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Abstract

Noise is the fundamental challenge to quantum computation. Large-scale quantum com-
puters will overcome this challenge with fault-tolerant architectures that leverage quantum
error correction. This thesis introduces and investigates a scalable noise characterisation
protocol suited to this key context.

First, we introduce this protocol by building upon averaged circuit eigenvalue sampling
(ACES), a framework for noise characterisation experiments that simultaneously estimates
the Pauli error probabilities of all gates in a Clifford circuit and captures averaged spatial
correlations between gates implemented simultaneously in the layers of the circuit. We
derive a figure of merit for our noise characterisation experiments that allows us to
optimise their experimental design and improve the precision to which we estimate noise
given fixed experimental resources. We demonstrate the scalability and performance of our
protocol through circuit-level numerical simulations of the entire noise characterisation
procedure for the syndrome extraction circuit of a distance-25 surface code with over
1000 qubits. I also present the open-source Julia package QuantumACES, which provides
a software implementation of this protocol.

Then we demonstrate in circuit-level numerical simulation that this protocol is
practically capable of calibrating a fast correlated matching decoder, enabling noise-aware
decoding. We find that noise-aware decoding increases the error suppression factor of the
code, leading to reductions in the logical error rate that increase exponentially with the
code distance. Our results indicate that noise characterisation experiments performed and
processed in seconds will suffice to calibrate decoders for fault-tolerant superconducting
quantum computers.

Finally, we present several results obtained from experimentally implementing this
protocol. We use the noise characterisation results to design an improved syndrome
extraction circuit for a heavy hexagon memory that is adapted to the noise characteristics
of the quantum device. The model error of our noise characterisation results suggests that
the circuit-level Pauli noise model estimated by ACES can describe the essential features
of quantum noise. We also operate a heavy hexagon memory and use noise estimates to
predict performance and inform decoding.

These results demonstrate the practicality and utility of Pauli noise characterisation
in the context of fault-tolerant quantum computation. Pauli noise estimates can calibrate
decoders to enable noise-aware decoding and inform the co-design of quantum error
correcting codes, decoders, fault-tolerant circuits, and quantum devices.
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Chapter 1

Introduction

Think of a deer skipping gracefully across a complex woodland terrain.
Then think of a mathematician in an analogous situation, attempting
to traverse a field of abstract algebra—stiff and achy; unnatural; almost
entirely blind, able to see scarcely two yards ahead; slow and unsteady;
frowning with concentration; clutching the rollator of formal proof...
Maybe that happens to be the only way we can currently do it, rather
than the way it really should be done.

In all of this, there is room for improvement.

— Nick Bostrom, Deep Utopia: Life and Meaning in a Solved World

1.1 Overview

Classical computers have transformed science. The maturity of classical computing
architectures obscures the physics underlying classical computation beneath many layers
of abstraction. In the nascent field of quantum computing, quantum physics instead
demands attention and sits determinedly in the foreground. The problem is noise:
quantum systems are delicate, and interactions with the environment can destroy quantum
information, preventing us from performing useful quantum computations. Noise is also a
key problem with analogue classical computers, which compute with continuous physical
quantities analogous to the desired computation. Modern classical computers are digital
and represent quantities discretely. This naturally performs a sort of error correction,
as minor fluctuations in physical quantities leave the discrete values they represent
unchanged. Discrete digital information can also be protected by classical error correcting
codes, which detect and correct errors, though this is generally unnecessary in modern
classical computers as their components are extremely reliable.

Although quantum computers are similar to analogue computers in that quantum
states are a continuous representation of data, they can like digital computers use
quantum error correcting codes to protect quantum information from noise. The power
of quantum error correction lies in the fact that the ability to correct a discrete set of
errors entails the ability to correct the continuous set of linear combinations of those
errors [1, 2]. Quantum error correction also enables fault-tolerant quantum computation:
various threshold theorems state that arbitrarily accurate quantum computation is possible
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Chapter 1. Introduction

with relatively low overhead as long as the physical error rates in the components of the
quantum computer are below some threshold [3–7].

The scientific and engineering challenge of designing and manufacturing quantum
devices capable of operating quantum error correcting codes with logical error rates
comparable to modern classical computers is seeing rapid and ongoing progress [8–19].
The substantial investment in overcoming this challenge is driven by the promise of
quantum algorithms that leverage quantum mechanics to solve problems faster than the
best known classical algorithms. Some algorithms of particular interest include Shor’s
algorithm for integer factorisation [20, 21], the HHL algorithm for sampling from the
solution to a linear system of equations [22], Grover’s algorithm for search [23], and
methods for simulating quantum systems [24, 25]. But quantum computers are also of
scientific interest, as they will allow us to probe quantum mechanics and reality in novel
ways. Consider the idiosyncratic example of the simulation hypothesis, the idea that
our experience of the world is constructed by a computer simulation, notably argued
for by Nick Bostrom [26]. Performing and verifying the outputs of large-scale quantum
computations would strongly suggest that if indeed our reality is simulated, the computer
performing the simulation is not classical and leverages physical principles at least as
powerful as quantum mechanics to perform computation.

Noise is the fundamental challenge to realising the promise of quantum computing.
This challenge will be overcome through fault-tolerant quantum computation [27–29],
which encodes quantum information in quantum error correcting codes and manipulates
this information in ways protected against errors. Replacing physical state preparations,
gates, and measurements with encoded logical equivalents entails regularly measuring the
parity checks of quantum error correcting codes to enable the detection and correction
of errors. In a typical fault-tolerant architecture, the syndrome extraction circuits that
measure these parity checks represent the bulk of the physical qubits and gate operations.

I believe that noise characterisation of quantum devices should focus on the key context
of quantum error correction and fault tolerance. Highly scalable noise characterisation
protocols are necessary in this context. Specifically, I believe syndrome extraction circuits
are the key target of noise characterisation experiments, and are representative of
operations in a fault-tolerant quantum computer. Noise estimates can calibrate decoders
of quantum error correcting codes to improve their performance. They can also inform
the co-design of quantum error correcting codes, decoders, fault-tolerant circuits, and
quantum devices.

Accordingly, Chapter 2 introduces a scalable Pauli noise characterisation protocol
suited to the context of quantum error correction and, in particular, syndrome extraction
circuits. We derive a figure of merit for the accuracy of noise characterisation experiments
and use it to optimise their experimental design, improving the precision to which
we estimate noise given fixed experimental resources. Through large-scale numerical
simulations of surface codes, a well-studied family of quantum error correcting codes, we
demonstrate that our protocol is practically capable of characterising noise at the scales
required for quantum error correction.

Armed with this protocol, Chapter 3 demonstrates that the noise estimates can
be used to calibrate the decoders of quantum error correcting codes to improve their
performance. This improves the error suppression factor of the code, yielding reductions
in the logical error rate that increase exponentially with the code distance. These results
demonstrate the practicality and utility of Pauli noise characterisation for noise-aware
decoding in the context of quantum error correction at scale.
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1.2. Quantum information

Following this, Chapter 4 describes the open-source Julia package QuantumACES
which produces the results described in Chapter 2 and Chapter 3 merely on a laptop.
I developed QuantumACES with the aim of making a state-of-the-art scalable Pauli
noise characterisation protocol openly accessible. Benchmarking quantum hardware,
particularly in the key context of quantum error correction, should be free and easy.

Then Chapter 5 describes ongoing work to experimentally implement the techniques
described in Chapter 2 and Chapter 3, with the help of the code described in Chapter 4.
We practically implement our noise characterisation protocol on IBM quantum devices
and examine the model error associated with our experimental noise estimates. Then
we use these noise estimates to inform the design of syndrome extraction circuits for a
particular quantum error correcting code called the heavy hexagon code, and also use
them to calibrate the decoder prior.

Finally, Chapter 6 concludes with a summary of the results in this thesis. I also
offer a brief perspective on the future of noise characterisation in fault-tolerant quantum
computation.

While Chapter 2, Chapter 3, and Chapter 4 can be read as self-contained works,
Chapter 5 builds upon the results described in these previous chapters. These chapters
rely on some key underlying concepts introduced in the remainder of this chapter. This
introduction endeavours to be precise while using only relatively elementary mathem-
atical formalism. First Section 1.2 introduces concepts and formalism used in quantum
information, particularly in the context of noise characterisation, including the density
operator formalism in Section 1.2.1, the Pauli and Clifford groups in Section 1.2.2, and
Pauli channels in Section 1.2.3. Then Section 1.3 introduces quantum error correction,
first presenting some results about symplectic vector spaces in Section 1.3.1 to introduce
stabiliser codes in Section 1.3.2. Then Section 1.3.3 introduces topological codes, a class
of quantum error correcting codes with helpful properties for practical implementation,
before Section 1.3.4 closes with a discussion of fault-tolerant quantum circuits.

1.2 Quantum information

This section introduces formalism and concepts used in quantum information. This
introduction aims to give a flavour for some core concepts underpinning the ideas in this
thesis while avoiding complicated mathematical formalism.

1.2.1 Density operators and quantum operations

First we introduce mathematical formalism used to describe quantum systems, drawing
on [1]. Closed quantum systems are usually described with the state vector formalism.
This formalism describes the state of a quantum system by a state vector |ψ⟩ in the
state space, a d-dimensional Hilbert space H ∼= Cd which is a (complete) complex inner
product space equipped with the usual ℓ2 inner product. In the context of quantum
computation, we are particularly interested in qubits, the quantum mechanical analogue
of classical bits. Qubits are described by a two-dimensional Hilbert space C2 spanned by
the orthonormal computational basis states |0⟩ and |1⟩. Then, since the state space of a
composite quantum system is the tensor product of the state spaces of its components,
an n-qubit system is described by a 2n-dimensional Hilbert space H ∼= C2n .

As this thesis is particularly interested in the effects of noise on quantum systems, we
therefore consider open quantum systems which are more conveniently described with
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Chapter 1. Introduction

the density operator formalism, which is mathematically equivalent to the state vector
formalism. A density operator ρ is a positive semi-definite unit trace operator on the
state space which lies in Cd×d and can be written as

ρ =
∑
i

pi|ψi⟩⟨ψi|, (1.1)

a probabilistic mixture of state vectors |ψi⟩ with non-negative probabilities pi that sum
to one.

The evolution of a closed quantum system is described in the state vector formalism by
a unitary operator U on H which acts as |ψ′⟩ = U |ψ⟩. In the density operator formalism,
it instead acts as

ρ′ = UρU †. (1.2)

Measurement is described by a collection of measurement operators {Mm} indexed by
the measurement outcomes m which satisfy the completeness relation∑

m

M †
mMm = I. (1.3)

In the state vector formalism, the measurement outcome probabilities are given by p(m) =

⟨ψ|M †
mMm|ψ⟩, and the state after the measurement outcomem is |ψm⟩ =Mm|ψ⟩/

√
p(m).

In the density operator formalism, the measurement outcome probabilities are instead
given by

p(m) = tr (M †
mMmρ), (1.4)

and the state after the measurement outcome m is

ρm =
MmρM

†
m

p(m)
. (1.5)

We will work with the more convenient projective measurement formalism, which is
in fact equivalent to the general measurement formalism with unitary evolution. In a
projective measurement, the measurement operators Mm are orthogonal projections, that
is, Hermitian with MmMm′ = δmm′Mm. Then these measurement operators correspond
to the spectral decomposition of a measurement observable M given by

M =
∑
m

mMm. (1.6)

Moreover, the expectation of the observable M is simply ⟨ψ|M |ψ⟩ or tr (Mρ) in the state
vector and density operator formalisms, respectively.

The formalism of quantum operations can be used to describe the evolution of open
quantum systems. A quantum operation is a completely positive and non-trace-increasing
linear map on the space of density operators L : Cd×d → Cd×d. They are capable of
representing unitary evolution

ρ′ = L(ρ) = UρU †, (1.7)

and measurement

ρm = Lm(ρ) =MmρM
†
m. (1.8)
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1.2. Quantum information

The Kraus representation characterises quantum operations as

L(ρ) =
K∑
k=1

LkρL
†
k, (1.9)

where the Kraus operators {Lk}, of which there at most K ≤ d2, satisfy the completeness
relation

K∑
k=1

L†
kLk ≤ I. (1.10)

We will focus on quantum channels, which are trace-preserving quantum operations
often referred to as completely positive trace-preserving (CPTP) maps, for which this
completeness relation inequality is saturated.

In this thesis, we will describe noise with quantum channels. This reduces the problem
of noise characterisation to one of quantum process tomography, the problem of estimating a
quantum channel L. However, quantum process tomography generally requires estimating
O(d4) parameters, and since d = 2n for n-qubit systems, this quickly becomes infeasible.
We therefore seek to model noise processes with less general representations that have
fewer parameters in order to tractably characterise noise.

1.2.2 Pauli and Clifford groups

Next we introduce the Pauli and Clifford groups, which are commonly encountered in
quantum information, drawing on [30]. The single-qubit Pauli operators are defined as

I =

[
1 0
0 1

]
, X =

[
0 1
1 0

]
, Z =

[
1 0
0 −1

]
, Y =

[
0 −i
i 0

]
. (1.11)

These have a number of convenient properties. They are Hermitian and unitary, and
therefore involutions, meaning that they square to the identity. They also span the
space C2×2 of 2× 2 complex matrices. Moreover, the non-identity Pauli operators have
two eigenvalues, +1 and −1, and their eigenvectors and spectral decompositions are
conventionally denoted

X = |+⟩⟨+| − |−⟩⟨−|, Z = |0⟩⟨0| − |1⟩⟨1|, Y = i|0⟩⟨1| − i|1⟩⟨0|. (1.12)

The n-qubit Pauli operators are n-fold tensor products of single-qubit Pauli operators,
so that there are 4n n-qubit Pauli operators, which also share these properties. In
particular, the n-qubit Pauli operators span the space Cd×d of d× d complex matrices,
where we take d = 2n. The natural inner product on this space is the trace or Hilbert-
Schmidt inner product

⟨A,B⟩ = tr
(
A†B

)
. (1.13)

The Pauli operators are orthogonal with respect to this inner product with norm
√
d, and

so the Pauli operators normalised by
√
d form an orthonormal basis for Cd×d. Indeed, this

fact is particularly important in the context of quantum error correction, as it means that
any error can be expressed as a linear combination of Pauli errors. It therefore suffices to
focus on the correction of Pauli errors when developing quantum error correcting codes.

The Pauli operators form a group under multiplication called the Pauli group Pn.
We can index the n-qubit Pauli operators by length 2n bit strings

a = (a(x),a(z)) = (a
(x)
1 , . . . , a(x)n , a

(z)
1 , . . . , a(z)n ), (1.14)

5



Chapter 1. Introduction

where a
(x)
j and a

(z)
j refer to whether Pauli X and Pauli Z are present on the jth qubit

according to the equation

Pa =

n⊗
j=1

ia
(x)
j a

(z)
j Xa

(x)
j Za

(z)
j . (1.15)

Then the Pauli group contains all 4n Pauli operators indexed by bit strings in Z2n
2

described by this equation, which ensures that they are Hermitian, as well as phase
factors ⟨i⟩ = {±1,±i}. Conventionally, if we refer to a bit string a ∈ Pn we mean the
unit phase element given by Equation 1.15. We can also define the support of a Pauli
a ∈ Pn to be the set of qubits on which it is not the identity, that is

supp (a) = {j ∈ [n] : {a(x)j , a
(z)
j } ̸= {0, 0}}. (1.16)

The weight of a Pauli |a| = | supp (a)| is simply the size of its support.

Now consider the Pauli quotient group Pn = Pn/⟨i⟩. We have quotiented the Pauli
group by the phase factors, which are the centre of the group as they commute with all
elements, so Pn can be thought of as the Abelianisation of Pn. Then, taking elements Pa

to refer to the unit phase coset representatives in Pn, we have that

PaPb = Pa+b. (1.17)

This defines an isomorphism Pn ∼= Z2n
2 , where the group operation of matrix multiplication

in Pn is equivalent to vector addition in Z2n
2 . We will therefore refer to bit strings a ∈ Pn,

and call Pn the bit string vector space.

Separately, we can define the commutation relation of two Pauli operators with a
symplectic bilinear form ω : Pn × Pn → Z2, which is also symmetric as we work over Z2,
defined as

ω(a, b) = a(x) · b(z) + a(z) · b(x), (1.18)

such that

PaPb = (−1)ω(a,b)PbPa. (1.19)

A symplectic bilinear form is linear in both arguments, alternating, so that ω(a,a) = 0
for all a, and non-degenerate, so that ω(a, b) = 0 for all b implies a = 0. We equip the
bit string vector space Pn with this form such that it is a 2n-dimensional symplectic
vector space.

This allows us to define a stabiliser group as a strict subspace S ⊂ Pn such that
ω(a, b) = 0 for all a, b ∈ S, that is, a subspace of mutually commuting Paulis. Stabiliser
groups are usually defined as a mutually commuting subgroup of Pn alongside the phase
condition −I /∈ S, as it is often important to track the phases of the stabiliser group
elements. For simplicity, we will avoid treating global phases of Pauli group elements.
However, note that this phase condition implies that stabiliser groups do not contain
anti-Hermitian Pauli group elements with phase ±i, and also do not contain both a Pauli
group element and its negative.

Then a state |ψ⟩ is stabilised by S if Pa|ψ⟩ = |ψ⟩ for all Pa ∈ S. We will later show
that a maximal stabiliser group is n-dimensional and therefore contains 2n elements. In
fact, we can uniquely specify a stabiliser state |ψ⟩ by the maximal stabiliser group by
which it is stabilised.
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1.2. Quantum information

The Clifford group is sometimes defined as the group of unitary operators that
normalise the Pauli group, that is, unitary operators U such that for any Pauli Pa, there
exists some Pauli Pb such that UPaU

† = Pb. However, the centre of this group is infinite
and consists of all phases eiθI. It is more convenient to define the Clifford group Cn as
the group generated by the Hadamard, phase, and controlled-X gates, written Hj , Sj ,
and Ci(Xj), for control qubits i and target qubits j ≠ i. The matrix representations of
these gates are

H1 =
1√
2

[
1 1
1 −1

]
, S1 =

[
1 0
0 i

]
, C1(X2) =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , (1.20)

and another common gate is the controlled-Z gate Ci(Zj) = HjCi(Xj)Hj , given by

C1(Z2) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 . (1.21)

Defining the Clifford group this way yields phases ⟨η⟩ for η = (1 + i)/
√
2, where we note

that η2 = i.
It is also convenient to consider the Clifford quotient group Cn = Cn/⟨η,Pn⟩, where

we quotient by the Pauli group and phase factors. This group has a number of elements

|Cn| = 2n
2

n∏
j=1

4j − 1. (1.22)

This Clifford quotient group is isomorphic to the symplectic group Sp(2n,Z2) and consists
of all linear transformations on Z2n

2
∼= Pn that preserve the symplectic form ω. Specifically,

this means that ω(Ma,Mb) = ω(a, b) for all a, b ∈ Pn and M ∈ Sp(2n,Z2), making this
a symplectic representation of the Clifford group.

The symplectic representation of the action of the Clifford group on the Pauli group
enables the efficient classical simulation of stabiliser circuits. This simulation is performed
by tracking the effect of Clifford gates, as well as computational basis measurements, on
the stabilisers of a stabiliser state, enabling n-qubit stabiliser circuits to be simulated with
polynomially many resources as opposed to the exponentially many resources required
for general quantum circuits. This fact is known as the Gottesman-Knill theorem [31, 32].
Indeed, augmenting stabiliser circuits with only the gate T =

√
S yields universal quantum

computation, enabling the approximation of any unitary operator to arbitrary precision
with an efficiency described by the Solovay-Kitaev theorem [1, 33, 34].

Stabiliser circuits are common in quantum error correction and, in particular, the
syndrome extraction circuits of quantum error correcting codes are stabiliser circuits.
Thus noise characterisation efforts can safely focus primarily on characterising noise in
stabiliser circuits, leveraging the ability to efficiently simulate their action classically, as
we will do in this thesis.

1.2.3 Pauli channels

Now we are ready to introduce the main tool we will use to model noise in quantum
systems, namely Pauli channels, drawing on [35]. A Pauli channel is a quantum channel

7



Chapter 1. Introduction

that can be written in the form

E(ρ) =
∑
a∈Pn

paPaρPa, (1.23)

where the Pauli error probabilities pa are non-negative and sum to one, forming a
probability distribution over Pauli errors. Pauli channels represent quantum noise as a
probabilistic mixture of Pauli errors, governed by these Pauli error probabilities. The
problem of learning a Pauli channel reduces to estimating the 4n Pauli error probabilities,
where there are 4n − 1 free parameters. This is more tractable than quantum process
tomography, though it still requires estimating exponentially many parameters.

Although the Pauli operators are not valid density operators, nevertheless consider
the action of a Pauli channel on a Pauli operator

E(Pb) =
∑
a∈Pn

paPaPbPa =

( ∑
a∈Pn

(−1)ω(a,b)pa

)
Pb = λbPb. (1.24)

Thus we see that the Pauli operators are the eigenvectors of the Pauli channel with
Pauli channel eigenvalues λb. Indeed, the Pauli error probabilities and Pauli channel
eigenvalues are related by the Walsh-Hadamard transform ordered by the symplectic
form ω, such that in reverse we have

pa =
1

4n

∑
b∈Pn

(−1)ω(a,b)λb. (1.25)

As the Walsh-Hadamard transform is a discrete Fourier transform, we can think of the
error probabilities and eigenvalues as Fourier duals of each other. This allows us to learn
the Pauli channel eigenvalues instead of the Pauli error probabilities.

Specifically, consider the eigenbasis of |ψa
s ⟩ of Pa consisting of all 2n sign configurations

of tensor products of single-qubit Pauli eigenstates indexed by the length n bit string s.
Then |ψa

s ⟩ is an eigenstate of Pa with eigenvalue (−1)s, where s is the parity of s. Now
suppose we prepare eigenstates of the Pauli operator Pa uniformly at random, apply the
channel E some number of times m, and then measure the expectation value of the Pauli
operator Pa. Then, referencing Equation 1.24 and calculating, we see that

1

2n

∑
s

(−1)s tr
(
PaEm(|ψa

s ⟩⟨ψa
s |)
)
=

1

2n
tr
(
PaEm(Pa)

)
(1.26)

=
1

2n
λma tr

(
PaPa

)
(1.27)

= λma . (1.28)

Up to some sign corrections, the measurement outcomes directly estimate the Pauli
channel eigenvalue λa raised to the power m. This is the fundamental strategy underlying
Pauli channel estimation techniques.

Define the Pauli twirl of a quantum channel L as the average over the Pauli group
Pn, namely

LPn
(ρ) =

1

4n

∑
a∈Pn

∑
k

(
PaLkP

†
a

)
ρ
(
PaLkP

†
a

)†
. (1.29)
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1.2. Quantum information

As the Pauli operators form an orthogonal Hermitian basis, we can express the operation
elements Lk in the form

Lk =
1

2n

∑
b∈Pn

tr
(
PbLk

)
Pb =

∑
b∈Pn

lkbPb, (1.30)

where the coefficients lkb are real owing to the Hermiticity of the Pauli operators. Then,
calculating, we find that

LPn
(ρ) =

1

4n

∑
a,b,c∈Pn

(∑
k

lkblkc

)(
PaPbPa

)
ρ
(
PaPcPa

)
(1.31)

=
1

4n

∑
a,b,c∈Pn

(∑
k

lkblkc

)
(−1)ω(a,b+c)PbρPc. (1.32)

The non-degeneracy of ω implies that for a ̸= 0 the linear functional fa(b) = ω(a, b)
has kernel dimension 2n − 1 by the rank-nullity theorem. This means 22n−1 elements
of the Pauli group commute with a ≠ 0, and therefore the other 22n−1 elements must
anticommute, whereas all elements commute with 0. That is, half of the Pauli group
elements commute and half anticommute with any non-zero Pauli, a fact that is stated
without proof as Lemma 1 in [35]. This leads to the observation

1

4n

∑
a∈Pn

(−1)ω(a,b) = δb0. (1.33)

Now noting that b+ c = 0 if and only if b = c since we are working over Z2, substituting
yields that

LPn
(ρ) =

∑
b,c∈Pn

(∑
k

lkblkc

)
δbcPbρPc (1.34)

=
∑
b∈Pn

(∑
k

l2kb

)
PbρPb. (1.35)

This is a Pauli channel with Pauli error probabilities

pb =
∑
k

l2kb. (1.36)

This fact, namely that the Pauli twirl of a quantum channel is a Pauli channel, is the
key result that motivates characterising noise as Pauli noise. Specifically, if we operate
quantum circuits interspersed with randomly chosen Pauli gates, then the resulting noise
is Pauli noise. This is known as Pauli frame randomisation in the context of stabiliser
circuits [36], where the sign correction resulting from these Pauli gates can be efficiently
computed classically. In arbitrary quantum circuits, this idea is instead realised with the
randomised compiling protocol [37]. Moreover, the process of quantum error correction
itself tailors noise into Pauli noise [38–40]. Therefore, we focus in this thesis on learning
Pauli noise, specifically by estimating the eigenvalues of Pauli channels.

It is generally intractable to learn a Pauli channel on n qubits, as there are 4n − 1
non-identity eigenvalues that must be estimated. Instead, we can consider a circuit-level
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Chapter 1. Introduction

noise model which associates a noise channel with each gate in the circuit. This can be
thought of as a local noise model where the locality is defined by the circuit, as has the
cost of neglecting correlated errors. However, it also drastically reduces the number of
parameters that need to be estimated, and learning a circuit-level Pauli noise model is
highly tractable, as we will see in Chapter 2.

1.3 Quantum error correction

This section introduces concepts and formalism used in quantum error correction through
the lens of stabiliser codes. Although there are other ways to construct quantum error
correcting codes, the stabiliser code formalism is powerful, general, and allows us to
describe the quantum error correcting codes we will consider in this thesis. We will
introduce stabiliser codes in a somewhat idiosyncratic manner, in particular by first
sketching results about symplectic vector spaces.

To see why this is a natural approach, let us first build upon the notation in Sec-
tion 1.2.2. Define the centraliser of a subspace S of Pn as the subspace C(S) of elements
that commute with those in S, namely

C(S) = {a ∈ Pn : ∀s ∈ S, ω(a, s) = 0}. (1.37)

The centraliser is also called the commutant and, as Paulis only commute or anticommute,
the centraliser coincides with the normaliser of S, the subspace of elements that leave S
fixed under conjugation. While this concept can be defined identically for subsets of Pn

in the same way as for subspaces, that will not be necessary here.
In the language of symplectic vector spaces, the centraliser C(S) is the symplectic

complement of S, and stabiliser groups are isotropic, meaning that S ⊆ C(S). Moreover,
we will see that the maximum dimension of an isotropic subspace is n, and an n-
dimensional isotropic subspace is Lagrangian, meaning that S = C(S). Thus we will
elucidate key properties of stabiliser codes by first introducing results about symplectic
vector spaces.

1.3.1 Symplectic vector spaces

In this section, we introduce a few results about symplectic vector spaces, drawing
on [41], which we will then apply to characterise stabiliser codes. While we will present
proofs of these results that assume some familiarity with linear and abstract algebra, an
understanding of the proofs is inessential and they can safely be skipped.

Let V be a 2n-dimensional vector space over the field F , and let ω : V × V → F
be an alternating and non-degenerate symplectic bilinear form on V so that (V, ω) is a
symplectic vector space. Recall that ω is alternating if ω(v, v) = 0 for all v ∈ V , and
since ω(v, w) + ω(w, v) = 0 by linearity, this implies skew-symmetry ω(v, w) = −ω(w, v).
Also recall that ω is non-degenerate if ω(v, w) = 0 for all w ∈ V implies that v = 0. The
symplectic complement of a subspace W ⊆ V is

Wω = {v ∈ V : ∀w ∈W,ω(v, w) = 0}. (1.38)

Then W is isotropic if W ⊆Wω, coisotropic if Wω ⊆W , and Lagrangian if W =Wω.
Next define the dual map ϕ : V → V ∗ which maps elements of V to linear functionals

in the dual space V ∗ as ϕ(v) = ϕv that act as ϕv(w) = ω(w, v) for all w ∈ V . The dual
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1.3. Quantum error correction

map ϕ is linear by the linearity of ω, and since ω is non-degenerate, its kernel is trivial,
so it is injective. Since V is finite-dimensional, it has the same dimension as its dual V ∗,
so ϕ is surjective and hence an isomorphism. Now for any subspace W ⊆ V , consider the

map ϕ(W ) : V →W ∗ whose linear functionals similarly act as ϕ
(W )
v (w) = ω(w, v) for all

w ∈W . Clearly ϕ(W ) is surjective with kernel Wω, and since W and W ∗ have the same
dimension, the rank-nullity theorem yields

dimW + dimWω = dimV. (1.39)

This implies a number of results, including that the double complement Wωω =W , so W
is isotropic if and only ifWω is coisotropic. Also, an isotropic subspace can have dimension
at most n, and Lagrangian subspaces are exactly isotropic subspaces of dimension n.

Now consider a basis {u1, . . . , un} of a Lagrangian subspace L. We will show that
this can be extended with a dual basis {v1, . . . , vn} to obtain a symplectic basis for V
which has the commutation properties

ω(ui, uj) = ω(vi, vj) = 0, ω(ui, vj) = δij , ∀i, j ∈ [n], (1.40)

where we use the notation [n] = {1, . . . , n}. We will first construct the set {v1, . . . , vn}
using a symplectic Gram-Schmidt process to ensure the commutation properties, and
then show that the resulting set {u1, . . . , un, v1, . . . , vn} is linearly independent and hence,
being maximal, a basis for V .

First, let us construct the set {v1, . . . , vn} by induction using a symplectic Gram-
Schmidt procedure. Suppose we have obtained vectors {v1, . . . , vi−1} which obey the
desired commutation properties, then by the non-degeneracy of ω there exists some
w ∈ V such that ω(w, ui) ̸= 0. Ordinarily we would normalise by ω(w, ui), but we work
over the field Z2 which implies that ω(w, ui) = 1. Then define

vi = w −
i−1∑
k=1

ω(w, uk)vk −
i−1∑
k=1

ω(w, vk)uk. (1.41)

A simple calculation using the induction hypothesis shows that ω(uj , vi) = δji, and
similarly ω(vi, vj) = 0, where in particular ω(vi, vi) = 0 follows because ω is alternating.
This completes the proof by induction.

Now consider the set {u1, . . . , un, v1, . . . , vn} and suppose

n∑
i=1

aiui +

n∑
i=1

bivi = 0. (1.42)

Then the commutation properties show that

ω

(
uj ,

n∑
i=1

aiui +

n∑
i=1

bivi

)
= bj = 0, (1.43)

ω

(
n∑

i=1

aiui +

n∑
i=1

bivi, vj

)
= aj = 0, (1.44)

for all j ∈ [n]. Thus the set {u1, . . . , un, v1, . . . , vn} is linearly independent, and since it
has 2n elements, we conclude that it is the desired symplectic basis for V .
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Finally, let W ⊆ V be a coisotropic subspace and consider the quotient space
W̄ = W/Wω, called the symplectic reduction of V by W . We will show that this is a
symplectic vector space (W̄ , ω̄) whose symplectic bilinear form is inherited from ω on V .
Moreover, letting L ⊆W be a Lagrangian subspace, then L̄ = L/Wω is also a Lagrangian
subspace of (W̄ , ω̄).

To show the former, write equivalence classes as [w] = w+Wω ∈ W̄ for w ∈W , then
we claim ω̄([v], [w]) = ω(v, w) for v, w ∈W is a well-defined symplectic form on W̄ . Since
Wω ⊆W as W is coisotropic, ω(v, w) = 0 for all v ∈Wω and w ∈W , so ω̄ only depends
on equivalence classes and hence is well-defined. It inherits bilinearity and the alternating
property from ω. Lastly, for any w ∈W , if ω(v, w) = 0 for all v ∈W , then w ∈Wω, so
ω̄ is non-degenerate. Hence ω̄ is a symplectic bilinear form and (W̄ , ω̄) is a symplectic
vector space.

For the latter, let [w] ∈ W̄ such that ω̄([w], [v]) = 0 for all [v] ∈ L̄, then ω(w, v) = 0
for all v ∈ L, so w ∈ Lω. But since Lω = L, we conclude that L̄ω = L̄ and therefore L̄ is
a Lagrangian subspace.

These results allow us to define stabiliser codes as symplectic reductions of the Pauli
group. As we have seen, these symplectic reductions behave like smaller and redundantly
encoded versions of the original Pauli group.

1.3.2 Stabiliser codes

We are now ready to define stabiliser codes, drawing on [30]. For more standard introduc-
tions, see [1, 2, 31]. As previously discussed, the symplectic vector space results presented
in Section 1.3.1 ignore the phase conditions usually imposed on stabiliser groups. This
simplifies the presentation but does not materially change the results. For an exacting
mathematical treatment, refer to [42].

A stabiliser code encoding k logical qubits in n physical qubits is defined by a
generating set {s1, . . . , sn} for a maximal stabiliser group, which we divide into two sets.
The n− k stabiliser generators generate the stabiliser group S = ⟨s1, . . . , sn−k⟩, and the
k logical stabiliser generators generate the logical stabiliser group LS = ⟨sn−k+1, . . . , sn⟩.
We extend this to a symplectic basis for the Pauli group with the dual basis {r1, . . . , rn},
which we again divide into two sets. The n − k destabiliser generators generate the
destabiliser group R = ⟨r1, . . . , rn−k⟩, and the k logical destabiliser generators generate
the logical destabiliser group LR = ⟨rn−k+1, . . . , rn⟩. Then the logical group of the code
is defined as L = ⟨sn−k+1, . . . , sn, rn−k+1, . . . , rn⟩ = LS ⊕ LR. Observe that the logical
group elements all commute with S and C(S) = S ⊕ L. We can also use this symplectic
basis to partition the Pauli group into the direct sum

Pn = S ⊕ L⊕R, (1.45)

so that for any a ∈ Pn, we can write a = aS +aL +aR for aS ∈ S, aL ∈ L, and aR ∈ R.
The logical operators of the code are elements of the quotient group C(S)/S. Our

symplectic reduction results show that this quotient group behaves like the Pauli group
on the k logical qubits, with stabilisers inherited from the logical stabiliser group LS .
Often the logical stabiliser group generators sn−k+1, . . . , sn are written as Z̄1, . . . , Z̄k,
and similarly the logical destabiliser group generators rn−k+1, . . . , rn are written as
X̄1, . . . , X̄k, because they define the logical Z and X operators on the k logical qubits.
This is the sense in which a stabiliser code is said to encode k logical qubits in n physical
qubits.
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1.3. Quantum error correction

We can also define the distance of the code to be the minimum of the weights of the
non-trivial logical operators

d = min
a∈C(S)\S

|a|, (1.46)

noting that C(S)\S is a set difference, rather than the quotient group C(S)/S, to ensure
that we only obtain non-trivial logical operators.

Finally, we can consider the performance of the stabiliser code in the presence of
noise. Suppose the n physical qubits are acted upon by some n-qubit Pauli channel
E defined by its 4n Pauli error probabilities pa for all a ∈ Pn. Further suppose that
some physical error e ∈ Pn occurs, which we can write as e = eS + eL + eR. Now
perform a projective measurement of each of the stabiliser generators {s1, . . . , sn−k} to
obtain syndromes sj ∈ Z2 which are 0 if the measurement outcome of sj is +1, and 1
if the outcome is instead −1. There is exactly one element of our symplectic basis that
anticommutes with sj , namely rj . Thus the syndrome measurement yields the error
syndrome eR = s1r1 + · · ·+ sn−krn−k.

The problem of decoding the code is, given the noise channel E and error syndrome
eR, to determine a recovery operator f ∈ Pn which is equivalent to the error e up to
stabilisers, namely f = e+ s′ for some s′ ∈ S. If the decoder succeeds in determining
such a recovery operator, then when the recovery operator f is applied to the physical
qubits, it corrects any logical errors that may have been induced by the physical error e.
Otherwise, if it fails a logical error occurs, specified by the logical component of e+ f .

First consider the conditions on the error e that guarantee successful decoding, which
are known as the quantum error correction conditions. Suppose that the errors e are
instead drawn from some known error set E ⊆ Pn which, importantly, is not generally
a subspace. Then for any error e ∈ E, choose an arbitrary recovery operator f ∈ E
with the same error syndrome, fR = eR, so that e + f = s′ + l′ for some s′ ∈ S and
l′ ∈ L. Decoding always succeeds if it is always the case that l′ = 0. Referencing the
notation in Equation 1.46, we see that decoding always succeeds for an error set E if
e + f /∈ C(S) \ S for all e,f ∈ E such that eR = fR. This implies that the code can
correct all errors of weight at most ⌊(d− 1)/2⌋. However, the error set E can in general
be exponentially large, making it intractable to naively classically search for a recovery
operator f ∈ E satisfying the condition fR = eR. Classically efficient decoders are crucial
for implementing quantum error correction in practice.

The optimal decoding strategy is called maximum-likelihood decoding, which determ-
ines the most probable logical error. Specifically, we determine the most probable logical
l′ ∈ L, as assessed by the Pauli error probabilities of the Pauli channel E , given the error
syndrome r. This involves computing the sums of Pauli error probabilities for stabiliser
group cosets, which we write as

l′ = argmax
m∈L

∑
t∈S

pt+m+r. (1.47)

Then the recovery operator can be chosen arbitrarily from the stabiliser group coset
f ∈ l′ + r + S. In general, maximum-likelihood decoding is expensive as it requires
evaluating 4k sums over 2n−k Pauli error probabilities, though for some stabiliser codes
it can be done efficiently [43].

Another decoding strategy is minimum-weight decoding, which determines the most
probable physical error. Specifically, we determine the most probable stabiliser and logical
s′ + l′ ∈ S ⊕ L, as assessed by the Pauli error probabilities of the Pauli channel E , given
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the error syndrome r. This involves searching for the largest Pauli error probability
consistent with r, which we write as

s′ + l′ = arg max
t∈S,m∈L

pt+m+r. (1.48)

Then the recovery operator is simply f = s′ + l′ + r. Minimum-weight perfect matching
(MWPM) decoders solve this problem by mapping the decoding problem onto graph
problems for X- and Z-type Pauli errors, which are then solved with Edmonds’ blossom
algorithm [44]. In practice, this can be very fast [45].

The performance of a decoder depends on accurate knowledge of the Pauli noise
channel E , which informs the decoder of the likelihood of different errors. This is called
the decoder prior, and appropriately calibrating this prior is important for maximising
decoder performance. The scalable Pauli noise characterisation methods we describe in
Chapter 2 enable calibration of the decoder prior. Moreover, in Chapter 3 we will show
that these noise estimates can be used to improve decoder performance.

1.3.3 Topological codes

Now we are ready to introduce a class of codes known as topological codes, drawing
on [2]. Although there exist topological codes that are not stabiliser codes, we will only
consider stabiliser topological codes here, which we will simply call topological codes.

First, we will define some classes of stabiliser codes. A quantum low-density parity
check (LDPC) code is a family of stabiliser codes where each stabiliser generator has
weight O(1), and each qubit is acted upon by O(1) stabiliser generators, each independent
of the number of qubits in the code n [46]. Then a D-dimensional local code is a quantum
LDPC code whose qubits can be arranged in a D-dimensional lattice such that each
stabiliser generator is contained in a ball of radius O(1), again independent of the number
of qubits in the code n. For our purposes, a topological code is exactly a D-dimensional
local code.

Topological codes, particularly for D = 2 but also for D = 3, are convenient for
practical implementation because they can be naturally implemented by a quantum
device with only local gate connectivity. Classical computing chips are generally planar
for ease of manufacturing, and planar quantum chips are naturally suited to operating
topological codes in two dimensions. There is considerable interest in these topological
codes, though locality substantially constrains achievable performance in comparison to
quantum LDPC codes.

Surface codes are an attractive and well-studied family of topological codes [5, 49–51].
For simplicity, we will only consider surface codes in two dimensions and focus on rotated
surface codes, which are more efficient than unrotated surface codes. A surface code
encodes a single logical qubit in a dZ×dX rectangular array of physical qubits called data
qubits. The stabiliser generators are alternating weight-4 products of Pauli X or Pauli Z
on the plaquettes, or faces, of the array, alongside weight-2 products on the boundary,
and are measured with dZ × dX measure qubits placed in the centres of these plaquettes.
The logical Pauli Z (X) generator can be chosen to be any straight string of Pauli Z (X)
operators of length dZ (dX) that terminates in a boundary Z (X) stabiliser generator,
which is checked by the X (Z) stabiliser generators. Figure 1.1 shows a small rotated
surface code and its stabiliser generators, as well as its syndrome extraction circuit. A
syndrome extraction circuit measures the stabilisers of a code by entangling data qubits
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Figure 1.1: Diagram of the syndrome extraction circuit for a distance-3 surface code
with 17 qubits. The circuit implements the XZZX variant of the surface code [47, 48],
following recent experiments [11, 16]. The code consists of 9 data qubits (yellow) and 8
measure qubits (blue), and each measure qubit is associated with a coloured plaquette
representing the Z (light blue) or X (dark blue) stabiliser it measures. The circuit is
divided into 10 gate layers (light grey) implemented sequentially in time, which feature
controlled-Z gates (black), Hadamard gates (red), dynamical decoupling Pauli X gates
(grey), measure and reset gates (purple), and measurement dynamical decoupling gates
(brown).

with adjacent measure qubits and then measuring the measure qubits. There also exist
unrotated surface codes, which are similar to rotated surface codes but require more
qubits to achieve the same distance.

Surface codes have a logical Z distance dZ , and a logical X distance dX , leading to
an overall distance d = min (dZ , dX). While this distance is maximised for a given qubit
count by a square code with d = dZ = dX , a rectangular code may perform better in
practice. For example, we may be able to identify that noise in our quantum device is
biased towards Pauli Z noise, either through noise characterisation or by deliberately
engineering the device. Then we may be able to design syndrome extraction circuits that
preserve this noise bias such that code performance is improved by increasing dZ , which
controls resistance to X noise, relative to dX , which controls resistance to Z noise. For
simplicity, however, we will now only consider square codes with distance d.

Surface codes are conducive to decoding. Maximum-likelihood decoding is possible
in time quadratic in the number of qubits [43], and MWPM decoders, such as [45], are
fast and perform well in practice. This leads to high thresholds and low logical error
rates. Roughly, the threshold of a code describes the physical error rate below which
the logical error rate is exponentially suppressed by increasing the code size. Consider a
local stochastic noise model with physical error rate p, and denote the logical error rate
p̄ = p̄(p, d). Then the pseudo-threshold is pc(d) = p̄(pc, d), the physical error rate that
produces an equivalent logical error rate at distance d. The asymptotic threshold, often
simply referred to as the threshold, is limd→∞ pc(d). Below threshold, the logical error
rate is well-described by the approximate scaling relation p̄ ∝ Λ−d/2, where the error
suppression factor Λ depends on the noise model, as well as the code, syndrome extraction
circuit, and decoder. Improving all of these aspects is important when implementing
quantum error correction in a device.

An aspect of surface codes that may be challenging to realise in certain hardware
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architectures is the degree-4 connectivity requirement, as measure qubits need to be
entangled with 4 surrounding data qubits. One proposed code that mitigates this challenge
is the heavy hexagon code [52], which we can think of as a modified surface code where
some measure qubits are missing, such that most qubits have degree-2 connectivity while
the rest have degree-3 connectivity. This is a particular type of stabiliser code called a
subsystem code [53], which measures some of the logical qubits to determine the error
syndrome of the stabiliser generators with lower-weight measurements.

A subsystem code is a stabiliser code which splits part of the logical group into
the gauge logical group containing the logical stabiliser and destabiliser generators for
m logical qubits, LG = ⟨sn−k+1, . . . , sn−k+m, rn−k+1, . . . , rn−k+m⟩. The logical group
becomes the remaining logical generators. Then define the gauge group G = S ⊕ LG. We
perform quantum error correction by measuring the generators of G, being careful with
the measurement order for these non-commuting operators, in order to determine the
syndromes of the stabiliser generators of S. This code encodes k −m logical qubits, as
those qubits are not affected by this procedure. While subsystem codes can be easier
to implement by enabling reduced connectivity requirements for quantum devices, this
tends to come at the cost of reduced code performance.

The heavy hexagon code does not have a threshold, that is, its asymptotic threshold
is zero. However, this fact alone does not rule out the usefulness of the code, particularly
in the context of near-term experiments, and we discuss a more holistic perspective on
this in the next section.

1.3.4 Fault-tolerant circuits

Fault-tolerant quantum computers perform quantum computations by implementing fault-
tolerant circuits which perform fault-tolerant logical operations protected by quantum
error correcting codes. Recent experimental progress has produced devices capable of
quantum error correction below the surface code threshold [16], and logical operations
in the colour code [54], a class of topological codes that are more convenient for logic
but have lower thresholds than surface codes. The circuits used to implement these
experiments substantially influence their performance, leading to comparisons between
different circuits that implement the same code [55].

I believe this represents the emergence of a new ‘circuit-forward’ paradigm for
quantum error correction which focuses on designing fault-tolerant circuits. The syndrome
extraction circuits of quantum error correcting codes form a core component of these
fault-tolerant circuits. I contrast this with a ‘code-forward’ paradigm which focuses
on designing quantum error correcting codes and treats these circuits as a relatively
unimportant implementation detail. This circuit-forward paradigm has been enabled
and driven by open-source software tools, particularly the stabiliser circuit simulation
package Stim [56] and its interface Crumble, as well as the MWPM decoding package
PyMatching [45, 57], which interfaces with Stim. These tools enable fast and easy design
and simulation of fault-tolerant circuits.

These software tools frame quantum error correction in terms of detectors in quantum
error correction circuits, a framing I call the detector formalism that is described in
greater detail in [58]. A detector is a parity of measurement outcomes in a quantum
error correction circuit that is deterministic in the absence of noise, whose deterministic
outcome is set to be 0. A logical observable is a parity of measurement outcomes whose
value corresponds to the measurement outcome of a logical Pauli operator.
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Consider the example of a Z (X) memory experiment quantum error correction
circuit, which is fault-tolerant. This memory experiment prepares the data qubits in
the Pauli Z (X) basis, performs some number of rounds of the syndrome extraction
circuit, for example as displayed in Figure 1.1, and then measures the data qubits in
the Pauli Z (X) basis. In the first round of syndrome extraction, the detectors are
the measurement outcomes of each Pauli Z (X) stabiliser measure qubit. Then in the
following rounds, the detectors are the parities of the measurement outcomes of each
measure qubit across consecutive rounds, including both Pauli Z and X stabilisers.
Finally, in the last round of syndrome extraction, the detectors are the parities of the
measurement outcomes of each Pauli Z (X) stabiliser measure qubit and the associated
data qubits. The logical observable corresponds to the parity of data qubits along any
logical Pauli Z (X) generator.

As these quantum error correction circuits are stabiliser circuits, stabiliser simulation
allows a circuit-level Pauli noise model to be transformed into a detector error model
describing the error probabilities of all possible combinations of detectors and logical
observables. The fault tolerance of a quantum error correction circuit can be assessed
from this detector error model [58]. It also contains the decoder prior on the likelihood
of physical error configurations and enables fast simulation of the circuit to assess
performance. Given the detector error model, decoding of a quantum error correction
circuit proceeds from the detector and logical observable measurement results.

The detector formalism enables the co-design of quantum error correcting codes,
decoders, fault-tolerant circuits, and quantum devices to jointly optimise codes, decoders,
circuits, and devices given the particular strengths and weaknesses of the hardware
platform upon which the devices are built. This co-design process can be informed
by characterisation of circuit-level noise, which can then serve as a starting point for
numerical simulations that identify the sensitivity of fault-tolerant circuits to variations
in the performance of circuit components. These results can guide device engineering
and inspire the design of fault-tolerant circuits for a code that mitigate the weaknesses
and leverage the strengths of a device, and this is discussed further in Chapter 5. Noise
characterisation results can also be used to calibrate the decoder prior, as we investigate
in Chapter 3.
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Chapter 2

Scalable noise characterisation of
syndrome extraction circuits with
averaged circuit eigenvalue
sampling

To help my all-too-human senses and brain, they translate the problem
into yosegi: opening a Japanese trick box. The quantum protocols are
sensations, imperfections and valleys in the marquetry, pressure points
inside the wood like tense muscles, faint grins of sliding sections. I need
to find the right sequence that opens it.

Except that here, the trick is not opening it too early, the wood patterns
are hidden in the countless qubits inside—each zero and one at the
same time—and the moves are quantum logic operations, executed by
the arrays of lasers and interferometers the gogols have built in the
ship’s wings. It all amounts to what the ancients called quantum process
tomography: trying to figure out what the Box does to the probe states
we ease into it, gently, like lockpicks. It feels like trying to juggle eight-side
Rubik’s cubes while trying to solve them at the same time.

— Hannu Rajaniemi, The Fractal Prince

Abstract

Characterising the performance of noisy quantum circuits is central to the production
of prototype quantum computers and can enable improved quantum error correction
that exploits noise biases identified in a quantum device. We develop a scalable noise
characterisation protocol suited to characterising the syndrome extraction circuits of
quantum error correcting codes, a key component of fault-tolerant architectures. Our
protocol builds upon averaged circuit eigenvalue sampling (ACES), a framework for noise
characterisation experiments that simultaneously estimates the Pauli error probabilities
of all gates in a Clifford circuit and captures averaged spatial correlations between gates
implemented simultaneously in the layers of the circuit. By rigorously analysing the
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performance of noise characterisation experiments in the ACES framework, we derive a
figure of merit for their expected performance, allowing us to optimise their experimental
design and improve the precision to which we estimate noise given fixed experimental
resources. We demonstrate the scalability and performance of our protocol through
circuit-level numerical simulations of the entire noise characterisation procedure for the
syndrome extraction circuit of a distance-25 surface code with over 1000 qubits. Our
results indicate that detailed noise characterisation methods are scalable to near-term
quantum devices. We release our code in the form of the Julia package QuantumACES.

2.1 Introduction

Noise in quantum devices is the key obstacle to large-scale quantum computation. Detailed
noise characterisation methods are essential for demonstrating the correct performance of
prototype quantum computers, and can improve the quantum error correction required for
reliable performance. We therefore seek methods capable of scaling to early fault-tolerant
quantum computers [59]. Tomographic methods, such as those implemented in [60, 61],
as well as gate set tomography [62], attempt to fully characterise noise processes and
scale poorly as a result. This has motivated a large literature on more efficient noise
characterisation methods, including compressed sensing tomography [63] and shadow
tomography [64]. Randomised benchmarking and its variants [35, 65–70] are much more
efficient but do not characterise noise in detail. There are a number of related methods
that fit a reduced set of noise parameters within a restricted class of noise models, such
as Pauli channel estimation techniques [35, 71–74], cycle benchmarking [75], and cycle
error reconstruction [76].

Scalable noise characterisation methods can improve the performance of error correc-
tion by identifying which physical configurations of errors are more and less likely [77].
Noise characterisation methods can also identify biased noise [78], to which codes [48,
79, 80], decoders [81–84], and fault-tolerant operations [85], can be tailored in order to
improve their performance.

Recently, rapid experimental progress has begun to demonstrate the utility of fault
tolerance and quantum error correction [8–19]. Consequently, there is an increasing need
for noise characterisation methods suitable for near-term quantum devices with hundreds
of qubits.

In this paper, we develop a scalable noise characterisation protocol suited to charac-
terising the syndrome extraction circuits of quantum error correcting codes by building
upon averaged circuit eigenvalue sampling (ACES) [74]. ACES is a general framework
for scalable noise characterisation experiments that simultaneously estimates the Pauli
channels associated with the operation of all gates in a Clifford circuit, with a recent
implementation effort [86]. We demonstrate our protocol on simulated data at scales of
over 1000 qubits in experimentally-relevant noise parameter regimes.

Our protocol leverages the structure of fault-tolerant logical circuits. Fault-tolerant
quantum computation [6, 27–29] replaces physical state preparations, gates, and measure-
ments with redundantly encoded logical equivalents that entail regularly measuring the
parity checks of a quantum error correcting code. In a typical fault-tolerant architecture,
the syndrome extraction circuits that measure parity checks represent the bulk of the
physical qubits and gate operations, rendering them the key target for noise character-
isation experiments. We leverage the fact that the simple structures of the syndrome
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extraction circuits of topological quantum codes remain similar across code sizes. As
syndrome extraction circuits are representative of fault-tolerant gadgets, we believe our
methods are capable of characterising other fault-tolerant gadgets such as magic state
distillation [87].

In Section 2.2, we offer a high-level overview of our modified formulation of ACES,
which naturally describes scalable and performant noise characterisation of the syndrome
extraction circuits of topological quantum error correcting codes such as the surface
code [5, 49–51]. A detailed overview follows in Section 2.3, where we rigorously analyse
the performance of ACES experiments to derive a figure of merit for their experimental
design as well as an improved noise estimation procedure. Then Section 2.4 describes the
experimental design techniques enabling our protocol, including routines that leverage
our figure of merit to optimise experimental designs for the average error rates we expect
to encounter in a device.

We present numerical results in Section 2.5 for the surface code syndrome extraction
circuit, which demonstrate that the performance of optimised experimental designs is
asymptotically independent of the code distance and robust to differing error rates or
a different noise model. We close by validating our methods in circuit-level numerical
simulations of the noise characterisation of the syndrome extraction circuit of a distance-
25 surface code with 1249 qubits, performed on a laptop, and release our code in the
form of the Julia package QuantumACES [88]. Finally, we provide concluding remarks in
Section 2.6. Our results demonstrate that ACES is capable of scalable and performant
characterisation of circuit-level Pauli noise, enabling greater understanding of quantum
devices, and paving the way for noise-aware decoders and tailored quantum error correcting
codes.

2.2 Noise characterisation at scale

We aim to formulate a protocol, built upon ACES, that naturally describes noise charac-
terisation experiments for the syndrome extraction circuits of topological quantum codes.
We focus on surface codes, which encode a logical qubit into a dZ × dX rectangular array
of physical qubits called data qubits. The stabilisers are mutually commuting Z and X
parities of clusters of data qubits. They are measured by a syndrome extraction circuit,
which entangles each of the dZdX − 1 measure qubits with adjacent data qubits. Recent
experimental progress has demonstrated improved average performance of a surface code
with increasing distance [11, 16]. We will focus on the syndrome extraction circuit used
in this experiment, which is depicted in Figure 2.1 for a square (d = dZ = dX) distance-3
surface code.

The syndrome extraction circuit is organised as a series of layers implemented
sequentially in time. Each layer consists of a set of gates, relatively primitive operations
on the quantum device that act on a bounded O(1) number of qubits, independent of the
total number of qubits n in the code. The layers are chosen such that gates in a layer
are simultaneously physically implemented by the quantum device and act on disjoint
sets of qubits, ensuring that gates in a layer trivially commute with each other. What
we call layers are referred to elsewhere as cycles [37, 75, 76], or gates [62]. For example,
the surface code syndrome extraction circuit depicted in Figure 2.1 is divided into 9
layers consisting of controlled-Z gate layers interspersed between layers of Hadamard
and dynamical decoupling X gates.
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Time 1 2 3 4 5 6 7 8 9

Figure 2.1: Diagram of the syndrome extraction circuit for a distance-3 surface code
with 17 qubits. The circuit implements the XZZX variant of the surface code [47, 48], and
its structure follows a recent experiment [11]. The code consists of 9 data qubits (yellow)
and 8 measure qubits (blue), and each measure qubit is associated with a coloured
plaquette representing the Z (light blue) or X (dark blue) stabiliser it measures. The
circuit is divided into 9 numbered gate layers (light grey) implemented sequentially in
time, which feature controlled-Z gates (black), Hadamard gates (red), and dynamical
decoupling Pauli X gates (grey). Layers 1 and 9 are identical, as are layers 3 and 7. We
learn a circuit-level noise model, namely single- and two-qubit Pauli channels, depending
on the gate, operated in the context of its layer, as well as single-qubit Pauli channels for
idle qubits in each layer.

Quantum noise can be roughly divided into coherent errors, which interfere with
themselves and can accumulate, and incoherent noise, which cannot. Coherent errors can
be mitigated by improved device calibration or methods such as dynamical decoupling [89].
They can also be tailored into incoherent Pauli noise by quantum error correction [38–40],
as well as Pauli frame randomisation [36, 90], which can for example be realised by
the randomised compiling protocol [37, 91]. Indeed, these randomisation techniques
can improve the performance of quantum error correction in the presence of coherent
errors [92].

We will learn a circuit-level incoherent Pauli noise model by characterising the noise
associated with each gate in the circuit when implemented in the context of the layer
in which it appears. This captures averaged spatial correlations between each gate and
the other gates in its layer. We assume that the noise associated with each layer is
independent of the prior and subsequent layers, as well as the time at which the layer
was implemented. This type of noise is often referred to in benchmarking as Markovian
and time-stationary [35, 69]. Dynamical decoupling pulses are believed to improve the
reliability of this assumption, and we observe that the dynamical decoupling layer 5 in
Figure 2.1 ensures that all two-qubit gate layers are separated by single-qubit gate layers.
Also, the noise associated with the X gates in layer 5 is learned separately from the noise
associated with their counterparts acting on the same qubits in layers 1, 3, 7, and 9.

At its core, ACES estimates the noise associated with a set of circuits constructed
by rearranging the layers of the original circuit in order to infer the noise associated
with each of the gates in the original circuit. These rearrangements are more precisely
permutations with repetition, or tuples T , which will allow us to parameterise the design

22



2.3. ACES overview

of a noise characterisation experiment by the tuple set T . Tuples can be of arbitrary
length, and their elements are drawn from the unique layer indices I. For example, in
Figure 2.1 layers 1 and 9 and layers 3 and 7 are identical, so I = {1, 2, 3, 4, 5, 6, 8}, and
the tuple for the original circuit is T = (1, 2, 3, 4, 5, 6, 3, 8, 1).

We focus on tuples because the structure of the surface code syndrome extraction
circuit is similar regardless of the code size. This is entailed by two properties, namely
that the surface code is a quantum low-density parity-check (LDPC) code, and the
stabilisers are geometrically local. Specifically, the stabilisers of quantum LDPC codes
include a constant O(1) number of qubits, and their qubits are included in a constant
O(1) number of stabilisers [46]. Topological quantum codes have these properties, which
allows us to divide their syndrome extraction circuits into a number of layers l, the circuit
depth, that is independent of the number of qubits in the code n.

Consequently, we will see that the performance of a tuple set is empirically precisely
predictable as a function of the surface code distance d. This will allow us to optimise
tuple sets according to their performance at small code distances, and then use the
optimised experimental design to characterise the noise associated with large surface
codes for which direct optimisation is infeasible. Both the noise estimation precision
and the number of experiments required on the quantum device are asymptotically
independent of the surface code distance d. This achieves our goal of performance at
scale.

ACES is a flexible framework capable of describing noise characterisation experiments
that learn more detailed spatial and temporal correlations than we consider here. However,
learning such correlations trades off against the performance and scalability of the protocol.
While our numerical results focus on a syndrome extraction circuit for the rotated surface
code, which we simply call the surface code, Section 2.H shows that our methods perform
remarkably similarly for the unrotated surface code. We believe that our methods are
capable of characterising the noise associated with the syndrome extraction circuits of
topological quantum codes, as well as other fault-tolerant gadgets such as magic state
distillation [87]. Practical architectures for quantum LDPC codes will need to address
the issue of measuring non-local stabilisers, which may also allow our methods to extend
to these codes.

2.3 ACES overview

We now overview ACES, recasting the original presentation of [74] to instead view circuits
as sequences of layers. This allows us to parameterise noise characterisation experiments
by a set of tuples that rearrange these circuit layers, a natural framing for the syndrome
extraction circuits of topological quantum codes.

Then we analyse the eigenvalue estimation procedure of [93] in the context of sim-
ultaneous estimation of multiple eigenvalues. This allows us to improve upon the core
least squares noise estimation procedure given in [74], and derive a figure of merit for the
expected performance of ACES noise characterisation experiments which we later use to
optimise their experimental design.

2.3.1 Mathematical preliminaries

We begin with a few mathematical preliminaries. The n-qubit Pauli group Pn contains
all n-fold tensor products of Pauli operators Pa indexed by length 2n bit strings a =
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Indeed, the group contains all ζPa, where ζ ∈ {±1,±i} is an overall phase factor, though
we generally write Pa ∈ Pn to refer to the unit phase element of the group. The group
operation is matrix multiplication, and corresponds, up to a phase factor, to bit string
addition

PaPa′ = ζ(a,a′)Pa+a′ . (2.2)

It is therefore convenient to refer to Paulis Pa by their bit string a, and we will often
write a ∈ Pn. The group commutation relations are given by the symplectic bilinear
form ω(a,a′) = a(x) · a′(z) + a(z) · a′(x) as

PaPa′ = (−1)ω(a,a
′)Pa′Pa, (2.3)

which is also symmetric as we work over Z2. Finally, define the support of a Pauli a to
be the set of qubits on which that Pauli is not the identity, that is,

supp (a) = {j ∈ [n] : {a(x)j , a
(z)
j } ̸= {0, 0}}, (2.4)

where we adopt the convention [n] = {1, . . . , n}. A Pauli supported on b qubits is also
called a weight-b Pauli.

A Pauli channel (for example, see [94]) is a quantum channel that can be represented
in the form

E(ρ) =
∑
a∈Pn

paPaρPa, (2.5)

where the Pauli error probabilities pa form a probability distribution over Pauli operators.
We seek to characterise noise represented in the form of Pauli channels by estimating
the Pauli error probabilities of those channels. To this end, consider the Pauli channel
eigenvectors, which are simply the Pauli operators

E(Pa′) = λa′Pa′ . (2.6)

From Equations 2.3, 2.5 and 2.6, we see that the Pauli channel eigenvalues λa′ are related
to the Pauli error probabilities pa as

λa′ =
∑
a∈Pn

(−1)ω(a,a
′)pa. (2.7)

In fact, this relation is a Walsh-Hadamard transform, ordered according to the symplectic
form ω rather than the usual inner product [72]. As the transform is its own inverse, up
to a constant, the error probabilities can similarly be determined from the eigenvalues as

pa =
1

4n

∑
a′∈Pn

(−1)ω(a,a
′)λa′ . (2.8)

We will focus on estimating the Pauli channel eigenvalues, as they recover the Pauli error
probabilities and are easier to estimate.
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Define the n-qubit Clifford group Cn to be the group generated by the controlled-
X, Hadamard, and phase gates, written Ci(Xj), Hj , and Sj , respectively, for control
qubits i and target qubits j ̸= i [32]. Elements of the Clifford group G ∈ Cn act by
conjugation on Pauli group elements Pa as GPaG

† = (±)G,aPG(a), where the resulting
Pauli PG(a) and sign (±)G,a can be computed efficiently in the number of qubits n [31, 32].

We find it convenient to refer to G rather than G, where G(Pa) = GPaG
†, and do so

henceforth. In the context of surface code syndrome extraction circuits, we also encounter
the generating gates of the Pauli group Xj , Yj , and Zj , as well as the controlled- Z
gate Ci(Zj) = HjCi(Xj)Hj . Analogously to the support of a Pauli, define the support
of a Clifford group element supp (G) to be the set of qubits on which that element acts
non-trivially.

Specifically, we will be interested in characterising Pauli noise channels EG associated
with Clifford gates G, whose noisy implementation we write as G̃ = GEG . The noisy
implementation therefore acts as

G̃(Pa) = λG,aG(Pa) = (±)G,aλG,aPG(a), (2.9)

where λG,a is called the generalised eigenvalue of G acting on Pa, associated with its Pauli
noise channel EG . For convenience, we will refer to generalised eigenvalues as eigenvalues.

2.3.2 ACES fundamentals

We can now present the core idea behind ACES, omitting for clarity the Pauli frame
randomisation that renders it ‘averaged’. Pauli frame randomisation tailors arbitrary
noise channels on average into Pauli channels [36, 90], and this can be realised in
arbitrary quantum circuits by the randomised compiling protocol [37, 91]. However, as
we only consider Clifford circuits, generic Pauli frame randomisation suffices here, and
consequently we assume that all noise channels are Pauli channels. Adding the random
Pauli gates required for Pauli frame randomisation to our approach is straightforward,
and we refer the reader to the original presentation of ACES for details [74].

In our presentation of ACES, we focus on characterising the Pauli noise associated
with implementing a circuit C of Clifford gates acting on n qubits. The circuit is divided
into a series of l layers Ci each composed of some number ki of Clifford gates Gij . As we
assume that the noise is time-independent, the noisy implementation of each layer can
be written as C̃i = CiEi for some Pauli noise channel Ei.

As it is generally intractable to learn all 4n eigenvalues of such an n-qubit Pauli
channel, we learn a circuit-level noise model. This noise model does not explicitly represent
noise that is spatially correlated between gates in a layer and only learns up to weight-two
Pauli errors because we only consider single- and two-qubit gates. Specifically, we learn
the Pauli channels Eij associated with the gates Gij operated in the context of each
unique layer Ci for i ∈ I, as well as single-qubit Pauli channels for idle qubits in each
layer. We do this by estimating the gate eigenvalues λij,a, which yield the Pauli error
probabilities of each channel by Equation 2.8. In Section 2.A, we show that the Pauli error
probabilities estimated by ACES for the gate channel Eij are the marginal of the Pauli
error probabilities of the layer channel Ei onto the support of the gate Gij , demonstrating
that ACES captures averaged spatial correlations between gates appearing in the same
layer.

To specify the entire collection of gate eigenvalues, let us first write the set of Pauli
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operators supported on some gate G as

Pauli (G) = {a ∈ Pn : supp (a) ⊆ supp (G)}, (2.10)

a subgroup of Pn. For a single-qubit gate, this consists of the Paulis I, X, Y , and Z, and
in general for a gate supported on b qubits, there are 4b Paulis in this set. Then the set
of gate eigenvalue indices N is

N = {(ij,a) : i ∈ I, j ∈ [ki],a ∈ Pauli (Gij)} , (2.11)

where i ∈ I indexes the unique layers in the circuit and j ∈ [ki] indexes the gates in the
layer Ci. Then writing the multi-index ν = (ij,a), we seek to estimate λν for all ν ∈ N .
For trace-preserving channels where leakage is absent, identity eigenvalues are always 1
and do not need to be estimated, so for b-qubit gates we need only estimate 4b − 1 gate
eigenvalues.

Next, let us formally introduce the concept of a tuple. Write the circuit as

C = Cl . . . C2C1, Ci =
∏
j∈[ki]

Gij , (2.12)

where we time-order the product for the circuit C, with C1 indicating the first layer and
earliest time. The gates Gij in the layer Ci commute, so the order of the product does
not matter. Then a tuple T of some arbitrary length L is a sequence of L numbers in I
ordering the layers of the circuit C that acts to rearrange it as

CT =
∏
u∈[L]

CTu . (2.13)

Figure 2.2 gives a concrete example of a three-layer circuit rearranged by the length 4
tuple T = (2, 1, 3, 2).

Now we are ready to describe the circuit eigenvalues from which we estimate the
gate eigenvalues. Following Equation 2.9, the circuit eigenvalue ΛT,a of the noisy imple-
mentation C̃T of the circuit CT describes the overall effect of the noise on the Pauli Pa

as
C̃T (Pa) = ΛT,aCT (Pa) = (±)T,aΛT,aPT (a). (2.14)

For convenience, we write PT (a) to refer to PCT (a), and similarly with the sign.
In fact, Equation 2.14 is identical to Equation 2.9, except that the circuit CT can

be decomposed into layers of gates, each with their own gate eigenvalues. Tracking the
evolution of the Pauli as it is acted upon by the circuit allows us to determine how the
circuit eigenvalue is composed as a product of gate eigenvalues, as shown in Figure 2.2.
Using u to index the circuit layer time-step, write Pa(u) for the state of the Pauli before
the action of the uth layer, so that CTu maps Pa(u) to Pa(u+1) , up to a sign factor. Then
a simple calculation yields

ΛT,a =
∏
u∈[L]

∏
j∈[kTu ]

λTuj,a(u) , (2.15)

where the gate eigenvalues λTuj,a(u) implicitly depend only on the qubits of Pa(u) which
lie in the support of the gates GTuj of the uth layer CTu .

The key insight of ACES is that the relation Equation 2.15 can be inverted, allowing
us to estimate all of the gate eigenvalues using estimates of a sufficiently large and
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Figure 2.2: Example three-qubit circuit arranged by the tuple T = (2, 1, 3, 2). Each of
the Clifford gates Gij in the circuit is associated with gate eigenvalues λij,a, where i labels
the layer, j labels gates within a layer sequentially from the top, and a labels Paulis
supported on the gate. For example, λ32,X refers to the X eigenvalue of the phase gate in
layer 3, and λ21,ZX refers to the ZX eigenvalue of the controlled-Z gate in layer 2. The
gates in layer 2 have the same gate eigenvalues in both occurrences. Layer 1 is padded with
an identity gate. The goal of ACES is to estimate these gate eigenvalues. Labels show the
propagation of the Pauli ZXI through the circuit. The corresponding circuit eigenvalue is
ΛT,ZXI = λ21,ZXλ12,XIλ32,Xλ33,Zλ21,IY λ22,X . To estimate the circuit eigenvalue, prepare
eigenstates of ZXI, perform the circuit, and measure in the ZY Z basis. Account for
state preparation and measurement (SPAM) errors by including eigenvalues in the circuit
eigenvalue product that correspond to each of the three measurements.

varied set of circuit eigenvalues. For a tuple set T = {T} to specify this set of circuit
eigenvalues and hence the experimental design, we must supply a rule for choosing the
circuit eigenvalues estimated for a tuple T . We will assume that we can prepare qubits in
each of the Pauli X, Y , and Z bases, which usually requires a small number of single-qubit
Clifford gates whose associated noise we do not explicitly characterise. Allowing only
Z basis preparations would constrain the circuit and gate eigenvalues we are able to
estimate [95]. Specifically, we will estimate circuit eigenvalues ΛT,a corresponding to all
of the Paulis a ∈ Pauli (G) supported on some gate G ∈ CT in the rearranged circuit.

This rule ensures that there exists at least one tuple set whose circuit eigenvalues
are sufficient for estimating all of the gate eigenvalues. Namely, consider the tuple set
T ′
I = {(i)}i∈I whose tuples are each of the unique layer indices I of the circuit repeated

just once. This tuple set corresponds to direct estimation of the gate eigenvalues, as the
circuit eigenvalues are precisely the gate eigenvalues and the design matrix is the identity
up to the ordering of the circuit and gate eigenvalues.

Accordingly, define the Pauli preparation set QT as

QT =
⋃

G∈CT

Pauli (G). (2.16)

Then the set of circuit eigenvalue indices M is

M = {(T,a) : T ∈ T ,a ∈ QT }. (2.17)

Hence, writing the multi-index µ = (T,a), we will estimate the circuit eigenvalues Λµ for
all µ ∈M .

Now rewrite the product over circuit layer time-steps Equation 2.15 as a product over
the gate eigenvalue indices

Λµ =
∏
ν∈N

λ
Aµν
ν , (2.18)
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where Aµν is the non-negative integer power of λν as it appears in the expression for Λµ.
As we are interested in circuit and gate eigenvalues that are not too small, lying in the
interval (δ, 1] for some arbitrary δ > 0, we can transform the product of Equation 2.18
into a sum by taking the (negative) logarithm. This yields circuit and gate (negative)
log-eigenvalues bµ = − log Λµ and xν = − log λν which correspondingly lie in [0, log (1/δ)).
Constructing the design matrix A elementwise from the Aµν for each µ ∈M and ν ∈ N
obtains

bµ =
∑
ν∈N

Aµνxν . (2.19)

This is a standard linear regression problem, so we can estimate the gate log-eigenvalues
from the circuit log-eigenvalues with a linear least squares method as long as the design
matrix A, which is usually sparse, has full rank N . Note that we have overloaded N to
refer both to the gate eigenvalue index set as well as its size, and do the same for the
circuit eigenvalue index set M .

We also include gate eigenvalue parameters to account for state preparation and
measurement (SPAM) errors. Owing to a gauge freedom, preparation and measurement
errors cannot be estimated separately [62], a phenomenon that has also been analysed in
the context of Pauli noise learning [96]. We will not treat this issue in detail, instead making
the simple assumption that SPAM noise is fully associated with measurements, effectively
fixing a gauge. Therefore, we model Pauli frame randomised noisy measurements with
a measurement error probability pν corresponding to an eigenvalue λν = 1− 2pν . Here,
we learn measurements in the Pauli X, Y , and Z bases separately, yielding 3n SPAM
parameters. We could also assume that the measurement errors are the same across Pauli
bases, yielding n SPAM parameters, but choose not to do so here.

With the addition of SPAM errors, the aforementioned tuple set T ′
I = {(i)}i∈I no

longer produces a full-rank design matrix. We therefore augment it with the empty tuple
() to measure SPAM noise, obtaining the basic tuple set TI = {(i)}i∈I ∪ {()}. This tuple
set constructs a full-rank design matrix for any circuit C. We describe an algorithm for
generating better-performing tuple sets in Section 2.4.3.

As we discussed in Section 2.2, the number of layers l in the syndrome extraction
circuits of topological quantum codes is independent of the number of qubits in the code n.
Since gates act on a bounded number of qubits, each gate has a bounded number of gate
eigenvalues also independent of n, so we need only estimate O(n) gate eigenvalues. The
basic tuple set illustrates that this only requires us to estimate O(n) circuit eigenvalues.

2.3.3 Circuit eigenvalue sampling

In this section, we analyse the performance of the eigenvalue sampling procedure of [93],
with a focus on simultaneous estimation of circuit eigenvalues. We aim to estimate the
noise associated with the syndrome extraction circuit C in a number of experiments that
is asymptotically independent of the number of qubits n on which the circuit acts. As we
need to estimate O(n) circuit eigenvalues, each individual experiment must also estimate
O(n) circuit eigenvalues. As Pauli preparations and measurements supported on disjoint
sets of qubits can trivially be performed simultaneously, this procedure will allow us to
estimate the requisite circuit eigenvalues in O(1) experiments.

First, we analyse the estimation of a single circuit eigenvalue. Examining Equation 2.14
and noting that the Pauli operators form an orthogonal basis under the trace inner product,
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we obtain

ΛT,a = (±)T,a
1

2n
tr
(
PT (a)C̃T (Pa)

)
. (2.20)

This immediately suggests a sampling procedure for estimating the circuit eigenvalue
ΛT,a, where we prepare eigenstates of Pa, apply the noisy circuit C̃T , and then measure
in the Pauli basis defined by PT (a), correcting the outcome according to the sign (±)T,a.

Specifically, consider the eigenbasis |ψa
s ⟩ of Pa consisting of all 2n sign configurations

of single-qubit Pauli eigenstate tensor products, indexed by the length n bit string s.
The state |ψa

s ⟩ is an eigenstate of Pa with eigenvalue s, the parity of the vector s.

Suppose that we prepare such an eigenstate, with a sign configuration s chosen
uniformly at random, implement the noisy circuit C̃T , and measure in the basis defined
by PT (a), correcting the outcome for the signs (±)T,a and s. The measurement outcome
mT,a is a Bernoulli random variable that takes values ±1, and Equation 2.20 shows that

it has expectation ΛT,a and hence variance 1− Λ2
T,a. The sample average estimator Λ̂T,a

is therefore an unbiased estimator of the circuit eigenvalue ΛT,a.

We aim to simultaneously estimate multiple circuit eigenvalues in a single experi-
ment. In general, we could prepare eigenstates of two commuting Paulis a and a′, and
then measure in the commuting bases generated by T (a) and T (a′). However, these
preparations and measurements would generally require noisy entangling gates. As we
cannot fully characterise SPAM noise, we restrict ourselves to individually preparing and
measuring each qubit in the Pauli X, Y , or Z basis, which requires only single-qubit
Clifford gates.

This imposes a stricter requirement on simultaneously estimable circuit eigenvalues.
We say that two Paulis a and a′ are T -consistent, written a ⋄T a′, if on each qubit of
the preparations as well as the measurements, either both Paulis are the same or at
least one is the identity, such that we can simultaneously estimate the circuit eigenvalues
ΛT,a and ΛT,a′ . More formally, a ⋄T a′ if aj = a′

j for all j ∈ supp (a) ∩ supp (a′), and
T (a)j = T (a′)j for all j ∈ supp (T (a)) ∩ supp (T (a′)).

Then an experiment is a set of mutually T -consistent Pauli preparations, a subset
ET ⊂ QT such that a ⋄T a′ for all a,a′ ∈ ET . We describe an algorithm for generating
experiments in Section 2.4.1. Since all of the preparations are T -consistent, there is
a unique non-identity Pauli on each qubit of the preparations and the measurements,
allowing us to easily derive the corresponding n-qubit preparation PA and measurement
PA′ . We write the measurement as PA′ because in general PA′ ̸= PT (A).

As before, randomly prepare some eigenstate |ψA
s ⟩ of PA, implement the circuit C̃T ,

and then measure each qubit in the basis defined by PA′ . This yields a length n bit
string outcome mT,A, which we correct overall by the sign (±)T,A and elementwise by s.
Then the parities mT,a of the marginals of mT,A to supp (T (a)) contribute to the sample

average estimators Λ̂T,a for all a ∈ ET .

Simultaneous measurement predictably correlates the circuit eigenvalue estimators.
Consider the product of measurement outcomes mT,amT,a′ for a,a′ ∈ ET . As PaPa′ =
Pa+a′ , this is the measurement outcome of a+ a′, with circuit eigenvalue ΛT,a+a′ . Then
the covariance is

Cov [mT,a,mT,a′ ] = ΛT,a+a′ − ΛT,aΛT,a′ , (2.21)

which reduces to the variance 1− Λ2
T,a when a = a′. Measurement outcomes can only

covary within each experiment of the experiment set ET = {ET } for a tuple T , which
estimates all circuit eigenvalues ΛT,a for a ∈ QT .
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When characterising noise on a quantum device, we aim to maximise the precision of
our estimation given a fixed amount of time on the device. The time allotted to noise
characterisation will be informed by factors including the timescale of device drift, the
cost of device time, and the desired duty cycle balance between device characterisation
and operation. Longer tuples and deeper circuits take longer to perform, so the length of
the tuples in the tuple set trades off against the number of measurement shots we are
able to collect.

Therefore, let us introduce some formalism to define the measurement budget S,
a modified version of the measurement shots S′ that accounts for the time taken to
implement the circuits on the device. Suppose that the circuit corresponding to each tuple
T takes some time τT to implement on the device. We allocate a fraction ΓT of the shots
S′ to each experiment set ET , where the non-negative shot weights Γ = {ΓT }T∈T sum to
unity, and divide shots evenly between the individual experiments in each experiment
set. By default, we choose the shot weights ΓT ∝ τ−1

T such that the experiments for each
tuple are measured for an equal amount of time on the device. Now define the time factor
τT ,Γ =

∑
T∈T ΓT τT , where for the default shot weights we omit the Γ dependence to

write τT . Then the measurement budget S is given by

S = S′
(
τTI
τT ,Γ

)
, (2.22)

and represents the number of measurement shots collected by the ACES experimental
design (T ,Γ) in the time the basic tuple set collects S′ measurement shots. Lastly, let
the experiment measurement budget ST = SΓT /|ET | be the measurement budget for each
experiment in the experiment set ET for the tuple T .

Finally, we are ready to specify the elements of the circuit eigenvalue estimator cov-
ariance matrix Ω of the circuit eigenvalue estimator vector Λ̂ by modifying Equation 2.21
to account for the number of experiments measuring the relevant circuit eigenvalues and
the experiment duration. Let ET,a be the number of experiments ET ∈ ET measuring
the circuit eigenvalue ΛT,a, and similarly let ET,a,a′ be the number of experiments that
simultaneously measure ΛT,a and ΛT,a′ , noting that ET,a,a = ET,a. Then each eigenvalue
is measured with STET,a shots, and ΛT,a and ΛT,a′ are simultaneously measured with
STET,a,a′ shots. This yields the expression for the covariance matrix entries

Cov
[
Λ̂T,a, Λ̂T,a′

]
=

ET,a,a′

STET,aET,a′

(
ΛT,a+a′ − ΛT,aΛT,a′

)
. (2.23)

Note that the covariance matrix is block diagonal, as the circuit eigenvalue estimators
for different tuples are uncorrelated, and sparse, as entries are zero when the supports of
a and a′ remain disjoint throughout their evolution under CT .

2.3.4 Estimating gate Pauli errors

We now complete the ACES noise estimation procedure by describing a method for
estimating the Pauli error probabilities of each of the gates from estimates of the
circuit eigenvalues. This primarily entails solving the linear regression problem posed in
Equation 2.19 to estimate the gate log-eigenvalues from the circuit log-eigenvalues. We
use Equation 2.23 for the circuit eigenvalue estimator covariance matrix Ω to replace the
ordinary least squares method described in [74] with weighted least squares. Weighted
least squares offers greater performance than ordinary least squares while remaining
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practically scalable past a thousand qubits. We further discuss and compare least squares
methods in Section 2.B.

Begin by casting the linear regression problem of Equation 2.19 into the standard
form

b = Ax+ ε, (2.24)

where the circuit log-eigenvalues b are related to the gate log-eigenvalues x by the design
matrix A. We assume the error variable is distributed according to a multivariate normal
distribution ε ∼ NM (0,Ω′), where Ω′ is the circuit log-eigenvalue estimator covariance
matrix. As the circuit log-eigenvalues are the logarithm of the circuit eigenvalues, we
estimate Ω′ with the circuit eigenvalue estimator covariance matrix Ω. The appropriate
first-order Taylor expansion is given elementwise as Ω′

αβ ≈ Ωαβ/ΛαΛβ . This approximation
works well in practice and accurately predicts the performance of ACES.

The weighted least squares estimator for the gate log-eigenvalues is

x̂ =
(
A⊺ŴA

)−1
A⊺Ŵb. (2.25)

The weight matrix W is a diagonal matrix consisting of the inverse circuit log-eigenvalue
estimator variancesWµµ = Ω′−1

µµ . These variances are estimated with the circuit eigenvalue

estimators, so we properly write this as the estimated weight matrix Ŵ . The gate
eigenvalues are at most 1, so the (negative) gate log-eigenvalues are non-negative, and we
therefore set negative elements of x̂ to 0. In practice, we reduce weighted least squares to

ordinary least squares by left-multiplying Equation 2.24 by
√
Ŵ , allowing us to leverage

optimised and numerically stable linear algebra routines for sparse ordinary least squares.

Finally, we estimate the Pauli error probabilities of each gate by taking the Walsh-
Hadamard transform of the corresponding gate eigenvalues, following Equation 2.8.
The resulting estimates are not guaranteed to be valid probability distributions, so we
project them using the Euclidean distance into the probability simplex with a simple
algorithm [97], completing our noise estimation procedure.

2.3.5 ACES performance analysis

We aim to maximise the precision to which we estimate noise given a fixed measurement
budget S. To do this, we analyse the performance of an ACES experimental design (T ,Γ),
which consists of the tuple set T and shot weights Γ, when characterising a circuit C with
gate eigenvalues λ. The original presentation of ACES suggested the pseudoinverse norm
of the design matrix A [74], but we use the circuit eigenvalue estimator covariance matrix
described in Equation 2.23 to precisely calculate the distribution of the gate eigenvalue
estimator vector λ̂ and thereby derive an improved figure of merit.

We calculate the gate log-eigenvalue estimator covariance matrix Σ′ by conjugating
the circuit log-eigenvalue covariance matrix Ω′ by the weighted least squares estimation
matrix of Equation 2.25, so that

Σ′ =
(
A⊺WA

)−1
A⊺WΩ′WA

(
A⊺WA

)−1
. (2.26)

We calculate the figure of merit with respect to known values, and so use W rather
than Ŵ . As the gate eigenvalues are the exponential of the gate log-eigenvalues, the
gate eigenvalue estimator covariance matrix Σ follows from Σ′ by another first-order
Taylor expansion given elementwise by Σαβ ≈ λαλβΣ

′
αβ. Under our assumptions, the
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gate eigenvalue estimator residual vector λ̂− λ is distributed according to a multivariate
normal distribution NN (0,Σ), as linear least squares is an unbiased estimator.

Now consider the quadratic form (λ̂− λ)
⊺
(λ̂−λ) = ∥λ̂−λ∥22, the squared two-norm

of the gate eigenvalue residual vector. It is distributed as a weighted sum of chi-squared
random variables with 1 degree of freedom χ2

1—the distribution of the square of a standard
normal random variable—where the weights σν are the eigenvalues of Σ, that is

∥λ̂− λ∥22 =
N∑
ν=1

σνyν , yν ∼ χ2
1. (2.27)

This is a generalised chi-squared distribution with mean tr (Σ) and variance 2 tr (Σ2).
While it has no known closed-form probability density function [98], this distribution can
be calculated numerically [99].

In particular, we will focus on the normalised root-mean-square (RMS) error
√
S′/N∥λ̂−

λ∥2 proportional to the square root of the quadratic form. This quantity averages the
error over the number of gate eigenvalues N , and is normalised to remove the dependence
on the measurement shots S′ implicitly introduced in Equation 2.23.

We seek a figure of merit that is easily computed and accurately predicts the perform-
ance of ACES noise characterisation experiments, which will allow us to optimise their
experimental design. To this end, define the ACES figure of merit to be the expected
normalised RMS error F =

√
S′/N E

[
∥λ̂− λ∥2

]
. Smaller figures of merit are better, as

the measurement budget required to achieve a fixed estimation accuracy is proportional
to the square of the figure of merit. Note this implies that ACES recovers the usual
scaling for additive precision Pauli channel estimation [94].

The ACES figure of merit can be approximated by a second-order Taylor expansion
as

F(T ,Γ|C,λ) ≈
√
S′/N

√
tr (Σ)

(
1− 1

4

tr (Σ2)

tr (Σ)2

)
. (2.28)

Since we already know the expectation of the square from the quadratic form, the
normalised RMS error variance V = S′/N V

[
∥λ̂− λ∥2

]
follows as

V(T ,Γ|C,λ) ≈ S′

2N

tr (Σ2)

tr (Σ)

(
1− 1

8

tr (Σ2)

tr (Σ)2

)
. (2.29)

These approximations are sufficiently accurate in practice that we refer to the approxim-
ations and true values interchangeably. Note that when the shot weights Γ are omitted,
we use the default shot weights for T .

Crucial to a full understanding of ACES is a focus on optimising experimental designs.
Absent this, it is easy to conclude that ACES is only capable of estimating noise to
additive precision [76]. Section 2.C analyses a toy problem to demonstrate that ACES is in
general capable of relative precision noise estimation. However, only certain combinations
of gate eigenvalues can be learned to relative precision. To use the language of cycle
error reconstruction [76], the orbits of a gate are the sets of Paulis mapped to each other
by the action of the gate, and only the products of gate eigenvalues within each of the
orbits of the gate can be learned to relative precision. For example, consider the orbits
of the Hadamard gate H, which are (X,Z) and (Y ), and notice that repeating the gate
only allows us to amplify the quantities λH,XλH,Z and λH,Y and hence estimate them to
relative precision. Empirically, when examining the gate eigenvalue estimator covariance
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matrix Σ for optimised experimental designs, we find that gate eigenvalue estimators
within gate orbits are strongly anticorrelated, such that marginalising over gate orbits
obtains a relative precision estimator, though we leave further analysis to future work.

We therefore believe that ACES performs comparably to relative precision Pauli chan-
nel estimation techniques in the literature such as cycle error reconstruction (CER) [76].
In principle, each framework could be modified to obtain the strengths of the other. For
example, our presentation of ACES here focuses on learning a circuit-level noise model,
but could be modified to characterise noise that is spatially correlated between gates in
a layer, as in CER. However, this would come at the cost of increasing the number of
experiments required to implement the protocol on a quantum device, and our choices in
this paper reflect our focus on developing a practical and scalable noise characterisation
protocol.

2.4 Designing ACES experiments

Our overview of ACES in Section 2.3 elided the matter of designing ACES noise character-
isation experiments, which we now address. First, we describe a deterministic algorithm
that generates the experimental set ET for a tuple T ∈ T . Then, we outline a gradient
descent method for optimising the shot weights Γ associated with a tuple set T . Lastly,
we outline a coordinate descent method for optimising the lengths of tuples, and describe
a greedy algorithm that adds random tuples and prunes them from the set, together
optimising the tuple set T .

Our optimisation methods minimise the figure of merit, which is closely related to the
trace of the gate eigenvalue estimator covariance matrix. Consequently, they roughly aim
to produce what is known in the theory of optimal experimental designs as an A-optimal
design [100]. We suspect that this literature offers insights for improving the heuristic
algorithms and methods described here.

2.4.1 Packing experiment sets

We now introduce a deterministic algorithm for generating the experiment set ET for a
tuple T . With this algorithm, the tuple set T and shot weights Γ fully specify the design
of ACES noise characterisation experiments.

Recall from Section 2.3.3 that the experiment set ET must estimate the circuit
eigenvalues ΛT,a for all Paulis in the Pauli preparation set a ∈ QT , namely, all Paulis
supported on some gate in the rearranged circuit CT . Moreover, if two Paulis a,a′ ∈ QT

are T -consistent, written a ⋄T a′, then we can simultaneously estimate ΛT,a and ΛT,a′ in
the same experiment.

Algorithm 1 packs the Pauli preparations QT into experiments, mutually T -consistent
sets ET , such that the experiment set ET = {ET } estimates all of the circuit eigenvalues
associated with the tuple T . The unadded Pauli set UT is initialised as QT , and tracks the
Paulis not yet added to any experiment. The algorithm adds experiments to the experiment
set until it is empty. The T -consistent unadded Pauli set UT and the T -consistent Pauli
preparation set QT , initialised as UT and QT , respectively, track Paulis that can be added
to a specific experiment. Each time a Pauli a is added to an experiment ET , we update UT

and QT by intersecting them with the T -consistency set κT (a) = {a′ ∈ QT : a⋄T a′}\{a}.
Then experiments ET are constructed by adding Paulis from UT until it is empty,

and then adding Paulis from QT until it is also empty. We sort the Pauli preparations in
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descending order by the size of their measurement support, and add the first Pauli whose
measurement has the maximum overlap with the measurements of the Paulis already in
the experiment, as in general measurements can have larger supports than preparations.

Algorithm 1: Experiment set packing algorithm

Input: Pauli preparation set QT

Output: Experiment set ET
1 initialise ET ← ∅
2 sort a ∈ QT by

∣∣supp (T (a))∣∣ in descending order
3 initialise UT ← QT

4 compute κT (a) for all a ∈ QT

/* Construct experiments for all Paulis */

5 while UT ̸= ∅ do
6 initialise ET ← ∅
7 initialise UT ← UT
8 initialise QT ← QT

/* First add Paulis not yet in any experiment */

9 while UT ̸= ∅ do
10 set a′ ← arg max

a∈UT

∣∣supp (T (a)) ∩ supp (ET )
∣∣

11 add ET ← ET ∪ a′

12 update QT ← QT ∩ κT (a′)
13 update UT ← Ut ∩ κT (a′)
14 remove UT ← UT \ a′

/* Then fill the experiment with other Paulis */

15 while QT ̸= ∅ do
16 set a′ ← arg max

a∈QT

∣∣supp (T (a)) ∩ supp (ET )
∣∣

17 add ET ← ET ∪ a′

18 update QT ← QT ∩ κT (a′)

19 add ET ← ET ∪ {ET }
20 return ET

The eigenvalue sampling procedure requires us to prepare all eigenstate sign configur-
ations of each Pauli in the experiment at equal frequency, which is achieved by Pauli
frame randomisation. When practically implementing this protocol, one should choose
the number of randomisations for the experiments ET ∈ ET of each tuple T in alignment
with its shot weights ΓT , perhaps imposing a minimum. Then, allocate a constant number
of shots to each randomisation, optimally a single shot by leveraging techniques such as
in [101].

2.4.2 Optimising measurement allocation

We aim to optimise the shot weights Γ, initialised as their default values, of a tuple set T
with respect to its figure of merit F(T ,Γ|C,λ) when characterising a circuit C with gate
eigenvalues λ. Specifically, we parameterise the shot weights with the shot log-weights
γ = {γT }T∈T as ΓT = exp (−γT )/

∑
U∈T exp (−γU ), and perform gradient descent on

the shot log-weights γ.

34



2.4. Designing ACES experiments

Nesterov momentum augments gradient descent with a velocity that tracks gradients
across update steps [102, 103]. The learning rate η > 0 controls the size of the contribution
of the gradient to the velocity at each step, whereas the momentum coefficient µ ∈ [0, 1]
controls the decay in the velocity across update steps. Gradient descent corresponds to
µ = 0. Writing the shot log-weights as a vector γ, the update step is given by

v(s+1) = µv(s) − η∂F
∂γ

(
T ,γ(s) + µv(s)

)
, (2.30)

γ(s+1) = γ(s) + v(s+1). (2.31)

In practice, we find it helpful to revert update steps that worsen the figure of merit
and then zero the velocity. If this happens multiple times in quick succession, we also
reduce the learning rate η by a factor ηr. We usually choose parameter values η = 103/4,
µ = 0.99, and ηr = 101/4.

Gradient calculations are optimised with the analytic expressions in Section 2.D.

2.4.3 Optimising tuple sets

When introducing tuple sets in Section 2.3.2, we only described how to construct the basic
tuple set TI , which describes the most basic ACES noise characterisation experiment.
We now outline two algorithms that allow us to optimise tuple sets T by their figure of
merit.

Elfving’s theorem characterises optimal designs for linear regression problems [104,
105], which use a minimal number of maximally spaced points. In the context of ACES,
shallow tuples produce large circuit eigenvalues near 1, whereas deep tuples with a large
number of layers produce smaller eigenvalues. We therefore augment the basic tuple set,
containing shallow tuples, with the repeated tuple set Trep, whose construction we describe
in Section 2.E. The tuples in Trep, which resemble the germs of gate set tomography [62],
are parameterised by repetition numbers describing how many times the elements of the
tuple are repeated. While we could optimise our choice of repeated tuples, we do not do
so here.

We optimise these repetition numbers with a heuristic gradient-free coordinate descent
algorithm [106], which cycles through the repetition numbers and steps them towards
smaller figures of merit. The algorithm grows the step size exponentially when repeatedly
stepping in the same direction, and optimises the shot weights Γ with the gradient descent
routine in Section 2.4.2 before evaluating the figure of merit. In practice, it appears
most performant to choose repeated tuples that, up to a Pauli correction, implement an
involution, so that repeating the tuple twice implements the identity, and use only odd
repetition numbers.

After optimising the repetition numbers of the deep tuples, we optimise the shallow
tuples with Algorithm 2, a greedy algorithm that resembles the experimental design
optimisation algorithm of [107]. It performs a number of excursions nex, each of which
greedily grows and shrinks the tuple set. To grow the tuple set, an excursion generates
random tuples according to a probability distribution over tuples P and greedily adds
them to the tuple set according to the figure of merit. It does this until the tuple set
contains lset + lex tuples, where lset is the desired tuple set size and lex is the excursion
length, by trialling up to ftrial times more tuples than it is trying to add. Then to shrink
the tuple set, it greedily prunes tuples until either it can no longer remove a tuple without
increasing the figure of merit, or the tuple set contains lset tuples.

35



Chapter 2. Scalable noise characterisation of syndrome extraction circuits with
averaged circuit eigenvalue sampling

Although Algorithm 2 could in principle remove deep tuples, or add tuples of inter-
mediate depth, it tends not to do so in practice. We usually choose nex = 3, lex = 10,
lset = 5|I|, and ftrial = 20, and describe P in Section 2.E.

Algorithm 2: Tuple set optimisation algorithm

Input: tuple set T , circuit C, gate eigenvalues λ
Output: tuple set T
Parameters :Excursion number nex and length lex, tuple set size lset, trial factor

ftrial, tuple probability distribution P
1 for ex in [nex] do

/* Greedily add tuples to the set */

2 initialise t← ftrial
(
lset + lex − |T |

)
3 while |T | < lset + lex and t > 0 do
4 sample T ∼ P
5 if F(T ∪ T |C,λ) < F(T |C,λ) then
6 append T ← T ∪ T
7 decrement t← t− 1

/* Greedily remove tuples from the set */

8 while F(T \ T ′|C,λ) < F(T |C,λ) or |T | > lset do
9 set T ′ ← argminT∈T F(T \ T |C,λ)

10 remove T ← T \ T ′

11 return T

After optimising the tuple set T with these algorithms, we might in practice add
repeated tuples of an intermediate depth to verify the expected exponential decay in the
circuit eigenvalues as a function of circuit depth at the cost of performance. Finally, we
optimise the shot weights Γ to obtain an optimised experimental design (T ,Γ).

2.5 Numerical results

We now present numerical results demonstrating that our methods are scalable and
capable of performant noise characterisation of surface code syndrome extraction circuit.
These results were produced on a 2021 M1 Max Macbook Pro with 32 GB of RAM with
Julia [108], and stabiliser circuits were stimulated with Stim [56]. We release all of our
code as the Julia package QuantumACES [88].

We test our methods on a distribution over noise models that we call log-normal
Pauli noise, where each Pauli error probability associated with each gate is independently
log-normally distributed, as this resembles the noise observed in the quantum device
featured in the surface code experiment [11]. We choose physically relevant average single-
qubit gate, two-qubit gate, and measurement error rates of r1 = 0.075%, r2 = 0.5%, and
rm = 2%, respectively, and supply the full details of the noise model, including layer times,
in Section 2.F. We will test our noise characterisation methods on the seed-0 random
instance of this noise model, and optimise our experimental designs for depolarising noise
with the same error rates, where under depolarising noise gates have an equal probability
of each Pauli error.

We first optimise an experimental design for depolarising noise on the syndrome
extraction circuit of a distance-3 surface code on 17 qubits, using the procedures outlined
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Figure 2.3: Simulated and predicted performance of basic and optimised ACES ex-
perimental designs. Simulated data show the distribution of the normalised RMS error
between the estimated and true gate eigenvalues when characterising a fixed-seed random
instance of log-normal Pauli noise for the syndrome extraction circuit of a distance-3
surface code. The data are 1000 trials of characterising a fixed-seed random instance of
log-normal Pauli noise with a measurement budget S = 108 and align with predicted
performance distributions based on Equation 2.27. The optimised experimental design
substantially outperforms the basic experimental design.

in Section 2.4. This depolarising noise model functions only as an optimisation target
and is constructed from estimates of the average single-qubit gate, two-qubit gate, and
measurement error rates, in this case as detailed above for log-normal Pauli noise. The
random tuples added by Algorithm 2 are shallow, with depth at most 4, and the shot
weights allocate the majority of the measurement budget to individually measuring the
controlled-Z gate layers. We present the complete experimental design in Section 2.G.

Then we perform ACES noise characterisation on a fixed-seed random instance of log-
normal Pauli noise, comparing the basic and optimised experimental designs. Figure 2.3
shows the distribution of the normalised RMS error over 1000 simulated trials of ACES
with a measurement budget S = 108 for both designs, as well as the predicted normalised
RMS error distributions. The predicted distributions closely align with the simulated
data, validating our ability to predict the performance of ACES noise characterisation
experiments, and demonstrating that the optimised design substantially outperforms the
basic design. For this random instance of log-normal Pauli noise, the basic design has
a figure of merit, or expected normalised RMS error, that is larger than the optimised
design by a factor 3.17, implying that the sample efficiency of the optimised design is a
factor 10.1 better than the basic design.

Next, we examine how the performance of this optimised experimental design for the
syndrome extraction circuit varies as a function of the surface code distance. Figure 2.4
depicts the figure of merit F , the expected normalised RMS error, and the normalised
RMS error standard deviation

√
V as functions of the surface code distance d. The exact

quantities are reported for depolarising noise, whereas for log-normal Pauli noise, we
report estimates of the mean across random samples from the distribution over noise
models.
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Figure 2.4: Performance scaling of ACES noise characterisation as a function of the
surface code distance d. (a) Figure of merit F , the expected normalised RMS error, and (b)
the normalised RMS error standard deviation

√
V, of the optimised experimental design

for the syndrome extraction circuit. The data points have no error for depolarising noise,
whereas for log-normal Pauli noise, they report the mean estimated by sampling from
the distribution over noise models, with error bars indicating two standard deviations.
The functional forms, based on Equations 2.28 and 2.29 and discussed in the text, fit the
data precisely, with relative errors of under 10−8 for each depolarising noise data point.

Empirically, we find that for depolarising noise, the normalised trace of the gate eigen-
value estimator covariance matrix tr (Σ)/S′, and of its square tr (Σ2)/S′2, are precisely
fit as quadratic functions of d. Model selection using the Akaike information criterion
corrected for small samples [109] prefers this quadratic model over other polynomial
models. Similarly, the number of gate eigenvalues is exactly described by a quadratic
with integer coefficients, N(d) = 84d2 − 36d − 24. Substituting these three quadratics
into Equations 2.28 and 2.29 yields functional forms that precisely describe the scaling
of F and

√
V with d, which are also depicted in Figure 2.4. For depolarising noise, we

fit the normalised traces of the gate eigenvalue estimator covariance matrix, obtaining
functional forms for F and

√
V with relative errors of less than 10−8 for each data point.

By contrast, for log-normal Pauli noise, we directly and simultaneously fit the functional
forms for F and

√
V. Although the data represent estimates, we nevertheless obtain

relative errors of less than 10−3 for each data point.

Importantly, the functional forms derived by substituting the quadratics into Equa-
tions 2.28 and 2.29 entail that in the limit of large d, the figure of merit F , or expected
normalised RMS error, approaches a constant value. Also, the optimised experimental
design requires 261 experiments, before Pauli frame randomisation, to estimate all of the
circuit eigenvalues at all tested code distances d, which range from d = 3 to d = 25. This
demonstrates that ACES is capable of estimating noise in surface code syndrome extrac-
tion circuits to a precision that is asymptotically independent of the number of qubits n
in the code, using a number of experiments that is also asymptotically independent of n.

Notably, the optimised experimental design performs better on average for log-normal
Pauli noise, despite being optimised for depolarising noise. Moreover, Figure 2.5 shows
histograms of the figure of merit F across random instances of log-normal Pauli noise at
a range of surface code distances d. It shows that random samples of log-normal Pauli
noise have increasingly similar figures of merit as the surface code distance d increases.
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Figure 2.5: Variation in the performance of ACES noise characterisation across random
instances of log-normal Pauli noise at a range of surface code distances d. The histograms
indicate the distribution of the figure of merit F , the expected normalised RMS error, of
the optimised experimental design for the syndrome extraction circuit. Random instances
of log-normal Pauli noise have increasingly similar figures of merit with increasing surface
code distance d.
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Figure 2.6: Performance of ACES experimental designs optimised for inaccurate average
error rates. The experimental designs were optimised for depolarising noise with a range of
error rates, with single-qubit gate error rates (a) r1 = 0.0375%, (b) r1 = 0.075%, and (c)
r1 = 0.15%, and two-qubit gate and measurement error rates indicated in the heatmaps.
Experimental designs were evaluated for the syndrome extraction circuit of a distance-3
surface code against 400 random instances of log-normal Pauli noise, whose average
error rates are indicated by the blue square. Heatmap colour indicates the expected
number of samples required to achieve a fixed estimation accuracy, expressed relative to
the best-performing design optimised at the correct average error rates. Only a single
experimental design requires over 10% more samples to achieve the same accuracy as the
best-performing design.
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Together, these suggest that the performance of the optimised experimental design is not
substantially harmed by small changes in the noise model that preserve average error
rates. The effects of randomness in the noise model on the performance of ACES also
appear to average out with increasing system size.

We also examine experimental designs optimised at different error rates to determine
the robustness of their performance. Specifically, we optimise for half the error rate,
the error rate, and double the error rate, on single-qubit gates, two-qubit gates, and
measurements, yielding 27 different experimental designs. Figure 2.6 shows the expected
number of samples required to achieve a fixed estimation accuracy, evaluated over 400
random instances of log-normal Pauli noise for the syndrome extraction circuit of a
distance-3 surface code. These values are expressed relative to the original experimental
design optimised for the appropriate average error rates, which performs best.

Only 3 of the 27 experimental designs require over 5% more samples than the most
performant experimental design to achieve the same expected accuracy, and the only
one to require greater than 10% more samples specifically requires 13.00± 0.10%. This
corresponds to having a mean figure of merit of 1.2757± 0.0016, whereas the mean figure
of merit of the most performant design is 1.2001±0.0014. The expected relative number of
samples required to achieve the same accuracy is the square of this ratio, and is estimated
precisely due to substantial covariance in the figure of merit between designs for each
instance of log-normal Pauli noise. Overall, this demonstrates that the performance of
optimised experimental designs is robust to being optimised for depolarising noise with
inappropriate average error rates.

Finally, we use our optimised experimental design to characterise a fixed-seed random
instance of log-normal Pauli noise on the syndrome extraction circuit of a distance d = 25
surface code with n = 1249 qubits. The optimised experimental design features 31 tuples

−4 −3 −2 −1 0 1 2 3 4

0.00

0.04

0.08

0.12

0.16

Circuit eigenvalue estimation error
(
×103

)

P
ro
b
a
b
il
it
y

S = 106

S = 107

S = 108

S = 109

Figure 2.7: Performance of ACES noise characterisation with the optimised experimental
design for the syndrome extraction circuit of a distance-25 surface code. The histograms
indicate distributions of the circuit eigenvalue estimation error, the difference between
the estimated and true circuit eigenvalues. The data are for a fixed-seed random instance
of log-normal Pauli noise over a range of measurement budgets S. Circuit eigenvalues are
estimated to greater precision with increasing S.
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which together estimate 267, 357 circuit eigenvalues over 261 experiments, before Pauli
frame randomisation, in order to estimate the 51, 576 gate eigenvalues. Optimising the
experimental design at d = 3, generating it at d = 25, and then simulating ACES noise
characterisation experiments for measurement budgets S ∈ {106, 107, 108, 109} together
took under 5 hours, with roughly half of that time being dedicated to stabiliser circuit
simulations with Stim. The fits in Figure 2.4 predict an average figure of merit 1.3245
and a standard deviation 0.0091, across random instances of log-normal Pauli noise. By
comparison, for the simulated noise characterisation of a specific random instance of
log-normal Pauli noise, the normalised RMS errors were {1.4480, 1.3243, 1.3303, 1.3245}
across measurement budgets. Excepting the smallest measurement budget S = 106, these
results are highly consistent with our performance predictions.

The noise estimation procedure begins by estimating the circuit eigenvalues from raw
measurement data. Figure 2.7 depicts histograms of the circuit eigenvalue estimation
error, the difference between the estimated and true circuit eigenvalues, across the range
of measurement budgets. As the measurement budget increases, the distributions of the
circuit eigenvalue estimation error narrow, straightforwardly improving the accuracy of
the circuit eigenvalue estimates.

Ultimately, the protocol estimates the Pauli error probability distributions of all gates
and measurements appearing in the circuit. We measure the gate estimation error with
the total variation distance (TVD) between the estimated and true Pauli error probability
distribution, a principled measure for probability distributions and equivalent to the
diamond norm between Pauli channels [94]. Figure 2.8 depicts histograms of the gate
estimation error across measurement budgets and the different types of gate appearing
in the circuit, namely: dynamical decoupling X gates and padded identity gates, which
are Pauli gates; Hadamard gates; measurements; and controlled-Z gates. The Pauli gates
tend to be estimated to a higher precision than the Hadamard gates, despite both being
single qubit gates. This is potentially related to the fact that Pauli gates commute with
other Pauli gates, up to sign, a setting in which it is easier to achieve relative precision
noise estimation, as discussed in Section 2.C. By contrast, the two-qubit controlled-Z
gates are least accurately estimated, accounted for in part by their Pauli error probability
distribution being over 16 errors, compared to 4 for the single-qubit gates and just 2 for
measurements.

The gate estimation errors improve roughly by a constant factor of
√
10 for each

factor of 10 increase in the measurement budget S, demonstrating the expected 1/
√
S

sample efficiency. This is clear visually and quantified in Table 2.1, which shows the
median gate estimation error across gate types and measurement budgets. The Hadamard
and controlled-Z gate estimates outperform the trend, particularly for the smallest
measurement budget S = 106. This is because large estimation errors for small values
of S are improved by ensuring parameter estimates are within bounds. Specifically,
gate eigenvalues greater than 1 are set to 1, and estimated probability distributions are
projected into the simplex. For the data in Table 2.1, at S = 106, 1211 gate eigenvalues
are set to 1, while at S = 107, only 51 gate eigenvalues are set to 1.

By contrast, referring again to Table 2.1, we see that measurement error estimation
underperforms the trend at S = 106. This appears to be the cause of the outlying poor
normalised RMS error 1.4480 at this measurement budget. Our performance prediction
calculations implicitly assume that we are in the limit of collecting a large number of
samples, so poor prediction at the smallest measurement budget is not surprising. Never-
theless, performance is highly consistent with our predictions at all larger measurement
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Figure 2.8: Performance of ACES noise characterisation with the optimised experimental
design for the syndrome extraction circuit of a distance-25 surface code. The histograms
indicate distributions of the gate estimation error, the total variation distance (TVD)
between the estimated and true error probability distributions for the gate. The data are
for a fixed-seed random instance of log-normal Pauli noise over a range of measurement
budgets S. The estimation error distributions are shown across the range of gate types
appearing in the circuit: (a) dynamical decoupling X gates and padded identity gates,
or Pauli gates; (b) Hadamard gates; (c) measurements; and (d) controlled-Z gates.
Across all gate types, the estimation error distributions consistently shift roughly by a
constant factor of 1/

√
10 when the measurement budget S is increased by a factor of 10,

demonstrating the anticipated sample efficiency.
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Table 2.1: Median of the gate estimation error distributions shown in Figure 2.8. Results
are shown for the optimised experimental design over a range of measurement budgets
S, and across the range of gate types appearing in the circuit: dynamical decoupling X
gates and padded identity gates, or Pauli gates; Hadamard gates; measurements; and
controlled-Z gates. Sequential entries differ by roughly 0.5, confirming the anticipated
1/
√
S scaling of the estimation error.

Measurement
budget

− log10 median gate estimation error (TVD)

Pauli Hadamard Measurement Controlled-Z

106 3.841 3.415 3.437 2.761

107 4.353 3.829 4.045 3.205

108 4.850 4.313 4.548 3.680

109 5.348 4.805 5.051 4.171

budgets.

We have demonstrated scalable and performant noise characterisation of the syndrome
extraction circuits of very large surface codes in a physically-relevant parameter regime. We
are able to precisely predict the performance of ACES noise characterisation experiments,
including as functions of the surface code distance. Optimising experimental designs for
our figure of merit robustly improves performance, even for a different noise model or
average error rates. We supply further numerical results in Section 2.G, and reproduce
them for the unrotated surface code in Section 2.H.

2.6 Conclusions

In this paper, we have described and numerically validated a scalable noise characterisa-
tion protocol based on ACES. Our protocol generates optimised experimental designs,
leveraging our precise analysis of the performance of ACES noise characterisation ex-
periments. We show in numerical simulations of a distance-25 surface code with 1249
qubits that we can achieve characterisation of circuit-level Pauli noise with predictable
performance. We believe the methods outlined here could be extended to all components
of fault-tolerant quantum computation with topological quantum codes.

There are a large number of potential directions for future work. A rigorous and
general theoretical understanding of tuple sets and their performance characteristics
would be clarifying, and would likely suggest improved optimisation algorithms. In
particular, our empirical ability to precisely predict the performance scaling of ACES
noise characterisation of syndrome extraction circuits as a function of the surface code
distance suggests underlying structure that we have not uncovered here. We may be
able to improve the performance of ACES by drawing more heavily on the theory
of optimal experimental designs [100], as well as on experimental design techniques
used in other noise characterisation methods. Salient additions include optimising our
choice of repeated tuples and removing measurements of circuit eigenvalues that do not
improve performance, analogous to germ selection and fiducial-pair reduction in gate set
tomography [62]. A detailed investigation of the relative precision estimation capabilities
of ACES would require marginalising noise estimates across gate Pauli orbits, as in cycle
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error reconstruction [76], and may require projecting noise estimates into the probability
simplex using the Mahalanobis distance [110], rather than the Euclidean distance, to
retain covariance matrix information.

A natural next step would be practically implementing our protocol to characterise
noise in a quantum device operating the syndrome extraction circuit of a topological
quantum code. Operating a quantum error correcting code entails mid-circuit measurement
and reset as part of syndrome extraction, and although we do not characterise the
associated noise here, we believe ACES can straightforwardly be modified to characterise
the associated noise, following methods such as those in [111, 112]. The resulting noise
estimates could then be used for error mitigation, numerical simulations, or supplied to a
noise-aware decoder to determine the extent to which detailed noise characterisation can
improve code performance.
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2.A. ACES estimates marginal Pauli error probabilities

2.A ACES estimates marginal Pauli error probabilities

When presenting ACES in Section 2.3.2, we assumed that each layer Ci of a circuit C
acting on n qubits is associated with an n-qubit Pauli noise channel Ei. As it is generally
intractable to learn all 4n eigenvalues of n-qubit Pauli channels, we focus on learning
a circuit-level noise model. Each layer Ci is decomposed into gates Gij supported on
mutually disjoint sets of qubits, and we learn Pauli channels Eij associated with the gates
Gij .

When estimating the eigenvalues of the gate Pauli channel Eij , we in fact estimate
a subset of the eigenvalues of the layer Pauli channel Ei, namely those eigenvalues
corresponding to Paulis supported on the gate Gij . It is a consequence of Lemma 4, and
by extension Equations 36 and 37, of [35], that the corresponding Pauli error probabilities
of the gate channel Eij are the marginal of the Pauli error probability distribution of the
layer channel Ei onto the support of the gate Gij . Hence when ACES estimates the noise
channel Eij of the gate Gij in the context of the layer Ci, it captures the averaged effect
on that particular gate of the spatial correlations in the full n-qubit noise channel.

We now prove this claim directly, using the Pauli transfer matrix and superoperator
formalism described in, for example, [113], but omitting much of the formalism of [35].
Write λ to refer to the vector of eigenvalues of Ei, namely λa for a ∈ Pn, and similarly
write the vector of Pauli error probabilities as p. As explained in Equations 2.7 and 2.8,
these are related as λ =Wp by a Walsh-Hadamard transform matrix W ordered by the
symplectic form ω, given as

W =
∑

a,b∈Pn

(−1)ω(a,b)|a⟩⟩⟨⟨b|. (2.32)

This matrix is its own inverse up to a constant factor of 4−n, as W 2 = 4nI, allowing us
to easily estimate p from λ.

Consider a subgroup A ⊆ Pn, and write λA to refer to the eigenvalues λa for a ∈ A.
These are related as λA = ΠAλ by the projector onto A, which is simply

ΠA =
∑
a∈A
|a⟩⟩⟨⟨a|. (2.33)

We seek to determine the properties of the Pauli error probability distribution estimated
from λA. To avoid introducing additional formalism from [35], we specialise our analysis
to the subgroup A = Pauli (Gij) of Paulis supported on some gate Gij occurring in the
layer Ci. This does not place any restrictions on the support of Gij , which we write as
Sij = supp (Gij) ⊆ [n], an arbitrary subset of the qubits. In this case, the eigenvalues λA

are precisely the eigenvalues of Ei we measure in the process of estimating Eij .
Instead denoting A = Pauli (Gij) = Pauli (Sij) allows us to write AC = Pauli (SC

ij ) =

Pauli ([n] \ Sij) as the subgroup of Paulis supported on the set complement SC
ij = [n]\Sij .

Then, we can clearly write any Pauli a ∈ Pn as a sum a = b+ c for some b ∈ A and
c ∈ AC . Indeed, for any b ∈ A and c ∈ AC , ω(b, c) = 0 as Paulis supported on mutually
disjoint sets of qubits trivially commute. In the language of [35], this is because AC is
the commutant of A and A is its own anticommutant.

This allows us to rewrite Equation 2.7 for eigenvalues λa such that a ∈ A, which
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yields

λa =
∑
b∈A

∑
c∈AC

(−1)ω(a,b+c)pb+c

=
∑
b∈A

(−1)ω(a,b)
∑

c∈AC

pb+c

. (2.34)

That is, the eigenvalues λA depend only on the distribution p marginalised over the
Paulis in AC onto the Paulis in A. We can write this as pA, being careful to distinguish
the meaning from λA, which refers to the eigenvalues for the Paulis in A.

Indeed, the eigenvalues λA are related to the marginal distribution pA by the projection
of the Walsh-Hadamard transform onto A, namely WA = ΠAWΠA. Calculating, we see
that

W 2
A =

∑
a,a′,b,b′∈A

(−1)ω(a,b)+ω(a′,b′)|b′⟩⟩⟨⟨a′|a⟩⟩⟨⟨b|

=
∑

b,b′∈A

(∑
a∈A

(−1)ω(a,b+b′)

)
|b′⟩⟩⟨⟨b|

= |A|
∑
b∈A
|b⟩⟩⟨⟨b| = |A|ΠA.

(2.35)

The third line follows from Lemma 1 in [35], the fact that any Pauli commutes either
with all Paulis in a subgroup of Pn, or exactly half of them. Hence WA behaves similarly
to W in the sense that WA squares to ΠA, up to a constant, whereas W squares to the
identity, the projector onto the entirety of Pn.

We have shown that when we attempt to estimate the eigenvalues of the gate Pauli
channel Eij associated with the gate Gij , we in fact estimate some of the eigenvalues
of the layer Pauli channel Ei associated with the layer Ci in which Gij appears. Taking
the Walsh-Hadamard transform of these eigenvalues yields estimates for the Pauli error
probabilities of Eij that correspond to the Pauli error probability distribution of Ei
marginalised onto the support of the gate Gij . This gives a sense in which marginalisation
commutes with the Walsh-Hadamard transform.

Consequently, the ACES estimate of the noise associated with a particular gate
operated in the context of a particular layer captures the averaged effect of spatial
correlations within the layer on that gate. Padding layers with single-qubit identity gates
on qubits not included in the support of some existing gate in the layer ensures that we
learn marginals of the full Pauli error probability distribution onto all qubits.

2.B Least squares estimation methods

In Section 2.3.4, we described a weighted least squares (WLS) method for solving the
standard linear regression problem of Equation 2.24. Alternatives include ordinary least
squares (OLS) and generalised least squares (GLS). In this appendix, we describe and
compare these methods and explain our preference for WLS, drawing on standard linear
regression theory described, for example, in [114].

Recall Equation 2.24, which gives the standard form linear regression problem

b = Ax+ ε, (2.36)
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where the circuit log-eigenvalues b are related to the gate log-eigenvalues x by the
design matrix A, alongside an error variable we assume is distributed according to a
multivariate normal distribution ε ∼ NM (0,Ω′). The least squares estimators for the
gate log-eigenvalues in the linear regression problem Equation 2.24 can all be expressed
in the form

x̂ =
(
A⊺P̂A

)−1
A⊺P̂b, (2.37)

where the nature of the estimated precision matrix P̂ differentiates OLS, WLS, and GLS.

OLS simply sets the precision matrix to be the identity, P̂ = I. This corresponds to
assuming that the error term ε is homoscedastic, that is, εµ has the same variance for
each µ ∈ M , and uncorrelated, that is, there is zero covariance between εα and εβ for
all α ̸= β. These assumptions entail that the covariance matrix of ε is proportional to
the identity. WLS relaxes the assumption of homoscedasticity, taking P̂µµ = Ω̂′−1

µµ to be
a diagonal matrix whose entries are the inverse estimates of the circuit log-eigenvalue
variances. GLS relaxes both assumptions, taking P̂ = Ω̂′−1 to be the inverse of the
estimated circuit log-eigenvalue covariance matrix.

The accuracy of the least squares estimator improves as we progress from OLS to
WLS and then to GLS, each time using a more detailed precision matrix. Note also that
GLS simplifies the expression for the gate log-eigenvalue estimator covariance matrix in
Equation 2.26 to Σ′ =

(
A⊺Ω′−1A

)−1
, under the assumption Ω̂′ = Ω′ we use generally

when calculating the figure of merit.

Implementing WLS and GLS requires us to estimate the diagonal elements of the
circuit log-eigenvalue covariance matrix, and the full matrix Ω′, respectively. Recall that
the entries of Ω′ are given by Equation 2.23. We can estimate the variance of the circuit
eigenvalue estimator Λ̂T,a using that estimate for the circuit eigenvalue, making WLS
easy to implement. To construct the full covariance matrix, we may also need to calculate
the off-diagonal elements ΛT,a+a′ from the gate eigenvalues using Equation 2.18. Write
Aµ to denote the vector whose elements are Aµν , the powers of the gate eigenvalues
appearing in Equation 2.18 for the circuit eigenvalue Λµ. This decomposition shows that
the covariance will be zero when AT,a +AT,a′ = AT,a+a′ , and strictly positive otherwise.
The former condition is clearly satisfied when the supports of Pa and Pa′ remain disjoint
throughout the action of the circuit CT , removing the need to calculate AT,a+a′ in that
case. It also implies that the covariance matrix is sparse even within the blocks for each
tuple T ∈ T .

In this case, we cannot directly implement GLS, as the gate eigenvalues are what
we are attempting to estimate. Instead, we perform feasible generalised least squares
(FGLS), first estimating the gate eigenvalues with WLS, and then iteratively generating
Ω′ from the estimates and performing GLS until convergence. In practice, FGLS performs
similarly to GLS with the true covariance matrix.

To efficiently numerically implement GLS, we take the sparse Cholesky factorisation
Ω̂′ = LL⊺ and then left-multiply the linear regression problem Equation 2.24 by L−1.
Indeed, as Ω′ is block diagonal, we can perform this calculation separately for the blocks
of Ω′, which correspond to the tuples in the tuple set.

Even so, the problems of calculating the sparse Cholesky factorisation of Ω̂′ and
inverting the Cholesky factor L are intractable for very large surface codes. For example,
at d = 25 there are hundreds of thousands of circuit eigenvalues. We therefore focus
on WLS in this paper, as we are primarily interested in detailing a practical and
scalable protocol. Nevertheless, GLS offers greater performance for small-scale noise
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characterisation experiments and should be used in these instances. The results throughout
this paper are similar for GLS.

2.C ACES estimates noise to relative precision

In this appendix, we optimise an experimental design for a toy circuit to demonstrate
that ACES is capable of learning Pauli channels to relative precision, including in the
presence of SPAM noise. We achieve this with the usual strategy employed in tomography
and noise characterisation, namely, by using a tuple that amplifies noise by repeating the
layer a large number of times.

It is not generally possible to estimate all eigenvalues of a Pauli noise channel associated
with a Clifford gate to relative precision [115]. In particular, when single-qubit gates
have no appreciable noise, we find that ACES is capable of relative precision estimation
of the eigenvalues of those Paulis whose support is unchanged by the Clifford gate, in
line with [115]. By contrast, when single-qubit gates are appreciably noisy, we find that
ACES is only capable of relative precision estimation of the eigenvalues of Paulis that
commute with the Clifford gate up to sign. This is because only the products of gate
eigenvalues within each of the orbits of the gate can be learned to relative precision, as
discussed in cycle error reconstruction [76]. We sidestep this issue here by considering
only single-qubit Pauli gates that commute with all Paulis up to sign, though we believe
that ACES is generally capable of relative precision noise estimation.

However, we caveat that this appendix demonstrates that full relative precision
estimation is in fact not possible when accounting for experiment duration: it is only
possible when simply considering sample complexity. Accounting for the time taken
to implement experiments penalises the deep circuits used in relative precision noise
estimation. This results in circuits of more moderate depth—which are not capable of
full relative precision noise estimation—becoming optimal.

Consider a circuit acting on n qubits that consists of a single layer of n single-qubit
Pauli gates, with SPAM noise. Each gate has 3 gate eigenvalues whose values we all set
to λ, and each of the 3 Pauli preparation and measurements on each qubit is assigned a
SPAM noise eigenvalue λm, so that overall we have N = 6n gate eigenvalues.

We specify our tuple set as consisting of two tuples that repeat the layer ϕ1 and ϕ2
times, respectively. Our experimental design is parameterised by the layer repetition
numbers ϕ1 and ϕ2, and without loss of generality we take ϕ2 > ϕ1 so that we can write
ϕ2 = ϕ1 + ϕ. Note that ϕ1 = 0 and ϕ2 = 1 corresponds to the basic tuple set. Ordering
the circuit and gate eigenvalues appropriately yields the design matrix

A =

[
ϕ1I3n I3n
ϕ2I3n I3n

]
. (2.38)

Next, we need to determine the circuit eigenvalue estimator covariance matrix. To
measure all the circuit eigenvalues, each experiment merely needs to prepare and measure
each of Pauli X, Y and Z on the n qubits, resulting in |ET | = 3 experiments for any tuple
T . This scheme implies that none of the circuit eigenvalue estimators are correlated with
each other, producing a diagonal covariance matrix. Now suppose that measurement and
reset takes a time τ relative to the circuit layer. The time factor for the basic tuple set is

τTI =
2τ(τ + 1)

2τ + 1
. (2.39)
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Our experimental design assigns a shot weight Γ to the ϕ2 tuple, and 1 − Γ to the ϕ1
tuple, yielding a time factor

τT ,Γ = τ + ϕ1 + Γϕ. (2.40)

The measurement budget S is related to the measurement shots S′ as

S = S′
(

2τ(τ + 1)

(2τ + 1)(τ + ϕ1 + Γϕ)

)
. (2.41)

Then, with reference to Equation 2.23 we see that the circuit eigenvalue estimator
covariance matrix Ω is

Ω =
3

S

[
ω1I3n 0
0 ω2I3n

]
, (2.42)

ω1 =
1− λ2mλ2ϕ1

1− Γ
, (2.43)

ω2 =
1− λ2mλ2ϕ2

Γ
. (2.44)

A first-order Taylor expansion yields

Ω′ =
3

S

[
ω′
1I3n 0
0 ω′

2I3n

]
, (2.45)

ω′
1 =

1− λ2mλ2ϕ1

(1− Γ)λ2mλ
2ϕ1

, (2.46)

ω′
2 =

1− λ2mλ2ϕ2

Γλ2mλ
2ϕ2

. (2.47)

As the covariance matrix is diagonal, we can treat WLS and GLS to approximate
Ŵ = Ω′−1, simplifying Equation 2.26 to Σ′ =

(
A⊺Ω′−1A

)−1
. Calculating, and performing

another first-order Taylor expansion, we obtain

Σ′ =
3

S


ω′
1+ω′

2
ϕ2 I3n −ϕ2ω′

1+ϕ1ω′
2

ϕ2 I3n

−ϕ2ω′
1+ϕ1ω′

2
ϕ2 I3n

ϕ2
2ω

′
1+ϕ2

1ω
′
2

ϕ2 I3n

 , (2.48)

Σ =
3

S


ω′
1+ω′

2
ϕ2 λ2I3n −ϕ2ω′

1+ϕ1ω′
2

ϕ2 λmλI3n

−ϕ2ω′
1+ϕ1ω′

2
ϕ2 λmλI3n

ϕ2
2ω

′
1+ϕ2

1ω
′
2

ϕ2 λ2mI3n

 . (2.49)

The top-left block of Σ describes the variance of the gate eigenvalue estimators, whereas
the bottom-right block describes the variance of the measurement eigenvalue estimators,
and the remaining blocks describe the covariance between the gate and measurement
eigenvalue estimators.

It is simplest and most instructive to focus on the large n limit. Examining Equa-
tion 2.28, and noting that both tr (Σ) and tr (Σ2) are proportional to n, we see that the
figure of merit reduces to F =

√
S′/N

√
tr (Σ).
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We are interested here in relative precision noise estimation, which is only possible for
the gate eigenvalues. We will therefore consider a modified version of the figure of merit,
which for convenience we still call F , where the trace is taken only over the top-left block
of Σ corresponding to the gate eigenvalues. For this modified figure of merit, we see that

F =

√
(2τ + 1)(τ + ϕ1 + Γϕ)

4τ(τ + 1)

(
f1

1− Γ
+
f2
Γ

)
, (2.50)

f1 =
λ2(λ−2ϕ1 − λ2m)

ϕ2
, (2.51)

f2 =
λ2(λ−2ϕ1λ−2ϕ − λ2m)

ϕ2
. (2.52)

Next, let us optimise the shot weight Γ. Inspecting F , the optimal value lies in (0, 1)
and can be found by setting the derivative with respect to Γ to be zero. This derivative
is given by

∂F
∂Γ

=
2τ + 1

8τ(τ + 1)F ′

(
(τ + ϕ2)f1
(1− Γ)2

− (τ + ϕ1)f2
Γ2

)
, (2.53)

and is zero when

Γ =

√
(τ + ϕ1)f2√

(τ + ϕ2)f1 +
√
(τ + ϕ1)f2

. (2.54)

Substituting and rearranging eventually yields

F =

√
(2τ + 1)

4τ(τ + 1)

(√
(τ + ϕ1)f1 +

√
(τ + ϕ2)f2

)
. (2.55)

Now, we optimise the repetition number ϕ1. Differentiating with respect to ϕ1 yields

∂F
∂ϕ1

=

√
(2τ + 1)

4τ(τ + 1)

(
λ2
(
λ−2ϕ1

(
1− 2(τ + ϕ1) log (λ)

)
− λ2m

)
2ϕ2
√
(τ + ϕ1)f1

+
λ2
(
λ−2ϕ2

(
1− 2(τ + ϕ2) log (λ)

)
− λ2m

)
2ϕ2
√

(τ + ϕ2)f2

)
.

(2.56)

Since λ ∈ (δ, 1] for some δ > 0, we see that log (λ) is non-positive. Inspecting this
expression, including f1 and f2, which are both always positive, it becomes clear that
this derivative is positive for all ϕ1. This indicates that the optimal value of ϕ1 is the
minimal one, namely 0, as suggested by Elfving’s theorem. Then, substituting ϕ1 into
the expression for the figure of merit gives

F =

√
(2τ + 1)

4τ(τ + 1)

λ

ϕ

(√
τ(1− λ2m) +

√
(τ + ϕ)(λ−2ϕ − λ2m)

)
. (2.57)

A similar calculation obtains the figure of merit when we do not account for the time
taken to perform the gates, which we will call F ′, as

F ′ =
λ√
2ϕ

(√
1− λ2m +

√
λ−2ϕ − λ2m

)
. (2.58)
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Figure 2.9: The optimal repetition number ϕopt for estimating gate eigenvalues λ
is smaller when we account for gate times than when we do not, which correspond
respectively to the time- and sample-optimised experimental designs. Nevertheless, both
optimal repetition numbers scale asymptotically as 1/(1− λ).

Optimising for this figure of merit F ′ produces sample-optimised experimental designs
that maximise estimation precision given a fixed number of samples from the quantum
device. By contrast, optimising for the usual figure of merit F produces time-optimised
experimental designs that maximise estimation precision given a fixed window of time in
which to sample from the quantum device.

Now we are ready to numerically optimise the number of repetitions ϕ. To do this,
we optimise it as a continuous variable and then consider both the floor and ceiling of
the optimal value, choosing the one that minimises the figure of merit as the optimal
repetition number ϕopt. For these numerical results, we choose parameter values in line
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Figure 2.10: The optimal circuit eigenvalue λmλ
ϕopt for estimating gate eigenvalues λ

is larger and only slowly approaches a constant value when we account for gate times
compared to when we do not. These correspond respectively to the time- and sample-
optimised experimental designs.
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Figure 2.11: The figure of merit F of ACES noise characterisation experimental designs
when estimating gate eigenvalues λ. The basic experimental design is only capable of
additive precision, as it does not repeat gates. The figures of merit of the sample- and time-
optimised experimental designs scale as 1− λ and

√
1− λ, respectively, demonstrating

that ACES is capable of relative precision noise estimation when not accounting for
experiment duration.

with the depolarising noise model described in Section 2.F and used elsewhere in this
paper. Namely, we choose τ = 660/29 and λm = 0.96, and note that for single-qubit
gates we usually have λ1 = 0.999, so 1 − λ1 = 10−3. As we focus on relative precision
noise estimation, we are primarily interested in the behaviour of quantities as the gate
eigenvalue λ approaches 1 from below. We also optimise ϕ for both the usual figure of
merit F which accounts for the time taken to perform gates, as well as F ′, which does
not.

Figure 2.9 shows the optimal repetition number ϕopt for estimating gate eigenvalues
λ. Asymptotically the optimal number of repetitions scales as 1/(1− λ), consistent with
previous results in randomised benchmarking [116], regardless of whether we account for
gate times. Accordingly, we find that the optimal circuit eigenvalue λmλ

ϕopt for estimating
gate eigenvalues λ approaches a constant value, as seen in Figure 2.10. The optimal
circuit eigenvalue is relatively large and approached slowly when accounting for gate
times, whereas when we do not, it is smaller and approximately constant regardless of λ.

Finally, Figure 2.11 shows the figure of merit of a number of experimental designs when
estimating gate eigenvalues λ. The figure of merit of the sample-optimised experimental
design scales as (1− λ), demonstrating that ACES is capable of relative precision noise
estimation. By contrast, the basic experimental design, which has ϕ = 1, has a roughly
constant figure of merit and is only capable of additive precision. However, the figure of
merit of the time-optimised experimental design scales as

√
1− λ.

This toy example elucidates that full relative precision noise estimation, where
estimation accuracy scales as (1− λ), is not possible when appropriately accounting for
the time taken to implement gates on the device. Repeating gates a large number of
times proportionally increases the amount of time taken to implement the circuit on a
quantum device. This decreases the number of samples collected in a fixed window of
time, reducing noise estimation precision. When accounting for this, the accuracy of the
optimised experimental design instead scales as

√
1− λ.
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2.D. Figure of merit differentiation

2.D Figure of merit differentiation

In Section 2.4.2, we used the derivative of the figure of merit F with respect to the shot
log-weights γ = {γT }T∈T associated with a tuple set T to optimise the shot weights. In
this appendix, we detail analytic expressions for this derivative for weighted least squares
as well as generalised and ordinary least squares, which are discussed in Section 2.B. This
optimisation is crucial, as we find numerical automatic differentiation to be impractically
slow. We used an algorithmic tool [117, 118] to obtain analytic expressions for the
derivatives presented here, and verified them against automatic differentiation [119].

Recall that the circuit eigenvalue estimator covariance matrix Ω, given by Equa-
tion 2.23, is a block diagonal symmetric matrix whose blocks correspond to each tuple
T in the tuple set T , weighted by a factor 1/ΓT , alongside an overall experiment time
factor τT ,Γ =

∑
T∈T ΓT τT . The block diagonal structure ensures that first-order Taylor

expansion used to derive the circuit log-eigenvalue estimator covariance Ω′ from Ω com-
mutes with this weighting. Consequently, we work with the more convenient Ω′ appearing
in Equation 2.26 for the gate log-eigenvalue estimator covariance matrix Σ′. Note also
that Σ = diag (λ)Σ′ diag (λ), where diag (λ) represents the diagonal matrix created by
placing the vector λ along the diagonal.

First, we see that the derivative of the figure of merit with respect to the shot
log-weights is related to the derivative with respect to the shot weights as

∂F
∂γT

=
∂F
∂ΓU

∂ΓU

∂γT
=

∂F
∂ΓU

(
ΓUΓT − δUTΓT

)
. (2.59)

Then recalling Equation 2.28 for the figure of merit, applying the chain rule again yields

∂F
∂ΓT

=

√
S′

N

∂ tr (Σ)

∂ΓT

(
tr (Σ)2/2 + 3 tr (Σ2)/8

tr (Σ)5/2

)
−
√
S′

N

∂ tr (Σ2)

∂ΓT

1

4 tr (Σ)3/2
. (2.60)

Hence we must determine the derivatives of tr (Σ) and tr (Σ2) with respect to each of
the ΓT . The chain rule for matrices, as given in [120], yields

∂ tr (Σ)

∂ΓT
= tr

((
∂ tr (Σ)

∂Ω′

)⊺ ∂Ω′

∂ΓT

)
, (2.61)

∂ tr (Σ2)

∂ΓT
= tr

((
∂ tr (Σ2)

∂Ω′

)⊺
∂Ω′

∂ΓT

)
. (2.62)

Writing the Uth block of Ω′ as an explicit function of the weights and measurement shots
S′, namely Ω′

U =
(∑

V ∈T ΓV τV /ΓU

)
Ω∗
U/S

′, we see that

∂Ω′
U

∂ΓT
=

(
τT
ΓU
− δUT

∑
V ∈T ΓV τV

Γ2
T

)
Ω∗
U

S′ . (2.63)

Now it remains only to determine the derivatives of tr (Σ) and tr (Σ2) with respect to
Ω′ with the help of the aforementioned algorithmic tool [117, 118], for ordinary, weighted,
and generalised least squares estimators.

For ordinary least squares, it is helpful to define A∗
OLS = diag (λ)(A⊺A)−1A⊺, so that
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we have

ΣOLS = A∗
OLSΩ

′A∗⊺
OLS (2.64)

∂ tr (ΣOLS)

∂Ω′ = A∗⊺
OLSA

∗
OLS, (2.65)

∂ tr (Σ2
OLS)

∂Ω′ = 2A∗⊺
OLSΣOLSA

∗
OLS. (2.66)

We obtain the same results for generalised least squares, instead defining A∗
GLS =

diag (λ)(A⊺Ω′−1A)−1A⊺Ω′−1 to obtain

ΣGLS = A∗
GLSΩ

′A∗⊺
GLS (2.67)

= diag (λ)(A⊺Ω′−1A)−1 diag (λ), (2.68)

∂ tr (ΣGLS)

∂Ω′ = A∗⊺
GLSA

∗
GLS, (2.69)

∂ tr (Σ2
GLS)

∂Ω′ = 2A∗⊺
GLSΣGLSA

∗
GLS. (2.70)

However, weighted least squares is a little more complicated. We define the diagonal
weight matrix with the elementwise Hadamard product asW = (Ω′⊙I)−1, and then both
A+

WLS = (A⊺WA)−1A⊺W and A∗
WLS = diag (λ)A+

WLS, before finally defining BWLS =
Ω′W (AA+

WLS − I). Together, these yield

ΣWLS = A∗
WLSΩ

′A∗⊺
WLS, (2.71)

∂ tr (ΣWLS)

∂Ω′ = A∗⊺
WLSA

∗
WLS (2.72)

+ 2A∗⊺
WLSA

∗
WLSBWLS ⊙ I, (2.73)

∂ tr (Σ2
WLS)

∂Ω′ = 2A∗⊺
WLSΣWLSA

∗
WLS (2.74)

+ 4A∗⊺
WLSΣWLSA

∗
WLSBWLS ⊙ I. (2.75)

Note that the WLS estimatorA+
WLS is a left inverse toA, such thatAA+

WLS−I = [A,A+
WLS]

is in fact a commutator. This commutator is zero when A is square and full-rank and
therefore admits a right inverse, as in the case of the basic experimental design.

2.E Tuple generation

When generating optimised tuple sets in Section 2.4.3, there are two stages at which we
must generate tuples. First, we generate a set Trep of tuples which will be repeated some
large number of times to amplify and estimate small gate eigenvalues. These resemble
the germs of gate set tomography [62]. We later append random tuples to the tuple
set, drawing them from some probability distribution over tuples P. In this appendix,
we describe how we generate both these repeated and random tuples. We expect it is
possible to substantially improve upon the heuristic methods outlined here.

Our tuple generation methods depend on whether the circuit C is dynamically
decoupled. We would like both the repeated and random tuples to reflect this property so
as to more closely reflect the original circuit. We find it performant to repeat the layers
comprising the repeated tuples such that each repeated tuple implements an involution,
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and repeating it twice implements the identity. The repeated tuples for non-dynamically-
decoupled circuits are simple and consist of each of the non-empty tuples of the basic
tuple set TI . For dynamically decoupled circuits, single-qubit gate layers are treated
in the same manner, whereas layers with multi-qubit gates are interleaved with the
dynamical decoupling layer. This ensures that multi-qubit gate layers are not performed
in succession, as is the case in the surface code syndrome extraction circuit we aim to
characterise. For a concrete example, see the tuples in Table 2.2.

When generating random tuples, which we do by iteratively appending random
elements to the tuple, we will often use a discrete power-law distribution with finite
support known as the generalised Zipf distribution. Up to a normalisation factor, this
distribution assigns a weight 1/us to an outcome u up to a maximum value umax. We will
also consider mirror circuits, which implement a series of layers followed by their inverses
in reverse order, such that the overall circuit implements the identity. These have recently
been used to improve the efficiency of randomised benchmarking [121, 122]. As surface
code syndrome extraction circuits consist of layers of X, Hadamard and controlled-X or
controlled-Z gates, which are all their own inverses, mirror circuits are generated by mirror
tuples, with a simple example of a mirror tuple being T = (2, 1, 3, 2, 2, 3, 1, 2). In the
context of ACES, we must append additional layers to mirror circuits in order to obtain
full-rank design matrices [74], and accordingly we mirror only the first L′ = ⌊(L− 1)/2⌋
elements of a length L tuple, leaving one or two non-mirror layers at the end of the tuple
for odd or even L, respectively.

To generate a random tuple, we first choose the tuple length L randomly according
to a Zipf distribution with s = 1 and a maximum length umax = 2l of twice the length
l of the circuit C. We randomly choose whether the tuple will be mirrored or not, and
the rule for the number of copies of each index we append to the tuple, each with even
probability. Specifically, we append a Zipf-distributed number of copies where we choose
either s =∞, which corresponds to appending a single copy, or s = 2, which has some
probability of appending multiple copies.

For non-dynamically-decoupled circuits, we then simply iteratively append copies of
a random index drawn with even probability from the unique layer indices I. It is a little
more complicated for dynamically decoupled circuits, as we again want to avoid repeating
multi-qubit gate layers. We do this by appending copies of pairs of indices, where the
first is drawn before the second to ensure that multi-qubit gate layers are indeed not
repeated. When a pair is repeated, the Zipf-distributed repetition number is divided by 2
and rounded up. In the case of mirror circuits, we must also check that a multi-qubit
gate layer is not repeated at the point of mirroring.

This heuristic range of rules for generating tuples ensures that we generate a wide
variety of random tuples. Despite this, we find that our optimisation algorithm Algorithm 2
generally chooses short random tuples. This is driven at least in part by the fact that the
number of repetitions for Trep is optimised when augmented by the basic tuple set TI. We
also suspect that the efficient packing of circuit eigenvalue measurements, as specified by
Algorithm 1, is a key driver of performance, and this is achieved by mirror tuples, tuples
with repeated layers, and shallow tuples. A deeper theoretical understanding of tuple
sets should suggest improvements to these methods.
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2.F An experimentally-relevant noise model

We would like to examine the performance of our methods on an experimentally-relevant
noise model. In this appendix, we construct a distribution over random noise models
which resemble and are qualitatively similar to the noise observed in the surface code
experiment [11], whose syndrome extraction circuit we depicted in Figure 2.1. We call
this distribution log-normal Pauli noise because each non-identity Pauli and measurement
error probability is randomly and independently distributed according to some log-normal
distribution.

First, we specify the parameters we use for the gate layer, measurement, and reset
times. In [11], the overall syndrome extraction circuit is specified to take 921 ns, with
measurement taking 500 ns and reset taking 160 ns, leaving 261 ns for the rest of the
circuit. Gate layer times are not obviously specified, so we assume they are equal, which
is not entirely inconsistent with an earlier experiment [123]. This yields a single-qubit
gate layer time τ1 = 29 ns, a two-qubit gate layer time τ2 = 29 ns, and a measurement
and reset time τmr = 660 ns.

For each gate type, including measurements, we tune the mean and variance of the
log-normal distribution such that the entanglement infidelity—the sum of a gate’s non-
identity Pauli error probabilities—has a mean and variance resembling [11]. In particular,
we target mean gate infidelities of r1 = 0.075% for single-qubit gates, r2 = 0.5% for
two-qubit gates, and rm = 2% for measurements. Note that the single-qubit identity
gates used to pad layers are treated the same as other single-qubit gates. Approximating
the sum of log-normal distributions as another log-normal distribution with the same
mean and variance, we arbitrarily specify that the normal random variable underlying
this new distribution has a not dissimilar variance σ2tot = log (10/9) ≈ 0.105.

A log-normally distributed random variable X = exp (µZ + σZZ), where Z is a
normal random variable with mean 0 and variance 1, such that µZ + σZZ has mean µZ
and variance σ2Z . Then it is well-known that X has mean µX = exp (µZ + σ2Z/2) and
variance σ2X =

(
exp (σ2Z)− 1

)
exp (2µZ + σ2Z). We begin by specifying the distribution

used to generate measurement error probabilities, as each measurement only has one error
probability. Setting µX = rm and σ2Z = σ2tot, rearranging yields µZ = log (µX)− σ2Z/2 =
− log (50)− log (10/9)/2 ≈ −3.965.

Gates are a little more complicated, as a b-qubit gate has b′ = 4b−1 non-identity Pauli
error probabilities. We therefore approximate the sum of these b′ log-normal distributions
as log-normally distributed with the same mean µX;b = b′µX and variance σ2X;b = b′σ2X .

Simple rearrangements yield the mean µZ and variance σ2Z of the normal random variable
underlying each individual non-identity Pauli error probability as

σ2Z = log
(
1 + b′(exp (σ2Z;b)− 1)

)
, (2.76)

µZ = log
(
µX;b/b

′)− σ2Z/2. (2.77)

For single-qubit gates where b = 1, we set σ2Z;1 = σ2tot and µX;1 = r1, yielding

σ2Z = log (4/3) ≈ 0.288 and µZ = − log (8000/
√
3) ≈ −8.438. Similarly for two-qubit

gates where b = 2, we set µX;2 = r2 and σ2Z;2 = σ2tot, yielding σ
2
Z = log (8/3) ≈ 0.981 and

µZ = − log (2000
√
6) ≈ −8.497. As the sum of log-normal distributions is not in fact

log-normal, the true variance of the sum will be a little less than our target, with greater
deviation for two-qubit gates than for single-qubit gates. Nevertheless, the mean will be
consistent with our target.
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Figure 2.12: Performance comparison of experimental designs optimised for generalised
least squares (GLS), weighted least squares (WLS), and ordinary least squares (OLS).
Predicted normalised RMS error probability distributions for a fixed-seed random instance
of log-normal Pauli noise for the syndrome extraction circuit of a distance-3 surface code.

We can easily compare this to a depolarising Pauli noise model with the same gate
and measurement entanglement infidelities r2, r1, and rm. We could think of this as being
produced by setting σ2tot = 0. Be careful to note that under the usual parameterisation, a
b-qubit depolarising channel with entanglement infidelity rb in fact has a depolarising
constant rb(1 + 1/(4b − 1)).

It is easier to calculate quantities for depolarising noise, as they can be calculated
directly rather than estimated across random samples of log-normal Pauli noise. Neverthe-
less, random instances of log-normal Pauli noise are a more interesting and representative
target for noise characterisation.

2.G Additional numerical results

We present a number of additional numerical results that were not included in Section 2.5.
To further examine these results, refer to the code [88].

The experimental design optimised for depolarising noise on the syndrome extraction
circuit of a distance-3 surface code, which we focus on in Section 2.5, is displayed in
Table 2.2. Recall that the elements of the tuples index the gate layers appearing in
Figure 2.1. We see that while the repeated tuples are very long, the other tuples are
very shallow, as suggested by Elfving’s theorem. We can also compare our repetitions
to the toy example of Section 2.C to check the performance of the repetition number
optimisation algorithm. There, the optimal number of Pauli gate repetitions at the same
parameter values is 306, compared to 191 here, although only 176 repetitions are required
to achieve the asymptotically optimal circuit eigenvalue. These values are similar enough
so as to not be a cause for concern, given the different contexts.

Interestingly, most of the measurement budget goes towards measuring the controlled-
Z gate layers by themselves, and this is preferred over measuring them alongside single-
qubit gate layers. Moreover, no tuple measures multiple controlled-Z gate layers together.
This illustrates that performant noise characterisation experimental designs are in fact
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Table 2.2: The experimental design with 31 tuples optimised for depolarising noise
for the syndrome extraction circuit of a distance-3 surface code shown in Figure 2.1,
including the measurement shot weights Γ and tuple set T , as well as the repetition
number for the repeated tuples.

Shot weight Tuple Repetition number

0.000516 (1) 233

0.000506 (3) 233

0.002424 (5) 191

0.007184 (2, 5, 2, 5) 25

0.007167 (4, 5, 4, 5) 25

0.007138 (6, 5, 6, 5) 25

0.007317 (8, 5, 8, 5) 25

0.158506 (2)

0.204358 (4)

0.139123 (6)

0.074416 (8)

0.030260 (1, 4)

0.022677 (1, 6)

0.029468 (1, 8)

0.058915 (2, 1)

0.002187 (2, 5)

0.045958 (3, 6)

0.029315 (3, 8)

0.003016 (5, 2)

0.002618 (5, 4)

0.002297 (5, 8)

0.035342 (6, 1)

0.032844 (8, 1)

0.078418 (8, 3)

0.011389 (2, 5, 3)

0.003830 (3, 2, 5)

0.001268 (4, 1, 5)

0.000428 (4, 5, 5)

0.000323 (5, 5, 4, 1)

0.000505 (5, 5, 6, 3)

0.000466 (5, 6, 3, 5)

58



2.G. Additional numerical results

(a) (b)

(c) (d)

(e) (f)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0

1

2

3

4

5

Normalised RMS error

P
ro
b
a
b
il
it
y
d
en

si
ty

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0

1

2

3

4

5

Normalised RMS error

P
ro
b
a
b
il
it
y
d
en

si
ty

Basic simulation

Basic prediction

Optimised sim.

Optimised pred.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0

1

2

3

4

5

Normalised RMS error

P
ro
b
a
b
il
it
y
d
en

si
ty

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0

1

2

3

4

5

Normalised RMS error

P
ro
b
a
b
il
it
y
d
en

si
ty

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0

1

2

3

4

5

Normalised RMS error

P
ro
b
a
b
il
it
y
d
en

si
ty

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0

1

2

3

4

5

Normalised RMS error

P
ro
b
a
b
il
it
y
d
en

si
ty

Figure 2.13: Similar results as in Figure 2.3 (reproduced in (e)), but across a range
of measurement budgets S and for both a fixed-seed random instance of log-normal
Pauli noise and depolarising noise. Specifically, (a, c, e), log-normal Pauli noise; (b, d, f)
depolarising noise; (a, b) S = 106; (c, d) S = 107; and (e, f) S = 108.
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Figure 2.14: Similar results as in Figure 2.4, only for depolarising noise but across a
range of experimental designs. The experimental designs are optimised for generalised
least squares (GLS), weighted least squares (WLS), and ordinary least squares (OLS),
and include one optimised for inappropriate average error rates (WLS*), namely the
worst performing design in Figure 2.6. (a) Figure of merit F , the expected normalised
RMS error, and (b) the normalised RMS error standard deviation

√
V as functions of

the surface code distance d, with the data points fit by the same functional forms as in
Figure 2.4.

quite simple.

Figure 2.12 compares the predicted performance for experimental designs optimised
for the different least squares estimators. As we would expect, GLS performs best, followed
by WLS, and then OLS performs worst. Indeed, the expected figures of merit across 400
random instances of log-normal Pauli noise are 1.0346 ± 0.0011, 1.2001 ± 0.0014, and
1.4601± 0.0017, respectively. These performance differences are much more substantial
than for the designs optimised for inappropriate average error rates.

Then, we perform ACES noise characterisation on the same fixed-seed random instance
of log-normal Pauli noise as in Figure 2.3, as well as depolarising noise, comparing the
basic and optimised experimental designs. Figure 2.13 show the distribution of the
normalised RMS error over 1000 simulated trials of ACES across measurement budgets
S ∈ {106, 107, 108} for both noise models. These figures also show the predicted normalised
RMS error distributions, which closely align with the simulated data for the largest
measurement budget S = 108 but are overly pessimistic for smaller measurement budgets.
As discussed previously, this is because we ensure the parameter estimates are within
bounds, which improves performance at small measurement budgets.

Next, we examine how the performance of these optimised experimental designs
for depolarising noise varies as a function of the surface code distance d. Specifically,
Figure 2.14 shows the figure of merit, the expected normalised RMS error, and the
normalised RMS error standard deviation, for the GLS-, WLS-, and OLS-optimised
experimental designs and their respective estimators. It also includes the worst performing
WLS-optimised experimental design from Figure 2.6. The functional forms again fit
the data well, although the GLS figure of merit has much larger relative errors which
nevertheless remain under 10−3 for each data point. Perhaps this is because the experiment
number for the GLS-optimised experimental design is not constant across all distances d,
unlike the other designs. Notably, the relative errors for the basic design, which is not
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Table 2.3: Condition numbers of the design matrices of optimised experimental designs at
a range of surface code distances. The experimental designs are optimised for generalised
least squares (GLS), weighted least squares (WLS), and ordinary least squares (OLS),
and include the basic design as well as one optimised for inappropriate average error
rates (WLS*), namely the worst performing design in Figure 2.6.

Code distance GLS WLS WLS* OLS Basic

3 187.98 181.75 380.56 97.57 29.39

4 191.85 185.86 387.92 98.01 30.97

5 193.86 188.13 391.98 98.23 31.70

6 195.17 189.59 394.67 98.35 32.09

7 196.13 190.63 396.61 98.43 32.33

8 196.85 191.39 398.07 98.49 32.48

9 197.40 191.96 399.19 98.53 32.59

10 197.83 192.41 400.07 98.55 32.66

11 198.18 192.77 400.77 98.57 32.71

Table 2.4: Pseudoinverse norms of the design matrices of optimised experimental designs
at a range of surface code distances. The experimental designs are optimised for generalised
least squares (GLS), weighted least squares (WLS), and ordinary least squares (OLS),
and include the basic design as well as one optimised for inappropriate average error
rates (WLS*), namely the worst performing design in Figure 2.6.

Code distance GLS WLS WLS* OLS Basic

3 0.5994 0.5838 0.5435 0.7061 5.4211

4 0.6002 0.5856 0.5446 0.7064 5.5647

5 0.6013 0.5876 0.5460 0.7066 5.6301

6 0.6026 0.5894 0.5475 0.7068 5.6651

7 0.6039 0.5910 0.5488 0.7069 5.6859

8 0.6050 0.5923 0.5499 0.7070 5.6993

9 0.6060 0.5933 0.5509 0.7071 5.7085

10 0.6068 0.5942 0.5517 0.7072 5.7149

11 0.6075 0.5949 0.5523 0.7072 5.7197
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Figure 2.15: Similar results as in Figure 2.7, but characterising depolarising noise rather
than a fixed-seed random instance of log-normal Pauli noise. The circuit eigenvalue
estimation error distributions are shown for the distance-25 surface code syndrome
extraction circuit.

shown here, remain under 10−14 for each data point and approach numerical precision.
In Tables 2.3 and 2.4, we show the condition numbers and pseudoinverse norms of

the design matrices of these experimental designs at a range of surface code distances
d. As with the figure of merit, the condition number and pseudoinverse norm do not
substantially increase with the code distance d. Note that at each distance, the condition
number for the basic design is the square of the pseudoinverse norm. The pseudoinverse
norm was proposed as a candidate figure of merit in [74]. Comparing the optimised
and basic experimental designs, we see that the optimisation algorithm decreases the
pseudoinverse norm at the cost of increasing the condition number, suggesting that the
pseudoinverse norm is a superior figure of merit. However, our figure of merit precisely
describes the performance of experimental designs and does not always correlate with the
pseudoinverse norm. For example, we see in Table 2.4 that the worst performing design
in Figure 2.6 has a better pseudoinverse norm than the best performing design.

Finally, we show the optimised experimental design characterising depolarising noise
on the syndrome extraction circuit of a distance-25 surface code. The results are similar to
those for a fixed-seed random instance of log-normal Pauli noise. Here, the fits in Figure 2.4
predict a figure of merit, or expected normalised RMS error, of 1.3318, with a normalised
RMS error standard deviation of 0.0091. In comparison, the normalised RMS errors were
{1.3716, 1.3349, 1.3215, 1.3196} across the measurement budgets S ∈ {106, 107, 108, 109},
which are consistent with the prediction excepting, again, the smallest measurement
budget. Figure 2.15 shows the distribution of the circuit eigenvalue estimation error,
and Figure 2.16 shows the distribution of the gate estimation error, expressed as the
total variation distance (TVD), across the range of gate types appearing in the circuit.
We again observe the expected scaling of the median gate estimation errors with the
measurement budget S, quantified here in Table 2.5, with improved performance at small
measurement budgets as we ensure parameter estimates are within bounds.
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Table 2.5: Similar results as in Table 2.1, but instead showing the medians of the gate
estimation error distributions in Figure 2.16.

Measurement
budget

− log10 median gate estimation error (TVD)

Pauli Hadamard Measurement Controlled-Z

106 3.847 3.409 3.479 2.719

107 4.345 3.782 4.029 3.164

108 4.850 4.285 4.541 3.666

109 5.336 4.790 5.045 4.168
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Figure 2.16: Similar results as in Figure 2.8, but characterising depolarising noise rather
than a fixed-seed random instance of log-normal Pauli noise. The distributions of the gate
estimation error are shown across the range of gate types appearing in the distance-25
surface code syndrome extraction circuit, namely: (a) dynamical decoupling X gates and
padded identity gates, or Pauli gates; (b) Hadamard gates; (c) measurements; and (d)
controlled-Z gates. Results are shown for the optimised experimental design over a range
of measurement budgets S.
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Figure 2.17: Similar results as Figure 2.3, but for the unrotated surface code. Simulated
data show the distribution of the normalised RMS error between the estimated and true
gate eigenvalues when characterising a fixed-seed random instance of log-normal Pauli
noise for the syndrome extraction circuit of a distance-3 unrotated surface code. The
data are 1000 trials of characterising a fixed-seed random instance of log-normal Pauli
noise with a measurement budget S = 108 and align with the predicted performance
distributions.

2.H ACES for unrotated surface codes

Our numerical results have focused on the syndrome extraction circuit of rotated surface
codes. However, we believe our methods apply to the syndrome extraction circuits
of arbitrary topological quantum codes. To this end, here we examine the syndrome
extraction circuit of unrotated surface codes. Our circuit consists of four layers of
controlled-X gates sandwiched between two identical layers of Hadamard gates, such
that there are six layers in the circuit and five unique circuit layers. The circuit follows
the circuit given in [124] and does not feature dynamical decoupling.

In this appendix, we demonstrate that our methods are also able to characterise the
syndrome extraction circuits of unrotated surface codes by reproducing the results in
Section 2.5. We obtain remarkably similar results to those for the rotated surface code,
despite not modifying our method or parameters. The additional results presented in
Section 2.G are also similar for the unrotated surface code, and although we do not
reproduce them here, they can be found with the code [88].

We first optimise an experimental design for depolarising noise on the syndrome
extraction circuit of a distance-3 unrotated surface code on 25 qubits, using the procedures
outlined in Section 2.4. The random tuples added by Algorithm 2 are shallow, with depth
at most 4, and the shot weights allocate the majority of the measurement budget to
individually measuring the controlled-X gate layers.

Then we perform ACES noise characterisation on a fixed-seed random instance of log-
normal Pauli noise, comparing the basic and optimised experimental designs. Figure 2.17
shows the distribution of the normalised RMS error over 1000 simulated trials of ACES
with a measurement budget S = 108 for both designs, as well as the predicted normalised
RMS error distributions. The predicted distributions closely align with the simulated
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Figure 2.18: Similar results as in Figure 2.4, but for the unrotated surface code. (a)
Figure of merit F , the expected normalised RMS error, and (b) the normalised RMS
error standard deviation

√
V, of the optimised experimental design for the syndrome

extraction circuit, shown as functions of the unrotated surface code distance d. The data
points have no error for depolarising noise, whereas for log-normal Pauli noise, they
report the mean estimated by sampling from the distribution over noise models, with
error bars indicating two standard deviations. The functional forms fit the data precisely,
with relative errors of under 10−9 for each depolarising noise data point.

data, validating our ability to predict the performance of ACES noise characterisation
experiments, and demonstrating that the optimised design substantially outperforms the
basic design. For this random instance of log-normal Pauli noise, the basic design has
a figure of merit, or expected normalised RMS error, that is larger than the optimised
design by a factor 2.98, implying that the sample efficiency of the optimised design is a
factor 8.86 better than the basic design.

Next, we examine how the performance of this optimised experimental design for the
syndrome extraction circuit varies as a function of the unrotated surface code distance
d. Figure 2.18 depicts the figure of merit F , the expected normalised RMS error, and
the normalised RMS error standard deviation

√
V as functions of the unrotated surface

code distance d. The exact quantities are reported for depolarising noise, whereas for
log-normal Pauli noise, we report estimates of the mean across random samples from the
distribution over noise models.

Empirically, we find that for depolarising noise, the normalised trace of the gate
eigenvalue estimator covariance matrix tr (Σ)/S′, and of its square tr (Σ2)/S′2, are
precisely fit as quadratic functions of d. Model selection using the Akaike information
criterion corrected for small samples [109], prefers this quadratic model over other
polynomial models. Similarly, the number of gate eigenvalues is exactly described by a
quadratic with integer coefficients, N(d) = 144d2 − 180d+ 54. Substituting these three
quadratics into Equations 2.28 and 2.29 yields functional forms that precisely describe
the scaling of F and

√
V with d, which are also depicted in Figure 2.18. For depolarising

noise, we fit the normalised traces of the gate eigenvalue estimator covariance matrix,
obtaining functional forms for F and

√
V with relative errors of less than 10−9 for each

data point. By contrast, for log-normal Pauli noise, we directly and simultaneously fit the
functional forms for F and

√
V. Although the data represent estimates, we nevertheless

obtain relative errors of less than 10−3 for each data point.
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Figure 2.19: Similar results as in Figure 2.5, but for the unrotated surface code. The
histograms indicate the distribution of the figure of merit F , the expected normalised
RMS error, of the optimised experimental design for the syndrome extraction circuit,
across random instances of log-normal Pauli noise. Results are shown across a range of
unrotated surface code distances d.

Importantly, the functional forms derived by substituting the quadratics into Equa-
tions 2.28 and 2.29 entail that in the limit of large d, the figure of merit F , or expected
normalised RMS error, approaches a constant value. Also, the optimised experimental
design requires 219 experiments, before Pauli frame randomisation, to estimate all of the
circuit eigenvalues at all tested code distances d, which range from d = 3 to d = 17. This
demonstrates that ACES is capable of estimating noise in surface code syndrome extrac-
tion circuits to a precision that is asymptotically independent of the number of qubits n
in the code, using a number of experiments that is also asymptotically independent of n.

Notably, the optimised experimental design performs better on average when charac-
terising log-normal Pauli noise, despite being optimised for depolarising noise. Moreover,
Figure 2.19 shows histograms of the figure of merit F across random instances of log-
normal Pauli noise for the syndrome extraction circuit at a range of unrotated surface
code distances d. It shows that random samples of log-normal Pauli noise have increasingly
similar figures of merit as d increases. Together, these suggest that the performance of
the optimised experimental design is not substantially harmed by small changes in the
noise model that preserve average error rates. The effects of randomness in the noise
model on the performance of ACES also appear to average out with increasing system
size.

We can also examine experimental designs optimised at different error rates to
determine the robustness of their performance. Specifically, we optimise for half the error
rate, the error rate, and double the error rate, on single-qubit gates, two-qubit gates,
and measurements, yielding 27 different experimental designs. Figure 2.20 shows the
expected number of samples required to achieve a fixed estimation accuracy, evaluated
over 400 random instances of log-normal Pauli noise for the syndrome extraction circuit
of a distance-3 unrotated surface code. These values are expressed relative to the original
experimental design optimised for the appropriate average error rates, which performs
best.
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Figure 2.20: Similar results as in Figure 2.6, but for the unrotated surface code. The
experimental designs were optimised for depolarising noise with a range of error rates,
with single-qubit gate error rates (a) r1 = 0.0375%, (b) r1 = 0.075%, and (c) r1 = 0.15%,
and two-qubit gate and measurement error rates indicated in the heatmaps. Experimental
designs were evaluated for the syndrome extraction circuit of a distance-3 unrotated
surface code against 400 random instances of log-normal Pauli noise, whose average
error rates are indicated by the blue square. Heatmap colour indicates the expected
number of samples required to achieve a fixed estimation accuracy, expressed relative
to the best-performing design optimised at the correct average error rates. Only three
experimental designs require over 10% more samples to achieve the same accuracy as the
best-performing design.

Only 5 of the 27 experimental designs require over 5% more samples than the
most performant experimental design to achieve the same expected accuracy, with the
worst requiring 11.64 ± 0.10%. This corresponds to having a mean figure of merit of
1.3236 ± 0.0014, whereas the mean figure of merit of the most performant design is
1.2527± 0.0012. The expected relative number of samples required to achieve the same
accuracy is the square of this ratio, and is estimated precisely due to substantial covariance
in the figure of merit between designs for each instance of log-normal Pauli noise. Overall,
this demonstrates that the performance of optimised experimental designs is robust to
being optimised for inappropriate average error rates.

Finally, we can use our optimised experimental design to characterise a fixed-seed
random instance of log-normal Pauli noise on the syndrome extraction circuit of a
distance d = 17 unrotated surface code with n = 1089 qubits. The optimised experimental
design features 25 tuples which together estimate 195, 723 circuit eigenvalues over 219
experiments, before Pauli frame randomisation, in order to estimate the 38, 610 gate
eigenvalues. Optimising the experimental design at d = 3, generating it at d = 17,
and then simulating ACES noise characterisation experiments for measurement budgets
S ∈ {106, 107, 108, 109} together took under 3 hours, with roughly half of that time being
dedicated to stabiliser circuit simulations with Stim. The fits in Figure 2.18 predict an
average figure of merit 1.3249 and a standard deviation 0.010, across random instances
of log-normal Pauli noise. By comparison, for the simulated noise characterisation of
a specific random instance of log-normal Pauli noise, the normalised RMS errors were
{1.3135, 1.3207, 1.3237, 1.3181} across measurement budgets. These results are consistent
with our performance predictions.

The noise estimation procedure begins by estimating the circuit eigenvalues from raw
measurement data. Figure 2.21 depicts histograms of the circuit eigenvalue estimation
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Figure 2.21: Similar results as in Figure 2.7, but for the syndrome extraction circuit
of a distance-17 unrotated surface code. The histograms indicate distributions of the
circuit eigenvalue estimation error (the difference between the estimated and true circuit
eigenvalues). The data are for a fixed-seed random instance of log-normal Pauli noise
over a range of measurement budgets S.

error, the difference between the estimated and true circuit eigenvalues, across the range
of measurement budgets. As the measurement budget increases, the distributions of the
circuit eigenvalue estimation error narrow, straightforwardly improving the accuracy of
the circuit eigenvalue estimates.

Ultimately, the protocol estimates the Pauli error probability distribution of all the
gates and measurements appearing in the circuit. We measure the gate estimation error
with the total variation distance (TVD) between the estimated and true Pauli error
probability distribution, a principled measure for probability distributions and half the
diamond norm between Pauli channels [94]. Figure 2.22 depicts histograms of the gate
estimation error across measurement budgets and the different types of gate appearing
in the circuit, namely: padded identity gates, which are Pauli gates; Hadamard gates;
measurements; and controlled-X gates. The Pauli gates tend to be estimated to a higher
precision than the Hadamard gates, despite both being single qubit gates. By contrast,
the two-qubit controlled-X gates are least accurately estimated, accounted for in part
by their Pauli error probability distribution being over 16 errors, compared to 4 for the
single-qubit gates and just 2 for measurements.

The gate estimation errors improve roughly by a constant factor of
√
10 for each

factor of 10 increase in the measurement budget S, demonstrating the expected 1/
√
S

sample efficiency. This is clear visually and quantified in Table 2.6, which shows the
median gate estimation error across gate types and measurement budgets. The Hadamard
and controlled-X gate estimates outperform the trend, particularly for the smallest
measurement budget S = 106. This is because large estimation errors for small values
of S are improved by ensuring parameter estimates are within bounds. Specifically,
gate eigenvalues greater than 1 are set to 1, and estimated probability distributions are
projected into the simplex. For the data in Table 2.6, at S = 106, 460 gate eigenvalues
are set to 1, while at S = 107, only 17 gate eigenvalues are set to 1.
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Figure 2.22: Similar results as in Figure 2.8, but for the syndrome extraction circuit
of a distance-17 unrotated surface code. The histograms indicate distributions of the
gate estimation error (the total variation distance (TVD) between the estimated and
true error probability distribution for the gate). The data are for a fixed-seed random
instance of log-normal Pauli noise over a range of measurement budgets S. The estimation
error distributions are shown across the range of gate types appearing in the circuit: (a)
dynamical decoupling X gates and padded identity gates, or Pauli gates; (b) Hadamard
gates; (c) measurements; and (d) controlled-Z gates.

69



Chapter 2. Scalable noise characterisation of syndrome extraction circuits with
averaged circuit eigenvalue sampling

Table 2.6: Similar results as in Table 2.1, but instead showing the medians of the gate
estimation error distributions in Figure 2.22.

Measurement
budget

− log10 median gate estimation error (TVD)

Pauli Hadamard Measurement Controlled-X

106 3.728 3.466 3.538 2.826

107 4.245 3.808 4.083 3.238

108 4.725 4.290 4.585 3.712

109 5.241 4.776 5.071 4.207

Overall, we see that the results for the rotated and unrotated surface code syndrome
extraction circuits are very similar, supporting the utility of our methods for characterising
noise in the syndrome extraction circuits of general topological quantum codes, as well
as other fault-tolerant gadgets.
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Chapter 3

Improving error suppression with
noise-aware decoding

What is true is already so. Owning up to it doesn’t make it worse. Not
being open about it doesn’t make it go away. And because it’s true, it is
what is there to be interacted with.

— Eugene Gendlin, Focusing

Abstract

We demonstrate that the performance of quantum error correction can be improved with
noise-aware decoders that are calibrated to the likelihood of physical error configurations
in a device. We show that noise-aware decoding increases the error suppression factor
of the surface code, yielding reductions in the logical error rate that increase exponen-
tially with the code distance. Our calibration protocol involves circuit-level Pauli noise
characterisation experiments with averaged circuit eigenvalue sampling. This enables
decoder calibration at the scales required for fault-tolerant quantum computation and
near-optimal decoding when compared to the true noise model. Our results indicate that
these noise characterisation experiments could be performed and processed in seconds
for superconducting quantum computers. This establishes the practicality and utility of
noise-aware decoding for quantum error correction at scale.

3.1 Introduction

The need for real-time decoding of error syndrome data in fault-tolerant quantum
computers will limit decoders and hence the performance of quantum error correction.
Decoders attempt to infer underlying physical errors from error syndrome data to
determine a correction operation that preserves the logical information. They must do so
as quickly as the error syndrome data accumulate, or else the backlog grows and slows
computation exponentially [2]. Consequently, fault-tolerant quantum computation will
require fast decoders, such as [45, 83, 125, 126], capable of real-time operation [17, 127],
even if they are less accurate than alternatives [19, 43].
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Mechanisms for improving decoder performance without increasing computational
cost are therefore an important factor in reducing fault tolerance overheads. One such
mechanism is noise-aware decoding, which improves performance by calibrating decoders
with estimates of the noise in the quantum device. Calibrating the decoder prior on the
likelihood of error configurations allows more accurate inference of physical errors from
error syndrome data [77, 81, 83, 84, 128]. Decoder priors can also be learned online from
error syndrome data [129–132], or directly optimised to minimise the logical error rate of
the code [133].

Averaged circuit eigenvalue sampling (ACES) [74] is a scalable method for character-
ising the Pauli noise associated with the operation of all gates in the syndrome extraction
circuits of large quantum error correcting codes [134]. Recently, there has been rapid
experimental progress in quantum error correction [11, 12, 14–18, 54, 55], generating an
immediate need for practical and scalable methods for calibrating the decoder prior. We
use ACES estimates of circuit-level Pauli noise to calibrate a fast correlated matching
decoder [45]. These estimates can also be used to generate simulated data for training
more accurate decoders, such as in [19], to verify appropriate device calibration, and to
inform the tailoring of codes and decoders to noise biases [48, 79, 80, 135, 136].

In this letter, we establish the practicality of decoder calibration by demonstrating
that ACES enables near-optimal noise-aware decoding when compared to the true noise
model. We show through circuit-level numerical simulations that noise-aware decoding
increases the error suppression factor of the surface code [5, 49–51], yielding reductions
in the logical error rate that increase exponentially with the code distance. We find that
decoder calibration substantially reduces logical error rates and qubit overheads at the
scales necessary for fault-tolerant quantum computation. Our results indicate that the
requisite noise characterisation experiments could be performed and processed in seconds
for superconducting quantum computers. This establishes the practicality and utility of
noise-aware decoding for quantum error correction at scale.

3.2 Introducing ACES

We now introduce the fundamental ideas underlying averaged circuit eigenvalue sampling
(ACES) [74]. ACES enables scalable characterisation of the Pauli noise associated with
implementing the syndrome extraction circuits of topological quantum codes [134]. For a
detailed treatment of the ACES protocol used here, refer to [134].

Quantum devices typically implement syndrome extraction circuits by performing
a sequence of layers of gates. A gate is a primitive operation on the quantum device,
typically acting on one or two qubits, and a layer is a set of gates that are implemented
simultaneously and act on disjoint sets of qubits. Syndrome extraction circuits are
typically implemented with gates drawn from the Clifford group, with some examples
being the controlled-X, Hadamard, and phase gates [32]. A defining property of the
Clifford group is that its elements map Pauli operators to Pauli operators. Clifford circuits,
also known as stabiliser circuits, can be efficiently simulated [31, 32]. We model noise
with Pauli channels

E(ρ) =
∑
a∈Pn

paPaρPa, (3.1)

which act on quantum states by applying a probabilistic mixture of Pauli operators
characterised by the Pauli error probabilities pa. We represent quantum noise in this way
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because the technique of Pauli frame randomisation tailors arbitrary noise channels into
Pauli channels [36, 90].

ACES characterises Pauli noise associated with Pauli frame randomised Clifford
circuits. It focuses on a circuit-level Pauli noise model by estimating the Pauli error
probabilities of the noise channel associated with each gate in the circuit operated in
the specific context of its layer. ACES does this by measuring Pauli observables for
circuits arranged from the same layers as the Clifford circuit of interest. The circuit
eigenvalue Λµ is precisely the expectation value of a Pauli observable for a rearranged
circuit, where µ indexes both the Pauli observable and circuit rearrangement. Classically
simulating the action of the circuit on the relevant input states allows us to decompose
the circuit eigenvalue into a product of gate eigenvalues λν , where ν indexes both the
gate and the state of the observable before it is acted upon by the gate. These are, in
fact, the eigenvalues of the Pauli noise channel associated with the gate [35]. These gate
eigenvalues are related to the Pauli error probabilities by an invertible linear transform
called the Walsh-Hadamard transform.

Performing stabiliser circuit simulations allows us to turn this into a linear regression
problem by creating a design matrix. The design matrix entries Aµν are the powers of
the gate eigenvalue λν in the decomposition of the circuit eigenvalue Λµ. Taking the
logarithm, we obtain the linear system of equations

log Λµ =
∑
ν

Aµν log λν . (3.2)

ACES thus reduces the problem of Pauli noise characterisation to estimating a set of
circuit eigenvalues such that this design matrix has full rank. Then we perform linear least
squares to obtain estimates of the gate eigenvalues and hence the Pauli error probabilities
of each of the gates in the circuit of interest. We can optimise the design of ACES noise
characterisation experiments to improve the sample efficiency of their noise estimates, as
described in [134]. Section 3.A outlines a number of improvements to the ACES protocol
of [134].

3.3 Quantum codes and decoders

Quantum error correcting codes typically work by repeatedly performing parity check
measurements [2], which may or may not mutually commute in the respective cases of
stabiliser codes [31] and subsystem codes [53]. These parity check measurements are
implemented by repeatedly performing a syndrome extraction circuit. A detector of such
a circuit is a parity of measurement outcomes—a product of parity check measurements—
that is deterministic in the absence of noise. A detector is said to be flipped if its value
differs from the deterministic outcome.

We focus on surface codes [5, 49–51], a well-studied family of stabiliser codes that
encode a single logical qubit in a d× d square array of physical qubits called data qubits.
The parameter d is the distance of the code. A distance d = 5 surface code is depicted in
Figure 3.1 alongside the syndrome extraction circuit we consider in this letter. Also shown
in Figure 3.1 are the d2 − 1 measure qubits used by this circuit to measure the Pauli
Z and X stabilisers of the code. We operate the surface code in a memory experiment
by repeatedly performing its syndrome extraction circuit. The detectors in a memory
experiment are the parities of stabiliser measurement outcomes across consecutive rounds
of syndrome extraction.
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Figure 3.1: (a) Diagram of a distance d = 5 rotated surface code. Data qubits are
shown as open circles, and measure qubits are shown as filled circles placed in their
corresponding stabiliser plaquettes. Syndrome extraction circuit components are shown
for (b) blue and (c) red stabiliser plaquettes, respectively. These circuits implement the
XZZX variant of the surface code [47, 48], following recent experiments [11, 16].

Stabiliser simulation of the syndrome extraction circuit with a circuit-level Pauli noise
model, which ACES can estimate, allows us to efficiently calculate the decoder prior.
The decoder prior describes the probability of each possible combination of detector flips
caused by Pauli error mechanisms in the circuit. Then the syndrome of an error is the
set of detectors flipped by that error.

A decoder infers a correction operation from this syndrome data that aims to preserve
the logical information in the code. Fast decoders avoid the decoding backlog problem [2],
enabling quantum error correction at scale. We focus on fast minimum-weight perfect
matching (MWPM) decoders [45, 50, 125, 126], which can operate in constant parallel
time [125, 126]. MWPM decoders infer the most probable error consistent with the
syndrome. This probability is defined by the decoder prior, and so accurate calibration
of this prior is important—not only for MWPM decoders but indeed for all decoders.

A memory experiment examines how well a quantum error correcting code preserves
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logical information, such as Pauli X or Z logical observables. We will examine surface
code memory experiments characterised by the code distance d and rounds of syndrome
extraction r, following the circuits in [11, 16]. When the noise associated with implement-
ing the syndrome extraction circuit is sufficiently low, the code is said to be operating
below its threshold [51]. Below threshold, the logical error rate per round of syndrome
extraction ε is well-described by the approximate scaling relation ε ∝ Λ−d/2. The error
suppression factor Λ characterises the error suppression associated with increasing the
code distance by 2 and depends on the decoder. We are interested in comparing the
error suppression factors when the decoder is calibrated with different priors, as error
suppression factor improvements correspond to exponential reductions in the logical error
rate.

3.4 Numerical results

We now present numerical results demonstrating the utility of calibrating the decoder prior
and the practicality of doing so with ACES. These results were produced on a 2021 M1
Max Macbook Pro with 32 GB of RAM. We use Stim for stabiliser circuit simulations [56],
PyMatching for a fast correlated matching decoder [45, 57], and QuantumACES to design
and simulate ACES noise characterisation experiments [88].

We test our methods on a distribution over noise models called log-normal Pauli noise,
where the Pauli error probabilities of each gate are independently log-normally distributed,
following [134]. We use a physically relevant noise parameter regime resembling a recent
experiment that operated the surface code below threshold [16]. In particular, we choose
average single-qubit, two-qubit, measurement and measurement idle, and reset error
rates of r1 = 0.05%, r2 = 0.4%, rm = 0.8%, and rr = 0.2%, and standard deviations
σ1 = σ2 = 1/2 and σm = σr = 1/4 for the underlying normal distributions. For data
reproducibility, we fix the seed to be 0 when drawing only a single random instance from
this distribution over noise models. We will also consider tuned depolarising noise, where
component error rates are set to be their average values for log-normal Pauli noise, and
optimise our ACES experimental design according to these parameters for a distance-3
surface code syndrome extraction circuit.

First, we examine the performance of surface code memory experiments, averaged
over random instances of log-normal Pauli noise, across a range of decoder priors and
code distances. These results were obtained by fitting the exponentially decaying lo-
gical error rate, estimated over 105 shots, over rounds r ∈ {3, 5, 9, 17, 33} in both
X and Z memory experiments. We average over both the memory experiment type
and {1500, 300, 100, 80, 60, 50} random instances of log-normal Pauli noise for distances
{3, 5, 7, 9, 11, 13}, respectively. In each instance, decoding was performed with priors
derived from the true noise model, tuned depolarising noise, and ACES noise estimates
with 106 and 107 shots. Fitting the logical error per round as an exponential in the
code distance yields average error suppression factor estimates Λtrue = 1.7360± 0.0025
for the true noise model, Λdep = 1.6967 ± 0.0025 for tuned depolarising noise, and
ΛACES:106 = 1.7347± 0.0025 and ΛACES:107 = 1.7358± 0.0025 for ACES noise estimates
with 106 and 107 shots, respectively. We find that decoding with ACES noise estimates
performs similarly to decoding with the true noise model, even with only 106 shots,
whereas decoding with depolarising noise performs significantly worse.

Importantly, noise-aware decoding increases the error suppression factor, leading to
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reductions in the logical error rate that increase exponentially with the code distance.
Intuitively, as the code distance increases, tolerable error configurations become larger and
more complicated, increasing the freedom in decoding. Hence we would expect the benefit
of calibrating the decoder prior to increase with scale as we see here. This motivates a
focus on highly scalable methods for calibrating decoder priors such as ACES.

Figure 3.2 displays the relative performance of different decoder priors averaged
over random instances of log-normal Pauli noise, expressing the logical error per round
for different decoder priors relative to tuned depolarising noise. The covariance of the
logical error rates between decoder priors across each instance of log-normal Pauli noise
allows us to precisely estimate error suppression factors relative to the true noise model
prior. Then the data are normalised by the fit for tuned depolarising noise to highlight
the performance gains of noise-aware decoding. These results show that decoding with
ACES noise estimates allows near-optimal decoding as compared to the true noise model,
whereas decoding with tuned depolarising noise noticeably decreases performance.

Next, we test noise-aware decoding at scale by examining surface code memory
experiments at the larger distance d = 25. To begin, we simulate a memory experiment
for a single random instance of log-normal Pauli noise with r = 25 rounds, dividing 107

shots evenly between X and Z memory experiments. The decoder confusion matrix in
Table 3.1 compares the raw error counts when decoding with the true noise model, tuned
depolarising noise, and weighted least squares ACES noise estimates with 106 and 107

shots. Each comparison between decoder priors shows it is more common for decoding
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Figure 3.2: Average logical error rate per round of surface code syndrome extraction
across priors for the MWPM decoder expressed relative to tuned depolarising noise as a
function of the code distance. Results are averaged over random instances of log-normal
Pauli noise and X and Z memory experiments and the MWPM decoder prior is derived
from the true noise model, tuned depolarising noise, and ACES noise estimates obtained
with 106 and 107 shots. The data points are fit to an exponential in the code distance,
error bars indicate one standard deviation, and all values are expressed with respect to
the fit for tuned depolarising noise. The performance gain from decoding with ACES
noise estimates rather than tuned depolarising noise grows linearly with the code distance,
and ACES noise estimates with 107 shots obtain almost all of the performance gains
associated with decoding with the true noise model.
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Table 3.1: Decoder performance for distance-25 surface code memory X and Z experi-
ments with 25 rounds under a random instance of log-normal Pauli noise, dividing 107

shots evenly between the memory types. The MWPM decoder prior is derived from the
true noise model, ACES noise estimates with 107 and 106 shots, and tuned depolarising
noise, ordered by the accuracy and decoding performance of the noise model. Diagonal
elements count decoding failures for each prior. Off-diagonal elements count the number
of shots where the decoder for the row succeeded and the decoder for the column failed.
Decoding with ACES noise estimates achieves similar logical error rates to decoding with
the true noise model.

Succ.

Fail. Fail. True ACES:107 ACES:106 Depolarising

True 5507 227 619 3005

ACES:107 195 5539 564 2997

ACES:106 495 472 5631 2994

Depolarising 1314 1338 1427 7198

with the more accurate noise model to succeed when the less accurate noise model fails,
though the converse does occur.

We also fit the logical error per round estimated over rounds r ∈ {3, 5, 9, 17, 33} with
106 shots for both X and Z memory experiments, averaging over the memory experiment
type. We obtain logical error per round estimates ε25,true = (2.39 ± 0.05) × 10−5 for
the true noise model, ε25,dep = (3.13 ± 0.06) × 10−5 for tuned depolarising noise, and
ε25,ACES:106 = (2.42±0.05)×10−5 and ε25,ACES:107 = (2.40±0.05)×10−5 for ACES noise
estimates with 106 and 107 shots, respectively. Now we can compare relative logical errors
per round for this single random instance of log-normal Pauli noise to the extrapolated
trends of Figure 3.2 which instead describe the average over random instances of log-
normal Pauli noise. We have ε25,dep/ε25,true = 1.31 ± 0.04 compared to the predicted
average value 1.300± 0.004, ε25,ACES:106/ε25,true = 1.01± 0.03 compared to 1.012± 0.001,
and ε25,ACES:107/ε25,true = 1.00± 0.03 compared to 1.001± 0.001. Hence the improvement
from noise-aware decoding for this single random instance of log-normal Pauli noise at a
large scale is highly consistent with the extrapolated trends for the average over instances
of log-normal Pauli noise at small scales. We attribute this to a self-averaging effect.

Given this confidence in the extrapolated trends of Figure 3.2, we can now examine
the logical error rate and qubit reductions achievable at the scales necessary for quantum
computation. For example, at distance d = 63, decoding with tuned depolarising noise
is predicted to obtain a logical error rate of approximately ε = 10−9. We find ε63,true =
(5.169± 0.009)× 10−10 for the true noise model, ε63,dep = (10.037± 0.019)× 10−10 for
tuned depolarising noise, and ε63,ACES:106 = (5.296± 0.009)× 10−10 and ε63,ACES:107 =
(5.191± 0.009)× 10−10 for ACES noise estimates with 106 and 107 shots, respectively.
At this distance, noise-aware decoding is predicted to roughly halve the logical error
rate. Indeed, at distance d = 61, we predict ε61,ACES:106 = (9.187± 0.015)× 10−10. This
represents a simultaneous reduction in the logical error rate and qubit overhead, from
n = 7937 at d = 63 to n = 7441 at d = 61, a relative qubit reduction of over 6% and an
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absolute reduction of 496 qubits.

3.5 Conclusions

In this letter, we have demonstrated that ACES is practically capable of calibrating
decoder priors. We find that noise-aware decoding increases the error suppression factor
of the surface code, exponentially reducing logical error rates compared to decoding
with a tuned depolarising noise model. Calibration with ACES noise estimates enables
near-optimal decoding compared to calibration with the true noise model. Our findings
indicate that noise-aware decoding can substantially reduce logical error rates and qubit
overheads at the scales necessary for quantum computation. As the tuned depolarising
noise model we use as a comparison is itself informed by accurate estimates of the average
error rates, gains may be larger in practice.

Noise estimates obtained from ACES with 106 shots appear to be sufficiently precise
for the purpose of calibrating decoder priors. In the surface code experiment referenced
for our noise model parameter regime [16], gate, measurement, and reset times indicate
that ACES experiments with the design featured in this letter could collect 106 shots
in about two seconds with an appropriate hardware and software control stack. In our
laptop-based numerical simulations of ACES for a distance-25 surface code syndrome
extraction circuit, classical processing of the data with ACES can be performed in under
four seconds. This processing time could be substantially reduced by improved hardware
and optimised software. Therefore, we expect that decoder priors could be calibrated with
ACES experiments performed and processed in seconds for superconducting quantum
computers.

A natural next step would be implementing these methods in a memory experiment
performed on a quantum device. However, as we find that the key benefit of noise-
aware decoding is in improving the error suppression factor of the code, performance
improvements may be difficult to realise in small codes. It would be instructive to
more thoroughly examine the calibration of decoder priors with ACES across different
error rates and decoders. It would also be interesting to compare the performance
and practicality of calibration methods based on noise characterisation, such as ACES,
with those that directly attempt to minimise the logical error rate, for example with
reinforcement learning [133]. Moreover, ACES noise estimates could be used to inform
simulations that generate synthetic data that could then be included in the training data
for neural network decoders, such as [19], which may improve performance.

An important advantage of methods such as ACES, which use estimates of circuit-level
noise to calibrate decoder priors, is that they can also diagnose device performance and
identify poorly performing gates and measurements. Decoder priors calibrated in this
way could then be updated online using syndrome data [129–132], accounting for device
drift. We hope this work paves the way for a sophisticated yet practical stack of methods
for rapid calibration of decoder priors at scale in fault-tolerant quantum computing
architectures.
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3.A Relative precision ACES

In this appendix, we briefly outline a number of modifications we make to the ACES
protocol described in [134], enabling relative precision noise estimation. We build upon the
notation of [134] and do not separately introduce it here. Our modifications follow Pauli
noise characterisation theory [96, 115], also outlined in cycle error reconstruction [76].

The key idea is to estimate gate eigenvalues corresponding to the orbits of a gate,
sets of Paulis mapped to each other by the action of the gate, rather than for all of the
Paulis. Given some Clifford gate G, let the G-orbit of a Pauli Pa be

P G
a = {Gj(Pa) : j ∈ N}, (3.3)

where we neglect the sign of the Paulis. Then the G-orbits are simply the G-orbits of each
of the Paulis supported on G, which we write as

Orbit (G) = {P G
a : a ∈ Pauli (G)}. (3.4)

Note that |Orbit (G)| ≤ |Pauli (G)|, which is strict if and only if there exist Paulis on
which the gate acts non-trivially up to sign, so that equality is achieved by Pauli gates.

Now consider the circuit eigenvalue corresponding to preparing the Pauli Pa and then
repeating the gate G t times, which we will write as ΛG(t),a. Now divide t by the size of

the G-orbit of Pa to obtain integers u, v such that t = |P G
a |u+ v where v < |P G

a |. Then
we can write

ΛG(t),a =

 ∏
a∈PG

a

λG,a

u

λG,G0(a) . . . λG,Gv(a). (3.5)

We see that circuit eigenvalues with this form allow precise estimation of the product of
gate eigenvalues in the G-orbit of Pa. Indeed, this product can be estimated to relative
precision by repeating the gate a number of times inversely proportional to the noise
strength. By contrast, the individual gate eigenvalues within the orbit can only be
estimated to additive precision.

Examining the covariance structure of the gate eigenvalue estimators in optimised
ACES experimental designs reveals that ACES naturally exhibits this behaviour without
modification. While the estimators for gate eigenvalues within an orbit have large variance,
the covariance of these estimators ensures that the average over the orbit has small
variance. This can be revealed by marginalising the gate eigenvalue estimator covariance
matrix Σ over the gate orbits and ignoring parameters that can only be estimated to
additive precision, such as those corresponding to state preparation and measurement
(SPAM) noise. This yields the relative precision gate eigenvalue estimator covariance
matrix ΣR. Replacing Σ with ΣR in the expression for the ordinary precision figure of
merit F in [134] allows us to calculate the relative precision figure of merit FR.

In light of this, we make two changes to how we optimise ACES experimental designs.
We optimise the depth of repeated circuits according to this relative precision figure of
merit, whereas we still optimise the shallow circuits according to the ordinary precision
figure of merit. The ordinary and relative precision figures of merit trade off against each
other, which we manage by optimising the shot weights according to the product FFR,
or equivalently their geometric mean. This balances the relative increase in one figure of
merit with the relative decrease in the other.
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However, while ACES estimates the gate eigenvalues, and hence the gate error prob-
abilities, to relative precision, this is not necessarily true after projecting the estimator
into the probability simplex in the Euclidean distance. To preserve the estimator co-
variance information necessary for relative precision estimation, we instead project in
the Mahalanobis distance [110], which weights the distance with the inverse of the gate
probability estimator covariance matrix Σ−1

P . This enables relative precision estimation
by retaining estimator covariance information, and also improves the accuracy of the
resulting estimator compared to Euclidean distance projection.

Let us first consider the inverse of the gate eigenvalue estimator covariance matrix
Σ−1, which for the generalised least squares estimator can be calculated as

Σ−1 = diag (λ−1)A⊺Ω′−1A diag (λ−1). (3.6)

This calculation preserves the sparse structure of the design matrix A and the circuit
log-eigenvalue estimator covariance matrix Ω′. We perform the calculation in Equation 3.6
using the gate eigenvalue estimator vector λ̂ and the estimator Ω̂′, whose elements can
be calculated directly from measurement outcome data. Moreover, Ω′ is sparse and
block-diagonal, and applying the sparse Cholesky decomposition to each of its blocks
allows us to invert it relatively easily.

Now consider concatenating the Walsh-Hadamard transform matrices, and their
inverses, for each of the gates, which yields the block-diagonal Walsh-Hadamard trans-
form matrix W , and its inverse W−1. As W−1 maps the gate eigenvalues to the gate
probabilities, we use its inverse to calculate

Σ−1
P =WΣ−1W ⊺. (3.7)

Our description of the transform matrices W and W−1 ignores an important subtlety.
The gate eigenvalue estimator vector we work with omits the identity eigenvalues for
each gate. Similarly, the gate probability estimator vector we project omits the identity
probabilities for each gate. The identity eigenvalues and probabilities ensure normalisation
of the probability distributions for each gate. We must omit these quantities to ensure
that the corresponding covariance matrices have full rank. However, W and W−1 act
on versions of these vectors with those omitted elements and must be conjugated by
appropriate transform matrices, which can be determined straightforwardly, to reflect
these omissions.

At large scales, generalised least squares becomes impractical and we resort to weighted
least squares, as we did here when performing ACES on the syndrome extraction circuit
of a distance-25 surface code. In this case, we only generate the diagonal of Ω′, which can
easily be inverted. Gate eigenvalue estimators are correlated within gate orbits because of
the structure of the design matrix A, whereas the off-diagonal elements of Ω′ result from
the simultaneous estimation of circuit eigenvalues. Therefore, we expect that a version of
Σ−1

P calculated from only the diagonal of Ω′ should suffice to ensure that Mahalanobis
distance projection preserves the estimator covariance information necessary for relative
precision estimation. Indeed, we find this to be the case in practice.

We perform Mahalanobis distance projection into the probability simplex with the
convex solver SCS [137, 138]. While this can be performed for the entire gate probability
estimator vector, this quickly becomes practically intractable. It suffices to perform the
projection separately for each gate using its portion of the gate probability estimator
vector and the corresponding block on the diagonal of Σ−1

P , which only has a minor
impact on performance.
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Chapter 4

QuantumACES.jl: design noise
characterisation experiments for
quantum computers

We should forget about small efficiencies, say about 97% of the time:
premature optimization is the root of all evil.

— Donald Knuth, Structured Programming with go to Statements

This chapter reproduces a forthcoming paper in the Journal of Open Source Software that
briefly describes the open-source Julia package QuantumACES, and additionally includes
an overview of QuantumACES in Section 4.A. The package consists of over 14,000 lines
of optimised and documented Julia code, including more than 1,500 lines of tests that
cover over 90% of the code in the package. QuantumACES makes it easy to generate the
results in Chapter 2 and Chapter 3, as well as upcoming results in Chapter 5, merely on
a laptop. I am quite proud of it.

I believe science should be open-source and replicable where possible. I developed
QuantumACES with the aim of making a state-of-the-art scalable Pauli noise character-
isation protocol openly accessible. Benchmarking quantum hardware, particularly in the
key context of quantum error correction, should be free and easy. I hope QuantumACES
will play some small role in the much larger story of fault-tolerant quantum computation.

Find QuantumACES at https://github.com/evanhockings/QuantumACES.jl, where
you can also find its documentation.

4.1 Summary

QuantumACES is a Julia [108] package for designing, simulating, and performing scalable
Pauli noise characterisation experiments for quantum computers. Noise in quantum
devices is the key obstacle to large-scale quantum computation. Consequently, quantum
computers will require fault-tolerant architectures that replace physical qubits and
operations with redundantly encoded logical equivalents, which entails regularly measuring
the parity checks of quantum error correcting codes [27–29]. Decoders process the
resulting error syndrome data and attempt to infer the most likely underlying physical
errors in the quantum device. Subsequently, they determine correction operations that
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attempt to preserve logical information. The noise estimates produced by QuantumACES
can inform decoders of the likelihood of physical error configurations in a quantum
device [77, 81, 83, 84, 128], enabling noise-aware decoding. They can also be used to
generate simulated data for training more accurate decoders, such as in [19], to verify
appropriate device calibration, and to inform the co-design of quantum error correcting
codes, decoders, fault-tolerant circuits, and quantum devices.

QuantumACES designs experiments to characterise Pauli noise in stabiliser circuits
within the framework of averaged circuit eigenvalue sampling (ACES) [74], following
the theory and protocol outlined in [134]. Stabiliser circuits are a restricted class of
quantum circuits that admit efficient classical simulation [31, 32], including with Pauli
noise. Quantum noise is tailored into Pauli noise by techniques such as Pauli frame
randomisation [36], randomised compiling [37], or quantum error correction itself [38].
Additionally, the theory of quantum error correction and fault tolerance generally relies
on modelling noise as Pauli noise [2].

QuantumACES contains routines for optimising designs for noise characterisation
experiments, given an arbitrary stabiliser circuit and Pauli noise model, using functions
that precisely predict the performance of these experimental designs. It has built-in circuits
and noise models and also allows users to define their own. These noise characterisation
experiments are simulated with the open-source Python package Stim [56], a fast simulator
for stabiliser circuits with Pauli noise.

In a typical fault-tolerant quantum computing architecture, the bulk of the physical
qubits and gate operations are dedicated to performing the syndrome extraction circuits
that measure the parity checks of quantum error correcting codes. These syndrome
extraction circuits, which are stabiliser circuits, are therefore the key target for noise
characterisation experiments. QuantumACES is tailored to characterising Pauli noise
in syndrome extraction circuits, particularly for topological quantum error correcting
codes such as the surface code [5, 49–51]. It leverages the fact that the simple structures
of the syndrome extraction circuits of topological quantum codes remain similar across
code sizes. This enables optimised large-scale noise characterisation experiments that use
experimental designs optimised at small scales. QuantumACES is capable of calculating
and precisely fitting the performance scaling of these experimental designs as a function
of the code size, enabling performance predictions at scales where explicit calculation
becomes intractable.

Moreover, QuantumACES supports the simulation and decoding of memory experi-
ments for syndrome extraction circuits with Stim and the open-source Python packages
PyMatching [45, 57] and BeliefMatching [83], respectively. It also provides an interface
with the open-source Python package Qiskit [139], enabling the export of experimental
designs to Qiskit circuits that can then be implemented to characterise noise in real
quantum devices.

4.2 Statement of need

The utility of detailed and scalable Pauli noise characterisation methods grows as ex-
perimental progress pushes quantum devices towards scales of hundreds of qubits and
initial demonstrations of fault tolerance. QuantumACES enables noise characterisation
and noise-aware decoding in this context, as demonstrated in [134] and [140], respectively.
While there are several software packages for benchmarking and noise characterisation,
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there are no open-source packages capable of detailed and scalable Pauli noise character-
isation of quantum devices. Forest-Benchmarking [141] is an open-source Python package
containing many routines for quantum characterisation, verification, and validation, but
its detailed noise characterisation techniques are not scalable. Gate set tomography [62]
is a principled and extremely detailed noise characterisation protocol implemented by the
open-source Python package pyGSTi [142], but it is limited to characterising very small
numbers of qubits. Cycle error reconstruction [76] is the noise characterisation protocol
whose capabilities are most similar to ACES, but it is implemented by the commercial
software True-Q [143].
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4.A Package overview

QuantumACES is a package for designing and simulating scalable and performant
Pauli noise characterisation experiments for stabiliser circuits with averaged circuit
eigenvalue sampling (ACES) [74]. It is focused on the context of quantum error correction
and fault-tolerant circuits and, in particular, on the syndrome extraction circuits of
topological quantum error correcting codes. It interfaces with Stim [56] for stabiliser circuit
simulation, PyMatching [45, 57] and BeliefMatching [83] for decoding, and Qiskit [139]
for implementation on quantum devices. QuantumACES uses PythonCall to interface
with these Python packages in Julia.

Typical usage of QuantumACES involves first doing the following:

• Construct the circuit and the noise model that you aim to characterise, either using
existing functions or your own.

• Optimise an ACES experimental design for noise characterisation of a small-scale
instance of the circuit, typically according to a deterministic noise model, such as
depolarising noise, with roughly the same average error rates as the noise you aim
to characterise.

This subsequently enables:

• Transferring the optimised experimental design to larger-scale instances of the
circuit, including with different noise models.

• Simulate noise characterisation experiments with ACES experimental designs,
including at large scales, using Stim.

• Calculating performance predictions for experimental designs at small scales and
fitting the performance predictions, in particular for syndrome extraction circuits
as a function of the distance of the underlying code, to predict performance at large
scales.

• Simulating memory experiments for syndrome extraction circuits using Stim, and
then decoding with PyMatching or BeliefMatching with decoder priors informed
by a range of noise models, including ACES noise estimates.

• Creating Pauli frame randomised ACES experimental designs, exporting them to
Qiskit circuits, and processing the results, enabling implementation on quantum
devices.

4.A.1 Example usage

QuantumACES is a registered Julia package and can be installed with the package
manager. Once installed, it is easy to start using the package.

First, we create noise model parameters for depolarising noise and an instance of
log-normal Pauli noise, a noise model described in Section 2.F, parameterised by the
single-qubit gate infidelity r 1, two-qubit gate infidelity r 2, measurement infidelity r m,
and total standard deviation of the log-normal Pauli noise sigma, specifying the seed
seed for reproducibility.
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using QuantumACES

r_1 = 0.05 / 100

r_2 = 0.4 / 100

r_m = 0.8 / 100

total_std_log = 0.5

seed = UInt(0)

dep_param = get_dep_param(r_1, r_2, r_m)

log_param = get_log_param(r_1, r_2, r_m, total_std_log; seed = seed)

Similarly, we create circuit parameters for the syndrome extraction circuit of a distance
dist rotated surface code.

dist = 3

rotated_param = get_rotated_param(dist)

Next, we create versions of this circuit with both noise models.

circuit_dep = get_circuit(rotated_param, dep_param)

circuit_log = get_circuit(rotated_param, log_param)

Then we optimise an ACES experimental design, controlling the optimisation by supplying
keyword arguments to the type OptimOptions.

d = optimise_design(circuit_dep; options = OptimOptions(; seed = seed))

There are a number of options that can reduce the optimisation time. For example,
we can disable cyclic coordinate descent optimisation of the circuit depth of repeated
tuples in the design by setting max cycles = 0. We can also allow the greedy search
over ordinary tuples to terminate once they are left unchanged by single excursion in the
search by setting excursions unchanged = 1.

d = optimise_design(

circuit_dep;

options = OptimOptions(;

max_cycles = 0,

excursions_unchanged = 1,

seed = seed,

)

)

This experimental design can then be transferred to the circuit with the log-normal
Pauli noise model.

d_log = generate_design(circuit_log, d)

If we only wish to update the noise model, however, we can do this more efficiently.

d_log = update_noise(d, circuit_log)

Now we can simulate repetitions instances of ACES noise characterisation across a
range of measurement budgets budget set, leveraging Stim to perform the simulation.

budget_set = [10^6; 10^7; 10^8]

repetitions = 1000

aces_data = simulate_aces(d_log, budget_set;

repetitions = repetitions,

seed = seed,

)
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We can compare the noise estimates to performance predictions and print the z-scores.

merit_log = calc_merit(d_log)

pretty_print(aces_data, merit_log)

Code similar to this can be used to generate the data in Figure 2.3.
We can also simulate ACES noise characterisation at scale. First, create a new

design at a large code distance dist big. Setting full covariance = false means only
the diagonal circuit eigenvalue estimator covariance matrix is generated, which saves
a substantial amount of time. It also prevents the design from attempting to perform
generalised least squares (GLS) with the full covariance matrix, which can consume
large amounts of memory at large scales, restricting the design to weighted least squares
(WLS).

dist_big = 25

rotated_param_big = get_rotated_param(dist_big)

circuit_big = get_circuit(rotated_param_big, dep_param)

circuit_big_log = get_circuit(rotated_param_big, log_param)

d_big = generate_design(circuit_big_log, d;

full_covariance = false,

diagnostics = true,

)

Now simulate this new design, setting split = true to avoid memory issues.

aces_data_big = simulate_aces(d_big, budget_set; split = true, seed = seed)

Code similar to this can be used to generate the data in Figure 2.7 and Figure 2.8.
It is expensive to directly calculate the performance of the experimental design at

this scale. Instead, we calculate the performance scaling of the experimental design at
small code distances and then extrapolate. We can do this for depolarising noise, and
for an average over instances of log-normal Pauli noise, calculating up to dist max, and
then extracting fits.

dist_max = 11

merit_scaling = calc_merit_scaling(d, dist_max)

scaling_fit = get_scaling_fit(merit_scaling)

ensemble_scaling = calc_ensemble_scaling(d_log, dist_max; seed = seed)

ensemble_fit = get_ensemble_fit(ensemble_scaling)

Code similar to this can be used to generate the data in Figure 2.4.
This allows us to predict expectations and variances, and compare them to the true

values, for both the ordinary figure of merit and the relative precision figure of merit.

wls_pred_expectation = ensemble_fit.wls_expectation_model(dist_big)

wls_pred_variance = ensemble_fit.wls_variance_model(dist_big)

wls_scores_big = [

(noise_error.wls_nrmse .- wls_pred_expectation) / sqrt(wls_pred_variance)

for noise_error in aces_data_big.noise_error_coll[1, :]

]

wls_pred_relative_expectation =

ensemble_fit.wls_relative_expectation_model(dist_big)

wls_pred_relative_variance =

ensemble_fit.wls_relative_variance_model(dist_big)

wls_relative_scores_big = [
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(noise_error.wls_relative_nrmse .- wls_pred_relative_expectation) /

sqrt(wls_pred_relative_variance)

for noise_error in aces_data_big.noise_error_coll[1, :]

]

These are not exactly z-scores in particular because the simulation was for a single
instance of log-normal Pauli noise, whereas the predictions are averaged over instances.
In practice, performance appears to be self-averaging so prediction works well at scale.

We can now use Stim to simulate a memory experiment with big rounds rounds,
sampling big shots shots. We inform the decoder, PyMatching by default, with a range
of noise models including our noise estimates.

big_rounds = dist_big

big_shots = 5 * 10^6

decoder_gate_probabilities = [

circuit_big_log.gate_probabilities

circuit_big.gate_probabilities

[noise_est.wls_gate_probabilities

for noise_est in aces_data_big.noise_est_coll[1, :]

]

]

decoder_labels = [

"True"

"Depolarising"

["ACES S=$(budget)" for budget in budget_set]

]

big_memory_data = simulate_memory(circuit_big_log, big_rounds, big_shots;

seed = seed,

decoder_gate_probabilities = decoder_gate_probabilities,

decoder_labels = decoder_labels,

diagnostics = true,

)

big_memory_summary = get_memory_summary(big_memory_data)

Code similar to this can be used to generate the data in Table 3.1.
We can also construct a Pauli frame randomised version of the experimental design

and generate corresponding Qiskit circuits. We specify a minimum number of ran-
domisations min randomisations and a target shot budget target shot budget, and
experiment shots shots per randomised experiment.

min_randomisations = 128

target_shot_budget = 5 * 10^6

experiment_shots = 64

d_rand = generate_rand_design(

d_log,

min_randomisations,

target_shot_budget,

experiment_shots;

seed = seed,

)

This modifies the shot weights, so we can calculate the merit of this new design.

d_shot = get_design(d_rand)

merit_shot = calc_merit(d_shot)

89



Chapter 4. QuantumACES.jl: design noise characterisation experiments for quantum
computers

Now we simultaneously generate ensembles of Stim and Qiskit circuits that imple-
ment this experimental design. The Qiskit circuits act on qiskit qubit num qubits and
qiskit qubit map maps QuantumACES qubit indices to Qiskit qubit indices, noting
that Julia indexes from 1 whereas Python indexes from 0.

qiskit_qubit_num = 17

qiskit_qubit_map = collect(0:(qiskit_qubit_num - 1))

(stim_ensemble, qiskit_ensemble) =

get_stim_qiskit_ensemble(d_rand, qiskit_qubit_num, qiskit_qubit_map)

We only simulate in Stim as the Qiskit stabiliser circuit simulator is much slower.

simulate_stim_ensemble(d_rand, stim_ensemble, experiment_shots; seed = seed)

rand_noise_est = estimate_stim_ensemble(d_rand, experiment_shots;

simulation_seed = seed)

rand_noise_error = get_noise_error(d_rand, rand_noise_est)

rand_noise_score = get_noise_score(rand_noise_error, merit_shot)

Suppose we then run the Qiskit circuits on a quantum device. The results must be
stored in an appropriate folder to be processed. Given a prefix backend, which typically
describes the device on which the circuits are run, the results must be stored relative to
the current directory in a folder whose name is given by qiskit results folder.

backend = "backend"

d_rand_filename = rand_design_filename(d_rand)

@assert d_rand_filename[(end - 4):end] == ".jld2"

qiskit_results_folder = "data/$(backend)_$(d_rand_filename[1:(end - 5)])"

The ensemble qiskit ensemble is a vector containing vectors of Qiskit circuits, each of
which comprise a job. Each job should be stored as a pickle in qiskit results folder

with prefix prefix, followed by an underscore and the job index, starting from 1.

prefix = "job"

example_job_1_filename = "$(qiskit_results_folder)/$(prefix)_1.pickle"

Then it is simple to process the data and estimate the noise.

process_qiskit_ensemble(

d_rand,

qiskit_qubit_num,

qiskit_qubit_map,

experiment_shots;

backend = backend,

prefix = prefix,

)

noise_est = estimate_qiskit_ensemble(

d_rand,

qiskit_qubit_map,

experiment_shots;

backend=backend,

)

Finally, we can analyse the consistency of this noise estimate with our noise model.

model_violation = get_model_violation(d_shot, noise_est)
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This quantity is a z-score which is approximately normally distributed if the circuit-level
Pauli noise model is upheld, as it is in simulation. Note the model violation score is
substantially larger when calculated for the projected noise estimates, that is, the noise
estimates after projecting the Pauli error probabilities into the probability simplex even
in simulation. By default, then, this function calculates the model violation for the
unprojected noise estimates.

We can also create a version of the experimental design corresponding to a combined
noise model for which Pauli X, Z, and Y basis SPAM noise are combined into a single
parameter for each qubit, so that for n qubits we have n SPAM noise parameters.
Previously, we considered 3n SPAM noise parameters for each Pauli basis, which we will
call the ordinary noise model. Then we can estimate the noise with the combined noise
model and calculate its model violation.

d_comb = get_combined_design(d_shot)

comb_noise_est = estimate_gate_noise(d_comb, noise_est)

comb_model_violation = get_model_violation(d_comb, comb_noise_est)

We might want to perform model selection with the Akaike information criterion (AIC)
or the Bayesian information criterion (BIC), which are straightforward to calculate.

aic = get_aic(d_shot, noise_est)

bic = get_bic(d_shot, noise_est)

comb_aic = get_aic(d_comb, comb_noise_est)

comb_bic = get_bic(d_comb, comb_noise_est)

The preferred model is the one that minimises the AIC or BIC, depending on the metric
of choice. In practice, the combined noise model tends not to be formally preferred but is
nevertheless more parsimonious as the SPAM noise estimates in the ordinary noise model
differ across Pauli bases more than can reasonably be expected. Therefore we tend not
to use this model selection procedure.

4.A.2 Creating circuits and noise models

QuantumACES makes it easy to create new circuits and noise models. At a high level, we
create new parameter types for the circuit or noise model and then create new methods
for the functions get circuit and init gate probabilities, respectively, that take
these parameter types as arguments. Then get circuit uses the circuit and noise model
parameters to create a Circuit object.

The Circuit object enables the functionality we saw in Section 4.A.1, with two
exceptions. First, calculating performance predictions requires the circuit to be paramet-
erised by a dist parameter, typically the distance of the code underlying the syndrome
extraction circuit. Second, simulating memory experiments in Stim requires the circuit
to be a syndrome extraction annotated with the appropriate information. The Circuit
object contains an extra fields field which is a dictionary that can store additional
parameters to enable functionality such as this. In particular, syndrome extraction circuits
must store a CodeParameters object in this dictionary, which is then used to generate
the detectors in Stim for memory experiment circuits, enabling decoding.

As an example, we create the example circuit in Figure 2.2.

struct ExampleParameters <: AbstractCircuitParameters

params::Dict{Symbol, Any}

circuit_name::String

end
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The parameters for the circuit are stored in the dictionary params. We would then
create a constructor for this type, which would initialise the required parameters in the
dictionary params, but omit the details here. As an example, the syndrome extraction
circuits of codes such as the surface code store the vertical and horizontal distances of
the code, amongst other parameters, in their params field. Then we create a function to
create the circuit from the parameters.

function example_circuit(example_param::ExampleParameters)

# Set up variables

pad_identity = example_param.params[:pad_identity]

layer_time_dict = example_param.params[:layer_time_dict]

single_qubit_type = :single_qubit

two_qubit_type = :two_qubit

# Generate the circuit and data

qubit_num = 3

circuit = [

Layer([Gate("CZ", 0, [2; 3])], qubit_num),

Layer([Gate("CZ", 0, [1; 2]), Gate("H", 0, [3])], qubit_num),

Layer([Gate("H", 0, [1]), Gate("S", 0, [2]), Gate("H", 0, [3])],

qubit_num),

]

layer_types = [two_qubit_type, two_qubit_type, single_qubit_type]

layer_times = get_layer_times(layer_types, layer_time_dict)

extra_fields = Dict{Symbol, Any}()

# Pad layers with identity gates if appropriate

if pad_identity

circuit = [pad_layer(l) for l in circuit]

end

return (

circuit::Vector{Layer},

layer_types::Vector{Symbol},

layer_times::Vector{Float64},

extra_fields::Dict{Symbol, Any},

)

end

Finally, we add a method to get circuit, using the following form, to create the circuit
from the parameters.

function QuantumACES.get_circuit(

example_param::ExampleParameters,

noise_param::T;

noisy_prep::Bool = false,

noisy_meas::Bool = true,

combined::Bool = haskey(noise_param.params, :combined) ?

noise_param.params[:combined] : false,

strict::Bool = false,

) where {T <: AbstractNoiseParameters}

(circuit, layer_types, layer_times, extra_fields) =

example_circuit(example_param)

c = get_circuit(

circuit,

layer_types,

layer_times,
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noise_param;

circuit_param = example_param,

extra_fields = extra_fields,

noisy_prep = noisy_prep,

noisy_meas = noisy_meas,

combined = combined,

strict = strict,

)

return c::Circuit

end

As another example, we consider creating a phenomenological noise model.

struct PhenomenologicalParameters <: AbstractNoiseParameters

params::Dict{Symbol, Any}

noise_name::String

end

Again, we would then create a constructor for this type, but omit the details here. Now
we add a method to init gate probabilities to create the Pauli error probabilities
for each gate from the parameters.

function QuantumACES.init_gate_probabilities(

total_gates::Vector{Gate},

phen_param::PhenomenologicalParameters,

)

# Set up variables

p = phen_param.params[:p]

m = phen_param.params[:m]

m_r = phen_param.params[:m_r]

m_i = phen_param.params[:m_i]

# Determine the weights of the Pauli errors

one_qubit_support_size = ones(3)

n = 2

two_qubit_support_size = Vector{Int}()

bit_array = BitArray(undef, 2n + 1)

for bit_array.chunks[1] in 1:(4^n - 1)

two_qubit_pauli = Pauli(convert(Vector{Bool}, bit_array), n)

push!(two_qubit_support_size, length(get_support(two_qubit_pauli)))

end

@assert sum(two_qubit_support_size .== 1) == 6

@assert sum(two_qubit_support_size .== 2) == 9

@assert length(two_qubit_support_size) == 15

# Generate the noise

gate_probabilities = Dict{Gate, Vector{Float64}}()

for gate in total_gates

if is_spam(gate)

gate_probs = [m]

elseif is_mid_meas_reset(gate)

gate_probs = [m_r]

elseif is_meas_idle(gate)

gate_probs = m_i .^ one_qubit_support_size

else

gate_support_size = length(gate.targets)

if gate_support_size == 1
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gate_probs = p .^ one_qubit_support_size

elseif gate_support_size == 2

gate_probs = p .^ two_qubit_support_size

else

throw(error("The gate $(gate) is unsupported."))

end

end

@assert sum(gate_probs) < 1

gate_probabilities[gate] = [1 - sum(gate_probs); gate_probs]

end

return gate_probabilities::Dict{Gate, Vector{Float64}}

end

Once these two methods have been defined, it becomes easy to create the example
circuit in Figure 2.2 with a phenomenological noise model.

circuit_example = get_circuit(example_param, phen_param)

This enables the relevant functionality in Section 4.A.1.

4.A.3 Package performance

QuantumACES has several performance optimisations that are essential for its practical
utility. We now examine some core optimisations that may be of particular interest
through the lens of the functions optimise design and simulate aces. These functions
optimise experimental designs and simulate ACES noise characterisation experiments,
respectively.

First, we discuss the optimisation of experimental designs with optimise design.
Crucial to the tractability of this optimisation is the fact that we can perform the
optimisation at small scales, such as the syndrome extraction circuits of distance-3
topological codes, and then transfer the optimised design to the syndrome extraction
circuits of the same codes at larger distances, while retaining performance characteristics.
As we discussed in Section 2.3.5, an ACES experimental design (T ,Γ) is parameterised
by the tuple set T and the shot weights Γ. The tuple set T is discrete and cannot be
optimised continuously, and so its optimisation relies on repeated calculation of the figure
of merit F , which is given in Equation 2.28. However, the shot weights Γ are continuous,
allowing us to optimise them with gradient descent. This relies on the fast calculation
of the gradient of the figure of merit with respect to the shot weights, with analytic
expressions for these gradients given in Section 2.D. Carefully optimised calculation of
these analytic expressions is roughly one and a half orders of magnitude faster than
forward-mode automatic differentiation, which is much faster than backward-mode
automatic differentiation in this case.

We now remark on some considerations in the linear algebra calculations of the
figure of merit and its gradient. The design matrix A is sparse, and the circuit (log-
)eigenvalue estimator covariance matrix Ω (Ω′) is block diagonal with the blocks themselves
being sparse. It is important to appropriately leverage this sparsity in calculations.
Matrix multiplications quickly densify sparse matrices, at which point the matrices must
be converted to dense form to avoid substantial performance degradation. In general,
QuantumACES calculates matrix inverses for dense symmetric matrices, and so leverages
the Cholesky or Bunch-Kaufman decompositions depending on whether the matrix is
positive definite or not, respectively. It is often necessary to invert Ω or Ω′, and this
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leverages the sparse Cholesky decomposition for separate blocks of the matrix. Lastly,
QuantumACES calculates the condition number and pseudoinverse norm of A with sparse
methods for eigenvalue finding.

Next, we discuss the simulation of ACES noise characterisation experiments with
simulate aces. Experiments are simulated with Stim [56], a fast simulator for stabiliser
circuits with Pauli noise, with the function simulate stim estimate. This function
simulates experiments with Stim and immediately estimates the circuit eigenvalues
measured by the experiment to avoid storing large numbers of measurement outcomes in
memory. By default, Stim outputs measurement outcomes as bits, but can instead pack
measurement outcomes into 8-bit unsigned integers, which in practice speeds up sampling
of circuit outcomes by roughly a factor of 8. These bit-packed results can then be processed
quickly with careful bit manipulation to estimate the circuit eigenvalues measured by the
experiment. It is also important to automatically split up Stim simulations that attempt
to sample too many shots at once to avoid memory issues. One step in this simulation
process that can surprisingly become a bottleneck is the creation of the circuit string for
Stim corresponding to each experiment. If the string manipulation is not optimised, this
can become very slow for large circuits.

Once the Stim simulations have been performed to estimate the circuit eigenvalues,
we then estimate the gate eigenvalues and Pauli error probabilities with the function
estimate gate noise. We will discuss this process in the context of GLS, though at
large scales it is essential to only construct the diagonal of the circuit eigenvalue estimator
covariance matrix Ω and hence only perform WLS. First, we calculate the sparse block
diagonal Cholesky factorisation of the circuit log-eigenvalue estimator covariance matrix
Ω′ = LL⊺, and calculate the inverse of the Cholesky factor L−1. Then we left-divide
the scaled design matrix L−1A by the scaled circuit log-eigenvalues L−1b to obtain the
estimated gate log-eigenvalues x̂. The left-division operator in Julia leverages the sparse
structure of the inversion problem and is very fast. Once we have the gate log-eigenvalues,
we can straightforwardly estimate the Pauli error probabilities for each gate in the circuit.

However, these estimates are not guaranteed to be valid probability distributions, so
we must project the estimates into the probability simplex. As discussed in Section 3.A,
we perform this projection in the Mahalanobis distance with the fast convex solver
SCS [137, 138]. In particular, we use Equation 3.6 to optimise the calculation of the
precision matrix such that the only matrix inversion required is the highly-optimised
inversion of the circuit log-eigenvalue estimator covariance matrix Ω′.

These core optimisations make QuantumACES capable of optimising ACES experi-
mental designs and simulating ACES noise characterisation experiments at large scales
using only a laptop. In particular, the results presented in this thesis were produced on
a 2021 M1 Max Macbook Pro with 32 GB of RAM. I believe QuantumACES provides
a proof of concept demonstrating the utility and practicality of scalable circuit-level
Pauli noise characterisation in the context of quantum error correction and fault-tolerant
quantum computation.
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Chapter 5

A heavy hexagon memory with
noise-aware decoding

To ask in advance for a complete recipe would be unreasonable. We can
specify only the human qualities required: patience, flexibility, intelligence.

— John von Neumann, Can We Survive Technology?

The following chapter describes ongoing work in which we experimentally implement the
methods described in Chapter 2 and Chapter 3 on IBM quantum devices, using the soft-
ware package QuantumACES described in Chapter 4. We perform noise characterisation
of the syndrome extraction circuit of the heavy hexagon code, examine the consistency
of our noise estimates, and use the results to design an improved syndrome extraction
circuit. Then we operate the heavy hexagon code as a quantum memory and use the noise
estimates to predict the performance of the memory and perform noise-aware decoding. I
believe we will be able to improve quite significantly on the preliminary results presented
here.

5.1 Introduction

Until now we have worked only in theory and simulation. But noise is ultimately a
phenomenon observed in physical quantum devices. So it is now time to get our hands
dirty and implement these methods experimentally on real quantum hardware.

We will perform our experiments on IBM quantum devices, high-performance super-
conducting quantum devices with low error rates and over a hundred qubits. The qubits
are arranged in a heavy hexagon lattice, a topology that is the product of a co-design
process [144]. Heavy hexagon codes are a family of subsystem codes that are well-suited
to this topology [52]. In the heavy hexagon lattice, most qubits have degree-2 connectivity
while the rest have degree-3 connectivity. This makes manufacturing high-performance
devices easier, as it reduces gate frequency collisions in the IBM superconducting hard-
ware platform [52]. Previous work has examined the heavy hexagon code operated as a
quantum memory [77].

In this chapter, we focus on noise characterisation and noise-aware decoding for the
heavy hexagon code. First, in Section 5.2 we describe heavy hexagon codes and design a
novel syndrome extraction circuit optimised for the noise and device characteristics of the
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Chapter 5. A heavy hexagon memory with noise-aware decoding

IBM Heron quantum architecture. Then Section 5.3 outlines the details of experimentally
implementing the scalable Pauli noise characterisation protocol introduced in Chapter 2
based on averaged circuit eigenvalue sampling (ACES), performed with the software
described in Chapter 4. Following this, Section 5.4 examines the model error associated
with our experimental noise estimates. Finally, Section 5.5 presents our heavy hexagon
memory results, including performance predictions derived from our noise characterisation
results, and the performance of noise-aware decoding, following the methods of Chapter 3.
We close with a discussion of our results and future directions in Section 5.6.

5.2 Heavy hexagon codes

Heavy hexagon codes are a family of subsystem codes co-designed with the heavy
hexagon lattice. We introduced surface codes and briefly mentioned heavy hexagon codes
in Section 1.3.3. In this section, we describe heavy hexagon codes, which can be thought of
as modified surface codes, and a standard syndrome extraction circuit. We also introduce
a novel syndrome extraction circuit whose design is informed by ACES noise estimates
and the characteristics of IBM quantum devices.

A heavy hexagon code is a subsystem code that encodes a single logical qubit in
a dZ × dX rectangular array of data qubits. We usually consider square codes with
d = dZ = dX . These codes have an asymmetry between the X and Z gauge generators,
but we are free to exchange the Pauli types of the gauge generators. Here we follow the
convention of [52], whereas [77] uses the opposite convention.

In heavy hexagon codes, the X gauge generators are exactly the same as the surface
code X stabiliser generators, namely, weight-4 products of Pauli X on plaquettes in the
array, and weight-2 products on the boundary. However, the Z gauge generators differ
from the surface code Z stabiliser generators. Each weight-4 surface code Z stabiliser
generator is split into two weight-2 heavy hexagon code Z gauge generators, which are
products of Pauli Z on edges in the array along the logical X direction. Like in the
surface code, the logical Pauli Z (X) generator can be chosen to be any straight string
of Pauli Z (X) operators of length dZ (dX) that terminates in a boundary Z (X) gauge
generator, which is checked by the X (Z) gauge generators. Figure 5.1 shows a syndrome
extraction circuit for a d = 3 heavy hexagon code following the circuit and Pauli type
convention given in [77], which is opposite to the description here.

The advantage of subsystem codes such as heavy hexagon codes is that syndrome
extraction circuits can use lower-degree connectivity measure qubits. In Figure 5.1, the
weight-2 type checks, now X instead of Z, are performed by X measure qubits connected
to pairs of data qubits. The weight-4 type checks, now Z instead of X, are performed
by Z measure qubits connected to paids of X measure qubits. Hence the Z measure
qubits, and those X measure qubits not connected to Z measure qubits are degree-2,
whereas the X measure qubits connected to Z measure qubits are degree-3. In contrast,
the measure qubits in the surface code are all degree-4.

The stabiliser group for this code differs from the surface code because the Z gauge
generators now anticommute with the X gauge generators. In fact, the Z stabiliser
generators of the heavy hexagon code are exactly the Z stabiliser generators of the
surface code. However, the X stabiliser generators are products of the X gauge generators
along the logical X direction. Hence the code has a threshold for X errors but does not
have a threshold for Z errors. This is because the size of the X stabiliser generators
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Figure 5.1: Diagram of a syndrome extraction circuit for a distance-3 heavy hexagon
code, following the circuit given in [77], displayed with Stim [56].

grows with the logical X distance dX , and so are flipped by an increasingly large number
of Z errors as dX grows.

Now we turn our attention to syndrome extraction circuits for the heavy hexagon
code. We performed preliminary ACES noise characterisation experiments on the circuit
in Figure 5.1 in both IBM Sherbrooke, an older processor based on the IBM Eagle
architecture, and IBM Fez, a new processor based on the IBM Heron architecture. In
IBM Sherbrooke, we observed extreme amounts of noise on the idling qubits during
the controlled-X gate layers, particularly in the form of Pauli Z errors. Indeed, ZZ
crosstalk with idling qubits during two-qubit gates is a known issue with the IBM Eagle
architecture. It was encouraging to see that we had similar findings, particularly because
this correlated error mechanism is not explicitly represented in our noise model. This
demonstrates that ACES is indeed capable of detecting the averaged effect of correlated
errors, as we argued in Section 2.A.

We did not observe this crosstalk issue in IBM Fez, whose newer IBM Heron ar-
chitecture was designed to eliminate this issue. While we found that the gates in IBM
Fez perform very well, noise on idling qubits during measurement was very substantial.
This fact becomes unsurprising when we consider the time taken for two-qubit gates and
measurements in IBM Fez. These times are publicly displayed on the IBM Quantum
website, though they are subject to change as devices are calibrated and improved.
Currently, in IBM Fez two-qubit gates take 84 ns and measurements take 1560 ns, so
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Figure 5.2: Diagram of an improved syndrome extraction circuit for a distance-3 heavy
hexagon code displayed with Stim [56]. Compared to Figure 5.1, the qubit layout is
flipped horizontally, and the circuit features twice as many two-qubit gate layers but only
a single measurement layer.

measurements take about 18.6 times longer than two-qubit gates. For comparison, in IBM
Sherbrooke two-qubit gates take 533 ns and measurements take 1216 ns, so measurements
only take about 2.3 times longer than two-qubit gates. The syndrome extraction circuit
in Figure 5.1 features 7 two-qubit gate layers and two measurement layers in each round
of syndrome extraction, as it measures the X and Z stabilisers separately. This is a
reasonable circuit design for IBM Sherbrooke, but it is not ideal for IBM Fez, where we
would prefer only a single measurement layer.

Accordingly, we designed a new syndrome extraction circuit for the heavy hexagon
code with only a single measurement layer, shown in Figure 5.2. Compared to Figure 5.1,
the qubit layout is flipped horizontally, which does not alter the code, and the circuit
returns to the X and Z stabiliser types of [52]. This circuit features 14 two-qubit gate
layers, which is twice as many as the original syndrome extraction circuit, but only a
single measurement layer. Adding 7 two-qubit gate layers to remove a single measurement
layer reduces the time taken to perform a round of syndrome extraction in IBM Fez—
though not IBM Sherbrooke—so we expect this circuit will reduce idling errors. This
syndrome extraction circuit for the heavy hexagon code is the design we will consider in
the remainder of this chapter.

Another important consideration is whether to reset the measure qubits after measure-
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ment. While the syndrome extraction circuit in Figure 5.1 includes reset operations, the
circuit in Figure 5.2 does not. IBM devices are not capable of performing unconditional
resets, which use a physical reset operation to return a qubit to the |0⟩ state. Instead,
they perform conditional resets, which consist of a computational basis measurement
followed by a Pauli X conditioned on the measurement outcome indicating the qubit
was in the |1⟩ state. This is simply a Pauli correction that could be tracked in software,
and it has been shown that conditional resets are no better than measurement [145].
Now suppose the circuit in Figure 5.2 included conditional reset. Measurement takes
longer than all of the gate layers in the circuit combined, so repeating the version with
conditional reset twice would take longer than repeating the actual circuit three times.
Hence we do not include conditional reset.

The absence of unconditional reset is relatively well-tolerated in memory experi-
ments [145], but is more harmful when performing logical operations. This is better tested
in stability experiments [146], which investigate moving a logical observable through space,
rather than in memory experiments, which investigate preserving a logical observable
through time. In memory experiments, logical errors are caused by spacelike strings
of physical errors across the code, whereas in stability experiments, logical errors are
caused by timelike strings of measurement errors. Without unconditional reset, each
measurement error also causes an erroneous misclassification of the measurement in the
next round, halving the timelike code distance. However, this chapter focuses on memory
experiments for which this is not a major issue.

The circuit in Figure 5.2 is the product of a co-design process and reflects a focus on
quantum error correction circuits over quantum error correcting codes, as I discussed in
Section 1.3.4. We have designed the syndrome extraction circuit to leverage the strengths
of the IBM Heron architecture while avoiding its weaknesses, and this process was aided by
noise characterisation results. This co-design loop could be closed by measurement-focused
hardware improvements.

5.3 Implementing ACES experimentally

Experimentally implementing the ACES protocol described in Chapter 2 for IBM quantum
devices performing the syndrome extraction circuit in Figure 5.2 is largely straightforward.
At a high level, we simply need to optimise an experimental design for this circuit, generate
Qiskit circuits that implement the experimental design, run those circuits on the device,
and process the data. The primary challenge in this experimental implementation is the
need to perform Pauli frame randomisation or randomised compiling to tailor the noise
into Pauli noise, something that was unnecessary in simulations. This section describes
how we address this challenge.

Ideally, we would use a separate randomisation each time we sample a shot from
a circuit on a quantum device. It has been shown in the context of a related protocol,
shadow estimation, that sampling multiple shots from a single randomisation is maximally
ineffective for Clifford circuits [147]. Unfortunately, the syndrome extraction circuits we
consider here are Clifford circuits, so we would like to minimise the number of shots we
sample from each randomisation.

However, the control systems of superconducting quantum devices, such as those
produced by IBM, use waveform generators to produce the pulse sequences that perform
quantum circuits on the device [148]. Loading these pulse sequences onto the device
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takes a significant amount of time. Hence, given a fixed shot budget, increasing the
number of randomisations also increases the runtime of the protocol. While a method
for hardware-efficient randomised compiling has recently been introduced [101], which
randomises each shot with little or no overhead, these methods must be implemented in
the control system of the device. They are not currently supported by IBM quantum
devices, and we do not have control system access. Regardless, such modifications are
outside the scope of this work.

We must manage the runtime of the protocol by carefully choosing the number of
randomisations. We will do so in a way that approximates the shot weights first introduced
in Section 2.3.3. Suppose we have an experimental design (T ,Γ) with tuple set T and
shot weights Γ, as well as a target number of measurement shots S′, also called the shot
budget. Given the shots per randomisation S′

R, we aim to determine the randomisations
R = {RT }T∈T for each tuple in the tuple set.

Recall from Section 2.3.3 that each tuple T ∈ T is allocated a fraction ΓT of the
shots. These shots are divided evenly between the experiments in its experiment set ET .
Suppose that we perform RT randomisations of each experiment in ET , then we can see
that

ΓT =
RT |ET |∑

T∈T RT |ET |
. (5.1)

Thus we aim to choose the randomisations R in order to best approximate the shot
weights Γ, and do so algorithmically.

First, initialise the randomisations R to a minimum value Rmin. Then, given the shots
per randomisation S′

R and a target number of measurement shots S′, also known as the
shot budget, we iteratively increment the randomisations towards better approximating
the shot weights. At each step, we increment by one the number of randomisations of
one tuple, greedily choosing this tuple to minimise the 2-norm between the shot weights
Γ and the shot weights currently entailed by the randomisations. We terminate once the
target shot budget is reached, giving us the randomisations R.

When initially implementing our ACES noise characterisation protocol, we used
S′
R = 4096 shots per randomisation. After realising the importance of minimising this

value, we reduced this to S′
R = 500. Then, leveraging control system improvements that

were made for the IBM quantum devices, we were able to further reduce this to S′
R = 64.

Ultimately, this allowed us to gather S′ = 5× 106 shots in a little over an hour on IBM
Fez. We present the full noise characterisation results and the experimental design used
to obtain them in Section 5.A.

These results are shown for a combined noise model for which Pauli X, Z, and Y
basis SPAM noise are combined into a single parameter for each qubit, so that for n
qubits we have n SPAM noise parameters. In Chapter 2, we considered 3n SPAM noise
parameters for each Pauli basis, and we will call this the ordinary noise model. The
combined noise model is more parsimonious as the SPAM noise estimates for the ordinary
noise model differ across Pauli bases more than can reasonably be expected given the
small number of single-qubit Clifford gates used to change the Pauli basis. We now turn
to examining the model error of our noise estimates.

5.4 ACES model violation

Now that we are implementing ACES experimentally, rather than in simulation, we do
not have ground truth values against which to compare our noise estimates. Instead, we
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examine how well the data are fit by our noise model. In this section, we describe how
this can be done with standard linear regression theory by computing the generalised
residual sum of squares. The generalised residual sum of squares is expected to obey a chi-
squared distribution if our noise model is correct, that is, if the data are consistent with
a time-independent circuit-level Pauli noise model. Thus the z-score of the generalised
residual sum of squares, the number of standard deviations from the mean, is a model
violation score that assesses model error and the extent to which the assumptions of the
noise model are violated.

Recall from Section 2.3, and particularly Section 2.3.4, that ACES noise estimates
are obtained by solving the linear regression problem

b = Ax+ ε. (5.2)

The circuit log-eigenvalues b are related to the gate log-eigenvalues x by the design
matrix A, and the error variables are distributed according to a multivariate normal
distribution ε ∼ NM (0,Ω′), where Ω′ is the circuit log-eigenvalue estimator covariance
matrix. Recalling the generalised least squares discussion in Section 2.B, notice that we
can decorrelate and standardise the variances with a linear transformation. Specifically,
consider the Cholesky factorisation Ω′ = LL⊺, and then left-multiply Equation 5.2 by
L−1 to obtain

L−1b = L−1Ax+ L−1ε, (5.3)

where now L−1ε ∼ NM (0, IM ).
Suppose we have an estimate of the circuit log-eigenvalues b. Then referencing Equa-

tion 5.3, we see that the generalised least squares estimator for the gate-log-eigenvalues
x̂ is given

x̂ =
(
A⊺Ω′−1A

)−1
A⊺Ω′−1b. (5.4)

Then the residuals are

r̂ =
(
b−Ax̂

)
=
(
I −A

(
A⊺Ω′−1A

)−1
A⊺Ω′−1

)
b = (I −H)b, (5.5)

where we call H the hat matrix because

b̂ = Ax̂ = Hb. (5.6)

The hat matrix H is a projection matrix, though in our case it is not orthogonal, and
hence so too is I −H. We can also define the generalised residuals as

ĥ = L−1r̂ = L−1(I −H)b, (5.7)

and the generalised residual sum of squares as

ĝ⊺ĝ = r̂⊺Ω′−1r̂ =
(
b−Ax̂

)⊺
Ω′−1

(
b−Ax̂

)
= b⊺

(
Ω′−1(I −H)

)
b. (5.8)

Indeed this is the squared Mahalanobis distance, introduced in Section 3.A, between b
and Ax̂.

Standard linear regression theory tells us that the generalised residual sum of squares
in Equation 5.8 obeys a chi-squared distribution with K =M −N degrees of freedom,
whereM is the number of circuit eigenvalues and N is the number of gate eigenvalues, that
is, ĝ⊺ĝ ∼ χ2

K . To see that this is true, notice that the Ω′−1 term in Equation 5.8 serves to
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Table 5.1: Model violation zχ, given in Equation 5.9, of ACES ordinary and combined
noise estimates, as well as the projected noise estimates, for the syndrome extraction
circuit in Figure 5.2 on IBM Fez. Model violations are shown for a range of shots per
randomisation S′

R, and roughly halve for each factor of two reduction in S′
R.

S′
R Ordinary zχ Combined zχ Proj. ordinary zχ Proj. combined zχ

64 247.8 315.7 1890 2121

32 127.6 161.8 948.0 1066

16 62.96 81.02 472.8 533.4

8 32.51 40.89 236.8 266.1

decorrelate and standardise the variances, whereas the projection matrix I −H has trace
M −N since both A and Ω′ have full rank. Thus we are left with the sum of K =M −N
squared standard normal variables, which is exactly a chi-squared distribution with K
degrees of freedom. This distribution has mean K and standard deviation

√
2K, so we

define the model violation zχ as the z-score of the residual sum of squares

zχ =
ĝ⊺ĝ −K√

2K
, (5.9)

a more principled but essentially equivalent version of the reduced chi-squared statistic(
ĝ⊺ĝ

)
/K. We validate that zχ approximately follows a standard normal distribution in

numerical simulations. Hence the model violation zχ allows us to assess whether the
observed circuit log-eigenvalues b are consistent with the time-independent circuit-level
Pauli noise model entailed by Equation 5.2.

There are two important observations to make about the model violation. First,
a large model violation indicates high confidence that the noise model is violated. It
does not measure the extent to which the noise model must be modified to fit the data
well. Second, note that Equation 5.8 features the unprojected estimates of the gate
log-eigenvalues. These estimates need not correspond to valid probability distributions
so as discussed previously, particularly in Section 3.A, we must project our estimates
into the probability simplex. A version of this model violation calculated with these
projected estimates does not even approximately follow a standard normal distribution
in numerical simulations.

We are now ready to examine the model violation of our noise estimates obtained
in Section 5.3. Table 5.1 shows the model violation zχ of ACES ordinary and combined
noise estimates, as well as the projected noise estimates, for the syndrome extraction
circuit in Figure 5.2 on IBM Fez. The model violations are shown for a range of shots per
randomisation S′

R, from the full 64 collected from the device down to 8. Below S′
R = 8,

for which the shot budget S′ is reduced from the original 5 × 106 to S′ = 6.25 × 105,
too few shots are collected to ensure the that the estimate of the circuit log-eigenvalue
estimator covariance matrix is positive-definite.

We observe in Table 5.1 that model violations roughly halve for each factor of two
reduction in S′

R. This demonstrates that reducing the number of shots per randomisation
is valuable even below S′

R = 64 down to S′
R = 8. If we suppose this trend continues down

to full randomisation with S′
R = 1, this extrapolation indicates that our ACES noise
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Figure 5.3: Histogram of the circuit log-eigenvalue residuals with S′
R = 64 shots per

randomisation, comparing experimental data from IBM Fez (red) to simulated data
(blue). The simulations are for 20 trials of ACES with the same shot budget where gate
noise values were given by the device noise estimates.

estimates in this context may be able to achieve model violations of around 4 for the
ordinary noise model and 5 for the combined noise model.

As a point of comparison, we turn to gate set tomography (GST) [62], a rigorous but
expensive noise characterisation protocol. GST experiments commonly consider what is
essentially this exact model violation quantity, though in that context it is derived from
more involved statistical theory. In experimental implementations of GST, such as [149],
a model violation of under 5 is a benchmark for a low model violation. This suggests
that with full randomisation, noise in IBM Fez is well described by a time-independent
circuit-level Pauli noise model.

It is also possible to perform model selection using the generalised residual sum of
squares to calculate quantities such as the Akaike information criterion (AIC) or the
Bayesian information criterion (BIC) [109]. These quantities formally prefer the ordinary
noise model. However, as discussed previously, the SPAM noise estimates for the ordinary
noise model differ across Pauli bases more than can reasonably be expected, given the
small number of single-qubit Clifford gates used to change the Pauli basis. Therefore
the combined noise model is more parsimonious, and so we do not consider this model
selection procedure in further detail here.

We can also directly compare the residuals, as defined in Equation 5.5, for the device
data against simulated residuals generated from the device noise estimates we obtained.
For the combined noise model, we show the residual histograms at S′

R = 64 in Figure 5.3
and at S′

R = 8 in Figure 5.4. Note that we display the logarithm of the absolute value of
the residuals, which is equivalent to the logarithm of the squared residuals up to a factor
of two. As suggested by their relative model violations, reducing the number of shots per
randomisation makes the device residuals more consistent with the simulated residuals.
In particular, we notice that the device residual distribution is shifted to the right of the
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Figure 5.4: Histogram of the circuit log-eigenvalue residuals with S′
R = 8 shots per

randomisation, comparing experimental data from IBM Fez (red) to simulated data
(blue). The simulations are for 20 trials of ACES with the same shot budget where gate
noise values were given by the device noise estimates.

simulated residual distribution—which corresponds to larger residuals—but this shift is
reduced as S′

R is decreased from 64 to 8. Nevertheless, there is still a noticeable shift at
S′
R = 8, suggesting that further gains could be made by further reductions to the number

of shots per randomisation.

Our results indicate that the time-independent circuit-level Pauli noise model estim-
ated by ACES is a good model for noise in IBM Fez. With full randomisation, which could
be performed with the hardware-efficient randomisation methods of [101], we believe
that ACES can attain model violations similar to those found in GST. GST similarly
assumes time-independent noise but is otherwise a highly rigorous noise characterisation
technique, although it struggles to scale beyond a few qubits. This indication that the
circuit-level Pauli noise model can achieve very low model errors is a very encouraging
sign for the utility of scalable Pauli noise characterisation techniques such as ACES.

5.5 Heavy hexagon memory

Finally, we are ready to operate IBM Fez as a heavy hexagon memory. We use the
syndrome extraction circuit given in Figure 5.2 to construct memory experiment circuits,
with two major variants. When implementing ACES on IBM Fez, our Qiskit circuits
included barriers between the layers to ensure we only ever perform the appropriate
layers of gates, and dynamical decoupling on the idling qubits during measurements. In
one variant, we do the same for memory experiments. In the other, we do not include
barriers except around measurements and perform dynamical decoupling throughout the
circuit, as the barriers prevent the Qiskit tranpiler from optimising the circuit.

We present preliminary results for a memory experiment in the |0⟩ basis in Figure 5.5.
The memory experiment was decoded with PyMatching [45], a fast correlated matching
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Figure 5.5: Logical error probability as a function of the number of rounds of syndrome
extraction for a heavy hexagon memory in the |0⟩ basis on IBM Fez, for an ordinary
memory circuit and a memory circuit with barriers, decoded with a MWPM decoder
informed by device calibration data. Predicted logical error probabilities derived from
ACES noise estimates and publicly available device calibration data are also shown.
The logical error per round ε is obtained by fitting the logical error probability as an
exponential decay in the number of rounds. Whereas the ACES prediction lies roughly
halfway between the memory experiments with and without barriers, the device calibration
data predicts vastly less noise than is observed in the memory experiments.

decoder, informed by device calibration data, and collected 4096 shots for a number of
rounds ranging from 1 to 9. The logical error per round ε was obtained by fitting the
logical error probability as an exponential decay in the number of rounds. Figure 5.5
also shows the memory experiment performance predicted by ACES noise estimates and
publicly available device calibration data.

We see that the memory experiment without barriers performs substantially better
than the memory experiment with barriers, with the ACES prediction roughly halfway in
between. By contrast, the device calibration data vastly overestimates device performance,
predicting a logical error per round more than six times lower than the actual logical
error per round. This demonstrates that the ACES noise estimates are a substantial
improvement over publicly available device calibration data.

Although the ACES noise estimates outperform device calibration data, they do
not match either memory circuit. Ideally, all three of these would coincide, but two
major differences may explain the discrepancy. First, the memory circuits do not feature
Pauli frame randomisation, unlike the circuits for ACES noise estimation. Second, the
ordinary memory circuit is transpiled by the Qiskit transpiler. In the future, we plan
to develop an optimised version of the syndrome extraction circuit expressed in terms

107



Chapter 5. A heavy hexagon memory with noise-aware decoding

Rounds of syndrome extraction

0 1 2 3 4 5 6 7 8 9 10

L
og

ic
a
l 
er

ro
r 

p
ro

b
ab

il
it

y
 (

%
)

0

10

20

30

40

50
|0⟩ basis memory

Device data: ε = 6.6%

Barrier data: ε = 10.1%

ACES device data: ε = 6.5%

ACES barrier data: ε = 10.5%

Figure 5.6: Logical error probability as a function of the number of rounds of syndrome
extraction for a heavy hexagon memory in the |0⟩ basis on IBM Fez, for an ordinary
memory circuit and a memory circuit with barriers, decoded with a MWPM decoder
informed by device calibration data. Logical error probabilities are also shown for the
same memory experiments when the decoder is instead informed by ACES noise estimates.
The logical error per round ε is obtained by fitting the logical error probability as an
exponential decay in the number of rounds. Results are very similar regardless of the
decoder prior.

of hardware-native gates, which here are controlled-Z gates as opposed to controlled-X
gates. This should reduce or eliminate the need for circuit transpiling, and enable the
insertion of barriers to ensure that the gate layers in the circuit are the same as in ACES
noise characterisation experiments.

Next, we present preliminary results for noise-aware decoding of the same memory
experiment in Figure 5.6. This compares logical error rates when the decoder is informed
by device calibration data and ACES noise estimates. We see that the decoder prior
does not have a substantial effect on logical error rates for both the ordinary memory
experiment and the one with barriers.

There are several reasons that may explain why we do not see a substantial difference
in the logical error rates between the different decoder priors in this setting. In particular,
noise-aware decoding is not expected to substantially improve logical error rates for
small codes with distance d = 3, as we saw in Chapter 3. We plan to investigate larger
distance-5 codes, which are more likely to benefit from noise-aware decoding, in future
work. Also, while the device calibration data may be a poor absolute predictor of noise in
the device, it may still be a good predictor of the relative amounts of noise associated with
different operations, which would suffice for decoding. It would therefore be interesting
to compare these preliminary results to decoding informed by a depolarising noise model.
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5.6 Conclusions

In this chapter, we have experimentally implemented ACES on IBM superconducting
quantum devices and presented preliminary results for a heavy hexagon memory. Our
findings suggest that the time-independent circuit-level Pauli noise model estimated by
ACES is a good model for noise in IBM Fez and can achieve very low model errors.
This is a very encouraging sign for the utility of scalable Pauli noise characterisation
techniques such as ACES, as it suggests they can describe the essential features of quantum
noise while remaining highly scalable. These findings also highlight the importance of
full randomisation in Pauli noise characterisation techniques that rely on Pauli frame
randomisation or randomised compiling enabled, for example, by [101]. We observe
consistent improvements in the model violation when reducing the number of shots per
randomisation from 64 down to 8, and believe that these improvements should continue
down to full randomisation.

Our preliminary results for a heavy hexagon memory demonstrate that ACES noise
estimates represent a substantial improvement over device calibration data in terms of
performance prediction. However, we do not as yet see improvements in logical error
rates when informing the decoder with ACES noise estimates as opposed to device
calibration data. In the future, we plan to conduct more extensive tests of noise-aware
decoding, including examining a larger distance-5 code, trying different decoders such as
BeliefMatching [83], and comparing our results to decoding informed with a depolarising
noise model.

We also plan to make several improvements to reduce the model error of our noise
estimates. Including repetitions of the syndrome extraction circuit without measurement
in ACES noise characterisation experiments may reduce model error and will enable
direct testing of its model violation. Expressing the syndrome extraction circuit in terms
of hardware-native gates should mitigate the need to transpile the syndrome extraction
circuit to maximise performance, aligning memory circuits with those we characterise with
ACES. We would also like to improve how ACES characterises mid-circuit measurement
noise, following recent work [111, 112].

In the future, it would be interesting to search over the gauge freedom in the Pauli
noise model following [96], as is often done in GST [62]. This may allow us to find
a gauge that minimises the model violation increase associated with projecting noise
estimates into the probability simplex, as our noise model implicitly fixes the gauge
by fully associating SPAM noise with measurements. Device hardware improvements
targeting improved measurements, the noisiest operation on IBM Heron devices, would
also close the co-design loop opened in our work here.
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5.A ACES noise estimates

This appendix presents the full noise characterisation results obtained from IBM Fez. We
present noise estimates for the combined noise model, which treats Pauli X, Z, and Y
basis SPAM noise as a single parameter for each qubit, noting that we associate SPAM
noise with measurements, implicitly fixing the gauge of the noise model. Table 5.2 shows
the experimental design used to obtain these results, which features 50 tuples in its tuple
set divided between 28 repeated tuples corresponding to deep circuits and 22 tuples
corresponding to shallow circuits. Its circuit eigenvalues are estimated by 447 experiments
before randomisations, and we collected 5 × 106 shots with 64 shots per randomised
experiment and a minimum of 128 randomisations, which is reflected in the supplied shot
weights. The circuit was placed on IBM Fez with the top left qubit at qubit 86 on the
device.

Then we present the estimated Pauli error probabilities marginalised over gate Pauli
orbits, as described in Section 3.A, for the gates in each layer of the circuit shown in
Figure 5.2, as well as for measurements. The layout of the histograms reflects the qubit
layout and connectivity of IBM Fez. We also supply error bars calculated from the
gate error probability estimator covariance matrix, which crucially do not account for
model error in the noise estimates, and so underestimate the true error associated with
these estimates. In particular, we make the most assumptions about measurement noise
and expect model error to be most substantial for these estimates. We observe that
measurement and reset, as well as qubit idling during measurement and reset, are the
noisiest operations by a large margin. We also see that noise estimates for the same gates
across different layers tend to be similar despite being estimated independently. This is
an encouraging sign that ACES has accurately characterised noise in IBM Fez.
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5.A. ACES noise estimates

Table 5.2: The optimised experimental design for the syndrome extraction circuit of a
distance-3 heavy hexagon code shown in Figure 5.2.

Shot weight Tuple Repetition number

0.014746 (1) 39

0.014746 (2) 39

0.014746 (3) 39

0.014746 (4) 39

0.014746 (5) 39

0.014746 (6) 39

0.014746 (7) 39

0.014746 (8) 39

0.014746 (9) 39

0.014746 (10) 39

0.014746 (11) 39

0.014746 (12) 39

0.014746 (13) 39

0.014746 (14) 39

0.014746 (1) 79

0.014746 (2) 79

0.014746 (3) 79

0.014746 (4) 79

0.014746 (5) 79

0.014746 (6) 79

0.014746 (7) 79

0.014746 (8) 79

0.014746 (9) 79

0.014746 (10) 79

0.014746 (11) 79

0.014746 (12) 79

0.014746 (13) 79

0.014746 (14) 79

0.023847 (2, 6)

0.050689 (3, 11)

0.021313 (3, 13)

0.038247 (4, 8)

0.037787 (4, 13)

0.050574 (5, 9)

0.016935 (7, 14)

0.041588 (10, 7)

0.030529 (10, 14)

0.014746 (12, 2)

0.027533 (14, 9)

0.018433 (14, 12)

0.004915 (15, 15)

0.014746 (5, 1, 5)

0.014976 (7, 9, 11)

0.014746 (7, 11, 5)

0.033409 (8, 12, 2)

0.068200 (13, 1, 6)

0.004915 (15, 15, 15)

0.014746 (3, 6, 13, 1)

0.014746 (3, 4, 6, 8, 2, 1)

0.029492 (6, 10, 4, 9, 8, 14, 12, 2)

111



IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 1
05

-1
06

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 8
7-

8
8

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
09

-1
1
0

(X
,Z

)
Y

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

H
 1

17

(X
,Z

)
Y

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

H
 9

7

(X
,Z

)
Y

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

H
 1

18

(X
,Z

)
Y

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

H
 9

8

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
29

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.7
:
A
C
E
S
or
b
it
P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,
fo
r

th
e
g
a
te
s
in

la
ye
r
1
o
f
F
ig
u
re

5
.2

o
n
IB

M
F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.00.
1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 1
1
7-

1
05

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 9
7
-8

7

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 1
18

-1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
29

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.8
:
A
C
E
S
or
b
it
P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,
fo
r

th
e
g
at
es

in
la
ye
r
2
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 1
05

-1
06

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 8
7-

8
8

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
09

-1
1
0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
29

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.9
:
A
C
E
S
or
b
it
P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,
fo
r

th
e
g
a
te
s
in

la
ye
r
3
o
f
F
ig
u
re

5
.2

o
n
IB

M
F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.00.
1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 1
1
7-

1
05

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

C
X

 1
25

-1
26

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
07

-1
08

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
29

-1
3
0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
87

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.1
0
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
g
at
es

in
la
y
er

4
o
f
F
ig
u
re

5
.2

o
n
IB

M
F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.00.
1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 1
1
7-

1
25

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 9
7-

10
7

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 1
18

-1
29

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
87

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.1
1
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
ga

te
s
in

la
y
er

5
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 9
8-

91

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

C
X

 1
25

-1
26

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
07

-1
08

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
29

-1
3
0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
87

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.1
2
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
g
at
es

in
la
y
er

6
o
f
F
ig
u
re

5
.2

o
n
IB

M
F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.00.
1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 1
1
7-

1
25

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 8
7-

86

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
0
9-

10
8

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 9
1-

90

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
29

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.1
3
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
ga

te
s
in

la
y
er

7
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 9
7
-8

7

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 1
18

-1
09

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 9
8-

91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
29

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.1
4
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
g
at
es

in
la
y
er

8
o
f
F
ig
u
re

5
.2

o
n
IB

M
F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 9
8-

11
1

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 8
7-

86

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
0
9-

10
8

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 9
1-

90

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
29

F
ig
u
re

5
.1
5
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
ga

te
s
in

la
y
er

9
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 1
07

-1
06

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
2
9-

12
8

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
11

-1
10

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
87

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

F
ig
u
re

5
.1
6
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
g
at
es

in
la
y
er

1
0
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 9
7-

10
7

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

C
X

 1
18

-1
29

IX

(I
Y
,Z

Y
) (I

Z
,Z

Z
) (X

I,
X
X
) (Y

I,
Y
X
)

Z
I (X

Y
,Y

Z
) (X

Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

C
X

 9
8-

11
1

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
87

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

F
ig
u
re

5
.1
7
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
ga

te
s
in

la
y
er

11
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 1
07

-1
06

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
2
9-

12
8

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
11

-1
10

(X
,Z

)
Y

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

H
 1

17

(X
,Z

)
Y

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

H
 9

7

(X
,Z

)
Y

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

H
 1

18

(X
,Z

)
Y

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

H
 9

8

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
88

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
10

8

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
87

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
12

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
8
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
09

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

F
ig
u
re

5
.1
8
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
g
at
es

in
la
y
er

1
2
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 8
8-

8
7

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
08

-1
07

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
28

-1
27

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 9
0-

8
9

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
10

-1
0
9

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
30

-1
2
9

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
86

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

6

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.1
9
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
ga

te
s
in

la
y
er

13
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 8
6-

87

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

C
X

 1
06

-1
07

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

C
X

 1
26

-1
27

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 8
8-

89

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
0
8-

10
9

IX
(I

Y
,Z

Y
)

(I
Z
,Z

Z
)

(X
I,
X

X
)

(Y
I,
Y

X
)

Z
I

(X
Y

,Y
Z
)

(X
Z
,Y

Y
)

Z
X

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

C
X

 1
2
8-

12
9

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
90

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
11

0

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
13

0

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
11

7

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
97

X
Y

Z

Pauli error probability (%)

0.
0

0.
1

0.
2

0.
3

0.
4

I 
1
18

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
98

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
10

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.30.
4

I 
12

5

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
91

X
Y

Z

Pauli error probability (%)

0
.0

0
.1

0
.2

0
.3

0
.4

I 
1
1
1

F
ig
u
re

5
.2
0
:
A
C
E
S
or
b
it

P
au

li
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
th
e
g
at
es

in
la
y
er

1
4
of

F
ig
u
re

5.
2
on

IB
M

F
ez
.



X
Y

Z

Pauli error probability (%)

0369

1
2

IM
 8

6

X
Y

Z

Pauli error probability (%)

0369

1
2

IM
 1

0
6

X
Y

Z

Pauli error probability (%)

036912
IM

 1
2
6

X
Y

Z

Pauli error probability (%)

036912
IM

 8
8

X
Y

Z

Pauli error probability (%)

036912
IM

 1
0
8

X
Y

Z

Pauli error probability (%)

036912
IM

 1
2
8

X
Y

Z

Pauli error probability (%)

036912
IM

 9
0

X
Y

Z

Pauli error probability (%)

036912
IM

 1
10

X
Y

Z

Pauli error probability (%)

036912
IM

 1
30

R

Reset error probability (%)

036912
R

 1
17

R

Reset error probability (%)

036912
R

 9
7

R

Reset error probability (%)

0369

1
2

R
 1

18

R

Reset error probability (%)

036912
R

 9
8

R

Reset error probability (%)

036912
R

 1
05

R

Reset error probability (%)

036912
R

 1
25

R

Reset error probability (%)

036912
R

 8
7

R

Reset error probability (%)

036912
R

 1
07

R

Reset error probability (%)

036912
R

 1
27

R

Reset error probability (%)

0369

1
2

R
 8

9

R

Reset error probability (%)

0369

1
2

R
 1

09

R

Reset error probability (%)

0369

1
2

R
 1

29

R

Reset error probability (%)

036912
R

 9
1

R

Reset error probability (%)

036912
R

 1
1
1

F
ig
u
re

5
.2
1
:
A
C
E
S
re
se
t
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
tw

o
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,
fo
r
th
e

ga
te
s
in

la
ye
r
1
5
o
f
F
ig
u
re

5.
2
o
n
IB

M
F
ez
.



M

Meas. error probability (%)

0369

1
2

M
 8

6

M

Meas. error probability (%)

0369

1
2

M
 1

06

M

Meas. error probability (%)

036912
M

 1
26

M

Meas. error probability (%)

036912
M

 8
8

M

Meas. error probability (%)

036912
M

 1
08

M

Meas. error probability (%)

036912
M

 1
28

M

Meas. error probability (%)

036912
M

 9
0

M

Meas. error probability (%)

036912
M

 1
1
0

M

Meas. error probability (%)

036912
M

 1
3
0

M

Meas. error probability (%)

036912
M

 1
17

M

Meas. error probability (%)

036912
M

 9
7

M

Meas. error probability (%)

0369

1
2

M
 1

18

M

Meas. error probability (%)

036912
M

 9
8

M

Meas. error probability (%)

036912
M

 1
05

M

Meas. error probability (%)

036912
M

 1
25

M

Meas. error probability (%)

036912
M

 8
7

M

Meas. error probability (%)

036912
M

 1
07

M

Meas. error probability (%)

036912
M

 1
27

M

Meas. error probability (%)

0369

1
2

M
 8

9

M

Meas. error probability (%)

0369

1
2

M
 1

09

M

Meas. error probability (%)

0369

1
2

M
 1

29

M

Meas. error probability (%)

036912
M

 9
1

M

Meas. error probability (%)

036912
M

 1
11

F
ig
u
re

5
.2
2
:
A
C
E
S
m
ea
su
re
m
en
t
er
ro
r
p
ro
b
ab

il
it
y
es
ti
m
at
es
,
w
it
h
er
ro
r
b
ar
s
in
d
ic
at
in
g
te
n
st
an

d
ar
d
d
ev
ia
ti
on

s
fo
r
v
is
ib
il
it
y
ca
lc
u
la
te
d
fr
om

th
e
n
oi
se

m
o
d
el
,

fo
r
F
ig
u
re

5.
2
on

IB
M

F
ez
.



Chapter 5. A heavy hexagon memory with noise-aware decoding
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Chapter 6

Conclusion

It all adds up to normality.

— Greg Egan, Quarantine

In this thesis, we have introduced a scalable Pauli noise characterisation protocol suited to
the context of quantum error correction and, in particular, syndrome extraction circuits.
I also present the open-source Julia package QuantumACES, which provides a software
implementation of this protocol. We have shown that the noise estimates can calibrate
decoders for quantum error correcting codes, improving the error suppression factor of the
code to exponentially reduce logical error rates. Lastly, we have presented ongoing work
in experimentally implementing this protocol, where noise estimates were used to design
an improved syndrome extraction circuit, predict circuit performance, and calibrate
decoders. Our results indicate that the circuit-level Pauli noise model characterised
by ACES can describe the essential features of quantum noise, and demonstrate the
practicality and utility of Pauli noise characterisation in the context of fault-tolerant
quantum computation. Pauli noise estimates can calibrate decoders to enable noise-
aware decoding and inform the co-design of quantum error correcting codes, decoders,
fault-tolerant circuits, and quantum devices.

6.1 Directions for future research

There are a number of directions for future work which I find particularly exciting. I will
address the work presented in each chapter separately.

First, the scalable noise characterisation protocol in Chapter 2 uses a number of
heuristic methods to optimise the design of noise characterisation experiments. These
optimisation methods can certainly be improved, perhaps aided by deeper theoretical
understanding of the performance characteristics of experimental designs, though it
is unclear to me whether there is much room to improve performance. It would be
interesting to examine whether optimised experimental designs can be transferred between
the syndrome extraction circuits of quantum LDPC codes of different sizes, as we only
considered topological codes. I expect this should be possible for quantum LDPC codes
implemented on devices natively capable of the long-range interactions that enable
efficient implementation of syndrome extraction circuits, that is, in an amount of time
that does not grow with the code size. Also, the protocol relies on efficient classical
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Chapter 6. Conclusion

simulation of the circuit whose noise we aim to characterise; these circuits are not able
to perform useful quantum computation. Nevertheless, it may be tractable to simulate
fault-tolerant gadgets such as magic state distillation. If that is not possible, it will at
least be possible to characterise a copy of the circuit where T =

√
S is replaced with the

efficiently simulable S, which may not substantially affect the noise in the circuit.
Then, in Chapter 3 we did not thoroughly investigate the performance benefits of

calibrating decoder priors across a range of noise strengths and decoders, and doing so
would be informative. For example, more accurate decoders may be able to better leverage
noise information to obtain larger improvements in the logical error rate. It would be
interesting to investigate how the performance depends on noise estimation accuracy,
particularly the tradeoff between additive and relative precision estimates. It may be
the case that decoders are relatively insensitive to noise parameters that can only be
estimated to additive precision—perhaps with the exclusion of measurements—in which
case the sample efficiency of calibrating decoder priors could be improved by biasing the
noise estimation protocol towards relative precision estimation. A comparison of decoder
performance when calibrated with a range of methods, giving each the same amount of
time to sample from the quantum device, would also be interesting.

The Julia package QuantumACES, which I introduced in Chapter 4, currently only
supports noise characterisation of mid-circuit resets. Adding support for noise charac-
terisation of mid-circuit measurements, perhaps following [111, 112], so that they do
not have to be treated as mid-circuit resets, would be particularly useful in the context
of syndrome extraction circuits. Also, it may be useful to weight the reconstruction of
the circuit eigenvalues of certain tuples more highly in the least squares estimation. For
example, doing this for tuples that resemble the original circuit could reduce model error
in the noise estimate. Optimising the choice of repeated tuples may also allow us to
estimate more noise parameters to relative precision, analogous to germ selection in gate
set tomography [62], and as recently discussed in the context of cycle benchmarking [150].
The benefits here may not be captured by the current relative precision figure of merit,
so it may be necessary to derive an improved figure of merit to guide this optimisation.

Lastly, in Chapter 5 we implemented our noise characterisation and memory experi-
ment in a small-scale code for which noise-aware decoding is not expected to produce
much benefit. Also, we considered the heavy hexagon code, which lacks a threshold. We
might find greater benefits in a code with a threshold such as the surface code. There
are a number of modifications to our protocol that might reduce the model error of our
noise estimates. Hardware-efficient randomised compiling would enable randomisation of
the Pauli frame for each measurement shot. Including the syndrome extraction circuit
in ACES noise characterisation experiments may reduce model error and will enable
direct testing of its model violation. Expressing the syndrome extraction circuit in terms
of hardware-native gates, here controlled-Z rather than controlled-X, should mitigate
the need to transpile the syndrome extraction circuit to maximise performance, align-
ing memory circuits with those we characterise with ACES. Searching over the gauge
freedom in the Pauli noise model, following [96], should allow us to find a gauge that
minimises the model violation increase associated with projecting noise estimates into
the probability simplex. Moreover, device hardware improvements targeting improved
measurements would close the co-design loop initiated in our work here. Finally, it would
also be interesting to use this noise characterisation protocol to perform probabilistic
error cancellation.
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6.2 Outlook

The field of quantum information is unlike many other scientific fields because of how
closely it is linked to the great scientific and engineering challenge of building a useful
fault-tolerant quantum computer. This challenge can be used to guide research. What
role do I envisage, then, for scalable noise characterisation protocols in fault-tolerant
quantum computers?

I expect that, as discussed previously, scalable noise characterisation protocols will
inform the co-design of quantum error correcting codes, decoders, fault-tolerant circuits,
and quantum devices. But this context demands less of a noise characterisation protocol
than the more interesting context of their use in the operation of a fault-tolerant quantum
computer, so I will focus on the latter.

Any noise characterisation protocol run on a fault-tolerant quantum computer must
rapidly estimate noise to an accuracy sufficient for the intended applications of the noise
estimates. If the protocol is too slow, frequently running it will substantially reduce the
duty cycle of the quantum computer, rendering it impractical to deeply integrate the
protocol into its operation. Therefore, any practical noise characterisation protocol must
be fast to run, both in terms of quantum device time and classical processing overhead.
The noise characterisation protocol presented in this thesis achieves this in the context
of calibrating decoder priors for noise-aware decoding. For example, in superconducting
architectures I expect this protocol will be able to achieve satisfactory accuracy in a few
seconds of quantum device time and a few seconds of classical processing overhead.

How might we use this in a fault-tolerant quantum computer? Before starting to
perform a computation, we would first use this noise characterisation protocol to check
the calibration of the device and determine whether all of the operations are performing
within desired bounds. Once this check passes, we would calibrate the decoder prior
with these noise estimates and begin the computation. During the computation, the
decoder prior would then be updated online from error syndrome data from syndrome
data. If these updates indicate drift during the computation has become intolerable and
predict that logical error rates are unacceptably high, we have two options. We can
take the relevant portion of the device offline for recalibration, if the computer supports
this through, for example, code concatenation. Otherwise, we may need to restart the
computation entirely.

Large-scale quantum devices suitable for fault-tolerant quantum computation will
need to mitigate crosstalk and drift. I believe that, as indicated by the results in this thesis,
quantum error correction circuits, augmented with hardware-efficient randomisation, will
closely adhere to a circuit-level Pauli noise model. This would obviate the need for more
complicated and costly calibration methods that directly optimise the decoder prior
according to the logical error rate. I hope, then, that the noise characterisation techniques
presented here will prove to be a useful component of fault-tolerant quantum computers.
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The architectures of future fault-tolerant quantum computers are radically under-
determined. The many competing hardware platforms will give rise to a large range of
architectures. In classical computing, we have largely settled on the hardware platform of
semiconductor transistors made from silicon. Yet we now see an increasing proliferation
of a range of processor architectures specialised for different computational tasks, which
is most evident in the ongoing build-out of data centres for artificial intelligence and
machine learning. I expect that quantum computing will also see a range of architectures
specialised for different computational tasks.

I see the intensifying and accelerating proliferation of computation as the core story
of our time. Uninterrupted, it is sure to radically transform our civilisation. We do not
see this future through a glass, darkly; it lies beyond a singularity through which we
cannot see at all. Plans, then, are useless, but planning remains indispensable. Quantum
computers will have a role in this story, though they may take the stage after its end is
overdetermined. And as noise is a fundamental challenge for quantum computation, noise
characterisation is reserved a role within the smaller story of fault-tolerant quantum
computation. The results I have presented here indicate that noise characterisation is
capable of rising to the challenge. I hope they contribute in some small way to this great
story.
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For in the end, there is always a way out.

— Hannu Rajaniemi, The Causal Angel
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O. Crawford, G. P. Gehér, H. Krovi, E. Matekole, C. Topal, S. Poletto, M. Bryant,
K. Snyder, N. I. Gillespie, G. Jones, K. Johar, E. T. Campbell, and A. D. Hill,
Demonstrating real-time and low-latency quantum error correction with supercon-
ducting qubits, arXiv preprint (2024), arXiv:2410.05202.

[18] B. W. Reichardt, A. Paetznick, D. Aasen, I. Basov, J. M. Bello-Rivas, P. Bonderson,

136

https://doi.org/10.1038/s41586-024-08449-y
https://arxiv.org/abs/2408.13687
https://arxiv.org/abs/2410.05202


Bibliography

R. Chao, W. van Dam, M. B. Hastings, A. Paz, M. P. da Silva, A. Sundaram, K. M.
Svore, A. Vaschillo, Z. Wang, M. Zanner, W. B. Cairncross, C.-A. Chen, D. Crow,
H. Kim, J. M. Kindem, J. King, M. McDonald, M. A. Norcia, A. Ryou, M. Stone,
L. Wadleigh, K. Barnes, P. Battaglino, T. C. Bohdanowicz, G. Booth, A. Brown,
M. O. Brown, K. Cassella, R. Coxe, J. M. Epstein, M. Feldkamp, C. Griger,
E. Halperin, A. Heinz, F. Hummel, M. Jaffe, A. M. W. Jones, E. Kapit, K. Kotru,
J. Lauigan, M. Li, J. Marjanovic, E. Megidish, M. Meredith, R. Morshead, J. A.
Muniz, S. Narayanaswami, C. Nishiguchi, T. Paule, K. A. Pawlak, K. L. Pudenz,
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