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Abstract

In this thesis we explore particular combinatorial representations of affine Hecke algebras with
general parameters. We introduce the combinatorial model of J-folded alcove paths and show
that the matrix entries of our representations are described by these alcove paths. We categorise
which of the representations are bounded and give conjectures connecting the representations
to Kazhdan-Lusztig theory and Opdam’s Plancherel Theorem. Upon specialising to type A,
we show that the combinatorial representations form a balanced system of cell representations.
For this type, we prove an asymptotic version of Opdam’s Plancherel Theorem and develop a
J-analogue to the classical Satake isomorphism. Using this asymptotic Plancherel Theorem we
construct a new explicit description of Lusztig’s asymptotic algebra in type A, in terms of a
ring of specialised matrices formed from the constructed representations.
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Introduction

The Hecke algebra corresponding to a Coxeter group W is a particular g-deformation of the
group algebra of W, where ¢ is an indeterminant. In [25] Kazhdan and Lusztig defined a basis
of the Hecke algebra that has become a fundamental tool in the representation theory of Hecke
algebras and thus their underlying Coxeter groups. One of the main tools of Kazhdan-Lusztig
theory is the theory of cells, which partition W and are defined from the multiplication between
Kazhdan-Lusztig basis elements. In [35] Lusztig conjectured a list of properties of the theory
known as P1-P15. These conjectures give properties of the cells as well as properties of Lusztig’s
a-function and Lusztig’s asymptotic algebra. Lusztig’s a-function (see [29]) is a function that
assigns a positive integer to each Coxeter group element, defined by the maximal degree of g
in the structure constants of the Kazhdan-Lusztig basis. Lusztig’s asymptotic algebra (see [31])
is a simplification of the Hecke algebra that retains essential representation theory information,
such as the cell structure. The asymptotic algebra, often denoted J, has basis (ty)wew with
multiplication defined using the coefficient of the highest degree of q in the structure constants
of the Kahzdan-Lusztig basis.

Conjectures P1-P15 are proven in the equal parameters case but are still conjectural for
general parameters. Geck formulated a method of proving these 15 conjectures for Hecke algebras
defined from a spherical Coxeter group with arbitrary parameters, without using a geometric
interpretation of the group (see [17]). The method centred on constructing a family of matrix
representations of the Hecke algebra, indexed by Kazhdan-Lusztig cells, that satisfy a list of
criteria. The matrix representation family is called a balanced system of cell representations. In
[23] Guilhot and Parkinson extended this method to Hecke algebras defined from affine Coxeter
groups. The criteria mirror information of the Hecke algebra, in particular the structure of
J and Lusztig’s a-function. That is, the matrix representations are required to be bounded
with respect to g-degree and when all criteria are met this bound is equivalent to Lusztig’s a-
function. In addition, a ring formed from a specialisation of the matrices is isomorphic to J (see
[23, §2.2]). Guilhot and Parkinson proved P1-P15 using such a family of matrix representations
for the Coxeter groups Go and Cs for arbitrary parameters in [23] and [22] respectively. For the
matrix representations corresponding to infinite cells, they proved a combinatorial formula for
the matrix entries using alcove paths which was instrumental in finding the bound of the matrix
representations.

Alcove paths are intimately connected with the combinatorics of affine Hecke algebras. This
connection was made clear by Ram in [42], who stated a formula describing the right action of
the standard Hecke algebra basis onto the Berstein-Lusztig basis in terms of positively folded
alcove walks (see also [44]). This work stems from the work of Littelmann and Gaussent on
positively folded galleries, in turn an adaptation of the Littelmann path model (see [16]). In
[23] and [22] Guilhot and Parkinson create path formulas describing the matrix entries of par-
ticular representations in terms of positively folded alcove paths, now restricting the paths to
be contained within a subset of alcoves.
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In Part [[] of this thesis we will generalise the path formulas of Guilhot and Parkinson to all
irreducible affine Coxeter groups of reduced type with arbitrary parameters by defining J-folded
alcove paths. We construct and analyse representations of affine Hecke algebras whose matrix
entries are described by path formulas and then categorise which of the representations are
bounded (in terms of the affine version of Geck’s criteria on balanced systems of cell representa-
tions). Part [II| focuses on explicitly describing Lusztig’s asymptotic algebra for type An, using
the path formula from Part [I] The representations constructed in Part [[, now restricting to the
A, case, are shown to form a balanced system of cell representations.

We now describe the setup in more detail. Let W be an irreducible affine Weyl group,
let Wy be the corresponding spherical subgroup and let ® be the root system of Wy over an
n-dimensional Euclidean vector space V' (note that ® is assumed to be reduced). The simple
reflections of W are s; = s,,, for aq,...,a;, the simple roots of ®, and sg the affine generator.
The set of affine roots is ® = {a + kd | a € ®,k € Z} and the corresponding set of affine
hyperplanes is H = {Hno | @ € ®,k € Z} where H,, is the set of points © € V that are
perpendicular to a + kd. The elements of W are in bijection with the set formed by the closure
of the open connected components of V\ | Jycy H, the elements of which are called alcoves.

__ We will work in the context of the extended affine Weyl group associated to W, denoted
W. Set L : W — N to be a weight function on W, that is L(s;) > 0 for all i € {0,1,...,n}
and L(uv) = L(u) 4+ L(v) for {(uv) = £(u) + {(v) (where £(u) is the reduced length of the Word
u € W) Let H be the (weighted) affine Hecke algebra corresponding to W defined over the ring
R =7Z[q,q" "] and let q; = q~(4).

The representations of H constructed in Chapter (see Definition are inspired by
modules of Deodhar (see [0, §2], and also [10], [11] and [12]) and Lusztig (see [34, Lemma 4.7]).
The action is defined combinatorially using the different types of crossings between alcoves,
and the representations are finite dimensional. The representations are denoted 7, as they are
dependent on two pieces of data: asubset J C I = {1,2,...,n} and a J-parameter system v. The
J-parameter system is a family v = (va)aes, such that v, = vg if 8 € Wy and v, € {qj, —q;l}
(where W is the parabolic subgroup of Wy generated by {«a; | j € J} with corresponding root
system ® ).

After constructing these representations in Theorem [5.1.4] we prove a path formula for their
matrix entries in Theorem [5.3.3] The path formula is one of the main results of Part [I[] and
describes the matrix entries in terms of J-folded alcove paths, paths that are contained to a
subset of the alcoves depending on J (as was done by Guilhot and Parkinson in [23] and [22]).

For J C I, the fundamental J-alcove is the set
A;j={zeV|0<(z,a)<lforallae @t}

The J-folded alcove paths remain within the fundamental J-alcove by ‘bouncing’ on its boundary
walls and are positively folded within the bounds of A (positively folded in the classical sense,
see [42]). Figure [1] gives an example of a J-folded alcove path for type Go with J = {1}. The
path can fold at any point allowed by the classical definition of folds but must ‘bounce’ instead
of crossing the walls of the fundamental J-alcove. In Figure [1| the second, eleventh and twenty-
second steps of the path are bounces and the fifth and fifteenth steps are positive folds. The
bounces play a different role in the path formula to the folds, one that is interlinked with the
chosen J-parameter system.
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Figure 1: The fundamental J-alcove and a J-folded alcove path for type Gy and J = {1}.

The fundamental J-alcove plays an important role in the path formula, but is also fundamen-
tal to the results of Part [[I} In Chapter [2] the structure of the fundamental J-alcove is analysed.
Two important features are the set of pseudo-translations that act as the translations of A and
the subgroup of Wy that stabilises A, denoted G ;. The semi-direct product of GG; with the set
of pseudo-translations is the subset of W that stabilises A ;. Both the set of pseudo-translations
and Gy are instrumental in the analysis of Lusztig’s asymptotic algebra in type A, in Part

The representations in [23] and [22] are induced from 1-dimenional representations of Levi
subalgebras of H, however these are equivalent to representations of the type defined in this
thesis. It is shown that, for all types, the representation 7, is isomorphic to the induction of
a 1-dimensional representation of the Levi subalgebra corresponding to J C I (Theorem .
In fact, all representations of H induced from 1-dimensional representations of Levi subalgebras
can be realised by some 7, .

The final main result of Part [l] is classifying the bounded representations of type m,. The
matrix representation 7z, is bounded if for all w € W and all matrix entries of 7 Jv(Tw) there
is a uniform bound on the degree of q. This is the boundedness condition in the criteria to be
a balanced system of cell representations. The bound aj, of 7;, is the maximum degree of q

for all entries of 7, (T,) and all w € W. In Theorem and Proposition the J and
v that result in a bounded 7, are classified, noting any restriction on the parameters. It is
conjectured that the set of elements of w € W whose matrices 7 Jv(Tw) reach the bound ay, is
contained in a Kazhdan-Lusztig cell and that these elements satisfy a(w) = aj, (where a(w) is
Lusztig’s a-function on w € W)

To form a conjectural formula for a;, we introduce the canonical trace function on H (see
[18]). In [40] Opdam proved a decomposition of this trace function as a sum of integrals over
families of representations called the Plancherel formula. Restricting to elements of Hy (the
Hecke algebra associated to Wy) the trace function decomposes as a sum over characters of irre-
ducible representations of Hy. Opdam’s Plancherel formula is an analogue to this decomposition
in the affine case. In the finite case the degree of the coefficients of the characters are linked
to Lusztig’s a-function. It is conjectured that this also occurs in the affine analogue, and this
was confirmed for the cases G and Cy in [23] and [22]. Due to this conjectured connection, in
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Chapter |§| we give a conjectural formula for the bound of 7, in terms of Macdonalds c-function
(see [36]), which is known to be linked to the coefficients of the integrals in Opdam’s Plancherel
formula.

There is also a canonical trace on J, described in Chapter [3] following the construction made
by Lusztig in [35, §20.1(b)]. Guilhot and Parkinson gave a decomposition of the inner product
formed from this trace function in the Gy and Cy cases ([23] and [22]), forming asymptotic
Plancherel formulas. In Part . Il we find an asymptotic Plancherel formula for type A,, and use
it to describe Lusztig’s asymptotic algebra.

In the equal parameters case (that is, L(s;) = L(s;) for all 4, j € I U{0}), Lusztig gave a
conjectural description of J for all affine types in [33]. This conjectural description was first
confirmed in type A, by Xi in [49] using the results of Shi [45] on chains and anti-chains.
They proved that for all Kazdan-Lusztig two-sided cells of An, the corresponding subalgebra
of J is isomorphic to the representation ring of a particular maximal reductive subgroup of
the centraliser of SL,,;+1(C) with respect to a certain unipotent element. Another approach to
constructing the asymptotic algebra in type A, was given by Kim and Pylyavskyy in [26] using
the affine matrix ball construction. In Part [[I] we give a new description of the asymptotic
algebra of type A, in terms of the symmetry group of the fundamental J-alcove G ;.

The description of the Kazhdan-Lusztig cells for W corresponding to type ﬁn is known (see
[45] and [30]) and the number of two-sided cells is in bijection with the partitions of n+1. Due to
this, when applying the results of Part [I I to the A, case we now index all notation by partitions.
In particular, we only consider J C I formed from a partition. For the parition A let Jy be the
corresponding subset of I, let W) be the parabolic subgroup of Wy with respect to Jy and let
w) to be the longest element of Wy. Let Ay be the two-sided cell that contains wy, (with X' the
transposed partition of A). Thus, (A))a-n+1 is the full set of two-sided Kazhdan-Lusztig cells
and we have that Ay <;p A, (in the Kazhdan-Lusztig two-sided preordering) if and only if
A < p (in the dominance ordering of partitions). Let 7y be the representation 7, , with Jy the
subset of I corresponding to A and v such that 7y is bounded (this forces only one option for v).
A consequence of the results of Part [[I|is that the family of matrix representations (mx)-n+1 is
a balanced system of cell representations (see Corollary .

As H in the A, case has equal parameters, it satisfies the positivity properties of Elias
and Williamson [I4] which state that the coefficients of the Kazhdan-Lusztig polynomials and
the coefficients of the structure constants with respect to the Kazhdan-Lusztig basis are non-
negative. This positivity implies that the conjectures P1-P15 of Lusztig hold (see [35]). In
particular, it is known that Lusztig’s a-function is equal for all elements within two-sided cells
and that a(z) = a(wy) = f(wy) for all z € Ay.

A main result of Part is the asymptotic Plancherel formula for type A, Before constructing
the formula, the decomposition of the trace on H is described using the results of Aubert and
Plymen [2]. The terms of the Plancherel formula for type A,, are in bijection with partitions
and the degree of the coefficient is linked to a(wys), confirming (in this case) the conjectured
theory that the results of the finite trace decomposition extend to the affine Plancherel formula.
In Chapter using the Plancherel formula and the fact that the coefficient realises Lusztig’s a-
function, the asymptotic Plancherel formula for type A, is described. The terms of the formula,
given in Theorem are also indexed by partitions and the formula gives a decomposition of
the trace function on J. From this decomposition it is shown that the subalgebra of 7 formed
from Ay is isomorphic to the matrix algebra €, with Z-basis given by the leading matrices ¢ (w)
for w € Ay, where ¢y (w) is the specialisation of q~2M"x)my(T,) at q~! = 0. This result plays an
essential role in our description of Lusztig’s asymptotic algebra.
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As well as the Plancherel formula, the construction of a A-relative version of the Satake iso-
morphism is used in our analysis. The classical Satake isomorphism is an isomorphism between
10ﬁ10 and the ring of Wy symmetric functions, where 1y is a normalisation of the Kazhdan-
Lusztig basis element corresponding to wg, the longest element of W (see [38]). The A-analogue,
given in Theorem is an isomorphism between 7y (1 ZH1 A) and the ring of G\-symmetric
functions, where 1) is a normalisation of the Kazhdan-Lusztig basis element corresponding to
W)/ and G)\ == G]A.

Let I'y be the right Kazhdan-Lusztig cell that contains wy/. In Chapter [11|the set I'y N F;l
is described explicitly as a set of maximal length double coset representatives in bijection with
the set of dominant pseudo-translations. The subalgebra of J spanned by t,, for w € ' ﬁF;l is
shown to be isomorphic to the ring of G y-symmetric functions by mapping the basis elements to
M-analogues of the Schur functions. Using this isomorphism it is shown that, up to conjugation,
€, is the full matrix algebra over the ring of G)y-symmetric functions. As J = @,,,, 41 I, this
explicitly describes Lusztig asymptotic algebra recalling that the asymptotic Plancherel formula
implies that J) = €,.

It follows from the description of J and three other criteria that (m))a-n+1 is a balanced
system of cell representations (in terms of the criteria in [23]). The remaining criteria are known
as boundedness, the killing property and cell recognition. The boundedness and killing criteria
are proved in Chapter [§| For boundedness, Theorem [8.2.1] states that the representation 7y is
bounded and has bound a(wy/) = ¢(wy/). For the killing property, Theorem states that
if w is in a cell corresponding to a partition that is lower than or incomparable to A (in the
dominance ordering) then the Kazhdan-Lusztig basis element of w will be killed by my. The
final result required is that m) recognises the cell Ay, meaning that the leading matrix of w
is non-zero if and only if w € Ay. This result is a consequence of the asymptotic Plancherel
formula given in Chapter

The structure of the thesis is as follows. In Chapter [T] we give a brief introduction to root
systems and their corresponding Weyl groups. In particular, introducing affine Weyl groups,
affine root systems and the visualisation of affine Weyl groups as a set of alcoves. In Chapter
we analyse the fundamental J-alcove, including the pseudo-translation set and the symmetry
group G . In Chapter [3] we recall well known definitions and properties of Hecke algebras with
general parameters and Kazhdan-Lusztig theory. The conjectures of Lusztig, P1-P15 are stated
and Lusztig’s asymptotic algebra is defined. In this chapter we also introduce the notion of
balanced systems of cell representations, introduce the canonical trace functions on H and J
and introduce Opdam’s Plancherel formula.

Chapter [4] focuses on alcove paths. Ram’s theory of positively folded alcove paths and their
connection to Hecke algebra combinatorics (see [42]) is described, before introducing the J-
analogue in the form of J-folded alcove paths. Also in this chapter, J-parameter systems are
defined and linked to path combinatorics in the form of the path v-mass, a property of paths
that is the coefficient in the path formula.

The path combinatorics are then used in Chapter |5 to define a module of H and the cor-
responding irreducible representations m;, (Theorem . In Theorem this module is
proven to be isomorphic to the induced module of H formed from a 1-dimensional representation
of the J-Levi subalgebra of H and in Theorem the path formula is proven, which explicitly
describes the matrix entries of 7, in terms of J-folded alcove paths. In Chapter |§| the J and v
for which the representation s, is bounded are classified (Theorem and Proposition.
In Conjecture we give a conjectural formula for the bound of 7, in terms of Macdonalds
c-function and Opdam’s Plancherel formula. With Conjecture [6.1.10] this gives a conjectural
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formula for Lusztig’s a-function, and in this chapter we prove that these conjectures hold in the
rank 2 and 3 cases.

In Part [II) we reduce to the ﬁn case. Chapter |7|applies the results of Part [Ij to this case, now
indexing notation by partitions. A dominance order is defined for the weights of the fundamental
Jy-alcove, as well as Gy-symmetric functions, which are A-analogues to the Schur functions. In
Chapter [§] the killing and boundedness criteria (in terms of the criteria to be a balanced system
of cell representations) are proven in Theorem and Theorem Chapter |§| focuses on
the A-analogue of the classical Satake isomorphism. Importantly, in Theorem it is proven
that the function fi(h) = xA(hCuy,,) for h € H is a Gy-symmetric function.

In Chapter [10[ the Plancherel formula for type Zn is described following [2] and the asympo-
totic analogue, the asymptotic Plancherel formula, is proven in Theorem Two important
consequences are proven, that 7y recognises the cell Ay in Theorem and that J) is iso-
morphic to the ring of leading matrices €, in Theorem [10.2.4] Lusztig’s asymptotic algebra
in type A, is explicitly described in Chapter |11] using a result of Xi [49]. Particular maximal
length double coset representatives m, are defined for each dominant weight + in the fundamen-
tal Jy-alcove, the set of which is shown to be exactly the set I'y N F;l in Theorem In
Proposition the leading matrices of these elements are shown to have a unique non-zero
entry equal to a A-Schur function, and in Theorem [11.2.10] it is proven that the subalgebra of
J generated by {t,, | w € I NT'}'} is isomorphic to the ring of G\-symmetric functions. Fi-
nally, the explicit description of Lusztig’s asymptotic algebra is given in Theorem and the
matrix family (m))a-n+1 is proven to be a balanced system of cell representations in Corollary

IT3.4

The results of Chapter rely on a property of the length of the maximal length double
coset representative m,, stated in Theorem @ The proof of this property is quite technical
so is completed in Appendix Appendix |E| defines folding tables, a method used in [23] and
[22] to find J-folded alcove paths. Although the method was not used for the results of the
thesis, MAGMA code of the method was written by the author and used throughout to test
conjectures and compute examples.




Part 1

The path formula



Chapter 1

Root systems and Weyl groups

In this chapter we set up the background of affine root systems and alcoves. In Section we
give the definition of a root system and its associated Weyl group. In Section we direct our
focus to affine Weyl groups. We describe the affine root system and give a description of the
affine Weyl group W as a semi-direct product of its root lattice with the naturally chosen finite
subgroup Wy of W. Importantly, we define the extended affine Weyl group. This extension of
the affine Weyl group will be the focus of our study for the majority of the subsequent chapters.
In Section we define a set of alcoves from the affine root system which give a geometric
depiction of W. We will further study alcoves in Chapter [4 and they are an integral definition
for the path formula in Section[5.3] Finally, in Section [I.4] we describe and prove some properties
of parabolic subgroups of Wy. We will further study parabolic subgroups in Chapter The
definitions and results of this chapter are well studied. For further information on root systems
and Weyl groups see [7, VI].

1.1 General root systems and their associated Weyl groups

Let I ={1,2,3,...,n} (with integer n > 1) and let V be a vector space with a nondegenerate
symmetric bilinear form (-,-). Let ® to be an irreducible, reduced, crystallographic root system
of rank n in V. That is, ® is a subset of V' such that

1. ® is finite, does not contain 0, and spans V,

2. for a € @, ® is closed under reflection through the hyperplane perpendicular to «,

3. (Reduced) if a, ka € @ then k = £1,

4. (Irreducible) no ®1, Py exist such that & = &1 U & with (a, 3) = 0 for all « € &7 and

B € @,

5. (Crystallographic) if a, 8 € ® then (3,a") € Z, where oV = <§z>.
The dual root system is denoted by ®V = {a" | @ € ®} and the set of simple roots is {a; | i €
I}. Denote @ C ® to be the set of positive roots of ® (the roots that are a positive linear
combination of simple roots). Denote ®~ = —®™ to be the negative roots and so ® = ¢+ P,
We write « > 0if a € " and a < 0if a € &~

We adopt the conventions from Bourbaki [7] when labelling the simple roots. For a =
> icr @i € ® we define ht(a) = > ;7 a; to be the height of o and denote the highest root of ®
by ¢ € ®. Define integers m; > 1 by ¢ = miay + -+ + mpQy.

The fundamental coweights of ® are the elements w; € V such that (w;, o) = 9; ; for i, j € I.
Define the following two Z-lattices:

Q=7Zaj+ --+7Za and P =Zw+- -+ Lwpy,

8
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called the coroot lattice and the coweight lattice respectively. Note that () C P. Denote the
set of positive coweights as P™ = Nw; + --- + Nw,, and the set of positive coroots as Q+ =
Noy' + -+ + Ney).

As @ is reduced, there are at most two roots lengths, referred to as the long roots and the
short roots. If there is only one root length, called the simply-laced case, all roots are considered
long.

The irreducible, reduced and crystallographic root systems have been classified up to isomor-
phism. The isomorphism classes are 4, (n > 1), By, (n > 2), Cy, (n > 2), D,, (n > 4), Fy, Ga, Eg,
FE7 and Eg where only Cy and By are isomorphic. The coefficients of the highest root for each class
are (1,1,...,1), (1,2,...,2), (2,2,...,2,1), (1,2,...,2,1,1), (2,3,4,2), (3,2), (1,2,2,3,2,1),
(2,2,3,4,3,2,1) and (2, 3,4,6,5,4,3,2) respectively (in the form (mq,ma,...,my)). The classi-
fication and detailed root system descriptions can be found in [7, VI , §4].

Example 1.1.1. Let V = {[v1,v9,v3] € R3 | v1 + v2 +v3 = 0} and e; € V be the vector with
1 in the i-th position and zeroes elsewhere. Let ® = +{ay, ag, a1 + aa} be the root system of
type Ao, where a; = e; —eg and as = es —e3. In this case the coroot system is equal to the root
system and the fundamental coweights are w; = %a}/ + %ag and wy = %ozlv + %045/ (as depicted
in Figure . All roots in ® are of the same length, and so are all considered long roots.

Now let @7 = +{aj,as,01 + a2,201 + ag,3a1 + ag,3a1 + 2a3} be the root system of
type Ga, where a1 = e; — e and ag = —2e1 + ea + e3. The dual root system is ®V =
+{ay, of, 0 + o, ) + 20, oY + 3ay,20) + 3ay} (as depicted in Figure [1.1). In this case
we have w; € ®T for i = 1,2, and hence P = Q. Explicitly, the fundamental coweights are
w1 = 2oy + 3ay and wy = oy + 2. There are two root lengths, +{a2, 31 + 2a9, 301 + az}
are the long roots and +{a1, 209 + ag, a1 + ag} are the short roots.

The root system of As The root system of Go

Figure 1.1

For each a € ®, we define a hyperplane H, = {x € V' | (z,a) = 0} perpendicular to o. Let
Sa be the orthogonal reflection about H,, thus s, (z) = 2 — (z,a)a" for x € V. For the simple
roots a; with ¢ € I, we write s; = s,, to be the associated simple reflection. The Weyl group of
® is the subgroup Wy of GL(V') generated by the simple reflections s;, i € I.
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For w € Wy its inversion set is ®(w) = {a € &+ | w™la € ®~}. Writing w = s;, 84, - - 5
with a minimal number of generators we call m the length of w, denoted ¢(w), and we have

m

q)(w) = {a’h? Siy Mgy o v o5 S4q * " Simflaim}- (111)

Thus ¢(w) = |®(w)|. The longest element of Wy, denoted wy, is such that ®(wg) = 7.

1.2 Affine root systems and their associated affine Weyl groups
Let ® be as above. The affine root system is the set
d={a+ki|acd kel)

in the space V @ R§ where we identify V' with its dual and regard § as the non-linear constant
function § : V' — R with 6(v) = 1 for all v € V. For v € V, we write (y,a + kd) = (v,a) + k
(note that this is no longer bilinear). For oo + ké € ® we call o the linear root associated to
a+ ké.

For o € ®* and k € Z, we define the corresponding hyperplane to be

Hoyp={zeV|(z,a—kd) =0} ={z eV | (z,a) =k}.

Denote the set of all hyperplanes as H = {H, | « € @7,k € Z}. For H,, € H let s, be the
orthogonal reflection about H, j, explicitly sqx(2x) = 2 — ((z,a) — k)a for x € V. We then
define the affine Weyl group as the group generated by s, 1, for all « € ® and k € Z, and denote
it by W. The group W is a subgroup of the group of affine transformations of V.

For v € V, define the translation by v as t,(z) =  + v for x € V. By definition, we have
Lo toy = tu4u, and wty,, = typ, w for all w € Wy and v,v2 € V. It is clear that s, = travsa
and so for all w € W we can write w = tyu for some v € @ and u € Wy. Thus, W = Q x Wy.
The extended affine Weyl group corresponding to W is defined as W=Px Wo and as Q C P we
have W < . By definition every element of W can we written as a sequence of finite reflections
and a translation by a weight in P. For w € W, we define the associated translation coweight
wt(w) and linear part 8(w) € Wy by

W = Ty ()0 (W). (1.2.1)

The simple roots of the affine root system ® are o = —p+ 0 and a; + 06 with ¢ € I. Define
50 = Sp1 = tyvs, to be the reflection about the hyperplane associated to ag. Then W is the
Coxeter group generated by S = {s; |7 € I} U {so}.

Define ¥ = P/Q. Each o € ¥ induces a permutation of I U {0} by os;0™! = S4(i)- Hence,
we can identify ¥ with a subgroup of the group automorphisms of the affine Coxeter diagram
associated with ®. By definition W = W x ¥. Note that, although W is a Coxeter group, in
general, W is not.

Example 1.2.1. Consider the Coxeter diagram associated to the affine root system of A,,
(Figure [1.2). We have that ¥ = P/Q = Z/(n + 1)Z, generated by o where o(i) = i + 1
mod (n+ 1) for ¢ € I U{0}. This is the set of rotations of the cyclic diagram.

The Coxeter diagram of the affine root system of Go has no automorphisms. Therefore,
P =(Q and X is trivial.
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Qg
0
aq a9 (675}
23] (&%) Ap—1  Qp
The affine Coxeter diagram of ® = A,, The affine Coxeter diagram of ® = G

Figure 1.2

The set of positive affine roots is
Ot = (OF + Z>08) U (B~ + Zsod).
The action of W on the affine root system (given by the action on half spaces) is given by
w(a+ kd) = wa+ kd and ty(a + kd) = a+ (k— (y,a))d for w € Wy and v € P.
We record the following lemma connecting the roots and affine roots for future use.

Lemma 1.2.2. For o € ®, the affine root o + kd is conjugate to o with respect to w for all
keZ.

Proof. For a € ® there exists some i € I and u € Wy such that @ = ua;. As (q;,w;) = 1 we
have (o, uw;) = 1. It follows that («, kuw;) = k for all k € Z. Thus,

thouw, (0 + k0) = o+ (k — (o, kuw;))d = a+ 06
and as tgyw, € W the result follows. ]

For w € W we define its inversion set as we did for Wy in Section [1.1| as ®(w) = {o € & |
w™la € ®7}. We now define the affine inversion set of w € W as

d(w) = {a+kd € ®F | w (o + kd) € =T} (1.2.2)

We also extend the definition of length from Section to W. Define the length function
¢ : W — N as the minimal number of generators required to write w € W as w = s;,84, - - - Si,,
with i; € T U {0}. We extend this length function to W by setting £(wo) = £(w) for all w € W
and o € . Hence, ¥ = {w € W | £(w) = 0}. A reduced expression of w € W is a decomposition

W= S - Siy, 0 With i; € TU{0} and 0 € X

1.3 Alcoves

Let H,} be as in Section The closure of the open connected components of V\ (U, Ha,k)
are called alcoves. Denote the set of alcoves by A. In this section we will briefly describe alcoves
and define an orientation on alcove walls. Alcoves are a helpful visual depiction of affine Weyl
groups and will be further studied in Chapter [4

The fundamental alcove is given by

Ag={r eV |0< (r,a)<1forallac ®'}
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and the hyperplanes bounding Ag are called the walls of Ag. Explicitly, the bounding hyper-
planes are H,, o with ¢ € I and H, ;. The extreme points of the convex set Ay are called the
vertices of Ao, explicitly this is the set {z; [ i € I U{0}} with 2o =0 and z; = 2t (where m; is
as in Section . The action of o € X on this set of vertices is given by o(z;) = 2,(;). Define a
panel of Ay to be a codimension-1 facet. A panel has type ¢ if it is contained in H,, o and type
0 if it is contained in H ;.

The affine Weyl group W acts simply transitively on A with fundamental domain Ag. Using
the action of W, we can transfer the notion of walls, panels, and panel types to all alcoves.
Alcoves A and A’ are called i-adjacent (written as A ~; A’) if A # A" and A and A’ share a
panel of type i (with i € TU{0}). For all w € W the alcoves wAy and ws; Ay are i-adjacent for
all ¢ € I U{0}. Note that W also acts transitively on A but the action is no longer free.

Each hyperplane divides V' into two half-spaces. For a hyperplane H,, ;,, we have a ‘positive’
half-space and a ‘negative’ half-space, determined by the inner product as follows:

Hf ={zeV|{za) >k} and H, ={zeV|(za) <k}

This notion of a positive side and a negative side is defined for all H, j with o € ®* and k € Z
and is called the periodic orientation of H.

Ha, 3 . Ha, 2 Hay N Ha, o Hay -1

H2a1 +a2,2

H2a1+a2,1

H2a1+a2,0

H2a1+a2,—1

H2a1+a2,—2

Hay -4 Hay—3 Hay—2 Hay—1 Haso Hasy Has2 Haps Haga

Figure 1.3: The hyperplanes and alcoves associated to ® = G»

Example 1.3.1. The alcove set associated with the root system of type Gs is illustrated in
Figure The points of P = () are drawn as bullets. In this diagram we can see how
W = P x Wy. To get to any alcove we reflect about the hyperplanes H,, ¢ for i € I and then
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translate by some v € P. In the figure, the periodic orientation is illustrated for the hyperplanes
Hal,k7 Haz,k and H2a1+a27k (k S Z)

For i-adjacent alcoves A and A’, we notate the orientation information of their shared panel
as
ATA
if A is on the negative side and A’ is of the positive side of the hyperplane containing their
shared panel. Note that, for w € W (ID( ) is the set of affine roots such that their corresponding

hyperplane separates Ag and wAq (with <I>( ) the affine inversion set of w € W) For w € W
and ¢ € I U {0} we have that

wAo~ [Tws; Ag if and only if wa; € &~ + Z6. (1.3.1)

1.4 Parabolic subgroups

Let J C I. The J-parabolic subgroup of Wy is the subgroup generated by the set {s; | j € J} and
denoted W;. The longest element of W is denoted by w; and we have that £(w w) = {(wwy) =
l(wy) — l(w) for all w € W;. Each coset Wyw for w € Wy contains a unique representative of
minimal length (this is well known, see for example [I, Proposition 2.20]). Let W be the set
of minimal length coset representatives for the coset W;\Wy. Then, for each w € W, we have
a unique decomposition

w = yu with y € Wy, u e 'W.

In addition, for all y € W and u € YW, we have £(yu) = £(y) + £(u).

The support of a root o =Y, ;cia; € @ is supp(a) = {i € I | ¢; # 0}. With this we define
the J-root system ®; = {a € ® | supp(a) C J}. In addition, we have a J-analogue to the
inversion set, ® j(w) = ®(w) NP for w € Wy. The following lemma about the J-decomposition
of w € Wy is well known (see, for example [24, Corollary 2.13)).

Lemma 1.4.1. Let J C I. Ifw = yu withy € Wy andu € W then ®(y) = ®(w)N®; = &5 (w).
In particular, we have "W = {u € W | ®;(u) = 0}.

Proof. Suppose there exists 3 € ®;(w)\®(y). Since 8 ¢ ®(y) we have y~!3 > 0 and, hence,
U(sgy) > £(y). Then, since 8 € ®;(w) we have {(sgw) < l(w). As € ®; we have sg € W, but
then the element y' = sgy € W satisfies £(y'u) = £(spw) < l(w) = L(y) +L(u) < L(spgy) +L(u) =
{(y') + £(u), contradicting the fact that u € /W O

Recall the definition of #(w) for w € W from Section

Definition 1.4.2. Let w € W. Define 0;(w) € Wy and 67 (w) € /W by the equation 6(w) =
07 (w)6” (w).

We record some basic facts of 67, 67 and wt for future use.

Lemma 1.4.3. Let w,v € W. Then
(1) 67 (wv) —9‘](9‘]( )v),
(2) 05(wv) = 05(w)05(07 (w)v),

(3) wt(wv) = wt(w) + 6,7 (w)wt(8” (w)v).
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Proof. As w = ty(u)0.7(w)8” (w) and v = ty(,)0(v) we have that

wvztwt(w)+(;J( Y67 (w) (’LU)QJ( )6(v)
= bt () 460, ()8 (w)wi(0) 01 (W) 0.1 (87 (w)B(0))07 (87 (w)B(v)).
As 07 (w)v = 07 (W)t 0(v) = £ (w)wi(v)? ( )0(v) we have wt(87 (w)v) = 67 (w)wt(v) and the
result follows. O

For J C I, we have the decomposition V = V; & V"’ with

V;=) Raj and V7= )" Ru;

JjeJ iel\J

For v € V, denote v/ to be the orthogonal projection of v onto V7. Let P/ = {4/ | v € P} C V.
Note that P’ is not in general a subset of P, see Example _ 1.4.4 below. Let {w; |i € I\ J} be
an arbitrary choice of Z-basis for P”.

Example 1.4.4. Consider ® = Ay with J = {1}, displayed in Figure The elements of P/
are illustrated as blue bullets on V7 = H,, o (the thicker hyperplane). In the figure we can see
that w{ = %wg € P/ and that %wg ¢ P. Choosing wy = %wg, we have that P/ = Zws.

Figure 1.4: The set P’ for type ® = Ay with J = {1}

For J C I, let ®;; and ®;, be the long and short roots of ®;, respectively. Note that in the
simply-laced case, as all roots are long, we have ®;, = (). Define

1 ;1
=3 Z a and p; = 5 Z .
acd’, acdl

For every i € J define @; such that (af,@;) = d;; for all j € J. Then {@; | j € J} is the basis
of V; dual to the basis {a} | j € J}.
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Lemma 1.4.5. We have

pr= Y, @ and ph= Y @

{jeJIOlje‘PJ’[} {jeJIaqu)J,S}
In particular py (respectively p';) is orthogonal to all short (respectively long) simple roots of ® ;.

Proof. We follow the proof given in [7, VI, §1, Proposition 29] now extending to include the non-
simply laced case. We can assume that J is one connected component (otherwise we consider
the connected components separately). Consider oj € ®5;. As s; permutes the set of all positive
long roots except «, we have

+ +
a€<I>J7l aeq{”

By definition, we also have s;(ps) = ps—(p.s, o )a;. Therefore, (pj, o)) = 1. As (@i, ) = di 5,
we have (32 1ic ja,ca,,) @i o)) = 1 and s0 (07 — (e jja,ea,,} @jr @) ) = 0 for all a; long.
For ajy € ®;,, as sy permutes the set of all long roots, we have s;/(ps) = pj. As
(e aicd,,} @i ) = 0, we have that (p; — D ic ey} Vi ay) = 0 for all a;r short.
Finally, (o, ) = (X fic sjasew,,) @i k) = 0for all k € I\ J. Hence, pj = 3 (¢ jja,ca,,} ©i-
A similar argument gives the expression for p’;. O



Chapter 2

The fundamental J-alcove

In Chapter [I] we defined a set of hyperplanes H and a corresponding set of alcoves A. In this
chapter we define a new set of ‘alcoves’ formed from a subset of H and then focus our study on
the fundamental ‘alcove’ of the set. The new set is a partition of A, the elements of which are
called J-alcoves. In Section we take the set of hyperplanes associated to roots of <I>j and, as
was done in the definition of alcoves, set the J-alcoves to be the closure of the open connected
components of V' after removing this set of hyperplanes. We define the fundamental J-alcove
to be the intersection of the points between H,o and H,, for all a € <I>}. This J-alcove is
a fundamental domain for the action of the group generated by reflection about H, j for all
a € <I>j and k € Z. The fundamental J-alcove, denoted as Ay, is the focus for the remainder of
the chapter.

In Section we explicitly describe the set of weights within A ;. To each weight ~ within
this set we define an element 7, called a pseudo-translation by . These pseudo-translations are
the subject of Section The pseudo-translations can be thought of as translations within the
fundamental J-alcove, in the sense that when J = I all pseudo-translations are true translations.
It is shown that the set of all pseudo-translations, denoted T, is in bijection with the quotient
group P/Qj where @ is the Z-span of the coroots of ®;. Furthermore, we show that T; acts
freely on the set of elements w of W such that wAy C Ay (denoted W”) with a fundamental
domain of YW. Therefore, for all w € W’ we have a decomposition w = Tyu where v is
a weight within Ay and u € YW, giving a J-analogue to the weight and finite component
decomposition from Section [I.2] Finally, in Section [2.4] we explore the elements of Wy that
stabilise the fundamental J-alcove and show that the semi-direct product of T; with the set of
these stabilising elements is the subgroup of W that stabilises A ;.

2.1 J-alcoves and J-affine Weyl groups

In this section we define J-alcoves. They are defined similarly to how alcoves are defined in
Section however we now limit to considering only the hyperplanes associated to roots in
the J-root system. Restricting to this hyperplane set we define a Weyl group, ‘alcove’ set and
fundamental ‘alcove’ as we did for the complete hyperplane set in Chapter

For J C I, let the set of hyperplanes associated to roots in the J-root system be

H]I{Ha’k‘QE@j,kGZ}.

16
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If J =1 then H; = H. Let the set of ‘alcoves’ associated to H; be the closures of the open
connected components of V'\ (Ugem, H). We denote this set Ay, and call its elements J-alcoves.
Let
A;j={zeV|0<(z,a)<lforallae®t}

We call this set the fundamental J-alcove, it is clear from definition that Ay is a J-alcove.
The J-affine Weyl group is
Wil = (sqp | @ € ®T,k € 7).

The generalisation of the results of Section (see [, V, §3]) gives that Wf]‘ﬁ acts simply
transitively on the set A ;. In addition, Aj; is a fundamental domain for the action of Wf}ff on
V (see [7, V §3.3] for further information on fundamental domains).

Let K(J) be the set of connected components of J (connected in the sense of the Coxeter
diagram associated with ®*, labelled using Bourbaki’s conventions [7]). For a connected subset
K C J, let pi be the highest root in ®x. We have that

o= || @« (2.1.1)
KeK(J)

Example 2.1.1. Consider type Ag with J = {1,3,4,6}. The Coxeter diagram of Ag is displayed
below, colouring the vertices associated with «; for j € J in blue:

C— o ——(—+—o— (9
aq a9 a3 Yy (0751 (677 (074 ag
We have that IC(J) = {{1,2},{4,5,6},{8}} and
Oy = 4{a,a0,a1 + a2} U t{ay, as, a6, a4 + as, a5 + ag, a4 + a5 + agt U £{ag}.

Lemma 2.1.2. Let J C I. The walls of the fundamental J-alcove Aj are He, o and Hy, 1 with
jeJ and K € K(J). That is,

Aj={z eV |(x,a;) >0 forall j € J and (z,¢K) <1 for all K € K(J)}.
Proof. Let
L={zeV|(z,aj) >0forall j€Jand (z,¢px) <1 foral K € K(J)}.

Ifz € Ay then 0 < (z,«) <1 forall a € @j. In particular, this is true for a = «; for all i € I
and o = g for all K € K(J). Therefore, A; C A.

Now suppose that = € Aj. Let a € ®,. Writing o = 7, ;a;a; we have (z,a) =
> jes aj{w, aj) > 0. Since a € ®; we have a € Pk for some K € K(J), by . Since
(x,a;) > 0 for all j € J and px — o is a nonnegative linear combination of roots aj with
k € K C J we have (z,px —a) > 0, and so (z,a) < (z,¢x) <1, hence z € Aj;. O

By Lemma the set of reflections about the walls of A7 is composed of s; for j € J and
Spi,1 for K € K(J). Denote s’ = s; for j € J and sj, = sp,1 for K € K(J) (where O is a
symbol). Let

J = JU{og | K € K(J)}. (2.1.2)
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We have that {s} | j € Jo} generates W,

wit = T[ wif, (2.1.3)
Kek(J)

where W2 is generated by {s} | k € {0k} U K}.

Example 2.1.3. Figure displays the J-alcoves for W corresponding to the root system of
type Ga.

Hal,l Ha1,0

Figure 2.1: The J-alcoves for ® = Gy and J = {1}

The set of hyperplanes associated to J is Hy = {Hy, 1 | k € Z}. In the figure these
hyperplanes (all hyperplanes parallel to H,, o) are illustrated with a thicker line. The J-alcoves
are the coloured sections, separated by the hyperplanes in H ;. The fundamental J-alcove, A,
is the blue region, bounded by H,, o and H,, 1.

In this example there is only one connected component of .J, given by K = {1} with px = ;.
Hence, Wi = (s{,s(, ) with s{ = s1 and s, = sa,,1.

2.2 The set P

This section describes the weights that lie within the fundamental J-alcove. Define
Qy = Z Za".
acd;

Lemma 2.2.1. Let J C I and let v € P. There exists a unique v* € (v + Q) N.Ajy.
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Proof. Let v € P. Then v € A for some J-alcove A € Aj. Since Wj‘ﬁ acts transitively on A
there is some w € Wj‘ff such that wA = Ay (and in particular, wy € Aj). Since w is a product
of reflections in hyperplanes H, j, with o € ®F and k € Z, and since s, 4(7) =7 — ({(v, @) —k)a”
it follows that wy € v+ @7, proving the existence of v*. Uniqueness follows from the fact that
Ay is a fundamental domain for the action of W}H on V. [

Definition 2.2.2. Let v(/) be the unique element v* € (y + Q) N Aj.

Note that, in general, the orthogonal projection v/ and (/) are distinct where 47 is as in

Section (see Example [2.2.3). Denote
PY) = A NP

to be the set of coweights in Ajy. In particular v(/) € P) for all v € P. Note that, Lemma
gives that P(/) is in bijection with P/Q, by v — v+ Q for all v € P(/).

Example 2.2.3. Figure[2.2shows the equivalence classes of P/Q s for ® = A with J = {1}. The
fundamental alcove A is shaded blue. As ®; = {1, —a1 } we have Q; = Zay. The equivalence
classes of P/(Q); are displayed by dotted green lines, with an equivalence class consisting of all
weights lying on one dotted line. The elements of P(/) are the weights on Hy, 0 and Hy, 1.

Hal,l Ha1,0

Figure 2.2: The quotient map P — P/Qy, v+ v+ Qj for & = Ay and J = {1}

The map P — P) is displayed on the diagram by the dotted arrows. All weights on a
dotted line go to the unique weight in 4 ; on that dotted line. For example, if v = 3w; —wy then
v —aY =w; € PY). Therefore, w; € (v + Qy) N Ay, and so 4/) = w;. Comparing to Figure
m, we can see that P/ and PM) are distinct. For example, wy ¢ pP7.

The following lemma gives a useful characterisation of P(/). For v € P, let

J() ={ieJ | (v, a5 #0}. (2.2.1)
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Lemma 2.2.4. Let J C I andy € P. Then vy € Ay if and only if the set J(v) has the following
properties:

(1) if 5 € J(y) then (v,a;) =1,

(2) for each K € K(J) we have |J(y) N K| <1,

(3) if j € J(7) then (wj, k) =1 where K € K(J) is the connected component of J contain-

ingj.

Proof. Write v = Y, ;ciw;. If v € PN Ay then 0 < (y,a5) <1 for all j € J, so ¢; € {0,1}.
For each K € KC(J) there is at most one j € K with ¢; = 1, otherwise (y,px) > 2. If j € K
with ¢; = 1 then for a € ®} we have (v,a) = (w;,a) and 0 < (wj, @) < 1. In particular, taking
a = pg € ®; we have (wj, px) = 1. The converse is clear using Lemma m O

Lemma categorises the elements of P(/) as precisely the elements

Y=Y awi+ Y w (2.2.2)

ieI\J jeJ’

with a; € Z and where J' C J is a set with [JNK| <1 for all K € K(J) and if j € J'N K then
the coefficient of a; in ¢ is 1. These conditions imply that J = J(v).

Example 2.2.5. Let ® = G5 and J = {1}. Then all v € PY) are of the form v = aw, or
v = aws + wy with a € Z. The former are on H,, o and the latter are on H,, 1 (see Figure .

2.3 The J-translation group

In this section we construct a bijection between P{/) (defined in Section to a subset of W.
These elements, called pseudo-translations, act like translations of Ay within the fundamental
J-alcove. In particular, every w € W such that wAy C Ay can be written in the form of a
pseudo-translation and then an element of 1. By doing ‘this we gain a J-analogue to defining
the coweight translation and linear part of an element of W, now restricting to Aj.

Definition 2.3.1. For v € P) let
Yy =WnsWs o and 7y =iy,

where J(v) is as in (2.2.1). We call 7., a pseudo-translation by v € PV,

Note that both y, and 7, depend on the subset .J, however this dependence is suppressed in
the notation for simplicity.

Lemma 2.3.2. For y € PY) we have ®(y.) = @j\@j\{](v) ={a e @) |(v,a) =1}

Proof. 1t is clear from the definition of y, that ®(y,) = @j\fbj\t}ﬁ). A root aw € 7 does not
lie in @}r\ 7 if and only if there exists j € J(7) such that the coefficient of a; in « is strictly
positive. By Lemma [2.2.4] this occurs if and only if the coefficient of c; in « is 1, and hence the

result. O

Recall the classical formula £(t,) = > cg+ [(7, @)| (obtained by counting hyperplanes crossed
between Aj and t,Ag). The following proposition gives an analogous formula for the pseudo-
translations.
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Proposition 2.3.3. For v € PY) we have

Ur)= Y lnal

OzE(I>+\(DJ

Proof. By [37, (2.4.1)] we have

Utyw) =Y |{y,0) =x " (w'a)],

acdt

for v € P and w € Wy where x~(+) is the characteristic function of ®~ (that is, x (/) = 1
when o/ € ®~ and 0 otherwise). Let v € P(/). Consider the contribution of |(7, a) — x~ (vy'a)|
to the sum from o € ®*. If @ € @7 then either (y,a) = 0 in which case a ¢ ®(y,) and so
X~ (y;loz) =0, or (v,) =1 in which case o € ®(y,) and so X‘(y;la) =1 (in both cases using
Lemma [2.3.2). Thus if a € @}“ then the contribution to the sum is 0. If « € ®+\®; then
X~ (yv_la) = 0, hence the result. O

Lemma 2.3.4. Let v, € PY). Then
(1) (v+ )Y =7 +yyu and (=) = —y 1y,
(2> Yv¥u = Y(y+p) D = Yu¥y and y'?l =Yy
(3) 7y1 = Tlytp)) = TuTy and 7;7_1 = T(—y) ()

Proof. (1) Since y, € W; we have y+y,p € y+u+Q 7, and so to prove that (y+u)) = Yy p it
suffices, by the uniqueness in Lemma [2.2.1] to show that v+y,u € P To do this, let o € Y,
and write § = y;la. Then (y+y,p, a) = (y,a) + (i, B). Since v € PY) we have (v, a) € {0,1}.
If (7, ) = 0 then o ¢ ®(y,) (by Lemma, so B = y;la IS @}r, and so (y+yyu, a) = (u, B),
giving 0 < (y +yyp,a) <1 (as B € @5 and p € Ay). If (y,a) = 1 then o € ®(y,) and so
B e —®t. Thus (y+yyu,a) =1+ (u,B) and so 0 < (y+yspu,a) <1 (as B € —PF and p € A,
gives —1 < (u, B) < 0). Hence v + y,pu € P,

Similarly, to show that (—v)/) = —y;lfy we need that —y;l’y e PY). Again letting a € &7,
we have <—y7_1'y, @) = —(v,yya). If yyo € ®F then y,a ¢ ®(y,) (as o € ) and as vy € pP)
we have (v,y,a) € {0,1}. Therefore —(v,y,a) = 0. If —y,a € ®} then, as « is positive, we
have —y o € ®(y,). Thus —(v,y ) = (v, —yya) =1 and so —y;lfy e p),

(2) By (1) it suffices to show that y,y, = y,+y . and y;l =Yyt To prove the first
statement we shall show that ®(y,4y.u) = ®(y4y,). It follows from Lemma that

(I)(y’Y'f‘va) = {a € (I)j | <77a> = 0 and </,L,y,;105> = 17 or <’)/,O[> =1 and </”‘7y~71a> = 0}

Suppose that oo € ®(yy4y, ). If (7, @) = Land (u,y;'a) = 0 then a € ®(y,) and —y;'a ¢ d(y,),
and so a € ®(yyy,). If (y,a) = 0 and (u,y;'a) =1 then a € &1\ ®(y,) and y;ta e ®(y,),
giving o € ®(y4y,). Conversely, suppose that a € ®(y,y,). Then a € @}r with y;lygla < 0,
and there are two cases. If y;loz > 0 and y;l(yw_la) < 0 then (y,a) = 0 (as a ¢ P(y,))
and (p,y- o) =1, 50 @ € B(yyqy,,). Iy la < 0 and y;l(—ygla) > 0 then (y,a) = 1 and
(1, —y;loz> =0, and so again « € <I>(y7+yw). Hence y,y; = Yty u =Y ) ) = Y-

To prove y;l =Y_yo1, We need @(yy;lv) = <I>(y;1). By Lemma

(b(yfyqlfy) = {a € ®—}— ‘ (% —y7a> = 1}'

Assume « € @(y_y’;l,}/). Then (vy,—yya) = 1 implies that —y,a > 0 (as otherwise, by the

arguments of the proof of (1), we have y,a > 0 which implies that (v, —y,a) = 0). Hence,
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a € @(y;l). Conversely, assume that a € <I>(y7_1) C &% soy,a < 0. As v € PY) and as

—y~ya > 0 we have (v, —y,a) € {0,1}. As —y;lyva = —a < 0 we have —y,a € ®(y,) and thus
(7, —yya) = 1. Therefore, o € <I>(y_yw_17).
(3) By (1) and (2) we have

TyTu = LYy tuYu = tytyy uYyYi = ) DY (v ) D = Ty (D -
Similarly, T,Y—l = T(_y))- O
Define the J-translation group to be the set of all pseudo-translations denoted by
T, ={r, |ye PY}. (2.3.1)
Corollary 2.3.5. We have T; = P/Q ;. In particular, Ty is an abelian group of rank |I\J|.

Proof. Lemma [2.3.4(3) shows that T; is a group, and that the map f : P — T given by
f(v) = 7, is a group homomorphism. This homomorphism is surjective (as A = 5 for
v e PY)) and ker(f) = Q.. O

Remark 2.3.6. By Corollary|2.3.5/the map T ; — P/Qy with 7, — /) 4@ is an isomorphism.
In contrast, we note that the map T; — P’ with Ty v’ is not an isomorphism. It is a
homomorphism by Lemma M(3) and the fact that (7))’ = 4/, In addition, it is surjective
as for all v € P’/ we have Ty() v/, again as (y(/))’ = 4/, However, the homomorphism is
not injective. Consider for example J = I, then P’ = {0} is trivial but T; = P/Q = X.

By Corollary and Lemma for v € P, we now have the following three bijections

T; +— PY) «— P/Q;

Ty Y e A Q,

allowing us to shift between these groups as necessary. Note that these groups interpolate be-
tween P and X. When J = () we have P/Q; = P and when J = I we have P/Q; = P/Q = .

We now show that these pseudo-translations act like translations when restricting to A;.
First we define W/ C W by

WY ={weW |wAs C Ay} (2.3.2)

Thus W/NW is in bijection with the alcoves (defined in Section|1.3)) contained in the fundamental
J-alcove.

Recall the definition of J* from In the following lemma we give three characterisations
of WY, In particular, note that the third characterisation gives that W is an affine analogue of

JW (see Lemma [1.4.1)).
Lemma 2.3.7. We have
WY = {we W | l(sgpw) > L(w) for all B+ ké € &y + 75}
—{weW| U(shw) > L(w) for all j € gy
={weW|dw)N (P, +7Z6) = 0}
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Proof. We have w € WY if and only if the alcove wAg lies on the same side of H 8 as Ag for
all (B8,k) € ®; x Z, if and only if {(sgrw) > ¢(w). Hence the first equality. For the second
equality, we have w € W if and only if the alcove wAq lies on the same side of Ha,j 0 and Hy, 1
as Ag for all j € J and K € K(J) (see Lemma 2.1.2). The third characterisation follows from
the first characterisation and the fact that if 8 — k6 € ®* then {(sgrw) < £(w) if and only if

B+ ki e d(w). O

The following theorem gives an explicit decomposition of the elements of W, into a pseudo-
translation and a minimal coset representative.

Theorem 2.3.8. We have W’ = {r,u |y € PY) and u € 7W}.

Proof. We first show that 7, € W for all v € P(Y). The hyperplane in the parallelism class of
o € ®; passing through v is Hy (4 4). As v € P) we have (y,a) € {0,1}. If (y,a) = 0 then
tyAg is on the same side of H,, () as Ag. However, when (v,a) = 1, the hyperplane H,, (o)
separates Ag and tyAg. Hence, the hyperplanes in the parallelism classes of ®; separating the
alcove t,Ag from A; are precisely the hyperplanes H,; with o € (I)er (with (y,a) = 1). Let
v € W; be the word formed by crossing these hyperplanes, so t,vA49 C A;. As translations
preserve hyperplane and alcove orientation, the hyperplanes that separate Ag and vAg are
associated to the same roots as the hyperplanes separating ¢, Ag from ¢,vAg. The hyperplanes
separating Ao and vAg are H, o such that (y,co) = 1. By Lemma this gives that v =y,.
Hence 7,49 € Ay and so 7, € W,

Let u € W and suppose that Ty u ¢ W. That is, Tyulo € Aj. Since 7,A4¢g C A (from the
previous paragraph) there exists a hyperplane H, j separating t,y, Ao from t,y~,uAg with o € <I>j,r
and k € {0,1}. Translating by t_., implies that the hyperplane H, separates y, from y.u.
However, then @ ;(u) # () contradicting Lemma Thus {7u | v € PY) and uw € 7W} C W/,

For the reverse containment, suppose that w € W7, Write w = tyurug with v = wt(w),
u; € Wy, and up € 7W. As w(0) = v and 0 € Ay, it is clear that v € P/). By Lemma
®j(ug) = 0. There are no walls of A; separating tyur from t,ujuz. Hence, as W C WY,
we have t,u1Ag € Ajy. Therefore, u; is the element of Wy that takes t,Ag into A;. By the
arguments of the first paragraph, the hyperplanes that separate t,Ag and t,uj A, corresponding
to the roots in the inversion set of uy, are H, 1 for a € q)}r such that (v, a) = 1. Thus, by Lemma
Up = y~. S0 w = Tyup with ug € JW, completing the proof. O

Remark 2.3.9. The first paragraph of the proof of Theorem shows that if v € P(/) then
y, may be characterised as the unique element of W such that ¢,y € W,

Recall the definition of 67(w) and 7 (w) from Definition m
Corollary 2.3.10. If w € W7 then 0;(w) = Ywi(w)s and so w = th(w)GJ(w).
Proof. By Theorem m w = Tyu = tyy,u with v = wt(w) and u € YW, hence the result. [
Corollary 2.3.11. The group T acts freely on WY with fundamental domain W .

Proof. If v € PY) and w € W then by Theorem [2.3.8| we have w = Tpu with g = wt(w) € P
and v € /. By Lemma (3) we have 7, - w = 7, Tu = 7(,4 () U, and hence 7, - w € W by
Theorem m Thus T acts on W/, It is clear that this action is free (only 79 fixes w € W7),
and that /W is a fundamental domain. O
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Example 2.3.12. Figure shows the fundamental J-alcove for ® = Gy and J = {1}. The
elements of P(Y) are the black bullets and the alcoves shaded green represent Ty Ag with y € P,
The identity alcove, T9Ap, is illustrated in blue. The fundamental domain /W for the action
of Ty is illustrated on the right. The black dotted lines represent the decomposition of Aj;

described in Theorem and Corollary [2.3.11

Hog,l Ha1,0

Figure 2.3: The fundamental J-alcove for ® = G5 and J = {1}

As P = Q for ® = G, T; is a torsion free abelian group of rank | \ J| = 1. Explicitly, the
elements of T; are either of the form ¢y, s1 or of the form ty,, where k € Z.

2.4 Symmetries of the fundamental J-alcove

The set of elements of W that stabilise the fundamental J-alcove, denoted G, is studied in this
section. We show that the subgroup of W that stabilises the fundamental J-alcove is T; x G5
where T is as in Section [2.3

Definition 2.4.1. Let G; = {g € Wy | gA; = A} be the subgroup of W stabilising A .
Theorem 2.4.2. We have G; = {g € Wy | g®} = 1},

Proof. Let g € Gj. Then for all &« € % and all € A; we have 0 < (gz,a) < 1. We claim
that g_ld)}r = CID}F. Assume the negation, that there exists g € G s such that g~ 'a ¢ <I>j. Then

either g la € —(Iﬁ or there exists i € supp(g_la) with ¢ ¢ J. In the former case, choose
any j € supp(yg

“la) C J and let mf( be the coefficient of a; in g, where K is the connected
component of J containing j. Let z = m—lej. For 3 € CID}F, 0 < {(z,B) < (z,pr) =1 (when
J

RS ‘ID}F \ ®x we have (x,5) = 0). Hence, 0 < (x,5) < 1 for all g € CIT}, and so x € Ay. As
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g la e —®%, (r,g7'a) < 0, a contradiction. In the latter case, let z = 2w; € Aj where i ¢ J
and i € supp(g—'a). Then |(z,g 'a)| > 2, again a contradiction. So, when g € G; we have
g®t = (IDj. On the other hand, let g be such that g&t = <I>JJF. For x € Ay and all a € @}r we
have (gz,a) = (z,g 'a). As g7'a € 1 and 2 € A; we have that 0 < (z,¢g7'a) < 1, and so
gAy=Ay. L]

Proposition 2.4.3. For g € G; and a € ®F we have ht(ga) = ht(a). In particular g maps
the simple roots of ®; to the simple roots of ® 5, and hence induces a permutation of J. This
permutation maps connected components of J to connected components of J.

Proof. Let g € G; and o € @'}. By Theorem we have that g®F = <I>}'. For j € supp(a),
ht(ga;) > 1. As g is linear, this implies that ht(ga) > ht(a). As g7!' € G we also have
ht(g~!B) > ht(B) for all B € <I>}r. By Theorem we have ga = (8 for some 3 € CIJ}' and
so ht(g~'ga) > ht(ga). Thus ht(ga) = ht(a). In particular, simple roots of ®; are mapped to
simple roots of ®;. This induces a permutation of J defined by ay;) = ga; for j € J.

We now show that this permutation maps connected components of J to connected com-
ponents of J. Let K be a connected component of J with highest root ¢x. We claim that
gpKx = pi where K’ is a connected component of .J. Assume the negation, there is a ¢ € J such
that o = gypx +a; is a root of ® ;. Then g 'a = g +ay-1(;) 1s aroot of ®;. In particular, this
is a root of ®x with ht(g~ta) > ht(¢k), a contradiction. Thus g maps highest roots to highest
roots, and so ¢ maps K to K'. O

Remark 2.4.4. For J = (), we have that Ay = V so W/ = W and Gy=Wy. For J =1, we
have that Ay = Ag and W’ = X. In this case, e is the only element of W} that stabilises all
roots in T, hence G; = {e}.

Lemma 2.4.5. If v € PY) and g € G then

gngil = Ygv; gT’ygil = Tgv, and E(Tg'y) = E(T“/)'

Proof. To prove that gy,g~! =y, it is sufficient to show that ®(gy,g~1) = ®(ygy). Iff @ € ®(yg)
then o € &% with (gy,a) = 1. Thus (y,¢7'a) = 1 and so g~ o € ®(y,) as g7 la € @}r by
Theorem Hence y;lg_la € —@j and it follows by Theorem that gy;lg_la € —<I>j.
Therefore, ®(yg,) C ®(gy,g ).

On the other hand, suppose that « € @(gng_l). Since g maps simple roots of ®; to simple
roots of ®; (Theorem we have gsjg_1 = s4(j) € Wy for all j € J, and so gng_l e Wy.
Thus o € %, and so g 'a € <I>JJ“. If g7t ¢ ®(y,) then gy;lg_loz € ®7, a contradiction, and
so g la € ®(y,). Thus (v, 'a) =1, and so (g7, a) = 1, giving o € ®(y,,) as required.

It then follows that g7y~ = tgy(9y49™ ") = tgyygy = Tgy for all v € P By Proposi-
tion 3.3 we have £(7y1) = Yacatia, (197100 = Locoria, [(1:a)| = £(). 0

Corollary 2.4.6. The subgroup ofw stabilising Ay is Ty x G.

Proof. Let w € W and suppose that wA; = A;. Let v = wt(w), and so w(0) = v € P(/). Then

Tglw(o):o, and sog:T;leWO with gA; =A;. Thusge Gyand w=71,9 € T;G;. O

Note that the group T; x G plays the role of the “extended affine Weyl group” of A; in
the sense that if J =0 we have Ty x Gy =W.
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Example 2.4.7. Let ® = Gy and J = {1}. We have that s34, 124, = $251525152 is the reflection
about the hyperplane H3,, 124,,0. In Figure A is coloured blue and H3n,424,,0 is labelled.
It can be seen that A is fixed by reflecting about Hzq,+20,,0. The fundamental J-alcove is not
fixed by any other nontrivial elements of Wy and so G; = {e, s251525152}. The elements of the
subgroup of W that stabilises A 7 are the reflections about the bold hyperplanes. The elements
of T ;G j are coloured green, with T ;sosis95159 in light green and T e in dark green.

< >

Hs3n\4200,0

YAV a4

Figure 2.4: G; for ® = Go



Chapter 3

Hecke algebras and the
Kazhdan-Lusztig basis

The representation theory of the Weyl group W can be investigated by exploring a particular
g-deformation of its group algebra, where g is an indeterminate. This deformation is called the
Hecke algebra associated to W. In [25], Kazhdan and Lusztig formed a basis for the Hecke
algebra which yields rich representation theory. In this chapter we give a brief background on
Hecke algebras, the Kazhdan-Lusztig basis and some results.

In Section for the affine Weyl group W, we define the associated affine Hecke algebra
with general parameters. In addition, we extend the definition to W, called the extended Hecke
algebra and denoted as H. We will then define the Kazhdan-Lusztig basis of H in Section
[3.2l The multiplication between these basis elements gives rise to a preorder, whose equivalence
classes are called cells. From each cell a natural -module arises. Also in this section, we state
the definition of Lusztig’s a-function and the 15 conjectures posed by Lusztig in [35] about cells
and the preorder. Finally, we will introduce Lusztig’s asymptotic algebra.

In Section we introduce the notion of a balanced system of cell representations. In [17]
Geck gave a list of criteria for a family of matrix representations of the subalgebra of H with basis
indexed by elements of Wy (the finite Hecke algebra, denoted Hp). This list of criteria gives a
method for proving the 15 conjectures of Lusztig for Hecke algebras with unequal parameters. In
[23] and [22] Guilhot and Parkinson extended this criteria to the affine case. They called a family
of matrix representations satisfying the criteria a balanced system of cell representations. Guilhot
and Parkinson used a balanced system of cell representations along with the Plancherel Theorem
(discussed in Section to prove the Lusztig conjectures for the affine cases when ® = G5 and
® = (s, for arbitrary parameters. In Section we state the definition of a balanced system
of cell representations along with some results of Guilhot and Parkinson. The background of
this section will be used in Part [[T] when we show that a system of matrix representations for
® = A, is a balanced system of cell representations.

In the final section, Section we define the canonical trace function on H and briefly
describe how it decomposes when restricting to elements of Ho and when looking at all elements
of H (in which the decomposition, found by Opdam [40)], is called the Plancherel Theorem). We
also define a trace function on Lusztig’s asymptotic algebra which will be explored further for
type A, in Chapter The definitions and results of this chapter are well studied, for further
information see [5].

27
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3.1 Hecke algebras

Let W be the affine Weyl group with generating set indexed by I U {0} (see Section [1.2). A
weight function related to W is defined as a function L : W — N such that

1. L(wu) = L(w) + L(u) for {(wu) = {(w) + £(u), and

2. L(s;) > 0 for all « € I U {0}.
We have the following equivalent definition.

Proposition 3.1.1. For weight function L : W — N we have
(1) L(si) = L(sj) if s; is conjugate to s; in W,

(2) L(w) = L(siy) + -+ + L(s;,,) for w=s; s, reduced.

m

Proof. (2) is clear as w = s;, - - - s;,, is reduced. Consider (1). If s; and s; are conjugate in W
then there exists some w € W such that s;w = ws;. If £(s;w) = £(w) + 1 then {(ws;) = {(w)+1
and so by the definition of L we have

L(s;) + L(w) = L(w) + L(s;).

Thus, L(s;) = L(s;) as required. If {(s;w) = £(w) — 1 then f(ws;) = ¢(w) — 1 and £(s;s;w) =
l(siw) +1 = L(ws;) + 1 = £(ws;s;). Thus,

L(wsj) + L(sj) = L(ws;s;) = L(w) = L(s;s;w) = L(s;w) + L(s;)
and so again L(s;) = L(s;) as required. O

We say that we are in the equal parameters case when L(s;) = L(s;) for all 4,j € I U {0}.
For indeterminate q, let q; = q~(59). By Proposition we have that q; = q; if s; and s; are
conjugate in W. Let R = Z[q,q~!]. The (weighted) affine Hecke algebra is the R-algebra H with
basis (Ty)wew and multiplication given by

TwTy = Ty if L(wu) = l(w) + £(u)

o (3.1.1)
TwTSi = Twsi + (Ch —9q; )Tw if g(wsl) = E(w) -1

for w,u € W and i € T U{0}. We call {T,, | w € W} the standard basis of H.

For simplicity, we will write 7; in place of Ts,. All T; with ¢« € I U {0} are invertible with
Ti_1 =T, —(q; — q._l)Te. It follows that for all w € W each T}, is invertible. Let gy, = q~®).
By Proposition for w € W we have “*) = q;, - - - q;,, for w = s;, - - - 5;,, reduced.

By the multiplication rules we have that T? = T. + (q; — q;l)Ti. Therefore, all
1-dimensional representations of H have T; mapping to either q; or —ql-_l. Let Ho denote the
subalgebra of H generated by {T}, | w € Wy} (called the finite Hecke algebra associated to H).

We extend this notion to the extended Weyl group W. First we extend the weight function
so that L(c) =0 for all 0 € ¥, and so q, = 1. Define H to be the extended affine Hecke algebra,
the R-algebra with standard basis (Tw),, ciy- The relations of H with respect to this basis are
the relations and T,T; = T,;»T, for all i € TU {0} and 0 € ¥. We have that T, is
invertible for all ¢ € X with T;;1 = T, -1, and so for every w € W we have that T, is invertible.
It is clear that H is a subalgebra of H.

We will sometimes require the indeterminiants to be indexed by roots. To do this we note
the following properties; if o € Woa; N Woeyj then s; is conjugate to s;, and for a4+ kd € ® there
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exists some u € W such that ua = o + k6§ by Lemma Thus, for a € ® we define do = i
if o € Way.

We state the following convention, and will assume its application from Chapter [4 onwards.
Note that examples in this chapter will be completed without the restriction of this convention.

Convention 3.1.2. It is convenient to make the following convention: If ® = Ay then qo = q1
and if ® = C,, (n > 2) then qy = g, (the case where qy # g, is completed in [2I] through
analysis of the non-reduced root system ® = BC,, for n > 1). For the remaining types, qq is set
by the fact that q; = q; when s; and s; are conjugate. With this convention we have q,(;) = q;
for all i € {0} U and o € . For example, consider the affine Coxeter diagram of type ® = C),
depicted in Figure Recall that Y is isomorphic to a subgroup of the automorphisms of the
affine Coxeter diagram. In this case ¥ has one non-trivial element corresponding to the only
automorphism of the affine Coxeter diagram: ag — a, and o; — ay,—; forall 1 < ¢ < n—1.
With qo = q, we have that q,;) = q; for all 0 < ¢ < n where o is the function on indices
associated to this automorphism. Similarly for ® = Ay, depicted in Figure [3.1

00
Qo a1 Qo Qa1 Q2 Qpn—2 Qn-1 Qp
The affine Coxeter diagram of & = A; The affine Coxeter diagram of ® = C,

Figure 3.1

3.2 The Kazhdan-Lusztig basis and Lusztig’s conjectures

This section focuses on the basis of H defined by Kazhdan and Lusztig in [25]. This basis gives a
richer representation theory than the standard basis (Tw)w v and has consequentially been well
studied. In this section we define the basis and state some well known properties. We construct
equivalence classes (called cells) from a preorder on group elements defined by the basis and
then construct natural 7-modules from these cells. The definition of Lusztig’s a-function will

be stated along with the 15 conjectures Lusztig posed in [35] about cells and the preorder.

Let W be an extended affine Weyl group with associated extended Hecke algebra H with
standard basis {T,, | w € W}. Definitions for this section will be made on the extended affine
Weyl group W, however all definitions can be made similarly for W or Wj.

Let < denote the extended Bruhat order. The Bruhat order is the preorder such that for all
w,u € W we have w < wu if w is a subexpression of some reduce expression of u. In fact, if w is a
subexpression of a reduced expression of u it will be a subexpression of all reduced expressions
of u (see [3, Corollary 2.2.3]). We extend this definition to W by setting wo < uo and ow < ou
for all w < wu and o € X.

The bar involution is the involution ~ : R — R such that q — q~'. We extend this involution
to ﬁ, setting T, = T;_ll, so that

Y awTw=Y @,

weW weW
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In [25], Kazhdan and Lusztig proved the existence and uniqueness of a bar involution invari-
ant basis of H. Let (Cy), 7 denote this basis. For all w € W, C,, satisfies

Co=Cy and Cu=Ty+ Y PyuT,
y<w

where P, ,, € q~'Z[q™ "] are called the Kazhdan-Lusztig polynomials. We set Py =1 for all
w e W and Py, = 0 when y £ w. Note that C. = T, and that for all i € I U {0} we have
Cs, =T; + P. 5, T where P, 5, = qi_l. As C), is bar invariant we have

To+ Y PpuTy =T, +> PuT, (3.2.1)
y<w y<w

For w € W, by expanding this expression and equating coefficients, P, ,, can be calculated. Note
that P, ,, is dependent on L, shown in the following example.

Example 3.2.1. Consider W associated with ® = Aj, generated by s; and sg. Let L(s1) = a

and L(sp) = b. Consider w = s159s1 € W. Equating coefficients (and substituting in all
calculated P, for all y < w) in we have that

Py, 515081 — m = _qa+b + qaib - qiaer + qiaib
AS Psl,slsos1 S qilZ[qil] we have
~q*+q v ifa>b

Py 515081 = q_2“ ifa=5
q* 04 q ot if a < b,

which is dependent on L. (Note that we do not assume Convention here. With the
convention, the only case we consider for ® = A4 is a = b.)

Recall that wy is the longest element of the parabolic subgroup W of Wj.
Proposition 3.2.2. [5, §10.5] Let J C I. Then

Chu:: j{: q;iqwjb:: 2{: qqualjggv

weW s weWy

Proof. Let A = ZwGWJ awTy = ZweWJ qwqﬁTw. For i € J we have

TA= Y (Quag)Tow+ Y. (quapl)(ai — a7 )T

weWy sw<w
For x € W; with s;z < x, the coefficient of T}, in the above sum is
(@i — ;) (200 }) + ds,20p = Gidaly . = Gt
For x € W with s;z > x, the coefficient is
Gsiedn) = Qi

Hence, T A = q;A. Applying the bar involution to both sides and using TZ-_1 =T —(q; — ql-_l)Te
we have T;A = q;A. By defintion we have that A = ZweWJ by T with b,,, = 1. We aim to
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prove that A = A. We do so by a descending induction on the length of 2 € W;. We have
bw, =1 = ay,. Assume that s,z < x for i € J. As TyxA = q;A we have that

Z bwTsw+ Z bw(qi _qi_l)Tw = Z qibwTw-

weWy siw<w weWy

Equating the coefficients of T}, in the above equation, we have
bm(qi - qi_l) + bsix = qibr-

Hence, b, = qi_lbz and so, by the inductive hypothesis, b, = qwq;}. By the uniqueness of the
Kazhdan-Lusztig basis, Cy,, = A. The second equality follows by applying the bar involution.
O

It follows from Proposition [3.2.2) and (3.1.1)) that T;C\,, = C\,,T; = q;C\,, for all j € J. By
induction on length we have T3,Cy,; = Cw,; Ty = quwCw, for all w € W;. Thus,

2 -1 -1 2 -1 2
Cay = Awy Y GwTlwCuy =) Y 9uCuy = Gy Wi(a*)Cu,

weWy weW
where W;(q?) = D wew, q2,. Similarly
Ca = aqw,Wi(q %) Cu,
as T;_llcw ;= a,'Cw ;- By similar arguments, we have the following corollary.
Corollary 3.2.3. If {(wjw) = l(w) — £(wy) then
Cu; Co = g~ W () Cl-

Proof. By assumption, ¢(s;w) < ¢(w) for all j € J. By [35, Theorem 6.6], this implies that
Cs;Cw = (g5 + qj_l)Cw. Thus, (T, + qj_l)Cw = (q; + qj_l)Cw and so T;Cy = q;Cyw. By
induction on length T,C,, = q,C,, for all v € W;. The result follows by Proposition [3.:2.2] since

CuyCo = auy > @WToCuw =d) > 6Cu = s Ws(a*)Clu.
veW s veW;

For w,u € W let
CuCu = huwuyCy.

yew

where the elements h,,,,, € R are called the structure constants of H. In [14] it was proved that
for the equal parameters case we have a positivity condition on the structure constants and the
Kazhdan-Lusztig polynomials; P, € N[q~!] and h,, . € N[q,q7!] for all ,y,2 € W. This is
not true in the unequal parameters case. We can see this in Example [3.2.1) when a > b.

Defined in [35, Chapter 13], the Lusztig a-function is the function a : W — N such that, for
yeWw

a(y) = min{n € N | q by € Z[q~"] for all w,u € W}. (3.2.2)
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For affine Weyl groups this furLC:cion is well defined. In fact, by [35, Chapter 13] and [32, 7.2] we
have a(y) < L(wp) for all y € W.

For w,u € W write w < u if there exists some y € W such that huyw # 0. Let <g be
the preorder generated by the transitive closure of <—p. Define the equivalence ~pr on W by
w~R U if w <g u and u <p w. The equivalence classes of this relation are called the right cells
of W with respect to the Kazhdan-Lusztig basis. Similarly we can define left cells, by instead
taking the order w <, u if there exists some y € W such that hy ., # 0. The left-right cells or
two-sided cells are also defined, now using the preorder <;p that is generated by the preorders
<r, and <pg. The partial orders <, <p and < g induce partial orders on the equivalence classes
generated by ~r, ~r and ~pp respectively.

Remark 3.2.4. The left and right descent sets of w € W are defined as follows:
Dp(w) ={si | i € IU{0},{(s;w) < l(w)} and Dr(w) = {s; | i € L U{0}, l(ws;) < {(w)}.

By [35, Lemma 8.6], if z <, y then Dr(y) C Dgr(z) and if + <p y then Dr(y) C Dr(x). Due
to this, e €7 w and e £ w for all w € W\{e}. Therefore, the left (right or two-sided) cell
containing e only contains e. As C,C. = Cy, and C.Cy, = C,, for all w € W, we also have that

w <y eand w<geforal weW.

By definition, if w +—g u for w,u € W then C', is in the expansion of C,C, with a non-zero
coefficient. We have C,C, = C,pforallz €e W ando € ¥ as T,C,, = 0x+2y<x Py 2Ty = Coy

by the uniqueness of the Kazhdan-Lusztig basis. Similarly, C,Cy; = Cy for all x € W and
o € 3. Thus, x ~p xo and x ~p ox for all z € W and 0 € ¥ (as C,Cy = Cpy, CpoCyr-1 = Cy,
C,Cyp = Cyy and C,-1C,, = Cy). Furthermore, if w < u then Cy,, appears in the expansion
of CyyC for some z and so ow <~ ou. By a similar argument we have that if w <1 u then
wo <1, uo for all w,u € W and o € X. Therefore, for all w,u € W and o € ¥ if w ~g u then
ow ~pr ou and if w ~p u then wo ~p uo. Therefore, left cells are invariant under multiplying
by elements of ¥ on the right and right cells are invariant under multiplying by elements of X
on the left.

Example 3.2.5. Consider W associated to ® = A;. As in Example we set L(s1) = a and
L(so) = b where s; and sy are the generators of W and s1s¢ is of infinite order. Denote s} to
be the elements of W that begin with s; of length ¢ and s? to be the elements that begin with
so of length .

Assume a = b. Let o be the function such that o(1) = 2 and o(2) = 1. Extending to an
action on the generators defined by os; = s,(;) we have that ¥ = {e,0}. Set

FO = {6},
Iy ={s?]i>1},
Ty ={s|i>1}.
The right cells are I'y U o'y, for 0 < k < 2. The a-function is constant within each I'y so we

can write a(I'y) for the a-function value of elements of I'y,. We have a(I'g) = 0, a(I';) = a and
a(T'2) = a. The left-right cells are I'o U oy and (I'y UT) U (T'; UT9).

Now assume that a > b. In this case there is no Coxeter diagram automorphism and so
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¥ =10. Let

Lo = {e}
I = {so}
Iy = {sf |i>2}
Iy ={s|i>1}.

The right cells are I', for 0 < k£ < 3 and we have a(I'g) =0, a(I';) = b, a(I'2) = a and a(I's) = a.
The left-right cells are I'g, I'1 and I's U T's.

For each cell there is a natural H-module. Let * € {R, L, LR}. For a cell T' (left, right or
two-sided) define

I'c, ={we w | there exists u € T" such that w <, u}, (3.23)
s, ={we W | there exists u € I' such that w >, u}. o

For example, from Remark when I = {e} we have I'<,, = W and I's, ., =T. We also

define I'c, = T'<,\I" and set two R-modules as follows:
HS = (Cyp |weTl<,) and HS =(C,|welL.,). (3.2.4)

When * = R these modules are right ideals of H, when % = L they are left ideals and when
x = LR they are two-sided ideals (see [35, Lemma 8.2]). Hence, the quotient Hp = H=* /H<*
is a right module of H when * = R, a left module when * = R and a bi-module when x = LR.
Each has basis {[Cy] | w € T'} where [C),] is the equivalence class of C,, defined by the quotient.
Therefore, for each cell we have a natural representation of the Hecke algebra.

In [35, Conjectures 14.2], Lusztig posed 15 conjectures about the cells and the a-function.
To state these conjectures we first define some notation. Let v, , .-1 be the constant term of

the polynomial q_a(z)hx%z for z,y,z € W. Let deg : R — Z U {—o0} denote the degree of
polynomials in q, for example deg(q™ + q~*) = —3 and deg(0) = —oco. Define n, € Z\{0} to
be the coefficient of the maximal degree of q in P, .. Furthermore, define the set D = {2z €
W | a(z) = —deg(Pe )} whose elements are called distinguished involutions. We now state the

conjectures; let 2,2 € W.
P1. For any z € W, a(z) < —deg(Pez).
P2. If d€ D and x,y € W with Vay,d 7 0, then z = T
P3. If y € W, there exists a unique d € D such that v,-1, 4 # 0.
P4. If 2/ <pp z then a(z’) > a(z). Therefore, if 2’ ~r z, then a(z’) = a(z).
P5. If de D,y € W and Vyy-1.d 7 0, then v, 1, g =ng = +1.
P6. If d € D, then d? = e.

P7. For any x,y, z € W, VYo,y,z = Vy,z,z-

P8. For z,y € W such that Yoy 70 we have 27t ~py,y~t ~p 2z, 27 ~p
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P9. 2 <1 z and a(z’) = a(z) implies 2’ ~, z.

P10. 2/ <p z and a(z’) = a(z) implies 2’ ~p z.

P11. 2/ <pp z and a(z’) = a(z) implies 2’ ~pp 2.

P12. For J C TU{0}, if y € Wy then a(y) computed in W is equal to a(y) computed in w.

P13. Any right cell I contains a unique element d € D with v, ,-1 4 # 0 for all z € T'.

Pl4. z ~pRr 2z~ 1.

/

P15. Let g’ be a second indeterminant and let A, , , € Z[q',q' '] be obtained from h,, . by
q+—q. Ifz,2’,y,w € Wsuch that a(w) = a(y), then ), h; Py oy = 20 sy Moy a1y

7ot
w71. 7y

Assuming the a-function is well defined, Lusztig proved these conjectures for the equal parame-
ters case in [35], §15] using the positivity properties proved by Elias and Williamson [14]. They
also proved the quasi-split case in [35, §16], when W is derived from a larger group and the
weight function is taken as the length function on the larger group and then restricted to W.
The conjectures have also been proven true when W is the dihedral group, in the infinite case
[35, §17] and in the finite case [17, Proposition 5.1]. In [46] the conjectures are proven for the
case when the order of st is infinite for all generators s and ¢t of W. Writing all definitions in
terms of Wy, the conjectures have been proven for Wy associated with ® = Fj; and for a specific
case when W) is associated with ® = B,, (see [17] and [6]). Finally, the conjectures have also
been proved for hyperbolic Coxeter groups of rank 3 by Gao and Xie [15] and for Coxeter groups
with a complete graph by Xie [50].

In [23] and [22], Guilhot and Parkinson proved the conjectures for the case when the extended
affine Weyl group W is associated with ® = Go and ® = (5. To do so they established a bal-
anced system of cell representations (see Section and constructed a combinatorial formula
for the matrix entries of these representations. This combinatorial formula will be generalised
to any affine Weyl group in Chapter

Assuming that the conjectures are true, define J to be a free abelian group with generators

(tw) e and multiplication defined by

tutu = > Yuuy-1ty-
yeW

In [35, §18], Lusztig shows that this multiplication is associative. This ring is called Lusztig’s
asymptotic algebra.
For a two-sided cell I' denote Jr to be the J-subring with generators (ty)wer-

3.3 Balanced systems of cell representations

In [I7] Geck gives a list of conditions on a family of matrix representations of the Hecke algebra
defined for finite Wy which, when satisfied, can be used to check P1-P15. In [23] and [22]
Guilhot and Parkinson extended this criteria to affine Weyl groups and used them, along with
the Plancherel Theorem (see Section, to prove Lusztig’s conjectures for & = G5 and & = ()
respectively. In this section we will state the criteria and give some of the results of Guilhot
and Parkinson; that when the conditions are met the matrix bound aligns with the a-function
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and that Lusztig’s asymptotic algebra is isomorphic to a specific algebra constructed from the
matrix representations.

Recall that R = Z[q,q7!]. Let R’ be a polynomial ring of R. Notate R, to be the associated
Z[q~!] polynomial ring and R}, to be the associated Z polynomial ring.

Let W be a Weyl group with generating set {s; | i € IU{0}} and associated extended Hecke
algebra H. A matriz representation of His a triple (7, M, B) where 7 : H — M, M is a right
module over an R polynomial ring R’ and B is a basis of M. We write w(h) for the matrix
representation of h € H and [7(h)]uw for its (u,v)-th matrix entry with u,v € B.

The matrix representation is called bounded if there exists n € N such that, for all w € w
and u,v € B, we have

q "7 (Tw)]uw € R (3.3.1)

The bound of (mw, M,B) is the minimum n required to bound all matrix entries in this way,
denoted ar psg. That is

a; g =min{n € N|q "n(Ty)|uv € R} for all w € W and u,v € B}. (3.3.2)

For a bounded representation (m, M, B) with bound a, ys g the cell recognised by the represen-
tation is the subset of W defined by

Ir,M,B={weW | deg([m(Tw)]uw) = ar m,p for some u,v € B}.

Remark 3.3.1. Consider a finite dimensional matrix representation 7 : H — M and two bases
B and B’ for the representation. If (7, M, B) is bounded then (7, M, B’) is also bounded as the
finite transition matrix from B to B’ has a bound on its entries g-degrees. Therefore, if the
representation 7 is bounded for one basis it is bounded for all. Note, however, that a, /g is
not necessarily equal to a; y7g/. The bound, and hence the recognised cell, are dependent on
the chosen basis.

Denote |4-1—( to be the specialisation of an element of ngo into R}, by taking q=! = 0. The
leading matrices of (w, M,B) are

e B(w) = (@72 MBT(Cy))lg-1=0 (3.3.3)

for all w € W. The non-trivial leading matrices are {c; prg(w) | w € T'x B}

Example 3.3.2. Let (7, M, B) be such that a; y7g = 1 and consider

_q73+q71 S_qil 1 02 20
_ 0 -9 °+29° —q 9 ° qg°"+-1
m(Tw) = 0 q 2+ -1 0 —q!
q 2 0 0 0

Then, the corresponding leading matrix is

0O 0 0 O
0O -1 0 0
cﬂ',M,B(w) = 0 0 0 0
0O 0 00
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The following lemma shows that we can replace C,, by T, in the definition of the leading

matrices.

Lemma 3.3.3. For (m, M,B) bounded, we have c; prg(w) = (q7 3877 (Ty))|q-1=0-

Proof. Recall from Section [3.2] that

Cw:Tw+ZP T

y<w

with P, ., € g 1Z[q~!]. Multiplying both sides by q~#=:8 and applying m we have

q—a-,r,M,Bﬂ—(Cw) — q_aw,l\/l,Bﬂ-(Tw) + Z q—aw,M,pr’wW(Ty)'
y<w

As the maximum degree of the entries of P, ,,m(T}) is strictly bounded by ar g, the result
follows upon specialisation. O

For each two-sided cell, suppose there exists a matrix representation of H over an R-
polynomial ring. We call this system of representations a balanced system of cell representations
if the following hold: for two-sided cell I' with matrix representation (7, Mr, Br) we have

B1. (The killing property) If w ¢ I's, ., then 7mp(Cy,) = 0.

B2. (Boundedness) The representation (7, Mr, Br) is bounded with bound ax. y By
B3. ¢rpovpBr(w) # 0 if and only if w € T

B4. The elements of (¢xp a8 (W))wer are free over Z.

B5. If I" <pr T then ar, rr, Br = & My Br-

Remark 3.3.4. For a two-sided cell T, recall the definition of the H-module Hp from Section
This representation of H satisfies B1. To see this, consider C,, with w € W. If the right
actlon of Cy, on Hr is non-trivial, then there exists x,y € I" such that

CJ:Cw = Z hx,w,zcz
€W
and hg .y 7# 0. Therefore, y <; w and so y <pr w and w € I's,, as required. (A similar
argument shows that a left action would also satisfy B1, in which hy, ., gives y <p w.)

Note that B2 with B3 is equivalent to: there exists ar. a7 B € N such that
max{deg[mr(Cw)}u | u,v € B} < ar v Br

for all w € W with equality if and only if w € I
Define 7, , .1 € Z to be the coefficient of q®r-*r-fr in h,, . (note the similarity to the
definition of v, , -1 from Section 3.2). We define another property:

B. For every z € I' there exists x,y € I' such that 7, , .-1 # 0.
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For a balanced system of cell representations satisfying property B it has been shown that the
matrix bound is Lusztig’s a-function and so v, ,-1 = 7, -1 ([23]). We will state the results
and their proofs for completeness. .

Let A denote the set of two-sided cells for w € W. Let (7, M, Br)rea be a system of
representations satisfying B1 — B5 and B.

Theorem 3.3.5. [23, Proposition 2.4 and Theorem 2.6] For all w € W we have a(w) =
Az, Mr,Br-

Proof. We will first prove deg(hs,y,>) < @y B by a downwards induction. Note first that,
for z,y € W we have

CoCy = hay:Co=> > hay.C.. (3.3.4)

e €A zel”
For the base case, let I' = {e}. Applying 7t to we have
m(Co)Tr(Cy) = D hayom0(Ca) = by o (Ce). (3.3.5)
TVeA zel”

by Bl and as I'>, , = ' by Remark The left side of [3.3.5)is bounded by 2ar. r. .- The
right hand side is bounded by deg(hy y.¢) + @, My Br, Proving the base case.

Let I’ be a two-sided cell and suppose that for all two-sided cells IV such that IV >z I we
have that deg(hy,y, ) < ar., My By forall z € I'. Applying 7r to and using B1 we have

WP(Cm)WF(Cy) = Z Z hx,y,zﬂ'l"(cz) + Z Z hx,y,zﬂ'l"(cz)

T'eA, zel” T/eA, zelV
"> gD I"<pgrl
= 3 S hayemr(C) + > ey mr(C:) (3.3.6)
T'eA, =zelV zel
"> gD

The g degree of the left hand side of is bounded by 2a,. ar. gr- The degree of the double
sum on the right hand side is strictly bounded by Ar, ,Mp/,Bp, + rp Mp Br by the inductive
hypothesis and deg(nr(C>)) < ax. mp B, for all z € WA\T using B2 and B3. In addition, by B5

we have that &z My ,Br T & My Br < 281 My Br-
Let m = max{deg(hy,y,.) | z € I'}. By B3, for z € I" such that deg(hs4,.) = m we have that

mr(C,) = q* - MrBre . gr(2) + lower degree q terms

with ¢z arpBr(2) # 0. Therefore, the right hand side of becomes

qanr,Mr Br E Va,y,2—1 Cap, My B (2) + lower degree q terms

z

with the sum over z € I' such that deg(hyy,.) = m and ¥, , ,-1 € Z. By B4, the leading matrices
Crp My B (W) for w € T are free over Z, so the coefficient of " *2=-Mr-Br in the above sum is
non-negative. Due to the bound on the left hand side of we have that m + ar. v B <
2a;. Mp,Brs S0 M < ar, A Br as required.

Therefore, a(w) < ax. mp By, so all that remains to prove is that the maximum degree of
hg.y.~ does reach ar. ar. - This follows immediately from B. ]
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Let Jr be the subset of My generated by (¢qp ap B (W) )wer-

Corollary 3.3.6. [23, Corollary 2.5 and Corollary 2.7] For I' € A, the set Jris a ring and is
isomorphic Jr.

Proof. Let z,y € I" and let ar. = ar. yp . Multiplying both sides of by q~2 T, we have

q_a”F 7TF<Cx)q_a’TF ﬂ'F(Cy) = Z Z q_a”F haz,y,zq_aﬂr 7rF(Cz) + Z q_a7rF hz,y,zq_a7rF WF(CZ)
T'eA, =zel” zel’
I'>prD

Upon specialising, the double sum vanishes by B3 and the equation becomes

Crr,Mr,Br (x)cﬂ'F,MF7BF (y) = Z %x,y,z—l Crr,Mr,Br (Z) . (337)
zel

By Theorem we have that ar. = a(w) for all w € T'. By the definition of 7, , .
and 7, , .-1, this implies that v,, .1 = 7,, .-1. Let ¢ denote the Z-linear map such that

Y(tw) = CopmpBr(w). By and as Yy, -1 = Yy,.-1 We have that ¢ is a surjective
homomorphism of unital rings. Furthermore as the leading matrices are free over Z (by B3),
if o (Zwer awtw) = Y wer GwCap,Mp,Br(w) = 0 then a,, = 0 for all w € I'. Thus, % is an
isomorphism, completing the proof. O

3.4 The trace function and the Plancherel Theorem

There exists a canonical trace function on H. This trace function restricted to elements in
Ho decomposes as a sum over characters of irreducible representations of Ho. In [40] Opdam
constructed an affine analogue to this decomposition called the Plancherel Theorem. In this
section we define the trace function, explore its properties and briefly introduce the Plancherel
formula (which will be further described in Section [6.2). We also define a trace function on
Lusztig’s asymptotic algebra 7, of which we will find a decomposition (the asymptotic Plancherel
Theorem) for type A, in Chapter

Let Tr : % — R denote the canonical trace function on H, the R-linear extension of Tr(T},) =
dw,e- That is, Tr is defined as

Tr ZawTw = Qe.
weW

Denote * to be the anti-involution on ’ﬁ defined as follows:

Z awTw = Z CLwTw—l.

weW weW
We have the following property of the trace function.

Lemma 3.4.1. For u,v € W we have Tr(T, 1)) = 0uw and thus Tr(hihe) = Tr(hohy) for all
hl, hy € H.
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Proof. To prove Tr(T,,T}) = 0y, we proceed by induction on ¢(v). When £(v) = 0 the statement
is true by the definition of the trace function. Assume that Tr(7},7;) = 6y, for £(v) and all

u € W. Let v/ = vs for some s € S such that vs > v. Then

Tr(TysTy-1) if us >u

Te(T,T%) = Te(T,TsT,-1) =
( ! U) ( e 1) {Tr(TusTv_1)+(qS_qs_l)TuT’U_l) lfUS<U

by . If w = v then us £ w and so Tr(TyT,-1) = Tr(TysTy-1) = duspy = Ouws by the
inductive hypothesis.

If w # v then Tr(T,T,-1) = 0 and so, again, Tr(TysT,-1) = Tr(TysTy-1) = Ouspy = duws DY
the inductive hypothesis.

Let hy = ZweW awTyw and hy = ZueW b, Ty,. Then

Tr(hhg) =Tr [ Y awbuTuTy
w,weW
= Y awbuTr(TuT)
u,weW
= Z by 0y -1
wwEW

= Y buauwdy -1 = Tr(hohy).
meW

O]

Define (-,-) : # x H — R to be the symmetric bilinear form defined by (h1, he) = Tr(hih3)
for hi,ho € H. As

<Z aw Ty, Z auTu> Z yay, Tr (T Tyy—1) = Z Aoy O = Z ay,

weW ueW wueEW u,wEW weW

(-,+) is an inner product on H.
We note the following extrapolation of degree in q to non-zero rational functions of q. The
a 1
function f(q) = b(q) # 0 can be rewritten as f(q) = q” Eq_1)) where a’(q7!) and V'(q7') are
-1

polynomials in q~* with non-zero constant term and N € Z unique. We call N the degree of
f(q), denoted as deg f(q) = N. For example,

(> +1)(a® +1)
deg( a7 —q+1 >:2'

Note that when b(q) = 1, deg f(q) agrees with the usual definition of degree.

Recall that Hg is the finite Hecke algebra associated with @, that is the subalgebra of H
generated by {T,, | w € Wy}. The trace function (and thus the inner product) restricted to H
decomposes as

Tr(h)= > Max«(h) (3.4.1)

melrrep(Ho)
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for all h € Hg, where Irrep(Hg) are the irreducible representations of Hy and the values m, are
called the generic degrees of Ho (see [18), §8.1.8 and Chapter 11]). This decomposition can be
particularly useful as there is a connection between the generic degrees and Lusztig’s a-function;
for w € W in the cell associated to m we have —degm, = 2a(w) (see [17]). In [I7] Geck used
this to prove P1-P15 for the finite Hecke algebra associated with ® = Fy.

Example 3.4.2. Let & = B, and let Wy denote the associated finite Weyl group with generating
set {s1,s2}. We set L(s1) = b and L(s2) = a, so q1 = q° and g = q%.
Let Hp be the finite Hecke algebra generated by

{Tw | we Woy ={T¢,T1,T>, T12, To1, T121, Th121, T1212}

(for simplicity we denote elements of Wy by their indices, for example sys9s; as 121). The
following are the irreducible representations of Hj:

mo: Ty~ q°, Ty > q°
m Ty Qb T —q°
T Ty —q 0, T q°

a

T3 T —q 0, Tars —q

b a —a
0 q~ —c219
’ q”} b [0 - ]

7T4:T1r—>[ —A -

—C12q9~

where c12, 21 € R such that c¢1aco1 = q2* + g%, See [18, §8.1.9] for the construction and proof
of the irreducibility of m4, but note that Geck and Pfeiffer use a different normalisation of the

Hecke algebra where the quadratic relation is Ts2 = vsTs + (vs — 1)Te with 7, w the generators of
their Hecke algebra (to change between the two normalisations take vg — q? and Ty, — quTw).
Following [18] §8.1.8], define

<X7raXu> = Z Xﬂ(Tw)Xu(Tw—l)
weWy

for m, u € Irrep(Ho). Importantly, we have that (xr,x,) = 0 unless x» = x,. Hence,

Xu(Te) = Z Tr(Tw)Xu(wal) = <Tr>Xu> = Z mﬂ<X7TaXu> = mu<Xu>Xu>
weWy w€lrrep(Ho)

and the generic degrees are given by

m. — Xu(Te)
* = Do) (34.2)
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Denote m; = m,,. By direct calculation using we have

M0 = atab(q—da—4b | q—2a—4b | q4a12b 1 2q2-% 1 g% | g-2a 1 1)

T (g 1 4 q2a-2b 2q—21a Fq o q 202 4 q-dat2n)

M2 7 qra(q2a 414 q-2b-2a ¢ quzb +q 4 1 q2a-2b 4 q2a—db)

M8 = g2 4 g2 + 9q—2a-2b Jrlq—za—sz q-ta—2 | q-da—4b

T 2a(4q—2a ¢ q2b—2 4 q-2b—2a { ] | q—4a2_|_ 9q-atb — 2q—a—b _ 9qb—3a | 2q—3a-b)
2

- q%(4q 20 + 1+ q 4 4 q2a—2b 4 q—20-2b 4 9qa—b — 2qa—3b — 9q—b-a 4 2g—a—3b)

and so the decomposition of the trace function is

4
Tr(h) = Zmixm..
i=0

The degree of each generic degree depends on the chosen weight function. In this example, for

all a,b € N we have degmg = —4a — 4b and degms = 0. The remaining generic degrees split
into cases;
—2b ifa>b
degm; =
—4b+2a ifa<b
da—2b ifa>b
degmo =
2a ifa<b
2a ifa>0b
degmy = .
2b ifa<d

We want an analogue for this trace decomposition in the affine case, for the trace function
on all h € H. This analogue comes in the form of the Plancherel formula of Opdam [40]. The
summation is replaced with an integral and the generic degrees become a measure. Let Hc be
the extension of H so that scalars are now in C and we specialise q to a real number ¢ > 1.

Thus, ﬁ(c is now an algebra over C. In addition, we redefine the anti-involution * so that
*

Z aw Ty = Z Qo1

weW weW

where a,, denotes complex conjugation.

Following [A1, §2.4], let ||h||s = /(h, k) for all h € Hc, where (-,-) is the inner product
defined by the trace function now extended to ﬁ(c. We have that 7—~(C acts on itself by left
multiplication. The corresponding operator norm is defined by

||h|| = sup{||hz|]2 | = € He and |jz]]2 < 1}.
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Let Hc denote the completion of ﬁ(c with respect to this operator norm. Thus, Hc is a non-
commutative C*-algebra.

The irreducible representations of ﬁ@ are the irreducible representations of 7—~[, extending
scalars and specialising q — ¢. The irreducible representations of Hc are the extensions of the
irreducible representations of H¢ that are continuous with respect to the ¢3-operator norm. By
[40, Corollary 6.2] these are the irreducible tempered representations of H (see [40}, §2.6] for the
definition of tempered). N

It is well known that every irreducible representation of # is finite (specifically all irreducible
representations have degree at most |[Wy|). By the theory of C*-algebras (see [L3] §8.8]) there
exists a unique positive Borel measure p such that

= [ adutn) (3.4.3)
Trrep(Hc)

for all h € Hc. The measure p is called the Plancherel measure and is the affine analogue of the
generic degrees in (3.4.1). See Example for an explicit example of this decomposition.

Recall from Section that J denotes Lusztig’s asymptotic algebra, a free abelian group
with generators (ty), - Also from Section recall the definitions of the set of distinugished

involutions D, the integers ng (for d € D) and the constant term v, , .1 (for z,y,2 € /I/I\?) We
write d(w) for the unique element of D in the right cell containing w (see P13 from Section .
By P5 we have ngu) = Ve 2-1,4z) = 1

Definition 3.4.3. Define a linear map Tr*° : 7 — Z by

Tr™ Z CLwTw = Z nqgaq.

weW deD

Define a bilinear form (-,)*°: 7 x J — Z by
(A, B)>® = Tr*°(AB™)
where A, B € J and * is defined by (ZwevT/ awtw)* = Zwew Appty,—1-

Theorem 3.4.4. We have the following properties:
(1) The linear map Tr* is a trace functional on J.

(2) The bilinear form (-,-) is an inner product and (ty)wew is an orthonormal basis of J.
(3) For A,B,C € J we have (AB,C)* = (B, A*C)*>°.

Proof. By definition tyty = > 7 Vay-1,.-1ts, and so
Tr™(tety) = Z NdVgy-1,d-
deD

If x # y, then by P2, v, ,-14=0 for all d € D and so Tr*(t,t;) = 0. If x = y then by P3, P5
and P13 we have

Tr™(toty) = Nd(a) Vep—1 d@) = ”3(@ =1

Thus, Tr®(t,t}) = &y, for all z,y € W.



CHAPTER 3. HECKE ALGEBRAS AND THE KAZHDAN-LUSZTIG BASIS 43

Let A,B € J with A=} +ast, and B = EyeMN/ byty. Then

AB* = Z Z axby’yx7y717271tz.

ZEW z,yEW

Applying the trace and using Tr*>(t;t;) = 0., We have

Tr>*(AB*) = Z nd Z by Vo y—1.d

deD Lyew

- Z awbyznd%,y‘l,d
W deD

— Z agby Tr™ (1))
x,yEW

= Z by

zeW
= Tr>*(B*A)

as Tr*(tyty) = dpy = 0p-1,-1 = Tr*>(tt,). Therefore, Tr*™ is a trace functional and as

(A,A)> = Z azzu
weW
the bilinear form (-,-)*° is an inner product. As Tr*(t;t;) = d,, we have that (ty), g7 is an

ew
orthonomoral basis of *7,;,
For (3), let z,y,z € W. We have

o0
(toty, 1) = < Z 7x7y7w1tw,tz>
weWw
= Z 7:0,y,w*1<tw7tz>oo
wGW

= Vay,z—1

o
Similarly, we have that (t,,tit.) = <ty, > el '7x71,z7w71tw> = Yz-14,-1. The two are equal
since
Vo=l zy 1 = Vzytae—! = Vy=la=1z= Vayz1
bY Vayz = Vo111 (88 hay o = hy-1 -1 .1, by expanding (C.Cy)* = C;C} on either side)
and Yz > = Vy,2, Dy P7. The result follows by linear extension. O

The Plancherel Theorem gives a spectral decomposition of (-, -) (stated in (3.4.3])). We want
an analogue to this decomposition for the inner product (-, -)*° on Lusztig’s asymptotic algebra.
This decomposition is called the asymptotic Plancherel Theorem and was introduced by Guilhot
and Parkinson in [23], §8.3, §8.6] and [22] §7.3, §7.6]. See Section for this decomposition for
b= A,.



Chapter 4

Alcove paths

In [42] Ram defined alcove walks, a sequence of crossings between alcoves in A and describes
how these paths between alcoves are connected to the elements of the Berstein-Lusztig basis
{Xw | we W} of H. Ram explicitly described the multiplication between elements of this basis
with the standard basis {T,, | w € W} using positively folded alcove paths (positive in terms
of hyperplane orientation). In [23] and [22], Guilhot and Parkinson defined a J-analogue to
positively folded alcove paths for the cases when ® = G5 and ® = (5 respectively, and in each
case proved a J-analogue to the multiplication formula of Ram. In this chapter we describe
positively folded alcove paths and their J-analogue in preparation to prove the path formula
(the J-analogue of Rams multiplication formula) in Chapter [5| for any reduced root system .
Section describes the background including the definition of positively folded alcove paths,
the Berstein-Lusztig basis of H and the multiplication formula of Ram. In Section 4.2 we define
the J-analogue of positively folded alcove paths for general reduced ® as a sequence of crossings
between alcoves restricted to the fundamental J-alcove A; from Chapter These paths are
called J-folded alcove paths.

The multiplication formula for X, and T}, of Ram gives the multiplication as a sum, over
a set of positively folded paths, of Berstein-Lusztig elements with coefficients Q(p), dependent
on the positively folded path p. In Section we construct a J-analogue to Q(p) that will
be the coefficient in the path formula of Chapter where we will now sum over J-folded
alcove paths. First we construct a family of parameters v from the elements of ®;. With this
parameter family we define the new coefficient called the v-mass of a J-folded alcove path p,
denoted Qj,(p). The remainder of the section consists of stating and proving properties of v
and Q,(p). These properties will be used to construct a right H-module (Theorem and
to prove the J-analogue of Rams multiplication formula (Theorem in Chapter [5|

4.1 Positively folded alcove paths and the Berstein-Lusztig basis

In this section we introduce the notion of positively folded paths between alcoves of A, following
Rams alcove walk model in [42]. With the concept of alcove paths we then introduce the

Berstein-Lusztig presentation of H accompanied with the Berstein-Lusztig basis {X,, | w € W}
Finally, we explicitly describe the multiplication of X, T,, (u,w € W) in terms of positively
folded alcove paths.

Let W be as in Section with root system ®. Recall that Ay denotes the fundamental
alcove in the set of alcoves A (see Section [1.3]). In addition, recall the orientation notation

44
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between alcoves from Section For A, A" € A, the notation A~|" A’ dictates that A is on the
negative side and A’ is on the positive side of the hyperplane containing the shared panel of A
and A’.

Definition 4.1.1. Let @ = s;, sy, ... s;,0 be an expression for w € W (not necessarily reduced)
with o € ¥ and iy,...,4 € IU{0}. A positively folded alcove path of type W starting at vy € 1%
is a sequence p = (vg,v1,...,vp, ve0) where vy,...vp € W, satisfying the following conditions:
for 1 <k<lI

(1) v € {vp—1,v4—154,}, and
(2) if vp_1 = v then Uk,1A0+‘7Uk,187;kA0.

A positively folded path is a sequence of elements of W but can also be interpreted as a
sequence of alcoves. Let p = (vg,v1,...,vp, ve0) be a positively folded path, then
(voAg, v1 Ao, ..., v Ay, veoAp) is the corresponding alcove sequence where vi Ag is either adjacent
or equal to vp_1Ag for all 1 < k <. Due to this correspondence, we can visualise alcove paths
as a path of arrows between alcoves in A. To do so we define the following terms:

Let & = s;, ...s;,0 and let p = (vg,...,ve0) be a positively folded alcove path of type .
The index k € {1,2,...,1} is called

(1) a positive ig-crossing if v, = vg_1s;, and vg_1 4o~ |[TorAo,
(2) a negative i-crossing if vi, = vg_1s;, and vg_1Ag™T| vk Ao,
(3) an ig-fold if vy, = v—1 (in which case it is forced that vg_1Ag™ | vE—18i, Ao).

The corresponding arrows defined between alcoves are the following;:

— T ~ |+
(==
vp—140 | vk—15i, Ao vp—18i, A0 | vk—140 vp—18i, Ao | vp—140

positive ig-crossing ig-fold negative ig-crossing

With this notation, the path p can be visualised as a string of arrows, joined tip to tail,
between alcoves. Each arrow goes between vg_14¢ and v Ag for some 1 < k <.
For w,v € W, denote

P(w,v) = {all positively folded paths of type w starting at v},

dependent on the choice of expression W of w. -
From Section |1.2|recall the definitions of wt(w) and #(w) for w € W. We define the following
properties of a path p = (vg, v1,v2,...,vp,v0) € P(W,vp):

— the start of p is start(p) = vy.
— the end of p is end(p) = vyo.
— the length of p is 4.

— the coweight of p is wt(p) = wt(end(p)).
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— the final direction of p is 6(p) = O(end(p)).

For p € P(w,v) we notate the number of type i folds for each ¢ € I U {0} as f;(p). Then
define

f(p) = #(folds in p) = > _ fi(p).
=0

If f(p) =0 then p is a straight path.

Example 4.1.2. Two positively folded alcove paths are displayed in Figure for & = Go.
The green path p is of type W = $95150825052515251825815052515051825815¢0 starting at v = s957.
The path has f; =2, fo = 0 and fy = 1. Hence, f(p) = 3 and the length of p is 19. We have
wt(p) = 20y + 2y and 6(p) = s15951 2.

The blue path p’ is of type W = sps15251525082505251 starting at v' = e. As f(p') = 0 the
path is straight. We have that its length is 10, wt(p') = o and 6(p’) = 21.

—>
|

Figure 4.1: Two positively folded paths for W associated with ® = Ga

Let H be the extended Hecke algebra of W, as defined in Section Let @ = s;, ...8;,0
be an expression of w € W and let p = (e, 8;y, ..., i, - - - 8;,) be the straight alcove path of type
starting at e. Let €1,..., ¢, be the sequence such that

+1  if v Ao~ [Turdo,
€ = . 4—
-1 if ’Uk_le | ’UkAo.

IR )

This sequence corresponds to the sequence of the signs of the crossings in the straight path,
positive for a positive crossing and negative for a negative crossing. Define the element

Xy =TT, € H. (4.1.1)
This element does not depend on the chosen expression for w (see [19, Theorem 1.1.1]).

Example 4.1.3. Let w' = 50815251825052508251 € W as in Example for W associated
with ® = G3. Let H be the corresponding Hecke algebra, then

Xy = TOTETSTATSTETI TETOTE = Too Ty ' Ty, T, Toy Too Ty T V15, 5

Sp T S2 780 S2 7 S1 S0 81

where the sequence (€;)1<i<10 is the sequence of signs of the crossings in Figure
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By the relations of the affine Hecke algebra (3.1.1]), we have that X,, — Ty, is a linear com-
bination of terms T;, where v < w in the extended Bruhat order. Therefore, {X,, | w € W} is a
basis of H.

For v € P we set
X7 =X .

It is clear that X" X* = X#X7 = X7t for all v, u € P. By 1} we can decompose w € W
into w = tyy(w)0(w) with wt(w) € P and 6(w) € Wy. Therefore,

X = Xi 00wy = XV Xy = XMOIT L (4.1.2)

wt(w)e 6(w)—1

as tyi(w)Ao is on the positive side of each hyperplane through wt(w) and X, = Tu_,l1 for u € Wy.
Hence, we now have a basis {X, | w € W} = {X'YTu__l1 | v € P,u € Wy} of H that reflects

the semi-direct product definition of W, allowing us to again think in terms of translations and
finite components. This basis is called the Bernstein-Lusztig basis.
By [32], Proposition 3.6], for i € I and v € P we have

X7 — XY

TX7 = X+ (=0 ) T —ar

(4.1.3)

called the Bernstein-Lusztig relation. As s;y = v — (7, a;)a), we have

X7 — X5 XY — Xy X~ xv (] — x—(neied)

1— X 1— X~ 1— X~

and so, as (v, ;) € Z, the expression in 1) is in H.
The relations of H in the Bernstein-Lusztig basis are the Bernstein-Lusztig relation, X7 X* =
X7FH (for v, u € P) and the relations between the T, for u € Wy. These are

)

T? =T+ (qi —a; )T
TTT; - - - =T;T;T; - -+ (my; terms on each side)

for distinct ¢, j € I with m;; the order of s;s; in w.
As 59 = ty,vs,, and by (4.1.2), we have

Ty = X° T, . (4.1.4)

In the case of equal parameters, Ram showed that the combinatorics of positively folded
paths give a description of the transition matrix between the standard basis (Tyy),, . and the
Bernstein-Lusztig basis (see [42, Theorem 3.3]). In [23, Proposition 3.2] this idea was extended
to the unequal parameters case.

Proposition 4.1.4. [/2, Theorem 3.3/, [23, Proposition 3.2] Let w,u € W and let @ be a
reduced expression for w. Then

XouTy = Z Q(p)Xend(p) where Q(p) = H (qz - q:l)fl(p)
pEP(d,u) ieIu{0}
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Proof. We proceed via an increasing induction on the length of w. For w = e, we have

XTe= ) QW) Xenar) =X

pEP(Eu)

as required. Assume the statement is true for w € W. Let i € TU{0} such that {(ws;) = {(w)+1
Then

XuTws; = XuTuTo, = Y Q) Xend(p
PEP(W,u)

Consider a path p € P(

W, u). There are two cases:
(i) end(p)Ag~|Tend(p)s; Ao, or
)siA

(i7) end(p)Ap™| " end(p

In case (i), we have Xend(p)T : = Xend(p)s; = X, where pc;” is the concatenation of path p

end(pc )
with a positive crossing of type 1.

In case (ii), we have Xeyq(p)s, = end(p)Tgl. As Ty, = Ts_l_1 +(q; — q; ) we have
Xend(p)Tsi = “end(p)s; + (ql - q;l)Xend(P) = Xend(pci_) + (ql o q;l)Xend(pff)

where pc; is the concatenation of the path p with a negative crossing of type i and p ff is the
concatenation of the path p with a fold of type 1. O

4.2 J-folded alcove paths

In Definition we defined positively folded alcove paths in V' (between alcoves in A). In this
section we define folded paths restricted to the fundamental J-alcove (between alcoves in A ),
called J-folded paths. These J-folded paths are crucial in creating the J-analogue to Proposition

proved in Theorem [5.3.2
Let W7 be as defined in (2.3.2), and A; be as defined in Section
Definition 4.2.1. Let @ = s;, sy, - - - 5;,0 be an expression for w € W (not necessarily reduced)
with ¢ € ¥ and 4y,...i, € TU{0}. A J-folded alcove path of type w starting at vy € W is
a sequence p = (vg,v1,...,vs, ve0) where vy, ...,v, € WY, satisfying following conditions: for
1<k</?
(1) vi € {vp—1,vk—15: }

(2) if vg—1 = vy then either
(i) vk—18i, Ao C Ay and vg_1 Ag™t| " vg_18i, Ao, or
(ii) vg—18i, Ao € Ay
Path p has length ¢ and we define end(p) = vyo and start(p) = vy.

As for Definition a J-folded path can be interpreted as a sequence of alcoves, now with
the restriction that each alcove in the sequence is a subset of A;. For p = (vg,v1,..., v, ve0)
this sequence of alcoves is (voAo,...,ve0Ag) where vy Ag C Ay and v A is either adjacent or
equal to vp_1Ag for all 1 < k < £. So, we can again visualise these paths as a path of arrows
between alcoves. We define the following terms: the index k € {1,2,..., ¢} is called
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(1) a positive bounce if vg_15;, Ay € Ay and vp_1Ao™ | v_18i, Ao,
(2) a negative bounce if vi_1s;, Ao € Ay and vi_1 Ao~ |Tvg_184, Ao.

The corresponding arrows are

- + — +
-« —
vg—140 | vk—184, Ao vg—18i, Ao | vE-140
negative bounce positive bounce

The paths can be thought of as a string of arrows of the two types above along with the arrows
for positively folded alcove paths (Section .

For a bounce vy = vi_1 we say that index k occurs on the hyperplane separating vi_1 A and
Vg—15i, Aog. By Lemma a positive bounce k occurs on H,, o for some ¢ € J and a negative
bounce k occurs on Hy, 1 for some K € K(J).

For v € W/ and w € W, denote

Py(wW,v) = {all J-folded alcove paths of type w starting at v}.

If J =0 then W/ = W and Ay = V. In this case the J-folded alcove paths are the same as
the positively folded paths and so Pj(uw,v) = P(w,v) for all w,v € W.

Recall the definition of the set of pseudo-translations T ; from Let F be a fundamental
domain for the action of T; on WY/. It was shown in Corolla that /W is such a
fundamental domain. We will keep the definitions of this section for a general F as in some cases
a different fundamental domain can be easier to work with (an example of this is described in
[21, Section 6]). For each w € WY we have a unique decomposition

w=T,u Wwithy € PY) and u € F.
Define the coweight of w relative to F and the final direction of w relative to F by
wt(w,F) =~ and 6O(w,F)=u.

When F = /W we have wt(w, W) = wt(w) and 6(w, W) = 7 (w).
Let w € W and v € WY, for p € Py(w,v) we define the coweight of p relative to F and the
final direction of p relative to F as

wt(p, F) = wt(end(p),F) and 6(p,F) = 0(end(p),F). (4.2.1)

When F = /W, we notate wt(p) = wt(end(p)) (as in Section and 67 (p) = 07 (end(p)).

As for positively folded paths, for p € P;(w,v) we define fi(p) to be the number of folds of
type ¢ in path p and f(p) = > 1" fi(p). Also, as with positively folded paths, a J-folded path
p is called straight if f(p) = 0, noting that these straight J-folded alcove paths can still contain
bounces. For each o € CIJ(J]r we define

b (p) = #(positive bounces in p occurring on H, )
b, (p) = #(negative bounces in p occurring on Hy 1)
ba(p) = b (p) + b (p)-

o (P)

(
By Lemma b, (p) = 0 unless @ = g for some K € K(J) and b} (p) = 0 unless a = o;
for some ¢ € J.
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Example 4.2.2. Let W = 505152515250515251525150525150525051525052515251 € W with ® = Go
and J = {1}. Set v = 5251525152 and let p be the path in P, (w,v) depicted in Figure

(b) F = {e, s2, 05250, S05251, S052, S0 }

Figure 4.2: The J-folded alcove path for & = G2 with J = {1} and fundamental domain F

We have that fi(p) = 0, fo(p) = 1 and fo(p) = 1, so f(p) = 2. In addition, b}, (p) = 1
and by, (p) = 2, s0 by, (p) = 3. In Figure (a) we set the fundamental domain for the action
of Ty on W’ to be YW, depicted by dotted lines. With this fundamental domain we have
wt(p, 7W) = wy and O(p, ’W) = 07 (p) = s25152.

In Figure (b) we set the fundamental domain to be the set F = {e, s2, s05250, S05251, S0S2, S0 }
(again depicted with dotted lines). Now wt(p,F) = w; — we and 0(p, F) = sgsas;.

Example 4.2.3. Let ® = Ay and J = {1}. Let 0 € ¥ be defined by o(i) = (i + 1) mod 3.
Set F = ¥ = {e,0,0%} as the fundamental domain of the action of T; on W’. Figure
displays the fundamental J-alcove. The automorphism ¢ can be thought of as jumping to a
different sheet of alcoves, in which the types between the faces of the alcoves are acted on by
o~ L. That is, if between two alcoves of A we have a face of type i, the corresponding alcoves
in the sheet oA will have a type o~!(i) face between them (similarly for o2A with o=2(4)).
The three sheets restricted to the fundamental domain, Ay, oAy and o2Ay, are displayed in
Figure with the faces coloured red, blue and green for types 1, 0 and 2 respectively. A
path p € Ps(s250515052515081500, €) is displayed in A;. It can be seen in the diagram that
T 94, = $25183520°. Hence, we have that wt(p,F) = —2ws and 0(p,F) = 02. Now consider a
path p’ of type s152505251508280820 beginning at o (pictured in o.A; of the figure). We have
wt(p',F) = —2wy and 0(p/, F) = e. Finally, consider p” € P(sos1525150525152510,02%) displayed
in the 02 A sheet of the figure. In this case wt(p”’,F) = —2ws and 0(p"”,F) = o. All three paths
have one fold and two bounces, note that these bounces and the fold will be of different types

for each path (types corresponding to the colours at which they occur).
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.AJ O’.AJ O'2AJ

Figure 4.3: J-folded alcove path for & = Ay with J = {1}

Recall the definition of (/) from Definition There is a natural action of pseudo-
translations on J-folded alcove paths, described below.

Lemma 4.2.4. If p = (vo,v1,...,ve,v00) is a J-folded alcove path of type & = s;, --- s;,0 and
v e PY) then
Ty - = (Ty00, TyUL, - - . , TyVg, TyV¢O)

is a J-folded alcove path of type W, and folds are mapped to folds and bounces to bounces. For
any fundamental domain F we have

wt(7y - p, F) = (v + wt(p, )Y} and 0(z, -p,F) = 0(p,F).

Proof. As T; acts on W/ we have that TyV0, - - - TyUp, Ty Vg0 € W/. Let k be the index of a
bounce or a fold, so vy_1 = vx. We have that v,_;s;, Ag C A if and only if 7yv_15;, A9 C Ay
by the action of T;. Hence, if index k is a bounce in p then 7vx_15;, Ao € Ay and so 7 - p
has a bounce at index k. If £ is a fold in p then 7,vp_15;, A9 C A;. It remains to prove
that this fold is positively oriented, that is, 7 vg_1Ao"|”7yvg—15:, Ao. This is equivalent to
yy0(vi—1)AoT|Ty,0(vi—1)si, Ao as translations preserve orientation. As k is a fold in p we have
O(vi—1)AoT | 0(vk—1)si, Ao. By we have that o = 0(vg_1)a;, € ®+. As k is a fold and
not a bounce we have that o ¢ ®; and so, as y, € Wy, we have that y,a € ®*. By we
have that y,0(vk_1)Ao™ | yy0(vk_1)si, Ao as required. Therefore, 7., acting on p maps bounces
to bounces and folds to folds. The coweight and the final direction follow immediately from

Lemma 2.3.4] O]

If p € Py(w,v) for w € W and v € W, the associated J-straightened alcove path py
is the path obtained by straightening all the bounces of p (but not the folds). Formally, let
p = (v,v1,v9,...,v4v00) with bounces occurring at the indices 1 < k; < ka < --- < kp </
on the hyperplanes Hg, ,,,...,Hg, ,, with (1,...05, € <I>j and vy,...,v, € {0,1}. Write p =
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po - p1-p2---pr where po = (v,v1,..., VK1), Pj = (Vkjs -5 Vk; 1) for 1 < j < r —1, and
Pr = (Ukrv <y Uy ,UZU)' Then by =Do- (8,31,111])1) : (Sﬁhljl 552,1/2172) ot (851,I/1 e Sﬁr,l/TpT‘)'

Proposition 4.2.5. Let w € W and let i@ be any expression for w (not necessarily reduced).
Let v € WY and let p € Pj(w,v). The J-straightening map p — py is a bijection from P;(10,v)
to the set {p' € P(w,v) | p’ has no folds on hyperplanes Hy ) with o« € ®% and k € Z}.

Proof. First consider the effect of straightening a bounce. Let o € <I>}' be the root associated to
the hyperplane on which the bounce occurs. Let 8 € ®T\®; be the root associated with a wall
on which a later fold occurs. After straightening the bounce this fold will now occur on a wall
with associated linear root s,/3. As 3 ¢ ®; and as s, € W; we have that s,8 € ®T\®; (as s,
permutes the set ® ;). Therefore, the reflected fold will be positively oriented (see (1.3.1))) and
will not occur on a ® j-wall (that is, it will not occur on a hyperplane of type H,  with o € @
and k € Z). Therefore, p; € P(w,v) has no folds on the ® ;j-walls.

Now consider the reverse map. Let p’ € P(w,v) with no folds on ®j-walls. Let o € @}r
be the root associated to a crossing on a ®; wall and let 8 € ®T\®; be the root associated
with the wall of a future fold of p’. After removing the crossing and replacing it with a bounce,
the fold will occur on the wall associated with s,(3. Again we have s,3 € ®+T\®; and so it is
positively oriented. Applying this procedure to all ® j-wall crossings gives a path in Pj(w,v).

These operations are mutually inverse procedures, hence the bijection. ]

Example 4.2.6. Let p be the path depicted in Figure The J-straightening of p is depicted
in Figure 4.4

Figure 4.4: J-straightening of the path in Figure

Let @ = s;, - - - 54,0 be an expression of w € W. We define the associated reversed expression

by

rev(w) = s,-14, - - Sg-14,0
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If « is a reduced expression of w, then rev(w) is a reduced expression for w™?.

Let p = (vo,...,u,v0o) € Py(w,vg) with wt(p) = . The inverse alcove path is

-1 _ /-1 -1 —1 -1 -1
P —(77 VIO, Ty V10, ..., Ty V10, T, V00, T, vp).-

1

Roughly speaking, the involution p — p~" is given by “reading the path p backwards”.

Proposition 4.2.7. Let p € P(w,u) with 67 (p) = v and wt(p) = v. Then p~' is a J-folded
alcove path of type rev(wW) starting at v € YW with 07 (p~') = u and wt(p~1) = (—v)). More-
over, the map p — p~1 is a bijection from {p € P;(w,u) | 07 (p) = v} — {p € Py(rev(),v) |

0”7 (p) = u}.
Proof Let W= s, 8,0 and p = (vg,...,v,v0). Write p~! = (v),...,v],vjo71), and so
’Uk:T Ly_po for 1 < k < 1. We have that

U;ﬁ 111’;9 = (

T, Yr_p10)” 1(7'7_1vg_k0) = 0_1v[jk+1vg_ka €{L, 5513, )}
as vk ' € {e, s} by Deﬁmtlon Thus, p~! is a path of type rev (). We now show that
is J-folded.

By Definition we have that v, Ag € Ay. As cdAy = Ao and as 7.~ I preserves A; by
Corollary [2.4.6| we have v; Ag € A for all 1 <k <1 and so p~ L stays Wlthm Aj.

As 7" preserves the boundary of A, if (vk—1,vg) is a bounce in p then (v]_,, vg_k_H) is a
bounce in p~!. Thus to show that p~! is J-folded, it remains to prove that positive folds are
mapped to positive folds. Let (vg_1,vi) be a (necessarily positive) fold in p, so vx_1; = vi and
vg—1 40" Tvgp_18i, Ag. Thus v, = T;lvka = Tv_lvk_la and so v;_, Ag = T,Y_lvk_le. By Lemma
and Corollary [2.3.10{ we have 7.1 = )Y () With y .y € Wy Since vg_1s;, Ag C
A the hyperplane on which the fold in p occurs has associated linear root aw € ®T\® ;. Thus,
the hyperplane separating v]_, Ay and v{_ksgﬂikAo = 7y lvk,lsikaAo has associated linear
oot t(_ 1Yy & € OT\®; + Z6. Tt follows by 1’ that v]_, Ao™| " v]_gS,-1;, Ao and so
1

(V1_j»V1_jy1) is & positive fold in p~

Finally, as vj0 = 7yv we have v = v and as vjo~! = 7'7_11)0 = T(_y)(»u we have wt(p~!) =
(=y)) and 67 (p~') = u as required. It is clear that (p~')~' = p and so the map p + p~' is an
involution, and hence bijective. O

Example 4.2.8. Let p be the path shown in Figure The path p~! is depicted in Figure
It is clear in the figure that wt(p~') = w; — 3wy = (—wy)) and that p~! starts at 67 (p) = so5159
and ends at $951595159.
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Figure 4.5: The inverse alcove path to the path in Figure

4.3 J-parameter systems and path v-mass

In the formula for X,T,, in Proposition Q(p) is the coefficient of Xpq(,) when summing
over positively folded paths p. In this section we construct the J-analogue to Q(p), which will
become the coefficient term in the J-analogue of Proposition proved in Theorem
First, to ®;, we construct a family of parameters v called the J-parameter system. Using this
system of parameters we construct the J-analogue coefficient Q;,(p) for a J-folded path p. The
remainder of the section proves properties of v and Q,(p) which will be required in Chapter

Definition 4.3.1. For J C I, a J-parameter system is a family v = (v, )qce, such that;
(1) Vo = V33 if 6 € Wja,
(2) Vaj € {q]7 _qj_l}'

Note that we set vo, = 1 for all « ¢ ®;. If K € K(J) there are at most two root lengths in
®x. As K is connected, all roots of the same length are conjugate in Wg. By (1) of Definition
Vo = Vo for all o,/ € @y and vg = vgr for all §, 5" € P .

Example 4.3.2. Let ® = Ajp and J = {1,2,3,5,6,8,10}, depicted in the following diagram.
o C—o 9 —©——©

aq a2 ag Qg as Q6 ar ag Q9 @10

Let K € K(J). By (1) in Definition we have that v, = v for all a, @/ € Pg. The possible
J-parameter systems are characterised as follows:

Vo = Vg, € {ql,qfl} for all o € @y 53y

Vo = Vay € {q5,qg1} for all v € @5y
-1 -1

Vas € {98,9g  } and v, € {910,975 }
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Therefore, there are 2* = 16 distinct J-parameter systems.
Now let ® = Bg with J = {1,2,4,5,6}, depicted in the following diagram.

(651 (%) a3 (%] (675 (675

The connected component K = {1,2} of type ®x = As has v, = vq, for all @ € ®g. The
remaining connected component K’ = {4,5,6} of type ®x» = Bs has J-parameter system
values as follows:

Vo = Vg, for all o € Ok

Vo = Vg for all a € g .
Hence, there are 22 = 8 distinct J-parameter systems.

Definition 4.3.3. Let v = (Vo)aca, be a J-parameter system. The v-mass of a J-folded alcove

path p is
QJ,v(p) = H V(l;a(p) H (q; — qi—l)fi(p).

aE‘I’j 1eIU{0}

This definition will be fundamental in defining the J-analogue to Proposition IfJ=10
then the J-parameter system is vacuous and for a J-folded alcove path p we have Q;,(p) = Q(p)

where Q(p) is as in Proposition
Example 4.3.4. Let p be the path depicted in Figure [£.2] then

QJu(p) = Vi, (a2 — a3y (a0 —ap ")
with va, € {q1,97"}.
Recall the action of T jy on J-folded alcove paths, as described in Lemma [4.2.4, We now show
that Qjy(p) is invariant under this action.
Lemma 4.3.5. If p is a J-folded alcove path and v € PY) then Qiv(ty-p) = Qv(p).

Proof. Lemma showed that, under the action of T ;, bounces are mapped to bounces and
folds are mapped to folds. Let index k be a bounce (respectively fold) of type ir. The bounce
(respectively fold) at index k of 7, - p is of type o(iy) for some o € 3. By Convention we
have q,(;) = q; and the result follows. O

We extend the definition of a J-parameter system v = (vq)aca, to the affine root system as
such:

Voiks =Vo faedyandkeZ (4.3.1)
and voiks = 1 if o+ kd ¢ @5+ Z§. Recall from Section that the J-straightening of a path
pispy.

Proposition 4.3.6. Let p be a J-folded alcove path and let v = (Vo)aca, be a J-parameter
system. Then

Qiv(p) = QpJ) H VZO‘_"L(ng)
a—ksed+

where cq ) = #(crossing in p that occur on the hyperplane Hy i) and Q(-) is as in Proposi-
tion (note that the product has finitely many terms # 1).
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Proof. By Proposition under p — py folds are mapped to folds. Furthermore, the J-affine
Weyl group Wj‘ﬁ is type preserving, so i-folds are mapped to i-folds. This shows that

[ @-aH"@ =TI (@—aH"®) =)
1e{0}JI 1e{0}UI
It remains to prove that for p € P;(w,v) we have
I] vee® = I vl
acdh a—ksed+

Each crossing of a ®; 4+ Z4§ wall in ps corresponds to a bounce on a wall of Ay in p. If the
crossing occurs on the hyperplane Hg, for 3 € ®; then the bounce will occur on vHgy = Hg
for some v € W}H and 3’ € ®; with 8’ the linear root of v3. The result follows from Definition

4.3.1(1) and (4.3.1]). O

Recall the definition of the inverse alcove path of p, denoted p~!, from Section (before
Proposition [4.2.7]).

Proposition 4.3.7. If p is a J-folded alcove path, then Q;(p) = Qs(p~1).
Proof. As in the proof of Proposition m set W = s;, -+ 8,0, p= (vo,...,v,v0) and p~t =

(Vhy ..., vy, 007 Y) so v), = T,Y_lvl_ka for 1 < k < I. Assume that (vg_1,vx) is a bounce in
p, S0 vy = vg_1. Thus, v_, = valvka = T{lvk,la. Let « € ®; + ZJd be the affine root

associated to the hyperplane between v,_1 Ay and vi_15;Ag. The hyperplane between v;_, Ao
and Uf_ksrl(ik)AO = T;lvk_lsikaAo = Tlek_lsikAo has associated root

7',)/_106 = t(_,y)(J)y(_,y)(J)Oé € @J + Z(S

by Lemma and Corollary [2.3.10} since y_.y) € W;. By (4.3.1) and Definition we

have that v, = Vilg:

Now assume that (vgp_1,vg) is a positive fold in p. This positive fold is of type ix. The
corresponding fold (v;_,,vj_,,,) in p~!is of type o~ !(i). By Convention we have that
i = Gy(;)- Thus, Qs(p) = Qs(p~Y).

Let v = (Va)acd, be a J-parameter system. For v € P and y € W, define

vl = H v and  v(y) = H Vo (4.3.2)

ae@}' ac®(y)

Note that for v € PN VY we have v =1 as (y,a) =0 for all o € ®7.
To prove the J-analogue to Proposition 4.1.4] stated in Theorem [5.3.2] we will need the
following properties of v and v(y).

Lemma 4.3.8. Let v be a J-parameter system. If v € PY) and y € W then
v(yyy) = vv(y).

Proof. From the definition of v(-) we have

1 if a € ®(yy,)\O(y)
H VZQ) Where Oq = —]_ lf [V RS (I)(y)\q)(ny)
acot 0 otherwise.

v(yyy) _ Hae@(yyw) Va

V(y) Haé@(y) Vo B
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Recall that J(v) ={j € J | (7, ) # 0}, and so J\J(y) = {j € J | (7, ;) = 0}. It follows from
Lemma [2.2.4] that
1 ifylae ®7\® gy

wi= T viv @ = T v&= where o =3 —1 ifylae (—®)\®p 0
acd ac} 0 ifyla€ Py

By Lemma P(y,) = @}_\@J\J(V). For a € & we have

1 1

a € P(yy,)\?(y) <= vy o> 0and y;ly_ a<0
= ylacdy).
Furthermore,
a € d(y)\®(yy,) <= y 'a<0and y;lyfla >0
— —y laed(y,)
— ylac (—2\P 1\ s()-
Thus, 0, = o}, and the result follows. O]

2

Lemma 4.3.9. Let v be a J-parameter system, if j € J then v = Va, -

Proof. Let K € K(J) be the connected component with j € K. Let vy be the constant value of
vg for B € @k s and v; be the constant value of vg for 5 € ®x ;. Then, we have

v, v, Voo, Vo
vy — V((la] a) _ H vglj a) _ Via] PK>Vl<OéJ PK>’
aecbj aetb}*'{
where pg, p are as in Section The result follows from Lemma m O

Lemma 4.3.10. Let K € K(J) and let a € ®}; be a long root of @ (with all roots long if P

is simply-laced). Then v v(sq) ™! = Vq.

Proof. Let w = sj, ---5j, € Wk be of minimal length subject to wla = a;, for some k € K.

Let By = a and define Bi,...,0;, € ®x by B, = s5,8,—1 for 1 < r < /¢, and so By = ay. If
Br € @ then there exists 1 < r’ < r such that 8, = —aj,. As o, € @}2 there also exists
r <r” <{such that B,» = a;, and B_y = —a ,. Let w’ = sj,8j,---5;, 55, ---5j, be the
expression formed by removing s; , and s; , from w = sj, ---s;,. Then w'la = oy, contradicts
the minimality of w. Hence, B1,...,0; € q)}.

Since each S, is a long root of ®x we have (8Y_;,a;,) € {—1,0,1} (see [7, VI, §1, Proposi-
tion 8]). As B, € @} we have (8)_;,;,) =1 and so

57\/ = Sjr 7\"/71 = ;/71 - </81\”/717ajr>a;{a = 5;/4 - @}/T-
We claim that
VBXV(S@,)_I =vy, for0<r </

We argue by downward induction on r. Let r = £ then 8y = aj. By Lemma [4.3.9] we have

Voo
agy 1:Vo¢k

\ ag
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and the result follows as v(s;) = vq, and vq = vq, (by (1) of Definition 4.3.1)).
As B, = sj,Br—1 we have that sz, = s, 83,5, (with length adding). Hence, with 8Y_, =
BY + o, we have

Virv(sg, )Tt = VB V(s 86, 85,) 7L

By (L.1.1), ®(sj.55,5j,) = {aj,} Us;®(s5.) U{sj,5p.@j.} and by Definition 1), Vo, =
Vs. s 0, and vg = vy g for all € ®(F,). Hence,
JrSBr Qjr B ]7‘6

v(sj.58,85,) = V(sj.)*v(sp,) = Vi v(sg,).

Then , y
\% \ \
VIV ru(sg,s6,85,) 7 = VI Vv 2 v(sg ) T = v v (s, ) T
where the second equality follows from Lemma The result follows by induction. O

Lemma 4.3.11. Let v be a J-parameter system. If K € K(J) and y € Wy then

V() ey _ JVex  Hyex € g
V(YSer) V;}( if yox € —(I)}_.

Proof. The generators s; for i € K are commutative with all s; for j € J\K. Therefore, we can
write y = y'y, where y, € Wy, and ' € W;/Wj. Then

vy) _ Tlacaw)vallacog Ve _ Ilacawy Va

V(ysex)  Tlacaw) Vallocowrs,,) Vo Haco(s,,) Vo

and so we only need to consider y € Wg.

Let o € f. If yla # +og and y~'a € @} then (p),y 'a) € {0,1} by [7, VI, §1.8,
Proposition 25(iv)]. Then, since s, (v 'a) = y~la — (¢}, v 'a)pk, we have that y~la €
®(syy ) if and only if (o), y~'a) = 1. If y~'a € —®}. then the same argument follows with
—y ta and we have

1 ifytae P(spy)
(Pfoyla) =4 =1 ifyta e —B(s,y)
0  otherwise.

Let ¢ =1 when ypg € <I>;'( and € = —1 when ypg € —<I>}L(. Then,
1 ifyta e (spy)

v o
WPk — H Vng’y a>:v;K H ver  where o, =4¢ -1 ify~la € —P(syy)

acd} acd} 0  otherwise.

1

as <¢%)SOK> =2
On the other hand, as in the proof of Lemma we have

1 ifae ®(ysy,)\®(y)

V(YSpy ) / .
T;)K = H voe, where o, =14 -1 if a € ®(y)\P(ysy,)
acd} 0  otherwise.
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The results follows by:

1 1

a € D(ys, ) \®(y) <= y 'a€ ®) and s;}(y_loz € -0 = ylae D(syy,),
1

o€ @(y)\@(ysw{) — yila € —<I> and Se y = <I>+ =y o€ —P(spp)-

Lemma 4.3.12. Let w € W and i € 1 U{0}. Let u =6’ (w). Then

(05(w)) 1 if us; € WY
%vm(wsi)*m(w) = Vua; ifusi ¢ W oand wAg~|[Tws; Ag

Vaa,  ifusi ¢ W and wAgT|"ws; Ao.
Proof. The expression on the left hand side of the equation is invariant under replacing w with
tyw for any v € P, and orientation is preserved under translations. Therefore we can assume
without loss of generality that w € Wj.

So w = yu € Wy with y = 6;(w) and v = ”/(w). Suppose first that i € I. If us; € W’/
then us; € YW and so 07 (ws;) = us;, and hence 0;(ws;) = y. The result follows as wt(ws;) =
wt(w) = 0. If us; ¢ W’ then us; = sju for a unique j € J, and so 0;(ws;) = ys;. If
wAy~|Tws;Ag then l(ws;) = l(w) — 1 (as w € Wp) which implies that £(ys;) = ¢(y) — 1. On
the other hand, if wAy ™| ws;Ag then ¢(ws;) = ¢(w) + 1 which implies that ¢(ys;) = £(y) + 1
By we have ®(ys;) = ®(y) U{yay} if £(ys;) = L(y) + 1 and R(ys;) = P(y)\{ys;joy} if
U(ysj) = L(y) — 1. Thus, as wt(ws;) = wt(w) =0,

( ( )) W (wsi)—wt(w) _ V(y) _ V(y) — €

(GJ(ws,)) v(ys;) V)V, U™

where € = 1 if {(ws;) = l(w) + 1 and € = —1 if ¢(ws;) = ¢(w) — 1. By Definition 4.3.1(1) and
usju~t = s; we have that Vya; = Va; = Vuay and the result follows.

Suppose now that i = 0. If usg € W’ then tupvus, € W/ and so up¥ € PY). By
Corollary we then have 07(usg) = yu,v. Thus 07(wso) = yyu,v and so, with wt(wsg) =
yup”, we have

V(QJ(w)) th(wsi)—wt(w) _ V(y) Vyugov
V(GJ (’LUSZ')) V(yYUan)
and since up" € P(Y) the result follows by Lemma m

If usy ¢ W then the wall between udy and usgAg will be a ®j-wall. Therefore, uag €
by +76. As ag = —p + 6 we have that up € ¢ .

As wsg = tyupvySupu we have that wt(wsp) = we” = yup" and 07(wsp) = ysyu, (as
Sup € Wy as up € ®5). Thus,

9

v(6s(w)) yWHwss) —wi(w) _ v(y) Vyugov'

V(0. (wsi)) V(Y5ue)

By Lemma we have that up = ¢ for some K € K(J). Moreover wAg~ |TwspAg if and only
if we € @7, if and only if yup = ypx € @j. The result now follows from Lemma [4.3.11 U



Chapter 5

H-modules and the path formula

In Chapter [2| we introduced the fundamental J-alcove A; and its translation group T, and in
Chapter [ we defined paths that remain within this J-alcove, and for each such path we assigned a
v-mass. In this chapter we use these properties to construct finite dimensional H representations
(mgv, Mjy), for each J-parameter system with J C I, and develop a combinatorial formula for
finding their matrix entries, the path formula. In [23] Theorem 7.2] and [22] Theorem 4.3],
Parkinson and Guilhot constructed path formulas for types G2 and C'y; = By where the modules
were induced representations of H from 1-dimensional representations of Levi subalgebras. They
used these path formulas to prove Lusztig’s conjectures P1-P15 (see Section for the affine
cases Go and Cy by proving that the corresponding representations formed a balanced system
of cell representations. In this chapter, we; construct modules inspired by the work of Lusztig
[34] Lemma 4.7] and Deodhar [9, Corollary 2.3], prove a path formula for the matrix entries of
these representations, and prove that they are isomorphic to the representations of H induced
from particular 1-dimensional representations of Levi subalgebras (and thus, equivalent to the
representations of Parkinson and Guilhot in type G2 and C5). In Chapter |11| we show that these
representations form a balanced system of cell representations for ® = A,,. Furthermore, in
Chapter @] we use this combinatorial module to classify when (7, M;,) is a bounded matrix
representation of H.

In Section we define M, and prove that it is in fact a module of H. In Section m we
define Levi subalgebras associated to J C I and set up 1-dimensional representations of these
subalgebras. We then induce to a representation of H and show that the action of this induced
module agrees with the action defined for M;,. The path formula is proven in Section The
formula, in Theorem describes each matrix entry of m;, as a sum over J-folded alcove
paths with coefficients given by the v-mass of each path. Finally, in Section we prove the
irreducibility of the modules M, by exploring their weight spaces.

To motivate the construction of M, recall Lusztig’s periodic Hecke module M = @ aea RA
(from [34] §3.2]) with basis indexed by alcoves of A (see Section and H-action given by

ws; Ag if wAy~ | ws;Ag

ws; Ao + (q; — qi_l)on if wApt|"ws;Ag

for i € TU{0}. The construction of M, in Definition takes this combinatorial construction
and incorporates the action of T; on Ay, thus making the module finite dimensional.

60
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5.1 The module M;,

Let {¢; | i € I} be a family of commuting invertible indeterminants. For v = ) . ;a;w; € P
we write (7 = [];c; ¢. For J C I let Z; denote the ideal of the Laurent polynomial ring

R[{{iil | i € I'}] generated by Caﬂv —1for all j € J. Let ¢ = (¥ +Z;. In particular, note that
¢(J=1forallye Qs andso (] = C}(J) for all v € P. We write

R¢s] = RI{G i € 1}]/Z.

Recall from that we extend the J-parameter family from ® to d by Vatks = Vo for
a€®andkeZ Forue W andie IU {0} we denote u — us; as the crossing from uAj to
us;Ap (‘crossing’ in terms of paths, see Section . We now define a module M, motivated
by Lusztig’s periodic Hecke module but now incorporating the action of T; on Aj.

Definition 5.1.1. Let J C I and let v be a J-parameter system. Denote M ;, to be the module
over the ring R[(;] with basis {m, | u € W}, and for i € I U {0} and ¢ € ¥ we define

Q}Vt(usi)mgj(usi) if u — ws; is positive and us; € W/
m, - T; = C}Vt(usi)mgj(usi) + (q; — q;l)mu if u — us; is negative and us; € WY

Vaa, My if us; ¢ W/ (hence ua; € ® 5 + 7Z0)
m, T, = C}Vt(ua)mﬁ"(ua)'

We will show that the defined action in Definition extends to a right action of H on
Mj,. To do so we define a linear map @, : H — M, by linearly extending the definition

@ (Xw) = (vC) " (0 (w) " mg (5.1.1)

for w e W.
We will use the following lemma to prove Proposition [5.1.3

Lemma 5.1.2. Let w € W and i € {0} UI. Write u = 67 (w), and suppose that us; € W,
Then w — ws; is a positive crossing if and only if u — us; is a positive crossing.

Proof. Since us; € W/ we have ua; ¢ ®; + Z5. Suppose that w — ws; is positive, and so
wa; = —a+ kd € —PT + Z6 (recall (1.3.1)). Write w = tyyu with v = wt(w), y = 6;(w), and
u = 67 (w). Then

uoy; =y Mt (way) =y o (—a+ kd) € —yta + Z6.

As ua; ¢ @ + Z6 we have that y~'a ¢ ®;. Then, as y € W; we have o ¢ ®;. This implies
that y~'a € & as y € W cannot invert a root in ®+\® ;. Hence, u — us; is also positive.

Conversely, suppose that u — us; is positive. So uo; = —3 + ké with f € T, and since
us; € W’ we have 8 ¢ ®;. Then

woy = tyyuoy = ty(—yB + ko) € —yp + Z6,
and since 8 ¢ ®; and y € W; we have yf > 0, hence the result. ]
Proposition 5.1.3. Fori e IU{0} and o0 € ¥ we have
wyy(hT;) =wyy(h) - T; and wyy(hly) =wyy(h) Ty

for allh e H (with m - T; and m - T, as in Definition forme My, ).
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Proof. By linearity it is sufficient to prove that w,(X,T;) = wyv(Xy) - T; and @ (XyT,) =
@v(Xyp) Ty forallw e W, i€ TU{0} and o € X.

Consider the second formula. Let 4 € P be such that t,w € W7. Then 0(t,w) = 6(w) and
so by Corollary and Lemma we have

V(05 (w)) = V(0 (tuw)) = V(Yur(tu)) = V") = ),

As 04y = Ay we have that t,wo € W’ and a similar argument shows that v(0;(wo)) =
vHTWE(wo) Hence

VWt(wU)V(QJ(wO'))_l v P = th(w)V(QJ(w))—l.

Using this formula, along with the definition of @, , we have
@i (XuTy) = @ru(Xue) = (vCr) Yy (GJ(WU))_lmeJ( o)
= G ) 0 () g ),
On the other hand,
@y (Xw) - To = (VCJ)Wt(w) (6, (w))_lmeJ(w) Ty
zc}” 9 (vC ) (B (w )" Mg 97 (10)0)-

By Lemma M(3) wt(wo) = wt(w) + 07 (w)wt(0? (w)o). As 05(w) € W we have wt(wo) =
J
wt(w) + wt(8” (w)o) + v for some v € Q; and we have ¢WHwo)—wt(w) — th(e o) a5 ¢7 = 1.
Then, as 07 (07 (w)o) = 67 (wa), it follows that @, (XwT,) = @iy (Xw) - Ty
We now prove the first formula, @, (X,T;) = @ y(Xw) - T;. Write u = 67 (w). By Lemma
1.4.3(1) we have

07 (ws;) = 07 (65 (w)us;) = 07 (67 (05(w))us;) = 67 (us;).

Since T; = Ti_1 + (q; — qi_l) we have X, T; = Xy, if w — ws; is positive, and X,,T; =
Xuws; + (q; — q;l)Xw if w — ws; is negative. Thus,

(VCJ)Wt(wsi)VwJ(wsi))71me‘l(usi) ife=1

) = {(VCJ)Wt(wSi)V(HJ(wsz‘))_1m91(usz~) + (i — a; (V) (0 (w) Ty, if e = —1

where € € {—1, 1} is the sign of the crossing w — ws;.

We now compute wj,(Xy) - T;. There are various cases to consider. We first note the
following universal fact: by Lemmal[l.4.3|(3) wt(ws;) = wt(w)+0.;(w)wt(us;) = wt(w)+wt(us;)+
~ for some v € Q; as 0;(w) € YW and so (}”Sl = Cyt(w)cyt(usi) (as (J =1).

Case 1: Suppose that u — us; is positive and us; € W/. By Lemma w — ws; is then
necessarily positive. We have that

T, = (v¢) " v (0 (w)) " m, - T;
(VC) TG0 (1)) mgs s,

= i) v ) V(0 (w)) " mgs (s,

wJ,v(Xw) .

By Lemma [£.312]
VW05 () = vy (g (ws;)) (5.1.2)
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and the result, w,(Xy) - T; = wy(XyT;), follows.

Case 2: Suppose that u — us; is negative and us; € W”/. Then Lemma, gives that w — ws;
is also negative. We compute

7ZJ,V(AXvw) -T;

(V¢ (6, (w)) tmy, - T,

= (v¢) " (05 (w)) ™ [C}V““S”mw(w) + (q; — q; )my]

V(B ()¢ Mg ey + (VE) V(6 () (0 — g
and the result follows from .

Case 3: Suppose that us; ¢ W, Then we have

@y (Xw) - Ti = (V)" N (0 (w)) ™ Vo, ma.

If i € I, as us; ¢ WY there exists a unique j € J such that sju = us; and so 67 (us;) = u. If
© = 0 then usg = ty,vsu,u and as ua; € @5+ Z6 we have sy, € W; and so again Qj(usi) = u.
As us; ¢ W/, we have ua; € ®; + Z6. If u — us; is positive then this crossing occurs across a
hyperplane H,, 1 for some connected component K € K(J). As u € Wy, wt(us;) = ¢}, € Q..
If u — wus; is negative then this crossing occurs across a hyperplane H,, o for some j € J and
so wt(us;) = 0. In both cases we have Cyt(wsi) = Cyt(w)cyt(usi) = C}Vt(w)
of wjy(X,T;) from above becomes

. Thus the calculation

th(wsi)Cyt(w)v(HJ(wsi))_lmu ife=1

o) = { [vets) ¢y (05 (ws)) 1+ (g — a; ) (VE) N0 (w)) ] my, if e = —1,

where, as before, € is the sign of the crossing w — ws;.
For € = 1 we have w,(Xy) - T; = wyy(XyT;) as

V(0 (1)) i, = V(0 (wsi)) T

(3

by Lemma

Finally, consider € = —1. We claim that vy,a, — q; + qlfl = v;o{i. As v € 7W but us; ¢ W/
we have that either ua; = «; for some j € J or uoy = ¢ + 9 for some K € K(J). In the first
case, by Proposition we have that q; = q; and so vy, € {q, —qz-_l} and the claim holds.
In the latter case there exists k € K and y € Wy such that yai = ¢x. Thus, by Lemma [1.2.2
«; is conjugate to oy + 0 which is conjugate to ag. Thus, vy, € {ai, qi_l} and the claim also
holds in this case.

By Lemma 4.3.12] we have
V(0 (w)) v, = v (0 (ws;) T
and so

V50 (0, (w) Vua; = VN0, (w)) T (i, + (@ — ;7))
= vy (0 (ws)) T AN (E (W) - g

The required result, w sy (Xy,) - T; = wy(XwT;), follows. O
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Theorem 5.1.4. The action in Definition extends to a right action ofﬁ on the module
Mj,.

Proof. Tt is sufficient to check that the relations (for i,j € I U{0}, 0,0’ € %)
LTT;--- =T;T;T; - - - with m; ; terms on either side
T} =T+ (q—a; )T

T,T; = T, T
To'Ta’ = Tao"

are respected by the proposed action (where m; ; is the order of s;s; in W). First note that for
u € /W we have w;,(X,) = m, as wt(u) = 0 and 0, (u) = e. For the first relation (the braid
relation) we have

D XuTTYT ) = (- (g, - T) - T) - T3) - -+ )
(XTI LTy ) = (- (my - Ty) - T5) - Tj) - )

by Proposition The braid relation is then satisfied by the action as w (X, ;TiT; -+ ) =
@1 XTI ).

The remaining relations follow similarly: For Ti2 =T+ (¢ —q 1)Ti, as wyy is linear, we
have

= wJ,v(XuTe) + (Qi - qz'_l)wJ,v(Xu,Ti)
=y, - Te + (q - q_l)mu . Tz

For T,T; = T, ;) T; we have
(mu : TO’) T = wJ,v(XuTaT%) = wJ,v(XuTg(i)Ta) = (mu : Ta(i)) Ty
Lastly, for T,T, = T, we have

(mu : Ta) Ty = w],v(XuTaTa’) = wJ,V(XuTao—’) =my - Toor.

O
Corollary 5.1.5. The map w, : H — My, satisfies
wiy(hh') = wyy (k) - b for all h,h € H.
Proof. This is immediate from Theorem O

5.2 Levi subalgebras and induced representations

In this section we define Levi subalgebras, form H-modules induced from 1-dimensional repre-
sentations of these subalgebras and show that the induced representations are isomorphic to the
modules of the form M, constructed in Section In fact, we show that all representations
of H induced from 1-dimensional representations of Levi subalgebras can be linked to modules
of the form Mj,.
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The J-Levi subalgebra L; is the subalgebra of the extended Hecke algebra H generated by
T;,je€J,and X7, v € P.

Let @, be as in Section By Corollary we have that wj,(X,) = m, - X, for
all w € W. Particularly, we have m. - X7 = (v(;)"m, for all v € P and m, - Tj = v, ;m, for
all j € J. Therefore, R[(;|m,. is stable under the action of £; and we can construct a map
Yy Ly — R[] by

m.-h=1;,(h)m, forhe L.

Recall the definition of 7, and y, for v € P from Definition [2.3.1}

Proposition 5.2.1. We have the following.
(1) The map vy is a 1-dimensional representation of L.

(2) Ysu(Ty) = va, € {aj,—q; '} for all j € J.
(3) Yyu(Ty) = v(y) for ally € W.

(4) Y5u(X7) =Vv7() for all v € P.

(5) u(X) = thuu(T))%.

(6) Yyu(Ty,) =V for all v € pU),

(7) Yuu(Xr,) =] for ally € PV,

Proof. (2) and (4) were shown above (as v, € {qj,qj_l} by @ (1) follows from Corollary
as the relations between generators of £; will be satisfied by the action. For (3) let y =
iy 8iy - -+ 85, with 4; € J. Then, by the definition of the action we have m. T, = ngjgé Vo, Me.
As y € Wy we have that ®(y) = {ai,, Siy Qigy - Siy -+ Siy_ i, } (by ) and by Definition
4.3.1{(1) Vaj, = Vs; s;_ ;- Therefore

m, T, = H Vo Me = v(y)m,
1<j<e

and the result follows.
For (5), the Berstein relation (see 4.1.3|) gives that

TjX = X970 T+ (a; — a; 1) X

and so, as Tj_l =T, —(q; — qj_l)Te, we have Tj_lX‘*’J' = ij_aJvTj. By (1), this then implies

that 9, (X)) = ¥, (T))2.
(6) follows from (3) and the fact that v(y,) = v” (by Lemma setting y = e). For (7),

me - ‘XT'y - w(XT'y) = (VCJ)’YV(yW)ilmE = C}me
as vly) = V7. .

Lemma 5.2.2. Let K € K(J) and let o € @;} be a long root of @ (with all roots long if Pk
is simply-laced). Then wJ7V(X"‘vTS;1) =v,.

Proof. By (3) and (4) of Proposition we have
(XTI = v ¢ v(sa) L

The result follows by Lemma 4.3.10| and as Cf}‘v =1 (as € Dy). O
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From Section recall the definitions of W2 and its generating set {517 € Janr} = {55 |
JE€JYU{sup1 | K € K(J)}. For this generating set, we notate the corresponding elements of
‘H by ,
T)=T; and Tj, =X?kT,}

J SpK

for j € J and K € K(J) and denote the subalgebra of H generated by these elements as ’Hf}ﬁ.
By we have that H:’}H = Ike K(J) Hi}f where 7—[‘}”? is the affine Hecke algebra of type W?(ff.

As sy, € Wy for all K € K(J), we have that H3 is a subalgebra of L.

Corollary 5.2.3. The restriction of ¥z, to H?ﬁ 1s a 1-dimenstonal representation 0]07-@ff where

wJ,v(T]{) = Vaq; and @Z)J,V(TSK) = Vg
forjeJ and K € K(J).

Proof. This follows directly from the fact that Hf}ﬁ is a subalgebra of L ;, Proposition and
Lemma [5.2.2) O

Let &7y be the generator of the 1-dimensional £; module R[(;]{, such that

Eiv-h=v5u(h)Esy

for all h € L;. Notate B
Mf],v = Ind%J (WLV) = (R[CJKJ,V) ®Rc, H

to be the # module induced from R[¢],.

Proposition 5.2.4. The module M, has basis {7, ® Xy | u € w7},

Proof. Since {X,, | w € W} is a basis of H the set {&ve Xy |we W} spans M,

By for w € W we have X,, = X'YTu_,l1 where v = wt(w) and u = §(w). Furthermore,
letting u; = 0;(w) and us = 67 (w) we have

Ev® Xy =€y ® X”Tgl_ﬁ Tu—;l = wJ,V(X”T;;l)(sJ,V ® Xu,)

as X’YTu_,l1 € L. Thus M/, is spanned by {£;,® X, | u € W7}, and these elements are linearly
1 b
independent as {XVTvillTuill |ve P,ve Wy, uec W'} is a basis of H. dJ

Let (mjy, Mjy) denote the representation of H defined in Definition and (77, M} )

denote the representation of H induced from the 1-dimensional representation of £; with mul-
tiplicative character 1;,. We write [my (k)]s for the (u,v)-th entry (with u,v € W) of the
matrix 7, (h) with respect to the basis {m, | u € 7W}, similarly for (77 (P)]up with respect
to the basis {¢7, ® X, | u € /W}.

Theorem 5.2.5. We have M, = Miv. Moreover
[T (B)uw = [y (W)]uw  for all h € H and u,v € W,

where My, and M, are endowed with the bases {m, | u € W’} and {5, ® Xy, | u € W7}
respectively.
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Proof. We will show that the action of T; (i € I U{0}) and T, (o € X) on M, with respect to
the basis {7, ® X, | u € /W) agrees with the action defined in Definition First we will
consider the action of T,. As 0 Ay = Ay we have that uc € W”. Thus by Corollary [2.3.10| we
have that

(gJ,v ® Xu) o= §Jv ® Xyo = ng ® X, Twt ua>X6J wJV( Twt ua))é:]v ® XOJ(UU)

and the result follows by Proposition [5.2.1
Now we consider the action of T; with ¢ € I U {0}. There are three cases:

Case 1: Suppose that udo~|tus;Ag with us; € W/. As u — wus; is a positive crossing, by
definition X, T; = Xy, (see4.1.1)) and so

(gJ,v X Xu) : Tz = gJ,v ® Xuslw

For ¢ € I this gives the result. Consider ¢ = 0. By Corollarymwe have usg = th(USO)QJ (usp)
where wt(usg) = up". Hence,

§J,v ® Xuso §J5v ® XT \/XQJ (uso) — va( TupV )gJ,V ® X6’J(uso)

and @/JJ,\,(XTWV) = C}“Pv by Proposition [5.2.1| completes this case.

Case 2: Suppose that uAg™ | us;Ag with us; € W/, As u — us; is a negative crossing we have
XuTi_1 = Xys,. Therefore, as T; = Ti_1 + (q; — qi_l)T8
(Erv ® Xu) T = (Ern ® Xu) - T, 4 (g — 4 ) (€ © Xo)
= fJ,v b2y Xusi + (Qi - qz‘_l)fJ,v & Xu

If 4 € I the result is proved. If i = 0 then, as in the previous case,

v
€J,v ® Xuysy = C}]LW gJ,v ® XOJ(uso)

and the result is proved for this case.

Case 3: Suppose that us; ¢ WY, If i € I there exists a unique j € J such that sju = us;, the
crossing u — us; occurs across the hyperplane H,; o and v — us; is negative. Hence,

(fJ,v & Xu) . T = ng & Xusl + (Qi - _1)§Jv & Xu
va( )§JV®X + (QZ _qz )6J,v®Xu
= (Vaj +qi — qz‘ )gJ,v ® Xy
= Vaij,v ® Xy
and the result follows as uo; = o;.

If i = 0 then uag = ¢ + ¢ for some k € K(J) and u — wus; is positive. We have that
US) = Sppe1U = by Spu and so

XoTo = Xuso = Xt(P%szu = XSOKXs(pKu-
We claim that X, . = Ts;i{ X,. Let p be the straight path of type u from e to u where 4 is a
reduced expression. As u € Wy all crossings in p are negative. Then s, p is a path from s,
to Spu. Asu € W, path p does not cross any hyperplanes of the type H,j with a € <I>{J]r and
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keZ. As ®(s,,) C (ID}F, the negative crossings in p are mapped to negative crossings in s, p
(by (1.3.1])). Therefore, as s,, € Wy we have

Xoy ou=Xs, Xu=T," Xu.
K YK

SppU

Since ¢k is long in g, with Lemma [5.2.2] we have

€ @ Xy - To = €y @ XPKT ! X,

= wJ,v(X(va(Ts;; )SJ,V ® Xu
= chKSJ,v ® Xy
and the result follows from (4.3.1) and as uag = @ + 6. O

Remark 5.2.6. If J = (), then v is vacuous and (7, M ) is the principal series representation
of H over the ring R[ fﬂ, ..., with central character ¢ (note that (= forall y € P).

Remark 5.2.7. Up to specialising the ‘variables’ (; and extending scalars, all representations
of H induced from 1-dimensional representations of Levi subalgebras can be realised by the con-
struction given in Definition To see this let ¢ : L; — R’ be a 1-dimensional representation
of £; over an integral domain R’ that contains R. For o € ®; define v, = ¢(7};) when a € Wya;
for j € J. Furthermore, define z : P — R’ by 27 = v 7¢(X?) where v™7 is as in . The

relations of H (see 1) force (Tj) € {aj, —qj_l}. If a,8 € ®; are conjugate then there
exists some u € W such that us, = sgu. Thus,

P(u)(sa) = Y(sp)Y(u) = Y(sa) = P(sp)

and so v is a J-parameter system (see Definition . Furthermore, by Proposition and
as (J =1 for all v € Q; we have that 27 =1 for all v € Q.

After extending R’ to a ring R” if necessary, one can choose a specialisation ¢; — z; € R” such
that C} = 27 for all v € P. By Theorem we have that M, (created using the construction

in Definition |5.1.1]) specialises to Indg (1) (extending scalars if necessary).

5.3 The path formula

In this section we construct an explicit combinatorial formula for the matrix entries of 7z, :
H— M Jv- The formula is a sum over J-folded paths from Section of {7 terms, with path
v-mass coefficients (see Section . The formula is the culmination of Chapter [2) Chapter
Section |5.1{and Section We prove the formula for the basis {m,, | © € W} and then expand
to prove it for bases of the form Bf = {w;,(Xy) | v € F} where F is a fundamental domain for
the action of T; on W,

Recall from that (my, Mj,) denotes the representation of H defined in Definition
and, for h € H, [71v(h)]uw denotes the (u,v)-th entry of the matrix of 7;,(h) with respect to
the basis {m, | u € /W}.

We will need the following lemma to prove Theorem [5.3.2

Lemma 5.3.1. If a hyperplane H € H contains panels of type i and j then q; = q;.
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Proof. Let v,w € W such that vAg Nwvs;Ag and wAg N wsjAg are panels of H of type i and
j respectively. It is equivalent to instead consider the hyperplane, H’, that contains panels
Ap N s;Ag and uAg NusjAg where u = v~lw (applying v™! to v and w). In addition, we can
assume that eAg and wAy lie on the same side of H' (otherwise we could switch the roles of w
and ws;). Therefore, {(ws;) = ¢(w) + 1 and we are in the following situation:

H/
on ’U}SjAo

>

-

g

w

e

0 1410

Hence, ws; = s;w and so s; is conjugate to s; in W. The result follows by Proposition O

We now state the J-analogue of the multiplication formula of Ram, Proposition [£.1.4] This
Theorem is the main step to proving the path formula in Theorem [5.3.3

Theorem 5.3.2. Foru € W and w € W we have
wJ,v(XuTw) = Z QJ,v(p)wJ,v(Xend(p))a
pEPy (7177u)
where W is any reduced expression for w.

Proof. As in the proof of Proposition we will induct on ¢(w). For the base case let
¢(w) = 0, that is w = o for some o € X. There is only one path, denote it p. By Definition
Proposition [5.1.3[ and (5.1.1) we have

wJ,v(XuTcr) = w(Xu) Ty =my - T, = C}Vt(ua)ng(uo.)
Furthermore, by (5.1.1)) we have
wJ,v(Xend(p)) = wJ,v(Xua) = gy\t,(ug)VWt(ug)V(eJ(UO'))71m9.](u0)

and the base case result follows as v¥*(“yv(8;(uo)) "t = v¥* ¥y (0 (u)) ! by the proof of Propo-
sition and the fact that v** ®y(g;(u))™' =1 as u € 'W.
Suppose that k € I U {0} such that ¢(wsy) = ¢(w) + 1. By the inductive hypothesis

@iv(XuTws,) = @in(XuTwTk) = wiu(XuTw) - T = Z Qv (P)@1v (Xend(p) Th)-
pE'PJ(’u_f,u)

Let p € Pj(w,u) and v = end(p). There are 4 cases to consider for the crossing v — vs.

Case 1: Let vAy~|tvsiAp and vsy € W7. Then v — vsy, is positive and so X, T}, = Xvys,- Let
pcfcr be the path p concatenated with the positive crossing v — vs,. We have

QJ,V(pCZ») =Qyv(p) and end(pcz) = Vs
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and so,
QJ,v(p)wJ,V(XUTk) = QJN(pCZ_)vaV(Xend(pcz))
completing this case.

Case 2: Suppose vAgt| vspAg and vsy € W/, As v — vsy is negative we have Xos, = Xlegl
and so

Xka = Xvsk + (Qk - q;;l)Xv-
Let pc,, be the path p concatenated with the negative crossing v — vsy and pf;, be the path p

concatenated with a k-fold on the panel vAg N vsgAg. By the definition of the v-mass we have

QJ,v(pfk) = (Qk - qlgl)QJ,v(p) and QJ,v(pC];) = QJ,v(p)

and so,

QJ,v(p)wJ,v(Xka) = QJ,v(p)wJ,v(Xvsk) + (Qk - qk_l)QJ,v(p)wJ,v(Xv)
= QJ,v(pC];)wJ,v(Xend(pc;)) + QJ,v(pfk)wJ,v(Xend(pfk))

as end(pc, ) = vsy, and end(pfy) = v.

Case 3: Let vAo~|tvspAg and vs, ¢ WY/, By Lemma the panel vAg N vspAg is on a
hyperplane of type Hy, 1 with K € K(J). Then vsy = s, 1v, and as v — vsy, is positive we
have
v
XoTk = X'usk = thy(s¢KU = XYk X

Spp Ut

By a similar argument as in Case 3 of the proof of Theorem [5.2.5| we have that Xsz,, = TS;L X

(this time also noting that positive crossings of p are mapped to positive crossings of s, p’ where
p’ is a path from e to v of type ¥, reduced). Let pb,, be the path p concatenated with the

negative bounce occurring on H,, 1, then

Quv(Pbyy) = Ve Quv(p) and  end(pb,, ) =v.

As ¢k is long in @i and as X@XTS;; € Ly, Lemma gives

)
PYay(XPRTL (X))
)VSOK Wiy (Xyv)

f pb;K )vaV(Xend(p

).

b g )

Case 4: Let vAgt| wspAp and vsy ¢ W7, By Lemma the panel vAg N vspAg is on a
hyperplane H,, o for the unique j € J such that vsy = sjv. As v — vsy is a negative crossing
we have that X, T, = X5, + (qk —qk_l)Xv = X0+ (qr —qk_l)XU. We claim that X, = TsleU.
Let ¢ be a reduced expression of v and let p be the path of type ¥ from e to v. The reflection
of p in s, sjp, is a path from s; to s;v. As v € W, path p does not contain any crossings on
hyperplanes of type H,  for « € ®; and k € Z. Furthermore, as ®(s;) = {o;} C @j a negative
(respectively positive) crossing in p is mapped to a negative (respectively positive) crossing in
sjp (see ) Hence, X;p = X5, X, = Tj_lXU as s; € Wo.
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Let psz be the path p concatenated with the positive bounce occurring on Hy, o, then
QJ,v(psz) = Va; QJ,v(p) and end(pb;;) = .
Therefore, as Tj_1 € L we have

wJ,v(Xka:) = wJ,v(XSjv) + (ka - qlzl)wJ,v(Xv) = (@Z)J,V(Tj)_l + qr — qlzl)wJ,v(Xv)'

By Proposition and Lemma (as panels of type j and type k occur on H,, o) we have

T+ ae — gy = Vo, T ¢ — ¢ = Va,.

Hence,
QJ,V(p)wJ,v(XUTk) = Va; QJ,v(p)w(Xv) = QJ,v(pbgj)wJ,v<Xend(pb;j)'

The result follows by induction. O

Theorem 5.3.3. Let w € W. The matriz entries of myv(Tw) with respect to the basis {m,, |
u €W} are

(a3 (Tw) w0 = Z QJ,v(p)Cyt(p) for u,v € 7W,
{peP; (W,u) |67 (p)=v}

where W is any choice of reduced expression for w.

Proof. By Corollary [2.3.10[ and (4.1.2)) we have that

_ t -1 -1
Kend(p) = XV (p)Ty;&p) Tyspy-1-

Then by Theorem Proposition [5.2.1f and (5.1.1))

m, -1, = WJ,V(Xu) Ty = Z QJ,v(p)wJ,V(XWt(p)T_—ll T9;1(P)71)

pEP (1) )
= Z QJ,v(p)wJ,v(XWt(p)Till )7DJ,V(T97J1 71)
Ywi(p) )
pGPJ(lﬁ,u)
= > QJ,V(p)C}Vt(p)wJ,v(XGJ(p))
pEPJ(Iﬁ,u)
= > QJ(P)Cyt(p)meJ(p)
PEP ;(W,u)
as X"t T~ e £; completing the proof. O

Ywt(p)

It is sometimes useful to work with a different fundamental domain F for the action of T
onto W”. In the following proposition and theorem we will show that changing the fundamental
domain still gives a basis of M, and that the path formula still holds.

Proposition 5.3.4. IfF is a fundamental domain for the action of Ty on WY then
Br = {wu(X.) | u€F)

is a basis of Mj,.
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Proof. When F = /W the statement is true by the construction of M. Jv in Definition Novv
consider a general fundamental domain F for the action of Ty on W”. By Corollary and
as u € WY, for v € F we have u = th(u)ﬁj(u).

By Proposition and Proposition [5.1.3

wJ,v(Xu) = wJ,V(Xth(u)XW(U))
= Mg - XTWt(u) XHJ(U’)
= ¢ me - Xyoq,)

= }Vt(u)wJN (XQJ(U)>

and so, Bf is a basis of M, . O
Recall the definitions of 0(p, F) and wt(p, F) from (4.2.1]).

Theorem 5.3.5. Let F be a fundamental domain for the action of Ty on W7. With respect to
the basis B of My, from Proposztzon the matriz entries of my(Ty), with w € W, are

[WJ,V(TwHu,v = Z QJV( )CWt(p’ ) f07’ u,v € F7
{pePy(W,u) |6(p,F)=v}
where W is any choice of reduced expression for w.

Proof. As F is a fundamental domain of the action of T; on W/, for all u € F we can write
u = th(u)H‘] (u) (see Corollary [2.3.10). In addition, by the proof of Proposition we have
that wy,(X,) = Cyt(u)’w(]N(XgJ(u)). Changing bases in Theorem |5.3.3| gives

(775 (Tw) 0 = Z Qsu(p )th(p)ert( u)=wh(v)

{peP(@,07 (w))|0(p,” W)=07(v)}

) p—y

Using Lemma {4.2.4] and Lemma [4.3.5( we have that Q. (Twi() - p) = Quv(p) and CWt( i P
¢t wt@) _ W) 1y hen follows that

[7TJ,V (Tw)]u,v = Z QJ,V( )CJ (Twt(u)P)—wWt(v)
{peP; (07 (u))|6(p,” W)=07 (v)}

= Z ij(p)gyt(z’)—wt(v)
{peP; (w,u) | 0(p,F)=0v}

taking Ty(,) - p + p in the sum for the second equality. The result follows as wt(p, F) =
wt(p) — wt(v) when v = 0(p, F). O

Example 5.3.6. Let ® = G5 and J = {1}, s0o ®F = {a;}. Let L(s1) = a and L(s2) = L(sg) = b
and so by Definition the options for the J-parameter system are v,, € {q% —q %}. As
af = 2wy — 3wy, we have

RI¢/ =R GGG - 1).

By Example [2.3.12| the elements of P are of the form kwy + w; and kws for all k € Z.
Let 2 = ('3 + Ty = (G + Iy, and thus C§w2 = 2% and C§w2+w1 = 223 Consider
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W = 8$0825818281 € W and u = 5981525152. Figure displays the paths in the set Pj(w,u).
From these paths and Theorem we have

(a3 (Tw)]ue = (qb - qib)2V21272 + (9" — qia)Voqzi2
[T[-JN(TTU)]U752 = (qb - q_b)ngZ_z

[0 (Tu)lusosy = (@ = a7 "Way 272+ (a” = a7 ")vay
(773 (To) o152 = Vay 2

(775 (Tw)]us2515051 = [Taw (Tw)lu,s2s1505150 = 0

This gives the 6-th row of (7). Paths of type @ beginning at the remaining u € W can
similarly be found. The complete matrix of 7, (T},) is

' 0 0 Vo, 22 0 0 0]
(q* —q7%)z 0 (qb —q7 %z 0 Vo, 2 0
z 0 0 0 0 0
(" —qb)z"'+ a_ a—ay.—1 b —by,—1
— - - — q q T+ q°—q ")z "+ -
(qb —q b)gqa - 2 )+ ) (9* —q a)VmZ ! ( (qb _ qzb)Q 0 ((qb N ql’)v z71
(@* = q7)(a” —q7")vay 2~ .
(@® — q 7 O)va, 27+
(o _)qoqb) Vo, 2! 0 0 0 0
(a® —q )22 2724 b —by2 -2 (@" —q7")va, 272+
(@@ —q a)valz—Q (g q )Valz (qb _ q_b)Val Va2 0 0 |

Figure 5.1: The set Pj(s9s1525182, $251528182) for & = Gy and J = {1}
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Define a conjugation map conj : R[(;] — R[(;] by linearly extending conj(¢}) = ¢;”. We can
then define an anti-involution * on 7 J’V(ﬁ) by transposing the matrix 7, (h) and performing
conjugation entry-wise, where h € H. Recall that the usual anti-involution on H (defined in
Section is the R-linear extension of T, = T,,-1. The following lemma, that explains the
relation between the usual anti-involution and the anti-involution on our matrices, will be used
in Part [IIl

Lemma 5.3.7. For all h € H we have v (h*) =75 (h)*.

Proof. 1t is equivalent to prove m,(h) = ms,(h*)*, and it is sufficient to prove this for h = Ty,
with w € W. By Theorem m Proposition and Proposition we have

Tl = > QG = > Q).
{pEP(w,u)|07 (p)=v} {pEP (rev(w),v)(07 (p)=u}
and the latter sum equals [75,(T5)*|v,u- O

5.4 Intertwiners and the irreducibility of M,

In this final section of Chapter [5| we prove the irreducibility of the modules M, constructed
in Section by exploring their weight spaces. To do this we introduce intertwiners which are
rational expressions of Hecke algebra elements that have useful properties.

For each 1 < i < n define an intertwiner by

-1
q; — dq;
U, =T, - ﬁTe‘

Note that this is not an element of H. These elements are called intertwiners as they ‘intertwine’
the weight spaces of the H-modules (see Proposition .

Proposition 5.4.1. We have the following:
(1) For i,j € I such that (s;s;)™ = e we have that (U;U;)"™ = T., and hence the element
Uw = Uy, - - Uj, is independent of the chosen reduced expression w = s;, - --s;, € Wo.
(2) UpX? = X"U,, for allw € Wy and v € P.
o o(l-a72X ") (1-q;2X )
(3) U7 =q; 1-x"*)(1-x)
(4) If u,v € Wy then U,Uy = by (X )Uy,y for a rational function by, ,(X).

Proof. By (4.1.3]) we have
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(1) We prove the case when m = 2, the remaining cases follow similarly. Let (sisj)Q =e. As
U; X7 = X%7U; and as s;a) = oY we have

J J
=TT — qi— ;' T qa'—qj_lvTiJr (9 —a; ) (a —a; ")

T-Xx—o 1o x T (1-x )1 - X

As T;T; = T;T; we have that U;U; = U;U; as required.
(2) follows from induction on ¢(w) using (1) and the fact that U; X7 = X*U;.
For (3), as T? = T. + (q; — q; })T; by (3.1.1)), we have

UZ:UZ'<T¢— Qi—qi—1>

1— X
-1 -1 —1)2
3 qi —q; q; —q; (9 —q; )
— T 4+ (q —q HT — LT, — LT + :
et e ) ey T T Ty T S ey (1= X

(1=X")1=X*)+(q—q; )
(1—X)(1-Xx)
(9 —a; (1= X ) (1= X)) — (1= X ) — (1 = X*))T,

(1— X~ (1 - Xx)

+

(af = X)) (1 — g X))

(1-XxX")1—-X)

(4) follows by induction on ¢(v). For v = e the result is clear as
U,Uc = U,
by (1). Assume that v = v’s with v > v/, so
UuUy = UyUyUs = by (X) Uy Us

by (1) and the inductive hypothesis. There are two cases. If uv's > uv’ then Uy, Us = Uy, and
the result follows. On the other hand, if uv's < uv’, let w be such that uv’ = ws and ws > w.
Then Uy Us = UysUs = U, U2 and the result follows from (3) and (2). O

Recall from Section that for all o € <AI;, o = q; if o € Wai . The following important
theorem will be used in Part [l

Theorem 5.4.2. For J C I we have

1-— q/g2X_f8v

_ -1.J J -
Cw, = Qu, Z Au Co(X)Uy  where  c,(X) = H ——

weWy Be®T\®(w)

Proof. By the definition of U,, we have that U,, = T\, + lower terms (lower than w in terms of
the Bruhat order). This triangularity implies that Cw, = > ey, aw(X)Uy where a,,(X) are
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rational functions with a,,, = 1, and the expression is unique. We have that Cy, T} = q,;Cy,
(see Section [3.2)). Therefore,

-1
q; —4q;
Gty = (qﬂ‘ - 1_X>

weW s
v
q; X% —q; ' X%
D I
weW 1-X"
1-— q;2X°‘J
= Z aw(X)quw pnY;
weW 1—-X"
1— quZXwoc}/
= Z aw(X)qj waY Uw
weW 1 X

by Proposition [5.4.1(2).
On the other hand, by Proposition 3) we have

Cu,Uj = > aw(X)UuU;

weWy
= > aX)UuUj+ Y aw(X)UuU;
weWy weW;
ws;<w ws; >w
% v
(1—q72X 7% )(1 — q72X")
= Z q?avsj (X) J — JWv U, + Z ays; (X)Uy
veW (1 -X ’ )(1 - X ) veWy
VS > vs;<v

by substituting v = ws; in the third equality. Comparing coefficients, for vs; < v we have

1— qj—QXvaJV
0 = a0
For w € Wy we can write w = wys;, ---s;; with i1,...,4; € J and ¢(w) = {(wy) — k. Then,

using the above recursion, we have that

) 1 — q—QX—chV
— «
0 (X) = au, 0w, () [[ =50
(07
where the sum is over o € {avy, 8iy iy, -+, Siy *+* Si,_, i b = ®(w™wy) and where g, = q;, for

Q= S 84,0y

The result is true if w®(w™'wy) = @1\ @(w). If a € @7\®(w) then w'a > 0 and so
wyww ta < 0 as ®(wy) = ®F. On the other hand, if « € w®(w lwy) C ®; then there exists
B € ®(wwy) such that & = wf and wywB < 0. As ®(w;) = @} we have wf > 0, and the
proof is complete as w™lwpB > 0. O
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For each 1 < i < n we define a normalisation of U; by
U= (1= X" — (qi —q; )T

This element is now in H. By similar arguments to the proof of Proposition we have the
following properties:
(1) U, =Uj, -+~ U] is independent of the chosen reduced expression of w = s;, - -+ s;, € Wo.
(2) U = qf(1 - q; *X~*)(1 — g 2X).
(3) U, X7 = X"U,, for all w € Wy and v € P.

We will require the following lemma to prove, in Proposition that we can construct a
basis of M, from these normalised intertwiners.

Lemma 5.4.3. If « € ®\® then 15, (X*) ¢ R.

Proof. For a € @, if 17, (X)) = (v¢;)® € R then ¢ = 1 and so (aV)’ = 0. This implies
that o € Vy and so o € ® ;. O

Proposition 5.4.4. The module My, has basis {w;,(U.) | u € 7W}.
Proof. Let u = s;, - - s;, be a reduced expression for v € Wy. By (4.1.3)) we have
Ul = (1— X 0T, (1 — X %2)Ty, -+ (1 — X )T}, + lower terms
=(1- X7 (1 - X_Silo‘ivz) (1 - X TS % )T, + lower terms

= [ H (1-— X_av)] T, + lower terms,
a€P(u)

where ‘lower terms’ refers to a linear combination of terms p,(X)T, where v < u in the Bruhat
preorder and p,(X) is a function of X. In addition, we have T,, = X,,+ lower terms, where lower
terms refers to R-linear combinations of X, for v < u. By we have that wj,(X,) =m,
for all w € /W and so, for u € /W we have

w v (U),) = [ H (1-— @Z)J,V(XO‘V)_I)] m,, + lower terms. (5.4.1)
acd(u)

By Lemma ®s(u) = 0 for u € 7W. Therefore, by Lemma w‘]’\,(Xav) # 1 for all
a € ®(u). Hence, the coefficient of m,, in (5.4.1)) does not vanish, and the result follows as

{m, | u € 7W} is a basis of M, by definition. O

Remark 5.4.5. We can extend the definition of @, so that

1 1
w = m
e (1 - X—a¥> L= (X )

for 1 <i<mn. As 1— X~ does not act by zero on M ;, we can consider {w,(Uy,) | u € TW1 as
a ‘basis’ of M, where we now extend scalars to rational functions of (;. We make the following
comments about 7, with respect to the basis B’ = {w;,(U,) | u € "W} (similar comments can
be made about the representation with respect to the normalised basis {w,(U) | u € 7W}).

We notate 7y (h; B') for the matrix representation of h € H with respect to basis B'.
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(1) the matrix of 7, (X7; B') is diagonal for all v € P, with entries ¢, (X"7) = v*7(}” for
uew.

(2) the matrix for 7, (Uy; B’), for w € Wy, has at most one non-zero entry in each row and
column. Specifically, if u € 7W and w € Wy then the u-th row of m;,(Uy; B') is zero if
uw ¢ 7W and has an entry only in the uw-th column if uw € 7W.

The first comment follows directly from Proposition (2) For the second comment, first
note that as ¢,(Tj) = vq, and @Z)J,V(XO‘JV) = vij for j € J (by Proposition [5.2.1) we have
that 1;,(U;) = 0 for all j € J. This then implies that w,,(Uy,) - Uy = 0 for ¢ € I such
that us; ¢ TW as sju = us; for a unique j € J. If us; € JW then when us; > u we have
wiv(Uy) - Us, = wyy(Uys;) and when us; < u we have

wJ,V(UU) Ui = wJ7V<Uusz- Uz'2) = ¢J,v(Uz'2)wJ,V(Uusz->-

Result (2) then follows by induction on the length of w and by Lemma Note that this
result implies that x;,(Uy) = 0 if w # e where x jy is the character of 7.

The following proposition gives the decomposition of M, into weight spaces.

Proposition 5.4.6. Let J C I and let v be a J-parameter system. For u € Wy let
M,={me M;, | m-X"=1v;,(X)m for all v € P}.

(1) If u,us; € W7 then the map U, : My, — My, with U!(m) = m - U/ is bijective.
(2) For u € W7 we have M, = {rw,,(U!) | v € R[(;]}, and

My = P M.
ueWwJ

Proof. (1) For u € Wy let z, : P — R[(;] be the map 2z = ¢;,(X*7). Then z, = 2“7 with
2z = Z.. With this notation we have that

M,={meM;,|m-X"=z/m=2"m for all y € P}.

For any u € Wy and i € I, if m € M, then as U, X7 = X"U, for all w € Wy and v € P we
have that
(m-U)X" = (m- XU} = 27 (m - U) = 2, (m - U)),

and so m - U; € M,,,. Similarly, if m € M,,, then
(m-U) X" = (m- XU} = 2z (m - Uj) = 2 (m - ),
and so m - U; € M,. Therefore, we can define operators 0{ : M, — M,s, and Uz’ : Mys, — M,

such that Ul’(m) =m - U;. Thus Ul’z : M, — M, with

0 (m) = m - U2 = q2(1 — q; 227" ) (1 — g; 22" )m.

If zuo £ qij[2 then the operators Ul’ : My, — My, and f]l’ : Mys, — M, are bijective. By Lemma
when u, us; € /W we have 2% ¢ R as uo; ¢ ®; and (1) follows.
(2) For u € YW, v € P and r € R[(;] we have

rwyy(Uy) - XY = 1wy (XU = ripy (X" )wy(U),) € M,
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and so {rwy(Uy) | 7 € R[(s]} € M,. Therefore, by Proposition [5.4.4 the weight spaces M, (for
u € W) span My,. Thus, to prove (2) it is sufficient to show that each M, is distinct, meaning
M, = M,, forces u; = ug for uy,us € TW.

Let uy,us € YW with M,, = M,,. This implies that 1, (X*17) = 1), (X427) for all v € P,
which then gives that 1;,(X*177"27) = 1 for all v € P. Replacing v with u; 1y we have
¢J7V(X“1“2717_7) =1 for all ¥ € P. This then implies that (uluglfy —v)7 =0 for all ¥ € P, and
80 ujuy 'y € v+ Vj for all y € P. Setting v = a” we have that uju, 'aV € ®Y for all ¥ € &Y.
Therefore, ulugl € Wy and so u1 € Wyug. As ui,us € YW, this forces u; = ug as required. [

Corollary 5.4.7. Let J C I and let v be a J-parameter system. The representation (7, My )
1s irreducible.

Proof. Let N be a nonzero H-invariant submodule of M, Jv- As N is H-invariant it is also
invariant under the action of the elements X7 for v € P. Thus N is also a module of the
commutative algebra spanned by {X7 | v € P}, and thus N contains a simple module of this
algebra. As all representations of commutative algebras are 1-dimensional, there exists v € N
such that v- X7 is equal to a multiple of v. Hence, by Proposition (2), there is some u € YW
such that N N M, # 0. Since M, is 1-dimensional we have M,, C N and as N is H invariant,
m - U/ € N for all i € I. Thus, My, C N for all i € I by Proposition [5.4.6(1) which forces
N = M, as required. O



Chapter 6

Boundedness and aj,

Recall from Section that a matrix representation 7 is bounded if, for all w € W, the degree
of q in all entries of the matrix m(7,,) are bounded. In this chapter we determine when the
representations of H defined in Chapter [5| are bounded. That is, we give a complete classifica-
tion of the J-parameter systems such that (7, M) is bounded, noting any restrictions on
parameters. In addition, we give a conjectural formula for Lusztig’s a-function on the elements
w € W whose matrix 7, (T3,) realises the highest q degree, inspired by the Plancherel formula
of Opdam [40] (defined in Section [3.4).

The classification of bounded representations is given in Section [6.1] Theorem de-
termines that boundedness of (mj,,M;,) is equivalent to boundedness of an associated 1-
dimensional representation of H3ff, and Proposition classifies all bounded 1-dimensional
representations. Thus, Theorem with Proposition [6.1.5] gives the full classification. Also
in this section, it is conjectured that the set of elements of W who realise our matrix bound is
contained within a two-sided Kazhdan-Lusztig cell of W and that the matrix bound is equal to
Lusztig’s a-function for these elements.

In Section @ it was shown that the canonical trace of H when restricted to elements of
Ho decomposes as a sum of characters of irreducible representations of Hg, with coefficients
related to Lusztig’s a-function. In Section [6.2] we form a conjectural expression for Lusztig’s a-
function using the decomposition of the trace for elements of H, the Plancherel formula (defined
in Section . The remainder of this section proves links between our conjectural bound and
the conjectures made in Section and proves that the conjectures hold for all H of rank 2 and
3 and for all H when J = 0.

6.1 Classification of boundedness

Let H be the extended affine Hecke algebra associated to the root system ® with weight function
L, as defined in Section m Denote (mjy, Mjy,Bsy,) to be the matrix representation of H
defined in Chapterwhere Biyw = {wsv(Xy) | u €W} ={m, | u € /W}. Recall from Section
that a matrix representation 7 :  — M with basis B is called bounded if deg([m(Tw)]uw)
is bounded from above for all w € W and u,v € B. In this section we classify the J-parameter
systems such that our representation (7, Mjy,Bsy) is bounded and give some conjectures
about the minimal bound value.

Recall from Section that the bound of (7, M., By ) is denoted ar MB,,, and the set

80
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of elements recognised by this representation is denoted I'z; i, B T The following example
describes the bound and cell recognised for the most well known case.

Example 6.1.1. If J = ) then (mg,, My, Bw) = (7, M, B) is the principle series representation
(see Remark [5.2.6). By [23, Lemma 6.2] we have that deg Q(p) < L(wp) for all positively folded
paths p of reduced type. Thus, by Theorem [5.3.5] (w, M, B) is bounded with bound L(wy).

For each v € P let W, = {w € w | w-~v = ~} be the stabiliser of 7 in W and let Wy
be the longest element of W,. Let Py C P be such that v € Fp if and only if W, = Wj and
L(wy) = L(wp). By an analysis similar to the proof of [23, Theorem 6.6] the elements of W
recognised by 7 are

F:{wEW|w:w1-ww-w2, wl,QUQEW,PyEPO}

where the notation u - v means uv such that ¢(uv) = ¢(u) + £(v). We give a brief explanation of
why this is the case (see [23, Theorem 6.6] for a more concrete explanation). If w € W such that
[7(Tw)]u,n has degree L(wp) for some w,v € B then there exists a path p € P(w,u) whose path
v-mass has degree L(wg) (where & is reduced). This then implies that the straight path from u
to uw of type w crosses every hyperplane direction and so uw lies in the anti-dominant sector
based at some v € Fy. Thus there exists a reduced expression of w of the form u ¢, - Wy - v for
some v € W sow € T. Conversely, if w = wy -w, -wy € I' for some v € Py and wy, w2 € W then,
as the lengths are increasing, there exists some u € B such that there exists a path beginning
at the alcove uwi; Ag of type wy that is all folds. This path concatenated with the straight path
from wwiw, to uwiw,wy of type wh has degree L(wp), and so the result follows from Theorem

b33

Let F and F' be fundamental domains for the action of T; onto WY (see Section for
the definitions of T; and WY ). Recall that Bf and B/ are bases of M, by Proposition
By Remark (mjv, My, Bg) is bounded if and only if (7;y, My, Bg/) is bounded. The
connection between the boundedness of these two representations is stronger than this, as shown
in the following proposition.

Proposition 6.1.2. Let F and F' be fundamental domains for the action of T; on W7 such that
the associated matrixz representations, (wyy, Mjy,Bg) and (7;y, My, Bg), are bounded. Then
these matriz representations have the same bound, and recognise the same cell.

Proof. Let u € F. By Corollary 2.3.10L we have the following decomposition u = th(u)ﬁ‘] (u).

By Proposition [5.2.1f and (5.1.1) we have w(X,) = C ng (v)- Therefore, the change of
basis matrix from Bf to By, is a monomial matrix with entries independent of q. This forces

Ar; . Myy,Be = Aryy, My, ,Be and FT(J,VvMJ,VvBF = FWJ,WMJ,WBF/ as required. O

By Proposition the bound is independent on the chosen fundamental domain F. Hence,
we can simplify notation to

ajv = ar;,,Mj,,Br and I'y, = Fﬂ-J,VvMJ,VvBF

for all fundamental domains F for the action of T; on W.

Remark 6.1.3. The main motivation behind the path formula (Theorem [5.3.3)) was to un-
derstand boundedness for the (7, M,) representations combinatorially. In [23] and [22] the
J-folded alcove paths were effectively used to determine boundedness and the bounds for these
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representations. However, things become more complicated when advancing beyond rank 3
Hecke algebras.

If the J-folded alcove paths v-mass degree was bounded from above then Theorem [5.3.3
would immediately give boundedness. Stated explicitly, for @ € W reduced and all u,v € /W,
if there exists some N > 0 such that deg Q;,(p) < N for all p € P,(w,u) with 0/(p) = v
then, by Theorem the degree of the matrix entries of 7, (7,,) are bounded. However, the
reverse direction is more subtle and complicates the theory. If the degree of the matrix entries
of m;,(Ty) are bounded by aj,, it is not true that the J-folded alcove paths of type  are also
bounded by aj,, since there may be cancellations.

For example, let & = Ag and J = {1}. Let v be the J-parameter system such that v, = —q~
where g = q1. Consider wg, the longest element of Wy, with set reduced expression wy = 323123
(writting 7 instead of s;). The following is all paths within the set {p € P;(wp,e) | 67 (p) = e},
their relative v-masses and their degrees (i denoting a fold and 4 denoting a bounce):

1

p1 = 323123 Qiv(p) =—q ' (a—q7')° deg(Quv(p1)) =4
po = 323123 Qu(p2) = (@—q ) deg(Quv(p2)) =4
ps = 323123 Qsv(ps) =—q (a—q")? deg(Qv(p3)) =2
pa = 323123 Qv(ps) =—q ' (@—q")° deg(Q.s(ps)) =2
ps = 323123 Qiv(ps) =(@—a ')’ deg(Qyv(ps)) = 2

By Theorem [5.3.3| we then have

5
[T‘-J,V(TWO)]Q,G = Z QJ,v(pi) = q_4(q - q—1)2’
=1

which has a degree of —2. It is well known that a;, = ¢(wy) = 3 with J' = {1, 2}. Therefore,
the maximal degree of the paths is above both the degree of the matrix entry but also the max-
imal degree bound for the representation 7;,. In the sum the leading q terms have cancelled.
In the lower dimensional cases these cancellations can be controlled (see [23] and [22]). How-
ever as the rank increases the cancellations become more difficult to deal with. Understanding
these cancellations in a general sense would greatly increase understanding of boundedness, and
thus could lead to a better understanding of the cell recognised by these representations (with
implications in Kazhdan-Lusztig theory as can be seen in [23] and [22]).

The cancellations mentioned in Remark [6.1.3] make it difficult to determine az, combina-
torially with paths. However, paths and the path formula can still be used to make useful
comments on boundedness. In Theorem [6.1.4] we classify the J-parameter systems for which the
corresponding representation 7z, is bounded.

Recall the definition of ”Hiﬁ, from Section as the subalgebra of H generated by {Tj | j €
J}U {XW%TS;L | K € K(J)}. By Corollary we have that v, restricts to a 1-dimensional

representation of H?ﬁ.

Theorem 6.1.4. Let v be a weighted J-parameter system. The following are equivalent.
(1) The representation (., Mjy) is bounded.

(2) We have degv? <0 for all v € PT.

(3) We have degv¥i <0 for all j € J.

(4) We have degv®Y <0 for all v € P and allu € W,

(5) The associated 1-dimensional representation ¢, of Hf}ﬂ is bounded.
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(6) There is a uniform bound deg Q;y(p) < N for all J-folded alcove paths of reduced type.

Proof. First note that, by Remark if w7, is bounded for one basis it is bounded for all
bases. In this proof we will use both B,y and the basis described in Proposition

(1)=(2). Assume (7, M;,) is bounded. Let v € PT, by Proposition
7= wJ,V(X’Y)me - V'YC}/me

and so [m7y(X7)]ee = VI¢]. It is then forced that degv? < 0 as otherwise [my(X™7)]c . =
vV 7({,\77 would be unbounded for N € N.
(2)=(3) asw; € Pt for all j € J.

(3)=(4). By the definition of v*7 (see (4.3.2)), the fact that a = ) . ;(w;i,a)a; and as
v@i =1 for i € I\J we have that

v — H u% H Zzel wy,{(wi,a)a) H Zzel Wi, (uy,a)

acd’ acd? acdt
_H H Vuvaz (wi,ar) Hvuv,az w; _HVU%QJw
iel a€<1>+ iel jeJ

If u € /W we have that u='a € @ for all @ € ®F by Lemma Therefore, (uy,a) =
(y,u"ta) >0 forally € P*,u € /W and a € <I>}r. Thus degv*Y < 0 as degv¥i < 0 foralli € I.

(4)=(1). Assume degv*? <0 for all v € PT and u € /W. For v € P*, denote m, to be
the unique minimal length element of Wyt,Wy. We can write t, = m,w, where w, € Wy such

that £(t,) = ¢(my) + ¢(w,). Furthermore, every w € W can be written as w = umyv for some
v € P* and some u,v € Wy with £(w) = £(u) + £(my) + £(v). Thus,

Ty =TT T, = Tu:/;WTI;ij = TUXWT;ij.

Denote the basis of M, described in Proposition by B’. By Remark we have that
7y (X") with respect to B’ is a diagonal matrix with entries 1, (X"7) = v*7(}" for u € 7W.
So the entries of 7(X7;B’) are bounded by assumption. As u,v,w, € Wy the degree of the
entries of the matrices 77, (Ty; B'), 77y (Ty; B') and 7, (Tow. ; B') are bounded. Hence, the degree
of the entries of 77, (Ty;B’) are bounded for all w € W. This gives the result (as boundedness
is independent of the chosen basis, see Remark .

(3)<=(5). For the case when J = I we have, by the equivalence of (1) and (3), that a 1-
dimensional representation 7, of H is bounded if and only if degv*? < 0 for all ¢ € I. Applying

this rationale to the subalgebra Hf}ﬁ of H we have that the 1-dimensional representation 17, of
H:’}H is bounded if and only if degv¥i < 0 for all j € J.

(1)<=(6). Theoremp.3.3|gives (6)==(1). For the reverse implication suppose that (7, My, )
is bounded. We require a bound on the degree of path v-mass. As described in Remark
there is no obvious bound (the bound is not the same as the bound of 7;,) and cancellations
do occur. We will construct a bound as follows. Let p be a J-folded path of reduced type and
let p; denote its J-straightening (see Section . By Proposition pJ is positively folded.
By [23, Lemma 6.2] or [29, Lemma 7.7] we have that f(ps) < ¢(wo) where f(ps) is the number
of folds in py. Decompose py into the following; py = po - f1-p1 - fo - fr - pr where f1,..., fi
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are the folds occurring in py and pg, p1,...,pr are the straight paths between the folds Note
that as f(ps) < #(wp) we have that k& < ¢(wp). Consider the straight path p; (0 < j < k).
Let =,y € Wf}ﬂ be such that p; begins in xA; and ends in y.A;. By Proposition 6| the
contribution to Q(pys) of the path p; is

H Va+ks-

a+ksed(z—1y)

We claim that this contribution is equal to v, (T, 1y), where T ~1, 18 in the basis of HAf.

Let T;:,ly =T ---TZ-’l be a minimal length expression for Tg/fly in the generators of ”H:“]ﬁ. By

Corollary we have that 1y(T}) = va,; and ¥, (T,.) = vy, for j € J and K € K(J).
Hence,

Vin(Tp-ry) = Hva} = IT  vasws

i=1 a+ksed(z—1y)

where oz] = if i; € J and a =g +0if i; = OK for some K € K(J), and the last equality
follows by Definition [£.3.1[1) and (#.3.1). As (1) implies (5) we have that the associated 1-
dimensional representation of H2 is bounded. Thus there exists N’ such that deg v, (T},) < N’
for all w € W3 aff - Therefore, by Prop0s1t10n m

deg(Quv(p)) =deg | Qps) [ viriis

a+k5e&>+

< > L(s)fi(p) + (k+1)N'

1€Tu{0}

< Y L(si)filp) + (E(wo) + 1N

1eIu{0}
where the first sum is coming from the folds of p. O

Theorem shows that determining the boundedness of (7, M;,) is equivalent to de-
termining the boundedness of the associated 1-dimensional representation of 7-[:‘}3. Therefore,
we can classify the J-parameter systems that result in a bounded associated representation
mjy by finding all J-parameter systems that result in a bounded 1-dimensional representation
Yy of H?ﬁ. As irreducible components of H:a]ﬁr interact separately, it suffices to consider the
1-dimensional representations of H with an irreducible root system ®.

Denote L(s;) = a if «; is a short root and L(s;) = b if o is a long root. These are the only
weight labels we need for a reduced irreducible root system as there are two root lengths and
roots of the same length are conjugate (see Proposition . Therefore, by Definition we
have that vs € {q%, —q 7%} and v; € {q°, —q°} where vs = v,, for all a short and v; = vg for all
B long. B

We now classify all 1-dimensional representations of H associated with a reduced irreducible
root system ®. In [21], Proposition 5.11] this classification is given for all irreducible ®, reduced
or non-reduced. Recall that simply-laced refers to the case where the roots of ® are all of the
same length, in this case they are all considered long roots. Also, recall that Convention [3.1.2
implies that qo = g, for the ® = C}, case.
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Proposition 6.1.5. The bounded 1-dimensional representations of 7—~l(L) are the maps ¥y,
where v = (Vo )aead s an I-parameter system appearing in the list below.
(1) If ® is simply-laced then vo = —q~° for all o € ®.
(2) If @ is reduced and not simply-laced then the possible values of (vs,v;) are as follows, with
the stated constraints on a, b:

(VS,VZ) Bn Cn F4 G2

q % —q?) a,b>1 a,b>1 a,b>1 a,b>1
(9%, —q7?) a/b<n-1 |a/b<1/(n—1)|a/b<6/5|a/b<3/2
(—a7%q%) |la/b>2(n—1)[a/b>2/(n—1)]a/b>5/3] a/b>2

Proof. By Theorem for (77, M) to be bounded it suffices to show that degv* < 0 for all
i€l Let p=p;and p' = p} be asin Section If ® is simply-laced then v, = v € {q°, —q~°}
is constant for all & € . Hence,

Wi — H V&wi,a) — H ywia) — \ (wi;2p)

acdt acdt

for all s € I. As (w;,2p) > 0 this forces v = —q~°.
Now consider the case when ® is not simply-laced and so has two root lengths. Now we have

Wi — H V((lwi,a) H ngi’m _ H ngi,a> H Vl(cdi;ﬁ):ngi,Zp’>Vl(w¢,29>‘

acdf ped]f, aedf pedf,
If vo = —q~% and v; = —q~° then, as (w;,2p') > 0 and (w;,2p) > 0, it is clear that the
representation is bounded if and only if a,b > 1.
If vy = q% and v; = —q~? then the representation is bounded if and only if

deg Vi — _qa(wi,Qp/)—b<wi,2p> <0

for all ¢ € I. Thus, the representation is bounded if and only if § < wi2o) for all i € I. If

(wi,20")
v = —q % and v; = q°, by a similar argument, the representation is bounded if and only if
&> <(:J~i’22 ;:,>> for all 7 € I. We now consider each case.

If ® = B,, then in the Bourbaki conventions from [7] we have that 2p = 2(n — 1)e; + 2(n —
2)eg + -+ 2e,-1 and 2p' = €1 + eg + -+ - + €. Furthermore, w; =e1 +ea+---+e¢; foralli e [
s0 (w;,2p) =i foralli eI,

(Win2p) =2(n— 1)+ - 2n—i)=2mi -2 j=i(2n—i—1)
j=1

for i < nand (wp,2p) = (wn-1,2p) =n(2n—n—1). If vy =q* and v, = —q° then ¢ < 2n—i—1
foralll1 <i<mandso{ <n-—1. vas:—q’“andvl:qbthen%ZQn—i—lforalllSign
and so § > 2(n — 1) as required.

If ® =C,, then 2p =2(e1 + -+ +e,) and 29" =2(n — 1)e; + 2(n — 2)ea + -+ + 2e,—1. We
have that w; = e1 +ex + -+ +¢; forign—landwn:%(61—1-‘-'4-6”). If i <n—1 then

ir2 2 e n,2 2 - 1
(&,2% = 5.=—7 and if i = n then <(jm25,>> == Ifvs=q% and vy = —q b then 7 < =7 and
if vy = —q~® and v; = q° then 7> n31 as required.
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If ® = Fy then 2p = 6ey + 4es + 2e3 and 2p’ = Sey + 2 + e3 + e4. We have that w; = e1 + eo,
wo = 2e1 + e2 + €3, wz = 3e1 + ea + e3 + e4 and wy = 2e;. By direct calculation we have

(wi,2p) 10 (w3,2p) 24
(wi,20) 6 (ws,2p) 18
(wo2,2p) 18 (wg,2p) 12
(we,2p) 12 (ws,2p/) 10

and the result follows.
If ® = G5 then 2p = —e; — e + 2e3 and 2p’ = —ey + e3. We have that w; = —ey + e3 and
Wy = %(—el — eg + 2e3) and so by direct calculation,

2

(w1,2p) _
(w1,20)

<L<J2, 2P> _

d —L .
M ) 1

2

The result follows. O

Theorem together with Proposition [6.1.5] give an explicit classification for the bounded
modules M, (see the following example).

Example 6.1.6. Let ® = F;. Using Theorem and Proposition [6.1.5] we classify the
bounded representations (7, M) in the below table. We display the classification using the
Coxeter diagram of finite Fy with Bourbaki labelling (see [7]) and where the nodes j € J are
encircled. For j € J the associated node is black if v,, = q“(i) and white if Vo, = —qLsi),
For the generators of W, let the weight function be denoted by L(s;) = L(s2) = b and L(s3) =

L(s4) = a. If there are constraints on § for (7, M;,) to be bounded they are written below
the corresponding diagram.

0500 | —0—0) | D0 | @009 | G0 | OC—FDo

0509 | ©—H0—29 | =0 | =029 | —=®o | Do
a/b<2 a/b>4

o—{(e5>0 0 | o8 | (o ®oO o—(e>0ro0 | (—e0 0 | O—>e—e
a/b>1 a/b<1/2 a/b>2 a/b<1 a/b>5/3 a/b<6/5

Although we can classify the bounded representations, finding the bound aj, of these rep-
resentations in general is still a mystery. The following example demonstrates that, even for a
1-dimensional representation, this bound and the elements that reach this bound are difficult to
find.

Example 6.1.7. Let ® = G5 with L(s;) = a and L(s2) = l(so) = b.

b b a
o—$
0 2 1

Let 77y = 97, be the 1-dimensional representation of H with I -parameter system defined
by Vo, = mry(Th) = q* and v, = 77 (T2) = 71 (To) = —q~%. By Proposition we have
that 77, is bounded if and only if a/b < 3/2. We claim that the bound of 77, and the elements
recognised by 7, are as follows: (notating s; as )
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) if a/b <1 then ajy =a and I'y, = {1},
(i) if a/b =1 then a;, = a = 3a — 2b and T'y,, = {1,121,12121},

i) if 1 < a/b < 3/2 then a;, = 3a — 2b and Ty, = {12121},

(iv) if a/b = 3/2 then a;, = 3a — 2b and 'y, = {(12121)(02121)* | k& > 0}.
We will prove (ii7) and (iv) (cases (i) and (i¢) are similar).

Let 1 < a/b < 3/2, and denote a = ar, and I' = I',. As deg(mry(T12121)) = 3a —2b > 0
we have that a > 3a — 2b. Let w € T, and so deg(ns(T3,)) = a. Recall the definition of the left
descent set of w, denoted D (w), from Remark If s € Dr(w) then there exists w; such
that w = s - wy (recall that u - v implies that ¢(uv) = £(u) + £(v)). Therefore, deg(nry(Tw,)) =
a—deg(mry(Ts)). If s =sg or s = sy then deg(nry(Tw,) = a+b > a, a contradiction. It is thus
forced that Dp(w) = {s1} and so w = s; - wy. As deg(nry(T1)) = a < 3a — 2b, we have s; ¢ T’
and so w; # e. We continue in this pattern as follows:

1. Dp(w1) = {sa} (for if s9 € Dp(wy) then sy € Dr(w), a contradiction), thus w = s189 - wo

but sys9 ¢ I' so wy # e,
2. Dp(ws) = {s1} (for if so € Dy (w2) then w = s15250 - wy with deg(mr,y(Tyy)) =a+2b—a >
a+b/2 > a, a contradiction), thus w = s1s981 - w3 but 15251 ¢ I' so ws # e,
3. Dr(ws) = {s2} (forif sg € Dr(ws) then sy € Dy (w2), a contradiction), thus w = s1s25152-
wy but s1525152 ¢ I' so wy # e.
From here we split into the two cases, a/b < 3/2 and a/b = 3/2. In the former case (case (iii)),
if so € D, (w4) then w = 5152515250 - wf with deg(m,v(Twi) = a+3b—2a > a, a contradiction, so
Dy (wyg) = {s1}. Therefore, there exists ws such that w = s152518281 - ws. If ws # e then either
s2 € Dr(ws), in which case sy € Dr(w), or so € Dy (ws), in which case sp € Dr(w4). As both
cases bring about a contradiction, we have that ws = e and so a = 3a — 2b and I = {12121}.

In the latter case (case (iv)), we have s1 € Dr(ws) or so € Dr(wy). If sg € Dr(wy) then
there exists wf such that w = s;s2s15250 - wi and deg(m,v(ng)) = a (and so wf € T'). In
addition, s; € Dp(wf) and as s; and sp commute we have that s; € D (wy). Thus, the final
case to consider is s; € Dp(wy). In this case there exists ws such that w = s1s52518981 - ws. If
ws # e then Dy (ws) = {so} (for if sy € Dp(ws) then sy € Dr(w)) and similar arguments give
W = 51525152515052515251 - v. Iterating the argument shows that I'y, = {(12121)(02121) | k >
0}, as required.

We pose the following conjectural upper bound for a,.

Conjecture 6.1.8. If (m;y, Mj,,Bsy) is bounded then the bound aj, satisfies aj, < L(wp)
with equality if and only if J = .

When v = (Vo )ace, is such that v,; = —q L5 for all j € J we have this upper bound. We
denote this J-parameter system as V.

Theorem 6.1.9. The bound of (7w, Mjg,Biy) satisfies ajg < L(wp).

Proof. By Theorem for w € W and u,v € By, we have

deg[m4(Tw)]u,p < max{deg Q;4(p) | p € Py (&, u) with 67(p) = v}.
By Proposition for all J-folded paths p we have
Qo) = Q) ] viid”
a—ksed+

where py is the J-straightening of p. By [29, Lemma 7.7] or [23, Lemma 6.2], for all positively
folded paths p we have that deg Q(p) < L(wp). Thus, as p; is positively folded (see Proposition
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4.2.5), deg Q(ps) < L(wp). The result follows as deg(v;“_’];c(ép")) < 0 by the definition of V and by
4.3.1]). O

We make the following conjecture connecting the representation bound and Lusztig’s a-
function, and connecting the set recognised by a representation and Kazhdan-Lusztig two-sided
cells.

Conjecture 6.1.10. Let (my, My, By, ) be bounded. Then
(1) Lusztig’s a-function satisfies a(w) = ay, for allw € I'j,.
(2) The set Ty is contained in a two sided Kazhdan-Lusztig cell of W.

Remark 6.1.11. It is not true in general that I'j, equals a 2-sided cell. For example, in
6.1.7(44) and (iv) the set I'7, is strictly contained in a two sided cell (see [23] Figure 2] for the
Kazhdan-Lusztig cell decomposition for W associated with ® = G3).

6.2 Macdonalds c-function and further conjectures of a;,

In Section [3.4) we introduced the Plancherel formula, a spectral decomposition of the canonical
trace function on . The decomposition is an integral over the tempered representations of H
upon specialising variables. In this section we further explore this formula. In particular, we
make a conjecture that draws a parallel between the affine situation and the finite (in which case
the trace decomposes as a sum over characters of irreducible representations whose coefficients
are connected to Lusztig’s a-function).

The Macdonald c-function is as follows:

1 q—QX—aV
=1l 7%+
aedt

Recall that Hc is the algebra over C formed by extending the scalars of H to C and taking
q to ¢ € R with ¢ > 1. Furthermore, H¢ is the completion of 7‘7@ with respect to the operator
norm defined from the trace function on H in Section N

Recall the Plancherel formula from the trace function on H decomposes as

Te(h) = /I g e

where p is the Plancherel measure and the irreducible representations of Hc are the tempered
C-extensions of the irreducible representations of H taking q +— ¢.

Remark 6.2.1. Recall the representations of H defined in Sectionm7 denoted (7 7y, M sy, Biyy).
Extend the scalars of the representations to C and take q — ¢ > 1. Furthermore, take (; — z;
for i € I\J where z; € C with |z;] = 1 (where |- | denotes complex modulus). By Theorem
m (myv, Myy) is bounded if and only if degv? < 0 for all v € P*. Equivalently this is when
|sy(X7)| = |v7] < 1 for v € PT, after specialising and extending scalars as |z;| = 1. Thus,
by Casselman’s criterion for temperedness (see [40, Lemma 2.20]), the specialised form of the
representation (mjy, M) is tempered if and only if it is bounded. Furthermore, by Corollary
the representation (7, M, ) is irreducible and thus will appear in the Plancherel formula
decomposition.
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To further understand the Plancherel formula we follow the setup of [41], §2.4] (which in turn
follows [39]) and then complete a low rank example.

Let z € Hom(P,C*), writing z(y) = 27 for v € P. Denote z¥ = z; for i € I. Define
G, : 7—~l<c — C by

G.(h) =Y 2 "Tr(Xh). (6.2.1)
yeP

By [39, Corollary 3.2] this series is convergent for all h € He whenever |2 | < g; . Fur-
thermore, by [39, (3.9)], when the series is convergent we have that

PR A ()

~ @2 c(2)e(zh) (6.2.2)

where ¢(z) is Macdonalds c-function and, for fixed h € Hc, the function f. (h)d(z) is a polynomial
in {27 | v € P} where d(2) = [[cqp+ (1 — 2®"). By [39, Theorem 3.7] or [41} (2.12)], combining
(6.2.1) and (6.2.2) we have that

1 h

AQwy Jan,T aT ¢(2)e(z71)
where T is the group of complex numbers of modulus 1 and dz; is the Haar measure on T.
Furthermore, aq,...,a, are defined so that \zaiv] < qi_2 when setting |z;| = a;. This is the

starting point to calculating the Plancherel Theorem explicitly. To do this a number of contour
shifts are completed to decompose the multi-integral into a sum of integrals over T* for different
k < n. See [41, §4] for the explicit Plancherel decomposition of all dimension 1 and 2 root
systems. For understanding, we give the decomposition of & = A; below.

Example 6.2.2. Let ® = A; and let q = q; for all ¢ € I. Taking q — ¢ > 1, the series G, (h)
converges whenever \zalv] < ¢ 2. Denote z = z¥. As a) = 2wy, the series converges whenever

2| < ¢'. Fix h € He. By (6.2.3) we have
1 2
Te(h) = / S, (6.2.4)
q

¢ Jgrar c(2)c(z7)

where 0 < a < 1 and
(1-q2272)(1—q 2%

—1y __
c(z)e(z") = 1—22)(1— 22
Let 0 < b < 1 be very close to 1. We want to extend the radius of the integral from aq~'T to bT.
The z-poles between aq~'T and bT are z = +¢— . We compute the residues (where dz = %m%)
as follows:
f=(h) : 1 f(M)(1 —272)(1 - 2%)
Res,_ . 1 ———"———= 1 11—+
€S,=tq—1 q?c(z)c(z71) z—>l:gjl’1( e Z)q2(1 —q¢ YA+ ¢ lzH(1 —g )1+ ¢ 12)
f—1(h)(g*—1 . _
- q ;((qQ)—(f—ql) ) if 2 — g1
B fog=1(h) (g1 . _
—% if 2+ —q!

Consider the representations of H formed from the set up in Chapter 5l We have the principal
series representation (mp g, My ) with 1y ;(X“?) = ¢ + z the central character. We also have
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the one dimensional representation (7 g, My ) with 7 ¢(Th) = — g~ ! and ¢1 (X9 = —q_lg‘}”
We now specialise (7' to a complex number z; with modulus 1. As C CQ"” = 1 we have
that 22 9 =1and so zy =1 or —1. Thus, the two 1- dlmensmnal representations are ;g and w’m
where 17 ¢(T1) = —q 71, ¢ro(X“1) = —q 71, WI,\?(TI) = —q ! and w’ o(X“1) = q~!. Extending

scalars and specialising q, let x,, x1 and xo2 denote the associated characters of these three
specialised representations, respectively.

By [1, Lemma 3.9] we have x.(h) = > cy, fwz(h) = fz(h) + f-.(h) and by [41], Lemma
3.11], x1(h) = f_4-1(h) and x2(h) = f,~1(h). Thus, (6.2.4) becomes

1 f=(n) (q2

Tr(h) = vr ¢(2)c(z71) 2(q + 1)) U+ fan ()
f(h) + f-2(h) (¢ = 1)
=5 e T gy (0 S )
2 _
L[ xlh) o (@@= oy m)

T 2¢2 Jre(z)ez) T 2(g2 + 1)

where we extend the integral from bT to T without encountering any z-poles.

Remark 6.2.3. The multi-integral in (6.2.3) will split, after completing contour shifts, into a
sum of integrals of the form

1 Xz(h)
Tr(h) = Wold2, /IF" i )c(z—l)dz + lower terms
where ‘lower terms’ refers to integrals over lower dimensional tori that are linked with lower
dimensional representations of Hc. In Example these lower terms are linked with 1-
dimensional representations.

Let xjv denote the character of the representation (m;, M;,). By [40, Theorem 3.25], the
mass of the character x;, in the Plancherel formula is a constant multiple of the reciprocal of

Y (@?EW)e(X)e(X 7)) (6.2.5)

after specialising q +— ¢ and (; — z;, where the prime indicates that any factors that are zero
after applying v, are removed. The following conjecture links the degree of this mass term
with the bound of 7 ;,.

Conjecture 6.2.4. If (7, Mjy,Bsy) is bounded then the bound is given by
1 _ 1 1 1l—v
B = 5 deg vy (@)X ) = Liwo) = g deg [ 7= =57

where [ indicates that any factors that are zero in the numerator or the denominator are
omitted.

Conjecture together with Conjecture [6.1.10] give a conjectural formula for Lusztig’s
a-function for the elements of w € W that are recognised by some bounded representation
(mjv, Mjy,Biy) (the elements in I' 7). Furthermore, Conjecture gives an affine analogue
to the link between generic degrees and Lusztig’s a-function in the trace decomposition for H

(see (BAT)).

Proposition 6.2.5. Conjecture implies Congecture [6.1.8.
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Proof. We have

H/ 1—ve' H/ (1—ve)(1—vo)
wep L—dave” 28 (L—gave’) (1 —ga?v=e")

Suppose that o € & and we have that q, = q® for some a > 0. Furthermore, let ve' = q® for
some k € Z. Thus,

1—ve)a—v) (1-g"(1-q7"

Cy = _ |
(1 - qEQVaV)(l — q&ZV—av) (1 _ qk—2a)<1 _ q—k—2a)

Taking into account that factors that are zero are removed, it follows that

(1-g")(1—q") {\k\ if 0 < |k| < 2a,

de =
S U —qF2)1—q 2 |2 if2 <k

Hence, deg C, > 0 for all & € ® where equality occurs if and only if v =1, Hence,

L(wo) — ;H’ll"“ = L(wp) — % I] . < Liwo)

-2 av
— Y,
acd Qo acd+

with equality if and only if v’ =1 for all @ € &+ which occurs only in the case when J = ). [

Example 6.2.6. Consider ® = Fy, with L(s;) = L(s2) = b and L(s3) = L(s4) = a. Write
r = a/b. The conjectural bounds a, (from Conjecture [6.2.4) for a selection of the bounded
representations of H are as follows: (the notation is as in Example [6.1.6; J is circled, and the
node associated with s; is coloured black if v, = qL(Si) and coloured white if v, = —q_L(Si))

(1) === a, = 2a + 2b,5a,6a — b, 11a — 7b for r € (0,2/3], [2/3, 1], [1,6/5], [6/5, 2].
(2) @20 a, =4a+ 12b for r € [4,00).

(3) o@®&=0—"2 ar; = —2a + 11b,a + 6b,2a + 3b for r € [1,5/3],[5/3, 3], [3, 0).

(4) o—c=%—® a, = 6a+4b,9a + 3b for r € (0,1/3],[1/3,1/2].

(5) o—+=®—o a, = 4a + 12b,6a + 4b for r € [2,4],[4, 0).
(6)
(7)

o—@&0)y—o a, = 3a + 6b,11a + 2b for r € (0,1/2],[1/2,1].
@09 a, = —2a + 11b, —a + 9b,6b for r € [5/3,2],[2, 3], [3, 00).
(8) @—=%— a, = 3a,5a — b,11a — 7b for r € (0,1/2],[1/2,1],[1,6/5].
Thus Conjecture predicts the existence of elements of W with the above a-function values
in the respective parameter ranges. See https://github.com/ellielittle/ConjecturalBound

for MAGMA code that computes the conjectural bound for any ® (reduced and irreducible),
J C I and J-parameter system v.

Theorem 6.2.7. Conjectures|6.2.4] and|6.1.10 hold in the following cases.
(1) All extended affine Hecke algebras in the case J = ).
(2) All extended affine Hecke algebras of dimension 1 or 2 (rank 2 or 3).

Proof. See [2I, Theorem 5.20] for the non-reduced cases. Let ® be reduced and W be its
associated extended Weyl group.
(1) follows from Example and [20, Theorem 4.6] which shows that I'p, N W from

Example is equal to the lowest two-sided Kazhdan-Lusztig cell for W. Extending to W,
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as left cells (respectively right cells) are invariant under multiplication by o € ¥ on the right
(respectively left), 'y, is equal to the lowest Kazhdan-Lusztig cell for W. Furthermore, it is
well known that a(w) = L(wp) for elements of this cell.

(2) We have ® € {A;, A, G2, Cs}, and consider the cases separately. First let & = A;. The
case when J = () is true by (1). Consider J = {1}. Letting q; = q, we have that v*i = q~2.
Considering C,, (from the proof of Proposition |6.2.5) we have that deg C,, = 2 and thus

1
Liwo) — 5 deg [ "0, =0

acdt

In this case Ay = Ap and so the highest path bound is 0 (equivalently the matrix bound by
Theorem [5.3.3)). Furthermore, the only elements that reach this bound are I'y, = ¥ = {e,0}.

By Example [3.2.5| when a = b this is exactly the highest Kazhdan-Lusztig cell for W. It is well
known that a(w) = 0 for the elements in this cell.

Now consider ® = As and let q; = q2 = q. Again the case where J = {) follows from (1),
and the case when J = [ is similar to that of ® = A; (the cell is Ty, = ¥ = {e,0,0°}). Let
J = {1}. Then we have that deg C,, = 2, degC,, = 1 and deg Cy, 14, = 1 s0

Consider Ay, depicted in Figure (a), the paths with the highest bound are those that, begin-
ning at uAg with u € W, travel downwards, complete a fold and then travel upwards. If the
path bounces as it travels downwards and then folds it must then travel upwards to remain a
reduced expression. When travelling upwards paths cannot fold as every crossing is positive. If
@ is a path beginning at v € W that travels down A, folds and then travels up, u ™"
the bound. Thus I';, N W is the set of the elements corresponding to the blue coloured alcoves
in Figure (b) and 'y, = (D7 NW)U Ty NW)o U (T, NW)o? Furthermore, ay, = 1. By
[29, Figure 1], I';, is exactly a Kazhdan-Lusztig cell for W and it is well known that a(w)=1
for elements in this cell.

Let ® = G3. Conjecture6.1.10|is proved in [23], thus we only need to verify Conjecture
The case when J = §) is true by (1). Suppose that J = {1} and let q; = q® and g2 = q°. As

w reaches

v =q 2% and v® = —q® we have that
| aed®" | degC, \
oq 2a
- 26 ifa/b>2
2 a ifa/b<?2
a1+ ag a
2001 + g a
sty | 20 Ha/b>2
a ifa/b<?2
3o + 209 0

Hence, as L(wp) = 3a + 3b we have

1 , a+b ifa—2b>0
L(wg) — =de Cy = -
(o) =35 s 11 {3b ifa—2b<0.
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(a) Ay (b) The Kazhdan-Lusztig cells

Figure 6.1: Cells and fundamental J-alcove for ® = Ao

By [23, Theorem 7.10] these are equal to the bounds of the induced representation 7, com-
pleting this case.

The case when J = {2} is similar, again using the results of [23], Theorem 7.10], and will be
omitted.

Now consider J = I. There are 3 bounded I-parameter systems by Proposition When
(Vay,Vas) = (—q™%, —q~?) the bound is 0 and the representation recognises the trivial Kazhdan-
Lusztig cell {e}. Consider (Vq,,Va,) = (9% —q~°) which is bounded only when a/b < 3/2. We
have that v = q%* and ves = q~2’. We have the following degrees of C,

| acd™ | deg C, ‘
a1 2a
a9 2b
o]+ ag 2a
—4a+6b ifl1<a/b<3/2
201 + 2 if a/{) <1 /

% — 20 i1<a/b<3/2

2b—2a ifa/b<1

Ab—2a if1<a/b<3/2
2b ifa/b<1

3a1 + ag

3a1 + 2an

Thus,

3a—2b ifl1<a/b<3/2
" a if a/b < 1.

agreeing with the bounds given in Example Furthermore, the cells recognised by this
representation, given in Example [6.1.7] are contained in Kazhdan-Lusztig cells for the relevant
parameter values by [23 Figure 2.
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The case when (Va,,Va,) = (—q~%,qP) is similar and we omit the details. Furthermore, the
analysis of the case when ® = Cj is similar, using [22) Theorems 6.15,6.21,6.22], and we again

omit the calculations. O



Part 11

The asymptotic Plancherel Theorem
and Lusztig’s asymptotic algebra in
type Ay
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Chapter 7

A, background

In Chapters our definitions were made for a general reduced irreducible root system ®. We
now set ® = A, and conduct a deeper analysis of this case, that is we will take the theory
established in Chapters and reduce to the case that ® = A,. In this chapter we set the
notation and conventions that will be used in the remainder of Part [[] and in Appendix [A]l

Section gives an explicit description in type A, of the definitions from Chapter In
particular, we now set a new basis for the underlying vector space V, the e-basis, and describe
P and @ in terms of this basis. We also set up partition and tableau notation as the J C I sets
will now correspond to partitions of n+1 (and are thus denoted as Jy for A a partition of n+1).

Section deals with the definitions established in Chapter [2l We explicitly describe the
weights of the fundamental Jy-alcove, using tableaux, and introduce a partial ordering on these
weights. To explicitly describe the symmetries of the fundamental Jy-alcove we define a partic-
ular group element uy and describe its properties. This element will be important throughout
our analysis of & = A,,.

Finally, Section describes the definitions established in Chapter [3] and Chapter [f] in the
® = A, case. In addition, a A-analogue to Schur functions is defined which will be used in

Chapter

7.1 The symmetric group and tableaux

Setting ® = A,,, we now define new notation and conventions to aid in our analysis in Chapters
1§ In particular we set a new basis for our underlying vector space V', the e-basis. In this
section, we will shift our definitions from Chapter [I] to this e-basis and introduce tableaux and
window notation.

Let V = {v € R""! |v.1 =0} where 1 = (1,...,1) € R*"!. Denote

1
n+1

ei = (0,...,0,1,0,...,0)

for 1 < i < n+1 where the 1 is in the i-th place. We have that e; € V and that e;+---+e,41 = 0.
Let (-,-) be the restriction of the standard inner product on R"*! to V. Denote ¢; ; = e; — e;.

96
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Lemma 7.1.1. Let 1 <k<I<n—+1landl1l<i<j<n+1, we have

0 fk<i<j<lori<k<Il<jork<l<i<jori<j<k<l
<€k+"'+€l7€i,j>: 1 ifk<i<l<y,
-1 ifi<k<j<l

Proof. This is by direct calculation using the fact that e; ; = HLH(O7 .o,0,n+1,0,...,0,—n —

1,0...,0) (where n+1 is in the i-th position and —n—1 is in the j-th position) and ex+- - -+¢; =

n_lH(flfm,...,71fm,nfm,...,nfm,flfm,...,flfm) (where n — m is the entry for

the k-th to I-th positions and m =1 — k). O
Let

T ={e;;|1<i<j<n+1}

Thus ® = ®* U (—®T) is a root system of type A,. The simple roots are o; = e; — e;11 for
1 <4 < n and the highest root is ¢ = a1 + - + ap = €1 pn41.

The fundamental weights in this e-basis are w; = e; +--- + ¢; for 1 < i < n. By convention
we set wp = 0 and w41 =e1+---+ept1 = 0. Hence, o = —w;—1 +2w; —w;qq forall 1 <i <n.

Recall from Chapter [1| that P is the Z-span of the fundamental weights and that PT is the
N-span of the fundamental weights. Now considering the e-basis, P is the Z-span of the e;’s for
1<i<n+1. A vector aje; +---+anii1€ns1 € Pisin PT if and only if a; > ag > -+ > any1.

From Chapter Q is the Z-span of the simple roots and Q@ is the N-span of the simple roots.
Changing to the e-basis, a vector aje1+- - -+ant1€6n+1 € Pisin Q if and only if a1+ - -+an41 =0
mod n + 1. Now consider v = aje; + -+ + apt1€n+1 € Q with a3 + -+ + ap41 = k(n + 1) for
some k € Z. As e; + -+ epy1 = 0 we have that v = afe; + -+ a;, 1€nq1 Where a; = a; — k
and so aj +---+aj,.; =0. Theny € QT ifand only if @} +---+aj >0forall 1 <i<n+1.

The Weyl group associated to ® is denoted Wy as it was in Chapter In this case this
group is isomorphic to the symmetric group on the set {1,...,n + 1}, denoted &,,+1. The
action of &,41 on the e-basis is defined as we; = e,,;) where w € &, is a permutation of
the numbers {1,...,n + 1}. Let s1,...,s, be the simple reflections of W} (associated with
elementary transpositions in &,,41).

Recall from Chapter [I] that _the affine Weyl group associated to ® is W = Q x Wy and the
extended affine Weyl group is W = P x Wj. Furthermore, W = W x X where ¥ = P/Q. In
this case ¥ = P/Q = Z/(n + 1)Z. Setting o(i) = i+ 1 modn+ 1 for 1 < ¢ < n, we have
Y = {e,0,0?%,...,0"}. This set induces a permutation on the nodes of the Coxeter diagram of

A,,, and thus on the simple reflections of Wy, with o*s;07% = Sok ()

For the analysis of ® = A,, we will only consider subsets J of I associated with a partition
of n+1 (see [18, §2.3.7]). Therefore, many objects will be indexed by partitions of n + 1 instead
of J. We set up the following notation.

Let P(n + 1) denote the set of partitions of n+ 1. For A € P(n+ 1) we write \Fn+ 1. We
will represent partitions by Young diagrams using English notation conventions (the number of
boxes in each row decreases from top to bottom).

Definition 7.1.2. For A F n + 1 we make the following definitions:
(1) r()) is the number of parts of A, so A = (A1, A2,..., Ap(n))-

(2) AM0)=0and A(7) = A1+ -+ X for 1 <i <r(A).

(3) t.(A) is the standard tableau of shape A filled by row.

(4) to()N) is the standard tableau of shape A filled by column.
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(5) A[i, 7] is the element in the i-th row and j-th column of t,(\) (with 1 < i < r(\) and
L<j<N).
(6) Jx={1,2,...,n+1}1\{AQ),..., A(r(N)}.

Furthermore, let \' denote the transposed partition of A (obtained by reflecting A in the
main diagonal).

Example 7.1.3. Let A = (4,3,3,2,1,1) - 14 and so r(\) = 6. Furthermore, \' = (6,4,3,1)
and so r(\) = 4. We have

e EEIE 4 b(\) = | 1| T11]14
7 2|8 [12
10 3/9]13
11]12 410
13 5
14] 6 |

Then {A(7) | 1 < i <r(N\)} ={4,7,10,12,13,14} (these are the elements in the final boxes of
t-(\)). Furthermore, {N' (i) | 1 <i <r(X)} = {6,10,13,14} (these are the elements in the final
boxes of t.(A)). Hence, J) ={1,2,3,5,6,8,9,11} and Jy = {1,2,3,4,5,7,8,9,11,12}.

Note that, for A - n+1 Jy = I if and only if A = (n+1) and Jy = 0 if and only if A = (1**1).
From henceforth we will replace all J indexed notation by A indexed notation. For example,
AW, Wy, @y, wy and ®, will be used in place of XW, Wy,, ®;,, wy, and &7, (see Chapter
for the definitions of each of these symbols). Furthermore, recalling Definition forw e W
we now notate 0, (w) as 0)(w) and 6> (w) as 0 (w).

For w € Wy, the one line expression of w is the sequence [w(1),...,w(n+1)]. For 1 <i<mn
we have ¢(ws;) = ¢(w) + 1 if and only if w(i + 1) > w(i) and ¢(s;w) = ¢(w) + 1 if and only if
i and ¢ + 1 appear in ascending order in the one line notation of w. Let Ar(w) denote the left
ascent set of w € Wy, that is

Ap(w) = {s; | fsw) > f(w)}

7.1.1
= {s; | i appears before i 4+ 1 in the one line expression of w} ( )

and let Ar(w) denote the right ascent set of w € Wy, that is
Ap(w) = {si | l(ws;) > l(w)} = {s; | w(i+1) > w(i)}. (7.1.2)

Lemma 7.1.4. We have w € *W if and only if for each row of t.(\) the elements of the row
appear in ascending order in the 1-line notation of w.

Proof. By definition w € *W if and only if w is reduced on the left by all j € Jy. Equivalently,
this is when £(s;w) > ¢(w) for all j € Jy. By this occurs if and only if j appears before
j 4+ 1 in the one line notation of w. The result follows as j € J) if and only if j and j + 1 are in
the same row of t,(\). O

Definition 7.1.5. The right M-ascent set of u € "W is

Ax(u) = {s; | £(us;) > €(u) and us; € *W} = Ap(u) N {s; | us; € *W}
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Definition 7.1.6. Let A - n 4+ 1 and w € W,. Insert dividers into the one line notation
w = [w(l),w(2),...,w(n + 1)] forming “blocks” according to the following rules; for 1 <i <n
insert a divider between w(i) and w(i + 1) if either

1. w(i+1) <w(i) or,

2. w(i+1) > w(i) and the numbers w(i) and w(i + 1) lie in a common row of t,(\)
The resulting expression, with the one line notation split into blocks, is called the A-expression
of w. There is an associated composition to the A-expression of w formed by the sequence of the
lengths of the blocks (in the order they appear). Define p(w, ) € P(n + 1) to be the partition
associated to this composition (formed by rearranging the sequence of lengths of the blocks into
decreasing order).

Example 7.1.7. Let A = (4,3,3,2,1,1) and let w = [1,3,7,2,6,11,12,5,4,14,9,10, 13, 8]. Re-
calling t,(\) from Example we have that the A-expression of w is

[1]3,7]2,6,11]12|5]4,14|9] 10,13 |8].
The associated composition is (1,2,3,1,1,2,1,2,1) and so p(w, ) = (3,2,2,2,1,1,1,1,1).
Lemma 7.1.8. For u € "W we have
Ax(u) = {s; | u(i) and u(i + 1) lie in a common block of the A-expression of u}.

Proof. Let u € MW and suppose that u(i) and u(i + 1) are in different blocks of the A-expression
of u. Then, by definition, either u(i +1) < u(7), or u(i + 1) > wu(i) and u(i) and u(i + 1) are
in the same row of t,(\). In the first case, we have that ¢(us;) < £(u) and thus s; ¢ A,(u) (see
(7.1.2))). In the second case, as s;(i) =i+ 1 and s;(i+ 1) = i, we have that us;(i +1) = u(i) and
us;(i) = u(i+1). Asu(i) and u(i+1) lie in the same row of t,(A) we have that us;(i4+1) < us; (7).
Therefore, the elements in the rows of t,(A) won’t appear in ascending order in the one line
notation of us; and so, by Lemma us; ¢ *W. Thus, in each case s; ¢ Ay (u).

Conversely, suppose that u(i) and u(i + 1) are in a common block of the A-expression of w.
Then u(i + 1) > u(4) and so, by , s; € Ay(u). As u € "W, by Lemma the elements
of each row of t,(\) appear in ascending order in the one line notation of w. Furthermore, as
u(?) and u(i 4 1) lie in a common block of the A-expression of u, u(i) lies in a different row of
tr(A) than u(i + 1). Thus, when swapping u(i) and u(i + 1) in the one line expression of u to
form the one line expression us; the elements of the rows of t,(\) remain in ascending order.
Hence, us; € *W and so s; € Ay(u) as required. O

Let < denote the dominance order on P(n + 1). That is g < A if and only if (i) < A(é) for
all i > 1 where we set \; = 0 if i« > r(\). For example, if A = (5,4,1,1) and p = (5,3,1,1,1
then p < \. Note that if u < X then X < p/.

~—

Definition 7.1.9. For AFn+1 let

ay =Y (i— 1\

i>1

Example 7.1.10. Take A = (4,3,3,2,1,1) as in Example [7.1.3] Then ay = 3+ 2(3) + 3(2) +
4+5=24.

Lemma 7.1.11. We have that

A=Y 1A= Y A=y SN - 1) =)

i>1 1<i<j<r(X) i>1
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Proof. The first and second equality follows as

Z(n +1-Xi)) = Z Aj = Zthe number of boxes below row i
i>1 1<i<j<r(X) 21

so the boxes of row 2 are counted once, the boxes of row 3 are counted twice and so on. The
third equality follows as

N1
S WEIED ) O
i>1 i>1 j=1

and so, thinking of each column, again the boxes of row 2 are counted once, row 3 twice and so
on. It is well known that {(wg) = 3|K|(|K|+1) for K € K(Jy). Thus, the final equality follows
by adding the lengths of the longest elements of each connected component of Jy. 0

Lemma 7.1.12. Let A\, p € P(n+1). If p < X then a, > ay with equality if and only if p = A.

Proof. Asay =) ;- (n+1-A(i)) by Lemma|7.1.11} this result follows directly by the definition
of the dominance order. O

7.2 The M-alcove and group G

This section aims to explicitly describe the definitions set up in Chapter [2| for & = A,, now
using the e-basis of V. In particular we will describe the weights and the symmetries of the
fundamental Jy-alcove. To describe the symmetry group we introduce an element uy € *W that
will play an important role throughout our analysis of ® = A,,. We will also define a partial
ordering on the weights in the fundamental Jy-alcove using the symmetry group.

Recall the definitions of Ay, Q;, PY) and G from Chapter [2l As J will now be associated
with a partition, we notate Ay, Q,, PN and G, by Ay, Qa, PO and G,.

Recall from Section that P/Q, is isomorphic to the set of weights of the fundamental
Jy-alcove Ay. We now explicitly describe P/Q, for type A, in terms of the e-basis.

If j, j' are in the same row of t,(\) then, as e; —e;s € @y, we have ej + Qx = e + Q. Thus
we can make the following definition; for 1 < i < r(\) define

e = e;j + Q (7.2.1)

for any A(i —1) +1 < j < A(9) (any j in row i of t.(\)). Then, P/Qx = spang{é1,..., €}
Note that as ey + - - - + ep+1 = 0 we have that

A1é1 + -+ Ay Ern) = 0. (7.2.2)

When A = (1), Q) = {0} and so P/Q) = P and é; = ¢;. When A\ = (n+1), Q) = Q and
soé; =ej+Qforall<j<n+1 By (7.2.2) we have that (n + 1)é; = 0, however é; # 0 as
P/Q is nontrivial. Thus P/Q = Zé; = {0,¢éy1,...né; }.

Example 7.2.1. Let A = (2,2) 4, thus

tr(/\) =

3

We have that P/Q) = spany{€1, éx} where é1 = e1+ Q) = e2+ Q) and €3 = e3+ Q) = e4+ Q.
By (7.2.2), 261 + 2é3 = 0. However, as e; + e3 ¢ @ we have that é; + é3 # 0. Thus, é; + é2 has
order 2.
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The natural quotient map P — P/Q) satisfies

Ak)
dier + -+ dn+16n+1 = a1+ - aT()\)éT()\), where aj, = Z d;. (7.2.3)
i=A(k—1)+1

Example 7.2.2. Let A = (4,3,3) F 10 with

tr(A) =

10

Let v = 2e; — 4e3 + 6eq + e + eg — 2e9. Via the map defined in ([7.2.3]) we have that v+ Q) =
4e1 + 69 — €3 € P/Q)\

Recall from Section that the isomorphism P®M = P/Q, is given by v — v+ Q. We
now give the reverse isomorphism (for type A,) in terms of the e-basis.

Proposition 7.2.3. The isomorphism P/Qy = PX) is given by

r(A)

ai€y + -+ ap(\)€r(n) Z ((br 4+ 1) (expa) + - + exfres]) + bk(exfpert] + -+ €xflag)
k=1

where by, and ¢ are defined by ar = A\bg + ¢ with 0 < ¢ < Ag.

Proof. Let

<
>

)

(b + 1) (expe) + -+ + exen]) T br(erbept1] + -+ Exprg])) -
1

2
I

=

I

As e; + Q) = € for all j in the k-th row of t.(\), the k-th term of v+ Q) (the component of
v + @) coming from the e;’s where j is in row k) is

br(expe,1) T F exfpag]) T exfp] T+ erlkes] T @r = Abr€y + ke = aréy

as required. Moreover, if o = ¢;; € @; then 7, j lie in a common row of t,.(\), say i = [k, ']
and j = [k, j'] where 1 <4/ < j/ < \. By Lemma [7.1.1} (v,a) € {0,1} and so v € PX (by
the definition of Ay and as P = Ay N P). dJ

Remark 7.2.4. We can associate the elements of P with tableaux. Let A - n+ 1 and v =
dier + -+ + dpr1ent1 € P. Identify v with a tableau of shape A by filling along the rows with
di,do,...,dpy1- Aser+ -+ eppr1 = 0, two filled tableaux are considered equal if they differ by
a multiple of the constant tableau with every entry 1.

Proposition gives a description of the elements of PO in terms of the e-basis. Using
this explicit description, the elements of P are precisely the elements whose associated tableau
has k-th row of the form

bt 1fop 1] o ot o oo | ] b ]

where by, + 1 occurs ¢ times (with 0 < ¢ < ), for all 1 <k < r(X).
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We can now explicitly describe the mapping P — P®™) in terms of these weight associated
tableaux. That is, the weight v = die; + -+ - dp41€n+1 1S mapped to tableaux with rows of the
above form where row k’s data is formed by

A(k)

Z di = /\kbk + Ck.
i=A(k—1)+1

For example, let A = (4, 3,3) and v = 2e; — 4e3 + 6e4 + e + es — 2eg as in Example Then

’y'—>1111

Another example, let A = (7,3) then

6ey + deg + 10es + 11ey + Ser + Geg + ey — 6]5[5][5]

To explicitly describe the symmetries of the fundamental J-alcove for type ® = A, (the
group G) we introduce the following element of Wy. This element will be essential throughout
our analysis of ® = A,, and so we prove some useful properties here that will be used in later
chapters.

Definition 7.2.5. Let uy be the element of W} given in one line notation by reading the columns
of t,.(A), top to bottom and left to right.

Recall the definition of the A-expression of w € Wy and its corresponding partition p(w, \)

(Definition [7.1.6]).
Lemma 7.2.6. We have u(uy, \) = X and Ay(uy) = Jy. Moreover uxw € *W for allw € Wy.

Proof. The blocks of the A-expression of uy are the columns of t,(\) by the construction of uy.
The first statement then follows by Lemma Multiplying uy by wys on the right permutes
the elements within the blocks of the A-expression of uy. Similarly, any element w € Wy, will
only shuffle elements within the blocks. Thus, by Lemma and as the blocks cannot contain
elements from the same row of t,.(\), uyw € *W. O

Recall the Dominance Lemma below. We include the proof for completeness.

Lemma 7.2.7. [/3, Lemma 2.2.4] Let t be a tableaux of size X\ and s be a tableaux of shape p.
If for all 1 < i < r(u), the elements of row i of s are all in different columns of t then X\ > p.

Proof. We can sort the entries of the columns of t so that the elements of rows 1 to ¢ of s appear
in rows 1 to ¢ of t. Thus,

A+ Ay + -+ \; = the number of elements in the first ¢ rows of t
> the number of elements from the first ¢ rows of s in the first ¢ rows of t

for all 1 <i <r(u), as required. O



CHAPTER 7. A, BACKGROUND 103

Lemma 7.2.8. For all w € Wy we have pu(w, \) < \.

Proof. Let = p(w, \). Let 41,...,7 be the blocks of the A-expression of w arranged so that
they are decreasing in length. Thus, u = (|y1],...,|7%|)- Let t be a (not necessarily column
strict) tableau of shape p given by entering the elements of ~; into the i-th row. The elements
of row i of t lie in different columns of t.(\') by the construction of the A\-expression (t.()\') is
the transpose of t,(A)). The result then follows from the Dominance Lemma, Lemma

O

Theorem 7.2.9. Let u € *W. We have
(1) £(wa, ) < €wy) with equality if and only if p(u, \) = X', and
(2) Ax(u) = Jy if and only if u = uy.

Proof. Let u € W and write ut = pt(u, A\) = (1, ..., ttm). By Lemmal7.1.8] the Young subgroup
generated by Ay(u) is &y, X -+ X &, Thus, l(wga, () = €(w,) = a,s (using Lemma .
By Lemma we have that 4 < ) and so ¢/ > A. Lemma then gives that £(wa, () =
a,, < ay with equality if and only if = N

For the second statement, suppose that v € AW with Ay(u) = Jy. Therefore, p(u, \) = X.
If w # uy then the A-expression of u is either a rearrangement of the blocks of the A-expression
of uy or there is a block of the A-expression of u that is not a column of t,(A). In both cases
the rows of t,(\) will not appear in ascending order in the one line notation of u. By Lemma
this implies that u ¢ W, a contradiction. The result follows as Ay (uy) = Jy by Lemma
[(.2.0] [

We now explicitly describe the finite symmetry group of A, denoted GG. Recall from Section

2.4 that
Gr={g9€Wo|gAr = A} = {ge Wy | g&] = o} }.

Note that, as & = A,, is simply-laced, we have gpy = py for all g € G\ where p\ = py,.
Define
L) = (A 1< <r(A)

to be the set of lengths of the rows of A\. Then, for [ € L(\) define
ral) =#{1<i<r(A\) | =1}

to be the number of rows of length I. For example, if A = (4,3,3,2,1,1) then L(\) = {1, 2, 3,4}
and kx(4) =1, kA(3) =2, ka(2) =1 and kx(1) = 2.

Proposition 7.2.10. The group G is the subgroup of &, stabilising each column of t,(\)
and permuting the set of rows of t.(\). Thus Gy is a Coxeter group of type HleL(/\) Ay ()—1-

Proof. By Proposition[2.4.3] g € G maps connected components of Jy to connected components
of Jy. As the connected components of .Jy correspond to rows of t,()\), ¢ maps rows of t,(\)
to rows of t,(A\). As g maps @] to ®{ and as elements of ®{ are of the form e;; where
i < j and ¢ and j are in the same row of t,(\), g preserves the columns of t,(A). Conversely,
any g € Wy = &,41 that stabilises the columns and acts on the set of rows of t,(\) satisfies
g®T = <I>;\r and so g € G. As g can only permute connected components of Jy of the same size,
we have that G = HZGL()\) Sp\)- O
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Example 7.2.11. Let A = (5,5,3,3,3,2,1,1,1), and so

tr(A) =

678910
1111213
14115|16
1711819
20|21

Then the group G = &, x 63 x &3 is generated by the involutions (1,6)(2,7)(3,8)(4,9)(5, 10),
(11,14)(12,15)(13, 16), (14, 17)(15, 18)(16,19), (22, 23), and (23, 24).

Proposition 7.2.12. We have Gy = {g € uAWA/uxl | g\ = ®r}. In particular, u;lGAuA <
Wy

Proof. By definition, the one line expression of uy is the columns of t,(A). It follows from this
construction that u;l = uy (the element with one line expression formed from reading the rows
of t.(\) from left to right and top to bottom or equivalently reading the columns of t,.(\')). It
follows that u;lG AUy is the subgroup of &, that stabilises each row and acts on the set of
columns of t,(\"). Hence, u)_\lG,\uA < Wy and so if g € G then g € uAW)\/uxl and g®) = @)
(as g@F = 7).

On the other hand, suppose that g = u,\wu;1 with w € W)y satisfying g®) = ®,. If there

isan o € <I>j\r such that ga = —f € —CI)j\r then wugla = —u;\lﬁ. As uyw™! € AW by Lemma
we have that wu;\la > 0 which forces u;lﬁ < 0. However, as 3 € <I>;\r and u;\l €W (as
Ax(uy) = Jy) we have u;lﬁ > 0, a contradiction. O

Remark 7.2.13. It follows from the definition of uy that the group u ,\qu)_\l is the subgroup
of the symmetric group stabilising each column of t,()\).

Definition 7.2.14. The G\-root system is the subset ®g, = @JCSA U (_(I)EA) of P/Qx with
Of ={a—¢|1<i<j<r()) with A = Aj}.

Note that ®¢, is not a true root system as the group P/Q) can have torsion (see Example
, however it will play an analogous role to a root system in setting up a dominance order
on P / Q -

As G, preserves @y the equation g(v+Q)) = gy+ @ defines an action on P/Q . Explicitly,
in terms of the e-basis, this action permutes the elements €1, ..., €,(y) with the constraint that if
gé; = € then \; = \; (as elements of Gy permute rows of the same length). Set a fundamental
domain for this action by

(P/Q))+ ={mé1 +---+ aro\)éro\) | a; > a; if 1 < j with \; = )\]} (7.2.4)

If Jy = 0 (and thus A = (1*1)), then P/Qy = P and P, = P*. The set (P/Q))+ gives a
Jy-analogue to dominant weights and are thus called dominant A-weights. By definition G also



CHAPTER 7. A, BACKGROUND 105

acts on PXV. Let PJ(F)‘) be the fundamental domain of this action given by the image of (P/Q\)+
under the isomorphism P/Qy — P from Proposition That is

P ={ye PV |y 4+ Qs € (P/Qy)+)-

Example 7.2.15. Let A = (2,2) as in Example The group G is of type A1 and generated
by (1,3)(2,4) = sas1s3s2. We have that (P/Q))+ = {a1€1 + a2é2 | a1 > as} and

P_g_)\) = (Zzo&)g) U (wl + Zzowg) U (W3 + ZzoWQ) U (w1 + w3 + ZE,1WQ).

To see how to get PJ(F)‘) from (P/Qy)+ consider the tableaux form of elements of PJ(:‘) from
Remark There are four options for the tableaux corresponding to elements of PJ(FA):

b1 b1 b1+ 1| by b1 b1 bi+1| b
bo bo by bo by +1| by by + 1| by

with by > by (this forces by > 0 as if by is negative so is by and we can add —b; to all entries,
recalling that tableaux are equal if they differ by a constant tableau). This along with wy = 0
and the fact that

w1 & 110 and w3 &

gives the result.
Example 7.2.16. Let A = (5,5,3,3,3,2,1,1,1) as in Example[7.2.11] Then
®f = {1 —&,83 — €4,83 — &5,84 — 5,67 — 3,67 — &9, 88 — E9},
(P/Qx)+ ={a1é1 + -+ +agéq | a1 > az,az > as > a5 and a7 > ag > ag}.

Denote
Q* = spany(dg,) and Qj‘_ = spanzzo(q)gx).
Define the A-dominance order <, on P/Qy by

Y+ @y <27 +Qxif and only if ¥ — 5+ Qx € QF.

Via the isomorphism in Proposition the A-dominance order can also be considered a
partial ordering on the elements of P®). The following lemmas give explicit conditions to be
elements of @), and Qj\r, aiding in understanding the partial order <). These lemmas give a
Jy-analogue to the e-basis interpretation of Q and QT from Section

Lemma 7.2.17. Let v = Z?:ll aje; € Q, with the expression chosen so that a1+ -+ anp+1 = 0.
Then v € Q» if and only if Zj\i];)(k—l)—i-l a; =0 for each 1 < k <r(X).

Proof. This follows directly from the interpretation of @) in the e-basis from Section now
splitting into the different connected components of Jy. The connected components of Jy corre-
spond to rows of t,.(A). Each connected component has a corresponding root system, for example
row k’s root system is generated by e;;41 for all A(k —1) +1 < i < A(k). The weight v is a
root from the root system of row k if and only if v = Z?i’;)(kz—l)-i-l a;e; with Zjili\)(k—l)-i—l
The result follows as elements of (), are combinations of roots from the root systems of each

CLZ':O.

row. UJ
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Lemma 7.2.18. We have v+ Qy € Q* if and only if there is an expression v+ Qy = Z:Sl) a;€;
with
> ai=0 foralleL()),
1<i<r(N), hi=l
and moreover v+ Q* € Qﬁ‘r if and only if a1 +-+-+a; >0 for all 1 <i <r(A).

Proof. As with the proof of Lemma this follows directly from the interpretation of @
and Q71 in the e-basis. The set Q* is generated by & — é; for 1 < i < j < r(X). Each row
length [ € L(\) has a corresponding ‘root system’. Consider rows of length [, let & = min{1 <
i <r\) | AN =1} and m = max{1 < i < r(\) | \; =}. The ‘root system’ corresponding to
length [ is generated by ¢€; — €;41 for all £ < i < m. The element v+ Q) = ZZ‘ a;€; is a linear
combination of the elements of {&; — &;41 | kK < i < m} (a member of this ‘root system’) if and

only if
Z a; = 0.
1<i<r(N), A=l
and is a positive linear combination of the elements of {&; — é;+1 | k < i < m} if and only if
ap + -+ a; > 0 for all £ < ¢ < m. The result follows as elements of QA are combinations of
members of the ‘root systems’ corresponding to each [ € L(\). O

Note that, by the conditions for membership of @ given in Lemma , if v+ Qx € Q)
then v € Q. If A = (1"*1) then Q) = {0} and P/Q, = P, so in this case < is the usual
dominance order on P given by v < 7' if and only if v/ — v € QT (distinct from the dominance
order on partitions defined in Section . Hence, A\-dominance on P/Q) is a Jy-analogue of
the usual dominance order on P. If A = (n+ 1) then Q) = Q, P/Qx\ = {0,é;1,2¢1,...,né;} and
Q* = {0}, so if v,7" € P/Qy we have v < 7/ if and only if v = +'.

Example 7.2.19. Let v = (5,5,3,3,3,2,1,1,1) as in Example [7.2.11, Then Qi consists of the

elements a1€1 + - - - + agég with a; € Z satisfying a1 + a2 = az+ a4+ a5 = ag = a7+ ag+ag = 0,
a1 >0,a3>0,a34+a4 >0, a7 >0 and a7+ ag > 0.

7.3 The affine Hecke algebra of A,, the modules M) and the ring
Z[(5]

We now explicitly describe the definitions set up in Chapter [3| and Chapter [5| for type & = A,,.
That is, the Hecke algebra relations, the ring R[(;,] and the representations (mj, v, My, v).
As with Sections and we shift to the e-basis for these descriptions. We also define a
A-anaolgue to Schur functions that will be used in Chapter

Let H denote the Hecke algebra associated with & = A,, and H denote the corresponding
extended Hecke algebra (see Section for the definitions). Note that as ® is simply-laced,
qs; = qs; for all i,j € I U{0}. Hence, set q = qs, for all i € I U {0} and the relations of H from

(3.1.1) become
TwTy = Twu if l(wu) = l(w) + (u)
TwTs; = Tws, + (a —q~ )T if (ws;) = L(w) — 1.
Recall the definition of X,, for w € W from Section (see particularly ) Let X; = X

for 1 <i < mn+1 (recall that X7 = X; for all vy € P). Ase; + -+ eyqp1 = 0 we have that
X1 Xp1 =1
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The Bernstein-Lusztig relation from gives the following relations;

T}Xl = XzT] when ‘Z —j’ > 1,
T X, T =X for1<i<n.

In type A, we have that R = Z[g*!]. Denote
R[X] = spang{X" | v € P}.
The group Wy acts upon R[X] by linearly extending w - X7 = X™7. Let

RIX)™ = {f(X) € RIX] | w- f(X) = f(X) for all w € Wo}.

This is the ring of symmetric polynomials in R[X].

The Kazhdan-Lusztig cell decomposition of H has been determined by Lusztig [30] and Shi
[45]. The two-sided cells are indexed by partitions A - n+1. The following cells will be important
for our analysis: for A+ n+ 1 let

FA:{wGW“UNRW)\/} and A)\:{’LUEW‘WNLRWX},

be the right cell containing wy, and the two sided cell containing wy: respectively. It is well
known that for all w € Ay we have a(w) = ¢(wys) (where a is Lusztig a-function). Recall that
the partial order <ppr on W induces a partial order on the set of two sided cells from Section
For type A, we have that Ay <;r A, if and only if A < p in the dominance order on
partitions.

We will require the following result of Tanisaki and Xi.

Theorem 7.3.1 ([48, Theorem 4.3]). Let A= n+ 1. The two-sided ideal
spang{Cy | w <pr wy }/spang{Cy | w <pr Wy}
is generated by the image of Cy,, in the quotient.

Lusztig proved that P1— P15 (stated in Section[3.2) are true for ® = A,, in [35, §15] using the
positivity properties of Elias and Williamson (see [14}) Thus we can define Lusztig’s asymptotic
algebra, J, with generators (ty) weW (see Sectlon . Let J) denote the subring of J spanned
by {tw ‘ w € A)\}

We redefine R[(;,] from Section so we are working in the e-basis of P instead of the

w-basis. Let (1,...,(p41 be commuting invertible indeterminants with the condition that
C1ooCapr = 1. For v € P denote (7 = (*--- (it if 4 = Z"+11azel For A - n+1 let
7y denote the ideal of the Laurent polynomial ring R[ fl, . n+1} generated by (% — 1 for
j € Jx. Let

RG] =RIG™ - Gil/Th and Z[G] = Z[G -, ]/ T

Remark 7.3.2. To shift between the e-basis setup above and the original setup of R[(;] from
Section (in the w-basis) let ¢/ = ¢(“i. We have that {; = ¢}, Coy1 = ¢ ' and ¢ = (/¢ for
I1<i<n+1.
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Write ¢} = (747, and so ¢} =1forally € Q). Asin Sectionthis implies that ¢ = sz
for all v € P. We define C;\“LQ* = () for v+ Qx € P/Qx so that we can work in the quotient,
noting that R[()\] = R[P/Q)].

Explicitly, since ¢ = 1 for all a € ®) we have that CjCj_,l =1 for j and j’ in the same row
of t.(\). Thus, ¢ + Iy = ( + I, for j,j' in the same row of t,(\). Therefore, we can define

215+ Zr(\) € R[CA\] by
Zizzgj%—la

for any j in the i-th row of t,(\) (that is, z; = ¢}’ for all j in row 7). As e; + -+ ep11 = 0 we

A
have that 21\1 e zy&? =1 and

Ar
R[¢\] = R[zE, .. .,z;t&)]/(zlh "'ZT(A(;) _ ).

The group Gy acts upon R[(y] by ¢(¢}) = ¢J” for all g € G, and v € P. This action is
well defined as if (] = :\Y/ € R[¢)] then v — 4 € @, and by the definition of G this implies

that gy — g7 € Qa, thus ¢J' = Cﬁvl. Explicitly, this action is given by permuting the variables
21, .., 2p(n) under the condition that if gz; = z; then A; = A;, mirroring the action of G on the
elements ¢; from Section [7.2

Example 7.3.3. Let A = (5,5,3,3,3,2,1,1,1) as in Example [7.2.11] Then G, permutes the
variables z1, ..., zg preserving the partition {z1, 20} U {23, 24, 25} U {26} U {27, 28, 29 }.

Definition 7.3.4. Define the following two sets;

RIGI = {p(¢) € RG] | g+ p(Gr)
Z[O9 = {p(&)) € ZIG] | g+ p(¢n)

Recall that PJ(FA) is a fundamental domain for the action of G on P® from Section and

so every element of PO is of the form g7 for some g € Gy and v € PJ(F)‘). Thus, R[¢y]%* has
basis, as a free R-module, given by the monomials

ey (Q)) = Z (1/, with vy € Pf). (7.3.1)
v EGAY

p(Gx) for all g € G},
p(¢y) for all g € Gz}.

Similarly, Z[¢y]* has basis {e,((y) | 7 € PJ(F/\)} as a free Z-module.

Definition 7.3.5. For v € PO (or v € P/Q,) let 5,(Cy) be the G-Schur function

s (0= ¢ I 1_1(_ga

+ A
geGA OcECDG)\

Proposition 7.3.6. The elements s-(()\) are in Z[()\]9, and {s,()) | v € PJ(F)‘)} is a basis of
R[C\]E> (respectively Z[()\]% ) as a free R-module (respectively free Z-module).

Proof. This follows from [38, (2.10) and Proposition 2.10], taking the theory for P* and Wj and
applying it to Pi/\) and G). O

For A = (n + 1) we have P = {0,wy,...,wn}, Ay = Ag and G = {0}. Thus, ¢, = 0
and 50 s,,(() = (¢ = 2} where z; = ({'. For A = (1"*!) we have that P = P and G = W,
Hence, ¢, = ® and s,(C)) for v € PT is the classical Schur function given in [38, (2.10)].
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Example 7.3.7. Let A = (2,2) F 4 as in Example and Example [7.2.150 We have that
G\ = {e, s2s15352} and @a = {é1 —é2}. The action of G on P/Q) is given by s2515352€1 = €3.
Let v = aéy + béa € P/Qy. Then

1 1
— 2l
57(C>\) - C)\ 1_ C;é1+é2 + C)\ 1_ C}é\l_éz
2825 2828

1—21_122 1—2122_1

a+1_b b.a+1
21 Ry T 215

21 — 22
as (' = 21 and (3> = 2. In particular, as 2222 = 1, we have that sz, 45,((\) = 2122 and so

561 +é2 (C)\)Q =L

Let (7, v, My, v, Bsy) be the representation of H defined in Chapter [5| with By, = {m, |
u € *\W}. As @ is simply-laced, v, = vg for all o, 8 € ®,. Furthermore, by Propositionand
Theorem we have that (77, v, My, v) is bounded if and only if v, = —q~! for all a € ®,.
We notate (77, v, My, v, Boyy) as (mx, My, B)), setting v to be the Jy-parameter system with
Vo = —q ! for all a € ®,. Similarly, we notate the 1-dimensional representation, Jyv, of the
Levi-subalgebra corresponding to Jy (see Section by 1\ and the function wj, (see (5.1.1))
by wy. By Proposition [5.2.1| we have that

UN(T;) =—q ' and Uy (X7) = (—q)" PN

for all j € Jy and v € P. Furthermore, we have that 1 (X) = (—q)~(2/¢§ for all 1 < i <
n+ 1. Let r and ¢ be such that i = A[r,¢c] (so 1 <7 <r(A) and 1 <¢ < \;). By Lemma

i—1

A(r)
(en200)= > 1+ Y 1=X\-2+1,
Jj=i+1 J=A(r—1)+1

hence,
DA(X) = (@
for all 1 <7 <n+ 1. This implies that

) cp s
. q if j € Jy,
X% =
D) {(—Q)’\k+)"“+1_2zlgzk_i1 if i = \(k).

Using Lemma the number of elements in *W, and the dimension of My, is

(n+1)!

Ny=—7+—7".
AT A !

It is well known that the number of right (or left) cells within Ay is equal to N).

The following proposition gives that the matrix entries of m\(Cw,,) with respect to the
basis By are supported on the interval [uy,ujwy] (note that by Lemma we have that
[U)\, U)\W)\/] g )‘W)

Proposition 7.3.8. We have [1\(Cw,,)]u,v = 0 unless u,v € [uy,uxwy]. If z,y € Wy then

[Tr)\(CWA/ )]ukx,uky - qa)\—e(iﬂ)—f(y) .
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Proof. Let x € Wy,. As Txill Cw, = q_é(fl)C’WA/ = q_g(x)CWA, (see Section and by Propo-
sition [5.1.3] we have

My,z - CW)\/ = w)\(Xu/\) : TI_—11CW>\/ = qie(x)mu/\ : CW)\/‘

By Proposition [3.2.2]
mU)\I‘ . CW)J — Z qe(w)\’)_e(x)_g(y)mu/\y
yEW)\/

and so the uyz-th row of 7m\(Cy,,) is as claimed (using Lemma 7.1.11]).

It remains to prove that the other entries are zero, that is for w € W such that w ¢ [uy, uyw,]
we have m,, - CWA, = 0. We write w = wjwsy where wy is Jy-reduced on the right and we € W)y.
Thus Jy C Ag(w1) but Ag(wi) # Jy as wy # uy (as w ¢ [ur,uywy]). It follows that there
exists s’ € Jy such that wys’ ¢ *W and thus w8’ = sw; for some s € Jy (see [I, p.79 (F)]).

Again by Proposition [3.2.2

Cuyy = 3 gl x,

yGW/\/
= Z gl wan—tw) X, + Z qtwa)—£w) X,
yeW,, yeWy,
ys' >y ys'<y
= Z qtwar)=(y) X, + Z qtwan)—E(=)—t(s) XzT;l
yGWA/ ZEW)\/
ys' >y 28>z
yGW/\/
ys'>y

Since my, - Cw,, = q~““2m,,, - Cy,, and Xy, (71T, + 1) = (71T + 1) Xy, it follows that

my, - Cy,, = q’e(“”)mwl . (qflT;l +1) Z qé(wk/)fé(y)Xy
yeWy,
y5’>§/

= q W) (q L\ (T + 1) Z qZ(WA/)*Z(y)lexy =0
yGWA/
ys'>y

with the final equality following from wy (75 ') = —q. O



Chapter 8

The killing property and
boundedness

In Section we introduced the notion of a balanced system of cell representations of H as a
family of matrix representations indexed by two-sided cells that satisfy 5 properties: B1 - B5.
Recall the definition of B1, the killing property, and B2, boundedness, now restricting to the
case ® = A,:

B1 The killing property: If w is in a cell lower or incomparable to Ay with respect to the
left-right order then m)(Cy) = 0. -
B2 Boundedness: The degree of q in the entries of the matrices 7y (7Ty,) for w € W is bounded.

In this chapter we prove both properties and some consequences. In Section [8.1] we prove
the killing property, Theorem Boundedness is proved in Theorem in Section and
the bound is shown to be ¢(wy/). Furthermore, we prove that the elements whose matrices reach
this bound are a subset of Ay. In Chapter we strengthen this result by showing that the
elements that reach the bound are exactly Ay, proving B3 for 7). In Section we introduce
the ring €, of leading matrices (recalling the definition of leading matrices from Section
and define a map from Lusztig’s asymptotic algebra to this ring which will be shown to be an
isomorphism in Chapter

8.1 Killing

In this section we prove the killing property for w). We will need the following two lemmas.
Lemma 8.1.1. Let A, n+1. If p ? X then u®,y N{ay | j € Jn} # 0 for all u € W

Proof. We will show the contrapositive: if u € W with u®, N{ay | j € Jr} =0 then p > A
Let u € *W such that u®, N {a; | j € Jy} = 0 and write u = ujus where u; is Jy-
reduced on the right and us € W,. Thus u; € AW and u®, = u1®,. As uy is J reduced
on the right we have that .J,, C Ap(up). If there exists some s € J,» such that urs ¢ AW
then u1s’ = suy for some s € Jy. This implies that ujay = g, contradicting the fact that
u®y N{ej | j € Jx} = 0. Thus, no such s exists and so J,» € Ax(u1). This implies that
p < plug, A) (as if Ay(ur)\Jw # 0 then the A-expression of u; is comprised of strictly less than
(1) blocks, using Lemma[7.1.8). The result follows as p(u1,A) < X' by Lemma O

Lemma 8.1.2. If u 2 A then m)\(Cyw ) = 0.

111
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Proof. Applying 7 to the formula in Theorem we have that

1—q2XF

weW,,, BED T\ @ (w)

as BY = B for all B € ®F. Let B = {wy\(U,) | v € *W}. By Remark for w € W,
A (c’qjj/ (X); B') is diagonal and 7 (U,; B") has distinct support (the places of the non-zero entries;
row u of my(Uy; B') has a unique entry in the uw-th position if uw € *W and is zero otherwise).
Thus m\(Cw,,; B') = 0 if and only if 77,\(05, (X)Uy; B') = 0 for all w € W,,. This is equivalent
to the statement

wA(Uy) - 2 (X)U, = 0 for all u € *W and w € W,

By Proposition and Proposition [5.4.1)(2) we have

1— quXfuﬁ

o) (XUw=ax | ] 5

/BGCI’:/ \®(w)

UyUy

1 —q 2\ (X 7uP)
seotpow | AT
1—q 2y (X )
- H 1— %(;(_“ﬁ) @) U

BED )\ @ (w)

As row u of my\(Uy; B') is only nonzero if uw € *W, when uw ¢ *W we have wy(U,) - Uy = 0
and thus wy(Uy,) - s (X)U, = 0. So assume that uw € W,

As p # A, by Lemma we have that u®, N {a; | j € Jy} # 0 for all u € *W. Thus
there exists j € Jy such that u_laj =pB € ®,. Since u € AW we have that 8 > 0, so 3 € @:,.
Moreover, w™!8 = (uw) la; > 0 as uw € AW by assumption. Hence, 3 € @:,\@(w) and so 8
appears in the product of wy(U,) - cﬁ,, (X)U, with corresponding factor

L= (X)) 1—q (X)) _
1 — 1y (X —vP) 1 —a(X7%)

as ¥\ (X %) = q~2 for all j € J) (see Section . Thus 75(Cw,,) = 0. O

Recall from Section that A, <pgp A, if and only if x < A. We now prove the killing
property.

Theorem 8.1.3. Let \,pt-n+1. Ifw e A, with p ? X then m5(Cy) = 0.

Proof. Let w € A,. By Theorem there exist h, h' € H such that

hCw,h'=Cy+ Y,  a.C. witha, €R. (8.1.1)

ZEW,Z<LRWH/

We proceed by induction on p with respect to the dominance order. If p > A then there is
nothing to prove, so assume that x4 #? . For the base case, let p = 1"*t1. As this is the unique
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lowest partition in the dominance order 1} becomes hCy h' = Cy for all w € A, and the
base case holds by Lemma [8.1.2

Assume that for all v < y, if w € A, then v # X implies that 7\(C,) = 0. In the sum in
for z <pr wy if a. # 0 then z € A, for some v < p. As v < p and p # X it follows that
v # A\. Thus applying the inductive hypothesis we have 7)(C,) = 0. The equation then
becomes wau, h' = Cy and m)\(Cy) = 0 for all w € A, follows by Lemma O

8.2 Boundedness

Using the killing property from Section we now show that 7y is bounded with bound ¢(wy/)
and that the elements that reach this bound are a subset of Ay.

Theorem 8.2.1. The degree in q of the entries of the matrices wx(Ty) for w € W is bounded
by £(wy). Moreover, if degma(Tw) = (wy) then w € Ay.

Proof. Let N = max{deg[m\(Tw)]uv | w € W, u,v e AW} which is well defined by Theorem
(as vq = —q ! for all @ € ®;). Let w € W be such that mA(Ty) attains the degree N,
and suppose that this degree is attained on the u-th row of mx(T,). Let v1,..., v € AW be the
columns of m(7T},) where deg[m\(Tw)]u;, = N for 1 < j < k. Thus we can write

[TA(Tw)uyw; = a;(¢x)qY + (terms of strictly lower q degree),
with a;(¢x) € R[¢,]. By Lemma [5.3.7 we have that m(h*) = mx(h)* and so
[TA(Ty=1)]v; 0 = @5 (¢ HaY + (terms of strictly lower q degree).
By the triangularity between C,, and T},

[TA(Cw)uw; = a;(¢)q™ + (terms of strictly lower q degree), and
[TA(Cop=1)]oju = a; (¢ 1)a™ + (terms of strictly lower q degree).

Thus,

[rA(Cu)TA(Cyp ) = [a1(G)an (G + -+ + ar(Gr)aw(C )™
+ (terms of strictly lower q degree),

We claim that the coefficient of g2V does not vanish. Let a(¢y) = > ep @Gy € RIG] with
a~y € Z, then

a(C)a(( ) = Z Uy, Ay, (P = Z ag + terms involving (j,
Y1,72€P) yePX)

and the constant term, > p() a?, is strictly positive. Since [a1(Cy)a1 D+ Fan(C)ar(C)]
is a sum of terms of the form of Zwe PO a,YC; with a, € Z, it cannot vanish as claimed. Thus,

72 (Cow)mA(Cyy-1) attains a degree of 2V in the (u,u)-th entry.
On the other hand,

TA(Cu)TA(Cy=1) = Y Ty 1. mA(C). (8.2.1)
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where h,, ,,—1 . are the structure constants with respect to w, w~! and z (see Section . By
Theorem the sum in is over z in two-sided cells higher than or equal to Ay with
respect to <pg. Consider z € A, with > X. As a(z) = #(w,) we have that a(z) < £(wy/) for
all z in the sum of by Lemma Thus, deg(hy,,-1,.) < a(z) < £(wy). Furthermore,
deg(m\(C;)) < N and so the right hand side of is bounded by N + ¢(wys). Thus,
2N < N + {¢(wy) and so the representation is bounded by ¢(wy/).

Suppose that 7y (7Ty,) attains this optimal degree ¢(wy/) in the (u,v)-th entry. By the argu-
ments above, my(Cy)mr(Cypy-1) attains a bound of q*¥») in the (u,u)-th position. Equation
@) implies that there exists z >z wy such that degh,, ,,—1 , = £(wy) and deg[mx(C-)]uu =
(wy). As a(z) < £(wy/) this forces a(z) = ¢(wy) and hence z ~pp wy by P11 (see Section
. As deg hy, -1, = £(wyr) we have that v, -1 ,-1 # 0 (recall that 7, ,—1 ,-1 is the constant
term of q*Z(WA/)hw7w717Z). Thus by P8, w ~r z and so w € Ay as required. O]

Corollary 8.2.2. The set of elements w € W such that the matriz mA(Tw) attains the bound
C(wy) is a subset of the two-sided cell Ay.

Proof. This is immediate from Theorem O

In Chapter we will improve upon Corollary to show that the elements that reach
the bound are precisely the elements of Ay. That is that m) recognises the cell Ay in the sense

that I'z, a7, B, = Ay (see Section .

8.3 Leading matrices

Recall the definition of leading matrices from Section For simplicity we will notate ¢, s, B, (w)

for w € W by ¢x(w). By Theorem the definition of cy(w) is as follows: for w € W, its
M-leading matrix is given by

ex(w) = a7 )my (Cu)lg-120 € Maty, (Z[G])-

Note that by Lemma we also have ¢y (w) = q_é(WA’)W,\(Tqu_l:O. In this section we define
the ring of these leading matrices and prove that the map from Jy to this ring, defined by
ty — cx(w), is a surjective homomorphism of unital rings.

By Corollary if cy(w) # 0 then w € Ay and by Proposition we have that ¢y (wy) =

E (where E, , is the matrix with a 1 in the (u,v)-th position and 0 elsewhere).

UX,Ux

Definition 8.3.1. For A - n + 1, define

¢y =spanz{cy(w) |w € Ay} and €= @ ¢y
AFn+1

Recall the definition of v, , .-1 € Z from Section as the constant term of q~“™x)h, , .
for x,y,z € W.

Proposition 8.3.2. The Z-module €y is an associative Z-algebra under matriz multiplication.
Moreover, for x,y € Ay we have

C)\(m)C)\(y) = Z ’Yz,y,zflc)\(z)'

ZEA )

Thus the linear map Jx — €y, ty — e\ (w), is a surjective homomorphism of unital rings.
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Proof. For z,y € Ay we have

[a= )y (Ca)lla )y (Cy)] = Z [~ gy, g~ ) (C)).
zew

Specialising q~! = 0 on the left hand side gives c)(x)c)(y). By Theorem the sum on
the right hand side is over z € A, with x4 > A and all other terms vanish. If y > X then
U(w,r) < L(wy) so deg(q “™3)h,, ) < 0 for the z terms in the sum (as hyy, . < €(w,) for
z € A,). Thus, each term [q~“™x)h, ][ W) 7, (C,)] can be specialised at q~! = 0. If this
specialisation is non-zero then degm)(C,) = ¢(wy/) and so z € Ay by Corollary Upon

specialisation, for such z € Ay we have q =M\ h, . — -1 and the result follows. O
q Y, /Vx,y,z



Chapter 9

A-Satake isomorphism

In this chapter we will give a A-relative version of the Satake isomorphism using 7). The results
of this chapter, leading up to the A-relative Satake isomorphism, will be used in Chapter [L1] to
describe Lusztig’s asymptotic algebra. First recall the classical Satake isomorphism. Let

qe(WO)

1= —Ci
0 VV(qQ)C0

where W (q?) = EwEWU q2(w) . This normalisation of Cuwp is such that 12 = 1 and loﬁlo is
a unital algebra with identity 1g. Recall that R[X]"° is the ring of symmetric functions in X.
It is well know that R[X]"0 is the centre of H (see for example [38, Theorem 1.4]). By [38,
Proposition 2.3(b)], the set {s, | ¥ € P} is a basis of RIX]"0 where the s,’s are the classical
Schur functions from [38, (2.10)]. The classical Satake isomorphism is

Z(H) = RIX]"° =~ 14H1,
where the isomorphism is such that s, — s,19 = 19s,10.

The M-analogue to this isomorphism proved in this chapter is 7r>\(1,\/3qR/1 v) 2R [Q}GA
where 1)/ is a normalisation of Cy,, and R’ is the extension of R so that the associated algebra

extension Hgrs contains 1.

To prove this isomorphism we first define a A-analogue to 1y. Define
qK(WA’)

1y = ———Cy., where Wy(q?) = q2tw),
A Wy (q?) ™ (@) weZVV:A/

To determine properties of (1 vHr1 x) we will explore the properties of WA(CWA,ﬁCWA,).

Definition 9.0.1. Let f) : H — R[Cx] be defined by fx(h) = xa(hCuw,,) where x, is the character
of (my, My). We extend the definition of fy to operators U acting on M) on the right (as we did

in Remark [5.4.5]).
Theorem 9.0.2. We have x\(Cw,,hCy,,) = fr(h)7rx(Cw,,) for all h € H.

Proof. By the definition of matrix multiplication we have

[WA(CWA/ hCWA/ )]uv = Z [WA(CWA/ )]um [WA(h)]uhm [WA(CWA/ )]u2,v-

uy,us €AW

116



CHAPTER 9. A-SATAKE ISOMORPHISM 117

By Proposition this entry is zero unless u© = uyz and v = uyy for some z,y € Wy.
Furthermore, in the sum we have that u; = uy2’ and us = uyy’ for some 2/, € Wy,. Thus,

[WA(CWA/hCWA/ UAT,UNY — Z g™ e ) a—t)- Z(yl)[ﬂk(h)]u)\zﬁuxy'
'y €Wy
= qa)\—f(x)—f(y) Z qu—Z(x')—Z(y’) [T (R)]ura usy
x' Yy €Wy,

and 5o mx(Cw,,hCuy,,) = f1(h)7A(Cw,,) where

S @O [ ()] yyng
z,yGWA’

This implies that x(Cw,,hCw,,) = f3(h)x2(Cuw,,), and Proposition m gives that

W)\/ Z qu 20(x) _ qa,\WX(q—Q) _ qé(w)‘/)WX(q—Q)
x€Wy,

as ay = {(wy/) by Lemma[7.1.11

On the other hand, we have

Xa(Cwy hCu,,) = XA (RCL, ) = g Wy (a7 2)xa(hCu,y,)

as CVQVA, = qe(WA’)W,\/(q*Q)CWX, (See Section . Therefore, fy(h) = xA(hCw,,) = fa(h) as
required. O

Corollary 9.0.3. The algebra WA(CWA,ﬁCWA,) is commutative.
Proof. The result follows directly from Theorem for hy, ho € H we have
TA(Cw,, h1Cw,, )TA(Cw,, h2Cw,,) = fA(hl)f)\(hQ)W)\<C\,2VA,> = mA(Cw,, h2Cuw,,)TA(Cw,, h1Cuw,, )
O

Recall from Section that the bar involution on R is defined by q q~!. We extend this
definition from R — R[()] by setting ¢} = (. The following property of fj(h) will be required
in the proof of Proposition [11.2.8

Corollary 9.0.4. We have fr(h) = fr(h) for all h € .

Proof. We claim that y, (%) = xa(k) for all f € H. The result follows directly from this claim
and the fact that fx(h) = xa(hCuw,,).

It is sufficient to prove the claim for h = T,, by linearity. Let (7}, M}) denote the represen-
tation (7, , M}, ) of H induced from L£j, with basis {4 ® X, | u € *W} (see Section .
Let By = {&, ® Ty, | u € AW}, which is clearly a basis of M} by Proposition and the
triangularity between X, and T,,.

Let u € *W, then

®T) To=60XTy = Y (& ® T[4 (Tw)luo
VEAW

as Tuill = X, = Ty, where 7} (T},) is with respect to the basis {{, ® X, | u € *W}. Thus,
(A (Tow; B))]uw = [mA(Tw)]uw- The claim follows by Theorem and the fact that the trace of
a matrix is basis independent. O
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Recall the Macdonald c-function from Section We define a A-analogue to this function
by
1— quXfa
aX) =11 1 _xa

+
oc€<I>)\

Also, recall the definition of 1) from Section and the explicit description of 1 in type A,
from Section As in Remark we extend the definition of ) to rational functions of X
whose denominators do not vanish upon application of 1.

Lemma 9.0.5. If u € "W then ¥y (u - cy (X)) = 0 unless u € uxWy.

Proof. As w € Wy acts on R[X] by w- X7 = X" and as 1, (X?) = v{127¢], we have

] — q 2y {ua2p) ¢rua

1— q—QX—uOc
o ev@X) = | [T = | = 11
aecbj\'/ OéGCP;

1— V*<ua,2px>g/\*“°‘

Note that for o € <I>;\r, if ua = ag for some s € Jy then the numerator of the corresponding term
in the product is zero as (}* =1 and v—{@s:203) — g2, Thus, proving the result is equivalent to
proving that if u € *W with u ¢ uyWy then there exists some o € QD;\C and s € Jy such that
U = Q.

Let u € AW with u ¢ uyWy and write u = ujug where uy is Jy-reduced on the right and
ug € Wy Hence, Jy» C Agr(u1). However, by Theoremwe have Jy # Ax(u1) as u ¢ uyWy
implies that u; # uy. Hence, there exists some s’ € Jy with £(u1s’) = €(u1) + 1 and w38’ = suy
for some s € Jy (see [1, p.79 (F)]). Thus, uiay = as.

Let a = u;las/. Then o € @y as uo € W)y,. Furthermore, a > 0 as otherwise u;lul_las =
u;lasf = a < 0 which contradicts v € *W. Thus a € <I>;\r, and ua = uwzu;lasl = g as
required. ]

Lemma 9.0.6. We have ¥)(uy - p(X)) € R[C/\]GA for all p(X) € R[X]W)\’ where R[X]Wy -
{f(X)eRX]|w- f(X)=f(X) for all w e Wy }.

Proof. The set of monomials of type p(X) = > X7 for v € P span R[X]"~, thus it is

’V’EW>\1~’7
:ﬁfﬁcient to prove the claim for monomials of this type. Set p(X) = Z’Y'EWA/"Y XV, If g € Gy
en
g-aluy-pX) =g-oa | S X = N venizencgny (9.0.1)

v EWyry v eEWy

Write guyy' = uA(uglguA)’y’. By Proposition |7.2.12| we have that u;lguA € Wy and thus
uy 'guyy’ € Wy -4/ and so uy'guyy’ € Wy - . Consequently, we can change the variable in the
sum of (9.0.1) as follows: letting 7" = u;lgu Ay we have

-1 1" "
g a(uy - p(X)) = Z v(9 ™ty ,2px>qw )
7”€W>\/-'y

As gpy = py for all g € G, (see Section we have that (g7 uxy”,2px) = (uxy”,2ps). Thus,
g ¥alux - p(X)) = ¥a(ux - p(X)) as required. O

Theorem 9.0.7. We have fy(h) € R[] for all h € H.
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Proof. By the triangulaity between T, and U,, for w € Wy (see the proof of Proposition all
elements of A are a linear combination of p(X)U, where v € Wy and p(X) is a rational function in
X7 with non-vanishing denominator upon applying ¥, (see Remark . By the linearity of f
it is sufficient to prove the property for h = p(X)U, where v € Wy and p(X) is a rational function
with non-vanishing denominator. By Definition we have f(p(X)Uy) = xa(p(X)U,Cuw,, ).
By Theorem [5.4.2

1-q2Xx#8

Cuy, = Z gl N (O, where ) (X) = H 7

WEWy BeDT\®(w)

Thus, by Proposition 2)

X/\(p(X)UvCWA/) =xx | p(X) Z qZ(WA/)_Z(w) (v Ci\ul (X)UpUy
weWy,

= T G () (0 Y (X)) U,
”LUEW/\/

By Remark we have that x\(Uy) = 0 unless w = e and that m\(r(X); B’) (with B’ =
{wx(Uy,) | v € *W}) is a diagonal matrix for all rational functions r(X) (with non-vanishing
denominator). Furthermore, by Proposition [5.4.1(4) U,U,, is a rational function multiple of
Uyw. Thus,

0 ifv%W)\/,

X UUCW 1) = !
xa(p(X) ») {qz(wx)z(v)XA(p(X)(v.03_1()())[]1}(]”1) if v e Wy

For v € Wy, we have

/ 1 —q2X v 1—q2Xx78
A _ _
venX) = ]l x5 = Il ex
acdt\e(v-1) Bed] \®(v)

taking 8 = va as 1, \®(v!) = {a € @}, | va > 0} = {vB € @}, | v 0B > 0} = O}, \D(v).
Applying Proposition [5.4.1|(3) ¢(v) times gives

_q2x-8 _q2x8
UUys =@ ] (1-q"X")(1—-qg°X")

1-X-A)(1-X~
et ) )

Thus, for v € Wy,

' —qg2x-8 a2V —a\(1 _ qa—2YQ
(v- ) UU1 =@ ] 1-q7 X7 11 (1-g2X"*)(1 - q X%

1-X-7 (1-X"9(1—-X2
BeDT\®(v) a€d(v)
1—q2x%
g2, H q
BE®(v)

where ¢y/(X) is the N-analogue of the Macdonald c-function. Computing the trace using the
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intertwiner basis of my, B’ = {w\(U,) | u € "W}, we have

VO ) = gt W) —£) a2 o) (X 1—q2XP
A (P(X)UuCw,,) =9 | (X Wen(X) ] T_x75
Bed(v)
1—q2x7
— olwy)+E(v) ) ) q
q S u- [ p(X)en(X) ] T %P
uErAW Bed(v)

as my(X7; B') is diagonal with entries ¥ (X"Y) for all u € "W (see Remark [5.4.5). By Lemma
we have that ¥ (u - ¢y (X)) = 0 unless u € uyWy. Thus the sum over *IW above becomes
a sum over Wy, as follows:

1-q2XF
= gfm)e®) . R M
XA(p(X)U,Cuy, ) = N gy Lusy - [ p(X)en(X) ] T %P
yeWy, BED(v)
£(wyr)+E(v) 1—q2Xx¥8
=q" da fun- | DD pX)enwX) [] x| |- (902
yeW,/ BED(v)

As the sum is Wy -invariant the result follows by Lemma O

Remark 9.0.8. The proof of Theorem shows that f\(p(X)U,) =0if v ¢ W)/, and (9.0.2)
computes fy(h) explicitly when h is written in the form h =3 . py(X)U,. That is fy(h) =

> vew, Ia(o(X)Uy) with

1—q2XxV8

(o (X)U,) = gt )F@yy | uy - Z po(yX)en (yX) H 1 _ X8

yeEW BED(v)
Corollary 9.0.9. For v € P we have
FAXT) = Xa(X7C,,) = q" M)y (uy - P (X))
where P&V (X) is the N -relative Macdonald spherical function

, 1 — g 2x-ve
Y= 3 X0 ] g = 2 v (K en(X),
yeEWy, ae@irl yeWy,

Proof. By the definition of f) and (9.0.2) in Theorem we have

X)) = xa(X7Cuy) = a9y (un- D XY ey (yX)
yeW,,
as required. 0

Let R’ be the ring formed by adjoining R with the inverse of Wy (q?) = ZwEWA/ q2tw),

Denote ﬁRr to be the extension of H to include scalars in R’. We also extend the scalars of the
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representation (7, M) so that the representation is now defined over the ring R’[()]. Recall
that

1 qg(w)\’) c
No= W)\/(q2) Wy
As CVQ\,A, = q~{WIWwy, (9%)Cuw,, (see Section we have that 13, = 1,,. This then implies that

the algebra (1 A/7-[R/1 A) is unital with identity 1,/. Furthermore, this algebra is commutative

by Corollary [9.0.3]

We normalise f) as follows. Let

Then by Theorem we have that

20(wyr) qK(WA’)

I(R)mA(Cw,,) = Wy (q?)

mA(Ivhly) = Wy (g2

AR)ma(y) = A(h)ma(1y).

We now prove the A-relative Satake isomorphism. In the proof we use Corollary [11.2.9] which
will be proved in Section m (note that there is no circular argument as Corollary [11.2.9follows
from Proposition [11.2.8 whose proof is not reliant on the Satake isomorphism).

Theorem 9.0.10. We have mx(1LyHr1y) = R/[C]C>, with the isomorphism given by
ma(Iyvhly) < fa(h).

Proof. Let © : 77,\(1X7-£R/1X) — R[(,]%* be defined by ©(my(1yhly)) = fa(h). By Theorem
for hi, he € Hr we have that if m)(1xh11y) = ma(Lxhaoly) then

Ah)m(1y) = ma(lvhily) = ma(Lyvholy) = fa(ho)ma(1y).

In addition, Theorem m gives that fy(h) € R'[(y]% for all h € Hg:. Therefore, © is well
defined. The function is surjective by Corollary [11.2.9] For injectivity if D; = 7x(1)xh11y/) and
DQ = 7T>\(1)\/h21)\/) with @(Dl) = @(DQ) then

D1 = fi(h)ma(Ly) = O(D1)mA(Ly) = O(D2)mA(Ly) = fa(h2)ma(1y) = Da.

All that remains to prove is that © is a homomorphism. Let D; = m\(1yh11ly) and Dy =
7T)\(1)\/h21)\/), then

O(D1D2) = O(fa(h1)ma(Ly) fr(h2)ma(1x)) = fa(h1) Fr(h2)O(mx(13)) = fa(h1) Fr(h2) fr(1).

By Proposition [7.3.8 we have that f\(1) = xA(Cw,,) = Zuewy qtwa)=26@) — WDy, (q~2).
Moreover, as Cy, , = qf(WA’)WA/(g_Z)CWA, = q_Z(WA’)W,\/(qQ)CWA, (see Section we have that
(1) = g )Wy (g?). Thus, fr(1) =1 and so © is a homomorphism. O

Remark 9.0.11. To recover the classical Satake isomorphism, take A = (1"*1). Then 7 is the
principal series representation. It is well known that this representation is faithful, we will give
a brief description of this fact using the intertwiner basis from Remark [5.4.5]

Let h € H such that mx(h) = 0. Recall that all elements of H can be written as a linear
combination of p(X)U, where v € Wy and p(X) is a rational function in X with coefficients in R
and a non-vanishing denominator upon application of ¢y. Thus, write h = >y, po(X)Uy. Let
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B' = {w\(Uy,) | u € *W}. By Remark we have that 7y (U,; B’) is the matrix which has at
most one non-zero entry in each row and column where the u-th row is non-zero only if uv € *W
with an entry in the uv-th column. In the case when A = (1"*1), AW = W, and so uwv € *W
for all u,v € Wy. Consider u = e, then there is an entry in the (u,v)-th position of 7(U,; B’).
Thus the matrices (7(Uy; B'))vew, are free over R. In addition, by Remark mA(r(X); B)
is a diagonal matrix for all rational functions r(X) (with non-vanishing denominator) and so
mz(h) = 0 if and only if 7(p,(X)U,) = 0 for all v € Wj.

Let v € Wy. Remark states that the diagonal entries of 7)\(X7;B’) are ¢, (X7) =
v = ¢ with u € Wy. Thus, ma(py(X); B') is a diagonal matrix with entries rational
functions in ¢ and each diagonal entry is non-zero unless p,(X) = 0. Therefore, 7y (p,(X)Uy; B)
is the matrix formed by taking 7y (Uy; B') and multiplying row u by ) (py(u- X)) for all u € W.
This matrix is never zero, so the kernel of 7 is trivial and ) is a faithful representation.

Therefore, ) (7—7) =~ H and so with Theorem we recover the classical Satake isomor-
phism 19H1y = R[X]W.



Chapter 10

The asymptotic Plancherel formula

In Section we defined a trace function on H and described its spectral decomposition, the
Plancherel Theorem. We also defined a trace function on Lusztig’s asymptotic algebra J. In
this chapter, specialising to type A,, we give an explicit description of the Plancherel Theorem
and then prove a spectral decomposition for the trace on 7, called the asymptotic Plancherel
Theorem. The decompositions are given as non-analytic formulas with the link to the analytic
form described for both the regular and asymptotic cases. Section gives the Plancherel
Theorem description while Section deals with the asymptotic case. Using the asymptotic
Plancherel formula we prove that the elements w € W such that m)(T},) reaches the q degree
bound ¢(w)/) are precisely the elements Ay and we prove that 7, is isomorphic to the Z-span
of the leading matrices of ).

10.1 The Plancherel Theorem for Avn

In this section we give an explicit description of the Plancherel formula (see Section for type
Ap,. Let v=—q~! (recall that v, = —q~! for all a € ®)). Let

rA) azoy, —2\\; Ai—Aj+2k 1
_ —n(n+1) q 71(1 —4q ) ‘ A _ L—vhm 2 Rj
Cra) =4 II 1—q 2N and  ¢*(Cy) = II oy A2k,
=1 1<i<j<r(}) v

1<k<),

Recall the inner product on H defined in Section [3.4/and its analytic decomposition from 1'
and (6.2.3]). As in Remark we specialise q — ¢ > 1 real and z; to a complex number with

modulus 1 for 1 <i < r(A). Let T* = {(21,22,...,2(\)) € T | 20252 z:\(r)(\;) = 1} where T
is the group of complex numbers with modulus 1. Then, by [2, Remark 5.6] and [40] the explicit
analytic decomposition when restricting to type A4, is

dz),
A (=)

sty = 3 D [ b (zr)  where  din(z2) = (10.1.1)

Note that in [2, Remark 5.6] Aubert and Plymen use compositions instead of partitions. Combin-
ing composition contributions and changing to the representation defined in Chapter [5| recovers
from [2, Remark 5.6]. In particular, the numerical constant becomes 1/|G,|. This
constant is also forced by the results of Chapter [11] (see Remark [11.2.11]).

123
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We now construct a combinatorial version of the Plancherel Theorem (|10.1.1)) which is equiv-
alent to the analytic version upon specialisation of q and z;. For p(¢)) € R[()\] we can expand

p(Q)/(c/\(C,\)(c’\(C)Tl)) into a series using

Zv)\ —j +2kr - r (1012)
r>0

1 — A4k

noting that this choice of expansion keeps q bounded from above as A\; — A; + 2k > 0. Write

for the constant of Cg in this expansion.

Definition 10.1.1. For hq, hs € H define

C hih%
<h1,h2> A( ) AXA( i 211 )
Gil | M)A Gh]
To connect this definition to the terms in the analytic expression of the Plancherel formula,
consider a term of [[0.1.1]
Cx(q9) / xa(hhi)
dzy. 10.1.3
Gl o Jeaz P 10-1:)

As |zl] =1 (for 1 <i < r(\)) we have that ¢ ( ;1) = M(zy), s0 A (z))eM(z 11 = | (z))]?. Using
we can expand the integrand of (10.1.3) into a series in 21,..., 2.y noting that this
ch01ce of expansion gives an absolutely convergent series as ¢ > 1. We have that fT A 2y Tdzy = b0y
as dz) is the Haar measure. Thus upon integrating the series term by term

A0 -

where we specialise g — ¢ > 1 and z; (1 < ¢ < r()\)) to a complex number of modulus 1 in
(h1,h2)x. Combining (10.1.4) and ((10.1.1), we have the following non-analytic version of the
Plancherel Theorem.

Theorem 10.1.2. [£0],[2, Remark 5.6] For all hy, hy € H we have

(h1,ho) = > (b1, ho)x.

AFn+1

Example 10.1.3. Consider n = 1. By direct calculation

_ 1—q 2zt
Canla) =4 2 0(1’1)(C(1,1)) = A ,11 2 where 2173 =1
1—27"2
1-— q_2
@)= 1= Ce2)
Furthermore, |G (9| = 1 and |G (1,1)| = 2. Specialising variables we recover the analytic Plancherel

formula from Example noting that T® = {z € C | 22 = 1} = {1, —1} so the normalised
Haar measure on T(?) is the discrete measure assigning mass 1/2 to each atom.
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Now consider n = 2. Again, by direct calculation we have

4l-q (1-q72)*
4 _
1+ q—2 C(g)(CI) T q-6

Ca,1,1)(q) = q° Cin(d) =q

-2

11,1) (Lg%t 22)(1 —q 222 23)(1 — q =227 '23)
ct (C(l ) =
(1 -2 22)(1 — 2z 23)(1 -2z 23)
1+ q_3zf1z2

where z12923 = 1

where 27z = 1

0(2’1)(C(2,1)) =

0(3)(C(3)) =1

We also have |G(11,y] = 6 and |Go1)| = |G(3| = 1. The analytic decomposition for this
case is explicitly calculated in [4I, Theorem 4.3]. To recover this decomposition note that
TG = {z € C| 2% = 1} = {1,e*™/3, ¢*/3} Thus, the Haar measure on T®) is the discrete
measure assigning mass 1/3 to each atom. With this we recover the analytic expression [41]
Theorem 4.3] upon specializing variables.

14 q2; 2

Proposition 10.1.4. For A\Fn+ 1 we have

Ci(q)
deg ———F—— = —2l(wy).
C)‘(CA)C)\(C,\ 1)
Proof. By definition, and as \; > 0 for all 1 <14 < r()),
r(\)
deg Cx(q) = —n(n+1) +Z>‘2 i=-n —n—n—1+2)\2
i=1

using the fact that Z:S‘l) Ai =n+ 1. In addition, as A\; — A\j +2k > 0 and —\; — Aj + 2k < 0 for
all 1 <i<j<r(A)and 1<k < A; we have

1
deg (W) = > 20— X -2k

1<i<i<r())
1<k<),

= > 2NN =N+ 1)

1<i<i<r())

= Y 2451

1<i<i<r(X)

Thus,

r())
Cx(q) _ 2 2 N )
deg ARG (n+1)%+ z; N+ D 2 > a2

1<i<j<r()) 1<i<j<r(N)

By Lemma [7.1.11f we have that }_,; ;<.\ 2A; = 2{(wy), thus all there remains to prove is
that (n+1)% = Z:Si) 22+ D i<icj<r(y) 2AiA;. This follows from the fact that

7(A) T(A) 7(A)
Z i Z)\j = Z Z Ai)\j + Z Z /\i)\j =2 Z )\i)\j
i=1

J#i i=1 1<j<i<r()) i=1 1<i<j<r(\) 1<i<j<r(A)
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with
7(A)

Z/\ /\—1—2)\ Z)\ n+1)=(n+1)>?
J#i
O

Remark 10.1.5. By Rernark- 0 1 10.1.1) and Theorernm7 Ua (g2l e(X)e(X 1)) is a
constant Inult1ple of Cx(q ) where ¢(X) is Macdonalds c-function (see Section
and the ’ notation denotes that all factors that are zero in the numerator or denominator
are omitted. Thus, Proposition [I0.1.4] with Theorem [8:2.1] confirms Conjecture [6.2.4] for type
Ap.

Corollary 10.1.6. For A\Fn+1 and u,v € W we have deg(Ty, Ty)x < 0, and if equality holds
then degmy(T,) = degmx(Ty) = (wy/), and hence u,v € Aj.

Proof. By definition, we have

_ O@) [ xa(TuT)
TN Lwo)ck(c;l)]c{

By Theorernu 8.2.1, degm\(T,) < £(wy) and degmy(T,,) < £(wy). Thus, xA(T,T, 1) < 26(wy).
If equality holds then degmy(7,,) = degmx(T,) = ¢(wy) and so, by Theorem u,v € Ajy.
The result follows from Proposition [10.1.4 ]

10.2 The asymptotic Plancherel Theorem

In this section, using the Plancherel formula, we give a spectral decomposition, called the asymp-
totic Plancherel formula for the trace function defined on J in Section @ We also prove that
the elements of W whose i image in 7y reaches the maximal q degree are precisely the elements
in Ay (improving on the result of Corollary [8.2.2) and that J = €.

Proposition 10.2.1. For A\Fn+ 1 we have
( g% Cy(q) )
A

Proof. By Proposition [10.1.4] the specialisation of q%(""%’)CA(q)/(cA(CA)cA(Cgl)) at g7t =0
exists and is a nonzero rational function in ¢y. Consider a typical term of 1/(c*({\)cM¢)):

= J[ a-¢.

q~1=0 aECDG)\

(1 _ V*A¢*/\j+2kzi—1zj)(1 _ V*)\if)\j+2kzizj—l)

(1 _ VAi—/\j+2kZi—1zj>(1 _ VAi—)\j+2kziZj—l)

—>\i—)\j+2k _ —12])((_ —/\Z—Aj-t-Qk

-1
)2+ A—2) ((-a) i —2z; )
(1= (=q) =2k ) (1 — (—g) Mt A =2k

= (—q

(noting that A\; — A; +2k > 0 and —\; — A\; +2k < 0). The q term out the front will be absorbed
into the overall degree. If A\; + A\; — 2k > 0 then, upon specialising q~! =0, the above term will
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contribute (—z;lzj)(—zizjl) =1. If \y + \j — 2k = 0, which forces \; = \; = k, then the term
will contribute (1 — 2z, 2;)(1 — zizj_l). Thus,

(qQZ(WA’)CA(q) >
AMO)AMEGH

[T a-z'zp0-—zzH= [ 0-¢
a7'=0 j<ici<r(n) acdq,

i=Aj
as required. O

Recall the definition of leading matrices for type Ay:
C)\(w) = q_g(wy)ﬂ-)\(cw)’q—lzo = q_e(wy)ﬂ-)\(Tw”q—l:O

(where the second equality follows from Lemma [3.3.3)). By Lemma we have that

*

aa(w™) = ex(w)

where ¢)(w)* denotes the conjugate transpose of ¢)(w) as defined in Section For \Fn+1
define 75° : J — Matn, (Z[¢)\]) by

(SN Z aptw | = Z aycx(w).

’wEW wWEA

In particular, note that 7°(t,,) = 0 if w ¢ Ay. By Proposition 7$° is a matrix represen-
tation of J. Denote the character of 7§° by x5°. Thus,

XX (A) = tr(nf°(A)), forAeJ

where tr denotes matrix trace.

Recall the definition of Tr>® and the corresponding inner product (-, -)*° from Section The
following asymptotic Plancherel Theorem gives a spectral decomposition of this inner product,
mirroring the Plancherel Theorem (Theorem [10.1.2)) at the asymptotic level.

Theorem 10.2.2. For A, B € J we have

(A B* = Y (AB) where <A,B>§°=1[x§°<AB*> 11 <1—<§“>]

AFn41 ‘G’\ ‘ ct

O!ECDGA

Moreover, for each A& n + 1 the bilinear form (-,-)S° is an inner product on the Z-module Jy,
and the elements ty,, w € Ay, form an orthonormal basis.

Proof. By the linearity of the matrix trace function, it is sufficient to prove that

37t ) = Tr®(tuth) = 04y for all u,o € W
An+1
by Theorem Let u =1 v. Recall that

tyty-1 = Z Yau,o—1,y—1ty-
yeEW
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In the sum, if 7, ,~1 -1 # 0 we have that u ~1, v by P8. Thus, as u » g v, we have t,t,-1 = 0.
It then follows that x3°(tut, ') =0 for all Ak n+1and so Y5, (tu, te) = 0.
Thus, it remains to consider u,v € A, for some p - n+ 1. By Theorem and Lemma,
B.4.1]
Z <T’LL7TU>)\ = 5u,v-

AFn+1
By Corollary (10.1.6/the specialisation ((Tw, Ty))|q-1=0 exists and is zero unless 4 = A. Therefore,

( > (Tu,Tv>,\>

AFn+1

= (Tu, To)plq-1=0 = Ouw-

q-'=0
By Theorem and the definition of ¢)(w) from Lemma [3.3.3]
Xp(TuTy-1) = q%(wu’)tr(c“(u)cﬂ(v)*) + (terms of strictly lower q degree),

with x, the character of (m,, M,). Then, by Proposition [10.2.1| we have

Xu(TuTy-1) s " a
oG ) T (126 Gemms o desre <0

Cu(a)

as tr(c,(u)e,(v)*) = tr(m°(tu) 70 (t)) = X7 (tuty;). Upon specialising we have

(Tus To)plq-1=0 = (\éM [CM(q)XM(TUT;)L)

M (Gu)e (Gt q1=0
1
= W [Xzo(tut:) H (1 - Cﬁ):| = <tU7tU>ZO
17 ae@Gu ct

and the result follows as dy,» = (T, To) ulq-1=0-
It is clear that (-,-)$° is linear and symmetry follows as the matrix trace is symmetric. For
A= ZweW apty € J we have

(A, A)S° = Z Ay (Lt ) S = Z Aoy Ay O, = Z afﬂ

wueEW wueW weWw

and so (-,-)$° is an inner product as required. O

The following two theorems are consequences of the asymptotic Placherel theorem. In par-
ticular, note that Theorem [10.2.3| improves on Corollary to say that the set of elements
w € W such that m)(T,,) attains the bound #¢(w)/) is precisely the two sided cell Aj.

Theorem 10.2.3. We have c)(w) # 0 if and only if w € Aj.

Proof. The forwards implication is true by Corollary [8.2.2] so it remains to prove that if w € Ay
then degmy(Tyw) = f(wy). If w € Ay then by Theorem (tw,tw)S® = 1. Then, by the
proof of Theoremwe have (tw,tw)S = (Tw; Tw)lq-120 = dw,w = 1, s0 deg(Tw, Ty)x = 0.
The result then follows from Corollary O

Theorem 10.2.4. We have J\ = € as Z-algebras, with t,, — cx(w). Thus J = €.
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Proof. From Proposition the map ¢ : Jy — €y, with t, — c\(w), is a surjective ring
homomorphism. It remains to prove that the map is injective. Let a = )" A, Gwtew € J with
(a) = 0. Thus,

1/] Z ayly | = Z awc)\(w) 207
weEA weA)

and so for each v € Ay we have ZweAX aypexr(w)ey(v)* = 0. Taking traces and multiplying by
(1/1GAl) HQG@GA(l — (YY) we have

= I = | > awar(w)er(v)’ lTeN| IT 0=¢) Y and(tuty) =0.

‘G)\‘ a€de, WEA, weEA

Taking the constant term of Cg on each side we have that ) Ay Qw (tw,ty)¥ =0 and so a, =0
for all v € Ay as (tw,ty)° = dw,0 by Theorem [10.2.2 O

Remark 10.2.5. As for the Plancherel theorem (Theorem [10.1.2]) we have an analytic version
of the asymptotic Plancherel theorem. Specialise q — g > 1 real and z; to a complex number of
modulus 1, for all 1 < <r(X). As [ 2 dzx = 04, integrating term by term we have

(AB") [ (1 —z%dax = (4, B)Y

= [ XX
’G)\’ T OLG‘I)GX

for A,B € J. As z has modulus 1, (1 —2,%) = (1 — 2%). Hence, the analytic version of the
asymptotic Plancherel theorem is

2
dZ)\.

WB* = 3 [ @B ) where di(o) = | [T (G- 5)
A1 /T ol



Chapter 11

Lusztig’s asymptotic algebra

In this chapter we give an explicit description of Lusztig’s asymptotic algebra for type A,, a
culmination of the results of Chapters [7] To do so we will describe a subring of 7, and use
a result of Xi from [49]. Let

ijF;1 = spany{t, |w € T\NT'} and Q:FmF;l = spang{c)(w) |w e Ty NT '}

As F;l is a left cell, jrmr;1 is a ring (for example, this can be seen using P8). By Theorem
@ we then have that jrmr;l = Q:l—\)\ml—\gl.

We state the following result of Xi that will be instrumental in the results of this chapter.
The result reduces the understanding of J to jr)\mr;l. Fix bijections ¢;; : I'; ij_l — Ty ﬂF}‘\l

as in [49, §2.3], and write Ej;;(a) for the matrix with @ in the (7, j)-th position and zero elsewhere.

Theorem ([49, Theorems 2.3.2 and 8.4.2]). We have:
(1) The map ty + tg,,(w) induces a ring isomorphism jrmri_l — jrmr;l.

(2) The map ty, — Ejj(ty, (), for w € I'i N Fj_l, defines an isomorphism from 7\ to
MatNA(jF)\ﬂFXI)'

In Section we give a preliminary result about matrices and then prove that for w €
Fiﬂfj_l the matrix ¢y (w) has a unique non-zero entry. The placement of this entry is determined,
and an ordering on W is set. In particular, it is shown that w € I'y N F;l if and only if the
matrix ¢y(w) has a nonzero entry in the (uy,uy)-th position. In Section we introduce an
inner product on Z[(,] that reflects the inner product defined in Theorem entry-wise (in
terms of the entries of the matrices 73°(-)) and show that the G'y-Schur functions are orthonormal
with respect to this inner product. The main result of the section, and the chapter itself, is an
explicit description of I'y N F;l. The set is shown to be equal to the set of maximal double
coset representatives for the cosets qu)_\lmu AWy (with v € PJ(F’\)) and it is shown that the
non-zero entry of the leading matrices of these elements is a G)-Schur function. It follows from
this description that jrmr;1 is isomorphic to the ring Z[¢ )\]Gk, giving a A-relative version of

[27, Proposition 8.6] (see also [38, Theorem 2.22(b)]) and recovering the main result of [49] (see
Remark [11.2.13| for the difference between their result and the one given in Section [11.2)).

Finally, in Section we give the description of Jy by explicitly describing € (as Jy = €y
by Theorem . It is shown that, from this description and from the results of Part [II, that
the matrix representations (m)x-n+1 form a balanced system of cell representations (in terms
of the criteria listed in Section .

130
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11.1 The set ;N T;"

In preparation for explicitly describing T'y NT'}", in this section we show that the matrix cy(w)
has a unique non-zero term when w € I'; N Fj_l, we prove the placement of this non-zero term,
and we choose an ordering on MW

Let Maty(Z[()\]) be the algebra of N x N matrices with entries in Z[()] and for A €
Matn(Z[¢)]) let A* denote the matrix formed by transposing A and performing the conjugation
¢} — ¢, entry-wise.

Lemma 11.1.1. Let A € Maty(Z[C)\]) be an idempotent matriz of rank 1 with A* = A. Then
A= Eyy for somel <k < N.

Proof. Think of A as an operator on the module M = Z[(,]"" where elements of M are column
vectors with entries in Z[()]. Let My = ker(A) and M; = {z € M | Az = z} denote the
0O-eigenspace and 1-eigenspace of A respectively. Let z € M. We can write z = (z — Azx) + Ax.
As A is idempotent we have that A(x — Ax) = Ar — Az = 0 and so © — Az € My. In addition,
we have that A(Az) = Az and so Az € M;. Thus, M = My @ M;. It follows that dim(M;) =1
as rank(A) = 1. Denote zg to be the generator of M;. By definition Azg = xo and thus
(Azg)* = 2{A = zj as A* = A.

Let y € M = Mo & M,;. We have Ay = pyxq for some p, € Z[(y] (with py, = 0 if y € My).
Then, denoting v = x{xo € Z[()] we have

pyV = pyoo = To(pyto) = xo(Ay) = oy

Thus,
vAy = vpyxo = xo(Viy) = xoxgy

for all y € M and so vA = moxf. Write 29 = (z1,...,2x)7 (where T denotes matrix trans-
position). As xy # 0 there is some 1 < k < N such that z;y # 0. Furthermore, we have
that

v = xyxo = r1conj(zy) + - - - + xyconj(zy)

where conj(z;) is the conjugation of z; € Z[()] (as in Section [5.3). Thus, vA = zoz{ implies
that vag, = xpconj(xy) where A = (ai;). For f(()) € Z[()], writing f(C\) = D, ¢,¢) with
¢y € Z, we have that [f((y)conj(f(Ca))lee = 2, c?/ (where ct is as in Section ) and so
[f(Cxn)conj(f(Cn))]et is strictly positive when f((y) # 0. Thus, for 1 < k < N such that zx # 0
we have [zpconj(zk)]es > 0 and so [V]ey > [zrconj(xg)]ey with equality if and only if z; = 0
for all ¢ # k. Thus, as ax, € Z (because A* = A) and as vayr = zrconj(xy) we have that
[V]et < [agkV]et = [zrconj(ck)]et and so [V]er = [zrconj(zk)]et. Therefore, z; = 0 for all i # k and
so v = xconj(xy). On the other hand xox§ = xrconj(xy) Ly, and so the equation vA = xgx
gives that A = Fj ;. as required. O

Recall from Chapter [7| that Ny = dim(my) is the number of right cells within Ay. Let
I't,...,I'n, denote these right cells and let d; € D be the unique distinguished involution such
that d; € T'; (see P13 in Section . ‘We establish a specific ordering on the elements of AW,
and thus the rows and columns of 7y (#), as follows.

Theorem 11.1.2. Let w € I'; N Fj_l. The elements of "W can be ordered such that the matriz
cx(w) has a unique non-zero term, in position (i,j). With this ordering c\(d;) = E; ;.
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Proof. Let A; = cx(d;) for 1 < ¢ < N). By definition

tata; = Z Vd;,dj, 21tz
zEW

For = € W such that Yd;d;,--1 7 0 by P7 and P2 we have that d; = dj = z. Thus, if
i # j then tg;ts, = 0. In addition, t?li = Yd;,d;,d;ta; = Tta, by P5 and positivity of the struc-
ture constants forces t?li = tg4,. It follows by €y = J) (Theorem that the matrices
Ay, ..., AN, € Maty, (Z[()]) satisfy A;A; = 0if i # j and A? = A;, and hence are pairwise com-
muting idempotent matrices. As A; is idempotent the argument at the beginning of the proof
of Lemma [11.1.1| gives that A; is diagonalisable and has eigenvalues 1 and 0, and so as the A;’s
are pairwise commuting matrices they are simultaneously diagonalisable. Hence, there exists
P € Maty, (Z[¢)]) and Dy, ..., Dy, € Maty, (Z[()]) such that A; = PD; P! for all 1 < i < N,.

The diagonal entries of D; are 0 and 1 (as A%2 = A implies that D> = D or as 0 and 1 are
the eigenvalues of A;). Furthermore, as the A;’s are pairwise commuting idempotent matrices,
(Zf\gl A)? = Zf\gl A; implies that (Zf\’gl D;)? = Zj\’gl D;. This forces the D;’s to have their 1
entries in different places and to only have one nonzero entry each, otherwise there exists some
i,7 such that D;D; # 0. Therefore, D; = Ej ; for some 1 < j < N, and so A; has rank 1. By
Lemma and as d;l = d; we have that A7 = A;. Thus, A; satisfies the hypothesis in Lemma
and so A; = Ey, 1, for some 1 < k; < N). By the isomorphism in Theorem the A;
matrices are all distinct and so the mapping 7 : (1,...,Ny)) — (k1,...,kn,) is bijective. Thus,
we may order AW so that A4; = E;;.

Suppose that w € I'; N F;l. Using P2 and P7 as we did above, we have that tgt, =
ZzeW Yd; w1tz and if v4, -1 # 0 then w = 2. Thus, tg,t, = ty, using the positivity of
structure constant for equal parameters, P5 and the fact that w € I';. By Theorem [10.2.4]
this then implies that cy(d;)ca(w) = ¢y(w) and so the non-zero elements of cy(w) are forced
to lie in the 4-th row. Similarly, using P2, P7, P5 and the fact that w € I‘j_1 we have that
cx(w)ex(dj) = ex(w) which forces the non-zero elements of ¢y(w) to be in the j-th row. Hence,
¢x(w) has a unique non-zero entry in position (i, 5). O

Corollary 11.1.3. We have w € I'y N I‘;l if and only if the matriz c\(w) has a non-zero entry
in the (uy,uy)-position.

Proof. The forward implication follows immediately from Theorem [I1.1.2] and the fact that
cax(wy) = Ey,u, (see Proposition [7.3.8). For the reverse implication, let c(w) have a non-
zero entry in the (uy,uy)-position. As cx(wy) = Ey, u, it follows that cy(w)cx(wy) # 0 and
ex(wy)ea(w) # 0. By Theoremthis implies that there exists z € W such that Yoy w,e—l F
0 and vy w,, .-1 # 0. By P7 we then have v, .-1,, # 0 and 7,-1 4, w,, # 0, which in turn imply
that wy <p w and wy <p w. Thus, with P9 and P10 and as a(w) = wy = ¢(wy/) we have
w ~, Wy, which implies w™! ~r wy/, and w ~r wy as required. ]

11.2 The set I'\N F;l and the ring ijF;1

Recall the definition of the G)\-Schur functions s (¢y) from Definition @}, the monomials e~ ((y)
from and the A-dominance order on P/Q, (and consequently P") from Section In
this section we define an inner product on elements of Z[(,] connected to the inner product on J
defined in Theorem and show that the G-Schur functions are orthonormal with respect
to this inner product. We then prove that these Schur functions are the contents of the leading
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matrices of particular double coset representatives. Finally we prove that I'y N F;l is exactly
the set of these double coset representatives and that jF/\mrgl is isomorphic to Z[¢y]%

Definition 11.2.1. For f((y),9(¢x) € Z[¢)\] define

(G905 = g |60 - conila(en) - T <1—<f>]

aE¢G>\ ct

By Corollary [11.1.3|if A, B € J-_ ~p-1 then
FAQFA
T (A) = a(Cy) Euyuy,  and  73°(B) = b(Cr) By, vy

for some a((y),b(Cn) € Z[(x] where 75° is the Z-linear extension of 73°(t,,) = ¢\ (w), as in Section
Thus,
(4, B)X" = (a(Cr), Q)X

where (-,-)3° : J X J — Z is as in Definition
Lemma 11.2.2. The Schur functions sy(C\) with v € (P/Qx)4+, are the unique elements of
Z[C\]C> satisfying:

(1) 55(Q) = ey (C0) + 222y Ayyrey (Q1) with ay o € Z, and

(2) (57(00): 8y ()R = Oy

Moreover, we have a. > 0.

Proof. The fact that the Schur functions satisfy (1) and (2) is classical. For example taking P
and Wy to be Pi/\) and G in [38], (3.14)] we have

) = Z Ky yrey (G2)

YAy

where K, ./ are the Kostka numbers. It is well known that K, ., > 0 and K, = 1, so 5)(())
satisfies (1) taking a, ., = K, . Furthermore, 5)((y) satisfies (2) by [38, Proposition 3.4].

To prove uniqueness, suppose that &,(Cy) satisfies (1) and (2) and that the s7,(Cx) are deter-
mined for all 4" <\ . By (1) and (2) it follows that {s’,(Cy) [ 7" <x 7} is an orthonormal basis
of the Gy invariant functions spanned by {ex(Cx) | 7" <x 7} As 57 (C)) satisfies (1) we have that

(C)\ = Cy C)\ Z b’y'y’ﬁy C)\
¥ =y

Applying (-,s7,(C3))S° for 7' <) v on either side and applying (2) gives that the integers b, ./

are uniquely determined by by o = —(ey((1), 8%, ()% AS @y = —(e5(C1), 54/ (C1))S° we have
5,(Cx) = 57, (Cx) as required. O

We introduce the following maximal length coset representatives, which will be shown to
explicitly describe I'y N I‘;l in Theorem [11.2.10

Definition 11.2.3. For v € PO let m,, be the longest element of the double coset W,\/uxleyu,\W,\/.
Proposition 11.2.4. If v € PY and g € Gy then Mgy = M.
Proof. By Lemma we have that g7,g~! = 7,4, for all g € Gy, and so

-1

Uy g un = (uy tgun) (uy 7 un) (Ut uy).

By Proposition [7.2.12 u;lguA € Wy, thus u;leu,\ € W)\/uglﬂyuAW)\/ and hence the result. [J
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Theorem 11.2.5. Let vy € PW) . There exist x,y € Wy such that my = mu;lTVuAy with
0(my) = £(x) + L(uy P muy) + £(y)  and  L(x) + £(y) = L(wy).

If v,v € PJ(F)‘) with v+ Qx <A 7 + Qx then £(m,) < £(m.) with equality if and only if v =~'.
Proof. See Appendix [A] O

Proposition 11.2.6. Ify € Pj(L)‘) then there is an integer ¢ > 0 such that

[ex(Mmy)]uy,uy = ) + (Z-linear combination of terms C:\Yl with v 4x 7).
Thus, mx(Tr,) attains the bound £(wy).

Proof. By Theoremm7 = zu} 'Tyupy for some z,y € Wy with £(m,) = £(2)+L(uy 'Tyup)+
{(y) and £(x) 4+ £(y) = £(wy/). Let po be the path starting at uy of type my =z - (uy "7yuy) - ¥,
(choosing any reduced expressions for z, y and u;lTvu ) such that the first £(z) steps are folds,
the next E(u)_\lﬁu ) steps are crossings and the final £(y) steps are folds. We claim that py is a
Jy-folded alcove path.

First, as £(uxsj) = £(uy) + 1 and uys; € *W for all j € Jy (see Theorem (2)), the first
{(z) steps are positive folds (and not bounces) given that x € Wy. The next £(uy '7yuy) steps
must remain in Ay to avoid forced bounces. First note that the starting alcove uyAyg C A
as uy € *W. By Theorem the end alcove u,\(u/(lTvuA)Ao = TyupAg C Ay as well. By
[1, Proposition 3.94], A, is convex as it is an intersection of half-spaces. Thus, reduced paths
beginning and ending in A remain in Ay, so the path from uyAg to 7yuyAg of reduced type
u;lmu,\ remains within Ay. Finally, as uys; € AW for all j € Jy (by Theorem (2)),
Tyups;Ag € Ay by Theorem and so the last £(y) folds are not forced bounces. It remains
to show that these folds are positively oriented. By Definition we have 7yuy = 1,y uy.
In addition, £(y,uxs;) = £(y,uy) + 1 for all j € Jy as otherwise we have a contradiction with
uy € *W (using [1} pg.79 (F)]). So tyyyuras, € ®F + 74 and thus, by and the fact that
y € Wy, this implies that the folds are positively oriented.

Since £(x) + £(y) = £(wy/) we have that Q. (po) = (q —q~ 1) ™). In addition, as end(py) =
Tyuy we have wt(pg) = v and 0*(po) = uy. Hence, by Theorem

[WA(TmA,)]U)\,UA =(q— q_l)Z(WA/)C;\Y + Z Q. (p) ;\Vt(p).
PEP 1, (My,ux)uy \{po}

By Theorem the bound of 7y is ¢(wy/) and so multiplying the above equation by qtwa)
gives

qfé(‘”%’)[77,\(me)]uhuA = (] + (Z]q '|-linear combination of terms Cz, with 4" € P).

Thus, it remains to prove that if p € Py (my,uy)y, with wt(p) = 4/ and v <) 7' then
deg 97, (p) < ¢(wy) and if equality holds then v = +" and Q, (p) has a positive leading coeffi-
cient.

Let p € Py, (my,uy)u, with wt(p) = +'. By Corollary 6*(p) = uy and so end(p) =
Tyuy. Let N = f(p) + b(p) be the total number of folds and bounces in p. Writing m, =
Si18iy + 85,0% (0 < k < n) we have end(p) = Tyuy = uxs;,8i, -+ - S, Sigy -+ 8;,0% where the
folds and bounces of p occur at the indices 1 < j; < --- < jy < land éijk indicates the omission of
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the generator in the expression. Thus, £(u} '7,/uy) < £(m,)—N, and so N < £(m,) —£(uy '7uy).
Furthermore, as £(m./) = £(uy '7,/uy) + £(wy) we have
N < tlwy) + £(ma) — L(my).
By Deﬁnition Qs (p) = (—q~ )P (q — g~ 1)/ ® and so
deg QJ, (p) = f(p) = b(p) < N < l(wy) + £(my) — £(m,),

with equality if and only if f(p) = ¢(wy) +£(m,) —£(m.) and b(p) = 0. The result follows from
Theorem [11.2.5{as when v <\ 7' we have ¢(m,) < ¢(m./) with equality if and only if v =+'. O

Definition 11.2.7. For w € W let fo,((y) = q [0 (Co)uy s -

Note that by Theorem we have that f,,({)) € (Z[q~'])[¢)] and by Corollary [11.1.3]if
fw(r) # 0 then w € Ty N Ty

Recall the definition of fy(h) from Definition
Proposition 11.2.8. Ifw e 'y N F;l we have
26(wyr)
Wy (q?)
and f, (1) € Z[G)9 . In particular, fm, (C)) = §4(C)) fory € PO and so cx(my) = 5,(C0) Euy .y -

Proof. If w e T'yxN F;l then by Theorem the matrix m(Cy,) attains the bound ¢(wy/) in
the (uy, uy)-position and only in this position. As w € T'y, by [25, Proposition 2.4] we have that
Dr(w) = Jy and so w = wyu with u reduced on the left by Jy,. This implies that ¢(wyw) =
{(w) — £(wy/). By a similar argument, as w € I';!, we also have that £(wwy/) = £(w) — £(wy).
Thus, by Corollary we have

q

TA(Cw) = fw(C)TA(Cw,,)  with  §u(() = =535/ (Cw)

CW)\/ CwCWA/ - q_ZZ(W)‘I)W)\’(qQ)QCw-
With Theorem this gives that
TA(Cw,, CwCu,,) = a2y (62)270(Cw) = fr(Ciw)TA(Cuy) )- (11.2.1)

Reading the (uy, uy)-entry, using Proposition for mx(Cw,, ), we have g W (62) 3w (Cr) =
q‘™x) £1(Cy). Thus, f1(Cy) is divisible (in R[¢y]) by Wi (q?)2, we have
QE(W)\/)

Wy (a?)
and becomes 7y (Cy) = fw(C,\)m\(CWA,) As "W (q72)Cu,, = a7 )W (%) Cu,,
(see Seotlon E ), by Corollary (9 we have ,({)) = fw(¢)). Thus, since f,(¢)) € (Zlg™1])[¢]

this forces f,(¢)) € Z[¢)] and by Theorem “ fu(C) € Z[C])CN.
Let v € PW. Tt remains to show that fm, (Cx) = $4(Cx). By Proposition |11.2.4/ mg, = m,

for all g € G so we may assume that v € PJ(F/\) as PV is a fundamental domain for the action
of Gy on PW (see Section . By Proposition |11.2.6| we have

q

fu(O) = 75 /A (Cw)

fm, (C2) = ¢ + (Z-linear combination of terms C;l with v £ 7'), (11.2.2)
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where ¢ > 0 is an integer. As deg[m(Tm,)]uy,ux = £(wy) (by Proposition [11.2.6) we have that
m, € I\NI'} ! by Corollary|[11.1.3)and 50 75° (tm, ) = ex(My) = fm, ((\)Eu,,uy by Theorem|11.1.2

Thus,
<fm'y (C/\)?fm'y (C/\)>?\O - <tm'y7tm'y>§\o =1
by Theorem [10.2.2 As f,(¢)) € Z[¢\]* and as the Schur functions (sfy(Q))Ver are a Z-basis
+

of this ring we have that

fm () = ) aysu(Cy)

V' E(P/QA)+

for some integers a,. As (fm, (C3); fm, (C1))S” =1 we have 3, a%, = 1 by Lemma [11.2.2{(2) and

as the a,/’s are integers this forces fm, (()) = £5,, (¢x) for some 1 € PJ(F/\). By Lemma|11.2.2(1)
we have that

S+, (Cn) = ey, (O1) + Z y, ¢y (1) = (& Zx>o-linear combinations of Cz/ with ~/ € PY),

¥ =am
and as ¢ > 0 in (11.2.2) it follows that fn, ({)x) = 54,(¢y). Furthermore, Lemma [11.2.2(1) gives
that v < 1 which, with (11.2.2)), forces v =~ (as v € PJ(:‘)). O

The following Corollary is used to prove Theorem
Corollary 11.2.9. The map fy: H — R[C\]E> is surjective.

Proof. By Proposition [11.2.8 we have

qQZ(WA/)
fm, (O)) = 55(Q)) = TCIE =5 fA(Cm,)-
Therefore, fx(Cn,) = q 2! W)Wy (q?)2s,(¢) and the result follows as the Schur functions form
a basis of R[()]%*. O

Theorem 11.2.10. We have I'x 1 F;1 ={m,|v€ PJ(r)\)}, and the linear map
Tryarst = ZIGIP with tm, = 5,(G)

s an isomorphism of unital rings.

Proof. By Proposition deg[mA(Tm,)]uy,uy = E(W)\/) and so, by Corollary we have
that my El“)\ﬁljl for all’yEP( ) Thus, {m, |y € P }CFAOF_
To prove the reverse containment, let w € I'y N I‘_ . By Theorem and Proposition
We have that 75°(tw) = ex(w) = fuw(Cn)Euy,uy and that f.,(Cy) € Z[G\]". fw & {m, [~y €
J(r/\)} then by Theorem and as 7°(tm, ) = 5,(())Eu,,u, by Proposition @ we have

<f’w(<)\)757(6\)>§o = (tw,tm,y>c)>\o =0

for all v € PJ(:‘). This contradicts the fact that (s,((y)) ~ep(M forms a basis of Z[¢,]“* and so

w = m,, for some v € P( ) Thus, {m, |y € P } r'xn F)\ as required.
Hence, the mapping € Ayt = Z[(\] G Wlth cx(m,y) — 5(¢y) is a ring isomorphism and
the result follows from Theorem [0.2.4 O
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The following remarks can be made about Proposition [11.2.8) and Theorem [11.2.10

Remark 11.2.11. Recall the analytic description of the asymptotic Plancherel formula given
in (10.1.1). The constant of each term in the sum of (hy, ho) from (10.1.1)) is forced to be ﬁ by

Proposition [11.2.8 and Lemma [11.2.2, To see this let (f({), g(¢)))S be as defined in Definition
M1.2.1l and define

(6 9(G)F = (A BIY &) ] <1—<£)]t

acdq,

with 73°(A) = f(C3) Euyuy and 737 (B) = g(Cx) Euyuy - Thus, (f(G), 9(Q))X° = K (), 9(G)S
We have that (ty,t,)Y = 0w, for all w,v € W as the proof of Theorem did not
rely on K = 1. By Proposition we have that 73°(tm,) = cx(m,) = 5,(())Euyuy,
and 50 ($y(C1),57(0A))F° = (tm,,tm,) = 1. In addition, by Lemma we have that
(57(Cx),57(Q))3” = 1. Thus,

1= (57(00): 57/ (Q))X° = K (55(C2): 5, (O)X = K

_ K[
|Gl

as expected.

Remark 11.2.12. Recall that mg, = m, for all v € PW and ¢g € G, by Proposition [11.2.4
This can be strengthened by Proposition [11.2.8/to m,, = m,, if and only if v9 € G\y1. To see

this let v1,v2 € PJ(F/\) with v, # 2. By Proposition [11.2.8| we have that
Wk(cmwl) = Sy, (C)x)ﬂ-)\(cw)\/) # Sy (C)\)ﬂ-)\(cw)\/) = WA(me)

and so m,, # m,,.

Remark 11.2.13. The description of Jp,ar-t 0 Theorem [11.2.10] is in terms of the G-
A
symmetric functions of {, whereas the description of jl“ml“;l in |49, Theorem 8.4.5] (and the

description in [26]) is in terms of representation rings. To translate between these definitions,
for each A = n 4 1 let uy be the unipotent element of SL,,41(C) with Jordan blocks given by
the partition A. Let F\ be the maximal reductive subgroup of the centraliser in SL,41(C) of uy.
Then Z[¢)]%* is isomorphic to the representation ring of Fy. Note that in [49] Xi works with the
group W x Q, with Q = Z, instead of W x ¥. Elements of W x ) are of the form s;, - - - silak
with no restriction on k € Z (and o the generator of ), differing from elements of W x ¥ which
are of the form s;, ---s;,0" with 0 < k < n (and o as in Section . Thus, Xi is working in
GL,+1(C) instead of SL,,11(C).

11.3 Lusztig’s asymptotic algebra

In this final section we give an explicit description of €. By Theorem this gives an
explicit description of Lusztig’s asymptotic algebra J = @, Jx. Using this description we
then prove that the family of matrix representations (my)a-n+1 forms a balanced system of cell
representatives (see Section .

As in Section let d,...dn, denote the distinguished involutions in Ay and I'y,...,I'n,
be the right cells in Ay such that d; € T';. Now fix the ordering so that d;j = wy/ (so I'y =T')).
We order *W as in Theorem so that cx(d;) = Ej;;. Recall that there exists bijections
¢ij - TN F;l — ThNTy! (from [49, §2.3]). Throughout this section we will use the Theorems
of Xi [49, Theorems 2.3.2 and 8.4.2] often so will recall them here (let E;;(a) denote the matrix
with a in the (4, j)-th position).
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Theorem 11.3.1 ([49, Theorems 2.3.2 and 8.4.2]). We have:
(1) The map ty + tg,,(w) induces a ring isomorphism Ir,art = mergl.

(2) The map tw — Eij(ty,; ), for w € Iy NIy L defines an isomorphism from Jy to
MatN)\ (jr)\ﬂl—‘; )

Theorem 11.3.2. There are weights v1,...,7YN, € P® and ey, . .. en, € {—1,1} such that
D7Le\D = Maty, (Z[(,\]9Y)  where D = diag(e1C)", ..., en, Gy 0).

Moreover there is a function hy : Ay — PJ(:‘) such that:
a) for each 1 <1i,7 < Ny the map hy :T; N ! o P s bijective, and
J +
(b) ifwelyn I‘;l then D™'ex(w)D = sp, () (O)) Es

Proof. By Theorem [11.1.2) we have that cy(d;) = E;;. Let w;; = qbi_jl(wx) eI, nN Fj_l. By
[49 Lemma 231] gf)u(dz) = wy and gf)”( 1) = (gf)ji(wji))_l, which implies that d);il(W)\/) =
((bwl(w)\/))_l. Thus, wy; = d; and wj; = ww1 for all 1 <1i,7 < Nj.

We have that ta,y = tw, by the proof of Theorem [11.1.2L Thus, Eyj(tw,,)Eji(tw,,) =
E--(t2 ,) = Eii(tw,,). Therefore, under the isomorphism in Theorem [11.3.1(2) we have ty,; tw;, =
tw”tw_]1 = tg,. By Theorem [11.1.2] ¢\ (w;;) = a({x)Es; for some a(Cy) € Z[¢)\]. Thus, applying

Theorem [10.2.4] and the fact that c,\(wigl) = ¢\ (wij)* (see Lemma , we have
Eii = ex(di) = ex(wij)ex(wy;) = a(G)a((y ) Ei

and so a((,\)a((A_I) = 1. Writing a(C)) = X2, cpoy ¢y () with ¢y € Z (as was done in the proof of

Theorem [8.2.1)) it follows that
a(Cy)a(( ) = Z cvc,y/(;_ﬁ/ = Z c% + (terms involving ().

v,y €PN ~ePM)

It follows that > p
€ij = +1. Thus, c(wij) = GijézijEij and, as Wj; = ’LUZ-;I
and 7i; = —7;ji.

As Eij(tw,, ) Ejr(tw,,) Eri(tw,,) = Eii(tw,,), by Theorem (2), we have ty,;tw;, tw,; = ta;
and so by Theorem o) (wig)ex(wjr)ex(wy;) = ex(d;) = Ey. On the other hand, as ¢(w;;) =
GijC;\YijEij we have

o ¢ =1 and, as ¢, € Z, this forces a((y) = €;;¢1" for some ;; € P and

and Wi — di, we have €ij = €ji, €i5 = 1

T
C)\(ww)c)\(w]k)c)\(wkz) —ijjkek’LC%J Tk ’YME

and so v + Vjr + ki = 0 and €;5€;xex; = 1.

We claim that there exists weights v1,...,vn, € PWand signs e, .. .,en, € {—1,1} such
that C/\ﬁw = V” and Ezy = ¢e; for 1 < 4,5 < N). We proceed by induction using the fact
%k =™ =%, as v + vk + e = 0, forall 1 < i, 5,k < N).
If 4 = j then ~; = 0 so C)\’ o= Cz”' for any ~; € PWN and ¢; = 1 50 ¢; = €¢; for ¢; = +1.
In particular, if 1 < 4,57 < 1, that is ¢ = 7 = 1, the claim holds. Now, assume that there
exists some Y1, ..., € PY and €1, ..., ¢, € {1, —1} such that C)\ifvj = C;\Yij and €;e; = €5 for
1 <i,5 <n < Ny,. Weonly need to consider the case when i # j as the case when i = j was
completed above. If i = n+1 and j < n+1 then setting CV"“ CW”“)IJWI
we have

that €6, = sz and C)\

and €p41 = €(y41)1€1

Vn+1=Y; _ A+ D)1 TV Y411 TV Y (nt1)s . . .
Cy =G, = (y = (, and €,41€; = €(n41)1€1€j = €(n41)1€15 = €(n41)j-
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C’Y(n+1)1+’yl o C—“/l<n+1)+71
A TS

Similarly, if i < n+ 1 and j = n + 1 then again setting C;\Y"“ = and

— 3 Yi—Yn+1 __ ~Vi(n+1)
€nt+1 = €(ny1)1€1 LlVes that ¢, = g)\”‘

follows by induction. It follows that

and €€,41 = €(ny1) as required. The result

cv(wij) = DE;D™Y with D = diag(e (', eny G ).

Let Ri; = {{[D71AD];; | A € €\}. We claim that R;; = Z[(\]“*. Suppose that a(()),b(¢)) €
Rij, thus there exists A, B € €, such that [D™'AD];; = a(¢)) and [D™1BD];; = b(¢\). Then
D~ Yey(d;) Acy(w;ji)Bea(dj)D = D™ 'E; ADD ™ ey (w;;) DD ' BE;; D
= E;D 'ADE;;D"'BDE};
= a(C)b(C) Eyy
and so R;; is a ring. Moreover,

Dilc)\(wli)Ac,\(wﬂ)D = DilC,\(wh‘)DDflADDflc,\(wjl)D = Eh‘DflADEjl = a(Q)EH

so cx(wii)Acy(wji) = a((n)En = a(Cy)ea(wy) € Cr Ayt (by Theorem [11.1.2]). Thus, as
ex(wi), A, ex(wj1) € €y and by Theorem [11.2.10|we have that a((y) € Z[(\]*, so Rij C Z[(\]E>.
For the reverse inclusion, note that

D_lc,\(wil)c,\(mv)c,\(wlj)D = 57(Q\)D_lc,\(wil)DD_lEllDD_lc)\(wlj)D
= 5,(Q\) D ex(wi) DE1 D™ ex(wi;) D = 5,(\) B
and so Z[(,]%* C R;; by Propositionm Thus, Ri; = Z[(\]*, so D71€\D = Maty, (Z[(\]9).
Let w € T ﬂFJ-_l, and write D™ lcy(w)D = a(¢y) E;; for some a((y) € Z[¢(\]¢*. We have that
Wio(tw) = C)\(w) = G(C)\)DEiijl, SO
XS (tuty,) = tr(a(Gy)a(¢y ) DE; D™ (DE;; DY)
tr(a((,\)a(g_l)DEwD 'DE;;D™)
tr(a(¢)a(Cy ) Ei).
Thus, by Theorem [10.2.2] we have that (t.,tw)S = (a((y),a(y))s° = 1. Writing a((y) =
> ore(P/Qy)y @v5+(C1), With ay integers (as the Schur functlons are a basis of Z[()\]%*), it follows
that - a2 = 1 by Lemma [11.2.2, Thus, a((x) = €wSp,(w)(Cr) for some hy(w) € PJ(F)‘) and
€w = *1. Consider this map hy : I'; N F71 — P( ). If w # v with w,v € T; N F;l then
ha(w) # hx(v) as otherwise (t,,t,) = (ewﬁhA (Q\) €uSh, (0) (OA))X° # 0, a contradiction by
Theorem [10.2.2, Furthermore, the map is Surjectlve by T\’,z] = Z[(\]% with the fact that
{s,(()) | v € PJ(:‘)} is a basis of Z[(y]“*. Thus, hy is bijective as required.
Finally, we claim that €, = 1 for all w € Ay. By Proposition [11.2.8 we have

D~ ey (wii)ea(w)en(wj1)D = D™ tey(wi;) DD ey (w) DD ey (wj1) D
= €wSh, (w)(C\) E11
— €wSh, ) (O)D T En D
= () D ex (M, () D

so cy(wii)ex(w)en(wjr) = €wer(Mp,(w)). By Theorem [10.2.4] this implies that ty,tute;, =
€wtmy, () and by the positivity of structure constants (of H and thus J) this forces ¢, = 1. O
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We make the following conjecture.
Conjecture 11.3.3. In Theorem[11.3.9 we have ¢; = 1 for all 1 <i < Nj.

Recall the definition of a balanced system of cell representations from Section in partic-
ular recall the descriptions of the conditions B1-B5 and B. The following corollary shows that
Theorem along Witll other result from Part give that (7))xrn+1 is a balanced system
of cell representations of H.

Corollary 11.3.4. The matriz representations ("), with A& n+ 1, satisfy the conditions B1
- B5 and B. Thus they form a balanced system of cell representations

Proof. Theorem [8.1.3| gives that m) satisfies B1 and Theorem [8.2.1| gives that 7\ satisfies B2,
with the bound being ¢(wy/). Theorem gives that ¢y(w) # 0 if and only if w € Ay and
so B3 is also satisfied. Condition B4, that the leading matrices are free over Z, follows from
the freeness of the Schur functions and the fact that D~ ¢\(w)D = sp, (,,)(())Ei; by Theorem

11.3.2l Condition B5 follows from Lemma|7.1.12| and Theorem Finally, to show that B is

satisfied consider z € Ay. Let 1 < 4,7 < N, such that z € T; ﬂF;l. By Theorem |11.3.2[ we have
Dilt)\(z)t)\(d‘j)D = Dilﬁhk(z)(C)\)EijEij = Dilﬁhk(z)(CA)EijD

and so c(2)ex(dj) = cx(z). Therefore, 7, 4, .-1 # 0 as required (an analogous argument can be
made instead using d;). O

Remark 11.3.5. Conjugation by D in Theorem amounts to choosing a (signed) basis
associated to a fundamental domain F for the action of T ;, on W/*. Proposition m gives the
description of the basis and Theorem [5.3.5] gives the path formula with respect to this basis.
Specifically, the fundamental domain chosen is F = {7 'u; | 1 <i < Ny} where *W = {u; | 1 <
i < Ny} is ordered as in Theorem|[11.1.2} the associated (signed) basis is then {e;wx(Xy) | u € F}.

Example 11.3.6. Consider A3 with A = (2,2) as in Examples[7.2.1] [7.2.15| and [7.3.7} We have
that uy = s2 and so we order *W as follows:

A
W = {s2, e, 8251, $253, $25153, $2515352 }.

As in Example we have C)é\l = 21 and C)\éQ = 2o with 2222 = 1. Using Theorem we
have the following matrices (with the basis ordered with respect to the above ordering of *W):

rQ 0 1 0 0 0 7 o 1 0 0 0 0
0 —qo1 0 0 o0 0 1 Q 0 0 0 0
|1 0 0 0 O 0 _ o 0o —q7t 0 0 0
oI =19 o o Q1 o0 m(T2) =1, o o —q°!' 0 o
0 0 0 1 0 0 0 0 0 0 Q 1
L0 0 0 0 0 —q 'l Lo 0 0 0 1 0
rQ 0 0 1 0 0 7 r o0 0 0 0 0 21/ 72
0 —go 0 0 0 0 0 0 0 0 21/22 0
|0 0 Q 0 1 0 o 0 0 —q~! 0 0 0
™IB)=11 o 0 00 o m(To) = | 0 0 —q' 0 0
0 0 1 0 0 0 0 29/71 0 0 Q 0
L0 0 0 0 0 —q il Lza/21 0 0 0 0 Q
rO 0 0 0 =z 0
0 0 0 =2z 0 0
o 2z 0o 0 0 o
(1) = 0 0 0 0 0 =z
z2 0 0 0 0 0
LO 0 2 0 0 0
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where Q = q—q~'. MAGMA code calculating these matrices can be found at https://github.
com/ellielittle/A3Matrices. The distinguished involutions are

d1 = 51853 dg — §28518352 d3 = 835250S3 d4 = 81525051 d5 = 5052 d6 = 50S51S53S0-
We have the following bijections (these bijections are not unique)

I'o - T, 2w— w

I's = T, 30w — w
Ly — T4, 16%w = w
I's —» Iy, oBw — w

I'e — I'y, 002w — w.

Thus, we can find bijections ¢;; : I'; ﬂF;l -1 ﬂFfl (see the proof of Theorem [11.3.2{and [49]

§2.3]). The corresponding elements w;; = qﬁi_jl

(wy/) are
2
W12 = 515352 w13 = 51583500 W14 = 5153520 W15 = S1S30 Wi = S$153520
2
W23 = $25183500 W24 = 525153520 W25 = $281530 W26 = $25153520 W34 = 53525051
W35 = 835250 W36 = 835250510 W45 = 515250 W46 = 515280510 W56 = 8250510

(with wy; = d; and wj; = wi_jl). For example, (;5§41 maps 13 to 3021301 = 3201 as required.
Using the MAGMA code we calculate

o(wiz) = Fra, cox(wis) = 21E13, o\(wig) = 21F1, ox(wis) = 21E15, cx(wie) = 21 Eg.
Thus, the conjugating matrix (from Theorem [11.3.2)) can be taken as
D = diag(la 1, Z1_17 zl_la Z1_17 21_2>

Then D~ tcy(w;;)D = E;; for all 1 < 4,5 < 6 (noting that Conjecture [11.3.3 holds in this
case). By Theorem [11.3.2] it then follows that D~'€\D = Matg(Z[(x]“*). For example, take
W = $950515352505153525002. Using the MAGMA code we have

Z?ZQ

*legE _ ~ ~ E
————=FEs6 = 556,46, (C)) Es6,

D7 ey (w)D = (2020 + 2125 + 25 4 25 + 2129) Es6 = —
1— 22

by Example Thus w € I's N Fgl and hy(w) = 3e; +2eg + €3 € Pi’\).


https://github.com/ellielittle/A3Matrices
https://github.com/ellielittle/A3Matrices
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Appendix A

The length of m,

Recall from Section that m, is the maximal length representative of the double coset
qu;lmu AWy for v € PX). In this appendix we will prove the important property of these
elements stated in Theorem The results of Chapter [I1] are reliant on this theorem. We
recall the theorem here:

Theorem. Let v € P, There exist z,y € Wy such that m, = xu;luuky with
£(my) = £2) + €(uy 7un) +£(y) and €(z) + Ey) = wy).
If v,y € Pf\) with v + Qx <x 7' + Qx then £(m,) < £(m./) with equality if and only if v =~/

In Section we give some general results of maximal length double coset representatives
that will be used in the remaining sections. Section gives the proof of the first half of Theorem
describing the length of £(m,). In Section we compute the length of u;leyu » and,
finally, in Section we use this length description to prove the second half of Theorem [11.2.5
the monotonicity of £(m,) with respect to <.

A.1 Maximal length double coset representatives

In this section we prove some preliminary results about maximal length double coset represen-
tatives that will be used in the subsequent sections. The results of this section are for general
affine Weyl groups, so the notation J C I is used (instead of A\ Fn + 1).

Lemma A.1.1. Let v € P and u € Wy. For 1 < j < n we have:
(1) (sjtyu) = L(tyu) — 1 if and only if (v,a;) <0 and if (y,a;) =0 then u=ta; <O0.
(2) L(tyusj) = L(tyu) — 1 if and only if (u=ly, ;) > 0 and if (u=ly,a;) = 0 then ua; < 0.

1

Proof. Tt is sufficient to prove (1) as (2) follows from (1) noting that (t,u)™' =¢_,~1,u™"! and

U(tyus;) = £(s;(tyu)~t). By [37, (2.4.1)] we have that
Utu) = D [(y.0) —x (ua)),
aEdt

where x " (a) = 1 if & € &~ and 0 otherwise (this formula is counting the hyperplanes separating
Ap from t,uAp). As the simple reflection s; permutes ®*\{c;}, and as s;t,u = t,,yu we have
that

Usjtyu) = [(y,05) + X" (—u )|+ Y [ya) —x " (u ),
acdt\{a;)
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and so ((tyu) — U(sjtyu) = (7, 05) — x " (u” )] = [{v, a5) + x 7 (—u" o).

If (y,j) < 0 there are two cases: if u=ta; < 0 then £(t u) — £(sjtyu) = 1 and if u=la; > 0
then ((t,u) —{(sjtyu) = 1. Whereas if (v, ;) > 0 then: if u=ta; < 0 then £(t u) —€(sjtyu) = —1
and if u~'a; > 0 then £(t,u) — £(sjt,u) = —1. Finally, if (v, ;) = 0 we have that if u 1a; <0
then £(tyu) — ((sjtyu) = 1 and if u='a; > 0 then £(tyu) — €(sjtyu) = —1. O

Definition A.1.2. For y € P, u € Wy and J C [ let

Ly(v,u)={a€®¥|(y,a) >0o0r (yv,a) =0and u 'a > 0}
Ry(v,u) ={a € ®F | (u'y,a) <0 or (u'y,a) =0 and ua > 0}.

Lemma A.1.3. For v € P, u € Wy, and J C I there exist (unique) elements x,x’ € Wy
with ®(x) = Ly(vy,u) and ®(2') = Ry(vy,u). Moreover x~'t u is of mazimal length in Wtyu
and so ((x~ . u) = L(z) + L(tyu), and tyuz' is of mazimal length in tzuWy and so {(tyuzx’) =
U(tyu) + £(2").

Proof. 1t is sufficient to consider the coset W ;t,u (as the other coset result follows by considering
(tyu)™' =t_,—1,u”t). We argue by induction on |Ly(vy,u)|. If |Ls(y,u)| = 0 then £(sjtyu) =
l(tyu) — 1 for all j € J (by Lemma and so tyu is of maximal length in W;t,u and
x = e. Suppose that |L;(y,u)| > 0. Then there exists j € J such that a; € Lj(y,u) and
((sjtyu) = €(tyu) + 1 (as otherwise Ls(y,u) = () by Lemma [A.1.1).

We claim that L;(s;y,sju) = s;(Ls(v,u)\{a;}) (noting that s;t,u = ts ,4s;u). By Lemma
we have that o ¢ Lj(s;7v,sju) as otherwise (s;v,a;) > 0, in which case (y,a;) < 0
contradicting a; € Ly(7y,u), or {sjv,a;) = 0 with u"!sja; > 0, in which case (y,a) = 0
with u~'a; < 0 again contradicting o; € Ly(v,u). Suppose that o € Ly(sj7v,sju). Then
either (v,s;a) > 0 or (y,sja) = 0 with u~!sja > 0. As o € ®\{a;} and since s; permutes
®\{a;}, it follows that sjo € Ly(y,u) and so o € s;(Ly(v,u)\{e;}). Thus, L;(s;7,sju) C
sj(Lj(v,u)\{a;}). For the converse suppose that o € s;(L(7v,u)\{c;}) then there exists 8 €
Lj(v,u)\{a;} such that o = s;8 and (v,8) > 0 or {7,8) = 0 with v~ > 0. Thus, o €
L;(sj7v,s;u) and so the claim holds.

With Lj(s;v,s5u) = s;(Ls(v,u)\{e;}), it follows by induction that there exists ji,...j; € J
such that, writing =% = s, -+ s,, we have £(z71t,u) = k + £(t,u) and L(zy,zu) = . Thus,
z~ 't u is of maximal length in Wyt,u and ®(z) = L;(7,u), completing the proof. O

Corollary A.1.4. Let v € P, u € Wy, and J C I. Let m be the longest element of Wt uW;.
Then
m=x ‘tuy with £(m)=L0(z)+L(tyu) + L(y),

where ®(x) = Lj(v,u) and ®(y) = Ry(z~ y, 2~ ). In particular,
m) = L(tyu) = [Ly(v,u)| + |Ry(@ ™y, 2™ ).

Proof. By Lemma we have that 271t u = tfwx*lu is of maximal length in W;t,u and

((x 't u) = €(z) + L(tyu), where z is such that ®(z) = Ly(v,u). Then, again using Lemma
we have that (z71¢,u)y is of maximal length in 2~ 1¢,uW; and

o tuy) = 0z Hyu) + £(y) = L(x) + L(tyu) + £(y),

where y is such that ®(y) = Ry(z7 1y, 27 u). So 27t uy is of maximal length in Wt uWy,
and the result follows. O



APPENDIX A. THE LENGTH OF m, 145

A.2 The elements m,

In this section we will prove that £(m.) = £(u} '7,uy) + £(wy), thus completing the proof of the
first part of Theorem [11.2.5

Definition A.2.1. For v € P® let

L(y) ={B € ur®, | (.8) >0or (v,8) =0 and u;lyglﬁ > 0},
R(7) = {B € ux®, | (wrv,8) <0 or (wyy,3) =0 and uy'y,8 >0 and uy'y,3 ¢ ®},}.

Proposition A.2.2. We have £(m,) — £(u} 'myuy) = |L(7)| + |R(7)|-

Proof. Note that L(v) = LI)\LJA,(U;L)/, uy 'y,uy) (using Definition . Then Corollary
gives that £(m,) — £(uy'7,uy) = |L(7)| +|R'(v)| where R'(y) = Ry, (z7tuyty, 27 tuy ty,uy) and
d(x) =Ly, (uy 'y, uy'yyun) = uy ' L(7). Thus, all that is required to prove is that R(y) = R'(7).

Recall that by Definition we have yo 1 = waw,\ 7, (y) With Jx(v) = {j € Jx | (7,05) =
1}. Thus, (y,a;) = 0 for all j € Jy\Jx(7) and so s;(y) = v for all j € Jy\\Jr(7y). Therefore,
y;lv = W)W\ J,(y)Y = WAY and it remains to prove that for 8 € uﬁbj{, if (wyv,8) = 0 then
a::llu)_\lyvﬁ > 0 if and_lonly if u;lywﬁ >_0 and u;lyyﬂ ¢ <I>)J\r,. Suppose that xilu)_\lyvﬂ > 0. If
uy'y,B < 0 then —uy'y,8 € ®(z) = u,'L(y) and so —y,3 € L(y). Thus, since (7, —y,3) =
—(wyxv,8) = 0 we have that —u;lyglywﬁ > 0. However, —u;lyv_lywﬂ = —u)_\lﬁ € —<I>;r, (as
8 € u,\q);r,), a contradiction. Thus, u;lyyﬂ > 0. This implies that u;lyyﬂ ¢ ®(x) and so
yy3 & L(v). If u;lyvﬂ € CIDI then y,3 € u,\<I>)J\C. Thus u;lyv_lywﬁ = u;\lﬁ € <I>§, and as
(7,y48) = 0 we have y,(3 € L(7), a contradiction.

For the converse suppose that u;lyvﬁ > 0 and u;ly,yﬁ ¢ QD;\C. If x_luglyvﬁ < 0 then
u;lyvﬁ € d(x) = u)_\lL(fy). Thus, y,3 € L(y) C uy®}, which contradicts the fact that u;lywﬁ ¢
@;, completing the proof. O

Recall that A[k, 4] is the entry in the k-th row and i-th column of t,(\) from Definition

Lemma A.2.3. We have

udt = {eaws —expg) |0 <k, I <r(\), 1<i<j< N, andifi=jthenk <lI}, and
ur®y, = {expg — e [ 1 <k <1 <r(V), 1<i <A}

Proof. Recall that the one-line notation of uy is the column reading of t,(A\). Thus, uy®*
consists of the roots e;, — e;, where i1 occurs before is in the one-line notation of uy. As <I>)+\,
consists of the roots e; — e; with 49,5 in the same column of t.(\) and ] < 45, we have that
uybj, consists of the roots e;, — e;, with i; and 49 in the same column of t,(A) and 4; in a higher
row than 7s. ]

Lemma A.2.4. Let 8 = ey —exp ) with1 <k <l < r(A), 1 <i<Ag, and 1 <j<\. Then
(1) u;lﬁ > 0 if and only if i < j.
(2) u;lﬂ € <I>j\', if and only if i = j.

Proof. Again this follows directly from the definition of uy (it can help to note that the one-line
notation of uy ! is the row reading word of t.(\)). O
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For 1 <k <1< r(X) define
Ay = {eate—1)4i — exg—1)+i | 1 <1 <N}

These sets decompose u A@j\r, as follows:

wd = || A (A.2.1)
1<k<I<r())

For the next three results (Lemma Lemma and Proposition [A.2.8]) we will set

the following notation: let
(1) B=exp, —expg) for 1 <k <l <7r(A\)and 1<i <)\, and
) (A.2.2)

2) v € PN with v+ Qy = aje; with a; = A\jb; + ¢j,
33 J 3% T 6§
7=1

where, in (2), we have 0 < ¢; < A; for all 0 < j < r(\) as we did in Proposition For
1<j<r(A)setc; =X — ¢

The following two lemmas will be used in Proposition where we explicitly describe
L(v) and R(%).

Lemma A.2.5. Let B and v be as in . We have u;ly;% > 0 if and only if either:
(a) i < ¢ and i < ¢ with ¢ < cf, or
(b) i >cp andi < ¢, or
(¢) i>cp and i > ¢ with ¢; < ¢k

Proof. As yy = wj\ 1, (y)Wa, for 8 = e\ — e,y we have y;lﬁ = ex[k,i] — €All,j1] With

. ci, +1 ifi <y i = o +i ifi<g
1—cp ifi>c i—¢ ifi>q.

The result follows by Lemma which states that u;l B > 0if and only if ¢/ < j' (noting that
if 1 < ¢ and i > ¢; then u;lﬁ is never positive as ¢;, < —¢; never occurs, and if ¢ > ¢, and i < ¢
then u;l [ is always positive as —c;, < ¢} always holds). O

Lemma A.2.6. Let 5 and v be as in . We have u;lyyﬁ > 0 with u;lyyﬁ ¢ <I>:\b if and
only if either:

(a) i < ¢ and i < ¢f with ¢, < ¢, or

(b) i>c andi < cj, or

(¢) i>c and i > cf with ¢f < cj.

Proof. Similarly to Lemma for B = ex — e We have y, 8 = ey — eap,jv with

y i—c; ifti>cp ¥ i—c ifi>¢f
v = e ) = e
cp+1 ifi <y q+i ifi<¢.

The result follows from Lemma which states that u;ly,yﬂ > 0 if and only if ¢/ < j' and if
i = 4’ then u;lyw,é’ S O
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Remark A.2.7. The results and proofs of Lemma and Lemma can be thought of
within tableaux. By Lemma we know that the roots of u )\@:\F, are of the form e;, — e,
where i1,z are in the same column of t.()\) and i; is above ia. Asy, = w,\ s, (y)Wx, the Toots
yyur®Y, are of the form ey, — ey, where ij,45 are in the same column (with ¢} above 7)) of the
following modification of t,(\): for each row, 1 < j < r(X), swap the first ¢; elements with the
last ¢} elements. For example, for A = (4,3,3,2) with ¢; = 2, ¢ = 2, ¢c3 = 1 and ¢4 = 0, the
modified tableaux is

3412\

9110| 8
11]12

sofor f=e; —e5 € u)\<1>}f, we have y, 3 = e3 — e7. Similarly, the roots y,;lu,\q);\r/ are of the form
ey, — ey where 71, iy are in the same column (with i} above iy) of the following modification of
t.(A): for each row, 1 < j < r()), swap the first ¢} elements with the last ¢; elements. The
results of Lemma and Lemma then fall out by considering the relative positions of
cr and ¢; in the modified tableaux for all 1 <k <1 <r(A).

Proposition A.2.8. Let 8 and v be as in . We have B € L(v) if and only if either
by — by > 1, or by — by = 0 with ¢, > ¢; and either:
(a) ¢f > cf witheg <i< A\, or
(b) ¢ <cf with1 <i < A
We have B € R(v) if and only if either by, — by < —1, or by, — by = 0 with ¢, > ¢ and either:
(a) cx > ¢ with ¢f <i < N\, or
(b) cx < with1 <i < \.

Proof. By Lemma and Proposition we have

b, — by if i <cpandi<c¢,ori>c,andi> ¢
<’Y,5>: bk—bl-l-l ifigck andi>cl
b, —by—1 ifi>cpandi<g.

We have the following cases:
o If by — b; <2 then (v,5) <0 and so 5 € L(y).
o If by — by = —1 then 8 ¢ L(7y) unless ¢ < ¢k, i > ¢; and u;ly;lﬂ > 0. By Lemma
u;ly;lﬁ < 0 when i < ¢ and i > ¢; s0 8 ¢ L(7).
o If by — by = 0 we have the following subcases:
(a) If i <c¢p and i > ¢; then B € L(v).
(b) If i > ¢ and i < ¢; then 5 ¢ L(7).
(c) If i <cpand i < ¢ then, as (v,8) =0, B € L(y) if and only if ¢; < ¢ (by Lemma
z3).
(d) Similarly, if i > ¢; and i > ¢; then 5 € L(vy) if and only if ¢; < ¢.
o If by — b, = 1 then 8 € L(y) unless i > ¢ and i < ¢ with u;lny < 0. However, by
Lemma when ¢ > ¢, and ¢ < ¢; we have u;lyglﬁ > 0 and so 5 € L(v).

o If by — by > 2 then 8 € L(vy).

Thus, when by, —b; =0, 5 € L(v) if and only if ¢; < i < ¢, or i < ¢ and @ < ¢, with ¢ < ¢,
or i > ¢ and 7 > ¢; with ¢ < ¢. These cases become the required inequalities noting that the
situation when ¢ < ¢ and ¢ < ¢f is impossible (as it implies Ay, < N — (¢ — ¢;) < A;) and
noting that if ¢; > ¢, then there is no 7 such that ¢; <17 < ¢p.
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For R(v), noting that wxf8 = exxn,—i+1] — e\ —i+1] and by Lemma and Proposition
7.2.3 we have
b, — by iti<cpandi<c,ori>c;andi>cf
Wrzy,B8) = Qb —b+1 ifi>c)andi<cf
b —b—1 ifti<candi>c.

We have the following cases:
o If by — by < —2 then § € R(’)/)

o If b — by = —1 then 8 € R(7) unless i > ¢, and i < ¢; and u;lyvﬁ < 0or u;lyvﬁ € <I>;\r,.
By Lemma when 7 > ¢} and i < ¢ we have u;lyyﬂ > 0 and u;lyw,B ¢ @;\r, and so
B € R(v).

o If by — by = 0 we have the following subcases:
(a) If i > ¢f and i < ¢f then 8 & R(y).
(b) If i < ¢} and i > ¢f then B € R(7).
(¢) If i < ¢f and i < ¢} then 3 € R(y) if and only if ¢; < ¢; (by Lemma [A.2.6).
(d) Similarly, if ¢ > ¢f and i > ¢/ then 5 € R(y) if and only if ¢ < ¢}.
o If by — by =1 then 8 ¢ R(y) unless i < ¢, and i > ¢ with u;lyAYﬁ > 0 and u;\lyvﬂ ¢ CIJ;\F,.
However, by Lemma when i < ¢ and i > ¢; then u;\lyvﬁ <0or u;\lyvﬁ € <I>;\r, and
s0 B¢ R(7).
o If b — by > 2 then 8 ¢ R(7).
Thus, when b, — by = 0 we have that § € R(v) if and only if ¢ < i < ¢, ori < ¢f and i < ¢
with ¢ < ¢, or i > ¢j, and ¢ > ¢ with ¢; < ¢i. These cases become the inequalities stated in
the lemma, completing the proof. O

Corollary A.2.9. Let v € PN, For 1 <k <1< 7(\) we have
[L(7) NV Aga| + [R(y) 0 Agal = Ar-

Proof. Write v + Qx = 7% a;&; with a; = Ajbj + ¢; as in (A.2.2)(2). By Lemma |A.2.8) if
|br, — by] > 1 then |L(y) N Agy| + |R(y) N Akl = Ao If b, — by = 0 then

N—c ¢ >candc >
IL(v) N Agal = S N x> ¢ and ¢ < ¢f
0 otherwise,

and
¢ cp=>candcy >

|[R(Y) N Aggl = S N e < ¢ and ¢ > ¢f
0 otherwise.

The result then follows acknowledging that the case when ¢;, < ¢; and ¢}, < ¢} is not possible. []

Theorem A.2.10. Let v € PN, There exist x,y € Wy such that m, = xu;lT,yuAy with
0(my) = £(x) + L(uytTyuy) +L(y)  and  L(x) + L(y) = L(wy).

Proof. By and Corollary we have that

L) +[RMI = Y. (L) N Al + RN Arll) = D> A= Lwy)
1<k<I<r()\) 1<k<I<r()\)

where the last equality follows from Lemma [7.1.11] The result then follows from Proposition

A22 O



APPENDIX A. THE LENGTH OF m, 149

A.3 The length of u;lrvu,\

In this section we calculate £ (u;\lmu ») which will be used, with the results of the last section, to
prove the second part of Theorem [11.2.5]in the next section. To begin we make some notation
definitions.

For 1 <k <l<r(A) let

5+(k77l§i»j) = €)[kyi] — EA[L,g] for1<i<j<N
B (k, 154, 5) = exp ) — exfk,i] for 1 <j<XNandj<i<\.

Furthermore, define the sets of these roots as follows:
B ={87(kl;i,j) 11 <i<j <N} and By, = {87 (ki j)[1<j<Nandj<i<}.
Let By = B,j’l U B,;l. By Lemma we have

nd®N\ey= || B
1<k<I<r(\)
Let @;l = B;l U (—Bl;l). Thus, CIJKI consists precisely of the roots e, — e, € @ with p in row

k and ¢ in row [ of t,()\). Furthermore, ®*\®) = Lh<k<i<r) o
Example A.3.1. Let A = (6,4), so

O EEEIE 56|

and we have

+
By, ={ei7,e18,€1,9,€1,10, €28, €2,9, €2,10, €3,9, €3,10, €4,10} and
B];l = {67,2a €73,€74,€75,€76,€8,3,€84,€85,€86,€94,€95,€96,€10,5, 610,6}a

where e, 4 = €, — €.

As in the previous section, write v + Q) = Z;Ei)l

0<cpm <Ay for 1 <m<r(\), and let ¢, = Ay — .

Lemma A.3.2. Let v € PWY and let Bt = Bt (k,1;4,5) (respectively B~ = B~ (k,1;i,7)). We
have u;ly;1ﬁ+ > 0 (respectively u;lyw_lﬁ_ > 0) if and only if either:

(a) i <cp, j <o withi+cp < j+cf (respectively i < ci, j < ¢ with j+¢f <i+cf), or

(b) i <cp, j>c withi+cj, <j— ¢ (respectively i < c, j > ¢), or

(€) > cp, j < (respectively i > cx, j < ¢ with j +¢f <i—cy), or

(d) i>c, j>c withi—cp <j— ¢ (respectively i > cx, j > ¢ with j — ¢ < i — ¢g).

Proof. As in Lemma by the definition of y, we have that y7_15+ = exfk,i] — EAlLy] and
y;lﬂ_ = €x[1,j/] — elk,i"] Where

Am€m, where a,, = Apby + ¢ with

(A.3.1)

y cp.+i iti<cy y g+ ifj<g
1 = =
1—c, ifi>cy J j—aq ifj>cl.

By Lemma we have u;ly;15+ > 0 if and only if i/ < j/ and u)_\lyglﬂ* > 0 if and only if
j" < 7', and the result follows. O
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Lemma A.3.3. If vy € PV and a € & with uya € ®y then (y,upa) = X_(uglyv_luka).

Proof. Let 8 = uya € ®) with a € ®*. Thus, by Lemma B = exfki — ealr,] With
1 <k<r\)and 1 <i<j < M\ Write 7+Q,\ = Z:rgklamém as in (A.2.2)(2) and so

ar = Ay, + ¢ with 0 < ¢ < A\ By Lemma [7.1.1] and Proposition [7.2.3] we have

0 if either i,j <cpori,j > cp
(v,B) = . .
1 ifi<ep <j.

We claim that in the first case u;ly_lﬂ > 0 while in the second case u;lyglﬂ <0.Ifdi,5 < e

then yv_lﬁ = Exlkyite;] — EAlkjter] DY d SO u;lyglﬁ >0as ¢, +1i<j+c; (by Lemma
. Similarly, if ¢, 5 > ¢, then using 1' and Lemma We have that uy y_1 B >0 as
1—cCp <] —Ck.

On the other hand, if ¢+ < ¢ < j then y;lﬁ = exlk,ci+1] ~ EAlkj—ck] by . Asi+ A>3
we have i + ¢ =1+ A\, — ¢ > j — ¢ and so by Lemma u)_\lny < 0 as required. O

Theorem A.3.4. Let~ € PO with Y+Q\ = ZZ(:)‘% ar€r where ap, = Apbp+cp with 0 < ¢ < Ag,
and let ¢;, = A\, — c. Then

| Nay, — Apay if by # by
C?|Ck—Cl|+Cl|CZ—Cﬁ ifbk:bl.

E(u;lﬁu)\) = Z z2(y, k,1)  where z(v,k,l) = {

1<k<I<r(\)

Proof. For g € ® let h(vy,B) = (v,0) — X*(u;\lyglﬁ). Since UKITWU)\ = tuglvu)_\lyvum by [37
(2.4.1)] we have

Luytrun) = Y [uytre) = x Ty tmae) = Y (A, B).
acdt BEUNDT

By Lemma h(v,B) = 01if B € @), so we can eliminate these roots from the sum. Recall
that u\®T\®) = L <k<i<r(n) Br.is thus we have

Luytmu) = Y0 D (L B)l.

1<k<I<r()\) BEB.

Therefore, to prove the theorem it remains to show that

> (v, B)| = 2(7, k,1). (A.3.2)
BEBg,
Let 8% = ¥ (k,1;i,4) € By, and B~ = 7 (k, 1;i,5) € By
By definition 81 = elk,i] — €[t,j) Where 1 <@ <j <\ (and k < I) and by Lemma-and
Proposition [7.2.3] we have

b — by ifi<cg, j<cori>cg j>q
(v,87) =S bp—b+1 ifi<c, j>q (A.3.3)
b —b—1 ifi>ck,j§Cl.
Thus, it follows that if by — b < —1 then h(vy,8%) < 0 and if by, — b > 1 then h(y,8%) > 0
(noting that if by — by = 1 with ¢ > ¢, and j < ¢; then by Lemma u;ly;1ﬂ+ > 0 and so
h(v,87) = —x"(uy'y;18T) = 0).
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Similarly, by definition 87 = ey ;] — exfr, With 1 <j < Ay and j <i < g (and k <) so by
Lemma [7.1.1] and Proposition [7.2.3] we have

bl—bk ifiSCk,jﬁclOI"i>Ck,j>Cl
(VB )= —bp+1 ifi>c, j<q (A.3.4)
bp—bp,—1 ifi<cp, j>q

if by — b = —1 with 7 < ¢; and j > ¢ then by Lemma we have u;lyW*lB* > 0 and so
h(v,87) =0).
Note that;

Thus, if by — b > 1 then h(y,87) < 0 and if by — by < —1 then h(y,87) > 0 (noting that

if by, > b; then N\jap — \pa; = >\k)\l(bk — bl) + ()\lck — )\kcl) > M A — A A =0,

A.35
if by, < b; then N\jap — \pa; = )\kz)\l(bkz — bl) + ()\lck — )\kcl) < ApA; — A A =0, ( )

as 0<c¢ < Apand 0 < ¢ < A
We split into the following cases to prove (A.3.2)):

Case 1: Suppose that by, —b; > 1. From (A.3.3) and (A.3.4) we have h(y,37) > 0 and h(v,87) <
0. Thus,

DBl = D h(v,8) = Y h(v.8)

BEBy,1 BEB, BEB;,
=) B = DB = D Xy B+ Y x ;')
ﬁeB,j,l BEBy, 563;1 BEBy,
= (12000 — > X (v B+ DD x (Ui 'B).
BeBY, BEB,,
where 2Pk,l = ZﬁGBk,lU(*B;l)ﬁ = Zﬁe’i’;zﬂ' Let S = _ZﬁeBMVI(’YaB)’ + <'772/0k,l> =

ZﬁGBIjl X_(uily';lﬁ) - ZBEBk_l X_(u)ilyylﬁ)‘

We claim that B;l = @Zl\‘ﬁ(u,\) and —B,;, = ®(uy) N ®y;. We have that uy®t\ @) =
ulgmgm)(B,;ﬁl U By;) where BZ; C &+ and By, C ®. Thus, if § € BZZ then 8 > 0 and
there exists & € ®* such that 3 = uya so 3 ¢ ®(uy). On the other hand, if § € By, then

B < 0 and there exists a € ®* such that 8 = uya and so —8 € ®(uy). The proof of the reverse
containment is similar, proving the claim.

Therefore,
S= 3 Xy~ 3y 8)
BER] \P(ux) BEP(ux)NPy 1
BECI):’Z ,BE‘I)(U)\)QCD;CJ

= [P (yyur) N Pp | — [P(ur) N Dy

as every term in the second sum is 1. Since f(yjuy) = £(uy) + £(y,) (as uy is J\ reduced
on the left) we have that ®(y,uy) = ®(y,) Uy, ®(uy) (by (1.1.1)). Thus, [®(yjuy) N Ppy| =
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|P(y~y) N Pry| + [P(ur) N y7_1<1>k7l|. However, as ®(y,) C ®) we have ®(y,) N ®; = 0 and
y,;l(I)kyl = ®;,; which reduces S = 0. Hence,

> 1B B) = (v, 201.0)-
BEBy,1
Then, as
2pk = Z p= Ze)\[k i~ e\ = N Z exlky] T Ak Ze)\[l,j]
ﬂe<1> i=

and by Lemma and Proposition we have (v, 2py) = Njar — A\pa; as required (noting
(A335)).

Case 2: Suppose that by — b < —1. From (A.3.3) and (A.3.4) we have h(y,5T) < 0 and
h(v,67) > 0, and so

Z |h(’}/,ﬁ)’ = - Z h(f}/a B) + Z h(77 5) = _<’772F’k,l> = )‘kal - )\lak

+ -
BEBy1 BEB;, BeEB—k,l

so once again ({A.3.2]) holds (noting (A.3.5)).

Case 3: Suppose that by, — by = 0.
In this case

Ak Al
1

Jj=1

ALCr — Acg if ¢, < ¢ (and hence ¢ > ¢f)
2(v, k1) = € New — Mie if ¢ > ¢ and ¢ < ¢f (A.3.6)
cj(ck —a) +alcg —c) ifcp>candcf > ¢f.

Let xT(-) be the characteristic function of ®*, thus 1 — x=(-) = x*(-). By and
we have the following;:
e Ifi <cpand j <¢,ori>c,and j > ¢ then |h(y, 87)| = X_(u/(ly;lﬁﬂ and |h(v,87)| =
X~ (uyy;187).
o If i < ¢ and j > ¢ then |h(y,87)| = X‘*‘(u;lyglﬂﬂ and |h(v,57)| = 1 (by Lemma
A33).
o If i > ¢ and j < ¢ then |h(vy, 87)| =1 (by Lemma and [h(v, B7)] = x T (uy 'y 187).
Thus, using Lemma [A.3.2) we have that Z/BGBM |h(v,B)| = Zle | Xi|, where

Xi={(,j)[1<i<j<N,i<enj<aitc>j+}
Xo={(i,))|1<i<j<N,i>ck,j>c,i—ck>]—q}
Xs={(,))|1<i<j<AN,i<er,j>c,i+c,<j—aq}
Xa={(,j)|1<i<j< N, i>cp j<a}
Xs={(,J)11<j< N, j<i<A,i<cp,j<c,ite<j+c}
Xe={(1,7) |1 <j< AN, j<i<Ap,i>cp,j>c,i—cp<j—cq}
Xe=A{(t,) | 1<j< A, j<i<A,i<ck, j>q}

Xs={(t,7) |1 <j< A, j<i<Ag,i>ck,j<c,i—cp>j+c}

Thus, it remains to prove the cardinalities of each of these sets. There are three cases. We will
prove the first case in full, the remaining two cases follow similarly.
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Let ¢, < ¢. As A\, > A this forces ¢ > ¢f. Figure illustrates the possible regions in
which Xi,..., Xg occur in the (7, j)-plane; X is a subset of region (a), X2 is a subset of region
(b), X3 is a subset of region (c¢), X4 is equal to region (d) (including the boundaries except the
line i = ¢;), X5 is a subset of region (e), Xg is a subset of region (f) and Xg is a subset of region

(9)-

i = cp i =\ / i=j
J=X

(c) (b) f)
J=a

(d)
(a)
(9)
(e)

Figure A.1: The regions of the (7, j)-plane when ¢; < ¢.

2 ¢
b - * *
,' ’I' (Ak?ck 70[)

H'
cp+cf
(i) X1 in region (a) (ii) Xg in region (g)

Figure A.2: The points of X; and Xg.

Consider X;. If ¢ < ¢ — ¢ then X is equal to region (a) from Figure (including all
boundaries) as the dotted line (j = i+ ¢} —¢;) in Figure[A.2[i) lies completely above the region.
Counting the integer points gives

Ck C

1
[ X1| = ZZ 1=cp(a+1) - genler +1).
i=1 j=1
If ¢ > ¢j — ¢; then the dotted line divides the region and so X; is the points in the shaded
section of Figure [A.2(i) (not including the points on the dashed line). Counting the integer
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points we have

ek Ch—C

M= T Y Y =ald ) e A1)

=1 j=i Jj=ci—cf+li=j+c; —cp+1

A similar process, using Figure (ii) and adjusting the dotted line depending on whether
¢ — ¢ < ¢, gives that

X s —c=1(ct—¢) ifg>cp—c
8l = .
alc;—cf) —sala+1) ife<c—cd.

A similar analysis shows that |X2| = (¢; — ¢x) (N — ¢;) (using Picks theorem can help here),
| X4 = (et — cu)(e — ex)(cr — cp + 1) and |X3| = |X5| = |Xg| = |X7| = 0. Summing gives
ZBGBk,z |h(7, B)] = Ak — Nicg as required (see )

When ¢ > ¢; the possible regions split into two cases; ¢ < \; and ¢ > );. Figure gives
the possible regions in which the sets occur; X7 is a subset of (a), X2 is a subset of (b), X3 is a
subset of (¢), X5 is a subset of (e), X¢ is a subset of (f), X7 is equal to region (d) when ¢ < N
(excluding the boundary points on line j =i and j = ¢;) and Xg is a subset of region (g).

/ !
(b)
() (f) (c) (d) (f)
(d)
(a) (a)
(e) (9) (e) (9)
(i) When ¢ < N (i) When ¢ > N

Figure A.3: The regions of the (7, j)-plane when c; > ¢.

Similar calculations to the ones for when c¢; < ¢; show that the sets have the following
cardinalities.
When ¢ < ¢+ |X1| = |Xa| = [Xa] = [Xs] = 0, |X3] = 3(ef —ef)(ef — ¢+ 1), 1Xs| = aalef — ),
and

o = J i—e)le k—Cl)Jr%(Ck—Cz)(Ck—ClJrl)—%(07—02)(07—CZ+1) if ey <N
| 6| - 1 x * * * :
gei(ef +1) — ( cf —cp)ef —cp+1) if ¢, > N
1 X7| = %(Ck_cl_l)(ck—cl) if e, < N
ee—a—1(ce—a)—3(c—N—1)(ck—N) if e >N\

Thus > scp, , [h(7, 8)| = ek — Arep as required.
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When cf > c¢f: | Xo| = |X3| = |X4| = | X5] =0, and
cle+1 ifg<c—cf
‘Xl‘ :{ ( ) k 1

— (g =)t —¢f)+ %(Cz ) —c+1) ifg>c—¢f

O NI
9} ‘
~

‘X6‘ _ {(1)\1 — Ck)(ck — Cl) + %(Ck — CZ)(Ck —c + 1) ?f e < N\
56 (cf +1) if ¢ >N
Xs| = {%(Ck_cl_l)(ck_cl) 1 ?kaS/\l
slek—a—1N(ex—a) =5l —N—1)(cr = N) ifex >N
Xe| = {%cl(cl 1) +calc —N) ?fcl <cp—cf
sl —aq =Dl —¢) fazc¢—q.

Thus | X1| + |Xs| = ci(cf, — ¢f) (in both cases) and | X¢| 4 | X7| = ¢ (cx — ¢;) (in both cases), and
hence > 5cp , [M(7, B)| = ¢f(cr, — 1) + ai(c), — ¢f) as required, completing the proof. O

Remark A.3.5. By we have that z(v, k, 1) = [\jar — M| in all cases except for by, = by
with ¢ > ¢ and ¢ > ¢f. If A = (d") (that is A is rectangular with 7 rows of length d) then the
case when c; > ¢; and ¢ > ¢; cannot happen as A\, = A\; = d implies that A\ —cx < A\ — ¢
Thus, in this case z(v, k, 1) = d|ay — ;| for all k <[ and so

L(uytryuy) =d Z lar, — a].

1<k<I<r()\)

Example A.3.6. Let A = (4,2) with v = 2€; + é5. Recall that from Remark we can write
v in a tableaux as follows:

110|0\
1]0

v

We have by =by =0and ¢c; =2, cp =1, ¢] =2 and ¢5 = 1 and so are in the case where ¢; > ¢
and ¢} > ¢. Therefore, by Theorem we have that

g(u)_\lT”/uA> =2(7,1,2) = c5(c1 — c2) + calc] — c5) = 2.

Indeed by direct calculation u;luu)\ = (8455525354)(545350510° ) (5453528554) = 51840°.

A.4 Monotonicity of /(m,) with respect to <

This section completes the proof of Theorem [11.2.5] by proving the monotonicity of the length
of m, with respect to <.

Theorem A.4.1. Ifv,+ € PJ(:‘) with v+ Qx < ¥ + Qi then £(m,) < (my) with equality if
and only if v =+'.

Proof. Let By,...,B; C{1,2,...,r(\)} be the ‘blocks’ of t,(\) (note t = |L(\)|). That is the sets
of rows with the same length: if 4, j € B, then \; = A; (for example, if A = (5,5,3,3,3,2,1,1,1)
as in Example 1 then B; = {1,2}, By = {3,4, 5}, B3 = {6} and B4 ={7,8,9}).

By Theorem it is sufficient to prove that £(u) ) < O(uy 17.uy) with equahty if
and only if v = +/. We can make the following further s1mphﬁcat10ns As v+ Qx <27 + Qa
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we can write v/ + Q\ = v+ €+ Q) with € € Qj\r. By Lemma when writing € = Z:L/\l) d;é;
we have Zz‘edei =0foralll <p<tanddy+do+---+d; >0forall<i<r(\). Let
e=e+-te withe, =3 p dié;. Asy' € Pi/\) we have that y+¢, € (P/Q»)+ (as dominance
is defined within blocks, see (7.2.4)). Furthermore, v+ Qx <x v+ €, + Qx <x ¥/ + Q) so it
is equivalent to prove the result for v/ + Qx = v + ¢, + Qx (that is, v+ Q) and 7' + Q, only
differ in one block). By a well known property of the dominance order (see for example [47,
Corollary 2.7]) we have that €, € <I>JC§A and so €, = €; — €; for some 4, j € B, with ¢ < j. Thus

we henceforth assume that v, € PJ(F)‘) with v/ + Qx = v+ & — € + Q) for some 4, j € By, with
i<
Let M(y) = £(uy'7u,). By Theorem we have

My)= Y zlvki)= ZZ (LED+ D > 2k D)

1<k<I<r()) p=1k,l€By, 1<p<q<t kEB,,
k<l l€B,

and similarly for M (v').

Write v+ Q) = Z:;E):\)l Amém and v + Q) = Z;E’\)l al ém as in (2) As~ —~v+ Q) =
€; — €+ Qx we have that a;, = ap, unless m € {7, j}, in which case a; = a; + 1 and @} = a; — 1.
Let Bep = BiU---UB,_1 and By = Bpp1 U---U By, As z(Y,k,l) = 2(v,k,1) whenever
k.l ¢ {i,j} we have M(y') — M(vy) = A+ B + C where

A= Z (2(7/7 k7l) - Z(’Ya k7l))7
k,leByp,
k<l

B= Y (2(4.k,i) — 2(v.k,i) + 2(v k., §) — 2(7, k. 5)),
k€B<p

C= Z (Z(’)/’i’l) - Z(’Yvivl) + Z(’Y/aja l) - Z(’Y,j, l))

1€B>,

It is required to show that M (y") — M(y) > 0. Let A\g = Ay, for all k € B, (so Ag is the length of
the rows in block B,). We will consider sum A first. For &k, € B, with k < [ we have a;, > o
as y € PJ(F)‘) (by the dominance in blocks, see ) Thus b, > b; and if by, = b; then ¢, > ¢
(which forces A\, — ¢ < A —¢) and so z(7, k, 1) = [Xoar — Aoa;| and z(v', k,1) = |Ao(a}, — a})| by
(A.3.6). Thus, as ar > a; we have z(7,k,1) = Ao(ar — a;) and z(v', k,1) = Ao(aj, — a;). Then, as
aj, = ax, and a; = a; when k,l ¢ {i,j} and a; = a; + 1 and @} = a; — 1 we have that

A=Y O D=2k D) =X Y 1=X > 1=2 > 1+X > 1

k,leByp, lng, lng, kng, kng,
k<l i<l i<l i>k 7>k
=2Xo(j — 1) > 0.

As this is a strict inequality, to prove that M (v") — M () > 0 it remains to prove that B > 0
and C > 0. We have that a} = a; + 1 and a;- =a; — 1, and

b, =

(2

C.
bi+1 ife;=X)\—1 ! 0 ife; =M\ —1

Y — bj iij>0 f Cj—l iij>0
7o lbi—1 ife;=0 TN =1 ife =0.

{bi ife; <A —1 ’ {Ci—i-l ife; <A —1

o
Il
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For sum B, let
xl(k) = Z(’}/vkai) - Z(’}/,k,i) and .1'2(]{3) = Z(’}/a k)]) - Z(’Yaja k)a

and set z(k) = x1(k) + x2(k) for k € B.,. We claim that (k) > 0 for all k € B.,. First
consider x; (k). As before, let ¢}, = A\p, — ¢, for 1 < m < r(A) and note 0 < ¢, < Ap,. We claim
that

_>\k ifbk>bi
— A\ if by, = b; = b, with ¢, > ¢; and ¢, < ¢}
M —2(cF—¢—1 if b, = b; = b, with ; and cf > cf
21 (k) = k (cf—c + ck) 1 L .1W1 ci > ¢; and ¢ > ¢ (A1)
Ak if b, = b; with ¢, <¢;
)\k—Q(Ck—CZ‘) if by, = b; with b;:bi—f—land Cr > C;
Ak if by < b;.

We consider the following cases:
o If by > b; then either by > b; +2 or by = b; + 1. In the first case by > b;, b} and so

:Ul(k’) = ()\oak — )\k(ai + 1)) — Xoar + Apa; = — g
by (A.3.5). If by = b; + 1 with b; = b} we also have by, > b;,b, and so z1(k) = —\; (by
the calculation above). In the final case by = b; +1 = b} and so ¢, = 0, ¢, = )¢ and

;=X — 1. As by, = b+ 1> b; we have 2(v, k,i) = ¢}*|ck, — | + c|c — ;] = Xock and

2(v, k, 1) = Xoa; — Aka; (using (A.3.5)) and so
x1(k) = Mock — (Noar — Aka;) = Mok (b; — b)) + g = — A
e Ifbpy=0; =0 thenc; < X\, —1,c, =¢; +1and ¢,* = ¢f — 1. Thus,
z1(k) = (¢f = Dley — i = U+ (e + 1)|cf, — ¢ + 1| = ¢flex — ] — cilcg, — ¢
If ¢, > ¢; and ¢, < ¢} then
z1(k)=(cf =g —ci— 1)+ (i + 1)(—c + ¢ — 1) — ¢l (ex, — ¢i) — ci(—c + ¢F) = =g
If ¢, > ¢; and ¢j, > ¢} then

z1(k) = (¢f = Dlex —ci = 1) + (e + (e — ¢ + 1) = (e — ) = cileg, — ¢)
:)\k—2(cf—c7;—1—|—ck).

If ¢, < ¢; (and thus ¢ = Ay, — ¢, > Ao — ¢; = ¢ as A\ > )\g) we have
z1(k) = (¢ =) (—ex+ci+ 1)+ (i +1)(c, — ¢ + 1) — i (—cx + i) — cile, — ¢f) = Mg

e If by =b; =b, —1then¢ =X —1,¢ =1and ¢, = 0. As by = b; < b, we have
27 ki) = Mg + 1) — doay = Aoct (by (A3H)) and 2(v.k,) = ey — i + ei(cf — 1), so0

z1(k) = Aocj, — |cx — ci| — ci(e, — 1).

If ¢, > ¢; then z1(k) = A\, + 2(¢; — ¢) and if ¢ < ¢; then x1(k) = A, as required.
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o Finally, if by, < b; — 1 then by, < b;, b} and so by (A.3.5)) we have
xl(k) = _)\Oak; + )\ka; + )\Oa,k, — )\kai — >\k’

Thus, the claim in (A.4.1)) is proved. We now consider xz5(k). We claim that

e if by >
Ak if by, = b; = b;j with ¢, > ¢} and ¢}, < ¢
o) = —Ap + 2(09* - c;- —14¢) ifbg= b;. = b; with ¢, > c} and cj > c}* (A4.2)
_)\k if bk = b; with Ck < C;-
Ak +2(c, = ) if b, = b with b; = b} + 1 and ¢ > ¢
Y if by < 0.

We have the following cases:
- Suppose by > bl. If by > bj > b’ then

zo(k) = Xoar — Ara; — Xoay + Apaj = .

If by, < b; then, as by >V, we have that b, = b; = b; + 1 and so ¢; = 0, ¢j = A¢ and
;= Aj — 1. Thus, noting (A.3.5) we have z2(k) = Xoay — Ara); — cjlcx — ¢j| —¢jlcg —cj| =
AoCk + A\ — dock = k.

. Ifbk:b;-:bj thenc;-:cj—landc;-*:c;erlthus

*

xa(k) = ;*]ck—c;-]—i—c;-]c*,;— ;*]—(c; —1)\ck—c;—1]—(09—%1)\0}2—0;*—%1\.

If ¢, > c;- and ¢ < c;-* then
xa(k) = c;»*(ck — )+ cj(—ck +c;»*) - (c;* (e = =1) = (s + 1) (—c; + c;-* —1) = X
If ¢, > c} and ¢} > cz-* then
zo(k) = cg.*(ck — )+ (e — c;*) — (cg’k —)(er — ¢ = 1) = (; + 1) (et — ‘33'* +1)
=-N+2(d =+ —1).

If ¢, < c;- (and so ¢f = A\, —cp > /\O—c;- :cg* as A\, > A\g) then

xa(k) = c;»*(—ck+c;)+c;(c’,;—c;*) — (c;* —1)(=cp+cj+1) = (cj+1)(ck —c;-* +1) = =X
o If by =b; =bj — 1 then ¢; =0, c;-:)\o—landc}*zlandso

xo(k) = ek — c;| + c;(cz —1) — (M\pa; — Xoax) = |cx — c;] —c - c;.
Thus, if ¢, > c;- we have z9(k) = =\, — 2(¢/; — ¢) and if ¢ < c;» then zo(k) = —\y.
. For the final case, let by, < b;» < b;. Using 1' we have that

xg(k) = )\ka;- — XNoar — )\kaj + Aoag = —Ag.

We now consider the different possible values of x;(k) and z2(k) from (A.4.1) and (A.4.2)) to
show that in all cases z(k) > 0. Recall from (7.2.4)), and the fact that v + Qx € (P/Qx)+, that
a; > a; and so bl > bj and if bl = bj then C; > Cj.



APPENDIX A. THE LENGTH OF m, 159

(1) Suppose that x1(k) = —Ag. By there are two cases; by > b; or by, = b; = b with
¢k > ¢ and ¢ < c.
« In the first case we have that by > b; as otherwise b; < by, < b; < b; which contradicts
dominance. Thus, z2(k) = Ay and so z(k) = 0.
« In the second case if b, > b’ then z(k) = 0. If by < b’ then we have b; > b’ > b, =b;
which forces b; = b; = =0V = bk by dominance. Thus, cZ > cjand ¢} < c Furthermore

ascj—c] 1andc] :c +1wehavethatc]<c+1—c]§cz<ckand
c}';<c;":)\0—ci§c;f: i —1<c and so xo(k —)\kby So again
z(k) =0.

(2) Suppose that x1(k) = A\x. By we have that z(k) > 0 for all cases, for example if
za(k) = =\ +2(¢f" = ¢j = 1+ ¢x) then ¢, > ¢ and so x(k) = 2(cy, — ) +2(c}" = 1) > 0.
(3) Suppose that z1(k) = A —2(c} —¢; — 14 ¢;) and so by, = b; = b}, ¢ > ¢; and ck > cf. We
consider two cases:
. Tf by > b/, then

(k) =20 — ¢ +ei+1—c) =2(ct —cf +ei+1)>0.

. Ifbk<b’ then b; >b’ > by, = b; which forces b; = b, —b’ = bg, ¢; > ¢j andc <cj
by dommance Thus We have that c] =c¢—1<¢—-1 < ¢ <cp Ifcf < c] then
zo(k) = A, and so z(k) > 0 as in the above case (when by, > b}). If ¢ > ¢ * then

a:(k:):)\k—2(cf—ci—l+ck)—)\k+2(c —di=1+e) = 2(ci— ) = 2(ci—cj+1) > 0.

(4) Finally, suppose that z1(k) = A\ — 2(cx — ¢;) and so by, = b; = b, — 1 and ¢ > ¢;. First
we note that xo(k) = —\g is not possible in this case, there are two cases to consider:
b, = b; with ¢ < c;-, and by < b;-. If b, = bg» with ¢ < c} then b;- = bj, as otherwise
bj = b; +1="b;+1=b; +1 > b; contradicting dominance, and so b; = b; and ¢; > c;.
However, in this case we have ¢; < ¢ < c;. = ¢j — 1 < ¢, a contradiction. On the other
hand, if b, < b;- we have that b; = b, < b;- < b; which contradicts dominance. We will now
consider the 3 other options for the value of zo(k):
o If 2o(k) = Ag then x(k) = 2(cf + ¢;) > 0.
. Ifxg(k):—/\k+2(ck—c)thenb —b’—l—landsoc =X —1. Asb,=0b;+1 we
also have ¢; = \g — 1 so

x(k) = 2(ck — ) = 2(cy, —¢;) = 0.

o fag(k) = =\ +2(¢)" — ¢ —1+4cp) then by = b = bj, e, > ¢j, ¢f > ¢fand ¢ = ¢;—1.
Thus, b; = bj and so ¢; > ¢; = ¢; + 1 > ¢}. Therefore,

x(k) = 2(09»* — g —1+ca) =2 —c) = 202»* +2¢;i —2¢; >0

Thus, (k) > 0 for all k € B.,. A similar analysis shows that C' > 0: letting [ € Bs,,
yl(l) = 2(7/77"7[) - Z('%Z.?l)? y?(l) = 2(7/7j7 l) - Z(’Yujal) and y(l) = yl(l) + y2(l) and then
showing that y(I) > 0 by considering the different possible values of y;(l) and y2(l). We omit
the details. Thus, M(y') — M(vy) = A+ B+ C > 0 as required. O



Appendix B

Folding tables

In this appendix we introduce the concept of folding tables, and give examples of such tables
using MAGMA code. Folding tables were introduced by Guilhot and Parkinson in [23], [22] to
find the bounding degree of the v-mass of J-folded alcove walks for the affine Coxeter groups of
type G2 and Cy. They are a tabular display of data, and depend on an element @ € W, that
allows one to read off J-folded alcove paths of type .

Recall the definition of v-mass from Definition [4.3.3] The v-mass of a path is encoded into
its folding table. Using these tables Parkinson and Guilhot found the degree bound of the v-
mass of J- folded paths of Gg and Cg and thus, using a version of Theorem |5 determined
the bound of H representations (equivalent to our representations 7, ). To d0 thls they noted
that one can decompose w € W into w = v -t,-b where v € Wy, v € P* and b € By
with By = {w € W | wAy C {z € V | 0 < (z,05) < 1for all i € I}}, the alcoves in the area
bounded by H,, 0 and H,, 1 for alli € I (see [4] §3] or [23 §4.2]). Choosing a reduced expression
w=7- t ‘b they then used folding tables for U, t and b to find the possible highest values of the
v-mass of a J-folded path of type w. In other types the number of paths and the cancellations
between paths makes this method unrealistic. Recall from Remark that the bound of the
paths can be higher than the bound of the matrix representation but will be cancelled out by
other paths in Theorem [5.3.3] In low rank cases these cancellations can be managed but in
higher rank this becomes increasingly difficult. Thus, the theory of folding tables was not used
in the results of this thesis. However, there is still merit in having a simple way to find J-folded
alcove paths to complete examples and test conjectures.

The author created MAGMA code to calculate folding tables for any element of any affine
Coxeter group (irreducible and reduced). The code can be found at https://github.com/
ellielittle/FoldingTables. This code was used throughout the creation of the thesis to find
examples, calculate matrices, learn about J-folded paths and test conjectures. In this appendix
folding tables are defined and then two examples are calculated using the MAGMA code.

Definition B.0.1. ([23, Definition 7.4]) Let & be a reduced expression of z € W. Let u1, ..., uy
be the elements of /W ordered so that £(u;) < ¢(ui4+1). Denote p' to be the straight path in
P (Z,u;). If the k-th step of p’ is a negative crossing, let pi denote the path in P (7, u;) formed
from p* by folding at step k.

Foreach 1 <i <rand 1 <k < /{(x) define ft; ,(Z) € {—,*,1,2,3,...,r} as follows:

« If p has a positive crossing at the k-th step, then ftir = —,

« If p’ has a bounce at the k-th step, then ft; r = *, and
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. If p’ has a negative crossing at the k-th step, then ftix = J, where u; = aj(p/) and p' is
the straight path in P;(rev(Z), 07 (p))

The J-folding table of type & is then the r x ¢(x) array where the (i, k)-th entry is ft; .

To motivate the final point in the definition: j is chosen so that the paths p?C and
T(wh(pl,)—wi(pi)) Jpj agree after the k-th step.

The folding table is read left to right to find J-folded alcoves paths of type Z. To find a path
p € Pj(Z,u;) begin in position (i,1) and then move through the row from left to right. The
symbol — denotes a positive crossing, the symbol * denotes a bounce and a number 1 < 7 <7 is
a possible fold or negative crossing. That is, at ft; ; = j one can choose to fold or cross. If one
chooses to take a fold at step k then they move to position (j,k + 1) in the folding table and
continue to build the path moving left to right in row j. If they choose to cross they remain in
row ¢ (as is done with the symbol —).

By [23], Proposition 7.8] all positively folded paths of type & € W can be found in its folding
table. Note that if p = (v, v1,...,v) € Py(Z,u;) then p' = (vo,v1,...,v,v0) € Pj(Zo,u;)
for any o € ¥, so the folding tables can also be used to find all J-folded paths of type & =
Si1 Syt * " 85,0 € w.

Example B.0.2. Let ® = F; and J = {1,2,3}. Let /W be ordered as follows:

{e, 54,5453, 545352, 54535251, 54535253, 5453525153, 5453525354, 545352515352, 545352515354,

54535251535253, 54535251535254, 5453525153525354, S453525153525453, 545352515352535453,

545352515352545352, 54535251535253545352, 54535251535254535251,5453525153525354535251,

5§453525153525354535253, 545352515352535453525153, 54535251535253545352515352,

2

(54535251535253)°, $45352515352535453525153525354 }.

By [28] we set t,, = Si;Si, - Si;, = S0525453515452535453525451535452. The folding table of
t., is displayed in Figure |B.1l Let L(s1) = L(s2) = b and L(s3) = L(s4) = a as in Example
We can read the v-mass of a path from the folding table while finding the path, when

a fold is taken at step k it contributes (q;, — a;, 1) to the v-mass and when a bounce occurs at
step k it contributes vq, if ix € {1,2,3} (with va, = Va,), Va, if iy = 4 and va, = vq, if i = 0.

Using the table some J-folded paths of type t_LJQ, and their v-masses, are as follows: (we write i
instead of s;, and i to denote a fold and i to denote a bounce)

p1 = 0243142343241342 € Py (tu,uz1),  Qu(p1) = (a5 — d5 ) (a3 — a3 ) (A1 — 4z 1 )?V2, Vags
P2 = 0243142343241342 S PJ(tWQ,Um), J(pg) ( qs — q5 )(q4 — q4 )Va1VOé37
( (
) s0

ps = 0243142343241342 € Py (L, u1),  Qu(ps) = (a3 — a5 1) (qa — a3 )V

al

Example B.0.3. Let ® = Ag and A\ = (4,3
follows:

= {1,2,3,5,6}. Let *W be ordered as

{6, 54,5483, 5455, 548352, 545355, 545556, 4535251, 54535255, 54535554, 54535556, S453525155,
54538525554, 5453525556, 5453555456, 545352515554, 545352515556, $45352555453, 545352555456,
548355548655, 54535251555453, 54535251555456, S4535255545356, S4535255545655, 5453525155545352,
54583525155545356, 5453525155545655, 5453525554535655, 545352515554535256, 545352515554535655,
548352555453565554, 54535251555453525655, 54535251555453565554,5453525155545352565554,

543332313534335256555453}
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By [28] we have that &, = s9S¢555150565251505352510% where ¢(i) = i + 1 mod 7. The
folding table of f,o~* is given in Figure Recall that v, = —q~! for all @ € ®; where
gq=dqgi1 =do =93 = q4 = g5 = g = qo. The v-mass of a path can be read from the folding
table as follows: a fold contributes (q — q~!) to the v-mass and a bounce contributes —q~! to
the v-mass. Using the table, the below are some J-folded paths of type 75_;,4 and their v-masses
(as in Example we write i), instead of s;, and i, for a fold and 4, for a bounce).

p1 = 0651062103210 € Py (f,, u22), Ox(p1) = (q—q H)*(—q )3,
po = 0651062103210 € Py (t,, uss), Oa(p2) = (a—q~1)?,
p3 = 0651062103210 € Py (.., , us3), O(p3) = (@—q 1> (—q~H)™
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So | S2 | S4 | S3 | S1 | S4 | S2 | S3 | Sa|S3|S2| Sa|S1]| s3] 84| 82
1 — x| 214 | = x| x| —=|—=|*x|—=171=x*x/]—=|-=1=
2 — x| = x| -4 | -] —|—|—|—=—110] =] x| —| %
3 — 4| % | 8| x| 6 | x| x| —|—=—|—=|*x|=1]=/]-=/]=
4 (|- = x| =] =|=|—=1=1=12/=/]21]| % 11 —-13
) x | ok | ox [ 12 = | 9 | x| x| — | — | — | % | x| =] =]
6 — * 8 * * — * — * 3 * | 14| % * — *
7 x [ 9 10|17 « [ 11| 2 | 1 | % | — | —|—1|*|—|—1]-—
] | o« — | — | % * — | = | = * * |15 | — | 3 * *
9 * | — |12 x | — | — | x| — | « | 5B | x [ 18] 2 | x| — |7
10 « |12 = [13] % |16 x| 2 | — | — | = | =] —| —| x| —
1T | = [13 16| = | — | 4 | % 1 T x| x| 3| — |- %
12« | —| = =] —=—1*|—=—|—=—1—=1=|=*1]119] %« | 5| % |10
B x| « | — | — | % [17] — | x| — | = | % | x| — 10| 2 | x
M4 = [16 |15 [20] 1 | = | 8 | 6 | 3 | * | * | — | % | — | % | —
15 =« [ 17| — | = | 2 20| % | 8 | « | — | x| — | — | x| 3| —
6 « | — |17 — | x| — | % | —| 4|10 1 23] &8 |11 | * | 14
170 « | — | — | — |« | — | — | — | = [ 13| 2 |24]| = | 7 | 4 |15
I8 1 |+« [19 22| % | = [12| 9 | 5 | = | = | — [ 10| — | % |
190 2 | x | — | % | * [22] % | 12| % | — | % | — | % | % [ 5 | x
20 || % | = x | — | 4| — | % * | 8 | 15| 3 | = * | 14| 6 | x
2101 3 122 % | 24| 5 |23 |13 | 4 |10 — | *x | — | x| — | 7 | —
22| 4 | — | x| — | x| — | x| % [12]19] 5 | = |13 [18] 9 | 21
23| 6 | = [ 24| % | 9 | — | 17|16 | 2 |21 | 7 | — |15 | % | 11| =
24 | 8 | % | — | — |12 % | % [ 17|13 | x | 10| — | x [ 21| 1 *

Figure B.1: The folding table of ¢, for ® = Fy and J = {1, 2, 3}.
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APPENDIX B. FOLDING TABLES

[T oo Too [ [or [0 oo [ [ [0 [ [ [ o
1 _ 7T 7T T_7T=-T7T=-T7T=-T=-7T<=T7~<Z
9 — | = % — | = | % — | = | * * * 1
3 — = x| = =1 % * * 1] - =1 =
4 — x| = = % | =] = — | * 1 *
5 — | — | x * * 1| = =1 % | == %
6 — | x| =] = | x| = | % 1 * | — | x| =
7 x | — | — * — | =] % — | = 1 * *
8 * * 1 - | = * - | = * — | = *
9 — * — * 1 * — * — | = * —
10 || — * * — * * * 2 4 * 3 6
11 * | — | — * - | = 1 * * * - | =
12 * 1 * — * — | = | * - | = * —
13 || — * * 2 4 | — | = * * 5 9
14 x | — | =11 * * x | — | — | % | = | =
15| = | — | = * | — | * 2 * 713 x| 11
16 * 2 4 | — | % * | — | % * * 8 | 12
17 || 1 * * x | — | — | x| =] = | % —
18 — * * * 3 6 * 5 9 — * *
19 * | — | * 2 * 7 * | — | * 5 x | 14
20 * * | — | % x | — | 4 7 * 6 |11 | =
21 * 3 6 | — | % * * 8 |12 | — | x* *
22 2 * 7 * * * | — | % 8 x | 17
23 x | — | * 3 x* |11 | b * |14 ] x | — | %
24 * x | — | 4 7 * * * | — | 9 | 14| =
25 * ) 9 * 8 [ 12| — | * * | — | % *
26 3 x [ 11| * | — | % 8 * |17 ] % | — | %
27 1| 4 | 7 | % * * | — | * * | — [ 12|17 | =
28 || * x | — | 6 | 11| = 9 | 14 x | —
29 ) x | 14 | 8 x |17 | x| — — | *
30 6 | 11 | = * x | — [ 12| 17 | = * * | —
31 * * * [ 10 15|20 | 13 19 |24 |18 | 23 | 28
3211 9 | 14| x |12 | 17| = * * | — | % x| —
33 || 10 | 15 | 20 | = * * | 16 | 22 | 27 | 21 | 26 | 30
34 || 13119 |24 |16 | 22| 27| * * x | 25129 | 32
35 (| 18 123 2821|2630 |251]29 |32 % * *

Figure B.2: The folding table of t,,0~% for ® = Ag and J = {1,2,3,5,6}.
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