README: ORBIT DATA OF Q-DIFFERENCE PAINLEVE ONE
OVER FINITE FIELDS

PIETER ROFFELSEN

DESCRIPTION

This data set contains all (reduced) orbit lengths of the dynamical system

_ t
T=———H—
. Ty
qPI : (l',y,t) = (T,?,t), y=—,
B Yy
t=st,

over finite fields I, with the prime power ¢ ranging between 2 and 499. It further
contains code to generate and analyse the data.

FILES

File Names.

gPIorbit_length_data.zip
gPI_data_analysis.nb
gPI_genus_fibres.ipynb
qPILmain.ipynd

File Descriptions.

All the data is collected in gPI_orbit_length_data.zip.

All the data was created using Magma notebook gPI_main.ipynb.

The data is analysed in Mathematica notebook qPI_data_analysis.nb.

The Magma notebook ¢PI_genus_fibres.ipynb contains code to construct
integrals of motion of qPI and compute the genera of their fibres.

DATA STRUCTURE

Data Files. For each prime power g between 2 and 499, there is a separate .txt file,
titled ¢PI_data_q="?.txt with question mark the relevant prime power, that contains
all reduced orbit lengths of ¢P1 over F,.

Each .txt file consists of a nested list,

{{thl}’ {TQa L2}a ey {Tka Lk}}a

where

e k > 1 is the number of divisors of ¢ — 1;
® 11,79,...,7% are the divisors of ¢ — 1 in increasing order;
e for every index 1 < i < k, the list L; is made out of tuples {I, f;}, where
[ an occurring reduced orbit length and f; its absolute frequency, for all
choices of s € IF; with multiplicative order ord(s) = r;.
The lists are denoted using curly brackets following the notational convention for
lists in Mathematica.
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Example. Consider the file ¢PI_data_g=5.txt Its content reads

{
{1,{{1,3%»{4,63{5,51%{6, 31,
{7,3%{8,2%{9, 3}{10,11}}},
{2,411, 13{4,3r{5, 22,{6, 113,
{7, 134{8, 13{9,23{10, 1},
{4, {{4,4}{5,2}1{6,2}{8,21}{9, 21}

}
The divisors of 5 — 1 = 4 are 1,2,4, so k = 3 and (r1,r2,73) = (1,2,4) in the
notation above. For each divisor, we have a corresponding list
Ly = {{1’ 3}” {47 6}7 {55 5}5 {65 3}’ {77 3}7 {87 2}7 {9a 3}a {107 1}}»
Ly = {{17 1}7 {47 3}7 {55 2}5 {Gv l}v {7a 1}, {8, 1}, {9a 2}a {107 1}}7
Ly = {{47 4}’ {57 2}, {Ga 2}’ {8a 2}a {9a 2}}
The entry {5,2} in L3 encodes that there are precisely 2 orbits of reduced length
5, counted with s ranging over the set {s € Ff : ord(s) = r3} = {2,3}.
Similarly, the entry {4,3} in Ly encodes that there are precisely 3 orbits of

reduced length 4, with s = 4, since the only element s € F} with multiplicative
order ro = 2 is s = 4.

TECHNICAL REQUIREMENTS

Software. Mathematica 14.2 and Magma V2.28-23 plus Jupyter notebook exten-
sion.
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