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Abstract

This thesis, titled “Deep Learning and High-Frequency Data Enhanced
Bayesian Financial Risk Forecasting,” presents an innovative approach
in forecasting financial tail risks, particularly focusing on Value-at-Risk
(VaR) and Expected Shortfall (ES) through a Bayesian framework.
Recognizing the limitations of traditional risk models in capturing the
complex, non-linear dynamics of financial markets, this work proposes
novel methodologies that integrate realized volatility measures with
advanced Bayesian and machine learning techniques, aiming to enhance

predictive accuracy and robustness in risk forecasting.

The first part of this thesis introduces a semi-parametric framework
for joint VaR and ES forecasting, incorporating multiple realized
measures such as realized variance, bi-power variation, and realized
kernel. Extending the realized exponential Generalized Autoregressive
Conditional Heteroskedasticity (GARCH) model, this framework
employs a quasi-likelihood function based on the asymmetric Laplace
distribution, enabling Bayesian estimation through adaptive Markov
Chain Monte Carlo methods. Empirical analyses demonstrate that
the proposed model outperforms both parametric and semi-parametric
counterparts, particularly in periods of high market volatility,
underscoring its effectiveness in capturing the nuanced risk dynamics

across multiple realized measures.

The second part of the thesis advances risk forecasting further by
proposing a long-memory and non-linear model, termed RNN-HAR,

for direct VaR prediction. This model integrates a Recurrent Neural
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Abstract

Network (RNN) with the heterogeneous autoregressive (HAR) model
to capture long-memory effects and non-linear dependencies within
realized volatility measures. Using loss-based Bayesian Sequential
Monte Carlo (SMC) for inference, the RNN-HAR model demonstrates
superior predictive performance across 31 global markets, consistently

outperforming conventional HAR models in VaR forecasting.

Building on these contributions, the final part of the thesis proposes
a novel RNN-based framework, RNN-ReESCAViaR, for the joint
estimation of VaR and ES. By embedding an RNN within the
Realized-ES-CAViaR  (Conditional = Autoregressive Value-at-Risk)
model and employing an asymmetric Laplace quasi-likelihood
function, this framework captures the interdependence between
VaR and ES in a highly flexible manner. Bayesian SMC is again
utilized, enhancing computational efficiency and allowing for real-time
sequential prediction. Empirical results across 21 markets show
that RNN-ReESCAViaR achieves significant improvements over both
parametric and semi-parametric models, illustrating its capacity to

adapt to complex volatility patterns in financial data.

The findings of this thesis also have important regulatory implications.
The proposed models could play a significant role in regulatory
stress testing frameworks, which are crucial for ensuring that financial
institutions hold adequate capital during periods of market stress. By
more accurately forecasting tail risks, including VaR and ES, the models
can provide regulators with better tools to assess financial institutions’
ability to withstand extreme market conditions. This aligns with the
Basel III framework, which emphasizes the need for more accurate

measures of tail risk and capital adequacy to ensure financial stability.
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Abstract

Collectively, these contributions represent a significant advance in
Bayesian tail risk forecasting by integrating realized measures with
machine learning and Bayesian techniques. The models developed
in this thesis not only provide more accurate and resilient tail risk
forecasts but also offer a flexible framework for capturing non-linear
dependencies and long-memory effects, which are crucial for modern
financial risk management. This research has substantial implications
for risk management practices, particularly in volatile or crisis-prone
periods, where robust, precise tail risk predictions are essential for

maintaining financial stability.
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Chapter 1

Introduction

This chapter introduces the research focus on Bayesian tail risk forecasting with
realized measures of volatility. It provides background to the topic, highlighting
the importance of accurate risk forecasting in financial markets, particularly using
realized measures and advanced modelling techniques. Additionally, the chapter
presents a summary of the original contributions of this dissertation, which include
novel modelling approaches that integrate Bayesian inference and deep learning.
Finally, an outline of the dissertation structure is provided to guide the reader

through the purpose and content of each chapter.
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1.1 Introduction

1.1 Introduction

Tail risk forecasting has become a central focus in financial risk management due to the severe
impact of extreme market movements on investments. Traditional risk forecasting models
often rely on return series alone, which may not capture the full extent of market dynamics.
This dissertation addresses this limitation by using realized measures, high-frequency
data-based measures of volatility that provide more precise insights into market behavior.
Realized measures allow us to develop models that more accurately reflect the complexities of
financial data, offering enhanced predictive capabilities for Value-at-Risk (VaR) and Expected
Shortfall (ES).

In addition, the work explores the integration of Bayesian inference and deep learning
techniques. Bayesian methods provide a principled and convenient way for capturing
uncertainty, support robust model estimation and sequential prediction. Deep learning,
specifically through Recurrent Neural Networks (RNNs), allows the models to capture
long-term dependencies and non-linear patterns within the data, which are often critical for
forecasting accuracy. This combination aims to advance tail risk forecasting, addressing gaps

in both theoretical development and practical applications.

1.2 Summary of original contributions

The original contributions of this research are structured around the development and
application of advanced statistical and machine learning models for tail risk forecasting. Key

contributions include:

* The development of a semi-parametric framework that incorporates multiple realized
measures to improve the accuracy of joint VaR and ES forecasting. This model
leverages the asymmetric Laplace quasi-likelihood and adaptive Markov Chain Monte
Carlo (MCMC) techniques, establishing a robust and flexible structure for financial risk

forecasting.

¢ The extension of the heterogeneous autoregressive (HAR) model to include non-linear
and long-memory characteristics by embedding an RNN. This extension, termed
RNN-HAR, provides improved VaR forecasting performance by capturing complex

market dynamics through Bayesian Sequential Monte Carlo (SMC) inference.

¢ A novel model, RNN-ReESCAViaR (Realized-ES-Conditional Autoregressive
Value-at-Risk), for jointly forecasting VaR and ES that integrates realized measures
with RNN-based non-linear modelling. This approach offers competitive forecast

accuracy by jointly estimating VaR and ES, using SMC for efficient Bayesian inference.
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Chapter 1 Introduction

These contributions not only enhance the theoretical landscape of risk modelling, but also

provide practical value to stakeholders in the financial industry by improving the reliability

of the forecast.

1.3

Dissertation structure

The structure of this dissertation is organized as follows:

Chapter 2 presents a review of risk modelling and forecasting methodologies,
introducing core tail risk estimators such as VaR and ES, as well as methods for
evaluating forecasting accuracy using metrics like quantile loss, joint loss, and the
Dynamic Quantile test. Further it provides a comprehensive discussion on realized

measures in tail risk forecasting.

Chapter 3 lays the foundation for Bayesian inference and deep learning methodologies
relevant to the thesis. It details adaptive MCMC for Bayesian inference, explores
loss-based Bayesian inference with SMC, and introduces RNNs as a deep learning

approach capable of capturing non-linear time series patterns.

Chapter 4 presents the first main contribution of the dissertation, a semi-parametric
framework for forecasting tail risk that leverages multiple realized measures. Traditional
models often rely on a single realized measure or even only the return series, which
can overlook key information embedded in volatility patterns. By integrating multiple
realized measures, this framework aims to improve the accuracy of joint VaR and ES
predictions. The chapter also outlines the use of Bayesian inference through adaptive
MCMC techniques, providing a flexible yet robust estimation process that accommodates
complex model dynamics. Empirical results demonstrate the advantages of this
framework over traditional single-measure approaches, highlighting its potential impact
on risk management practices. This work has been published by the Quantitative Finance
journal (Rank A) under title of “Semi-parametric financial risk forecasting incorportaing

multiple realized measures”.

Chapter 5 Building on the need for models that capture long-memory effects and
non-linear relationships in financial data, Chapter 5 introduces the RNN-HAR model.
This model extends the HAR structure, which is widely used for modelling long-memory
characteristics, by embedding a RNN to account for non-linear dependencies in the data.
By using a loss-based Bayesian inference approach, specifically Bayesian SMC, the model
bypasses the need for a traditional likelihood function and instead uses a quantile-based

loss function. This method not only enhances the efficiency of estimation but also
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1.3 Dissertation structure

provides more accurate forecasts by allowing for flexibility in the modelling process.
By employing Bayesian SMC for estimation, this model balances the computational
demands of deep learning with the robustness of Bayesian inference. The RNN-HAR
model’s ability to handle both long-term dependencies and complex non-linear patterns
results in improved one-step-ahead VaR forecasts, as shown in an extensive empirical
analysis across multiple markets. This chapter illustrates how the model outperforms
both the basic HAR and other extensions, demonstrating the value of integrating deep
learning within established forecasting frameworks. This work is under revision with

Journal of Financial Econometrics (Rank A*).

¢ Chapter 6 presents the final main contribution, the RNN-ReESCAViaR model, which
further advances tail risk forecasting by jointly estimating VaR and ES within
a semi-parametric framework. This model uniquely leverages RNNs to capture
non-linear dynamics and incorporates realized measures, separately influencing VaR
and ES. Empirical analysis across 21 markets highlights the RNN-ReESCAViaR model’s
performance in jointly forecasting VaR and ES, outperforming both parametric and
semi-parametric models. The chapter underscores how joint modelling of these two
measures, combined with RNN and Bayesian techniques, offers a more comprehensive
approach to tail risk forecasting that meets industry demands for accuracy and

computational efficiency.

* Chapter 7 concludes the dissertation, summarizes, the key findings and suggests

potential directions for future research in tail risk forecasting.
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Chapter 2

Realized measures in tail
risk forecasting

This chapter presents an overview of tail risk forecasting and the role of realized
measures in risk forecasting. Also, it explains the two types of risk estimators,
VaR, ES and the risk forecasts evaluation methods which will be used in this thesis.

Later, this chapter explains the realized measures that are used in this thesis.
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2.1 Risk modelling and forecasting

Risk modelling and forecasting are essential components of financial risk management, aiming
to quantify and anticipate potential losses in investment portfolios. In the field of finance,
the risk modelling and forecasting are essential tools for understanding and managing
uncertainties. The traditional risk measures often underestimate tail risk, leading to insufficient
risk management strategies. To address this issue, tail risk forecasting models utilize more
advance tail risk measures to capture the tail behaviour more accurately. This section describes

the tail risk measures and the evaluation techniques of tail risk forecasts used in this thesis.

2.1.1 Tail risk estimators

The global stock market crash on October 19, 1987, known as ”Black Monday,” exposed
vulnerabilities in existing financial risk management practices, especially in handling extreme
market downturns. In response, the Basel Committee on Banking Supervision (BCBS)
introduced the Basel I Accord in 1988 to establish standardized guidelines for managing
financial risks and protecting institutions from unexpected losses. However, subsequent
financial crises in the 1990s” such as the Orange County bankruptcy, the collapse of Barings
Bank, and the Long-Term Capital Management hedge fund crisis, highlighted the need for

improved methods to assess market risks effectively.

In 1989, Dennis Weatherstone, then CEO of J.P. Morgan & Co., introduced the “4-15 report”,
which quantified daily risks across the bank’s operations. This practice evolved into the VaR
framework, a measure that estimates the maximum potential loss of a portfolio within a specific
confidence level (e.g., 95%) over a set time horizon. The Basel Committee endorsed VaR in 1996
as a benchmark for market risk assessment, incorporating it into the Basel II framework. This
recommendation marked VaR’s rise as a standard tool in financial risk management (Jorion,
2007).

However, VaR has significant shortcomings. While it identifies the threshold for potential
losses, it does not account for the magnitude of losses exceeding that threshold. To address this
gap, ES, also known as conditional VaR, was introduced by Artzner et al. (1999). ES provides
the average loss when the VaR threshold is breached, making it a more comprehensive measure
of tail risk. Moreover, ES satisfies the mathematical property of subadditivity, ensuring it

captures diversification benefits more accurately than VaR.

Despite its advantages, ES was not initially adopted in Basel II, which relied solely on VaR.
However, the global financial crisis of 2007-2009 exposed weaknesses in traditional risk

measures, particularly their reliance on parametric assumptions like normality. In response, the
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Chapter 2 Realized measures in tail risk forecasting

Basel III framework introduced ES as the primary tail risk measure for market risk, recognising

its ability to account for extreme losses and better align with risk management goals.

This thesis employs both VaR and ES as key tail risk estimators due to their importance
in regulatory frameworks and their widespread use in financial risk management. In the
next section, detailed approaches to calculating VaR and ES using Gaussian and Student’s
t distributions are discussed, providing the foundational tools for tail risk modelling in this

study.

Value at risk (VaR)

Numerous definitions for VaR are available in the literature. In this thesis, the formal definition
of VaR proposed by McNeil et al. (2005) is adopted. VaR for an asset portfolio at a specified
confidence level « € (0,1) is defined as the minimum loss, denoted as I such that the probability
of the loss L exceeding [ is not greater than (1 — a). According to the Basel III Accord, the
common confidence level of & = 2.5% is employed in this thesis. However, for the purposes
of the empirical study, we also consider & = 1% and a = 5% to evaluate risk at different
confidence levels. Gaussian and Student-t distributions are considered as loss distributions in
the empirical studies to assess the robustness of VaR calculations under different assumptions

about the underlying return distribution.

McNeil et al. (2005) shows that when the loss distribution F; follows a Gaussian distribution

with mean y and variance ¢ the the & level VaR can be given as:
VaR, = p+oc® (), (2.1)

where ®~1(a) is the inverse of the cumulative distribution function (CDF) of the standard

normal distribution, i.e., the quantile function at the confidence level a.

The Student-t distribution is particularly useful for modelling financial returns when there is
excess kurtosis (fat tails). Unlike the Gaussian distribution, which assumes that the tails of the
distribution decay exponentially, the Student-t distribution provides a better fit for financial
data that exhibits more extreme values or larger shocks. If the loss function F;, following a

Student-t distribution with degrees of freedom v > 2, the VaR is computed using the formula:

VaR, =+ Utljl(a)\/vT_z, 2.2)

where t,1(«) is the inverse of the CDF of the Student-t distribution with v degrees of freedom.

Page 7



2.1.2 Evaluation of risk forecasts

Expected shortfall (ES)

ES can be viewed as the average loss that exceeds the VaR at a given confidence level, «. If the
loss distribution F; follows a Gaussian distribution with mean p and standard deviation ¢ then
the ES at a can be cacluated as (McNeil et al., 2005):

-1
¢(O~ () (2.3)

ESy=p+o T—a
where ¢ is the probability density function (PDF) of the standard normal distribution,
and ®~!(a) is the inverse of the CDF of the standard normal distribution. This formula
essentially computes the conditional expectation of the losses that are worse than the VaR level,

incorporating the tail of the loss distribution.

For a loss distribution that follows a Student-t distribution with v degrees of freedom, the

calculation of ES becomes more complex. In this case, the ES at confidence level « is given by:

2ot () (v + (t;l(tx)>2> v—2 (2.4)

1—uw v—1 ’

where g, is the PDF of the standard t-distribution, and t,!(«) is the inverse CDF of the
t-distribution. This formula adjusts for the heavier tails of the t-distribution compared to the

normal distribution, providing a more accurate estimation of ES for fat-tailed risks.

While VaR and ES are essential measures for assessing the potential risk of a portfolio, their
reliability and accuracy must be rigorously evaluated. In line with Basel II's guidelines, which
recommend back-testing VaR models to assess forecast accuracy (Chen et al., 2012), it becomes
critical to validate the predictive power of these models through various evaluation techniques.
This ensures that the risk forecasts not only capture the underlying risk characteristics but also
provide reliable predictions for financial decision-making. The next section discusses various
evaluation techniques commonly used in the literature to assess VaR and ES forecasts. These
methods enable us to determine the effectiveness of the proposed models in forecasting tail

risk and help guide model improvements.

2.1.2 Evaluation of risk forecasts

The risk forecast evaluation is crucial because it allows us to assess the reliability and
accuracy of our tail risk forecasts, which are essential for financial decision-making and risk
management. A robust evaluation framework ensures that the models used to forecast risk are

both effective in capturing market dynamics and consistent in their predictive capabilities.

To ensure the validity of our risk forecast evaluation, the in-sample and out-of-sample periods

are kept independent. In Chapters 4 to 6, no information from the out-of-sample period is
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Chapter 2 Realized measures in tail risk forecasting

used during in-sample training and vice versa. Additionally, no hyperparameter tuning is
performed in this thesis, which eliminates the risk of look-ahead bias during model training

and evaluation.

In the context of tail risk forecasting, various evaluation methods are employed in the literature
to measure the accuracy and adequacy of VaR and ES predictions. These methods aim to assess
not just the point forecasts of risk, but also how well the models capture the tail behavior
of the loss distributions. Some of the common evaluation criteria include the VaR violation
Rate (VRate), the Dynamic Quantile (DQ) test, the Quantile loss Function, Joint loss Function,
and Model Confidence Set (MCS). Each of these methods offers unique insights into the
performance of risk models, focusing on different aspects of forecast quality such as calibration,

coverage, and the ability to account for extreme events.

VaR Violation Rate (VRate)

The VRate is a straightforward and effective tool for evaluating the accuracy of VaR forecasts.
It measures the proportion of instances where the actual return exceeds the predicted VaR

level—referred to as violations. This is expressed mathematically as:

1 n+m
VRate = — Y  I(r < VaRy), (2.5)
t=n+1

where 7 is the in-sample size, m is the forecast sample size, [ is an indicator function that equals
1 when the return exceeds the VaR at time ¢, and 0 otherwise, r; is the actual return at time ¢.
In an ideal scenario, if the model correctly specifies the return quantiles, the true VRate should
match the confidence level «. A model with a VRate close to the nominal level indicates that
the distribution assumption of the return is appropriate. This metric can be further refined for
model comparison by considering the ratio VRate/a which acts as a standardised measure for
comparing and ranking competing models. Models with this ratio closer to 1 are generally
preferred, as they indicate a better alignment between the observed and expected violation

frequencies (Chen et al., 2012).

While the VRate provides an essential measure of a model’s ability to meet its specified quantile
level, it focuses solely on the frequency of violations. This simplicity, while useful, does
not capture the independence or temporal behavior of these violations, which are critical for

assessing the robustness of VaR models.

To evaluate these additional aspects, methods such as the DQ test are employed (Engle
and Manganelli, 2004). The DQ test extends the analysis by statistically examining whether
violations occur randomly over time, ensuring a more thorough assessment of model
performance. The next section will explore the DQ test in detail and its role in evaluating
VaR models.
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Dynamic Quantile (DQ) test

The DQ test, introduced by Engle and Manganelli (2004), evaluates the conditional coverage of
VaR forecasts. This test is notable for its ability to assess whether the violations (instances where
returns exceed the VaR threshold) occur both independently and at the expected rate, making
it a robust tool for evaluating risk models. While their original paper proposes both in-sample
and out-of-sample versions of the test, we focus exclusively on the out-of-sample approach due
to its practical relevance for forecasting accuracy in dynamic financial environments. The test

begins with the construction of a “hit” sequence:
H =1 (T’t < VaRt) —

where, I (r; < VaR;) is an indicator function equal to 1 if the observed return r; below the
forecast VaR, and « represents the confidence level. Under the null hypothesis, H; should

satisfy the following conditions:

e Unconditional Coverage: E(H;) = 0, implying that the proportion of violations matches

the confidence level.

e Conditional Coverage: E(H;W;) = 0, where W represents lagged hits and other

explanatory variables, ensuring no systematic patterns in the violations.

These hypotheses validate that the model produces accurate and independent forecasts of risk.
To test the null hypothesis, an artificial regression is constructed, regressing H; on its lagged

values and the VaR forecast:
Hy = Bo+ B1Hi—1 + B2Hi—2 + ... + BrHi— + Br+1VaRs + €4, (2.6)

where k is the number of lags. This formulation checks whether H; is independent of past
hits and the current VaR forecast. In this context, using 4 lagged hits (H;_; to H;_4) ensures
a thorough examination of autocorrelation in the violations. This approach is particularly
effective in financial applications, where dependencies in returns and risk forecasts may span

multiple time periods. For instance:

W[ = (1,H;_1,VaR;) denoted as DQj,
Wt = (1, Hy_1, H;—»,VaR;) denoted as DQ»,

= (1, Hy_1, H;—2, H;—3,VaR;) denoted as DQ3,
Wt = (1, Hy-1, Hi—2, Ht—3, H; 4, VaR;) denoted as DQj.
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The test statistic is derived as:
! / -1 /
HW (w w) W H
a(l—a)

where W is a matrix of explanatory variables (including lagged hits and VaR forecasts), and g

DQ(q) = ~ Xor (2.7)

is the number of explanatory variables. The null hypothesis is that all regression coefficients,
except the constant term, are equal to zero. This would imply that H; is independent of past

hits and the current VaR forecast, meaning that the violations (hits) are unbiased.

The use of lagged hits ensures the test captures potential dependencies in the violations over
time, a crucial feature for evaluating dynamic financial models. Empirical studies, such as
those by Chen et al. (2012), confirm that the test is relatively insensitive to the number of
lags, though increasing lags enhances its ability to detect subtle dependencies. The DQ test
complements simpler measures like Violation Rate (VRate) by providing a rigorous framework
for evaluating the joint adequacy of unconditional and conditional coverage in risk forecasts.
By incorporating lagged dependencies, it ensures the reliability of VaR models in capturing the

dynamics of financial risk.

Building on the evaluation metrics discussed thus far, we now turn to Quantile loss, another
important tool for assessing the accuracy of VaR models. In the following section, we explore
how this method provides a more direct measure of quantile estimation, thereby enhancing

our model evaluation framework.

Quantile loss function

In evaluating the performance of VaR models, traditional backtests based on violations often
lack the sensitivity needed to distinguish between models with similar violation rates. To
address this limitation, measuring the magnitude of uncovered losses becomes essential. One
prominent method for this purpose is the Quantile loss Function, which directly assesses the

accuracy of VaR forecasts by comparing observed returns to the predicted quantiles.

The Quantile loss function, as proposed by Lopez (1999) and further developed by Gneiting
and Ranjan (2011), captures the magnitude of errors in VaR predictions by comparing the
forecasted quantiles to the actual returns. Since this loss function is strictly consistent, it ensures
that the forecasted quantile matches the true quantile, minimizing the expected loss when the
model is correct. The Quantile loss function is given by:

n+m

Sa (Qi, 1) = 2 <0C —I(ry < Qt)) (Vt — Qt) , (2.8)

t=n+1
where Q; represents the forecasted quantile, # is the in-sample size, m is the forecast sample

size, and r; is the observed return. The model that minimizes this function is considered the
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most accurate, as it closely matches the true quantile, providing a precise measure of the risks

that VaR forecasts intend to capture.

While the Quantile loss function provides a robust measure for evaluating the accuracy of
VaR forecasts, it focuses solely on one aspect of tail risk. Effective risk management often
requires a comprehensive assessment that accounts for both the frequency and magnitude of
losses beyond the VaR threshold. To address this limitation, we now present the joint loss
function, which evaluates VaR and ES together, offering a unified framework for assessing

these complementary risk measures.

Joint loss function

The ES has traditionally been regarded as a non-elicitable risk measure, meaning that no
standalone loss function is minimized by the true ES (Gneiting, 2011). However, the
groundbreaking work of Fissler and Ziegel (2016) established that while ES is not elicitable
alone, it is jointly elicitable alongside VaR. This joint elicitation enables the development of

strictly consistent scoring functions that evaluate both risk measures simultaneously.

One widely used Jfunction, introduced by Fissler and Ziegel (2016), is given by the following

scoring function:

I
St (rt,VaRt,ESt) = (I[ — IX)G](V&Rt) — ItGl(rt) + Gz(ESt) (ESt — VaRt + Et(VaRt — T’t)>
— H(ESt) + a(rt), (29)

where I; = 1if r; < VaR; and 0 otherwise, G; (-) and G, (+) are increasing functions, H' (-) =

Gz (), and a (+) is an integrable function.

Building on this framework, Taylor (2019) proposed an ES-CAViaR model that jointly estimates
VaR and ES using a quasi-likelihood derived from the asymmetric Laplace (AL) distribution.

The AL-based quasi-log-likelihood, also a strictly consistent Joint loss function, is expressed as:

A Fa a—1 (T’t—@t)(ﬂé—l(rtﬁét))
St(rt, Qr, ESt) = —lo — | — — . 2.10
t( t, Qi t) g< ES, > «ES, ( )
To formally assess model performance, the average joint loss is calculated as:
1 n—+m
S==—Y & (2.11)
m t=n+1

where S; represents the individual loss for each observation. In this context, a lower value of
S indicates that the model provides better predictions of VaR and ES, reflecting higher forecast

accuracy.
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In this approach, the AL quasi-likelihood serves both as a scoring function for evaluation
and joint VaR and ES estimation. The resulting framework allows for the integration of
Bayesian methods and provides a rigorous basis for comparing models that forecast VaR and
ES simultaneously. These developments underscore the importance of Joint loss functions in
modern risk forecasting. By addressing the interdependence of VaR and ES, these functions

not only improve forecast accuracy but also provide a unified approach to model evaluation.

While the Joss function provides a comprehensive evaluation of forecast accuracy by assessing
the precision of VaR and ES forecasts, both of which are key risk metrics, the Model Confidence
Set (MCS) is a statistical tool used to compare and rank models based on their performance. The
MCS helps determine whether differences in model performance are statistically significant,
focusing on identifying the most reliable models. In the next section, we will introduce the

MCS method and explore its application to assess model performance in this thesis.

Model Confidence Set (MCS)

The MCS test, introduced by Hansen et al. (2011), is a robust statistical method used for
comparing multiple forecasting models. The goal of the MCS is to identify a set of models
that are statistically indistinguishable from each other in terms of forecast performance,
given a predefined confidence level. This approach is particularly useful when selecting
models for applications like financial forecasting, where forecasting accuracy and reliability

are paramount.

The procedure starts with a collection of competing models My = { My, My, ..., M,,}, each
evaluated by a loss function L; ; that measures the forecasting error at time f for model i (Hansen
et al., 2011). The models are then compared through a series of pairwise tests based on the loss

differences:
dijs = Liy — Lj; foralli,j € My
The expected difference between the loss functions is defined as:

pij = E(dij;)

where p;; represents the expected loss difference between models 7 and j. If y;; < 0, model i is
considered superior to model j. The null hypothesis Hy r assumes that the models in a subset
M have equal predictive ability, i.e., y;; = 0, for all pairs of models in M. An alternative

hypothesis Hx r asserts that there are significant differences between some models.

To determine the superior models, the MCS employs equivalence tests and an elimination rule.

The equivalence test checks whether the null hypothesis can be rejected for a set of models,
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while the elimination rule removes the models that do not meet the required statistical criteria.

The test statistic for the equivalence test is computed as:

where d;; is the average loss difference over the sample period, and VaR(d;;) is the estimated
variance of the difference. The maximum of these test statistics across all pairs is used to

determine the significance of the differences:

Taa = mas, Il
The MCS algorithm proceeds by iterating through these tests and progressively eliminating
models from the set. At each iteration, the null hypothesis is tested, and if rejected, the weakest
model is removed. The surviving models form the final model confidence set M7j_, , which
contains the models that are not statistically dominated by others at a given confidence level
1 — a. This final set of models represents those with comparable predictive accuracy, offering a

robust selection for further analysis (Hansen et al., 2011).

The MCS is particularly effective when comparing a large number of competing forecasting
models, such as those used in financial risk management. For instance, Hansen et al. (2011)
applied the MCS to compare different models for risk forecasting, showing its ability to identify
superior models in terms of Quantile loss. By considering loss functions like Quantile loss,
the MCS allows us to statistically evaluate which models provide the most reliable forecasts
under different confidence levels. The results are particularly useful for model selection in
risk forecasting, ensuring that the final chosen models are statistically robust and suitable for

real-world applications.

In this section, various evaluation methods for assessing risk forecasts were discussed, with
a particular focus on VaR and ES measures. We reviewed key VaR evaluation techniques,
including the VRate measure, DQ test and Quantile loss. These methods help quantify the
accuracy of risk forecasts, particularly in assessing the tail of the distribution. Additionally, the
Joint loss Function for ES was considered as an important tool for evaluating the joint behavior
of these risk measures. To ensure robustness, we also explored the MCS, a statistical procedure

for identifying superior forecasting models based on their predictive accuracy.

While risk evaluation methods provide crucial tools for assessing the performance of risk
forecasts, the accuracy of these forecasts depends heavily on the quality of the inputs used in
the modelling process. In financial markets, realized measures have emerged as indispensable

tools for capturing intraday price movements and improving tail risk forecasting. By
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incorporating high-frequency data, realized measures offer a refined understanding of market
volatility that cannot be achieved using daily returns alone. The next section explores the
concept of realized measures, focusing on their role in enhancing the precision of VaR and

ES estimates.

2.2 Realized measures

In the context of tail risk forecasting, accurate volatility and risk measures are essential for
predicting extreme market events such as large losses or financial crashes. Traditional models,
which rely on daily returns, have proven to be insufficient in capturing the high-frequency
dynamics that influence financial markets. These models often provide weak signals regarding
current volatility levels and fail to adapt quickly to sudden market changes (Hansen et al.,
2012). As a result, the need for more precise and timely measures of volatility has led to
the emergence of realized measures, which leverage high-frequency data to offer a more

informative and efficient view of volatility.

Realized measures (RMs) are derived from high-frequency intraday data and are considered
superior to traditional volatility estimators. They offer a more accurate and unbiased
representation of volatility by capturing the nuances of price dynamics that are often
overlooked in daily returns (Andersen et al., 2001). These measures are particularly valuable
in the forecasting of risk metrics such as VaR and ES, which are used to assess potential losses

in extreme market scenarios (Barndorff-Nielsen et al., 2009).

A variety of realized measures have been proposed in the literature to estimate volatility
and its components more accurately. Some of the most commonly used realized measures
include Realized Variance (Andersen and Bollerslev (1998); Andersen et al. (2003)), Realized
Range, (Christensen and Podolskij, 2007), Realized Kernel, (Barndorff-Nielsen et al. (2008);
Barndorff-Nielsen and Shephard (2002)) and Bi-power Variation (Barndorff-Nielsen and
Shephard, 2004). These measures have been applied in various models to improve the precision

of volatility forecasts.

However, given the focus of this thesis on tail risk forecasting and the scope of the analysis, we
concentrate on three realized measures that are particularly relevant for our study: RV, RK, and
BV. Each of these measures was chosen for its distinct characteristics, reliability in providing
estimates within the model, and widespread use in the literature. Moreover, each measure has
distinct advantages in capturing different aspects of volatility dynamics and plays a crucial role

in the accuracy of VaR and ES forecasts (Hansen et al., 2012).
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Realized Variance (RV)

RV is one of the most widely used realized measures and is calculated as the sum of the squared

intraday returns over a given period. Formally, it is expressed as:
M
R‘/t = 21':1 rtzll‘/

where 7, ; represents the intraday returns calculated over equally spaced intervals, and M is the
number of intervals within the trading day. RV has become a standard measure for volatility

estimation because it is unbiased and highly efficient (Andersen et al., 2001).

However, RV is not without its limitations. It can be a highly noisy estimate of volatility and
is sensitive to overnight changes (Barndorff-Nielsen et al., 2008). Despite these challenges, RV
remains a foundational measure in volatility forecasting, particularly when used in conjunction

with other realized measures to improve robustness and accuracy (Andersen et al., 2003).

Realized Kernel (RK)

RK is a more advanced realized measure that was introduced to address the noise and
market frictions often encountered in high-frequency data. RK combines intraday volatility
estimation with kernel smoothing to provide more robust and efficient volatility estimates.
The key advantage of RK is its ability to handle noisy data, making it particularly useful
when working with high-frequency data prone to measurement errors (Barndorff-Nielsen et al.,
2008). Formally, RK can be calculated by applying kernel smoothing to the high-frequency
return data, allowing for a smoother and more stable estimate of volatility over time. RK is
particularly valuable when working with noisy data, as it reduces the impact of outliers and
small market frictions, leading to more reliable volatility forecasts (Barndorff-Nielsen et al.,
2009). By incorporating RK into volatility models, researchers and practitioners can obtain
more precise estimates of volatility, which can then be used to improve the accuracy of VaR
and ES forecasts (Hansen et al., 2012).

The non-negative estimator as defined by Barndorff-Nielsen et al. (2008);Barndorff-Nielsen
et al. (2009) as follows:

H h
K(X) = k <> , (2.12)
(X) h:Z_:H 1)

where 7, = L1 XjtXj— )+ The kernel weight function, k(x) in the above equation is
selected as the Parzen weight function for its compliance with the smoothness conditions,

k'(0) = k'(1) = 0. This ensures a non-negative estimate. The Parzen kernel function is defined
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as:
1—6x24+6x3 0<x<1/2,

k(x) = 2(1—x)>  1/2<x<1, (2.13)
0 x>1,
where x; is the high-frequency return in equations 2.12 and 2.13. H is the standard bandwith
spelt out in Barndorff-Nielsen et al. (2009), which is given by;

w?

H* = c*7*5n%/%,c* = (122/0.269)'/° = 3.5134,0% = — .
TfOT oidu

(2.14)

Further details are available in Barndorff-Nielsen et al. (2009).

Bi-power Variation (BV)

BV is another realized measure used to estimate volatility. Unlike RV, which sums the squared
intraday returns, BV is based on the absolute returns and is particularly effective in capturing

jump components in volatility. It is defined as:
BV, = o4 il [reical,

where 1, ; represents the intraday return at each time step. BV is designed to capture both the
continuous variation in prices as well as the discrete jumps that may occur due to market events
or shocks (Barndorff-Nielsen and Shephard, 2004).

BV is especially useful in scenarios where volatility is driven by large, abrupt changes
in price, such as market jumps or shocks, which are often not captured by traditional
volatility measures. By incorporating BV into risk models, practitioners can obtain a more
comprehensive view of market dynamics and improve the accuracy of tail risk forecasts,

particularly in extreme market conditions (Christensen and Podolskij, 2007).

The integration of realized measures into tail risk forecasting models enhances the precision
of risk predictions, particularly in estimating extreme losses. Tail risk metrics such as VaR
and ES are highly sensitive to the accuracy of the volatility estimates used in their calculation.
Realized measures, by incorporating high-frequency data, allow for more timely adjustments
to volatility estimates, which is essential in forecasting potential large losses in volatile market

conditions (Andersen et al., 2003).

By capturing the finer details of intraday price movements, realized measures provide a richer
and more reliable source of information for risk modelling. The use of multiple realized
measures—such as RV, RK, and BV—can help mitigate the limitations of any single measure,

offering a more robust and accurate framework for estimating volatility and forecasting risk.
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As a result, the use of realized measures is essential for improving the effectiveness of tail risk
forecasting, ensuring that models are better equipped to handle extreme market events and

provide more reliable estimates of potential losses (Hansen and Huang, 2016).

2.3 Chapter summary

This chapter focused on tail risk forecasting and the role of realized measures in improving risk
estimates. We discusse the key tail risk measures, VaR and ES, and explored various evaluation
methods including VRate, the DQ test, Quantile loss, Joint loss Functions, and the MCS test.

These techniques assess the accuracy and robustness of VaR and ES forecasts.

Additionally, the chapter highlighted the importance of realized measures, such as RV, RK, and
BV, in forecasting volatility. By utilizing high-frequency data, these measures offer more precise
and timely volatility estimates, significantly enhancing the forecasting of tail risks like VaR and
ES.
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Chapter 3

Foundations on Bayesian
Inference and Deep
Learning

This chapter outlines the methodological frameworks underpinning this thesis.
It begins by introducing Bayesian inference, with a focus on the application
of adaptive MCMC methods. The chapter then explores loss-based Bayesian
inference, providing a detailed discussion of the Sequential Monte Carlo (SMC)
algorithm. Finally, an overview of deep learning is presented, emphasising the

role of Recurrent Neural Networks (RNNs) in modelling sequential data.
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3.1 Introduction to Bayesian Inference

Bayesian inference is a powerful statistical framework that allows for the updating of
probabilities based on prior knowledge and observed data. Central to this approach is
Bayes” Theorem, which describes how to revise the probability of a hypothesis or model
after observing new evidence. Specifically, Bayesian inference involves two main probability
statements: the posterior distribution, P(0|y), which updates our belief about the parameter 6
after observing the data y, and the posterior predictive distribution, P(y'|y), which forecasts
future or unobserved data y’ based on the current data y (Gelman et al., 2013). These
distributions provide a full characterization of uncertainty regarding model parameters and

future observations. Mathematically, the posterior distribution is given by:
P(fly) < P(0) x P(y|6), (3.1)

where, P(6|y) is the posterior distribution of the model parameters 6 given the data y, P(8) is
the prior distribution representing our belief about 6 before observing any data, P(y|6) is the

likelihood function, which models the probability of the data y given the parameters 6.

The posterior distribution P(6|y) updates our prior belief by incorporating information from
the observed data. As new data becomes available, this posterior distribution can be updated
in a sequential manner, where the posterior from one step serves as the prior for the next,

allowing for continuous learning.

While the conceptual framework of Bayesian inference is straightforward, implementing it in
practice often requires sophisticated computational methods, particularly for complex models
with high-dimensional parameter spaces. Markov Chain Monte Carlo (MCMC) methods
are widely used to sample from the posterior distribution when it is analytically intractable.
MCMC generates a sequence of samples that approximate the target posterior distribution,
with each sample being dependent on the previous one, thereby forming a Markov chain.
The iterative process of MCMC allows for efficient exploration of complex parameter spaces,

making it particularly useful for fitting high-dimensional models (Gelman et al., 2013).

In this thesis, we apply Bayesian inference using advanced MCMC techniques, including
adaptive MCMC, which improves sampling efficiency by adjusting the sampling strategy
based on the current state of the chain (Cowles, 2013). Additionally, we employ Sequential
Monte Carlo (SMC) methods, which adaptively propagate a set of particles (samples) over
time to estimate posterior distributions in models with sequential data (Chen et al., 2012).
SMC is especially useful in scenarios where traditional MCMC may be computationally
inefficient, such as when working with time-varying data. It is particularly efficient for
expanding-window sequential forecasting, which is essential in volatility modeling and

forecasting, especially in the context of financial risk.
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Bayesian methods offer several advantages in fields such as financial modelling and machine
learning, where they not only provide robust parameter estimation but also allow for the
quantification of uncertainty, which is critical for risk forecasting and decision-making (Li
et al. (2020); Nguyen et al. (2022a)). By integrating prior information with observed data,
Bayesian approaches allow for continuous learning and better decision-making, making them

particularly suitable for applications like VaR and ES forecasting.

3.1.1 Adaptive MCMC Algorithm

MCMC methods are a cornerstone of Bayesian inference, enabling sampling from complex
posterior distributions. The efficiency of MCMC relies heavily on the proposal distribution,
which generates candidate samples during the algorithm. However, since the true shape
of the target posterior is unknown, selecting an appropriate proposal distribution is
challenging. Adaptive MCMC methods address this problem by tuning the proposal
distribution dynamically during the sampling process, thereby improving convergence and
mixing efficiency (Chen and So (2006); Chen et al. (2012)). These algorithms aim to improve
computational efficiency while maintaining the theoretical properties of MCMC, such as

stationarity and ergodicity (Haario et al., 1999).

In high-dimensional spaces, where the parameter space can be large and highly correlated,
standard MCMC methods, such as the Random Walk Metropolis-Hastings (RWMH) algorithm,
often struggle with poor mixing and slow convergence. In such settings, the posterior
distribution may exhibit strong correlations between parameters, leading to inefficient
exploration and long mixing times. As Roberts and Rosenthal (2009) point out, the scaling
of the proposal distribution in the random walk Metropolis algorithm plays a crucial role in
the efficiency of sampling. In high-dimensional settings, improper scaling can lead to poor
performance, especially when the posterior distribution is not well-explored by the random

walk.

This issue becomes especially relevant in Bayesian tail risk forecasting, where models often
involve high-dimensional posterior distributions with complex dependencies and correlations
between parameters. Standard MCMC methods may struggle to sample effectively in such
cases, making adaptive MCMC a more suitable approach. Adaptive MCMC methods address
these challenges by dynamically adjusting the proposal distribution to better reflect the
geometry of the posterior, allowing for more efficient exploration and faster convergence. This
approach not only improves mixing but also ensures that the chain avoids local optima, helping

it explore the entire posterior space more effectively.
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These adaptive algorithms are particularly effective in high-dimensional spaces, where
standard MCMC methods often struggle due to the correlations and complexity of the
posterior distributions. The adaptive framework incorporates feedback from the sampling
process, iteratively refining the proposal distribution, which improves convergence and mixing

efficiency over time.

Gaussian Mixture Proposal and Covariance Adaptation

One of the key features of the adaptive MCMC algorithm is the use of a Gaussian mixture
proposal during the burn-in phase. This mixture consists of two components: a smaller
variance component for local refinement and a broader component for global exploration. This
allows the algorithm to balance exploration and exploitation during the early stages of the
sampling process. The covariance matrix adaptation follows the approach proposed by Haario
etal. (2001), where the covariance matrix is updated dynamically based on the evolving sample
distribution. In each iteration, the proposal distribution is refined based on the sample mean

and covariance matrix from the burn-in phase, which is updated as:
= T
Covr = 251G, + 1 (6,~7) (0.~ )",

where 6 is the running mean of the parameters. This covariance adaptation ensures that
the proposal distribution increasingly reflects the posterior’s geometry, facilitating faster

convergence to the stationary distribution.

Additionally, when high correlations exist between parameters, a block update approach
may be used, where correlated parameters are updated simultaneously to better reflect their
dependencies. This strategy can significantly improve the efficiency of sampling in models

with strong inter-parameter correlations.

Burn-In Phase and Acceptance Rate Tuning

The burn-in phase is the first stage of the adaptive MCMC algorithm. During this phase, a
random walk Metropolis-Hastings (RWM) algorithm is used to generate candidate parameters

0" as follows:
0" =0"+¢,
where € is a random step drawn from a Gaussian mixture proposal:

€ = pN(0,diag(c1)) + (1 — p)N(0, wdiag(c1)),
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where p is the mixing weight for the smaller variance component, typically set between 0.8 and
1, with p = 0.95 being a common choice (Chen et al., 2012). w is a scaling factor for the broader
component, often set to a large value, such as 100. The vector ¢; serves as a tuning parameter

that adjusts the step size to achieve an optimal acceptance rate.

To ensure computational efficiency and adequate exploration, the acceptance rate is tuned
to lie within a range of 0.15-0.5, as recommended by Gilks et al. (1995), with 0.234 being
the theoretical optimum for high-dimensional parameter spaces (Roberts et al., 1997). These
adjustments enhance the algorithm’s ability to sample effectively from complex posterior

distributions.

Updating the Proposal Distribution

Following the burn-in phase, the proposal distribution is updated iteratively to align with the
posterior distribution. A common approach uses the sample mean 6 and covariance matrix C

to defines a Gaussian proposal:
Q(9*|9(")) = (1 - ﬁ)N(Q(”), Uoptc) + ,B(G(n)/ U'inild),

where 0ptC represents the tuned covariance matrix estimated from the burn-in phase. oinily
introduces equal variance across all dimensions, allowing for a broader exploration of the
parameter space during the burn-in phase. B is a small weight for large exploratory jumps.
This adaptive formulation follows the methods proposed by Haario et al. (1999) and Chen

et al. (2012), ensuring a balance between local refinement and global exploration.

MCMC Convergence and Efficiency Testing

To ensure the reliability and robustness of the adaptive MCMC algorithm, both convergence
diagnostics and efficiency assessments are conducted. Specifically, the Gelman-Rubin
diagnostic (Gelman et al., 2013) is utilized to evaluate the convergence of the MCMC chains,
while the effective sample size (ESS) and autocorrelation time are employed to assess the

sampling efficiency.

The convergence of the MCMC chains is assessed using the Gelman-Rubin diagnostic (Gelman
et al., 2013), which compares the variance within each chain to the variance between chains. To
apply this diagnostic, multiple independent chains are run, each initialised with wide ranging
starting values, and only the post-burn-in iterations are considered for analysis. The process

proceeds as follows for each parameter:
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1. Chain Partitioning;
Let m represent the number of chains, each of length n, following the burn-in period. For

each chain j, the mean ¢ j and the overall mean . are calculated:

¢] = % Z?:] ll)i,j/ and a = % Z;n:l ¢]’

2. Variance Calculation:

The between-chain variance (B) and within-chain variance (W) are computed as:

B =

g (8- 7.) andw =L (G (- 9,))

3. Posterior Variance Estimate:
The marginal posterior variance for the parameter ¢, denoted Var(y), is a weighted

average of the between-chain and within-chain variances:

4. Potential Scale Reduction Factor:

The potential scale reduction factor, ﬁ, is calculated as:

D _ Var ()

R= W
A value of R close to 1 suggests satisfactory convergence of the chains to the stationary
distribution, while values above 1.1 indicate that further iterations are required to

improve convergence (Gelman et al., 2013).

Once convergence is confirmed, the efficiency of the MCMC chains is assessed using the

effective sample size (ESS) and autocorrelation time.

1. Effective Sample Size (ESS):
The ESS is an important metric that quantifies the number of independent samples
obtained from the MCMC chains. To calculate the ESS, the following steps are followed:

¢ Variogram Calculation:

For each lag t, the variogram V; is computed as;

m n 2
Vi= m(nlft) Y1 i—t+41 ($ij — Yizs)
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e Autocorrelation Estimate:

The autocorrelation at lag ¢, p;, is given by:

~ 4 v,
Pe=1=

The sum of autocorrelation estimates is truncated once the sum for two consecutive

lags becomes negative, and the ESS is then estimated as:

ﬁ — mn
off T 1yl o

where T is the first odd positive integer such that pr + pr_1 becomes negative.

2. Autocorrelation Time:
Autocorrelation time is another measure of sampling efficiency, quantifying the

dependence between consecutive samples. It is computed as:
o T ~
T=14+2)1p:

Shorter autocorrelation times indicate higher sampling efficiency, as it implies that

consecutive samples are more independent (Chib and Jeliazkov, 2001).

Together, the Gelman-Rubin diagnostic, ESS, and autocorrelation time provide a
comprehensive framework for verifying the convergence and efficiency of the adaptive
MCMC algorithm. This multi-step approach ensures that the resulting parameter estimates

are both reliable and efficient.

Adaptive MCMC methods have been widely adopted in financial econometrics. For example,
Chen et al. (2012) used this approach to estimate dynamic financial models, while Gerlach
et al. (2016) applied adaptive MCMC to Realized GARCH models. These studies highlight
the effectiveness of adaptive MCMC in handling high-dimensional parameter spaces and

improving computational performance (Wang et al., 2023).

While adaptive MCMC methods adjust the proposal distribution based on the sampling
history to improve convergence, the next section explores loss-based Bayesian inference using
Sequential Monte Carlo (SMC) methods. Unlike adaptive MCMC, which primarily focuses on
optimizing sampling efficiency, loss-based SMC emphasizes minimizing the prediction error

through sequential weighting and resampling techniques.

3.1.2 Sequential Monte Carlo (SMC) Algorithm

SMC methods are versatile Bayesian computation tools that approximate target distributions

using a weighted set of particles. These particles evolve iteratively through reweighting,
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resampling, and mutation steps, enabling SMC to handle complex or high-dimensional models
efficiently (Del Moral et al., 2006). This adaptability makes SMC particularly appealing for

dynamic models and datasets with sequential structures.

SMC methods approximates the posterior distribution in the Bayesian framework given
in equation (3.1) through a sequence of intermediate distributions, gradually transitioning
from the prior to the posterior as new information is incorporated. Two key approaches
to constructing the sequence of intermediate distributions are likelihood annealing and data
annealing. Both share a common algorithmic framework, which is outlined below. Following

algorithms are based on Nguyen et al. (2022b).

Likelihood Annealing: In likelihood annealing, intermediate distributions are defined as:
PA(6) o P(6) x P(y]0)?, 62)

where ¢; is a temperature parameter increasing from 0 to 1. This approach controls the
influence of the likelihood function over the prior, facilitating a smooth transition to the
posterior distribution (Del Moral et al., 2006). At iteration ¢, the likelihood annealing SMC
algorithm has three steps:

M
¢ Initialization: Sample{@o, W9 = i} from the prior distribution.
Jr M iz

* Reweighting: Update particle weights for each iteration ¢:

wt=wit. P(y|6]t._1)‘/’f
j j gy |7
P(y10] )P
followed by normalization.

Resampling: Resample particles when the effective sample size (ESS) drops below a
threshold:

* Mutation: Apply MCMC steps to diversify particles. The resulting particles approximate
the distribution P;(0).

Data Annealing: Data annealing constructs intermediate distributions using subsets of data
Yi:t-
Pi(6) o< P(6) x P(y1:46), (3.3)

where ¢ iterates over observations. This approach is effective for streaming data and models

where processing the full dataset simultaneously is computationally prohibitive.
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M
¢ Initialization: Sample{QQ, W9 = l} from the prior distribution.
J7 M fizq

* Reweighting: Update particle weights incrementally:

w]t- = W]?*l : p(ytw;*l), followed by normalization.

¢ Resampling: Resample particles when the ESS drops below a threshold:

* Mutation: Apply MCMC steps to improve particle diversity. Return the final particle set

approximating the posterior distribution.

Likelihood-Based Bayesian SMC

Likelihood-based SMC methods form the foundation of traditional Bayesian inference by
relying on the likelihood function to update beliefs about model parameters. This approach
assumes a well-defined probabilistic model that explains how the observed data is generated.
Using the likelihood function, the method evaluates the agreement between the model and the

data, updating prior distributions to obtain posterior distributions.

A central feature of likelihood-based SMC is its reliance on annealing strategies to manage the
transition from prior beliefs to the posterior. Annealing involves incrementally increasing the
influence of the likelihood function over iterations, ensuring that the transition is smooth and

computationally stable.

This framework is particularly effective when the underlying assumptions of the model, such
as the distribution of the data, are well-specified and accurately reflect reality. However,
as highlighted in the works of Bissiri et al. (2016) and Frazier et al. (2024), the reliance on
strict distributional assumptions can limit its robustness, especially in situations where the
data is complex or deviates from standard probabilistic structures. Despite these limitations,
likelihood-based SMC remains a powerful and widely adopted tool for Bayesian inference and
prediction in financial applications, as demonstrated in numerous empirical studies across risk

forecasting and volatility modelling (Nguyen et al., 2022b).

Loss-Based Bayesian SMC

Loss-based SMC provides an alternative framework that moves beyond the constraints of
likelihood-based methods by focusing on the use of loss functions rather than explicit
probabilistic assumptions. This approach is rooted in generalised Bayesian inference, where the
posterior distribution is constructed based on how well the parameters minimise a predefined

loss function. Unlike the likelihood-based approach, which assumes a specific data-generating
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process, the loss-based method emphasises flexibility and robustness, allowing it to handle

scenarios where the true distribution of the data is unknown or highly complex.

The development of loss-based inference has been discussed extensively in the literature,
including the foundational work of Knoblauch et al. (2019) and Matsubara et al. (2021), who
highlight its ability to address model misspecification. Similarly, Bissiri et al. (2016) and
Frazier et al. (2024) argue that loss-based Bayesian methods provide a coherent framework
for updating beliefs about parameters without requiring strict probabilistic assumptions. In
financial risk forecasting, Li et al. (2023) advocate for loss-based Bayesian quantile regression
as a more robust alternative to maximum likelihood estimation, particularly for modelling joint
VaR and ES.

A key advantage of the loss-based approach is its adaptability. By focusing on minimising a
loss function, researchers can tailor the method to different objectives, such as quantile scoring
rules or other domain-specific measures. This flexibility makes it particularly suitable for
financial applications, where the data often exhibit non-linear dynamics and irregularities that

are difficult to capture using traditional likelihood-based methods.

Although loss-based SMC shares several procedural elements with likelihood-based SMC, such
as the use of annealing and resampling to update particle weights, its reliance on loss functions
enables it to operate effectively even when conventional model assumptions fail. As a result,
this approach provides a robust alternative for sequential Bayesian inference, particularly in

settings where data complexity or model uncertainty poses significant challenges.

3.2 Introduction to Deep Learning

Machine learning (ML) is a subfield of artificial intelligence that focuses on the development
of algorithms that allow computers to learn from data and make decisions or predictions
without explicit programming. Unlike traditional statistical methods, which often rely on
predefined assumptions about the data, machine learning models automatically identify
patterns and relationships within the data. This flexibility makes ML particularly effective
for tasks involving high-dimensional and unstructured data such as images, text, and audio
(Goodfellow, 2016).

Traditional methods, such as linear regression or analysis of variance, typically rely on
assumptions like linearity or normality to model relationships between variables. These
models aim to explain or interpret the data based on these assumptions. In contrast, machine
learning focuses on learning from the data itself, which allows for greater flexibility and is

often better suited for more complex or nonlinear data structures. ML techniques have proven
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especially effective in areas where traditional methods struggle, such as natural language

processing, computer vision, and time series forecasting (James, 2013).

Machine learning algorithms are typically categorized into three main types based on the
learning process. First, supervised learning, where models are trained using labeled data to
predict outcomes or classify data points. Second, unsupervised learning, where algorithms
identify hidden patterns or structures in data without any labels. And finally, Reinforcement
learning, where models learn by interacting with an environment and receiving feedback in

the form of rewards or penalties (Goodfellow, 2016).

The advantage of machine learning models is their ability to automatically learn patterns and
improve over time, making them highly adaptable to new data. These models can continuously
refine their performance as more data becomes available, which contrasts with traditional
methods that may require re-specification or re-estimation when new data is introduced
(Schmidhuber, 2015).

The development of deep learning, a subset of machine learning that employs neural networks
with many layers, has significantly expanded the scope of what machine learning can achieve.
This technique allows models to learn highly abstract features from large datasets, enabling
breakthroughs in fields like image recognition, speech processing, and even time-series
analysis. These advances will be explored in the next section, which introduces deep learning

as an advanced form of machine learning.

Introduction to Deep Learning

Deep learning (DL) is a specialized subset of machine learning that involves neural networks
with many layers, often referred to as deep neural networks (DNNSs). These networks are
designed to learn hierarchical representations of data, enabling models to automatically extract
abstract features from raw input data, such as images, text, or speech, with minimal feature
engineering. Deep learning techniques have revolutionized many fields, including computer
vision, speech recognition, and natural language processing, by significantly improving

performance over traditional machine learning models (Goodfellow, 2016; Schmidhuber, 2015).

At the core of deep learning is the artificial neural network (ANN), which is a computational
model inspired by the structure and functioning of the human brain. A typical neural network
consists of an input layer, one or more hidden layers, and an output layer. The hidden layers,
which contain multiple neurons, are where deep learning models excel. They learn to represent
data through non-linear transformations of the input data, allowing them to capture complex

patterns and relationships.
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One of the key features of deep learning is its ability to automatically learn features from data,
making it highly effective for tasks where traditional machine learning techniques struggle.
For instance, in image recognition, traditional methods required hand-crafted features (e.g.,
edges, corners), while deep learning models such as Convolutional Neural Networks (CNNs)
automatically learn spatial hierarchies of features directly from raw image data. Similarly,
deep learning models have enabled major advancements in natural language processing and
time-series analysis by capturing sequential and temporal dependencies in data (Goodfellow,
2016), (LeCun et al., 2015).

However, deep learning models also come with challenges, such as the need for large amounts
of labeled data and high computational resources. These models can also be prone to
overfitting if not properly regularized. Despite these challenges, deep learning continues to

set the benchmark for state-of-the-art performance in a wide range of applications.

3.2.1 Recurrent Neural Networks (RNNs)

RNNSs are a class of deep learning models specifically designed to handle sequential data,
where the order of the inputs carries important information. Unlike traditional feedforward
neural networks (FNNs), which assume that all inputs are independent, RNNs are able to
model time-dependent structures within the data by maintaining a hidden state that is updated
recursively over time. This ability to “remember” previous inputs makes RNNs particularly
effective for tasks where the order of the data matters, such as time-series forecasting, natural

language processing, and speech recognition.

Let Dy = (xt,yt),t = 1,2... represent a sequence of data points, where x; is the input at time
t and y; is the corresponding output. The goal of an RNN is to model the conditional mean
7t = E(y¢|xt, D14—1), i-e., the expected output §; given the current input x; and all previous
data Dq.;_1.

The basic RNN architecture can be represented with the following recurrence relations:
B = g (W [e1, 1] + b") (3.4)
e = &y (Whe +b¥), (3.5)

where h; is the hidden state at time t, W" and WY are weight matrices for the hidden
state-to-input and hidden state-to-output connections, respectively. b" and bY are bias terms
for the hidden and output layers, g; and g, are activation functions (commonly sigmoid or
tanh) (Liu et al., 2024).

At each time step, the RNN updates its hidden state by combining the current input x; and

the previous hidden state h;_1. This recursive structure allows RNNs to capture temporal
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dependencies and sequential patterns in the data. The output 7; is then computed using the

current hidden state #;.

This basic structure, while powerful, can face challenges when modeling long-term
dependencies in time-series data. The hidden state /; is updated using the weight matrix W",
which could lead to issues such as exploding or vanishing gradients when dealing with long
sequences. If the values in the weight matrix W" are large, the gradients may explode, and if
the values are small, the gradients may vanish, making training difficult for long time-series
data (Goodfellow, 2016).

o‘ _— he_s h; heyq
unfold

Figure 3.1. Graphical representation of the RNN model. Adapted from Nguyen et al. (2019).
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A graphical representation of this RNN architecture is shown in Figure 3.1. On the left side,
the diagram illustrates the RNN model where the hidden state /; at each time step depends on
both the previous hidden state /;_; and the current input x;. The right side shows an unfolded
computational graph, where each node corresponds to a time step, clearly depicting the flow

of information across time.

While the basic RNN structure is well-suited for capturing temporal dependencies in sequential
data, it does face challenges in learning long-term dependencies due to issues like vanishing
and exploding gradients. Despite these limitations, RNNs remain a powerful tool in time-series
forecasting and have been successfully applied in various domains, including finance and risk
modeling. In particular, RNNs can be leveraged to model complex, non-linear relationships
and temporal dynamics in financial data, making them valuable for applications like tail risk

forecasting, which will be discussed further in Chapter 5 and Chapter 6 of this thesis.
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3.3 Chapter summary

This chapter introduced key concepts in Bayesian inference and deep learning. We discussed
adaptive MCMC and SMC algorithms for efficient sampling and dynamic modeling in
Bayesian inference. In the second part, we explored machine learning and deep learning,
focusing on how neural networks can learn from data and make predictions. We then
specifically introduced RNNSs, highlighting their ability to model sequential data by capturing
temporal dependencies. These foundational concepts provide a basis for the advanced

techniques discussed in later chapters.
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Realized-ES-CAViaR-M
model

In this chapter a semi-parametric VaR and ES forecasting framework employing
multiple realized measures is developed. The proposed framework extends the
realized exponential GARCH model to be semi-parametrically estimated, via
a joint loss function, whilst extending existing quantile time series models to
incorporate multiple realized measures. A quasi-likelihood is built, employing
the asymmetric Laplace distribution that is directly linked to a joint loss function,
which enables Bayesian inference for the proposed model. An adaptive Markov
Chain Monte Carlo method is used for the model estimation. The empirical
section evaluates the performance of the proposed framework with six stock
markets from January 2000 to June 2022, covering the period of COVID-19. Three
realized measures, including 5-minute realized variance (RV5), bi-power variation
(BV), and realized kernel (RK), are incorporated and evaluated in the proposed
framework. One-step-ahead 1% and 2.5% VaR and ES forecasting results of the
proposed model are compared to a range of parametric and semi-parametric

models, lending support to the effectiveness of the proposed framework.
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4.1 Introduction

Financial risk management is an integral task for financial institutions. VaR is a standard tool
for measuring and controlling financial market risks. Let £; denote the information available

at time t and
F(r) = Pr(re <r| L4_1)

be the Cumulative Distribution Function (CDF) of the return r; conditional on £;_;. Assuming
that F;(-) is strictly increasing and continuous on the real line R, the one-step-ahead a-level VaR

at time f can be defined as:
Q=Fla), 0<a<l

However, as explained in chapter 2, VaR cannot measure the magnitude of the loss for
violations and is not mathematically coherent, meaning that it is not a sub-additive measure
and can favour non-diversification. Artzner et al. (1999) propose an alternative called ES, also
called conditional VaR or tail VaR. ES calculates the expected loss conditional on exceeding
a VaR threshold and is a coherent risk measure. The one-step-ahead a-level ES is the tail

conditional expectation of r¢, i.e.:
ES; = E(r | re < Q1 L4-1).

The recent Basel III Accord (Basel Committee on Banking Supervision, 2023) places new
emphasis on ES. This work focuses on the daily forecasting of VaR and ES on the lower/left
tail. Following the Basel III Accord, the common a = 2.5% probability level is studied in the

paper. The more extreme 1% probability level is also investigated.

Volatility plays a crucial role in parametric tail risk forecasting. The GARCH model of Engle
(1982a) and Bollerslev (1986) is widely used for modelling and forecasting volatility in the
finance industry. Numerous extensions, such as EGARCH by Nelson (1991) and GJR-GARCH
by Glosten et al. (1993), have been introduced to capture the well-known leverage effect.
However, the volatility dynamics in these conventional GARCH models is driven by (daily)

returns, which are considered potentially noisy signals for the volatility series.

The availability of high-frequency intra-day data has allowed the construction of many
informative, efficient realized measures (RMs) of volatility. The most commonly used RMs
include Realized variance (RV) (Andersen and Bollerslev (1998), Andersen et al. (2003)),
Realized Range (RR) (Christensen and Podolskij (2007), Martens and Van Dijk (2007)), Realized
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Kernel (RK) (Barndorff-Nielsen et al. (2009), and Bi-power variation (BV) (Barndorff-Nielsen
and Shephard (2004)), etc.

Hansen et al. (2012) include a RM in their volatility equation via their realized GARCH
framework, enabling joint modelling of returns and RMs using a measurement equation.
Hansen and Huang (2016) extend the realized GARCH framework to include multiple RMs
via the Realized Exponential GARCH (REGARCH) model. The REGARCH shows improved
volatility forecasting performance compared to realized GARCH, and GARCH, demonstrating

the usefulness of incorporating multiple realized measures in volatility modelling.

The tail risk forecasting accuracy of parametric models depends heavily on the choice of the
distribution of the returns. Semi-parametric models, which do not rely on a specific return
distribution, are also developed in the literature. Engle and Manganelli (2004) introduce the
conditional auto-regressive VaR (CAViaR) model, which directly estimates VaR as the quantile
of the conditional return distribution via a quantile regression framework. The model is
optimized by minimising the quantile loss function. However, CAViaR models do not estimate
ES.

Fissler and Ziegel (2016) show that VaR and ES are jointly elicitable for a class of joint loss
functions, although ES is not elicitable by itself. This finding carries significant implications for
the risk forecasting literature, particularly for researchers in the field of semi-parametric risk
forecasting, who have new avenues to explore in joint VaR and ES modelling. Taylor (2019)
proposes an ES-CAViaR framework to jointly and semi-parametrically estimate VaR and ES. A
quasi-likelihood, built on the asymmetric Laplace (AL) distribution, allows the joint estimation
of conditional VaR and ES. Taylor (2019) shows that the AL quasi-likelihood function falls into
the class of strictly consistent loss functions developed by Fissler and Ziegel (2016). In the
ES-CAViaR model, a CaViaR-type quantile equation models the VaR component. Then, ES is

modelled via two proposed versions of a VaR to ES relationship: additive and multiplicative.

Gerlach and Wang (2020) incorporate a realized measure as an exogenous variable, extending
ES-CAViaR models to the semi-parametric ES-X-CAViaR-X model class, finding improved VaR
and ES forecast performance. Wang et al. (2023) further extend the work of Gerlach and
Wang (2020) by introducing the semi-parametric Realized-ES-CAViaR framework, including
a measurement equation to model the relationship between the tail risk measure and a RM; a

leverage effect is also considered in the framework.

Three key facts motivate the development of our proposed framework. First, the REGARCH,
using multiple RMs to model volatility, demonstrates improved performance compared to
the realized GARCH, using only one RM. Second, the REGARCH is a parametric model
requiring the specification of a return error distribution, while semi-parametric models, such

as ES-CAViaR, do not, which is advantageous in many real return series. Third, incorporating
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a single RM into the semi-parametric modelling process, such as the ES-X-CAViaR-X or
Realized-ES-CAViaR, can improve risk forecasting accuracy. Therefore, there is a gap in
the literature regarding semi-parametric joint VaR and ES forecasting models with multiple

realized measures; filling that gap is the primary aim of this paper.

The main contributions of this chapter are as follows. First, a new semi-parametric joint VaR
and ES forecasting framework incorporating multiple RMs is proposed. This extends the
quantile regression framework using multiple RMs as exogenous variables. The relationship
between VaR and ES is modelled as time-varying and driven by the information from
RMs. Further, a measurement equation is included in the framework to model the joint
contemporaneous dependencies between the quantile series and multiple RMs. Second, an
adaptive Bayesian MCMC algorithm is used to estimate the proposed model, including the
parameters in the measurement equation variance-covariance matrix. Lastly, the effectiveness
of the proposed framework is evaluated via a comprehensive empirical study, including 33

competing models and covering the period from January 2000 to June 2022.

This chapter is organized as follows. Section 4.2 reviews the relevant existing literature on tail
risk forecasting models. Section 4.3 presents the proposed framework. The likelihood function
and the adaptive Bayesian MCMC algorithm are presented in Section 4.4. Section 4.5 presents

the empirical results. Section 4.6 summarizes the findings.

4.2 Background models

This section describes the relevant models used to forecast VaR and ES in the literature,
while the properties of each model are described in the context of motivating the proposed

framework. Fundamental concepts used in the model development process are also discussed.

4.2.1 Parametric GARCH-type models

Letr = {r,t=1,...,T} be a time series of daily returns. The key interest in parametric
volatility modelling is the conditional variance, 07 = var (¢ | £;_1). 0t is called the volatility.
Here, E(r¢|£;—1) = 0 is assumed, equivalent to working with demeaned returns in practice.

The GARCH(1,1) model is:

1y = OtZt,

2 _ 2 2
0p = wo+airi_q + 1oy,

where z; is i.i.d. with zero mean and unit variance. Parametric approaches require a parametric

distribution for z; to be chosen, e.g., Gaussian or Student’s ¢, to compute VaR and ES forecasts.
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Francq and Zakoian (2015) and Gao and Song (2008) consider a semi-parametric approach
using historical simulation (HS), by modelling VaR and ES as constant multiples of the latent
volatility oy which is assumed to follow a GARCH-type volatility model. Assuming a constant

conditional return distribution with zero mean, the VaR and ES are modelled as:

ES; b
Qi = a,01; ES; = byoy; - = % >1, (4.1)
Qr Ay
where 4, and b, are constant depending on the return distribution and can be estimated via

HS on the standardized residuals %

likelihood (QML) (Gao and Song, 2008).

The series 0} is estimated first using quasi-maximum

4.2.2 Realized (E)GARCH model

A parametric realized GARCH framework, incorporating a RM into the volatility modelling
process via a measurement equation, is developed in Hansen et al. (2012). Hansen and Huang
(2016) further extend the realized GARCH by incorporating multiple RMs and propose the
parametric realized EGARCH (REGARCH) model. A log-REGARCH specification is defined

as:

Tt = Oz, 4.2)
log(r) = w+ Blog(o1—1) + Tizi—1 + 1 (271 — 1) + 9wy,
log(x]-,t) = 6] + gojlog(at) + (5]'/121} + 5]‘,2(2% — 1) + Ujt, ] =12,.., K

The three log-REGARCH equations, in order, are the return equation, the GARCH or volatility
equation, and the measurement equation, respectively. The measurement equation defines
the contemporaneous relationship between the (ex-post) RMs of volatility and the (ex-ante)
volatility. Here, K denotes the number of RMs, and K = 1 defines the original realized GARCH
model. x; = (x14, ..., xK,t)T is the vector of RMs, at time ¢, on the same scale as ¢y, e.g., VRV.
z; are i.i.d. with zero mean and unit variance and w; = (u41,....)T ~ N(0,Z). z; and u; are
mutually and serially independent. Further, the coefficient y = (11, ..., ’yK)T of u;_; represents
how informative the RMs of day ¢ — 1 are about volatility on day t. The model uses two sets of

leverage functions, both following the usual quadratic form, to model the leverage effect.

4.2.3 Semi-parametric ES-X-CAViaR-X model

Taylor (2019) proposes a semi-parametric class of models (called ES-CAViaR) to model the
dynamics of VaR and ES jointly. Gerlach and Wang (2020) extend this model by adding various
different ES to VaR relationships, allowing a single RM to influence both VaR and ES separately.
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One of their proposed semi-parametric ES-X-CAViaR-X models is defined as follows:

Qr = Bo + Pixi—1+ B2Qi—1, (4.3)
wt = Y0+ 11Xt-1 + VoW1,
ES; = Qi — wy.

Here x; is the RM. The dynamics of ES; and Q; have an additive, time-varying relationship,
defined by w;, which is driven separately to Q;, by the RM. The w; specification is directly
generalized from a GARCH-type model. This specification allows the unknown conditional
return distribution to change over time. The restriction 9 > 0,1 > 0,92 > 0 is employed to

ensure that the VaR and ES series do not cross.

4.2.4 Semi-parametric Realized-ES-CAViaR models

The semi-parametric Realized-ES-CAViaR models (Wang et al, 2023) extend the

ES-X-CAViaR-X model by incorporating a measurement equation:

Non-crossing of VaR and ES is enforced via the condition 79 > 0,71 > 0,72 > 0. The
multiplicative error term €; = & in the measurement equation facilitates the incorporation
of the leverage effect into the model. Furthermore, the influence of the RM on VaR and ES
is individually captured through the difference w;. As the relationship between VaR and ES
varies over time, driven by the RM, the conditional return distribution also evolves. Compared
to the ES-X-CAViaR-X model (Gerlach and Wang, 2020), the added measurement equation

“completes” the model by regressing the RM on the quantile (can also be replaced with ES).

4.3 Proposed model

This section proposes a new Realized-ES-CAViaR-M model, employing multiple RMs to jointly
and semi-parametrically model VaR and ES. The model extends the Realized-ES-CAViaR, via
incorporating multiple RMs and adding a log specification, as well as the REGARCH, by
virtue of being semi-parametric, i.e., the return distribution assumption is not required and

the relationship between VaR and ES varies over time.

To motivate these proposals, now we present the process on developing the

Realized-ES-CAViaR-M model. Given a REGARCH (equation (4.2)) with a parametric
— &

ag’

Q; is proportional to the volatility o;. The constant a, is equal to the CDF inverse of the selected

return distribution z; in the return equation r; = 0z, we have o; meaning the quantile

parametric return distribution.
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Since in the proposed model we do not assume the value of a,, no return distribution is
assumed and we have a semi-parametric approach, as defined in equation (4.1). Further,
It as that in the Realized-ES-CAViaR, then we have

e
€ = % = ZL .| Substituting 0; = & and z; = €4, into the REGARCH framework and

ay ay

we define the multiplicative error ;

removing the return equation produce:

Q1 Qi1

log(a—) = w + Blog( ; )+ €100 + T (6715 — 1) + 7w, (4.4)

44 44

log(x) = &j + gojlog(%) + 6j1€1a5 + Ojp(efas — 1) +ujy, j=1,2,.., K. (4.5)
44

Here, both Q; and a, have negative values, as the left tail 1% and 2.5% probability levels are
considered. Multiplying both side of (4.4) with a constant ¢ = log(—a,) and rearranging

equation (4.5), we have:

log(—Q;) = cw + Blog(—Qs_1) + cTiane; 1 + crpazer ;| — e+ ey up g,
log(x]-,t) = C] - ngCIOg(—Qt) + 5]-,1aaet + 5j,2a§€f - (S]',Q + Ujt, i=12,.,K (4.6)

Setting w* = cw — ¢y, Tf = Ty, T = caz, v = c'yT,CJ’.‘ =i —0j2¢] = —¢jc,0i; =

0j18a, 07, = 6ja3, the resulting model is:

log(—Q:) = w* + log(—Qr1) + Trer 1+ Bet g + 1w,
log(xjt) = &j + @jlog(—Q:) + /€1 + 5j",zef +uj; j=1,2,..,K 4.7)

The current framework does not contain the ES component. Wang et al. (2023) develop an
additive VaR to ES time varying w; component which is directly driven by the realized measure.
We extend the approach by developing a w; component that is also separately driven by

multiple realized measures. Therefore, the proposed model is specified as:

Realized-ES-CAViaR-M

log(—Qy) = w + Blog(—Qi—1) + Ti€r—1 + T2€f 1 + 7 w1, (4.8)
wr =1 + w1+ P lul, 4, (4.9)

ES; = Qi — wy, (4.10)
log(x;¢) = & + @ilog(—Qt) + dj1€ + §jp€f + uj; j=1,2,..., K. (4.11)

We omit the * in the derived model (4.7) for cleanness of the presentation. The model contains
four equations: the gquantile equation (4.8), the VaR-ES difference w; equation (4.9), the ES
equation (4.10) and the measurement equations (4.11). As in REGARCH, K is the number of
realized measures and K = 1 gives a log specification of the Realized-ES-CAViaR. Here x; is

the square root of the RM, i.e., on the same scale as volatility. The measurement error vector
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u; N (0,%), as standard. X is the variance-covariance matrix of u;, with dimension K x K.

The key developments of the model are now discussed.

The quantile equation (4.8) extends the existing quantile regression (CAViaR) by introducing
a log specification, including the leverage effect term and incorporating the information from
multiple RMs. This makes the model analogous to REGARCH. This work studies the left tail
quantile, for example, & = 1%;2.5%, where each quantile Q; is less than 0, leading to the
utilization of (—Q;) in the log operator. Incorporating a log specification also guarantees that
(—Qy) is always positive, thus Q; is guaranteed to be negative for the studied left tail. The
quadratic leverage effect specification as in REGARCH is followed. The regression coefficients

v capture how influential the K lagged RMs are on next period (log-) quantile.

The w; equation (4.9) and ES equation (4.10) capture the time-varying and additive relationship
between VaR and ES, all driven separately by the lagged RM vector, whose individual effects
on the VaR to ES difference are given by ¢!, where ¢ = (¢, ..., x)’. Again, we constrain
vo > 0,v; > 0,9 > 0 to ensure that the VaR and ES series do not cross. Since the ES; is
modelled as Q; minus a non-negative time varying w; component, the leverage effect included
in the quantile equation is implicitly applied to ES as well. Other relationships between VaR
and ES, such as the multiplicative one in Gerlach and Wang (2020), could also be explored.

The measurement equations (4.11) complete the model by providing a way to model the joint
contemporaneous dependence between the risk level and multiple RMs x;;;j = 1,2,...,K. The

leverage function follows the quadratic form as in REGARCH.

Comparing to the Realized-ES-CAViaR model, the Realized-ES-CAViaR-M extends it via
incorporating the information of multiple realized measures during the quantile and ES
forecasting process. Further, a log specification is used in Realized-ES-CAViaR-M. As below,
we also introduce the Log-Realized-ES-CAViaR which aims to investigate the impact of adding
the log specification into the quantile regression and measurement equations. The model will

be compared with other models in the empirical study.

Log-Realized-ES-CAViaR

log(—Q:) = Bo + Pilog(x;-1) + Balog(—Qs-1), (4.12)
wr = Y0 + 71Xt-1 + Yowr-1,
ES; = Qt — wy,

log(x;) = ¢ + ¢log(—Q;) + Tier + o (et2 - E(€2)) + uy.
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4.4 Likelihood and model estimation

CAViaR-type models are typically estimated via minimising the quantile loss function, for
which the latent quantile series is strictly consistent. Engle and Manganelli (2004) suggest
that solutions to the optimization of the CAViaR type models can be heavily dependent on
the chosen initial values. Li et al. (2023) demonstrate that maximum likelihood based quantile
regression models are sensitive to initial conditions and advocate for using Bayesian approach
as a more reliable alternative. With an intensive simulation study, Wang et al. (2023) have
shown that Bayesian estimator is more accurate than the AL based QML estimator regarding
parameter estimation and risk forecasting. Further, to conduct statistical inference Bayesian
method can conveniently help us capture the parameter estimation uncertainty, by calculating
the 95% credible intervals using the MCMC chains. Therefore, this work also employs the

Bayesian methods.

4.4.1 Likelihood function for the proposed model

As discussed in Sections 4.2.3 and 4.24, the ES-CAViaR, ES-X-CAViaR-X and
Realized-ES-CAViaR models are semi-parametric. However, Bayesian methods typically

employ a parametric distributional assumption to form a likelihood.

Koenker and Machado (1999) note that the conventional quantile regression estimator is
equivalent to an MLE based on the AL density, with a mode at the quantile. Discovering
a specific link between ES; and a dynamic o3, for the AL distribution, Taylor (2019) further

extends this result to produce the conditional density function:

(x—1) (re — Qe)(a — I(re < Qy))
fi(r) = IXESt exP( D;ESt ! > (4.13)

As shown in Taylor (2019), the negative logarithm of this AL-based density function is strictly

consistent for Q; and ES; jointly, meaning that it fits into the class of strictly consistent loss

functions developed by Fissler and Ziegel (2016).

This density then allows a quasi-likelihood function to be built, given models for Q; and ES;,
assuming a zero mean return, thus allowing Bayesian methods to be employed. Since r; cannot
follow an AL distribution with a mode at Qy, the AL-based likelihood built on equation (4.13) is
a quasi-likelihood function, whose mode coincides with the minimum of the joint loss function.
The quasi-log-likelihood is then:

L - e — )0 — 11 = Uy
“f;"):E(log(“Esf”( Q)(thSf( <Q))>, (4.14)

where r = {ry,1;,..rr} and the parameter vector is 6.
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The full model likelihood also includes parts from the measurement equations. The AL-based
return quasi-log-likelihood (4.14) combines with the likelihood for the RMs to produce the full
quasi-log-likelihood for the proposed Realized-ES-CAViaR-M model:

0(r,X;0,%) = £(r;0) + ((X|r;0,%),

where X is the set of multiple RMs: {x1,x24,...,xk+} and X is the covariance matrix of the

measurement errors uy.

Thus, the full quasi-log-likelihood of the proposed model can be written as:

n

: _ (a—=1) (e —Qe)(a—I(rr < Q1))
((r,X;6,%) —; (log IS, + AES, >

(4.15)

n

1 / _
“3 L (klog(27) + log(|Z)) + u;(0)="us(6))
For any given value of 8, Hansen and Huang (2016) show that the RM based Gaussian
likelihood yields the partial maximization concerning ¥ as:
1& '
— ) w(0)u(6),
where they point out that u; in the above equation depends on 6, but does not depend

on the covariance matrix . Therefore, the maximization problem is simplified to finding

argmax,/(r, X; 0,%(0)) since
L ! n A !
Y, (0)Z(6) u(6) = tr {2 Z(G)lut(ﬂ)ut(ﬂ)} = nK
t—1 t=1
which does not depend on 6.

From a Bayesian standpoint, the likelihood is an inverse Wishart distribution in ¥, which can

then be integrated out from the likelihood, as discussed in the next section.

4.4.2 Bayesian estimation

The quasi-log-likelihood in (4.15) includes the logarithm of the multivariate Gaussian density
for each measurement error vector u;. Denoting 0_x as the vector of all model parameters

excluding %, the integrated measurement likelihood is:

p(Xlr,6_) = [ p(Xir, 0)p(2)dx

T !
wX

=1

= / (27r) ~O3KT |2 0T exp [—0.5 p(X)dx .

t=
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Under a standard Jeffreys prior p(X) o |Z|~93(K+1) the integration is proportional to an inverse

Wishart density function in %, so the integral can be shown to be:
p(X|r,0_5) o[£ 05(T-K=1D) (4.16)

where the terms not in X are ignored, and 3= ﬁ Zthl utu/t is the usual sample variance
covariance estimator of X. Thus, the full integrated quasi-likelihood, replacing the log full
measurement likelihood in (4.15) with its integrated version in (4.16), logged, is:

n (a—1) (rn—0Q)(a—1I(r <Q))
(r,X;0_x) Z (10g ES, + «ES; )

(4.17)
(T =K~ 1)log(|%)).

Priors are chosen to be flat over the regions sufficient for non-negativity of w; in equation (4.9),
combined with the others, quite liberal and wide, limits to ensure finite parameter ranges and
a proper prior. Thus, we choose 71(0_5) « I(A), being a flat prior for 6_ys over the region A,
and 0 elsewhere. To ensure finite parameter ranges, A restricts each element of 6_y, to be inside
(—Do, Dy). For example, stationarity requires |B1| < 1, i.e.,, Do = 1 for B1. In the empirical
study, we choose Dy = 3 for the other parameters, which is sufficiently large based on our
analyses. To ensure non-negativity of wy, region A further restricts vp > 0,v; > 0,9 > 0. These
priors take a log transformation and are combined with the integrated quasi-log-likelihood in

equation (4.17) to construct the posterior distribution.

Following Chen et al. (2022), in the MCMC algorithm, to assist with the speed of mixing, the
parameter vector is simulated in blocks, i.e., each block of parameters is simulated from its
conditional posterior. Blocks are chosen so that parameters within each block tend to be more
correlated in the posterior, whilst parameters not in the same block are less correlated; this
aids in faster mixing and convergence. Table 4.1 details the blocking structure, based on the
number of RMs in the model. The block-wise proposals are generated and accepted with the

usual Metropolis algorithm, e.g., see Chen et al. (2022).

Table 4.1. Block structure of the employed MCMC. (Parameters in the variance-covariance matrix

Y. have been integrated out. B; represents the it parameter block)
Block number k=1 (12 parameters) k=2 (18 parameters) k=3 (24 parameters)

B, {w,B, 71, 2} {w,B, 71, 2} {w,B, 11, 2}
B, {7,011, 612} {71,72,¢1,C2} {71, 72, 73}
Bs {vo, 1} {1, 92} {C1,C2,G3}
By S o9} {011,612, 021,62} {91, 92, 93}
Bs {vo,v1} {611, 021,931 }
Be {1, 9o} {612,622,032 }
By {vo, 1}
Bs {1, 2, 3}
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The proposal density is a mixture of three multivariate Gaussian proposal distributions, with
a random walk mean vector for each block. The proposal variance-covariance matrix of each

block in each mixture element is C;X, where C; = 1; C; = 100; C3 = 0.01, with X initially set to
2.38

V/ (di)
d;. The vector of mixing weights (w) is (0.7, 0.15, 0.15), allowing both small and large proposal

13, where d; is the dimension of the i" block and 14, is the identity matrix of dimension

jumps to be considered. The covariance matrix for each block is tuned as in Chen et al. (2022),
with target acceptance rates as in Roberts et al. (1997); i.e., acceptance rates: 0.44 for d; = 1,
0.35 when 2 < d; < 4 and 0.234 for d; > 4. The algorithm is run in epochs, where each epoch
is N = 20,000 iterations, until the mean total absolute percentage difference in the sample
variances of epoch iterates, over all parameters, is less than 10% (see Chen et al. (2022) for
details); typically this takes 3 or 4 epochs. The last 10,000 iterates of the final epoch are used for

estimation and inference.

4.5 Data and empirical study

This section presents the empirical analysis conducted to evaluate the performance of the
proposed framework in forecasting VaR and ES. A comprehensive overview of the data and
model comparisons is provided, followed by the estimation of model parameters and the
evaluation of forecasting accuracy. This approach enables a clear comparison with benchmark

models, highlighting the strengths and limitations of the proposed methodology.

4.5.1 Data description

Daily closing prices and RM data from January 2000 to June 2022 were downloaded from
Oxford-man Institute’s realized library (Heber et al., 2009). Three common RMs, including RV5,
RK, and BV are considered. Six market indices, including S&P500 and NASDAQ in the US,
FTSE 100 (UK), DAX (Germany), SMI (Swiss), and HSI (Hong Kong), are included in the study.
Each data set is split into an initial in-sample period, from January 2000 to December 2011, and
an out-of-sample forecasting period from January 2012 to June 2022. Our out-of-sample period
includes the COVID-19 period. Figure 4.5.1 displays a time series plot of the absolute value of
daily return, RV5, RK and BV of S&P500 for exposition.
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S&P500 Absolute return and realized measures
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Figure 4.1. S&P500 absolute return series and three realized measures from January 2000 to June

2022.

Daily one-step-ahead forecasts of VaR and ES are calculated for the six return series at the 1%

and 2.5% probability level in the forecast sample. A rolling window, with fixed in-sample size

T, is used to estimate each of m one-step-ahead forecasts of VaR and ES in the forecast period

for each series. Table 4.2 shows the total sample sizes, plus T and m in each market. T and m

differ due to different non-trading days in each market.

Table 4.2. Summary of the selected data sets and their in-sample and out-of-sample split.

Index Sample size In-sample size (T) Out-of-sample size (1)
S&P500 5634 3008 2626
FTSE 5667 3020 2647
NASDAQ 5636 3006 2630
HSI 5504 2937 2567
DAX 5697 3050 2647
SMI 5634 3013 2621

4.5.2 Models in comparison

Table 4.3 lists the 33 models considered in the tail risk forecasting study. As in Section 4.2, four

groups of models are included, for comparison, as now discussed.
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Table 4.3. A summary of the competing models in the empirical section, based on the model type,

realized measures used, and the number of realized measures (K).

Model Type Realized measures K
GARCH Models

GARCH-t Parametric NA 0
EGARCH-t Parametric NA 0
GJR-GARCH-t Parametric NA 0
GARCH-QML-HS Parametric NA 0
EGARCH-QML-HS Parametric NA 0
GJR-GARCH-QML-HS Parametric NA 0
REGARCH-t Models

RV5 Parametric RV5 1
RK Parametric RK 1
BV Parametric BV 1
RV5-RK Parametric RV5, RK 2
RV5-BV Parametric RV5, BV 2
RK-BV Parametric RK, BV 2
RV5-RK-BV Parametric RV5, RK, BV 3
ES-CAViaR Models

ES-CAViaR-Add Semi-Parametric NA 0
ES-CAViaR-X Models

RV5 Semi-parametric RV5 1
RK Semi-parametric RK 1
BV Semi-parametric BV 1
ES-X-CAViaR-X Models

RV5 Semi-parametric RV5 1
RK Semi-parametric RK 1
BV Semi-parametric BV 1
Realized-ES-CAViaR Models

RV5 Semi-parametric RV5 1
RK Semi-parametric RK 1
BV Semi-parametric BV 1
Log-Realized-ES-CAViaR Models

RV5 Semi-parametric RV5 1
RK Semi-parametric RK 1
BV Semi-parametric BV 1
Realized-ES-CAViaR-M Models

RV5 Semi-parametric RV5 1
RK Semi-parametric RK 1
BV Semi-parametric BV 1
RV5-RK Semi-parametric RV5, RK 2
RV5-BV Semi-parametric RV5, BV 2
RK-BV Semi-parametric RK, BV 2
RV5-RK-BV Semi-parametric RV5, RK, BV 3

Note: “0” represents that the model does not use realized measures. Grey shading highlights
the proposed models.

Conventional GARCH (Bollerslev, 1986), EGARCH (Nelson, 1991), and GJR-GARCH models
(Glosten et al., 1993), all with Student’s t return error are included. The two-step QML-HS
approach as described in Section 4.2.1 is also considered, with GARCH, EGARCH and
GJR-GARCH employed as the volatility models.
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Next, the parametric REGARCH model with RV5, RK, and BV is included. Student’s t return
error (REGARCH-t) with Gaussian measurement error is considered, as in Watanabe (2012).
A similar MCMC algorithm is employed for the estimation of this model. There are seven
different versions, which are models with one, two, or three RMs. We have also tested
models with Gaussian errors for the return equations, however, these are outperformed by

the Student’s t return error models and hence not included to save space.

From the semi-parametric models, ES-CAViaR-X (additive), ES-X-CAViaR-X (Gerlach and
Wang, 2020) and (Log-)Realized-ES-CAViaR (K = 1) (Wang et al., 2023) are included and
estimated via similar adaptive MCMC algorithms. Finally, seven versions of the proposed
Realized-ES-CAViaR-M framework are included, again being models with one, two or three
RMs included.

4.5.3 Parameter estimates

In this section, we study the parameter estimates from the proposed model on 1% & 2.5%
probability levels and their comparison to the REGARCH-t, based on parameter inference
results for one forecasting step and some discussions for 7 parameters of the the full
out-of-sample period. Only the common parameters between Realized-ES-CAViaR-M and
REGARCH-t are compared, since the REGARCH-t does not have the ES component related

parameters, e.g., the ones in equation (4.9).

One forecasting step results

For the proposed Realized-ES-CAViaR-M on 1% & 2.5% probability levels and REGARCH-t
with 3 RMs, Table 4.4 shows the parameter posterior means and the lower and upper quantiles
(LQ and UQ) of the 95% credible intervals (CI), using the first moving window of S&P 500
data. Insignificant parameter estimates with Cls include 0 are highlighted in red. We have the

following observations.

First, we find our REGARCH-t parameter estimates are in general consistent with the ones in
Tables 2 and 3 of Hansen and Huang (2016). The volatility autoregressive parameter j estimate
is close 1. The 73 and 1, estimates are both significant with the value of 77 as negative, so
that negative returns have more impact on the future volatility. Regarding the coefficients
v1 (coefficient of RV5), 7, (RK) and 73 (BV) that are used to model the information from RMs,
interestingly we see that the y; estimate is insignificant. For the parameters in the measurement
equation, ¢, @2 and @3 (regression coefficients between RMs and volatility) are all close

to unity. Negative {1, ¢» and {3 estimates are produced meaning negative bias corrections
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are needed when regressing RMs versus volatility. This is to be expected, as RMs are only
measured when the market is open, while the returns employed in this work are close-to-close
and include overnight price movements, thus downward biased correction is needed. The
leverage effect captured in the measurement equation is also significant, with the values of 11,

d21 and 31 as negative.

Second, regarding the parameter estimates of the proposed Realized-ES-CAViaR-M model, we
observe that the ranges of Cls are in general consistent with the ones from the REGARCH-t.
When checking the values of the parameter estimates, we observe some distinctive while
explainable behaviours. The B estimate is also close unity. However, we can see that the 7
estimates from the proposed Realized-ES-CAViaR-M are positive. This is because the left tail
quantile Q; has negative values, thus the defined multiplicative error ¢; = & used in the
leverage term have an opposite sign to the return r; and z; in REGARCH-t. With respect to
the 1 (coefficient of RV5), 72 (RK) and 3 (BV) parameter estimates, it is very interesting to
see that on 1% and 2.5% different RMs are significant, meaning for different probability levels
and potentially for different forecasting steps different RMs could play more important role in
risk forecasting. In the full-of-sample study to be shown in the following section, we will have

more discussion on this.

Third, for the measurement equation of the proposed Realized-ES-CAViaR-M, although we use
Q; as regressor, we still see that the ¢1, g2 and ¢3 estimates are close to unity, which is consistent
with the REGARCH-t. Meanwhile, when comparing to REGARCH-t, more negative (1, ¢» and
¢3 estimates are produced. As discussed in Section 4.3 when developing the proposed model,
we have 0; = % with a, as a number that is negative with absolute value that is greater than
1 for the considered 1% and 2.5% probability levels. For example with a standard Gaussian
return distribution, the a, values on 1% and 2.5% are equal to the Gaussian CDF inverse values
of -2.3263 and -1.96, which is also why the 1% estimated Realized-ES-CAViaR-M has ¢ estimates
that are more negative than the ones of 2.5%, e.g., -1.2498 vs -1.0468 for ¢;. Therefore, with
more negative bias correction observed, the proposed model is still able to produce close to
unity ¢ estimates as REGARCH-t does. Lastly, the leverage term related coefficients are also all

significant, while the signs 11, 61 and 31 are again opposite to the ones from REGARCH-t.

Full out-of-sample results

In the REGARCH-t and proposed Realized-ES-CAViaR-M, the regression coefficients v capture
how influential the K lagged RMs are on next period volatility or quantile forecast. Meanwhile,
a key contribution of the work is to incorporate the multiple RMs into the quantile (and ES)
forecasting. In the previous section we have observed some interesting behaviours for the -y

parameters. We now further explore how the 7 estimates behave for the full out-of-sample
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Table 4.4. Parameter posterior means and lower and upper quantiles of the 95% credible intervals

of Realized-ES-CAViaR-M (1% & 2.5%) and REGARCH-t, with the 1st set of in-sample data of

S&P500.

Realized-ES-CAViaR-M (1% ) Realized-ES-CAViaR-M (2.5% ) REGARCH-t
Mean LB UB Mean LB UB Mean LB UB

w 0.0102 0.0040 0.0161 0.0046 -0.0007 0.0100 0.0010  -0.0080  0.0089
B 09717  0.9664 0.9772 0.9705 0.9650 0.9759 0.9660 0.9588 0.9729
7 0.1812 0.1649 0.1980 0.1526  0.1377 0.1696 -0.1517 -0.1682 -0.1361
7  0.1160 0.0904 0.1452 0.0850 0.0671 0.1029 0.0464 0.0372  0.0555
v1 0.0108 -0.0318  0.0509 -0.0046 -0.0472 0.0386 -0.0448 -0.0904 0.0042
Y2 0.0015 -0.0257 0.0290 0.0300  0.0031 0.0572 0.0598  0.0303 0.0901
s 0.2278 0.1927 0.2649 0.2081 0.1693 0.2486 0.2507 0.2023  0.2978
¢1  -1.2498 -1.2899 -1.2097 -1.0468 -1.0882 -1.0046 -0.4296 -0.4889 -0.3706
¢ -1.3719 -1.4152 -1.3308 -1.1675 -1.2093 -1.1258 -0.5665 -0.6228 -0.5115
¢3 -1.3419 -1.3823 -1.2999 -1.1392  -1.1820 -1.0962 -0.6371 -0.6979 -0.5730
@1 1.0428 1.0088 1.0721 1.0400 1.0048 1.0794 1.0322 09876 1.0785
¢ 1.0478 1.0120 1.0812 1.0442 1.0072 1.0825 1.0345 0.9899  1.0802
@3 10536 1.0167 1.0863 1.0530 1.0159 1.0929 1.0456 0.9982  1.0930
611 0.1123  0.0901 0.1333 0.0939 0.0757 0.1132 -0.0861 -0.1039 -0.0683
61 0.0636  0.0345 0.0924 0.0533 0.0297 0.0786 -0.0443 -0.0686 -0.0174
631 0.1754 0.1537 0.1955 0.1457  0.1280 0.1640 -0.1362 -0.1537 -0.1192
610 03635 0.3278 0.4010 0.2464 0.2199 0.2734 0.1111  0.0987  0.123
6 0.6784 0.6280 0.7291 0.4619  0.4250 0.5011 0.2052 0.1864 0.2236
b3 02262 0.1947 0.2591 0.1540 0.1301 0.1778 0.0698 0.0591 0.0807
v 10.5214 7.5990 15.2822

Note: Insignificant parameter estimates are highlighted in red.

period. Figure 4.2 displays the full out-of-sample ¥ (RV5), 72 (RK) and 73 (BV) plots for
Realized-ES-CAViaR-M (1% & 2.5%) and REGARCH-t with the S&P500 data. First, we observe
that the general pattern of the 7 estimates from the 1% & 2.5% Realized-ES-CAViaR-M and the
REGARCH-t is consistent, with distinctive behaviours observed. This means the information
from RMs is used differently in semi-parametric and parametric risk forecasting. Second,
for both 1% & 2.5% risk forecasting and volatility forecasting, the BV seems to be the most
influential variable. The implication of this observation on the empirical performance will
be discussed in the following section. Third, as shown in Table 4.4, for the 1st forecasting
step of 1% Realized-ES-CAViaR-M, both the 7; and 7, parameter estimates are insignificant,
while in the latter forecasting steps the insignificant parameters could become significant, e.g.,

RV5 during the 2019 period. Further, we observe that for different markets and forecasting
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steps, the significance of the RMs could vary. Such observations demonstrate that REGARCH-t
and the proposed Realized-ES-CAViaR-M are capable of selecting RMs for volatility and risk
forecasting tasks using a data driven approach. Meanwhile, this naturally brings up the
direction for the next step research. Via incorporating a much larger set of RMs and further
developed modelling framework, we could investigate which (types) RMs are more important
in volatility and risk forecasting and select such RMs using automatic variable selection
technique, such as LASSO (Tibshirani, 1996).

Realized-ES-CAViaR-M 1% Realized-ES-CAViaR-M 2.5% REGARCH-t
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Figure 4.2. The full out-of-sample 71 (RV5), 72 (RK) and 73 (BV) plot for Realized-ES-CAViaR-M
(1% & 2.5%) and REGARCH-t with the S&P500 data.

4.5.4 Assessing Value-at-Risk forecasts

This section discusses the evaluation of one-step-ahead VaR forecasting accuracy via using the

strictly consistent quantile loss function:
T+m

% Z (Dé —I(r < Qt)) <Vt - Qt) , (4.18)

t=T+1
where QTH, e QT+m are the quantile forecasts at level a. Since the quantile loss function is
strictly consistent, the model with minimum sample quantile loss is preferred. Tables 4.5 and
4.6 present the VaR quantile loss function results on the tested 1% and 2.5% probability levels.
The average rank based on the ranks of the quantile loss across six markets is also included in
the “Avg Rank” column. The box indicates the favoured model, and the blue text indicates the

second-ranked model in each column.

In general, for both probability levels the proposed Realized-ES-CAViaR-M models produce

lower quantile loss values and are better ranked than the other models considered. For the
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1% study, overall the best ranked model is the Realized-ES-CAViaR-M incorporating all three
realized measures, followed by the Realized-ES-CAViaR-M with RV5 and BV. For the 2.5%
study, the top two performing models for each market are all from the Realized-ES-CAViaR-M
model class. The overall best ranked model is again Realized-ES-CAViaR with three
realized measures, followed by Realized-ES-CAViaR-M with BV. The preferred performance
of Realized-ES-CAViaR-M with three RMs demonstrate the effectiveness of incorporating
multiple RMs in semi-parametric quantile forecasting. Further, based on the parameter
estimates in Section 4.5.3, BV seems to be the most influential RM in the Realized-ES-CAViaR-M
forecasting process. Such findings are supported by the results that the proposed models
with BV are generally preferred and better ranked than the ones without BV. This means that
although RK&RV are potentially less effective than BV in semi-parametric quantile forecasting,
the Realized-ES-CAViaR-M with three RMs can still effective incorporate the useful information
from RK&RV and combine it with BV (see Figure 4.2) in generating improved quantile

forecasts.

Compared to the Realized-ES-CAViaR model of Wang et al. (2023), the Realized-ES-CAViaR-M
extends it via incorporating the information of multiple realized measures during the VaR and
ES forecasting process. Further, a log specification is used in Realized-ES-CAViaR-M, with an
additional leverage employed in the quantile equation (4.8). Based on the empirical results,
now we investigate the improved performance of the Realized-ES-CAViaR-M models is due to

the log specification, the leverage term, or the inclusion of multiple RMs.

Regarding  the  log-specification, comparing  the  Realized-ES-CAViaR  and
Log-Realized-ES-CAViaR, the overall consistent performance of the two classes of models

shows that the log specification does not significantly affect the risk forecasting performance.

Regarding the leverage effect, actually the (Log-)Realized-ES-CAViaR model of Wang et al.
(2023) has already considered it in its quantile regression process. For example, in the
Log-Realized-ES-CAViaR model (4.12) by substituting the log(x;_1) in the quantile equation

with its expression in the measurement equation we get:

log(—Qt) = Bo + B1 (& + Plog(—Qs—1) + Tier—1 + (671 — E(€%)) + u4—1) + Balog(—Qi—1),

thus the leverage effect is considered in its VaR forecasting. Consequently, as ES is equal to VaR

subtracting w;, the leverage effect is also implicitly considered in the ES forecasting process.

Therefore, the overall favoured performance of the Realized-ES-CAViaR-M with three RMs
confirms the key driver of its improved risk forecasting performance is the information

contained in the multiple RMs, which is captured by the proposed framework.

The performance of the REGARCH-t on the 2.5% level is slightly better than the more extreme

1% level, demonstrating that fixing the return distribution for different probability levels
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could limit the performance of the parametric model. Meanwhile, the superior performance
of Realized-ES-CAViaR-M shows the advantages of semi-parametric risk forecasting, as the

selection of return error distribution is not required.

To statistically test whether the quantile loss differences between different models are
significant, the model confidence set (MCS), introduced by Hansen et al. (2011), is employed.
The MCS produces a group of models that is constructed such that it will contain the “superior”
forecasting models, given a level of confidence. The MCS is used to assess the statistical
significance for quantile loss (per equation (4.18)) under the 75% confidence level. We adopt the
Matlab code downloaded from Kevin Sheppard’s web page (Sheppard, 2009). Two methods,
R and SQ, are calculated to test the competing models based on different rules of calculating
the test statistic in the downloaded MCS code. In Tables 4.5 and 4.6, for each market we use
grey shading to highlight the models included in MCS, based on the R method, for visual
comparison of the models. As can be seen, the proposed Realized-ES-CAViaR-M models are
more or equally likely to be included in the MCS, compared to other models. The GARCH-type
models and ES-CAViaR-Add (without using realized data) are generally less likely to be
included in the MCS, demonstrating the usefulness of incorporating realized data in either
parametric or semi-parametric risk forecasting. In addition, Table 4.9 presents a summary of
MCS results based on the quantile loss for both R and SQ methods. The R and SQ columns
show the total number of times that each model is included in the 75% MCS across the six
return series (the higher, the better). The results from the SQ method are consistent with the
ones from the R method, with the Realized-ES-CAViaR-M type models being more or equally
likely to be included in MCS compared to other models. The Realized-ES-CAViaR-M with
three RMs is the only model that is always in the MCS across six markets for both tests and

probability levels.

4.5.5 Assessing Expected Shortfall forecasts

The same 33 models are employed to generate one-step-ahead ES forecasts at the 1% and 2.5%

probability levels for the same six series in the forecasting period.

As discussed in Section 4.4.1, Taylor (2019) shows that the negative of the quasi-log-likelihood
function (4.13) is strictly consistent for Q; and ES; considered jointly, and fits into the class of

strictly consistent joint loss functions for VaR and ES developed by Fissler and Ziegel (2016).

n+m

t— i1 St to formally and jointly assess the VaR and ES

We use the average joint loss S = % Y

forecasts from all models.

St(rt, Q\t/E/:gt) — —log <£¥; 1> _ (rt - Qt)(ﬂ;}gél(i’t < Qt))
t

4.19
&, (4.19)
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Tables 4.7 and 4.8 show the 1% and 2.5% VaR and ES joint loss function values for
each model and each market. The “Avg Rank” column calculated under the same way
as Tables 4.5 and 4.6 is included. Grey shading is again used to highlight the models
included in the 75% MCS, based on the R method with joint loss. The results are generally
consistent with the ones from the quantile loss study. For each market, on the 1% level
the top ranked models are more likely from the proposed model class, and on the 2.5%
level all the top 2 ranked models are from the proposed Realized-ES-CAViaR-M models.
Again, the overall best ranked model is the Realized-ES-CAViaR-M with all three realized
measures. Although the parametric REGARCH-t with three RMs could generate competitive
forecasting results, it is still consistently outperformed by its semi-parametric counter-part, the
proposed Realized-ES-CAViaR-M, again demonstrating the usefulness of forecasting the risk
without assuming the return error distribution. The performance of the Realized-ES-CAViaR
and Log-Realized-ES-CAViaR are similar to each other, and they are outperformed by
the Realized-ES-CAViaR-M with three realized measures. Such observations demonstrate
the effectiveness of employing the information from multiple RMs in semi-parametric ES
forecasting. The MCS results in Tables 4.7 and 4.8 support the Realized-ES-CAViaR-M model as
being more or equally likely to be included in the MCS. A summary of the joint loss -based MCS
results based on R and SQ methods are presented in Table 4.9. The results from the joint loss SQ
method align with the ones from the R method. Across six markets, the Realized-ES-CAViaR-M
with three RMs is the only model that is always in the MCS for both tests and probability levels.

Another interesting observation is that when the same realized measure(s) are included in
the Realized-ES-CAViaR-M models, their VaR forecasting performance based on quantile loss
could differ to the one from VaR&ES joint loss. For example, via comparing the rank results in
Tables 4.6 and 4.8 on the 2.5% probability level, when only one realized measure is included
in the Realized-ES-CAViaR-M models, they performed more competitively in terms of quantile
loss than joint loss. Such observation is potentially related to the additive VaR to ES time
varying relationship as described in equations (4.9) and (4.10), driven separately by the lagged
RMs comparing to the ones in the quantile equation (4.8). There is potentially interesting future
work based on such observation: which (types of) realized measures could be more useful
in VaR forecasting? Is it the case that other (types of) realized measures more useful in ES
forecasting? These questions could be investigated via studying a large set of RMs in VaR and
ES forecasting via a further developed modelling framework. The LASSO approach can be

used to conduct automatic variable selection, as discussed at the end of Section 4.5.3.

To summarize, with the 1% and 2.5% quantile and joint loss evaluations and MCS
backtests, for VaR and ES forecasting accuracy comparison over six markets, the proposed

Realized-ES-CAViaR-M framework has generally favourable performance compared to a range
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of competing models. The performance is most favourable for the proposed model using all
three RMs.

Table 4.5. 1% VaR forecasting quantile loss on six indices.

Model S&P500 FISE NASDAQ HSI  DAX  SMI_ AvgRank
GARCH

GARCH- 898 914 1058 | 1004  TIL.1 880 327
EGARCH-t 875 881 102.6 962 1075 855 23.8
GJR-GARCH-t 89.0 | 868 103.2 964 1086 8438 25.0
GARCH-QML-HS 883 881 101.0 980 1103 865 29.5
EGARCH-QML-HS 865  86.1 99.0 954 | 1064 | 844 17.5
GJR-GARCH-QML-HS 879 843 100.9 954 1075 841 17.7
REGARCH-t

RV5 852 887 97.1 979 1101 845 263
RK 809 881 95.1 972 1148  86.1 25.5
BV 827 889 95.5 100.4 ~ 1089  86.1 25.0
RV5-RK 835 876 94.1 951 1099 826 18.7
RV5-BV 80.6 879 93.8 1003 = 1088 826 19.2
RK-BV 80.1 87.9 93.8 955  109.1 833 16.8
RV5-RK-BV 797 873 93.9 955 1089 826 15.5
ES-CAViaR

ES-CAViaR-Add 872 893 1004 977 1124 871 295
ES-CAViaR-X

RV5 878 | 853 93.0 957 1099 822 172
RK 873 832 93.2 960 1096 845 183
BV 882 | 844 91.9 959 1077 12.2
ES-X-CAViaR-X

RV5 828 | 846 93.0 955 1100 823 15.7
RK 824 834 93.9 959 1105 846 19.2
BV 792 844 92.1 960 1083 808 9.8
Realized-ES-CAViaR

RV5 831 85.1 932 950 1101 821 1438
RK 840 855 94.2 955  111.0 839 213
BV 785 856 92.1 958 1089 821 12.2
Log Realized-ES-CAViaR

RV5 822 | 852 925 950 1099 822 3.0
RK 83.1 84.4 93.6 962 1103  84.0 19.8
BV 78.6 84.9 958  109.1  81.6 10.5
Realized-ES-CAViaR-M

RV5 809 | 854 927 944 1082 814 9.2
RK 817  83.0 93.7 973 1079 829 14.5
BV 780 836 92.0 952 1071 823 7.2
RV5-RK 82.6 83.5 92.8 1100 816 10.8
RV5-BV 779 836 92.1 95.0 1065 815 48
RK-BV 780 829 91.7 957 1066 814 5.2
RV5-RK-BV | 778 || 828 | 919 948 1070 813 2.7

Note: The box indicates the favoured models, and the blue text indicates the second-ranked
model in each column. Grey shades the models that are included in the 75% MCS using the R
method.
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Table 4.6. 2.5% VaR forecasting quantile loss on six indices.

Model S&P500 FISE NASDAQ HSI  DAX  SMI Avg Rank
GARCH

GARCH 1812 1830 2185 2109 2260 1750 3138
EGARCH-t 1753 17176977 2134 7208721727 168.6 20.5
GJR-GARCH-t 1746 1768 2111 | 2047 2199  168.0 21.2
GARCH-QML-HS 1820 1840 2198 2119 2273 1754 32.8
EGARCH-QML-HS 1767 177977 2148 7204821767 169.0 23.0
GJR-GARCH-QML-HS 1755 | 1776 2123 | 2054 2203 1684 243
REGARCH-t

RK 1696 ° 1779 = 2011 2027 2239 1687 218
BV 172.8 1783 2014 2053 2219  170.6 252
RV5-RK 1714 1765 1978 1999 2206 1647 13.7
RV5-BV 1680 1778 ~ 1979 2057 2207 = 1647 185
RK-BV 1680 1769 1970 1995 2200 1655 11.8
RV5-RK-BV 1678 1764 1975 1999 2198 1647 11.0
ES-CAViaR

ES-CAViaR-Add 1792 1797 2120 2054 2229 1746 29.0
ES-CAViaR-X

RV5 1790 1796 2099 | 2081 2216 1725 263
RK 1776 182.0 17207370 203.6 2215 1733 26.5
BV 180.5 [71789°" 2093 | 2031 2213  169.9 253
ES-X-CAViaR-X

RV5 1697 1772 1980  201.0 2188 1648 143
RK 1682 1763 1973 2024 2188  166.4 13.3
BV 1681 1750 1962 2006 2193  166.2 11.2
Realized-ES-CAViaR

RV5 1707 1783 1980 2006 2190  166.6 172
RK 171.3 1790 1977  201.8 2186  168.0 18.3
BV 1658 1768 1961 2009 2182  167.9 11.0
Log Realized-ES-CAViaR

RV5 1699 1771 1973 1999 2183 1657 13.0
RK 169.8 1765 1968 2057 2185  167.1 13.8
BV 165.6 1746 1958 1995 2185  166.6 9.5
Realized-ES-CAViaR-M

RV5 1661 1737 1948 1979 2167 1629 38
RK 1663 1734 1955 | 1977 | 2156 1642 42
BV 163.2 | 1741 [ 1941 | 1986 2149 1640 3.2
RV5-RK 664 1748 : 1983 2243  168.6 15.7
RV5-BV 1653 1729 2043 2052 2160  165.6 12,0
RK-BV 1651 1802 1974 2022 |211.7 | 1635 11.0
RV5-RK-BV 1646 | 1725] 1951 1980 2147 [ 1626 | | 2.0 |

Note: The box indicates the favoured models, and the blue text indicates the second-ranked
model in each column. Grey shades the models that are included in the 75% MCS using the R
method.
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Table 4.7. 1% VaR & ES joint loss function values across six indices.

Model S&P500 FTSE NASDAQ HSI DAX SMI Avg Rank
GARCH

GARCH-t 5879.8  5881.2 6349.3 6050.6 6365.9 5681.8 30.0
EGARCH-t 5885.0 5928.9 6444.7 5973.9 6366.0 5686.3 30.5
GJR-GARCH-t 5934.1 5823.2 6361.8 5970.7  6390.5 5652.1 30.0
GARCH-QML-HS 5726.0 5734.9 6121.3 5969.0 6329.6 5588.3 25.7
EGARCH-QML-HS 57179  5769.3 6179.2 5932.7 6282.6 5573.6 23.8
GJR-GARCH-QML-HS 5749.1  5686.1 6167.0 5920.7 6311.0 5570.4 225
REGARCH-t

RV5 5623.4 5842.3 6059.8 6003.9 6422.3 55875 28.3
RK 53649 5794.7 6053.8 59372 65989  5645.5 24.8
BV 5539.6  5797.1 5942.7 60524 6380.5 5595.8 26.2
RV5-RK 5511.5  5780.0 5970.8 5917.0 6449.2  5504.4 235
RV5-BV 54182  5775.0 5984.3 6070.6  6393.9 = 5484.3 23.3
RK-BV 5370.1  5768.2 5966.7 5938.2 6400.5 = 5514.2 22.0
RV5-RK-BV 5350.7 5734.7 5960.9 5931.8 6385.2 @ 5493.9 19.2
ES-CAViaR

ES-CAViaR-Add 5692.0 5758.5 6069.2 59771 64042 5620.4 27.5
ES-CAViaR-X

RV5 55471 5597.8 5802.4 5901.2 6318.1 5416.8 158
RK 5568.5  5568.7 5793.3 5896.2 6311.2 5522.1 15.2
BV 5466.3  5605.9 5780.6 59225 62579 5370.4 11.8

ES-X-CAViaR-X

RK 54531 55669 58162 58884 63150 55092 143
BV 5309.8 55940 57834 59267 62558 |5363.8 9.2
Realized-ES-CAViaR

RK 54799 5587.8  5814.6 58762 62957 55041 14.2
BV 52937 55939 57795 59125 6239.6 5414.4 8.0
Log-Realized-ES-CAViaR

RV5 53945 55956 57738 58818 63279 54228 1T

RK 5433.8 55677 58039 58971 63141 54978 137
BV 52993 55915 |5752.0| 59204 62723 53993 8.8
Realized-ES-CAViaR-M

RV5 54146 57087 58068 58906 62707 54066 118
RK 54453 55642 58343  5913.6 62582 54594 132
BV 52982 55607 57922 59148 62048 54258 8.3
RV5-RK 5420.6 5567.8 58009 |[58732] 63273 54216 @ 112
RV5-BV 52914 55355  5794.6 9089 61846 5401.2 6.2
RK-BV 5289.0 55223 57848 59145 |[6182.6| 53928 5.0
RV5-RK-BV |5285.6] |5514.5| 57870  5889.5 61914 5390.6 35

Note: The box indicates the favoured models, and the blue text indicates the second-ranked
model in each column. Grey shades the models that are included in the 75% MCS using the R
method.
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Table 4.8. 2.5% VaR & ES joint loss function values across six indices.

Model S&P500 FTSE NASDAQ HSI DAX SMI  Avg Rank
GARCH

GARCH-t 52741 5325.9 5810.0 5641.2 5871.3 5138.3 31.5
EGARCH-t 5187.0  5265.3 5810.0 5553.3 5789.0 5070.5 26.0
GJR-GARCH-t 5207.1  5234.5 5762.1 5565.3 5819.2  5053.7 26.8
GARCH-QML-HS 5373.5 5422.0 5900.4 5701.6  5962.6  5206.3 33.0
EGARCH-QML-HS 5246.3  5314.7 5841.6 5590.7 5824.0 5110.3 29.7
GJR-GARCH-QML-HS 5273.4  5287.6 5811.0 56009 58674  5097.3 30.5
REGARCH-t

RV5 5183.7 5234.1 5523.0 5559.8 5866.3 4994.9 253
RK 4868.2  5220.0 5516.3 5513.0 59152  5031.9 26.2
BV 5004.1 5219.9 5468.0 5566.4  5837.1  5027.7 23.2
RV5-RK 49413 5192.0 5443.2 54933  5849.0 | 4941.0 18.8
RV5-BV 4890.2 52124 5453.4 5586.2 58374 | 49323 20.5
RK-BV 4870.3 5204.2 5434.6 5490.1 58279 & 49489 16.7
RV5-RK-BV 4862.4 5180.0 5435.3 5549.5 5819.4 | 4936.4 17.0
ES-CAViaR

ES-CAViaR-Add 51934 5198.2 5649.1 5558.2  5800.0 5094.8 25.2
ES-CAViaR-X

RV5 4995.6 | 5166.6 5455.1 5509.1 57629 4963.6 19.7
RK 5000.8 | 5169.6 5453.7 5509.2 57624  4990.6 20.2
BV 49475 | 51469 5454 .4 5507.8 57479 | 49512 17.3

ES-X-CAViaR-X

RV5 4905.8 T 5146.3 5382.0 54949 57488 = 4905.0 [2.8

RK 49007 51410 53802 54960 57422 49513 135
BV 49005 51174  5366.6 54912 57452 49230 107
Realized-ES-CAViaR

RV5 79081 51548 53816 54827 57310 [ 49451 125
RK 49497 < 5159.4  5389.6 54887 572437 49817 148
BV 4840.6 51304  5366.8  5489.8 57101 4959.1 9.0
Log Realized-ES-CAViaR

RV5 48987 T 51510 53764 54873 57404 [ 49101 105
RK 4904.6 51415 53771 54901 5739.0 49657 132
BV 4836.6 5113.6 53641  5500.7 5727.0 4924.4 8.3
Realized-ES-CAViaR-M

RV5 48553 | 51028 |5352.0| 54653 57204 48950 45
RK 48733 51052  5360.0 |54468| 57093 49089 55
BV 48173 | 50915 53587 54629 56804 4910.0 35
RV5-RK 18639 5110.0 53988 54594 58172 50029 132
RV5-BV 4853.6 < 50772 54799 55439 "5699.7 48982 103
RK-BV 48379 5191.8 | 53822 55069 |5608.0| 4892.6 95
RV5-RK-BV 482208 [5066.5| 53546 54557 56708 |4877.7] [ 17 |

Note: The box indicates the favoured models, and the blue text indicates the second-ranked

model in each column. Grey shades the models that are included in the 75% MCS using the R

method.
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Table 4.9. 75% MCS with R and SQ methods on 1% and 2.5 % probability levels.

1% 2.5%

Model Quantile Joint Quantile Joint

R SO R SO R SQ R SQ Total
GARCH
GARCH-t 2 2 2 2 0 0 0 o0 8
EGARCH-t 2 3 2 2 3 3 0 1 16
GJR-GARCH-t 4 4 3 1 3 4 0 1 20
GARCH-QML-HS 2 2 3 2 0 0 0 O 9
EGARCH-QML-HS 5 5 3 3 3 1 0 1 21
GJR-GARCH-QML-HS 4 4 3 3 3 1 0 0 18
REGARCH-t
RV5 2 3 0 1T 1T 1T 0 1 9
RK 3 4 3 2 3 3 1 2 21
BV 2 3 4 2 3 1 1 2 18
RV5-RK 4 4 3 3 5 5 3 4 31
RV5-BV 3 5 2 3 3 3 2 4 25
RK-BV 4 5 3 4 5 5 3 4 33
RV5-RK-BV 4 6 4 4 5 5 3 5 36
ES-CAViaR
ES-CAViaR-Add 2 2 2 2 0 0 0 1 9
ES-CAViaR-X
RV5 5 5 4 5 1 1 1 2 24
RK 4 5 4 4 2 0 2 2 23
BV 5 5 4 5 2 2 3 4 30
ES-X-CAViaR-X
RV5 5 5 4 5 6 4 45 38
RK 4 4 5 4 5 5 3 5 35
BV 5 6 5 6 5 5 4 5 41
Realized-ES-CAViaR
RV5 5 5 4 5 5 3 45 36
RK 5 5 4 4 5 4 4 3 34
BV 6 6 5 6 5 4 5 5 42
Log-Realized-ES-CAViaR
RV5 5 6 4 6 6 5 4 5 41
RK 5 5 5 5 5 4 3 4 36
BV 6 6 5 6 6 5 5 5 44
Realized-ES-CAViaR-M
RV5 5 5 4 5 6 5 45 39
RK 5 5 5 6 6 6 5 5 43
BV 6 6 5 6 6 6 6 5 46
RV5-RK 5 6 4 5 4 4 3 4 35
RV5-BV 6 6 6 6 6 5 3 4 42
RK-BV 6 6 6 6 5 5 3 6 43
RV5-RK-BV 6 6 6 6 6 6 6 6 48

Note: The box indicates the favoured models, and the blue text indicates the second-ranked
model based on the Total column.
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4.6 Computational feasibility

This section provides an analysis of the computational efficiency of the models used in
this study, with a particular focus on the Realized-ES-CAViaR-M model, which is the
proposed model in this thesis. The efficiency of this model is emphasized in comparison
to other semi-parametric models and parametric models that use realized measures, such as
REGARCH-t models, and the existing models in the semi-parametric approach: ES-CAViaR-X
and ES-X-CAViaR-X.

Hardware Specifications
All computations are performed using the Artemis High Performance Computing facility at

the University of Sydney, leveraging high-performance computing resources to handle the

computational demands of models involving large datasets and complex computations.

* Processor: Multi-core Intel Xeon processors

Number of Cores: 16-24 cores, depending on the model

* Memory: Ranges from 18 GB to 64 GB per model

Wall Time: Computational times vary based on model complexity, with
Realized-ES-CAViaR-M being faster than other complex models

Computational efficiency

The proposed Realized-ES-CAViaR-M model is designed to efficiently handle the
complexity of incorporating realized measures while maintaining competitive computational
performance. Despite its added complexity, Realized-ES-CAViaR-M demonstrates superior
computational efficiency compared to other semi-parametric models, such as ES-CAViaR-X and

ES-X-CAViaR-X, as well as parametric models like REGARCH-t that also use realized measures.

The Realized-ES-CAViaR-M model (with 3 realized measures) is processed using 6 blocks
across 24 cores, with each block taking 18 hours to complete. The ability to run these blocks in

parallel allows for efficient handling of the large dataset.
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Table 4.10. Computational time for S&P (m=2626) for a« = 1%

Model K No of parallel blocks No of cores Memory Hours for each block
Realized-ES-CAViar M 3 6 24 64 GP 18
Realized-ES-CAViar M models 2 6 24 64 GP 13
Realized-ES-CAViar M models 1 6 24 64 GP 11
Log Realized-ES-CAViaR 1 1 1 18GP 90
Realzied-ES-CAViaR 1 1 1 18HP 66
ES-X-CAViaR-X 1 1 1 18GP 66
ES-CAViaR-X 1 1 1 18GP 35
ES-CAViaR 0 1 1 18GP 35
REGARCH-t 3 6 20 64GP 30
REGARCH-t 2 6 18 64GP 20
REGARCH-t 1 6 24 64GP 18

To manage the computational complexity of the Realized-ES-CAViaR-M and REGARCH-t
models, the dataset (with 2626 observations) is divided into 6 blocks: 1-400, 401-800, 801-1200,
1201- 1600, 1601-2000, 2001-2626. Each block is processed in parallel using MATLAB’s parfor
loop, utilizing up to 24 cores for the Realized-ES-CAViaR-M models. This parallel execution
ensures that the models can scale efficiently across multiple cores, minimizing the total

processing time.

While ES-CAViaR-X and ES-X-CAViaR-X models do not benefit from the same level of
parallelization (using only 1 core), the Realized-ES-CAViaR-M model leverages the parallel
processing capabilities of the HPC Artemis facility, leading to faster wall time for the
complex realized measure models. Despite being a more complex model that uses multiple
realized measures, Realized-ES-CAViaR-M achieves faster computation times. In comparison,
ES-X-CAViaR-X (1K) takes 66 hours per block, ES-CAViaR-X (1K) takes 35 hours per block,
and Realized-ES-CAViaR-M (with 3 realized measures) finishes in 18 hours per block, which
is significantly faster than ES-X-CAViaR-X and ES-CAViaR-X, despite Realized-ES-CAViaR-M
being more complex and using a greater number of realized measures. This enhanced efficiency
is achieved through the use of parallel computing and the optimized implementation of the
Realized-ES-CAViaR-M model, allowing it to handle larger datasets more quickly without

sacrificing model quality.

In conclusion, the Realized-ES-CAViaR-M model is not only computationally efficient despite
its complexity but also outperforms existing semi-parametric models like ES-CAViaR-X and
ES-X-CAViaR-X in terms of computational time. Its design allows for efficient use of parallel

computing, which significantly reduces the time required to run complex models. The use of
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blocking methods and high-performance computing (HPC) infrastructure ensures that even

complex datasets can be processed in a reasonable time frame.

Thus, Realized-ES-CAViaR-M is both a powerful and efficient tool for forecasting and risk
management, making it a valuable contribution to the existing literature on semi-parametric

models that use realized measures.

4.7 Chapter summary

This chapter proposes a new semi-parametric joint VaR and ES forecasting framework
incorporating multiple realized measures. The proposed Realized-ES-CAViaR-M models
generate highly competitive risk forecasting results regarding quantile loss, VaR and ES
joint loss, and MCS backtest. In particular, the proposed Realized-ES-CAViaR-M models
produce favourable results compared to their parametric counterpart, e.g., the REGARCH
model, and the semi-parametric counterparts, e.g., ES-X-CAViaR-X and Realized-ES-CAViaR.
Additionally, the Realized-ES-CAViaR-M models are computationally efficient, offering

significant advantages in terms of processing time compared to existing models.

This work can be improved by considering more realized measures, including their
sub-sampled versions and different frequencies. Moreover, the proposed framework includes
single lags only, which can be extended to multiple lags. Finally, alternative versions
of the model, such as a multiplicative time-varying relationship between VaR and ES via
incorporating the information from multiple realized measures, could be considered in future

work.
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RNN-HAR model

This chapter presents a long-memory and non-linear realized volatility model class
is proposed for direct VaR forecasting. This model, referred to as RNN-HAR,
extends the heterogeneous autoregressive (HAR) model, a framework known for
efficiently capturing long memory in realized measures, by integrating a RNN
to handle the non-linear dynamics. Quantile loss-based generalized Bayesian
inference with Sequential Monte Carlo is employed for model estimation and
sequential prediction in RNN-HAR. The empirical analysis is conducted using
daily closing prices and realized measures with around 12 years of data till 2022,
covering 31 market indices. The proposed model’s one-step-ahead VaR forecasting
performance is compared against a basic HAR model and its extensions. The
results demonstrate that the proposed RNN-HAR model consistently outperforms

all other models considered in the study.
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5.1 Introduction

Volatility forecasting is a fundamental aspect of financial markets, playing a crucial role for both
regulators and market practitioners involved in risk management and asset pricing. Accurate
predictions of market volatility are vital for numerous applications, including setting capital
reserves, pricing derivatives, and managing investment portfolios. The ability to anticipate
market fluctuations can significantly enhance decision-making processes and mitigate financial

risks.

Traditionally, parametric models are employed to forecast financial market volatility due to
their ease of implementation and interpretability. Among these, the GARCH model and
stochastic volatility models are widely used. The GARCH-type models, first introduced
by Engle (1982b) and Bollerslev (1986), and further developed by others, provide a robust
framework for capturing time-varying volatility by modeling the conditional variance as a
linear function of past variances and squared returns. These models have proven effective
in various financial contexts and remain a staple in the volatility forecasting literature (Taylor,

2008b).

However, traditional models often face challenges when applied to high-frequency intraday
data, which is now widely available for many financial assets. Intraday data provides a
granular view of market movements, offering richer and more detailed information compared
to daily or lower-frequency data. The availability of high-frequency intra-day data has allowed
the construction of many informative, efficient realized measures of volatility, such as the
commonly used realized variance (RV, Andersen and Bollerslev (1998), Andersen et al. (2003)).
Meanwhile, despite their popularity, short-memory models like the standard GARCH and
stochastic volatility models struggle to accurately capture certain stylized features observed in
high-frequency financial data, such as the long-range dependencies (Cont, 2001). Furthermore,
these models typically do not fully leverage the richness of high-frequency data, potentially

missing valuable information.

To address these limitations, researchers have explored long-memory volatility models.
Among these, the FIGARCH (Fractionally Integrated GARCH) model introduced by Baillie
et al. (1996) has been particularly influential. It extends the GARCH framework by
incorporating fractional differencing to model long memory in volatility. While effective, these
long-memory models often present estimation challenges and lack parsimony, making them
less practical for widespread use (Tsay, 2010). Additionally, despite their advances, they still
do not fully utilize high-frequency data. This gap has led to the development of models that
explicitly incorporate high-frequency data to improve volatility forecasting. One such model

is the Heterogeneous Autoregressive (HAR) model, introduced by Corsi (2009), designed to
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capture the long memory in realized volatility by leveraging information from high-frequency
data.

The HAR model represents a significant advancement in financial econometrics by addressing
the limitations of traditional volatility models. It captures long memory in realized volatility
measures, making it suitable for analyzing high-frequency financial data. The HAR model
operates as an additive cascade model, decomposing volatility into components influenced by
different market participants” actions. Although not being formally a long-memory model,
the HAR model effectively captures volatility persistence and other stylized facts observed
in financial data streams. Its original formulation, using realized variance (RV) and ordinary
least squares for estimation, can be extended to address patterns such as non-Gaussianity,
spikes/outliers, and conditional heteroskedasticity (Clements and Preve, 2021). Section 5.2.1

provides a review of HAR and its extensions.

Despite its strengths, a limitation of the HAR model and its extensions is their reliance solely
on realized measures to forecast volatility, ignoring the additional information contained in the
return series. Returns, which encapsulate the cumulative effect of market dynamics, provide
valuable insights into investor behavior, market trends, and external factors influencing
asset prices. By incorporating returns into volatility modeling, our approach aims to enrich
the predictive power of the HAR model. This integration not only reduces the impact of
micro-structure noise contained in the realized measures but also leverages the stability and
information inherent in the returns. Ultimately, one of our primary contributions is to extend
the HAR model to include returns, thereby enhancing the accuracy and robustness of risk
forecasts, improving risk management practices and contributing to a more comprehensive

understanding of financial market dynamics.

While HAR models are effective in predicting realized volatility, applications in financial
risk management often necessitate forecasting VaR. VaR is indispensable for assessing and
managing financial risk across various contexts, crucial for regulatory compliance and portfolio
management strategies, as highlighted in Frey and Embrechts (2010) and Christoffersen
(2011). Recognizing the practical importance of VaR, our research focuses directly on
modeling and forecasting VaR via extending the HAR framework. This perspective helps
enhance the relevance of HAR models in real-world financial applications. To rigorously
evaluate the accuracy of our VaR forecasts, we employ quantile scores, which provide a
consistent and robust assessment of predictive performance. This methodological choice
facilitates a straightforward comparison and validation of our forecasting models, ensuring
that our approach meets the stringent demands of risk management practices without making
restrictive assumptions about return distributions. Therefore, the second contribution of

our research is advancing the utility of HAR models by empowering them to directly and
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semi-parametrically forecast VaR and hence avoiding marking assumption on the return

distribution, thereby robustifying the risk modeling and forecasting practice.

The integration of machine learning techniques into financial econometrics has gained
considerable attention in recent years, offering substantial benefits in terms of predictive
accuracy and the ability to capture complex, non-linear relationships within financial data (Kim
and Won, 2018; Nguyen et al., 2022a,b). Traditional models such as the HAR model, while
are effective at modeling volatility dynamics, face inherent limitations due to their reliance on
linear regression frameworks. These models struggle to capture the non-linear dependencies
commonly present in financial time series. To address these limitations, recent studies
have turned to machine learning techniques to enhance the HAR framework’s forecasting
capabilities. For example, Arneri¢ et al. (2018) employ Feedforward Neural Networks (FNNs)
into the HAR type models to better capture the non-linear behavior of RV. Further, the studies
by Christensen et al. (2023); Branco et al. (2024); Pourrezaee and Hajizadeh (2024); Zhang et al.
(2022); Patton and Zhang (2022) demonstrate how machine learning models—such as deep
learning neural networks and stacked machine learning models—can improve volatility and
VaR forecasting accuracy. In particular, the Recurrent Neural Networks (RNNs) are frequently
used in these work. RNNs are designed for processing sequential data, making them superior
to FNNs in the time series forecasting task (Lipton et al., 2015). These advancements underscore
the critical role of machine learning and neural network methods in overcoming the traditional

limitations of econometric models, also making RNN a natural choice for our work.

Recognizing these advancements, the third contribution of our research makes a significant
stride by integrating RNNs into the HAR framework. More precisely, we derive daily, weekly,
and monthly effects of realized volatility using three RNN structures, thereby capturing the
non-linear and long-term effects of these variances on VaR. We refer to our approach as
RNN-HAR. By embedding RNNs within the HAR model, our methodology aims to enhance
the accuracy and robustness of VaR predictions. This model forms a hybrid framework,
combining machine learning and econometrics, where the non-linear RNN technique captures
the complex relationships in the data, while the HAR process preserves the meaningful

financial and economic interpretability essential for forecasting.

Comparing to the existing machine learning and neural network based approaches in the
literature, our approach has distinctive features. Christensen et al. (2023) investigate how
various ML techniques work for the RV forecasting. Branco et al. (2024) focus on forecasting
RV directly, by including all inputs including lagged RV and return in a NN, whilst we
embed the RNN in a model that separates out daily, weekly, monthly RV inputs in a top layer
linear framework, allowing us to assess/interpret the significance and effects of these different

time-framed inputs, but still allowing them to influence VaR via RNN. Further, we estimate
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and forecast VaR directly, not RV, using the quantile loss function (where the information of
return is utilized) for parameter estimation, whilst Branco et al. (2024) estimate RV directly and
then employ filtered historical simulation to indirectly estimate/forecast VaR. Pourrezaee and
Hajizadeh (2024) propose using stacking machine learning methods for the Bitcoin volatility
and VaR forecasting. The stacking models include the standard GARCH, HAR and other
machine learning models such as neural network, support vector regression, Long Short-Term
Memory, and random forest. The VaRs are produced by each individual methods and used in
the subsequent stacking modelling process, while our approach embed the RNN component
into the HAR framework for direct VaR forecasting. Zhang et al. (2022) utilize temporal
convolutional networks to forecast stock volatility which is subsequently used to generate VaR
forecasts parametrically, and the realized data are not considered. Patton and Zhang (2022)
use a neural network for estimating the optimal “bespoke” RVs with the high-frequency data,
to tailor the estimate of volatility to the application in which it will be used, while the work

focuses on forecasting the realized volatility.

Recent advancements in financial econometrics have leveraged sophisticated statistical
inference techniques to enhance the accuracy of risk forecasting models. Our work utilizes
loss-based generalized Bayesian inference, in conjunction with Sequential Monte Carlo (SMC)
methods, for model estimation and prediction in RNN-HAR. Loss-based Bayesian inference
is invaluable in scenarios where the likelihood function may be challenging to specify or is
not readily available; see, e.g., Bissiri et al. (2016) and Knoblauch et al. (2019). This approach
does not require assumption on the distribution of the returns, avoiding the possible issue of
model misspecification. Given the complexity of our proposed RNN-HAR model structure,
using SMC for Bayesian inference and sequential prediction is pivotal, allowing us to handle

the inherent challenges of Bayesian computation in sophisticated models such as RNN-HAR.

In summary, the novelty of this research is fourfold. First, we enrich the HAR framework with
the information from the return series. Second, we model and predict VaR directly. Third, we
extend the HAR model by incorporating RNNs. Fourth, we consider loss-based generalized
Bayesian inference with SMC for model estimation and prediction. Lastly, we evaluate the
performance of our proposed model against basic HAR and three other extended HAR models
using empirical data spanning nearly two decades (2000-2022) including 31 market indices,

demonstrating its superior forecasting capabilities.

This chapter is organized as follows. Section 5.2 reviews the relevant background models.
Section 5.3 proposes the RNN-HAR model. Bayesian inference and prediction using SMC is
presented in section 5.4. Section 5.5 presents the empirical results. Section 5.6 summarizes the

findings.
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5.2 Background

This section briefly provides some background on the existing HAR models, the Asymmetric

Laplace density based quantile loss and RNN.

5.2.1 HAR type models

This section reviews the HAR model and its extensions; we focus on a selection of widely
recognized models. These models offer diverse methodologies for capturing volatility
dynamics and have been extensively studied in the literature for their efficacy in risk
management and forecasting applications. We provide a detailed exposition of each model

and its respective formulations.

The HAR model of Corsi (2009) forecasts future RV based on the past daily, weekly and
monthly RVs:

RV; = Bo + BaRVi-1 + BuRV)_1jy_5 + BuRV,_1;_0n + €1, € ~ N(0,0%), (5.1)

where RV;_; is the daily RV input. The weekly RV input RV, ;5 = %Z;;f_l RV; is the
average RV of the stock market index from time f — 1 to time t — 5. The monthly RV input
RV 122 = % 2;;23 1 RVj is the average RV of the stock market index from time t — 1 to
time t — 22. The coefficients B, B and B,; measure how the past daily, weekly and monthly
volatility patterns influence future RVs. Despite its simple architecture, the HAR model
empirically achieves highly accurate RV forecasts, which makes it popular among researchers

and practitioners.

The HAR model’s simplicity allows for various extensions, which can enhance its performance
in different ways. One approach is applying transformations to realized volatility, which
impacts the model’s structure and properties. Corsi et al. (2008) describe the square root
transformation of the HAR model (SqrtHAR) as follows:

VRV: = Bo+ Ba/RVi—1 + Buwy/RVi 115 + B/ RV 122 + €. (5.2)

They show that this SqrtHAR model helps stabilize variance and improve the robustness of

volatility forecasts compared to the original HAR model.

Another approach involves modifying the structure of the model to incorporate additional
factors. For instance, Corsi and Reno (2012) introduce the Leverage HAR (LevHAR) model,
which integrates past aggregated negative returns into the HAR model to capture the leverage
effect. Following Asai et al. (2012), we only include the negative part of heterogeneous return

since the positive part is usually insignificant. Therefore, we use the following definition of
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LevHAR model as in Asai et al. (2012):

RV = Bo + BaRVi—1 + PRV 1)t 5+ BuRV 120 + 1ye—11 [yr—1 < 0] ... (5.3)
+y2Yi1j—s] [Yi-1j—5 < O] +Ya¥—1j—2o] [Ys—1t—20 < 0] + €y,

where y; 1), = 1 Z;;f_l y; is the average return of the stock market index from time ¢ —1 to
time t — n, defined under the same manner as weekly and monthly RV. I[x < 0] is the indicator
function, which takes 1 if x is negative and 0 otherwise. 1, 72 and 73 are the parameters to
capture the leverage effect. Unlike the HAR and SqrtHAR models, the LevHAR considers the
information from return during its modeling process, however, such information only contains

the signs of returns.

While the HAR, SqrtHAR, LevHAR and other variants of HAR models (e.g., Patton and
Sheppard (2015), Bollerslev et al. (2016)) represent significant advancements in volatility
modeling, they share common limitations. These models primarily focus on capturing
volatility dynamics through realized volatilities and other factors but do not explicitly
incorporate returns into their frameworks, except the LevHAR model where only the signs
of returns are considered. This omission is critical as returns play a fundamental role in
determining asset price movements and directly influence risk measures such as VaR. By
neglecting to integrate returns and forecast VaR, these models might overlook crucial aspects
of financial risk assessment, limiting their applicability in practical risk management contexts.
Addressing these gaps is essential for developing more comprehensive and accurate models

that better reflect the complexities of financial markets.

Another potential avenue for enhancing modeling accuracy involves integrating the HAR
model into the GARCH type models. Huang et al. (2016) introduce the Realized-HAR-GARCH
model, which expands the volatility dynamic equation by integrating the HAR structure of
realized variance into the GARCH equation. This model incorporates multiple lags of a realized
measure and employs a measurement equation to make necessary adjustments. It focuses on
capturing latent volatility associated with inter-day returns rather than the intra-day returns
captured by realized measures. The authors argue that their Realized-HAR-GARCH model
offers more nuanced dynamics for realized measures than the original HAR model. The
Realized-HAR-GARCH model is written as:

Ve = Y+ /0izt, (5.4)
v = W+ Y01 + BaRVie1 + RV, 1)t 5 + PRV, 112,
RVi = ¢+ ¢vr + iz + Tz(Z% —1) +uy,

where v; is the conditional variance, z; ~ N(0,1), and u; ~ N(0,02) with z; and u;

being independent. While the Realized-HAR-GARCH model improves the capture of long
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memory in underlying volatility and offers more accurate multi-period out-of-sample volatility
forecasts over various forecast horizons (Huang et al., 2016), it does not forecast VaR directly.
This limitation highlights a gap that our proposed model aims to fill by incorporating VaR

forecasting directly into the framework.

Clements and Preve (2021) explore various aspects to improve the HAR model forecast
performance. They consider different estimators, data transformation and combination
schemes. There, they consider two weighted least squares schemes and robust regression
as estimators, log and square root as transformations, and six combinations of the different
estimators and transformations in the empirical study. They conclude that their simple
remedies outperform the standard HAR forecasts. Further, they suggest estimating model
parameters under a loss function coherent with the final application of the forecasts, such as

VaR forecasting. This suggestion lays the foundation for our proposed model.

To summarize, despite the advancements made by the HAR model and its aforementioned
extensions in capturing volatility dynamics, there remain significant gaps. These models do
not explicitly incorporate returns into their frameworks and often neglect the direct forecasting
of VaR.

5.2.2 The quantile loss and asymmetric Laplace density

Koenker and Machado (1999) note that the quantile regression estimator is equivalent to the
maximum likelihood estimator based on the Asymmetric Laplace (AL) density with the mode
being the quantile. Let y; is the return on day ¢. Its quantile loss-based AL density is

fyt|Qr o) = lx(lg_lx) exp (

(g — Q) (a—I(y; < Qt))) , (5.5)

o

where Q; is the a-level quantile, « € (0,1) and ¢ is the scale parameter. See Taylor (2019)
for more details. Although (5.5) is a well-defined density function, we do not assume
that y; follows the AL distribution. Instead, we view (5.5) as a loss-based density that
allows us to define a likelihood-alike function and then perform the subsequent loss-based
generalized Bayesian inference. Via incorporating this quantile loss-based AL density into
the inference process, we avoid the need of specifying the probabilistic assumption about the
return distribution; meaning that the proposed RNN-HAR is a semi-parametric risk forecasting
framework. Employing the quantile loss also enables the loss-based generalized Bayesian
inference which represents a paradigm shift in statistical modeling, diverging from traditional
methods that rely on likelihood functions and strict distributional assumptions. Details of the

inference method and technical implementation details are shown in Section 5.4.
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5.2.3 RNN

RNN and its variants excel at learning and representing non-linear patterns and dependencies
of the sequential data. In this paper, we use the basic RNN of ?, while more sophisticated
architectures, such as the Long Short-Term Memory (LSTM) model of ?, could also be
employed.

Let {D; = (xt,y:),t = 1,2, ...} be the data with x; the input and y; the output. We use (x;, y;)
in this section as a generic notation, not necessarily applicable to the return data in the other
sections. The task is to model the conditional mean iy = E(y¢|x¢, D1.t—1). The basic RNN model

is defined as:

ht = (P (th + Wht71 + b) ’ (56)
Ye = Bo + Pih + €.

Here, ¢ is an activation function, such as Tanh or Sigmoid, €; is an random error, and #; is the
hidden state. The important feature of this RNN structure is the hidden state /;, which feeds
itself with its lagged value ;1 and the current information from the input x;, leading to a
mechanism for storing and updating the memory in the data. Our research aims to integrate

RNNs within the HAR framework to improve the VaR forecast of the latter.

5.3 The proposed RNN-HAR model

The HAR model is well-known for capturing the long memory effects in financial volatility,
while RNNSs excel in learning intricate patterns and non-linear dynamics from sequential data.
In this study, we aim to integrate RNNs into the HAR model, leveraging the strengths of both
frameworks. Our RNN-HAR model is specified as follows:

VaR; = Bo + Bah? + Bull’ + Buh", (5.7a)
hi = RNN(RV; 1, h{_1) = ¢p(af + a{RV:_1 + agh{_y), (5.7b)
h{ = RNN(RV, 15,1 1) = ¢(ag +af RV, _q 5 +a3h’4), (5.7¢)
hi" = RNN(RV, 1), h{L1) = ¢(ag' + af'RV; 12 + az'hi4). (5.7d)

Figure 5.1 provides a visualization of the architecture of the proposed RNN-HAR model. The
RNN-HAR model produces the VaR forecast at time ¢, given the information up to time t — 1.
It contains three RNNs that produce the daily, weekly and monthly hidden states, h¢, K and

h". The model first computes these states using their lagged values, h¥ |, K% |, h* |, and the
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HAR component Lo———| VaR;

RNN component

Daily input Weekly input Monthly input

Figure 5.1.  Visualization of the model architecture of the proposed RNN-HAR model. Model

parameters are highlighted in blue.

daily RV;_1, weekly RV;_;|;_s and monthly RV;_j;_» as inputs. The activation function ¢ is
selected as the tanh function. These calculations are specified in Equations (5.7b)-(5.7d). Then,
the states h¢, i and K" are aggregated, as in Equation (5.7a), to produce the forecast of VaR at
time ¢. As in the standard HAR model, the parameters B;, B, and B, weigh the influence of
the past daily, weekly and monthly volatilities on the future VaR.!

The RNN-HAR model expresses VaR; as a function comprising an intercept and three distinct
RNN structures: one for daily data, one for weekly data, and another for monthly data. This
approach explicitly captures the non-linear and long-term memory effects that daily, weekly,
and monthly realized measures exert on VaR. By integrating RNN and HAR, our proposed
model aims to improve the accuracy and robustness of VaR forecasting in the financial markets.
Compared to the HAR model in (5.1), our new model introduces two key extensions. First, it
employs three RNNs to model the non-linear and long-term dependence relationships between
daily, weekly, and monthly RV and VaR. Second, it directly estimates VaR as the a-level quantile
of the return distribution, leveraging the AL-based quantile loss function (5.5) for inference. For
parametric models such as GARCH, VaR estimation typically requires an assumption about the
return distribution. Avoiding such assumptions enhances statistical robustness. Our approach
estimates VaR directly, using the quantile score as the loss function, thereby eliminating the
need for a predefined return distribution. Unlike the HAR model, which relies on realized
measures and disregards the return series (except the LevHAR model that uses the signs

of returns), the RNN-HAR model uses the information contained in returns. By using the

!With only one hidden layer and one hidden unit for the daily, weekly and monthly RNN
components, the proposed RNN-HAR already produces significantly improved VaR forecasts compared
to existing models, as shown in Section 5.5. Therefore we choose to use only one hidden layer and one
hidden unit in the paper. However, more complex RNN architectures with larger hidden units, such as

LSTM, could be also explored as interesting future work.
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AlL-based quantile loss, the RNN-HAR model incorporates returns directly and aligns more

closely with the ultimate goal of computing VaR.

Comparing to the existing HAR type models, the RNN-HAR extends them via incorporating
the non-linear neural networks. To more explicitly evaluate the impact of incorporating RNNSs,
we include below the linear VaR-HAR framework for comparison, via modifying the models
developed in ?. The VaR-HAR directly forecasts VaR via employing the daily, weekly and
monthly RV as below:

VaR; = Bo + faRVi-1 + BuRV;_1j1—5 + BuRV;_)-20. (5.8)

In Section 5.5, we compare our RNN-HAR with the linear VaR-HAR model (5.8), both with the

quantile loss, to evaluate the impact of the three RNN components.

Furthermore, the proposed RNN-HAR model can be easily extended to other HAR
specifications, such as the SqrtHAR (5.2) and LevHAR (5.3). For instance, to explicitly capture
the leverage effect, the RNN-LevHAR model can be formulated as follows

VaR; = Bo + Bahf + Bohi’ + B} + Y1yl [y < 0] ..
+ Y2y iaji—sI [Yei-1jt—5 < 0] + ¥3Ye—1j—2o] [Ys—1)—22 < 0],
h! = RNN(RV,_1, b ) = ¢(ad + &RV, + alhd ),
hf = RNN(RV,_y;_5,hi" 1) = p(ag + & RV;_q_5 + a5'hi’ ),
i = RNN(RV,_y;_0, 1" 1) = (g + 'RV, _1p_pp + a3’ " 4).

However, to maintain a clear focus, this paper primarily investigates the RNN-HAR model.

In summary, our proposed RNN-HAR model addresses several key limitations in existing
volatility models. First, it integrates RNNs into the HAR framework, enabling the capture
of complex, non-linear dependencies and long-range memory in volatility forecasting. Second,
by employing the quantile loss function, the model eliminates the need to assume a specific
return distribution, overcoming a common limitation of parametric models like GARCH.
Third, instead of forecasting RV as in the HAR model, we directly estimate VaR, offering a more
comprehensive and convenient framework for risk assessment. These contributions highlight
the model’s potential to enhance volatility forecasting accuracy and improve risk management
strategies in financial markets. The next section details the model estimation process and the

sequential forecasting of VaR using the loss-based Bayesian SMC method.

5.4 Loss-based Bayesian inference and forecasting

Recent advances in Bayesian computation have made it easy to use Bayesian approach. In

addition to the standard MCMC method, alternative Bayesian inference techniques, such as
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Sequential Monte Carlo, have significantly enhanced the accessibility of Bayesian models, even
for large-scale applications like Bayesian deep learning. Bayesian approach also provides
a convenient way for expanding-window sequential prediction as the posterior from the
previous time step becomes the prior of the next; see, e.g., Nguyen et al. (2022a); Duan and
Fulop (2015).

In addition, loss-based generalized Bayesian inference represents a paradigm shift in statistical
modeling, diverging from traditional methods that rely on likelihood functions and strict
distributional assumptions. See, e.g., Bissiri et al. (2016); Knoblauch et al. (2019); Matsubara
et al. (2021); Frazier et al. (2024). Unlike classical frameworks where likelihood functions
necessitate specific probabilistic assumptions about the data distribution, loss-based Bayesian
inference emphasizes the use of loss functions to guide Bayesian inference and prediction. This
approach is particularly advantageous in scenarios where underlying data distributions are
complex or unknown, mitigating potential model misspecification by offering flexibility and
robustness. By focusing on a loss function rather than a likelihood, researchers can tailor
models to better reflect real-world uncertainties and variations by updating beliefs about model
parameters in a robust manner, particularly in situations where justifying strict assumptions
about data distributions is challenging. Recent developments, as discussed in Bissiri et al.
(2016) and Knoblauch et al. (2019), highlight the use of loss functions in updating beliefs
and parameter estimation without restrictive distributional assumptions, thereby enhancing
the applicability and reliability of Bayesian models in complex data environments. Li et al.
(2023) observe that MLE-based quantile regression models are sensitive to initial conditions
and advocate for a loss-based Bayesian quantile regression approach for estimating joint VaR
and ES models.

Building on these principles and given the AL based quantile loss in Equation (5.5), we adopt
a quantile loss-based Bayesian approach to address the challenge of modeling financial time
series and forecasting VaR without presuming a specific return distribution. This method
effectively integrates prior knowledge with observed data, facilitating robust parameter

estimation without imposing strong distributional assumptions.

Dealing with the scaling parameters, such as ¢ in (5.5), can be a not trivial problem in
generalized Bayesian inference (Knoblauch et al., 2019). Fortunately, for the AL density in (5.5),
by adopting an inverse Gamma prior on ¢, its full conditional distribution is inverse Gamma.
This allows straightforward integration and simplifying the likelihood function in subsequent
Bayesian analysis steps. As a result, the posterior distribution of the parameter of interest is

obtained without explicit consideration of ¢ (Gerlach et al., 2011).

In Bayesian inference, priors serve as our initial assumptions regarding model parameters

before observing any data.
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5.4.1 Sequential Monte Carlo

Following an exploration of different prior combinations, we opt for a Normal prior with a
mean of zero and a variance of 0.01 for the recurrent parameters in our RNN-HAR model. This
choice reflects our initial expectation that these parameters are centered around zero with small
variability. For the model parameters By, B4, Bw, Bm, We assume a Normal distribution with a
mean of 0 and a standard deviation of 1, indicating our initial uncertainty and allowing for

exploration across a spectrum of parameter values.

Integrating loss-based generalized Bayesian inference into the RNN-HAR framework yields
several advantages: providing a coherent methodology for updating beliefs based on observed
data, robustifing inference for the model parameters without relying on data assumptions of
the returns, allowing convenient and efficient sequence prediction based on Sequence Monte
Carlo. In Section 5.5.3, we evaluate the effectiveness of the employed loss-based SMC method
via comparing its performance with the standard optimization routine in Matlab, to empirically

demonstrate the advantages of the SMC method.

5.4.1 Sequential Monte Carlo

The SMC method is a powerful tool for Bayesian inference and sequential prediction; see,
e.g.,, Del Moral et al. (2006) and Gunawan et al. (2022). This approach is particularly
effective and convenient for volatility modeling and forecasting, where generating sequential

expanding-window forecasts is essential.

SMC uses a set of samples, often called particles, to approximate a sequence of probability
distributions. This sequential updating enables efficient estimation of posterior distributions in
complex and non-linear models where conventional Monte Carlo methods are computationally
demanding or impractical. SMC allows straightforward expanding-window one-step-ahead
forecast calculations, which makes it particularly useful for volatility forecasting (Nguyen
et al., 2022b). The SMC method also provides an accurate estimate of the marginal likelihood,
which is an important quality often used for model selection. These attributes make SMC an
attractive approach for Bayesian inference and sequential forecasting in our RNN-HAR model.
To further demonstrate the effectiveness of the loss-based SMC method, in Section 5.5.3 we

have compared the SMC method with the standard optimization routine.

There are two common SMC approaches in the literature: likelihood annealing and data
annealing (Nguyen et al., 2022b). The first approach is designed for sampling from the posterior
while the second is for sequential prediction, thus SMC with likelihood annealing is used for
in-sample analysis and SMC with data annealing is used for out-of-sample forecasting in this

paper. We present these two approaches in the following sections.
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Likelihood annealing

The loss-based generalized posterior distribution in our RNN-HAR model is

mt(0) = p(0lyrT)  p(yr.T|0)p(0), (5.9)

where p(6) is the prior and p(y1.7|0) is the loss-based likelihood-alike function derived
from (5.5), and 0 = {Bo, Ba, Buw, P, A, af, af, &, oy, ¥, allt, o', a4', o'} is the parameter vector
set which includes all the parameters in RNN-HAR. For sampling from the N?eneralized
posterior 71(6), SMC first samples a set of M weighted particles {Wé,@é}jzl from an
easy-to-sample distribution 714(0), such as the prior p(6), and then traverses these particles
through intermediate distributions 7;(6), t = 1, ..., K with 7x(0) = 71(6). In this paper, we set
mo(0) = p(0) as it is possible to sample from the prior p(6). The likelihood annealing SMC

sampler uses the following intermediate distributions

7t:(6) = 71:(6lyr.1) o< p(yr:r|0)" p(6), (5.10)

where the 7, are referred to as the temperature levels satisfying 0 = 70 < 71 < 72 < ... < 7, =
1. Note that the sequence of distributions 7; requires the full training data ;.7 to be available.

SMC with a likelihood annealing sampler is suitable for in-sample analysis.

Several methods exist to implement SMC in practice; here, we consider the method used by
Nguyen et al. (2022b), which uses three main steps: reweighting, resampling, and a Markov

move.

. . M
Reweighting: At the beginning of iteration ¢, the set of weighed particles {Wt]q/ 9;71} - that
approximate the intermediate distribution 71;_1(6) is reweighted to approximate the target
1:(0). The efficiency of these weighted particles as a representation of 71;() is often measured

by the effective sample size (ESS) defined in (5.13).
Resampling: The particles are resampled if the ESS is below a pre-specified threshold.

Markov Move: The resulting equally weighted samples are then refreshed by a Markov

kernel whose invariant distribution is 77;(8).

Following Nguyen et al. (2022b), we choose the tempering sequence v; adaptively to ensure a
sufficient level of particle efficiency by selecting the next value of ; such that ESS stays above
a threshold. We now present the likelihood annealing SMC sampler, which is adapted from
Nguyen et al. (2022b). Note that we do not compute the marginal likelihood estimate as its

meaning is not well justified in the generalized Bayesian inference setting.
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5.4.1 Sequential Monte Carlo

1. Sample 96 ~ p(0) and set Wé =1/Mforj=1.M
2. Fort=1,..,K

(@) Resampling: Compute the unnormalized weights

wj _ W] p(y1:T|9{71)%P(9{71)
t t—1 j j
p(yrr|6_1)71p(6,_;)

and set the new normalized weights

=W p(yrlfl )" j=1,..,M (5.11)

) j
j Wy

w=—]j=1.,M (5.12)
oYM
(b) Compute the effective sample size (ESS)
1
ESS= ———,j=1,...,. M (5.13)
£ (v)

if ESS < ¢M for some 0 < ¢ < 1, then

. M N M
¢ Resampling: Resample from {9;71} . using the weights {Wt] } Y and then
]:

set Wtj =1/Mfor j = 1,.., M, to obtain the new equally-weighted particles

4] wg}jfl.

¢ Markov move: For each j = 1,.., M move the sample 9{ according to Ny
random walk Metropolis-Hasting steps:
- Generate a proposal 9{ from a from a multivariate Normal distribution

N (6{, Y;) with X; the covariance matrix.

— Set 8] = 6/ with the probability

i ” i
p(y1:7|6;)7p(6})

otherwise keep 0{ unchanged.

end

Data annealing

For out-of-sample expanding-window forecasts where the posterior of the model parameters 6
is updated once new data arrive, it is necessary to use SMC with the data annealing (Nguyen
et al., 2022b). The following sequence of distributions is used to generate weighted particles in
this SMC sampler.

1 (0) := 11 (0]ya) o p(y1:4|0)p(0) < 7111 (0) p(ye]0, y1:-1), t=T+1,... (5.15)
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with vy the data available up to time t, and y1.7,, the in-sample data. The SMC procedure for
sampling from the sequence 77;(6) in (5.15) is the same as before, except that the unnormalized

weights become

i —wi P(y1:t|9{,1)}7(9{,1)

wj =W, VIV — W p(yelye18)),j =1, M (5.16)
p(yre-110,_1)p(6;_4)

In line with Nguyen et al. (2022b), we employ SMC with likelihood annealing for in-sample
Bayesian inference and SMC with data annealing for generating one-step-ahead forecasts with

expanding window. The specific implementation settings for the SMC samplers are outlined

below.

Table 5.1. SMC settings
Variable Description Value
K Number of annealing levels 10,000
M Number of particles 2,000
c Constant of the ESS threshold 0.8

Niik Number of Markov moves in the SMC with likelihood annealing 10
Niata Number of Markov moves in the SMC with data annealing 20

5.5 Empirical study

5.5.1 Data description

The initial daily closing prices and realized variance calculated with 5-minute high-frequency
data were sourced from the Oxford-man Institute’s realized library (Heber et al., 2009),
covering 31 global market indices for the period from January 2000 to June 2022. Daily return
values were computed based on the daily price data. Our analysis encompasses significant
events such as the COVID-19 pandemic. Due to varying non-trading days across different
markets throughout the period under study, sample sizes and forecasting periods vary across
each series. To ensure consistency, we standardized the length of all return series to the last
T = 3000 observations (around 12 years), except for the BVLG market which has only 2398
values. These series were then divided into an in-sample period comprising the first T;,, = 2000

observations and an out-of-sample period comprising the last Ty,; = 1000 observations.

Table 5.2 provides descriptive statistics for each market in this study. Among these markets, the
emerging market BVSP exhibits the highest standard deviation, indicating greater variability
than the more established markets. On the other hand, IXIC stands out as having the highest

mean return.
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Table 5.2. Summary statistics of the return series.

Market N Mean Std Skewness Kurtosis Min Max

AEX 3000 0.0234 1.1183 -0.5723 9.7439 -10.6384 8.6462
AORD 3000 0.0005 0.9052 -0.8246  8.8584 -7.0728 4.4291
BEX 3000 0.0103 1.1379 -0.9672 15.2145 -14.2235 6.8949

BSESN 3000 -0.0081 1.1011 -0.9482 16.5074 -13.8222 8.2043
BVLG 2398 0.0000 1.1353 -0.8747 10.1403 -10.9619 6.5051

BVSP 3000 -0.0197 1.5750 -0.7933 14.5011 -16.0260 12.9906
DJI 3000 0.0209 1.0794 -0.9663 24.5143 -13.8247 10.7360
FCHI 3000 0.0156 1.2663 -0.5953  9.9544 -11.9977 7.7889
FTMIB 3000 0.0011 1.5565 -1.0556 14.1095 -18.5434 8.5472
FTSE 3000 0.0089 1.0202 -0.5866 10.4931 -10.1382 7.7806

GDAXI 3000 0.0136 1.2752 -0.4607  9.4086 -11.8749 9.7516
GSPTSE 3000 -0.0004 0.9093 -1.8510 33.5737 -13.1944 9.1019

HSI 3000 -0.0038 1.2255 -0.1899  6.0910 -5.9839 8.7032
IBEX 3000 -0.0026 1.3829 -0.7636 11.5616 -12.7119 8.1168
IXIC 3000 0.0358 1.2680 -0.7839 11.9963 -13.1586 8.9088
KS11 3000 -0.0036 1.0185 -0.5060 10.6059 -10.1935 7.0957
KSE 3000 -0.0148 1.0454 -0.5878 6.8834 -7.3188 4.6228
MXX 3000 -0.0203 0.9770 -0.5030 7.5941 -6.9709 5.0541
N255 3000 0.0266 1.3326 -0.4221 8.0216 -11.1593 7.7255
NSEI 3000 -0.0014 1.1074 -0.9426 15.5131 -13.6741 8.0057

OMXC20 3000 0.0109 1.1455 -0.3443 5.7130 -7.8569 5.1068
OMXHPI 3000 0.0102 1.1816 -0.6401  8.8448 -10.7945 6.1853
OMXSPI 3000 0.0056 1.1507 -0.7847 10.3512 -11.8285 6.9907
OSEAX 3000 -0.0011 1.1294 -0.6811  8.9272 -9.8730 5.8014

RUT 3000 0.0120 1.4329 -0.8890 13.8693 -15.2513 8.8834
SMSI 3000 -0.0041 1.3624 -0.7651 12.1109 -14.0552 8.1712
S&P500 3000 0.0250 1.1006 -0.8630 18.0908 -12.6874 8.9440
SSEC 3000 -0.0113 1.3264 -0.9804  9.5522 -8.8919 5.6243
SSMI 3000 0.0117 0.9885 -0.8894 12.5799 -10.1410 6.7734
STI 3000 0.0223 0.9610 -1.5480 26.6530 -14.7222 5.9946

STOXX50E 3000 0.0135 1.2777 -0.5419  9.6881 -11.9999 8.6605
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5.5.2 Forecasting set-up

We perform an empirical analysis to compare the proposed RNN-HAR model with the
conventional HAR model as in Equation (5.1) and its extensions. We consider the extensions
that can be executed using the available dataset for this comparative analysis, including
SqrtHAR as detailed in Equation (5.2), LevHAR as presented in Equation (5.3), RHARGARCH
as described in Equation (5.4) and the semi-parametric VaR-HAR as specified in Equation (5.8).

It is worth noting that our proposed RNN-HAR and the linear VaR-HAR models directly
output VaR forecasts, while for the parametric HAR type and RHARGARCH models the
Realized Variance RV;;; and the conditional variance v;;; forecasts are produced, given
information up to t. We first calculate \/RV;;; and /7,11 as the volatility forecast estimator,
then the inverse of the standard Normal cdf is used as the scaling factor to transform the

volatility forecast to VaR forecast \7a\Rt+1 (Clements and Preve, 2021).

We implement the following procedure for a daily expanding window one-step-ahead
forecasting with parameters re-estimated at each forecasting step, to keep the estimated models
current and utilize historical data efficiently. To forecast VaR in the RNN-HAR model at the
time ¢ within the test data (Tj, +1 < t < Ty, 4 Tout), let {60 }M. be the particles approximating
the posterior distribution 7;(8) = p(6|y1.;). For each particle #(), we compute le according
to the RNN-HAR equation (5.7), which represents an estimate of VaR forecast ﬁ{tﬂ. The
resulting M values {le}f‘i , represent the posterior predictive distribution of VaR; 4, given
the information up to time t. The arithmetic mean, Q\t+1, of these realizations serves as the point
forecast for VaR;; 1. The similar forecasting procedure is also applied to the linear VaR-HAR

model with quantile loss.

Since quantiles are elicitable, as defined in Gneiting (2011), and the standard quantile score
function is strictly consistent: the expected quantile score is minimized with the true quantile
series, a key VaR forecasting accuracy evaluation metric employed is the predictive quantile

score. Evaluated on the out-of-sample data of size T,,;, the quantile score is computed as:

1 Tin+Tout

Qs (y: — VaR;) (@ — I(ys < VaRy)) , (5.17)

Tout t=Ty+1

where \mﬂﬁlr--w@nﬁnm is a series of quantile forecasts at probability level a for

out-of-sample returns yr, 11,..., YT, +Tous-

5.5.3 Comparison on the inference methods

Before investigating the forecasting results from various competing models, we first evaluate

the effectiveness of the employed loss-based SMC method via comparing its performance with
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the standard optimization routine. To start, for the linear VaR-HAR model, we estimate the
model via both the SMC method and the standard constrained optimization routine ‘fmincon’
with the interior point algorithm in Matlab: https://au.mathworks.com/help/optim/ug/
fmincon.html. For the linear VaR-HAR model (5.8) estimated with SMC and fmincon, Table
5.3 presents the out-of-sample quantile score values as in Equation (5.17) across 31 indices
on the 1% probability level. In addition, for each market the parameter estimates using the
first in-sample data produced by both inference hods are also included for comparison. In
general, although both methods returned comparable parameter estimates across 31 markets,
the out-of-sample quantile scores from the loss-based Bayesian SMC method are favored for 29

out of 31 indices, demonstrating the effectiveness of employing the SMC approach.

In addition, we also tested the estimation of the RNN-HAR model using the fmincon
optimization routine. However, we observed convergence issues, and the fmincon outputs
were significantly less stable and robust compared to the SMC method. Consequently, SMC
was chosen as the inference method for both the proposed RNN-HAR model and the linear
VaR-HAR model.
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Table 5.3. For the linear VaR-HAR model (5.8) estimated with SMC and fmincon, the out-of-sample

quantile score values across 31 markets on the 1% probability level. The parameter estimates are

produced by the first in-sample data for each market. The last rows show the average values of 31

markets. Blue highlighting indicates the favored quantile score via comparing the SMC and fmincon.

Linear VaR-HAR estimated with SMC Linear VaR-HAR estimated with fmincon

Market

QS Bo Pa Bw

Pm QS B0 Pa  Pu

Brm

AEX
AORD
BEX
BSESN
BVLG
BVSP
DJI
FCHI
FTMIB
FTSE
GDAXI
GSPTSE
HSI
IBEX
IXIC
KS11
KSE
MXX
N225
NSEI
OMXC20
OMXHPI
OMXSPI
OSEAX
RUT
SMSI
SPX
SSEC
SSMI
STI

0.0405 -1.4536 -1.0757 0.2006
0.0414 -1.4128 -0.7802 0.3342
0.0421 -1.3053 -1.2055 0.0448
0.0475 -1.3533 -0.0944 0.0151
0.0383 -1.3246 -1.0081 -0.4194
0.0560 -2.3298 -0.4106 -0.1340
0.0415 -1.356 -0.6504 -0.2506
0.0518 -1.7900 -0.6449 0.1471
0.0643 -2.5848 -0.3137 -0.0463
0.0447 -1.6049 -0.2086 -0.2299
0.053 -1.7795 -0.5354 0.0798
0.0439 -1.4800 -0.9687 0.3469
0.0450 -1.3654 -0.6090 -0.248
0.0488 -2.196 -0.3747 -0.0309
0.0491 -1.8906 -0.6612 0.0324
0.0372 -1.5016 -0.7149 0.4231
0.0440 -1.8672 0.0164 -1.8388
0.0424 -1.6464 -0.5226 -0.0120
0.0401 -2.2739 -0.3738 -0.0088
0.0471 -1.3097 -0.1116 -0.0492
0.0418 -2.0063 -0.1989 -0.3810
0.0481 -1.7042 -0.6576 0.3479
0.0469 -1.7509 -0.285 -0.2583
0.0430 -1.6700 -0.3910 -0.1290
0.0562 -2.1142 -0.2916 0.0275
0.0507 -2.4481 -0.1652 -0.0867
0.0433 -1.4931 -0.7093 -0.0621
0.0495 -2.3985 0.2147 -0.4492
0.0399 -1.4275 -1.0967 0.0814
0.0331 -1.1957 -0.2484 -0.8835

-0.1523 0.0778 -1.3462 -1.1491 0.2278
-0.5898 0.0462 -1.4933 -0.9931 0.5431
-0.0106 0.0473 -1.3250 -1.2396 0.0463
-0.9877 0.0628 -1.3747 -0.0502 0.0305
0.0618 0.0512 -1.3182 -0.9281 -0.4582
0.0389 0.0625 -2.3645 -0.3961 -0.1601
-0.0663 0.0427 -1.3753 -0.6623 -0.1589
-0.2668 0.0628 -1.7798 -0.6318 0.1691
-0.0709 0.0708 -2.7106 -0.2880 -0.0845
-0.2969 0.0474 -1.6267 -0.2165 -0.1887
-0.4612 0.0564 -1.7679 -0.5607 0.0910
-0.4159 0.0449 -1.4664 -0.9977 0.3740
-0.3308 0.0488 -1.2939 -0.5661 -0.3290
-0.1050 0.0487 -2.2244 -0.3964 -0.0025
-0.0413 0.0550 -1.8853 -0.7065 0.0343
-0.9325 0.0480 -1.5061 -0.7930 0.5912
0.8581 0.0605 -1.8423 -0.0351 -1.7903
-0.0608 0.0473 -1.6232 -0.5125 -0.0388
-0.3090 0.0406 -2.2913 -0.3678 -0.0011
-0.8404 0.0608 -1.2973 -0.1189 -0.0268
-0.1118 0.0437 -1.9774 -0.2359 -0.3464
-0.6638 0.0705 -1.7094 -0.6352 0.3705
-0.3195 0.0598 -1.7488 -0.2785 -0.2507
-0.4080 0.0523 -1.6759 -0.4298 -0.1329
-0.2212 0.0661 -2.1214 -0.2824 0.0221
-0.1267 0.0545 -2.4827 -0.1546 -0.0835
-0.2226 0.0441 -1.4972 -0.7259 -0.0017
-0.5282 0.0485 -2.5148 0.2495 -0.5301
-0.0141 0.0404 -1.4161 -1.0996 0.0473
-0.0254 0.0388 -1.1797 -0.1532 -0.9375

STOXX50E 0.0498 -2.1253 -0.2740 -0.0250 -0.2731 0.0517 -2.2088 -0.2801 -0.0183

-0.1538
-0.5560
0.0219
-1.0130
0.0308
0.0605
-0.0935
-0.2984
-0.0025
-0.3087
-0.4455
-0.4170
-0.3352
-0.0990
0.0343
-1.0056
0.8462
-0.0634
-0.3211
-0.8734
-0.0991
-0.6952
-0.3293
-0.3692
-0.2197
-0.1272
-0.2782
-0.4024
0.0391
-0.0657
-0.2288

Average

0.0458 -1.7471 -0.4952 -0.1117

-0.2546 0.0533 -1.7563 -0.5044 -0.0965

-0.2506
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5.5.4 Parameter estimates

An additional advantage of the Bayesian method is its capability of generating the full posterior
distribution for parameter inference. Figures 5.2 and 5.3 present the SMC in-sample likelihood
annealing posterior distributions for the coefficients p from the RNN-HAR model on the
probability level & = 1%, estimated with the S&P500 dataset. As shown, all the parameters B,
B4, Bw and B, are significant with the 95% credible intervals not including 0. In addition, we
also investigate the posterior distributions for all 9 « parameters to identify whether non-linear
relationship between the RV input and the future hidden states are significant. It can be seen
that all the parameters are significant, except a3 in the given example. In particular, the

coefficients a4, &% and & of the daily, weekly and monthly RV input are significant.

Figure 5.2. RNN-HAR Bo, B4, Bw and B, parameters’ in-sample likelihood annealing posterior
distribution plots with the S&P500 data on the 1% probability level.
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Figure 5.3. RNN-HAR « parameters’ SMC in-sample likelihood annealing posterior distribution plots
with the S&P500 data on the 1% probability level. The vertical lines in red represent the posterior

means for each parameter.
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To provide further comparison on the behavior of the models, Table 5.4 presents the parameter
estimates averaged across 31 markets using the first in-sample data of each market, for the
RNN-HAR estimated with SMC, linear VaR-HAR estimated with SMC and fmincon, HAR,
SqrtHAR and Lev-HAR models. Fist, it can be seen that the B4, B and ,, parameter estimates
are relatively close across the HAR, SqrtHAR and LevHAR models, as all of these models aim
to produce RV forecast. The estimates of the 1, 72 and <3 parameters in the LevHAR are all
negative, confirming the existence of the leverage effect: negative returns have higher impact
on the RV forecasts. Meanwhile, since the non-linear RNN-HAR and linear VaR-HAR directly
produce VaR forecasts, the parameters estimated from these two models behave differently to

the ones from the HAR type models.

Table 5.4. Parameter estimates average across 31 markets using the first in-sample data of each
market, for the non-linear RNN-HAR estimated with SMC, linear VaR-HAR estimated with SMC

and fmincon, HAR, SqrtHAR and Lev-HAR models.
Parameter RNN-HAR-SMC VaR-HAR-SMC VaR-HAR-fmincon HAR SqrtHAR LevHAR

Bo -2.2139 -1.7471 -1.7563 0.2584 -0.0053  0.0857
Ba 0.2265 -0.4952 -0.5044 0.2768 0.3338  0.1650
B 0.3272 -0.1117 -0.0965 0.2633 0.3410  0.2091
B 1.2640 -0.2546 -0.2506 0.2496 02183  0.2604
ad (1) 0.0160 -0.3882
af (72) -0.0118 -0.8270
ad (v3) -0.0175 -0.9346
al 0.0102
¥ -0.0106
s -0.0112
alt 0.0142
ol -0.0222
ol -0.0037

5.5.5 Evaluating VaR forecast performance

Following the guidelines outlined in the Basel III Capital Accord (BCBS, 2019), our analysis
focuses on daily one-step-ahead VaR forecasts at the probability level of &« = 2.5%.
Additionally, we also explore probability levels of « = 1% and &« = 5% for further empirical

analysis purposes.

To evaluate the performance of VaR forecasts, we consider several criteria. First, we begin with

an intuitive comparison by visualizing the VaR forecasts produced by the RNN-HAR model
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alongside the violated returns (i.e., instances where returns exceed VaR) and comparing them
with those from the HAR model. Second, we assess the violation rate, which measures the
proportion of violated returns over the forecasting period. Third, we compare VaR forecasting
accuracy by analyzing the quantile scores (5.17). The statistical significance of the quantile
score results is assessed using the Model Confidence Set (MCS) of Hansen et al. (2011) and the
Diebold-Mariano (DM) test of Diebold and Mariano (1995). Finally, we employ the Dynamic
Quantile (DQ) test of Engle and Manganelli (2004) to backtest the VaR forecasts from various

models.

To start, the top panel of Figure 5.4 presents the S&P500 out-of-sample returns of from June
2020 to June 2022 and the corresponding 2.5% VaR forecasts produced by the RNN-HAR and
HAR models. The middle and bottom panels show the violated returns with the RNN-HAR
and HAR. The VaR forecasts from two models have distinctive behaviors, in particular during
the more volatile period. For example, as pointed by the arrow in the bottom panel, from Jan
2022 to July 2022 it can seen that the VaR forecasts of the HAR model are more frequently
violated by returns than the ones from RNN-HAR, meaning the VaR forecasts produced by the

HAR do not provide sufficient loss coverage.
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Figure 5.4. The top panel shows the S&P500 out-of-sample returns from June 2020 to June 2022
and the corresponding VaR forecasts from RNN-HAR and HAR models on the 2.5% probability
level. The middle and bottom panels show the violated returns (when return exceeds the VaR) for
the HAR-RNN and HAR models respectively.

To have a more systematic view on the VaR violations, we now access the violation rate

Tin+Tout

VRate = I(y; < VaRy), (5.18)

out p=T, 41

where T;, is the in-sample size and T,,; is the test sample size. Models with % close to
1 are preferred. Table 5.5 shows the % values for various models across the 31 markets
and three different & values. The results indicate that the RNN-HAR model outperforms the
other models. Specifically, for « = 1%, the RNN-HAR model achieves the preferred violation
rates in 27 out of the 31 markets, with its performance followed by the linear semi-parametric
VaR-HAR model. For the HAR-type models, the Normal distribution-based VaR forecasting
clearly fails to provide adequate risk coverage at this extreme probability level, as evidenced
by the generally high violation rates. On the 2.5% probability level, RNN-HAR is still the
most preferred model with favored violation rate for 23 markets, again followed by the linear

VaR-HAR model. Comparing to the 1% study, the performance of the HAR type models is
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generally improved with the % values that are much close to 1, as 2.5% is a less extreme
probability level. On 5% level which is the least challenging task for the Normal distribution,
the performance of the HAR type models is clearly improved with violation rates that are much
closer to 5% comparing to the 1% and 2.5% study. Meanwhile, the RNN-HAR model remains

favored, achieving preferred violation rates in 23 out of 31 markets.

Overall, when comparing the RNN-HAR and the linear VaR-RNN models—both estimated
using quantile loss-based SMC—the superior performance of RNN-HAR underscores the
benefit of incorporating non-linearity via RNNs in the VaR forecasting process. In addition,
the comparison between the semi-parametric, loss-based linear VaR-HAR and the parametric
HAR-type models demonstrates the advantage of adapting the HAR framework for direct risk
forecasting using the quantile loss-based SMC method.
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5.5.5 Evaluating VaR forecast performance

Next, we employ the strictly consistent quantile score from (5.17) to formally evaluate the VaR
forecasting accuracy of the considered models. To provide further intuition on the quantile

score function, we rewrite (5.17) as follows:

—VaR a—1), if <\7T2,
05, - {(yt aR)(— 1), ify; < VaR, 619

(v — \@t)tx, otherwise.

With a = 1%, for instance, the quantile score penalizes under-estimated VaR forecasts (when
the return violates the VaR) 99 times more than over-estimated (conservative) VaR forecasts. To
statistically test whether the quantile loss differences between different models are significant,
the MCS, introduced by Hansen et al. (2011), is employed. MCS produces a set of models
that contain the “superior” forecasting models, given a level of confidence. The MCS is used
to evaluate the statistical significance for quantile scores under the 75% confidence level. We
adopt the Matlab code downloaded from Kevin Sheppard’s web page (Sheppard, 2009). In
addition, we use the one-sided DM test (Diebold and Mariano, 2002) to compare the proposed
RNN-HAR with each of the other models in comparison and check whether the RNN-HAR

significantly outperforms based on the quantile score.

On the considered 1%, 2.5% and 5% probability levels, the quantile scores, MCS and DM
testing results are presented in Tables 5.6, 5.7 and 5.8 respectively. In general, across all three
probability levels the favored model is the proposed RNN-HAR model which most frequently
generates the smallest quantile scores. The RNN-HAR is the only model that is included in
the MCS for all 31 markets on 1% and 2.5% probability levels, and is included in the MCS
for 29 markets on the 5% probability level. These findings underscore the effectiveness of
the proposed model across varying probability levels. The performance of the RNN-HAR is
followed by the linear VaR-HAR model. The VaR-HAR in general more frequently produces
the preferred quantile scores and is more likely to be included in the MCS than the other
HAR type models, especially for the most extreme 1% probability level. The DM testing
results also show that the RNN-HAR statistically outperforms the semi-parametric VaR-HAR
model estimated with SMC for 11, 14 and 19 times, for the 1%, 2.5% and 5% probability levels
respectively. Comparing to HAR type models, the RNN-HAR significantly outperforms the
HAR type models for at least 10 out of the 31 markets for the 1% and 2.5% studies. On the 5%
probability level which is a less challenging task for the parametric methods, comparing to the
HAR type models the RNN-HAR still produces significantly improved loss results for 5 to 16
markets, and the SqrtHAR is least likely to be outperformed by the RNN-HAR.

These observations are generally consistent with those from the violation rate study. For the
non-linear RNN-HAR and the linear VaR-RNN models—both estimated using the quantile
loss-based SMC—the superior performance of RNN-HAR highlights the importance of
capturing the non-linear relationship between the daily, weekly, and monthly RV inputs and
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VaR forecasts. The statistically significant parameter estimates in the RNN equations (5.7b)
to (5.7d), as discussed in Section 5.5.4, further confirm the presence of such a non-linear
relationship. Additionally, regarding the effectiveness of using the quantile loss function
to adapt conventional RNNs for semi-parametric VaR forecasting, the generally superior
performance of the linear VaR-HAR model compared to parametric HAR-type models

provides supporting evidence.

Table 5.6. The left panel shows the & = 1% quantile scores and the 75% MCS results across
31 markets. The model with the lowest quantile score is highlighted in blue, and models in the
MCS are highlighted in grey shading. The right panel shows the one-sided DM test p-values
via comparing the proposed RNN-HAR with other competing models. Grey shading indicates the
RNN-HAR significantly outperforms the competing model on the 10% significance level.

Quantile scores and 75% MCS DM test comparing RNN-HAR vs

Market RNN-HAR VaR-HAR HAR LevHAR SqrtHAR RHARGARCH VaR-HAR HAR LevHAR SqrtHAR RHARGARCH
AEX 0.0397 0.0405 0.0439 0.0504 ~ 0.0431 0.0523 0.33 0.06 0 0.10 0.02
AORD 0.0380 0.0414 0.0426 0.0516  0.0420 0.0519 0 0.01 0 0.03 0.01
BEX 0.0452 0.0421 0.0482 0.0511  0.0480 0.0551 0.74 0.14  0.04 0.18 0.04
BSESN 0.0460 0.0475 0.0505 0.0711  0.0492 0.0484 0.24 0.02 0 0.05 0.09
BVLG 0.0404 0.0383 0.0422 0.0436  0.0663 0.0432 0.68 0.01  0.01 0.01 0.22
BvVSP 0.0682 0.0560 0.0644 0.0640  0.0631 0.0634 0.91 075  0.76 0.81 0.80
DJI 0.0436 0.0415 0.0508 0.0565 = 0.0490 0.0515 0.75 0.02 0 0.03 0
FCHI 0.0477 0.0518 0.0552 0.0578  0.0545 0.0574 0.02 0.01 0 0.01 0.01
FTMIB 0.0643 0.0643  0.0667 0.0665  0.0664 0.0678 0.50 011  0.26 0.10 0.04
FTSE 0.0440 0.0447  0.0501 0.0517  0.0486 0.0593 0.28 0 0.01 0 0.01
GDAXI 0.0528 0.0530 0.0649 0.0641  0.0634 0.0600 0.45 0 0 0 0
GSPTSE 0.0426 0.0439 0.0507 0.0569  0.0483 0.0563 0.06 0 0 0.01 0
HIS 0.0426 0.0450 0.0471 0.0427 0.0462 0.0481 0 0.03 047 0.04 0.02
IBEX 0.0517 0.0488 0.0506 0.0499  0.0500 0.0569 0.88 0.66  0.74 0.75 0.06
IXIC 0.0464 0.0491 0.0484 0.0504 = 0.0472 0.0484 0.03 022 011 0.38 0.25
KS11 0.0367 0.0372  0.0398  0.0360  0.0382 0.0393 0.36 0.14 0.1 0.28 0.20
KSE 0.0399 0.0440 0.0489 0.0464  0.0488 0.0460 0.04 0 0.03 0 0.01
MXX 0.0427 0.0424 0.0438 0.0392  0.0423 0.0465 0.62 032  0.89 0.62 0.07
N225 0.0391 0.0401 0.0412 0.0439  0.0405 0.0446 0.12 0.18  0.05 0.24 0.05
NSEI 0.0485 0.0471 0.0509 0.0862 ~ 0.0500 0.0496 0.65 0.14 0 0.20 0.37
OMXC20 0.0422 0.0418 0.0440 0.0432  0.0426 0.0435 0.60 012 032 0.38 0.21
OMXHPI 0.0454 0.0481 0.0532 0.0529  0.0516 0.0460 0.02 0 0.01 0.01 0.32
OMXSPI 0.0451 0.0469 0.0551 0.0564  0.0532 0.0483 0.08 0 0 0 0.01
OSEAX 0.0421 0.0430 0.0437 0.0735 = 0.0418 0.0565 0.37 0.29 0 0.54 0.01
RUT 0.0559 0.0562  0.0567 0.0574  0.0541 0.0717 0.48 045 038 0.71 0.01
SMSI 0.0497 0.0507 0.0512 0.0496  0.0503 0.0541 0.05 012 053 0.30 0.03
SPX 0.0449 0.0433  0.0487 0.0545  0.0477 0.0486 0.72 0.16 ~ 0.01 0.20 0.15
SSEC 0.0474 0.0495 0.0500 0.0595 = 0.0490 0.0498 0.02 0.17 ~ 0.01 0.26 0.18
SSMI 0.0355 0.0399 0.0368 0.0361  0.0355 0.0496 0.07 033 042 0.51 0.03
STI 0.0332 0.0331 0.0355 0.0350  0.0357 0.0369 0.56 014 022 0.15 0.07
STOXX50E =~ 0.0484 0.0498 0.0547 0.0590  0.0528 0.0660 0.28 0 0 0.02 0
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Table 5.7. The left panel shows the & = 2.5% quantile scores and the 75% MCS results for the 6
models in comparison across 31 markets. The model with the lowest quantile score is highlighted in
blue, and models in the MCS are highlighted in grey shading. The right panel shows the one-sided
DM test p-values via comparing the proposed RNN-HAR with other competing models. Grey
shading indicates the proposed RNN-HAR significantly outperforms the competing model on the

10% significant level.

Quantile scores and 75% MCS DM test comparing RNN-HAR vs

Market RNN-HAR VaR-HAR HAR LevHAR SqrtHAR RHARGARCH VaR-HAR HAR LevHAR SqrtHAR RHARGARCH
AEX 0.0840 0.0869 0.0882 0.0887 = 0.0867 0.0947 024 002 0.01 0.07 0.01
AORD 0.0756 0.0813 0.0790 0.0792  0.0782 0.0868 0 0.03 0.03 0.10 0.03
BEX 0.0873 0.0903 0.0925 0.0924 = 0.0913 0.0982 027 002 0.02 0.06 0.01
BSESN 0.0871 0.0890 0.0900 0.0903 = 0.0880 0.0880 0.30 0.13 0.11 0.35 0.33
BVLG 0.0826 0.0842 0.1079 0.0831 = 0.1067 0.0839 034 001 0.02 0.02 0.37
BVSP 0.1169 0.1103 0.1167 0.1165  0.1175 0.1172 0.82 0.51 0.54 0.40 0.46
DJI 0.0834 0.0835 0.0912 0.0919 = 0.0887 0.0920 0.49 0.03  0.02 0.07 0.02
FCHI 0.0953 0.0989 0.1013 0.1014  0.0996 0.1029 0.07 0 0 0.01 0
FTMIB 0.1145 0.1148 0.1145 0.1144  0.1142 0.1158 0.36 0.51 0.52 0.55 0.31
FTSE 0.0861 0.0856  0.0900 0.0912  0.0886 0.0987 0.56 0.03  0.02 0.12 0.02
GDAXI 0.0990 0.1025 0.1101 0.1101  0.1082 0.1051 0 0 0 0 0
GSPTSE 0.0774 0.0772  0.0803 0.0800  0.0789 0.0872 054 014 0.16 0.24 0.02
HIS 0.0919 0.0946 0.0934 0.0937 = 0.0926 0.0948 0 0.14 010 0.26 0.05
IBEX 0.0961 0.0946 0.0938 0.0941  0.0939 0.1015 0.70 078 074 0.84 0.05
IXIC 0.0993 0.1029 0.0996 0.0996  0.0985 0.0993 0.18 047 046 0.61 0.49
KS11 0.0741 0.0750 0.0780 0.0779  0.0758 0.0777 0.37 0.08 0.08 0.23 0.11
KSE 0.0836 0.0865 0.0901 0.0901  0.0897 0.0872 0 0.02  0.02 0.03 0.05
MXX 0.0809 0.0826  0.0806 0.0803  0.0795 0.0827 0.04 059 0.68 0.86 0.13
N225 0.0810 0.0827 0.0836 0.0838  0.0827 0.0877 0.05 0.11 = 0.10 0.18 0.02
NSEI 0.0882 0.0903 0.0912 0.0914  0.0896 0.0892 0.30 012 012 0.30 0.32
OMXC20 0.0834 0.0847 0.0840 0.0842  0.0829 0.0838 0.03 039 035 0.66 0.42
OMXHPI 0.0848 0.0874 0.0944 0.0943  0.0926 0.0870 0.03 0 0 0.01 0.07
OMXSP1 0.0885 0.0929 0.0986 0.0981  0.0960 0.0921 0 0 0 0.01 0.02
OSEAX 0.0845 0.0917 0.0856 0.0851  0.0843 0.0989 0 028 037 0.56 0.02
RUT 0.1095 0.1085 0.1117 0.1118  0.1085 0.1244 0.58 0.36 0.35 0.72 0.03
SMSI 0.0911 0.0925 0.0936 0.0929  0.0913 0.0976 0.08 0.07 013 0.44 0.02
SPX 0.0867 0.0894 0.0923 0.0924  0.0898 0.0925 0.31 0.10  0.10 0.19 0.08
SSEC 0.0887 0.0910 0.0889 0.0903  0.0880 0.0890 0.09 0.45 0.21 0.71 0.41
SSMI 0.0705 0.0756 0.0730 0.0747  0.0705 0.0837 0 0.18 = 0.07 0.52 0.05
STI 0.0643 0.0631 0.0650 0.0649  0.0651 0.0657 0.78 0.37 0.38 0.36 0.27
STOXX50E = 0.0954 0.0973 0.1019 0.1023 = 0.0987 0.1107 0.13 0.01  0.01 0.06 0.01
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Table 5.8. The left panel shows the « = 5% quantile scores and the 75% MCS results across 31
markets. The model with the lowest quantile score is highlighted in blue, and models in the MCS are
highlighted in grey shading. The right panel shows the two sided DM testing p-values via comparing
the proposed RNN-HAR with other models. Grey shading indicates the p-values that are less than
10%.

Quantile scores and 75% MCS DM test comparing RNN-HAR vs
Market RNN-HAR VaR-HAR HAR LevHAR SqrtHAR RHARGARCH VaR-HAR HAR LevHAR SqrtHAR RHARGARCH
AEX 0.1408 0.1502 0.1448 0.1473 = 0.1431 0.1499 0.01 0.10  0.05 0.22 0.04
AORD 0.1254 0.1329 0.1243 0.1336 = 0.1232 0.1314 0 0.74 = 0.02 0.90 0.13
BEX 0.1468 0.1535 0.1503 0.1504  0.1486 0.1554 0.02 012 0.16 0.29 0.05
BSESN 0.1424 0.1435 0.1415 0.1563 = 0.1391 0.1397 0.42 0.66  0.01 0.94 0.93
BVLG 0.1377 0.1436  0.1386 0.1375  0.1600 0.1395 0.02 0.04 0.02 0.01 0.29
BVSP 0.1924 0.1869 0.1876 0.1901  0.1892 0.1893 0.74 0.82  0.69 0.85 0.83
DJI 0.1389 0.1418 0.1461 0.1504 = 0.1420 0.1446 0.35 0.02  0.01 0.14 0.08
FCHI 0.1544 0.1620 0.1610 0.1616  0.1587 0.1617 0.01 0.01  0.02 0.04 0.01
FTMIB 0.1746 01773 0.1757 0.1753  0.1753 0.1770 0 025 041 0.33 0.12
FTSE 0.1383 0.1395 0.1396 0.1407  0.1384 0.1471 0.35 027  0.19 0.49 0.06
GDAXI 0.1601 0.1632 0.1679 0.1668  0.1660 0.1650 0.01 0 0.03 0.01 0.02
GSPTSE 0.1134 0.1178 0.1195 0.1270 =~ 0.1188 0.1266 0 0.02 0 0.05 0.02
HIS 0.1550 0.1572  0.1563 0.1552  0.1556 0.1568 0 023 047 0.36 0.19
IBEX 0.1509 0.1519 0.1512 0.1509  0.1506 0.1564 0.39 046  0.51 0.56 0.08
IXIC 0.1675 0175 01695 0.1721 = 0.1669 0.1684 0.07 028 012 0.57 041
KS11 0.1274 0.1313 0.1292 0.1251  0.1266 0.1283 0 020 083 0.69 0.35
KSE 0.1422 0.1442 0.1445 0.1422  0.1438 0.1419 0.16 017 050 0.29 0.55
MXX 0.1324 0.1333 0.1297 0.1276  0.1292 0.1307 0.14 0.88 091 0.88 0.92
N225 0.1398 0.1420 0.1415 0.1434  0.1404 0.1458 0.14 0.20 ~ 0.09 0.38 0.04
NSEI 0.1413 0.1443 0.1430 0.1685 = 0.1405 0.1407 0.27 0.25 0 0.63 0.66
OMXC20 0.1388 0.1390 0.1376 0.1353  0.1367 0.1367 0.47 071 093 0.92 0.85
OMXHPI 0.1373 0.1449 0.1467 0.1451  0.1447 0.1417 0 0.01  0.02 0.02 0.01
OMXSPI 0.1475 0.1536 0.1537 0.1501  0.1504 0.1493 0 0.02 024 0.16 0.17
OSEAX 0.1423 0.1508 0.1406 0.1619  0.1413 0.1534 0 0.74 0 0.72 0.05
RUT 0.1818 0.1805 0.1842 0.1866  0.1817 0.1936 0.58 034 018 0.51 0.08
SMSI 0.1466 0.1494 0.1501 0.1488  0.1468 0.1521 0.06 0.03 0.19 0.46 0.03
SPX 0.1432 0.1495 0.1472 0.1510  0.1446 0.1482 0.07 0.11 = 0.03 0.31 0.07
SSEC 0.1403 0.1439 0.1392 0.1527 = 0.1389 0.1399 0.05 0.89 0 0.95 0.65
SSMI 0.1156 0.1255 0.1204 0.1175  0.1179 0.1273 0 0.05 0.30 0.14 0.06
STI 0.1045 0.1055 0.1037 0.1033  0.1046 0.1043 0.20 074 0.78 0.46 0.56
STOXX50E ~ 0.1537 0.1607 0.1602 0.1613 = 0.1562 0.1692 0 0.02  0.02 0.16 0.01

Lastly, we use the DQ test (Engle and Manganelli, 2004) to backtest and validate the VaR
forecasts. As pointed out by Engle and Manganelli (2004), the out-of-sample DQ test does
not depend on the estimation procedure, but only the sequences of the VaR forecasts and
the corresponding return values are needed. In this test, a series of “Hits” are calculated by
H; = I(yr < VaR;) — a for the null hypothesis and iid series with rate «. When the null
hypothesis is true, it can be shown that E(H;) = 0 and E(H;W;;) = 0 (Gerlach et al., 2016)

where W has g explanatory variables that are in the information set at time t — 1 when the
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forecast VaR; is made. To check whether all parameters in a regression of H on W equal zero,

the following DQ test statistic has been derived as:

HW (W’w)_1 W H
a(l—a)

Following Engle and Manganelli (2004) and Gerlach et al. (2016), we employ DQ test with lags

DQ(q) = ~ Xor (5.20)

from 1 to 4, respectively, as follows:

W/ = (1,H;_1,VaR;) denoted as DQ;,

W = (1,H,_1,H;_»,VaR;) denoted as DQ,,

W = (1,H;_1,H;_», H;_3,VaR;) denoted as DQ3,

W/ = (1,H;_1, Hi—2, Hi—3,H;_4,VaR;) denoted as DQ;.

Table 5.9 shows the total number of markets for which each model is rejected by the DQ tests,
where the significance level is selected as the corresponding «. Less rejections are better. The
proposed RNN-HAR model has the lowest number of rejections out of 31 markets considered
for each probability level. Again, its performance is followed by the semi-parametric VaR-HAR

which in general outperforms the conventional HAR models.

Table 5.9. Summary of the DQ backtesting results across 31 markets, with « = 1%, & = 2.5% and
&« = 5%. Blue highlighting indicates the model with the least number of rejections for each test on

each probability level.

a=1% & = 2.5% & = 5%
DQ1 DQ2 DQ3 DQ4 DQ1 DQ2 DQ3 DQ4 DQ1 DQ2 DQ3 DQ4
RNN-HAR 8 8 14 14 7 5 8 7 4 3 4 4
VaR-HAR 10 10 14 12 7 6 8 8 12 12 13 11
HAR 25 25 26 25 23 27 25 24 16 15 16 16
LevHAR 286 28 29 29 21 26 22 21 19 20 20 20
SqrtHAR 21 20 22 23 21 21 20 22 14 15 15 15

RHARGARCH 28 27 28 28 25 23 25 26 21 20 20 19

In addition to the primary evaluation techniques discussed in this chapter, the MCS test,
as introduced in Chapter 2, was applied to assess the relative performance of the proposed
models. However, the results of the MCS test were consistent across all models and markets,
showing no significant differences in predictive performance. As such, the MCS results are not
presented here, but the application of the test supports the robustness of the models in this

study.
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5.5.6 Computational efficiency

In this study, all models, including RNN-HAR, VaR-HAR, HAR, LevHAR, SqrtHAR, and
RHARGARCH, were run for all 31 markets included in the analysis. The training times for
each model varied depending on their complexity. While the traditional models (VaR-HAR,
HAR, LevHAR, SqrtHAR, and RHARGARCH) typically took 10-15 minutes to run per market,
the RNN-HAR model, owing to the inclusion of the RNN component, required approximately

40-45 minutes per market.

The computational demands for the models reflect the complexity of the algorithms. The
RNN-HAR model, due to its more intricate structure, naturally requires more time to
process. This increase in computational time is consistent with the trade-off between
the added complexity of capturing non-linear dependencies and the resulting performance

improvements.

All computations were performed on a personal laptop with 12 GB of RAM and a
single-core processor. While the models were run sequentially, the use of relatively moderate
computational resources did not prevent the models from being run for all 31 markets in
the study. The RNN-HAR model’s increased computational time is justified by its superior
ability to capture complex, non-linear patterns in the data, leading to enhanced forecasting

performance.

In conclusion, despite the longer computational time for the RNN-HAR model, the trade-off
is justified by its improved performance. The model’s ability to capture intricate temporal
dependencies makes it a valuable forecasting tool, offering substantial benefits over traditional

models, even though it requires more computational resources.

5.6 Chapter summary

This chapter extends the HAR model by integrating RNN structures to capture daily, weekly,
and monthly non-linear and long-term effects of realized variances on VaR. The proposed
RNN-HAR model directly estimates VaR and leverages quantile scores, eliminating the need
for distributional assumptions. This approach incorporates return series alongside realized
measures, reducing potential inaccuracies associated with relying solely on the latter. We
use SMC with likelihood annealing for in-sample analysis and SMC with data annealing
for out-of-sample sequential forecasting. Our extensive empirical study covers 31 major
stock markets, demonstrating that the proposed RNN-HAR model outperforms other HAR

extensions across all three probability levels we considered.
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5.6 Chapter summary

The chapter focuses mainly on one-step-ahead VaR forecast. Our approach can be extended to

multi-step-ahead forecasts. For a given horizon h, equation (5.7a) can be modified as
VaRpy, = Bo + Baltf + Buhi’ + Puhi'.

After training, this model can be used for h-step-ahead VaR forecast together with its associated

uncertainty.

Another promising avenue for future research involves further enriching the model with
LSTM structures and incorporating multiple realized measures. These advancements hold
potential for achieving even higher levels of predictive accuracy and robustness in financial

risk forecasting.
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Chapter 6

RNN-ReESCAViaR model

In this chapter a non-linear model framework is proposed for joint VaR and
ES forecasting. The framework, referred to as RNN-ReESCAViaR, extends the
Realized-ES-CAViaR Model, a framework where the realized measure influences
VaR and ES separately by integrating an RNN to handle non-linear dynamics.
The link between the quantile score function and the AL density has established
a flexible, likelihood-based framework for the joint modelling of VaR and ES.
Recognizing the importance of accurately capturing the dynamic interdependence
between these risk measures in financial applications, our proposed framework
integrates asymmetric Laplace quasi-likelihood with RNN-based time series
techniques. Bayesian inference is conducted using the SMC algorithm, enhancing
model estimation and forecasting performance. Daily closing prices and realized
variance from 2000 to 2022 across 21 markets is selected for the empirical study.
One-step-ahead VaR and ES forecasting performances is compared against four
semi-parametric and parametric models. Compared to all other models, our

proposed RNN-ReESCAViaR model demonstrates better results.
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6.1 Introduction

Recent global events highlight the need for strong risk management practices. For example,
the COVID-19 pandemic caused major disruptions and volatility in financial markets. Many
institutions faced significant losses because they could not accurately assess risks during
this crisis. This situation revealed the shortcomings of traditional risk measures that often
fail to account for extreme events. As a result, many firms have re-evaluated their risk
management strategies to better handle sudden market shocks (Baker et al., 2020). Moreover,
ongoing geopolitical tensions, such as the conflict between Russia and Ukraine, have shown
how interconnected global markets can be. These events have led to dramatic changes in
commodity prices and financial stability, reinforcing the need for adaptable risk management
practices. Companies now realise that a proactive approach protects assets and helps them

seize opportunities in uncertain times.

In light of these experiences, there is a strong need for risk management practices that are
both robust and flexible enough to adapt to rapid changes. VaR and ES are key measures to
assess financial risk. VaR is one of the most commonly used measures for evaluating tail risk
but has significant limitations. VaR estimates the potential loss at a specified confidence level,
providing a quantile of the profit and loss distribution. Its simplicity has made it a popular
choice for measuring market risk. However, VaR cannot capture the severity of losses that
occur beyond the threshold, failing to consider the shape and structure of the tail of the return
distribution (Artzner et al., 1999). This lack of insight means that VaR can lead to an incomplete
understanding of risk exposure. Moreover, VaR is not a coherent risk measure, as it does
not satisfy the property of sub-additivity. This implies that the risk of a combined portfolio
could be assessed as lower than the risk of its individual components, which can promote
risky behaviour through non-diversification (Acerbi and Tasche, 2002). These shortcomings
highlight the necessity of incorporating additional risk measures. In contrast, ES has gained
popularity for its favourable properties. ES measures the average loss expected in scenarios
where losses exceed the VaR threshold, thus providing a more comprehensive assessment of
tail risk (Roccioletti, 2015). ES accounts for the magnitude of extreme losses as a coherent risk

measure, making it a vital complement to VaR.

The Basel Committee on Banking Supervision (2023) has advocated for a transition from relying
solely on VaR at the 1% level to adopting ES at the 2.5% level, emphasizing the importance of
a more robust risk assessment framework. However, it is crucial to note that ES inherently
depends on the corresponding VaR estimate; thus, it cannot be elicited independently. The
practical evaluation of risk necessitates considering the joint (VaR, ES) pair, as highlighted by

Fissler and Ziegel (2016). This combined approach allows for a more thorough understanding
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of tail risks, aligning with current regulatory recommendations and enhancing overall risk

management strategies.

Traditional parametric models, particularly GARCH models, have been extensively used to
estimate VaR and ES in financial risk management. GARCH models, introduced by Bollerslev
(1986), allow for the modelling of time-varying volatility, which is crucial for capturing the
dynamic nature of financial returns. However, these models typically operate under specific
distributional assumptions, often assuming that returns follow a normal or t-distribution. This
reliance on parametric assumptions can lead to significant inaccuracies in risk estimation,
particularly during periods of market stress when the true distribution may exhibit heavy
tails or skewness (Engle, 2001). Extensions of the GARCH framework, such as EGARCH
(Nelson, 1991) and GJR-GARCH (Glosten et al., 1993), aim to address some of these limitations
by allowing for asymmetric effects in volatility. Despite these advancements, the inherent
assumptions of these models can still lead to misestimation during extreme market events,

necessitating the exploration of more flexible modelling frameworks.

Semi-parametric time series quantile models, such as the Conditional Autoregressive Value
at Risk (CAViaR) framework introduced by Engle and Manganelli (2004), focus on directly
estimating the quantile (VaR) by minimizing a quantile loss function, akin to quantile
regression techniques. However, it is important to note that these models do not explicitly
estimate ES. The challenge in estimating ES arises from its non-elicitable nature; as Gneiting
(2011) discusses, no unique loss function exists that can be minimized by ES in expectation. To
address this limitation, Fissler and Ziegel (2016) propose a family of joint loss functions that are
strictly consistent for concurrently estimating the true VaR and ES series. These loss functions
are uniquely minimized in expectation by the true VaR and ES, facilitating the development

and estimation of joint models for both risk measures.

Building upon these advancements, Taylor (2019) introduces a joint semi-parametric model
for VaR and ES, referred to as ES-CAViaR. This model employs an asymmetric Laplace
(AL) distribution with a time-varying scale, which allows for constructing a quasi-likelihood
function. Taylor (2019) demonstrates that this quasi-likelihood is directly related to the class
of strictly consistent loss functions identified by Fissler and Ziegel (2016), thereby enabling the
joint estimation of conditional VaR and ES. This approach enhances the modelling of tail risks

and provides a more comprehensive framework for assessing financial risk.

Integrating realized measures in VaR and ES forecasting marks a significant advancement in
risk modelling. Realized measures, such as realized volatility, provide valuable insights into
the underlying dynamics of asset returns. Parametric models that incorporate these measures,
like RGARCH Hansen et al. (2012) and REGARCH Hansen and Huang (2016), enhance
traditional GARCH specifications by utilizing realized volatility data, thereby improving

Page 97



6.1 Introduction

forecasting accuracy. In a semi-parametric context, Gerlach and Wang (2020) extend the
ES-CAViaR framework (Taylor, 2019) by incorporating realized measures as exogenous
variables, demonstrating enhanced forecasting accuracy for both VaR and ES. Building on this
foundation, Wang et al. (2023) introduce the Realized-ES-CAViaR framework, suggesting that
it can be further extended into other nonlinear models as proposed by Gerlach et al. (2011).
While this model (Gerlach et al., 2011) improves flexibility for dynamic quantile estimation, it
fails to fully leverage the advanced techniques’ capacity to capture non-linear dynamics and

temporal dependencies present in financial data.

The involvement of machine learning techniques in financial forecasting, particularly for VaR
and ES estimation, has gained significant attention. As highlighted by Sako et al. (2022),
several machine learning models have been proposed for financial forecasting. Artificial neural
networks (ANNSs), also called neural networks (NN), constitute a subset of machine learning,
more precisely deep learning (DL), which is based on numerical algorithms that simulate the

behaviour of biological systems composed of neurons.

Xu et al. (2016) introduce a nonparametric Conditional Autoregressive Expectile (NCARE)
model that utilizes Artificial Neural Networks (ANNSs) to offer flexibility in capturing nonlinear
relationships in risk estimation. While this approach extends the CARE model by Taylor
(2008a) avoiding predetermined functional forms, it does not fully address the sequential
nature of financial data. Compared to ANN, RNN has shown superior results due to the
inherently sequential nature of time series data. RNNSs are designed to capture temporal
dependencies by feeding the output of a previous time step as an input to the current
step, enabling them to remember past information. This ability to model time-dependent
patterns makes RNNs more suitable for financial forecasting tasks, where capturing dynamic
relationships is crucial (Sako et al., 2022). Further, RNNs are particularly well-suited for
financial time series forecasting because they can process sequential data and retain the
memory of recent events through interconnected hidden neurons (Wang et al., 2022). This
capacity to learn from past data makes RNNs effective in modelling the autocorrelation
characteristics of stock prices, which often do not adhere to random walk assumptions.
Therefore, our proposed model integrates RNNs to forecast VaR and ES, offering a more

comprehensive and accurate framework for risk forecasting.

Despite the advancements in estimating VaR and ES, a significant gap remains in the joint
estimation of these two measures using advanced techniques. While scholars have explored
the combination of quantile regression with machine learning methods such as quantile
regression neural networks (QRNN) and LASSO-QR—these models often struggle to capture
long memory effects and nonlinear dependencies, leading to inaccuracies, particularly at

higher confidence levels (Wang et al., 2024). Moreover, existing machine learning approaches
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have not effectively addressed the challenge of severe VaR violations, where actual losses

exceed the predicted VaR values.

To address these challenges, our proposed RNN-ReESCAViaR framework aims to fill the gap by
integrating RNNss for the joint estimation of VaR and ES, where the realized measure influences
both quantities separately. Our framework retains a semi-parametric framework, thus
eliminating reliance on specific distributional assumptions regarding returns. By effectively
capturing the non-linear dependencies in the joint dynamics of VaR and ES, our approach
provides a more robust and flexible method for risk assessment. Leveraging Bayesian SMC
for parameter estimation, the RNN-ReESCAViaR framework enhances predictive accuracy
in volatile market conditions. This research advances the joint estimation of VaR and ES
while contributing to the broader literature on financial risk assessment, highlighting the

effectiveness of non-linear models.

The remainder of this paper is organized as follows: Section 6.2 details the proposed model,
section 6.3 describes the methodology, Section 6.4 presents the empirical results, and Section

6.5 summarizes the findings and their implications.

6.2 Proposed models

The proposed RNN-ReESCAViaR framework is an extension of the Realized-ES-CAViaR
model (Wang et al., 2023), which focuses on the joint estimation of VaR and ES using
realized measure. By incorporating a RNN, the proposed model further enables effective
capture of the non-linear relationships present in financial data, providing a comprehensive
approach to sequential forecasting. Wang et al. (2023) introduce the additive version of the
Realized-ES-CAViaR model as follows:

Realized-ES-CAViaR

Qr = Bo + Prxt—1 + P2Qr-1, (6.1)
Wy = Y0 + Y1Xt—1 + Yowr—1, (6.2)
ES; = QO — wy, (6.3)

xt =+ PlES + et + (e% —E((—:Z)) +uy, (6.4)

where 79 > 0,71 = 0,72 = 0, to ensure that the VaR and ES estimates do not cross. Here the
equation (6.1) is the quantile equation, equation (6.2) is the w; equation, equation (6.3) is the ES
equation, equation (6.4) is the measurement equation where x; denotes the realized measures.

Here we use realized variance (RV) as the realized measure.
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In our proposed framework, we extend the Realized-ES-CAViaR model by using RNN. To
identify the most effective structure for our proposed RNN-ReESCAViaR framework, we
initially tested nine variations of the model, each differing in the parameters influenced
by the latent state h; and the specific inputs fed into the RNN. These variations included
models where either one, two, or all three key parameters were driven by h;, and different
combinations of x;_1,Q;—1, ES;—1 were used as RNN inputs. After evaluating each version
on a subset of six diverse markets, we selected two final versions, RNN-ReESCAViaR-1h,
with only one parameter dependent on /;, and RNN-ReESCAViaR-2h, with two parameters
dependent on h; with all three RNN inputs x;_1, Q;—1, ES;—1 in the models. These models were
chosen based on their forecasting accuracy, stability, and computational efficiency, providing a

balance of complexity and performance suited to our empirical analysis.

Proposed RNN-ReESCAViaR-1h model:

Qr = Bt + Brxi—1 + B2Q¢—1 (6.5)

Wy = Vg + V1Xt_1 + Vow;_1, (6.6)
ES; = O: — wi 6.7)

xr = Go+ ¢1([ESi|) + drer + 2 (ef — E(€?)) +wy (6.8)

Bt = Bo + Bsh: (6.9)

he = ¢p(ao +a1xe—1 +a2Qe—1 + asESi 1 + aahy 1) (6.10)

Proposed RNN-ReESCAViaR-2h model:

Qr = Bt + P1xe—1 + P2Qt—1

Wi =V + VX1 + VoW1, (6.11)
ES; = Qf — wy

xt = Co + ¢1(|ESy|) + d1€r + G2 (€f — E(€7)) + wy

Bt = Bo + Bsh

vy = 1o + v3hy (6.12)

hy = (o + a1xi—1 + a2Qp—1 + a3ESi 1 + aahy—q)

In the above models, the equation (6.5) is the quantile equation, where the quantile Q; is
influenced by the lag value of the realized measure (x) and the quantile. Here f; is driven by h;
and this equation is common to both versions. The measurement equation (6.8) is common to
both versions and captures the relationship between the realized measure and the ES. Further
it includes the leverage term to capture the leverage effect and there is no parameters driven

by h; here. In Wang et al. (2023) they consider both additive and multiplicative versions in
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jointly modelling VaR and ES, but in this proposed framework, we only consider the additive
version of the model as in ES equation (6.7), and it is common to both versions of the model we

consider in this paper.

The recurrent update equation (6.10), k¢, serves as a fundamental component in both versions
of the proposed RNN-ReESCAViaR framework. This equation updates the hidden state by
incorporating lagged values of the x;_1,Q;—1 and ES;_1, along with the previous hidden state
hi—1 and a constant term. This recursive structure allows the model to capture temporal
dependencies and nonlinear dynamics inherent in financial time series data. By integrating
these lagged variables, the hidden state h; effectively encapsulates historical information
influencing the current state, enhancing the model’s ability to adapt and respond to evolving

market conditions.

The two versions of the RNN-ReESCAViaR framework differ primarily in treating the w;
equation and the associated parameter v. In the RNN-ReESCAViaR-1h model, the w; equation
incorporates x;_1 and w;_1 but the parameter vy is a constant and does not depend on the
hidden state /;. This limitation restricts the model’s capacity to adapt to changes in market
dynamics based on the hidden state information. In contrast, the RNN-ReESCAViaR- 2h model
introduces a more flexible approach by allowing v; to be a function of /, as outlined in equation
(6.11). This modification enables the model to leverage past information more effectively,
capturing the influence of the realized measure on the w; through a recurrent structure. By
integrating h; into the dynamics of v;, the RNN-ReESCAViaR-2h model enhances its ability
to respond to fluctuations in market conditions, thus providing a more robust framework for

estimating VaR and ES. Following section details the likelihood and model estimation process.

6.3 Model estimation

Our model estimation approach utilizes Bayesian techniques to ensure robust and consistent
forecasting of VaR and ES through the RNN-ReESCAViaR framework. CAViaR-type models,
as highlighted by Engle and Manganelli (2004), are often highly sensitive to initial conditions,
which can impact the stability of model outputs. Li et al. (2023) address this by recommending
Bayesian methods as a more dependable alternative, particularly through the use of Bayesian
Sequential Monte Carlo (SMC), which proves more resilient to initial-value dependencies than

maximum likelihood methods.

6.3.1 Likelihood function

Following Wang et al. (2023), our proposed model’s likelihood function is grounded in
the Asymmetric Laplace (AL) distribution. Koenker and Machado (1999), interpret the
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conventional quantile regression estimator as a maximum likelihood estimator (MLE) under
the AL density, which features a mode at the quantile. Taylor (2019) establishes a conditional

density function linking ES; to a dynamic measure of volatility o:

This density enables the formulation of a quasi-likelihood function that captures the
relationship between ES; and quantiles. The negative logarithm of this AL-based density
is consistent with the joint loss function framework presented by Fissler and Ziegel (2016),

allowing us to employ Bayesian methodologies effectively.

To construct the full quasi-log-likelihood function for our model, we incorporate measurement
equations reflecting the realized measures. Following Wang et al. (2023), we assume that the
measurement error #; (iid) follows a normal distribution u; ~ N(0, (75). Therefore, the overall

quasi-log-likelihood can be expressed as:

A(r,X;0) = A(r;0) + A(X|r; 0)

v (a—1)  (re—Qe)(a—I(rr < Q)
- Z% log g5~ + «ES; > (6.14)
;i(log 27) +log(o2) +ui /o),

t=1

where X = X;, Xy, ..., Xy and uy = X; — & — ¢1(|ESt|) — b1 — 62(€? — E(€?)).

6.3.2 Bayesian estimation

Bayesian methods have become increasingly popular in statistical modelling, particularly for
their strength in parameter estimation and their ability to incorporate prior knowledge with
observed data. These methods provide a systematic approach that enhances accuracy in
various applications, especially in financial contexts. Wang et al. (2023) show through extensive
simulation studies that Bayesian estimators outperform traditional AL-based quasi-maximum
likelihood (QML) estimators regarding parameter estimation and risk forecasting. This
emphasizes the benefits of using Bayesian approaches when facing challenges like parameter
sensitivity and model uncertainty. Li et al. (2023) also highlight the reliability of Bayesian
methods, pointing out that they can effectively manage the sensitivity of initial values in
modeling. They argue that by treating initial values as unknown parameters within a Bayesian
framework, researchers can improve estimation robustness, leading to better forecasts for risk

measures such as VaR and ES.
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6.3.3 Sequential Monte Carlo (SMC)

SMC methods enhance the Bayesian framework by providing efficient estimation and
forecasting. SMC is particularly valuable for generating a complete predictive density for risk
measures. It reuses intermediate samples obtained through a data-annealing process, which
improves accuracy while keeping computations manageable (Nguyen et al. (2022b); Gunawan
et al. (2022)). As Del Moral et al. (2006) note, SMC methods excel in handling complex state
spaces and high-dimensional problems, making them ideal for financial modelling. SMC
methods are particularly beneficial within the Bayesian framework. They enable efficient
sampling from complex posterior distributions, facilitating the computation of predictive
densities for VaR and ES forecasts (Li et al., 2023). The algorithm implemented in this study is
adapted from Nguyen et al. (2022b), ensuring that the estimation process is both reliable and

aligned with current best practices in the field.

6.3.4 Prior distributions

Specifying prior distributions for model parameters in the Bayesian framework is essential,
as these priors reflect our initial beliefs before observing the data. We carefully evaluated
several candidate distributions for each parameter before selecting the final priors. Table 6.1

summarizes the prior distributions for each parameter in the RNN-ReESCAViaR framework.
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Table 6.1. Prior distributions
RNN-ReESCAViaR-1h RNN-ReESCAViaR-2h

Parameter Prior Prior

B1 N(-0.9,0.1) N(-0.9, 0.1)
B2 N(0.3,0.1) N(0.3,0.1)
121 N(0.1,0.1) N(0.1,0.1)
%) N(0.7,0.1) N(0.7,0.1)
1 N(0.5,0.1) N(0.5,0.1)
& N(0.3,0.1) N(0.3,0.1)
b2 N(0.5,0.1) N(0.5,0.1)
Bo N(-0.3,0.1) N(-0.3, 0.1)
B3 N(-0.2,0.1) N(-0.2,0.1)
%) N(0.01,0.1) N(0.01,0.1)
V3 N(0.01, 0.1)
¢o N(-0.1,0.1) N(-0.1, 0.1)
xo N(0.1,0.12) N(0.1,0.12)
a0 N(0.1,0.1%) N(0.1,0.12)
o N(0.1,0.1%) N(0.1,0.1%)
a3 N(0.1,0.12) N(0.1,0.12)
oy N(0.1,0.12) N(0.1,0.12)
o 1G(0.5, 1) 1G(0.5, 1)

We employ SMC samplers for Bayesian inference and sequential forecasting, specifically
leveraging likelihood annealing for in-sample analysis and data annealing for out-of-sample,

expanding-window forecasts, following the approach of Nguyen et al. (2022b).

6.3.5 Likelihood Annealing SMC for in-sample Analysis

More details about SMC algorithum is explained in chapter 3 and chapter 5. Here we revisit
the main steps of SMC algorithum. In the likelihood annealing approach, the goal is to sample
from a generalized posterior distribution of model parameters, 77(6), based on all training data,

y1.7, The posterior is defined as:

70(0) = p(Blyr.r) o< p(yr:7[0)p(6), (6.15)
where p(0) is the prior and p(y1.7|6) is a likelihood-like function as in equation (6.14).
The SMC sampler begins by initializing M particles {Wé, 9{, }]I\il drawn from the prior

distribution, where each particle weight Wé is initially set to 1/M. Particles are then
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sequentially traversed through a set of tempered distributions,

1 (0) == m(0]y1.r) < p(y1.7]0)"p(0), (6.16)

where the temperature levels {7}, range from 0 to 1.

SMC Algorithm steps:

1. Reweighting: At each step t compute the unnormalized particle weights,

w) =W p(yrrl0]_ )", =1,.., M (6.17)

and normalize them by dividing each weight by the sum of all w]t', yielding the updated
weights Wtj .

2. Effective Sample Size (ESS): Compute ESS to assess particle efficiency:

1
ESS= ————,j=1,.,M (6.18)
£, (W)

If ESS falls below a threshold, resample the particles.

3. Resampling and Markov Move: After resampling, the equally weighted particles are
perturbed through a Metropolis-Hastings step. For each particle, propose a new state

from N(6/ , 2 ) with X; the covariance matrix and accept the proposal with probability:
t P prop p y

]-/ v ]-/
- (1, p(yirl6]) " p (6] )) ; 6.19)
p(y1.7|0)1p(6))

6.3.6 Data Annealing SMC for out-of-sample forecasting

To generate one-step-ahead forecasts, we use data annealing, where the posterior distribution

is updated as new data become available.

SMC Data Annealing steps:

;M
1. Reweighting: Update the weights of particles {W{_l}‘ . according to the predictive
]:
density:
w{f = WLlP(thl:t—l,f?Ll) (6.20)

2. Effective Sample Size (ESS): Calculate ESS as before. If ESS falls below a threshold,

resample the particles to maintain diversity.
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3. Markov Move: Perturb each particle through a Metropolis-Hastings step using the
updated posterior 71;(9).

These steps ensure that our SMC procedure is well-suited for both in-sample and out-of-sample
analyses, with likelihood annealing handling posterior sampling from the full dataset and data
annealing managing sequential updates for forecasting. Table 6.2 represents the SMC settings

used in this research.

Table 6.2. SMC settings

Variable Description Value
K Number of annealing levels 10,000
M Number of particles 2,000
c Constant of the ESS threshold 0.8

Niik Number of Markov moves in the SMC with likelihood annealing 10
Ngata ~ Number of Markov moves in the SMC with data annealing 15

6.4 Data and empirical study

6.4.1 Data description

Daily closing prices and RV data from January 2000 to June 2022 were downloaded from
Oxford-man Institute’s realized library (Heber et al., 2009). Data from 21 markets are included
in this study. Each data set is split into an initial in-sample period, from January 2000 to
December 2011, and an out-of-sample forecasting period from January 2012 to June 2022
including the COVID-19 period. Daily one-step-ahead forecasts of VaR and ES are calculated
for 21 at the 2.5% and 1% probability levels in the forecast sample. A rolling window, with
fixed in-sample size T, is used to estimate each of m one-step-ahead forecasts of VaR and ES in
the forecast period for each series. Table 6.3 shows the total sample sizes, plus T and m in each

market. T and m differ due to different non-trading days in each market.
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Table 6.3. Summary of the selected data sets and their in-sample and out-of-sample split.

Index  Sample size In-sample size (T) Out-of-sample size (1)
AEX 5734 3056 2678
AORD 5675 3025 2650
BFX 5732 3054 2678
BVSP 5530 2954 2576
DJI 5629 3007 2622
FCHI 5736 3055 2681
FTSE 5667 3020 2647
GDAXI 5697 3049 2648
GSPTSE 5036 2413 2623
HIS 5504 2937 2567
IBEX 5699 3024 2675
IXIC 5636 3006 2630
KS11 5531 2955 2576
KSE 5477 2885 2592
MXX 5636 3009 2627
N225 5459 2909 2550
OSEAX 5186 2581 2605
RUT 5633 3006 2627
S&P500 5634 3008 2626
SSEC 5426 2886 2540
SSMI 5634 3012 2622

Figure 6.1 displays the time series plot of the absolute value of daily return and RV of FTSE as

an example.
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FTSE Absolute return and realized variance
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Figure 6.1. FTSE absolute return series and realized variance

6.4.2 Models in comparison

In our empirical study, we benchmark the performance of our proposed framework against
prominent models in the literature that incorporate realized measures. Models that rely
solely on return series do not capture the complete effect of realized measures, which are
essential for accurately modeling financial risk. For this reason, we exclude models without
realized measures from the comparison. We include the parametric REGARCH model (Hansen
and Huang, 2016) with t distributions and three semi-parametric models, ES-CAViaR-X,
ES-X-CAViaR-X (Gerlach and Wang, 2020), and Realized-ES-CAViaR (Wang et al., 2022) as
they each provide valuable insights by integrating a realized measure into the risk forecasting

process. All 4 models use Bayesian MCMC for parameter estimation.

Figure 6.2 displays the 2.5% VaR and ES forecasts of FISE for the proposed
RNN-ReESCAViaR-2h as an example.
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FTSE RNN-ReESCAViaR-2h Model
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Figure 6.2. Proposed RNN-ReESCAViaR-2h model Return, VaR and ES for FTSE

Assessing VaR forecasts

This section discusses the evaluation of VaR forecasts. First, the VaR violation rate (VRate) is
used as an informal criterion to assess VaR forecasting accuracy. VRate is the proportion of

returns in the forecast period that violate or exceed the VaR forecasts Qr.

1 T+m N
VRate = — Z I(T’t < Qt) (6.21)
m, Tt

where T is the in-sample size and m is the forecasting sample size. Models with VRate close to
VRate

o
the VRates for each model over the return series. The results show that the proposed
RNN-ReESCAViaR models give overall better results for 43% of the markets when & = 2.5%
and for « = 1%, it gives better performance for 38% of the total markets considered. However,
compared the RNN-ReESCAViaR-1h model, RNN-ReESCAViaR-2h gives better results. When

considering individual models for both « values, Realized-ES-CaViaR models perform better.

nominal, thatis, &« = 2.5%, or equivalently close to 1, are preferred. Table 6.4 summarizes
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Table 6.4. VRate

0622.50/0 lX:lO/o
s & SIS
o= o > o - >
s = TS
I T J = < OS]
O U = X &2 I Jg U o X £ 3
AN V5 T o .S m N 97 T o~ o= 53]
P B S & ' H B QO < '
= < o} Q ] = (] o
r 2 2 > J @ 2 2 &8 > § 9
[ [ <ﬂ < 7 5 [ [ < < 7 §
2 2 g Y x T £ £ g Y x 7
[sa] (S}
Maket 2 B B B B £ 2 2 B & & &

AEX 0.60 1.03 1.30 1.02 1.08 1.14 1.49 1.27 1.90 1.31 1.34 1.34
AORD 1.30 0.94 1.15 0.95 0.98 0.95 2.23 2.19 1.85 1.06 1.06 1.09
BEX 0.82 0.96 1.28 0.90 0.88 0.90 0.86 1.01 1.31 1.01 0.97 0.97
BVSP  0.39 0.47 092 0.98 0.95 0.93 0.93 0.58 1.01 1.01 0.89 0.97
DJI 0.98 0.98 1.50 1.16 1.14 1.07 1.64 1.11 1.87 1.68 1.60 1.53
FCHI 091 1.01 1.39 1.22 1.21 1.21 1.72 1.64 1.79 1.45 145 1.45
FTSE 1.10 1.15 1.57 1.25 1.25 1.21 2.08 1.62 2.27 1.70 1.62 1.62
GDAXI 1.10 1.33 1.59 142 1.36 1.39 2.19 1.66 1.85 1.89 1.77 1.85
GSPTSE 1.08 0.85 1.40 1.07 1.05 0.99 1.49 1.45 1.60 1.33 1.33 1.26
HIS 0.87 097 1.18 1.14 1.12 1.09 1.60 1.40 1.60 1.32 1.29 1.21
IBEX 0.73 0.72 1.18 0.99 0.99 1.03 1.01 1.01 1.23 1.20 1.20 1.16
IXIC 0.53 0.62 1.51 1.08 1.16 1.16 0.57 1.48 1.75 1.22 1.25 1.25
KS11 0.51 0.59 1.23 0.89 0.87 0.90 1.28 0.78 1.28 0.89 0.85 0.89
KSE 1.02 093 1.22 1.06 1.05 094 1.66 1.77 1.66 1.16 1.43 1.00
MXX 0.55 0.44 091 0.65 0.65 0.64 0.53 0.53 0.72 0.57 0.57 0.57
N225 124 1.27 1.24 1.19 1.21 1.15 2.04 1.84 1.61 1.45 1.45 1.29
OSEAX 0.64 0.66 1.29 091 0.92 094 1.15 0.77 1.42 0.81 0.88 1.04
RUT 0.38 0.38 0.90 0.65 0.69 0.61 0.49 0.42 0.95 0.80 0.80 0.76
S&P500 1.10 1.19 1.40 1.08 1.08 1.07 1.41 1.22 1.90 1.37 1.37 1.29
SSEC 0.71 0.71 1.04 1.20 1.13 1.01 1.57 1.18 1.26 1.26 1.30 0.94
SSMI 092 098 143 1.08 1.07 1.10 1.56 1.22 1.64 1.11 1.11 1.14

Note: Bold numbers indicate the favoured model for each market.
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As a more formal test, the quantile loss as in equation (6.22) is also used to assess VaR

forecasting accuracy.
T+m

(a I < Qf)) (rt - Qt) ) (6.22)

1
My _Th

where QTH, e QT+m are the quantile forecasts at level a. Since the quantile loss function is
strictly consistent, the model with minimum sample quantile loss is preferred. Table 6.5 shows
the 2.5% and 1% VaR quantile loss function results. The average rank based on the ranks of the
quantile loss across the 21 markets is also included in the “Avg Rank”. Results show that our
proposed model, RNN-ReESCAViaR-2h, performs better for both « values. When & = 2.5%,
and « = 1%, the RNN-ReESCAViaR framework gives better performance for 43% and 48%,

respectively, for all the markets considered.
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Table 6.5. Quantile loss values
a=25% a=1%
= S 3 S
R T o e
8 S = g § =
z = x5 =z xS
J o = % e h 9 9 = % - h
9] (o) T ~ 8 m N [95) T o~ = m
Lg % O < > ' [Sa} [Sa} O < > v
= < o] ) ) = ] el
=4 ~ ~ > @] 9] ~ ~ ~ > @] 9]
| v < < v N v v < < T N
Z £ g9 ¢ x £ £ £ 9 9 X 3
Market g & B & ¢4 £ & 2 &8 4 & &
AEX 191.17 188.27 201.09 191.82 191.68 192.52 92.04 90.49 10655 91.85 92.08 92.10
AORD 159.47 158.56 157.55 161.22 161.03 161.77 83.88 83.57 81.83 7826 78.20 7851
BEX 189.94 189.30 202.57 190.95 190.81 191.74 9391 93.87 98.74 93.89 93.92 94.04
BVSP 268.63 265.29 252.45 250.74 251.00 254.50 123.82 12620 125.17 127.67 127.47 127.52
DJI 163.86 163.79 17542 16434 164.70 168.30 8448 83.11 8327 8151 81.32 82.70
FCHI 216.66 216.56 225.65 219.69 219.72 220.17 108.82 108.49 111.74 108.91 108.77 109.02
FTSE 177.14 17643 179.15 177.04 177.27 178.07 9219 8795 89.35 8531 84.86 85.08
GSPTSE 147.06 147.54 149.34 149.76 150.09 153.05 79.54 7898 7546 78.65 7872 78.03
HIS 203.47 202.06 204.13 200.98 200.90 201.16 97.11 9546 98.67 9570 9555 94.92
IBEX 237.66 238.01 24047 23643 236.32 239.13 117.90 118.10 120.60 119.77 119.52 121.03
IXIC 199.65 199.23 207.93 197.30 198.04 198.38 90.92 91.19 97.36 93.12 93.15 93.42
KS11 164.01 159.93 160.34 156.37 156.38 156.56 75.54 74.78 7858 7391 7398 73.91
KSE 198.04 197.73 201.35 196.83 197.19 202.10 103.00 104.09 102.56 97.73 103.80 100.95
MXX 178.87 181.44 170.44 173.71 173.65 17433 85.70 8542 8213 8593 86.05 85.94
N225 226.12 227.23 227.47 22550 225.07 224.35 118.63 114.51 114.89 112.63 112.68 110.91
OSEAX 187.24 186.96 18324 182.94 182.97 187.84 8658 85.87 8836 87.29 87.74 88.08
RUT 236.12 23434 23092 221.81 221.59 221.84 106.53 108.98 11049 108.16 108.31 107.95
S&P500 166.54 166.12 172.76 169.67 169.64 17027 8230 82.55 8325 82.64 82.88 83.04
SSEC 240.86 241.50 245.67 239.54 241.78 24249 124.67 121.19 127.05 119.82 120.26 122.86
SSMI 16422 164.21 168.44 16494 164.64 16627 83.62 82.74 8361 8220 8239 82.11
Avg Quantile loss 196.79 19630 199.45 19481 194.93 19639 9730 9644 98.64 9595 96.28 96.08
Avg Rank 338 286 490 262 271 452 376 290 476 276 319 329

Note: Bold numbers indicate the favoured model for each market

To assess the statistical significance of quantile loss differences among models, we initially
applied the Model Confidence Set (MCS) method, introduced by Hansen et al. (2011). The
MCS identifies a set of models expected to contain the best-performing models within a chosen
confidence level, thus allowing for an objective comparison of forecasting models. MCS tests
under the 90% confidence level and employs test statistics (R and SQ) to compare quantile
loss among models. However, these results are omitted from the final analysis, as they do not

contribute additional insight into model performance.
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Assessing ES forecasts

As discussed in Section likelihood function, Taylor (2019) shows that the negative of the
quasi-log-likelihood function (6.13) is strictly consistent for Q; and ES; considered jointly, and

fits into the class of strictly consistent joint loss functions for VaR and ES developed by Fissler

n-—+m

and Ziegel (2016). We use the average joint loss S = % Yimni1

the VaR and ES forecasts from all models.
o — 1) (= Q) (e —I(r < Q)

Si(r, A,]/Eg = —lo — —
t( ' Qt t> g< ESt DCESt

S to formally and jointly assess

(6.23)

Table 6.6 shows the 2.5% and 1% VaR and ES joint loss function values for each model
and market. The “Avg Rank” calculated in the same way as Table 6.5 is included. The
results are generally consistent with the ones from the quantile loss study. From all markets
considered, our proposed RNN-ReESCAViaR framework performs 52% better than the other
models for « = 2.5%, and it is 47.62% for « = 1%. Comparing individual models, proposed
RNN-ReESCAViaR-1h performs as the best model for 6 markets while RNN-ReESCAViaR-2h
model performs the best model for 5 markets when a = 2.5% considering all 21 markets. When
« = 1%, the proposed RNN-ReESCAViaR-2h is the best model for six markets, the highest from

all models considered.
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Table 6.6. Joint loss values

0(22.50/0 06210/0
< =] < =]
— [\l i [aN]
& & c &~ ~ =
S 8 = ‘>£ :‘>3 =
Z Z % S z Z % S
J J - > & 3 J J o = = h
D D o ~ i &3] 28 a T ~ i &3]
£ =2 3] = = \ =31 m O o = ;
i « o] 9 9 o © o]
~ 2 ~ > O 5 ~ 2 &~ > S 5
| | <C < ? N ] | <C < ? N
Z Z J < >.< = Z Z J Q >.< S
Market & & o & & & & ~ &~ & 8 &
AEX 5343.50 5306.37 5570.70 5351.90 5339.70 5357.60 5750.40 5719.63 6326.00 5808.20 5787.50 5780.80
AORD 4943.11 4890.43 4899.90 4938.50 4937.10 4939.60 5732.41 5653.74 5587.40 5427.50 5422.20 5424.80
BEX 5298.69 5287.19 5468.50 5314.10 5305.30 5327.90 5753.70 5756.81 5988.30 5778.70 5763.80 5783.70
BVSP 6239.11 6199.93 6033.20 6031.50 6033.60 6037.60 6551.81 6593.15 6546.00 6704.40 6626.80 6614.90
DJI 4739.53 4756.26 4950.80 4802.10 4795.70 4833.60 5325.75 5287.01 5380.60 5351.00 5327.40 5338.10
FCHI 5699.86 5706.52 5948.70 5781.50 5772.10 5769.40 6292.64 6247.77 6538.00 6317.20 6291.20 6281.70
FISE 5116.01 5103.21 5254.30 5146.00 5147.90 5151.60 5842.72 5646.57 5822.60 5600.90 5586.70 5583.80
GDAXI 5676.93 5702.25 6039.60 5753.50 5752.00 5738.70 6383.98 6225.09 6539.90 632520 6322.10 6289.70
GSPTSE 4508.24 4512.19 4575.60 4561.80 4558.80 4624.40 5253.85 5155.11 5067.90 5170.80 5145.20 5139.10
HIS 5528.73 5508.38 5548.40 5495.60 5493.90 5487.70 5945.17 5895.92 6017.70 5902.80 5897.60 5872.70
IBEX 5953.18 5941.34 6002.90 5948.70 5936.70 5955.80 6416.75 6426.27 6550.10 6533.00 6498.00 6532.90
IXIC 5478.72 5417.17 5600.60 5381.90 5382.70 5384.90 5728.80 5756.75 6095.50 5806.30 5804.10 5794.80
KS11 4953.46 4893.38 4895.20 4803.90 4796.20 4797.00 5228.12 5232.10 5390.50 5228.20 5228.70 5222.00
KSE 5500.74 5480.37 5564.40 5486.40 5479.40 5551.20 6338.21 6217.04 6190.20 6049.80 6160.10 6112.50
MXX 5216.54 5281.13 5100.70 5144.60 5143.70 5152.50 5616.00 5605.75 5556.60 5640.80 5641.90 5642.10
N225 5743.71 5753.75 5809.60 5751.80 5752.10 5731.80 6554.42 6380.24 6398.90 6300.90 6308.20 6249.30
OSEAX 5233.93 5245.54 5187.10 5177.10 5169.90 5213.30 5582.64 5552.68 5598.70 5564.10 5564.60 5580.30
RUT 5917.43 5856.20 5787.60 5668.10 5663.50 5660.60 6106.26 6191.64 6227.50 6117.80 6111.50 6097.70
S&P500 482420 4821.04 4986.30 4914.90 4905.50 4905.00 5346.66 5374.89 5505.00 5428.90 5437.60 5436.80
SSEC 5710.62 5734.71 5809.30 5738.60 5726.50 5712.70 6340.37 6239.14 6405.30 6355.80 6305.00 6294.30
SSMI 4878.91 4888.26 5032.50 4916.80 4904.70 4942.60 5473.63 5429.21 5559.80 5419.10 5410.20 5431.80
Avg Joint loss 5357.39 5346.93 5431.71 5338.54 5333.19 5346.45 5884.01 5837.45 5966.31 5849.11 5840.02 5819.57
Avg Rank 3.29 2.95 5.05 3.43 2.62 3.67 3.52 2.62 495 3.81 3.14 2.80

Note: Bold numbers indicate the favoured model for each market.

In summary, based on 1% and 2.5% VRate, quantile and joint loss evaluations for VaR
and ES forecasting accuracy across 21 markets, the proposed RNN-ReESCAViaR framework
demonstrates consistently strong performance compared to competing models, underscoring
its effectiveness and robustness in risk forecasts. The results indicate moderate gains over
existing approaches, with the potential for further improvement by refining the RNN settings

within the model.

In addition to the primary evaluation techniques discussed in this chapter, the MCS test,

as introduced in Chapter 2, was applied to assess the relative performance of the proposed
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models. However, the results of the MCS test were consistent across all models and markets,
showing no significant differences in predictive performance. As such, the MCS results are not
presented here, but the application of the test supports the robustness of the models in this

study.

While the proposed RNN-ReESCAViaR framework has demonstrated strong performance in
joint forecasting of VaR and ES across various evaluation metrics, it is important to highlight
that the backtesting and evaluation of ES separately were not included in this study. Although
the Dynamic ES test by Patton et al. (2019), the bootstrap-based method by McNeil and
Frey (2000), and the method by Du and Escanciano (2017) are well-established techniques for
assessing ES forecasting, they were not employed here due to the scope and focus of the current
work. These tests could be considered in future research to further enhance the robustness of
the model’s ES predictions and to validate its performance in more granular detail. Future
extensions of this model may also explore the incorporation of multiple realized measures and

alternative model configurations to further improve both VaR and ES forecasting accuracy.

6.4.3 Computational efficiency

This section compares the computational efficiency of the proposed RNN-ReESCAViaR models
with other models used for joint VaR and ES forecasting. While the RNN-ReESCAViaR
models utilize the SMC method for Bayesian inference, the other models (Realized-ES-CAViaR,
ES-X-CAViaR-X, ES-CAViaR-X, and REGARCH-t) employ the Bayesian MCMC method.

For the proposed RNN-ReESCAViaR models, we used two configurations:
RNN-ReESCAViaR-1h and RNN-ReESCAViaR-2h, which involve the use of RNNs and
Bayesian SMC. Given the complexity of these models, they required substantial computational

resources to run across 21 markets in the study.

* The RNN-ReESCAViaR-1h model took approximately 6404.45 seconds (1.77 hours) to

run for all 21 markets.

¢ The RNN-ReESCAViaR-2h model took approximately 37801.48 seconds (10.5 hours) to

run for all 21 markets.

These models demonstrated efficient performance even when scaled across multiple markets,
with processing times that are relatively fast for models involving RNNs and Bayesian SMC
methods. For comparison, the other models—such as Realized-ES-CAViaR, ES-X-CAViaR-X,
and REGARCH-t—were run for just one market (e.g., S&P market with m = 2626 and & = 1%)

with the following computational times:
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Realized-ES-CAViaR: 66 hours per block (1 core, 18GB memory).
ES-X-CAViaR-X: 66 hours per block (1 core, 18GB memory).
ES-CAViaR-X: 35 hours per block (1 core, 18GB memory).
REGARCH-t: 18 hours per block (6 blocks, 24 cores, 64GB memory).

The proposed RNN-ReESCAViaR models were able to handle the computational load for all
21 markets within significantly less time compared to the models running for a single market,

demonstrating the scalability and efficiency of the framework.

In conclusion, the RNN-ReESCAViaR models, despite their complexity, provide a highly
efficient solution for forecasting joint VaR and ES across a large number of markets. The
computational times for all 21 markets show that the proposed models offer an efficient
approach to risk forecasting, particularly given the additional complexities introduced by the
RNN and Bayesian SMC methods.

6.5 Chapter summary

This study introduces an RNN-based, semi-parametric framework for jointly forecasting
VaR and ES, incorporating realized measures to enhance risk prediction. The proposed
RNN-ReESCAViaR models demonstrate competitive performance across VaR rates, quantile
loss, and joint loss for VaR and ES, showing favourable results relative to both parametric
models (e.g, REGARCH) and other semi-parametric approaches (e.g., ES-CaViaR-X,
ES-X-CaViaR-X, and Realized-ES-CaViaR). By utilizing RNN, the framework better captures
complex non-linear patterns in financial data that traditional models may miss, enhancing
forecasting accuracy. Furthermore, adopting Bayesian SMC for model estimation improves
computational efficiency, significantly reducing run time compared to Bayesian MCMC

methods.

Future work may further enhance model performance by optimizing RNN settings and
refining SMC parameters. Additional extensions could include incorporating multiple realized
measures at various frequencies and their subsampled versions. While the current model relies
on single lags, it can be extended to multiple lags for a more comprehensive temporal structure.
Lastly, alternative model configurations, such as a multiplicative, time-varying relationship
between VaR and ES driven by multiple realized measures, present promising directions for

future research.
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Chapter 7

Conclusion and future
directions

This chapter concludes the dissertation by summarizing the key contributions
of the research and highlighting directions for future work in tail risk
forecasting. It emphasizes the integration of realized measures, Bayesian
techniques, and machine learning methods, particularly RNNs, in improving
forecasting performance for VaR and ES. Furthermore, the chapter discusses the
regulatory implications of these models, particularly how deep learning-based
risk forecasting could support regulatory stress testing and align with the Basel

III requirements on risk management.
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In this thesis, we have proposed innovative approaches to forecasting financial tail risk by
utilizing multiple realized measures, Bayesian inference, and advanced machine learning
techniques, primarily RNNs. Each chapter has built upon previous work, gradually advancing
the precision and robustness of VaR and ES predictions, which are critical for effective financial

risk management.

Chapter 4 introduces a novel semi-parametric framework for joint forecasting of VaR and ES,
the Realized-ES-CAViaR-M model, which incorporates multiple RMs. The model demonstrates
significant improvements over both parametric models, such as the REGARCH model, and
existing semi-parametric models, including ES-X-CAViaR-X and Realized-ES-CAViaR. The
Realized-ES-CAViaR-M model shows competitive performance across several key metrics,
such as quantile loss, VaR and ES joint loss, and MCS backtesting. These results confirm
the potential of integrating multiple realized measures for more accurate and robust risk

forecasting.

This research also has important regulatory implications. The proposed model could play a
significant role in regulatory stress testing frameworks, which are crucial for ensuring that
financial institutions hold adequate capital during periods of market stress. By more accurately
forecasting tail risks, including VaR and ES, the model can provide regulators with better tools
to assess financial institutions” ability to withstand extreme market conditions. This aligns
with the Basel III framework, which emphasizes the need for more accurate measures of tail
risk and capital adequacy to ensure financial stability. The flexibility and accuracy of the
Realized-ES-CAViaR-M model make it a promising candidate for stress testing scenarios, where

accurate forecasts of potential losses are critical for determining appropriate capital buffers.

Despite these promising findings, there are several avenues for further enhancement.
Future research could explore the inclusion of additional realized measures, including
their subsampled versions and variations at different frequencies, to further improve
forecasting accuracy. The current framework uses single lags, which could be extended to
incorporate multiple lags for more comprehensive dynamic relationships between VaR and ES.
Furthermore, alternative model structures, such as introducing a multiplicative time-varying
relationship between VaR and ES through the integration of information from multiple realized
measures, offer a promising direction for refinement. These extensions could further enhance
the applicability of this framework in the context of real-time risk management and regulatory

compliance.

A key area for future research involves identifying the most influential realized measures in
forecasting volatility and risk. By expanding the set of RMs and enhancing the modelling
framework, it will be possible to apply automatic variable selection techniques, such as

LASSO (Tibshirani, 1996), to better capture the most relevant RMs for improved forecasting
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performance. This approach could lead to more efficient models that focus on the most
impactful risk indicators, contributing to enhanced risk management and decision-making

processes.

Chapter 5 introduces the RNN-HAR model, a long-memory, non-linear realized volatility
framework tailored for VaR forecasting. This model extends the traditional HAR structure,
which is renowned for capturing long memory in realized volatility, by integrating RINNs
to address non-linear market dynamics. The RNN-HAR model captures daily, weekly, and
monthly realized variance effects, providing a richer temporal perspective for estimating risk
measures. This is particularly beneficial for risk management because it allows for a more

granular and dynamic understanding of market volatility across different time horizons.

A key innovation lies in employing Bayesian SMC with a quantile loss function, enabling
loss-based Bayesian inference directly aligned with risk forecasting objectives. This approach
ensures that the model effectively captures long-term dependencies while adapting to the
non-linearities inherent in financial data. Empirical analysis across 31 global markets
demonstrates the model’s superior performance over traditional HAR models and their
extensions, affirming its efficacy in forecasting risk measures across various significance levels.
These findings have clear practical implications, as the model can be directly applied in
financial institutions” risk management practices, enhancing their ability to forecast risk more

accurately and manage capital reserves more effectively, in line with Basel III requirements.

Future research could further enhance the RNN-HAR model by incorporating global
optimization techniques for parameter estimation, (Goffe et al., 1994; Jerrell and Campione,
2001; Sun et al., 2024), potentially improving forecasting precision. Moreover, expanding
the range of realized measures or exploring their subsampled and multi-frequency variants
offers an opportunity to enrich the model’s input features. The integration of advanced
architectures, such as Long Short-Term Memory (LSTM) networks, may provide additional
flexibility in modeling complex temporal dependencies and improve its predictive robustness.
These enhancements could further solidify the RNN-HAR framework as a leading tool for
non-linear and long-memory risk forecasting in financial markets, which is crucial for stress

testing and regulatory compliance.

Chapter 6 introduces an innovative semi-parametric framework, RNN-ReESCAViaR, for jointly
forecasting VaR and ES by incorporating realized measures to enhance risk prediction by
incorporating RNN. Leveraging the capabilities of RNNs, the model effectively captures
complex non-linear patterns in financial data, outperforming traditional parametric models
(e.g., REGARCH) and other semi-parametric approaches (e.g., ES-CAViaR-X, ES-X-CAViaR-X,
and Realized-ES-CAViaR). The model demonstrates better forecasting performance across

multiple metrics, including VaR rates, quantile loss, and joint loss for VaR and ES.
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The adoption of Bayesian SMC for model estimation significantly enhances computational
efficiency, offering a robust alternative to the Bayesian MCMC approach. This combination of
advanced machine learning techniques and Bayesian estimation underscores the effectiveness
of the RNN-ReESCAViaR framework in risk forecasting. The model’s ability to provide
real-time, dynamic risk forecasts makes it particularly suitable for financial institutions that
need to continuously monitor and manage their risk exposure in a rapidly changing market

environment.

Future research could focus on several promising directions to further enhance this framework.
First, optimizing RNN configurations and exploring advanced structures such as LSTM
networks may improve the model’s ability to capture long-term dependencies and complex
temporal relationships. Incorporating multiple realized measures at various frequencies,
including their subsampled versions, could enrich the model’s inputs, while employing
techniques like LASSO for variable selection could identify the most impactful realized
measures for risk forecasting. These improvements would make the RNN-ReESCAViaR
framework even more adaptable to real-time risk management and better aligned with Basel

III's objectives of improving the accuracy and reliability of risk assessments in stress scenarios.

Extending the model to include multiple lags in its structure could provide a
more comprehensive temporal representation, potentially improving predictive accuracy.
Alternative configurations, such as incorporating a multiplicative and time-varying
relationship between VaR and ES driven by multiple realized measures, also hold promise.
Finally, exploring global optimization techniques for parameter estimation and testing
log-transformed versions of the model could yield additional improvements in efficiency
and performance. These enhancements and extensions present valuable opportunities for
advancing the RNN-ReESCAViaR framework, solidifying its role as a leading tool for joint

risk forecasting in financial markets, and contributing to stress testing in regulatory settings.

Collectively, the contributions from Chapters 4, 5, and 6 provide a significant advancement
in the field of tail risk forecasting. By combining realized measures with machine learning
and Bayesian inference, this thesis demonstrates a practical path forward for enhancing the
predictive accuracy of VaR and ES measures, especially under extreme market conditions.
The models proposed in this work not only deepen the theoretical understanding of financial
risk but also provide practical solutions that align with the fast-evolving demands of the
finance industry. These contributions underscore the effectiveness of machine learning
methods, such as RNNs, in capturing the complex dependencies inherent in financial data,
while the adoption of Bayesian techniques enhances estimation precision and forecasting
performance. Future work could build upon this foundation by further optimizing RNN

settings, experimenting with alternative neural network architectures like LSTM models, and
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incorporating additional realized measures or subsampled data across various time frames
to capture even more detailed volatility patterns. Furthermore, these models can contribute
significantly to regulatory stress testing, providing regulators and financial institutions with
more accurate tools to assess capital adequacy and manage financial stability under stressed

market conditions.

Before concluding, it is worth noting that an area for potential future research lies in extending
the models developed here to bi-variate and multi-variate settings. In particular, copula models
could be explored to model the joint distributions of multiple asset classes or risk factors,
enabling the analysis of systemic risk. The application of CoVaR (Conditional Value-at-Risk)
could be a key extension, assessing the risk contribution of individual institutions to the
overall systemic risk. These extensions would provide a more comprehensive view of financial
stability, offering valuable insights for regulators and financial institutions in understanding

interdependencies and systemic risk.

In conclusion, this thesis sets forth a compelling case for using realized measures, Bayesian
methods, and machine learning approaches to significantly enhance risk forecasting. This
research advances both the theoretical understanding and practical implementation of financial
tail risk models, offering a robust, adaptable framework that meets the increasingly complex
challenges of risk management in the modern financial landscape, and helping to ensure

compliance with Basel III regulations.
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