

take gradients through the entire closed-loop system. We trained policy networks using

the PPO implementation in [46], which leverages the scalability of JAX to massively

multi-thread parallel physics simulations on a GPU. Hyperparameters were tuned by

varying each parameter one at a time and choosing the best-performing parameters

for an unconstrained MLP. The same hyperparameters were used to train Lipschitz-

bounded policies without further tuning. Our chosen hyperparameters can be found

on our GitHub repository1.

We trained 10 policies for each model architecture and choice of γ, each with a different

random seed for model initialisation. For each policy architecture, we averaged our

results over the 10 random model initialisations and 1024 pendulum environments

starting from random initial states. MLP networks were composed of 4 linear layers of

32 hidden nodes each. Lipschitz-bounded policies were composed of 4 Sandwich layers

of 21 hidden nodes each to ensure the two model architectures had a similar number

of trainable parameters. We chose tanh activations for all policies in accordance with

[5].
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Atari Pong

We trained unconstrained CNN models and Lipschitz-bounded policy architectures

(SN, AOL, Cayley, Sandwich) across 4 random model initialisations using the PPO

implementation in [72] and the ALE/Pong-v5 environment from [183]. We used the

default hyperparameters chosen for CNN policies in [72] for all policy architectures. We

could not use the reward gradient to directly optimise (3.3) as the Pong environment is

not differentiable, hence we implemented attacks with the PGD method [39]. Robust

performance to noise and adversarial attacks in Figure 3.7 and Table 3.1 were averaged

over the 4 policies and 20 games of Pong, each with a different random seed.

We maintained as consistent a network architecture as possible between all five layer

types (CNN, SN, AOL, Cayley, Sandwich). An overview of each network architecture is

provided in Table 3.2. The state measurements in the the ALE/Pong-v5 environment

[183] are stacks of 4 sequential (84 × 84)-pixel gameplay images, and the number of

possible control actions is restricted to 6 options: do nothing; fire; move right; move

left; move right and fire; and move left and fire. We added padding to the input

images to maintain a square image after each convolutional layer. Note that we added

a second pooling layer to the AOL networks because the AOL layer architecture does

not support strided convolutions [126]. The number of inputs in the first linear layer

of each network (Dense 1 in Table 3.2) differs because the Cayley and Sandwich layers

only support circular convolution kernels [170, 181].
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Chapter 4

React to Surprises with Youla-REN –

Part I

In Chapter 3, we studied parametrisations of neural policies with guarantees on their

input-output robustness. We now close the loop and consider the core problem in this

thesis of constructing stable-by-design policy parametrisations – i.e., policy parametri-

sations that automatically guarantee closed-loop stability and robustness. Learning

controllers from a class of stable-by-design policies decouples closed-loop stability from

the optimisation algorithms, reward functions, and data used to train the policy, en-

abling the learning of high-performance controllers without risking closed-loop insta-

bility.

This chapter, together with Chapter 5, contains the main contribution of this thesis.

We construct a stable-by-design policy parametrisation based on the classical Youla-

Kučera parametrisation from linear systems theory (a.k.a the Youla parametrisation)

[193, 92]. We study nonlinear versions of the Youla parametrisation and present novel

results extending it to strong, incremental notions of stability (contraction) and ro-

bustness (Lipschitzness) which are suitable for machine learning applications. We then

provide a constructive realisation of the parametrisation called the Youla-REN, which
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fuses the Youla framework with RENs [136]. Combined with the built-in properties of

RENs, all Youla-REN policies are naturally closed-loop stabilising and robust to distur-

bances for a broad class of nonlinear systems, making them suitable for plug-and-play

learning with data-driven control frameworks such as deep RL.

Our study of the Youla parametrisation and the Youla-REN is split across Chapters 4

and 5 for readability. This chapter introduces the topic, formulates the problem of

constructing robustly-stabilising policy parametrisations, and introduces our nonlin-

ear version of the Youla parametrisation. We conclude by presenting theoretical results

for simplified settings in which at most two of the following three features are present:

(a) nonlinear systems; (b) partially-observed systems; (c) incremental closed-loop sta-

bility requirements in the sense of contraction and Lipschitzness. We defer our main

theoretical results on systems with all three of (a), (b), and (c), and our numerical

experiments with the Youla-REN, to Chapter 5.

Publications

The content in this chapter previously appeared as part of the following publications.

Note that [15], which makes up the majority of Chapters 4 and 5 and builds on [12, 178],

is currently under review.

[15] Nicholas H. Barbara, Ruigang Wang, Alexandre Megretski, and Ian R. Manch-

ester, “React to Surprises: Stable-by-Design Neural Feedback Control and the

Youla-REN,” Submitted to the IEEE Transactions on Automatic Control, 2025.

[12] Nicholas H. Barbara, Ruigang Wang, and Ian R. Manchester, “Learning Over

Contracting and Lipschitz Closed-Loops for Partially-Observed Nonlinear Sys-

tems,” Proceedings of the IEEE Conference on Decision and Control, 2023.

[178] Ruigang Wang, Nicholas H. Barbara, Max Revay, and Ian R. Manchester,

“Learning Over All Stabilizing Nonlinear Controllers for a Partially-Observed Lin-

ear System,” IEEE Control Systems Letters, 2022.

64



Chapter 4. React to Surprises with Youla-REN – Part I

4.1 Introduction

Sections 1.1 and 2.1 introduced deep RL as a powerful technology for general-purpose

nonlinear control design via simulation, where control policies are parametrised by

black-box deep neural networks. However, we have seen that black-box approaches

such as deep RL are fundamentally limited by a lack of guarantees on the stability,

response to disturbances, and sensitivity to model error of the closed-loop system.

While the risk of instability can be reduced with carefully-curated training pipelines

[122, 166], or by replacing a black-box policy network with a robust neural network

(as in Chapter 3), closed-loop guarantees are not explicitly part of the standard RL

problem formulation. This can lead to unexpected failure modes [70, 144]. We seek to

remedy this limitation while retaining the computational benefits of simple gradient-

based RL tools – i.e., without additional computationally-expensive constraints or

stability analysis procedures during training.

4.1.1 Feedback Policy Parametrisations

Figure 4.1a shows the typical parametrisation of an RL policy as a neural network

in feedback with a (possibly nonlinear, unstable) system. With black-box policies,

this architecture offers no closed-loop stability or robustness guarantees, and does not

incorporate prior knowledge of the system.

One way to take advantage of prior knowledge is to design a “base controller” – for

example, using classical model-based techniques [196, 130, 64] – and augment it with

a neural network as in Figure 4.1b. This is called residual RL [151, 79, 100]. The base

controller is used to bootstrap performance and allows us to naturally fuse model-

based control with data-driven RL. However, closed-loop stability and robustness

constraints are typically not imposed in residual RL. It would be possible to do so via

(for example) the small-gain theorem if a gain bound from the neural network output

to the system output is known and gain-bounded neural networks are employed, such

as those studied in Chapter 3. However, this will typically be very conservative.
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(a) RL.





(b) Residual RL.





(c) Youla-REN (ours).

Figure 4.1: Feedback controller architectures for deep RL.

We can reduce conservatism by adding a third block to the parametrisation – an

observer – as shown in Figure 4.1c, which requires further prior knowledge in the

form of a system model. Observers can be thought of as “model-pass filters.” They

let through information that is consistent with their internal model and filter out

unexpected information from the measurements (a.k.a the innovations or “surprises”).

We say that a neural network reacts to surprises if we feed it differences between the

measurements and observer predictions. This is a version of the Youla parametrisation,

and the neural network in Figure 4.1c is called the Youla parameter. Its main attraction

is that, for certain classes of systems and observers: (1) it automatically guarantees

closed-loop stability without restricting the network gain, provided that the Youla

parameter is itself stable; and (2) it is not a restrictive parametrisation since it covers

all stabilising controllers for the system. For systems and observers where this is not

the case, we can still apply the small-gain theorem to ensure stability. In the Youla

parametrisation, the gain from the network output to the surprises is typically much

smaller than to the measurements themselves, significantly reducing conservatism.

4.1.2 The Youla Parametrisation for Nonlinear Systems

The Youla parametrisation [193, 92] was first established to parametrise all stabilising

linear controllers for a given linear system, and has long played a central role in linear

robust and adaptive control theory [196, 3], although to our knowledge the use of the
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Youla parametrisation in RL was first proposed in [137]. A common construction is

to augment an observer-based stabilising base controller with a stable linear system

Q called the Youla parameter, which reacts to surprises much like in Figure 4.1c [41].

The Youla parameter Q is then optimised to boost the original closed-loop system

performance while always preserving stability with hard guarantees [102, 16]. We note

that parametrisations essentially equivalent to the Youla parametrisation have been

proposed under many names over the years, including: model reference transformations

andQ-parametrisations [194]; Internal Model Control (IMC) [53]; disturbance feedback

in Model Predictive Control (MPC) [56]; and “nature’s y” in online learning approaches

to control [152].

Extensions of the Youla parametrisation to nonlinear systems have been studied for

many years. Early work addressed the problem by expressing the parametrisation in

terms of generic input-output operators [38, 37] and coprime factors [163, 119], which

are difficult to realise in practice for general nonlinear systems. [120, 121, 47, 48]

proposed using kernel representations to enable intuitive realisations of the nonlinear

Youla parametrisation, since they can be translated to observer-based stabilising con-

trollers in state-space. State-space formulations of the problem with observer-based

controllers were also studied directly in [99, 74].

Each of the above works focused on parametrising asymptotically or finite-gain sta-

bilising controllers about a particular equilibrium. However, there are many different

notions of stability for nonlinear systems. In Section 2.2, we argued that the stronger

notion of incremental stability is more relevant for RL and learning-based control, since

it ensures stable behaviour when generalising to unseen data. In this paper, we there-

fore seek a formulation of the Youla parametrisation that parametrises incrementally

stabilising controllers in the sense of contraction [98] and incremental IQCs [108].
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4.1.3 Direct Parametrisation of Stable Nonlinear Systems

A bottleneck in applying nonlinear versions of the Youla parametrisation in practice

has been the construction of stable nonlinear Youla parameters Q. Prior work in

system identification introduced convex parametrisations of contracting and Lipschitz

nonlinear dynamic models based on polynomials [165, 164] and neural networks [134].

However, these parametrisations were expressed in the form of linear matrix inequalities

via sum-of-squares and IQC constructions, which limited their scalability and required

custom optimisation methods [174, 134].

A key recent advance was the direct parametrisation of contracting and Lipschitz mod-

els in the form of RENs [136]. We saw in Section 2.3.1 that in a direct parametrisation,

the parameters are unconstrained and standard first-order optimisation tools such as

stochastic gradient descent can be applied, enabling straightforward integration with

existing RL frameworks. Moreover, RENs are expressive in that they universally ap-

proximate all contracting and Lipschitz nonlinear systems [178]. Note that alternative

parametrisations of RENs are introduced in Chapter 6 to significantly improve their

scalability to large neural models.

4.1.4 Contributions and Concurrent Work

The main contributions of this chapter, together with Chapter 5, are as follows.

• We introduce a novel version of the Youla parametrisation which guarantees

contracting and Lipschitz closed loops in a disturbance-free setting, and prove

that the effects of disturbances are constrained to bounded tubes around the

disturbance-free trajectories.

• We show that a sufficient condition for contracting and Lipschitz closed loops is

that the innovations are decoupled from the Youla augmentation. If the two are

coupled, we can still restrict the Youla parameter’s input-output properties via

IQCs to achieve closed-loop stability.
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• We provide partial converse results proving that the parametrisation contains all

contracting and Lipschitz closed-loops for certain classes of nonlinear systems.

• Combined with RENs, we show via numerical experiments that our resulting

Youla-REN policies can achieve strong performance on deep RL tasks while pre-

serving closed-loop stability under disturbances and uncertainty.

Prior work in [180, 136] introduced preliminary versions of the Youla-REN for linear

systems. This chapter, together with Chapter 5, studies the general case of partially-

observed and nonlinear systems with disturbances, examines the potential loss of con-

traction and Lipschitzness in this case, introduces the new notion of d-tube contraction

and Lipschitzness, proves novel converse results, and tests the Youla-REN in new nu-

merical examples for both linear and nonlinear systems.

Concurrent work in [84, 85] also extends the Youla parametrisation to the contraction

framework, and includes similar statements to Theorem 5.2-1 and 5.6. However, [84, 85]

do not consider the effect of exogenous disturbances on the closed-loop system. Further

concurrent work [50, 51, 52] studies the Youla parametrisation from the perspective of

input-output operators, and also utilises RENs as the stable parameter. However, [50]

only considers the state-feedback setting, and [51, 52] are limited to finite-gain stability

for stable plants and make strong assumptions about measurable disturbances for the

results on closed-loop contraction and Lipschitzness.

4.2 Preliminaries

4.2.1 Problem Formulation

We consider nonlinear systems G of the form

G :

xt+1 = f(xt, ηt, ut) + wt

yt = h(xt) + vt

(4.1)
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with internal states xt ∈ Rnx , controlled inputs ut ∈ Rnu , and measured outputs

yt ∈ Rny . The states and measurements are perturbed by (unknown) additive process

disturbances wt ∈ Rnx and measurement noise vt ∈ Rny , respectively. Here ηt ∈
Rnη are known external inputs representing reference signals, feedforward commands,

disturbance previews, or other known inputs. We denote the unknown disturbances

dt = [wt; vt] and the controlled outputs zt = [xt;ut].

Our task is to parametrise stabilising feedback policies u = K(η, y) for (4.1). Specif-

ically, our goal is to construct a policy class parametrising the set of controllers Kθ,

where θ ∈ RN is a learnable parameter, which satisfies the following requirements from

Section 1.1 (re-stated below for convenience).

(1) Robust stability certificates: All controllers in the policy class guarantee

robust closed-loop stability with (4.1).

(2) Differentiable parametrisation: There exists a differentiable (at least piece-

wise) map from the learnable parameter θ ∈ RN to feedback policies Kθ.

(3) Expressive policy class: The policy class is expressive and contains a large

set of (preferably all) robustly stabilising controllers for a given system (4.1).

Requirements (1) and (2) are hard requirements which are essential for learning-based

control with robust stability guarantees in data-driven problems. Requirement (1)

ensures the policies are always closed-loop stabilising independently of the data or

optimisation algorithms with which they have been trained. Requirement (2) ensures

that the policy class is easy to use and compatible with standard tools in machine

learning and data-driven control which are based on unconstrained optimisation. Re-

quirement (3) is a soft requirement ensuring the policy class is sufficiently general to

include high-performing controllers for a wide range of dynamical systems and objec-

tive functions.
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4.2.2 Stability and Robustness

We introduced contraction, incremental IQCs, and their special case of Lipschitz-

bounded systems in Definitions 2.1, 2.2, and 2.3, respectively. We choose these as

our requirements for the internal stability (contraction) and input-output stability and

robustness (incremental IQCs and Lipschitzness) due to the attractive properties of

incremental stability notions outlined in Section 2.2.

Many existing approaches to parametrising stabilising controllers are based on weaker

notions of stability, such as finite ℓ2-gain stability. We define this as follows. Consider

a nonlinear system u 7→ y of the form

xt+1 = F (xt, ut), yt = H(xt, ut), (2.12)

with states xt ∈ Rn, inputs ut ∈ Rm, outputs yt ∈ Rp, and F,H locally Lipschitz. We

assume F (0, 0) = 0 and H(0, 0) = 0 without loss of generality.

Definition 4.1 (Finite-gain stability). The system (2.12) is said to be finite-gain stable

if there exists a γ ∈ R+ such that for any initial state x0 ∈ Rn, inputs u ∈ ℓm, and

corresponding outputs y ∈ ℓp, we have

∥y∥T ≤ γ∥u∥T + κ(x0) ∀T ∈ N (4.2)

where κ(x0) ≥ 0 and κ(0) = 0.

4.3 Nonlinear Youla Parametrisation

In this section, we construct the specific version of the Youla parametrisation that we

use. We assume that a stabilising “base” controller has already been designed for the

plant – or as a special case, where the plant itself is stable – and we wish to improve

its closed-loop performance without compromising stability. Referring to Figure 4.2,

we learn a dynamical system Q called the Youla parameter which adds controls ũ to
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Figure 4.2: A version of the Youla-Kučera parametrisation. The Youla parameter Q aug-
ments a feedback controller Kb to control a plant G. It reacts to difference ỹ between the
measurements y and predictions ŷ from an observer O. Known exogenous inputs η have been
omitted to simplify the diagram.

the output û of the base controller Kb. The total control signal is then u = û+ ũ. We

assume that Kb takes the form

Kb :

st+1 = fb(st, ηt, ut, yt)

ût = k(st, ηt, yt)
(4.3)

where st ∈ Rns is some internal state. The first key ingredient in our parametrisation

is an observer ŷ = O(η, u, y) of the form

O :

x̂t+1 = fo(x̂t, ηt, ut, yt),

ŷt = h(x̂t)
(4.4)

where x̂t ∈ Rnx is the state estimate and ŷt ∈ Rny is the output estimate. The

innovations sequence is

ỹt := yt − ŷt. (4.5)

Intuitively, the role of the observer is to decompose the measurements y = ŷ + ỹ into

predictable measurements ŷ and “surprises” ỹ. The second key ingredient is the Youla
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parameter ũ = Q(η, ỹ), which acts on the innovations, “reacting to surprises” as well

as known exogenous inputs η. Q is itself a nonlinear dynamical system of the form

Q :

qt+1 = fq(qt, ηt, ỹt),

ũt = hq(qt, ηt, ỹt)
(4.6)

with internal state qt ∈ Rnq and augmenting control ũt ∈ Rnu . The resulting augmented

controller u = KQ(η, y) is

KQ :



st+1 = fb(st, ηt, ut, yt)

x̂t+1 = fo(x̂t, ηt, ut, yt)

qt+1 = fq(qt, ηt, yt − h(x̂t))

ut = k(st, ηt, yt) + hq(qt, ηt, yt − h(x̂t)).

(4.7)

Remark 4.1. If external inputs η are not provided to the Youla parameter such that

ũ = Q(ỹ), then the Youla parameter only reacts to surprises – i.e., disturbances,

model error, or initial condition error. In this case, we can think of the controller

(4.7) as consisting of a nominal controller Kb with good performance in response to

known inputs, and a robustifying parameter Q whose role is to respond to error and

uncertainty. This perspective is explored in the linear setting in [197].

4.4 Results for Simplified Settings

Our aim is to study the Youla controller KQ as a parametrisation of policies for (a)

nonlinear (b) partially-observed systems achieving (c) contracting and Lipschitz closed

loops. In this section, we first consider simplified settings in which at most two of

these three features are present at a time, namely: (b), (c) but not (a) (Sec. 4.4.1); (a),

(c) but not (b) (Sec. 4.4.2); and (a), (b) but not (c) (Sec. 4.4.3), where the stability

requirement is relaxed to finite-gain stability. In these settings, we find that a controller

stabilises the closed-loop system if and only if it can be written in the Youla form.
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4.4.1 Restricting to LTI Systems

Consider the simplified setting in which (4.1) is an LTI system

xt+1 = Axt +But + wt

yt = Cxt + vt

(4.8)

with (A,B) stabilisable and (A,C) detectable. Then, we can obtain a linear base

controller û = Kb(y) as

x̂t+1 = Ax̂t +But + L(yt − Cx̂t)

ût = −Kx̂t
(4.9)

where the gain matrices K,L are chosen such that (A − BK) and (A − LC) are

stable using standard methods from linear control theory (such as Linear Quadratic

Gaussian (LQG) control [196]). By taking the innovations ỹ = y − Cx̂, the Youla

controller (4.7) becomes

u = −Kx̂+Q(η, ỹ) (4.10)

where Q is the nonlinear system (4.6).

If Q is an LTI system, it is well-known that (4.10) parametrises all linear stabilising

controllers for the plant (4.8) if and only if Q itself is a stable system [41, 3]. However,

there are many situations in which parametrising a nonlinear controller can be advan-

tageous, even if the system to be controlled is linear. For example, one may consider

LTI systems with constrained states or inputs, or LTI systems with non-quadratic cost

functions. In both cases, the optimal control can be nonlinear.

The following theorem extends the classic Youla-Kučera result to nonlinear Youla pa-

rameters Q of the form (4.6) and nonlinear controllers u = K(η, y) described by

K :

ϕt+1 = fK(ϕt, ηt, yt)

ut = hK(ϕt, ηt, yt)
(4.11)
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with states ϕ ∈ Rnk , and fK, hK locally Lipschitz. Put simply, the theorem states that

the Youla parametrisation covers all and only the controllers achieving a contracting

and Lipschitz closed loop with a given LTI system.

Theorem 4.1. Consider the LTI system (4.8) with controller (4.9), (4.10) parametrised

by Q (4.6).

1. For any contracting and Lipschitz Q, the closed-loop system is contracting and

the map (η, d) 7→ z is Lipschitz.

2. Any controller u = K(η, y) of the form (4.11) achieving a contracting and Lip-

schitz closed loop can be written in the form (4.9), (4.10) with contracting and

Lipschitz Q.

Proof of Theorem 4.1-1. The result follows directly from Theorem 5.4. However, we

include a detailed proof below as it provides useful insight into the advantages of the

Youla parametrisation. We ignore η for notational convenience.

We will show below that, under the base controller (4.9) with a controller augmentation

ũ, the system response is described byz
ỹ

 =

T0 T1
T2 0

d
ũ

 (4.12)

where T0, T1, T2 are each stable linear systems. Importantly, ỹ is completely decoupled

from ũ in (4.12). This allows us to close the loop by connecting ũ = Q(ỹ) in series

with T1, T2 to achieve

z = T0(d) + T1(Q(T2(d))). (4.13)

The closed-loop response is therefore a series/parallel interconnection of the stable

linear systems and T0, T1, T2 and a contracting and Lipschitz system Q. Hence, it is

contracting and Lipschitz by the series/parallel composition properties of contracting
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systems and Lipschitz mappings.

It remains to construct the stable systems T0, T1, T2 in (4.12), for which we follow the

approach in [196]. First, let us define the observer error x̃ := x − x̂. The closed-loop

dynamics of (4.8) in feedback with the base controller (4.9) are

xt+1 = (A−BK)xt +BKx̃t + wt (4.14a)

x̃t+1 = (A− LC)x̃t − Lvt + wt (4.14b)

ỹt = Cx̃t + vt (4.14c)

zt = [xt;K(x̃t − xt)]. (4.14d)

Equations (4.14a), (4.14b) and (4.14d) define the stable closed-loop response under

the base controller, T0 : d 7→ z. Similarly, (4.14b) and (4.14c) define the stable system

T2 : d 7→ ỹ. To construct T1, we add ũ = u− û = u+K(x− x̃) to the base controller

signal û = K(x̃− x). This only modifies (4.14a) and (4.14d) such that

xt+1 = (A−BK)xt +BKx̃t +Bũt + wt

zt = [xt; ũt +K(x̃t + xt)].

Hence, by the superposition of linear systems, we have that z = T0(d) + T1(ũ), where

the stable linear system T1 : ũ 7→ z is given by

x̆t+1 = (A−BK)x̆t +Bũt

z̆t = [x̆t; ũt −Kx̆t].

Inserting these stable linear systems T0, T1, T2 into (4.12) completes the proof.

Proof of Theorem 4.1-2. The result follows directly from Corollary 5.8.

Before moving on, we note two key features of the Youla parametrisation for LTI sys-

tems which are both highlighted in the proof of Theorem 4.1-1. Firstly, (4.12) implies
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that the innovations ỹ are completely decoupled from the output ũ of the Youla param-

eterQ, which is fundamentally why closed-loop stability is guaranteed with contracting

and Lipschitz Q. We will explore this property further in Section 5.1.4. Secondly, the

closed-loop response (4.13) is linear in Q. If Q = Qθ is linearly parametrised by a

vector θ ∈ RN , then one can pose the problem of nonlinear control design as a convex

optimisation problem. This perspective is taken in, for example, [136, Sec. IX] using

RENs as echo-state networks [192].

4.4.2 Restricting to Perfect State Feedback

In our second simplified setting, we consider cases in which the plant (4.1) is nonlinear

but we have perfect knowledge of the states such that

xt+1 = f(xt, ηt, ut) + wt

yt = xt

(4.15)

where f(x−1, η−1, u−1) := 0 and w−1 := x0. This scenario is relevant if, for example,

we have a perfect disturbance observer. Suppose the base controller (4.3) takes the

form ût = k(ηt, yt). The Youla parametrisation (4.7) can then be reduced to

u = k(η, x) +Q(η, ỹ) (4.16)

where the innovations at time t are simply

ỹt = wt−1 = xt − f(xt−1, ηt−1, ut−1) (4.17)

since we have a perfect model of the plant and no measurement noise. A similar

statement to Theorem 4.1 is then as follows.

Theorem 4.2. Suppose that k is Lipschitz, the closed-loop system under the base

controller û = k(η, x) is contracting, and its map (η, w, ũ) 7→ z is Lipschitz. Consider

the system (4.15) with controller (4.16) parametrised by Q (4.6).
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1. For any contracting and Lipschitz Q, the closed-loop system is contracting and

its map (η, d) 7→ z is Lipschitz.

2. Any controller u = K(η, y) of the form (4.11) achieving a contracting and Lips-

chitz closed loop can be written in the form (4.16) with contracting and Lipschitz

Q.

Proof of Theorem 4.2. The results follow directly from Theorem 5.4 and Corollary 5.7,

respectively.

As with the LTI setting, the Youla parametrisation represents all and only contracting

and Lipschitz closed-loops with (4.15). This state-feedback formulation has strong

connections to disturbance-feedback parametrisations in MPC [56]. Note also that

similar results to Theorem 4.2 in terms of finite-gain stability have been derived for

System-Level Synthesis (SLS) in [66, 50].

4.4.3 Restricting to Finite-Gain Stability

Moving to the partially-observed nonlinear setting, similar results have been proven for

the weaker notion of finite-gain stability (e.g., [74, 48]). We summarise these results

for our specific problem setup given the following assumptions.

A1′ Finite-gain stabilising base controller: the closed-loop system GKb : (η, d, ũ) 7→ z

under the base controller, i.e., (4.1) in feedback with (4.3), is finite-gain stable.

A2 Contracting and Lipschitz observer: The observer (4.4) is contracting and the

map (η, u, y) 7→ x̂ is Lipschitz.

A3 Observer correctness: When d ≡ 0 and x0 = x̂0, the observer exactly replicates

the plant dynamics. That is, f(xt, ηt, ut) = fo(xt, ηt, ut, h(xt)) ∀t ∈ N.

A4 Smooth functions: The systems G,Kb,O,Q,K have piecewise-differentiable dy-

namics functions and Lipschitz continuous output maps.
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Comparing to the partially-observed LTI setting, assumptions A1′–A3 are similar

to assuming that we can design a stabilising linear controller (4.9). Importantly,

A2–A3 imply that the observer error exponentially decays when there are no dis-

turbances, regardless of the control inputs [136, Prop. 2]. Under these assumptions,

the Youla parametrisation achieves the following result (similar to e.g., [48, Prop. 21],

[74, Thm. 3.1]), which implies that the Youla parametrisation represents all and only

finite-gain stabilising controllers for a given partially-observed nonlinear system.

Theorem 4.3. Suppose assumptions A1′–A4 hold. Consider the system (4.1) with

controller (4.7) parametrised by Q (4.6).

1. For any finite-gain stable Q, the closed-loop system is also finite-gain stable.

2. If the base controller (4.3) is finite-gain stable, then any controller u = K(η, y)
of the form (4.11) achieving a finite-gain stable closed loop can be written in the

form (4.7) with finite-gain stable Q.

Remark 4.2. [48, Prop. 21], [74, Thm. 3.1] use a similar construction to (4.7), but

with the base controller and observer coupled in the form

x̂t+1 = fo(x̂t, ut, yt), ût = k(x̂t, yt)

rather than separated out as in (4.3) and (4.4), respectively. We therefore provide a

proof for our specific statement of Theorem 4.3 for completeness.

Proof of Theorem 4.3-1. Without loss of generality, assume that f(0, 0, 0) = 0, h(0) =

0 and similarly for all other functions. We first show that the innovations signal ỹ is

bounded by a term that is independent of the Youla augmentation ũ, despite there

being a feedback loop between ũ and ỹ in Figure 4.2. Applying observer correctness
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(A3) to the nonlinear system G, we have

xt+1 = f(xt, ηt, ut) + wt

= fo(xt, ηt, ut, h(xt)) + wt

= fo(xt, ηt, ut, yt − vt) + wt.

(4.18)

We denote the trajectory of (4.18) by (x, η, u, y, w, v). The observer dynamics are

x̂t+1 = fo(x̂t, ηt, ut, yt) (4.4)

with (x̂, η, u, y) as its trajectory. This shares the same inputs (η, u, y) as (4.18). Since

the observer is contracting and Lipschitz (A2), from Lemma 2.1 we have

∥x̃∥T = ∥x− x̂∥T ≤ γ̃(∥v∥T + ∥w∥T ) + κ̃(x0, x̂0), (4.19)

where γ̃ ∈ R+ and κ̃(x0, x̂0) ≥ 0 with κ̃(x0, x0) = 0 ∀x0 ∈ Rnx . Since the output map

h is Lipschitz (A4), we obtain

∥ỹ∥T = ∥h(x)− h(x̂) + v∥T ≤ γh∥x̃∥T + ∥v∥T
≤ γ0(∥w∥T + ∥v∥T ) + κ0(x0, x̂0)

(4.20)

where γ0 = γ̃γh + 1 and κ0 = γhκ̃ with γh as the Lipschitz constant of h.

We now show that the closed-loop system is finite-gain stable. Let ξt = [xt; st] ∈ Rnx+ns

and qt ∈ Rnq be the states of the base-controlled closed-loop system (η, d, ũ) 7→ z and

the Youla parameter (η, ỹ) 7→ ũ, respectively. For convenience we denote the state

of the total closed-loop system by x̄t = [ξt; x̂t; qt]. From assumption A1′ and the

finite-gain stability of the Youla parameter respectively, we have

∥z∥T ≤ γ1(∥ũ∥T + ∥η∥T + ∥w∥T + ∥v∥T ) + κ1(ξ0),

∥ũ∥T ≤ γ2(∥ỹ∥T + ∥η∥T ) + κ2(q0),
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for some γ1, γ2 ∈ R+ and κ1(ξ0), κ2(q0) ≥ 0 with κi(0) = 0 for i = 1, 2. Combining

these inequalities with (4.20) gives

∥z∥T ≤ γ(∥η∥T + ∥w∥T + ∥v∥T ) + κ(x̄0) (4.21)

with γ = γ1 (1 + γ2max(γ0, 1)) and κ = γ1γ2κ0 + κ1 + γ1κ2. Noting that x0 = x̂0 = 0

implies κ(0) = 0 completes the proof.

Proof of Theorem 4.3-2. The closed-loop system (η, d) 7→ z consisting of (4.1) in feed-

back with u = K(η, y) (4.11) has dynamics

xt+1 = f(xt, ηt, hK(ϕt, ηt, h(xt) + vt)) + wt

ϕt+1 = fK(ϕt, ηt, h(xt) + vt)

zt = [xt;hK(ϕt, ηt, h(xt) + vt)].

(4.22)

This system is finite-gain stable by assumption. We will use it to show that K can be

re-written in the form (4.7) with a finite-gain stable Youla parameter QK.

Augment K with a base controller Kb (4.3) and observer O (4.4). Using yt = ỹt+h(x̂t)

and ũt = ut − ût, the resulting system QK : (η, ỹ) 7→ ũ has state-space form

x̂t+1 = fo(x̂t, ηt, hK(ϕt, ηt, h(x̂t) + ỹt), h(x̂t)) + ∆fo

st+1 = fb(st, ηt, hK(ϕt, ηt, h(x̂t) + ỹt), h(x̂t) + ỹt)

ϕt+1 = fK(ϕt, ηt, h(x̂t) + ỹt)

ũt = hK(ϕt, ηt, h(x̂t) + ỹt)− k(st, ηt, h(x̂t) + ỹt),

(4.23)

where ∆fo := fo(x̂t, ηt, u, h(x̂t) + ỹt) − fo(x̂t, ηt, u, h(x̂t)). We show that QK is finite-

gain stable in two steps. First, notice the QK is composed of a system K in feedback

with O, connected in parallel with the system Kb (see Section 5.2 and Figure 5.3 for

further discussion on this interpretation). Applying observer correctness (A3) to the
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first system, we can re-write its internal dynamics as

x̂t+1 = f(x̂t, ηt, hK(ϕt, ηt, h(x̂t) + ỹt)) + ∆fo

ϕt+1 = fK(ϕt, ηt, h(x̂t) + ỹt).
(4.24)

This is exactly the internal dynamics of the finite-gain stable system (4.22) if we re-

label x as x̂ and choose vt = ỹt, wt = ∆fo. Furthermore, we know |∆fo| ≤ γoy|ỹt| for

some γoy ∈ R+ because fo is Lipschitz w.r.t the measurements by assumption. Hence

the map (η, ỹ) 7→ z is finite-gain stable under our transformation.

Second, we use the fact that, under our re-labelling, the map z 7→ ũ is given by

ũt = [0, I]zt − ût where, with slight abuse of notation,

û = Kb(η, [0 I]z, h([I 0]z) + ỹ)

is finite-gain stable by assumption. Since h is also Lipschitz (A4), then clearly the map

z 7→ ũ is also finite-gain stable. Therefore,QK : (η, ỹ) 7→ ũ is finite-gain stable since it is

a parallel connection of finite-gain stable systems. To conclude, notice that if Q = QK

in the Youla architecture (4.7), then the control signal ut = ût + hK(ϕt, ηt, yt) − ût

is unchanged from u = K(η, y). Hence K can be written in the form (4.7) with a

finite-gain stable Youla parameter Q = QK.

4.5 Conclusions

This chapter has introduced our study of a nonlinear version of the Youla parametri-

sation for learning-based control with built-in stability and robustness guarantees. We

have seen that in simplified settings with at most two of three complicating factors –

(a) nonlinear systems, (b) partially-observed systems, (c) and incremental stability –

the Youla parametrisation covers all and only stabilising controllers for a given system,

in analogy with the classical results for linear systems and controllers from [193, 92].
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We now continue our study of the Youla parametrisation from Chapter 4, where we

established it as a parametrisation of all stabilising controllers in simplified settings.

This chapter provides detailed theoretical results for the general setting of partially-

observed nonlinear systems with incremental stability. We study the conditions under

which: (1) the Youla parametrisation guarantees contracting and Lipschitz closed-

loops; and (2) the Youla parametrisation covers all controllers achieving contracting

and Lipschitz closed loops. We follow this with numerical experiments combining

our version of the Youla parametrisation with RENs to construct our stable-by-design

policy class, the Youla-REN. We demonstrate the advantages of learning Youla-REN

policies – which have built-in stability certificates – on three illustrative examples

in deep RL with: (i) “economic” costs which do not naturally encourage closed-loop

stability; (ii) short training horizons; and (iii) model uncertainty.

This chapter is based on the same three publications as listed in Chapter 4. The

majority of the content is based on [15], which builds on our previous work in [12, 178].
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5.1 Partially-Observed Nonlinear Systems with In-

cremental Stability

In this section, we study the case of partially-observed nonlinear systems (4.1) and the

incremental stability properties of contraction and Lipschitzness of the closed loop. We

first show by counterexample that incremental stability can be lost in this context. We

follow this by showing that a weaker-form of stability can be maintained, and discuss

stronger conditions under which contracting and Lipschitz closed loops can still be

achieved. All proofs are provided in Section 5.5.

We first introduce a stronger version of assumption A1′ which will be used for all

subsequent results in this section

A1 Contracting and Lipschitz stabilising base controller: the closed-loop system

GKb : (η, d, ũ) 7→ z under the base controller, i.e., (4.1) in feedback with (4.3), is

contracting and Lipschitz.

5.1.1 Counterexample Exhibiting Loss of Contraction

One might expect a similar result to Theorems 4.1 to 4.3 to hold for partially-observed

nonlinear systems in the incremental stability setting – i.e., if the base controller

satisfies assumptions A1–A4 and the Youla parameter is contracting and Lipschitz,

then the Youla controller (4.7) parametrises all contracting and Lipschitz closed loops

(η, d) 7→ z for partially-observed nonlinear systems (4.1). However, Example 5.1 shows

a system for which these assumptions are satisfied, but the closed-loop system is neither

contracting nor Lipschitz.

Example 5.1. Consider the following scalar nonlinear system

xt+1 = 0.5|xt|+ ut + wt, yt = xt (5.1)
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Figure 5.1: Simulations of the closed-loop system in Example 5.1 show plant state trajec-
tories from different initial states (solid and dashed). They converge when w = 0 but with
w = 2 there are distinct trajectories that do not converge, so the system is neither contracting
nor Lipschitz.

with wt as the unknown disturbance. Assumption A1 holds with the base controller

Kb = 0. We then choose an observer

x̂t+1 = 0.5|x̂t|+ ut, ŷt = x̂t, (5.2)

which satisfies assumptions A2–A4. Finally, we pass the innovations ỹ = y − ŷ to a

memoryless Youla parameter

u = Q(ỹ) := min(2.5− 5ỹ, 0), (5.3)

which is obviously contracting and Lipschitz. As shown in Figure 5.1 (green), the

closed-loop state trajectories under the same disturbance w ≡ 2 converge to multiple

trajectories, and hence the closed-loop system under the nonlinear Youla controller KQ

is neither contracting nor Lipschitz.

To understand the behaviour of the system (5.1)–(5.3), we first derive the dynamics of

the observer error x̃ = x− x̂ as follows,

x̃t+1 = 0.5|x̃t + x̂t| − 0.5|x̂t|+ wt, ỹt = x̃t, (5.4)
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which implies that the innovations ỹ implicitly depend on the control input u (the

output of Q) through x̂. This introduces a feedback loop between the error dynamics

(5.4) and the Youla parameter Q (5.3), leading to non-contracting closed-loop be-

haviour when the gain of Q is sufficiently large.

On the other hand, we can establish that increasing the gain of Q does not lead to un-

bounded closed-loop trajectories with bounded disturbances. The reason is as follows.

Both the plant (5.1) and its observer (5.2) are copies of the following contracting and

Lipschitz system

ξt+1 = 0.5|ξt|+ µt, νt = ξt (5.5)

with (ξa, µa, νa) = (x, u + w, y) and (ξb, µb, νb) = (x̂, u, ŷ) for the plant and observer,

respectively. From (2.14) we have

∥ỹ∥T = ∥y − ŷ∥T ≤ γ∥w∥T + κ(x0, x̂0) (5.6)

with γ ≥ 0 and κ(a, b) ≥ 0. In other words, the innovations ỹ are bounded by the

external disturbance w, despite there being feedback through u, which might be large

due to some high-gain Q. Moreover, since the Youla parameter Q and the system

under the base controller are both contracting and Lipschitz, we can conclude that the

ℓ2-norms of u, x, y are also bounded.

5.1.2 d-Tube Contracting and Lipschitz Responses

The counterexample above shows that closed-loop contraction and Lipschitzness cannot

be guaranteed for partially-observed nonlinear systems (4.1). However, we observed

that signals did not exhibit unbounded growth, and they instead satisfied a finite ℓ2 gain

bound from the unknown disturbance w. The main result of this section establishes

this as a general property in the partially-observed nonlinear setting. In the following,

x̄t := [xt; st; x̂t; qt] is the state of the closed-loop system under the Youla controller

(4.7).
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Theorem 5.1. Suppose assumptions A1–A4 hold. Then for any contracting and Lip-

schitz Youla parameter Q (4.6), the closed-loop system consisting of (4.1) in feedback

with (4.7) satisfies the following properties:

1. With zero disturbances (i.e., d ≡ 0, x̃0 = 0), the closed-loop system is contracting

and η 7→ z is Lipschitz.

2. Let (x̄⋆, η⋆, z⋆) ∈ ℓ be any zero-disturbance trajectory of the closed-loop system.

Then with non-zero disturbances (i.e., ∀d ∈ ℓ, x0 ̸= x̂0), the closed-loop system

satisfies

∥z − z⋆∥T ≤ γ(∥η − η⋆∥T + ∥d∥T ) + κ(x̄0, x̄
⋆
0) (5.7)

for all T ∈ N, x̄0 ∈ Rnx̄, η ∈ ℓ, where γ ∈ R+, κ(x̄0, x̄⋆0) ≥ 0, κ(x̄⋆0, x̄⋆0) = 0, and

nx̄ = 2nx + nq + ns. We call this property d-tube contracting and Lipschitz.

The interpretation of Theorem 5.1 is that in the disturbance-free case, the closed-

loop system exhibits smooth responses to known external inputs η (e.g., disturbance

previews, reference trajectories, feedforward controls) as they can be seen by both

the plant and the observer. However, with unknown disturbances present, the system

contracts to a tube around the disturbance-free trajectory with a radius proportional

to ∥d∥. This is a stronger property than the finite-gain stability of Theorem 4.3, but

weaker than the closed-loop contraction and Lipschitzness of Theorems 4.1 and 4.2.

Remark 5.1. The proof of Theorem 5.1 (Section 5.5) does not actually rely on the base

controller achieving contracting and Lipschitz closed loops with respect to d. Assump-

tion A1 can be replaced with the weaker assumption that the base-controlled closed-loop

system GKb : (η, d, ũ) 7→ z is d-tube contracting and Lipschitz.

5.1.3 Response to Observer Initial Condition Error

Theorem 5.1 indicates that the Youla parametrisation guarantees contracting and Lip-

schitz closed-loops in the disturbance-free setting with zero initial observer error, but
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not in the presence of disturbances and initial observer error. An interesting special

case is when we have non-zero initial observer error, but no other unknown perturba-

tions.

Consider Example 5.1 again, now with w ≡ 0. Since both (x, u, y) and (x̂, u, ŷ) are

solutions of the contracting system (5.5) with the same inputs u, from Definition 2.1 we

have |x̃t| = |xt− x̂t| ≤ βαt|x0− x̂0| for some β > 0 and α ∈ [0, 1). This means that the

feedback from Q to ỹ is constrained within an envelope that exponentially converges

to zero. Since the Youla parameter Q and the system under the base controller Kb

are both contracting, we conclude that both x, u will exponentially converge to some

fixed values, which we see empirically in Figure 5.1 (yellow). The following theorem

formalises the closed-loop stability result when the unknown disturbances are zero.

Theorem 5.2. Suppose assumptions A1–A4 hold, x0 ̸= x̂0 but d ≡ 0, and f, fb, fq

are Lipschitz continuous w.r.t. their respective system inputs. Consider any two tra-

jectories za, zb ∈ ℓ of the closed-loop system (4.1) in feedback with (4.7) with initial

states x̄a0, x̄b0 ∈ Rnx̄ and inputs ηa, ηb ∈ ℓ. Then for any contracting and Lipschitz Youla

parameter Q (4.6):

1. When ηa ≡ ηb, the closed-loop states satisfy

|∆x̄t| ≤ Aρt
(
|∆ξ0|+ |∆q0|+ |x̃a0|+

∣∣x̃b0∣∣) (5.8)

for some A ∈ R+ and ρ ∈ [0, 1), where ∆x := xa − xb and similar for all other

variables, and ξt := [xt; st].

2. The closed-loop trajectories satisfy

∥∆z∥T ≤ γ̄∥∆η∥T + κ(x̄a0, x̄
b
0) +

γ̃β
(
|x̃a0|+

∣∣x̃b0∣∣)√
1− α2

(5.9)

for all T ∈ N, where γ̄, γ̃ ∈ R+, κ(x̄a0, x̄b0) ≥ 0 with κ(x̄0, x̄0) = 0 ∀ x̄0 ∈ Rnx̄, and

β ∈ R+, α ∈ [0, 1) are the overshoot and contraction rate of the observer (4.4).
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Remark 5.2. The effect of non-zero initial observer error is that the closed-loop system

is not contracting and Lipschitz in the sense of Definitions 2.1 and 2.3 (respectively).

Instead, (5.8) and (5.9) have additional terms depending on |x̃a0|, |x̃b0|, which are not

necessarily zero even if ∆x̃0 = 0. These terms are due to the transient feedback inter-

action between ũ and ỹ before the observer error x̃ converges to 0. We therefore called

this behaviour contracting and Lipschitz with transients in [12], and it is consistent

with recent results in [85, Thm. 4.3].

5.1.4 Decoupled Innovations and Youla Augmentation

The source of the loss of contraction in the counterexample (Section 5.1.1) was the

indirect interaction between the augmentation ũ and the innovations ỹ. If, however,

ỹ is completely decoupled from ũ, then adding Q does not introduce a feedback loop

in the closed-loop system, and we retain the closed-loop contracting and Lipschitz

properties of the original base-controlled system. We have already seen this property

in three special cases – LTI systems (Theorem 4.1-1), fully-observed nonlinear sys-

tems (Theorem 4.2-1), and partially-observed nonlinear systems with zero uncertainty

(Theorem 5.1-1).

Proposition 5.3. In each of the closed-loop systems from Theorems 4.1, 4.2 and 5.1-1,

the innovations ỹ are the outputs of a contracting and Lipschitz system T : (η, d) 7→ ỹ

given by
ψt+1 = F̃ (ψt, ηt, dt)

ỹt = H̃(ψt, ηt, dt)
(5.10)

with internal state ψt ∈ Rnψ and F̃ , G̃ locally Lipschitz.

The decoupling of ỹ and ũ in this way is a sufficient condition for the Youla parametri-

sation to guarantee contracting and Lipschitz closed-loop responses. We therefore unify

our three special cases with the following result.

89



Chapter 5. React to Surprises with Youla-REN – Part II

Theorem 5.4. Suppose the base-controlled system GKb : (η, d, ũ) 7→ z satisfies assump-

tion A1 and the innovations ỹ are generated by a contracting and Lipschitz system T
(5.10). Then for any contracting and Lipschitz Youla parameter Q (4.6), the closed-

loop system z = GKb(η, d,Q(η, T (η, d))) mapping (η, d) 7→ z is also contracting and

Lipschitz.

5.1.5 Achieving Closed-Loop Contracting and Lipschitz Responses

to Disturbances and Uncertainty

When the innovations are coupled with the Youla augmentation (e.g., due to distur-

bances or model parameter uncertainty), we can still achieve contracting and Lipschitz

closed loops by imposing further restrictions on the Youla parameter. Our approach is

based on IQC theory and loop shaping. We first group together the nonlinear plant G,
the base controller Kb, and the observer O as the system G∆ : (η, d, ũ) 7→ (z, ỹ) shown

in Figure 5.2. We then take Q = W1 ◦ Q̄ ◦ W2 where W1 and W2 are fixed, stable

linear filters, and Q̄ is a learnable contracting and Lipschitz system. Q is therefore

also contracting and Lipschitz. The following proposition gives a sufficient condition

for achieving a stable closed loop.

Figure 5.2: Youla parametrisation via loop shaping, where known inputs η have been omit-
ted for simplicity.

Proposition 5.5. Suppose the system G∆ is contracting and there exist stable linear

filters W1 : ū 7→ ũ and W2 : ỹ 7→ ȳ with ū ∈ ℓnu and ȳ ∈ ℓny such that the weighted

system Ḡ∆ : (η, d, ū) 7→ (z, ȳ) admits the incremental IQC defined by (Q,S,R) with
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Q ≺ 0 and R ≻ 0 partitioned as

Q =

Qzz Qzȳ

Q⊤
zỹ Qȳȳ

 , S =

Sdz Sdȳ

Sūz Sūȳ

 , R =

Rdd Rdū

R⊤
dū Rūū

 .
Take Q =W1 ◦ Q̄ ◦ W2, and suppose further that the system Q̄ : ȳ 7→ ū is contracting

and satisfies the incremental IQC defined by (Q̄, S̄, R̄). Then the closed loop of G∆ and

Q is contracting and Lipschitz if


Qȳȳ + R̄ S⊤

ūȳ + S̄ Qzȳ

Sūȳ + S̄⊤ Rūū + Q̄ Sūz

Q⊤
zȳ S⊤

ūz Qzz

 ≺ 0. (5.11)

Remark 5.3. Using a pre-compensatorW1 and/or a post-compensatorW2, the system

Ḡ∆ has a desired open-loop shape, which can be understood as a dynamic version of in-

put normalisation in deep RL [5]. This allows for learning high-performance controllers

via simple IQCs for Ḡ∆ and Q̄, e.g.,

Qỹỹ = −1/νI, Sũỹ = 0, Rũũ = νI, Qzȳ = 0, Sūz = 0,

Q̄ = −1/µI, S̄ = 0, R̄ = µI.

In this case, condition (5.11) is reduced to the requirement for the incremental small-

gain theorem, i.e., µν < 1.

5.2 Converse Results

In Section 4.4 we saw that, in certain simplified settings, the proposed Youla parametri-

sation includes all possible and only those controllers resulting in contracting and Lips-

chitz closed-loops. In Section 5.1 we saw by counterexample that this is not true in the

partially-observed nonlinear case, but that the weaker property of d-tube contraction

and Lipschitzness holds. This raises the question: what class of controllers are cov-
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ered by the Youla parametrisation? We provide an answer in this section, and include

proofs in Section 5.5.

We first introduce the following system which connects the observer (4.4) and base

controller dynamics (4.3) in parallel, forming a map (η, u, ỹ) 7→ (y, ẑ):

O : x̂t+1 = fo(x̂t, ηt, ut, ŷt + ỹt), ŷ = h(x̂t)

Kb : st+1 = fb(st, ηt, ut, ŷt + ỹt), û = k(st, ηt, ŷt + ỹt)

yt = h(x̂t) + ỹt

ẑt = [x̂t; st;ut]

(5.12)

We then introduce an analogous assumption to A1 for (5.12), which allows us to state

Theorem 5.6.

A1′′ Observer-stabilising base controller: the closed-loop system G̃Kb : (η, ỹ, ũ) 7→ ẑ

under the base controller, i.e., (5.12) in feedback with (4.3), is contracting and

Lipschitz.

Theorem 5.6. Suppose assumption A4 holds, and consider the system (5.12) with

controller (4.7) parametrised by Q (4.6).

1. Suppose assumption A1′′ also holds. Then for any contracting and Lipschitz

Q, the closed-loop system with (5.12) is contracting and the map (η, ỹ) 7→ ẑ is

Lipschitz.

2. Any controller u = K(η, y) of the form (4.11) achieving a contracting and Lip-

schitz closed loop with (5.12) can be written as (4.7) with a contracting and

Lipschitz Q.

The interpretation is that for a given base controller and observer, the Youla controller

(4.7) with contracting and Lipschitz Q parametrises all and only controllers K stabilis-

ing the system (5.12). The structure of this interconnection is shown in Figure 5.3. It
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Figure 5.3: Block diagram showing how a Youla parameter ũ = Q(ỹ) can be constructed
so that any controller u = K(y) can be realised in the Youla form (4.7). Known exogenous
inputs η have been omitted to simplify the diagram.

can be seen that there is a feedback interconnection of the controller K and the observer

O (red), which is connected in series/parallel with the base controller Kb (green).

The proof (Section 5.5) is based on the idea that for a given base controller and

observer, any controllerK can be realised in the Youla form (4.7) withQ as the mapping

(η, ỹ) 7→ ũ shown in Figure 5.3. With this construction, the mapping y 7→ u of the

controller K remains unchanged. Stability of the resulting map (η, ỹ) 7→ ẑ is essentially

equivalent to stability of each of the red and green components, since ẑ includes the

states of both, and contraction and Lipschitzness are preserved through series/parallel

system connections. We take a deeper look into the meaning of stabilising the red and

green systems below.

(1) Red system: stabilising the red system corresponds to the controller K sta-

bilising the observer. This is related to stabilising the plant (4.1), but not the same

when disturbances are present. When ỹ = 0, observer correctness (A3) implies that

fo(xt, ηt, ut, h(xt)) = f(xt, ηt, ut), which is exactly the disturbance-free plant dynamics.

The controller K stabilises the observer against the particular disturbance structure

x̂t+1 = fo(x̂t, ηt, ut, h(xt) + wt)

entering via the measurement channel, rather than an additive disturbance as in (4.1).
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(2) Green system: stability of the green system is just stability of the base con-

troller. At first, this may look like a requirement of strong stabilisation, which is known

to be restrictive. However, this is not the case since Kb takes the true control signal u

as an input. For example, in the LTI case from Section 4.4.1, this is the requirement

that (A− LC) is stable, which will generally be the case, whereas strong stabilisation

requires that (A−LC −BK) be stable, which is restrictive. The difference is that we

use the total control signal u in place of û = −Kx̂.

Remark 5.4. Stabilising the red system in Figure 5.3 can be interpreted as defining

a stable image representation of the controller K (i.e., a right-coprime factor), since

it represents a mapping from ỹ 7→ (K(y), y). Similarly, one can think of the original

observer (4.4) together with the innovations map (4.5) as a stable kernel representation

(i.e., a left-coprime factor) mapping (u, y) 7→ ỹ (where we have omitted η for illustrative

purposes). The perspective of constructing the Youla parametrisation via stable image

and kernel representations is explored in detail in [48, 85].

In certain special cases, the requirement that a controller K stabilises the system

(5.12) follows naturally from K stabilising the plant (4.1). These special cases arise

when we make stronger assumptions on the structure of the plant, base controller, and

observer. In the following corollaries, we show that the Youla parametrisation contains

all contracting and Lipschitz closed-loops for two particular system structures. Note

that Theorem 4.1-2 for LTI systems follows directly from Corollary 5.8.

Corollary 5.7. Theorem 4.2-2 follows directly from Theorem 5.6 with measurements

yt = xt, observer x̂t+1 = f(yt, ηt, ut), and a static base controller ût = k(ηt, yt).

Corollary 5.8. Suppose assumption A4 holds and the base controller (4.3) and ob-
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server (4.4) are in the certainty-equivalence form

x̂t+1 = f(x̂t, ηt, ut) + L(ηt, yt − h(x̂t))

ût = k(x̂t, ηt, yt),
(5.13)

where L : Rnη × Rny → Rnx is Lipschitz. Then any controller u = K(η, y) of the form

(4.11) achieving a contracting and Lipschitz closed loop (η, d) 7→ z with (4.1) can be

written in the form (4.7) with a contracting and Lipschitz Q (4.6).

Remark 5.5. To understand why Corollary 5.8 cannot be extended to a necessary and

sufficient condition parametrising all and only stabilising controllers K, we examine the

difference between stabilising the system (5.12) and stabilising the plant (4.1). Consider

Example 5.1 again. In this case, the observer (5.2) is just an open-loop simulation of

the disturbance-free plant (5.1). It does not depend on y (or ỹ) at all, hence adding

a disturbance to the “measurement channel” of the observer has no effect (i.e., the

Lipschitz constant of fo w.r.t. y is zero). Therefore, a controller K stabilising this

observer only stabilises the plant in a disturbance-free setting, which implies nothing

about its ability to stabilise the plant in the presence of additive disturbances w.

Figure 5.4 illustrates the connection between Theorems 5.1, 5.4 and 5.6 for stabilising

controllers satisfying the conditions in Theorem 5.6. The Youla parametrisation (4.7)

contains all policies (4.11) that achieve contracting and Lipschitz closed loops with the

plant (set C). When the innovations and control inputs are coupled due to additive

disturbances, the closed-loop system does not necessarily achieve these same strong

stability properties. Instead, it guarantees d-tube contraction and Lipschitzness, which

is a slightly weaker stability result (set A). In the special case where the innovations

are decoupled from the control signal as per (5.10), all three sets coincide (e.g., LTI

systems, full state-feedback).
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d-Tube
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& Lipschtiz

Contracting &
Lipschitz
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Parametrisation

B

C

Figure 5.4: Illustration of stabilising policy sets for controllers satisfying the conditions
in Theorem 5.6: A) controllers achieving d-tube contracting and Lipschitz closed-loops, B)
the proposed nonlinear Youla parametrisation, and C) controllers achieving contracting and
Lipschitz closed loops. The three sets coincide if the innovations also satisfy (5.10).

5.3 Deep RL with Youla-REN

Having established the stability properties of the nonlinear Youla parametrisation (4.7),

we now investigate its use in learning-based control. In this section, we first introduce

our proposed Youla-REN policy class (Section 5.3.1), where we use a REN [136] as

the contracting and Lipschitz Youla parameter Q. We then illustrate the advantages

of its built-in stability certificates on three deep RL tasks with: (i) general reward

functions without stability consideration; (ii) short training horizons; and (iii) systems

with model uncertainty (Sections 5.3.2 to 5.3.4, respectively). All experiments1 were

performed in Julia using the RobustNeuralNetworks.jl package (Appendix B) and

the APG RL algorithm [100] (see Section 2.4.1).

5.3.1 The Youla-REN Policy Class

We parametrise the Youla parameterQ via RENs [136], which were introduced in detail

in Section 2.3.3. Together with the Youla control architecture (4.7), the resulting policy

class is called Youla-REN. The motivations for choosing a REN as the Youla parameter

are as follows.

1https://github.com/nic-barbara/ReactToSurprises
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1. RENs admit built-in behavioural guarantees such as contraction, Lipschitzness,

or other properties described by incremental IQCs. Thus, they are compatible

with the analysis framework for our policy parametrisation. In the experiments

below, we use γREN to denote a REN with a prescribed Lipschitz bound of

γ ∈ R+.

2. RENs are highly flexible and include many existing models as special cases, in-

cluding MLPs, RNNs, and stable linear dynamical systems (Section 2.3.3). It was

proven in [178, Prop. 2] that contracting RENs are also universal approximators

for contracting and Lipschitz dynamical systems.

3. RENs are compatible with standard machine-learning tools as they permit a

direct (smooth, unconstrained) parametrisation such that for any θ ∈ RN , the

resulting REN Qθ (2.20) is contracting and Lipschitz. This enables training of

large-scale models via automatic differentiation and variants of SGD.

5.3.2 Nonlinear System with Economic Cost

In our first example, we learn stabilising policies for partially-observed nonlinear system

while optimising an economic cost that does not naturally encourage stability. Consider

the following academic example, adapted from [4]:

ẋ1 = −x1 + x3 + w1

ẋ2 = x21 − x2 − 2x1x3 + x3 + w2

ẋ3 = −x2 + u+ w3

y = [x2;x3] + v.

(5.14)

We chose a stabilising base controller u = y1 − ky2 with gain k = 1.5, and an observer

of the form
˙̂x1 = −x̂1 + x̂3

˙̂x2 = x̂21 − x̂2 − 2x̂1x̂3 + x̂3

˙̂x3 = −x̂2 + u+ (y2 − x̂3)− (y1 − x̂2).

(5.15)
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(b) Trajectory rollouts of u and x2 for a trained Youla-REN.

Figure 5.5: Youla-REN learns to improve economic performance while maintaining closed-
loop stability. Bands in (a) show the range across 10 random seeds. Dotted lines in (b)
indicate the soft constraints ±umax imposed on the controls.

It can be shown that assumptions A1–A4 hold for the this base controller and observer

via [182]. We set w, v as zero-mean Gaussian noise with variances σwi = 10−2, σv =

10−3 respectively, and discretised the system using the forward-Euler approximation

and a time-step of ∆t = 0.05 s.

Referring to the general cost structure in (2.2), we chose an economic stage cost

g(xt, ut) := |ut|+ 500max(|ut| − umax, 0), (5.16)

which is the ℓ1-norm of the control inputs plus a strong penalty for exceeding the soft

threshold umax = 15. Note that if stability is ignored, then the optimal policy is simply

u ≡ 0, which results in an unstable closed loop.
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Figure 5.5 shows that with the proposed Youla-REN, we are able to learn a stabilising

controller which achieves significant performance improvements compared to the base

controller while maintaining closed-loop stability. The learned Youla parameter Q
adds corrections to the base controller signal to keep the total u within the soft bounds

±umax most of the time. It only allows small deviations outside the bounds for short

intervals, and encourages u to be close to zero within these bounds. Moreover, the

trajectories of both u and x2 indicate that the Youla-REN preserves the closed-loop

stability of the base controller even though such behaviour was not explicitly encoded

in the cost function. We therefore avoid the laborious process of reward-shaping to

encourage stability in this task, which is commonly required for deep RL policies to

be both stabilising and performant (e.g., [138]).

5.3.3 Long-Term Stability with Short-Term Training

Our second example illustrates that our proposed Youla-REN policies can achieve good

long-term test performance even when they are trained over short time horizons. We

consider the following well-known LQG example from [40],

ẋ1
ẋ2

 =

1 1

0 1

x1
x2

+

0
1

u+
1
1

w
y = x1 + v,

(5.17)

where w, v ∈ R are Gaussian noises with variances σw > 0 and σv = 1, respectively.

The control objective is

J = Ex0,w,v

∫ ∞

t=0

[
q2(x1 + x2)

2 + u2
]
dt (5.18)

with q > 0. The optimal LQG controller has arbitrarily small-gain and phase margins

as σw, q increase [40]. This makes the problem challenging in a deep RL setting, since

optimal and unstable policies may appear very close in parameter space.

We discretised the system with the forward-Euler method (∆t = 0.01 s) and chose a
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training horizon of 100 s. For the base controller, we chose a de-tuned LQG controller

designed to minimise (5.18) with q = 103 and σw = 10, while for training and test

evaluations we used q, σw = 103.

For comparison, we also trained Residual-REN policies

u = Kb(y) +Q(y), (5.19)

whereKb is the stabilising base controller and the learnable componentQ is parametrised

by a REN. As shown in Figure 4.1, the main difference from Youla-REN is that the

system Q in a Residual-REN acts directly on measurements y rather than the inno-

vations ỹ. A direct consequence is that Youla-REN guarantees closed-loop stability

(provided that Q is contracting and Lipschitz) while Residual-REN does not.

The training curves in Figure 5.6a show that the Youla-REN policies consistently

outperform the Residual-RENs and smoothly converge to a near-optimal final cost.

In contrast, the Residual-RENs never approach the optimal LQG cost and yield large

variance during training. We found that the Residual-RENs were highly sensitive to the

learning rate, with slightly smaller values resulting in almost no improvement over the

base controller, while larger values lead to even greater fluctuations and a worse final

cost. Since the true optimal policy is near the boundary of the stabilising controller

set, it is common to encounter unstable Residual-REN policies during training (e.g., at

epoch 687 in the top panel of Figure 5.6b). This is not possible with the Youla-REN

due to its built-in stability guarantees.

We also compare the long-term test performance of each policy architecture in Fig-

ure 5.6b. Testing Residual-RENs at epochs 1500 and 4000, the policies appears to

stabilise the closed-loop system over the training horizon (i.e., the cost is less than

the base cost). However, rolling out these policies over longer horizons reveals un-

stable responses. The Youla-REN demonstrates consistently strong performance over

long-term horizons at all stages during and after training.
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Figure 5.6: Youla-REN achieves long-term stability even with short-horizon training on the
classic LQG problem from [40]. Bands in (a) show the range across 10 random seeds.

5.3.4 Robust Stability with Model Uncertainty

Our final example demonstrates that Youla-REN policies can achieve good performance

while maintaining closed-loop stability in the presence of model parameter uncertainty.

Consider the linearised cart-pole system
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ẋ =


0 1 0 0

0 0 −mpg

mc
0

0 0 0 1

0 0 (mc+mp)g

mcl
0

x+


0

1
mc

0

− 1
mc

u+ w

y =
[
1 0 0 0

]
x+ v

(5.20)

where w, v are zero-mean Gaussian noise with variances σw = 10−3, σv = 10−4, respec-

tively. We discretised (5.20) with the forward-Euler method (∆t = 0.02 s) and chose

g = 9.81, l = 10, mc = 1 and mp ∈ [0.14, 0.35]. The control objective was to minimise

an infinite-horizon quadratic cost with weights Q = diag(1, 0, 1, 0) and R = I. We

chose a discrete-time, time-invariant LQG controller as the base controller, designed

at a nominal mass m⋆
p = 0.2. We computed its control gain with the same Q,R as

the cost function, but the steady-state Kalman filter was designed with covariances

Σw = diag(1, 103, 1, 103) × ∆t and Σv = 10−3I/∆t for the process and measurement

noises, respectively, to ensure closed-loop stability across the whole uncertainmp range.

We parametrised robustly-stabilising policies for this system with Youla-γREN, a

Lipschitz-bounded variant of Youla-REN. We chose the Lipschitz bound γ using a

small-gain approach with loop shaping to enable both closed-loop stability and strong

performance (Proposition 5.5). For frequency weightings, we chose the output filter to

be W1(s) = 1 and the input filter

W2(s) =
(s+ 3)4

ν(s+ 50)4
(5.21)

with ν given in Table 5.1. The inverse of W2(s) (Figure 5.7a) serves as an upper

bound for the base-controlled system with uncertain pole mass. We then chose γ as

the inverse of the H∞ norm of the base-controlled system ũ 7→ ỹ with filtering. Based

on an empirical study, we observed only minor differences in the results when swapping

W1 and W2. Note that the shape of W2(s) allows for higher gains at moderately high

frequencies, which can help to learn a policy that rapidly corrects for displacements
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(a) ũ 7→ ỹ (b) ũ 7→ y

Figure 5.7: Bode magnitude plots for system (5.20) under the base LQG controller with
different pole masses mp, where the color gradient darkens as mp increases. The yellow lines
show the inverse of the (discretised) weighting filters (5.21).

of the pole angle. We did not shape W2 at low frequencies, since low-frequency poles

require training over very long horizons to capture their behaviour.

For comparison, we also trained Residual-LSTM policies – the residual RL architecture

(5.19) with Q parametrised by a LSTM [67]. LSTMs are popular recurrent networks

known to perform well on RL tasks [10]. We found that Residual-LSTMs were easier

to train for this problem than unconstrained Residual-RENs.

Results and Discussion

We first compare the Youla-γREN and Residual-LSTM in Figures 5.8a and 5.8b to

investigate the effect of stability guarantees on policy training and long-term test roll-

outs with model uncertainty. We observe similar qualitative results to Figure 5.6.

Specifically, the Youla-γRENs quickly and smoothly converge to a near-optimal cost

during training, and yield stable closed-loop responses over much longer test horizons

than the training horizon. In contrast, the Residual-LSTMs often converge to unstable

policies during training, causing spikes in their cost curves, and also exhibit closed-loop

instability at test time when rolled out over long horizons (e.g., 6× the training horizon

in Figure 5.8b).
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(b) Cost rollouts.
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(c) Sensitivity to model uncertainty.

Figure 5.8: Mean test cost for the cart-pole problem with uncertain pole mass: (a) short-
horizon cost during training (2× training horizon); (b) cost for long-term rollouts of particular
policies; and (c) long-horizon cost as a function of the uncertain pole mass (8× training
horizon). LQG refers to the optimal time-varying implementation while LTI LQG refers to
the combination of a steady-state Kalman filter and a Linear Quadratic Regulator (LQR).

The closed-loop responses under different pole masses (the nominal m⋆
p and two end

points) are depicted in Figure 5.9. Both the Youla-γREN and Residual-LSTM poli-

cies can stabilise the system with a nominal and large pole mass. However, when the

pole mass is small, the Residual-LSTM exhibits marginally unstable behaviour. That

is, the policy rollout of Residual-LSTM is close to that of Youla-γREN within the

training horizon, but quickly diverges as the time increases. This highlights the im-
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Figure 5.9: Policy rollouts on (5.20) with the same initial state and different pole mass mp,
where xc is the cart position.

portance of model-based stability guarantees in deep RL to achieve reliable long-term

test performance.

The sensitivity of the learned policies to variations in the uncertain parameter is shown

further in Figure 5.8c. The Residual-LSTM performs well over most of the range, but

exhibits instability at small pole masses. The proposed Youla-γREN ensures stability

and achieves near optimal performance across the whole parameter range. Although

its cost is greater than the (optimal) time-varying LQG with known mass, it is very

close the time-invariant LQG with known mass, which is reasonable as our policy is

also time-invariant. This performance cannot simply be achieved by an LQG controller

designed at the nominal mass (shown in gray in Figure 5.8c) or a Youla-γREN controller

with linear Q (see Figure 5.10). This suggests that the proposed nonlinear Youla-REN

controller has the ability to learn to adapt to different model parameters.

Ablation Study

We now conduct an ablation study on the Youla-γREN policy class. We trained policies

with the three architectures in Table 5.2, all of which have built-in stability guarantees
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Table 5.1: Policy hyperparameters.

Policy Architecture Param. ν in W2 Lip. bound γ of Q
Youla-γREN 5× 10−4 1.7
Youla-γREN (linear) 5× 10−4 1.7
Youla-γREN (no filter) - 120
Residual-γREN 10−2 0.15
Residual-LSTM - -

via proper choice of the hyperparameters in Table 5.1.

Figure 5.10 shows that each of the three main components of the Youla-γREN (the

Youla parametrisation, nonlinear Q, and frequency-weighted filter) is crucial to learn

high-performing policies. The linear Youla-γREN plateaus at a much higher cost

than its nonlinear counterparts due to the poor expressivity of a linear Q. When the

weighting filter is removed, the gain of the Youla-γREN is restricted equally across

all frequencies, leading to a higher cost ceiling. Perhaps most interestingly, there

is an extreme drop in performance when switching from the Youla configuration to

residual RL. The main reason is that the gain of ũ 7→ ỹ is much smaller than ũ 7→ y

(Figure 5.7), allowing for a more expressive Q (i.e., larger Lipschitz bound) when

ensuring closed-loop stability via the small-gain theorem. This reinforces the fact that

the policy architecture does matter in deep RL [137]. We learn performant policies

with built-in robustness to model uncertainty by combining all three key elements of

the Youla-γREN policy architecture.

Table 5.2: Policy architectures for the ablation study (Figure 5.10).

Policy Architecture Q Weight filter

Youla-γREN Youla Nonlinear Yes
Youla-γREN (linear) Youla Linear Yes
Youla-γREN (no filter) Youla Nonlinear No
Residual-γREN Residual Nonlinear Yes
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Figure 5.10: Ablation study on the Youla-γREN.

5.4 Conclusions

Chapters 4 and 5 have studied a nonlinear version of the Youla parametrisation for

nonlinear dynamical systems, and presented a constructive neural realisation called

the Youla-REN. We have proven that: the parametrisation guarantees contracting

and Lipschitz closed loops when the innovations signal is decoupled from the Youla

augmentation; if these signals are coupled due to additive disturbances, the disturbed

trajectories are constrained within bounded tubes centred on the disturbed-free tra-

jectories; and we cover all contracting and Lipschitz closed loops for certain nonlinear

systems. Using RENs for the Youla parameter, empirical studies show that we can

learn stabilising and performant Youla-REN policies on feedback control tasks, even

if they are trained with arbitrary (potentially de-stabilising) cost functions, over short

time horizons, and with model uncertainty.
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5.5 Proofs

Proof of Theorem 5.1

Claim 1. The result follows by combining Proposition 5.3 with Theorem 5.4.

Claim 2. This first part of the proof (up until (4.20)) is identical to that of Theorem 4.3,

but we repeat it here to make it self-contained. We first show that the bound of the

innovations signal ỹ (4.5) is independent of the Youla parameter output ũ, despite

there being a feedback loop between ũ and ỹ. Applying observer correctness (A3) to

the nonlinear system G, we have

xt+1 = f(xt, ηt, ut) + wt

= fo(xt, ηt, ut, h(xt)) + wt

= fo(xt, ηt, ut, yt − vt) + wt

(4.18)

whose trajectory is denoted by (x, η, u, y, w, v). The observer dynamics are

x̂t+1 = fo(x̂t, ηt, ut, yt) (4.4)

with (x̂, η, u, y) as its trajectory. This shares the same inputs (η, u, y) as (4.18). Since

the observer is contracting and Lipschitz (A2), from Lemma 2.1 we have

∥x̃∥T = ∥x− x̂∥T ≤ γ̃(∥v∥T + ∥w∥T ) + κ̃(x0, x̂0), (5.22)

where γ̃ ∈ R+ and κ̃(x0, x̂0) ≥ 0 with κ̃(x0, x0) = 0 ∀x0 ∈ Rnx . Since the output map

h is Lipschitz (A4), we obtain

∥ỹ∥T = ∥h(x)− h(x̂) + v∥T ≤ γh∥x̃∥T + ∥v∥T
≤ γ0(∥w∥T + ∥v∥T ) + κ0(x0, x̂0)

(4.20)

where γ0 = γ̃γh + 1 and κ0 = γhκ̃ with γh as the Lipschitz constant of h.
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We now show that the effect of disturbances in constrained within a tube of bounded

ℓ2 norm about the disturbance-free trajectories. Let ξt = [xt; st] ∈ Rnx+ns and qt ∈ Rnq

be the states of the base-controlled closed-loop system (η, d, ũ) 7→ z and the Youla

parameter (η, ỹ) 7→ ũ, respectively. For convenience we denote the state of the total

closed-loop system by x̄t = [ξt; x̂t; qt]. Consider two copies of the system starting

at initial states x̄0, x̄⋆0 with inputs (η, w, v) ∈ ℓ and (η⋆, 0, 0) ∈ ℓ, respectively, where

x⋆0 = x̂⋆0. From assumption (A1) and Lipschitzness of the Youla parameter respectively,

we have

∥∆z∥T ≤ γ1(∥∆ũ∥T + ∥∆η∥T + ∥w∥T + ∥v∥T ) + κ1(ξ0, ξ
⋆
0),

∥∆ũ∥T ≤ γ2(∥∆ỹ∥T + ∥∆η∥T ) + κ2(q0, q
⋆
0),

for some γ1, γ2 ∈ R+ and κ1(ξ0, ξ
⋆
0), κ2(q0, q

⋆
0) ≥ 0 with κi(a, a) = 0 for i = 1, 2, where

∆z = z − z⋆ and similar for all other variables. Combining these inequalities with

(4.20) gives

∥∆z∥T ≤ γ(∥∆η∥T + ∥w∥T + ∥v∥T ) + κ(x̄0, x̄
⋆
0) (5.23)

with γ = γ1 (1 + γ2max(γ0, 1)) and κ = γ1γ2κ0 + κ1 + γ1κ2. Noting x⋆0 = x̂⋆0 implies

κ(x̄⋆0, x̄
⋆
0) = 0 completes the proof.

Proof of Theorem 5.2

Claim 1. We are interested in the case where d ≡ 0 but x0 ̸= x̂0. We first show that

the observer error exponentially decays when d ≡ 0 regardless of ũ. By setting wt = 0

and vt = 0 in (4.18), the plant dynamics become a copy of the system observer (4.4)

with identical inputs but a different state:

xt+1 = fo(xt, ηt, ut, yt). (5.24)

The observer is contracting by assumption (A2), hence there exist βo ∈ R+ and αo ∈
[0, 1) such that |x̃t| ≤ βoα

t|x̃0|, and therefore ∥x̃∥T ≤ βo/
√
1− α2

o|x̃0|.
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We consider two closed-loop trajectories (x̄a, η) and (x̄b, η) with the same input η

but different initial states x̄a0, x̄b0. The innovations difference ∆ỹ = ỹa − ỹb decays

exponentially as

|∆ỹt| ≤ |ỹat |+ |ỹbt | ≤ γh(|x̃at |+ |x̃bt |) ≤ γhβoα
t
o(|x̃a0|+ |x̃b0|),

where γh is the Lipschitz constant of the output map h. We now estimate the bound of

∆ũ via the Youla parameter Q (4.6). Note that the trajectories (qa, η, ỹa) and (qb, η, ỹb)

satisfy
qat+1 = fq(q

a
t , ηt, ỹ

b
t ) + ∆fqt

qbt+1 = fq(q
b
t , ηt, ỹ

b
t )

where ∆fqt := fq(q
a
t , ηt, ỹ

a
t ) − fq(qat , ηt, ỹbt ), and |∆fqt| ≤ γfq |∆ỹt|, since fq has a finite

Lipschitz constant γfq w.r.t. ỹ by assumption. Therefore, ∆fqt decays exponentially,

and so by Lemma A.1 and the assumption that Q is contracting with rate αq ∈ [0, 1)

and overshoot βq ∈ R+, we have

|∆qt| ≤ βqρ
t
1

(
|∆q0|+ Cγfqγhβo(|x̃a0|+

∣∣x̃b0∣∣))
≤ A1ρ

t
1

(
|∆q0|+ |x̃a0|+

∣∣x̃b0∣∣) (5.25)

where max(αo, αq) ≤ ρ1 < 1, C ∈ R+ depending on αo, αq, andA1 = βq max(1, Cγfqγhβo).

Since the output mapping hq of Q is also Lipschitz, we can further conclude that

|∆ũt| ≤ γhq(|∆qt|+ |ỹt|) ≤ Ã1ρ
t
1

(
|∆q0|+ |x̃a0|+

∣∣x̃b0∣∣)
where Ã1 = γhq(A1 + γhβo) and γhq ∈ R+.

We now consider the system mapping (η, ũ) 7→ z under the base controller, which is

contracting with some rate αb ∈ [0, 1) and overshoot βb ∈ R+ (A1). By applying

Lemma A.1 and following a similar procedure as above, we have

|∆ξt| ≤ A2ρ
t
2

(
|∆ξ0|+ |∆q0|+

∣∣x̃10∣∣+ ∣∣x̃20∣∣) (5.26)

110



Chapter 5. React to Surprises with Youla-REN – Part II

with max(ρ1, αb) ≤ ρ2 < 1 and A2 ∈ R+ depending on Ã1, βb and Lipschitz constants of

f , fo, fb, and k. Here ξt = [xt; st] is the state of the base-controlled system (η, ũ) 7→ z.

By summing (5.25) with (5.26) we finally obtain that

|∆x̄t| ≤ Aρt2
(
|∆ξ0|+ |∆q0|+ |x̃a0|+ |x̃b0|

)
, (5.27)

where A = A1 + A2.

Claim 2. Now consider the trajectories (x̄a, ηa, za) and (x̄b, ηb, zb). The closed-loop

system (η, ũ) 7→ z under the base controller is Lipschitz (A1), as is the Youla parameter

ũ = Q(η, ỹ). Therefore, there exist γ1, γ2 ∈ R+ and κ1(ξ
a
0 , ξ

2b0), κ2(q
a
0 , q

b
0) ≥ 0 with

κi(a, a) = 0 for i = 1, 2 s.t.

∥∆z∥T ≤ γ1∥∆η∥T + γ1∥∆ũ∥T + κ1(ξ
a
0 , ξ

b
0),

∥∆ũ∥T ≤ γ2∥∆η∥T + γ2∥∆ỹ∥T + κ2(q
a
0 , q

b
0).

Since the output mapping h is Lipschitz, we have ∥∆ỹ∥T ≤ γh∥∆x̃∥T ≤ γh(∥x̃a∥T +

∥x̃b∥T ) and so

∥∆ỹ∥T ≤
γhβo(|x̃a0|+ |x̃b0)√

1− α2
o

.

Combining the above inequalities gives (5.9) with γ̄ = γ1(1 + γ2), γ̃ = γ1γ2γh and

κ = κ1 + γ1κ2.

Proof of Proposition 5.3

Proof. First consider the LTI system (4.8) with the linear observer from (4.9). The

innovations depend only on the observer error x̃ and external disturbances, since

x̃t+1 = (A− LC)x̃t − Lvt + wt

ỹt = Cx̃t + vt.

This system is contracting and Lipschitz and of the form (5.10).
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Next, consider the fully-observed nonlinear system (4.15) with innovations (4.17). We

can re-write (4.17) as

ψt+1 = wt, ỹt = ψt

which is also contracting and Lipschitz and of the form (5.10).

Finally, consider the partially-observed nonlinear system (4.1) with the observer (4.4).

Under zero disturbances (d ≡ 0, x̃0 ≡ 0), by observer correctness (A3) the observer is

an exact replica of the plant, hence x̂t = xt ∀ t ∈ N. Therefore ỹt = 0 ∀ t ∈ N, which

is a trivial case of (5.10).

Proof of Theorem 5.4

Proof. Since all of T , Q, and G∆ are contracting and Lipschitz by assumption, then the

result follows by the series composition properties of contracting systems and Lipschitz

mappings.

Proof of Proposition 5.5

Proof. To simplify notation, we introduce d̄t := [ηt, dt] and denote the state of Ḡ∆ by

x̆t := [xt; st, x̂t] ∈ R2nx+ns . The systems Ḡ∆ and Q̄ are assumed to be both contracting

and dissipative in the sense of incremental IQCs (Definition 2.2). From the well-

established theory of dissipative systems [186, 175], and from [169, Thms. 11 & 15] for

contracting systems, there exist quadratically-bounded, incremental storage functions

V g
t = V g

t (x̆
a
t , x̆

b
t), V

q
t = V q

t (q
a
t , q

b
t ) such that

V g
t+1 − V g

t ≤


∆zt

∆ȳt

∆d̄t

∆ūt



⊤Q S⊤

S R



∆zt

∆ȳt

∆d̄t

∆ūt

, V q
t+1 − V q

t ≤

∆ūt
∆ȳt

⊤Q̄ S̄⊤

S̄ R̄

∆ūt
∆ȳt


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and V g
t (x̆

a
t , x̆

a
t ) = V q

t (q
a
t , q

a
t ) = 0 for any x̆at , x̆

b
t ∈ R2nx+ns and qat , q

b
t ∈ Rnq , where

∆zt = zat − zbt and similar for all other quantities. By summing the above inequalities

and choosing Vt := V g
t + V q

t as the incremental storage function, we have that the

closed-loop system is incrementally dissipative with respect to the supply rate

Vt+1 − Vt ≤


∆ỹt

∆ũt

∆zt

∆d̄t



⊤ 
Qȳȳ + R̄ S⊤

ūȳ + S̄ Qzȳ S⊤
dȳ

Sūȳ + S̄⊤ Rūū + Q̄ Sūz Rdū

Q⊤
zȳ S⊤

ūz Qzz S⊤
dz

Sdȳ R⊤
dū Sdz Rdd




∆ỹt

∆ũt

∆zt

∆d̄t

 . (5.28)

The upper-left block of the supply rate matrix is negative definite by assumption.

Furthermore, each of |∆ỹt|, |∆ũt|, |∆z̃t| are bounded from above by |∆x̄t|, where x̄t =

[xt; st, x̂t; qt], due to the assumption of Lipschitz continuous output maps (A4). Hence,

when ∆d̄t = 0, there exists a c ∈ R+ such that

Vt+1 − Vt ≤ −c|∆x̄t|2

where Vt is quadratically-bounded by |∆x2t |. The closed-loop system is therefore con-

tracting by [169, Thms. 11 & 15].

For the closed-loop system d̄ 7→ z to also be Lipschitz, we need a γ ∈ R+ such that

Vt+1 − Vt ≤

∆zt
∆d̄t

⊤− 1
γ
I 0

0 γI

∆zt
∆d̄t

.
Using this as an upper bound on the inequality (5.28) for the closed-loop system, the

LMI to be satisfied is
Qȳȳ + R̄ S⊤

ūȳ + S̄ Qzȳ S⊤
dȳ

Sūȳ + S̄⊤ Rūū + Q̄ Sūz Rdū

Q⊤
zȳ S⊤

ūz Qzz +
1
γ
I S⊤

dz

Sdȳ R⊤
dū Sdz Rdd − γI

 ≺ 0. (5.29)
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Taking the Schur complement of the left-hand side of (5.29) about the top-left block,

we can always choose a sufficiently large γ such that the resulting expression is neg-

ative definite. Hence, any Youla parameter admitting the incremental IQC defined

by (Q̄, S̄, R̄) which satisfies (5.11) will also satisfy (5.29) for some γ ∈ R+, so the

closed-loop system is Lipschitz.

Proof of Theorem 5.6 and Associated Corollaries

Theorem 5.6 Claim 1. Since both of G̃Kb , Q are contracting and Lipschitz by assump-

tion, then so is the closed-loop system ẑ = G̃Kb(η, ỹ,Q(η, ỹ)) by the series composition

properties of contracting systems and Lipschitz mappings.

Theorem 5.6 Claim 2. The closed-loop system (η, ỹ) 7→ ẑ consisting of (5.12) in feed-

back with u = K(η, y) (4.11) has dynamics

x̂t+1 = fo(x̂t, ηt, hK(ϕt, ηt, h(x̂t) + ỹt), h(x̂t) + ỹt)

st+1 = fb(st, ηt, hK(ϕt, ηt, h(x̂t) + ỹt), h(x̂t) + ỹt)

ϕt+1 = fK(ϕt, ηt, h(x̂t) + ỹt)

ẑt = [x̂t; st;hK(ϕt, ηt, h(x̂t) + ỹt)].

(5.30)

This system is contracting and Lipschitz by assumption. We will use it to show that K
can be re-written in the form (4.7) with a contracting and Lipschitz Youla parameter

QK.

Augment K with a base controller (4.3) and observer (4.4). Using yt = ỹt + h(x̂t) and

ũt = ut − ût, the resulting system QK : (η, ỹ) 7→ ũ has the same state dynamics as

(5.30) and is therefore contracting by assumption. Its output map is

ũt = hK(ϕt, ηt, h(x̂t) + ỹt)− k(st, ηt, h(x̂t) + ỹt),

henceQK is also Lipschitz since (η, ỹ) 7→ ẑ is Lipschitz by assumption, k, h are Lipschitz
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functions (A4), and

ũt = [0, 0, I]ẑt − k([0, I, 0]ẑt, ηt, h([I, 0, 0]ẑt) + ỹt).

Moreover, if Q = QK in the Youla architecture (4.7), then the control signal ut =

ût + hK(ϕt, ηt, yt)− ût is unchanged from u = K(η, y). Hence K can be written in the

form (4.7) with Q = QK contracting and Lipschitz.

Corollary 5.7. The closed-loop system (η, w) 7→ z consisting of (4.15) in feedback with

u = K(η, y) (4.11) has dynamics

xt+1 = f(xt, ηt, hK(ϕt, ηt, xt)) + wt

ϕt+1 = fK(ϕt, ηt, xt)

zt = [xt;hK(ϕt, ηt, xt)].

(5.31)

This system is contracting and Lipschitz by assumption. Make the substitutions xt =

x̂t + wt−1 and ỹt = wt−1 which follow by (4.5), (4.17) since yt = xt. Then (5.31)

becomes
x̂t+1 = f(x̂t + ỹt, ηt, hK(ϕt, ηt, x̂t + ỹt))

ϕt+1 = fK(ϕt, ηt, x̂t + ỹt)

zt = [x̂t + ỹt;hK(ϕt, ηt, x̂t + ỹt)].

(5.32)

This system is exactly (5.30) with the observer x̂t = f(yt, ηt, ut) but for the addition of

ỹt in the output zt, which does not change the fact that it is contracting or Lipschitz.

The result then follows by Theorem 5.6.

Corollary 5.8. The closed-loop system (η, d) 7→ z consisting of (4.1) in feedback with

u = K(η, y) (4.11) has dynamics

xt+1 = f(xt, ηt, hK(ϕt, ηt, h(xt) + vt)) + wt

ϕt+1 = fK(ϕt, ηt, h(xt) + vt)

zt = [xt;hK(ϕt, ηt, h(xt) + vt)].

(4.22)
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This system is contracting and Lipschitz by assumption. Take (4.22), re-label x as x̂,

and choose vt = ỹt, wt = L(ηt, ỹt). Then the dynamics are exactly (5.30) when the base

controller and observer have the form (5.13). The above transformation is Lipschitz

(because L is Lipschitz), hence if (4.22) is contracting and Lipschitz so too is (5.30).

The result follows by Theorem 5.6.
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Chapter 6

Robust Recurrent Deep Networks

In Chapter 5, we saw how RENs [136] could be used to parametrise stable and ro-

bust nonlinear systems for leaning-based control. The key advantages of RENs were

the expressivity of the model class and its direct parametrisation, which allowed us to

train stable and robust models with unconstrained optimisation tools such as deep RL.

However, the equilibrium layer in a REN fundamentally restricts the scalability of the

model class to large network sizes with many neurons. Large models are typically nec-

essary for processing high-dimensional information such as images, video, or language

data, and are increasingly common in modern applications of machine learning [57].

This chapter presents the Robust Recurrent Deep Network (R2DN) as a scalable,

computationally-efficient alternative to RENs. We construct R2DNs as a feedback in-

terconnection of an LTI system and a 1-Lipschitz deep feedforward network – such as

the Sandwich network [181] – and directly parametrise the network weights so that the

models are automatically contracting and Lipschitz. Our parametrisation uses a similar

structure to RENs but without relying on an equilibrium layer, making it computa-

tionally feasible to scale up the network size to solve problems requiring large models.

We conclude the chapter by studying the scalability of our R2DN parametrisation in

comparison to RENs, and compare the them via numerical experiments.
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Publications

The content in this chapter previously appeared as part of the following publication,

which is available on the arXiv with an updated version currently in preparation.

[14] Nicholas H. Barbara, Ruigang Wang, and Ian R. Manchester, “R2DN: Scal-

able Parametrization of Contracting and Lipschitz Recurrent Deep Networks,” In

Preparation for the IEEE Control Systems Letters, 2025.

6.1 Introduction

We established a need for machine learning with robust neural networks in Chapter 2,

and reviewed the REN [136] as a powerful tool for robust machine learning.

Despite its many attractive features, a key limitation of RENs is the requirement to it-

eratively solve an equilibrium layer every time the model is called. Typical equilibrium

solvers (see [133, 9]) require sequential computation and cannot efficiently leverage the

parallelism that makes it feasible to train very large models on GPUs. Moreover, the di-

rect parametrisation of the equilibrium layer in [136] does not allow the user to impose

sparsity constraints or specify particular structures, such as those corresponding to a

CNN. Instead, the equilibrium layer is either dense or lower-triangular (Section 2.3.3)

and the number of learnable parameters scales quadratically with the number of neu-

rons. This is acceptable for tasks requiring small models, such as learning-based control

with moderately-sized dynamical systems, but is prohibitively slow for large models.

We propose the R2DN to address this limitation while retaining the flexibility, internal

stability, and robustness properties of RENs. The R2DN architecture is compared to a

REN in Figure 6.1. Our key observation is that a similar construction to RENs with two

small tweaks to the original architecture leads to dramatic improvements in scalability

and computational efficiency. The tweaks are: (a) we eliminate the equilibrium layer

by removing direct feedthrough in the neural component of the LTI system; and (b)

we replace scalar activation functions σ with a (scalable) 1-Lipschitz DNN.
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(a) REN architecture [136]. (b) R2DN architecture (ours).

Figure 6.1: Block diagrams for the REN and the proposed R2DN architectures. We replace
the scalar activation function σ with a 1-Lipschitz feedforward network, and modify the LTI
system G to remove direct feedthrough from w → v.

6.2 Preliminaries

6.2.1 Problem Formulation

Given a dataset D, we consider the problem of learning a nonlinear state-space models

xt+1 = fθ(xt, ut), yt = hθ(xt, ut), (6.1)

where xt ∈ Rn, ut ∈ Rm, yt ∈ Rp are the states, inputs, and outputs of the system

at time t ∈ N, respectively. Here, the dynamics and measurement functions fθ :

Rn × Rm → Rn and hθ : Rn × Rm → Rp are both parametrised by some learnable

parameter θ ∈ Θ ⊆ RN (e.g., the weights and biases of a DNN). The learning problem

can be formulated as an optimisation problem

min
θ∈Θ

L(fθ, hθ;D) (6.2)

for some loss function L. Note that problem (6.2) describes the general problem of

learning nonlinear state-space models. We do not limit ourselves to the specific example

of learning feedback control policies from problem (2.3) as in Chapters 3 to 5, but this

is of course a special case where the dataset D is generated by collecting data from

closed-loop trajectories of a controlled dynamical system.

119



Chapter 6. Robust Recurrent Deep Networks

The focus of this chapter is to directly parametrise stable and robust nonlinear models

(6.1) in the sense of Definition 2.4. We have seen that direct parametrisations allow the

training problem (6.2) to be solved using standard optimisation tools without having

to project the model parameters θ into a constrained set Θ ⊂ RN . In keeping with the

theme of this thesis, we choose contraction (Definition 2.1) as our notion of internal

stability, and incremental IQCs (Definition 2.2) and Lipschitz bounds (Definition 2.3)

as our measures of the input-output robustness of nonlinear models (6.1).

6.2.2 Review of Recurrent Equilibrium Networks

We briefly review the structure of a REN since we will compare to it directly throughout

this chapter. RENs (Figure 6.1a) are described by state-space models


xt+1

vt

yt

 =

W︷ ︸︸ ︷
A B1 B2

C1 D11 D12

C2 D21 D22



xt

wt

ut

+

b︷ ︸︸ ︷
bx

bv

by

 (2.20a)

wt = σ(vt). (2.20b)

Here, W, b are the weights and biases of G in Figure 6.1a (respectively), vt, wt ∈ Rq,
and σ is a scalar activation function satisfying assumption 2.1. If the feedthrough term

D11 is non-zero in (2.20a), this structure leads to the formation of an equilibrium layer

wt = σ(D11wt + bwt) (2.21)

where bwt = C1xt +D12ut + bv. If (2.21) is well-posed (i.e., for any bwt there exists a
unique wt), then the equilibrium layer is also a static nonlinear map ϕeq : bwt 7→ wt,

and the REN (2.20) can be written in the form (6.1) with fθ, hθ given by

fθ(x, u) = Ax+B1ϕeq(bw) +B2u+ bx,

hθ(x, u) = C2x+D21ϕeq(bw) +D22u+ by.
(6.3)

RENs were directly parametrised to be contracting and (Q,S,R)-dissipative in [136].
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6.3 Robust Recurrent Deep Networks (R2DNs)

Our proposed R2DN models have the same structure as RENs but for two key differ-

ences – we remove the equilibrium layer (2.21) by setting D11 = 0, and we allow the

static nonlinearity to be any static DNN rather than just a scalar activation function.

Specifically, the model structure can be written as


xt+1

vt

yt

 =

W︷ ︸︸ ︷
A B1 B2

C1 0 D12

C2 D21 D22



xt

wt

ut

+

b︷ ︸︸ ︷
bx

bv

by

 (6.4a)

wt = ϕg(vt), (6.4b)

where W, b are the learnable weights and biases of the LTI component G in Figure 6.1b

(respectively), and ϕg is the static DNN. Here vt ∈ Rq, wt ∈ Rl, and g ∈ RNg are the

input, output, and learnable parameters of ϕg, respectively. The above system can be

rewritten in the form (6.1) with

fθ(x, u) = Ax+B1ϕg(bw) +B2u+ bx,

hθ(x, u) = C2x+D21ϕg(bw) +D22u+ by,
(6.5)

where bw = C1x+D12u+bv. We make the following assumption for the neural network

ϕg, leading to Proposition 6.1.

Assumption 6.1. The DNN parametrisation Mϕ : g 7→ ϕg is 1-Lipschitz ∀ g ∈ RNg .

Proposition 6.1. Suppose that Assumption 6.1 holds, and (6.4a) is contracting and

admits the incremental IQC defined by

Q̃ =

−I 0

0 Q

, S̃ =

0 0

0 S

, R̃ =

I 0

0 R

. (6.6)
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with 0 ≻ Q ∈ Rp×p, S ∈ Rm×p and R = R⊤ ∈ Rm×m. Then the system (6.4) is

contracting and admits the incremental IQC defined by (Q,S,R).

Proof. Let ξa = (xa, ua, ya) and ξb = (xb, ub, yb) be a pair of solutions to (6.4). Then

their difference ∆ξ := ξa − ξb satisfies the following dynamics:
∆xt+1

∆vt

∆yt

 =


A B1 B2

C1 0 D12

C2 D21 D22



∆xt

∆wt

∆ut

 (6.7a)

∆wt = ϕg(v
a
t )− ϕg(v

b
t ). (6.7b)

From Assumption 6.1, we can obtain that

|∆vt|2 − |∆wt|2 ≥ 0, ∀t ∈ N (6.8)

for any (∆v,∆w) satisfying (6.7b). Moreover, since (6.7a) is contracting and admits

the incremental IQC defined by (6.6), then there exists a P ≻ 0 such that

|∆xt+1|2P − |∆xt|2P ≤

∆yt
∆ut

⊤ Q S⊤

S R

∆yt
∆ut

+ |∆wt|2 − |∆vt|2

≤

∆yt
∆ut

⊤ Q S⊤

S R

∆yt
∆ut


where |∆xt|2P := ∆x⊤t P∆xt. Telescoping the sum gives the IQC (2.13) in Definition 2.2

with κ(a, b) = (a − b)⊤P (a − b). For contraction, we take ∆ut = 0 and use the fact

that Q ≺ 0. Then for ∆x0 ̸= 0, we have |∆xt+1|2P − |∆xt|2P < 0 and hence there exists

an α ∈ [0, 1) such that (2.9) in Definition 2.1 holds with β =
√
σ̄/σ, where σ̄, σ are

the maximum and minimum singular values of P , respectively.

Remark 6.1. Assumption 6.1 and Proposition 6.1 are based on the fact that ϕg admits

the incremental IQC defined by Q = −I, S = 0 and R = I. This can be further extended
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to incorporate DNNs with general (Q,S,R)-type IQCs, such as incrementally passive

(Q = R = 0 and S = I) or strongly monotone neural networks [179].

Proposition 6.1 allows us to decompose the parametrisation of R2DNs into two separate

parts: (a) parametrisations of 1-Lipschitz DNNs ϕg; and (b) parametrisations of LTI

systems G admitting the IQC defined by (6.6). We saw in Chapter 3 that many

direct parametrisations of 1-Lipschitz neural networks already exist for a variety of

DNN architectures [112, 170, 154, 126, 6, 128]. We therefore focus on part (b) for the

remainder of this chapter.

Before introducing our direct parametrisation of R2DNs, we first note that Proposi-

tion 6.1 is not as conservative as it may seem – i.e., separating the LTI system G

and nonlinear map ϕg in (6.4) and applying small-gain arguments. This is because

we simultaneously learn the weights of G and ϕg. We outline the flexibility of this

approach in the following remark.

Remark 6.2. For the purposes of illustration, assume that the dimension of yt, ut are

zero. Suppose we have an interconnection of G and ϕg which is (Q,S,R)-dissipative

but does not satisfy Assumption 6.1 and condition (6.6). A standard method to reduce

the conservatism of small-gain tests is to introduce multipliers (e.g., [108]) – that is,

suppose there exist invertible matrices M ∈ Rq×q, N ∈ Rl×l such that

∥MGN−1∥∞ < 1, |Nϕ(M−1a)−Nϕ(M−1b)| ≤ |a− b|

for any a, b ∈ Rq. Then the interconnection of G̃ =MGN−1 and ϕ̃g(x) = Nϕg(M
−1x)

is stable by Proposition 6.1, since the H∞ norm of the LTI system G̃ is equivalent to its

Lipschitz bound. Since we are simultaneously learning G, ϕg, and the representation of

v, w, we can absorb the multipliers into the model via G̃ and ϕ̃g, giving a transformed

system of the form (6.4) which does satisfy the assumptions.
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6.4 Direct Parametrisation of R2DNs

In the following subsections, we present a direct parametrisation of LTI systems (6.4a)

satisfying Proposition 6.1 by choosing specific structures of (Q,S,R). This allows

us to achieve contracting and Lipschitz R2DNs (6.4). We closely follow the robust

parametrisation of RENs in [136, Sec.V], and provide new insight on handling input-

output robustness when D11 = 0.

6.4.1 Robust LTI Systems

Since (6.4a) is simply an LTI system, we start by introducing sufficient conditions for

robustly-stable LTI systems. Specifically, we seek LTI systems Ḡ : ū 7→ ȳ admitting

the incremental IQC defined by (Q̄, S̄, R̄) with

Q̄ ≺ 0, R̄− S̄Q̄−1S̄⊤ ≻ 0. (6.9)

We consider state-space realisationsxt+1

ȳt

 =

A B

C D

xt
ūt

. (6.10)

We over-parametrise the system by introducing an invertible matrix E, re-writing

(6.10) as Ext+1

ȳt

 =

A B
C D

xt
ūt

, (6.11)

where A = E−1A and B = E−1B. For convenience, we introduce the following matrix

H :=

E⊤ + E − P A⊤

A P

 (6.12)

where P = P⊤. Then we have the following result.
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Proposition 6.2. Suppose that (Q̄, S̄, R̄) satisfy (6.9). Then the system (6.4a) is

contracting and admits the incremental IQC defined by (Q̄, S̄, R̄) if ∃P ≻ 0 s.t.

H ≻

C⊤
B

R−1

C⊤
B

⊤

−

C⊤

0

Q̄
C⊤

0

⊤

, (6.13)

R := R̄ + S̄D +D⊤S̄⊤ +D⊤Q̄D ≻ 0, (6.14)

where C = (D⊤Q̄+ S̄)C and H is given by (6.12).

Remark 6.3. Proposition 6.2 is a special case of [136, Thm. 3] for RENs with B1, C1,

D11, D12, D21, bv = 0 in (2.20), i.e., no nonlinear components. Similar results also

exist in classic works such as [118]. We provide the specific construction required for

our parametrisation here for completeness.

Proof. We first move the terms on the right-hand side of (6.13) to the left, apply a

Schur complement about the R−1 term, and use the fact that E⊤P−1E ⪰ E+E⊤−P
[164, Sec. V]. We are left with the matrix inequality


E⊤P−1E + C⊤Q̄C C⊤ A⊤

C R B⊤

A B P⊤

 ≻ 0.

Again via Schur complements, we have

E⊤P−1E + C⊤Q̄C C⊤

C R

−
A⊤

B⊤

P−1

A⊤

B⊤

⊤

≻ 0.

We expand the terms C and R, left-multiply [∆x⊤ ∆ū⊤], and right-multiply its trans-

pose. This leads to the incremental dissipation inequality

V (∆xt+1)− V (∆xt) ≤

∆ȳt
∆ūt

⊤Q̄ S̄⊤

S̄ R̄

∆ȳt
∆ūt

 (6.15)
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with storage function V (∆xt) = ∆x⊤t E
⊤P−1E∆xt > 0 for all ∆xt ̸= 0 since P ≻ 0.

Then following similar arguments to the proof of Proposition 6.1, (6.4a) is contracting

and admits the incremental IQC defined by (Q̄, S̄, R̄).

6.4.2 Direct Parametrisation of Contracting R2DNs

Equipped with Proposition 6.2, we are now ready to directly parametrise the LTI

system (6.4a) such that its corresponding R2DN (6.4) is contracting and Lipschitz.

Let us first consider the simpler case of contraction. The following parametrisation is

a special case of the direct parametrisation of robust RENs from [136, Eqns. (22), (23),

(29)] when the REN has no nonlinear components. We provide a detailed overview of

our specific parametrisation for completeness.

Since contraction is an internal stability property, we set ∆ut ≡ 0 and ignore the

output ∆yt in (6.7a): ∆xt+1

∆vt

 =

A B1

C1 0

∆xt
∆wt

 . (6.16)

To achieve contracting R2DNs, from Proposition 6.1 we need to construct A,B1, C1

such that the above system admits the incremental IQC defined by Q̄ = −I, S̄ = 0,

and R̄ = I. To do this, we apply Proposition 6.2. First, by comparing (6.16) with

(6.10) we have D = 0 and hence R = R̄, C = 0 in (6.13). Condition (6.13) then

becomes

H ≻

C⊤
1 C1 0

0 B1B⊤
1

 (6.17)

where B1 = EB1. To construct a direct parametrisation satisfying (6.17), we introduce

the set of free, learnable variables

{X ∈ R2n×2n, Y ∈ Rn×n, B1 ∈ Rn×l, C1 ∈ Rq×n}.
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We then construct H and partition it as follows

H = X⊤X + ϵI +

C⊤
1 C1 0

0 B1B⊤
1

 =

H11 H⊤
21

H21 H22

, (6.18)

where H11, H22 ∈ Rn×n and ϵ is a small positive scalar. Comparing (6.18) with (6.12)

gives

E + E⊤ = H11 +H22, P = H22, A = H21. (6.19)

We therefore choose

E =
1

2
(H11 +H22 + Y − Y ⊤),

A = E−1H21, B1 = E−1B1,
(6.20)

such that the condition on E in (6.19) is satisfied for any choice of Y . Since the remain-

ing parameters {B2, D12, C2, D21, D22, b} in (6.4a) do not affect the contraction condi-

tion (6.17), we leave them as free learnable parameters. The above parametrisation

therefore satisfies (6.17) by construction, and thus the resulting R2DN is contracting.

6.4.3 Direct Parametrisation of Lipschitz R2DNs

Having directly parametrised contracting R2DNs, we now seek to impose bounds on

their input-output response. In this section, we directly parametrise the LTI system

(6.4a) such that its corresponding R2DN is both contracting and γ-Lipschitz.

We follow a similar procedure to the previous section. First, re-write (6.7a) in the form

(6.4a) with

B =
[
B1 B2

]
, C =

C1

C2

 , D =

 0 D12

D21 D22

 . (6.21)

To achieve contracting and γ-Lipschitz R2DNs, from Proposition 6.1 we need to con-

struct (6.21) such that (6.4a) admits the incremental IQC defined by
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Q̄ =

−I 0

0 − 1
γ
I

 , S̄ = 0, R̄ =

I 0

0 γI

 .
Once again, we seek to apply Proposition 6.2. If D were dense, then we could directly

apply the direct parametrisation of robust RENs from [136] by removing the nonlinear

components. Instead, we must ensure that the upper-left block of D in (6.21) is zero

(i.e., D11 = 0). We therefore require

R =

I − 1
γ
D⊤

21D21 − 1
γ
D⊤

21D22

− 1
γ
D⊤

22D21 γI − 1
γ
D⊤

22D22 −D⊤
12D12

 ≻ 0. (6.22)

Parametrising D in (6.21) such that R ≻ 0 is not trivial. For simplicity, we take

D22 = 0 and re-write the condition as

R =

I − 1
γ
D⊤

21D21 0

0 γI −D⊤
12D12

 ≻ 0. (6.23)

Simple substitution and manipulation for (6.13) yields

H ≻ ΓR−1Γ⊤ +
1

γ

C⊤
1 C1 + C⊤

2 C2 0

0 0

 (6.24)

with

Γ =

− 1
γ
C⊤

2 D21 −C⊤
1 D12

B1 B2

. (6.25)

To construct a direct parametrisation satisfying (6.24), we introduce the same free,

learnable variables {X, Y,B1, C1} as the contraction case, in addition to {B2 ∈ Rn×m, C2 ∈
Rp×n}. We then construct H as

H = X⊤X + ϵI + ΓR−1Γ⊤ +
1

γ

C⊤
1 C1 + C⊤

2 C2 0

0 0

 (6.26)
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for a small ϵ > 0 and partition it similarly to (6.17), choosing E, A, and B1 as per

(6.20) and B2 = E−1B2. All that remains is to directly parametrise D12, D21 so that

R ≻ 0 in (6.23). This can be achieved by choosing D12 =
√
γD12, D21 =

√
γD21 and

directly parametrising the right-hand sides such that D⊤
12D12 ≺ I, D⊤

21D21 ≺ I via the

Cayley transform (see [136, Prop. 1]). We outline the process below.

Take D12 ∈ Rq×m as an example. If q ≥ m, we introduce additional learnable parame-

ters {X12 ∈ Rm×m, Y12 ∈ R(q−m)×m, Z12 ∈ Rm×m} and define the Cayley transform

D12 =

(I −M12)(I +M12)
−1

−2Y12(I +M12)
−1

 (6.27)

where M12 = X12 −X⊤
12 + Y ⊤

12Y12 + Z⊤
12Z12 + ϵI for some small ϵ > 0. If q < m, then

we parametrise D⊤
12 via (6.27). The same approach can be used to parametrise D21.

Combining (6.20), (6.26), (6.27), the above parametrisation therefore satisfies (6.24)

by construction, and thus the resulting R2DN is contracting and γ-Lipschitz.

6.5 Qualitative Comparison of RENs and R2DNs

Both the direct parametrisation of RENs in [136] and that of R2DNs in Section 6.4

ensure that the resulting models are contracting and Lipschitz by construction. The

key design decision that separates the two is settingD11 = 0 for R2DNs. We summarize

the advantages of this decision below.

(1) Efficient GPU computation: For RENs, solving the equilibrium layer (2.21)

with general D11 is slow and often involves iterative solvers (see [133]) which can

be computationally prohibitive for large-scale problems. If D11 is parametrised to

be strictly lower-triangular as in [136], then (2.21) can be solved row-by-row, which

provides a significant speed boost with minimal loss in performance. Even still, having

to run a sequential solver every time the model is called is inefficient, particularly

on GPUs, which are designed to leverage massive parallelism rather than sequential
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computation. R2DNs do not have to solve an equilibrium layer and can take full

advantage of modern GPU architectures for efficient computation.

(2) Design flexibility: The proposed parametrisation is flexible in that we can

choose ϕg to be any 1-Lipschitz feedforward network. This opens up the possibility of

using structured Lipschitz networks such as MLPs [181], CNNs [125], ResNets [6], or

transformer-like architectures [128], depending on the desired application. In contrast,

the existing parametrisation of contracting and Lipschitz RENs in [136] only allows for

D11 with particular structures (full or strictly lower-triangular). While, in principle,

the REN (2.20) contains many of the above network architectures as special cases, it

is not obvious how to parametrise a well-posed contracting and Lipschitz REN with a

structured equilibrium layer. This limits its application in high-dimensional problems

such as processing language or image data, where particular network structures are

known to be critical for efficient training [176]. R2DN has no such restriction.

(3) Model size and scalability: RENs typically have many more parameters than

R2DNs given the same number of neurons due to the structure of the equilibrium layer

(2.21). Given d neurons, the number of parameters in ϕeq is proportional to d2. In

an R2DN, the number of parameters in ϕg – parametrised by, for example, an L-layer

MLP with d neurons – is proportional to d2/L. That is, the number of parameters

scales linearly with the depth of the network, and if the model size is held constant

between ϕeq for a REN and ϕg for an R2DN, then ϕg has more neurons than ϕeq.

For problems requiring models with large state dimensions n, it may also be desirable

for the LTI component (6.4a) to have a scalable parametrisation in addition to the

nonlinear component ϕg. The number of learnable parameters for the LTI component

scales proportionally to n2 in the parametrisations from Section 6.4 due to the X⊤X

terms in (6.17), (6.24). There are several options to mitigate this, two of which are:

1. Low-rank parametrisation: Introduce new parameters δ ∈ R2n and X̄ ∈
R2n×ν with ν ≪ n, then replace X⊤X with X̄⊤X̄+diag(δ) in (6.17), (6.24). The
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LTI system (6.4a) remains dense, but the number of learnable parameters scales

linearly with n.

2. Parallel components: Replace (6.4a) with many smaller, parallel LTI systems

which can be separately or jointly-parametrised. In the limit that each system

is scalar, the number of parameters scales linearly with n. Note that parallel

interconnections of 1-Lipschitz systems preserve the Lipschitz bound, hence our

parametrisation remains valid.

We leave a detailed study of the effect of scalable LTI parametrisations in RENs and

R2DNs to future work.

6.6 Numerical Experiments

In this section, we study the scalability and computational benefits of R2DNs over

RENs via numerical experiments. All experiments1 were performed in Python using

JAX [22] on an NVIDIA GeForce RTX 4090. R2DN models were implemented with 1-

Lipschitz MLPs constructed from Sandwich layers [181], and RENs were implemented

with lower-triangular D11. We focus our study on contracting RENs and R2DNs as a

preliminary investigation.

6.6.1 Scalability and Expressive Power

We first show that computation time for R2DNs scales more favourably with respect

to the network’s expressive power (expressivity) in comparison to RENs. It is difficult

to quantify the expressivity of each network architecture with simple heuristics like the

total number of learnable parameters or activations. For example, we could distribute

the parameters of similarly-sized networks in many different ways between the linear

and nonlinear components (for RENs and R2DNs) and between the width and depth

of the feedforward network (for R2DNs). Instead, we used the following heuristic.

1https://github.com/nic-barbara/R2DN
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We fit the internal dynamics fθ from (6.3), (6.5) for RENs and R2DNs (respectively)

to a scalar nonlinear function

f(x, u) = 0.05x+ 0.2 sin(x) + u+ 0.05 cos(2x̄)+

0.05 sin(3x̄) + 0.075 sin(4x̄) tan−1(0.1x̄2)

using supervised learning, where x̄ := x + u. The function is plotted in Figure 6.2

and has a maximum slope with respect to x of | ∂
∂x
f(x, u)| ⪅ 0.9. It is not in either

of the REN or R2DN model classes, but can be approximated given a sufficiently

large number of neurons in ϕeq or ϕg, respectively. We then computed the Normalised

Root-Mean-Square Error (NRMSE)

NRMSE =
∥f(x, u)− fθ(x, u)∥

∥f(x, u)∥ × 100

for test batches of x, u and took 1/NRMSE as a measure of the network’s expressivity.

All models were trained over 1500 epochs using the Adam optimiser [88] with an initial

learning rate of 10−3 which we decreased by a factor of 10 every 500 training epochs to

ensure convergence. We uniformly sampled x ∈ [−30, 30], u ∈ [−1, 1] in training and

−30 −20 −10 0 10 20 30

x

−2

−1

0

1

2

f
(x
,u

)

u = −1

u = 0

u = 1

Figure 6.2: The function f(x, u) to be fitted
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(a) Inference scaling relations.
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(b) Backpropagation scaling relations.

Figure 6.3: Computation time for the forwards (a) and backwards (b) passes as functions
of model expressivity for the RENs and R2DNs. Computation time scales more favourably
for the R2DN models. Error bars show one standard-deviation across 5 random model ini-
tialisations for each data point. Slope standard deviations are in parentheses.

test batches of 128×512 and 2048 samples, respectively. We trained models from each

class with n = 1 internal states and increasingly large nonlinear components ϕeq, ϕg.

For RENs, we varied the number of neurons over q ∈ [20, 200]. For R2DNs, we fixed

q = l = 16 and designed ϕg with six layers each of width nh, varying the width over

nh ∈ [8, 96]. We trained 5 models for each architecture and size, each with a different
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random initialisation.

The results in Figure 6.3 show how mean computation time scales with model expres-

sivity for each network architecture. Computation time was measured by evaluating

the mean inference and backpropagation (gradient calculation) time over 1000 function

calls for each model, using sequences of length 128 with a batch size of 64. We excluded

the time taken for the first function call, which is typically much longer than every

subsequent function call due to just-in-time compilation with JAX [22]. In both cases,

computation time increases with model expressivity. However, the increase occurs at

a much faster rate for the REN models, whereas R2DNs can clearly be scaled to more

expressive models with minimal increase in training and inference time. This bodes

well for future the application of R2DNs to large-scale machine-learning tasks which

require very large recurrent models.

6.6.2 Training Speed and Test Performance

We now compare the performance of each model class on the three case studies intro-

duced in [136] for RENs, which we briefly summarise below.

1. System identification: stable and robust nonlinear system identification on the

F16 ground vibration dataset [115]. The task is to learn the vibration dynamics

of the wing of an F16 aircraft from data. The dataset was collected in [115] by

mounting a shaker under the right wing of a full-scale F16 aircraft. It contains

measurements from accelerometers at three sites along the wing, and also the

shaker voltage and force applied to generate the vibrations.

2. Observer design: learning nonlinear observers for Partial Differential Equa-

tions (PDEs). The task is to learn an observer of the form x̂t+1 = fθ(x̂t, ut, yt)

which estimates the state of a reaction-diffusion PDE described by

∂x

∂t
(ζ, t) =

∂2x

∂ζ2
+

1

2
x(1− x)

(
x− 1

2

)
, (6.28)
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where the state x = x(ζ, t) is a function of both a spatial coordinate ζ ∈ [0, 1] and

time t ∈ R+. Boundary conditions are set as x(ζ, 0) = 1, x(1, t) = x(0, t) = u(t)

for some known forcing function u(t), and the state is measured at y = x(0.5, t).

As outlined in Chapters 4 and 5, the observer error will exponentially converge to

zero over time if the observer: (a) is contracting; and (b) satisfies a correctness

condition. Since contraction is already guaranteed by both REN and R2DN

parametrisations, the objective is then to learn the one-step-ahead prediction

error of a discretised version of (6.28) to ensure that, in the absence of initial

condition error or other perturbations, the true state can be exactly generated

by the observer. Further details are provided in [136, Sec. VIII].

3. Youla control: data-driven nonlinear feedback control design with the Youla-

Kučera parametrisation. The task is to learn Youla-REN and Youla-R2DN con-

trollers for the discrete-time LTI systemz
ỹ

 =

T0 T1
T2 0

w
ũ


where z, w, ỹ, ũ are as defined in Chapter 4. The stable, discrete-time systems

T0, T1, T2 are defined by the transfer functions

T0 = T1 = −T2 =
0.3

ϱ2 − 1.6 cos(0.2π)ϱ+ 0.82

where ϱ is the shift operator.

We used the same experimental setup as [136] for the first two case studies. For the

third example, [136] designed Youla-REN controllers by restricting the REN to be an

echo-state network [77, 192] and solving for its free parameters via convex optimisation.

Instead, we took the same approach as in Chapter 5, training Youla-RENs and Youla-

R2DNs with contracting models and a variant of the APG deep RL algorithm [100] (see

Section 2.4.1). In each problem, we trained RENs and R2DNs with a similar number
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of learnable parameters. Further training details and hyperparameters are provided in

our open-source code1.

The plots in Figure 6.4 show loss curves as a function of training time for each exper-

iment. Final test errors and mean computation time per training epoch are provided

Table 6.1. It is immediately clear that the R2DN models achieve similar training and

test errors to the RENs on each task, but are significantly faster to train, even though

the model sizes are similar. The boost in computational efficiency is a direct benefit of

not having to solve an equilibrium layer every time the model is called, which speeds

up both model evaluation and backpropagation times. The benefit is most obvious for

the system identification and Youla control tasks, since the models were evaluated on

long sequences of data or in a closed control loop (respectively) in each training epoch.

For observer design, the models were trained to minimize the one-step-ahead predic-

tion error and so there were fewer model evaluations per epoch. The fact that R2DN

matches the REN performance in each case is a clear indication that, in addition to

faster training and inference, the proposed parametrisation is sufficiently expressive to

capture complex nonlinear behaviour.

Experiment Network Epoch Time (s) Test Error

System ID REN 85.0 20.5 (0.22)
R2DN 16.8 21.7 (0.33)

PDE Observer REN 0.663 9.19 (1.20)
R2DN 0.565 8.81 (0.70)

Youla Control REN 5.66 1.27 (0.26)
R2DN 0.564 1.27 (0.47)

Table 6.1: Mean training epoch time and test error for the two network architectures. For
the system identification and PDE observer examples, the test error is the final NRMSE
(%). For the Youla control example, the test error is the final test cost. Test error standard
deviation is in parentheses. Mean epoch time does not include compilation overhead from
the first training epoch, but this is shown in Figure 6.4.
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(a) System identification.
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(b) PDE observer design.
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(c) Learning-based feedback control.

Figure 6.4: Mean loss curves as a function of training time for each of the three benchmark
problems. Bands show the loss range over 10 random model initialisations. Note that the
first training step also includes the overhead from just-in-time compilation in JAX.
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6.7 Conclusions

This chapter has introduced a parametrisation of contracting and Lipschitz R2DNs for

machine learning and data-driven control. We have compared the proposed parametri-

sation to that of contracting and Lipschitz RENs, showing that by removing the equi-

librium layer and applying small-gain arguments to the nonlinear terms, our R2DNs

offer significantly more efficient computation than RENs with negligible loss in perfor-

mance, and they scale more favourably with respect to model expressivity. In future

work, we will remove the assumption that D22 = 0 for γ-Lipschitz R2DNs, extend the

parametrisation to (Q,S,R)-robust R2DNs in the sense of Definition 2.2, and study

the scalability of R2DNs in high-dimensional robust machine learning tasks.

138



Chapter 7

Conclusions

This thesis has studied parametrisations of neural feedback policies for learning-based

control which automatically guarantee stability and robustness. We built our parametri-

sations on robust neural networks, which were directly parametrised to satisfy stabil-

ity and robustness guarantees of their own, and which we used in place of traditional

black-box neural networks for feedback control. Our main contribution was to show

that with the correct choice of policy architecture, the closed-loop system can naturally

inherit the stability and robustness properties of the policy network. Moreover, the

parametrisation of the policy network is important – it was only by using expressive,

unconstrained parametrisations that we were able to learn high-performing controllers

via simple, gradient-based tools such as deep RL.

Chapter 3 began this study with an examination of Lipschitz-bounded policy networks

in deep RL. We saw that the Lipschitz bound was a simple and natural heuristic with

which to constrain the sensitivity of a policy to changes in its inputs, such as those in-

duced by targeted adversarial attacks. We compared four different Lipschitz-bounded

layer parametrisations in an empirical study, and found that expressive parametrisa-

tions imposing tight bounds on the Lipschitz constant were most effective in achieving

both strong robustness and performance.
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In Chapters 4 and 5, we shifted our focus to parametrising stabilising neural policies

in the closed-loop setting. We introduced a nonlinear version of the classical Youla-

Kučera parametrisation and proved that, for certain classes of nonlinear systems, it is

a parametrisation of all and only incrementally stabilising controllers in the sense of

contraction and Lipschitzness. Combining this with robust neural networks such as

the REN [136], we proposed the Youla-REN policy class as a theoretically-motivated

architecture for learning nonlinear, stabilising policies parametrised by neural networks.

We concluded our study in Chapter 6 by shifting our focus once more, this time to

the scalable parametrisation of robust neural networks, to allow us to parametrise

stabilising policies for large-scale control problems in future work. We introduced the

R2DN as a scalable, computationally-efficient alternative to RENs by removing the

dependence on an equilibrium layer. We provided a preliminary parametrisation of

contracting and Lipschitz R2DNs with no direct feedthrough term, and demonstrated

via numerical experiments that the parametrisation is up to an order of magnitude

faster than that of contracting and Lipschitz RENs in both training and inference.

7.1 Future Research

We conclude this thesis with some suggestions for future research in learning-based

control with stability guarantees, and the parametrisation of robust neural networks.

Lipschitz-Bounded Policies

The empirical study of Lipschitz-bounded policy networks in Chapter 3 focused on

illustrative examples. Having established the benefits of expressive parametrisations

with tight bounds on the Lipschitz constant, it will be interesting to explore the impact

of these policy parametrisations on the robustness of learned controllers in complex

deep RL tasks, particularly those in robotics.

Specifically, we expect the Lipschitz bound to be of great help in tasks with very

high-dimensional measurements spaces where the underlying state space of the system
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has a much lower dimension. A common example is in vision-feedback control tasks

in robotics. In these situations, it is natural to expect that small variations in the

measurements (i.e., images) should not strongly affect the decision made by the policy,

hence a Lipschitz-bounded policy is likely to greatly improve robustness to image

noise, variations in lighting conditions, and more sinister perturbations like targeted

adversarial attacks.

The Youla Parametrisation and the Youla-REN

Our study of the Youla parametrisation in this thesis was restricted to parametrising

globally stabilising controllers for smooth nonlinear systems. Three specific directions

to extend our theoretical results are as follows:

1. Local stability: In some applications, it can be undesirable (or infeasible) to have

a globally contracting nonlinear system. For example, there may be multiple set

points between which a controller should move the system. In this case, a version

of the parametrisation that allows for local contraction guarantees and smoothly

switching between equilibria would be a useful extension.

2. Non-smooth systems: One of the original motivations for this thesis was learning

stabilising controllers for locomotion controllers in legged robotics. To extend the

Youla-REN to such problems, one would need to study the parametrisation in

the context of contraction analysis for limit cycles and hybrid systems [103, 162].

3. Prescribed robustness: Our theoretical results guarantee closed-loop contracting

and Lipschitz responses for certain classes of nonlinear systems. However, they

do not allow the user to specify the resulting Lipschitz bound of the closed-loop

system. A natural extension would be to follow similar procedures to H∞ design

[42, 196] to devise a parametrisation of controllers achieving contracting and

γ-Lipschitz closed loops for some user-defined value γ ∈ R+.

Perhaps the greatest difficulty in applying Youla-like policies (such as the Youla-REN)

in practice is the need for an observer. The observer is central to our formulation of
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the Youla parametrisation. For general nonlinear systems, it is not obvious how (or

whether it is possible) to construct an observer that: (1) is contracting and Lipschitz;

(2) satisfies the required correctness property; and (3) has minimal (preferably zero)

Lipschitz bound from the Youla augmentation to the innovations. One interesting

strategy would be to learn appropriate observers directly from data such that they

meet these three criteria. An approach to learning observers with RENs is outlined in

[136] (see also Section 6.6.2 with R2DNs and Appendix B).

Once a suitable base controller and observer have been designed, implementing the

Youla-REN is straightforward – simply connect the REN (or other robust neural net-

work, e.g., R2DN) to the difference between the measurements and observer estimates,

and add its control output to the base controller. This general structure opens possi-

bilities of learning stabilising controllers for rather complex nonlinear tasks. Two inter-

esting applications include trajectory-tracking in aerial robotics with highly-dynamic

manoeuvres (which can be modelled as a smooth nonlinear problem, see [127] for early

work), and vision-based feedback control, where the observer model may depend on a

learned model of the environment allowing for novel view synthesis [110, 86].

Scaling Up R2DN

In order to learn controllers for vision-based feedback control, further development of

R2DNs will be necessary. The parametrisation of R2DNs from Chapter 6 is still in its

infancy. In future work, we plan to extend the parametrisation to general (Q,S,R)-

dissipative models with non-zero direct feedthrough, allowing for efficient network im-

plementations with more complex robustness constraints than the Lipschitz bound. We

also plan to encode scalable parametrisations of contracting and (Q,S,R)-dissipative

LTI systems into the architecture, rather than relying on dense LTI systems whose sizes

increase quadratically with the number of internal states. This will allow for further

improvements in the scalability of R2DNs and, ultimately, will provide a parametrisa-

tion of robust neural networks that is suitable for learning-based control with stability

guarantees in complex, high-dimensional environments.
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Additional Proofs

A.1 Contracting Systems with Inputs

This appendix contains a brief study of contracting systems with inputs, including

proofs of Lemmas 2.1 and 2.2 from Section 2.2.1. We review contraction analysis from

the perspective of Riemannian geometry, provide proofs of two lemmas describing

the response of contracting systems to bounded, additive disturbances, and use these

results to prove Lemmas 2.1 and 2.2.

A.1.1 An Introduction to Contraction Metrics

We first recall some useful facts about contracting systems. Contraction analysis is

typically conducted by examining shrinking distances between state trajectories [98].

In general, we are interested in the contraction of geodesics between trajectories in some

metric space, where distances are quantified by a (possibly state- and time-dependent)

Riemannian metric called the contraction metric.

Consider a smooth, time-varying, contracting nonlinear system with state xt ∈ Rn:

xt+1 = f(xt, t). (A.1)
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As a result of [169, Thm. 15], there exists a contraction metricM(x, t) : Rn×N→ Rn×n

with

c1I ⪯M(x, t) ⪯ c2I, ∀x ∈ Rn (A.2)

for some c2 ≥ c1 > 0, such that the following inequality holds for all t ∈ N:

(
∂f

∂xt

)⊤
M(xt+1, t+ 1)

∂f

∂xt
⪯ α2M(xt, t) (A.3)

for some α ∈ [0, 1). The contraction metric is a Riemannian metric defining distances

between state trajectories. Let xa, xb be two trajectories of (A.1). For any frozen time

t, the contraction metric M(xt, t) induces a Riemannian distance between xat , xbt , or

V
(
xat , x

b
t , t
)
:= inf

ξ

∫ 1

0

|Θ(ξ(s), t)∂sξ| ds, (A.4)

with Θ(x, t) ∈ Rn×n satisfying M(x, t) = Θ(x, t)⊤Θ(x, t), where ξ : [0, 1] → Rn is a

smooth path defined such that ξ(0) = xat and ξ(1) = xbt . The infimum ξ⋆ is a geodesic

connecting xat to xbt . From (A.2) we have

√
c1
∣∣xat − xbt∣∣ ≤ V

(
xat , x

b
t , t
)
≤ √c2

∣∣xat − xbt∣∣ . (A.5)

Furthermore, (A.3) implies that the distance V between xa, xb is always decreasing

with rate α, or

V
(
xat+1, x

b
t+1, t+ 1

)
≤ αV

(
xat , x

b
t , t
)
. (A.6)

Together with (A.5), this implies that the system (A.1) is contacting with rate α and

overshoot β =
√
c2/c1 in the sense of Definition 2.1.
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A.1.2 Contracting Systems Under Additive Disturbances

Let us now consider the system (A.1) with an additive disturbance d(xt, t) ∈ Rn:

xt = f(xt, t) + d(xt, t). (A.7)

Let x, x⋆ be the perturbed and unperturbed trajectories, respectively. The bound

estimation of |xt−x⋆t | under |d(x, t)| ≤ d̄ with d̄ ∈ R+ was given in [98], [173, Thm. 2.8].

Here we are interested in two additional cases: exponentially-decaying disturbances,

and bounds on the ℓp-norm ∥xt − x⋆t∥p of the state difference. Note that a similar

statement to Lemma A.1 for continuous-time systems can be found in [157, Thm. 4].

Lemma A.1. Suppose that (A.1) is contracting with rate α and overshoot β. If the

disturbance satisfies |d(xt, t)| ≤ d̄εt with d̄ ∈ R+ and ε ∈ [0, 1), then the states x, x⋆ of

the disturbed and undisturbed systems (A.7), (A.1) (respectively) satisfy

|xt − x⋆t | ≤ β(|x0 − x⋆0|+ d̄C̄)ρt, ∀t ∈ N (A.8)

for some ρ ∈ [0, 1) and C̄ ∈ R+ depending on α, ε.

Proof. The proof follows a similar strategy to that of [173, Thm. 2.8]. For any time t,

let ξt : [0, 1]→ Rn be a geodesic connecting x⋆t and xt with respect to the contraction

metric M(x, t). We then define the path ξt+1 : [0, 1]→ Rn by

ξt+1(s) = f(ξt(s), t) + sd(xt, t). (A.9)

Note that ξt+1 is a smooth path connecting x⋆t+1 and xt+1 as

ξt+1(0) = f(ξt(0), t) = f(x⋆t , t) = x⋆t+1,

ξt+1(1) = f(ξt(1), t) + d(xt, t) = f(xt, t) + d(xt, t) = xt+1.
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By taking the derivative of (A.9) with respect to s, we obtain

∂sξt+1 =
∂f

∂ξt
∂sξt + d(xt, t). (A.10)

To simplify notation, we denote d(xt, t), V (x⋆t , xt, t), and Θ(x, t) by dt, Vt and Θt(x),

respectively. We can then make the following calculation.

Vt+1 ≤
∫ 1

0

|Θt+1(ξt+1(s))∂sξt+1| ds

=

∫ 1

0

∣∣∣∣Θt+1(ξt+1(s))

(
∂f

∂ξt
∂sξt + dt

)∣∣∣∣ ds
≤
∫ 1

0

∣∣∣∣Θt+1(ξt+1(s))
∂f

∂ξt
∂sξt

∣∣∣∣ ds
+ |d(xt, t)|

∫ 1

0

∥Θt+1(ξt+1(s))∥ds

≤ α

∫ 1

0

|Θt(ξt(s))∂sξt| ds+
√
c2|d(xt, t)|

= αVt +
√
c2|d(xt, t)|.

(A.11)

Line 1 is due to (A.4) since ξt+1 is not necessary a geodesic, although ξt is. Lines

2–3 follow by (A.10) and the triangle inequality. Note that ∥Θ∥ in Line 3 denotes the

matrix 2-norm of Θ, which satisfies ∥Θ(x, t)∥ ≤ √c2 for all x, t due to (A.2). Line 4 is

due to (A.3) while Line 5 comes from the assumption that ξt is a geodesic.

By recursively applying (A.11), we obtain

Vt ≤ αtV0 +
√
c2

t−1∑
k=0

αt−1−k|dk| (A.12)

and hence

Vt ≤ αtV0 + d̄
√
c2

t−1∑
k=0

αt−1−kεk

with t ≥ 1, since the disturbance is exponentially decaying by assumption. From (A.2)
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we have

|xt − x⋆t | ≤
√
c2/c1

(
|x0 − x⋆0|αt + d̄

t−1∑
k=0

αt−1−kεk

)
≤ β

(
|x0 − x⋆0|+ d̄C̄

)
ρt.

(A.13)

The values of the constants C̄ and ρ ≥ α depend on the relative values of α, ε. When

α ̸= ε, we have
∑t−1

k=0 α
t−1−kεk = (αt − εt)/(α − ε) ≤ C̄ρt with C̄ = 1/|α− ε| and

ρ = max(α, ε). When α = ε, we have
∑t−1

k=0 α
t−1−kεk = tαt−1 ≤ C̄ρt with any ρ ∈ (α, 1)

and

C̄ = max
t∈N

αt

(
α

ρ

)t

which is well-defined as α < ρ.

Lemma A.2. Suppose that (A.1) is contracting with rate α and overshoot β. Then the

states x, x⋆ of the disturbed and undisturbed systems (A.7), (A.1) (respectively) satisfy

∥x− x⋆∥p ≤ βC|x0 − x⋆0|+
β

1− α∥d∥p (A.14)

for p ∈ [1,∞), where C ∈ R is a constant that depends on the contraction rate α.

Proof. The proof is a discrete-time version of [173, Thm. 2.6] combined with [87,

Thm. 5.1]. Follow the same proof strategy as for Lemma A.1 to arrive at (A.12). We

then divide the right-hand side of (A.12) into two components

v1(t) = αtV0

v2(t) =
t∑

k=0

|dk|αt−k

and analyse their ℓp norms separately, noting that Vℓ(t) ≤ v1(t) +
√
c2v2(t− 1). First

147



Appendix A. Additional Proofs

observe that ∥v1∥pp = Vℓ(0)
p
∑∞

k=0 α
kp so

∥v1∥p ≤ CVℓ(0) where C =

1 if p =∞
1

(1−αp)1/p
if p ∈ [1,∞)

. (A.15)

Next consider ∥v2∥p,T for some T ∈ N. We will show that for each case of p = ∞,

p = 1, and p ∈ (1,∞), ∥v2∥p,T is independent of T and is bounded by ∥d∥p,T . For

p = ∞, observe that |v2(t)| ≤ d̄
∑t

k=0 α
t−k ≤ d̄/(1 − α) where d̄ := supxt,t dt(xt, t).

Hence

∥v2∥∞,T ≤
1

1− α∥d∥∞,T .

When p = 1, we have that for t ≤ T < ∞, ∥v2∥1,T ≤
∑T

t=0

∑t
k=0 α

t−k|dk|. Reversing

the order of summations gives

∥v2∥1,T ≤
T∑

k=0

T∑
t=k

αt−k|dk| =
T∑

k=0

|dk|
T∑

t=k

αt−k ≤
T∑

k=0

|dk|
1− α =

1

1− α∥d∥1,T .

Finally, consider p ∈ (1,∞). Let m ∈ (1,∞) be defined by 1/p + 1/m = 1. Then for

t ≤ T <∞ we have

|v2(t)| ≤
t∑

k=0

αt−k|dk| =
t∑

k=0

(αt−k)
1
m (αt−k)

1
p |dk| ≤

(
t∑

k=0

αt−k

) 1
m
(

t∑
k=0

αt−k|dk|p
) 1

p

where the last inequality follows by Hölder’s inequality [82, Sec. 2.2]. Hence we have

|v2(t)| ≤
1

(1− α) 1
m

(
t∑

k=0

αt−k|dk|p
) 1

p

.
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Substituting this into the definition of the ℓp-norm for v2 gives

∥v2∥pp,T ≤
T∑
t=0

1

(1− α) pm
t∑

k=0

αt−k|dk|p

=
1

(1− α) pm
T∑
t=0

t∑
k=0

αt−k|dk|p

=
1

(1− α) pm
T∑

k=0

|dk|p
t∑

t=k

αt−k

≤ 1

(1− α) pm+1
∥d∥pp,T .

Since p
m
+ 1 = p by construction, then ∥v2∥p,T ≤ 1

1−α
∥d∥p,T for p ∈ (1,∞). Combining

this with our results for p = 1,∞ and (A.15) and applying the triangle inequality, we

have that

∥V ∥p ≤ CV (0) +

√
c2

1− α∥d∥p ∀ p ∈ [1,∞) (A.16)

with C as defined in (A.15). Applying the upper and lower bounds on Vt from (A.5),

we conclude that

∥x− x⋆∥p ≤ βC|x0 − x⋆0|+
β

1− α∥d∥p (A.17)

with β =
√
c2/c1 as usual.

A.1.3 Proofs of Lemmas 2.1 and 2.2

Both combined. Lemmas 2.1 and 2.2 follow directly from Lemmas A.1 and A.2 (re-

spectively) by noting the following. Write (2.8) for x, x⋆ as

xt+1 = F (xt, ut)

x⋆t+1 = F (x⋆t , ut) + ∆Ft

where ∆Ft := F (x⋆t , u
⋆
t )− F (x⋆t , u). Since F is assumed to be γ-Lipschitz with respect

to u, then |∆Ft| ≤ γ|ut − u⋆t |. The results (2.10), (2.11) follow from (A.14), (A.8) by

substituting ∥d∥p ≤ γ∥u− u⋆∥p and |dt| ≤ γ|ut − u⋆t |, respectively.
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Appendix B

RobustNeuralNetworks.jl

We have used robust neural networks throughout this thesis for tasks in machine

learning and data-driven control with certified stability and robustness. This appendix

contains partial documentation for RobustNeuralNetworks.jl1 – a Julia package con-

taining implementations of the REN and Sandwich networks introduced in [136] and

[181], respectively. The package relies heavily on key features of the Julia language

[19] (such as multiple dispatch) for an efficient implementation of the models. The

purpose of the package was to make recent research in robust machine learning at the

ACFR easily accessible to users in the scientific and machine learning communities.

We therefore designed it to interface directly with Flux.jl [76], Julia’s most widely-

used machine learning library, making it straightforward to incorporate robust neural

networks into existing Julia code. Detailed documentation is available on GitHub2.

RobustNeuralNetworks.jl was the first attempt at creating a single, unified reposi-

tory for the collection of robust neural network architectures developed at the ACFR.

We are currently developing a successor to the package written in Python/JAX [22]

which includes not only RENs and Sandwich networks, but also newer architectures

such as monotone, bi-Lipschitz, and Polyak-Łojasiewicz Networks [179] and invertible

1https://github.com/acfr/RobustNeuralNetworks.jl
2https://acfr.github.io/RobustNeuralNetworks.jl/stable/
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dynamic models such as the BiLipREN [195]. An early version of the Python package

is now publicly available3. For the remainder of this chapter, we focus on the Julia

package, providing an overview of the software layout and tutorials demonstrating its

use in image classification, reinforcement learning, and nonlinear observer design.

Publications & Usage

The content in this chapter previously appeared as part of the following publication:

[11] N. H. Barbara, M. Revay, R. Wang, J. Cheng, and I. R. Manchester, “Robust-

neuralnetworks.jl: a package for machine learning and data-driven control with

certified robustness,” Proceedings of the JuliaCon Conferences, 2025.

The RobustNeuralNetworks.jl package was used for all experiments in Chapter 5

and [12], while earlier versions of the codebase were also used in [178, 136, 124].

B.1 Package Overview

RobustNeuralNetwork.jl contains two classes of neural network models – RENs [136]

and Sandwich networks [181]. Both network architectures were discussed in Section 2.3.

This section provides a brief overview of how the two model architectures and their

parametrisations were implemented in Julia. In the remaining sections, we use LBDN

to refer to Lipschitz-bounded networks constructed specifically from Sandwich layers

to remain consistent with the package implementation.

B.1.1 Direct Parametrisations

Recall the notion of a direct parametrisation from Definition 2.4 – that is, a differen-

tiable mapping φ =M(θ) from the learnable or direct parameters θ ∈ RN of a neural

network to its explicit parameters φ ∈ Rnφ , such as its weights and biases. When we

implement direct parametrisations in practice, it is important to separately track the

3https://github.com/acfr/RobustNeuralNetworks
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direct and explicit parameters θ and φ, respectively. We do this as follows.

RENs are defined by two abstract types in RobustNeuralNetworks.jl. Subtypes of

AbstractRENParams hold all the information required to directly parametrise a REN

with particular stability and/or robustness properties. For example, to initialise the

direct parameters of a contracting REN with 1 input, 10 states, 20 neurons, 1 output,

and a relu activation function, we use the following. The direct parameters θ are

stored in model_ps.direct.

� �
using Flux, RobustNeuralNetworks

T = Float32

nu, nx, nv, ny = 1, 10, 20, 1

model_ps = ContractingRENParams{T}(nu, nx, nv, ny; nl=Flux.relu)

println(model_ps.direct) # Access direct params� �
Subtypes of AbstractREN represent RENs in their explicit form which can be evaluated

on data. The conversion from direct to explicit parameters θ 7→ φ is performed when

the REN is constructed and the explicit parameters φ are stored in model.explicit.

� �
model = REN(model_ps) # Create explicit model

println(model.explicit) # Access explicit params� �
Figure B.1 illustrates this architecture. We use a similar interface for the Lipschitz-

bounded Sandwich networks, basing them off the abstract types AbstractLBDNParams

and AbstractLBDN.
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Figure B.1: Association of models and their parameters in (a) Flux.jl and (b)
RobustNeuralNetworks.jl. In (a), model parameters θ are associated with the model. In
(b), the direct parameters θ are associated with the parametrisation model_ps, and are con-
verted to explicit parameters φ when the model is constructed for evaluation with REN().

There are currently four REN parametrisations implemented in this package:

1. ContractingRENParams parametrises contracting RENs with a user-defined up-

per bound on the contraction rate, as per Definition 2.1.

2. LipschitzRENParams parametrises RENs with a user-defined (or learnable) Lip-

schitz bound γ ∈ (0,∞), as per Definition 2.3

3. PassiveRENParams parametrises incrementally input passive RENs with user-

tunable passivity parameter ν ≥ 0 (see below).

4. GeneralRENParams parametrises RENs satisfying some general behavioural con-

straints defined by an incremental IQC with parameters (Q,S,R), as per Defini-

tion 2.2

Note that a model is incrementally input passive if it admits the incremental IQC

described by Q = 0, R = −2νI, S = I for some ν ≥ 0. Passivity is a generalised notion

of energy conservation [175] and is useful in, for example, learning stable dynamical

systems [31].

There is currently only one LBDN parametrisation implemented in the package:

1. DenseLBDNParams parametrises dense (fully-connected) LBDNs with a user-defined

or learnable Lipschitz bound γ ∈ (0,∞) using the Sandwich layer.
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B.1.2 Explicit Model Wrappers

When training a REN or LBDN, we learn and update the direct parameters θ and

convert them to the explicit parameters φ only for model evaluation. The main con-

structors for explicit models are REN and LBDN. Users familiar with Flux.jl will be

used to creating a model once and then training it on their data. The typical workflow

is as follows.

� �
using Flux

# Define a model and a loss function

model = Flux.Chain(

Flux.Dense(1 => 10, Flux.relu),

Flux.Dense(10 => 1, Flux.relu)

)

loss(model, x, y) = Flux.mse(model(x), y)

# Training data of 20 batches

T = Float32

xs, ys = rand(T,1,20), rand(T,1,20)

data = [(xs, ys)]

# Train the model for 50 epochs

opt_state = Flux.setup(Adam(0.01), model)

for _ in 1:50

Flux.train!(loss, model, data, opt_state)

end� �
When training a model constructed from REN or LBDN, we need to back-propagate

through the mapping from direct (learnable) parameters to the explicit model. We
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must therefore include the model construction as part of the loss function. If we do

not, then the auto-differentiation engine has no knowledge of how the model parameters

affect the loss, and will return zero gradients. Here is an example with an LBDN, where

the model is defined by the direct parametrisation stored in model_ps.

� �
using Flux, RobustNeuralNetworks

# Define model parametrisation and loss function

T = Float32

model_ps = DenseLBDNParams{T}(1, [10], 1; nl=relu)

function loss(model_ps, x, y)

model = LBDN(model_ps)

Flux.mse(model(x), y)

end

# Training data of 20 batches

xs, ys = rand(T,1,20), rand(T,1,20)

data = [(xs, ys)]

# Train the model for 50 epochs

opt_state = Flux.setup(Adam(0.01), model_ps)

for _ in 1:50

Flux.train!(loss, model_ps, data, opt_state)

end� �

B.1.3 Separating Parameters and Models

For the sake of convenience, we include the model wrappers DiffREN and DiffLBDN

as alternatives to REN and LBDN, respectively. These wrappers compute the explicit

parameters each time the model is called rather than just once when they are con-
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structed. Any model created with these wrappers can therefore be used exactly the

same way as a regular Flux.jl model, and there is no need for model construction in

the loss function. One can simply replace the definition of the Flux.Chain model in

the Flux.jl example above with

� �
model_ps = DenseLBDNParams{T}(1, [10], 1; nl=relu)

model = DiffLBDN(model_ps)� �
and train the LBDN just like any other Flux.jl model. We use these wrappers in

Appendices B.2.1 and B.2.3.

The trade-off in using DiffREN or DiffLBDN is computational efficiency in applications

where a model is called many times before a training update (e.g., system identification

and reinforcement learning). One of the main computational bottlenecks in training a

REN or LBDN is converting from the direct to explicit parameters (mapping θ 7→ φ).

This process involves a matrix inverse where the number of matrix elements scales

quadratically with the dimension of the model in a REN or the dimension of each layer

in an LBDN (see [136, 181]).

If a model is to be evaluated many times with the same direct parameters in between

training updates, it is more efficient to compute the explicit parameters once, hold them

fixed over many model calls, and only re-compute them once the direct parameters have

been updated. This is exactly the purpose of keeping model_ps and model separate

when using REN and LBDN. Note that we cannot store the direct and explicit parameters

in the same model object since auto-differentiation in Julia does not (at the time of

writing) support array mutation [75]. We therefore advise using DiffREN or DiffLBDN

for convenience in applications where the model parameters are updated after just one

model call (e.g., training an image classifier). The computational benefit of separating

models from their parametrisations is explored numerically in Appendix B.2.2.
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B.2 Examples

This section guides the reader through a set of examples to demonstrate how to use

RobustNeuralnetworks.jl for machine learning in Julia. We will consider three ex-

amples: image classification, reinforcement learning, and nonlinear observer design.

These examples illustrate the benefits of using robust models and the reasoning be-

hind key design decisions made in the development of the package.

We use relu activation functions in all examples, but other choices of activation func-

tions satisfying Assumption 2.1 (e.g: tanh) are equally valid. For more examples with

RENs and LBDNs , please see the package documentation2.

B.2.1 Image Classification

Our first example features an LBDN trained to classify the MNIST dataset [94]. We

use this example to demonstrate how training image classifiers with LBDNs makes

them robust to noise (and adversarial attacks) thanks to the built-in Lipschitz bound.

For a detailed investigation of the effect of Lipschitz bounds on image classification

robustness, see [181].

Loading the data

We begin by loading the training and test data from MLDatasets.jl4. To load the full

dataset of 60,000 training and 10,000 test images, one would run the following code.

� �
using MLDatasets: MNIST

T = Float32

x_train, y_train = MNIST(T, split=:train)[:]

x_test, y_test = MNIST(T, split=:test)[:]� �
4https://juliaml.github.io/MLDatasets.jl/
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The feature matrices x_train and x_test are three-dimensional arrays where each

28 × 28 layer contains pixel data for a single handwritten number from 0 to 9 (see

Figure B.2). The labels y_train and y_test are vectors containing the classification

of each image as a number from 0 to 9. We convert each of these to a format better

suited to training with Flux.jl.

� �
using Flux

# Reshape features for model input

x_train = Flux.flatten(x_train)

x_test = Flux.flatten(x_test)

# Encode categorical outputs and store

y_train = Flux.onehotbatch(y_train, 0:9)

y_test = Flux.onehotbatch(y_test, 0:9)

data = [(x_train, y_train)]� �
Features are now stored in a 282 × N Matrix where each column contains pixel data

from a single image, and the labels have been converted to a 10×N Flux.OneHotMatrix

where each column contains a 1 in the row corresponding to the image’s classification

(e.g., row 3 for an image showing the number 2) and a 0 otherwise.

Defining a model

We now construct an LBDN model. The larger the model, the better the classification

accuracy will be, at the cost of longer training times. The smaller the Lipschitz bound

γ, the more robust the model will be to input perturbations such as image noise. If

γ is too small, however, it can restrict the model flexibility and limit the achievable

performance (e.g., [181] and Chapter 3). For this example, we use a small network of

two 64-neuron hidden layers and set a Lipschitz bound of γ = 5.0.
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� �
using RobustNeuralNetworks

# Model specification

nu = 28*28 # Inputs (size of image)

ny = 10 # Outputs (classifications)

nh = fill(64,2) # Hidden layers

γ = 5.0f0 # Lipschitz bound 5.0

# Define parameters,create model

model_ps = DenseLBDNParams{T}(nu, nh, ny, γ)

model = Chain(DiffLBDN(model_ps), Flux.softmax)� �
The model consists of two parts. The first is a callable DiffLBDN model constructed

from its direct parametrisation, which is defined by an instance of DenseLBDNParams as

per Appendix B.1.1. The output is then converted to a probability distribution using a

softmax layer. Note that all AbstractLBDN models can be combined with traditional

neural network layers using Flux.Chain.

We could also construct the model as a chain of SandwichFC layers. We have designed

the user interface for SandwichFC similarly to that of Flux.Dense.

� �
model = Chain(

(x) -> (sqrt(γ) * x),

SandwichFC(nu => nh[1], relu; T),

SandwichFC(nh[1] => nh[2], relu; T),

SandwichFC(nh[2] => ny; output_layer=true, T),

(x) -> (sqrt(γ) * x),

Flux.softmax

)� �
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This model is equivalent to a dense LBDN constructed with LBDN or DiffLBDN. We have

included it as a convenience for users familiar with layer-wise network construction in

Flux.jl, and recommend using it interchangeably with DiffLBDN.

Defining a loss function

A typical loss function for training on datasets with discrete labels is the cross entropy

loss. We can use the crossentropy loss function shipped with Flux.jl.

� �
loss(model,x,y) = Flux.crossentropy(model(x), y)� �
Training the model

We train the model over 600 epochs using a learning rate of 10−3 for the first 300

epochs, and 10−4 for the remaining 300 epochs. We use the Adam optimiser [88] and

the default Flux.train! method for convenience. Note that the Flux.train! method

updates the learnable parameters each time the model is evaluated on a batch of data,

hence our choice of DiffLBDN as a model wrapper.

� �
# Hyperparameters

epochs = 300

learning_rates = [1e-3,1e-4]

# Train with the Adam optimiser

opt_state = Flux.setup(Adam(learning_rates[1]), model)

for k in eachindex(learning_rates)

for i in 1:epochs

Flux.train!(loss, model, data, opt_state)

end

Flux.adjust!(opt_state, learning_rates[2])

end� �
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Label: 9, Prediction: 9 Label: 5, Prediction: 5 Label: 1, Prediction: 1

Figure B.2: Prediction examples from the trained LBDN model on the MNIST dataset.

Evaluating the trained model

Our final model achieves training and test accuracies of approximately 98% and 97%,

respectively, as shown in Table B.1. We could improve this further by switching to a

convolutional LBDN, as in [181]. Some examples of classifications given by the trained

LBDN model are presented in Figure B.2.

Investigating robustness

The main advantage of using an LBDN for image classification is its built-in robustness

to perturbations. This robustness is a direct benefit of the Lipschitz bound, which we

saw in the context of deep RL in Chapter 3. The Lipschitz bound effectively defines

how smooth the network is: the smaller the bound, the less the network outputs will

change as the inputs vary. For example, small amounts of noise added to the image

will be less likely to change its classification.

We can demonstrate the robustness of LBDNs by comparing the model to a standard

Model structure Training accuracy (%) Test accuracy (%)

LBDN 98.2 97.2
Dense 97.6 96.6

Table B.1: Training and test accuracy for the LBDN and Dense models on the MNIST
dataset without perturbations.
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MLP built from Flux.Dense layers. We first create a dense network with the same

layer structure as the LBDN.

� �
# Initialisation functions

init = Flux.glorot_normal

initb(n) = Flux.glorot_normal(n)

# Build a dense model

dense = Chain(

Dense(nu => nh[1], relu; init, bias=initb(nh[1])),

Dense(nh[1] => nh[2], relu; init, bias=initb(nh[2])),

Dense(nh[2] => ny; init, bias=initb(ny)),

Flux.softmax

)� �
Training the dense model with the same training loop used for the LBDN results in

a model that achieves training and test accuracies of approximately 98% and 97%,

respectively, as shown in Table B.1.

As a simple test of robustness, we add uniformly-sampled random noise in the range

[−ϵ, ϵ] to the test dataset for a range of noise magnitudes ϵ ∈ [0, 200/255]. We record

the test accuracy for each perturbation size and store it for plotting.

� �
using Statistics

# Get test accuracy as we add noise

uniform(x) = 2*rand(T, size(x)...) .- 1

compare(y, yh) = maximum(yh, dims=1) .== maximum(y.*yh, dims=1)

accuracy(model, x, y) = mean(compare(y, model(x)))

function noisy_test_error(model, ϵ)
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noisy_xtest = x_test .+ ϵ*uniform(x_test)

accuracy(model, noisy_xtest, y_test)*100

end

ϵs = T.(LinRange(0, 200, 10)) ./ 255

lbdn_error = noisy_test_error.((model,), ϵs)

dense_error = noisy_test_error.((dense,), ϵs)� �
Plotting the results in Figure B.3 clearly shows that the dense network, which has

no guarantees on its Lipschitz bound, quickly loses its accuracy as small amounts of

noise are added to the image. In contrast, the LBDN model maintains its accuracy

even when the (maximum) perturbation size is as much as 80% of the maximum pixel

values. This is an illustration of why image classification is such a promising use-case

for LBDN models. For a more detailed comparison of LBDN with state-of-the-art

image classification methods and optimised adversarial attacks, see [181].
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Figure B.3: Comparison of test accuracy on the MNIST dataset as a function of random
perturbation magnitude ϵ. The LBDN model is significantly more robust than a standard
Dense network.
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Figure B.4: Mechanical system to be controlled. A box sits in a tub of fluid, suspended
between two springs with stiffness k/2. It can be pushed by a force u to different positions q.

B.2.2 Reinforcement Learning

In this example, we demonstrate how to train an LBDN controller with deep RL

for a simple nonlinear dynamical system. This controller will not have any stability

guarantees – i.e., it is in a standard feedback configuration like Chapter 3, not the

Youla parametrisation from Chapters 4 and 5, and we are not applying the small-gain

theorem. The purpose of this example is simply to illustrate the steps required to set

up RL experiments with RobustNeuralNetworks.jl.

Consider the simple mechanical system shown in Figure B.4. A box of mass m sits in

a tub of fluid, held between the walls by two springs each with spring constant k/2.

The box can be pushed with a force u. Its dynamics are

mq̈ = u− kq − µq̇|q̇| (B.1)

where µ is the viscous damping coefficient due to the box moving through the fluid,

and q̇, q̈ denote the velocity and acceleration of the box, respectively. We can write

this as a state-space model with state x = [q; q̇], control input u, and dynamics

ẋ = f(x, u) :=

 q̇

(u− kq − µq̇|q̇|)/m

. (B.2)

This is a continuous-time model of the dynamics. For our purposes, we need a discrete-

time model. We can discretise the dynamics using a forward Euler approximation

xt+1 = fd(xt, ut) := xt +∆t · f(xt, ut) (B.3)
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where ∆t is the time-step. This approximation typically requires a small time-step for

numerical stability, but is sufficient for our simple example. If physical accuracy was

of concern, one could use a higher-order Runge-Kutta scheme.

Our aim is to learn a controller u = Kθ(x, qref), parametrised by a vector of learnable

parameters θ ∈ RN , that can push the box to any goal state xref = [qref ; 0] within a

time period T ∈ N. The force required to keep the box at an equilibrium position qref

is uref = kqref . We encode these objectives into a cost function to write the RL problem

min
θ

Eq0,q̇0,qref [Jθ] , Jθ =
T−1∑
t=0

c1(∆qt)
2 + c2q̇

2
t + c3(∆ut)

2, (B.4)

where ∆qt = qt − qref , ∆ut = ut − uref , c1, c2, c3 are cost function weights, and the

expectation is over different initial and goal positions of the box.

Problem setup

We first define the properties of our system. We consider a box of mass m = 1, spring

constants k = 5, and a viscous damping coefficient µ = 0.5. We will simulate the

system over T = 4 s with a time-step of ∆t = 0.02 s.

� �
m, k, µ = 1, 5, 0.5 # Mass (kg), spring (N/m), damper (kg/m)

Tmax, dt = 4, 0.02 # Simulation horizon and time step (s)

ts = 1:Int(Tmax/dt) # Array of time indices� �
To generate the training data, we randomly sample 80 goal positions in the range

qref ∈ [−1, 1] and assume the box always starts at rest from the zero position.

� �
nx, nref, batches = 2, 1, 80

x0 = zeros(nx, batches)

qref = 2*rand(nref, batches) .- 1

uref = k*qref� �
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It is more efficient to simulate all batches at once, so we define our dynamics functions

to operate on batches of states and controls. Each row corresponds to a different state

or control, and each column corresponds to a simulation for a particular qref .

� �
f(x::Matrix,u::Matrix) = [x[2:2,:]; (u[1:1,:] -

k*x[1:1,:] - µ*x[2:2,:]*abs.(x[2:2,:]))/m]

fd(x::Matrix,u::Matrix) = x + dt*f(x,u)� �
We learn controllers via the APG algorithm (see Section 2.4.1). That is, we back-

propagate directly through the cost and dynamics functions rather than approximat-

ing the cost gradient ∇Jθ. The simulator below takes a batch of initial states, goal

positions, and a controller model whose inputs are [x; qref ]. It computes trajectories of

states and controls z = {[x0;u0], . . . , [xT−1;uT−1]}. To avoid the issue of unsupported

array mutation when differentiating we use a Zygote.Buffer to store the outputs [75].

We conclude the problem setup with a function to evaluate the cost function in (B.4).

� �
using Zygote: Buffer

using Statistics

function rollout(model, x0, qref)

z = Buffer([zero([x0;qref])], length(ts))

x = x0

for t in ts

u = model([x;qref])

z[t] = vcat(x,u)

x = fd(x,u)

end

return copy(z)

end
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weights = [10,1,0.1]

function _cost(z, qref, uref)

∆z = z .- [qref; zero(qref); uref]

return mean(sum(weights .* ∆z.ˆ2; dims=1))

end

cost(z::AbstractVector, qref, uref) = mean(_cost.(z, (qref,), (uref,)))� �
Defining a model

We will train an LBDN controller with a Lipschitz bound of γ = 20. Its inputs are

the state xt and goal position qref , while its outputs are the control force ut. We have

chosen a model with two hidden layers each of 32 neurons just as an example.

� �
using RobustNeuralNetworks

γ = 20 # Lipschitz bound

nu = nx + nref # Inputs (x and reference)

ny = 1 # Outputs (control action)

nh = fill(32, 2) # Hidden layers

model_ps = DenseLBDNParams{Float64}(nu, nh, ny, γ)� �
Defining a loss function

In constructing a loss function for this problem, we refer to Appendix B.1.2. The

model_ps contain all information required to define a dense LBDN model. However,

model_ps is not a model that can be evaluated on data: it is a model parametrisa-

tion, and contains the learnable parameters θ. To train an LBDN given some data,

we construct the model within the loss function using the LBDN wrapper so that the

mapping from direct to explicit parameters is captured during back-propagation. Our

loss function therefore includes the following three components.
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� �
function loss(model_ps, x0, qref, uref)

model = LBDN(model_ps) # Model

z = rollout(model, x0, qref) # Simulation

return cost(z, qref, uref) # Cost

end� �
Training the model

Having set up the problem, all that remains is to train the policy. The function below

trains a model and tracks the training loss tl (cost Jθ) for each simulation in our batch

of 80. We use the Adam optimiser over 250 epochs and a learning rate of 10−3.

� �
using Flux

function train_box_ctrl!(model_ps, loss_func; epochs=250, lr=1e-3)

costs = Vector{Float64}()

opt_state = Flux.setup(Adam(lr), model_ps)

for k in 1:epochs

tl, dJ = Flux.withgradient(loss_func, model_ps, x0, qref, uref)

Flux.update!(opt_state, model_ps, dJ[1])

push!(costs, tl)

end

return costs

end

costs = train_box_ctrl!(model_ps, loss)� �
Evaluating the trained model

We may now verify the performance of the trained model on a new set of reference

positions. In the code below, we generate 60 batches of test data. In each one, the box
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Figure B.5: Loss curve and simulation results from the LBDN policy controlling the box
system in Figure B.4. The policy can push the box to any desired location in the domain of
interest. The position and controller errors are ∆q and ∆u from (B.4), respectively.

starts at the origin at rest, and is moved through the fluid to a different (random) goal

position qref ∈ [−1, 1]. We plot the states and controls alongside the loss curve from

training in Figure B.5. The box clearly moves to the required position within the time

frame in all cases. Plotting code is not included in the cell below.

� �
model = LBDN(model_ps)

x0_test = zeros(2,60)

qr_test = 2*rand(1, 60) .- 1

z_test = rollout(model, x0_test, qr_test)� �
Advantages of separate parameters and models

As discussed in Appendix B.1.3, there is a trade-off between convenience and perfor-

mance in RobustNeuralNetworks.jl. The DiffLBDN and DiffREN wrappers exist to

allow users to train robust models in a Flux.jl-like manner. These wrappers convert

a model parametrisation to its explicit form each time they are called, hence the user
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does not have to re-construct the model in the loss function.

� �
loss2(model, x0, qref, uref) = cost(rollout(model,x0,qref), qref, uref)� �
The cost is computation speed, particular in an RL context. Careful inspection of the

rollout() function shows that the model is evaluated many times within the loss func-

tion before the learnable parameters are updated with Flux.update!(). As discussed

in the Appendix B.1.3, a computational bottleneck in training RENs and LBDNs is

the conversion from learnable (direct) parameters to an explicit model. Construct-

ing the model only when the parameters are updated therefore saves considerably on

computation time, particularly for large models.

For example, suppose we train single-hidden-layer LBDNs with n = 2, 22, . . . , 29 neu-

rons over 100 epochs on our box RL problem, and log the time taken to train each

model when using both LBDN and DiffLBDN.

� �
function lbdn_compute_times(n; epochs=100)

# Build model params and a model

lbdn_ps = DenseLBDNParams{Float64}(nu, [n], ny, γ)

diff_lbdn = DiffLBDN(deepcopy(lbdn_ps))

# Time with LBDN vs DiffLBDN (respectively)

t_lbdn = @elapsed (train_box_ctrl!(lbdn_ps, loss; epochs))

t_diff_lbdn = @elapsed (train_box_ctrl!(diff_lbdn, loss2; epochs))

return [t_lbdn, t_diff_lbdn]

end

# Evaluate computation time and run it once first for the compiler

lbdn_compute_times(2; epochs=1)

comp_times = reduce(hcat, lbdn_compute_times.(2 .ˆ (1:9)))� �
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Figure B.6: Training time as a function of layer size for a single-hidden-layer LBDN con-
structed with the LBDN and DiffLBDN wrappers. Using the LBDN wrapper for RL is more
efficient than re-constructing the explicit model at every evaluation of the DiffLBDN model.

The results are plotted in Figure B.6. For a single-layer LBDN with 29 = 512 neurons,

using DiffLBDN takes an order of magnitude longer to train than only constructing

the LBDN model each time the loss() function is called. If we were training dynamic

models with REN, the computational overhead of using DiffREN instead of REN would

be even more extreme, since the conversion from direct to explicit parameters in a REN

is typically more computationally expensive than for LBDNs . It is for this reason that

we strongly recommend using the LBDN and REN wrappers if many evaluations of the

model are required before Flux.update!() (or equivalent) is called, as in RL.

B.2.3 Observer Design

In Appendix B.2.2, we designed a controller for a simple nonlinear system assuming

that the controller had full state knowledge. In many practical situations, we may

only be able to measure some of the system states. For example, our box may have a

camera to estimate its position but not its velocity. In these cases, we need an observer

to estimate the full state of the system. This example demonstrates how a contracting

REN can be used to learn stable observers for dynamical systems.
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We consider observer design as a supervised learning problem (Section 6.6.2). We

briefly summarise some background theory from [136] relevant to this example. Sup-

pose we have a discrete-time, nonlinear dynamical system of the form

xt+1 = fd(xt, ut) (B.5)

yt = hd(xt, ut) (B.6)

with state vector xt, controlled inputs ut, and measured outputs yt. Our aim is to

estimate the sequence {x0, x1, . . . , xT} over some time period [0, T ] given only the

measurements yt and inputs ut at each time step. Our observer takes the form

x̂t+1 = fo(x̂t, ut, yt) (B.7)

where x̂t is the state estimate. To estimate the true state, our observer error (xt − x̂t)
must converge to zero as time progresses, or x̂t → xt as t → ∞. We studied this in

detail alongside the Youla-Kučera parametrisation in Chapters 4 and 5. To summarise,

our observer only has to satisfy the following two conditions to guarantee convergence.

1. The observer must be a contracting system.

2. The observer must satisfy a correctness condition which says that, given perfect

knowledge of the state and inputs, the observer can exactly predict the next

state. Mathematically, we write this as

fo(xt, ut, hd(xt, ut)) = fd(xt, ut). (B.8)

It can also be shown that if the correctness condition is only approximately

satisfied such that |fo(xt, ut, yt) − fd(xt, ut)| < ρ for some small number ρ ∈ R,

then the observer error will still be bounded [136, App. E].

The first condition, contraction, is already guaranteed for all RENs thanks to their

direct parametrisation. Our goal is therefore to minimise the one-step-ahead pre-
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diction error to approximate the correctness condition. If we have a batch of data

z = {xi, ui, yi | i = 1, 2, . . . , N}, this corresponds to minimising the loss function

L(z, θ) =
N∑
i=1

|fo(xi, ui, yi)− fd(xi, ui)|2, (B.9)

where θ contains the learnable parameters of the REN.

Generating training data

Consider the same nonlinear box system from Appendix B.2.2, with the a change in

setup so that we can only measure the box position. We introduce a measurement

function hd() such that yt = qt.

� �
m = 1 # Mass (kg)

k = 5 # Spring constant (N/m)

µ = 0.5 # Viscous damping (kg/m)

nx = 2 # Number of states

f(x::Matrix,u::Matrix) = [x[2:2,:]; (u[1:1,:] -

k*x[1:1,:] - µ*x[2:2,:]*abs.(x[2:2,:]))/m]

fd(x,u) = x + dt*f(x,u)

hd(x::Matrix) = x[1:1,:]� �
For this example, we assume that the box always starts at rest in a random initial

position between ±0.5m, after which it is released and allowed to oscillate freely with

no added forces (so u = 0). Learning an observer typically requires a large amount

of training data to fully capture the behaviour of the system, hence we consider 200

batches each simulating 10 s of motion.
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� �
Tmax, dt = 10, 0.01 # Simulation horizon and time step (s)

ts = 1:Int(Tmax/dt) # Time array indices

# Generate batches of training data

batches = 200

u = fill(zeros(1, batches), length(ts)-1)

X = fill(zeros(1, batches), length(ts))

X[1] = 0.5*(2*rand(nx, batches) .- 1)

for t in ts[1:end-1]

X[t+1] = fd(X[t],u[t])

end� �
We have stored the states of the system across each batch in X. To compute the one-

step-ahead loss L, we will need to separate this data into the states at the current time

step Xt and at the next time step Xn, then compute the measurements. We then store

the data for training, shuffling it so there is no bias towards earlier time steps.

� �
using Random

# Current/next state, measurements

Xt = X[1:end-1]

Xn = X[2:end]

y = hd.(Xt)

# Store training data

obsv_data = [[ut; yt] for (ut,yt) in zip(u, y)]

indx = shuffle(1:length(obsv_data))

data = zip(Xn[indx], Xt[indx], obsv_data[indx])� �
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Defining a model

We can construct the parametrisation for a contracting REN using the constructor

ContractingRENParams. The inputs to the model are [ut; yt], and its outputs are the

next state estimate x̂t+1. The flag output_map=false sets the output map of the REN

to just return its own internal state – i.e., C2 = I, D21 = 0, D22 = 0, by = 0 in the LTI

component of the REN (2.20a). This makes the internal state of the REN exactly the

state estimate x̂t.

� �
using RobustNeuralNetworks

T = Float32

nv = 200

nu = size(obsv_data[1], 1)

ny = nx

model_ps = ContractingRENParams{T}(nu, nx, nv, ny; output_map=false)

model = DiffREN(model_ps)� �
Defining a loss function

our loss function is the one-step-ahead prediction error of the REN observer. We write

this as follows, noting that all subtypes of AbstractREN return both their updated

internal state and their output (in that order).

� �
using Statistics

function loss(model, xn, xt, inputs)

xpred = model(xt, inputs)[1]

return mean(sum((xn - xpred).ˆ2, dims=1))

end� �
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Training the model

The function below trains the observer with the Adam optimiser over 100 epochs

and decreases the maximum learning rate from 10−3 to 10−4 if the mean loss stops

decreasing between epochs. The core of this function is a simple Flux.jl training

loop, expanded out for clarity.

� �
using Flux

function train_observer!(model, data; epochs=50, lr=1e-3, min_lr=1e-6)

opt_state = Flux.setup(Adam(lr), model)

mean_loss = [1e5]

for epoch in 1:epochs

# Gradient descent update

batch_loss = []

for (xn, xt, inputs) in data

tloss, dJ = Flux.withgradient(loss, model, xn, xt, inputs)

Flux.update!(opt_state, model, dJ[1])

push!(batch_loss, tloss)

end

# Reduce lr if loss is stuck or growing

push!(mean_loss, mean(batch_loss))

if (mean_loss[end] >= mean_loss[end-1]) && (lr > min_lr)

lr *= 0.1

Flux.adjust!(opt_state, lr)

end

end

return mean_loss

end

tloss = train_observer!(model, data)� �
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Evaluating the trained model

We have trained the REN observer to minimise the one-step-ahead prediction error,

but we are yet to test whether the the observer error actually does converge to zero.

We set up the following 50 batches of test data as a demonstration.

� �
batches = 50

ts_test = 1:Int(20/dt)

u_test = fill(zeros(1, batches),length(ts_test))

x_test = fill(zeros(nx,batches),length(ts_test))

x_test[1] = 0.2*(2*rand(nx, batches) .-1)

for t in ts_test[1:end-1]

x_test[t+1] = fd(x_test[t], u_test[t])

end

y_test = hd.(x_test)

obsv_in = [[u;y] for (u,y) in zip(u_test, y_test)]� �
Next, we need a function to simulate the REN observer using its own state x̂t rather

than the true system state xt, which was used for training. We use the very neat tool

Flux.Recur for this. We assume that the observer has no knowledge of the initial state

and simply guesses x̂0 = 0 for all 50 batches.

� �
function simulate(model::AbstractREN, x0, u)

recurrent = Flux.Recur(model, x0)

output = recurrent.(u)

return output

end

x0hat = zeros(model.nx, batches)

xhat = simulate(model, x0hat, obsv_in)� �
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Figure B.7: Simulation results showing the observer predictions and observer error with the
box starting at 50 different initial conditions. The left panels compare the true (grey) and
estimated (red) states, while the right panels show the observer error x− x̂ over time.

The results are plotted in Figure B.7. In the left-hand panels, the observer predictions

(red) almost exactly match the true states (grey) after approximately 4 s. This is

confirmed by the right-hand panels, which show the observer error xt − x̂t smoothly

converging to zero as the observer estimates the correct states for all simulations.

It is worth noting that at no point did we directly train the REN to minimise the

observer error. This is a natural result of using a contracting model and training it

to minimise the one-step-ahead prediction error. There is still some residual observer

error in the velocity in Figure B.7, since our observer was only trained to approximately

satisfy the correctness condition. However, this could easily be reduced or eliminated

using a larger observer model, more training data, and more training epochs.

B.3 Conclusions

This appendix has presented RobustNeuralNetworks.jl, a Julia package for robust

machine learning based on the REN and Sandwich network model classes. We have
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outlined the package structure and its usage alongside Julia’s main machine-learning

library, Flux.jl, and have demonstrated via examples in image classification, reinforce-

ment learning, and observer design that the package is easy to use in many common

machine learning and data-driven control problems, while also offering the advantage

of robustness guarantees.

We intend RobustNeuralNetworks.jl to be widely-applicable in the scientific and

machine learning communities for learning-based problems in which robustness cer-

tificates are crucial. Some areas in which this package will be most applicable in-

clude: data-driven control and state estimation; image classification and segmenta-

tion; and privacy and security. We will continue to expand on open-source implemen-

tations of directly-parametrised robust neural networks in our new Python package,

RobustNeuralNetworks3.
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