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Abstract

Deep neural networks (DNNs) have become a cornerstone of modern machine learning,
demonstrating remarkable performance across a wide range of applications. Despite this
empirical success, the theoretical understanding of DNNs, particularly in the context of
generalization, remains relatively underdeveloped. ReLLU (Rectified Linear Unit) is one of
the most widely used activation functions in deep learning, valued for its simplicity and
effectiveness in training deep networks. In this thesis, we focus on advancing the theoretical
analysis of deep ReLLU networks from two perspectives: pairwise learning tasks and gradient
descent methods.

For pairwise learning tasks, we are concerned with the generalization performance of
non-parametric estimation. Most of the existing work requires the hypothesis space to be
convex or a VC-class, and the loss to be convex. However, these restrictive assumptions limit
the applicability of the results in studying many popular methods, especially kernel methods
and neural networks. We significantly relax these restrictive assumptions and establish a sharp
oracle inequality of the empirical minimizer with a general hypothesis space for the Lipschitz
continuous pairwise losses. As an application, we apply our general results to study pairwise
least squares regression and derive an excess generalization bound that matches the minimax
lower bound for pointwise least squares regression up to a logarithmic term. The key novelty
here is to construct a structured deep ReLLU neural network as an approximation of the true
predictor and design the target hypothesis space consisting of the structured networks with
controllable complexity. This successful application demonstrates that the obtained general
results indeed help us to explore the generalization performance on a variety of problems that
cannot be handled by existing approaches.

We study the generalization performance of metric and similarity learning by leveraging
the specific structure of the true metric (the target function). Specifically, by deriving the
explicit form of the true metric for metric and similarity learning with the hinge loss, we
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construct a structured deep ReLLU neural network as an approximation of the true metric,
whose approximation ability relies on the network complexity. Here, the network complexity
corresponds to the depth, the number of nonzero weights and the computation units of the
network. Considering the hypothesis space which consists of the structured deep ReLU
networks, we develop the excess generalization error bounds for a metric and similarity
learning problem by estimating the approximation error and the estimation error carefully.
An optimal excess risk rate is derived by choosing the proper capacity of the constructed
hypothesis space. To the best of our knowledge, this is the first-ever-known generalization
analysis providing the excess generalization error for metric and similarity learning. In
addition, we investigate the properties of the true metric of metric and similarity learning with
general losses.

For gradient descent methods, we focus on studying the statistical generalization perform-
ance of gradient descent (GD) and stochastic gradient descent (SGD) for overparameterized
neural networks within the neural tangent kernel (NTK) regime. Most of the existing work
on regression problems is limited to shallow network architectures, leaving a notable gap
in the theory for deep neural networks. We address this gap by presenting a comprehensive
generalization analysis for deep ReLU networks trained using GD and SGD. Specifically, we
establish the first known minimax-optimal rates of excess population risk for both GD and
SGD with deep ReLLU networks, under the assumption that the network width scales polyno-
mially with respect to the network depths and training sample size. Our results demonstrate
that with sufficient widths, gradient descent methods for deep ReLU networks can achieve

the optimal rates of generalization on par with kernel methods.
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CHAPTER 1

Introduction

Deep neural networks (DNNs) have become a cornerstone in modern machine learning due to
their impressive performance across a wide range of applications, including computer vision
[Krizhevsky et al. 2012; Simonyan and Zisserman 2014; He et al. 2016], natural language
processing [Sutskever et al. 2014; Vaswani et al. 2017], and speech recognition [Hinton
et al. 2012; Amodei et al. 2016]. While empirical results [LeCun et al. 2015; Devlin et al.
2019] have consistently demonstrated the power of DNNs, theoretical analysis, especially
generalization analysis, remains relatively limited [Zhou 2020; Zhang et al. 2021a; Jacot et al.
2018; Cao and Gu 2019]. In this thesis, we focus on exploring the theoretical behaviors of

deep neural networks.

Rectified Linear Unit (ReLLU), as a popular activation function, has been widely used in
practice because of its high efficiency and effectiveness. It overcomes the vanishing gradient
problem that occurs when the activation functions of the sigmoid and hyperbolic tangent are
utilized during the training process (see [Glorot et al. 2011] and Chapter 6 in [Goodfellow
et al. 2016]). In addition, it has been shown in the literature [Yarotsky 2017] that deep
ReLU networks can approximate any continuous and Sobolev smooth functions to arbitrary
accuracy, making them widely applicable to different learning tasks. Hence, we are interested
in studying the learning ability of deep ReLLU networks, measured in terms of statistical

generalization performance.

In the following chapters, we will introduce two types of learning problems that are widely
used in modern machine learning, namely pairwise learning task and gradient descent methods.
Novel analysis will be proposed to study the statistical generalization performance of the
above-mentioned two learning problems with deep ReLU networks.

1



2 CHAPTER 1. INTRODUCTION

1.1 Generalization of Pairwise Learning

Pairwise learning is an important learning task that has attracted much attention in the modern
machine learning society. Unlike pointwise learning which studies a target model based on a
pointwise loss function, pairwise learning refers to learning tasks in which the loss function
takes a pair of examples as the input. Representative pairwise learning tasks include ranking,

metric learning and pairwise least squares regression, which can be demonstrated as follows:

e Ranking: the aim is to learn a predictor f(-, ) which is capable to predict an order
of objects based on their observed features. Given observers z, 2’ , if f(z,2') > 0,
then we predict that x has a higher rank than 2’ and vice versa. Let y, 1y’ be the
ranking labels associated with x, 2/, the performance of a predictor f is measured by
0 f(x,2"),y,y) = lsgn(y — y') f(x,2")), where sgn(t) = 1 fort > 0, sgn(t) =
—1 fort < 0 and sgn(t) = 0 for ¢ = 0, and ¢(-) is non-increasing.

e Metric learning: the aim is to study a metric d(-, -) that estimates the distance or
the similarity between a pair of observers (z,z’). Let y, v’ be the labels associated
with x, 2/, 7(y,y’) be the reducing function defined by 7(y,y’) = 1if y = ¢/ and
7(y,y’) = —1 else. The performance of d on a pair (z, z’) is measured by the loss
(7(y,y)d(x,z")), where £(-) is non-decreasing.

e Pairwise least squares regression: analogs to pointwise least squares regression, we
aim to learn a predictor f(-,-) which measures how well the predicted value f(z,z’)

approximates the output value difference y — 3. We take the loss ¢( f(z,2'),y,v') =
(f(z,2") —y+y)*

Let p be a population distribution defined on the sample space Z = X x ), where X C RP is
the bounded closed input space and )) C R is the output space. Let / : R x J x Y — R*
be a pairwise loss function. Given a predictor f : X x X — R, the generalization error

(population risk) £( f) with the loss ¢ is defined as

E(f): = /Z Uf ). Ap()dp()

=E[((f(X,X"),Y,Y")].
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Given a sample S = {Z; = (X;, Y;)}, independently drawn from p, the empirical error of
f based on S is given by

n

EN) = s 3 XKL X))
i#j=1

Let f, = argminscr £(f) be the true predictor (target function) that minimizes the gener-
alization error over the space JF consisting of all measurable functions from X x X — R,
and fz = arg minsey &£, (f) be the empirical minimizer with the hypothesis space 7. We are
interested in studying the statistical generalization performance of fz, which is measured by
the excess generalization error E(f.) — &( f»), i.e., the distance between the expected error of
fz and the least possible error £( f,). We consider using the following error decomposition to

study the excess generalization error

~

E(f) —E(f,) ={E(f.) — E(f)} +{E(fr) — E(£)},
—. S(H) + D(H), (1.1)

where f3 = argminsey E(f). The terms S(?) and D(H) are called the estimation error and

the approximation error, respectively, and will be estimated part by part.

There are amount of work on the generalization analysis of non-parametric estimation for
pairwise learning [Cao et al. 2016; Clémencon et al. 2008; Rejchel 2012; Ying and Li 2012;
Lei and Shi 2024]. However, most of them required restrictive assumptions on both the loss
function and the hypothesis space and focused on the specific learning problems. For example,
[Clémencon et al. 2008] studied ranking problems and provided an oracle inequality of the
empirical minimizer in the order of O ((%g(”))ﬁ) with the 0-1 loss, where n is the training
sample size and V' is the VC-dimension of the class of the ranking rules. The requirement
of the class of ranking rules to be a VC-class is quite strict since many hypothesis spaces,
especially the Reproducing Kernel Hilbert Space (RKHS), do not satisfy this assumption.
This renders the results of [Clémencon et al. 2008] inapplicable to the widely used kernel
methods. In addition, the 0-1 loss is not usually used in practice due to the difficulty of finding
the empirical minimizer through an efficient algorithm. [Rejchel 2012] presented the upper

bounds of the estimation error for ranking problems with the convex and nonnegative loss
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under the assumption that the hypothesis space is convex. This convexity assumption on
the hypothesis space makes their results unusable for the study of neural networks whose
hypothesis space is not convex in general. [Cao et al. 2016; Jin et al. 2009; Lei and Ying
2020] established the estimation error bounds O(n_%) for the metric and similarity learning
problems. However, there is no work providing generalization analysis of pairwise learning

with general losses under relaxed assumptions.

In the first part of the thesis, we will investigate comprehensive generalization analysis of
pairwise learning under general settings by significantly removing the restrictive assumptions
on both the loss functions and the hypothesis space. The main results of this part are based on

our work [Zhou et al. 2024b] whose contributions can be summarized as follows.

e We establish an oracle inequality of the empirical minimizer for general hypothesis
space when the loss is Lipschitz continuous and satisfies the symmetric property.
Our results extend the existing literature in the following two aspects. First, we
consider the general losses that are Lipschitz continuous and symmetric. Various
commonly used surrogate losses including the hinge loss, least squares loss and
logistic loss satisfy these assumptions, which makes our results applicable to a
wide range of pairwise learning problems including ranking, pairwise regression
and metric and similarity learning. Second, we consider general hypothesis spaces
satisfying general capacity assumptions of the covering number. The hypothesis
space is not required to be convex or a VC-class, which makes our results useful for
studying the generalization performance of neural networks and kernel methods.

e We apply our general results to study generalization bounds of pairwise least squares
regression. The derived oracle inequality implies that if we can find a suitable
hypothesis space with controllable capacity such that the approximation error is
small enough, then desired excess generalization error bounds can be established.
Our key idea for designing the targeted hypothesis space is to construct a novel
structured deep ReLU network as an approximation of the true predictor f, according
to the specific anti-symmetric structure of f,,. Then, considering the hypothesis space

consisting of the networks with this structure, we develop an excess generalization
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error bound in the order of O (n_;ifw ) , which matches the minimax lower rate (up
to a logarithmic term) of least squares regression for pointwise learning. Here, p is
the dimension of the input space and r € N is the smoothness index of the target
function of the pointwise least squares regression. This application shows that the
general oracle inequality greatly helps us explore the generalization performance on

a variety of problems that cannot be handled by existing approaches.

For metric and similarity learning, we take ) = {y1,...,yn}. There are a considerable
amount of theoretical works on metric and similarity learning [Cao et al. 2016; Davis et
al. 2007; Guo and Ying 2014; Jin et al. 2009; Kar and Jain 2011; Lei and Ying 2016;
Maurer 2008; Ye et al. 2019], most of which focused on learning the Mahalanobis distance
dy(z,2') = (x — /)T M(x — 2') for metric learning [Cao et al. 2016; Davis et al. 2007;
Jin et al. 2009; Lei and Ying 2016; Ye et al. 2019] and the pairwise similarity function
sy(z, o) = x " Mz’ for similarity learning [Cao et al. 2016; Chechik et al. 2010; Guo and
Ying 2014; Kar and Jain 2011; Maurer 2008; Shalit et al. 2010]. Here, M € S; C RP*Pisa
positive semi-definite matrix. The corresponding estimation error has been studied in [Cao
et al. 2016; Guo and Ying 2014; Huai et al. 2019; Ye et al. 2019]. Specifically, [Cao et al.
2016] studied the estimation error with the hypothesis space H = {(z — /) "M (z — 2/) — b :
M € S; ,b € R*} for metric learning with the hinge loss. With the same hypothesis space,
[Ye et al. 2019] derived fast learning rates of the estimation error for metric learning with
smooth loss function and strongly convex objective. [Guo and Ying 2014] investigated the
estimation error with the hypothesis space H = {b — z" Mz’ : M € S},b € R} for
similarity learning. However, the expressive power of the studied hypothesis spaces is very
limited. Indeed, functions in the Mahalanobis distance and the pairwise similarity can be
viewed as a multivariate polynomial with order 2 on RP?, then the dimension of the linear span
of the hypothesis space dim(span(#)) is controlled by p?. It implies that the dimension p of
the input space determines the complexity of H and further limits the expressive ability of
‘H. If the expressive ability of H is not enough, there will be a situation where the estimation
error converges to 0 fast while the approximation error is very large. To fully understand the

generalization performance of f, it is necessary to study the approximation error in addition
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to the estimation error. However, to the best of our knowledge, there is no study that provides
estimates of the approximation error for metric and similarity learning problems due to the

unknown of the explicit form of the true metric.

In the second part of the thesis, we will fill the gap in studying the generalization performance
of metric and similarity learning with the hinge loss by exploring the specific structure of the
true metric. The main results of this part are based on our work [Zhou et al. 2024a]. The main

contributions can be summarized as follows.

e We conduct comprehensive generalization analysis for metric and similarity learning
with the hinge loss. Different from the previous works [Cao et al. 2016; Guo and
Ying 2014; Huai et al. 2019; Ye et al. 2019] which only focus on the estimation error,
we study both the estimation error and the approximation error and further derive
the first-ever-known excess generalization error bounds for metric and similarity
learning. Under some mild conditions, an optimal learning rate (up to a logarithmic
term) O(n_%) is established, where p is the dimension of the input space, ¢ is
the parameter of a noise condition to be given later, and r is the smoothness index of
the conditional probabilities.

e The technical novelty is to construct a structured deep ReLU neural network F; (1 —
25" d(hi(x), hi(z'))) as an approximation of the true metric d, by observing that
dy(z,2') = sgn(1 — 23" pi(z)pi(a')) for x, 2’ € X (see Theorem 5 for more
details), where p;(z) = Prob{Y = y;|X = z} and a > 0 is a free parameter. Indeed,
the form of d, implies that if we can design a series of sub-networks that approximate
pi(x) well for each i = 1,...,m, then a good approximation of d,(x,2’) can be
constructed by introducing a deep ReLU network ¢(z,y) and a two-layer ReLU
network F, () for approximating the multiplication function xy and the sign function
sgn(z), respectively. Our results (Theorems 6, 7 and 8) show that the network with
the constructed form can achieve both good approximation and estimation error
bounds for metric and similarity learning.

e We investigate properties of the true metric and the problem setting for metric and

similarity learning with general losses. Specifically, we first show that the bias term
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of the loss introduced in many works [Cao et al. 2016; Jin et al. 2009; Ye et al. 2019]
can be removed, and it is reasonable to assume the output space ) has only finite
labels rather than containing a continuous interval. Furthermore, we demonstrate
that the true metric is symmetric, and the true metric between any two identical
samples must be less than or equal to that between different samples under mild and
intuitive conditions, which provides a rationale for the use of symmetric models like

Mahalanobis distance in metric learning.

1.2 Generalization of Gradient Descent Methods with Deep
ReL.U Networks

DNNss trained with gradient descent methods have achieved a remarkable success across
a wide range of applications, including computer vision, natural language processing, and
speech recognition [Bahdanau et al. 2014; Hinton et al. 2012; Krizhevsky et al. 2017; Silver
et al. 2016]. Despite their highly nonconvex and overparameterized nature, DNNs can achieve
a near-zero training error while still generalizing well to unseen data [Zhang et al. 2021b]. To
demystify this phenomenon, an extensive amount of work has been done to understand the

generalization and optimization properties of gradient descent methods for training DNN's.

The neural tangent kernel (NTK), introduced by [Jacot et al. 2018], has emerged as a powerful
framework for understanding the generalization performance of overparameterized neural
networks trained using gradient descent methods. It reveals that, in the infinite-width limit, the
training trajectory of a neural network with random initialization closely mirrors the behavior
of its counterpart in the RKHS associated with the NTK. This connection effectively bridges
the gap between learning with DNNs and classical kernel methods, allowing insights from

the kernel methods to inform our understanding of DNNs.

Following this perspective, the global convergence of gradient descent methods with DNN's
has been extensively studied [Allen-Zhu et al. 2019b; Du et al. 2019; Zou et al. 2018; Zou and

Gu 2019], while their generalization properties have only been investigated in a few works
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[Cao and Gu 2019; Cao and Gu 2020; Chen et al. 2021a; Xu and Zhu 2024]. Specifically, the
appealing work [Cao and Gu 2019] and [Cao and Gu 2020] developed algorithm-dependent
misclassification error bounds for deep ReLU networks trained by gradient descent (GD) and
stochastic gradient descent (SGD), respectively. [Chen et al. 2021a] relaxed the requirement
of their network width for both GD and SGD. However, all of these works focused on
classification problems under data separation assumptions. Very recently, the work [Xu and
Zhu 2024] studied one-pass SGD in the streaming (continuously coming) data setting with
deep ReLU networks for regression problems and showed that the prediction error of one-pass
SGD for deep ReLU networks can converge to zero in expectation, provided that the width of

the network scales exponentially with the number of layers.

On another important front, it is well-established in the kernel methods literature [Dieuleveut
and Bach 2016; Lin and Rosasco 2017; Yao et al. 2007; Ying and Zhou 2006] that for least
squares regression, GD and SGD in the kernel setting can achieve the minimax-optimal
rates of the excess population risk O(n*% ), under standard regularity assumptions on the
regression function and capacity assumptions associated with the RKHS [Caponnetto and
De Vito 2007]. Here, n is the size of training data, 5 > 0 is the smoothness of the target

function f, and v € [0, 1] is a parameter that measures the capacity of the hypothesis space.

Since the NTK perspective provides a close connection between the two learning processes
of neural networks and kernel methods trained by gradient descent methods, it is natural
to expect that neural networks trained by GD and SGD exhibit generalization performance
(measured by excess population risk) comparable to their kernel-based counterparts. This
conjecture has been partially validated for shallow neural networks when the width is large
enough. In particular, [Nguyen and Miicke 2024; Nitanda and Taiji 2021; Wang et al. 2025b]
demonstrated that GD and SGD for two-layer neural networks can replicate the classical
results in the kernel setting, achieving the excess risk rates (’)(n_%). However, a critical

open question remains:

Can DNNs trained by GD and SGD achieve minimax-optimal excess risk rates on par with

their kernel-based counterparts?
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In the third part of the thesis, we provide an affirmative answer to this question, significantly
advancing the theoretical understanding of generalization of GD and SGD from shallow to

deep neural networks.

We extend the results for GD and SGD from shallow to deep networks while maintaining
minimax-optimal excess risk rates under mild overparameterization condition. The main
results of this part are based on our work [Zhou et al. 2025]. The main contributions can be

summarized as follows.

e We provide comprehensive generalization analysis for deep ReLU networks trained
with gradient descent methods for regression problems. For an L-layer ReLU net-
work with a sufficiently large width m, we show that both GD and SGD can replicate
the classical results in the kernel setting with the same gradient complexity under
similar assumptions. Here, gradient complexity means the number of times the
algorithm calculates the gradient. Specifically, we develop the minimax-optimal
excess population risk rates O(n_%) for both GD and SGD with deep ReLLU net-
works when m depends polynomially on L, n and p without imposing the commonly
used assumptions on the Gram matrix of the NTK, where p is the dimension of the
data.

e We improve the requirement of the network width in [Xu and Zhu 2024] from
exponential scaling in the number of layers L to polynomial scaling. This relaxation
has been achieved in [Zou et al. 2020; Chen et al. 2021b] for the classification setting
by establishing favorable properties of the network at initialization. However, their
methods cannot be directly applied to our setting, as we require these properties to
hold uniformly over the entire input space, while their results are typically limited to
the finite training dataset.

e In particular, this is the first work to overcome the technical challenges of achieving
the optimal excess risk rates for deep neural networks within the NTK regime,
demonstrating that deep ReLU networks trained with GD and SGD can achieve
generalization performance on par with their kernel-based counterparts. Table 4.1

summarizes the related results of GD and SGD for regression.



10 CHAPTER 1. INTRODUCTION

Technical Novelty. The minimax-optimal excess risk rates for shallow neural networks
trained with gradient descent methods have been established in [Nitanda and Taiji 2021;
Nguyen and Miicke 2024; Wang et al. 2025b]. However, their approaches cannot extend
directly to deep neural networks. To analyze the excess population risk of fw ), the perform-
ance of a network fyw at the output of GD/SGD with 7" iterations, [Nitanda and Taiji 2021;

Nguyen and Miicke 2024; Wang et al. 2025b] employ the error decomposition

I fwery = Folly S fwery = Rl + 1y = o7 15 + g = 175 + 1™ = flI5,

where f‘l}{}(T) is the linear approximation of fy at the Gaussian initialization, g7' is GD/SGD
associated with the finite-width NTK K™ within the RKHS H,,, A" is either the minimizer
of the regularized population risk over #,,, [Nitanda and Taiji 2021] or GD for the population
risk in H,, [Nguyen and Miicke 2024], and f, is the target function. A critical step in their
analysis is to control the term ||g7* — h, || by n_%, where 7 is the effective dimension
of H,,. To achieve minimax-optimal rates, it is essential to demonstrate that the effective
dimension of H,, matches that of H, i.e., 7 = . For v = 1, this equivalence naturally
holds since the integral operator associated with K™ is a trace-class operator. For v < 1,
the argument is established by treating K™ as a sum of i.i.d. random kernels with mean K
(see Proposition B in [Nitanda and Taiji 2021] and Proposition A.18 in [Nguyen and Miicke
2023]). Specifically, for a two-layer ReLU network fw(z) = —=>_"" a,0(w, ), a kernel
has the structure K™ (z,2') = > " (Ow, fw(0)(2), Ow, fw(0)(@'))2. Since Ow, fw()(z) =
m~2a,0'(w,(0)Tz)x depends only on the initial i.i.d. Gaussian weight w,(0), K™ is a sum
of 7.7.d. random kernels. However, this structure is not valid for deep ReLLU networks. In
deeper architectures, the gradient dy,: fw o) () is influenced not only by the weight w’(0) of

the [-th layer but also by the weights of all preceding and former layers. This interdependence

makes a direct extension significantly challenging.

To overcome this challenge and establish minimax-optimal rates for any v € [0, 1], we
adopt a refined error decomposition by introducing a new GD iterate gr associated with the

infinite-width NTK K in the RKHS H . Specifically, we decompose the error as

lfwery = folls S fwy = S l; + 1wy — 921 + gt — gzll; + llgr — foll5-
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First term: The first term || fw ) — f{}{}m |2 depends critically on forward and backward
propagation estimates at random initialization. The work [Xu and Zhu 2024] provided such
forward and backward propagation estimates with upper bounds that scale exponentially with
the network depth L for deep ReLLU networks. Applying their results leads to an unexpected
bound || fw(r) — fw ) ll5 S CLm~3Poly(nT) valid when m > CLPoly(nT, p). Here, C > 1
is an absolute constant and n > 0 is the step size. By extending the results of [Zou et al.
2020; Chen et al. 2021b] from the finite training set .S to the full input space X', we obtain
the improved bound || fw(r) — {}{}(T)HZ < m~3Poly(L,nT) with a relaxed requirement
m 2 Poly(L,nT,p), reducing the dependence on the network depth from exponential to

polynomial.

Second and fourth terms: The second term || f{}{}(T) — 97|12 can be controlled by the first term
and the gap between the gradients of fyy at initialization W (0) and at W (7"), while the final
term, ||gr — f,||>, is bounded using standard results for kernel methods [Lin and Rosasco

2017].

Third term: The most challenging term, ||g7* — gr||2, requires more nuanced analysis. A key
insight here is that the infinity norm between g7’ and g can be controlled by the distance
between the corresponding kernels K™ and K, yielding ||g% — gr||? < [lgF — gr|% <
(nT)*||K™ — K||2,. [Xu and Zhu 2024] proved that | K™ — K ||,c < CEm ™6 ,/p assuming
exponential scaling of m with L. By applying a more refined analysis (see Lemma 20), we
establish | K™ — K||s < m~s+/pL under a relaxed condition m > pL3. This improvement
significantly relaxes the overparameterization requirements, completing the analysis. Further
details can be found in Proposition 9. Note that if fw(7) is produced by SGD, the estimate
strategy for the other three terms remains unchanged. There will be an additional error in the

third due to the discrepancy between the SGD and GD iterates in the RKHS 7#,,,, which can

be estimated using the results in [Lin and Rosasco 2016].

The combination of the refined error decomposition and the key insights effectively extend

the analysis from shallow to deep neural networks.



CHAPTER 2

Generalization of Non-parametric Estimation for Pairwise Learning

In this chapter, we are concerned with the generalization performance of non-parametric
estimation for pairwise learning. The main results in this chapter are based on [Zhou et al.
2024b]. The rest of the chapter is organized as follows. Section 2.1 presents the main results
of the chapter. Section 2.2 applies the main results to study the generalization performance of

pairwise learning with structured deep ReLLU networks. The proofs are given in Section 2.3.

2.1 Main Results on Pairwise Learning

Throughout this chapter, we denote by C, s, a constant depends on parameters c, 3 and
v, and denote C' an absolute constant. These constants may differ from line to line and are
always assumed to be greater than or equal to 1. We denote I{ A} the indicator function that
takes value 1 if the event A happens and 0 otherwise. Let [C'] denote the least integer number
greater than or equal to C'. For a measurable set A C X, let px(A) := Prob{A} = Ex[I{A}]
and p(A|zx) := Prob{ A|X =z} = E[I{A}| X = z].

2.1.1 Oracle inequalities with general losses

Our analysis requires the following assumptions on the true predictor f, and the loss /.
ASSUMPTION 1. There exists a constant ) > 0 such that

prHLOO(XXX) ‘= SUPg prex | folx, 2")| <.

12
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Both the true predictors of pairwise least squares regression and ranking problems sat-
isfy Assumption 1. For the pairwise least squares regression with loss ¢(f(z,2'),y,y’) =
(f(z,z") —y+v')?, itis known that the true predictor has the form f,(z,2') = f,(z) — f,(z'),
where fp(a:) := E[Y'|X = z] is the Bayes rule for pointwise least squares problem [Ying
and Zhou 2016]. One often assumes that the distribution of Y is bounded by a constant
B > 0, ie., Prob{|Y| < B} = 1, then we can show that Assumption 1 holds with
n = 2B by noting || f,||eoxxx) < 2||follzer) < 2B. For ranking problems with the
hinge loss ¢(f(x,2'),y,y) = (1 — sgn(y — ¥/') f(x,2")),, the work [Huang et al. 2023]
proved that the true predictor has the form f,(z,2") = sgn(T(z,2’) — T'(/, z)), where
T(xz,2") = Prob{Y > Y'|X =z, X' = 2'}. Then it is easy to show that 7 = 1 in this case
since |sgn(t)| < 1 forany ¢ € R.

ASSUMPTION 2. There exists a constant K > 0, such that for any y,y’ € Y and t,t5 €

(=l foll oo aexey, 1 foll os o)) there holds

|£(tlay7y,) - E(t27y7y,)| S K |t1 - t2| .

Here, we only consider the Lipschitz property of £ over [ — || f, || Loe(xxx), || foll Loo(xxx)]
since the values predicted by f, always lie on this interval. Assumption 2 holds for the hinge
loss with ' = 1 and the pairwise least squares loss with ' = 8 if the distribution of Y is
bounded by B > 0.

With a little abuse of notation, for any probability measures p, we denote Li as the metric

|2 is L* norm defined by || f||zz = ([ | f|2dp)?. Recall

induced by the norm || - || 2. Here,
that py is the marginal distribution of p on X', we define two empirical probability measures
based on the observed sample S as pi, = £ >°" by, and v, := ﬁ D isic1 0. X ;)5

where 0. is the counting measure. For any f € H, we define the norms

(%ZEU(X» Xz‘)|XJ2) ; @.1)

Px X Hn

R :
2 = (m > f(XhXj)Z) : 2.2

i#j=1
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Our analysis also needs the assumption on the capacity of the hypothesis space .

DEFINITION 1. Let (7, d) be a metric space. Consider a subset A C T and lete > 0. A
subset N/ C A is called an e-net of A if every point in A is within a distance € of some point
of NV, ie.,

Ve e A, Jxg € N d(z,20) < e

The smallest possible cardinality of an e-net of A is called the covering number of A and is

denoted by NV'(A, d, ¢).
ASSUMPTION 3. There exist constants Sy, sy > e and V1, Vo > 0 independent of n such that
forany € € (0,1],

\%1
N (HaLiqun7€) S S1 (1> )

€

Vo
N (M, L €) < so (1> :

€
Any bounded subset of a finite-dimensional space [Wainwright 2019] and the space consisting
of bounded deep neural networks [Schmidt-Hieber 2020; Bartlett et al. 2019] satisfy Assump-
tion 3. However, many important spaces do not satisfy this assumption, e.g., RKHS. We

introduce the following assumption as an alternative to Assumption 3 to handle this setting.

ASSUMPTION 4. There exist constants s\, s, > 1 and V],V € (0,1) independent of n such
that for any € € (0,1),

W
log (N (H,Lixxﬂn,e)) < 8 (1) ,

€

1\ "2
log (N (M, L2 .€)) < sh (E) .
It was shown in [Bartlett et al. 2005; Clémencon et al. 2008] that the convergence of the excess
risk for a learning problem is of the order O(\/iﬁ) However, the convergence rate of this order
is often quite slow since we only utilize the first order property (the uniform boundness) of the
function class. To obtain a better convergence rate, we introduce the variance condition (the

second order property) of a function class, which has been extensively studied on establishing
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tight concentration inequality and deriving fast convergence of the excess risk [Bartlett et al.

2005; Bartlett and Mendelson 2006; Bousquet 2002].

DEFINITION 2 (Variance-expectation bound). Let A/ > 0 and /5 € [0, 1]. Let F be a function
class consisting of functions f : Z x Z — R with nonnegative first moment, i.e., E[f] > 0
for any f € F. We say that F has a variance-expectation bound with parameter pair (3, M),
if for any f € F,

E[f?] < M(E[f])". (2.3)

REMARK 1. In statistical learning theory, we often set F to be the shifted hypothesis space
{e(f) = e(f*) « f € H}, where f* is either the true predictor f, or the oracle f; (best
predictor in H). The inequality (2.3) holds with 5 = 0 for any uniformly bounded function
class. There are numerous cases in which (2.3) also holds with 5 € (0, 1]. For instance, (2.3)
is satisfied for ranking [Clémengon et al. 2008] and for binary classification [Boucheron et al.
2005] if the distribution p over Z satisfies a low-noise condition. [Bartlett et al. 2006] showed
that (2.3) holds with 5 = min{1, 2/r} if the hypothesis space # is convex and the modulus
of convexity 0 of the loss satisfies d(¢) > ce”. Further, we will prove later (2.3) is satisfied
with 8 = 1 for pairwise least squares regression when the distribution p is bounded (see

Lemma 11 for more details).

Now, we present our main result on an oracle inequality of f, as follows, whose proof is given

in Section 2.3.1.

THEOREM 1. Suppose Assumptions 1 and 2 hold. Let H be a hypothesis space with uniform
bound 1 > 0 such that for any f € H U {f,} and almost z, 2’ € Z, there holds

(f(x,2"),y,9) = Lf(2',2), 9, ). (2.4)

Let M >0 and (€0, 1], suppose that the shifted hypothesis space F :={{(f(z,2"),y,y’) —
Ufo(z,2"),y,y) « f € H} has a variance-expectation bound with parameter pair (3, M ).

The following statements hold true.
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(a) If the capacity of H satisfies Assumption 3, then for any 6 € (0, 1/2), with probability at
least 1 — 6, there holds

g(fz)_8<fp) < C,T]’K,Mﬁ<1rnaLX{V17 loi(&)} log(n)>2—ﬂ log(%)

log2(%) max{ V1, V,log(s1),log(sz2)} N
n

+C77»K (6"’2) (g(f"H> _g(fﬂ)>

(b) If the capacity of H satisfies Assumption 4, then for any 6 € (0,1/2), with probability at
least 1 — 0, there holds
" 1 ﬁ log(n) ﬁ 4
B < 7 L\ervDEm &
g(fz) g(fp) = Cn,K,M,B maX{ 31<n> ) ( n ) log(a)}
max{s}, s} log®(3)
(1 — max{V/, V3})

+Cpx + (B+2) (E(fn) — E(£2)).

REMARK 2. Besides ranking and pairwise least squares regression, our results can also be
applied to learning problems whose predictor is independent of the order of input sample
pairs, e.g., the metric learning and the similarity learning problems. Let us show how to
apply Theorem 1 to metric learning problems. In distance metric learning, we aim to learn
a Mahalanobis distance f(x,2') = (x — 2')" M (x — 2’), where M € St is a positive semi-
definite matrix. Let 7(y,%’) be a function of labels such that 7(y,y') = 1 if y = 3’ and
7(y,y’) = —1 else. The performance of f on a sample pair (z, z') is measured by a loss
function ¢(7(y, y)(f(z,2") — b)), where b > 0 is a bias term and ¢ is a convex and Lipschitz
loss. The hypothesis space here is typically set to be H = {(z — 2/)TM(z —2') : M €
SE,IM|| < n}, where || - || denotes a regularization norm. Since the Mahalanobis distance
and the function 7 are both symmetric, (2.4) holds. In addition, it’s easy to verify that
Assumptions 1 and 2 hold by noting that y is assumed to be bounded, and # = 0 due to
the uniform boundedness of the hypothesis space. Note H is a bounded subset of a finite-
dimensional space, Theorem 1 provides an oracle inequality for metric learning problems

under Assumption 3.

Comparison with related works. We give a comparison of our work with the existing results
here. The most related works are [Clémencon et al. 2008; Rejchel 2012], which both studied

the generalization performance of ranking problems. [Clémengon et al. 2008] derived an
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oracle inequality of order O ((%g(")) ﬁ) when the 0-1 loss is considered, where V' is the
VC-dimension of the class of the ranking rules. However, the 0-1 loss is not usually used in
practice since the problem considered here is NP-hard and the empirical minimizer fz is not
easy to find through an efficient algorithm. Instead, we provide an oracle inequality with the
same order (see part (a) of Theorem 1) that holds for various common-used surrogate losses
including the hinge loss, least squares loss and exponential loss. This makes our results more
broadly applicable. In addition, [Clémencon et al. 2008] required that the class of ranking
rules is a VC-class, while many hypothesis spaces (e.g., RKHSs [Lei and Shi 2024]) do not
satisfy this assumption. We extend the desired result to a more general setting (see part (b) of
Theorem 1, where the hypothesis space is not assumed to be a VC-class), making our results
tractable for a wider range of problems. [Rejchel 2012] established upper bounds for the
estimation error with § = 1 under the assumption that the hypothesis space is convex. We
investigate the excess generalization error with parameter 5 € [0, 1]. Moreover, the convexity
assumption of the hypothesis space is not required here, which allows our results applicable
to study the generalization performance of the neural networks where the hypothesis space
is not convex in general. [Cao et al. 2016; Jin et al. 2009; Lei and Ying 2020] provided the
estimation error bounds of order O(n_%) for the metric and similarity learning problems. As
mentioned in Remark 2, Theorem 1 can also be applied to the metric and similarity learning

(see Remark 2 for more details).

2.2 Application to Pairwise Least Squares Regression

We apply our main results to study the generalization performance of pairwise learning
problems with deep ReLU networks. Specifically, we show that the optimal excess generaliz-
ation error rate can be achieved for pairwise least squares regression, where constructing a
hypothesis space consisting of the structured deep ReLLU neural networks according to the

specific form of the true predictor plays an important role.
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2.2.1 A novel approximation of the true predictor

We first construct a novel structured deep ReLLU network as an approximation of the true
predictor f,. Then, considering the hypothesis space consisting of the networks with this
structure, we establish a sharp oracle inequality in the order of O((%)ﬁ) for general anti-
symmetric losses. We will show in the next subsection that, the excess error rate that matches
the minimax lower bound for least squares regression [Gyorfi et al. 2006; Schmidt-Hieber

2020] can be obtained when the least squares loss is considered.

In pairwise learning, we aim to learn a predictor f : X x X — R that determines whether
the sample x has higher priority than the sample x’ or not. Note the value predicted by f
depends on the order of the input samples x, x’. We often expect f to be anti-symmetric,
ie., f(z,2') = —f(a2/, z). The following assumption is introduced to guarantee that the true

predictor f, satisfies the anti-symmetric property.

ASSUMPTION 5. The loss { is anti-symmetric with respect to any predicted values and labels,

i.e., for any possible predicted value t € R and labels y,vy' € ), there holds

E(ta Y, y,) = E(_tv ylv y)

It’s obvious that the hinge loss (¢, y,y") = (1 — sgn(y — y/)t) for ranking and the least

squares loss £(t,y,y') = (t — y + y')? for regression satisfy this assumption.

A good approximation of a model should be one that has the same structure as itself. Hence,
the basic idea of designing an alternative of f, is to construct a model that has the same
structure as f,. The following proposition shows that the true predictor for a pairwise problem
has an anti-symmetric structure, which suggests the structure of the approximation of f,. The

proof of Proposition 1 can be found in Section 2.3.2.

PROPOSITION 1. Under Assumption 5, the true predictor f, is anti-symmetric, i.e., for almost

x,x' € X, there holds f,(x,2") = — f,(2', x). Furthermore, there holds

1 1,

—folx, ") — = f, (', ). (2.5)

fp<x>$/) = D) 9
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The nice decomposition of f, given in the above proposition indeed tells us how to find
a targeted approximation, i.e., we consider making use of a series of ReLU networks to
approximate f, with the structure in (2.5). Before introducing our approximation, we give the
definition of deep ReLLU neural networks, which are the basis of our structured networks. We
denote o(t) = (t) the ReLU activation function acting componentwise on the vectors. Let
wo € N7 be the dimension of the input space, w;, = 1 and w; € NT be the width of the [-th
layer for{ =1,...,L — 1, where L € N is the depth of the network. A deep ReLLU network
h from X to R with depth L has the form

WE) =a'o(Ty10(Tp_o- - o(Ty(Z) T +by) - +bp_s)+by_1)+b, forT € X,  (2.6)

where 7; € R"**1-1 indicates the connection matrix between the [-th layer and the ({ — 1)-th
layer, b, € R is the bias, and a € R*¥~-1. Let || - ||o denote the number of nonzero elements
of the corresponding matrices and vectors. We define the number of nonzero weights and
computation units of & by (||allo + 1) + 375" [ Tillo + [|billo and 3" wy, respectively. We
say a network h has the complexity (L, W, U) if its depth, the number of nonzero weights

and computation units are L, W and U.
Now, we can give our structured approximation network f : X x X — R as follows
f(z,2") = g(my(h(z,2")), my(h(z, 2))) for z, 2" € X, 2.7

where m, : R — R and g : R — R are shallow ReLU networks with fixed complexity, and
h: X x X — Ris adeep ReLU network defined in (2.6) with complexity (L, W, U). The
value of (L, W, U) will be properly chosen later for specific problems (see Theorem 8 for
least squares regression as an example). Let us give some explanations of (2.7). First, we use
a deep ReLU network h to approximate 1 f,(z,2’) and  f,(2/,z) by h(z,2’) and h(z’, z),
respectively. Note that || f,|| Lo (xx ) is bounded by 7, we hope that the values of % also lie on

[—n/2,n/2]. Hence, we consider improving our estimate / by projecting the values of h onto
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[—n/2,n/2], i.e., projecting h to 7, (h) with the projection operator 7, defined as

n/2, t >n/2
Wﬂ(t) = tv te [_77/2777/2]
-n/2, t < —n/2.

The operator 7, (h) can be written as a shallow ReLU network: 7, (t) = o(t) — o(t —1/2) —
o(—t) + o(—t — n/2). Such an expression can be found in [Zhou et al. 2024c]. With
this, two main items 3 f,(z,2’) and }f,(2/, z) are addressed. It remains to find a ReLU
network to handle the difference of the values of 7, (h) between the sample pair (x, 2’) and
its reverse order pair (', z). By noting that the difference operator can also be represented
by a shallow ReLU network g, i.e., z —y = o([1, —1] - [z,y]) — o([-1,1] - [z, y]), we can
give our final approximation f(z,2’) = g(m,(h(z,2)), m,(h(2’, z))). Figure 2.1 gives the

specific structure of f(x,z’). Note that the complexity of a network f of the form (2.7) can

11, (h(x, X))

9@y (h(x, x)), my (h(x", x)))
as an approximation of f,,

1y (h(x', %))

FIGURE 2.1. Structure of the designed anti-symmetric deep ReLLU network
(2.7) with input x, 2’ € X.

be computed by summing up the corresponding complexities of each sub-network /1, 7, and
g directly. Specifically, the depth of f is the summation of the depth of h, 7w, and g. The
number of nonzero weights and computation units of f are 2(W) + Wy ) + W, + c and
2(Up, + Ux,) + Uy + ¢ respectively, where W, and U, are the corresponding parameters of

each sub-network v € {h, 7, g}, and c and ¢’ are absolute constants. The hypothesis space
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‘H consists of all possible predictors of the form (2.7) is defined as

H =H(L,W,U) := {f of form (2.7): the complexity of f does not exceed (L, W,U).}
(2.8)

Here, we use the parameters (L, W, U) € N? to measure the capacity (size) of H. As these

parameters increase, the capacity of the hypothesis is getting larger.

Unlike the covering number used in Theorem 1, we employ the pseudo-dimension to char-
acterize the hypothesis space here. An advantage of using pseudo-dimension is that any

boundedness assumptions on the parameters of neural networks are not required.

DEFINITION 3. Let F be a class of functions f : X x X — R and F* = {(x,2/,t) :
f(z,2") > t,f € F} be its subgraph set, then the pseudo-dimension Pdim(F) of F is
defined as

Pdim(F) := VC(FT),

where VC/(F) is the VC-dimension of . Further, if Pdim(F) < oo, then we call F a
VC-class.

The following lemma reveals a relation between the covering number and pseudo-dimension

[Vaart and Wellner 1996, Theorem 2.6.7] and will be used frequently later.
LEMMA 1. For a VC-class F of functions with uniform bound F', one has for any probability
measure p,

1\ 2Pdim(F)-1)
)

2 - Pdim(F
N(F,L2,eF) < C Pdim(F)(16¢)"4mF) (—
for an absolute constant C' > 0 and 0 < € < 1, where Li denotes the L? norm with respect to

the measure p.

Lemma 1 implies that any bounded VC-class satisfies Assumption 3. Specifically, for any
hypothesis space H which is a VC-class and uniformly bounded by n > 0, H satisfies
Assumption 3 with s; = s = C, paimn) and Vi = Vo = 2(Pdim(H) — 1), respectively.
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Conversely, if we further assume that the inequalities therein hold with any probability

measures, then Assumption 3 can be employed as an alternative definition of a VC-class.

Now, we can establish the following theorem on an oracle inequality of the empirical min-
imizer fz trained by the structured deep ReLLU networks of the form (2.7). The proof of

Theorem 2 can be directly derived by Theorem 1, detailed proof can be found in Section 2.3.2.

THEOREM 2. Suppose Assumptions 1,2 and 5 hold. Let H be the space of structured deep
ReLU networks (2.8) and V' = Pdim(#H) be its pseudo-dimension. Let M > 0 and € |0, 1],
suppose that the shifted hypothesis space F := {{(f(x,2'),y,y') — U(f,(z,2'),y,¥) : [ €
H} has a variance-expectation bound with parameter pair (3, M). Then for any ¢ € (0,1/2),
with probability at least 1 — 0, there holds

£(7) ~ £08) < Cpaenns ()7 tog(a/0) + €y 1o (672

+(B+2)(E(fn) — E(f))-

2.2.2 Pairwise least squares regression with deep ReLU networks

Now, we focus on the pairwise least squares regression with loss ¢( f (z, 2'), y,y') = ( flz,2")—
y+y )2. We first estimate the approximation error with H of the form (2.8). Then, by com-
bining the approximation error bound with Theorem 2 and choosing the proper capacity of
‘H, we derive the nearly optimal excess generalization error bound for pairwise least squares

regression.

The estimates of the approximation error £( f)—£&(f,) are closely related to the true predictor
f,» which is known to be f,(z,2') = f,(z) — f,(«') for z,2’ € X [Ying and Zhou 2016].
Here fp(x) = E[Y|X = z] is the regression function. Before stating our approximation

results, we first introduce some notations and standard assumptions.

To define the Sobolev spaces, we assume that X' = [0, 1]” in the remainder of this subsection.
Let r € N be the smoothness index, the Sobolev space W">(]0, 1]?) is defined as a class

consisting of functions along with their partial derivatives up to order r lying in L>(]0, 1]).
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The norm in W"*°([0, 1]?) is defined as

Fp— o
I lhwrceoamy = g 1P e oy
where Z contain all non-negative integers, |la|; = Y_.7_, |a;| denotes the /' norm of «,

llxl ) o :
D*f = 68‘# denotes the weak partial derivative of f with order a.

aj ap
x, -0z

The following assumption assumes that all 7-th derivatives of the fp exist and their L norms

are bounded.

ASSUMPTION 6. Assume prHW'r',oo([OJ}p) < 1 for some r € N.

Since Sobolev norm dominates L>°([0, 1]?) norm, then we know that Assumption 6 implies

Assumption 1 with n = 2.

We also require the distribution of Y to be uniformly bounded, which ensures that Assump-

tion 2 holds.

ASSUMPTION 7. There exists a constant B > 0 such that Prob{|Y| < B} = 1.

We are in a position to give our estimate of the approximation error, whose proof can be found

in Section 2.3.2.

THEOREM 3. Suppose Assumption 6 holds, and the structured hypothesis space H(L, W, U)
is defined by (2.8). Then, for any € € (0, 1), there exists a deep ReLU network [ of form (2.7)
with depth at most C,,,.1og(1/€) and the number of nonzero weights and computation units at

most C,, .~ log(1/¢) such that

If— prLoo([o,1]2p) Se

Further, if we set W = U = [exp(L)], then the approximation error can be bounded as

follows

D(H) < Op,T(WL(L))Q’:.

Now, we can derive the excess generalization error bound by combining Theorems 2 and 3.
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THEOREM 4. Suppose Assumptions 6 and 7 hold, and the structured hypothesis space
H(L,W,U) is defined by (2.8). If we set W = U = [exp(L)], then for any ¢ € (0,1/2),
with probability at least 1 — 6, there holds

E(f:) = &€(fp) < Cor

A L explL) 1080 12(4/5) + c,, (D) g

Setting L = [ 52— log(n)|, with probability at least 1 — 6, there holds

2r+p

~

E(f.) = E(f,) < Cprplog” (n)n~ 255 log?(4/6),

where T = max{3, 2?’"}

REMARK 3. Theorem 4 establishes the excess risk rate O(n*;%ﬁ) for pairwise least squares
regression with deep ReLU networks by choosing the parameters L =< log(n), W = U =<
n75, which matches the minimax lower rate for pointwise least squares regression [Gyorfi
et al. 2006; Schmidt-Hieber 2020]. We note that the minimax lower rate O (n*%) of the
excess risk for pairwise learning is developed in [Guo et al. 2022] by using the kernel method,
where r € (1/2,3/2] is the smoothness parameter of f,, and s € (0, 1) is the effective
dimension measuring the capacity of the corresponding RKHS. [Huang et al. 2023] studied
ranking with deep ReLLU networks when the hinge loss is considered, they derived the excess
risk rate O(niﬁﬁiﬁ?)), where > 0 denotes the smoothness of the target function, and
6 > 0 is the parameter of noise condition. As we mentioned before, the results of previous
works [Clémencon et al. 2008; Rejchel 2012] cannot be used for studying the kernel methods
or neural networks with the least squares loss, which demonstrates that our general results
indeed help us to explore the generalization performance on a variety of problems that cannot

be handled by existing approaches.
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2.3 Proofs for Main Results

2.3.1 Proofs for Section 2.1

In this subsection, we present the proof of Theorem 1. The oracle inequality established in The-
orem 1 is obtained by deriving upper bounds of the estimation error S(H) = E(f.) — £(fx)
defined in (1.1). In classical statistical learning theory with pointwise loss function ¢ :
R x Y — R [Cucker and Zhou 2007; Bartlett and Mendelson 2006], the estimation er-
ror is often bounded by 2supy [E[0(f(X),Y)] — £ 37" 0(f(X;), V)
lysis of this empirical term heavily depends on the independence of {E[¢/(f(X),Y)] —

, where the ana-

0(f(X;),Y:)},. However, for pairwise learning with loss ¢ and predictor f € #, the
terms {I(f(X;, X;),Y:, Y;) }iyj—, in the double-index summation £(f) — £.(f) are depend-
ent, which cannot be handled by the standard techniques in the empirical process theory
directly. We consider employing the Hoeffding decomposition [Hoeffding 1963] to overcome

this dependency difficulty.

Given i.i.d. sample S = {Z;}!' , and a symmetric kernel ¢ : Z x Z — R, a U-statistic U,
associated with kernel ¢ is defined as U,, = ﬁ > i1 q(Z;, Z;). A degenerate U-statistic
W, is a U-statistic such that E[W,,|Z;] = 0 forany i € {1,--- ,n}. Hoeffding decomposition

breaks E[U,,] — U, into the summation of an i.i.d. term and a degenerate U-statistic term. i.e.,
ElU,] — U, =2T, + W,,

where

1 n
T, = - ; h(Z;),

~

WZi, Z;) = BlUn] — W(Zi) — W(Z;) — q(Zi, Z;),

1 R
W, = TP > Wz, Zy).

ij=1

Note for any i € {1,--- ,n}, there holds E[IV,|Z;] = 0. Then W), is a degenerate U-statistic.
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We now apply Hoeffding decomposition to the estimation error £(f.) —&(f3). Forany f € H,
from (2.4) we know the kernel defined as g¢(z, 2') := ((f(z,2'),y,y") — (f,(z,2'),y,v)
is symmetric. Further, denote by U/, hy, T, h , W/ the corresponding Hoeffding decom-
position terms associated with ¢;. That is, U] = .ot 300 2 45(Zi Z5), he(Z) =
Blo(Z, 2)|2) — B T = 250, hy(Z0), hy(Zi, Z5) = BIUS) — hy(Z) — hy(2) —
q;(Zi, Z;), and W = m D itjm hs(Z;, Z;). Then the estimation error can be decom-

posed as

E(f.) = E(fn) = E(F2) = E(f2) + &) — Ex(fn) + E(fr) — E(f0)
<E(f2) = &) + E(fa) — E(fn)
= {E(f2) = E(f,) + E(f,) = EF)} +{E(fn) — E(F) + E(f,) — E(fa)}
= {B[U}] - UL} + (U - E[U/])

— TS + Wi — 2T/n — Win

(2TF — 2Tfy + (W — Wiy

S1(H) + Sa(H), (2.9)

where in the first inequality we have used the fact that £.(f.) < E.(fy). Here, S1 () consists
of i.i.d. terms which can be bounded by using standard techniques in empirical process theory.
For bounding the degenerate U-statistics term Sy (), we exploit the decoupling methods in
the theory of U-processes [De la Pefia and Giné 1999; Clémencon et al. 2008]. We estimates
S1(H) and Sy(H) in the following two steps, respectively.

Step 1. Upper bounds for S ()

LetG = {gs(2) == E[ﬁ(f(m,X),y,Y) —Ufp(z, X),y, V)X =2, = y] . f € H} be the
function class consisting of the conditional expectation of the symmetric kernels ¢;. From the

definition of g, we know T} = E[g;(Z)] — £ 3" | 9;(Z;) and

Si(H) = 2( 9;.(Z ngz ngH ng(Z>]). (2.10)
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We estimate E{g; (Z)] — Y1, 97 (Zi) and - 377" g7, (Z:) — E[gy,,(Z)] separately. We
will use the Bernstein concentration inequality to control the second term directly. The first
term cannot be estimated by the Bernstein concentration inequality due to the appearance of
the empirical risk minimizer fz depending on the sample. We will bound it by using the tools

(e.g., local complexities and sharp concentration inequalities) in empirical process theory

[Bousquet 2002; Bartlett et al. 2005].

To guarantee that the local complexity has good properties, we enlarge the function class by

introducing the star-shaped class and the star-hull of a function class as follows.

DEFINITION 4. A function class F is called a star-shaped class around 0 if for any f € F
and a € [0,1], af € F.
DEFINITION 5. Given a function class F. Denote by

Fr={af a€l0,1],f e F} (2.11)

the star hull of F around 0.

Intuitively speaking, a star-shaped class around 0 contains all the line segments between 0

and any point in F. The star-hull of F is the smallest star-shaped class that contains F.

Since the star hull G* contains G, we know the term E[g; (Z)] — + Y7, g7 (Z;) in S1(H)

n

can be bounded by sup, cg- |E[gs] — LS 1 97(Z;)|. However, this bound is quite loose.
Indeed, this upper bound controls the deviation from the generalization errors and empirical
errors simultaneously over the whole class G*, which might be much more larger than that
of the empirical risk minimizer E g i (Z N=L13" g 7.(Z:). To derive sharp error bounds,
we introduce G; := {g; € G* : E[g7] < r} with 7 > 0, a small subset of G* consisting of
predictors satisfying a mild variance condition. The corresponding local complexity is defined
as

¢(r) =E

sup
gr€G:

. (2.12)

Elgsl - > 01(2)
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We will use the above notion of local complexity and the corresponding fixed point to
introduce a sharp concentration inequality. To this end, we need to show that (2.12) is a

sub-root function [Bartlett et al. 2005].

DEFINITION 6. A function 1) : [0,00) — [0, 00) is sub-root if it is non-negative, nondecreas-

ing and if r — (r)/+/r is nonincreasing for r > 0.

Intuitively, sub-root functions increase slowly. From [Bartlett et al. 2005] we know they are
continuous and have a unique positive fixed point r*. i.e., there exists a unique 7* € [0, c0)
such that ¢(r*) = r*. It is clear that (2.12) is non-negative and nondecreasing on [0, 00).
Since G* is star-shaped, we can show ¢(r)/+/r is nonincreasing on [0, c0) by following the
arguments in the proof of Lemma 3.4 in [Bartlett et al. 2005]. Then, from the above definition

we know (2.12) is sub-root and has a unique fixed point r*.

The following lemma from [Bousquet 2002, Theorem 5.4] establishes a sharp concentration

inequality in terms of the fixed point of a sub-root function.

LEMMA 2 ([Bousquet 2002]). Let M > 0 and (3 € [0, 1], and F be a star-shaped class around
0. Suppose F is uniformly bounded by a constant b > 0 and has a variance-expectation

bound with parameter pair (3, M). Let r* be the unique fixed point of the following sub-root
LS f(Zi) —Elf]|] - Then, for any 6 € (0,1) and

Zi) + Crrp <( )T (blognﬂ);v .

Lemma 2 with ¢(r) = ¢(r) implies that Elg; (Z)] — £ 37, g; (%) < iE[g; (Z2)] +
Ck, Mﬁ((’l“*)ﬁ + (Y8225 with high probability. However, this upper bound that

function ¢(r) = E [sup;. . E[f2)<
k > 1, with probability 1 — ), we have

Vf e F, E[f]

depends on the fixed point 7* is too rough to explore the behavior of g; . The following
proposition introduces the estimates of 7* in terms of the sample size n and the capacity of

the hypothesis space, which helps us get a more explicit convergence rate of E[g; (Z)] —

% Z?:1 9;, (Zz)
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PROPOSITION 2. Let r* be the fixed point of the local complexity (2.12). Suppose we are

under the same conditions as that in Theorem 1.

e [fthe capacity of ‘H satisfies Assumption 3, then

1
r* < C, max{Vi,log(s1)} ogn(n).

o [fthe capacity of ‘H satisfies Assumption 4, then

_2
r* < Cyp max{ sh (l> " ; _log(n) }
n

n

PROOF. Define p, := £ 3" 4§, the empirical measure on Z. For any g1, 9> € G/,

we have [[g1 — @212 = 13" |91(Zi) — 92(Z;)|*. Let {¢;}1; be the i.i.d. Rademacher
Pn

variables, i.e., Prob{e; = 1} = Prob{e; = —1} = 1/2. Then, for r > r*, according to the

standard symmetrization method and the chaining lemma [Wainwright 2019], there holds

Zl:"' 7Zn:|:|

< %E[/Oﬁ \/logN(Q:,Ll%n,t)dt], (2.13)

n

%Zeig(zi)

1=

o(r) < 2 [E [ sup

gegy

where S := sup,cg. £ >0 9(Z;)?.

Before proving the two cases, we need to control N'(G, L2 ,t) and E[S]. We first upper
bound (G}, L? ,t) by the covering number of H.

Let M be a t-net of G and define N := [2], where A := supy, g l|9¢llrz, - We claim
that {%gt :1=1,...,N,g € M} is a 2t-net of G*. Indeed, for any g7 € G*, we know
there exists a gy € G and an v € [i/N, (i + 1)/N] for some i € {0, ..., N — 1}, such that
g7 = agy. Notice that there exists a g; € M such that lge — g f||L,%n < t. Then we conclude
that [[(i/N)gi — g7llz2, = 1/ N)ge — agrllzs, < i/Nllge = gyles, + Ii/N — alllgslles, <

Pn

(1/N)t 4+t < 2t. Further, according to the Exercise 4.2.10 in [Vershynin 2018] with the fact
Gr C G*, there holds

N(g:12,.t) <N (92 t/2) < N(G. L2 t/4) [ﬂ . (2.14)
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. . . . 2
Now, we estimate the covering number of G with repect to metric L7 . For any gy,, g, € G,

there holds

1 n
lon = anlls, = =D E[HAXLX), YY) = (X, X), Y. V)|, V]
1=1

= %ZE[(E(fl(Xi,Xm,Y) — U(f2(X;, X), Y., Y))?| X, Y]

n

D E[(A(X0X) = B(X 0V 1X] = K2 A = Bl
i=1

KQ
< —
- n Xpx
where in the first inequality we have used the Jensen’s inequality for conditional expectation,
and in the second inequality we have used the Lipschitz property of the loss (Assumption 2).

Hence, the above inequality implies

N(G.12,.8) S N(HL2 L, t/K). (2.15)

Hn X pa?

According to Assumptions 1 and 2, we know

A = sup [lgsllrz, < sup [lgfllec < Ksup |[f — follo < 2Kn.
gr€G g9r€9 feH

Combining (2.14) and (2.15) together, we finally have
Hn X pz? t

N(Q:,Lin,t) g/\/(%,ﬁ t/(4K)> {@w . (2.16)

Now, we are in a position to derive upper and lower bounds for E[S], which will be used

in the estimates of the entropy integral later. Recall that S = sup¢g. L3 1 9(Z)? Let
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{Z!}"_, be an independent copy of {Z;}" ,, the upper bound can be estimated as follows

n

BIS] = E| sup 5" /(2)° - Bl + Bl

n

< QE[ sup lZ:Q'gf(z) } + sup E[g7]

gregr 1 i1 9r€G)

i Lo
< 8KnE| sup —Zeigf(Zi)} +r

_gf'Eg;‘ n i=1

i o
=8KnE| sup — Z €9r(Z;) — eElgs] + EiE[gf]:| +r

Lgregr n i=1

[ 1 < 1«
<8KnE| sup — Zei(gf(Z) —g7(Z; ))} + 8Kn sup E[gy] El Zel} +r

Loredr M5 95 €97 i
=8KnE sug—ng ) — gr( ):|+7“<16K77¢()

Lgreg;)

where in the first and third inequalities we have used symmetrization method, and in the
second inequality we have used the well-known Ledoux-Talagrand contraction principle
[Ledoux and Talagrand 1991] with = — 2 and the definition of G, and in the last equality

we have used the fact that {¢; (¢(Z;) — g(Z]))}-, and {g(Z;) — g(Z!)}, are identically
distributed.

For the lower bound, we can show that there exists a gy € G such that E[g3] = r if
T < SUpPy g Elg7]. Indeed, if r < SUPy, cg E[g7], by definition we know there exists a g € G
such that E[¢?] > r. Setting o = /gl € (0,1) and gy := ag, we know E[gg] = r and

go € G since G is star shaped. Therefore, we have the following lower bound

Zgo

Now, we consider the following two cases.

90]

First case: suppose Assumption 3 holds.
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According to (2.16), there holds

logN<Q:, Lﬁn,t) < log {51 (g) " Fi{—n—‘ } < O,k max{Vy,log(s1)} log (@)

Then, (2.13) can be bounded as follows

o(r) <G, K\/maX{Vl’lOg s} / 1/ log (2[(77 dt
o T ] )
<0, \/maX{Vl,log s} \/ ,[,5{3>

< Cn,K\/maX{Vl’log s \/ (Chicd(r) +7) log (C”K). 2.17)

where in the second inequality we have used Lemma 3.8 in [Mendelson 2003], and in the
third inequality we have used Jensen’s inequality since the function z — y/xlog(C;, /) is

concave, and in the last inequality we have used the upper and lower bounds of E[S] obtained

as above.

Recall that r* is a fixed point of ¢(r), i.e., ¢(r*) = r*. Taking the limit » — r* and by the
continuity of ¢(r) [Bartlett et al. 2005], there holds

1
<o \/max{vl;log@l)}r* g (c:f)

max{V],log(s1)} 10g(Cn,K)

n r*

loa(n).

:>7’*§C777K

= r* < (), gk max{Vj,log(s1)}
The proof of the first case is complete.

Second case: suppose Assumption 4 holds.

According to (2.16), there holds

log./\/'(g:a[/invt> < s&(%)‘/{ + log ({ﬁ—‘)
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Then, (2.13) can be bounded as follows

o< Zal [T\ a()" W‘)g (5]
< S (oL V)T e e (59)
- C\‘% 22_@11]]3[5] T \/ (Cac(r) +7) log (CZ’K)>
< C;g % (cn,qu(r) + r) - + \/ (Cocdlr) +7) log (%))

where in the first inequality we have used the inequality va + b < /a + Vb for a,b > 0,
and the second inequality follows from (2.17) directly, and in the last inequality we have used

2-v{
Jensen’s inequality with the concave function = +— () = "

Taking the limit » — 7*, there holds

7o 2
r* < Cn’K( Sl(r),4 + r*log<cn’K>>

n

2-v/
Cnx si(r) T Cnx
* < ;s *1 < 7, )
— r' < — max{ v r*log -
— r" < Cyx max{ sh(2 — 1/1’)_2+4V1’ (l) sy log(n) }
=~ s n ’

1\757 |
— < C’n,Kmax{ s (—) o og(n)}7

)
n n

__4
where in the last inequality we have used the fact (2 — V}) 2*'1 < 1since V{ € (0,1). The

proof of the proposition is complete. 0

Combining Lemma 2 and Proposition 2 together, and applying Bernstein concentration
1

n

inequality to E[gy,, (Z)] —
upper bound for Sy (H).

> 195, (Z;), we obtain the following lemma which derives an

LEMMA 3. Assume the same conditions as that in Theorem 1.
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e [fthe capacity of H satisfies Assumption 3, then for any 0 € (0, 1/2), with probability
at least 1 — 6 /2, there holds

Su(H) < a0 (0B VIHOBY 52 5) 4 Ll (2)]
+0pe)

e [fthe capacity of H satisfies Assumption 4, then for any 0 € (0, 1/2), with probability
at least 1 — 6 /2, there holds

Sl (H) S Cn,L,M,,B max { 8/1 (%) (2+V1/2>(276) : (10%5”) ) ﬁ 10g(4/5)}
- %E[gfz(Z)] + §D(H).

PROOF. Recall that in (2.10), we have

Si(H) = 2( 9:.] - ngz ng gfn})

We first estimate ;. 37, g7,,(Z:) — Elgy,,]. Notice |9z, — Elgp,Jl|=(z) < 2llgp,ll1=(z) <
2K || fu — follpexy < 4Kn. Since gy is data-independent, we know g4,(Z1), ..., gu(Zn)
are i.i.d. variables. Then, by applying the one-sided Bernstein concentration inequality, for

any € > 0, there holds

Prob{ ng Elgp] > } < exp {_2(E[9?H] + 5Kmne) } '

For any § € (0,1/2), suppose ¢ = €* is the solution of the equation —Wﬁm) =
HITgHNe

)
log (Z) . Solving €* and plug it into the above probability inequality. Then, we know with
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probability at least 1 — 4/4, there holds

Zg — Elgy] < 1Ky log(4/8) + 1/ (4Knlog(4/5))” + 2nE[g3,) log(4/9)
- f’H HI = n

8Knlog(4/) _ [2E[g3]10g(4/5)

= 3n + \/ B n

- 8K 1;5(4/5) N \/2M105(4/6)D(H)ﬁ.
8Knlog(4/6) 2 — 5 2Mlog(4/9)\ 2 6

= 3n + 2 ( n ) 5 D(#)

§D(H>, 2.18)

1\ 35
S Cn,K,M,ﬁ <E> e 10g(4/5) +
where D(H) = Elgy,,| = infrey E(f) — £(f,) is the approximation error, in the second
inequality we have used the inequality va + b < /a+ Vb for a,b > 0, in the third inequality
we have used Jensen’s inequality for conditional expectation and the variance-expectation
bound for shifted hypothesis space. Indeed, there holds E[¢2,] < M (E[gy])” = MD(H)’.

In the last second inequality we have used Young’s inequality ab < —a? 4+ —b? with a =
p

q
2M log 2M log(4/9) 2 _
\/ b \/ B.p= _ﬁ and ¢ = %, in the last inequality we have used the fact
(log(4/5)) < log(4/(5) since =5 < 1 and log(4/0) > 1.

Now we estimate E[g; | — + 37", g7 (Z;). Notice g; € G C G* and gy — Elgy]|lL=(z) <
4K for any g5 € G*. Applying Lemma 2 with 7 = G*, b = 4K7 and x = 4, we know with
probability at least 1 — /4, there holds

n

lo7.(2)] - + 30045 < JElop (2)] + Cucana(() 7 + (REEL)77)

Combining above inequality with (2.18) together, we know with probability at least 1 — §/2,
there holds

1

1(0) < Coaana ()77 + (5)77 1084/8) ) + 58l (2)] + 5 D)

First case: Suppose Assumption 3 holds.



36 CHAPTER 2. GENERALIZATION OF NON-PARAMETRIC ESTIMATION FOR PAIRWISE LEARNING

According to Proposition 2, with probability at least 1 — /2, there holds

max{ V7, log(s:)}log(n)\ =25 1
$1(H) < Corcns t gn( 1)} Lo >) “log(4/6) + 5E[g7.(2)] + gp(m.
(2.19)
Second case: Suppose Assumption 4 holds.
According to Proposition 2, with probability at least 1 — §/2, there holds
S1(M) < Cparma /5 (2) B (B2 )
= ~n,K,M,53 1\, ) n
1 s
+ iE[gfz(Z)} + 573(7—[)

The proof of the lemma is complete. 0

Step 2. Upper bounds for Sy(#)

We begin by introducing some notations that will be used frequently later. Let Q := {h(z, 2’) :
h(z,2") = h(2', z) for almost z, 2’ € Z} be some class of symmetric functions from Z x Z
to R. Denote a empirical probability measure on Z x Z by £ := ﬁ S 4j=10(2:,2;)- For

any h € Q, we define the Lg norm of h by

12z = (ﬁ i |h(zi,zj)|>§.

i#j=1
Further, we define W := {fl 71 [ € H} as the class consisting of the kernel of the degenerate
U-statistics defined before.

We introduce a probability bound of the degenerate U-statistic, which controls the degen-
erate U-statistic in terms of the expectations of the corresponding Rademacher chaos and

Rademacher complexities.

LEMMA 4 ([Clémencon et al. 2008]). Define the supremum of a degenerate U-statistic over
the hypothesis space H as

> (i, Z))

i#j=1

Z = sup
fer

)
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where hy(Z;, Z;) = BIUJ| — hy(Z)) — hi(Z;) — q;(Zi, Z;). Then there exists an absolute

constant C' > 0 such that for all n and t > 0,

Prob{Z > CE[Z]+t} < exp (—%min <(E[§Je]>2’ E[Mf+Fn’ (Ff/ﬁ)m, \/;)) |

F = supjey gl ooz 2), Z=SUPjey ‘ Zz;j:l eicjhe(Z;, Zj)‘ and U. = SUP gy SUDy |5 <1
Z;;ﬁj:l eicjhy(Zi, Z;).

Notice that

; 2
So(H) = —Wl + Wir < w D) 1)2.

For any ¢ € (0,1/2), we set the equation

exp (‘émin ((E[Ze]f ’ E[M]Z— Fn' (Ff/ﬁ)m ! \/;» =9/2

and solve it for variable ¢, then by Lemma 4 we know with probability at least 1 — /2, there

holds

< C'log*(2/6)

n2

Ss(H) (E[Ze] +E[U] + E[M] + Fn) .

Therefore, to derive upper bounds for Sy (), we suffice to estimate the Rademchaer chaos

E[Z,] and the Rademacher complexities E[U,] and E[M].

We first estimate E[Z.]. Since the Rademacher chaos Z, = sup;, | D ik eieih(Z;, Z;)|
conditioned on sample S is not sub-Gaussian with respect to the metric on H induced by
any empirical norm of h ¢, then we cannot apply the classical chaining methods directly
[Vershynin 2018; Wainwright 2019]. Instead, we introduce two lemmas that estimate E[Z,|
directly. The first lemma from [Ying and Campbell 2010] established a maximal inequality
of Z.. The second lemma is very similar to Theorem 2 in [Ying and Campbell 2010], which

controls E[Z] in terms of an entropy integral.
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LEMMA 5 ([Ying and Campbell 2010]). Let {h1, ..., hx} C Q be a finite class of functions

contained in Q, and {€y, ..., ex} be i.i.d. Rademacher variables, then there holds
1 n
E )— e Ze 2 20, 2,1 < 2v2enlog(N+1 hill e
Le?llfi.i(N} n(n —1) Z cicilul 2 ‘ ' } V2enlog(N+ >ke?11?.},<N}H kHLf

i#j=1

With the above maximal inequality, we can bound the Rademacher chaos in terms of an
entropy integral by using the same arguments in classical chaining methods [Vershynin 2018;

Wainwright 2019].

LEMMA 6. Let {ey,...,ex} be i.i.d. Rademacher variables, then there holds

n

1
E|sup ——— ecih(Z;, Z;
[heg”(”—l) ig;l i J)

Zl)"wZn:| S

n<72\/§e /OD/2 log <N(Q, Lg,t)) dt + D),

where D = supj,co HhHLg (Note that D = D(Z,, ..., Z,) depends on the sample).

PROOF. For each £k € N, let N, be a %—net of Q with respect to the metric Lg.
From the definition of the net, we can define a map wy from Q to N such that Hh —
wk(h)HLg < L forall h € Q. Then sup,cq ||h — wi(h)z < L — 0ask — oo. Fur-
ther, notice that supy,cq | Y., €i€;(h — wi(h))(Zi, Z;)| is uniformly bounded for any
k. Then, by Dominated Convergence Theorem, we know E[sup,cq |5, €i€; (h —

wi(W))(Zi, Z;)| 21, ..., 2] — O as k — oo.
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Take an arbitrary hy € Q, we can set Ny = {hg} since wo(h) = hq for any h € Q. Then,
conditioned on the sample {71, ..., Z,}, there holds

{sup\ S aoh ]
i#j=1

’LJ
heQ

n -

gE sup | Y eiej(h— ho)(Zi, Z;) +EU > eiejho(zi,zj)}
L heQ itj—1 ] itj—=1

- n - 1/2
S E sup Z €€ (h - ho) (Zl, Z]) -+ (E |:’ Z QGjhO(Z,L-’ Z]) 2‘|)
- i#£j=1

LheQ b, 5o

n -

:E-sup Z€i€j<h_h0)(ziazj) +\/”(”_1)Hh0HLg

LheQ b,y J
- n k n
<E[sup| 3 ee;(h—wn(h))(Z:, Z;) } +ZE{sup‘ S it (@n(h) w1 (1)) (Zi. 2,
LheQ i mt m=1 LheQl . 2y
+nD

S>3 E sup ’ S eies (wrlh) — wir () (Zi, Z))|| +nD (2.20)

€9, T

=1 L) wi (e FIT

& X N1

as k — oo, where in the second inequality we have used Jensen’s inequality, and in the first
. . 2 . . .
equality we just expand the term | S 2j—1 Ei€j h0| and compute its expectation, and in the

last step we have used Dominated Convergence Theorem.

Denoteby | A| the cardinality of a set A, we know [Ny xNj_1| = [Ni||[Nioi| S N(Q, LE, 2k) :
wi(h) = wpr ()] < Jlon(h) = Al + [h =
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wi_1(h) HLg < 72+ D. Then by Lemma 5, (2.20) can be bounded as follows

s 3D
‘Zl, . .,Zn] < n(2\/§ek;10g </\/(Q,L§,D/2k)2 + 1) ST T D)

< n(24\/§ei /21: log <N(Q, L2,t)2 - 1) dt + D)
k=1 5T

2k+1

n<24\/§e /2 log </\/'(Q7 Lz,t)2 - 1) dt + D)
0

< n(72\/§e/2 log (M(Q, L, t)) dt + D),
0

where in the last inequality we have used the inequality N'(Q, LZ,¢)? + 1 < N'(Q, L, t)®
since N ( Q, Lg, t) > 2fort < %. This completes the proof. O

Applying Lemma 6 with Q = W = {h; : f € H}, we know
F
E[Z|Z,....Z,) < n(72\/§e/ log (N(W,L2,t)> dt + F) (2.21)
0

hy

where F':= sup sy > D.

|L°°(Z><Z)

Now we estimate E[U,]. Denote by H; € R™*™ a square matrix with zero diagonal such that
its entries (H;);; = hy(Z;, Z;) fori # j,and let € = (ey, ..., €,) € R be i.i.d. Rademacher

variables. Then, we know

2 2
E[U?] :EKsup sup OzTer) ] :]EKsupHer\b) }
fer |lall2<1 feH
< E[Sup ||er||§] = E[sup ETHJ%E} : (2.22)
fen fer

From above, we know the estimates of E[U,] reduce to the estimates of the Rademacher chaos.

Indeed, we first suppose that Q = {J; : f € #} is any class such that

Jp(Zi Z5) = (H}) . = > hel(Zs, Zi)hy(Z;, Z5) (2.23)
ki k£j=1
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for all f € H. Then, there holds

]E[supe Hf } [sup Z i€ Jr(Zi, Z; )]

feHr fe?-t” 1

n

:E[sup eie; (2, 2 } +E[sup W2(2:, 2; )} (2.24)
fEHi;I o 2 fe%l;f;l

The first term of the above equality is a Rademacher chaos, which will be estimated using
Lemma 6. The second term equals E[sup 4 Ay Lg}, which will be controlled by the
uniform boundedness of A ¢ directly. Combining (2.22) and (2.24) together, and bounding the

covering number of Q by that of W, we can control E[U,] as follows

LEMMA 7. Let D = sup ey |’ilfHL2, there holds
3

1/2
E[U|Zy,...,2Z,) < CnD\// log (N (W, L, t)) dt + 1.
0

PROOF. According to (2.22) and (2.24), there holds

E[U|Zy,. .., Zy [sup ei€;j i (Zi, Z;
[UZ]12 I= sup Z iy )

...,Z}+E[sup 1W2(Z:, 2,
feHZ 7 )

D/2
Sn(72\/§e/ log (/\/(Q,Lg,t))dt%—D) +n?D
0

D/2
§0n2D</ log (M(Q. L2,1)) dt +1),
0
where in the first inequality we have used Lemma 6 and the fact D = sup ;.4 [ 12-

Now, we are in a position to estiamte the covering number N (Q, LZ, ). Denote by || H || p =
2?,j:1(Hz',j)2 the Frobenius norm of a matrix H. For any f € H, the L7 norm of .J;

(defined in (2.23)) can be bounded as follows

R 2
e = (s 3 2 2) < (ﬁz J;@Z,,Z],))

z;ﬁ] 1

- ﬁuﬂm < ol =
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Therefore, we know N (Q, L, t) < N (W, LZ,t/D) for any t € (0, D/2). Then, there holds
D/2
B2 21, 2] < CutD( [ log (N(W. LE.t/D)) de + 1)
0

— C’n2D2< o 2
- g(N(W,Lg,t))dHl).
0

By Jensen’s inequality for conditional expectation, we know

1/2

ElU|Z:,...,2Z,) < (E[U2|Z4,. .., Z,))

Then, we finally conclude that

1/2
E[UZy, ..., Z,] < CnD\// log (N (W, L, t)) dt + 1.
0

The proof of this lemma is complete. U

For the last term E[M], we can control it just by the uniform boundedness of the class W.
Indeed, recall that F' = sup .4 Hﬁ f H Lo then we immediately get the upper bounds of

E[M] as follows

ZxZ)’

EM] < sup Y |hp(Zi, Zy)| < nF. (2.25)

From (2.21) and Lemma 7, we know the only thing left now is the estimates of the covering
number N (W, L2, t) . Combining all the above results, and carefully controlling A/ (W, L2, t)
in terms of the capacity of the hypothesis space #, we can establish an upper bound for Sy ()

as the following proposition.

LEMMA 8. Suppose Assumptions 1, 2, and (2.4) hold, and the hypothesis space H is uniformly
bounded by n > 0.

e [fthe capacity of H satisfies Assumption 3, then for any 6 € (0, 1/2), with probability
at least 1 — 6 /2, there holds

log?(6/2
So(H) < ), max{ Vi, Vg,log(sl),log(sg)}w.
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e [fthe capacity of H satisfies Assumption 4, then for any 0 € (0, 1/2), with probability
at least 1 — § /2, there holds

log?(6/2) 1

Sa(H) < C) r, max{s], sy} eV VO]
1,72

The following lemma studies the covering numbers of the sum of the function classes, which

will be used in the proof of Lemma 8.

LEMMA 9. Let (Q, F,p) be a measure space. Suppose W, ..., W,, C L? (Q, F,p) and define
pr W = { Yo w o w; € W,} as the direct sum of the classes VW, foriv =1... m.

Then, for any t > 0, the covering numbers of above function classes satisfying
N(EPw 2t) < TIN Wi, L, t/m).
i=1 i=1

PROOF. Let N; C W, be a %—net of W, fori = 1,--- ;m. Then, we claim that N =
BN = {d> 7w w; € N;}is a t-net of @;", W,. Indeed, for any > " w; €
@;~, Wi, we know there exists a w; € W, such that ||w; — wy|[z <t/mfori=1,...,m.
Then, we have || >31% w; — 3% wille < 3000 [lwi — wy|[zz < ¢, which means N is ¢-net
of @;", W;. Further, notice that |[N| < []", |N;| and N; is an arbitrary £-net of W,. Then,

the proof of this lemma is complete. 0
We are in a position to prove Lemma 8.

PROOF OF LEMMA 8. Recall that by Lemma 4, we know with probability at least 1 —9/2,

there holds
< C'log®(2/6)
ST

So(H) (IE[ZG] +E[U] +E[M] + Fn) .

Notice that the constant F' = sup ;4 Hﬁf}}Lw(ZXz) < 4supjey quHLoo(ZXZ) < AK supjeqy || f-

Fol oo (wxx) < 8nK. According to (2.21), Lemma 7, and (2.25), with probability at least

1 — 4/2, there holds

Sa(H) < Cn,K%EK/OsnK log (N(W, L§,t)> dt + \//01/2 log (N (W, L, t)) dt + 1)}
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Now, we are in a position to estimate the covering number N (W, L2, t). We first define three

classes of functions from Z x Z to R as follows

Wi = {wi(z,2) =Elq,(Z.2")] : f e H}
Wy = {w3(z,2") = —hg(z) — hy() : f € H}

Wi = {wj(z,2') = qp(2,7") : f e H}.

It can be seen that for any f € H, fzf = wj + wj + w}. Then, it follows that W C

Wi + Wy + Ws. According to Lemma 9, for any ¢ > 0 and Exercise 4.2.10 in [Vershynin
2018], there holds

NOW, Li, t) < N (Wi, LE, t/6)N (Wh, L, t/6)N (Ws, LE, 1/6).

We will estimate N (W;, L2, t) for i = 1,2, 3 separately. For any f1, f, € H, there hold

[y, = wp, |2 = B[ XD, YY) = (LX), YY) < K| fr = foll p
[w, _wj%2||L2 < || (2) = hf2(Z)HL2 + ||hn (2) = by, (2 HL2
1/2
( Z‘hﬁ hfz Z)‘ >
12
§2K< ZE[ ~ h(X, X)) ‘XD = 2K\ fi = foll s

1/2

; ) 1
Jwh, — chz”Lg = <(— Z \47,(Zi, Z;) — sz(Zi>Zj)’2>

nn—l), -

1/2
<K(- (n—l l;llfl X5, X;) = (X X)) = K| fi = foll -

Therefore, for any ¢ > 0, we have

NW, L{t) S N(H,L¥(X x X),t/6K)N (H, L

Px X fin?

t/12K)N (H, L;, ,t/6K)

< N([-8nK,8nK],| - |,t/6 K)N (H, L?

Px X pin?

t/12K)N (H, L;, ,t/6K)

t/12K)N (M, L, ,t/6K). (2.26)

Px X pin?

1
<Gy N (H, L2

First case: Suppose Assumption 3 holds.
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From (2.26), we know
log (/\/(W, L2, t))

1 12K 6K
<log(C, k) + log (;) + log(s1) + Vi log (T) + log(s2) + Vs log (T)

12K>

< C,,x max{Vy, V3,log(s1),log(s2)} log <T .

Then, with probability at least 1 — 6/2, Sy(#) can be bounded as

1 2 5 2 8nK 12K
Sa(H) < Cn,K# (max{vl, Vg,log(sl),log(82)}/ log <T>dt
0

V212K
+ \/max{Vl, Vs, log(sy), 10g(82>}/ log <T>dt + 1)
0

log?(6/2) max{V4, Vs, log(s1), log(s2)}
< Cpk - :

Second case: Suppose Assumption 4 holds.

From (2.26), we know

log (N(W, LQ,t)> < log(Cy k) + log G) + 8 (%)Vf s <%> v

12K> max{V{,V5}

< Oy max{s), 55} (=

Then, with probability at least 1 — §/2, So(H) can be bounded as

log?(6/2 8nk 12K \ max{V{,V3}
So(H) < Ch ik o8 7(1/ ) (/ max{sll,Slg}<—t > dt
0

1/2 12 K \ max{V{,V4}
+ \// max{s], 3’2}(?) U+ 1)
0

log?(3) ( (120 VE3) (g )1 -mas (V114
1- max{‘/l/v ‘/YQI}
12K max{V],V3}(11—max{V{,Vj}
| fazsag) »
1 — max{V{, V;}
log* () 1
1 — max{V/, VJ}

= Cy i max{s, sy}

< O, x max{s}, s5}
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This completes the proof of Lemma 8. 0
Now, we are in the position to present the proof of our main result.

PROOF OF THEOREM 1. Notice that E[g; | = E[((f.(X, X"),Y,Y") — (f,(X, X'),Y,
Y] =&( f.) — £(f,) is the excess generalization error. Combining Lemma 3 and Lemma 8

together, there holds

(a) If the capacity of H satisfies Assumption 3, then with probability at least 1 — ¢, there holds

(1) = EUfy) < Oy (o0 VOB 5,
:

v, e 02 mext Vs, Vislostous os(eal} L ey — e7,)) + (2 +1) D00,

(b) If the capacity of H satisfies Assumption 4, then with probability at least 1 — ¢, there holds

S(fz) - &(f,) < C, r.mpmax {( s&%) <2+V1/2)(2‘ﬁ” (@) =7 log(4/5)}

log(3/2) 1. 8
+C,pmax{s), s + S (8~ EU) + (5 +1) D).
By rearranging the terms of the above inequalities, we can obtain the desired results. U

2.3.2 Proofs for Section 2.2

We first present the proof of Proposition 1 as follows.

PROOF OF PROPOSITION 1. By tower property of the conditional expectation, the gener-

alization error with a predictor f can be written as

E(f)=E[E[((f(X,X"),Y,Y)|X,X"]],
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which implies that the true predictor f,(z, ') is obtained by minimizing the inner conditional

expectation for almost x, 2’ € X. Then, there holds
fp<x7 I/) = arg ItlllﬂglE[g(t7 Y7 Y/) ‘X = I, X/ = xl]
€

= argmin / Ut y,y") dp(y|x) dp(y'|2").
YxY

teR

According to Assumption 5, we further know that

fo(x,2') = arg min / =ty y) dp(y'|2") dp(yl|z)
yxy

teR

teR

= —argmin/ Uty y) dp(y'|2") dp(y|x)
Yyxy

_ . / I _

= argrtrél]élE[ﬁ(t,Y,Y)‘X ', X x}

= —f,(2', x).

The second part of the proposition can be directly derived from f,(z,z") = —f,(2’, ). The

proof is completed. U

The proof of Theorem 2 can be directly derived from Theorem 1 by verifying the correspond-

ing assumptions.

PROOF OF THEOREM 2. From [Bartlett et al. 2019] we know the space H of deep ReLU
networks is a VC-class. Then, Lemma 1 implies that ‘H satisfies Assumption 3 with V; =
Vo =2(V —1)and s; = sy = O(V/2 4 1)(16¢€)"/>1nV. Further, Assumption 5 and the
anti-symmetric structure of  and f, imply (2.4). Then, we can get the desired results by

applying Theorem 1 directly. 0

To prove Theorem 3, we first introduce the following lemma which shows the expressive

ability of deep ReLU networks for approximating functions in the Sobolev spaces.

LEMMA 10 ([Yarotsky 2017]). For any p,r € N, ¢ € (0,1/2) and any function f €
Wn2([0, 1]P) with Sobolev norm not larger than 1, there exists a deep ReLU network h with

depth at most C,,,.1og(1/¢€) and the number of nonzero weights and computational units at



48 CHAPTER 2. GENERALIZATION OF NON-PARAMETRIC ESTIMATION FOR PAIRWISE LEARNING

most C,, ¢+ log(1/¢) such that

A = fllzeooe) < e

Now, we give the proof of Theorem 3 on the estimate of the approximation error.

PROOF OF THEOREM 3. According to Lemma 10, we know there exists a deep ReLU
network i with depth at most C,,,. log(1/¢) and the number of nonzero weights and com-

putational units at most C,, ¢ log(1/¢) such that Hh - fp < 5. We construct f

HLOO([O,HP)
as

f(z,2') = m,(h(z)) — my(h(2))) for z, 2’ € X.

Here, we suppose 1 = 2 since Assumption 6 implies Assumption 1 with = 2. To maintain
consistency with (2.7), we can regard h(x) and h(z') as functions defined on [0, 1]? x [0, 1]?,
which are denoted by (z, ') — h(z) and (z, 2") — h(z’), respectively. Therefore, we know
f is a deep ReLU network of form (2.7) with depth at most C, . log(1/¢) and the number
of nonzero weights and computational units at most C,, .« + log(1/¢). The approximation

accuracy can be bounded as follows

Hf - prLw([O,l]zp) - Hﬂn(h(x)) - Wn(h(dil)) - fp(x) + fp(x/)”LOO([O,l]Q”)
< 2[|m, (h(-)) — fp(')HLOO([O,l]p)
<2h-7f,

HLOO([O,l]P) <6

where in the second inequality we have used the fact 7, (h( )) is uniformly bounded by 1.

This completes the proof of the first inequality.

From [Ying and Zhou 2016] we know for any 7" € L§2 (X x X), the excess risk £(T") —

E(f,) = HT — pr; . Then, the excess risk of f can be controlled as follows
rd

E) =) = 1f = Foll s ooy < €



2.3. PROOFS FOR MAIN RESULTS 49

According to the complexity of f, by setting parameters W = U = [exp L], we have
2r
E(f)—&(f,) < Cpr(L5) 7. Then, the approximation error

exp(L)
D) = int £(/) — £(4,) < £ — £(1) < Cpr ()
" Jen "’ 7= TP exp(L))
which completes the proof. U

LEMMA 11. Suppose Assumption 7 holds. Then, Assumption 1 holds with n = 2B, As-
sumption 2 holds with K = 8B, and the shifted hypothesis space {{ ( flx, 2"y, v ) —

E(fp(x, '), y, y’) : f € H} has a variance-expectation bound with parameter pair (1,64B?).

PROOF. Notice f,(z) = E[Y|X = z]foralmostz € X. Then, || f,|| () < |V ||z <
B. Since f,(z,2') = f,(x) — f,(z"), we know || f,|| o (e < 2|l foll ooy < 2B. Tt follows
that Assumption 1 holds with n = 25.

For any ¢,,t; € [-2B,2B], and almost y,y' € ),
6(ty.y) = 0t w9)] < (6 = +0) = (= w+0)’)
< |t = o[t + to — 2y + 24/
< 8Bty — to].
Then, Assumption 2 holds with K = 8B.
For any f € H, we define ¢; = (f(z,2') —y + y’)2 — (folz,2) —y+ y’)Z. Then
E[gf] = E|((/(X, X) =Y +Y)" = (X, X') = ¥ + Y’)2>2]
= E[(f(X,X') = £,(X, X)) (F(X, X") + f,(X, X') = 2V +2V")"]
< G4B?E[(f(X,X') — f,(X,X"))’]
= 64B*(E(f) — £(f,)) = 64B°E|gy),
where the third equality is due to the specialty of the least squares loss [Ying and Zhou

2016]. Hence, we know the shifted hypothesis space has a variance-expectation bound with

parameter pair (1, 64B2). This completes the proof. O
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The excess generalization error bound is obtained by combining Theorem 2 and Theorem 3

together.

PROOF OF THEOREM 4. According to Theorem 7 in [Bartlett et al. 2019], we know
the H is a VC-class and its pseudo-dimension V' = Pdim(H) < CLW log(U). Lemma
11 implies all the conditions in Theorem 2 are satisfied. Then, combining Theorem 2 and
Theorem 3 together, and setting W = U = [exp(L)], we know with probability at least 1 — 4,
there holds

E(f.) = &(f,) < C L exp(? log(n) log?(4/3) + @Aﬁ v

This proves the first part of the theorem.

By setting L = [2Tip log(n)], we get the desired rate immediately. The proof of the theorem

is complete. U



CHAPTER 3

Generalization Analysis of Metric and Similarity Learning

As a typical task of pairwise learning, metric and similarity learning has attracted a large
amount of interest. However, there are few works on the generalization performance of
such learning task. In this chapter, we focus on the generalization analysis of the metric and
similarity learning with the hinge loss. The main results in this chapter are based on [Zhou
et al. 2024a]. The rest of the chapter is organized as follows. We present the generalization
bounds with deep ReLU networks for metric and similarity learning in Section 3.1. Section 3.2
investigates some regular properties of the true metric. We give detailed proofs of this chapter

in Section 3.3.

3.1 Generalization Analysis with Deep ReLLU Networks

We begin by reformulating the metric and similarity learning problems. Recall that metric
and similarity learning aims to learn a metric d from an observed sample S that estimates
the distance or the similarity between a pair of observers (z, z). The performance of d on
a pair (z,2) is usually measured by ¢(7(Y,Y")d(X, X")), where 7(y,y’) is the reducing
function defined by 7(y,y’) = 1if y = 3/ and 7(y,y’) = —1 else. In this chapter, we take
Y ={y1,....,ym} C Rbe the set of labels.

Given by ¢ (7(y,y')d(z, 2")), the generalization error (true risk) associated with a metric d is
defined as
E(d) =Ezz [((7(Y,Y")d(X,X)] = / (7 (y,y)d(z, 2"))dp(2)dp(z').
ZxZ

51
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The corresponding empirical error based on the sample .S is defined as

n

E.(d) = ;) D TV Y)d(Xi, X))

n(n—1) 4
i£j=1

Letd, = arg mingey & (d) be the minimizer of the empirical error over a hypothesis space H,
and d, = arg min £(d) be the true metric (target function) that minimizes the generalization
error over the space of all measurable functions on X x X'. According to (1.1), we have the

following error decomposition
g(CZZ) - 5(dp) = {5((22) - 5(d7-l)} + {g(dﬂ) - g(dp)}a (3-1)

where dy; = arg mingey £(d) is the minimizer of the generalization error over the hypothesis

~

space H. The terms £(d,) — £(dy,) and £(dy) — £(d,) in (3.1) are called the estimation error

and the approximation error, respectively.

Let Z = (X,Y)and Z' = (X', Y”’) be random variables independently following p, and p(-|x)
be the conditional distribution of Y given X = x. We denote the conditional probability of

Y =Y'given X =z, X' =2’ as
n(x,z') = Prob{Y =Y'|X =2, X' =1} (3.2)
= / Hy = y'}dp(ylx)dp(y/|2"), (3.3)
yxy

which is the probability that two observers z and z’ are affiliated to the same class. One can
see that  only depends on the conditional distributions of Y conditioned on the observers. For
any z, 2, 2" € X, if p(-|2’) = p(-|z”), then there holds n(z, ') = n(x, 2”). In addition, it

can be readily observed that n(z, z') is symmetric, i.e., n(x,z") = n(2’, x) for any z, 2’ € X.

Denote by P, := [Prob{Y = y1|X = z},..., Prob{Y = y,,| X = z}] € R™ the probability

distribution vector of Y conditioned on X = x. Then the conditional probability (3.2) can be
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represented as the standard inner product in the Euclidean space:

o) = 3 Prob{y =" = X = 2, X' =)

=1

= Z Prob{Y = y;|X = 2} Prob{Y’ = y;| X' = 2'} = (P,, Py).

i=1
In this chapter, we mainly focus on the hinge loss

Ur(y,y)d(z,2") = (1 +7(y,y)d(a,2"))
where (-)+ = max{0,-}.

Understanding the true metric d, is crucial to estimating the approximation error. The

following theorem presents an explicit form of the true metric d, for the hinge loss.

THEOREM 5. The true metric with the hinge loss can be represented as
dy(z,2") = sgn(l — 2n(z,2")) = sgn(1 — 2(P,, Py))

for almost every pair x,z’ € X.

PROOF. By the tower property of the conditional expectation, the generalization error

with a metric d can be written as
g(d) = ]EX,X/ [EY'X’Y/‘X/ [g(T(Y, Y/>d<X, XI)H .

The above observation implies that for almost every pair =, 2" € X, the true metric d,(z, z")

is obtained by minimizing the inner conditional expectation which can be rewritten as
dy(x, ")
= argmin By x— v x=or [((m(Y,Y)1)]
= arg It%%l Prob{Y =Y'|X =x, X' =2"H(t) + Prob{Y #Y'|X =2, X' = 2" }(-1)
= argminn(z, 2')(t) + (1 =z, 2) (), (3.4)

where the second equality is due to the definition of 7(y, y').
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According to (3.4), the true metric with the hinge loss can be expressed as

dy(x,a') = argrtréiﬂg {n(x,x’) (1+t), 4+ (1 —n(x2)) (1 - t)+}
(1 —n(z,2")(1 —1), ift < -1,
:arglgéiﬂg (2n(x,2") — )t +1, ifte[-1,1],
n(z,2")(1+ 1), ift > 1.

For the case n(z,2") > 1/2, note that the objective function is piecewise linear and tends
to 400 as t — oo, we can derive that d,(z,2’) = —1 and the corresponding minimum
of the objective function is 2(1 — n(x,z’)). For the case n(z,2’) < 1/2, we can get that
d,(z,2") = 1 and the corresponding minimum is 27(x, '). For the case 7(z,z’') = 1/2, we
have d,(x,2") € [—1,1] and the corresponding minimum be 0. Then we can conclude that

d,(z,2") = sgn(1 — 2n(z, z’)), which completes the proof. O

REMARK 4. Unlike using the Mahalanobis distance to measure the similarity between sample
pairs, deep metric learning [Huai et al. 2019; Kaya and Bilge 2019; Roth et al. 2020]
aims to learn a nonlinear embedding function ¢ : X — ® C R® with s € N, such that
similar data points x, x’ are close in the embedding space ® under a predefined distance
function d(¢(z), ¢(2')) and far from each other if they are dissimilar. Note Theorem 5
shows that the true predictor d,(z,z") = sgn(1 — 2(P,, P,/)) for the hinge loss. Then the
true embedding function is ¢(x) = P, under this setting, and the distance function can be
further defined as d(¢(z), ¢(2')) = sgn(1 — 2(P(z), P(z’))). This indicates that learning a
nonlinear embedding function in deep metric learning with the hinge loss is in fact learning

the conditional probability P,.

According to the specific structure of the true metric d, given in Theorem 5, we can construct
a structured deep network with ReLU activation as an approximation of d, and further design
the corresponding hypothesis space. Before that, we first introduce some assumptions and

useful lemmas.

To define the Sobolev smoothness of the conditional probabilities p; for i = 1,...,m, we

take X = [0, 1]? in the remainder of this section. We define the Sobolev space W">(]0, 1]7)
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as the space of functions on [0, 1]” along with their partial derivatives up to order r lying in

L>([0,1]?). The norm in W"*°([0, 1]*) is defined as

7,00 = ma Da oo y
f lwres o0.119) ani:H;ﬁlgH Fllze= o)
where ||afl; = Y7, |a;| denotes the I' norm of a = (a,...,q,) € ZE, and D*f =
pllally f

572, gvar, denotes the partial derivatives of f with order a.

For notational simplicity, denote by p;(x) = Prob{Y = y;|X = x} the i-th component of
P,. The following assumption means that all r-th partial derivatives of p; exist and their L*>°

norms are not greater than 1.

ASSUMPTION 8. The conditional probability p; € W™*°([0, 1]P) has the Sobolev norm not
greater than 1 for each 1 = 1, ..., m (This upper bound for the Sobolev norm can be extended

to any finite constant, for simplicity we set it to 1).

In binary classification problems, we often introduce a noise condition that says the ambiguous
points Prob{Y = 1|X = x} ~ 1/2 occur with a small probability. When this condition is
satisfied, it suggests that the classification problem is well-posed and learning algorithms
have the potential to achieve faster convergence rates. Similarly, we can extend this notion in
metric and similarity learning to suggest that the probability of (X, X’) ~ 1/2 is relatively

small.

ASSUMPTION 9 (Tsybakov’s noise condition). There exist constants 8 > 0 and Cy > 0 such
that for any t > 0,
Prob{|n(X, X") — 1/2| <t} < Cyt?

For L € N, denote the deep network h : R? — R with the ReLU activation o(x) = max{z,0}
and depth L as

h(z)=0(TLo(Tp—1---o(Thx+by)---+br_1)+by), (3.5)
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where o acts entry-wise. For [ = 1,..., L, T; € R*""*"i-1 and b; € R"" are the connection
matrix and the bias of the [-th layer respectively, where w; € N is the width of the [-th layer
and wy = p is the dimension of the input space. Let the number of nonzero weights and
computation units of & be 31, || 7|l + ||bi]|o and 31, w; respectively, where | - [|o denotes

the number of nonzero elements of the corresponding matrices or vectors.

The following two lemmas established in [Yarotsky 2017] show the expressive power of deep

ReL.U networks in the setting of approximations in Sobolev spaces and the product function.

LEMMA 12. Forany p,r € N, € € (0,1/2) and any function f € W">°([0, 1]?) with Sobolev
norm not larger than 1, there exists a deep ReLU network h with depth at most C,,, log(1/e)
and the number of nonzero weights and computational units at most Cp,re’g log(1/€) such

that

1 = fllzoe (o) < €.
LEMMA 13. Forany € € (0,1/2), there exists a deep ReLU network ¢ with the depth and the

number of weights and computation units at most C'log(1/¢) such that

|o(2,y) — 2y||Loo((-1,22) < € and ¢(x,y) = 0 if vy = 0.

We will use a deep ReLU network h; to approximate the conditional probability p; € [0, 1]

later. According to Lemma 12, if Assumption 8 holds, we have h; € [—1,2].

Now, we are ready to design a structured deep network with ReLLU activation to approximate

the true metric d, as follows
da,a) = Fa(1 =23 6(ulw), la(a)) ) (3.6)
i=1

where F,(t) := 1(o(t + a) — o(t — a) — a) is a fixed two-layer ReLU network with a > 0
(the value of a will be selected later, see Theorems 6 and 8 below for more details), ¢ is a
deep ReLLU network for approximating the product function xy introduced in Lemma 13, and

h; is a sub-network has the form (3.5). Here, we assume that each h; has the same depth.
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The main idea of constructing (3.6) is to design a series of sub-networks to approximate the
true metric d, part by part according to its form d,(z,z') = sgn(l — 23", pi(x)pi(2'))
given by Theorem 5. Specifically, we first construct m sub-networks h; to approximate
the conditional probabilities p; for ¢ = 1, ..., m, respectively. Next, a deep ReLU network
¢(hi(x), h;(x")) is introduced to approximate product function h;(z)h;(z’'). Lemma 13 im-
plies that ¢(h;(x), h;(x")) is a reliable approximation of h;(x)h;(z’). Finally, the output layer
F,(-) is employed to approximate the sign function as used in [Zhou and Huo 2024]. Indeed,
F,(+) coincides with sgn(-) on the interval (—oo, —a) U (a, +00), and exhibits linearity on
the interval [—a, a] to serve as an approximation for the discontinuity of sgn(-) near the origin.

The specific structure of (3.6) is described in Figure 3.1.

hy
> ¢
h

o

®
X ™Y [ ] —2
_— . b
) ® F,
) ®
[ ] ®
x' —2

|| hm
> ¢
hm
FIGURE 3.1. Structure of the designed deep network with ReLLU activation
(3.6) with input z, 2" € X.

We say a network d has complexity (L, W, U) if its depth, the number of possibly nonzero
weights and computation units are L, W and U. The hypothesis space consisting of the
structured deep network of the form (3.6) is defined as
H =H(L,W,U) = {d(z,') of the form (3.6) : the complexity of d (3.7)
does not exceed (L, W, U)}.

Here, the complexity of d can be computed by summing up the corresponding parameters

of sub-networks. Specifically, the depth of d is the summation of the depth of hy, ¢ and
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F, (recall that each h; has the same depth). The number of possibly nonzero weights and
computation units of dare 2 " | Wy, + mWy,+ Wg, +cand 2> " | Uy, + mUy, + Up, +c,
respectively, where W, and U, denote the corresponding parameters of the sub-networks
v € {hi,...,hm, &, F,}, and c is an absolute constant. The capacity (size) of the hypothesis
space H can be measured by (L, W, U). As these parameters increase, the capacity of the

hypothesis space gets larger.

The following theorem establishes approximation error bounds of the structured deep networks

of the form (3.6).

THEOREM 6 (Approximation error). Suppose Assumptions 8 and 9 hold. For any € € (0,1/2),
if the hypothesis space H defined in (3.7) has the depth C,, .., glog(1/€) and the number of
possibly nonzero weights and computation units Cp ., g€ aGay log(1/€), then there exists a

deep ReLU network dy, € H of the form (3.6) with a = Cgeﬁ such that

g(dq{) — g(dp) S €.

Theorem 6 implies that the approximation ability of d3; becomes better if the capacity of the
hypothesis space H is larger. However, as the hypothesis space grows in size, the model may
become overly flexible, which leads to increasing the estimation error. This means that there
is a trade-off between the estimation and the approximation error. We will choose a proper

hypothesis space to obtain the optimal excess generalization error rate (see Theorem 8).

To derive upper bounds of the estimation error, we utilize pseudo-dimension to measure the
capacity of the hypothesis space. The pseudo-dimension is defined by the VC-dimension of
the sub-graph set of the hypothesis space. A comprehensive definition of VC-dimension can

be found in [Gyorfi et al. 2006; Wainwright 2019].

DEFINITION 7. Let F be a class of functions from [0,1]” to R, and F*© := {(z,t) €
[0,1)” x R : f(x) > t, f € F} be the corresponding sub-graph set. The pseudo-dimension
Pdim(F) of F is defined as
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Pdim(F) .= VO(FH),

where VC/(FT) is the VC-dimension of F*. Furthermore, if Pdim(F) < oo, then we call
F a VC-class.

If we solely apply the uniform boundedness (first-order condition) of the hypothesis space,
the estimation error bound is of the order O(1/+/n) [Cao et al. 2016; Clémengon et al. 2008],
which is often quite loose. To derive a tighter upper bound of the estimation error, the variance

condition (second-order condition) should be taken into consideration.

DEFINITION 8. Let 8 € (0,1] and M > 0, and F C L*(X x X,p X p) is a function
class with nonnegative first order moment, i.e.for any f € F, E[f] > 0. We say F has a

variance-expectation bound with parameter pair (3, M), if for any f € F,
E[f?*] < M(E[f])’.

DEFINITION 9. Let €2 C RP. We say a function g : {2 — R is Lipschitz continuous with

Lipschitz constant « > 0 if for any z,y € ),

lg(z) — g(y)| < aflz =y,

where || - || is the Euclidean norm.

The following lemma proved in Chapter 2 shows that if the loss satisfies some mild conditions
and the shifted hypothesis space has a variance-expectation bound, then a tight upper bound

for the estimation error can be established.

LEMMA 14. Let V = Pdim(H) be the pseudo-dimension of the hypothesis space H, and
UT(y,y")d(x,2")) be the loss function for (z, z") € Z x Z, where d is a predictor from X x X
to R. Suppose the following conditions hold for some o > 0, s > 0, € (0,1] and M > 0.

e foranyy,y' € ), the loss function (7(y,y')-) is Lipschitz continuous with Lipschitz
constant «,

o forany d € HU{d,} and for almost every sample pair (z,2') € Z x Z, there holds
(r(y, )l ) = L (5 A, 2)) and ]y < 5 € R,
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e the shifted hypothesis space {{(7(y,y")d(x,2")) — (1 (y,y')d,(z,2")) : d € H} has

a variance-expectation bound with parameter pair (3, M),

then for any 6 € (0,1/2), with probability at least 1 — 0, there holds

V log(n)log?(4/6)

n

£(d.) — £(d,) < cs,a,w( )ﬁ 1201+ f) (S(dﬁ) - g(dp)>.

The first two conditions in this lemma are easy to verify. Indeed, the Lipschitz continuity
of the loss ¢ with Lipschitz constant & = 1 simply follows from the Lipschitz continuity of
the hinge loss. It is evident that the hypothesis functions and the true metric are uniformly
bounded by s = 1, and the symmetry of the loss ¢ is obtained by the symmetries of the
reducing function 7, the hypothesis functions d and the true metric d, with respect to y, '
and x, x’ respectively. All that remains is to check whether the shifted hypothesis space
has a variance-expectation bound. The following proposition shows that this bound can be

established under Tsybakov’s noise condition.

PROPOSITION 3 (Variance-expectation bound). Suppose Assumption 9 holds. For any d € H,
the shifted hypothesis space {{(7(y,y)d(z,2")) — U(7(y,y')d,(x,2")) : d € H} has a

3 R —
variance-expectation bound with parameter pair <i 20 O )

The estimation error is estimated in the following theorem by combining Lemma 14 and

Proposition 3 together.

THEOREM 7 (Estimation error). Let V = Pdim(H) be the pseudo-dimension of the hypo-
thesis space ‘H defined in (3.7). For any § € (0,1/2), with probability at least 1 — , there
holds

V'log(n) 10g2(4/5)>31§ N 460 4 2

E(sz)—f(dp)§09< 0+ 1

(&) - £(dy)).

n

Now, we can obtain an excess generalization error bound by combining the approximation
error bound (Theorem 6) and the estimation error bound (Theorem 7). Then, the optimal
excess generalization error rate is established by carefully trading off the estimation error and

the approximation error.
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THEOREM 8 (Excess generalization error). Suppose Assumptions 8 and 9 hold and let
L € N. Consider the hypothesis space H = H(L, W, U) defined in (3.7) with W = U =
[Cprmoexp{L}]. Foranyd € (0,1/2), with probability at least 1 — 6, there holds

L? exp{L}logn)Z’ié N ( L )wzl)
n exp{L} '

E(d.) — £(d)) < Cppmo log2(4/(5){(

By sel’ting L = ’Ver(GI‘;Q)T log (10271)—" there holds

~ O+1)r

E(d,) — E(d,) < Cprmglog®(4/0) log* (n)n” mrwsar,

Theorem 8 shows that the excess generalization error bound is of order (up to a logarithmic
term) O(n_%). This rate is closely related to the dimension of the input space, the
parameter 6 in the noise condition, and the smoothness 7 of the conditional probabilities.
When the distribution p has very low noise and the corresponding conditional probabilities
are rather smooth, i.e., parameters 6 and r are very large, then the learning rate can be of order

O(n=17¢) with a small ¢ > 0.

REMARK 5. It is worth emphasizing that previous works [Cao et al. 2016; Guo and Ying
2014; Huai et al. 2019; Jin et al. 2009; Ye et al. 2019] on the study of generalization analysis
for metric and similarity learning only derived the estimation error bounds. For instance,
[Cao et al. 2016] established the upper bound for the estimation error of the order O(\/Lﬁ) for
metric learning with the hinge loss, where they focused on learning the Mahalanobis distance.
[Ye et al. 2019] showed that the convergence rate of the estimation error can achieve O(%)
for metric learning with the smooth loss function and strongly convex objective. [Jin et al.
2009] established estimation error bounds of the order O(\/Lﬁ) via the algorithmic stability for

metric learning.

3.2 Properties of True Metric with General Losses

In this section, we study the regularities of the problem setting and the true metric for metric

and similarity learning with a general loss. Specifically, we first show that it is reasonable
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to remove the bias term b in the loss ¢(7(y, y')(d(x, ") — b)) and assume the output space )
only has finite labels as what we do in the chapter. Further, we prove that the true metric is
symmetric for almost z, ' € X', which provides a rationale for the use of symmetric models
like Mahalanobis distance in metric learning. Finally, we show that the true metric between
any two identical samples must be less than or equal to that between different samples for

convex, non-negative and non-decreasing losses.

Removing the bias term. Unlike many works [Cao et al. 2016; Huai et al. 2019; Jin et al.
2009; Lei and Ying 2016; Roth et al. 2020; Ye et al. 2019], we do not introduce the bias term
b > 0 in the loss function ¢. We will show that this term can be set to 0 if we learn the true

metric directly.

Denote by &,(d) = Ez z [((7(Y,Y")(d(X, X') — b)] the generalization error of d with a bias
term b > (. Define Jp := arg minge r & (d) the true metric under this loss with a bias term.

Analogous to (3.4), there holds

dy(z,2') = arg Ilgllél n(x, )0t —b) + (1 — n(z,z")(b — 1)
— b argmin (e, 2')(s) + (1 — n(a,a)A(=s)

=b+dy(z,)

for almost every pair z, 2’ € X. It is then indicated that b is redundant and we hence set

b=0.

Output space is finite. In almost all the theoretical and empirical literature of metric and
similarity learning [Bar-Hillel et al. 2005; Cao et al. 2016; Davis et al. 2007; Guo and Ying
2014; Jin et al. 2009; Kar and Jain 2011; Lei and Ying 2016; Ye et al. 2019], the label space
Y is often assumed to be finite or even binary, i.e., ) = {41, —1}. The finite label space
means that the distribution of Y is discrete. It naturally asks what if the distribution of Y is

continuous? The following proposition gives an answer to this question.
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PROPOSITION 4. If the distribution of Y is continuous, then the true metric equals to a

generalized constant ¢ € [—00, 00| almost surely.

Proposition 4 implies that when the distribution of Y is continuous, for almost surely,
d,(z,2") = ¢ € [—00, +00]. The distances or similarities between almost every pair z, 2’ are

the same. Therefore, it’s reasonable to assume that the label space ) is finite.

The above proposition suggests that within any distribution of Y, the continuous part plays
no significant role in defining the true metric since the conditional probability 7 solely relies
on the discrete part of the distribution. In addition, this property is also determined by the
reducing function 7. Note we assume that 7(y,3’) = 1 only when y = y/, where this event is
impossible for a continuous distribution. Hence, labels play almost no role in the learning

process under this setting.

Regularities of the true metric. In contrast to predictors in ranking problems [Agarwal
and Niyogi 2009; Clémencon et al. 2008; Huang et al. 2023], the metric d is expected
to reflect the distance or similarity of given objects instead of a rank or an order. Thus,
the metric d is supposed to be independent of the order of the sample pair (z,z’), i.e.,
we expect d(x,2’) = d(«’,x). The following proposition shows that the true metric d,
satisfies this symmetric property, which provides a theoretical guarantee that functions in the
hypothesis space can be constructed in symmetric forms, such like the Mahalanobis distance

(x — 2')T M (2 — 2') or the pairwise similarity function z " Mz’

PROPOSITION 5. The true metric d, is symmetric, i.e., almost surely we have

dy(x,2") = dy(a, x).

In mathematical terms, the metric or distance between any two identical points is defined as
zero. The distance predefined as d(¢(x), p(2')) = ||@(x) — ¢(2)||2 in Deep Metric Learning
[Huai et al. 2019; Kaya and Bilge 2019; Roth et al. 2020] and the Mahalanobis distance
d(z,2") = (x — 2')" M (z — 2') in traditional Distance Metric Learning [Cao et al. 2016; Ye

et al. 2019] both vanish when = = 2’. Then, for all z, 2’ € X, d(z,z) < d(z, z’). However,
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this may not hold for the true metric. For example, consider the true metric with the hinge loss
(see Theorem 5). Let the size of the labels be m = 3 and assume that P, = [3/5,1/5,1/5]
and P,y = [1,0,0]. Then n(z,z) = (P,, P;) = 11/25 < 3/5 = (P,, P»y) = n(x,2’), and we
know that d,(z,z) = sgn(l — 2n(z,z)) =1 > —1 = sgn(1 — 2n(z,2")) = d,(x,2’). This
indicates that z is more similar to 2’ than to itself. One can observe that this phenomenon is
determined by the unknown distribution p. It is natural to investigate the sufficient conditions

for the distribution p such that for any z, 2’ € X, there holds d,(z,z) < d,(z, z").

Note the minimizer in (3.4) may not be unique, we first introduce the following definition.

DEFINITION 10. Forany z,2’ € X anda € [0, 1],lett*(a) := inf{s € R|s € arg min;cg al(t)
+(1 — a)f(—t)} be the infimum of all the minimizers of problem (3.4) with conditional prob-
ability a. We define d,(z,2") = t*(n(z,2’)). Then d,(z,z) < d,(x, ') if t*(n(z,z)) <

t*(n(z, 2)).

For many losses like the modified least squares /(—t) = max{1 — ¢,0}?, the hinge loss
¢(—t) = max{1 — ¢, 0}, the exponential loss ¢(—t) = exp(—t), and the logistic regression
loss £(—t) = In(1 + exp(—t)), the minimizer d,(z, 2’) is unique for =, 2’ € X [Zhang 2004].
Definition 10 defines d,(z, z’) as the minimum of all the minimizers, and the comparison
is for the minimum values of d,(z, z) and d,(x, «’). We do not make the assumption of the

uniqueness of the minimizer here.

ASSUMPTION 10. The loss function { is convex, non-decreasing, and non-negative.

This assumption is very reasonable because we often use a convex loss to implement al-
gorithms efficiently. For any sample pair (z, y), (', y'), the distance or the similarity d(z, z’)
is supposed to be small when 7(y,y’) = 1, then we expect the loss ¢(d(z,z")) to increase
as d(z, ') increases. For the case of 7(y,y’) = —1, the monotonicity of ¢ can be discussed

similarly.

According to (3.4), when a loss  is given, the true metric d,(x, 2) is only determined by the
conditional probability n(x, z'). Hence, it becomes imperative to investigate the conditions

under which the property “d,(x,x) < d,(z,z’)” holds for n(z, z’). As shown in (3.2), when
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n(x,z") = Prob{Y = Y'|X = x, X’ = 2’} is large, the observers x, z" are more likely to be
affiliated to the same class. Then we expect that the distance or the similarity between them is
small, further, the true distance d,(z, 2’) is expected to be greater than or equal to d,(z, z) if

their corresponding conditional probabilities satisfy n(x, z') < n(x, z).

Forn € [0,1] and t € R, we define

Qn,t) = nl(t) + (1 — n)l(—t). (3.8)

It’s obvious that t*(n) € arg mineg (7, t). The following lemma shows that ¢*(n) is non-
increasing on [0, 1], which is the key step to prove d,(z,z) < d,(x,2’) for the general

case.

LEMMA 15. Suppose Assumption 10 holds. If 0 < n; < o < 1, then t*(ng) < t*(n).

Lemma 15 also has some implications for binary classification. For a binary classification
problem, we aim to learn a classifier f : X — {—1,1} from a given sample S. The
performance of a classifier f is usually measured by its generalization error Ez[¢(—Y f(X))]
with a loss ¢ that is convex, non-decreasing, and nonnegative (examples of losses can be
found in the paragraph below Definition 10). Similar to the arguments of (3.4) in the proof
of Theorem 5, one can derive that, for almost every x € X, the true predictor (target
function) f, with loss ¢ can be written as f,(z) = arg mineg p(x)¢(—t) + (1 — p(x))L(t),
where p(x) = Prob{Y = 1|X = x} is the conditional probability. Therefore, by setting
Q(p. 1) = pL(t) + (1 — p)U(—1), we get f,(z) = — argmineer Q(p(x), t) = —t* (p(x)) for
almost every x € X'. Note Lemma 15 shows that ¢*(-) is non-increasing on [0, 1]. Then we
know that the value of the true predictor f,(x) = —t*(p(x)) increases as the conditional
probability p(x) increases, which implies that the tendency of the sample = being classified to

class {1} by the true predictor is also increasing.
The following property can be directly obtained by using Lemma 15.
PROPOSITION 6. Suppose Assumption 10 holds. If n(x,x’) < min{n(x,z),n(z’,z")}, then

max{d,(z,x),d, (", 2")} < d,(x, ).
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Define P = { P, € R™|x € X'} as the conditional distribution family. One can easily observe

that P is a subset of the probability simplex

i=1
The condition in Theorem 6 can be written as (P, Py} < min{|| P, ||3, || Pw||3} for almost
x,x’ € X. In the aspects of geometry, it requires that the inner product of any two probability
vectors in P is less than or equal to both the square of their Euclidean norms. One example
satisfying this condition is that P is a subset of the intersection of the probability simplex
A,, and the ball centered at the origin with radius r € [0, 1]. In this case, the equality of the

condition holds only when P, = P,..

Furthermore, P has an empty interior in the sub-topology of probability simplex A,,. Oth-
erwise, we can find a small enough vector € such that P, + ¢ € P and (P, P, + €¢) >

min{||P,||?, | P; + €||*}, where P, is a relative interior point of P.

3.3 Proofs on Metric and Similarity Learning

3.3.1 Proofs for Section 3.1

PROOF OF THEOREM 6. Note |7(y,4)| = 1 and |sgn(t)| < 1 for any y,y’ € ) and
t € R. For any metric d : [0, 1] x [0, 1]P — ) with ||d|| ,o([o,120) < 1, the conditional excess

risk can be written as

U (Y, Y')d(z, 7)) = U7 (Y, Y")d,(, 2'))]

Ey|x=z,y/|x'=2'

al
= Ey|x—2,v|x'=a/ [

(1 +7( :1:’))+ — (1 +7(Y,Y")sgn(1 — 277(3:,3:')))+]
= Ey|x—0,v|x'=a [(1 +7(Y,Y')d )) - (1 +7(Y,Y")sgn(1 — 2n(x, xl)))]
= Ey|x—2,v|x'=a [T ( /) — sgn(1 —2n(z, fL’/)))]

= (2n(z, 2") = 1)(d(z, 2") — sgn(1 — 2n(z, 2"))

= ‘277(7;’ $/) - 1“(1(33, x/) - sgn(l - 277($,:13,)|,
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where in the first equality we have used Theorem 5, the second equality follows from the fact
that the terms inside (-), are nonnegative, and the last equality is obtained by discussing the

sign of 2 — 1 and the fact ||d|| oo (o 1j2r) < 1.
Therefore, for § € (0,1) and d € H, the excess error
£(d) - £(d,)
= ]EX,X/ [EY|X,Y’\X’ [g(T(Yv Y/)d(X7 XI)) - €<T(Y7 Y/)dP(X7 X/))H
= Ex x [[2n(X, X') — 1|]d(X, X") — sgn(1 — 2n(X, X"))|]
= / 2n(z,2") — 1] |d(z,2") — sgn(1 — 2n(z,2"))| dpx (z)dpx (')
[1—2n(z,z’)|>248

+ / 2n(x,2") — 1| |d(z,2") — sgn(1 — 2n(z,2"))| dpx (v)dpx ()
[1—2n(z,z’)| <26

< / 2n(z, ') — 1] |d(z, 2") — sgn(1 — 2n(z,2"))| dpx ()dpx (z')
[1—-2n(z,x")|>26
+ 4Cy% 1, (3.9)
where in the last step we have used Assumption 9 and the condition | — 1/2| < 4.

Let us analyze the first term in (3.9). Note that Lemma 12 with f = p; implies that for
each p; with approximation accuracy %, there exists a ReLLU network h; with depth at most
Cp.r.mlog(1/6) and the number of possibly nonzero weights and computation units at most
Cprmd~ 7 log(1/6). Since p;(x) € [0,1] and |h;(z) — pi(x)| < &= < 1forany z € [0, 1]
andi = 1,...,m, we know h;(x) € [-1,2] forany z € [0,1]Pand i = 1,...,m.

Let ¢ be the ReLU network in Lemma 13 with approximation accuracy %, and F,(z) =
2(o(z+6)—o(x—06)—0) with @ = §. Consider constructing dy using the above sub-networks,

(mmﬂﬂziz@—Qﬁéwm@Lm@w)

We know dy, is a deep ReLU network from [0, 1]? x [0, 1]? to [—1, 1] with depth at most

Cp.r.m log(1/6) and the number of possibly nonzero weights and computation units at most

Cprmd~ 7 log(1/6).
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We claim that the sign of the term 1 — 25" ¢(h;(z), h;(2')) inside F, coincides with
1-2n(z,2") if [1—2n(x, 2")| > 24, which can be proved by showing that [(1-2>"1"  ¢(h,(z),
hi(x")) — (1 — 2n(x,2"))| < 0. Because when 1 — 2n(z,2") > 2§ or 1 — 2n(z,z’") < —24,
we must have 1 — 23" ¢(h;(z), hi(2')) > dor 1 —2>""  ¢(hi(x), hi(z')) < —0. Indeed,
for any z, 2’ € [0, 1]7, there holds

m

(1= 22 60ula). () = (0 = 2162 2) |

m

<23 [olhu(@). () = pi@pi(a’)

=1

< 23" |6(n(e), hi(a')) = hi(a)hi(a’)

i=1

hi(x)hi(z") — pi(z)pi(2’)

m

<2y (8% + [hi(@)l el = pi(@')] + ps(@)l () = pil)] )

Sz;(%+%+%>:5'

According to the definition of F,, and recall that a = §, we know F,(t) = 1 if ¢ > § and
F,(t) = —1if t < —0. Therefore, we conclude that dy(x, 2’) — sgn(1l — 2n(x,2’)) = 0 if
|1 — 2n(x,2’)| > 20. Thus, the first term in (3.9) vanishes.

Taking d = d in the above approximation error bound, we last have
E(dy) —E(d,) < 4C,00 1,

By setting € = 4Cy0%*! and recall a = §, we get the desired results. OJ

PROOF OF PROPOSITION 3. As in the proof of Theorem 6, for any d € H, we can show
E(d) — &(d,) = Exx [|2n(X, X') — 1] |d(X, X') — sgn(1 — 2n(X, X"))[]
= [ 120t ) = 11w, = sgn(1 = 21(o, )| dpx()dpx ()
XXX

Let g4(z,2') == L(7(y,y")d(x,2")) — U(7(y, y')d,(x, «')). Note that 7(y, v')d(x, 2") € [-1, 1]
forany z, 2’ € Zandd € HU{d,}. Then there holds ¢(7(y, v )d(z,2")) = 14+7(y,y')d(z, 2’).
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Since |7(y,y')|> = 1, we have

Ez.2104(2, 2')]

— ExlJd(X, X') - 4,(X, X))
= [ (oo = sgn(t = 20(a. )P dpx()dpx(a)
= [ ) = s 20, )P o (o (0

T / d(z,2') — sgn(1 — 2n(x, '))[2 dpx (2)dpx (')
[2n(z,z")—1]<t

| 2n(x,2") — 1]

" dpx (x)dpx (z')

< / d(x, ') — sgn(1 — 2n(z,"))
12n(z,x’)—1|>t

+4Prob{|In(X, X’) — 1/2| < t/2}

L E@ —£(dy)

Lo

where ¢ > 0, and in the last inequality we have used Tsybakov’s noise condition directly.

_1
By choosing t = (‘5’(;2:—5(/2;’9)) "', we obtain

Ezz1a3(2.2)] < 27507 (£(d) - £(d,)) ™,

which completes the proof. 0

Now, we can give the proof of the excess generalization error bound by combining Theorem

6 and Theorem 7.

PROOF OF THEOREM 8. According to Theorem 7 in [Bartlett et al. 2019], we know V' <
CLW logU, where W and U are the number of possibly nonzero weights and computation
units, respectively. By setting W = U = [C), .m0 exp{L}] and applying Theorem 6 with

r(6+1) r
o _ L - . . .
€= Chrmpo (m) » anda = Cwmﬁ(m) », the approximation error can be estimated

as
0+1)r
[ ( )

E(dwn) —E(d,) < Cp,r,mﬁ(m ’
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According to Theorem 7 and applying the above two error bounds of the pseudo-dimension
and the approximation error, we have, with probability at least 1 — 6,
(0+1)

£d) — £d) < Cpmalog?(ayp{ (FERLEHBIN T L (L)

. : _ p n
The proof is completed by setting L = L+w+2>r log (log nﬂ ' :

3.3.2 Proofs for Section 3.2

We first present the proof of Proposition 4 as follows.

PROOF OF PROPOSITION 4. For almost every pair xz, 2’ € X, from (3.4) we know that
dy(z,z") = arg rtmﬂg n(z, 2")e(t) + (1 — n(z, 2)l(—t). (3.10)
€

Note that the distribution of Y is continuous. Then we know Prob{Y = Y’} = 0, and hence

n(z,x’) = 0 for almost every pair z, ' € X'. Combining this fact with (3.10), we have
no__ . N
dy(z,2") = arg Itré%f( t).

This implies that d,(x, ') is identical to a generalized constant ¢ € [—o0, +00] almost surely.

The proof is completed. l

PROOF OF PROPOSITION 5. From (3.4), we know that the proof directly follows from

the symmetry of n(z, z'). O
The proof of Lemma 15 is given as follows.
PROOF OF LEMMA 15. When 7; = 19, 71 = 0 or 75 = 1, the proof is trivial. Then we

only consider the strict inequality in the condition such that 0 < n; < 7, < 1.

We first show that for any fixed 7 € (0, 1), if there exists a ¢ < t; such that Q(n,t) < Q(n,t1),
then we must have t*(n) < t;. We prove this by contradiction. Suppose t*(n) = t; or

t*(n) > t;. The first case is impossible because it then follows that Q(n,t) < Q(n,t*(n)),
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which contradicts to the definition of ¢*(n); for the second case, we have

t*(n) —t bh—t .
o) Q(n,t) + ) = Q0. t"(n))
t*(n) —ty th—t

where the inequality uses the assumption Q(n,t2) < Q(n,t;) and the definition of t*(n).

. t* (n)*tl t1—t * o . . . . . .
Since ) —ta ty + t*(ln)ftQt (n) = ty, this strict inequality contradicts to the convexity of

Q(nv )

From the above discussion, to prove t*(1y) < t*(1;), we just have to show that there exists
at < t*(n) such that Q(ns,t) < Q(n2,t*(m1)) or t*(ny) is also a minimizer of Q (12, -). We
are interested in the behavior of ¢ at point ¢ when ¢ is on the left side of *(#;). Since ¢ is

non-decreasing, the possibilities of the behavior can be divided into the following two cases.

Case 1: There exists a t < t*(n;) such that £(t) = ¢(¢*(n1)). In this case we have

Qn2,t) — Q(Ma, t"(m)) = (1 — M) (€(—1) — €(—t"(m)))
= ((L=n2) /(L =n1)) (1 = m) (L(—t) — £(=t*(m0))))
= ((1=m2)/(1 = 1)) (Q(m, t) = Q(m1, t*(m)))

<0,

where the first and thrid equalities use the assumption ¢(t) = £(¢*(1,)), the last inequality

follows from the definition of ¢*(7), ). Therefore, we conclude that t*(ny) < t* ().

Case 2: There exists a ¢ < t*(n;) such that ¢(t) < £(t*(r;)). By convexity of ¢, we know
U(ty) < L(t*(m)) < L(t2) for any ty,t, such that ¢ < t*(1n1) < to. Denote by I, () and I’ (-)
the right and left derivative functions of /(-) respectively. (side derivatives must exist for
monotonic functions.) The definition of ¢*(7; ) indicates that Q(n1,%1) > Q(n1,t*(11)) and
Q(m,t2) > Q(m,t*(n1)), where this can be rewritten in the following inequalities

0(—ty) — £(=t"(m)) S U(—ta) — £(—t"(m))
£(t*(m)) — €(t) L—m = Lt (m)) —Lta)
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Divide both the numerators and denominators of the left hand side and the right hand side of
the above inequality by t*(1);) —t; and ¢* (1), ) —t2 respectively. By taking limit as ¢; — ¢*(1;)_
and ty — t*(n1)4, we get
U (=t (m)) s Mmoo U (=t*(m))
(@ (m) — 1=—m — (8 (m))

According to the convexity of ¢ and the fact £(¢1) < £(t*(m1)), we know that 0 < I” (t*(r1)) <

I, (t*(n1)). Then the above inequality is well defined. Since 1 > 7, we know - ’72 > A If

1-m "~
12372 > E;( i ti (; );) , then by the definition of side derivative, there exists a t < t* (7)1) such that

m  U=t)—6(—t*(m))
Ty — 0@ (m))—L(t)

* 2 (=t (1)) (=t () €L (=t ()
t*(n2) < (m)- I 25 € (0 Frwomy) € [Trma o 7 AGEO) ], this is equivalent to

that ¢*(7,) is also a minimizer of Q(73, -), hence we conclude t*(n,) < t*(n;). The proof is

which is equivalent to Q(n2,t) < Q(n2,t*(11)), hence we conclude

then completed. 0

PROOF OF PROPOSITION 6. Letn, = n(z,2’),n. = n(z, x),ns = n(z’,2'), thend,(z,2’) =

t*(m),d,(x, x) = t*(n2) and d,(«',2") = t*(n3). By Lemma 15, we get the desired result

immediately. ([l



CHAPTER 4

Optimal Rates for Gradient Descent Methods with Deep ReLU Networks

In this chapter, we provide comprehensive generalization analysis for both GD and SGD
with deep ReLLU networks. The rest of the chapter is organized as follows. We first review
some further related works in Section 4.1. In Section 4.2, we introduce the problem setting.
Section 4.3 presents our main results for GD and SGD. We give detailed proofs of this chapter

in Section 4.4.

4.1 Other Related Work on GD and SGD

In this section, we review some further works which are closely related to this chapter.

Uniform Convergence Approach: An important line to study the generalization bounds of
neural networks is based on uniform convergence, resulting in algorithm-independent analysis
[Bartlett et al. 2017; Frei et al. 2023; Golowich et al. 2018; Neyshabur et al. 2015; Parhi and
Nowak 2022]. In such analysis, the capacity of the hypothesis space is controlled by using
capacity measures such as Rademacher complexities and covering numbers. This type of
bound has been used to study gradient descent methods because of its generality. Specifically,
the generalization bounds of order O(1/+/n) have been established by trading off between
the degree to which the algorithm fits the sample and the complexity of the solution through
this approach [Arora et al. 2019; Chen et al. 2021a; Ji and Telgarsky 2020].

Generalization under Structured Data Distribution: Considerable works provided gener-
alization analysis of neural networks for classification problems under certain assumptions

on the structure of the data distribution [Allen-Zhu et al. 2019a; Brutzkus et al. 2018; Cao
73
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and Gu 2020; Cao and Gu 2019; Nacson et al. 2019; Nitanda et al. 2019; Taheri et al. 2024].
For example, when data are generated by a linearly separable function, [Brutzkus et al. 2018]
studied the misclassification error of SGD for training two-layer neural networks with Leaky
ReLU activation. [Li and Liang 2018] focused on the problem of learning two-layer ReLU
networks via SGD and showed that a small misclassification error can be achieved in the test
data set when the data comes from mixtures of well-separated distributions. [Cao and Gu
2020] and [Cao and Gu 2019] established algorithm-dependent misclassification error bounds
for deep ReLLU networks trained by GD and SGD, respectively, under the assumption that the
data can be separated by certain random feature models [Rahimi and Recht 2008; Cao and
Gu 2019] with a margin. Recently, [Ji and Telgarsky 2020] and [Nitanda et al. 2019] studied
the generalization performance of two-layer networks with ReLU and smooth activation,
respectively, and showed that GD and SGD can achieve a small misclassification error under

the separation margin of the corresponding kernel assumptions.

Algorithmic Stability Approach: Recently, some works have considered utilizing al-
gorithmic stability to study the generalization performance of gradient descent methods
for neural networks [Richards and Rabbat 2021; Richards and Kuzborskij 2021; Lei et al.
2022; Taheri and Thrampoulidis 2024; Wang et al. 2025a]. In particular, [Richards and
Rabbat 2021] showed that when the two-layer network with smooth activation is studied, the
empirical objective is smooth and weakly convex, the convexity parameter decaying with
the order O(1/+/m). Based on these observations, [Lei et al. 2022; Richards and Kuzborskij
2021] provided excess population risk bounds of the order O(1/4/n) for GD and SGD with
polynomial network width. [Wang et al. 2025a] extended their results to multilayer with a
general scaling setting. Recent work [Taheri and Thrampoulidis 2024] focusing on logistics
loss refined the curvature analysis by showing that empirical risks enjoy a self-bounded weak
convexity in a realizable scenario. Very recently, [Taheri et al. 2024] extended their results
to learn deep nets. However, the stability-based methods mentioned above all study neural

networks with smooth activation functions.

NTK approach: There has been a large amount of literature studying gradient descent

methods for overparameterized neural networks in the NTK regime [Allen-Zhu et al. 2019b;
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Arora et al. 2019; Du et al. 2018; Du et al. 2019; Guo et al. 2024; Kuzborskij and Szepesvari
2022; Suh et al. 2021; Hu et al. 2021]. For two-layer ReLU neural networks, [Du et al. 2018]
demonstrated that randomly initialized GD converges to a globally optimal solution of the
empirical risk with a linear convergence rate as long as the network width m > n%/\} with
high probability. Here, )\, is the smallest eigenvalue of the corresponding NTK Gram matrix.
Based on this observation, [Arora et al. 2019] provided a data-dependent generalization bound
—”T(\P}W +0 (\/Lﬁ) utilizing the Rademacher complexity under condition m = n®/\3.
Here, y is the label vector of the training data and H* is the NTK Gram matrix. [Kuzborskij
and Szepesvari 2022] derived the generalization bound O(nfﬂ%) of GD to learn the target
function with additive noise that is uniformly bounded and Lipschitz when m 2> (n/)g)°.
The works mentioned above all require the positivity of the NTK Gram matrix. The works
most related to ours are the recent analysis of GD/SGD on two-layer neural networks for the
least-square regression [Braun et al. 2024; Cao et al. 2024; Nguyen and Miicke 2024; Nitanda
and Taiji 2021]. All these works removed the positive assumption of the NTK Gram matrix
to provide generalization bounds. In particular, [Nitanda and Taiji 2021; Nguyen and Miicke
2024] established the optimal excess risk rate O (n*%) for SGD and GD, respectively.

However, all these works focus on neural networks with smooth activation functions.

Gradient descent methods in kernel setting: Finally, we investigate the generalization
results of GD and SGD in the context of kernel methods [Cesa-Bianchi et al. 2004; Dieuleveut
and Bach 2016; Lin and Rosasco 2017; Pillaud-Vivien et al. 2018; Ying and Pontil 2008].
Most work on SGD within the RKHS framework only provided the generalization analysis
allowing a single pass over the training data [Dieuleveut and Bach 2016; Guo and Shi 2019;
Ying and Pontil 2008]. The first analysis on multi-pass SGD is [Rosasco and Villa 2015],
where a cyclic gradient selection strategy is considered. [Lin and Rosasco 2017] showed
that multi-pass SGD with a stochastic choice of the gradient can achieve optimal excess risk
rate O(n_%) for any 5 > 0 satisfying 23 + ~v > 1, matching those of ridge regression
[Caponnetto and De Vito 2007; Smale and Zhou 2007]. They also extended their results to
mini-batch SGD and GD. Recently, [Miicke et al. 2019] developed the generalization bounds

for mini-batch SGD with tail averaging.
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4.2 Problem Formulation on GD and SGD

In this chapter, we assume forany x € X C RPandy € Y, ||z|]2 = 1 and |y| < 1, where
|| - || is the standard Euclidean norm. Denote by S = {z; = (z;,y;) : i = 1,...,n} a training
dataset drawn from an unknown distribution p on Z = X x ). Based on S, we aim to build a

predictor f : X — R, whose performance is measured by the expected risk

EU) = 5Bwamply = F(2))).

Since the distribution p is unknown in practice, we instead minimize the empirical risk defined
by
1 n
Ef) =5 > (i — f()”

i=1
A minimizer of the expected risk is the regression function f,(z) = E[y|z], where E[-|x]

denotes the conditional expectation given x.

In this chapter, we are interested in a prediction model f parameterized by W in some
parameter space VY with a neural network structure. In particular, we focus on L-layer deep
ReLU neural networks with width m of the form

fwlz)=a’ 20<WL~--\/%0(W1$)>, 4.1)

m

where z € X is the input, o(-) = max{-, 0} is the ReLU activation, W = (W!,... W)
W with W = R™4 x (R™*™)L=1 denoting the collection of weight matrices for all
layers, and a = (ay,...,a,)" € R™ is the weight vector of the output layer. In the above
formulation, W' € R™*% and W! € R™*"™ for | = 2, ..., L is the weight of the [-hidden
layer. We denote (wl)" the r-th row of W' forl € [L] := {1,..., L}. For the simplicity of
argument, we assume m is even. We use the notations £(W) = £(fw), £, (W) = E.(fw),

and (W 2) = L(y — fw(x))%

In this chapter, we are concerned with two notable algorithms to minimize the empirical
risk, i.e., GD and SGD. We will consider symmetric initialization of GD and SGD, which
are widely used in the theoretical analysis of neural networks [Kuzborskij and Szepesvari

2022; Nguyen and Miicke 2024; Nitanda and Taiji 2021; Xu and Zhu 2024]. Especially, we
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adopt Gaussian initialization for all weights while the weights of the last layer are initialized
additionally using the symmetric weights and uniform initialization for the output layer weight

defined as follows:

for the first [L — 1] layer: w?(0) £ N(0,1,) and w' (0) e N(0,L,) for all v € [m],

T

iid.

for the last layer: w(0) '~ N(0,1,,) forr € [%}, and WTL+%(O) = wk(0), 4.2)

for the output layer: a, £ Unif ({—1,1}) forr € [%], and a, m = —ay.
Symmetric initialization is mainly used to ensure that the initial function fw q)(z) is 0 for
any x € X, which simplifies theoretical analysis. As noted in [Nguyen and Miicke 2024;
Nitanda and Taiji 2021], this requirement can be relaxed by taking into account the additional
error caused by non-symmetric initialization. Moreover, this symmetric trick does not affect
the concentration properties of the NTK for deep ReLU networks (see the discussion in
Section 4.4.5). For a differentiable function F on W, we denote 0F (W) = 2Z£W) 0 o

W
and O, F(Wy) = 65\(,\‘2’) lw=w, forall [ € [L].

DEFINITION 11 (Gradient Descent). Let W(0) € W be the initialization generated by (4.2)
and 1 > 0 be the step size. GD updates {W (k) : k € N} by

Wk +1) = W(k) — ndE.(W(E)). 4.3)

DEFINITION 12 (Stochastic Gradient Descent). Let W (0) € WV be the initialization generated
by (4.2) and 7 > 0 be the step size. SGD updates { W (k) : k € N} by

W (k+1) = W(k) —not(W(k); z,), 4.4)

where iy, is uniformly drawn from [n].

We are interested in the generalization performance of a model fvw trained by GD and SGD

with T iterations, measured in terms of the excess population risk

5risk<fW(T)> = 8<fW(T)) - 5(fp)>
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i.e., the discrepancy between the expected risks of fw ) and f,. For the least squares
regression, it has been shown in [Cucker and Zhou 2007] that .4 ( fW(T)) can be further cast

as
1
risk(fw(r)) = _HfW(T) — 5l

Here, | - ||, is the Ly-norm defined as || f||, = ([, | f(z)[*dp.(x))'/* where p, denotes the

marginal distribution of p on X.

In the remainder of the chapter, we focus on studying || fwz) — f,||>. The key idea of the
analysis is to introduce kernel methods as a bridge between the neural network and the best
model f,. To this end, we require the concept of the neural tangent kernel (NTK) [Jacot et al.
2018]. In our setting, the NTK K : X x X — R with symmetric initialization is defined, for

any r,z’ € X, by
K(z,2') = 2E[o(UL (@)oo (U1 (2")]g" (2, ), 4.5)

where {(U'(z),U'(z'))}=;' are pairs of bivariate normal variables defined iteratively by
(U0, U0) ~ N0, N, it

() 2 E[o*(U" ()] Elo(U™(2))o (U (2))] |
Elo(U™ (2))o (U™ (")) E[*(U'(2"))]
1 (z, 1),
Y (x,a') =
(z,2)y 1
and
¢'(z,2') = (7 — arccos(p' (2, 2'))) /7
with
P, a) = Elo ( @) (U ("))

VE[? (U (2))[Elo* (U ()]
Note that for all x, 7 € X and [ € [L], E[o(U'(z))o(U'(2"))] is fixed and deterministic, and

does not involve any randomness.
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Let H be the RKHS associated with the kernel K, with inner product and induced norm
denoted by (-,-)x and || - [|x, respectively. Let L2 = {f : & — R : ||f], < oo}
be the space of square-integrable functions on X with respect to p,. We introduce the
integral operator L : L2 — L2 , defined by Lf = [, K(-,2)f(z)dp,(x). One can show
[y K(x,x)dp,(x) < 1 (see Property 1 in Section 4.4.1), hence L is a compact, self-adjoint
and positive operator, which has the eigen-decomposition Lf = >~ X\ (f, ®;) 2 ;. Here,
{(X\i, ®;)} are pairs of eigenvalues and orthogonal eigenfunctions in £ with A\; > A\, >
... >0, and {®,}3°, forms an orthonormal basis of Lf,z. For s € R, we define the power
L® as, forany f € L7, L*(f) = 2232, Ai(f, ®;)c2, ®;. For a bounded and positive linear
operator A on a separable Hilbert space H with orthonormal basis {e;}:°,, the trace of A is

defined by tr(A) = > "7 (Aei, ;) n.

To analyze the performance of kernel methods, we impose the following standard assumptions

on the capacity of the hypothesis space and the complexity of f,.

ASSUMPTION 11 (Effective dimension). For some v €0, 1] and ¢, > 1, there holds tr(L(L +
A7) =30 25 < e A forall A > 0.

i=1 A+

In the above assumption, the quantity ¢r (L(L + )\I)_l) is called as the effective dimension
[Caponnetto and De Vito 2007] or the degrees of freedom [Zhang 2005]. Note that L is a
trace class operator satisfying tr(L) = >~ \; = [, K(z, z)dp,(x) < 1, then Assumption 11
is always true for v = 1 and ¢, = 1. In this sense, the case of v = 1 is often referred to as
the capacity independent setting [Cucker and Zhou 2007]. Assumption 11 holds true if L is
of finite rank (corresponds to v = 0) or the eigenvalues {\;} satisfy a polynomial decaying
condition )\; < i71/7 for v € (0, 1]. The specific decay rates of the eigenvalues have been
studied for some specific settings [Bach 2017; Bietti and Mairal 2019; Bietti and Bach 2021;
Hu et al. 2021; Scetbon and Harchaoui 2021]. For example, under the assumption that the
input z is uniformly distributed on a unit sphere, [Hu et al. 2021] showed that the eigenvalues

of the NTK associated with two-layer ReLLU networks decay as \; =< i

ASSUMPTION 12 (Source condition). There exist 3 > 0 and B > 0, such that |[L=°f,||, < B.
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Assumption 12 is commonly used in nonparametric regression [Cucker and Smale 2002],
which quantifies the smoothness (regularity) of the regression function f,. The larger the
value of 3, the smoother f, becomes and, consequently, the more stringent the assumption.
In particular, if 5 = 1/2, then this assumption indicates f, € Hx, which implies that there

exists at least one minimizer of population risk belonging to the RKHS H .

4.3 Main Results on Optimal Rates for GD and SGD

Before presenting our main results, we first introduce some necessary definitions and notations.

Given the initialization W (0), define the feature map &, : X — W by
Py () = Ofwo)(®) = (O1fw(o)(2), - - -, OLfwio)()).
With this feature map, we define a PSD kernel K™ : X x X — R by
m / / L
K™(z,2") = (0fw)(2), 0 fwo) (@), = lel (Ofwo) (@), dfwe) (@),  (4.6)

where (-, -} is the inner product of a vector or a matrix. Here, K™ can be seen as a ran-
dom feature approximation of the NTK K. According to Theorem 4.21 in [Steinwart and

Christmann 2008], there exists a unique RKHS 7#,,, associated with the kernel K™ given by
Hp={f: X =R : IW & Wsuchthat f(x) = (W, P, (x))2},

whose corresponding norm is defined, for any f € H,,, by
11l = it {0y [WH3)Y2: W € W with f(2) = (W, ,,(2))s}.

We further define the linear approximation of fy at the initialization W (0) by

W (2) = fwo(x) + (Ofwo) (x), W — W(0)),.

Let K = (K(x, 7))} ;=1 and K™ = (K™ (z;,2;))7,—, be the Gram matrices with kernels
K and K™, respectively. For a function ¢ on an arbitrary space €2, we denote ||¢||,, =

SUPyeq [P(w)]-
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4.3.1 Optimal Rates for Gradient Descent

Define the functions K" € H,,, K, € Hk by K*(2') = K™(x,2') and K, (2") = K(z,2')
for any =, 2’ € X. If we regard the empirical risk &,(-) as a functional on the RKHS #,, and

H ., the iteration of GD for least-square regression in H,,, and H x can be defined as

gk = 9 — 1 Z (g¢'( ;) K for any k € N with gg* = 0, 4.7

n

Ges1 = G — %Z(gk(%) — y)K,, for any k € N with gy = 0. (4.8)
i=1

Let W(T), g4 and gr be produced by (4.3), (4.7) and (4.8) with T iterations, respectively.
Consider fh“ , g7 and gr as bridges connecting fw () and f,, we introduce the following

€rror dGCOITlpOSIthI’I

e o) S vy 4 ry SR [+ S S+ 801
4.9)

where S, : Hy, — L2 and S : Hyi — L7 are the inclusion mappings that map g7 € H,
to S,g7 € L2 and gr € Hy to Sgr € L2, respectively. We will state the estimates for
the above four terms in the subsequent context respectively and present the upper bounds of
Erisk( fW(T)). We assume 77" > 1 and denote C' > 1 as an absolute value which may differ

from line to line.

We begin by estimating the term || fw 1) — ““(T |2 on the right-hand side of (4.9). Since the
population distribution p is unknown, in the following proposition we employ the || - ||..-norm
to control the || - ||,-norm of fw ) — f{}{}(T). In this sense, the established bound is the
worst-case one which holds true for any population distribution p. The detailed proof is

deferred to Section 4.4.3.

PROPOSITION 7. Let § € (0,1). Assume n < 1/5 and

m > L*p*(nT) " log®(m/0). (4.10)
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Then, with probability at least 1 — L exp(O(pL log(m)) — Q(ms3)) — J over the initialization
(a, W(0)), there holds

in in L7(77T>§
| fwir) — €1V(T)H2 < | fwa — {,V(T)Hio < —.

The estimate of || fw ) — {}{}(T) |2 is controlled by showing the trajectory of GD/SGD is
always near the initialization, which critically depends on forward and backward propagation
estimates at random initialization. The work [Xu and Zhu 2024] provided such estimates with
upper bounds depend exponentially on the number of layers L. Applying these estimates to
12 < CLm~3Poly(nT) valid
when m 2> CPoly(nT,d). Meanwhile, [Zou et al. 2020; Chen et al. 2021b] conducted

our approach leads to the unexpected bound || fw ) — {}{}(T)
fine-grained analyses for forward and backward propagation for classification problems,
significantly relaxing the required network width from an exponential to a polynomial scaling.
However, their approach cannot be directly applied to our setting, as we require these results
to hold uniformly over the entire input space X" to control the || - ||o-norm, while their results
are typically restricted to the training dataset S. We extend their results from the finite training

set S to the full input space X, reducing the requirement of the width to a polynomial scaling.

Proposition 8 presents the estimation of || f{;{,‘.(T) — S,ng%|?, whose proof can be found in

Section 4.4.3.

PROPOSITION 8. Let 6 € (0,1). Assume n < 1/5, nT < n(36log(2n/d))~! and (4.10).
Then, with probability at least 1 — L exp (O(pLlog(m)) — Q(m%)) — 0 over the initialization
(a, W(0)) and sampling, there holds

-

in m Lé‘ 7]T %
o — S| < 20T

Propositions 7 and 8 jointly demonstrate the almost equivalence of the GD trajectories for a
deep ReLLU network and for the corresponding NTK K™ under overparameterization, i.e.,
| fwry — Sma?ll2 S L5 (yT)3m ™3 under the condition m > Poly(L, d,nT). This implies
the larger the width of the network m, the closer the two trajectories are and the more the

behavior of fw 7y is similar to that of g7'. [Nitanda and Taiji 2021] established this estimate
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for the trajectory of the SGD average stream. They showed that these two trajectories behave
almost the same when the network width m scales exponentially with n. Subsequently, [Cao
et al. 2024] reduced the requirement of m to the polynomial degree. However, both of these
two works are limited to two-layer networks with smooth activation. Our result demonstrates
that even for deep networks with non-smooth ReLLU activation, a polynomially large width is

sufficient to ensure the alignment of the learning trajectories.

We estimate ||S,, g7 — Sgr Hf, in the following proposition, whose proof is deferred to Sec-

tion 4.4.3.

PROPOSITION 9. Let 6 € (0,1). Assume n < 1/4 and (4.10). Then, with probability at least
1 — Lexp (O(pLlog(m)) — Q(m%)) — § over the initialization (a, W (0)), there holds
L(nT)*

1Smgr = Sgrl; < g7 — grllse S D)HE™ - K% S T

The above proposition shows that the distance between the GD iterates in H,,, and H x can be
controlled by the discrepancy between their respective kernels, K™ and K. In fact, this result
can be extended to any pair of RKHS with bounded kernels. Specifically, for arbitrary RKHS
H1, Ho with bounded kernels K, K2, let g} and g2 denote the corresponding GD iterates
(defined analogously to (4.7) with K™ replaced by K! and K?), respectively. Then, it follows
that || g1 — 2| S (nT)?|| K — K?|| . In addition, the work [Xu and Zhu 2024] proved that
|K™ — K||s < CEm~5+/d valid when m depends exponentially on L. We improved their
bound to ||[K™ — K||s < m~s+/pL with the reduced condition m > Poly(L,n, d). More

details can be found in Lemma 20.

Finally, we provide an estimate for the last term,

Sgr—f p
of GD within H . The detailed proof is presented in Section 4.4.3.

f), which captures the performance

PROPOSITION 10. Suppose Assumptions 11 and 12 hold. Assume n < 1 and nT' <

n(91og(2n/d8))~1. Then, with probability at least 1 — & over sampling, there holds

T, Ty | () T -
_rr< (0L a(Z 28
1Sgr = £l12 S (% + = + 12— ) 10g* (5 ) + (D).
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Propositions 9 and 10 together provide an estimate for ||S,,g7* — f,||>. In this remark, we
highlight the technical novelty of our approach. For two-layer neural networks, previous
work [Carratino et al. 2018; Nitanda et al. 2019] estimated this term by introducing an
intermediate term 2™ € H,,, separately bounding [|S,,(g7* — h™)||2 and [|S,,h™ — f,||2.
Here, h™ is either the minimizer of the regularized population risk over H,, [Nitanda and
Taiji 2021] or GD for the population risk in H,,, [Nguyen and Miicke 2024]. One can show
that [|S,, (97 — hm) |12 < n"7 with 7 the effective dimension of #,. Hence, to achieve
optimal rates, it is essential to demonstrate that the effective dimension of H,,, matches that of
Hx,1.e., ¥ = . As discussed in the introduction, this equivalence naturally holds for v = 1.
When v < 1, it is established by treating K™ as a sum of i.i.d. random kernels with mean
K. However, this structure is not valid for deep ReLU networks, as the gradient Oy, fw (0)(z)
is influenced not only by the weights w'.(0) of the I-th layer but also by the weights of all
preceding layers. In contrast, we introduce gr € Hx as an intermediate term, and separately

estimate ||S,,g7' —Sgr|2 and ||Sgr — f,||? in Propositions 9 and 10.

Combining the above four propositions, we now present our main result on the excess

population risk of GD for deep ReLU networks. The detailed proof is deferred to Section 4.4.3.

THEOREM 9. Suppose Assumptions 11 and 12 hold. For any 6 € (0,1), assume n < 1/5,
nT <n(361og(8n/d))~"! and (4.10). Then, with probability at least 1— L exp (O(pL log(m))—
Q(m%)) — d over initialization (a, W (0)) and sampling, there holds

5 4 v 1-28
E(fwry) —E(f,) S ﬂ n (ZL_CS n (77? n (nTy)l )

m3

log* (%) + (nT)~2".

We point out that our result does not need the widely adopted positivity assumption on the
NTK Gram matrix K™ to learn ReLU networks [Arora et al. 2019; Du et al. 2018], i.e., the
smallest eigenvalue of K™ is strictly larger than 0. Previous work [Nitanda and Taiji 2021;
Su and Yang 2019] has shown that this assumption can be overly restrictive, as the smallest

eigenvalue of K™ tends to zero as the size of the training set increases.

The following corollary, derived from Theorem 9, shows that when the network width scales

polynomially with the sample size n, dimension p, and the number of layers L, GD with
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. . . 28 .
a deep ReLU network can achieve the optimal excess risk rate O(n™ 27+7 ), with a gradient
1
complexity of O(n'tz).

COROLLARY 1. Suppose Assumptions 11 and 12 hold and 23+~ > 1. Forany § € (0, 1), as-

68+12

sume that n > (36(2 + ’y)ﬁ_l)w%% and m > LY max{L®p*n7 log®(npL/5),n " }.

Choosing T = (nﬁ] and n < 1/5 as a constant yields that, with a probability of at least

1 — & over initialization (a, W (0)) and sampling, there holds
__2B8
E(fwen) = E(f,) Sn 7+ log" (3).

Under Assumptions 11 and 12, the work [Lin and Rosasco 2017] proved that the optimal
excess risk rate O(n_%) can be achieved by GD in the kernel setting, with a gradient
complexity of (’)(nHﬁ), when 23 + «v > 1. Corollary 1 shows, provided that the network
width scales polynomially with n, p, and L, GD with a deep ReLU network can replicate the
classical results in the kernel setting. It implies that the learning capability of GD with a deep
ReLU network is competitive with that of the classical kernel regime. Moreover, as [ and
increase, the required network width m and the gradient complexity become less restrictive.
In particular, in the capacity independent case, that is, ¥ = 1, the optimal rate O(n‘?g%) can

be derived that matches the kernel setting [ Ying and Pontil 2008].

Discussion with the existing work.

The study most relevant to our work on GD is [Nguyen and Miicke 2024; Wang et al. 2025b],
which provided the excess population risk bounds for two-layer neural networks with smooth
and ReL.U activation, respectively. Specifically, [Nguyen and Miicke 2024] established
the optimal excess risk O(n_%) under Assumptions 11 and 12, assuming the network
width m 2 Poly(p, n). In their analysis, the smoothness of the activation function plays a
crucial role especially for ensuring the boundedness of the second partial derivatives of fw
at W(0). [Wang et al. 2025b] extended their results to two-layer ReLU networks. They
proved that the minimax-optimal excess risk rate can be achieved by GD when the network
width depends polynomially on n and p. In contrast, our work provides the first minimax-

optimal excess risk rates for deep neural networks with ReLLU activation functions under the
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Work Activation Layer Setting Width
GD B > 0 and
[Nguyen and Miicke 2024] smooth shallow 28+~ >1 Q(Poly(n,p))
one-pass SGD
[Nitanda and Taiji 2021] smooth  shallow f € [1/2,1] Q(exp(n))
GD/SGD /3 > (0 and I
[Wang et al. 2025b] ReLU — shallow 57 " (Poly(log() D))
GD/SGD 5 > 0and
Ours ReLU deep 9%ty >1 Q(Poly(L,n,p))

_28
TABLE 4.1. Results of GD and SGD with minimax optimal rates O(n"~ 25+7)
achieved for the least-square regression.

same assumptions, provided m 2 Poly(L, p, n). Besides, [Kuzborskij and Szepesvari 2022]
studied the generalization performance of GD for two-layer ReLLU networks under the positive
eigenvalue assumption of the NTK Gram matrix, focusing on learning target functions with
additive noise that is uniformly bounded and Lipschitz. [Lai et al. 2023] showed that gradient
flow in two-layer ReLU networks can achieve a generalization bound of O(n_g) whenp =1

and $ = 1/2. Table 4.1 summarizes the comparison of our results with the related work.

4.3.2 Optimal Rates for Stochastic Gradient Descent

In this subsection, we present our main results for SGD. We begin by introducing the kernel

SGD in the RKHS H,,, based on the random feature approximation K™
S = J = 0 () — i ) K with fg" = 0. (4.11)

Let W(T) and f7" be produced by (4.4) and (4.11) with T iterations, respectively. We

consider

Ealesisk (fwer) ] SEalllfwey— P ] FEAL Ao cry =S L] Ea||Smf7 = £o] )
(4.12)

where E 4]-] denotes the expectation with respect to {ij : k& € [T']}. In the subsequent context,

we will state the estimates for the three terms on the right-hand side of (4.12).
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lin

First, we provide the estimate of the first term E4[[| fw(r) — fiw(r) 12], whose proof can be

found in Section 4.4.4. Similar to GD, we use || - ||o-norm to control the || - || ,-norm of

Jwr) = f{;\I}(T)'
PROPOSITION 11. Let § € (0,1). Assume n < 1/5, nT > 1 and
m > L*p3(nT)" log®(m/06). (4.13)

Then, with probability at least 1 — L exp(O(pLlog(m)) — Q(m3)) — & over initialization
(a, W(0)), there holds

in in L
EAlll fwry — fwen 2 < 1wy — Fee 2 S ——

The following proposition presents the estimation of the second term [E 4[| f&(T) — S fE2]-
Due to the randomness of SGD, the proof strategy of Proposition 8 cannot be directly extended
to SGD. Instead of estimating the || - || ,-norm of the error term, we control the stronger || - || -

norm here. The detailed proof is deferred to Section 4.4.4.

PROPOSITION 12. Let § € (0,1). Assume n < 1/5, nT > 1 and condition (4.13) hold.
Then, with probability at least 1 — Lexp (O(pLlog(m)) — Q(mi)) — § over initialization
(a, W(0)), there holds

W) — Smfrlls < I fwery — 1% S

Finally, we establish an upper bound for the last term on the right-hand side of (4.12) in the
following proposition. To this end, we first estimate the distance between the SGD and GD
iterates in the RKHS #H,,, i.e, ff — ¢/. This intermediate step, combined with the result of
Proposition 10, will allow us to complete the proof of the proposition, which is provided in

Section 4.4 4.

PROPOSITION 13. Suppose Assumptions 11 and 12 and (4.13) hold. Let 6 € (0,1) and
T € N. Assume 0 < n < (32(log(T) + 1))t and (nT)~" > n~'log(6n/§). Then, with
probability at least 1 — L exp (O(pLlog(m)) — Q(m%)) — § over initialization (W (0), a)
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and sampling

5 (nT)*

L
EallISuf7 = fll] < +

nT 0T + (UT)1_25> log* (%) +(nT)~2".

Combining the above three propositions, we present our main result on the excess population
risk of SGD with deep ReLU networks as follows. The detailed proof is deferred to Section
4.4.4.

THEOREM 10. Suppose Assumptions 11 and 12 and (4.13) hold. For any § € (0, 1), assume
0<n<(32(log(T)+ 1)) and 1 < nT < n(36log(12n/5))~ . Then, with probability at
least 1 — Lexp (O(pLlog(m)) — Q(m%)) — 0 over initialization (a, W(0)) and sampling,
there holds

Ls (nT)* T T) + (nT)=2f T _
Ealewery) — £0)] £ T2 (4 10 O D0y s (5
The following corollary, derived from Theorem 10, shows that when the network width scales
polynomially with n, p and L, SGD can achieve the optimal excess risk rate (’)(n_%) with

lower computational cost (in terms of gradient complexity) than GD in Corollary 1.

COROLLARY 2. Suppose Assumptions 11 and 12 hold and 2 + vy > 1. Forany § € (0, 1),
assume n > (72(28 + 7))*@*(24) and m 2 L* max{L%%ﬁ log®(npL/§), n 25 I3
Choosing T = mg%ﬁ andn = (72 10g(24n/5))_1n7% yields that, with probability at

least 1 — 6 over initialization (a, W (0)) and sampling, there holds

EAE(fwery) — E(f,)] S n %5 log?(n) log (n/5).

Our results suggest that, provided a sufficiently wide network width, SGD with deep ReLU
networks can recover the classical results of SGD [Dieuleveut and Bach 2016; Lin and Rosasco

2017] in the kernel setting with the same gradient complexity under similar assumptions.

Comparison with the existing work.
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Several works studying generalization performance of deep ReLU networks trained by SGD
in the NTK regime [Cao and Gu 2019; Chen et al. 2021b; Zou et al. 2020; Xu and Zhu 2024].
However, most of them focus on classification problem [Cao and Gu 2020; Chen et al. 2021b;
Zou et al. 2020]. For regression problems, [Xu and Zhu 2024] studied one-pass SGD in the
streaming data setting for deep ReLU networks and demonstrated that the average prediction
error Eg[(&isk( fW(T)))%} can converge to zero in expectation, provided that the width of the
network scales exponentially with the number of layers L. The precise convergence rate
was not specified in [Xu and Zhu 2024]. Under Assumptions 11 and 12, [Nitanda and Taiji
2021] established minimax-optimal rates for one-pass SGD in two-layer neural networks with
smooth activations, assuming the network width m scales exponentially with n. [Wang et al.
2025b] extended their results to two-layer ReLU networks and showed that SGD can achieved
the minimax-optimal rates under the condition that m = Poly(n, p). We focus on deep neural
networks, showing that SGD for deep neural networks can achieve the optimal rates under the

condition m 2 Poly(L, n, p).

4.4 Proofs for Optimal Rates for GD and SGD

Section 4.4.1 introduces the uniform concentration of the NTK. Section 4.4.2 presents some
necessary lemmas. Sections 4.4.3 and 4.4.4 give all proofs for both GD and SGD. Sec-
tion 4.4.5 discusses the properties of the NTK for deep ReLLU networks with non-symmetric

initialization.

4.4.1 Proofs for Concentration of the NTK

In this section, we provide the uniform concentration of the NTK in our setting.

Denote by I{-} the indicator function (i.e., taking the value 1 if the argument holds true, and

0 otherwise). Given an input x € X, the L-layer ReLU network can be expressed as the
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following specific form

fw(z) = aT\/%DL(:U)WL e \/ng(x)Wlx, (4.14)

where D!(z) with [ € [L] is the diagonal sign matrix defined by
D'(z) = diag{I{(w., 0" "(z)), > 0}} € R™*"™ (4.15)

with 0°(z) = x and

/2 /2
o (z) = /=D a)W .y | DY 2) Wz forl = 2,..., L. (4.16)
m m

Here, 0'~!(z) can be regarded as the output of the (I — 1)-th layer. By further defining
(V)T = |/ 2D"(x) and

(Vi(z)' = EDL(;}[;)WL . \/%Dl(x) forl € [L — 1], 4.17)

m

we can rewrite fy(x) as

fw(z) =a’ (Vi(x)) W Y(z) = (Vi (2)a(d"L(z)) ", W),
The above observation implies that
8‘?“;5?) = VlL(x)a(ol’l(x))T.
Denote || - ||,, the operator norm of a matrix or an operator. For any W, W e W, let

W — W||ppoo = maxses) [[WH — WY||,,, and, for any R > 0, Br(W) = {W € W :
IW = Wl < R}

Let D{(z), o(x) and V ; be defined as (4.15), (4.16) and (4.17) with W = W (0) for all
[ € [L]. The following lemma shows that only the performance of the last layer plays a role

in defining K™ under the symmetric initialization.

LEMMA 16. For any x € X, there holds

dfwo) ()

a'DE(x)WE(0) = 0 and TWI(0)

=0foranyl € [L —1].
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Further,

dfwo)(x) 0fwo)(z')
OWL(0) * OWE(0)

Km(:c,x'):< > forallz,z' € X.
2

PROOF. Note the r-th row of DE(z)W*(0) is I{(wX(0),05 " (x))y > 0}(wk(0))T.

Since a, = —a, = and w}(0) = Wf’+%(0> for all r € [%], there holds

a'Df(r)WH(0) = a,I{(w}(0), 05" (x))2 = 0}(w/(0))"

Mo

a, I{(w;(0), 057" ()2 > 01wy (0)) '+ > _ars 2 I{{Wy'y  (0), 057" (2))2 > 0} (W (0)) "

ﬁ
Il

a,I{ (W (0), 0 }(2))2 > 0} (W (0)) "= > _a, I{ {w;(0), 0 ()2 > 0} (w(0)) T =0.

1 r=1

e

\3
I

It further implies

Combining this observation with 8?\,‘6?()(5?) = VZL’O(m)a(of;l(x))T, we know 8?\)‘{,(?()5;”) =0

for any [ € [L — 1]. The first two results of the lemma are proved.

Finally, from (4.6) we get

mr = /0 fwo () Ofw (@) Ofwo) () fwe(a)
K (x’x):lzl< IWL(0) " OW(0) >2:< OWL(0)  OWL(0) >2’ (4.18)
which completes the proof. U

The following lemma shows that the initial weights W'(0) are bounded by O(+/m) with high
probability.

LEMMA 17 (Theorem 4.4.5 in [Vershynin 2018]). With probability at least 1 — L exp(—C'm)
over the random choice of W (0), there exists an absolute constant ¢y > 1 such that for any

I € [L], there holds

[WH(0)|lop < cov/m. (4.19)
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In the rest of the proofs, we will assume that the event {||[W'(0)||,, < coy/m forall | € [L]}

holds unless otherwise specified.

We require the following useful lemma which can be found in [Zou et al. 2018] (Corollary
A.2, Lemmas A.8, B.1 and B.3 with m;, = m/2,m; 1 = --- = m; = m). We note that
in the following lemma, Assumptions 3.4 and 3.5 in [Zou et al. 2018] are removed and the
training dataset S is replaced by a finite subset D of X'. Denote || - ||o the {°-norm which is

the number of nonzero entries of a matrix or a vector.

LEMMA 18. Let D C X be a finite subset of X with cardinality |D| = u. Forany § € (0, 1),

the following statements hold with probability at least 1 — § over the random choice of W (0)
forall x € D.

(a) Assume m > C'log(uL/6). For alll € [L], there holds

[loh(@) [l — 1] < cty [ 28WE/)

m

(b) Assume m > C'log(uL?/6). Forall 1 <1y < ly < L, there holds

H \/gwl%m H \/%Dg(@)wh(o)

(c) Let Ry, > 1 and s € N with s < m. Assume m > CL°max{slog(m), R;,} and
s > Clog(uL?/§). Then, for any Wew satisfying H\/K\/'Hop,OO < R,p, and for all

< CL.

op

& € D,l € [L] and any diagonal matrices D' € R™™ satisfying |D!|jy < s and
D!, D}(2) + D! € [~1,1]™*™, there holds

Loy .
| TT /= (Di@) + ") (W(0) + W)

m
h=1, op

< CL forall1 <l <y < L. (4.20)

(d) Let Ry, > 1. Assume m > C max{L**pR2 log®(m), L*log”(uL/8)}. Then, for any
W € W satisfying |W — W (0)||op.0c < Rop and all & € D, there holds

o) = dh(@)]l < < @21)




4.4. PROOFS FOR OPTIMAL RATES FOR GD AND SGD 93

Lemma 18 applies only to the finite subset D of X. In the following lemma, we extend their

results to the entire input space X = SP~ L,

LEMMA 19. Let § € (0, 1). The following statements hold with probability at least 1 — 6 over
initialization W (0) for all | € [L].

, there holds sup,,c |||oé 7|2 — 1| < Cl /leoi(lm/é)‘

5)
(b) Assume m 2, pLlog(%), there holds sup,cx |V, o(x)||op < 37%

m of (=)
(c) Assume m 2, pL*log(’§), there holds sup,cx | 5wy ll2 < 2-

(a) Assume m 2 pL log(

PROOF. We first prove part (a). Let D be a m ™2 (v/2¢o) “-net of X. We know for any
z € X, there exists 2 € D such that ||z — 2[» < m~2(v/2¢) L. Then, for | € [L], there
holds

log () — 0(@)]]2

_ \/g||0(wl<0)06_1($)) . J(WZ H2 < \/>HW1 — 06_1(i))”2
< \/%HWWHOPHO@*( ) = o' (@)ll2 < V2eollof ! (x) = o (@),

where we have used 1-Lipschitz continuity of the ReLU and ||[W'(0)||,, < cor/m.

Applying the above inequality recursively on I, we know ||o}(z) — ob(2)]|2 < (vV2¢o)! ||z —
Zl|e < \/Lm Note X = S~ is the unit sphere and D is a m~2(v/2¢,)“-net of X. From
Corollary 4.2.13 in [Vershynin 2018], we know the covering number of X satisfy |D| <
(3y/m)?(v/2¢o)PF. Combining part (a) of Lemma 18 with u = (3,/m)?(v/2¢o)P" and the
condition m 2, pLlog(’s), we know with probability at least 1 — 6, there holds

pLlog(m/é)

[llog(@)]l2 = 1] < C1 >

forall z € D.

Combining this with the above inequality ||o}(x) — 0} (2)|2 < \F’ there holds |||} ()]s —

1) < [loh(x) — o (2)]l2 + [[|05(2) ]2 — 1] < Cl\/’M for all x € X. The first part is

proved.
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Now, we turn to prove part (b). From Lemma 32 in [Xu and Zhu 2024] we know the cardinality
of the set {(D}(z),...,DE(x)) € REX™*m . » € X} is at most mP~. Therefore, there exists

a subset D C X with |D| < mPL such that
sup [V, o (2)llop = sup [V o(2) [l for all I € [L].
TeX zeD

Note part (b) of Lemma 18 with uw = mPL Iy = L,1; = [+1 and the condition m > pL log(%)

implies that with probability at least 1 — 9,

sup VL) = s1p |/ 2DE@WEO) - 2Dl w01y 2 Dy
J2weo 11 [ Zosawo)

CL
sup [|[VL o (2)|lop < —=,
WI;H ro(@)llop = —=

op

< sup || Dg (=)
x€D

op op

Hence,

which completes the proof of part (b).

It remains to prove the last part. Note

[
e OWL(0

—supH\/ ~D{(x ))T
reX

sﬁsuguo @)l < V2(sup [llog ™ @)l = 1] +1)
TE

= sup |V g(@)a(of ()
reX

2

< va(ony AR ) <o

where the last second inequality follows from the first part of this lemma, and the last

inequality used the condition m > pL3log(m/d). The proof of the lemma is completed. [

The following property shows that K is bounded.

PROPERTY 1. Forany x,z' € X, there holds | K (z,z')| < 1.

PROOF. By the definition of U'(x), we know

Elo*(U'(x))] = 2E[(Ul( 2))*] = Ele*(U™(x))].
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Recursively applying this equality, we have E[o?(U'(z))] = E[o?(U'(x))] = Eypno.n[0?(w)] =
1/2. Then, according to Cauchy-Schwarz inequality, for all z, 2" € X’ and | € [L], there holds

2E[o(U' (@) (U'(@))]] < V2E[2(U'(2))]V2E[*(U'(@)] = 1. (4.22)

Further, according to the definition of ¢'(z, 2’), there holds |¢'(z, 2’)| < 1. Then, for z, 2’ €

X, K(x,z") can be uniformly bounded by

|K (2, 2")| = [2E[o (U (2))o (U (2))]]lg" (x, )|

< V2E[0* (UL ()] 2E[0? (UL (2'))] = 1.

This completes the proof. U

The work [Du et al. 2019] provided the concentration of the NTK for deep ReLU networks
over the training data. i.e., sup; jep, |[K™ (i, 25) — K(zi, ;)] — 0asm — oo. [Xu
and Zhu 2024] extended their result and showed the concentration uniformly over &, i.e,
|K™ — Koo < CLm~5./p assuming exponential scaling of m with L. In the following
lemma, we improve their results with relaxed condition on m, which is pivotal for reducing

the requirement on m from CLPoly(n, p) to Poly(n, p, L) in Corollaries 1 and 2.

LEMMA 20. Let § € (0,1). Assume m 2 pL*log(%). With probability at least 1 —
Lexp (O(pLlog(m)) —Q(m%)) — § over the random choice of (a, W (0)), there holds

<VLm s + v/pLlog(m)m=1.

~Y

K™ — K|

PROOF. Note (4.22) and |(V (z)a)" VI (2/)a] = L|a"Df(z)D§(2')al < 1. From
the definitions of K™ and K, there holds

K™ = Kl

= sup {05 (2),057 (2'))2(VL(2)a) VI o(a)a—2E[o (U (@) (U (a"))lg" (x, 2)

r,x'eX

< sup (o5 (), 0" (2"))2 — 2B[o (U (2))o (U (2))]] - (VL o(2)a) "V o(a")al

z,x'eX




96 CHAPTER 4. OPTIMAL RATES FOR GRADIENT DESCENT METHODS WITH DEEP RELU NETWORKS
+ sup [2Elo(UF N @)o (U @)]] | (VEg(@)a) VEg(a)a — tr(VEg(a) VEg()|
r,x'€X

+ sup [2E[o(U"(2))o (U™ ()] - ‘tr(Vﬁ,o(ﬂf)TVﬁ,o(ﬂf’)) —q"(,2)

r,x'€X

< sup |{o™"(2), 00" (2))2 = 2E[o (U (2))o (U (2'))]

r,x'€X

+ s |(VEg(@)a) VEg(a)a— tr(VEg(e) V()|

z,x'€X

+ sup ‘tr(Vf’O(:c)TVf’o(x’)) — ¢*(z,2")

z,x'€X

=: 51 + 52 + 53,
The estimates of the above three terms &£, &, £ are given as follows.

Estimate of £;: The estimate of &£; follows the same proof steps as in Lemma 6 in [Xu and Zhu
2024]. According to Lemma 6 in [Xu and Zhu 2024], one can get that £, < LCT m=3. We
improve this estimate from LCE'm™3 to Lm™s by using more finer estimates of initialization
terms. Specifically, instead of using their estimate sup, ||o} ()| < ¢} in Lemma 30, we
apply the tight estimate sup,, || (z) |2 < sup, |||oh(z)|l2 — 1]+ 1 < C according to part (a) of

Em~2-net

Lemma 19 and the condition m > pL3log(m/§). In addition, we set V; to be a ¢,
of the SP~! rather than a m~2-net. Then, following the same steps of the proof of Lemma
6 in [Xu and Zhu 2024], with probability at least 1 — L exp(O(pL log(m)) — Q(m3))) over

initialization W (0), there holds

wl—=

51 5 Lm™s.

Estimate of &: Similar to the proof of the estimate of &£, by using more finer estimates
sup,, [|0h(x)ll2 < C,sup,ex [V o(2)]lop < m™z, following the same proof steps of Lemma

7 in [Xu and Zhu 2024], we can show that

=

EQSTTL— .
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Estimate of £3: Similar to the above arguments, we use the estimates sup,, ||o}(z)||2 < C and

sUPex [ VEo()|lop < m™2 to improve the proof of Lemma 8 in [Xu and Zhu 2024] and get

< VL . [pLlog(m)
m% m )
Combining the above estimates of &1, &, &5 completes the proof of this lemma. U

4.4.2 Useful Lemmas

In this section, we present some useful lemmas for proving main results of both GD and SGD

with deep ReLU networks.

Recall that D} (z), o}, (x )and Vi, o(x) are defined as (4.15), (4.16) and (4.17) with W = W (0)
for all [ € [L], and Br(W) = {W € W : [W — W||,, .. = max;cy |[W' — W!||,, < R}.

LEMMA 21. Let 6 € (0,1). Assume m 2 L*p*R2 log*(m/§) and R,, > 1. Then, with
probability at least 1 — § over initialization W (0), the following statement holds for any

W ¢ BRop (W(O)),

ILR,
sup o/(2) — o) £ ~ 2

TeEX

PROOF. Let D be a ﬁ—net of X. We know for any z € X, there exists £ € D such

that ||z — 2| < Note the condition for m implies R,, < y/m. Then, similar to the

ﬁﬁ'
proof of part (a) of Lemma 19, we know ||o!(z) — 0! (2)[]2 < (V2 + v2¢)! ||z — 2|2 < =
and |0} (z) — o (2)|l2 < \/lm Note X = SP~! is the unit sphere. From Corollary 4.2.13 in
[Vershynin 2018], it holds that |D| < (3+/m)PCPL. Then, applying part (d) of Lemma 18

with u = (3y/m)PCPL, there holds

Jo!(2) = oh(a) s < llo'(2) = o (@)l + [[0(3) — oh(&) ] + lloh() — o)
<1 IRy 1 _ILR,
TN TN

This completes the proof. U
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LEMMA 22. Let § € (0,1). Assume m 2 L**p°R? log®(m/é) and R,, > 1. For any
W € Bg,,(W(0)), with probability at least 1 — L exp(O(pLlog(m)) — Q(m3)) — 8 over
initialization (a, W(0)), for any | € [L], there holds

win

sup [D(x) — Dh(x)llo < (LmRey)*.

TEX

PROOF. Let R’ > 0 which will be chosen later. For z € X and [ € [L], define the

diagonal matrix
E!(x) = diag {I{|(w(0). 0} ()2 < R'}}7", € {0.1}™"

Note sup, [|[D'(z) — Diy(z)llo < sup, [[(D'(z) — Di(x))(I — E'(z))llo + sup, [ E'(z)]o-
We will estimate sup, ||(D!(z) — D} (x))(I — E'(z))]|o and sup, ||E(x)||o separately in the

following proof.

Estimate of sup, ||(D'(z) — D}(z))(I — E'(2))||,: ,: From the definition, if the absolute
value of (r,7)-th entry of the diagonal matrix (D'(z) — D{(z))(I — E!(x)) is 1, then
[(wi.(0), 05 ' (x))2] > R and I{(w}, 0" (2))2 > 0} # I{{w}(0), 05 '(x))2 > 0}. Then,

there holds

[(wr o' 7 @)z — (W (0), 067 (2))2* > [(w(0), 05" ()2 > (R)*.

< P L (w0 o) = (w00 (0)e)’
1

= 5 Sup HWlol_l(x) — Wl(O)oé_l(x)H;

3SUp (W' -WHO)| o @)= of @)+ ob (@) |, + [ WHO)| o)~ ob (), 2

2
g (RBol97 ) = a7 @), + €) + covillo ) — o @),
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where in the last inequality we have used sup, ||of " (z)||> < C implied by part (a) of Lemma
19 and the condition for m, and [[W*(0)]|,, < coy/m.

Combining the above inequality with Lemma 21 and noting m 2 L**p*R? log®(m/d), we

get

= (Rop <@ + C) + LQROP) S LQR‘%”.

su Hz) — D (x —E!
po(D( ) — Dg(z))(I - E'( HON (R')? (R')?

Estimates of sup,, HE’ The proof is similar to that of Lemma 11 in [Xu and Zhu 2024],

Mo:
we give the proof here for the sake of completeness.

Denoting the function class F = {I{|( -, o' "1(z))s| < R’} : x € X'}, there holds

sup - | E/(a >|ro—sup—ZH{} \<R}—sup—2f

ferms

To control the right hand side of the above equality, we need to estimate the VC-dimension
of F. We first fixed (W'(0),..., W!=1(0)). Denote D'"' = {(D}(z),...,D5*(z)) :
x € X} C RU=Dxmxm = From Lemma 32 in [Xu and Zhu 2024] we know the cardin-
ality of D! is less than mP!~V, ie., |D'™'| < mP(=Y. Then, there exists a disjoint
partition of X such that X = Uje[|Dl—1|] U,, where U; N U; = @ for i # j and the tuple
(Di(2),..., Dy (z)) € REDxmxm g 4 fixed matrix sequence on each U;. Therefore,

) = \/%Df)’l(x)wl_l(O) . \/%Dé(x)wl(())x lies in a p-dimensional subspace of
R™ on each U;. Let V; and V' be the VC-dimension of the classes F; = {I{|( -, 07 (z))s] <
R'} : z € U;} and F, respectively. By Theorem 9.5 in [Gyorfi et al. 2006], the VC-
dimension of the class of indicators of half spaces in R? is p + 1. Further, note that
oh~*(x) lies in a p-dimensional subspace of R™ on each U; and the indicator function
I{|{w',0o'"}(x))2| < R’} can be written as the multiplication of two indicators of half space,
ie., I{|(w! o~ 1(x))s] < R'} = I{{w!, o"1(2))y < RI{(W! o!"1(x))y > —R'}. Then,
from Lemma 3.2.3 in [Blumer et al. 1989] with s = 2 we know V; < 10(p + 1) for any j. By
further applying Lemma 23 in [Xu and Zhu 2024] with N = |D'~!| < mP(~1, there holds

V' < max(plog(p),log(|D'1))) < pllog(m).
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Now, we turn to control supr — > ", f(w.(0)), which can be regarded as a fucntion on
(w}(0),...,w! (0)). One can check that the value of this function can change by at most -
under an arbitrary change of the r-th coordinate. Then, by McDiarmid’s inequality, we know
with probability at least 1 — exp(—2m3) over W(0), there holds
. 1 «
— $ o+ B sup — L))
sup Zf 3+ BEwi(o) | Sup - Zf(wr( )

fefm

Now, we estimate the right hand side of the above inequality. There holds

S [ & 3 140

ferm

< By [sup |- > i (0) - B )] + sup Bl ' 0)

feFr

< \/g +sup E[f(w}(0))] < M%WHQPE[H{KW’( ), 05 (2))2] < R'}]

feFr

11 R /llog™" (@)l2 2 11 oR/
/pog +up/ < ptlog(m) T L V2
B/l @)lls V2 m Vllog H(@)]2]

where the second inequality is according to Theorem 8.3.23 in [Vershynin 2018], the third

inequality follows from V' < pllog(m), in the last second inequality we have used (w'(0),

() /||oh 7 ()]]2)2 ~ N(0, 1), and in the last inequality we have used e < 1. It remains
to estimate sup, %. For the case | = 1, there holds [|0°(z)||2 = |||l = 1. For the
case [ > 2, for any x € X, from part (a) of Lemma 19 we have

Llog(m/§) _ 1
o @)l =1= (1= o @) = 1= o (@)lla—1] 21— Oy [P 1

m 2
where the last inequality follows from the condition m 2 L#p*R2 log®(m/0).

Combining the above estimates we obtain

1 pllog(m)
m% m

1 1 ¢
supEHEl(x)HO = supEZH{HWﬁ,(O),Oé(.T)b‘ < R/} SJ
T z r=1
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Further, combining the estimates of sup, ||(D'(z) —Dj(z))(I—E!(z))|| , and sup,, |E'(z)]lo,
there holds
L?R?

sup ||D'(z) — Dy (2)]|, < ) P | R'm+2m3 + /mpllog(m

Setting R = (LR,,)3m 3. Noting that m > L?p*R2 log”(m/d) and R, > 1, we have

sup |[D'(x) ~ Di(a)||, S (LmRuy)* +2m’ + /mpllog(m) < (LmRy,)*.

The proof of the lemma is completed. U

Recall that

Vi o) = | ZDE@W0) - 2D ()W 0 2 D),

For any [ € [L], let W' and the diagonal matrix D! be the matrices with the same size of

W!(0) and D} (z), respectively. Define, for k € [L — 1] and [ < k,
Vi(z) = \/% (Di(x) + D) (WH(0) + W*) -
x \/g (D5 (z) + D) (WH(0) + W) \/% (Dh(z) + D') (4.23)
and Vi(z) = \/% (Di(x) + D) forall [ € [L].

LEMMA 23. Let § € (0,1) and {/'ﬁc(:z:) with k € [L] and | < k be the matrix defined in (4.23).
Let Ry, > 1 and s € [m]. Assume m > C'L° max{slog(m), R},} and s > CpLlog(m/s).
Then, with probability at least 1 — § over initialization W (0), for any matrices satisfying
H\/7\\7||0p7OO < Ry, and diagonal matrices satisfying ||[A)IHO < s and f)l,Dlo(x) +D' €
[—1,1]™™ foralll € [L] and x € X, there holds
sup [V (@) lop <

oL
N
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PROOF. Similar to the proof of part (b) of Lemma 19, we know there exists a finite subset

D C X with |D| < mPF such that
sup || VL (2)||op = sup |[VE(2)|op forall 1 <1 < k < L.
zeX z€D

Then, part (c) of Lemma 18 with « = mPL implies that

k
~ 2 N = 2
sup [Vi@)llop < | TT /= (Dhw) + D) (W) + W) | ||/ (Dh(x) + D)
zeD hel41 m op m op
< CL
—_ \/m'
This completes the proof. U

LEMMA 24. Let § € (0,1) and V' (z) with | € [L) be the matrix defined in (4.23). Let
R,, > 1 and s € [m|. Assume ||V/€7||Op,OO = maxe(r) ||{7\7-1”0p < R,y and supy¢y ||ﬁl||0 <s
and D!, D}(z) + D! € [-1,1]™"™ for all z € X. Suppose m > CLS max{slog(m), RZ,}
and s > C'pLlog(m/d). Then, with probability at least 1 — 0 over the random choice of the
initialization W (0), there holds for all | € [L]

sup a7 (V' (2) — Vi o (@)]], s 2O+ Fln).

TeEX \/ﬁ

PROOF. For the case | = L, according to definitions of \A/lL(x) and Vi () we know

N 2 ~
o (VE2) ~ Vgl = yf 217D s 5 Y, @24

where the inequality is due to a, € {—1,1} for r € [m] and ||D¥||o < s. This completes the

proof of the case [ = L.
For the case [ € [L — 1], noting thata™ \/%Dg(x)WL(O) = 0 (see Lemma 16), we know
al (Vi(x) = Vig(2)

=a' (\/% (DE(2) + D () (WE(0)+ W) VL (2) \/%D(%(mwﬂmvz_l,m)
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—aT \/%D(%(m)wL(o) (Vi 1(2)=Vi_ o(2)) +a' \/%ﬁ%x) (WH(0)+ W) Vi, (x)

—a’ \/%ﬁﬂ(a:) (WE(0) + WH VL (2) +a” \/zDg(a:)WL\AﬂL_l(x).

m

According to Lemma 23, we know sup, y ||\A/lL(x) llop < % Then, there holds

[T (Vi (z) — Vi o(2)) ],

= \/%”aTﬁL(x)HQHWL@)+VAVLH@WL1<ZC>HJ\/ 2 alll D )], W, VL (@),
V2(coy/m + R,p) CL

)|, NG NG +fRop\/_

- L(v/s + Rop)

~Y \/m b

where the second inequality used the assumption H\/R\/'H()pm < R, and [|[WL(0)|op < cov/m,

N
&
_‘
o
~

and the last inequality used (4.24) and R,, < y/m by noting m > C’LGRip. This completes
the proof of the lemma. U

LEMMA 25 (Claim 11.2 and Proposition 11.3 in [Allen-Zhu et al. 2019b]). For any W, W ¢
Br,,(W(0)) and x € X. There exist a series of diagonal matrices {(D")" € R™ ™},

with entries in [—1, 1] such that for any | € [L], there holds

(@) o (2) = (2) = iy [Tl /2 (D7 () (D)) W /2 (D () + (D)) (W
Wh) ().

(b) ||(D")! Ho |D!(x) l(x)HO and D!(z) + (D")! has entries in [0, 1].

The following lemma shows that the neural network is almost linear in terms of its weights

and the loss is locally almost smooth near the initialization.

LEMMA 26. Assume R,, > 1andm > C L*p*R?2 log®(m/d). Forany W, W e Br,,(W(0)),
with probability at least 1 — L exp(O(pLlog(m)) —Q(m3)) — 8 over initialization (a, W (0)),
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forany z = (x,y) € Z, there holds

0 T) = s L
o) o) — (P90 W | < LW~ Wi Rt @25)
MU(W;z2) ~=
(W:2)—6Wiz) > (P W) ) e @26)
with ¢ < L3 |[W — W/, o Riym ™8, and
Ofwl) _ wol)|  1pt
|5 W (0) |, < pimsmE. (4.27)

PROOF. We first prove that the neural network f is almost linear in terms of its weights

near the initialization. From the definition of f, we know

o) — i) — (20 7w

_ ‘aTéL(x)—aToL(x)—lilaT[ I1 \/7 D" (z Nﬁ D' (z)(W' — W')o! " (z)

h=Il+1

Y

. . L
where we used the conventional notation [ ,, = L.

Lemma 25 with [ = L implies there exist a series of diagonal matrices {(D”)" € R™*™},¢1

with entries in [—1, 1] such that

oL(:E)—éL(x):Z[ H \/> D"(z) + (D" )Wh] \/%(f)l(x)

=1 ~h=l+1

+ (D" (W Wl) L(z).

gz 11 \f Do) + (D)W /2 (B1(0) = (07)) (W~ W)

h=I+1

[ H [Dh }WDZ(@(WZ-W)J*@)‘

h=I+1
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:¢Z‘UIL(@(W—WZ)OZ*I(@’SZHUZL(ﬂc)HzHWZ W[l (@), (4.28)

where UF(z) = a” [ [T}y, /2 (B () + (D)) W] /2 (D' (@) + (D)) —a" [ 1T},
V2D (@)W \/;Dl (z)

We first consider estimating the term ||UZ () ||o. We begin by showing that D'(z) + (D”),
D!(z) + (D")! — Di(x) € [=1,1]™™ forall | € [L] and 2 € X. Indeed, according to part
(b) of Lemma 25, we know D!(z) + (D”)! € [0, 1]™<™. Then, there holds D'(z) + (D”) —
Dl (z) € [~1, 1]™™ by noting D (z) € {0, 1}™*™.

Note W, W & Bg, (W(0)), then Lemma 22 implies that |[D!(z) — D} ()]0, | D'(z) —
DL (z)]lo < (LmRop)% with probability at least 1 — L exp(O(pL log(m)) — Q(m3)) — 8 over
initialization (a, W (0)) for all [ € [L]. Then, from part (b) of Lemma 25, we know

D' () + (D")" - D ()],

< ||D'(z) = Di() ], + [|D” HDZ = Dy ()|, + [D'(w) = D)

Iy <

< 2| D'(z) - Di(x)||, + |D'(z) - Di(=)],

< (LmR,y)5.

Setting s = (LmR,y,)?, the condition m > L*p*R2 log®(m/d) implies the conditions
m 2 LS max{slog(m)

that W, W € Bg, (W(0)), and D'(z) + (D")!, D!(z) + (D")} — Di\(z) € [~1,1]™*m
and D!(z), D!(z) — D}(z) € [~1,1]™™, we apply Lemma 24 twice with s = (LmR,,)3,

W! = W! — W/(0), D(z) = D!(z) + (D")! — D}(z) and W' = W' — W'(0),D!(z) =

,R>} and 5 2 pLlog(m/d) in Lemma 24. Then, by further noting
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D!(z) — D}(x), respectively, and there holds

H \/7 D"(z) + (D") )Wh}\/g(ﬁl(x)Jr(D”)l)—aTvL{O(x)

h=Il+1

H aVl () —a’ H[Dh YW \/?Dl( )H

h I+1

|UF ()

I, <

2

< L((LmROP)% + ROP)
~ \/m

where the last inequality used R,, < (LmR,,)3 by noting m > CL2p*R2 log*(m/6).

o=

4 1
453 _
5 LSROpm )

The term ||o' () || can be controlled by using part (a) of Lemma 19, Lemma 21 and m 2>
3
L2 R, log?(m /8) by

ILR,
lo' (@)l < [lo'(2) — op(x)ll2 + lop(2)ll2 < \/mp +CSC

Plugging the above two inequalities back into (4.4.2), we obtain

(o) — o) — (20 5w

2 ‘

NI

L
< Ls D W= W, Rm ™

=1

~ 1
L5 |W — W||opoc RE,m 5. (4.29)
The first part of the lemma is proved.

Now, we show the loss / is locally almost smooth near the initialization. From the convexity

of £(W; z) (with respect to fw), we know

ol z
P (fplo) — fwlo)

= (fw(@) =) (fw(@) — fw(x).

E(W; z) —U(W;z) >
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Then, according to the chain rule, we get
(W 2) — (W 2)
> (fwle) — o) (fag (o) — fwle) — (2D 7w (O ) )
= (fwle) =) (2D WY 4 (wle) — ) (Fele) — Fla)

s
> <%,\7\7 — W>2 — | fw(z) = y|‘fv~v(x) — fw(z) — <8J;V{;‘<7x)7w - W>2’

(4.30)

Plugging (4.29) back into (4.30), there holds

UW;2) — (W 2) > <%7\7\7 = W>,2 — |fw(z) —yl-e

—~ 1
with e < L3 |W — W||Op7OOR§’,,m_%. The second part of the lemma is proved.

Finally, we turn to prove the last part of the lemma. From the above estimates we already

know [|o!(z) — of(x)[|> S ILRoym 2, ||o!(x)||> < C and

o' Vi) —a' T y/ 204wy 2D, 5 o

h=Il+1

C‘

forall [ € [L] and z € X. Then, combining these estimates with Lemma 23, there holds

H dfw(z)  Ofw(x)

awz W (0)

2

:Hol—l(x)aT[ f[ %Dh(x)wh} \/%Dl(x) —of)_l(x)aTV]iO(:p)HQ

h=I+1
<o) 7] Hf D W 2 D)V o o - Vo)
=l+1
§L§R§pm_€ + lLZROpm_% S L%Répm_%7

where the last inequality used L2 R,,m ™2 < L%Ropm s by noting m 2 L*p*R2 log®(m/9).
The proof is completed. l
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4.4.3 Proofs for Gradient Descent

For notational convenience, define fwr) = (fw) (1), ..., fw(zn))" € R and y =
(y1,...,yn)" € R™ The following lemma shows that the trajectory of GD during the training
process is always near the initialization. Note that we make no assumption on the data

distribution and the NTK Gram matrix.

LEMMA 27. Let § € (0,1) and {W (k)} be produced by (4.3) with n < 1/5. Assume
(4.10) holds. Then, with probability at least 1 — L exp(O(pLlog(m)) — Q(m3)) — & over
initialization (a, W(0)), for any k € [T, there holds

W) = WO, . < [W(k) = WO)f; < 4nk

| Fwwy — Yl2 < 2| fw) — ¥l

PROOF. The lemma is proved by induction. It’s obvious that [|[W (k) — W (0)||2 < 0 and
| fww) — ¥ll2 < 2| fwo) — ¥||2 hold with & = 0. Assume, forall ¢t € [k] with k < T — 1,
W (t) — W(0)|3 < 4nt and || fwe) — Y2 < 2| fw) — ¥yl|2 hold. We will show that
Wk +1) = WO)3 < 4n(k +1) and | faweern = ¥z < 20l Fwio) = ¥l

From the update rule (4.3), we know

2

_ Hw(k)—w(o)—% —ag(;géf,i;%) 2

|W(k+1) — W(0)

‘ 2

)

< Wik - W2+ (- ZH fwi (@) —yﬁangzsféz%)

+ 20 wio)-wie, 5o HOMIEE)y

< |W(k) - W)

I+

2775 (k)) ZHafW(k y(25)

5w 520

where in the last inequality we have used Iwe =iz _ 28, (W(k)).

n
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Ofw k) (i) n OUW(k);z;
w2 and TH{W(0) =W (k), 3, @% Setting

R, = 2y/nT. By the induction assumption, there holds W (k) € Bg,,(W(0)). Then from
Lemma 16 (if [ < L) and part (¢) of Lemma 19 (if [ = L) and (4.27) in Lemma 26 with
R,, = 2y/nT and W = W (k), there holds

Now, we turn to control ||

H 0 fw( k) Xz ‘ H afW(k Xz 8fw ’ H 0 fw (o) )
- OWL 2
= \/Z?é?i]( H 8£v‘gw - 8?\;&(702((0)0 , T2
<e3+2 (4.32)

1

with e5 < L3 (nT)sms.
According to (4.26) with R,,, = 2/nT, W = W (k), W = W (0) and || W (k) =W (0)||sp.c0 <
2y/nT', we know

%”<w(o)—w(k),; %ks 2(E.(W(0)) —E.(W(k))) +2n622|w,

- n
=1

with e < L3 (nT)3m™s.
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Plugging the above two estimates back into (4.31), we get

W (k+1) - W(O)|;
< [|[W (k) = W(O)|| + 212 (e5 + 2)2E.(W (k) + 21(E.(W(0)) — E.(W(k)))
+ 2neg Z %|fW(k)(xi) — uil
< [|[W (k) = W(O)|| + 212 (e5 + 2)2E.(W (k) + 21(E.(W(0)) — E.(W(k)))
+ 27762%”fwu€) -yl
< |W(k) = W(0)|[5 + 212 (es + 2)2E.(W (k) + 27(E.(W(0)) — E.(W(K))) + 4nes
< |W(k) = W(O)||2 + 20 (W(E)) (n(es +2)> = 1) + 1 + 45,
< |W(k) = W(0)|5 + 20E. (W (k) (57 — 1) + 1+ 21

<dnk+n+2n < 4n(k+1),

where in the second inequality we have used Cauchy-Schwarz inequality, and in the third in-
equality we have used the induction assumption || fw k) — ¥l2 < 2||fw) — ¥ll2 = 2|ly|l2 <
2y/n by noting fw( = 0, and in the last third inequality we have used £, (W(0)) =
% Z?:l y? < % and the last second inequality used €5 < % and ¢35 < V5 — 2 by condi-

tion (4.10), and the last inequality follows from the induction assumption and 1 < % and

E(W(k)) > 0.

Now, we turn to estimate || fw(r+1) — y||2- Let

afW(k) (l’z)

Gi(k) = fweerny (2:) = o (1) = € oW (k)

W (k+1) — W(k))

27

there holds for all i € [n] that

fwiern) (@) — vi = fwrn) (@6) — fww (26) + fww (76) — ys

_ < 8fW(k) (5171)

OW (k) Wik +1) - W(k)>2 +&i(k) + fwn (2:) — i

—~ /0wy (i) Ofw Z;
- _g = < bgvéf()](g) )’ Lgvéle({;) )>2(fW(k)(xj) = y;) + &(k) + fwao (@) — i,
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where in the last equality we used the update rule (4.3). Define the matrix H(k) € R"*" by

14) z;) O x; n
(FL(k));; 1= (e 2Py Denote £(k) = (&1(k).....&q(k))T € R". Then, the

above observation implies

Swwy —y=Ffww -y — EH(/f)(fW(k) —y)+&(k)
n

(I — EH( )) (fww) —y) +&(F).

Applying the above equality recursively, we get

k
N
Wkt — Y = Z H (1-TH(@))é6) - T (1- 2H() )y,
s=0 u=s+1 s=0
where we used the conventional notation H,’zfl = I. Then, there holds

| fw (e+1) Y||2<Z H HI—QH

s=0 u=s+1

[yl (4.33)

)|, el + I o= Tas)|
s=0

Now, we turn to estimate ||T — ZH(s)||,, and ||{(k)||2. According to (4.32) and (4.10), there
holds €3 + 2 < /5. By further noting that p < £, we know for all s € [k]

[, < 2ol = 5 3= e i,
<5 [ [ L < e <

Since 1 H(s) is a PSD matrix whose operator norm is not larger than 1, then ||T— 2H(s)||o, <

1.
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Note we already showed that W (s + 1) € Bg, (W(0)) with R,, = 2/nT for all s < k.
From (4.25) in Lemma 26, we get

o=
ab—‘

m

I€(s)1l2 = (Zsz-(s)?)g S LVA|W(s+ 1) = W(s),,  (0n7)

\/—Zafw(s ) fwis (@) — i)

Z _1
L3 m= 6

[N

(nT)

op,00

afVV 1 1

< L3 su H ( () — il | (nT)em™s
7 3fW(s)($i) 11
S Linllfwe — vz sup || Taae 2| (gT)sm s

1

7 1 _1
S Lanll fwes) — yll2(nT)sm™s

7 1 _
S Lanllfwo) — yll2(nT)em™s,

o=

where the last third inequality used Cauchy-Schwarz inequality, and in the last second
inequality we have used (4.32) with €3 + 2 < C by noting (4.10), and in the last inequality

we have used the induction assumption || fw ) — ¥ |2 < 2| fw) — ¥||2-

Plugging the estimates ||I — 2H(s)||,, < 1 and the above inequality back into (4.33), and
noting the condition (4.10) and fw o) = 0, there holds

7 r _1
lfwen) = ylla < CL | fwo) = yll2(nT)em™s + [ly |2

7 7 _1
= CL3 || fw) — yll2(0T)sm™s + || fwo) — ¥ll2 < 2/ fwo) — ¥Yll2-

This completes the proof of the lemma. 0
Based on Lemma 27, we present the proof of Proposition 7 as follows.

PROOF OF PROPOSITION 7. Setting RR,, = 2y/n1. From Lemma 27, we know with
probability at least 1 — L exp(O(pLlog(m)) — Q(m3)) — & over initialization (a, W (0)) that
W (k) € Bg,,(W(0)). Then, (4.25) in Lemma 26 with W = W (k) and W = W (0) implies

O fwo)(x)

Fwa () = fwo) (@) = < OW (0)

W(k) = W(0) | S L3 T)5m .
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Then, there holds

14

; L3 7]T %
| wiry = Rl < wen — e, 5 220
Since we assume that we are under the event {||[W(0)|/,p0c < ¢ov/m}, whose probab-
ility is at least 1 — Lexp(—Cm) according to Lemma 17. By further noting that 1 —

Lexp(O(pLlog(m)) — Q(m3)) — 6 < 1 — Lexp(—Cm), the proof is completed. O

Let H be a separable Hilbert space. For f € H, we define the operator f ® f : H — H
2
by (f © f)g = (f.9)uf. To estimate || 7y — Sm |,

lemma.

we introduce the following useful

LEMMA 28 (Lemma 3 in [Carratino et al. 2018]). Ler A > 0, ' € Nand 6 € (0,1). Let
(1, ...,(r be independent and identically distributed random vectors bounded by k > 0. Let
Qr = % Zle (; ® ¢ and Q) be the expectation of Qr. Then, for any A > % log %, with
probability at least 1 — § over sampling, there holds

1(Q + AD)Y2(Qr + AN ™27, = [[(@r + AD)VX(@Q + AD' 2|7, < 2
Now, we give the estimate of the second term H “” — Sn97 Hi as follows.

PROOF OF PROPOSITION 8. According to Lemma 17, we know [|[W (0)||op.co < cov/m

holds with probability at least 1 — L exp(—C'm) over the random choice of W (0).

Let Fi = Sy — 95" € Hm and € = [0 = Sy + 1 2oim1 (Fwey (1) =0 K57 € Mo
Define the self-adjoint positive operator f]m = % Z¢:1 K@ K 2 Hy — Hy,. From the

update rule of ¢;"* (4.7), we know

Fry1 = ( W)~ . Z T (@) =y K +€k) - ( Z 9 ( Yi) )

:(%(k)_gzn> (fhn y(T:) — gi' (@ D)) KD+ €

=1

SIS

—F— Z Fio, KM, K+ 6 = (1= 02,) By + el (4.34)
=1
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where the last second equality follows from the fact F}, = 1‘“( K~ 9k € ‘H,, and the

reproducing kernel property that g ;. (2:) = 917 (2:) = (f ) — 9" Kt = (Frs K

i m

Applying the above equality recursively, we get

k

Fipn =Y (I=1%n) e (4.35)

s=0
Define the mean of f]m by X, ]E[ = [, K@ Kldpy(z) © Him — Hy. Mer-
cer’s Theorem [Steinwart and Christmann 2008] implies ||S,.f|l, = [|25%.f]|2,, for any
f € Hy,. From Lemmas 16 and 19 we know || K [|3,, = +/ m(:zc,,xz) < VIE™)|o <
SUPgc H%HQ < 2. Therefore, Lemma 28 with (; = K", ' = n and k = 2 yields

(S + AD)Z(S,, + AL~ 2||op < 2 with probability at least 1 — §/2 over the sampling if
A > 36 log(T”) Then, according to (4.35), we get

1
[0 Filly = 1S Fell,,,, < [[(Zm + AD2FL,

< (S +ADH S+ ADF | (S AR, < 2[SaE,, +2VA|F,,
k— k—
Z E1_77E>6k:51 +2\/_Z 772>€k:s1
=0 Hom =0 Hom
k—
l X s
<2n—f2H S) 2 (1= nS,,) Hw”e,gsluﬂm ZH -y, ekoily,
=0
(4.36)

For any a € [0,1) and any s € N, it can be easily computed that SUPyepo t4(1 — 1) <
(5%)". Here, we take notation 0° = 1. From (4.41) and n < 1/5 we know 17||Em||op <

%Zj:l HKZZ p %Zj:l | K

o
2, < alE s < nsup,cy || 2SR < 1.
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Then, there holds

k-1

k— k-1 k-1
« a s a a_ a 1 ¢
;H(nE ) (I 772 o Z; il[%ﬁ]t (1-1) — <a+s> =l+a Z;(a—l—s)

k—1 s 1 a k—1 1 a
<1+ay ( >d$:1+a“ ( )dm
—~JsNatw 0 a+x

@ k+a—1)"-
§1+1a ((k—i—a—l)l_“—al_“)gl—i—( fa-1)
—a

M

1—a

Combining (4.36) and the above inequality with a = % and a = 0, respectively, we have

1SnFil] (zn—zu pE)H (1=nSi)
( 3 (1 +2vE) +2\/_k> mas. e}, 4.37)

+2\/_ZH (I-1%,,)

) max [,
op ) s€lk—1]

It remains to estimate ||€}|#,,. From the definition of fi and the update rule of GD (4.3),

in 1n 77 in m
(7)) = fwees(®) — fw Z W (i) = vi) K (2)

:<3fw—(x) Wk 1+ 1)-W > 772 &r}k) ) yz)<8fw o (x:) 8fw(0)(33)>2

aW(0) W) OW(0)
0 fwo)(x) L 77 1m dfwoy(xi) 9fwo)(r)
<aWL( o) W lk+1)- ‘), + Z 0w 0) ° OWE(0) ),

0\ O fww (i) 0fwo)(r)
=L 2 [— (fW(k)(l'i)_yi>< GWL(k) ) 8WL(O) >2

lin dfw)(Ti) Ofwo)(®)
+ () = w0) IWL(0) * OWE(0) ”

& aWk Z; lin 0 fw (o) (T O fwo)(z
(2 [l o) s+ () — ) o] ey ),

- s oy

where the second equality is due to K"(x) = K™ (x;,z), the third equality used a@; (8)) =0

for [ € [L — 1] according to Lemma 16, the fourth equality is according to the update rule
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(4.3), and in the last equality we define

O fwr (z; in 9 fw o) (i
S Z [ — fww(z ))gw(—L)((k)) + (fway () — i) (gW(—L)((O))]

= O fw (k) (s O fw (o) (T lm O fw (o) (T

i=1

Let A(k) = (0,...,0,A(k)) € W, then we know ¢}.(z) = (A(k), ®,,(z))2. Note that for
any f € Hu, | flZ, = nf {3 W3 : W € Wwith f(z) = (W, ®,(z)),}. We

control e, ||7, ~as follows

el < IAH)]2

8 fw of
<23 ool gy axtﬁ?é ;

fla, 9 fwio)
S @l G

2

>
)

(4.38)

9 fwim(x) O fwiol
OWE (k) aWL

dfw(z)  0fw
W (k) aWL

(Lo 1

sup
\/ﬁ TeEX

Sn(”fW(k)_YHQ

Ssu
Jn ek

‘fw ;) = fwir)Ti ’|8fw (x;)
Z n ‘ IOWL(0)

—fww|.sup H WL x))

where in the last second inequality we have used Cauchy-Schwarz inequality.

Ofw (o (x
OWL(0

2¢/nT. From Lemma 27 we know || fwx) — ¥|l2 < 2||fw(0) =yl = 2|lyllz2 < 2y/n and
W (k) € Bg,,(W(0)) for any k € [T]. Combining this with Lemma 26, there holds

From part (c) of Lemma 19, we know sup,y || ||2 < 2. Note we choose R,, =

o <)

According to Proposition 7, we know | fw ) — fiw sy lloo < L3(nT)3m™s. Plugging the above

Y

observations back into (4.38), we know with probablhty atleast 1 — L exp((’)(pL log(m)) —

Q(m3)) — 6/2 over initialization (a, W(0)), there holds ||el||5,,. < LS”—?’T‘Q’.

~ mg
Putting the estimate of ||€!||3,, back into (4.37) and setting A = (nT')~', with a little abuse
lin

of notation (we regard fw(k as a function in Eim in the following first term), the following

inequality holds with probability at least 1 — L exp(O(pL log(m)) — Q(m%)) — 0 over the
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initialization (a, W(0)) and sampling

L3 (nT)

m

[SIEN]

in m -1
17800 = S llo = I8 Full < T4V max [l S

o=

Since we assume that we are under the event {||[W (0)||op.co < coy/m}, whose probability is at
least 1 — L exp(—C'm) according to Lemma 17. Squaring both sides of the above inequality

and combining all the high probability events complete the proof of the proposition. U

We now introduce some notations for our further analysis. For any k£ € N, we denote G} =
(G (1), ., g7 ()T € R, G = (gi(21), -, ge(@))T € R andy = (g1, ..., ya) " €
R". Recall that K = (K (z;,7;))7,=, and K™ = (K™ (x;,7;));;—; are the Gram matrices
with kernels K and K™, respectively. The following lemma shows that |G} — Gg||2 — 0 as

m — oo for any k € [T].

LEMMA 29. Let § € (0,1). Assume m = pL?®log(m/d) and n < 1/4. Then, with probability

at least 1 — ¢ over the initialization (a, W(0)), for any k € [T there holds

162~ Gal, < iTVAIK™ = K]

PROOF. According to (4.7) and (4.8), we know for any k € [T — 1],
G, =Gr— gKm(GZL —y)and Gpp1 = Gy, — gK(Gk —y). (4.39)
Then, there holds
Gily — Gun = Gf' = G — L (K"™(G} —y) —K(Gy — )
= GJ' = Gy — L (K™(G] = Gy) — (K~ K")(Gy. ~y))

= (1- IK") (G} = Go) + (K — K™) (G — ).

n
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Applying the above equality recursively, we have

k
|G = G, = [ 237 (1= 2K") (K —K")(Grs —¥)

n

2

s=

k
n N rmll® .
I3 1= 2K K - Kl G =yl @40
s=0

From Lemma 16 we know that

afW(o)(ﬂﬁ) afW >
OWL(0) aWL( 2

< sup
zeX

H Ofw) <4 (441

1K™l = sup_|{ aWL

z, ' €X

where the last inequality used Lemma 19 and condition m > pL3log(m/4). Then, for any
a = (ay,...,0,)" € R™ with [|af]; = 1, there holds o' K™ax = || 30 ey KI'[13, <
i leal K 9, )? < (2 el K™ 1%)? < 43051, |au])* < 4n. This implies that

K™ ||op < 4n. Since n < 1/4 and K™ is PSD, we know |[I — K™ ||,, < 1.

Then, there holds

|IK™ — K|, = sup |04T(Km —K)al = sup

<IE™ = Kl sup > Jovay| = [ K™ - Klow s (3 lail) (3 losl)

[lell2= 11] 1 all2=1 i=1 j=1

< n||K™ — Koo

Further, from (4.39), we know G = (I — 1K)Gy_; + *Ky. Recursively applying this
equation, we get G, = Zf;ol (I - 2K)*Ky. Analogous to the estimate of ||[I — ZK™||,,,
we can show that ||Kl{|,, < nand ||I — 2K™||,, < 1 by noting || K|, < 1 (see Property 1).
Then, there holds

k—1
N\
G <H (I——K)—
jGull < [ (1= 7K)

nsup (1—(1-8)*) <+/n. (4.42)

te[0,1]

k—

||Y||2 < V/n sup
t€[0,1]

1
(1—1)°
0

s§=!
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Plugging the above estimates back into (4.40), we have

k
|Gt = Gra], < %Z 1K™ = Kllopll (1 Gr-sll2 + lyll2) < nTVallK™ — K|,
s=0

which completes the proof. 0
Based on the above lemma, we give the proof of Proposition 9 as follows.

PROOF OF PROPOSITION 9. For any z € X and k € [T — 1], from the definitions we

know

’91211(95) — Gr1(7)]

n

= )Q?@) — k() —gz (g7 (o) = gi(:) ) K™ (25, 2) 4 (gi () — ) (K™ (25, ) — K (2, @) | )

m 77 - m m m
<[g (@) = (@) + 23 (I g () = gne)| + 1K™ = K clr) = i)
i=1
m 77 m m m
<[gi" (@) = gn(@)] + —= (1K™ l[|GF" = Gull2 + | K™ = K[| Gr = ¥12),
NZD
where the last inequality used Cauchy-Schwarz inequality.
Combining Lemmas 29, (4.41) and (4.42) and with the above observation, we get
981 — grilloo < Mgk — gelloo + 67° T K™ — K|oc-
Applying the above inequality recursively and noting that g{* = go, we have
1981 = grsilloe < 6T K™ — K.
From Lemma 20 and the condition (4.10) we know || K™ — K ||oc < VL Therefore, for any
m6
ke [T]
m 2 m m
[Smstr =Sl = [ 107 0) = () Pion(2) < L —

LnT)"

m

<36(nT) K™ = K2, <

Wl

The desired result is obtained by setting k = T'. U
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. 2. . : .
To estimate the last term HS gr — prp in (4.9), we first introduce an intermediate term. Define

the population iteration hj, on Hy as

Riy1 = hy — 0 / (P, Ko)aie — y) Kodp(z) with ho = 0. (4.43)
zZ

If we regard the population risk £(+) as a functional on H f, then the population iteration Ay,

can be viewed as the GD of £(-) initialized at hy = 0.

LEMMA 30. Let H be the closure of H in [,f)m. Then, Assumption 12 implies f, € H.

PROOF. Note that L has the eigen-decomposition L f = 3 7%, A;(f, ;)2 ®;. According

to Assumption 12, we know there exists a g € E?)l- such that

fo=Tlg=> X9, )2 ®i= Y N{g, i), Pi.
i=1 X A0

Since for any \; # 0, the associated eigenfunction ®; € H  (see Chapter 4.5 in [Steinwart
and Christmann 2008]), we conclude that f, € H. O

LEMMA 31. Suppose Assumptions 11 and 12 hold. Assume n < 1. For any 61,95 € (0,1/2),
assume T < n(9log(n/dy))~t. Then, with probability at least 1 — 6, — d5 over sampling,

the following statements hold for all k € [T).

(a) For the case > %, there holds

ISgi — Shill, < 4(B + 1)(12 + 4log(k) + ﬁ’”(@ N 2%(;7’*6)”)

(b) For the case 3 € (0, ), there holds

ISgr — Shrl|, < (12 + 4log(T) + V21) <2(6 i B><\/Z_T n QCV(WT)’Y)

AB((nT)*" + 1)) log <3T)'

n

+ 5

PROOF. The proof is derived from Theorem 5 in [Lin and Rosasco 2017], which provides

upper bounds for ||S,v+1 — S,ptk11]|, With two iteration sequences {141} and {fu11}. We
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first show that their assumptions are satisfied in our setting, and then apply their results with

our Lemma 28 by showing that S,vj11 — S, is equivalent to Sgi, — Shy,.

Since we assume |y| < 1, their Assumption 1 is satisfied with M = v = 1. Instead of
using the notations z, (z,z’)y and S, in [Lin and Rosasco 2017] for any z,2’ € X, we
use K., (K., K,/)3, and S in our setting. Then, their H, is the same as our Hyg. Since
fx in [Lin and Rosasco 2017] is the projection of f, onto the closure of H, in Eix, from
Lemma 30 we know their f is equivalent to our f,. Hence, Assumption 2 in [Lin and
Rosasco 2017] holds true with ( = $ and R = B due to our Assumption 12. Further, their
Assumption 3 is guaranteed by Assumption 11, their equation (3) holds true with x> = 1 due
to (K., Ky)w, = K(x,2") <|| K|l < 1 (see Property 1). Their equation (47) is guaranteed
by Lemma 28 with xk = 1,T' =n, § = &, (; = K,,, Q = [, K; ® K,dp,. In addition, by
taking the step-size 7, = n for all k € [T}, we know S,v4 1 — S,pt+1 in [Lin and Rosasco

2017] is equivalent to our Sg — Shy,.

Then, combining above observations and Theorem 5 in [Lin and Rosasco 2017] with 1, = 7,
0=0, A=k ,k=1,M =v=1,R= B,( = fand m = n, we get the desired

results. [l

LEMMA 32 (Proposition 2 in [Lin and Rosasco 2017]). Suppose Assumption 12 holds. Let
n € (0, 1] be the step size. For any k € N, there holds

ISt~ ol < B(5 )

PROOF. In the proof of Lemma 31, we already showed that S, and f, in [Lin and
Rosasco 2017] are equivalent to our Shy, and f,. Then, by applying Proposition 2 in [Lin and
Rosasco 2017] with g, = n, xk = 1, R = B and { = [3, we get the desired results. U

Combining Lemma 31 and Lemma 32, we give the proof of Proposition 10.

PROOF OF PROPOSITION 10. Note that |[Sgr — f,[12 < [[Sgr — She |2 + [|She — f, I3
The desired results are obtained by combining Lemma 31 with §; = d, = % and Lemma

32. U
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Now, we give proofs for Theorem 9 and Corollary 1.

PROOF OF THEOREM 9. Combining Propositions 7, 8, 9 and 10 with ¢ replaced by g,
with probability at least 1 — L exp (O(pL log(m)) — Q(m3)) — & over initialization (a, W(0))

and sampling, there holds

Efwiry) — () < LD (Z_Z N <nT>”+£nT>1—25 )

1og4(§) + (nT)~%.

1
m3

The proof of the theorem is completed. U

PROOF OF COROLLARY 1. The proof is derived by Theorem 9 with ¢ replaced by 4 /2.

16 (36(2g+’y)) 2047

We first prove that the condition n > implies 1" < ik Since

—n
361log(16n/0

nT < 2n?2+v, the condition reduces to show n25+ > 72 log(IGT”), which is equivalent

28 a60o 28 28
to showing (167") 2By > (++” (%) 20+7 Jog (1?7”) 27+ From (9.17) and (9.18) in Gyorfi

et al. 2006 we know u > 2clog(c) implies v > clog(u) for any ¢ > e. Setting u =

25 25
(£62)2+ and ¢ = % (12)2+7 and solving u > ¢?, the desired result is obtained by

noting u > ¢* > 2clog(c) for all ¢ > e. Combining this with 7' = [nﬁw, we know

2B8+y
(%) 718 =@ implies 1 < T < n(361og(16n/6))~". Similarly,

n > max{
setting u = (m/d)3 and ¢ = 3(L*p*(nT)"/5)*, and noting nT" = n77, we know m >

222537 1003 e .
L**p*n25+ log”(npL /) ensures condition (4.10) in Theorem 9.

S

Note m 2 L'n#% ensures - UK S n~ %% and (4.10) implies L exp (O(pLlog(m)) —

m3

Q(m%)) < §/2. Then, from Theorem 9 we know with probability at least 1 — § over

initialization (a, W(0)) and sampling, there holds

28 Y 1-23
€(fw<T))—€(fp)5n—mﬂ+(%Jr(nT) +T(Z7T) )

log?(T) log2(§) + (nT) =%,

In addition, since 23 + v > 1 and nT > 1, there holds (nT)*~2# < (nT)". Plugging the

choice of nT" < nﬁ back into the above inequality, we get
__26 n
g(fW(T)) - 5(fp) S n~ 28+ 10g4<5)

The proof is completed. ]
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4.4.4 Proofs for Stochastic Gradient Descent

We first show that the trajectory of SGD with deep ReLLU networks also falls inside local balls

around the initialization W (0).

LEMMA 33. Let {W (k)} be produced by (4.4) with n < 1/5. Assume (4.13) holds. Then,
with probability at least 1 — L exp(O(pLlog(m)) —Q(m3)) — & over initialization (a, W (0)),
forany k € [T, there holds

W (k) — W(O)ijm < |[W(k) - W(0)|> < 4nk

and

| fwy(z) —y| < CL*\/nk + 1 forany z = (z,y) € Z.

PROOF. The first part of the lemma is proved by induction. It’s obvious that ||W (k)
W (0)]|3 < 0 holds with k = 0. Assume, forall ¢ € [k] with k < T —1, |[W (k) — W(0)|]3 <
4nk holds. We will show that [|[W (k + 1) — W(0)|3 < 4n(k + 1).

From the update rule (4.4), we know

2

W (k)

Wk + 1) = WO = [|Wk) - W)~ i

(W (k); zi, ) (W (k); zi,) >

— |[W(k) - W)+ 2 +2p(W(0) = W(k),

OW (k) 2 OW (k)
2 O fwry (i) |2
= [W) = WOl + 202w k), 20 [ =05
(W (k); z;,)
20{ W(0) — W(k), — =2 4.44
+2(W(0) = W(k), =55 (4.44)
where in the last inequality we have used %’?}5%) = (fww)(zs,) — yik)%)((;”“) and

(fw(k)(xik) - yik)2 = 2€(W(k)7 Zik)'

Setting R,, = 2v/nT. By the induction assumption, there holds W (k), W(0) € Bg,,(W(0)).
Then from Lemma 16 (if | < L — 1) and part (¢) of Lemma 19 (if | = L) and (4.27) in Lemma
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26 with W = W(k), we have

Pt < ) Umt] [ented] i
S@;ﬁ\\a@"%ﬁ 8?532 3,2
et 2 (4.46)

with e < L5 (nT)sm™s.
Further, from the induction assumption we know | fw ) (z) — y| < CL?R,, and (4.26) in
Lemma 26 with W = W (k), W = W(0) and [|[W (k) — W(0)||op.co < 2v/nT implies

(W (k); zi,.)

), < 20(((W(0), 25,) = ((W(k), ,)) + 2ne;

1

with es < L¥ (nT)sm™s.
Plugging the above two estimates back into (4.44), we get

W (k+1) — W(O)|2
< | W (k) =W (0)||a+2120(W (), 23, ) (€3+2) 420 (L(W(0), 25, ) —L(W (), 25,)) +217€2
< |W (k) =W (0)||2+1002(W (), 2, ) +20 (£(W(0), 23,) — L(W (K), 23,)) +21

< [|[W(k) — W(0)|[5 + 20¢(W(0), 23,) + 21

<dnk +3n < 4n(k +1),

where in the second inequality we have used €3 < 5 — V2and e, <1 implied by (4.13), in
the third inequality we have used 101? < 27 by noting < 1/5, in the last second inequality
we have used /(W (0), z;,) < 1/2 by observing fw() = 0 and the induction assumption
W (k) — W(0)]|3 < 4nk. The first part of the lemma is proved.
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Combining Lemma 21 with [[W (k) — W(0)|12, . < [W (k) = W(0)[|5 < 4nT = R2 . w

know

[fwn (@) =yl < [fwn (@) = fwo) ()] + [fwo) (@) — 3| < llallzllog (z) — o5 (2)]]2 + 1

< CL/nk +1,

which completes the second part of the lemma. 0
The proof of Proposition 11 is presented as follows.

PROOF OF PROPOSITION 11. The proof is similar to that of Proposition 7. Setting 2, =
2/nT. Combining Lemma 33 and (4.25) in Lemma 26 with W = W (k) and W = W(0),

we get the desired results. 0
Based on Lemma 33, we give the proof of Proposition 12 as follows.

PROOF OF PROPOSITION 12. Denote e, = fug .y 1)~ fw ) 1 (Fiwge (i) =i K7 €

xlk

‘H,,. From the update rule of f;" (4.11), we know

Wt — fin = (Fwey = Fi) = n(fwey (@a) — i (20)) K7D + e
= (fww = i) = nlfwa = i KT )y, K+ 6

:(I—T]Km ®Km)( hn fk)+€k7

Izk

where the second equality follows from the fact f iy — i € H,, and the reproducing kernel

property f]m (xlk) - f;ln(%k) = < lm fk ) > Hm

k

Applying the above equality recursively, we get

W(ki1) — fk+1—z H (I-nK; ® K] )es,

s=0 a=s+1

where we used the conventional notation Hz +1 = I'forany k& € N. Note that for any a € []

and ., nK7 QK" is self-adjoint and positive, and from (4.41) we know n|| K 2, ®
3m SOIE™loo < 4n < 1. Then, [T - 7K @ K" ||, < 1.

nll Kz
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According to the above inequality, we have

1 li
|| \;\[} k+1) fl?}i-lHoo = 5161/1\2 <fX;\I}(k+l) - flﬁpK;;an
X

lin

< sup H JwWi+1) fﬁlHHmHKme

< N AWersn) = Fiiallyy,, VIE™ s
SQZ H HI—U Tig ng‘la

s=0 a=s+1

k
el <2 llesllse, (4.47)
s=0

where in the first equality we have used the reproducing kernel property and in the last second

inequality we have used (4.41) with /|| K™||» < 2.

Now, we turn to estimate ||e;||4,,. For any k € [T, from the definition of fi* and the update
rule of SGD (4.4), there holds

ex(z) = fhn(k—i—l( ) — fhn ( )+ 77( {;\I}(k)(xik)_y’ik)Km (x)

Z‘-Lk

A fwo) () lin Ofwo (i) 9fwo ()
= (5w wioy WD = Wk )+ (B i) = ) OW(0) * oOW(0) ),

9 fwo ( ) L L lin afWO('rik) dfwo (33)

Ofwwy(xi,) Ofwo(z
ot 2 ),

lin 8fW(0)($ik) (3fw(0)(x)
(W ik)_yik)< GWL(0) * OWL(0) > }

Ofw Ty, lin O fw(o Ly, O fwo) (T
= <n[<yik - fW(k)(xlk))g“(f—l)’Ek‘)) + ( W (k) (xlk) - yik) 2\7‘(/—2((0) )]7 éfW(L)(E))) >2
= (Ak), Owolw) ).,

aWL(0)

where the second equality is due to K7 (x) = K™(x;,, x), the third equality used 8@‘; EO)) =0

for [ € [L — 1] according to Lemma 16, and the fourth equality is according to the update
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rule (4.4), and in the last equality we define

alk) = n[@i’“ ~ Jw (xik))% + (fw (@) — ym)%]

O fwik Ly, d fwio Ly, lin 0 fwio Ty,
=] @) gV\(fL)Ek))_ g“(,i((m))ﬂ Wo (730~ f WJ)L(O))]'

Let A(k) = (0,...,0,A(k)) € W, then e, (x) = (A(k), P,,(x))2. There holds

lerll . < 1A |2

Sﬁ[l%k—fw(k)(%‘k)}Ha];V{;\(ka)g;J 3?‘\;‘7 | W (i) = fwon (23]
Ha?\:\% 2}

< (sup!fwm y|21€1)gHa;;VVL l; —?&L H + [ W — Sfwanll
<suell i L) (448

From part (c) in Lemma 19 we know sup,c . || g{’,vv(f)g) |2 < 2. Setting R, = 2/nT, from

Lemma 33 we know sup,. z | fw (z) — y| < CL*/nk + 1 and W (k) € Bg,,(W(0)) for
any k € [T']. Combining this and Lemma 26 with R,, = 2/nT, there holds

Ofwaw(r) _ Ofwo(®) H o Li(T)s
OWL(R)  OWEQ) Il ™ '

sup | fw ) (z) — y[sup H
zZEZ xeX

(S

m

According to Proposition 11, we know || fw ) — f{,v oo < L3 (nT)3m™s. Plugging the
above estimates back into (4.48), we know with probability at least 1 — L exp(O(pL log(m))—
Q(m3)) — 0 over initialization (a, W (0)), there holds

LEnaT3
lexlln, < =1L
me

Plugging the estimate of ||es||3,, back into (4.47), we know with probability at least 1 —
Lexp(O(pLlog(m)) — Q(m3)) — & over the random choice of (a, W (0)), there holds

wlu

L5 (T)

1
me

k
1w = Fitlloo <D llesllan, S
s=0
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This completes the proof of the proposition. 0

To control ||S,, f7* — f,||%, we first control ||S,,, f7* — S,,.g7*||2, i.e., the distance between the

SGD and GD on H,,.

LEMMA 34. Let 6 € (0,1) and T € N. Suppose 0 < n < W T

d over initialization (W (0), a) and sampling, there holds

Eal||Sn(f7 — g9)||’] < nllog(T) v 1).

PROOF. The lemma is proved by using Proposition 6 in [Lin and Rosasco 2017], which
provides upper bounds for ||S,wr1 — S,vr41]|,. We first show that their assumptions are
satisfied in our setting, and then apply their results with our Lemma 28 by showing that

S,vri1 — Syl s equivalent to Sy, f7' — S,97.

Note we assume |y| < 1, then their Assumption 1 is satisfied with M = v = 1. Instead
of using the notations x, (x,2') y and S, in [Lin and Rosasco 2017] for any z,2’ € X, we
use K", (K", KI7)3,, and S,, in our setting. With probability at least 1 — 6/2 over the
random choice of W (0), their equation (3) holds true with x? = 4 due to (K", K™),, =
K™(xz,2') < ||K™||s < 4 according to (4.41). Their equation (47) is guaranteed with
probability at least 1 — §/2 over sampling by Lemma 28 with x = 2, I' = n, (; = K,
Q= [, KI® Kdp,,and A = (nT)~". In addition, by taking the batch-size b = 1 and the
step size n, = 7 for all k € [T, we know S,vr11 — S,pir41 in [Lin and Rosasco 2017] is

equivalent to our S,,, f7' — S, g7

Then, combining above observations and Proposition 6 in [Lin and Rosasco 2017] with

m=n0=0,A=nT)"', k=2 M=v=1and b= 1, we get the desired results. O

Now, we present the proof of Proposition 13.
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PROOF OF PROPOSITION 13. Note that

EallSuf7" = folls) S BallSnfr" — Smgr 5] + [Smgt — Sgrll; + Sgr — £ullz-

Then, the desired results are obtained by combining Lemma 34 with § replaced by §/3,
Proposition 9with ¢ replaced by /3, and Proposition 10 with ¢ replaced by /3. O

PROOF OF THEOREM 10. Combining Propositions 11, 12 and 13 with § replaced by 4 /3,

the desired result is obtained. [l

PROOF OF COROLLARY 2. Itis easy to show that the inequality n7" < n(361og(24n/§)) "
holds for n = (721og(24n/ 5))_1n_% and T’ = [ng%ﬁ Similar to the proof of Corollary
1, one can check that n > (72(28 + 7))*®#™)(2!) implies nT" > 1 and n < m.
Note that the choices of 7 and 7" implies 71 log(7") + (ZTZ + W) log*(T) log*(%) +
(nT)~28 < n" log?(n) logw(%). Further, according to the proof of Corollary 1, one
can also show that m > L?° max{L%%ﬁ logg(an/(S),n%%Tf} indicates (4.13) and

20 1
%?)4 < n~75%7. In addition, note that (4.13) implies L exp (O(pLlog(m)) — Q(m3)) <
d/2. Combining the above observations with Theorem 10 with § replaced by §/2 yields the

desired results. O

4.4.5 The NTK for Deep ReLLU Networks with Non-Symmetric

Initialization

In this section, we discuss the uniform concentration of the NTK with non-symmetric initial-

ization, i.e., we consider the following initialization
for the first layer: w(0) ~ N'(0,L,), forl=2,...,L: w.(0) Y N(0,1,,,) forall r € Im],
for the output layer: a, Unif ({—1,1}) forr € [m)]. (4.49)

Indeed, the symmetric setting can be seen as a special case of the above general setting.

We will show that for this general setting, the results of Lemma 20 still holds with the
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same convergence rates. Note that K™ and K are different between the symmetric and

non-symmetric settings. We first give their definitions as follows.

As discussed in [Jacot et al. 2018; Xu and Zhu 2024], the NTK K : X x X — R for deep
ReLU networks with initialization (4.49) is defined, for any =, 2’ € X, by

= K'(z,2/) =) 2B[o(U" ()oU'(@)] [[ (= (4.50)
where (U!(x), U'(x")) is a pair of bivariate normal variables defined iteratively by
(U (), U (")) ~ N(0, 5" (2, 1)) (4.51)
with
l Elo*(U'™!(2))] Elo(U'™!(2)o (U™ (2))]
Yz, 2') =2
Elo(U™ (2))o(U' (")) E[e*(U"(z))]
and
1 (z,2")s
20(1‘7 l’,) = )
(x,2')g 1

and ql(x, ZL‘I) _ w—arccos(:l Yz,a')) with

Ep(U (@)U ()]
VE[o* (U ()] E[o* (U (a))]

Note under the symmetric initialization (4.2), K (z, 2') degenerates to K% (z, 2’).

pl—l(a37 :L“/) _

Similar to Lemma 19, the following results still hold under non-symmetric initialization.

LEMMA 35. The following statements hold with probability at least 1 — § over initialization
W(0) foralll € [L].

(a) Assume m 2 pLlog(%), there holds sup,c  |[|0h(z)||2 — 1| < Cl\/’%(m/é).

(b) Assume m 2, pLlog(%), there holds sup, | VY o(2)]|op, < &

Vm
(c) Assume m 2, pL*log(%), there holds sup ¢y | 82"‘;}?)@ o < CL.
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PROOF. The proofs of the first two parts are the same as those of Lemma 19. We only

prove part (c) here. According to the first two parts, for any [ € [L], there holds

dfw(0)(x) _ ! -1 T ! -1
wp | “5 o) awl 0 =52 [Via@alo @), < vimsup IVEo(@)llosup o ()]
gCL(Cl p“%(m/a)ﬂ) <CL,

where the last inequality follows from the condition m > pL3 log(%). This completes the

proof. U

Now, we give the concentration results of the general case. The proof is similar to that
of Lemma 20. Recall the definition of K' (see (4.50)), similarly we define K" (x,2") =

(Ohwiin) OLaE)), forall I € [L] and 7,2 € X.

LEMMA 36. Let § € (0,1). Assume m 2 pL*log(%). With probability at least 1 —
Lexp(O(pLlog(m)) — Q(m3))) — & over initialization (a, W (0)), for all L € [L), there holds

1K™ — Koo < VIm s + \/pLlog(m)m~—' + L¥m" .

1

PROOF. For all [ € [L], instead of using the estimates sup,c y ||V}, o(2)op < chlm™2
in the proof of Lemma 33 in [Xu and Zhu 2024], we employ estimate sup,c ||V}, o(2)][op
< C'Lm™2 in Lemma 35. Then, the term |(V1,o(x)a) "V (2')a| can be controlled by C'L?.
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Combining this with (4.22) yields that

57— K
= sup [{o ()06 (a)2( Vi o) >Tvz,o<x'>a—2E[a<Ul1<x>>a<U’1<:c'>>]hf[lqh<x,x'>
< s [(0f™ (@), o7 ()2 = 2Blo (U ) (U @)]| - [(Vig(0)a) Vig(a)al
+ sup 2Blo(U' @)o (U @] [(Vi()a) Vig(w)a —1r(Viafa) Vie(r)]
+ sup [2Bjo(U' () (U @] [ir(Veol@) Vil ) -1 )

h=l
S L7 sup [{og ' (2), 05 ' (2))2 — 2E[o(U'™ () (U™ ()]

r,x'eX

+ sup |(Vo(@)a) Vo) — tr(VEo(2) V()|

r,x'eX

L
+ sup ‘tr(VlLO( )TV (@) th
z,x'€X ’ hel

= & + & + &,
The estimates of the above three terms &£, &, £ are given as follows.

Estimate of £!: The estimate of £} follows the same proof steps as in Lemma 6 in [Xu and Zhu
2024]. According to Lemma 6 in [Xu and Zhu 2024], one can get that £, < LCT m~3. We
improve this estimate from LCEm™3 to L3m™s by using more finer estimates of initialization
terms. Specifically, instead of using their estimate sup, ||oh(z)|]2 < ¢} in Lemma 30 of
[Xu and Zhu 2024], we apply the tight estimate sup, ||0}(z)||s < C according to part (a)
of Lemma 35. In addition, we set 1} to be a c; “m~2-net of the SP~! rather than a m~2-
net. Then, following the same steps of the proof of Lemma 6, with probability at least
1 — Lexp(O(pLlog(m)) — Q(m3))) over initialization W (0), there holds

w\»—\

5l<L3
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Estimates of £.: Similar to the proof of the estimate of £}, by using more finer estimates

sup, [|0h(x)[l2 < C and sup,cy [|[V] o(2)]lop < CLm™2, follows the same proof steps of

Lemma 7 in [Xu and Zhu 2024], we can show that
2
e~

m

W=

Estimates of £.: Similar to the above arguments, we use the estimates sup, ||o}(z)|s < C

and sup,,. y ||V o(2)|lop < CLm™2 to improve the proof of Lemma 8 in [Xu and Zhu 2024]

and get

L L1 L?
o VL 2
me m ms3

Combining the above estimates of £}, £, EL completes the proof of this lemma.



CHAPTER 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we studied the learning ability of deep ReLU networks on two popular learning
problems, i.e., pairwise learning tasks and gradient descent methods. For pairwise learning
tasks, we provided comprehensive generalization analysis of pairwise learning problems by
constructing structured deep ReLU neural networks as an approximation of the true metric.
For gradient descent methods, we presented optimal rates of generalization bounds for both
GD and SGD with deep ReLLU networks by utilizing the power of overparameterization. Our

main contributions can be summarized as follows.

e We provided generalization analysis of pairwise learning under general settings.
Specifically, we established an oracle inequality of the empirical minimizer in the
order of O((@)ﬁ) for a general hypothesis space with Lipschitz continuous
and symmetric loss. Our general results greatly relax the conditions in previous
works and can be widely applied to various learning problems. As an application,
we applied our general results to conduct comprehensive generalization analysis for
pairwise learning with structured deep ReLU networks. In particular, the excess
generalization error bound of order O(n_Q%p) that matches the minimax lower
bound is achieved for pairwise least squares regression.

e We presented comprehensive generalization analysis for metric and similarity learn-
ing with the hinge loss. By deriving an explicit structure of the true metric d, with the
hinge loss, we constructed a novel hypothesis space consisting of the structured deep

ReLU networks and further established some excess generalization error bounds by
134
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carefully estimating both the approximation error and the estimation error within the
_ (6+1)r
introduced structured hypothesis space. An optimal learning rate O (n P+(9+2>T) of

the excess generalization error bound up to a logarithmic term is derived. We further
revisited some regular properties of the problem setting and the true metric with a
general loss.

e Under standard regularity assumptions on the regression function and capacity
assumptions associated with the RKHS, we proved that both GD and SGD with deep
ReLU networks can achieve the minimax-optimal rates (’)(n_%) of the excess risk
when the network width scales polynomially with respect to the number of layers L,
the size of training dataset n and date dimension p. Our results indicate that gradient
descent methods with deep ReLU networks can achieve generalization performance

that is at least comparable to classical gradient methods in the kernel setting.

5.2 Future Work

Several promising directions for future research remain.

e For the pairwise learning tasks discussed in Chapters 2 and 3, our analysis primarily
focused on the theoretical foundations without delving into specific algorithms for
empirical risk minimization. However, in practical applications, effective learning
often relies on algorithmic approaches, such as GD and SGD, to optimize the
empirical risk. Understanding the generalization performance of these algorithms is
crucial, as it directly impacts their real-world effectiveness. This includes analyzing
their convergence rates, stability, and robustness, as well as the trade-offs between
computational efficiency and generalization accuracy. Moreover, studying these
algorithms in the context of pairwise learning presents unique challenges. Pairwise
losses often involve dependencies between pairs of samples, leading to non-i.i.d.
structures that complicate standard analyses. For instance, contrastive learning,
metric learning, and ranking tasks typically involve objectives that differ significantly

from the single-instance losses commonly studied in classical supervised learning.
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Given these complexities, it would be of great interest to develop a comprehensive
theoretical framework for analyzing the generalization behavior of GD and SGD
in pairwise learning, potentially drawing connections to recent advances in deep
learning theory, kernel methods, and statistical learning.

For least squares regression with gradient descent methods discussed in Chapter
4, extending our current results to deep networks with smooth activation functions,
beyond the commonly studied ReLLU networks, would be a valuable direction for
future research. Smooth activations, such as the hyperbolic tangent (tanh), sigmoid,
or Gaussian error linear unit (GELU), often exhibit distinct optimization landscapes
and generalization properties compared to ReLU, potentially leading to more refined
theoretical insights.

Additionally, it would be worthwhile to broaden the analysis to other widely-
used network architectures, such as convolutional neural networks (CNNs) and
residual networks (ResNets). CNNs, with their weight-sharing and local connectivity
structures, are particularly effective in capturing spatial hierarchies in data, while
ResNets, known for their skip connections, address the vanishing gradient problem
and enable the training of extremely deep networks. Exploring these architectures in
the context of least squares regression could provide more complete understanding of
the interplay between network structure, optimization dynamics, and generalization
performance. This line of inquiry may also reveal architecture-specific advantages,

shedding light on why certain designs outperform others in practice.
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