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Abstract

Deep neural networks (DNNs) have become a cornerstone of modern machine learning,

demonstrating remarkable performance across a wide range of applications. Despite this

empirical success, the theoretical understanding of DNNs, particularly in the context of

generalization, remains relatively underdeveloped. ReLU (Rectified Linear Unit) is one of

the most widely used activation functions in deep learning, valued for its simplicity and

effectiveness in training deep networks. In this thesis, we focus on advancing the theoretical

analysis of deep ReLU networks from two perspectives: pairwise learning tasks and gradient

descent methods.

For pairwise learning tasks, we are concerned with the generalization performance of

non-parametric estimation. Most of the existing work requires the hypothesis space to be

convex or a VC-class, and the loss to be convex. However, these restrictive assumptions limit

the applicability of the results in studying many popular methods, especially kernel methods

and neural networks. We significantly relax these restrictive assumptions and establish a sharp

oracle inequality of the empirical minimizer with a general hypothesis space for the Lipschitz

continuous pairwise losses. As an application, we apply our general results to study pairwise

least squares regression and derive an excess generalization bound that matches the minimax

lower bound for pointwise least squares regression up to a logarithmic term. The key novelty

here is to construct a structured deep ReLU neural network as an approximation of the true

predictor and design the target hypothesis space consisting of the structured networks with

controllable complexity. This successful application demonstrates that the obtained general

results indeed help us to explore the generalization performance on a variety of problems that

cannot be handled by existing approaches.

We study the generalization performance of metric and similarity learning by leveraging

the specific structure of the true metric (the target function). Specifically, by deriving the

explicit form of the true metric for metric and similarity learning with the hinge loss, we
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construct a structured deep ReLU neural network as an approximation of the true metric,

whose approximation ability relies on the network complexity. Here, the network complexity

corresponds to the depth, the number of nonzero weights and the computation units of the

network. Considering the hypothesis space which consists of the structured deep ReLU

networks, we develop the excess generalization error bounds for a metric and similarity

learning problem by estimating the approximation error and the estimation error carefully.

An optimal excess risk rate is derived by choosing the proper capacity of the constructed

hypothesis space. To the best of our knowledge, this is the first-ever-known generalization

analysis providing the excess generalization error for metric and similarity learning. In

addition, we investigate the properties of the true metric of metric and similarity learning with

general losses.

For gradient descent methods, we focus on studying the statistical generalization perform-

ance of gradient descent (GD) and stochastic gradient descent (SGD) for overparameterized

neural networks within the neural tangent kernel (NTK) regime. Most of the existing work

on regression problems is limited to shallow network architectures, leaving a notable gap

in the theory for deep neural networks. We address this gap by presenting a comprehensive

generalization analysis for deep ReLU networks trained using GD and SGD. Specifically, we

establish the first known minimax-optimal rates of excess population risk for both GD and

SGD with deep ReLU networks, under the assumption that the network width scales polyno-

mially with respect to the network depths and training sample size. Our results demonstrate

that with sufficient widths, gradient descent methods for deep ReLU networks can achieve

the optimal rates of generalization on par with kernel methods.
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CHAPTER 1

Introduction

Deep neural networks (DNNs) have become a cornerstone in modern machine learning due to

their impressive performance across a wide range of applications, including computer vision

[Krizhevsky et al. 2012; Simonyan and Zisserman 2014; He et al. 2016], natural language

processing [Sutskever et al. 2014; Vaswani et al. 2017], and speech recognition [Hinton

et al. 2012; Amodei et al. 2016]. While empirical results [LeCun et al. 2015; Devlin et al.

2019] have consistently demonstrated the power of DNNs, theoretical analysis, especially

generalization analysis, remains relatively limited [Zhou 2020; Zhang et al. 2021a; Jacot et al.

2018; Cao and Gu 2019]. In this thesis, we focus on exploring the theoretical behaviors of

deep neural networks.

Rectified Linear Unit (ReLU), as a popular activation function, has been widely used in

practice because of its high efficiency and effectiveness. It overcomes the vanishing gradient

problem that occurs when the activation functions of the sigmoid and hyperbolic tangent are

utilized during the training process (see [Glorot et al. 2011] and Chapter 6 in [Goodfellow

et al. 2016]). In addition, it has been shown in the literature [Yarotsky 2017] that deep

ReLU networks can approximate any continuous and Sobolev smooth functions to arbitrary

accuracy, making them widely applicable to different learning tasks. Hence, we are interested

in studying the learning ability of deep ReLU networks, measured in terms of statistical

generalization performance.

In the following chapters, we will introduce two types of learning problems that are widely

used in modern machine learning, namely pairwise learning task and gradient descent methods.

Novel analysis will be proposed to study the statistical generalization performance of the

above-mentioned two learning problems with deep ReLU networks.
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1.1 Generalization of Pairwise Learning

Pairwise learning is an important learning task that has attracted much attention in the modern

machine learning society. Unlike pointwise learning which studies a target model based on a

pointwise loss function, pairwise learning refers to learning tasks in which the loss function

takes a pair of examples as the input. Representative pairwise learning tasks include ranking,

metric learning and pairwise least squares regression, which can be demonstrated as follows:

• Ranking: the aim is to learn a predictor f(·, ·) which is capable to predict an order

of objects based on their observed features. Given observers x, x′ , if f(x, x′) ≥ 0,

then we predict that x has a higher rank than x′ and vice versa. Let y, y′ be the

ranking labels associated with x, x′, the performance of a predictor f is measured by

ℓ(f(x, x′), y, y′) = ℓ(sgn(y − y′)f(x, x′)), where sgn(t) = 1 for t > 0, sgn(t) =

−1 for t < 0 and sgn(t) = 0 for t = 0, and ℓ(·) is non-increasing.

• Metric learning: the aim is to study a metric d(·, ·) that estimates the distance or

the similarity between a pair of observers (x, x′). Let y, y′ be the labels associated

with x, x′, τ(y, y′) be the reducing function defined by τ(y, y′) = 1 if y = y′ and

τ(y, y′) = −1 else. The performance of d on a pair (z, z′) is measured by the loss

ℓ(τ(y, y′)d(x, x′)), where ℓ(·) is non-decreasing.

• Pairwise least squares regression: analogs to pointwise least squares regression, we

aim to learn a predictor f(·, ·) which measures how well the predicted value f(x, x′)

approximates the output value difference y− y′. We take the loss ℓ(f(x, x′), y, y′) =

(f(x, x′)− y + y′)2.

Let ρ be a population distribution defined on the sample space Z = X ×Y , where X ⊂ Rp is

the bounded closed input space and Y ⊂ R is the output space. Let ℓ : R × Y × Y → R+

be a pairwise loss function. Given a predictor f : X × X → R, the generalization error

(population risk) E(f) with the loss ℓ is defined as

E(f) : =
∫
Z×Z

ℓ(f(x, x′), y, y′)dρ(z)dρ(z′)

= E[ℓ(f(X,X ′), Y, Y ′)].



1.1. GENERALIZATION OF PAIRWISE LEARNING 3

Given a sample S = {Zi = (Xi, Yi)}ni=1 independently drawn from ρ, the empirical error of

f based on S is given by

Ez(f) :=
1

n(n− 1)

n∑
i ̸=j=1

ℓ(f(Xi, Xj), Yi, Yj).

Let fρ = argminf∈F E(f) be the true predictor (target function) that minimizes the gener-

alization error over the space F consisting of all measurable functions from X × X → R,

and f̂z = argminf∈H Ez(f) be the empirical minimizer with the hypothesis space H. We are

interested in studying the statistical generalization performance of f̂z, which is measured by

the excess generalization error E(f̂z)− E(fρ), i.e., the distance between the expected error of

f̂z and the least possible error E(fρ). We consider using the following error decomposition to

study the excess generalization error

E(f̂z)− E(fρ) = {E(f̂z)− E(fH)}+ {E(fH)− E(fρ)},

=: S(H) +D(H), (1.1)

where fH = argminf∈H E(f). The terms S(H) and D(H) are called the estimation error and

the approximation error, respectively, and will be estimated part by part.

There are amount of work on the generalization analysis of non-parametric estimation for

pairwise learning [Cao et al. 2016; Clémençon et al. 2008; Rejchel 2012; Ying and Li 2012;

Lei and Shi 2024]. However, most of them required restrictive assumptions on both the loss

function and the hypothesis space and focused on the specific learning problems. For example,

[Clémençon et al. 2008] studied ranking problems and provided an oracle inequality of the

empirical minimizer in the order of O
(
(V log(n)

n
)

1
2−β
)

with the 0-1 loss, where n is the training

sample size and V is the VC-dimension of the class of the ranking rules. The requirement

of the class of ranking rules to be a VC-class is quite strict since many hypothesis spaces,

especially the Reproducing Kernel Hilbert Space (RKHS), do not satisfy this assumption.

This renders the results of [Clémençon et al. 2008] inapplicable to the widely used kernel

methods. In addition, the 0-1 loss is not usually used in practice due to the difficulty of finding

the empirical minimizer through an efficient algorithm. [Rejchel 2012] presented the upper

bounds of the estimation error for ranking problems with the convex and nonnegative loss
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under the assumption that the hypothesis space is convex. This convexity assumption on

the hypothesis space makes their results unusable for the study of neural networks whose

hypothesis space is not convex in general. [Cao et al. 2016; Jin et al. 2009; Lei and Ying

2020] established the estimation error bounds O(n− 1
2 ) for the metric and similarity learning

problems. However, there is no work providing generalization analysis of pairwise learning

with general losses under relaxed assumptions.

In the first part of the thesis, we will investigate comprehensive generalization analysis of

pairwise learning under general settings by significantly removing the restrictive assumptions

on both the loss functions and the hypothesis space. The main results of this part are based on

our work [Zhou et al. 2024b] whose contributions can be summarized as follows.

• We establish an oracle inequality of the empirical minimizer for general hypothesis

space when the loss is Lipschitz continuous and satisfies the symmetric property.

Our results extend the existing literature in the following two aspects. First, we

consider the general losses that are Lipschitz continuous and symmetric. Various

commonly used surrogate losses including the hinge loss, least squares loss and

logistic loss satisfy these assumptions, which makes our results applicable to a

wide range of pairwise learning problems including ranking, pairwise regression

and metric and similarity learning. Second, we consider general hypothesis spaces

satisfying general capacity assumptions of the covering number. The hypothesis

space is not required to be convex or a VC-class, which makes our results useful for

studying the generalization performance of neural networks and kernel methods.

• We apply our general results to study generalization bounds of pairwise least squares

regression. The derived oracle inequality implies that if we can find a suitable

hypothesis space with controllable capacity such that the approximation error is

small enough, then desired excess generalization error bounds can be established.

Our key idea for designing the targeted hypothesis space is to construct a novel

structured deep ReLU network as an approximation of the true predictor fρ according

to the specific anti-symmetric structure of fρ. Then, considering the hypothesis space

consisting of the networks with this structure, we develop an excess generalization
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error bound in the order of O
(
n− 2r

2r+p
)
, which matches the minimax lower rate (up

to a logarithmic term) of least squares regression for pointwise learning. Here, p is

the dimension of the input space and r ∈ N is the smoothness index of the target

function of the pointwise least squares regression. This application shows that the

general oracle inequality greatly helps us explore the generalization performance on

a variety of problems that cannot be handled by existing approaches.

For metric and similarity learning, we take Y = {y1, . . . , ym}. There are a considerable

amount of theoretical works on metric and similarity learning [Cao et al. 2016; Davis et

al. 2007; Guo and Ying 2014; Jin et al. 2009; Kar and Jain 2011; Lei and Ying 2016;

Maurer 2008; Ye et al. 2019], most of which focused on learning the Mahalanobis distance

dM(x, x′) = (x − x′)⊤M(x − x′) for metric learning [Cao et al. 2016; Davis et al. 2007;

Jin et al. 2009; Lei and Ying 2016; Ye et al. 2019] and the pairwise similarity function

sM(x, x′) = x⊤Mx′ for similarity learning [Cao et al. 2016; Chechik et al. 2010; Guo and

Ying 2014; Kar and Jain 2011; Maurer 2008; Shalit et al. 2010]. Here, M ∈ S+
p ⊂ Rp×p is a

positive semi-definite matrix. The corresponding estimation error has been studied in [Cao

et al. 2016; Guo and Ying 2014; Huai et al. 2019; Ye et al. 2019]. Specifically, [Cao et al.

2016] studied the estimation error with the hypothesis space H = {(x− x′)⊤M(x− x′)− b :

M ∈ S+
p , b ∈ R+} for metric learning with the hinge loss. With the same hypothesis space,

[Ye et al. 2019] derived fast learning rates of the estimation error for metric learning with

smooth loss function and strongly convex objective. [Guo and Ying 2014] investigated the

estimation error with the hypothesis space H = {b − x⊤Mx′ : M ∈ S+
p , b ∈ R+} for

similarity learning. However, the expressive power of the studied hypothesis spaces is very

limited. Indeed, functions in the Mahalanobis distance and the pairwise similarity can be

viewed as a multivariate polynomial with order 2 on Rp, then the dimension of the linear span

of the hypothesis space dim(span(H)) is controlled by p2. It implies that the dimension p of

the input space determines the complexity of H and further limits the expressive ability of

H. If the expressive ability of H is not enough, there will be a situation where the estimation

error converges to 0 fast while the approximation error is very large. To fully understand the

generalization performance of f , it is necessary to study the approximation error in addition
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to the estimation error. However, to the best of our knowledge, there is no study that provides

estimates of the approximation error for metric and similarity learning problems due to the

unknown of the explicit form of the true metric.

In the second part of the thesis, we will fill the gap in studying the generalization performance

of metric and similarity learning with the hinge loss by exploring the specific structure of the

true metric. The main results of this part are based on our work [Zhou et al. 2024a]. The main

contributions can be summarized as follows.

• We conduct comprehensive generalization analysis for metric and similarity learning

with the hinge loss. Different from the previous works [Cao et al. 2016; Guo and

Ying 2014; Huai et al. 2019; Ye et al. 2019] which only focus on the estimation error,

we study both the estimation error and the approximation error and further derive

the first-ever-known excess generalization error bounds for metric and similarity

learning. Under some mild conditions, an optimal learning rate (up to a logarithmic

term) O(n− (θ+1)r
p+(θ+2)r ) is established, where p is the dimension of the input space, θ is

the parameter of a noise condition to be given later, and r is the smoothness index of

the conditional probabilities.

• The technical novelty is to construct a structured deep ReLU neural network Fa(1−

2
∑m

i=1 ϕ(hi(x), hi(x
′))) as an approximation of the true metric dρ by observing that

dρ(x, x
′) = sgn(1 − 2

∑m
i=1 pi(x)pi(x

′)) for x, x′ ∈ X (see Theorem 5 for more

details), where pi(x) = Prob{Y = yi|X = x} and a > 0 is a free parameter. Indeed,

the form of dρ implies that if we can design a series of sub-networks that approximate

pi(x) well for each i = 1, . . . ,m, then a good approximation of dρ(x, x′) can be

constructed by introducing a deep ReLU network ϕ(x, y) and a two-layer ReLU

network Fa(x) for approximating the multiplication function xy and the sign function

sgn(x), respectively. Our results (Theorems 6, 7 and 8) show that the network with

the constructed form can achieve both good approximation and estimation error

bounds for metric and similarity learning.

• We investigate properties of the true metric and the problem setting for metric and

similarity learning with general losses. Specifically, we first show that the bias term
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of the loss introduced in many works [Cao et al. 2016; Jin et al. 2009; Ye et al. 2019]

can be removed, and it is reasonable to assume the output space Y has only finite

labels rather than containing a continuous interval. Furthermore, we demonstrate

that the true metric is symmetric, and the true metric between any two identical

samples must be less than or equal to that between different samples under mild and

intuitive conditions, which provides a rationale for the use of symmetric models like

Mahalanobis distance in metric learning.

1.2 Generalization of Gradient Descent Methods with Deep

ReLU Networks

DNNs trained with gradient descent methods have achieved a remarkable success across

a wide range of applications, including computer vision, natural language processing, and

speech recognition [Bahdanau et al. 2014; Hinton et al. 2012; Krizhevsky et al. 2017; Silver

et al. 2016]. Despite their highly nonconvex and overparameterized nature, DNNs can achieve

a near-zero training error while still generalizing well to unseen data [Zhang et al. 2021b]. To

demystify this phenomenon, an extensive amount of work has been done to understand the

generalization and optimization properties of gradient descent methods for training DNNs.

The neural tangent kernel (NTK), introduced by [Jacot et al. 2018], has emerged as a powerful

framework for understanding the generalization performance of overparameterized neural

networks trained using gradient descent methods. It reveals that, in the infinite-width limit, the

training trajectory of a neural network with random initialization closely mirrors the behavior

of its counterpart in the RKHS associated with the NTK. This connection effectively bridges

the gap between learning with DNNs and classical kernel methods, allowing insights from

the kernel methods to inform our understanding of DNNs.

Following this perspective, the global convergence of gradient descent methods with DNNs

has been extensively studied [Allen-Zhu et al. 2019b; Du et al. 2019; Zou et al. 2018; Zou and

Gu 2019], while their generalization properties have only been investigated in a few works
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[Cao and Gu 2019; Cao and Gu 2020; Chen et al. 2021a; Xu and Zhu 2024]. Specifically, the

appealing work [Cao and Gu 2019] and [Cao and Gu 2020] developed algorithm-dependent

misclassification error bounds for deep ReLU networks trained by gradient descent (GD) and

stochastic gradient descent (SGD), respectively. [Chen et al. 2021a] relaxed the requirement

of their network width for both GD and SGD. However, all of these works focused on

classification problems under data separation assumptions. Very recently, the work [Xu and

Zhu 2024] studied one-pass SGD in the streaming (continuously coming) data setting with

deep ReLU networks for regression problems and showed that the prediction error of one-pass

SGD for deep ReLU networks can converge to zero in expectation, provided that the width of

the network scales exponentially with the number of layers.

On another important front, it is well-established in the kernel methods literature [Dieuleveut

and Bach 2016; Lin and Rosasco 2017; Yao et al. 2007; Ying and Zhou 2006] that for least

squares regression, GD and SGD in the kernel setting can achieve the minimax-optimal

rates of the excess population risk O(n− 2β
2β+γ ), under standard regularity assumptions on the

regression function and capacity assumptions associated with the RKHS [Caponnetto and

De Vito 2007]. Here, n is the size of training data, β > 0 is the smoothness of the target

function fρ and γ ∈ [0, 1] is a parameter that measures the capacity of the hypothesis space.

Since the NTK perspective provides a close connection between the two learning processes

of neural networks and kernel methods trained by gradient descent methods, it is natural

to expect that neural networks trained by GD and SGD exhibit generalization performance

(measured by excess population risk) comparable to their kernel-based counterparts. This

conjecture has been partially validated for shallow neural networks when the width is large

enough. In particular, [Nguyen and Mücke 2024; Nitanda and Taiji 2021; Wang et al. 2025b]

demonstrated that GD and SGD for two-layer neural networks can replicate the classical

results in the kernel setting, achieving the excess risk rates O(n− 2β
2β+γ ). However, a critical

open question remains:

Can DNNs trained by GD and SGD achieve minimax-optimal excess risk rates on par with

their kernel-based counterparts?
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In the third part of the thesis, we provide an affirmative answer to this question, significantly

advancing the theoretical understanding of generalization of GD and SGD from shallow to

deep neural networks.

We extend the results for GD and SGD from shallow to deep networks while maintaining

minimax-optimal excess risk rates under mild overparameterization condition. The main

results of this part are based on our work [Zhou et al. 2025]. The main contributions can be

summarized as follows.

• We provide comprehensive generalization analysis for deep ReLU networks trained

with gradient descent methods for regression problems. For an L-layer ReLU net-

work with a sufficiently large width m, we show that both GD and SGD can replicate

the classical results in the kernel setting with the same gradient complexity under

similar assumptions. Here, gradient complexity means the number of times the

algorithm calculates the gradient. Specifically, we develop the minimax-optimal

excess population risk rates O(n− 2β
2β+γ ) for both GD and SGD with deep ReLU net-

works when m depends polynomially on L, n and p without imposing the commonly

used assumptions on the Gram matrix of the NTK, where p is the dimension of the

data.

• We improve the requirement of the network width in [Xu and Zhu 2024] from

exponential scaling in the number of layers L to polynomial scaling. This relaxation

has been achieved in [Zou et al. 2020; Chen et al. 2021b] for the classification setting

by establishing favorable properties of the network at initialization. However, their

methods cannot be directly applied to our setting, as we require these properties to

hold uniformly over the entire input space, while their results are typically limited to

the finite training dataset.

• In particular, this is the first work to overcome the technical challenges of achieving

the optimal excess risk rates for deep neural networks within the NTK regime,

demonstrating that deep ReLU networks trained with GD and SGD can achieve

generalization performance on par with their kernel-based counterparts. Table 4.1

summarizes the related results of GD and SGD for regression.
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Technical Novelty. The minimax-optimal excess risk rates for shallow neural networks

trained with gradient descent methods have been established in [Nitanda and Taiji 2021;

Nguyen and Mücke 2024; Wang et al. 2025b]. However, their approaches cannot extend

directly to deep neural networks. To analyze the excess population risk of fW(T ), the perform-

ance of a network fW at the output of GD/SGD with T iterations, [Nitanda and Taiji 2021;

Nguyen and Mücke 2024; Wang et al. 2025b] employ the error decomposition

∥fW(T ) − fρ∥2ρ ≲ ∥fW(T ) − f lin
W(T )∥2ρ + ∥f lin

W(T ) − gmT ∥2ρ + ∥gmT − hm∥2ρ + ∥hm − fρ∥2ρ,

where f lin
W(T ) is the linear approximation of fW at the Gaussian initialization, gmT is GD/SGD

associated with the finite-width NTK Km within the RKHS Hm, hm is either the minimizer

of the regularized population risk over Hm [Nitanda and Taiji 2021] or GD for the population

risk in Hm [Nguyen and Mücke 2024], and fρ is the target function. A critical step in their

analysis is to control the term ∥gmT − hm∥2ρ by n− 2β
2β+γ̃ , where γ̃ is the effective dimension

of Hm. To achieve minimax-optimal rates, it is essential to demonstrate that the effective

dimension of Hm matches that of HK , i.e., γ̃ = γ. For γ = 1, this equivalence naturally

holds since the integral operator associated with Km is a trace-class operator. For γ < 1,

the argument is established by treating Km as a sum of i.i.d. random kernels with mean K

(see Proposition B in [Nitanda and Taiji 2021] and Proposition A.18 in [Nguyen and Mücke

2023]). Specifically, for a two-layer ReLU network fW(x) = 1√
m

∑m
r=1 arσ(w

⊤
r x), a kernel

has the structure Km(x, x′) =
∑m

r=1⟨∂wrfW(0)(x), ∂wrfW(0)(x
′)⟩2. Since ∂wrfW(0)(x) =

m− 1
2arσ

′(wr(0)
⊤x)x depends only on the initial i.i.d. Gaussian weight wr(0), Km is a sum

of i.i.d. random kernels. However, this structure is not valid for deep ReLU networks. In

deeper architectures, the gradient ∂wl
r
fW(0)(x) is influenced not only by the weight wℓ

r(0) of

the l-th layer but also by the weights of all preceding and former layers. This interdependence

makes a direct extension significantly challenging.

To overcome this challenge and establish minimax-optimal rates for any γ ∈ [0, 1], we

adopt a refined error decomposition by introducing a new GD iterate gT associated with the

infinite-width NTK K in the RKHS HK . Specifically, we decompose the error as

∥fW(T ) − fρ∥2ρ ≲ ∥fW(T ) − f lin
W(T )∥2ρ + ∥f lin

W(T ) − gmT ∥2ρ + ∥gmT − gT∥2ρ + ∥gT − fρ∥2ρ.
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First term: The first term ∥fW(T ) − f lin
W(T )∥2ρ depends critically on forward and backward

propagation estimates at random initialization. The work [Xu and Zhu 2024] provided such

forward and backward propagation estimates with upper bounds that scale exponentially with

the network depth L for deep ReLU networks. Applying their results leads to an unexpected

bound ∥fW(T )−f lin
W(T )∥2ρ ≲ CLm− 1

3 Poly(ηT ) valid when m ≳ CLPoly(ηT, p). Here, C > 1

is an absolute constant and η > 0 is the step size. By extending the results of [Zou et al.

2020; Chen et al. 2021b] from the finite training set S to the full input space X , we obtain

the improved bound ∥fW(T ) − f lin
W(T )∥2ρ ≲ m− 1

3 Poly(L, ηT ) with a relaxed requirement

m ≳ Poly(L, ηT, p), reducing the dependence on the network depth from exponential to

polynomial.

Second and fourth terms: The second term ∥f lin
W(T )− gmT ∥2ρ can be controlled by the first term

and the gap between the gradients of fW at initialization W(0) and at W(T ), while the final

term, ∥gT − fρ∥2ρ, is bounded using standard results for kernel methods [Lin and Rosasco

2017].

Third term: The most challenging term, ∥gmT − gT∥2ρ, requires more nuanced analysis. A key

insight here is that the infinity norm between gmT and gT can be controlled by the distance

between the corresponding kernels Km and K, yielding ∥gmT − gT∥2ρ ≲ ∥gmT − gT∥2∞ ≲

(ηT )4∥Km −K∥2∞. [Xu and Zhu 2024] proved that ∥Km −K∥∞ ≲ CLm− 1
6
√
p assuming

exponential scaling of m with L. By applying a more refined analysis (see Lemma 20), we

establish ∥Km −K∥∞ ≲ m− 1
6

√
pL under a relaxed condition m ≳ pL3. This improvement

significantly relaxes the overparameterization requirements, completing the analysis. Further

details can be found in Proposition 9. Note that if fW(T ) is produced by SGD, the estimate

strategy for the other three terms remains unchanged. There will be an additional error in the

third due to the discrepancy between the SGD and GD iterates in the RKHS Hm, which can

be estimated using the results in [Lin and Rosasco 2016].

The combination of the refined error decomposition and the key insights effectively extend

the analysis from shallow to deep neural networks.



CHAPTER 2

Generalization of Non-parametric Estimation for Pairwise Learning

In this chapter, we are concerned with the generalization performance of non-parametric

estimation for pairwise learning. The main results in this chapter are based on [Zhou et al.

2024b]. The rest of the chapter is organized as follows. Section 2.1 presents the main results

of the chapter. Section 2.2 applies the main results to study the generalization performance of

pairwise learning with structured deep ReLU networks. The proofs are given in Section 2.3.

2.1 Main Results on Pairwise Learning

Throughout this chapter, we denote by Cα,β,γ a constant depends on parameters α, β and

γ, and denote C an absolute constant. These constants may differ from line to line and are

always assumed to be greater than or equal to 1. We denote I{A} the indicator function that

takes value 1 if the event A happens and 0 otherwise. Let ⌈C⌉ denote the least integer number

greater than or equal to C. For a measurable set A ⊂ X , let ρx(A) := Prob{A} = EX [I{A}]

and ρ(A|x) := Prob{A|X = x} = E[I{A}|X = x].

2.1.1 Oracle inequalities with general losses

Our analysis requires the following assumptions on the true predictor fρ and the loss ℓ.

ASSUMPTION 1. There exists a constant η > 0 such that

∥fρ∥L∞(X×X ) := supx,x′∈X |fρ(x, x′)| ≤ η.

12
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Both the true predictors of pairwise least squares regression and ranking problems sat-

isfy Assumption 1. For the pairwise least squares regression with loss ℓ(f(x, x′), y, y′) =

(f(x, x′)−y+y′)2, it is known that the true predictor has the form fρ(x, x
′) = f̃ρ(x)− f̃ρ(x′),

where f̃ρ(x) := E[Y |X = x] is the Bayes rule for pointwise least squares problem [Ying

and Zhou 2016]. One often assumes that the distribution of Y is bounded by a constant

B > 0, i.e., Prob{|Y | ≤ B} = 1, then we can show that Assumption 1 holds with

η = 2B by noting ∥fρ∥L∞(X×X ) ≤ 2∥f̃ρ∥L∞(X ) ≤ 2B. For ranking problems with the

hinge loss ℓ(f(x, x′), y, y′) = (1 − sgn(y − y′)f(x, x′))+, the work [Huang et al. 2023]

proved that the true predictor has the form fρ(x, x
′) = sgn(T (x, x′) − T (x′, x)), where

T (x, x′) = Prob{Y > Y ′|X = x,X ′ = x′}. Then it is easy to show that η = 1 in this case

since |sgn(t)| ≤ 1 for any t ∈ R.

ASSUMPTION 2. There exists a constant K > 0, such that for any y, y′ ∈ Y and t1, t2 ∈

[−∥fρ∥L∞(X×X ), ∥fρ∥L∞(X×X )], there holds

|ℓ(t1, y, y′)− ℓ(t2, y, y
′)| ≤ K |t1 − t2| .

Here, we only consider the Lipschitz property of ℓ over
[
− ∥fρ∥L∞(X×X ), ∥fρ∥L∞(X×X )

]
since the values predicted by fρ always lie on this interval. Assumption 2 holds for the hinge

loss with K = 1 and the pairwise least squares loss with K = 8B if the distribution of Y is

bounded by B > 0.

With a little abuse of notation, for any probability measures ρ, we denote L2
ρ as the metric

induced by the norm ∥ · ∥L2
ρ
. Here, ∥ · ∥L2

ρ
is L2 norm defined by ∥f∥L2

ρ
= (
∫
|f |2dρ) 1

2 . Recall

that ρx is the marginal distribution of ρ on X , we define two empirical probability measures

based on the observed sample S as µn := 1
n

∑n
i=1 δXi

and νn := 1
n(n−1)

∑n
i ̸=j=1 δ(Xi,Xj),

where δ(·) is the counting measure. For any f ∈ H, we define the norms

∥∥f∥∥
L2
ρx×µn

:=

(
1

n

n∑
i=1

E
[
f(X,Xi)

∣∣Xi

]2) 1
2

, (2.1)

∥∥f∥∥
L2
νn

:=

(
1

n(n− 1)

n∑
i ̸=j=1

f(Xi, Xj)
2

) 1
2

. (2.2)
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Our analysis also needs the assumption on the capacity of the hypothesis space H.

DEFINITION 1. Let (T, d) be a metric space. Consider a subset A ⊂ T and let ϵ > 0. A

subset N ⊂ A is called an ϵ-net of A if every point in A is within a distance ϵ of some point

of N , i.e.,

∀x ∈ A, ∃x0 ∈ N : d(x, x0) ≤ ϵ.

The smallest possible cardinality of an ϵ-net of A is called the covering number of A and is

denoted by N (A, d, ϵ).

ASSUMPTION 3. There exist constants s1, s2 ≥ e and V1, V2 > 0 independent of n such that

for any ϵ ∈ (0, 1],

N
(
H, L2

ρx×µn
, ϵ
)
≤ s1

(
1

ϵ

)V1

,

N
(
H, L2

νn , ϵ
)
≤ s2

(
1

ϵ

)V2

.

Any bounded subset of a finite-dimensional space [Wainwright 2019] and the space consisting

of bounded deep neural networks [Schmidt-Hieber 2020; Bartlett et al. 2019] satisfy Assump-

tion 3. However, many important spaces do not satisfy this assumption, e.g., RKHS. We

introduce the following assumption as an alternative to Assumption 3 to handle this setting.

ASSUMPTION 4. There exist constants s′1, s
′
2 ≥ 1 and V ′

1 , V
′
2 ∈ (0, 1) independent of n such

that for any ϵ ∈ (0, 1),

log
(
N
(
H, L2

ρx×µn
, ϵ
))

≤ s′1

(
1

ϵ

)V ′
1

,

log
(
N
(
H, L2

νn , ϵ
))

≤ s′2

(
1

ϵ

)V ′
2

.

It was shown in [Bartlett et al. 2005; Clémençon et al. 2008] that the convergence of the excess

risk for a learning problem is of the order O( 1√
n
). However, the convergence rate of this order

is often quite slow since we only utilize the first order property (the uniform boundness) of the

function class. To obtain a better convergence rate, we introduce the variance condition (the

second order property) of a function class, which has been extensively studied on establishing
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tight concentration inequality and deriving fast convergence of the excess risk [Bartlett et al.

2005; Bartlett and Mendelson 2006; Bousquet 2002].

DEFINITION 2 (Variance-expectation bound). Let M > 0 and β ∈ [0, 1]. Let F be a function

class consisting of functions f : Z ×Z → R with nonnegative first moment, i.e., E[f ] ≥ 0

for any f ∈ F . We say that F has a variance-expectation bound with parameter pair (β,M),

if for any f ∈ F ,

E[f 2] ≤M(E[f ])β. (2.3)

REMARK 1. In statistical learning theory, we often set F to be the shifted hypothesis space

{ℓ(f) − ℓ(f ∗) : f ∈ H}, where f ∗ is either the true predictor fρ or the oracle fH (best

predictor in H). The inequality (2.3) holds with β = 0 for any uniformly bounded function

class. There are numerous cases in which (2.3) also holds with β ∈ (0, 1]. For instance, (2.3)

is satisfied for ranking [Clémençon et al. 2008] and for binary classification [Boucheron et al.

2005] if the distribution ρ over Z satisfies a low-noise condition. [Bartlett et al. 2006] showed

that (2.3) holds with β = min{1, 2/r} if the hypothesis space H is convex and the modulus

of convexity δ of the loss satisfies δ(ϵ) ≥ cϵr. Further, we will prove later (2.3) is satisfied

with β = 1 for pairwise least squares regression when the distribution ρ is bounded (see

Lemma 11 for more details).

Now, we present our main result on an oracle inequality of f̂z as follows, whose proof is given

in Section 2.3.1.

THEOREM 1. Suppose Assumptions 1 and 2 hold. Let H be a hypothesis space with uniform

bound η > 0 such that for any f ∈ H ∪ {fρ} and almost z, z′ ∈ Z , there holds

ℓ(f(x, x′), y, y′) = ℓ(f(x′, x), y′, y). (2.4)

Let M>0 and β∈ [0, 1], suppose that the shifted hypothesis space F :={ℓ(f(x, x′), y, y′)−

ℓ(fρ(x, x
′), y, y′) : f ∈ H} has a variance-expectation bound with parameter pair (β,M).

The following statements hold true.
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(a) If the capacity of H satisfies Assumption 3, then for any δ ∈ (0, 1/2), with probability at

least 1− δ, there holds

E(f̂z)−E(fρ) ≤ Cη,K,M,β

(max{V1, log(s1)} log(n)
n

) 1
2−β

log(
4

δ
)

+ Cη,K

log2( δ
2
)max{V1, V2, log(s1), log(s2)}

n
+
(
β + 2

)(
E(fH)− E(fρ)

)
.

(b) If the capacity of H satisfies Assumption 4, then for any δ ∈ (0, 1/2), with probability at

least 1− δ, there holds

E(f̂z)− E(fρ) ≤ Cη,K,M,β max

{√
s′1

( 1
n

) 2
(2+V ′

1)(2−β)
,
( log(n)

n

) 1
2−β

log(
4

δ
)

}
+ Cη,K

max{s′1, s′2} log2( δ2)
n
(
1−max{V ′

1 , V
′
2}
) + (β + 2

)(
E(fH)− E(fρ)

)
.

REMARK 2. Besides ranking and pairwise least squares regression, our results can also be

applied to learning problems whose predictor is independent of the order of input sample

pairs, e.g., the metric learning and the similarity learning problems. Let us show how to

apply Theorem 1 to metric learning problems. In distance metric learning, we aim to learn

a Mahalanobis distance f(x, x′) = (x− x′)⊤M(x− x′), where M ∈ Sp
+ is a positive semi-

definite matrix. Let τ(y, y′) be a function of labels such that τ(y, y′) = 1 if y = y′ and

τ(y, y′) = −1 else. The performance of f on a sample pair (z, z′) is measured by a loss

function ℓ
(
τ(y, y)(f(x, x′)− b)

)
, where b > 0 is a bias term and ℓ is a convex and Lipschitz

loss. The hypothesis space here is typically set to be H = {(x − x′)⊤M(x − x′) : M ∈

Sp
+, ∥M∥ ≤ η}, where ∥ · ∥ denotes a regularization norm. Since the Mahalanobis distance

and the function τ are both symmetric, (2.4) holds. In addition, it’s easy to verify that

Assumptions 1 and 2 hold by noting that y is assumed to be bounded, and β = 0 due to

the uniform boundedness of the hypothesis space. Note H is a bounded subset of a finite-

dimensional space, Theorem 1 provides an oracle inequality for metric learning problems

under Assumption 3.

Comparison with related works. We give a comparison of our work with the existing results

here. The most related works are [Clémençon et al. 2008; Rejchel 2012], which both studied

the generalization performance of ranking problems. [Clémençon et al. 2008] derived an
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oracle inequality of order O
(
(V log(n)

n
)

1
2−β
)

when the 0-1 loss is considered, where V is the

VC-dimension of the class of the ranking rules. However, the 0-1 loss is not usually used in

practice since the problem considered here is NP-hard and the empirical minimizer f̂z is not

easy to find through an efficient algorithm. Instead, we provide an oracle inequality with the

same order (see part (a) of Theorem 1) that holds for various common-used surrogate losses

including the hinge loss, least squares loss and exponential loss. This makes our results more

broadly applicable. In addition, [Clémençon et al. 2008] required that the class of ranking

rules is a VC-class, while many hypothesis spaces (e.g., RKHSs [Lei and Shi 2024]) do not

satisfy this assumption. We extend the desired result to a more general setting (see part (b) of

Theorem 1, where the hypothesis space is not assumed to be a VC-class), making our results

tractable for a wider range of problems. [Rejchel 2012] established upper bounds for the

estimation error with β = 1 under the assumption that the hypothesis space is convex. We

investigate the excess generalization error with parameter β ∈ [0, 1]. Moreover, the convexity

assumption of the hypothesis space is not required here, which allows our results applicable

to study the generalization performance of the neural networks where the hypothesis space

is not convex in general. [Cao et al. 2016; Jin et al. 2009; Lei and Ying 2020] provided the

estimation error bounds of order O(n− 1
2 ) for the metric and similarity learning problems. As

mentioned in Remark 2, Theorem 1 can also be applied to the metric and similarity learning

(see Remark 2 for more details).

2.2 Application to Pairwise Least Squares Regression

We apply our main results to study the generalization performance of pairwise learning

problems with deep ReLU networks. Specifically, we show that the optimal excess generaliz-

ation error rate can be achieved for pairwise least squares regression, where constructing a

hypothesis space consisting of the structured deep ReLU neural networks according to the

specific form of the true predictor plays an important role.



18 CHAPTER 2. GENERALIZATION OF NON-PARAMETRIC ESTIMATION FOR PAIRWISE LEARNING

2.2.1 A novel approximation of the true predictor

We first construct a novel structured deep ReLU network as an approximation of the true

predictor fρ. Then, considering the hypothesis space consisting of the networks with this

structure, we establish a sharp oracle inequality in the order of O(( log(n)
n

)
1

2−β ) for general anti-

symmetric losses. We will show in the next subsection that, the excess error rate that matches

the minimax lower bound for least squares regression [Györfi et al. 2006; Schmidt-Hieber

2020] can be obtained when the least squares loss is considered.

In pairwise learning, we aim to learn a predictor f : X × X → R that determines whether

the sample x has higher priority than the sample x′ or not. Note the value predicted by f

depends on the order of the input samples x, x′. We often expect f to be anti-symmetric,

i.e., f(x, x′) = −f(x′, x). The following assumption is introduced to guarantee that the true

predictor fρ satisfies the anti-symmetric property.

ASSUMPTION 5. The loss ℓ is anti-symmetric with respect to any predicted values and labels,

i.e., for any possible predicted value t ∈ R and labels y, y′ ∈ Y , there holds

ℓ(t, y, y′) = ℓ(−t, y′, y).

It’s obvious that the hinge loss ℓ(t, y, y′) = (1 − sgn(y − y′)t)+ for ranking and the least

squares loss ℓ(t, y, y′) = (t− y + y′)2 for regression satisfy this assumption.

A good approximation of a model should be one that has the same structure as itself. Hence,

the basic idea of designing an alternative of fρ is to construct a model that has the same

structure as fρ. The following proposition shows that the true predictor for a pairwise problem

has an anti-symmetric structure, which suggests the structure of the approximation of fρ. The

proof of Proposition 1 can be found in Section 2.3.2.

PROPOSITION 1. Under Assumption 5, the true predictor fρ is anti-symmetric, i.e., for almost

x, x′ ∈ X , there holds fρ(x, x′) = −fρ(x′, x). Furthermore, there holds

fρ(x, x
′) =

1

2
fρ(x, x

′)− 1

2
fρ(x

′, x). (2.5)
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The nice decomposition of fρ given in the above proposition indeed tells us how to find

a targeted approximation, i.e., we consider making use of a series of ReLU networks to

approximate fρ with the structure in (2.5). Before introducing our approximation, we give the

definition of deep ReLU neural networks, which are the basis of our structured networks. We

denote σ(t) = (t)+ the ReLU activation function acting componentwise on the vectors. Let

w0 ∈ N+ be the dimension of the input space, wL = 1 and wl ∈ N+ be the width of the l-th

layer for l = 1, . . . , L− 1, where L ∈ N is the depth of the network. A deep ReLU network

h from X̃ to R with depth L has the form

h(x̃) = a⊤σ(TL−1σ(TL−2 · · ·σ(T1(x̃)⊤+b1) · · ·+bL−2)+bL−1)+bL for x̃ ∈ X̃ , (2.6)

where Tl ∈ Rwl×wl−1 indicates the connection matrix between the l-th layer and the (l − 1)-th

layer, bl ∈ Rwl is the bias, and a ∈ RwL−1 . Let ∥ · ∥0 denote the number of nonzero elements

of the corresponding matrices and vectors. We define the number of nonzero weights and

computation units of h by (∥a∥0 + 1) +
∑L−1

l=1 ∥Tl∥0 + ∥bl∥0 and
∑L−1

l=1 wl, respectively. We

say a network h has the complexity (L,W,U) if its depth, the number of nonzero weights

and computation units are L,W and U .

Now, we can give our structured approximation network f : X × X → R as follows

f(x, x′) = g
(
πη(h(x, x

′)), πη(h(x
′, x))

)
for x, x′ ∈ X , (2.7)

where πη : R 7→ R and g : R 7→ R are shallow ReLU networks with fixed complexity, and

h : X × X 7→ R is a deep ReLU network defined in (2.6) with complexity (L,W,U). The

value of (L,W,U) will be properly chosen later for specific problems (see Theorem 8 for

least squares regression as an example). Let us give some explanations of (2.7). First, we use

a deep ReLU network h to approximate 1
2
fρ(x, x

′) and 1
2
fρ(x

′, x) by h(x, x′) and h(x′, x),

respectively. Note that ∥fρ∥L∞(X×X ) is bounded by η, we hope that the values of h also lie on

[−η/2, η/2]. Hence, we consider improving our estimate h by projecting the values of h onto
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[−η/2, η/2], i.e., projecting h to πη(h) with the projection operator πη defined as

πη(t) :=


η/2, t > η/2

t, t ∈ [−η/2, η/2]

−η/2, t < −η/2.

The operator πη(h) can be written as a shallow ReLU network: πη(t) = σ(t)− σ(t− η/2)−

σ(−t) + σ(−t − η/2). Such an expression can be found in [Zhou et al. 2024c]. With

this, two main items 1
2
fρ(x, x

′) and 1
2
fρ(x

′, x) are addressed. It remains to find a ReLU

network to handle the difference of the values of πη(h) between the sample pair (x, x′) and

its reverse order pair (x′, x). By noting that the difference operator can also be represented

by a shallow ReLU network g, i.e., x − y = σ([1,−1] · [x, y]) − σ([−1, 1] · [x, y]), we can

give our final approximation f(x, x′) = g
(
πη(h(x, x

′)), πη(h(x
′, x))

)
. Figure 2.1 gives the

specific structure of f(x, x′). Note that the complexity of a network f of the form (2.7) can

𝑥′

ℎ(𝑥, 𝑥′) 𝜋!(ℎ 𝑥, 𝑥" )

𝑔(𝜋!(ℎ(𝑥, 𝑥′)), 𝜋!(ℎ(𝑥", 𝑥)))
as an approximation of 𝑓#

ℎ(𝑥", 𝑥) 𝜋!(ℎ(𝑥", 𝑥))

𝑥

FIGURE 2.1. Structure of the designed anti-symmetric deep ReLU network
(2.7) with input x, x′ ∈ X .

be computed by summing up the corresponding complexities of each sub-network h, πη and

g directly. Specifically, the depth of f is the summation of the depth of h, πη and g. The

number of nonzero weights and computation units of f are 2(Wh +Wπη) +Wg + c and

2(Uh + Uπη) + Ug + c′ respectively, where Wγ and Uγ are the corresponding parameters of

each sub-network γ ∈ {h, πη, g}, and c and c′ are absolute constants. The hypothesis space
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H consists of all possible predictors of the form (2.7) is defined as

H = H(L,W,U) := {f of form (2.7): the complexity of f does not exceed (L,W,U).}

(2.8)

Here, we use the parameters (L,W,U) ∈ N3 to measure the capacity (size) of H. As these

parameters increase, the capacity of the hypothesis is getting larger.

Unlike the covering number used in Theorem 1, we employ the pseudo-dimension to char-

acterize the hypothesis space here. An advantage of using pseudo-dimension is that any

boundedness assumptions on the parameters of neural networks are not required.

DEFINITION 3. Let F be a class of functions f : X × X → R and F+ := {(x, x′, t) :

f(x, x′) > t, f ∈ F} be its subgraph set, then the pseudo-dimension Pdim(F) of F is

defined as

Pdim(F) := V C(F+),

where V C(F+) is the VC-dimension of F+. Further, if Pdim(F) < ∞, then we call F a

VC-class.

The following lemma reveals a relation between the covering number and pseudo-dimension

[Vaart and Wellner 1996, Theorem 2.6.7] and will be used frequently later.

LEMMA 1. For a VC-class F of functions with uniform bound F , one has for any probability

measure ρ,

N (F , L2
ρ, ϵF ) ≤ C Pdim(F)(16e)Pdim(F)

(
1

ϵ

)2(Pdim(F)−1)

for an absolute constant C > 0 and 0 < ϵ < 1, where L2
ρ denotes the L2 norm with respect to

the measure ρ.

Lemma 1 implies that any bounded VC-class satisfies Assumption 3. Specifically, for any

hypothesis space H which is a VC-class and uniformly bounded by η > 0, H satisfies

Assumption 3 with s1 = s2 = Cη,Pdim(H) and V1 = V2 = 2(Pdim(H) − 1), respectively.
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Conversely, if we further assume that the inequalities therein hold with any probability

measures, then Assumption 3 can be employed as an alternative definition of a VC-class.

Now, we can establish the following theorem on an oracle inequality of the empirical min-

imizer f̂z trained by the structured deep ReLU networks of the form (2.7). The proof of

Theorem 2 can be directly derived by Theorem 1, detailed proof can be found in Section 2.3.2.

THEOREM 2. Suppose Assumptions 1,2 and 5 hold. Let H be the space of structured deep

ReLU networks (2.8) and V = Pdim(H) be its pseudo-dimension. Let M > 0 and β ∈ [0, 1],

suppose that the shifted hypothesis space F := {ℓ(f(x, x′), y, y′)− ℓ(fρ(x, x
′), y, y′) : f ∈

H} has a variance-expectation bound with parameter pair (β,M). Then for any δ ∈ (0, 1/2),

with probability at least 1− δ, there holds

E(f̂z)− E(fρ) ≤ Cη,K,M,β

(V log(n)

n

) 1
2−β

log(4/δ) + Cη,K
V

n
log2(δ/2)

+
(
β + 2

)(
E(fH)− E(fρ)

)
.

2.2.2 Pairwise least squares regression with deep ReLU networks

Now, we focus on the pairwise least squares regression with loss ℓ(f(x, x′), y, y′) =
(
f(x, x′)−

y + y′
)2. We first estimate the approximation error with H of the form (2.8). Then, by com-

bining the approximation error bound with Theorem 2 and choosing the proper capacity of

H, we derive the nearly optimal excess generalization error bound for pairwise least squares

regression.

The estimates of the approximation error E(fH)−E(fρ) are closely related to the true predictor

fρ, which is known to be fρ(x, x′) = f̃ρ(x) − f̃ρ(x
′) for x, x′ ∈ X [Ying and Zhou 2016].

Here f̃ρ(x) = E[Y |X = x] is the regression function. Before stating our approximation

results, we first introduce some notations and standard assumptions.

To define the Sobolev spaces, we assume that X = [0, 1]p in the remainder of this subsection.

Let r ∈ N be the smoothness index, the Sobolev space W r,∞([0, 1]p) is defined as a class

consisting of functions along with their partial derivatives up to order r lying in L∞([0, 1]p).
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The norm in W r,∞([0, 1]p) is defined as∥∥f∥∥
W r,∞([0,1]p)

:= max
α∈Zp

+:∥α∥1≤r

∥∥Dαf
∥∥
L∞([0,1]p)

,

where Z+ contain all non-negative integers, ∥α∥1 =
∑p

i=1 |αi| denotes the l1 norm of α,

Dαf = ∂∥α∥1f

∂x
α1
1 ···∂xαp

p
denotes the weak partial derivative of f with order α.

The following assumption assumes that all r-th derivatives of the f̃ρ exist and their L∞ norms

are bounded.

ASSUMPTION 6. Assume ∥f̃ρ∥W r,∞([0,1]p) ≤ 1 for some r ∈ N.

Since Sobolev norm dominates L∞([0, 1]p) norm, then we know that Assumption 6 implies

Assumption 1 with η = 2.

We also require the distribution of Y to be uniformly bounded, which ensures that Assump-

tion 2 holds.

ASSUMPTION 7. There exists a constant B > 0 such that Prob{|Y | ≤ B} = 1.

We are in a position to give our estimate of the approximation error, whose proof can be found

in Section 2.3.2.

THEOREM 3. Suppose Assumption 6 holds, and the structured hypothesis space H(L,W,U)

is defined by (2.8). Then, for any ϵ ∈ (0, 1), there exists a deep ReLU network f of form (2.7)

with depth at most Cp,r log(1/ϵ) and the number of nonzero weights and computation units at

most Cp,rϵ
− p

r log(1/ϵ) such that ∥∥f − fρ
∥∥
L∞([0,1]2p)

≤ ϵ.

Further, if we set W = U = ⌈exp(L)⌉, then the approximation error can be bounded as

follows

D(H) ≤ Cp,r

( L

exp(L)

) 2r
p
.

Now, we can derive the excess generalization error bound by combining Theorems 2 and 3.
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THEOREM 4. Suppose Assumptions 6 and 7 hold, and the structured hypothesis space

H(L,W,U) is defined by (2.8). If we set W = U = ⌈exp(L)⌉, then for any δ ∈ (0, 1/2),

with probability at least 1− δ, there holds

E(f̂z)− E(fρ) ≤ Cp,r,B
L2 exp(L) log(n)

n
log2(4/δ) + Cp,r

( L

exp(L)

) 2r
p
.

Setting L =
⌈

p
2r+p

log(n)
⌉
, with probability at least 1− δ, there holds

E(f̂z)− E(fρ) ≤ Cp,r,B logτ (n)n− 2r
2r+p log2(4/δ),

where τ = max{3, 2r
p
}.

REMARK 3. Theorem 4 establishes the excess risk rate O(n− 2r
2r+p ) for pairwise least squares

regression with deep ReLU networks by choosing the parameters L ≍ log(n), W = U ≍

n
p

2r+p , which matches the minimax lower rate for pointwise least squares regression [Györfi

et al. 2006; Schmidt-Hieber 2020]. We note that the minimax lower rate O
(
n− 2r

2r+s

)
of the

excess risk for pairwise learning is developed in [Guo et al. 2022] by using the kernel method,

where r ∈ (1/2, 3/2] is the smoothness parameter of fρ, and s ∈ (0, 1) is the effective

dimension measuring the capacity of the corresponding RKHS. [Huang et al. 2023] studied

ranking with deep ReLU networks when the hinge loss is considered, they derived the excess

risk rate O
(
n− r(θ+1)

2p+r(θ+2)
)
, where r > 0 denotes the smoothness of the target function, and

θ > 0 is the parameter of noise condition. As we mentioned before, the results of previous

works [Clémençon et al. 2008; Rejchel 2012] cannot be used for studying the kernel methods

or neural networks with the least squares loss, which demonstrates that our general results

indeed help us to explore the generalization performance on a variety of problems that cannot

be handled by existing approaches.
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2.3 Proofs for Main Results

2.3.1 Proofs for Section 2.1

In this subsection, we present the proof of Theorem 1. The oracle inequality established in The-

orem 1 is obtained by deriving upper bounds of the estimation error S(H) = E(f̂z)− E(fH)

defined in (1.1). In classical statistical learning theory with pointwise loss function ℓ :

R × Y → R [Cucker and Zhou 2007; Bartlett and Mendelson 2006], the estimation er-

ror is often bounded by 2 supf∈H |E[ℓ(f(X), Y )] − 1
n

∑n
i=1 ℓ(f(Xi), Yi)|, where the ana-

lysis of this empirical term heavily depends on the independence of {E[ℓ(f(X), Y )] −

ℓ(f(Xi), Yi)}ni=1. However, for pairwise learning with loss ℓ and predictor f ∈ H, the

terms {l(f(Xi, Xj), Yi, Yj)}ni ̸=j=1 in the double-index summation E(f)− Ez(f) are depend-

ent, which cannot be handled by the standard techniques in the empirical process theory

directly. We consider employing the Hoeffding decomposition [Hoeffding 1963] to overcome

this dependency difficulty.

Given i.i.d. sample S = {Zi}ni=1 and a symmetric kernel q : Z × Z → R, a U-statistic Un

associated with kernel q is defined as Un = 1
n(n−1)

∑n
i ̸=j=1 q(Zi, Zj). A degenerate U-statistic

Wn is a U-statistic such that E[Wn|Zi] = 0 for any i ∈ {1, · · · , n}. Hoeffding decomposition

breaks E[Un]− Un into the summation of an i.i.d. term and a degenerate U-statistic term. i.e.,

E[Un]− Un = 2Tn +Wn,

where

h(Zi) = E[Un]− E[q(Zi, Z)|Zi],

Tn =
1

n

n∑
i=1

h(Zi),

ĥ(Zi, Zj) = E[Un]− h(Zi)− h(Zj)− q(Zi, Zj),

Wn =
1

n(n− 1)

∑
i ̸=j=1

ĥ(Zi, Zj).

Note for any i ∈ {1, · · · , n}, there holds E[Wn|Zi] = 0. Then Wn is a degenerate U-statistic.
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We now apply Hoeffding decomposition to the estimation error E(f̂z)−E(fH). For any f ∈ H,

from (2.4) we know the kernel defined as qf (z, z′) := ℓ(f(x, x′), y, y′) − ℓ(fρ(x, x
′), y, y′)

is symmetric. Further, denote by U f
n , hf , T

f
n , ĥf ,W

f
n the corresponding Hoeffding decom-

position terms associated with qf . That is, U f
n = 1

n(n−1)

∑n
i ̸=j=1 qf (Zi, Zj), hf (Zi) =

E[qf (Zi, Z)|Zi] − E[U f
n ], T

f
n = 1

n

∑n
i=1 hf (Zi), ĥf (Zi, Zj) = E[U f

n ] − hf (Zi) − hf (Zj) −

qf (Zi, Zj), and W f
n = 1

n(n−1)

∑n
i ̸=j=1 ĥf (Zi, Zj). Then the estimation error can be decom-

posed as

E(f̂z)− E(fH) = E(f̂z)− Ez(f̂z) + Ez(f̂z)− Ez(fH) + Ez(fH)− E(fH)

≤ E(f̂z)− Ez(f̂z) + Ez(fH)− E(fH)

= {E(f̂z)− E(fρ) + Ez(fρ)− Ez(f̂z)}+ {Ez(fH)− Ez(fρ) + E(fρ)− E(fH)}

= {E[U f̂z
n ]− U f̂z

n }+ {U fH
n − E[U fH

n ]}

= 2T f̂z
n +W f̂z

n − 2T fH
n −W fH

n

= {2T f̂z
n − 2T fH

n }+ {W f̂z
n −W fH

n }

=: S1(H) + S2(H), (2.9)

where in the first inequality we have used the fact that Ez(f̂z) ≤ Ez(fH). Here, S1(H) consists

of i.i.d. terms which can be bounded by using standard techniques in empirical process theory.

For bounding the degenerate U-statistics term S2(H), we exploit the decoupling methods in

the theory of U-processes [De la Peña and Giné 1999; Clémençon et al. 2008]. We estimates

S1(H) and S2(H) in the following two steps, respectively.

Step 1. Upper bounds for S1(H)

Let G = {gf (z) := E
[
ℓ(f(x,X), y, Y )− ℓ(fρ(x,X), y, Y )|X = x, Y = y

]
: f ∈ H} be the

function class consisting of the conditional expectation of the symmetric kernels qf . From the

definition of gf , we know T f
n = E[gf (Z)]− 1

n

∑n
i=1 gf (Zi) and

S1(H) = 2

(
E
[
gf̂z(Z)

]
− 1

n

n∑
i=1

gf̂z(Zi) +
1

n

n∑
i=1

gfH(Zi)− E
[
gfH(Z)

])
. (2.10)
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We estimate E
[
gf̂z(Z)

]
− 1

n

∑n
i=1 gf̂z(Zi) and 1

n

∑n
i=1 gfH(Zi)− E

[
gfH(Z)

]
separately. We

will use the Bernstein concentration inequality to control the second term directly. The first

term cannot be estimated by the Bernstein concentration inequality due to the appearance of

the empirical risk minimizer f̂z depending on the sample. We will bound it by using the tools

(e.g., local complexities and sharp concentration inequalities) in empirical process theory

[Bousquet 2002; Bartlett et al. 2005].

To guarantee that the local complexity has good properties, we enlarge the function class by

introducing the star-shaped class and the star-hull of a function class as follows.

DEFINITION 4. A function class F is called a star-shaped class around 0 if for any f ∈ F

and α ∈ [0, 1], αf ∈ F .

DEFINITION 5. Given a function class F . Denote by

F∗ = {αf : α ∈ [0, 1], f ∈ F} (2.11)

the star hull of F around 0.

Intuitively speaking, a star-shaped class around 0 contains all the line segments between 0

and any point in F . The star-hull of F is the smallest star-shaped class that contains F .

Since the star hull G∗ contains G, we know the term E
[
gf̂z(Z)

]
− 1

n

∑n
i=1 gf̂z(Zi) in S1(H)

can be bounded by supgf∈G∗

∣∣E[gf ]− 1
n

∑n
i=1 gf (Zi)

∣∣. However, this bound is quite loose.

Indeed, this upper bound controls the deviation from the generalization errors and empirical

errors simultaneously over the whole class G∗, which might be much more larger than that

of the empirical risk minimizer E
[
gf̂z(Z)

]
− 1

n

∑n
i=1 gf̂z(Zi). To derive sharp error bounds,

we introduce G∗
r := {gf ∈ G∗ : E[g2f ] ≤ r} with r > 0, a small subset of G∗ consisting of

predictors satisfying a mild variance condition. The corresponding local complexity is defined

as

ϕ(r) = E

[
sup
gf∈G∗

r

∣∣∣∣∣E[gf ]− 1

n

n∑
i=1

gf (Zi)

∣∣∣∣∣
]
. (2.12)
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We will use the above notion of local complexity and the corresponding fixed point to

introduce a sharp concentration inequality. To this end, we need to show that (2.12) is a

sub-root function [Bartlett et al. 2005].

DEFINITION 6. A function ψ : [0,∞) → [0,∞) is sub-root if it is non-negative, nondecreas-

ing and if r 7→ ψ(r)/
√
r is nonincreasing for r > 0.

Intuitively, sub-root functions increase slowly. From [Bartlett et al. 2005] we know they are

continuous and have a unique positive fixed point r∗. i.e., there exists a unique r∗ ∈ [0,∞)

such that ψ(r∗) = r∗. It is clear that (2.12) is non-negative and nondecreasing on [0,∞).

Since G∗ is star-shaped, we can show ϕ(r)/
√
r is nonincreasing on [0,∞) by following the

arguments in the proof of Lemma 3.4 in [Bartlett et al. 2005]. Then, from the above definition

we know (2.12) is sub-root and has a unique fixed point r∗.

The following lemma from [Bousquet 2002, Theorem 5.4] establishes a sharp concentration

inequality in terms of the fixed point of a sub-root function.

LEMMA 2 ([Bousquet 2002]). LetM > 0 and β ∈ [0, 1], and F be a star-shaped class around

0. Suppose F is uniformly bounded by a constant b > 0 and has a variance-expectation

bound with parameter pair (β,M). Let r∗ be the unique fixed point of the following sub-root

function ψ(r) = E
[
supf∈F :E[f2]≤r

∣∣ 1
n

∑n
i=1 f(Zi)− E[f ]

∣∣] . Then, for any δ ∈ (0, 1) and

κ > 1, with probability 1− δ, we have

∀f ∈ F , E[f ] ≤ κ

κ− 1

1

n

n∑
i=1

f(Zi) + Cκ,M,β

(
(r∗)

1
2−β +

(
b log(1/δ)

n

) 1
2−β

)
.

Lemma 2 with ψ(r) = ϕ(r) implies that E[gf̂z(Z)] −
1
n

∑n
i=1 gf̂z(Zi) ≤ 1

κ
E
[
gf̂z(Z)

]
+

CK,M,β

(
(r∗)

1
2−β +

( b log(1/δ)
n

) 1
2−β
)

with high probability. However, this upper bound that

depends on the fixed point r∗ is too rough to explore the behavior of gf̂z . The following

proposition introduces the estimates of r∗ in terms of the sample size n and the capacity of

the hypothesis space, which helps us get a more explicit convergence rate of E[gf̂z(Z)] −
1
n

∑n
i=1 gf̂z(Zi).
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PROPOSITION 2. Let r∗ be the fixed point of the local complexity (2.12). Suppose we are

under the same conditions as that in Theorem 1.

• If the capacity of H satisfies Assumption 3, then

r∗ ≤ Cη,Lmax{V1, log(s1)}
log(n)

n
.

• If the capacity of H satisfies Assumption 4, then

r∗ ≤ Cη,Lmax

{√
s′1

( 1
n

) 2
2+V ′

1 ,
log(n)

n

}
.

PROOF. Define ρn := 1
n

∑n
i=1 δZi

the empirical measure on Z . For any g1, g2 ∈ G∗
r ,

we have ∥g1 − g2∥2L2
ρn

= 1
n

∑n
i=1 |g1(Zi) − g2(Zi)|2. Let {ϵi}ni=1 be the i.i.d. Rademacher

variables, i.e., Prob{ϵi = 1} = Prob{ϵi = −1} = 1/2. Then, for r ≥ r∗, according to the

standard symmetrization method and the chaining lemma [Wainwright 2019], there holds

ϕ(r) ≤ 2E
[
E
[
sup
g∈G∗

r

∣∣∣ 1
n

n∑
i=1

ϵig(Zi)
∣∣∣∣∣∣∣Z1, · · · , Zn

]]

≤ C√
n
E
[ ∫ √

S

0

√
logN (G∗

r , L
2
ρn , t)dt

]
, (2.13)

where S := supg∈G∗
r

1
n

∑n
i=1 g(Zi)

2.

Before proving the two cases, we need to control N (G∗
r , L

2
ρn , t) and E[S]. We first upper

bound N (G∗
r , L

2
ρn , t) by the covering number of H.

Let M be a t-net of G and define N := ⌈A
t
⌉, where A := supgf∈G ∥gf∥L2

ρn
. We claim

that { i
N
gt : i = 1, ..., N, gt ∈ M} is a 2t-net of G∗. Indeed, for any g∗f ∈ G∗, we know

there exists a gf ∈ G and an α ∈ [i/N, (i + 1)/N ] for some i ∈ {0, ..., N − 1}, such that

g∗f = αgf . Notice that there exists a gt ∈ M such that ∥gt − gf∥L2
ρn

≤ t. Then we conclude

that ∥(i/N)gt − g∗f∥L2
ρn

= ∥(i/N)gt − αgf∥L2
ρn

≤ i/N∥gt − gf∥L2
ρn

+ |i/N − α|∥gf∥L2
ρn

≤

(i/N)t+ t ≤ 2t. Further, according to the Exercise 4.2.10 in [Vershynin 2018] with the fact

G∗
r ⊂ G∗, there holds

N
(
G∗
r , L

2
ρn , t

)
≤ N

(
G∗, L2

ρn , t/2
)
≤ N

(
G, L2

ρn , t/4
)⌈A

t

⌉
. (2.14)
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Now, we estimate the covering number of G with repect to metric L2
ρn . For any gf1 , gf2 ∈ G,

there holds∥∥gf1 − gf2
∥∥2
L2
ρn

=
1

n

n∑
i=1

E
[
ℓ(f1(Xi, X), Yi, Y )− ℓ(f2(Xi, X), Yi, Y )

∣∣Xi, Yi
]2

≤ 1

n

n∑
i=1

E
[(
ℓ(f1(Xi, X), Yi, Y )− ℓ(f2(Xi, X), Yi, Y )

)2∣∣Xi, Yi
]

≤ K2

n

n∑
i=1

E
[(
f1(Xi, X)− f2(Xi, X)

)2∣∣Xi

]
= K2

∥∥f1 − f2
∥∥2
L2
µn×ρx

,

where in the first inequality we have used the Jensen’s inequality for conditional expectation,

and in the second inequality we have used the Lipschitz property of the loss (Assumption 2).

Hence, the above inequality implies

N
(
G, L2

ρn , t
)
≤ N

(
H, L2

µn×ρx , t/K
)
. (2.15)

According to Assumptions 1 and 2, we know

A = sup
gf∈G

∥gf∥L2
ρn

≤ sup
gf∈G

∥gf∥∞ ≤ K sup
f∈H

∥f − fρ∥∞ ≤ 2Kη.

Combining (2.14) and (2.15) together, we finally have

N
(
G∗
r , L

2
ρn , t

)
≤ N

(
H, L2

µn×ρx , t/(4K)
)⌈2Kη

t

⌉
. (2.16)

Now, we are in a position to derive upper and lower bounds for E[S], which will be used

in the estimates of the entropy integral later. Recall that S = supg∈G∗
r

1
n

∑n
i=1 g(Zi)

2. Let



2.3. PROOFS FOR MAIN RESULTS 31

{Z ′
i}ni=1 be an independent copy of {Zi}ni=1, the upper bound can be estimated as follows

E[S] = E
[
sup
gf∈G∗

r

1

n

n∑
i=1

gf (Zi)
2 − E[g2f ] + E[g2f ]

]

≤ 2E
[
sup
gf∈G∗

r

1

n

n∑
i=1

ϵigf (Zi)
2

]
+ sup

gf∈G∗
r

E[g2f ]

≤ 8KηE
[
sup
gf∈G∗

r

1

n

n∑
i=1

ϵigf (Zi)

]
+ r

= 8KηE
[
sup
gf∈G∗

r

1

n

n∑
i=1

ϵigf (Zi)− ϵiE[gf ] + ϵiE[gf ]
]
+ r

≤ 8KηE
[
sup
gf∈G∗

r

1

n

n∑
i=1

ϵi
(
gf (Zi)− gf (Z

′
i)
)]

+ 8Kη sup
gf∈G∗

r

E[gf ] E
[
1

n

n∑
i=1

ϵi

]
+ r

= 8KηE
[
sup
gf∈G∗

r

1

n

n∑
i=1

gf (Zi)− gf (Z
′
i)

]
+ r ≤ 16Kηϕ(r) + r,

where in the first and third inequalities we have used symmetrization method, and in the

second inequality we have used the well-known Ledoux-Talagrand contraction principle

[Ledoux and Talagrand 1991] with x 7→ x2 and the definition of G∗
r , and in the last equality

we have used the fact that {ϵi
(
g(Zi) − g(Z ′

i)
)
}ni=1 and {g(Zi) − g(Z ′

i)}ni=1 are identically

distributed.

For the lower bound, we can show that there exists a g0 ∈ G∗
r such that E[g20] = r if

r < supgf∈G E[g
2
f ]. Indeed, if r < supgf∈G E[g

2
f ], by definition we know there exists a g ∈ G

such that E[g2] > r. Setting α =
√

r
E[g2] ∈ (0, 1) and g0 := αg, we know E[g20] = r and

g0 ∈ G∗
r since G∗

r is star shaped. Therefore, we have the following lower bound

E[S] ≥ E

[
1

n

n∑
i=1

g0(Zi)
2

]
= E[g20] = r.

Now, we consider the following two cases.

First case: suppose Assumption 3 holds.
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According to (2.16), there holds

logN
(
G∗
r , L

2
ρn , t

)
≤ log

{
s1

(4K
t

)V1
⌈
2Kη

t

⌉}
≤ Cη,K max{V1, log(s1)} log

(2Kη
t

)
.

Then, (2.13) can be bounded as follows

ϕ(r) ≤ Cη,K

√
max{V1, log(s1)}

n
E
[ ∫ √

S

0

√
log

(
2Kη

t

)
dt

]

≤ Cη,K

√
max{V1, log(s1)}

n
E
[√

2S log
(Cη,K

S

)]

≤ Cη,K

√
max{V1, log(s1)}

n

√
E[S] log

(
Cη,K

E[S]

)

≤ Cη,K

√
max{V1, log(s1)}

n

√(
Cη,Kϕ(r) + r

)
log
(Cη,K

r

)
. (2.17)

where in the second inequality we have used Lemma 3.8 in [Mendelson 2003], and in the

third inequality we have used Jensen’s inequality since the function x 7→
√
x log(Cη,K/x) is

concave, and in the last inequality we have used the upper and lower bounds of E[S] obtained

as above.

Recall that r∗ is a fixed point of ϕ(r), i.e., ϕ(r∗) = r∗. Taking the limit r → r∗ and by the

continuity of ϕ(r) [Bartlett et al. 2005], there holds

r∗ ≤ Cη,K

√
max{V1, log(s1)}

n
r∗ log

(
Cη,K

r∗

)
=⇒ r∗ ≤ Cη,K

max{V1, log(s1)}
n

log(
Cη,K

r∗
)

=⇒ r∗ ≤ Cη,K max{V1, log(s1)}
log(n)

n
.

The proof of the first case is complete.

Second case: suppose Assumption 4 holds.

According to (2.16), there holds

logN
(
G∗
r , L

2
ρn , t

)
≤ s′1

(1
t

)V ′
1

+ log

(⌈
2ηK

t

⌉)
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Then, (2.13) can be bounded as follows

ϕ(r) ≤ C√
n
E

[∫ √
S

0

√
s′1

(1
t

)V ′
1

+

√
log

(⌈
2ηK

r

⌉)
dt

]

≤ Cη,K√
n

(
E
[ ∫ √

S

0

√
s′1

(1
t

)V ′
1
2
dt
]
+

√(
Cη,Kϕ(r) + r

)
log
(Cη,K

r

))

≤ Cη,K√
n

(
2
√
s′1

2− V ′
1

E
[
S

2−V ′
1

4

]
+

√(
Cη,Kϕ(r) + r

)
log
(Cη,K

r

))

≤ Cη,K√
n

(
2
√
s′1

2− V ′
1

(
Cη,Kϕ(r) + r

) 2−V ′
1

4

+

√(
Cη,Kϕ(r) + r

)
log
(Cη,K

r

))
,

where in the first inequality we have used the inequality
√
a+ b ≤

√
a +

√
b for a, b ≥ 0,

and the second inequality follows from (2.17) directly, and in the last inequality we have used

Jensen’s inequality with the concave function x 7→ (x)
2−V ′

1
4 .

Taking the limit r → r∗, there holds

r∗ ≤
√
Cη,K

n

(√
s′1(r

∗)
2−V ′

1
4

2− V ′
1

+

√
r∗ log

(Cη,K

r∗

))

=⇒ r∗ ≤
√
Cη,K

n
max

{√
s′1(r

∗)
2−V ′

1
4

2− V ′
1

,

√
r∗ log

(Cη,K

r∗

)}
=⇒ r∗ ≤ Cη,K max

{√
s′1(2− V ′

1)
− 4

2+V ′
1

( 1
n

) 2
2+V ′

1 ,
log(n)

n

}
=⇒ r∗ ≤ Cη,K max

{√
s′1

( 1
n

) 2
2+V ′

1 ,
log(n)

n

}
,

where in the last inequality we have used the fact (2− V ′
1)

− 4
2+V ′

1 ≤ 1 since V ′
1 ∈ (0, 1). The

proof of the proposition is complete. □

Combining Lemma 2 and Proposition 2 together, and applying Bernstein concentration

inequality to E[gfH(Z)]− 1
n

∑n
i=1 gfH(Zi), we obtain the following lemma which derives an

upper bound for S1(H).

LEMMA 3. Assume the same conditions as that in Theorem 1.



34 CHAPTER 2. GENERALIZATION OF NON-PARAMETRIC ESTIMATION FOR PAIRWISE LEARNING

• If the capacity of H satisfies Assumption 3, then for any δ ∈ (0, 1/2), with probability

at least 1− δ/2, there holds

S1(H) ≤ Cη,L,M,β

(max{log(s1), V1} log(n)
n

) 1
2−β

log(4/δ) +
1

2
E
[
gf̂z(Z)

]
+
β

2
D(H).

• If the capacity of H satisfies Assumption 4, then for any δ ∈ (0, 1/2), with probability

at least 1− δ/2, there holds

S1(H) ≤ Cη,L,M,β max

{√
s′1

( 1
n

) 2
(2+V ′

1)(2−β)
,
( log(n)

n

) 1
2−β

log(4/δ)

}
+

1

2
E
[
gf̂z(Z)

]
+
β

2
D(H).

PROOF. Recall that in (2.10), we have

S1(H) = 2

(
E
[
gf̂z
]
− 1

n

n∑
i=1

gf̂z(Zi) +
1

n

n∑
i=1

gfH(Zi)− E
[
gfH
])
.

We first estimate 1
n

∑n
i=1 gfH(Zi)− E[gfH ]. Notice ∥gfH − E[gfH ]∥L∞(Z) ≤ 2∥gfH∥L∞(Z) ≤

2K∥fH − fρ∥L∞(X ) ≤ 4Kη. Since gH is data-independent, we know gH(Z1), . . . , gH(Zn)

are i.i.d. variables. Then, by applying the one-sided Bernstein concentration inequality, for

any ϵ > 0, there holds

Prob

{
1

n

n∑
i=1

gfH(Zi)− E[gfH ] > ϵ

}
≤ exp

{
− nϵ2

2
(
E[g2fH ] +

4
3
Kηϵ

)} .
For any δ ∈ (0, 1/2), suppose ϵ = ϵ∗ is the solution of the equation − nϵ2

2(E[g2H]+ 4
3
Kηϵ)

=

log

(
δ

4

)
. Solving ϵ∗ and plug it into the above probability inequality. Then, we know with



2.3. PROOFS FOR MAIN RESULTS 35

probability at least 1− δ/4, there holds

1

n

n∑
i=1

gfH(Zi)− E[gH] ≤
4
3
Kη log(4/δ) +

√(
4
3
Kη log(4/δ)

)2
+ 2nE[g2H] log(4/δ)

n

≤ 8Kη log(4/δ)

3n
+

√
2E[g2H] log(4/δ)

n

≤ 8Kη log(4/δ)

3n
+

√
2M log(4/δ)

n
D(H)β.

≤ 8Kη log(4/δ)

3n
+

2− β

2

(2M log(4/δ)

n

) 1
2−β

+
β

2
D(H)

≤ Cη,K,M,β

( 1
n

) 1
2−β

log(4/δ) +
β

2
D(H), (2.18)

where D(H) = E[gfH ] = inff∈H E(f) − E(fρ) is the approximation error, in the second

inequality we have used the inequality
√
a+ b ≤

√
a+

√
b for a, b ≥ 0, in the third inequality

we have used Jensen’s inequality for conditional expectation and the variance-expectation

bound for shifted hypothesis space. Indeed, there holds E[g2H] ≤ M (E[gH])β = MD(H)β.

In the last second inequality we have used Young’s inequality ab ≤ 1

p
ap +

1

q
bq with a =√

2M log(4/δ)
n

, b =
√

D(H)β, p = 2
2−β

, and q = 2
β

, in the last inequality we have used the fact(
log(4/δ)

)1/(2−β) ≤ log(4/δ) since 1
2−β

≤ 1 and log(4/δ) > 1.

Now we estimate E
[
gf̂z
]
− 1

n

∑n
i=1 gf̂z(Zi). Notice gf̂z ∈ G ⊂ G∗ and ∥gf − E[gf ]∥L∞(Z) ≤

4Kη for any gf ∈ G∗. Applying Lemma 2 with F = G∗, b = 4Kη and κ = 4, we know with

probability at least 1− δ/4, there holds

E
[
gf̂z(Z)

]
− 1

n

n∑
i=1

gf̂z(Zi) ≤
1

4
E
[
gf̂z(Z)

]
+ Cη,K,M,β

((
r∗
) 1

2−β +
( log(4/δ)

n

) 1
2−β
)

Combining above inequality with (2.18) together, we know with probability at least 1− δ/2,

there holds

S1(H) ≤ Cη,K,M,β

((
r∗
) 1

2−β +
( 1
n

) 1
2−β

log(4/δ)

)
+

1

2
E
[
gf̂z(Z)

]
+
β

2
D(H).

First case: Suppose Assumption 3 holds.
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According to Proposition 2, with probability at least 1− δ/2, there holds

S1(H) ≤ Cη,K,M,β

(max{V1, log(s1)} log(n)
n

) 1
2−β

log(4/δ) +
1

2
E
[
gf̂z(Z)

]
+
β

2
D(H).

(2.19)

Second case: Suppose Assumption 4 holds.

According to Proposition 2, with probability at least 1− δ/2, there holds

S1(H) ≤ Cη,K,M,β max

{√
s′1

( 1
n

) 2
(2+V ′

1)(2−β)
,
( log(n)

n

) 1
2−β

log(4/δ)

}
+

1

2
E
[
gf̂z(Z)

]
+
β

2
D(H).

The proof of the lemma is complete. □

Step 2. Upper bounds for S2(H)

We begin by introducing some notations that will be used frequently later. Let Q := {h(z, z′) :

h(z, z′) = h(z′, z) for almost z, z′ ∈ Z} be some class of symmetric functions from Z × Z

to R. Denote a empirical probability measure on Z × Z by ξ := 1
n(n−1)

∑n
i ̸=j=1 δ(Zi,Zj). For

any h ∈ Q, we define the L2
ξ norm of h by

∥h∥L2
ξ
=

(
1

n(n− 1)

n∑
i ̸=j=1

|h(Zi, Zj)|
) 1

2

.

Further, we define W := {ĥf : f ∈ H} as the class consisting of the kernel of the degenerate

U-statistics defined before.

We introduce a probability bound of the degenerate U-statistic, which controls the degen-

erate U-statistic in terms of the expectations of the corresponding Rademacher chaos and

Rademacher complexities.

LEMMA 4 ([Clémençon et al. 2008]). Define the supremum of a degenerate U-statistic over

the hypothesis space H as

Z = sup
f∈H

∣∣∣∣∣
n∑

i ̸=j=1

ĥf (Zi, Zj)

∣∣∣∣∣ ,
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where ĥf (Zi, Zj) = E[U f
n ] − hf (Zi) − hf (Zj) − qf (Zi, Zj). Then there exists an absolute

constant C > 0 such that for all n and t > 0,

Prob
{
Z > CE[Zϵ]+t

}
≤ exp

(
− 1

C
min

((
t

E[Uϵ]

)2

,
t

E[M ]+Fn
,

(
t

F
√
n

)2/3

,

√
t

F

))
,

where ϵ1, ..., ϵn are i.i.d. Rademacher variables andM = supf∈H,k=1,...,n

∣∣∑n
i=1 ϵiĥf (Zi, Zk)

∣∣,
F = supf∈H ∥ĥf∥L∞(Z×Z), Zϵ=supf∈H

∣∣∑n
i ̸=j=1 ϵiϵjĥf (Zi, Zj)

∣∣ andUϵ = supf∈H supα:∥α∥2≤1∑n
i ̸=j=1 ϵiαjĥf (Zi, Zj).

Notice that

S2(H) = −W f̂z
n +W fH

n ≤ 2

n(n− 1)
Z.

For any δ ∈ (0, 1/2), we set the equation

exp

(
− 1

C
min

((
t

E[Uϵ]

)2

,
t

E[M ] + Fn
,

(
t

F
√
n

)2/3

,

√
t

F

))
= δ/2,

and solve it for variable t, then by Lemma 4 we know with probability at least 1− δ/2, there

holds

S2(H) ≤ C log2(2/δ)

n2

(
E[Zϵ] + E[Uϵ] + E[M ] + Fn

)
.

Therefore, to derive upper bounds for S2(H), we suffice to estimate the Rademchaer chaos

E[Zϵ] and the Rademacher complexities E[Uϵ] and E[M ].

We first estimate E[Zϵ]. Since the Rademacher chaos Zϵ = supf∈H
∣∣∑n

i ̸=j=1 ϵiϵjĥf (Zi, Zj)
∣∣

conditioned on sample S is not sub-Gaussian with respect to the metric on H induced by

any empirical norm of ĥf , then we cannot apply the classical chaining methods directly

[Vershynin 2018; Wainwright 2019]. Instead, we introduce two lemmas that estimate E[Zϵ]

directly. The first lemma from [Ying and Campbell 2010] established a maximal inequality

of Zϵ. The second lemma is very similar to Theorem 2 in [Ying and Campbell 2010], which

controls E[Zϵ] in terms of an entropy integral.
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LEMMA 5 ([Ying and Campbell 2010]). Let {h1, ..., hN} ⊂ Q be a finite class of functions

contained in Q, and {ϵ1, . . . , ϵN} be i.i.d. Rademacher variables, then there holds

E
[

max
k∈{1,...,N}

∣∣∣ 1

n(n− 1)

n∑
i ̸=j=1

ϵiϵjhk(Zi, Zj)
∣∣∣∣∣∣∣Z1, . . . , Zn

]
≤ 2

√
2en log(N+1) max

k∈{1,...,N}
∥hk∥L2

ξ
.

With the above maximal inequality, we can bound the Rademacher chaos in terms of an

entropy integral by using the same arguments in classical chaining methods [Vershynin 2018;

Wainwright 2019].

LEMMA 6. Let {ϵ1, . . . , ϵN} be i.i.d. Rademacher variables, then there holds

E
[
sup
h∈Q

1

n(n− 1)

n∑
i ̸=j=1

ϵiϵjh(Zi, Zj)

∣∣∣∣Z1, . . . , Zn

]
≤

n
(
72
√
2e

∫ D/2

0

log
(
N
(
Q, L2

ξ , t
))
dt+D

)
,

where D = suph∈Q ∥h∥L2
ξ

(Note that D = D(Z1, . . . , Zn) depends on the sample).

PROOF. For each k ∈ N, let Nk be a D
2k

-net of Q with respect to the metric L2
ξ .

From the definition of the net, we can define a map ωk from Q to Nk such that
∥∥h −

ωk(h)
∥∥
L2
ξ

≤ D
2k

for all h ∈ Q. Then suph∈Q ∥h − ωk(h)∥L2
ξ
≤ D

2k
→ 0 as k → ∞. Fur-

ther, notice that suph∈Q
∣∣∑n

i ̸=j=1 ϵiϵj
(
h − ωk(h)

)
(Zi, Zj)

∣∣ is uniformly bounded for any

k. Then, by Dominated Convergence Theorem, we know E
[
suph∈Q

∣∣∑
i ̸=j=1 ϵiϵj

(
h −

ωk(h)
)
(Zi, Zj)

∣∣Z1, . . . , Zn

]
→ 0 as k → ∞.
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Take an arbitrary h0 ∈ Q, we can set N0 = {h0} since ω0(h) = h0 for any h ∈ Q. Then,

conditioned on the sample {Z1, . . . , Zn}, there holds

E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵjh(Zi, Zj)
∣∣∣]

≤ E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵj
(
h− h0

)
(Zi, Zj)

∣∣∣]+ E
[∣∣∣ n∑

i ̸=j=1

ϵiϵjh0(Zi, Zj)
∣∣∣]

≤ E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵj
(
h− h0

)
(Zi, Zj)

∣∣∣]+ (E[∣∣∣ ∑
i ̸=j=1

ϵiϵjh0(Zi, Zj)
∣∣∣2])1/2

= E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵj
(
h− h0

)
(Zi, Zj)

∣∣∣]+√n(n− 1)
∥∥h0∥∥L2

ξ

≤ E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵj
(
h−ωk(h)

)
(Zi, Zj)

∣∣∣]+ k∑
m=1

E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵj
(
ωm(h)−ωm−1(h)

)
(Zi, Zj)

∣∣∣]
+ nD

→
∞∑
k=1

E

[
sup
h∈Q,

(ωk(h),ωk−1(h))∈
Nk×Nk−1

∣∣∣ n∑
i ̸=j=1

ϵiϵj
(
ωk(h)− ωk−1(h)

)
(Zi, Zj)

∣∣∣]+ nD (2.20)

as k → ∞, where in the second inequality we have used Jensen’s inequality, and in the first

equality we just expand the term
∣∣∑n

i ̸=j=1 ϵiϵjh0
∣∣2 and compute its expectation, and in the

last step we have used Dominated Convergence Theorem.

Denote by |A| the cardinality of a setA, we know
∣∣Nk×Nk−1

∣∣ = ∣∣Nk

∣∣∣∣Nk−1

∣∣ ≤ N
(
Q, L2

ξ ,
D
2k

)2.

Notice that for any h ∈ Q and k ∈ N+,
∥∥ωk(h) − ωk−1(h)

∥∥
L2
ξ

≤
∥∥ωk(h) − h

∥∥
L2
ξ

+
∥∥h −
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ωk−1(h)
∥∥
L2
ξ

≤ 3
2k−1D. Then by Lemma 5, (2.20) can be bounded as follows

E
[
sup
h∈Q

∣∣∣ n∑
i ̸=j=1

ϵiϵjh
∣∣∣∣∣∣∣Z1, . . . , Zn

]
≤ n

(
2
√
2e

∞∑
k=1

log
(
N
(
Q, L2

ξ , D/2
k
)2

+ 1
) 3D

2k−1
+D

)

≤ n

(
24
√
2e

∞∑
k=1

∫ D

2k

D

2k+1

log
(
N
(
Q, L2

ξ , t
)2

+ 1
)
dt+D

)

= n

(
24
√
2e

∫ D
2

0

log
(
N
(
Q, L2

ξ , t
)2

+ 1
)
dt+D

)
≤ n

(
72
√
2e

∫ D
2

0

log
(
N
(
Q, L2

ξ , t
))
dt+D

)
,

where in the last inequality we have used the inequality N
(
Q, L2

ξ , t)
2 + 1 ≤ N

(
Q, L2

ξ , t)
3

since N
(
Q, L2

ξ , t) ≥ 2 for t ≤ D
2

. This completes the proof. □

Applying Lemma 6 with Q = W = {ĥf : f ∈ H}, we know

E
[
Zϵ

∣∣Z1, . . . , Zn

]
≤ n

(
72
√
2e

∫ F

0

log
(
N
(
W , L2

ξ , t
))
dt+ F

)
, (2.21)

where F := supf∈H
∥∥ĥf∥∥L∞(Z×Z)

≥ D.

Now we estimate E[Uϵ]. Denote by Hf ∈ Rn×n a square matrix with zero diagonal such that

its entries (Hf )i,j = ĥf (Zi, Zj) for i ̸= j, and let ϵ = (ϵ1, . . . , ϵn) ∈ Rn be i.i.d. Rademacher

variables. Then, we know

E[U2
ϵ ] = E

[(
sup
f∈H

sup
∥α∥2≤1

α⊤Hfϵ
)2]

= E
[(

sup
f∈H

∥Hfϵ∥2
)2]

≤ E
[
sup
f∈H

∥Hfϵ∥22
]
= E

[
sup
f∈H

ϵ⊤H2
f ϵ
]
. (2.22)

From above, we know the estimates of E[Uϵ] reduce to the estimates of the Rademacher chaos.

Indeed, we first suppose that Q = {Jf : f ∈ H} is any class such that

Jf (Zi, Zj) =
(
H2

f

)
i,j

=
n∑

k ̸=i,k ̸=j=1

ĥf (Zi, Zk)ĥf (Zj, Zj) (2.23)
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for all f ∈ H. Then, there holds

E
[
sup
f∈H

ϵ⊤H2
f ϵ
]
= E

[
sup
f∈H

n∑
i,j=1

ϵiϵjJf (Zi, Zj)
]

= E
[
sup
f∈H

n∑
i ̸=j=1

ϵiϵjJf (Zi, Zj)
]
+ E

[
sup
f∈H

∑
i ̸=j=1

ĥ2f (Zi, Zj)
]
. (2.24)

The first term of the above equality is a Rademacher chaos, which will be estimated using

Lemma 6. The second term equals E
[
supf∈H ∥ĥf∥L2

ξ

]
, which will be controlled by the

uniform boundedness of ĥf directly. Combining (2.22) and (2.24) together, and bounding the

covering number of Q by that of W , we can control E[Uϵ] as follows

LEMMA 7. Let D = supf∈H
∥∥ĥf∥∥L2

ξ

, there holds

E
[
Uϵ

∣∣Z1, . . . , Zn

]
≤ CnD

√∫ 1/2

0

log
(
N
(
W , L2

ξ , t
))
dt+ 1.

PROOF. According to (2.22) and (2.24), there holds

E[U2
ϵ |Z1, . . . , Zn]=E

[
sup
f∈H

n∑
i ̸=j=1

ϵiϵjJf (Zi, Zj)
∣∣∣Z1, . . . , Zn

]
+E
[
sup
f∈H

n∑
i ̸=j=1

ĥ2f (Zi, Zj)
∣∣∣Z1, . . . , Zn

]
≤n
(
72
√
2e

∫ D/2

0

log
(
N
(
Q, L2

ξ , t
))
dt+D

)
+ n2D

≤Cn2D
(∫ D/2

0

log
(
N
(
Q, L2

ξ , t
))
dt+ 1

)
,

where in the first inequality we have used Lemma 6 and the fact D = supf∈H ∥ĥf∥L2
ξ
.

Now, we are in a position to estiamte the covering number N
(
Q, L2

ξ , t
)
. Denote by ∥H∥F =√∑2

i,j=1(Hi,j)2 the Frobenius norm of a matrix H . For any f ∈ H, the L2
ξ norm of Jf

(defined in (2.23)) can be bounded as follows

∥∥Jf∥∥L2
ξ

=

(
1

n(n− 1)

n∑
i ̸=j=1

J2
f (Zi, Zj)

) 1
2

≤
(

1

n(n− 1)

n∑
i,j=1

J2
f (Zi, Zj)

) 1
2

=
1√

n(n− 1)

∥∥H2
f

∥∥
F
≤ 1√

n(n− 1)

∥∥Hf

∥∥2
F
=
∥∥ĥf∥∥2L2

ξ

≤ D
∥∥ĥf∥∥L2

ξ

.
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Therefore, we know N
(
Q, L2

ξ , t
)
≤ N

(
W , L2

ξ , t/D
)

for any t ∈ (0, D/2). Then, there holds

E[U2
ϵ |Z1, . . . , Zn] ≤ Cn2D

(∫ D/2

0

log
(
N
(
W , L2

ξ , t/D
))
dt+ 1

)
= Cn2D2

(∫ 1/2

0

log
(
N
(
W , L2

ξ , t
))
dt+ 1

)
.

By Jensen’s inequality for conditional expectation, we know

E[Uϵ|Z1, . . . , Zn] ≤
(
E[U2

ϵ |Z1, . . . , Zn]
)1/2

.

Then, we finally conclude that

E
[
Uϵ|Z1, . . . , Zn

]
≤ CnD

√∫ 1/2

0

log
(
N
(
W , L2

ξ , t
))
dt+ 1.

The proof of this lemma is complete. □

For the last term E[M ], we can control it just by the uniform boundedness of the class W .

Indeed, recall that F = supf∈H
∥∥ĥf∥∥L∞(Z×Z)

, then we immediately get the upper bounds of

E[M ] as follows

E[M ] ≤ sup
f∈H,k=1,...,n

n∑
i=1

∣∣ĥf (Zi, Zk)
∣∣ ≤ nF. (2.25)

From (2.21) and Lemma 7, we know the only thing left now is the estimates of the covering

number N
(
W , L2

ξ , t
)
. Combining all the above results, and carefully controlling N

(
W , L2

ξ , t
)

in terms of the capacity of the hypothesis space H, we can establish an upper bound for S2(H)

as the following proposition.

LEMMA 8. Suppose Assumptions 1, 2, and (2.4) hold, and the hypothesis space H is uniformly

bounded by η > 0.

• If the capacity of H satisfies Assumption 3, then for any δ ∈ (0, 1/2), with probability

at least 1− δ/2, there holds

S2(H) ≤ Cη,Lmax{V1, V2, log(s1), log(s2)}
log2(δ/2)

n
.
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• If the capacity of H satisfies Assumption 4, then for any δ ∈ (0, 1/2), with probability

at least 1− δ/2, there holds

S2(H) ≤ Cη,Lmax{s′1, s′2}
log2(δ/2)

n

1

1−max{V ′
1 , V

′
2}
.

The following lemma studies the covering numbers of the sum of the function classes, which

will be used in the proof of Lemma 8.

LEMMA 9. Let
(
Ω,Γ, p

)
be a measure space. Suppose W1, . . . ,Wm ⊂ L2

(
Ω,Γ, p

)
and define⊕m

i=1 Wi :=
{∑m

i=1wi : wi ∈ Wi

}
as the direct sum of the classes Wi for i = 1 . . . ,m.

Then, for any t > 0, the covering numbers of above function classes satisfying

N
( m⊕

i=1

Wi, L
2
p, t
)
≤

m∏
i=1

N
(
Wi, L

2
p, t/m

)
.

PROOF. Let Ni ⊂ Wi be a t
m

-net of Wi for i = 1, · · · ,m. Then, we claim that N =⊕m
i=1Ni := {

∑m
i=1w

∗
i : w∗

i ∈ Ni} is a t-net of
⊕m

i=1 Wi. Indeed, for any
∑m

i=1wi ∈⊕m
i=1 Wi, we know there exists a w∗

i ∈ Wi such that ∥wi − w∗
i ∥L2

p
≤ t/m for i = 1, . . . ,m.

Then, we have ∥
∑m

i=1wi −
∑m

i=1w
∗
i ∥L2

p
≤
∑m

i=1 ∥wi − w∗
i ∥L2

p
≤ t, which means N is t-net

of
⊕m

i=1Wi. Further, notice that |N | ≤
∏m

i=1 |Ni| and Ni is an arbitrary t
m

-net of Wi. Then,

the proof of this lemma is complete. □

We are in a position to prove Lemma 8.

PROOF OF LEMMA 8. Recall that by Lemma 4, we know with probability at least 1−δ/2,

there holds

S2(H) ≤ C log2(2/δ)

n2

(
E[Zϵ] + E[Uϵ] + E[M ] + Fn

)
.

Notice that the constant F = supf∈H
∥∥ĥf∥∥L∞(Z×Z)

≤ 4 supf∈H
∥∥qf∥∥L∞(Z×Z)

≤ 4K supf∈H
∥∥f−

fρ
∥∥
L∞(X×X )

≤ 8ηK. According to (2.21), Lemma 7, and (2.25), with probability at least

1− δ/2, there holds

S2(H) ≤ Cη,K
1

n
E
[(∫ 8ηK

0

log
(
N
(
W , L2

ξ , t
))
dt+

√∫ 1/2

0

log
(
N
(
W , L2

ξ , t
))
dt+ 1

)]
.
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Now, we are in a position to estimate the covering number N
(
W , L2

ξ , t
)
. We first define three

classes of functions from Z × Z to R as follows

W1 =
{
w1

f (z, z
′) = E[qf (Z,Z ′)] : f ∈ H

}
W2 =

{
w2

f (z, z
′) = −hf (z)− hf (z

′) : f ∈ H
}

W3 =
{
w3

f (z, z
′) = qf (z, z

′) : f ∈ H
}
.

It can be seen that for any f ∈ H, ĥf = w1
f + w2

f + w3
f . Then, it follows that W ⊂

W1 +W2 +W3. According to Lemma 9, for any t > 0 and Exercise 4.2.10 in [Vershynin

2018], there holds

N
(
W , L2

ξ , t
)
≤ N

(
W1, L

2
ξ , t/6

)
N
(
W2, L

2
ξ , t/6

)
N
(
W3, L

2
ξ , t/6

)
.

We will estimate N
(
Wi, L

2
ξ , t
)

for i = 1, 2, 3 separately. For any f1, f2 ∈ H, there hold∥∥w1
f1
− w1

f2

∥∥
L2
ξ

=
∣∣E[ℓ(f1(X,X ′), Y, Y ′)− ℓ(f2(X,X

′), Y, Y ′)
]∣∣ ≤ K

∥∥f1 − f2
∥∥
L∞(X×X )

,∥∥w2
f1
− w2

f2

∥∥
L2
ξ

≤
∥∥hf1(z)− hf2(z)

∥∥
L2
ξ

+
∥∥hf1(z′)− hf2(z

′)
∥∥
L2
ξ

= 2
( 1
n

n∑
i=1

∣∣hf1(Zi)− hf2(Zi)
∣∣2)1/2

≤ 2K
( 1
n

n∑
i=1

E
[∣∣f1(X,Xi)− f2(X,Xi)

∣∣2∣∣∣Xi

])1/2
= 2K

∥∥f1 − f2
∥∥
L2
ρx×µn

,

∥∥w3
f1
− w3

f2

∥∥
L2
ξ

=
( 1

n(n− 1)

n∑
i ̸=j=1

∣∣qf1(Zi, Zj)− qf2(Zi, Zj)
∣∣2)1/2

≤ K
( 1

n(n− 1)

n∑
i ̸=j=1

∣∣f1(Xi, Xj)− f2(Xi, Xj)
∣∣2)1/2 = K

∥∥f1 − f2
∥∥
L2
νn

.

Therefore, for any t > 0, we have

N
(
W , L2

ξ , t
)
≤ N

(
H, L∞(X × X ), t/6K

)
N
(
H, L2

ρx×µn
, t/12K

)
N
(
H, L2

νn , t/6K
)

≤ N
(
[−8ηK, 8ηK], | · |, t/6K

)
N
(
H, L2

ρx×µn
, t/12K

)
N
(
H, L2

νn , t/6K
)

≤ Cη,K
1

t
N
(
H, L2

ρx×µn
, t/12K

)
N
(
H, L2

νn , t/6K
)
. (2.26)

First case: Suppose Assumption 3 holds.
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From (2.26), we know

log
(
N
(
W , L2

ξ , t
))

≤ log(Cη,K) + log
(1
t

)
+ log(s1) + V1 log

(12K
t

)
+ log(s2) + V2 log

(6K
t

)
≤ Cη,K max{V1, V2, log(s1), log(s2)} log

(12K
t

)
.

Then, with probability at least 1− δ/2, S2(H) can be bounded as

S2(H) ≤ Cη,K
log2(δ/2)

n

(
max{V1, V2, log(s1), log(s2)}

∫ 8ηK

0

log
(12K

t

)
dt

+

√
max{V1, V2, log(s1), log(s2)}

∫ 1/2

0

log
(12K

t

)
dt+ 1

)
≤ Cη,K

log2(δ/2)max{V1, V2, log(s1), log(s2)}
n

.

Second case: Suppose Assumption 4 holds.

From (2.26), we know

log
(
N
(
W , L2

ξ , t
))

≤ log(Cη,K) + log
(1
t

)
+ s′1

(12K
t

)V ′
1

+ s′2

(6K
t

)V ′
2

≤ Cη,K max{s′1, s′2}
(12K

t

)max{V ′
1 ,V

′
2}
.

Then, with probability at least 1− δ/2, S2(H) can be bounded as

S2(H) ≤ Cη,K
log2(δ/2)

n

(∫ 8ηK

0

max{s′1, s′2}
(12K

t

)max{V ′
1 ,V

′
2}
dt

+

√∫ 1/2

0

max{s′1, s′2}
(12K

t

)max{V ′
1 ,V

′
2}
dt+ 1

)
= Cη,K max{s′1, s′2}

log2( δ
2
)

n

(
(12K)max{V ′

1 ,V
′
2}(8ηK)1−max{V ′

1 ,V
′
2}

1−max{V ′
1 , V

′
2}

+

√
(12K)max{V ′

1 ,V
′
2}(1

2
)1−max{V ′

1 ,V
′
2}

1−max{V ′
1 , V

′
2}

+ 1

)
≤ Cη,K max{s′1, s′2}

log2( δ
2
)

n

1

1−max{V ′
1 , V

′
2}
.
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This completes the proof of Lemma 8. □

Now, we are in the position to present the proof of our main result.

PROOF OF THEOREM 1. Notice that E
[
gf̂z
]
= E

[
ℓ(f̂z(X,X

′), Y, Y ′)− ℓ(f̂ρ(X,X
′), Y,

Y ′)
]
= E(f̂z)− E(fρ) is the excess generalization error. Combining Lemma 3 and Lemma 8

together, there holds

(a) If the capacity of H satisfies Assumption 3, then with probability at least 1− δ, there holds

E(f̂z)− E(fρ) ≤ Cη,L,M,β

(max{log(s1), V1} log(n)
n

) 1
2−β

log(4/δ)

+ Cη,L
log2(δ/2)max{V1, V2, log(s1), log(s2)}

n
+

1

2

(
E(f̂z)− E(fρ)

)
+
(β
2
+ 1
)
D(H).

(b) If the capacity of H satisfies Assumption 4, then with probability at least 1− δ, there holds

E(f̂z)− E(fρ) ≤ Cη,L,M,β max

{(√
s′1

1

n

) 2
(2+V ′

1)(2−β)
,
( log(n)

n

) 1
2−β

log(4/δ)

}
+ Cη,Lmax{s′1, s′2}

log2(δ/2)

n
(
1−max{V ′

1 , V
′
2}
) + 1

2

(
E(f̂z)− E(fρ)

)
+
(β
2
+ 1
)
D(H).

By rearranging the terms of the above inequalities, we can obtain the desired results. □

2.3.2 Proofs for Section 2.2

We first present the proof of Proposition 1 as follows.

PROOF OF PROPOSITION 1. By tower property of the conditional expectation, the gener-

alization error with a predictor f can be written as

E(f) = E
[
E
[
ℓ
(
f(X,X ′), Y, Y ′)∣∣X,X ′]],
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which implies that the true predictor fρ(x, x′) is obtained by minimizing the inner conditional

expectation for almost x, x′ ∈ X . Then, there holds

fρ(x, x
′) = argmin

t∈R
E
[
ℓ(t, Y, Y ′)

∣∣X = x,X ′ = x′
]

= argmin
t∈R

∫
Y×Y

ℓ(t, y, y′) dρ(y|x) dρ(y′|x′).

According to Assumption 5, we further know that

fρ(x, x
′) = argmin

t∈R

∫
Y×Y

ℓ(−t, y′, y) dρ(y′|x′) dρ(y|x)

= − argmin
t∈R

∫
Y×Y

ℓ(t, y′, y) dρ(y′|x′) dρ(y|x)

= − argmin
t∈R

E
[
ℓ(t, Y ′, Y )

∣∣X ′ = x′, X = x
]

= −fρ(x′, x).

The second part of the proposition can be directly derived from fρ(x, x
′) = −fρ(x′, x). The

proof is completed. □

The proof of Theorem 2 can be directly derived from Theorem 1 by verifying the correspond-

ing assumptions.

PROOF OF THEOREM 2. From [Bartlett et al. 2019] we know the space H of deep ReLU

networks is a VC-class. Then, Lemma 1 implies that H satisfies Assumption 3 with V1 =

V2 = 2(V − 1) and s1 = s2 = C(V/2 + 1)(16e)V/2+1ηV . Further, Assumption 5 and the

anti-symmetric structure of H and fρ imply (2.4). Then, we can get the desired results by

applying Theorem 1 directly. □

To prove Theorem 3, we first introduce the following lemma which shows the expressive

ability of deep ReLU networks for approximating functions in the Sobolev spaces.

LEMMA 10 ([Yarotsky 2017]). For any p, r ∈ N, ϵ ∈ (0, 1/2) and any function f ∈

W r,∞([0, 1]p) with Sobolev norm not larger than 1, there exists a deep ReLU network h with

depth at most Cp,r log(1/ϵ) and the number of nonzero weights and computational units at
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most Cp,rϵ
− p

r log(1/ϵ) such that

∥h− f∥L∞([0,1]p) ≤ ϵ.

Now, we give the proof of Theorem 3 on the estimate of the approximation error.

PROOF OF THEOREM 3. According to Lemma 10, we know there exists a deep ReLU

network h with depth at most Cp,r log(1/ϵ) and the number of nonzero weights and com-

putational units at most Cp,rϵ
− p

r log(1/ϵ) such that
∥∥h − f̃ρ

∥∥
L∞([0,1]p)

≤ ϵ
2
. We construct f

as

f(x, x′) = πη
(
h(x)

)
− πη

(
h(x′)

)
for x, x′ ∈ X .

Here, we suppose η = 2 since Assumption 6 implies Assumption 1 with η = 2. To maintain

consistency with (2.7), we can regard h(x) and h(x′) as functions defined on [0, 1]p × [0, 1]p,

which are denoted by (x, x′) 7→ h(x) and (x, x′) 7→ h(x′), respectively. Therefore, we know

f is a deep ReLU network of form (2.7) with depth at most Cp,r log(1/ϵ) and the number

of nonzero weights and computational units at most Cp,rϵ
− p

r log(1/ϵ). The approximation

accuracy can be bounded as follows∥∥f − fρ
∥∥
L∞([0,1]2p)

=
∥∥πη(h(x))− πη

(
h(x′)

)
− f̃ρ(x) + f̃ρ(x

′)
∥∥
L∞([0,1]2p)

≤ 2
∥∥πη(h(·))− f̃ρ(·)

∥∥
L∞([0,1]p)

≤ 2
∥∥h− f̃ρ

∥∥
L∞([0,1]p)

≤ ϵ,

where in the second inequality we have used the fact πη
(
h(·)

)
is uniformly bounded by 1.

This completes the proof of the first inequality.

From [Ying and Zhou 2016] we know for any T ∈ L2
ρ2x
(X × X ), the excess risk E(T ) −

E(fρ) =
∥∥T − fρ

∥∥2
L2
ρ2x

. Then, the excess risk of f can be controlled as follows

E(f)− E(fρ) =
∥∥f − fρ

∥∥2
L∞([0,1]2p)

≤ ϵ2.
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According to the complexity of f , by setting parameters W = U = ⌈expL⌉, we have

E(f)− E(fρ) ≤ Cp,r

(
L

exp(L)

) 2r
p . Then, the approximation error

D(H) = inf
f∈H

E(f)− E(fρ) ≤ E(f)− E(fρ) ≤ Cp,r

( L

exp(L)

) 2r
p
,

which completes the proof. □

LEMMA 11. Suppose Assumption 7 holds. Then, Assumption 1 holds with η = 2B, As-

sumption 2 holds with K = 8B, and the shifted hypothesis space {ℓ
(
f(x, x′), y, y′

)
−

ℓ
(
fρ(x, x

′), y, y′
)
: f ∈ H} has a variance-expectation bound with parameter pair (1, 64B2).

PROOF. Notice f̃ρ(x) = E[Y |X = x] for almost x ∈ X . Then, ∥f̃ρ∥L∞(X ) ≤ ∥Y ∥L∞(Y) ≤

B. Since fρ(x, x′) = f̃ρ(x)− f̃ρ(x′), we know ∥fρ∥L∞(X×X ) ≤ 2∥f̂ρ∥L∞(X ) ≤ 2B. It follows

that Assumption 1 holds with η = 2B.

For any t1, t2 ∈ [−2B, 2B], and almost y, y′ ∈ Y ,∣∣ℓ(t1, y, y′)− ℓ
(
t2, y, y

′)∣∣ ≤ ∣∣∣(t1 − y + y′
)2 − (t2 − y + y′

)2∣∣∣
≤
∣∣t1 − t2

∣∣∣∣t1 + t2 − 2y + 2y′
∣∣

≤ 8B
∣∣t1 − t2

∣∣.
Then, Assumption 2 holds with K = 8B.

For any f ∈ H, we define qf =
(
f(x, x′)− y + y′

)2 − (fρ(x, x′)− y + y′
)2. Then

E
[
q2f
]
= E

[((
f(X,X ′)− Y + Y ′)2 − (fρ(X,X ′)− Y + Y ′)2)2]

= E
[(
f(X,X ′)− fρ(X,X

′)
)2(

f(X,X ′) + fρ(X,X
′)− 2Y + 2Y ′)2]

≤ 64B2E
[(
f(X,X ′)− fρ(X,X

′)
)2]

= 64B2
(
E(f)− E(fρ)

)
= 64B2E[qf ],

where the third equality is due to the specialty of the least squares loss [Ying and Zhou

2016]. Hence, we know the shifted hypothesis space has a variance-expectation bound with

parameter pair (1, 64B2). This completes the proof. □
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The excess generalization error bound is obtained by combining Theorem 2 and Theorem 3

together.

PROOF OF THEOREM 4. According to Theorem 7 in [Bartlett et al. 2019], we know

the H is a VC-class and its pseudo-dimension V = Pdim(H) ≤ CLW log(U). Lemma

11 implies all the conditions in Theorem 2 are satisfied. Then, combining Theorem 2 and

Theorem 3 together, and setting W = U = ⌈exp(L)⌉, we know with probability at least 1− δ,

there holds

E(f̂z)− E(fρ) ≤ CB
L2 exp(L) log(n)

n
log2(4/δ) + Cp,r

( L

exp(L)

) 2r
p
.

This proves the first part of the theorem.

By setting L = ⌈ p
2r+p

log(n)⌉, we get the desired rate immediately. The proof of the theorem

is complete. □



CHAPTER 3

Generalization Analysis of Metric and Similarity Learning

As a typical task of pairwise learning, metric and similarity learning has attracted a large

amount of interest. However, there are few works on the generalization performance of

such learning task. In this chapter, we focus on the generalization analysis of the metric and

similarity learning with the hinge loss. The main results in this chapter are based on [Zhou

et al. 2024a]. The rest of the chapter is organized as follows. We present the generalization

bounds with deep ReLU networks for metric and similarity learning in Section 3.1. Section 3.2

investigates some regular properties of the true metric. We give detailed proofs of this chapter

in Section 3.3.

3.1 Generalization Analysis with Deep ReLU Networks

We begin by reformulating the metric and similarity learning problems. Recall that metric

and similarity learning aims to learn a metric d from an observed sample S that estimates

the distance or the similarity between a pair of observers (x, x′). The performance of d on

a pair (z, z′) is usually measured by ℓ
(
τ(Y, Y ′)d(X,X ′)

)
, where τ(y, y′) is the reducing

function defined by τ(y, y′) = 1 if y = y′ and τ(y, y′) = −1 else. In this chapter, we take

Y = {y1, ..., ym} ⊂ R be the set of labels.

Given by ℓ (τ(y, y′)d(x, x′)), the generalization error (true risk) associated with a metric d is

defined as

E(d) = EZ,Z′
[
ℓ
(
τ(Y, Y ′)d(X,X ′)

)]
=

∫
Z×Z

ℓ
(
τ(y, y′)d(x, x′)

)
dρ(z)dρ(z′).

51
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The corresponding empirical error based on the sample S is defined as

Ez(d) =
1

n(n− 1)

n∑
i ̸=j=1

ℓ
(
τ(Yi, Yj)d(Xi, Xj)

)
.

Let d̂z = argmind∈H Ez(d) be the minimizer of the empirical error over a hypothesis space H,

and dρ = argmin E(d) be the true metric (target function) that minimizes the generalization

error over the space of all measurable functions on X × X . According to (1.1), we have the

following error decomposition

E(d̂z)− E(dρ) = {E(d̂z)− E(dH)}+ {E(dH)− E(dρ)}, (3.1)

where dH = argmind∈H E(d) is the minimizer of the generalization error over the hypothesis

space H. The terms E(d̂z)−E(dH) and E(dH)−E(dρ) in (3.1) are called the estimation error

and the approximation error, respectively.

Let Z = (X, Y ) and Z ′ = (X ′, Y ′) be random variables independently following ρ, and ρ(·|x)

be the conditional distribution of Y given X = x. We denote the conditional probability of

Y = Y ′ given X = x,X ′ = x′ as

η(x, x′) = Prob{Y = Y ′|X = x,X ′ = x′} (3.2)

=

∫
Y×Y

I{y = y′}dρ(y|x)dρ(y′|x′), (3.3)

which is the probability that two observers x and x′ are affiliated to the same class. One can

see that η only depends on the conditional distributions of Y conditioned on the observers. For

any x, x′, x′′ ∈ X , if ρ(·|x′) = ρ(·|x′′), then there holds η(x, x′) = η(x, x′′). In addition, it

can be readily observed that η(x, x′) is symmetric, i.e., η(x, x′) = η(x′, x) for any x, x′ ∈ X .

Denote by Px := [Prob{Y = y1|X = x}, . . . , P rob{Y = ym|X = x}] ∈ Rm the probability

distribution vector of Y conditioned on X = x. Then the conditional probability (3.2) can be
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represented as the standard inner product in the Euclidean space:

η(x, x′) =
m∑
i=1

Prob{Y = Y ′ = yi|X = x,X ′ = x′}

=
m∑
i=1

Prob{Y = yi|X = x}Prob{Y ′ = yi|X ′ = x′} = ⟨Px, Px′⟩.

In this chapter, we mainly focus on the hinge loss

ℓ(τ(y, y′)d(x, x′)) =
(
1 + τ(y, y′)d(x, x′)

)
+
,

where (·)+ = max{0, ·}.

Understanding the true metric dρ is crucial to estimating the approximation error. The

following theorem presents an explicit form of the true metric dρ for the hinge loss.

THEOREM 5. The true metric with the hinge loss can be represented as

dρ(x, x
′) = sgn(1− 2η(x, x′)) = sgn(1− 2⟨Px, Px′⟩)

for almost every pair x, x′ ∈ X .

PROOF. By the tower property of the conditional expectation, the generalization error

with a metric d can be written as

E(d) = EX,X′
[
EY |X,Y ′|X′ [ℓ(τ(Y, Y ′)d(X,X ′)]

]
.

The above observation implies that for almost every pair x, x′ ∈ X , the true metric dρ(x, x′)

is obtained by minimizing the inner conditional expectation which can be rewritten as

dρ(x, x
′)

= argmin
t∈R

EY |X=x,Y ′|X′=x′ [ℓ(τ(Y, Y ′)t)]

= argmin
t∈R

Prob{Y = Y ′|X = x,X ′ = x′}ℓ(t) + Prob{Y ̸= Y ′|X = x,X ′ = x′}ℓ(−t)

= argmin
t∈R

η(x, x′)ℓ(t) + (1− η(x, x′))ℓ(−t), (3.4)

where the second equality is due to the definition of τ(y, y′).
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According to (3.4), the true metric with the hinge loss can be expressed as

dρ(x, x
′) = argmin

t∈R

{
η(x, x′) (1 + t)+ + (1− η(x, x′)) (1− t)+

}

= argmin
t∈R


(1− η(x, x′))(1− t), if t < −1,

(2η(x, x′)− 1)t+ 1, if t ∈ [−1, 1],

η(x, x′)(1 + t), if t > 1.

For the case η(x, x′) > 1/2, note that the objective function is piecewise linear and tends

to +∞ as t → ±∞, we can derive that dρ(x, x′) = −1 and the corresponding minimum

of the objective function is 2(1 − η(x, x′)). For the case η(x, x′) < 1/2, we can get that

dρ(x, x
′) = 1 and the corresponding minimum is 2η(x, x′). For the case η(x, x′) = 1/2, we

have dρ(x, x′) ∈ [−1, 1] and the corresponding minimum be 0. Then we can conclude that

dρ(x, x
′) = sgn(1− 2η(x, x′)), which completes the proof. □

REMARK 4. Unlike using the Mahalanobis distance to measure the similarity between sample

pairs, deep metric learning [Huai et al. 2019; Kaya and Bilge 2019; Roth et al. 2020]

aims to learn a nonlinear embedding function ϕ : X → Φ ⊂ Rs with s ∈ N+, such that

similar data points x, x′ are close in the embedding space Φ under a predefined distance

function d(ϕ(x), ϕ(x′)) and far from each other if they are dissimilar. Note Theorem 5

shows that the true predictor dρ(x, x′) = sgn(1 − 2⟨Px, Px′⟩) for the hinge loss. Then the

true embedding function is ϕ(x) = Px under this setting, and the distance function can be

further defined as d(ϕ(x), ϕ(x′)) = sgn(1− 2⟨P (x), P (x′)⟩). This indicates that learning a

nonlinear embedding function in deep metric learning with the hinge loss is in fact learning

the conditional probability Px.

According to the specific structure of the true metric dρ given in Theorem 5, we can construct

a structured deep network with ReLU activation as an approximation of dρ and further design

the corresponding hypothesis space. Before that, we first introduce some assumptions and

useful lemmas.

To define the Sobolev smoothness of the conditional probabilities pi for i = 1, . . . ,m, we

take X = [0, 1]p in the remainder of this section. We define the Sobolev space W r,∞([0, 1]p)
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as the space of functions on [0, 1]p along with their partial derivatives up to order r lying in

L∞([0, 1]p). The norm in W r,∞([0, 1]p) is defined as

∥f∥W r,∞([0,1]p) := max
α∈Zp

+:∥α∥1≤r
∥Dαf∥L∞([0,1]p),

where ∥α∥1 =
∑p

i=1 |αi| denotes the l1 norm of α = (α1, . . . , αp) ∈ Zp
+, and Dαf =

∂∥α∥1f
∂α1x1···∂αdxd

denotes the partial derivatives of f with order α.

For notational simplicity, denote by pi(x) = Prob{Y = yi|X = x} the i-th component of

Px. The following assumption means that all r-th partial derivatives of pi exist and their L∞

norms are not greater than 1.

ASSUMPTION 8. The conditional probability pi ∈ W r,∞([0, 1]p) has the Sobolev norm not

greater than 1 for each i = 1, . . . ,m (This upper bound for the Sobolev norm can be extended

to any finite constant, for simplicity we set it to 1).

In binary classification problems, we often introduce a noise condition that says the ambiguous

points Prob{Y = 1|X = x} ≈ 1/2 occur with a small probability. When this condition is

satisfied, it suggests that the classification problem is well-posed and learning algorithms

have the potential to achieve faster convergence rates. Similarly, we can extend this notion in

metric and similarity learning to suggest that the probability of η(X,X ′) ≈ 1/2 is relatively

small.

ASSUMPTION 9 (Tsybakov’s noise condition). There exist constants θ > 0 and Cθ > 0 such

that for any t > 0,

Prob{|η(X,X ′)− 1/2| ≤ t} ≤ Cθt
θ

ForL ∈ N, denote the deep network h : Rp → R with the ReLU activation σ(x) = max{x, 0}

and depth L as

h(x) = σ(TLσ(TL−1 · · · σ(T1x+ b1) · · ·+ bL−1) + bL), (3.5)
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where σ acts entry-wise. For l = 1, . . . , L, Tl ∈ Rwl×wl−1 and bl ∈ Rwl are the connection

matrix and the bias of the l-th layer respectively, where wl ∈ N is the width of the l-th layer

and w0 = p is the dimension of the input space. Let the number of nonzero weights and

computation units of h be
∑L

l=1 ∥Tl∥0 + ∥bl∥0 and
∑L

l=1wl respectively, where ∥ · ∥0 denotes

the number of nonzero elements of the corresponding matrices or vectors.

The following two lemmas established in [Yarotsky 2017] show the expressive power of deep

ReLU networks in the setting of approximations in Sobolev spaces and the product function.

LEMMA 12. For any p, r ∈ N, ϵ ∈ (0, 1/2) and any function f ∈ W r,∞([0, 1]p) with Sobolev

norm not larger than 1, there exists a deep ReLU network h with depth at most Cp,r log(1/ϵ)

and the number of nonzero weights and computational units at most Cp,rϵ
− p

r log(1/ϵ) such

that

∥h− f∥L∞([0,1]p) ≤ ϵ.

LEMMA 13. For any ϵ ∈ (0, 1/2), there exists a deep ReLU network ϕ with the depth and the

number of weights and computation units at most C log(1/ϵ) such that

∥ϕ(x, y)− xy∥L∞([−1,2]2) ≤ ϵ and ϕ(x, y) = 0 if xy = 0.

We will use a deep ReLU network hi to approximate the conditional probability pi ∈ [0, 1]

later. According to Lemma 12, if Assumption 8 holds, we have hi ∈ [−1, 2].

Now, we are ready to design a structured deep network with ReLU activation to approximate

the true metric dρ as follows

d(x, x′) := Fa

(
1− 2

m∑
i=1

ϕ(hi(x), hi(x
′))
)
, (3.6)

where Fa(t) :=
1
a

(
σ(t+ a)− σ(t− a)− a

)
is a fixed two-layer ReLU network with a > 0

(the value of a will be selected later, see Theorems 6 and 8 below for more details), ϕ is a

deep ReLU network for approximating the product function xy introduced in Lemma 13, and

hi is a sub-network has the form (3.5). Here, we assume that each hi has the same depth.
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The main idea of constructing (3.6) is to design a series of sub-networks to approximate the

true metric dρ part by part according to its form dρ(x, x
′) = sgn(1 − 2

∑m
i=1 pi(x)pi(x

′))

given by Theorem 5. Specifically, we first construct m sub-networks hi to approximate

the conditional probabilities pi for i = 1, . . . ,m, respectively. Next, a deep ReLU network

ϕ(hi(x), hi(x
′)) is introduced to approximate product function hi(x)hi(x′). Lemma 13 im-

plies that ϕ(hi(x), hi(x′)) is a reliable approximation of hi(x)hi(x′). Finally, the output layer

Fa(·) is employed to approximate the sign function as used in [Zhou and Huo 2024]. Indeed,

Fa(·) coincides with sgn(·) on the interval (−∞,−a) ∪ (a,+∞), and exhibits linearity on

the interval [−a, a] to serve as an approximation for the discontinuity of sgn(·) near the origin.

The specific structure of (3.6) is described in Figure 3.1.

FIGURE 3.1. Structure of the designed deep network with ReLU activation
(3.6) with input x, x′ ∈ X .

We say a network d has complexity (L,W,U) if its depth, the number of possibly nonzero

weights and computation units are L,W and U . The hypothesis space consisting of the

structured deep network of the form (3.6) is defined as

H = H(L,W,U) =
{
d(x, x′) of the form (3.6) : the complexity of d (3.7)

does not exceed (L,W,U)
}
.

Here, the complexity of d can be computed by summing up the corresponding parameters

of sub-networks. Specifically, the depth of d is the summation of the depth of h1, ϕ and
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Fa (recall that each hi has the same depth). The number of possibly nonzero weights and

computation units of d are 2
∑m

i=1Whi
+mWϕ +WFa + c and 2

∑m
i=1 Uhi

+mUϕ +UFa + c,

respectively, where Wγ and Uγ denote the corresponding parameters of the sub-networks

γ ∈ {h1, . . . , hm, ϕ, Fa}, and c is an absolute constant. The capacity (size) of the hypothesis

space H can be measured by (L,W,U). As these parameters increase, the capacity of the

hypothesis space gets larger.

The following theorem establishes approximation error bounds of the structured deep networks

of the form (3.6).

THEOREM 6 (Approximation error). Suppose Assumptions 8 and 9 hold. For any ϵ ∈ (0, 1/2),

if the hypothesis space H defined in (3.7) has the depth Cp,r,m,θ log(1/ϵ) and the number of

possibly nonzero weights and computation units Cp,r,m,θϵ
− p

r(θ+1) log(1/ϵ), then there exists a

deep ReLU network dH ∈ H of the form (3.6) with a = Cθϵ
1

θ+1 such that

E(dH)− E(dρ) ≤ ϵ.

Theorem 6 implies that the approximation ability of dH becomes better if the capacity of the

hypothesis space H is larger. However, as the hypothesis space grows in size, the model may

become overly flexible, which leads to increasing the estimation error. This means that there

is a trade-off between the estimation and the approximation error. We will choose a proper

hypothesis space to obtain the optimal excess generalization error rate (see Theorem 8).

To derive upper bounds of the estimation error, we utilize pseudo-dimension to measure the

capacity of the hypothesis space. The pseudo-dimension is defined by the VC-dimension of

the sub-graph set of the hypothesis space. A comprehensive definition of VC-dimension can

be found in [Györfi et al. 2006; Wainwright 2019].

DEFINITION 7. Let F be a class of functions from [0, 1]p to R, and F+ := {(x, t) ∈

[0, 1]p × R : f(x) > t, f ∈ F} be the corresponding sub-graph set. The pseudo-dimension

Pdim(F) of F is defined as
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Pdim(F) := V C(F+),

where V C(F+) is the VC-dimension of F+. Furthermore, if Pdim(F) <∞, then we call

F a VC-class.

If we solely apply the uniform boundedness (first-order condition) of the hypothesis space,

the estimation error bound is of the order O(1/
√
n) [Cao et al. 2016; Clémençon et al. 2008],

which is often quite loose. To derive a tighter upper bound of the estimation error, the variance

condition (second-order condition) should be taken into consideration.

DEFINITION 8. Let β ∈ (0, 1] and M > 0, and F ⊂ L2(X × X , ρ × ρ) is a function

class with nonnegative first order moment, i.e.for any f ∈ F , E[f ] ≥ 0. We say F has a

variance-expectation bound with parameter pair (β,M), if for any f ∈ F ,

E[f 2] ≤M(E[f ])β.

DEFINITION 9. Let Ω ⊂ Rp. We say a function g : Ω → R is Lipschitz continuous with

Lipschitz constant α > 0 if for any x, y ∈ Ω,

|g(x)− g(y)| ≤ α∥x− y∥2,

where ∥ · ∥2 is the Euclidean norm.

The following lemma proved in Chapter 2 shows that if the loss satisfies some mild conditions

and the shifted hypothesis space has a variance-expectation bound, then a tight upper bound

for the estimation error can be established.

LEMMA 14. Let V = Pdim(H) be the pseudo-dimension of the hypothesis space H, and

ℓ(τ(y, y′)d(x, x′)) be the loss function for (z, z′) ∈ Z×Z , where d is a predictor from X ×X

to R. Suppose the following conditions hold for some α > 0, s > 0, β ∈ (0, 1] and M > 0.

• for any y, y′ ∈ Y , the loss function ℓ(τ(y, y′)·) is Lipschitz continuous with Lipschitz

constant α,

• for any d ∈ H∪{dρ} and for almost every sample pair (z, z′) ∈ Z ×Z , there holds

ℓ(τ(y, y′)d(x, x′)) = ℓ(τ(y′, y)d(x′, x)) and ∥d∥L∞(X×X ) ≤ s ∈ R+,
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• the shifted hypothesis space {ℓ(τ(y, y′)d(x, x′))− ℓ(τ(y, y′)dρ(x, x
′)) : d ∈ H} has

a variance-expectation bound with parameter pair (β,M),

then for any δ ∈ (0, 1/2), with probability at least 1− δ, there holds

E(d̂z)− E(dρ) ≤ Cs,α,M,β

(V log(n) log2(4/δ)

n

) 1
2−β

+ 2(1 + β)
(
E(dH)− E(dρ)

)
.

The first two conditions in this lemma are easy to verify. Indeed, the Lipschitz continuity

of the loss ℓ with Lipschitz constant α = 1 simply follows from the Lipschitz continuity of

the hinge loss. It is evident that the hypothesis functions and the true metric are uniformly

bounded by s = 1, and the symmetry of the loss ℓ is obtained by the symmetries of the

reducing function τ , the hypothesis functions d and the true metric dρ with respect to y, y′

and x, x′ respectively. All that remains is to check whether the shifted hypothesis space

has a variance-expectation bound. The following proposition shows that this bound can be

established under Tsybakov’s noise condition.

PROPOSITION 3 (Variance-expectation bound). Suppose Assumption 9 holds. For any d ∈ H,

the shifted hypothesis space {ℓ(τ(y, y′)d(x, x′)) − ℓ(τ(y, y′)dρ(x, x
′)) : d ∈ H} has a

variance-expectation bound with parameter pair
(

θ
θ+1

, 2
3

θ+1C
1

θ+1

θ

)
.

The estimation error is estimated in the following theorem by combining Lemma 14 and

Proposition 3 together.

THEOREM 7 (Estimation error). Let V = Pdim(H) be the pseudo-dimension of the hypo-

thesis space H defined in (3.7). For any δ ∈ (0, 1/2), with probability at least 1− δ, there

holds

E(d̂z)− E(dρ) ≤ Cθ

(V log(n) log2(4/δ)

n

) θ+1
θ+2

+
4θ + 2

θ + 1

(
E(dH)− E(dρ)

)
.

Now, we can obtain an excess generalization error bound by combining the approximation

error bound (Theorem 6) and the estimation error bound (Theorem 7). Then, the optimal

excess generalization error rate is established by carefully trading off the estimation error and

the approximation error.
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THEOREM 8 (Excess generalization error). Suppose Assumptions 8 and 9 hold and let

L ∈ N. Consider the hypothesis space H = H(L,W,U) defined in (3.7) with W = U =

⌈Cp,r,m,θ exp{L}⌉. For any δ ∈ (0, 1/2), with probability at least 1− δ, there holds

E(d̂z)− E(dρ) ≤ Cp,r,m,θ log
2(4/δ)

{(L2 exp{L} log n
n

) θ+1
θ+2

+
( L

exp{L}

) (θ+1)
p

}
.

By setting L =

⌈
p

p+(θ+2)r
log
( n

log n

)⌉
, there holds

E(d̂z)− E(dρ) ≤ Cp,r,m,θ log
2(4/δ) log4(n)n− (θ+1)r

p+(θ+2)r .

Theorem 8 shows that the excess generalization error bound is of order (up to a logarithmic

term) O(n− (θ+1)r
p+(θ+2)r ). This rate is closely related to the dimension of the input space, the

parameter θ in the noise condition, and the smoothness r of the conditional probabilities.

When the distribution ρ has very low noise and the corresponding conditional probabilities

are rather smooth, i.e., parameters θ and r are very large, then the learning rate can be of order

O(n−1+ϵ) with a small ϵ > 0.

REMARK 5. It is worth emphasizing that previous works [Cao et al. 2016; Guo and Ying

2014; Huai et al. 2019; Jin et al. 2009; Ye et al. 2019] on the study of generalization analysis

for metric and similarity learning only derived the estimation error bounds. For instance,

[Cao et al. 2016] established the upper bound for the estimation error of the order O( 1√
n
) for

metric learning with the hinge loss, where they focused on learning the Mahalanobis distance.

[Ye et al. 2019] showed that the convergence rate of the estimation error can achieve O( 1
n
)

for metric learning with the smooth loss function and strongly convex objective. [Jin et al.

2009] established estimation error bounds of the order O( 1√
n
) via the algorithmic stability for

metric learning.

3.2 Properties of True Metric with General Losses

In this section, we study the regularities of the problem setting and the true metric for metric

and similarity learning with a general loss. Specifically, we first show that it is reasonable
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to remove the bias term b in the loss ℓ(τ(y, y′)(d(x, x′)− b)) and assume the output space Y

only has finite labels as what we do in the chapter. Further, we prove that the true metric is

symmetric for almost x, x′ ∈ X , which provides a rationale for the use of symmetric models

like Mahalanobis distance in metric learning. Finally, we show that the true metric between

any two identical samples must be less than or equal to that between different samples for

convex, non-negative and non-decreasing losses.

Removing the bias term. Unlike many works [Cao et al. 2016; Huai et al. 2019; Jin et al.

2009; Lei and Ying 2016; Roth et al. 2020; Ye et al. 2019], we do not introduce the bias term

b > 0 in the loss function ℓ. We will show that this term can be set to 0 if we learn the true

metric directly.

Denote by Eb(d) = EZ,Z′ [ℓ(τ(Y, Y ′)(d(X,X ′)− b)] the generalization error of d with a bias

term b > 0. Define d̃ρ := argmind∈F Eb(d) the true metric under this loss with a bias term.

Analogous to (3.4), there holds

d̃ρ(x, x
′) = argmin

t∈R
η(x, x′)ℓ(t− b) + (1− η(x, x′))ℓ(b− t)

= b+ argmin
s∈R

η(x, x′)ℓ(s) + (1− η(x, x′))ℓ(−s)

= b+ dρ(x, x
′)

for almost every pair x, x′ ∈ X . It is then indicated that b is redundant and we hence set

b = 0.

Output space is finite. In almost all the theoretical and empirical literature of metric and

similarity learning [Bar-Hillel et al. 2005; Cao et al. 2016; Davis et al. 2007; Guo and Ying

2014; Jin et al. 2009; Kar and Jain 2011; Lei and Ying 2016; Ye et al. 2019], the label space

Y is often assumed to be finite or even binary, i.e., Y = {+1,−1}. The finite label space

means that the distribution of Y is discrete. It naturally asks what if the distribution of Y is

continuous? The following proposition gives an answer to this question.
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PROPOSITION 4. If the distribution of Y is continuous, then the true metric equals to a

generalized constant c ∈ [−∞,+∞] almost surely.

Proposition 4 implies that when the distribution of Y is continuous, for almost surely,

dρ(x, x
′) = c ∈ [−∞,+∞]. The distances or similarities between almost every pair x, x′ are

the same. Therefore, it’s reasonable to assume that the label space Y is finite.

The above proposition suggests that within any distribution of Y , the continuous part plays

no significant role in defining the true metric since the conditional probability η solely relies

on the discrete part of the distribution. In addition, this property is also determined by the

reducing function τ . Note we assume that τ(y, y′) = 1 only when y = y′, where this event is

impossible for a continuous distribution. Hence, labels play almost no role in the learning

process under this setting.

Regularities of the true metric. In contrast to predictors in ranking problems [Agarwal

and Niyogi 2009; Clémençon et al. 2008; Huang et al. 2023], the metric d is expected

to reflect the distance or similarity of given objects instead of a rank or an order. Thus,

the metric d is supposed to be independent of the order of the sample pair (x, x′), i.e.,

we expect d(x, x′) = d(x′, x). The following proposition shows that the true metric dρ

satisfies this symmetric property, which provides a theoretical guarantee that functions in the

hypothesis space can be constructed in symmetric forms, such like the Mahalanobis distance

(x− x′)⊤M(x− x′) or the pairwise similarity function x⊤Mx′.

PROPOSITION 5. The true metric dρ is symmetric, i.e., almost surely we have

dρ(x, x
′) = dρ(x

′, x).

In mathematical terms, the metric or distance between any two identical points is defined as

zero. The distance predefined as d(ϕ(x), ϕ(x′)) = ∥ϕ(x)− ϕ(x′)∥2 in Deep Metric Learning

[Huai et al. 2019; Kaya and Bilge 2019; Roth et al. 2020] and the Mahalanobis distance

d(x, x′) = (x− x′)⊤M(x− x′) in traditional Distance Metric Learning [Cao et al. 2016; Ye

et al. 2019] both vanish when x = x′. Then, for all x, x′ ∈ X , d(x, x) ≤ d(x, x′). However,
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this may not hold for the true metric. For example, consider the true metric with the hinge loss

(see Theorem 5). Let the size of the labels be m = 3 and assume that Px = [3/5, 1/5, 1/5]

and Px′ = [1, 0, 0]. Then η(x, x) = ⟨Px, Px⟩ = 11/25 < 3/5 = ⟨Px, Px′⟩ = η(x, x′), and we

know that dρ(x, x) = sgn(1− 2η(x, x)) = 1 > −1 = sgn(1− 2η(x, x′)) = dρ(x, x
′). This

indicates that x is more similar to x′ than to itself. One can observe that this phenomenon is

determined by the unknown distribution ρ. It is natural to investigate the sufficient conditions

for the distribution ρ such that for any x, x′ ∈ X , there holds dρ(x, x) ≤ dρ(x, x
′).

Note the minimizer in (3.4) may not be unique, we first introduce the following definition.

DEFINITION 10. For any x, x′ ∈ X and a ∈ [0, 1], let t∗(a) := inf{s ∈ R|s ∈ argmint∈R aℓ(t)

+(1− a)ℓ(−t)} be the infimum of all the minimizers of problem (3.4) with conditional prob-

ability a. We define dρ(x, x′) = t∗(η(x, x′)). Then dρ(x, x) ≤ dρ(x, x
′) if t∗(η(x, x)) ≤

t∗(η(x, x′)).

For many losses like the modified least squares ℓ(−t) = max{1 − t, 0}2, the hinge loss

ℓ(−t) = max{1 − t, 0}, the exponential loss ℓ(−t) = exp(−t), and the logistic regression

loss ℓ(−t) = ln(1 + exp(−t)), the minimizer dρ(x, x′) is unique for x, x′ ∈ X [Zhang 2004].

Definition 10 defines dρ(x, x′) as the minimum of all the minimizers, and the comparison

is for the minimum values of dρ(x, x) and dρ(x, x′). We do not make the assumption of the

uniqueness of the minimizer here.

ASSUMPTION 10. The loss function ℓ is convex, non-decreasing, and non-negative.

This assumption is very reasonable because we often use a convex loss to implement al-

gorithms efficiently. For any sample pair (x, y), (x′, y′), the distance or the similarity d(x, x′)

is supposed to be small when τ(y, y′) = 1, then we expect the loss ℓ(d(x, x′)) to increase

as d(x, x′) increases. For the case of τ(y, y′) = −1, the monotonicity of ℓ can be discussed

similarly.

According to (3.4), when a loss ℓ is given, the true metric dρ(x, x′) is only determined by the

conditional probability η(x, x′). Hence, it becomes imperative to investigate the conditions

under which the property “dρ(x, x) ≤ dρ(x, x
′)” holds for η(x, x′). As shown in (3.2), when
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η(x, x′) = Prob{Y = Y ′|X = x,X ′ = x′} is large, the observers x, x′ are more likely to be

affiliated to the same class. Then we expect that the distance or the similarity between them is

small, further, the true distance dρ(x, x′) is expected to be greater than or equal to dρ(x, x) if

their corresponding conditional probabilities satisfy η(x, x′) ≤ η(x, x).

For η ∈ [0, 1] and t ∈ R, we define

Q(η, t) = ηℓ(t) + (1− η)ℓ(−t). (3.8)

It’s obvious that t∗(η) ∈ argmint∈RQ(η, t). The following lemma shows that t∗(η) is non-

increasing on [0, 1], which is the key step to prove dρ(x, x) ≤ dρ(x, x
′) for the general

case.

LEMMA 15. Suppose Assumption 10 holds. If 0 ≤ η1 ≤ η2 ≤ 1, then t∗(η2) ≤ t∗(η1).

Lemma 15 also has some implications for binary classification. For a binary classification

problem, we aim to learn a classifier f : X → {−1, 1} from a given sample S. The

performance of a classifier f is usually measured by its generalization error EZ [ℓ(−Y f(X))]

with a loss ℓ that is convex, non-decreasing, and nonnegative (examples of losses can be

found in the paragraph below Definition 10). Similar to the arguments of (3.4) in the proof

of Theorem 5, one can derive that, for almost every x ∈ X , the true predictor (target

function) fρ with loss ℓ can be written as fρ(x) = argmint∈R p(x)ℓ(−t) + (1 − p(x))ℓ(t),

where p(x) = Prob{Y = 1|X = x} is the conditional probability. Therefore, by setting

Q(p, t) = pℓ(t) + (1 − p)ℓ(−t), we get fρ(x) = − argmint∈RQ(p(x), t) = −t∗(p(x)) for

almost every x ∈ X . Note Lemma 15 shows that t∗(·) is non-increasing on [0, 1]. Then we

know that the value of the true predictor fρ(x) = −t∗(p(x)) increases as the conditional

probability p(x) increases, which implies that the tendency of the sample x being classified to

class {1} by the true predictor is also increasing.

The following property can be directly obtained by using Lemma 15.

PROPOSITION 6. Suppose Assumption 10 holds. If η(x, x′) ≤ min{η(x, x), η(x′, x′)}, then

max{dρ(x, x), dρ(x′, x′)} ≤ dρ(x, x
′).
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Define P = {Px ∈ Rm|x ∈ X} as the conditional distribution family. One can easily observe

that P is a subset of the probability simplex

∆m =

{
(p1, . . . , pm) ∈ Rm |

m∑
i=1

pi = 1, pi ≥ 0

}
.

The condition in Theorem 6 can be written as ⟨Px, Px′⟩ ≤ min{∥Px∥22, ∥Px′∥22} for almost

x, x′ ∈ X . In the aspects of geometry, it requires that the inner product of any two probability

vectors in P is less than or equal to both the square of their Euclidean norms. One example

satisfying this condition is that P is a subset of the intersection of the probability simplex

∆m and the ball centered at the origin with radius r ∈ [0, 1]. In this case, the equality of the

condition holds only when Px = Px′ .

Furthermore, P has an empty interior in the sub-topology of probability simplex ∆m. Oth-

erwise, we can find a small enough vector ϵ such that Px + ϵ ∈ P and ⟨Px, Px + ϵ⟩ >

min{∥Px∥2, ∥Px + ϵ∥2}, where Px is a relative interior point of P .

3.3 Proofs on Metric and Similarity Learning

3.3.1 Proofs for Section 3.1

PROOF OF THEOREM 6. Note |τ(y, y′)| = 1 and |sgn(t)| ≤ 1 for any y, y′ ∈ Y and

t ∈ R. For any metric d : [0, 1]p × [0, 1]p → Y with ∥d∥L∞([0,1]2p) ≤ 1, the conditional excess

risk can be written as

EY |X=x,Y ′|X′=x′ [ℓ(τ(Y, Y ′)d(x, x′))− ℓ(τ(Y, Y ′)dρ(x, x
′))]

= EY |X=x,Y |X′=x′

[(
1 + τ(Y, Y ′)d(x, x′)

)
+
−
(
1 + τ(Y, Y ′)sgn(1− 2η(x, x′))

)
+

]
= EY |X=x,Y |X′=x′

[(
1 + τ(Y, Y ′)d(x, x′)

)
−
(
1 + τ(Y, Y ′)sgn(1− 2η(x, x′))

)]
= EY |X=x,Y |X′=x′

[
τ(Y, Y ′)

(
d(x, x′)− sgn(1− 2η(x, x′))

)]
= (2η(x, x′)− 1)(d(x, x′)− sgn(1− 2η(x, x′))

= |2η(x, x′)− 1||d(x, x′)− sgn(1− 2η(x, x′)|,



3.3. PROOFS ON METRIC AND SIMILARITY LEARNING 67

where in the first equality we have used Theorem 5, the second equality follows from the fact

that the terms inside (·)+ are nonnegative, and the last equality is obtained by discussing the

sign of 2η − 1 and the fact ∥d∥L∞([0,1]2p) ≤ 1.

Therefore, for δ ∈ (0, 1) and d ∈ H, the excess error

E(d)− E(dρ)

= EX,X′
[
EY |X,Y ′|X′ [ℓ(τ(Y, Y ′)d(X,X ′))− ℓ(τ(Y, Y ′)dρ(X,X

′))]
]

= EX,X′ [|2η(X,X ′)− 1| |d(X,X ′)− sgn(1− 2η(X,X ′))|]

=

∫
|1−2η(x,x′)|>2δ

|2η(x, x′)− 1| |d(x, x′)− sgn(1− 2η(x, x′))| dρX(x)dρX(x′)

+

∫
|1−2η(x,x′)|≤2δ

|2η(x, x′)− 1| |d(x, x′)− sgn(1− 2η(x, x′))| dρX(x)dρX(x′)

≤
∫
|1−2η(x,x′)|>2δ

|2η(x, x′)− 1| |d(x, x′)− sgn(1− 2η(x, x′))| dρX(x)dρX(x′)

+ 4Cθδ
θ+1, (3.9)

where in the last step we have used Assumption 9 and the condition |η − 1/2| ≤ δ.

Let us analyze the first term in (3.9). Note that Lemma 12 with f = pi implies that for

each pi with approximation accuracy δ
8m

, there exists a ReLU network hi with depth at most

Cp,r,m log(1/δ) and the number of possibly nonzero weights and computation units at most

Cp,r,mδ
− p

r log(1/δ). Since pi(x) ∈ [0, 1] and |hi(x) − pi(x)| ≤ δ
8m

< 1 for any x ∈ [0, 1]p

and i = 1, . . . ,m, we know hi(x) ∈ [−1, 2] for any x ∈ [0, 1]p and i = 1, . . . ,m.

Let ϕ be the ReLU network in Lemma 13 with approximation accuracy δ
8m

, and Fa(x) =

1
δ
(σ(x+δ)−σ(x−δ)−δ) with a = δ. Consider constructing dH using the above sub-networks,

i.e.

dH(x, x
′) = Fa

(
1− 2

m∑
i=1

ϕ(hi(x), hi(x
′))
)
.

We know dH is a deep ReLU network from [0, 1]p × [0, 1]p to [−1, 1] with depth at most

Cp,r,m log(1/δ) and the number of possibly nonzero weights and computation units at most

Cp,r,mδ
− p

r log(1/δ).
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We claim that the sign of the term 1 − 2
∑m

i=1 ϕ(hi(x), hi(x
′)) inside Fa coincides with

1−2η(x, x′) if |1−2η(x, x′)| > 2δ, which can be proved by showing that |(1−2
∑m

i=1 ϕ(hi(x),

hi(x
′)) − (1 − 2η(x, x′))| < δ. Because when 1 − 2η(x, x′) > 2δ or 1 − 2η(x, x′) < −2δ,

we must have 1− 2
∑m

i=1 ϕ(hi(x), hi(x
′)) > δ or 1− 2

∑m
i=1 ϕ(hi(x), hi(x

′)) < −δ. Indeed,

for any x, x′ ∈ [0, 1]p, there holds∣∣∣(1− 2
m∑
i=1

ϕ(hi(x), hi(x
′))
)
− (1− 2η(x, x′))

∣∣∣
≤ 2

m∑
i=1

∣∣∣ϕ(hi(x), hi(x′))− pi(x)pi(x
′)
∣∣∣

≤ 2
m∑
i=1

∣∣∣ϕ(hi(x), hi(x′))− hi(x)hi(x
′)
∣∣∣+ ∣∣∣hi(x)hi(x′)− pi(x)pi(x

′)
∣∣∣

≤ 2
m∑
i=1

( δ

8m
+ |hi(x)||hi(x′)− pi(x

′)|+ |pi(x)||hi(x)− pi(x)|
)

≤ 2
m∑
i=1

( δ

8m
+

δ

4m
+

δ

8m

)
= δ.

According to the definition of Fa and recall that a = δ, we know Fa(t) = 1 if t > δ and

Fa(t) = −1 if t < −δ. Therefore, we conclude that dH(x, x′) − sgn(1 − 2η(x, x′)) = 0 if

|1− 2η(x, x′)| > 2δ. Thus, the first term in (3.9) vanishes.

Taking d = dH in the above approximation error bound, we last have

E(dH)− E(dρ) ≤ 4Cθδ
θ+1.

By setting ϵ = 4Cθδ
θ+1 and recall a = δ, we get the desired results. □

PROOF OF PROPOSITION 3. As in the proof of Theorem 6, for any d ∈ H, we can show

E(d)− E(dρ) = EX,X′ [|2η(X,X ′)− 1| |d(X,X ′)− sgn(1− 2η(X,X ′))|]

=

∫
X×X

|2η(x, x′)− 1| |d(x, x′)− sgn(1− 2η(x, x′))| dρX(x)dρX(x′).

Let qd(z, z′) := ℓ(τ(y, y′)d(x, x′))− ℓ(τ(y, y′)dρ(x, x
′)). Note that τ(y, y′)d(x, x′) ∈ [−1, 1]

for any z, z′ ∈ Z and d ∈ H∪{dρ}. Then there holds ℓ(τ(y, y′)d(x, x′)) = 1+τ(y, y′)d(x, x′).
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Since |τ(y, y′)|2 = 1, we have

EZ,Z′ [q2d(Z,Z
′)]

= EX,X′ [|d(X,X ′)− dρ(X,X
′)|2]

=

∫
X×X

|d(x, x′)− sgn(1− 2η(x, x′))|2 dρX(x)dρX(x′)

=

∫
|2η(x,x′)−1|>t

|d(x, x′)− sgn(1− 2η(x, x′))|2 dρX(x)dρX(x′)

+

∫
|2η(x,x′)−1|≤t

|d(x, x′)− sgn(1− 2η(x, x′))|2 dρX(x)dρX(x′)

≤
∫
|2η(x,x′)−1|>t

|d(x, x′)− sgn(1− 2η(x, x′))| |2η(x, x
′)− 1|
t

dρX(x)dρX(x
′)

+ 4Prob{|η(X,X ′)− 1/2| ≤ t/2}

≤ E(d)− E(dρ)
t

+ 4Cθ

( t
2

)θ
,

where t > 0, and in the last inequality we have used Tsybakov’s noise condition directly.

By choosing t =
(

E(d)−E(dρ)
22−θCθ

) 1
θ+1

, we obtain

EZ,Z′ [q2d(Z,Z
′)] ≤ 2

3
θ+1C

1
θ+1

θ

(
E(d)− E(dρ)

) θ
θ+1
,

which completes the proof. □

Now, we can give the proof of the excess generalization error bound by combining Theorem

6 and Theorem 7.

PROOF OF THEOREM 8. According to Theorem 7 in [Bartlett et al. 2019], we know V ≤

CLW logU , where W and U are the number of possibly nonzero weights and computation

units, respectively. By setting W = U = ⌈Cp,r,m,θ exp{L}⌉ and applying Theorem 6 with

ϵ = Cp,r,m,θ(
L

exp{L})
r(θ+1)

p and a = Cp,r,m,θ(
L

exp{L})
r
p , the approximation error can be estimated

as

E(dH)− E(dρ) ≤ Cp,r,m,θ

( L

exp{L}

) (θ+1)r
p
.
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According to Theorem 7 and applying the above two error bounds of the pseudo-dimension

and the approximation error, we have, with probability at least 1− δ,

E(d̂z)− E(dρ) ≤ Cp,r,m,θ log
2(4/δ)

{(L2 exp{L} log n
n

) θ+1
θ+2

+
( L

exp{L}

) (θ+1)
p

}
.

The proof is completed by setting L =

⌈
p

p+(θ+2)r
log
( n

log n

)⌉
. □

3.3.2 Proofs for Section 3.2

We first present the proof of Proposition 4 as follows.

PROOF OF PROPOSITION 4. For almost every pair x, x′ ∈ X , from (3.4) we know that

dρ(x, x
′) = argmin

t∈R
η(x, x′)ℓ(t) + (1− η(x, x′))ℓ(−t). (3.10)

Note that the distribution of Y is continuous. Then we know Prob{Y = Y ′} = 0, and hence

η(x, x′) = 0 for almost every pair x, x′ ∈ X . Combining this fact with (3.10), we have

dρ(x, x
′) = argmin

t∈R
ℓ(−t).

This implies that dρ(x, x′) is identical to a generalized constant c ∈ [−∞,+∞] almost surely.

The proof is completed. □

PROOF OF PROPOSITION 5. From (3.4), we know that the proof directly follows from

the symmetry of η(x, x′). □

The proof of Lemma 15 is given as follows.

PROOF OF LEMMA 15. When η1 = η2, η1 = 0 or η2 = 1, the proof is trivial. Then we

only consider the strict inequality in the condition such that 0 < η1 < η2 < 1.

We first show that for any fixed η ∈ (0, 1), if there exists a t < t1 such that Q(η, t) < Q(η, t1),

then we must have t∗(η) < t1. We prove this by contradiction. Suppose t∗(η) = t1 or

t∗(η) > t1. The first case is impossible because it then follows that Q(η, t) < Q(η, t∗(η)),
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which contradicts to the definition of t∗(η); for the second case, we have

t∗(η)− t1
t∗(η)− t

Q(η, t) +
t1 − t

t∗(η)− t
Q(η, t∗(η))

<
t∗(η)− t1
t∗(η)− t

Q(η, t1) +
t1 − t

t∗(η)− t
Q(η, t1)Q(η, t1),

where the inequality uses the assumption Q(η, t2) < Q(η, t1) and the definition of t∗(η).

Since t∗(η)−t1
t∗(η)−t2

t2 +
t1−t2

t∗(η)−t2
t∗(η) = t1, this strict inequality contradicts to the convexity of

Q(η, ·).

From the above discussion, to prove t∗(η2) ≤ t∗(η1), we just have to show that there exists

a t < t∗(η1) such that Q(η2, t) < Q(η2, t
∗(η1)) or t∗(η1) is also a minimizer of Q(η2, ·). We

are interested in the behavior of ℓ at point t when t is on the left side of t∗(η1). Since ℓ is

non-decreasing, the possibilities of the behavior can be divided into the following two cases.

Case 1: There exists a t < t∗(η1) such that ℓ(t) = ℓ(t∗(η1)). In this case we have

Q(η2, t)−Q(η2, t
∗(η1)) = (1− η2)(ℓ(−t)− ℓ(−t∗(η1)))

=
(
(1− η2)/(1− η1)

)(
(1− η1)(ℓ(−t)− ℓ(−t∗(η1)))

)
=
(
(1− η2)/(1− η1)

)(
Q(η1, t)−Q(η1, t

∗(η1))
)

< 0,

where the first and thrid equalities use the assumption ℓ(t) = ℓ(t∗(η1)), the last inequality

follows from the definition of t∗(η1). Therefore, we conclude that t∗(η2) < t∗(η1).

Case 2: There exists a t < t∗(η1) such that ℓ(t) < ℓ(t∗(η1)). By convexity of ℓ, we know

ℓ(t1) < ℓ(t∗(η1)) < ℓ(t2) for any t1, t2 such that t1 < t∗(η1) < t2. Denote by l′+(·) and l′−(·)

the right and left derivative functions of ℓ(·) respectively. (side derivatives must exist for

monotonic functions.) The definition of t∗(η1) indicates that Q(η1, t1) > Q(η1, t
∗(η1)) and

Q(η1, t2) ≥ Q(η1, t
∗(η1)), where this can be rewritten in the following inequalities

ℓ(−t1)− ℓ(−t∗(η1))
ℓ(t∗(η1))− ℓ(t1)

>
η1

1− η1
≥ ℓ(−t2)− ℓ(−t∗(η1))

ℓ(t∗(η1))− ℓ(t2)
.
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Divide both the numerators and denominators of the left hand side and the right hand side of

the above inequality by t∗(η1)−t1 and t∗(η1)−t2 respectively. By taking limit as t1 → t∗(η1)−

and t2 → t∗(η1)+, we get

ℓ′+(−t∗(η1))
ℓ′−(t

∗(η1))
≥ η1

1− η1
≥
ℓ′−(−t∗(η1))
ℓ′+(t

∗(η1))
.

According to the convexity of ℓ and the fact ℓ(t1) < ℓ(t∗(η1)), we know that 0 < l′−(t
∗(η1)) ≤

l′+(t
∗(η1)). Then the above inequality is well defined. Since η2 > η1, we know η2

1−η2
> η1

1−η1
. If

η2
1−η2

>
ℓ′+(−t∗(η1))

ℓ′−(t∗(η1))
, then by the definition of side derivative, there exists a t < t∗(η1) such that

η2
1−η2

> ℓ(−t)−ℓ(−t∗(η1))
ℓ(t∗(η1))−ℓ(t)

, which is equivalent to Q(η2, t) < Q(η2, t
∗(η1)), hence we conclude

t∗(η2) < t∗(η1). If η2
1−η2

∈ ( η1
1−η1

,
ℓ′+(−t∗(η1))

ℓ′−(t∗(η1))
] ⊂ [

ℓ′+(−t∗(η1))

ℓ′−(t∗(η1))
,
ℓ′−(−t∗(η1))

ℓ′+(t∗(η1))
], this is equivalent to

that t∗(η1) is also a minimizer of Q(η2, ·), hence we conclude t∗(η2) ≤ t∗(η1). The proof is

then completed. □

PROOF OF PROPOSITION 6. Let η1 = η(x, x′), η2 = η(x, x), η3 = η(x′, x′), then dρ(x, x′) =

t∗(η1), dρ(x, x) = t∗(η2) and dρ(x′, x′) = t∗(η3). By Lemma 15, we get the desired result

immediately. □



CHAPTER 4

Optimal Rates for Gradient Descent Methods with Deep ReLU Networks

In this chapter, we provide comprehensive generalization analysis for both GD and SGD

with deep ReLU networks. The rest of the chapter is organized as follows. We first review

some further related works in Section 4.1. In Section 4.2, we introduce the problem setting.

Section 4.3 presents our main results for GD and SGD. We give detailed proofs of this chapter

in Section 4.4.

4.1 Other Related Work on GD and SGD

In this section, we review some further works which are closely related to this chapter.

Uniform Convergence Approach: An important line to study the generalization bounds of

neural networks is based on uniform convergence, resulting in algorithm-independent analysis

[Bartlett et al. 2017; Frei et al. 2023; Golowich et al. 2018; Neyshabur et al. 2015; Parhi and

Nowak 2022]. In such analysis, the capacity of the hypothesis space is controlled by using

capacity measures such as Rademacher complexities and covering numbers. This type of

bound has been used to study gradient descent methods because of its generality. Specifically,

the generalization bounds of order O(1/
√
n) have been established by trading off between

the degree to which the algorithm fits the sample and the complexity of the solution through

this approach [Arora et al. 2019; Chen et al. 2021a; Ji and Telgarsky 2020].

Generalization under Structured Data Distribution: Considerable works provided gener-

alization analysis of neural networks for classification problems under certain assumptions

on the structure of the data distribution [Allen-Zhu et al. 2019a; Brutzkus et al. 2018; Cao
73
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and Gu 2020; Cao and Gu 2019; Nacson et al. 2019; Nitanda et al. 2019; Taheri et al. 2024].

For example, when data are generated by a linearly separable function, [Brutzkus et al. 2018]

studied the misclassification error of SGD for training two-layer neural networks with Leaky

ReLU activation. [Li and Liang 2018] focused on the problem of learning two-layer ReLU

networks via SGD and showed that a small misclassification error can be achieved in the test

data set when the data comes from mixtures of well-separated distributions. [Cao and Gu

2020] and [Cao and Gu 2019] established algorithm-dependent misclassification error bounds

for deep ReLU networks trained by GD and SGD, respectively, under the assumption that the

data can be separated by certain random feature models [Rahimi and Recht 2008; Cao and

Gu 2019] with a margin. Recently, [Ji and Telgarsky 2020] and [Nitanda et al. 2019] studied

the generalization performance of two-layer networks with ReLU and smooth activation,

respectively, and showed that GD and SGD can achieve a small misclassification error under

the separation margin of the corresponding kernel assumptions.

Algorithmic Stability Approach: Recently, some works have considered utilizing al-

gorithmic stability to study the generalization performance of gradient descent methods

for neural networks [Richards and Rabbat 2021; Richards and Kuzborskij 2021; Lei et al.

2022; Taheri and Thrampoulidis 2024; Wang et al. 2025a]. In particular, [Richards and

Rabbat 2021] showed that when the two-layer network with smooth activation is studied, the

empirical objective is smooth and weakly convex, the convexity parameter decaying with

the order O(1/
√
m). Based on these observations, [Lei et al. 2022; Richards and Kuzborskij

2021] provided excess population risk bounds of the order O(1/
√
n) for GD and SGD with

polynomial network width. [Wang et al. 2025a] extended their results to multilayer with a

general scaling setting. Recent work [Taheri and Thrampoulidis 2024] focusing on logistics

loss refined the curvature analysis by showing that empirical risks enjoy a self-bounded weak

convexity in a realizable scenario. Very recently, [Taheri et al. 2024] extended their results

to learn deep nets. However, the stability-based methods mentioned above all study neural

networks with smooth activation functions.

NTK approach: There has been a large amount of literature studying gradient descent

methods for overparameterized neural networks in the NTK regime [Allen-Zhu et al. 2019b;
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Arora et al. 2019; Du et al. 2018; Du et al. 2019; Guo et al. 2024; Kuzborskij and Szepesvári

2022; Suh et al. 2021; Hu et al. 2021]. For two-layer ReLU neural networks, [Du et al. 2018]

demonstrated that randomly initialized GD converges to a globally optimal solution of the

empirical risk with a linear convergence rate as long as the network width m ≳ n6/λ40 with

high probability. Here, λ0 is the smallest eigenvalue of the corresponding NTK Gram matrix.

Based on this observation, [Arora et al. 2019] provided a data-dependent generalization bound√
y⊤(H∞)−1y

√
n

+ Õ( 1√
n
) utilizing the Rademacher complexity under condition m ≳ n8/λ30.

Here, y is the label vector of the training data and H∞ is the NTK Gram matrix. [Kuzborskij

and Szepesvári 2022] derived the generalization bound O(n− 2
2+d ) of GD to learn the target

function with additive noise that is uniformly bounded and Lipschitz when m ≳ (n/λ0)
6.

The works mentioned above all require the positivity of the NTK Gram matrix. The works

most related to ours are the recent analysis of GD/SGD on two-layer neural networks for the

least-square regression [Braun et al. 2024; Cao et al. 2024; Nguyen and Mücke 2024; Nitanda

and Taiji 2021]. All these works removed the positive assumption of the NTK Gram matrix

to provide generalization bounds. In particular, [Nitanda and Taiji 2021; Nguyen and Mücke

2024] established the optimal excess risk rate O(n− 2β
2β+γ ) for SGD and GD, respectively.

However, all these works focus on neural networks with smooth activation functions.

Gradient descent methods in kernel setting: Finally, we investigate the generalization

results of GD and SGD in the context of kernel methods [Cesa-Bianchi et al. 2004; Dieuleveut

and Bach 2016; Lin and Rosasco 2017; Pillaud-Vivien et al. 2018; Ying and Pontil 2008].

Most work on SGD within the RKHS framework only provided the generalization analysis

allowing a single pass over the training data [Dieuleveut and Bach 2016; Guo and Shi 2019;

Ying and Pontil 2008]. The first analysis on multi-pass SGD is [Rosasco and Villa 2015],

where a cyclic gradient selection strategy is considered. [Lin and Rosasco 2017] showed

that multi-pass SGD with a stochastic choice of the gradient can achieve optimal excess risk

rate O(n− 2β
2β+γ ) for any β > 0 satisfying 2β + γ > 1, matching those of ridge regression

[Caponnetto and De Vito 2007; Smale and Zhou 2007]. They also extended their results to

mini-batch SGD and GD. Recently, [Mücke et al. 2019] developed the generalization bounds

for mini-batch SGD with tail averaging.
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4.2 Problem Formulation on GD and SGD

In this chapter, we assume for any x ∈ X ⊂ Rp and y ∈ Y , ∥x∥2 = 1 and |y| ≤ 1, where

∥ · ∥2 is the standard Euclidean norm. Denote by S = {zi = (xi, yi) : i = 1, . . . , n} a training

dataset drawn from an unknown distribution ρ on Z = X ×Y . Based on S, we aim to build a

predictor f : X → R, whose performance is measured by the expected risk

E(f) := 1

2
E(x,y)∼ρ[(y − f(x))2].

Since the distribution ρ is unknown in practice, we instead minimize the empirical risk defined

by

Ez(f) :=
1

2n

n∑
i=1

(yi − f(xi))
2.

A minimizer of the expected risk is the regression function fρ(x) = E[y|x], where E[·|x]

denotes the conditional expectation given x.

In this chapter, we are interested in a prediction model f parameterized by W in some

parameter space W with a neural network structure. In particular, we focus on L-layer deep

ReLU neural networks with width m of the form

fW(x) = a⊤

√
2

m
σ
(
WL · · ·

√
2

m
σ
(
W1x

))
, (4.1)

where x ∈ X is the input, σ(·) = max{·, 0} is the ReLU activation, W =
(
W1, . . . ,WL

)
∈

W with W := Rm×d × (Rm×m)L−1 denoting the collection of weight matrices for all

layers, and a = (a1, . . . , am)
⊤ ∈ Rm is the weight vector of the output layer. In the above

formulation, W1 ∈ Rm×d and Wl ∈ Rm×m for l = 2, . . . , L is the weight of the l-hidden

layer. We denote (wl
r)

⊤ the r-th row of Wl for l ∈ [L] := {1, . . . , L}. For the simplicity of

argument, we assume m is even. We use the notations E(W) = E(fW), Ez(W) = Ez(fW),

and ℓ(W; z) = 1
2
(y − fW(x))2.

In this chapter, we are concerned with two notable algorithms to minimize the empirical

risk, i.e., GD and SGD. We will consider symmetric initialization of GD and SGD, which

are widely used in the theoretical analysis of neural networks [Kuzborskij and Szepesvári

2022; Nguyen and Mücke 2024; Nitanda and Taiji 2021; Xu and Zhu 2024]. Especially, we
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adopt Gaussian initialization for all weights while the weights of the last layer are initialized

additionally using the symmetric weights and uniform initialization for the output layer weight

defined as follows:

for the first [L− 1] layer: w1
r(0)

i.i.d.∼ N (0, Ip) and wl
r(0)

i.i.d.∼ N (0, Im) for all r ∈ [m],

for the last layer: wL
r (0)

i.i.d.∼ N (0, Im) for r ∈
[m
2

]
, and wL

r+m
2
(0) = wL

r (0), (4.2)

for the output layer: ar
i.i.d.∼ Unif ({−1, 1}) for r ∈

[m
2

]
, and ar+m

2
= −ar.

Symmetric initialization is mainly used to ensure that the initial function fW(0)(x) is 0 for

any x ∈ X , which simplifies theoretical analysis. As noted in [Nguyen and Mücke 2024;

Nitanda and Taiji 2021], this requirement can be relaxed by taking into account the additional

error caused by non-symmetric initialization. Moreover, this symmetric trick does not affect

the concentration properties of the NTK for deep ReLU networks (see the discussion in

Section 4.4.5). For a differentiable function F on W , we denote ∂F (W0) =
∂F (W)
∂W

|W=W0

and ∂lF (W0) =
∂F (W)
∂Wl |W=W0 for all l ∈ [L].

DEFINITION 11 (Gradient Descent). Let W(0) ∈ W be the initialization generated by (4.2)

and η > 0 be the step size. GD updates {W(k) : k ∈ N} by

W(k + 1) = W(k)− η∂Ez(W(k)). (4.3)

DEFINITION 12 (Stochastic Gradient Descent). Let W(0) ∈ W be the initialization generated

by (4.2) and η > 0 be the step size. SGD updates {W(k) : k ∈ N} by

W(k + 1) = W(k)− η∂ℓ(W(k); zik), (4.4)

where ik is uniformly drawn from [n].

We are interested in the generalization performance of a model fW trained by GD and SGD

with T iterations, measured in terms of the excess population risk

εrisk(fW(T )) = E(fW(T ))− E(fρ),
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i.e., the discrepancy between the expected risks of fW(T ) and fρ. For the least squares

regression, it has been shown in [Cucker and Zhou 2007] that εrisk(fW(T )) can be further cast

as

εrisk(fW(T )) =
1

2
∥fW(T ) − fρ∥2ρ.

Here, ∥ · ∥ρ is the L2-norm defined as ∥f∥ρ = (
∫
X |f(x)|2dρx(x))1/2 where ρx denotes the

marginal distribution of ρ on X .

In the remainder of the chapter, we focus on studying ∥fW(T ) − fρ∥2ρ. The key idea of the

analysis is to introduce kernel methods as a bridge between the neural network and the best

model fρ. To this end, we require the concept of the neural tangent kernel (NTK) [Jacot et al.

2018]. In our setting, the NTK K : X × X → R with symmetric initialization is defined, for

any x, x′ ∈ X , by

K(x, x′) = 2E[σ(UL−1(x))σ(UL−1(x′))]qL(x, x′), (4.5)

where {(U l(x), U l(x′))}L−1
l=1 are pairs of bivariate normal variables defined iteratively by

(U l(x), U l(x′)) ∼ N (0,Σl−1(x, x′)) with

Σl−1(x,x′) = 2

 E[σ2(U l−1(x))] E[σ(U l−1(x))σ(U l−1(x′))]

E[σ(U l−1(x))σ(U l−1(x′))] E[σ2(U l−1(x′))]

 ,

Σ0(x,x′) =

 1 ⟨x, x′⟩2

⟨x, x′⟩2 1


and

ql(x, x′) =
(
π − arccos(pl−1(x, x′))

)
/π

with

pl−1(x, x′) =
E[σ(U l−1(x))σ(U l−1(x′))]√

E[σ2(U l−1(x))]E[σ2(U l−1(x′))]
.

Note that for all x, x ∈ X and l ∈ [L], E[σ(U l(x))σ(U l(x′))] is fixed and deterministic, and

does not involve any randomness.
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Let HK be the RKHS associated with the kernel K, with inner product and induced norm

denoted by ⟨·, ·⟩K and ∥ · ∥K , respectively. Let L2
ρx = {f : X → R : ∥f∥ρ < ∞}

be the space of square-integrable functions on X with respect to ρx. We introduce the

integral operator L : L2
ρx → L2

ρx , defined by Lf =
∫
X K(·, x)f(x)dρx(x). One can show∫

X K(x, x)dρx(x) ≤ 1 (see Property 1 in Section 4.4.1), hence L is a compact, self-adjoint

and positive operator, which has the eigen-decomposition Lf =
∑∞

i=1 λi⟨f,Φi⟩L2
ρx
Φi. Here,

{(λi,Φi)} are pairs of eigenvalues and orthogonal eigenfunctions in L2
ρx with λ1 ≥ λ2 ≥

. . . ≥ 0, and {Φi}∞i=1 forms an orthonormal basis of L2
ρx . For s ∈ R, we define the power

Ls as, for any f ∈ L2
ρx , Ls(f) =

∑∞
i=1 λ

s
i ⟨f,Φi⟩L2

ρx
Φi. For a bounded and positive linear

operator A on a separable Hilbert space H with orthonormal basis {ei}∞i=1, the trace of A is

defined by tr(A) =
∑∞

i=1⟨Aei, ei⟩H.

To analyze the performance of kernel methods, we impose the following standard assumptions

on the capacity of the hypothesis space and the complexity of fρ.

ASSUMPTION 11 (Effective dimension). For some γ∈ [0, 1] and cγ≥1, there holds tr
(
L(L+

λI)−1
)
=
∑∞

i=1
λi

λi+λ
≤ cγλ

−γ for all λ > 0.

In the above assumption, the quantity tr
(
L(L+ λI)−1

)
is called as the effective dimension

[Caponnetto and De Vito 2007] or the degrees of freedom [Zhang 2005]. Note that L is a

trace class operator satisfying tr(L) =
∑

i λi =
∫
X K(x, x)dρx(x) ≤ 1, then Assumption 11

is always true for γ = 1 and cγ = 1. In this sense, the case of γ = 1 is often referred to as

the capacity independent setting [Cucker and Zhou 2007]. Assumption 11 holds true if L is

of finite rank (corresponds to γ = 0) or the eigenvalues {λi} satisfy a polynomial decaying

condition λi ≲ i−1/γ for γ ∈ (0, 1]. The specific decay rates of the eigenvalues have been

studied for some specific settings [Bach 2017; Bietti and Mairal 2019; Bietti and Bach 2021;

Hu et al. 2021; Scetbon and Harchaoui 2021]. For example, under the assumption that the

input x is uniformly distributed on a unit sphere, [Hu et al. 2021] showed that the eigenvalues

of the NTK associated with two-layer ReLU networks decay as λi ≍ i−
p

p−1 .

ASSUMPTION 12 (Source condition). There exist β > 0 andB > 0, such that ∥L−βfρ∥ρ ≤ B.
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Assumption 12 is commonly used in nonparametric regression [Cucker and Smale 2002],

which quantifies the smoothness (regularity) of the regression function fρ. The larger the

value of β, the smoother fρ becomes and, consequently, the more stringent the assumption.

In particular, if β = 1/2, then this assumption indicates fρ ∈ HK , which implies that there

exists at least one minimizer of population risk belonging to the RKHS HK .

4.3 Main Results on Optimal Rates for GD and SGD

Before presenting our main results, we first introduce some necessary definitions and notations.

Given the initialization W(0), define the feature map Φm : X → W by

Φm(x) = ∂fW(0)(x) = (∂1fW(0)(x), . . . , ∂LfW(0)(x)).

With this feature map, we define a PSD kernel Km : X × X → R by

Km(x, x′) =
〈
∂fW(0)(x), ∂fW(0)(x

′)
〉
2
=
∑L

l=1

〈
∂lfW(0)(x), ∂lfW(0)(x

′)
〉
2
, (4.6)

where ⟨·, ·⟩2 is the inner product of a vector or a matrix. Here, Km can be seen as a ran-

dom feature approximation of the NTK K. According to Theorem 4.21 in [Steinwart and

Christmann 2008], there exists a unique RKHS Hm associated with the kernel Km given by

Hm = {f : X → R : ∃W ∈ W such that f(x) = ⟨W,Φm(x)⟩2},

whose corresponding norm is defined, for any f ∈ Hm, by

∥f∥Hm = inf{(
∑L

l=1 ∥Wl∥22)1/2 : W ∈ W with f(x) = ⟨W,Φm(x)⟩2}.

We further define the linear approximation of fW at the initialization W(0) by

f lin
W(x) = fW(0)(x) + ⟨∂fW(0)(x),W −W(0)⟩2.

Let K = (K(xi, xj))
n
i,j=1 and Km = (Km(xi, xj))

n
i,j=1 be the Gram matrices with kernels

K and Km, respectively. For a function ψ on an arbitrary space Ω, we denote ∥ψ∥∞ =

supω∈Ω |ψ(ω)|.
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4.3.1 Optimal Rates for Gradient Descent

Define the functions Km
x ∈ Hm, Kx ∈ HK by Km

x (x′) = Km(x, x′) and Kx(x
′) = K(x, x′)

for any x, x′ ∈ X . If we regard the empirical risk Ez(·) as a functional on the RKHS Hm and

HK , the iteration of GD for least-square regression in Hm and HK can be defined as

gmk+1 = gmk − η

n

n∑
i=1

(gmk (xi)− yi)K
m
xi

for any k ∈ N with gm0 = 0, (4.7)

gk+1 = gk −
η

n

n∑
i=1

(gk(xi)− yi)Kxi
for any k ∈ N with g0 = 0. (4.8)

Let W(T ), gmT and gT be produced by (4.3), (4.7) and (4.8) with T iterations, respectively.

Consider f lin
W(T ), g

m
T and gT as bridges connecting fW(T ) and fρ, we introduce the following

error decomposition

εrisk
(
fW(T )

)
≲
∥∥fW(T )−f lin

W(T )

∥∥2
ρ
+
∥∥f lin

W(T )−Smg
m
T

∥∥2
ρ
+
∥∥Smg

m
T −SgT

∥∥2
ρ
+
∥∥SgT−fρ∥∥2ρ,

(4.9)

where Sm : Hm ↪−→ L2
ρx and S : HK ↪−→ L2

ρx are the inclusion mappings that map gmT ∈ Hm

to Smg
m
T ∈ L2

ρx and gT ∈ HK to SgT ∈ L2
ρx , respectively. We will state the estimates for

the above four terms in the subsequent context respectively and present the upper bounds of

εrisk(fW(T )). We assume ηT ≥ 1 and denote C ≥ 1 as an absolute value which may differ

from line to line.

We begin by estimating the term ∥fW(T ) − f lin
W(T )∥2ρ on the right-hand side of (4.9). Since the

population distribution ρ is unknown, in the following proposition we employ the ∥ · ∥∞-norm

to control the ∥ · ∥ρ-norm of fW(T ) − f lin
W(T ). In this sense, the established bound is the

worst-case one which holds true for any population distribution ρ. The detailed proof is

deferred to Section 4.4.3.

PROPOSITION 7. Let δ ∈ (0, 1). Assume η ≤ 1/5 and

m ≳ L22p3(ηT )7 log3(m/δ). (4.10)
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Then, with probability at least 1−L exp(O(pL log(m))−Ω(m
1
3 ))− δ over the initialization

(a,W(0)), there holds

∥fW(T ) − f lin
W(T )∥2ρ ≤ ∥fW(T ) − f lin

W(T )∥2∞ ≲
L

14
3 (ηT )

4
3

m
1
3

.

The estimate of ∥fW(T ) − f lin
W(T )∥2ρ is controlled by showing the trajectory of GD/SGD is

always near the initialization, which critically depends on forward and backward propagation

estimates at random initialization. The work [Xu and Zhu 2024] provided such estimates with

upper bounds depend exponentially on the number of layers L. Applying these estimates to

our approach leads to the unexpected bound ∥fW(T ) − f lin
W(T )∥2ρ ≲ CLm− 1

3 Poly(ηT ) valid

when m ≳ CLPoly(ηT, d). Meanwhile, [Zou et al. 2020; Chen et al. 2021b] conducted

fine-grained analyses for forward and backward propagation for classification problems,

significantly relaxing the required network width from an exponential to a polynomial scaling.

However, their approach cannot be directly applied to our setting, as we require these results

to hold uniformly over the entire input space X to control the ∥ · ∥∞-norm, while their results

are typically restricted to the training dataset S. We extend their results from the finite training

set S to the full input space X , reducing the requirement of the width to a polynomial scaling.

Proposition 8 presents the estimation of ∥f lin
W(T ) − Smg

m
T ∥2ρ, whose proof can be found in

Section 4.4.3.

PROPOSITION 8. Let δ ∈ (0, 1). Assume η ≤ 1/5, ηT ≤ n(36 log(2n/δ))−1 and (4.10).

Then, with probability at least 1−L exp
(
O(pL log(m))−Ω(m

1
3 )
)
− δ over the initialization

(a,W(0)) and sampling, there holds

∥f lin
W(T ) − Smg

m
T ∥2ρ ≲

L
14
3 (ηT )

7
3

m
1
3

.

Propositions 7 and 8 jointly demonstrate the almost equivalence of the GD trajectories for a

deep ReLU network and for the corresponding NTK Km under overparameterization, i.e.,

∥fW(T ) − Smg
m
T ∥2ρ ≲ L

14
3 (ηT )

7
3m− 1

3 under the condition m ≳ Poly(L, d, ηT ). This implies

the larger the width of the network m, the closer the two trajectories are and the more the

behavior of fW(T ) is similar to that of gmT . [Nitanda and Taiji 2021] established this estimate
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for the trajectory of the SGD average stream. They showed that these two trajectories behave

almost the same when the network width m scales exponentially with n. Subsequently, [Cao

et al. 2024] reduced the requirement of m to the polynomial degree. However, both of these

two works are limited to two-layer networks with smooth activation. Our result demonstrates

that even for deep networks with non-smooth ReLU activation, a polynomially large width is

sufficient to ensure the alignment of the learning trajectories.

We estimate ∥Smg
m
T − SgT∥2ρ in the following proposition, whose proof is deferred to Sec-

tion 4.4.3.

PROPOSITION 9. Let δ ∈ (0, 1). Assume η ≤ 1/4 and (4.10). Then, with probability at least

1− L exp
(
O(pL log(m))− Ω(m

1
3 )
)
− δ over the initialization (a,W(0)), there holds

∥Smg
m
T − SgT∥2ρ ≤ ∥gmT − gT∥2∞ ≲ (ηT )4∥Km −K∥2∞ ≲

L(ηT )4

m
1
3

.

The above proposition shows that the distance between the GD iterates in Hm and HK can be

controlled by the discrepancy between their respective kernels, Km and K. In fact, this result

can be extended to any pair of RKHS with bounded kernels. Specifically, for arbitrary RKHS

H1,H2 with bounded kernels K1, K2, let g1T and g2T denote the corresponding GD iterates

(defined analogously to (4.7) with Km replaced by K1 and K2), respectively. Then, it follows

that ∥g1T − g2T∥∞ ≲ (ηT )2∥K1−K2∥∞. In addition, the work [Xu and Zhu 2024] proved that

∥Km −K∥∞ ≲ CLm− 1
6

√
d valid when m depends exponentially on L. We improved their

bound to ∥Km −K∥∞ ≲ m− 1
6

√
pL with the reduced condition m ≳ Poly(L, n, d). More

details can be found in Lemma 20.

Finally, we provide an estimate for the last term, ∥SgT−fρ∥2ρ, which captures the performance

of GD within HK . The detailed proof is presented in Section 4.4.3.

PROPOSITION 10. Suppose Assumptions 11 and 12 hold. Assume η ≤ 1 and ηT ≤

n(9 log(2n/δ))−1. Then, with probability at least 1− δ over sampling, there holds

∥SgT − fρ∥2ρ ≲
(ηT
n2

+
(ηT )γ

n
+

(ηT )1−2β

n

)
log4

(T
δ

)
+ (ηT )−2β.
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Propositions 9 and 10 together provide an estimate for ∥Smg
m
T − fρ∥2ρ. In this remark, we

highlight the technical novelty of our approach. For two-layer neural networks, previous

work [Carratino et al. 2018; Nitanda et al. 2019] estimated this term by introducing an

intermediate term hm ∈ Hm, separately bounding ∥Sm(g
m
T − hm)∥2ρ and ∥Smh

m − fρ∥2ρ.

Here, hm is either the minimizer of the regularized population risk over Hm [Nitanda and

Taiji 2021] or GD for the population risk in Hm [Nguyen and Mücke 2024]. One can show

that ∥Sm(g
m
T − hm)∥2ρ ≲ n− 2β

2β+γ̃ with γ̃ the effective dimension of Hm. Hence, to achieve

optimal rates, it is essential to demonstrate that the effective dimension of Hm matches that of

HK , i.e., γ̃ = γ. As discussed in the introduction, this equivalence naturally holds for γ = 1.

When γ < 1, it is established by treating Km as a sum of i.i.d. random kernels with mean

K. However, this structure is not valid for deep ReLU networks, as the gradient ∂wl
r
fW(0)(x)

is influenced not only by the weights wl
r(0) of the l-th layer but also by the weights of all

preceding layers. In contrast, we introduce gT ∈ HK as an intermediate term, and separately

estimate ∥Smg
m
T −SgT∥2ρ and ∥SgT−fρ∥2ρ in Propositions 9 and 10.

Combining the above four propositions, we now present our main result on the excess

population risk of GD for deep ReLU networks. The detailed proof is deferred to Section 4.4.3.

THEOREM 9. Suppose Assumptions 11 and 12 hold. For any δ ∈ (0, 1), assume η ≤ 1/5,

ηT ≤n(36 log(8n/δ))−1 and (4.10). Then, with probability at least 1−L exp
(
O(pL log(m))−

Ω(m
1
3 )
)
− δ over initialization (a,W(0)) and sampling, there holds

E(fW(T ))− E(fρ) ≲
L

14
3 (ηT )4

m
1
3

+
(ηT
n2

+
(ηT )γ

n
+

(ηT )1−2β

n

)
log4

(T
δ

)
+ (ηT )−2β.

We point out that our result does not need the widely adopted positivity assumption on the

NTK Gram matrix Km to learn ReLU networks [Arora et al. 2019; Du et al. 2018], i.e., the

smallest eigenvalue of Km is strictly larger than 0. Previous work [Nitanda and Taiji 2021;

Su and Yang 2019] has shown that this assumption can be overly restrictive, as the smallest

eigenvalue of Km tends to zero as the size of the training set increases.

The following corollary, derived from Theorem 9, shows that when the network width scales

polynomially with the sample size n, dimension p, and the number of layers L, GD with
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a deep ReLU network can achieve the optimal excess risk rate O(n− 2β
2β+γ ), with a gradient

complexity of O(n1+ 1
2β+γ ).

COROLLARY 1. Suppose Assumptions 11 and 12 hold and 2β+γ > 1. For any δ ∈ (0, 1), as-

sume that n ≥ (36(2β + γ)β−1)
2β+γ

β 16
δ

and m ≳ L14max{L8p3n
7

2β+γ log3(npL/δ), n
6β+12
2β+γ }.

Choosing T = ⌈n
1

2β+γ ⌉ and η ≤ 1/5 as a constant yields that, with a probability of at least

1− δ over initialization (a,W(0)) and sampling, there holds

E(fW(T ))− E(fρ) ≲ n− 2β
2β+γ log4

(
n
δ

)
.

Under Assumptions 11 and 12, the work [Lin and Rosasco 2017] proved that the optimal

excess risk rate O(n− 2β
2β+γ ) can be achieved by GD in the kernel setting, with a gradient

complexity of O(n1+ 1
2β+γ ), when 2β + γ > 1. Corollary 1 shows, provided that the network

width scales polynomially with n, p, and L, GD with a deep ReLU network can replicate the

classical results in the kernel setting. It implies that the learning capability of GD with a deep

ReLU network is competitive with that of the classical kernel regime. Moreover, as β and γ

increase, the required network width m and the gradient complexity become less restrictive.

In particular, in the capacity independent case, that is, γ = 1, the optimal rate O(n− 2β
2β+1 ) can

be derived that matches the kernel setting [Ying and Pontil 2008].

Discussion with the existing work.

The study most relevant to our work on GD is [Nguyen and Mücke 2024; Wang et al. 2025b],

which provided the excess population risk bounds for two-layer neural networks with smooth

and ReLU activation, respectively. Specifically, [Nguyen and Mücke 2024] established

the optimal excess risk O(n− 2β
2β+γ ) under Assumptions 11 and 12, assuming the network

width m ≳ Poly(p, n). In their analysis, the smoothness of the activation function plays a

crucial role especially for ensuring the boundedness of the second partial derivatives of fW

at W(0). [Wang et al. 2025b] extended their results to two-layer ReLU networks. They

proved that the minimax-optimal excess risk rate can be achieved by GD when the network

width depends polynomially on n and p. In contrast, our work provides the first minimax-

optimal excess risk rates for deep neural networks with ReLU activation functions under the
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Work Activation Layer Setting Width

GD smooth shallow β > 0 and
Ω(Poly(n, p))[Nguyen and Mücke 2024] 2β + γ > 1

one-pass SGD smooth shallow β ∈ [1/2, 1] Ω(exp(n))[Nitanda and Taiji 2021]
GD/SGD ReLU shallow β > 0 and

Ω(Poly(log(n),p)eC
L
)[Wang et al. 2025b] 2β + γ > 1

GD/SGD ReLU deep β > 0 and
Ω(Poly(L, n, p))Ours 2β + γ > 1

TABLE 4.1. Results of GD and SGD with minimax optimal rates O(n
− 2β

2β+γ )
achieved for the least-square regression.

same assumptions, provided m ≳ Poly(L, p, n). Besides, [Kuzborskij and Szepesvári 2022]

studied the generalization performance of GD for two-layer ReLU networks under the positive

eigenvalue assumption of the NTK Gram matrix, focusing on learning target functions with

additive noise that is uniformly bounded and Lipschitz. [Lai et al. 2023] showed that gradient

flow in two-layer ReLU networks can achieve a generalization bound of O(n− 2
3 ) when p = 1

and β = 1/2. Table 4.1 summarizes the comparison of our results with the related work.

4.3.2 Optimal Rates for Stochastic Gradient Descent

In this subsection, we present our main results for SGD. We begin by introducing the kernel

SGD in the RKHS Hm based on the random feature approximation Km

fm
k+1 = fm

k − η(fm
k (xik)− yik)K

m
xik

with fm
0 = 0. (4.11)

Let W(T ) and fm
T be produced by (4.4) and (4.11) with T iterations, respectively. We

consider

EA
[
εrisk

(
fW(T )

)]
≲EA

[∥∥fW(T )−f lin
W(T )

∥∥2
ρ

]
+EA

[∥∥f lin
W(T )−Smf

m
T

∥∥2
ρ

]
+EA

[∥∥Smf
m
T −fρ

∥∥2
ρ

]
,

(4.12)

where EA[·] denotes the expectation with respect to {ik : k ∈ [T ]}. In the subsequent context,

we will state the estimates for the three terms on the right-hand side of (4.12).



4.3. MAIN RESULTS ON OPTIMAL RATES FOR GD AND SGD 87

First, we provide the estimate of the first term EA[∥fW(T ) − f lin
W(T )∥2ρ], whose proof can be

found in Section 4.4.4. Similar to GD, we use ∥ · ∥∞-norm to control the ∥ · ∥ρ-norm of

fW(T ) − f lin
W(T ).

PROPOSITION 11. Let δ ∈ (0, 1). Assume η ≤ 1/5, ηT ≥ 1 and

m ≳ L26p3(ηT )7 log3(m/δ). (4.13)

Then, with probability at least 1 − L exp(O(pL log(m)) − Ω(m
1
3 )) − δ over initialization

(a,W(0)), there holds

EA[∥fW(T ) − f lin
W(T )∥2ρ] ≤ ∥fW(T ) − f lin

W(T )∥2∞ ≲
L

14
3 (ηT )

4
3

m
1
3

.

The following proposition presents the estimation of the second term EA[∥f lin
W(T ) − Smf

m
T ∥2ρ].

Due to the randomness of SGD, the proof strategy of Proposition 8 cannot be directly extended

to SGD. Instead of estimating the ∥ · ∥ρ-norm of the error term, we control the stronger ∥ · ∥∞-

norm here. The detailed proof is deferred to Section 4.4.4.

PROPOSITION 12. Let δ ∈ (0, 1). Assume η ≤ 1/5, ηT ≥ 1 and condition (4.13) hold.

Then, with probability at least 1− L exp
(
O(pL log(m))− Ω(m

1
3 )
)
− δ over initialization

(a,W(0)), there holds

∥f lin
W(T ) − Smf

m
T ∥2ρ ≤ ∥f lin

W(T ) − fm
T ∥2∞ ≲

L
20
3 (ηT )

10
3

m
1
3

.

Finally, we establish an upper bound for the last term on the right-hand side of (4.12) in the

following proposition. To this end, we first estimate the distance between the SGD and GD

iterates in the RKHS Hm, i.e, fm
T − gmT . This intermediate step, combined with the result of

Proposition 10, will allow us to complete the proof of the proposition, which is provided in

Section 4.4.4.

PROPOSITION 13. Suppose Assumptions 11 and 12 and (4.13) hold. Let δ ∈ (0, 1) and

T ∈ N. Assume 0 < η ≤ (32(log(T ) + 1))−1 and (ηT )−1 ≥ n−1 log(6n/δ). Then, with

probability at least 1 − L exp
(
O(pL log(m)) − Ω(m

1
3 )
)
− δ over initialization (W(0), a)
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and sampling

EA
[
∥Smf

m
T − fρ∥2ρ

]
≲
L

20
3 (ηT )4

m
1
3

+
(
η +

ηT

n2
+

(ηT )γ + (ηT )1−2β

n

)
log4

(T
δ

)
+(ηT )−2β.

Combining the above three propositions, we present our main result on the excess population

risk of SGD with deep ReLU networks as follows. The detailed proof is deferred to Section

4.4.4.

THEOREM 10. Suppose Assumptions 11 and 12 and (4.13) hold. For any δ ∈ (0, 1), assume

0 < η ≤ (32(log(T ) + 1))−1 and 1 ≤ ηT ≤ n(36 log(12n/δ))−1. Then, with probability at

least 1− L exp
(
O(pL log(m))− Ω(m

1
3 )
)
− δ over initialization (a,W(0)) and sampling,

there holds

EA
[
E(fW(T ))− E(fρ)

]
≲
L

20
3 (ηT )4

m
1
3

+
(
η +

ηT

n2
+

(ηT )γ + (ηT )1−2β

n

)
log4

(T
δ

)
+(ηT )−2β.

The following corollary, derived from Theorem 10, shows that when the network width scales

polynomially with n, p and L, SGD can achieve the optimal excess risk rate O(n− 2β
2β+γ ) with

lower computational cost (in terms of gradient complexity) than GD in Corollary 1.

COROLLARY 2. Suppose Assumptions 11 and 12 hold and 2β + γ > 1. For any δ ∈ (0, 1),

assume n ≥ (72(2β + γ))2(2β+γ)(24
δ
) and m ≳ L20max{L6p3n

7
2β+γ log3(npL/δ), n

6β+12
2β+γ }.

Choosing T = ⌈n
2β+1
2β+γ ⌉ and η = (72 log(24n/δ))−1n− 2β

2β+γ yields that, with probability at

least 1− δ over initialization (a,W(0)) and sampling, there holds

EA[E(fW(T ))− E(fρ)] ≲ n− 2β
2β+γ log2(n) log2β(n/δ).

Our results suggest that, provided a sufficiently wide network width, SGD with deep ReLU

networks can recover the classical results of SGD [Dieuleveut and Bach 2016; Lin and Rosasco

2017] in the kernel setting with the same gradient complexity under similar assumptions.

Comparison with the existing work.
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Several works studying generalization performance of deep ReLU networks trained by SGD

in the NTK regime [Cao and Gu 2019; Chen et al. 2021b; Zou et al. 2020; Xu and Zhu 2024].

However, most of them focus on classification problem [Cao and Gu 2020; Chen et al. 2021b;

Zou et al. 2020]. For regression problems, [Xu and Zhu 2024] studied one-pass SGD in the

streaming data setting for deep ReLU networks and demonstrated that the average prediction

error ES[(εrisk(fW(T )))
1
2 ] can converge to zero in expectation, provided that the width of the

network scales exponentially with the number of layers L. The precise convergence rate

was not specified in [Xu and Zhu 2024]. Under Assumptions 11 and 12, [Nitanda and Taiji

2021] established minimax-optimal rates for one-pass SGD in two-layer neural networks with

smooth activations, assuming the network width m scales exponentially with n. [Wang et al.

2025b] extended their results to two-layer ReLU networks and showed that SGD can achieved

the minimax-optimal rates under the condition that m ≳ Poly(n, p). We focus on deep neural

networks, showing that SGD for deep neural networks can achieve the optimal rates under the

condition m ≳ Poly(L, n, p).

4.4 Proofs for Optimal Rates for GD and SGD

Section 4.4.1 introduces the uniform concentration of the NTK. Section 4.4.2 presents some

necessary lemmas. Sections 4.4.3 and 4.4.4 give all proofs for both GD and SGD. Sec-

tion 4.4.5 discusses the properties of the NTK for deep ReLU networks with non-symmetric

initialization.

4.4.1 Proofs for Concentration of the NTK

In this section, we provide the uniform concentration of the NTK in our setting.

Denote by I{·} the indicator function (i.e., taking the value 1 if the argument holds true, and

0 otherwise). Given an input x ∈ X , the L-layer ReLU network can be expressed as the
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following specific form

fW(x) = a⊤

√
2

m
DL(x)WL · · ·

√
2

m
D1(x)W1x, (4.14)

where Dl(x) with l ∈ [L] is the diagonal sign matrix defined by

Dl(x) = diag
{
I{⟨wl

r, o
l−1(x)⟩2 ≥ 0}

}
∈ Rm×m (4.15)

with o0(x) = x and

ol−1(x) =

√
2

m
Dl−1(x)Wl−1 · · ·

√
2

m
D1(x)W1x for l = 2, . . . , L. (4.16)

Here, ol−1(x) can be regarded as the output of the (l − 1)-th layer. By further defining

(V L
L (x))⊤ =

√
2
m
DL(x) and

(
Vl

L(x)
)⊤

=

√
2

m
DL(x)WL · · ·

√
2

m
Dl(x) for l ∈ [L− 1], (4.17)

we can rewrite fW(x) as

fW(x) = a⊤(Vl
L(x)

)⊤
Wlol−1(x) =

〈
Vl

L(x)a
(
ol−1(x)

)⊤
,Wl

〉
2
.

The above observation implies that

∂fW(x)

∂Wl
= Vl

L(x)a
(
ol−1(x)

)⊤
.

Denote ∥ · ∥op the operator norm of a matrix or an operator. For any W,W̃ ∈ W , let

∥W − W̃∥op,∞ = maxl∈[L] ∥Wl − W̃l∥op, and, for any R > 0, BR(W̃) =
{
W ∈ W :

∥W − W̃∥op,∞ ≤ R
}
.

Let Dl
0(x), o

l
0(x) and Vl

L,0 be defined as (4.15), (4.16) and (4.17) with W = W(0) for all

l ∈ [L]. The following lemma shows that only the performance of the last layer plays a role

in defining Km under the symmetric initialization.

LEMMA 16. For any x ∈ X , there holds

a⊤DL
0 (x)W

L(0) = 0 and
∂fW(0)(x)

∂Wl(0)
= 0 for any l ∈ [L− 1].
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Further,

Km(x, x′) =
〈∂fW(0)(x)

∂WL(0)
,
∂fW(0)(x

′)

∂WL(0)

〉
2

for all x, x′ ∈ X .

PROOF. Note the r-th row of DL
0 (x)W

L(0) is I{⟨wL
r (0), o

L−1
0 (x)⟩2 ≥ 0}(wL

r (0))
⊤.

Since ar = −ar+m
2

and wL
r (0) = wL

r+m
2
(0) for all r ∈ [m

2
], there holds

a⊤DL
0 (x)W

L(0)=
m∑
r=1

arI{⟨wL
r (0), o

L−1
0 (x)⟩2 ≥ 0}(wL

r (0))
⊤

=

m
2∑

r=1

arI{⟨wL
r (0), o

L−1
0 (x)⟩2≥0}(wL

r (0))
⊤+

m
2∑

r=1

ar+m
2
I{⟨wL

r+m
2
(0), oL−1

0 (x)⟩2≥0}(wL
r (0))

⊤

=

m
2∑

r=1

arI{⟨wL
r (0), o

L−1
0 (x)⟩2≥0}(wL

r (0))
⊤−

m
2∑

r=1

arI{⟨wL
r (0), o

L−1
0 (x)⟩2≥0}(wL

r (0))
⊤=0.

It further implies

(
Vl

L,0(x)a
)⊤

= a⊤

√
2

m
DL

0 (x)W
L(0) · · ·

√
2

m
Dl

0(x) = 0.

Combining this observation with ∂fW(0)(x)

∂Wl(0)
= Vl

L,0(x)a
(
ol−1
0 (x)

)⊤, we know ∂fW(0)(x)

∂Wl(0)
= 0

for any l ∈ [L− 1]. The first two results of the lemma are proved.

Finally, from (4.6) we get

Km(x, x′) =
L∑
l=1

〈∂fW(0)(x)

∂Wl(0)
,
∂fW(0)(x

′)

∂Wl(0)

〉
2
=
〈∂fW(0)(x)

∂WL(0)
,
∂fW(0)(x

′)

∂WL(0)

〉
2
, (4.18)

which completes the proof. □

The following lemma shows that the initial weights Wl(0) are bounded by O(
√
m) with high

probability.

LEMMA 17 (Theorem 4.4.5 in [Vershynin 2018]). With probability at least 1− L exp(−Cm)

over the random choice of W(0), there exists an absolute constant c0 > 1 such that for any

l ∈ [L], there holds

∥Wl(0)∥op ≤ c0
√
m. (4.19)
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In the rest of the proofs, we will assume that the event {∥Wl(0)∥op ≤ c0
√
m for all l ∈ [L]}

holds unless otherwise specified.

We require the following useful lemma which can be found in [Zou et al. 2018] (Corollary

A.2, Lemmas A.8, B.1 and B.3 with mL = m/2,mL−1 = · · · = m1 = m). We note that

in the following lemma, Assumptions 3.4 and 3.5 in [Zou et al. 2018] are removed and the

training dataset S is replaced by a finite subset D of X . Denote ∥ · ∥0 the l0-norm which is

the number of nonzero entries of a matrix or a vector.

LEMMA 18. Let D ⊂ X be a finite subset of X with cardinality |D| = u. For any δ ∈ (0, 1),

the following statements hold with probability at least 1− δ over the random choice of W(0)

for all x̂ ∈ D.

(a) Assume m ≥ C log(uL/δ). For all l ∈ [L], there holds

∣∣∥ol0(x̂)∥2 − 1
∣∣ ≤ Cl

√
log(uL/δ)

m
.

(b) Assume m ≥ C log(uL2/δ). For all 1 ≤ l1 < l2 ≤ L, there holds

∥∥∥√ 2

m
Wl2(0)

l2−1∏
h=l1

√
2

m
Dh

0(x̂)W
h(0)

∥∥∥
op

≤ CL.

(c) Let Rop ≥ 1 and s ∈ N with s ≤ m. Assume m ≥ CL6max{s log(m), R2
op} and

s ≥ C log(uL2/δ). Then, for any Ŵ ∈ W satisfying ∥Ŵ∥op,∞ ≤ Rop, and for all

x̂ ∈ D, l ∈ [L] and any diagonal matrices D̂l ∈ Rm×m satisfying ∥D̂l∥0 ≤ s and

D̂l,Dl
0(x̂) + D̂l ∈ [−1, 1]m×m, there holds

∥∥∥ l2∏
h=l1

√
2

m

(
Dh

0(x̂) + D̂h
)(
Wh(0) + Ŵh

)∥∥∥
op

≤ CL for all 1 ≤ l1 < l2 ≤ L. (4.20)

(d) Let Rop ≥ 1. Assume m ≥ Cmax{L22pR2
op log

3(m), L3 log3(uL/δ)}. Then, for any

W ∈ W satisfying ∥W −W(0)∥op,∞ ≤ Rop and all x̂ ∈ D, there holds

∥ol(x̂)− ol0(x̂)∥2 ≤
ClLRop√

m
. (4.21)
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Lemma 18 applies only to the finite subset D of X . In the following lemma, we extend their

results to the entire input space X = Sp−1.

LEMMA 19. Let δ ∈ (0, 1). The following statements hold with probability at least 1− δ over

initialization W(0) for all l ∈ [L].

(a) Assume m ≳ pL log(m
δ
), there holds supx∈X

∣∣∥ol0(x)∥2 − 1
∣∣ ≤ Cl

√
pL log(m/δ)

m
.

(b) Assume m ≳ pL log(m
δ
), there holds supx∈X ∥Vl

L,0(x)∥op ≤ CL√
m
.

(c) Assume m ≳ pL3 log(m
δ
), there holds supx∈X ∥∂fW(0)(x)

∂WL(0)
∥2 ≤ 2.

PROOF. We first prove part (a). Let D be a m− 1
2 (
√
2c0)

−L-net of X . We know for any

x ∈ X , there exists x̂ ∈ D such that ∥x − x̂∥2 ≤ m− 1
2 (
√
2c0)

−L. Then, for l ∈ [L], there

holds

∥ol0(x)− ol0(x̂)∥2

=

√
2

m

∥∥σ(Wl(0)ol−1
0 (x)

)
− σ

(
Wl(0)ol−1

0 (x̂)
)∥∥

2
≤
√

2

m

∥∥Wl(0)(ol−1
0 (x)− ol−1

0 (x̂))
∥∥
2

≤
√

2

m

∥∥Wl(0)
∥∥
op
∥ol−1

0 (x)− ol−1
0 (x̂)∥2 ≤

√
2c0∥ol−1

0 (x)− ol−1
0 (x̂)∥2,

where we have used 1-Lipschitz continuity of the ReLU and ∥Wl(0)∥op ≤ c0
√
m.

Applying the above inequality recursively on l, we know ∥ol0(x)− ol0(x̂)∥2 ≤ (
√
2c0)

l∥x−

x̂∥2 ≤ 1√
m
. Note X = Sp−1 is the unit sphere and D is a m− 1

2 (
√
2c0)

−L-net of X . From

Corollary 4.2.13 in [Vershynin 2018], we know the covering number of X satisfy |D| ≤

(3
√
m)p(

√
2c0)

pL. Combining part (a) of Lemma 18 with u = (3
√
m)p(

√
2c0)

pL and the

condition m ≳ pL log(m
δ
), we know with probability at least 1− δ, there holds

∣∣∥ol0(x̂)∥2 − 1
∣∣ ≤ Cl

√
pL log(m/δ)

m
for all x̂ ∈ D.

Combining this with the above inequality ∥ol0(x)− ol0(x̂)∥2 ≤ 1√
m

, there holds |∥ol0(x)∥2 −

1| ≤ ∥ol0(x) − ol0(x̂)∥2 + |∥ol0(x̂)∥2 − 1| ≤ Cl
√

pL log(m/δ)
m

for all x ∈ X . The first part is

proved.
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Now, we turn to prove part (b). From Lemma 32 in [Xu and Zhu 2024] we know the cardinality

of the set {(D1
0(x), . . . ,D

L
0 (x)) ∈ RL×m×m : x ∈ X} is at most mpL. Therefore, there exists

a subset D ⊂ X with |D| ≤ mpL such that

sup
x∈X

∥Vl
L,0(x)∥op = sup

x∈D
∥Vl

L,0(x)∥op for all l ∈ [L].

Note part (b) of Lemma 18 with u = mpL, l2 = L, l1 = l+1 and the conditionm ≳ pL log(m
δ
)

implies that with probability at least 1− δ,

sup
x∈D

∥Vl
L,0(x)∥op = sup

x∈D

∥∥∥√ 2

m
DL

0 (x)W
L(0) · · ·

√
2

m
Dl+1

0 (x)Wl+1(0)

√
2

m
Dl

0(x)
∥∥∥
op

≤ sup
x∈D

∥∥DL
0 (x)

∥∥
op

∥∥∥√ 2

m
WL(0)

L∏
h=l+1

√
2

m
Dh

0(x)W
h(0)

∥∥∥
op

∥∥∥√ 2

m
Dl

0(x)
∥∥∥
op

≤ CL√
m
.

Hence,

sup
x∈X

∥Vl
L,0(x)∥op ≤

CL√
m
,

which completes the proof of part (b).

It remains to prove the last part. Note

sup
x∈X

∥∥∥∂fW(0)(x)

∂WL(0)

∥∥∥
2
= sup

x∈X

∥∥∥VL
L,0(x)a

(
oL−1
0 (x)

)⊤∥∥∥
2
= sup

x∈X

∥∥∥√ 2

m
DL

0 (x)a
(
oL−1
0 (x)

)⊤∥∥∥
2

≤
√
2 sup
x∈X

∥oL−1
0 (x)∥2 ≤

√
2
(
sup
x∈X

∣∣∥oL−1
0 (x)∥2 − 1

∣∣+ 1
)

≤
√
2
(
CL

√
pL log(m/δ)

m
+ 1
)
≤ 2,

where the last second inequality follows from the first part of this lemma, and the last

inequality used the condition m ≳ pL3 log(m/δ). The proof of the lemma is completed. □

The following property shows that K is bounded.

PROPERTY 1. For any x, x′ ∈ X , there holds |K(x, x′)| ≤ 1.

PROOF. By the definition of U l(x), we know

E[σ2(U l(x))] =
1

2
E[(U l(x))2] = E[σ2(U l−1(x))].
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Recursively applying this equality, we have E[σ2(U l(x))] = E[σ2(U1(x))] = Ew∼N (0,1)[σ
2(w)] =

1/2. Then, according to Cauchy-Schwarz inequality, for all x, x′ ∈ X and l ∈ [L], there holds∣∣2E[σ(U l(x))σ(U l(x′))]
∣∣ ≤√2E[σ2(U l(x))]

√
2E[σ2(U l(x′))] = 1. (4.22)

Further, according to the definition of ql(x, x′), there holds |ql(x, x′)| ≤ 1. Then, for x, x′ ∈

X , K(x, x′) can be uniformly bounded by

|K(x, x′)| =
∣∣2E[σ(UL−1(x))σ(UL−1(x′))]

∣∣|qL(x, x′)|
≤
√
2E[σ2(UL−1(x))]

√
2E[σ2(UL−1(x′))] = 1.

This completes the proof. □

The work [Du et al. 2019] provided the concentration of the NTK for deep ReLU networks

over the training data. i.e., supi,j∈[n] |Km(xi, xj) − K(xi, xj)| → 0 as m → ∞. [Xu

and Zhu 2024] extended their result and showed the concentration uniformly over X , i.e,

∥Km − K∥∞ ≲ CLm− 1
6
√
p assuming exponential scaling of m with L. In the following

lemma, we improve their results with relaxed condition on m, which is pivotal for reducing

the requirement on m from CLPoly(n, p) to Poly(n, p, L) in Corollaries 1 and 2.

LEMMA 20. Let δ ∈ (0, 1). Assume m ≳ pL3 log(m
δ
). With probability at least 1 −

L exp
(
O(pL log(m))−Ω(m

1
3 )
)
− δ over the random choice of (a,W(0)), there holds

∥Km −K∥∞ ≲
√
Lm− 1

6 +
√
pL log(m)m−1.

PROOF. Note (4.22) and
∣∣(VL

L,0(x)a)
⊤VL

L,0(x
′)a
∣∣ = 1

m
|a⊤DL

0 (x)D
L
0 (x

′)a| ≤ 1. From

the definitions of Km and K, there holds

∥Km −K∥∞

= sup
x,x′∈X

∣∣∣⟨oL−1
0 (x),oL−1

0 (x′)⟩2(VL
L,0(x)a)

⊤VL
L,0(x

′)a−2E[σ(UL−1(x))σ(UL−1(x′))]qL(x, x′)
∣∣∣

≤ sup
x,x′∈X

∣∣⟨oL−1
0 (x), oL−1

0 (x′)⟩2 − 2E[σ(UL−1(x))σ(UL−1(x′))]
∣∣ · ∣∣(VL

L,0(x)a)
⊤VL

L,0(x
′)a
∣∣
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+ sup
x,x′∈X

∣∣2E[σ(UL−1(x))σ(UL−1(x′))]
∣∣ · ∣∣∣(VL

L,0(x)a)
⊤VL

L,0(x
′)a− tr

(
VL

L,0(x)
⊤VL

L,0(x
′)
)∣∣∣

+ sup
x,x′∈X

∣∣2E[σ(UL−1(x))σ(UL−1(x′))]
∣∣ · ∣∣∣tr(VL

L,0(x)
⊤VL

L,0(x
′)
)
− qL(x, x′)

∣∣∣
≤ sup

x,x′∈X

∣∣⟨oL−1
0 (x), oL−1

0 (x′)⟩2 − 2E[σ(UL−1(x))σ(UL−1(x′))]
∣∣

+ sup
x,x′∈X

∣∣∣(VL
L,0(x)a)

⊤VL
L,0(x

′)a− tr
(
VL

L,0(x)
⊤VL

L,0(x
′)
)∣∣∣

+ sup
x,x′∈X

∣∣∣tr(VL
L,0(x)

⊤VL
L,0(x

′)
)
− qL(x, x′)

∣∣∣
=: E1 + E2 + E3,

The estimates of the above three terms E1, E2, E3 are given as follows.

Estimate of E1: The estimate of E1 follows the same proof steps as in Lemma 6 in [Xu and Zhu

2024]. According to Lemma 6 in [Xu and Zhu 2024], one can get that E1 ≲ LCLm− 1
3 . We

improve this estimate from LCLm− 1
3 to Lm− 1

3 by using more finer estimates of initialization

terms. Specifically, instead of using their estimate supx ∥ol0(x)∥2 ≤ cl0 in Lemma 30, we

apply the tight estimate supx ∥ol0(x)∥2 ≤ supx |∥ol0(x)∥2−1|+1 ≤ C according to part (a) of

Lemma 19 and the condition m ≳ pL3 log(m/δ). In addition, we set V0 to be a c−L
0 m−2-net

of the Sp−1 rather than a m−2-net. Then, following the same steps of the proof of Lemma

6 in [Xu and Zhu 2024], with probability at least 1− L exp(O(pL log(m))− Ω(m
1
3 ))) over

initialization W(0), there holds

E1 ≲ Lm− 1
3 .

Estimate of E2: Similar to the proof of the estimate of E1, by using more finer estimates

supx ∥ol0(x)∥2 ≤ C, supx∈X ∥VL
L,0(x)∥op ≤ m− 1

2 , following the same proof steps of Lemma

7 in [Xu and Zhu 2024], we can show that

E2 ≲ m− 1
3 .
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Estimate of E3: Similar to the above arguments, we use the estimates supx ∥ol0(x)∥2 ≤ C and

supx∈X ∥VL
L,0(x)∥op ≤ m− 1

2 to improve the proof of Lemma 8 in [Xu and Zhu 2024] and get

E3 ≲
√
L

m
1
6

+

√
pL log(m)

m
.

Combining the above estimates of E1, E2, E3 completes the proof of this lemma. □

4.4.2 Useful Lemmas

In this section, we present some useful lemmas for proving main results of both GD and SGD

with deep ReLU networks.

Recall that Dl
0(x), o

l
0(x) and Vl

L,0(x) are defined as (4.15), (4.16) and (4.17) with W = W(0)

for all l ∈ [L], and BR(W̃) =
{
W ∈ W : ∥W − W̃∥op,∞ = maxl∈[L] ∥Wl − W̃l∥op ≤ R

}
.

LEMMA 21. Let δ ∈ (0, 1). Assume m ≳ L22p3R2
op log

3(m/δ) and Rop ≥ 1. Then, with

probability at least 1 − δ over initialization W(0), the following statement holds for any

W ∈ BRop

(
W(0)

)
,

sup
x∈X

∥ol(x)− ol0(x)∥2 ≲
lLRop√
m

.

PROOF. Let D be a 1
CL

√
m

-net of X . We know for any x ∈ X , there exists x̂ ∈ D such

that ∥x− x̂∥2 ≤ 1
CL

√
m
. Note the condition for m implies Rop ≤

√
m. Then, similar to the

proof of part (a) of Lemma 19, we know ∥ol(x)− ol(x̂)∥2 ≤ (
√
2 +

√
2c0)

l∥x− x̂∥2 ≤ 1√
m

and ∥ol0(x) − ol0(x̂)∥2 ≤ 1√
m

. Note X = Sp−1 is the unit sphere. From Corollary 4.2.13 in

[Vershynin 2018], it holds that |D| ≤ (3
√
m)pCpL. Then, applying part (d) of Lemma 18

with u = (3
√
m)pCpL, there holds

∥ol(x)− ol0(x)∥2 ≤ ∥ol(x)− ol(x̂)∥2 + ∥ol(x̂)− ol0(x̂)∥2 + ∥ol0(x̂)− ol0(x)∥2

≲
1√
m

+
lLRop√
m

+
1√
m

≲
lLRop√
m

.

This completes the proof. □
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LEMMA 22. Let δ ∈ (0, 1). Assume m ≳ L22p3R2
op log

3(m/δ) and Rop ≥ 1. For any

W ∈ BRop(W(0)), with probability at least 1 − L exp(O(pL log(m)) − Ω(m
1
3 )) − δ over

initialization (a,W(0)), for any l ∈ [L], there holds

sup
x∈X

∥Dl(x)−Dl
0(x)∥0 ≤

(
LmRop

) 2
3 .

PROOF. Let R′ > 0 which will be chosen later. For x ∈ X and l ∈ [L], define the

diagonal matrix

El(x) = diag
{
I
{
|⟨wl

r(0), o
l−1
0 (x)⟩2| ≤ R′}}m

r=1
∈ {0, 1}m×m.

Note supx ∥Dl(x) − Dl
0(x)∥0 ≤ supx ∥(Dl(x) − Dl

0(x))(I − El(x))∥0 + supx ∥El(x)∥0.

We will estimate supx ∥(Dl(x)−Dl
0(x))(I− El(x))∥0 and supx ∥El(x)∥0 separately in the

following proof.

Estimate of supx

∥∥(Dl(x) − Dl
0(x))(I − El(x))

∥∥
0
: From the definition, if the absolute

value of (r, r)-th entry of the diagonal matrix (Dl(x) − Dl
0(x))(I − El(x)) is 1, then

|⟨wl
r(0), o

l−1
0 (x)⟩2| > R′ and I{⟨wl

r, o
l−1(x)⟩2 ≥ 0} ̸= I{⟨wl

r(0), o
l−1
0 (x)⟩2 ≥ 0}. Then,

there holds

|⟨wl
r, o

l−1(x)⟩2 − ⟨wl
r(0), o

l−1
0 (x)⟩2|2 ≥ |⟨wl

r(0), o
l−1
0 (x)⟩2|2 > (R′)2.

Therefore, we have

sup
x

∥∥(Dl(x)−Dl
0(x))(I− El(x))

∥∥
0

≤ 1

(R′)2
sup
x

m∑
r=1

(
⟨wl

r, o
l−1(x)⟩2 − ⟨wl

r(0), o
l−1
0 (x)⟩2

)2
=

1

(R′)2
sup
x

∥∥Wlol−1(x)−Wl(0)ol−1
0 (x)

∥∥2
2

≤ 1

(R′)2
sup
x

(∥∥Wl−Wl(0)
∥∥
op

∥∥ol−1(x)−ol−10 (x)+ol−10 (x)
∥∥
2
+
∥∥Wl(0)

∥∥
op

∥∥ol−1(x)−ol−10 (x)
∥∥
2

)2
≤ 1

(R′)2
sup
x

(
Rop

(∥∥ol−1(x)− ol−1
0 (x)

∥∥
2
+ C

)
+ c0

√
m
∥∥ol−1(x)− ol−1

0 (x)
∥∥
2

)2
,
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where in the last inequality we have used supx ∥ol−1
0 (x)∥2 ≤ C implied by part (a) of Lemma

19 and the condition for m, and ∥Wl(0)∥op ≤ c0
√
m.

Combining the above inequality with Lemma 21 and noting m ≳ L22p3R2
op log

3(m/δ), we

get

sup
x

∥∥(Dl(x)−Dl
0(x))(I− El(x))

∥∥
0
≲

1

(R′)2

(
Rop

(L2Rop√
m

+ C
)
+ L2Rop

)
≲
L2R2

op

(R′)2
.

Estimates of supx

∥∥El(x)
∥∥
0
: The proof is similar to that of Lemma 11 in [Xu and Zhu 2024],

we give the proof here for the sake of completeness.

Denoting the function class F = {I{|⟨ · , ol−1(x)⟩2| ≤ R′} : x ∈ X}, there holds

sup
x

1

m
∥El(x)∥0 = sup

x

1

m

m∑
r=1

I
{∣∣⟨wl

r(0), o
l−1
0 (x)⟩2

∣∣ ≤ R′} = sup
f∈F

1

m

m∑
r=1

f(wl
r(0)).

To control the right hand side of the above equality, we need to estimate the VC-dimension

of F . We first fixed (W1(0), . . . ,Wl−1(0)). Denote Dl−1 = {(D1
0(x), . . . ,D

l−1
0 (x)) :

x ∈ X} ⊂ R(l−1)×m×m. From Lemma 32 in [Xu and Zhu 2024] we know the cardin-

ality of Dl−1 is less than mp(l−1), i.e., |Dl−1| ≤ mp(l−1). Then, there exists a disjoint

partition of X such that X =
⋃

j∈[|Dl−1|] Uj , where Ui ∩ Uj = ∅ for i ̸= j and the tuple

(D1
0(x), . . . ,D

l−1
0 (x)) ∈ R(l−1)×m×m is a fixed matrix sequence on each Uj . Therefore,

ol−1
0 (x) =

√
2
m
Dl−1

0 (x)Wl−1(0) · · ·
√

2
m
D1

0(x)W
1(0)x lies in a p-dimensional subspace of

Rm on each Uj . Let Vj and V be the VC-dimension of the classes Fj = {I{|⟨ · , ol−1(x)⟩2| ≤

R′} : x ∈ Uj} and F , respectively. By Theorem 9.5 in [Györfi et al. 2006], the VC-

dimension of the class of indicators of half spaces in Rp is p + 1. Further, note that

ol−1
0 (x) lies in a p-dimensional subspace of Rm on each Uj and the indicator function

I{|⟨wl, ol−1(x)⟩2| ≤ R′} can be written as the multiplication of two indicators of half space,

i.e., I{|⟨wl, ol−1(x)⟩2| ≤ R′} = I{⟨wl, ol−1(x)⟩2 ≤ R′}I{⟨wl, ol−1(x)⟩2 ≥ −R′}. Then,

from Lemma 3.2.3 in [Blumer et al. 1989] with s = 2 we know Vj ≤ 10(p+ 1) for any j. By

further applying Lemma 23 in [Xu and Zhu 2024] with N = |Dl−1| ≤ mp(l−1), there holds

V ≲ max(p log(p), log(|Dl−1|)) ≲ pl log(m).
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Now, we turn to control supf∈F
1
m

∑m
r=1 f(w

l
r(0)), which can be regarded as a fucntion on

(wl
1(0), . . . ,w

l
m(0)). One can check that the value of this function can change by at most 1

m

under an arbitrary change of the r-th coordinate. Then, by McDiarmid’s inequality, we know

with probability at least 1− exp(−2m
1
3 ) over Wl(0), there holds

sup
f∈F

1

m

m∑
r=1

f(wl
r(0)) ≤ m− 1

3 + EWl(0)

[
sup
f∈F

1

m

m∑
r=1

f(wl
r(0))

]
.

Now, we estimate the right hand side of the above inequality. There holds

EWl(0)

[
sup
f∈F

1

m

m∑
r=1

f(wl
r(0))

]
≤ EWl(0)

[
sup
f∈F

∣∣∣ 1
m

m∑
r=1

f(wl
r(0))− E[f(wl(0))]

∣∣∣]+ sup
f∈F

E[f(wl(0))]

≤
√
V

m
+ sup

f∈F
E[f(wl

r(0))] ≤
√
pl log(m)

m
+ sup

x
E
[
I
{
|⟨wl(0), ol−1

0 (x)⟩2| ≤ R′}
]

≤
√
pl log(m)

m
+ sup

x

∫ R′/∥ol−1
0 (x)∥2

−R′/∥ol−1
0 (x)∥2

1√
2π
e−

t2

2 dt ≤
√
pl log(m)

m
+ sup

x

√
2R′

√
π∥ol−1

0 (x)∥2
,

where the second inequality is according to Theorem 8.3.23 in [Vershynin 2018], the third

inequality follows from V ≤ pl log(m), in the last second inequality we have used ⟨wl(0),

ol−1
0 (x)/∥ol−1

0 (x)∥2⟩2 ∼ N (0, 1), and in the last inequality we have used e−
t2

2 ≤ 1. It remains

to estimate supx

√
2R′

√
π∥ol0(x)∥2

. For the case l = 1, there holds ∥o0(x)∥2 = ∥x∥2 = 1. For the

case l ≥ 2, for any x ∈ X , from part (a) of Lemma 19 we have

∥ol−1
0 (x)∥2=1−

(
1−∥ol−1

0 (x)∥2
)
≥ 1−

∣∣∥ol−1
0 (x)∥2−1

∣∣≥1−CL
√
pL log(m/δ)

m
≥ 1

2
,

where the last inequality follows from the condition m ≳ L22p3R2
op log

3(m/δ).

Combining the above estimates we obtain

sup
x

1

m
∥El(x)∥0 = sup

x

1

m

m∑
r=1

I
{∣∣⟨wl

r(0), o
l
0(x)⟩2

∣∣ ≤ R′} ≲
1

m
1
3

+

√
pl log(m)

m
+R′.
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Further, combining the estimates of supx

∥∥(Dl(x)−Dl
0(x))(I−El(x))

∥∥
0

and supx ∥El(x)∥0,

there holds

sup
x

∥∥Dl(x)−Dl
0(x)

∥∥
0
≲
L2R2

op

(R′)2
+R′m+ 2m

2
3 +

√
mpl log(m).

Setting R′ ≍ (LRop)
2
3m− 1

3 . Noting that m ≳ L22p3R2
op log

3(m/δ) and Rop ≥ 1, we have

sup
x

∥∥Dl(x)−Dl
0(x)

∥∥
0
≲
(
LmRop

) 2
3 + 2m

2
3 +

√
mpl log(m) ≲

(
LmRop

) 2
3 .

The proof of the lemma is completed. □

Recall that

Vl
L,0(x) =

√
2

m
DL

0 (x)W
L(0) · · ·

√
2

m
Dl+1

0 (x)Wl+1(0)

√
2

m
Dl

0(x).

For any l ∈ [L], let Ŵl and the diagonal matrix D̂l be the matrices with the same size of

Wl(0) and Dl
0(x), respectively. Define, for k ∈ [L− 1] and l < k,

V̂l
k(x) =

√
2

m

(
Dk

0(x) + D̂k
)(
Wk(0) + Ŵk

)
· · ·

×
√

2

m

(
Dl+1

0 (x) + D̂l+1
)(
Wl+1(0) + Ŵl+1

)√ 2

m

(
Dl

0(x) + D̂l
)

(4.23)

and V̂l
l(x) =

√
2
m

(
Dl

0(x) + D̂l
)

for all l ∈ [L].

LEMMA 23. Let δ ∈ (0, 1) and V̂l
k(x) with k ∈ [L] and l < k be the matrix defined in (4.23).

Let Rop ≥ 1 and s ∈ [m]. Assume m ≥ CL6max{s log(m), R2
op} and s ≥ CpL log(m/δ).

Then, with probability at least 1 − δ over initialization W(0), for any matrices satisfying

∥Ŵ∥op,∞ ≤ Rop and diagonal matrices satisfying ∥D̂l∥0 ≤ s and D̂l,Dl
0(x) + D̂l ∈

[−1, 1]m×m for all l ∈ [L] and x ∈ X , there holds

sup
x∈X

∥V̂l
k(x)∥op ≤

CL√
m
.
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PROOF. Similar to the proof of part (b) of Lemma 19, we know there exists a finite subset

D ⊂ X with |D| ≤ mpL such that

sup
x∈X

∥V̂l
k(x)∥op = sup

x∈D
∥V̂l

k(x)∥op for all 1 ≤ l < k ≤ L.

Then, part (c) of Lemma 18 with u = mpL implies that

sup
x∈D

∥V̂l
k(x)∥op ≤

∥∥∥ k∏
h=l+1

√
2

m

(
Dh

0(x) + D̂h
)(
Wh(0) + Ŵh

)∥∥∥
op

∥∥∥√ 2

m

(
Dl

0(x) + D̂l
)∥∥∥

op

≤ CL√
m
.

This completes the proof. □

LEMMA 24. Let δ ∈ (0, 1) and V̂l
L(x) with l ∈ [L] be the matrix defined in (4.23). Let

Rop ≥ 1 and s ∈ [m]. Assume ∥Ŵ∥op,∞ = maxl∈[L] ∥Ŵl∥op ≤ Rop and supl∈[L] ∥D̂l∥0 ≤ s

and D̂l,Dl
0(x) + D̂l ∈ [−1, 1]m×m for all x ∈ X . Suppose m ≥ CL6max{s log(m), R2

op}

and s ≥ CpL log(m/δ). Then, with probability at least 1− δ over the random choice of the

initialization W(0), there holds for all l ∈ [L]

sup
x∈X

∥∥a⊤(V̂l
L(x)−Vl

L,0(x)
)∥∥

2
≲
L
(√

s+Rop

)
√
m

.

PROOF. For the case l = L, according to definitions of V̂l
L(x) and Vl

L,0(x) we know

∥a⊤(V̂L
L(x)−VL

L,0(x))∥2 =
√

2

m
∥a⊤D̂L∥2 ≲

√
s√
m
, (4.24)

where the inequality is due to ar ∈ {−1, 1} for r ∈ [m] and ∥D̂L∥0 ≤ s. This completes the

proof of the case l = L.

For the case l ∈ [L− 1], noting that a⊤
√

2
m
DL

0 (x)W
L(0) = 0 (see Lemma 16), we know

a⊤(V̂l
L(x)−Vl

L,0(x)
)

= a⊤
(√ 2

m

(
DL

0 (x)+D̂L(x)
)(
WL(0)+ŴL

)
V̂l

L−1(x)−
√

2

m
DL

0 (x)W
L(0)Vl

L−1,0(x)
)
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= a⊤

√
2

m
DL

0 (x)W
L(0)

(
V̂l

L−1(x)−Vl
L−1,0(x)

)
+ a⊤

√
2

m
D̂L(x)

(
WL(0)+ŴL

)
V̂l

L−1(x)

+ a⊤

√
2

m
DL

0 (x)Ŵ
LV̂l

L−1(x)

= a⊤

√
2

m
D̂L(x)

(
WL(0) + ŴL

)
V̂l

L−1(x) + a⊤

√
2

m
DL

0 (x)Ŵ
LV̂l

L−1(x).

According to Lemma 23, we know supx∈X ∥V̂l
L(x)∥op ≤ CL√

m
. Then, there holds∥∥a⊤(V̂l

L(x)−Vl
L,0(x)

)∥∥
2

≤
√

2

m

∥∥a⊤D̂L(x)
∥∥
2

∥∥WL(0)+ŴL
∥∥
op

∥∥V̂l
L−1(x)

∥∥
op
+

√
2

m
∥a∥2

∥∥DL
0 (x)

∥∥
op

∥∥ŴL
∥∥
op

∥∥V̂l
L−1(x)

∥∥
op

≤
∥∥a⊤D̂L(x)

∥∥
2

√
2(c0

√
m+Rop)√
m

CL√
m

+
√
2Rop

CL√
m

≲
L
(√

s+Rop

)
√
m

,

where the second inequality used the assumption ∥Ŵ∥op,∞ ≤ Rop and ∥WL(0)∥op ≤ c0
√
m,

and the last inequality used (4.24) and Rop ≤
√
m by noting m ≥ CL6R2

op. This completes

the proof of the lemma. □

LEMMA 25 (Claim 11.2 and Proposition 11.3 in [Allen-Zhu et al. 2019b]). For any W,W̃ ∈

BRop(W(0)) and x ∈ X . There exist a series of diagonal matrices {(D′′)l ∈ Rm×m}l∈[L]
with entries in [−1, 1] such that for any l ∈ [L], there holds

(a) ol(x)−õl(x) =
∑l

h=1

[∏l
j=h+1

√
2
m

(
D̃j(x)+(D′′)j

)
W̃j
]√

2
m

(
D̃h(x)+(D′′)h

)(
Wh−

W̃h
)
oh−1(x).

(b)
∥∥(D′′)l

∥∥
0
≤
∥∥Dl(x)− D̃l(x)

∥∥
0

and D̃l(x) + (D′′)l has entries in [0, 1].

The following lemma shows that the neural network is almost linear in terms of its weights

and the loss is locally almost smooth near the initialization.

LEMMA 26. AssumeRop ≥ 1 andm ≥ CL22p3R2
op log

3(m/δ). For any W,W̃ ∈ BRop(W(0)),

with probability at least 1−L exp(O(pL log(m))−Ω(m
1
3 ))−δ over initialization (a,W(0)),
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for any z = (x, y) ∈ Z , there holds∣∣∣fW̃(x)− fW(x)−
〈∂fW(x)

∂W
,W̃ −W

〉
2

∣∣∣ ≲ L
7
3∥W̃ −W∥op,∞R

1
3
opm

− 1
6 , (4.25)

l(W̃; z)− ℓ(W; z) ≥
〈∂ℓ(W; z)

∂W
,W̃ −W

〉
2
− |fW(x)− y| · ϵ, (4.26)

with ϵ ≲ L
7
3∥W̃ −W∥op,∞R

1
3
opm− 1

6 , and∥∥∥∂fW(x)

∂Wl
−
∂fW(0)(x)

∂Wl(0)

∥∥∥
2
≲ L

4
3R

1
3
opm

− 1
6 . (4.27)

PROOF. We first prove that the neural network f is almost linear in terms of its weights

near the initialization. From the definition of f , we know∣∣∣fW̃(x)− fW(x)−
〈∂fW(x)

∂W
,W̃ −W

〉
2

∣∣∣
=
∣∣∣a⊤õL(x)− a⊤oL(x)−

L∑
l=1

a⊤
[ L∏

h=l+1

√
2

m
Dh(x)Wh

]√
2

m
Dl(x)

(
W̃l −Wl

)
ol−1(x)

∣∣∣,
where we used the conventional notation

∏L
L+1 = I.

Lemma 25 with l = L implies there exist a series of diagonal matrices {(D′′)l ∈ Rm×m}l∈[L]
with entries in [−1, 1] such that

oL(x)− õL(x) =
L∑
l=1

[ L∏
h=l+1

√
2

m

(
D̃h(x) + (D′′)h

)
W̃h

]√
2

m

(
D̃l(x)

+ (D′′)l
)(
Wl − W̃l

)
ol−1(x).

Hence,∣∣∣fW̃(x)− fW(x)−
〈∂fW(x)

∂W
,W̃ −W

〉
2

∣∣∣
≤

L∑
l=1

∣∣∣a⊤
[ L∏

h=l+1

√
2

m

(
D̃h(x) + (D′′)h

)
W̃h

]√
2

m

(
D̃l(x) + (D′′)l

)(
W̃l −Wl

)
ol−1(x)

− a⊤
[ L∏

h=l+1

√
2

m
Dh(x)Wh

]√
2

m
Dl(x)

(
W̃l −Wl

)
ol−1(x)

∣∣∣
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=:
L∑
l=1

∣∣∣UL
l (x)

(
W̃l −Wl

)
ol−1(x)

∣∣∣ ≤ L∑
l=1

∥UL
l (x)∥2

∥∥W̃l −Wl
∥∥
op
∥ol−1(x)∥2, (4.28)

where UL
l (x) = a⊤[∏L

h=l+1

√
2
m

(
D̃h(x)+(D′′)h

)
W̃h

]√
2
m

(
D̃l(x)+(D′′)l

)
−a⊤[∏L

h=l+1√
2
m
Dh(x)Wh

]√
2
m
Dl(x).

We first consider estimating the term ∥UL
l (x)∥2. We begin by showing that D̃l(x) + (D′′)l,

D̃l(x) + (D′′)l −Dl
0(x) ∈ [−1, 1]m×m for all l ∈ [L] and x ∈ X . Indeed, according to part

(b) of Lemma 25, we know D̃l(x) + (D′′)l ∈ [0, 1]m×m. Then, there holds D̃l(x) + (D′′)l −

Dl
0(x) ∈ [−1, 1]m×m by noting Dl

0(x) ∈ {0, 1}m×m.

Note W,W̃ ∈ BRop(W(0)), then Lemma 22 implies that ∥Dl(x) − Dl
0(x)∥0, ∥D̃l(x) −

Dl
0(x)∥0 ≲ (LmRop)

2
3 with probability at least 1−L exp(O(pL log(m))−Ω(m

1
3 ))− δ over

initialization (a,W(0)) for all l ∈ [L]. Then, from part (b) of Lemma 25, we know∥∥D̃l(x) + (D′′)h −Dl
0(x)

∥∥
0

≤
∥∥D̃l(x)−Dl

0(x)
∥∥
0
+
∥∥D′′∥∥

0
≤
∥∥D̃l(x)−Dl

0(x)
∥∥
0
+
∥∥D̃l(x)−Dl(x)

∥∥
0

≤ 2∥D̃l(x)−Dl
0(x)

∥∥
0
+ ∥Dl(x)−Dl

0(x)
∥∥
0

≲ (LmRop)
2
3 .

Setting s = (LmRop)
2
3 , the condition m ≳ L22p3R2

op log
3(m/δ) implies the conditions

m ≳ L6max{s log(m), R2
op} and s ≳ pL log(m/δ) in Lemma 24. Then, by further noting

that W,W̃ ∈ BRop(W(0)), and D̃l(x) + (D′′)l, D̃l(x) + (D′′)l − Dl
0(x) ∈ [−1, 1]m×m

and Dl(x),Dl(x)−Dl
0(x) ∈ [−1, 1]m×m, we apply Lemma 24 twice with s = (LmRop)

2
3 ,

Ŵl = W̃l −Wl(0), D̂l(x) = D̃l(x) + (D′′)l −Dl
0(x) and Ŵl = Wl −Wl(0), D̂l(x) =
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Dl(x)−Dl
0(x), respectively, and there holds

∥∥UL
l (x)

∥∥
2
≤
∥∥∥∥a⊤

[ L∏
h=l+1

√
2

m

(
D̃h(x) + (D′′)h

)
W̃h

]√ 2

m

(
D̃l(x) + (D′′)l

)
− a⊤V l

L,0(x)

∥∥∥∥
2

+
∥∥∥a⊤V l

L,0(x)− a⊤
[ L∏
h=l+1

√
2

m
Dh(x)Wh

]√ 2

m
Dl(x)

∥∥∥
2

≲
L
(
(LmRop)

1
3 +Rop

)
√
m

≲ L
4
3R

1
3
opm

− 1
6 ,

where the last inequality used Rop ≤ (LmRop)
1
3 by noting m ≳ CL22p3R2

op log
3(m/δ).

The term ∥ol(x)∥2 can be controlled by using part (a) of Lemma 19, Lemma 21 and m ≳

L22p3R2
op log

3(m/δ) by

∥ol(x)∥2 ≤ ∥ol(x)− ol0(x)∥2 + ∥ol0(x)∥2 ≲
lLRop√
m

+ C ≲ C.

Plugging the above two inequalities back into (4.4.2), we obtain∣∣∣fW̃(x)− fW(x)−
〈∂fW(x)

∂W
,W̃ −W

〉
2

∣∣∣
≲ L

4
3

L∑
l=1

∥W̃l −Wl∥opR
1
3
opm

− 1
6

≲ L
7
3∥W̃ −W∥op,∞R

1
3
opm

− 1
6 . (4.29)

The first part of the lemma is proved.

Now, we show the loss ℓ is locally almost smooth near the initialization. From the convexity

of ℓ(W; z) (with respect to fW), we know

ℓ(W̃; z)− ℓ(W; z) ≥ ∂ℓ(W; z)

∂fW

(
fW̃(x)− fW(x)

)
=
(
fW(x)− y

)(
fW̃(x)− fW(x)

)
.
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Then, according to the chain rule, we get

ℓ(W̃; z)− ℓ(W; z)

≥
(
fW(x)− y

)(
fW̃(x)− fW(x)−

〈∂fW(x)

∂W
,W̃ −W

〉
2
+
〈∂fW(x)

∂W
,W̃ −W

〉
2

)
=
(
fW(x)− y

)〈∂fW(x)

∂W
,W̃ −W

〉
2
+
(
fW(x)− y

)(
fW̃(x)− fW(x)

−
〈∂fW(x)

∂W
,W̃ −W

〉
2

)
≥
〈∂ℓ(W; z)

∂W
,W̃ −W

〉
2
−
∣∣fW(x)− y

∣∣∣∣∣fW̃(x)− fW(x)−
〈∂fW(x)

∂W
,W̃ −W

〉
2

∣∣∣.
(4.30)

Plugging (4.29) back into (4.30), there holds

ℓ(W̃; z)− ℓ(W; z) ≥
〈∂ℓ(W; z)

∂W
,W̃ −W

〉
2
− |fW(x)− y| · ϵ

with ϵ ≲ L
7
3∥W̃ −W∥op,∞R

1
3
opm− 1

6 . The second part of the lemma is proved.

Finally, we turn to prove the last part of the lemma. From the above estimates we already

know ∥ol(x)− ol0(x)∥2 ≲ lLRopm
− 1

2 , ∥ol(x)∥2 ≲ C and

∥∥a⊤V l
L,0(x)− a⊤[

L∏
h=l+1

√
2

m
Dh(x)Wh]

√
2

m
Dl(x)

∥∥
2
≲ L

4
3R

1
3
opm

− 1
6

for all l ∈ [L] and x ∈ X . Then, combining these estimates with Lemma 23, there holds∥∥∥∂fW(x)

∂Wl
−
∂fW(0)(x)

∂Wl(0)

∥∥∥
2

=
∥∥∥ol−1(x)a⊤

[ L∏
h=l+1

√
2

m
Dh(x)Wh

]√ 2

m
Dl(x)− ol−1

0 (x)a⊤V l
L,0(x)

∥∥∥
2

≤
∥∥ol−1(x)∥∥

2

∥∥∥a⊤[ L∏
h=l+1

√
2

m
Dh(x)Wh

]√2

m
Dl(x)−a⊤V l

L,0(x)
∥∥∥
2
+
∥∥ol−1(x)−ol−10 (x)

∥∥
2

∥∥a⊤V l
L,0(x)

∥∥
2

≲L
4
3R

1
3
opm

− 1
6 + lL2Ropm

− 1
2 ≲ L

4
3R

1
3
opm

− 1
6 ,

where the last inequality used lL2Ropm
− 1

2 ≲ L
4
3R

1
3
opm− 1

6 by notingm ≳ L22p3R2
op log

3(m/δ).

The proof is completed. □
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4.4.3 Proofs for Gradient Descent

For notational convenience, define fW(k) = (fW(k)(x1), . . . , fW(k)(xn))
⊤ ∈ Rn and y =

(y1, . . . , yn)
⊤ ∈ Rn. The following lemma shows that the trajectory of GD during the training

process is always near the initialization. Note that we make no assumption on the data

distribution and the NTK Gram matrix.

LEMMA 27. Let δ ∈ (0, 1) and {W(k)} be produced by (4.3) with η ≤ 1/5. Assume

(4.10) holds. Then, with probability at least 1 − L exp(O(pL log(m)) − Ω(m
1
3 )) − δ over

initialization (a,W(0)), for any k ∈ [T ], there holds∥∥W(k)−W(0)
∥∥2
op,∞ ≤

∥∥W(k)−W(0)
∥∥2
2
≤ 4ηk

∥fW(k) − y∥2 ≤ 2∥fW(0) − y∥2.

PROOF. The lemma is proved by induction. It’s obvious that ∥W(k)−W(0)∥22 ≤ 0 and

∥fW(k) − y∥2 ≤ 2∥fW(0) − y∥2 hold with k = 0. Assume, for all t ∈ [k] with k ≤ T − 1,

∥W(t) − W(0)∥22 ≤ 4ηt and ∥fW(t) − y∥2 ≤ 2∥fW(0) − y∥2 hold. We will show that

∥W(k + 1)−W(0)∥22 ≤ 4η(k + 1) and ∥fW(k+1) − y∥2 ≤ 2∥fW(0) − y∥2.

From the update rule (4.3), we know

∥∥W(k + 1)−W(0)
∥∥2
2
=
∥∥∥W(k)−W(0)− η

n

n∑
i=1

∂ℓ(W(k); zi)

∂W(k)

∥∥∥2
2

≤
∥∥W(k)−W(0)

∥∥2
2
+ η2

( 1
n

n∑
i=1

∥∥∥(fW(k)(xi)− yi)
∂fW(k)(xi)

∂W(k)

∥∥∥
2

)2
+

2η

n

〈
W(0)−W(k),

n∑
i=1

∂ℓ(W(k); zi)

∂W(k)

〉
2

≤
∥∥W(k)−W(0)

∥∥2
2
+

2η2Ez(W(k))

n

n∑
i=1

∥∥∥∂fW(k)(xi)

∂W(k)

∥∥∥2
2

+
2η

n

〈
W(0)−W(k),

n∑
i=1

∂ℓ(W(k); zi)

∂W(k)

〉
2
, (4.31)

where in the last inequality we have used ∥fW(k)−y∥22
n

= 2Ez(W(k)).
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Now, we turn to control ∥∂fW(k)(xi)

∂W(k)
∥2 and 2η

n

〈
W(0)−W(k),

∑n
i=1

∂ℓ(W(k);zi)
∂W(k)

〉
2
. Setting

Rop = 2
√
ηT . By the induction assumption, there holds W(k) ∈ BRop(W(0)). Then from

Lemma 16 (if l < L) and part (c) of Lemma 19 (if l = L) and (4.27) in Lemma 26 with

Rop = 2
√
ηT and W = W(k), there holds∥∥∥∂fW(k)(xi)

∂W(k)

∥∥∥
2
≤
∥∥∥∂fW(k)(xi)

∂W(k)
−
∂fW(0)(xi)

∂W(0)

∥∥∥
2
+
∥∥∥∂fW(0)(xi)

∂WL(0)

∥∥∥
2

≤
√
Lmax

ℓ∈[L]

∥∥∥∂fW(k)(xi)

∂Wℓ(k)
−
∂fW(0)(xi)

∂Wℓ(0)

∥∥∥
2
+ 2

≤ ϵ3 + 2 (4.32)

with ϵ3 ≲ L
7
3 (ηT )

1
6m− 1

6 .

According to (4.26) withRop = 2
√
ηT , W = W(k), W̃ = W(0) and ∥W(k)−W(0)∥op,∞ ≤

2
√
ηT , we know

2η

n

〈
W(0)−W(k),

n∑
i=1

∂ℓ(W(k);zi)

∂W(k)

〉
2
≤2η

(
Ez(W(0))−Ez(W(k))

)
+2ηϵ2

n∑
i=1

|fW(k)(xi)−yi|
n

,

with ϵ2 ≲ L
7
3 (ηT )

2
3m− 1

6 .



110 CHAPTER 4. OPTIMAL RATES FOR GRADIENT DESCENT METHODS WITH DEEP RELU NETWORKS

Plugging the above two estimates back into (4.31), we get∥∥W(k + 1)−W(0)
∥∥2
2

≤
∥∥W(k)−W(0)

∥∥2
2
+ 2η2(ϵ3 + 2)2Ez(W(k)) + 2η

(
Ez(W(0))− Ez(W(k))

)
+ 2ηϵ2

n∑
i=1

1

n
|fW(k)(xi)− yi|

≤
∥∥W(k)−W(0)

∥∥2
2
+ 2η2(ϵ3 + 2)2Ez(W(k)) + 2η

(
Ez(W(0))− Ez(W(k))

)
+ 2ηϵ2

1√
n
∥fW(k) − y∥2

≤
∥∥W(k)−W(0)

∥∥2
2
+ 2η2(ϵ3 + 2)2Ez(W(k)) + 2η

(
Ez(W(0))− Ez(W(k))

)
+ 4ηϵ2

≤
∥∥W(k)−W(0)

∥∥2
2
+ 2ηEz(W(k))

(
η(ϵ3 + 2)2 − 1

)
+ η + 4ηϵ2

≤
∥∥W(k)−W(0)

∥∥2
2
+ 2ηEz(W(k))

(
5η − 1

)
+ η + 2η

≤ 4ηk + η + 2η < 4η(k + 1),

where in the second inequality we have used Cauchy-Schwarz inequality, and in the third in-

equality we have used the induction assumption ∥fW(k) − y∥2 ≤ 2∥fW(0) − y∥2 = 2∥y∥2 ≤

2
√
n by noting fW(0) = 0, and in the last third inequality we have used Ez(W(0)) =

1
2n

∑n
i=1 y

2
i ≤ 1

2
, and the last second inequality used ϵ2 ≤ 1

2
and ϵ3 ≤

√
5 − 2 by condi-

tion (4.10), and the last inequality follows from the induction assumption and η ≤ 1
5

and

Ez(W(k)) ≥ 0.

Now, we turn to estimate ∥fW(k+1) − y∥2. Let

ξi(k) = fW(k+1)(xi)− fW(k)(xi)−
〈∂fW(k)(xi)

∂W(k)
,W(k + 1)−W(k)

〉
2
,

there holds for all i ∈ [n] that

fW(k+1)(xi)− yi = fW(k+1)(xi)− fW(k)(xi) + fW(k)(xi)− yi

=
〈∂fW(k)(xi)

∂W(k)
,W(k + 1)−W(k)

〉
2
+ ξi(k) + fW(k)(xi)− yi

= −η
n

n∑
j=1

〈∂fW(k)(xi)

∂W(k)
,
∂fW(k)(xj)

∂W(k)

〉
2
(fW(k)(xj)− yj) + ξi(k) + fW(k)(xi)− yi,
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where in the last equality we used the update rule (4.3). Define the matrix H(k) ∈ Rn×n by

(H(k))i,j :=
〈∂fW(k)(xi)

∂W(k)
,
∂fW(k)(xj)

∂W(k)

〉
2
. Denote ξ(k) = (ξ1(k), . . . , ξn(k))

⊤ ∈ Rn. Then, the

above observation implies

fW(k+1) − y = fW(k) − y − η

n
H(k)(fW(k) − y) + ξ(k)

=
(
I− η

n
H(k)

)
(fW(k) − y) + ξ(k).

Applying the above equality recursively, we get

fW(k+1) − y =
k∑

s=0

k∏
u=s+1

(
I− η

n
H(u)

)
ξ(s)−

k∏
s=0

(
I− η

n
H(s)

)
y,

where we used the conventional notation
∏k−1

k = I. Then, there holds

∥fW(k+1) − y∥2 ≤
k∑

s=0

k∏
u=s+1

∥∥∥I− η

n
H(u)

∥∥∥
op
∥ξ(s)∥2 +

k∏
s=0

∥∥∥I− η

n
H(s)

∥∥∥
op
∥y∥2. (4.33)

Now, we turn to estimate ∥I− η
n
H(s)∥op and ∥ξ(k)∥2. According to (4.32) and (4.10), there

holds ϵ3 + 2 ≤
√
5. By further noting that η ≤ 1

5
, we know for all s ∈ [k]∥∥∥η

n
H(s)

∥∥∥2
op

≤
∥∥∥η
n
H(s)

∥∥∥2
2
=
η2

n2

n∑
i,j=1

〈∂fW(k)(xi)

∂W(k)
,
∂fW(k)(xj)

∂W(k)

〉2
2

≤ η2

n2

n∑
i,j=1

∥∥∥∂fW(k)(xi)

∂W(k)

∥∥∥2
2

∥∥∥∂fW(k)(xj)

∂W(k)

∥∥∥2
2
≤ 25η2 ≤ 1.

Since η
n
H(s) is a PSD matrix whose operator norm is not larger than 1, then ∥I− η

n
H(s)∥op ≤

1.
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Note we already showed that W(s + 1) ∈ BRop(W(0)) with Rop = 2
√
ηT for all s ≤ k.

From (4.25) in Lemma 26, we get

∥ξ(s)∥2 =
( n∑

i=1

ξi(s)
2
) 1

2
≲ L

7
3
√
n
∥∥W(s+ 1)−W(s)

∥∥
op,∞(ηT )

1
6m− 1

6

= L
7
3

∥∥∥ η√
n

n∑
i=1

∂fW(s)(xi)

∂W(s)
(fW(s)(xi)− yi)

∥∥∥
op,∞

(ηT )
1
6m− 1

6

≲ L
7
3

[
sup
l∈[L]

η√
n

n∑
i=1

∥∥∥∂fW(s)(xi)

∂Wl(s)

∥∥∥
op
|fW(s)(xi)− yi|

]
(ηT )

1
6m− 1

6

≲ L
7
3η∥fW(s) − y∥2 sup

l∈[L],i∈[n]

∥∥∥∂fW(s)(xi)

∂Wl(s)

∥∥∥
op
(ηT )

1
6m− 1

6

≲ L
7
3η∥fW(s) − y∥2(ηT )

1
6m− 1

6

≲ L
7
3η∥fW(0) − y∥2(ηT )

1
6m− 1

6 ,

where the last third inequality used Cauchy-Schwarz inequality, and in the last second

inequality we have used (4.32) with ϵ3 + 2 ≲ C by noting (4.10), and in the last inequality

we have used the induction assumption ∥fW(s) − y∥2 ≤ 2∥fW(0) − y∥2.

Plugging the estimates ∥I − η
n
H(s)∥op ≤ 1 and the above inequality back into (4.33), and

noting the condition (4.10) and fW(0) = 0, there holds

∥fW(k+1) − y∥2 ≤ CL
7
3∥fW(0) − y∥2(ηT )

7
6m− 1

6 + ∥y∥2

= CL
7
3∥fW(0) − y∥2(ηT )

7
6m− 1

6 + ∥fW(0) − y∥2 ≤ 2∥fW(0) − y∥2.

This completes the proof of the lemma. □

Based on Lemma 27, we present the proof of Proposition 7 as follows.

PROOF OF PROPOSITION 7. Setting Rop = 2
√
ηT . From Lemma 27, we know with

probability at least 1−L exp(O(pL log(m))−Ω(m
1
3 ))− δ over initialization (a,W(0)) that

W(k) ∈ BRop(W(0)). Then, (4.25) in Lemma 26 with W̃ = W(k) and W = W(0) implies∣∣∣fW(k)(x)− fW(0)(x)−
〈∂fW(0)(x)

∂W(0)
,W(k)−W(0)

〉
2

∣∣∣ ≲ L
7
3 (ηT )

2
3m− 1

6 .
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Then, there holds

∥∥fW(T ) − f lin
W(T )

∥∥2
ρ
≤
∥∥fW(T ) − f lin

W(T )

∥∥2
∞ ≲

L
14
3 (ηT )

4
3

m
1
3

.

Since we assume that we are under the event {∥W(0)∥op,∞ ≤ c0
√
m}, whose probab-

ility is at least 1 − L exp(−Cm) according to Lemma 17. By further noting that 1 −

L exp(O(pL log(m))− Ω(m
1
3 ))− δ ≤ 1− L exp(−Cm), the proof is completed. □

Let H be a separable Hilbert space. For f ∈ H , we define the operator f ⊗ f : H → H

by (f ⊗ f)g = ⟨f, g⟩Hf . To estimate
∥∥f lin

W(T ) − Smg
m
T

∥∥2
ρ
, we introduce the following useful

lemma.

LEMMA 28 (Lemma 3 in [Carratino et al. 2018]). Let λ > 0, Γ ∈ N and δ ∈ (0, 1). Let

ζ1, . . . , ζΓ be independent and identically distributed random vectors bounded by κ > 0. Let

QΓ = 1
Γ

∑Γ
i=1 ζi ⊗ ζi and Q be the expectation of QΓ. Then, for any λ ≥ 9κ2

Γ
log Γ

δ
, with

probability at least 1− δ over sampling, there holds

∥(Q+ λI)1/2(QΓ + λI)−1/2∥2op = ∥(QΓ + λI)−1/2(Q+ λI)1/2∥2op ≤ 2.

Now, we give the estimate of the second term
∥∥f lin

W(T ) − Smg
m
T

∥∥2
ρ

as follows.

PROOF OF PROPOSITION 8. According to Lemma 17, we know ∥W(0)∥op,∞ ≤ c0
√
m

holds with probability at least 1− L exp(−Cm) over the random choice of W(0).

Let Fk = f lin
W(k)−gmk ∈ Hm and ϵ1k = f lin

W(k+1)−f lin
W(k)+

η
n

∑n
i=1(f

lin
W(k)(xi)−yi)Km

xi
∈ Hm.

Define the self-adjoint positive operator Σ̂m = 1
n

∑n
i=1K

m
xi
⊗Km

xi
: Hm → Hm. From the

update rule of gmk (4.7), we know

Fk+1 =
(
f lin
W(k)−

η

n

n∑
i=1

(f lin
W(k)(xi)−yi)Km

xi
+ ϵ1k

)
−
(
gmk − η

n

n∑
i=1

(gmk (xi)−yi)Km
xi

)
=
(
f lin
W(k) − gmk

)
− η

n

n∑
i=1

(
f lin
W(k)(xi)− gmk (xi)

)
Km

xi
+ ϵ1k

= Fk −
η

n

n∑
i=1

⟨Fk, K
m
xi
⟩HmK

m
xi
+ ϵ1k =

(
I− ηΣ̂m

)
Fk + ϵ1k, (4.34)
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where the last second equality follows from the fact Fk = f lin
W(k) − gmk ∈ Hm and the

reproducing kernel property that f lin
W(k)(xi)−gmk (xi) = ⟨f lin

W(k)−gmk , Km
xi
⟩Hm = ⟨Fk, K

m
xi
⟩Hm .

Applying the above equality recursively, we get

Fk+1 =
k∑

s=0

(
I− ηΣ̂m

)s
ϵ1k−s. (4.35)

Define the mean of Σ̂m by Σm := E[Σ̂m] =
∫
X K

m
x ⊗ Km

x dρx(x) : Hm → Hm. Mer-

cer’s Theorem [Steinwart and Christmann 2008] implies ∥Smf∥ρ = ∥Σ
1
2
mf∥Hm for any

f ∈ Hm. From Lemmas 16 and 19 we know ∥Km
xi
∥Hm =

√
Km(xi, xi) ≤

√
∥Km∥∞ ≤

supx∈X ∥∂fW(0)(x)

∂WL(0)
∥2 ≤ 2. Therefore, Lemma 28 with ζi = Km

xi
, Γ = n and κ = 2 yields

∥(Σm + λI)
1
2 (Σ̂m + λI)−

1
2∥op ≤ 2 with probability at least 1 − δ/2 over the sampling if

λ > 36
n
log(2n

δ
). Then, according to (4.35), we get

∥SmFk∥ρ =
∥∥Σ 1

2
mFk

∥∥
Hm

≤
∥∥(Σm + λI)

1
2Fk

∥∥
Hm

≤
∥∥(Σm + λI)

1
2 (Σ̂m + λI)−

1
2

∥∥
op

∥∥(Σ̂m + λI)
1
2Fk

∥∥
Hm

≤ 2
∥∥Σ̂ 1

2
mFk

∥∥
Hm

+ 2
√
λ
∥∥Fk

∥∥
Hm

= 2η−
1
2

∥∥∥∥ k−1∑
s=0

(
ηΣ̂m

) 1
2
(
I− ηΣ̂m

)s
ϵ1k−s−1

∥∥∥∥
Hm

+ 2
√
λ

∥∥∥∥ k−1∑
s=0

(
I− ηΣ̂m

)s
ϵ1k−s−1

∥∥∥∥
Hm

≤ 2η−
1
2

k−1∑
s=0

∥∥∥(ηΣ̂m

) 1
2
(
I− ηΣ̂m

)s∥∥∥
op

∥∥ϵ1k−s−1

∥∥
Hm

+ 2
√
λ

k−1∑
s=0

∥∥∥(I− ηΣ̂m

)s∥∥∥
op

∥∥ϵ1k−s−1

∥∥
Hm
.

(4.36)

For any a ∈ [0, 1) and any s ∈ N, it can be easily computed that supt∈[0,1] t
a(1 − t)s ≤(

a
a+s

)a. Here, we take notation 00 = 1. From (4.41) and η ≤ 1/5 we know η∥Σ̂m∥op ≤
η
n

∑n
j=1 ∥Km

xi
⊗ Km

xi
∥op = η

n

∑n
j=1 ∥Km

xi
∥2Hm

≤ η∥Km∥∞ ≤ η supx∈X ∥∂fW(0)(x)

∂WL(0)
∥22 ≤ 1.
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Then, there holds

k−1∑
s=0

∥∥(ηΣ̂m

)a(
I−ηΣ̂m

)s∥∥
op

≤
k−1∑
s=0

sup
t∈[0,1]

ta(1−t)s ≤
k−1∑
s=0

( a

a+ s

)a
=1+aa

k−1∑
s=1

( 1

a+ s

)a
≤ 1 + aa

k−1∑
s=1

∫ s

s−1

( 1

a+ x

)a
dx = 1 + aa

∫ k−1

0

( 1

a+ x

)a
dx

≤ 1 +
aa

1− a

(
(k + a− 1)1−a − a1−a

)
≤ 1 +

(k + a− 1)1−a

1− a
.

Combining (4.36) and the above inequality with a = 1
2

and a = 0, respectively, we have

∥∥SmFk

∥∥
ρ
≤
(
2η−

1
2

k−1∑
s=0

∥∥∥(ηΣ̂m

) 1
2
(
I−ηΣ̂m

)s∥∥∥
op
+ 2

√
λ

k−1∑
s=0

∥∥∥(I−ηΣ̂m

)s∥∥∥
op

)
max
s∈[k−1]

∥ϵ1s∥Hm

≤
(
2η−

1
2

(
1 + 2

√
k
)
+ 2

√
λk
)

max
s∈[k−1]

∥ϵ1s∥Hm . (4.37)

It remains to estimate ∥ϵ1k∥Hm . From the definition of f lin
W and the update rule of GD (4.3),

ϵ1k(x) = f lin
W(k+1)(x)− f lin

W(k)(x) +
η

n

n∑
i=1

(
f lin
W(k)(xi)− yi

)
Km

xi
(x)

=
〈∂fW(0)(x)

∂W(0)
,W(k + 1)−W(k)

〉
2
+
η

n

n∑
i=1

(
f lin
W(k)(xi)−yi

)〈∂fW(0)(xi)

∂W(0)
,
∂fW(0)(x)

∂W(0)

〉
2

=
〈∂fW(0)(x)

∂WL(0)
,WL(k + 1)−WL(k)

〉
2
+
η

n

n∑
i=1

(
f lin
W(k)(xi)−yi

)〈∂fW(0)(xi)

∂WL(0)
,
∂fW(0)(x)

∂WL(0)

〉
2

=
η

n

n∑
i=1

[
−
(
fW(k)(xi)− yi

)〈∂fW(k)(xi)

∂WL(k)
,
∂fW(0)(x)

∂WL(0)

〉
2

+
(
f lin
W(k)(xi)− yi

)〈∂fW(0)(xi)

∂WL(0)
,
∂fW(0)(x)

∂WL(0)

〉
2

]
=

〈
η

n

n∑
i=1

[(
yi − fW(k)(xi)

)∂fW(k)(xi)

∂WL(k)
+
(
f lin
W(k)(xi)− yi

)∂fW(0)(xi)

∂WL(0)

]
,
∂fW(0)(x)

∂WL(0)

〉
2

=:
〈
∆(k),

∂fW(0)(x)

∂WL(0)

〉
2
,

where the second equality is due to Km
xi
(x) = Km(xi, x), the third equality used ∂fW(0)

∂Wl(0)
= 0

for l ∈ [L − 1] according to Lemma 16, the fourth equality is according to the update rule



116 CHAPTER 4. OPTIMAL RATES FOR GRADIENT DESCENT METHODS WITH DEEP RELU NETWORKS

(4.3), and in the last equality we define

∆(k) :=
η

n

n∑
i=1

[(
yi − fW(k)(xi)

)∂fW(k)(xi)

∂WL(k)
+
(
f lin
W(k)(xi)− yi

)∂fW(0)(xi)

∂WL(0)

]
=
η

n

n∑
i=1

[(
yi−fW(k)(xi)

)(∂fW(k)(xi)

∂WL(k)
−
∂fW(0)(xi)

∂WL(0)

)
+
(
f lin
W(k)(xi)−fW(k)(xi)

)∂fW(0)(xi)

∂WL(0)

]
.

Let ∆(k) = (0, . . . , 0,∆(k)) ∈ W , then we know ϵ1k(x) = ⟨∆(k),Φm(x)⟩2. Note that for

any f ∈ Hm, ∥f∥2Hm
= inf

{∑L
l=1 ∥Wl∥22 : W ∈ W with f(x) =

〈
W,Φm(x)

〉
2

}
. We

control ∥ϵ1k∥2Hm
as follows

∥ϵ1k∥Hm ≤ ∥∆(k)∥2

≤ η

n

n∑
i=1

∣∣yi−fW(k)(xi)
∣∣∥∥∥∂fW(k)(xi)

∂WL(k)
−
∂fW(0)(xi)

∂WL(0)

∥∥∥
2
+
∣∣f lin

W(k)(xi)−fW(k)(xi)
∣∣∥∥∥∂fW(0)(xi)

∂WL(0)

∥∥∥
2

≤η
(∥fW(k)−y∥2√

n
sup
x∈X

∥∥∥∂fW(k)(x)

∂WL(k)
−
∂fW(0)(x)

∂WL(0)

∥∥∥
2
+

n∑
i=1

∣∣f lin
W(k)(xi)−fW(k)(xi)

∣∣
n

∥∥∥∂fW(0)(xi)

∂WL(0)

∥∥∥
2

)
≤η
(∥fW(k)−y∥2√

n
sup
x∈X

∥∥∥∂fW(k)(x)

∂WL(k)
−
∂fW(0)(x)

∂WL(0)

∥∥∥
2
+
∥∥f lin

W(k)−fW(k)

∥∥
∞sup

x∈X

∥∥∥∂fW(0)(x)

∂WL(0)

∥∥∥
2

)
,

(4.38)

where in the last second inequality we have used Cauchy-Schwarz inequality.

From part (c) of Lemma 19, we know supx∈X ∥∂fW(0)(x)

∂WL(0)
∥2 ≤ 2. Note we choose Rop =

2
√
ηT . From Lemma 27 we know ∥fW(k) − y∥2 ≤ 2∥fW(0) − y∥2 = 2∥y∥2 ≤ 2

√
n and

W(k) ∈ BRop(W(0)) for any k ∈ [T ]. Combining this with Lemma 26, there holds∥∥∥∂fW(k)(x)

∂WL(k)
−
∂fW(0)(x)

∂WL(0)

∥∥∥
2
≲ L

4
3

(ηT
m

) 1
6
.

According to Proposition 7, we know ∥fW(k)−f lin
W(k)∥∞ ≲ L

7
3 (ηT )

2
3m− 1

6 . Plugging the above

observations back into (4.38), we know with probability at least 1− L exp(O(pL log(m))−

Ω(m
1
3 ))− δ/2 over initialization (a,W(0)), there holds ∥ϵ1k∥Hm ≲ L

7
3 η

5
3 T

2
3

m
1
6

.

Putting the estimate of ∥ϵ1s∥Hm back into (4.37) and setting λ = (ηT )−1, with a little abuse

of notation (we regard f lin
W(k) as a function in L2

ρx in the following first term), the following

inequality holds with probability at least 1− L exp(O(pL log(m))− Ω(m
1
3 ))− δ over the
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initialization (a,W(0)) and sampling

∥f lin
W(k) − Smg

m
k ∥ρ = ∥SmFk∥ρ ≤ 7η−

1
2

√
T max

s∈[T−1]
∥ϵ1s∥Hm ≲

L
7
3 (ηT )

7
6

m
1
6

.

Since we assume that we are under the event {∥W(0)∥op,∞ ≤ c0
√
m}, whose probability is at

least 1− L exp(−Cm) according to Lemma 17. Squaring both sides of the above inequality

and combining all the high probability events complete the proof of the proposition. □

We now introduce some notations for our further analysis. For any k ∈ N, we denote Gm
k =

(gmk (x1), . . . , g
m
k (xn))

⊤ ∈ Rn, Gk = (gk(x1), . . . , gk(xn))
⊤ ∈ Rn and y = (y1, . . . , yn)

⊤ ∈

Rn. Recall that K = (K(xi, xj))
n
i,j=1 and Km = (Km(xi, xj))

n
i,j=1 are the Gram matrices

with kernels K and Km, respectively. The following lemma shows that ∥Gm
k −Gk∥2 → 0 as

m→ ∞ for any k ∈ [T ].

LEMMA 29. Let δ ∈ (0, 1). Assume m ≳ pL3 log(m/δ) and η ≤ 1/4. Then, with probability

at least 1− δ over the initialization (a,W(0)), for any k ∈ [T ] there holds∥∥Gm
k −Gk

∥∥
2
≤ ηT

√
n∥Km −K∥∞.

PROOF. According to (4.7) and (4.8), we know for any k ∈ [T − 1],

Gm
k+1 = Gm

k − η

n
Km(Gm

k − y) and Gk+1 = Gk −
η

n
K(Gk − y). (4.39)

Then, there holds

Gm
k+1 −Gk+1 = Gm

k −Gk −
η

n

(
Km(Gm

k − y)−K(Gk − y)
)

= Gm
k −Gk −

η

n

(
Km(Gm

k −Gk)− (K−Km)(Gk − y)
)

=
(
I− η

n
Km
)
(Gm

k −Gk) +
η

n
(K−Km)(Gk − y).
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Applying the above equality recursively, we have

∥∥Gm
k+1 −Gk+1

∥∥
2
=
∥∥∥η
n

k∑
s=0

(
I− η

n
Km
)s
(K−Km)(Gk−s − y)

∥∥∥
2

≤ η

n

k∑
s=0

∥∥∥I− η

n
Km
∥∥∥s
op
∥K−Km∥op∥Gk−s − y∥2. (4.40)

From Lemma 16 we know that

∥Km∥∞ = sup
x,x′∈X

∣∣∣〈∂fW(0)(x)

∂WL(0)
,
∂fW(0)(x

′)

∂WL(0)

〉
2

∣∣∣ ≤ sup
x∈X

∥∥∥∂fW(0)(x)

∂WL(0)

∥∥∥2
2
≤ 4. (4.41)

where the last inequality used Lemma 19 and condition m ≳ pL3 log(m/δ). Then, for any

α = (α1, . . . , αn)
⊤ ∈ Rn with ∥α∥2 = 1, there holds α⊤Kmα = ∥

∑n
i=1 αiK

m
xi
∥2Hm

≤

(
∑n

i=1 |αi|∥Km
xi
∥Hm)

2 ≤ (
∑n

i=1 |αi|∥Km∥
1
2∞)2 ≤ 4(

∑n
i=1 |αi|)2 ≤ 4n. This implies that

∥Km∥op ≤ 4n. Since η ≤ 1/4 and Km is PSD, we know ∥I− η
n
Km∥op ≤ 1.

Then, there holds

∥Km −K∥op = sup
∥α∥2=1

|α⊤(Km −K)α| = sup
∥α∥2=1

∣∣∣ n∑
i,j=1

αiαj

(
Km(xi, xj)−K(xi, xj)

)∣∣∣
≤ ∥Km −K∥∞ sup

∥α∥2=1

n∑
i,j=1

|αiαj| = ∥Km −K∥∞ sup
∥α∥2=1

( n∑
i=1

|αi|
)( n∑

j=1

|αj|
)

≤ n∥Km −K∥∞.

Further, from (4.39), we know Gk = (I − η
n
K)Gk−1 +

η
n
Ky. Recursively applying this

equation, we get Gk =
η
n

∑k−1
s=0(I−

η
n
K)sKy. Analogous to the estimate of ∥I− η

n
Km∥op,

we can show that ∥K∥op ≤ n and ∥I− η
n
Km∥op ≤ 1 by noting ∥K∥∞ ≤ 1 (see Property 1).

Then, there holds

∥Gk∥2 ≤
∥∥∥ k−1∑

s=0

(
I− η

n
K
)s η
n
K
∥∥∥
op
∥y∥2 ≤

√
n sup

t∈[0,1]

∣∣∣ k−1∑
s=0

(1− t)st
∣∣∣

=
√
n sup

t∈[0,1]

(
1− (1− t)k

)
≤

√
n. (4.42)
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Plugging the above estimates back into (4.40), we have

∥∥Gm
k+1 −Gk+1

∥∥
2
≤ η

n

k∑
s=0

∥Km −K∥op∥
(
∥Gk−s∥2 + ∥y∥2

)
≤ ηT

√
n∥Km −K∥∞,

which completes the proof. □

Based on the above lemma, we give the proof of Proposition 9 as follows.

PROOF OF PROPOSITION 9. For any x ∈ X and k ∈ [T − 1], from the definitions we

know

|gmk+1(x)− gk+1(x)|

=
∣∣∣gmk (x)−gk(x)− η

n

n∑
i=1

[(
gmk (xi)−gk(xi)

)
Km(xi, x)+

(
gk(xi)−yi

)(
Km(xi, x)−K(xi, x)

)]∣∣∣
≤
∣∣gmk (x)− gk(x)

∣∣+ η

n

n∑
i=1

(
∥Km∥∞

∣∣gmk (xi)− gk(xi)
∣∣+ ∥Km −K∥∞

∣∣gk(xi)− yi
∣∣)

≤
∣∣gmk (x)− gk(x)

∣∣+ η√
n

(
∥Km∥∞∥Gm

k −Gk∥2 + ∥Km −K∥∞∥Gk − y∥2
)
,

where the last inequality used Cauchy-Schwarz inequality.

Combining Lemmas 29, (4.41) and (4.42) and with the above observation, we get

∥gmk+1 − gk+1∥∞ ≤ ∥gmk − gk∥∞ + 6η2T∥Km −K∥∞.

Applying the above inequality recursively and noting that gm0 = g0, we have

∥gmk+1 − gk+1∥∞ ≤ 6(ηT )2∥Km −K∥∞.

From Lemma 20 and the condition (4.10) we know ∥Km −K∥∞ ≲
√
L

m
1
6

. Therefore, for any

k ∈ [T ] ∥∥Smg
m
k − Sgk

∥∥2
ρ
=

∫
X
|gmk (x)− gk(x)|2dρX (x) ≤ ∥gmk − gk∥2∞

≤ 36(ηT )4∥Km −K∥2∞ ≲
L(ηT )4

m
1
3

.

The desired result is obtained by setting k = T . □
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To estimate the last term
∥∥SgT −fρ∥∥2ρ in (4.9), we first introduce an intermediate term. Define

the population iteration hk on HK as

hk+1 = hk − η

∫
Z

(
⟨hk, Kx⟩HK

− y
)
Kxdρ(z) with h0 = 0. (4.43)

If we regard the population risk E(·) as a functional on HK , then the population iteration hk

can be viewed as the GD of E(·) initialized at h0 = 0.

LEMMA 30. Let H be the closure of HK in L2
ρx . Then, Assumption 12 implies fρ ∈ H.

PROOF. Note that L has the eigen-decomposition Lf =
∑∞

i=1 λi⟨f,Φi⟩L2
ρx
Φi. According

to Assumption 12, we know there exists a g ∈ L2
ρx such that

fρ = Lβg =
∞∑
i=1

λβi ⟨g,Φi⟩L2
ρx
Φi =

∞∑
i:λi ̸=0

λβi ⟨g,Φi⟩L2
ρx
Φi.

Since for any λi ̸= 0, the associated eigenfunction Φi ∈ HK (see Chapter 4.5 in [Steinwart

and Christmann 2008]), we conclude that fρ ∈ H. □

LEMMA 31. Suppose Assumptions 11 and 12 hold. Assume η ≤ 1. For any δ1, δ2 ∈ (0, 1/2),

assume ηT ≤ n(9 log(n/δ2))
−1. Then, with probability at least 1− δ1 − δ2 over sampling,

the following statements hold for all k ∈ [T ].

(a) For the case β ≥ 1
2
, there holds

∥Sgk − Shk∥ρ ≤ 4(B + 1)(12 + 4 log(k) +
√
2η)
(√ηk

n
+

√
2cγ(ηk)γ

n

)
log
( 4
δ1

)
.

(b) For the case β ∈ (0, 1
2
), there holds

∥SgT − ShT∥ρ ≤ (12 + 4 log(T ) +
√
2η)

(
2(6 +B)

(√ηT
n

+

√
2cγ(ηT )γ

n

)
+

4B
(
(ηT )1−β + 1

)
n

)
log
(3T
δ1

)
.

PROOF. The proof is derived from Theorem 5 in [Lin and Rosasco 2017], which provides

upper bounds for ∥Sρνk+1 − Sρµk+1∥ρ with two iteration sequences {νk+1} and {µk+1}. We



4.4. PROOFS FOR OPTIMAL RATES FOR GD AND SGD 121

first show that their assumptions are satisfied in our setting, and then apply their results with

our Lemma 28 by showing that Sρνk+1 − Sρµk+1 is equivalent to Sgk − Shk.

Since we assume |y| ≤ 1, their Assumption 1 is satisfied with M = v = 1. Instead of

using the notations x, ⟨x, x′⟩H and Sρ in [Lin and Rosasco 2017] for any x, x′ ∈ X , we

use Kx, ⟨Kx, Kx′⟩HK
and S in our setting. Then, their Hρ is the same as our HK . Since

fH in [Lin and Rosasco 2017] is the projection of fρ onto the closure of Hρ in L2
ρx , from

Lemma 30 we know their fH is equivalent to our fρ. Hence, Assumption 2 in [Lin and

Rosasco 2017] holds true with ζ = β and R = B due to our Assumption 12. Further, their

Assumption 3 is guaranteed by Assumption 11, their equation (3) holds true with κ2 = 1 due

to ⟨Kx, Kx′⟩HK
= K(x, x′) ≤ ∥K∥∞ ≤ 1 (see Property 1). Their equation (47) is guaranteed

by Lemma 28 with κ = 1, Γ = n, δ = δ2, ζi = Kxi
, Q =

∫
X Kx ⊗Kxdρx. In addition, by

taking the step-size ηk = η for all k ∈ [T ], we know Sρνk+1 − Sρµk+1 in [Lin and Rosasco

2017] is equivalent to our Sgk − Shk.

Then, combining above observations and Theorem 5 in [Lin and Rosasco 2017] with ηk = η,

θ = 0, λ = (ηk)−1, κ = 1, M = v = 1, R = B, ζ = β and m = n, we get the desired

results. □

LEMMA 32 (Proposition 2 in [Lin and Rosasco 2017]). Suppose Assumption 12 holds. Let

η ∈ (0, 1] be the step size. For any k ∈ N, there holds

∥Shk − fρ∥ρ ≤ B
( β

2ηk

)β
.

PROOF. In the proof of Lemma 31, we already showed that Sρµk+1 and fH in [Lin and

Rosasco 2017] are equivalent to our Shk and fρ. Then, by applying Proposition 2 in [Lin and

Rosasco 2017] with ηk = η, κ = 1, R = B and ζ = β, we get the desired results. □

Combining Lemma 31 and Lemma 32, we give the proof of Proposition 10.

PROOF OF PROPOSITION 10. Note that ∥SgT − fρ∥2ρ ≲ ∥SgT − ShT∥2ρ + ∥ShT − fρ∥2ρ.

The desired results are obtained by combining Lemma 31 with δ1 = δ2 = δ
2

and Lemma

32. □
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Now, we give proofs for Theorem 9 and Corollary 1.

PROOF OF THEOREM 9. Combining Propositions 7, 8, 9 and 10 with δ replaced by δ
4
,

with probability at least 1−L exp
(
O(pL log(m))−Ω(m

1
3 )
)
−δ over initialization (a,W(0))

and sampling, there holds

E(fW(T ))− E(fρ) ≲
L

14
3 (ηT )4

m
1
3

+
(ηT
n2

+
(ηT )γ+(ηT )1−2β

n

)
log4

(T
δ

)
+ (ηT )−2β.

The proof of the theorem is completed. □

PROOF OF COROLLARY 1. The proof is derived by Theorem 9 with δ replaced by δ/2.

We first prove that the condition n ≥ 16
δ

(36(2β+γ)
β

) 2β+γ
β implies ηT ≤ n

36 log(16n/δ)
. Since

ηT ≤ 2n
1

2β+γ , the condition reduces to show n
2β

2β+γ ≥ 72 log(16n
δ
), which is equivalent

to showing
(
16n
δ

) 2β
2β+γ ≥ 36(2β+γ)

β

(
16
δ

) 2β
2β+γ log

(
16n
δ

) 2β
2β+γ . From (9.17) and (9.18) in Györfi

et al. 2006 we know u > 2c log(c) implies u > c log(u) for any c ≥ e. Setting u =(
16n
δ

) 2β
2β+γ and c = 36(2β+γ)

β

(
16
δ

) 2β
2β+γ and solving u ≥ c2, the desired result is obtained by

noting u ≥ c2 > 2c log(c) for all c ≥ e. Combining this with T = ⌈n
1

2β+γ ⌉, we know

n ≥ max
{(36(2β+γ)

β

) 2β+γ
β 16

δ
, η−(2β+γ)

}
implies 1 ≤ ηT ≤ n(36 log(16n/δ))−1. Similarly,

setting u = (m/δ)
1
3 and c = 3

(
L22p2(ηT )7/δ

) 1
3 , and noting ηT ≍ n

1
2β+γ , we know m ≳

L22p2n
7

2β+γ log3(npL/δ) ensures condition (4.10) in Theorem 9.

Note m ≳ L14n
6β+12
2β+γ ensures L

14
3 (ηT )4

m
1
3

≲ n− 2β
2β+γ and (4.10) implies L exp

(
O(pL log(m))−

Ω(m
1
3 )
)
≤ δ/2. Then, from Theorem 9 we know with probability at least 1 − δ over

initialization (a,W(0)) and sampling, there holds

E(fW(T ))− E(fρ) ≲ n− 2β
2β+γ +

(ηT
n2

+
(ηT )γ+(ηT )1−2β

n

)
log2(T ) log2

(T
δ

)
+ (ηT )−2β.

In addition, since 2β + γ > 1 and ηT ≥ 1, there holds (ηT )1−2β ≤ (ηT )γ . Plugging the

choice of ηT ≍ n
1

2β+γ back into the above inequality, we get

E(fW(T ))− E(fρ) ≲ n− 2β
2β+γ log4(

n

δ
).

The proof is completed. □
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4.4.4 Proofs for Stochastic Gradient Descent

We first show that the trajectory of SGD with deep ReLU networks also falls inside local balls

around the initialization W(0).

LEMMA 33. Let {W(k)} be produced by (4.4) with η ≤ 1/5. Assume (4.13) holds. Then,

with probability at least 1−L exp(O(pL log(m))−Ω(m
1
3 ))−δ over initialization (a,W(0)),

for any k ∈ [T ], there holds∥∥W(k)−W(0)
∥∥2
op,∞ ≤

∥∥W(k)−W(0)
∥∥2
2
≤ 4ηk

and

|fW(k)(x)− y| ≤ CL2
√
ηk + 1 for any z = (x, y) ∈ Z.

PROOF. The first part of the lemma is proved by induction. It’s obvious that ∥W(k)−

W(0)∥22 ≤ 0 holds with k = 0. Assume, for all t ∈ [k] with k ≤ T − 1, ∥W(k)−W(0)∥22 ≤

4ηk holds. We will show that ∥W(k + 1)−W(0)∥22 ≤ 4η(k + 1).

From the update rule (4.4), we know∥∥W(k + 1)−W(0)
∥∥2
2
=
∥∥∥W(k)−W(0)− η

∂ℓ(W(k); zik)

∂W(k)

∥∥∥2
2

=
∥∥W(k)−W(0)

∥∥2
2
+ η2

∥∥∥∂ℓ(W(k); zik)

∂W(k)

∥∥∥2
2
+ 2η

〈
W(0)−W(k),

∂ℓ(W(k); zik)

∂W(k)

〉
2

=
∥∥W(k)−W(0)

∥∥2
2
+ 2η2ℓ(W(k), zik)

∥∥∥∂fW(k)(xik)

∂W(k)

∥∥∥2
2

+ 2η
〈
W(0)−W(k),

∂ℓ(W(k); zik)

∂W(k)

〉
2
, (4.44)

where in the last inequality we have used ∂ℓ(W(k);zik )

∂W(k)
= (fW(k)(xik) − yik)

∂fW(k)(xik
)

∂W(k)
and

(fW(k)(xik)− yik)
2 = 2ℓ(W(k); zik).

SettingRop = 2
√
ηT . By the induction assumption, there holds W(k),W(0) ∈ BRop(W(0)).

Then from Lemma 16 (if l < L−1) and part (c) of Lemma 19 (if l = L) and (4.27) in Lemma
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26 with W = W(k), we have∥∥∥∂fW(k)(xik)

∂W(k)

∥∥∥
2
≤
∥∥∥∂fW(k)(xik)

∂W(k)
−
∂fW(0)(xik)

∂W(0)

∥∥∥
2
+
∥∥∥∂fW(0)(xik)

∂WL(0)

∥∥∥
2

(4.45)

≤
√
Lmax

ℓ∈[L]

∥∥∥∂fW(k)(xik)

∂Wℓ(k)
−
∂fW(0)(xi)

∂Wℓ(0)

∥∥∥
2
+ 2

≤ ϵ3 + 2 (4.46)

with ϵ3 ≲ L
7
3 (ηT )

1
6m− 1

6 .

Further, from the induction assumption we know |fW(k)(x) − y| ≤ CL2Rop and (4.26) in

Lemma 26 with W = W(k), W̃ = W(0) and ∥W(k)−W(0)∥op,∞ ≤ 2
√
ηT implies

2η
〈
W(0)−W(k),

∂ℓ(W(k); zik)

∂W(k)

〉
2
≤ 2η

(
ℓ(W(0), zik)− ℓ(W(k), zik)

)
+ 2ηϵ2

with ϵ2 ≲ L
13
3 (ηT )

7
6m− 1

6 .

Plugging the above two estimates back into (4.44), we get∥∥W(k + 1)−W(0)
∥∥2
2

≤
∥∥W(k)−W(0)

∥∥2
2
+2η2ℓ(W(k), zik)(ϵ3+2)2+2η

(
ℓ(W(0), zik)−ℓ(W(k), zik)

)
+2ηϵ2

≤
∥∥W(k)−W(0)

∥∥2
2
+10η2ℓ(W(k), zik)+2η

(
ℓ(W(0), zik)−ℓ(W(k), zik)

)
+2η

≤
∥∥Wl(k)−W(0)

∥∥2
2
+ 2ηℓ(W(0), zik) + 2η

≤ 4ηk + 3η ≤ 4η(k + 1),

where in the second inequality we have used ϵ3 ≤ 5−
√
2 and ϵ2 ≤ 1 implied by (4.13), in

the third inequality we have used 10η2 ≤ 2η by noting η ≤ 1/5, in the last second inequality

we have used ℓ(W(0), zik) ≤ 1/2 by observing fW(0) = 0 and the induction assumption

∥W(k)−W(0)∥22 ≤ 4ηk. The first part of the lemma is proved.
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Combining Lemma 21 with ∥W(k)−W(0)∥2op,∞ ≤ ∥W(k)−W(0)∥22 ≤ 4ηT = R2
op, we

know

|fW(k)(x)− y| ≤ |fW(k)(x)− fW(0)(x)|+ |fW(0)(x)− y| ≤ ∥a∥2∥oLk (x)− oL0 (x)∥2 + 1

≤ CL2
√
ηk + 1,

which completes the second part of the lemma. □

The proof of Proposition 11 is presented as follows.

PROOF OF PROPOSITION 11. The proof is similar to that of Proposition 7. SettingRop =

2
√
ηT . Combining Lemma 33 and (4.25) in Lemma 26 with W̃ = W(k) and W = W(0),

we get the desired results. □

Based on Lemma 33, we give the proof of Proposition 12 as follows.

PROOF OF PROPOSITION 12. Denote ϵk = f lin
W(k+1)−f lin

W(k)+η(f
lin
W(k)(xik)−yik)Km

xik
∈

Hm. From the update rule of fm
k (4.11), we know

f lin
W(k+1) − fm

k+1 =
(
f lin
W(k) − fm

k

)
− η
(
f lin
W(k)(xik)− fm

k (xik)
)
Km

xik
+ ϵk

=
(
f lin
W(k) − fm

k

)
− η
〈
f lin
W(k) − fm

k , K
m
xik

〉
Hm
Km

xik
+ ϵk

=
(
I− ηKm

xik
⊗Km

xik

)(
f lin
W(k) − fm

k

)
+ ϵk,

where the second equality follows from the fact f lin
W(k)−fm

k ∈ Hm and the reproducing kernel

property f lin
W(k)(xik)− fm

k (xik) = ⟨f lin
W(k) − fm

k , K
m
xik

⟩Hm .

Applying the above equality recursively, we get

f lin
W(k+1) − fm

k+1 =
k∑

s=0

k∏
a=s+1

(
I− ηKm

xia
⊗Km

xia

)
ϵs,

where we used the conventional notation
∏k

k+1 = I for any k ∈ N. Note that for any a ∈ [k]

and ia, ηKm
xia

⊗Km
xia

is self-adjoint and positive, and from (4.41) we know η∥Km
xia

⊗Km
xia

∥op =

η∥Km
xia

∥2Hm
≤ η∥Km∥∞ ≤ 4η ≤ 1. Then, ∥I− ηKm

xia
⊗Km

xia
∥op ≤ 1.
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According to the above inequality, we have∥∥f lin
W(k+1) − fm

k+1

∥∥
∞ = sup

x∈X

〈
f lin
W(k+1) − fm

k+1, K
m
x

〉
Hm

≤ sup
x∈X

∥∥f lin
W(k+1) − fm

k+1

∥∥
Hm

∥Km
x ∥Hm

≤
∥∥f lin

W(k+1) − fm
k+1

∥∥
Hm

√
∥Km∥∞

≤ 2
k∑

s=0

k∏
a=s+1

∥∥I− ηKm
xia

⊗Km
xia

∥∥
op

∥∥ϵs∥∥Hm
≤ 2

k∑
s=0

∥∥ϵs∥∥Hm
, (4.47)

where in the first equality we have used the reproducing kernel property and in the last second

inequality we have used (4.41) with
√

∥Km∥∞ ≤ 2.

Now, we turn to estimate ∥ϵk∥Hm . For any k ∈ [T ], from the definition of f lin
W and the update

rule of SGD (4.4), there holds

ϵk(x) = f lin
W(k+1)(x)− f lin

W(k)(x) + η
(
f lin
W(k)(xik)− yik

)
Km

xik
(x)

=
〈∂fW(0)(x)

∂W(0)
,W(k + 1)−W(k)

〉
2
+ η
(
f lin
W(k)(xik)− yik

)〈∂fW(0)(xik)

∂W(0)
,
∂fW(0)(x)

∂W(0)

〉
2

=
〈∂fW(0)(x)

∂WL(0)
,WL(k + 1)−WL(k)

〉
2
+η
(
f lin
W(k)(xik)−yik

)〈∂fW(0)(xik)

∂WL(0)
,
∂fW(0)(x)

∂WL(0)

〉
2

= η
[(
yik − fW(k)(xik)

)〈∂fW(k)(xik)

∂WL(k)
,
∂fW(0)(x)

∂WL(0)

〉
2

+
(
f lin
W(k)(xik)− yik

)〈∂fW(0)(xik)

∂WL(0)
,
∂fW(0)(x)

∂WL(0)

〉
2

]
=

〈
η
[(
yik − fW(k)(xik)

)∂fW(k)(xik)

∂WL(k)
+
(
f lin
W(k)(xik)− yik

)∂fW(0)(xik)

∂WL(0)

]
,
∂fW(0)(x)

∂WL(0)

〉
2

=:
〈
∆(k),

∂fW(0)(x)

∂WL(0)

〉
2
,

where the second equality is due to Km
xik

(x) = Km(xik , x), the third equality used ∂fW(0)

∂Wl(0)
= 0

for l ∈ [L − 1] according to Lemma 16, and the fourth equality is according to the update
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rule (4.4), and in the last equality we define

∆(k) := η
[(
yik − fW(k)(xik)

)∂fW(k)(xik)

∂WL(k)
+
(
f lin
W(k)(xik)− yik

)∂fW(0)(xik)

∂WL(0)

]
=η
[(
yik−fW(k)(xik)

)(∂fW(k)(xik)

∂WL(k)
−
∂fW(0)(xik)

∂WL(0)

)
+
(
f lin
W(k)(xik)−fW(k)(xik)

)∂fW(0)(xik)

∂WL(0)

]
.

Let ∆(k) = (0, . . . , 0,∆(k)) ∈ W , then ϵk(x) = ⟨∆(k),Φm(x)⟩2. There holds

∥ϵk∥Hm ≤ ∥∆(k)∥2

≤ η
[∣∣yik − fW(k)(xik)

∣∣∥∥∥∂fW(k)(xik)

∂WL(k)
−
∂fW(0)(xik)

∂WL(0)

∥∥∥
2
+
∣∣f lin

W(k)(xik)− fW(k)(xik)
∣∣

×
∥∥∥∂fW(0)(xik)

∂WL(0)

∥∥∥
2

]
≤ η
(
sup
z∈Z

|fW(k)(x)− y| sup
x∈X

∥∥∥∂fW(k)(x)

∂WL(k)
−
∂fW(0)(x)

∂WL(0)

∥∥∥
2
+
∥∥f lin

W(k) − fW(k)

∥∥
∞

× sup
x∈X

∥∥∥∂fW(0)(x)

∂WL(0)

∥∥∥
2

)
. (4.48)

From part (c) in Lemma 19 we know supx∈X ∥∂fW(0)(x)

∂WL(0)
∥2 ≤ 2. Setting Rop = 2

√
ηT , from

Lemma 33 we know supz∈Z |fW(k)(x)− y| ≤ CL2
√
ηk + 1 and W(k) ∈ BRop(W(0)) for

any k ∈ [T ]. Combining this and Lemma 26 with Rop = 2
√
ηT , there holds

sup
z∈Z

|fW(k)(x)− y| sup
x∈X

∥∥∥∂fW(k)(x)

∂WL(k)
−
∂fW(0)(x)

∂WL(0)

∥∥∥
2
≲
L

10
3 (ηT )

2
3

m
1
6

.

According to Proposition 11, we know ∥fW(k) − f lin
W(k)∥∞ ≲ L

7
3 (ηT )

2
3m− 1

6 . Plugging the

above estimates back into (4.48), we know with probability at least 1−L exp(O(pL log(m))−

Ω(m
1
3 ))− δ over initialization (a,W(0)), there holds

∥ϵk∥Hm ≲
L

10
3 η

5
3T

2
3

m
1
6

.

Plugging the estimate of ∥ϵs∥Hm back into (4.47), we know with probability at least 1 −

L exp(O(pL log(m))− Ω(m
1
3 ))− δ over the random choice of (a,W(0)), there holds

∥f lin
W(k) − fm

k ∥∞ ≤
k∑

s=0

∥ϵs∥Hm ≲
L

10
3 (ηT )

5
3

m
1
6

.
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This completes the proof of the proposition. □

To control ∥Smf
m
T − fρ∥2ρ, we first control ∥Smf

m
T − Smg

m
T ∥2ρ, i.e., the distance between the

SGD and GD on Hm.

LEMMA 34. Let δ ∈ (0, 1) and T ∈ N. Suppose 0 < η ≤ 1
32(log(T )+1)

and 1
ηT

≥ 36
n
log
(
2n
δ

)
,

andm ≳ pL3 log3(m/δ), Then, with probability at least 1−L exp
(
O(d log(m))−Ω(m

1
3 )
)
−

δ over initialization (W(0), a) and sampling, there holds

EA
[∥∥Sm(f

m
T − gmT )

∥∥2
ρ

]
≲ η(log(T ) ∨ 1).

PROOF. The lemma is proved by using Proposition 6 in [Lin and Rosasco 2017], which

provides upper bounds for ∥SρωT+1 − SρνT+1∥ρ. We first show that their assumptions are

satisfied in our setting, and then apply their results with our Lemma 28 by showing that

SρνT+1 − SρµT+1 is equivalent to Smf
m
T − Smg

m
T .

Note we assume |y| ≤ 1, then their Assumption 1 is satisfied with M = v = 1. Instead

of using the notations x, ⟨x, x′⟩H and Sρ in [Lin and Rosasco 2017] for any x, x′ ∈ X , we

use Km
x , ⟨Km

x , K
m
x′ ⟩Hm and Sm in our setting. With probability at least 1 − δ/2 over the

random choice of W(0), their equation (3) holds true with κ2 = 4 due to ⟨Km
x , K

m
x′ ⟩Hm =

Km(x, x′) ≤ ∥Km∥∞ ≤ 4 according to (4.41). Their equation (47) is guaranteed with

probability at least 1 − δ/2 over sampling by Lemma 28 with κ = 2, Γ = n, ζi = Km
xi

,

Q =
∫
X K

m
x ⊗Km

x dρx, and λ = (ηT )−1. In addition, by taking the batch-size b = 1 and the

step size ηk = η for all k ∈ [T ], we know SρνT+1 − SρµT+1 in [Lin and Rosasco 2017] is

equivalent to our Smf
m
T − Smg

m
T .

Then, combining above observations and Proposition 6 in [Lin and Rosasco 2017] with

ηk = η, θ = 0, λ = (ηT )−1, κ = 2, M = v = 1 and b = 1, we get the desired results. □

Now, we present the proof of Proposition 13.
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PROOF OF PROPOSITION 13. Note that

EA[∥Smf
m
T − fρ∥2ρ] ≲ EA[∥Smf

m
T − Smg

m
T ∥2ρ] + ∥Smg

m
T − SgT∥2ρ + ∥SgT − fρ∥2ρ.

Then, the desired results are obtained by combining Lemma 34 with δ replaced by δ/3,

Proposition 9with δ replaced by δ/3, and Proposition 10 with δ replaced by δ/3. □

PROOF OF THEOREM 10. Combining Propositions 11, 12 and 13 with δ replaced by δ/3,

the desired result is obtained. □

PROOF OF COROLLARY 2. It is easy to show that the inequality ηT ≤ n(36 log(24n/δ))−1

holds for η = (72 log(24n/δ))−1n− 2β
2β+γ and T = ⌈n

2β+1
2β+γ ⌉. Similar to the proof of Corollary

1, one can check that n ≥ (72(2β + γ))2(2β+γ)(24
δ
) implies ηT ≥ 1 and η ≤ 1

32(log(T )+1)
.

Note that the choices of η and T implies η log(T ) + (ηT
n2 + (ηT )γ+(ηT )1−2β

n
) log2(T ) log2(T

δ
) +

(ηT )−2β ≲ n− 2β
2β+γ log2(n) log2β(n

δ
). Further, according to the proof of Corollary 1, one

can also show that m ≳ L20max{L6p3n
7

2β+γ log3(npL/δ), n
6β+12
2β+γ } indicates (4.13) and

L
20
3 (ηT )4

m
1
3

≲ n− 2β
2β+γ . In addition, note that (4.13) implies L exp

(
O(pL log(m))− Ω(m

1
3 )
)
≤

δ/2. Combining the above observations with Theorem 10 with δ replaced by δ/2 yields the

desired results. □

4.4.5 The NTK for Deep ReLU Networks with Non-Symmetric

Initialization

In this section, we discuss the uniform concentration of the NTK with non-symmetric initial-

ization, i.e., we consider the following initialization

for the first layer: w1
r(0) ∼ N (0, Ip), for l = 2, . . . , L : wl

r(0)
i.i.d.∼ N (0, Im) for all r ∈ [m],

for the output layer: ar
i.i.d.∼ Unif ({−1, 1}) for r ∈ [m]. (4.49)

Indeed, the symmetric setting can be seen as a special case of the above general setting.

We will show that for this general setting, the results of Lemma 20 still holds with the
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same convergence rates. Note that Km and K are different between the symmetric and

non-symmetric settings. We first give their definitions as follows.

As discussed in [Jacot et al. 2018; Xu and Zhu 2024], the NTK K : X × X → R for deep

ReLU networks with initialization (4.49) is defined, for any x, x′ ∈ X , by

K(x, x′) =
L∑
l=1

K l(x, x′) =
L∑
l=1

2E[σ(U l−1(x))σ(U l−1(x′))]
L∏

h=l

qh(x, x′), (4.50)

where (U l(x), U l(x′)) is a pair of bivariate normal variables defined iteratively by

(U l(x), U l(x′)) ∼ N (0,Σl−1(x, x′)) (4.51)

with

Σl−1(x, x′) = 2

 E[σ2(U l−1(x))] E[σ(U l−1(x))σ(U l−1(x′))]

E[σ(U l−1(x))σ(U l−1(x′))] E[σ2(U l−1(x′))]


and

Σ0(x, x′) =

 1 ⟨x, x′⟩2

⟨x, x′⟩2 1

 ,

and ql(x, x′) = π−arccos(pl−1(x,x′))
π

with

pl−1(x, x′) =
E[σ(U l−1(x))σ(U l−1(x′))]√

E[σ2(U l−1(x))]
√
E[σ2(U l−1(x′))]

.

Note under the symmetric initialization (4.2), K(x, x′) degenerates to KL(x, x′).

Similar to Lemma 19, the following results still hold under non-symmetric initialization.

LEMMA 35. The following statements hold with probability at least 1− δ over initialization

W(0) for all l ∈ [L].

(a) Assume m ≳ pL log(1
δ
), there holds supx∈X

∣∣∥ol0(x)∥2 − 1
∣∣ ≤ Cl

√
pL log(m/δ)

m
.

(b) Assume m ≳ pL log(m
δ
), there holds supx∈X ∥Vl

L,0(x)∥op ≤ CL√
m
.

(c) Assume m ≳ pL3 log(m
δ
), there holds supx∈X ∥∂fW(0)(x)

∂Wl(0)
∥2 ≤ CL.
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PROOF. The proofs of the first two parts are the same as those of Lemma 19. We only

prove part (c) here. According to the first two parts, for any l ∈ [L], there holds

sup
x∈X

∥∥∥∂fW(0)(x)

∂Wl(0)

∥∥∥
2
= sup

x∈X

∥∥∥Vl
L,0(x)a

(
ol−1
0 (x)

)⊤∥∥∥
2
≤

√
m sup

x∈X
∥Vl

L,0(x)∥op sup
x∈X

∥ol−1
0 (x)∥2

≤ CL
(
Cl

√
pL log(m/δ)

m
+ 1
)
≤ CL,

where the last inequality follows from the condition m ≳ pL3 log(m
δ
). This completes the

proof. □

Now, we give the concentration results of the general case. The proof is similar to that

of Lemma 20. Recall the definition of K l (see (4.50)), similarly we define Km,l(x, x′) =

⟨∂fW(0)(x)
∂Wl(0)

, ∂fW(0)(x′)
∂Wl(0)

⟩2 for all l ∈ [L] and x, x′ ∈ X .

LEMMA 36. Let δ ∈ (0, 1). Assume m ≳ pL3 log(m
δ
). With probability at least 1 −

L exp(O(pL log(m))−Ω(m
1
3 )))− δ over initialization (a,W(0)), for all l∈ [L], there holds

∥Km,l −K l∥∞ ≲
√
Lm− 1

6 +
√
pL log(m)m−1 + L3m− 1

3 .

PROOF. For all l ∈ [L], instead of using the estimates supx∈X ∥Vl
k,0(x)∥op ≤ ck−l

0 m− 1
2

in the proof of Lemma 33 in [Xu and Zhu 2024], we employ estimate supx∈X ∥Vl
k,0(x)∥op

≤ CLm− 1
2 in Lemma 35. Then, the term |(Vl

L,0(x)a)
⊤Vl

L,0(x
′)a| can be controlled by CL2.
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Combining this with (4.22) yields that

∥Km,l −K l∥∞

= sup
x,x′∈X

∣∣∣⟨ol−1
0 (x),ol−1

0 (x′)⟩2(Vl
L,0(x)a)

⊤Vl
L,0(x

′)a−2E[σ(U l−1(x))σ(U l−1(x′))]
L∏

h=l

qh(x, x′)
∣∣∣

≤ sup
x,x′∈X

∣∣⟨ol−1
0 (x), ol−1

0 (x′)⟩2 − 2E[σ(U l−1(x))σ(U l−1(x′))]
∣∣ · ∣∣(Vl

L,0(x)a)
⊤Vl

L,0(x
′)a
∣∣

+ sup
x,x′∈X

∣∣2E[σ(U l−1(x))σ(U l−1(x′))]
∣∣ · ∣∣∣(Vl

L,0(x)a)
⊤Vl

L,0(x
′)a− tr

(
Vl

L,0(x)
⊤Vl

L,0(x
′)
)∣∣∣

+ sup
x,x′∈X

∣∣2E[σ(U l−1(x))σ(U l−1(x′))]
∣∣ · ∣∣∣tr(Vl

L,0(x)
⊤Vl

L,0(x
′)
)
−

L∏
h=l

qh(x, x′)
∣∣∣

≲ L2 sup
x,x′∈X

∣∣⟨ol−1
0 (x), ol−1

0 (x′)⟩2 − 2E[σ(U l−1(x))σ(U l−1(x′))]
∣∣

+ sup
x,x′∈X

∣∣∣(Vl
L,0(x)a)

⊤Vl
L,0(x

′)a− tr
(
Vl

L,0(x)
⊤Vl

L,0(x
′)
)∣∣∣

+ sup
x,x′∈X

∣∣∣tr(Vl
L,0(x)

⊤Vl
L,0(x

′)
)
−

L∏
h=l

qh(x, x′)
∣∣∣

=: E l
1 + E l

2 + E l
3,

The estimates of the above three terms E1, E2, E3 are given as follows.

Estimate of E l
1: The estimate of E l

1 follows the same proof steps as in Lemma 6 in [Xu and Zhu

2024]. According to Lemma 6 in [Xu and Zhu 2024], one can get that E1 ≲ LCLm− 1
3 . We

improve this estimate from LCLm− 1
3 to L3m− 1

3 by using more finer estimates of initialization

terms. Specifically, instead of using their estimate supx ∥ol0(x)∥2 ≤ cl0 in Lemma 30 of

[Xu and Zhu 2024], we apply the tight estimate supx ∥ol0(x)∥2 ≤ C according to part (a)

of Lemma 35. In addition, we set V0 to be a c−L
0 m−2-net of the Sp−1 rather than a m−2-

net. Then, following the same steps of the proof of Lemma 6, with probability at least

1− L exp(O(pL log(m))− Ω(m
1
3 ))) over initialization W(0), there holds

E l
1 ≲ L3m− 1

3 .
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Estimates of E l
2: Similar to the proof of the estimate of E1, by using more finer estimates

supx ∥ol0(x)∥2 ≤ C and supx∈X ∥Vl
L,0(x)∥op ≤ CLm− 1

2 , follows the same proof steps of

Lemma 7 in [Xu and Zhu 2024], we can show that

E l
2 ≲

L2

m
1
3

.

Estimates of E l
3: Similar to the above arguments, we use the estimates supx ∥ol0(x)∥2 ≤ C

and supx∈X ∥Vl
L,0(x)∥op ≤ CLm− 1

2 to improve the proof of Lemma 8 in [Xu and Zhu 2024]

and get

E l
3 ≲

√
L

m
1
6

+

√
pL log(m)

m
+
L2

m
1
3

.

Combining the above estimates of E l
1, E l

2, E l
3 completes the proof of this lemma. □



CHAPTER 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we studied the learning ability of deep ReLU networks on two popular learning

problems, i.e., pairwise learning tasks and gradient descent methods. For pairwise learning

tasks, we provided comprehensive generalization analysis of pairwise learning problems by

constructing structured deep ReLU neural networks as an approximation of the true metric.

For gradient descent methods, we presented optimal rates of generalization bounds for both

GD and SGD with deep ReLU networks by utilizing the power of overparameterization. Our

main contributions can be summarized as follows.

• We provided generalization analysis of pairwise learning under general settings.

Specifically, we established an oracle inequality of the empirical minimizer in the

order of O(( log(n)
n

)
1

2−β ) for a general hypothesis space with Lipschitz continuous

and symmetric loss. Our general results greatly relax the conditions in previous

works and can be widely applied to various learning problems. As an application,

we applied our general results to conduct comprehensive generalization analysis for

pairwise learning with structured deep ReLU networks. In particular, the excess

generalization error bound of order O(n− 2r
2r+p ) that matches the minimax lower

bound is achieved for pairwise least squares regression.

• We presented comprehensive generalization analysis for metric and similarity learn-

ing with the hinge loss. By deriving an explicit structure of the true metric dρ with the

hinge loss, we constructed a novel hypothesis space consisting of the structured deep

ReLU networks and further established some excess generalization error bounds by
134
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carefully estimating both the approximation error and the estimation error within the

introduced structured hypothesis space. An optimal learning rate O
(
n− (θ+1)r

p+(θ+2)r
)

of

the excess generalization error bound up to a logarithmic term is derived. We further

revisited some regular properties of the problem setting and the true metric with a

general loss.

• Under standard regularity assumptions on the regression function and capacity

assumptions associated with the RKHS, we proved that both GD and SGD with deep

ReLU networks can achieve the minimax-optimal rates O(n− 2β
2β+γ ) of the excess risk

when the network width scales polynomially with respect to the number of layers L,

the size of training dataset n and date dimension p. Our results indicate that gradient

descent methods with deep ReLU networks can achieve generalization performance

that is at least comparable to classical gradient methods in the kernel setting.

5.2 Future Work

Several promising directions for future research remain.

• For the pairwise learning tasks discussed in Chapters 2 and 3, our analysis primarily

focused on the theoretical foundations without delving into specific algorithms for

empirical risk minimization. However, in practical applications, effective learning

often relies on algorithmic approaches, such as GD and SGD, to optimize the

empirical risk. Understanding the generalization performance of these algorithms is

crucial, as it directly impacts their real-world effectiveness. This includes analyzing

their convergence rates, stability, and robustness, as well as the trade-offs between

computational efficiency and generalization accuracy. Moreover, studying these

algorithms in the context of pairwise learning presents unique challenges. Pairwise

losses often involve dependencies between pairs of samples, leading to non-i.i.d.

structures that complicate standard analyses. For instance, contrastive learning,

metric learning, and ranking tasks typically involve objectives that differ significantly

from the single-instance losses commonly studied in classical supervised learning.
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Given these complexities, it would be of great interest to develop a comprehensive

theoretical framework for analyzing the generalization behavior of GD and SGD

in pairwise learning, potentially drawing connections to recent advances in deep

learning theory, kernel methods, and statistical learning.

• For least squares regression with gradient descent methods discussed in Chapter

4, extending our current results to deep networks with smooth activation functions,

beyond the commonly studied ReLU networks, would be a valuable direction for

future research. Smooth activations, such as the hyperbolic tangent (tanh), sigmoid,

or Gaussian error linear unit (GELU), often exhibit distinct optimization landscapes

and generalization properties compared to ReLU, potentially leading to more refined

theoretical insights.

Additionally, it would be worthwhile to broaden the analysis to other widely-

used network architectures, such as convolutional neural networks (CNNs) and

residual networks (ResNets). CNNs, with their weight-sharing and local connectivity

structures, are particularly effective in capturing spatial hierarchies in data, while

ResNets, known for their skip connections, address the vanishing gradient problem

and enable the training of extremely deep networks. Exploring these architectures in

the context of least squares regression could provide more complete understanding of

the interplay between network structure, optimization dynamics, and generalization

performance. This line of inquiry may also reveal architecture-specific advantages,

shedding light on why certain designs outperform others in practice.
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