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Abstract

In this thesis we explore particular combinatorial representations of affine Hecke algebras with
general parameters. We introduce the combinatorial model of J-folded alcove paths and show
that the matrix entries of our representations are described by these alcove paths. We categorise
which of the representations are bounded and give conjectures connecting the representations
to Kazhdan-Lusztig theory and Opdam’s Plancherel Theorem. Upon specialising to type Ãn,
we show that the combinatorial representations form a balanced system of cell representations.
For this type, we prove an asymptotic version of Opdam’s Plancherel Theorem and develop a
J-analogue to the classical Satake isomorphism. Using this asymptotic Plancherel Theorem we
construct a new explicit description of Lusztig’s asymptotic algebra in type Ãn in terms of a
ring of specialised matrices formed from the constructed representations.
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Introduction

The Hecke algebra corresponding to a Coxeter group W is a particular q-deformation of the
group algebra of W , where q is an indeterminant. In [25] Kazhdan and Lusztig defined a basis
of the Hecke algebra that has become a fundamental tool in the representation theory of Hecke
algebras and thus their underlying Coxeter groups. One of the main tools of Kazhdan-Lusztig
theory is the theory of cells, which partition W and are defined from the multiplication between
Kazhdan-Lusztig basis elements. In [35] Lusztig conjectured a list of properties of the theory
known as P1-P15. These conjectures give properties of the cells as well as properties of Lusztig’s
a-function and Lusztig’s asymptotic algebra. Lusztig’s a-function (see [29]) is a function that
assigns a positive integer to each Coxeter group element, defined by the maximal degree of q
in the structure constants of the Kazhdan-Lusztig basis. Lusztig’s asymptotic algebra (see [31])
is a simplification of the Hecke algebra that retains essential representation theory information,
such as the cell structure. The asymptotic algebra, often denoted J , has basis (tw)w∈W with
multiplication defined using the coefficient of the highest degree of q in the structure constants
of the Kahzdan-Lusztig basis.

Conjectures P1-P15 are proven in the equal parameters case but are still conjectural for
general parameters. Geck formulated a method of proving these 15 conjectures for Hecke algebras
defined from a spherical Coxeter group with arbitrary parameters, without using a geometric
interpretation of the group (see [17]). The method centred on constructing a family of matrix
representations of the Hecke algebra, indexed by Kazhdan-Lusztig cells, that satisfy a list of
criteria. The matrix representation family is called a balanced system of cell representations. In
[23] Guilhot and Parkinson extended this method to Hecke algebras defined from affine Coxeter
groups. The criteria mirror information of the Hecke algebra, in particular the structure of
J and Lusztig’s a-function. That is, the matrix representations are required to be bounded
with respect to q-degree and when all criteria are met this bound is equivalent to Lusztig’s a-
function. In addition, a ring formed from a specialisation of the matrices is isomorphic to J (see
[23, §2.2]). Guilhot and Parkinson proved P1-P15 using such a family of matrix representations
for the Coxeter groups G̃2 and C̃2 for arbitrary parameters in [23] and [22] respectively. For the
matrix representations corresponding to infinite cells, they proved a combinatorial formula for
the matrix entries using alcove paths which was instrumental in finding the bound of the matrix
representations.

Alcove paths are intimately connected with the combinatorics of affine Hecke algebras. This
connection was made clear by Ram in [42], who stated a formula describing the right action of
the standard Hecke algebra basis onto the Berstein-Lusztig basis in terms of positively folded
alcove walks (see also [44]). This work stems from the work of Littelmann and Gaussent on
positively folded galleries, in turn an adaptation of the Littelmann path model (see [16]). In
[23] and [22] Guilhot and Parkinson create path formulas describing the matrix entries of par-
ticular representations in terms of positively folded alcove paths, now restricting the paths to
be contained within a subset of alcoves.

1
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In Part I of this thesis we will generalise the path formulas of Guilhot and Parkinson to all
irreducible affine Coxeter groups of reduced type with arbitrary parameters by defining J-folded
alcove paths. We construct and analyse representations of affine Hecke algebras whose matrix
entries are described by path formulas and then categorise which of the representations are
bounded (in terms of the affine version of Geck’s criteria on balanced systems of cell representa-
tions). Part II focuses on explicitly describing Lusztig’s asymptotic algebra for type Ãn, using
the path formula from Part I. The representations constructed in Part I, now restricting to the
Ãn case, are shown to form a balanced system of cell representations.

We now describe the setup in more detail. Let W be an irreducible affine Weyl group,
let W0 be the corresponding spherical subgroup and let Φ be the root system of W0 over an
n-dimensional Euclidean vector space V (note that Φ is assumed to be reduced). The simple
reflections of W are si = sαi , for α1, . . . , αn the simple roots of Φ, and s0 the affine generator.
The set of affine roots is Φ̃ = {α + kδ | α ∈ Φ, k ∈ Z} and the corresponding set of affine
hyperplanes is H = {Hα,k | α ∈ Φ, k ∈ Z} where Hα,k is the set of points x ∈ V that are
perpendicular to α+ kδ. The elements of W are in bijection with the set formed by the closure
of the open connected components of V \

⋃
H∈HH, the elements of which are called alcoves.

We will work in the context of the extended affine Weyl group associated to W , denoted
W̃ . Set L : W̃ → N to be a weight function on W̃ , that is L(si) > 0 for all i ∈ {0, 1, . . . , n}
and L(uv) = L(u) + L(v) for ℓ(uv) = ℓ(u) + ℓ(v) (where ℓ(u) is the reduced length of the word

u ∈ W̃ ). Let H̃ be the (weighted) affine Hecke algebra corresponding to W̃ defined over the ring
R = Z[q, q−1] and let qi = qL(si).

The representations of H̃ constructed in Chapter 5 (see Definition 5.1.1) are inspired by
modules of Deodhar (see [9, §2], and also [10], [11] and [12]) and Lusztig (see [34, Lemma 4.7]).
The action is defined combinatorially using the different types of crossings between alcoves,
and the representations are finite dimensional. The representations are denoted πJ,v as they are
dependent on two pieces of data: a subset J ⊆ I = {1, 2, . . . , n} and a J-parameter system v. The
J-parameter system is a family v = (vα)α∈ΦJ

such that vα = vβ if β ∈WJα and vαj ∈ {qj ,−q−1
j }

(where WJ is the parabolic subgroup of W0 generated by {αj | j ∈ J} with corresponding root
system ΦJ).

After constructing these representations in Theorem 5.1.4 we prove a path formula for their
matrix entries in Theorem 5.3.3. The path formula is one of the main results of Part I and
describes the matrix entries in terms of J-folded alcove paths, paths that are contained to a
subset of the alcoves depending on J (as was done by Guilhot and Parkinson in [23] and [22]).

For J ⊆ I, the fundamental J-alcove is the set

AJ = {x ∈ V | 0 ≤ ⟨x, α⟩ ≤ 1 for all α ∈ Φ+
J }.

The J-folded alcove paths remain within the fundamental J-alcove by ‘bouncing’ on its boundary
walls and are positively folded within the bounds of AJ (positively folded in the classical sense,
see [42]). Figure 1 gives an example of a J-folded alcove path for type G̃2 with J = {1}. The
path can fold at any point allowed by the classical definition of folds but must ‘bounce’ instead
of crossing the walls of the fundamental J-alcove. In Figure 1 the second, eleventh and twenty-
second steps of the path are bounces and the fifth and fifteenth steps are positive folds. The
bounces play a different role in the path formula to the folds, one that is interlinked with the
chosen J-parameter system.
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Figure 1: The fundamental J-alcove and a J-folded alcove path for type G̃2 and J = {1}.

The fundamental J-alcove plays an important role in the path formula, but is also fundamen-
tal to the results of Part II. In Chapter 2 the structure of the fundamental J-alcove is analysed.
Two important features are the set of pseudo-translations that act as the translations of AJ and
the subgroup of W0 that stabilises AJ , denoted GJ . The semi-direct product of GJ with the set
of pseudo-translations is the subset of W̃ that stabilises AJ . Both the set of pseudo-translations
and GJ are instrumental in the analysis of Lusztig’s asymptotic algebra in type Ãn in Part II.

The representations in [23] and [22] are induced from 1-dimenional representations of Levi
subalgebras of H̃, however these are equivalent to representations of the type defined in this
thesis. It is shown that, for all types, the representation πJ,v is isomorphic to the induction of
a 1-dimensional representation of the Levi subalgebra corresponding to J ⊆ I (Theorem 5.2.5).
In fact, all representations of H̃ induced from 1-dimensional representations of Levi subalgebras
can be realised by some πJ,v.

The final main result of Part I is classifying the bounded representations of type πJ,v. The

matrix representation πJ,v is bounded if for all w ∈ W̃ and all matrix entries of πJ,v(Tw) there
is a uniform bound on the degree of q. This is the boundedness condition in the criteria to be
a balanced system of cell representations. The bound aJ,v of πJ,v is the maximum degree of q

for all entries of πJ,v(Tw) and all w ∈ W̃ . In Theorem 6.1.4 and Proposition 6.1.5 the J and
v that result in a bounded πJ,v are classified, noting any restriction on the parameters. It is

conjectured that the set of elements of w ∈ W̃ whose matrices πJ,v(Tw) reach the bound aJ,v is
contained in a Kazhdan-Lusztig cell and that these elements satisfy a(w) = aJ,v (where a(w) is

Lusztig’s a-function on w ∈ W̃ ).

To form a conjectural formula for aJ,v we introduce the canonical trace function on H̃ (see
[18]). In [40] Opdam proved a decomposition of this trace function as a sum of integrals over
families of representations called the Plancherel formula. Restricting to elements of H0 (the
Hecke algebra associated to W0) the trace function decomposes as a sum over characters of irre-
ducible representations of H0. Opdam’s Plancherel formula is an analogue to this decomposition
in the affine case. In the finite case the degree of the coefficients of the characters are linked
to Lusztig’s a-function. It is conjectured that this also occurs in the affine analogue, and this
was confirmed for the cases G̃2 and C̃2 in [23] and [22]. Due to this conjectured connection, in
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Chapter 6 we give a conjectural formula for the bound of πJ,v in terms of Macdonalds c-function
(see [36]), which is known to be linked to the coefficients of the integrals in Opdam’s Plancherel
formula.

There is also a canonical trace on J , described in Chapter 3 following the construction made
by Lusztig in [35, §20.1(b)]. Guilhot and Parkinson gave a decomposition of the inner product
formed from this trace function in the G̃2 and C̃2 cases ([23] and [22]), forming asymptotic
Plancherel formulas. In Part II we find an asymptotic Plancherel formula for type Ãn and use
it to describe Lusztig’s asymptotic algebra.

In the equal parameters case (that is, L(si) = L(sj) for all i, j ∈ I ∪ {0}), Lusztig gave a
conjectural description of J for all affine types in [33]. This conjectural description was first
confirmed in type Ãn by Xi in [49] using the results of Shi [45] on chains and anti-chains.
They proved that for all Kazdan-Lusztig two-sided cells of Ãn, the corresponding subalgebra
of J is isomorphic to the representation ring of a particular maximal reductive subgroup of
the centraliser of SLn+1(C) with respect to a certain unipotent element. Another approach to
constructing the asymptotic algebra in type Ãn was given by Kim and Pylyavskyy in [26] using
the affine matrix ball construction. In Part II we give a new description of the asymptotic
algebra of type Ãn in terms of the symmetry group of the fundamental J-alcove GJ .

The description of the Kazhdan-Lusztig cells for W̃ corresponding to type Ãn is known (see
[45] and [30]) and the number of two-sided cells is in bijection with the partitions of n+1. Due to
this, when applying the results of Part I to the Ãn case we now index all notation by partitions.
In particular, we only consider J ⊆ I formed from a partition. For the parition λ let Jλ be the
corresponding subset of I, let Wλ be the parabolic subgroup of W0 with respect to Jλ and let
wλ to be the longest element of Wλ. Let ∆λ be the two-sided cell that contains wλ′ (with λ′ the
transposed partition of λ). Thus, (∆λ)λ⊢n+1 is the full set of two-sided Kazhdan-Lusztig cells
and we have that ∆λ ≤LR ∆µ (in the Kazhdan-Lusztig two-sided preordering) if and only if
λ ≤ µ (in the dominance ordering of partitions). Let πλ be the representation πJλ,v with Jλ the
subset of I corresponding to λ and v such that πλ is bounded (this forces only one option for v).
A consequence of the results of Part II is that the family of matrix representations (πλ)λ⊢n+1 is
a balanced system of cell representations (see Corollary 11.3.4).

As H̃ in the Ãn case has equal parameters, it satisfies the positivity properties of Elias
and Williamson [14] which state that the coefficients of the Kazhdan-Lusztig polynomials and
the coefficients of the structure constants with respect to the Kazhdan-Lusztig basis are non-
negative. This positivity implies that the conjectures P1-P15 of Lusztig hold (see [35]). In
particular, it is known that Lusztig’s a-function is equal for all elements within two-sided cells
and that a(z) = a(wλ′) = ℓ(wλ′) for all z ∈ ∆λ.

A main result of Part II is the asymptotic Plancherel formula for type Ãn. Before constructing
the formula, the decomposition of the trace on H̃ is described using the results of Aubert and
Plymen [2]. The terms of the Plancherel formula for type Ãn are in bijection with partitions
and the degree of the coefficient is linked to a(wλ′), confirming (in this case) the conjectured
theory that the results of the finite trace decomposition extend to the affine Plancherel formula.
In Chapter 10, using the Plancherel formula and the fact that the coefficient realises Lusztig’s a-
function, the asymptotic Plancherel formula for type Ãn is described. The terms of the formula,
given in Theorem 10.2.2, are also indexed by partitions and the formula gives a decomposition of
the trace function on J . From this decomposition it is shown that the subalgebra of J formed
from ∆λ is isomorphic to the matrix algebra Cλ with Z-basis given by the leading matrices cλ(w)
for w ∈ ∆λ, where cλ(w) is the specialisation of q−a(wλ′ )πλ(Tw) at q

−1 = 0. This result plays an
essential role in our description of Lusztig’s asymptotic algebra.
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As well as the Plancherel formula, the construction of a λ-relative version of the Satake iso-
morphism is used in our analysis. The classical Satake isomorphism is an isomorphism between
10H̃10 and the ring of W0 symmetric functions, where 10 is a normalisation of the Kazhdan-
Lusztig basis element corresponding to w0, the longest element ofW0 (see [38]). The λ-analogue,
given in Theorem 9.0.10 is an isomorphism between πλ(1λH̃1λ) and the ring of Gλ-symmetric
functions, where 1λ is a normalisation of the Kazhdan-Lusztig basis element corresponding to
wλ′ and Gλ = GJλ .

Let Γλ be the right Kazhdan-Lusztig cell that contains wλ′ . In Chapter 11 the set Γλ ∩ Γ−1
λ

is described explicitly as a set of maximal length double coset representatives in bijection with
the set of dominant pseudo-translations. The subalgebra of J spanned by tw for w ∈ Γλ∩Γ−1

λ is
shown to be isomorphic to the ring of Gλ-symmetric functions by mapping the basis elements to
λ-analogues of the Schur functions. Using this isomorphism it is shown that, up to conjugation,
Cλ is the full matrix algebra over the ring of Gλ-symmetric functions. As J =

⊕
λ⊢n+1 Jλ, this

explicitly describes Lusztig asymptotic algebra recalling that the asymptotic Plancherel formula
implies that Jλ ∼= Cλ.

It follows from the description of J and three other criteria that (πλ)λ⊢n+1 is a balanced
system of cell representations (in terms of the criteria in [23]). The remaining criteria are known
as boundedness, the killing property and cell recognition. The boundedness and killing criteria
are proved in Chapter 8. For boundedness, Theorem 8.2.1 states that the representation πλ is
bounded and has bound a(wλ′) = ℓ(wλ′). For the killing property, Theorem 8.1.3 states that
if w is in a cell corresponding to a partition that is lower than or incomparable to λ (in the
dominance ordering) then the Kazhdan-Lusztig basis element of w will be killed by πλ. The
final result required is that πλ recognises the cell ∆λ, meaning that the leading matrix of w
is non-zero if and only if w ∈ ∆λ. This result is a consequence of the asymptotic Plancherel
formula given in Chapter 10.

The structure of the thesis is as follows. In Chapter 1 we give a brief introduction to root
systems and their corresponding Weyl groups. In particular, introducing affine Weyl groups,
affine root systems and the visualisation of affine Weyl groups as a set of alcoves. In Chapter
2 we analyse the fundamental J-alcove, including the pseudo-translation set and the symmetry
group GJ . In Chapter 3 we recall well known definitions and properties of Hecke algebras with
general parameters and Kazhdan-Lusztig theory. The conjectures of Lusztig, P1-P15 are stated
and Lusztig’s asymptotic algebra is defined. In this chapter we also introduce the notion of
balanced systems of cell representations, introduce the canonical trace functions on H̃ and J
and introduce Opdam’s Plancherel formula.

Chapter 4 focuses on alcove paths. Ram’s theory of positively folded alcove paths and their
connection to Hecke algebra combinatorics (see [42]) is described, before introducing the J-
analogue in the form of J-folded alcove paths. Also in this chapter, J-parameter systems are
defined and linked to path combinatorics in the form of the path v-mass, a property of paths
that is the coefficient in the path formula.

The path combinatorics are then used in Chapter 5 to define a module of H̃ and the cor-
responding irreducible representations πJ,v (Theorem 5.1.4). In Theorem 5.2.5 this module is

proven to be isomorphic to the induced module of H̃ formed from a 1-dimensional representation
of the J-Levi subalgebra of H̃ and in Theorem 5.3.3 the path formula is proven, which explicitly
describes the matrix entries of πJ,v in terms of J-folded alcove paths. In Chapter 6 the J and v
for which the representation πJ,v is bounded are classified (Theorem 6.1.4 and Proposition 6.1.5).
In Conjecture 6.2.4 we give a conjectural formula for the bound of πJ,v in terms of Macdonalds
c-function and Opdam’s Plancherel formula. With Conjecture 6.1.10 this gives a conjectural
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formula for Lusztig’s a-function, and in this chapter we prove that these conjectures hold in the
rank 2 and 3 cases.

In Part II we reduce to the Ãn case. Chapter 7 applies the results of Part I to this case, now
indexing notation by partitions. A dominance order is defined for the weights of the fundamental
Jλ-alcove, as well as Gλ-symmetric functions, which are λ-analogues to the Schur functions. In
Chapter 8 the killing and boundedness criteria (in terms of the criteria to be a balanced system
of cell representations) are proven in Theorem 8.2.1 and Theorem 8.1.3. Chapter 9 focuses on
the λ-analogue of the classical Satake isomorphism. Importantly, in Theorem 9.0.7 it is proven
that the function fλ(h) = χλ(hCwλ′ ) for h ∈ H̃ is a Gλ-symmetric function.

In Chapter 10 the Plancherel formula for type Ãn is described following [2] and the asympo-
totic analogue, the asymptotic Plancherel formula, is proven in Theorem 10.2.2. Two important
consequences are proven, that πλ recognises the cell ∆λ in Theorem 10.2.3 and that Jλ is iso-
morphic to the ring of leading matrices Cλ in Theorem 10.2.4. Lusztig’s asymptotic algebra
in type Ãn is explicitly described in Chapter 11 using a result of Xi [49]. Particular maximal
length double coset representatives mγ are defined for each dominant weight γ in the fundamen-
tal Jλ-alcove, the set of which is shown to be exactly the set Γλ ∩ Γ−1

λ in Theorem 11.2.10. In
Proposition 11.2.8 the leading matrices of these elements are shown to have a unique non-zero
entry equal to a λ-Schur function, and in Theorem 11.2.10 it is proven that the subalgebra of
J generated by {tw | w ∈ Γλ ∩ Γ−1

λ } is isomorphic to the ring of Gλ-symmetric functions. Fi-
nally, the explicit description of Lusztig’s asymptotic algebra is given in Theorem 11.3.2 and the
matrix family (πλ)λ⊢n+1 is proven to be a balanced system of cell representations in Corollary
11.3.4.

The results of Chapter 11 rely on a property of the length of the maximal length double
coset representative mγ , stated in Theorem 11.2.5. The proof of this property is quite technical
so is completed in Appendix A. Appendix B defines folding tables, a method used in [23] and
[22] to find J-folded alcove paths. Although the method was not used for the results of the
thesis, MAGMA code of the method was written by the author and used throughout to test
conjectures and compute examples.
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The path formula
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Chapter 1

Root systems and Weyl groups

In this chapter we set up the background of affine root systems and alcoves. In Section 1.1 we
give the definition of a root system and its associated Weyl group. In Section 1.2 we direct our
focus to affine Weyl groups. We describe the affine root system and give a description of the
affine Weyl group W as a semi-direct product of its root lattice with the naturally chosen finite
subgroup W0 of W . Importantly, we define the extended affine Weyl group. This extension of
the affine Weyl group will be the focus of our study for the majority of the subsequent chapters.
In Section 1.3 we define a set of alcoves from the affine root system which give a geometric
depiction of W . We will further study alcoves in Chapter 4, and they are an integral definition
for the path formula in Section 5.3. Finally, in Section 1.4 we describe and prove some properties
of parabolic subgroups of W0. We will further study parabolic subgroups in Chapter 2. The
definitions and results of this chapter are well studied. For further information on root systems
and Weyl groups see [7, VI].

1.1 General root systems and their associated Weyl groups

Let I = {1, 2, 3, . . . , n} (with integer n ≥ 1) and let V be a vector space with a nondegenerate
symmetric bilinear form ⟨·, ·⟩. Let Φ to be an irreducible, reduced, crystallographic root system
of rank n in V . That is, Φ is a subset of V such that

1. Φ is finite, does not contain 0, and spans V ,
2. for α ∈ Φ, Φ is closed under reflection through the hyperplane perpendicular to α,
3. (Reduced) if α, kα ∈ Φ then k = ±1,
4. (Irreducible) no Φ1,Φ2 exist such that Φ = Φ1 ⊔ Φ2 with ⟨α, β⟩ = 0 for all α ∈ Φ1 and
β ∈ Φ2,

5. (Crystallographic) if α, β ∈ Φ then ⟨β, α∨⟩ ∈ Z, where α∨ = 2α
⟨α,α⟩ .

The dual root system is denoted by Φ∨ = {α∨ | α ∈ Φ} and the set of simple roots is {αi | i ∈
I}. Denote Φ+ ⊆ Φ to be the set of positive roots of Φ (the roots that are a positive linear
combination of simple roots). Denote Φ− = −Φ+ to be the negative roots and so Φ = Φ+ ⊔Φ−.
We write α > 0 if α ∈ Φ+ and α < 0 if α ∈ Φ−.

We adopt the conventions from Bourbaki [7] when labelling the simple roots. For α =∑
i∈I aiαi ∈ Φ we define ht(α) =

∑
i∈I ai to be the height of α and denote the highest root of Φ

by φ ∈ Φ. Define integers mi ≥ 1 by φ = m1α1 + · · ·+mnαn.
The fundamental coweights of Φ are the elements ωi ∈ V such that ⟨ωi, αj⟩ = δi,j for i, j ∈ I.

Define the following two Z-lattices:

Q = Zα∨
1 + · · ·+ Zα∨

n and P = Zω1 + · · ·+ Zωn,

8
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called the coroot lattice and the coweight lattice respectively. Note that Q ⊆ P . Denote the
set of positive coweights as P+ = Nω1 + · · · + Nωn and the set of positive coroots as Q+ =
Nα∨

1 + · · ·+ Nα∨
n .

As Φ is reduced, there are at most two roots lengths, referred to as the long roots and the
short roots. If there is only one root length, called the simply-laced case, all roots are considered
long.

The irreducible, reduced and crystallographic root systems have been classified up to isomor-
phism. The isomorphism classes are An (n ≥ 1), Bn (n ≥ 2), Cn (n ≥ 2), Dn (n ≥ 4), F4, G2, E6,
E7 and E8 where only C2 andB2 are isomorphic. The coefficients of the highest root for each class
are (1, 1, . . . , 1), (1, 2, . . . , 2), (2, 2, . . . , 2, 1), (1, 2, . . . , 2, 1, 1), (2, 3, 4, 2), (3, 2), (1, 2, 2, 3, 2, 1),
(2, 2, 3, 4, 3, 2, 1) and (2, 3, 4, 6, 5, 4, 3, 2) respectively (in the form (m1,m2, . . . ,mn)). The classi-
fication and detailed root system descriptions can be found in [7, VI , §4].

Example 1.1.1. Let V = {[v1, v2, v3] ∈ R3 | v1 + v2 + v3 = 0} and ei ∈ V be the vector with
1 in the i-th position and zeroes elsewhere. Let Φ = ±{α1, α2, α1 + α2} be the root system of
type A2, where α1 = e1−e2 and α2 = e2−e3. In this case the coroot system is equal to the root
system and the fundamental coweights are ω1 = 2

3α
∨
1 + 1

3α
∨
2 and ω2 = 1

3α
∨
1 + 2

3α
∨
2 (as depicted

in Figure 1.1). All roots in Φ are of the same length, and so are all considered long roots.
Now let Φ+ = ±{α1, α2, α1 + α2, 2α1 + α2, 3α1 + α2, 3α1 + 2α2} be the root system of

type G2, where α1 = e1 − e2 and α2 = −2e1 + e2 + e3. The dual root system is Φ∨ =
±{α∨

1 , α
∨
2 , α

∨
1 + α∨

2 , α
∨
1 + 2α∨

2 , α
∨
1 + 3α∨

2 , 2α
∨
1 + 3α∨

2 } (as depicted in Figure 1.1). In this case
we have ωi ∈ Φ+ for i = 1, 2, and hence P = Q. Explicitly, the fundamental coweights are
ω1 = 2α∨

1 + 3α∨
2 and ω2 = α∨

1 + 2α∨
2 . There are two root lengths, ±{α2, 3α1 + 2α2, 3α1 + α2}

are the long roots and ±{α1, 2α2 + α2, α1 + α2} are the short roots.

α∨
1 α∨

2ω1 ω2

The root system of A2

α∨
1

α∨
2

ω1

ω2

The root system of G2

Figure 1.1

For each α ∈ Φ, we define a hyperplane Hα = {x ∈ V | ⟨x, α⟩ = 0} perpendicular to α. Let
sα be the orthogonal reflection about Hα, thus sα(x) = x− ⟨x, α⟩α∨ for x ∈ V . For the simple
roots αi with i ∈ I, we write si = sαi to be the associated simple reflection. The Weyl group of
Φ is the subgroup W0 of GL(V ) generated by the simple reflections si, i ∈ I.
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For w ∈ W0 its inversion set is Φ(w) = {α ∈ Φ+ | w−1α ∈ Φ−}. Writing w = si1si2 · · · sim
with a minimal number of generators we call m the length of w, denoted ℓ(w), and we have

Φ(w) = {αi1 , si1αi2 , . . . , si1 · · · sim−1αim}. (1.1.1)

Thus ℓ(w) = |Φ(w)|. The longest element of W0, denoted w0, is such that Φ(w0) = Φ+.

1.2 Affine root systems and their associated affine Weyl groups

Let Φ be as above. The affine root system is the set

Φ̃ = {α+ kδ | α ∈ Φ, k ∈ Z}

in the space V ⊕ Rδ where we identify V with its dual and regard δ as the non-linear constant
function δ : V → R with δ(v) = 1 for all v ∈ V . For γ ∈ V , we write ⟨γ, α + kδ⟩ = ⟨γ, α⟩ + k
(note that this is no longer bilinear). For α + kδ ∈ Φ̃ we call α the linear root associated to
α+ kδ.

For α ∈ Φ+ and k ∈ Z, we define the corresponding hyperplane to be

Hα,k = {x ∈ V | ⟨x, α− kδ⟩ = 0} = {x ∈ V | ⟨x, α⟩ = k}.

Denote the set of all hyperplanes as H = {Hα,k | α ∈ Φ+, k ∈ Z}. For Hα,k ∈ H let sα,k be the
orthogonal reflection about Hα,k, explicitly sα,k(x) = x − (⟨x, α⟩ − k)α∨ for x ∈ V . We then
define the affine Weyl group as the group generated by sα,k, for all α ∈ Φ and k ∈ Z, and denote
it by W . The group W is a subgroup of the group of affine transformations of V .

For v ∈ V , define the translation by v as tv(x) = x + v for x ∈ V . By definition, we have
tv1tv2 = tv1+v2 and wtv1 = twv1w for all w ∈ W0 and v1, v2 ∈ V . It is clear that sα,k = tkα∨sα
and so for all w ∈ W we can write w = tγu for some γ ∈ Q and u ∈ W0. Thus, W = Q ⋊W0.

The extended affine Weyl group corresponding toW is defined as W̃ = P ⋊W0 and as Q ⊆ P we
haveW ≤ W̃ . By definition every element of W̃ can we written as a sequence of finite reflections
and a translation by a weight in P . For w ∈ W̃ , we define the associated translation coweight
wt(w) and linear part θ(w) ∈W0 by

w = twt(w)θ(w). (1.2.1)

The simple roots of the affine root system Φ̃ are α0 = −φ+ δ and αi +0δ with i ∈ I. Define
s0 = sφ,1 = tφ∨sφ to be the reflection about the hyperplane associated to α0. Then W is the
Coxeter group generated by S = {si | i ∈ I} ∪ {s0}.

Define Σ = P/Q. Each σ ∈ Σ induces a permutation of I ∪ {0} by σsiσ−1 = sσ(i). Hence,
we can identify Σ with a subgroup of the group automorphisms of the affine Coxeter diagram
associated with Φ. By definition W̃ ∼= W ⋊ Σ. Note that, although W is a Coxeter group, in
general, W̃ is not.

Example 1.2.1. Consider the Coxeter diagram associated to the affine root system of An,
(Figure 1.2). We have that Σ = P/Q ∼= Z/(n + 1)Z, generated by σ where σ(i) = i + 1
mod (n+ 1) for i ∈ I ∪ {0}. This is the set of rotations of the cyclic diagram.

The Coxeter diagram of the affine root system of G2 has no automorphisms. Therefore,
P = Q and Σ is trivial.
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•
α1

•
α2

•
αn−1

•
αn

•
α0

· · ·

The affine Coxeter diagram of Φ = An

•• •
α2α1 α0

The affine Coxeter diagram of Φ = G2

Figure 1.2

The set of positive affine roots is

Φ̃+ = (Φ+ + Z≥0δ) ∪ (Φ− + Z>0δ).

The action of W̃ on the affine root system (given by the action on half spaces) is given by

w(α+ kδ) = wα+ kδ and tγ(α+ kδ) = α+ (k − ⟨γ, α⟩)δ for w ∈W0 and γ ∈ P.

We record the following lemma connecting the roots and affine roots for future use.

Lemma 1.2.2. For α ∈ Φ, the affine root α + kδ is conjugate to α with respect to W̃ for all
k ∈ Z.

Proof. For α ∈ Φ there exists some i ∈ I and u ∈ W0 such that α = uαi. As ⟨αi, ωi⟩ = 1 we
have ⟨α, uωi⟩ = 1. It follows that ⟨α, kuωi⟩ = k for all k ∈ Z. Thus,

tkuωi
(α+ kδ) = α+ (k − ⟨α, kuωi⟩)δ = α+ 0δ

and as tkuωi
∈ W̃ the result follows.

For w ∈ W̃ we define its inversion set as we did for W0 in Section 1.1 as Φ(w) = {α ∈ Φ+ |
w−1α ∈ Φ−}. We now define the affine inversion set of w ∈ W̃ as

Φ̃(w) = {α+ kδ ∈ Φ̃+ | w−1(α+ kδ) ∈ −Φ̃+}. (1.2.2)

We also extend the definition of length from Section 1.1 to W̃ . Define the length function
ℓ : W → N as the minimal number of generators required to write w ∈ W as w = si1si2 · · · sim
with ij ∈ I ∪ {0}. We extend this length function to W̃ by setting ℓ(wσ) = ℓ(w) for all w ∈ W
and σ ∈ Σ. Hence, Σ = {w ∈ W̃ | ℓ(w) = 0}. A reduced expression of w ∈ W̃ is a decomposition
w = si1 · · · siℓ(w)

σ with ij ∈ I ∪ {0} and σ ∈ Σ.

1.3 Alcoves

Let Hα,k be as in Section 1.2. The closure of the open connected components of V \(
⋃

α,kHα,k)
are called alcoves. Denote the set of alcoves by A. In this section we will briefly describe alcoves
and define an orientation on alcove walls. Alcoves are a helpful visual depiction of affine Weyl
groups and will be further studied in Chapter 4.

The fundamental alcove is given by

A0 = {x ∈ V | 0 ≤ ⟨x, α⟩ ≤ 1 for all α ∈ Φ+}
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and the hyperplanes bounding A0 are called the walls of A0. Explicitly, the bounding hyper-
planes are Hαi,0 with i ∈ I and Hφ,1. The extreme points of the convex set A0 are called the
vertices of A0, explicitly this is the set {xi | i ∈ I ∪ {0}} with x0 = 0 and xi =

ωi
mi

(where mi is
as in Section 1.1). The action of σ ∈ Σ on this set of vertices is given by σ(xi) = xσ(i). Define a
panel of A0 to be a codimension-1 facet. A panel has type i if it is contained in Hαi,0 and type
0 if it is contained in Hφ,1.

The affine Weyl group W acts simply transitively on A with fundamental domain A0. Using
the action of W , we can transfer the notion of walls, panels, and panel types to all alcoves.
Alcoves A and A′ are called i-adjacent (written as A ∼i A

′) if A ̸= A′ and A and A′ share a
panel of type i (with i ∈ I ∪ {0}). For all w ∈W the alcoves wA0 and wsiA0 are i-adjacent for

all i ∈ I ∪ {0}. Note that W̃ also acts transitively on A but the action is no longer free.
Each hyperplane divides V into two half-spaces. For a hyperplane Hα,k, we have a ‘positive’

half-space and a ‘negative’ half-space, determined by the inner product as follows:

H+
α,k = {x ∈ V | ⟨x, α⟩ ≥ k} and H−

α,k = {x ∈ V | ⟨x, α⟩ ≤ k}.

This notion of a positive side and a negative side is defined for all Hα,k with α ∈ Φ+ and k ∈ Z
and is called the periodic orientation of H.

+

+

+

+

+

−

−

−

−

−

H2α1+α2,2

H2α1+α2,1

H2α1+α2,0

H2α1+α2,−1

H2α1+α2,−2
− − − − − − − − −+ + + + + + + + +

Hα2,−4 Hα2,−3 Hα2,−2 Hα2,−1 Hα2,0 Hα2,1 Hα2,2 Hα2,3 Hα2,4

−+
Hα1,−1

−+
Hα1,0

−+
Hα1,1

−+
Hα1,2

−+
Hα1,3

• • • • •

•• • • • •

• • • • •

•• • • • •

• • • • •

α∨
1

α∨
2

ω1

ω2

Figure 1.3: The hyperplanes and alcoves associated to Φ = G2

Example 1.3.1. The alcove set associated with the root system of type G2 is illustrated in
Figure 1.3. The points of P = Q are drawn as bullets. In this diagram we can see how
W̃ = P ⋊W0. To get to any alcove we reflect about the hyperplanes Hαi,0 for i ∈ I and then
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translate by some γ ∈ P . In the figure, the periodic orientation is illustrated for the hyperplanes
Hα1,k, Hα2,k and H2α1+α2,k (k ∈ Z).

For i-adjacent alcoves A and A′, we notate the orientation information of their shared panel
as

A−|+A′

if A is on the negative side and A′ is of the positive side of the hyperplane containing their
shared panel. Note that, for w ∈ W̃ , Φ̃(w) is the set of affine roots such that their corresponding

hyperplane separates A0 and wA0 (with Φ̃(w) the affine inversion set of w ∈ W̃ ). For w ∈ W̃
and i ∈ I ∪ {0} we have that

wA0
−|+wsiA0 if and only if wαi ∈ Φ− + Zδ. (1.3.1)

1.4 Parabolic subgroups

Let J ⊆ I. The J-parabolic subgroup ofW0 is the subgroup generated by the set {sj | j ∈ J} and
denotedWJ . The longest element ofWJ is denoted by wJ and we have that ℓ(wJw) = ℓ(wwJ) =
ℓ(wJ) − ℓ(w) for all w ∈ WJ . Each coset WJw for w ∈ W0 contains a unique representative of
minimal length (this is well known, see for example [1, Proposition 2.20]). Let JW be the set
of minimal length coset representatives for the coset WJ\W0. Then, for each w ∈ W0 we have
a unique decomposition

w = yu with y ∈WJ , u ∈ JW.

In addition, for all y ∈WJ and u ∈ JW , we have ℓ(yu) = ℓ(y) + ℓ(u).

The support of a root α =
∑

i∈I ciαi ∈ Φ is supp(α) = {i ∈ I | ci ̸= 0}. With this we define
the J-root system ΦJ = {α ∈ Φ | supp(α) ⊆ J}. In addition, we have a J-analogue to the
inversion set, ΦJ(w) = Φ(w)∩ΦJ for w ∈W0. The following lemma about the J-decomposition
of w ∈W0 is well known (see, for example [24, Corollary 2.13]).

Lemma 1.4.1. Let J ⊆ I. If w = yu with y ∈WJ and u ∈ JW then Φ(y) = Φ(w)∩ΦJ = ΦJ(w).
In particular, we have JW = {u ∈W | ΦJ(u) = ∅}.

Proof. Suppose there exists β ∈ ΦJ(w)\Φ(y). Since β /∈ Φ(y) we have y−1β > 0 and, hence,
ℓ(sβy) > ℓ(y). Then, since β ∈ ΦJ(w) we have ℓ(sβw) < ℓ(w). As β ∈ ΦJ we have sβ ∈WJ , but
then the element y′ = sβy ∈WJ satisfies ℓ(y′u) = ℓ(sβw) < ℓ(w) = ℓ(y)+ℓ(u) < ℓ(sβy)+ℓ(u) =
ℓ(y′) + ℓ(u), contradicting the fact that u ∈ JW .

Recall the definition of θ(w) for w ∈ W̃ from Section 1.2.

Definition 1.4.2. Let w ∈ W̃ . Define θJ(w) ∈ WJ and θJ(w) ∈ JW by the equation θ(w) =
θJ(w)θ

J(w).

We record some basic facts of θJ , θJ and wt for future use.

Lemma 1.4.3. Let w, v ∈ W̃ . Then
(1) θJ(wv) = θJ(θJ(w)v),
(2) θJ(wv) = θJ(w)θJ(θ

J(w)v),
(3) wt(wv) = wt(w) + θJ(w)wt(θ

J(w)v).
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Proof. As w = twt(w)θJ(w)θ
J(w) and v = twt(v)θ(v) we have that

wv = twt(w)+θJ (w)θJ (w)wt(v)θJ(w)θ
J(w)θ(v)

= twt(w)+θJ (w)θJ (w)wt(v)θJ(w)θJ(θ
J(w)θ(v))θJ(θJ(w)θ(v)).

As θJ(w)v = θJ(w)twt(v)θ(v) = tθJ (w)wt(v)θ
J(w)θ(v) we have wt(θJ(w)v) = θJ(w)wt(v) and the

result follows.

For J ⊆ I, we have the decomposition V = VJ ⊕ V J with

VJ =
∑
j∈J

Rα∨
j and V J =

∑
i∈I\J

Rωi.

For γ ∈ V , denote γJ to be the orthogonal projection of γ onto V J . Let P J = {γJ | γ ∈ P} ⊆ V J .
Note that P J is not in general a subset of P , see Example 1.4.4 below. Let {ωi | i ∈ I \ J} be
an arbitrary choice of Z-basis for P J .

Example 1.4.4. Consider Φ = A2 with J = {1}, displayed in Figure 1.4. The elements of P J

are illustrated as blue bullets on V J = Hα1,0 (the thicker hyperplane). In the figure we can see
that ωJ

1 = 1
2ω2 ∈ P J and that 1

2ω2 /∈ P . Choosing ω2 =
1
2ω2, we have that P J = Zω2.

•

•

• ••

• •

•• ••

••

•• ••

••

•• •• •

• •

α∨
1 α∨

2ω1 ω2

•

•

•

•

•

•

•

•

•

•

•
Figure 1.4: The set P J for type Φ = A2 with J = {1}

For J ⊆ I, let ΦJ,l and ΦJ,s be the long and short roots of ΦJ , respectively. Note that in the
simply-laced case, as all roots are long, we have ΦJ,s = ∅. Define

ρJ =
1

2

∑
α∈Φ+

J,l

α and ρ′J =
1

2

∑
α∈Φ+

J,s

α.

For every i ∈ J define ω̃i such that ⟨α∨
j , ω̃i⟩ = δi,j for all j ∈ J . Then {ω̃j | j ∈ J} is the basis

of VJ dual to the basis {α∨
j | j ∈ J}.
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Lemma 1.4.5. We have

ρJ =
∑

{j∈J |αj∈ΦJ,l}

ω̃j and ρ′J =
∑

{j∈J |αj∈ΦJ,s}

ω̃j .

In particular ρJ (respectively ρ′J) is orthogonal to all short (respectively long) simple roots of ΦJ .

Proof. We follow the proof given in [7, VI, §1, Proposition 29] now extending to include the non-
simply laced case. We can assume that J is one connected component (otherwise we consider
the connected components separately). Consider αj ∈ ΦJ,l. As sj permutes the set of all positive
long roots except αj , we have

sj

1

2

∑
α∈Φ+

J,l

α

 =
1

2

∑
α∈Φ+

J,l

sj(α)

=
1

2

∑
α∈Φ+

J,l\{αj}

α+
1

2
sj(αj)

= ρJ − αj .

By definition, we also have sj(ρJ) = ρJ−⟨ρJ , α∨
j ⟩αj . Therefore, ⟨ρJ , α∨

j ⟩ = 1. As ⟨ω̃i, α
∨
j ⟩ = δi,j ,

we have ⟨
∑

{i∈J |αi∈ΦJ,l} ω̃i, α
∨
j ⟩ = 1 and so ⟨ρJ −

∑
{i∈J |αi∈ΦJ,l} ω̃j , α

∨
j ⟩ = 0 for all αj long.

For αj′ ∈ ΦJ,s, as sj′ permutes the set of all long roots, we have sj′(ρJ) = ρJ . As
⟨
∑

{i∈J |αi∈ΦJ,l} ω̃i, α
∨
j′⟩ = 0, we have that ⟨ρJ −

∑
i∈J |αi∈ΦJ,l} ω̃i, α

∨
j′⟩ = 0 for all αj′ short.

Finally, ⟨ρJ , α∨
i ⟩ = ⟨

∑
{i∈J |αi∈ΦJ,l} ω̃i, αk⟩ = 0 for all k ∈ I \J . Hence, ρJ =

∑
{i∈J |αi∈ΦJ,l} ω̃i.

A similar argument gives the expression for ρ′J .



Chapter 2

The fundamental J-alcove

In Chapter 1 we defined a set of hyperplanes H and a corresponding set of alcoves A. In this
chapter we define a new set of ‘alcoves’ formed from a subset of H and then focus our study on
the fundamental ‘alcove’ of the set. The new set is a partition of A, the elements of which are
called J-alcoves. In Section 2.1 we take the set of hyperplanes associated to roots of Φ+

J and, as
was done in the definition of alcoves, set the J-alcoves to be the closure of the open connected
components of V after removing this set of hyperplanes. We define the fundamental J-alcove
to be the intersection of the points between Hα,0 and Hα,1 for all α ∈ Φ+

J . This J-alcove is
a fundamental domain for the action of the group generated by reflection about Hα,k for all
α ∈ Φ+

J and k ∈ Z. The fundamental J-alcove, denoted as AJ , is the focus for the remainder of
the chapter.

In Section 2.2 we explicitly describe the set of weights within AJ . To each weight γ within
this set we define an element τγ called a pseudo-translation by γ. These pseudo-translations are
the subject of Section 2.3. The pseudo-translations can be thought of as translations within the
fundamental J-alcove, in the sense that when J = I all pseudo-translations are true translations.
It is shown that the set of all pseudo-translations, denoted TJ , is in bijection with the quotient
group P/QJ where QJ is the Z-span of the coroots of ΦJ . Furthermore, we show that TJ acts

freely on the set of elements w of W̃ such that wA0 ⊆ AJ (denoted WJ) with a fundamental
domain of JW . Therefore, for all w ∈ WJ we have a decomposition w = τγu where γ is
a weight within AJ and u ∈ JW , giving a J-analogue to the weight and finite component
decomposition from Section 1.2. Finally, in Section 2.4 we explore the elements of W0 that
stabilise the fundamental J-alcove and show that the semi-direct product of TJ with the set of
these stabilising elements is the subgroup of W̃ that stabilises AJ .

2.1 J-alcoves and J-affine Weyl groups

In this section we define J-alcoves. They are defined similarly to how alcoves are defined in
Section 1.3, however we now limit to considering only the hyperplanes associated to roots in
the J-root system. Restricting to this hyperplane set we define a Weyl group, ‘alcove’ set and
fundamental ‘alcove’ as we did for the complete hyperplane set in Chapter 1.

For J ⊆ I, let the set of hyperplanes associated to roots in the J-root system be

HJ = {Hα,k | α ∈ Φ+
J , k ∈ Z}.

16
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If J = I then HJ = H. Let the set of ‘alcoves’ associated to HJ be the closures of the open
connected components of V \ (∪H∈HJ

H). We denote this set AJ , and call its elements J-alcoves.
Let

AJ = {x ∈ V | 0 ≤ ⟨x, α⟩ ≤ 1 for all α ∈ Φ+
J }.

We call this set the fundamental J-alcove, it is clear from definition that AJ is a J-alcove.
The J-affine Weyl group is

W aff
J = ⟨sα,k | α ∈ Φ+

J , k ∈ Z⟩.

The generalisation of the results of Section 1.3 (see [7, V, §3]) gives that W aff
J acts simply

transitively on the set AJ . In addition, AJ is a fundamental domain for the action of W aff
J on

V (see [7, V §3.3] for further information on fundamental domains).
Let K(J) be the set of connected components of J (connected in the sense of the Coxeter

diagram associated with Φ+, labelled using Bourbaki’s conventions [7]). For a connected subset
K ⊆ J , let φK be the highest root in ΦK . We have that

ΦJ =
⊔

K∈K(J)

ΦK . (2.1.1)

Example 2.1.1. Consider type A8 with J = {1, 3, 4, 6}. The Coxeter diagram of A8 is displayed
below, colouring the vertices associated with αj for j ∈ J in blue:

•
α1

•
α2

•
α3

•
α4

•
α5

•
α8

•
α6

•
α7

We have that K(J) = {{1, 2}, {4, 5, 6}, {8}} and

ΦJ := ±{α1, α2, α1 + α2} ∪ ±{α4, α5, α6, α4 + α5, α5 + α6, α4 + α5 + α6} ∪ ±{α8}.

Lemma 2.1.2. Let J ⊆ I. The walls of the fundamental J-alcove AJ are Hαj ,0 and HφK ,1 with
j ∈ J and K ∈ K(J). That is,

AJ = {x ∈ V | ⟨x, αj⟩ ≥ 0 for all j ∈ J and ⟨x, φK⟩ ≤ 1 for all K ∈ K(J)}.

Proof. Let

A′
J = {x ∈ V | ⟨x, αj⟩ ≥ 0 for all j ∈ J and ⟨x, φK⟩ ≤ 1 for all K ∈ K(J)}.

If x ∈ AJ then 0 ≤ ⟨x, α⟩ ≤ 1 for all α ∈ Φ+
J . In particular, this is true for α = αi for all i ∈ I

and α = φK for all K ∈ K(J). Therefore, AJ ⊆ A′
J .

Now suppose that x ∈ A′
J . Let α ∈ ΦJ . Writing α =

∑
j∈J ajαj we have ⟨x, α⟩ =∑

j∈J aj⟨x, αj⟩ ≥ 0. Since α ∈ ΦJ we have α ∈ ΦK for some K ∈ K(J), by (2.1.1). Since
⟨x, αj⟩ ≥ 0 for all j ∈ J and φK − α is a nonnegative linear combination of roots αk with
k ∈ K ⊆ J we have ⟨x, φK − α⟩ ≥ 0, and so ⟨x, α⟩ ≤ ⟨x, φK⟩ ≤ 1, hence x ∈ AJ .

By Lemma 2.1.2, the set of reflections about the walls of AJ is composed of sj for j ∈ J and
sφK ,1 for K ∈ K(J). Denote s′j = sj for j ∈ J and s′0K = sφK ,1 for K ∈ K(J) (where 0K is a
symbol). Let

Jaff = J ∪ {0K | K ∈ K(J)}. (2.1.2)
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We have that {s′j | j ∈ Jaff} generates W aff
J ,

W aff
J =

∏
K∈K(J)

W aff
K , (2.1.3)

where W aff
K is generated by {s′k | k ∈ {0K} ∪K}.

Example 2.1.3. Figure 2.1 displays the J-alcoves for W corresponding to the root system of
type G2.

Hα1,0Hα1,1

• • • • •

• • • •

• • • • •

• • • •

α∨
1

α∨
2

ω1

ω2

Figure 2.1: The J-alcoves for Φ = G2 and J = {1}

The set of hyperplanes associated to J is HJ = {Hα1,k | k ∈ Z}. In the figure these
hyperplanes (all hyperplanes parallel to Hα1,0) are illustrated with a thicker line. The J-alcoves
are the coloured sections, separated by the hyperplanes in HJ . The fundamental J-alcove, AJ ,
is the blue region, bounded by Hα1,0 and Hα1,1.

In this example there is only one connected component of J , given byK = {1} with φK = α1.
Hence, W aff

J = ⟨s′1, s′0K ⟩ with s
′
1 = s1 and s′0K = sα1,1.

2.2 The set P (J)

This section describes the weights that lie within the fundamental J-alcove. Define

QJ =
∑
α∈ΦJ

Zα∨.

Lemma 2.2.1. Let J ⊆ I and let γ ∈ P . There exists a unique γ∗ ∈ (γ +QJ) ∩ AJ .
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Proof. Let γ ∈ P . Then γ ∈ A for some J-alcove A ∈ AJ . Since W aff
J acts transitively on AJ

there is some w ∈W aff
J such that wA = AJ (and in particular, wγ ∈ AJ). Since w is a product

of reflections in hyperplanes Hα,k with α ∈ Φ+
J and k ∈ Z, and since sα,k(γ) = γ− (⟨γ, α⟩−k)α∨

it follows that wγ ∈ γ +QJ , proving the existence of γ∗. Uniqueness follows from the fact that
AJ is a fundamental domain for the action of W aff

J on V .

Definition 2.2.2. Let γ(J) be the unique element γ∗ ∈ (γ +QJ) ∩ AJ .

Note that, in general, the orthogonal projection γJ and γ(J) are distinct where γJ is as in
Section 1.4 (see Example 2.2.3). Denote

P (J) = AJ ∩ P

to be the set of coweights in AJ . In particular γ(J) ∈ P (J) for all γ ∈ P . Note that, Lemma
2.2.1 gives that P (J) is in bijection with P/QJ , by γ 7→ γ +QJ for all γ ∈ P (J).

Example 2.2.3. Figure 2.2 shows the equivalence classes of P/QJ for Φ = A2 with J = {1}. The
fundamental alcove AJ is shaded blue. As ΦJ = {α1,−α1} we have QJ = Zα∨

1 . The equivalence
classes of P/QJ are displayed by dotted green lines, with an equivalence class consisting of all
weights lying on one dotted line. The elements of P (J) are the weights on Hα1,0 and Hα1,1.

Hα1,0Hα1,1

•

• •

•

• ••

• •

•• ••

••

•• ••

••

•• •• •

• •

α∨
1 α∨

2
ω1 ω2

Figure 2.2: The quotient map P → P/QJ , γ 7→ γ +QJ for Φ = A2 and J = {1}

The map P → P (J) is displayed on the diagram by the dotted arrows. All weights on a
dotted line go to the unique weight in AJ on that dotted line. For example, if γ = 3ω1−ω2 then
γ − α∨

1 = ω1 ∈ P (J). Therefore, ω1 ∈ (γ + QJ) ∩ AJ , and so γ(J) = ω1. Comparing to Figure
1.4, we can see that P J and P (J) are distinct. For example, ω1 /∈ P J .

The following lemma gives a useful characterisation of P (J). For γ ∈ P , let

J(γ) = {j ∈ J | ⟨γ, αj⟩ ≠ 0}. (2.2.1)
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Lemma 2.2.4. Let J ⊆ I and γ ∈ P . Then γ ∈ AJ if and only if the set J(γ) has the following
properties:
(1) if j ∈ J(γ) then ⟨γ, αj⟩ = 1,
(2) for each K ∈ K(J) we have |J(γ) ∩K| ≤ 1,
(3) if j ∈ J(γ) then ⟨ωj , φK⟩ = 1 where K ∈ K(J) is the connected component of J contain-

ing j.

Proof. Write γ =
∑

i∈I ciωi. If γ ∈ P ∩ AJ then 0 ≤ ⟨γ, αj⟩ ≤ 1 for all j ∈ J , so cj ∈ {0, 1}.
For each K ∈ K(J) there is at most one j ∈ K with cj = 1, otherwise ⟨γ, φK⟩ ≥ 2. If j ∈ K
with cj = 1 then for α ∈ Φ+

K we have ⟨γ, α⟩ = ⟨ωj , α⟩ and 0 ≤ ⟨ωj , α⟩ ≤ 1. In particular, taking
α = φK ∈ ΦJ we have ⟨ωj , φK⟩ = 1. The converse is clear using Lemma 2.1.2.

Lemma 2.2.4 categorises the elements of P (J) as precisely the elements

γ =
∑
i∈I\J

aiωj +
∑
j∈J ′

ωj (2.2.2)

with ai ∈ Z and where J ′ ⊆ J is a set with |J ′ ∩K| ≤ 1 for all K ∈ K(J) and if j ∈ J ′ ∩K then
the coefficient of αj in φK is 1. These conditions imply that J ′ = J(γ).

Example 2.2.5. Let Φ = G2 and J = {1}. Then all γ ∈ P (J) are of the form γ = aω2 or
γ = aω2 + ω1 with a ∈ Z. The former are on Hα1,0 and the latter are on Hα1,1 (see Figure 2.1).

2.3 The J-translation group

In this section we construct a bijection between P (J) (defined in Section 2.2) to a subset of W̃ .
These elements, called pseudo-translations, act like translations of A0 within the fundamental
J-alcove. In particular, every w ∈ W̃ such that wA0 ⊆ AJ can be written in the form of a
pseudo-translation and then an element of JW . By doing this we gain a J-analogue to defining
the coweight translation and linear part of an element of W̃ , now restricting to AJ .

Definition 2.3.1. For γ ∈ P (J) let

yγ = wJ\J(γ)wJ and τγ = tγyγ ,

where J(γ) is as in (2.2.1). We call τγ a pseudo-translation by γ ∈ P (J).

Note that both yγ and τγ depend on the subset J , however this dependence is suppressed in
the notation for simplicity.

Lemma 2.3.2. For γ ∈ P (J) we have Φ(yγ) = Φ+
J \Φ

+
J\J(γ) = {α ∈ Φ+

J | ⟨γ, α⟩ = 1}.

Proof. It is clear from the definition of yγ that Φ(yγ) = Φ+
J \Φ

+
J\J(γ). A root α ∈ Φ+

J does not

lie in Φ+
J\J(γ) if and only if there exists j ∈ J(γ) such that the coefficient of αj in α is strictly

positive. By Lemma 2.2.4 this occurs if and only if the coefficient of αj in α is 1, and hence the
result.

Recall the classical formula ℓ(tγ) =
∑

α∈Φ+ |⟨γ, α⟩| (obtained by counting hyperplanes crossed
between A0 and tγA0). The following proposition gives an analogous formula for the pseudo-
translations.
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Proposition 2.3.3. For γ ∈ P (J) we have

ℓ(τγ) =
∑

α∈Φ+\ΦJ

|⟨γ, α⟩|.

Proof. By [37, (2.4.1)] we have

ℓ(tγw) =
∑
α∈Φ+

|⟨γ, α⟩ − χ−(w−1α)|,

for γ ∈ P and w ∈ W0 where χ−(·) is the characteristic function of Φ− (that is, χ−(α′) = 1
when α′ ∈ Φ− and 0 otherwise). Let γ ∈ P (J). Consider the contribution of |⟨γ, α⟩ −χ−(y−1

λ α)|
to the sum from α ∈ Φ+. If α ∈ Φ+

J then either ⟨γ, α⟩ = 0 in which case α /∈ Φ(yγ) and so
χ−(y−1

γ α) = 0, or ⟨γ, α⟩ = 1 in which case α ∈ Φ(yγ) and so χ−(y−1
γ α) = 1 (in both cases using

Lemma 2.3.2). Thus if α ∈ Φ+
J then the contribution to the sum is 0. If α ∈ Φ+\ΦJ then

χ−(y−1
γ α) = 0, hence the result.

Lemma 2.3.4. Let γ, µ ∈ P (J). Then
(1) (γ + µ)(J) = γ + yγµ and (−γ)(J) = −y−1

γ γ;
(2) yγyµ = y(γ+µ)(J) = yµyγ and y−1

γ = y(−γ)(J);

(3) τγτµ = τ(γ+µ)(J) = τµτγ and τ−1
γ = τ(−γ)(J).

Proof. (1) Since yγ ∈WJ we have γ+yγµ ∈ γ+µ+QJ , and so to prove that (γ+µ)(J) = γ+yγµ it
suffices, by the uniqueness in Lemma 2.2.1, to show that γ+yγµ ∈ P (J). To do this, let α ∈ Φ+

J ,
and write β = y−1

γ α. Then ⟨γ+ yγµ, α⟩ = ⟨γ, α⟩+ ⟨µ, β⟩. Since γ ∈ P (J) we have ⟨γ, α⟩ ∈ {0, 1}.
If ⟨γ, α⟩ = 0 then α /∈ Φ(yγ) (by Lemma 2.3.2), so β = y−1

γ α ∈ Φ+
J , and so ⟨γ+ yγµ, α⟩ = ⟨µ, β⟩,

giving 0 ≤ ⟨γ + yγµ, α⟩ ≤ 1 (as β ∈ Φ+
J and µ ∈ AJ). If ⟨γ, α⟩ = 1 then α ∈ Φ(yγ) and so

β ∈ −Φ+
J . Thus ⟨γ + yγµ, α⟩ = 1+ ⟨µ, β⟩ and so 0 ≤ ⟨γ + yγµ, α⟩ ≤ 1 (as β ∈ −Φ+

J and µ ∈ AJ

gives −1 ≤ ⟨µ, β⟩ ≤ 0). Hence γ + yγµ ∈ P (J).
Similarly, to show that (−γ)(J) = −y−1

γ γ we need that −y−1
γ γ ∈ P (J). Again letting α ∈ Φ+

J ,

we have ⟨−y−1
γ γ, α⟩ = −⟨γ, yγα⟩. If yγα ∈ Φ+

J then yγα /∈ Φ(yγ) (as α ∈ Φ+) and as γ ∈ P (J)

we have ⟨γ, yγα⟩ ∈ {0, 1}. Therefore −⟨γ, yγα⟩ = 0. If −yγα ∈ Φ+
J then, as α is positive, we

have −yγα ∈ Φ(yγ). Thus −⟨γ, yγα⟩ = ⟨γ,−yγα⟩ = 1 and so −y−1
γ γ ∈ P (J).

(2) By (1) it suffices to show that yγyµ = yγ+yγµ and y−1
γ = y−y−1

γ γ . To prove the first

statement we shall show that Φ(yγ+yγµ) = Φ(yγyµ). It follows from Lemma 2.3.2 that

Φ(yγ+yγµ) = {α ∈ Φ+
J | ⟨γ, α⟩ = 0 and ⟨µ, y−1

γ α⟩ = 1, or ⟨γ, α⟩ = 1 and ⟨µ, y−1
γ α⟩ = 0}.

Suppose that α ∈ Φ(yγ+yγµ). If ⟨γ, α⟩ = 1 and ⟨µ, y−1
γ α⟩ = 0 then α ∈ Φ(yγ) and −y−1

γ α /∈ Φ(yµ),

and so α ∈ Φ(yγyµ). If ⟨γ, α⟩ = 0 and ⟨µ, y−1
γ α⟩ = 1 then α ∈ Φ+

J \Φ(yγ) and y−1
γ α ∈ Φ(yµ),

giving α ∈ Φ(yγyµ). Conversely, suppose that α ∈ Φ(yγyµ). Then α ∈ Φ+
J with y−1

µ y−1
γ α < 0,

and there are two cases. If y−1
γ α > 0 and y−1

µ (y−1
γ α) < 0 then ⟨γ, α⟩ = 0 (as α /∈ Φ(yγ))

and ⟨µ, y−1
γ α⟩ = 1, so α ∈ Φ(yγ+yγµ). If y−1

γ α < 0 and y−1
µ (−y−1

γ α) > 0 then ⟨γ, α⟩ = 1 and
⟨µ,−y−1

γ α⟩ = 0, and so again α ∈ Φ(yγ+yγµ). Hence yγyµ = yγ+yγµ = y(γ+µ)(J) = yµyγ .

To prove y−1
γ = y−y−1

γ γ we need Φ(yy−1
γ γ) = Φ(y−1

γ ). By Lemma 2.3.2

Φ(y−y−1
γ γ) = {α ∈ Φ+

J | ⟨γ,−yγα⟩ = 1}.

Assume α ∈ Φ(y−y−1
γ γ). Then ⟨γ,−yγα⟩ = 1 implies that −yγα > 0 (as otherwise, by the

arguments of the proof of (1), we have yγα > 0 which implies that ⟨γ,−yγα⟩ = 0). Hence,
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α ∈ Φ(y−1
γ ). Conversely, assume that α ∈ Φ(y−1

γ ) ⊆ Φ+
J so yγα < 0. As γ ∈ P (J) and as

−yγα > 0 we have ⟨γ,−yγα⟩ ∈ {0, 1}. As −y−1
γ yγα = −α < 0 we have −yγα ∈ Φ(yγ) and thus

⟨γ,−yγα⟩ = 1. Therefore, α ∈ Φ(y−y−1
γ γ).

(3) By (1) and (2) we have

τγτµ = tγyγtµyµ = tγ+yγµyγyµ = t(γ+µ)(J)y(γ+µ)(J) = τ(γ+µ)(J) .

Similarly, τ−1
γ = τ(−γ)(J) .

Define the J-translation group to be the set of all pseudo-translations denoted by

TJ = {τγ | γ ∈ P (J)}. (2.3.1)

Corollary 2.3.5. We have TJ
∼= P/QJ . In particular, TJ is an abelian group of rank |I\J |.

Proof. Lemma 2.3.4(3) shows that TJ is a group, and that the map f : P → TJ given by
f(γ) = τγ(J) is a group homomorphism. This homomorphism is surjective (as γ(J) = γ for

γ ∈ P (J)) and ker(f) = QJ .

Remark 2.3.6. By Corollary 2.3.5 the map TJ → P/QJ with τγ → γ(J)+QJ is an isomorphism.
In contrast, we note that the map TJ → P J with τγ 7→ γJ is not an isomorphism. It is a
homomorphism by Lemma 2.3.4(3) and the fact that (γ(J))J = γJ . In addition, it is surjective
as for all γ ∈ P J we have τγ(J) 7→ γJ , again as (γ(J))J = γJ . However, the homomorphism is

not injective. Consider for example J = I, then P J = {0} is trivial but TJ = P/Q = Σ.

By Corollary 2.3.5 and Lemma 2.2.1, for γ ∈ P , we now have the following three bijections

TJ ←→ P (J) ←→ P/QJ

τγ(J) ←→ γ(J) ←→ γ(J) +QJ

allowing us to shift between these groups as necessary. Note that these groups interpolate be-
tween P and Σ. When J = ∅ we have P/QJ = P and when J = I we have P/QJ = P/Q = Σ.

We now show that these pseudo-translations act like translations when restricting to AJ .
First we define WJ ⊆ W̃ by

WJ = {w ∈ W̃ | wA0 ⊆ AJ}. (2.3.2)

ThusWJ∩W is in bijection with the alcoves (defined in Section 1.3) contained in the fundamental
J-alcove.

Recall the definition of Jaff from 2.1.2. In the following lemma we give three characterisations
of WJ . In particular, note that the third characterisation gives that WJ is an affine analogue of
JW (see Lemma 1.4.1).

Lemma 2.3.7. We have

WJ = {w ∈ W̃ | ℓ(sβ,kw) > ℓ(w) for all β + kδ ∈ ΦJ + Zδ}

= {w ∈ W̃ | ℓ(s′jw) > ℓ(w) for all j ∈ Jaff}

= {w ∈ W̃ | Φ̃(w) ∩ (ΦJ + Zδ) = ∅}.
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Proof. We have w ∈ WJ if and only if the alcove wA0 lies on the same side of Hβ,k as A0 for
all (β, k) ∈ ΦJ × Z, if and only if ℓ(sβ,kw) > ℓ(w). Hence the first equality. For the second
equality, we have w ∈WJ if and only if the alcove wA0 lies on the same side of Hαj ,0 and HφK ,1

as A0 for all j ∈ J and K ∈ K(J) (see Lemma 2.1.2). The third characterisation follows from
the first characterisation and the fact that if β − kδ ∈ Φ̃+ then ℓ(sβ,kw) < ℓ(w) if and only if

β + kδ ∈ Φ̃(w).

The following theorem gives an explicit decomposition of the elements of WJ , into a pseudo-
translation and a minimal coset representative.

Theorem 2.3.8. We have WJ = {τγu | γ ∈ P (J) and u ∈ JW}.

Proof. We first show that τγ ∈ WJ for all γ ∈ P (J). The hyperplane in the parallelism class of
α ∈ ΦJ passing through γ is Hα,⟨γ,α⟩. As γ ∈ P (J) we have ⟨γ, α⟩ ∈ {0, 1}. If ⟨γ, α⟩ = 0 then
tγA0 is on the same side of Hα,⟨γ,α⟩ as A0. However, when ⟨γ, α⟩ = 1, the hyperplane Hα,⟨γ,α⟩
separates A0 and tγA0. Hence, the hyperplanes in the parallelism classes of ΦJ separating the
alcove tγA0 from AJ are precisely the hyperplanes Hα,1 with α ∈ Φ+

J (with ⟨γ, α⟩ = 1). Let
v ∈ WJ be the word formed by crossing these hyperplanes, so tγvA0 ⊆ AJ . As translations
preserve hyperplane and alcove orientation, the hyperplanes that separate A0 and vA0 are
associated to the same roots as the hyperplanes separating tγA0 from tγvA0. The hyperplanes
separating A0 and vA0 are Hα,0 such that ⟨γ, α⟩ = 1. By Lemma 2.3.2 this gives that v = yγ .
Hence τγA0 ⊆ AJ and so τγ ∈WJ .

Let u ∈ JW and suppose that τγu /∈WJ . That is, τγuA0 ̸⊆ AJ . Since τγA0 ⊆ AJ (from the
previous paragraph) there exists a hyperplaneHα,k separating tγyγA0 from tγyγuA0 with α ∈ Φ+

J

and k ∈ {0, 1}. Translating by t−γ implies that the hyperplane Hα,0 separates yγ from yγu.
However, then ΦJ(u) ̸= ∅ contradicting Lemma 1.4.1. Thus {τγu | γ ∈ P (J) and u ∈ JW} ⊆WJ .

For the reverse containment, suppose that w ∈ WJ . Write w = tγu1u2 with γ = wt(w),
u1 ∈ WJ , and u2 ∈ JW . As w(0) = γ and 0 ∈ A0, it is clear that γ ∈ P (J). By Lemma 1.4.1,
ΦJ(u2) = ∅. There are no walls of AJ separating tγu1 from tγu1u2. Hence, as JW ⊆ WJ ,
we have tγu1A0 ⊆ AJ . Therefore, u1 is the element of W0 that takes tγA0 into AJ . By the
arguments of the first paragraph, the hyperplanes that separate tγA0 and tγu1A0, corresponding
to the roots in the inversion set of u1, are Hα,1 for α ∈ Φ+

J such that ⟨γ, α⟩ = 1. Thus, by Lemma
2.3.2 u1 = yγ . So w = τγu2 with u2 ∈ JW , completing the proof.

Remark 2.3.9. The first paragraph of the proof of Theorem 2.3.8 shows that if γ ∈ P (J) then
yγ may be characterised as the unique element of WJ such that tγyγ ∈WJ .

Recall the definition of θJ(w) and θ
J(w) from Definition 1.4.2.

Corollary 2.3.10. If w ∈WJ then θJ(w) = ywt(w), and so w = τwt(w)θ
J(w).

Proof. By Theorem 2.3.8 w = τγu = tγyγu with γ = wt(w) and u ∈ JW , hence the result.

Corollary 2.3.11. The group TJ acts freely on WJ with fundamental domain JW .

Proof. If γ ∈ P (J) and w ∈WJ then by Theorem 2.3.8 we have w = τµu with µ = wt(w) ∈ P (J)

and u ∈ JW . By Lemma 2.3.4(3) we have τγ ·w = τγτµu = τ(γ+µ)(J)u, and hence τγ ·w ∈WJ by

Theorem 2.3.8. Thus TJ acts on WJ . It is clear that this action is free (only τ0 fixes w ∈WJ),
and that JW is a fundamental domain.
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Example 2.3.12. Figure 2.3 shows the fundamental J-alcove for Φ = G2 and J = {1}. The
elements of P (J) are the black bullets and the alcoves shaded green represent τγA0 with γ ∈ P (J).
The identity alcove, τ0A0, is illustrated in blue. The fundamental domain JW for the action
of TJ is illustrated on the right. The black dotted lines represent the decomposition of AJ

described in Theorem 2.3.8 and Corollary 2.3.11.
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Figure 2.3: The fundamental J-alcove for Φ = G2 and J = {1}

As P = Q for Φ = G2, TJ is a torsion free abelian group of rank |I \ J | = 1. Explicitly, the
elements of TJ are either of the form tkω2+ω1s1 or of the form tkω2 where k ∈ Z.

2.4 Symmetries of the fundamental J-alcove

The set of elements ofW0 that stabilise the fundamental J-alcove, denoted GJ , is studied in this
section. We show that the subgroup of W̃ that stabilises the fundamental J-alcove is TJ ⋊GJ

where TJ is as in Section 2.3.

Definition 2.4.1. Let GJ = {g ∈W0 | gAJ = AJ} be the subgroup of W0 stabilising AJ .

Theorem 2.4.2. We have GJ = {g ∈W0 | gΦ+
J = Φ+

J }.

Proof. Let g ∈ GJ . Then for all α ∈ Φ+
J and all x ∈ AJ we have 0 ≤ ⟨gx, α⟩ ≤ 1. We claim

that g−1Φ+
J = Φ+

J . Assume the negation, that there exists g ∈ GJ such that g−1α /∈ Φ+
J . Then

either g−1α ∈ −Φ+
J or there exists i ∈ supp(g−1α) with i /∈ J . In the former case, choose

any j ∈ supp(g−1α) ⊆ J and let mK
j be the coefficient of αj in φK , where K is the connected

component of J containing j. Let x = 1
mK

j
ωj . For β ∈ Φ+

J , 0 ≤ ⟨x, β⟩ ≤ ⟨x, φK⟩ = 1 (when

β ∈ Φ+
J \ ΦK we have ⟨x, β⟩ = 0). Hence, 0 ≤ ⟨x, β⟩ ≤ 1 for all β ∈ Φ+

J , and so x ∈ AJ . As
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g−1α ∈ −Φ+
J , ⟨x, g−1α⟩ < 0, a contradiction. In the latter case, let x = 2ωi ∈ AJ where i /∈ J

and i ∈ supp(g−1α). Then |⟨x, g−1α⟩| ≥ 2, again a contradiction. So, when g ∈ GJ we have
gΦ+

J = Φ+
J . On the other hand, let g be such that gΦ+

J = Φ+
J . For x ∈ AJ and all α ∈ Φ+

J we
have ⟨gx, α⟩ = ⟨x, g−1α⟩. As g−1α ∈ Φ+

J and x ∈ AJ we have that 0 ≤ ⟨x, g−1α⟩ ≤ 1, and so
gAJ = AJ .

Proposition 2.4.3. For g ∈ GJ and α ∈ Φ+
J we have ht(gα) = ht(α). In particular g maps

the simple roots of ΦJ to the simple roots of ΦJ , and hence induces a permutation of J . This
permutation maps connected components of J to connected components of J .

Proof. Let g ∈ GJ and α ∈ Φ+
J . By Theorem 2.4.2 we have that gΦ+

J = Φ+
J . For j ∈ supp(α),

ht(gαj) ≥ 1. As g is linear, this implies that ht(gα) ≥ ht(α). As g−1 ∈ GJ we also have
ht(g−1β) ≥ ht(β) for all β ∈ Φ+

J . By Theorem 2.4.2, we have gα = β for some β ∈ Φ+
J and

so ht(g−1gα) ≥ ht(gα). Thus ht(gα) = ht(α). In particular, simple roots of ΦJ are mapped to
simple roots of ΦJ . This induces a permutation of J defined by αg(j) = gαj for j ∈ J .

We now show that this permutation maps connected components of J to connected com-
ponents of J . Let K be a connected component of J with highest root φK . We claim that
gφK = φK′ where K ′ is a connected component of J . Assume the negation, there is a i ∈ J such
that α = gφK +αi is a root of ΦJ . Then g

−1α = φK +αg−1(i) is a root of ΦJ . In particular, this
is a root of ΦK with ht(g−1α) ≥ ht(φK), a contradiction. Thus g maps highest roots to highest
roots, and so g maps K to K ′.

Remark 2.4.4. For J = ∅, we have that AJ = V so WJ = W̃ and GJ = W0. For J = I, we
have that AJ = A0 and WJ = Σ. In this case, e is the only element of W0 that stabilises all
roots in Φ+, hence GJ = {e}.

Lemma 2.4.5. If γ ∈ P (J) and g ∈ GJ then

gyγg
−1 = ygγ , gτγg

−1 = τgγ , and ℓ(τgγ) = ℓ(τγ).

Proof. To prove that gyγg
−1 = ygγ it is sufficient to show that Φ(gyγg

−1) = Φ(ygγ). If α ∈ Φ(ygγ)
then α ∈ Φ+

J with ⟨gγ, α⟩ = 1. Thus ⟨γ, g−1α⟩ = 1 and so g−1α ∈ Φ(yγ) as g−1α ∈ Φ+
J by

Theorem 2.4.2. Hence y−1
γ g−1α ∈ −Φ+

J and it follows by Theorem 2.4.2 that gy−1
γ g−1α ∈ −Φ+

J .
Therefore, Φ(ygγ) ⊆ Φ(gyγg

−1).
On the other hand, suppose that α ∈ Φ(gyγg

−1). Since g maps simple roots of ΦJ to simple
roots of ΦJ (Theorem 2.4.2) we have gsjg

−1 = sg(j) ∈ WJ for all j ∈ J , and so gyγg
−1 ∈ WJ .

Thus α ∈ Φ+
J , and so g−1α ∈ Φ+

J . If g−1α /∈ Φ(yγ) then gy−1
γ g−1α ∈ Φ+

J , a contradiction, and
so g−1α ∈ Φ(yγ). Thus ⟨γ, g−1α⟩ = 1, and so ⟨gγ, α⟩ = 1, giving α ∈ Φ(ygγ) as required.

It then follows that gτγg
−1 = tgγ(gyγg

−1) = tgγygγ = τgγ for all γ ∈ P (J). By Proposi-
tion 2.3.3 we have ℓ(τgγ) =

∑
α∈Φ+\ΦJ

|⟨γ, g−1α⟩| =
∑

α∈Φ+\ΦJ
|⟨γ, α⟩| = ℓ(τγ).

Corollary 2.4.6. The subgroup of W̃ stabilising AJ is TJ ⋊GJ .

Proof. Let w ∈ W̃ and suppose that wAJ = AJ . Let γ = wt(w), and so w(0) = γ ∈ P (J). Then
τ−1
γ w(0) = 0, and so g = τ−1

γ w ∈W0 with gAJ = AJ . Thus g ∈ GJ and w = τγg ∈ TJGJ .

Note that the group TJ ⋊ GJ plays the role of the “extended affine Weyl group” of AJ in
the sense that if J = ∅ we have TJ ⋊GJ = W̃ .
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Example 2.4.7. Let Φ = G2 and J = {1}. We have that s3α1+2α2 = s2s1s2s1s2 is the reflection
about the hyperplane H3α1+2α2,0. In Figure 2.4 AJ is coloured blue and H3α1+2α2,0 is labelled.
It can be seen that AJ is fixed by reflecting about H3α1+2α2,0. The fundamental J-alcove is not
fixed by any other nontrivial elements of W0 and so GJ = {e, s2s1s2s1s2}. The elements of the

subgroup of W̃ that stabilises AJ are the reflections about the bold hyperplanes. The elements
of TJGJ are coloured green, with TJs2s1s2s1s2 in light green and TJe in dark green.

H3α1+2α2,0
• • • • •

• • • •

• • • • •

• • • •

α∨
1

α∨
2

Figure 2.4: GJ for Φ = G2



Chapter 3

Hecke algebras and the
Kazhdan-Lusztig basis

The representation theory of the Weyl group W can be investigated by exploring a particular
q-deformation of its group algebra, where q is an indeterminate. This deformation is called the
Hecke algebra associated to W . In [25], Kazhdan and Lusztig formed a basis for the Hecke
algebra which yields rich representation theory. In this chapter we give a brief background on
Hecke algebras, the Kazhdan-Lusztig basis and some results.

In Section 3.1, for the affine Weyl group W , we define the associated affine Hecke algebra
with general parameters. In addition, we extend the definition to W̃ , called the extended Hecke
algebra and denoted as H̃. We will then define the Kazhdan-Lusztig basis of H̃ in Section
3.2. The multiplication between these basis elements gives rise to a preorder, whose equivalence
classes are called cells. From each cell a natural H̃-module arises. Also in this section, we state
the definition of Lusztig’s a-function and the 15 conjectures posed by Lusztig in [35] about cells
and the preorder. Finally, we will introduce Lusztig’s asymptotic algebra.

In Section 3.3 we introduce the notion of a balanced system of cell representations. In [17]
Geck gave a list of criteria for a family of matrix representations of the subalgebra of H̃ with basis
indexed by elements of W0 (the finite Hecke algebra, denoted H0). This list of criteria gives a
method for proving the 15 conjectures of Lusztig for Hecke algebras with unequal parameters. In
[23] and [22] Guilhot and Parkinson extended this criteria to the affine case. They called a family
of matrix representations satisfying the criteria a balanced system of cell representations. Guilhot
and Parkinson used a balanced system of cell representations along with the Plancherel Theorem
(discussed in Section 3.4) to prove the Lusztig conjectures for the affine cases when Φ = G2 and
Φ = C2, for arbitrary parameters. In Section 3.3 we state the definition of a balanced system
of cell representations along with some results of Guilhot and Parkinson. The background of
this section will be used in Part II when we show that a system of matrix representations for
Φ = An is a balanced system of cell representations.

In the final section, Section 3.4, we define the canonical trace function on H̃ and briefly
describe how it decomposes when restricting to elements of H0 and when looking at all elements
of H̃ (in which the decomposition, found by Opdam [40], is called the Plancherel Theorem). We
also define a trace function on Lusztig’s asymptotic algebra which will be explored further for
type An in Chapter 10. The definitions and results of this chapter are well studied, for further
information see [5].

27
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3.1 Hecke algebras

Let W be the affine Weyl group with generating set indexed by I ∪ {0} (see Section 1.2). A
weight function related to W is defined as a function L :W → N such that

1. L(wu) = L(w) + L(u) for ℓ(wu) = ℓ(w) + ℓ(u), and
2. L(si) > 0 for all i ∈ I ∪ {0}.

We have the following equivalent definition.

Proposition 3.1.1. For weight function L :W → N we have

(1) L(si) = L(sj) if si is conjugate to sj in W ,

(2) L(w) = L(si1) + · · ·+ L(sim) for w = si1 · · · sim reduced.

Proof. (2) is clear as w = si1 · · · sim is reduced. Consider (1). If si and sj are conjugate in W
then there exists some w ∈W such that siw = wsj . If ℓ(siw) = ℓ(w)+1 then ℓ(wsj) = ℓ(w)+1
and so by the definition of L we have

L(si) + L(w) = L(w) + L(sj).

Thus, L(si) = L(sj) as required. If ℓ(siw) = ℓ(w) − 1 then ℓ(wsj) = ℓ(w) − 1 and ℓ(sisiw) =
ℓ(siw) + 1 = ℓ(wsj) + 1 = ℓ(wsjsj). Thus,

L(wsj) + L(sj) = L(wsjsj) = L(w) = L(sisiw) = L(siw) + L(si)

and so again L(si) = L(sj) as required.

We say that we are in the equal parameters case when L(si) = L(sj) for all i, j ∈ I ∪ {0}.
For indeterminate q, let qi = qL(si). By Proposition 3.1.1 we have that qi = qj if si and sj are
conjugate in W . Let R = Z[q, q−1]. The (weighted) affine Hecke algebra is the R-algebra H with
basis (Tw)w∈W and multiplication given by

TwTu = Twu if ℓ(wu) = ℓ(w) + ℓ(u)

TwTsi = Twsi + (qi − q−1
i )Tw if ℓ(wsi) = ℓ(w)− 1

(3.1.1)

for w, u ∈W and i ∈ I ∪ {0}. We call {Tw | w ∈W} the standard basis of H.

For simplicity, we will write Ti in place of Tsi . All Ti with i ∈ I ∪ {0} are invertible with
T−1
i = Ti − (qi − q−1

i )Te. It follows that for all w ∈ W each Tw is invertible. Let qw = qL(w).
By Proposition 3.1.1, for w ∈W we have qL(w) = qi1 · · · qim for w = si1 · · · sim reduced.

By the multiplication rules (3.1.1) we have that T 2
i = Te + (qi − q−1

i )Ti. Therefore, all
1-dimensional representations of H have Ti mapping to either qi or −q−1

i . Let H0 denote the
subalgebra of H generated by {Tw | w ∈W0} (called the finite Hecke algebra associated to H).

We extend this notion to the extended Weyl group W̃ . First we extend the weight function
so that L(σ) = 0 for all σ ∈ Σ, and so qσ = 1. Define H̃ to be the extended affine Hecke algebra,
the R-algebra with standard basis (Tw)w∈W̃ . The relations of H̃ with respect to this basis are
the relations (3.1.1) and TσTi = Tσ(i)Tσ for all i ∈ I ∪ {0} and σ ∈ Σ. We have that Tσ is

invertible for all σ ∈ Σ with T−1
σ = Tσ−1 , and so for every w ∈ W̃ we have that Tw is invertible.

It is clear that H is a subalgebra of H̃.
We will sometimes require the indeterminiants to be indexed by roots. To do this we note

the following properties; if α ∈W0αi∩W0αj then si is conjugate to sj , and for α+kδ ∈ Φ̃ there
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exists some u ∈ W̃ such that uα = α+ kδ by Lemma 1.2.2. Thus, for α ∈ Φ̃ we define qα = qi
if α ∈ W̃αi.

We state the following convention, and will assume its application from Chapter 4 onwards.
Note that examples in this chapter will be completed without the restriction of this convention.

Convention 3.1.2. It is convenient to make the following convention: If Φ = A1 then q0 = q1
and if Φ = Cn (n ≥ 2) then q0 = qn (the case where q0 ̸= qn is completed in [21] through
analysis of the non-reduced root system Φ = BCn for n ≥ 1). For the remaining types, q0 is set
by the fact that qi = qj when si and sj are conjugate. With this convention we have qσ(i) = qi
for all i ∈ {0} ∪ I and σ ∈ Σ. For example, consider the affine Coxeter diagram of type Φ = Cn

depicted in Figure 3.1. Recall that Σ is isomorphic to a subgroup of the automorphisms of the
affine Coxeter diagram. In this case Σ has one non-trivial element corresponding to the only
automorphism of the affine Coxeter diagram: α0 7→ αn and αi 7→ αn−i for all 1 ≤ i ≤ n − 1.
With q0 = qn we have that qσ(i) = qi for all 0 ≤ i ≤ n where σ is the function on indices
associated to this automorphism. Similarly for Φ = A1, depicted in Figure 3.1.

α0 α1

• •
∞

The affine Coxeter diagram of Φ = A1

•• •• • •· · ·
α2α1 αn−2α0 αn−1 αn

The affine Coxeter diagram of Φ = Cn

Figure 3.1

3.2 The Kazhdan-Lusztig basis and Lusztig’s conjectures

This section focuses on the basis of H̃ defined by Kazhdan and Lusztig in [25]. This basis gives a
richer representation theory than the standard basis (Tw)w∈W̃ and has consequentially been well
studied. In this section we define the basis and state some well known properties. We construct
equivalence classes (called cells) from a preorder on group elements defined by the basis and
then construct natural H̃-modules from these cells. The definition of Lusztig’s a-function will
be stated along with the 15 conjectures Lusztig posed in [35] about cells and the preorder.

Let W̃ be an extended affine Weyl group with associated extended Hecke algebra H̃ with
standard basis {Tw | w ∈ W̃}. Definitions for this section will be made on the extended affine

Weyl group W̃ , however all definitions can be made similarly for W or W0.
Let ≤ denote the extended Bruhat order. The Bruhat order is the preorder such that for all

w, u ∈W we have w ≤ u if w is a subexpression of some reduce expression of u. In fact, if w is a
subexpression of a reduced expression of u it will be a subexpression of all reduced expressions
of u (see [3, Corollary 2.2.3]). We extend this definition to W̃ by setting wσ ≤ uσ and σw ≤ σu
for all w ≤ u and σ ∈ Σ.

The bar involution is the involution − : R→ R such that q 7→ q−1. We extend this involution
to H̃, setting Tw = T−1

w−1 , so that ∑
w∈W̃

awTw =
∑
w∈W̃

awT
−1
w−1 .
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In [25], Kazhdan and Lusztig proved the existence and uniqueness of a bar involution invari-

ant basis of H̃. Let (Cw)w∈W̃ denote this basis. For all w ∈ W̃ , Cw satisfies

Cw = Cw and Cw = Tw +
∑
y<w

Py,wTy

where Py,w ∈ q−1Z[q−1] are called the Kazhdan-Lusztig polynomials. We set Pw,w = 1 for all

w ∈ W̃ and Py,w = 0 when y ≮ w. Note that Ce = Te and that for all i ∈ I ∪ {0} we have
Csi = Ti + Pe,siTe where Pe,si = q−1

i . As Cw is bar invariant we have

Tw +
∑
y<w

Py,wTy = T−1
w−1 +

∑
y<w

Py,wT
−1
y−1 . (3.2.1)

For w ∈W , by expanding this expression and equating coefficients, Py,w can be calculated. Note
that Py,w is dependent on L, shown in the following example.

Example 3.2.1. Consider W associated with Φ = A1, generated by s1 and s0. Let L(s1) = a

and L(s0) = b. Consider w = s1s0s1 ∈ W̃ . Equating coefficients (and substituting in all
calculated Py,w for all y < w) in 3.2.1 we have that

Ps1,s1s0s1 − Ps1,s1s0s1 = −qa+b + qa−b − q−a+b + q−a−b

As Ps1,s1s0s1 ∈ q−1Z[q−1] we have

Ps1,s1s0s1 =


−qb−a + q−a−b if a > b

q−2a if a = b

qa−b + q−a−b if a < b,

which is dependent on L. (Note that we do not assume Convention 3.1.2 here. With the
convention, the only case we consider for Φ = A1 is a = b.)

Recall that wJ is the longest element of the parabolic subgroup WJ of W0.

Proposition 3.2.2. [5, §10.5] Let J ⊆ I. Then

CwJ =
∑

w∈WJ

q−1
wJ

qwTw =
∑

w∈WJ

qwJq
−1
w T−1

w−1 .

Proof. Let A =
∑

w∈WJ
awTw =

∑
w∈WJ

qwq
−1
wJ
Tw. For i ∈ J we have

TiA =
∑

w∈WJ

(qwq
−1
wJ

)Tsiw +
∑

siw<w

(qwq
−1
wJ

)(qi − q−1
i )Tw

For x ∈WJ with six < x, the coefficient of Tx in the above sum is

(qi − q−1
i )(qxq

−1
wJ

) + qsixq
−1
wJ

= qiqxq
−1
wJ

= qiax.

For x ∈WJ with six > x, the coefficient is

qsixq
−1
wJ

= qiax.

Hence, TsA = qiA. Applying the bar involution to both sides and using T−1
i = Ti− (qi−q−1

i )Te
we have TiA = qiA. By defintion we have that A =

∑
w∈WJ

bwTw with bwJ = 1. We aim to
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prove that A = A. We do so by a descending induction on the length of x ∈ WJ . We have
bwJ = 1 = awJ . Assume that six < x for i ∈ J . As TsA = qiA we have that∑

w∈WJ

bwTsw +
∑

siw<w

bw(qi − q−1
i )Tw =

∑
w∈WJ

qibwTw.

Equating the coefficients of Tx in the above equation, we have

bx(qi − q−1
i ) + bsix = qibx.

Hence, bx = q−1
i bx and so, by the inductive hypothesis, bx = qwq

−1
wJ

. By the uniqueness of the
Kazhdan-Lusztig basis, CwJ = A. The second equality follows by applying the bar involution.

It follows from Proposition 3.2.2 and (3.1.1) that TiCwJ = CwJTi = qiCwJ for all j ∈ J . By
induction on length we have TwCwJ = CwJTw = qwCwJ for all w ∈WJ . Thus,

C2
wJ

= q−1
wJ

∑
w∈WJ

qwTwCwJ = q−1
wJ

∑
w∈WJ

q2wCwJ = q−1
wJ
WJ(q

2)CwJ

where WJ(q
2) =

∑
w∈WJ

q2w. Similarly

C2
wJ

= qwJWJ(q
−2)CwJ

as T−1
w−1CwJ = q−1

w CwJ . By similar arguments, we have the following corollary.

Corollary 3.2.3. If ℓ(wJw) = ℓ(w)− ℓ(wJ) then

CwJCw = q−ℓ(wJ )WJ(q
2)Cw.

Proof. By assumption, ℓ(sjw) < ℓ(w) for all j ∈ J . By [35, Theorem 6.6], this implies that
CsjCw = (qj + q−1

j )Cw. Thus, (Tsj + q−1
j )Cw = (qj + q−1

j )Cw and so TsjCw = qjCw. By
induction on length TvCw = qvCw for all v ∈WJ . The result follows by Proposition 3.2.2 since

CwJCw = q−1
wJ

∑
v∈WJ

qvTvCw = q−1
wJ

∑
v∈WJ

q2vCw = q−1
wJ
WJ(q

2)Cw.

For w, u ∈ W̃ let

CwCu =
∑
y∈W̃

hw,u,yCy.

where the elements hw,u,y ∈ R are called the structure constants of H̃. In [14] it was proved that
for the equal parameters case we have a positivity condition on the structure constants and the
Kazhdan-Lusztig polynomials; Px,y ∈ N[q−1] and hx,y,z ∈ N[q, q−1] for all x, y, z ∈ W . This is
not true in the unequal parameters case. We can see this in Example 3.2.1 when a > b.

Defined in [35, Chapter 13], the Lusztig a-function is the function a : W̃ → N such that, for

y ∈ W̃

a(y) = min{n ∈ N | q−nhw,u,y ∈ Z[q−1] for all w, u ∈ W̃}. (3.2.2)
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For affine Weyl groups this function is well defined. In fact, by [35, Chapter 13] and [32, 7.2] we

have a(y) ≤ L(w0) for all y ∈ W̃ .

For w, u ∈ W̃ write w ←R u if there exists some y ∈ W̃ such that hu,y,w ̸= 0. Let ≤R be

the preorder generated by the transitive closure of ←R. Define the equivalence ∼R on W̃ by
w ∼R u if w ≤R u and u ≤R w. The equivalence classes of this relation are called the right cells
of W̃ with respect to the Kazhdan-Lusztig basis. Similarly we can define left cells, by instead
taking the order w ←L u if there exists some y ∈ W̃ such that hy,u,w ̸= 0. The left-right cells or
two-sided cells are also defined, now using the preorder ≤LR that is generated by the preorders
≤L and ≤R. The partial orders ≤L, ≤R and ≤LR induce partial orders on the equivalence classes
generated by ∼L, ∼R and ∼LR respectively.

Remark 3.2.4. The left and right descent sets of w ∈ W̃ are defined as follows:

DL(w) = {si | i ∈ I ∪ {0}, ℓ(siw) < ℓ(w)} and DR(w) = {si | i ∈ I ∪ {0}, ℓ(wsi) < ℓ(w)}.

By [35, Lemma 8.6], if x ≤L y then DR(y) ⊆ DR(x) and if x ≤R y then DL(y) ⊆ DL(x). Due

to this, e ≰L w and e ≰R w for all w ∈ W̃\{e}. Therefore, the left (right or two-sided) cell

containing e only contains e. As CwCe = Cw and CeCw = Cw for all w ∈ W̃ , we also have that
w ≤L e and w ≤R e for all w ∈ W̃ .

By definition, if w ←R u for w, u ∈ W̃ then Cw is in the expansion of CuCz with a non-zero
coefficient. We have CσCx = Cσx for all x ∈ W̃ and σ ∈ Σ as TσCx = Tσx+

∑
y<x Py,xTσy = Cσx

by the uniqueness of the Kazhdan-Lusztig basis. Similarly, CxCσ = Cxσ for all x ∈ W̃ and
σ ∈ Σ. Thus, x ∼L xσ and x ∼R σx for all x ∈ W̃ and σ ∈ Σ (as CxCσ = Cxσ, CxσCσ−1 = Cx,
CσCx = Cσx and Cσ−1Cσx = Cx). Furthermore, if w ←R u then Cσw appears in the expansion
of CσuCz for some z and so σw ←R σu. By a similar argument we have that if w ←L u then
wσ ←L uσ for all w, u ∈ W̃ and σ ∈ Σ. Therefore, for all w, u ∈ W̃ and σ ∈ Σ if w ∼R u then
σw ∼R σu and if w ∼L u then wσ ∼L uσ. Therefore, left cells are invariant under multiplying
by elements of Σ on the right and right cells are invariant under multiplying by elements of Σ
on the left.

Example 3.2.5. Consider W̃ associated to Φ = A1. As in Example 3.2.1 we set L(s1) = a and
L(s0) = b where s1 and s0 are the generators of W and s1s0 is of infinite order. Denote s1i to
be the elements of W that begin with s1 of length i and s0i to be the elements that begin with
s0 of length i.

Assume a = b. Let σ be the function such that σ(1) = 2 and σ(2) = 1. Extending to an
action on the generators defined by σsi = sσ(i) we have that Σ = {e, σ}. Set

Γ0 = {e},
Γ1 = {s0i | i ≥ 1},
Γ2 = {s1i | i ≥ 1}.

The right cells are Γk ∪ σΓk for 0 ≤ k ≤ 2. The a-function is constant within each Γk so we
can write a(Γk) for the a-function value of elements of Γk. We have a(Γ0) = 0, a(Γ1) = a and
a(Γ2) = a. The left-right cells are Γ0 ∪ σΓ0 and (Γ1 ∪ Γ2) ∪ σ(Γ1 ∪ Γ2).

Now assume that a > b. In this case there is no Coxeter diagram automorphism and so
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Σ = ∅. Let

Γ0 = {e}
Γ1 = {s0}
Γ2 = {s0i | i ≥ 2}
Γ3 = {s1i | i ≥ 1}.

The right cells are Γk for 0 ≤ k ≤ 3 and we have a(Γ0) = 0, a(Γ1) = b, a(Γ2) = a and a(Γ3) = a.
The left-right cells are Γ0, Γ1 and Γ2 ∪ Γ3.

For each cell there is a natural H̃-module. Let ∗ ∈ {R,L,LR}. For a cell Γ (left, right or
two-sided) define

Γ≤∗ = {w ∈ W̃ | there exists u ∈ Γ such that w ≤∗ u},

Γ≥∗ = {w ∈ W̃ | there exists u ∈ Γ such that w ≥∗ u}.
(3.2.3)

For example, from Remark 3.2.4, when Γ = {e} we have Γ≤LR = W̃ and Γ≥LR = Γ. We also
define Γ<∗ = Γ≤∗\Γ and set two R-modules as follows:

H̃≤∗ = ⟨Cw | w ∈ Γ≤∗⟩ and H̃<∗ = ⟨Cw | w ∈ Γ<∗⟩. (3.2.4)

When ∗ = R these modules are right ideals of H, when ∗ = L they are left ideals and when
∗ = LR they are two-sided ideals (see [35, Lemma 8.2]). Hence, the quotient H̃Γ = H̃≤∗/H̃<∗

is a right module of H̃ when ∗ = R, a left module when ∗ = R and a bi-module when ∗ = LR.
Each has basis {[Cw] | w ∈ Γ} where [Cw] is the equivalence class of Cw defined by the quotient.
Therefore, for each cell we have a natural representation of the Hecke algebra.

In [35, Conjectures 14.2], Lusztig posed 15 conjectures about the cells and the a-function.
To state these conjectures we first define some notation. Let γx,y,z−1 be the constant term of

the polynomial q−a(z)hx,y,z for x, y, z ∈ W̃ . Let deg : R → Z ∪ {−∞} denote the degree of
polynomials in q, for example deg(q−3 + q−4) = −3 and deg(0) = −∞. Define nz ∈ Z\{0} to
be the coefficient of the maximal degree of q in Pe,z. Furthermore, define the set D = {z ∈
W | a(z) = −deg(Pe,z)} whose elements are called distinguished involutions. We now state the

conjectures; let z, z′ ∈ W̃ .

P1. For any z ∈ W̃ , a(z) ≤ −deg(Pe,z).

P2. If d ∈ D and x, y ∈ W̃ with γx,y,d ̸= 0, then x = y−1.

P3. If y ∈ W̃ , there exists a unique d ∈ D such that γy−1,y,d ̸= 0.

P4. If z′ ≤LR z then a(z′) ≥ a(z). Therefore, if z′ ∼LR z, then a(z′) = a(z).

P5. If d ∈ D, y ∈ W̃ and γy,y−1,d ̸= 0, then γy−1,y,d = nd = ±1.

P6. If d ∈ D, then d2 = e.

P7. For any x, y, z ∈ W̃ , γx,y,z = γy,z,x.

P8. For x, y ∈ W̃ such that γx,y,z ̸= 0 we have x−1 ∼R y, y−1 ∼R z, z−1 ∼R x.
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P9. z′ ≤L z and a(z′) = a(z) implies z′ ∼L z.

P10. z′ ≤R z and a(z′) = a(z) implies z′ ∼R z.

P11. z′ ≤LR z and a(z′) = a(z) implies z′ ∼LR z.

P12. For J ⊆ I ∪ {0}, if y ∈WJ then a(y) computed in WJ is equal to a(y) computed in W̃ .

P13. Any right cell Γ contains a unique element d ∈ D with γx,x−1,d ̸= 0 for all x ∈ Γ.

P14. z ∼LR z−1.

P15. Let q′ be a second indeterminant and let h′x,y,z ∈ Z[q′, q′−1] be obtained from hx,y,z by

q 7→ q′. If x, x′, y, w ∈ W̃ such that a(w) = a(y), then
∑

y′ h
′
w,x′,y′hx,y′,y =

∑
y′ hx,w,y′h

′
y′,x′,y.

Assuming the a-function is well defined, Lusztig proved these conjectures for the equal parame-
ters case in [35, §15] using the positivity properties proved by Elias and Williamson [14]. They
also proved the quasi-split case in [35, §16], when W is derived from a larger group and the
weight function is taken as the length function on the larger group and then restricted to W .
The conjectures have also been proven true when W is the dihedral group, in the infinite case
[35, §17] and in the finite case [17, Proposition 5.1]. In [46] the conjectures are proven for the
case when the order of st is infinite for all generators s and t of W . Writing all definitions in
terms of W0, the conjectures have been proven for W0 associated with Φ = F4 and for a specific
case when W0 is associated with Φ = Bn (see [17] and [6]). Finally, the conjectures have also
been proved for hyperbolic Coxeter groups of rank 3 by Gao and Xie [15] and for Coxeter groups
with a complete graph by Xie [50].

In [23] and [22], Guilhot and Parkinson proved the conjectures for the case when the extended

affine Weyl group W̃ is associated with Φ = G2 and Φ = C2. To do so they established a bal-
anced system of cell representations (see Section 3.3) and constructed a combinatorial formula
for the matrix entries of these representations. This combinatorial formula will be generalised
to any affine Weyl group in Chapter 5.

Assuming that the conjectures are true, define J to be a free abelian group with generators
(tw)w∈W̃ and multiplication defined by

twtu =
∑
y∈W̃

γw,u,y−1ty.

In [35, §18], Lusztig shows that this multiplication is associative. This ring is called Lusztig’s
asymptotic algebra.

For a two-sided cell Γ denote JΓ to be the J -subring with generators (tw)w∈Γ.

3.3 Balanced systems of cell representations

In [17] Geck gives a list of conditions on a family of matrix representations of the Hecke algebra
defined for finite W0 which, when satisfied, can be used to check P1-P15. In [23] and [22]
Guilhot and Parkinson extended this criteria to affine Weyl groups and used them, along with
the Plancherel Theorem (see Section 3.4), to prove Lusztig’s conjectures for Φ = G2 and Φ = C2

respectively. In this section we will state the criteria and give some of the results of Guilhot
and Parkinson; that when the conditions are met the matrix bound aligns with the a-function
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and that Lusztig’s asymptotic algebra is isomorphic to a specific algebra constructed from the
matrix representations.

Recall that R = Z[q, q−1]. Let R′ be a polynomial ring of R. Notate R′
≤0 to be the associated

Z[q−1] polynomial ring and R′
0 to be the associated Z polynomial ring.

Let W be a Weyl group with generating set {si | i ∈ I ∪{0}} and associated extended Hecke
algebra H̃. A matrix representation of H̃ is a triple (π,M,B) where π : H̃ → M , M is a right
module over an R polynomial ring R′ and B is a basis of M . We write π(h) for the matrix
representation of h ∈ H̃ and [π(h)]u,v for its (u, v)-th matrix entry with u, v ∈ B.

The matrix representation is called bounded if there exists n ∈ N such that, for all w ∈ W̃
and u, v ∈ B, we have

q−n[π(Tw)]u,v ∈ R′
0. (3.3.1)

The bound of (π,M,B) is the minimum n required to bound all matrix entries in this way,
denoted aπ,M,B. That is

aπ,M,B = min{n ∈ N | q−n[π(Tw)]u,v ∈ R′
0 for all w ∈ W̃ and u, v ∈ B}. (3.3.2)

For a bounded representation (π,M,B) with bound aπ,M,B the cell recognised by the represen-

tation is the subset of W̃ defined by

Γπ,M,B = {w ∈ W̃ | deg([π(Tw)]u,v) = aπ,M,B for some u, v ∈ B}.

Remark 3.3.1. Consider a finite dimensional matrix representation π : H̃ →M and two bases
B and B′ for the representation. If (π,M,B) is bounded then (π,M,B′) is also bounded as the
finite transition matrix from B to B′ has a bound on its entries q-degrees. Therefore, if the
representation π is bounded for one basis it is bounded for all. Note, however, that aπ,M,B is
not necessarily equal to aπ,M,B′ . The bound, and hence the recognised cell, are dependent on
the chosen basis.

Denote |q−1=0 to be the specialisation of an element of R′
≤0 into R′

0 by taking q−1 = 0. The
leading matrices of (π,M,B) are

cπ,M,B(w) = (q−aπ,M,Bπ(Cw))|q−1=0 (3.3.3)

for all w ∈ W̃ . The non-trivial leading matrices are {cπ,M,B(w) | w ∈ Γπ,M,B}.

Example 3.3.2. Let (π,M,B) be such that aπ,M,B = 1 and consider

π(Tw) =


−q−3 + q−1 −q−1 0 0

0 −q−3 + 2q−1 − q q−2 q−2 +−1
0 q−2 +−1 0 −q−1

q−2 0 0 0


Then, the corresponding leading matrix is

cπ,M,B(w) =


0 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0


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The following lemma shows that we can replace Cw by Tw in the definition of the leading
matrices.

Lemma 3.3.3. For (π,M,B) bounded, we have cπ,M,B(w) = (q−aπ,M,BπJ,v(Tw))|q−1=0.

Proof. Recall from Section 3.2 that

Cw = Tw +
∑
y<w

Py,wTy

with Py,w ∈ q−1Z[q−1]. Multiplying both sides by q−aπ,M,B and applying π we have

q−aπ,M,Bπ(Cw) = q−aπ,M,Bπ(Tw) +
∑
y<w

q−aπ,M,BPy,wπ(Ty).

As the maximum degree of the entries of Py,wπ(Ty) is strictly bounded by aπ,M,B, the result
follows upon specialisation.

For each two-sided cell, suppose there exists a matrix representation of H̃ over an R-
polynomial ring. We call this system of representations a balanced system of cell representations
if the following hold: for two-sided cell Γ with matrix representation (πΓ,MΓ,BΓ) we have

B1. (The killing property) If w /∈ Γ≥LR then πΓ(Cw) = 0.

B2. (Boundedness) The representation (πΓ,MΓ,BΓ) is bounded with bound aπΓ,MΓ,BΓ
.

B3. cπΓ,MΓ,BΓ
(w) ̸= 0 if and only if w ∈ Γ.

B4. The elements of (cπΓ,MΓ,BΓ
(w))w∈Γ are free over Z.

B5. If Γ′ ≤LR Γ then aπΓ′ ,MΓ′ ,BΓ′ ≥ aπΓ,MΓ,BΓ
.

Remark 3.3.4. For a two-sided cell Γ, recall the definition of the H̃-module H̃Γ from Section
3.2. This representation of H̃ satisfies B1. To see this, consider Cw with w ∈ W̃ . If the right
action of Cw on H̃Γ is non-trivial, then there exists x, y ∈ Γ such that

CxCw =
∑
z∈W̃

hx,w,zCz

and hx,w,y ̸= 0. Therefore, y ≤L w and so y ≤LR w and w ∈ Γ≥LR as required. (A similar
argument shows that a left action would also satisfy B1, in which hw,x,y gives y ≤R w.)

Note that B2 with B3 is equivalent to: there exists aπΓ,MΓ,BΓ
∈ N such that

max{deg[πΓ(Cw)]u,v | u, v ∈ B} ≤ aπΓ,MΓ,BΓ

for all w ∈ W̃ with equality if and only if w ∈ Γ.
Define γ̃x,y,z−1 ∈ Z to be the coefficient of qaπΓ,MΓ,BΓ in hx,y,z (note the similarity to the

definition of γx,y,z−1 from Section 3.2). We define another property:

B̃. For every z ∈ Γ there exists x, y ∈ Γ such that γ̃x,y,z−1 ̸= 0.
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For a balanced system of cell representations satisfying property B̃ it has been shown that the
matrix bound is Lusztig’s a-function and so γx,y,z−1 = γ̃x,y,z−1 ([23]). We will state the results
and their proofs for completeness.

Let Λ denote the set of two-sided cells for w ∈ W̃ . Let (πΓ,MΓ,BΓ)Γ∈Λ be a system of
representations satisfying B1−B5 and B̃.

Theorem 3.3.5. [23, Proposition 2.4 and Theorem 2.6] For all w ∈ W̃ we have a(w) =
aπΓ,MΓ,BΓ

.

Proof. We will first prove deg(hx,y,z) ≤ aπΓ,MΓ,BΓ
by a downwards induction. Note first that,

for x, y ∈ W̃ we have

CxCy =
∑
z∈W̃

hx,y,zCz =
∑
Γ′∈Λ

∑
z∈Γ′

hx,y,zCz. (3.3.4)

For the base case, let Γ = {e}. Applying πΓ to 3.3.4 we have

πΓ(Cx)πΓ(Cy) =
∑
Γ′∈Λ

∑
z∈Γ′

hx,y,zπΓ(Cz) = hx,y,eπΓ(Ce). (3.3.5)

by B1 and as Γ≥LR = Γ by Remark 3.2.4. The left side of 3.3.5 is bounded by 2aπΓ,MΓ,BΓ
. The

right hand side is bounded by deg(hx,y,e) + aπΓ,MΓ,BΓ
, proving the base case.

Let Γ be a two-sided cell and suppose that for all two-sided cells Γ′ such that Γ′ >LR Γ we
have that deg(hx,y,z) ≤ aπΓ′ ,MΓ′ ,BΓ′ for all z ∈ Γ. Applying πΓ to 3.3.4 and using B1 we have

πΓ(Cx)πΓ(Cy) =
∑
Γ′∈Λ,

Γ′>LRΓ

∑
z∈Γ′

hx,y,zπΓ(Cz) +
∑
Γ′∈Λ,

Γ′≤LRΓ

∑
z∈Γ′

hx,y,zπΓ(Cz)

=
∑
Γ′∈Λ,

Γ′>LRΓ

∑
z∈Γ′

hx,y,zπΓ(Cz) +
∑
z∈Γ

hx,y,zπΓ(Cz) (3.3.6)

The q degree of the left hand side of 3.3.6 is bounded by 2aπΓ,MΓ,BΓ
. The degree of the double

sum on the right hand side is strictly bounded by aπΓ′ ,MΓ′ ,BΓ′ + aπΓ,MΓ,BΓ
by the inductive

hypothesis and deg(πΓ(Cz)) < aπΓ,MΓ,BΓ
for all z ∈ W̃\Γ using B2 and B3. In addition, by B5

we have that aπΓ′ ,MΓ′ ,BΓ′ + aπΓ,MΓ,BΓ
≤ 2aπΓ,MΓ,BΓ

.
Let m = max{deg(hx,y,z) | z ∈ Γ}. By B3, for z ∈ Γ such that deg(hx,y,z) = m we have that

πΓ(Cz) = qaπΓ,MΓ,BΓ cπΓ,MΓ,BΓ
(z) + lower degree q terms

with cπΓ,MΓ,BΓ
(z) ̸= 0. Therefore, the right hand side of 3.3.6 becomes

qm+aπΓ,MΓ,BΓ

∑
z

γ̃x,y,z−1cπΓ,MΓ,BΓ
(z) + lower degree q terms

with the sum over z ∈ Γ such that deg(hx,y,z) = m and γ̃x,y,z−1 ∈ Z. By B4, the leading matrices
cπΓ,MΓ,BΓ

(w) for w ∈ Γ are free over Z, so the coefficient of qm+aπΓ,MΓ,BΓ in the above sum is
non-negative. Due to the bound on the left hand side of 3.3.4, we have that m + aπΓ,MΓ,BΓ

≤
2aπΓ,MΓ,BΓ

, so m ≤ aπΓ,MΓ,BΓ
as required.

Therefore, a(w) ≤ aπΓ,MΓ,BΓ
, so all that remains to prove is that the maximum degree of

hx,y,z does reach aπΓ,MΓ,BΓ
. This follows immediately from B̃.
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Let J̃Γ be the subset of MΓ generated by (cπΓ,MΓ,BΓ
(w))w∈Γ.

Corollary 3.3.6. [23, Corollary 2.5 and Corollary 2.7] For Γ ∈ Λ, the set J̃Γ is a ring and is
isomorphic JΓ.

Proof. Let x, y ∈ Γ and let aπΓ = aπΓ,MΓ,BΓ
. Multiplying both sides of 3.3.6 by q−aπΓ , we have

q−aπΓπΓ(Cx)q
−aπΓπΓ(Cy) =

∑
Γ′∈Λ,

Γ′>LRΓ

∑
z∈Γ′

q−aπΓhx,y,zq
−aπΓπΓ(Cz) +

∑
z∈Γ

q−aπΓhx,y,zq
−aπΓπΓ(Cz)

Upon specialising, the double sum vanishes by B3 and the equation becomes

cπΓ,MΓ,BΓ
(x)cπΓ,MΓ,BΓ

(y) =
∑
z∈Γ

γ̃x,y,z−1cπΓ,MΓ,BΓ
(z). (3.3.7)

By Theorem 3.3.5, we have that aπΓ = a(w) for all w ∈ Γ. By the definition of γx,y,z−1

and γ̃x,y,z−1 , this implies that γx,y,z−1 = γ̃x,y,z−1 . Let ψ denote the Z-linear map such that
ψ(tw) = cπΓ,MΓ,BΓ

(w). By (3.3.7) and as γx,y,z−1 = γ̃x,y,z−1 we have that ψ is a surjective
homomorphism of unital rings. Furthermore as the leading matrices are free over Z (by B3),
if ψ

(∑
w∈Γ awtw

)
=
∑

w∈Γ awcπΓ,MΓ,BΓ
(w) = 0 then aw = 0 for all w ∈ Γ. Thus, ψ is an

isomorphism, completing the proof.

3.4 The trace function and the Plancherel Theorem

There exists a canonical trace function on H̃. This trace function restricted to elements in
H0 decomposes as a sum over characters of irreducible representations of H0. In [40] Opdam
constructed an affine analogue to this decomposition called the Plancherel Theorem. In this
section we define the trace function, explore its properties and briefly introduce the Plancherel
formula (which will be further described in Section 6.2). We also define a trace function on
Lusztig’s asymptotic algebra J , of which we will find a decomposition (the asymptotic Plancherel
Theorem) for type An in Chapter 10.

Let Tr : H̃ → R denote the canonical trace function on H̃, the R-linear extension of Tr(Tw) =
δw,e. That is, Tr is defined as

Tr

∑
w∈W̃

awTw

 = ae.

Denote ∗ to be the anti-involution on H̃ defined as follows:∑
w∈W̃

awTw

∗

=
∑
w∈W̃

awTw−1 .

We have the following property of the trace function.

Lemma 3.4.1. For u, v ∈ W̃ we have Tr(TuT
∗
v ) = δu,v and thus Tr(h1h2) = Tr(h2h1) for all

h1, h2 ∈ H̃.
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Proof. To prove Tr(TuT
∗
v ) = δu,v we proceed by induction on ℓ(v). When ℓ(v) = 0 the statement

is true by the definition of the trace function. Assume that Tr(TuT
∗
v ) = δu,v for ℓ(v) and all

u ∈ W̃ . Let v′ = vs for some s ∈ S such that vs > v. Then

Tr(TuT
∗
v′) = Tr(TuTsTv−1) =

{
Tr(TusTv−1) if us > u

Tr(TusTv−1) + (qs − q−1
s )TuTv−1) if us < u

by (3.1.1). If u = v then us ≮ u and so Tr(TusTv−1) = Tr(TusTv−1) = δus,v = δu,vs by the
inductive hypothesis.

If u ̸= v then Tr(TuTv−1) = 0 and so, again, Tr(TusTv−1) = Tr(TusTv−1) = δus,v = δu,vs by
the inductive hypothesis.

Let h1 =
∑

w∈W̃ awTw and h2 =
∑

u∈W̃ buTu. Then

Tr(h1h2) = Tr

 ∑
u,w∈W̃

awbuTwTu


=

∑
u,w∈W̃

awbuTr(TwTu)

=
∑

u,w∈W̃

awbuδw,u−1

=
∑

u,w∈W̃

buawδu,w−1 = Tr(h2h1).

Define ⟨·, ·⟩ : H̃ × H̃ → R to be the symmetric bilinear form defined by ⟨h1, h2⟩ = Tr(h1h
∗
2)

for h1, h2 ∈ H̃. As〈∑
w∈W̃

awTw,
∑
u∈W̃

auTu

〉
=

∑
w,u∈W̃

awauTr(TwTu−1) =
∑

u,w∈W̃

awauδw,u =
∑
w∈W̃

a2w

⟨·, ·⟩ is an inner product on H̃.
We note the following extrapolation of degree in q to non-zero rational functions of q. The

function f(q) = a(q)
b(q) ̸= 0 can be rewritten as f(q) = qN a′(q−1)

b′(q−1)
where a′(q−1) and b′(q−1) are

polynomials in q−1 with non-zero constant term and N ∈ Z unique. We call N the degree of
f(q), denoted as deg f(q) = N . For example,

deg

(
(q2 + 1)(q3 + 1)

q7 − q+ 1

)
= −2.

Note that when b(q) = 1, deg f(q) agrees with the usual definition of degree.

Recall that H0 is the finite Hecke algebra associated with Φ, that is the subalgebra of H
generated by {Tw | w ∈ W0}. The trace function (and thus the inner product) restricted to H0

decomposes as

Tr(h) =
∑

π∈Irrep(H0)

mπχπ(h) (3.4.1)
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for all h ∈ H0, where Irrep(H0) are the irreducible representations of H0 and the values mπ are
called the generic degrees of H0 (see [18, §8.1.8 and Chapter 11]). This decomposition can be
particularly useful as there is a connection between the generic degrees and Lusztig’s a-function;
for w ∈ W̃ in the cell associated to π we have −degmπ = 2a(w) (see [17]). In [17] Geck used
this to prove P1-P15 for the finite Hecke algebra associated with Φ = F4.

Example 3.4.2. Let Φ = B2 and letW0 denote the associated finite Weyl group with generating
set {s1, s2}. We set L(s1) = b and L(s2) = a, so q1 = qb and q2 = qa.

Let H0 be the finite Hecke algebra generated by

{Tw | w ∈W0} = {Te, T1, T2, T12, T21, T121, T121, T1212}

(for simplicity we denote elements of W0 by their indices, for example s1s2s1 as 121). The
following are the irreducible representations of H0:

π0 : T1 7→ qb, T2 7→ qa

π1 : T1 7→ qb, T2 7→ −q−a

π2 : T1 7→ −q−b, T2 7→ qa

π3 : T1 7→ −q−b, T2 7→ −q−a

π4 : T1 7→
[
−q−b 0
−c12q−b qb

]
, T2 7→

[
qa −c21q−a

0 −q−a

]
where c12, c21 ∈ R such that c12c21 = q2a + q2b. See [18, §8.1.9] for the construction and proof
of the irreducibility of π4, but note that Geck and Pfeiffer use a different normalisation of the

Hecke algebra where the quadratic relation is T̂s
2
= vsT̂s + (vs − 1)T̂e with T̂w the generators of

their Hecke algebra (to change between the two normalisations take vs 7→ q2s and T̂w 7→ qwTw).
Following [18, §8.1.8], define

⟨χπ, χµ⟩ =
∑

w∈W0

χπ(Tw)χµ(Tw−1)

for π, µ ∈ Irrep(H0). Importantly, we have that ⟨χπ, χµ⟩ = 0 unless χπ = χµ. Hence,

χµ(Te) =
∑

w∈W0

Tr(Tw)χµ(Tw−1) = ⟨Tr, χµ⟩ =
∑

π∈Irrep(H0)

mπ⟨χπ, χµ⟩ = mµ⟨χµ, χµ⟩

and the generic degrees are given by

mµ =
χµ(Te)

⟨χµ, χµ⟩
. (3.4.2)
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Denote mi = mπi . By direct calculation using 3.4.2 we have

m0 =
1

q4a+4b(q−4a−4b + q−2a−4b + q−4a−2b + 2q−2a−2b + q−2b + q−2a + 1)

m1 =
1

q2b(q−2b + 1 + q−2a−2b + 2q−2a + q−4a + q−2a+2b + q−4a+2b)

m2 =
1

q2a(q−2a + 1 + q−2b−2a + 2q−2b + q−4b + q2a−2b + q2a−4b)

m3 =
1

1 + q−2a + q−2b + 2q−2a−2b + q−2a−4b + q−4a−2b + q−4a−4b

m4 =
2

q2a(4q−2a + q2b−2a + q−2b−2a + 1 + q−4a + 2q−a+b − 2q−a−b − 2qb−3a + 2q−3a−b)

=
2

q2b(4q−2b + 1 + q−4b + q2a−2b + q−2a−2b + 2qa−b − 2qa−3b − 2q−b−a + 2q−a−3b)

and so the decomposition of the trace function is

Tr(h) =
4∑

i=0

miχπi .

The degree of each generic degree depends on the chosen weight function. In this example, for
all a, b ∈ N we have degm0 = −4a − 4b and degm3 = 0. The remaining generic degrees split
into cases;

degm1 =

{
−2b if a ≥ b
−4b+ 2a if a < b

degm2 =

{
4a− 2b if a > b

2a if a ≤ b

degm4 =

{
2a if a ≥ b
2b if a ≤ b

We want an analogue for this trace decomposition in the affine case, for the trace function
on all h ∈ H̃. This analogue comes in the form of the Plancherel formula of Opdam [40]. The
summation is replaced with an integral and the generic degrees become a measure. Let H̃C be
the extension of H̃ so that scalars are now in C and we specialise q to a real number q > 1.
Thus, H̃C is now an algebra over C. In addition, we redefine the anti-involution ∗ so that∑

w∈W̃

awTw

∗

=
∑
w∈W̃

awTw−1

where aw denotes complex conjugation.
Following [41, §2.4], let ||h||2 =

√
⟨h, h⟩ for all h ∈ H̃C, where ⟨·, ·⟩ is the inner product

defined by the trace function now extended to H̃C. We have that H̃C acts on itself by left
multiplication. The corresponding operator norm is defined by

||h|| = sup{||hx||2 | x ∈ H̃C and ||x||2 ≤ 1}.
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Let HC denote the completion of H̃C with respect to this operator norm. Thus, HC is a non-
commutative C∗-algebra.

The irreducible representations of H̃C are the irreducible representations of H̃, extending
scalars and specialising q 7→ q. The irreducible representations of HC are the extensions of the
irreducible representations of H̃C that are continuous with respect to the ℓ2-operator norm. By
[40, Corollary 6.2] these are the irreducible tempered representations of H̃ (see [40, §2.6] for the
definition of tempered).

It is well known that every irreducible representation of H̃ is finite (specifically all irreducible
representations have degree at most |W0|). By the theory of C∗-algebras (see [13, §8.8]) there
exists a unique positive Borel measure µ such that

Tr(h) =

∫
Irrep(HC)

χπ(h)dµ(π) (3.4.3)

for all h ∈ HC. The measure µ is called the Plancherel measure and is the affine analogue of the
generic degrees in (3.4.1). See Example 6.2.2 for an explicit example of this decomposition.

Recall from Section 3.2 that J denotes Lusztig’s asymptotic algebra, a free abelian group
with generators (tw)w∈W̃ . Also from Section 3.2, recall the definitions of the set of distinugished

involutions D, the integers nd (for d ∈ D) and the constant term γx,y,z−1 (for x, y, z ∈ W̃ ). We
write d(w) for the unique element of D in the right cell containing w (see P13 from Section 3.2).
By P5 we have nd(x) = γx,x−1,d(x) = ±1.

Definition 3.4.3. Define a linear map Tr∞ : J → Z by

Tr∞

∑
w∈W̃

awTw

 =
∑
d∈D

ndad.

Define a bilinear form ⟨·, ·⟩∞ : J × J → Z by

⟨A,B⟩∞ = Tr∞(AB∗)

where A,B ∈ J and ∗ is defined by
(∑

w∈W̃ awtw
)∗

=
∑

w∈W̃ awtw−1 .

Theorem 3.4.4. We have the following properties:
(1) The linear map Tr∞ is a trace functional on J .
(2) The bilinear form ⟨·, ·⟩∞ is an inner product and (tw)w∈W is an orthonormal basis of J .
(3) For A,B,C ∈ J we have ⟨AB,C⟩∞ = ⟨B,A∗C⟩∞.

Proof. By definition txt
∗
y =

∑
z∈W̃ γx,y−1,z−1tz, and so

Tr∞(txt
∗
y) =

∑
d∈D

ndγx,y−1,d.

If x ̸= y, then by P2, γx,y−1,d = 0 for all d ∈ D and so Tr∞(txt
∗
y) = 0. If x = y then by P3, P5

and P13 we have

Tr∞(txt
∗
y) = nd(x)γx,x−1,d(x) = n2d(x) = 1.

Thus, Tr∞(txt
∗
y) = δx,y for all x, y ∈ W̃ .
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Let A,B ∈ J with A =
∑

x∈W̃ axtx and B =
∑

y∈W̃ byty. Then

AB∗ =
∑
z∈W̃

∑
x,y∈W̃

axbyγx,y−1,z−1tz.

Applying the trace and using Tr∞(txt
∗
y) = δx,y we have

Tr∞(AB∗) =
∑
d∈D

nd
∑

x,y∈W̃

axbyγx,y−1,d

=
∑

x,y∈W̃

axby
∑
d∈D

ndγx,y−1,d

=
∑

x,y∈W̃

axbyTr
∞(txt

∗
y)

=
∑
x∈W̃

axbx

= Tr∞(B∗A)

as Tr∞(txt
∗
y) = δx,y = δx−1,y−1 = Tr∞(t∗ytx). Therefore, Tr

∞ is a trace functional and as

⟨A,A⟩∞ =
∑
w∈W̃

a2w

the bilinear form ⟨·, ·⟩∞ is an inner product. As Tr∞(txt
∗
y) = δx,y we have that (tw)w∈W̃ is an

orthonomoral basis of J .
For (3), let x, y, z ∈ W̃ . We have

⟨txty, tz⟩∞ =

〈∑
w∈W̃

γx,y,w−1tw, tz

〉∞

=
∑
w∈W̃

γx,y,w−1⟨tw, tz⟩∞

= γx,y,z−1

Similarly, we have that ⟨ty, t∗xtz⟩ =
〈
ty,
∑

w∈W̃ γx−1,z,w−1tw
〉∞

= γx−1,y,z−1 . The two are equal

since
γx−1,z,y−1 = γz,y−1,x−1 = γy−1,x−1,z = γx,y,z−1

by γx,y,z = γx−1,y−1,z−1 (as hx,y,z = hx−1,y−1,z−1 , by expanding (CxCy)
∗ = C∗

yC
∗
x on either side)

and γx,y,z = γy,z,x by P7. The result follows by linear extension.

The Plancherel Theorem gives a spectral decomposition of ⟨·, ·⟩ (stated in (3.4.3)). We want
an analogue to this decomposition for the inner product ⟨·, ·⟩∞ on Lusztig’s asymptotic algebra.
This decomposition is called the asymptotic Plancherel Theorem and was introduced by Guilhot
and Parkinson in [23, §8.3, §8.6] and [22, §7.3, §7.6]. See Section 10.2 for this decomposition for
Φ = An.



Chapter 4

Alcove paths

In [42] Ram defined alcove walks, a sequence of crossings between alcoves in A and describes
how these paths between alcoves are connected to the elements of the Berstein-Lusztig basis
{Xw | w ∈ W̃} of H̃. Ram explicitly described the multiplication between elements of this basis

with the standard basis {Tw | w ∈ W̃} using positively folded alcove paths (positive in terms
of hyperplane orientation). In [23] and [22], Guilhot and Parkinson defined a J-analogue to
positively folded alcove paths for the cases when Φ = G2 and Φ = C2 respectively, and in each
case proved a J-analogue to the multiplication formula of Ram. In this chapter we describe
positively folded alcove paths and their J-analogue in preparation to prove the path formula
(the J-analogue of Rams multiplication formula) in Chapter 5 for any reduced root system Φ.
Section 4.1 describes the background including the definition of positively folded alcove paths,
the Berstein-Lusztig basis of H̃ and the multiplication formula of Ram. In Section 4.2 we define
the J-analogue of positively folded alcove paths for general reduced Φ as a sequence of crossings
between alcoves restricted to the fundamental J-alcove AJ from Chapter 2. These paths are
called J-folded alcove paths.

The multiplication formula for Xu and Tw of Ram gives the multiplication as a sum, over
a set of positively folded paths, of Berstein-Lusztig elements with coefficients Q(p), dependent
on the positively folded path p. In Section 4.3 we construct a J-analogue to Q(p) that will
be the coefficient in the path formula of Chapter 5, where we will now sum over J-folded
alcove paths. First we construct a family of parameters v from the elements of ΦJ . With this
parameter family we define the new coefficient called the v-mass of a J-folded alcove path p,
denoted QJ,v(p). The remainder of the section consists of stating and proving properties of v

and QJ,v(p). These properties will be used to construct a right H̃-module (Theorem 5.1.4) and
to prove the J-analogue of Rams multiplication formula (Theorem 5.3.2) in Chapter 5.

4.1 Positively folded alcove paths and the Berstein-Lusztig basis

In this section we introduce the notion of positively folded paths between alcoves of A, following
Rams alcove walk model in [42]. With the concept of alcove paths we then introduce the

Berstein-Lusztig presentation of H̃ accompanied with the Berstein-Lusztig basis {Xw | w ∈ W̃}.
Finally, we explicitly describe the multiplication of XuTw (u,w ∈ W̃ ) in terms of positively
folded alcove paths.

Let W̃ be as in Section 1.2 with root system Φ. Recall that A0 denotes the fundamental
alcove in the set of alcoves A (see Section 1.3). In addition, recall the orientation notation

44
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between alcoves from Section 1.3. For A,A′ ∈ A, the notation A−|+A′ dictates that A is on the
negative side and A′ is on the positive side of the hyperplane containing the shared panel of A
and A′.

Definition 4.1.1. Let w⃗ = si1si2 . . . siℓσ be an expression for w ∈ W̃ (not necessarily reduced)

with σ ∈ Σ and i1, . . . , il ∈ I ∪ {0}. A positively folded alcove path of type w⃗ starting at v0 ∈ W̃
is a sequence p = (v0, v1, . . . , vℓ, vℓσ) where v1, . . . vℓ ∈ W̃ , satisfying the following conditions:
for 1 ≤ k ≤ l

(1) vk ∈ {vk−1, vk−1sik}, and

(2) if vk−1 = vk then vk−1A0
+|−vk−1sikA0.

A positively folded path is a sequence of elements of W̃ but can also be interpreted as a
sequence of alcoves. Let p = (v0, v1, . . . , vℓ, vℓσ) be a positively folded path, then
(v0A0, v1A0, . . . , vlA0, vℓσA0) is the corresponding alcove sequence where vkA0 is either adjacent
or equal to vk−1A0 for all 1 ≤ k ≤ l. Due to this correspondence, we can visualise alcove paths
as a path of arrows between alcoves in A. To do so we define the following terms:

Let w⃗ = si1 . . . siℓσ and let p = (v0, . . . , vℓσ) be a positively folded alcove path of type w⃗.
The index k ∈ {1, 2, . . . , l} is called

(1) a positive ik-crossing if vk = vk−1sik and vk−1A0
−|+vkA0,

(2) a negative ik-crossing if vk = vk−1sik and vk−1A0
+|−vkA0,

(3) an ik-fold if vk = vk−1 (in which case it is forced that vk−1A0
+|−vk−1sikA0).

The corresponding arrows defined between alcoves are the following:

−

vk−1A0 vk−1sikA0

+

positive ik-crossing

−

vk−1sikA0 vk−1A0

+

ik-fold

+

vk−1A0vk−1sikA0

−

negative ik-crossing

With this notation, the path p can be visualised as a string of arrows, joined tip to tail,
between alcoves. Each arrow goes between vk−1A0 and vkA0 for some 1 ≤ k ≤ l.

For w, v ∈ W̃ , denote

P(w⃗, v) = {all positively folded paths of type w⃗ starting at v},

dependent on the choice of expression w⃗ of w.
From Section 1.2 recall the definitions of wt(w) and θ(w) for w ∈ W̃ . We define the following

properties of a path p = (v0, v1, v2, . . . , vℓ, vℓσ) ∈ P(w⃗, v0):

− the start of p is start(p) = v0.

− the end of p is end(p) = vℓσ.

− the length of p is ℓ.

− the coweight of p is wt(p) = wt(end(p)).
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− the final direction of p is θ(p) = θ(end(p)).

For p ∈ P(w⃗, v) we notate the number of type i folds for each i ∈ I ∪ {0} as fi(p). Then
define

f(p) = #(folds in p) =
n∑

i=0

fi(p).

If f(p) = 0 then p is a straight path.

Example 4.1.2. Two positively folded alcove paths are displayed in Figure 4.1, for Φ = G2.
The green path p is of type w⃗ = s2s1s0s2s0s2s1s2s1s2s1s0s2s1s0s1s2s1s0 starting at v = s2s1.
The path has f1 = 2, f2 = 0 and f0 = 1. Hence, f(p) = 3 and the length of p is 19. We have
wt(p) = 2α∨

1 + 2α∨
2 and θ(p) = s1s2s1s2.

The blue path p′ is of type w⃗′ = s0s1s2s1s2s0s2s0s2s1 starting at v′ = e. As f(p′) = 0 the
path is straight. We have that its length is 10, wt(p′) = α∨

2 and θ(p′) = 21.

• • • • •

•• • • • •

• • • • •

•• • • • •

• • • • •

α∨
1

α∨
2

e

Figure 4.1: Two positively folded paths for W̃ associated with Φ = G2

Let H̃ be the extended Hecke algebra of W̃ , as defined in Section 3.1. Let w⃗ = si1 . . . siℓσ

be an expression of w ∈ W̃ and let p = (e, si1 , . . . , si1 · · · siℓ) be the straight alcove path of type
si1 . . . siℓ starting at e. Let ϵ1, . . . , ϵℓ be the sequence such that

ϵk =

{
+1 if vk−1A0

−|+vkA0,

−1 if vk−1A0
+|−vkA0.

This sequence corresponds to the sequence of the signs of the crossings in the straight path,
positive for a positive crossing and negative for a negative crossing. Define the element

Xw = T ϵ1
i1
· · ·T ϵℓ

iℓ
Tσ ∈ H̃. (4.1.1)

This element does not depend on the chosen expression for w (see [19, Theorem 1.1.1]).

Example 4.1.3. Let w′ = s0s1s2s1s2s0s2s0s2s1 ∈ W̃ as in Example 4.1.2, for W̃ associated
with Φ = G2. Let H̃ be the corresponding Hecke algebra, then

Xw′ = T ϵ1
s0 T

ϵ2
s1 T

ϵ3
s2 T

ϵ4
s1 T

ϵ5
s2 T

ϵ6
s0 T

ϵ7
s2 T

ϵ8
s0 T

ϵ9
s2 T

ϵ10
s1 = Ts0T

−1
s1 T

−1
s2 Ts1Ts2Ts0T

−1
s2 T

−1
s0 T

−1
s2 T

−1
s1

where the sequence (ϵi)1≤i≤10 is the sequence of signs of the crossings in Figure 4.1.
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By the relations of the affine Hecke algebra (3.1.1), we have that Xw − Tw is a linear com-

bination of terms Tv where v < w in the extended Bruhat order. Therefore, {Xw | w ∈ W̃} is a
basis of H̃.

For γ ∈ P we set
Xγ = Xtγ .

It is clear that XγXµ = XµXγ = Xγ+µ for all γ, µ ∈ P . By (1.2.1) we can decompose w ∈ W̃
into w = twt(w)θ(w) with wt(w) ∈ P and θ(w) ∈W0. Therefore,

Xw = Xtwt(w)θ(w) = Xwt(w)Xθ(w) = Xwt(w)T−1
θ(w)−1 (4.1.2)

as twt(w)A0 is on the positive side of each hyperplane through wt(w) and Xu = T−1
u−1 for u ∈W0.

Hence, we now have a basis {Xw | w ∈ W̃} = {XγT−1
u−1 | γ ∈ P, u ∈ W0} of H̃ that reflects

the semi-direct product definition of W̃ , allowing us to again think in terms of translations and
finite components. This basis is called the Bernstein-Lusztig basis.

By [32, Proposition 3.6], for i ∈ I and γ ∈ P we have

TiX
γ = XsiγTi + (qi − q−1

i )
Xγ −Xsiγ

1−X−α∨
i

(4.1.3)

called the Bernstein-Lusztig relation. As siγ = γ − ⟨γ, αi⟩α∨
i , we have

Xγ −Xsiγ

1−X−α∨
i

=
Xγ −XγX−⟨γ,αi⟩α∨

i

1−X−α∨
i

=
Xγ(1−X−⟨γ,αi⟩α∨

i )

1−X−α∨
i

,

and so, as ⟨γ, αi⟩ ∈ Z, the expression in (4.1.3) is in H̃.
The relations of H̃ in the Bernstein-Lusztig basis are the Bernstein-Lusztig relation, XγXµ =

Xγ+µ (for γ, µ ∈ P ) and the relations between the Tu for u ∈W0. These are{
T 2
i = Te + (qi − q−1

i )Ti

TiTjTi · · · = TjTiTj · · · (mij terms on each side)

for distinct i, j ∈ I with mij the order of sisj in W̃ .
As s0 = tφ∨sφ, and by (4.1.2), we have

T0 = Xφ∨
T−1
sφ . (4.1.4)

In the case of equal parameters, Ram showed that the combinatorics of positively folded
paths give a description of the transition matrix between the standard basis (Tw)w∈W̃ and the
Bernstein-Lusztig basis (see [42, Theorem 3.3]). In [23, Proposition 3.2] this idea was extended
to the unequal parameters case.

Proposition 4.1.4. [42, Theorem 3.3], [23, Proposition 3.2] Let w, u ∈ W̃ and let w⃗ be a
reduced expression for w. Then

XuTw =
∑

p∈P(w⃗,u)

Q(p)Xend(p) where Q(p) =
∏

i∈I∪{0}

(qi − q−1
i )fi(p).
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Proof. We proceed via an increasing induction on the length of w. For w = e, we have

XuTe =
∑

p∈P(e⃗,u)

Q(p)Xend(p) = Xu

as required. Assume the statement is true for w ∈ W̃ . Let i ∈ I∪{0} such that ℓ(wsi) = ℓ(w)+1.
Then

XuTwsi = XuTwTsi =
∑

p∈P(w⃗,u)

Q(p)Xend(p)Tsi

Consider a path p ∈ P(w⃗, u). There are two cases:

(i) end(p)A0
−|+end(p)siA0, or

(ii) end(p)A0
+|−end(p)siA0.

In case (i), we have Xend(p)Tsi = Xend(p)si = Xend(pc+i ) where pc
+
i is the concatenation of path p

with a positive crossing of type i.
In case (ii), we have Xend(p)si = Xend(p)T

−1
si . As Tsi = T−1

si + (qi − q−1
i ) we have

Xend(p)Tsi = Xend(p)si + (qi − q−1
i )Xend(p) = Xend(pc−i ) + (qi − q−1

i )Xend(pf+
i )

where pc−i is the concatenation of the path p with a negative crossing of type i and pf+i is the
concatenation of the path p with a fold of type i.

4.2 J-folded alcove paths

In Definition 4.1.1 we defined positively folded alcove paths in V (between alcoves in A). In this
section we define folded paths restricted to the fundamental J-alcove (between alcoves in AJ),
called J-folded paths. These J-folded paths are crucial in creating the J-analogue to Proposition
4.1.4, proved in Theorem 5.3.2.

Let WJ be as defined in (2.3.2), and AJ be as defined in Section 2.1.

Definition 4.2.1. Let w⃗ = si1si2 · · · siℓσ be an expression for w ∈ W̃ (not necessarily reduced)
with σ ∈ Σ and i1, . . . iℓ ∈ I ∪ {0}. A J-folded alcove path of type w⃗ starting at v0 ∈ WJ is
a sequence p = (v0, v1, . . . , vℓ, vℓσ) where v1, . . . , vℓ ∈ WJ , satisfying following conditions: for
1 ≤ k ≤ ℓ

(1) vk ∈ {vk−1, vk−1sik}

(2) if vk−1 = vk then either

(i) vk−1sikA0 ⊆ AJ and vk−1A0
+|−vk−1sikA0, or

(ii) vk−1sikA0 ⊈ AJ

Path p has length ℓ and we define end(p) = vℓσ and start(p) = v0.

As for Definition 4.1.1 a J-folded path can be interpreted as a sequence of alcoves, now with
the restriction that each alcove in the sequence is a subset of AJ . For p = (v0, v1, . . . , vℓ, vℓσ)
this sequence of alcoves is (v0A0, . . . , vℓσA0) where vkA0 ⊆ AJ and vkA0 is either adjacent or
equal to vk−1A0 for all 1 ≤ k ≤ ℓ. So, we can again visualise these paths as a path of arrows
between alcoves. We define the following terms: the index k ∈ {1, 2, . . . , ℓ} is called
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(1) a positive bounce if vk−1sikA0 ⊈ AJ and vk−1A0
+|−vk−1sikA0,

(2) a negative bounce if vk−1sikA0 ⊈ AJ and vk−1A0
−|+vk−1sikA0.

The corresponding arrows are

−

vk−1A0 vk−1sikA0

+

negative bounce

−

vk−1sikA0 vk−1A0

+

positive bounce

The paths can be thought of as a string of arrows of the two types above along with the arrows
for positively folded alcove paths (Section 4.1).

For a bounce vk = vk−1 we say that index k occurs on the hyperplane separating vk−1A0 and
vk−1sikA0. By Lemma 2.1.2, a positive bounce k occurs on Hαi,0 for some i ∈ J and a negative
bounce k occurs on HφK ,1 for some K ∈ K(J).

For v ∈WJ and w ∈ W̃ , denote

PJ(w⃗, v) = {all J-folded alcove paths of type w⃗ starting at v}.

If J = ∅ then WJ = W̃ and AJ = V . In this case the J-folded alcove paths are the same as
the positively folded paths and so PJ(w⃗, v) = P(w⃗, v) for all w, v ∈ W̃ .

Recall the definition of the set of pseudo-translations TJ from 2.3.1. Let F be a fundamental
domain for the action of TJ on WJ . It was shown in Corollary 2.3.10 that JW is such a
fundamental domain. We will keep the definitions of this section for a general F as in some cases
a different fundamental domain can be easier to work with (an example of this is described in
[21, Section 6]). For each w ∈WJ we have a unique decomposition

w = τγu with γ ∈ P (J) and u ∈ F.

Define the coweight of w relative to F and the final direction of w relative to F by

wt(w,F) = γ and θ(w,F) = u.

When F = JW we have wt(w, JW ) = wt(w) and θ(w, JW ) = θJ(w).

Let w ∈ W̃ and v ∈ WJ , for p ∈ PJ(w⃗, v) we define the coweight of p relative to F and the
final direction of p relative to F as

wt(p,F) = wt(end(p),F) and θ(p,F) = θ(end(p),F). (4.2.1)

When F = JW , we notate wt(p) = wt(end(p)) (as in Section 4.1) and θJ(p) = θJ(end(p)).
As for positively folded paths, for p ∈ PJ(w⃗, v) we define fi(p) to be the number of folds of

type i in path p and f(p) =
∑n

i=0 fi(p). Also, as with positively folded paths, a J-folded path
p is called straight if f(p) = 0, noting that these straight J-folded alcove paths can still contain
bounces. For each α ∈ Φ+

J we define

b+α (p) = #(positive bounces in p occurring on Hα,0)

b−α (p) = #(negative bounces in p occurring on Hα,1)

bα(p) = b+α (p) + b−α (p).

By Lemma 2.1.2, b−α (p) = 0 unless α = φK for some K ∈ K(J) and b+α (p) = 0 unless α = αi

for some i ∈ J .
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Example 4.2.2. Let w⃗ = s0s1s2s1s2s0s1s2s1s2s1s0s2s1s0s2s0s1s2s0s2s1s2s1 ∈ W̃ with Φ = G2

and J = {1}. Set v = s2s1s2s1s2 and let p be the path in PJ(w⃗, v) depicted in Figure 4.2.

(a) F = JW

ω1

ω2

e

• •

• •

• •

• •

(b) F = {e, s2, s0s2s0, s0s2s1, s0s2, s0}

ω1

ω2

e

• •

• •

• •

• •

Figure 4.2: The J-folded alcove path for Φ = G2 with J = {1} and fundamental domain F

We have that f1(p) = 0, f2(p) = 1 and f0(p) = 1, so f(p) = 2. In addition, b+α1
(p) = 1

and b−α1
(p) = 2, so bα1(p) = 3. In Figure 4.2(a) we set the fundamental domain for the action

of TJ on WJ to be JW , depicted by dotted lines. With this fundamental domain we have
wt(p, JW ) = ω1 and θ(p, JW ) = θJ(p) = s2s1s2.

In Figure 4.2(b) we set the fundamental domain to be the set F = {e, s2, s0s2s0, s0s2s1, s0s2, s0}
(again depicted with dotted lines). Now wt(p,F) = ω1 − ω2 and θ(p,F) = s0s2s1.

Example 4.2.3. Let Φ = A2 and J = {1}. Let σ ∈ Σ be defined by σ(i) = (i + 1) mod 3.
Set F = Σ = {e, σ, σ2} as the fundamental domain of the action of TJ on WJ . Figure 4.3
displays the fundamental J-alcove. The automorphism σ can be thought of as jumping to a
different sheet of alcoves, in which the types between the faces of the alcoves are acted on by
σ−1. That is, if between two alcoves of A we have a face of type i, the corresponding alcoves
in the sheet σA will have a type σ−1(i) face between them (similarly for σ2A with σ−2(i)).
The three sheets restricted to the fundamental domain, AJ , σAJ and σ2AJ , are displayed in
Figure 4.3 with the faces coloured red, blue and green for types 1, 0 and 2 respectively. A
path p ∈ PJ(s2s0s1s0s2s1s0s1s0σ, e) is displayed in AJ . It can be seen in the diagram that
τ−2ω2 = s2s1s3s2σ

2. Hence, we have that wt(p,F) = −2ω2 and θ(p,F) = σ2. Now consider a
path p′ of type s1s2s0s2s1s0s2s0s2σ beginning at σ (pictured in σAJ of the figure). We have
wt(p′,F) = −2ω2 and θ(p′,F) = e. Finally, consider p′′ ∈ P(s0s1s2s1s0s2s1s2s1σ, σ2) displayed
in the σ2AJ sheet of the figure. In this case wt(p′′′,F) = −2ω2 and θ(p′′′,F) = σ. All three paths
have one fold and two bounces, note that these bounces and the fold will be of different types
for each path (types corresponding to the colours at which they occur).
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•
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•

•
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•

•

•

•

•

AJ σAJ σ2AJ

σ σ2e

•

•

•

•

•

•

•

•

ω1 ω2

•

•

•

Figure 4.3: J-folded alcove path for Φ = A2 with J = {1}

Recall the definition of γ(J) from Definition 2.2.2. There is a natural action of pseudo-
translations on J-folded alcove paths, described below.

Lemma 4.2.4. If p = (v0, v1, . . . , vℓ, vℓσ) is a J-folded alcove path of type w⃗ = si1 · · · siℓσ and
γ ∈ P (J) then

τγ · p = (τγv0, τγv1, . . . , τγvℓ, τγvℓσ)

is a J-folded alcove path of type w⃗, and folds are mapped to folds and bounces to bounces. For
any fundamental domain F we have

wt(τγ · p,F) = (γ +wt(p,F))(J) and θ(τγ · p,F) = θ(p,F).

Proof. As TJ acts on WJ we have that τγv0, . . . τγvℓ, τγvℓσ ∈ WJ . Let k be the index of a
bounce or a fold, so vk−1 = vk. We have that vk−1sikA0 ⊆ AJ if and only if τγvk−1sikA0 ⊆ AJ

by the action of TJ . Hence, if index k is a bounce in p then τγvk−1sikA0 ⊈ AJ and so τγ · p
has a bounce at index k. If k is a fold in p then τγvk−1sikA0 ⊆ AJ . It remains to prove
that this fold is positively oriented, that is, τγvk−1A0

+|−τγvk−1sikA0. This is equivalent to
yγθ(vk−1)A0

+|−yγθ(vk−1)sikA0 as translations preserve orientation. As k is a fold in p we have
θ(vk−1)A0

+|−θ(vk−1)sikA0. By (1.3.1) we have that α = θ(vk−1)αik ∈ Φ+. As k is a fold and
not a bounce we have that α /∈ ΦJ and so, as yγ ∈ WJ , we have that yγα ∈ Φ+. By (1.3.1) we
have that yγθ(vk−1)A0

+|−yγθ(vk−1)sikA0 as required. Therefore, τγ acting on p maps bounces
to bounces and folds to folds. The coweight and the final direction follow immediately from
Lemma 2.3.4.

If p ∈ PJ(w⃗, v) for w ∈ W̃ and v ∈ WJ , the associated J-straightened alcove path pJ
is the path obtained by straightening all the bounces of p (but not the folds). Formally, let
p = (v, v1, v2, . . . , vℓ, vℓσ) with bounces occurring at the indices 1 ≤ k1 < k2 < · · · < kr ≤ ℓ
on the hyperplanes Hβ1,ν1 , . . . ,Hβr,νr with β1, . . . βr ∈ Φ+

J and ν1, . . . , νr ∈ {0, 1}. Write p =
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p0 · p1 · p2 · · · pr where p0 = (v, v1, . . . , vk1−1), pj = (vkj , . . . , vkj+1−1) for 1 ≤ j ≤ r − 1, and
pr = (vkr , . . . , vℓ, vℓσ). Then pJ = p0 · (sβ1,ν1p1) · (sβ1,ν1sβ2,ν2p2) · · · (sβ1,ν1 · · · sβr,νrpr).

Proposition 4.2.5. Let w ∈ W̃ and let w⃗ be any expression for w (not necessarily reduced).
Let v ∈WJ and let p ∈ PJ(w⃗, v). The J-straightening map p 7→ pJ is a bijection from PJ(w⃗, v)
to the set {p′ ∈ P(w⃗, v) | p′ has no folds on hyperplanes Hα,k with α ∈ Φ+

J and k ∈ Z}.

Proof. First consider the effect of straightening a bounce. Let α ∈ Φ+
J be the root associated to

the hyperplane on which the bounce occurs. Let β ∈ Φ+\ΦJ be the root associated with a wall
on which a later fold occurs. After straightening the bounce this fold will now occur on a wall
with associated linear root sαβ. As β /∈ ΦJ and as sα ∈ WJ we have that sαβ ∈ Φ+\ΦJ (as sα
permutes the set ΦJ). Therefore, the reflected fold will be positively oriented (see (1.3.1)) and
will not occur on a ΦJ -wall (that is, it will not occur on a hyperplane of type Hα′,k with α′ ∈ ΦJ

and k ∈ Z). Therefore, pJ ∈ P(w⃗, v) has no folds on the ΦJ -walls.
Now consider the reverse map. Let p′ ∈ P(w⃗, v) with no folds on ΦJ -walls. Let α ∈ Φ+

J

be the root associated to a crossing on a ΦJ wall and let β ∈ Φ+\ΦJ be the root associated
with the wall of a future fold of p′. After removing the crossing and replacing it with a bounce,
the fold will occur on the wall associated with sαβ. Again we have sαβ ∈ Φ+\ΦJ and so it is
positively oriented. Applying this procedure to all ΦJ -wall crossings gives a path in PJ(w⃗, v).

These operations are mutually inverse procedures, hence the bijection.

Example 4.2.6. Let p be the path depicted in Figure 4.2. The J-straightening of p is depicted
in Figure 4.4.

• • • • •

•• • • • •

• • • • •

•• • • • •

• • • • •

e

Figure 4.4: J-straightening of the path in Figure 4.2

Let w⃗ = si1 · · · silσ be an expression of w ∈ W̃ . We define the associated reversed expression
by

rev(w⃗) = sσ−1il · · · sσ−1i1σ
−1.
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If w⃗ is a reduced expression of w, then rev(w⃗) is a reduced expression for w−1.
Let p = (v0, . . . , vl, vlσ) ∈ PJ(w⃗, v0) with wt(p) = γ. The inverse alcove path is

p−1 = (τ−1
γ vlσ, τ

−1
γ vl−1σ, . . . , τ

−1
γ v1σ, τ

−1
γ v0σ, τ

−1
γ v0).

Roughly speaking, the involution p 7→ p−1 is given by “reading the path p backwards”.

Proposition 4.2.7. Let p ∈ P(w⃗, u) with θJ(p) = v and wt(p) = γ. Then p−1 is a J-folded
alcove path of type rev(w⃗) starting at v ∈ JW with θJ(p−1) = u and wt(p−1) = (−γ)(J). More-
over, the map p 7→ p−1 is a bijection from {p ∈ PJ(w⃗, u) | θJ(p) = v} → {p ∈ PJ(rev(w⃗), v) |
θJ(p) = u}.

Proof. Let w⃗ = si1 · · · silσ and p = (v0, . . . , vl, vlσ). Write p−1 = (v′0, . . . , v
′
l, v

′
lσ

−1), and so
v′k = τ−1

γ vl−kσ for 1 ≤ k ≤ l. We have that

v′−1
k−1v

′
k = (τ−1

γ vℓ−k+1σ)
−1(τ−1

γ vℓ−kσ) = σ−1v−1
ℓ−k+1vℓ−kσ ∈ {1, sσ−1(iℓ−k)}

as v−1
k−1vk ∈ {e, sik} by Definition 4.2.1. Thus, p−1 is a path of type rev(w⃗). We now show that

p−1 is J-folded.
By Definition 4.2.1 we have that vkA0 ∈ AJ . As σA0 = A0 and as τ−1

γ preserves AJ by
Corollary 2.4.6 we have v′kA0 ∈ AJ for all 1 ≤ k ≤ l and so p−1 stays within AJ .

As τ−1
γ preserves the boundary of AJ , if (vk−1, vk) is a bounce in p then (v′l−k, v

′
l−k+1) is a

bounce in p−1. Thus to show that p−1 is J-folded, it remains to prove that positive folds are
mapped to positive folds. Let (vk−1, vk) be a (necessarily positive) fold in p, so vk−1 = vk and
vk−1A0

+|−vk−1sikA0. Thus v
′
l−k = τ−1

γ vkσ = τ−1
γ vk−1σ and so v′l−kA0 = τ−1

γ vk−1A0. By Lemma
2.3.4 and Corollary 2.3.10 we have τ−1

γ = t(−γ)(J)y(−γ)(J) with y(−γ)(J) ∈WJ . Since vk−1sikA0 ⊆
AJ the hyperplane on which the fold in p occurs has associated linear root α ∈ Φ+\ΦJ . Thus,
the hyperplane separating v′l−kA0 and v′l−ksσ−1ikA0 = τ−1

γ vk−1sikσA0 has associated linear
root t(−γ)(J)y(−γ)(J)α ∈ Φ+\ΦJ + Zδ. It follows by (1.3.1) that v′l−kA0

+|−v′l−ksσ−1ikA0 and so

(v′l−k, v
′
l−k+1) is a positive fold in p−1.

Finally, as vlσ = τγv we have v′0 = v and as v′lσ
−1 = τ−1

γ v0 = τ(−γ)(J)u we have wt(p−1) =

(−γ)(J) and θJ(p−1) = u as required. It is clear that (p−1)−1 = p and so the map p 7→ p−1 is an
involution, and hence bijective.

Example 4.2.8. Let p be the path shown in Figure 4.2. The path p−1 is depicted in Figure 4.5.
It is clear in the figure that wt(p−1) = ω1−3ω2 = (−ω1)

(J) and that p−1 starts at θJ(p) = s2s1s2
and ends at s2s1s2s1s2.
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ω1 − ω2

ω1 − 2ω2

ω1 − 3ω2 −ω2

e

• •

• •

• •

• •

Figure 4.5: The inverse alcove path to the path in Figure 4.2

4.3 J-parameter systems and path v-mass

In the formula for XuTw in Proposition 4.1.4, Q(p) is the coefficient of Xend(p) when summing
over positively folded paths p. In this section we construct the J-analogue to Q(p), which will
become the coefficient term in the J-analogue of Proposition 4.1.4 proved in Theorem 5.3.2.
First, to ΦJ , we construct a family of parameters v called the J-parameter system. Using this
system of parameters we construct the J-analogue coefficient QJ,v(p) for a J-folded path p. The
remainder of the section proves properties of v and QJ,v(p) which will be required in Chapter 5.

Definition 4.3.1. For J ⊆ I, a J-parameter system is a family v = (vα)α∈ΦJ
such that;

(1) vα = vβ if β ∈WJα,

(2) vαj ∈ {qj ,−q−1
j }.

Note that we set vα = 1 for all α /∈ ΦJ . If K ∈ K(J) there are at most two root lengths in
ΦK . As K is connected, all roots of the same length are conjugate in WK . By (1) of Definition
4.3.1 vα = vα′ for all α, α′ ∈ ΦK,l and vβ = vβ′ for all β, β′ ∈ ΦK,s.

Example 4.3.2. Let Φ = A10 and J = {1, 2, 3, 5, 6, 8, 10}, depicted in the following diagram.

•
α1

•
α2

•
α3

•
α4

•
α5

•
α8

•
α6

•
α7

•
α9

•
α10

Let K ∈ K(J). By (1) in Definition 4.3.1, we have that vα = vα′ for all α, α′ ∈ ΦK . The possible
J-parameter systems are characterised as follows:

vα = vα1 ∈ {q1, q−1
1 } for all α ∈ Φ{1,2,3}

vα = vα5 ∈ {q5, q−1
5 } for all α ∈ Φ{5,6}

vα8 ∈ {q8, q−1
8 } and vα10 ∈ {q10, q−1

10 }
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Therefore, there are 24 = 16 distinct J-parameter systems.
Now let Φ = B6 with J = {1, 2, 4, 5, 6}, depicted in the following diagram.

•
α1

•
α2

•
α3

•
α4

•
α5

•
α6

The connected component K = {1, 2} of type ΦK = A2 has vα = vα1 for all α ∈ ΦK . The
remaining connected component K ′ = {4, 5, 6} of type ΦK′ = B3 has J-parameter system
values as follows:

vα = vα4 for all α ∈ ΦK′,l

vα = vα6 for all α ∈ ΦK′,s.

Hence, there are 23 = 8 distinct J-parameter systems.

Definition 4.3.3. Let v = (vα)α∈ΦJ
be a J-parameter system. The v-mass of a J-folded alcove

path p is

QJ,v(p) =
∏

α∈Φ+
J

vbα(p)α

∏
i∈I∪{0}

(qi − q−1
i )fi(p).

This definition will be fundamental in defining the J-analogue to Proposition 4.1.4. If J = ∅
then the J-parameter system is vacuous and for a J-folded alcove path p we have QJ,v(p) = Q(p)
where Q(p) is as in Proposition 4.1.4.

Example 4.3.4. Let p be the path depicted in Figure 4.2, then

QJ,v(p) = v3α1
(q2 − q−1

2 )(q0 − q−1
0 )

with vα1 ∈ {q1, q−1
1 }.

Recall the action of TJ on J-folded alcove paths, as described in Lemma 4.2.4. We now show
that QJ,v(p) is invariant under this action.

Lemma 4.3.5. If p is a J-folded alcove path and γ ∈ P (J) then QJ,v(τγ · p) = QJ,v(p).

Proof. Lemma 4.2.4 showed that, under the action of TJ , bounces are mapped to bounces and
folds are mapped to folds. Let index k be a bounce (respectively fold) of type ik. The bounce
(respectively fold) at index k of τγ · p is of type σ(ik) for some σ ∈ Σ. By Convention 3.1.2 we
have qσ(i) = qi and the result follows.

We extend the definition of a J-parameter system v = (vα)α∈ΦJ
to the affine root system as

such:

vα+kδ = vα if α ∈ ΦJ and k ∈ Z (4.3.1)

and vα+kδ = 1 if α + kδ /∈ ΦJ + Zδ. Recall from Section 4.2 that the J-straightening of a path
p is pJ .

Proposition 4.3.6. Let p be a J-folded alcove path and let v = (vα)α∈ΦJ
be a J-parameter

system. Then

QJ,v(p) = Q(pJ)
∏

α−kδ∈Φ̃+

v
cα,k(pJ )
α−kδ

where cα,k = #(crossing in p that occur on the hyperplane Hα,k) and Q(·) is as in Proposi-
tion 4.1.4 (note that the product has finitely many terms ̸= 1).
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Proof. By Proposition 4.2.5, under p 7→ pJ folds are mapped to folds. Furthermore, the J-affine
Weyl group W aff

J is type preserving, so i-folds are mapped to i-folds. This shows that∏
i∈{0}∪I

(qi − q−1
i )fi(p) =

∏
i∈{0}∪I

(qi − q−1
i )fi(pJ ) = Q(pJ).

It remains to prove that for p ∈ PJ(w⃗, v) we have∏
α∈Φ+

J

vbα(p)α =
∏

α−kδ∈Φ̃+

v
cα,k(pJ )
α−kδ .

Each crossing of a ΦJ + Zδ wall in pJ corresponds to a bounce on a wall of AJ in p. If the
crossing occurs on the hyperplane Hβ,k for β ∈ ΦJ then the bounce will occur on vHβ,k = Hβ′,r

for some v ∈W aff
J and β′ ∈ ΦJ with β′ the linear root of vβ. The result follows from Definition

4.3.1(1) and (4.3.1).

Recall the definition of the inverse alcove path of p, denoted p−1, from Section 4.2 (before
Proposition 4.2.7).

Proposition 4.3.7. If p is a J-folded alcove path, then QJ(p) = QJ(p
−1).

Proof. As in the proof of Proposition 4.2.7, set w⃗ = si1 · · · silσ, p = (v0, . . . , vl, vlσ) and p
−1 =

(v′0, . . . , v
′
l, v

′
lσ

−1) so v′k = τ−1
γ vl−kσ for 1 ≤ k ≤ l. Assume that (vk−1, vk) is a bounce in

p, so vk = vk−1. Thus, v′l−k = τ−1
γ vkσ = τ−1

γ vk−1σ. Let α ∈ ΦJ + Zδ be the affine root
associated to the hyperplane between vk−1A0 and vk−1skA0. The hyperplane between v′l−kA0

and v′l−ksσ−1(ik)A0 = τ−1
γ vk−1sikσA0 = τ−1

γ vk−1sikA0 has associated root

τ−1
γ α = t(−γ)(J)y(−γ)(J)α ∈ ΦJ + Zδ

by Lemma 2.3.4 and Corollary 2.3.10, since y(−γ)(J) ∈ WJ . By (4.3.1) and Definition 4.3.3 we
have that vα = vτ−1

γ α.

Now assume that (vk−1, vk) is a positive fold in p. This positive fold is of type ik. The
corresponding fold (v′l−k, v

′
l−k+1) in p−1 is of type σ−1(ik). By Convention 3.1.2 we have that

qi = qσ(i). Thus, QJ(p) = QJ(p
−1).

Let v = (vα)α∈ΦJ
be a J-parameter system. For γ ∈ P and y ∈WJ , define

vγ =
∏

α∈Φ+
J

v⟨γ,α⟩α and v(y) =
∏

α∈Φ(y)

vα. (4.3.2)

Note that for γ ∈ P ∩ V J we have vγ = 1 as ⟨γ, α⟩ = 0 for all α ∈ Φ+
J .

To prove the J-analogue to Proposition 4.1.4, stated in Theorem 5.3.2, we will need the
following properties of vγ and v(y).

Lemma 4.3.8. Let v be a J-parameter system. If γ ∈ P (J) and y ∈WJ then

v(yyγ) = vyγv(y).

Proof. From the definition of v(·) we have

v(yyγ)

v(y)
=

∏
α∈Φ(yyγ)

vα∏
α∈Φ(y) vα

=
∏

α∈Φ+
J

vσα
α , where σα =


1 if α ∈ Φ(yyγ)\Φ(y)
−1 if α ∈ Φ(y)\Φ(yyγ)
0 otherwise.
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Recall that J(γ) = {j ∈ J | ⟨γ, αj⟩ ≠ 0}, and so J\J(γ) = {j ∈ J | ⟨γ, αj⟩ = 0}. It follows from
Lemma 2.2.4 that

vyγ =
∏

α∈Φ+
J

v⟨γ,y
−1α⟩

α =
∏

α∈Φ+
J

vσ
′
α

α where σ′α =


1 if y−1α ∈ Φ+

J \ΦJ\J(γ)

−1 if y−1α ∈ (−Φ+
J )\ΦJ\J(γ)

0 if y−1α ∈ ΦJ\J(γ).

By Lemma 2.3.2 Φ(yγ) = Φ+
J \ΦJ\J(γ). For α ∈ Φ+

J we have

α ∈ Φ(yyγ)\Φ(y) ⇐⇒ y−1α > 0 and y−1
γ y−1α < 0

⇐⇒ y−1α ∈ Φ(yγ).

Furthermore,

α ∈ Φ(y)\Φ(yyγ) ⇐⇒ y−1α < 0 and y−1
γ y−1α > 0

⇐⇒ −y−1α ∈ Φ(yγ)

⇐⇒ y−1α ∈ (−Φ+
J )\ΦJ\J(γ).

Thus, σα = σ′α and the result follows.

Lemma 4.3.9. Let v be a J-parameter system, if j ∈ J then vα
∨
j = v2αj

.

Proof. Let K ∈ K(J) be the connected component with j ∈ K. Let vs be the constant value of
vβ for β ∈ ΦK,s and vl be the constant value of vβ′ for β′ ∈ ΦK,l. Then, we have

vα
∨
j =

∏
α∈Φ+

J

v
⟨α∨

j ,α⟩
α =

∏
α∈Φ+

K

v
⟨α∨

j ,α⟩
α = v

⟨α∨
j ,2ρ

′
K⟩

s v
⟨α∨

j ,2ρK⟩
l ,

where ρK , ρ
′
K are as in Section 1.4. The result follows from Lemma 1.4.5.

Lemma 4.3.10. Let K ∈ K(J) and let α ∈ Φ+
K be a long root of ΦK (with all roots long if ΦK

is simply-laced). Then vα
∨
v(sα)

−1 = vα.

Proof. Let w = sj1 · · · sjℓ ∈ WK be of minimal length subject to w−1α = αk for some k ∈ K.
Let β0 = α and define β1, . . . , βℓ ∈ ΦK by βr = sjrβr−1 for 1 ≤ r ≤ ℓ, and so βℓ = αk. If
βr ∈ Φ−

K then there exists 1 ≤ r′ < r such that βr′ = −αjr′ . As α, αk ∈ Φ+
K there also exists

r < r′′ ≤ ℓ such that βr′′ = αjr′′ and βr′′−1 = −αjr′′ . Let w
′ = sj1sj2 · · · ŝjr′ · · · ŝjr′′ · · · sjℓ be the

expression formed by removing sjr′ and sjr′′ from w = sj1 · · · sjℓ . Then w′−1α = αk contradicts
the minimality of w. Hence, β1, . . . , βℓ ∈ Φ+

K .
Since each βr is a long root of ΦK we have ⟨β∨r−1, αjr⟩ ∈ {−1, 0, 1} (see [7, VI, §1, Proposi-

tion 8]). As βr ∈ Φ+
K we have ⟨β∨r−1, αjr⟩ = 1 and so

β∨r = sjrβ
∨
r−1 = β∨r−1 − ⟨β∨r−1, αjr⟩α∨

jr = β∨r−1 − α∨
jr .

We claim that
vβ

∨
r v(sβr)

−1 = vα for 0 ≤ r ≤ ℓ.

We argue by downward induction on r. Let r = ℓ then βℓ = αk. By Lemma 4.3.9 we have

vα
∨
k v−1

αk
= vαk
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and the result follows as v(sk) = vαk
and vα = vαk

(by (1) of Definition 4.3.1).
As βr = sjrβr−1 we have that sβr−1 = sjrsβrsjr (with length adding). Hence, with β∨r−1 =

β∨r + α∨
jr
, we have

vβ
∨
r−1v(sβr−1)

−1 = vβ
∨
r vα

∨
jr v(sjrsβrsjr)

−1.

By (1.1.1), Φ(sjrsβrsjr) = {αjr} ∪ sjrΦ(sβr) ∪ {sjrsβrαjr} and by Definition 4.3.1(1), vαjr
=

vsjr sβrαjr
and vβ = vsjrβ for all β ∈ Φ(βr). Hence,

v(sjrsβrsjr) = v(sjr)
2v(sβr) = v2αjr

v(sβr).

Then
vβ

∨
r vα

∨
jr v(sjrsβrsjr)

−1 = vβ
∨
r vα

∨
jr v−2

αjr
v(sβr)

−1 = vβ
∨
r v(sβr)

−1

where the second equality follows from Lemma 4.3.9. The result follows by induction.

Lemma 4.3.11. Let v be a J-parameter system. If K ∈ K(J) and y ∈WJ then

v(y)

v(ysφK )
vyφ

∨
K =

{
vφK if yφK ∈ Φ+

J

v−1
φK

if yφK ∈ −Φ+
J .

Proof. The generators si for i ∈ K are commutative with all sj for j ∈ J\K. Therefore, we can
write y = y′yk where yk ∈Wk and y′ ∈WJ/Wk. Then

v(y)

v(ysφK )
=

∏
α∈Φ(y′) vα

∏
α∈Φ(yk)

vα∏
α∈Φ(y′) vα

∏
α∈Φ(yksφk

) vα
=

∏
α∈Φ(yk)

vα∏
α∈Φ(yksφk

) vα

and so we only need to consider y ∈WK .
Let α ∈ Φ+

K . If y−1α ̸= ±φK and y−1α ∈ Φ+
K then ⟨φ∨

K , y
−1α⟩ ∈ {0, 1} by [7, VI, §1.8,

Proposition 25(iv)]. Then, since sφK (y
−1α) = y−1α − ⟨φ∨

K , y
−1α⟩φK , we have that y−1α ∈

Φ(sφK ) if and only if ⟨φ∨
K , y

−1α⟩ = 1. If y−1α ∈ −Φ+
K then the same argument follows with

−y−1α and we have

⟨φ∨
K , y

−1α⟩ =


1 if y−1α ∈ Φ(sφK )

−1 if y−1α ∈ −Φ(sφK )

0 otherwise.

Let ϵ = 1 when yφK ∈ Φ+
K and ϵ = −1 when yφK ∈ −Φ+

K . Then,

vyφ
∨
K =

∏
α∈Φ+

K

v
⟨φ∨

K ,y−1α⟩
α = vϵφK

∏
α∈Φ+

K

vσα
α where σα =


1 if y−1α ∈ Φ(sφK )

−1 if y−1α ∈ −Φ(sφK )

0 otherwise.

as ⟨φ∨
K , φK⟩ = 2.

On the other hand, as in the proof of Lemma 4.3.8 we have

v(ysφK )

v(y)
=
∏

α∈Φ+
K

vσ
′
α

α , where σ′α =


1 if α ∈ Φ(ysφK )\Φ(y)
−1 if α ∈ Φ(y)\Φ(ysφK )

0 otherwise.
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The results follows by:

α ∈ Φ(ysφK )\Φ(y) ⇐⇒ y−1α ∈ Φ+
K and s−1

φK
y−1α ∈ −Φ+

K ⇐⇒ y−1α ∈ Φ(sφK ),

α ∈ Φ(y)\Φ(ysφK ) ⇐⇒ y−1α ∈ −Φ+
K and s−1

φK
y−1α ∈ Φ+

K ⇐⇒ y−1α ∈ −Φ(sφK ).

Lemma 4.3.12. Let w ∈ W̃ and i ∈ I ∪ {0}. Let u = θJ(w). Then

v(θJ(w))

v(θJ(wsi))
vwt(wsi)−wt(w) =


1 if usi ∈WJ

vuαi if usi /∈WJ and wA0
−|+wsiA0

v−1
uαi

if usi /∈WJ and wA0
+|−wsiA0.

Proof. The expression on the left hand side of the equation is invariant under replacing w with
tγw for any γ ∈ P , and orientation is preserved under translations. Therefore we can assume
without loss of generality that w ∈W0.

So w = yu ∈ W0 with y = θJ(w) and u = θJ(w). Suppose first that i ∈ I. If usi ∈ WJ

then usi ∈ JW and so θJ(wsi) = usi, and hence θJ(wsi) = y. The result follows as wt(wsi) =
wt(w) = 0. If usi /∈ WJ then usi = sju for a unique j ∈ J , and so θJ(wsi) = ysj . If
wA0

−|+wsiA0 then ℓ(wsi) = ℓ(w) − 1 (as w ∈ W0) which implies that ℓ(ysj) = ℓ(y) − 1. On
the other hand, if wA0

+|−wsiA0 then ℓ(wsi) = ℓ(w) + 1 which implies that ℓ(ysj) = ℓ(y) + 1.
By (1.1.1) we have Φ(ysj) = Φ(y) ∪ {yαj} if ℓ(ysj) = ℓ(y) + 1 and Φ(ysj) = Φ(y)\{ysjαj} if
ℓ(ysj) = ℓ(y)− 1. Thus, as wt(wsi) = wt(w) = 0,

v(θJ(w))

v(θJ(wsi))
vwt(wsi)−wt(w) =

v(y)

v(ysj)
=

v(y)

v(y)vϵyαj

= v−ϵ
yαj

where ϵ = 1 if ℓ(wsi) = ℓ(w) + 1 and ϵ = −1 if ℓ(wsi) = ℓ(w) − 1. By Definition 4.3.1(1) and
usiu

−1 = sj we have that vyαj = vαj = vuαi , and the result follows.

Suppose now that i = 0. If us0 ∈ WJ then tuφ∨usφ ∈ WJ and so uφ∨ ∈ P (J). By
Corollary 2.3.10, we then have θJ(us0) = yuφ∨ . Thus θJ(ws0) = yyuφ∨ and so, with wt(ws0) =
yuφ∨, we have

v(θJ(w))

v(θJ(wsi))
vwt(wsi)−wt(w) =

v(y)

v(yyuφ∨)
vyuφ

∨
,

and since uφ∨ ∈ P (J) the result follows by Lemma 4.3.8.
If us0 /∈ WJ then the wall between uA0 and us0A0 will be a ΦJ -wall. Therefore, uα0 ∈

ΦJ + Zδ. As α0 = −φ+ δ we have that uφ ∈ ΦJ .
As ws0 = tyuφ∨ysuφu we have that wt(ws0) = wφ∨ = yuφ∨ and θJ(ws0) = ysuφ (as

suφ ∈WJ as uφ ∈ ΦJ). Thus,

v(θJ(w))

v(θJ(wsi))
vwt(wsi)−wt(w) =

v(y)

v(ysuφ)
vyuφ

∨
.

By Lemma 2.1.2 we have that uφ = φK for someK ∈ K(J). Moreover wA0
−|+ws0A0 if and only

if wφ ∈ Φ+
J , if and only if yuφ = yφK ∈ Φ+

J . The result now follows from Lemma 4.3.11.



Chapter 5

H̃-modules and the path formula

In Chapter 2 we introduced the fundamental J-alcove AJ and its translation group TJ , and in
Chapter 4 we defined paths that remain within this J-alcove, and for each such path we assigned a
v-mass. In this chapter we use these properties to construct finite dimensional H̃ representations
(πJ,v,MJ,v), for each J-parameter system with J ⊆ I, and develop a combinatorial formula for
finding their matrix entries, the path formula. In [23, Theorem 7.2] and [22, Theorem 4.3],
Parkinson and Guilhot constructed path formulas for types G2 and C2 = B2 where the modules
were induced representations of H̃ from 1-dimensional representations of Levi subalgebras. They
used these path formulas to prove Lusztig’s conjectures P1-P15 (see Section 3.2) for the affine
cases G2 and C2 by proving that the corresponding representations formed a balanced system
of cell representations. In this chapter, we; construct modules inspired by the work of Lusztig
[34, Lemma 4.7] and Deodhar [9, Corollary 2.3], prove a path formula for the matrix entries of
these representations, and prove that they are isomorphic to the representations of H̃ induced
from particular 1-dimensional representations of Levi subalgebras (and thus, equivalent to the
representations of Parkinson and Guilhot in type G2 and C2). In Chapter 11 we show that these
representations form a balanced system of cell representations for Φ = An. Furthermore, in
Chapter 6 we use this combinatorial module to classify when (πJ,v,MJ,v) is a bounded matrix

representation of H̃.

In Section 5.1 we define MJ,v and prove that it is in fact a module of H̃. In Section 5.2 we
define Levi subalgebras associated to J ⊆ I and set up 1-dimensional representations of these
subalgebras. We then induce to a representation of H̃ and show that the action of this induced
module agrees with the action defined for MJ,v. The path formula is proven in Section 5.3. The
formula, in Theorem 5.3.3, describes each matrix entry of πJ,v as a sum over J-folded alcove
paths with coefficients given by the v-mass of each path. Finally, in Section 5.4 we prove the
irreducibility of the modules MJ,v by exploring their weight spaces.

To motivate the construction of MJ,v recall Lusztig’s periodic Hecke module M =
⊕

A∈A RA

(from [34, §3.2]) with basis indexed by alcoves of A (see Section 1.3) and H̃-action given by

(wA0) · Ti =

{
wsiA0 if wA0

−|+wsiA0

wsiA0 + (qi − q−1
i )wA0 if wA0

+|−wsiA0

for i ∈ I∪{0}. The construction ofMJ,v in Definition 5.1.1 takes this combinatorial construction
and incorporates the action of TJ on AJ , thus making the module finite dimensional.

60
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5.1 The module MJ,v

Let {ζi | i ∈ I} be a family of commuting invertible indeterminants. For γ =
∑

i∈I aiωi ∈ P
we write ζγ =

∏
i∈I ζ

αi
i . For J ⊆ I let IJ denote the ideal of the Laurent polynomial ring

R[{ζ±1
i | i ∈ I}] generated by ζα

∨
j − 1 for all j ∈ J . Let ζγJ = ζγ + IJ . In particular, note that

ζγJ = 1 for all γ ∈ QJ , and so ζγJ = ζγ
(J)

J for all γ ∈ P . We write

R[ζJ ] = R[{ζ±1
i | i ∈ I}]/IJ .

Recall from (4.3.1) that we extend the J-parameter family from Φ to Φ̃ by vα+kδ = vα for

α ∈ Φ and k ∈ Z. For u ∈ W̃ and i ∈ I ∪ {0} we denote u → usi as the crossing from uA0 to
usiA0 (‘crossing’ in terms of paths, see Section 4.1). We now define a module MJ,v motivated
by Lusztig’s periodic Hecke module but now incorporating the action of TJ on AJ .

Definition 5.1.1. Let J ⊆ I and let v be a J-parameter system. Denote MJ,v to be the module
over the ring R[ζJ ] with basis {mu | u ∈ JW}, and for i ∈ I ∪ {0} and σ ∈ Σ we define

mu · Ti =


ζ
wt(usi)
J mθJ (usi) if u→ usi is positive and usi ∈WJ

ζ
wt(usi)
J mθJ (usi) + (qi − q−1

i )mu if u→ usi is negative and usi ∈WJ

vuαimu if usi /∈WJ (hence uαi ∈ ΦJ + Zδ)

mu · Tσ = ζ
wt(uσ)
J mθJ (uσ).

We will show that the defined action in Definition 5.1.1 extends to a right action of H̃ on
MJ,v. To do so we define a linear map ϖJ,v : H̃ →MJ,v by linearly extending the definition

ϖJ,v(Xw) = (vζJ)
wt(w)v(θJ(w))

−1mθJ (w) (5.1.1)

for w ∈ W̃ .
We will use the following lemma to prove Proposition 5.1.3.

Lemma 5.1.2. Let w ∈ W̃ and i ∈ {0} ∪ I. Write u = θJ(w), and suppose that usi ∈ WJ .
Then w → wsi is a positive crossing if and only if u→ usi is a positive crossing.

Proof. Since usi ∈ WJ we have uαi /∈ ΦJ + Zδ. Suppose that w → wsi is positive, and so
wαi = −α + kδ ∈ −Φ+ + Zδ (recall (1.3.1)). Write w = tγyu with γ = wt(w), y = θJ(w), and
u = θJ(w). Then

uαi = y−1t−γ(wαi) = y−1t−γ(−α+ kδ) ∈ −y−1α+ Zδ.

As uαi /∈ ΦJ + Zδ we have that y−1α /∈ ΦJ . Then, as y ∈ WJ we have α /∈ ΦJ . This implies
that y−1α ∈ Φ+ as y ∈WJ cannot invert a root in Φ+\ΦJ . Hence, u→ usi is also positive.

Conversely, suppose that u → usi is positive. So uαi = −β + kδ with β ∈ Φ+, and since
usi ∈WJ we have β /∈ ΦJ . Then

wαi = tγyuαi = tγ(−yβ + kδ) ∈ −yβ + Zδ,

and since β /∈ ΦJ and y ∈WJ we have yβ > 0, hence the result.

Proposition 5.1.3. For i ∈ I ∪ {0} and σ ∈ Σ we have

ϖJ,v(hTi) = ϖJ,v(h) · Ti and ϖJ,v(hTσ) = ϖJ,v(h) · Tσ

for all h ∈ H̃ (with m · Ti and m · Tσ as in Definition 5.1.1 for m ∈MJ,v).
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Proof. By linearity it is sufficient to prove that ϖJ,v(XwTi) = ϖJ,v(Xw) · Ti and ϖJ,v(XwTσ) =

ϖJ,v(Xw) · Tσ for all w ∈ W̃ , i ∈ I ∪ {0} and σ ∈ Σ.
Consider the second formula. Let µ ∈ P be such that tµw ∈ WJ . Then θ(tµw) = θ(w) and

so by Corollary 2.3.10 and Lemma 4.3.8 we have

v(θJ(w)) = v(θJ(tµw)) = v(ywt(tµw)) = vwt(tµw) = vµ+wt(w).

As σA0 = A0 we have that tµwσ ∈ WJ and a similar argument shows that v(θJ(wσ)) =
vµ+wt(wσ). Hence

vwt(wσ)v(θJ(wσ))
−1 = v−µ = vwt(w)v(θJ(w))

−1.

Using this formula, along with the definition of ϖJ,v, we have

ϖJ,v(XwTσ) = ϖJ,v(Xwσ) = (vζJ)
wt(wσ)v(θJ(wσ))

−1mθJ (wσ)

= ζ
wt(wσ)−wt(w)
J (vζJ)

wt(w)v(θJ(w))
−1mθJ (wσ).

On the other hand,

ϖJ,v(Xw) · Tσ = (vζJ)
wt(w)v(θJ(w))

−1mθJ (w) · Tσ

= ζ
wt(θJ (w)σ)
J (vζJ)

wt(w)v(θJ(w))
−1mθJ (θJ (w)σ).

By Lemma 1.4.3(3) wt(wσ) = wt(w) + θJ(w)wt(θ
J(w)σ). As θJ(w) ∈ WJ we have wt(wσ) =

wt(w) + wt(θJ(w)σ) + γ for some γ ∈ QJ and we have ζwt(wσ)−wt(w) = ζ
wt(θJ (w)σ)
J as ζγJ = 1.

Then, as θJ(θJ(w)σ) = θJ(wσ), it follows that ϖJ,v(XwTσ) = ϖJ,v(Xw) · Tσ.
We now prove the first formula, ϖJ,v(XwTi) = ϖJ,v(Xw) · Ti. Write u = θJ(w). By Lemma

1.4.3(1) we have

θJ(wsi) = θJ(θJ(w)usi) = θJ(θJ(θJ(w))usi) = θJ(usi).

Since Ti = T−1
i + (qi − q−1

i ) we have XwTi = Xwsi if w → wsi is positive, and XwTi =
Xwsi + (qi − q−1

i )Xw if w → wsi is negative. Thus,

ϖJ,v(XwTi) =

{
(vζJ)

wt(wsi)v(θJ(wsi))
−1mθJ (usi) if ϵ = 1

(vζJ)
wt(wsi)v(θJ(wsi))

−1mθJ (usi) + (qi − q−1
i )(vζJ)

wt(w)v(θJ(w))
−1mu if ϵ = −1

where ϵ ∈ {−1, 1} is the sign of the crossing w → wsi.
We now compute ϖJ,v(Xw) · Ti. There are various cases to consider. We first note the

following universal fact: by Lemma 1.4.3(3) wt(wsi) = wt(w)+θJ(w)wt(usi) = wt(w)+wt(usi)+

γ for some γ ∈ QJ as θJ(w) ∈ JW and so ζwsi
J = ζ

wt(w)
J ζ

wt(usi)
J (as ζγJ = 1).

Case 1: Suppose that u → usi is positive and usi ∈ WJ . By Lemma 5.1.2 w → wsi is then
necessarily positive. We have that

ϖJ,v(Xw) · Ti = (vζJ)
wt(w)v(θJ(w))

−1mu · Ti
= (vζJ)

wt(w)ζ
wt(usi)
J v(θJ(w))

−1mθJ (usi)

= vwt(w)ζ
wt(wsi)
J v(θJ(w))

−1mθJ (usi).

By Lemma 4.3.12

vwt(w)v(θJ(w))
−1 = vwt(wsi)v(θJ(wsi))

−1 (5.1.2)



CHAPTER 5. H̃-MODULES AND THE PATH FORMULA 63

and the result, ϖJ,v(Xw) · Ti = ϖJ,v(XwTi), follows.

Case 2: Suppose that u→ usi is negative and usi ∈WJ . Then Lemma 5.1.2 gives that w → wsi
is also negative. We compute

ϖJ,v(Xw) · Ti = (vζJ)
wt(w)v(θJ(w))

−1mu · Ti
= (vζJ)

wt(w)v(θJ(w))
−1
[
ζ
wt(usi)
J mθJ (usi) + (qi − q−1

i )mu

]
= vwt(w)v(θJ(w))

−1ζ
wt(wsi)
J mθJ (usi) + (vζJ)

wt(w)v(θJ(w))
−1
(
qi − q−1

i )mu

and the result follows from (5.1.2).

Case 3: Suppose that usi /∈WJ . Then we have

ϖJ,v(Xw) · Ti = (vζJ)
wt(w)v(θJ(w))

−1vuαimu.

If i ∈ I, as usi /∈ WJ there exists a unique j ∈ J such that sju = usi and so θJ(usi) = u. If
i = 0 then us0 = tuφ∨suφu and as uαi ∈ ΦJ + Zδ we have suφ ∈ WJ and so again θJ(usi) = u.
As usi /∈ WJ , we have uαi ∈ ΦJ + Zδ. If u → usi is positive then this crossing occurs across a
hyperplane HφK ,1 for some connected component K ∈ K(J). As u ∈ W0, wt(usi) = φ∨

K ∈ QJ .
If u → usi is negative then this crossing occurs across a hyperplane Hαj ,0 for some j ∈ J and

so wt(usi) = 0. In both cases we have ζ
wt(wsi)
J = ζ

wt(w)
J ζ

wt(usi)
J = ζ

wt(w)
J . Thus the calculation

of ϖJ,v(XwTi) from above becomes

ϖJ,v(XwTi) =

{
vwt(wsi)ζ

wt(w)
J v(θJ(wsi))

−1mu if ϵ = 1[
vwt(wsi)ζ

wt(w)
J v(θJ(wsi))

−1 + (qi − q−1
i )(vζJ)

wt(w)v(θJ(w))
−1
]
mu if ϵ = −1,

where, as before, ϵ is the sign of the crossing w → wsi.
For ϵ = 1 we have ϖJ,v(Xw) · Ti = ϖJ,v(XwTi) as

vwt(w)v(θJ(w))
−1vuαi = vwt(wsi)v(θJ(wsi))

−1.

by Lemma 4.3.12.
Finally, consider ϵ = −1. We claim that vuαi − qi + q−1

i = v−1
uαi

. As u ∈ JW but usi /∈ WJ

we have that either uαi = αj for some j ∈ J or uαi = φK + δ for some K ∈ K(J). In the first
case, by Proposition 3.1.1 we have that qi = qj and so vuαi ∈ {qi,−q−1

i } and the claim holds.
In the latter case there exists k ∈ K and y ∈WK such that yαk = φK . Thus, by Lemma 1.2.2,
αi is conjugate to αk + δ which is conjugate to αk. Thus, vuαi ∈ {qi, q−1

i } and the claim also
holds in this case.

By Lemma 4.3.12 we have

vwt(w)v(θJ(w))
−1v−1

uαi
= vwt(wsi)v(θJ(wsi))

−1

and so

vwt(w)sv(θJ(w))
−1vuαi = vwt(w)v(θJ(w))

−1(v−1
uαi

+ (qi − q−1
i ))

= vwt(wsi)v(θJ(wsi))
−1 + vwt(w)v(θJ(w))

−1(qi − q−1
i ).

The required result, ϖJ,v(Xw) · Ti = ϖJ,v(XwTi), follows.
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Theorem 5.1.4. The action in Definition 5.1.1 extends to a right action of H̃ on the module
MJ,v.

Proof. It is sufficient to check that the relations (for i, j ∈ I ∪ {0}, σ, σ′ ∈ Σ)
TiTjTi · · · = TjTiTj · · · with mi,j terms on either side

T 2
i = Te + (qi − q−1

i )Ti

TσTi = Tσ(i)Tσ

TσTσ′ = Tσσ′

are respected by the proposed action (where mi,j is the order of sisj in W ). First note that for
u ∈ JW we have ϖJ,v(Xu) = mu as wt(u) = 0 and θJ(u) = e. For the first relation (the braid
relation) we have

ϖJ,v(XuTiTjTi · · · ) = (· · · (((mu · Ti) · Tj) · Ti) · · · )
ϖJ,v(XuTjTiTj · · · ) = (· · · (((mu · Tj) · Ti) · Tj) · · · )

by Proposition 5.1.3. The braid relation is then satisfied by the action as ϖJ,v(XuTiTjTi · · · ) =
ϖJ,v(XuTjTiTj · · · ).

The remaining relations follow similarly: For T 2
i = Te + (qi − q−1

i )Ti, as ϖJ,v is linear, we
have

((mu · Ti) · Ti) = ϖJ,v(XuTiTi)

= ϖJ,v(XuTe) + (qi − q−1
i )ϖJ,v(XuTi)

= mu · Te + (q − q−1)mu · Ti.

For TσTi = Tσ(i)Ti we have

(mu · Tσ) · Ti = ϖJ,v(XuTσTi) = ϖJ,v(XuTσ(i)Tσ) = (mu · Tσ(i)) · Tσ.

Lastly, for TσTσ′ = Tσσ′ we have

(mu · Tσ) · Tσ′ = ϖJ,v(XuTσTσ′) = ϖJ,v(XuTσσ′) = mu · Tσσ′ .

Corollary 5.1.5. The map ϖJ,v : H̃ →MJ,v satisfies

ϖJ,v(hh
′) = ϖJ,v(h) · h′ for all h, h′ ∈ H̃.

Proof. This is immediate from Theorem 5.1.4.

5.2 Levi subalgebras and induced representations

In this section we define Levi subalgebras, form H̃-modules induced from 1-dimensional repre-
sentations of these subalgebras and show that the induced representations are isomorphic to the
modules of the form MJ,v constructed in Section 5.1. In fact, we show that all representations

of H̃ induced from 1-dimensional representations of Levi subalgebras can be linked to modules
of the form MJ,v.
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The J-Levi subalgebra LJ is the subalgebra of the extended Hecke algebra H̃ generated by
Tj , j ∈ J , and Xγ , γ ∈ P .

Let ϖJ,v be as in Section 5.1. By Corollary 5.1.5, we have that ϖJ,v(Xw) = me · Xw for

all w ∈ W̃ . Particularly, we have me · Xγ = (vζJ)
γme for all γ ∈ P and me · Tj = vαjme for

all j ∈ J . Therefore, R[ζJ ]me is stable under the action of LJ and we can construct a map
ψJ,v : LJ → R[ζJ ] by

me · h = ψJ,v(h)me for h ∈ LJ .

Recall the definition of τγ and yγ for γ ∈ P from Definition 2.3.1.

Proposition 5.2.1. We have the following.
(1) The map ψJ,v is a 1-dimensional representation of LJ .
(2) ψJ,v(Tj) = vαj ∈ {qj ,−q−1

j } for all j ∈ J .
(3) ψJ,v(Ty) = v(y) for all y ∈WJ .
(4) ψJ,v(X

γ) = vγζγJ for all γ ∈ P .
(5) ψJ,v(X

α∨
j ) = ψJ,v(Tj)

2.
(6) ψJ,v(Tyγ ) = vγ for all γ ∈ P (J).

(7) ψJ,v(Xτγ ) = ζγJ for all γ ∈ P (J).

Proof. (2) and (4) were shown above (as vαj ∈ {qj , q−1
j } by 4.3.1). (1) follows from Corollary

5.1.5 as the relations between generators of LJ will be satisfied by the action. For (3) let y =
si1si2 · · · siℓ with ij ∈ J . Then, by the definition of the action we have me ·Ty =

∏
1≤j≤ℓ vαij

me.

As y ∈ W0 we have that Φ(y) = {αi1 , si1αi2 , . . . , si1 · · · siℓ−1
αiℓ} (by (1.1.1)) and by Definition

4.3.1(1) vαij
= vsi1 ···sij−1

αij
. Therefore

me · Ty =
∏

1≤j≤ℓ

vαij
me = v(y)me

and the result follows.
For (5), the Berstein relation (see 4.1.3) gives that

TjX
ωj = Xωj−α∨

j Tj + (qj − q−1
j )Xωj

and so, as T−1
j = Tj − (qj − q−1

j )Te, we have T−1
j Xωj = Xωj−α∨

j Tj . By (1), this then implies

that ψJ,v(X
α∨
j ) = ψJ,v(Tj)

2.
(6) follows from (3) and the fact that v(yγ) = vγ (by Lemma 4.3.8 setting y = e). For (7),

me ·Xτγ = ϖ(Xτγ ) = (vζJ)
γv(yγ)

−1me = ζγJme

as v(yγ) = vγ .

Lemma 5.2.2. Let K ∈ K(J) and let α ∈ Φ+
K be a long root of ΦK (with all roots long if ΦK

is simply-laced). Then ψJ,v(X
α∨
T−1
sα ) = vα.

Proof. By (3) and (4) of Proposition 5.2.1 we have

ψJ,v(X
α∨
T−1
sα ) = vα

∨
ζα

∨
J v(sα)

−1.

The result follows by Lemma 4.3.10 and as ζα
∨

J = 1 (as α ∈ ΦJ).
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From Section 2.1, recall the definitions of W aff
J and its generating set {s′j | j ∈ Jaff} = {sj |

j ∈ J} ∪ {sφK ,1 | K ∈ K(J)}. For this generating set, we notate the corresponding elements of

H̃ by
T ′
j = Tj and T ′

0K
= Xφ∨

KT−1
sφK

for j ∈ J and K ∈ K(J) and denote the subalgebra of H̃ generated by these elements as Haff
J .

By 2.1.3, we have that Haff
J =

∏
K∈K(J)Haff

K where Haff
K is the affine Hecke algebra of type W aff

K .

As sφK ∈WJ for all K ∈ K(J), we have that Haff
J is a subalgebra of LJ .

Corollary 5.2.3. The restriction of ψJ,v to Haff
J is a 1-dimensional representation of Haff

J where

ψJ,v(T
′
j) = vαj and ψJ,v(T

′
0K

) = vφK

for j ∈ J and K ∈ K(J).

Proof. This follows directly from the fact that Haff
J is a subalgebra of LJ , Proposition 5.2.1 and

Lemma 5.2.2.

Let ξJ,v be the generator of the 1-dimensional LJ module R[ζJ ]ξJ,v such that

ξJ,v · h = ψJ,v(h)ξJ,v

for all h ∈ LJ . Notate
M ′

J,v = IndH̃LJ
(ψJ,v) = (R[ζJ ]ξJ,v)⊗LJ

H̃

to be the H̃ module induced from R[ζJ ]ξJ,v.

Proposition 5.2.4. The module M ′
J,v has basis {ξJ,v ⊗Xu | u ∈W J}.

Proof. Since {Xw | w ∈ W̃} is a basis of H̃ the set {ξJ,v ⊗Xw | w ∈ W̃} spans M ′
J,v.

By 4.1.2, for w ∈ W̃ we have Xw = XγT−1
u−1 where γ = wt(w) and u = θ(w). Furthermore,

letting u1 = θJ(w) and u2 = θJ(w) we have

ξJ,v ⊗Xw = ξJ,v ⊗XγT−1

u−1
1

T−1

u−1
2

= ψJ,v(X
γT−1

u−1
1

)(ξJ,v ⊗Xu2)

as XγT−1

u−1
1

∈ LJ . ThusM ′
J,v is spanned by {ξJ,v⊗Xu | u ∈W J}, and these elements are linearly

independent as {XγT−1
v−1T

−1
u−1 | γ ∈ P, v ∈WJ , u ∈W J} is a basis of H̃.

Let (πJ,v,MJ,v) denote the representation of H̃ defined in Definition 5.1.1 and (π′J,v,M
′
J,v)

denote the representation of H̃ induced from the 1-dimensional representation of LJ with mul-
tiplicative character ψJ,v. We write [πJ,v(h)]u,v for the (u, v)-th entry (with u, v ∈ JW ) of the
matrix πJ,v(h) with respect to the basis {mu | u ∈ JW}, similarly for [π′J,v(h)]u,v with respect

to the basis {ξJ,v ⊗Xu | u ∈ JW}.

Theorem 5.2.5. We have MJ,v
∼=M ′

J,v. Moreover

[πJ,v(h)]u,v = [π′J,v(h)]u,v for all h ∈ H̃ and u, v ∈W J ,

where MJ,v and M ′
J,v are endowed with the bases {mu | u ∈ W J} and {ξJ,v ⊗ Xu | u ∈ W J}

respectively.
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Proof. We will show that the action of Ti (i ∈ I ∪ {0}) and Tσ (σ ∈ Σ) on M ′
J,v with respect to

the basis {ξJ,v ⊗Xu | u ∈ JW} agrees with the action defined in Definition 5.1.1. First we will

consider the action of Tσ. As σA0 = A0 we have that uσ ∈ WJ . Thus by Corollary 2.3.10 we
have that

(ξJ,v ⊗Xu) · Tσ = ξJ,v ⊗Xuσ = ξJ,v ⊗Xτwt(uσ)
XθJ (uσ) = ψJ,v(Xτwt(uσ)

)ξJ,v ⊗XθJ (uσ)

and the result follows by Proposition 5.2.1.
Now we consider the action of Ti with i ∈ I ∪ {0}. There are three cases:

Case 1: Suppose that uA0
−|+usiA0 with usi ∈ WJ . As u → usi is a positive crossing, by

definition XuTi = Xusi (see 4.1.1) and so

(ξJ,v ⊗Xu) · Ti = ξJ,v ⊗Xusi .

For i ∈ I this gives the result. Consider i = 0. By Corollary 2.3.10 we have us0 = τwt(us0)θ
J(us0)

where wt(us0) = uφ∨. Hence,

ξJ,v ⊗Xus0 = ξJ,sv ⊗Xτuφ∨XθJ (us0) = ψJ,v(Xτuφ∨ )ξJ,v ⊗XθJ (us0)

and ψJ,v(Xτuφ∨ ) = ζuφ
∨

J by Proposition 5.2.1 completes this case.

Case 2: Suppose that uA0
+|−usiA0 with usi ∈WJ . As u→ usi is a negative crossing we have

XuT
−1
i = Xusi . Therefore, as Ti = T−1

i + (qi − q−1
i )Te

(ξJ,v ⊗Xu) · Ti = (ξJ,v ⊗Xu) · T−1
i + (qi − q−1

i )(ξJ,v ⊗Xu)

= ξJ,v ⊗Xusi + (qi − q−1
i )ξJ,v ⊗Xu.

If i ∈ I the result is proved. If i = 0 then, as in the previous case,

ξJ,v ⊗Xus0 = ζuφ
∨

J ξJ,v ⊗XθJ (us0)

and the result is proved for this case.

Case 3: Suppose that usi /∈ WJ . If i ∈ I there exists a unique j ∈ J such that sju = usi, the
crossing u→ usi occurs across the hyperplane Hαj ,0 and u→ usi is negative. Hence,

(ξJ,v ⊗Xu) · Ti = ξJ,v ⊗Xusi + (qi − q−1
i )ξJ,v ⊗Xu

= ψJ,v(T
−1
j )ξJ,v ⊗Xu + (qi − q−1

i )ξJ,v ⊗Xu

= (v−1
αj

+ qi − q−1
i )ξJ,v ⊗Xu

= vαjξJ,v ⊗Xu

and the result follows as uαi = αj .
If i = 0 then uα0 = φk + δ for some k ∈ K(J) and u → usi is positive. We have that

us0 = sφK ,1u = tφ∨
K
sφKu and so

XuT0 = Xus0 = Xtφ∨
K
sφK

u = XφKXsφK
u.

We claim that XsφK
u = T−1

sφK
Xu. Let p be the straight path of type u⃗ from e to u where u⃗ is a

reduced expression. As u ∈ W0 all crossings in p are negative. Then sφKp is a path from sφK

to sφKu. As u ∈WJ , path p does not cross any hyperplanes of the type Hα,k with α ∈ Φ+
J and
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k ∈ Z. As Φ(sφK ) ⊆ Φ+
J , the negative crossings in p are mapped to negative crossings in sφKp

(by (1.3.1)). Therefore, as sφK ∈W0 we have

XsφK
u = XsφK

Xu = T−1
sφK

Xu.

Since φK is long in ΦK , with Lemma 5.2.2 we have

ξJ,v ⊗Xu · T0 = ξJ,v ⊗Xφ∨
KT−1

sφK
Xu

= ψJ,v(X
φ∨
KT−1

sφK
)ξJ,v ⊗Xu

= vφKξJ,v ⊗Xu

and the result follows from (4.3.1) and as uα0 = φK + δ.

Remark 5.2.6. If J = ∅, then v is vacuous and (π′∅,v,M
′
∅,v) is the principal series representation

of H̃ over the ring R[ζ±1
1 , . . . , ζ±1

n ] with central character ζ (note that ζγJ = ζγ for all γ ∈ P ).

Remark 5.2.7. Up to specialising the ‘variables’ ζi and extending scalars, all representations
of H̃ induced from 1-dimensional representations of Levi subalgebras can be realised by the con-
struction given in Definition 5.1.1. To see this let ψ : LJ → R′ be a 1-dimensional representation
of LJ over an integral domain R′ that contains R. For α ∈ ΦJ define vα = ψ(Tj) when α ∈WJαj

for j ∈ J . Furthermore, define z : P → R′ by zγ = v−γψ(Xγ) where v−γ is as in (4.3.2). The
relations of H̃ (see (3.1.1)) force ψ(Tj) ∈ {qj ,−q−1

j }. If α, β ∈ ΦJ are conjugate then there
exists some u ∈WJ such that usα = sβu. Thus,

ψ(u)ψ(sα) = ψ(sβ)ψ(u) =⇒ ψ(sα) = ψ(sβ)

and so v is a J-parameter system (see Definition 4.3.1). Furthermore, by Proposition 5.2.1 and
as ζγJ = 1 for all γ ∈ QJ we have that zγ = 1 for all γ ∈ QJ .

After extending R′ to a ring R′′ if necessary, one can choose a specialisation ζi 7→ zi ∈ R′′ such
that ζγJ = zγ for all γ ∈ P . By Theorem 5.2.5 we have that MJ,v (created using the construction

in Definition 5.1.1) specialises to IndH̃LJ
(ψ) (extending scalars if necessary).

5.3 The path formula

In this section we construct an explicit combinatorial formula for the matrix entries of πJ,v :

H̃ → MJ,v. The formula is a sum over J-folded paths from Section 4.2, of ζγ terms, with path
v-mass coefficients (see Section 4.3). The formula is the culmination of Chapter 2, Chapter 4,
Section 5.1 and Section 5.2. We prove the formula for the basis {mu | u ∈ JW} and then expand
to prove it for bases of the form BF = {ϖJ,v(Xu) | u ∈ F} where F is a fundamental domain for
the action of TJ on WJ .

Recall from 5.2 that (πJ,v,MJ,v) denotes the representation of H̃ defined in Definition 5.1.1

and, for h ∈ H̃, [πJ,v(h)]u,v denotes the (u, v)-th entry of the matrix of πJ,v(h) with respect to
the basis {mu | u ∈ JW}.

We will need the following lemma to prove Theorem 5.3.2.

Lemma 5.3.1. If a hyperplane H ∈ H contains panels of type i and j then qi = qj.



CHAPTER 5. H̃-MODULES AND THE PATH FORMULA 69

Proof. Let v, w ∈ W such that vA0 ∩ vsiA0 and wA0 ∩ wsjA0 are panels of H of type i and
j respectively. It is equivalent to instead consider the hyperplane, H ′, that contains panels
A0 ∩ siA0 and uA0 ∩ usjA0 where u = v−1w (applying v−1 to v and w). In addition, we can
assume that eA0 and wA0 lie on the same side of H ′ (otherwise we could switch the roles of w
and wsj). Therefore, ℓ(wsj) = ℓ(w) + 1 and we are in the following situation:

A0 siA0

wA0 wsjA0

w⃗ w⃗

H ′

Hence, wsj = siw and so si is conjugate to sj in W̃ . The result follows by Proposition 3.1.1.

We now state the J-analogue of the multiplication formula of Ram, Proposition 4.1.4. This
Theorem is the main step to proving the path formula in Theorem 5.3.3.

Theorem 5.3.2. For u ∈ JW and w ∈ W̃ we have

ϖJ,v(XuTw) =
∑

p∈PJ (w⃗,u)

QJ,v(p)ϖJ,v(Xend(p)),

where w⃗ is any reduced expression for w.

Proof. As in the proof of Proposition 4.1.4, we will induct on ℓ(w). For the base case let
ℓ(w) = 0, that is w = σ for some σ ∈ Σ. There is only one path, denote it p. By Definition
5.1.1, Proposition 5.1.3 and (5.1.1) we have

ϖJ,v(XuTσ) = ϖ(Xu) · Tσ = mu · Tσ = ζ
wt(uσ)
J mθJ (uσ)

Furthermore, by (5.1.1) we have

ϖJ,v(Xend(p)) = ϖJ,v(Xuσ) = ζ
wt(uσ)
J,v vwt(uσ)v(θJ(uσ))

−1mθJ (uσ)

and the base case result follows as vwt(uσ)v(θJ(uσ))
−1 = vwt(u)v(θJ(u))

−1 by the proof of Propo-
sition 5.1.3 and the fact that vwt(u)v(θJ(u))

−1 = 1 as u ∈ JW .
Suppose that k ∈ I ∪ {0} such that ℓ(wsk) = ℓ(w) + 1. By the inductive hypothesis

ϖJ,v(XuTwsk) = ϖJ,v(XuTwTk) = ϖJ,v(XuTw) · Tk =
∑

p∈PJ (w⃗,u)

QJ,v(p)ϖJ,v(Xend(p)Tk).

Let p ∈ PJ(w⃗, u) and v = end(p). There are 4 cases to consider for the crossing v → vsk.

Case 1: Let vA0
−|+vskA0 and vsk ∈ WJ . Then v → vsk is positive and so XvTk = Xvsk . Let

pc+k be the path p concatenated with the positive crossing v → vsk. We have

QJ,v(pc
+
k ) = QJ,v(p) and end(pc+k ) = vsk
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and so,
QJ,v(p)ϖJ,v(XvTk) = QJ,v(pc

+
k )ϖJ,v(Xend(pc+k ))

completing this case.

Case 2: Suppose vA0
+|−vskA0 and vsk ∈WJ . As v → vsk is negative we have Xvsk = XvT

−1
k

and so
XvTk = Xvsk + (qk − q−1

k )Xv.

Let pc−k be the path p concatenated with the negative crossing v → vsk and pfk be the path p
concatenated with a k-fold on the panel vA0 ∩ vskA0. By the definition of the v-mass we have

QJ,v(pfk) = (qk − q−1
k )QJ,v(p) and QJ,v(pc

−
k ) = QJ,v(p)

and so,

QJ,v(p)ϖJ,v(XvTk) = QJ,v(p)ϖJ,v(Xvsk) + (qk − q−1
k )QJ,v(p)ϖJ,v(Xv)

= QJ,v(pc
−
k )ϖJ,v(Xend(pc−k )) +QJ,v(pfk)ϖJ,v(Xend(pfk))

as end(pc−k ) = vsk and end(pfk) = v.

Case 3: Let vA0
−|+vskA0 and vsk /∈ WJ . By Lemma 2.1.2 the panel vA0 ∩ vskA0 is on a

hyperplane of type HφK ,1 with K ∈ K(J). Then vsk = sφK ,1v, and as v → vsk is positive we
have

XvTk = Xvsk = Xtφ∨
K
sφK

v = Xφ∨
KXsφK

v.

By a similar argument as in Case 3 of the proof of Theorem 5.2.5 we have that XsφK
v = T−1

sφK
Xv

(this time also noting that positive crossings of p are mapped to positive crossings of sφKp
′ where

p′ is a path from e to v of type v⃗, reduced). Let pb−φK
be the path p concatenated with the

negative bounce occurring on HφK ,1, then

QJ,v(pb
−
φK

) = vφKQJ,v(p) and end(pb−φK
) = v.

As φK is long in ΦK and as Xφ∨
KT−1

sφK
∈ LJ , Lemma 5.2.2 gives

QJ,v(p)ϖJ,v(XvTk) = QJ,v(p)ϖJ,v(X
φ∨
KT−1

sφK
Xv)

= QJ,v(p)ψJ,v(X
φ∨
KT−1

sφK
ϖJ,v(Xv)

= QJ,v(p)vφKϖJ,v(Xv)

= QJ,v(pb
−
φK

)ϖJ,v(Xend(pb−φK
)).

Case 4: Let vA0
+|−vskA0 and vsk /∈ WJ . By Lemma 2.1.2 the panel vA0 ∩ vskA0 is on a

hyperplane Hαj ,0 for the unique j ∈ J such that vsk = sjv. As v → vsk is a negative crossing

we have that XvTk = Xvsk +(qk−q−1
k )Xv = Xsjv+(qk−q−1

k )Xv. We claim that Xsjv = T−1
sj Xv.

Let v⃗ be a reduced expression of v and let p be the path of type v⃗ from e to v. The reflection
of p in sj , sjp, is a path from sj to sjv. As v ∈ WJ , path p does not contain any crossings on
hyperplanes of type Hα,k for α ∈ ΦJ and k ∈ Z. Furthermore, as Φ(sj) = {αj} ⊆ Φ+

J a negative
(respectively positive) crossing in p is mapped to a negative (respectively positive) crossing in
sjp (see (1.3.1)). Hence, Xsjv = XsjXv = T−1

j Xv as sj ∈W0.
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Let pb+αj
be the path p concatenated with the positive bounce occurring on Hαj ,0, then

QJ,v(pb
+
αj
) = vαjQJ,v(p) and end(pb+αi

) = v.

Therefore, as T−1
j ∈ LJ we have

ϖJ,v(XvTk) = ϖJ,v(Xsjv) + (qk − q−1
k )ϖJ,v(Xv) = (ψJ,v(Tj)

−1 + qk − q−1
k )ϖJ,v(Xv).

By Proposition 5.2.1 and Lemma 5.3.1 (as panels of type j and type k occur on Hαj ,0) we have

ψJ,v(Tj)
−1 + qk − q−1

k = vαj + qj − q−1
j = vαj .

Hence,
QJ,v(p)ϖJ,v(XvTk) = vαjQJ,v(p)ϖ(Xv) = QJ,v(pb

+
αj
)ϖJ,v(Xend(pb+αj

).

The result follows by induction.

Theorem 5.3.3. Let w ∈ W̃ . The matrix entries of πJ,v(Tw) with respect to the basis {mu |
u ∈ JW} are

[πJ,v(Tw)]u,v =
∑

{p∈PJ (w⃗,u) | θJ (p)=v}

QJ,v(p)ζ
wt(p)
J for u, v ∈ JW,

where w⃗ is any choice of reduced expression for w.

Proof. By Corollary 2.3.10 and (4.1.2) we have that

Xend(p) = Xwt(p)T−1

y−1
wt(p)

T−1
θJ (p)−1 .

Then by Theorem 5.3.2, Proposition 5.2.1 and (5.1.1)

mu · Tw = ϖJ,v(Xu) · Tw =
∑

p∈PJ (w⃗,u)

QJ,v(p)ϖJ,v(X
wt(p)T−1

y−1
wt(p)

T−1
θJ (p)−1)

=
∑

p∈PJ (w⃗,u)

QJ,v(p)ψJ,v(X
wt(p)T−1

y−1
wt(p)

)ϖJ,v(T
−1
θJ (p)−1)

=
∑

p∈PJ (w⃗,u)

QJ,v(p)ζ
wt(p)
J ϖJ,v(XθJ (p))

=
∑

p∈PJ (w⃗,u)

QJ(p)ζ
wt(p)
J mθJ (p)

as Xwt(p)T−1

y−1
wt(p)

∈ LJ , completing the proof.

It is sometimes useful to work with a different fundamental domain F for the action of TJ

onto WJ . In the following proposition and theorem we will show that changing the fundamental
domain still gives a basis of MJ,v and that the path formula still holds.

Proposition 5.3.4. If F is a fundamental domain for the action of TJ on WJ then

BF = {ϖJ,v(Xu) | u ∈ F}

is a basis of MJ,v.
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Proof. When F = JW the statement is true by the construction ofMJ,v in Definition 5.1.1. Now
consider a general fundamental domain F for the action of TJ on WJ . By Corollary 2.3.10 and
as u ∈WJ , for u ∈ F we have u = τwt(u)θ

J(u).
By Proposition 5.2.1 and Proposition 5.1.3

ϖJ,v(Xu) = ϖJ,v(Xτwt(u)
XθJ (u))

= me ·Xτwt(u)
XθJ (u)

= ζ
wt(u)
J me ·XθJ (u)

= ζ
wt(u)
J ϖJ,v(XθJ (u))

and so, BF is a basis of MJ,v.

Recall the definitions of θ(p,F) and wt(p,F) from (4.2.1).

Theorem 5.3.5. Let F be a fundamental domain for the action of TJ on WJ . With respect to
the basis BF of MJ,v from Proposition 5.3.4, the matrix entries of πJ,v(Tw), with w ∈ W̃ , are

[πJ,v(Tw)]u,v =
∑

{p∈PJ (w⃗,u) | θ(p,F)=v}

QJ,v(p)ζ
wt(p,F)
J for u, v ∈ F,

where w⃗ is any choice of reduced expression for w.

Proof. As F is a fundamental domain of the action of TJ on WJ , for all u ∈ F we can write
u = τwt(u)θ

J(u) (see Corollary 2.3.10). In addition, by the proof of Proposition 5.3.4 we have

that ϖJ,v(Xu) = ζ
wt(u)
J ϖJ,v(XθJ (u)). Changing bases in Theorem 5.3.3 gives

[πJ,v(Tw)]u,v =
∑

{p∈PJ (w⃗,θJ (u))|θ(p,JW )=θJ (v)}

QJ,v(p)ζ
wt(p)+wt(u)−wt(v)
J .

Using Lemma 4.2.4 and Lemma 4.3.5 we have that QJ,v(τwt(u) · p) = QJ,v(p) and ζ
wt(τwt(u)·p)
J =

ζ
(wt(u)+wt(p))(J)

J = ζ
wt(u)+wt(p)
J . It then follows that

[πJ,v(Tw)]u,v =
∑

{p∈PJ (w⃗,θJ (u))|θ(p,JW )=θJ (v)}

QJ,v(τwt(u) · p)ζ
wt(τwt(u)·p)−wt(v)

J

=
∑

{p∈PJ (w⃗,u) | θ(p,F)=v}

QJ,v(p)ζ
wt(p)−wt(v)
J ,

taking τwt(u) · p 7→ p in the sum for the second equality. The result follows as wt(p,F) =
wt(p)− wt(v) when v = θ(p,F).

Example 5.3.6. Let Φ = G2 and J = {1}, so Φ+
J = {α1}. Let L(s1) = a and L(s2) = L(s0) = b

and so by Definition 4.3.1 the options for the J-parameter system are vα1 ∈ {qa,−q−a}. As
α∨
1 = 2ω1 − 3ω2, we have

R[ζJ ] = R[ζ±1
1 , ζ±1

2 ]/(ζ21ζ
−3
2 − 1).

By Example 2.3.12 the elements of P (J) are of the form kω2 + ω1 and kω2 for all k ∈ Z.
Let z = ζ−1

1 ζ22 + IJ = ζ1ζ
−1
2 + IJ , and thus ζkω2

J = z2k and ζkω2+ω1
J = z2k+3. Consider
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w⃗ = s0s2s1s2s1 ∈ W̃ and u = s2s1s2s1s2. Figure 5.1 displays the paths in the set PJ(w⃗, u).
From these paths and Theorem 5.3.3 we have

[πJ,v(Tw)]u,e = (qb − q−b)2v2α1
z−2 + (qa − q−a)vα1z

−2

[πJ,v(Tw)]u,s2 = (qb − q−b)v2α1
z−2

[πJ,v(Tw)]u,s2s1 = (qb − q−b)vα1z
−2 + (qb − q−b)vα1

[πJ,v(Tw)]u,s2s1s2 = vα1z
−2

[πJ,v(Tw)]u,s2s1s2s1 = [πJ,v(Tw)]u,s2s1s2s1s2 = 0

This gives the 6-th row of πJ,v(Tw). Paths of type w⃗ beginning at the remaining u ∈ JW can
similarly be found. The complete matrix of πJ,v(Tw) is

0 0 vα1z
2 0 0 0

(qa − q−a)z 0 (qb − q−b)z 0 vα1z 0

z 0 0 0 0 0

(qb − q−b)z−1+
(qb − q−b)(qa − q−a)+

(qa − q−a)(qb − q−b)vα1z
−1

(qa − q−a)vα1z
−1 (qa − q−a)z−1+

(qb − q−b)2
0

(qb − q−b)z−1+
(qb − q−b)vα1

z−1

(qb − q−b)vα1z
−1+

(qb − q−b)
vα1z

−1 0 0 0 0

(qb − q−b)2v2α1
z−2+

(qa − q−a)vα1z
−2 (qb − q−b)v2α1

z−2 (qb − q−b)vα1z
−2+

(qb − q−b)vα1

vα1z
−2 0 0



−ω2

ω1 − ω2

ω1 − 2ω2

e

• •

• •

• •

• •

e

• •

• •

• •

• •

e

• •

• •

• •

• •

e

• •

• •

• •

• •
e

• •

• •

• •

• •

e

• •

• •

• •

• •
Figure 5.1: The set PJ(s0s1s2s1s2, s2s1s2s1s2) for Φ = G2 and J = {1}
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Define a conjugation map conj : R[ζJ ]→ R[ζJ ] by linearly extending conj(ζγJ ) = ζ−γ
J . We can

then define an anti-involution ∗ on πJ,v(H̃) by transposing the matrix πJ,v(h) and performing

conjugation entry-wise, where h ∈ H̃. Recall that the usual anti-involution on H̃ (defined in
Section 3.4) is the R-linear extension of T ∗

w = Tw−1 . The following lemma, that explains the
relation between the usual anti-involution and the anti-involution on our matrices, will be used
in Part II.

Lemma 5.3.7. For all h ∈ H̃ we have πJ,v(h
∗) = πJ,v(h)

∗.

Proof. It is equivalent to prove πJ,v(h) = πJ,v(h
∗)∗, and it is sufficient to prove this for h = Tw

with w ∈ W̃ . By Theorem 5.3.3, Proposition 4.2.7 and Proposition 4.3.7 we have

[πJ,v(Tw)]u,v =
∑

{p∈PJ (w⃗,u)|θJ (p)=v}

QJ(p)ζ
wt(p)
J =

∑
{p∈PJ (rev(w⃗),v)|θJ (p)=u}

QJ(p)ζ
−wt(p)
J ,

and the latter sum equals [πJ,v(T
∗
w)

∗]v,u.

5.4 Intertwiners and the irreducibility of MJ,v

In this final section of Chapter 5 we prove the irreducibility of the modules MJ,v constructed
in Section 5.1 by exploring their weight spaces. To do this we introduce intertwiners which are
rational expressions of Hecke algebra elements that have useful properties.

For each 1 ≤ i ≤ n define an intertwiner by

Ui = Ti −
qi − q−1

i

1−X−α∨
i

Te.

Note that this is not an element of H̃. These elements are called intertwiners as they ‘intertwine’
the weight spaces of the H̃-modules (see Proposition 5.4.6).

Proposition 5.4.1. We have the following:
(1) For i, j ∈ I such that (sisj)

m = e we have that (UiUj)
m = Te, and hence the element

Uw = Ui1 · · ·Uik is independent of the chosen reduced expression w = si1 · · · sik ∈W0.
(2) UwX

γ = XwγUw for all w ∈W0 and γ ∈ P .

(3) U2
i = q2i

(1−q−2
i X−α∨

i )(1−q−2
i Xα∨

i )

(1−X−α∨
i )(1−Xα∨

i )
.

(4) If u, v ∈W0 then UuUv = bu,v(X)Uuv for a rational function bu,v(X).

Proof. By (4.1.3) we have

UiX
γ = TiX

γ −
qi − q−1

i

1−X−α∨
i

Xγ

= XsiγTi + (qi − q−1
i )

Xγ −Xsiγ

1−X−α∨
i

−
qi − q−1

i

1−X−α∨
i

Xγ

= Xsiγ

(
Ti −

qi − q−1
i

1−X−α∨
i

)
= XsiγUi.
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(1) We prove the case when m = 2, the remaining cases follow similarly. Let (sisj)
2 = e. As

UiX
γ = XsiγUi and as siα

∨
j = α∨

j we have

UiUj = Ui

(
Tj −

qj − q−1
j

1−X−α∨
j

)

= UiTj −
qj − q−1

j

1−X−α∨
j

Ui

= TiTj −
qi − q−1

i

1−X−α∨
i

Tj −
qj − q−1

j

1−X−α∨
j

Ti +
(qj − q−1

j )(qi − q−1
i )

(1−X−α∨
j )(1−X−α∨

i )

As TiTj = TjTi we have that UiUj = UjUi as required.
(2) follows from induction on ℓ(w) using (1) and the fact that UiX

γ = XsiγUi.
For (3), as T 2

i = Te + (qi − q−1
i )Ti by (3.1.1), we have

U2
i = Ui

(
Ti −

qi − q−1
i

1−X−α∨
i

)
= Te + (qi − q−1

i )Ti −
qi − q−1

i

1−X−α∨
i

Ti −
qi − q−1

i

1−Xα∨
i

Ti +
(qi − q−1

i )2

(1−X−α∨
i )(1−Xα∨

i )

=
(1−X−α∨

i )(1−Xα∨
i ) + (qi − q−1

i )

(1−X−α∨
i )(1−Xα∨

i )

+
(qi − q−1

i )((1−X−α∨
i )(1−Xα∨

i )− (1−X−α∨
i )− (1−Xαi))Ti

(1−X−α∨
i )(1−Xα∨

i )

=
(q2i −X−α∨

i )(1− q−2
i Xα∨

i )

(1−X−α∨
i )(1−Xα∨

i )
.

(4) follows by induction on ℓ(v). For v = e the result is clear as

UuUe = Uu

by (1). Assume that v = v′s with v > v′, so

UuUv = UuUv′Us = bu,v′(X)Uuv′Us

by (1) and the inductive hypothesis. There are two cases. If uv′s > uv′ then Uuv′Us = Uuv and
the result follows. On the other hand, if uv′s < uv′, let w be such that uv′ = ws and ws > w.
Then Uuv′Us = UwsUs = UwU

2
s and the result follows from (3) and (2).

Recall from Section 3.1 that for all α ∈ Φ̃, qα = qi if α ∈ W̃αi . The following important
theorem will be used in Part II.

Theorem 5.4.2. For J ⊆ I we have

CwJ = qwJ

∑
w∈WJ

q−1
w cJw(X)Uw where cJw(X) =

∏
β∈Φ+

J \Φ(w)

1− q−2
β X−β∨

1−X−β∨ .

Proof. By the definition of Uw we have that Uw = Tw + lower terms (lower than w in terms of
the Bruhat order). This triangularity implies that CwJ =

∑
w∈WJ

aw(X)Uw where aw(X) are
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rational functions with awJ = 1, and the expression is unique. We have that CwJTj = qjCwJ

(see Section 3.2). Therefore,

CwJUj = CwJ

(
qj −

qj − q−1
j

1−X−α∨
j

)

=
∑

w∈WJ

aw(X)Uw

(
qj −

qj − q−1
j

1−X−α∨
j

)

=
∑

w∈WJ

aw(X)Uw

(
qj +

qjX
α∨
j − q−1

j Xα∨
j

1−Xα∨
j

)

=
∑

w∈WJ

aw(X)qjUw

(
1− q−2

j Xα∨
j

1−Xα∨
j

)

=
∑

w∈WJ

aw(X)qj

(
1− q−2

j Xwα∨
j

1−Xwα∨
j

)
Uw

by Proposition 5.4.1(2).
On the other hand, by Proposition 5.4.1(3) we have

CwJUj =
∑

w∈WJ

aw(X)UwUj

=
∑

w∈WJ
wsj<w

aw(X)UwUj +
∑

w∈WJ
wsj>w

aw(X)UwUj

=
∑
v∈WJ
vsj>v

q2javsj (X)
(1− q−2

j X−vα∨
j )(1− q−2

j Xvα∨
j )

(1−X−vα∨
j )(1−Xvα∨

j )
Uv +

∑
v∈WJ
vsj<v

avsj (X)Uv

by substituting v = wsj in the third equality. Comparing coefficients, for vsj < v we have

avsj (X) = qjav(X)
1− q−2

j Xvα∨
j

1−Xvα∨
j

.

For w ∈ WJ we can write w = wJsik · · · si1 with i1, . . . , ik ∈ J and ℓ(w) = ℓ(wJ) − k. Then,
using the above recursion, we have that

aw(X) = qwJq
−1
w awJ (X)

∏
α

1− q−2
α X−wα∨

1−X−wα∨

where the sum is over α ∈ {αi1 , si1αi2 , . . . , si1 · · · sik−1
αik} = Φ(w−1wJ) and where qα = qjℓ for

α = si1 · · · sil−1
αil .

The result is true if wΦ(w−1wJ) = Φ+
J \Φ(w). If α ∈ Φ+

J \Φ(w) then w−1α > 0 and so
wJww

−1α < 0 as Φ(wJ) = Φ+
J . On the other hand, if α ∈ wΦ(w−1wJ) ⊆ ΦJ then there exists

β ∈ Φ(w−1wJ) such that α = wβ and wJwβ < 0. As Φ(wJ) = Φ+
J we have wβ > 0, and the

proof is complete as w−1wβ > 0.
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For each 1 ≤ i ≤ n we define a normalisation of Ui by

U ′
i = (1−X−α∨

i )Ti − (qi − q−1
i )Te.

This element is now in H̃. By similar arguments to the proof of Proposition 5.4.1 we have the
following properties:
(1) U ′

w = U ′
i1
· · ·U ′

ik
is independent of the chosen reduced expression of w = si1 · · · sik ∈W0.

(2) U ′2
i = q2i (1− q−2

i X−α∨
i )(1− q−2Xα∨

i ).
(3) U ′

wX
γ = XwγU ′

w for all w ∈W0 and γ ∈ P .

We will require the following lemma to prove, in Proposition 5.4.4, that we can construct a
basis of MJ,v from these normalised intertwiners.

Lemma 5.4.3. If α ∈ Φ\ΦJ then ψJ,v(X
α∨

) /∈ R.

Proof. For α ∈ Φ, if ψJ,v(X
α∨

) = (vζJ)
α∨ ∈ R then ζα

∨
J = 1 and so (α∨)J = 0. This implies

that α∨ ∈ VJ and so α ∈ ΦJ .

Proposition 5.4.4. The module MJ,v has basis {ϖJ,v(U
′
u) | u ∈ JW}.

Proof. Let u = si1 · · · siℓ be a reduced expression for u ∈W0. By (4.1.3) we have

U ′
u = (1−X−α∨

i1 )Ti1(1−X
−α∨

i2 )Ti2 · · · (1−X
−α∨

iℓ )Tiℓ + lower terms

= (1−X−α∨
i1 )(1−X−si1α

∨
i2 ) · · · (1−X−si1 ···siℓ−1

α∨
iℓ )Tu + lower terms

=

[ ∏
α∈Φ(u)

(1−X−α∨
)

]
Tu + lower terms,

where ‘lower terms’ refers to a linear combination of terms pv(X)Tv where v < u in the Bruhat
preorder and pv(X) is a function of X. In addition, we have Tu = Xu+ lower terms, where lower
terms refers to R-linear combinations of Xv for v < u. By (5.1.1) we have that ϖJ,v(Xu) = mu

for all u ∈ JW and so, for u ∈ JW we have

ϖJ,v(U
′
u) =

[ ∏
α∈Φ(u)

(1− ψJ,v(X
α∨

)−1)

]
mu + lower terms. (5.4.1)

By Lemma 1.4.1, ΦJ(u) = ∅ for u ∈ JW . Therefore, by Lemma 5.4.3 ψJ,v(X
α∨

) ̸= 1 for all
α ∈ Φ(u). Hence, the coefficient of mu in (5.4.1) does not vanish, and the result follows as
{mu | u ∈ JW} is a basis of MJ,v by definition.

Remark 5.4.5. We can extend the definition of ϖJ,v so that

ϖJ,v

(
1

1−X−α∨
i

)
=

1

1− ψJ,v(X
−α∨

i )
me

for 1 ≤ i ≤ n. As 1−X−α∨
i does not act by zero onMJ,v we can consider {ϖJ,v(Uu) | u ∈ JW} as

a ‘basis’ of MJ,v where we now extend scalars to rational functions of ζJ . We make the following
comments about πJ,v with respect to the basis B′ = {ϖJ,v(Uu) | u ∈ JW} (similar comments can
be made about the representation with respect to the normalised basis {ϖJ,v(U

′
u) | u ∈ JW}).

We notate πJ,v(h;B
′) for the matrix representation of h ∈ H̃ with respect to basis B′.
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(1) the matrix of πJ,v(X
γ ;B′) is diagonal for all γ ∈ P , with entries ψJ,v(X

uγ) = vuγζuγJ for
u ∈ JW .

(2) the matrix for πJ,v(Uw;B
′), for w ∈ W0, has at most one non-zero entry in each row and

column. Specifically, if u ∈ JW and w ∈ W0 then the u-th row of πJ,v(Uw;B
′) is zero if

uw /∈ JW and has an entry only in the uw-th column if uw ∈ JW .
The first comment follows directly from Proposition 5.4.1(2). For the second comment, first

note that as ψJ,v(Tj) = vαi and ψJ,v(X
α∨
j ) = v2αj

for j ∈ J (by Proposition 5.2.1) we have
that ψJ,v(Uj) = 0 for all j ∈ J . This then implies that ϖJ,v(Uu) · Ui = 0 for i ∈ I such
that usi /∈ JW as sju = usi for a unique j ∈ J . If usi ∈ JW then when usi > u we have
ϖJ,v(Uu) · Usi = ϖJ,v(Uusi) and when usi < u we have

ϖJ,v(Uu) · Ui = ϖJ,v(UusiU
2
i ) = ψJ,v(U

2
i )ϖJ,v(Uusi).

Result (2) then follows by induction on the length of w and by Lemma 5.4.3. Note that this
result implies that χJ,v(Uw) = 0 if w ̸= e where χJ,v is the character of πJ,v.

The following proposition gives the decomposition of MJ,v into weight spaces.

Proposition 5.4.6. Let J ⊆ I and let v be a J-parameter system. For u ∈W0 let

Mu = {m ∈MJ,v |m ·Xγ = ψJ,v(X
uγ)m for all γ ∈ P}.

(1) If u, usi ∈W J then the map Ũ ′
i :Mu →Musi with Ũ

′
i(m) = m · U ′

i is bijective.
(2) For u ∈W J we have Mu = {rϖJ,v(U

′
u) | r ∈ R[ζJ ]}, and

MJ,v =
⊕

u∈WJ

Mu.

Proof. (1) For u ∈ W0 let zu : P → R[ζJ ] be the map zγu = ψJ,v(X
uγ). Then zγu = zuγ with

z = ze. With this notation we have that

Mu = {m ∈MJ,v |m ·Xγ = zγum = zuγm for all γ ∈ P}.

For any u ∈ W0 and i ∈ I, if m ∈ Mu then as U ′
wX

γ = XwγU ′
w for all w ∈ W0 and γ ∈ P we

have that
(m · U ′

i)X
γ = (m ·Xsiγ)U ′

i = zsiγu (m · U ′
i) = zγusi(m · U

′
i),

and so m · Ui ∈Musi . Similarly, if m ∈Musi then

(m · U ′
i)X

γ = (m ·Xsiγ)U ′
i = zsiγusi (m · U

′
i) = zγu(m · U ′

i),

and so m · Ui ∈ Mu. Therefore, we can define operators Ũ ′
i : Mu → Musi and Ũ

′
i : Musi → Mu

such that Ũ ′
i(m) = m · Ui. Thus Ũ

′
i
2
:Mu →Mu with

Ũ ′
i
2
(m) = m · U ′

i
2
= q2i (1− q−2

i z−uα∨
i )(1− q−2

i zuα
∨
i )m.

If zuα
∨
i ̸= q±2

i then the operators Ũ ′
i :Mu →Musi and Ũ

′
i :Musi →Mu are bijective. By Lemma

5.4.3, when u, usi ∈ JW we have zuα
∨
i /∈ R as uαi /∈ ΦJ and (1) follows.

(2) For u ∈ JW , γ ∈ P and r ∈ R[ζJ ] we have

rϖJ,v(U
′
u) ·Xγ = rϖJ,v(X

uγU ′
u) = rψJ,v(X

uγ)ϖJ,v(U
′
u) ∈Mu
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and so {rϖJ,v(Uu) | r ∈ R[ζJ ]} ⊆Mu. Therefore, by Proposition 5.4.4 the weight spaces Mu (for
u ∈ JW ) span MJ,v. Thus, to prove (2) it is sufficient to show that each Mu is distinct, meaning
Mu1 =Mu2 forces u1 = u2 for u1, u2 ∈ JW .

Let u1, u2 ∈ JW with Mu1 =Mu2 . This implies that ψJ,v(X
u1γ) = ψJ,v(X

u2γ) for all γ ∈ P ,
which then gives that ψJ,v(X

u1γ−u2γ) = 1 for all γ ∈ P . Replacing γ with u−1
2 γ we have

ψJ,v(X
u1u

−1
2 γ−γ) = 1 for all γ ∈ P . This then implies that (u1u

−1
2 γ − γ)J = 0 for all γ ∈ P , and

so u1u
−1
2 γ ∈ γ + VJ for all γ ∈ P . Setting γ = α∨ we have that u1u

−1
2 α∨ ∈ Φ∨

J for all α∨ ∈ Φ∨
J .

Therefore, u1u
−1
2 ∈WJ and so u1 ∈WJu2. As u1, u2 ∈ JW , this forces u1 = u2 as required.

Corollary 5.4.7. Let J ⊆ I and let v be a J-parameter system. The representation (πJ,v,MJ,v)
is irreducible.

Proof. Let N be a nonzero H̃-invariant submodule of MJ,v. As N is H̃-invariant it is also
invariant under the action of the elements Xγ for γ ∈ P . Thus N is also a module of the
commutative algebra spanned by {Xγ | γ ∈ P}, and thus N contains a simple module of this
algebra. As all representations of commutative algebras are 1-dimensional, there exists v ∈ N
such that v ·Xγ is equal to a multiple of v. Hence, by Proposition 5.4.6(2), there is some u ∈ JW
such that N ∩Mu ̸= ∅. Since Mu is 1-dimensional we have Mu ⊆ N and as N is H̃ invariant,
m · U ′

i ∈ N for all i ∈ I. Thus, Musi ⊆ N for all i ∈ I by Proposition 5.4.6(1) which forces
N =MJ,v as required.



Chapter 6

Boundedness and aJ,v

Recall from Section 3.3 that a matrix representation π is bounded if, for all w ∈ W̃ , the degree
of q in all entries of the matrix π(Tw) are bounded. In this chapter we determine when the
representations of H̃ defined in Chapter 5 are bounded. That is, we give a complete classifica-
tion of the J-parameter systems such that (πJ,v,MJ,v) is bounded, noting any restrictions on
parameters. In addition, we give a conjectural formula for Lusztig’s a-function on the elements
w ∈ W whose matrix πJ,v(Tw) realises the highest q degree, inspired by the Plancherel formula
of Opdam [40] (defined in Section 3.4).

The classification of bounded representations is given in Section 6.1. Theorem 6.1.4 de-
termines that boundedness of (πJ,v,MJ,v) is equivalent to boundedness of an associated 1-
dimensional representation of Haff

J , and Proposition 6.1.5 classifies all bounded 1-dimensional
representations. Thus, Theorem 6.1.4 with Proposition 6.1.5 gives the full classification. Also
in this section, it is conjectured that the set of elements of W̃ who realise our matrix bound is
contained within a two-sided Kazhdan-Lusztig cell of W̃ and that the matrix bound is equal to
Lusztig’s a-function for these elements.

In Section 3.4 it was shown that the canonical trace of H̃ when restricted to elements of
H0 decomposes as a sum of characters of irreducible representations of H0, with coefficients
related to Lusztig’s a-function. In Section 6.2 we form a conjectural expression for Lusztig’s a-
function using the decomposition of the trace for elements of H̃, the Plancherel formula (defined
in Section 3.4). The remainder of this section proves links between our conjectural bound and
the conjectures made in Section 6.1 and proves that the conjectures hold for all H̃ of rank 2 and
3 and for all H̃ when J = ∅.

6.1 Classification of boundedness

Let H̃ be the extended affine Hecke algebra associated to the root system Φ with weight function
L, as defined in Section 3.1. Denote (πJ,v,MJ,v,BJW ) to be the matrix representation of H̃
defined in Chapter 5 where BJW = {ϖJ,v(Xu) | u ∈ JW} = {mu | u ∈ JW}. Recall from Section

3.3 that a matrix representation π : H̃ → M with basis B is called bounded if deg([π(Tw)]u,v)

is bounded from above for all w ∈ W̃ and u, v ∈ B. In this section we classify the J-parameter
systems such that our representation (πJ,v,MJ,v,BJW ) is bounded and give some conjectures
about the minimal bound value.

Recall from Section 3.3 that the bound of (πJ,v,MJ,v,BJW ) is denoted aπ,M,BJW
and the set

80
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of elements recognised by this representation is denoted ΓπJ,v,MJ,v,BJW
. The following example

describes the bound and cell recognised for the most well known case.

Example 6.1.1. If J = ∅ then (π∅,v,M∅,v,BW ) = (π,M,B) is the principle series representation
(see Remark 5.2.6). By [23, Lemma 6.2] we have that degQ(p) ≤ L(w0) for all positively folded
paths p of reduced type. Thus, by Theorem 5.3.5 (π,M,B) is bounded with bound L(w0).

For each γ ∈ P let Wγ = {w ∈ W̃ | w · γ = γ} be the stabiliser of γ in W̃ and let wγ

be the longest element of Wγ . Let P0 ⊆ P be such that γ ∈ P0 if and only if Wγ
∼= W0 and

L(wγ) = L(w0). By an analysis similar to the proof of [23, Theorem 6.6] the elements of W̃
recognised by π are

Γ = {w ∈ W̃ | w = w1 · wγ · w2, w1, w2 ∈ W̃ , γ ∈ P0}

where the notation u · v means uv such that ℓ(uv) = ℓ(u) + ℓ(v). We give a brief explanation of

why this is the case (see [23, Theorem 6.6] for a more concrete explanation). If w ∈ W̃ such that
[π(Tw)]u,v has degree L(w0) for some u, v ∈ B then there exists a path p ∈ P(w⃗, u) whose path
v-mass has degree L(w0) (where w⃗ is reduced). This then implies that the straight path from u
to uw of type w⃗ crosses every hyperplane direction and so uw lies in the anti-dominant sector
based at some γ ∈ P0. Thus there exists a reduced expression of w of the form u−1tγ ·wγ · v′ for
some v′ ∈ W̃ so w ∈ Γ. Conversely, if w = w1 ·wγ ·w2 ∈ Γ for some γ ∈ P0 and w1, w2 ∈ W̃ then,
as the lengths are increasing, there exists some u ∈ B such that there exists a path beginning
at the alcove uw1A0 of type w⃗γ that is all folds. This path concatenated with the straight path
from uw1wγ to uw1wγw2 of type w⃗2 has degree L(w0), and so the result follows from Theorem
5.3.3.

Let F and F′ be fundamental domains for the action of TJ onto WJ (see Section 2.3 for
the definitions of TJ and WJ). Recall that BF and BF′ are bases of MJ,v by Proposition 5.3.4.
By Remark 3.3.1, (πJ,v,MJ,v,BF) is bounded if and only if (πJ,v,MJ,v,BF′) is bounded. The
connection between the boundedness of these two representations is stronger than this, as shown
in the following proposition.

Proposition 6.1.2. Let F and F′ be fundamental domains for the action of TJ on WJ such that
the associated matrix representations, (πJ,v,MJ,v,BF) and (πJ,v,MJ,v,BF′), are bounded. Then
these matrix representations have the same bound, and recognise the same cell.

Proof. Let u ∈ F. By Corollary 2.3.10, we have the following decomposition u = τwt(u)θ
J(u).

By Proposition 5.2.1 and (5.1.1) we have ϖ(Xu) = ζ
wt(u)
J mθJ (u). Therefore, the change of

basis matrix from BF to BJW is a monomial matrix with entries independent of q. This forces
aπJ,v,MJ,v,BF

= aπJ,v,MJ,v,BF′ and ΓπJ,v,MJ,v,BF
= ΓπJ,v,MJ,v,BF′ as required.

By Proposition 6.1.2 the bound is independent on the chosen fundamental domain F. Hence,
we can simplify notation to

aJ,v = aπJ,v,MJ,v,BF
and ΓJ,v = ΓπJ,v,MJ,v,BF

for all fundamental domains F for the action of TJ on WJ .

Remark 6.1.3. The main motivation behind the path formula (Theorem 5.3.3) was to un-
derstand boundedness for the (πJ,v,MJ,v) representations combinatorially. In [23] and [22] the
J-folded alcove paths were effectively used to determine boundedness and the bounds for these
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representations. However, things become more complicated when advancing beyond rank 3
Hecke algebras.

If the J-folded alcove paths v-mass degree was bounded from above then Theorem 5.3.3
would immediately give boundedness. Stated explicitly, for w⃗ ∈ W̃ reduced and all u, v ∈ JW ,
if there exists some N > 0 such that degQJ,v(p) ≤ N for all p ∈ PJ(w⃗, u) with θJ(p) = v
then, by Theorem 5.3.3, the degree of the matrix entries of πJ,v(Tw) are bounded. However, the
reverse direction is more subtle and complicates the theory. If the degree of the matrix entries
of πJ,v(Tw) are bounded by aJ,v, it is not true that the J-folded alcove paths of type w⃗ are also
bounded by aJ,v, since there may be cancellations.

For example, let Φ = A3 and J = {1}. Let v be the J-parameter system such that vα1 = −q−1

where q = q1. Consider w0, the longest element of W0, with set reduced expression w⃗0 = 323123
(writting i instead of si). The following is all paths within the set {p ∈ PJ(w⃗0, e) | θJ(p) = e},
their relative v-masses and their degrees (̂i denoting a fold and ǐ denoting a bounce):

p1 = 3̂2̂3̂1̌2̂3̂ QJ,v(p1) = −q−1(q− q−1)5 deg(QJ,v(p1)) = 4

p2 = 3̂23̂1̂23̂ QJ,v(p2) = (q− q−1)4 deg(QJ,v(p2)) = 4

p3 = 3̂2̂31̌2̂3 QJ,v(p3) = −q−1(q− q−1)3 deg(QJ,v(p3)) = 2

p4 = 32̂31̌2̂3̂ QJ,v(p4) = −q−1(q− q−1)3 deg(QJ,v(p4)) = 2

p5 = 323̂1̂23 QJ,v(p5) = (q− q−1)2 deg(QJ,v(p5)) = 2

By Theorem 5.3.3 we then have

[πJ,v(Tw0)]e,e =
5∑

i=1

QJ,v(pi) = q−4(q− q−1)2,

which has a degree of −2. It is well known that aJ,v = ℓ(wJ ′) = 3 with J ′ = {1, 2}. Therefore,
the maximal degree of the paths is above both the degree of the matrix entry but also the max-
imal degree bound for the representation πJ,v. In the sum the leading q terms have cancelled.
In the lower dimensional cases these cancellations can be controlled (see [23] and [22]). How-
ever as the rank increases the cancellations become more difficult to deal with. Understanding
these cancellations in a general sense would greatly increase understanding of boundedness, and
thus could lead to a better understanding of the cell recognised by these representations (with
implications in Kazhdan-Lusztig theory as can be seen in [23] and [22]).

The cancellations mentioned in Remark 6.1.3 make it difficult to determine aJ,v combina-
torially with paths. However, paths and the path formula can still be used to make useful
comments on boundedness. In Theorem 6.1.4 we classify the J-parameter systems for which the
corresponding representation πJ,v is bounded.

Recall the definition of Haff
J , from Section 5.2, as the subalgebra of H̃ generated by {Tj | j ∈

J} ∪ {Xφ∨
KT−1

sφK
| K ∈ K(J)}. By Corollary 5.2.3 we have that ψJ,v restricts to a 1-dimensional

representation of Haff
J .

Theorem 6.1.4. Let v be a weighted J-parameter system. The following are equivalent.
(1) The representation (πJ,v,MJ,v) is bounded.
(2) We have deg vγ ≤ 0 for all γ ∈ P+.
(3) We have deg vωj ≤ 0 for all j ∈ J .
(4) We have deg vuγ ≤ 0 for all γ ∈ P+ and all u ∈W J .
(5) The associated 1-dimensional representation ψJ,v of Haff

J is bounded.
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(6) There is a uniform bound degQJ,v(p) ≤ N for all J-folded alcove paths of reduced type.

Proof. First note that, by Remark 3.3.1, if πJ,v is bounded for one basis it is bounded for all
bases. In this proof we will use both BJW and the basis described in Proposition 5.4.4.

(1)=⇒(2). Assume (πJ,v,MJ,v) is bounded. Let γ ∈ P+, by Proposition 5.2.1

me ·Xγ = ψJ,v(X
γ)me = vγζγJme

and so [πJ,v(X
γ)]e,e = vγζγJ . It is then forced that deg vγ ≤ 0 as otherwise [πJ,v(X

Nγ)]e,e =

vNγζNγ
J would be unbounded for N ∈ N.

(2)=⇒(3) as ωj ∈ P+ for all j ∈ J .

(3)=⇒(4). By the definition of vuγ (see (4.3.2)), the fact that α =
∑

i∈I⟨ωi, α⟩αi and as
vωi = 1 for i ∈ I\J we have that

vuγ =
∏

α∈Φ+
J

v⟨uγ,α⟩α =
∏

α∈Φ+
J

v
∑

i∈I⟨uγ,⟨ωi,α⟩αi⟩
α =

∏
α∈Φ+

J

v
∑

i∈I⟨ωi,α⟩⟨uγ,αi⟩
α

=
∏
i∈I

∏
α∈Φ+

J

v⟨uγ,αi⟩⟨ωi,α⟩
α =

∏
i∈I

v⟨uγ,αi⟩ωi =
∏
j∈J

v⟨uγ,αj⟩ωj

If u ∈ JW we have that u−1α ∈ Φ+ for all α ∈ Φ+
J by Lemma 1.4.1. Therefore, ⟨uγ, α⟩ =

⟨γ, u−1α⟩ ≥ 0 for all γ ∈ P+, u ∈ JW and α ∈ Φ+
J . Thus deg v

uγ ≤ 0 as deg vωi ≤ 0 for all i ∈ I.

(4)=⇒(1). Assume deg vuγ ≤ 0 for all γ ∈ P+ and u ∈ JW . For γ ∈ P+, denote mγ to be
the unique minimal length element of W0tγW0. We can write tγ = mγwγ where wγ ∈ W0 such

that ℓ(tγ) = ℓ(mγ) + ℓ(wγ). Furthermore, every w ∈ W̃ can be written as w = umγv for some
γ ∈ P+ and some u, v ∈W0 with ℓ(w) = ℓ(u) + ℓ(mγ) + ℓ(v). Thus,

Tw = TuTmγTv = TuTtγT
−1
wγ
Tv = TuX

γT−1
wγ
Tv.

Denote the basis of MJ,v described in Proposition 5.4.4 by B′. By Remark 5.4.5 we have that
πJ,v(X

γ) with respect to B′ is a diagonal matrix with entries ψJ,v(X
uγ) = vuγζuγJ for u ∈ JW .

So the entries of π(Xγ ;B′) are bounded by assumption. As u, v, wγ ∈ W0 the degree of the
entries of the matrices πJ,v(Tu;B

′), πJ,v(Tv;B
′) and πJ,v(Twγ ;B

′) are bounded. Hence, the degree

of the entries of πJ,v(Tw;B
′) are bounded for all w ∈ W̃ . This gives the result (as boundedness

is independent of the chosen basis, see Remark 3.3.1).

(3)⇐⇒(5). For the case when J = I we have, by the equivalence of (1) and (3), that a 1-
dimensional representation ψJ,v of H̃ is bounded if and only if deg vωi ≤ 0 for all i ∈ I. Applying
this rationale to the subalgebra Haff

J of H̃ we have that the 1-dimensional representation ψJ,v of
Haff

J is bounded if and only if deg vωj ≤ 0 for all j ∈ J .

(1)⇐⇒(6). Theorem 5.3.3 gives (6)=⇒(1). For the reverse implication suppose that (πJ,v,MJ,v)
is bounded. We require a bound on the degree of path v-mass. As described in Remark 6.1.3
there is no obvious bound (the bound is not the same as the bound of πJ,v) and cancellations
do occur. We will construct a bound as follows. Let p be a J-folded path of reduced type and
let pJ denote its J-straightening (see Section 4.2). By Proposition 4.2.5 pJ is positively folded.
By [23, Lemma 6.2] or [29, Lemma 7.7] we have that f(pJ) ≤ ℓ(w0) where f(pJ) is the number
of folds in pJ . Decompose pJ into the following; pJ = p0 · f1 · p1 · f2 · · · fk · pk where f1, . . . , fk
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are the folds occurring in pJ and p0, p1, . . . , pk are the straight paths between the folds. Note
that as f(pJ) ≤ ℓ(w0) we have that k ≤ ℓ(w0). Consider the straight path pj (0 ≤ j ≤ k).
Let x, y ∈ W aff

J be such that pj begins in xAJ and ends in yAJ . By Proposition 4.3.6 the
contribution to QJ,v(pJ) of the path pj is ∏

α+kδ∈Φ̃(x−1y)

vα+kδ.

We claim that this contribution is equal to ψJ,v(T
′
x−1y), where T ′

x−1y is in the basis of Haff
J .

Let T ′
x−1y = T ′

i1
· · ·T ′

il
be a minimal length expression for T ′

x−1y in the generators of Haff
J . By

Corollary 5.2.3 we have that ψJ,v(T
′
j) = vαj and ψJ,v(T

′
0K

) = vφK for j ∈ J and K ∈ K(J).
Hence,

ψJ,v(T
′
x−1y) =

l∏
i=1

vα′
j
=

∏
α+kδ∈Φ̃(x−1y)

vα+kδ

where α′
j = αij if ij ∈ J and α′

j = φK + δ if ij = 0K for some K ∈ K(J), and the last equality
follows by Definition 4.3.1(1) and (4.3.1). As (1) implies (5) we have that the associated 1-
dimensional representation ofHaff

J is bounded. Thus, there existsN ′ such that degψJ,v(T
′
w) ≤ N ′

for all w ∈W aff
J . Therefore, by Proposition 4.3.6

deg(QJ,v(p)) = deg

Q(pJ) ∏
α+kδ∈Φ̃+

v
cα+kδ

α+kδ


≤

∑
i∈I∪{0}

L(si)fi(p) + (k + 1)N ′

≤
∑

i∈I∪{0}

L(si)fi(p) + (ℓ(w0) + 1)N ′

where the first sum is coming from the folds of p.

Theorem 6.1.4 shows that determining the boundedness of (πJ,v,MJ,v) is equivalent to de-
termining the boundedness of the associated 1-dimensional representation of Haff

J . Therefore,
we can classify the J-parameter systems that result in a bounded associated representation
πJ,v by finding all J-parameter systems that result in a bounded 1-dimensional representation
ψJ,v of Haff

J . As irreducible components of Haff
J interact separately, it suffices to consider the

1-dimensional representations of H̃ with an irreducible root system Φ.
Denote L(si) = a if αi is a short root and L(si) = b if αi is a long root. These are the only

weight labels we need for a reduced irreducible root system as there are two root lengths and
roots of the same length are conjugate (see Proposition 3.1.1). Therefore, by Definition 4.3.1 we
have that vs ∈ {qa,−q−a} and vl ∈ {qb,−q−b} where vs = vα for all α short and vl = vβ for all
β long.

We now classify all 1-dimensional representations of H̃ associated with a reduced irreducible
root system Φ. In [21, Proposition 5.11] this classification is given for all irreducible Φ, reduced
or non-reduced. Recall that simply-laced refers to the case where the roots of Φ are all of the
same length, in this case they are all considered long roots. Also, recall that Convention 3.1.2
implies that q0 = qn for the Φ = Cn case.
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Proposition 6.1.5. The bounded 1-dimensional representations of H̃(L) are the maps ψI,v

where v = (vα)α∈Φ is an I-parameter system appearing in the list below.
(1) If Φ is simply-laced then vα = −q−b for all α ∈ Φ.
(2) If Φ is reduced and not simply-laced then the possible values of (vs, vl) are as follows, with

the stated constraints on a, b:

(vs, vl) Bn Cn F4 G2

(−q−a,−q−b) a, b ≥ 1 a, b ≥ 1 a, b ≥ 1 a, b ≥ 1

(qa,−q−b) a/b ≤ n− 1 a/b ≤ 1/(n− 1) a/b ≤ 6/5 a/b ≤ 3/2

(−q−a, qb) a/b ≥ 2(n− 1) a/b ≥ 2/(n− 1) a/b ≥ 5/3 a/b ≥ 2

Proof. By Theorem 6.1.4 for (πI,v,MI,v) to be bounded it suffices to show that deg vωi ≤ 0 for all
i ∈ I. Let ρ = ρI and ρ′ = ρ′I be as in Section 1.4. If Φ is simply-laced then vα = v ∈ {qb,−q−b}
is constant for all α ∈ Φ. Hence,

vωi =
∏

α∈Φ+

v⟨ωi,α⟩
α =

∏
α∈Φ+

v⟨ωi,α⟩ = v⟨ωi,2ρ⟩

for all i ∈ I. As ⟨ωi, 2ρ⟩ > 0 this forces v = −q−b.
Now consider the case when Φ is not simply-laced and so has two root lengths. Now we have

vωi =
∏

α∈Φ+
I,s

v⟨ωi,α⟩
α

∏
β∈Φ+

I,l

v
⟨ωi,β⟩
β =

∏
α∈Φ+

I,s

v⟨ωi,α⟩
s

∏
β∈Φ+

I,l

v
⟨ωi,β⟩
l = v⟨ωi,2ρ

′⟩
s v

⟨ωi,2ρ⟩
l .

If vs = −q−a and vl = −q−b then, as ⟨ωi, 2ρ
′⟩ > 0 and ⟨ωi, 2ρ⟩ > 0, it is clear that the

representation is bounded if and only if a, b ≥ 1.
If vs = qa and vl = −q−b then the representation is bounded if and only if

deg vωi = −qa⟨ωi,2ρ
′⟩−b⟨ωi,2ρ⟩ ≤ 0

for all i ∈ I. Thus, the representation is bounded if and only if a
b ≤

⟨ωi,2ρ⟩
⟨ωi,2ρ′⟩ for all i ∈ I. If

vs = −q−a and vl = qb, by a similar argument, the representation is bounded if and only if
a
b ≥

⟨ωi,2ρ⟩
⟨ωi,2ρ′⟩ for all i ∈ I. We now consider each case.

If Φ = Bn then in the Bourbaki conventions from [7] we have that 2ρ = 2(n− 1)e1 + 2(n−
2)e2 + · · ·+2en−1 and 2ρ′ = e1 + e2 + · · ·+ en. Furthermore, ωi = e1 + e2 + · · ·+ ei for all i ∈ I
so ⟨ωi, 2ρ

′⟩ = i for all i ∈ I,

⟨ωi, 2ρ⟩ = 2(n− 1) + · · · 2(n− i) = 2ni− 2

i∑
j=1

j = i(2n− i− 1)

for i < n and ⟨ωn, 2ρ⟩ = ⟨ωn−1, 2ρ⟩ = n(2n−n−1). If vs = qa and vl = −q−b then a
b ≤ 2n− i−1

for all 1 ≤ i ≤ n and so a
b ≤ n−1. If vs = −q−a and vl = qb then a

b ≥ 2n− i−1 for all 1 ≤ i ≤ n
and so a

b ≥ 2(n− 1) as required.
If Φ = Cn then 2ρ = 2(e1 + · · · + en) and 2ρ′ = 2(n − 1)e1 + 2(n − 2)e2 + · · · + 2en−1. We

have that ωi = e1 + e2 + · · · + ei for i ≤ n − 1 and ωn = 1
2(e1 + · · · + en). If i ≤ n − 1 then

⟨ωi,2ρ⟩
⟨ωi,2ρ′⟩ = 2

2n−i−1 and if i = n then ⟨ωn,2ρ⟩
⟨ωn,2ρ′⟩ = 2

n−1 . If vs = qa and vl = −q−b then a
b ≤

1
n−1 and

if vs = −q−a and vl = qb then a
b ≥

2
n−1 as required.
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If Φ = F4 then 2ρ = 6e1+4e2+2e3 and 2ρ′ = 5e1+ e2+ e3+ e4. We have that ωi = e1+ e2,
ω2 = 2e1 + e2 + e3, ω3 = 3e1 + e2 + e3 + e4 and ω4 = 2e1. By direct calculation we have

⟨ω1, 2ρ⟩
⟨ω1, 2ρ′⟩

=
10

6

⟨ω3, 2ρ⟩
⟨ω3, 2ρ′⟩

=
24

18

⟨ω2, 2ρ⟩
⟨ω2, 2ρ′⟩

=
18

12

⟨ω4, 2ρ⟩
⟨ω4, 2ρ′⟩

=
12

10

and the result follows.
If Φ = G2 then 2ρ = −e1 − e2 + 2e3 and 2ρ′ = −e2 + e3. We have that ω1 = −e2 + e3 and

ω2 =
1
3(−e1 − e2 + 2e3) and so by direct calculation,

⟨ω1, 2ρ⟩
⟨ω1, 2ρ′⟩

=
3

2
and

⟨ω2, 2ρ⟩
⟨ω2, 2ρ′⟩

=
2

1
.

The result follows.

Theorem 6.1.4 together with Proposition 6.1.5 give an explicit classification for the bounded
modules MJ,v (see the following example).

Example 6.1.6. Let Φ = F4. Using Theorem 6.1.4 and Proposition 6.1.5 we classify the
bounded representations (πJ,v,MJ,v) in the below table. We display the classification using the
Coxeter diagram of finite F4 with Bourbaki labelling (see [7]) and where the nodes j ∈ J are
encircled. For j ∈ J the associated node is black if vαj = qL(sj) and white if vαj = −q−L(sj).
For the generators of W , let the weight function be denoted by L(s1) = L(s2) = b and L(s3) =
L(s4) = a. If there are constraints on a

b for (πJ,v,MJ,v) to be bounded they are written below
the corresponding diagram.

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ • ◦
a/b ≤ 2

• • ◦ ◦
a/b ≥ 4

◦ • ◦ ◦
a/b ≥ 1

◦ ◦ • •
a/b ≤ 1/2

◦ ◦ • ◦
a/b ≥ 2

◦ • ◦ ◦
a/b ≤ 1

• • ◦ ◦
a/b ≥ 5/3

◦ ◦ • •
a/b ≤ 6/5

Although we can classify the bounded representations, finding the bound aJ,v of these rep-
resentations in general is still a mystery. The following example demonstrates that, even for a
1-dimensional representation, this bound and the elements that reach this bound are difficult to
find.

Example 6.1.7. Let Φ = G2 with L(s1) = a and L(s2) = l(s0) = b.

• • •
0 2 1

b b a

Let πI,v = ψI,v be the 1-dimensional representation of H̃ with I-parameter system defined
by vα1 = πI,v(T1) = qa and vα2 = πI,v(T2) = πIv(T0) = −q−b. By Proposition 6.1.5 we have
that πI,v is bounded if and only if a/b ≤ 3/2. We claim that the bound of πI,v and the elements
recognised by πI,v are as follows: (notating si as i)
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(i) if a/b < 1 then aI,v = a and ΓI,v = {1},
(ii) if a/b = 1 then aI,v = a = 3a− 2b and ΓI,v = {1, 121, 12121},
(iii) if 1 < a/b < 3/2 then aI,v = 3a− 2b and ΓI,v = {12121},
(iv) if a/b = 3/2 then aI,v = 3a− 2b and ΓI,v = {(12121)(02121)k | k ≥ 0}.
We will prove (iii) and (iv) (cases (i) and (ii) are similar).

Let 1 < a/b ≤ 3/2, and denote a = aI,v and Γ = ΓI,v. As deg(πI,v(T12121)) = 3a − 2b > 0
we have that a ≥ 3a− 2b. Let w ∈ Γ, and so deg(πI,v(Tw)) = a. Recall the definition of the left
descent set of w, denoted DL(w), from Remark 3.2.4. If s ∈ DL(w) then there exists w1 such
that w = s · w1 (recall that u · v implies that ℓ(uv) = ℓ(u) + ℓ(v)). Therefore, deg(πI,v(Tw1)) =
a− deg(πI,v(Ts)). If s = s0 or s = s2 then deg(πI,v(Tw1) = a+ b > a, a contradiction. It is thus
forced that DL(w) = {s1} and so w = s1 · w1. As deg(πI,v(T1)) = a < 3a− 2b, we have s1 /∈ Γ
and so w1 ̸= e. We continue in this pattern as follows:

1. DL(w1) = {s2} (for if s0 ∈ DL(w1) then s0 ∈ DL(w), a contradiction), thus w = s1s2 · w2

but s1s2 /∈ Γ so w2 ̸= e,
2. DL(w2) = {s1} (for if s0 ∈ DL(w2) then w = s1s2s0 ·w′

3 with deg(πI,v(Tw′
3
)) = a+2b−a ≥

a+ b/2 > a, a contradiction), thus w = s1s2s1 · w3 but s1s2s1 /∈ Γ so w3 ̸= e,
3. DL(w3) = {s2} (for if s0 ∈ DL(w3) then s0 ∈ DL(w2), a contradiction), thus w = s1s2s1s2 ·
w4 but s1s2s1s2 /∈ Γ so w4 ̸= e.

From here we split into the two cases, a/b < 3/2 and a/b = 3/2. In the former case (case (iii)),
if s0 ∈ DL(w4) then w = s1s2s1s2s0 ·w′

5 with deg(πI,v(Tw′
4
) = a+3b−2a > a, a contradiction, so

DL(w4) = {s1}. Therefore, there exists w5 such that w = s1s2s1s2s1 · w5. If w5 ̸= e then either
s2 ∈ DL(w5), in which case s2 ∈ DL(w), or s0 ∈ DL(w5), in which case s0 ∈ DL(w4). As both
cases bring about a contradiction, we have that w5 = e and so a = 3a− 2b and Γ = {12121}.

In the latter case (case (iv)), we have s1 ∈ DL(w4) or s0 ∈ DL(w4). If s0 ∈ DL(w4) then
there exists w′

5 such that w = s1s2s1s2s0 · w′
5 and deg(πI,v(Tw′

5
)) = a (and so w′

5 ∈ Γ). In
addition, s1 ∈ DL(w

′
5) and as s1 and s0 commute we have that s1 ∈ DL(w4). Thus, the final

case to consider is s1 ∈ DL(w4). In this case there exists w5 such that w = s1s2s1s2s1 · w5. If
w5 ̸= e then DL(w5) = {s0} (for if s2 ∈ DL(w5) then s2 ∈ DL(w)) and similar arguments give
w = s1s2s1s2s1s0s2s1s2s1 · v. Iterating the argument shows that ΓI,v = {(12121)(02121)k | k ≥
0}, as required.

We pose the following conjectural upper bound for aJ,v.

Conjecture 6.1.8. If (πJ,v,MJ,v,BJW ) is bounded then the bound aJ,v satisfies aJ,v ≤ L(w0)
with equality if and only if J = ∅.

When v = (vα)α∈ΦJ
is such that vαj = −q−L(sj) for all j ∈ J we have this upper bound. We

denote this J-parameter system as v̂.

Theorem 6.1.9. The bound of (πJ,v̂,MJ,v̂,BJW ) satisfies aJ,v̂ ≤ L(w0).

Proof. By Theorem 5.3.3, for w ∈ W̃ and u, v ∈ BJW , we have

deg[πJ,v̂(Tw)]u,v ≤ max{degQJ,v̂(p) | p ∈ PJ(w⃗, u) with θJ(p) = v}.

By Proposition 4.3.6, for all J-folded paths p we have

QJ,v̂(p) = Q(pJ)
∏

α−kδ∈Φ̃+

v
cα,k(pJ )
α−kδ

where pJ is the J-straightening of p. By [29, Lemma 7.7] or [23, Lemma 6.2], for all positively
folded paths p we have that degQ(p) ≤ L(w0). Thus, as pJ is positively folded (see Proposition
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4.2.5), degQ(pJ) ≤ L(w0). The result follows as deg(v
cα,k(pJ )
α−kδ ) ≤ 0 by the definition of v̂ and by

(4.3.1).

We make the following conjecture connecting the representation bound and Lusztig’s a-
function, and connecting the set recognised by a representation and Kazhdan-Lusztig two-sided
cells.

Conjecture 6.1.10. Let (πJ,v,MJ,v,BJW ) be bounded. Then
(1) Lusztig’s a-function satisfies a(w) = aJ,v for all w ∈ ΓJ,v.

(2) The set ΓJ,v is contained in a two sided Kazhdan-Lusztig cell of W̃ .

Remark 6.1.11. It is not true in general that ΓJ,v equals a 2-sided cell. For example, in
6.1.7(ii) and (iv) the set ΓI,v is strictly contained in a two sided cell (see [23, Figure 2] for the
Kazhdan-Lusztig cell decomposition for W associated with Φ = G2).

6.2 Macdonalds c-function and further conjectures of aJ,v

In Section 3.4 we introduced the Plancherel formula, a spectral decomposition of the canonical
trace function on H̃. The decomposition is an integral over the tempered representations of H̃
upon specialising variables. In this section we further explore this formula. In particular, we
make a conjecture that draws a parallel between the affine situation and the finite (in which case
the trace decomposes as a sum over characters of irreducible representations whose coefficients
are connected to Lusztig’s a-function).

The Macdonald c-function is as follows:

c(X) =
∏

α∈Φ+

1− q−2
α X−α∨

1−X−α∨ .

Recall that H̃C is the algebra over C formed by extending the scalars of H̃ to C and taking
q to q ∈ R with q > 1. Furthermore, HC is the completion of H̃C with respect to the operator
norm defined from the trace function on H̃ in Section 3.4.

Recall the Plancherel formula from 3.4.3; the trace function on H̃ decomposes as

Tr(h) =

∫
Irrep(HC)

χπ(h)dµ(π)

where µ is the Plancherel measure and the irreducible representations of HC are the tempered
C-extensions of the irreducible representations of H̃ taking q 7→ q.

Remark 6.2.1. Recall the representations of H̃ defined in Section 5.1, denoted (πJ,v,MJv,BJW ).
Extend the scalars of the representations to C and take q 7→ q > 1. Furthermore, take ζi 7→ zi
for i ∈ I\J where zi ∈ C with |zi| = 1 (where | · | denotes complex modulus). By Theorem
6.1.4, (πJ,v,MJ,v) is bounded if and only if deg vγ ≤ 0 for all γ ∈ P+. Equivalently this is when
|ϖJ,v(X

γ)| = |vγ | ≤ 1 for γ ∈ P+, after specialising and extending scalars as |zi| = 1. Thus,
by Casselman’s criterion for temperedness (see [40, Lemma 2.20]), the specialised form of the
representation (πJ,v,MJ,v) is tempered if and only if it is bounded. Furthermore, by Corollary
5.4.7 the representation (πJ,v,MJ,v) is irreducible and thus will appear in the Plancherel formula
decomposition.
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To further understand the Plancherel formula we follow the setup of [41, §2.4] (which in turn
follows [39]) and then complete a low rank example.

Let z ∈ Hom(P,C×), writing z(γ) = zγ for γ ∈ P . Denote zωi = zi for i ∈ I. Define
Gz : H̃C → C by

Gz(h) =
∑
γ∈P

z−γTr(Xγh). (6.2.1)

By [39, Corollary 3.2] this series is convergent for all h ∈ H̃C whenever |zα∨
i | < q−2

i . Fur-
thermore, by [39, (3.9)], when the series is convergent we have that

Gz(h) =
fz(h)

q2w0
c(z)c(z−1)

(6.2.2)

where c(z) is Macdonalds c-function and, for fixed h ∈ H̃C, the function fz(h)d(z) is a polynomial
in {zγ | γ ∈ P} where d(z) =

∏
α∈Φ+(1− z−α∨

). By [39, Theorem 3.7] or [41, (2.12)], combining
(6.2.1) and (6.2.2) we have that

Tr(h) =
1

q2w0

∫
anT
· · ·
∫
a1T

fz(h)

c(z)c(z−1)
dz1 · · · dzn (6.2.3)

where T is the group of complex numbers of modulus 1 and dzi is the Haar measure on T.
Furthermore, a1, . . . , an are defined so that |zα∨

i | < q−2
i when setting |zi| = ai. This is the

starting point to calculating the Plancherel Theorem explicitly. To do this a number of contour
shifts are completed to decompose the multi-integral into a sum of integrals over Tk for different
k ≤ n. See [41, §4] for the explicit Plancherel decomposition of all dimension 1 and 2 root
systems. For understanding, we give the decomposition of Φ = A1 below.

Example 6.2.2. Let Φ = A1 and let q = qi for all i ∈ I. Taking q 7→ q > 1, the series Gz(h)
converges whenever |zα∨

1 | < q−2. Denote z = zω1 . As α∨
1 = 2ω1, the series converges whenever

|z| < q−1. Fix h ∈ H̃C. By (6.2.3) we have

Tr(h) =
1

q2

∫
q−1aT

fz(h)

c(z)c(z−1)
dz (6.2.4)

where 0 < a < 1 and

c(z)c(z−1) =
(1− q−2z−2)(1− q−2z2)

(1− z−2)(1− z2)
.

Let 0 < b < 1 be very close to 1. We want to extend the radius of the integral from aq−1T to bT.
The z-poles between aq−1T and bT are z = ±q−1. We compute the residues (where dz = 1

2πi
dt
t )

as follows:

Resz=±q−1

fz(h)

q2c(z)c(z−1)
= lim

z→±q−1
(1−±q−1z)

fz(h)(1− z−2)(1− z2)
q2(1− q−1z−1)(1 + q−1z−1)(1− q−1z)(1 + q−1z)

=

−
fq−1 (h)(q2−1)

2(q2+1)
if z → q−1

−f−q−1 (h)(q2−1)

2(q2+1)
if z → −q−1

Consider the representations of H̃ formed from the set up in Chapter 5. We have the principal
series representation (π∅,v̂,M∅,v̂) with ψ∅,v̂(X

ω1) = ζ 7→ z the central character. We also have
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the one dimensional representation (πI,v̂,MI,v̂) with ψI,v̂(T1) = −q−1 and ψI,v̂(X
ω1) = −q−1ζω1

J .

We now specialise ζω1
J to a complex number zJ with modulus 1. As ζ

α∨
1

J = ζ2ω1
J = 1 we have

that z2J = 1 and so zJ = 1 or −1. Thus, the two 1-dimensional representations are ψI,v̂ and ψ′
I,v̂

where ψI,v̂(T1) = −q−1, ψI,v̂(X
ω1) = −q−1, ψ′

I,v̂(T1) = −q−1 and ψ′
I,v̂(X

ω1) = q−1. Extending
scalars and specialising q, let χz, χ1 and χ2 denote the associated characters of these three
specialised representations, respectively.

By [41, Lemma 3.9] we have χz(h) =
∑

w∈W0
fwz(h) = fz(h) + f−z(h) and by [41, Lemma

3.11], χ1(h) = f−q−1(h) and χ2(h) = fq−1(h). Thus, (6.2.4) becomes

Tr(h) =
1

q2

∫
bT

fz(h)

c(z)c(z−1)
+

(q2 − 1)

2(q2 + 1)
(fq−1(h) + f−q−1(h))

=
1

2q2

∫
bT

fz(h) + f−z(h)

c(z)c(z−1)
dz +

(q2 − 1)

2(q2 + 1)
(fq−1(h) + f−q−1(h))

=
1

2q2

∫
T

χz(h)

c(z)c(z−1)
dz +

(q2 − 1)

2(q2 + 1)
(χ1(h) + χ2(h))

where we extend the integral from bT to T without encountering any z-poles.

Remark 6.2.3. The multi-integral in (6.2.3) will split, after completing contour shifts, into a
sum of integrals of the form

Tr(h) =
1

|W0|q2w0

∫
Tn

χz(h)

c(z)c(z−1)
dz + lower terms

where ‘lower terms’ refers to integrals over lower dimensional tori that are linked with lower
dimensional representations of HC. In Example 6.2.2 these lower terms are linked with 1-
dimensional representations.

Let χJ,v denote the character of the representation (πJ,v,MJ,v). By [40, Theorem 3.25], the
mass of the character χJ,v in the Plancherel formula is a constant multiple of the reciprocal of

ψJ,v(q
2L(w0)c(X)c(X−1))′ (6.2.5)

after specialising q 7→ q and ζi 7→ zi, where the prime indicates that any factors that are zero
after applying ψJ,v are removed. The following conjecture links the degree of this mass term
with the bound of πJ,v.

Conjecture 6.2.4. If (πJ,v,MJ,v,BJW ) is bounded then the bound is given by

aJ,v =
1

2
degψJ,v(q

2L(w0)c(X)c(X−1))′ = L(w0)−
1

2
deg

∏
α∈Φ

′ 1− vα
∨

1− q−2
α vα∨

where
∏′ indicates that any factors that are zero in the numerator or the denominator are

omitted.

Conjecture 6.2.4 together with Conjecture 6.1.10 give a conjectural formula for Lusztig’s
a-function for the elements of w ∈ W̃ that are recognised by some bounded representation
(πJ,v,MJ,v,BJW ) (the elements in ΓJ,v). Furthermore, Conjecture 6.2.4 gives an affine analogue
to the link between generic degrees and Lusztig’s a-function in the trace decomposition for H0

(see (3.4.1)).

Proposition 6.2.5. Conjecture 6.2.4 implies Conjecture 6.1.8.
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Proof. We have ∏
α∈Φ

′ 1− vα
∨

1− q−2
α vα∨ =

∏
α∈Φ+

′ (1− vα
∨
)(1− v−α∨

)

(1− q−2
α vα∨)(1− q−2

α v−α∨)
.

Suppose that α ∈ Φ+ and we have that qα = qa for some a > 0. Furthermore, let vα
∨
= qk for

some k ∈ Z. Thus,

Cα =
(1− vα

∨
)(1− v−α∨

)

(1− q−2
α vα∨)(1− q−2

α v−α∨)
=

(1− qk)(1− q−k)

(1− qk−2a)(1− q−k−2a)
.

Taking into account that factors that are zero are removed, it follows that

deg
(1− qk)(1− q−k)

(1− qk−2a)(1− q−k−2a)
=

{
|k| if 0 ≤ |k| ≤ 2a,

2a if 2a ≤ |k|.

Hence, degCα ≥ 0 for all α ∈ Φ+ where equality occurs if and only if vα
∨
= 1. Hence,

L(w0)−
1

2

∏
α∈Φ

′ 1− vα
∨

1− q−2
α vα∨ = L(w0)−

1

2

∏
α∈Φ+

′
Cα ≤ L(w0)

with equality if and only if vα
∨
= 1 for all α ∈ Φ+ which occurs only in the case when J = ∅.

Example 6.2.6. Consider Φ = F4, with L(s1) = L(s2) = b and L(s3) = L(s4) = a. Write
r = a/b. The conjectural bounds aπ (from Conjecture 6.2.4) for a selection of the bounded
representations of H̃ are as follows: (the notation is as in Example 6.1.6; J is circled, and the
node associated with si is coloured black if vαi = qL(si) and coloured white if vαi = −q−L(si))

(1) ◦ ◦ • ◦ aπ = 2a+ 2b, 5a, 6a− b, 11a− 7b for r ∈ (0, 2/3], [2/3, 1], [1, 6/5], [6/5, 2].

(2) • • ◦ ◦ aπ = 4a+ 12b for r ∈ [4,∞).

(3) ◦ • ◦ ◦ aπ = −2a+ 11b, a+ 6b, 2a+ 3b for r ∈ [1, 5/3], [5/3, 3], [3,∞).

(4) ◦ ◦ • • aπ = 6a+ 4b, 9a+ 3b for r ∈ (0, 1/3], [1/3, 1/2].

(5) ◦ ◦ • ◦ aπ = 4a+ 12b, 6a+ 4b for r ∈ [2, 4], [4,∞).

(6) ◦ • ◦ ◦ aπ = 3a+ 6b, 11a+ 2b for r ∈ (0, 1/2], [1/2, 1].

(7) • • ◦ ◦ aπ = −2a+ 11b,−a+ 9b, 6b for r ∈ [5/3, 2], [2, 3], [3,∞).

(8) ◦ ◦ • • aπ = 3a, 5a− b, 11a− 7b for r ∈ (0, 1/2], [1/2, 1], [1, 6/5].

Thus Conjecture 6.1.10 predicts the existence of elements of W̃ with the above a-function values
in the respective parameter ranges. See https://github.com/ellielittle/ConjecturalBound
for MAGMA code that computes the conjectural bound for any Φ (reduced and irreducible),
J ⊆ I and J-parameter system v.

Theorem 6.2.7. Conjectures 6.2.4 and 6.1.10 hold in the following cases.
(1) All extended affine Hecke algebras in the case J = ∅.
(2) All extended affine Hecke algebras of dimension 1 or 2 (rank 2 or 3).

Proof. See [21, Theorem 5.20] for the non-reduced cases. Let Φ be reduced and W̃ be its
associated extended Weyl group.

(1) follows from Example 6.1.1 and [20, Theorem 4.6] which shows that Γ∅,v ∩ W from

Example 6.1.1 is equal to the lowest two-sided Kazhdan-Lusztig cell for W . Extending to W̃ ,

https://github.com/ellielittle/ConjecturalBound
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as left cells (respectively right cells) are invariant under multiplication by σ ∈ Σ on the right

(respectively left), Γ∅,v is equal to the lowest Kazhdan-Lusztig cell for W̃ . Furthermore, it is
well known that a(w) = L(w0) for elements of this cell.

(2) We have Φ ∈ {A1, A2, G2, C2}, and consider the cases separately. First let Φ = A1. The
case when J = ∅ is true by (1). Consider J = {1}. Letting q1 = q, we have that vα

∨
1 = q−2.

Considering Cα1 (from the proof of Proposition 6.2.5) we have that degCα1 = 2 and thus

L(w0)−
1

2
deg

∏
α∈Φ+

′
Cα = 0

In this case AJ = A0 and so the highest path bound is 0 (equivalently the matrix bound by
Theorem 5.3.3). Furthermore, the only elements that reach this bound are ΓI,v = Σ = {e, σ}.
By Example 3.2.5 when a = b this is exactly the highest Kazhdan-Lusztig cell for W̃ . It is well
known that a(w) = 0 for the elements in this cell.

Now consider Φ = A2 and let q1 = q2 = q. Again the case where J = ∅ follows from (1),
and the case when J = I is similar to that of Φ = A1 (the cell is ΓI,v = Σ = {e, σ, σ2}). Let
J = {1}. Then we have that degCα1 = 2, degCα2 = 1 and degCα1+α2 = 1 so

L(w0)−
1

2
deg

∏
α∈Φ+

′
Cα = 1

Consider AJ , depicted in Figure 6.1(a), the paths with the highest bound are those that, begin-
ning at uA0 with u ∈ JW , travel downwards, complete a fold and then travel upwards. If the
path bounces as it travels downwards and then folds it must then travel upwards to remain a
reduced expression. When travelling upwards paths cannot fold as every crossing is positive. If
w⃗ is a path beginning at u ∈ JW that travels down AJ , folds and then travels up, u−1w reaches
the bound. Thus ΓJ,v ∩W is the set of the elements corresponding to the blue coloured alcoves
in Figure 6.1(b) and ΓJ,v = (ΓJ,v ∩W )∪ (ΓJ,v ∩W )σ ∪ (ΓJ,v ∩W )σ2. Furthermore, aJ,v = 1. By

[29, Figure 1], ΓJ,v is exactly a Kazhdan-Lusztig cell for W̃ and it is well known that a(w) = 1
for elements in this cell.

Let Φ = G2. Conjecture 6.1.10 is proved in [23], thus we only need to verify Conjecture 6.2.4.
The case when J = ∅ is true by (1). Suppose that J = {1} and let q1 = qa and q2 = qb. As
vα

∨
1 = q−2a and vα

∨
2 = −qa we have that

α ∈ Φ+ degCα

α1 2a

α2
2b if a/b ≥ 2
a if a/b < 2

α1 + α2 a

2α1 + α2 a

3α1 + α2
2b if a/b ≥ 2
a if a/b < 2

3α1 + 2α2 0

Hence, as L(w0) = 3a+ 3b we have

L(w0)−
1

2
deg

∏
α∈Φ+

′
Cα =

{
a+ b if a− 2b ≥ 0

3b if a− 2b < 0.
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(a) AJ

•

•

•

•

•

•

•

•

•

•

•

(b) The Kazhdan-Lusztig cells

Figure 6.1: Cells and fundamental J-alcove for Φ = A2

By [23, Theorem 7.10] these are equal to the bounds of the induced representation πJ,v, com-
pleting this case.

The case when J = {2} is similar, again using the results of [23, Theorem 7.10], and will be
omitted.

Now consider J = I. There are 3 bounded I-parameter systems by Proposition 6.1.5. When
(vα1 , vα2) = (−q−a,−q−b) the bound is 0 and the representation recognises the trivial Kazhdan-
Lusztig cell {e}. Consider (vα1 , vα2) = (qa,−q−b) which is bounded only when a/b ≤ 3/2. We
have that vα

∨
1 = q2a and vα

∨
2 = q−2b. We have the following degrees of Cα

α ∈ Φ+ degCα

α1 2a

α2 2b

α1 + α2 2a

2α1 + α2
−4a+ 6b if 1 ≤ a/b ≤ 3/2

2a if a/b ≤ 1

3α1 + α2
2a− 2b if 1 ≤ a/b ≤ 3/2
2b− 2a if a/b ≤ 1

3α1 + 2α2
4b− 2a if 1 ≤ a/b ≤ 3/2

2b if a/b ≤ 1

Thus,

L(w0)−
1

2
deg

∏
α∈Φ+

′
Cα =

{
3a− 2b if 1 ≤ a/b ≤ 3/2

a if a/b ≤ 1.

agreeing with the bounds given in Example 6.1.7. Furthermore, the cells recognised by this
representation, given in Example 6.1.7, are contained in Kazhdan-Lusztig cells for the relevant
parameter values by [23, Figure 2].
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The case when (vα1 , vα2) = (−q−a, qb) is similar and we omit the details. Furthermore, the
analysis of the case when Φ = C2 is similar, using [22, Theorems 6.15,6.21,6.22], and we again
omit the calculations.



Part II

The asymptotic Plancherel Theorem
and Lusztig’s asymptotic algebra in

type An
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Chapter 7

An background

In Chapters 1-6 our definitions were made for a general reduced irreducible root system Φ. We
now set Φ = An and conduct a deeper analysis of this case, that is we will take the theory
established in Chapters 1-5 and reduce to the case that Φ = An. In this chapter we set the
notation and conventions that will be used in the remainder of Part II and in Appendix A.

Section 7.1 gives an explicit description in type An of the definitions from Chapter 1. In
particular, we now set a new basis for the underlying vector space V , the e-basis, and describe
P and Q in terms of this basis. We also set up partition and tableau notation as the J ⊆ I sets
will now correspond to partitions of n+1 (and are thus denoted as Jλ for λ a partition of n+1).

Section 7.2 deals with the definitions established in Chapter 2. We explicitly describe the
weights of the fundamental Jλ-alcove, using tableaux, and introduce a partial ordering on these
weights. To explicitly describe the symmetries of the fundamental Jλ-alcove we define a partic-
ular group element uλ and describe its properties. This element will be important throughout
our analysis of Φ = An.

Finally, Section 7.3 describes the definitions established in Chapter 3 and Chapter 5 in the
Φ = An case. In addition, a λ-analogue to Schur functions is defined which will be used in
Chapter 11.

7.1 The symmetric group and tableaux

Setting Φ = An, we now define new notation and conventions to aid in our analysis in Chapters
8-11. In particular we set a new basis for our underlying vector space V , the e-basis. In this
section, we will shift our definitions from Chapter 1 to this e-basis and introduce tableaux and
window notation.

Let V = {v ∈ Rn+1 | v · 1 = 0} where 1 = (1, . . . , 1) ∈ Rn+1. Denote

ei = (0, . . . , 0, 1, 0, . . . , 0)− 1

n+ 1
1

for 1 ≤ i ≤ n+1 where the 1 is in the i-th place. We have that ei ∈ V and that e1+· · ·+en+1 = 0.
Let ⟨·, ·⟩ be the restriction of the standard inner product on Rn+1 to V . Denote ei,j = ei − ej .

96
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Lemma 7.1.1. Let 1 ≤ k ≤ l ≤ n+ 1 and 1 ≤ i < j ≤ n+ 1, we have

⟨ek + · · ·+ el, ei,j⟩ =


0 if k ≤ i < j ≤ l or i < k ≤ l < j or k ≤ l < i < j or i < j < k ≤ l,
1 if k ≤ i ≤ l < j,

−1 if i < k ≤ j ≤ l.

Proof. This is by direct calculation using the fact that ei,j =
1

n+1(0, . . . , 0, n+ 1, 0, . . . , 0,−n−
1, 0 . . . , 0) (where n+1 is in the i-th position and −n−1 is in the j-th position) and ek+· · ·+el =
1

n+1(−1−m, . . . ,−1−m,n−m, . . . , n−m,−1−m, . . . ,−1−m) (where n−m is the entry for
the k-th to l-th positions and m = l − k).

Let
Φ+ = {ei,j | 1 ≤ i < j ≤ n+ 1}.

Thus Φ = Φ+ ∪ (−Φ+) is a root system of type An. The simple roots are αi = ei − ei+1 for
1 ≤ i ≤ n and the highest root is φ = α1 + · · ·+ αn = e1,n+1.

The fundamental weights in this e-basis are ωi = e1 + · · ·+ ei for 1 ≤ i ≤ n. By convention
we set ω0 = 0 and ωn+1 = e1+ · · ·+ en+1 = 0. Hence, αi = −ωi−1+2ωi−ωi+1 for all 1 ≤ i ≤ n.

Recall from Chapter 1 that P is the Z-span of the fundamental weights and that P+ is the
N-span of the fundamental weights. Now considering the e-basis, P is the Z-span of the ei’s for
1 ≤ i ≤ n+ 1. A vector a1e1 + · · ·+ an+1en+1 ∈ P is in P+ if and only if a1 ≥ a2 ≥ · · · ≥ an+1.

From Chapter 1, Q is the Z-span of the simple roots and Q+ is the N-span of the simple roots.
Changing to the e-basis, a vector a1e1+· · ·+an+1en+1 ∈ P is in Q if and only if a1+· · ·+an+1 = 0
mod n + 1. Now consider γ = a1e1 + · · · + an+1en+1 ∈ Q with a1 + · · · + an+1 = k(n + 1) for
some k ∈ Z. As e1 + · · ·+ en+1 = 0 we have that γ = a′1e1 + · · ·+ a′n+1en+1 where a′i = ai − k
and so a′1 + · · ·+ a′n+1 = 0. Then γ ∈ Q+ if and only if a′1 + · · ·+ a′i ≥ 0 for all 1 ≤ i ≤ n+ 1.

The Weyl group associated to Φ is denoted W0 as it was in Chapter 1. In this case this
group is isomorphic to the symmetric group on the set {1, . . . , n + 1}, denoted Sn+1. The
action of Sn+1 on the e-basis is defined as wei = ew(i) where w ∈ Sn+1 is a permutation of
the numbers {1, . . . , n + 1}. Let s1, . . . , sn be the simple reflections of W0 (associated with
elementary transpositions in Sn+1).

Recall from Chapter 1 that the affine Weyl group associated to Φ is W = Q ⋊W0 and the
extended affine Weyl group is W̃ = P ⋊W0. Furthermore, W̃ = W ⋊ Σ where Σ = P/Q. In
this case Σ = P/Q ∼= Z/(n + 1)Z. Setting σ(i) = i + 1 mod n + 1 for 1 ≤ i ≤ n, we have
Σ = {e, σ, σ2, . . . , σn}. This set induces a permutation on the nodes of the Coxeter diagram of
An, and thus on the simple reflections of W0, with σ

ksiσ
−k = sσk(i).

For the analysis of Φ = An we will only consider subsets J of I associated with a partition
of n+1 (see [18, §2.3.7]). Therefore, many objects will be indexed by partitions of n+1 instead
of J . We set up the following notation.

Let P(n+ 1) denote the set of partitions of n+ 1. For λ ∈ P(n+ 1) we write λ ⊢ n+ 1. We
will represent partitions by Young diagrams using English notation conventions (the number of
boxes in each row decreases from top to bottom).

Definition 7.1.2. For λ ⊢ n+ 1 we make the following definitions:
(1) r(λ) is the number of parts of λ, so λ = (λ1, λ2, . . . , λr(λ)).
(2) λ(0) = 0 and λ(i) = λ1 + · · ·+ λi for 1 ≤ i ≤ r(λ).
(3) tr(λ) is the standard tableau of shape λ filled by row.
(4) tc(λ) is the standard tableau of shape λ filled by column.
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(5) λ[i, j] is the element in the i-th row and j-th column of tr(λ) (with 1 ≤ i ≤ r(λ) and
1 ≤ j ≤ λi).

(6) Jλ = {1, 2, . . . , n+ 1}\{λ(1), . . . , λ(r(λ))}.

Furthermore, let λ′ denote the transposed partition of λ (obtained by reflecting λ in the
main diagonal).

Example 7.1.3. Let λ = (4, 3, 3, 2, 1, 1) ⊢ 14 and so r(λ) = 6. Furthermore, λ′ = (6, 4, 3, 1)
and so r(λ′) = 4. We have

tr(λ) =
1 2 3 4

5 6 7

8 9 10

11 12

13

14

and tc(λ) =
1 7 11 14

2 8 12

3 9 13

4 10

5

6

Then {λ(i) | 1 ≤ i ≤ r(λ)} = {4, 7, 10, 12, 13, 14} (these are the elements in the final boxes of
tr(λ)). Furthermore, {λ′(i) | 1 ≤ i ≤ r(λ′)} = {6, 10, 13, 14} (these are the elements in the final
boxes of tc(λ)). Hence, Jλ = {1, 2, 3, 5, 6, 8, 9, 11} and Jλ′ = {1, 2, 3, 4, 5, 7, 8, 9, 11, 12}.

Note that, for λ ⊢ n+1 Jλ = I if and only if λ = (n+1) and Jλ = ∅ if and only if λ = (1n+1).
From henceforth we will replace all J indexed notation by λ indexed notation. For example,
λW , Wλ, Φλ, wλ and Φλ will be used in place of JλW , WJλ , ΦJλ , wJλ and ΦJλ (see Chapter 1

for the definitions of each of these symbols). Furthermore, recalling Definition 1.4.2, for w ∈ W̃
we now notate θJλ(w) as θλ(w) and θ

Jλ(w) as θλ(w).

For w ∈W0, the one line expression of w is the sequence [w(1), . . . , w(n+1)]. For 1 ≤ i ≤ n
we have ℓ(wsi) = ℓ(w) + 1 if and only if w(i + 1) > w(i) and ℓ(siw) = ℓ(w) + 1 if and only if
i and i+ 1 appear in ascending order in the one line notation of w. Let AL(w) denote the left
ascent set of w ∈W0, that is

AL(w) = {si | ℓ(siw) > ℓ(w)}
= {si | i appears before i+ 1 in the one line expression of w}

(7.1.1)

and let AR(w) denote the right ascent set of w ∈W0, that is

AR(w) = {si | ℓ(wsi) > ℓ(w)} = {si | w(i+ 1) > w(i)}. (7.1.2)

Lemma 7.1.4. We have w ∈ λW if and only if for each row of tr(λ) the elements of the row
appear in ascending order in the 1-line notation of w.

Proof. By definition w ∈ λW if and only if w is reduced on the left by all j ∈ Jλ. Equivalently,
this is when ℓ(sjw) > ℓ(w) for all j ∈ Jλ. By (7.1.1) this occurs if and only if j appears before
j + 1 in the one line notation of w. The result follows as j ∈ Jλ if and only if j and j + 1 are in
the same row of tr(λ).

Definition 7.1.5. The right λ-ascent set of u ∈ λW is

Aλ(u) = {si | ℓ(usi) > ℓ(u) and usi ∈ λW} = AR(u) ∩ {si | usi ∈ λW}
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Definition 7.1.6. Let λ ⊢ n + 1 and w ∈ W0. Insert dividers into the one line notation
w = [w(1), w(2), . . . , w(n+ 1)] forming “blocks” according to the following rules; for 1 ≤ i ≤ n
insert a divider between w(i) and w(i+ 1) if either

1. w(i+ 1) < w(i) or,
2. w(i+ 1) > w(i) and the numbers w(i) and w(i+ 1) lie in a common row of tr(λ)

The resulting expression, with the one line notation split into blocks, is called the λ-expression
of w. There is an associated composition to the λ-expression of w formed by the sequence of the
lengths of the blocks (in the order they appear). Define µ(w, λ) ∈ P(n+ 1) to be the partition
associated to this composition (formed by rearranging the sequence of lengths of the blocks into
decreasing order).

Example 7.1.7. Let λ = (4, 3, 3, 2, 1, 1) and let w = [1, 3, 7, 2, 6, 11, 12, 5, 4, 14, 9, 10, 13, 8]. Re-
calling tr(λ) from Example 7.1.3 we have that the λ-expression of w is

[1 | 3, 7 | 2, 6, 11 | 12 | 5 | 4, 14 | 9 | 10, 13 | 8].

The associated composition is (1, 2, 3, 1, 1, 2, 1, 2, 1) and so µ(w, λ) = (3, 2, 2, 2, 1, 1, 1, 1, 1).

Lemma 7.1.8. For u ∈ λW we have

Aλ(u) = {si | u(i) and u(i+ 1) lie in a common block of the λ-expression of u}.

Proof. Let u ∈ λW and suppose that u(i) and u(i+1) are in different blocks of the λ-expression
of u. Then, by definition, either u(i + 1) < u(i), or u(i + 1) > u(i) and u(i) and u(i + 1) are
in the same row of tr(λ). In the first case, we have that ℓ(usi) < ℓ(u) and thus si /∈ Ar(u) (see
(7.1.2)). In the second case, as si(i) = i+1 and si(i+1) = i, we have that usi(i+1) = u(i) and
usi(i) = u(i+1). As u(i) and u(i+1) lie in the same row of tr(λ) we have that usi(i+1) < usi(i).
Therefore, the elements in the rows of tr(λ) won’t appear in ascending order in the one line
notation of usi and so, by Lemma 7.1.4, usi /∈ λW . Thus, in each case si /∈ Aλ(u).

Conversely, suppose that u(i) and u(i+ 1) are in a common block of the λ-expression of u.
Then u(i+ 1) > u(i) and so, by (7.1.2), si ∈ Ar(u). As u ∈ λW , by Lemma 7.1.4 the elements
of each row of tr(λ) appear in ascending order in the one line notation of u. Furthermore, as
u(i) and u(i + 1) lie in a common block of the λ-expression of u, u(i) lies in a different row of
tr(λ) than u(i + 1). Thus, when swapping u(i) and u(i + 1) in the one line expression of u to
form the one line expression usi the elements of the rows of tr(λ) remain in ascending order.
Hence, usi ∈ λW and so si ∈ Aλ(u) as required.

Let ≤ denote the dominance order on P(n+ 1). That is µ ≤ λ if and only if µ(i) ≤ λ(i) for
all i ≥ 1 where we set λi = 0 if i > r(λ). For example, if λ = (5, 4, 1, 1) and µ = (5, 3, 1, 1, 1)
then µ ≤ λ. Note that if µ ≤ λ then λ′ ≤ µ′.

Definition 7.1.9. For λ ⊢ n+ 1 let

aλ =
∑
i≥1

(i− 1)λi.

Example 7.1.10. Take λ = (4, 3, 3, 2, 1, 1) as in Example 7.1.3. Then aλ = 3 + 2(3) + 3(2) +
4 + 5 = 24.

Lemma 7.1.11. We have that

aλ =
∑
i≥1

(n+ 1− λ(i)) =
∑

1≤i<j≤r(λ)

λj =
1

2

∑
i≥1

λ′i(λ
′
i − 1) = ℓ(wλ′)
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Proof. The first and second equality follows as∑
i≥1

(n+ 1− λ(i)) =
∑

1≤i<j≤r(λ)

λj =
∑
i≥1

the number of boxes below row i

so the boxes of row 2 are counted once, the boxes of row 3 are counted twice and so on. The
third equality follows as

1

2

∑
i≥1

λ′i(λ
′
i − 1) =

∑
i≥1

λ′
i−1∑
j=1

j

and so, thinking of each column, again the boxes of row 2 are counted once, row 3 twice and so
on. It is well known that ℓ(wK) = 1

2 |K|(|K|+1) for K ∈ K(Jλ). Thus, the final equality follows
by adding the lengths of the longest elements of each connected component of Jλ.

Lemma 7.1.12. Let λ, µ ∈ P(n+ 1). If µ ≤ λ then aµ ≥ aλ with equality if and only if µ = λ.

Proof. As aλ =
∑

i≥1(n+1−λ(i)) by Lemma 7.1.11, this result follows directly by the definition
of the dominance order.

7.2 The λ-alcove and group Gλ

This section aims to explicitly describe the definitions set up in Chapter 2 for Φ = An, now
using the e-basis of V . In particular we will describe the weights and the symmetries of the
fundamental Jλ-alcove. To describe the symmetry group we introduce an element uλ ∈ λW that
will play an important role throughout our analysis of Φ = An. We will also define a partial
ordering on the weights in the fundamental Jλ-alcove using the symmetry group.

Recall the definitions of AJ , QJ , P
(J) and GJ from Chapter 2. As J will now be associated

with a partition, we notate AJλ , QJλ , P
(Jλ) and GJλ by Aλ, Qλ, P

(λ) and Gλ.
Recall from Section 2.2 that P/Qλ is isomorphic to the set of weights of the fundamental

Jλ-alcove Aλ. We now explicitly describe P/Qλ for type An in terms of the e-basis.
If j, j′ are in the same row of tr(λ) then, as ej − ej′ ∈ Φλ, we have ej +Qλ = ej′ +Qλ. Thus

we can make the following definition; for 1 ≤ i ≤ r(λ) define

ẽi = ej +Qλ (7.2.1)

for any λ(i − 1) + 1 ≤ j ≤ λ(i) (any j in row i of tr(λ)). Then, P/Qλ = spanZ{ẽ1, . . . , ẽr(λ)}.
Note that as e1 + · · ·+ en+1 = 0 we have that

λ1ẽ1 + · · ·+ λr(λ)ẽr(λ) = 0. (7.2.2)

When λ = (1n+1), Qλ = {0} and so P/Qλ = P and ẽi = ei. When λ = (n+1), Qλ = Q and
so ẽ1 = ej +Q for all 1 ≤ j ≤ n+ 1. By (7.2.2) we have that (n+ 1)ẽ1 = 0, however ẽ1 ̸= 0 as
P/Q is nontrivial. Thus P/Q = Zẽ1 = {0, ẽ1, . . . nẽ1}.

Example 7.2.1. Let λ = (2, 2) ⊢ 4, thus

tr(λ) =
1 2

3 4

We have that P/Qλ = spanZ{ẽ1, ẽ2} where ẽ1 = e1+Qλ = e2+Qλ and ẽ2 = e3+Qλ = e4+Qλ.
By (7.2.2), 2ẽ1 +2ẽ2 = 0. However, as e1 + e3 /∈ Qλ we have that ẽ1 + ẽ2 ̸= 0. Thus, ẽ1 + ẽ2 has
order 2.
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The natural quotient map P → P/Qλ satisfies

d1e1 + · · ·+ dn+1en+1 7→ a1ẽ1 + · · · ar(λ)ẽr(λ), where ak =

λ(k)∑
i=λ(k−1)+1

di. (7.2.3)

Example 7.2.2. Let λ = (4, 3, 3) ⊢ 10 with

tr(λ) =
1 2 3 4

5 6 7

8 9 10

Let γ = 2e1 − 4e3 + 6e4 + e6 + e8 − 2e9. Via the map defined in (7.2.3) we have that γ +Qλ =
4ẽ1 + ẽ2 − ẽ3 ∈ P/Qλ.

Recall from Section 2.2 that the isomorphism P (λ) ∼→ P/Qλ is given by γ 7→ γ + Qλ. We
now give the reverse isomorphism (for type An) in terms of the e-basis.

Proposition 7.2.3. The isomorphism P/Qλ
∼−→ P (λ) is given by

a1ẽ1 + · · ·+ ar(λ)ẽr(λ) 7→
r(λ)∑
k=1

(
(bk + 1)(eλ[k,1] + · · ·+ eλ[k,ck]) + bk(eλ[k,ck+1] + · · ·+ eλ[k,λk])

)
where bk and ck are defined by ak = λkbk + ck with 0 ≤ ck < λk.

Proof. Let

γ =

r(λ)∑
k=1

(
(bk + 1)(eλ[k,1] + · · ·+ eλ[k,ck]) + bk(eλ[k,ck+1] + · · ·+ eλ[k,λk])

)
.

As ej + Qλ = ẽk for all j in the k-th row of tr(λ), the k-th term of γ + Qλ (the component of
γ +Qλ coming from the ej ’s where j is in row k) is

bk(eλ[k,1] + · · ·+ eλ[k,λk]) + eλ[k,1] + · · ·+ eλ[k,ck] +Qλ = λkbkẽk + ckẽk = akẽk

as required. Moreover, if α = ei,j ∈ Φ+
λ then i, j lie in a common row of tr(λ), say i = λ[k, i′]

and j = λ[k, j′] where 1 ≤ i′ < j′ ≤ λk. By Lemma 7.1.1, ⟨γ, α⟩ ∈ {0, 1} and so γ ∈ P (λ) (by
the definition of Aλ and as P (λ) = Aλ ∩ P ).

Remark 7.2.4. We can associate the elements of P with tableaux. Let λ ⊢ n + 1 and γ =
d1e1 + · · · + dn+1en+1 ∈ P . Identify γ with a tableau of shape λ by filling along the rows with
d1, d2, . . . , dn+1. As e1+ · · ·+ en+1 = 0, two filled tableaux are considered equal if they differ by
a multiple of the constant tableau with every entry 1.

Proposition 7.2.3 gives a description of the elements of P (λ) in terms of the e-basis. Using
this explicit description, the elements of P (λ) are precisely the elements whose associated tableau
has k-th row of the form

bk + 1 bk + 1 · · · bk + 1 bk bk · · · bk

where bk + 1 occurs ck times (with 0 ≤ ck < λk), for all 1 ≤ k ≤ r(λ).
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We can now explicitly describe the mapping P → P (λ) in terms of these weight associated
tableaux. That is, the weight γ = d1e1 + · · · dn+1en+1 is mapped to tableaux with rows of the
above form where row k’s data is formed by

λ(k)∑
i=λ(k−1)+1

di = λkbk + ck.

For example, let λ = (4, 3, 3) and γ = 2e1− 4e3 +6e4 + e6 + e8− 2e9 as in Example 7.2.2. Then

γ 7→ 1 1 1 1

1 0 0

0 0 −1

Another example, let λ = (7, 3) then

6e1 + 4e2 + 10e3 + 11e4 + 8e7 + 6e8 + 5e10 7→ 6 6 6 6 5 5 5

4 4 3

To explicitly describe the symmetries of the fundamental J-alcove for type Φ = An (the
group Gλ) we introduce the following element of W0. This element will be essential throughout
our analysis of Φ = An and so we prove some useful properties here that will be used in later
chapters.

Definition 7.2.5. Let uλ be the element ofW0 given in one line notation by reading the columns
of tr(λ), top to bottom and left to right.

Recall the definition of the λ-expression of w ∈ W0 and its corresponding partition µ(w, λ)
(Definition 7.1.6).

Lemma 7.2.6. We have µ(uλ, λ) = λ′ and Aλ(uλ) = Jλ′. Moreover uλw ∈ λW for all w ∈Wλ′.

Proof. The blocks of the λ-expression of uλ are the columns of tr(λ) by the construction of uλ.
The first statement then follows by Lemma 7.1.8. Multiplying uλ by wλ′ on the right permutes
the elements within the blocks of the λ-expression of uλ. Similarly, any element w ∈ Wλ′ will
only shuffle elements within the blocks. Thus, by Lemma 7.1.4 and as the blocks cannot contain
elements from the same row of tr(λ), uλw ∈ λW .

Recall the Dominance Lemma below. We include the proof for completeness.

Lemma 7.2.7. [43, Lemma 2.2.4] Let t be a tableaux of size λ and s be a tableaux of shape µ.
If for all 1 ≤ i ≤ r(µ), the elements of row i of s are all in different columns of t then λ ≥ µ.

Proof. We can sort the entries of the columns of t so that the elements of rows 1 to i of s appear
in rows 1 to i of t. Thus,

λ1 + λ2 + · · ·+ λi = the number of elements in the first i rows of t

≥ the number of elements from the first i rows of s in the first i rows of t

= µ1 + · · ·+ µi

for all 1 ≤ i ≤ r(µ), as required.
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Lemma 7.2.8. For all w ∈W0 we have µ(w, λ) ≤ λ′.

Proof. Let µ = µ(w, λ). Let γ1, . . . , γk be the blocks of the λ-expression of w arranged so that
they are decreasing in length. Thus, µ = (|γ1|, . . . , |γk|). Let t be a (not necessarily column
strict) tableau of shape µ given by entering the elements of γi into the i-th row. The elements
of row i of t lie in different columns of tc(λ

′) by the construction of the λ-expression (tc(λ
′) is

the transpose of tr(λ)). The result then follows from the Dominance Lemma, Lemma 7.2.7.

Theorem 7.2.9. Let u ∈ λW . We have
(1) ℓ(wAλ(u)) ≤ ℓ(wλ′) with equality if and only if µ(u, λ) = λ′, and
(2) Aλ(u) = Jλ′ if and only if u = uλ.

Proof. Let u ∈ λW and write µ = µ(u, λ) = (µ1, . . . , µm). By Lemma 7.1.8, the Young subgroup
generated by Aλ(u) is Sµ1 × · · · ×Sµm . Thus, ℓ(wAλ(u)) = ℓ(wµ) = aµ′ (using Lemma 7.1.11).
By Lemma 7.2.8 we have that µ ≤ λ′ and so µ′ ≥ λ. Lemma 7.1.12 then gives that ℓ(wAλ(u)) =
aµ′ ≤ aλ with equality if and only if µ = λ′.

For the second statement, suppose that u ∈ λW with Aλ(u) = Jλ′ . Therefore, µ(u, λ) = λ′.
If u ̸= uλ then the λ-expression of u is either a rearrangement of the blocks of the λ-expression
of uλ or there is a block of the λ-expression of u that is not a column of tr(λ). In both cases
the rows of tr(λ) will not appear in ascending order in the one line notation of u. By Lemma
7.1.4 this implies that u /∈ λW , a contradiction. The result follows as Aλ(uλ) = Jλ′ by Lemma
7.2.6.

We now explicitly describe the finite symmetry group of Aλ, denoted Gλ. Recall from Section
2.4 that

Gλ = {g ∈W0 | gAλ = Aλ} = {g ∈W0 | gΦ+
λ = Φ+

λ }.

Note that, as Φ = An is simply-laced, we have gρλ = ρλ for all g ∈ Gλ where ρλ = ρJλ .
Define

L(λ) = {λi | 1 ≤ i ≤ r(λ)}

to be the set of lengths of the rows of λ. Then, for l ∈ L(λ) define

κλ(l) = #{1 ≤ i ≤ r(λ) | λi = l}

to be the number of rows of length l. For example, if λ = (4, 3, 3, 2, 1, 1) then L(λ) = {1, 2, 3, 4}
and κλ(4) = 1, κλ(3) = 2, κλ(2) = 1 and κλ(1) = 2.

Proposition 7.2.10. The group Gλ is the subgroup of Sn+1 stabilising each column of tr(λ)
and permuting the set of rows of tr(λ). Thus Gλ is a Coxeter group of type

∏
l∈L(λ)Aκλ(l)−1.

Proof. By Proposition 2.4.3, g ∈ Gλ maps connected components of Jλ to connected components
of Jλ. As the connected components of Jλ correspond to rows of tr(λ), g maps rows of tr(λ)
to rows of tr(λ). As g maps Φ+

λ to Φ+
λ and as elements of Φ+

λ are of the form ei,j where
i < j and i and j are in the same row of tr(λ), g preserves the columns of tr(λ). Conversely,
any g ∈ W0 = Sn+1 that stabilises the columns and acts on the set of rows of tr(λ) satisfies
gΦ+

λ = Φ+
λ and so g ∈ Gλ. As g can only permute connected components of Jλ of the same size,

we have that Gλ
∼=
∏

l∈L(λ)Sκλ(l).
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Example 7.2.11. Let λ = (5, 5, 3, 3, 3, 2, 1, 1, 1), and so

tr(λ) =
1 2 3 4 5

6 7 8 9 10

11 12 13

14 15 16

17 18 19

20 21

22

23

24

Then the group Gλ
∼= S2×S3×S3 is generated by the involutions (1, 6)(2, 7)(3, 8)(4, 9)(5, 10),

(11, 14)(12, 15)(13, 16), (14, 17)(15, 18)(16, 19), (22, 23), and (23, 24).

Proposition 7.2.12. We have Gλ = {g ∈ uλWλ′u−1
λ | gΦλ = Φλ}. In particular, u−1

λ Gλuλ ≤
Wλ′.

Proof. By definition, the one line expression of uλ is the columns of tr(λ). It follows from this
construction that u−1

λ = uλ′ (the element with one line expression formed from reading the rows
of tc(λ) from left to right and top to bottom or equivalently reading the columns of tr(λ

′)). It
follows that u−1

λ Gλuλ is the subgroup of Sn+1 that stabilises each row and acts on the set of
columns of tr(λ

′). Hence, u−1
λ Gλuλ ≤ Wλ′ and so if g ∈ Gλ then g ∈ uλWλ′u−1

λ and gΦλ = Φλ

(as gΦ+
λ = Φ+

λ ).
On the other hand, suppose that g = uλwu

−1
λ with w ∈ Wλ′ satisfying gΦλ = Φλ. If there

is an α ∈ Φ+
λ such that gα = −β ∈ −Φ+

λ then wu−1
λ α = −u−1

λ β. As uλw
−1 ∈ λW by Lemma

7.2.6, we have that wu−1
λ α > 0 which forces u−1

λ β < 0. However, as β ∈ Φ+
λ and u−1

λ ∈ λW (as
Aλ(uλ) = Jλ) we have u−1

λ β > 0, a contradiction.

Remark 7.2.13. It follows from the definition of uλ that the group uλWλ′u−1
λ is the subgroup

of the symmetric group stabilising each column of tr(λ).

Definition 7.2.14. The Gλ-root system is the subset ΦGλ
= Φ+

Gλ
∪ (−Φ+

Gλ
) of P/Qλ with

Φ+
Gλ

= {ẽi − ẽj | 1 ≤ i < j ≤ r(λ) with λi = λj}.

Note that ΦGλ
is not a true root system as the group P/Qλ can have torsion (see Example

7.2.1), however it will play an analogous role to a root system in setting up a dominance order
on P/Qλ.

As Gλ preserves Qλ the equation g(γ+Qλ) = gγ+Qλ defines an action on P/Qλ. Explicitly,
in terms of the e-basis, this action permutes the elements ẽ1, . . . , ẽr(λ) with the constraint that if
gẽi = ẽj then λi = λj (as elements of Gλ permute rows of the same length). Set a fundamental
domain for this action by

(P/Qλ)+ = {a1ẽ1 + · · ·+ ar(λ)ẽr(λ) | ai ≥ aj if i < j with λi = λj}. (7.2.4)

If Jλ = ∅ (and thus λ = (1n+1)), then P/Qλ = P and P+ = P+. The set (P/Qλ)+ gives a
Jλ-analogue to dominant weights and are thus called dominant λ-weights. By definition Gλ also
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acts on P (λ). Let P
(λ)
+ be the fundamental domain of this action given by the image of (P/Qλ)+

under the isomorphism P/Qλ → P (λ) from Proposition 7.2.3. That is

P
(λ)
+ = {γ ∈ P (λ) | γ +Qλ ∈ (P/Qλ)+}.

Example 7.2.15. Let λ = (2, 2) as in Example 7.2.1. The group Gλ is of type A1 and generated
by (1, 3)(2, 4) = s2s1s3s2. We have that (P/Qλ)+ = {a1ẽ1 + a2ẽ2 | a1 ≥ a2} and

P
(λ)
+ = (Z≥0ω2) ∪ (ω1 + Z≥0ω2) ∪ (ω3 + Z≥0ω2) ∪ (ω1 + ω3 + Z≥−1ω2).

To see how to get P
(λ)
+ from (P/Qλ)+ consider the tableaux form of elements of P

(λ)
+ from

Remark 7.2.4. There are four options for the tableaux corresponding to elements of P
(λ)
+ :

b1 b1

b2 b2

b1 + 1 b1

b2 b2

b1 b1

b2 + 1 b2

b1 + 1 b1

b2 + 1 b2

with b1 ≥ b2 (this forces b1 ≥ 0 as if b1 is negative so is b2 and we can add −b1 to all entries,
recalling that tableaux are equal if they differ by a constant tableau). This along with ω4 = 0
and the fact that

ω1 ↔ 1 0

0 0
and ω3 ↔ 1 1

1 0

gives the result.

Example 7.2.16. Let λ = (5, 5, 3, 3, 3, 2, 1, 1, 1) as in Example 7.2.11. Then

Φ+
Gλ

= {ẽ1 − ẽ2, ẽ3 − ẽ4, ẽ3 − ẽ5, ẽ4 − ẽ5, ẽ7 − ẽ8, ẽ7 − ẽ9, ẽ8 − ẽ9},
(P/Qλ)+ = {a1ẽ1 + · · ·+ a9ẽ9 | a1 ≥ a2, a2 ≥ a4 ≥ a5 and a7 ≥ a8 ≥ a9}.

Denote
Qλ = spanZ(ΦGλ

) and Qλ
+ = spanZ≥0

(Φ+
Gλ

).

Define the λ-dominance order ≼λ on P/Qλ by

γ +Qλ ≼λ γ
′ +Qλ if and only if γ′ − γ +Qλ ∈ Qλ

+.

Via the isomorphism in Proposition 7.2.3, the λ-dominance order can also be considered a
partial ordering on the elements of P (λ). The following lemmas give explicit conditions to be
elements of Qλ and Qλ

+, aiding in understanding the partial order ≼λ. These lemmas give a
Jλ-analogue to the e-basis interpretation of Q and Q+ from Section 7.1.

Lemma 7.2.17. Let γ =
∑n+1

i=1 aiei ∈ Q, with the expression chosen so that a1+ · · ·+an+1 = 0.

Then γ ∈ Qλ if and only if
∑λ(k)

i=λ(k−1)+1 ai = 0 for each 1 ≤ k ≤ r(λ).

Proof. This follows directly from the interpretation of Q in the e-basis from Section 7.1, now
splitting into the different connected components of Jλ. The connected components of Jλ corre-
spond to rows of tr(λ). Each connected component has a corresponding root system, for example
row k’s root system is generated by ei,i+1 for all λ(k − 1) + 1 ≤ i < λ(k). The weight γ is a

root from the root system of row k if and only if γ =
∑λ(k)

i=λ(k−1)+1 aiei with
∑λ(k)

i=λ(k−1)+1 ai = 0.
The result follows as elements of Qλ are combinations of roots from the root systems of each
row.
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Lemma 7.2.18. We have γ+Qλ ∈ Qλ if and only if there is an expression γ+Qλ =
∑r(λ)

i=1 aiẽi
with ∑

1≤i≤r(λ), λi=l

ai = 0 for all l ∈ L(λ),

and moreover γ +Qλ ∈ Qλ
+ if and only if a1 + · · ·+ ai ≥ 0 for all 1 ≤ i ≤ r(λ).

Proof. As with the proof of Lemma 7.2.17, this follows directly from the interpretation of Q
and Q+ in the e-basis. The set Qλ is generated by ẽi − ẽj for 1 ≤ i < j ≤ r(λ). Each row
length l ∈ L(λ) has a corresponding ‘root system’. Consider rows of length l, let k = min{1 ≤
i ≤ r(λ) | λi = l} and m = max{1 ≤ i ≤ r(λ) | λi = l}. The ‘root system’ corresponding to
length l is generated by ẽi − ẽi+1 for all k ≤ i < m. The element γ +Qλ =

∑m
k aiẽi is a linear

combination of the elements of {ẽi − ẽi+1 | k ≤ i < m} (a member of this ‘root system’) if and
only if ∑

1≤i≤r(λ), λi=l

ai = 0.

and is a positive linear combination of the elements of {ẽi − ẽi+1 | k ≤ i < m} if and only if
ak + · · · + ai ≥ 0 for all k ≤ i ≤ m. The result follows as elements of Qλ are combinations of
members of the ‘root systems’ corresponding to each l ∈ L(λ).

Note that, by the conditions for membership of Qλ given in Lemma 7.2.18, if γ +Qλ ∈ Qλ

then γ ∈ Q. If λ = (1n+1) then Qλ = {0} and P/Qλ = P , so in this case ≼λ is the usual
dominance order on P given by γ ≼λ γ

′ if and only if γ′− γ ∈ Q+ (distinct from the dominance
order on partitions defined in Section 7.1). Hence, λ-dominance on P/Qλ is a Jλ-analogue of
the usual dominance order on P . If λ = (n+ 1) then Qλ = Q, P/Qλ = {0, ẽ1, 2ẽ1, . . . , nẽ1} and
Qλ = {0}, so if γ, γ′ ∈ P/Qλ we have γ ≼λ γ

′ if and only if γ = γ′.

Example 7.2.19. Let γ = (5, 5, 3, 3, 3, 2, 1, 1, 1) as in Example 7.2.11. Then Qλ
+ consists of the

elements a1ẽ1+ · · ·+ a9ẽ9 with ai ∈ Z satisfying a1+ a2 = a3+ a4+ a5 = a6 = a7+ a8+ a9 = 0,
a1 ≥ 0, a3 ≥ 0, a3 + a4 ≥ 0, a7 ≥ 0 and a7 + a8 ≥ 0.

7.3 The affine Hecke algebra of An, the modules Mλ and the ring
Z[ζλ]Gλ

We now explicitly describe the definitions set up in Chapter 3 and Chapter 5 for type Φ = An.
That is, the Hecke algebra relations, the ring R[ζJλ ] and the representations (πJλ,v,MJλ,v).
As with Sections 7.1 and 7.2 we shift to the e-basis for these descriptions. We also define a
λ-anaolgue to Schur functions that will be used in Chapter 11.

Let H denote the Hecke algebra associated with Φ = An and H̃ denote the corresponding
extended Hecke algebra (see Section 3.1 for the definitions). Note that as Φ is simply-laced,
qsi = qsj for all i, j ∈ I ∪ {0}. Hence, set q = qsi for all i ∈ I ∪ {0} and the relations of H̃ from
(3.1.1) become

TwTu = Twu if ℓ(wu) = ℓ(w) + ℓ(u)

TwTsi = Twsi + (q− q−1)Tw if ℓ(wsi) = ℓ(w)− 1.

Recall the definition of Xw for w ∈ W̃ from Section 4.1 (see particularly (4.1.1)). Let Xi = Xei

for 1 ≤ i ≤ n + 1 (recall that Xγ = Xtγ for all γ ∈ P ). As e1 + · · · + en+1 = 0 we have that
X1 · · ·Xn+1 = 1.
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The Bernstein-Lusztig relation from (4.1.3) gives the following relations;{
TjXi = XiTj when |i− j| > 1,

T−1
i XiT

−1
i = Xi+1 for 1 ≤ i ≤ n.

In type An we have that R = Z[q±1]. Denote

R[X] = spanR{Xγ | γ ∈ P}.

The group W0 acts upon R[X] by linearly extending w ·Xγ = Xwγ . Let

R[X]W0 = {f(X) ∈ R[X] | w · f(X) = f(X) for all w ∈W0}.

This is the ring of symmetric polynomials in R[X].
The Kazhdan-Lusztig cell decomposition of H̃ has been determined by Lusztig [30] and Shi

[45]. The two-sided cells are indexed by partitions λ ⊢ n+1. The following cells will be important
for our analysis: for λ ⊢ n+ 1 let

Γλ = {w ∈ W̃ | w ∼R wλ′} and ∆λ = {w ∈ W̃ | w ∼LR wλ′},

be the right cell containing wλ′ and the two sided cell containing wλ′ respectively. It is well
known that for all w ∈ ∆λ we have a(w) = ℓ(wλ′) (where a is Lusztig a-function). Recall that

the partial order ≤LR on W̃ induces a partial order on the set of two sided cells from Section
3.2. For type An we have that ∆λ ≤LR ∆µ if and only if λ ≤ µ in the dominance order on
partitions.

We will require the following result of Tanisaki and Xi.

Theorem 7.3.1 ([48, Theorem 4.3]). Let λ ⊢ n+ 1. The two-sided ideal

spanR{Cw | w ≤LR wλ′}/spanR{Cw | w <LR wλ′}

is generated by the image of Cwλ′ in the quotient.

Lusztig proved that P1−P15 (stated in Section 3.2) are true for Φ = An in [35, §15] using the
positivity properties of Elias and Williamson (see [14]). Thus we can define Lusztig’s asymptotic
algebra, J , with generators (tw)w∈W̃ (see Section 3.2). Let Jλ denote the subring of J spanned
by {tw | w ∈ ∆λ}.

We redefine R[ζJλ ] from Section 5.1 so we are working in the e-basis of P instead of the
ω-basis. Let ζ1, . . . , ζn+1 be commuting invertible indeterminants with the condition that
ζ1 · · · ζn+1 = 1. For γ ∈ P denote ζγ = ζa11 · · · ζ

an+1

n+1 if γ =
∑n+1

i=1 aiei. For λ ⊢ n + 1 let

Iλ denote the ideal of the Laurent polynomial ring R[ζ±1
1 , . . . , ζ±1

n+1] generated by ζαj − 1 for
j ∈ Jλ. Let

R[ζλ] = R[ζ±1
1 , . . . , ζ±1

n+1]/Iλ and Z[ζλ] = Z[ζ±1
1 , . . . , ζ±1

n+1]/Iλ.

Remark 7.3.2. To shift between the e-basis setup above and the original setup of R[ζJ ] from
Section 5.1 (in the ω-basis) let ζ ′i = ζωi . We have that ζ1 = ζ ′1, ζn+1 = ζ ′−1

n and ζi = ζ ′iζ
′−1
i−1 for

1 < i < n+ 1.
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Write ζγλ = ζγ+Iλ and so ζγλ = 1 for all γ ∈ Qλ. As in Section 5.1 this implies that ζγλ = ζγ
(λ)

λ

for all γ ∈ P . We define ζγ+Qλ
λ = ζγλ for γ + Qλ ∈ P/Qλ so that we can work in the quotient,

noting that R[ζλ] ∼= R[P/Qλ].
Explicitly, since ζαλ = 1 for all α ∈ Φλ we have that ζjζ

−1
j′ = 1 for j and j′ in the same row

of tr(λ). Thus, ζj + Iλ = ζj′ + Iλ for j, j′ in the same row of tr(λ). Therefore, we can define
z1, . . . zr(λ) ∈ R[ζλ] by

zi = ζj + Iλ
for any j in the i-th row of tr(λ) (that is, zi = ζ

ej
λ for all j in row i). As e1 + · · ·+ en+1 = 0 we

have that zλ1
1 · · · z

λr(λ)

r(λ) = 1 and

R[ζλ] = R[z±1
1 , . . . , z±1

r(λ)]/(z
λ1
1 · · · z

λr(λ)

r(λ) − 1).

The group Gλ acts upon R[ζλ] by g(ζγλ) = ζgγλ for all g ∈ Gλ and γ ∈ P . This action is

well defined as if ζγλ = ζγ
′

λ ∈ R[ζλ] then γ − γ′ ∈ Qλ and by the definition of Gλ this implies

that gγ − gγ′ ∈ Qλ, thus ζ
gγ
λ = ζgγ

′

λ . Explicitly, this action is given by permuting the variables
z1, . . . , zr(λ) under the condition that if gzi = zj then λi = λj , mirroring the action of Gλ on the
elements ẽi from Section 7.2.

Example 7.3.3. Let λ = (5, 5, 3, 3, 3, 2, 1, 1, 1) as in Example 7.2.11. Then Gλ permutes the
variables z1, . . . , z9 preserving the partition {z1, z2} ∪ {z3, z4, z5} ∪ {z6} ∪ {z7, z8, z9}.

Definition 7.3.4. Define the following two sets;

R[ζλ]
Gλ = {p(ζλ) ∈ R[ζλ] | g · p(ζλ) = p(ζλ) for all g ∈ Gλ},

Z[ζλ]Gλ = {p(ζλ) ∈ Z[ζλ] | g · p(ζλ) = p(ζλ) for all g ∈ Gλ}.

Recall that P
(λ)
+ is a fundamental domain for the action of Gλ on P (λ) from Section 7.2 and

so every element of P (λ) is of the form gγ for some g ∈ Gλ and γ ∈ P (λ)
+ . Thus, R[ζλ]

Gλ has
basis, as a free R-module, given by the monomials

eγ(ζλ) =
∑

γ′∈Gλ·γ
ζγ

′

λ , with γ ∈ P (λ)
+ . (7.3.1)

Similarly, Z[ζλ]Gλ has basis {eγ(ζλ) | γ ∈ P
(λ)
+ } as a free Z-module.

Definition 7.3.5. For γ ∈ P (λ) (or γ ∈ P/Qλ) let sγ(ζλ) be the Gλ-Schur function

sγ(ζλ) =
∑
g∈Gλ

ζgγλ

∏
α∈Φ+

Gλ

1

1− ζ−gα
λ

.

Proposition 7.3.6. The elements sγ(ζλ) are in Z[ζλ]Gλ, and {sγ(ζλ) | γ ∈ P
(λ)
+ } is a basis of

R[ζλ]
Gλ (respectively Z[ζλ]Gλ) as a free R-module (respectively free Z-module).

Proof. This follows from [38, (2.10) and Proposition 2.10], taking the theory for P+ andW0 and

applying it to P
(λ)
+ and Gλ.

For λ = (n + 1) we have P (λ) = {0, ω1, . . . , ωn}, Aλ = A0 and Gλ = {0}. Thus, ΦGλ
= ∅

and so sωi(ζλ) = ζωi
λ = zi1 where z1 = ζe1λ . For λ = (1n+1) we have that P (λ) = P and Gλ =W0.

Hence, ΦGλ
= Φ and sγ(ζλ) for γ ∈ P+ is the classical Schur function given in [38, (2.10)].
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Example 7.3.7. Let λ = (2, 2) ⊢ 4 as in Example 7.2.1 and Example 7.2.15. We have that
Gλ = {e, s2s1s3s2} and Φ+

Gλ
= {ẽ1− ẽ2}. The action of Gλ on P/Qλ is given by s2s1s3s2ẽ1 = ẽ2.

Let γ = aẽ1 + bẽ2 ∈ P/Qλ. Then

sγ(ζλ) = ζγλ
1

1− ζ−ẽ1+ẽ2
λ

+ ζgγλ
1

1− ζ ẽ1−ẽ2
λ

=
za1z

b
2

1− z−1
1 z2

+
zb1z

a
2

1− z1z−1
2

=
za+1
1 zb2 − zb1z

a+1
2

z1 − z2

as ζ ẽ1λ = z1 and ζ ẽ2λ = z2. In particular, as z21z
2
2 = 1, we have that sẽ1+ẽ2(ζλ) = z1z2 and so

sẽ1+ẽ2(ζλ)
2 = 1.

Let (πJλ,v,MJλ,v,BJW ) be the representation of H̃ defined in Chapter 5 with BJW = {mu |
u ∈ λW}. As Φ is simply-laced, vα = vβ for all α, β ∈ Φλ. Furthermore, by Proposition 6.1.5 and
Theorem 6.1.4 we have that (πJλ,v,MJλ,v) is bounded if and only if vα = −q−1 for all α ∈ Φλ.
We notate (πJλ,v,MJλ,v,BJW ) as (πλ,Mλ,Bλ), setting v to be the Jλ-parameter system with
vα = −q−1 for all α ∈ Φλ. Similarly, we notate the 1-dimensional representation, ψJλ,v, of the
Levi-subalgebra corresponding to Jλ (see Section 5.2) by ψλ and the function ϖJ,v (see (5.1.1))
by ϖλ. By Proposition 5.2.1 we have that

ψλ(Tj) = −q−1 and ψλ(X
γ) = (−q)−⟨γ,2ρλ⟩ζγλ

for all j ∈ Jλ and γ ∈ P . Furthermore, we have that ψλ(X
ei) = (−q)−⟨ei,2ρλ⟩ζeiλ for all 1 ≤ i ≤

n+ 1. Let r and c be such that i = λ[r, c] (so 1 ≤ r ≤ r(λ) and 1 ≤ c ≤ λr). By Lemma 7.1.1

⟨ei, 2ρλ⟩ =
λ(r)∑

j=i+1

1 +

i−1∑
j=λ(r−1)+1

1 = λr − 2c+ 1,

hence,
ψλ(X

ei) = (−q)2c−λr−1zr

for all 1 ≤ i ≤ n+ 1. This implies that

ψλ(X
αi) =

{
q−2 if j ∈ Jλ,
(−q)λk+λk+1−2zkz

−1
k+1 if i = λ(k).

Using Lemma 7.1.4, the number of elements in λW , and the dimension of Mλ, is

Nλ =
(n+ 1)!

λ1!λ2! · · ·λr(λ)!
.

It is well known that the number of right (or left) cells within ∆λ is equal to Nλ.
The following proposition gives that the matrix entries of πλ(Cwλ′ ) with respect to the

basis Bλ are supported on the interval [uλ, uλwλ′ ] (note that by Lemma 7.2.6 we have that
[uλ, uλwλ′ ] ⊆ λW ).

Proposition 7.3.8. We have [πλ(Cwλ′ )]u,v = 0 unless u, v ∈ [uλ, uλwλ′ ]. If x, y ∈Wλ′ then

[πλ(Cwλ′ )]uλx,uλy = qaλ−ℓ(x)−ℓ(y).
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Proof. Let x ∈ Wλ′ . As T−1
x−1Cwλ′ = q−ℓ(x−1)Cwλ′ = q−ℓ(x)Cwλ′ (see Section 3.2) and by Propo-

sition 5.1.3 we have

muλx · Cwλ′ = ϖλ(Xuλ) · T
−1
x−1Cwλ′ = q−ℓ(x)muλ · Cwλ′ .

By Proposition 3.2.2

muλx · Cwλ′ =
∑

y∈Wλ′

qℓ(wλ′ )−ℓ(x)−ℓ(y)muλy

and so the uλx-th row of πλ(Cwλ′ ) is as claimed (using Lemma 7.1.11).
It remains to prove that the other entries are zero, that is for w ∈ λW such that w /∈ [uλ, uλwλ]

we have mw ·Cwλ′ = 0. We write w = w1w2 where w1 is Jλ′-reduced on the right and w2 ∈Wλ′ .
Thus Jλ′ ⊆ AR(w1) but AR(w1) ̸= Jλ′ as w1 ̸= uλ (as w /∈ [uλ, uλwλ]). It follows that there
exists s′ ∈ Jλ′ such that w1s

′ /∈ λW and thus w1s
′ = sw1 for some s ∈ Jλ (see [1, p.79 (F)]).

Again by Proposition 3.2.2

Cwλ′ =
∑

y∈Wλ′

qℓ(wλ′ )−ℓ(y)Xy

=
∑

y∈Wλ′
ys′>y

qℓ(wλ′ )−ℓ(y)Xy +
∑

y∈Wλ′
ys′<y

qℓ(wλ′ )−ℓ(y)Xy

=
∑

y∈Wλ′
ys′>y

qℓ(wλ′ )−ℓ(y)Xy +
∑

z∈Wλ′
zs′>z

qℓ(wλ′ )−ℓ(z)−ℓ(s′)XzT
−1
s′

= (q−1T−1
s′ + 1)

∑
y∈Wλ′
ys′>y

qℓ(wλ′ )−ℓ(y)Xy.

Since mw · Cwλ′ = q−ℓ(w2)mw1 · Cwλ′ and Xw1(q
−1T−1

s′ + 1) = (q−1T−1
s + 1)Xw1 it follows that

mw · Cwλ′ = q−ℓ(w2)mw1 · (q−1T−1
s′ + 1)

∑
y∈Wλ′
ys′>y

qℓ(wλ′ )−ℓ(y)Xy

= q−ℓ(w2)(q−1ψλ(T
−1
s ) + 1)ϖλ

 ∑
y∈Wλ′
ys′>y

qℓ(wλ′ )−ℓ(y)Xw1Xy

 = 0

with the final equality following from ϖλ(T
−1
s ) = −q.



Chapter 8

The killing property and
boundedness

In Section 3.3 we introduced the notion of a balanced system of cell representations of H̃ as a
family of matrix representations indexed by two-sided cells that satisfy 5 properties: B1 - B5.
Recall the definition of B1, the killing property, and B2, boundedness, now restricting to the
case Φ = An:

B1 The killing property : If w is in a cell lower or incomparable to ∆λ with respect to the
left-right order then πλ(Cw) = 0.

B2 Boundedness: The degree of q in the entries of the matrices πλ(Tw) for w ∈ W̃ is bounded.

In this chapter we prove both properties and some consequences. In Section 8.1 we prove
the killing property, Theorem 8.1.3. Boundedness is proved in Theorem 8.2.1 in Section 8.2, and
the bound is shown to be ℓ(wλ′). Furthermore, we prove that the elements whose matrices reach
this bound are a subset of ∆λ. In Chapter 10 we strengthen this result by showing that the
elements that reach the bound are exactly ∆λ, proving B3 for πλ. In Section 8.3 we introduce
the ring Cλ of leading matrices (recalling the definition of leading matrices from Section 3.3)
and define a map from Lusztig’s asymptotic algebra to this ring which will be shown to be an
isomorphism in Chapter 10.

8.1 Killing

In this section we prove the killing property for πλ. We will need the following two lemmas.

Lemma 8.1.1. Let λ, µ ⊢ n+ 1. If µ ̸≥ λ then uΦµ′ ∩ {αj | j ∈ Jλ} ≠ ∅ for all u ∈ λW .

Proof. We will show the contrapositive: if u ∈ λW with uΦµ′ ∩ {αj | j ∈ Jλ} = ∅ then µ ≥ λ.
Let u ∈ λW such that uΦµ′ ∩ {αj | j ∈ Jλ} = ∅ and write u = u1u2 where u1 is Jµ′-

reduced on the right and u2 ∈ Wµ′ . Thus u1 ∈ λW and uΦµ′ = u1Φµ′ . As u1 is Jµ′ reduced
on the right we have that Jµ′ ⊆ AR(u1). If there exists some s′ ∈ Jµ′ such that u1s

′ /∈ λW
then u1s

′ = su1 for some s ∈ Jλ. This implies that u1αs′ = αs, contradicting the fact that
u1Φµ′ ∩ {αj | j ∈ Jλ} = ∅. Thus, no such s′ exists and so Jµ′ ⊆ Aλ(u1). This implies that
µ′ ≤ µ(u1, λ) (as if Aλ(u1)\Jµ′ ̸= ∅ then the λ-expression of u1 is comprised of strictly less than
r(µ′) blocks, using Lemma 7.1.8). The result follows as µ(u1, λ) ≤ λ′ by Lemma 7.2.8.

Lemma 8.1.2. If µ ̸≥ λ then πλ(Cwµ′ ) = 0.

111
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Proof. Applying πλ to the formula in Theorem 5.4.2 we have that

πλ(Cw′
µ
) = qℓ(wµ′ )

∑
w∈Wµ′

q−ℓ(w)πλ(c
µ′
w (X)Uw) where cµ

′
w (X) =

∏
β∈Φ+

µ′\Φ(w)

1− q−2X−β

1−X−β

as β∨ = β for all β ∈ Φ+. Let B′ = {ϖλ(Uu) | u ∈ λW}. By Remark 5.4.5, for w ∈ Wµ′ ,

πλ(c
µ′
w (X);B′) is diagonal and πλ(Uw;B

′) has distinct support (the places of the non-zero entries;
row u of πλ(Uw;B

′) has a unique entry in the uw-th position if uw ∈ λW and is zero otherwise).

Thus πλ(Cwµ′ ;B
′) = 0 if and only if πλ(c

µ′
w (X)Uw;B

′) = 0 for all w ∈ Wµ′ . This is equivalent
to the statement

ϖλ(Uu) · cµ
′

w (X)Uw = 0 for all u ∈ λW and w ∈Wµ′ .

By Proposition 5.1.3 and Proposition 5.4.1(2) we have

ϖλ(Uu) · cµ
′

w (X)Uw = ϖλ

 ∏
β∈Φ+

µ′\Φ(w)

1− q−2X−uβ

1−X−uβ
UuUw


=

 ∏
β∈Φ+

µ′\Φ(w)

1− q−2ψλ(X
−uβ)

1− ψλ(X−uβ)

ϖλ(UuUw)

=

 ∏
β∈Φ+

µ′\Φ(w)

1− q−2ψλ(X
−uβ)

1− ψλ(X−uβ)

ϖλ(Uu) · Uw

As row u of πλ(Uw;B
′) is only nonzero if uw ∈ λW , when uw /∈ λW we have ϖλ(Uu) · Uw = 0

and thus ϖλ(Uu) · cµ
′

w (X)Uw = 0. So assume that uw ∈ λW .
As µ ≱ λ, by Lemma 8.1.1 we have that uΦµ′ ∩ {αj | j ∈ Jλ} ≠ ∅ for all u ∈ λW . Thus

there exists j ∈ Jλ such that u−1αj = β ∈ Φµ′ . Since u ∈ λW we have that β > 0, so β ∈ Φ+
µ′ .

Moreover, w−1β = (uw)−1αj > 0 as uw ∈ λW by assumption. Hence, β ∈ Φ+
µ′\Φ(w) and so β

appears in the product of ϖλ(Uu) · cµ
′

w (X)Uw with corresponding factor

1− q−2ψλ(X
−uβ)

1− ψλ(X−uβ)
=

1− q−2ψλ(X
−αj )

1− ψλ(X−αj )
= 0

as ψλ(X
αj ) = q−2 for all j ∈ Jλ (see Section 7.3). Thus πλ(Cwµ′ ) = 0.

Recall from Section 7.3 that ∆µ ≤LR ∆λ if and only if µ ≤ λ. We now prove the killing
property.

Theorem 8.1.3. Let λ, µ ⊢ n+ 1. If w ∈ ∆µ with µ ̸≥ λ then πλ(Cw) = 0.

Proof. Let w ∈ ∆µ. By Theorem 7.3.1, there exist h, h′ ∈ H̃ such that

hCwµ′h
′ = Cw +

∑
z∈W̃ ,z<LRwµ′

azCz with az ∈ R. (8.1.1)

We proceed by induction on µ with respect to the dominance order. If µ ≥ λ then there is
nothing to prove, so assume that µ ≱ λ. For the base case, let µ = 1n+1. As this is the unique
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lowest partition in the dominance order (8.1.1) becomes hCwµ′h
′ = Cw for all w ∈ ∆µ and the

base case holds by Lemma 8.1.2.
Assume that for all ν < µ, if w ∈ ∆ν then ν ≱ λ implies that πλ(Cw) = 0. In the sum in

(8.1.1) for z <LR wµ′ if az ̸= 0 then z ∈ ∆ν for some ν < µ. As ν < µ and µ ≱ λ it follows that
ν ≱ λ. Thus applying the inductive hypothesis we have πλ(Cz) = 0. The equation (8.1.1) then
becomes hCwµ′h

′ = Cw and πλ(Cw) = 0 for all w ∈ ∆µ follows by Lemma 8.1.2.

8.2 Boundedness

Using the killing property from Section 8.1, we now show that πλ is bounded with bound ℓ(wλ′)
and that the elements that reach this bound are a subset of ∆λ.

Theorem 8.2.1. The degree in q of the entries of the matrices πλ(Tw) for w ∈ W̃ is bounded
by ℓ(wλ′). Moreover, if deg πλ(Tw) = ℓ(wλ′) then w ∈ ∆λ.

Proof. Let N = max{deg[πλ(Tw)]u,v | w ∈ W̃ , u, v ∈ λW} which is well defined by Theorem

6.1.9 (as vα = −q−1 for all α ∈ ΦJ). Let w ∈ W̃ be such that πλ(Tw) attains the degree N ,
and suppose that this degree is attained on the u-th row of πλ(Tw). Let v1, . . . , vk ∈ λW be the
columns of πλ(Tw) where deg[πλ(Tw)]u,vj = N for 1 ≤ j ≤ k. Thus we can write

[πλ(Tw)]u,vj = aj(ζλ)q
N + (terms of strictly lower q degree),

with aj(ζλ) ∈ R[ζλ]. By Lemma 5.3.7 we have that πλ(h
∗) = πλ(h)

∗ and so

[πλ(Tw−1)]vj ,u = aj(ζ
−1
λ )qN + (terms of strictly lower q degree).

By the triangularity between Cw and Tw

[πλ(Cw)]u,vj = aj(ζ)q
N + (terms of strictly lower q degree), and

[πλ(Cw−1)]vj ,u = aj(ζ
−1
λ )qN + (terms of strictly lower q degree).

Thus,

[πλ(Cw)πλ(Cw−1)]u,u = [a1(ζλ)a1(ζ
−1
λ ) + · · ·+ ak(ζλ)ak(ζ

−1
λ )]q2N

+ (terms of strictly lower q degree),

We claim that the coefficient of q2N does not vanish. Let a(ζλ) =
∑

γ∈P (λ) aγζ
γ
λ ∈ R[ζλ] with

aγ ∈ Z, then

a(ζλ)a(ζ
−1
λ ) =

∑
γ1,γ2∈P (λ)

aγ1aγ2ζ
γ1−γ2
λ =

∑
γ∈P (λ)

a2γ + terms involving ζλ,

and the constant term,
∑

γ∈P (λ) a2γ , is strictly positive. Since [a1(ζλ)a1(ζ
−1
λ )+· · ·+ak(ζλ)ak(ζ−1

λ )]
is a sum of terms of the form of

∑
γ∈P (λ) aγζ

γ
λ with aγ ∈ Z, it cannot vanish as claimed. Thus,

πλ(Cw)πλ(Cw−1) attains a degree of q2N in the (u, u)-th entry.
On the other hand,

πλ(Cw)πλ(Cw−1) =
∑
z

hw,w−1,zπλ(Cz). (8.2.1)
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where hw,w−1,z are the structure constants with respect to w,w−1 and z (see Section 3.2). By
Theorem 8.1.3 the sum in (8.2.1) is over z in two-sided cells higher than or equal to ∆λ with
respect to ≤LR. Consider z ∈ ∆µ with µ ≥ λ. As a(z) = ℓ(wµ′) we have that a(z) ≤ ℓ(wλ′) for
all z in the sum of (8.2.1) by Lemma 7.1.12. Thus, deg(hw,w−1,z) ≤ a(z) ≤ ℓ(wλ′). Furthermore,
deg(πλ(Cz)) ≤ N and so the right hand side of (8.2.1) is bounded by N + ℓ(wλ′). Thus,
2N ≤ N + ℓ(wλ′) and so the representation is bounded by ℓ(wλ′).

Suppose that πλ(Tw) attains this optimal degree ℓ(wλ′) in the (u, v)-th entry. By the argu-
ments above, πλ(Cw)πλ(Cw−1) attains a bound of q2ℓ(wλ′ ) in the (u, u)-th position. Equation
(8.2.1) implies that there exists z ≥LR wλ′ such that deg hw,w−1,z = ℓ(wλ′) and deg[πλ(Cz)]u,u =
ℓ(wλ′). As a(z) ≤ ℓ(wλ′) this forces a(z) = ℓ(wλ′) and hence z ∼LR wλ′ by P11 (see Section
3.2). As deg hw,w−1,z = ℓ(wλ′) we have that γw,w−1,z−1 ̸= 0 (recall that γw,w−1,z−1 is the constant

term of q−ℓ(wλ′ )hw,w−1,z). Thus by P8, w ∼R z and so w ∈ ∆λ as required.

Corollary 8.2.2. The set of elements w ∈ W̃ such that the matrix πλ(Tw) attains the bound
ℓ(wλ′) is a subset of the two-sided cell ∆λ.

Proof. This is immediate from Theorem 8.2.1.

In Chapter 10 we will improve upon Corollary 8.2.2 to show that the elements that reach
the bound are precisely the elements of ∆λ. That is that πλ recognises the cell ∆λ in the sense
that Γπλ,Mλ,Bλ

= ∆λ (see Section 3.3).

8.3 Leading matrices

Recall the definition of leading matrices from Section 3.3. For simplicity we will notate cπλ,Mλ,Bλ
(w)

for w ∈ W̃ by cλ(w). By Theorem 8.2.1 the definition of cλ(w) is as follows: for w ∈ W̃ , its
λ-leading matrix is given by

cλ(w) = q−ℓ(wλ′ )πλ(Cw)|q−1=0 ∈ MatNλ
(Z[ζλ]).

Note that by Lemma 3.3.3 we also have cλ(w) = q−ℓ(wλ′ )πλ(Tw)|q−1=0. In this section we define
the ring of these leading matrices and prove that the map from Jλ to this ring, defined by
tw 7→ cλ(w), is a surjective homomorphism of unital rings.

By Corollary 8.2.2 if cλ(w) ̸= 0 then w ∈ ∆λ and by Proposition 7.3.8 we have that cλ(wλ′) =
Euλ,uλ (where Eu,v is the matrix with a 1 in the (u, v)-th position and 0 elsewhere).

Definition 8.3.1. For λ ⊢ n+ 1, define

Cλ = spanZ{cλ(w) | w ∈ ∆λ} and C =
⊕

λ⊢n+1

Cλ.

Recall the definition of γx,y,z−1 ∈ Z from Section 3.2 as the constant term of q−ℓ(wλ′ )hx,y,z

for x, y, z ∈ W̃ .

Proposition 8.3.2. The Z-module Cλ is an associative Z-algebra under matrix multiplication.
Moreover, for x, y ∈ ∆λ we have

cλ(x)cλ(y) =
∑
z∈∆λ

γx,y,z−1cλ(z).

Thus the linear map Jλ → Cλ, tw 7→ cλ(w), is a surjective homomorphism of unital rings.
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Proof. For x, y ∈ ∆λ we have

[q−ℓ(wλ′ )πλ(Cx)][q
−ℓ(wλ′ )πλ(Cy)] =

∑
z∈W̃

[q−ℓ(wλ′ )hx,y,z][q
−ℓ(wλ′ )πλ(Cz)].

Specialising q−1 = 0 on the left hand side gives cλ(x)cλ(y). By Theorem 8.1.3 the sum on
the right hand side is over z ∈ ∆µ with µ ≥ λ and all other terms vanish. If µ ≥ λ then
ℓ(wµ′) ≤ ℓ(wλ′) so deg(q−ℓ(wλ′ )hx,y,z) ≤ 0 for the z terms in the sum (as hx,y,z ≤ ℓ(wµ′) for
z ∈ ∆µ). Thus, each term [q−ℓ(wλ′ )hx,y,z][q

−ℓ(wλ′ )πλ(Cz)] can be specialised at q−1 = 0. If this
specialisation is non-zero then deg πλ(Cz) = ℓ(wλ′) and so z ∈ ∆λ by Corollary 8.2.2. Upon
specialisation, for such z ∈ ∆λ we have q−ℓ(wλ′ )hx,y,z 7→ γx,y,z−1 and the result follows.



Chapter 9

λ-Satake isomorphism

In this chapter we will give a λ-relative version of the Satake isomorphism using πλ. The results
of this chapter, leading up to the λ-relative Satake isomorphism, will be used in Chapter 11 to
describe Lusztig’s asymptotic algebra. First recall the classical Satake isomorphism. Let

10 =
qℓ(w0)

W (q2)
Cw0

where W (q2) =
∑

w∈W0
q2ℓ(w). This normalisation of Cw0 is such that 120 = 10 and 10H̃10 is

a unital algebra with identity 10. Recall that R[X]W0 is the ring of symmetric functions in X.
It is well know that R[X]W0 is the centre of H̃ (see for example [38, Theorem 1.4]). By [38,
Proposition 2.3(b)], the set {sγ | γ ∈ P+} is a basis of R[X]W0 where the sγ ’s are the classical
Schur functions from [38, (2.10)]. The classical Satake isomorphism is

Z(H̃) = R[X]W0 ∼= 10H̃10

where the isomorphism is such that sγ 7→ sγ10 = 10sγ10.

The λ-analogue to this isomorphism proved in this chapter is πλ(1λ′H̃R′1λ′) ∼= R′[ζλ]
Gλ

where 1λ′ is a normalisation of Cwλ′ and R′ is the extension of R so that the associated algebra

extension H̃R′ contains 1λ′ .

To prove this isomorphism we first define a λ-analogue to 10. Define

1λ′ =
qℓ(wλ′ )

Wλ′(q2)
Cwλ′ where Wλ′(q2) =

∑
w∈Wλ′

q2ℓ(w).

To determine properties of πλ(1λ′H̃R′1λ′) we will explore the properties of πλ(Cwλ′ H̃Cwλ′ ).

Definition 9.0.1. Let fλ : H̃ → R[ζλ] be defined by fλ(h) = χλ(hCwλ′ ) where χλ is the character
of (πλ,Mλ). We extend the definition of fλ to operators U acting on Mλ on the right (as we did
in Remark 5.4.5).

Theorem 9.0.2. We have πλ(Cwλ′hCwλ′ ) = fλ(h)πλ(Cwλ′ ) for all h ∈ H̃.

Proof. By the definition of matrix multiplication we have

[πλ(Cwλ′hCwλ′ )]u,v =
∑

u1,u2∈λW

[πλ(Cwλ′ )]u,u1 [πλ(h)]u1,u2 [πλ(Cwλ′ )]u2,v.
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By Proposition 7.3.8 this entry is zero unless u = uλx and v = uλy for some x, y ∈ Wλ′ .
Furthermore, in the sum we have that u1 = uλx

′ and u2 = uλy
′ for some x′, y′ ∈Wλ′ . Thus,

[πλ(Cwλ′hCwλ′ )]uλx,uλy =
∑

x′,y′∈Wλ′

qaλ−ℓ(x)−ℓ(x′)qaλ−ℓ(y)−ℓ(y′)[πλ(h)]uλx′,uλy′

= qaλ−ℓ(x)−ℓ(y)
∑

x′,y′∈Wλ′

qaλ−ℓ(x′)−ℓ(y′)[πλ(h)]uλx′,uλy′

and so πλ(Cwλ′hCwλ′ ) = f ′λ(h)πλ(Cwλ′ ) where

f ′λ(h) =
∑

x,y∈Wλ′

qaλ−ℓ(x)−ℓ(y)[πλ(h)]uλx,uλy.

This implies that χλ(Cwλ′hCwλ′ ) = f ′λ(h)χλ(Cwλ′ ), and Proposition 7.3.8 gives that

χλ(Cwλ′ ) =
∑

x∈Wλ′

qaλ−2ℓ(x) = qaλWλ′(q−2) = qℓ(wλ′ )Wλ′(q−2)

as aλ = ℓ(wλ′) by Lemma 7.1.11.
On the other hand, we have

χλ(Cwλ′hCwλ′ ) = χλ(hC
2
wλ′

) = qℓ(wλ′ )Wλ′(q−2)χλ(hCwλ′ )

as C2
wλ′

= qℓ(wλ′ )Wλ′(q−2)Cwλ′ (See Section 3.2). Therefore, f ′λ(h) = χλ(hCwλ′ ) = fλ(h) as
required.

Corollary 9.0.3. The algebra πλ(Cwλ′ H̃Cwλ′ ) is commutative.

Proof. The result follows directly from Theorem 9.0.2: for h1, h2 ∈ H̃ we have

πλ(Cwλ′h1Cwλ′ )πλ(Cwλ′h2Cwλ′ ) = fλ(h1)fλ(h2)πλ(C
2
wλ′

) = πλ(Cwλ′h2Cwλ′ )πλ(Cwλ′h1Cwλ′ ).

Recall from Section 3.2 that the bar involution on R is defined by q 7→ q−1. We extend this
definition from R → R[ζλ] by setting ζγλ = ζγλ . The following property of fλ(h) will be required
in the proof of Proposition 11.2.8.

Corollary 9.0.4. We have fλ(h) = fλ(h) for all h ∈ H̃.

Proof. We claim that χλ(h) = χλ(h) for all f ∈ H̃. The result follows directly from this claim
and the fact that fλ(h) = χλ(hCwλ′ ).

It is sufficient to prove the claim for h = Tw by linearity. Let (π′λ,M
′
λ) denote the represen-

tation (π′Jλ,v,M
′
Jλ,v

) of H̃ induced from LJλ with basis {ξλ ⊗ Xu | u ∈ λW} (see Section 5.2).

Let B′
λ = {ξλ ⊗ Tu | u ∈ λW}, which is clearly a basis of M ′

λ by Proposition 5.2.4 and the
triangularity between Xu and Tu.

Let u ∈ λW , then

(ξλ ⊗ Tu) · Tw = ξλ ⊗XuTw =
∑

v∈λW

(ξλ ⊗ Tv)[π′λ(Tw)]u,v

as T−1
u−1 = Xu = Tu, where π

′
λ(Tw) is with respect to the basis {ξλ ⊗ Xu | u ∈ λW}. Thus,

[πλ(Tw;B
′
λ)]u,v = [πλ(Tw)]u,v. The claim follows by Theorem 5.2.5 and the fact that the trace of

a matrix is basis independent.
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Recall the Macdonald c-function from Section 6.2. We define a λ-analogue to this function
by

cλ(X) =
∏

α∈Φ+
λ

1− q−2X−α

1−X−α
.

Also, recall the definition of ψλ from Section 5.2 and the explicit description of ψλ in type An

from Section 7.3. As in Remark 5.4.5 we extend the definition of ψλ to rational functions of X
whose denominators do not vanish upon application of ψλ.

Lemma 9.0.5. If u ∈ λW then ψλ(u · cλ′(X)) = 0 unless u ∈ uλWλ′.

Proof. As w ∈W0 acts on R[X] by w ·Xγ = Xwγ and as ψλ(X
γ) = v⟨γ,2ρλ⟩ζγλ , we have

ψλ(u · cλ′(X)) = ψλ

 ∏
α∈Φ+

λ′

1− q−2X−uα

1−X−uα

 =
∏

α∈Φ+
λ′

1− q−2v−⟨uα,2ρλ⟩ζ−uα
λ

1− v−⟨uα,2ρλ⟩ζ−uα
λ

.

Note that for α ∈ Φ+
λ′ if uα = αs for some s ∈ Jλ then the numerator of the corresponding term

in the product is zero as ζαs
λ = 1 and v−⟨αs,2ρλ⟩ = q2. Thus, proving the result is equivalent to

proving that if u ∈ λW with u /∈ uλWλ′ then there exists some α ∈ Φ+
λ′ and s ∈ Jλ such that

uα = αs.
Let u ∈ λW with u /∈ uλWλ′ and write u = u1u2 where u1 is Jλ′-reduced on the right and

u2 ∈Wλ′ . Hence, Jλ′ ⊆ AR(u1). However, by Theorem 7.2.9 we have Jλ′ ̸= Aλ(u1) as u /∈ uλWλ′

implies that u1 ̸= uλ. Hence, there exists some s′ ∈ Jλ′ with ℓ(u1s
′) = ℓ(u1) + 1 and u1s

′ = su1
for some s ∈ Jλ (see [1, p.79 (F)]). Thus, u1αs′ = αs.

Let α = u−1
2 αs′ . Then α ∈ Φλ′ as u2 ∈ Wλ′ . Furthermore, α > 0 as otherwise u−1

2 u−1
1 αs =

u−1
2 αs′ = α < 0 which contradicts u ∈ λW . Thus α ∈ Φ+

λ′ and uα = u1u2u
−1
2 αs′ = αs as

required.

Lemma 9.0.6. We have ψλ(uλ · p(X)) ∈ R[ζλ]
Gλ for all p(X) ∈ R[X]Wλ′ where R[X]Wλ′ =

{f(X) ∈ R[X] | w · f(X) = f(X) for all w ∈Wλ′}.

Proof. The set of monomials of type p(X) =
∑

γ′∈Wλ′ ·γ
Xγ′

for γ ∈ P span R[X]Wλ′ , thus it is

sufficient to prove the claim for monomials of this type. Set p(X) =
∑

γ′∈Wλ′ ·γ
Xγ′

. If g ∈ Gλ

then

g · ψλ(uλ · p(X)) = g · ψλ

 ∑
γ′∈Wλ′ ·γ

Xuλγ
′

 =
∑

γ′∈Wλ′ ·γ
v⟨uλγ

′,2ρλ⟩ζguλγ
′

λ . (9.0.1)

Write guλγ
′ = uλ(u

−1
λ guλ)γ

′. By Proposition 7.2.12 we have that u−1
λ guλ ∈ Wλ′ and thus

u−1
λ guλγ

′ ∈Wλ′ · γ′ and so u−1
λ guλγ

′ ∈Wλ′ · γ. Consequently, we can change the variable in the
sum of (9.0.1) as follows: letting γ′′ = u−1

λ guλγ
′ we have

g · ψλ(uλ · p(X)) =
∑

γ′′∈Wλ′ ·γ
v⟨g

−1uλγ
′′,2ρλ⟩ζuλγ

′′
γ .

As gρλ = ρλ for all g ∈ Gλ (see Section 7.2) we have that ⟨g−1uλγ
′′, 2ρλ⟩ = ⟨uλγ′′, 2ρλ⟩. Thus,

g · ψλ(uλ · p(X)) = ψλ(uλ · p(X)) as required.

Theorem 9.0.7. We have fλ(h) ∈ R[ζλ]
Gλ for all h ∈ H̃.
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Proof. By the triangulaity between Tw and Uw for w ∈W0 (see the proof of Proposition 5.4.4) all
elements of H̃ are a linear combination of p(X)Uv where v ∈W0 and p(X) is a rational function in
Xγ with non-vanishing denominator upon applying ψλ (see Remark 5.4.5). By the linearity of fλ
it is sufficient to prove the property for h = p(X)Uv where v ∈W0 and p(X) is a rational function
with non-vanishing denominator. By Definition 9.0.1 we have fλ(p(X)Uv) = χλ(p(X)UvCwλ′ ).
By Theorem 5.4.2

Cwλ′ =
∑

w∈Wλ′

qℓ(wλ′ )−ℓ(w)cλ
′

w (X)Uw where cλ
′

w (X) =
∏

β∈Φ+
λ′\Φ(w)

1− q−2X−β

1−X−β
.

Thus, by Proposition 5.4.1(2)

χλ(p(X)UvCwλ′ ) = χλ

p(X)
∑

w∈Wλ′

qℓ(wλ′ )−ℓ(w)(v · cλ′
w (X))UvUw


=

∑
w∈Wλ′

qℓ(wλ′ )−ℓ(w)χλ(p(X)(v · cλ′
w (X))UvUw).

By Remark 5.4.5 we have that χλ(Uw) = 0 unless w = e and that πλ(r(X);B′) (with B′ =
{ϖλ(Uu) | u ∈ λW}) is a diagonal matrix for all rational functions r(X) (with non-vanishing
denominator). Furthermore, by Proposition 5.4.1(4) UvUw is a rational function multiple of
Uvw. Thus,

χλ(p(X)UvCwλ′ ) =

{
0 if v /∈Wλ′ ,

qℓ(wλ′ )−ℓ(v)χλ(p(X)(v · cλ′

v−1(X))UvUv−1) if v ∈Wλ′ .

For v ∈Wλ′ we have

v · cλ′

v−1(X) =
∏

α∈Φ+
λ′\Φ(v−1)

1− q−2X−vα

1−X−vα
=

∏
β∈Φ+

λ′\Φ(v)

1− q−2X−β

1−X−β

taking β = vα as Φ+
λ′\Φ(v−1) = {α ∈ Φ+

λ′ | vα > 0} = {vβ ∈ Φ+
λ′ | v−1vβ > 0} = Φ+

λ′\Φ(v).
Applying Proposition 5.4.1(3) ℓ(v) times gives

UvUv−1 = q2ℓ(v)
∏

β∈Φ(v)

(1− q−2X−β)(1− q−2Xβ)

(1−X−β)(1−Xβ)
.

Thus, for v ∈Wλ′

(v · cλ′

v−1)UvUv−1 = q2ℓ(v)
∏

β∈Φ+
λ′\Φ(v)

1− q−2X−β

1−X−β

∏
α∈Φ(v)

(1− q−2X−α)(1− q−2Xα)

(1−X−α)(1−Xα)

= q2ℓ(v)cλ′(X)
∏

β∈Φ(v)

1− q−2Xβ

1−Xβ

where cλ′(X) is the λ′-analogue of the Macdonald c-function. Computing the trace using the
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intertwiner basis of πλ, B
′ = {ϖλ(Uu) | u ∈ λW}, we have

χλ(p(X)UvCwλ′ ) = qℓ(wλ′ )−ℓ(v)χλ

p(X)q2ℓ(v)cλ′(X)
∏

β∈Φ(v)

1− q−2Xβ

1−X−β


= qℓ(wλ′ )+ℓ(v)

∑
u∈λW

ψλ

u ·
p(X)cλ′(X)

∏
β∈Φ(v)

1− q−2Xβ

1−Xβ


as πλ(X

γ ;B′) is diagonal with entries ψλ(X
uγ) for all u ∈ λW (see Remark 5.4.5). By Lemma

9.0.5 we have that ψλ(u · cλ′(X)) = 0 unless u ∈ uλWλ′ . Thus the sum over λW above becomes
a sum over Wλ′ as follows:

χλ(p(X)UvCwλ′ ) = qℓ(wλ′ )ℓ(v)
∑

y∈Wλ′

ψλ

uλy ·

p(X)cλ′(X)
∏

β∈Φ(v)

1− q−2Xβ

1−Xβ


= qℓ(wλ′ )+ℓ(v)ψλ

uλ ·

 ∑
y∈Wλ′

p(yX)cλ′(yX)
∏

β∈Φ(v)

1− q−2Xyβ

1−Xyβ

 . (9.0.2)

As the sum is Wλ′-invariant the result follows by Lemma 9.0.6.

Remark 9.0.8. The proof of Theorem 9.0.7 shows that fλ(p(X)Uv) = 0 if v /∈Wλ′ , and (9.0.2)
computes fλ(h) explicitly when h is written in the form h =

∑
v∈W0

pv(X)Uv. That is fλ(h) =∑
v∈W0

fλ(pv(X)Uv) with

fλ(pv(X)Uv) = qℓ(wλ′ )+ℓ(v)ψλ

uλ ·

 ∑
y∈Wλ′

pv(yX)cλ′(yX)
∏

β∈Φ(v)

1− q−2Xyβ

1−Xyβ

 .

Corollary 9.0.9. For γ ∈ P we have

fλ(X
γ) = χλ(X

γCwλ′ ) = qℓ(wλ′ )ψλ(uλ · P λ′
γ (X))

where P λ′
γ (X) is the λ′-relative Macdonald spherical function

P λ′
γ (X) =

∑
y∈Wλ′

Xyγ
∏

α∈Φ+
λ′

1− q−2X−yα

1−X−yα
=
∑

y∈Wλ′

y · (Xγcλ′(X)).

Proof. By the definition of fλ and (9.0.2) in Theorem 9.0.7 we have

fλ(X
γ) = χλ(X

γCwλ′ ) = qℓ(wλ′ )ψλ

uλ ·
∑

y∈Wλ′

Xyγcλ′(yX)


as required.

Let R′ be the ring formed by adjoining R with the inverse of Wλ′(q2) =
∑

w∈Wλ′
q2ℓ(w).

Denote H̃R′ to be the extension of H̃ to include scalars in R′. We also extend the scalars of the
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representation (πλ,Mλ) so that the representation is now defined over the ring R′[ζλ]. Recall
that

1λ′ =
qℓ(wλ′ )

Wλ′(q2)
Cwλ′ .

As C2
wλ′

= q−ℓ(wλ′ )Wλ′(q2)Cwλ′ (see Section 3.2) we have that 12λ′ = 1λ′ . This then implies that

the algebra πλ(1λ′H̃R′1λ′) is unital with identity 1λ′ . Furthermore, this algebra is commutative
by Corollary 9.0.3.

We normalise fλ as follows. Let

f̃λ(h) =
ℓ(wλ′)

Wλ′(q2)
fλ(h).

Then by Theorem 9.0.2 we have that

πλ(1λ′h1λ′) =
q2ℓ(wλ′ )

Wλ′(q2)2
fλ(h)πλ(Cwλ′ ) =

qℓ(wλ′ )

Wλ′(q2)
fλ(h)πλ(1λ′) = f̃λ(h)πλ(1λ′).

We now prove the λ-relative Satake isomorphism. In the proof we use Corollary 11.2.9 which
will be proved in Section 11.2 (note that there is no circular argument as Corollary 11.2.9 follows
from Proposition 11.2.8 whose proof is not reliant on the Satake isomorphism).

Theorem 9.0.10. We have πλ(1λ′H̃R′1λ′) ∼= R′[ζλ]
Gλ, with the isomorphism given by

πλ(1λ′h1λ′)↔ f̃λ(h).

Proof. Let Θ : πλ(1λ′H̃R′1λ′) → R′[ζλ]
Gλ be defined by Θ(πλ(1λ′h1λ′)) = f̃λ(h). By Theorem

9.0.2, for h1, h2 ∈ H̃R′ we have that if πλ(1λ′h11λ′) = πλ(1λ′h21λ′) then

f̃λ(h1)πλ(1λ′) = πλ(1λ′h11λ′) = πλ(1λ′h21λ′) = f̃λ(h2)πλ(1λ′).

In addition, Theorem 9.0.7 gives that f̃λ(h) ∈ R′[ζλ]
Gλ for all h ∈ H̃R′ . Therefore, Θ is well

defined. The function is surjective by Corollary 11.2.9. For injectivity if D1 = πλ(1λ′h11λ′) and
D2 = πλ(1λ′h21λ′) with Θ(D1) = Θ(D2) then

D1 = f̃λ(h1)πλ(1λ′) = Θ(D1)πλ(1λ′) = Θ(D2)πλ(1λ′) = f̃λ(h2)πλ(1λ′) = D2.

All that remains to prove is that Θ is a homomorphism. Let D1 = πλ(1λ′h11λ′) and D2 =
πλ(1λ′h21λ′), then

Θ(D1D2) = Θ(f̃λ(h1)πλ(1λ′)f̃λ(h2)πλ(1λ′)) = f̃λ(h1)f̃λ(h2)Θ(πλ(1
2
λ′)) = f̃λ(h1)f̃λ(h2)f̃λ(1).

By Proposition 7.3.8 we have that fλ(1) = χλ(Cwλ′ ) =
∑

u∈Wλ′
qℓ(wλ′ )−2ℓ(x) = qℓ(wλ′ )Wλ′(q−2).

Moreover, as C2
wλ′

= qℓ(wλ′ )Wλ′(q−2)Cwλ′ = q−ℓ(wλ′ )Wλ′(q2)Cwλ′ (see Section 3.2) we have that

fλ(1) = q−ℓ(wλ′ )Wλ′(q2). Thus, f̃λ(1) = 1 and so Θ is a homomorphism.

Remark 9.0.11. To recover the classical Satake isomorphism, take λ = (1n+1). Then πλ is the
principal series representation. It is well known that this representation is faithful, we will give
a brief description of this fact using the intertwiner basis from Remark 5.4.5.

Let h ∈ H̃ such that πλ(h) = 0. Recall that all elements of H̃ can be written as a linear
combination of p(X)Uv where v ∈W0 and p(X) is a rational function in X with coefficients in R
and a non-vanishing denominator upon application of ψλ. Thus, write h =

∑
v∈W0

pv(X)Uv. Let
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B′ = {ϖλ(Uu) | u ∈ λW}. By Remark 5.4.5 we have that πλ(Uv;B
′) is the matrix which has at

most one non-zero entry in each row and column where the u-th row is non-zero only if uv ∈ λW
with an entry in the uv-th column. In the case when λ = (1n+1), λW = W0 and so uv ∈ λW
for all u, v ∈ W0. Consider u = e, then there is an entry in the (u, v)-th position of π(Uv;B

′).
Thus the matrices (π(Uv;B

′))v∈W0 are free over R. In addition, by Remark 5.4.5 πλ(r(X);B′)
is a diagonal matrix for all rational functions r(X) (with non-vanishing denominator) and so
πλ(h) = 0 if and only if π(pv(X)Uv) = 0 for all v ∈W0.

Let v ∈ W0. Remark 5.4.5 states that the diagonal entries of πλ(X
γ ;B′) are ψλ(X

γ) =
vuγζuγλ = ζuγ with u ∈ W0. Thus, πλ(pv(X);B′) is a diagonal matrix with entries rational
functions in ζ and each diagonal entry is non-zero unless pv(X) = 0. Therefore, πλ(pv(X)Uv;B

′)
is the matrix formed by taking πλ(Uv;B

′) and multiplying row u by ψλ(pv(u ·X)) for all u ∈W0.
This matrix is never zero, so the kernel of πλ is trivial and πλ is a faithful representation.

Therefore, πλ(H̃) ∼= H̃ and so with Theorem 9.0.10 we recover the classical Satake isomor-
phism 10H̃10 ∼= R[X]W0 .



Chapter 10

The asymptotic Plancherel formula

In Section 3.4 we defined a trace function on H̃ and described its spectral decomposition, the
Plancherel Theorem. We also defined a trace function on Lusztig’s asymptotic algebra J . In
this chapter, specialising to type An, we give an explicit description of the Plancherel Theorem
and then prove a spectral decomposition for the trace on J , called the asymptotic Plancherel
Theorem. The decompositions are given as non-analytic formulas with the link to the analytic
form described for both the regular and asymptotic cases. Section 10.1 gives the Plancherel
Theorem description while Section 10.2 deals with the asymptotic case. Using the asymptotic
Plancherel formula we prove that the elements w ∈ W̃ such that πλ(Tw) reaches the q degree
bound ℓ(wλ′) are precisely the elements ∆λ and we prove that Jλ is isomorphic to the Z-span
of the leading matrices of πλ.

10.1 The Plancherel Theorem for Ãn

In this section we give an explicit description of the Plancherel formula (see Section 3.4) for type
An. Let v = −q−1 (recall that vα = −q−1 for all α ∈ Φλ). Let

Cλ(q) = q−n(n+1)

r(λ)∏
i=1

qλ
2
i−λi(1− q−2)λi

1− q−2λi
and cλ(ζλ) =

∏
1≤i<j≤r(λ)
1≤k≤λj

1− vλi−λj+2kz−1
i zj

1− v−λi−λj+2kz−1
i zj

.

Recall the inner product on H̃ defined in Section 3.4 and its analytic decomposition from (3.4.3)
and (6.2.3). As in Remark 6.2.3 we specialise q 7→ q > 1 real and zi to a complex number with

modulus 1 for 1 ≤ i ≤ r(λ). Let Tλ = {(z1, z2, . . . , zr(λ)) ∈ Tr(λ) | zλ1
1 zλ2

2 · · · z
λr(λ)

r(λ) = 1} where T
is the group of complex numbers with modulus 1. Then, by [2, Remark 5.6] and [40] the explicit
analytic decomposition when restricting to type An is

⟨h1, h2⟩ =
∑

λ⊢n+1

Cλ(q)

|Gλ|

∫
Tλ

χλ(h1h
∗
2)dµλ(zλ) where dµλ(zλ) =

dzλ
|cλ(zλ)|2

. (10.1.1)

Note that in [2, Remark 5.6] Aubert and Plymen use compositions instead of partitions. Combin-
ing composition contributions and changing to the representation defined in Chapter 5 recovers
(10.1.1) from [2, Remark 5.6]. In particular, the numerical constant becomes 1/|Gλ|. This
constant is also forced by the results of Chapter 11 (see Remark 11.2.11).

123
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We now construct a combinatorial version of the Plancherel Theorem (10.1.1) which is equiv-
alent to the analytic version upon specialisation of q and zi. For p(ζλ) ∈ R[ζλ] we can expand
p(ζλ)/(c

λ(ζλ)(c
λ(ζ−1

λ )) into a series using

1

1− vλi−λj+2kz−1
i zj

=
∑
r≥0

v(λi−λj+2k)rz−r
i zrj (10.1.2)

noting that this choice of expansion keeps q bounded from above as λi − λj + 2k > 0. Write[
p(ζλ)

cλ(ζλ)cλ(ζ
−1
λ )

]
ct

for the constant of ζ0λ in this expansion.

Definition 10.1.1. For h1, h2 ∈ H̃ define

⟨h1, h2⟩λ =
Cλ(q)

|Gλ|

[
χλ(h1h

∗
2)

cλ(ζλ)cλ(ζ
−1
λ )

]
ct

.

To connect this definition to the terms in the analytic expression of the Plancherel formula,
consider a term of 10.1.1

Cλ(q)

|Gλ|

∫
Tλ

χλ(h1h
∗
2)

|cλ(zλ)|2
dzλ. (10.1.3)

As |zi| = 1 (for 1 ≤ i ≤ r(λ)) we have that cλ(z−1
λ ) = cλ(zλ), so c

λ(zλ)c
λ(z−1

λ ) = |cλ(zλ)|2. Using
(10.1.2) we can expand the integrand of (10.1.3) into a series in z1, . . . , zr(λ) noting that this
choice of expansion gives an absolutely convergent series as q > 1. We have that

∫
Tλ z

γ
λdzλ = δ0,γ

as dzλ is the Haar measure. Thus upon integrating the series term by term

Cλ(q)

|Gλ|

∫
Tλ

χλ(h1h
∗
2)

|cλ(zλ)|2
dzλ = ⟨h1, h2⟩λ (10.1.4)

where we specialise q 7→ q > 1 and zi (1 ≤ i ≤ r(λ)) to a complex number of modulus 1 in
⟨h1, h2⟩λ. Combining (10.1.4) and (10.1.1), we have the following non-analytic version of the
Plancherel Theorem.

Theorem 10.1.2. [40],[2, Remark 5.6] For all h1, h2 ∈ H̃ we have

⟨h1, h2⟩ =
∑

λ⊢n+1

⟨h1, h2⟩λ.

Example 10.1.3. Consider n = 1. By direct calculation

C(1,1)(q) = q−2 c(1,1)(ζ(1,1)) =
1− q−2z−1

1 z2

1− z−1
1 z2

where z1z2 = 1

C(2)(q) =
1− q−2

1 + q−2
c(2)(ζ(2)) = 1.

Furthermore, |G(2)| = 1 and |G(1,1)| = 2. Specialising variables we recover the analytic Plancherel

formula from Example 6.2.2, noting that T(2) = {z ∈ C | z2 = 1} = {1,−1} so the normalised
Haar measure on T(2) is the discrete measure assigning mass 1/2 to each atom.
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Now consider n = 2. Again, by direct calculation we have

C(1,1,1)(q) = q−6 C(2,1)(q) = q−4 1− q−2

1 + q−2
C(3)(q) =

(1− q−2)3

1− q−6

c(1,1,1)(ζ(1,1,1)) =
(1− q−2z−1

1 z2)(1− q−2z−1
2 z3)(1− q−2z−1

1 z3)

(1− z−1
1 z2)(1− z−1

2 z3)(1− z−1
1 z3)

where z1z2z3 = 1

c(2,1)(ζ(2,1)) =
1 + q−3z−1

1 z2

1 + qz−1
1 z2

where z21z2 = 1

c(3)(ζ(3)) = 1.

We also have |G(1,1,1)| = 6 and |G(2,1)| = |G(3)| = 1. The analytic decomposition for this
case is explicitly calculated in [41, Theorem 4.3]. To recover this decomposition note that
T(3) = {z ∈ C | z3 = 1} = {1, e2πi/3, e4πi/3}. Thus, the Haar measure on T(3) is the discrete
measure assigning mass 1/3 to each atom. With this we recover the analytic expression [41,
Theorem 4.3] upon specializing variables.

Proposition 10.1.4. For λ ⊢ n+ 1 we have

deg
Cλ(q)

cλ(ζλ)cλ(ζ
−1
λ )

= −2ℓ(wλ′).

Proof. By definition, and as λi > 0 for all 1 ≤ i ≤ r(λ),

degCλ(q) = −n(n+ 1) +

r(λ)∑
i=1

λ2i − λi = −n2 − n− n− 1 +

r(λ)∑
i=1

λ2i

using the fact that
∑r(λ)

i=1 λi = n+1. In addition, as λi− λj +2k > 0 and −λi− λj +2k ≤ 0 for
all 1 ≤ i < j ≤ r(λ) and 1 ≤ k ≤ λj we have

deg

(
1

cλ(ζλ)cλ(ζ
−1
λ )

)
=

∑
1≤i<j≤r(λ)
1≤k≤λj

2(λi − λj − 2k)

=
∑

1≤i<j≤r(λ)

2(λiλj + λ2j − λj(λj + 1))

=
∑

1≤i<j≤r(λ)

2λj(λi − 1).

Thus,

deg
Cλ(q)

cλ(ζλ)cλ(ζ
−1
λ )

= −(n+ 1)2 +

r(λ)∑
i=1

λ2i +
∑

1≤i<j≤r(λ)

2λiλj −
∑

1≤i<j≤r(λ)

2λj .

By Lemma 7.1.11 we have that
∑

1≤i<j≤r(λ) 2λj = 2ℓ(wλ′), thus all there remains to prove is

that (n+ 1)2 =
∑r(λ)

i=1 λ
2
i +

∑
1≤i<j≤r(λ) 2λiλj . This follows from the fact that

r(λ)∑
i=1

λi
∑
j ̸=i

λj =

r(λ)∑
i=1

∑
1≤j<i≤r(λ)

λiλj +

r(λ)∑
i=1

∑
1≤i<j≤r(λ)

λiλj = 2
∑

1≤i<j≤r(λ)

λiλj
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with
r(λ)∑
i=1

λi

λi +∑
j ̸=i

λj

 =

r(λ)∑
i=1

λi(n+ 1) = (n+ 1)2

Remark 10.1.5. By Remark 6.2.3, (10.1.1) and Theorem 10.1.2, ψλ(q
2ℓ(w0)c(X)c(X−1))′ is a

constant multiple of Cλ(q)/(c
λ(ζλ)c

λ(ζ−1
λ )) where c(X) is Macdonalds c-function (see Section

6.2) and the ′ notation denotes that all factors that are zero in the numerator or denominator
are omitted. Thus, Proposition 10.1.4 with Theorem 8.2.1 confirms Conjecture 6.2.4 for type
An.

Corollary 10.1.6. For λ ⊢ n+ 1 and u, v ∈ W̃ we have deg⟨Tu, Tv⟩λ ≤ 0, and if equality holds
then deg πλ(Tu) = deg πλ(Tv) = ℓ(wλ′), and hence u, v ∈ ∆λ.

Proof. By definition, we have

⟨Tu, Tv⟩λ =
Cλ(q)

|Gλ|

[
χλ(TuTv−1)

cλ(ζλ)cλ(ζ
−1
λ )

]
ct

.

By Theorem 8.2.1, deg πλ(Tu) ≤ ℓ(wλ′) and deg πλ(Tv) ≤ ℓ(wλ′). Thus, χλ(TuT
−1
v ) ≤ 2ℓ(wλ′).

If equality holds then deg πλ(Tu) = deg πλ(Tv) = ℓ(wλ′) and so, by Theorem 8.2.1, u, v ∈ ∆λ.
The result follows from Proposition 10.1.4.

10.2 The asymptotic Plancherel Theorem

In this section, using the Plancherel formula, we give a spectral decomposition, called the asymp-
totic Plancherel formula, for the trace function defined on J in Section 3.4. We also prove that
the elements of W̃ whose image in πλ reaches the maximal q degree are precisely the elements
in ∆λ (improving on the result of Corollary 8.2.2) and that J ∼= C.

Proposition 10.2.1. For λ ⊢ n+ 1 we have(
q2ℓ(wλ′ )Cλ(q)

cλ(ζλ)cλ(ζ
−1
λ )

)∣∣∣∣
q−1=0

=
∏

α∈ΦGλ

(1− ζαλ ).

Proof. By Proposition 10.1.4, the specialisation of q2ℓ(wλ′ )Cλ(q)/(c
λ(ζλ)c

λ(ζ−1
λ )) at q−1 = 0

exists and is a nonzero rational function in ζλ. Consider a typical term of 1/(cλ(ζλ)c
λ(ζ−1

λ )):

(1− v−λi−λj+2kz−1
i zj)(1− v−λi−λj+2kziz

−1
j )

(1− vλi−λj+2kz−1
i zj)(1− vλi−λj+2kziz

−1
j )

= (−q)2(λi+λj−2k)
((−q)−λi−λj+2k − z−1

i zj)((−q)−λi−λj+2k − ziz−1
j )

(1− (−q)−λi+λj−2kz−1
i zj)(1− (−q)−λi+λj−2kziz

−1
j )

(noting that λi−λj +2k > 0 and −λi−λj +2k ≤ 0). The q term out the front will be absorbed
into the overall degree. If λi + λj − 2k > 0 then, upon specialising q−1 = 0, the above term will
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contribute (−z−1
i zj)(−ziz−1

j ) = 1. If λi + λj − 2k = 0, which forces λi = λj = k, then the term

will contribute (1− z−1
i zj)(1− ziz−1

j ). Thus,(
q2ℓ(wλ′ )Cλ(q)

cλ(ζλ)cλ(ζ
−1
λ )

)∣∣∣∣
q−1=0

=
∏

1≤i<j≤r(λ)
λi=λj

(1− z−1
i zj)(1− ziz−1

j ) =
∏

α∈ΦGλ

(1− ζαλ )

as required.

Recall the definition of leading matrices for type An:

cλ(w) = q−ℓ(wλ′ )πλ(Cw)|q−1=0 = q−ℓ(wλ′ )πλ(Tw)|q−1=0

(where the second equality follows from Lemma 3.3.3). By Lemma 5.3.7 we have that

cλ(w
−1) = cλ(w)

∗

where cλ(w)
∗ denotes the conjugate transpose of cλ(w) as defined in Section 5.3. For λ ⊢ n+ 1

define π∞λ : J → MatNλ
(Z[ζλ]) by

π∞λ

∑
w∈W̃

awtw

 =
∑

w∈∆λ

awcλ(w).

In particular, note that π∞λ (tw) = 0 if w /∈ ∆λ. By Proposition 8.3.2, π∞λ is a matrix represen-
tation of J . Denote the character of π∞λ by χ∞

λ . Thus,

χ∞
λ (A) = tr(π∞λ (A)), for A ∈ J

where tr denotes matrix trace.

Recall the definition of Tr∞ and the corresponding inner product ⟨·, ·⟩∞ from Section 3.4. The
following asymptotic Plancherel Theorem gives a spectral decomposition of this inner product,
mirroring the Plancherel Theorem (Theorem 10.1.2) at the asymptotic level.

Theorem 10.2.2. For A,B ∈ J we have

⟨A,B⟩∞ =
∑

λ⊢n+1

⟨A,B⟩∞λ where ⟨A,B⟩∞λ =
1

|Gλ|

[
χ∞
λ (AB∗)

∏
α∈ΦGλ

(1− ζαλ )
]
ct

.

Moreover, for each λ ⊢ n+ 1 the bilinear form ⟨·, ·⟩∞λ is an inner product on the Z-module Jλ,
and the elements tw, w ∈ ∆λ, form an orthonormal basis.

Proof. By the linearity of the matrix trace function, it is sufficient to prove that∑
λ⊢n+1

⟨tu, tv⟩∞λ = Tr∞(tut
∗
v) = δu,v for all u, v ∈ W̃

by Theorem 3.4.4. Let u ≁LR v. Recall that

tutv−1 =
∑
y∈W̃

γu,v−1,y−1ty.
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In the sum, if γu,v−1,y−1 ̸= 0 we have that u ∼L v by P8. Thus, as u ≁LR v, we have tutv−1 = 0.
It then follows that χ∞

λ (tut
−1
v ) = 0 for all λ ⊢ n+ 1 and so

∑
λ⊢n+1⟨tu, tv⟩∞λ = 0.

Thus, it remains to consider u, v ∈ ∆µ for some µ ⊢ n+ 1. By Theorem 10.1.2 and Lemma
3.4.1 ∑

λ⊢n+1

⟨Tu, Tv⟩λ = δu,v.

By Corollary 10.1.6 the specialisation (⟨Tu, Tv⟩λ)|q−1=0 exists and is zero unless µ = λ. Therefore,( ∑
λ⊢n+1

⟨Tu, Tv⟩λ
)∣∣∣∣

q−1=0

= ⟨Tu, Tv⟩µ|q−1=0 = δu,v.

By Theorem 8.2.1 and the definition of cλ(w) from Lemma 3.3.3

χµ(TuTv−1) = q2ℓ(wµ′ )tr(cµ(u)cµ(v)
∗) + (terms of strictly lower q degree),

with χµ the character of (πµ,Mµ). Then, by Proposition 10.2.1 we have

Cµ(q)
χµ(TuTv−1)

cµ(ζµ)cµ(ζ
−1
µ )

= χ∞
µ (tut

∗
v)

∏
α∈ΦGµ

(1− ζαµ ) + (terms of q degree < 0)

as tr(cµ(u)cµ(v)
∗) = tr(π∞µ (tu)π

∞
µ (t∗v)) = χ∞

µ (tut
∗
v). Upon specialising we have

⟨Tu, Tv⟩µ|q−1=0 =

(
1

|Gµ|

[
Cµ(q)χµ(TuT

∗
v )

cµ(ζµ)cµ(ζ
−1
µ

]
ct

)∣∣∣∣
q−1=0

=
1

|Gµ|

[
χ∞
µ (tut

∗
v)

∏
α∈ΦGµ

(1− ζαµ )
]
ct

= ⟨tu, tv⟩∞µ

and the result follows as δu,v = ⟨Tu, Tv⟩µ|q−1=0.
It is clear that ⟨·, ·⟩∞λ is linear and symmetry follows as the matrix trace is symmetric. For

A =
∑

w∈W̃ awtw ∈ J we have

⟨A,A⟩∞λ =
∑

w,u∈W̃

awau⟨twtu⟩∞λ =
∑

w,u∈W̃

awauδw,u =
∑
w∈W̃

a2w

and so ⟨·, ·⟩∞λ is an inner product as required.

The following two theorems are consequences of the asymptotic Placherel theorem. In par-
ticular, note that Theorem 10.2.3 improves on Corollary 8.2.2 to say that the set of elements
w ∈ W̃ such that πλ(Tw) attains the bound ℓ(wλ′) is precisely the two sided cell ∆λ.

Theorem 10.2.3. We have cλ(w) ̸= 0 if and only if w ∈ ∆λ.

Proof. The forwards implication is true by Corollary 8.2.2, so it remains to prove that if w ∈ ∆λ

then deg πλ(Tw) = ℓ(wλ′). If w ∈ ∆λ then by Theorem 10.2.2, ⟨tw, tw⟩∞λ = 1. Then, by the
proof of Theorem 10.2.2 we have ⟨tw, tw⟩∞λ = ⟨Tw, Tw⟩λ|q−1=0 = δw,w = 1, so deg⟨Tw, Tw⟩λ = 0.
The result then follows from Corollary 10.1.6.

Theorem 10.2.4. We have Jλ ∼= Cλ as Z-algebras, with tw 7→ cλ(w). Thus J ∼= C.
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Proof. From Proposition 8.3.2 the map ψ : Jλ → Cλ, with tw 7→ cλ(w), is a surjective ring
homomorphism. It remains to prove that the map is injective. Let a =

∑
w∈∆λ

awtw ∈ Jλ with
ψ(a) = 0. Thus,

ψ

 ∑
w∈∆λ

awtw

 =
∑

w∈∆λ

awcλ(w) = 0,

and so for each v ∈ ∆λ we have
∑

w∈∆λ
awcλ(w)cλ(v)

∗ = 0. Taking traces and multiplying by
(1/|Gλ|)

∏
α∈ΦGλ

(1− ζαλ ) we have

1

|Gλ|
∏

α∈ΦGλ

(1− ζαλ )tr

 ∑
w∈∆λ

awcλ(w)cλ(v)
∗

 =
1

|Gλ|
∏

α∈ΦGλ

(1− ζαλ )
∑

w∈∆λ

awχ
∞
λ (twt

∗
v) = 0.

Taking the constant term of ζ0λ on each side we have that
∑

w∈∆λ
aw⟨tw, tv⟩∞λ = 0 and so av = 0

for all v ∈ ∆λ as ⟨tw, tv⟩∞λ = δw,v by Theorem 10.2.2.

Remark 10.2.5. As for the Plancherel theorem (Theorem 10.1.2) we have an analytic version
of the asymptotic Plancherel theorem. Specialise q 7→ q > 1 real and zi to a complex number of
modulus 1, for all 1 ≤ i ≤ r(λ). As

∫
Tλ z

γ
λdzλ = δγ,0, integrating term by term we have

1

|Gλ|

∫
Tλ

χ∞
λ (AB∗)

∏
α∈ΦGλ

(1− z−α
λ )dzλ = ⟨A,B⟩∞λ

for A,B ∈ J . As zi has modulus 1, (1− z−α
λ ) = (1 − zαλ ). Hence, the analytic version of the

asymptotic Plancherel theorem is

⟨A,B⟩∞ =
∑

λ⊢n+1

∫
Tλ

χ∞
λ (AB∗)dµ∞λ (zλ) where dµ∞λ (zλ) =

∣∣∣∣ ∏
α∈Φ+

Gλ

(1− z−α
λ )

∣∣∣∣2dzλ.



Chapter 11

Lusztig’s asymptotic algebra

In this chapter we give an explicit description of Lusztig’s asymptotic algebra for type An, a
culmination of the results of Chapters 7-10. To do so we will describe a subring of Jλ and use
a result of Xi from [49]. Let

JΓλ∩Γ−1
λ

= spanZ{tw | w ∈ Γλ ∩ Γ−1
λ } and CΓλ∩Γ−1

λ
= spanZ{cλ(w) | w ∈ Γλ ∩ Γ−1

λ }.

As Γ−1
λ is a left cell, JΓλ∩Γ−1

λ
is a ring (for example, this can be seen using P8). By Theorem

10.2.4 we then have that JΓλ∩Γ−1
λ

∼= CΓλ∩Γ−1
λ
.

We state the following result of Xi that will be instrumental in the results of this chapter.
The result reduces the understanding of Jλ to JΓλ∩Γ−1

λ
. Fix bijections ϕij : Γi∩Γ−1

j → Γλ∩Γ−1
λ

as in [49, §2.3], and write Eij(a) for the matrix with a in the (i, j)-th position and zero elsewhere.

Theorem ([49, Theorems 2.3.2 and 8.4.2]). We have:
(1) The map tw 7→ tϕii(w) induces a ring isomorphism JΓi∩Γ−1

i
→ JΓλ∩Γ−1

λ
.

(2) The map tw 7→ Eij(tϕij(w)), for w ∈ Γi ∩ Γ−1
j , defines an isomorphism from Jλ to

MatNλ
(JΓλ∩Γ−1

λ
).

In Section 11.1 we give a preliminary result about matrices and then prove that for w ∈
Γi∩Γ−1

j the matrix cλ(w) has a unique non-zero entry. The placement of this entry is determined,

and an ordering on λW is set. In particular, it is shown that w ∈ Γλ ∩ Γ−1
λ if and only if the

matrix cλ(w) has a nonzero entry in the (uλ, uλ)-th position. In Section 11.2 we introduce an
inner product on Z[ζλ] that reflects the inner product defined in Theorem 10.2.2 entry-wise (in
terms of the entries of the matrices π∞λ (·)) and show that the Gλ-Schur functions are orthonormal
with respect to this inner product. The main result of the section, and the chapter itself, is an
explicit description of Γλ ∩ Γ−1

λ . The set is shown to be equal to the set of maximal double

coset representatives for the cosets Wλ′u−1
λ τγuλWλ′ (with γ ∈ P

(λ)
+ ) and it is shown that the

non-zero entry of the leading matrices of these elements is a Gλ-Schur function. It follows from
this description that JΓλ∩Γ−1

λ
is isomorphic to the ring Z[ζλ]Gλ , giving a λ-relative version of

[27, Proposition 8.6] (see also [38, Theorem 2.22(b)]) and recovering the main result of [49] (see
Remark 11.2.13 for the difference between their result and the one given in Section 11.2).

Finally, in Section 11.3 we give the description of Jλ by explicitly describing Cλ (as Jλ ∼= Cλ

by Theorem 10.2.4). It is shown that, from this description and from the results of Part II, that
the matrix representations (πλ)λ⊢n+1 form a balanced system of cell representations (in terms
of the criteria listed in Section 3.3).

130
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11.1 The set Γi ∩ Γ−1j

In preparation for explicitly describing Γλ ∩ Γ−1
λ , in this section we show that the matrix cλ(w)

has a unique non-zero term when w ∈ Γi ∩ Γ−1
j , we prove the placement of this non-zero term,

and we choose an ordering on λW .
Let MatN (Z[ζλ]) be the algebra of N × N matrices with entries in Z[ζλ] and for A ∈

MatN (Z[ζλ]) let A∗ denote the matrix formed by transposing A and performing the conjugation
ζγλ 7→ ζ−γ

λ entry-wise.

Lemma 11.1.1. Let A ∈ MatN (Z[ζλ]) be an idempotent matrix of rank 1 with A∗ = A. Then
A = Ek,k for some 1 ≤ k ≤ N .

Proof. Think of A as an operator on the module M = Z[ζλ]N where elements of M are column
vectors with entries in Z[ζλ]. Let M0 = ker(A) and M1 = {x ∈ M | Ax = x} denote the
0-eigenspace and 1-eigenspace of A respectively. Let x ∈M . We can write x = (x−Ax) +Ax.
As A is idempotent we have that A(x−Ax) = Ax−Ax = 0 and so x−Ax ∈M0. In addition,
we have that A(Ax) = Ax and so Ax ∈M1. Thus, M =M0 ⊕M1. It follows that dim(M1) = 1
as rank(A) = 1. Denote x0 to be the generator of M1. By definition Ax0 = x0 and thus
(Ax0)

∗ = x∗0A = x∗0 as A∗ = A.
Let y ∈ M = M0 ⊕M1. We have Ay = µyx0 for some µy ∈ Z[ζλ] (with µy = 0 if y ∈ M0).

Then, denoting ν = x∗0x0 ∈ Z[ζλ] we have

µyν = µyx
∗
0x0 = x∗0(µyx0) = x∗0(Ay) = x∗0y.

Thus,
νAy = νµyx0 = x0(νµy) = x0x

∗
0y

for all y ∈ M and so νA = x0x
∗
0. Write x0 = (x1, . . . , xN )T (where T denotes matrix trans-

position). As x0 ̸= 0 there is some 1 ≤ k ≤ N such that xk ̸= 0. Furthermore, we have
that

ν = x∗0x0 = x1conj(x1) + · · ·+ xNconj(xN )

where conj(xi) is the conjugation of xi ∈ Z[ζλ] (as in Section 5.3). Thus, νA = x0x
∗
0 implies

that νakk = xkconj(xk) where A = (aij). For f(ζλ) ∈ Z[ζλ], writing f(ζλ) =
∑

γ cγζ
γ
λ with

cγ ∈ Z, we have that [f(ζλ)conj(f(ζλ))]ct =
∑

γ c
2
γ (where ct is as in Section 10.1) and so

[f(ζλ)conj(f(ζλ))]ct is strictly positive when f(ζλ) ̸= 0. Thus, for 1 ≤ k ≤ N such that xk ̸= 0
we have [xkconj(xk)]ct > 0 and so [ν]ct ≥ [xkconj(xk)]ct with equality if and only if xi = 0
for all i ̸= k. Thus, as akk ∈ Z (because A∗ = A) and as νakk = xkconj(xk) we have that
[ν]ct ≤ [akkν]ct = [xkconj(ck)]ct and so [ν]ct = [xkconj(xk)]ct. Therefore, xi = 0 for all i ̸= k and
so ν = xkconj(xk). On the other hand x0x

∗
0 = xkconj(xk)Ek,k and so the equation νA = x0x

∗
0

gives that A = Ek,k as required.

Recall from Chapter 7 that Nλ = dim(πλ) is the number of right cells within ∆λ. Let
Γ1, . . . ,ΓNλ

denote these right cells and let di ∈ D be the unique distinguished involution such
that di ∈ Γi (see P13 in Section 3.2). We establish a specific ordering on the elements of λW ,
and thus the rows and columns of πλ(H̃), as follows.

Theorem 11.1.2. Let w ∈ Γi ∩ Γ−1
j . The elements of λW can be ordered such that the matrix

cλ(w) has a unique non-zero term, in position (i, j). With this ordering cλ(di) = Ei,i.
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Proof. Let Ai = cλ(di) for 1 ≤ i ≤ Nλ. By definition

tditdj =
∑
z∈W̃

γdi,dj ,z−1tz.

For z ∈ W̃ such that γdi,dj ,z−1 ̸= 0 by P7 and P2 we have that di = dj = z. Thus, if

i ̸= j then tditdj = 0. In addition, t2di = γdi,di,ditdi = ±tdi by P5 and positivity of the struc-

ture constants forces t2di = tdi . It follows by Cλ
∼= Jλ (Theorem 10.2.4) that the matrices

A1, . . . , ANλ
∈ MatNλ

(Z[ζλ]) satisfy AiAj = 0 if i ̸= j and A2
i = Ai, and hence are pairwise com-

muting idempotent matrices. As Ai is idempotent the argument at the beginning of the proof
of Lemma 11.1.1 gives that Ai is diagonalisable and has eigenvalues 1 and 0, and so as the Ai’s
are pairwise commuting matrices they are simultaneously diagonalisable. Hence, there exists
P ∈ MatNλ

(Z[ζλ]) and D1, . . . , DNλ
∈ MatNλ

(Z[ζλ]) such that Ai = PDiP
−1 for all 1 ≤ i ≤ Nλ.

The diagonal entries of Di are 0 and 1 (as A2 = A implies that D2 = D or as 0 and 1 are
the eigenvalues of Ai). Furthermore, as the Ai’s are pairwise commuting idempotent matrices,
(
∑Nλ

i=1Ai)
2 =

∑Nλ
i=1Ai implies that (

∑Nλ
i=1Di)

2 =
∑Nλ

i=1Di. This forces the Di’s to have their 1
entries in different places and to only have one nonzero entry each, otherwise there exists some
i, j such that DiDj ̸= 0. Therefore, Di = Ej,j for some 1 ≤ j ≤ Nλ and so Ai has rank 1. By
Lemma 5.3.7 and as d−1

i = di we have that A
∗
i = Ai. Thus, Ai satisfies the hypothesis in Lemma

11.1.1 and so Ai = Eki,ki for some 1 ≤ ki ≤ Nλ. By the isomorphism in Theorem 10.2.4, the Ai

matrices are all distinct and so the mapping π : (1, . . . , Nλ) 7→ (k1, . . . , kNλ
) is bijective. Thus,

we may order λW so that Ai = Ei,i.
Suppose that w ∈ Γi ∩ Γ−1

j . Using P2 and P7 as we did above, we have that tditw =∑
z∈W̃ γdi,w,z−1tz and if γdi,w,z−1 ̸= 0 then w = z. Thus, tditw = tw, using the positivity of

structure constant for equal parameters, P5 and the fact that w ∈ Γi. By Theorem 10.2.4
this then implies that cλ(di)cλ(w) = cλ(w) and so the non-zero elements of cλ(w) are forced
to lie in the i-th row. Similarly, using P2, P7, P5 and the fact that w ∈ Γ−1

j we have that
cλ(w)cλ(dj) = cλ(w) which forces the non-zero elements of cλ(w) to be in the j-th row. Hence,
cλ(w) has a unique non-zero entry in position (i, j).

Corollary 11.1.3. We have w ∈ Γλ ∩Γ−1
λ if and only if the matrix cλ(w) has a non-zero entry

in the (uλ, uλ)-position.

Proof. The forward implication follows immediately from Theorem 11.1.2 and the fact that
cλ(wλ′) = Euλ,uλ (see Proposition 7.3.8). For the reverse implication, let cλ(w) have a non-
zero entry in the (uλ, uλ)-position. As cλ(wλ′) = Euλ,uλ it follows that cλ(w)cλ(wλ′) ̸= 0 and

cλ(wλ′)cλ(w) ̸= 0. By Theorem 10.2.4 this implies that there exists z ∈ W̃ such that γwλ′ ,w,z−1 ̸=
0 and γw,wλ′ ,z

−1 ̸= 0. By P7 we then have γw,z−1,wλ′
̸= 0 and γz−1,w,wλ′

̸= 0, which in turn imply
that wλ′ ≤R w and wλ′ ≤L w. Thus, with P9 and P10 and as a(w) = wλ′ = ℓ(wλ′) we have
w ∼L wλ′ , which implies w−1 ∼R wλ′ , and w ∼R wλ′ as required.

11.2 The set Γλ ∩ Γ−1λ and the ring JΓλ∩Γ−1
λ

Recall the definition of the Gλ-Schur functions sγ(ζλ) from Definition 7.3.5, the monomials eγ(ζλ)
from (7.3.1) and the λ-dominance order on P/Qλ (and consequently P (λ)) from Section 7.2. In
this section we define an inner product on elements of Z[ζλ] connected to the inner product on J
defined in Theorem 10.2.2 and show that the Gλ-Schur functions are orthonormal with respect
to this inner product. We then prove that these Schur functions are the contents of the leading
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matrices of particular double coset representatives. Finally we prove that Γλ ∩ Γ−1
λ is exactly

the set of these double coset representatives and that JΓλ∩Γ−1
λ

is isomorphic to Z[ζλ]Gλ .

Definition 11.2.1. For f(ζλ), g(ζλ) ∈ Z[ζλ] define

⟨f(ζλ), g(ζλ)⟩∞λ =
1

|Gλ|

[
f(ζλ) · conj(g(ζλ)) ·

∏
α∈ΦGλ

(1− ζαλ )
]
ct

.

By Corollary 11.1.3 if A,B ∈ JΓλ∩Γ−1
λ

then

π∞λ (A) = a(ζλ)Euλ,uλ and π∞λ (B) = b(ζλ)Euλ,uλ

for some a(ζλ), b(ζλ) ∈ Z[ζλ] where π∞λ is the Z-linear extension of π∞λ (tw) = cλ(w), as in Section
10.2. Thus,

⟨A,B⟩∞λ = ⟨a(ζλ), b(ζλ)⟩∞λ
where ⟨·, ·⟩∞λ : J × J → Z is as in Definition 3.4.3.

Lemma 11.2.2. The Schur functions sγ(ζλ) with γ ∈ (P/Qλ)+, are the unique elements of
Z[ζλ]Gλ satisfying:
(1) sγ(ζλ) = eγ(ζλ) +

∑
γ′≺λγ

aγ,γ′eγ′(ζλ) with aγ,γ′ ∈ Z, and
(2) ⟨sγ(ζλ), sγ′(ζλ)⟩∞λ = δγ,γ′.

Moreover, we have aγ,γ′ ≥ 0.

Proof. The fact that the Schur functions satisfy (1) and (2) is classical. For example taking P

and W0 to be P
(λ)
+ and Gλ in [38, (3.14)] we have

sγ(ζλ) =
∑
γ′≼λγ

Kγ,γ′eγ′(ζλ)

where Kγ,γ′ are the Kostka numbers. It is well known that Kγ,γ′ ≥ 0 and Kγ,γ = 1, so sλ(ζλ)
satisfies (1) taking aγ,γ′ = Kγ,γ′ . Furthermore, sλ(ζλ) satisfies (2) by [38, Proposition 3.4].

To prove uniqueness, suppose that s′γ(ζλ) satisfies (1) and (2) and that the s′γ′(ζλ) are deter-
mined for all γ′ ≺λ γ. By (1) and (2) it follows that {s′γ′(ζλ) | γ′ ≺λ γ} is an orthonormal basis
of the Gλ invariant functions spanned by {eλ(ζλ) | γ′ ≺λ γ}. As s′γ(ζλ) satisfies (1) we have that

s′γ(ζλ) = eγ(ζλ) +
∑

γ′≺λγ

bγ,γ′s′γ′(ζλ).

Applying ⟨·, s′γ′(ζλ)⟩∞λ for γ′ ≺λ γ on either side and applying (2) gives that the integers bγ,γ′

are uniquely determined by bγ,γ′ = −⟨eγ(ζλ), s′γ′(ζλ)⟩∞λ . As aγ,γ′ = −⟨eγ(ζλ), sγ′(ζλ)⟩∞λ we have
sγ(ζλ) = s′γ(ζλ) as required.

We introduce the following maximal length coset representatives, which will be shown to
explicitly describe Γλ ∩ Γ−1

λ in Theorem 11.2.10.

Definition 11.2.3. For γ ∈ P (λ) letmγ be the longest element of the double cosetWλ′u−1
λ τγuλWλ′ .

Proposition 11.2.4. If γ ∈ P (λ) and g ∈ Gλ then mgγ = mγ.

Proof. By Lemma 2.4.5 we have that gτγg
−1 = τgγ for all g ∈ Gλ, and so

u−1
λ τgγuλ = (u−1

λ guλ)(u
−1
λ τγuλ)(u

−1
λ g−1uλ).

By Proposition 7.2.12 u−1
λ guλ ∈Wλ′ , thus u−1

λ τgγuλ ∈Wλ′u−1
λ τγuλWλ′ and hence the result.
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Theorem 11.2.5. Let γ ∈ P (λ). There exist x, y ∈Wλ′ such that mγ = xu−1
λ τγuλy with

ℓ(mγ) = ℓ(x) + ℓ(u−1
λ τγuλ) + ℓ(y) and ℓ(x) + ℓ(y) = ℓ(wλ′).

If γ, γ′ ∈ P (λ)
+ with γ +Qλ ≼λ γ

′ +Qλ then ℓ(mγ) ≤ ℓ(mγ′) with equality if and only if γ = γ′.

Proof. See Appendix A.

Proposition 11.2.6. If γ ∈ P (λ)
+ then there is an integer c > 0 such that

[cλ(mγ)]uλ,uλ = cζγλ + (Z-linear combination of terms ζγ
′

λ with γ ̸≼λ γ
′).

Thus, πλ(Tmγ ) attains the bound ℓ(wλ′).

Proof. By Theorem 11.2.5mγ = xu−1
λ τγuλy for some x, y ∈Wλ′ with ℓ(mγ) = ℓ(x)+ℓ(u−1

λ τγuλ)+
ℓ(y) and ℓ(x) + ℓ(y) = ℓ(wλ′). Let p0 be the path starting at uλ of type m⃗γ = x · (u−1

λ τγuλ) · y,
(choosing any reduced expressions for x, y and u−1

λ τγuλ) such that the first ℓ(x) steps are folds,
the next ℓ(u−1

λ τγuλ) steps are crossings and the final ℓ(y) steps are folds. We claim that p0 is a
Jλ-folded alcove path.

First, as ℓ(uλsj) = ℓ(uλ) + 1 and uλsj ∈ λW for all j ∈ Jλ′ (see Theorem 7.2.9(2)), the first
ℓ(x) steps are positive folds (and not bounces) given that x ∈ Wλ′ . The next ℓ(u−1

λ τγuλ) steps
must remain in Aλ to avoid forced bounces. First note that the starting alcove uλA0 ⊆ Aλ

as uλ ∈ λW . By Theorem 2.3.8 the end alcove uλ(u
−1
λ τγuλ)A0 = τγuλA0 ⊆ Aλ as well. By

[1, Proposition 3.94], Aλ is convex as it is an intersection of half-spaces. Thus, reduced paths
beginning and ending in Aλ remain in Aλ, so the path from uλA0 to τγuλA0 of reduced type
u−1
λ τγuλ remains within Aλ. Finally, as uλsj ∈ λW for all j ∈ Jλ′ (by Theorem 7.2.9(2)),
τγuλsjA0 ⊆ Aλ by Theorem 2.3.8 and so the last ℓ(y) folds are not forced bounces. It remains
to show that these folds are positively oriented. By Definition 2.3.1 we have τγuλ = tγyγuλ.
In addition, ℓ(yγuλsj) = ℓ(yγuλ) + 1 for all j ∈ Jλ′ as otherwise we have a contradiction with
uλ ∈ λW (using [1, pg.79 (F)]). So tγyγuλαsj ∈ Φ+ + Zδ and thus, by (1.3.1) and the fact that
y ∈Wλ′ , this implies that the folds are positively oriented.

Since ℓ(x) + ℓ(y) = ℓ(wλ′) we have that QJλ(p0) = (q− q−1)ℓ(wλ′ ). In addition, as end(p0) =
τγuλ we have wt(p0) = γ and θλ(p0) = uλ. Hence, by Theorem 5.3.3

[πλ(Tmγ )]uλ,uλ = (q− q−1)ℓ(wλ′ )ζγλ +
∑

p∈PJλ
(m⃗γ ,uλ)uλ\{p0}

QJλ(p)ζ
wt(p)
λ .

By Theorem 8.2.1 the bound of πλ is ℓ(wλ′) and so multiplying the above equation by q−ℓ(wλ′ )

gives

q−ℓ(wλ′ )[πλ(Tmγ )]uλ,uλ = ζγλ + (Z[q−1]-linear combination of terms ζγ
′

λ with γ′ ∈ P ).

Thus, it remains to prove that if p ∈ PJλ(m⃗γ , uλ)uλ with wt(p) = γ′ and γ ≼λ γ′ then
degQJλ(p) ≤ ℓ(wλ′) and if equality holds then γ = γ′ and QJλ(p) has a positive leading coeffi-
cient.

Let p ∈ PJλ(m⃗γ , uλ)uλ with wt(p) = γ′. By Corollary 2.3.10 θλ(p) = uλ and so end(p) =
τγ′uλ. Let N = f(p) + b(p) be the total number of folds and bounces in p. Writing mγ =
si1si2 · · · silσk (0 ≤ k ≤ n) we have end(p) = τγ′uλ = uλsi1si2 · · · ŝij1 · · · ŝijN · · · silσ

k where the
folds and bounces of p occur at the indices 1 ≤ j1 < · · · < jN ≤ l and ŝijk indicates the omission of
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the generator in the expression. Thus, ℓ(u−1
λ τγ′uλ) ≤ ℓ(mγ)−N , and so N ≤ ℓ(mγ)−ℓ(u−1

λ τγ′uλ).
Furthermore, as ℓ(mγ′) = ℓ(u−1

λ τγ′uλ) + ℓ(wλ′) we have

N ≤ ℓ(wλ′) + ℓ(mγ)− ℓ(mγ′).

By Definition 4.3.3 QJλ(p) = (−q−1)−b(p)(q− q−1)f(p) and so

degQJλ(p) = f(p)− b(p) < N ≤ ℓ(wλ′) + ℓ(mγ)− ℓ(mγ′),

with equality if and only if f(p) = ℓ(wλ′)+ ℓ(mγ)− ℓ(mγ′) and b(p) = 0. The result follows from
Theorem 11.2.5 as when γ ≼λ γ

′ we have ℓ(mγ) ≤ ℓ(mγ′) with equality if and only if γ = γ′.

Definition 11.2.7. For w ∈ W̃ let fw(ζλ) = q−ℓ(wλ′ )[πλ(Cw)]uλ,uλ .

Note that by Theorem 8.2.1 we have that fw(ζλ) ∈ (Z[q−1])[ζλ] and by Corollary 11.1.3 if
fw(ζλ) ̸= 0 then w ∈ Γλ ∩ Γ−1

λ .
Recall the definition of fλ(h) from Definition 9.0.1.

Proposition 11.2.8. If w ∈ Γλ ∩ Γ−1
λ we have

πλ(Cw) = fw(ζλ)πλ(Cwλ′ ) with fw(ζλ) =
q2ℓ(wλ′ )

Wλ′(q2)2
fλ(Cw)

and fw(ζλ) ∈ Z[ζλ]Gλ. In particular, fmγ (ζλ) = sγ(ζλ) for γ ∈ P (λ) and so cλ(mγ) = sγ(ζλ)Euλ,uλ.

Proof. If w ∈ Γλ ∩ Γ−1
λ then by Theorem 11.1.2 the matrix πλ(Cw) attains the bound ℓ(wλ′) in

the (uλ, uλ)-position and only in this position. As w ∈ Γλ, by [25, Proposition 2.4] we have that
DL(w) = Jλ′ and so w = wλ′u with u reduced on the left by Jλ′ . This implies that ℓ(wλ′w) =
ℓ(w) − ℓ(wλ′). By a similar argument, as w ∈ Γ−1

λ , we also have that ℓ(wwλ′) = ℓ(w) − ℓ(wλ′).
Thus, by Corollary 3.2.3 we have

Cwλ′CwCwλ′ = q−2ℓ(wλ′ )Wλ′(q2)2Cw.

With Theorem 9.0.2 this gives that

πλ(Cwλ′CwCwλ′ ) = q−2ℓ(wλ′ )Wλ′(q2)2πλ(Cw) = fλ(Cw)πλ(Cwλ′ ). (11.2.1)

Reading the (uλ, uλ)-entry, using Proposition 7.3.8 for πλ(Cwλ′ ), we have q
−ℓ(wλ′ )Wλ′(q2)2fw(ζλ) =

qℓ(wλ′ )fλ(Cw). Thus, fλ(Cw) is divisible (in R[ζλ]) by Wλ′(q2)2, we have

fw(ζλ) =
q2ℓ(wλ′ )

Wλ′(q2)2
fλ(Cw)

and (11.2.1) becomes πλ(Cw) = fw(ζλ)πλ(Cwλ′ ). As q
ℓ(wλ′ )Wλ′(q−2)Cwλ′ = q−ℓ(wλ′ )Wλ′(q2)Cwλ′

(see Section 3.2), by Corollary 9.0.4 we have fw(ζλ) = fw(ζλ). Thus, since fw(ζλ) ∈ (Z[q−1])[ζλ]
this forces fw(ζλ) ∈ Z[ζλ] and by Theorem 9.0.7 fw(ζλ) ∈ Z[ζλ]Gλ .

Let γ ∈ P (λ). It remains to show that fmγ (ζλ) = sγ(ζλ). By Proposition 11.2.4 mgγ = mγ

for all g ∈ Gλ so we may assume that γ ∈ P (λ)
+ as P

(λ)
+ is a fundamental domain for the action

of Gλ on P (λ) (see Section 7.2). By Proposition 11.2.6 we have

fmγ (ζλ) = cζγλ + (Z-linear combination of terms ζγ
′

λ with γ ̸≼λ γ
′), (11.2.2)
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where c > 0 is an integer. As deg[πλ(Tmγ )]uλ,uλ = ℓ(wλ′) (by Proposition 11.2.6) we have that
mγ ∈ Γλ∩Γ−1

λ by Corollary 11.1.3 and so π∞λ (tmγ ) = cλ(mγ) = fmγ (ζλ)Euλ,uλ by Theorem 11.1.2.
Thus,

⟨fmγ (ζλ), fmγ (ζλ)⟩∞λ = ⟨tmγ , tmγ ⟩∞λ = 1

by Theorem 10.2.2. As fγ(ζλ) ∈ Z[ζλ]Gλ and as the Schur functions (sγ(ζλ))γ∈P (λ)
+

are a Z-basis
of this ring we have that

fmγ (ζλ) =
∑

γ′∈(P/Qλ)+

aγ′sγ′(ζλ)

for some integers aγ′ . As ⟨fmγ (ζλ), fmγ (ζλ)⟩∞λ = 1 we have
∑

γ′ a2γ′ = 1 by Lemma 11.2.2(2) and

as the aγ′ ’s are integers this forces fmγ (ζλ) = ±sγ1(ζλ) for some γ1 ∈ P (λ)
+ . By Lemma 11.2.2(1)

we have that

sγ1(ζλ) = eγ1(ζλ) +
∑

γ′≺λγ1

aγ1,γ′eγ′(ζλ) = (a Z≥0-linear combinations of ζγ
′

λ with γ′ ∈ P (λ)),

and as c > 0 in (11.2.2) it follows that fmγ (ζλ) = sγ1(ζλ). Furthermore, Lemma 11.2.2(1) gives

that γ ≼λ γ1 which, with (11.2.2), forces γ = γ1 (as γ ∈ P (λ)
+ ).

The following Corollary is used to prove Theorem 9.0.10.

Corollary 11.2.9. The map fλ : H̃ → R[ζλ]
Gλ is surjective.

Proof. By Proposition 11.2.8 we have

fmγ (ζλ) = sγ(ζλ) =
q2ℓ(wλ′ )

Wλ′(q2)2
fλ(Cmγ ).

Therefore, fλ(Cmγ ) = q−2ℓ(wλ′ )Wλ′(q2)2sγ(ζλ) and the result follows as the Schur functions form
a basis of R[ζλ]

Gλ .

Theorem 11.2.10. We have Γλ ∩ Γ−1
λ = {mγ | γ ∈ P (λ)

+ }, and the linear map

JΓλ∩Γ−1
λ
→ Z[ζλ]Gλ with tmγ 7→ sγ(ζλ)

is an isomorphism of unital rings.

Proof. By Proposition 11.2.6 deg[πλ(Tmγ )]uλ,uλ = ℓ(wλ′) and so, by Corollary 11.1.3, we have

that mγ ∈ Γλ ∩ Γ−1
λ for all γ ∈ P (λ)

+ . Thus, {mγ | γ ∈ P (λ)
+ } ⊆ Γλ ∩ Γ−1

λ .
To prove the reverse containment, let w ∈ Γλ ∩ Γ−1

λ . By Theorem 11.1.2 and Proposition
11.2.8 we have that π∞λ (tw) = cλ(w) = fw(ζλ)Euλ,uλ and that fw(ζλ) ∈ Z[ζλ]Gλ . If w /∈ {mγ | γ ∈
P

(λ)
+ } then by Theorem 10.2.2 and as π∞λ (tmγ ) = sγ(ζλ)Euλ,uλ by Proposition 11.2.8 we have

⟨fw(ζλ), sγ(ζλ)⟩∞λ = ⟨tw, tmγ ⟩∞λ = 0

for all γ ∈ P (λ)
+ . This contradicts the fact that (sγ(ζλ))γ∈P (λ)

+

forms a basis of Z[ζλ]Gλ and so

w = mγ for some γ ∈ P (λ)
+ . Thus, {mγ | γ ∈ P (λ)

+ } = Γλ ∩ Γ−1
λ as required.

Hence, the mapping CΓλ∩Γ−1
λ
→ Z[ζλ]Gλ with cλ(mγ) 7→ sγ(ζλ) is a ring isomorphism and

the result follows from Theorem 10.2.4.
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The following remarks can be made about Proposition 11.2.8 and Theorem 11.2.10.

Remark 11.2.11. Recall the analytic description of the asymptotic Plancherel formula given
in (10.1.1). The constant of each term in the sum of ⟨h1, h2⟩ from (10.1.1) is forced to be 1

|Gλ| by

Proposition 11.2.8 and Lemma 11.2.2. To see this let ⟨f(ζλ), g(ζλ)⟩∞λ be as defined in Definition
11.2.1 and define

(f(ζλ), g(ζλ))
∞
λ = (A,B)∞λ =

K

|Gλ|

[
χ∞
λ (AB∗)

∏
α∈ΦGλ

(1− ζαλ )
]
ct

with π∞λ (A) = f(ζλ)Euλ,uλ and π∞λ (B) = g(ζλ)Euλ,uλ . Thus, (f(ζλ), g(ζλ))
∞
λ = K⟨f(ζλ), g(ζλ)⟩∞λ .

We have that (tw, tv)
∞
λ = δw,v for all w, v ∈ W̃ as the proof of Theorem 10.2.2 did not

rely on K = 1. By Proposition 11.2.8 we have that π∞λ (tmγ ) = cλ(mγ) = sγ(ζλ)Euλ,uλ ,
and so (sγ(ζλ), sγ(ζλ))

∞
λ = (tmγ , tmγ )

∞
λ = 1. In addition, by Lemma 11.2.2 we have that

⟨sγ(ζλ), sγ(ζλ)⟩∞λ = 1. Thus,

1 = (sγ(ζλ), sγ(ζλ))
∞
λ = K⟨sγ(ζλ), sγ(ζλ)⟩∞λ = K

as expected.

Remark 11.2.12. Recall that mgγ = mγ for all γ ∈ P (λ) and g ∈ Gλ by Proposition 11.2.4.
This can be strengthened by Proposition 11.2.8 to mγ1 = mγ2 if and only if γ2 ∈ Gλγ1. To see

this let γ1, γ2 ∈ P (λ)
+ with γ1 ̸= γ2. By Proposition 11.2.8 we have that

πλ(Cmγ1
) = sγ1(ζλ)πλ(Cwλ′ ) ̸= sγ2(ζλ)πλ(Cwλ′ ) = πλ(Cmγ2

)

and so mγ1 ̸= mγ2 .

Remark 11.2.13. The description of JΓλ∩Γ−1
λ

in Theorem 11.2.10 is in terms of the Gλ-

symmetric functions of ζλ whereas the description of JΓλ∩Γ−1
λ

in [49, Theorem 8.4.5] (and the

description in [26]) is in terms of representation rings. To translate between these definitions,
for each λ ⊢ n + 1 let uλ be the unipotent element of SLn+1(C) with Jordan blocks given by
the partition λ. Let Fλ be the maximal reductive subgroup of the centraliser in SLn+1(C) of uλ.
Then Z[ζλ]Gλ is isomorphic to the representation ring of Fλ. Note that in [49] Xi works with the
group W ⋊ Ω, with Ω ∼= Z, instead of W ⋊ Σ. Elements of W ⋊ Ω are of the form si1 · · · silσk
with no restriction on k ∈ Z (and σ the generator of Ω), differing from elements of W ⋊Σ which
are of the form si1 · · · silσk with 0 ≤ k ≤ n (and σ as in Section 7.1). Thus, Xi is working in
GLn+1(C) instead of SLn+1(C).

11.3 Lusztig’s asymptotic algebra

In this final section we give an explicit description of Cλ. By Theorem 10.2.4 this gives an
explicit description of Lusztig’s asymptotic algebra J =

⊕
λ⊢n+1 Jλ. Using this description we

then prove that the family of matrix representations (πλ)λ⊢n+1 forms a balanced system of cell
representatives (see Section 3.3).

As in Section 11.1 let d1, . . . dNλ
denote the distinguished involutions in ∆λ and Γ1, . . . ,ΓNλ

be the right cells in ∆λ such that di ∈ Γi. Now fix the ordering so that d1 = wλ′ (so Γ1 = Γλ).
We order λW as in Theorem 11.1.2 so that cλ(di) = Ei,i. Recall that there exists bijections
ϕij : Γi ∩ Γ−1

j → Γλ ∩ Γ−1
λ (from [49, §2.3]). Throughout this section we will use the Theorems

of Xi [49, Theorems 2.3.2 and 8.4.2] often so will recall them here (let Eij(a) denote the matrix
with a in the (i, j)-th position).
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Theorem 11.3.1 ([49, Theorems 2.3.2 and 8.4.2]). We have:
(1) The map tw 7→ tϕii(w) induces a ring isomorphism JΓi∩Γ−1

i
→ JΓλ∩Γ−1

λ
.

(2) The map tw 7→ Eij(tϕij(w)), for w ∈ Γi ∩ Γ−1
j , defines an isomorphism from Jλ to

MatNλ
(JΓλ∩Γ−1

λ
).

Theorem 11.3.2. There are weights γ1, . . . , γNλ
∈ P (λ) and ϵ1, . . . , ϵNλ

∈ {−1, 1} such that

D−1CλD = MatNλ
(Z[ζλ]Gλ) where D = diag(ϵ1ζ

γ1
λ , . . . , ϵNλ

ζ
γNλ
λ ).

Moreover there is a function hλ : ∆λ → P
(λ)
+ such that:

(a) for each 1 ≤ i, j ≤ Nλ the map hλ : Γi ∩ Γ−1
j → P

(λ)
+ is bijective, and

(b) if w ∈ Γi ∩ Γ−1
j then D−1cλ(w)D = shλ(w)(ζλ)Eij.

Proof. By Theorem 11.1.2 we have that cλ(di) = Ei,i. Let wij = ϕ−1
ij (wλ′) ∈ Γi ∩ Γ−1

j . By

[49, Lemma 2.3.1] ϕii(di) = wλ′ and ϕij(w
−1
ji ) = (ϕji(wji))

−1, which implies that ϕ−1
ji (wλ′) =

(ϕ−1
ij (wλ′))−1. Thus, wii = di and wji = w−1

ij for all 1 ≤ i, j ≤ Nλ.

We have that t2wλ′
= twλ′ by the proof of Theorem 11.1.2. Thus, Eij(twλ′ )Eji(twλ′ ) =

Eii(t
2
wλ′

) = Eii(twλ′ ). Therefore, under the isomorphism in Theorem 11.3.1(2) we have twij twji =
twij tw−1

ij
= tdi . By Theorem 11.1.2 cλ(wij) = a(ζλ)Eij for some a(ζλ) ∈ Z[ζλ]. Thus, applying

Theorem 10.2.4 and the fact that cλ(w
−1
ij ) = cλ(wij)

∗ (see Lemma 5.3.7), we have

Eii = cλ(di) = cλ(wij)cλ(w
−1
ij ) = a(ζλ)a(ζ

−1
λ )Eii

and so a(ζλ)a(ζ
−1
λ ) = 1. Writing a(ζλ) =

∑
γ∈P (λ) cγζ

γ
λ with cγ ∈ Z (as was done in the proof of

Theorem 8.2.1) it follows that

a(ζλ)a(ζ
−1
λ ) =

∑
γ,γ′∈P (λ)

cγcγ′ζγ−γ′

λ =
∑

γ∈P (λ)

c2γ + (terms involving ζλ).

It follows that
∑

γ∈P (λ) c2γ = 1 and, as cγ ∈ Z, this forces a(ζλ) = ϵijζ
γij
λ for some γij ∈ P (λ) and

ϵij = ±1. Thus, c(wij) = ϵijζ
γij
λ Eij and, as wji = w−1

ij and wii = di, we have ϵij = ϵji, ϵii = 1
and γij = −γji.

As Eij(twλ′ )Ejk(twλ′ )Eki(twλ′ ) = Eii(twλ′ ), by Theorem 11.3.1(2), we have twij twjk
twki

= tdi
and so by Theorem 10.2.4 cλ(wij)cλ(wjk)cλ(wki) = cλ(di) = Eii. On the other hand, as c(wij) =
ϵijζ

γij
λ Eij we have

cλ(wij)cλ(wjk)cλ(wki) = ϵijϵjkϵkiζ
γij+γjk+γki
λ Eii

and so γij + γjk + γki = 0 and ϵijϵjkϵki = 1.
We claim that there exists weights γ1, . . . , γNλ

∈ P (λ)and signs ϵ1, . . . , ϵNλ
∈ {−1, 1} such

that ζ
γi−γj
λ = ζ

γij
λ and ϵij = ϵiϵj for 1 ≤ i, j ≤ Nλ. We proceed by induction using the fact

that ϵijϵjk = ϵik and ζ
γij
λ ζ

γjk
λ = ζ−γki

λ = ζγikλ , as γij + γjk + γki = 0, for all 1 ≤ i, j, k ≤ Nλ.

If i = j then γii = 0 so ζγi−γi
λ = ζγiiλ for any γi ∈ P (λ) and ϵii = 1 so ϵii = ϵiϵi for ϵi = ±1.

In particular, if 1 ≤ i, j ≤ 1, that is i = j = 1, the claim holds. Now, assume that there
exists some γ1, . . . , γn ∈ P (λ) and ϵ1, . . . , ϵn ∈ {1,−1} such that ζ

γi−γj
λ = ζ

γij
λ and ϵiϵj = ϵij for

1 ≤ i, j ≤ n < Nλ. We only need to consider the case when i ̸= j as the case when i = j was

completed above. If i = n+1 and j < n+1 then setting ζ
γn+1

λ = ζ
γ(n+1)1+γ1
λ and ϵn+1 = ϵ(n+1)1ϵ1

we have

ζ
γn+1−γj
λ = ζ

γ(n+1)1+γ1−γj
λ = ζ

γ(n+1)1+γ1j
λ = ζ

γ(n+1)j

λ and ϵn+1ϵj = ϵ(n+1)1ϵ1ϵj = ϵ(n+1)1ϵ1j = ϵ(n+1)j .
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Similarly, if i < n + 1 and j = n + 1 then again setting ζ
γn+1

λ = ζ
γ(n+1)1+γ1
λ = ζ

−γ1(n+1)+γ1
λ and

ϵn+1 = ϵ(n+1)1ϵ1 gives that ζ
γi−γn+1

λ = ζ
γi(n+1)

λ and ϵiϵn+1 = ϵi(n+1) as required. The result
follows by induction. It follows that

cλ(wij) = DEijD
−1 with D = diag(ϵ1ζ

γ1
λ , . . . , ϵNλ

ζ
γNλ
λ ).

Let Rij = {[D−1AD]ij | A ∈ Cλ}. We claim that Rij = Z[ζλ]Gλ . Suppose that a(ζλ), b(ζλ) ∈
Rij , thus there exists A,B ∈ Cλ such that [D−1AD]ij = a(ζλ) and [D−1BD]ij = b(ζλ). Then

D−1cλ(di)Acλ(wji)Bcλ(dj)D = D−1EiiADD
−1cλ(wji)DD

−1BEjjD

= EiiD
−1ADEjiD

−1BDEjj

= a(ζλ)b(ζλ)Eij

and so Rij is a ring. Moreover,

D−1cλ(w1i)Acλ(wj1)D = D−1cλ(w1i)DD
−1ADD−1cλ(wj1)D = E1iD

−1ADEj1 = a(ζλ)E11

so cλ(w1i)Acλ(wj1) = a(ζλ)E11 = a(ζλ)cλ(wλ′) ∈ CΓλ∩Γ−1
λ

(by Theorem 11.1.2). Thus, as

cλ(w1,i), A, cλ(wj1) ∈ Cλ and by Theorem 11.2.10 we have that a(ζλ) ∈ Z[ζλ]Gλ , soRij ⊆ Z[ζλ]Gλ .
For the reverse inclusion, note that

D−1cλ(wi1)cλ(mγ)cλ(w1j)D = sγ(ζλ)D
−1cλ(wi1)DD

−1E11DD
−1cλ(w1j)D

= sγ(ζλ)D
−1cλ(wi1)DE11D

−1cλ(w1j)D = sγ(ζλ)Eij

and so Z[ζλ]Gλ ⊆ Rij by Proposition 7.3.6. Thus, Rij = Z[ζλ]Gλ , soD−1CλD = MatNλ
(Z[ζλ]Gλ).

Let w ∈ Γi ∩Γ−1
j , and write D−1cλ(w)D = a(ζλ)Eij for some a(ζλ) ∈ Z[ζλ]Gλ . We have that

π∞λ (tw) = cλ(w) = a(ζλ)DEijD
−1, so

χ∞
λ (twt

∗
w) = tr(a(ζλ)a(ζ

−1
λ )DEijD

−1(DEijD
−1)∗)

= tr(a(ζλ)a(ζ
−1
λ )DEijD

−1DEjiD
−1)

= tr(a(ζλ)a(ζ
−1
λ )Eii).

Thus, by Theorem 10.2.2 we have that ⟨tw, tw⟩∞λ = ⟨a(ζλ), a(ζλ)⟩∞λ = 1. Writing a(ζλ) =∑
γ∈(P/Qλ)+

aγsγ(ζλ), with aγ integers (as the Schur functions are a basis of Z[ζλ]Gλ), it follows

that
∑

γ a
2
γ = 1 by Lemma 11.2.2. Thus, a(ζλ) = ϵwshλ(w)(ζλ) for some hλ(w) ∈ P

(λ)
+ and

ϵw = ±1. Consider this map hλ : Γi ∩ Γ−1
j → P

(λ)
+ . If w ̸= v with w, v ∈ Γi ∩ Γ−1

j then
hλ(w) ̸= hλ(v) as otherwise ⟨tw, tv⟩∞λ = ⟨ϵwshλ(w)(ζλ), ϵvshλ(v)(ζλ)⟩

∞
λ ̸= 0, a contradiction by

Theorem 10.2.2. Furthermore, the map is surjective by Rij = Z[ζλ]Gλ with the fact that

{sγ(ζλ) | γ ∈ P
(λ)
+ } is a basis of Z[ζλ]Gλ . Thus, hλ is bijective as required.

Finally, we claim that ϵw = 1 for all w ∈ ∆λ. By Proposition 11.2.8 we have

D−1cλ(w1i)cλ(w)cλ(wj1)D = D−1cλ(w1i)DD
−1cλ(w)DD

−1cλ(wj1)D

= ϵwshλ(w)(ζλ)E11

= ϵwshλ(w)(ζλ)D
−1E11D

= ϵw(ζλ)D
−1cλ(mhλ(w))D

so cλ(w1i)cλ(w)cλ(wj1) = ϵwcλ(mhλ(w)). By Theorem 10.2.4 this implies that tw1itwtwj1 =

ϵwtmhλ(w)
and by the positivity of structure constants (of H̃ and thus Jλ) this forces ϵw = 1.
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We make the following conjecture.

Conjecture 11.3.3. In Theorem 11.3.2 we have ϵi = 1 for all 1 ≤ i ≤ Nλ.

Recall the definition of a balanced system of cell representations from Section 3.3, in partic-
ular recall the descriptions of the conditions B1-B5 and B̃. The following corollary shows that
Theorem 11.3.2, along with other result from Part II, give that (πλ)λ⊢n+1 is a balanced system
of cell representations of H̃.

Corollary 11.3.4. The matrix representations πλ(·), with λ ⊢ n+ 1, satisfy the conditions B1
- B5 and B̃. Thus they form a balanced system of cell representations

Proof. Theorem 8.1.3 gives that πλ satisfies B1 and Theorem 8.2.1 gives that πλ satisfies B2,
with the bound being ℓ(wλ′). Theorem 10.2.3 gives that cλ(w) ̸= 0 if and only if w ∈ ∆λ and
so B3 is also satisfied. Condition B4, that the leading matrices are free over Z, follows from
the freeness of the Schur functions and the fact that D−1cλ(w)D = shλ(w)(ζλ)Eij by Theorem

11.3.2. Condition B5 follows from Lemma 7.1.12 and Theorem 8.2.1. Finally, to show that B̃ is
satisfied consider z ∈ ∆λ. Let 1 ≤ i, j ≤ Nλ such that z ∈ Γi∩Γ−1

j . By Theorem 11.3.2 we have

D−1cλ(z)cλ(dj)D = D−1shλ(z)(ζλ)EijEjjD = D−1shλ(z)(ζλ)EijD

and so cλ(z)cλ(dj) = cλ(z). Therefore, γ̃z,dj ,z−1 ̸= 0 as required (an analogous argument can be
made instead using di).

Remark 11.3.5. Conjugation by D in Theorem 11.3.2 amounts to choosing a (signed) basis
associated to a fundamental domain F for the action of TJλ on WJλ . Proposition 5.3.4 gives the
description of the basis and Theorem 5.3.5 gives the path formula with respect to this basis.
Specifically, the fundamental domain chosen is F = {τ−1

γi ui | 1 ≤ i ≤ Nλ} where λW = {ui | 1 ≤
i ≤ Nλ} is ordered as in Theorem 11.1.2, the associated (signed) basis is then {ϵiϖλ(Xu) | u ∈ F}.

Example 11.3.6. Consider A3 with λ = (2, 2) as in Examples 7.2.1, 7.2.15 and 7.3.7. We have
that uλ = s2 and so we order λW as follows:

λW = {s2, e, s2s1, s2s3, s2s1s3, s2s1s3s2}.

As in Example 7.3.7 we have ζ ẽ1λ = z1 and ζ ẽ2λ = z2 with z21z
2
2 = 1. Using Theorem 5.3.3 we

have the following matrices (with the basis ordered with respect to the above ordering of λW ):

πλ(T1) =


Q 0 1 0 0 0
0 −q−1 0 0 0 0
1 0 0 0 0 0
0 0 0 Q 1 0
0 0 0 1 0 0
0 0 0 0 0 −q−1

 πλ(T2) =


0 1 0 0 0 0
1 Q 0 0 0 0
0 0 −q−1 0 0 0
0 0 0 −q−1 0 0
0 0 0 0 Q 1
0 0 0 0 1 0



πλ(T3) =


Q 0 0 1 0 0
0 −q−1 0 0 0 0
0 0 Q 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 −q−1

 πλ(T0) =


0 0 0 0 0 z1/z2
0 0 0 0 z1/z2 0
0 0 −q−1 0 0 0
0 0 0 −q−1 0 0
0 z2/z1 0 0 Q 0

z2/z1 0 0 0 0 Q



πλ(Tσ) =


0 0 0 0 z1 0
0 0 0 z1 0 0
0 z2 0 0 0 0
0 0 0 0 0 z1
z2 0 0 0 0 0
0 0 z2 0 0 0


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where Q = q−q−1. MAGMA code calculating these matrices can be found at https://github.
com/ellielittle/A3Matrices. The distinguished involutions are

d1 = s1s3 d2 = s2s1s3s2 d3 = s3s2s0s3 d4 = s1s2s0s1 d5 = s0s2 d6 = s0s1s3s0.

We have the following bijections (these bijections are not unique)

Γ2 → Γ1, 2w 7→ w

Γ3 → Γ1, 3σ
3w 7→ w

Γ4 → Γ1, 1σ
3w 7→ w

Γ5 → Γ1, σ
3w 7→ w

Γ6 → Γ1, 0σ
2w 7→ w.

Thus, we can find bijections ϕij : Γi ∩Γ−1
j → Γ1 ∩Γ−1

1 (see the proof of Theorem 11.3.2 and [49,

§2.3]). The corresponding elements wij = ϕ−1
ij (wλ′) are

w12 = s1s3s2 w13 = s1s3s0σ w14 = s1s3s2σ w15 = s1s3σ w16 = s1s3s2σ
2

w23 = s2s1s3s0σ w24 = s2s1s3s2σ w25 = s2s1s3σ w26 = s2s1s3s2σ
2 w34 = s3s2s0s1

w35 = s3s2s0 w36 = s3s2s0s1σ w45 = s1s2s0 w46 = s1s2s0s1σ w56 = s2s0s1σ

(with wii = di and wji = w−1
ij ). For example, ϕ−1

34 maps 13 to 3σ313σ1 = 3201 as required.
Using the MAGMA code we calculate

cλ(w12) = E12, cλ(w13) = z1E13, cλ(w14) = z1E14, cλ(w15) = z1E15, cλ(w16) = z21E16.

Thus, the conjugating matrix (from Theorem 11.3.2) can be taken as

D = diag(1, 1, z−1
1 , z−1

1 , z−1
1 , z−2

1 ).

Then D−1cλ(wij)D = Eij for all 1 ≤ i, j ≤ 6 (noting that Conjecture 11.3.3 holds in this
case). By Theorem 11.3.2 it then follows that D−1CλD = Mat6(Z[ζλ]Gλ). For example, take
w = s2s0s1s3s2s0s1s3s2s0σ

2. Using the MAGMA code we have

D−1cλ(w)D = (z51z2 + z1z
5
2 + z21 + z22 + z1z2)E56 =

z61z2 − z1z62
z1 − z2

E56 = s5ẽ1+ẽ2(ζλ)E56,

by Example 7.3.7. Thus w ∈ Γ5 ∩ Γ−1
6 and hλ(w) = 3e1 + 2e2 + e3 ∈ P (λ)

+ .

https://github.com/ellielittle/A3Matrices
https://github.com/ellielittle/A3Matrices
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Appendix A

The length of mγ

Recall from Section 11.2 that mγ is the maximal length representative of the double coset
Wλ′u−1

λ τγuλWλ′ for γ ∈ P (λ). In this appendix we will prove the important property of these
elements stated in Theorem 11.2.5. The results of Chapter 11 are reliant on this theorem. We
recall the theorem here:

Theorem. Let γ ∈ P (λ). There exist x, y ∈Wλ′ such that mγ = xu−1
λ τγuλy with

ℓ(mγ) = ℓ(x) + ℓ(u−1
λ τγuλ) + ℓ(y) and ℓ(x) + ℓ(y) = ℓ(wλ′).

If γ, γ′ ∈ P (λ)
+ with γ +Qλ ≼λ γ

′ +Qλ then ℓ(mγ) ≤ ℓ(mγ′) with equality if and only if γ = γ′.

In Section A.1 we give some general results of maximal length double coset representatives
that will be used in the remaining sections. Section A.2 gives the proof of the first half of Theorem
11.2.5, describing the length of ℓ(mγ). In Section A.3 we compute the length of u−1

λ τγuλ and,
finally, in Section A.4 we use this length description to prove the second half of Theorem 11.2.5,
the monotonicity of ℓ(mγ) with respect to ≼λ.

A.1 Maximal length double coset representatives

In this section we prove some preliminary results about maximal length double coset represen-
tatives that will be used in the subsequent sections. The results of this section are for general
affine Weyl groups, so the notation J ⊆ I is used (instead of λ ⊢ n+ 1).

Lemma A.1.1. Let γ ∈ P and u ∈W0. For 1 ≤ j ≤ n we have:
(1) ℓ(sjtγu) = ℓ(tγu)− 1 if and only if ⟨γ, αj⟩ ≤ 0 and if ⟨γ, αj⟩ = 0 then u−1αj < 0.
(2) ℓ(tγusj) = ℓ(tγu)− 1 if and only if ⟨u−1γ, αj⟩ ≥ 0 and if ⟨u−1γ, αj⟩ = 0 then uαj < 0.

Proof. It is sufficient to prove (1) as (2) follows from (1) noting that (tγu)
−1 = t−u−1γu

−1 and
ℓ(tγusj) = ℓ(sj(tγu)

−1). By [37, (2.4.1)] we have that

ℓ(tγu) =
∑
α∈Φ+

|⟨γ, α⟩ − χ−(u−1α)|,

where χ−(α) = 1 if α ∈ Φ− and 0 otherwise (this formula is counting the hyperplanes separating
A0 from tγuA0). As the simple reflection sj permutes Φ+\{αj}, and as sjtγu = tsjγu we have
that

ℓ(sjtγu) = |⟨γ, αj⟩+ χ−(−u−1αj)|+
∑

α∈Φ+\{αj}

|⟨γ, α⟩ − χ−(u−1α)|,
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and so ℓ(tγu)− ℓ(sjtγu) = |⟨γ, αj⟩ − χ−(u−1αj)| − |⟨γ, αj⟩+ χ−(−u−1αj)|.
If ⟨γ, αj⟩ < 0 there are two cases: if u−1αj < 0 then ℓ(tγu)− ℓ(sjtγu) = 1 and if u−1αj > 0

then ℓ(tγu)−ℓ(sjtγu) = 1. Whereas if ⟨γ, αj⟩ > 0 then: if u−1αj < 0 then ℓ(tγu)−ℓ(sjtγu) = −1
and if u−1αj > 0 then ℓ(tγu)− ℓ(sjtγu) = −1. Finally, if ⟨γ, αj⟩ = 0 we have that if u−1αj < 0
then ℓ(tγu)− ℓ(sjtγu) = 1 and if u−1αj > 0 then ℓ(tγu)− ℓ(sjtγu) = −1.

Definition A.1.2. For γ ∈ P , u ∈W0 and J ⊆ I let

LJ(γ, u) = {α ∈ Φ+
J | ⟨γ, α⟩ > 0 or ⟨γ, α⟩ = 0 and u−1α > 0}

RJ(γ, u) = {α ∈ Φ+
J | ⟨u

−1γ, α⟩ < 0 or ⟨u−1γ, α⟩ = 0 and uα > 0}.

Lemma A.1.3. For γ ∈ P , u ∈ W0, and J ⊆ I there exist (unique) elements x, x′ ∈ WJ

with Φ(x) = LJ(γ, u) and Φ(x′) = RJ(γ, u). Moreover x−1tγu is of maximal length in WJ tγu
and so ℓ(x−1tγu) = ℓ(x) + ℓ(tγu), and tγux

′ is of maximal length in tγuWJ and so ℓ(tγux
′) =

ℓ(tγu) + ℓ(x′).

Proof. It is sufficient to consider the cosetWJ tγu (as the other coset result follows by considering
(tγu)

−1 = t−u−1γu
−1). We argue by induction on |LJ(γ, u)|. If |LJ(γ, u)| = 0 then ℓ(sjtγu) =

ℓ(tγu) − 1 for all j ∈ J (by Lemma A.1.1) and so tγu is of maximal length in WJ tγu and
x = e. Suppose that |LJ(γ, u)| > 0. Then there exists j ∈ J such that αj ∈ LJ(γ, u) and
ℓ(sjtγu) = ℓ(tγu) + 1 (as otherwise LJ(γ, u) = ∅ by Lemma A.1.1).

We claim that LJ(sjγ, sju) = sj(LJ(γ, u)\{αj}) (noting that sjtγu = tsjγsju). By Lemma
A.1.1 we have that αj /∈ LJ(sjγ, sju) as otherwise ⟨sjγ, αj⟩ > 0, in which case ⟨γ, αj⟩ < 0
contradicting αj ∈ LJ(γ, u), or ⟨sjγ, αj⟩ = 0 with u−1sjαj > 0, in which case ⟨γ, α⟩ = 0
with u−1αj < 0 again contradicting αj ∈ LJ(γ, u). Suppose that α ∈ LJ(sjγ, sju). Then
either ⟨γ, sjα⟩ > 0 or ⟨γ, sjα⟩ = 0 with u−1sjα > 0. As α ∈ Φ+\{αj} and since sj permutes
Φ+\{αj}, it follows that sjα ∈ LJ(γ, u) and so α ∈ sj(LJ(γ, u)\{αj}). Thus, LJ(sjγ, sju) ⊆
sj(LJ(γ, u)\{αj}). For the converse suppose that α ∈ sj(LJ(γ, u)\{αj}) then there exists β ∈
LJ(γ, u)\{αj} such that α = sjβ and ⟨γ, β⟩ > 0 or ⟨γ, β⟩ = 0 with u−1β > 0. Thus, α ∈
LJ(sjγ, sju) and so the claim holds.

With LJ(sjγ, sju) = sj(LJ(γ, u)\{αj}), it follows by induction that there exists j1, . . . jk ∈ J
such that, writing x−1 = sj1 · · · sjk , we have ℓ(x−1tγu) = k + ℓ(tγu) and LJ(xγ, xu) = ∅. Thus,
x−1tγu is of maximal length in WJ tγu and Φ(x) = LJ(γ, u), completing the proof.

Corollary A.1.4. Let γ ∈ P , u ∈ W0, and J ⊆ I. Let m be the longest element of WJ tγuWJ .
Then

m = x−1tγuy with ℓ(m) = ℓ(x) + ℓ(tγu) + ℓ(y),

where Φ(x) = LJ(γ, u) and Φ(y) = RJ(x
−1γ, x−1u). In particular,

ℓ(m)− ℓ(tγu) = |LJ(γ, u)|+ |RJ(x
−1γ, x−1u)|.

Proof. By Lemma A.1.3 we have that x−1tγu = tx−1γx
−1u is of maximal length in WJ tγu and

ℓ(x−1tγu) = ℓ(x) + ℓ(tγu), where x is such that Φ(x) = LJ(γ, u). Then, again using Lemma
A.1.3, we have that (x−1tγu)y is of maximal length in x−1tγuWJ and

ℓ(x−1tγuy) = ℓ(x−1tγu) + ℓ(y) = ℓ(x) + ℓ(tγu) + ℓ(y),

where y is such that Φ(y) = RJ(x
−1γ, x−1u). So x−1tγuy is of maximal length in WJ tγuWJ ,

and the result follows.
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A.2 The elements mγ

In this section we will prove that ℓ(mγ) = ℓ(u−1
λ τγuλ) + ℓ(wλ′), thus completing the proof of the

first part of Theorem 11.2.5.

Definition A.2.1. For γ ∈ P (λ) let

L(γ) = {β ∈ uλΦ
+
λ′ | ⟨γ, β⟩ > 0 or ⟨γ, β⟩ = 0 and u−1

λ y−1
γ β > 0},

R(γ) = {β ∈ uλΦ
+
λ′ | ⟨wλγ, β⟩ < 0 or ⟨wλγ, β⟩ = 0 and u−1

λ yγβ > 0 and u−1
λ yγβ /∈ Φ+

λ′}.

Proposition A.2.2. We have ℓ(mγ)− ℓ(u−1
λ τγuλ) = |L(γ)|+ |R(γ)|.

Proof. Note that L(γ) = uλLJλ′ (u
−1
λ γ, u−1

λ yγuλ) (using Definition A.1.2). Then Corollary A.1.4

gives that ℓ(mγ)− ℓ(u−1
λ τγuλ) = |L(γ)|+ |R′(γ)| where R′(γ) = RJλ′ (x

−1u−1
λ γ, x−1u−1

λ yγuλ) and

Φ(x) = LJλ′ (u
−1
λ γ, u−1

λ yγuλ) = u−1
λ L(γ). Thus, all that is required to prove is that R(γ) = R′(γ).

Recall that by Definition 2.3.1 we have y−1
γ = wλwJλ\Jλ(γ) with Jλ(γ) = {j ∈ Jλ | ⟨γ, αj⟩ =

1}. Thus, ⟨γ, αj⟩ = 0 for all j ∈ Jλ\Jλ(γ) and so sj(γ) = γ for all j ∈ Jλ\Jλ(γ). Therefore,
y−1
γ γ = wλwJλ\Jλ(γ)γ = wλγ and it remains to prove that for β ∈ uλΦ

+
λ′ if ⟨wλγ, β⟩ = 0 then

x−1u−1
λ yγβ > 0 if and only if u−1

λ yγβ > 0 and u−1
λ yγβ /∈ Φ+

λ′ . Suppose that x−1u−1
λ yγβ > 0. If

u−1
λ yγβ < 0 then −u−1

λ yγβ ∈ Φ(x) = u−1
λ L(γ) and so −yγβ ∈ L(γ). Thus, since ⟨γ,−yγβ⟩ =

−⟨wλγ, β⟩ = 0 we have that −u−1
λ y−1

γ yγβ > 0. However, −u−1
λ y−1

γ yγβ = −u−1
λ β ∈ −Φ+

λ′ (as

β ∈ uλΦ
+
λ′), a contradiction. Thus, u−1

λ yγβ > 0. This implies that u−1
λ yγβ /∈ Φ(x) and so

yγβ /∈ L(γ). If u−1
λ yγβ ∈ Φ+

λ′ then yγβ ∈ uλΦ
+
λ′ . Thus u−1

λ y−1
γ yγβ = u−1

λ β ∈ Φ+
λ′ and as

⟨γ, yγβ⟩ = 0 we have yγβ ∈ L(γ), a contradiction.
For the converse suppose that u−1

λ yγβ > 0 and u−1
λ yγβ /∈ Φ+

λ′ . If x−1u−1
λ yγβ < 0 then

u−1
λ yγβ ∈ Φ(x) = u−1

λ L(γ). Thus, yγβ ∈ L(γ) ⊆ uλΦ
+
λ′ which contradicts the fact that u−1

λ yγβ /∈
Φ+
λ′ , completing the proof.

Recall that λ[k, i] is the entry in the k-th row and i-th column of tr(λ) from Definition 7.1.2.

Lemma A.2.3. We have

uλΦ
+ = {eλ[k,i] − eλ[l,j] | 0 ≤ k, l ≤ r(λ), 1 ≤ i ≤ j ≤ λl, and if i = j then k < l}, and

uλΦ
+
λ′ = {eλ[k,i] − eλ[l,i] | 1 ≤ k < l ≤ r(λ), 1 ≤ i ≤ λl}.

Proof. Recall that the one-line notation of uλ is the column reading of tr(λ). Thus, uλΦ
+

consists of the roots ei1 − ei2 where i1 occurs before i2 in the one-line notation of uλ. As Φ+
λ′

consists of the roots ei′1 − ei′2 with i′1, i
′
2 in the same column of tc(λ) and i

′
1 < i′2, we have that

uλΦ
+
λ′ consists of the roots ei1−ei2 with i1 and i2 in the same column of tr(λ) and i1 in a higher

row than i2.

Lemma A.2.4. Let β = eλ[k,i]− eλ[l,j] with 1 ≤ k < l ≤ r(λ), 1 ≤ i ≤ λk, and 1 ≤ j ≤ λl. Then

(1) u−1
λ β > 0 if and only if i ≤ j.

(2) u−1
λ β ∈ Φ+

λ′ if and only if i = j.

Proof. Again this follows directly from the definition of uλ (it can help to note that the one-line
notation of u−1

λ is the row reading word of tc(λ)).
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For 1 ≤ k < l ≤ r(λ) define

Ak,l = {eλ(k−1)+i − eλ(l−1)+i | 1 ≤ i ≤ λl}.

These sets decompose uλΦ
+
λ′ as follows:

uλΦ
+
λ′ =

⊔
1≤k<l≤r(λ)

Ak,l. (A.2.1)

For the next three results (Lemma A.2.5, Lemma A.2.6 and Proposition A.2.8) we will set
the following notation: let

(1) β = eλ[k,i] − eλ[l,i] for 1 ≤ k < l ≤ r(λ) and 1 ≤ i ≤ λl, and

(2) γ ∈ P (λ) with γ +Qλ =

r(λ)∑
j=1

aj ẽj with aj = λjbj + cj ,
(A.2.2)

where, in (2), we have 0 ≤ cj < λj for all 0 ≤ j ≤ r(λ) as we did in Proposition 7.2.3. For
1 ≤ j ≤ r(λ) set c∗j = λj − cj .

The following two lemmas will be used in Proposition A.2.8 where we explicitly describe
L(γ) and R(γ).

Lemma A.2.5. Let β and γ be as in (A.2.2). We have u−1
λ y−1

γ β > 0 if and only if either:
(a) i ≤ ck and i ≤ cl with c∗k ≤ c∗l , or
(b) i > ck and i ≤ cl, or
(c) i > ck and i > cl with cl ≤ ck.

Proof. As yγ = wJλ\Jλ(γ)wλ, for β = eλ[k,i] − eλ[l,i] we have y−1
γ β = eλ[k,i′] − eλ[l,j′] with

i′ =

{
c∗k + i if i ≤ ck
i− ck if i > ck

j′ =

{
c∗l + i if i ≤ cl
i− cl if i > cl.

The result follows by Lemma A.2.4 which states that u−1
λ β ≥ 0 if and only if i′ ≤ j′ (noting that

if i ≤ ck and i > cl then u−1
λ β is never positive as c∗k ≤ −cl never occurs, and if i > ck and i ≤ cl

then u−1
λ β is always positive as −ck ≤ c∗l always holds).

Lemma A.2.6. Let β and γ be as in (A.2.2). We have u−1
λ yγβ > 0 with u−1

λ yγβ /∈ Φ+
λ′ if and

only if either:
(a) i ≤ c∗k and i ≤ c∗l with ck < cl, or
(b) i > c∗k and i ≤ c∗l , or
(c) i > c∗k and i > c∗l with c∗l < c∗k.

Proof. Similarly to Lemma A.2.5, for β = eλ[k,i] − eλ[l,i] we have yγβ = eλ[k,i′] − eλ[l,j′] with

i′ =

{
i− c∗k if i > c∗k
ck + i if i ≤ c∗k

j′ =

{
i− c∗l if i > c∗l
cl + i if i ≤ c∗l .

The result follows from Lemma A.2.4 which states that u−1
λ yγβ > 0 if and only if i′ ≤ j′ and if

i′ = j′ then u−1
λ yγβ ∈ Φ+

λ′ .
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Remark A.2.7. The results and proofs of Lemma A.2.5 and Lemma A.2.6 can be thought of
within tableaux. By Lemma A.2.3 we know that the roots of uλΦ

+
λ′ are of the form ei1 − ei2

where i1, i2 are in the same column of tr(λ) and i1 is above i2. As yγ = wJλ\Jλ(γ)wλ, the roots

yγuλΦ
+
λ′ are of the form ei′1 − ei′2 where i′1, i

′
2 are in the same column (with i′1 above i′2) of the

following modification of tr(λ): for each row, 1 ≤ j ≤ r(λ), swap the first cj elements with the
last c∗j elements. For example, for λ = (4, 3, 3, 2) with c1 = 2, c2 = 2, c3 = 1 and c4 = 0, the
modified tableaux is

3 4 1 2

7 5 6

9 10 8

11 12

so for β = e1 − e5 ∈ uλΦ
+
λ′ we have yγβ = e3 − e7. Similarly, the roots y−1

γ uλΦ
+
λ′ are of the form

ei′1 − ei′2 where i′1, i
′
2 are in the same column (with i′1 above i′2) of the following modification of

tr(λ): for each row, 1 ≤ j ≤ r(λ), swap the first c∗j elements with the last cj elements. The
results of Lemma A.2.5 and Lemma A.2.6 then fall out by considering the relative positions of
ck and cl in the modified tableaux for all 1 ≤ k < l ≤ r(λ).

Proposition A.2.8. Let β and γ be as in (A.2.2). We have β ∈ L(γ) if and only if either
bk − bl ≥ 1, or bk − bl = 0 with ck ≥ cl and either:
(a) c∗k > c∗l with cl < i ≤ λl, or
(b) c∗k ≤ c∗l with 1 ≤ i ≤ λl.

We have β ∈ R(γ) if and only if either bk − bl ≤ −1, or bk − bl = 0 with c∗k > c∗l and either:
(a) ck ≥ cl with c∗l < i ≤ λl, or
(b) ck < cl with 1 ≤ i ≤ λl.

Proof. By Lemma 7.1.1 and Proposition 7.2.3 we have

⟨γ, β⟩ =


bk − bl if i ≤ ck and i ≤ cl, or i > ck and i > cl

bk − bl + 1 if i ≤ ck and i > cl

bk − bl − 1 if i > ck and i ≤ cl.

We have the following cases:
• If bk − bl ≤ 2 then ⟨γ, β⟩ < 0 and so β ∈ L(γ).
• If bk − bl = −1 then β /∈ L(γ) unless i ≤ ck, i > cl and u−1

λ y−1
γ β > 0. By Lemma A.2.5

u−1
λ y−1

γ β < 0 when i ≤ ck and i > cl so β /∈ L(γ).
• If bk − bl = 0 we have the following subcases:

(a) If i ≤ ck and i > cl then β ∈ L(γ).
(b) If i > ck and i ≤ cl then β /∈ L(γ).
(c) If i ≤ ck and i ≤ cl then, as ⟨γ, β⟩ = 0, β ∈ L(γ) if and only if c∗k ≤ c∗l (by Lemma

A.2.5).
(d) Similarly, if i > ck and i > cl then β ∈ L(γ) if and only if cl ≤ ck.

• If bk − bl = 1 then β ∈ L(γ) unless i > ck and i ≤ cl with u−1
λ y−1

γ β < 0. However, by

Lemma A.2.5, when i > ck and i ≤ cl we have u−1
λ y−1

γ β > 0 and so β ∈ L(γ).
• If bk − bl ≥ 2 then β ∈ L(γ).
Thus, when bk− bl = 0, β ∈ L(γ) if and only if cl < i ≤ ck, or i ≤ ck and i ≤ ck with c∗k ≤ c∗l ,

or i > ck and i > cl with cl ≤ ck. These cases become the required inequalities noting that the
situation when ck < cl and c∗k ≤ c∗l is impossible (as it implies λk ≤ λl − (cl − ck) < λl) and
noting that if cl ≥ ck then there is no i such that cl < i ≤ ck.
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For R(γ), noting that wλβ = eλ[k,λk−i+1] − eλ[l,λl−i+1] and by Lemma 7.1.1 and Proposition
7.2.3, we have

⟨wλγ, β⟩ =


bk − bl if i ≤ c∗k and i ≤ c∗l , or i > c∗k and i > c∗l
bk − bl + 1 if i > c∗k and i ≤ c∗l
bk − bl − 1 if i ≤ c∗k and i > c∗l .

We have the following cases:
• If bk − bl ≤ −2 then β ∈ R(γ).
• If bk − bl = −1 then β ∈ R(γ) unless i > c∗k and i ≤ c∗l and u−1

λ yγβ < 0 or u−1
λ yγβ ∈ Φ+

λ′ .
By Lemma A.2.6 when i > c∗k and i ≤ c∗l we have u−1

λ yγβ > 0 and u−1
λ yγβ /∈ Φ+

λ′ and so
β ∈ R(γ).

• If bk − bl = 0 we have the following subcases:
(a) If i > c∗k and i ≤ c∗k then β /∈ R(γ).
(b) If i ≤ c∗k and i > c∗l then β ∈ R(γ).
(c) If i ≤ c∗k and i ≤ c∗l then β ∈ R(γ) if and only if ck < cl (by Lemma A.2.6).
(d) Similarly, if i > c∗k and i > c∗l then β ∈ R(γ) if and only if c∗l < c∗k.

• If bk − bl = 1 then β /∈ R(γ) unless i ≤ c∗k and i > c∗l with u−1
λ yγβ > 0 and u−1

λ yγβ /∈ Φ+
λ′ .

However, by Lemma A.2.6, when i ≤ c∗k and i > c∗l then u−1
λ yγβ < 0 or u−1

λ yγβ ∈ Φ+
λ′ and

so β /∈ R(γ).
• If bk − bl ≥ 2 then β /∈ R(γ).

Thus, when bk − bl = 0 we have that β ∈ R(γ) if and only if c∗l < i ≤ c∗k, or i ≤ c∗k and i ≤ c∗l
with ck < cl, or i > c∗k and i > c∗l with c∗l < c∗k. These cases become the inequalities stated in
the lemma, completing the proof.

Corollary A.2.9. Let γ ∈ P (λ). For 1 ≤ k < l ≤ r(λ) we have

|L(γ) ∩Ak,l|+ |R(γ) ∩Ak,l| = λl.

Proof. Write γ + Qλ =
∑r(λ)

j=1 aj ẽj with aj = λjbj + cj as in (A.2.2)(2). By Lemma A.2.8 if
|bk − bl| ≥ 1 then |L(γ) ∩Ak,l|+ |R(γ) ∩Ak,l| = λl. If bk − bl = 0 then

|L(γ) ∩Ak,l| =


λl − cl ck ≥ cl and c∗k > c∗l
λl ck ≥ cl and c∗k ≤ c∗l
0 otherwise,

and

|R(γ) ∩Ak,l| =


cl ck ≥ cl and c∗k > c∗l
λl ck < cl and c

∗
k > c∗l

0 otherwise.

The result then follows acknowledging that the case when ck < cl and c
∗
k ≤ c∗l is not possible.

Theorem A.2.10. Let γ ∈ P (λ). There exist x, y ∈Wλ′ such that mγ = xu−1
λ τγuλy with

ℓ(mγ) = ℓ(x) + ℓ(u−1
λ τγuλ) + ℓ(y) and ℓ(x) + ℓ(y) = ℓ(wλ′).

Proof. By (A.2.1) and Corollary A.2.9 we have that

|L(γ)|+ |R(γ)| =
∑

1≤k<l≤r(λ)

(|L(γ) ∩Ak,l|+ |R(γ) ∩Ak,l|) =
∑

1≤k<l≤r(λ)

λl = ℓ(wλ′)

where the last equality follows from Lemma 7.1.11. The result then follows from Proposition
A.2.2.
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A.3 The length of u−1λ τγuλ

In this section we calculate ℓ(u−1
λ τγuλ) which will be used, with the results of the last section, to

prove the second part of Theorem 11.2.5 in the next section. To begin we make some notation
definitions.

For 1 ≤ k < l ≤ r(λ) let

β+(k, l; i, j) = eλ[k,i] − eλ[l,j] for 1 ≤ i ≤ j ≤ λl
β−(k, l; i, j) = eλ[l,j] − eλ[k,i] for 1 ≤ j ≤ λl and j < i ≤ λk.

Furthermore, define the sets of these roots as follows:

B+
k,l = {β

+(k, l; i, j) | 1 ≤ i ≤ j ≤ λl} and B−
k,l = {β

−(k, l; i, j) | 1 ≤ j ≤ λl and j < i ≤ λk}.

Let Bk,l = B+
k,l ∪B

−
k,l. By Lemma A.2.3 we have

uλΦ
+\Φλ =

⊔
1≤k<l≤r(λ)

Bk,l.

Let Φ+
k,l = B+

k,l ∪ (−B−
k,l). Thus, Φ+

k,l consists precisely of the roots ep − eq ∈ Φ+ with p in row

k and q in row l of tr(λ). Furthermore, Φ+\Φλ =
⊔

1≤k<l≤r(λ)Φ
+
k,l.

Example A.3.1. Let λ = (6, 4), so

tr(λ) =
1 2 3 4 5 6

7 8 9 10

and we have

B+
k,l = {e1,7, e1,8, e1,9, e1,10, e2,8, e2,9, e2,10, e3,9, e3,10, e4,10} and

B−
k,l = {e7,2, e7,3, e7,4, e7,5, e7,6, e8,3, e8,4, e8,5, e8,6, e9,4, e9,5, e9,6, e10,5, e10,6},

where ep,q = ep − eq.

As in the previous section, write γ + Qλ =
∑r(λ)

m=1 amẽm, where am = λmbm + cm with
0 ≤ cm < λm for 1 ≤ m ≤ r(λ), and let c∗m = λm − cm.

Lemma A.3.2. Let γ ∈ P (λ) and let β+ = β+(k, l; i, j) (respectively β− = β−(k, l; i, j)). We
have u−1

λ y−1
γ β+ > 0 (respectively u−1

λ y−1
γ β− > 0) if and only if either:

(a) i ≤ ck, j ≤ cl with i+ c∗k ≤ j + c∗l (respectively i ≤ ck, j ≤ cl with j + c∗l < i+ c∗k), or
(b) i ≤ ck, j > cl with i+ c∗k ≤ j − cl (respectively i ≤ ck, j > cl), or
(c) i > ck, j ≤ cl (respectively i > ck, j ≤ cl with j + c∗l < i− ck), or
(d) i > ck, j > cl with i− ck ≤ j − cl (respectively i > ck, j > cl with j − cl < i− ck).

Proof. As in Lemma A.2.5, by the definition of yγ we have that y−1
γ β+ = eλ[k,i′] − eλ[l,j′] and

y−1
γ β− = eλ[l,j′] − eλ[k,i′] where

i′ =

{
c∗k + i if i ≤ ck
i− ck if i > ck

j′ =

{
c∗l + j if j ≤ cl
j − cl if j > cl.

(A.3.1)

By Lemma A.2.4 we have u−1
λ y−1

γ β+ > 0 if and only if i′ ≤ j′ and u−1
λ y−1

γ β− > 0 if and only if
j′ < i′, and the result follows.
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Lemma A.3.3. If γ ∈ P (λ) and α ∈ Φ+ with uλα ∈ Φλ then ⟨γ, uλα⟩ = χ−(u−1
λ y−1

γ uλα).

Proof. Let β = uλα ∈ Φλ with α ∈ Φ+. Thus, by Lemma A.2.3, β = eλ[k,i] − eλ[k,j] with

1 ≤ k ≤ r(λ) and 1 ≤ i < j ≤ λk. Write γ + Qλ =
∑r(λ)

m=1 amẽm as in (A.2.2)(2) and so
ak = λkbk + ck with 0 ≤ ck < λk. By Lemma 7.1.1 and Proposition 7.2.3 we have

⟨γ, β⟩ =

{
0 if either i, j ≤ ck or i, j > ck

1 if i ≤ ck < j.

We claim that in the first case u−1
λ y−1

γ β > 0 while in the second case u−1
λ y−1

γ β < 0. If i, j ≤ ck
then y−1

γ β = eλ[k,i+c∗k]
− eλ[k,j+c∗k]

by (A.3.1) and so u−1
λ y−1

γ β > 0 as c∗k + i < j + c∗k (by Lemma

A.2.4). Similarly, if i, j > ck then using (A.3.1) and Lemma A.2.4 we have that u−1
λ y−1

γ β > 0 as
i− ck < j − ck.

On the other hand, if i ≤ ck < j then y−1
γ β = eλ[k,c∗k+1]− eλ[k,j−ck] by (A.3.1). As i+ λk > j

we have i+ c∗k = i+ λk − ck > j − ck and so by Lemma A.2.4, u−1
λ y−1

γ β < 0 as required.

Theorem A.3.4. Let γ ∈ P (λ) with γ+Qλ =
∑r(λ)

k=1 akẽk where ak = λkbk+ck with 0 ≤ ck < λk,
and let c∗k = λk − ck. Then

ℓ(u−1
λ τγuλ) =

∑
1≤k<l≤r(λ)

z(γ, k, l) where z(γ, k, l) =

{
|λlak − λkal| if bk ̸= bl

c∗l |ck − cl|+ cl|c∗k − c∗l | if bk = bl.

Proof. For β ∈ Φ let h(γ, β) = ⟨γ, β⟩ − χ−(u−1
λ y−1

γ β). Since u−1
λ τγuλ = tu−1

λ γu
−1
λ yγuλ, by [37,

(2.4.1)] we have

ℓ(u−1
λ τγuλ) =

∑
α∈Φ+

|⟨u−1
λ γ, α⟩ − χ−(u−1

λ y−1
γ uλα)| =

∑
β∈uλΦ+

|h(γ, β)|.

By Lemma A.3.3, h(γ, β) = 0 if β ∈ Φλ, so we can eliminate these roots from the sum. Recall
that uλΦ

+\Φλ =
⊔

1≤k<l≤r(λ)Bk,l, thus we have

ℓ(u−1
λ τγuλ) =

∑
1≤k<l≤r(λ)

∑
β∈Bk,l

|h(γ, β)|.

Therefore, to prove the theorem it remains to show that∑
β∈Bk,l

|h(γ, β)| = z(γ, k, l). (A.3.2)

Let β+ = β+(k, l; i, j) ∈ B+
k,l and β

− = β−(k, l; i, j) ∈ B−
k,l.

By definition β+ = eλ[k,i] − eλ[l,j] where 1 ≤ i < j ≤ λl (and k < l) and by Lemma 7.1.1 and
Proposition 7.2.3 we have

⟨γ, β+⟩ =


bk − bl if i ≤ ck, j ≤ cl or i > ck, j > cl

bk − bl + 1 if i ≤ ck, j > cl

bk − bl − 1 if i > ck, j ≤ cl.
(A.3.3)

Thus, it follows that if bk − bl ≤ −1 then h(γ, β+) ≤ 0 and if bk − bl ≥ 1 then h(γ, β+) ≥ 0
(noting that if bk − bl = 1 with i > ck and j ≤ cl then by Lemma A.3.2 u−1

λ y−1
γ β+ > 0 and so

h(γ, β+) = −χ−(u−1
λ y−1

γ β+) = 0).
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Similarly, by definition β− = eλ[l,j]− eλ[k,i] with 1 ≤ j ≤ λl and j < i ≤ λk (and k < l) so by
Lemma 7.1.1 and Proposition 7.2.3 we have

⟨γ, β−⟩ =


bl − bk if i ≤ ck, j ≤ cl or i > ck, j > cl

bl − bk + 1 if i > ck, j ≤ cl
bl − bk − 1 if i ≤ ck, j > cl

(A.3.4)

Thus, if bk − bl ≥ 1 then h(γ, β−) ≤ 0 and if bk − bl ≤ −1 then h(γ, β−) ≥ 0 (noting that
if bk − bl = −1 with i ≤ ck and j > cl then by Lemma A.3.2 we have u−1

λ y−1
γ β− > 0 and so

h(γ, β−) = 0).
Note that;

if bk > bl then λlak − λkal = λkλl(bk − bl) + (λlck − λkcl) > λkλl − λkλl = 0,

if bk < bl then λlak − λkal = λkλl(bk − bl) + (λlck − λkcl) < λkλl − λkλl = 0,
(A.3.5)

as 0 ≤ ck < λk and 0 ≤ cl < λl.
We split into the following cases to prove (A.3.2):

Case 1: Suppose that bk−bl ≥ 1. From (A.3.3) and (A.3.4) we have h(γ, β+) ≥ 0 and h(γ, β−) ≤
0. Thus,∑

β∈Bk,l

|h(γ, β)| =
∑

β∈B+
k,l

h(γ, β)−
∑

β∈B−
k,l

h(γ, β)

=
∑

β∈B+
k,l

⟨γ, β⟩ −
∑

β∈B−
k,l

⟨γ, β⟩ −
∑

β∈B+
k,l

χ−(u−1
λ y−1

γ β) +
∑

β∈B−
k,l

χ−(u−1
λ y−1

γ β)

= ⟨γ, 2ρk,l⟩ −
∑

β∈B+
k,l

χ−(u−1
λ y−1

γ β) +
∑

β∈B−
k,l

χ−(u−1
λ y−1

γ β).

where 2ρk,l =
∑

β∈Bk,l∪(−B−
k,l)

β =
∑

β∈Φ+
k,l
β. Let S = −

∑
β∈Bk,l

|h(γ, β)| + ⟨γ, 2ρk,l⟩ =∑
β∈B+

k,l
χ−(u−1

λ y−1
γ β)−

∑
β∈B−

k,l
χ−(u−1

λ y−1
γ β).

We claim that B+
k,l = Φ+

k,l\Φ(uλ) and −B−
k,l = Φ(uλ) ∩ Φk,l. We have that uλΦ

+\Φλ =

⊔1≤k<l≤r(λ)(B
+
k,l ∪ B

−
k,l) where B+

k,l ⊆ Φ+ and B−
k,l ⊆ Φ−. Thus, if β ∈ B+

k,l then β > 0 and

there exists α ∈ Φ+ such that β = uλα so β /∈ Φ(uλ). On the other hand, if β ∈ B−
k,l then

β < 0 and there exists α ∈ Φ+ such that β = uλα and so −β ∈ Φ(uλ). The proof of the reverse
containment is similar, proving the claim.

Therefore,

S =
∑

β∈Φ+
k,l\Φ(uλ)

χ−(u−1
λ y−1

γ β)−
∑

β∈Φ(uλ)∩Φk,l

χ−(−u−1
λ y−1

γ β)

=
∑

β∈Φ+
k,l

χ−(u−1
λ y−1

γ β)−
∑

β∈Φ(uλ)∩Φk,l

[χ−(−u−1
λ y−1

γ β) + χ−(u−1
λ y−1

γ β)]

= |Φ(yγuλ) ∩ Φk,l| − |Φ(uλ) ∩ Φk,l|

as every term in the second sum is 1. Since ℓ(yγuλ) = ℓ(uλ) + ℓ(yγ) (as uλ is Jλ reduced
on the left) we have that Φ(yγuλ) = Φ(yγ) ⊔ yγΦ(uλ) (by (1.1.1)). Thus, |Φ(yγuλ) ∩ Φk,l| =
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|Φ(yγ) ∩ Φk,l| + |Φ(uλ) ∩ y−1
γ Φk,l|. However, as Φ(yγ) ⊆ Φ+

λ we have Φ(yγ) ∩ Φk,l = ∅ and
y−1
γ Φk,l = Φk,l which reduces S = 0. Hence,∑

β∈Bk,l

|h(γ, β)| = ⟨γ, 2ρk,l⟩.

Then, as

2ρk,l =
∑

β∈Φ+
k,l

β =
∑
i,j

eλ[k,i] − eλ[l,j] = λl

λk∑
i=1

eλ[k,i] + λk

λl∑
j=1

eλ[l,j]

and by Lemma 7.1.1 and Proposition 7.2.3 we have ⟨γ, 2ρk,l⟩ = λlak − λkal as required (noting
(A.3.5)).

Case 2: Suppose that bk − bl ≤ −1. From (A.3.3) and (A.3.4) we have h(γ, β+) ≤ 0 and
h(γ, β−) ≥ 0, and so∑

β∈Bk,l

|h(γ, β)| = −
∑

β∈B+
k,l

h(γ, β) +
∑

β∈B−k,l−

h(γ, β) = −⟨γ, 2ρk,l⟩ = λkal − λlak

so once again (A.3.2) holds (noting (A.3.5)).

Case 3: Suppose that bk − bl = 0.
In this case

z(γ, k, l) =


λkcl − λlck if ck ≤ cl (and hence c∗k ≥ c∗l )
λlck − λkcl if ck > cl and c

∗
k ≤ c∗l

c∗l (ck − cl) + cl(c
∗
k − c∗l ) if ck > cl and c

∗
k > c∗l .

(A.3.6)

Let χ+(·) be the characteristic function of Φ+, thus 1 − χ−(·) = χ+(·). By (A.3.3) and
(A.3.4) we have the following:

• If i ≤ ck and j ≤ cl, or i > ck and j > cl then |h(γ, β+)| = χ−(u−1
λ y−1

γ β+) and |h(γ, β−)| =
χ−(u−1

λ y−1
γ β−).

• If i ≤ ck and j > cl then |h(γ, β+)| = χ+(u−1
λ y−1

γ β+) and |h(γ, β−)| = 1 (by Lemma
A.3.2).

• If i > ck and j ≤ cl then |h(γ, β+)| = 1 (by Lemma A.3.2) and |h(γ, β−)| = χ+(u−1
λ y−1

γ β−).

Thus, using Lemma A.3.2, we have that
∑

β∈Bk,l
|h(γ, β)| =

∑8
i=1 |Xi|, where

X1 = {(i, j) | 1 ≤ i ≤ j ≤ λl, i ≤ ck, j ≤ cl, i+ c∗k > j + c∗l }
X2 = {(i, j) | 1 ≤ i ≤ j ≤ λl, i > ck, j > cl, i− ck > j − cl}
X3 = {(i, j) | 1 ≤ i ≤ j ≤ λl, i ≤ ck, j > cl, i+ c∗k ≤ j − cl}
X4 = {(i, j) | 1 ≤ i ≤ j ≤ λl, i > ck, j ≤ cl}
X5 = {(i, j) | 1 ≤ j ≤ λl, j < i ≤ λk, i ≤ ck, j ≤ cl, i+ c∗k ≤ j + c∗l }
X6 = {(i, j) | 1 ≤ j ≤ λl, j < i ≤ λk, i > ck, j > cl, i− ck ≤ j − cl}
X7 = {(i, j) | 1 ≤ j ≤ λl, j < i ≤ λk, i ≤ ck, j > cl}
X8 = {(i, j) | 1 ≤ j ≤ λl, j < i ≤ λk, i > ck, j ≤ cl, i− ck > j + c∗l }.

Thus, it remains to prove the cardinalities of each of these sets. There are three cases. We will
prove the first case in full, the remaining two cases follow similarly.
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Let ck ≤ cl. As λk ≥ λl this forces c∗k ≥ c∗l . Figure A.1 illustrates the possible regions in
which X1, . . . , X8 occur in the (i, j)-plane; X1 is a subset of region (a), X2 is a subset of region
(b), X3 is a subset of region (c), X4 is equal to region (d) (including the boundaries except the
line i = ck), X5 is a subset of region (e), X6 is a subset of region (f) and X8 is a subset of region
(g).

(e)

(a)

(c) (b)

(d)

(f)

(g)

i = ji = λki = ck

j = λl

j = cl

Figure A.1: The regions of the (i, j)-plane when ck ≤ cl.

c∗k − c∗l

(i) X1 in region (a)

ck + c∗l

(λk, c
∗
k − c∗l )

(ii) X8 in region (g)

Figure A.2: The points of X1 and X8.

Consider X1. If cl < c∗k − c∗l then X1 is equal to region (a) from Figure A.1 (including all
boundaries) as the dotted line (j = i+ c∗k− c∗l ) in Figure A.2(i) lies completely above the region.
Counting the integer points gives

|X1| =
ck∑
i=1

cl∑
j=i

1 = ck(cl + 1)− 1

2
ck(ck + 1).

If cl ≥ c∗k − c∗l then the dotted line divides the region and so X1 is the points in the shaded
section of Figure A.2(i) (not including the points on the dashed line). Counting the integer
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points we have

|X1| =
ck∑
i=1

c∗k−c∗l∑
j=i

1 +

cl∑
j=c∗k−c∗l +1

ck∑
i=j+c∗l −c∗k+1

1 = ck(c
∗
k − c∗l )−

1

2
(λk − λl)(λk − λl − 1).

A similar process, using Figure A.2(ii) and adjusting the dotted line depending on whether
c∗k − c∗l ≤ cl, gives that

|X8| =

{
1
2(c

∗
k − c∗l − 1)(c∗k − c∗l ) if cl ≥ c∗k − c∗l

cl(c
∗
k − c∗l )−

1
2cl(cl + 1) if cl < c∗k − c∗l .

A similar analysis shows that |X2| = (cl − ck)(λl − cl) (using Picks theorem can help here),
|X4| = 1

2(cl − ck)(cl − ck)(cl − ck + 1) and |X3| = |X5| = |X6| = |X7| = 0. Summing gives∑
β∈Bk,l

|h(γ, β)| = λkcl − λlck as required (see (A.3.6)).
When ck > cl the possible regions split into two cases; ck ≤ λl and ck > λl. Figure A.3 gives

the possible regions in which the sets occur; X1 is a subset of (a), X2 is a subset of (b), X3 is a
subset of (c), X5 is a subset of (e), X6 is a subset of (f), X7 is equal to region (d) when ck ≤ λl
(excluding the boundary points on line j = i and j = cl) and X8 is a subset of region (g).

(e)
(a)

(c)

(b)

(d)

(f)

(g)

(i) When ck ≤ λl

(e)
(a)

(c)
(d) (f)

(g)

(i) When ck > λl

Figure A.3: The regions of the (i, j)-plane when ck > cl.

Similar calculations to the ones for when ck ≤ cl show that the sets have the following
cardinalities.

When c∗k ≤ c∗l : |X1| = |X2| = |X4| = |X8| = 0, |X3| = 1
2(c

∗
l − c∗k)(c∗l − c∗k +1), |X5| = cl(c

∗
l − c∗k),

and

|X6| =

{
(λl − ck)(ck − cl) + 1

2(ck − cl)(ck − cl + 1)− 1
2(c

∗
l − c∗k)(c∗l − c∗k + 1) if ck ≤ λl

1
2c

∗
l (c

∗
l + 1)− 1

2(c
∗
l − c∗k)(c∗l − c∗k + 1) if ck > λl

|X7| =

{
1
2(ck − cl − 1)(ck − cl) if ck ≤ λl
1
2(ck − cl − 1)(ck − cl)− 1

2(ck − λl − 1)(ck − λl) if ck > λl.

Thus
∑

β∈Bk,l
|h(γ, β)| = λlck − λkcl as required.
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When c∗k > c∗l : |X2| = |X3| = |X4| = |X5| = 0, and

|X1| =

{
1
2cl(cl + 1) if cl < c∗k − c∗l
(cl − (c∗k − c∗l ))(c∗k − c∗l ) +

1
2(c

∗
k − c∗l )(c∗k − c∗l + 1) if cl ≥ c∗k − c∗l

|X6| =

{
(λl − ck)(ck − cl) + 1

2(ck − cl)(ck − cl + 1) if ck ≤ λl
1
2c

∗
l (c

∗
l + 1) if ck > λl

|X7| =

{
1
2(ck − cl − 1)(ck − cl) if ck ≤ λl
1
2(ck − cl − 1)(ck − cl)− 1

2(ck − λl − 1)(ck − λl) if ck > λl

|X8| =

{
1
2cl(cl − 1) + cl(c

∗
k − λl) if cl < c∗k − c∗l

1
2(c

∗
k − c∗l − 1)(c∗k − c∗l ) if cl ≥ c∗k − c∗l .

Thus |X1|+ |X8| = cl(c
∗
k − c∗l ) (in both cases) and |X6|+ |X7| = c∗l (ck − cl) (in both cases), and

hence
∑

β∈Bk,l
|h(γ, β)| = c∗l (ck − cl) + cl(c

∗
k − c∗l ) as required, completing the proof.

Remark A.3.5. By (A.3.6) we have that z(γ, k, l) = |λlak−λkal| in all cases except for bk = bl
with ck > cl and c

∗
k > c∗l . If λ = (dr) (that is λ is rectangular with r rows of length d) then the

case when ck > cl and c∗k > c∗l cannot happen as λk = λl = d implies that λk − ck < λl − cl.
Thus, in this case z(γ, k, l) = d|ak − al| for all k < l and so

ℓ(u−1
λ τγuλ) = d

∑
1≤k<l≤r(λ)

|ak − al|.

Example A.3.6. Let λ = (4, 2) with γ = 2ẽ1+ ẽ2. Recall that from Remark 7.2.4 we can write
γ in a tableaux as follows:

γ ↔ 1 1 0 0

1 0

We have b1 = b2 = 0 and c1 = 2, c2 = 1, c∗1 = 2 and c∗2 = 1 and so are in the case where c1 > c2
and c∗1 > c∗2. Therefore, by Theorem A.3.4 we have that

ℓ(u−1
λ τγuλ) = z(γ, 1, 2) = c∗2(c1 − c2) + c2(c

∗
1 − c∗2) = 2.

Indeed by direct calculation u−1
λ τγuλ = (s4s5s2s3s4)(s4s3s0s1σ

3)(s4s3s2s5s4) = s1s4σ
3.

A.4 Monotonicity of ℓ(mγ) with respect to ≼λ

This section completes the proof of Theorem 11.2.5, by proving the monotonicity of the length
of mγ with respect to ≼λ.

Theorem A.4.1. If γ, γ′ ∈ P (λ)
+ with γ + Qλ ≼λ γ

′ + Qλ then ℓ(mγ) ≤ ℓ(mγ′) with equality if
and only if γ = γ′.

Proof. LetB1, . . . , Bt ⊆ {1, 2, . . . , r(λ)} be the ‘blocks’ of tr(λ) (note t = |L(λ)|). That is the sets
of rows with the same length: if i, j ∈ Bp then λi = λj (for example, if λ = (5, 5, 3, 3, 3, 2, 1, 1, 1)
as in Example 7.2.11 then B1 = {1, 2}, B2 = {3, 4, 5}, B3 = {6} and B4 = {7, 8, 9}).

By Theorem A.2.10 it is sufficient to prove that ℓ(u−1
λ τγuλ) ≤ ℓ(u−1

λ τγ′uλ) with equality if
and only if γ = γ′. We can make the following further simplifications. As γ + Qλ ≼λ γ

′ + Qλ
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we can write γ′ +Qλ = γ + ϵ+Qλ with ϵ ∈ Qλ
+. By Lemma 7.2.18 when writing ϵ =

∑r(λ)
i=1 diẽi

we have
∑

i∈Bp
di = 0 for all 1 ≤ p ≤ t and d1 + d2 + · · · + di ≥ 0 for all 1 ≤ i ≤ r(λ). Let

ϵ = ϵ1+· · ·+ϵt with ϵp =
∑

i∈Bp
diẽi. As γ

′ ∈ P (λ)
+ we have that γ+ϵp ∈ (P/Qλ)+ (as dominance

is defined within blocks, see (7.2.4)). Furthermore, γ + Qλ ≼λ γ + ϵp + Qλ ≼λ γ
′ + Qλ so it

is equivalent to prove the result for γ′ + Qλ = γ + ϵp + Qλ (that is, γ + Qλ and γ′ + Qλ only
differ in one block). By a well known property of the dominance order (see for example [47,
Corollary 2.7]) we have that ϵp ∈ Φ+

Gλ
and so ϵp = ẽi − ẽj for some i, j ∈ Bp with i < j. Thus

we henceforth assume that γ, γ′ ∈ P (λ)
+ with γ′ +Qλ = γ + ẽi − ẽj +Qλ for some i, j ∈ Bp with

i < j.
Let M(γ) = ℓ(u−1

λ τγuλ). By Theorem A.3.4 we have

M(γ) =
∑

1≤k<l≤r(λ)

z(γ, k, l) =
t∑

p=1

∑
k,l∈Bp,
k<l

z(γ, k, l) +
∑

1≤p<q≤t

∑
k∈Bp,
l∈Bq

z(γ, k, l)

and similarly for M(γ′).

Write γ +Qλ =
∑r(λ)

m=1 amẽm and γ′ +Qλ =
∑r(λ)

m=1 a
′
mẽm as in (A.2.2)(2). As γ′− γ +Qλ =

ẽi− ẽj +Qλ we have that a′m = am unless m ∈ {i, j}, in which case a′i = ai +1 and a′j = aj − 1.
Let B<p = B1 ∪ · · · ∪ Bp−1 and B>p = Bp+1 ∪ · · · ∪ Bt. As z(γ′, k, l) = z(γ, k, l) whenever
k, l /∈ {i, j} we have M(γ′)−M(γ) = A+B + C where

A =
∑

k,l∈Bp,
k<l

(z(γ′, k, l)− z(γ, k, l)),

B =
∑

k∈B<p

(z(γ′, k, i)− z(γ, k, i) + z(γ′, k, j)− z(γ, k, j)),

C =
∑

l∈B>p

(z(γ′, i, l)− z(γ, i, l) + z(γ′, j, l)− z(γ, j, l)).

It is required to show that M(γ′)−M(γ) > 0. Let λ0 = λk for all k ∈ Bp (so λ0 is the length of
the rows in block Bp). We will consider sum A first. For k, l ∈ Bp with k < l we have ak ≥ al

as γ ∈ P (λ)
+ (by the dominance in blocks, see (7.2.4)). Thus bk ≥ bl and if bk = bl then ck ≥ cl

(which forces λk − ck ≤ λl− cl) and so z(γ, k, l) = |λ0ak − λ0al| and z(γ′, k, l) = |λ0(a′k − a′l)| by
(A.3.6). Thus, as ak ≥ al we have z(γ, k, l) = λ0(ak − al) and z(γ′, k, l) = λ0(a

′
k − a′l). Then, as

a′k = ak and a′l = al when k, l /∈ {i, j} and a′i = ai + 1 and a′j = aj − 1 we have that

A =
∑

k,l∈Bp,
k<l

(z(γ′, k, l)− z(γ, k, l)) = λ0
∑
l∈Bp,
i<l

1− λ0
∑
l∈Bp,
j<l

1− λ0
∑
k∈Bp,
i>k

1 + λ0
∑
k∈Bp,
j>k

1

= 2λ0(j − i) > 0.

As this is a strict inequality, to prove that M(γ′)−M(γ) > 0 it remains to prove that B ≥ 0
and C ≥ 0. We have that a′i = ai + 1 and a′j = aj − 1, and

b′i =

{
bi if ci < λi − 1

bi + 1 if ci = λi − 1
c′i =

{
ci + 1 if ci < λi − 1

0 if ci = λi − 1

b′j =

{
bj if cj > 0

bj − 1 if cj = 0
c′j =

{
cj − 1 if cj > 0

λj − 1 if cj = 0.
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For sum B, let

x1(k) = z(γ′, k, i)− z(γ, k, i) and x2(k) = z(γ′, k, j)− z(γ, j, k),

and set x(k) = x1(k) + x2(k) for k ∈ B<p. We claim that x(k) ≥ 0 for all k ∈ B<p. First
consider x1(k). As before, let c

∗
m = λm− cm for 1 ≤ m ≤ r(λ) and note 0 ≤ cm < λm. We claim

that

x1(k) =



−λk if bk > bi

−λk if bk = bi = b′i with ck > ci and c
∗
k < c∗i

λk − 2(c∗i − ci − 1 + ck) if bk = bi = b′i with ck > ci and c
∗
k ≥ c∗i

λk if bk = bi with ck ≤ ci
λk − 2(ck − ci) if bk = bi with b

′
i = bi + 1 and ck > ci

λk if bk < bi.

(A.4.1)

We consider the following cases:
• If bk > bi then either bk ≥ bi + 2 or bk = bi + 1. In the first case bk > bi, b

′
i and so

x1(k) = (λ0ak − λk(ai + 1))− λ0ak + λkai = −λk

by (A.3.5). If bk = bi + 1 with bi = b′i we also have bk > bi, b
′
i and so x1(k) = −λk (by

the calculation above). In the final case bk = bi + 1 = b′i and so c′i = 0, c′i
∗ = λ0 and

ci = λ0 − 1. As bk = bi + 1 > bi we have z(γ′, k, i) = c′i
∗|ck − c′i|+ c′i|c∗k − c′i

∗| = λ0ck and
z(γ, k, i) = λ0al − λkai (using (A.3.5)) and so

x1(k) = λ0ck − (λ0ak − λkai) = λ0λk(bi − bk) + λkci = −λk.

• If bk = bi = b′i then ci < λi − 1, c′i = ci + 1 and c′i
∗ = c∗i − 1. Thus,

x1(k) = (c∗i − 1)|ck − ci − 1|+ (ci + 1)|c∗k − c∗i + 1| − c∗i |ck − ci| − ci|c∗k − c∗i |.

If ck > ci and c
∗
k < c∗i then

x1(k) = (c∗i − 1)(ck − ci − 1) + (ci + 1)(−c∗k + c∗i − 1)− c∗i (ck − ci)− ci(−c∗k + c∗i ) = −λk.

If ck > ci and c
∗
k ≥ c∗i then

x1(k) = (c∗i − 1)(ck − ci − 1) + (ci + 1)(c∗k − c∗i + 1)− c∗i (ck − ci)− ci(c∗k − c∗i )
= λk − 2(c∗i − ci − 1 + ck).

If ck ≤ ci (and thus c∗k = λk − ck ≥ λ0 − ci = c∗i as λk > λ0) we have

x1(k) = (c∗i − 1)(−ck + ci + 1) + (ci + 1)(c∗k − c∗i + 1)− c∗i (−ck + ci)− ci(c∗k − c∗i ) = λk.

• If bk = bi = b′i − 1 then ci = λ0 − 1, c∗i = 1 and c′i = 0. As bk = bi < b′i we have
z(γ′, k, i) = λk(ai + 1)− λ0ak = λ0c

∗
k (by (A.3.5)) and z(γ, k, i) = |ck − ci|+ ci(c

∗
k − 1), so

x1(k) = λ0c
∗
k − |ck − ci| − ci(c∗k − 1).

If ck > ci then x1(k) = λk + 2(ci − ck) and if ck ≤ ci then x1(k) = λk, as required.
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• Finally, if bk ≤ bi − 1 then bk < bi, b
′
i and so by (A.3.5) we have

x1(k) = −λ0ak + λka
′
i + λ0ak − λkai = λk.

Thus, the claim in (A.4.1) is proved. We now consider x2(k). We claim that

x2(k) =



λk if bk > b′j
λk if bk = b′j = bj with ck > c′j and c∗k < c′∗j
−λk + 2(c′∗j − c′j − 1 + ck) if bk = b′j = bj with ck > c′j and c∗k ≥ c′∗j
−λk if bk = b′j with ck ≤ c′j
−λk + 2(ck − c′j) if bk = b′j with bj = b′j + 1 and ck > c′j
−λk if bk < b′j .

(A.4.2)

We have the following cases:
• Suppose bk > b′j . If bk > bj ≥ b′j then

x2(k) = λ0ak − λka′j − λ0ak + λkaj = λk.

If bk ≤ bj then, as bk > b′j we have that bk = bj = b′j + 1 and so cj = 0, c∗j = λ0 and
c′j = λj − 1. Thus, noting (A.3.5) we have x2(k) = λ0ak−λka′j − c∗j |ck− cj | − cj |c∗k− c∗j | =
λ0ck + λk − λ0ck = λk.

• If bk = b′j = bj then c′j = cj − 1 and c′j
∗ = c∗j + 1 thus

x2(k) = c′j
∗|ck − c′j |+ c′j |c∗k − c′j

∗| − (c′j
∗ − 1)|ck − c′j − 1| − (c′j + 1)|c∗k − c′j

∗
+ 1|.

If ck > c′j and c∗k < c′j
∗ then

x2(k) = c′j
∗
(ck − c′j) + c′j(−c∗k + c′j

∗
)− (c′j

∗− 1)(ck − c′j − 1)− (c′j +1)(−c∗k + c′j
∗− 1) = λk.

If ck > c′j and c∗k ≥ c′j
∗ then

x2(k) = c′j
∗
(ck − c′j) + c′j(c

∗
k − c′j

∗
)− (c′j

∗ − 1)(ck − c′j − 1)− (c′j + 1)(c∗k − c′j
∗
+ 1)

= −λk + 2(c′j
∗ − c′j + ck − 1).

If ck ≤ c′j (and so c∗k = λk − ck ≥ λ0 − c′j = c′j
∗ as λk > λ0) then

x2(k) = c′j
∗
(−ck+ c′j)+ c′j(c∗k− c′j

∗
)− (c′j

∗−1)(−ck+ c′j +1)− (c′j +1)(c∗k− c′j
∗
+1) = −λk.

• If bk = b′j = bj − 1 then cj = 0, c′j = λ0 − 1 and c′j
∗ = 1 and so

x2(k) = |ck − c′j |+ c′j(c
∗
k − 1)− (λkaj − λ0ak) = |ck − c′j | − c∗k − c′j .

Thus, if ck > c′j we have x2(k) = −λk − 2(c′j − ck) and if ck ≤ c′j then x2(k) = −λk.
• For the final case, let bk < b′j ≤ bj . Using (A.3.5), we have that

x2(k) = λka
′
j − λ0ak − λkaj + λ0ak = −λk.

We now consider the different possible values of x1(k) and x2(k) from (A.4.1) and (A.4.2) to
show that in all cases x(k) ≥ 0. Recall from (7.2.4), and the fact that γ +Qλ ∈ (P/Qλ)+, that
ai ≥ aj and so bi ≥ bj and if bi = bj then ci ≥ cj .
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(1) Suppose that x1(k) = −λk. By (A.4.1) there are two cases; bk > bi or bk = bi = b′i with
ck > ci and c

∗
k < c∗i .

• In the first case we have that bk > b′j as otherwise bi < bk ≤ b′j ≤ bj which contradicts
dominance. Thus, x2(k) = λk and so x(k) = 0.

• In the second case if bk > b′j then x(k) = 0. If bk ≤ b′j then we have bj ≥ b′j ≥ bk = bi
which forces bi = bj = b′j = bk by dominance. Thus, ci ≥ cj and c∗i ≤ c∗j . Furthermore,
as c′j = cj − 1 and c′j

∗ = c∗j + 1 we have that c′j < c′j + 1 = cj ≤ ci < ck and
c∗k < c∗i = λ0 − ci ≤ c∗j = c′j

∗ − 1 < c′j
∗ and so x2(k) = λk by (A.4.2). So again

x(k) = 0.
(2) Suppose that x1(k) = λk. By (A.4.2) we have that x(k) ≥ 0 for all cases, for example if

x2(k) = −λk + 2(c′j
∗ − c′j − 1 + ck) then ck > c′j and so x(k) = 2(ck − c′j) + 2(c′j

∗ − 1) > 0.
(3) Suppose that x1(k) = λk − 2(c∗i − ci− 1+ ck) and so bk = bi = b′i, ck > ci and c

∗
k ≥ c∗i . We

consider two cases:
• If bk > b′j then

x(k) = 2(λk − c∗i + ci + 1− ck) = 2(c∗k − c∗i + ci + 1) ≥ 0.

• If bk ≤ b′j then bj ≥ b′j ≥ bk = bi which forces bi = bj = b′j = bk, ci ≥ cj and c∗i ≤ c∗j
by dominance. Thus we have that c′j = cj − 1 ≤ ci − 1 < ci < ck. If c∗k < c′j

∗ then
x2(k) = λk and so x(k) ≥ 0 as in the above case (when bk > b′j). If c

∗
k ≥ c′j

∗ then

x(k) = λk−2(c∗i −ci−1+ck)−λk+2(c′j
∗−c′j−1+ck) = 2(ci−c′j) = 2(ci−cj+1) ≥ 0.

(4) Finally, suppose that x1(k) = λk − 2(ck − ci) and so bk = bi = b′i − 1 and ck > ci. First
we note that x2(k) = −λk is not possible in this case, there are two cases to consider:
bk = b′j with ck ≤ c′j , and bk < b′j . If bk = b′j with ck ≤ c′j then b′j = bj , as otherwise
bj = b′j + 1 = bk + 1 = bi + 1 > bi contradicting dominance, and so bi = bj and ci ≥ cj .
However, in this case we have ci < ck ≤ c′j = cj − 1 ≤ cj , a contradiction. On the other
hand, if bk < b′j we have that bi = bk < b′j ≤ bj which contradicts dominance. We will now
consider the 3 other options for the value of x2(k):

• If x2(k) = λk then x(k) = 2(c∗k + ci) > 0.
• If x2(k) = −λk + 2(ck − c′j) then bj = b′j + 1 and so c′j = λ0 − 1. As b′i = bi + 1 we
also have ci = λ0 − 1 so

x(k) = 2(ck − c′j)− 2(ck − ci) = 0.

• If x2(k) = −λk+2(c′j
∗−c′j−1+ck) then bk = b′j = bj , ck > cj , c

∗
k ≥ c∗j and c′j = cj−1.

Thus, bi = bj and so ci ≥ cj = c′j + 1 > c′j . Therefore,

x(k) = 2(c′j
∗ − c′j − 1 + ck)− 2(ck − ci) = 2c′j

∗
+ 2ci − 2cj ≥ 0

Thus, x(k) ≥ 0 for all k ∈ B<p. A similar analysis shows that C ≥ 0: letting l ∈ B>p,
y1(l) = z(γ′, i, l) − z(γ, i, l), y2(l) = z(γ′, j, l) − z(γ, j, l) and y(l) = y1(l) + y2(l) and then
showing that y(l) ≥ 0 by considering the different possible values of y1(l) and y2(l). We omit
the details. Thus, M(γ′)−M(γ) = A+B + C > 0 as required.
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Folding tables

In this appendix we introduce the concept of folding tables, and give examples of such tables
using MAGMA code. Folding tables were introduced by Guilhot and Parkinson in [23], [22] to
find the bounding degree of the v-mass of J-folded alcove walks for the affine Coxeter groups of
type G2 and C2. They are a tabular display of data, and depend on an element w⃗ ∈ W , that
allows one to read off J-folded alcove paths of type w⃗.

Recall the definition of v-mass from Definition 4.3.3. The v-mass of a path is encoded into
its folding table. Using these tables Parkinson and Guilhot found the degree bound of the v-
mass of J-folded paths of G̃2 and C̃2 and thus, using a version of Theorem 5.3.3, determined
the bound of H̃ representations (equivalent to our representations πv,J). To do this they noted
that one can decompose w ∈ W into w = v · tγ · b where v ∈ W0, γ ∈ P+ and b ∈ B0

with B0 = {w ∈ W̃ | wA0 ⊆ {x ∈ V | 0 ≤ ⟨x, αi⟩ ≤ 1 for all i ∈ I}}, the alcoves in the area
bounded by Hαi,0 and Hαi,1 for all i ∈ I (see [4, §3] or [23, §4.2]). Choosing a reduced expression

w⃗ = v⃗ · t⃗γ · b⃗ they then used folding tables for v⃗, t⃗γ and b⃗ to find the possible highest values of the
v-mass of a J-folded path of type w⃗. In other types the number of paths and the cancellations
between paths makes this method unrealistic. Recall from Remark 6.1.3 that the bound of the
paths can be higher than the bound of the matrix representation but will be cancelled out by
other paths in Theorem 5.3.3. In low rank cases these cancellations can be managed but in
higher rank this becomes increasingly difficult. Thus, the theory of folding tables was not used
in the results of this thesis. However, there is still merit in having a simple way to find J-folded
alcove paths to complete examples and test conjectures.

The author created MAGMA code to calculate folding tables for any element of any affine
Coxeter group (irreducible and reduced). The code can be found at https://github.com/

ellielittle/FoldingTables. This code was used throughout the creation of the thesis to find
examples, calculate matrices, learn about J-folded paths and test conjectures. In this appendix
folding tables are defined and then two examples are calculated using the MAGMA code.

Definition B.0.1. ([23, Definition 7.4]) Let x⃗ be a reduced expression of x ∈W . Let u1, . . . , ur
be the elements of JW ordered so that ℓ(ui) ≤ ℓ(ui+1). Denote pi to be the straight path in
PJ(x⃗, ui). If the k-th step of pi is a negative crossing, let pik denote the path in PJ(x⃗, ui) formed
from pi by folding at step k.

For each 1 ≤ i ≤ r and 1 ≤ k ≤ ℓ(x) define fti,k(x⃗) ∈ {−, ∗, 1, 2, 3, . . . , r} as follows:

• If pi has a positive crossing at the k-th step, then fti,k = −,

• If pi has a bounce at the k-th step, then fti,k = ∗, and

160

https://github.com/ellielittle/FoldingTables
https://github.com/ellielittle/FoldingTables


APPENDIX B. FOLDING TABLES 161

• If pi has a negative crossing at the k-th step, then fti,k = j, where uj = θJ(p′) and p′ is
the straight path in PJ(rev(x⃗), θJ(pik))

The J-folding table of type x⃗ is then the r × ℓ(x) array where the (i, k)-th entry is fti,k.

To motivate the final point in the definition: j is chosen so that the paths pik and
τ(wt(pik)−wt(pj))Jp

j agree after the k-th step.

The folding table is read left to right to find J-folded alcoves paths of type x⃗. To find a path
p ∈ PJ(x⃗, ui) begin in position (i, 1) and then move through the row from left to right. The
symbol − denotes a positive crossing, the symbol ∗ denotes a bounce and a number 1 ≤ j ≤ r is
a possible fold or negative crossing. That is, at fti,k = j one can choose to fold or cross. If one
chooses to take a fold at step k then they move to position (j, k + 1) in the folding table and
continue to build the path moving left to right in row j. If they choose to cross they remain in
row i (as is done with the symbol −).

By [23, Proposition 7.8] all positively folded paths of type x⃗ ∈W can be found in its folding
table. Note that if p = (v0, v1, . . . , vl) ∈ PJ(x⃗, ui) then p′ = (v0, v1, . . . , vl, vlσ) ∈ PJ(x⃗σ, ui)
for any σ ∈ Σ, so the folding tables can also be used to find all J-folded paths of type x⃗ =
si1si2 · · · silσ ∈ W̃ .

Example B.0.2. Let Φ = F4 and J = {1, 2, 3}. Let JW be ordered as follows:

{e, s4, s4s3, s4s3s2, s4s3s2s1, s4s3s2s3, s4s3s2s1s3, s4s3s2s3s4, s4s3s2s1s3s2, s4s3s2s1s3s4,
s4s3s2s1s3s2s3, s4s3s2s1s3s2s4, s4s3s2s1s3s2s3s4, s4s3s2s1s3s2s4s3, s4s3s2s1s3s2s3s4s3,

s4s3s2s1s3s2s4s3s2, s4s3s2s1s3s2s3s4s3s2, s4s3s2s1s3s2s4s3s2s1, s4s3s2s1s3s2s3s4s3s2s1,

s4s3s2s1s3s2s3s4s3s2s3, s4s3s2s1s3s2s3s4s3s2s1s3, s4s3s2s1s3s2s3s4s3s2s1s3s2,

(s4s3s2s1s3s2s3)
2, s4s3s2s1s3s2s3s4s3s2s1s3s2s3s4}.

By [28] we set t⃗ω2 = si1si2 · · · sil = s0s2s4s3s1s4s2s3s4s3s2s4s1s3s4s2. The folding table of
t⃗ω2 is displayed in Figure B.1. Let L(s1) = L(s2) = b and L(s3) = L(s4) = a as in Example
6.1.6. We can read the v-mass of a path from the folding table while finding the path, when
a fold is taken at step k it contributes (qik − q−1

ik
) to the v-mass and when a bounce occurs at

step k it contributes vαik
if ik ∈ {1, 2, 3} (with vα1 = vα2), vα3 if ik = 4 and vα1 = vα2 if ik = 0.

Using the table some J-folded paths of type t⃗ω2 , and their v-masses, are as follows: (we write ik
instead of sik and îk to denote a fold and ǐk to denote a bounce)

p1 = 0̂24̌3̂1̌4̌2343̌2̌4̂13̌4̂2 ∈ PJ (⃗tω2u21), QJ(p1) = (q5 − q−1
5 )(q3 − q−1

3 )(q4 − q−1
4 )2v2α1

v4α3
,

p2 = 0̌24̂31̌4234̌3241̌3̂42 ∈ PJ (⃗tω2 , u16), QJ(p2) = (q3 − q−1
3 )(q4 − q−1

4 )v3α1
vα3 ,

p3 = 02̌43̂1423432̌4̂1̌342 ∈ PJ (⃗tω2 , u1), QJ(p3) = (q3 − q−1
3 )(q4 − q−1

4 )v3α1
.

Example B.0.3. Let Φ = A6 and λ = (4, 3) so Jλ = {1, 2, 3, 5, 6}. Let λW be ordered as
follows:

{e, s4, s4s3, s4s5, s4s3s2, s4s3s5, s4s5s6, s4s3s2s1, s4s3s2s5, s4s3s5s4, s4s3s5s6, s4s3s2s1s5,
s4s3s2s5s4, s4s3s2s5s6, s4s3s5s4s6, s4s3s2s1s5s4, s4s3s2s1s5s6, s4s3s2s5s4s3, s4s3s2s5s4s6,

s4s3s5s4s6s5, s4s3s2s1s5s4s3, s4s3s2s1s5s4s6, s4s3s2s5s4s3s6, s4s3s2s5s4s6s5, s4s3s2s1s5s4s3s2,

s4s3s2s1s5s4s3s6, s4s3s2s1s5s4s6s5, s4s3s2s5s4s3s6s5, s4s3s2s1s5s4s3s2s6, s4s3s2s1s5s4s3s6s5,

s4s3s2s5s4s3s6s5s4, s4s3s2s1s5s4s3s2s6s5, s4s3s2s1s5s4s3s6s5s4, s4s3s2s1s5s4s3s2s6s5s4,

s4s3s2s1s5s4s3s2s6s5s4s3}
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By [28] we have that t⃗ω4 = s0s6s5s1s0s6s2s1s0s3s2s1σ
4 where σ(i) = i + 1 mod 7. The

folding table of t⃗ωσ
−4 is given in Figure B.2. Recall that vα = −q−1 for all α ∈ ΦJ where

q = q1 = q2 = q3 = q4 = q5 = q6 = q0. The v-mass of a path can be read from the folding
table as follows: a fold contributes (q − q−1) to the v-mass and a bounce contributes −q−1 to
the v-mass. Using the table, the below are some J-folded paths of type t⃗ω4 and their v-masses
(as in Example B.0.2 we write ik instead of sik and îk for a fold and ǐk for a bounce).

p1 = 06̌5̂1̌062̌103̂21σ4 ∈ Pλ(⃗tω4 , u22), Qλ(p1) = (q− q−1)2(−q−1)3,

p2 = 065̂10̂62̂10321σ4 ∈ Pλ(⃗tω4 , u35), Qλ(p2) = (q− q−1)3,

p3 = 065̂1̌0̌62̂1̌03̌2̂1σ4 ∈ Pλ(⃗tω4 , u33), Qλ(p3) = (q− q−1)3(−q−1)4.
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s0 s2 s4 s3 s1 s4 s2 s3 s4 s3 s2 s4 s1 s3 s4 s2

1 − ∗ 2 4 − ∗ ∗ − − ∗ − 7 ∗ − − ∗

2 − ∗ − ∗ − 4 − − − − − 10 − ∗ − ∗

3 − 4 ∗ 8 ∗ 6 ∗ ∗ − − − ∗ − − − −

4 − − ∗ − − − − − − 2 ∗ 21 ∗ 1 − 3

5 ∗ ∗ ∗ 12 − 9 ∗ ∗ − − − ∗ ∗ − − ∗

6 − ∗ 8 ∗ ∗ − ∗ − ∗ 3 ∗ 14 ∗ ∗ − ∗

7 ∗ 9 10 17 ∗ 11 2 1 ∗ − − − ∗ − − −

8 − ∗ − − ∗ ∗ − − − ∗ ∗ 15 − 3 ∗ ∗

9 ∗ − 12 ∗ − − ∗ − ∗ 5 ∗ 18 2 ∗ − 7

10 ∗ 12 − 13 ∗ 16 ∗ 2 − − − − − − ∗ −

11 ∗ ∗ 13 16 ∗ − 4 ∗ 1 7 ∗ ∗ 3 − − ∗

12 ∗ − − − − ∗ − − − ∗ ∗ 19 ∗ 5 ∗ 10

13 ∗ ∗ − − ∗ 17 − ∗ − − ∗ ∗ − 10 2 ∗

14 ∗ 16 15 20 1 ∗ 8 6 3 ∗ ∗ − ∗ − ∗ −

15 ∗ 17 − ∗ 2 20 ∗ 8 ∗ − ∗ − − ∗ 3 −

16 ∗ − 17 − ∗ − ∗ − 4 10 1 23 8 11 ∗ 14

17 ∗ − − − ∗ − − − ∗ 13 2 24 ∗ 7 4 15

18 1 ∗ 19 22 ∗ ∗ 12 9 5 ∗ ∗ − 10 − ∗ ∗

19 2 ∗ − ∗ ∗ 22 ∗ 12 ∗ − ∗ − ∗ ∗ 5 ∗

20 ∗ ∗ ∗ − 4 − ∗ ∗ 8 15 3 ∗ ∗ 14 6 ∗

21 3 22 ∗ 24 5 23 13 4 10 − ∗ − ∗ − 7 −

22 4 − ∗ − ∗ − ∗ ∗ 12 19 5 ∗ 13 18 9 21

23 6 ∗ 24 ∗ 9 − 17 16 2 21 7 − 15 ∗ 11 ∗

24 8 ∗ − − 12 ∗ ∗ 17 13 ∗ 10 − ∗ 21 1 ∗

Figure B.1: The folding table of tω2 for Φ = F4 and J = {1, 2, 3}.
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s0 s6 s5 s1 s0 s6 s2 s1 s0 s3 s2 s1

1 − − − − − − − − − − − −
2 − − ∗ − − ∗ − − ∗ ∗ ∗ 1

3 − − ∗ − − ∗ ∗ ∗ 1 − − ∗
4 − ∗ − − ∗ − − ∗ − ∗ 1 ∗
5 − − ∗ ∗ ∗ 1 − − ∗ − − ∗
6 − ∗ − − ∗ − ∗ 1 ∗ − ∗ −
7 ∗ − − ∗ − − ∗ − − 1 ∗ ∗
8 ∗ ∗ 1 − − ∗ − − ∗ − − ∗
9 − ∗ − ∗ 1 ∗ − ∗ − − ∗ −
10 − ∗ ∗ − ∗ ∗ ∗ 2 4 ∗ 3 6

11 ∗ − − ∗ − − 1 ∗ ∗ ∗ − −
12 ∗ 1 ∗ − ∗ − − ∗ − − ∗ −
13 − ∗ ∗ ∗ 2 4 − ∗ ∗ ∗ 5 9

14 ∗ − − 1 ∗ ∗ ∗ − − ∗ − −
15 ∗ − ∗ ∗ − ∗ 2 ∗ 7 3 ∗ 11

16 ∗ 2 4 − ∗ ∗ − ∗ ∗ ∗ 8 12

17 1 ∗ ∗ ∗ − − ∗ − − ∗ − −
18 − ∗ ∗ ∗ 3 6 ∗ 5 9 − ∗ ∗
19 ∗ − ∗ 2 ∗ 7 ∗ − ∗ 5 ∗ 14

20 ∗ ∗ − ∗ ∗ − 4 7 ∗ 6 11 ∗
21 ∗ 3 6 − ∗ ∗ ∗ 8 12 − ∗ ∗
22 2 ∗ 7 ∗ − ∗ ∗ − ∗ 8 ∗ 17

23 ∗ − ∗ 3 ∗ 11 5 ∗ 14 ∗ − ∗
24 ∗ ∗ − 4 7 ∗ ∗ ∗ − 9 14 ∗
25 ∗ 5 9 ∗ 8 12 − ∗ ∗ − ∗ ∗
26 3 ∗ 11 ∗ − ∗ 8 ∗ 17 ∗ − ∗
27 4 7 ∗ ∗ ∗ − ∗ ∗ − 12 17 ∗
28 ∗ ∗ − 6 11 ∗ 9 14 ∗ ∗ ∗ −
29 5 ∗ 14 8 ∗ 17 ∗ − ∗ ∗ − ∗
30 6 11 ∗ ∗ ∗ − 12 17 ∗ ∗ ∗ −
31 ∗ ∗ ∗ 10 15 20 13 19 24 18 23 28

32 9 14 ∗ 12 17 ∗ ∗ ∗ − ∗ ∗ −
33 10 15 20 ∗ ∗ ∗ 16 22 27 21 26 30

34 13 19 24 16 22 27 ∗ ∗ ∗ 25 29 32

35 18 23 28 21 26 30 25 29 32 ∗ ∗ ∗

Figure B.2: The folding table of tω4σ
−4 for Φ = A6 and J = {1, 2, 3, 5, 6}.
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