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Abstract

Rainfall variability significantly affects ecosystems, agriculture, and water management
in eastern Australia. Influenced by global climate phenomena, these fluctuations challenge
management practices at different locations and times of the year. Understanding these
drivers is essential to improve resource management and mitigate the impacts of extreme
weather events such as droughts and floods.

Advancements in physical and statistical climate models have enhanced our understand-
ing of global climate phenomena in relation to daily rainfall extremes. However, these
models often lack a probabilistic framework that can assess the relationship between cli-
mate drivers and the full distribution of monthly rainfall. A key challenge is the inadequate
modeling of uncertainty and variability inherent in climate systems. Bayesian approaches
with variable selection are valuable in this context, as they incorporate prior knowledge and
provide robust parameter estimation. Nonetheless, applications of such models that compre-
hensively assess the relationship between climate indices and the full distribution of monthly
rainfall—including extremes—remain limited. This gap highlights the need for further de-
velopment to improve predictive capabilities for monthly rainfall patterns under varying cli-
mate conditions.

This thesis introduces a novel approach that employs Bayesian variable selection within
a spatial quantile regression framework to examine the relationship between global climate
indices and monthly rainfall distribution in New South Wales (NSW), Australia. By analyz-
ing different quantiles of rainfall, this approach aims to offer a spatially varying inference
of how these climate indices impact the entire spectrum of rainfall. This approach utilizes
a hierarchical Bayesian quantile regression model to address distinct modeling requirements

and complexities at each hierarchical level.
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iv ABSTRACT

The second chapter introduces Bayesian variable selection in a quantile regression frame-
work to infer the climate indices relationship to monthly rainfall distribution where we as-
sume the independence among the locations considered for this study, as this is a common
practice in climate science and as a basis to build the model that explicitly encodes the spatial
dependence. The hierarchical methodology initially models the distribution of rainfall em-
ploying the asymmetric Laplace distribution (ALD) through a location-scale mixture (Kotz
et al., 2001). Subsequently, variable selection is performed by modeling the regression coef-
ficients as a two-component mixture using spike and slab prior (George and McCulloch,
1993).

In the third chapter, we extend the model in Chapter 2 to include spatial dependencies,
where locations are analyzed jointly using one climate covariate, specifically the Southern
Oscillation Index (SOI). We extend the hierarchical model to incorporate spatial dependence
through a Gaussian process (GP) prior on the regression coefficients. The first and second
levels of the hierarchy remain unchanged. At the third level, spatial dependence is intro-
duced via two mechanisms. First, the probability that the regression coefficient is non-zero
is modeled as a probit regression where the argument of the link function varies spatially
according to a Gaussian process prior. Second, the prior on regression coefficients, condi-
tional on those coefficients being non-zero, is modeled as a normal distribution, where the
mean of the distribution also varies spatially according to a Gaussian process prior (Wahba,
1990; Wood, 2013). To estimate the probability that the regression coefficient is non-zero,
we follow the latent variable approach by Albert and Chib, 1993. An alternative approach
to using the probit link is the use of the logit link function and using the data augmentation
method by Polson et al., 2012.

The fourth chapter extends the model in Chapter 3 to include multiple global climate
indices that incorporate spatial dependence. At the third level of the hierarchy, spatial de-
pendence is incorporated via modeling joint inclusion probability using a multinomial lo-

gistic regression where the argument of the link function varies spatially according to a GP
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prior. A significant benefit of this method is that it provides spatially varying inferences on
the joint impact of the climate indices on the full distribution of monthly rainfall.
Finally, this thesis concludes with a discussion of the key takeaways and potential direc-

tions for future research.
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CHAPTER 1

Introduction

1.1 Motivation

Rainfall variability is a key factor shaping ecosystems, agricultural productivity, and water
resource management in eastern Australia. The region is particularly vulnerable to fluctu-
ations in rainfall driven by large-scale climate processes, which lead to significant variability
across months and locations. Understanding the drivers of this variability is crucial for better
management of natural systems and for mitigating the impacts of extreme weather events,
such as droughts and floods, on human activities (see Fowler et al., 2022; CSIRO and Bureau

of Meteorology, 2024; Waha et al., 2022).

Several major climatic phenomena, including the El Nifio-Southern Oscillation (ENSO), the
Indian Ocean Dipole (I0D), and the Southern Annular Mode (SAM), play a critical role
in shaping rainfall variability across Eastern Australia. ENSO, in particular, is a dominant
driver of variability, with El Nifio typically bringing drier conditions and La Nifa resulting
in wetter-than-average periods (see Department of Agriculture, Water and the Environment,
2021). This variability is especially important for Eastern Australia, where La Nifa events
often result in substantial increases in rainfall, leading to flooding, while El Nifio contributes
to drought conditions that strain water resources, agriculture, and ecosystems (see Gergis
etal., 2012; Delage and Power, 2020; Abram et al., 2020; Ma et al., 2022; Lane et al., 2023).
Similarly, the IOD significantly influences rainfall patterns, particularly during winter and

spring. The negative phase of the IOD tends to bring increased rainfall across parts of Eastern
1



2 1 INTRODUCTION

Australia, while the positive phase is associated with drier conditions, exacerbating drought
periods. The SAM also modulates rainfall in this region, influencing rainfall patterns in the
southern and eastern parts of Australia, with stronger impacts during different seasons (see

ARC Centre of Excellence for Climate Extremes, 2022).

While previous research has traditionally concentrated on the impact of these climate drivers
on average rainfall patterns (see Opoku-Ankomah and Cordery, 1993; Cai et al., 2014; Duc
et al., 2017; Holgate et al., 2022), recent studies have shifted focus toward understanding
the variability in rainfall extremes. Investigating not only mean rainfall but also the full
distribution-including extreme events-provides a more comprehensive understanding of how
these climate phenomena shape rainfall in eastern Australia. This shift is particularly relevant
for assessing risks associated with both flood and drought conditions, which have significant

implications for the region’s resilience to climate variability.

Recent studies have highlighted the critical roles of the SOI, the Dipole Mode Index (DMI),
and the SAM in influencing extreme rainfall patterns in Australia. For instance, research
by Min et al., 2013; Sun et al., 2015; Evan Hajani and Ishak, 2017; Bertolacci et al., 2019;
Khastagir et al., 2022; Mbigi and Xiao, 2023 shows the importance of how these indices
collectively shape the occurrence and intensity of daily extreme rainfall events. In practice,
tools such as CSIRO’s INDRA ! provide simplified analyses of the influence of climate
indices on extremes. Although relatively basic, INDRA demonstrates how these indices are

applied in real-world contexts, particularly in agriculture and water management. .

Using Generalized Extreme Value (GEV) analysis, studies such as Min et al., 2013 and Sun
et al., 2015 have demonstrated that the influence of large-scale climate drivers, including
SOI, DMI and SAM, significantly impacts daily extreme rainfall patterns. These studies
show that variations in these indices affect the intensity and frequency of extreme rainfall
events, particularly in regions like eastern Australia. The research reveals that the effects of

climate indices on extreme rainfall events tend to be more pronounced than their influence on

1https://www.csiro.au/en/research/technology—space/data/indra
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the average rainfall. For instance, shifts in SOI, DMI, and SAM influence the likelihood of
both extreme dry and wet conditions, making these climate drivers critical for understanding

rainfall variability and associated risks.

The findings of Evan Hajani and Ishak, 2017 align with these observations, showing sig-
nificant trends in annual and seasonal maximum rainfall influenced by key climate indices
such as SOI, DMI, and SAM. In a similar frequentist framework, Feng and et al., 2018 em-
ployed regression models to assess the influence of extreme rainfall on agricultural systems
in southeastern Australia, quantifying the impacts of ENSO and IOD on rainfall variabil-
ity. Additionally, Haylock and Nicholls, 2000 analyzed long-term trends in extreme rainfall
across Australia, using regression-based methods to explore the relationship between the SOI
and extreme rainfall patterns. More recent studies have further investigated the relationship
between climate indices and daily rainfall extremes in Australia, including work by Yildirim
and Rahman, 2022; He et al., 2025; Dey et al., 2021; Nguyen et al., 2021, etc. Collectively,
these studies enhance our understanding of how these climate indices impact extreme daily
rainfall across Australia, emphasizing the importance of assessing the significance of climate

indices’ relation to daily rainfall patterns.

Despite significant advances in physical, process-based climate models, particularly in un-
derstanding large-scale atmospheric and oceanic interactions like ENSO, 10D, and SAM on
daily extreme rainfall, there remains a scarcity of probabilistic models that capture the rela-
tionship between these climate drivers and the entire distribution of monthly rainfall. Many
studies often overlook the inherent uncertainty and variability in climate systems. This gap
has led to a growing interest in Bayesian models, which allow for the integration of prior
knowledge and probabilistic estimation of parameters. A critical component of these models
is variable selection, which helps identify the most influential climate drivers, ensuring that
the model focuses on the most relevant predictors while accounting for uncertainty. How-
ever, the development and application of such Bayesian models with robust variable selection

techniques remain limited, especially when applied to understanding the dependency of the
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aforementioned climate indices on the full spectrum of monthly rainfall variability, includ-
ing extreme events. More research is necessary to address this gap and enhance predictive

capacities for rainfall distribution under varying climate conditions.

Moreover, the Australian Bureau of Meteorology (BoM) provides monthly and seasonal rain-
fall forecasts based on the chance of exceeding certain quantiles, rather than just focusing
on average rainfall’. This is how rainfall forecasts are usually communicated to the Aus-
tralian public. However, most of the research so far has focused on the mean, with little
attention given to how climate drivers affect different parts of the rainfall distribution. There
is a real gap in understanding the influence of large-scale climate indices on monthly rainfall

quantiles, and this thesis takes an important initial step toward addressing that gap.

In this thesis, we apply Bayesian variable selection within a spatial quantile regression frame-
work to model the entire distribution of monthly rainfall. This approach is crucial for un-
derstanding how key factors influence monthly rainfall, how these relationships vary across
different locations (spatial variability), and how they affect different parts of the monthly
rainfall distribution. The core research focus of this thesis is to enhance the understanding of
how global climate indices impact monthly rainfall distribution capturing their spatial het-
erogeneity, through this novel contribution to Bayesian variable selection in spatial quantile

regression.

Recent work in Bayesian quantile regression has focused on incorporating spatial dependen-
cies and improving variable selection. Tareghian and Rasmussen, 2013 introduced Bayesian
variable selection methods within the quantile regression framework, but without address-
ing spatial correlation. Reich, 2012 developed spatio-temporal quantile regression models
that account for both temporal changes and spatial dependencies. Similarly, Duan et al.,
2022 integrated spatial correlations specifically in the context of Australian temperature
data. Furthermore, Bertolacci et al., 2019 proposed a hierarchical Bayesian mixture model

as an alternative to quantile regression to make inferences about daily rainfall in Australia.

2http://www.bom.gov.au/climate/outlooks//rainfall/median/monthly/0
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This model incorporates spatial dependencies through Gaussian process priors, allowing for
flexible spatial relationships. However, these approaches do not include Bayesian variable
selection for assessing the importance of predictors across quantiles, which remains a key

limitation in analyzing variable effects within the rainfall distribution.

This thesis addresses these gaps in the literature by introducing a new method that combines
Bayesian variable selection with spatial quantile regression. This approach helps to analyze
how global climate indices affect the distribution of monthly rainfall across New South Wales
(NSW), Australia. NSW was chosen as a representative case study, and we intend to extend
the method to all eastern states in future work, given the important role of the Great Dividing

Range in modulating the influence of ENSO and other climate drivers on rainfall.

A key advantage of this methodology is that it accounts for spatially varying inferences on
the impact of climate indices on the monthly rainfall distribution at observed locations, while
also providing out-of-sample predictions for these impacts. The specific contributions of this

thesis are outlined in Section 1.2.

1.2 Thesis Contribution

Therefore, in this thesis, we develop a parsimonious methodology that incorporates Bayesian
variable selection within spatial quantile regression framework to capture spatially vary-
ing dependencies between not only the central tendency but also the entire distribution of
monthly rainfall and key climate indices. This is achieved through a hierarchical Bayesian
quantile regression model, where each level of the hierarchy is tailored to specific modeling

needs and complexities. Below, we outline the hierarchical structure based on the chapters.

(i) Bayesian Variable Selection for Quantile Regression: Inference on the Climate In-

dices’ Relation to Monthly Rainfall Distribution
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We develop a Bayesian variable selection model within a hierarchical framework to
analyze monthly rainfall across multiple locations in New South Wales (NSW), Aus-
tralia, treating each location independently (spatial independence among observational
sites) which is often used in the applied literature (Jakob and Walland, 2016; Islam
et al., 2017; Yilmaz et al., 2017; Wu and Leonard, 2019). Missing rainfall values
are treated as unknown parameters and generated within the sampling scheme. The
hierarchical approach first models rainfall distribution using the asymmetric Laplace
distribution (ALD) through a location-scale mixture (Kotz et al., 2001). Variable se-
lection is then performed by modeling the regression coefficients as a two-component
mixture, where each coefficient has a probability of being drawn either from a point
mass at zero, indicating exclusion, or from a normal distribution, indicating inclusion.
This allows for flexible selection of relevant covariates (George and McCulloch, 1993).
Subsequent chapters discuss the development and implementation of advanced statist-

ical models that integrate spatial dependence.

(i1)) ENSO Inference on Monthly Rainfall using Bayesian Variable Selection in Spatial

Quantile Regression

In this chapter, we extend the model to include spatial dependencies, where loc-
ations are analyzed jointly using one climate covariate, specifically the Southern Os-
cillation Index (SOI). The decision to focus on a single climate index in this spatial
analysis is motivated by the need to reduce the degrees of freedom in the model. In-
cluding multiple climate indices would significantly increase the model’s complexity,
particularly when accounting for spatial dependencies, which could lead to overfitting.
By concentrating on SOI, we can more effectively manage this complexity while still
capturing key climate-driven variations in rainfall. Moreover, SOI is known to have a

dominant influence on rainfall patterns in the region, making it a robust choice for this
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initial exploration of spatial dependencies in our model.

We extend the hierarchical model to incorporate spatial dependence through a Gaus-
sian Process (GP) prior on the regression coefficients. The first and second levels of
the hierarchy remain unchanged. At the third level, spatial dependence is introduced
via two mechanisms. First, the probability that the regression coefficient is non-zero is
modeled as a probit regression where the argument of the link function varies spatially
according to a Gaussian Process prior. Second, the prior on the regression coefficients,
conditional on those coefficients being non-zero, is modelled as a multivariate normal
distribution, where the mean of the distribution also varies spatially according to a

Gaussian Process prior (Wahba, 1990; Wood, 2013).

(iii)) Extension of Variable Selection in Spatial Quantile Regression to Assess the Joint

Impact of Climate Indices on Monthly Rainfall Distribution

In this chapter, we extend this framework in (ii) to incorporate multiple climate in-
dices, allowing us to capture more comprehensive climate-rainfall interactions. This
gradual approach ensures that the complexity is introduced in a manageable way, start-
ing with a single covariate and later expanding to include other significant indices such

as the Dipole Mode Index (DMI).

At the third level, spatial dependence is modelled through the extension of a multi-
nomial logistic regression for joint inclusion probability in the variable selection frame-
work. This approach allows for the joint modeling of multiple climate indices, with a

GP prior placed on the argument of the link function to capture the spatial variability.
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1.3 Statistical Background

In this section, we provide a brief overview of the statistical techniques used throughout the

thesis to construct the models.

1.3.1 Quantile Regression

Quantile regression, introduced by Koenker and Bassett, 1978, has become an essential tool
in statistical modeling, offering a broader perspective than traditional mean regression. Un-
like standard approaches that focus solely on the mean, quantile regression enables the es-
timation of conditional quantiles, providing insights into different points of the outcome dis-
tribution. This allows for a more comprehensive understanding of the relationship between
variables across various quantiles, making it particularly useful in applications where ex-
tremes or distributional tails are of interest. With its flexibility and robustness, quantile
regression has gained widespread use in diverse fields, from economics to climate science.

For a detailed theoretical foundation and applications, see Koenker, 2005 and Yu et al., 2003.

We consider the quantile regression (QR) model for the general case,

y=XB"+e¢, (1.1)

where y = (y1,. .., ¥y,) is the response variable, and B = ( éq), . ;?))/ is the vector of

regression coefficients, consisting of the intercept Béq) and the coefficients for the K covari-
ates, the design matrix X = (1,,,Xy,...,Xx) and xX; = (214, ..., T, ) and the distribution
of € = (€1, .....,€,)" is Asymmetric Laplace Distribution (ALD) and depend on the quantile
q; 0 < ¢ < 1. Koenker, 2005 proved that the ¢™ quantile regression estimation for ﬁ(q) can

be obtained through the minimization the loss function given below,
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min Z pa(yi — 289, (1.2)

where x; denotes i row of X matrix and the check loss function p,(u) is defined as,

pg(u) = u{q — I(u < 0)}, (1.3)

where /(-) denotes the indicator function.

The Asymmetric Laplace distribution, where 0 < ¢ < 1 is the skew parameter, o > 0 is the

scale parameter, with location parameter equal to zero (AL(0, o, q)), and is given by,

e~ {10V o (=ELanie)) »”

o o

Example density distributions are given in Figure 1.1 to give an understanding of how the
ALD behaves in various quantiles under different settings using the ald package in R (Galarza

and Lachos, 2021).
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(a): 0 =0.3 (b):o=1

FIGURE 1.1: Asymmetric Laplace densities for the lower tail (¢ = 0.05,
blue), the median (¢ = 0.5, green), and the upper tail (¢ = 0.95, red), using
a location parameter ;1 = 0 under different scale parameters o. Panel (a)
illustrates o = 0.3, while panel (b) illustrates o = 1.
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Equations 1.1 and 1.4 imply that y; ~ Aﬁ(a:iﬁ(q), 0, q), with a likelihood function given by:

_ (a
fq(y!ﬁ(q),a,q)w{an} exp{ qu x“a )}. (1.5)

1.3.2 Bayesian Estimation

In a Bayesian framework, where the data are denoted by y and the parameters by 9, in-
ference typically focuses on the posterior distribution p(#|y). For simplicity, assume ¥ =
(¥1,...,94) € R% A common objective is to estimate expectations of functionals, E[g(9)|y],

where g : R — RY.

By Bayes’ theorem, the posterior distribution is given by:

p(y|)p(9)

PO) = p(y)

Y

where the numerator is typically straightforward to compute. However, the denominator,

p(y), known as the normalizing constant, is an integral:

py) = / D(y|9)p(8)dD,

which is often intractable. Even when this constant is known, obtaining analytical expres-

sions for expectations can be challenging, particularly when d is large.

If it is possible to sample from the posterior distribution p(1}|y), a Monte Carlo estimator

can be employed to approximate the expectation:

<

Elg( - Z (W), (1.6)

where 9V ~ p(9|y), for j = 1,...,J, are samples drawn from the posterior distribution.
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In the context of Bayesian inference, a common objective is to estimate expectations of
functionals, E[g(9)|y], where g : R — R?. Since the posterior distribution is often analyt-
ically intractable, especially when d is large, Markov Chain Monte Carlo (MCMC) methods
provide an efficient solution for sampling from the posterior distribution, allowing the use of

Monte Carlo estimators to approximate these expectations.

One prominent MCMC method is Gibbs sampling (Gelfand and Smith, 1990), a special case
of the Metropolis-Hastings algorithm where the proposal distribution for each parameter
is derived from its conditional posterior distribution, making the acceptance step redundant.
Gibbs sampling involves iteratively sampling from the conditional distributions of each para-
meter, given the current values of all other parameters. This process is particularly advant-

ageous when the conditional distributions are easier to sample from than the joint posterior.

By using Gibbs sampling, we can sequentially estimate the posterior distribution of each
parameter while keeping the others fixed. This iterative process continues until the Markov
chain reaches its stationary distribution, which corresponds to the desired posterior p(d|y).
The samples from this stationary distribution are then used in Monte Carlo estimators to

approximate expectations, such as in Equation (1.6).

When using conjugate priors on the parameters, the full conditional distributions often take
a known form, simplifying the sampling process. This makes Gibbs sampling particularly
effective, as it allows for direct sampling from these distributions without the need for more
complex algorithms such as Metropolis-Hastings. Conjugate priors help ensure that the full

conditionals are easy to compute, thereby improving computational efficiency.

Gibbs sampling, as part of MCMC, plays an essential role in Bayesian quantile regression,
especially when dealing with complex distributions like the asymmetric Laplace distribution
(ALD). The use of conjugate priors further enhances the practicality of the Gibbs sampling

approach, providing an efficient and straightforward solution for posterior inference.
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1.3.3 Bayesian variable selection

Considerable research has focused on variable selection methods in quantile regression (QR),
with various approaches developed to improve inference accuracy in complex datasets. Among
the most prominent are global-local shrinkage priors, such as the horseshoe prior Kohns and
Szendrei, 2023, which adaptively shrinks irrelevant coefficients to zero while preserving the
relevant ones. In addition to shrinkage-based methods, several penalized regularization tech-
niques have been proposed in the recent literature Li et al., 2010; Tian and Song, 2019;
Alhamzawi and Algamal, 2019; El Adlouni et al., 2017; Benoit et al., 2013, with the object-
ive of improving variable selection by imposing penalties on the magnitude of coefficients.
These methods can control overfitting and improve predictive accuracy by introducing con-
straints that favor simpler models. Still, they may suffer from the limitation of uniformly

shrinking all coefficients, which can lead to bias in estimating non-zero coefficients.

A significant advancement in this domain is the spike-and-slab prior Yu et al., 2013; Xi et al.,
2015, which addresses this limitation by combining two distributions to better differentiate
between relevant and irrelevant variables. The spike-and-slab prior explicitly models the
uncertainty in variable inclusion by using a "spike" distribution sharply concentrated around
zero for irrelevant coefficients and a broader "slab" distribution for potentially influential

ones.

Therefore, this thesis builds on the spike-and-slab framework in QR, initially treating the
prior on the probability of variable inclusion, which is modeled independently of spatial co-
variates assuming spatial independence. Subsequently, it extends this by modeling inclusion
probabilities as a function of geographical location through probit or logit regression. This
novel approach enhances the model’s ability to capture spatial variability in both single and
multiple variable contexts, offering a more comprehensive understanding of spatial depend-

encies in climate-related data.
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1.3.3.1 Spike and Slab Prior

A rigorous approach to Bayesian variable selection involves the introduction of latent binary
indicator variables, denoted -y;, for each covariate ;7 = 1,...,p. These binary indicators,
~ = (",...,7), determine whether a specific covariate is included in the model (y; = 1)
or not (y; = 0). A natural choice for sparsity-inducing priors in this context is the "Spike
and Slab" two-component mixture prior (Mitchell and Beauchamp, 1988; Leamer, 1978).

Similarly to Castillo and Mismer, 2018, we describe a more general version of this prior.

The Spike and Slab prior can be mathematically defined as

Bilv; ~ (1 —=)Go(Bj) +v;G1(B;),  ~vj ~ Be(m) , (1.7)

where, Go(ﬁj) represents the "spike," often modeled as a Dirac delta function at zero, in-
dicating that the covariate is excluded from the model. G;(f3;) is the "slab," a diffuse prior,
commonly a normal distribution, representing the inclusion of the covariate. The prior on the
binary inclusion variable +; is typically a Bernoulli distribution with parameter 7 € [0, 1],
which is the probability that the covariate is included in the model, i.e., the inclusion prob-

ability.

In the original formulation of Mitchell and Beauchamp, 1988, GGy was a Dirac delta function
at zero and (G; was a uniform distribution. In this more general version, (G; can also be a

normal distribution, which allows more flexibility in modeling.

The posterior distribution of the inclusion variables -y is given by

D) = LD,
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where, f(D|7) represents the likelihood of the data D given the inclusion variables -y, while
p(7y) denotes the prior on the inclusion variables. The term Z (D) = >__ 1y, [(D[7)p(7)
is the normalizing constant, which ensures that the posterior probabilities sum to one. This
formulation is fundamental in Bayesian variable selection, allowing efficient computation of

posterior distributions.

1.3.4 Incorporating Spatial Dependence in Variable Selection via

Non-Parametric Approach

This thesis extends the spike and slab prior introduced in Section 1.3.3.1 to be spatially
varying via the prior distribution of the regression coefficients. In this extension, the slab
is modeled as a multivariate normal distribution with a spatially varying mean, while the
spike is a point mass at zero (see Smith and Kohn, 1996). The probability that the regression
coefficients are exactly zero is parameterized as a function of space, facilitating spatially
adaptive variable selection. Smoothing splines are employed to capture both linear and non-
linear dependencies between spatial coordinates and the inclusion probability, allowing for

intricate pattern fitting without a pre-specified functional form.

1.3.4.1 Single Variable Approach

Let v = (71,-..,7s) be the vector of indicator variables for location, s = 1,...,S for the

case of one covariate,

Pr(ys = 1) = 1y = ®(g(w1,5, T2,6)), (1.8)

where ®(-) is the cumulative distribution function (CDF) of the standard normal distribution,
and g(z1s, ¥a,5) is a function that captures the spatial relationships where z; s and x5 5 are

latitude and longitude in location s. The function g(z; s, z2 ) can be expressed as:
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m—1 m—1
9(@1,5, T2s) = 9 + Z Q1 75 + Z A2y + [(T1,s, T2,5),
m=1 m=1

where «p is the intercept, and the terms «, 127’; and 223’ represent the polynomial
components, capturing linear spatial relationships up to degree m — 1. The value of m,
which represents the number of basis functions used to model the non-linear component
f(x1s,T25), determines the flexibility of the model. A larger m provides more flexibility
in capturing complex spatial patterns but requires regularization to prevent overfitting. For

more details see, Wood, 2013.

The smooth component f(z; s, z2 s), modeled using smoothing splines, captures non-linear
spatial dependencies. These basis functions are derived from the spatial coordinates through
eigenvalue decomposition, and their selection is critical for achieving a balance between

smoothness and model complexity.

Thus, smoothing splines allow the model to flexibly adapt to both linear and non-linear
spatial patterns, while the spike and slab prior ensures that irrelevant covariates are excluded.
This approach leads to a parsimonious and spatially adaptive model, allowing for variable

inclusion probabilities to vary smoothly across space.

To efficiently implement this model in the case of binary outcomes, use of the data aug-
mentation approach (see Albert and Chib, 1993; Wood and Kohn, 1998), introducing latent

variables w = (wy, . .., wg) such that:
ws = g(T1,5,T2,5) T €5, €~ N(0, 1)
The binary outcome +y; is linked to w; via a probit,

Pr(vs = 1|g(z15, ¥2,5)) = Pr(ws > 0]|g(x1,5, 22,5)) = P(g(21,5, T25)) -
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Alternatively, we use a logit model using the polya-gamma augmentation approach propose

by Polson et al., 2012,

1
1+ exp(—g(a1,,724))

Pr(’ys = 1|g($1,s, x2,8))

This augmentation enables the use of conjugate priors for the regression coefficients, facilit-

ating more straightforward computation.

1.3.4.2 Multiple Variable Approach

Let v, = {0,1}* denote the indicator variable set for K covariates at the location s and
let C' = 2% denote the possible combinations of binary values. As the number of combina-
tions increases exponentially with the number of covariates, a large value of K can lead to

significant computational complexity.

The joint probability for the ¢! combination is given by

exp(ge(T1,s, T2,5))
1 + Zf:ll exp(gr(xl,sa x2,s))

Tse = Pr(y, € ¢) = : (1.9)

where g.(x1 s, z2,s) represents the spatial function for the covariates at location s, account-
ing for the ¢'* combination of covariate outcomes. This captures the spatial correlation at

location s of the covariates x; s and x5 5 to the joint probability for combination c.

1.4 Data : Rainfall and Climate Indices

In this thesis, we use rainfall data and key climate indices obtained from the Bureau of Met-
eorology, Australia (BOM) 3. The dataset spans a period of 73 years, from 1950 to 2022, and

includes detailed records of both monthly rainfall and climate indices such as the Southern

3http://www.bom. gov.au/climate/data/
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Oscillation Index (SOI), Dipole Mode Index (DMI), and Southern Annular Mode (SAM).
These data are fundamental to the analyses present in all chapters, allowing for a thorough

investigation of the relationship between climate variability and monthly rainfall distribution.

1.4.1 Rainfall data

We use 711 observational sites in NSW, Australia, as indicated by the blue dots in Figure

1.2. These sites are selected because they have 20% or less missing values.

For analysis purposes, we select six stations (marked in red, shown in Figure 1.2) covering
NSW; near the coast in three different locations in the middle, Sydney Botanic Gardens [site
ID: 66006]; to the North, Yamba pilot Station [site ID: 58012]; and to the South, Moruya
Heads Pilot Stations [site ID: 69018]. For inland stations, we chose Dunedoo Post Office
[site ID: 64009] and Collarenebri (Albert St) [site ID: 48031] and, far inland, Pooncarie
(Karpa Kora Station) [site ID: 47013].
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FIGURE 1.2: Map of 711 observational sites across NSW, with six key sta-
tions highlighted in red.
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1.4.2 Large-Scale Climate Indices

The Southern Oscillation Index (SOI), Dipole Mode Index (DMI), and Southern Annu-
lar Mode (SAM) are crucial climate indices used to describe and predict atmospheric and

oceanic patterns. Below is a brief overview of each,

e The Southern Oscillation Index (SOI) measures the atmospheric sea level pres-
sure difference between Tahiti and Darwin (Troup, 1965). It is one of the principal
measures used to indicate the strength and phase of the El Nifio Southern Oscilla-
tion (ENSO) phenomenon, which affects weather patterns globally. ENSO consists
of El Nifio (warm) and La Nifia (cool) events, each of which occurs every few years
in the tropical Pacific Ocean. El Nifio and La Nifa events are associated with warm
or cool sea surface temperatures in the central and eastern equatorial Pacific, re-
spectively, and affect the overlying atmosphere to produce temperature, circulation,

and moisture changes that impact weather on every continent.

e The Dipole Mode Index (DMI), is a prominent interannual climate phenomenon
in the tropical Indian Ocean, marked by a dipole pattern of sea surface temperature
anomalies. A positive DMI event typically involves cooler sea surface temperat-
ures near the southwestern coast of Sumatra, along with warmer conditions in the
western equatorial Indian Ocean. In contrast, a negative DMI event is characterized
by the opposite pattern: warmer waters off Sumatra and cooler conditions in the
western Indian Ocean (Saji et al., 1999; Webster et al., 1999). This oscillation has

significant impacts on weather and rainfall patterns across the Indian Ocean region.

e The Southern Annular Mode (SAM), represents the latitudinal shift of the south-
ern hemisphere’s westerly wind belt, a zonally symmetric circulation pattern that

circles Antarctica. This feature significantly influences rainfall and temperature
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variability across the extra tropics of the Southern Hemisphere, with its effects ex-
tending to regions such as southern Australia and South America. Changes in SAM
are closely linked to climate variability in these regions (Gillett et al., 2006; Garr-
eaud, 2007; Hill and Raphael, 2009). Furthermore, SAM is considered an extratrop-
ical driver of variability, with its influence primarily confined to the southwest and

southeast of the Australian continent (Hendon et al., 2007; Risbey et al., 2009b).

For clarity, throughout this thesis we refer to the ENSO, 10D, and SAM phenomena them-
selves as climate drivers. Their associated indicators — SOI, DMI, and the SAM index —
are used as climate indices to characterise the variability of these drivers, and these indices
are the covariates included in our study. This terminology is applied consistently throughout

the thesis.

1.5 Thesis outline

The structure of this thesis is as follows. Chapter 2 introduces the development of a Bayesian
variable selection framework for quantile regression, aimed at assessing the relationship
between global climate indices and monthly rainfall across multiple locations in New South
Wales, Australia. Each location is treated independently, as is often used in the climate and
engineering literature, without accounting for spatial dependencies. Chapter 3 builds on this
foundation by incorporating spatial dependence using a Gaussian process prior, with a par-
ticular focus on the Southern Oscillation Index (SOI) to model spatial variability in rainfall
patterns. In Chapter 4, the methodology is further expanded to include multiple climate in-
dices, offering a more comprehensive analysis of the interactions between climate drivers
and rainfall across NSW in a spatial context. Finally, Chapter 5 concludes the thesis with a

discussion of the main contributions, limitations, and potential directions for future research.



CHAPTER 2

Bayesian Variable Selection for Quantile Regression: Inference on the

Climate Indices’ Relation to Monthly Rainfall Distribution

In this chapter, we outline Bayesian variable selection using the spike and slab prior (Mitchell
and Beauchamp, 1988), to assess the relationship between climate indices and monthly rain-
fall quantiles in New South Wales (NSW), Australia. The motivation for this analysis is
to identify the influence of large-scale climate phenomena such as El Nifio-Southern Os-
cillation (measured using the Southern Oscillation Index (SOI)), the Indian Ocean Dipole
(measured using the Dipole Mode Index (DMI)), and the Southern Annular Mode (SAM)
on the monthly rainfall distribution. In this chapter, we ignore the spatial dependence of
monthly rainfall and this serves as the baseline model, which is a common practice in the
climate and engineering literature (Yilmaz et al., 2017; Islam et al., 2017; Wu and Leonard,
2019; Jakob and Walland, 2016). In Chapter 3, we then incorporate spatial dependence and

show that this improves the predictive performance of our model, as expected.

There has been extensive research done in the area of the impacts of large-scale climate phe-
nomena on average rainfall (see Duc et al., 2017; Holgate et al., 2022 etc.). However, recent
studies in climate science have shifted focus from understanding these relations to rainfall
extremes, see for example (Yilmaz et al., 2017; Jakob and Walland, 2016; Westra et al.,
2013; Evan Hajani and Ishak, 2017; Min et al., 2013; Sun et al., 2015 etc.). Studies such as
Jakob and Walland, 2016, Westra et al., 2013, and Evan Hajani and Ishak, 2017 utilize the
statistical trend analysis test to investigate the presence of trends in annual maximum daily

precipitation under changing climatic conditions.

20
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Methods like Generalized Extreme Value (GEV) models are commonly used in climate sci-
ence to model the relationships between climate indices and daily rainfall extremes. Min
et al., 2013 employ the non-stationary GEV approach as used in Zhang et al., 2010 and in-
vestigate the possible impact of ENSO, IOD, and SAM on seasonal extremes of rainfall and
temperature over Australia. Moreover, Yilmaz et al., 2017 utilize both stationary and non-
stationary GEV models to investigate the influence of climate oscillation indices on annual
maximum daily rainfall data. A recent study by Castillo-Mateo et al., 2023 introduces a
Bayesian variable selection approach within GEV models to study annual maximum daily
temperature series, employing a stochastic search variable selection (SSVS) technique to as-
sess the impact of atmospheric covariates. Despite the effectiveness of the GEV approach,
it has limitations. GEV models focus on block maxima and may not effectively capture the
entire rainfall distribution. Moreover, these models do not directly facilitate a quantile-based

approach.

Despite extensive research on the influence of climate indices on rainfall variability, there re-
mains a significant gap in understanding how these indices jointly affect rainfall distribution
across different quantiles using a Bayesian variable selection framework. Some research,
such as that by Tareghian and Rasmussen, 2013, focuses on applying Bayesian variable se-
lection for daily precipitation downscaling, following the approach proposed by Yu et al.,
2013. However, their study was limited to five stations in Canada, did not jointly model
those locations, and did not explore the joint impact of multiple climate indices on rainfall

quantiles.

To address these gaps, we contribute a Bayesian variable selection approach using a spike-
and-slab prior to quantify the influence of climate indices on monthly rainfall quantiles.
Although most of the aforementioned studies focus on daily rainfall, our study emphas-
izes monthly rainfall data. The use of monthly data is advantageous for reducing the short-
term variability and noise often present in daily observations. By aggregating rainfall at the

monthly scale, we can better analyze the relationships between climate indices, such as SOI,
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DMI and SAM, and their influence on rainfall patterns while still capturing the variations in
these relationships across seasons. This approach is novel in its application to climate data
in New South Wales, Australia, where monthly rainfall quantiles are analyzed at multiple
locations. The analysis is conducted on a site-by-site basis in New South Wales, Australia,
providing insights into local rainfall patterns, as the foundation for building a model that

explicitly encodes spatial variability, see Chapter 3.

We evaluate, via simulations, the performance of our method by comparing it to the Quantile
Regression - Stochastic Search Variable Selection (QR-SSVS) approach proposed by Yu
et al., 2013, that places a Cauchy prior over the marginal distribution of the regression coef-
ficients. Our approach applies modified Zellner’s g-prior in the context of quantile regression
(similar to Alhamzawi and Yu, 2013) for the slab of the regression coefficients that are se-
lected to be included in the model. This study ensures that our selected priors are consistent

with the theoretical framework and empirical requirements of the research context.

In addition to simulation studies, we show the results of the impact of these climate indices
on the distribution of monthly rainfall for selected sites in NSW. Finally, to evaluate the
overall performance across all 711 sites considered in this study, we use a comprehensive
performance metric proposed by Bertolacci et al., 2019, which allows for a detailed compar-

1son of model fit and predictive accuracy.

This study demonstrates the utility of Bayesian variable selection methods for quantile re-
gression in the context of climate data. It offers a flexible framework that can handle missing
data and provide robust inference for large-scale climate indices at different monthly rainfall

quantiles.

The structure of this chapter is as follows. Section 2.1 describes the model and the priors,
Section 2.2 explains how the MCMC scheme is implemented, Section 2.3 briefly outlines

the method proposed by Yu et al., 2013, Section 2.4 illustrates the results of the simulated
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data and impact of climate indices on monthly rainfall quantiles, and Section 2.5 discusses

the conclusions drawn from our findings.

2.1 Model and Priors

This chapter aims to build a Bayesian variable selection model that captures the dependencies
between climate indices and the distribution of monthly rainfall. We do this by taking a
hierarchical approach. The first level of the hierarchy defines the likelithood and relates
monthly rainfall quantiles to large-scale climate indices. The second level of the hierarchy
allows for variable selection by modeling the prior on the regression coefficients as a two-
component mixture where the mixture components are a point mass at zero and a normal

distribution, known as a spike and slab prior (Mitchell and Beauchamp, 1988).

2.1.1 Likelihood

Suppose we have observations on rainfall for a given month m, and location s, over years
t=1,...,Tdenotedby y = (y1,...,yr), and corresponding observations on K large-scale
climate indicators, denoted by x;, ..., X, where x;; = (14, . .. ,ijk)', fork=1,... K.
For clarity, we omit explicit subscripts for s and m in the notation, and we note that the

parameters will have different values for different locations s and months m.

Let X = (17,x3,...,Xx), where 17 is a T' x 1 vector of 1’s. We follow Yu and Moy-
eed, 2001, and express the gt quantile of rainfall, conditional on these large-scale climate

indicators as, X ﬁ(q), and connect these quantiles to the observations y via the model,

y=XB" +e, .1)
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where 39 = (ﬁéq), ﬂ]@, e ,5§3))' are the regression coefficients for the ¢ quantile of
rainfall conditional on the large-scale climate indicators. The error term € = (ey,...,er)

has an Asymmetric Laplace distribution, where 0 < ¢ < 1 is the skew parameter, o > 0 is

the scale parameter, with location parameter equal to zero (AL(0, o, q)), and is given by,
1_ T T
e~ {10 o {M} )

The check loss function is given by p,(u) = u(qg — I(u < 0)), I(.) denotes the indicator

function, s.t [ 4(x) = 1 if x € A and [ 4(x) = 0 otherwise.

It follows that,
Yy ~ AL(xBY 0,q) fort =1,...,T.

So that the likelihood is,

_ T _NT _ (@)
fq(yyﬂ(q)’mq),v{w} exp{ Zt:lpr(yt x.0 )}, (2.3)

g

tth

where x, is the t"* row of X, i.e (1, z¢y, ..., % k). Note the corresponding error distribution

and likelihood formulation are discussed in detail in Section 1.3.1.

2.1.2 Priors for Variable Selection

The goal of this chapter is to identify the large-scale climate indices which are useful in
predicting monthly rainfall quantiles in NSW. We do this by placing a spike and slab prior
(Mitchell and Beauchamp, 1988) on the vector of regression coefficients, BY. To indic-
ate whether a particular large-scale climate index, k, is useful in predicting a particular
monthly rainfall quantile, ¢, we define an indicator variable %iq) = 1, if index £ is useful

in predicting quantile ¢, and ’y,(gq) = 0, otherwise. The vector of all indicator variables is
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(@ — (4@ (q) di e A@ _
YU = (1", ..., vy ) and the set of useful indices by A, = {k;v,” =1,k=1..., K} and

define Ag similarly.

Our prior on 89 is then

ﬁ(jl)h(q),g ~ N(o,ca(X'AlXAl)_1>v
5§§3|,Y(q> ~ 6(0),

g ~ N(0,co) , (2.4)

where c is a constant and 6(0) denotes Dirac delta function at zero. For the prior on B(jl) and
Béq), we use a modified g prior in the context of quantile regression similar to Alhamzawi
and Yu, 2013 (see papers; Dao et al., 2022; Dao and Nguyen, 2024; Soomro and Yu, 2025
followed or similar approach to this for computational convenience and conjugacy) and take

¢ = T. The prior on o is an Inverse Gamma, ZG(a, b), with parameters « = 1 and b = 0.5.

We assume 7,(;1) are i.i.d. with,

1|7 ~ Be(r)

7 ~ Beta(1,1), (2.5)

where Be(r) is the Bernoulli distribution with probability 7 and a hyperprior on 7 (jamesscott),

that is, a Beta distribution.
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2.2 Sampling Scheme

Let ¢ be the vector of parameters of interest. This vector of parameters includes the missing
observations, so that ¢ = (,B(Q),ymiss,'y,o), where y™*¢ denotes missing values !, and
y°* represents the vector of observed values. Inference regarding ¢ is via its posterior
distribution p(¢p|y, X). We obtain a sampling based estimate for this joint distribution, as
well as for the marginal distributions of the elements of ¢, using Markov chain Monte Carlo
(MCMC). From hereon, we define y to be the collection of observed and missing values of
monthly rainfall. The full conditional distributions for the elements of ¢ are available and

therefore we use Gibbs sampling (Gelfand, 2000; Tierney, 1994) to obtain draws from the

required posterior distribution.

To facilitate a sampling scheme, we follow Kozumi and Kobayashi, 2009 and augment the
data with latent variables to represent the Asymmetric Laplace distribution as a mixture of a
normal, and a standard exponential distribution, (see Kotz et al., 2001). Conditional on these

latent variables (2.1), can be written as

y=XBY + 0oz + Cou-z, (2.6)

where u = (uy,...,ur) withu ~ N(0,Ir) and 2 = (z1,...,2r)" with z; ~ exp(1) and

iid, fort=1,...,T.

The likelihood, conditional on z, o, ,6'(‘1) is given by,

1B, z,0,q) ~ N(XBY + foz, (*o*diag,(2)). 2.7)
Letting v = 0z, we have

Iwe assume these values are Missing Completely at Random (MCAR)



2.3 MODEL FOR QR-SSVS 27

f.(ylB?,v,0,q) ~ N(XBY + Ov, (*odiagy(v)). (2.8)

See Section ?? for more details.

Algorithm 1 MCMC scheme for Bayesian Variable Selection in QR
Initialise B, olt], 41, ymissl] by drawing from their priors. For j = 1, ..., J,
where J indicates the number of iterations of the sampling scheme.
(1) Generate vit! from p(vly, oll, Y1) .
(2) Generate U+ from p(o|y, vi+l, guly .
(3) Generate y™**l*1 from p(y m”5|y°b5, vt gli+il glily,
(4) Generate v+ and BV jointly from p(v, 8|y, vU+Y, o+l X)) where §§ = y—0v.
(5) Generate 7! from p(n|oV+Y, v+ g X).

Details of the sampling scheme are given in Algorithm 1 and the full conditional posterior
distributions are given in Appendix A2. Note that for clarity of notation, we drop superscript

q. We use 10000 iterations with a 2000 burn-in period for the sampling scheme.

2.3 Model for QR-SSVS

In this section, we briefly outline the Bayesian variable selection model (QR-SSVS) used
in Yu et al., 2013, which is implemented in the R function SSVSquantreg in MCMCpack

(Martin et al., 2011). The authors use the likelihood in Equation 2.3 but integrate over the o,

fy1B'Y q) ~ {a(1 = @)} eXp{ Z,O —wtﬂ(q))}- (2.9)
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The 39’s are assumed to be independent apriori with the following mixture of the prior

distribution,

B =1 ~ N(0,271)
5lgq)|%(f):0 ~ 5(0>’

B~ N (0, N (2.10)

with 19 and )\ are both fixed.

11
A ~ G -z
k amma(3, 7)),

N~ Be(n),

7 ~ Beta(1,1). (2.11)

For details of the conditional posterior distribution of the parameters and the sampling scheme,
refer to the QR-SSVS algorithm of the paper by Yu et al., 2013. For more details see the
doctoral thesis by Reed, 2011.

Our approach and that of Reed, 2011 exhibit notable similarities, but there are some differ-
ences between the two methods; Yu et al., 2013 integrates out the o that induces a standard
Cauchy prior marginally on the regression coefficients. Our approach treats o as an unknown
parameter, uses an Inverse Gamma (ZG) prior, and estimates its value within the sampling
scheme. Our method takes into account the correlation among covariates, as it incorporates
the X’ X matrix within the prior structure of the regression coefficients. Implementation of
Yu et al., 2013, use the prior structure in Equation 2.10 for the regression coefficients in the
SSVSquantreg() function in R, however, we note that their paper considers incorporating

correlation among covariates to the prior structure in regression coefficients.
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FIGURE 2.1: Panel (a) shows marginal distributions of  where the prior on
Bis, red: B ~ N(0,0?) where 0% ~ ZG(0.5,0.5), yellow: standard normal,
blue: 3 ~ N(0,0) where 0 ~ ZG(1,0.5), and green: 3 ~ N(0,0?) where
o’ ~1IG (1,0.5), while panel (b) shows the tail region in a linear scale, and
panel (c) presents the tail region in a log scale.
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Figure 2.1 illustrates the impact of different prior specifications on the marginal distribu-
tion of 8 which is given by, p(8) = [ p(8|o)p(c)do. Panel (a) compares different priors.
The standard Cauchy prior (QR-SSVS method, red) exhibits heavy tails, allowing for large
parameter values and accommodating potential outliers, but can be problematic due to its
non-integrability (Gelman et al., 2003; Gelman et al., 2008). The proposed approach, where
B ~ N(0,0) with o ~ ZG(1,0.5) (blue), has a higher peak and shorter tails compared to
B ~ N(0,0%) with 0 ~ ZG(1,0.5) (green). Panels (b) and (c) highlight the tail beha-
vior of these distributions. The QR-SSVS prior retains more probability mass in extreme
values, allowing for larger 5 magnitudes, while hierarchical shrinkage priors, such as the
normal-inverse gamma formulation, impose structured regularization, leading to a faster de-
cay in tail probability and reducing the influence of extreme values (Ghosh, 2009; Polson
and Scott, 2010). The logarithmic density plot in panel (c) further illustrates this effect,
emphasizing the role of prior choice in controlling large coefficient values and improving

posterior stability.

The specification of priors in Bayesian regression has been extensively studied, particu-
larly in the context of balancing flexibility and regularization. Traditional choices, such as
Gaussian priors, enforce strong shrinkage, promoting stable estimation but potentially over-
penalizing large coefficients (Griffin and Brown, 2010). In contrast, heavy-tailed priors, such
as the Cauchy prior, provide robustness against outliers and allow for large effect sizes and
non-integrability in MCMC methods (Gelman et al., 2008; Ghosh et al., 2015). To overcome
these limitations, Bayesian statistics has shifted toward hierarchical shrinkage priors which
offer adaptive regularization, selectively shrinking small coefficients while allowing relevant

signals to persist (Steel and ndez, 2000; Polson and Scott, 2010).
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2.4 Results

2.4.1 Simulation Study

We compare our model with the QR-SSVS reported in Yu et al., 2013 and briefly outlined in
2.3 using 100 realizations of simulated monthly rainfall data. To simulate these values, our
design matrix, X, for each month, consists of the standardized monthly values of the SOI,
DMI, and SAM for the period 1950 to 2022 (7' = 73), and their two-way interactions, so
that, X is a 7' x 7 matrix (which has as a first column, 17). For the study, we select the design
matrix for the month of June and the heat map of the correlation between the covariates is
illustrated in Figure 2.2. We assign three different regression effects: "2" for strong effects,
"0.2" for weak effects, and "0" for zero effects, applied to the 5th quantile (¢ = 0.05). For the
median quantile (¢ = 0.5), we multiply the regression effects of ¢ = 0.05 by 2, and for the
95th quantile (¢ = 0.95), we multiply the regression effects of ¢ = 0.05 by 3. The intercept
is set to zero across all quantiles. We chose three different values for the scale parameter,
o,tobe 0.3, 1, and 5 to generate data and run the proposed model using Algorithm 2.2 and
QR-SSVS model using SSVSquantreg() function” in R. The error terms are generated using

an Asymmetric Laplace distribution to simulate the data.

2https://search.r—project.org/CRAN/rel“mans/l\/[Cl\/ICpack/html/SSVSquantreg.html


https://search.r-project.org/CRAN/refmans/MCMCpack/html/SSVSquantreg.html
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FIGURE 2.2: Correlation heat map for six covariates (climate indices and
their interactions) in the simulated dataset.

For the performance metric, we assess the accuracy of the model using the mean absolute

deviation (MAD) for each quantile ¢ and realization r, which is given by:

T
. ()
MAD@" = TZ@,ﬁ@ —x,8",
t=1

where the superscript r denotes a specific realization, and B(q)T denotes the estimated pos-

terior mean of the regression coefficients for realization r, ,B(q)r.
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Additionally, we use the mean squared error (MSE) as in Yu et al., 2013 given by,

T
MSE'"" = %;(wtﬁ(q) - wtﬁ(q)r)z-

Table Al.1 shows the mean differences and standard errors of the MAD values for three

distinct quantiles, ¢ = 0.05,0.5,0.95 at varying scale parameters, comparing the proposed

method with the QR-SSVS method. Additionally, we report the p-values of the paired t-

test, which is conducted to test the null hypothesis that there is no difference in the MAD

values between the two methods for each quantile at each specified scale parameter. We

assess these results at a significance level of o = (.05, to determine statistical differences.

Similarly, Table A1.2 shows the values of the MSE metric.

The mean differences of both metrics, which represent the magnitude of the deviation between
the two methods, show a varied behavior as the scale parameter increases. Initially, at
o = 0.3, the mean differences are relatively moderate but begin to decrease slightly when
moving to 0 = 1, suggesting a narrowing in performance differences between methods and
also shows that there is no significant difference between the methods at ¢ = 0.5. However,
this trend reverses dramatically at o = 5, where mean differences increase sharply, indicating
a significant improvement in the performance of the proposed method under high variability
conditions. Standard errors also increase with the scale parameter, indicating a reduction in
the precision of the estimates as variability increases. Overall, the analysis of these results
suggests that across all tested scale parameters (o = 0.3, 1, 5), the proposed method exhibits
statistically significant differences when compared to the QR-SSVS method, as denoted by

p-values less than 0.001 in most instances.

To investigate the reason for these differences, an additional analysis was done using simu-
lated data generated using the independent regressors drawn from a N (0, C), where C' = T
and the results are stated in table 2.3 for MAD and table 2.4 for MSE respectively. Res-

ults show that the proposed method shows minimal differences in performance compared to
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QR-SSVS at lower noise levels (¢ = 0.3 and 0 = 1), particularly at the median and upper
quantiles. Moreover, we conduct this analysis using simulated data generated using one co-
variate (e.g., SOI) in the model and then using two covariates (SOI and DMI) in the model
(results are in Appendix Al). The results in one covariate demonstrate similar significance
with the results in table 2.3. However, the significance is changing with adding one more
variable to the model and this changes markedly when the number of covariates increases to

six, where the proposed method outperforms QR-SSVS across most of the conditions.

In summary, the observed performance differences may be attributed to the proposed method’s
handling of covariate correlations through the integration of X'X in the prior of the non-zero
regression coefficients, which handles the interactions and multicollinearity among predict-

Ors.

TABLE 2.1: Mean differences and standard errors of MAD for Proposed and
QR-SSVS methods for the data generated using correlated regressors.

()0 =0.3
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.1821 0.0132 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.0113 0.0019 <0.001*
q = 0.95 Proposed vs QR-SSVS -0.1098 0.0134 <0.001*
b)o=1
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.1495 0.0194 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.0012 0.0026 0.0631
g = 0.95 Proposed vs QR-SSVS -0.0655 0.0248 0.0096%*
(c)o=5
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -4.5183 0.3069 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.3989 0.0352 <0.001*
g = 0.95 Proposed vs QR-SSVS -4.3267 0.3470 <0.001*

Note: * denotes p-value < 0.05
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TABLE 2.2: Mean differences and standard errors of MSE for Proposed and
QR-SSVS methods for the data generated using correlated regressors.

(a)oc =0.3
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.2458 0.0211 <0.001%*
g = 0.5 Proposed vs QR-SSVS -0.0049 0.0014 <0.001%*
q = 0.95 Proposed vs QR-SSVS -0.1838 0.0281 <0.001%*
b)yo=1
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.1862 0.0174 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.0067 0.0095 0.0481
g = 0.95 Proposed vs QR-SSVS -0.0491 0.1206 0.0067*
(c)o=5
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -5.6172 0.3154 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.4583 0.0412 <0.001*
g = 0.95 Proposed vs QR-SSVS -5.1356 0.3520 <0.001*

Note: * denotes p-value < 0.05
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TABLE 2.3: Mean differences and standard errors of MAD for Proposed and

2 CHAPTER 2

QR-SSVS methods for the data generated using independent regressors.

(a)o=0.3
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.1377 0.0124 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.0023 0.0015 0.1495
q = 0.95 Proposed vs QR-SSVS -0.0108 0.0141 0.4461
b)yo=1
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.1272 0.0198 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.0001 0.0026 0.9558
g = 0.95 Proposed vs QR-SSVS -0.0379 0.0267 0.1952
(c)o=5
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -4.8183 0.3420 <0.001*
q = 0.5 Proposed vs QR-SSVS -0.4427 0.0391 <0.001*
q = 0.95 Proposed vs QR-SSVS -3.9654 0.3341 <0.001*

Note: * denotes p-value < 0.05
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TABLE 2.4: Mean differences and standard errors of MSE for Proposed and
QR-SSVS methods for the data generated using independent regressors.

(a)oc =0.3
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.2051 0.0195 <0.001*
= 0.5 Proposed vs QR-SSVS -0.0027 0.0013 0.1123
g = 0.95 Proposed vs QR-SSVS -0.0167 0.0308 0.5899
b)yo=1
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.1972 0.0947 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.0305 0.0076 0.1356
g = 0.95 Proposed vs QR-SSVS 0.0978 0.1525 0.5227
(c)o=5
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -5.2131 0.3221 <0.001*
q = 0.5 Proposed vs QR-SSVS -0.3312 0.0292 <0.001*
q = 0.95 Proposed vs QR-SSVS -4.5679 0.3156 <0.001*

Note: * denotes p-value < 0.05

2.4.2 Impact of Climate Indices on Monthly Rainfall Quantiles

We use the monthly rainfall data described in Section 1.4 as the response variable with the
climate indices SOI, DMI, and SAM as covariates. Thus, the model for a given site and

month at time ¢ is given by,

v = B7 + BIVSOL, + BYDML, + BVSAM, + ;. 2.12)

We focus on the six selected stations in Figure 2.3 to illustrate the results, chosen because

they represent a diverse range of geographical contexts.



38 2 CHAPTER 2

28°S

Collarenebri
[ ]
30°S
Dunedoo
32°S [ ]
Q .
k= Pooncarie
= °
5
ic Gardens
34°S

Moruya Heads

36°S

142°E 144°E 146°E 148°E 150°E 152°E 154°E
Longitude

FIGURE 2.3: Map of six selected stations in NSW, Australia.

We use two metrics; the first metric is the estimated posterior mean of the probability that

large-scale climate indices have an impact on rainfall, i.e., inclusion probability, given by

J
. 1 j
W,(f) (((1)|y7 X) = 35 :7.[.’(;1)[]]’
j=1

where 7r,(f) U} are generated from p(w,gq)|y, X) via Algorithm 1. The second metric is the
estimated posterior mean of the magnitude of the impact (size of the coefficients for the

included climate indices), given that the impact exists, i.e., coefficient values, given by,

B( (ﬁkq)ky,k; 7y7 = Z "Yk; 7
en
where J; = {j,’yk =1,7=1,...,J}and 5 Vare generated from p(ﬁk ]fyk , Yy, X) via

Algorithm 1, for each quantile ¢ and covariate k.
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These metrics are plotted against the 19 quantile values for the six selected stations over
12 months and are illustrated in Figures 2.4 to 2.9. In the coefficient value plots, black stars
indicate quantiles where the 95% credible intervals of the coefficient estimates do not include

zero, denoting statistical significance.

For ease of presentation, the analysis and results for each station are described in separate

subsections, followed by an overall summary subsection.

2.4.2.1 Sydney Botanic Gardens

Figure 2.4 presents the results for the Sydney Botanic Gardens, a coastal station. Panel 2.4(a)
shows the dominant influences shift over the course of spring and summer, from SAM in
September to DMI in October, which affects only the upper quantiles, to SOI in November,
impacting the entire rainfall distribution, and then back to SAM in December. The rest of
summer (January—February) experiences SOI’s influence closer to the middle of the rainfall
distribution. Moving into autumn (March—May), SOI and SAM contribute to drier condi-
tions in March, though their effects are less pronounced in the wetter parts of the rainfall
distribution. By May, SOI and DMI primarily affect the lower quantiles, reinforcing their as-
sociation with reduced rainfall. During winter (June—August), SOI has a pronounced effect
in June, where panel 2.4(b) shows that higher SOI values correspond to increased rainfall
variability, leading to intensified rainfall in the upper quantiles, while lower SOI values in-
dicate reduced variability. In particular, August shows a unique pattern in which SOI, DMI,

and SAM collectively contribute to drier conditions.

The impact of DMI is generally not pronounced throughout the year, except for its influence
on the upper and lower quantiles of the rainfall distribution in certain months, particularly
February, May, and October. Notably, the coefficient for DMI is consistently negative in
these quantiles, suggesting that positive IOD events are generally associated with a reduction
in rainfall. Similarly, the impact of the SAM is less pronounced throughout the year except

for notable impact in December for the majority of quantiles.
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FIGURE 2.4: Panel (a) and (b) plots 7 A(q and B,ﬁq) (black star denotes the
quantiles where 95% credible intervals that do not contain zero) respectively,
across 12 months at different quantiles for Sydney Botanic Gardens [site
66006].
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2.4.2.2 Yamba Pilot Station

Figure 2.5 shows the results of the Yamba Pilot Station, a coastal location in northern NSW.
The panel 2.5(a) shows that during the first half of the year, the impact of SOI is generally
weak, except for a few notable anomalies. In January, SOI influences the entire rainfall
distribution, whereas in February, its effect is limited to the middle quantiles. By April, SOI
affects both the lower and upper parts of the distribution, a pattern that reemerges in June,

suggesting an increased variability in extreme rainfall events during these months.

The panel 2.5(b) further illustrates that higher SOI values are generally associated with more
intense rainfall, with the exception of June and August, where this relationship weakens.
During the second half of the year, SOI’s influence becomes less pronounced, except for
distinct anomalies in September and November. In September, SOI exhibits a positive asso-
ciation in most quantiles, whereas in November this positive association is confined to the

middle of the rainfall distribution.

The impact of DMI and SAM remains relatively weak throughout the year, with only a few
exceptions. The most notable influence of SAM occurs in June, where it significantly affects

the upper quantiles, indicating its role in shaping extreme rainfall events during this period.
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FIGURE 2.5: Panel (a) and (b) plots 7%,(;1) and B,ﬁq) (black star denotes the
quantiles where 95% credible intervals that do not contain zero) respectively,
across 12 months at different quantiles for Yamba Pilot Station [site 58012].
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2.4.2.3 Moruya Heads Pilot Station

Figure 2.6 shows the results of the Moruya Heads Pilot Stations, a coastal location in south-
ern NSW. Similarly to Sydney Botanic Gardens, the Panel 2.6(a) shows that the impact of
SOI is more pronounced during the first half of the year. The panel 2.6(b) further highlights
that higher SOI values are consistently associated with more intense rainfall during the first

six months of the year.

In the second half of the year, SOI's influence weakens, except for a notable anomaly in
November, similar to the pattern observed at Sydney Botanic Gardens. As shown in panel
2.6(b), SOI exhibits a positive association in most quantiles in November, suggesting its

dominant role in shaping the rainfall distribution during this month.

The impact of DMI remains weak throughout the year, except in March, where low DMI
values are associated with reduced variability in rainfall. SAM also shows minimal influence
for most months, with the exception of April, where it plays a significant role alongside
SOL. In April, both positive SOI (La Nifia) and negative SAM contribute to wet conditions,
reinforcing their combined effect on increasing rainfall. However, SAM alone influences dry

conditions, highlighting its asymmetric role in shaping rainfall extremes.

A particularly strong signal is observed in March, where an inclusion probability close to
1 indicates a significant influence of both SOI and DMI on the upper part of the rainfall
distribution, suggesting that these climate drivers play a key role in extreme rainfall events

during this month.

Additionally, as shown in Panel 2.6(b), high SAM values are associated with reduced rain-
fall variability, whereas low SAM values correspond to increased variability. This pattern
suggests that SAM regulates rainfall consistency, with lower values amplifying rainfall ex-

tremes.
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FIGURE 2.6: Panel (a) and (b) plots 7 A(q and B,ﬁq) (black star denotes the
quantiles where 95% credible intervals that do not contain zero) respectively,
across 12 months at different quantiles for Moruya Heads Pilot Station [site

69018].
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2.4.2.4 Dunedoo Post Office

Figure 2.7 shows the results for the inland station in the northern Murray-Darling Basin,
Dunedoo Post Office. In the cool months (May-October), the impact of SOI is more pro-
nounced except in October, as shown in the panel 2.7(a). Panel 2.7(b) shows that high SOI
is associated with more rainfall for respective months where the impact of SOI is more
pronounced. Furthermore, the influence of the SOI is much more likely to affect the full
distribution of the rainfall for this location in four months of the year (April, July, August,

and November).

Impact of DMI is more pronounced in the spring months except for November where SOI
impact majority of rainfall quantiles. Panel 2.7(b) show that the low values of DMI is asso-

ciate with reduced rainfall variability in these months.

Interestingly, both SOI and DMI are more likely to influence the upper quantiles in February,
showing a strong effect on wet conditions, while in March, their influence shifts towards the

lower quantiles, indicating a notable impact in drier conditions.

SAM shows a less pronounced impact in most months except for June and July. The influ-
ence of SAM is more likely to affect the full distribution of rainfall for June. For July, low

SAM values are associated with reduced rainfall variability as shown in panel 2.7(b).
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FIGURE 2.7: Panel (a) and (b) plots 7 A(q and B,ﬁq) (black star denotes the
quantiles where 95% credible intervals that do not contain zero) respectively,
across 12 months at different quantiles for Dunedoo Post Office [site 64009].
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2.4.2.5 Collarenebri

In Collarenebri, an inland location in northern NSW, Figure 2.8(a) shows that the influence
of SOI is more pronounced during winter and spring. In five months of the year, SOI is not
only the dominant influence, but also affects the almost entire distribution of the rainfall.
Panel also 2.8(b) shows that high values of SOI are associated with higher rainfall during

this period.

Similar to Dunedoo, the impact of DMI is more pronounced in spring months and the low
values of DMI are associated with reduced rainfall variability during these months. However,
an anomaly is shown in November where the influence of SOI is evident in majority of

quantiles, aligning with patterns observed at other stations.

In March, the influence of both SOI and DMI is more pronounced in the lower quantiles of
rainfall, aligning with the patterns observed at the Dunedoo station. Interestingly, a notable
pattern emerges in September and October, where SOI primarily affects quantiles where the
impact of DMI diminishes, and conversely, DMI exhibits stronger effects in quantiles where
SOI’s influence weakens. This inverse relationship suggests a dynamic interaction between
these climate indices in modulating rainfall variability across different quantiles during these

months.

The impact of SAM is less pronounced throughout the year for this particular station except

for the notable influence at the upper quantiles in September.
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FIGURE 2.8: Panel (a) and (b) plots 7 A(q and B,ﬁq) (black star denotes the
quantiles where 95% credible intervals that do not contain zero) respectively,
across 12 months at different quantiles for Collarenebri (Albert St) [site
48031].
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2.4.2.6 Pooncarie (Karpa Kora Station)

Figure 2.9 illustrates the results for Pooncarie, an inland station far from the coast. The panel
2.9(a) shows that the impact of SOI is evident during the first half of the year. However, this
impact is more pronounced during the autumn months and significantly affects the entire
rainfall distribution, particularly in March and May; the panel 2.9(b) also shows that high
SOI values are associated with intense rainfall during these months. The impact of SOI is
less pronounced in the second half of the year except for July, November, and December and

tends to influence the full distribution of rainfall during these months.

As shown in the two inland stations mentioned above, the impact of DMI is more pronounced
during the spring months, particularly in September and October, where panel 2.9(b) indic-
ates that low DMI values are associated with reduced rainfall variability. Additionally, in
February, the DMI impacts the lower quantiles of rainfall, suggesting a strong impact on the

drier conditions.

Similarly to Collarenebri, the impact of SAM is generally less pronounced throughout the

year at this station, except for the upper quantiles of rainfall in May.
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FIGURE 2.9: Panel (a) and (b) plots 7 A(q and B,iq) (black star denotes the
quantiles where 95% credible intervals that do not contain zero) respectively,
across 12 months at different quantiles for Pooncarie (Karpa Kora Station)
[site 47013].
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2.4.2.7 Overall Summary

Table 2.5 summarizes the dominant influence of SOI, DMI, and SAM on rainfall variability
across six selected stations for different quantiles (lower, middle, and upper). The table high-
lights how the influence of each climate index varies across different months and quantiles

at each station.

The results show distinct seasonal and spatial differences in the influence of SOI, DMI, and
SAM on rainfall across coastal and inland regions. The SOI has a weaker influence on the
median rainfall for coastal sites during the cooler months (May—October), except for anom-
alies observed in September at Yamba, the northern coastal site. This aligns with Tozer et al.,
2023, who found that the impacts of SOI on mean seasonal rainfall are more pronounced in
inland areas during this period. Pepler et al., 2014 attribute this to the influence of East Coast
Lows (ECLs), which predominantly affect coastal regions of NSW, reducing the direct im-
pact of SOI on rainfall in these areas. Our analysis supports these findings for median rainfall
but reveals a different pattern for the lower and upper quantiles, where SOI exerts a strong
influence on extreme rainfall in both inland and coastal regions. This suggests that while
SOI’s impact on median rainfall is less pronounced along the coast due to the influence of

ECLs, its role in driving extreme rainfall variability remains significant across all sites.

In addition, Risbey et al., 2009b found a weak correlation between the mean autumn rainfall
and SOI across most of NSW. Our findings reveal that SOI has a significant impact on both
the lower and upper quantiles during these months, particularly at coastal sites. The rela-
tionship likely arises indirectly from the intensity and frequency of east coast lows (which
are a rain-bearing phenomenon largely in autumn) being modulated by ENSO; and because
ECLs bring such extreme rainfall, their presence or absence affects the tails of the distri-
bution rather than the middle quantiles (see Favre et al., 2012; Pepler and Dowdy, 2021;
Irving et al., 2024; Reid et al., 2025). This pattern differs for inland locations, such as Poon-
carie, where SOI influences the entire rainfall distribution, highlighting a stronger and more

consistent impact in autumn months.
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Furthermore, our analysis reveals that in November, SOI consistently influences the full
distribution of rainfall across nearly all sites, indicating a strong impact during this month.
This aligns with previous research (Tozer et al., 2023; Risbey et al., 2009b; Pepler et al.,
2014) and recent findings by Tozer et al., 2024, which highlight that La Nifia-driven rainfall
anomalies in November are among the strongest observed across Australia. During such
events, warm SSTs around northern Australia enhance the meridional temperature gradient,
strengthening the subtropical jet and promoting the development of short-wave troughs and

cutoff lows, which facilitate widespread rainfall increases (Tozer et al., 2024).

The DMI exhibits a more localized and seasonally dependent influence, with its impact being
stronger in the upper quantiles, particularly in the inland stations during the warmer months
(November—April). This suggests that positive DMI phases, which are associated with re-
duced moisture transport from the Indian Ocean, may contribute to drier conditions during
extreme events. In contrast, negative DMI phases, which enhance westerly moisture flux,
may be responsible for increased rainfall in certain inland locations. However, its impact
on the middle quantiles is less pronounced, indicating that its influence is most relevant for

extreme wet and dry events rather than typical rainfall patterns.

SAM shows the weakest and most inconsistent influence across both inland and coastal sta-
tions, with its effects most notable in winter (June—July) and early summer (December).
However, these impacts do not exhibit a clear seasonal or spatial pattern, suggesting that
SAM’s role in monthly rainfall variability in NSW is likely modulated by interactions with
other climate drivers rather than acting as a dominant factor on its own (Hendon et al., 2007;
Lim et al., 2016). In winter, positive SAM is often linked to drier conditions in southern
and inland Australia, as it shifts the westerly wind belt poleward, reducing moisture avail-
ability (Meneghini et al., 2007; Raut et al., 2014). Additionally, SAM’s influence on middle
quantiles appears to be weaker at coastal sites, supporting previous findings that its effects
on rainfall variability are more pronounced in inland regions (Hope et al., 2010; Montazer-

olghaem et al., 2016).
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TABLE 2.5: Summary of the dominant effects of SOI, DMI, and SAM on
rainfall across different quantiles (lower, middle, and upper) for six selected
stations. Cells are light blue shaded when a climate index is dominant for that

month.

(a) Lower quantiles
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Station

Index

Jan

Feb

Mar

Apr

May

Jun

Jul

Aug

Sep

Oct

Nov

Dec

Sydney Botanic Garden

SOI

DMI

SAM

Yamba

SOI

DMI

SAM

Moruya Heads

SOI

DMI

SAM

Dunedoo

SOI

DMI

SAM

Collarenebri

SOI

DMI

SAM

Pooncarie

SOI

DMI

SAM

(b)

Middle quantiles

Station

Index

Jan

Feb

Mar

Apr

May

Jun

Jul

Aug

Sep

Oct

Nov

Dec

Sydney Botanic Garden

SOI

DMI

SAM

Yamba

SOI

DMI

SAM

Moruya Heads

SOI

DMI

SAM

Dunedoo

SOI

DMI

SAM

Collarenebri

SOI

DMI

SAM

Pooncarie

SOI

DMI

SAM
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(c) Upper quantiles

Station

Index

Jan

Feb | Mar | Apr | May

Jun

Jul

Aug

Sep

Oct

Nov

Dec

Sydney Botanic Garden

SOI

DMI

SAM

Yamba

SOI

DMI

SAM

Moruya Heads

SOI

DMI

SAM

Dunedoo

SOI

DMI

SAM

Collarenebri

SOI

DMI

SAM

Pooncarie

SOI

DMI

SAM
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2.4.3 Performance Measures

We measure the predictive performance of our model by comparing the empirically estimated
quantile with the posterior predictive quantile. For a given month and site, let (% and y(9*
be the empirically estimated quantile and the posterior predictive quantile, respectively, at
quantile q. As a measure of agreement between (¢ and y(?*, we follow Bertolacci et al.,

2019 and define,

(@)*
(@ — vy
D9 =F {log 7@ ]y} .

Given the observed values, the predicted rainfall quantile, y(* is given by,

P Ty) = [Pty 87, 0)p(8 o v. w)p(vlo,y)poly)dB Vv,
1 J
~ 5 Z N(Xﬁ(q)m + 9@yl CQ(Q)UU]VU]) : (2.13)
j=1

where 89V vl and ol7] are draws from the joint posterior, p(3?, v, o|y) using the sampling

scheme described in Section 2.2.

When the value of D@ is zero, the posterior predictive quantile is equal to the empirical
quantile. Conversely, positive/ negative values of D9 indicate overestimation/ underestim-
ation of the predictive quantiles with the empirical quantiles, respectively. Higher absolute
values of D@ denote poorer performance in the model. Following Bertolacci et al., 2019, we
define a model’s performance as nominal if the interquartile range (IQR) of D9 across sites
contains zero. Figure 2.10 plots the median value of D9 and the interquartile range (IQR)
across all sites for the variable selection model, including the three covariates in Equation

2.12 where we analyze the sites independently. Here in this figure, a black point denotes
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that the interquartile range (IQR) of D% across 711 sites contains zero, while a red triangle

indicates that it does not.
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FIGURE 2.10: Median values (points) and interquartile range (shaded band)
of D@ across all sites, n, for each month and quantile. A black circle in-
dicates that the corresponding interquartile range (i.e., the IQR of D(%) across
sites, s = 1,...,ng) contains zero, while a red triangle indicates that it does
not.

The performance of D@ across the quantiles and months reveals clear patterns. For the
middle quantiles between 0.25 and 0.75, the model shows nominal performance across all
12 months. However, in the lower (¢ < 0.25) and upper quantiles (¢ > 0.75), the model
shows poorer performance, with consistent overestimation in the lower quantiles and under-
estimation in the upper quantiles, as denoted by the red triangles. This suggests a systematic
underestimation of the overall variability in monthly rainfall. Moreover, the range of D@,
represented by the light blue shaded area (IQR), exhibits greater variation in the extreme
quantiles of the distribution compared to the middle quantiles, indicating higher uncertainty

in the models’ estimates for the extremes.
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This suggests that the influences detected in the extreme quantiles may, in some cases, be
uncertain. This issue is particularly pronounced in coastal sites, where much of the detected
influence is on extreme rainfall quantiles, rather than the well-estimated middle of the rainfall

distribution.

2.5 Discussion

We developed a Bayesian variable selection model in the quantile regression framework to
assess the impact of large-scale climate indices on monthly rainfall quantiles. The parameters
associated with the variable selection model are estimated using a Gibbs sampling scheme.
The missing values in monthly rainfall data are treated as unknown parameters and generated

within the sampling scheme.

This study underscores the varying influence of SOI, DMI, and SAM on rainfall in NSW,
highlighting key seasonal and regional differences. Although SOI plays a dominant role in
extreme rainfall events, in both coastal and inland regions, the results show a weaker influ-
ence of SOI on median rainfall over coastal sites during the cooler months. This aligns with
Pepler et al., 2014, which explains the limited ENSO influence along the eastern seaboard
due to the presence of East Coast Lows (ECLs). Moreover, this does not explain the weak re-
lationship over the northern seaboard, which has been attributed to the overriding influence
of the IOD during winter (Holgate et al., 2022). Other studies (e.g., Hendon et al., 2007;
Rakich et al., 2008) have found stronger relationships between eastern seaboard rainfall and
SAM, particularly in summer. However, a notable exception is observed in November, when
SOI consistently influences the full distribution of rainfall across nearly all sites, indicating
a strong influence during this month. The DMI primarily affects extreme wet and dry condi-
tions in inland regions during warmer months, while SAM exhibits minimal and inconsistent
influence across stations, with its effects being more noticeable in winter and early summer

but lacking a clear seasonal or spatial pattern.
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Performance metrics show that the model demonstrates strong predictive performance in the
middle quantiles, as measured by the metric proposed by Bertolacci et al., 2019. However,
the model demonstrates poorer performance at both the lower and upper quantiles, indicating
that its predictive ability is suboptimal in the extreme quantiles (lower and upper quantiles)
of the distribution. This suggests that the model struggles to adequately capture the extreme
values in the data, which are critical for accurately representing the behavior in the extreme

quantiles.

In conclusion, although this model provides insights into the relationship between climate
indices and the monthly rainfall distribution, performance metrics illustrate that the model
fails to estimate the influence of climate drivers on extreme quantiles of rainfall accurately.
Therefore, in the following chapter, we extend the model by incorporating spatial depend-
ence to investigate whether the dependency between climate indices and rainfall quantiles

exhibits spatial correlation and how this affects the predictive capabilities of the model.



CHAPTER 3

ENSO Inference on Monthly Rainfall using Bayesian Variable Selection

in Spatial Quantile Regression

One of the dominant drivers of rainfall variability in eastern Australia is the El Nifio-Southern
Oscillation (ENSO), a large-scale climatic phenomenon that significantly influences the weather
patterns of the region (Hauser et al., 2020; McBride and Nicholls, 1983). ENSO is a peri-
odic climate event that involves variations in ocean temperatures and atmospheric pressures
in the central and eastern tropical Pacific. It has two principal phases: El Nifo, which oc-
curs with higher-than-normal sea temperatures, and La Nifia, marked by lower-than-normal
sea temperatures. These phases alter global weather systems, affecting temperature, precip-
itation patterns, and the frequency of extreme weather events such as droughts and floods
(see Verdon-Kidd and Kiem, 2009; Nicholls, 1989). The influence of ENSO extends to al-
tering wind patterns, tropical rainfall, and ocean circulation, making it a critical factor in

understanding the variability of rainfall in eastern Australia.

While extensive research has been conducted in this domain, a considerable proportion of
existing studies have primarily centred their focus on understanding the impacts of these
external influences on average rainfall (e.g., Holgate et al., 2022; Cai et al., 2014; Duc
et al., 2017). This traditional emphasis on mean rainfall has provided valuable insights into
general climate-rainfall dynamics. However, recent interest has shifted towards exploring
other parts of the rainfall distribution, recognizing that extreme rainfall events and variability
are critical for understanding the full spectrum of climate impacts. Accordingly, research

by Evan Hajani and Ishak, 2017; Bertolacci et al., 2019; Min et al., 2013, and Sun et al.,
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2015 collectively highlights the critical influence of climate phenomena such as ENSO and
the Indian Ocean Dipole (IOD) on extreme rainfall patterns in Australia. These studies
demonstrate that the impact of these climate indices can differ significantly across different
quantiles of rainfall. These findings show the importance of using methods, such as quantile

regression, to capture the varying dependency between climate drivers and monthly rainfall.

In this study, we integrate spatial dependence into the model presented in Chapter 2, thus fa-
cilitating a thorough examination of the influence of climate variability on various monthly
rainfall quantiles. By incorporating Bayesian variable selection and inducing spatial depend-
ence in quantile regression (QR), this approach allows us to understand how key drivers, such
as ENSO, influence extreme rainfall events across different locations and quantiles, and how
these relationships have evolved over time. Although some prior studies have utilized QR,
they have often overlooked the spatial variability of climate influences, particularly in the
context of Bayesian variable selection. For example, Tareghian and Rasmussen, 2013 pro-
poses a Bayesian framework for variable selection in QR models, yet their work does not
account for spatial heterogeneity in the covariates. On the other hand, Reich, 2012 intro-
duces a spatiotemporal QR model that investigates linear trends in quantiles over time using
temperature data from the United States, offering a joint modeling approach across the entire
response distribution. Similarly, Duan et al., 2022 explores spatial correlations in QR, spe-
cifically in the context of Australian temperature data, but the focus remains on temperature

rather than rainfall, and the analysis does not incorporate Bayesian variable selection.

Recent work by Bertolacci et al., 2019 uses a mixture model as an alternative to quantile re-
gression. The authors use a hierarchical Bayesian mixture model to make climate inferences
on daily rainfall in Australia. The effect of the covariates, along with short and long-term
temporal dependencies, are modeled through a mixture of experts model. A Gaussian pro-
cess prior captures the spatial dependencies of the mixture weights’ parameters in the model,
and its posterior distribution allows for spatially varying inferences. Following Holsclaw

et al., 2017, they employ the latent variable approach developed by Polson et al., 2012. This
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approach allows the conditional distributions of these latent variables and the mixture weight
parameters to facilitate Gibbs sampling. However, their method does not incorporate variable

selection to assess the importance of variables at different quantile levels.

Therefore, we develop a simple and more parsimonious method that incorporates Bayesian
variable selection within a QR framework to capture the dependencies between not only the
average but also the tails of the distribution of monthly rainfall and the Southern Oscillation
Index (SOI). To achieve this, we use a hierarchical Bayesian quantile regression model; the
first level of the hierarchy expresses the asymmetric Laplace distribution as a location-scale
mixture (see Kotz et al., 2001; Kozumi and Kobayashi, 2009). The second level of the hier-
archy expresses the prior of the regression coefficients as a two-component mixture, with
components being a point mass at zero and a normal distribution. The third level incorpor-
ates spatial dependence via the prior on the regressions coefficients in two ways. First, the
probability that the regression coefficient is non-zero is modeled as a probit regression where
the argument of the link function varies spatially according to a Gaussian Process (GP) prior.
Second, the prior on the regression coefficients, conditional on those coefficients being non-
zero, 1s modeled as a normal distribution, where the mean of that distribution is also varies
spatially according to a Gaussian Process prior (Wahba, 1990; Wood, 2013). We utilize the
Bayesian version, Wood and Kohn, 1998 of the latent variable approach developed by Albert
and Chib, 1993, which allows the conditional distributions of these latent variables and the

inclusion probability parameters to be efficiently sampled using Gibbs sampling.

This study validates the model using synthetic data, which is generated using the posterior
estimates of the mean of the regression coefficients and the inclusion probabilities for chosen
quantiles and for selected months across 711 locations in New South Wales (NSW), Australia
and to further demonstrates the impact of jointly modeling all spatial sites, we compare our
method with the method of analyzing sites individually. Despite significant advances in
monthly rainfall modeling, there remains a scarcity of probabilistic models that provide a

statistical understanding of the relation of climate phenomena to monthly rainfall quantiles
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while accounting for spatial variability. Therefore, our study aims to identify the impact of
SOI on various rainfall quantiles (specifically on the median, lower, and upper quantiles) at
different locations and times of the year. We provide out-of-sample predictions for the impact
of the SOI on monthly rainfall, as measured by the mean of the regression coefficients and

the inclusion probabilities for various quantiles.

This chapter is structured as follows: section 3.1 describes the data and exploratory analysis
of SOI vs Rainfall at different locations, section 3.2 outlines the model and priors, section
3.3 details the implementation of the MCMC scheme, section 3.4 presents the results for
simulated data and the impact of SOI on monthly rainfall quantiles, and section 3.5 provides

a summary and discussion of our conclusions.

3.1 The Data

The SOI is a metric for assessing ENSO phenomena, calculated based on the difference in
sea level pressures between Tahiti and Darwin, as defined by Troup, 1965. This index is
positive during La Nifa events and negative during El Nifio events. We utilize monthly SOI

data from BOM, where the SOI for each month M is calculated as follows,

APy — APy

SOy = = APy

Here, APy, represents the mean difference in Mean Sea Level Pressure (MSLP) between
Tahiti and Darwin for month M, while AP, and sd(AP)yy) refer to the long-term average
and standard deviation of this difference for the same month, respectively. The long-term
statistics are based on data from the 1933 to 1992 reference period. For more details, see

Bertolacci et al., 2019 and website '.

1https://www.bom.gov.au/climate/enso/soi/
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From the data in section 1.4, six key stations were selected for further analysis, marked in
red in Figure 3.1, and the names of the selected sites and the corresponding missing value

percentage is provided in Table 3.1

TABLE 3.1: Names of Selected Stations

Station ID Name Missing Percentage (%)
66006 Sydney Botanic Gardens 3.53
58012 Yamba Pilot Station 0.34
69018 Moruya Heads Pilot Station 0.22
64009 Dunedoo Post Office 0.22
48031 Collarenebri (Albert St) 1.71

47013 Pooncarie (Karpa Kora Station) 0.22

— Great Dividing Range (GDR) ° Stations East of GDR
CINSW state border e Stations West of GDR

FIGURE 3.1: Locations of 711 Observational sites used in the study (Blue
line: GDR boundary line, Red points: Stations west of the GDR, Brown
points: Stations east of the GDR), six sites chosen to reflect different locations
in NSW are marked in red.

The Figure (3.2) shows rainfall values against SOI for three stations; Sydney Botanic Garden
(near the coast), Duneedo Post Office (inland), and Pooncarie (Karpa Kora Station) (far away

from the coast). This figure illustrates how the distribution of rainfall varies over locations
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and across different months. At Sydney Botanic Garden, a coastal site, months such as
January, March, and June show increased variability in rainfall with higher values of the
SOI, while in months such as September, October, and December, monthly rainfall appears
not be obviously impacted by the SOI. Rainfall at Dunedoo Post Office shows that the SOI’s
influence on rainfall is different from Sydney, a coastal location. For example, months such
as October and November show the SOI has strong influence on rainfall. In contrast, months
such as August show the SOI has a minimal impact on rainfall. At Pooncarie, which is in
the far west of NSW, the impact of SOI on rainfall is stronger in months such as October and
November, where positive SOI values correspond to higher rainfall, while winter months,
such as June and July, show little impact on rainfall. This spatial and temporal variability of
the dependence between rainfall and the SOI indicates the potential use of need for variable
selection methods like spike and slab, to determine at which locations and in which months
SOl is arelevant predictor. Additional figures for the other three stations are shown in figures

B1.2,B1.3 and B1.4 in Appendix B2.
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3.2 Model and Priors

The goal of this chapter is to model the dependency between the SOI and the quantiles
of monthly rainfall, and how this dependency varies across space. We do this by taking a
hierarchical approach. The first level of the hierarchy, the likelihood, models the impact
of the SOI on the quantiles of monthly rainfall, using observations on monthly rainfall and
monthly SOI measurements. Subsequent levels of the hierarchy describes how this impact

varies spatially.

3.2.1 Likelihood

Suppose we have observations of rainfall for a given month (e.g., January, February, March
etc.) and given location i, measured over yearst = 1,...,7T denoted by y;, = (y14,-- -, Y1)’
with corresponding observations of SOI, x = (zy,...,xr) ", where z is the SOI in year ¢
for a given month. Following Yu and Moyeed, 2001, we express the ¢** quantile of monthly

rainfall at time ¢, conditioned on z;, as

y, = X8\ + ¢, 3.1

where X = (x),...,z}), with &, = [1, 2], and ﬁgq) = ( é‘fi), ﬁ]i))’, are the regression
coefficients for the qth quantile of rainfall. Each term in the error vector, €; = (el,i..., (—:TJ»)’ ,

has an Asymmetric Laplace distribution,

0 0

fo€lq, 00) ~ {M} exp {— Ztl'plI(Et,i)} ’ (3.2)

where 0 < ¢ < 1, and 0 > 0, AL(0,0,q), where AL(1,0,q), denotes the asymmetric
Laplace distribution, with location p, scale o, and skew parameter q. The check or loss

function p,(-), is given by p,(u) = u(q — I(u < 0)), where I(-) denotes the indicator
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function, s.t [4(z) = 1if z € A and I4(z) = 0 otherwise. Equations (3.1) and (3.2) imply
Ypi ~ A/j(a:tﬁz(q), 0, q) with a likelihood given by,

% 0;

T T L ()
Fo(y,1BY, 01, q) ~ {@} exp {_Ztl Pa(yi — 24; >} . (3.3)

3.2.2 Priors

We allow the impact of the SOI on monthly rainfall to vary across rainfall quantiles and
space via the prior distribution of the regression coefficients. We place a "spike and slab"
over these coefficients (see Mitchell and Beauchamp, 1988), where, for each quantile, ¢, the
"slab" is a multivariate normal with a spatially varying mean, and the "spike" is a point mass
at zero (see Smith and Kohn, 1996), with the probability that the regression coefficients are
identically zero parameterized to be a function of space. For ease of exposition we drop the
conditioning on the quantile g, but note that the parameters take different values for different

quantiles.

For each quantile, ¢, and for locations, ¢ = 1,...,n,, where n is the number of locations,
let By = (Bo1,---,00m,) and By = (S1.1,- .-, P1..,) be the vector of regression co-efficients
corresponding to the intercepts and slopes respectively, and define v = (71,...,7,.) to be
an indicator vector with 7, € {0,1} where 8;, = 1if 7, = 1 and 5;;, = 0if v, = 0. Let
Ay = {i;7; = 1} and define Ay similarly. Then the prior for 3, is,

P(B1 AL By oa,) = Hp(ﬁl,i’,uhai)a

€A
p(Brile, i, o)~ N (g, cop(x'x)7") fori € Ay,

BiilAg ~ 6(0), fori € Ay, (3.4)
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while the prior for 3, is

p(Bolo) = Hp(ﬁ(),i|0'i)a
i=1
Boilc,oi ~ N(0,co;) fori=1,..., n,.

The function §(0) in Equation 3.4 denotes the Dirac delta function at zero. Note that we use
the modified g-prior, similar to that in Zellner, 1986 and as proposed by Alhamzawi and Yu,

2013, in the context of quantile regression, on both 3; ; and /3y ;, and take ¢ = 7.

The prior on o; is an inverse gamma prior with parameters a and b, ZG(a, b), where a = 1

and b= 0.5,fori =1,...,n,.

3.2.2.1 Prior for u

We wish to model the mean, p, as a flexible but smooth function of latitude, (lat) and longit-
ude, (lon). Accordingly we express j;, for i € A; as a combination of linear and nonlinear

components.

pi =sn + fu(lat;, lon;) for i € Ay, (3.5)

where s; = [1,lat;,lon;], 7 = (no,7m1,72)". We assume that apriori that the function f,
is a Gaussian Process, f, ~ GP(0, TQQ> so that for every finite set of indices i € Aj,

Fa,= (fAl(l),,lU . ,fAl(N),“), with N = ||.A;]|, is multivariate normal,

-f.A1,p, ~ N (07 TQQ.A1) ) (36)

where the cov (f(lat;, lon;), f(lat;,lon;)) = 7%w;; for i and j € Ay, is given by the reprodu-
cing kernel of a thin-plate spline Wahba, 1990. The parameter 72 controls the curvature of
f and is called a smoothing parameter. We assume apriori that 72 ~ ZG(a,b) where a = 1

and b = 0.5.
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For computational speed, we follow Wood, 2013 and approximate f 4, , as a linear com-
bination of truncated basis functions. This is done by taking an eigenvalue decomposition

of (24, so that 4, = QDQ" and setting f ,, , ~ Hy4, ¢, where Hy, = lele/Q and

1:p>

letting ¢ ~ N(0,721,), where Q1,, and D;., correspond to the largest p eigenvectors and

eigenvalues respectively.

3.2.2.2 Prior for v

We assume ~; fori = 1,...,ng are i.i.d. with,
Yilmi ~ Be(;),

where Be(r;) is the Bernoulli distribution with probability Pr(-; = 1) = ;. We parameterise
7 to depend on latitude and longitude using a probit link function, ®(-), corresponding to the

standard normal cdf as follows,

m = ®(s;a+ fr(la,lon;)) fori =1 : ny, (3.7)

where o = (ag, a1, a3)" and f is a Gaussian process, with smoothing parameter \? i.e.

fr ~ GP(0,A2Q) so that

Far~N(0,2Q4), (3.8)

where A is the set of indices ¢ = 1,...,ns with f approximated as a linear combination

1/2
lip >

d ~ N(0,)?1,). The smoothing parameter is \> ~ ZG(a,b), where a = 1 and b = 0.5. As

of truncated basis functions as before so that f Ax R H 40, where Hy = (Q1,D and

an alternative to the probit link function, the logit link can be used, so that the Equation 3.7

can be changed as below,
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exp (sicx + fx(lat;, lon;))
1+ exp (s;c + fr(lat;, lon;))

fori=1:n,. 3.9

3.3 Estimation and Inference

For each month and quantile, the complete set of parameters is ©@ = (B, a,8", ¢*, \?, 72,

y'miss, ~), where B = (B, 8,), & = (o1, . .., 0,.) and YTISS ig the collection of missing
values across all sites, which we treat as unknown parameters. For each site i, let yzmiss be
the k; x 1 vector of missing values and let y'miss _ (y{niss’ . ygiss)’ ,bethe > ki x 1
vector of missing values across all sites and similarly Y°PS = (yobs, ... ,yg}’S)' be the
vector of observed rainfall values. From hereon we define Y = (y,... ,yns)', to be the

collection of observed and missing values of monthly rainfall, so that inference regarding
these parameters is made via the joint posterior distribution, p(®|Y", X'). We use Markov
chain Monte Carlo (MCMC) to perform the required multidimensional integration which we

facilitate by using data augmentation in two ways.

(1) We follow Kozumi and Kobayashi, 2009 and represent the asymmetric Laplace
distribution mixture of a normal, and a standard exponential distribution, (see Kotz
etal., 2001). To do this we augment the data with latent variables, u; = (u1;, . . ., uT,i)',
with u; ~ N (0, I7), and z; = (214, ..., 27,) with z,; ~ exp(1) fort = 1,...,T
andtz =1,...,n,.

Conditional on these latent variables (3.1), can be written as

Yy, = XB; +0oiz; + (oyu; - \/Zz . (3.10)

The notation u; - \/z;, where u; and \/z; are vectors of equal length, means the
dot-product of u; and v/z,. Similarly, we use the notation \/z, to represent a vector

whose elements are the square roots of the corresponding elements of the vector z;.
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Letting v; = 0;2;, the likelihood, conditional on v;, 0;, 3, is given by,

foWilBisvi, 00,q) ~ N (XB; + 0vy, (Poydiagy(vy)) . (3.11)
where the notation diag,.(v;) refers to a 7' x T" diagonal matrix with a 7" x 1
vector v; on the diagonal.

(2) To estimate m; = Pr(y; = 1), we follow Albert and Chib, 1993; Wood and
Kohn, 1998 and introduce the latent variables w = (wy,...,w,_), where w; =
s;a + fr(lat;,lon;) + e;. These continuous latent variables are connected to the
indicator vector v = (71, ...,7,.) by requiring that if -, = 1 then w; > 0 and if
v; = 0, then w; < 0. For the alternative approach, i.e. logit link, the data augment-

ation method by Polson et al., 2012 can be used (see Appendix BS).

To draw p 4, it is convenient to express f 4, , as H4, ¢, as in Section 3.2.2.1, and define
¢ = (n,¢), Hy, = [Sa.Hal,and S = (s,...,s), ), sothat p,, = H ¢". Then it
follows that ¢* ~ N (0, V), with U = diag(7%) and 72* = (¢, 13,71,) where 1, is a row
vectors of ones of length p. Similarly we express 7r in Equation 3.7, as w = ®(H%6"), with
6" = (a,8'), and §* ~ N (0,A), with A = diag(A*) and A* = (c,13,\*1,). We set

Cp = Cq = N.
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Algorithm 2 MCMC scheme

Input: Data D, number of iterations .J.
Output: Samples from posterior distributions i.e. p(@|Y", X).
Initialize parameters (B!, ol §*11 ¢*1t) N2 7201 y miss(y ).
for j =1toJ do
Generate VU from p(V|Y', o), BU) where V = (v/,..., v, ).
Generate olit!l from p(o|Y, VU1, BV,
Generate missing values, Y ™SSUH from 5y MISS ]YObS, Vit glitl] BUTY,
Generate wlt1 from p(w|~V!, 8*U) where WEZJH ~ N,(H% 6%, 1) and W%Fu ~
N_(H},6", 1) where the notation IV, and N_ refer to normal distributions that are con-
strained to be positive and negative respectively.

9: Generate 7 = ®(H*%d") by drawing 6*U+Y from p(8*|wli+1, )\Z[ﬂ)_

e AN A S e

10: Generate A2V 1Y from p(A2| 8+,
1 Generate pry, = H},¢" by drawing ¢ U from p(¢p*|BY, V) for i € A,
12: Generate 72V Y from (72|,

13:  Generate vV, BV jointly from p(v, 8y, B,|Y, 8*V 1, VU+ll ol+1 X) where
Y =Y — 0V. The derivations are clearly stated in Appendix B3.

14: end for ' ' .
15: return { BU+Y b+l g U+l g=litll \2li+1] 2+1] y MISS[H+L] o [+1] M.

All full conditional posteriors for Algorithm 2 are given in Appendix B3.

3.4 Results

3.4.1 Impact of SOI on Monthly Rainfall Quantiles

Results in Figure 3.3 and 3.4 show the impact of SOI on the quantiles ¢ = 0.05, ¢ = 0.50
and ¢ = 0.95 for two metrics. The first metric is the estimated posterior mean probability

that the SOI has an impact on quantiles of monthly rainfall. Figure 3.3 shows the spatial dis-

[j]

, where the 7,/

,[ﬁj ] are generated as in Algorithm

J
tribution of this metric given by iy = = > 7
7=1

2 and k is a location on a 100 by 100 grid of latitude and longitude. For details on out-of-

sample prediction across this grid, see Equation B1.3 Appendix B4. This metric represents
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the likelihood of whether SOI has a significant influence on the quantiles of the rainfall dis-
tribution. The second metric is the posterior mean of u|y = 1. Figure 3.4 shows the spatial
J o
distribution of this metric given by, fix|vkeg, = 1 > (ME }I”y,[fé%), where G, = {k;y, =1}
j=1

and the ,u,[g}

are generated as in Algorithm 2, see Equation B1.2 Appendix B4 for details on
out-of-sample prediction. This metric represents the mean magnitude of the influence of the

SOI on the quantiles of the rainfall distribution, if any.

Figure 3.3 shows that the SOI is most likely to influence the lowest Sth percentile of monthly
rainfall- as measured by 7; - on those locations immediately west of the Great Dividing
Range (GDR)? with a lesser impact on the coastal regions (east of the GDR) and for those
regions in the far west of NSW. For the median monthly rainfall, Figure 3.3(b) shows a clear
difference in the impact of the SOI for regions west/east of the GDR for the latter half of
the year (mid-late winter, spring, and early summer). This difference is not so pronounced
for the first six months. The SOI has the largest impact on rainfall west of the GDR, with
a particularly pronounced difference between east and west of the GDR during the winter
(June - August) and spring months (September - November), at median quantile, ¢ = 0.50.
This difference in impact on either side of the GDR is consistent with previous studies that
have examined metrics close to the centre of the rainfall distribution such as the mean (e.g.,
Risbey et al., 2009b). Figure 3.3(c) also illustrates that the SOI has a significant impact on
the 95th percentile of monthly rainfall during the spring months. Notably, in November, this

impact is uniformly high across the entire state.

Figure 3.4 is the analogous heat map for fix|Vreg, across NSW. Similar to Figure 3.3, Figure
3.4 shows a significant difference in the mean magnitude of the impact of SOI on monthly
rainfall between locations west and east of the GDR, with the SOI having a greater impact
on monthly rainfall for locations west of the GDR than for locations east of the GDR at

median quantile, ¢ = 0.50. Additionally, during the months of May, July, and August, the

The Great Dividing Range, commonly referred to as the Eastern Highlands, is a series of plateaus and
mountain ranges that run parallel to the eastern coast of Australia, serving as a significant geographical barrier
between the coast and the inland areas.
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mean magnitude of SOI’s impact is observed to be much higher in the lower tails (¢ = 0.05)
compared to the upper tails (¢ = 0.95). This suggests that for high (La Nifia-like) SOI
values, the distribution of monthly rainfall becomes more concentrated around the median
(¢ = 0.5) than low (EI Nifio-like) SOI values. Collectively Figures 3.3 and 3.4 show that the
region west of the GDR experiences the largest influence from the SOI, and that the lower
and upper quantile of rainfall are more sensitive to the SOI’s influence rather than on the

median rainfall.

To further examine the manner in which the SOI impacts the distribution of monthly rainfall
on either side of the GDR, we divided the grid of locations into those locations that are
west/east of the GDR and denote them by Ky and K respectively. We do this division by
using the geographic boundary of the GDR?, using spatial coordinates to classify locations
into their respective regions as west (/) and east (K i) of the GDR (see Figure 3.1). Figure
3.5(a) shows box plots of the values, Ty = m > ke Ky 7, for the west (blue) and 7 =
HK_lEH Zke K 7k, for the east (orange), of the GDR across 12 months for quantiles ¢ =
0.05, 0.1, 0.2, 0.5, 0.8, 0.9, 0.95. Figure 3.5(a) shows for the first four months of the
year, January - April, the SOI is more likely to influence the tail quantiles of the rainfall
distribution than the median quantile for locations both east and west of the GDR. This is
an important finding given that most research, (see Risbey et al., 2009b; Chung and Power,
2017; Pepler et al., 2014) on the impact of the SOI focuses on the middle of the distribution
rather than the tails, where, according to this analysis, the impact is more pronounced. Figure
3.5(a) also shows that from May to December, the impact of SOI is stronger to the west of
the GDR than to the east across all quantiles, with a few exceptions. One exception is June,
where the SOI east of the GDR exhibits a higher impact on upper tail quantiles compared
to the west. Another exception is November where the impact of the SOI, is uniformly high

for both east and west of the GDR across all quantiles. Moreover, in August, SOI impact on

median rainfall is more probable in the east than on the west of GDR.

3https://services.ga.gov.au/gis/rest/services/Nl\/[ rabelling,ndpoundaries/MapServer /10


https://services.ga.gov.au/gis/rest/services/NM_Labelling_and_Boundaries/MapServer/10
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Figure 3.5(b) is an analogous plot for values, [, = m Y ke Ky Hs for the west (blue)
and iy = m Y ke K, H» for the east (orange) of the GDR, and shows that from January to
April this mean magnitude is constant across all quantiles and across the two regions. Figure
3.5(b) also shows that, with a notable exception, the SOI has a positive impact on rainfall,
so that an increase in the SOI (La Nifia-like) is associated with an increase in the values
of all quantiles of the rainfall distribution. The notable exception is June, where the SOI
negatively impacts the lowest quantiles of the distribution, for locations east of the GDR,
positively impacts the upper quantiles of the distribution. This implies that the SOI increases
the variability of monthly rainfall in June. To highlight this phenomenon, Figure 2.4(b) is a
plot of the impact and magnitude of the SOI on monthly rainfall for a single station, Sydney
Botanic Gardens. Figure 2.4(b) shows how the magnitude of the SOI varies sharply across
the different quantiles for the month of June. Furthermore, in August, the opposite can be
seen where positive impact decreases when the quantile level increases. Additional plots of
the estimated posterior mean of the inclusion probabilities and the estimated posterior mean

of the magnitude of the impact for selected sites are illustrated in Appendix B6.

Collectively, these results emphasize the complexity of the SOI’s relationship with rainfall in
NSW, highlighting the importance of detailed spatial and quantile-specific analyses to fully
capture the influence of the SOI across regions and monthly rainfall quantiles. The findings
reveal that the SOI has a more significant impact on lower and upper quantiles of monthly
rainfall than on the median, and this influence is more pronounced in the west than in the
east, particularly during the winter and spring months. These spatial differences underscore
the critical role of topography, especially the GDR, in modulating atmospheric interactions
associated with the SOI. Such distinctions highlight the importance of statistical analyses of
climate phenomena that account for the non-uniform and seasonally variable impacts of the

SOI across the rainfall distribution.
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FIGURE 3.3: Panel (a), (b), and (c) show heat maps of 7; (representing the
probability of inclusion of SOI as an influence on rainfall quantile ¢) across
the NSW for 12 months at ¢ = 0.05, ¢ = 0.5, and ¢ = 0.95, respectively.
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NSW for 12 months at ¢ = 0.05, ¢ = 0.5, and g = 0.95, respectively.
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FIGURE 3.5: Panel (a) presents box plot estimates of 7y and 7, represent-
ing the west and east regions of the GDR, respectively. Similarly, Panel (b)
presents box plot estimates of 7iy;, and fi5;. Red stars mark the 10th percentile,
mean, and 90th percentile, and the red line in panel (b) marks zero.



3.4 RESULTS 79

3.4.2 Model Validation via Simulation Study

In this section, we show the advantages of allowing for spatial dependence in our model,
versus analysing the sites separately, which would imply spatial independence, as is common
practice in climate science (see Islam et al., 2017; Wu and Leonard, 2019; Jakob and Wal-
land, 2016; Yilmaz et al., 2017). We simulate data from two data generating process (DGP),
which we denote by DGP, and DGP;. The data generating process DGP, assumes that there
is no spatial dependence, which is achieved by fixing i and 7 in Equations 3.5 and 3.7 to be
zero and 0.5 respectively. The data generating process DGP; allows for spatial dependence.
This is achieved by setting ; and 7 to be the estimated values of these parameters for the
month of August, namely 7 and 7. We chose the month of August because the impact
of SOI on August rainfall, as measured by the inclusion probability, 7 and the mean size of
the coefficient, measured by p varies significantly across quantiles as shown in Figure 3.5
panels (a) and (b). For example, these figures show the probability that SOI has an impact on
the 5th quantile of monthly rainfall is close to 1 for both east and west regions. In contrast
probability that SOI has an impact on 95th quantile of monthly rainfall is less than 0.5 for
both east and west regions. A similar story is true for the size of the coefficient, where the

impact of the SOI on the upper quantile in Figure 3.5 panel (b) is close to zero for August.

Using the data simulated from both DGP, and DGP; we estimate the impact of the SOI on
monthly rainfall using two models. The first model we denote by M, assumes that the data
are spatially independent. This corresponds to fixing y in Equation 3.5 to be zero, and fixing
7 in Equation 3.7 to be 0.5 for all locations. The second model M is our model as described

in Section 3.2, without fixing . and 7.

For both models M and M, we estimate the regression coefficients at all locations by the

posterior mean, Bﬁ? given by,
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J
s _ 1 (a)L]
Bl?i,l_jjzl( 1qzzj |%z =1)forl=0,1, (3.12)
where j = 1,...,J denotes the posterior iterations after burn-in. Notations k£ and [ denote

the DGP and the M type respectively.

We measure performance of these two models using two metrics. First we measure the ability
of each model to recover the probability of inclusion by the Average Symmetric Kullback-

Leibler Divergence (ASKLD) which is given by,

- @ 70
ASKLD;; = — 1 : 1 fork,0=0,1. (3.13
o= o () it ()} wokion. o

)
k zl

Note that in Equation 3.13, #(9) is the estimated inclusion probability which depends on the
model and 7(? is the true value of inclusion probability for each DGP. For the second metric
we define the distance between the regression coefficients, Bl estimated by both models and
the true value of 3, for each DGP, as the square root of the average, across all locations, of

the squared differences between the estimated and true values which we compute as,

RMSCDM:\/Z (B = A for k,1 =0,1. (3.14)

N
We label this metric as the Root Mean Squared Coefficient Deviation (RMSCD).

The boxplot estimates of RMSCD and ASKLD across the 30 realizations at the quantiles
0.05, 0.5, and 0.95, are illustrated in Figure 3.6, and show that the model, M (red) consist-
ently outperforms the model, M (blue) when the data is generated from DGP;, which incor-
porates spatial dependencies. Notably, there is a significant difference in model performance

across most quantiles in this setting, with the spatial model exhibiting lower RMSCD and
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FIGURE 3.6: Panel (a) and (b) are boxplots for RMSCD and ASKLD meas-
ures for data generated under DGP;. Similarly, panel (c) and (d) show the
measures when generated from DGP, at ¢ = (0.05,0.5,0.95), color blue and
red represent model M, and M, respectively.

ASKLD values, indicating better accuracy in estimating both the regression coefficient and
the probability of inclusion. However, in DGP(, where the data is generated without spatial
dependence, panels (c) and (d) show that both models perform similarly across the quantiles.
In some cases, the non-spatial model shows marginally lower RMSCD and ASKLD values
for certain quantiles. In summary, model M performs significantly better than model M,

when the data exhibit spatial dependence, and performs on par with model M, when there
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is no spatial dependencies. This highlights the need to explicitly incorporate spatial depend-
encies in the estimation model. The additional simulation study using the estimates of the

month November are stated in section B1.1 in Appendix B1.

3.4.3 Performance Measures

We use the same performance measure in chapter 2 for this section. For a given month,

Z‘(Q) and y(Q)*

(2

let y be the empirically estimated quantile and the posterior predictive quantile,

~(q) (9)

respectively, at quantile ¢ for site 7. As a measure of agreement between ¢, and 3,7, we

follow Bertolacci et al., 2019 and define,

DY =E

2

)

y(q)*

To demonstrate the advantages of jointly modeling all spatial sites, as opposed to analyzing
the sites individually, we evaluate the performance of these two statistical models. Following

Bertolacci et al., 2019, we define a model’s performance as nominal if the interquartile range
(9)

(IQR) of qu) across sites contains zero. Figure 3.7 illustrates the median and IQR of D,
for two models: one which incorporates spatial dependence (red) and the other which does
not (blue). The median of DZ-(Q) is represented by a circle when the model’s performance is

nominal, and by a triangle when it is not.

The results show that both models perform well for quantiles between the 25th and 75th
percentiles across most months. However, in both models, performance is suboptimal for
some of the middle quantiles in June. While the model which incorporates spatial depend-
ence generally achieves nominal performance across all quantiles in most months, exceptions
include January (90th percentile), February (95th percentile), March (75th and 80th percent-
iles), and August (95th percentile), where a few points in the upper tails are overestimated.

Additionally, in June, the 5th percentile in the lower tails is underestimated. In contrast, the
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model without spatial dependence tends to overestimate the lower tails (< 25%) and under-
(9)

estimate the upper tails (> 75%), with a broader range of D,” values across most months.
This increased variability highlights a lack of stability and consistency in predicting extreme
quantiles. Overall, the spatially dependent model demonstrates clear advantages, offering

more accurate and reliable predictions for extreme quantiles.
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FIGURE 3.7: Median values (points) and interquartile range (shaded band)
of D'? across all sites, ng, for each month and quantile. A red/ blue circle
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¢ = 1..,ng, contains zero), while a red/ blue triangle indicates that it is not
nominal. The results for the model with spatial dependence are shown in
pink while results for the model without spatial dependence are shown in light

blue.
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Additionally, to further analyze our model, we present Q-Q plots of empirical quantiles
across the 12 months against the posterior mean of the predictive quantiles for the three
stations discussed in section 3.1. These plots, shown in Figure 3.8, illustrate the alignment

between the observed quantiles and those obtained from the posterior mean of the predictive
(9)

quantiles at the selected sites. Furthermore, as shown in Figure 3.7, the D;" values indicate
that most sites demonstrate strong agreement across the majority of percentiles, with only
a few exceptions. The Q-Q plots for Sydney Botanic Gardens (site 66006), Dunedoo Post
Office (site 64009), and Pooncarie (Karpa Kora Station, site 47013) collectively demonstrate
strong agreement between empirical and posterior predictive quantiles across 12 months,
with most points closely following the diagonal line. The credible intervals generally en-
compass the observed values, highlighting the robustness of the predictive model. Minor
deviations are observed at the extreme quantiles (e.g., 0-10% and 90-99%) at some sites
and months, such as May, July, and November at Sydney Botanic Gardens, September and
October at Dunedoo Post Office, and March and September at Pooncarie. These discrepan-
cies indicate slight challenges in capturing extreme rainfall events, which are inherently vari-

able. Overall, the model shows reliable performance across locations and temporal scales,

effectively capturing rainfall quantile distributions with only small exceptions.
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FIGURE 3.8: Panel (a), (b), and (c) are Q—Q plots (quantiles from the pos-
terior mean of the predictive densities vs observed) across 12 months for sta-
tions Sydney Botanic Gardens, Dunedoo Post Office, and Pooncarie (Karpa
Kora Station), respectively. 80% posterior credible intervals for each quantile
are shown by grey shaded bands.
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3.5 Discussion and Conclusion

We have developed a Bayesian variable selection framework within a spatial quantile regres-
sion framework to analyze the relationship between the Southern Oscillation Index (SOI),
and the quantiles of monthly rainfall for NSW, Australia. This framework accounts for
spatial variability by incorporating spatially varying priors on regression coefficients of the
model, by allowing the impact of SOI on monthly rainfall to vary across quantiles and loc-
ations. We employ a spike-and-slab prior structure to balance flexibility and sparsity in the
model. The "slab" component is distributed as a multivariate normal with spatially varying
mean, while the "spike" component assigns a point mass at zero with the probability of a
regression coefficient being identically non-zero is parameterized to be a function of space.
Given the computational demands of the model, we employ parallel computation techniques

in R to enhance efficiency (Eugster et al., 2011).

The results show that the impact of the SOI on monthly rainfall is higher in areas to the west
of the Great Dividing Range, particularly in the winter and spring months across the median,
lower, and upper tails with a few exceptions, notably in June and November. Results of
the impact on the median are consistent with prior analyses of the spatial pattern of ENSO
influence on mean rainfall (Pepler et al., 2014; Risbey et al., 2009b) and rainfall terciles in
Tozer et al., 2023. Our analysis extends this knowledge of ENSO’s influence on rainfall to
the different parts of the distribution, showing for example that from January to June, the
influence of ENSO on rainfall is most likely to be felt in the extremes of the distribution
rather than the median, a conclusion that is missed by conventional methods of detecting
the relationship between ENSO and mean rainfall. We also find that SOI in June exhibits
a higher impact to the east of GDR than on the west, and the impact on November shows
a uniform significant impact of SOI across quantiles considered. Moreover, performance
measures show our method performs better than traditional models that analyze locations

independently in terms of predictive accuracy.
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At a given location, the various quantiles of the rainfall distribution may be influenced by
ENSO through different mechanisms. Since the physical phenomena associated with dry
periods, average rainfall, and extreme rainfall are generally distinct, the analysis presented
here can be used as a starting point to further our understanding of how ENSO interacts with
precipitation over NSW by identifying the presence and strength of relationships between
ENSO and these different parts of the rainfall distribution. For example, extreme rainfall in
this region during April to June is often associated with East Coast Low systems (Dowdy
etal., 2019), whose frequency and intensity could be impacted by large-scale climate drivers
(Hopkins and Holland, 1997; Browning and Goodwin, 2013; Power and Callaghan, 2016;
Barnes et al., 2023; ?, ?). Drought-like conditions, on the other hand, are more likely in-
fluenced by factors such as high-pressure systems, the subtropical ridge, surface temperat-
ures, and tropical moisture transport (Ummenhofer et al., 2009; Timbal et al., 2010; Hope
et al., 2010; Van Dijk et al., 2013; Holgate et al., 2025), which may also be influenced by
climate drivers in different ways (see Meneghini et al., 2007; Risbey et al., 2009b; Ummen-
hofer et al., 2009; Verdon-Kidd and Kiem, 2009; Cai et al., 2009; Nicholls, 2010; Delage
and Power, 2020) at different times of year through other mechanisms. The relationships
we have detected between ENSO and the different parts of the monthly rainfall distribu-
tion across NSW can therefore be used to isolate particular mechanisms through which this

influence is exerted.

However, the current model has limitations. It does not account for the joint impact of mul-
tiple large-scale climatic variables, and ongoing efforts are directed toward a joint modeling
approach. In conclusion, our model offers significant insights into the influence of a climate
index on the distribution of monthly rainfall. The next chapter aims to integrate multiple
climate indices into the model, thereby improving its predictive precision and broadening
its applicability in interpreting complex interactions between climate modes and monthly

rainfall patterns.



CHAPTER 4

Extension of Variable Selection in Spatial Quantile Regression to Assess

the Joint Impact of Climate Indices on Monthly Rainfall Distribution

This chapter builds upon the methodology presented in Chapter 3, extending it to incorporate
multiple climate indices to better understand their joint effects on monthly rainfall quantiles
while accounting for spatial variability. In addition to the SOI, we consider the Dipole Mode
Index (DMI), which measures the Indian Ocean Dipole (IOD), both of which are known to
play a critical role in shaping rainfall patterns in eastern Australia (Pui et al., 2012; Ummen-

hofer et al., 2009; Pepler et al., 2014).

Extensive research has explored the influence of the IOD and the El Nifio-Southern Oscil-
lation (ENSO) on rainfall patterns in southeast Australia (e.g., Meyers et al., 2007; Um-
menhofer et al., 2009; Cai et al., 2011; Cai et al., 2012; Risbey et al., 2009a; Risbey et al.,
2009b; Pepler et al., 2014). These studies provide valuable insights into how these climate
indices drive variability in average and extreme rainfall events such as floods and droughts.
However, much of this research has focused on understanding the impacts of ENSO and
IOD independently, without addressing their joint spatial effects on monthly rainfall variab-
ility. Enhanced understanding of these spatial relationships could significantly improve the

predictability of rainfall patterns in Eastern Australia (Risbey et al., 2009b).

Recent advances in spatio-temporal statistical models have gained significant attention for
modeling extreme rainfall events (Thibaud et al., 2013; Zheng et al., 2015; De Fondeville

and Davison, 2016; Saunders et al., 2017). These studies primarily employ generalized
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extreme value (GEV) distributions or related extreme value theory approaches to capture the
tail behavior of extreme daily precipitation events. However, such methods focus exclusively
on the upper daily extremes, limiting their ability to analyze the full distribution of rainfall
variability. In contrast, quantile regression provides a more flexible framework that allows
for the modeling of rainfall across the entire distribution, making it particularly suitable for

monthly rainfall data.

Moreover, a recent study by McGregor et al., 2024 uses a fractional attribute risk (FAR)
to quantify the role of ENSO in modulating regional rainfall in Australia. This work is
done by extending the work of Tozer et al., 2023 and quantifying how large the change in
rainfall risk is for different phases of ENSO. They also stated the importance of assessing
the impacts of multiple climate indices on rainfall risk. However, there remains a scarcity
of probabilistic models in the literature that apply variable selection methods to quantify the
joint impact of multiple climate indices on monthly rainfall distribution, specifically within
a spatial quantile regression framework. For example, the study by Bertolacci et al., 2019
employs a mixture model to examine the joint impacts of climate indices on daily rainfall
in Australia. However, this approach does not incorporate variable selection to identify the

most influential predictors in daily rainfall.

The extended model employs a Bayesian hierarchical quantile regression framework. While
the first and second levels of the hierarchy remain consistent with Chapter 3, the third level
incorporates spatial dependence by modeling the joint inclusion probabilities of regression
coefficients using a multinomial logistic regression where the argument of the link function

is modeled spatially using a Gaussian Process (GP) prior.

This chapter makes two contributions. First, we develop a novel methodology for Bayesian
variable selection within a quantile regression framework to assess the joint influence of
multiple climate indices on monthly rainfall distribution, incorporating spatial dependencies.
Second, we contribute to climate science by providing spatially varying inferences on the

joint impact of these indices on monthly rainfall quantiles.
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This chapter is structured as follows: Section 4.1 describes the model and priors. Section 4.2
outlines the estimation and inference procedures. Section 4.3 presents results for the impact
of ENSO and IOD on monthly rainfall quantiles. Finally, Section 4.4 provides a discussion
of the findings.

4.1 Model and Priors

This chapter aims to examine the dependency between the joint impact of global climate
indices, specifically the Southern Oscillation Index (SOI), Dipole Mode Index (DMI), and
the quantiles of monthly rainfall. The focus is on how this relationship varies spatially across
different months. To achieve this, we employ a hierarchical statistical framework that allows
for both the integration of multiple climate drivers and the spatial variation in their impacts.
This approach extends the methodology presented in Chapter 3 to a multiple-variable con-

text, allowing us to infer the spatially varying joint impact of multiple climate indices.

4.1.1 Likelihood

Consider rainfall observations for a given month at location ¢, across yearst = 1, ..., T, rep-
resented by y; = (Y14, ..., yr,)’, and observations on K global climate indicators x1, . . ., X,
where each xj, = (1 ,...,27) for k =1,..., K. In this chapter, we are interested in the

impact of the SOI and the DMI on monthly rainfall quantiles in New South Wales, so K = 2.

Following the methodology of Yu and Moyeed, 2001, we model the conditional ¢ quantile

of rainfall at location ¢ as a linear combination of the climate indicators,

v, = XBY + ¢, 4.1

i
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where X = (17,1, %;), and B\ = ( 3?}, 6&’2, ;qi))’ are the regression coefficients for the
¢'" quantile of rainfall conditional on the global climate indicators. The error term €; =

(€14 -..., €7;)" has an Asymmetric Laplace Distribution (ALD) as in Chapter 3.

Therefore likelihood is given by,

T T (9)
fq(yiwgq), o, q) ~ {@} exp { — Et:l ptI(yt,i — x.0, ) } : (4.2)

i g;

where x; is the t*" row of X.

4.1.2 Priors

To capture the spatial variability in the effects of global climate indices on monthly rainfall
quantiles as in Chapter 3, we employ a prior distribution on the regression coefficients that
allows these impacts to vary by space using spike and slab prior. For simplicity, we omit
explicit conditioning on the quantile ¢ in this formulation but note that the parameters take

different values for different quantiles.

Specifically for each quantile, ¢, and for locations, : = 1, ..., ns, where n, is the number of
locations, let 3, = (Bo, - - - » Bo.n, ) be the vector of regression coefficients corresponding to
the intercepts, and define vy, = (71, 72,;) to be an indicator vector with v ; = 1if B, # 0
and y,; = 0if B, = 0for k = 1,2. Let Sy ; = {k; v, = 1;k = 1,2}, so that S ; contains
the indices of these covariates at site ¢ for which the corresponding regression co-efficients

are non-zero, and define Sy ; similarly. Then the prior specification is
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p(BY, ..., 89

l’l'17"'7/~’l’ns7a-) = Hp(/gz(q)’l"l’lw'wl'l’ns’a’i)?
=1

/ —1
/631,1' C, l’l’iaai ~ N <“81,i7co.7:(X51,iX31,i) ) ,

/680,1- ~ 5(0)7
p(Bole:a) = [[p(odle. o).
=1

Boi ~ N(0,co;) fori=1,...,n,. (4.3)

The prior on o; is an inverse gamma prior with parameters a and b (ZG(a, b)), where a = 1

andb=0.5,fori=1,...,n,.

4.1.2.1 Prior for p

As in Chapter 3, we define A, = {i;yx; = 1} to be the set of location indices for which

the regression coefficient of the k' covariate is non-zero, and define Ay, o similarly.
pri = sin + fru(lat;, lon;) fori € Ayqand k = 1,2, (4.4)

where s; = [1,lat;, lon;] and n = (1o, 71, 72)". We assume apriori that the function fj, , is a
Gaussian Process, f , ~ GP(0,72Q), so that fk»Ak,hN = (fknAk,l(l)M“ e fk?y-Ak,l(Nk)aM)’ is

multivariate normal,

fk,.Ak’l“u, ~ N <O7 TI§7A;€71Q/€,A)¢,1> ) (45)

with N, = || Ay, || and the cov ( fi 4, , (1at;, lon;), fi 4, (lat;,lon;)) = 72 4 w;;foriand j €
Aj1. We assume apriori that 7',37 4, , has an inverse gamma distribution with parameters a
and b (ZG(a, b)) where a = 1 and b = 0.5. Therefore, fy 4, ~ Hia,, @y 4, ,> Where
Hya,, = lepDif, and letting ¢, 4 ~ N(0,7; 4 I,). Refer to Section 3.2.2.1 for more

details.
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4.1.2.2 Prior on ~v

Let v; € {0,1}? represent a binary set for each location 7 and C' = 22 denotes the total
number of possible sets. We assume ~, are independently and identically distributed (i.i.d.)

with,

~; ~ Multinomial(1, (74, ..., 7c,)) ,

represents the Multinomial distribution with set of probabilities (7, ..., m¢,;) where 7. ;

denotes the joint probability for ¢ possible set, satisfying the condition C: e = 1.
.] p y c=1 )

(@)

c,

We parameterise joint probability for each individual combination ¢, i.e 7, as a multinomial
logistic link function to depend upon spatial covariates (Kavelaars et al., 2022), latitude, (lat)

and longitude, (lon), such that,

@ _ exp(s;a. + f.r(lat;, lon;))
o 1+ chz_ll exp(s;ae + fer(lat;,lon;))

Ye,i, (4.6)

where o, = (0, 10, 0.) and f is a Gaussian process, with smoothing parameter A\, so

that,

For ~N(0,720,), 4.7)

where the set of indices ¢ € ¢ with f approximated as a linear combination of truncated basis

functions as before so that f.  ~ H.d., where H. = QLPD%/Q and 8. ~ N(0,)\2I,). The

p?

smoothing parameter is \?> ~ ZG(a, b).



94 4 CHAPTER 4

4.2 Estimation and Inference

For each month and quantile, the complete set of parameters is © = (B”, o, {¢}, 4, , M

{0} }C | ,{/\2}C 1 ,{‘rkAk1 p I’less I'), where B* = (IBO,IBA"I) , O = (01,...,an5)/

and ' = (vy,...,7n, )'. As introduced in Chapter 3, the missing rainfall values are de-
noted as Y'MISS — (ymiss . ’yznlsS) , while the observed rainfall values are Y°PS —
(y?bs, . ,ygbs) For consistency, we define Y = (y;,...,y,. )" as the complete set of

observed and missing values of monthly rainfall. Inference is carried out through the joint
posterior distribution p(® | Y, X). As in the earlier chapter, we employ MCMC to per-
form the necessary multidimensional integration, facilitated through data augmentation in

two ways.

(1) We write the likelihood as in Chapter 3, the likelihood conditional on v;, 0;, 3, is

given by,

fo(YilBy, vi,0i,q) ~ N (Xﬁ@' + 0vi, CQUidiagT(Vi)) : (4.8)

(2) To estimate 79 we follow Kavelaars et al., 2022; Polson et al., 2012 and in-

cy?
troduce the latent variables for each combination ¢, w. = (W¢1,...,Wc,,), and
these latent variables are connected to the indicator vector vy, = (71.4,72,) by re-

quiring that if v, € "

combination then w.; ~ PG{l,s,a. + f..(lat;,lon;) —
In) . .exp(siaq + far(lat;, lon;))}. Here, PG denotes the Pélya-Gamma distri-

bution (see Polson et al., 2012, for details).

It is convenient to express fty, | = (Kk(1); - - -+ Hi(Ny)) and i a, a8 Hi o, @y 4, 5 as in
Section 4.1.2.1, and define @ 4, . = (0, P4, ) Hiao, = [Skaess Hiap,)s and S =
(81, 8,) sothat py, = Hj 4, &} 4, Thenit follows that ¢, 4 ~ N (0, ¥), with

Wpa,, = dlag(‘rk’Am) and Tk7Ak,1 = (¢,13, T,ﬁAk’llp) where 1, is a row vectors of ones of

length p. Similarly, we express 7w, = (7c1, ..., Ten,) and define §; = (o, d.), and &) ~
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. . * * exp(H}o}
N (0, A,), with A, = diag(A?*) and A2* = (c,13,A?1,), so that 7, = 1+ch§ exp(;ﬁ:). We

fix 6 = 0 for identifiability and set ¢, = ¢, = n.

Algorithm 3 MCMC scheme
1: Input: Data D, number of iterations J.
2: Output: Samples from posterior distributions i.e. p(@|Y, X )
3: Initialize parameters (B*!! ol!] {q’)kAkl}k L {e et a2 1]}c_1 AT ,”1“},~C 17lesS[1 i,
4: for j =1to J do
5:  Generate VUt! from p(V|Y, oV, B*V]),

6:  Generate o+ from p(a|Y, VU H, B,

7. Generate YIS+ from p(y™MisS|y0bS yrii+1] gli+1] gl
8: forc;lthfldo

9: [J] ‘5* 1‘\[]] ~ 'pg(l H*(S* In Zd;ﬁ GXP(H*5*))t
10: Generate 7. by drawing 9, U+ from p(0%|we l+1] AEW),
11 Generate A2V from p(A2|6Y 1),
12: end for
13: for k =1to K do
14: Generate 14, | by drawing qbk[” from p(¢; A |[3£i]k o 25}{4“) )
15: Generate ngjk] from p(77 A |¢k] jli D
16: end for

17: Generate B*U+! and TV+Y jointly from p(T, BA.’l,,BOD}, B, VU g+l
18: end for ‘
19: return {B*[]—H]? b+1] {(ﬁkzll}k 15 {5* b1 }c 1 {)\2[j+1]}c 15 { kf4:11 }ﬁ( 1s leSSLH_H I‘[]—H]}

All full conditional posterior distributions for the algorithm 3, are stated in in Appendix C1.
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4.3 Results

4.3.1 Impact of ENSO and IOD on Monthly Rainfall quantiles

The results in Figures 4.1, 4.2, 4.3 and 4.4 illustrate the impact of SOI and DMI on the
monthly rainfall quantiles in NSW using the same metrics as in Chapter 3 for the rainfall
quantiles ¢ = 0.05, ¢ = 0.50 and ¢ = 0.95. These metrics are the marginal posterior
mean probability that a climate index has an impact on the quantiles of monthly rainfall,
Tl = %ijl W,[j]l for each covariate £ = 1,2 and location [/, and Figures 4.1 and 4.3
show the spatial distribution of this metric for each covariate. The second metric is the
marginal posterior mean of ju |y, = 1, given by fix; = %ijl(uﬁj}m,@,egl) , where
G1 = {l;7, = 1} and Figures 4.2 and 4.4 show the spatial distribution of this metric for
each covariate. We further examine the two metrics mentioned above to the west and east of
the GDR similar to Chapter 3. We denote 7y, v = HL_th > leLy Ty, for the west (blue) and
ThE = m Zle L 7,1, for the east (orange), of the GDR for 12 months for the quantiles
g = 0.05, 0.1, 0.2, 0.5, 0.8, 0.9 and 0.95 and each covariate k. Similarly, for the mean
magnitude of the coefficient values, iy, i = m > ieny Ak and iy p = HL_lEll > ier, ks

for the west and east regions, respectively.

Figures 4.1- 4.6 reveal four key characteristics of the joint impact of SOI and DMI on

monthly rainfall quantiles in NSW.

(1) The influence of SOI on rainfall is moderated by the presence of DMI during
September and October. In these months a comparison of the results in Figures
4.1(a), 4.1(b) and 4.1(c) with those in 3.3(a), 3.3(b) and 3.3(c) shows that the pres-
ence of DMI in the model reduces the marginal posterior inclusion probability of
SOI in the months of September and October, the months when the IOD is most
active. This observation aligns with the results reported (Pepler et al. (2014); Um-

menhofer et al. (2009); Meyers et al. (2007)), who found that the impact of SOI on
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spring rainfall in eastern Australia depended on DMI.

The DMI moderates not only the dependency of the rainfall in September and
October on SOI, but it also changes the spatial variability of this dependency. Fig-
ures 4.1 and 4.2 show, for the months September and October, that the differential
impact of the SOI on monthly rainfall between locations east and west of the GDR
is less pronounced once the impact of the DMI is taken into consideration. As
shown in Figures 4.5(a) and 4.5(b), there is no notable difference in the impact of

SOI on monthly rainfall between the two regions during these months.

(2) Compared to SOI, the DMI generally shows a less pronounced influence on all three
rainfall quartiles (¢ = 0.05, ¢ = 0.5 and ¢ = 0.95). However, notable anomalies
occur in September and October. During these months, the impact of SOI weakens,
while the impact of DMI becomes more pronounced, as indicated by high inclusion
probabilities (Figure 4.3), and exhibits strong negative magnitudes across a range

of quantiles (Figure 4.4).

(3) The differential impact of DMI on monthly rainfall for locations east and west of
the GDR is apparent in September and October. Similar to the impact of the SOI on
monthly rainfall, Figure 4.6(a) shows that the impact of the DMI on monthly rain-
fall is higher in the west of the GDR than in the east. The corresponding graph of
the mean magnitude of the impact (see Figure 4.6(b)) shows a significant negative
magnitude in the west of the GDR in the quantiles considered, suggesting a notable

reduction in rainfall associated with high DMI values in these areas.

Moreover, Figure 4.6(a) shows that the impact of the Dipole Mode Index (DMI)
on rainfall is stronger at the lower and upper quantiles than at the middle quantiles

for most months, forming a distinct U-shaped pattern. This pattern is evident across
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the majority of months, except for September and October, where this pattern does
not hold. Figure 4.6(b) further illustrates that, in most months, the magnitude of the
impact is relatively consistent across quantiles and regions; however, in September

and October, the impact varies more noticeably across quantiles.

(4) In March, the impact of DMI on lower quantiles is more pronounced in most loc-
ations, suggesting that DMI plays a more significant role in driving dry anomalies
during this month compared to its effect on typical or extreme wet conditions, as

shown in Figures 4.3 and 4.4.

The results highlight that during the months September and October, the influence of the IOD
tends to dominate over the effects of ENSO in all rainfall quantiles, including the lower, me-
dian, and upper extremes. However, the IOD has negligible impact on rainfall in November,
and the strong influence of ENSO on November rainfall, noted in Chapter 3, is still apparent
after accounting for the impact of the IOD. Pepler et al., 2014 also find a strong correlation
between ENSO and 10D during the Austral spring ', and note that it is challenging to disen-
tangle their individual contributions. Our findings go some way to disentangling the impact
of ENSO and IOD on spring rainfall by showing that ENSO dominates in November but

IOD has a stronger influence in September and October.

The negative magnitude of the impact of DMI observed in our analysis in all rainfall quantiles
suggests a reduction in rainfall associated with positive DMI. This finding is consistent with
the established understanding that negative DMI events are associated with strong westerly
moisture flux anomalies originating from the Indian Ocean, which are more likely to enhance
rainfall in southeast Australia, particularly west of the GDR (Ummenhofer et al., 2009; Um-
menhofer et al., 2011; Brown et al., 2009). In contrast, positive DMI events are typically
linked to easterly moisture flux anomalies that tend to reduce rainfall in these regions.

IThe term "Austral spring" refers to the spring months of September, October, and November, i.e., the
spring season in the Southern Hemisphere.
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FIGURE 4.1: Panel (a), (b), and (c) show heat maps of 7;,; where kth co-
variate is SOI (representing the marginal probability of inclusion of SOI as
an influence on rainfall quantile ¢) across the NSW for 12 months at ¢ = 0.05,
q = 0.5, and g = 0.95, respectively.

99



100

Latitude
- .

4 CHAPTER 4

February March

January February March January
28 . o - 28 e~
-30 ’ 7 BT ¥ -30 ’
32 z o oS '.f 32 J
34 - 4 7 '_,' 34 150 7
¥ DTN T

June

o

September

Latitude

October

28 S
= I
32

v
-34 -1 l ;
-36 N . ]

September

142 146 150 154 142 146 150 154 142 146 150 154

Longitude Longitude
(@) ¢ = 0.05 (b)g=0.5
2 January February March
30 g '( T4 ‘ﬂ"f Y
32 b 2
36 ‘, :,' L 1 - ,’ ",'
April May June
.28 .y AR
-30 ’ '
-32 . _,’/
34 ‘] A e
%-36 AV 2 ’ ] .i'v . o
=
§ July August September
- -1 2 P

2 October November December
=
32 /
%
34 . g
36 '/—»..,.,.A f 3
142 146 150 154 142 146 150 154 142 146 150 154
Longitude
(¢)g=10.95

1.0

0.5

0.0

-0.5

FIGURE 4.2: Panel (a), (b), and (c) show heat maps of /i;,; where kth co-
variate is SOI (representing the estimated strength of the influence of SOI on
rainfall quantile ¢) across the NSW for 12 months at ¢ = 0.05, ¢ = 0.5, and
q = 0.95, respectively.



Latitude

-28 -28
-30 -30
-32 y . -32
/
34 34
36 = 36
-28
-30
-32
-34
36

4.3 RESULTS 101

January February March 2 January February March
-30
-32
-34
-36
April June
28
-30
-32
34
-36
i
July August September ’ﬁf July August September
i

October October

bl

142 146 150 154 142 146 150 154 142 146 150 154 142 146 150 154 142 146 150 154 142 146 150 154

Longitude Longitude
(a) g =0.05 (b)g=0.5
2 January February March
-30
-32
34
-36

April June

2
LE‘ 2 July i August September
-30
-32 :
34 .
-36
October D
28
-30 y
-32
34
-36

142 146 150 154 142 146 150 154 142 146 150 154
Longitude

) q=0.95

FIGURE 4.3: Panel (a), (b), and (c) show heat maps of 7;,; where kth co-
variate is DMI (representing the marginal probability of inclusion of DMI as
an influence on rainfall quantile ¢) across the NSW for 12 months at ¢ = 0.05,
q = 0.5, and g = 0.95, respectively.



102

Latitude

January February March

28 T ] + —+—
30 v ’ ‘
2 ‘ ’ J
34 - - 7 ) :';
36 - = / 4

April May June
-28 - - —
30 wy s
-32

I

34 . I
36 Sy v e

July August September
28

i X/
- g 4 "‘ "
3l _J 4 "1 /
36 Ny ‘,' Ny (¢ .

142 146 150 154 142 146 150 154 142 146 150
Longitude

(a) ¢ = 0.05

January

4 CHAPTER 4

January
-28

» - =
32 y g
YR ‘
36 SO “,' ey i R

February March

April May
28 e

30 o/ g ‘
’

-32
34 1o

-36 (V. ‘,' RV a4 N

July August

Latitude

September
-28 g

30 ! f o i |
32 L / ¢
34 b i = a 3 d 2

36 e Ve

October

-28

146 150 154 142 146 150 154 142 146 150 154
Longitude

(b) g =05

154 142

February

April

July

Latitude

August September

October

142 146 150 154 142

©q

i I

\.’ | :

Ny

November December

146 150 154 142 146 150 154
Longitude

=0.95

1.0
lO'5
0.0

.-0.5
1.0

FIGURE 4.4: Panel (a), (b), and (c) show heat maps of fi;,; where kth co-
variate is DMI (representing the estimated strength of the influence of DMI
on rainfall quantile ¢) across the NSW for 12 months at ¢ = 0.05, ¢ = 0.5,

and ¢ = 0.95, respectively.



4.3 RESULTS
January February March
1.00 1.00 1.00
0.75 0.75 0.75
0.50 0.50 0.50
0.25 0.25 0.25
0.00 0.00 0.00
April May June

2 I AR - s T

= 0.00 0.00 0.00 Region
8 July August September E3 East
© 1.00 1.00 1.00 BES West
a 0.75 0.75 e 0.75

050 -U, [] 0.50 |. 0.50

0.25 0.25 0.25

0.00 0.00 0.00

October November December

< Baad 2 VT

0.00 .00 0.0
0.050.1 0.2 0.5 0.8 0.90.95 0.050.1 0.2 0.5 0.8 0.90.95 0.050.1 0.2 0.5 0.8 0.90.95

Quantile
(a)
January February March
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0.0 0.0 0.0
-0.2 -0.2 -0.2
April May June
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0.0 | ] I T T I [ ] | 0.0 0.0 R
-0.2 0.2 -0.2 Region
July August September E3 East
0.6 0.6 BE West
0.4
0.2
0.0 f 0 0
02 11 [ |1 _0 2 FTrTTrE 02
October November December

: %ﬁﬁﬁﬁﬁﬁﬁ

-0.2 0.2
0.050.1 0.2 0.5 0.8 0.90.95 0.050.1 0.2 0.5 0.8 0.90. 95 0.050.1 0.2 0.5 0.8 0.90.95
Quantile

(b)

FIGURE 4.5: Panel (a) presents box plot estimates of 7, - and 7, g, repres-
enting the west and east regions of the GDR, respectively. Similarly, panel
(b) presents box plot estimates of 7z, - and 1, 5 for k" covariate i.e SOL Red
stars mark the 10th percentile, mean, and 90th percentile, and the red line in
(b) marks zero.
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FIGURE 4.6: Panel (a) presents box plot estimates of 7, - and 7, g, repres-
enting the west and east regions of the GDR, respectively. Similarly, panel (b)
presents box plot estimates of iy, ,, and i, p for k' covariate i.e DMI. Red
stars mark the 10th percentile, mean, and 90th percentile, and the red line in
(b) marks zero.
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4.3.2 Performance Measures

We use the performance metric defined by Bertolacci et al., 2019 as described in Chapter 2
and 3,

A

DY = E

(2

)

y(q)*
log f(q) |yi .

When DZ@ equals zero, it indicates that the posterior predictive quantile is equal to the em-
pirical quantile. In cases where the model overestimates or underestimates the empirical

)

quantile, ng takes a positive or negative value, respectively, with larger absolute values

reflecting poorer model performance.

Figure 4.7 presents the D%

values for models with two covariates (SOI and DMI) and one
covariate (SOI only), enabling a comparative analysis of their performance.The results in-
dicate that the model incorporating two covariates provides slight improvements, achieving
nominal performance for specific months and quantiles, notably the upper quantiles in Janu-
ary and February and the lower quantiles in June, where performance was previously subop-
timal under the model with SOI only. In June, both models appear to overestimate rainfall
for the middle quantiles. However, the inclusion of the DMI in the model does not appear
to substantially improve predictive performance, potentially indicating that the impact of the

DMI on monthly rainfall is statistically weaker compared to that of the SOI. Separate Figures

for the model with one covariate and two covariates are attached in Appendix C2.
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FIGURE 4.7: Median values of D(q), represented as points, and the in-

7
terquartile ranges, shown as shaded bands in red and blue, across all sites
(ns) for each quantile and month. Points indicate nominal quantiles where

the IQR of ng), 1 = 1,...,n,, contains zero, while triangles in these colors
denote that is not for models with one (SOI only) and two covariates (SOI
and DMI) respectively (black line indicates zero).

4.3.3 Model diagnostics for spatial and temporal dependence

Using the posterior predictive distribution, we assess the model’s ability to capture spa-
tial and temporal dependencies. Figure 4.8 illustrates the model’s ability to capture spa-
tially varying rainfall patterns using posterior predictive coverage (PPC). This figure plots
pointwise quantiles for the posterior predictive distribution for the six selected sites. Here,
we plot 4(*5* which is posterior predictive quantile for the median and shaded bands for
7029 4/(0.75)%] corresponding to 50% PPC and [y(*V*, y(©9*] which is 80% PPC, against

years, along with the observed data.



These figures show that 80% of observed data falls inside the quantiles of 0.1 and 0.9 and
50% of observed data generally falls inside 0.25 and 0.75 rainfall quantiles for the 6 stations

considered.

To evaluate the model’s ability to capture temporal dependence, we examine autocorrelation
plots of the residuals, defined as the posterior predictive median minus the median of the
observed data, for six selected sites. The results in Figure 4.9 show that residual autocor-
relations generally fall within confidence bounds 95%, indicating that the model adequately

captures the temporal dependence in the rainfall series.
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4.4 Discussion and Conclusion

We develop a model that extends the approach in Chapter 3, which considered the spatially
varying effect of a single climate index (SOI), incorporating multiple indices such as SOI and
DMI and allowing spatially varying inference on their joint influence. The key contribution is
combining spatial dependence with joint variable selection to identify which combinations
of indices affect monthly rainfall quantiles, how their effects change over months, and at
which specific locations in NSW these effects are important. This is achieved by multinomial
logistic regression for the joint inclusion probabilities, where the argument link function

varies spatially via a GP prior.

The incorporation of multiple variables and spatial dependency provides significant advant-
ages. By modeling the joint probability structure, the proposed approach captures the inter-
dependencies between climate indices that simpler models often overlook. This approach is
critical for understanding how ENSO and IOD jointly influence rainfall patterns across re-
gions, revealing spatial variations in their effects that are not apparent when assuming spatial

independence.

Additionally, the multinomial logistic regression framework allows a probabilistic interpret-
ation of the inclusion of SOI and DMI, identifying regions where their impacts are most
pronounced. The results highlight the dominant influence of DMI in the spring months,
particularly September and October, across multiple quantiles. Notably, SOI shows a signi-
ficant impact across all quantiles in November, while the influence of DMI diminishes. The
findings of these associations with the median rainfall align with prior studies of the mean
rainfall, emphasizing the critical influence of ENSO and IOD on rainfall variability and the
complex interplay between these phenomena during this specific season. The apparent in-
fluence of the DMI during summer and autumn, when the IOD is typically inactive, is most

evident at the lower quantiles in January and March, suggesting an effect on drier conditions.
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This may reflect indirect processes similar to those observed for ENSO, although such a re-

lationship has not been documented in previous studies and warrants further investigation.

Performance measures indicate slight improvements in certain months and quantiles when
adding the DMI alongside the SOI. However, in general, there is no substantial difference
between the two models. This limited improvement may be due to the weaker statistical

influence of the DMI on monthly rainfall distribution compared to the SOI.

In conclusion, this chapter highlights the importance of extending regression models to in-
clude multiple variables and spatial dependencies for analyzing the influence of climate in-
dices on monthly rainfall distribution. The proposed approach provides a comprehensive
framework for making spatially explicit inferences on the joint impact of SOI and DMI on
different parts of the monthly rainfall distribution. Future research aims to explore the inclu-
sion of additional climate indices or their interactions to further generalize the findings and

refine our understanding of climate-driven rainfall variability.



CHAPTER 5

Discussion

This thesis presents the development of a Bayesian hierarchical framework for variable se-
lection within spatial quantile regression with an application to modeling the relationship
between global climate indices and monthly rainfall in NSW. Despite significant advances
in physical and statistical modeling aimed at identifying the relationships between climate
indices and daily rainfall extremes in Australia (see Yildirim and Rahman, 2022; He et al.,
2025; Dey et al., 2021; Nguyen et al., 2021, etc.), there is a lack of probabilistic models that
incorporate Bayesian variable selection within the quantile regression framework to assess

the influence of global climate indices on the entire distribution of monthly rainfall.

Each chapter of this thesis builds model complexity, progressing from initial models that
treat locations independently to more sophisticated models that incorporate spatial depend-
ence within the variable selection framework. Chapter 2 introduces the foundational model
which assumes spatial independence among observation sites (a common and still widely
used approach in climate and engineering sciences), providing a baseline against which the
benefits of incorporating spatial dependencies can be evaluated. Subsequent chapters discuss
the development and implementation of advanced statistical models that integrate spatial de-
pendence. This approach allows for the understanding of the spatial heterogeneity of the
impact of climate indices on monthly rainfall distribution. A key advantage of our spatially
dependent framework is that we provide out-of-sample predictions of these impacts, meas-
ured by the mean of the regression coefficients and the inclusion probabilities of climate

indices for various quantiles of monthly rainfall in NSW.
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5.1 Summary of Thesis: New Insights into the Impacts of
ENSO and I0OD on Monthly Rainfall Distribution in
New South Wales

Chapter 1 introduces the aims of the thesis, from motivation to thesis contributions, and
then describes the statistical background and inferential techniques related to the quantile
regression framework. It briefly outlines a Bayesian hierarchical regression model, where
the prior on the regression coefficients is assumed to follow a spike and slab prior, Mitchell
and Beauchamp, 1988, to allow for variable selection as given by Equation 1.7. Notably, the
probability of including global climate indices in the regression model is given a spatially

varying prior, see Equations 1.8 and 1.9.

Chapter 2 applies this model to six weather stations in NSW (out of a total of 711) and
analyzes monthly rainfall at these locations independently. These six stations were selected
to represent different climate regions in NSW, three stations were coastal, while three were
inland stations. Figure 1.2 shows the distribution of these stations. Chapter 2 reports on
the inference on the relationship between SOI, DMI, and SAM and the monthly rainfall
quantiles. The results show how the impact of these indices on monthly rainfall varies across
quantiles, with some indices having a greater impact on the lower and upper quantiles of the
distribution than on the median of the rainfall distribution. Performance metrics show that
the predicted lower and upper quantiles of the distribution overestimate and underestimate
the empirical quantile, respectively. This indicates that the model underestimates the overall
variability of monthly rainfall, presumably due to the lack of other covariates in the model

that might help explain the variability.

Chapter 3 builds on this by incorporating spatial dependence using a single global climate
indicator, that is, SOI, to progressively develop the model for more complex scenarios. This

contributes to climate science by assessing the varying spatial influence of ENSO on monthly
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rainfall. The results show that the impact of SOI is generally stronger west of the GDR, but
an anomaly is observed in June where SOI shows a more pronounced influence to the east of
the GDR than on the west, while in November, SOI exerts a uniform effect across all regions.
Furthermore, from January to June, SOI mainly affects the tails of the rainfall distribution
rather than the median, confirming that ENSO’s influence on rainfall is more pronounced in

extremes, a key insight missed by conventional methods focused on mean rainfall.

Chapter 4 builds on the methodology in Chapter 3 by including the SOI and the DMI as
covariates. The results reveal that during September and October, IOD exerts a stronger
influence than ENSO in all quantiles, reducing the marginal inclusion probability of SOI
while exhibiting a pronounced negative impact on rainfall west of the GDR. However, in
November the strong influence of ENSO persists even after accounting for IOD’s effects,
as noted in Chapter 3. While previous studies have highlighted the influence of ENSO and
IOD on mean rainfall during Austral spring (Pepler et al., 2014), our findings extend this
understanding by analyzing the quantiles of monthly rainfall distribution, showing that IOD
dominates early spring variability, whereas ENSO remains as the key driver in late spring and
beyond. Model performance shows minor improvements with DMI included, but overall,
SOI remains the stronger predictor of monthly rainfall, with DMI’s influence being more

seasonal and region-specific.

In all chapters, we use data augmentation to facilitate the MCMC scheme which was used to

estimate and make inferences regarding the model.
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5.2 Future directions

In this section, we discuss the limitations of our current model and propose avenues for future

research.

A significant advancement would be to model the quantiles jointly. This approach addresses
the issue of quantile crossing, which typically arises when quantiles are estimated independ-
ently. Recent work in joint quantile regression has focused on preventing quantile crossing,
ensuring a consistent increase in quantile estimates across ¢ € (0,1). This advancement
is crucial to maintaining the natural sequence among quantiles, improving the accuracy and
consistency of statistical analyses. Notable efforts include non-crossing techniques for a spe-
cified set of quantiles by Bondell et al., 2010, and pioneering work using Gaussian processes
by Tokdar and Kadane, 2012. Subsequent advances by Das and Ghosal, 2017 integrated
spline into this framework. Reich, 2012 adapted these methodologies for spatial analysis
using Bernstein polynomials and spatially varying coefficients. Further innovations by Yang
and Tokdar, 2017 and Tokdar and Kadane, 2012 developed new parameterizations to model
non-crossing quantile planes that can be applied over complex convex predictor domains in

spatial analyses.

To our knowledge, none of the above analyses employs joint quantile modeling in a spatial
context, coupled with Bayesian variable selection. To address this, work is underway to
integrate a joint quantile approach into our final model. Jointly modeling the quantiles will
constrain the parameter space of the variables in the inclusion probability, the 7’s in Equation
4.6, as well as the parameter space of the variables in the regression model, the § and the s
in Equations 4.2 and 4.4 respectively, in a way that is difficult to express explicitly. However,
it is possible to impose these constraints via a Metropolis-Hasting step in the Gibbs sampling
scheme, which rejects those samples that violate this constraint. Ongoing work will look at
how to achieve these constraints in a more fundamental and less computationally expensive

manner.



In addition, to better understand how monthly rainfall is linked to global climate indices, we
could add more indicators, like the Southern Annular Mode (SAM) and the Madden-Julian
Oscillation (MJO), along with their interactions, and extend the analysis to account for any

potential nonlinear relationships.

Furthermore, the framework can be extended to other regions of Australia. It can also incor-
porate a term to formally assess the east—west divide of the Great Dividing Range, including
possible interactions with latitude and longitude. Moreover, the model can be combined with
climate projections to simulate future rainfall for applications such as agriculture and water

management.

All code for this work has been written in R (R Core Team, 2025), and in future it will be

made available on GitHub to support reproducibility.
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Appendix A

A1l Additional Simulation Study

A1.1 With one covariate
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TABLE Al.1: Mean differences and standard errors of MAD for Proposed
and QR-SSVS methods for the data generated using different scale paramet-
ers for the model with one covariate.

(@)oo =0.3
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -0.0508 0.0095 <0.001*
q = 0.5 Proposed vs QR-SSVS -0.0011 0.0013 0.0590
q = 0.95 Proposed vs QR-SSVS 0.0172 0.0107 0.1110
b)o=1
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -0.0411 0.0112 <0.001*
q = 0.5 Proposed vs QR-SSVS -0.0046 0.0032 0.1571
q = 0.95 Proposed vs QR-SSVS 0.0130 0.0176 0.4632
(c)o=5
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -1.4845 0.1674 <0.001*
¢ = 0.5 Proposed vs QR-SSVS -0.1443 0.0269 <0.001*
q = 0.95 Proposed vs QR-SSVS -1.2866 0.1707 <0.001*

Note: * denotes p-value < 0.05

Al.2 With two covariates
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TABLE A1.2: Mean differences and standard errors of MAD for Proposed
and QR-SSVS methods for the data generated using different scale paramet-
ers for the model with two covariates.

(a)c=0.3
Quantile Method Mean Difference Standard Error p-value
g = 0.05 Proposed vs QR-SSVS -0.0660 0.0093 <0.001*
q = 0.5 Proposed vs QR-SSVS -0.0036 0.0013 0.0059%*
q = 0.95 Proposed vs QR-SSVS -0.0094 0.0119 0.4325
b)o=1
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -0.04813 0.0144 <0.001*
q = 0.5 Proposed vs QR-SSVS 0.0042 0.0023 0.0012*
q = 0.95 Proposed vs QR-SSVS -0.0034 0.0205 0.8652
(c)o=5
Quantile Method Mean Difference Standard Error p-value
q = 0.05 Proposed vs QR-SSVS -1.8213 0.1914 <0.001*
g = 0.5 Proposed vs QR-SSVS -0.2408 0.0345 <0.001*
q = 0.95 Proposed vs QR-SSVS -2.2134 0.2548 <0.001*

Note: * denotes p-value < 0.05

A2 Posterior Derivations of Bayesian Variable Selection in QR

(1) Generate V,[fj+1]|y,a[j],6m from GZG(3,av,,by), where ay, = (%}Ljfm and
eI E

(2) Generate olitll|y, vUt1l gUl from 7G(a,, b,), where a, = a + L—1 and b, =

(- XB)V g —XB)+ >, vi+b where V = diag(v) and § = y — fv.

(3) Generate p(y™=*|y°s, vU T ogUH) ~ N(u,,02) where y1, = v and 02 = vo (2.

(4) Generate vV and BU+Y jointly from p(~, Bly, v+, olit1),

1
22
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The variable selection problem is to compute the posterior distribution of

p(ylv)p(v)_

Al
p(y) (ALD

p(vly) =

Let B, =[50, B4,], Xa = [1, X4,] and the marginal density of ¢ given the model for v = 1

1s,

p(yly, v, Xa) = /

Kp(yh’?(fv IBAv V’XA)p(/gA|770> XA)d/BA . (A12)
R

Let V, = (*odiag(v),andgy =y — 0 v,

+oo 1 1 /
p@77X7V70- _/ ﬁexp<__g_Xﬂ V_IQ_X/B )
(Y[, Xa, v,0) o VI 5 aBa) V, ( 4B4)

1 _1 ’ X/X
oo (20 4 )
(2m) 5 | To (X Xa) 3 0
where ||4,|| = K.,.
1 ( | PR 1
x rexp ( —-(y'V y)) 2
v, TP e
+o0 1 , / ~ 1 / X/X
/ exp <_§(ﬁA(Xf4V;1XA)ﬁA_QBAXI/“y)) exp (_EﬁA( ;OA)ﬁA) dBy,
(Al.4)

Let g = VX4V, 'gand Vi = (X, V, ' X4 + S51) ! where 551 = Sa4),
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Then:

~ X'\ X4z Vg2 1 e wsVitp
Py, Xa, v,0) o | ‘{‘/ ‘J ATE); exp (7(21 Vyly)> exp (6—55> . (ALS)
Yy

X'\ X2 V4|2 1
| X4 X4l | 5|216Xp
)5 2

SWIV, = VIXaX, Vg - @’V;l@)} :

(A1.6)

Generate posterior inclusion probability 7,

1)
. Yylve =1,v,0, X =1
T = p(’Yk - ]-‘yJ v, 0o, XA) = pl(y|7k~ A)p(’Yk ) )
Zl:()p(y")/k = l7V70-7 X)p Ve = l)

where p(y, = 1) = mo Vk .

Generate ) ~ Beta(K, + 1, K — (K, + 1)) where K is the number of covariates and K, is

the number of non-zero covariates.

Generate 3 |y, v+, gt AU+ from N (pug, V 5), where Vg = (X, V' Xu+{To (X X4) '} 1)
and py = Vi (X, V') where X4 = [1, X4,] and B, |y, vU Tl ol+l 4+l = 0,
A2.1 Other Conditional posterior derivations

Using the likelihood function in Equation 1.5 and prior for parameters 3, v, o, conditional

posterior distribution can be derived as follows,
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p(oly, v, X) < p(ylo, v, X)p(v|o)p(o),

L _exp (—3@ —XB)V; (G - XB))

OCT—
(2m)2 [V, |2 2

1 b
X —exp( ZVt) X exp (——> ,
0— O—a+1 o

e (g (7 X8V - XB))

AP\ 2
\ 1 b
X ﬁexp( Z t) X O_a+1 exp (-;) .

So the conditional posterior distribution of ¢ is,

p(oly, v, B) from ZG(a,, by), where a, = a+ % —1 and b, = 55(y — XB)'V (g -
XB) 4+, vi+b where V = diag(v) and § = y — Ov.

The conditional posterior derivation of the v is as follows,

p(v|y, 0, X) o< p(ylv, X)p(v|o),

1 L "V (1 1 > Vi
ocmeXp(—§(y—Xﬁ)Vyl<y_Xﬁ))xﬁexp(_ . >

Thus, the quadratic form expands as:

CZUVt

a t_t_9t2
(5 - X8V, (5 — XB) = S W= 2B bV (A1.7)
t=1

Substituting back:
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T
_ 1 — .y 2
pOvly. o, X) o vy 2 [T exp (——(yt TP = Ovi)” ﬁ) . (A1.8)

paley 2 CPovy o

Rewriting in product form:

_ 1

\Z 1/2 exp {—5 (a%t vt 4 b%, Vt)} , (A1.9)
where

2 _ (i —=B)P 2 0%

Ve (2o TV o o

Since Equation A1.9 is the kernel of a generalized inverse Gaussian (GZG) distribution, we

have:

1
Vt‘y7ﬁ70-f\/gzg (§7avtabv> ) (Al.lO)

where the probability density function of the GZG distribution, GZG (v, a, b), is given by:

v/2
f(z|v,a,b) = —(b/a) " Lexp {—

2, .—1 2
2K, (ab) (a®z™" +b I)}7 z >0, (A1.11)

N | —

with —oo < v < 00, and a,b > 0, and K, (-) is a modified Bessel function of the third kind
(Barndorff-Nielsen and Shephard (2002)).

A2.2 Missing Value Generation

To express the probability density p(y;) for the response variable y;, following an Asymmet-
ric Laplace Distribution (ALD), we need to start by writing the probability density function
(PDF) of the ALD. y;, follows distribution, AL(0, o, q)
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(o) = D exp- 212l

where ply:| = qly:| if y» > 0 and ply,| = (1 — g)|y:| for y, < 0.

Suppose y/*** denotes a missing value (Missing values completely at Random) at ¢, and this

also follows a ALD (y* ~ AL(0, 0, ¢)) and conditional on v;, y"*** can be written as,

miss
Yy

‘Vt7 g,q~ N(,uya O—z)a

where pi, = 0v, and o, = 0 (v,

Note that this has been done using the properties of the mixture representation of ALD (refer

to Section 2?).

Suppose y"*** denotes a missing value at ¢ and y,, where v denotes set of indices for which

Yt 1s missing.
Let A, = 1if y, observed and 0 otherwise. v = {j; A; = 0},

Conditional on the the values of the posterior iterations in oV*! and vU*! in MCMC

Scheme in section 2.2, generate the y*sU+1],



140 APPENDICES

Appendix B

B1 Model Validation via Simulation Study

Additionally, We chose the month of November as Figure 3.5 panel (a) illustrates the signi-
ficant impact of SOI on November rainfall, with the inclusion probability, 7, and the mean
of coefficient size, 11, showing high significance across all quantiles. For instance, the prob-
ability that SOI affects the 5th, 50th, and 95th quantiles of monthly rainfall is close to 1 for
both the east and west regions. Unlike in August, where the upper quantile had a minimal
impact, in November the inclusion probability remains high across all quantiles, indicating a
strong influence of SOI. Similarly, Figure 3.5 panel (b) shows a substantial and positive SOI

coefficient across all quantiles for November, reinforcing the overall significant relationship.
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FIGURE B1.1: Panel (a) and (b) are boxplots for RMSCD and ASKLD
measures for data generated under DGP;. Similarly, panel (c) and (d) show
the measures when generated from DGPy at ¢ = (0.05,0.5,0.95) for month
November, color blue and red represent model M, and M, respectively.

B2 SOI vs Rainfall
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FIGURE B1.2: Scatter plot of SOI versus monthly rainfall for Yamba Pilot
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FIGURE B1.3: Scatter plot of SOI versus monthly rainfall for Collarenebri
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B3 Posterior Derivations for Algorithm

ns T 2,3.)?
(1 p(V|Y’ g, ) H H p<Vt,i|yi7 O 61) ~ gIg(%? av,;, bVi)’ where av,, = (ymgzoiﬁl)
g t=1

and by, = Uz + where GZG is the Generalized Inverse Gaussian distribution

CQ
(see Kozumi and Kobayashi (2009)).

(2) p(e]Y,V,B) = H p(oily;, vi, B;) ~ ZG(as,, by, ), Where a,, = a + % —1 and
by, = %(yZ Xﬁ YVl (g, — XB,) + 3., vii + b where V; = diag(v;) and
Y=y, —0v;

(3) p(Y ™Yo v, ) = H PSSy i, 0,) ~ Ny, 0%)  where i, =
VZ'O'ie and O'; = ViO'Z'CQ

@) p(8*|w, A?) ~ N (s« V<) where V(;* = (HYH{ + A7 g = Vo Hiyw.

(5) p(A\?|8) ~ IG(ayz,by2) where bye = &2 + b, aye = a+ 2 — 1.

(6) p(¢ |/3.A1 17 ) N(M¢*7V¢*) Where V¢* = (HAIHAl‘f“W )71 ,[,L(z)* = V(ZS*H;\lﬁ.Al,l'
(7) p(7%|@) ~ IG(a,2,b,2) where ba = 2 + b, a2 =a+2—1.

(8) p(7 ﬁlaﬁO’Y 5* V o X) (7|1},5*,V,O',X)p(,@l,ﬁol?,/,l’,v,ﬂ,')’)-

p(Y|Y,8",V,0,X) x p(Y|v, Y™ V. o, X)p(v|6"),

p(i}h’,V,O',X) :/p(ifh’aﬁ1aﬁ0)p(51750‘7)d/@1d607

p(/glaﬁohl) ~ N(I'I’Ba ZB) fori € "417

by 0
where pg = (0, 4,) and Xp = ? , Note that Y5, = T Z1,,

0

'8A1,1

and ¥g, = To(x'x)"".
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p(i}|77ﬂ17ﬂ0) = Hp(,gi|61,i760,i)7i € Ab
=1

So that p(g;|51.4, Bo.i) is normal in Sy ;, B ; with N (ug,, Vs,). This is clearly stated
in 10.

— 1. & — _ P@ii=1vi,00,X)p(7i=1]8")
©) P = 119,87V, 0, X) = S =i XonT67

(10) p(/B.Al,la /60“1’./41 ) Y? V[j+1}7 g, 7) - H4 p(ﬁl,ia ﬁO,i|ﬂi7 Vi, Uz[jJrl]? 7) ~ N(II’LB'L’ Vﬁz)’
€Ay
where Vs, = (X'VZUXH{Toy(X'X) 1) and s, = Vi, (X VE g+ T (X' X) 1} )
where pg, = (0, p1;)" and for i ¢ A, p(ﬁo,A0|VU+1]> 177 o) = 11 p(Bo,ilvi,oi) ~
¢ Ay
N(Mﬂo,w VBO,i)’ where VBO,i - (Vg_l + (To-i)_l)_l and KBy = VBO,i Vg_lgz

Furthermore, the marginal likelihood of y, can be obtained by integrating out 3, and 3.

The resulting marginal likelihood for the case of ; = 1 is given by,

p(gzh/l = laviao-ivX) =

IX'X|2 Vg2 {1 ,
= T 1 T OXP
27| 2| V¢|2 (Toy)2

SV VOV g - 5V |
(B1.1)

where,

Vi = (X'VIX +{To;(X' X)7} )71, Vi = (Po; diag(v;) and g, = y, — 0v,.

B4 Prediction at Unobserved locations.

Let g, (S°) = H.,¢" and each iteration j we will have g,[f](S"bS) which is H 4, ¢,

To predict values at unobserved locations (grid of latitudes and longitudes) S*, Using the
properties of Multivariate Normal distribution, E(g,,(S*)| g,[f](S"bS)) can be written as fol-

lows,
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E(g,(57)1g7/(5%)) = E(g,(5))+cov(g,(5%), g}l (5°))var(g] (5°)) ! (g (5°) —E(g}] (5°™))),
(B1.2)

where E(g,,(5%)) = S*nl, var(gl/ (5°%)) = 72110, and cov(g#(S*),gE](SObs)) = 72106 gom,
is given by the reproducing kernel of a thin-plate spline Wahba (1990).

Similarly, let g, (S°®) = H 40" and in each posterior iteration j we will have gg](SObS)
which is H 46"V,

E(g,.(5%)|g¥ (5°%)) can be written as follows,

E(g,(5)|gd(5°™)) = E(g,(S5"))+cov(g,(57), g (5°™) var(gl (5°)) (g (5°) —E(g¥(5°))),
(B1.3)

where E(g,.(S*)) = S*all, var(g¥ (5°%)) = A2U1Q 4 and cov(g,.(S*), gi!(5°%)) = A2 Q6. gobs.

B5 Alternative approach using Polya-gamma data augmentation

In alternative approach, step 8 in algorithm 2 will change to,

(1) w|y,d" ~PG{1, H6"} where PG denotes Polya-gamma distribution (see Polson
etal. (2012)) .

(2) Generate 6"+ and p(8*|y, w, A201).

(3) Generate 20+ from p()\2|6[j+1]) )

. exXp(H* 5"
And, p(vy; = 1]6") = %-
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Note that, p(6*|w, A) ~ N(us«, V<) where Ve = (HY' WH+A")"" | s = Vs HY K,

where K = (71 — 1..,7,, — 1), and W is the diagonal matrix of w’s. and p(A*|§) ~

IG(ayz, by2) where by = b+ ? sax=a+2-1.

All other derivations for other parameters remain the same as in B3.

B6 Anlaysis on selected stations
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FIGURE B1.5: The estimated posterior mean of the inclusion probabilities
(dark red) as well as the estimated posterior mean (red) and the 95% credible
intervals (pink) for the magnitude of the impact, for Sydney Botanic Gardens
[66006] (blue line indicates zero).
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FIGURE B1.6: The estimated posterior mean of the inclusion probabilities
(dark red) as well as the estimated posterior mean (red) and the 95% cred-
ible intervals (pink) for the magnitude of the impact, for Yamba Pilot Station
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FIGURE B1.8: The estimated posterior mean of the inclusion probabilities
(dark red) as well as the estimated posterior mean (red) and the 95% credible
intervals (pink) for the magnitude of the impact, for Dunedoo Post Office
[64009] (blue line indicates zero).
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FIGURE B1.9: The estimated posterior mean of the inclusion probabilities
(dark red) as well as the estimated posterior mean (red) and the 95% credible
intervals (pink) for the magnitude of the impact, for Collarenebri (Albert St)
[48031] (blue line indicates zero).
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FIGURE B1.10: The estimated posterior mean of the inclusion probabilities
(dark red) as well as the estimated posterior mean (red) and the 95% credible
intervals (pink) for the magnitude of the impact, for Pooncarie (Karpa Kora
Station) [47013] (blue line indicates zero).

Appendix C

C1 Posterior Derivations for Algorithm

(1) All other conditional posterior derivations remain the same as in Chapter 3 except
for the following.

(2) p(87|we, N2) ~ N (us;, Vs:) where Vi, = (H W H;+A) ™ ps = Vi HY (Kot
Weln 3~ . exp(H;6y3)), where k. = I(VE—C)_% and W, is the diagonal matrix of

c

b

w,’s.

(3) p(A289)) ~ TG(axz, byz) where byz = 2 + b aye =a+ 2 — 1.
(4) p(I‘léi,f’,V,a,X) _ H Cp@i|’7iavi,0'i7X)P(‘Yi|52) )
i=1 ;1p(gi|7i>vivaivX)p(7i|6Z)

2 . /
) p(¢7;,¢4k,1 |'3Ak,1’Tk,Ak,1) ~ N(,U@:’Ak,l ) V¢2,Ak 1) where V¢2,Ak : (H]:,Ak,lHl:w‘\k,l +

—1 —1 _ *
\Dkw‘lk,l) ’ 'u‘ﬁ;;,Ak’l - V‘ﬁZ,Ak’l Hk7Ak,1/6Ak,1'
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/
_ ¢kvAk,1¢k>Ak,1

(6) p(Tl?,Ak,1 By, ~ Ig(aﬂf,AM , bTﬁ,Ak,l) whereb, = —"5——=+b.a> =

-
A1 k,Ag 1

a+f—1.

Furthermore, the marginal likelihood of y; can be obtained by integrating out 84 , and 3.

The resulting marginal likelihood for the case of v, € cis given by,

’ 1 1
XX [Vl
27 F[V[} (Tor)3

1y oo _ P11~ i1~
X €xp {5 <yi [Vg t- Ve 1(XAXA)V4 1].% -y, V¢ 1%) } )

P(Yilv: € ¢, vi, 04, Xa)

for A;€c (C1.1)

where,

Vs = (XZVI X + {Toi(X3Xa) 7'}, Ve = Coydiag(vi) . §; = y; — 0v, and
Xa=1[1,X4,]

C2 Performance Measures
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FIGURE C1.1: Median values (black points) and interquartile range (shaded
band: light blue) of DZ@ across all sites n, for each month and quantile. A
black circle indicates that the corresponding quantile is nominal (i.e., the IQR
of ng), 1 = 1,...,n,, contains zero), while a red triangle indicates that it is
not, for the model with two covariates (both SOI and DMI).
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