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Abstract

This thesis presents an investigation into the design and optimization of an active camber

morphing wing, employing shape parameterization, evolutionary algorithms, topology op-

timization, and advanced computational techniques to improve aerodynamic performance.

The research aims to develop an airfoil capable of dynamically adapting its shape to different

flight conditions, thereby improving key performance metrics such as lift, drag, and overall

efficiency. While previous studies in the literature have explored various mechanisms for

actuating morphing structures, this thesis proposes a solution that integrates a compliant

mechanism capable of achieving the target shape while maintaining sufficient stiffness to

withstand aerodynamic loads.

The first challenge addressed is the airfoil shape representation and optimization, accom-

plished through a modified Bezier-PARSEC (BP) parameterization method combined with a

Differential Evolution (DE) algorithm. The BP method enables precise parameterization of

the airfoil’s camber and thickness profiles using a segmented approach, which allows for inde-

pendent optimization of the leading and trailing edges while preserving the structural integrity

of the middle section. The optimization process is driven by multi-objective functions, focused

on maximizing aerodynamic performance indicators such as lift coefficient, lift-to-drag ratio,

and endurance while ensuring that the airfoil’s curve length remains consistent to prevent

physically unrealistic shapes.

The shape optimization involves adjusting camber profile parameters within predetermined

morphing ranges for choosing leading and trailing edges. The DE algorithm, known for its

robustness in solving complex aerodynamic optimization problems, is applied to iteratively

refine these parameters, seeking an optimal balance between aerodynamic performance

and geometric feasibility. The flight conditions and boundary parameters defined in the
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optimization provide a realistic framework for analyzing the morphing wing’s behaviour

under operational scenarios.

Building on aerodynamic optimization, the structural design and optimization focus on

realizing the optimized airfoil shapes through a structural framework that supports dynamic

morphing with the required stiffness. Topology optimization techniques are introduced to

address this challenge, ensuring that the wing’s internal structure can withstand aerodynamic

loads while enabling controlled deformation. Two methods are developed to solve the

challenge of finding the geometry difference between the target and actual profiles. Discretized

finite element models of the leading and trailing edges are generated, allowing topology

optimization to determine the optimal material distribution for these critical morphing regions.

The leading and trailing edges are designed separately, with comparative analyses per-

formed between the optimized shape and the baseline airfoil. The design parameters used in

topology optimization are systematically explored to illustrate their effects on the resulting

designs. Coupled structural and aerodynamic analyses are conducted using MATLAB and

commercial software, ensuring reliable and validated results.

In conclusion, this thesis presents an effective approach to the design and optimization of

morphing wings by integrating aerodynamic and structural optimization processes. The ap-

plications of advanced optimization algorithms and computational tools discover the potential

for improving aircraft performance through adaptive wing designs. This work contributes to

the advancement of morphing wing technologies and provides some possible solutions for

future developments in aeronautical engineering.
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CHAPTER 1

Introduction

The evolution of aircraft has consistently involved the optimization of both structure and

materials. Conventional fixed-wing configurations are designed to achieve optimal efficiency

under specific flight conditions, but they incur efficiency losses during other phases of

flight or when performing maneuvers. The deflection of discrete control surfaces during

takeoff, landing, maneuvering, or when changing cruising altitudes disrupts the aerodynamic

continuity of the wing, resulting in increased drag and higher fuel consumption. Furthermore,

the reliance on complex hydraulic and mechanical systems adds significant weight and

reduces overall reliability. However, recent advancements in smart materials and optimization

techniques have made the realization of morphing wings far more feasible than in the past.

The concept of the morphing wing dates back to 1903 when Orville and Wilbur Wright

designed the first manned and powered aircraft, the Wright Flyer. The pilot controlled the

aircraft by shifting a cradle and pulling cables to twist the wing, introducing an asymmetrically

twisted morphing wing design intended for maneuvering through changes in lift distribution.

In contrast, later aircraft achieved roll control using ailerons to modify the wing camber.

Over time, as performance demands increased and flight conditions became more diverse,

the original flexible and adaptable wing designs were replaced by rigid, fixed structures to

enhance wing loading and reduce vibration-induced failures.

1



2 CHAPTER 1. INTRODUCTION

1.1 The classification of aircraft morphing wing

Morphing wings can be classified into three primary categories based on the section of the

wing that undergoes shape adaptation, as illustrated in Figure 1.1.

• Planform-Based Morphing: This mode enables large-scale changes in aerodynamic

properties, such as wing loading or longitudinal stability, allowing the aircraft to

adapt to different flight regimes.

• Out-of-Plane Morphing: This type of morphing alters the lift distribution across

the wing, which can be advantageous in increasing the stall angle of the airfoil or

enhancing lateral stability in specific flight conditions.

• Airfoil-Based Morphing: In this category, the wing camber or thickness is mod-

ified to alter the lift coefficient at specific angles of attack, ultimately improving

aerodynamic efficiency and performance across a variety of operating conditions.

FIGURE 1.1. Three morphing modes[1]

Vasista et al. provided a detailed overview of morphing wing design, including the classifica-

tion of shape parameters, performance benefits, and enabling technologies [2]. Projects prior

to 2010 are categorized based on in-plane morphing shapes, out-of-plane morphing shapes,

structural system combinations, and morphing types. The in-plane and out-of-plane shape

parameters are outlined in a framework by Sofla et al., where changes in parameters such as

chord length, camber, thickness, leading-edge radius, and bumps are recognized as critical to

aircraft performance [3].



1.2. DESIGN AND ANALYSIS STRATEGIES FOR MORPHING WING 3

1.2 Design and Analysis Strategies for Morphing Wing

Designing a morphing wing is inherently a multidisciplinary enterprise, demanding a simul-

taneous grasp of structural mechanics, unsteady aerodynamics, smart-material actuation, and

aircraft-grade manufacturing constraints. From the outset, the structural and aerodynamic

models must be coupled—not treated in sequence—so that load paths, surface pressures, and

skin deformations are evaluated in concert. Only with this aero-structural synchrony can a

candidate architecture guarantee both the lift–to–drag gains promised by the morphing shape

and the strength required to survive gust loads and manoeuvre envelopes. A typical workflow

therefore begins by parametrising the target airfoil or wing section, setting performance

objectives for each flight regime, and then allowing an optimisation loop to sculpt an internal

compliant mechanism that can reproduce those shapes. This mechanism must be flexible

enough to deliver the desired camber excursions yet stiff enough, once deployed, to behave

like a conventional load-bearing spar. Simplicity also matters: replacing discrete flaps and

ailerons with a continuous, hinge-free surface is worthwhile only if the resulting subsystem is

lighter, less maintenance-intensive, and easier to integrate with existing power and control

architectures. Finally, reliability and certification cannot be afterthoughts. Actuators must

survive millions of duty cycles, skins must endure rain-erosion and fuel-temperature swings,

and the entire morphing assembly has to interface cleanly with avionics, gust-load alleviation

logic, and structural-health-monitoring hardware. In short, a successful morphing-wing design

balances aerodynamic ambition with pragmatic constraints in structures, control, and systems

integration—turning a novel concept into a flight-worthy asset.

The Air Force Research Laboratory (AFRL) tested a mechanical morphing system on the

F-111, showcasing the advantages of morphing wings over conventional wings with seams

and hinges [4][5]. However, the increased system weight and complexity diminished the

performance gains. In DARPA’s Phase 1 project, led by Northrop Grumman Corporation

(NGC) in 1999, shape memory alloys (SMA) were used to actuate the morphing wing [6]. By

2001, during DARPA’s Phase 2 [7], a piezoelectric driver replaced the low-bandwidth SMA

actuator, significantly increasing the response rate of the active camber morphing wing.
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In 2016, Flexsys tested its FlexFoil adaptive compliant trailing edge on a Gulfstream GIII

Business Jet, replacing traditional control surfaces to assess the structural feasibility and

durability of the FlexFoil system [10]. Other projects, such as CHANGE and SmartX [14],

employed composite trailing edges directly actuated by actuators, simplifying the complexity

of the morphing system. Additionally, the Fishbone Active Camber Wing project used a

bio-inspired fishbone structure to achieve large-scale camber morphing while maintaining a

constant airfoil thickness throughout the morphing process [15].

1.3 Challenges in Designing the Morphing Wing

Designing a high-performance morphing wing poses various challenges, including shape

optimization methods, internal structure design, actuation control, material selection, and the

integration of substructures. Recent advances in smart materials, fluid-structure interaction

(FSI) analysis technologies, and optimization methods have made significant strides in

addressing these challenges [16]-[62]. According to Vasista et al.[2], key challenges identified

in previous literature include: 1) weight penalties associated with the morphing system, 2)

the need for distributed, high-energy-density actuators, 3) structural design complexities, 4)

control systems for actuation, 5) determining the target optimized shape, and 6) designing

load-bearing, flexible skin. Additional desired capabilities in future morphing wing designs

include large-scale morphing, multiple shape-change capabilities, high load-bearing capacity,

high actuation rates, high-frequency response, low power consumption, reduced weight, and

advanced materials.

1.4 The Optimization Method for Morphing Wing Design

Evolutionary algorithms are frequently employed in morphing wing design due to their com-

putational efficiency, ability to identify optimal designs, and versatility in addressing various

design objectives. Commonly used evolutionary methods include the Genetic Algorithm (GA)

[74] and Differential Evolution (DE) [77]. For structural design in morphing wing applica-

tions, the Solid Isotropic Material with Penalization (SIMP) method has gained prominence



1.5. RESEARCH NOVELTY AND CONTRIBUTIONS 5

in recent years [81]-[85]. Its straightforward implementation allows it to accommodate a

wide range of objective functions, such as the minimum compliance problem and compliant

mechanism design. A variety of extended formulations and techniques have been developed

to improve the design quality and manufacturability.

1.5 Research Novelty and Contributions

(1) Segmented Bezier–PARSEC parameterization with Differential Evolution (DE)

– A modified BP framework allows the leading and trailing edges to be optimized

independently while the mid-chord remains fixed, maintaining structural continuity,

yet allowing large camber excursions with controllable curve-length change.

(2) Novel real-time shape-error metrics and adaptive filtering - Two formulations of

displacement error (dynamic vertical plan and dynamic perpendicular line) paired

with an area-adaptive density filter accelerate convergence and suppress mesh de-

pendency during topology optimization, producing hinge-free and manufacturable

load paths.

(3) Irregular mesh tailored to airfoil curvature - Adopting an unstructured curvature-

aligned mesh captures boundary layer pressure gradients and geometric nuances more

efficiently than conventional structured grids, yielding higher-fidelity aerodynamic

solutions.

(4) Take consideration of minimum compliance formulation - By taking considera-

tion of the minimum compliance problem ensure that the final architecture achieves

a suitable stiffness to improve reliability under flight loads and mitigate excessive

deflection.

(5) Seamless topology-to-solid conversion workflow – The density map from topology

optimization is automatically converted into a smooth CAD surface with spline

smoothing, so the design can go straight to CAD model and FEA without manual

redrawing.



6 CHAPTER 1. INTRODUCTION

1.6 Thesis Outline

The current research on active camber morphing wings aims to design a shape control of

morphable 2-D wing, using SIMP method to find the optimal material distribution. This work

employs Differential Evolution as the shape optimization method and the SIMP method [81]

for structural optimization of the compliant mechanism to achieve the target morphing shape

and minimum compliance. A modified parameterization approach, based on the PARSEC-

Bezier method [79], is introduced to capture the design features of the morphing wing based

on the multi-objective function. The design parameters are optimized using the Differential

Evolution method. Additionally, the designed active camber morphing wing is tested using

commercial software to validate the method accuracy and efficiency.

This thesis is structured into five chapters, which are as follows:

Chapter 2: A literature review of the background and advancements in morphing wing

technology. This chapter covers recent morphing wing design projects and the methods

implemented over the past few years.

Chapter 3: Airfoil Shape Parameterization and Optimization. A baseline airfoil is selected

for parameterization and optimization. The shape is fitted using the Bezier-PARSEC method

and divided into three segments to optimize performance.

Chapter 4: Structural Optimization of Active Morphing Wings. Chapter 4 will use shape

optimization results from Chapter 3 to do structure design. The SIMP method is applied to

determine the optimal material distribution, minimizing the difference between the target and

actual geometry while reducing compliance through the introduction of a weighting factor.

Chapter 5: Conclusion and Future Work. A summary of the contributions made in this work,

along with proposed future improvements to the current design and optimization strategies.



CHAPTER 2

Literature review

The challenges in designing active camber morphing wings have been presented in the intro-

duction chapter. For preliminary design, the main challenges are airfoil shape optimization

and structural optimization. For further integration of the system, the main challenges are the

actuation system, the fabrication of the morphing wing and the balance between performance

and weight penalty. This literature review consists of the active camber morphing wing

techniques, the development of significant projects and the updates in design and optimization

methods. The review begins with the background of previous projects in the last 25 years and

followed by analysis methods reviews. The review ends with the present methods attempted

in morphing wing design, which could be a new starter for this thesis research.

2.1 Background of Active Camber Morphing Wing Re-

search

The active camber morphing wing is realized by adjusting out-of-plane parameters, specifically

the camber, which alters the shape of the airfoil or parts of the airfoil, such as the leading

and trailing edges. Various researchers and institutions have explored optimal combinations

of morphing wing substructures to achieve design targets while balancing the trade-offs
7
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associated with increased weight and complexity. Although multiple morphing concepts

have been developed, the practical application of morphing wings still presents numerous

challenges.

2.1.1 Mechanical Morphing Structures with Hinges and Seams

The AFTI/F-111 Mission Adaptive Wing (MAW) project, conducted by NASA and the U.S.

Air Force in the 1980s, introduced a wing design that allowed for variable camber at the

leading and trailing edges, replacing the supercritical wing on the F-111A aircraft [4]. The

MAW was actuated by a conventional mechanical system with a flexible airfoil skin shown in

figure 2.1 and 2.2. In this design, the load was transferred from the airfoil skin to the internal

mechanism, with the skin not bearing any load in the chord-wise direction. This variable

camber wing demonstrated improved performance across subsonic, transonic, and supersonic

flight conditions, achieving a verified drag reduction of 7% at the design point during cruise

and over 20% at off-design points [5]. However, the complexity of the mechanical structure

increased the system’s weight, spatial requirements, and control system intricacy, thereby

diminishing the advantages of the design.

FIGURE 2.1. AFTI/F-111 MAW high lift configuration[4]

FIGURE 2.2. AFTI/F-111 MAW high velocity configuration[4]
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The DARPA Smart Wing Program was spearheaded by a team led by Northrop Grumman

Corporation (NGC) and included two phases of development, incorporating significant optim-

ization processes compared to conventional wing control systems. In Phase 1, the Smart Wing

utilized shape memory alloys (SMA) to control the twist of the control surfaces, allowing for

optimized airfoil shapes under varying flight conditions [6]. In Phase 2, the SMA-based actu-

ation system was replaced with a piezoelectric motor actuator, enabling higher bandwidth and

qualifying the system for high-performance aircraft requiring rapid maneuvering responses

[7].

The actuation system in Phase 2 consisted of an eccentuator driven by a piezoelectric motor,

integrated into a honeycomb segment supporting a silicone skin shown in figure 2.3 and 2.4.

The second wind tunnel tests revealed a 10.5% improvement in aileron effectiveness, as meas-

ured by the rolling coefficient. Additionally, the wing was able to generate the same lift with a

smaller aileron deflection, resulting in reduced drag and faster response times in achieving the

desired shape. Despite these advancements, challenges remain in aeroservoelastic behaviour,

flexible structure selection, durability, and systems integration, including feedback control

and compact power supplies, all of which require further development [6][7].

FIGURE 2.3. DARPA Smart Wing eccentuator design[6]
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FIGURE 2.4. DARPA Smart Wing assembed segment[6]

The German Aerospace Center (DLR) initiated a project that developed a novel compliant,

finger bone-like structure for the Airbus A340-300 Fowler flap [8]. This design features a

combination of flexible and rigid segmented structures arranged in sequence, as shown in

Figure 2.5 and 2.7, with each subunit rotating around a pin. The system can be actuated either

by a single large actuator driving the entire structure or by multiple distributed actuators. The

skin is vertically attached to the actively adjustable ribs via a linear slide bearing, allowing

the skin to follow each rib segmentally (see Figure 2.6).

The test model incorporates both aluminium and carbon fibre, with the latter material providing

weight savings while maintaining stiffness. The rib structures are designed to handle different

aerodynamic conditions through three distinct types of functional configurations. Parameter

variation studies indicate that the optimal configuration consists of a four-segment or five-

segment rib design. As the design focuses on improving the Fowler flaps of civilian transport

aircraft, aerodynamic studies suggest that the optimal camber variation begins at 90% chord.

Compared to earlier mechanical structures, the flex flap system introduces a continuously

variable shape-morphing feature. The complex kinematics allow the rib to be positioned along

any desired median line to achieve the required shape. The formulation for calculating the

rib geometry is presented in a general form, making it adaptable for various geometrical and

aerodynamic requirements.
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FIGURE 2.5. DLR active deformable ribs[8]

FIGURE 2.6. DLR skin
design[8]

FIGURE 2.7. DLR skin with
linear slide bearings[8]

2.1.2 Bionic inspired morphing structure design

Inspired by NASA’s fishbone concept, Woods and Friswell et al. proposed a Fish Bone

Active Camber (FishBAC) morphing concept that realizes positive and negative camber
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changes and can deform on a large scale[15]. This concept consists of four main parts: 1.

Compliant skeleton 2. Pre-tensioned EMC skin 3. Non-backdriveable antagonistic tendon

drive 4.Non-morphing main spar. Figure 2.8 shows the Fish BAC design concepts with its

main components.

FIGURE 2.8. Fishbac concept overview[15]

The compliant skeleton is a highly anisotropic fish spine-like structure. It is set horizontally

along the chord-wise direction, taking the load from the airflow through the stringers. This

structure has low bending stiffness in the chord-wise direction but high bending stiffness in

the span-wise direction, so the size and output of the actuation system can be reduced. The

pre-tensioned skin is made of elastic material, which is supported by stringers to achieve

strain along the surface of the airfoil. To counteract the effects of a high Poisson’s ratio,

high-modulus fibres are added to achieve an effective zero Poisson’s ratio composite. The

EMC skin is pre-stretched before installation to overcome the buckling that occurs when the

skin is compressed. At the same time, this can also increase the stiffness of the out-of-plane,

so that the vertical deformation of the skin under higher loads is smaller. Non-backdriveable

antagonistic tendon drive an actuation system consisting of an actuator, non-backdrivable

worm and worm gear pair and tendons. Two tendons are arranged above and below the spine,

and the ends of the spine are pulled through the actuator to achieve positive and negative

morphing. Worm and worm gear pair can control the shape of the airfoil under frequently

changing air loads to reduce power requirements. The type of actuator can be any actuation

system that can provide sufficient power. The non-morphing D-spar is a rigid structure that

carries the primary load from the air and morphing wing system.
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2.1.3 Seamless and hingeless morphing structure design

The smart X is a project ongoing with a highly integrated system by the TU Delft. It absorbed

the idea of Translation Induced Camber (TRIC) from the EU FP7 CHANGE project [14]. It

integrates multiple distributed morphing sections by using elastomer material to connect each

morphing modular. With a pair of actuators inside the wing box, the individual modular is

controlled directly by applying loads on the lower skin. The twin actuators in each individual

morphing modular can realize twist morphing by using opposite input loads. Figure 2.9

shows the general and sectional details of the smart X concept. This project has an innovative

concept that connects the entire trailing edge to ensure the continuity of the structure, which

maintains the aerodynamic efficiency in real (3D) cases. The Smart X project coupled the MD

NASTRAN and XFOIL to do a nonlinear structural analysis and a 2D aeroelastic analysis. It

aims to find the desired morphing design and quickly conduct an aerodynamic assessment

of the wing. The NASTRAN SOL200 optimization solver was used to optimize the design

parameters of the structure that can achieve the target aerodynamic shape. Due to its simple

structure, the excess space in the wing box can also be used for other purposes such as putting

more sensors or avionics. However, the disadvantage of the simple structure could be the

increased required actuation force, because the lack of control of the middle section of the

trailing edge will result in a large stiffness design for the skin, which simultaneously increases

the required load to achieve the target shape.

FIGURE 2.9. Smart X concept overview [14]
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FlexSys mission-adaptive compliant wing is a seamless and hingeless design that was pro-

moted in 2000 [9]. The target shape is to maximize the L/D ratio at different flight conditions

with various flap deflections. It promoted the idea of designing the internal structure to

control the target shape while controlling the wing stiffness to bear the wing loadings and

survivability constraints. Kota et al.[10] used the FlexSys Inc. proprietary Continuous Shape

Generation (CSG) software to design compliant structures that meet desired design targets.

The current actuators such as piezoelectric, SMA and Terfenol-D all have problems with

displacement or bandwidth. The compliant structure is able to deform as an entity with the

stress distributed averagely without concentration. Then the power required from the actuator

is minimized. The compliant structure plays the role of force or motion transmission, motion

guidance, shape morphing, and/or energy storage and release. The Flexsys trailing edge flap

was fabricated and tested at the Ohio State University wind tunnel facility in 2002 (figure

2.10). The test results were compared with conventional flaps and showed a better drag

reduction feature.

FIGURE 2.10. Flexsys MACW with +/-10 degrees flap deflection and 3
degrees twist [10]

The system for designing the structure is required to do FEA. Compared to a conventional

hinged mechanism, the compliant structure can be easily fabricated and assembled, eliminating

the complexity and space of the integrated system. The limited displacement of piezoelectric

stack actuators can be amplified by using a compliant mechanism. To make a balance between

maximum stiffness corresponding to external loads and minimum stiffness corresponding to
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the desired deformation, the flexibility of the compliant structure is considered carefully to

meet the requirements of both actuator energy and aeroelastic and structure constraints. The

LE model test has shown a slightly increased weight model (7%) without optimization, which

proves the feasibility of the concept. The TE concept required various shapes of the deflecting

section, which shows a development of the concept from an all-moving/twisted morphing

wing. The wind tunnel test of the various trailing edge model shows an improved drag polar,

which has a smaller increase of drag coefficient than a conventional mechanism under the

high angle of attack conditions. One novel thing mentioned is the high-frequency vortex

generators, which are used to control flow separation. It extends the flow control authority

under transonic conditions.

In 2006, a new mission-adaptive compliant trailing edge (Figure 2.11) used in conjunction

with a natural laminar flow airfoil was fabricated and tested on the Scaled Composites White

Knight aircraft [10]. The design target was to extend the laminar boundary layer over the wing

surface for various lift coefficient conditions for endurance aircraft. The flight test results

showed that the laminar flow could be maintained at about 60% of the chord for most of the

lift range. In addition, the range can be extended over 15% by continuously optimizing the

lift-to-drag ratio during the flight. The MACW wing can achieve 40% more control authority

and 25% reduced drag than a conventional wing [11].

FIGURE 2.11. Flexible transition composite compliant structure [10]
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Figure 2.11 shows a smooth transition between the fixed wing and flexible flap which uses

a compliant structure. It reduces the drag and noise caused by the turbulent flow on the

discontinuous surface. The trailing edge flap was fabricated by aluminium but was proposed

to be fabricated by composite material in the future, which will be a significant point in this

thesis. It can also reduce the noise produced by turbulent flow and flaps during landing.

Before doing the flight test on the Scaled Composites White Knight aircraft, the MACW

model shown in Figure 2.12 was tested in the Wright Patterson Air Force Base’s Subsonic

Aerodynamic Research Lab (SARL) facility to test its performance and safety factor. It was

operated under 240 psf loading at flap rates up to 30 degrees/sec driven by two electrical servo

motors. The upper surface was fabricated by aluminium and polymer composition, while

the lower surface has an additional composite reinforced panel to allow the lower surface to

expand and contract during morphing.

FIGURE 2.12. MACW aluminium model installed in SARL facility [10]

Figure 2.13 shows the installation of the MACW wing under the Scaled Composites White

Knight vertical stub pylon. The flight test proved that the pressure distribution, lift, preliminary

drag and moment could be controlled well and meet the prediction. The most significant

result was that the drag coefficient does not vary a lot for different lift coefficients, with about

40% drag coefficient compared to the conventional flap. For long-endurance military aircraft,
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the implementation of drag minimizing mechanism has significant improvements in fuel

efficiency. The MACW did not have any limitations to be operated under high altitude, low-

temperature environments, which can also be implemented in commercial aircraft. The patent

published in 2008 showed some design concepts of the adaptive compliant wing design[12].

FIGURE 2.13. MACW installation under the Scaled Composites White
Knight[10]

From Nov. 2014 to Apr.2015, FlexSys, Inc. cooperated with the U.S. Air Force Research

Laboratory (AFRL) to do a flight test of the Adaptive Compliant Trailing Edge (ACTE) on

a Gulfstream GIII Business Jet[13] for 23 times. The Flexfoil on each wing is a 19-foot

span-wise flap, that can realize the change in camber and twist from -9 to 40 degrees. It can

be operated under a 2G maneuver load and 384 psf of dynamic pressure.

FIGURE 2.14. Flexfoil tested on the Gulfstream III business jet [12]
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Compared to some modern commercial aircraft that use ailerons and flaps to reduce the

induced drag during cruise, the Flexfoil can provide more accurate morphing of the control

surfaces with seamless and hingeless continuous deflections. Figure 2.14 shows the continuous

transition region made by the compliant composite material mentioned previously. The CFD

and fatigue tests were conducted on the full aircraft to validate and update the Adaptive

Compliant Trailing Edge structural dynamics model. The weight penalty of the Adaptive

Compliant Trailing Edge was lower than 10% compared to the current conventional control

surface. The power required to operate the Adaptive Compliant Trailing Edge was 10-20%

higher than the conventional flap, while the power required for gust load alleviation was

much higher because of the high rate of twist (30 degrees/second). A variety of types of data

for different disciplines have been generated for analysis such as structures, dynamics and

aerodynamics. The Flexsys and Boeing team was authorized by AFRL to do a further test of

the Flexfoil on a KC 135 test aircraft to validate its fuel-saving ability.

2.2 Compliant mechanism design and analysis methods

2.2.1 The development of compliant mechanism design methods

Previous projects such as the Flexfoil from Flexsys have proven the application potential of

compliant mechanisms in morphing wings, which realized continuous shape-changing of the

control surfaces and maintained enough structure stiffness.

The compliant mechanisms (CMs) are mechanisms that transfer input load to displacement

outputs and force outputs. It is a seamless and hingeless mechanism without the demand

for lubrication at the joints in operation. The concept of the compliant mechanism was first

presented by Buens and Crossley in 1968, that the kinematics of flexible-link mechanisms

is assumed to have the large deflection member transverse a path with a radius of 5/6 of the

member length[16]. The compliant mechanism can be divided into a partially compliant and

a fully compliant mechanism[17]. The fully compliant mechanism can also be divided into a

distributed compliant mechanism and a lumped compliant mechanism shown in Figure 2.15.
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FIGURE 2.15. Definition of distributed compliant mechanism and lumped
compliant mechanism[18]

For a very long time, the design of the compliant mechanism was based on experience without

a large number of calculations. With the development of computers, numerical methods

can be used to solve complex problems related to compliant mechanism designs. Sigmund

et al. has started to study mechanisms with flexible segments since 1997 [18]. With the

improvement of the topology optimization method, it has become one of the main methods of

compliant mechanism design. The optimization of the structure consists of shape optimization,

size optimization and topology optimization. Compared to the kinematics-based method

such as Freedom and Constraints Topologies (FACT) method [23, 24] and the Rigid Body

Replacement method [25]-[31], the topology optimization method does not require an external

program to do shape optimization and size optimization. The building blocks method is to use

a known equivalent system of pin joints, rigid links and torsional springs to replace the flexible

segment [22]. The topology optimization method optimizes the material distribution in the

design domain, which meets the objective function with given boundary settings [18][32]-

[37]. The program of topology optimization is combined with a Finite Element Analysis

(FEA) section to analyze the structure optimized during the optimization process quickly.

The topology optimization method can be divided into discretization topology optimization

[38]-[44] and continuum topology optimization [18, 47, 48]. The representative method

of discretization topology optimization is the ground structure method, which has been

introduced in [45, 46] with the consideration of flexibility and stiffness by using a weighted

sum. Continuum topology optimization is a new and fast-developed method recently, Zhu et al.

provided a review of the continuum topology optimization to help researchers systematically

understand its application to CMs [49].
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The are a number of methods have been developed to design CMs such as the homogenization

method [50], the SIMP method [51, 52], the Level Set Method [53, 54], the ESO method

[55, 56], phase field methods [57, 58], the MMC method [59, 60], GA [61, 62] and MIST

(Moving Iso-Surface Threshold)[63].

2.2.2 The topology synthesis of displacement inverter and path-

generation mechanism

The objective functions formulated for the compliant mechanism are usually displacement,

MSE (mutual strain energy), SE (strain energy), output work, geometrical advantages, mech-

anical advantages, mechanical efficiency and the combination of the above parameters. Nishi-

waki et al. [47] promoted the objective function with a combination of MSE and SE to

find the optimized result that maximizes the mutual potential energy and minimizes strain

energy simultaneously. Larsen et al. promoted an objective function based on geometrical

advantages (GA) and mechanical advantages(MA) and returned the best structure. It can

obtain continuum-type compliant mechanisms with multiple input and output degrees of

freedom [48]. Pedersen et al. [64] formulated a new objective function, which controls the

path of the compliant mechanism before it reaches its final position. The objective function

is represented as an error function to minimize the error between the target and the actual

location for M precision points. This strategy is worth talking about since it has the potential

to be implemented in multi-step control of the behaviour of compliant mechanisms. The

objective function is shown in equation 2.1,

Φ =
2∑

i=0

αi

M∑
m=1

[
uout,m,i − u∗

out,m

]2 (2.1)

where the uout,m,i and u∗
out,m are the actual displacements and target displacements vectors at

the output ports. M is the number of intermediate steps and αi are the weighting factors for

each step. To build the load path between input and output ports, the counter load Pm,i (i= 0,

1, 2) is applied at the output port. For i = 0, there is no counter load applied but only the input

load. For i = 1 and 2, the counter loads are applied opposite to and perpendicular to the input

load, but with a much lighter weighting factor. The strategy for determining the scale of the
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counter load is as follows:

P =
1

k
R∗

in
∆uin

∆uout

(2.2)

where k = 2 can result in the best results from tests. The compliant mechanism design is

expected to be analyzed by using nonlinear FEA since the displacement is large and the

linear FEA cannot provide suitable results. By using the adjoint method, the sensitivity of

the objective function can be obtained. Figure 2.16 shows the design domain for the force

inverter and Figure 2.17 shows the results of synthesized force-inverter mechanisms by using

linear and non-linear finite element analysis.

FIGURE 2.16. Design domain for the force inverter[64]

FIGURE 2.17. synthesized force-inverter mechanisms by using linear and
non-linear finite element analysis[64]
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These two designs have significant differences caused by the FEA method applied. If using

the linear FEA during the design process, the final displacement is 48.6 µm using linear FEA

and 16.5 µm using non-linear FEA. If using the non-linear FEA during the design process,

the final displacement is 9.7 µm if using linear FEA and 42.1 µm if using non-linear FEA to

measure the displacement. The resultant mechanisms after displacement are shown in Figure

2.18 and 2.19, showing the issues using linear FEA to do compliant mechanism design.

FIGURE 2.18. Force-inverter mechanism designed using linear FEA and
analyzed using linear(left) and non-linear(right) FEA[64]

FIGURE 2.19. Force-inverter mechanism designed using non-linear FEA and
analyzed using linear(left) and non-linear(right) FEA[64]

By observing the results, the left one in Figure2.18 has an unreasonable displacement, where

the output port goes beyond the maximum possible displacement. It should be locked when
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the output port is in the same vertical line with the upper and lower bar connected to the

output port. If change the linear FEA to non-linear FEA, the result shown in the right one in

figure 2.18 make sense but with a much smaller result. By observing the results that were

designed using non-linear FEA, the left one in Figure 2.19 looks blocked by the upper and

lower boundary of the design domain without the large rotations in the right one. Then using

non-linear FEA during the design process and analysis could be a mandatory requirement for

designing a compliant mechanism with large displacement. For the path-generation compliant

mechanism, the non-linear FEA is also suggested. The consideration of path generation

could bring two benefits: 1) Control of the behaviour of the compliant mechanism during

shape-changing. 2) Make the input and output have a linear relationship to be accurately

controlled using the actuator. Figure 2.20 shows the input-output displacement relationship

by using 2 and 5 precision points during the design process.

FIGURE 2.20. input-output displacement relationship[64]

2.2.3 The objective formulation and implementation of topology op-

timization in compliant morphing wing

Shili et al. [65] used GA(Genetic algorithm) optimization to design a compliant trailing edge

on a discretized design domain shown in figure 2.21. Its objective function is in the form of

LSE (least square error) to minimize the difference between target and actual displacements.
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FIGURE 2.21. Discretized design domain and boundary conditions of the
trailing edge[65]

Zhang et al. designed the variable camber morphing leading and trailing edge internal structure

by using Meshless-based topology optimization updated by the method of moving asymptotes

(MMA) and non-linear FEA [66]. The skin is designed by GA using geometrically nonlinear

analysis of the beam modal in ANSYS. The objective function of the internal structure is

to maximize the displacement, while the objective function of the skin is to minimize the

displacement error between target and actual displacements. Figures 2.22 to 2.24 show the

example of their leading edge skin and structure designs. The spring model mentioned by

Sigmund in [18] is used in the internal compliant mechanism design to simulate the resistance

from the skin. It is calculated by:

ki
out = Fi/u

i
out (2.3)

where Fi is the output force of the compliant mechanism (same as the input force of the skin),

ui
out is the displacement at the output port (same as the input displacement of the skin).

FIGURE 2.22. Design domain of the leading edge skin and internal
compliant mechanism[66]
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FIGURE 2.23. Deformation of
leading-edge skin[66]

FIGURE 2.24. Deformation of
leading-edge compliant
mechanism[66]

Li et al. designed a variable camber leading-edge with concentrated flexibility based on the

five-bar mechanism [67]. The skin design used the GA by minimizing the displacement error

between the target and actual displacements during the first bending process. For the internal

structure design, the optimized objective is to minimize the strain energy of the original and

optimized skin when the driving points are fixed.

Tong et al. made some efforts on the compliant adaptive wing with composite materials

[68]-[70]. The objective functions are formulated to minimize the LSE (least square error) to

control the difference between target and actual displacements. The SIMP method is used to

design the compliant structure, while the skin is defined as a fixed design domain. The virtual

load method is used to calculate the sensitivity of the objective function. The design problem

is expressed as:

Find : X = [x1, x2, . . . , xN ]
T

Min : f(X) =
n∑

l=1

√(
ux,l(X)− u′

x,l

)2
+
(
uy,l(X)− u′

y,l

)2

s.t.



KU = F

kV = L∑N
i=1 xiv̄i ⩽ hV0

0 < xmin ⩽ xi ⩽ 1
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Where X is the design parameter density (vector) from 0-1 in the SIMP method, K is the

global stiffness matrix, U is the global displacement field, L is the adjoint load vector, vi is

the element volume, h is the volume fraction constraint, V0 the total volume of the design

domain which is 1, F is the input force, V is the adjoint displacement vector. The OC, MMA

and GCMMA were attempted to update the design variables.

FIGURE 2.25. Design domain of the leading edge compliant mechanism[69]

FIGURE 2.26. Topology
shape of the leading edge[69] FIGURE 2.27. Topology

shape of the trailing edge[70]

Figure 2.25 shows the example of the leading edge design domain, Figures 2.26 and 2.27

show the shape topology shapes of the leading and trailing edge.
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The aerodynamic pressure is replaced by concentrated forces applied on the boundary of the

design domain. The numerical results show good convergence of the algorithm developed

and acceptable error of the displacement. However, the experiment of the fabricated model

sometimes needs modification of the boundary settings to achieve desired displacement errors.

Building on the comprehensive survey of morphing strategies by Li et al. which classifies

planform, camber, twist and span-wise concepts and compares numerical, analytical and

experimental approaches[71]—the last decade has delivered three pivotal breakthroughs: (i)

high-fidelity fluid–structure-interaction solvers that resolve large, transient deformations; (ii)

machine-learning surrogates that slash optimisation time while retaining prediction error;

and (iii) additive-manufactured compliant mechanisms that translate complex kinematics into

gapless, lightweight structures. Collectively, these advances are steering the field toward

integrated, real-time and production-ready morphing wings.

2.3 Knowledge Gaps and Research Positioning

Although progress has been substantial, several intertwined challenges remain unresolved

and motivate the present thesis:

(1) Truly coupled aero-structural optimization: Aerodynamic and structural designs

are often treated sequentially, risking stress or deflection violations once disciplines

interact.

(2) Mesh fidelity versus computational cost: Structured grids struggle with sharp

airfoil curvature, whereas fully unstructured meshes can be prohibitively expensive;

a systematic, curvature-aligned irregular mesh has yet to be mainstreamed.

(3) Topology-to-CAD translation: Density-based outputs seldom pass directly into

CAD/FEA; manual surface reconstruction slows the loop and introduces errors.

(4) Multi-objective trade-offs: Lift, drag, weight, stiffness and energy draw the design

in competing directions; few frameworks optimize these objectives concurrently

across the flight envelope.
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(5) Actuation integration: Embedding shape-memory alloys, piezo layers or tendon

drives within slender wings poses packaging and reliability challenges still handled

empirically.

(6) Fatigue durability : Continuous morphing skins endure millions of cycles, while

the design and test of morphing wing skin are still challenging topics.

2.4 The shape parameterization and optimization method

To conduct the optimization of the airfoil shape, a suitable parameterization method should be

designed, so that the parameters can be used as design parameters in optimization algorithms.

The typical method to do this is to use polynomials to reduce the degree of freedom of the

curve while reducing the computation time but maintaining enough accuracy. Some well-

known shape parameterization methods are the Bezier curve, B-spline or NURBS, PARSEC

and Bezier-PARSEC (BP). The BP parameterization was developed by Rogalsky et al. to

accelerate the convergence of airfoil shape representation [72][73].

The design parameters of BP can be further optimized using the DE (Differential Evolution)

algorithm [77], which is a kind of GAs [74], developed recently that is particularly effective for

aerodynamic optimization [75][76]. The structure of DE is similar to other population-based

searches, with NP (number of population) and D (dimensions). The suggested population

is equal to 10 times D, which makes it an effective search [77]. The initial vectors with NP

and D-dimensions recombined by using a mutation and crossover operation to recombine

a trial vector. A competition happens between the original vector and the trial vector, and

the better one will be maintained for the next generation. The mutation is a modification

of the current vector based on a perturbation. The traditional GA use a pre-determined

probability distribution to apply the perturbation, while the DE use the population as the

source of perturbation to make the scale of perturbation close to the topology of the objective

function [73]. DE uses a weighted differential, which is the difference between two random

numbers in the original vector, to perturb other vectors. A difference is then multiplied by a
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weighting factor F to control the mutation operation, and F=0.85 is a recommended value.

The DE algorithm and a modified BP parameterization will be introduced in Chapter 3.



CHAPTER 3

Airfoil Shape Parameterization and

Optimization

The design of an active camber morphing wing involves two fundamental challenges: (1)

determining the target shape, and (2) achieving that target shape. The target shape of an

airfoil is defined by the desired aerodynamic performance at specific flight conditions, such

as lift coefficient, drag coefficient, or lift-to-drag ratio, all of which influence the overall

performance of an aircraft. To optimize a 2D airfoil for specific flight conditions, the first step

is to select and represent a baseline airfoil using a suitable parameterization method based

on a set of design parameters. Once the design parameters are determined to fit the baseline

airfoil, shape optimization can proceed by adjusting certain parameters to find the optimal

shape.

This process involves coupling an optimization algorithm with the airfoil parameterization

method to iteratively update the design parameters and achieve the best aerodynamic per-

formance under the given conditions. After the optimized airfoil shapes are obtained, the

internal structure can be designed to realize these target shapes in practice. This chapter

introduces a modified airfoil parameterization approach based on the Bezier-PARSEC method

and describes the use of the Differential Evolution algorithm to update the design variables

during the optimization process.
30
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3.1 Differential evolution algorithms and its implementa-

tion

As introduced in the literature review chapter, the DE is an effective algorithm for aerodynamic

optimization. It is a parallel direct search method that utilizes a number of population NP with

D-dimensional parameters [78]. It has four main operations: 1) Initialization, 2) Mutation, 3)

Crossover 4) Selection. This section will introduce its basic theory and how to implement it

in the BP method to design the airfoil shape using MATLAB.

3.1.1 Initilization of population and dimensions

The NP does not change for each generation G in each iteration, and the NP should cover

the entire range of parameters. The first population is generated using normally distributed

random deviations. The equation for initialization can be expressed as[77]:

xj
i,0 = xj

min + rand(0, 1) ·
(
xj
max − xj

min

)
, j = 1, 2, . . . , D (3.1)

Where i is the population, j is the dimension, rand(0, 1) is the normally distributed random

variables in the range [0,1]. This equation ensures the initial population is in the range of the

maximum and minimum boundaries while producing normally distributed vectors based on

NP and Dimension. Before going to the next operation, the fitness of the first population is

tested using the test function (objective function). The initial best-fitted value and its position

in the vector are recorded for the Selection operation. For example, the best-fitted value is

selected for an LSE objective function as:

MinObj =

√(
xti,j − xi,j

)2
+
(
yti,j − yi,j

)2 (3.2)

[Xbest, Index(Xbest)] = Min(Obj) (3.3)
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3.1.2 Mutation

The mutant vectors for the next generation are first created by adding a weighted difference

between two random population vectors to a third random vector. There are five frequently

used mutation strategies for the Mutation operation [77].

1) "DE/rand/1":

Vi,G = Xri1,G
+ F ·

(
Xri2,G

−Xri3,G

)
(3.4)

2) "DE/best/1":

Vi,G = Xbest,G + F ·
(
Xri1,G

−Xri2,G

)
(3.5)

3) "DE/rand-to-best/1":

Vi,G = Xi,G + F · (Xbest ,G −Xi,G) + F ·
(
Xri1,G

−Xri2,G

)
(3.6)

4) "DE/best/2":

Vi,G = Xbest,G + F ·
(
Xri1,G

−Xri2,G

)
+ F ·

(
Xri3,G

−Xri4,G

)
(3.7)

5) "DE/rand/2":

Vi,G = Xri1,G
+ F ·

(
Xri2,G

−Xri3,G

)
+ F ·

(
Xri4,G

−Xri5,G

)
. (3.8)

The mutant vector Vi,G is created for each Xi,G in generation G. It can be seen that there are

five indices ri1 - ri5, which are integers randomly chosen from [1, NP], which should also be

different from the index i. F is a positive scaling factor that controls the difference vector,

in the range of [0,2]. Xbest,G is the best-fitted value recorded at generation G, which is the

same as the Xbest mentioned previously for the first generation. A possible improvement of

the scaling factor F is:

F = F0 ∗ 2exp(1−
T max

T max+1−T ) (3.9)

However, the scaling factor is usually set as constant between [0,2].

In the mutation operation, it is possible that some values are out of the maximum and

minimum boundaries for design variables. An operation that ensures all mutant vectors are in

the available range must be taken. A simple method is to make the vectors larger than the
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upper boundary equal to the upper boundary and make the vectors smaller than the lower

boundary equal to the lower boundary.

3.1.3 Crossover

After the mutation operation, the crossover operation is conducted to increase the population

(perturbed parameters) diversity. Equation 3.10 shows the crossover criteria based on the

crossover ratio CR.

uji,G+1 =

 vji,G+1 if (randb(j) ≤ CR) or j = rnbr(i)

xji,G if (randb(j) > CR) and j ̸= rnbr(i)
,

j = 1, 2, . . . , D.

(3.10)

randb(j) represents the j-th evaluation of a uniform random number generator that produces

outcomes in the range [0, 1]. CR denotes the crossover constant, also in the range [0, 1],

which must be specified by the user.

If the randb(j) value is smaller than the user-determined CR (crossover constant) value, the

final vectors in the trial vector Ui,G come from the mutation operation Vi,G. Otherwise, the

final vectors come from the initial population Xi,G.

rnbr(i) is a randomly selected index from the set {1, 2, ..., D}, ensuring that ui,G+1 inherits

at least one parameter from vi,G+1 [77].

The CR value represents the information exchanged among the initial population Xi,G, the

results of mutation operation Vi,G and the results of crossover value Ui,G. The larger the

scaling factor F is, the more information is exchanged. Figure 3.1 shows a clear explanation

of the information exchange process between initial vectors, mutant vectors and crossover

vectors.
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FIGURE 3.1. Explanation of the information exchange process[78]

3.1.4 Selection

The final step is to select suitable vectors from crossover trial vectors and keep them for

the next generation. Equation 3.11 shows the simple criteria to select the kept values, that

compare the fitness of the trial vectors to the initial vectors. According to the principle of

survival of the fittest, the design variables will be updated only if the fitness of the trial vectors

is better than that of the initial vectors.

Xi,G+1 =

Ui,G, if f (Ui,G) ≤ f (Xi,G)

Xi,G, otherwise.
(3.11)

3.2 Bezier-PARSEC Parameterization Method

The Bezier-PARSEC (BP) method [73] employs PARSEC variables as parameters, defining

two distinct but continuous Bezier curves to represent the camber and thickness profiles of

the airfoil. These two profiles are added and subtracted to obtain the final upper and lower
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surfaces of the airfoil. The Bezier curve is controlled by a set of control points in a 2D plane,

with three control points positioned in a straight line at the junction between the two curves to

ensure gradient continuity. The number of control points depends on the degree of the Bezier

curves, which influences both the fitting accuracy and computational cost.

FIGURE 3.2. Definition of the BP-3434 Bezier–PARSEC layout. Two cubic
Bezier segments model the leading-edge camber/thickness, while a cubic +
quartic pair models the trailing edge[73]

Two combinations of Bezier curves were described by Rogalsky: BP3333 and BP3434 [73]. A

BP3333 combination utilizes two third-degree Bezier curves for both the leading and trailing

edge camber and thickness profiles, while the BP3434 combination replaces the third-degree

Bezier curve at the trailing edge with a fourth-degree Bezier curve. Figure 3.2 illustrates

the definition of the BP3434 combination. The polynomial equations below represent the

third-degree and fourth-degree Bezier curves for the x and y coordinates of the camber and

thickness profiles [73]:

x(u) = x0(1− u)3 + 3x1u(1− u)2 + 3x2u
2(1− u) + x3u

3 (3.12)

y(u) = y0(1− u)4 + 4y1u(1− u)3 + 6y2u
2(1− u)2 + 4y3u

3(1− u) + y4u
4 (3.13)
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The coefficients from x0 to x4 and y0 to y4 are determined by establishing geometric relation-

ships between the Bezier curves and airfoil parameters. Rogalsky provides detailed derivation

steps for these parameters in his thesis [72]. The aerodynamic parameters that define the

coefficients in the polynomial equations are outlined below, and their variable definitions are

provided in Table 3.1 [73].

Leading edge thickness curve:
x0 = 0 y0 = 0
x1 = 0 y1 = b8
x2 = −3b28/2rle y2 = yt
x3 = xt y3 = yt

Leading edge camber curve:
x0 = 0 y0 = 0
x1 = b0 y1 = b0 tan (γle)
x2 = b2 y2 = yc
x3 = xc y3 = yc

Trailing edge thickness curve:
x0 = xt y0 = yt
x1 =

1
4
(7xt + 9b28/2rle) y1 = yt

x2 = 3xt + 15b28/4rle y2 =
1
2
(yt + b8)

x3 = b15 y3 = dzte+
x4 = 1 (1− b15) tan (βte)

y4 = dzte

Trailing edge camber curve:
x0 = xc y0 = yc
x1 =

1
2
(3xc − yc cot (γle)) y1 = yc

x2 =
1
6
(−8yc cot (γle) + 13xc) y2 = 5yc/6

x3 = b17 y3 = zte − (1− b17)
x4 = 1 tan (αte)

y4 = zte

Definition Variable
Leading edge camber curve radius γle Leading edge thickness curve radius rle

Camber curve crest abscissa xc Thickness curve crest abscissa xt
Camber curve crest ordinate yc Thickness curve crest ordinate yt

Trailing edge thickness curve ordinate Zte Trailing edge thickness curve offset dZte

Trailing edge camber curve direction αte Trailing edge thickness curve wedge angle βte

TABLE 3.1. Definition of aerodynamic variables in BP method [79]

The curve fitting can be conducted by setting suitable boundaries for design parameters [72].

Parameter Lower Upper Parameter Lower Upper
γle 0.05 0.1 b0 0.01 0.1
b2 0.1 0.3 xc 0.2 0.5
yc 0 0.2 b17 0 0.9
zte 0 0.01 αte 0.05 0.1
rle −0.04 −0.001 b8 0 0.7
xt 0.15 0.4 yt 0.05 0.15
b15 0 0.9 dzte 0 0.001
βte 0.001 0.3

TABLE 3.2. Initial upper and lower population bounds for Parameters[72]
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3.3 Objective function of the airfoil shape fitting

The objective function for airfoil fitting is expressed as equation 3.14, which minimizes the

shape differences between the baseline and fitted airfoil.

Min f(q) =
m∑
j=1

n∑
i=1

√(
xti,j − xi,j

)2
+
(
yti,j − yi,j

)2 (3.14)

Where q is a vector contains the design parameters of the airfoil curve, n is the number of

points of the airfoil shape profile, i is the airfoil coordinates number, j is the iteration number,

(xti,j , yti,j) is the target airfoil coordinate and (xi,j, yi,j) is the obtained coordinate. This

equation will be the fitness function applied in the differential evolution algorithm to update

design parameters.

3.3.1 Implementation of DE in Airfoil Fitting

The steps in the shape fitting process are as follows:

(1) Define the baseline airfoil curve coordinates, using the NACA2418 airfoil as the baseline.

(2) Set the PARSEC and Bezier curve parameters within the suggested ranges, as shown in

Tables 3.1 and 3.2.

(3) Apply the differential evolution (DE) algorithm (to be discussed later) to update the design

parameters and minimize the shape differences between the baseline and the fitted airfoil. This

step is divided into three sub-steps: (a) Camber curve fitting, (b) Thickness curve fitting, (c)

Combine the two curves (addition and subtraction) to generate the upper and lower surfaces

of the airfoil.

(4) Perform post-processing and verify the achieved fitted airfoil.

In the BP parameterization, the design parameters for the camber and thickness profiles are

different, which means the camber and thickness profiles will have different x coordinates,

posing challenges when adding and subtracting the two curves. One of the approaches is to

first perform camber fitting using an equally distributed set of interpolation points, ucamber.

Then, the set of values for thickness fitting, uthickness, can be inversely calculated using the
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xcamber coordinates and the design parameters for the thickness profile. Equations 3.15 and

3.16 describe the relationship between the two Bezier curves with different coefficients.

x(ucamber) = x0c(1− u)3 + 3x1cu(1− u)2 + 3x2cu
2(1− u) + x3cu

3 (3.15)

x(uthickness) = x0t(1− u)3 + 3x1tu(1− u)2 + 3x2tu
2(1− u) + x3tu

3 (3.16)

The above method is computationally expensive, as it requires solving polynomial equations

to obtain u for each point in the thickness profile. An alternative, lower-cost method is to

generate a large number of x values for the camber profile and find the closest corresponding

x value for the thickness profile. Although this method introduces some approximations, it

can be minimized by using a large number of interpolation points, such as 1× 103. Figure 3.3

illustrates the low-cost method for finding the thickness profile x coordinates that correspond

to the camber profile x coordinates.

FIGURE 3.3. low-cost method to find corresponding camber and thickness x
coordinates

When adding and subtracting the camber and thickness profiles to generate the airfoil curve,

another challenge arises: the thickness at each camber point is defined perpendicular to

the camber profile, but the slope is unknown. One approximate method involves using two

adjacent interpolation points to estimate the slope at a given point, where k2 = y3−y1
x3−x1

(P1 and

P3 are the two adjacent points and k2 is the slope of P2 to estimate). The accuracy of this

method improves as the number of interpolation points increases.
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Another geometric approach, illustrated in Figure 3.4, offers a solution to this problem. Any

continuous set of three points on the camber curve can be assumed to lie on a circle. Two

lines are formed by connecting the first and second points, and the second and third points.

By finding the midpoints of these two lines, perpendicular lines can be drawn at the midpoints.

The intersection of these perpendicular lines provides the centre of the circle. The slope of the

thickness profile at the second point is then determined by connecting this point to the centre

of the circle. The thickness offsets, dx and dy, in the x and y directions can be calculated to

accurately represent the asymmetric wing profiles.

(A) Thickness profile adding and subtracting illustration

(B) Camber point slope calculation (C) Calculation of the x and y direction offset

FIGURE 3.4. Calculation of the thickness profile slope using circle
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The advantage of this method is that it can accurately calculate the slope at any point within a

set of three continuous points, even when the interpolation is non-uniform. Since the airfoil

curve significantly impacts performance, this method provides greater accuracy compared to

simply calculating the midpoint slope using k2 =
y3−y1
x3−x1

.

Figure 3.5 shows the curve fitting process of a NACA 2418 airfoil. The black solid curve

is the trial curve, the red dot points represent the target camber curve, and the green dot

points represent the target airfoil surface curve. The trial curve keeps iterating in the range

of parameter bounds until it meets the minimum error requirement. There are a total of 16

parameters to be optimized, with the DE parameters set as NP=160 (10 times the number

of parameters), F=0.5, CR=0.3. The mutation strategy used is the basic "DE/rand/1". The

resultant error for camber fitting is 2e-7 and for airfoil fitting is 5e-4.

(A) Camber fitting initial iteration (B) Camber fitting converged result

(C) Airfoil fitting initial iteration (D) Airfoil fitting converged result

FIGURE 3.5. NACA2418 airfoil curve fitting using DE

To verify the accuracy of representing the airfoil curve using camber and thickness profiles,

drawing a circle at a given point with a radius equal to the local thickness can provide direct

validation. Figure 3.6 illustrates that the circle at each camber point is tangent to the airfoil

curve at the endpoint of each thickness, accounting for the offset. Figure 3.7 provides detailed

views of the leading edge and trailing edge of the fitted airfoil. The dashed lines represent
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the thickness, which is perpendicular to the camber profile at each point. These figures

demonstrate that the accuracy of the BP parameterization is sufficient for producing a well-

fitted airfoil, and the method can be verified. The computational cost is acceptable, achieving

a shape difference smaller than 5× 10−4 in approximately 10 minutes. The difference is the

sum of the differences between the target and actual nodes. Once the fitting airfoil is obtained,

the thickness profile data will be stored and will remain constant in the next airfoil shape

optimization stage.

FIGURE 3.6. Thickness-profile verification using the “circle test.” At each
camber point a circle of radius equal to the local thickness is tangent to the
airfoil surface, confirming that the fitted Bézier thickness curve preserves the
intended envelope.

(A) Fitted airfoil leading edge (B) Fitted airfoil trailing edge

FIGURE 3.7. Zoom-in on the fitted NACA 2418 geometry, dashed normals
show that camber-line normals intersect the surface precisely, validating
orthogonality in the BP fit.
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3.4 Modified BP Method for Morphing Wing Design

In the context of the active morphing wing design concept presented in this thesis, the

middle section of the wing remains unchanged. Since the BP parameterization utilizes

segmented Bezier curves, it allows the original Bezier curves representing the upper and

lower surfaces to be divided into three segments. The optimization is applied only to the first

curve, representing the leading edge, and the third curve, representing the trailing edge. The

newly introduced middle curve, defining the unchanged section, is controlled by two control

points. Additionally, the morphing 2D airfoil is designed to maintain a constant thickness

along the chord-wise direction, ensuring that the thickness profile remains identical before

and after shape optimization.

FIGURE 3.8. Modified BP parameterization for the morphing wing. A fixed
mid-segment preserves baseline structure, while leading- and trailing-edge
Bézier segments are free to morph within a bounded design space.

Figure 3.8 illustrates the modified BP parameterization with new design parameters for the

morphing wing’s camber profile. The control points correspond to segmentation points such

as (xc1, yc1), and the control points on either side are aligned along the same straight line

to ensure gradient continuity. This new combination of the camber and thickness profiles

is referred to as BP 34-333. In the airfoil shape-fitting process, seven parameters related to

the thickness profile will be determined. Meanwhile, nine camber profile parameters remain

unchanged, while eight camber profile parameters will be updated to optimize the airfoil
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based on the objective function. Table 3.3 presents the new design bounds for the camber

profile during airfoil fitting. To preserve the baseline airfoil through the mid-chord region,

the two interior Bezier control points obtained from the baseline-airfoil curve fit are fixed at

those fitted values. Design freedom is granted exclusively to the interior, leading-edge and

trailing-edge tip control points, which are allowed to translate within pre-defined bounds.

These limits were selected from a preliminary testing that balanced deformation and structural

feasibility. A larger bound can make it achieve a better performance airfoil shape but will

result in extra challenges in shape matching.

Parameter Lower Upper Parameter Lower Upper
γle fixed fixed b0 0.01 0.2
b2 0.2 0.28 xc1 0.3 0.3
yc1 fixed fixed b17 0.8 0.9
zte -0.05 0 αte 0.02 0.1
b3 fixed fixed b4 fixed fixed
b3y fixed fixed b4y fixed fixed
xc2 0.7 0.7 yc2 fixed fixed
b7 0.7 0.95 x0 0 0.1
y0 -0.1 0 xend 0.97 1

TABLE 3.3. Upper and lower bounds for design parameters in updated
camber profile

Parameter Lower Upper Parameter Lower Upper
rle −0.04 −0.001 b8 0 0.7
xt 0.15 0.4 yt 0.05 0.15
b15 0 0.9 dzte 0 0.001
βte 0.001 0.3

TABLE 3.4. Upper and lower bounds for design parameters in thickness
profile[72]

3.5 Objective function of the airfoil shape optimization

After obtaining the fitted airfoil using the updated camber parameters and the original thickness

parameters, the camber profile will be further adjusted to generate trial shapes for aerodynamic

analysis during shape optimization. Parameters such as the camber starting point and endpoint,
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listed in Table 3.3, were treated as non-design parameters during the fitting process but will

now become flexible variables, allowing deformation of the leading and trailing edges. Table

3.5 presents the bounds for the camber design parameters used in shape optimization, while

the parameters listed in Table 3.3 but not included in Table 3.5 will remain constants.

Parameter Lower Upper Parameter Lower Upper
b0 0.01 0.2 b2 0.1 0.299
b17 0.72 0.9 zte -0.1 0
αte 0.02 0.1 b7 0.7 0.95
x0 0 0.05 y0 -0.1 0

TABLE 3.5. Upper and lower bounds for camber design parameters in shape
optimization

Note that the BP parameterization does not account for the physical behavior of the airfoil

skin material, such as compression or stretch, which means the resultant shape may not be

physically realistic. Additionally, the original BP parameterization fixes the camber curve

coordinates at the leading and trailing edge tips. This results in the optimized airfoil having a

different total curve length compared to the baseline airfoil, posing challenges for structural

optimization. To ensure consistency in the total airfoil curve length, this constraint will be

incorporated into the objective function with a weighting factor.

The objective function for shape optimization can include goals such as minimizing CD(q),

maximizing CL(q), maximizing CL(q)/CD(q), or maximizing CL(q)
3
2/CD(q), where CD

is the drag coefficient and CL is the lift coefficient. If the optimized airfoil is required

to maintain the same arc length as the original airfoil, a balance can be made between

aerodynamic performance and total curve length. Equation 3.17 shows the objective function

for maximizing endurance while minimizing the difference in curve length, using a weighting

factor ws.

Max f(q) =
C

3
2
L

CD

∗ (1− ws)− ws ∗ |Si − S| (3.17)

Where Si is the total arc length of the optimized airfoil, and S is the total arc length of the

original airfoil. The endurance parameter C
3
2
L

CD
is derived using the Breguet endurance equation
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for propeller-driven aircraft, as shown below [86]:

E =

∫ W0

W0−Wf

ηp
c

(
C

3/2
L

CD

)√
ρ∞S

2

dW

W 3/2
(3.18)

In the endurance equation, E represents the total flight time the aircraft can sustain, ηp is the

propeller efficiency accounting for the effectiveness of the propulsion system, c is the specific

fuel consumption representing the rate of fuel burned per unit thrust per unit time, CL and

CD are the coefficients of lift and drag, respectively, ρ∞ is the freestream air density, S is

the wing reference area, W is the aircraft weight that decreases as fuel is consumed, W0 is

the initial weight of the aircraft including the total fuel weight, and Wf is the fuel weight

consumed during flight.

If the target airfoil needs to meet specific arc length changes on either the upper or lower

surface, the penalized objective function can be further modified as:

Max f(q) =
C

3
2
L

CD

∗(1−wleading−wlow)−wlow ∗|Slowi
−Slow|−wleading ∗|Sleadingi−Sleading|

(3.19)

Max f(q) = CL ∗ (1−wleading−wlow)−wlow ∗ |Slowi
−Slow|−wleading ∗ |Sleadingi −Sleading|

(3.20)

Where wleading and wlow are the weighting factors for the leading edge (LE) total curve length

and the lower surface curve length of the trailing edge (TE), respectively. Sleading and Slow

are the target total curve lengths of the LE and TE lower surface, while Sleadingi and Slowi
are

the actual total curve lengths of the LE and TE lower surface.

The weighting factors were adjusted via a manual process: beginning with a near-zero value,

the factor was incrementally increased until the structural shape-matching error dropped

below the prescribed tolerance.

3.5.1 Shape optimization results for different objective functions

As shown in Table 3.5, there are eight parameters to be determined for the camber profile in

the shape optimization process using the modified BP method. In this optimization problem,
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the leading and trailing edge points are allowed to morph within predetermined ranges: [0,

0.05] in the x-direction and [-0.1, 0.05] in the y-direction. The flight condition is set at a

5-degree angle of attack in viscous flow, with a Reynolds number of 6×106 and Mach number

0, using XFOIL for fast and stable convergence. By applying the defined multi-objective

functions, the optimized airfoil shape can be obtained. The morphable sections of the NACA

2418 airfoil are located between 0%-30% and 70%-100% chord, as illustrated in Figure 3.9.

Figure 3.10 shows the trial shapes during the optimization. The total arc length of the trail

shapes is optimized to approach the expected value, while the performance is optimized. The

sum of the aerodynamic coefficients and shape difference of the trail shapes is recorded and

used as the objective function for the next generation.

FIGURE 3.9. Morphable
regions of the baseline NACA
2418

FIGURE 3.10. Examples of
attempted shapes during
optimization

Figure 3.11 presents several optimized shape results for different objective functions, con-

sidering both aerodynamic coefficients and curve length differences. The performance

improvements are summarized in Table 3.6. It can be observed that there are some jumps in

aerodynamic parameters in early iterations. In those cases, the aerodynamic parameters are

satisfied but then dropped because of a second constraint on the arc length control.
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The parameter productivity efficiency, C1.5
L /CD, represents the aircraft’s cruising capability,

indicating its ability to move a gross weight over the maximum possible distance. This

parameter is particularly valuable for analysis when designing a morphing wing.

Since the airfoil must be designed to provide sufficient stiffness to withstand aerodynamic

loads, selecting appropriate materials becomes a challenging task. To simplify the structural

design, a solid isotropic material is used, with the assumption that the trailing edge features

an open upper surface at 70% of the chordwise location. As a result, the arc length of the

target shape will exceed that of the original airfoil.

Typically, the initially obtained shape is not optimal because the target curve length is unknown

prior to structural optimization. Multiple design iterations are often necessary to determine

the best target shape, which can be efficiently refined in subsequent analyses.

(A) Optimized shape for Max CL (B) Objective function for Max CL

(C) Optimized shape for Max CL1.5/CD (D) Objective function Max CL1.5/CD

FIGURE 3.11. Airfoil shape optimization results for different objectives
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CL CL^1.5/CD
Baseline airfoil 0.807 98.84

Optimized airfoil 1.583 140.36
Percentage of improvements +96.16% % +42.01%

TABLE 3.6. Results in performance improvements

3.6 Summary

In this chapter, the focus is on the shape parameterization and optimization of a morphing

wing, utilizing a modified Bezier-PARSEC (BP) method and differential evolution (DE)

algorithm. The chapter begins by introducing the typical differential evolution algorithm

and its formulations. Then the BP parameterization is introduced, which divides the camber

and thickness profiles of the airfoil into segments for easier manipulation. A modified

Bezier-PARSEC (BP) method is employed, keeping the middle section of the wing fixed

while allowing the leading and trailing edges to morph. This design flexibility is crucial for

enhancing the aerodynamic performance of the morphing wing.

This chapter introduces a refined objective function that integrates both airfoil performance

and shape requirements, balanced through a weighting factor. This approach ensures a more

achievable shape in structural design, reducing the discrepancy between the target shape and

the deformed shape. The achievable shape means a shape that can be realized using existing

material and actuation. In the meantime, the achieved displacement error is within tolerance.

The optimization process focuses on adjusting design parameters for the camber profile to

enhance aerodynamic performance, aiming to maximize the lift coefficient (CL), minimize

the drag coefficient (CD), optimize the lift-to-drag ratio (CL/CD) or maximum the endurance

(C1.5
L /CD).

Additionally, specific ranges were set for morphing regions, such as 0%− 30% and 70%−

100% chord, and the morphing behaviour was analyzed under specific flight conditions,

including a 5-degree angle of attack and Reynolds number of 6 × 106. Optimized airfoil

shapes were obtained, showing improvements in aerodynamic performance and confirming
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the effectiveness of the multi-objective optimization approach in designing morphing wings.

The obtained shape will be set as the target in the next chapter to do topology optimization.



CHAPTER 4

The Structural Optimization of Active

Morphing Wing

This chapter presents the problem statement and formulation for the topology optimization

of shape control using the SIMP method. The formulation focuses on minimizing the

displacement error between the initial observation points and the target points. In contrast

to the fixed observation and target points commonly used in the literature, a more adaptive

approach is proposed, utilizing dynamic target points on the target airfoil profile to mitigate

uncertainties in their location. The objective function also incorporates a minimum compliance

problem, weighted to ensure the optimized structure retains sufficient stiffness to withstand

aerodynamic loads. Furthermore, including the minimum compliance criterion enhances the

stability of the optimization process, leading to faster convergence. Additionally, a benchmark

comparison between the developed code/results and published code/results is provided to

validate the accuracy of the developed algorithm. Finally, the designed morphing wing will

be tested and compared with the baseline airfoil.

50
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4.1 Problem Statement and Formulation for Shape Con-

trol Mechanism

The morphing wing’s leading and trailing edges are designed separately, employing two

distinct design domains that cover the front 30% and rear 30% of the airfoil, respectively. The

design objectives are as follows: a. Actuate the compliant mechanism to the desired position.

b. Minimize structural compliance to ensure sufficient stiffness for withstanding the loads

from both the actuator and aerodynamic forces.

4.1.1 Problem Definition and Objective Function

The problem can be defined as:

For a fixed actuation load location, apply a constant input force to determine the optimal

material distribution that minimizes the geometrical deviation between the actuated external

profile and the desired external profile. At the same time, minimize the compliance using a

weighting factor. Convergence is achieved when the volume fraction constraint, the change

in the design variables and number of high-density elements meet the specified criteria. The

optimization problem is based on the following assumptions:

1. The airfoil is represented as a 2D profile with a specified angle of attack.

2. The airflow is uniform and occurs at a constant velocity.

3. A predefined actuation system is integrated within the airfoil.

4. Aerodynamic pressure is assumed constant for small deformations.

5. The airfoil is assumed to deform into the target shape, with the corresponding pressure

distribution used as the external load in the topology optimization.

The five assumptions bound the aero-structural task to a single static solve: a 2-D airfoil

in steady, uniform flow, a prescribed actuation system, and a frozen pressure field reduce

the coupled FSI problem to tractable topology optimization. Assumptions 1–2 drop 3-D
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and unsteady effects; 3 locks actuator details; 4 keeps the pressure constant; 5 makes aero-

elasticity one-way. Such simplifications are sensible for a first pass with modest deformations,

but pressure updates, spanwise flow and real actuator limits must be re-introduced in later,

higher-fidelity studies.

The objective function, aimed at minimizing the geometrical discrepancy, is expressed as:

min f(ρ) = |Gt −G| (4.1)

Where Gt represents the target airfoil profile, and G denotes the deformed airfoil profile at

each iteration. Given that the airfoil geometry is described by 2D coordinates, the objective

function is expanded as the least square error between the target and deformed profiles:

min f(ρ) =
n∑

i=1

(
(xt,i − xi)

2 + (yt,i − yi)
2
)

(4.2)

Where i represents the ith observation point, n is the total number of observation points,

and (xt,i, yt,i) and (xi, yi) are the coordinates of the target and deformed observation points,

respectively. The square root is omitted, as it does not influence the optimization direction,

provided that the enclosed values are positive.

4.1.2 Method for Determining Target Point Locations

In Chapter 3, the target airfoil profiles with optimized performance were defined. How-

ever, to convert these shape differences into precise displacement differences, a real-time

displacement error update method is required. Since the optimization process applies virtual

loads to observation points to compute virtual displacements (virtual load and displacement

introduction can be found in [64], [68]-[70]), the method must correlate each observation

point with other points to determine the displacement error. Two intuitive, geometry-based

methods were developed in this chapter to calculate displacement errors between observation

points and their dynamic targets, each offering distinct advantages and limitations.

To demonstrate these methods, Figures 4.1, 4.2, and 4.3 provide examples of one-dimensional

curve deformation. In this case, three points on the original black curve are considered. The
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left end is fixed on the wall. The curve is actuated to the green dashed curve and is expected

to deform into the target blue curve. By selecting the second point as the observation point,

its deformed coordinates can be calculated using finite element analysis (FEA).

FIGURE 4.1. 1-D curve deformation error example

FIGURE 4.2. The method of
dynamic vertical plane

FIGURE 4.3. The method of
dynamic perpendicular line
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In the first method, to determine the actual and target displacements, a dynamic vertical plane

(yellow vertical line in Figure 4.2) is employed that shifts with the deformed observation

point (P1,1). The intersection of this plane with the original curve gives the original point

P0,int, while its intersection with the target curve provides the target point Pt,int, as shown in

Figure 4.2. Linear interpolation is applied to calculate the coordinates of both the original

and target points, based on the known positions of neighboring nodes along the original and

target curves.

The second method uses the tangent line at the observation point (P1,1), where its slope is

denoted as k1. The perpendicular line to this tangent is then calculated as k2 = − 1
k1

. The

intersection of this perpendicular line with the original curve yields the original point P0,int,

while its intersection with the target curve gives the target point Pt,int, as shown in Figure 4.3.

The actual and target displacements in the x-direction for the ith observation point are defined

as ux,i = Px,1,1 − Px,0,int and ux,t,i = Px,t,int − Px,0,int, respectively. The displacement error in

the x-direction is then calculated as:

errorx = ux,t,i − ux,i (4.3)

These two methods effectively measure the relative error between the curves and are particu-

larly useful when the curves do not exhibit significant elongation or deformation. The dynamic

plane method has a lower computational cost because it requires only virtual load cases in the

y-direction, avoiding the most time-consuming part of the finite element analysis. However, if

the geometry undergoes large deformations in both x and y directions, this method may fail in

elongated sections. The second method accounts for both directions, but in problems where

the y-direction deformation dominates, convergence may be slower, requiring a trade-off

between x and y direction sensitivities. Otherwise, the x-direction may produce unexpectedly

large sensitivities, slowing convergence.

Figure 4.4 illustrates the implementation of both methods in the trailing edge design.
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(A) Implementation of dynamic vertical plane method on trailing edge

(B) Implementation of dynamic perpendicular line method on trailing edge

FIGURE 4.4. Implementation of dynamic vertical plane method and dynamic
perpendicular line method
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4.1.3 Problem definition and formulation

The optimization problem and constraints are defined as:

Find: ρe = [ρ1, ρ2, . . . , ρN ]
T

Min:f(ρ) =
n∑

i=1

(
(ux,t,i − ux,i)

2 + (uy,t,i − uy,i)
2
)
· (1− wc) · c1 + FTU · wc · c2

s.t.



KU = F

KV = L∑N
i=1 ρeve ≤ Vtarget

0 < ρmin ≤ ρe ≤ 1

The objective function considers two problems and can be defined as:

Min f(ρ) = s(ρ) · (1− wc) · c1 + c(ρ) · wc · c2 (4.4)

Where the shape control problem is s(ρ) and the minimum compliance problem is c(ρ) in

the FEM form. n is the total number of observation points, ux,t,i and uy,t,i are the target

displacements in the x and y directions, while ux,i and uy,i represent the actual displacements

in the respective directions. The design variable vector, ρe, corresponds to the density of

each element, and wc is the weighting factor for the minimum compliance problem. The

load vector is denoted by F, and the displacement vector by U. Additionally, c1 and c2 are

scaling factors for the sensitivity of the shape control problem and the minimum compliance

problem, respectively. The scaling factors c1and c2 normalise the sensitivity magnitudes of

the shape-control and minimum-compliance terms, respectively, so that both contributions

operate on comparable scales. This makes it easier to tune the weighting factor wc, which is

ultimately chosen to satisfy the prescribed shape-matching error tolerance.
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4.1.4 Material interpolation for Ee(ρe)

In the SIMP method, the material interpolation is given by:

Ee(ρe) = Emin + ρpe(E0 − Emin) (4.5)

The partial derivative with respect to ρe is:

∂Ee(ρe)

∂ρe
= pρp−1

e (E0 − Emin) (4.6)

where E0 represents the modulus of elasticity of the solid isotropic material, Emin is the

minimum modulus of elasticity, and p denotes the penalty factor.

4.1.5 Sensitivity Analysis

To find the derivative of f(ρ) with respect to ρi, start with the displacement terms s(ρ), it can

be expanded as:

s(ρ) =
n∑

i=1

(
(ux,t,i)

2 − 2ux,t,iux,i + (ux,i)
2 + (uy,t,i)

2 − 2uy,t,iuy,i + (uy,i)
2
)

(4.7)

Eliminate the constant terms and its derivative is:

∂s(ρ)

∂ρe
=

n∑
i=1

(
∂(−2ux,t,iux,i)

∂ρe
+

∂(ux,i)
2

∂ρe
− ∂(−2uy,t,iuy,i)

∂ρe
+

∂(uy,i)
2

∂ρe

)
(4.8)

Using the chain rule and rearrange:

∂s(ρ)

∂ρe
=

∂s(ρ)

∂ui

ui

∂ρe
(4.9)

∂s(ρ)

∂ρe
=

n∑
i=1

(
2(ux,i − ux,t,i) ·

∂ux,i

∂ρe
+ 2(uy,i − uy,t,i) ·

∂uy,i

∂ρe

)
(4.10)

The displacement of a specified degree of freedom can be expressed as:

uj = LTU = VTKU (4.11)
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where uj denotes the displacement of a specified degree of freedom, L and V represent the

adjoint load vector and adjoint displacement vector, respectively, K is the global stiffness

matrix, and U is the global displacement vector.

Differentiate uj with respect to the design variable ρe:

∂uj

∂ρe
=

∂

∂ρe

(
VTKU

)
(4.12)

∂uj

∂ρe
=

(
∂VT

∂ρe
KU

)
+

(
VT ∂(KU)

∂ρe

)
(4.13)

Since F = KU and F is independent of the design variable, the equation can be simplified to:

∂uj

∂ρe
=

∂VT

∂ρe
KU (4.14)

Since L = KV and L is independent of the design variable:

∂L

∂ρe
=

∂

∂ρe
(KV) (4.15)

0 =
∂K

∂ρe
V +K

∂V

∂ρe
(4.16)

Rearranging the equation:

K
∂V

∂ρe
= −∂K

∂ρe
V (4.17)

This yields:
∂VT

∂ρe
K = −VT ∂K

∂ρe
(4.18)

Substitute equation (18) into equation (13):

∂uj

∂ρe
= −VT ∂K

∂ρe
U (4.19)

Since the stiffness matrix k is linear in ρe, the global stiffness matrix K is a sum of element

stiffness matrices:

K =
N∑
e=1

ke(Ee) (4.20)
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Thus, the partial derivative ∂K
∂ρe

is:

∂K

∂ρe
=

∂ke

∂ρe
= −pρp−1

e (E0 − Emin)k0 (4.21)

Here, U and V are the global and adjoint displacement vectors, ue and ve can be denoted as

the displacement vectors corresponding to the e-th element due to the load vectors. Thus:

∂uj

∂ρe
= −vT

e

∂ke

∂ρe
ue = −vT

e

∂Eρek0

∂ρe
ue = −pρp−1

e (E0 − Emin)v
T
e k0ue (4.22)

Substitute equation (4.24) to equation (4.11), the sensitivity of objective function in terms of

the displacement error is:

∂s(ρ)

∂ρi
=− 2p(E0 − Emin) ·

n∑
i=1

(
(ux,i − ux,t,i) · pρp−1

e vT
e,xk0ue,x

+(uy,i − uy,t,i) · pρp−1
e vT

e,yk0ue,y

) (4.23)

The objective function for minimum compliance is given by:

min c(ρ) = FTU (4.24)

Using the adjoint method, introducing an arbitrary but fixed vector Ũ and rewriting the

equation as:

c(ρ) = FTU− ŨT (KU− F) (4.25)

To find the sensitivity of the compliance with respect to the design variable ρe, differentiate

c(ρ) with respect to ρe:

∂c(ρ)

∂ρe
=

∂

∂ρe

(
FTU− ŨT (KU− F)

)
(4.26)

Applying the chain rule:

∂c(ρ)

∂ρe
= FT ∂U

∂ρe
− ŨT ∂

∂ρe
(KU− F) (4.27)

Since F does not depend on ρe, focus on the differentiation of KU:

∂

∂ρe
(KU− F) =

∂K

∂ρe
U+K

∂U

∂ρe
(4.28)
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Substituting this back into the expression and get:

∂c(ρ)

∂ρe
= FT ∂U

∂ρe
− ŨT

(
∂K

∂ρe
U+K

∂U

∂ρe

)
(4.29)

Grouping the terms involving ∂U
∂ρe

:

∂c(ρ)

∂ρe
=
(
FT − ŨTK

) ∂U

∂ρe
− ŨT ∂K

∂ρe
U (4.30)

Now introduce the adjoint equation ŨTK = FT . This simplifies the expression as follows:

FT − ŨTK = 0 (4.31)

Thus:
∂c(ρ)

∂ρe
= −ŨT ∂K

∂ρe
U (4.32)

Assuming Ũ = U in the problem:

∂c(ρ)

∂ρe
= −UT ∂K

∂ρe
U (4.33)

In terms of the material interpolation model in equation (4.6):

∂K

∂ρe
= pρp−1

e (E0 − Emin)K0 (4.34)

The final sensitivity of the minimum compliance objective function is:

∂c(ρ)

∂ρe
= −pρp−1

e (E0 − Emin)U
TK0U (4.35)

As mentioned, the stiffness matrix k, displacement vector U and V are linear in ρe, the

equation can be written in element level [81]:

∂c(ρ)

∂ρe
= −pρp−1

e (E0 − Emin)ue
Tk0ue (4.36)
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The combined sensitivity of objective function is:

∂f

∂ρe
=

n∑
i=1

(−2p(E0 − Emin) ·
(
(ux,i − ux,t,i) · pρp−1

e vT
e,xk0ue,x

+(uy,i − uy,t,i) · pρp−1
e vT

e,yk0ue,y

)
· (1− wc)) · c1

+
(
−pρp−1

e (E0 − Emin)ue
Tk0ue

)
· wc · c2

(4.37)

An irregular mesh will be generated to solve the shape control problem of the morphing

wing, featuring a smooth boundary to accurately represent the wing skin. The mesh elements,

varying in shape and size, can influence the total volume calculation. To ensure consistency

and accuracy, it is crucial to account for these differences when calculating the volume fraction

and its derivative.

The sensitivity of the material volume fraction constraint is given by:

∂

∂ρe

N∑
i=1

ρeve = ve (4.38)

where the element volume ve corresponds to the element area Ae in a 2D problem.

4.1.6 Filtering and intermediate density elimination

To avoid checkerboard patterns and ensure the optimized topology can be manufactured, a

sensitivity filter described by Sigmund is implemented here [85].

∂f̂

∂ρe
=

1

max(γ, ρe)
·

∑
i∈Ne

Hei · ρi · ∂f
∂ρi∑

i∈Ne

Hei

(4.39)

where ∂f̂
∂ρe

represents the modified sensitivity for the design variable ρe, ρe is the design

variable for element e, and γ is a small positive number (typically γ = 10−3) to prevent

division by zero. Ne denotes the set of elements i such that the distance ∆(e, i) from element

i to element e is smaller than the filter radius rmin. Hei is the weight factor, defined as

Hei = max(0, rmin − ∆(e, i)), and ∂c
∂ρi

is the original sensitivity of the objective function
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with respect to the design variable ρi. Finally, rmin is the filter radius used to calculate the

weighting of elements whose centroids fall within this value.

The filter adjusts the sensitivity of the objective function with respect to the design variables by

incorporating the sensitivities of neighboring elements. This is achieved through a weighted

averaging process, where the influence of each neighboring element is determined by its

distance from the element under consideration.

For a regular mesh with elements of uniform shape and size, a constant filter radius rmin can

be applied. However, when dealing with an irregular low resolution mesh for more complex

optimization problems, a dynamic filter radius is required to adapt to variations in element

shape and size. In this project, the filter radius is determined based on the element area, as

illustrated in Figure 4.5. Each element is considered equivalent to a circle with the same

area, where r =
√
Ae

π
, and Ae represents the area of the eth element. The filter radius is then

defined as rmin = ω · r, where ω is a scaling factor that extends the filter to include the

centroids of neighboring elements. The importance of this dynamic filter will be discussed

later, particularly its role in improving irregular mesh topology optimization and eliminating

intermediate density elements in shape control problems.

FIGURE 4.5. Dynamic filter radius
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4.2 Code Verification and Results Comparison Using 4-

Node Element Mesh

A finite element analysis (FEA) MATLAB code was developed to compute the displacement

of the deformed airfoil under applied forces, taking into account variations in element area.

The detailed equations are provided in Appendix Section 1. To verify the accuracy and

performance of the code, a benchmark comparison was conducted using several standard

optimization problems.

This section presents five cases. The first three cases compare random irregular meshes

with regular meshes. The first two cases focus on compliance problems, while the third

case addresses displacement inverter design. The later two case involves an airfoil-shaped

mesh and compares the results with published code (Top88) and data, including minimum

compliance and maximum displacement designs.

The Top88 is a compact MATLAB script created by Sigmund in 2011 to illustrate the essentials

of density-based topology optimization [81]. In its default form it solves a classical minimum-

compliance problem. Each iteration assembles a sparse global stiffness matrix, performs

a finite-element analysis, evaluates element-wise sensitivities, filters those sensitivities to

suppress checker-boarding, and then updates the densities with an Optimality-Criteria move

limit. Because of this clarity and extensibility, top88 has become the “hello-world” of topology

optimization and is still widely cited. The development of the code in this thesis is based on

the algorithm and code structure introduced in the top88 code.

4.2.1 Case 1

In Case 1, the design domain is a square, with the left edge fixed against a wall and a

single force applied at the right bottom node in the downward direction. Figures 4.6a and

4.6b show the design domain and the result generated using the Top88 code. Figures 4.7a

and 4.7b illustrate the results for two different randomly generated irregular 50x50 meshes.
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Additionally, Figures 4.7c and 4.7d display the results for two different mesh sizes. c is the

strain energy to be minimized.

(A) Case 1 boundary conditions (B) Top88 result c=0.0353mJ

(A) Random mesh 1 with 50 by 50 mesh
c = 0.0344mJ

(B) Random mesh 2 with 50 by 50 mesh
c = 0.0347mJ

(C) Random mesh 3 result with 30 by 30
mesh c = 0.0370mJ

(D) Random mesh 4 result with 100 by
100 mesh c = 0.0340mJ

FIGURE 4.7. Case 1 minimum compliance design
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4.2.2 Case 2

In Case 2, the design domain is rectangular, with the left edge fixed to a wall and a single

force applied at the middle node of the right edge in the downward direction. Figures 4.8a and

4.8b illustrate the design domain and the result generated using the Top88 code. Figures 4.8c

and 4.8d display the results for two different randomly generated irregular 120x40 meshes.

Additionally, Figures 4.8e and 4.8f show the results for two different mesh sizes.

(A) Case 2 boundary conditions (B) Top88 result c=0.3386mJ

(C) Random mesh 1 with 120 by 40 mesh c =
0.3187mJ

(D) Random mesh 2 with 120 by 40 mesh c =
0.3187mJ

(E) Random mesh 3 result with 90 by 30 mesh c
= 0.3607mJ

(F) Random mesh 4 result with 150 by 50 mesh
c = 0.2969mJ

FIGURE 4.8. Case 2 minimum compliance design

4.2.3 Case 3

Case 3 involves a rectangular design domain focusing on displacement inverter design. The

top left node is fixed to a wall, and the y-direction displacement of the bottom edge nodes
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is constrained. A single force is applied to the lower left node in the left direction, while a

virtual load is applied to the lower right node in the right direction. Figures 4.9a and 4.9b

illustrate the design domain and the result generated using the Top88 code. Figures 4.9c

and 4.9d display the results for two different randomly generated irregular 60x30 meshes.

Additionally, Figures 4.9e and 4.9f show the results for two different mesh sizes.

(A) Case 3 boundary conditions
(irregular mesh) (B) Top88 result c=10.76mm

(C) Random mesh 1 with 60 by 30 mesh
c = 10.21mm

(D) Random mesh 2 with 60 by 30 mesh
c = 10.14mm

(E) Random mesh 3 result with 80 by 40
mesh c = 10.08mm

(F) Random mesh 4 result with 40 by 20
mesh c = 10.22mm

FIGURE 4.9. Case 3 minimum compliance design

4.2.4 Case 4

Case 4 utilizes the NACA 0021 airfoil leading edge shape to determine the optimal topology

under aerodynamic load. Figure 4.10 presents the result from Srinivas et al. [80]. Figure 4.11
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shows the result generated using the newly developed code, which exhibits a similar material

distribution with a different filter applied.

FIGURE 4.10. Maximum
stiffness design from
publication [80]

FIGURE 4.11. Maximum
stiffness design using new
code

4.2.5 Case 5

Case 5 uses the NACA 0021 airfoil leading edge shape to maximize displacement at the

leading edge node. Figure 4.12 presents the result from Srinivas et al, which generated a

maximum y-direction displacement -27 mm. [80]. Figure 4.13 shows the result generated

using the new code. While the material distribution is nearly identical, a slight difference is

observed due to a different optimization method and FEA solver compared to the one in the

publication. However, a larger y-direction displacement at the output point is observed which

is -29.8 mm.

FIGURE 4.12. Maximum
displacement design from
publication [80]

FIGURE 4.13. Maximum
displacement design using
new code
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Five benchmark cases were chosen because they collectively exercise every classical beha-

viour a 4-node FEM topology optimizer must capture.

Case 1, the square cantilever with a tip load, checks pure bending;

Case 2, a rectangular plate with a central edge load, introduces combined bending and shear

in a 3:1 aspect-ratio domain;

Case 3, the displacement inverter, verifies the virtual-load / virtual-displacement formulation

by demanding a sign-reversing output;

Cases 4 and 5 transfer the algorithm to a curved NACA-0021 leading edge, testing, respect-

ively, minimum compliance and maximum tip deflection.

For Cases 1–3 the present code reproduces the top88 layouts within ±10% compliance

or ±1 mm displacement, confirming mesh independence and demonstrating that the area-

weighted sensitivity filter suppresses checker-boarding even on irregular grids.

In Case 4 the solver matches the stiffest topology reported by Srinivas et al. with < 5%

compliance error, though the adaptive filter yields a slightly thicker material band near the

leading edge. In Case 5 it attains a −29.8 mm tip deflection versus the literature value of

−27 mm; the additional 2.8 mm implies greater flexibility but may reduce local buckling

margins, so a nonlinear or eigen-buckling check is advisable.

Overall, the suite confirms that the solver and virtual-load formulation are correct and that

the curved-mesh filter is effective, while highlighting the need to fine-tune filter radius and

objective weighting for airfoil geometries.

4.3 Implementation of the shape control formulations us-

ing SIMP method

To design the shape control mechanism for achieving the target airfoil profile, an algorithm has

been developed that integrates topology optimization with finite element analysis (FEA). The

algorithm, implemented in MATLAB, includes airfoil shape data pre-processing, aerodynamic

load calculations, topology optimization, FEA, and post-processing. By adjusting various
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design parameters and boundary conditions, the resulting topology will exhibit different

performance characteristics.

4.3.1 Flow chart and algorithm development

FIGURE 4.14. End-to-end algorithm for morphing-wing shape control. The
flow chart shows data pre-processing, finite-element analysis loop, topology
update, and post-processing that produces a fitted result for further analysis
and validation.
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This section discusses the impact of design parameters on the final topology and offers

solutions to mitigate slow convergence. The parameter studies will prove the benefits of using

combined (Multi) objective function to design morning airfoils, providing more possibilities to

control the structure stiffness and shape fitting error. The resultant topology will be converted

to CAD model and tested using commercial software. Finally, the 2D morphing wing is tested

under different flight conditions using XFOIL, which calculates the optimal input force to

achieve the most efficient configuration with optimized performance.

Figure 4.14 shows the flow chart for designing the internal structure of the morphing wing.

The code is generated in MATLAB and the flow chart is used as a guidance to generate the

program. ANSYS and XFOIL are used to generate mesh and airfoil aerodynamic parameters.

The FEA code focuses on solving the 4-node element FEA problem and has been verified

using a few cases.

Below are the objective function and its derivative derived:

Objective function

Min f(ρ) =
n∑

i=1

(
(ux,t,i − ux,i)

2 + (uy,t,i − uy,i)
2
)
· (1− wc) · c1 + FTU · wc · c2 (4.40)

Sensitivity of objective function

∂f

∂ρe
=

n∑
i=1

(−2p(E0 − Emin) ·
(
(ux,i − ux,t,i) · pρp−1

e vT
e,xk0ue,x

+(uy,i − uy,t,i) · pρp−1
e vT

e,yk0ue,y

)
· (1− wc)) · c1

+
(
−pρp−1

e (E0 − Emin)ue
Tk0ue

)
· wc · c2

(4.41)

The detailed solution strategies are as follows:

(1) Based on the aerodynamic design objective, calculate the optimal airfoil external profile.

In this case, the optimization aims to maximize the endurance of a propeller-driven aircraft by

maximizing the parameter C
3
2
L

CD
.

(2) To simulate the load condition of the deformed configuration, the aerodynamic load

corresponding to the target airfoil profile is applied, assuming that the target shape is achieved.
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A 2D quadrilateral mesh is generated using commercial software ANSYS, and the resulting

mesh data is imported into MATLAB for further analysis.

(3) Generate a smooth boundary mesh, suitable for wing design and aerodynamic analysis,

while defining a portion of the design domain’s elements as solid material to represent the

wing skin.

(4) Using the generated mesh and interpolated material density, compute the displacement of

each node via FEA.

(5) Calculate the displacement error in both the x and y directions using the proposed real-time

error calculation method.

(6) Evaluate the objective function and its sensitivity. The sensitivity scales for shape control

and minimum compliance problems may differ significantly, posing challenges in determining

the appropriate weighting factor for the objective function. The sensitivity values are scaled

using c1 and c2 to balance their effects.

(7) The method of moving asymptotes (MMA) is employed to update the design variables,

as the sensitivity of the shape control component can be either positive or negative. The

detailed formulations and open-source MATLAB code can be found in [82], [83], and [84].

Parameters controlling the objective and constraint function restrictions need to be adjusted to

accelerate convergence.

(8) Convergence is achieved when the maximum change in the design variable ρe is less

than 0.01, and the volume fraction constraint is satisfied when the number of solid elements

(ρe > 0.9) exceeds the designated value.

Different from the typical minimum compliance and maximum displacement topology op-

timization problem, the input force scale needs to be determined carefully because the force

scale affects the total strain energy and the dynamic of the mechanism. A specific range of

force input are suitable since the program will adjust the material distribution and stiffness to

adapt the expected shape.
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4.3.2 Mesh Generation and Boundary Conditions

The 2D morphing wing design comprises two distinct design domains: the leading edge and

the trailing edge. Two smooth boundary meshes are generated using ANSYS to simulate the

airfoil’s external profile. The element node coordinates and element node numbers are then

imported into MATLAB to perform the topology optimization.

(A) Morphing wing leading edge design domain

(B) Morphing wing trailing edge design domain

FIGURE 4.15. Discretised design domain using ANSYS



4.4. RESULTS AND DISCUSSION 73

Figures 4.15 display the design domains with their respective meshes. The leading edge mesh

contains 4920 elements, while the trailing edge mesh consists of 1910 elements. External

elements are defined as non-design domains representing the morphing wing skin. The red

dots indicate nodes fixed on the wall, and the black arrows show the direction of the force

input. Note that only the lower root of the trailing edge is fixed, as the material typically used

in aircraft is non-stretchable, requiring one surface to move freely to achieve the target shape.

A high-stiffness spring, with k = 2 × 104, is attached at the input port in the horizontal

direction to establish the load path between the input port and the observation points. The

aerodynamic load is distributed along the external nodes of the airfoil mesh. The airfoil is

assumed to have a thickness of 0.1 m in the spar direction and operates at a 5-degree angle

of attack with a uniform flow. The aerodynamic performence is calculated using XFOIL

with a viscous flow and 6 ∗ 106 Reynolds’ number. These settings are good for XFOIL to

provide converged results. The resultant pressure coefficients along the airfoil surface is

output, allowing the pressure coefficient to be converted into force inputs at each node.

4.4 Results and Discussion

By applying the proposed formulation and varying the parameters in topology optimization,

the resulting morphing wing topologies exhibit different performances, characterized by

variations in displacement error, stiffness, and design clarity. The parameters to be tested and

discussed include the displacement error measurement method, the compliance weighting

factor, and the filter radius factor ω. The leading edge (LE) undergoes purely elastic body

motion, while the trailing edge (TE) experiences both elastic and rigid body motion, depending

on the boundary conditions. Therefore, the parameter settings will vary between the two cases.

Figures 4.16 and 4.17 illustrate the initial topology, with a 25% volume fraction, meaning

an initial density of 0.25 for each element. The skin elements are assigned a density of

1, and their corresponding sensitivity is set to zero to prevent unintended influence on the

optimization process.
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FIGURE 4.16. Initial leading
edge topology

FIGURE 4.17. Initial trailing
edge topology

4.4.1 Displacement Error Calculation Method Selection for LE

As mentioned, there are two methods to calculate the dynamic displacement error. Both

methods are applied here to evaluate their advantages and disadvantages in the leading edge

(LE) design. The design parameters for the two cases are as follows: E0 = 1.08 × 109 Pa,

wc = 0.1, p = 3, Finput = −1000 N, vfrac = 0.25, c1 = 5× 105, c2 = 1× 103, and ω = 1.8.

The results for the dynamic vertical plane (DVP) method are shown in Figure 4.18. The

displacement error is minimized at the 115th iteration, the volume fraction constraint is

satisfied at the 123rd iteration, and the minimum change in the design variable is achieved

at the 197th iteration. The final displacement error is 0.0333 m, and the compliance is 7.67

J. The target geometry is nearly achieved, with a minor error located at the leading edge tip.

Increasing the input force can further reduce this error, but it will slow down convergence.

By analyzing the sensitivity function, the term (uy,i − uy,t,i) approaches zero as the current

geometry gets closer to the target geometry, which causes the sensitivity function to diminish,

thereby slowing the material update rate. A potential solution for improving both geometry

accuracy and convergence speed is to increase the input force after the first convergence and

continue running the program.
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(A) LE topology using DVP (B) Deformed topology using DVP

(C) Combined objective using DVP (D) Objective using DVP

(E) Volume fraction using DVP (F) Density change using DVP

(G) High-density elements number
using DVP (H) Geometry fitting using DVP

FIGURE 4.18. Dynamic vertical plane method results details



76 CHAPTER 4. THE STRUCTURAL OPTIMIZATION OF ACTIVE MORPHING WING

The dynamic perpendicular-line (DPL) results are summarised in Fig. 4.19. The displacement

error reaches its minimum at iteration 87, the volume-fraction limit is met by iteration 113,

and convergence (minimal design-variable change) occurs at iteration 347. The final error

is 0.0484 m with a compliance of 7.45 J. Compared with the dynamic vertical-plane (DVP)

metric, DPL achieves a slightly lower compliance (7.45 J vs. 7.67 J) but a larger error (0.0484

m vs. 0.0333 m) and longer runtimes: 3.5 s per iteration and ≈ 690 s total, versus 2.2 s and

≈ 530 s for DVP.

(A) LE topology using DPL (B) Deformed topology using DPL

(C) Combined objective using DPL (D) Objective using DPL

(E) Volume fraction using DPL (F) Density change using DPL
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(G) High-density elements number
using DPL (H) Geometry fitting using DPL

FIGURE 4.19. Dynamic perpendicular line method results details

To achieve the best geometry fitting to enhance the performance, the dynamic perpendicular

line method is preferred and will be used for further LE analysis.

4.4.2 Effects of compliance weighting factor for LE

In the next stage, the effects of the compliance weighting factor wc are examined. The value

of wc ranges from 0 to 1, and 10 cases (0.1, 0.2, . . . , 1.0) are tested for comparison. Tables 4.1

and 4.2 show that increasing wc leads to an increase in geometry-fitting error and a reduction

in compliance. As wc approaches 1, the design transitions smoothly from shape control

optimization to minimum compliance design, controlled by the scaling factors c1 and c2 with

appropriate values.

By evaluating topology quality, displacement error, and compliance, it is observed that cases

with wc between 0.1 and 0.4 exhibit acceptable topology quality and displacement error. The

actual performance of these different designs will be analyzed and discussed in the following

section. The wc out of [0.1 0.4] would cause intermediate density materials and unmatched

resultant shapes.
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wc Topology Geometry difference Error (m) Compliance (J)

0.1 0.0333 7.67

0.2 0.0349 7.98

0.3 0.0376 7.82

0.4 0.0391 6.99

0.5 0.0472 5.91

TABLE 4.1. Effects of the compliance term weighting factor 0.1 - 0.5
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wc Topology Geometry difference Error (m) Compliance (J)

0.6 0.0539 5.26

0.7 0.0613 4.62

0.8 0.0697 3.73

0.9 0.0968 2.18

1.0 0.2071 0.005

TABLE 4.2. Effects of the compliance term weighting factor 0.6 - 1.0
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4.4.3 Effects of filter radius factor

Different filter radius scaling factor ω is also tested and shown in table 4.3.

ω Topology Geometry difference Error (m) Compliance (J)

1.5 0.0323 7.55

1.8 0.0333 7.67

2.1 0.0320 8.71

2.4 0.0317 8.81

2.7 0.0349 8.78

TABLE 4.3. Effects of the filter radius scaling factor ω
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It was observed that if the filter radius exceeds 1.8×
√
Ae, some intermediate density elements

become difficult to eliminate. This is one of the reasons for not using a constant filter radius

for all elements. In shape control problems, thin but necessary structures are often required. If

a constant large filter is used, as shown in Table 4.4, high-density elements representing thin

structures become difficult to distinguish from intermediate density materials representing

thicker structures, resulting in an unclear topology. On the other hand, using a constant small

filter can reduce the number of intermediate density elements, but it leads to the formation of

many de facto hinges or on-node hinges, which are challenging to convert into a solid model

for testing. Therefore, an area-adapted filter, which adjusts the feature size based on the local

element size, helps control these issues by reducing the number of hinges and intermediate

density elements.

rmin = 0.003 rmin = 0.004 rmin = 0.005

Topology
rmin = 0.006 rmin = 0.007 rmin = 0.008

Topology

TABLE 4.4. Effects of the fixed filter radius rmin

4.4.4 Displacement error calculation method selection for TE

Similar to the method selection for LE, both of the two methods are tested on the trailing

edge design. The design parameters setting for the two cases are: E0 = 1.08e9Pa, wc = 0.1,

p = 3, Finput = −650N , vfrac = 0.25, c1 = 5e5, c2 = 5e3, ω = 1.2.
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The dynamic vertical plane method (DVP) results are shown in the figure 4.20. The displace-

ment error is minimized at the 221 iteration, the volume fraction constraint is satisfied at the

342 iteration and the minimum change of design variable is satisfied at the 258 iteration. The

program keeps running until the number of high-density element does not increase. The final

displacement error is 0.0199m and the compliance is 5.77J.

To ensure a realized deformed shape, the trailing edge top left is not fixed to allow a rigid body

motion. If both the top and bottom left of the airfoil are fixed, an elastic material is required

and will cause insufficient stiffness to withstand aerodynamic load. Intelligent materials such

as anisotropic material can be a suitable option but require a more complex FEA solver to

calculate the required parameters. This thesis assumes that an elastic skin will cover the gap,

allowing a continuous airfoil surface. The design of the elastic skin will not be introduced but

similar technology has been mentioned in the FishBAC project [15].

(A) TE topology using DVP (B) Deformed topology using DVP

(C) Combined objective using DVP (D) Objective using DVP
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(E) Volume fraction using DVP (F) Density change using DVP

(G) High-density elements number using DVP (H) Geometry fitting using DVP

FIGURE 4.20. Dynamic vertical plane method results details

The results of the dynamic perpendicular line (DPL) method are shown in Figure 4.21. The

displacement error is minimized at the 356th iteration, the volume fraction constraint is

satisfied at the 589th iteration, and the minimum change in the design variable is achieved

at the 140th iteration. The program requires many iterations to reach a stable, converged

result, due to the boundary conditions of the trailing edge. When using the DPL method,

the measured x-direction displacement is smaller than the actual displacement, resulting in

insufficient x-direction sensitivity.

The final displacement error is 0.0247 m, and the compliance is 5.62 J at the 1500th iteration.

The comparison of the two TE examples shows that the dynamic vertical plane (DVP) method
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achieves a smaller displacement error (0.0199 m < 0.0247 m) and slightly higher compliance

(5.77 J > 5.62 J) than the dynamic perpendicular line method. Additionally, the DVP method

requires fewer iterations to reach a converged result.

(A) TE topology using DPL (B) Deformed topology using DPL

(C) Combined objective using DPL (D) Objective using DPL

(E) Volume fraction using DPL (F) Density change using DPL
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(G) High-density elements number using PL (H) Geometry fitting using PL

FIGURE 4.21. Dynamic perpendicular line method results details

In terms of computational cost, the average iteration time for the dynamic vertical plane

(DVP) method is 0.6 seconds, while the dynamic perpendicular line (DPL) method takes 1.1

seconds per iteration. The total computation times for the two methods are 990 seconds and

1650 seconds, respectively. This is due to the number of virtual load cases in which the FEA

solver needs to process. Considering the program’s stability, the DVP method will be used for

further trailing edge analysis.

4.4.5 Effects of Compliance Weighting Factor for TE

The effects of the compliance weighting factor wc were also tested for the trailing edge and

are shown in Tables 4.5 and 4.6. A similar trend to the LE design can be observed, where

increasing wc results in higher geometry-fitting error and reduced compliance.

By evaluating the topology quality, displacement error, and compliance, it is found that results

with wc between 0.1 and 0.5 exhibit acceptable topology quality and displacement error. wc

values out of the range [0.1 0.5] cause significantly different design and shape fitting errors,

but a larger input force would change the appropriate range. The actual force required will be

depend on the flow velocity and material selection, then the range of wc will need an update.
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wc Topology Geometry difference Error (m) Compliance (J)

0.1 0.0199 5.77

0.2 0.0216 5.61

0.3 0.0278 4.22

0.4 0.0294 3.39

0.5 0.0412 3.37

TABLE 4.5. Effects of the compliance term weighting factor 0.1 - 0.5
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wc Topology Geometry difference Error (m) Compliance (J)

0.6 0.0486 1.97

0.7 0.0572 2.81

0.8 0.0768 1.88

0.9 0.0809 1.09

1.0 0.1975 0.02

TABLE 4.6. Effects of the compliance term weighting factor 0.6 - 1.0
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4.4.6 Effects of filter radius factor

Different filter radius scaling factor ω is also tested and shown in table 4.7.

ω Topology Geometry difference Error (m) Compliance (J)

1.0* π 0.0191 5.65

1.2* π 0.0199 5.77

1.4* π 0.0191 5.68

1.6* π 0.0218 5.69

1.8* π 0.0223 5.70

TABLE 4.7. Effects of the filter radius scaling factor omega
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Similar to the LE design cases, if the filter radius exceeds 1.2π ×
√
Ae, it becomes difficult

to represent thin structures using high-density elements. Conversely, if the filter radius is

too small, the mesh-dependency problem becomes prominent. An area-adapted filter with

ω = 1.2π is appropriate for the current mesh quality, ensuring a clear and well-defined

topology.

In addition, the trailing edge topology optimization results take more iterations to converge

compared to the leading edge results. This can be caused by: (1) Type of body motion. (2)

Mesh quality including the number of elements and the type of element. (3) Direction of

aerodynamic load.

4.4.7 Effects of the input force scale

To evaluate the effects of force input magnitude, larger force values were tested. Additionally,

the compliance weighting factor was reduced to ensure acceptable shape fitting. Table

4.8 summarizes the effects of increased force inputs. The target shape was achieved with

acceptable errors, and the resulting designs exhibited higher stiffness.

It is evident that increasing force inputs differs significantly from increasing weighting factors

under limited, consistent force inputs, as shown in Tables 4.1 and 4.2. The program adjusts the

stiffness to balance shape fitting with compliance minimization. This demonstrates that the

newly combined objective function allows greater flexibility in designing morphing airfoils to

meet various requirements and constraints, such as material properties and the operational

conditions of the aircraft.

Furthermore, the designs generated with increased force inputs exhibit fewer hinges and

intermediate-density materials. The application of finer mesh resolution or more stringent

convergence criteria can further improve the results, thereby reducing challenges associated

with manufacturing and performance analysis.
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Force (N) Topology Geometry difference Error (m) Compliance (J)

170 0.0287 13.37

210 0.0276 16.04

250 0.0269 19.10

270 0.0276 19.78

TABLE 4.8. Effects of the force input scale 170N - 270N

4.4.8 Effects of the skin thickness

In the previous analysis, the outer layer was defined as the skin to transfer aerodynamic loads.

To evaluate the effects of skin thickness on the design, the second and third outer layers of the

trailing edge mesh were defined as skin in separate cases. As the fixed non-design domain



4.4. RESULTS AND DISCUSSION 91

stiffness increases, larger input forces and smaller compliance weighting factors are required

to achieve the desired results.

Table 4.9 summarizes the effects of increasing the number of skin layers. The results indicate

that the stiffness of multi-layer designs increases significantly, require much larger input

forces to achieve the target shape. However, the target shape can still be achieved with

acceptable errors. For morphing airfoil designs using elastic materials, increasing the number

of skin layers (or thickness) can be a viable option to enhance structural performance.

Layers Topology Geometry difference Error (m) Compliance (J)

1 0.0333 7.67

2 0.0249 72.99

3 0.0416 109.98

TABLE 4.9. Effects of the number of skin layers

4.4.9 Effects of number of actuation

All previous cases utilized a single actuation to achieve the target shape. In this section,

two additional cases involving two actuations are tested. For these cases, only the boundary
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conditions are updated, with additional springs attached at the input ports to accommodate

the increased number of actuations.

Table 4.10 presents the designs utilizing multiple actuations, with two single force inputs

100N and 150N attempted at each input port. The results indicate that the target shape

can still be achieved with varying force inputs. However, the primary differences lie in the

structural stiffness across different numbers of actuation and force input configurations. These

tests validate the feasibility of using multiple actuations for designing morphing airfoils,

providing greater flexibility in achieving desired aerodynamic performance under various

design constraints.

Actuations Force (N) Topology Geometry difference Error (m) Comp (J)

2 100N 0.0333 7.67

2 150N 0.0223 24.27

TABLE 4.10. Effects of more actuations

4.4.10 Structure and Performance Analysis of the Combined Wing

To evaluate the generated topologies, the leading edge and trailing edge designs are converted

into CAD models for structural testing. A simple algorithm was developed to extract the

boundary nodes of the high-density elements from the topology. The steps are as follows:

(1) A density threshold in the range [0,1] is used to filter the high-density elements. Figure

4.22a shows the nodes of the elements with a density greater than 0.3.

(2) The boundary nodes of the high-density elements are then filtered to construct the model
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shown in Figure 4.22b.

(3) The CAD model is created in ANSYS, with the same boundary conditions applied as in

the topology optimization.

(4) The geometry difference between the ANSYS results and topology optimization results is

compared by measuring the displacements at key nodes.

One leading edge and one trailing edge topology with good quality were selected for testing,

and their converted CAD models are shown in Figures 4.22e and 4.22f. A density threshold of

0.3 was used, and some one-node hinges were modelled as thin hinges. The boundary nodes

of those elements with density larger than 0.3 are selected to model the structure boundary.

(A) Filtered LE high-density elements (B) Filtered LE high-density boundary nodes

(C) Filtered TE high-density elements (D) Filtered TE high-density boundary nodes
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(E) Leading edge CAD model (F) Trailing edge CAD model

FIGURE 4.22. CAD model generation and testing

To accurately measure the difference between the topology optimization results and the FEA

results of the converted model, the boundary coordinates of the deformed model are exported.

Using the vertical perpendicular line method, the FEA errors compared to the target shape

were measured and are presented in figure 4.23.

(A) Leading edge observation points
displacement error

(B) Trailing edge observation points
displacement error

FIGURE 4.23. Observation points displacement error measurements for
leading and trailing edge

In the CAD model testing, no spring is attached at the input port. The material used is

high-density polyethylene, with a Young’s modulus of 1.08 × 109 Pa, which is the same

material property used in the topology optimization. By applying the same fixed support

conditions as in the topology optimization, the morphing leading edge and trailing edge are

actuated under the applied force input. The deformed models are shown in Figure 4.24.
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(A) Deformed leading edge model
(B) Deformed leading edge model boundary
coordinates

(C) Deformed trailing edge model
(D) Deformed trailing edge model boundary
coordinates

FIGURE 4.24. FEA results with deformed model and model boundary
coordinates

Figure 4.25 compares the target curve, the topology optimization resultant curve, and the FEA

resultant curve. The FEA result of the converted CAD model differs slightly from the topology

optimization curve due to the absence of intermediate density materials in the solid model,

which alters the stiffness matrix. Additionally, the current model includes some one-node

hinges that were artificially simulated as thin structures, which exhibit low stiffness and have

risks to failure under high load conditions. This issue highlights the need for minimum feature

control during topology optimization.

(A) Leading edge curves comparison
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(B) Trailing edge curves comparison

FIGURE 4.25. Curves comparison of the target curve, topology optimization
resultant curve and FEA resultant curve

4.4.11 Performance analysis of the optimized morphing wing

Since the baseline airfoil used for shape optimization is NACA2418, the maximum lift

coefficient is compared between the baseline and the optimized morphing wing. Assuming

that the 2-D airfoil is tested with fixed 5 degrees angle of attack, and 6 ∗ 106 Reynold’s

number using XFOIL. The algorithm uses differential evolution to update the input force

and find the best configuration of the morphing wing to generate the best performance under

specified design objectives. The baseline NACA2418 has CL = 0.807, L/D = 122.3 and

L
3
2/D = 98.84, while the optimized morphing wing can achieve CL = 1.754, L/D = 148.4

and L
3
2/D = 161.51 after actuation shown in the figure 4.26.

(A) Maximum lift coefficient configuration
update history (B) Maximum lift coefficient configuration
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(C) Maximum lift to drag ratio configuration
update history (D) Maximum lift to drag ratio configuration

(E) Maximum endurance configuration
update history (F) Maximum endurance configuration

FIGURE 4.26. CFD results of the design 2-D morphing wing

4.5 Summary

The morphing wing design process integrates topology optimization and finite element

analysis (FEA) to achieve precise shape control. The optimization process involves modifying

the structure to meet specific aerodynamic objectives while maintaining structural integrity.

Two key methods for displacement error calculation were tested: the dynamic vertical plane

(DVP) method and the dynamic perpendicular line (DPL) method. Both methods aim to

minimize the displacement error between the optimized and target airfoil shapes by adjusting

material distribution.

The DVP method focuses on using a dynamic vertical plane that shifts with the observation

point to measure displacement, whereas the DPL method uses a perpendicular line to the

tangent at the observation point. Each approach has advantages: the DVP method tends to

converge faster and with greater stability, while the DPL method provides more detailed
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sensitivity to geometry changes. However, the DVP method’s efficiency and accuracy,

especially for complex designs like the trailing edge, made it preferable for further use.

Another important consideration in the optimization process is the compliance weighting

factor, wc. This factor balances the trade-off between shape control and structural compliance.

Higher values of wc prioritize stiffness over geometry fitting, while lower values emphasize

shape accuracy. The use of adaptive filters based on element size, rather than a constant filter

radius, is crucial to controlling feature sizes and minimizing issues like mesh dependency

and intermediate density elements. These filters adjust based on local mesh characteristics to

ensure more reliable and clearer topology.

The topology optimization is implemented using MATLAB, with airfoil shape data pre-

processed from ANSYS-generated meshes. The boundary nodes of high-density elements are

extracted to create a CAD model, which is then subjected to structural testing. This approach

ensures that the optimized topology can be practically tested and analyzed under realistic

aerodynamic loads.

The current design method encounters a challenge related to hinge reduction. In the present ap-

proach, the deformation is primarily achieved through localized hinges rather than distributed

deformation across the structure. This reliance on hinges can complicate the manufacturing

process, as these hinges may lead to mechanical weaknesses or increased complexity in

fabrication.

To address this issue, integrating minimum feature size control within the topology optimiza-

tion framework is necessary. This approach ensures that the design does not rely excessively

on small, localized hinges and promotes more uniform deformation across the structure.

By enforcing a minimum feature size, the optimization can produce a design that is easier

to manufacture, mechanically robust, and more adaptable to real-world applications. This

adjustment would allow the program to avoid small-scale features that could result in fragile

or impractical designs, improving both the structural integrity and manufacturability of the

optimized morphing wing.
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Conclusion and further expectations

5.1 Summary of the work

This research has undertaken an investigation into the design and optimization of an active

morphing wing, focusing on aerodynamic and structural aspects. The overall objective

was to develop a morphing wing that could dynamically adapt its shape in response to

varying flight conditions, thus improving aircraft performance metrics such as lift, drag, and

endurance. The challenges involved in this study were addressed through the integration

of shape parameterization, evolutionary algorithms, topology optimization, and advanced

computational techniques. MATLAB, XFOIL and commercial software are coupled to provide

reliable validation of the designs and ensure that the performance improvements suggested by

aerodynamic optimization were structurally possible.

5.1.1 Airfoil Shape Parameterization and Optimization

This work began with airfoil shape representation using the Bezier-PARSEC (BP) method,

which was used to fit the airfoil curve relative to a baseline configuration. A modified BP

method was then employed, allowing for independent optimization of the leading and trailing

edges while maintaining the middle section unchanged. This segmentation approach was
99
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critical for morphing wing design, as it enabled targeted regions of the airfoil to adapt to

varying flight conditions, effectively replacing traditional control surfaces such as flaps,

ailerons, and rudders.

The Differential Evolution (DE) algorithm was implemented to perform shape optimiza-

tion. DE was selected for its robustness and ability to manage complex, multi-objective

optimization problems, particularly in the aerodynamics optimization problems. The optimiz-

ation objectives focused on maximizing the lift coefficient (CL), lift-to-drag ratio (CL/CD),

and endurance efficiency (C1.5
L /CD), which are all essential for enhancing overall aircraft

performance.

The optimization process involved adjusting the camber profile within morphing ranges for the

leading and trailing edges, which were carefully selected based on aerodynamic performance

criteria. An innovation in this study was the inclusion of a curve length constraint, ensuring

that the final optimized airfoil shapes remained physically feasible. This constraint was crucial

for balancing theoretical performance improvements with practical manufacturability.

5.1.2 Structural Design and Topology Optimization

After achieving optimized airfoil shapes, the next step of the research focused on structural

realization of the morphing wing. This involved designing a compliant mechanism capable of

enabling controlled deformation in the morphing regions (leading and trailing edges) while

maintaining sufficient stiffness to withstand aerodynamic loads. A smooth boundary mesh

is generated in this thesis which makes it possible to test its aerodynamic performance after

actuated.

Topology optimization techniques were employed to address the structural optimization

problem. The main objective was to minimize the difference between the target geometry

and the actuated geometry while ensuring adequate stiffness to bear aerodynamic loads. The

leading and trailing edges were discretized using finite element models to determine the

optimal material distribution. To avoid intermediate density materials in the final results, an

area-adaptive filter was developed to control feature size, ensuring clean and precise topology.
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Key design parameters in the topology optimization were tested to evaluate their impact on

final design quality. The optimization code was verified against typical benchmark problems,

and the results were compared with those from the literature to ensure accuracy. The final step

of the research involved comparing the optimized morphing wing designs with baseline airfoil

configurations. This analysis highlighted the aerodynamic performance improvements, as

well as the structural feasibility of the optimized designs. The morphing leading and trailing

edges showed significant improvements in lift coefficient and endurance compared to the

baseline NACA 2418 airfoil, demonstrating that the shape optimized using the modified BP

and DE method can be achieved using the designed compliant mechanism.

5.2 Further expectations

There are several ways to further improve morphing wing designs based on the findings of

this thesis. First, the current shape and topology optimization were performed in a 2D design

domain, which introduces challenges for applying morphing structures to real-world scenarios.

In practice, the aerodynamic performance of a 3D wing is generally worse than that of a 2D

airfoil. To address this, future research should focus on extending the optimization to 3D,

updating aerodynamic parameters and accounting for more complex flight conditions. A 3D

parameterization, such as a multi-level Bezier-PARSEC method, could represent a full wing

by stacking multiple layers of airfoils together.

Second, the constant aerodynamic load used in the current topology optimization corresponds

to the target shape. However, this approach neglects the design-dependent nature of aerody-

namic loads, where the wing’s changing geometry alters the pressure distribution. Future work

should apply design-dependent loads based on deformed geometry, ensuring more accurate

results for the optimized structures.

Third, the present topology optimization does not account for geometric and material non-

linearities, which can lead to inaccurate results under large deformations. Nonlinear Finite

Element Analysis (FEA) should be incorporated into the optimization process, some nonlinear
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topology optimization studies have shown that designs may exhibit significant differences in

material distribution and performance when nonlinear effects are considered.

Moreover, this thesis assumes that the compliant mechanism is actuated by a single actuator.

To achieve multiple target shapes with a single topology under different loading conditions, a

multi-actuator system could be implemented. However, integrating more than one actuator

presents challenges, especially in establishing effective connections between input and output

ports. Designing a multi-input, multi-output compliant mechanism could be a potential

solution, but it would require a more advanced approach for cases where the desired shape is

complex and difficult to achieve with simple mechanisms.

Finally, this research separated aerodynamic analysis from structural design, which required

multiple data conversions and modifications between stages. A fluid-structure interaction (FSI)

approach would greatly improve design accuracy by directly coupling aerodynamic forces

with structural mechanics. However, the computational cost of FSI can be prohibitive, as it

requires solving both fluid dynamics and structural equations simultaneously. To overcome

this limitation, future work could explore simplified models or assumptions to enable FSI

under constrained computational resources.
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CHAPTER A

FEA Formulations

A1 4-node element equations

A1.1 Shape Functions N

The shape functions for a 2D quadrilateral element are defined as follows:



N1 =
1

4
(1− ξ)(1− η)

N2 =
1

4
(1 + ξ)(1− η)

N3 =
1

4
(1 + ξ)(1 + η)

N4 =
1

4
(1− ξ)(1 + η)

The shape function matrix N is given by:

N =

N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4


110
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A1.2 Strain-Displacement Relationship

ϵxx =
∂u

∂x
=

∂u(ξ, η)

∂x
=

∂

∂x

(
n∑

i=1

Ni(ξ, η)ui

)

ϵyy =
∂v

∂y
=

∂v(ξ, η)

∂y
=

∂

∂y

(
n∑

i=1

Ni(ξ, η)vi

)

2ϵxy =

(
∂u(ξ, η)

∂y
+

∂v(ξ, η)

∂x

)
=

∂

∂y

(
n∑

i=1

Ni(ξ, η)ui

)
+

∂

∂x

(
n∑

i=1

Ni(ξ, η)vi

)

A1.3 Displacement in Shape Functions

u = Nq where q =
[
u1 v1 u2 v2 u3 v3 u4 v4

]T

u =

4∑
i=1

Ni(x, y)ui = N1u1 +N2u2 +N3u3 +N4u4

v =
4∑

i=1

Ni(x, y)vi = N1v1 +N2v2 +N3v3 +N4v4

u
v

 =

N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4





u1

v1

u2

v2

u3

v3

u4

v4


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A1.4 Matrix Form of Strain

ϵ =


ϵxx

ϵyy

2ϵxy

 =


∂N1

∂x
0 ∂N2

∂x
0 ∂N3

∂x
0 ∂N4

∂x
0

0 ∂N1

∂y
0 ∂N2

∂y
0 ∂N3

∂y
0 ∂N4

∂y

∂N1

∂y
∂N1

∂x
∂N2

∂y
∂N2

∂x
∂N3

∂y
∂N3

∂x
∂N4

∂y
∂N4

∂x





u1

v1

u2

v2

u3

v3

u4

v4



A1.5 Constitutive Matrix D

The constitutive matrix D for plane stress of each element is given by:

De(ρe) =


Ee

1−ν2
νEe

1−ν2
0

νEe

1−ν2
Ee

1−ν2
0

0 0 Ee

2(1+ν)



A1.6 Element Stiffness Matrix

The element stiffness matrix ke is calculated using:

[Ke]8×8 =

∫
Ae

BTDeB · t · dA

where B is the strain-displacement matrix, D is the constitutive matrix, J is the Jacobian

matrix, and t is the thickness. The area dA is defined as:

dA = dxdy = det[J ]dξdη
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A1.7 Strain-Displacement Matrix B

The matrix B is derived from the shape function derivatives and the Jacobian matrix:

B = A ·G

where

A =
1

det(J)


J22 −J12 0 0

0 0 −J21 J11

−J21 J11 J22 −J12


and G is a matrix of shape function derivatives.

A1.8 Jacobian Matrix J

The Jacobian matrix for each element is computed as:

J =
1

4

−(1− η) (1− η) (1 + η) −(1 + η)

−(1− ξ) −(1 + ξ) (1 + ξ) (1− ξ)



x1 y1

x2 y2

x3 y3

x4 y4



A1.9 Computation of G Matrix

The matrix G for a quadrilateral element is computed as follows:

G =
1

4


η − 1 0 1− η 0 η + 1 0 −η − 1 0

ξ − 1 0 −ξ − 1 0 ξ + 1 0 1− ξ 0

0 η − 1 0 1− η 0 η + 1 0 −η − 1

0 ξ − 1 0 −ξ − 1 0 ξ + 1 0 1− ξ


For a 2x2 integration, there are four integration points. These points are located symmetrically

within the element at ±0.5774 in both the η and ξ directions. Each point has an equal weight

of 1.
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A1.10 Displacement Vector U)

The displacement vector U is obtained by solving the linear system:

KU = F
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