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Abstract

Soft pneumatic actuators (SPAs) were able to exhibit noteworthy advantages in
many applications, considering their compliance and ease of manufacturing. Still,
predicting their response through modelling alone is challenging, given their non-
linearity and viscoelastic behaviour.

Focusing on the piecewise constant curvature (PCC) model, this study addresses
three interconnected research problems, each tackling fundamental limitations within
the SPA sensorimotor functionality. These problems are the inverse kinematics (IK)
of SPAs, the modelling of twist motion in SPAs, and the modelling of EGaIn-based
soft sensors.

By providing solutions to these interconnected problems, this study aims to enhance
the adaptability and overall performance of SPAs, leading to better manipulation
and sensing capabilities. This can contribute to achieving higher state estimation
accuracy and more efficient control systems.

Numerous methods were implemented to achieve the objectives of this study. A
series of IK simulations were conducted to address the 昀椀rst problem and identify
necessary solutions. For the second problem, a length model based on geodesics
and covering spaces concepts was proposed, veri昀椀ed using simulation results from
昀椀nite element analysis (FEA), and validated using previously published experimental
results. Finally, a numerical model based on regression analysis was developed for
addressing the third problem. Customised experimental tests were then conducted
on two samples of the EGaIn-based soft sensor to generate datasets for training and
validating the proposed numerical model.

Several 昀椀ndings and insights were reported. For the 昀椀rst problem, a quadratic IK
solver based on the exact Hessian showed superior performance compared to the
linear solver. Additionally, the singularity problem in the PCC model was resolved
by implementing a minimum bending limit. Regarding the second problem, the
proposed length model demonstrated an accuracy of 1.5% under twist despite the
arching in the SPA. Regarding the third problem, the proposed numerical model
demonstrated high accuracy, achieving results within a sub-millimetre scale despite
the presence of hysteresis.

This study contributes to the 昀椀eld of soft robotics by addressing these challenges,
helping to develop more capable and adaptable machines with expanded practical
applications across various domains.
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Chapter 1

Introduction

The true essence of adaptability lies in its ability to blend the strength of resilience
with the art of embracing new challenges and opportunities. In the realm of robotics,
this principle resonates profoundly, shaping the trajectory of innovation. Adaptabil-
ity lies at the heart of robotics research as a driving force propelling the creation of
robots capable of thriving in unpredictable and dynamic environments.

One of the best examples within the 昀椀eld of soft robotics research is the soft pneu-
matic actuators (SPAs), a remarkable category of actuators that exhibit intrinsic
compliance and adaptability. These soft actuators, constructed from pliable materi-
als and employing compliant actuation methodologies, 昀椀nd their purpose in various
domains, such as mobile robotics, assistive wearable technologies, and rehabilitative
devices [1]. SPAs possess the distinctive capability of operating within intricate envi-
ronments, mitigating concerns related to detrimental impacts on their surroundings
or themselves [2].

SPAs inherently embody compliance and exhibit a high degree of manufacturabil-
ity, thus heralding a promising future for the development of novel robotic systems,
characterised by inherent safety, adaptability, and customisability [1]. They can be
con昀椀gured to demonstrate a diverse range of performance attributes, including exten-
sion/contraction, bending, twisting/helical motion, bidirectional / omnidirectional
motion, and more [3]. These actuators, however, fall behind their rigid actuators
counterparts in the ability to sense their state in planar or 3D spaces.

Soft actuators can have in昀椀nite degrees of freedom (DOF) and can be deformed by
both internal and external loads. Predicting the response of these soft actuators
solely through modelling presents a formidable challenge, given the intricate nature
of their behaviour characterised by non-linearity and viscoelastic e昀昀ects. Therefore,
it is essential to emphasise the signi昀椀cance of improving their manipulation and
sensing capabilities, as they directly correlate with the achievement of higher state
estimation accuracy and efficient control systems. [4].

1.1 SPAs at a Glance
The idea of SPAs was 昀椀rst introduced by McKibben in the 1950s when he suggested
an arti昀椀cial muscle made of a rubber tube surrounded by a braided mesh [2]. By

1
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pressurising the tube, a linear contraction movement was achieved, and the mesh
maintained the mechanical stability. In many robotic applications today, including
wearable exoskeletons, rehabilitation equipment, and prosthetics, this type of actu-
ator is still commonly utilised [5]. A good example of SPAs is the OctArm which
was developed by researchers at Pennsylvania State University [6]. It is a type of
continuum robots that is inspired by the structure and movement of invertebrate
organisms such as octopus arms and elephant trunks.

OctArm is constructed from a series of interconnected chambers embedded in an
elastomeric matrix. OctArm has the ability to bend, twist and extend in di昀昀erent
directions. It has a whole arm manipulation capability as it can utilise the entire
length of its arm to grasp objects of di昀昀erent shapes and sizes. Such features in the
design and control enabled the OctArm to be used in various robotic applications,
such as prosthetics, rehabilitation devices, wearable exoskeletons, and search-and-
rescue operations.

The pneumatic network, known as PneuNet, is another type of SPAs that was
originally developed by the Whitesides Research Group [7] at Harvard University.
The PneuNet consists of several chambers contained within an elastomeric matrix.
When under pressure, these channels expand and move. By altering the shape of the
embedded chambers and the composition of their walls, the nature of this motion can
be altered. When a PneuNet actuator is pressurised, expansion takes place where
it is least rigid and most compliant. PneuNets have found applications in various
昀椀elds, including the development of soft grippers, and quadruped crawlers [8].

1.1.1 SPAs as Embodied Robots
SPAs exhibit characteristics associated with embodied robotics, as their design
draws inspiration from the structural and motion mechanics of biological organ-
isms [9]. However, beyond bio-inspiration, the concept of embodied intelligence in
soft robotics emphasizes the interplay between an actuator’s physical properties,
sensory feedback, and control mechanisms [10, 11].

Embodied intelligence is a well-recognised approach in soft robotics in which a cer-
tain intelligence requires a physical body to perform certain tasks. In the context of
SPAs, the term sensorimotor encompasses the integration of sensory data and motor
actions, spanning across various aspects including the SPA’s design along with its
kinematics, dynamics, sensing, and control capabilities [11–13].

The SPA’s design determines its structure and the materials it is made of, which is
pivotal in shaping the actuator 昀氀exibility, durability, and motion range. kinematics
involves analysing the motion of the SPA due to air pressure variations, without
accounting for the forces driving the movement.

Dynamics, conversely, involves the study of motion and the forces that cause it,
such as how changes in air pressure trigger the SPA’s movement over time. Sensing
is the capability of the actuator to monitor any changes through the integration of
sensors capable of detecting various parameters. This could be changes in the actua-
tor’s own state (like deformation or pressure changes) or changes in its environment.

Control involves the systems used to control the SPA’s movements, which could
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involve complex algorithms that take sensor data as input and output instructions
to change the air pressure in the actuator. Enhancing sensorimotor functionality in
SPAs would involve advancements and innovations in all these areas, making it a
truly interdisciplinary 昀椀eld that combines elements of many di昀昀erent areas of study.

Within a typical sensorimotor scheme of an SPA, a sensory system perceives the
surrounding environment, controllers process the incoming information and formu-
late motor action plans, and then a mechanical system executes these plans within
the physical environment. Embodied intelligence can be understood as the direct
mechanical response of the robot’s physical body to the environmental stimuli, or
mechanical feedback, with no involvement of controllers or processing systems as
shown in Figure 1.1.

Figure 1.1: The main components of a typical sensorimotor scheme: a mechanical
system, a sensory system, and a controller. Adapted from [10] with permission from
AAAS.

While SPAs are commonly referred to as actuators in the literature, it is important
to acknowledge that they do not fully meet the conventional de昀椀nition of an actuator.
Typically, actuators are characterized by the presence of a transducer, which converts
energy from one domain, such as electrical energy, into another, such as mechanical
energy. In the case of SPAs, the primary functional component responsible for
energy transformation is the external pneumatic system (such as a pump) that
supplies compressed air. The SPA itself, as a soft, deformable structure, primarily
serves to respond to the applied pressure, creating motion or force. Therefore, while
SPAs perform actuation, the transduction process often lies outside the actuator
itself, and the performance evaluation of SPAs typically focuses on their response to
pneumatic input rather than the energy conversion process. The focus of this thesis,
however, is on the SPA itself and its sensorimotor capabilities, without delving into
the speci昀椀cs of the external pumping system.
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1.1.2 Common Soft Actuator Models
In general, SPAs can be designed to produce planar, axial, and three-dimensional
motions, either individually or in combination [2, 5, 14]. Planar bending actuators
are generally made of a single chamber that in昀氀ates in a single direction, leading the
actuator to bend in a plane. These kinds of actuators are useful for building grippers,
crawlers, and other planar motion devices. Axial actuators, on the other hand, are
typically designed to extend or contract along their length when pressurized, making
them suitable for applications requiring linear motion, such as soft robotic pistons,
arti昀椀cial muscles, and adaptive structures [15].

Conversely, three-dimensional bending actuators are made up of several chambers
designed to in昀氀ate in various directions, enabling the actuator to bend and twist in
three dimensions. These kinds of actuators are important for building tentacles, soft
robotic arms, and other devices that require complex motion. However, complex
three-dimensional deformations can also be achieved in single-chamber actuators
through careful optimisation of geometry and material properties [5].

Figure 1.2: Soft actuator common models. (a) represents a VC actuator, and (b)
illustrates a multi-segment PCC actuator.

Two prominent SPA modelling approaches were established: variable curvatures
(VC) and piecewise constant curvatures (PCC), Figure 1.2(a,b). For VC, the actua-
tor can be considered as a slender rod and modelled via the Cosserat rod model [16].
While for PCC, the actuator can be modelled via several methods [17]. Moreover, a
hybrid approach, integrating both VC and PCC, known as piecewise constant strain
(PCS), gained recent recognition in SPA modelling [18, 19]. The PCS model extends
the constant-curvature assumption to more general rod kinematics and provides a
simpler dynamic modelling than the VC model.

The PCC model has several advantages when implementing it in tasks such as the de-
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sign, sensing, and control of soft robots. Compared to both the VC and PCS models,
the PCC model o昀昀ers simplicity, generality, and applicability to the aforementioned
tasks [20]. But there are also several drawbacks to the PCC model, particularly in
its three-dimensional formulation, where problems with discontinuities and singular-
ities arise, especially with the straight con昀椀guration of the actuator [21]. Further
details are provided in Chapter 2, Section 2.1.2.

However, modelling SPAs is a challenging task considering their high non-linearity,
material heterogeneity, and contact interactions [22]. Therefore, it is important to
assess the accuracy and robustness of these mathematical models against simulated
environments in conjunction with experimental data [23]. Researchers commonly
employ various veri昀椀cation and validation techniques based on their e昀昀ectiveness
and sufficiency. Verifying and validating the mathematical models is a fundamental
requirement in SPA research, as these models provide quantitative insights into
SPA responses and enable efficient and systematic design, simulation, and control
for various applications [22, 24, 25].

1.1.3 Veri昀椀cation and Validation Techniques
Veri昀椀cation via simulation is the process of checking whether a mathematical model
of an SPA behaves as expected in a simulated environment and whether it meets
given requirements [22]. This process helps identify and correct inconsistencies in
mathematical models and evaluate their performance and robustness under di昀昀erent
conditions and scenarios. Furthermore, veri昀椀cation via simulation provides insights
into model limitations and assumptions, guiding improvements to model reliabil-
ity, particularly when using well-established tools that are validated for simulating
actuator behaviour.

In the realm of SPAs, software packages like the Robot Operating System (ROS) and
Gazebo [26] o昀昀er versatile environments for simulating actuator behaviour. Addi-
tionally, Finite Element Analysis (FEA) is commonly used to simulate deformation
and stress distribution in SPA structures [27]. Researchers employ these tools to
conduct simulations, comparing model predictions with simulated outcomes under
controlled conditions. This process helps identify potential discrepancies or errors
inherent in the mathematical framework.

Validation via experimental results represents a further cornerstone in the pursuit
of model accuracy, especially in the context of SPAs [28]. Researchers design exper-
iments tailored to assess model predictions, ensuring their compatibility with real-
world scenarios. Moreover, previously published experimental data can be leveraged
for validation purposes [24]. By comparing model predictions to empirical data ob-
tained through experiments, researchers determine the model’s e昀昀ectiveness in real
applications.

Moreover, the iterative process of Experimental Con昀椀rmation and Iteration plays a
vital role in soft robotics research, involving continuous re昀椀nement and enhancement
of mathematical models. This iterative approach often requires physical experimen-
tation on SPA prototypes, serving as a feedback mechanism. Researchers use these
experiments to validate model predictions, guide adjustments, and facilitate improve-
ments. Through this iterative process, model accuracy and reliability progressively
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improve, better representing the complex behaviours of SPA systems [29].

These four techniques, collectively encompassed within the broader framework of
veri昀椀cation, validation, and iterative con昀椀rmation, constitute indispensable compo-
nents of SPA research. They collectively contribute to ensuring that mathematical
models faithfully represent the intricate behaviours of SPA systems, thus fostering
advancements in this dynamic and evolving 昀椀eld.

1.2 Justi昀椀cations and Research Questions
This study embarks on an extensive exploration of several critical challenges in the
domain of PCC-based SPAs and soft sensors, with the overarching goal of enhancing
the sensorimotor functionality of these actuators. In this section, three intercon-
nected research problems are investigated, each addressing fundamental limitations
in the 昀椀eld of soft robotics.

1.2.1 Inverse Kinematics of SPAs
The manipulation and control of SPAs are central challenges in soft robotics, where
adaptability and compliance are paramount. However, achieving an optimum con-
trol in these inherently compliant systems remains a signi昀椀cant challenge due to the
high dimensionality, redundancy, and non-linearity of these systems [2]. This re-
search problem focuses exclusively on the inverse kinematics (IK) of these actuators
by investigating some aspects such as convergence rates, singularity avoidance, and
physical limits. Then, attempt to answer the following questions:

• How to optimise the convergence rate of IK solutions to ensure efficient re-
sponsiveness and control?

• What strategies can be developed to navigate SPA singularities e昀昀ectively?

• What insights can be gleaned regarding the physical limits of SPA motion,
and how can the IK solvers be optimised to achieve e昀昀ective solutions within
these limits?

By addressing these enquiries, I aim to enhance the reliability of SPA control, push-
ing the boundaries of what is achievable in the realm of soft robotics.

1.2.2 Twist Measurement
Efficient manipulation and control of SPAs necessitate an elaborate understand-
ing of complex deformations, including twist. Twist motion is a complex mode of
deformation that can enable soft robots to perform tasks such as grasping, manipula-
tion, locomotion, and shape morphing [30–34]. However, twisting motion introduces
challenges in terms of modelling, sensing, and control of SPAs. Therefore, measur-
ing the twist is essential for understanding the SPAs behaviour, improving their
performance, and enabling further applications. This research problem focuses on
modelling the behaviour of straight and spiral strain sensors attached to the SPA
surface or embedded inside it, with an emphasis on measuring twist. Then, attempt
to answer the following questions:
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• What mathematical concepts can be used to develop a simpli昀椀ed and accessible
mathematical model for twist measurement in SPAs? A model that may serve
as a valuable tool for researchers in the 昀椀eld of soft robotics.

• What are the relative sensitivities of spiral and straight sensors in capturing
twist deformations in SPAs, and how can this information guide sensor con昀椀g-
uration choices for speci昀椀c applications?

By addressing these enquiries, I aim to provide the soft robotics community with a
valuable resource for modelling and controlling twist in SPAs, furthering the adapt-
ability and enhancing the capabilities of soft robotic systems.

The following terms are used throughout the text of this thesis: ’segment’, ’muscle’,
and ’sector’, which refer to a curved SPA, a single pneumatic tube or muscle within
the SPA, and one-third of the SPA body in the FEA analysis, respectively.

1.2.3 EGaIn-Based Soft Sensors Modelling
Closed-loop controllers can bene昀椀t from proprioceptive sensing as it enables feedback
mechanisms that improve the accuracy of controlled movements. This is especially
important for activities requiring 昀椀ne movements, such as manipulation, locomotion,
or balance [35]. For PCC actuators, several solutions were introduced using di昀昀er-
ent technologies such as optical [36, 37], inductive [38, 39], Carbon nanotube-based
(CNT) [40], Eutectic Gallium-Indium (EGaIn) [41], or capacitive [42] sensors. All
these sensors measure the local change in length or curvature based on the sen-
sor position. EGaIn-based soft strain sensors o昀昀er promising advantages but are
hampered by inaccuracies in geometry-based models and the omission of calibration
parameters. This research problem seeks to address these limitations, drawing on
insights from previous studies of EGaIn-based sensors, and attempt to answer the
following questions:

• How can a new mathematical model be developed to accurately estimate the
strain or elongation of EGaIn-based soft strain resistive sensors, accounting
for factors such as strain rate and hysteresis, and incorporating calibration
parameters?

• What are the implications of integrating this enhanced modelling approach
into the design and application of EGaIn-based soft sensors for soft robotic
systems, particularly in terms of improving measurement accuracy and adapt-
ability?

By addressing these enquiries, I aim to contribute to the re昀椀nement of EGaIn-based
soft sensors, enhancing their accuracy and versatility for soft robotics, wearable
technology, and related 昀椀elds.

1.3 Contributions
This study explores three interrelated research problems that are associated with the
sensorimotor functionality of SPAs. Within the scope of this study, I address critical
gaps in the existing literature, contributing novel insights by tackling challenges in
both the mechanical and sensory systems of the PCC-based SPAs as follow:
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Inverse Kinematics: Within the SPA mechanical system, I focus on suggesting
solutions for the limitations of existing IK solutions by o昀昀ering the following
contributions:

• Investigate the stability and convergence rate of the current Jacobian-
based IK solutions and provide insights into optimising computational
efficiency. I aim to accomplish that via testing multiple damping pro-
昀椀les as well as developing e昀昀ective strategies for navigating singularity
condition(s) to enhance the manipulation reliability and stability.

• Formulate an alternative IK solution based on convex optimisation and
derive the exact Hessian of the SPA. Then, compare with the current
Jacobian-based solutions in terms of stability, singularities, and conver-
gence rate.

• Explore the physical limits of SPA motion for an e昀昀ective manipulation
within these boundaries in order to broaden the applicability of SPAs in
real-world scenarios.

Twist Measurement: Within the SPA sensory system, I aim to enhance actuator
state sensing capabilities. While the PCC model is capable of representing
general deformations, it falls short in representing twist and shear movements
as stated earlier in Section 1.1.2. This study excludes shear, caused by gravity
or external forces, since it will invalidate the PCC assumption. Even though
the PCC model cannot represent twist, the SPA curvature can maintain a
constant value when subjected to a pure twist while bending and rotating.
For this section of the study, I o昀昀er the following contributions:

• Employ the mathematical concepts of geodesics and covering spaces to
derive a mathematical model capable of measuring twist movement in
both straight and spiral super昀椀cial strain sensors in terms of the SPA
state in 3D space. This model will serve as a valuable resource for re-
searchers in the soft robotics 昀椀eld, facilitating efficient manipulation and
control of SPAs.

• Build a simpli昀椀ed FEA model in Abaqus using an orthotropic layer as
a surface reinforcement to verify the twist measurement mathematical
model. Such a reinforcement technique can reduce the FEA simulation
time signi昀椀cantly since it eliminates the need to use contact interactions
in Abaqus.

• Investigate the sensitivity of the straight and spiral super昀椀cial sensors
to various bending, extension, and twist deformations to get further in-
formation. These observations will o昀昀er guidance for choosing the best
sensor arrangement based on particular application needs.

EGaIn-Based Soft Sensors Modelling: This study addresses the accuracy limi-
tations associated with the uniaxial EGaIn-based strain sensors in estimating
the strain as a result of the measured resistance. Overcoming such limita-
tions leads to better proprioceptive sensing for SPA deformation and state
estimation. I contribute the following to this section of the study:

• Introduce a novel mathematical model that accurately estimates the
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strain or elongation as a function of resistance and determines the estima-
tion accuracy. This model incorporates calibration parameters, which sig-
ni昀椀cantly improve measurement accuracy compared to geometry-based
models.

• Study the e昀昀ects of strain rate and hysteresis in order to improve mea-
surement accuracy and adaptability. This enhanced modelling approach
broadens the utilisation of these sensors in soft robotics, wearable tech-
nology, and related 昀椀elds.

• O昀昀er a comprehensive testing procedure that acts as a practical guide for
researchers seeking to replicate or expand upon the experimental method-
ologies outlined in this study. By providing detailed instructions and
insights into overcoming technical obstacles, this work aims to enhance
the reproducibility and comparability of experimental 昀椀ndings within the
soft robotics community.

Collectively, these interrelated research problems underpin this study’s contributions
of advancing our comprehension of soft robotic systems and providing innovative
solutions to critical challenges in the 昀椀eld. Each problem addresses a distinct aspect
of sensorimotor functionality, contributing uniquely to the adaptability, sensing, and
control of SPAs.

The 昀椀rst research problem, concerning IK, establishes a computational framework
for motion planning in SPAs by addressing their high dimensionality, redundancy,
and non-linearity. By leveraging convex optimization techniques, this work enhances
the efficiency and reliability of IK solutions, enabling SPAs to perform tasks with
improved responsiveness while maintaining their inherent compliance. This contribu-
tion directly supports enhanced motion control for SPAs in dynamic environments.

The second research problem, centered on twist measurement, provides a sensing
framework for capturing complex deformation modes essential for advanced func-
tionality. By investigating the relative sensitivities of straight and spiral strain
sensors, this work o昀昀ers a valuable tool for researchers seeking to model or measure
twisting in SPAs. While not directly applied to control in this study, the twist
measurement framework enhances the broader understanding of SPA deformations
and lays the groundwork for potential future applications in adaptive manipulation
and locomotion.

The third research problem, focused on EGaIn-based soft sensors, develops a more
accurate mathematical framework for interpreting strain measurements. These sen-
sors o昀昀er a means of proprioceptive feedback, which is crucial for tasks requiring
closed-loop control or self-monitoring. By incorporating calibration parameters and
accounting for strain rate and hysteresis, this contribution improves the reliability
and adaptability of SPA systems, particularly in tasks requiring 昀椀ne movements and
environmental interaction.

In combination, these contributions advance the sensorimotor functionality of SPAs
by addressing signi昀椀cant challenges in motion planning, deformation sensing, and
proprioception. Although each research problem is explored independently, their
combined insights contribute to the broader domain of soft robotics, fostering the
development of more capable and adaptable machines suited to unstructured and
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dynamic environments.

1.4 Thesis Structure
This thesis is organised as follows:

• Chapter 1: Introduction

In the introductory chapter, an overarching view of the 昀椀eld of soft robotics is
presented, along with the speci昀椀c research problem under investigation. The
rationale behind this study is outlined, and the central research aims and ques-
tions are introduced, setting the stage for the entire thesis. Additionally, this
chapter provides a concise overview of the thesis structure and organisation.

• Chapter 2: Literature Review

The second chapter undertakes a thorough review of the pertinent literature
within the domains of SPAs, soft sensors, and the broader 昀椀eld of soft robotics.
It o昀昀ers an overview of the historical background, the current state of the art,
and the existing research gaps. This thorough review forms the foundation
upon which the subsequent research problems are built.

• Chapter 3: Inverse Kinematics of Soft Pneumatic Actuators

Chapter Three delves into the Jacobian-based IK of SPAs. It places particular
emphasis on essential aspects, including the stability and convergence rates
of IK solutions, strategies for singularity avoidance, and the characterisation
of physical limits governing SPA motion. The chapter also delves into formu-
lating an alternative IK solution based on convex optimisation, then provide
insights gained from comparing it with the Jacobian-based solutions.

• Chapter 4: Spiral and Straight Super昀椀cial Sensors Modelling for
Twist Measurement

In Chapter Four, the focus narrows onto the modelling of sensors tailored
for capturing twist deformations in SPAs, with an explicit examination of
both spiral and straight super昀椀cial sensor con昀椀gurations. The fundamental
objective of this chapter is to develop a mathematical model for accurately
measuring twist in SPAs.

In addition, a secondary task is introduced that involves building a simpli昀椀ed
FEA model within Abaqus to verify the twist measurement mathematical
model, ensuring its accuracy and reliability. The insights garnered in this
chapter become instrumental in guiding sensor con昀椀guration choices for twist
measurement within speci昀椀c soft robotic applications. Following the FEA
task, the mathematical model results are compared to previously published
experimental results for validation, further solidifying the reliability of the
developed mathematical model.
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• Chapter 5: EGaIn-Based Soft Sensors Modelling

Chapter Five addresses modelling of uniaxial EGaIn-based soft strain resistive
sensors. It proposes a novel mathematical model that not only accurately
estimates strain but also accounts for complex factors, including strain rate,
hysteresis, and calibration parameters. This advanced modelling approach is
expected to signi昀椀cantly enhance measurement accuracy for the purpose of
advancing their utility in the realm of soft robotics.

• Chapter 6: Conclusions and Future Works

The concluding chapter provides a synthesis of the key 昀椀ndings and contribu-
tions across the research chapters. It underscores the broader implications of
this work within the context of the evolving 昀椀eld of soft robotics. Moreover,
this chapter sets the stage for future research by suggesting potential avenues
for further exploration and ongoing enquiries.



Chapter 2

Literature Review

Building upon the preliminary insights shared in the introduction chapter, this liter-
ature review delves into the sensorimotor scheme of the PCC-based SPAs, focusing
on three integral aspects. The IK of the SPAs, the twist measurement, and the
modelling of EGaIn-based soft strain sensors all occupy central positions in this
exploration. These areas collectively highlight the profound implications of senso-
rimotor schemes in the design, operation, and utilisation of soft robotic systems.
Sections to follow provide a detailed exploration of each aspect, dissecting the exist-
ing literature to highlight critical gaps while unveiling avenues for in-depth analysis
in the subsequent chapters. Furthermore, the forthcoming chapters will highlight
the speci昀椀c contributions of this research within the context of soft robotics.

2.1 Inverse Kinematics
A signi昀椀cant challenge in designing SPA systems is solving the IK problem, which is
determining the suitable input pressures to achieve a desired output pose, position
and orientation, or trajectory of the SPA. The IK problem remains a challenge to
solve considering the large number of DOFs involved as well as the soft materials
non-linear behaviour. As a result, development of e昀昀ective IK models for SPAs is
still one of the current research topics in the 昀椀eld of soft robotics.

2.1.1 Degrees of Freedom Concept
Fundamentally, IK is the process of 昀椀nding the optimum con昀椀guration of a given
kinematic chain, such as an SPA, to set the end point of the chain at a desired
pose. This process helps in determining the required change in the kinematic chain
con昀椀guration in order to move from an initial pose to a desired pose across a certain
path or trajectory [43]. The DOF concept plays an important role in IK. It refers to
two di昀昀erent quantities based on the context. For a kinematic chain, DOF refers to
the number of movements or independent parameters that de昀椀ne the con昀椀guration
of the chain [44]. On the other hand, DOF refers to the freedom of movement of an
object in the planar or three-dimensional (3D) space [45].

Throughout this thesis, DOFk is used when referring to kinematic chain con昀椀gura-
tion, and DOFm when referring to the freedom of movement in the planar or 3D

12
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space. For a planar space, there are 3 DOFm which are two translational along x

and y axes, and one rotational about the object’s centroid, Figure 2.1(a). Similarly,
for a 3D space, there are 6 DOFm which are three translational along three per-
pendicular axes (x, y, and z), and three rotational about these axes, Figure 2.1(b).
The actuator is kinematically redundant when its DOFk is larger than DOFm [43].
Furthermore, two distinct types of actuators can be seen in literature when DOFk

is very large compared to DOFm. The 昀椀rst type is the hyper-redundant actua-
tors, which consists of many short rigid links such as snake-arms [46]. The second
type is the continuum actuators, a special category of the hyper-redundant actua-
tors [47], which have elastic structures with continuously bending curvatures and
in昀椀nite DOFm [17].

Figure 2.1: Degrees of freedom DOFm for an object in (a) planar and (b) 3D spaces.

Figure 2.2: Examples of hyper-redundant actuators such as (a) the snake-arm by OC
Robotics [48], and continuum actuators such as (b) the Bionic Handling Assistant
by FESTO group [49].

Hyper-redundant actuators resemble snakes, elephant trunks, or tentacles in terms of
appearance and functionality. These actuators can be built to have better robustness
with respect to mechanical failure than actuators with a low degree of redundancy
and are ideally suited for operation in severely con昀椀ned areas because of their highly
articulated structures [50]. A good example is the snake-arm by OC Robotics [48],
Figure 2.2(a).
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Continuum actuators, on the other hand, are highly 昀氀exible and can bend and twist
in complex patterns. They are inspired by the movement of natural organisms such
as snakes and tentacles as well. Continuum actuators consist of several 昀氀exible seg-
ments that can be actuated and move independently of each other. Several types
of continuum actuators were introduced, including cable-driven, pneumatic, and hy-
draulic, in which they are utilised in several types of applications, such as industrial
automation, search and rescue operations, and medical robotics [51]. One example
within the 昀椀eld of the industrial automation is the Bionic Handling Assistant by
FESTO group [49].

2.1.2 Soft Actuators Modelling Techniques.
Continuum actuators such as SPAs are known for their 昀氀exibility, adaptability to the
environment, and the ability to undergo large deformation. They can be designed
to mimic natural and biological organisms as well as provide safe interaction with
people [52]. In general, two prominent SPA modelling approaches were established
in the literature which are VC and PCC as discussed earlier in Section 1.1.2.

The soft actuator basic movements can be categorised as bending and rotation,
twist, shear, and extension [16] as shown in Figure 2.3(c). The twist is a mechanical
rotation about a certain point or axis caused by a torque acting on that point or
axis a. The PCC model can represent extension, bending, and rotation movements
only. Both VC and PCS can represent twist and shear as well. The actuator can
undergo one or more of these movements, depending on its design and actuation
mechanism.

The VC approach, Figure 2.3(a), encompasses a diverse range of modelling tech-
niques. Researchers were able to employ several of them such as Cosserat rod
theory [16], Euler curves [53], Pythagorean hodograph curves [54], cyclic coordinate
decent (CCD) [46], and absolute nodal coordinate formulation (ANCF) [55]. These
techniques allow for a more continuous representation of the SPA curvature. While
they o昀昀er high 昀椀delity in capturing the complexity of soft actuator behaviour, they
may also demand increased computational resources.

Alternatively, the PCC model, Figure 2.3(b), simpli昀椀es the modelling process by
dividing the actuator into one or more constant curvature segments. Several tech-
niques were employed for modelling SPAs under the PCC model, including mode
shape function[56–59], Frenet-Serret frames [17], Denavit-Hartenberg (DH) parame-
ters [18, 19], integral representation [60], and exponential coordinates based on Lie
group theory [61, 62]. The PCC model tends to provide a more straightforward
kinematic model, particularly when external forces can be considered negligible [55].
It is important to note that PCC modelling techniques di昀昀er not only in their level
of accuracy but also in their numerical stability [63].

While the VC model excels at capturing 昀椀ne-grained curvature behaviour, especially
when it involves shear and twist movements, the PCC model o昀昀ers a more straight-
forward and computationally efficient representation, especially when external forces
can be considered negligible. Understanding the trade-o昀昀s between these modelling

aHowever, some textbooks may de昀椀ne the term ”twist”, denoted by V, as the time derivative of
the actuator end point position and orientation [43]
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Figure 2.3: Soft actuator modelling where (a) represents a VC actuator, (b) rep-
resents a single segment in a PCC actuator, and (c) are the soft actuator basic
movements.

approaches is essential for addressing the unique challenges presented by solving the
IK problems in SPAs.

In addition, it is essential to highlight the Piecewise Constant Strain (PCS) model as
a distinctive hybrid model that combines elements of the VC and PCC approaches.
While the primary focus of this literature review revolves around the PCC modelling
approach, the PCS model warrants attention due to its innovative synthesis of mod-
elling techniques. PCS discretises continuous Cosserat rods, accounting for shear
and twist deformations induced by out-of-plane external loads [20, 64, 65]. Various
modelling techniques are employed within the PCS model, such as screw theory [66],
Lagrangian density [65], Galerkin-Ritz method [64], and Lyapunov function along-
side torsional Jacobian [20].

Within the PCS framework, deformations are approximated as piecewise constant
along the actuator length. Each segment of the actuator is discretised, and strain is
considered constant within these segments. Such tactic leads to a 昀椀nite set of strain
vectors that describes the soft actuator and performs the same role as the joint
vectors in rigid robots. This tactic is particularly valuable in complex soft robotic
applications where both precision and computational efficiency are paramount. It
underscores the adaptability of the PCS model in various scenarios, making it a
noteworthy topic within the broader landscape of continuum actuators modelling
and control [20, 65].

While both VC and PCS approaches demonstrate their utility in certain contexts,
our primary emphasis in this literature review remains on exploring the PCC mod-
elling techniques as they enable the application of rigid robotics kinematic models
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and control methods to continuum designs [67]. In addition, the PCC model is the
most widely used due to its simplicity and rich literature, has a shorter computation
time compared to the VC and PCS models, and requires less complicated control
systems [20]. The PCC model, however, has limitations regarding external loading
such as gravity, as well as other issues such as torsional strain, non-linear material
behaviour, and tendon friction if used for actuation [67]. Researchers who prefer to
implement the PCC model in their soft actuator designs are responsible for justifying
its validity and accuracy.

The aforementioned models (PCC, PCS, and VC) are part of a group known as
beam theory-based kinematics [68]. Other types can be seen in the literature, such
as approximate piecewise constant curvature (APCC) [69], piecewise polynomial
curvature (PPC) [70], 昀椀nite element method (FEM)-based kinematics [71], machine
learning-based kinematics [72], among several others [68], and they are outside the
scope of this thesis.

2.1.3 PCC Model Representation
The PCC model is commonly represented via arc parameterisation [17] which is
based on three parameters: arc curvature, arc length, and rotation angle about the
vertical axis, Figure 2.3(b). These parameters are explained later in Chapter 3,
Section 3.1.2. In theory, each segment in a PCC-based actuator possesses three
DOFk, distinguishing it from VC and PCS models, which exhibit an in昀椀nite number
of DOFk. However, solving the kinematics of VC and PCS models numerically
necessitate the discretisation of the actuators into 昀椀nite segments and 昀椀nite DOFk

accordingly [65, 73].

Arc parameterisation stands as the most common representation within the litera-
ture due to its simplicity as well as facilitating a straightforward modelling of super-
昀椀cial or embedded strain sensors in terms of the actuator state, which are central
for proprioceptive sensing applications [35, 37, 74]. Nonetheless, arc parameterisa-
tion does have its limitations. Notably, it su昀昀ers from a singularity at the straight
position (i.e., zero curvature) and discontinuities in the rotation angle [21].

The singularity occur when the curvature of the actuator becomes zero, Figure 2.4(a),
resulting in a loss of degrees of freedom or the uniqueness of the solution. This
can cause problems for IK and control methods that rely on the invertibility and
uniqueness of the model. The discontinuities cause two types of shortcomings to the
actuator con昀椀guration. The 昀椀rst shortcoming is the interpretation of the negative
and positive values of the rotation and bending angles in which both cases produce
the same physical posture, Figure 2.4(b).

The second shortcoming occur when the rotation angle of the actuator changes
suddenly, Figure 2.4(c), resulting in a discontinuous or unrealistic change in the
arc parametrisation variables. This can cause problems for numerical methods and
optimisation algorithms that rely on the smoothness and continuity of the model.

These issues are not inherent to the PCC assumption itself but rather to the com-
monly used arc parametrisation. To address these challenges, various alternative
representations were proposed, including dual quaternion mapping [56], augmented
rigid body models [75], closed form solutions [76], opposite virtual arcs [21], rota-
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Figure 2.4: The PCC model limitations, adapted from [21] and reproduced under
the terms of CC BY 4.0 license. The top row illustrates the actuator physical con昀椀g-
urations while the bottom row illustrates a manifold contains the actuator rotation
and bending angles at the horizontal and vertical axes respectively. The PCC model
shortcomings are (a) the singularity at straight position, (b) same physical posture
at positive and negative angles, and (c) discontinuity in the path of the actuator
end point.

tion axis mapping [77], and polynomial approximation [78]. These alternatives o昀昀er
solutions to mitigate the aforementioned singularity and discontinuity, but they of-
ten introduce greater complexity, especially in the context of IK and proprioceptive
sensing applications.

To tackle this complexity, some studies turned to arti昀椀cial intelligence methods for
designing proprioceptive sensing solutions [28, 41, 79]. There are, however, addi-
tional disadvantages to these solutions. They increase the complexity of the mathe-
matical models and demand large volumes of data for validation and training.

It’s worth noting that, despite a thorough review of the relevant literature, a com-
prehensive exploration of the e昀昀ects of arc parameterisation singularity and discon-
tinuities on IK stability and convergence rate remains a gap in the current literature,
highlighting the need for further investigation.

2.1.4 Inverse Kinematics Techniques
Several techniques for solving IK of continuum or soft actuators were proposed in
the literature, which can be broadly classi昀椀ed into analytical, numerical, and data-
driven techniques. Analytical techniques [76] provide closed-form solutions based
on the geometric design of the soft actuator. These techniques are usually fast
and precise, but they also rely on the actuator particular design [80]. Therefore,
they cannot be generalised to other designs or con昀椀gurations of the soft actuator.
Moreover, analytical solutions may not exist or be unique for some cases, such as
when the desired pose is out of the workspace or near singularities.

Numerical techniques use iterative methods to 昀椀nd approximate solutions to the IK
problem. These methods can be generalised to more than one design of the soft actu-
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ator if the FK model is available. A common class of iterative methods are known as
Jacobian-based [81] solvers, which update the actuation con昀椀guration with each it-
eration by using the inverse or pseudo-inverse of the Jacobian matrix. Another class
of iterative methods are heuristic solvers, such as forward and backward reaching
inverse kinematics (FABRIK) [82] and cyclic coordinate descent (CCD) [46], which
use geometric rules to adjust the actuation variables. However, numerical techniques
have limitations too, such as convergence speed, stability, and robustness to noise
and singularities.

Data-driven techniques use machine learning methods to model the relationship
between the end-e昀昀ector pose of the actuator and its con昀椀guration variables. This
task can usually be done without the need for explicit mathematical models, opening
the door to the potential of simulating the actuator kinematics and/or dynamics in
situations where deriving the Jacobians and mathematical models proves challenging.
These methods can be arti昀椀cial intelligence-based [28, 83, 84], adaptive-based [85,
86], or regression-based [87].

Data-driven techniques can handle complex non-linear systems [72, 88]. However,
their implementation is complicated. In addition, such methods usually require a
substantial amount of data for training and validation. Alternatively, hybrid mod-
eling approaches for inverse kinematics, integrating machine learning with physics-
based models, e昀昀ectively address the inaccuracies of modeling complex SPAs and
the material fatigue of soft materials. These methods handle nonlinearity and vari-
ability, resulting in accurate predictions of the robot’s con昀椀gurations. By leveraging
physics-based models, hybrid approaches reduce the amount of data required for
training, making them more efficient. They also enable real-time adaptation to
environmental changes, improving performance and robustness. Furthermore, they
enhance the control and predictability of movements, reducing errors and increasing
precision within the 昀氀exible nature of soft robotics [88–92].

In essence, data-driven techniques can be avoided when it is possible to derive the
mathematical models and the Jacobians. This thesis focuses on Jacobian-based
methods, a class of solvers valued for their simplicity and versatility, making them
particularly suitable for various con昀椀gurations of SPAs.

2.1.5 Jacobian-Based Methods
Jacobian-based methods are a class of numerical solvers that utilise the Jacobian
matrix to iteratively solve the IK problem of SPAs. These methods are reasonably
easy to implement and can be applied to various SPA designs and con昀椀gurations,
considering that the FK model is available or can be approximated. The funda-
mental concept behind Jacobian-based methods is their ability to approximate the
complex, non-linear FK using Taylor series expansion. This expansion allows for a
more tractable and invertible representation of the original system, simplifying the
computation of IK [93].

Jacobian-based methods essentially leverage these Taylor series approximations to
map the actuator inputs to the desired end-e昀昀ector position and orientation. The de-
gree of truncation in the Taylor series expansion distinguishes two main approaches:
linear and quadratic approximations, each o昀昀ering unique advantages and trade-o昀昀s.
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Gradient descent-based algorithms are root-昀椀nding methods that can be used with
linear approximation. This set of methods is basically trying to 昀椀nd the local or
global minimum by starting from an initial seed and then taking repeated steps in
the opposite direction of the gradient of the optimisation function at each iteration
step [94]. The gradient descent technique, however, is highly sensitive to the initial
seed location and can su昀昀er from slow convergence.

Consequently, several variations of the gradient descent algorithm were introduced
in the literature, including vanilla, stochastic, momentum, adaptive (such as Adam,
AdaGrad, and RMSProp), natural, and conjugate gradient descent, among others.
These variations are designed to adjust the convergence rate based on the history
of gradients and the speci昀椀c behaviour of the cost function. They can lead to faster
convergence and reduce the sensitivity to the initial seed [95, 96].

Conversely, for both the linear and quadratic approximations, the Newton-Raphson
non-linear root-昀椀nding method, or simply Newton’s method, is commonly used as
an iterative algorithm to re昀椀ne and converge to an approximate solution, enabling
the actuator to achieve the desired pose efficiently [97]. The linear approximation
is obtained by truncating the Taylor series after the 昀椀rst derivative term. This
approach produces a linear representation of the FK that can be solved using the
inverse of the Jacobian matrix [43] or via other variations to be discussed below.

The linear approximation is fast and stable, but it may su昀昀er from low accuracy
and slow convergence, especially near singularities or out of the workspace [84].
Contrarily, the quadratic approximation is obtained by truncating the Taylor series
after the second derivative term. This approach produces a quadratic representation
of the FK which can typically be solved using the Jacobian and Hessian matrices [98].
More on that in Section 2.1.7 below.

The Jacobian inverse (JIV) method is a simple and straightforward approach that
maps desired end-e昀昀ector velocities to the rate of change in the actuation variables,
i.e., the arc parameterisation variables. This method relies on the inverse of the
Jacobian matrix to perform this task. However, the Jacobian matrix has to be
square, which may not be true for redundant or under-actuated soft actuators, and
non-singular to guarantee a unique solution.

Some improvements, including Jacobian pseudo-inverse, damping factors, null-space
projection, or adaptive step size, were suggested to enhance the performance of
the linear approximation [99, 100]. Each improvement introduces a di昀昀erent way,
compared to JIV, to compute or manipulate the Jacobian matrix as follow:

The Jacobian transpose JTR method is based on the simplifying assumption
of the principle of virtual work [101]. This method calculates the rate of change
in the actuation variables via the use of the Jacobian matrix transpose instead of
the inverse. This method can be e昀昀ective when the Jacobian matrix is singular,
but it may require many iterations to converge and may result in large motions or
oscillations. Additionally, the transpose method does not support strict priorities
among constrained dimensions and does not consider the relative contribution of
actuation variables [100].
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The Jacobian pseudo-inverse JPI, or Moore-Penrose inverse J+, method is a gen-
eralised inverse that can handle singular matrices. This method has the advantage
of being de昀椀ned for all the Jacobian matrices, including those that are non-square
or not of full rank. Such an advantage enables this method to provide an IK solu-
tion for both under-actuated and over-actuated systems as well. Additionally, the
JPI method calculates the rate of change in the actuation variables that minimises
the norm of the rate of change. This process can help avoid sudden changes in the
actuation velocity and improve the stability and smoothness of the motion [102].

Figure 2.5: The simplest redundant case where (a) is a two DOFk chain, θ1 and
θ2, and a one dimensional constraint along the x-axis for the end-e昀昀ector. The
null space projection (b) shows all the represented solutions as well as the solution
at the minimum norm. Adapted from [102] under the permission of CAUL/GO8
Consortium.

The pseudo-inverse performs a projection of the desired motion onto the null space of
the Jacobian matrix, Figure 2.5(b), to avoid singularities while achieving the desired
end-e昀昀ector pose [102, 103]. This is because every possible actuation con昀椀guration
that does not a昀昀ect the position and orientation of the end-e昀昀ector is represented
by the null space of the Jacobian matrix [98]. Nevertheless, this method has its
own limitations as well. For example, the JPI method causes signi昀椀cant changes in
the actuation variables when the actuator con昀椀guration is near a singularity, even
though there may not be much movement towards the target, leading to oscillations
and discontinuities in motion.

The damped least squares (DLS) method, or the Levenberg-Marquardt algorithm,
stabilises the iteration process by adding a damping factor to the JPI. This helps to
prevent many of the singularity-related issues that arise with the JPI method [104].
The damping factor can prevent large motions or oscillations near singularities or out
of the workspace. The damping factor must be chosen carefully in order to achieve
numerical stability. DLS method works better than the JPI and JTR methods [105].
However, its superior behaviour is subjected to the damping factor. While a large
damping factor produces well-behaved solutions close to singularities, it also slows
down convergence, makes tracking targets less accurate, and causes shaking and
oscillation.



CHAPTER 2. LITERATURE REVIEW 21

The singular value decomposition (SVD) method provides a powerful tool for
analysing both the JPI and DLS methods. It allows for the analysis of the singular
values of the Jacobian matrix, aiding in the identi昀椀cation of the most critical ac-
tuators and redundancy resolution. The SVD method is particularly advantageous
when optimising performance and avoiding singularities. This method decomposes
the Jacobian matrix into three matrices: U , S, and V , where U and V are orthogo-
nal matrices and S is a diagonal matrix of singular values. The pseudo-inverse can
be computed from these matrices by inverting the nonzero singular values and trans-
posing U and V . This method can also detect and handle singularities by setting
small singular values to zero. Nevertheless, the SVD method can be computationally
demanding, especially when dealing with large kinematic chains.

The pseudo-inverse damped least squares (PDL) method is a modi昀椀ed version
of the DLS method that makes use of the SVD under the DLS method [104]. PDL
combines the JPI and DLS methods by adding a damping factor to the diagonal ma-
trix of singular values before inverting them. This method o昀昀ers enhanced stability
over the JPI alone, but it still requires careful tuning of damping parameters. PDL
method is often preferred for redundant systems over the standard DLS method due
to its ability to handle redundancy resolution more e昀昀ectively and efficiently [106].

The PDL method explicitly addresses redundancy resolution, which involves deter-
mining how to best use the additional DOF to optimise the task. This is accom-
plished by using the pseudo-inverse of the Jacobian matrix, which can be tuned
to prioritise speci昀椀c solutions, such as minimising energy consumption, avoiding
obstacles, or optimising the end-e昀昀ector pose [106, 107]. Standard DLS may not
provide the same level of control and 昀氀exibility in redundancy resolution. However,
The PDL method combines aspects of SVD and DLS, both of which can introduce
computational overhead. The computational cost can be a concern in time sensi-
tive applications, where rapid decision-making and control are crucial. Complex
calculations might not be feasible within tight time constraints [108].

There are other Jacobian-based solutions with particular application speci昀椀cs found
in the literature [100]. While they may o昀昀er advantages in certain scenarios, their
limitations often depend on the speci昀椀c adaptations and variations used. The appli-
cability of these methods for a particular application may be less clear than that of
the more established techniques due to their lack of widespread documentation or
validation. In summary, several Jacobian-based methods were introduced to be used
for the linear approximation of the Taylor series. These methods have di昀昀erences in
regards to convergence rate, stability, redundancy, and singularity handling. Some
of these methods add a damping factor to enhance stability, and the selection of
this damping factor a昀昀ects the behaviour of the iteration process.

2.1.6 Damping Factor Selection
The damping constant serves as a signi昀椀cant parameter that in昀氀uences the stability
and precision of the iteration process in IK. It plays a pivotal role in mitigating the
occurrence of singularities or ill-conditioned matrices when employing the Jacobian
matrix to determine joint velocities. The selection of a suitable value for the damp-
ing factor depends on the desired trade-o昀昀 between stability vs convergence rate.
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Various techniques are available in the literature for determining the optimal value
of the damping factor.

A 昀椀xed damping factor represents the simplest technique, wherein a constant
value is assigned to the damping factor, typically determined through trial and
error. This damping technique is utilised in both DLS and PDL methods. Several
studies were conducted to select the optimum constant value. Interested reader may
refer to [99] for further details. While it is a straightforward technique, it may not
yield optimal results for all con昀椀gurations and target positions. Using a very small
damping factor may lead to instability or oscillations, whereas using a very big value
may compromise accuracy and convergence rates.

The adaptive damping technique adjusts the damping factor based on speci昀椀c
criteria, such as proximity to the target or the error norm. The idea is to increase
the damping when the actuator con昀椀guration is close to a singularity or far from the
target. Similarly, the damping factor is decreased when the actuator con昀椀guration
is well-conditioned and near the target. This approach can enhance the performance
and resilience of the IK solution but may necessitate additional computational re-
sources and parameter tuning. A good example can be seen in [99], where a scaling
factor is used in conjunction with the JTR method to control the step size of the
iteration based on the error norm. Another example can be seen in [109, 110], where
the damping factors were calculated as functions of the actuator manipulability.

The selective samping technique was introduced as a replacement for the 昀椀xed
damping in solving the IK problem of redundant actuators [105]. this technique
applies distinct damping factors to individual singular vectors of the Jacobian matrix,
depending on their corresponding singular values. The aim is to increase damping for
singular vectors associated with small singular values, which represent directions of
limited mobility or sensitivity. This way, selective damping can reduce the oscillation
of the actuator when the target position is unreachable or near the boundary of the
workspace, and also improve the numerical stability of the solution. However, it has
the highest calculation cost among other techniques since it involves the SVD of
the Jacobian matrix, which can be computationally expensive for larger kinematic
chains [100].

The damping pro昀椀le technique is another alternative in the literature. It is simply
varying the damping factor according to speci昀椀c pro昀椀le based on certain criteria, such
as the number of iterations or the proximity to singularities. The studies of [111,
112] are good examples in which the damping factor is changing according to an
exponential pro昀椀le. The damping factor varies around zero when the actuator is
far from any singularity region, then increases exponentially when approaching a
singularity. Afterwards, the damping factor decreases exponentially to zero when
the actuator passes through the singularity region. These studies provided smooth
actuator motion when approaching singularities. However, they used a machine
learning method known as the Genetic Algorithm, which requires excessive training
to 昀椀nd the optimum variables for their pro昀椀les.
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Nonetheless, this technique continues to be underrepresented in the existing litera-
ture, with limited attention given to its possible advantages and drawbacks. Few
studies addressed the speci昀椀c nuances and applications of damping pro昀椀les based
on iteration counts. This uncharted territory re昀氀ects a gap in our understanding
of how this technique can impact the 昀椀eld of robotics. The limited attention given
to this technique in the literature points to a compelling avenue for future research
and investigation opportunities to delve deeper into the concept, providing valuable
insights and contributions to the 昀椀eld of SPA inverse kinematics.

2.1.7 Quadratic Approximation
As mentioned earlier in Section 2.1.5, the quadratic approximation is obtained by
truncating the Taylor series after the second derivative term. The linear approxi-
mation of the Taylor series is simpler and faster to compute. Though, it may have
shortcomings regarding the accuracy requirements for some applications. The linear
approximation assumes that the approximated function has a local linear trend at
the calculation point, Figure 2.6(a), which means that the curvature of the function
is negligible. However, the linear approximation may lead to some errors or slow
convergence when working with certain non-linear functions with high curvatures,
such as trigonometric functions [113].

Figure 2.6: Taylor series expansion of an arbitrary non-linear function f(x) where
(a) represents a linear approximation at x0, and (b) represents a quadratic approxi-
mation at x0. The expansion is marked with red colour.

Alternatively, in some applications, the robustness and enhanced accuracy of the
quadratic Taylor series approximation may provide better results, despite its com-
plexity and higher computation loads. The quadratic approximation takes into
consideration the curvature of the function, and it has better capability to capture
its non-linear behaviour at the approximation point, Figure 2.6(b). For certain
functions, however, that have low curvature or are locally linear, this might not be
required. The quadratic approximation can be unnecessary or over-昀椀tting in this
situation. The choice of implementing either the linear or quadratic approximation
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in any application depends on the trade-o昀昀 between simplicity vs accuracy, as well
as the characteristics of the application and its speci昀椀c requirements [114].

Although the quadratic approximation has better accuracy and converges with less
iterations compared to the linear approximation, it necessitates extra computational
resources and can run into numerical issues, such as ill-conditioning or non-positive
de昀椀niteness of the Hessian matrix [115]. Some methods were proposed to reduce
the Hessian computational cost by approximating the Hessian matrix instead of
the exact calculation such as Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
among other methods [100, 116, 117]. Other methods were introduced as well, such
as the Lazy Hessian [114], in which the iteration algorithm does not update the
Hessian matrix at each step and re-uses the old values for several steps. Moreover,
another study implemented the Halley’s method for solving IK [118], which can be
considered an extension of the Newton’s method. All these methods are outside
the scope of this thesis. Nonetheless, the Newton’s method can be highly accurate
and may perform better when using the exact Hessian instead of the approximated
Hessian [119].

Some studies investigated the advantages of using the Hessian matrix in modelling
the kinematics of the continuum actuators. For instance, the studies of [120, 121]
provided spatial dynamics models for PCC-based multi-segment continuum actua-
tors. The analyses involved deriving the Jacobian matrices and the Hessian tensors.
These studies, however, didn’t investigate the IK, and their focus was to model the
forward kinematics and dynamics.

Figure 2.7: Critical points of an arbitrary non-linear function f(x) showing the
minimum and maximum points, local and global, as well as the saddle point. The
gradient at each critical point is zero.

The quadratic approximation is usually formulated as an optimisation problem [116].
The idea is to select a suitable objective function, the position and/or orientation
error minimisation as an example, then iterate till reaching a solution. The Hessian
matrix measures the local curvature of the FK model at the approximation point.
Therefore, the characteristics of the Hessian matrix play a vital role in determining
the solution type [122]. The quadratic approximation convergence requires that the
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Hessian matrix can be derived, i.e., the FK model is twice di昀昀erentiable, and that
the Hessian matrix is both invertible and Lipschitz continuous [94]. Otherwise, the
iteration may enter a cycle of more than one point and not converge at all, or it may
converge to a saddle point instead of a local or global minimum.

The solution is normally located at the critical points where the gradient of the FK
is zero or unde昀椀ned [98, 113], Figure 2.7. Based on the eigenvalues of the Hessian
matrix, the critical point can be either a local minimum, a local maximum, or a
saddle point [122, 123]. If the Hessian matrix is positive de昀椀nite, all the eigenvalues
are positive, then the solution is at a local minimum. Alternatively, if the Hessian
matrix is negative de昀椀nite, all the eigenvalues are negative, then the solution is at a
local maximum. However, if the Hessian matrix has a mix of positive and negative
eigenvalues, then the solution is at a saddle point. Finally, if the Hessian matrix
is positive semi-de昀椀nite, some of the eigenvalues are zero while others are positive,
then the critical point type depends on the higher order derivatives of the FK.

In addition, the selected objective function can determine whether the optimisation
is a convex or non-convex problem [97]. The limitation with using Newton’s method
to minimise a non-convex function is that it does not distinguish between the dif-
ferent types of the critical points. Thus, the applicability of Newton’s method is
restricted to cases where the Hessian is positive de昀椀nite, for error minimisation, and
Lipschitz continuous. Also, the solution may converge to a locally optimum point
instead of a globally optimum point based on the initial seed. A key characteristic
of convex functions within certain domains is that every locally minimum point is
also a globally minimum point [97]. If the objective function is strongly convex
and with Lipschitz Hessian, then the sequence generated by Newton’s method will
converge to a global minimum [94, 97]. This condition applies for both the linear
and quadratic approximations.

As mentioned above, the objective function can be selected to minimise the position
and/or orientation errors of the actuator end point. As an example, the position
error can be the simple mathematical di昀昀erence between the current and desired
coordinates [43] which is a non-convex function, or the Euclidean norm which is a
convex function [97, 124]. Similarly, the orientation error can be the di昀昀erence be-
tween the current and desired orientations. The Euclidean norm could be a suitable
choice to use since the orientation can be represented using various methods, such
as Euler angles, rotation matrices, or unit quaternions.

In addition, a combination of both the position and orientation errors [58] can be
used along with weighting factors to adjust the relative importance of position and
orientation control. A desired trade-o昀昀 between position and orientation accuracy
can be achieved by tuning these weights. Anyhow, dealing with orientation represen-
tations and their corresponding error metrics involves further complexity compared
to dealing with position alone. The speci昀椀c requirements of each application may
determine the necessity for including orientation control.

Generally speaking, the quadratic approximation requires deriving the Hessian twice.
The 昀椀rst Hessian is the second partial derivatives of the FK model and it is a third-
rank tensor [125]. The other Hessian is for the objective function and it is a second-
rank tensor, a matrix, which is derived using the chain rule [126]. More on that in
Chapter 3, Section 3.2.2.
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The implementation of convex optimisation in IK is a known approach in robotics
research [127] as well as other 昀椀elds such as computer graphics [119, 128]. However,
within the 昀椀eld of soft robotics, this approach remains a gap in the current literature,
which emphasises the signi昀椀cance for further investigation.

2.2 Twist Measurement: Current Solutions and
Challenges

As stated earlier in Chapter 1, SPAs are recognised for their inherent 昀氀exibility
and capacity to undergo large deformations. However, they fall behind their rigid
counterparts in the ability to sense their state in planar or 3D spaces. Given that
SPAs deformations can result from both internal and external loads, improving their
sensing capabilities holds the potential to re昀椀ne the accuracy of state estimation.
Such enhancements, when integrated, stand to substantially elevate the efficiency of
control mechanisms in contrast to the conventional open-loop control paradigm [4].

2.2.1 State Sensing at a Glance
Generally, SPAs cannot accomplish required tasks e昀昀ectively with just open-loop
control, even with a carefully built environment [35]. This limitation is based on two
reasons. First, SPAs are usually made from hyper-elastic material that has certain
characteristics such as non-linearity, hysteresis, and large deformation. Predicting
the SPA behaviour using kinematic and dynamic models alone represents a complex
and challenging task considering such characteristics. Second, SPAs deformation
is caused by both internal and external loads. While internal loads are usually
modelled, external loads, on the other hand, are generally unknown. Thus, state
sensing can provide useful feedback for the controller in order to adjust the SPA
state based on the sensed errors.

State sensing can be achieved by using external monitoring, such as motion capture
cameras [129] or electromagnetic tracking [130]. However, these techniques are de-
signed to work within a lab environment. Alternatively, proprioceptive sensing [35]
can sense the actuator state inside or outside the lab environment. Sensors are
commonly categorised based on their working principle [131, 132] into exteroceptive,
proprioceptive, and external perception.

Exteroceptive sensors are located on the ’robot’ body and generate information
about the external environment. Common exteroceptive sensors are compass, GPS,
laser range昀椀nder, and haptic sensors. Proprioceptive sensors are located on the
’robot’ body and measure its internal state. Common examples are pressure, strain,
and temperature sensors. External perception sensors are located outside the ’robot’
body to measure its state, such as motion capture cameras, RADARs, and infrared
thermometers.

Proprioceptive sensing can provide sensory feedback to a closed-loop controller [35]
for enhancing controlled movement accuracy and efficiency. Several proprioceptive
sensing solutions for PCC actuators were introduced using di昀昀erent technologies,
such as optical [36, 37], inductive [38, 39], Carbon nanotube (CNT) [40], conductive
silicone sheets [28], conductive 昀氀uids [133], EGaIn [41], piezoresistive [134], and
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capacitive [42] sensors. The sensing performance can vary between each solution
based on the intended application [24].

All the aforementioned proprioceptive solutions measure the local change in length
or curvature between two points on the actuator surface or inside its body based on
the sensor position. Numerous criteria can a昀昀ect the selection of suitable sensing
solutions, such as resolution, stretchability, dynamic range (the ratio of sensing
range to resolution), response time, robustness, durability, fabrication complexity,
cost, design 昀氀exibility and scalability, and power consumption [35].

For soft actuators comprised of a singular muscle, a requisite condition involves the
incorporation of at least one sensor to detect extension or bending along a single
axis [135, 136]. In contrast, when dealing with soft actuators featuring multiple
muscles, the demand escalates to the utilisation of two or more sensors. This ex-
panded sensor array becomes essential for capturing changes occurring across mul-
tiple axes [28, 137].

2.2.2 Twist Along the Centreline
The twist assessment along the soft actuators’ centreline instigated the development
of diverse techniques, each exhibiting variations in accuracy and modelling complex-
ity. In an early approach, inertial measurement units (IMUs) were strategically
positioned along the centreline of a 昀氀exible bar to capture relative movements at
speci昀椀c measurement points [138].

While this study o昀昀ers a viable method for measuring twist along the centreline, it
was originally devised for the purpose of mapping human gestures during the use
of prosthetic musical instruments and has nothing to do with soft robotics. The
focus of the study was unintended in the context of soft robotics and it involves
embedding non-extensible components within the soft actuator core.

Later, a noteworthy investigation conducted by [139] outlined the fabrication and
testing procedures for a soft actuator featuring dual pneumatic muscles. This actua-
tor was capable of undergoing deformations that involved both bending and twisting.
The study examined the use of EGaIn-based sensors to assess both bending and
twist deformations. Despite its contribution to the 昀椀eld through the experimental
implementation of super昀椀cial sensors for twist measurement, the study lacked the
presentation of a formal mathematical model for quantifying twist. Furthermore,
the results were presented solely as raw sensor readings, without a comprehensive
analytical framework.

Few research endeavours delved into the integration of machine learning method-
ologies for the modelling of soft actuators sensing, showcasing diverse applications.
Notably, the investigation conducted by [140] demonstrated the application of super-
vised learning techniques. Their focus was on identifying a strategically optimised
subset of EGaIn-based sensors from a larger redundant set. The primary objective
was the development of soft actuators endowed with the ability to execute task-
relevant sensing while utilising a minimal number of soft sensors.

Similarly, another signi昀椀cant exploration in this domain was undertaken by [141],
wherein coupling 昀椀eld simulation (CFS) was employed to simulate capacitive su-
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per昀椀cial strain sensors deployed on the surface of an SPA. The core objective here
was to characterise the sensors’ performance under varying conditions of bending
and twist deformations. The researchers were able to create a considerable volume
of annotated data by utilising the insights that they acquired from the simulation.
This data was then utilised to train a neural network for a spectrum of perception
tasks.

While these machine learning-driven methodologies demonstrate pro昀椀ciency in han-
dling complex designs and deformations, it is crucial to acknowledge their inherent
demand for extensive, high-quality datasets for both training and testing phases.
Additionally, the computational resources required for the implementation of these
techniques can be signi昀椀cant [142].

Expanding the spectrum, another approach involved the integration of a large array
of randomly positioned sensors within the soft actuator core [41]. The objective was
to select the smallest suitable subset of sensors by quantifying and minimising the
potential energy 昀氀uctuations. However, the implementation of such a measurement
technique invariably demands the incorporation of many sensors within the actuator
structure or the integration of non-extensible components within the soft actuator
core.

The implementation of such designs introduces inherent challenges and complexities,
particularly concerning the accuracy of sensing and the spatial constraints within
the soft actuator. Contrarily, 昀椀bre Bragg grating (FBG) optical sensors attracted
signi昀椀cant research attention due to their softness and other advantageous qualities.
The application of FBG sensors on soft robots was extensively studied over the years,
as elaborated in the following section.

2.2.3 Twist Measurement Using FBG Sensors
FBG sensors were emerged as versatile tools, showcasing enormous potential in a
wide range of applications that necessitate precise deformation sensing. Their popu-
larity in these contexts is attributed to an array of advantageous properties, includ-
ing remarkable temperature tolerance, immunity to electromagnetic interference,
inherent 昀氀exibility, impressive tensile strength, and a compact design [143]. While
the extensive utilisation of FBG sensors in deformation sensing is well-documented,
their application in measuring twist, particularly within the domain of soft actuators,
is relatively understudied.

The compliance and adaptability of soft actuators pose unique challenges in the
integration of sensing technologies. The difficulties involved in measuring twist in
such pliable structures have led to a limited number of studies exploring FBG sensors
in this speci昀椀c context [36, 144, 145]. This limitation is primarily attributed to
the inherent complexity associated with soft actuators, where traditional sensing
approaches face challenges in providing accurate measurements.

In parallel, FBG sensors have found applications in continuum actuators [146], show-
casing their adaptability across diverse 昀椀elds [143, 147, 148]. The versatility of FBG
sensors becomes evident as they transcend the boundaries of soft actuators and
spread to various engineering disciplines. However, despite their promising capabil-
ities, certain studies within the realm of soft actuators have highlighted limitations
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and drawbacks.

One notable example is found in the theoretical model presented by [144], which
utilises the torsion of a spiral curve [149] as opposed to focusing on the twist about
the centreline. This departure from the conventional approach raises concerns about
the model’s ability to accurately represent strain changes in terms of the twist at the
free end of the actuator. The deviation from established measurement conventions
may impact the broader applicability and reliability of the proposed model.

Similarly, the study conducted by [145] adopts a unique approach by placing FBG
sensors along a spiral nitinol wire to safeguard them from excessive strain. However,
this design choice, while addressing one challenge, introduces another. According to
established mechanical design principles [150], the use of a higher rigidity material
such as the nitinol wire may alter the twisting measurement in the soft actuator. The
behaviour observed during twisting, where the helix diameter decreases rather than
changing its length, as depicted in the results [145, Fig. 5(b)], raises questions about
the consistency and reliability of the measurements. Additionally, the absence of a
direct comparison between the theoretical model and the experimental twist results
introduces uncertainties regarding the e昀昀ectiveness of this particular design.

Moreover, the study outlined in [36] takes a di昀昀erent approach by not including a
theoretical model and primarily focusing on employing a commercial multi-core 昀椀bre
optic shape sensor (FOSS) sensor to measure the deformation of the soft actuator,
Figure 2.8. While this approach may provide practical insights into deformation,
the absence of a theoretical framework limits the understanding of the underlying
mechanics governing twist in soft actuators.

Figure 2.8: An example of integrating a commercial multi-core FOSS in a soft
actuator for measuring bending and twist where (a) shows the FOSS’s path within
the soft actuator, (b) shows the cross-section view of the FOSS using the scanning
electron microscope (SEM), (c) shows the bending test, and (b) shows the twist test.
Adapted from [36] and reproduced under the terms of CC BY 4.0 license.

Furthermore, in the study conducted by [146], the initial twist test presented a
noteworthy concern as the authors did not provide a comparison between their theo-
retical model and the test results [146, Fig. 5]. This omission raises questions about
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the accuracy and reliability of their proposed model, emphasising the importance of
verifying the theoretical frameworks through simulations and/or validating through
experimental data.

As discussed above, the exploration of twist measurement in soft actuators was
marked by a limited number of studies, as evidenced by the examinations of various
investigations [36, 144, 145]. While these studies employ FBG sensors as a means of
capturing twist, the broader emphasis lies in understanding the complex behaviour
of soft actuators during twisting. Challenges abound in this domain, from the
formulation of comprehensive theoretical models to ensuring consistent experimental
validation and adherence to established mechanical design principles. The 昀椀ndings
from these studies underscore the complexities inherent in measuring twist within
昀氀exible structures, prompting the need for more extensive research to enhance our
understanding of this unique aspect of soft actuator behaviour.

In a study with relevance to the investigation of soft actuator twist, as discussed
by [151], electromagnetic sensors were used to measure the twist within a PCC-
based cable-driven actuator. The twist observed in this scenario was a consequence
of imperfect assembly as a result of a manufacturing error. The study examined
the complexities of the actuator’s behaviour, with the authors formulating a series
of mathematical equations to articulate the length variations of the twisted cables
along the actuator’s backbone. However, this meticulous work necessitated the
determination of multiple calibration factors through experimental measurements.
While these equations encapsulate the dynamics of twist in cable-driven actuators,
they also open avenues for future research to construct a comprehensive mathemat-
ical model that encompasses a broader spectrum of soft sensors subject to diverse
movements, including twist.

All things considered, I believe that a viable approach to sensing deformations in
soft actuators involves the attachment of either a super昀椀cial or a sensory skin to
their external surface, as explored in studies such as [28, 152], or even their internal
surface, as indicated in [144]. This strategy provides seemingly less intricate solu-
tions, potentially simplifying the measurement of various deformations, including
bending, rotation, extension, and twist.

Notably, EGaIn-based sensors hold a signi昀椀cant advantage over FBG sensors, espe-
cially in cases involving extension. The remarkable di昀昀erence in strain measurement
range becomes apparent, with FBG sensors are limited to millistrains [153], whereas
EGaIn-based sensors can exceed an impressive 700% strain [154], highlighting their
superior range and versatility.

Nevertheless, a signi昀椀cant gap persists in the current research despite the progress
made in advancing the sensing capabilities of soft actuators. Speci昀椀cally, there is
a lack of super昀椀cial solutions that can comprehensively sense and quantify these
multifaceted deformations simultaneously in three-dimensional (3D) space. Closely
addressing this gap may lead to further developments in soft robotics. Hence, allow-
ing for the development of sophisticated and adaptable capabilities to be included
in these systems.

This highlights a critical research requirement for the development of integrated
sensing solutions that can o昀昀er a comprehensive understanding of the complex de-



CHAPTER 2. LITERATURE REVIEW 31

formations exhibited by soft actuators in real-world applications. For this reason,
the pivotal role of veri昀椀cation via simulation process cannot be overstated. Lever-
aging simulation capabilities allows researchers to re昀椀ne and verify mathematical
models, providing a better understanding of SPA behaviours. Recognising the cru-
cial interplay between sensing modelling and veri昀椀cation is essential for advancing
SPA understanding. This sets the stage for the exploration of recent FEA simulation
advancements in soft robotics, as discussed in the following section.

2.2.4 An Overview of SPA Simulation Tools
Analytical modelling of soft actuators presents a formidable challenge due to their
complicated geometries, substantial material non-linearities, and the inherent com-
pressibility of air [155, 156]. Several recent investigations exploring the application
of FEA in the realm of soft robotics yielded valuable insights [156–160]. These
studies collectively establish that FEA possesses the capability to handle extensive
deformations associated with both deformation and in昀氀ation, predict and optimise
the performance of SPA designs under diverse inputs, Figure 2.9, o昀昀ering a swift
and efficient design strategy that minimises costs and development time, enhance
our comprehension of stress concentration and strain distribution in SPAs for eval-
uating fatigue performance, and address contact non-linearities that are caused by
environmental interactions.

Figure 2.9: An example of model veri昀椀cation via FEA simulation and validation via
experimental tests where (a) shows the SPA while being actuated, (b) shows the
mathematical model results, and (c) shows the FEA simulation results. Adapted
from [160]. Copyright 2019, IEEE.

Prominent commercial FEA software tools were employed in the simulation of soft
robotics, including Abaqus, ANSYS, and COMSOL. These tools provide various
features such as force measurements, design optimisation, modelling of interactions
with other objects, and analysis of multi-physics phenomena [161], including 昀氀uid-
structure interaction [161] and thermo-structural analysis [162, 163]. Meanwhile,
open-source alternatives like MOOSE and VegaFEM cater to the simulation needs
of soft actuators [164]. VegaFEM, for instance, were utilised in modelling soft pneu-
matic 昀椀ngers with a 昀椀bre-reinforced design [164]. However, it’s noteworthy that
MOOSE is con昀椀ned to the Neo-Hookean hyperelastic model [165], and VegaFEM
lacks collision detection or contact handling capabilities [166].
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Although these FEA packages are practical, their computational speed frequently
becomes a bottleneck, restricting their use in scenarios involving real-time control.
Addressing this concern, the SOFA toolkit, tailored for interactive medical simu-
lation [167], incorporates a soft robotics plugin [168] to facilitate fast, real-time
simulation and control [166, 169–171].

Notably, many FEA studies predominantly employ quasi-static simulations, wherein
pressure loads are gradually increased at small time steps. However, dynamic e昀昀ects
may necessitate consideration in scenarios involving high pressures or rapid actua-
tion, where the quasi-static assumption becomes unfeasible, leading to the potential
observation of vibrations [172, 173].

In contrast, di昀昀erential simulators, a subset of physics-based simulators, integrate
gradient-based optimisation algorithms. These algorithms enable the direct input of
calculated gradients into numerical optimisation algorithms, forming a mathematical
framework to identify and bridge simulation-reality gaps speci昀椀c to applications,
optimally control embedded soft actuators for tasks such as grasping and locomotion,
and estimate the mechanical state of the soft systems based on optimally embedded
sensors [174].

A signi昀椀cant progress in this domain is the creation of simulators that can train
and evaluate controllers, namely those derived from reinforcement learning. For
instance, ChainQueen stands out as a real-time, di昀昀erentiable hybrid Lagrangian-
Eulerian physical simulator designed for deformable objects, enabling physical infer-
ence, soft robot control, and co-design of robotic arms [175] but with limitations in
handling visco-elastoplastic deformation as well as the number of applications so far
considering the short time since this simulator was introduced [176].

Moreover, Di昀昀erential Projective Dynamics (Di昀昀PD) serves as a rapid di昀昀erentiable
simulator inspired by projective dynamics, speci昀椀cally tailored for the optimisation
of soft-body learning and control applications [177]. This simulator is integrated
with a di昀昀erentiable, analytical hydrodynamic model, further enhancing its utility
in the comprehensive modelling and control of underwater soft robots [178]. Despite
its advantages, Di昀昀PD has limited performance in regards to simulations involving
hyperelastic material or contact interactions that need to be addressed for better
optimisation strategies [177].

In the same fashion, traditional rigid body simulators were adapted to accommodate
soft robotics applications. Gazebo and ROS, as evidenced in [179, 180], were utilised
to simulate robotic manipulation, incorporating a rigid robotic arm equipped with
a soft pneumatic gripper. SoRoSim, a MATLAB toolbox employing the geometric
variable strain approach, o昀昀ers a uni昀椀ed framework with various capabilities for
modelling, analysis, and simulation of di昀昀erent types of actuators, including soft,
rigid, and hybrid [181]. Another notable example was Evosoro [182], a soft robot
simulator based on Voxelyze, a versatile voxel-based soft-matter physics engine sup-
porting static and dynamic analyses [183]. Additional robotic simulators can be
seen in the literature, each of which is equipped with capabilities for modelling soft
robotic components [5, 184].

In general, FEA stands out as a widely employed tool for simulating the deformation
of SPAs. Leveraging its versatility, FEA e昀昀ectively captures the behaviour of these
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actuators under various types of loading, accommodating scenarios involving com-
plex geometries, varied materials, and di昀昀erent boundary conditions [2]. Drawing
from my familiarity with FEA, having utilised it in prior research, I 昀椀nd it to be a
powerful and e昀昀ective tool for simulating SPA behaviour, particularly in quasi-static
analyses where dynamic considerations are not in play.

However, it is essential to acknowledge certain considerations associated with the
use of FEA, including the demand for substantial computational resources and the
inherent limitations in simulating dynamic behaviours [5, 155]. Despite these con-
siderations, my preference for FEA originates from its proven capability to meet the
requirements of my mathematical analysis, which primarily focuses on quasi-static
behaviours. Additionally, the wealth of resources within the soft robotics commu-
nity provides valuable guidelines and insights, o昀昀ering assistance when encountering
challenges in building sophisticated FEA models.

While alternative simulation tools may o昀昀er solutions to speci昀椀c limitations of FEA,
it is crucial to recognise that each tool comes with its own set of constraints. Re-
searchers engaging in the study and analysis of SPA behaviours should be mindful of
computational demands and potential constraints, making informed decisions about
the most suitable tool for their speci昀椀c research objectives.

2.2.5 Multi-Muscle SPA: Insights from Previous Studies
A standard pneumatic actuator typically comprises one or more pneumatic muscles,
alongside additional supporting layers tailored to facilitate speci昀椀c movements [185].
Pneumatic muscles, such as Mckibben muscles, exhibit contraction under the in-
昀氀uence of air pressure [186]. Nevertheless, achieving diverse movements, such as
extension, twist, or bending, necessitates further design adaptations.

To enable a broader range of motions within a single actuator, the incorporation of
two or more pneumatic muscles is imperative, allowing for the generation of bend-
ing, extension, and twist movements in three-dimensional space [17]. An e昀昀ective
strategy involves integrating 昀椀bre-reinforcements along the surface of the external
soft actuator or individual pneumatic muscles to restrict radial expansion. Conse-
quently, longitudinal expansion occurs, which can be harnessed to actuate simple
joints [187] and generate twisting [188] or complex motions [189].

Moreover, research indicates that by strategically adjusting the orientation of the
昀椀bre-reinforcements [190] or employing an inverse actuation mechanism [191], re-
searchers successfully generated a spectrum of motions, emphasising the adaptability
and versatility of multi-muscle SPAs. This adaptability is particularly advantageous
in scenarios where complex movements are essential for the intended application.

A noticeable soft actuator in the realm of robotic solutions for minimally invasive
surgery (MIS) is the STIFF-FLOP (STIFFness controllable Flexible and Learn-able
manipulator for surgical OPerations), which underwent iterative design re昀椀nements,
yielding valuable insights and discoveries that signi昀椀cantly advance the 昀椀eld of MIS
soft actuators [192].

The initial design, presented in [193], featured segments comprising three pneumatic
chambers with semi-circular cross-sections serving as actuation muscles. Addition-
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ally, each segment included a central chamber with a circular cross-section for gran-
ular jamming and an external braided sheath around the segment body to restrict
radial expansion. Notably, the concept of jamming was pivotal in modulating sti昀昀-
ness within individual segments, thereby inducing speci昀椀c behaviours in the SPA.
The authors utilised co昀昀ee beans as the jamming material and manipulated sti昀昀ness
by controlling the vacuum level in the central chamber. The utilisation of granular
jamming for sti昀昀ness control o昀昀ered a dynamic mechanism to adapt the actuator’s
properties during operation.

Although the authors introduced a conceptual design for a modular MIS actua-
tor, their study lacked a comprehensive mathematical model. Experimental tests
primarily focused on characterising the design under various loading conditions, en-
compassing extension, bending, rotation, and sti昀昀ening. Despite the absence of a
formal mathematical framework, the experimental analyses provided crucial insights
into the actuator’s mechanical response under diverse loads, laying the groundwork
for subsequent developments in the mathematical modelling of similar SPAs [194].

Subsequent to the original design of the STIFF-FLOP, a series of re昀椀nements were
introduced by [137] to optimise its performance. The authors identi昀椀ed challenges
associated with the integration of optical length sensors, drawing inspiration from
the work presented by [195], and proposed e昀昀ective solutions. These challenges
resulted from issues related to the in昀氀ation of individual chambers within the ac-
tuator. While the external braiding e昀昀ectively restrained outward in昀氀ation of the
pressure chamber, redirecting expansion primarily inward, it unintentionally altered
the internal structure of the segment. This modi昀椀cation led to undesirable e昀昀ects,
including non-linear actuation, dependence of length sensor readings on chamber
pressures, and the intricacies of mathematical modelling.

A primary concern addressed by [137] was related to the individual chambers’ cross-
sectional area. The introduction of pressure into the actuation chamber prompted
changes in its cross-sectional area, a phenomenon further complicated by dependen-
cies on pressures in other chambers. This non-linear relationship between actuation
pressure and internal force resulted in heightened sensitivity to pressure variations,
presenting a signi昀椀cant challenge in achieving consistent and predictable actuation.

A second critical issue addressed by [137] involved the displacement of the cross-
sectional centre of individual chambers. The chamber actuation caused a deviation
from the original semi-circular shape of its cross-section, since it was limited by the
adjacent chambers and the external braiding. Consequently, the displacement of
the chamber’s cross-sectional centre became dependent on the actuation pressure
value. This behaviour manifested as a reduction in the achieved bending angle
when actuating two chambers compared to the bending angle achieved by actuating
a single chamber at the same pressure value, as illustrated in Figure 2.10(c).

A third concern addressed by [137] relates to the friction between the silicone ma-
terial and the braided sheath. The interaction between the outer silicone surface
and the braided sheath introduces friction, leading to the dissipation of actuation
energy. This frictional e昀昀ect restricts the extension of the a昀昀ected chamber when
two chambers are actuated sequentially, illustrated in Figure 2.10(b). Consequently,
this limitation impedes the segment’s ability to rotate while bending, signi昀椀cantly
in昀氀uencing the attainable shape of the workspace.
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The fourth issue revolves around the interaction with optical sensors. These sensors
are embedded in channels positioned along a concentric circle with the segment’s
cross-section, as depicted in Figure 2.10(a). The irregular in昀氀ation of chambers, as
evident in Figure 2.10(c), a昀昀ects the sensor measurements, leading to discrepancies
in the recorded lengths. This discrepancy complicates the process of accurately
reconstructing the segment’s deformation and understanding its dynamic behaviour.

To mitigate or eliminate these issues, [137] proposes several modi昀椀cations. First,
they advocate for changing the cross-section of pneumatic chambers to a circular
shape. Second, they suggest the use of braiding around each individual chamber,
rather than encompassing the entire segment. Additionally, the authors recommend
substituting the sheath with thread for the braiding. In this modi昀椀ed con昀椀guration,
chambers are braided using a thin thread applied as a tight helix around the cham-
ber’s surface, allowing for expansion in longitudinal directions while impeding radial
in昀氀ation, as illustrated in Figure 2.10(d).

Figure 2.10: An illustration of STIFF-FLOP actuator issues as identi昀椀ed by [137]
where (a) shows the initial design as suggested by [193] and the location of the
embedded optical sensors, (b) shows the segment cross-section at initial state (left)
with no friction between the sheath and silicone, the contact between the sheath
and the segment body due to a single chamber actuation (centre), the e昀昀ect of the
sheath friction in restricting the expansion of the second chamber (right), (c) shows
the displacement of the cross-sectional centre of individual chambers when actuated,
and (d) shows the braiding of the individual chambers instead of just the segment
external surface. Adapted from [137]. Copyright 2015, IEEE.

Analogous to the approach taken in [193], the study by [137] does not present a
formal mathematical model for the STIFF-FLOP actuator. However, the proposed
modi昀椀cations hold promise for addressing the identi昀椀ed issues and improving the
overall performance of the STIFF-FLOP actuator, highlighting the continuous re-
昀椀nement and adaptation of SPAs in terms of both design and implementation.

Subsequently, a comprehensive analytical modelling approach for the STIFF-FLOP
actuator was presented in another study, employing the geometry deformation ap-
proach as detailed in [194]. The focus of this investigation was on modelling the
deformation during extension and bending movements, particularly under high ex-
ternal forces, Figure 2.11(a,c). The study utilised both the PCC and VC models to
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analyse the actuator’s behaviour. Notably, special attention was given to the defor-
mation of the circular cross-section of the actuator under the PCC assumption.

Figure 2.11: STIFF-FLOP actuator with twin chambers design where (a) shows
an assembly of two segments under testing, (b) shows the segment cross-section
with the twin chambers design, (c) shows the testing of the actuator under external
loads, (d) shows the deformation of the actuator’s cross-section while bending, and
(e) shows the e昀昀ect of braiding thread in causing bending instead of pure extension.
Adapted from [194] and reproduced under the terms of CC BY 4.0 license.

In the pursuit of enhanced performance, this study introduced additional design
modi昀椀cations. Notably, the shift from single chambers to twin chambers, resulting in
a total of six chambers per segment as shown in Figure 2.11(b), aimed to augment the
actuator’s capabilities. Furthermore, a hollow core was incorporated to facilitate the
passage of pressure pipes to the subsequent segment. To address potential unwanted
deformations, a body shell was added to the external surface of the actuator, as
depicted in Figure 2.11(a,b). Nevertheless, there were challenges with this design.

The actuator’s cross-section exhibited deformation from a perfect circular shape
during bending as seen in Figure 2.11(d), introducing complexities in the expected
geometrical behaviour. Also, undesirable bending of pneumatic chambers was ob-
served due to inhomogeneity in the braiding and tube moulding processes. Moreover,
the braiding threads, while serving as a structural element, partially constrained the
extension of chambers, potentially leading to undesired bending instead of pure ex-
tension, as demonstrated in Figure 2.11(e).

These design complexities highlight the inherent challenges in achieving a balance be-
tween structural integrity, 昀氀exibility, and desired actuation characteristics. Despite
the identi昀椀ed issues, this study contributes valuable insights into the analytical mod-
elling of the STIFF-FLOP actuator and highlights the ongoing quest for innovative
design solutions in the realm of soft robotics.

Subsequent research endeavours aimed at re昀椀ning the design and mathematical mod-
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elling of the STIFF-FLOP actuator were conducted in several studies [66, 129, 196–
199]. Despite the previously discussed limitations associated with using braided
threads to constrain radial expansion, this concept continued to be prevalent in
these studies. Nevertheless, it is important to point out that alternative reinforce-
ment approaches were investigated in the literature beside this one. An in-depth
review for these alternative approaches is presented in the next section.

An essential consideration in understanding the behaviour of SPAs is the correlation
between their behaviour and the number of pneumatic muscles (or chambers) they
encompass. Typically, SPAs feature three pneumatic muscles positioned 120 degrees
apart to facilitate three-dimensional movements [81, 200–204]. Some variations opt
for twin chambers per muscle, resulting in six chambers instead of three, aimed
at augmenting the generated force without increasing the actuator diameter [194,
196–198]. Other designs adopt four pneumatic muscles spaced at 90-degree intervals
to achieve smoother movements [3, 28, 32, 34, 75, 205, 206]. Additionally, certain
con昀椀gurations incorporate one extra pneumatic muscle at the core of the actuator
to enhance axial force [207].

In summary, the developmental stages of the STIFF-FLOP actuator underscore the
efficacy of utilising braided threads around individual muscles, as opposed to braid-
ing solely the external surface of the actuator, for improved actuation performance.
Another crucial observation is that increasing the number of pneumatic muscles
allows for greater force generation without enlarging the actuator diameter. This
not only enhances controllability and motion smoothness but also provides better
redundancy in case of muscle failure. However, this increased capability comes with
the trade-o昀昀 of added complexity for the control system as well as the associated
control algorithm [3, 198].

2.2.6 Common SPA Reinforcement Approaches
In the preceding section, it was explained that a typical pneumatic muscle exhibits
contraction when subjected to air pressure. However, achieving a diverse array of
movements, such as extension, twist, or bending, necessitates further design re昀椀ne-
ments that incorporate a synergistic combination of two or more pneumatic muscles
within the soft actuator.

An extensively adopted strategy involves the incorporation of reinforcement layers
or components into the actuator to enhance sti昀昀ness in regions where deformation is
undesired for the intended task [185]. The literature re昀氀ects a plethora of reinforce-
ment techniques, including in-extensible layers, 昀椀bre-reinforcement, meshes, shells,
and braided sleeves, each presenting distinctive advantages and drawbacks.

For instance, the utilisation of an in-extensible layer or fabric positioned on one facet
of the actuator [208] facilitates the generation of bending and twisting movements.
This con昀椀guration typically permits unrestricted expansion on the opposing side
upon pressurisation, thereby inducing the required bending motion. A modi昀椀ed
approach, as showcased in [209], entails the insertion of a pneumatic muscle between
two distinct layers—knit and woven—each possessing di昀昀erent strain properties.

Upon pressurisation of the pneumatic muscle, the upper layer (i.e., high-strain knit)
selectively experiences longitudinal strain, while the lower layer (i.e., low-strain wo-
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ven) restricts strain in multiple directions, thereby inducing the bending motion.
Despite conferring enhanced constraint for the pneumatic muscle, this dual-layer
approach presents a formidable challenge in modelling the complicated non-linear
behaviours exhibited by the textiles under varying loads.

On the alternative front, 昀椀bre-reinforcement emerges as a prominent approach em-
ployed across various studies, entailing the encasement of a moulded hollow soft core
with in-extensible materials such as cotton or Kevlar. Then, a second soft layer is
applied for e昀昀ective sealing. The in-extensible 昀椀bres play a pivotal role in constrain-
ing the radial expansion of the internal pneumatic muscle, thereby in昀氀uencing the
resultant strain pro昀椀le of the actuator. A subtle variation of winding geometries
empowers researchers to exert precise control over the behaviour of the actuator, as
evidenced in studies such as [210].

The strategic combination of actuators with diverse 昀椀bre geometries in series opens
avenues for con昀椀gurable trajectory matching, as demonstrated in a body of litera-
ture [157, 190, 211–214]. Despite its e昀昀ectiveness, the fabrication of these actuators
is complex, demanding meticulous control over factors such as 昀椀bre path, tension,
and adhesion [215]. Consequently, devices resulting from this approach typically ex-
hibit diminished extensibility and 昀氀exibility when compared to structures composed
solely of elastomeric materials [216].

In a bid to substitute 昀椀bre structures with a more robust and manufacturable re-
inforcement strategy, wrapped soft pneumatic arti昀椀cial muscles (WSPAMs) were
emerged [217]. These WSPAMs leverage a thin silk mesh structure to constrain
bloating, characterised by excessive radial expansion of the actuator core. How-
ever, the mesh structure is glued onto the actuator on all sides, signi昀椀cantly over-
constraining the entire motion range of the actuator and preventing the delivery of
large bending angles.

Although there is a degree of tunability in the bending angle by modifying the mesh
pattern, a notable drawback surfaces: the issue of bloating intensi昀椀es as the wrap
pattern incorporates thinner reinforcements. This complicated interplay between
mesh patterns and bloating highlights the challenges in achieving both precise con-
trol and manufacturability in the design of SPA reinforcements.

Moreover, [215] introduced a moulding technique featuring pre-formed integrated
reinforcement shells crafted from an in-extensible polyethylene terephthalate (PET)
layer. The objective was to streamline the fabrication process by implementing a
single-step moulding approach for both bending and linear actuators, thereby en-
hancing repeatability and design 昀氀exibility. In a parallel vein, [218] presented a
bending SPA incorporating an origami shell reinforcement, enabling the sustainabil-
ity of higher actuation pressure and the delivery of larger blocking torque. Adjusting
the design parameters of the origami shell results in noticeable variations to the per-
formance of the soft actuator.

In a complementary approach, [219] introduced an additive manufacturing method
for composite material soft pneumatic actuators, designed to execute a spectrum
of programmable motions. This innovative approach employed an open-source 3D
printer to produce the soft actuator by extruding both the soft (silicone) muscle and
the reinforcement (thermoplastic elastomer, known as TPE) shell. The 昀氀exibility
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inherent in this methodology allows for the creation of multiple designs by varying
the shell pattern, thereby enabling the manufacture of soft actuators capable of
executing bending, contraction, or twisting movements. This manufacturing method
facilitates rapid customisation of soft actuators through intuitive input parameters.

It is important to note that all the previously mentioned designs were speci昀椀cally
tailored for single-muscle actuators, aimed at generating individual movements—be
it bending, extension, or twist—in planar space. These designs do not readily extend
to multi-muscle actuators. The FEA simulation of each reinforcement is discussed
within related references, shedding light on the complicated interplay between the
chosen reinforcement techniques and the unique challenges posed by FEA, thus
contributing to a comprehensive understanding of the complexities associated with
soft actuator design and optimisation.

In the context of soft pneumatic actuators, as discussed in Section 2.2.5, the com-
bination of two or more pneumatic muscles within a single actuator becomes im-
perative for the generation of diverse motions in three-dimensional space [17]. One
conventional strategy involves incorporating 昀椀bre-reinforcements around the pneu-
matic muscles within the actuator, a technique showcased in designs like the STIFF-
FLOP soft actuator [137], Figure 2.10(d), and other similar innovations [160]. The
昀椀bre-reinforcements restrict radial expansion while permitting longitudinal expan-
sion, o昀昀ering a means to generate various movements. This approach, while e昀昀ective,
has inherent limitations, as elaborated earlier in this section.

Alternatively, a less conventional approach entails applying reinforcement around
the actuator itself rather than around individual pneumatic muscles. Instances of
this approach can be found in various literature examples, such as the use of glass
sponge skeleton [202], or the bellow sheath as in earlier STIFF-FLOP [193, 220]
designs as well as other studies [221, 222]. However, the resulting motion from this
approach is constrained to bending in three-dimensional space, lacking the capability
for extension or twist.

A combination of these two approaches yields a robust design by employing a nylon
braided sleeve around each pneumatic muscle, limiting radial expansion without re-
lying on 昀椀bre-reinforcements. Unlike traditional 昀椀bre-reinforcement, braided sleeves
permit unrestricted longitudinal expansion, extending freely up to a certain length.
By precisely controlling the pressure in each pneumatic muscle within the actuator,
sophisticated movements can be achieved [129, 221, 223].

It is noteworthy that the diameter of the braided sleeve exhibits an inverse relation-
ship with its length [27, 224, 225]. Nonetheless, this change in diameter can be ne-
glected when the braided sleeve operates near its maximum diameter, characterised
by a dense braid [189, 193]. While the use of braided sleeves around pneumatic mus-
cles enhances actuator robustness, the FEA simulation of these sleeves introduces
considerable complexity into the model design, substantially in昀氀ating computation
time, as discussed in the next section.

2.2.7 FEA Simulation Techniques for Braided Sleeves
Commercially available braided sleeves are commonly crafted from materials such as
nylon or PET, predominantly employed in the fabrication of McKibben-type pneu-
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matic muscles. These sleeves, resembling tubular coverings, are intricately formed
by interweaving strands of material in a pattern analogous to braiding hair [226]
as shown in Figure 2.12(a). The interwoven strands follow both clockwise and anti-
clockwise directions, forming an angle with the sleeve’s longitudinal axis referred to
as the braid angle [27], Figure 2.12(b).

The dynamic nature of braided sleeves is evident in their ability to contract or
extend, in昀氀uencing the braid angle. At a critical value of 54 degrees, the cylindrical
volume of the sleeve reaches its maximum [27], as illustrated in Figure 2.12(b). Some
studies alternatively consider the complementary angle, approximately 35 degrees,
denoting the angle between the strands and the sleeve radius [225]; however, the
underlying concept remains consistent.

Figure 2.12: Braided sleeves as SPA reinforcement where (a) shows a commercial
braided sleeve and its interweaving strands, (b) illustrates the critical braid angle
as well as the clockwise and anti-clockwise 昀椀bres, (c) illustrates a contractile sleeve
in which the initial braid angle is less than the critical value, and (d) illustrates
an extensile sleeve in which the initial braid angle is greater than the critical value.
Adapted from [27]. Copyright 2019, IEEE.

Crucially, the braid angle at the actuator’s initial position determines whether the
individual pneumatic muscle is contractile or extensile [224]. Starting from a braid
angle less than the critical value leads to a contractile pneumatic muscle, and vice
versa, as illustrated in Figure 2.12(c,d) respectively. In the context of a multi-muscle
SPA, the braided sleeve must be extensile to facilitate the required movements in
three-dimensional space. Selecting the maximum diameter of the braided sleeve to
match the pneumatic muscle’s diameter at rest, ensuring a dense braid, is pivotal.
This choice guarantees a maximum braid angle at the initial position, compelling
the reinforced muscle to extend upon pressurisation, Figure 2.12(d).

Various sophisticated techniques were applied for the FEA simulation of braided
sleeves, each tailored to the unique objectives of the respective studies. In the work
presented by [227], the authors selected linear beam elements BEAM4 in ANSYS
to model the sophisticated structure of braided sleeve strands. Characterised by its
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three-dimensional linear elastic properties, BEAM4 features 2 nodes and 6 DOFs
at each node. The FEA model, focused on a singular pneumatic muscle integrated
with a braided sleeve reinforcement, took a streamlined approach by excluding end
caps, thus reducing the model’s element count. It’s noteworthy that the FEA model
assumed negligible friction between the reinforcement and the pneumatic muscle, as
well as among the strands themselves.

In a similar style, [228] adopted quadratic beam elements B32 within Abaqus to
simulate the behaviour of braided sleeve strands. With each of its 3 nodes boasting
4 DOFs, the B32 element type facilitated a more sophisticated representation. The
authors introduced an innovative design featuring a pneumatic bending actuator,
where the reinforcement was composed of two halves of braided sleeves, each pos-
sessing a distinct initial braid angle to induce speci昀椀c bending movements. The
FEA model consisted of three distinct sets corresponding to the pneumatic muscle,
braided sleeve, and end caps.

To construct threads of strands, an array of points was geometrically de昀椀ned by
a helical curve along the outer surface of the pneumatic muscle. Similar to the
approach in [229], tie constraints were then strategically implemented to ensure a
robust connection between the strand braiding, pneumatic muscle, and caps, ensur-
ing a seamless and cohesive assembly with no sliding or separation between these
interconnected components. A 昀椀nal layer of rubber tubing was affixed to the outer
surface of the braided sleeve’s reinforcement layer, adding an extra complexity to
the FEA model while mirroring practical aspects of soft actuator designs.

An alternative technique was employed in [229], where the modelling of braided
sleeve strands utilised LINK180 truss elements within ANSYS. These truss elements
were precisely coincident with the nodes aligned along each edge of the external sur-
face of the pneumatic muscle elements. The study focused on analysing the perfor-
mance of a single-muscle contractile actuator, leading to an FEA model consisting
of three distinct sets corresponding to the pneumatic muscle, braided sleeve, and
the end caps.

In the formulation of this FEA model, it was presupposed that the braided sleeve
and the pneumatic muscle maintained continuous connection without experiencing
any friction between them. The three-dimensional simulation intentionally repre-
sented only one-eighth of the physical prototype by assuming symmetry on the
plane perpendicular to the muscle axis, leveraging the axis-symmetric geometry of
the muscle. This simpli昀椀cation not only adheres to the principles of symmetry but
also signi昀椀cantly reduces the overall simulation time.

While the aforementioned studies often simplify their FEA models by presuppos-
ing a bond or tie between the braided sleeve and the pneumatic muscle, neglecting
contact and the subsequent friction e昀昀ects, [221] takes a more detailed approach.
This study meticulously considers the sophisticated contact e昀昀ect between the indi-
vidual braided sleeve strands, speci昀椀cally addressing thread-to-thread interactions.
The modelling employed linear beam elements B31 in Abaqus, strategically plac-
ing nodes in the transverse planes where contact occurs. Additionally, the nuanced
model accounts for the unique con昀椀guration of the braided sleeve, acknowledging its
compressed and axially folded state, resulting in the formation of a bellow sheath.
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Likewise, [27] delves into the complexities of contact and friction e昀昀ects in modelling
braided sleeve strands, with a primary focus on studying axial/radial deformation
and changes in the braid angle. The study commenced by generating a detailed
geometrical model for a braided sleeve, featuring a length of 85mm and a diameter of
25mm, using a Python script. Subsequently, the authors simulated this geometrical
model in FEA employing 8400 beam elements (speci昀椀cally, element type-1 Hughes–
Liu beam) within LS-Dyna.

The braided sleeve was conceptually divided into two parts in the FEA model, dis-
tinguishing between clockwise and anti-clockwise strands. Both parts were modelled
with an isotropic elastic material. Notably, the FEA mesh assigned no shared nodes
between the two parts, and an automatic general beam-to-beam contact was applied
to the model, introducing a static friction coefficient of 0.15. Despite demonstrat-
ing a favourable correspondence between simulation and experimental results, the
simulation time was intentionally kept shorter than the actual physical experiments
to reduce total computation time. Subsequently, the number of strands was later
reduced as an additional measure to further minimise the overall computation time.

In summary, various FEA techniques were employed to model braided sleeves, with
beam and truss elements emerging as the preferred choices for simulating strands,
whether accounting for contact e昀昀ects or not. However, this preference introduces a
considerable challenge: the need to incorporate thousands of elements into the FEA
model, elevating its complexity. The complexity arises from the required high mesh
density, important for minimising discretisation errors in representing the curved
strands, and the management of numerous contact points, if applicable, within the
FEA simulation [27, 221]. These factors collectively contribute to a signi昀椀cant in-
crease in the simulation time.

This challenge underscores a notable gap in the current literature. The absence of a
simpli昀椀ed FEA model with a minimal number of elements for braided sleeves, and
without contact interactions, presents an opportunity for advancement. Addressing
this gap is a key contribution of this thesis, as it o昀昀ers a streamlined simulation pro-
cess and has the potential to establish a more practicable and efficient methodology
for the design and optimisation of SPAs.

2.3 EGaIn-Based Soft Strain Sensors: An Overview
of their Modelling Techniques

In the realm of sensing technologies, a sensor functions as a transducer, adept at
converting various physical variables, such as mass, length, temperature, and others,
into distinct signal variables such as mechanical or electrical outputs [230]. Within
mechanical systems, force or displacement commonly serve as signal variables, often
observed on instruments like dial scales, while in electrical systems, voltage emerges
as the prevailing signal variable [230].

The classi昀椀cation of sensors into passive or active categories hinges upon the requisite
energy source for the measurement process. Passive sensors, represented by devices
like pressure gauges or thermocouples, operate independently, without any reliance
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on external power or energy sources for the execution of measurements. Conversely,
active sensors, exempli昀椀ed by instruments like laser range 昀椀nders or RADAR, depend
on an external power or energy source for their operational capabilities [231]. This
categorisation highlights the diverse nature of sensors and their reliance on energy
considerations, o昀昀ering a subtle perspective on their design and functionality within
the 昀椀eld of measurement technologies.

To illustrate, the strain gauge serves as a fundamental example of a passive sensor,
distinguished by its direct correlation between resistance and changes in measured
strain. This unique characteristic highlights that the gauge’s resistance is solely
in昀氀uenced by variations in strain, making it a singular source of energy variation.
Despite this dependence, an auxiliary power supply is necessary to measure the
resulting changes in resistance through a Wheatstone bridge [232].

When exploring the 昀椀eld of robotic systems, characterised as electrical systems,
the outputs of measurements often manifest as minute changes in voltage. These
voltage variations, typically requiring ampli昀椀cation due to their small magnitude, are
then subjected to digitisation through analogue-to-digital converters (ADC). The
transformed digital data is subsequently processed by microprocessors, forming a
crucial part of the sophisticated feedback systems integral to the functionality of
robotic platforms [131].

In the specialised 昀椀eld of soft robotics, sensors take on a unique role, necessitating
designs that are soft, compliant, and sometimes stretchable. These characteristics
are vital to ensure the seamless integration of sensors without impeding the inherent
昀氀exibility and movement of soft robotic systems. Achieving this balance often in-
volves the incorporation of materials possessing intrinsic conductivity or producing
sensors that exhibit 昀氀exibility and stretchability [233, 234]. Further exploration of
soft sensors is elaborated upon in the following section.

2.3.1 Soft Sensing Technologies in a Nutshell
The conventional design paradigm for soft robots typically involves segregating ac-
tuation and sensing components. Soft sensors play a crucial role in this framework,
serving to measure a spectrum of physical quantities, including but not limited to
strain, force, and temperature [4]. While this modular approach is widely adopted,
there is a growing body of literature introducing self-sensing actuators. These in-
novative components, as documented in various source [235–237], o昀昀er potential
advantages by streamlining the manufacturing process. Nevertheless, it is critical to
acknowledge that this integration could potentially compromise repair capabilities,
especially in the event that the actuator or any of the sensors malfunction in the
intended manner.

Soft sensors, designed speci昀椀cally for integration into soft robotic systems, must
possess certain characteristics to ensure optimal performance. They need to exhibit
sufficient compliance to avoid impeding the movement of the soft actuator, resilience
and stretchability to endure repeated motion cycles, and should lack any features
that might induce damage or failure due to stress concentration [4]. As previously
mentioned in Chapter 1, Section 1.2.3, soft sensors assume a pivotal role in pro-
prioceptive sensing. This capability provides valuable feedback to closed-loop con-
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trollers, enhancing the manipulation, locomotion, and balance of soft actuators [35].
The intricate interplay between soft sensors and the closed-loop control systems
underscores their signi昀椀cance in advancing the capabilities of soft robotic platforms.

Soft sensors, built upon diverse sensing principles, o昀昀er a versatile range of output
signal variables that respond to changes in resistance [40, 41], capacitance [42, 238],
light re昀氀ectance [36, 37], or inductance [38, 39]. Each sensing type introduces speci昀椀c
challenges in fabrication, integration into soft actuators, as well as the subsequent
ampli昀椀cation and measurement processes [234]. Moreover, each type boasts its own
strengths and weaknesses, rendering it suitable for distinct scenarios [35].

Resistance-based sensors are widely recognised as the most common among the
di昀昀erent types due to their simplicity, cost-e昀昀ectiveness, and ease of fabrication [5].
These sensors operate by altering their resistance when subjected to deformation,
enabling straightforward measurement. Diverse conductive materials, including
EGaIn [41], ionic liquids [239], carbon nanotubes (CNT) [40], and others [240], were
employed in the fabrication of these resistance-based sensors.

These sensors 昀椀nd application in a variety of scenarios, such as measuring curva-
ture [40, 241], strain [242, 243], twist [139, 140], and force [244, 245]. However,
resistance-based sensors may exhibit noticeable hysteresis due to the viscoelastic
behaviour of the elastomeric material that they are usually constructed from. This
hysteresis, in昀氀uenced by the material’s capacity to store and release energy over
time, can limit their utilisation in dynamic scenarios where real-time feedback is es-
sential [246]. Understanding these aspects assists in selecting the optimal soft sensor
type for various applications, taking into account both its bene昀椀ts and drawbacks.

Moreover, piezoresistive sensors stand out as a noteworthy subcategory within
resistance-based soft sensing technology. Comprising elastomeric composite materi-
als 昀椀lled with conductive elements like nanoparticles, wires, or 昀氀akes, these sensors
exhibit changes in their resistivity corresponding to any variations in the applied
strain or pressure [247]. Researchers are drawn to using these sensors in applications
such as soft skin [248] and super昀椀cial strain sensors [28] as shown in Figure 2.13(a),
due to their simplicity of fabrication and the ability to tune mechanical and electri-
cal characteristics. Despite these advantages, piezoresistive sensors face challenges
such as signi昀椀cant hysteresis and non-linearity, necessitate extended recovery times,
and exhibit relatively slow response rates [249].

While piezoresistive sensors fall under the broader category of resistance-based sens-
ing, their working principle di昀昀ers from other resistance-based sensors such as liquid
metal or CNT-based sensors. Speci昀椀cally, piezoresistive sensors exhibit resistance
changes due to strain-induced variations in resistivity at the material level (i.e.,
the piezoresistive e昀昀ect), whereas other resistance-based sensors, like liquid metal
sensors, rely predominantly on geometrical changes in conductive pathways. This
distinction is crucial in understanding their respective advantages, limitations, and
applications in soft sensing [250, 251].

Capacitance-based sensors are gaining increasing popularity owing to their me-
chanical 昀氀exibility, high sensitivity, and ease of miniaturisation [253, 254]. These
sensors can be tailored to diverse structural designs, enabling the conversion of phys-
ical inputs, such as strain, pressure, and proximity, into changes in capacitance [246].
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Figure 2.13: Examples of proprioceptive soft sensing where (a) shows a multi-muscle
soft segment 昀椀tted with four super昀椀cial piezoresistive strain sensors with kirigami
cut patterns. Adapted from [28] and reproduced under the terms of CC BY 4.0
license, (b) shows an SPA 昀椀tted with multiple optical di昀昀raction sensors at the
centreline. Adapted from [252]. Copyright 2018, IEEE, and (c) shows an SPA 昀椀tted
with inductance-based sensors around its pneumatic muscles. Adapted from [39].
Copyright 2018, Springer Science Business Media, LLC, part of Springer Nature.

The fundamental design concept involves creating a sandwich structure comprising
two parallel electrodes separated by a central core layer [255].

A wide spectrum of materials was employed in the fabrication of these sensors,
including conductive fabric [256], nanocomposites [257], and EGaIn [258], among
other materials [35]. Researchers applied this type of sensors across a multitude
of applications, involving force, pressure, temperature, proximity, curvature, and
strain measurements [35, 255].

Although capacitance-based sensors include signi昀椀cant bene昀椀ts such as a wide dy-
namic range, rapid response, exceptional linear range, and sensitivity, they do have
certain drawbacks. These drawbacks encompass susceptibility to contaminants, sen-
sitivity to mechanical perturbations, and potential proximity e昀昀ects [234]. Under-
standing these trade-o昀昀s is essential for informed decision-making when selecting
capacitance-based sensors for speci昀椀c applications, ensuring that the bene昀椀ts align
with the requirements of the intended use while considering and mitigating potential
challenges.

Light re昀氀ectance-based, or optical, sensors are rapidly advancing and provid-
ing high-resolution sensing capabilities [259]. These sensors detect variations in the
intensity, frequency, or phase of light based on physical inputs such as strain or pres-
sure [35]. Notably, they exhibit insensitivity to electromagnetic interference, can be
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miniaturised, and demonstrate low hysteresis [246]. Various types of optical sensors
were explored in the literature, including stretchable waveguides [259, 260], FBG
(as discussed earlier in Section 2.2.3), optical tactile sensors [261], optical di昀昀raction
sensors [252] as illustrated in Figure 2.13(b), and polymer optical 昀椀bres [262], among
other types [35, 246].

While optical sensors o昀昀er distinct advantages, they are not without their limitations,
presenting challenges in the context of soft robotics. These challenges encompass
high cost, complexity in signal interpretation, considerations related to reliability,
repeatability, 昀氀exibility, and strain range [234, 263]. These restrictions highlight the
need to carefully evaluate trade-o昀昀s and choose the best optical sensor type for soft
robotics applications depending on their requirements and constraints.

Inductance-based sensors are drawing attention for their commendable stretcha-
bility, low hysteresis, and notable signal repeatability [264]. The fundamental design
incorporates a conductive coil, where the inductance varies based on changes in its
diameter and turns spacing [5]. These sensors 昀椀nd applications in diverse 昀椀elds, rang-
ing from wearable devices [265] to self-sensing pneumatic actuators [38] and bending
measurement [39] as shown in Figure 2.13(c), among other applications [266].

While these sensors can boast high accuracy and miniaturisation capability, they do
come with certain limitations. These include factors such as limited strain range,
sensitivity to electromagnetic interference, and limited compliance [266, 267]. It’s
crucial to recognise that the limited compliance limitation can have a direct im-
pact on the deformation of soft actuators [35]. Understanding and addressing these
challenges are essential for e昀昀ective integration and application of inductance-based
sensors, particularly in contexts where compliance plays a pivotal role in ensuring
optimal performance.

In addition to the previously mentioned sensing technologies, magnetic strain and
tactile sensors represent alternative methodologies. These sensors entail the in-
corporation of a magnetic source within the soft actuator, alongside magnetic 昀椀eld
sensors designed to detect variations in the magnetic 昀椀eld caused by the movement
of the soft actuator [268]. Magnetic sensors o昀昀er numerous bene昀椀ts, such as having a
compact form factor, highly sensitive, a昀昀ordable, and can be seamlessly integration
into various systems. However, they are susceptible to external magnetic interfer-
ence from the environment, as well as potential interactions with ferromagnetic
objects [35].

Surveying the wide spectrum of soft sensing technologies reveals a landscape rich
with diversity, each type characterised by its unique strengths and limitations. The
critical task of selecting the optimal sensor type for a speci昀椀c application necessi-
tates a nuanced evaluation of these variations. Within the framework of this thesis,
particular attention is directed towards EGaIn-based soft strain sensors. This de-
liberate choice is motivated by their widespread acclaim, inherent design simplicity,
and cost-e昀昀ectiveness in fabrication, as well as their high stretchability, remarkable
sensitivity, and stable electrical properties, which make them well-suited for soft
robotic applications.
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2.3.2 Modelling of EGaIn-Based Soft Strain Sensors
EGaIn-based soft strain sensors represent a notable advancement in the 昀椀eld of soft
sensing. These sensors are characterised by elastomeric substrates featuring sophisti-
cated patterns of microchannels 昀椀lled with a liquid metal, typically the EGaIn alloy.
This innovative design enables the measurement of strain or pressure by monitoring
the substrate’s stretching behaviour [269, 270]. The fundamental principle underly-
ing their functionality lies in the alteration of microchannel dimensions within the
elastomeric substrate consequent to stretching induced by external forces.

As the substrate undergoes deformation, the length and cross-sectional area of these
microchannels dynamically change, which is in turn generate a corresponding vari-
ation in electrical resistance. This resistance modulation adheres to the principles
established by Ohm’s law, forming the basis for the relationship between strain and
electrical response known as electrical resistance formula [271].

In the domain of soft robotics, EGaIn-based sensors acquired considerable attention
owing to their inherent characteristics. Notably, these sensors exhibit remarkable
sensitivity, stretchability, and stability, all of which contribute to their reliability and
adaptability in diverse applications [272–274]. These sensors exhibit an exceptional
capacity to endure strains exceeding 700%, based on the speci昀椀c elastomeric material
employed during fabrication [154, 269]. Such attributes render them highly versatile
and adaptable for deployment across a spectrum of applications spanning biomedical,
agricultural, and underwater domains [275]. Their robustness and 昀氀exibility make
them indispensable tools in diverse scenarios necessitating precise strain monitoring
and tactile feedback mechanisms.

An essential prerequisite in the application of EGaIn-based soft strain sensors is the
accurate estimation of strain in relation to the measured resistance. This estimation
hinges not only on the geometric characteristics of the microchannels but also on the
physical properties and behaviour of the elastomeric material utilised in the sensor’s
fabrication [88, 269, 270].

Various studies endeavoured to establish analytical models by employing the elec-
trical resistance formula, focusing on the microchannel geometry within each sensor
design [241, 276–281]. These analytical models aim to delineate the resistance-strain
relationship, encompassing both linear and non-linear forms. However, it is impera-
tive to acknowledge that these analytical models might not comprehensively account
for certain factors that can impact measurement accuracy. These factors include,
but are not limited to, strain rate, hysteresis, manufacturing variability, and non-
uniform strain distribution within the microchannels [88, 249, 280].

An alternative approach to analytical modelling involves characterising these EGaIn-
based sensors through the generation of datasets correlating strain with resistance.
This characterisation can be achieved typically through FEA [282, 283] as shown
in Figure 2.14(a), or experimental testing [284, 285] as shown in Figure 2.14(b).
Subsequently, mathematical models are trained using numerical methods, such as
machine learning [285–287] and regression analysis [245, 284, 288, 289], leveraging
the generated datasets correlating strain with resistance. These numerical methods
are employed with the primary objective of enhancing the performance and reliability
of EGaIn-based soft strain sensors. They seek to reduce error and uncertainty in
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strain estimation, thereby augmenting the proprioceptive sensing capabilities and
state control of soft robots.

FEA-based modelling employs numerical simulations to solve the governing equa-
tions describing the sensor deformation across varying strain rates and conditions.
This computational approach o昀昀ers comprehensive insights into stress distribution
and changes in channel geometry within the sensors. Moreover, FEA facilitates
the integration of crucial factors such as material properties, hysteresis e昀昀ects, and
boundary conditions [290]. By simulating diverse designs and behaviours of soft
sensors under di昀昀erent testing scenarios, FEA holds the potential to streamline pro-
totyping processes, thereby conserving valuable time and resources [5, 156].

Figure 2.14: Examples of characterising EGaIn-based soft strain sensors using (a)
FEA under various testing scenarios. Adapted from [282]. Copyright 2014 Elsevier
Ltd. All rights reserved, and (b) experimental testing for a sensing module that has
a triangular design (top) with three microchannel patterns at each side. The test
bench (bottom) is a polystyrene pegboard with 3D printed pegs to hold each corner
of the module at the required holes. Adapted from [284]. Copyright 2016, IEEE.

However, it is imperative to acknowledge that FEA may impose signi昀椀cant computa-
tional demands and necessitate specialised expertise in constructing 3D models and
executing analyses [156, 234]. Furthermore, accommodating manufacturing variabil-
ity within FEA simulations entails the adoption of specialised techniques, thereby
introducing an additional layer of complexity [291]. Additionally, the 昀椀delity of
FEA models may depend on accurately de昀椀ning the viscoelastic behaviour of elas-
tomeric materials, which often necessitates experimental testing to derive material
properties [292].

Conversely, experimental testing entails conducting physical tests on actual sensors,
thereby yielding real-world data that can serve to validate theoretical models. This
approach o昀昀ers the advantage of capturing sophisticated phenomena that may pose
challenges in theoretical modelling. Nonetheless, it is essential to acknowledge that
experimental testing can entail signi昀椀cant time and expense, particularly when mul-
tiple iterations are necessary [154, 293, 294].
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In essence, experimental testing not only furnishes empirical data but also serves a
crucial role in model validation, complementing the theoretical predictions facilitated
by FEA. Together, these approaches play pivotal roles in characterising soft sensors
by generating requisite datasets for training numerical models. Moreover, they can
synergistically contribute to the design process, with FEA informing initial designs
and subsequent validation through experimental testing [156].

2.3.3 Beyond the Data Points: Leveraging the Numerical
Modelling

Numerical modelling plays a fundamental role in simulating and understanding the
behaviour of complex systems, requiring the selection of appropriate equations and
numerical methods to emulate the system under investigation [234]. Integral to this
process are the steps of veri昀椀cation, validation, and calibration of the modelling
performance.

Veri昀椀cation serves to ensure the accurate implementation of the model within the
computational framework [22], thereby con昀椀rming the reliability of the numerical
solution. Validation, on the other hand, entails the rigorous comparison of the
model’s predictions against empirical data [28] or previously published 昀椀ndings [24],
thereby assessing its 昀椀delity in representing real-world phenomena.

Moreover, calibration emerges as a vital step aimed at re昀椀ning the model’s param-
eters to strengthen its alignment with empirical data. This 昀椀ne-tuning process ac-
counts for various factors such as manufacturing variability and measurement drift-
ing attributed to polymer ageing [295], thereby enhancing the model’s predictive
accuracy and reliability.

As discussed previously, the datasets correlating strain with resistance obtained from
either FEA or experimental testing serve as resources for training mathematical
models using numerical techniques such as machine learning and regression analysis.
Subsequently, the trained model must undergo validation to assess its accuracy and
guard against over昀椀tting [296], ensuring the reliability of predictions derived from
the model.

The validation process typically involves dividing the available dataset into two sub-
sets. one is designated for training the model, and the other is intended for validation.
In the realm of machine learning, an additional step is often undertaken, wherein
researchers further test the validated model using an unseen portion of the data after
昀椀ne-tuning during the validation phase [297] as illustrated in Figure 2.15(a). This
step serves to ascertain the robustness and generalisability of the model beyond the
training dataset, thus enhancing con昀椀dence in its predictive capabilities.

Furthermore, the concept of model complexity plays an essential role, de昀椀ning the
extent of independent parameters necessitated by a model to accurately predict the
outcomes. A model characterised by a high degree of complexity possesses the ca-
pability to encapsulate intricate variations within the dataset. However, this height-
ened complexity introduces challenges throughout the training process and increases
the likelihood of over昀椀tting. The model gets heavily focused on the distinctive char-
acteristics of the training data, potentially compromising its generalisability. Con-
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Figure 2.15: Partitioning datasets for the purpose of validating the numerical model
accuracy where (a) illustrates the common strategy of partitioning the dataset into
training, validation, and test subsets while (b) illustrates an example of the k-fold
method with k=5.

versely, a model with a lower degree of complexity may o昀昀er simplicity in training,
yet it runs the risk of inadequately capturing the full breadth of information present
in the dataset, potentially leading to suboptimal predictive performance [296, 297]
as illustrated in Figure 2.16.

Attaining the delicate balance between model complexity and predictive power
stands as a cornerstone in the pursuit of successful numerical modelling. Several
factors contribute to the heightened susceptibility of a model to over昀椀tting, includ-
ing a high number of tuneable parameters, a broad value range of these parameters,
and inadequate training datasets [296, 297].

Various strategies exist for partitioning datasets, determined by factors such as
dataset size and characteristics [296]. As an example, a common strategy involves
assigning two-thirds of the datasets for training the model and reserving the re-
maining third for validation. Another common strategy entails utilising 80% of the
datasets for training and reserving the remaining 20% for validation.

Additionally, researchers may lean towards cross-validation techniques, such as the
k-fold method, which o昀昀ers a robust approach to model validation [296]. In the
k-fold method, the available dataset is subdivided into a total of ’k’ subsets, using a
value for ’k’ that is chosen appropriately. Then, the model iteratively trained using
’k-1’ subsets and validated on the remaining subset. This process is repeated ’k’
times, ensuring that each subset serves as the validation data exactly once [296] as
illustrated in Figure 2.15(b). Incorporating these diverse dataset splitting practices
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Figure 2.16: The e昀昀ect of model complexity on its ability to capture the full breadth
of information present in the dataset.

ensures robust model validation, laying the foundation for e昀昀ective machine learning
and regression analysis in data-driven research endeavours.

Machine learning models, such as arti昀椀cial neural networks, support vector ma-
chines, or random forests, are rooted in data-driven algorithms aimed at uncovering
underlying patterns by iteratively optimising algorithm parameters [142, 286]. Ma-
chine learning techniques harness the power of these algorithms to discern complex
relationships between sensor resistance and strain, without relying on explicit math-
ematical models. By processing large volumes of data, machine learning algorithms
excel at capturing complex, nonlinear patterns inherent in the data, while also ac-
commodating additional variables such as temperature, pressure, hysteresis, and
manufacturing variations.

Nevertheless, despite their inherent 昀氀exibility and robustness in comparison to re-
gression analysis, the execution of machine learning algorithms presents notable
difficulties. These algorithms demand substantial computational resources and ex-
tensive data to e昀昀ectively train the models. Acquiring and curating such datasets
can prove to be a costly and time-consuming endeavour, further highlighting the
practical challenges associated with employing machine learning techniques [142,
286].

Given this, hybrid proprioceptive sensing methods that integrate machine learning
with physics-based models provide numerous advantages. These methods improve
sensing capabilities by delivering more precise and consistent measurements, even
in dynamic and complex settings. By leveraging physics-based models, hybrid ap-
proaches reduce the amount of data required for training while enhancing accuracy
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and robustness. They also optimise sensor distribution by strategically placing sen-
sors to maximise coverage and efficiency. This blend of techniques enables real-time
adaptation to changing conditions, boosting the overall performance and resilience
of the robotic system. Moreover, the incorporation of machine learning allows the
system to learn and evolve over time, resulting in continuous improvements in ac-
curacy and responsiveness. These hybrid methods pave the way for more advanced
and versatile soft robots that can be utilised in various applications [41, 88, 92, 286,
298, 299].

Conversely, regression analysis involves a range of statistical techniques tailored to
model the relationships between a dependent variable and one or more independent
variables [300]. Various regression models, including linear, logistic, and non-linear
regression, among others, are characterised by prede昀椀ned mathematical functions
that aim to best 昀椀t the data by adjusting model parameters (or coefficients) [300].
This adjustment process is guided by the objective of minimising 昀椀tting errors, which
can be quanti昀椀ed using metrics such as root mean squared error (RMSE) or other
appropriate techniques [301].

Regression-based modelling o昀昀ers several advantages, rooted in its simplicity and
adherence to fundamental statistical principles such as correlation and least-square
error [301]. Compared to machine learning approaches, regression models boast en-
hanced interpretability, leveraging prede昀椀ned mathematical functions and requiring
less data for training and validation. Moreover, they a昀昀ord researchers the 昀氀exibil-
ity to manually select independent variables, further enhancing interpretability and
control over the modelling process [300].

However, regression models do possess certain drawbacks. The manual selection of
an appropriate model is imperative, as regression techniques do not automatically
address non-linearity in the data. Moreover, the reliability of regression models
diminishes with increasing complexity, increasing the risk of over昀椀tting, and in the
presence of lower data quality stemming from redundancy, outliers, or imbalanced
data distributions [296, 302].

When it comes to modelling EGaIn-based soft strain sensors, both regression analy-
sis and machine learning o昀昀er valuable approaches. Regression analysis serves as a
solid starting point, appreciated for its simplicity and ease of interpretation. How-
ever, machine learning presents a compelling alternative, leveraging its capability
to handle complex relationships and adapt to new data. This can result in more
accurate models, particularly in scenarios where large datasets are available [286].

A good illustrative example would be the application of machine learning to proprio-
ceptive sensing. Here, instead of individually modelling each strain sensor, machine
learning enables the collective modelling of resistance measurements from multiple
sensors against the deformations of the soft actuator [28, 41]. This approach allows
for an overall understanding of the interaction between the sensors and the actuator,
potentially enhancing the accuracy and depth of predictive models.
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2.3.4 Insights on the Challenges in Achieving High Mod-
elling Accuracy

As previously outlined in Section 2.3.2, EGaIn-based soft strain sensors exhibit
remarkable sensitivity, making them valuable for various applications. However,
achieving high modelling accuracy, particularly at sub-millimetre levels, necessitates
careful consideration of several crucial factors.

Firstly, sensor design plays a pivotal role in minimising non-uniform stretching
within the microchannels, which can signi昀椀cantly impact the accuracy of strain
measurements [242]. Moreover, meticulous characterisation processes are essential
to ensure precise and reliable data acquisition, contributing to the 昀椀delity of the mod-
elling outcomes [284]. Additionally, accurate modelling of viscoelastic behaviour is
imperative, as EGaIn-based soft sensors often exhibit time-dependent mechanical re-
sponses that must be appropriately accounted for in the modelling framework [285].

Various experimental techniques were employed to characterise EGaIn-based soft
strain sensors in recent studies. For instance, in the investigation conducted by [242],
an optical motion capture system with a spatial accuracy of 0.44 mm was utilised
in order to quantify hysteresis in measurements. Additionally, [303] employed a
motorised testing stand with a remarkable linear accuracy of 0.05 mm to analyse
resistance versus strain data. Their analysis of the data unveiled a coefficient of
determination (R2) exceeding 0.99 which indicates an excellent goodness of 昀椀t.

Furthermore, [304] demonstrated a successful integration of EGaIn-based soft strain
sensors into a soft gripper. Their characterisation process involved calculating strain
from a series of images captured during gripper actuation. Resistance measurements
were plotted within 90% con昀椀dence intervals to account for noticeable error margins.
Moreover, [305] employed a recurrent neural network to characterise the pressure
response of micro昀氀uidic soft sensors known for their high hysteresis.

Other studies were conducted to estimate strain based on resistance measurements
and to analyse the measurement uncertainties associated with such sensors. For ex-
ample, [284] introduced a novel multi-element strain gauge module, Figure 2.14(b),
which not only provided enhanced strain measurements but also addressed the in-
herent uncertainties in the process. Their study reported a modest 6.08% error
in strain measurement, which they meticulously accounted for. To mitigate uncer-
tainties, they employed a sophisticated Monte Carlo approach to reconstruct the
module’s triangular shape, enabling a more precise estimation of strain. This inno-
vative methodology allowed for a comprehensive understanding of the uncertainties
involved in the strain measurement process.

Moreover, the same research team presented another groundbreaking development:
a multi-mode strain and curvature sensors module [241]. This module o昀昀ered a
versatile approach to measuring both strain and curvature simultaneously, providing
valuable insights into the deformation behaviour of soft materials. Their 昀椀ndings
indicated errors of 7.00% and 8.75% in strain and curvature, respectively, when
comparing experimental and reconstructed data. To further evaluate the reliability
of their measurements, the team meticulously assessed the uncertainties associated
with the experimental setup. Surprisingly, they found that electrical noise, often
considered a signi昀椀cant factor in sensor performance, played an insigni昀椀cant role
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compared to the measured system noise. This 昀椀nding highlighted the signi昀椀cance of
accounting for di昀昀erent sources of uncertainty in evaluating the performance of soft
sensors.

Despite the multitude of studies and the widespread use of these sensors [154, 234],
mathematical models with higher accuracy for estimating strain have yet to be
developed. The ideal model should be capable of achieving estimation errors at
sub-millimetre scales. Such precision is crucial if proprioceptive sensing is to replace
external perception in detecting SPA deformation. However, the required level of
accuracy may vary depending on the speci昀椀c application [242]. This gap in the
current literature necessitates dedicated research e昀昀orts.

A comprehensive study is needed to advance current research by introducing a new,
simpli昀椀ed model. This study will focus on exploring the model’s accuracy limits
and examining the e昀昀ects of strain rate (or speed) on hysteresis. Such an endeavour
could pave the way for understanding the feasibility of reconstructing soft actuator
deformation using a network of sensors, without the reliance on machine learning
models.

It is important to consider that the selection between regression analysis and ma-
chine learning depends on particular factors within the modelling task. These factors
are mainly the data availability, computational resources, and the complexity of rela-
tionships within the datasets. In the case of this thesis, regression-based modelling is
chosen as the preferred method. This decision originates from a number of di昀昀erent
reasons.

Firstly, the task at hand involves modelling individual strain sensors, which in-
herently entails a simpler relationship between variables. In this scenario, there
is a single independent variable—resistance measurement—and a single dependent
variable—the corresponding strain. Furthermore, the simple nature of the relation-
ship makes regression analysis ideal for the task, since it o昀昀ers a straightforward
framework for estimating the connection between these variables. Additionally,
regression-based modelling is a suitable choice for this thesis since it has lesser com-
putational requirement and performs e昀昀ectively with smaller datasets. This makes
it a more feasible option considering the available resources and data limitations.

In summary, the decision to implement regression-based modelling in this thesis is
informed by the simplicity of the modelling task, the availability of data, and consid-
erations of computational efficiency. By leveraging regression analysis, this thesis
aims to provide accurate and interpretable models for understanding the relation-
ship between resistance measurements and corresponding strain in the EGaIn-based
soft strain sensors.



Chapter 3

Inverse Kinematics: Linear Versus
Quadratic Approximation

In this chapter, various aspects related to the IK of SPAs are carefully examined,
speci昀椀cally focusing on convergence rates, singularity avoidance, and physical limits.
As introduced in Chapter 2, Section 2.1, the IK optimisation problem can be ad-
dressed using a linear or quadratic Taylor series expansion, among other techniques.
This chapter focuses on the di昀昀erences between linear and quadratic approxima-
tions in exploring these aspects, aiming to identify any ambiguous outcomes that
may arise.

Throughout this chapter, the PCC model is revisited to provide detailed illustrations
of certain attributes such as the singularity problem, discontinuity in the rotation
angle, and redundancy. Solutions to these issues are detailed and examined within
this chapter.

Furthermore, an in-depth formulation of the IK optimisation problem is presented
for both linear and quadratic approximations. The impact of employing convex ver-
sus non-convex holonomic constraints is examined in relation to the optimisation
Jacobian and Hessian matrices. A detailed mathematical background on actuator
manipulability is also provided, which will be used later for evaluating the perfor-
mance of the IK solver.

Subsequently, a thorough derivation of both the actuator Jacobian matrix and Hes-
sian array is presented, accompanied by a mathematical overview of various Jacobian
algorithms reported in the literature. Additionally, several damping pro昀椀les are pro-
posed to enhance the performance of the IK solver by mitigating large motions or
oscillations near singularities.

Subsequently, for the linear approximation, the IK solver performance is thoroughly
analysed through various combinations of Jacobian algorithms and damping pro-
昀椀les, applied to four di昀昀erent paths with varying complexities, ranging from simple
to highly complex. The comparison is then expanded to include the quadratic
approximation, focusing on di昀昀erences in convergence rates, performance near sin-
gularities, and the in昀氀uence of physical limits on convergence between these two
approximations.
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3.1 PCC-Based Soft Actuator Modelling
Generally, the PCC soft actuator can be considered as a series of curved s-th seg-
ments, as illustrated in Figure 3.1(a), where s = 1, · · · , s. Each s-th segment has
a set of arc parameters that de昀椀ne its state at any given time, as shown in Fig-
ure 3.1(b). The actuator origin is located on a 昀椀xed frame {S0}, and has s reference
frames {S1} , · · · , {Ss} positioned at the end of each segment.

Figure 3.1: Arc parameterisation of a piecewise constant curvatures (PCC) soft actu-
ator where (a) illustrates the transformation between the frames of a multi-segment
soft actuator consisting of three segments, and (b) shows the arc parameterisation
of a single s-th segment along with the orientation of its end point pose ps. The
s-th segment has a base frame {Ss−1}, and an end frame {Ss}.

3.1.1 Kinematic Mapping
The PCC approach breaks down the kinematics into two mappings [19], speci昀椀c and
independent, between three spaces that de昀椀ne the kinematics of the soft actuator,
as shown in Figure 3.2. The state of the actuator at any given time is de昀椀ned by
speci昀椀c variables within each space. The actuator space a encompasses the variables
that describe the physical measurements of the actuators, such as the length of the
pneumatic tubes. The con昀椀guration space q includes the variables that describe
the arc parameterisation of the actuator. Finally, the task space p consists of the
variables that describe the position and orientation of any point along the length of
the actuator centreline.

The speci昀椀c mapping fsp transforms the actuation space a into the con昀椀guration
space q, while the independent mapping find, or f for simplicity, transforms the
con昀椀guration space q into the task space p. This process is known as forward kine-
matics (FK). Conversely, IK involves the inverse transformation from the task space
p to the con昀椀guration space q and then to the actuation space a. The derivation of
the speci昀椀c mapping depends on the unique design of each actuator, as each design
in昀氀uences the con昀椀guration space q di昀昀erently. In contrast, the derivation of the
independent mapping is applicable to all actuators that can be approximated as
PCC arcs [17]. The speci昀椀c mapping is beyond the scope of this thesis; therefore,
the remaining sections will focus solely on the independent mapping f .
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Figure 3.2: Spaces of PCC model and their mappings.

3.1.2 PCC Arc Parameterisation
The con昀椀guration space q comprises three variables ϕ, κ, and L, which represent
the rotation angle of the plane containing the arc, the arc curvature, and the arc
length, respectively [17], as illustrated in Figure 3.1(b). Alternatively, the arc can
be parameterised using the bending angle θ = κL to better visualise the bending
limits. The con昀椀guration space qs for each segment is de昀椀ned as:

qs =
[

ϕs θs Ls

]T ∈ R
n, s = 1, 2, · · · , s , (3.1)

where n = 3 is the number of con昀椀guration space variables per segment, and s

denotes the total number of segments in the actuator. Consequently, q ∈ R
ns

represents the con昀椀guration space of the soft actuator, which combines qs for all seg-
ments. Each segment has a degree of freedom DOFk = n, and the entire actuator
has DOFk = ns, as discussed further in Section 3.1.5 below.

The independent mapping f(q) : Rns → R
m provides the required FK from the ns

con昀椀guration space coordinates to the m end point coordinates. This mapping is
expressed in terms of T s

s−1 ∈ SE(3), as shown in Figure 3.1(a), which represents the
homogeneous transformation from {Ss−1} to {Ss} as follows:

T s
s−1 =





Rs
s−1 t̃ss−1

[

0 0 0
]

1



 , (3.2)

where Rss− 1 ∈ SO(3) represents the rotation matrix and t̃ss− 1 ∈ R
3 denotes the

translation vector. The rotation matrix Rss− 1 and the translation vector t̃ss− 1
can be derived using various techniques, such as DH parameters or exponential
coordinates, as mentioned earlier in Chapter 2, Section 2.1.2. The derivation can be
expressed in terms of the arc parameters ϕs, θs, and Ls as follows [17]:
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Rs
s−1 =











cφs
cθs −sφs

cφs
sθs

sφs
cθs cφs

sφs
sθs

−sθs 0 cθs











,

t̃ss−1 =
Ls

θs

[

cφs
(1− cθs) sφs

(1− cθs) sθs

]T

,

(3.3)

in which cφs
, sφs

, cθs , and sθs represent cos(ϕs), sin(ϕs), cos(θs), and sin(θs), re-
spectively. The end point frame ps in (3.3) is oriented such that its x-axis points
towards the PCC arc centre, as shown in Figure 3.1(b).

Alternatively, the end point frame can be aligned with the base frame without ro-
tating around the z-axis by multiplying (3.3) by Rz(−ϕs). The resulting rotation
matrix is:

Rs
s−1 =











c2φs
(cθs − 1) + 1 sφs

cφs
(cθs − 1) cφs

sθs

sφs
cφs

(cθs − 1) s2φs
(cθs − 1) + 1 sφs

sθs

−cφs
sθs −sφs

sθs cθs











. (3.4)

Finally, the overall homogeneous transformation that maps a multi-segment soft
actuator from {S0} to {Ss} is:

Ta =





Ra t̃a
[

0 0 0
]

1



 =
s
∏

s=1

T s
s−1 . (3.5)

where Ra ∈ SO(3) denotes the total rotation matrix and t̃a ∈ R
3 represents the total

translation vector. Eq. (3.2) has two main issues [21]. The 昀椀rst issue is the singu-
larity that occurs when the bending angle is zero, θs = 0, which corresponds to the
actuator’s straight con昀椀guration. The second issue involves rotation discontinuity
at ϕs = ±π. Various alternative solutions were proposed to address these prob-
lems, though they increase the complexity of the kinematic modelling, as mentioned
earlier in Chapter 2, Section 2.1.3.

Alternatively, a simpler approach is proposed by suggesting a minimum bending
limit to prevent singularity in the straight con昀椀guration, as detailed in the next
section. Moreover, a recommended practice is to apply a range of [0, 2π] for both
the rotation angle ϕs and the bending angle θs to help mitigate the discontinuity.

3.1.3 Minimum bending limit
Since the singularity occurs when the actuator is at the straight position, deter-
mining a suitable minimum bending angle θs that is slightly greater than zero can
achieve the required IK solver accuracy without introducing singularity. Given that
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each segment can bend independently of the others within the actuator, each seg-
ment can have its own minimum bending angle. For simplicity, all segments in the
actuator are assumed to share the same minimum bending angle θmin.

Let ds be a spatial accuracy limit for the PCC segment end point, as illustrated in
Figure 3.3(a). This limit represents the allowable error in the horizontal distance
between the end point of the PCC segment and the z-axis. This accuracy limit
remains constant for all values of the rotation angle ϕs. The trigonometric relation-
ship between the bending angle θs, the arc radius rs, and the spatial accuracy limit
ds is illustrated in Figure 3.3(b) and is de昀椀ned as:

tan

(

π − θs
2

)

=
rs sin θs
ds

, (3.6)

then substituting rs = Ls/θs into (3.6) and simplifying yields:

1− cos θs
θs

= SAR, (3.7)

where SAR = ds/Ls denotes the spatial accuracy per unit length, referred to as
the spatial accuracy ratio. Solving (3.7) numerically for any given SAR provides
the minimum bending angle θmin necessary to meet the required spatial accuracy.
Numerical solutions for (3.7) were obtained over the SAR range of [10−10, 10−2], as
shown in Figure 3.3(c).

The results reveal a linear relationship where θmin = 2 ∗ SAR within the solution
range. Through trial and error, it was determined that SAR = 10−7 is the smallest
value that does not lead to convergence issues in the IK solver. However, an SAR
value of 0.01%, i.e., SAR = 10−4, is recommended, corresponding to a spatial error
of 0.1mm per 1m length [306]. Smaller SAR values necessitate additional iterations
for minimal gains in spatial accuracy.

3.1.4 End point pose
The end point pose ps = f(qs) of each segment, illustrated in Figure 3.1(b), com-
prises its position and orientation in the 3D space. Generalising this for a multi-
segment actuator, the end point pose pa = f(q) of the actuator consists of its position
and orientation in the 3D space as follows:

pa =





pc

pr



 = f(q) =





fc(q)

fr(q)



 ∈ R
6 , (3.8)

where pc =
[

px py pz
]T ∈ R

3 is the position vector that represents the Cartesian
coordinates of the end point pose pa, and pr =

[

αx αy αz

]T ∈ R
3 is the orientation

vector that represents the rotation angles of the end point pose pa about the x, y,
and z axes. Similarly, fc(q) ∈ R

3 represents the linear independent mapping, and
fr(q) ∈ R

3 represents the rotational independent mapping.
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Figure 3.3: Minimum bending of a PCC segment: (a) displays the spatial accuracy
limit ds at the segment’s end point, (b) depicts the trigonometric relationship be-
tween the bending angle θs, the arc radius rs, and the spatial accuracy ds, and (c)
shows the numerical results for the minimum bending angle θmin versus the spatial
accuracy ratio (SAR).
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The base point pose is 昀椀xed and denoted by po =
[

pco pro
]T where pco = pro = 03×1,

i.e., zero vectors. The end point pose pa can be determined by calculating its
two vectors pc and pr individually via the independent mappings fc(q) and fr(q),
respectively.

Using the linear independent mapping fc(q), the position vector pc is calculated as:

pc = fc(q) = t̃a , (3.9)

which is essentially the result derived from the translation vector t̃a in the total
homogeneous transformation mapping Ta. Thus, the position vector pc is determined
as follows:





pc

1



 = Ta





pco

1



 . (3.10)

Conversely, the orientation vector pr is obtained by converting the rotation matrix
Ra into Euler rotation angles r1, r2, and r3 corresponding to rotations about the
Cartesian axes. This conversion necessitates selecting the appropriate rotation order
to ensure accurate transformation of Euler angles into the end point orientation. It
is assumed that the PCC segment is not exposed to external loads that induce
twisting. An analysis of twisting e昀昀ects is provided in Chapter 4.

Starting from the initial con昀椀guration of the PCC segment, which is straight, the
rotation angle ϕ occurs about the z-axis, while the bending angle θ occurs about
the y-axis. Any twisting would also occur around the z-axis. This rotation order is
denoted as ZY Z. However, for cases involving only twisting, this order results in a
singularity when θs < θmin. Therefore, an alternative rotation order, XY Z, is used,
which eliminates rotation around the z-axis, i.e., ϕ = 0, since it is irrelevant in the
initial con昀椀guration.

For a PCC segment with a bending angle θs ⩾ θmin, i.e., using the ZY Z rotation
order, the Euler angles can be computed using Ra as follows [307]:

r1 = arctan

(

Ra23

Ra13

)

,

r2 = arctan

(

√

1−R2
a33

Ra33

)

,

r3 = arctan

(

Ra32

−Ra31

)

.

(3.11)

Therefore, the rotational independent mapping is:
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fr(q) =











r1

r2

r3











− pro =











r1

r2

r3











. (3.12)

Eq.(3.11) can be directly implemented in MATLAB using the atan2 function. Al-
ternatively, the dcm2angle function can be used, after inverting the rotation matrix
Ra to convert the rotation from extrinsic to intrinsic. The 'robust' option should
be added to address the issue of gimbal lock when θ = π.

To examine the discontinuity problem, an arbitrary soft actuator consisting of a
single PCC segment, s = 1, was selected. A rotation range of ϕs = [0, 21

2
π] and

a bending range of θs = [θmin, 1
1
2
π] were applied simultaneously in the simulation.

The end point pose pa was calculated for the entire path. Figure 3.4(a) shows the
end point position pc in 3D space and its projections onto the XY , XZ, and Y Z
planes. For clarity, only the 昀椀rst and last PCC arcs are shown and highlighted in
purple.

Figure 3.4: Forward kinematics of a PCC segment: (a) displays the 3D path of the
end point and its projections on the XY , XZ, and Y Z planes, (b) shows the Euler
angles results for the ZY Z order before correction, and (c) shows the results after
correction.

The results of (3.11) exhibited two issues: First, the Euler angles are in the range
[−π, π], which is inconsistent with the selected work range of [0, 2π] introduced
earlier in Section 3.1.2. Second, r3 is supposed to be zero for the entire path since
there is no twisting. However, r3 = π in part of the path, indicating a mirrored or
昀氀ipped rotation in both r1 and r2. This 昀氀ip in r3 occurs when the bending angle θ
reaches π. Such discontinuity in Euler angles can lead to challenges in optimisation
algorithms, as mentioned earlier in Chapter 2 , Section 2.1.3.
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A suggested solution for this discontinuity is to correct the angles based on certain
ranges or values [308]. Based on the results in Figure 3.4(b), a two-step correction
can be used to address these two issues as follows:

• Step 1) Correcting the 昀氀ipping in r3 :

r1, r2, r3 =



















r1 = r1 + π

r2 = 2π − r2

r3 = 0











if r3 = π,

no correction, if r3 = 0 .

(3.13)

• Step 2) Correcting the negative sign in r1 :

r1 =

{

r1 = r1 + 2π if sign(r1) = −1 ,

no correction, if sign(r1) = +1 .
(3.14)

A negative sign correction is only required for r1 since r2 depends solely on the
applied bending angle θ which is always positive. Finally, the orientation vector pr
is calculated as follows:

pr =











αx

αy

αz











= fr(q)corrected =











r1

r2

r3











corrected

, (3.15)

in which αz = r3 = 0 at all times since there is no twisting. This is because rotating
the actuator around the z-axis causes the top end face to rotate in the opposite
direction, as the base is 昀椀xed [21]. Therefore, αz = 0 if there is no external or
additional twisting.

3.1.5 Redundancy
The 3D space has 6 DOFm, which includes three translational and three rotational
DOFm, as stated earlier in Chapter 2, Section 2.1.1. The number of DOFk in the
robotic actuator determines its mobility in the 3D space. The actuator is considered
non-holonomic, holonomic, or redundant if it hasDOFk fewer than, equal to, or more
than DOFm, respectively [45]. Let us consider a rigid actuator consisting of several
links and joints. The mobility formula, known as the Chebychev-Grübler-Kutzbach
criterion [309], determines the total number of DOFk in any kinematic chain as
follows [43, 45]:

DOFk = DOFm (NL − 1−NJ) +

NJ
∑

j=1

frj , (3.16)

where NL is the number of links including the base, NJ is the number of independent
joints, and frj is the number of degrees of freedom per joint. For a serial mechanism
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or an open kinematic chain, there is always one more link than the number of joints,
and (3.16) simpli昀椀es to:

DOFk =

NJ
∑

j=1

frj . (3.17)

The soft actuator is typically considered an open kinematic chain, although some
designs implement closed kinematic chains [310, 311]. An open kinematic chain is
昀椀xed at one end to the base, with the other end free to move within 3D space.

For a PCC soft actuator, a single segment can be represented using DH parameters
as a serial rigid actuator [17] with NL = 5 and NJ = 4, generating the homogeneous
transformation matrix in (3.3). One of the joints is dependent, and the remaining
three joints each have a single degree of freedom, fs = 1. Substituting these values
into (3.17) gives DOFk = 3. The same result is achieved when considering the serial
actuator with NL = 6 and NJ = 5, which generates the rotation matrix in (3.4), as
it has two dependent joints.

In other words, a single PCC segment in 3D space is considered non-holonomic since
it has only 3 DOFk. The IK solver can calculate 3 out of the 6 DOFm required
for 3D space. For instance, it can determine the segment con昀椀guration space qs
to achieve a speci昀椀c end point 3D position within the workspace, but not the end
point orientation. By contrast, a soft actuator with two PCC segments is considered
holonomic, and additional segments provide redundancy for enhanced manipulation
and obstacle avoidance. However, redundancy can result in an in昀椀nite number of IK
solutions and may necessitate de昀椀ning criteria to achieve an optimal solution [43].

3.2 Inverse Kinematics
The IK problem can be simpli昀椀ed to 昀椀nding one or more con昀椀guration space solutions
qd that satisfy a single desired pose pd or a sequence of poses along a path. Let g(q) :
R

ns → R
m be a holonomic constraints function. The variable m ∈ Z

+ represents an
arbitrary vector size to be de昀椀ned later.

The function g(q) can be either a convex or non-convex function [97], depending on
the selected constraints. The goal is to 昀椀nd an optimal solution qd such that

g(qd) = 0 , (3.18)

by implementing Newton’s method for root 昀椀nding. Assuming that g(q) is twice
di昀昀erentiable, the following optimisation problem is addressed [97]:

min
q∈Rns

g(q) . (3.19)

To solve the problem, a sequence
{

qK
}

is constructed, starting with an initial guess
qo ∈ R

ns that is ”close to” the solution qd. Iterations continue until a solution
meeting the accuracy limit is found. For position, the spatial accuracy limit ds is
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used, while for orientation, a separate angular accuracy limit as can be applied. For
simplicity, as is assumed to be equal to ds mathematically.

In the case of a multi-segment actuator, the desired end point pose pd is speci昀椀ed, and
the inner poses of each segment, i.e., psd ∀s ∈ [1, s−1], are typically determined using
the IK algorithm. Special scenarios, such as obstacle avoidance in path planning [43,
312, 313], may require specifying inner poses as well, but these are beyond the scope
of this thesis.

3.2.1 Newton’s Method
Given the initial guess qo, the kinematics can be expressed using the Taylor expansion
[97, 113] of g(q) around q as:

g(qd) = g(q) +∇g(q)T ∆q +
1

2
∆qT ∇2g(q)∆q + h.o.t , (3.20)

where ∇g(q) and ∇2g(q) represent the 昀椀rst- and second-order gradients of the func-
tion g(q) used for optimisation, respectively. The linear approximation of (3.20) is
obtained by truncating the Taylor expansion at the 昀椀rst order. Substituting into
(3.18) yields the following iteration scheme:

qK+1 = qK − Jg(q
K)−1 g(qK) , (3.21)

where Jg(q) = ∇g(q)T ∈ R
m×ns is the optimisation Jacobian matrix of g(q) for

the multi-segment actuator evaluated at qK. The derivation of ∇g(q) and Jg(q)
is provided in Section 3.2.2 below. However, this iteration scheme may encounter
mathematical issues if the Jacobian Jg(q) is not square, is not invertible, or exhibits
singularity. Therefore, modi昀椀ed solutions are required to address such problems, as
will be discussed in Section 3.4.

Similarly, for the second-order or quadratic approximation of the Taylor expansion,
linearising the optimality condition ∇g(qd) = 0 near q yields:

∇g(q +∆q) ≈ ∇g(q) +∇2g(q)∆q = 0 , (3.22)

which represents the 昀椀rst-order Taylor expansion of the gradient ∇g(q) around q
and it is a linear equation in ∆q. Solving for ∆q leads to the following iteration
scheme:

qK+1 = qK −Hg(q
K)−1 ∇g(qK) , (3.23)

where Hg(q) = ∇2g(q) = Jg (∇g(q))T ∈ R
ns×m×ns is the Hessian tensor of g(q) for

a multi-segment actuator evaluated at qK. The Hessian Hg(q) is either a second- or
third-rank tensor, depending on the value of m.

For instance, if g(q) ∈ R, then m = 1 and the Hessian Hg(q) reduces to a second-
rank tensor, which is basically a square matrix, i.e., Hg(q) ∈ R

ns×ns. Conversely,
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when m > 1, the Hessian Hg(q) becomes a third-rank tensor, i.e., Hg(q) ∈ R
ns×m×ns.

The derivation of Hg(q) is detailed in Section 3.2.2 below.

Generally, the quadratic approximation converges more rapidly compared to the
linear approximation [97]. However, it incurs the additional cost of calculating the
Hessian Hg(q). Moreover, the quadratic approximation can fail if the Hessian Hg(q)
cannot be inverted. In such cases, the solver might oscillate around the solution and
not be able to converge or could converge to a saddle point rather than a local or
global minimum. Further details are provided in Section 3.6.5 below. The type of
holonomic constraints function g(q) can also in昀氀uence the convergence of Newton’s
method, as to be described in the next section.

3.2.2 Convex Versus Non-Convex Holonomic Constraints
The de昀椀nition of convex functions is discussed thoroughly in [97] and interested
readers can refer to the related reference for further details. Newton’s method may
face challenges when minimising non-convex functions because it does not di昀昀eren-
tiate between various types of critical points. At these points where the gradient is
zero, ∇g(q) = 0, the function might be a local maximum, local minimum, or saddle
point.

The type of critical points can be identi昀椀ed by examining the eigenvalues of the
optimisation HessianHg(q). Thus, the applicability of Newton’s method is restricted
to cases where the Hessian Hg(q) is positive de昀椀nite and Lipschitz continuous [94].
Additionally, the solution might converge to a local optimum rather than 昀椀nding
the global optimum. This outcome can depend on the choice of the initial seed.

A key attribute of convex functions within certain domains is that every locally
optimal point is also globally optimal and represents a minimum [97]. If g(q) is a
strongly convex function with a Lipschitz Hessian Hg(q), the sequence generated by
Newton’s method will converge to a global minimum [94, 97].

The simplest constraints function g(q) is the pose error [43], which is simply the
mathematical di昀昀erence between the current pose pa = f(q) and the desired pose
pd. This is de昀椀ned as:

g(q) = pd − f(q) ∈ R
m, (3.24)

where m = 6 when both the position and orientation error vectors are included.
Similarly, m = 3 when either the position or orientation error vector is included.
Other combinations are also possible, such as including the position error vector
and a single component from the orientation error vector. In such cases, m should
be set to 6, and the error should be evaluated only in the selected components.

The constraints function in (3.24) is non-convex (NCX) and leads to the following
optimisation Jacobian, gradient, and Hessian arrays, based on the numerator layout
convention [314, 315]:



CHAPTER 3. INVERSE KINEMATICS: LINEAR VERSUS QUADRATIC
APPROXIMATION 67

Jg(q) = −Jf (q) ∈ R
m×ns , (3.25)

∇g(q) = −∇f(q) = −Jf (q)T ∈ R
ns×m , (3.26)

Hg(q) = −Hf (q) ∈ R
ns×m×ns . (3.27)

The derivations of the actuator Jacobian Jf (q) and Hessian Hf (q) are provided in
Sections 3.3.2 and 3.3.3 below, respectively. However, by comparing (3.21) and
(3.23), it is obvious that pd is omitted from (3.23). This means that pd does not
have any e昀昀ect on the quadratic approximation. Hence, for the constraints function
g(q) of (3.24), the IK solution is feasible via the linear approximation only.

Alternatively, for the position error, the following constraints function is suggested:

g(q) =
1

2
‖pd − f(q)‖22 ∈ R , (3.28)

where ‖.‖2 is the Euclidean norm, and pd, f(q) ∈ R
3. This function is known as

the least-squares approximation and it is a convex (CVX) function [97, 124]. The
constraints function (3.28) is suitable for position error only, i.e., m = 3 and f(q) =
fc(q), since the position and orientation vectors of pa have di昀昀erent units.

For orientation, a combination of NCX and CVX constraints functions can be used
as an example. The position error is represented by (3.28), and the orientation
error is represented by (3.24). The optimisation algorithm must satisfy both error
conditions to achieve a solution. Such an optimisation scenario is outside the scope
of this thesis.

By using the identity ‖X‖2 =
√
XTX, the constraints function of (3.28) can be

simpli昀椀ed to [124]:

g(q) =
1

2

(

pTd pd − 2 pTd f(q) + f(q)T f(q)
)

. (3.29)

The Jacobian can be derived using the identity J(XTX) = 2XTJX as follows:

Jg(q) =
1

2

(

−2 pTd Jf (q) + 2 f(q)T Jf (q)
)

= (f(q)− pd)
T Jf (q) ∈ R

1×ns.
(3.30)

Another approach can be used to 昀椀nd Jg(q) based on the Jacobian chain rule where
Jg(f(q)) = Jg(f)Jf (q), leading to the same results as in (3.30). Furthermore, similar
to (3.26), the gradient is:

∇g(q) = Jg(q)
T = ∇f(q) (f(q)− pd) ∈ R

ns. (3.31)

However, since the Jacobian Jg(q) in (3.30) does not have a square shape, a modi昀椀ed
solution for the iteration scheme (3.21) is required in order to solve the IK. More on
that in Section 3.4.
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Finally, the optimisation Hessian can be derived using the chain rule [126] as follows:

Hg(q) = H(g ◦ f)(q)

= Jf (q)
T Hg(f) Jf (q) +

m
∑

µ=1

∂g

∂fµ
Hfµ(q) ∈ R

ns×ns,
(3.32)

where Hg(f) = Im×m and fµ represents the µ-th component of f . For (3.28), m = 3
and ∂g

∂f
can be expressed as:

∂g

∂f
= Jg(f) = (f(q)− pd)

T

=
[

(f [1]− pd[1]) (f [2]− pd[2]) (f [3]− pd[3])
]

,

(3.33)

where each ∂g
∂fµ

∈ R. Substituting in (3.32) gives the optimisation Hessian Hg(q) as:

Hg(q) = Jf (q)
T Jf (q) +

m
∑

µ=1

(f [µ]− pd[µ]) Hfµ(q) ∈ R
ns×ns . (3.34)

An example of deriving the Hessian chain rule is provided in Appendix A.

Previous works attempted to simplify the calculation of the Hessian by ignoring
the second term of (3.34), leading to approximations using methods such as Gauss-
Newton or BFGS methods [119]. More on Hessian approximation can be found
in Section 3.6.5 below. Furthermore, similar to (3.34), the Hessian chain rule is
discussed in multivariable calculus textbooks such as [316, Ch 6.10] and [317, Ch
4.4.3.2], as well as in inverse kinematics for computer graphics [119]. Readers who
wish to explore further details can consult these references.

3.2.3 Manipulability Index
When an actuator is at a singular con昀椀guration, certain directions of movement
may require high joint speeds and forces. The term ’joint’ refers to the variables
of the con昀椀guration space q ∈ R

ns, as de昀椀ned earlier in Section 3.1.2. Near a
singularity, movement can also become difficult in speci昀椀c directions. The manipu-
lability of an actuator describes its ability to move freely in all directions within the
workspace [307].

Manipulability provides insights into the actuator’s capability to change its position
or orientation at or near a given con昀椀guration. Manipulability can be represented
as an ellipsoid, which visually illustrates the directions in which the actuator’s end
point can move with the least or greatest e昀昀ort [43].

The manipulability ellipsoid provides a geometric representation of the end point
velocities ṗa based on the joint velocities q̇, which satisfy |q̇| = 1, representing a unit
sphere in the ns-dimensional joint-velocity space [43]. Assuming joint velocities have
a unit magnitude simpli昀椀es the manipulability analysis. Without this condition,
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manipulability is in昀氀uenced by the con昀椀guration of the actuator and the magnitude
of its joint velocities.

For simplicity, Jf and Jg are used in this section to represent Jf (q) and Jg(q),
respectively. Assuming the actuator Jacobian Jf is invertible, the unit joint-velocity
condition can be expressed as [43]:

1 = q̇T q̇

= (J−1
f ṗa)

T (J−1
f ṗa)

= ṗTa (J−1
f )T J−1

f ṗa

= ṗTa (JfJ
T
f )

−1 ṗa

= ṗTa J
−1
□ ṗa .

(3.35)

When Jf is of rank m, or full rank, the matrix J□ = JfJ
T
f ∈ R

m×m is square,
symmetric, and positive de昀椀nite, as is its inverse J−1

□ . For such a matrix, the
set of vectors ṗa that satisfy (3.35) de昀椀nes the manipulability ellipsoid in the m-
dimensional space.

Since the Jacobian Jf incorporates both linear and angular Jacobians, two distinct
three-dimensional manipulability ellipsoids arise due to the di昀昀erent units for linear
and angular velocities [43]. It is often more practical to focus on the linear manipu-
lability ellipsoid when the IK target involves following a speci昀椀c path, regardless of
the end point’s orientation.

Let v⃗µ and λµ denote the eigenvectors and eigenvalues of J□, respectively, where
µ = 1, 2, · · · ,m. For the linear velocity manipulability, where m = 3, the directions
of the ellipsoid’s principal axes are given by the eigenvectors v⃗µ, and the length of
each principal semi-axis corresponds to

√

λµ, as illustrated in Figure 3.5 below. The
volume of this manipulability ellipsoid is:

Vme =
4π

3

√

λ1λ2λ3

=
4π

3

√

det(J□)

=
4π

3

√

det(JfJT
f ) .

(3.36)

where J□ ∈ R
3×3. In scenarios where m > 3, the ellipsoid extends to a hyper-

ellipsoid. Its volume Vme is proportional to the product of the lengths of the semi-
axes, which are given by

√
λ1λ2 · · ·λm, as detailed in [43, 318].
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Figure 3.5: A triaxial ellipsoid representation of ṗTa J−1
□ ṗa = 1 in the ṗa ∈ R

3 space.
The principal axes are the eigenvectors v⃗µ of J□, and the length of each principle
semi-axis is equal to the square root of the corresponding eigenvalue,

√

λµ.

Several measures for quantifying manipulability were proposed in the literature [319–
323], some of which rely on the singular values of J□. One commonly used measure
is Yoshikawa’s Manipulability Index (YMI) [324], which indicates how far the ac-
tuator is from singular con昀椀gurations. This index is based on the volume of the
manipulability ellipsoid, as follows:

YMI =
√

det(JfJT
f ) =

√

λ1λ2 · · ·λm , (3.37)

where YMI value typically approaches zero when the actuator is near a singular con-
昀椀guration. However, YMI can be an inadequate measure of manipulability because
the volume of the ellipsoid does not necessarily decrease near singularities. This
occurs because, near singularities, one of the ellipsoid’s radii becomes small while
another becomes large [319].

Alternatively, the inverted conditioning index (ICI) [307] of Jf o昀昀ers a measure of
the spatial uniformity of the manipulability ellipsoid, and de昀椀ned as:

ICI = σmin(Jf )

σmax(Jf )
=

√

λmin

λmax

∈ [0, 1] . (3.38)

This measure represents the ratio of the smallest to largest singular values of Jf .
It is also equivalent to the square root of the ratio of the smallest to largest eigen-
values of J□. The ICI measure provides a normalised indication of the actuator’s
manipulability. Speci昀椀cally, the ICI is zero at singular con昀椀gurations and reaches
one when the manipulability ellipsoid is nearly spherical (or isotropic), indicating
that it is equally easy to move in any direction [43]. It is important to remember
that the manipulability index is based on the actuator’s con昀椀guration at any given
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time, regardless of the chosen IK solver. Therefore, it is derived from the actuator
Jacobian Jf rather than the optimisation Jacobian Jg.

The ICI measure, however, has a limitation as it only considers motion in two
directions compared to YMI, which considers all of the radii of the manipulability
ellipsoid. This limitation becomes important when the manipulability index is used
to control the movement of the actuator, especially when avoiding obstacles along
the movement path. This topic is outside the scope of this thesis, and interested
readers can refer to [319, 320, 322] for further details. For the rest of this chapter,
the ICI measure is considered in quantifying the manipulability of the soft actuator.

3.3 Jacobian and Hessian Arrays
For a single segment, the Jacobian Js(qs) and Hessian Hs(qs) arrays of f can be
determined via the 昀椀rst and second derivatives of the pose T s

s−1 with respect to
time t, respectively. An inverse skew function ∨×(·) is required for determining the
rotational parts of Js(qs), as described in the following sections.

3.3.1 Inverse Skew Function
A matrix S that satis昀椀es both the identities ST = −S and det(S) = 0 is called
a skew-symmetric matrix [98]. For an arbitrary vector s⃗ ∈ R

3, the skew function
[·]× : R3 7→ R

3×3 maps the vector s⃗ to the skew-symmetric matrix S. Conversely,
the inverse skew function ∨×(·) : R3×3 7→ R

3 maps the skew-symmetric matrix S to
the vector s⃗ as follows:

s⃗ = ∨×(S) =







s⃗1

s⃗2

s⃗3






,

S = [ s⃗ ]× =







0 −s⃗3 s⃗2

s⃗3 0 −s⃗1
−s⃗2 s⃗1 0






.

(3.39)

3.3.2 First Derivative of Pose
For simplicity, the notations T , R, and t̃ are used instead of T s

s−1, Rs
s−1, and t̃ss−1

in this section, respectively. Similar to the procedure of [325], the 昀椀rst derivative of
the pose with respect to time t is:

Ṫ =
dT

dt
=

∂T

∂qs1
q̇s1 + · · ·+ ∂T

∂qsn
q̇sn ∈ R

4×4 . (3.40)

Each ∂T
∂qsi

∈ R
4×4 can be written in partitioned form as:
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∂T

∂qsi
=





JsRi Jsti
[

0 0 0
]

0



 , i = 1, · · · , n , (3.41)

where JsRi ∈ R
3×3 and Jsti ∈ R

3×1 are the time derivative Jacobians of the rotation
matrix R and the translation vector t̃, respectively, and i is the parameter index of
the con昀椀guration space vector qs.

Similarly, the 昀椀rst derivative of (3.2) with respect to time t is:

Ṫ =





Ṙ ˙̃t
[

0 0 0
]

0



 . (3.42)

Re-writing (3.40) using (3.41) and (3.42) gives:





Ṙ ˙̃t
[

0 0 0
]

0



 =





JsR1 Jst1
[

0 0 0
]

0



 q̇s1 + · · ·+





JsRn Jstn
[

0 0 0
]

0



 q̇sn , (3.43)

then, writing a matrix equation for each non-zero partition gives:

Ṙ = JsR1 q̇s1 + · · ·+ JsRn q̇sn , (3.44)
˙̃t = Jst1 q̇s1 + · · ·+ Jstn q̇sn , (3.45)

where each term represents the contribution of the corresponding parameter within
the con昀椀guration space vector qs to the end point velocity of each segment.

Starting with (3.45), simplifying and re-writing gives:

˙̃t = [Jst1 · · · Jstn]







q̇s1
...
q̇sn






,

= Jsv(qs) q̇s ,

(3.46)

where Jsv(qs) ∈ R
3×n is the translational part of the coordinates Jacobian matrix

Js(qs) of the individual segments within the actuator. The complete derivation of
Jsv(qs) is provided in Appendix B, Section B.5, and it is de昀椀ned as:

Jsv(qs) =











sφs(cθs−1)Ls

θs

cφs(cθs+θssθs−1)Ls

θ2s

cφs(1−cθs)
θs

cφs(1−cθs)Ls

θs

sφs(cθs+θssθs−1)Ls

θ2s

sφs(1−cθs)
θs

0 (θscθs−sθs)Ls

θ2s

sθs

θs











. (3.47)
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On the other hand, for the rotational part, recall that for special orthogonal SO
group, the rotation matrix satis昀椀es the orthonormality condition RRT = I. Taking
the time derivative and simplifying leads to the identity Ṙ = [ωs]×R where [ωs]× ∈
so(3) is the skew-symmetric matrix de昀椀ned as:

[ωs]× =











0 −ωsz ωsy

ωsz 0 −ωsx

−ωsy ωsx 0











, (3.48)

in which ωs =
[
ωsx ωsy ωsz

]T ∈ R
3 is the rotational speed at the end point of the

individual segments relative to the base frame of the segment {Ss−1}. Substituting
in (3.44) and re-writing gives:

[ωs]×R = JsR1 q̇s1 + · · ·+ JsRn q̇sn , (3.49)

then re-arranging to:

[ωs]× =
(
JsR1 R

T
)
q̇s1 + · · ·+

(
JsRn R

T
)
q̇sn , (3.50)

where each JsRiR
T term must be skew-symmetric for the summation to result in a

skew-symmetric matrix..

The matrix equation (3.50) has an order of 3× 3 which leads to 3 unique equations.
Applying the inverse skew function, Section 3.3.1 above, to both sides yields:

ωs = ∨×

(
JsR1 R

T
)
q̇s1 + · · ·+ ∨×

(
JsRn R

T
)
q̇sn

=
[
∨×

(
JsR1 R

T
)

· · · ∨×

(
JsRn R

T
)]




q̇s1
...

q̇sn




= Jsω(qs) q̇s ,

(3.51)

where Jsω(qs) ∈ R
3×n is the rotational part of the coordinates Jacobian matrix Js(qs)

of the individual segments within the actuator.

The complete derivation of Jsω(qs) is provided in Appendix B, Section B.6, and it
is de昀椀ned as:

Jsω(qs) =




0 −sφs
0

0 cφs
0

1 0 0


 (3.52)
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Combining both (3.46) and (3.51) provides the time derivative of the individual
segment forward kinematics as:


vs
ωs


 = Js(qs)q̇s (3.53)

where vs =
[
vsx vsy vsz

]T ∈ R
3 represents the translational speed at the end

point of the individual segments, and Js(qs) is the coordinate Jacobian matrix of
the individual segments relative to the base frame of the segment {Ss−1}, as follows:

Js(qs) =


Jsv(qs)
Jsω(qs)


 ∈ R

6×n (3.54)

3.3.3 Second Derivative of Pose
To provide a converged IK solution, the CVX constraints function (3.28) requires
only the Hessian Hf (q) translational part, Hsv(qs), of each segment. Consequently,
deriving the Hessian Hf (q) rotational part is unnecessary and outside the scope
of this thesis. Interested readers can follow the procedure of [325] to derive the
complete Hessian Hf (q).

Starting from (3.46) and applying the product rule, the second derivative of the
translation vector t̃ with respect to time t is:

¨̃t︸︷︷︸
m×1

=
d

dt
(Jsv(qs))

︸ ︷︷ ︸
m×n

q̇s︸︷︷︸
n×1

+ Jsv(qs)︸ ︷︷ ︸
m×n

q̈s︸︷︷︸
n×1

. (3.55)

The term d
dt
(Jsv(qs)) represents the time derivative of the Jacobian Jsv(qs), and must

be of size m×n to facilitate the matrix multiplication in (3.55). Applying the chain
rule, the time derivative of the Jacobian Jsv(qs) is:

d

dt
(Jsv(qs)) =

∂Jsv
∂qs

×̄n q̇s , (3.56)

where ∂Jsv
∂qs

∈ R
m×n×n is a third-rank tensor representing the partial derivatives of

the Jacobian Jsv(qs), also known as the second-order Jacobian J2
sv(qs) [326]. The

term ×̄n denotes the n-mode product [125] between the tensor and the vector q̇s as
described in Appendix B, Section B.3.

There are two options to continue the analysis beyond (3.56):

• Solve (3.56) for J2
sv(qs), and then transpose it to obtain the Hessian Hsv(qs)

tensor.

• Alternatively, derive the HessianHsv(qs) using the standard de昀椀nitionHsv(qs) =
∇2f(qs), which is simpler, and then verify it using (3.56). The veri昀椀cation can
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be done by transposing the Hessian Hsv(qs) to get the second-order Jacobian
J2
sv(qs), then substitute it in (3.56) and check if the left side of the equation

matches the right side.

The choice in this thesis was to proceed with the second option, as it is easier to
implement.

The Hessian Hsv(qs) is a third-rank tensor with 昀椀bres corresponding to rows H:jk,
columns Hi:k, and tubes Hij:, as illustrated in Figure 3.6(a). The Hessian Hsv(qs)
tensor can be arranged into an array of m Hessian matrices as follows:

Hsv(qs) =
[
Hf1(qs) Hf2(qs) · · · Hfm(qs)

]
∈ R

n×m×n , (3.57)

where m = 3 as mentioned earlier in Section 3.2.2. Since the Hessian tensor Hsv(qs)
is speci昀椀c to the translational part only, the functions f1, · · · , fm are the components
of the translation vector t̃ as de昀椀ned in (3.3).

The HessianHsv(qs) tensor can be derived using the element-wise de昀椀nition provided
in Appendix B, Section B.4.2, as follows:

Hsv(qs)ijk =
∂2fj
∂qi∂qk

, (3.58)

where qi and qk are components of the con昀椀guration space vector qs as de昀椀ned
in (3.1), with indices i, k = 1, · · · , n, and j = 1, · · · ,m. The red, green, and
blue colours illustrate the location of each element as shown in Figure 3.6(b). The
element-wise de昀椀nition yields the Hessian tensor as:

Hsv(qs)[:, 1, :] =




cφs (cθs−1)Ls

θs

−sφs (cθs+θssθs−1)Ls

θ2s

sφs (cθs−1)

θs

−sφs (cθs+θssθs−1)Ls

θ2s

−cφs (2cθs+2θssθs−θ2scθs−2)Ls

θ3s

cφs (cθs+θssθs−1)

θ2s
sφs (cθs−1)

θs

cφs (cθs+θssθs−1)

θ2s
0




Hsv(qs)[:, 2, :] =




sφs (cθs−1)Ls

θs

cφs (cθs+θssθs−1)Ls

θ2s

−cφs (cθs−1)

θs

cφs (cθs+θssθs−1)Ls

θ2s

−sφs (2cθs+2θssθs−θ2scθs−2)Ls

θ3s

sφs (cθs+θssθs−1)

θ2s
−cφs (cθs−1)

θs

sφs (cθs+θssθs−1)

θ2s
0




Hsv(qs)[:, 3, :] =




0 0 0

0
(2sθs−2θscθs−θ2ssθs )Ls

θ3s

θscθs−sθs
θ2s

0
θscθs−sθs

θ2s
0


 ,

(3.59)

in which each Hessian matrix in this tensor is symmetric. The second-order Jacobian
J2
sv(qs), in contrast, can be arranged as an array of n Jacobian derivatives as follows:
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Figure 3.6: The Hessian Hsv(qs) array: (a) illustrates the 昀椀bres of the columns H:jk

(in red), the rows Hi:k (in green), and the tubes Hij: (in blue), (b) depicts the partial
derivatives representation as a third-order tensor. (c) shows the visualisation of the
second-order Jacobian J2

sv(qs), generated by a double transpose of the Hessian Hf (q)
tensor, while (d) demonstrates the double transpose sequence.
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J2
sv(qs) =

[
∂Jsv(qs)

∂q1

∂Jsv(qs)
∂q2

· · · ∂Jsv(qs)
∂qn

]
∈ R

m×n×n , (3.60)

where the 昀椀rst and second dimensions, m× n× · · · , represent the Jacobian Jsv(qs),
while the third dimension, · · · × · · · × n, corresponds to each partial derivative of
the Jacobian, as shown in Figure 3.6(c).

Similarly, the J2
sv(qs) tensor can be derived using the element-wise de昀椀nition de-

scribed in Appendix B, Section B.4.2, as follows:

J2
sv(qs)ijk =

∂2fi
∂qk∂qj

, (3.61)

where qj and qk are components of the con昀椀guration space vector qs as de昀椀ned in
(3.1), with indices j, k = 1, · · · , n, and i = 1, · · · ,m. The red, green, and blue
colours illustrate the location of each element as shown in Figure 3.6(c).

To generate the J2
sv(qs) tensor from the Hsv(qs) tensor, two transpose operations

are required since Hsv(qs) = ∇2f(qs). The 昀椀rst transpose is performed on the outer
gradient, while the second transpose is applied to the inner gradient as follows:

∂2fj
∂qi∂qk︸ ︷︷ ︸

∇2

T(i,k)
====⇒ ∂2fj′

∂qi′∂qk′︸ ︷︷ ︸
J(∇)

T(i′,j′)
====⇒ ∂2fi′′

∂qk′′∂qj′′︸ ︷︷ ︸
J2

, (3.62)

and as shown in Figure 3.6(d). However, The 昀椀rst transpose, T(i, k), is not needed
since the Hessian Hsv(qs) is symmetric. The remaining transpose can be executed in
MATLAB using the command JJsv = permute(Hs,[2 1 3]) which switches the
昀椀rst and second dimensions while keeping the third dimension unchanged.

The next step is the n-mode product. Since J2
sv(qs) is arranged as an array of n

Jacobian derivatives along its third dimension, the n-mode product is applied using
the third mode, ×̄3, in (3.55). Simplifying both sides of (3.55) con昀椀rms their equality,
verifying that the derivation of the Hessian Hsv(qs) tensor was correct.

The entire veri昀椀cation process can be performed using the Symbolic Math Toolbox
in MATLAB, as detailed in the code provided in Appendix C.

3.3.4 Multi-Segment Actuator
As described earlier in Section 3.1.5, a single PCC segment in 3D space is considered
non-holonomic since it has only 3 DOFk in its con昀椀guration. Adding more segments
provides additional DOFk to the kinematic chain. A soft actuator with two PCC
segments is considered holonomic, and further segments provide redundancy, thereby
extending the manipulation capabilities.

The actuator Jacobian Jf (q) is obtained by combining the Jacobians of the individual
segments Js(qs) after transferring their reference frames to the actuator base frame
{S0}. Following the notations of [307], the spatial velocity of the end pose ps of each
individual segment relative to the segment base frame {Ss−1} is:
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Vs =


vs
ωs


 ∈ R

6 . (3.63)

Similarly, the spatial velocity of the same end point relative to the actuator base
frame{S0}, or the origin, is:

V0 =


v0
ω0


 ∈ R

6 , (3.64)

and the homogeneous transformation matrix between the two frames T s−1
0 ∈ SE(3),

as shown in Figure 3.7, is de昀椀ned as:

T s−1
0 = T 1

0 T
2
1 . . . T

s−1
s−2 =


 Ω Ψ[

0 0 0
]

1


 , (3.65)

where Ω ∈ SO(3) is the rotation matrix and Ψ ∈ R
3 is the translation vector.

Figure 3.7: The location of the segment end frame {Ss} and base frame {Ss−1}
relative to the actuator base frame {S0} in the 3D space, along with the Cartesian
components of the pose at each frame, pcs, pcs−1, and pco, respectively.

Similar to (3.10), the coordinates of the point pcs−1, the Cartesian part of the pose
ps−1, at the origin of the segment base frame {Ss−1} can be represented relative to
the point pco at the origin of the actuator base frame {S0} as follows:
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
pcs−1

1


 = T s−1

0


pco

1


 . (3.66)

For simplicity, the notation T is used instead of T s−1
0 for the remainder of this section.

Di昀昀erentiating (3.66) with respect to time t and simplifying yields:


ṗcs−1

0


 = Ṫ


pco

1


 = Ṫ T−1


pcs−1

1


 . (3.67)

Now, let us evaluate Ṫ T−1:

Ṫ T−1 =


 Ω̇ Ψ̇[

0 0 0
]

0




 ΩT −ΩTΨ[

0 0 0
]

1




=


 Ω̇ΩT −Ω̇ΩTΨ+ Ψ̇[

0 0 0
]

0


 ,

(3.68)

which has the form of a 4× 4 matrix representing the spatial velocity relative to the
base frame of the actuator {S0}, as de昀椀ned earlier in 3.64, and denoted as V̂0 ∈ se(3).
This matrix is associated with the con昀椀guration SE(3), or the Lie algebra of the Lie
group SE(3). Therefore, (3.68) can be expressed as:

V̂0 =


 [ω0]× v0[

0 0 0
]

0


 = Ṫ T−1 . (3.69)

Since ω0 and ωs represent the same angular velocity of the end point pose ps but in
two di昀昀erent frames, these two vectors are related as follows:

ωs = Ω−1ω0 = ΩTω0 . (3.70)

Then, by utilising [43, Proposition 3.8], the relation in 3.70 can be expressed in
skew-symmetric matrix form as:

[ωs]× = [ΩTω0]× = ΩT [ω0]×Ω

= ΩT
(
Ω̇ΩT

)
Ω

= ΩT Ω̇ = Ω−1Ω̇ .

(3.71)
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In the same fashion, let us evaluate T−1Ṫ :

T−1Ṫ =


 ΩT −ΩTΨ[

0 0 0
]

1




 Ω̇ Ψ̇[

0 0 0
]

0


 =


 ΩT Ω̇ ΩT Ψ̇[

0 0 0
]

0


 , (3.72)

which takes the form of a 4 × 4 matrix representing the spatial velocity relative to
the base frame of the segment {Ss−1}, as de昀椀ned earlier in 3.63, and denoted as
V̂s ∈ se(3). Again, this matrix is associated with the con昀椀guration SE(3), or the
Lie algebra of the Lie group SE(3). Therefore, (3.72) can be expressed as:

V̂s =


 [ωs]× vs[

0 0 0
]

0


 = T−1Ṫ . (3.73)

Combining (3.69) and (3.73) yields the following:

V̂0 = T V̂s T
−1 =


Ω[ωs]×Ω

T −Ω[ωs]×Ω
TΨ+ Ωvs[

0 0 0
]

0


 . (3.74)

Considering that cross product is antisymmetric, [ω]×Ψ = −[Ψ]×Ω, and by utilising
[43, Proposition 3.8], (3.74) can be simpli昀椀ed to the following form:


v0
ω0


 =


 Ω [Ψ]×Ω

03×3 Ω




vs
ωs


 = AdT


vs
ωs


 , (3.75)

where AdT is a 6× 6 matrix known as the adjoint transformation and can be gener-
alised to the following form [43, Proposition 3.21]:

AdT = AdT 1

0
T 2

1
...T s−1

s−2

= AdT 1

0
AdT 2

1
. . . AdT s−1

s−2

. (3.76)

Substituting (3.53) in (3.75) yields the full Jacobian of the actuator as follows:

Jf (q) =


Jv(q)
Jw(q)


 =

[
J1(q1) AdT 1

0
J2(q2) . . . AdT s−1

0

Js(qs)
]

∈ R
m×ns , (3.77)

where m = 6, and s is the total number of segments in the actuator as de昀椀ned earlier
in (3.1). The full Jacobian Jf (q) can then be substituted in (3.25) to calculate the
inverse kinematics as discussed in Section 3.2.2 above.

For the full Hessian Hf (q) of the actuator, since only the translational part Hv(q)
is required as explained in Section 3.2.2, let us expand (3.77) to obtain the full
translational Jacobian Jv(q) as follows:
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[Jv(q)]s = Ω Jsv(qs) + [Ψ]× Ω Jsw(qs) , (3.78)

where [Jv(q)]s ∈ R
3×n is a sub-matrix of the full translational Jacobian Jv(q) associ-

ated with the s-th segment. Applying the partial derivative ∂
∂qs

to both sides yields
the second-order Jacobian:

[
J2
v (q)

]
s
=
∂Ω

∂qs
Jsv(qs) + Ω J2

sv(qs) +
∂[Ψ]×
∂qs

Ω Jsw(qs)

+ [Ψ]×
∂Ω

∂qs
Jsw(qs) + [Ψ]× Ω J2

sw(qs) ,

(3.79)

However, simplifying (3.79) necessitates determining the correct n-mode products
and the appropriate transpose to derive Hv(q). This mathematical problem remains
unsolved despite signi昀椀cant progress in analysing it and reviewing related studies
in the literature [119, 325, 327–331]. A complete solution remains elusive due to
its complexity and the time constraints of this project. It is believed that solving
this problem could potentially enhanced the IK solver for redundant soft actuators,
specially when obstacle avoidance is required. The work presented in this chapter
can serve as a stepping stone for solving this open problem, as it presents an exciting
opportunity for future research.

3.3.5 The Actuator Physical Limits
SPAs have physical limits that de昀椀ne the size of the workspace. Consequently, any
IK solutions beyond these limits are generally not feasible [58]. The IK algorithm
must account for these limits during iterations to achieve the best possible con昀椀gu-
ration that minimises the error to the target pose.

SPAs are typically designed to be non-compressible. Hence, the minimum segment
length is equal to 100% of the initial length. Similarly, the maximum length is deter-
mined by the actuator design, which may be constant (i.e., 100% of the initial length)
or longer if extension is permitted. For the bending angle θ, the minimum limit is
usually zero at the straight position, while the maximum limit is also determined
by the actuator design; see [332] for example.

Additionally, in the IK algorithm, the physical limits must be applied individually
to each segment rather than to the entire actuator as a whole. Otherwise, some
segments may yield infeasible results even if the target pose is within the actuator’s
workspace; see [58, Figure 9] for example.

Projecting the workspace onto the XY , XZ, and Y Z planes aids in understanding
the feasible results. For example, consider a single-segment SPA with a unit length,
Lo = 1, rotating anticlockwise about the z-axis. The end point traces a spiral
path, as illustrated in Figure 3.8. This path was generated by varying the segment
shape from the initial, straight, con昀椀guration where ϕs = 0, θs = 0, and Ls = 2Lo,
to the 昀椀nal con昀椀guration where ϕs = 3

2
π, θs = 3

2
π, and Ls = Lo. Note that the

starting length was chosen to be longer than the initial length, which was achieved
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Figure 3.8: A single-segment actuator rotating about the z-axis, with its end point
generating a spiral path marked in green. The actuator base is positioned at the
origin (0, 0, 0). The path, consisting of 30 points, is projected onto the XY , XZ,
and Y Z planes, along with the actuator’s workspace. The actuator’s initial, straight,
con昀椀guration and 昀椀nal con昀椀guration are plotted in purple. The XY and Y Z views
provide additional viewpoints of the spiral path, actuator, and projections. The
length Ls and bending angle θs values along the path are also plotted against their
minimum and maximum limits for improved visualisation.
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by extending the SPA while it was still in its straight position, prior to applying
rotation and bending.

The workspace limits, maximum and minimum boundaries, are projected onto the
XZ and Y Z planes. The projection onto the XY plane generates four concentric
circles, corresponding to the two maximum and two minimum boundaries of the
workspace volume. However, only the maximum limit is shown on the XY plane to
reduce clutter in the plot. The end point path is divided into 30 points, calculated
based on the FK of the SPA, ensuring that each point is within the workspace of
the SPA.

Nevertheless, some points on the path appear outside the workspace projections.
This discrepancy arises as a result of the semi-spherical shape of the workspace. To
provide better visualisation, the length Ls and bending angle θs values were plotted
separately along with their limits.

3.4 Jacobian Algorithms
As Newton’s method requires the inversion of the Jacobian Jg(q) in the linear itera-
tion scheme (3.21), the Jacobian may not be square or invertible. Additionally, the
Jacobian can encounter singularity issues, as discussed earlier in Section 3.1.2.

Alternative solutions were presented in the literature [99, 100], as indicated earlier
in Chapter 2, Section 2.1.5. Each solution o昀昀ers a modi昀椀ed version of the iteration
scheme (3.21) and can serve as a basis for comparison with the minimum bending
limit approach suggested earlier in Section 3.1.3. Let us re-arrange (3.21) in a general
form and use an arbitrary Jacobian matrix J⋄ as follows:

∆q = −J⋄ g(qK), (3.80)

where ∆q = qK+1−qK, and J⋄ = Jg(q
K)−1 if the JIV method is used, as in (3.21). For

simplicity, the notations Jg and g are used instead of Jg(qK) and g(qK), respectively,
for the remainder of this section.

Previous studies suggested alternative solution to the JIV method, and 昀椀ve of these
were addressed earlier in Chapter 2, Section 2.1.5. A summary of these 昀椀ve solutions
is provided below, where each solution proposes a di昀昀erent de昀椀nition for J⋄ along
with their acronyms to identify related results later in Section 3.6.

3.4.1 Jacobian Transpose (JTR)
This solution simply uses the transpose of Jg instead of the inverse to ensure an
invertible Jacobian, as follows:

J⋄ = αsJ
T
g , (3.81)

where αs is a scalar representing the iteration size, calculated as:
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αs =

〈
g , JgJ

T
g g

〉
〈
JgJ

T
g g , JgJ

T
g g

〉 , (3.82)

in which 〈· , ·〉 indicates the dot product between two vectors. Further details are
provided in Section 3.5 below.

3.4.2 Jacobian Pseudo-Inverse (JPI)
The Jacobian pseudo-inverse J+ is de昀椀ned for all Jacobian matrices, even if they
are not square or do not have full rank. The Jacobian calculation is as follows:

J⋄ = J+ = JT
g (JgJ

T
g )

−1 . (3.83)

The pseudo-inverse has a feature where the matrix (I − J+J) performs a projection
into the null space of J , which is useful for controlling secondary manipulation
tasks [333]. However, near a singularity, the JPI method can cause instability and
oscillations in motion. This occurs because very small changes in the task space p
discrepancy can result in disproportionately large changes in the con昀椀guration space
q, leading to unpredictable and abrupt movements.

3.4.3 Damped Least-Squared (DLS)
This method utilises damping to stabilise ∆q near singularities, which helps to avoid
many of JPI method. The Jacobian calculation is as follows:

J⋄ = JT
g (JgJ

T
g + λdI)

−1 , (3.84)

where λd ∈ R is a positive scalar acting as a damping factor that must be chosen
carefully to stabilise (3.80) numerically, and I ∈ R

m×m is the identity matrix match-
ing the size of JgJT

g . Although a large λd improves the behaviour of the solutions
for ∆q near singularities, it also slows convergence, reduces target tracking accuracy,
and causes oscillation and shaking. Further details on damping factors are provided
in Section 3.5.

3.4.4 Singular Value Decomposition (SVD)
Due to the limitations of the JPI near singularities, the SVD method provides an
alternative approach for calculating the Jacobian pseudo-inverse J+. The SVD
method is advantageous as it decomposes the Jacobian matrix into its fundamental
sub-spaces, providing orthonormal bases for these sub-spaces. Speci昀椀cally, the SVD
method involves expressing anm×n Jacobian J in the factorisation form J = UΣV T ,
where U and V are m×m and n× n orthogonal (or unitary, if complex) matrices,
respectively, and Σ is a diagonal m×n matrix containing non-negative real numbers
along its diagonal.

The diagonal entries of the matrix Σ, denoted σu = Σuu, represent the singular
values of J . The rank of J is determined by the largest value R for which σR 6= 0,
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implying that σu = 0 for u > R. Using the SVD, the Jacobian pseudo-inverse can
be expressed as J† = V Σ†UT , where it is computed as follows:

J⋄ = J† =
R∑

u=1

σ−1
u VuU

T
u , (3.85)

where Vu and Uu denote the u-th columns of V and U , respectively. In MATLAB,
the SVD variation of the Jacobian pseudo-inverse, J†, can be computed using the
pinv(J) function.

3.4.5 Pseudo-Inverse Damped Least Squares (PDL)
The PDL method extends the DLS approach by combining its bene昀椀ts with the
stabilisation features of the SVD method. When away from singularities, σu � λd,
PDL behaves similarly to SVD, but it provides improved stability near singularities.
The method incorporates a damping factor λd to stabilise the Jacobian J⋄ when σu
approaches zero. The Jacobian calculation is as follows:

J⋄ =
R∑

u=1

σu
σ2
u + λ2d

VuU
T
u . (3.86)

Other solutions were also developed [100], including some that enhance the 昀椀ve
methods discussed here and others that propose di昀昀erent approaches. Interested
readers can explore the related literature for further details.

3.4.6 Convex Holonomic Constraints
As previously mentioned in Section 3.2.2, the optimisation Jacobian Jg(q) for a CVX
constraints function g(q) ∈ R is reduced to a vector of size 1×ns. Consequently, the
iteration scheme (3.21) becomes inapplicable, as the Jacobian Jg(q) is not invertible.

In this case, the suitable alternative solutions for handling non-invertible Jacobians
are the JPI and SVD methods. Additionally, Gradient Descent (GRD) is proposed
as a completely di昀昀erent approach from Newton’s method, as it does not involve
Jacobian inversion.

Several variations of the GRD method were explored in the literature, as outlined
in Chapter 2, Section 2.1.5. Given the focus of this thesis on Newton’s method,
the comparison will be made using one speci昀椀c variation of the GRD method. The
AdaGrad algorithm [96] is chosen for this comparison due to its efficiency and its
compatibility with damping pro昀椀les, as will be elaborated in Section 3.5.2 below.

The AdaGrad algorithm is de昀椀ned by the following iterative scheme [96]:

qK+1 = qK − αg

ϵ+
√
GK

∇g(q
K) , (3.87)

where αg represents the step size, which can be replaced with the damping factor
λd to control the convergence speed. The term ϵ = 10−8 is a small constant used



CHAPTER 3. INVERSE KINEMATICS: LINEAR VERSUS QUADRATIC
APPROXIMATION 86

to avoid division by zero. The term ∇g(q) is the optimisation gradient de昀椀ned in
(3.31), evaluated at qK, and GK is a vector that accumulates the sum of the squares
of the gradient up to the time step K, de昀椀ned as follows:

GK = GK−1 +
(
∇g(q

K)
)2 ∈ R

ns . (3.88)

The initial value of GK is set to Go = 0ns×1, a zero vector that matches the size
of the optimisation gradient ∇g(q). The results of the IK analysis using JPI, SVD,
and GRD methods are presented and discussed in Section 3.6.

3.5 Damping of Inverse Kinematic
As stated earlier in Chapter 2, Section 2.1.4, the damping factor can prevent large
motions or oscillations near singularities or out of the workspace while perform-
ing the IK algorithm. The damping factor needs to be carefully chosen to ensure
numerical stability.

3.5.1 The Jacobian with Further Damping
While the JTR, DLS, and PDL methods incorporate damping into their equations,
the remaining methods can also be modi昀椀ed to include the damping factor λd. For
the JIV method in (3.80), the Jacobian becomes:

J⋄ = λdJ
−1
g . (3.89)

For the JTR method in (3.81), the Jacobian becomes:

J⋄ = λdJ
T
g , (3.90)

where λd can be equivalent to αs, de昀椀ned in (3.82), or other values to be introduced
below. Additionally, for the JPI method in (3.83), the Jacobian becomes:

J⋄ = λdJ
+ . (3.91)

Finally, for the SVD method in (3.85), the Jacobian becomes:

J⋄ = λdJ
† . (3.92)

The damping factor λd can be constant or variable, changing based on either the
objective function value at each iteration, see (3.82) for example, or following an
iterative pro昀椀le [104, 334].
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3.5.2 Damping Pro昀椀les
While a large damping factor produces well-behaved solutions close to singularities,
it also slows down convergence, makes tracking targets less accurate, and causes
shaking and oscillation [100]. Therefore, several damping pro昀椀les are suggested in
this thesis, each serving a speci昀椀c purpose. The description of each pro昀椀le, along
with the recursive form of calculating the damping factor λd, is as follows:

• Constant damping (CND)

The idea is to use a constant damping factor λc to achieve the fastest possible
convergence. The damping factor in this pro昀椀le is:

λKd = λc . (3.93)

• Step function damping (SFD)

The idea is to reduce the damping factor incrementally. The step size Kspan, chosen
by the user, determines the number of iterations per step. The reduction amount
is automatically calculated based on this step size, allowing for a constant damping
factor during each step to minimise its impact on convergence speed. The initial
damping value can be set to λc or to one, no damping, before starting the convergence
iteration. The damping factor in this pro昀椀le is:

λKd = λK−1
d − fix

(
K

Kspan

)
∗ Kspan

Kmax

, (3.94)

where the fix() function in MATLAB rounds numbers to the nearest integer to-
wards zero, and Kmax represents the maximum number of iterations allowed before
stopping the algorithm. A minimum limit for the damping factor, λKd ⩾ λmin, can
be set manually to avoid excessive impact on convergence speed.

• Linear function damping (LFD)

The idea is to use a smooth linear reduction in the damping factor λd based on
the number of iterations. This pro昀椀le maintains a gradual reduction in convergence
speed. The initial damping value can be set to λc or to one, no damping, before
starting the convergence iteration. The damping factor in this pro昀椀le is:

λKd = λK−1
d − 1− λmin

Kmax

, (3.95)

where the minimum limit for the damping factor is incorporated into the recursive
form, eliminating the need for a separate manual setting.
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• Halving function damping (HFD)

This pro昀椀le is similar to the SFD pro昀椀le but features a more rapid reduction. The
damping factor λd is halved at each Kspan. This halving reduction has a more
signi昀椀cant impact on the convergence speed compared to the linear reduction due
to its non-linear behaviour. The damping factor in this pro昀椀le is:

λKd =
1

2
fix

(

K

Kspan

) . (3.96)

Similar to the SFD pro昀椀le, a minimum limit for the damping factor, λKd ⩾ λmin, can
be manually set to prevent excessive impact on the convergence speed.

• Quadratic function damping (QFD)

This pro昀椀le builds upon the LFD pro昀椀le but exhibits distinct behaviour due to its
quadratic nature. Initially, the quadratic function results in a gradual reduction,
which has a minimal impact on convergence speed. As iterations progress, the rate
of reduction accelerates. This characteristic can facilitate faster overall convergence
compared to the LFD pro昀椀le, particularly if certain poses in the IK path require
fewer iterations. The damping factor in this pro昀椀le is:

λKd = 1− (1− λmin)

(
K

Kmax

)2

, (3.97)

where the minimum limit for the damping factor is integrated within the recursive
form, similar to the LFD pro昀椀le, eliminating the need for manual adjustment.

• First order rational function damping (FRD)

This pro昀椀le achieves a rapid reduction in the damping factor, faster than the QFD
pro昀椀le. The 昀椀rst-order rational function is represented arbitrarily as f(x) = a

x+b
,

with a and b as constants. These constants are determined by substituting two
known points (x, f(x)) into the function. Using the values λmin and Kmax as bound-
ary conditions, the recursive form of the damping factor is:

λKd =
λrat

(K/Kmax) + λrat
, (3.98)

where λrat = λmin

1−λmin
, and the minimum limit for the damping factor is also integrated

within the recursive form.

• Adaptable damping based on the iteration size (ADD)

This type of damping, de昀椀ned earlier in (3.82), is based on the iteration size [99,
100] and can be represented as:

λKd = αs . (3.99)
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Finally, Figure 3.9 illustrates a comparison between the 昀椀rst six pro昀椀les using a
constant damping factor of λc = 1.0, a minimum damping factor of λmin = 0.1, a
step size of Kspan = 100 iterations, and a maximum iteration limit of Kmax = 2, 000.

Figure 3.9: Comparison of six damping pro昀椀les, illustrating how the damping factor
λd is either kept constant or reduced in each iteration according to the chosen criteria:
λc = 1.0, λmin = 0.1, Kspan = 100, and Kmax = 2, 000.

3.6 Simulation Results and Discussion
This section presents the results of simulations conducted to analyse the performance
of the IK solver across four di昀昀erent paths with varying complexities. Each path
is initially described to highlight its impact on the IK solver. The simulations are
organised into four groups: three focusing on the linear approximation and one on
the quadratic approximation.

For the linear approximation, the 昀椀rst group of simulations examines the IK of
a single-segment actuator without physical limits. These simulations use various
combinations of Jacobian algorithms and damping pro昀椀les, with di昀昀erences in results
discussed. In the second group, the 昀椀rst path is re-evaluated to simulate the e昀昀ects
of enforcing actuator physical limits.

The third group focuses on the IK of a multi-segment actuator, consisting of two
segments and subjected to physical limits. Simulations for each path are conducted,
and the di昀昀erences in results are thoroughly discussed, highlighting various related
aspects.

Finally, the fourth group conducts IK simulations for a single-segment actuator
using the quadratic approximation across all four paths, without enforcing physical
limits. Suggestions for enhancing convergence are provided, and the e昀昀ects on the
IK solver, as well as the di昀昀erences between linear and quadratic approximations,
are discussed.
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3.6.1 Inverse Kinematic Paths
Four paths were chosen to study the performance of various Jacobian algorithms
in solving the IK using the linear approximation. Let us consider a single-segment
actuator, s = 1, and only the position error, m = 3, when solving the IK for each
path. The actuator has a unit length, Lo = 1, with its base located at the origin
(0, 0, 0), and the endpoint following the chosen paths.

When considering the NCX constraints function, de昀椀ned in (3.24), the optimisation
Jacobian Jg(q) is related to the actuator Jacobian Jf (q) via the relation de昀椀ned
in (3.25). Each component of the error vector g(q) is compared with the spatial
accuracy ratio SAR at each iteration of the convergence, which continues until all
components are equal to or less than SAR or the maximum number of iterations is
reached.

Comparatively, when considering the CVX constraints function, de昀椀ned in (3.28),
the optimisation Jacobian Jg(q) is related to the actuator Jacobian Jf (q) via the
relation de昀椀ned in (3.30). The error g(q) is compared with the spatial accuracy ratio
SAR at each iteration of the convergence, which continues until it is equal to or less
than SAR or the maximum number of iterations is reached.

Each path consists of 100 points after the start point, totalling 101 points, and
has a unique feature distinguishing it from the other paths. The 昀椀rst path is a
horizontal line with no curvature, passing through the actuator’s singular, straight,
con昀椀guration at one of its points, as shown in Figure 3.10(a1).

Contrarily, the second path is a helical curve that passes near the actuator’s singular
con昀椀guration at one of its points, as shown in Figure 3.11(a1). The helix maintains
a constant path curvature due to its uniform radius and pitch.

Moreover, the third path is a 3D curve with variable curvature throughout its length,
also passing near the actuator’s singular con昀椀guration at one point, as depicted in
Figure 3.12(a1).

Finally, the fourth path is a 昀椀gure-eight curve, known as the Lemniscate of Gerono,
combining features from the other three paths. This path has sections with zero,
constant, and variable curvatures. It is located near the actuator’s base to increase
the convergence difficulty, as illustrated in Figure 3.13(a1).

Similar to Figure 3.8, the 3D plots also include the projections of each path on the
XY , XZ, and Y Z planes for better visualisation. The start point of each path is
marked with red circles in the projections. The actuator workspace is not projected
since no physical limits were implemented at this stage. Only the 昀椀rst and last
con昀椀gurations of the actuator are plotted in purple to avoid cluttering the 3D plots.

For each path, the manipulability index (ICI) across the entire length is plotted
as well, as shown in Figures 3.10(a2), 3.11(a2), 3.12(a2), and 3.13(a2). This index
provides a visual illustration of the points that are at or near singular con昀椀gurations,
which can be helpful to understand the performance of the Jacobian algorithms when
solving the IK at these points.

Each path was solved using all the presented Jacobian algorithms and damping
pro昀椀les. The overall results are presented below in Section 3.6.2 using tables, which
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o昀昀er a structured and efficient way to convey large amounts of data, making it easier
for readers to quickly grasp the overall trends and comparisons.

However, for the purpose of illustrating a wide scope of di昀昀erences in the 昀椀gures,
random Jacobian algorithms and damping pro昀椀les were chosen to ensure a concise
and impactful presentation. The 昀椀rst three paths were solved using NCX constraints,
while the fourth path was solved using CVX constraints.

The JIV method along with the CND pro昀椀le were used for the 昀椀rst path. Instead, the
DLS method along with the FRD pro昀椀le were used for the second path. Conversely,
the JTR method along with the LFD pro昀椀le were used for the third path. Lastly,
the GRD method along with the SFD pro昀椀le were used for the fourth path.

The number of iterations required for convergence at each point along each path,
as well as the total number of iterations, is illustrated in Figures 3.10(b1), 3.11(b1),
3.12(b1), and 3.13(b1). These 昀椀gures correspond to the 昀椀rst, second, third, and
fourth paths, respectively, based on the selected Jacobian algorithms and damping
pro昀椀les. The related convergence error for each path, in comparison with a spatial
accuracy ratio of SAR = 10−4, is plotted in Figures 3.10(b2), 3.11(b2), 3.12(b2),
and 3.13(b2), respectively.

Finally, the actuator length Ls and the bending angle θs results, with their minimum
and maximum limits, are plotted in Figures 3.10(c1, c2), 3.11(c1, c2), 3.12(c1, c2),
and 3.13(c1, c2) for the 昀椀rst, second, third, and fourth paths, respectively. The
minimum limit for the actuator length Ls was set to one unit, no compression, while
the maximum limit was set to two units. Similarly, the maximum limit for the
bending angle θs was set to 3

2
π. However, the IK results were allowed to exceed

these minimum and maximum limits since no physical constraints were enforced.

3.6.2 Single-Segment Actuator with no Physical Limits
The number of iterations required to solve the IK problem using each Jacobian
algorithm is detailed in Tables 3.1, 3.2, 3.3, and 3.4 for the 昀椀rst, second, third,
and fourth paths, respectively. The results exhibit three distinct types of outputs.
Firstly, results are listed in black when convergence is achieved for all points along
the path. Secondly, outputs are shown in red if the algorithm fails to converge at
one or more points along the path. Thirdly, results marked as NaN (Not a Number)
indicate that the algorithm’s convergence was interrupted due to a mathematical
error. The optimal algorithm for each path is highlighted in orange.

The Jacobian algorithms listed in each table are arranged from left to right based
on their ease of implementation, starting with JIV as it is the simplest to implement.
The algorithms are organised into two categories. The 昀椀rst category consists of six
algorithms intended for solving the IK problem with NCX constraints, whereas the
second category comprises three algorithms intended for solving the IK problem
with CVX constraints. Similarly, the damping pro昀椀les are listed from top to bottom
according to the rate of reduction in the damping factor λd, beginning with CND
as it exhibits no reduction. The ADD damping pro昀椀le is listed at the bottom due
to its behaviour not following a speci昀椀c reduction pro昀椀le.
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Figure 3.10: IK results for a single-segment actuator following a horizontal line
(昀椀rst path) using the linear approximation without enforcing the actuator’s physical
limits. (a1) The 3D path and its projections, with the actuator arcs for the 昀椀rst
and last points in the path marked in purple colour. (a2) The manipulability index.
(b1) The convergence iterations for each point in the path using NCX constraints,
the JIV method, and the CND pro昀椀le. All points converged. (b2) The components
of the convergence error vector at each point. All points have an error less than
SAR. The results for the length Ls and bending angle θs are shown in (c1) and (c2),
respectively.
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Figure 3.11: IK results for a single-segment actuator following a helical curve (second
path) using the linear approximation without enforcing the actuator’s physical limits.
(a1) The 3D path and its projections, with the actuator arcs for the 昀椀rst and last
points in the path marked in purple colour. (a2) The manipulability index. (b1)
The convergence iterations for each point in the path using NCX constraints, the
DLS method, and the FRD pro昀椀le. All points converged. (b2) The components of
the convergence error vector at each point. All points have an error less than or
equal to SAR. The results for the length Ls and bending angle θs are shown in (c1)
and (c2), respectively.
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Figure 3.12: IK results for a single-segment actuator following a 3D curve (third
path) using the linear approximation without enforcing the actuator’s physical limits.
(a1) The 3D path and its projections, with the actuator arcs for the 昀椀rst and last
points in the path marked in purple colour. (a2) The manipulability index. (b1)
The convergence iterations for each point in the path using NCX constraints, the
JTR method, and the LFD pro昀椀le. All points converged except for one point that
reached the iteration limit Kmax. (b2) The components of the convergence error
vector at each point. All points have an error less than or equal to SAR except for
one, where the y component of the error was slightly larger than SAR. The results
for the length Ls and bending angle θs are shown in (c1) and (c2), respectively.
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Figure 3.13: IK results for a single-segment actuator following a 昀椀gure-eight curve
(fourth path) using the linear approximation without enforcing the actuator’s physi-
cal limits. (a1) The 3D path and its projections. The actuator arcs for the 昀椀rst and
last points, which have similar coordinates, in the path are marked in purple colour.
(a2) The manipulability index. (b1) The convergence iterations for each point in
the path using CVX constraints, the GRD method, and the SFD pro昀椀le. All points
converged. (b2) The convergence error at each point. All points have an error less
than or equal to SAR. The results for the length Ls and bending angle θs are shown
in (c1) and (c2), respectively.
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In each table, two CND values are listed: one with λc = 1, indicating no damping,
and the other with varying values speci昀椀c to each table, which will be discussed
further below. For the remaining damping pro昀椀les except ADD, the initial damping
factor was set to one, with a minimum damping factor of λmin = 0.1. Moreover, the
convergence was assessed with a maximum iteration limit of Kmax = 2, 000, and
the step size for both SFD and HFD was Kspan = 100 iterations. Consequently,
the total number of iterations for each path can reach up to 202, 000 since each path
consists of 100 points in addition to the start point.

3.6.2.1 First Path: Horizontal Line

The results in Table 3.1 indicate that almost all algorithms were able to converge,
given the path’s low complexity. The JIV algorithm with NCX constraints appears
to be the optimal choice due to its simplicity and its ability to converge without
damping, λc = 1. On average, each point in the path converged within just two
iterations, apart from the 昀椀rst and middle points, as shown in Figure 3.10(b1).
Additional iterations were required for the 昀椀rst point because the actuator had to
move a certain distance from the initial con昀椀guration. Subsequent points in the
path required signi昀椀cantly less movement from the previous point.

For the middle point, additional iterations were necessary because the actuator
was at a singular position, as clearly indicated in the manipulability index plot in
Figure 3.10(a2). The concept of minimum bending angle, discussed in Section 3.1.3,
proved e昀昀ective in avoiding a singular Jacobian and allowing the JIV method to
converge even at this singular con昀椀guration. The JPI and SVD algorithms produced
results consistent with those of JIV, as they also provided the Jacobian inverse.

The ADD damping failed to provide a solution for the JIV algorithm because the
damping factor λd was found to exceed one. This led to overshooting due to a
larger step size and caused the Jacobian determinant to become zero, resulting in a
mathematical error. In contrast, the SVD method, known for its robustness, avoided
mathematical errors but failed to achieve convergence at any point along the path.

Both DLS and PDL exhibited identical results, as PDL is an extension of DLS.
Nevertheless, both methods demonstrated a lower convergence rate compared to
JIV, attributable to the structure of these algorithms in implementing damping.
Additionally, the JTR algorithm showed the lowest convergence rate among all the
algorithms, a result consistent with its known slow convergence characteristics. This
slow performance was fairly mitigated by using ADD damping, which signi昀椀cantly
improved the JTR algorithm’s performance. Such behaviour is consistent with the
literature, where ADD is recognised as the optimal option for JTR [100].

For the CVX constraints, both the JPI and SVD algorithms exhibited similar results,
though they were slower compared to the JIV algorithm with NCX constraints. The
cause of this behaviour has not been fully understood and could be a focus for future
studies. Likewise, the GRD algorithm showed a slower convergence rate compared
to the JIV algorithm with NCX constraints, as well as both JPI and SVD, due to the
generally slower nature of gradient descent-based methods compared to Newton’s
method.
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Lastly, the damping factor was manually decreased until JTR algorithm successfully
achieved convergence at all points along the path. Speci昀椀cally, convergence was
attained when the damping factor reached λc = 0.44. All the Jacobian algorithms
were tested, and the results indicate that both DLS and PDL exhibited a better
convergence rate compared to the other algorithms. This improved performance
is believed to be related to the structure of these two algorithms, where constant
damping provides superior results.

Table 3.1: Results of IK for the 昀椀rst path (horizontal line) without enforcement of
physical limits.

Hor. Line Jacobian Algorithm

Damping JIV JTR JPI DLS SVD PDL GRD (CVX) JPI (CVX) SVD (CVX)

CND (0.44) 1,018 2,187 1,018 482 1,018 482 920 619 619

CND (1.00) 220 52,775 220 1,381 220 1,381 376 252 252

SFD 220 24,268 220 1,381 220 1,381 376 252 252

LFD 224 25,423 224 1,374 224 1,374 376 252 252

HFD 220 2,980 220 1,381 220 1,381 376 252 252

QFD 220 36,102 220 1,381 220 1,381 376 252 252

FRD 220 6,064 220 1,329 220 1,329 376 258 258

ADD NaN 356 NaN 4,133 202,000 4,133 11,909 202,000 202,000

3.6.2.2 Second Path: Helical Curve

With higher path complexity, some algorithms failed to provide IK solutions due
to numerical instability, as seen in the results in Table 3.2. For both JIV and JPI
algorithms, the Jacobian values decrease with iterations due to overshooting, which
causes the determinant to approach zero and eventually leads to mathematical errors.
The decreasing Jacobian values correspond to diminishing e昀昀ectiveness in capturing
the rate of change of the con昀椀guration space q variables, which impacts the stability
of the IK solution.

In contrast, the SVD algorithm successfully converged, owing to its robustness. The
choice of damping pro昀椀le for SVD appears to be less critical, as most points along
the path converge with just two iterations, similar to the results observed for the 昀椀rst
path. Therefore, SVD with no damping, λc = 1, emerges as the optimum choice.

Again, both DLS and PDL showed identical results and exhibited a lower conver-
gence rate compared to SVD. This performance di昀昀erence can be attributed to
the structure of these algorithms in implementing damping, which explains why
they were unable to converge at one of the points in the path, particularly near
the actuator’s singularity, when no damping was applied. However, with the use
of any damping pro昀椀le except ADD, both DLS and PDL were able to converge,
despite the numerical instability near the singular con昀椀guration, as illustrated in
Figure 3.11(b1).



CHAPTER 3. INVERSE KINEMATICS: LINEAR VERSUS QUADRATIC
APPROXIMATION 98

On the other hand, the JTR algorithm demonstrated very poor performance despite
its robustness to mathematical errors, given that no Jacobian inversion is required.
As observed in the 昀椀rst path, ADD damping signi昀椀cantly improved the stability
and convergence rate of JTR, while negatively impacting the performance of other
algorithms.

In regards to the CVX constraints, both the JPI and SVD algorithms exhibited
nearly identical results, though they were slower compared to the SVD algorithm
with NCX constraints. A slight improvement was observed in both JPI and SVD
algorithms when the FRD pro昀椀le was applied. This behaviour suggests potential ad-
vantages of this damping pro昀椀le and warrants further investigation in future studies.
Conversely, the convergence rate of the GRD algorithm deteriorated signi昀椀cantly
with increased path complexity, highlighting the bene昀椀ts of using Newton’s method
for solving the IK problem in SPAs.

Lastly, the damping factor was manually reduced until most algorithms successfully
converged at all points along the path. This outcome was achieved with a damping
factor of λc = 0.26, which was determined through iterative adjustment to optimise
convergence. As observed with the 昀椀rst path, both DLS and PDL showed improved
convergence rates compared to other algorithms, attributed to their e昀昀ective per-
formance with constant damping. The JTR algorithm, however, failed to converge
again, reinforcing its unsuitability for this application.

Table 3.2: Results of IK for the second path (helical curve) without enforcement of
physical limits.

Helical Jacobian Algorithm

Damping JIV JTR JPI DLS SVD PDL GRD (CVX) JPI (CVX) SVD (CVX)

CND (0.26) 2,314 14,356 2,314 764 2,314 764 5,051 1,670 1,672

CND (1.00) NaN 70,838 NaN 7,044 225 7,044 1,658 508 514

SFD NaN 20,611 NaN 5,226 225 5,226 1,687 508 514

LFD NaN 20,151 NaN 5,216 227 5,216 1,689 503 503

HFD NaN 13,016 NaN 3,285 225 3,285 3,700 508 514

QFD NaN 35,242 NaN 5,983 225 5,983 1,653 517 517

FRD NaN 9,878 NaN 3,414 232 3,414 2,167 496 496

ADD NaN 3,350 NaN 43,089 202,000 43,089 11,037 202,000 202,000

3.6.2.3 Third Path: 3D Curve

Although this path introduces challenges related to variable path curvature in the IK
process, it does not exhibit signi昀椀cantly higher complexity compared to the previous
paths. In comparison to the second path, the manipulability index ICI appears to
be slightly improved. This improvement may be attributed to the path geometry
and its positioning relative to the actuator base. This di昀昀erence is evident in the
results presented in Table 3.3 when compared with the results for the second path
shown in Table 3.2, particularly for the same combinations of Jacobian algorithms
and damping pro昀椀les.
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The JIV, JPI, and SVD algorithms demonstrated performance comparable to that
observed in the second path. However, the choice of damping pro昀椀le notably a昀昀ected
the SVD algorithm. The FRD pro昀椀le emerged as the most e昀昀ective damping option,
underscoring its potential. Nevertheless, the di昀昀erence between the damped and
undamped SVD results was minimal, suggesting that the undamped SVD may be
the preferable choice for this path.

Both DLS and PDL algorithms once again yielded identical results, demonstrating
lower convergence rates compared to the SVD algorithm. Analysing the results of
these two algorithms for solving the IK for the second and third paths con昀椀rms the
observed reduced complexity of the third path. Consequently, the JTR algorithm
exhibited marginally improved performance, although it failed to converge with
most damping pro昀椀les due to oscillations near singular con昀椀gurations, as illustrated
in Figure 3.12(b1).

Notably, the algorithm was able to achieve convergence at all points along the path
and with all damping pro昀椀les when the convergence iteration limit was increased
to Kmax = 10, 000 iterations. This increment had two signi昀椀cant implications: it
permitted additional iterations to facilitate convergence, and it a昀昀ected the damping
factor value during the iterations, given that Kmax is utilised to calculate λKd in most
damping pro昀椀les.

Regarding the CVX constraints, both the JPI and SVD algorithms exhibited nearly
identical results, consistent with their behaviour observed in the second path, though
slower than the SVD algorithm with NCX constraints. However, the FRD pro昀椀le
did not yield signi昀椀cant enhancement for either of these algorithms.

The GRD algorithm, in contrast, demonstrated distinct performance di昀昀erences
in comparison to the second path. On one hand, it achieved faster convergence
with several damping pro昀椀les due to the reduced complexity of the path. On the
other hand, it failed to converge when the HFD damping was applied. The slower
convergence rate of this algorithm is believed to be the underlying reason for this
failure. This hypothesis was substantiated by extending the iteration limit beyond
the Kmax = 2, 000 iterations, which subsequently resulted in successful convergence.

Table 3.3: Results of IK for the third path (3D curve) without enforcement of
physical limits.

3D Curve Jacobian Algorithm

Damping JIV JTR JPI DLS SVD PDL GRD (CVX) JPI (CVX) SVD (CVX)

CND (0.65) 657 7,242 657 2,338 657 2,338 1,511 601 606

CND (1.00) NaN 5,437 NaN 5,140 228 5,140 1,257 453 447

SFD NaN 6,721 NaN 4,417 228 4,417 1,300 453 447

LFD NaN 6,528 NaN 4,361 219 4,361 1,292 448 445

HFD NaN 10,823 NaN 3,081 228 3,081 3,369 453 447

QFD NaN 5,651 NaN 4,877 226 4,877 1,263 442 451

FRD NaN 8,662 NaN 3,076 218 3,076 2,037 446 446

ADD NaN 2,381 NaN 43,115 202,000 43,115 202,000 202,000 202,000
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Lastly, the damping factor was manually reduced until all algorithms successfully
achieved convergence at every point along the path. This result was attained with a
damping factor of λc = 0.65, determined through repeated adjustments to optimise
convergence. The CVX constraints function was observed to achieve faster conver-
gence compared to the NCX constraints, despite the latter’s lower computational
complexity.

Additionally, both DLS and PDL demonstrated signi昀椀cantly slower convergence
rates in the current scenario (manual reduction of λd) relative to their performance
on the second path. This reduction in performance is attributed to the relatively
smaller decrease in the damping factor λd for the current path, in contrast to the
more substantial reduction to 0.26 applied in the second path. The larger reduction
in damping factor in the second path facilitated more substantial updates by the
algorithms, provided stability was maintained, which contributed to faster conver-
gence.

3.6.2.4 Fourth Path: Figure-Eight Curve

This path represents the highest level of complexity among the examined paths, at-
tributable to its intricate geometry and spatial positioning, as evidenced by the data
in Table 3.4. Although the SVD algorithm was previously validated as the optimal
choice for the 昀椀rst three paths, it encountered convergence issues on this path due to
numerical instability. This occurred even when the iteration limit for convergence
was extended to Kmax = 10, 000 iterations. The suboptimal performance of the SVD
algorithm is attributed to its convergence towards a saddle point rather than a local
or global minimum.

In this context, the utilisation of CVX constraints demonstrated superior efficacy,
achieving convergence across all points along the path, irrespective of the algorithm
or damping pro昀椀le employed, with the sole exception of the ADD, as illustrated
in Figure 3.13(b1). Both the JPI and SVD algorithms exhibited nearly identical
results, outperforming all other algorithms. The SVD algorithm continues to be the
preferred choice, given its enhanced robustness in addressing Jacobian-related issues
compared to the JPI algorithm.

Returning to the NCX constraints, the JTR algorithm demonstrated superior per-
formance compared to all other paths, despite the increased path complexity. This
behaviour is attributed to the inherent characteristics of this algorithm, wherein
the updates are typically smaller and more incremental. Consequently, this gradual
approach enables the algorithm to smoothly follow the path without making abrupt
jumps. Such a smooth progression is essential for navigating complex paths with
sharp turns or loops, exempli昀椀ed by the 昀椀gure-eight curve.

Conversely, for paths characterised by frequent changes in direction and curvature,
the direct least-squares solution provided by the SVD algorithm may not necessarily
be the most suitable choice at each step. The algorithm might either overshoot or
undershoot the desired position, particularly when the path’s complexity induces
rapid variations in the Jacobian. Nevertheless, both the DLS and PDL algorithms
managed to achieve convergence, albeit with signi昀椀cantly slower convergence rates.
The selection of the damping pro昀椀le also has a substantial in昀氀uence on performance.
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Lastly, focusing on the CVX constraints, the damping factor was manually adjusted
to achieve the minimum number of iterations required for the GRD algorithm, thus
attaining the fastest convergence rate. All algorithms achieved convergence at all
points along the path. This outcome was attained with a damping factor of λc = 0.50,
determined via iterative adjustments to optimise convergence. This investigation
aimed to assess the efficacy of Newton’s method, which once again demonstrated its
superiority.

Both the JPI and SVD algorithms achieved convergence with the fewest number of
iterations compared to all other algorithms. Therefore, for the linear approximation
of the Taylor series, a CVX constraints function solved using Newton’s method via
the SVD algorithm is deemed the optimal choice for solving the IK of SPAs across
all four paths examined. The impact of redundancy, multi-segment actuators, and
the enforcement of physical limits will be discussed in the subsequent sections.

Table 3.4: Results of IK for the fourth path (昀椀gure-eight curve) without enforcement
of physical limits.

Eight Jacobian Algorithm

Damping JIV JTR JPI DLS SVD PDL GRD (CVX) JPI (CVX) SVD (CVX)

CND (0.50) 945 10,366 945 1,602 945 1,602 775 650 650

CND (1.00) NaN 5,082 NaN 5,580 22,217 5,580 955 363 364

SFD NaN 5,204 NaN 5,381 22,217 5,381 955 363 364

LFD NaN 5,280 NaN 5,259 22,326 5,259 919 361 361

HFD NaN 12,857 NaN 4,427 22,217 4,427 955 363 364

QFD NaN 5,095 NaN 5,551 22,233 5,551 964 366 366

FRD NaN 7,773 NaN 4,042 22,281 4,042 784 360 360

ADD NaN 1,356 NaN 95,714 202,000 95,714 39,610 202,000 202,000

3.6.3 Single-Segment Actuator Subjected to Physical Limits
Thus far, all results presented in Section 3.6.2 were obtained without enforcing phys-
ical limits. However, real-life applications involve actuators with design-imposed
physical constraints. The IK solver must operate within these limits, potentially
leading to convergence issues if the target pose lies outside the actuator’s workspace.

Reconsidering the 昀椀rst path from Section 3.6.2.1, let us focus on algorithms with
slower convergence rates for comparative purposes. The JTR algorithm, combined
with the FRD damping pro昀椀le, was selected randomly. The minimum and maximum
limits for both the segment length Ls and bending angle θs were enforced, and the
IK solver results are depicted in Figure 3.14(a1 to c2).

Based on the actuator workspace projections shown in Figure 3.14(a1), 20 points at
each end of the path lie outside the workspace. Consequently, convergence was not
achieved at these points, as depicted Figure 3.14(b1), as the actuator length reached
its maximum limit, as shown in Figure 3.14(c1). The iterations continued at each
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point until reaching the termination limit Kmax = 2, 000, as the convergence error
remained greater than SAR as can be seen in Figure 3.14(b2).

The IK solver is incapable of further reducing this error due to the imposed physical
limits. Nevertheless, the solver’s performance can be improved by incorporating a
mechanism to terminate iterations once no additional reduction in error is observed.
Implementing this enhancement may result in a decrease in the total number of
iterations required to track all points along the path, including those situated outside
the workspace.

The endpoint location pcs can be systematically monitored during the iterations by
comparing it with the previous iterations over a prede昀椀ned window, such as two
iterations. The iterative process can be terminated when the error di昀昀erence falls
below a speci昀椀ed threshold, which can be set as a percentage of SAR for simplicity.
A recommended threshold of 0.1%SAR can be utilised to ensure sufficiently precise
results before halting the iterations.

Moreover, depending on the selected algorithm, convergence may be impeded by
oscillations, presenting a signi昀椀cant challenge to the implementation of the error
monitoring option. This issue can be resolved by employing the moving average
technique [335], widely utilised in statistics to smooth noisy data. This technique
can be implemented in MATLAB using the movmean() function.

The IK results utilising the error monitoring option are depicted in Figure 3.15(a1
to c2). The reduction in total iterations is substantial, as all unnecessary iterations
were eliminated. Moreover, the point with the highest iteration count along the
path, identi昀椀ed as point ID = 0, is selected for an in-depth examination.

Figure 3.16(a1) presents a 3D map illustrating the convergence error at the selected
point. The error Euclidean norm map is calculated via FK across the entire range
of segment length Ls and bending angle θs. Additionally, a vertical red-coloured
line is positioned at the Ls and θs values obtained from the IK results, as shown in
Figure 3.15(c1, c2) at point ID = 0.

Additionally, the 3D map is represented as a contour plot in Figure 3.16(a2) to
facilitate improved visualisation. Both the 3D map and the contour plot con昀椀rm that
the IK results correspond to the minimum achievable error at that point, thereby
demonstrating the efficacy of the error monitoring option in eliminating redundant
iterations upon reaching the minimal error threshold.

The convergence of the endpoint coordinates pcs is depicted in Figure 3.16(b1), where
the coordinate values stabilised at approximately 150 iterations and continued to
converge until the 0.1%SAR threshold was satis昀椀ed. The oscillation in the results
was signi昀椀cantly mitigated, as shown in Figure 3.16(b2), through the application
of the moving average technique with a window of two iterations, as illustrated
in Figure 3.16(c). The size of the error monitoring window can be increased to
ensure greater stability in the IK solver if the convergence oscillation is substantial.
However, a larger window may introduce additional iterations, dependent on the
magnitude of the oscillation.
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Figure 3.14: IK results for a single-segment actuator following a horizontal line
(昀椀rst path) using linear approximation with the enforcement of the actuator physical
limits. (a1) The 3D path and the actuator workspace are projected onto Cartesian
planes. Actuator arcs at the 昀椀rst and last points of the path are highlighted in red,
re昀氀ecting their convergence status. (a2) The manipulability index. (b1) Convergence
iterations for each point along the path using NCX constraints, JTR method, and
FRD pro昀椀le. Points outside the actuator workspace do not achieve convergence.
(b2) Components of the convergence error vector at each point, with non-converging
points exhibiting error exceeding SAR. Results for the length Ls and bending
angle θs are depicted in (c1) and (c2), respectively, indicating that points with no
convergence reached the maximum length limit.
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Figure 3.15: IK results for a single-segment actuator following a horizontal line (昀椀rst
path) using linear approximation with the enforcement of the actuator physical lim-
its. (a1) 3D path and the actuator workspace are projected onto Cartesian planes.
Actuator arcs at the 昀椀rst and last points of the path are highlighted in red, indicating
their convergence status. (a2) The manipulability index. (b1) Convergence itera-
tions for each point along the path using NCX constraints, JTR method, and FRD
pro昀椀le. The implementation of the error monitoring option signi昀椀cantly reduced the
number of iterations required for points with no convergence. (b2) Components of
the convergence error vector at each point, with non-converging points exhibiting
errors exceeding SAR. Results for the length Ls and bending angle θs are depicted
in (c1) and (c2), respectively, indicating that points with no convergence reached
the maximum length limit.
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Figure 3.16: Convergence analysis of the IK results for a single-segment actuator
following a horizontal line (昀椀rst path) using linear approximation with the enforce-
ment of the actuator physical limits. (a1) The 3D plot depicting convergence error
at point ID = 0. The length Ls and bending angle θs values obtained from the IK
results are indicated by a vertical red line. (a2) Contour plot of the convergence
error for the same point ID, with IK results marked by a red dot at the minimum
convergence error. Raw and smoothed results for the convergence of the end point
pcs coordinates at the same point ID are shown in (b1) and (b2), respectively. (c)
Illustration of the moving average technique with a window of two iterations to
smooth oscillations in the end point pcs coordinates.
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3.6.4 Multi-Segment Actuator Subjected to Physical Limits
Despite the e昀昀ectiveness of the IK solver in minimising the error, the desired pose pd
remains unreachable when an actuator reaches its physical limits. To address this
limitation, a single-segment actuator may either be redesigned with an increased
length, if feasible, or additional segments can be incorporated to augment the total
length and the number of DOFk in the kinematic chain.

Consider the 昀椀rst path as an example. A single-segment actuator required a length of
3 units to reach the outer points of the path when physical limits were not enforced,
as illustrated in Figure 3.10(c1). This length is unattainable when physical limits are
enforced, as clearly demonstrated in Figure 3.15(c1). By adding one more segment,
the actuator gains additional physical length and redundancy, thereby enabling it
to reach the outer points if only the position error is considered, with DOFk = 6
compared to DOFm = 3. The results presented in Table 3.1 were replicated using
a multi-segment actuator comprising two segments, s = 2, with physical limits
enforced. The error monitoring option was employed during the convergence process
to eliminate unnecessary iterations. The updated results are detailed in Table 3.5
below.

Table 3.5: IK results for a multi-segment actuator (two segments) following the 昀椀rst
path (horizontal line) with the enforcement of physical limits. The error monitoring
option was utilised during the convergence process.

Hor. Line Jacobian Algorithm

Damping JIV JTR JPI DLS SVD PDL GRD (CVX) JPI (CVX) SVD (CVX)

CND (0.40) NaN 28,275 36,703 5,366 36,703 5,366 1,150 12,973 12,960

CND (1.00) NaN 42,545 1,147 26,413 1,147 26,115 22,149 743 743

SFD NaN 27,309 1,147 23,707 1,147 23,707 21,805 743 743

LFD NaN 29,888 1,138 34,723 1,138 34,723 21,723 747 747

HFD NaN 29,150 1,147 18,656 1,147 18,656 25,693 743 743

QFD NaN 38,674 1,147 27,359 1,147 27,359 22,040 743 743

FRD NaN 8,696 1,084 31,193 1,084 4,232 23,015 785 785

ADD NaN 2,853 2,764 39,107 2,764 39,107 14,776 192,730 190,667

The performance of various Jacobian algorithms demonstrated signi昀椀cant di昀昀erences
when using NCX constraints to solve the IK problem of a multi-segment actuator,
compared to a single-segment actuator. Given the size of the error vector g(q) and
the number of segments used to generate the results in Table 3.5, the optimisation
Jacobian Jg(q) is no longer a square matrix. Consequently, the JIV method failed
to produce any results. In contrast, both the JPI and SVD methods successfully
managed the non-square nature of the optimisation Jacobian Jg(q). The convergence
outcomes for both methods were identical, demonstrating their robustness in solving
the IK problem irrespective of the damping pro昀椀le, with the exception of the ADD
pro昀椀le.

Additionally, the JTR, DLS, and PDL methods e昀昀ectively handled the non-square
size of the optimisation Jacobian Jg(q) because of their mathematical structure.
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Nevertheless, they failed to converge with most damping pro昀椀les, as the conver-
gence reached a plateau in the error function, where further iterations did not yield
any improvements. Despite this, some exceptions to this lack of convergence were
observed, such as the JTR method with the ADD pro昀椀le and the PDL method with
the FRD pro昀椀le. These 昀椀ndings present opportunities for future investigations.

Using CVX constraints, the behaviour observed was markedly di昀昀erent from that of
the single-segment actuator. Speci昀椀cally, the GRD method failed to converge across
all damping pro昀椀les, with the exception of ADD. Further examination revealed that
convergence did not occur at several intermediate points along the path, as shown in
Figure 3.17(b1). Notably, a point with no convergence, point ID = 50 and located at
x = y = 0 in the middle of the path, was selected for further analysis. Figure 3.17(a1)
displays three actuator arcs, with the middle arc failing to reach the designated point.
Despite having adequate room for manipulability, as shown in Figure 3.17(a2), the
convergence error at this point was substantial, as depicted in Figure 3.17(b2).

The second segment was constrained to its minimum length while its bending angle
was at the maximum, as depicted in Figure 3.17(c1, c2). This con昀椀guration suggests
that the solver has approached a region where no further improvements are feasible,
even when using CVX constraints. Both the convergence error mesh and contour
plots for the second segment, shown in Figure 3.18(a1, a2), indicate that a segment
length smaller than the physical minimum limit would be required to achieve the
optimal actuator con昀椀guration.

This behaviour is attributed to the GRD method rather than the actuator itself,
as the singularity issue was addressed through the minimum bending limit concept
discussed earlier in Section 3.1.3. The IK solver attempted to push the 昀椀rst segment
towards a near-singular position, as shown in Figure 3.17(a1). At this state, the GRD
method exhibited oscillations near the singularity, which hindered convergence to an
optimal solution. The rapid oscillation in the end point pc coordinates is evident in
Figure 3.18(b1), where the smoothing technique failed to reduce oscillations below
the error monitoring threshold of 0.1%SAR, resulting in continued iterations until
being terminated at Kmax.

Regardless, both the JPI and SVD methods demonstrated rapid convergence due
to their pro昀椀ciency in managing non-square Jacobians. However, commpared to
the single-segment actuator results presented in Table 3.1, the number of iterations
was approximately three times greater for the multi-segment actuator, rather than
the anticipated two-fold increase. Further investigation is required to enhance their
convergence speed, especially for applications involving real-time control. Nonethe-
less, the CVX constraints have proven to be substantially more e昀昀ective than NCX
constraints in solving the multi-segment actuator IK problem.

Regarding the oscillations observed with the GRD method, several attempts were
made to manually adjust the damping pro昀椀le, ultimately reducing it to λc = 0.4, at
which instance the GRD method successfully achieved convergence. At this damping
value, both the DLS and PDL methods also achieved convergence. However, the
JPI and SVD methods continued to experience convergence issues at some points in
the middle of the path, regardless of whether NCX or CVX constraints were used.
This was attributed to aggressive damping, which led to oscillations rather than
facilitating rapid convergence to an optimal solution.
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Figure 3.17: IK results for a multi-segment actuator following a horizontal line (昀椀rst
path) using linear approximation with the enforcement of the actuator physical
limits. (a1) The 3D path and the actuator workspace are projected onto Cartesian
planes. The actuator arcs for the 昀椀rst, middle, and last points in the path are
highlighted in purple or red, indicating the convergence status at these points. (a2)
The manipulability index. (b1) Convergence iterations for each point along the path
using CVX constraints, GRD method, and CND pro昀椀le. (b2) Components of the
convergence error vector at each point, with non-converging points exhibiting errors
exceeding SAR. Results for the length Ls and bending angle θs for each segment
are shown in (c1) and (c2), respectively, indicating that points with no convergence
reached the maximum length limit.
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Figure 3.18: Convergence analysis of the IK results for a multi-segment actuator
following the 昀椀rst path (horizontal line) using linear approximation with the en-
forcement of the actuator physical limits. (a1) 3D plot illustrating the convergence
error for the second segment at point ID = 50. The length Ls and bending angle
θs values obtained from the IK results for the second segment are indicated with
a vertical red line. (a2) Contour plot of the convergence error for the same point
ID, with the IK results marked by a red dot, denoting the minimum convergence
error. The raw and smoothed results for the convergence of the actuator endpoint
pc coordinates at the same point ID are presented in (b1) and (b2), respectively.
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3.6.5 Quadratic Approximation
This section focuses exclusively on a single-segment actuator, s = 1, as the derivation
of the optimisation Hessian Hg(q) for a multi-segment actuator remains incomplete.
The application of the quadratic approximation iteration scheme, as de昀椀ned in (3.23),
yielded unexpected results. Speci昀椀cally, none of the paths achieved convergence,
with iterations ceasing when no further reduction in the location error, de昀椀ned by
the CVX constraints, was observed.

The Hessian Hg(q) of the composite constraints function, as de昀椀ned in (3.34), was
found to have a negative or zero determinant. This characteristic may direct the
convergence towards a saddle point rather than a local or global minimum, even
with the employment of a CVX constraints function.

As stated earlier in Section 3.2.2, Newton’s method converges to a global minimum if
g(q) is a strongly convex function with a Lipschitz continuous Hessian Hg(q). When
employing a CVX constraints function, the linear approximation of g(q) can indeed
lead to convergence towards a global minimum, as demonstrated by the results listed
earlier in Table 3.4. However, the quadratic approximation of g(q) lacks a guarantee
of convergence. This is because it relies on a linear approximation of the gradient
∇g(q), and it is not necessarily a convex function.

The quadratic approximation may converge to either a local or global minimum,
or to saddle points, depending on the properties of the optimisation Hessian Hg(q).
Speci昀椀cally, a positive de昀椀nite Hessian generally leads to convergence at a local
or global minimum. In contrast, a positive semi-de昀椀nite Hessian may result in
convergence to a saddle point or a plateau within g(q). Conversely, a negative
de昀椀nite Hessian can hinder convergence due to the concavity of the function in that
region.

Further analysis revealed that the second term of Hg(q) signi昀椀cantly impacts the
convergence performance. A common approach to address this issue is to introduce
a weighting factor to stabilise and improve convergence [336]. Accordingly, the
optimisation Hessian Hg(q) is modi昀椀ed as follows:

Hg(q) = Hg1(q) + hsf ∗Hg2(q) ∈ R
ns×ns , (3.100)

where hsf is a scalar representing the Hessian stabilisation factor. The optimisation
Hessian Hg(q) is partitioned into two separate terms, which are outlined as follows:

Hg1(q) = Jf (q)
T Jf (q) ,

Hg2(q) =
m∑

µ=1

(f [µ]− pd[µ]) Hfµ(q) .
(3.101)

In addition, to address potential issues with non-invertible Hessians, the SVD inverse,
denoted as Hg(q)

†, is employed in (3.23) in place of standard inversion. Additional
details regarding the SVD inverse can be found in Section 3.4.4. Several values for
hsf within the range [0, 1] were manually selected to evaluate the performance of the
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IK solver. The convergence results across all four paths are presented in Table 3.6,
with results highlighted in red indicating points where convergence was not achieved.
Additionally, the results for hsf = 1 re昀氀ect the convergence performance without
any stabilisation, as discussed earlier in this section.

Table 3.6: IK convergence results for all four paths using quadratic approximation
with Hessian stabilisation factor hsf , without the enforcement of actuator physical
limits.

Quadratic hsf

Path 1 0.5 0.2 0.1 0.05 0.02 0.01 0.005 0.004 0.001 0

Hor. Line 54,222 305 314 116 309 111 116 110 111 306 112

Helical 18,630 14,508 114 307 313 306 308 307 308 305 118

3D Curve 16,534 10,321 308 113 305 305 308 304 304 304 123

Eight 24,079 328 311 106 107 115 309 306 109 106 161

As previously mentioned in Section 3.2.2, certain methods reported in the literature,
such as Gauss-Newton and BFGS [119], approximate the optimisation Hessian Hg(q)
by omitting the second term Hg2(q). This approach produces a Hessian matrix
that remains positive semi-de昀椀nite. Nonetheless, the determinant of this Hessian
may occasionally be zero or nearly zero. This indicates the presence of at least
one direction with zero curvature, suggesting a plateau in the error function g(q).
Consequently, error reduction becomes minimal, and iterations may persist until
reaching the termination limit Kmax or halt if error monitoring is employed and the
change falls below 0.1%SAR.

To evaluate the performance of the Hessian approximation, the second term, Hg2(q),
can be omitted by setting hsf to zero, as indicated in Table 3.6. This approximation
proved e昀昀ective for achieving convergence in the 昀椀rst, second, and third paths. How-
ever, it was insufficient for the fourth path, which presents the highest complexity
among the paths. Excluding the second term, Hg2(q), simpli昀椀es the computational
load, as the calculation of the actuator Hessian, Hf (q), is no longer necessary for
less complex paths.

Several hsf values were manually tested to identify an appropriate value, as shown
in Table 3.6. Despite this manual search across a broad range of values, convergence
was not achieved for all four paths. A thorough examination of the results indicated
that the second term, Hg2(q), occasionally had one or more zero or negative eigen-
values, potentially leading to zero or negative eigenvalues for the Hessian Hg(q).
Consequently, the determinant of Hg(q) could be zero or negative, depending on
the in昀氀uence of the second term.

For instance, Figure 3.19(a1 to c2) illustrates the IK results for the second path
(helical) using a stabilisation factor of hsf = 0.1. The related convergence analysis
for the point with the maximum number of iterations along this path, point ID = 0
(which is the starting point of the path), is depicted in Figure 3.20(a1 to c2). Error
monitoring option was activated to avoid unnecessary iterations.
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The IK solver was unable to achieve convergence at any point along the path, as
depicted in Figure 3.19(b1). This resulted in a zero manipulability index across the
entire path, as shown in Figure 3.19(a2). The convergence error was substantial,
occasionally exceeding the segment unit length, as illustrated in Figure 3.19(b2).
Despite employing an exaggerated mathematical length limit of Ls = 10 units in
the solver, no convergence was achieved. The persistent 昀氀atness of the error function
g(q) in this region is believed to be the primary reason for the lack of convergence.
The solver was unable to identify optimal solutions, even when pushing the length
Ls and bending angle θs values to their maximum theoretical limits, as shown in
Figure 3.19(c1, c2), respectively.

To address the issue of zero or negative eigenvalues, a straightforward approach is
to enforce the positive de昀椀niteness of the second term Hg2(q). This can be achieved
by substituting Hg2(q) with an identity matrix of the same dimensions during the
iterations [315, 337]. Consequently, the second term in (3.101) is modi昀椀ed as follows:

Hg2(q) =




Ins×ns, if any λg < λtol ,

∑m
µ=1(f [µ]− pd[µ]) Hfµ(q), otherwise .

(3.102)

where λg denotes the eigenvalues of the second term Hg2(q), and λtol = 10−6 is a
sufficiently small threshold used to di昀昀erentiate between zero and positive values.
The convergence results for the four paths, employing the same hsf values and
including the positive de昀椀niteness enforcement, are listed in Table 3.7.

The results demonstrate a signi昀椀cant improvement in convergence performance. A
substantial number of hsf values achieved successful convergence for the given paths,
with nearly one iteration per point. The improved quadratic solver demonstrates
greater efficiency compared to linear solvers. This is evident from the results listed
in Tables 3.1, 3.2, 3.3, and 3.4, which show performance across the 昀椀rst through
fourth paths.

Table 3.7: IK convergence results for all four paths using quadratic approximation,
stabilisation factor hsf , and Hessian modi昀椀cation to enforce positive de昀椀niteness.
Actuator physical limits are not enforced.

Quadratic hsf + Enforcement

Path 1 0.5 0.2 0.1 0.05 0.02 0.01 0.005 0.004 0.001 0

Hor. Line 352 227 141 106 106 110 108 115 107 308 112

Helical 1,044 580 293 188 139 114 110 116 118 113 118

3D Curve 1,278 685 333 205 150 124 128 161 116 128 123

Eight 1,067 585 290 183 140 114 111 111 109 107 161

For comparison purposes, the example illustrated in Figures 3.19(a1 to c2) and
3.20(a1 to c2) was re-evaluated with the positive de昀椀niteness enforcement applied.
The updated results are presented in Figures 3.21(a1 to c2) and 3.22(a1 to c2),
respectively.
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With the positive de昀椀niteness enforcement, the IK solver successfully converged at
all points, as shown in Figure 3.21(b1). This convergence led to a positive manip-
ulability index for the entire path, depicted in Figure 3.21(a2). Additionally, the
length Ls and bending angle θs results were within acceptable ranges, as illustrated
in Figure 3.21(c1, c2), and the convergence error remained within the SAR limit,
as shown in Figure 3.21(b2).

The convergence error analysis for the point with the maximum number of iterations,
point ID = 49, demonstrates optimal convergence, as illustrated in Figure 3.22(a1,
a2). The coordinates of the end point pcs remained stable from the 昀椀rst iteration,
as shown in Figure 3.22(b1, b2) indicating rapid convergence. The enforcement
of positive de昀椀niteness for the second term Hg2(q) proved e昀昀ective in producing a
positive de昀椀nite Hessian Hg(q) at this point, as seen in Figure 3.22(c1), and across
the entire path, as depicted in Figure 3.22(c2).

Furthermore, the same example was re-evaluated with the enforcement of actuator
physical limits. This additional step aimed to assess the e昀昀ectiveness of the positive
de昀椀niteness enforcement in scenarios where some points in the path might exceed
physical limits, which is likely to hinder convergence. The results of this evaluation
are presented in Figures 3.23(a1 to c2) and 3.24(a1 to c2).

The 3D plot and the projections of the path shown in Figure 3.23(a1) illustrate the
points that fall outside the actuator’s physical limits. Convergence was not achieved
at these points, as depicted in Figure 3.23(b1). Despite this, the solver successfully
maintained stable actuator con昀椀gurations and adhered to the path throughout, as
evidenced by the positive manipulability index in Figure 3.23(a2), even with some
errors exceeding the SAR limit, as shown in Figure 3.23(b2).

The results for the length Ls and bending angle θs are consistent with physical limits,
demonstrating the solver’s capability to maintain stability while following the path.
The convergence error remained optimal even at points outside the physical limits,
such as the point with ID = 47, as depicted in Figure 3.24(a1, a2). Notably, the
coordinates of the end point pcs were stable from the initial iteration, as shown in
Figure 3.24(b1, b2). The eigenvalues of the Hessian Hg(q) were all positive at this
point, as demonstrated in Figure 3.24(c1), indicating a positive de昀椀nite Hessian for
this point and the entire path, as further con昀椀rmed in Figure 3.24(c2).

Analysis of the results presented in Table 3.7 indicates that hsf = 0.004 appears
to be the optimal value for the four paths examined. However, this does not imply
that it is universally optimal for other paths. Identifying the ideal value for hsf
remains an open question and will necessitate further investigation to explore its
relationship with the actuator Hessian Hf (q) and the complexity of the path.

Moreover, a detailed evaluation of the computational demands associated with linear
versus quadratic inverse kinematics solvers was not undertaken. The variability
in benchmarking results is in昀氀uenced by numerous factors that are often beyond
the direct control of researchers. These factors encompass variations in hardware
con昀椀gurations, the e昀昀ects of background processes, and changes in system load.
Each of these elements can signi昀椀cantly a昀昀ect the consistency and reliability of
performance comparisons.
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Figure 3.19: IK results for a single-segment actuator following a helical curve (second
path) using the quadratic approximation and a Hessian stabilisation factor of hsf =
0.1 without enforcing actuator physical limits. (a1) 3D plot of the path and its
projections, with the actuator arc for the 昀椀rst point in the path highlighted in red
to indicate no convergence. The point with the maximum iterations, ID = 0, is
marked with a dotted green line in the other plots. (a2) The manipulability index.
(b1) Convergence iterations for each point along the path, showing that no points
converged. (b2) Convergence error for each point, with all points exhibiting errors
greater than the SAR limit. Results for the length Ls and bending angle θs are
presented in (c1) and (c2), respectively.
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Figure 3.20: Convergence analysis of the IK results for a single-segment actuator
following a helical curve (second path) using the quadratic approximation with a
Hessian stabilisation factor of hsf = 0.1, without enforcing actuator physical limits.
(a1) 3D plot showing the convergence error at point ID = 0, with IK results for the
length Ls and bending angle θs indicated by a vertical red line. (a2) Contour plot of
the convergence error for the same point ID, where the IK results are marked with a
red dot, indicating that the convergence error is not at the minimum. The raw and
smoothed results for the convergence of the end point pcs coordinates at the same
point ID are shown in (b1) and (b2), respectively. (c1) Eigenvalues of the Hessian
Hg(q) at the same point ID, showing that the Hessian is not positive de昀椀nite for all
iterations. (c2) Determinant of the Hessian Hg(q) at the same point ID, indicating
it is negative, hence not positive de昀椀nite, for all points in the path.
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Figure 3.21: IK results for a single-segment actuator following a helical curve (second
path) using the quadratic approximation with a Hessian stabilisation factor of hsf =
0.1, and positive de昀椀niteness enforcement, without enforcing actuator physical limits.
(a1) 3D path and its projections, with actuator arcs for the 昀椀rst and last points
marked in purple. The point with the maximum iterations, ID = 49, is indicated
by a dotted green line in the other plots. (a2) The manipulability index. (b1)
Convergence iterations for each point in the path, showing that all points have
converged. (b2) Convergence error at each point, with errors less than or equal to
SAR. Results for the length Ls and bending angle θs are shown in (c1) and (c2),
respectively.
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Figure 3.22: Convergence analysis of the IK results for a single-segment actuator
following a helical curve (second path) using the quadratic approximation with a
Hessian stabilisation factor of hsf = 0.1 and positive de昀椀niteness enforcement, with-
out enforcing actuator physical limits. (a1) 3D plot of the convergence error at point
ID = 49, with the IK results for the length Ls and bending angle θs marked by a
vertical red line. The convergence error is at its minimum, as con昀椀rmed by the
contour plot in (a2). The raw and smoothed results for the convergence of the end
point pcs coordinates at the same point ID are shown in (b1) and (b2), respectively.
(c1) Hessian Hg(q) eigenvalues at the same point ID, indicating positive de昀椀niteness
in all iterations. (c2) Hessian Hg(q) determinant, which remains positive de昀椀nite
for all points in the path.
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Figure 3.23: IK results for a single-segment actuator following a helical curve (second
path) using the quadratic approximation with a Hessian stabilisation factor of hsf =
0.1 coupled with enforcement of both positive de昀椀niteness and actuator physical
limits. (a1) 3D path with projections of the actuator workspace on Cartesian planes.
Actuator arcs for the 昀椀rst and last points in the path are marked in purple and red,
respectively, indicating their targeted positions relative to the limits. The point
with the maximum iterations, ID = 47, is highlighted with a dotted green line in the
other plots. (a2) The manipulability index. (b1) Convergence iterations for each
point in the path. (b2) Convergence error at each point. Results for the length Ls

and bending angle θs are shown in (c1) and (c2), respectively.
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Figure 3.24: Convergence analysis of the IK results for a single-segment actuator
following a helical curve (second path) using the quadratic approximation with a
Hessian stabilisation factor of hsf = 0.1 coupled with enforcement of both positive
de昀椀niteness and actuator physical limits. (a1) 3D plot of convergence error at point
ID = 47, with IK results for the length Ls and bending angle θs marked by a vertical
red line. The minimum convergence error is con昀椀rmed in the contour plot in (a2),
despite being outside the physical limits. The raw and smoothed results for the
convergence of the end point pcs coordinates at the same point ID are shown in
(b1) and (b2), respectively. (c1) Hessian Hg(q) eigenvalues at the same point ID,
indicating positive de昀椀niteness in all iterations. (c2) Hessian Hg(q) determinant,
which remains positive de昀椀nite for all points in the path, irrespective of the physical
limits.
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3.7 Conclusion
The PCC model streamlines the modelling process of SPAs by dividing the actuator
into one or more constant curvature segments. Each segment is de昀椀ned by three
parameters: the rotation angle ϕs, the bending angle θs, and the length Ls. Together,
these parameters form the con昀椀guration space vector qs for each segment.

The PCC model encounters an inherent singularity at the straight position, θs = 0.
While previous solutions relied on alternative analytical representations to address
singularity, this study proposes a numerical solution by implementing a minimum
bending limit, ensuring the bending angle remains above zero.

A limit of θs = 2×10−4 was found to be suitable for maintaining the stability of the
IK solver and achieving the required spatial accuracy ratio SAR. The numerical
solution not only e昀昀ectively overcame the singularity but also ensured the use of the
most common representation, arc parameterisation, instead of the other analytical
representations mentioned earlier in Chapter 2, Section 2.1.3.

Additionally, the PCC model faces a limitation concerning the discontinuity in the
rotation angle. To address this issue, a two-step correction for Euler angles was
implemented. This correction proved e昀昀ective in minimising the discontinuity issue,
thereby ensuring smooth performance for the IK solver.

Newton’s method is employed to address the IK optimisation problem using both
linear and quadratic Taylor series approximations. The actuator Jacobian Jf (q) and
its Hessian Hf (q) were derived, essential components for implementing the IK solver.
Speci昀椀cally, the Jacobian includes both linear and rotational components, while only
the linear part of the Hessian was derived, as per the scope de昀椀ned in this chapter.
The derivation of the Hessian Hf (q) for multi-segment actuators was not pursued
due to the time constraints speci昀椀c to this study.

The actuator’s classi昀椀cation as non-holonomic, holonomic, or redundant depends on
the number of segments and movement constraints. Two types of constraints were
investigated in this study. The 昀椀rst type of constraints, NCX constraints, represents
the error vector between the current and desired pose of the actuator. The NCX
constraints encompass six total constraints: three for Cartesian coordinates and
three for rotations about Cartesian axes.

The second type of constraints, CVX constraints, which represents the Euclidean
norm of the error vector, encompassing three constraints for Cartesian coordinates.
Rotation angles were excluded due to their distinct measurement units. For both
NCX and CVX constraints, optimisation Jacobian Jg(q) and Hessian Hg(q) were
derived.

The concept of actuator manipulability is introduced, and an appropriate index is
proposed based on previous studies. This manipulability index serves to indicate
proximity to singularity while traversing speci昀椀c paths. On top of that, various
Jacobian algorithms from the literature are outlined in this chapter, providing a
necessary context for their later analysis in this study. Several damping pro昀椀les are
also suggested to evaluate their efficacy in mitigating large motions and oscillations
near singularities.
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To assess the IK solver performance, four distinct paths were selected: a horizontal
line, a helical curve, a 3D curve, and a 昀椀gure-eight curve. These paths were chosen
and ordered based on their varying degrees of complexity. Each path is discretised
into 100 points to precisely monitor all changes in the actuator’s state throughout
traversal. Initiating from a straight position, the actuator progresses sequentially
through each point along the path. The total number of iterations required to
converge at each point is meticulously recorded, and the outcomes are tabulated
separately for each path.

The study is structured into four distinct categories based on the type of IK solver
employed. Initially, the focus lies on the linear IK solver, where comprehensive analy-
ses are conducted on a single-segment actuator operating without imposed physical
limits. This foundational exploration sets the stage for subsequent investigations
into the impact of enforcing these limits, both on single-segment actuators and on
more complex multi-segment con昀椀gurations.

Transitioning to the quadratic IK solver, the study returns to the single-segment
actuator scenario, this time under the lens of the Hessian matrix’s performance
within CVX constraints. Here, particular attention is given to identifying potential
enhancements to ensure robust convergence and optimal performance.

Throughout the linear-based analyses, the study meticulously evaluates multiple
Jacobian algorithms across the suggested damping pro昀椀les for both NCX and CVX
constraints. The 昀椀ndings from these analyses provide detailed insights into solver
performance across di昀昀erent scenarios. The performance of the Jacobian algorithms
was observed to be in昀氀uenced by the complexity of the path and the damping pro昀椀le.

For example, the JIV method without damping was found to be the suitable choice
for the 昀椀rst path, given its simplicity, especially since the optimisation Jacobian Jg(q)
is a square matrix and invertible. In contrast, a solver based on CVX constraints
and the SVD method without damping proved to be optimal for the fourth path,
which is the most complex.

In the case of a multi-segment actuator, the JIV method is no longer suitable as the
optimisation Jacobian Jg(q) becomes a non-square matrix. Here, a solver utilising
CVX constraints and the SVD method was again found to be e昀昀ective.

The damping pro昀椀le was observed to have minimal impact, primarily due to the
rapid convergence facilitated by CVX constraints. However, further investigation
is needed to determine the speci昀椀c relationship between each damping pro昀椀le and
Jacobian algorithm, particularly in scenarios involving more complex paths.

In the fourth category of this study, a quadratic IK solver based on the exact Hessian
exhibited faster convergence rates compared to both the quadratic solver with an
approximated Hessian and the linear solver utilised in the 昀椀rst category. However, it
is important to note that the quadratic solver is not inherently a CVX function, as
it approximates the gradient ∇g(q) rather than the CVX constraints function itself.

Consequently, the original form of the quadratic solver failed to converge across
all paths, necessitating the introduction of a Hessian stabilisation factor hsf to
enhance convergence. Multiple values of hsf were manually selected, with many
proving ine昀昀ective until the positive de昀椀niteness of the Hessian was ensured using
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a replacement identity matrix. This technique proved highly e昀昀ective, leading to
rapid convergence with generally only one iteration per point across various path
and hsf combinations.

It is critical to acknowledge that all these analyses were conducted in a simulated
environment. Nevertheless, in an experimental setup, a suitable sensing method—
whether proprioceptive or alternative—is necessary to provide feedback on the actu-
ator con昀椀guration while following a given path. Several factors impact the accuracy
of the feedback and, consequently, the IK solver, including measurement noise, state
estimation efficiency, and the validity of the PCC assumption relative to the actuator
design.

In conclusion, this study presents an opportunity for additional investigation and
enhancement, particularly in exploring the Hessian stabilisation factor hsf relation-
ship with the actuator Hessian Hg(q) and path complexity. Future investigations
could extend these analyses to include multi-segment actuators after deriving the
complete actuator Hessian. Additionally, enhancing the non-convex quadratic solver
could involve implementing convex optimisation techniques such as linearisation and
relaxation [97, 127, 128].



Chapter 4

Spiral Sensors Modelling

This chapter presents a robust mathematical model to accurately measure the twist
exhibited by SPAs, leveraging fundamental principles from the concepts of geodesics
and covering spaces. Then, four illustrative case studies are presented to elucidate
the diverse applications of the proposed mathematical framework for assessing twist
across varying deformations.

Furthermore, a simpli昀椀ed FEA model, implemented within Abaqus, is unveiled. This
model incorporates an orthotropic layer as a means of reinforcing the SPA struc-
ture. The validity of this approach is subsequently assessed through a comparative
analysis, comparing simulation outcomes obtained from a single muscle SPA with
previously documented 昀椀ndings.

Subsequently, a multi-muscle FEA model is developed to further investigate the
mathematical model’s performance and reliability. Utilising the multi-muscle FEA
model, the mathematical model’s accuracy and robustness are veri昀椀ed. After pre-
senting the simulation outcomes, a thorough analysis of the mathematical model is
conducted, complemented by discussions involving experimental validation against
previously published results and addressing inherent limitations.

4.1 The Torus Parameterisation
The implicit de昀椀nition of a torus T radially symmetric about z-axis in Euclidean
space R

3, Figure 4.1(a), is [338]:

T :=

{
(x, y, z) ∈ R

3 |
(√

x2 + y2 − c
)2

+ z2 = R2

}
, (4.1)

where R is the radius of the tube or the minor radius of the torus, and c is the
distance from the centre of the tube to the centre of the torus or the major radius
of the torus. Only the ring torus, i.e., c > R, is considered. This torus is a two-
dimensional Riemannian manifold embedded in the Euclidean space R

3.

A PCC soft actuator with a circular cross-section can be represented as a toric
segment, Figure 4.1(b). The base is 昀椀xed at the origin, and the imaginary torus
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Figure 4.1: Torus geometry in the Euclidean space R
3 where (a) shows a full torus

radially symmetric about z-axis, and (b) shows a toric segment moved and rotated
to represent a PCC soft actuator.

is symmetric about a centreline parallel to the y-axis when rotation angle ϕ = 0.
Drawing from (4.1), the de昀椀nition of the toric segment Tsm in R

3 is:

Tsm :=

{
(x, y, z) ∈ R

3 |
(√

(c− x)2 + z2 − c
)2

+ y2 = R2

}
. (4.2)

A coordinate system (u, v) ∈ [0, 2π] is used such that the Euclidean plane R
2 covers

the torus [339] as shown in Figure 4.2(a,b). The torus T is parameterised as a
surface of revolution Ft (u, v) by:




x

y

z


 = Ft (u, v) =




(c+R cos v) cos u

(c+R cos v) sin u

R sin v


 . (4.3)

Figure 4.2: Torus notation where (a) shows a full torus radially symmetric about
z-axis, and (b) shows a toric segment moved and rotated to represent a PCC soft
actuator.
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However, there is a di昀昀erence between T and Tsm in the location and direction of u, v
coordinates with respect to the Euclidean origin (0, 0, 0). The torus T is transformed
by rotating around x and z-axes then shifting by [c, 0, 0]T . Also, transforming v to
start from +x and rotating anticlockwise around the centreline, i.e., around +z-axis
at the base, as shown in Figure 4.2(b) by substituting v = π− v in (4.3). The result
is a parameterisation equation of the toric segment Tsm as a surface of revolution
Fsm (u, v) at ϕ = 0 as follows:

Fsm (u, v) = Rz(π)Rx(
π

2
)Ft (u, π − v) + [c, 0, 0]T =




c− (c−R cos v) cos u

R sin v

(c−R cos v) sin u


 . (4.4)

To rotate the soft actuator around z-axis by ϕ, another rotation matrix Rz(ϕ) is mul-
tiplied by (4.4) after modifying the v coordinate to keep the u, v origin at +x-axis.
This can be achieved by substituting v = v − ϕ in (4.4) which gives:




x

y

z


 = Fsm (u, v, ϕ) = Rz(ϕ)




c− (c−R cos(v − ϕ)) cos u

R sin(v − ϕ)

(c−R cos(v − ϕ)) sin u


 . (4.5)

Substituting c = 1
κ

and u = hκ where h and κ are the centreline length (or height)
and curvature of the toric segment respectively, gives:




x

y

z


 = Fsm (u, v, ϕ) = Rz(ϕ)




1
κ
− 1

κ
cos(hκ) + R cos(hκ) cos(v − ϕ)

R sin(v − ϕ)

1
κ
sin(hκ) + R sin(hκ) cos(v − ϕ)


 . (4.6)

When the soft actuator is at a straight position, i.e., κ = 0, Eq. (4.6) can be evaluated
using L’Hôpital’s rule at the limit of the curvature κ→ 0. Since there is no bending,
the parametrisation of the torus converges to the standard parametrisation of a
cylinder as shown in Figure 4.3(b). Also, the rotation angle ϕ is neglected since the
cylinder, i.e., the soft actuator, is symmetric around z-axis which yields:

Fsm (u, v, ϕ)
limit
−−−→
κ→0




R cos v

R sin v

h


 = Fcyl(h, v), (4.7)

where h is the height of the cylinder as well as the centreline length of the toric
segment (equivalent to l), and R is the radius of the cylinder as well as the minor
radius of the torus.
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4.1.1 Soft Sensor Modelling
A soft sensor can be attached to the surface of the soft actuator [140], as illustrated
in Figure 4.3. As described previously, when the curvature κ of a toric segment
tends to zero, it becomes a vertical cylinder, which can be represented as a plane
in a planar space, as shown in Figure 4.3(a). In this representation, the horizontal
axis is denoted by v, while u (or h) serves as the vertical axis. It is worth noting
that h is a special case of u when κ tends to zero.

Figure 4.3: (a) A planar cover of a cylinder showing straight lines that bend as (b)
geodesic curves on a cylinder, and (c) non-geodesic curves on a toric segment.

To understand the di昀昀erence between planar and Euclidean spaces’ geodesics, con-
sider a point Pm(u, v) = (3

4
π, 1

2
π) marked on a torus surface, as depicted in Fig-

ure 4.4(a). A geodesic curve [340] starting from the origin (u, v) = (0, 0) and passing
through Pm is calculated. This curve is then lifted to a planar space, Figure 4.4(b),
where it manifests as a straight line connecting the origin to a lifted point P̃m.

Figure 4.4: (a) Euclidean versus (b) planar geodesics.

This straight line is also mapped back to the torus surface in the Euclidean space.
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The disparity between the two paths demonstrates that a straight line in the pla-
nar space does not necessarily correspond to a geodesic curve on the torus surface.
Consequently, relying solely on the geodesic theory is insufficient for deriving a
mathematical model for the sensor path in Euclidean space. Given that the torus is
considered a Riemannian manifold, it necessitates the integration of concepts from
both the geodesic theory and covering spaces to map the planar space onto the
Euclidean space.

The sensor path, Figure 4.3(a), can be conceptualised as a straight line γ̃i between
two points P̃ si and P̃ ei in the planar space, which is then mapped as a curve
γi between the corresponding points Psi and Pei in the Euclidean space R

3. The
start and end horizontal angles are denoted by vsi and vei, respectively. When
vsi = vei = 0, the sensor path is designated as γ̃1 in the planar space and γ1 in the
Euclidean space.

The following assumptions underpin the modelling:

• The start and end points are situated at the bottom and top edges of the soft
actuator.

• The base remains 昀椀xed, and a twist angle ψ, Figure 4.3(b), is applied to the
top edge.

• The cross-sectional radius of the soft actuator, i.e., the torus inner radius R,
remains constant.

The start and end points of the γ̃1 and γ̃i paths can be de昀椀ned in terms of [u, v]T
coordinates as follows:

P̃s1 =


0
0


 , P̃e1 =


h
ψ


 , P̃si =


 0

vsi


 , P̃ei =


 h

vei + ψ


 . (4.8)

From Figure 4.3(a), the straight line γ̃i can be parameterised as:

γ̃i(s) =


u(s)
v(s)


 =


 sh

vsi + s(vei + ψ − vsi)


 , s ∈ [0, 1], (4.9)

where s represents the unit time, with s = 1 corresponding to the full length of γ̃i(s).
The parameter s can be interpreted as the length ratio, given that γ̃i is a geodesic
line characterized by unit speed (

∣∣ ˙̃γi(s)
∣∣ = 1) and zero curvature. Similarly, starting

from Equation (4.5), the curved path γi(s) = [x(s), y(s), z(s)]T in Figure 4.3(b,c) is
parameterised as:

γi(s) =




x(s)

y(s)

z(s)


 = Rz(ϕ)




c−
(
c−R cos(v(s)− ϕ)

)
cos u(s)

R sin(v(s)− ϕ)
(
c−R cos(v(s)− ϕ)

)
sin u(s)


 . (4.10)
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4.1.2 Length modelling
To determine the length of the soft sensor, denoted as li, the length of a unit speed
curve, γi, is caluclated which is de昀椀ned as [149]:

li := l(γi) :=

∫ 1

0

‖γ̇i(s)‖ ds, (4.11)

where |γ̇i(s)| represents the norm of the derivative of γi with respect to the parameter
s, given by:

‖γ̇i(s)‖ =
√
ẋ2 + ẏ2 + ż2, (4.12)

with ẋ, ẏ, and ż denoting the derivatives with respect to s. For brevity, the parameter
(s) will be omitted from x, y, z, u, and v operators. Eq. (4.10) can be expanded and
simpli昀椀ed as:




x

y

z


 =




c(1− cu)cφ +Rcvφcucφ −Rsvφsφ

c(1− cu)sφ +Rcvφcusφ −Rsvφcφ

c su −Rcvφsu


 , (4.13)

where cvφ = cos(v − ϕ), svφ = sin(v − ϕ), cu = cos u, su = sin u, cφ = cosϕ, and
sφ = sinϕ. Using the chain rule to 昀椀nd the derivative of (4.13) with respect to the
parameter s. The derivatives are denoted by (˙). Simplifying gives:

ẋ =
(
u̇(c−Rcvφ)su − v̇Rsvφcu

)
cφ − v̇Rcvφsφ,

ẏ =
(
u̇(c−Rcvφ)su − v̇Rsvφcu

)
sφ + v̇Rcvφcφ,

ż = u̇(c−Rcvφ)cu + v̇Rsvφsu.

(4.14)

Substituting (4.14) into (4.12) and simplifying gives:

‖γ̇i(s)‖ =

√
v̇2R2 + u̇2

(
c−R cos(v − ϕ)

)2

. (4.15)

To make a connection between the planar and Euclidean spaces, the concepts of
covering spaces [341] is used to map γ̃i, de昀椀ned in (4.9), to γi, de昀椀ned in (4.10), by
inserting γ̃i into Fsm after converting u(s) from a unit length in planar space to a
unit angle in Euclidean space, i.e., u(s) · κ, as follows:

γi =̂ Fsm ◦ γ̃i = Fsm(u(s), v(s), ϕ), (4.16)

which leads to the parameters u(s) and v(s), along with their derivatives as follow:
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u(s) = shκ

v(s) = vsi + s(∆vi + ψ)

u̇ = hκ

v̇ = ∆vi + ψ,

(4.17)

where ∆vi = vei − vsi.

Finally, substituting these expressions into (4.11) and using the actuator curvature,
c = 1

κ
, yields the full expression of the soft sensor length in the Euclidean space as:

li =

∫ 1

0

√
R2(∆vi + ψ)2 + h2

(
1−Rκ cos(vsi + s(∆vi + ψ)− ϕ)

)2

ds, (4.18)

which is an integral equation that requires a numerical solution. This equation is
applicable only to a ring torus, where c > R, as previously noted.

Alternatively, geodesic theory can be applied to model the kinetic energy Ek of
a massless particle moving along the sensor path. The resulting model is a fully
de昀椀ned equation, making it simpler to calculate. However, this approach is beyond
the scope of this thesis; interested readers can refer to Appendix D for further details.

4.2 Case Studies
To gain deeper insights into the length mathematical model (4.18), four case studies
are examined, each involving a soft actuator with a single soft sensor attached to
its surface. The 昀椀rst two cases involve the actuator in its initial con昀椀guration, while
the third and fourth cases explore other con昀椀gurations where the actuator bends
without rotation and with rotation, respectively. For each case, the sensor length is
calculated, and the results are further discussed to provide a thorough analysis.

4.2.1 Case 1: A Straight Sensor at the Initial Con昀椀guration
The soft actuator is in its initial con昀椀guration, characterised by κ = ϕ = ψ = 0,
and a sensor is vertically attached to its surface, implying ∆vi = 0, as illustrated in
Figure 4.5(a). Substituting these parameters into (4.18) yields:

li =

∫ 1

0

√
h2(1−Rκ cos vsi)2 ds = h. (4.19)

This expression signi昀椀es that the sensor, for all possible values of vsi, possesses a
length equivalent to the centreline length of the soft actuator.
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Figure 4.5: Case studies 1 and 2 at the initial position shown in (a) and (b) ,
respectively.

4.2.2 Case 2: A Spiral Sensor at the Initial Con昀椀guration
In this case, the soft actuator remains in its initial con昀椀guration, characterised by
κ = ϕ = ψ = 0, while the sensor is attached in a spiral fashion along the surface,
denoted by ∆vi 6= 0, as depicted in Figure 4.5(b). Substituting these parameters
into Equation (4.18) yields:

li =

∫ 1

0

√
∆v2iR

2 + h2
(
1−Rκ cos(vsi + s∆vi)

)2

ds,

=

∫ 1

0

√
∆v2iR

2 + h2 ds,

=
√

∆v2iR
2 + h2.

(4.20)

This expression corresponds to the arc length equation of a cylindrical helix [113],
capturing the length of the spiral sensor along the soft actuator’s surface.

4.2.3 Case 3: A Straight Sensor Under Bending
In this case, the soft actuator experiences bending within the XZ plane without
twist, characterised by κ > 0, ϕ = ψ = 0, while the soft sensor remains verti-
cally attached to the surface, denoted by ∆vi = 0, as illustrated in Figure 4.6(a,b).
Substituting these conditions into (4.18) yields:
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li =

∫ 1

0

√
h2(1−Rκ cos vsi)2 ds = h(1−Rκ cos vsi). (4.21)

The term (1 − Rκ cos vsi) denotes the curvature ratio, which varies depending on
the position of the sensor vsi along the surface, as depicted in Figure 4.6(b). Conse-
quently, when the sensor is situated in a plane perpendicular to the bending plane,
i.e., vsi = vei =

π
2

or 3
2
π in Case 3, its length equals the centreline length h of the

soft actuator. Eq. (4.21) holds within the range c > R, as previously noted.

Figure 4.6: Case study 3, bending in XZ plane, where (a) shows a 3D view, and (b)
shows the front and top views.

4.2.4 Case 4: A Spiral Sensor Under Bending and Rotation
The soft actuator initiates from its initial con昀椀guration with κ = ϕ = ψ = 0
and gradually bends until the top face forms a right angle with the base plane.
Simultaneously, the actuator rotates around the z-axis until ϕ = π

2
, as depicted in

Figure 4.7(a,b). In this fourth case, there is no twisting (ψ = 0), and the actuator
dimensions are arbitrarily chosen to have a straight position length of ho = 250mm
and an actuator radius of R = 15mm.

Two design options for the soft actuator exhibit di昀昀erent behaviours under this
bending condition: 昀椀rstly, the Constant centreline Length Design (CLD) [36, 201,
342], where h = ho and the inner surface of the toric segment undergoes compression,
i.e., hin ⩽ ho. Secondly, the Non-Compressible inner surface Design (NCD) [129, 189,
197], where there is no compression in the inner surface, hin = ho, and the centreline
length extends to accommodate the di昀昀erence, i.e., h ⩾ ho.

The extension of the centreline length for NCD depends on the bending angle θ, as
illustrated in Figure 4.7(b), and is calculated as follows:
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Figure 4.7: Case study 4, bending and rotation, where (a) shows a 3D view, and (b)
shows the initial ho, the centreline h, and the inner surface hin lengths.

θ =
hin
cin

=
h

c
⇒ h =

(
1 +

θR

ho

)
ho, (4.22)

where cin represents the inner surface radius and is calculated as cin = c − R. The
sensor is positioned on the actuator surface with vsi = 0 and vei = π, as shown in
Figure 4.7(a). Both bending θ and rotation ϕ angles are increased simultaneously.
The results of the sensor to actuator length ratio against the change in bending
angle θ and rotation angle ϕ are illustrated in Figure 4.8(a). Numerical solutions of
(4.18) are obtained using the Runge-Kutta method to calculate the sensor length at
each step.

Figure 4.8: Case study 4: (a) Shows both the sensor length and rotation angle ϕ.
(b) Shows the actuator curvature. Both 昀椀gures are plotted against bending angle θ
and for CLD and NCD.
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The sensor length is approximately 1.8% longer than the actuator’s length in the
straight position due to the spiral path. For CLD, the sensor length decreases by
approximately 6% as it passes through the compressed inner radius of the actuator.
However, strain sensors cannot measure negative strain, and thus, sensors need to
be pre-stretched during actuator fabrication to accommodate compression sensing.
For NCD, the sensor length increases by around 3%. Pre-stretching is not necessary,
but it can enhance sensor accuracy near the straight position. Regarding curvature
results, the CLD design requires a larger curvature than NCD to achieve the same
bending angle θ, which is expected due to design di昀昀erences.

4.3 Finite Element Analysis (FEA)
In Chapter 2, Section 2.2.6, various FEA techniques employed to model braided
sleeves, whether accounting for contact e昀昀ects or not, were reviewed. A common
challenge noted among these techniques is the complexity arising from the need to
incorporate thousands of elements into the FEA models.

In this section, an alternative simpli昀椀ed FEA model is introduced. Initially, a de-
tailed examination of a prior study concerning the FEA modelling of braided sleeves
is presented to analyse its outcomes and gather valuable insights.

Additionally, a mathematical formulation for the orthotropic layer concept is pro-
vided, followed by an in-depth explanation of the proposed multi-muscle actuator
model. Subsequently, mathematical formulations are presented for extracting the
lengths of each strain sensor, as well as determining the actuator curvature and its
state in 3D space at each time frame.

4.3.1 Braided Sleeves as Reinforcements
T. Hassan et al. [27] investigated the relationship between length and diameter
changes in a commercially available braided sleeve by building an FEA model and
comparing the results with experimental tests. The braided sleeve examined had a
nominal diameter of 25mm at rest.

It was observed that the sleeve could attain a maximum diameter of 30mm when
compressed to a length of 58mm. Conversely, when extended to a length of 110mm,
it reached a minimum diameter of 16.7mm. This behaviour highlights the sleeve’s
ability to undergo signi昀椀cant changes in diameter in response to variations in length.

To facilitate the fabrication of an extensible pneumatic muscle, a silicone tube can be
inserted into the braided sleeve to restrict radial expansion, as previously mentioned.
The diameter of the tube at zero pressure must match the maximum diameter of
the braided sleeve, which is 30mm in this instance.

To analyse the e昀昀ects of diameter changes, data points were extracted from these
results, and a mathematical model was recalibrated accordingly. Using a reference
length of 58mm for the pneumatic muscle at zero pressure, see Figure 4.9(a), it was
observed that extending the muscle by 20% (to a length of 69.6mm) resulted in a
decrease in diameter by 1.33% (to 29.6mm dia.) according to experimental 昀椀ndings,
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Figure 4.9: Length vs diameter changing of a commercially available braided
sleeve.(a) Length and diameter at rest, fully compressed, and 20% extension. (b)
Experimental vs simulation results adapted from [27]. Reproduced with permission.
Copyright 2019, IEEE

and by 4.3% (to 28.7mm dia.) according to simulation results as illustrated in
Figure 4.9(b).

The change in diameter was found to be minimal within the 20% extension range in
the experimental results, allowing it to be disregarded for simplicity. Moreover, the
diameter remained consistent across the length at any given moment, as the ends
were free to adjust radially. However, in the fabrication of a pneumatic muscle, the
diameters at the ends will be 昀椀xed to match the size of the chosen attachments or
nozzles. The reduction in diameter will occur gradually, reaching its minimum value
at the midpoint of the braided sleeve, resulting in a hyperboloid shape.

4.3.2 Orthotropic Layer
To address the intricacies associated with FEA design and computational complexity
of braided sleeves, particularly concerning contact interactions, an alternative ap-
proach is proposed based on employing a reinforcement layer encircling the surface of
each pneumatic muscle. This approach suggests utilising a plane stress orthotropic
material model instead of an isotropic one. A similar methodology was adopted
in a study to simulate a 昀椀bre-reinforcement layer as an anisotropic homogeneous
layer [212], where the authors examined their proposal by modelling strain energy
and comparing the results with experimental tests.

However, this approach expands upon the aforementioned study by incorporating
the modelling of braided sleeves and analysing their impact on pneumatic muscle
diameter. Common FEA approaches often entail modelling individual 昀椀bres of the
reinforcement layer [27, 212, 343]. Instead, the suggestion is to model the entire
mesh as a single orthotropic ”skin” layer in Abaqus, thereby eliminating the need
for individual 昀椀bre representations and their associated contact interactions, conse-
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quently reducing simulation time signi昀椀cantly.

Figure 4.10: Proposed reinforcement orthotropic layer in Abaqus

The proposed reinforcement model enables longitudinal expansion while restricting
radial expansion of the pneumatic muscle due to di昀昀erences in Young’s moduli,
Figure 4.10. The general stress-strain relation for a material possessing orthotropic
symmetry is given by [344]:
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, (4.23)

where {εj} and {γjk} represent normal and shear strain components, respectively,
{σj} and {τjk} denote normal and shear stress components, respectively, and {Ej},
{νjk}, and {Gjk} are Young’s modulus, Poisson’s ratio, and shear modulus in the
(jk)-plane, respectively. Under the plane stress state, σ3 = τ13 = τ23 = 0. Substitut-
ing in (4.23) yields:
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Assuming linear material behaviour, the elastic properties Ej, νjk, and Gjk are
constants. Due to the symmetry of the compliance matrix in (4.24), only four in-
dependent elastic properties are necessary, namely E1, E2, ν12, and G12. However,
shear moduli G13 and G23 are also required for modelling transverse shear deforma-
tion in Abaqus. The elastic properties of the reinforcement layer are selected based
on PET [27], with a density of 1350 kg/m3, a Young’s modulus E1 = 6GPa, and a
Poisson’s ratio ν12 = 0.37. The remaining elastic properties are discussed below.

To simulate the reinforcement layer as orthotropic in Abaqus, a Lamina elastic model
is utilised, necessitating the following conditions for material stability in plane stress:

E1, E2, G12, G13, G23 > 0, and |ν12| < (E1/E2)
1/2 (4.25)

The longitudinal elastic strength of braided sleeves is negligible when its diameter
exceeds the minimum limit, equivalent to E2 = 0 in the orthotropic layer. However,
the stability condition (4.25) mandates E2 > 0. After testing several assumptions,
it was found that any value less than E2 = 1KPa has a negligible impact on
longitudinal extension in the FEA model.

Regarding the shear moduli, G13 and G23 are irrelevant since the material model is
for the plane stress state. Furthermore, the braided sleeve exhibits no shear strength
if extended longitudinally before reaching the minimum diameter due to the threads’
ability to freely slide on top of one another. Again, the stability condition (4.25)
requires G12 > 0.

After testing several values in Abaqus, it was found that G12 = 0.6MPa is the
minimum value to reach a stable solution in the FEA model. For all the above,
G12 = G13 = G23 = 1MPa was used for simplicity. To simulate the silicone muscle,
the Elastosil M4601 properties are utilised, represented by Yoeh [345] hyper-elastic
model with coefficients C1 = 0.11 and C2 = 0.02.

4.3.3 Multi-Muscle Actuator
Inspired by prior work [17], The multi-muscle SPA comprises three pneumatic mus-
cles. The actuator’s circular cross-section is positioned in the XY plane, with its
geometric centre situated at the origin. The actuator extends along the +z-axis,
and its three pneumatic muscles are evenly spaced at intervals of 120◦, as depicted
in Figure 4.11(a). The 昀椀rst muscle is placed in the 1st quadrant, while the second
muscle is positioned on the −x-axis. Lastly, the third muscle is placed in the 4th

quadrant.

This arrangement enables the generation of bending movement in the XZ plane,
i.e., ϕ = 0, by activating the minimum number of muscles, speci昀椀cally the second
muscle alone. For the representation of each muscle, a silicone tube model is utilised,
characterised by a diameter of d = 8mm and a thickness of 2mm.

An orthotropic layer reinforces the external surface of each muscle. The SPA body,
coloured green for di昀昀erentiation from the muscles, is also simulated as a silicone
structure with a diameter ofD = 22mm and is divided into three sectors to delineate
its centreline, as explained in Section 4.3.4 below.
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Figure 4.11: FEA model of the multi-muscle SPA where (a) depicts the cross-section
details with D = 22mm and d = 8mm, (b) illustrates the SPA surface partitions for
the 昀椀rst and third sensors; total actuator length is 254mm, (c) shows the tracking
nodes of the top end, and (d) is a top view showing the three soft sensors and
the reference point. The 昀椀rst and second sensors are depicted as dots as they are
perpendicular to the XY plane.

The SPA comprises three parts: two Stainless Steel 18/8 discs (base and top end),
each 2mm thick, and a silicone body with a vertical length of 250mm, as illustrated
in Figure 4.11(b). The Stainless Steel 18/8 material has a density of 7930kg/m3,
a Young’s modulus of E1 = 193GPa, and a Poisson’s ratio of ν12 = 0.305. While
the base remains 昀椀xed, the top end has freedom of movement and rotation in all
directions.

In Abaqus, the STRI65 element type is employed to model the orthotropic layer,
which is a thin shell triangular element consisting of 6 nodes and having 昀椀ve DOF per
node. Similarly, the C3D10HS element type is employed to simulate the silicone and
stainless steel parts. This C3D10HS element is a 10-node general purpose quadratic
tetrahedron, o昀昀ers improved surface stress visualisation.

To induce extension, bending, and rotation movements, pressure loads (p1, p2, and
p3) can be independently applied to each muscle. For twisting movement, a moment
M is applied at the SPA’s free end. Since the C3D10HS element only encompasses
translation DOF, the moment M cannot be directly applied to the top surface. In-
stead, a reference point (RP) is de昀椀ned in space, as illustrated in Figure 4.11(b,d),
and connected to the edge of the top end using a Continuum distributing coupling
constraint. Application of moment M at RP generates the required twist. Anti-
clockwise moments are deemed positive, as all rotations in Abaqus adhere to the
right-handed rule.
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4.3.4 Centreline and Soft Sensors Length
The SPA body is segmented into three sectors, see Figures 4.11(a) and 4.12(c), to
delineate the central edge marking the centreline. Additionally, speci昀椀c locations on
the SPA’s surface were partitioned to create edges representing three soft sensors,
see Figure 4.11(b). The strategic selection of sensor locations ensures sufficient
data collection to cover the actuator’s entire range of motion, including extension,
bending, rotation, and twist.

The 昀椀rst sensor follows a straight path, with vs1 = ve1 = 0. Similarly, the second
sensor also follows a straight path, with vs2 = ve2 =

4
3
π. In contrast, the third sensor

traces a spiral path, with vs3 = 0 and ve3 = 4
3
π, as depicted in Figure 4.11(d). These

sensors span the entire length of the SPA body, starting from the base and terminat-
ing at the edge of the top end. After the SPA meshing process, four node sets were
created along the centreline and the path of each soft sensor. Simulation results
provided Cartesian coordinates for each node within these sets at every time frame,
utilising a Python code. This Python code exports results to MATLAB for further
analysis and comparison with the results obtained from the length model (4.18).

The Python code (MultiMuscles_data_extract.py) responsible for data extraction
to MATLAB is provided in the supplementary materials of [74].

Figure 4.12: Centreline and soft sensors of the multi-muscle SPA where (a) illustrates
the nodal path of the second and third soft sensors, (b) shows the centreline and
昀椀rst soft sensor nodal paths, and (c) provides an isometric view of a single sector
from the SPA body, highlighting the centreline edge. The second pneumatic muscle,
not depicted, occupies the cylindrical hole of this sector.

To calculate the centreline and soft sensors lengths in MATLAB, each dataset was
represented as B-spline curves [346]. B-splines are piecewise polynomial functions
adept at describing complex trajectories with minimal parameters. This represen-
tation facilitates path approximation, yielding smooth curves rather than piecewise
polygonal curves with sharp transitions. Notably, B-splines o昀昀er the advantage of
independence from FEA mesh size.
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A B-spline curve of degree p is formed through a linear combination of B-spline basis
functions, de昀椀ned as [347]:

B(g) = P0N0,p(g) +P1N1,p(g) + · · ·+PnNn,p(g) =
n
∑

i=0

PiNi,p(g). (4.26)

where Pi are the control points, and Ni,p(g) are B-spline basis functions of degree p,
de昀椀ned as:

Ni,p(g) =
g − gi
gi+p − gi

Ni,p−1(g) +
gi+p+1 − g

gi+p+1 − gi+1

Ni+1,p−1(g), (4.27)

where gi are the B-spline knots in which i = 0, 1, 2, · · · , n + p + 1 and gi ⩽ gi+1.
Similar to (4.11), the length of B(g) is calculated by integrating the norm of its
derivative:

lb =

∫ gn+p+1

0

‖B′(g)‖
2
dg, (4.28)

where B′(g) is the derivative of a B-spline curve, of degree p− 1, de昀椀ned as:

B′(g) =
d

dg
B(g) =

n−1
∑

i=0

p

gi+p+1 − gi+1

(Pi+1 −Pi)Ni+1,p−1(g). (4.29)

Eq. (4.28) can be numerically integrated to calculate the length of the centreline
and the three soft sensors at each time frame.

4.3.5 Centreline Curvature
The model (4.18) used to calculate the length of the soft sensors is derived for a
constant curvature actuator, as previously stated. Additionally, the curvature value
is necessary for comparing the mathematical model with Abaqus results. Hence, the
SPA curvature was computed at each time frame.

Let γc(t) = (x1(t), y1(t), z1(t)) be a parametric equation de昀椀ning the centreline curve
in Cartesian coordinates at any given time t. Assuming γ̇c is de昀椀ned, di昀昀erentiable,
and nowhere equal to the zero vector, the curvature can be derived [348, 349] as:

κ =
‖γ̇c × γ̈c‖

‖γ̇c‖
3 , (4.30)

where × denotes the vector cross product. Simplifying gives the curvature as:

κ =

√

(z̈1ẏ1 − ÿ1ż1)
2 + (ẍ1ż1 − z̈1ẋ1)

2 + (ÿ1ẋ1 − ẍ1ẏ1)
2

(ẋ21 + ẏ21 + ż21)
3/2

. (4.31)
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Assuming a position tolerance of 0.001mm for the top end, the minimum curvature
to satisfy this tolerance can be calculated using simple trigonometric equations, refer
to Chapter 3, Section 3.1.3 for more details. For an actuator with a 昀氀exible length
of 250mm, the minimum curvature is κmin = 3.2 × 10−8 mm−1. The actuator is
considered straight for any curvature below this limit. In MATLAB, representing
γc as a C2 class B-spline ensures a smooth curve for calculating 昀椀rst and second
derivatives numerically. The required Cartesian coordinates were extracted using
the procedure described in Section 4.3.4 above.

4.3.6 Bending, Rotation, and Twist Angles
The bending θ, rotation ϕ, and twist ψ angles of the actuator were calculated using
the Kabsch algorithm [350]. This algorithm determines an optimal rotation matrix
Rk that minimises the RMSE ek between two paired sets of 3D points, Ak and Bk.
In the SPA described in Section 4.3.3 above, these two sets share the same points
(nodes), with the 昀椀rst set Ak representing the SPA’s initial position and the other set
Bk representing any subsequent time frame. The 昀椀rst set Ak comprises three nodes
located on the SPA’s top edge surface, as depicted in Figure 4.11(c). The nodes
are strategically positioned with one at the centre of the surface, another along the
positive x-axis, and the last one along the positive y-axis. Tracking the coordinates
of these nodes at any given time provides the necessary data sets Ak and Bk for the
Kabsch algorithm.

Given the two sets of 3D point Ak, Bk ∈ R
3×3, the transformation is given by:

Bk = RkAk + tk +Nk, (4.32)

where tk represents the translation matrix, and Nk denotes the noise matrix. The
RMSE is calculated as:

ek =

√

√

√

√

3
∑

i=1

‖RkAi
k + tk − Bi

k‖
2
, (4.33)

where the vectors Ai
k, B

i
k ∈ R

3. Both Rk and tk can be determined by minimising
ek. To achieve this, the centroids of each data set are computed:

cenA =
1

3

3
∑

i=1

Ai
k , cenB =

1

3

3
∑

i=1

Bi
k, (4.34)

and both data sets are re-centred so that both centroids align at the origin, elimi-
nating the translation component and leaving only the rotation. The RMSE then
becomes:

ek =

√

√

√

√

3
∑

i=1

‖Rk cenA − cenB‖
2. (4.35)
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Optimal rotation and translation can be found by computing the SVD of a cross-
covariance matrix Hk:

Hk = (Ak − cenA) (Bk − cenB)
T = UΣV T , (4.36)

which yields:

Rk = V





1 0 0
0 1 0
0 0 dk



UT , tk = cenB −Rk cenA, (4.37)

where dk = sign
(

det
(

V UT
))

serves as a correction factor to ensure a right-handed
coordinate system. The translation matrix tk is irrelevant to our current model but
is included as a reference for future analysis.

Next, the rotation matrix Rk is converted to Euler rotation angles r1, r2, r3 around
the Cartesian axes, with the proper rotation order determined to ensure correct
conversion from Euler to SPA angles. From the SPA’s initial (straight) con昀椀guration,
both rotation ϕ and twist ψ angles rotate around the z-axis, while the bending angle
θ rotates around the y-axis. This order is denoted as ZY Z. However, for twist alone,
this order generates a singularity, and an alternative order, XY Z, is used, which
eliminates rotation, ϕ = 0, since it is irrelevant at the initial position.

When the SPA curvature κ ⩾ κmin, which is ZY Z rotation order, Euler angles can
be calculated [307] using Rk as follows:

r1 = arctan

(

Rk23

Rk13

)

,

r2 = arctan

(

√

1−R2
k33

Rk33

)

,

r3 = arctan

(

Rk32

−Rk31

)

,

(4.38)

and for κ < κmin, which is XY Z rotation order, Euler angles are:

r1 = arctan

(

−Rk23

Rk33

)

,

r2 = arctan

(

Rk13
√

1−R2
k13

)

,

r3 = arctan

(

−Rk12

Rk11

)

.

(4.39)
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These equations (4.38) and (4.39) can be directly implemented in MATLAB, or the
direct cosine matrix to Euler (dcm2angle) function can be utilised after inverting the
rotation angle Rk to change the rotation from extrinsic to intrinsic. Finally, SPA
angles are calculated as:

ϕ = r1, θ = r2, ψ = r1 + r3. (4.40)

It is worth noting that the twist angle ψ is the summation of the two Euler angles r1
and r3. This is because rotating the actuator around the z-axis causes the top end
face to rotate in the opposite direction [21], given that the base is 昀椀xed. Therefore,
ψ = 0 when there is no external or additional twist.

4.4 Veri昀椀cation, Validation, and Discussion
This section presents the results of simulations conducted to verify the mathematical
model (4.18), which describes the length of soft sensors when attached to the surface
of a toric-shaped soft actuator, as discussed in Section 4.1.2. A novel approach to
simulate the reinforcement layer is introduced in Section 4.3.2.

Initially, the new reinforcement approach is validated by comparing the results of a
single-muscle SPA under extension testing with previously published data.

Subsequently, FEA simulations are conducted for the multi-muscle SPA detailed in
Section 4.3.3. Four scenarios are explored to induce extension, bending, rotation,
and twisting movements in various combinations.

The simulation results are then used to verify the outcomes obtained from the math-
ematical model (4.18) under identical scenarios. A comprehensive discussion follows,
focusing on insights gleaned from the results, including curvature consistency, soft
sensor length, twist in the length model, and the comparative sensitivity of spiral
versus straight sensors.

Furthermore, a validation of the mathematical model (4.18) against previously pub-
lished results is conducted to assess its accuracy. Finally, this section wraps up
with a broader discussion about the limitations and potential applications of the
mathematical model (4.18), incorporating examples from relevant literature.

4.4.1 Single-Muscle Extension Test
To validate the new reinforcement approach, an extension test was conducted in
Abaqus, comparing the change in length with previously published results by [190].
The simulated sample, depicted in Figure 4.13(a), comprised a single pneumatic mus-
cle with dimensions matching those of the sample used by [190]: a thickness, outside
diameter d, and initial length Lo of 2mm, 16.7mm, and 165mm, respectively.

The base was 昀椀xed, while the top end was free to move. Both the base and top sur-
faces were covered with a skin modelled as paper [345], with a density of 750 kg/m3,
a Young’s modulus E1 = 6.5GPa, and a Poisson’s ratio ν12 = 0.2. This paper skin
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Figure 4.13: Extension test comparison, simulation in Abaqus versus results adapted
from [190] experimental test where (a) depicts the initial length, (b) shows the
circumferential path to measure change in diameter (if any), and (c) is the results
comparison.

prevented radial deformation of the surfaces but maintained 昀氀exibility at connec-
tion edges. The same silicone material, Elastosil M4601, was used, and a pressure
of 62.05 kPa was applied in the simulation.

For an optimal balance between accuracy and computation time, an approximate
global mesh size of 2.0 was selected. A circumferential nodal path, shown in Fig-
ure 4.13(b), was created to measure its length at 0% and 100% pressure, ensuring
no change in the pneumatic muscle diameter d. Data points were extracted from
the results of [190, Figure 2a at 0◦ 昀椀bre angle] and plotted against the simulation
results, as depicted in Figure 4.13(c).

The results demonstrated that the reinforcement layer closely matched the exper-
imental data, with an error of less than 0.5%. Furthermore, the length of the
circumferential path remained unchanged during extension, con昀椀rming the validity
of the reinforcement approach. The muscle extended approximately 17% at full
pressure, falling within the 20% extension limit with negligible diameter change, as
discussed earlier in Section 4.3.1. Similarly, [190] reported an approximate diameter
change of 1.5% in their test at full pressure, which could also be neglected. Finally,
the Python code (SingleMuscle.py) used to generate the Abaqus model, shown in
Figure 4.13(a,b), is provided in the supplementary materials of [74].

4.4.2 Multiple-Muscle Actuator
To strike a balance between accuracy and computation time, an approximate global
mesh size of 5.0 was chosen. The simulation employed a Static, General analy-
sis using the Abaqus/Standard solver, with a total simulation time of 1 second.
Various tests were performed to induce extension, bending, rotation, and twisting
movements in di昀昀erent combinations. The simulation values of pressures p1, p2, p3,
and moment M are detailed in Table 4.1 for all scenarios. The initial lengths of the
centreline, 昀椀rst, and second sensors were all set to 250mm, while the third sensor
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was set to 254.2mm.

Additionally, the Python code (MultiMuscle.py) used to generate the Abaqus
model, depicted in Figures 4.11 and 4.12, is provided in the supplementary ma-
terials of [74].

Table 4.1: Pressure values (p1, p2, p3) in MPa and moment (M) values in N.mm
for di昀昀erent simulation scenarios involving bending (B), extension (E), rotation (R),
and twist (T).

Simulation Scenario p1 p2 p3 M

1 B,E 0.05 0.2 0.05 0

2 B,E,R 0.05 0.2 0.2 0

3 B,E,R,T 0.05 0.2 0.2 15,30,45

4 T,E 0.2 0.2 0.2 45

4.4.2.1 Simulation Scenarios

In the 昀椀rst simulation scenario involving bending and extension, the second muscle
received a higher load. The SPA bent in the XZ plane, reaching a curvature of
about 0.0052mm−1, Figure 4.14(a1,b1). The rotation ϕ and twist ψ angles were
approximately zero, while the bending angle θ reached 76.3 deg, Figure 4.15(a1).
The centreline length extended by 4.7%, Figure 4.15(b1).

For the second scenario, a higher pressure p3 was applied, causing the SPA to rotate
approximately 60 deg anticlockwise around the positive z-axis, in addition to bend-
ing and extension. This was observed in the projection of the SPA on the XY plane,
Figure 4.14(a2). The bending angle θ and curvature were 82.5 deg and 0.0055mm−1,
respectively. The centreline length extended by 7.3%, which is greater than the ex-
tension in the 昀椀rst scenario, re昀氀ecting the increased total pressure p1 + p2 + p3.
Similar to the 昀椀rst scenario, the twist angle ψ was approximately zero due to the
absence of any twisting moment, Figure 4.15(a2).

In the third scenario, a twisting momentM was added to the con昀椀guration of the sec-
ond scenario. This scenario was repeated three times with di昀昀erent moment M val-
ues: 15, 30, and 45N.mm. The results of the latter is shown in Figures 4.14 and 4.15.
The centreline length extended by an average of 7.4% in each simulation. The twist-
ing moment caused an arching in the SPA centreline, deviating the bending from a
plane, Figure 2.3(b). This arching is clearly visible via the SPA projection on the
XY plane, Figure 4.14(a3).

The amount of arching was directly proportional to the moment M value. The
dissimilar pressure loads in the muscles are believed to be the main cause of this
arching. This implies that arching is expected whenever there is a twisting moment
along with bending, generally speaking. However, di昀昀erent boundary conditions at
the top end may generate di昀昀erent behaviours under moment loading. Investigating
this arching behaviour is beyond the scope of this thesis. The twist ψ angle reached
38.7, 80.2, and 121.7 deg for M = 15, 30, and 45N.mm, respectively.
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Figure 4.14: Simulation results for four scenarios: (a1 to a4) depict 3D plots of
SPA positions and their XY plane projections as solid black lines, (b1 to b4) show
curvature vs. time, (c1 to c4) display curvature across the SPA length at the last
time frame along with its mean value, and (d1 to d4) present the PDF results for
curvatures in (c1 to c4).
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Additionally, the rotation angle ϕ increased noticeably from its initial value, from
60.6 deg to 76.4 deg for M = 45MPa, due to the arching e昀昀ect, Figure 4.15(a3).
This increase is anticipated because the angles were calculated based on the positions
of the three tracking nodes at the top end surface, as shown in Figure 4.11(c).

The fourth and 昀椀nal scenario involved twist and extension to study the e昀昀ect of twist
on sensor sensitivity [351], i.e., the advantage of spiral sensors model. Translation
of the centreline in both x− and y-axes was restricted. The SPA extended by 10%
along the positive z-axis with equal pressure loads on its three pneumatic muscles,
p1 = p2 = p3 = 0.2MPa. Additionally, the SPA rotated freely anticlockwise around
the positive z-axis by applying a moment of M = 45N.mm. The twist angle ψ
reached 130.9 deg, while bending θ and rotation ϕ angles were zero, Figure 4.15(a4),
as expected due to the absence of bending or the neglected curvature, κ ⩽ κmin.

4.4.2.2 Curvature Constancy

In analysing the soft sensor length, an examination of the SPA curvature in the sim-
ulation results was conducted to determine its consistency across various scenarios.
However, the fourth scenario, lacking bending, necessitated the neglect of curvature.
Curvature was computed at each time frame using (4.31). Figures 4.14(c1 to c4)
illustrate the curvature distribution across the SPA length at the 昀椀nal time frame
for each scenario.

In analysing the soft sensor length, 昀氀uctuations in curvature across the SPA length
were observed. These 昀氀uctuations are anticipated due to inherent variability, in昀氀u-
enced by the 昀椀rst and second derivatives, even after employing B-spline smoothing
on the discrete Abaqus model results. Noticeably, despite these 昀氀uctuations, the
curvature maintains relative constancy around a certain value across the SPA length,
satisfying the required constancy criterion. To further validate this constancy, the
probability density function (PDF) of curvature was computed, revealing a normal
distribution as an indication of the constancy, Figures 4.14(d1 to d4).

The mean value of the normal distribution, represented by the dashed red line in
Figures 4.14(c1 to c4), provides a comparative benchmark for the curvature. In
the scenario where the SPA remained straight, namely the fourth scenario where
curvature (κ) is less than κmin, the mean of the normal distribution is expected to
be less than κmin. The curvature values depicted in Figures 4.14(b1 to b4) represent
the mean of the normal distribution at each time frame, serving as input for the
length model (4.18) to compute the length of the three soft sensors at each time
frame for comparison with Abaqus results.

4.4.2.3 Length of Soft Sensors

The length of each soft sensor may either extend or reduce based on the actuation
direction and the sensor’s position, that is vsi and ∆vi. In the simulation, it was
assumed that the sensors can measure both extension and reduction, achievable
through methods such as using pre-stretched sensors. In the 昀椀rst scenario, see
Figure 4.15(b1), the length of both the second and third sensors increased, while
it decreased for the 昀椀rst sensor. Similarly, in the second scenario, Figure 4.15(b2),
the second sensor extended more than the other two, as the SPA bending occurred
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Figure 4.15: Simulation results: (a1 to a4) Rotation ϕ, bending θ, and twist ψ.
(b1 to b4) Centreline length and comparison of soft sensor lengths between Abaqus
(A) and theoretical (T) results. (c1 to c4) Percentage error of theoretical model
compared to Abaqus results. The last set of 昀椀gures (d, e, f) show error comparisons
between models with and without twist (NT) for the third simulation scenario at
M = 15, 30, and 45MPa, respectively. (g) Top view of the SPA demonstrating the
arching e昀昀ect on rotation angle ϕ.
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opposite to the direction of the second sensor in which ϕ ≈ 60 deg.

In the third scenario, the arching caused a noticeable increase in error, especially for
the third sensor, Figure 4.15(c3). The spiral geometry of the third sensor made it
more sensitive to the arching compared to the 昀椀rst and second sensors. However, the
length model (4.18) maintained high accuracy despite the unmodelled arching. The
length errors of the third sensor with respect to Abaqus results were approximately
0.7%, 1.3%, and 1.5% at twisting moments M = 15, 30, and 45N.mm, respectively.
The latter is shown in Figure 4.15(c3).

Furthermore, the relation between curvature, centreline, and sensor length versus
time were linear in both the 昀椀rst and second scenarios, Figures 4.14(b1, b2) and
4.15(b1, b2), where no arching occurred. Non-linear behaviours started to emerge in
the third scenario, Figures 4.14(b3) and 4.15(b3), which could be further investigated
in future works to gain more insights about arching. The advantage of including
twist in the length model of soft sensors is discussed in Section 4.4.2.4 below.

A distinct trend for the length error is evident in the third scenario, Figure 4.15(c3),
where the error rate, i.e., the slope of the error curve, initially increased and then
decreased for all sensors. This trend is believed to be related to the arching e昀昀ect
and to have a direct relationship with the value of the twisting moment M . Further
changes in the error rate are observed in the results of the second sensor, where
the rate increased again as shown in Figures 4.15(d, e, f). Such further changes are
speculated to be related to the loading scenario. The second sensor is positioned
between the 昀椀rst and second muscles where higher pressure was applied, that is
p1 and p2. The combined e昀昀ect of arching and the sensor’s location led to this
distinctive trend in the length error. Further investigation is required to study the
potential maximum error values and the trends they may exhibit under di昀昀erent
loading scenarios.

The fourth and 昀椀nal scenario aimed to demonstrate the relationship between the
twist angle ψ and sensor length. The extension of the soft sensors was a combination
of overall SPA extension and twist, Figure 4.15(b4). The third sensor exhibited more
signi昀椀cant changes in length due to its spiral geometry, which is more sensitive to
twist. While identical results were expected for both the 昀椀rst and second sensors,
a minor di昀昀erence in the length errors was observed, which is attributed to the
accuracy of the Abaqus model, Figure 4.15(c4). Nonetheless, both errors are very
small and likely negligible in experimental or real-life applications. For all scenarios
except the third, the length error of any sensor did not exceed 0.33%, Figures 4.15(c1,
c2, c4), con昀椀rming the validity and high accuracy of the length model (4.18).

4.4.2.4 Twist in the Length Model

To demonstrate the advantages of including SPA twist in the length model (4.18),
the lengths of the 昀椀rst and second sensors were calculated by omitting the twist from
the length model, i.e., ψ = 0 at all times, in both the third and fourth scenarios.
The 昀椀rst and second sensors were selected since they are straight at the initial posi-
tion. Omitting the twist for straight sensors simpli昀椀es the length model to resemble
previous studies in literature. For example, the study of [21] can be referenced, in
which the four arcs in their model can be treated as four soft sensors.
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By comparing to Abaqus results, the percentage of length error when omitting twist
in the third scenario at twisting moments M = 15, 30, and 45N.mm is shown
in Figures 4.15(d, e, f), respectively. The arching in the third scenario caused a
deviation of 11.3, 21.2, and 27.4 deg in rotation angle ϕ at twisting moments M = 15,
30, and 45N.mm, respectively, Figure 4.15(g). Another deviation is observed in the
bending angle θ, which is not shown, but explains the slight di昀昀erence between the
mean and the curvature trend after 80% of SPA length in Figure 4.14(c3). It is
believed that arching is one of the reasons for the error di昀昀erence between including
or omitting twist. However, analysing the e昀昀ects of arching falls outside the scope
of this thesis..

The 昀椀rst sensor exhibited higher errors based on its location, the state of the SPA
(i.e., bending, rotation, and extension), and the amount of twisting moment. In the
third scenario, the error for the 昀椀rst sensor reached 4% when twist was omitted,
compared to an actual error of 0.55% in the length model (4.18) with respect to
Abaqus results, as shown in Figure 4.15(f). Furthermore, in the fourth scenario, the
error when twist was omitted was 0.4% and 0.41% for the 昀椀rst and second sensors
respectively, Figure 4.16(b), compared to negligible error values of 1.6× 10−2% and
8.5× 10−3%, respectively, in the length model (4.18) with respect to Abaqus results.
This di昀昀erence is substantial and demonstrates the advantage of including twist in
the length of soft sensors.

Additionally, including twist in the length model allows for the modelling of spiral
strain sensors. Moreover, with twist in the model, the SPA state as well as the
twisting moment M , if unknown, can be estimated using state estimation algorithms
such as the Kalman Filter [352]. It is important to highlight that the 昀椀rst and
second sensors should have similar error values in the fourth scenario since there is
no bending or rotation. The di昀昀erence in errors was insigni昀椀cant compared to the
error values when twist was omitted. However, it was signi昀椀cant compared to the
negligible errors in the length model (4.18). Nonetheless, the error values are very
small to be considered, and I believe the di昀昀erence is due to the selected FEA mesh
size.

Figure 4.16: Comparison between spiral and straight sensor geometries: (a) depicts
the sensitivity ratio vs. SPA’s length-to-radius ratio, and (b) shows the error com-
parison between including and excluding twist (NT) in the theoretical model for the
fourth simulation scenario.
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4.4.2.5 Sensitivity

The sensitivity of a sensor denotes how its output varies with changes in the mea-
sured input quantity [351]. In extension simulations, both spiral and straight sensors
measure changes in the SPA’s centreline length, resulting in a sensitivity ratio that
mirrors the length ratio. To put it simply, longer sensors exhibit higher responsive-
ness to 昀氀uctuations in centreline length within a given SPA. Moreover, the length
of spiral sensors expands in conjunction with the SPA’s cross-section radius.

To illustrate this principle, the sensitivity ratio of spiral to straight sensors is plotted
against the SPA’s length-to-radius, Lo/R, ratio at its initial position, Figure 4.16(a).
The geometric characteristics of the straight sensor mirror those of either the 昀椀rst or
second soft sensors in the FEA simulation. Meanwhile, the spiral sensor’s geometry
aligns with that of the second soft sensor in the FEA simulation, characterised by
∆vi = 4

3
π. With the SPA exhibiting an Lo/R ratio of approximately 22.7, the

resulting sensitivity ratio stands at 1.017.

Despite this marginal di昀昀erence in sensitivity, the spiral sensor demonstrates a sig-
ni昀椀cantly greater change in length compared to the straight sensors, Figure 4.15(b4).
Consequently, employing spiral sensors may provide advantages dependent on the
speci昀椀c SPA and sensor con昀椀gurations, as well as the nature of the testing scenarios.
Notably, the sensitivity of spiral sensors escalates with the utilisation of sensors
featuring a larger spiral span ∆vi or an SPA characterised by a smaller Lo/R ratio.
Determining the optimal Lo/R ratio is based on the unique requirements of the
application [353] and the preferences in design.

4.4.3 Model Validation
In addition to the previous validation outlined in Section 4.4.1, ensuring the accu-
racy of the model (4.18) requires further validation through experimental means.
The process of experimental validation encompasses several crucial tasks, including
the meticulous design of both the actuator and the sensors, the formulation of an ef-
fective controller, and the precise calibration of data acquisition and motion capture
systems. The tasks’ nature may vary depending on the speci昀椀c test being conducted,
which is important to note.

To showcase the versatility and accuracy of the length model (4.18), a comparative
analysis was conducted between theoretical predictions and previously published
experimental results. A comprehensive literature review undertaken as part of this
thesis revealed a scarcity of relevant research pertaining to PCC-based soft actuators,
with only a few exceptions such as [36, 144, 145], which were discussed in Chapter 2,
Section 2.2.3.

It’s worth noting that while there may be limited studies directly relevant to the
investigation, other existing research can be leveraged for comparison, provided that
the PCC model remains consistent across experimental tests. One such study, con-
ducted by [143], presents an insightful examination involving three distinct tests:
bending, twist, and deformation reconstruction. The experimental setup involved
two multi-core optical 昀椀bres, one featuring straight cores and the other with spi-
ral cores. Each sample comprised three peripheral optical 昀椀bre cores, labelled as
OF1, OF2, OF3, positioned 120 deg apart, alongside a fourth central core OFC
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Figure 4.17: Bending test of the multi-core optical 昀椀bres, showing (a) samples of the
straight and spiral cores, (b) a cross-sectional view illustrating the peripheral and
core 昀椀bres along with an arbitrary bending direction marked with a green vector,
and (c) comparisons between the theoretical and experimental curvature results for
both the straight and spiral cores.

speci昀椀cally designed for compensating the temperature variations, as illustrated in
Figure 4.17(a, b). Both samples were equipped with multiple sets of FBG sensors
inscribed within the cores, connected to an interrogator responsible for providing
the light source and analysing the re昀氀ected spectrum to measure local strain in each
FBG sensor.

The peripheral optical 昀椀bres are situated at a radius of 35µm. Both samples exhibit
a sensorised length of 115.5 and 175mm for the straight and spiral 昀椀bres, respectively.
Notably, the spiral 昀椀bres feature 50 turns per unit length. In the modelling approach
in this thesis, the optical 昀椀bres were represented as comprising three straight sensors
and three spiral sensors, all positioned at a radius of R = 0.035mm. The three
individual sensors in both the straight and spiral samples begin at coordinates vsi =
0,−2

3
π, 2

3
π, for the 昀椀rst, second, and third sensors, respectively. The straight sensors

do not exhibit any coordinate di昀昀erence ,∆vi = 0, whereas the spiral sensors have
a coordinate di昀昀erence of ∆vi = 35

2
π, determined by the number of turns per unit

length.

For the bending test, the authors utilised a test bench constructed from acrylic
board, comprising 7 slots with varying curvatures ranging from 1.33 to 5.71 m−1.
Remarkably, this test bears resemblance to either the 昀椀rst or second simulation
scenario discussed in Section 4.4.2.1, primarily focused on rotation ϕ angle. Cur-
vature values and corresponding measurements were extracted from the published
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results [143, Fig. 5(a)], and these values were used to calculate strain results for
both straight and spiral sensors using the length model (4.18).

Subsequently, theoretical curvature results were calculated using [143, Eq.7], facili-
tating comparison with the authors’ model and experimental 昀椀ndings. Notably, the
rotation angle can be set to ϕ = 0, as its value does not impact the results, given
that [143, Eq.7] computes the magnitude of the curvature vector, coupled with the
fact that both samples lack 昀椀xed ends.

The resultant comparison 昀椀ndings are visually depicted in Figure 4.17(c), while the
MATLAB code (FBG_SNA2021.m) and the extracted data (FBG_SNA2021_data.m)
utilised in generating the results are conveniently accessible in the supplementary
materials of [74].

The comparison reveals proper alignment between the theoretical results of the
length model (4.18) and the reference study [143]. It’s important to note that
the bending model in [143] is a simpli昀椀ed version compared to (4.18), as it excludes
considerations for centreline length extension, rotation, and twist. Despite this
di昀昀erence, comparison with experimental results demonstrates a close match, with a
mean error of less than ±2.4%, taking into account manufacturing and measurement
inaccuracies.

This comparison not only validates the accuracy of the length model (4.18) but also
highlights its 昀氀exibility in representing various tests, provided the PCC model is
maintained.

For the twist test, the authors of [143] employed a linear model [143, Eq.8] correlat-
ing twist angle with strain. This model includes a material constant, denoted as ’G’
in [143], that is calculated experimentally. However, this approach has limitations
in accurately representing twist due to the non-linear relationship between strain
and twist angle [354]. Additionally, conducting bending tests along with twist ne-
cessitates calculating the material constant for each curvature, introducing further
complexity. The considerable error evident in the results of the twist test [143,
Fig.6(a, b)] underscores these limitations. Lastly, the deformation reconstruction
test falls beyond the scope of this thesis.

4.5 Conclusion
A PCC-based soft actuator can undergo various modes of deformation, including
extension, bending, rotation, and twist. While existing models for straight strain
sensors may adequately capture extension, bending, and rotation, they often fall
short when it comes to accurately measuring twist, leading to potential errors in
measurements. Despite the limitations inherent in the PCC model, an approach was
developed in this study to represent spiral sensors and account for twist in SPAs.
This method, grounded in the concepts of geodesics and covering spaces, provides a
simpli昀椀ed and streamlined alternative compared to the approach presented in [151].

A simpli昀椀ed FEA model was built for the SPA, and various simulation scenarios
were designed to validate the accuracy of the proposed length model (4.18). An
orthotropic layer technique was introduced to model the reinforcement of pneumatic
muscles, e昀昀ectively reducing the computational burden of the FEA simulations by
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eliminating the need for complex contact interactions in Abaqus. Additionally, a
procedure was outlined for calculating the centreline length and soft sensor lengths
from the FEA model using B-splines to smooth discrete results.

Furthermore, the Kabsch algorithm was implemented to compute the bending θ,
rotation ϕ, and twist ψ angles from the FEA model data. This comprehensive
FEA simulation methodology provides a valuable tool for researchers to develop
customised models, explore SPA deformations in depth, streamline simulation ef-
forts, and optimise resource utilisation in both pre-processing and post-processing
phases. Moreover, the codes developed as part of this study facilitate efficient data
extraction to MATLAB, further enhancing the accessibility and utility of the pro-
posed techniques for the research community.

The results demonstrate the capability of the length model (4.18) to accurately
represent both straight and spiral sensors across various testing scenarios. The error
in length measurements for the soft sensors remained below 0.33% in both the 昀椀rst
and second simulation scenarios. Introducing a twisting moment at the free end
induced arching in the SPA. Despite this arching, the error in length measurements
did not exceed 1.5%, indicating that the PCC approximation remains applicable.

It’s worth noting that the accuracy of the length model (4.18) hinges on the suitabil-
ity of the PCC model for a given application. Higher twisting moments may lead to
increased arching, potentially rendering the PCC model unsuitable. In comparison
to the CRM and PCS models, the PCC model stands out as a preferable choice
for real-time control, thanks to its simplicity in kinematic modelling [68]. However,
assessing the suitability of the PCC model for speci昀椀c applications falls beyond the
scope of this thesis.

In comparing the exclusion versus inclusion of twist in the soft sensor modelling, it
was observed that twisting the free end led to a 7.3 times larger error in the third
scenario and a 48.2 times larger error in the fourth scenario. These signi昀椀cant errors
underscore the advantage of utilising the length model (4.18) to represent both
straight and spiral soft strain sensors across various con昀椀gurations. Spiral sensors
exhibit higher sensitivity compared to straight sensors within the same SPA due to
their greater length. The model (4.18) o昀昀ers the capability to leverage them in the
development of soft sensing applications.

This sensitivity can be further enhanced by increasing the length of the spiral sensor
through adjustments in the spiral span ∆vi or the SPA’s length-to-radius, Lo/R,
ratio. Lastly, experimental validation was conducted on the length model (4.18)
by comparing theoretical results with previously published data to demonstrate its
accuracy and versatility. Subsequently, limitations of the length model (4.18) were
discussed, along with potential applications.

Collectively, the length model (4.18), FEA model, and testing scenarios introduce a
novel tool for enhancing proprioceptive sensing in various PCC-based soft actuators
and may pave the way for future implementations, particularly in real-time control
applications.



Chapter 5

Numerical Modelling of Uniaxial
EGaIn-Based Soft Strain Sensors

In this chapter, the numerical modelling of uniaxial soft strain sensors utilising
EGaIn liquid metal is explored. Soft sensors based on EGaIn exhibit remarkable
sensitivity, stretchability, and stability, attributes that contribute to their reliability
and adaptability across a spectrum of applications [272–274]. The primary focus
of this chapter lies in the numerical modelling of these sensors, aimed at achieving
high-precision strain estimation within sub-millimetre error margins.

After reviewing the complexity and manufacturing cost of several EGaIn-based soft
sensors in the literature, one particular sensor design, as illustrated in Figure 5.1,
was chosen for analysis in this study, fabricated as per the manufacturing technique
presented by [242].

A comparative analysis between experimental data and the analytical model is then
presented, shedding light on the limitations of the latter in accurately representing
experimental outcomes. This prompts the adoption of regression analysis principles
to construct a numerical model with sub-millimetre error tolerance, following the
validation protocol elaborated on in Chapter 2, Section 2.3.3.

Subsequent to this, the chapter delves into exploring the in昀氀uence of strain rate
on hysteresis and proposes strategies to mitigate hysteresis-induced errors in strain
estimation based on resistance measurements. The chapter features extensive discus-
sions that appear at various points, contributing to a comprehensive examination of
the topic, ultimately leading to a conclusive summary that includes a brief overview
of limitations.

5.1 Geometrical Design of the Selected Sensor
The selected sensor, depicted in Figure 5.1, exhibits an active initial length of Lo

cc =
76.3mm marked between the connection centre points, where strain will be applied.
The remaining length of the sensor remains inactive, contributing to the sensor’s
structural integrity and overall functionality. This active length is subdivided into
two primary regions, each serving distinct purposes within the sensor’s operation.
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Figure 5.1: Geometrical design of the selected sensor, showing key dimensions: Lcc

for the centre-to-centre distance, Ls for the length of the sensing element, and Le

for the remaining length of each connection end. All dimensions, denoted with
the superscript ” o ”, are in millimetres and represent the initial values before any
strain is applied. The 3D view displays a cross-section of an EGaIn microchannel
during stretching, with ho and wo representing the initial height and width, and Lo

representing the initial microchannel length.

The 昀椀rst region comprises two recognisable subregions: the sensing element and
the connection microchannels. The sensing element, with an initial length of Lo

s =
30.0mm, constitutes the portion of the sensor directly responsible for detecting
and measuring applied strain. In contrast, the connection microchannels, spanning
an initial length of Lo

e = 18.0mm, facilitate the seamless integration of measuring
devices for monitoring sensor resistance.

Moving beyond the sensor’s active length, the second region consists of the remaining
length within Lcc that lacks microchannels. This section of the sensor facilitates the
transmission of applied strain from the centre points to the sensing element.

The microchannel, characterised by a rectangular cross-section, features initial the-
oretical dimensions of wo = 0.25mm for width and ho = 0.15mm for height. As
EGaIn is an incompressible material, its volume remains constant throughout defor-
mation. This fundamental property is encapsulated in the equation:

V = LoAo = LA , (5.1)

where L and A represent the length and cross-sectional area of the microchannel,
respectively, with the subscript ”o” denoting initial values. The equation highlights
the conservation of volume during deformation, underscoring EGaIn’s suitability for
strain sensing applications.

The strain-induced changes in the sensor’s dimensions directly impact its electrical
resistance, necessitating a comprehensive understanding of the relationship between
strain and resistance. While earlier models explained this relationship, a simpli昀椀ed
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theoretical model proposed by [269] o昀昀ers a pragmatic framework for analysing
sensor behaviour. This model, expressed as:

∆R

Ro

= ϵ (2 + ϵ) , (5.2)

quanti昀椀es the change in resistance ∆R relative to the initial resistance Ro as a
function of applied strain ϵ. The sensor’s resistance R itself is determined by the
formula:

R = ρ
L

A
, (5.3)

where ρ denotes the resistivity of EGaIn (29.4 ∗ 10−8Ω.m). The initial resistance Ro

is calculated based on the initial microchannel length, given by:

Lo = 6 ∗ Lo
s + 2 ∗ Lo

e = 216mm. (5.4)

The deformed length L is subsequently determined in terms of the active length Lcc

at which the input strain was applied, as detailed in Section 5.3.2 below. The model
expressed in (5.2) traditionally serves to establish a baseline for strain measurement,
which can be used in characterising the sensor behaviour under di昀昀erent strain
conditions.

5.2 Experimental Set-Up and Testing Procedure
This section presents a thorough overview of the experimental set-up, also known
as the testing rig, and testing procedure employed in this study. The description
begins with an explanation of the mechanical framework of the testing rig, crucial for
achieving precise control over input strain. By detailing these components, insight
is provided into the mechanical precision of the set-up and its reliability in ensuring
consistent experimental conditions.

Then, the features of the DAQ system are explored, highlighting its fundamental
principles and capabilities in facilitating resistance measurement. This description
emphasises the synergy between the DAQ system and the mechanical framework in
capturing accurate data essential for the analysis.

Additionally, within this section, the testing procedure is outlined in meticulous
detail. The outlined procedure o昀昀ers a detailed account of the experimental protocol
used in this study.

By providing a comprehensive overview of the testing procedure, valuable context
is o昀昀ered to readers for interpreting the acquired results and understanding their
implications within the broader scope of this study.
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5.2.1 Mechanical Framework of the Testing Rig
The mechanical framework of the testing rig comprises a sophisticated slider mech-
anism complemented by two 3D-printed brackets labelled A and B. These brackets
are strategically positioned at the 昀椀xed and movable ends of the slider, as illustrated
in Figure 5.2(a). The sensor terminations are securely affixed to both brackets, with
the sensor’s ends aligned and attached to the small pins on the brackets, ensuring
stability and precision during strain application.

Central to the mechanical system is a NEMA23 stepper motor featuring a step angle
of 1.8 ◦, coupled with a screw mechanism boasting a theoretical lead of 5mm/rev.
Driving the stepper motor with 昀椀ne accuracy and control is the GeckoDrive GM215
module, seamlessly integrated with a microcontroller (Arduino Mega 2560).

This integration enables the generation of customised strain pro昀椀les and precise con-
trol over testing speeds through hardware-generated pulse-width modulation (PWM)
signals, as depicted in Figure 5.2(b). Leveraging this technique guarantees a stable
PWM signal and consistent speed, critical for reliable and reproducible experimental
results.

The GeckoDrive GM215 module o昀昀ers versatile operation, providing options for full,
half, and micro-stepping modes, corresponding to step resolutions of 200, 400, and
2, 000 steps/rev, respectively. Consequently, the theoretical linear precision of the
testing rig varies accordingly, with resolutions of 25, 12.5, and 2.5µm, respectively.
For a comprehensive overview of the complete testing rig set-up, please refer to
Figure 5.2(b).

5.2.2 Data Acquisition (DAQ) System
Previous studies [241, 242, 284] employed a constant current technique for measur-
ing sensor resistance. However, stability issues arose with this technique during
experiments, particularly in response to slight variations in laboratory temperature,
which remained below 2◦C. Consequently, a constant voltage technique was adopted,
resulting in improved stability in resistance measurement.

The custom-built DAQ system comprises three sections, Figure 5.2(c). The 昀椀rst
section features a voltage regulating unit equipped with an LM7805 chip, ensuring
a constant 5V supply to the subsequent sections. The second section incorporates
a 24-bit di昀昀erential ADC, utilising the ADS1256 chip from Texas Instruments.

The ADC measures the resistance by reading the local voltage across the sensor ends
at various sampling speeds. Additionally, the ADC incorporates a dedicated circuit
for 昀椀ltering low frequencies and ripple noises. It also includes a high-precision bench-
mark chip (ADR431) by Analog Devices, providing a reference voltage of 2.500V
for accurate measurements.

The third section of the DAQ system comprises a voltage divider circuit employing
two resistors, R1 and R2, in series with the sensor. Both resistors have a nominal
value of 220Ω, which was determined to be optimal for the input range of the
ADS1256 chip.

The sensor resistance Rx can then be calculated using the equation:
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Figure 5.2: The components of the experimental set-up, also known as the testing rig:
(a) Showcases the mechanical framework, with a soft sensor connected to brackets
A and B mounted on the slider. (b) Provides an overview of the entire testing rig,
while part (c) illustrates the electrical diagram of the DAQ system.
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Rx = (R1 +R2)
Vx

Vin − Vx
−Rw . (5.5)

Here, Rw represents the resistance of the wires connecting the sensor to the DAQ
system, Vx denotes the DAQ measurement, and R1, R2, and Vin are as illustrated
in Figure 5.2(c). The DAQ system transmits measurements via an SPI protocol to
the Arduino microcontroller, ensuring synchronisation between strain and resistance
measurements, Figure 5.2(b,c).

Although the DAQ system is capable of reading at 30k samples per second (SPS),
it was con昀椀gured to operate at 2k SPS. This setting allowed for averaging readings,
with each acquired measurement (sample) representing an average of 15 readings. It
was determined that 2k SPS struck a suitable balance between measurement speed
and accuracy. Before acquiring all measurements, a thorough calibration process
was conducted for both the mechanical framework and the DAQ system.

5.2.3 Calibration of The Experimental Set-Up
For the successful training of the numerical model, as detailed in Section 5.3.4 below,
it is imperative to synchronise strain and resistance measurements. This synchro-
nisation is orchestrated by the control algorithm implemented within the Arduino
code. While the DAQ system handles resistance measurement, achieving precise
strain measurements poses a challenge due to the need for a certain accuracy to
match the precision of resistance measurements.

While initially opting for absolute linear encoders primarily for their potential to
reset the slider reliably to the initial position, the calibration process uncovered
signi昀椀cant accuracy limitations compared to the study requirements. Despite aiming
for a linear precision of 2.5µm, the performance of these encoders fell short during
testing.

This discrepancy prompted a reassessment of the strain measurement approach and
highlighted the need to explore other options. Despite this change in the mea-
surement approach, which required reallocating resources and e昀昀ort, it ultimately
enhanced the robustness of the experimental setup. This experience underscores the
iterative nature of scienti昀椀c enquiry, where adjustments and re昀椀nements are integral
to achieving optimal outcomes.

An alternative consideration was rotary encoders, known for their ability to provide
highly accurate measurements. However, adopting rotary encoders would necessi-
tate an additional homing sequence, along with the incorporation of related sensors,
to reset the slider’s location to the reference position before each test. Such a modi-
昀椀cation would entail signi昀椀cant adjustments to both the mechanical framework and
the control algorithm, thereby substantially increasing the complexity of building
and operating the experimental set-up.

An alternative method for obtaining position feedback involved calculating the steps
of the stepper motor within the Arduino code. While this method provided a
workaround for obtaining position feedback, it came with its own set of challenges.
One signi昀椀cant limitation was the considerable time and e昀昀ort required to manually
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reset the slider location to the exact initial position before each test in order to
ensure result consistency.

This process proved to be labour-intensive and time-consuming, especially consid-
ering the extensive duration of the experimental testing period spanning several
weeks. Despite these challenges, maintaining a consistent reference start within a
narrow tolerance of 10µm was imperative to ensure the reliability and accuracy of
the experimental results. This meticulous approach underscored the commitment to
achieving a high level of consistency in the experimental set-up, despite the inherent
limitations of the chosen methodology.

To determine the actual lead of the slider screw, the GM215 module was set to half
stepping. Using a digital function generator (Tektronix AFG3022), a total of 12,000
square-wave pulses at 1 kHz were generated as a PWM input for the GM215 to move
the slider a distance of 150mm. Subsequently, a calibrated digital calliper with an
accuracy of 10µm was utilised to measure the actual distance. The measured actual
screw lead was found to be 4.998mm/rev, a value crucial for the subsequent training
of the numerical model.

In regards to the DAQ system, the actual values of the voltage divider resistors
R1 and R2 were measured using a digital multimeter (Tektronix DM2510). The
resistors were found to have respective values of 220.8Ω and 220.6Ω. Special care
was taken in selecting connections and wires between the sensor and the DAQ circuit
board to minimise connection resistance. The total resistance of the connection, Rw,
was measured and found to be 0.04Ω, representing an additional resistor connected
with the sensor in series, as depicted in Figure 5.2(c).

Finally, the input voltage Vin was logged at each test to be used for calculations,
ranging between 4.968V and 4.969V within a laboratory temperature range of 24−
26◦C, ensuring experimental consistency.

5.2.4 Strain Along The Sensing Element Length
As detailed in Section 5.1, the sensing element constitutes the region of the sensor
responsible for measuring applied strain, housing the EGaIn microchannels, as de-
picted in Figure 5.3(a). To facilitate comparison with 昀椀ndings from prior literature,
it’s imperative to establish a relationship between the local strain along the sensing
element length denoted by Ls and the input strain applied along the active length
represented by Lcc.

Several soft sensors were fabricated for the purposes of this study. One soft sensor
was selected randomly due to identical speci昀椀cations. Employing the testing rig,
the chosen sensor was subjected to incremental stretching from its initial length
of 76.3mm up to 146.3mm, with increments of 10mm. At each increment, the
sensing length Ls was manually measured using the digital calliper. The resulting
measurements are depicted as red markers in Figure 5.3(b), with an illustrative
representation provided in Figure 5.3(c), showcasing the manual stretching of the
soft sensor to exhibit changes in the sensing element length Ls.

These gathered measurements can be utilised to derive a quadratic equation, which
is modelled using the 'poly2' function in MATLAB, and can be expressed as:
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Ls = a1 L
2
cc + b1 Lcc + c1 , (5.6)

where the resulting 昀椀tting parameters are: a1 = −0.001182, b1 = 1.035, and c1 =
−42.25, with an RMSE of 0.2396mm and a goodness of 昀椀t R-Squared = 0.9998.

Eq. (5.6) will be employed in Section 5.3.2 to compare the theoretical resistance
change, based on the sensor geometry and applied strain, with the experimental
resistance measurements obtained under the same strain conditions.

Figure 5.3: The relationship between the active length Lcc and the sensing length
Ls under strain variation, depicted as follows: (a) illustrates both lengths when the
sensor is at rest, (b) demonstrates the change in both lengths during incremental
stretching using the testing rig, along with the quadratic regression model, and (c)
displays a photograph of the change in sensing length Ls during manual stretching.

5.2.5 Testing Procedure
To investigate the relationship between resistance and strain, as well as strain rate, a
meticulously designed testing procedure was implemented. Two sensors, S1 and S2,
fabricated using identical geometrical designs, were subjected to the experimental
procedure. Sensor S1 underwent a series of six tests with a consistent slider speed
set at 100mm/min. This velocity selection was informed by previously published
昀椀ndings [269, Figure 7f].

In contrast, Sensor S2 was subjected to thirteen tests, each performed at varying
slider speeds, corresponding to di昀昀erent strain rates. These speeds ranged nominally
from 1, 000mm/min to 10mm/min, as detailed in Table 5.1 and illustrated in
Figure 5.5(b). The speeds were labelled numerically from No.1 (highest) to No.13
(lowest).

The speeds were manually chosen to encompass the entire range from highest to
slowest, with particular emphasis on the lower speeds within the range. During
the tests, the Arduino microcontroller encountered some PWM stability issues at
speci昀椀c speeds. Consequently, the PWM periods listed in Table 5.1 were manually
adjusted and extensively tested to ensure smooth and stable operation. In addition,
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a digital oscilloscope (Tektronix TDS2014) was employed to continuously monitor
the stability of the PWM signal, providing instantaneous visual indications of any
anomalies, as depicted in Figure 5.2(b,c).

Subsequently, the actual speeds were calculated based on the selected PWM periods
and the actual lead of the slider screw. These speeds will be referenced later in
Section 5.3.1. The strain rate is determined by dividing the actual speed by the
initial active length Lo

cc and converting the time unit from minutes to seconds.
Then, The total time for each run is calculated using the selected PWM periods
and the timing sequence, which will be elaborated on later in this section. Refer to
Figure 5.4 for a visual representation of the timing sequence.

The selected strain rate range encompasses values relevant to a wide spectrum of
soft sensing applications. For example, [355] reported a strain rate range of 9 to
15%/sec when employing a soft sensor for human motion monitoring, while [356]
documented a range of 0 to 37.4%/sec for detecting both large and small human
body movements. Although these studies utilised non-EGaIn-based sensors, the
reported strain rates are indicative of typical operational conditions across various
soft sensing technologies. For a more comprehensive overview of strain rates in
di昀昀erent soft sensing applications, readers are referred to [233, 234, 246, 357, 358].

Table 5.1: PWM periods and the corresponding actual testing speeds, along with
the strain rate and the total time per run.

Test

No.

PWM Period

(µsec)

Stepping

(steps/rev)

Target Speed

(mm/min)

Actual Speed

(mm/min)

Strain Rate

(%/sec)

Total Time

per Run

(sec)

1 740 400 1,000 1,013.1 22.13 13.1

2 820 400 900 914.3 19.97 14.1

3 940 400 800 797.6 17.42 15.6

4 1080 400 700 694.2 15.16 17.3

5 1248 400 600 600.7 13.12 19.3

6 1664 400 450 450.5 9.84 24.4

7 500 2,000 300 299.9 6.55 34.5

8 600 2,000 250 249.9 5.46 40.6

9 750 2,000 200 199.9 4.37 49.7

10 1,000 2,000 150 149.9 3.27 64.9

11 1,500 2,000 100 100 2.18 95.4

12 6,000 2,000 25 25 0.55 369.1

13 15,000 2,000 10 10 0.22 916.5

Notably, the results obtained from Sensor S1 were divided into two distinct sets:
one comprising two-thirds of the total data for modelling purposes and the other
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consisting of the remaining one-third for validation, following the validation protocol
elaborated on in Chapter 2, Section 2.3.3.

Additionally, the measurements obtained from Sensor S2 were primarily utilised
to explore the in昀氀uence of strain rate on the observed resistance changes. This
comprehensive testing regimen aimed to capture a nuanced understanding of the
sensors’ behaviour under varying strain conditions.

The testing procedure for each sensor included subjecting it to loading and unloading
cycles. The sensor was stretched (loading) to achieve a strain of approximately 100%
of its original length of 76.3mm, and then returned (unloading) to its original length
for four consecutive runs.

The total change in length was 76.0mm (instead of 76.3mm) as the resistance was
chosen to be measured at each 1.0mm interval during the length change. The 昀椀rst
run served to overcome the Mullins e昀昀ect [269] and was conducted without recording
measurements. Subsequent runs involved measuring the resistance during both the
loading and unloading phases.

The loading-unloading procedure was repeated three times to improve the reliability
of the results. Resistance measurements were initially recorded at 0% strain and
continued up to approximately 100% strain, resulting in a total of 77 measurements
per direction or 154 measurements in total for each run. Collectively, there were 18
runs conducted for Sensor S1 and 39 runs for Sensor S2.

Figure 5.4: Visual representation of the timing sequence used in each run of the
testing procedure.

The timing sequence is depicted in Figure 5.4. in this context, t1 represents the
time required by the DAQ to perform a measurement, approximately 788µsec at a
sampling rate of 2k SPS.

Next in the sequence is t2, representing the time needed to move 1.0mm, calculated
based on the selected PWM period as follows:

t2 =
PWM period ∗ Stepping

Actual screw lead . (5.7)
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Then, t3 indicates the total time required to transition from 0% to approximately
100% strain and complete the 77 measurements, expressed as:

t3 = 76 (t1 + t2) + t1 . (5.8)

Accounting for hysteresis resulting from viscoelastic behaviour, a delay of t4 = 4 sec
was determined to be necessary for the sensor to settle before reversing direction
(unloading) and returning to 0% strain in each run.

Finally, the total time per run, denoted as trn, is calculated as follows:

trn = 2 t3 + t4. (5.9)

The determination of the total time per run not only o昀昀ers practical insights into the
duration of each test but also serves as a valuable reference for researchers seeking to
replicate or adapt the testing methodology outlined in this thesis. This information
facilitates efficient planning and resource allocation for future experimental endeav-
ours, contributing to the reproducibility and accessibility of the research 昀椀ndings.

5.3 Analysis and Discussion of Test Results
In this section, the testing results acquired from both sensors undergo comprehensive
analysis to evaluate their performance in comparison to the theoretical predictions.
Initially, the raw data acquired from the experiments is presented to o昀昀er insights
into how the resistance evolves under di昀昀erent strain rates. This presentation aims
to provide a clear understanding of the fundamental behaviour of the sensors and
lay the groundwork for further analysis.

Following the raw data presentation, a detailed comparison is made between the
theoretical predictions derived from the analytical model introduced in Section 5.1
and the actual experimental results. This comparison is essential for evaluating any
disparities between the predicted and observed behaviours, thereby revealing the
limitations of the analytical model.

Following this, a numerical model is introduced as an alternative approach to the
analytical model, utilising regression analysis. This numerical model is accompanied
by a thorough validation process to assess its accuracy and reliability. Furthermore,
an exploration is undertaken to examine how changes in strain rate in昀氀uence the
accuracy of the numerical model, shedding light on its performance under varying
conditions.

Finally, an algorithm for strain estimation based on resistance measurements is
introduced, accounting for the observed hysteresis e昀昀ect. This algorithm provides a
practical framework for translating resistance measurements into accurate estimates
of strain, thereby enhancing the utility of the sensor system.
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5.3.1 Raw Experimental Results
The experimental results for both sensors were examined by plotting all loading and
unloading measurements against the input strain in the Lcc length. This presentation
of raw data, depicted in Figure 5.5(a), o昀昀ers valuable insights into the behaviour of
the sensors under the di昀昀erent loading conditions of this study.

The active length Lcc represents the length measured when mounting the sensor
on the soft actuators. A notable observation from the raw measurements is the
recognisable di昀昀erence between sensors S1 and S2, despite both being subjected to
the same strain. This variance can be attributed to discrepancies in microchannel
sizes’ accuracy and variations in the volume of liquid metal injected into each sensor.

To quantify this, the liquid volume in each sensor was calculated using equations
(5.4), (5.3), and (5.1). Starting from the initial microchannel length of 216 mm (de-
昀椀ned in (5.4)) and the measured resistance at 0% strain, the average cross-sectional
area was determined using (5.3). This approach assumes that variations in the
cross-sectional area along the microchannel do not signi昀椀cantly a昀昀ect the result, as
the constant liquid volume can be represented by a single e昀昀ective cross-sectional
area, supported by principles from integration (mean value theorem) and statistical
averaging [349]. Finally, the liquid volume was determined using (5.1).

The actual volumes were determined to be 10.46mm3 for sensor S1 and 17.53mm3

for sensor S2, respectively, whereas the theoretical design volume is 8.1mm3 based
on the geometrical design dimensions shown earlier in Figure 5.1. Theoretically,
for the same microchannel length, a larger volume generates a thicker cross-section,
resulting in lower resistance. This discrepancy may elucidate why sensor S2 exhibits
lower resistance compared to sensor S1.

Regarding sensor S2, the e昀昀ect of speed was found to be minimal but not negligible.
The slowest speed, 10mm/min, was chosen as the reference for studying the strain
rate e昀昀ect due to its minimal hysteresis. Resistance di昀昀erences between the reference
speed and other speeds were then calculated, as shown in Figure 5.5(b). Notably,
an anomalous behaviour is evident where the strain was below 5%. Resistance
di昀昀erences near 100% strain for loading were plotted against speed in Figure 5.5(c)
to examine the trends.

The experimental results were analysed using a 'power1' 昀椀t model in MATLAB.
This choice was justi昀椀ed by the expectation that the resistance di昀昀erence should
be zero when the speed is zero. The trend persists even at our reference speed of
10mm/min, which is practically negligible when compared to the maximum speed
of 1, 013.1mm/min employed in the tests. It is important to note that the sensor
remains functional even at speeds lower than the reference speed or when stationary,
i.e., speed = 0mm/min.

The analysis revealed a notable trend: at equivalent applied strain levels, the dif-
ference in resistance becomes more noticeable at lower speeds, particularly below
200mm/min. Beyond this threshold, the di昀昀erence tends to narrow, exhibiting a
semi-linear pattern. Further exploration of the impact of strain rate is discussed in
Section 5.3.5.
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Figure 5.5: Raw experimental resistance measurements Rx: (a) Loading and unload-
ing results for both sensors. (b) Di昀昀erences in sensor S2 measurements between the
reference speed and the other speeds, listed in Table 5.1, show that higher speeds
lead to higher di昀昀erences. The region below 5% strain, marked by a dashed red line,
exhibits anomalous behaviour.(c) Resistance di昀昀erence at near 100% strain with
'Power1' 昀椀t model.



CHAPTER 5. NUMERICAL MODELLING OF UNIAXIAL EGAIN-BASED
SOFT STRAIN SENSORS 167

5.3.2 Theoretical Model Versus Experimental Results
This subsection undertakes a detailed comparison between the experimental results
obtained from sensor S1 and the theoretical predictions derived from the theoretical
model (5.2). Sensor S1 was chosen for this comparison due to its consistent testing
conditions, with all experimental runs conducted at a 昀椀xed speed of 100mm/min.
By maintaining uniform testing parameters, the aim is to isolate the e昀昀ects of strain
distribution on the sensor’s performance and gain insights into its behaviour under
controlled conditions.

Through this comparative analysis, the objective is to elucidate any discrepancies
between the experimental data and theoretical expectations, thereby re昀椀ning the
understanding of the sensor’s operational characteristics and informing potential
alternatives to the current theoretical model.

To ensure a meaningful comparison between the experimental results of sensor S1
and the theoretical model (5.2), it was essential to align the strain values with the
corresponding geometrical length. This comparison was conducted by applying the
input strain to the active length Lcc.

Subsequently, the lengths of the strained sensing element, Ls, was determined using
the relationship provided by (5.6). Utilising Ls, the length of the strained microchan-
nel, L, was computed by leveraging the ratio:

L

Lo

=
Ls

Lo
s

. (5.10)

After calculating the strain in the deformed length L, the resistance ratio ∆R/Ro

was determined theoretically using (5.2). Meanwhile, experimental measurements
from sensor S1 provided the empirical ∆R/Ro. Subsequently, both theoretical and
experimental resistance ratios were plotted in Figure 5.6(a). The examination of
these results revealed a consistent trend across all the 18 runs of sensor S1, though
consistently demonstrating values lower than the theoretical predictions.

To further analyse the discrepancy, the investigation focused on two aspects. Firstly,
the theoretical results were examined with the assumption of a constant length for
Le, as proposed by [269], the source of the theoretical model under investigation.
This assumption implies that only Ls is strained, which deviates from the actual
scenario.

The di昀昀erence between the theoretical cases, one with a stretched Le and the other
with a constant Le, and the experimental data were plotted in Figure 5.6(b). The re-
sults indicate that when assuming a constant Le, the discrepancy is notably reduced,
although it remains signi昀椀cant, with an error of approximately 4% near maximum
strain.

In the sensor design, Le traverses two di昀昀erent silicon types and incorporates a
small portion of connection wires. Consequently, the strain experienced by the
liquid metal within Le is signi昀椀cantly less compared to the rest of L, although not
entirely negligible.
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Figure 5.6: Theoretical versus experimental data comparison for sensor S1: (a)
Comparison of results based on strain in Lcc length, (b) Discrepancy in results for
both stretched and constant connection length Le, and (c) Zoomed section revealing
narrowing width at the middle region, resembling a concave rectangular shape. The
red marks outline the theoretical width while the black marks outline the narrowed
width.

The other aspect relates to the uniformity of microchannel stretching. Theoretical as-
sumptions dictate that the dimensions of the deformed microchannel cross-sectional
area A remain uniform across the length of the microchannel at any given strain.
This assumption was made by [269] in the experimental characterisation for their
choice of sensor design, as well as by [282] in the FEA for their chosen sensor design.

However, the sensor design employed in this study exhibits a distinct behaviour: the
sensing element undergoes a narrowing of width in the middle region, resembling a
concave rectangular shape, as illustrated in Figure 5.6(c). This observed behaviour
potentially contributes to the discrepancy between the theoretical model and the
experimental results.

Following an exhaustive examination of the measurements and comparing it with
the expected outcomes, it became clear that the sensor design results in a non-
uniform distribution of strain. This is in contrast to the theoretical model (5.2),
which assumes uniform strain. The observed discrepancy between the experimental
observations and theoretical predictions likely arises from the intricate design of the
sensor, highlighting the necessity for an alternative model capable of accommodating
non-uniform strain distribution.
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5.3.3 Numerical Modelling and Underlying Assumptions
In pursuit of a robust numerical model capable of accurately estimating strain based
on resistance measurements, various mathematical functions were explored, aiming
to capture the intricate relationship between resistance and strain.

The envisioned model needs to estimate strain (or elongation E) based on resistance
measurements Rx, following a form expressed by:

E = f(Rx) . (5.11)

Among the suggested models is the rational function [359]. This function o昀昀ers
versatility in accommodating a wide range of data trends, exhibiting good inter-
polatory properties, excellent extrapolatory capabilities, and the ability to model
complex structures with a moderately low degree in both the numerator and denom-
inator [360].

The development of the mathematical model for strain estimation was predicated
upon several key assumptions to facilitate analytical tractability and ensure consis-
tency in the interpretation of results:

Firstly, it was assumed that the rational function framework possesses the requi-
site 昀氀exibility to adequately capture the nonlinear relationship between strain and
resistance. This assumption is substantiated by the model’s robust performance,
as demonstrated in the results section, where its 昀椀tting accuracy and predictive
capability are evaluated against the experimental dataset.

Secondly, the in昀氀uence of temperature variations on the electrical properties of
the sensor was considered negligible, given that all experimental procedures were
conducted under controlled ambient conditions, with temperature 昀氀uctuations con-
strained within 2◦C. Such minimal variation is considered insufficient to induce
signi昀椀cant alterations in the EGaIn’s resistive characteristics within the context of
this study.

Thirdly, the model assumes that the sensor’s behaviour remains stable throughout
the duration of the experimental testing, despite repeated loading and unloading
cycles. While potential temporal degradation e昀昀ects such as material fatigue or
hysteresis accumulation may occur over extended use, this study focuses on short-
term behaviour under controlled laboratory conditions.

Lastly, the analysis was con昀椀ned to linear deformation modes, with the experimen-
tal design explicitly tailored to isolate uniaxial strain, thereby excluding the com-
plexities associated with torsional or multi-axial loading conditions. Collectively,
these assumptions delineate the operational boundaries of the model, providing a
controlled framework for evaluating strain estimation within the speci昀椀ed experi-
mental parameters.

5.3.4 Validation and Performance Assessment
The rational function is represented by the following general form:
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ratnm(x) =
pn x

n + pn−1 x
n−1 + · · ·+ p1 x+ p0

xm + qm−1 xm−1 + · · ·+ q1 x+ q0
, (5.12)

where 1 ≤ n,m ≤ 5. To explore various complexities, a sequence of eight combina-
tions were selected, each with increasing complexity based on the order and number
of 昀椀tting parameters of the rational function. These combinations, illustrated in
Figure 5.7(a), are labelled from the simplest (rat11) to the most complex (rat55).

As previously outlined in Section 5.2.5, the dataset from sensor S1 was divided, with
two-thirds used for modelling and the remaining one-third for validation purposes.
The Curve Fitting Toolbox in MATLAB was utilised to derive the 昀椀tting parameters
of (5.12) and calculate the RMSE using the modelling dataset from sensor S1. Sub-
sequently, the performance of the combinations was assessed using the validation
dataset to gauge their efficacy [296].

Examining Figure 5.7(a), it is evident that rat32 exhibits the lowest validation
RMSE, rendering it a promising candidate for 昀椀tting among the alternatives. How-
ever, after careful consideration, the decision was made to go with rat22 as the
optimal model due to its lower complexity. Despite the slightly higher validation
RMSE of rat22 compared to rat33, the simplicity of rat22 outweighs the marginal
di昀昀erences in performance.

The validation errors for both rat22 and rat32 are illustrated in Figure 5.7(b) and
(c) respectively. Both models exhibit an error range of +0.05mm to −0.15mm in
the elongation estimation , indicating a consistent deviation. This error margin is
in昀氀uenced by both the sensor’s inherent accuracy and the 昀椀tting precision of the
model.

Subsequently, the mathematical model (5.11) adopted for the remainder of this
chapter takes the following general form:

E = f(Rx) =
p2R

2
x + p1Rx + p0

R2
x + q1Rx + q0

. (5.13)

The 昀椀tting parameters of (5.13) need to be recalculated for each new sensor, which
can be achieved through a single test at the reference speed. This model establishes
a direct relationship between the measured resistance Rx and the estimated elon-
gation E of the active length Lcc. In fact, the model comprises two implicit steps.
The 昀椀rst step establishes the relationship between the measured resistance Rx and
the elongation of the microchannel length L. The second step determines the rela-
tionship between the elongations of the microchannel length L and the active length
Lcc.

Despite appearing as a direct relation between Rx and E, it is equivalent to per-
forming two manual steps outlined previously in Section 5.3.2 when the theoretical
and experimental resistance values were compared.

Furthermore, in comparison to the generalised least squares approach proposed by
[284], the selected model 5.13 demonstrated superior accuracy. It is inferred that the
model may be suitable for capturing the behaviour of the soft sensor even beyond
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Figure 5.7: Comparison of rational 昀椀tting models. (a) RMSE for 昀椀tting and valida-
tion for each model. The model exhibiting the lowest validation RMSE is marked
with a green arrow.(b) Validation errors for rat22 and (c) for rat32, respectively, for
each run in the validation dataset of sensor S1.

our calibrated range, i.e., strain > 100%, owing to the exceptional extrapolatory
capabilities inherent in the rational function.

5.3.5 Strain Rate In昀氀uence on Hysteresis
As elucidated in Chapter 2, Section 2.3.1, silicon-based sensors often exhibit vis-
coelastic behaviour, which manifests as noticeable hysteresis. This phenomenon
stems from the material’s inherent capability to store and release energy over time,
contributing to the sensor’s dynamic response.

In dynamic scenarios where real-time feedback is indispensable [246], variations in
strain rate can signi昀椀cantly in昀氀uence hysteresis, thereby imposing limitations on the
practical utility of soft sensors in such dynamic environments.

While certain research endeavours concentrate on mitigating or entirely eliminat-
ing hysteresis e昀昀ects [239], other researches are dedicated to the modelling of this
phenomenon [305]. The present study focuses on the development of a relatively
straightforward yet robust model aimed at characterising hysteresis behaviour. The
primary goal is to facilitate its integration into real-time applications, particularly in
scenarios where soft sensors are employed for monitoring the state of soft actuators.

The measurements from sensor S2 were utilised to analyse the e昀昀ect of strain rate
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on hysteresis. Figure 5.5(b) illustrates anomalous performance of the sensor for
strains below 5%, prompting exclusion of measurements from this region for further
analysis, to be investigated in future studies.

To prioritise 昀椀tting accuracy over sensing accuracy, the average of three runs for
each speed was calculated. Sensor S2 was recalibrated by re-evaluating the 昀椀tting
parameters of (5.13) using measurements from the lowest speed (Test No.13) as
the reference, as previously mentioned in Section 5.3.4. Results from the highest
speed (Test No.1) were plotted against strain in Figure 5.8(a), featuring a zoomed-
in section highlighting the discrepancy between loading and unloading curves.

The behaviour of the sensor observed through the experimental setup exhibited
signi昀椀cantly less hysteresis compared to the results published by the designers [242].
This di昀昀erence can be attributed to the fact that the measurements were conducted
using a testing rig, whereas the designers’ measurements were obtained during the
analysis of human gaits. Moreover, the upper limit of the selected speed (and strain
rate) range in this study is constrained by the mechanical capabilities of the testing
rig rather than the intrinsic limitations of the sensor.

The procedure outlined in [242] was followed to calculate the hysteresis percentage,
and the results are depicted in Figure 5.8(b). Consistent with the trend observed
in the resistance di昀昀erences illustrated in Figure 5.5, as discussed in Section 5.3.2,
it was observed that the hysteresis percentage can be e昀昀ectively modelled using the
MATLAB 昀椀t model 'power1', as follows:

H = a2 S
b2 , (5.14)

where H represents the hysteresis percentage, and S denotes the testing speed. The
昀椀tting parameters for the model are determined to be a2 = 0.02894 and b2 = 0.3337,
indicating an RMSE of 0.0119 and a high goodness of 昀椀t R-squared value of 0.974.

Utilising the 'power1' 昀椀tting model instead of 'power2' is logically justi昀椀ed, as the
hysteresis percentage should indeed be zero when the speed (or strain rate) equals
0mm/min. While the 'power2' model may 昀椀t the data adequately, it does not
inherently ensure this property, unlike the 'power1' model, which better aligns with
the expected behaviour of the system. This hysteresis model (5.14) holds promise
for future applications, as it can be employed to adjust estimated strain values based
on strain rate data.

Table 5.2: Fitting parameters of (5.13) for loading, unloading and combined models
at reference speed.

Model p1 p2 p3 q1 q2

Loading 541.7 561.9 -751.9 33.99 14.57

Unloading 539.3 614.8 -789.3 34.1 16.26

Combined 540.4 587.9 -770.3 34.04 15.4
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Figure 5.8: Strain rate e昀昀ect on hysteresis in 昀椀tting sensor S2 measurements: (a)
Raw measurements during loading and unloading phases at the highest speed (Test
No.1), (b) Hysteresis percentage with 'Power1' 昀椀t model, and (c) Comparison of
昀椀tting with separate models versus a combined model at the reference speed. The
dashed red line indicates the region within 5% strain exhibiting the anomalous
behaviour.

Given the presence of hysteresis, two distinct approaches may be adopted for calcu-
lating the 昀椀tting parameters of (5.13): either employing separate models for loading
and unloading data, or utilising a single combined model. The 昀椀tting parameters
for both approaches were computed at the reference speed, Table 5.2, followed by
an evaluation of the 昀椀tting error. The results are depicted in Figure 5.8(c), where
the 昀椀tting error is plotted against strain.

The dashed line represents the excluded anomalous data of the 5% region. The con-
tinuous blue curve illustrates the error in 昀椀tting the measurements from the loading
phase only, while the continuous red curve depicts the error for the measurements
from the unloading phase only. The dashed green curve represents the 昀椀tting errors
of a model generated by using both loading and unloading measurements.

The separate models demonstrated a 昀椀tting error of approximately ±0.02mm each,
while the combined model exhibited an error of approximately ±0.04mm. However,
opting for a combined model o昀昀ers a straightforward solution if its error margin is
deemed acceptable for any intended application.

Conversely, in applications requiring higher accuracy, employing separate models
necessitates a dedicated algorithm to determine the direction of the sensor’s move-
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ment, thereby increasing the overall complexity of strain estimation. The decision
between higher accuracy and reduced estimation complexity requires careful consid-
eration based on the speci昀椀c requirements of each application.

5.3.6 Loading Versus Unloading Direction Determination
Theoretically, a straightforward method to ascertain the sensor’s movement, whether
it is ’loading’, ’unloading’, or ’holding position’ state, involves examining the sign
of the resistance rate. An algorithm can be devised to compute the resistance rate,
which essentially represents the mathematical derivative of the real-time resistance
measurement with respect to time, assuming the measurements are obtained at
regular time intervals.

Based on this, the algorithm can discern the sensor’s movement; positive resistance
rates indicate ’loading,’ negative rates signify ’unloading,’ and a rate of zero suggests
the sensor is ’holding position’.

However, in practice, the noise of the measurement can introduce inaccuracies into
the derivative calculation, potentially generating misleading readings. Through ex-
perimentation, it was observed that incorporating a dead zone—neglecting a small
range around zero rate—can signi昀椀cantly improve the accuracy of the direction de-
tection algorithm.

Determining the appropriate dead zone range requires 昀椀nding a balance between
acceptable hysteresis percentage and the tolerable impact of noise. Within this dead
zone, the resistance rate is treated as zero, indicating a ’holding position’ state. This
signals the algorithm to transition to a combined 昀椀tting model instead of utilising
separate models.

Outside the dead zone, the algorithm relies on the sign of the resistance rate to
determine whether to use the loading or unloading 昀椀tting model. Hence, the dead
zone range needs to be set as low as possible, based on the actual noise level, to
minimise the impact on the algorithm’s ability to detect very small strain rates.

To assess the measurement noise, a solid resistor was connected to the DAQ, and
measurements were logged over a one-hour period. The use of a solid resistor instead
of the soft sensor enhances the reliability of noise measurement characterisation,
ensuring that any changes in measurement are attributed solely to noise rather than
strain if the sensor was connected instead.

The choice of the solid resistor’s value was informed by the 昀椀ndings depicted in
Figure 5.8(c), where the maximum error occurred within the 60− 70% strain range.
Consequently, by cross-referencing with sensor S2 measurements in Figure 5.5(a), a
resistor with a nominal resistance of 3.3Ohm was selected for the test.

An equivalent elongation for the measured noisy resistance was calculated using the
combined model depicted in Figure 5.8(c). In other words, the same 昀椀tting param-
eters of the combined model acquired from 昀椀tting Sensor S2 data at the reference
speed, suitable for the ’holding position’ case, were utilised.

The noise in elongation measurement is illustrated in Figure 5.9(a). An error range
of about 0.025mm in elongation is evident in the entire log, attributable to measure-
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Figure 5.9: Characterisation of measurement noise: (a) Noise in elongation esti-
mation, (b) Resistance rate. The red line represents a linear 昀椀t for the resistance
rate over the entire logging time, (c) Normal distribution of the resistance rate illus-
trating the locations corresponding to three and four standard deviations from the
mean.

ment noise and a decreasing trend in the 昀椀rst half-hour of logging. The error trend
maintained an approximate position for the next half-hour, believed to be related to
a small change in room temperature during the test. This logging error is distinct
from the 昀椀tting error discussed earlier in Section 5.3.4.

Additionally, Figure 5.9(b) illustrates the resistance rate and its normal distribution,
as depicted in Figure 5.9(c). An analysis of the rate behaviour revealed that the
noise margin exhibits no time-related bias, as indicated by the red linear 昀椀t line in
Figure 5.9(b).

The analysis suggests three suitable values for the dead zone limits. The 昀椀rst value
is ±0.005Ohms/sec, as depicted in Figure 5.9(b). The second value is µ ± 3σ (or
99.73%), which corresponds to ±0.0036Ohms/sec. While the third value is µ± 4σ
(or 99.99%), which corresponds to ±0.0048Ohms/sec. The second and third values
are illustrated in Figure 5.9(c).

The selection of suitable dead zone limits was based on careful consideration of
various factors. The 昀椀rst value, ±0.005Ohms/sec, was an obvious choice as it
is clearly depicted in Figure 5.9(b) and provides a straightforward threshold for
identifying noise in the measurement. As for the values derived from statistical
analysis, namely µ ± 3σ (or 99.73%) and µ ± 4σ (or 99.99%), they o昀昀er a robust
approach for capturing the majority of noise within a certain range of the mean.
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By utilising these values, the algorithm can e昀昀ectively 昀椀lter out noise while main-
taining sensitivity to meaningful changes in resistance rate. This approach ensures
that the dead zone limits strike a balance between minimising the impact of noise
and preserving the accuracy of the direction determination process. The choice be-
tween the three suggested values for the dead zone limits depends on the speci昀椀c
requirements and constraints of the intended application.

Finally, a Simulink model representing the direction determination algorithm is pre-
sented in Figure 5.10, where the resistance rate can provide three states: negative,
zero (dead zone), or positive for the ’unloading’, ’hold position’, or ’loading’ states,
respectively.

Figure 5.10: Simulink model representing the direction determination algorithm for
the sensor’s movement.

5.4 Conclusion
This chapter introduces a novel numerical model designed to accurately estimate
strain with sub-millimetre precision based on measured resistance, even in scenarios
involving non-uniform stretching within microchannels. Through rigorous analysis,
the model’s ability to provide precise strain estimations under diverse conditions
was assessed.

To ensure practical applicability and cost-e昀昀ectiveness, a speci昀椀c design proposed
by [242] was selected after evaluating various EGaIn-based soft sensor designs avail-
able in the literature. Fabricated according to this design, Sensors S1 and S2 were
subjected to comprehensive testing and analysis. Sensor S1 underwent a series of
six tests with a consistent slider speed of 100mm/min. This choice of velocity was
informed by prior research 昀椀ndings [269, Figure 7f]. In contrast, Sensor S2 under-
went thirteen tests, each conducted at varying slider speeds to represent a range of
strain rates, spanning nominally from 1, 000mm/min to 10mm/min.

A simpli昀椀ed theoretical model, as proposed by [269], characterises the relationship
between applied strain and the corresponding change in resistance, and providing
a pragmatic framework for analysing sensor behaviour. The examination of exper-
imental data primarily centred on elucidating any discrepancies between the theo-



CHAPTER 5. NUMERICAL MODELLING OF UNIAXIAL EGAIN-BASED
SOFT STRAIN SENSORS 177

retical model and measured resistance. It was found that the non-uniform distribu-
tion of strain within the microchannel contributed to this discrepancy, underscoring
the limitations of the theoretical model in accommodating such variability. Conse-
quently, the necessity emerged for an alternative model capable of accommodating
non-uniform strain distributions.

Alternatively, attention shifted towards numerical models, with a particular focus on
rational functions, owing to their exceptional capabilities in modelling complex data
trends. Eight combinations were meticulously selected for analysis, each chosen to
represent increasing levels of complexity. Subsequent to the modelling and validation
processes outlined earlier, the validation error associated with each combination was
calculated and assessed.

The results indicated that the rational model rat22 o昀昀ered optimal accuracy for
strain estimation. While this study does not encompass the characterisation of the
precision and accuracy of the chosen sensor, it examines the accuracy of modelling
the sensor behaviour. Additionally, a method was introduced to estimate hysteresis
percentage as a function of testing speed, serving as a proxy for strain rate.

Given the presence of hysteresis, the bene昀椀ts of employing separate models for load-
ing and unloading phases to enhance 昀椀tting accuracy over a combined model were
demonstrated. A novel concept of utilising a dead zone to aid in estimating move-
ment direction was introduced, followed by the development of an algorithm for
implementation with the separate models approach. This framework is poised to
advance proprioceptive sensing for soft actuator deformation and state estimation.

Collectively, the study presented in this chapter contributes a novel mathematical
model capable of accurately estimating strain or elongation based on resistance
measurements at a sub-millimetre scale. Additionally, it proposes a solution to
mitigate errors induced by hysteresis in strain estimation. Moreover, it furnishes
a comprehensive testing methodology, acting as a practical guide for researchers
aiming to replicate or build upon the experimental methodologies delineated in this
study.

The developed mathematical model exhibits strong predictive accuracy for strain
estimation based on resistance measurements, with its generalisability rooted in
the empirical nature of the regression approach. Rather than being constrained by
speci昀椀c sensor geometries or manufacturing variations, the model is designed to ac-
commodate di昀昀erent sensor con昀椀gurations through recalibration. This calibration
process ensures that the 昀椀tting parameters accurately re昀氀ect the unique character-
istics of each sensor, regardless of its shape or fabrication details.

However, it’s imperative to recognise the limitations inherent in this study. While
the model performs e昀昀ectively under uniaxial strain conditions—as validated in this
study—its applicability to more complex deformation modes, such as multi-axial
loading or twisting, remains unveri昀椀ed. In multi-axial strain environments, the
relationship between strain and resistance may involve complex interactions among
multiple resistance and strain components, potentially requiring a multi-dimensional
or tensor-based modelling approach.

As such, while the current model provides a robust framework for uniaxial strain
estimation, its applicability to multi-axial deformation remains unveri昀椀ed and would
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likely necessitate substantial theoretical and experimental extensions. Furthermore,
the study was conducted within a temperature range 昀椀xed at 24−26◦C. Investigating
the temperature e昀昀ect on measurement accuracy becomes crucial when operating
the sensor outside this range.

To enhance the testing process, both hardware and software upgrades are needed
for the testing rig. These upgrades should include a homing sequence, which would
signi昀椀cantly reduce overall testing time by automating the process of resetting the
slider to its initial position before each test. This automation ensures result consis-
tency and eliminates the need for manual intervention.

On top of that, establishing consistency in the injected EGaIn volume during the
manufacturing process of each sensor is vital for maintaining quality standards and
ensuring reliable performance. Taking a constructive approach to addressing this
aspect can enhance the credibility and robustness of the research 昀椀ndings.

Future endeavours will involve additional analysis aimed at re昀椀ning the direction
determination algorithm and improving the reliability of the sensor’s movement
detection. Addressing the impact of measurement noise on movement detection
can be furthered through the implementation of advanced techniques such as noise
昀椀ltering and adaptive dead zone adjustment mechanisms based on real-time noise
levels and sensor performance.

While the rational function model exhibits strong extrapolative properties for strain
estimation, it does not explicitly incorporate strain rate e昀昀ects. Instead, hystere-
sis was empirically modelled as a function of speed using a power-law relationship,
providing a separate means of quantifying its impact. Since the model was devel-
oped and validated within the tested speed (and strain rate) range, its accuracy at
signi昀椀cantly higher strain rates remains unveri昀椀ed. A potential avenue for future
research is to explore whether a uni昀椀ed model that integrates both strain and strain
rate dependency can be developed, further enhancing predictive accuracy across a
broader range of dynamic conditions.

Moreover, given the inherent measurement uncertainties associated with soft sensors,
future e昀昀orts will prioritise augmenting sensing accuracy through the adoption of
advanced state estimation techniques. Additionally, integrating multiple sensors
or sensor modalities will be explored to enhance movement detection accuracy and
robustness. Data fusion from diverse sensors can furnish complementary information,
thus improving the overall reliability of the direction determination algorithm.

Further improvements to the algorithm’s efficacy can be attained by conducting
real-world validation and testing across varied operating conditions. This approach
will facilitate an assessment of the algorithm’s performance under diverse scenarios,
validating its e昀昀ectiveness in practical applications.



Chapter 6

Conclusions and Future Works

The development of SPAs holds signi昀椀cant promise for advancing the 昀椀eld of robotics,
o昀昀ering inherent compliance, manufacturability, and versatility [1]. These actuators
are capable of a diverse range of motions, including extension, contraction, bending,
twisting, and omnidirectional movement [3]. Nevertheless, compared to their rigid
counterparts, SPAs often lack the ability to sense their state accurately in planar or
3D spaces.

The inherent 昀氀exibility of SPAs allows for in昀椀nite DOF and deformation under both
internal and external loads. Yet, predicting the behaviour of these actuators solely
through modelling is challenging due to their non-linear and viscoelastic nature [4].
Therefore, enhancing their manipulation and sensing capabilities is essential for
improving state estimation accuracy and optimising control systems efficiency.

The 昀椀ndings presented in this thesis are meticulously examined, and their rami昀椀ca-
tions for the future development of SPAs are thoroughly discussed. Throughout the
conclusion chapter, attention is given to addressing the challenges encountered, with
forthcoming exploration of potential avenues for further research to overcome these
limitations. Through the resolution of these challenges, I contribute to the broader
昀椀eld of soft robotics, facilitating the development of machines that are increasingly
capable and adaptable, consequently extending their practical applications across
various domains.

6.1 Key Findings, Limitations, and Implications
In this section, the key 昀椀ndings and insights of each study within the thesis are
explored, elucidating their contributions to the broader landscape of soft robotics,
including a discussion of any encountered limitations.

6.1.1 Inverse Kinematics
The PCC model streamlines the modelling approach for SPAs by segmenting actu-
ators into constant curvature segments de昀椀ned by rotation angle ϕs, bending angle
θs, and length Ls. These parameters collectively form the con昀椀guration vector qs
for each segment. Despite its advantages, the PCC model faces challenges such as

179
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inherent singularities at straight positions, θs = 0, and discontinuities in rotation
angles, which can disrupt the smooth operation of the IK solver.

To mitigate these issues, the study proposes a numerical solution by implementing a
minimum bending limit where θs ⩾ 2× 10−4 to prevent singularities and introduced
a two-step correction for Euler angles to minimise discontinuities. These measures
proved e昀昀ective in stabilising the IK solver and ensuring accurate spatial positioning
within the required spatial accuracy ratio SAR. In addition, this numerical solution
ensured the use of the most common representation, arc parameterisation, instead
of the other analytical representations mentioned earlier in Chapter 2, Section 2.1.3.

The derivation of actuator Jacobian Jf (q) and Hessian Hf (q) was crucial in im-
plementing the IK solver, with a focus on both linear and rotational components,
although time constraints limited the full derivation of multi-segment actuator Hes-
sian.

Classi昀椀cation of actuators into non-holonomic, holonomic, or redundant con昀椀gura-
tions based on segment count and movement constraints provided foundational in-
sights. Two types of constraints—NCX and CVX—were explored, with correspond-
ing optimisation Jacobian Jg(q) and Hessian Hg(q) derived for each constraints type.
The study’s analysis of selected paths—horizontal line, helical curve, 3D curve, and
昀椀gure-eight curve—illustrated their distinct complexities and their speci昀椀c impacts
on solver performance.

The evaluation revealed that a quadratic solver based on the exact Hessian generally
outperformed both the quadratic solver with an approximated Hessian and the linear
solver in terms of convergence speed and stability across di昀昀erent paths. However,
the quadratic solver’s efficacy as an approximation of the gradient ∇g(q) rather than
a CVX function itself necessitated some modi昀椀cations to enhance the convergence.

These modi昀椀cations, including the introduction of the Hessian stabilisation factor
hsf and the replacement technique using the identity matrix to ensure positive
de昀椀niteness, signi昀椀cantly improved convergence rates. This approach often resulted
in optimal outcomes with minimal iterations per path point.

It’s important to recognise that these analyses were performed using simulations. In
an experimental setup, a suitable sensing method is required to provide feedback
on the actuator con昀椀guration. Factors such as measurement noise, state estimation
efficiency, and the PCC assumption’s validity a昀昀ect the accuracy of this feedback
and the IK solver.

6.1.2 Spiral Sensors Modelling
The study introduces an innovative approach to address the limitations in accurately
measuring twist in SPAs. By developing a method to represent spiral sensors within
SPAs using concepts of geodesics and covering spaces, a streamlined alternative to
existing models is provided. This approach o昀昀ers the potential to enhance proprio-
ceptive sensing capabilities in SPAs, enabling more precise control and manipulation
in various applications.

In conjunction with the novel approach, a simpli昀椀ed FEA model for SPAs is de-
veloped. This model incorporates techniques to model reinforcement of pneumatic
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muscles and procedures for efficient data extraction using B-splines. By reducing
the computational burden of simulations and eliminating the need for modelling con-
tact interactions, while also facilitating the exploration of SPA deformations, this
model contributes signi昀椀cantly to the advancement of computational modelling in
soft robotics research.

Complementing the FEA model, the implementation of the Kabsch algorithm to
compute bending, rotation, and twist angles from FEA model data establishes a
comprehensive simulation methodology. This methodology provides researchers with
a valuable tool to analyse SPA deformations in depth and optimise simulation e昀昀orts.
The developed codes further enhance accessibility and utility, facilitating efficient
data extraction to MATLAB for further analysis.

Validation results demonstrate the accuracy of the proposed length model in repre-
senting both straight and spiral sensors across various testing scenarios. The low
error in length measurements validates the e昀昀ectiveness of the model in capturing
sensor deformations accurately. This 昀椀nding reinforces the potential of the length
model to improve proprioceptive sensing in SPAs and enhance their performance in
real-world applications.

However, it’s important to acknowledge that the accuracy of the length model (4.18)
relies on the adherence to the PCC assumption. Higher twisting moments may
induce increased arching, potentially rendering the PCC model unsuitable for certain
applications. This limitation underscores the need for careful consideration of the
model’s applicability in speci昀椀c scenarios, particularly those involving signi昀椀cant
twisting forces.

The models and methodologies developed in this study carry substantial implications
for the advancement of soft robotics research. They o昀昀er opportunities to enhance
proprioceptive sensing capabilities in SPAs, paving the way for improved control
and manipulation across a range of applications.

6.1.3 EGaIn-Based Strain Sensors
This study introduces a novel numerical model designed to accurately estimate strain
with sub-millimetre precision based on measured resistance, even in scenarios involv-
ing non-uniform stretching within microchannels. Through rigorous analysis, the
model’s ability to provide precise strain estimations under varied testing speeds was
assessed.

A comprehensive testing methodology was provided, serving as a practical guide
for researchers seeking to replicate or build upon the experimental methodologies
outlined in this study. The examination of experimental data primarily centred on
elucidating any discrepancies between the theoretical model, proposed by [269], and
measured resistance.

The discrepancy was attributed to the non-uniform strain distribution within the
microchannel, thus emphasising the theoretical model’s limitations in accommodat-
ing such variability. Consequently, the necessity emerged for an alternative model
capable of accommodating non-uniform strain distributions.

Further investigation led to the 昀椀nding that the rational model rat22 provided opti-
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mal accuracy for strain estimation, demonstrating its efficacy in modelling complex
data trends. Moreover, the study included investigating the e昀昀ect of hysteresis on
modelling accuracy. Given the presence of hysteresis, the bene昀椀ts of employing sep-
arate models for loading and unloading phases to enhance 昀椀tting accuracy over a
combined model were demonstrated.

A novel concept of utilising a dead zone to aid in estimating movement direction was
introduced, followed by the development of an algorithm for implementation with
the separate models approach. This framework holds signi昀椀cant implications for
the advancement of proprioceptive sensing for soft actuator deformation and state
estimation.

The study has notable limitations. It solely examines uniaxial strain along the soft
sensor’s active length, overlooking lateral or perpendicular strains. Additionally,
testing was constrained to a temperature range of 24 − 26◦C, necessitating further
exploration of temperature e昀昀ects beyond this range.

Moreover, the testing process could bene昀椀t from upgrades to the hardware and soft-
ware of the rig, particularly by implementing a homing sequence. This automation
would streamline testing, reducing overall time and manual intervention of resetting
the slider to its initial position before each test.

6.2 Future works
In this section, potential future research directions are outlined, suggesting areas
for exploration and development within soft robotics, building upon the 昀椀ndings of
each study within the thesis.

6.2.1 Inverse Kinematics
Future research directions should prioritise extending the derivation of multi-segment
actuator Hessian to fully explore its implications for advanced IK solvers. Investi-
gating the nuanced relationships between damping pro昀椀les and Jacobian algorithms
under diverse path complexities will enhance understanding the IK solver perfor-
mance. Moreover, enhancing non-convex quadratic solvers with convex optimisa-
tion techniques like linearisation and relaxation holds potential to enhance solver
efficiency and stability in practical applications.

Exploration into enhanced manipulability indices and their application in predict-
ing actuator performance near singularities remains a critical area of study. This in-
cludes developing robust methodologies for assessing and mitigating actuator vulner-
abilities during complex trajectory executions. Furthermore, integrating real-time
feedback mechanisms and adaptive control strategies will be essential for enhancing
the reliability and adaptability of IK solvers in dynamic operational environments.

Addressing these research avenues not only expands the theoretical foundations of
actuator control and manipulation but also contributes to practical advancements
in robotics and automation. By bridging theoretical insights with practical applica-
tions, future studies can propel the 昀椀eld toward more sophisticated, efficient, and
adaptable soft robotic systems.
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6.2.2 Spiral Sensors Modelling
Future research directions may include further re昀椀nement of the length and FEA
models to address speci昀椀c limitations or enhance methodologies proposed in this
study. Further investigations are required to explore the arching phenomena and
propose enhancements to improve the accuracy of the length model (4.18).

Additionally, integrating the length model (4.18) into state estimation algorithms
could facilitate the estimation of the SPA’s 3D state and twisting moment, even
when the latter is unknown [352]. This integration has the potential to extend
state estimation by incorporating experimental sensing measurements [270], thereby
improving the overall accuracy and reliability of the system. Exploring real-time
control applications and conducting additional experimental validation will further
contribute to the advancement of knowledge within the 昀椀eld of soft robotics.

6.2.3 EGaIn-Based Strain Sensors
Future research e昀昀orts will focus on re昀椀ning the direction determination algorithm
and improving the reliability of the sensor’s movement detection. Addressing the
impact of measurement noise on movement detection through the implementation
of advanced techniques such as noise 昀椀ltering and adaptive dead zone adjustment
mechanisms will be a priority.

The rational function model provides a 昀氀exible framework for strain estimation but
does not explicitly incorporate strain rate e昀昀ects. Hysteresis was independently
characterised as a function of speed using a power-law model, highlighting the need
for future work to develop an integrated approach.

Furthermore, exploring advanced state estimation techniques and the integration of
multiple sensors or sensor modalities will be pursued to enhance sensing accuracy
and robustness. Real-world validation and testing across varied operating conditions
is intended to assess the algorithm’s performance and validate its e昀昀ectiveness in
practical applications.
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Appendix A

Hessian Chain Rule (an Example)

Based on the analysis of [126], consider the following functions (all notations are
irrelevant to the main body of the thesis):

f(x) : Rn → R ,

g(y) : Rm → R
n .

(A.1)

The Hessian of f with respect to y is de昀椀ned as:

H(f ◦ g)(y) = (Jg(y))
T Hf (g) Jg(y) +

n∑

k=1

∂f

∂gk
Hgk(y) . (A.2)

Assuming m = 2 and n = 3, the vector y and the function g(y) have the following
forms:

y =

[
y1
y2

]

∈ R
m ,

g(y) =





g1
g2
g3



 ∈ R
n .

(A.3)

Assuming f(g(y)) = f ∈ R, we can derive Jg(y), Hf (g), and Hg(y) using the
numerator layout convention [314]. Starting with the Jacobian Jg(y) as follow:

Jg(y) =
∂g

∂y
=








∂g1
∂y1

∂g1
∂y2

∂g2
∂y1

∂g2
∂y2

∂g3
∂y1

∂g3
∂y2








∈ R
n×m . (A.4)

Then, the Hessian Hf (g) as follow:

i
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Hf (g) =








∂2f
∂g2

1

∂2f
∂g∂g2

∂2f
∂g1∂g3

∂2f
∂g2∂g1

∂2f
∂g2

2

∂2f
∂g2∂g3

∂2f
∂g3∂g1

∂2f
∂g3∂g2

∂2f
∂g2

3








∈ R
n×n . (A.5)

The Hessian of g(y) is a third-order tensor. Let us derive the gradient of g(y) 昀椀rst,
then use it to 昀椀nd the Hessian.

∇g(y) =





∂g1
∂y1

∂g2
∂y1

∂g3
∂y1

∂g1
∂y2

∂g2
∂y2

∂g3
∂y2



 ∈ R
m×n , (A.6)

which gives the Hessian as:

Hg(y) = ∇2g(y) =




∇∂g1

∂y1
∇∂g2

∂y1
∇∂g3

∂y1

∇∂g1
∂y2

∇∂g2
∂y2

∇∂g3
∂y2



 ∈ R
m×n×m , (A.7)

where

∇
∂g1
∂y1

=





∂2g1
∂y2

1

∂2g1
∂y2∂y1



 ,∇
∂g2
∂y1

=





∂2g2
∂y2

1

∂2g2
∂y2∂y1



 ,∇
∂g3
∂y1

=





∂2g3
∂y2

1

∂2g3
∂y2∂y1



 ,

∇
∂g1
∂y2

=





∂2g1
∂y1∂y2

∂2g1
∂y2

2



 ,∇
∂g2
∂y2

=





∂2g2
∂y1∂y2

∂2g2
∂y2

2



 ,∇
∂g3
∂y2

=





∂2g3
∂y1∂y2

∂2g3
∂y2

2



 .

(A.8)

Rearranging gives the Hessian Hg(y) as:

Hg(y)[:, :, 1] =





∂2g1
∂y2

1

∂2g2
∂y2

1

∂2g3
∂y2

1

∂2g1
∂y1∂y2

∂2g2
∂y1∂y2

∂2g3
∂y1∂y2



 ,

Hg(y)[:, :, 2] =





∂2g1
∂y2∂y1

∂2g2
∂y2∂y1

∂2g3
∂y2∂y1

∂2g1
∂y2

2

∂2g2
∂y2

2

∂2g3
∂y2

2



 .

(A.9)

The Hessian Hg(y) in (A.9) can be represented using the following notation [361]:

Hg(y) =
[
Hg1(y) Hg2(y) · · · Hgn(y)

]
∈ R

m×n×m , (A.10)

where each Hgk(y) ∈ R
m×m and k = 1, 2, · · · , n which can be represented as:



APPENDIX A. HESSIAN CHAIN RULE (AN EXAMPLE) iii

Hg1(y) =





∂2g1
∂y2

1

∂2g1
∂y2∂y1

∂2g1
∂y1∂y2

∂2g1
∂y2

2



 ,

Hg2(y) =





∂2g2
∂y2

1

∂2g2
∂y2∂y1

∂2g2
∂y1∂y2

∂2g2
∂y2

2



 ,

Hg3(y) =





∂2g3
∂y2

1

∂2g3
∂y2∂y1

∂2g3
∂y1∂y2

∂2g3
∂y2

2



 .

(A.11)

Now, substituting in (A.2), gives:

H(f ◦ g)(y) = H1 +H2 , (A.12)

where

H1 = (Jg(y))
T Hf (g) Jg(y) ,

H2 =
∂f

∂g1
Hg1(y) +

∂f

∂g2
Hg2 +

∂f

∂g3
Hg3 ,

(A.13)

in which H1, H2 ∈ R
m×m.
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Jacobian and Hessian Arrays

B.1 Derivative Rules
For the arbitrary functions f(), x(), y(), and z(), the following derivative rules [113]
can be used:

f =
x

y
→ ḟ =

ẋy − xẏ

y2
,

f = xy → ḟ = ẋy + xẏ ,

f = xyz → ḟ = ẋyz + xẏz + xyż ,

where (˙) represents di昀昀erentiating with respect to time t.

B.2 Tensor Transpose
A tensor can be represented as a multidimensional array. The tensor order represents
its number of dimensions. For example, a vector is a 昀椀rst-order tensor. Similarly,
a matrix is a second-order tensor. A third-order tensor or higher is just called a
tensor.

Figure B.1 shows an arbitrary third-order tensor X ∈ RI×J×K where the mode-1
(columns) 昀椀bres X:jk, mode-2 (row) 昀椀bres Xi:k, and mode-3 (tube) 昀椀bres Xij: are
shown in di昀昀erent colours. Only one layer (or slice) of the tensor was coloured to
provide easier illustration and visualisation.

Following the notation of [362], A tensor transpose is indicated by the letter T
followed by the dimensions being transposed in parentheses, all in a superscript
text. This transpose can be carried out for any two dimensions in the tensor. For
example, Y = XT (3,1) indicates transposing the 昀椀rst and the third dimensions. The
resulting tensor Y has the size K × J × I.

This transpose operation can be easily performed in MATLAB by using a single
command, Y = permute(X,[3 2 1]), in which the second dimension remains in its
original location while the 昀椀rst and third dimensions are swapped.

iv
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Figure B.1: Fibres of a third-order tensor where (a) shows mode-1 (columns) 昀椀bres
X:jk, (b) shows mode-2 (row) 昀椀bres Xi:k, and (c) shows mode-3 (tube) 昀椀bres Xij:.
The red, green, and blue colours are for illustration purpose only.

B.3 Tensor n-Mode Product
There are two types of n-mode product [125]. The 昀椀rst type is the multiplication of
a tensor by a matrix, denoted by ×n, where the tensor order remains the same. The
other type is the multiplication of a tensor by a vector, denoted by ×̄n, where the
tensor order reduced by one. The second type, ×̄n, is being utilised in this thesis.

Let X ∈ R
I1×I2×···×IN be and arbitrary tensor, and a ∈ R

Iν be an arbitrary vector
where ν = 1, 2, · · · , N . The n-mode product of X with a is denoted by X×̄n a and
has the size I1 × · · · × Iν−1 × Iν+1 × · · · × IN . Basically, the dimension of tensor X
that matches the size of vector a, that is dimension Iν , is removed as an outcome of
the n-mode product and it is de昀椀ned element-wise as:

(X×̄n a)i1···iν−1 iν+1···iN
=

Iν∑

iν=1

xi1i2···iN aiν .

For example, let X ∈ RI×J×K , a ∈ RL, and Y = X×̄n a where X is the following
3× 4× 2 tensor:

X::1 =





1 4 7 10
2 5 8 11
3 6 9 12



 , X::2 =





13 16 19 22
14 17 20 23
15 18 21 24



 ,

and a =
[
1 2 3 4

]T . Since the dimension L of vector a is matching dimension J
(mode-2) of tensor X, the matrix Y is the mode-2 product of X with a and has the
size 3× 2 as follow:

Y = X×̄2 a =





70 190
80 200
90 210



 ,

where Y has the size I ×K and can be simply calculated as:
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yik =
J∑

j=1

xijk · aj ,

for each i = 1, · · · , I and k = 1, · · · , K. For instance, the 昀椀rst column of Y is
calculated as:

Y:1 = X::1 a =





1 4 7 10
2 5 8 11
3 6 9 12











1
2
3
4






=





70
80
90



 .

B.4 Gradient, Jacobian, and Hessian Basics
This thesis follows the numerator layout convention [314, 315], and the interested
reader is encouraged to check these references for further details. The summary in
this section is a collection of notes gathered from di昀昀erent sources [314, 315, 361,
363].

B.4.1 Scalar-Valued Function
For an arbitrary function g(x) : Rn → R, the gradient element-wise de昀椀nition is
∇g(x)i =

∂g
∂xi

which is a column vector as follow:

∇g(x) ≜











∂g(x)
∂x1

∂g(x)
∂x2

...
∂g(x)
∂xn











∈ R
n .

The Jacobian is the transpose of the gradient, ∇g(x)T , and its element-wise de昀椀ni-
tion is Jg(x)j = ∂g

∂xj
which is a row vector as follow:

Jg(x) ≜
∂g(x)

∂x
=

[
∂g(x)
∂x1

∂g(x)
∂x2

· · · ∂g(x)
∂xn

]

∈ R
1×n .

The Hessian Hg(x) is de昀椀ned as the second-order gradient, ∇2g(x), or the transpose
of the gradient derivative

(
∂∇g(x)

∂x

)T

, and its element-wise de昀椀nition is Hg(x)ij =
∂g

∂xi∂xj
which is a square matrix as follow:

Hg(x) ≜











∂2g(x)

∂x2
1

∂2g(x)
∂x1∂x2

· · · ∂2g(x)
∂x1∂xn

∂2g(x)
∂x2∂x1

∂2g(x)

∂x2
2

· · · ∂2g(x)
∂x2∂xn

... ... . . . ...
∂2g(x)
∂xn∂x1

∂2g(x)
∂xK∂x2

· · · ∂2g(x)
∂x2

n











∈ R
n×n . (B.1)
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To understand this matrix, let us analyse the second derivative step by step. First,
the Hessian Hg(x) is the second-order gradient as mentioned above:

Hg(x) = ∇2g(x) = ∇(∇g(x)) ,

which means that the second derivative matrix is impractical since both the gradi-
ents are column vectors. The solution is to use the Jacobian for the second deriva-
tive, since its a row vector, then transpose the results. The element-wise de昀椀nition
becomes:

Hg(x)ij =

(
∂g

∂xj∂xi

)T

=
∂g

∂xi∂xj
,

which yields the Hessian Hg(x) as:

Hg(x) =

(
∂∇g(x)

∂x

)T

=








[
∂2g(x)

∂x2
1

· · · ∂2g(x)
∂xn∂x1

]T

...
[

∂2g(x)
∂x1∂xn

· · · ∂2g(x)
∂x2

n

]T







,

which is similar to the result of (B.1) above.

Finally, the Hessian Hg(x) matrix is symmetric if the derivatives are continuous,
that is when ∂g

∂xi∂xj
= ∂g

∂xj∂xi
to be speci昀椀c.

B.4.2 Vector-Valued Function
For an arbitrary function f(q) : Rn → R

m, the gradient element-wise de昀椀nition is
∇f(q) =

∂fj
∂qi

which is an n×m matrix as follow:

∇f(q) ≜








∂f1
∂q1

· · · ∂fm
∂q1

... . . . ...
∂f1
∂qn

· · · ∂fm
∂qn








∈ R
n×m .

As mentioned earlier in Section B.4.1, the Jacobian is the transpose of the gradient,
∇f(q)T , and its element-wise de昀椀nition is Jf (q) = ∂fi

∂qj
which is an m× n matrix as

follow:

Jf (q) ≜








(∇f1)
T

...

(∇fm)
T







=

[
∂f(q)
∂q1

· · · ∂f(q)
∂qn

]

=








∂f1
∂q1

· · · ∂f1
∂qn

... . . . ...
∂fm
∂q1

· · · ∂fm
∂qn








∈ R
m×n .
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Figure B.2: The second-order partial derivatives of f(q) represented as a third-order
tensor where (a) shows the visualisation of The Hessian Hf (q) tensor. The red axis
represents the 昀椀bres direction of the rows H:jk, the green axis is for the columns
Hi:k, and the blue axis is for the tubes Hij:. The second-order Jacobian J2

f (q) is the
double transpose of the Hessian Hf (q) tensor where (b) shows the visualisation of
J2
f (q) tensor, and (c) shows the double transpose sequence.

Similarly, The Hessian Hf (q) is the second-order gradient, ∇2f(q), or the transpose
of the gradient derivative,

(
∂∇f(q)

∂q

)T

. The result is a third-order tensor and arranged
as an array of m Hessian matrices as follow:

Hf (q) =
[
Hf1(q) Hf2(q) · · · Hfm(q)

]
∈ R

n×m×n .

Figure B.2(a) shows a visualisation of the Hessian Hf (q) tensor where the element-
wise de昀椀nition is:

Hf (q)ijk =
∂2fj
∂qi∂qk

. (B.2)

This analysis in thesis requires deriving another partial derivative tensor which is the
second-order Jacobian, denoted as J2, or the Jacobian of the Jacobian, as explained
earlier in Chapter 3, Section 3.3.3. This tensor is arranged as an array of n Jacobian
derivatives as follow:

J2
f (q) =

[
∂Jf (q)

∂q1

∂Jf (q)

∂q2
· · ·

∂Jf (q)

∂qn

]

∈ R
m×n×n ,
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where the 昀椀rst and second dimensions, m× n× · · · , are for the Jacobian Jf (q), and
the third dimension, · · · × · · · × n, is for each partial derivative of the Jacobian as
shown in Figure B.2(b). The J2

f (q) tensor has the following element-wise de昀椀nition:

J2
f (q)ijk =

∂2fi
∂qk∂qj

. (B.3)

By comparing (B.2) and (B.3), the required transpose sequence to generate one
tensor from the other can be determined. As an example, to generate J2

f (q) tensor
from Hf (q) tensor, two transpose steps are required since Hf (q) = ∇2f(q). The
昀椀rst transpose is for the outer gradient, and the second transpose is for the inner
gradient as follow:

∂2fj
∂qi∂qk
︸ ︷︷ ︸

∇2

T(i,k)
====⇒

∂2fj′

∂qi′∂qk′
︸ ︷︷ ︸

J(∇)

T(i′,j′)
====⇒

∂2fi′′

∂qk′′∂qj′′
︸ ︷︷ ︸

J2

,

and as shown in Figure B.2(c). This double transpose can be performed in MAT-
LAB using the command JJ = permute(H,[2 3 1]). However, The 昀椀rst transpose,
T(i, k), is unnecessary if the Hessian Hf (q) is symmetric.

B.5 Derivation of Jsv
Starting with the translation vector t̃, de昀椀ned earlier in (3.3), re-writing to:

t̃ =
Ls

θs








cφs
(1− cθs)

sφs
(1− cθs)

sθs







=








t̃1

t̃2

t̃3







. (B.4)

Using the identities described in section B.1, the time derivative of the 昀椀rst row t̃1
is as follow:

˙̃t1 =
L̇sθs − Lsθ̇s

θ2s
cφs

(1− cθs)−
Ls

θs
sφs

(1− cθs)ϕ̇s +
Ls

θs
cφs
sθs θ̇s

=
sφs

(cθs − 1)Ls

θs
ϕ̇s +

Ls

θs
cφs
sθs θ̇s −

Ls

θ2s
cφs

(1− cθs)θ̇s +
cφs

(1− cθs)

θs
L̇s

=
[
sφs (cθs−1)Ls

θs

cφs (cθs+θssθs−1)Ls

θ2s

cφs (1−cθs )

θs

]








ϕ̇s

θ̇s

L̇s







.

(B.5)

Similarly, for the second row t̃2, the time derivative is:
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˙̃t2 =
L̇sθs − Lsθ̇s

θ2s
sφs

(1− cθs) +
Ls

θs
cφs

(1− cθs)ϕ̇s +
Ls

θs
sφs
sθs θ̇s

=
cφs

(1− cθs)Ls

θs
ϕ̇s +

Ls

θs
sφs
sθs θ̇s −

Ls

θ2s
sφs

(1− cθs)θ̇s +
sφs

(1− cθs)

θs
L̇s

=
[
cφs (1−cθs )Ls

θs

sφs (cθs+θssθs−1)Ls

θ2s

sφs (1−cθs )

θs

]








ϕ̇s

θ̇s

L̇s







.

(B.6)

Finally, for the third row t̃3, the time derivative is:

˙̃t3 =
L̇sθs − Lsθ̇s

θ2s
sθs +

Ls

θs
cθs θ̇s

=
Ls

θs
cθs θ̇s −

Ls

θ2s
sθs θ̇s +

sθs
θs
L̇s

=
[

0
(θscθs−sθs )Ls

θ2s

sθs
θs

]








ϕ̇s

θ̇s

L̇s







.

(B.7)

Substituting (B.5), (B.6), and (B.7) in (3.46) gives the translational part Jsv(qs) of
the coordinate Jacobian as:

Jsv(qs) =









sφs(cθs−1)Ls
θs

cφs(cθs+θssθs−1)Ls
θ2s

cφs(1−cθs)

θs

cφs(1−cθs)Ls
θs

sφs(cθs+θssθs−1)Ls
θ2s

sφs(1−cθs)

θs

0
(θscθs−sθs)Ls

θ2s

sθs
θs









. (B.8)



APPENDIX B. JACOBIAN AND HESSIAN ARRAYS xi

B.6 Derivation of Jsw
Starting from (3.51):

ωs = ∨×

(
JsR1 R

T
)
q̇s1 + · · ·+ ∨×

(
JsRn R

T
)
q̇sn .

The Rotation matrix transpose RT is:

RT =








cφs
cθs sφs

cθs −sθs

−sφs
cφs

0

cφs
sθs sφs

sθs cθs







.

Each segment of the soft actuator has n = 3. For simplicity, arbitrary matrices A,
B, and C were used to derive the time derivative Jacobians JsRi product with the
rotation matrix transpose RT where:

A =
∂R

∂ϕs

RT =








A11 A12 A13

A21 A22 A23

A31 A32 A33







,

B =
∂R

∂θs
RT =








B11 B12 B13

B21 B22 B23

B31 B32 B33







,

C =
∂R

∂Ls

RT = [0]3×3 .

Since the rotation matrix R is a function of ϕs and θs only, the matrix C = [0]3×3

obviously. The time derivative Jacobians are:

∂R

∂ϕs

=








−sφs
cθs −cφs

−sφs
sθs

cφs
cθs −sφs

cφs
sθs

0 0 0







ϕ̇s ,

∂R

∂θs
=








−cφs
sθs 0 cφs

cθs

−sφs
sθs 0 sφs

cθs

−cθs 0 −sθs







θ̇s .

Now, performing the product of ∂R
∂φs

and RT gives the elements of matrix A as follow:
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A11 = (−sφs
cθs)(cφs

cθs) + (−cφs
)(−sφs

) + (−sφs
sθs)(cφs

sθs)

= sφs
cφs

(1− s2θs − c2θs) = 0 ,

A12 = (−sφs
cθs)(sφs

cθs) + (−cφs
)(cφs

) + (−sφs
sθs)(sφs

sθs)

= −s2φs
(c2θs + s2θs)− c2φs

= −1 ,

A13 = (−sφs
cθs)(−sθs) + (−cφs

)(0) + (−sφs
sθs)(cθs)

= sφs
sθscθs − sφs

sθscθs = 0 ,

A21 = (cφs
cθs)(cφs

cθs) + (−sφs
)(−sφs

) + (cφs
sθs)(cφs

sθs)

= c2φs
(c2θs + s2θs) + s2φs

= 1 ,

A22 = (cφs
cθs)(sφs

cθs) + (−sφs
)(cφs

) + (cφs
sθs)(sφs

sθs)

= sφs
cφs

(c2θs − 1 + s2θs) = 0 ,

A23 = (cφs
cθs)(−sθs) + (−sφs

)(0) + (cφs
sθs)(cθs)

= −cφs
sθscθs + cφs

sθscθs = 0 ,

A31 = A32 = A33 = 0 ,

which yields matrix A as:

A =








0 −1 0

1 0 0

0 0 0







.

Similarly, performing the product of ∂R
∂θs

and RT gives the elements of matrix B as
follow:

B11 = (−cφs
sθs)(cφs

cθs) + (0)(−sφs
) + (cφs

cθs)(cφs
sθs)

= −c2φs
sθscθs + c2φs

sθscθs = 0 ,

B12 = (−cφs
sθs)(sφs

cθs) + (0)(cφs
) + (cφs

cθs)(sφs
sθs)

= −sφs
cφs
sθscθs + sφs

cφs
sθscθs = 0 ,

B13 = (−cφs
sθs)(−sθs) + (0)(0) + (cφs

cθs)(cθs)

= cφs
(s2θs + c2θs) = cφs

,
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B21 = (−sφs
sθs)(cφs

cθs) + (0)(−sφs
) + (sφs

cθs)(cφs
sθs)

= −sφs
cφs
sθscθs + sφs

cφs
sθscθs = 0 ,

B22 = (−sφs
sθs)(sφs

cθs) + (0)(cφs
) + (sφs

cθs)(sφs
sθs)

= −s2φs
sθscθs + s2φs

sθscθs = 0 ,

B23 = (−sφs
sθs)(−sφs

) + (0)(0) + (sφs
cθs)(cθs)

= sφs
(s2θs + c2θs) = sφs

,

B31 = (−cθs)(cφs
cθs) + (0)(−sφs

) + (−sθs)(cφs
sθs)

= −cφs
(c2θs + s2θs) = −cφs

,

B32 = (−cθs)(sφs
cθs) + (0)(cφs

) + (−sθs)(sφs
sθs)

= −sφs
(c2θs + s2θs) = −sφs

,

B33 = (−cθs)(−sθs) + (0)(0) + (−sθs)(cθs) = 0 ,

which yields matrix B as:

B =








0 0 cφs

0 0 sφs

−cφs
−sφs

0







.

Now, applying inverse skew-symmetric ∨×() operator to A, B, and C matrices yields:

a = ∨×(A) =








0

0

1







, b = ∨×(B) =








−sφs

cφs

0







, c = ∨×(C) =








0

0

0







,

where a, b, c ∈ R
3 are arbitrary vectors. Substituting in (3.51) leads to:

ωs =
[

a b c
]








ϕ̇s

θ̇s

L̇s







= Jsω(qs)








ϕ̇s

θ̇s

L̇s







,

in which the rotational part Jsω(qs) of the coordinates Jacobian matrix Js(qs) is:
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Jsω(qs) =








0 −sφs
0

0 cφs
0

1 0 0







. (B.9)

Combining both the translational and rotational Jacobian parts gives the full coor-
dinate Jacobian matrix Js(qs) of the individual segments as:

Js(qs) =


















sφs(cθs−1)Ls
θs

cφs(cθs+θssθs−1)Ls
θ2s

cφs(1−cθs)

θs

cφs(1−cθs)Ls
θs

sφs(cθs+θssθs−1)Ls
θ2s

sφs(1−cθs)

θs

0
(θscθs−sθs)Ls

θ2s

sθs
θs

0 −sϕs 0

0 cϕs 0

1 0 0


















. (B.10)



Appendix C

Hessian Tensor Veri昀椀cation Code
(MATLAB)

% This code is to verify the derivation of the Hessian tensor via
% deriving the first and second time derivatives of the translation
% vector \tilde{t} and rotation matrix R of the homogeneous transformation
% matrix T.
%
% Written by Abdullah Al-Azzawi
% Dated 13.03.2023
% This code can be downloaded from https://github.com/abd-alaz/PhD-thesis

clc; clear;

% Define the variables of Eq(B.4) in Appendix B:

syms t % time
syms p(t); % phi, the rotation angle
syms h(t); % theta, the bending angle
syms L(t); % length of actuator segment

% Create a column vector for the three variables using vertical concatenate.
% The vector q is a function of time t and can be differentiate w.r.t time.
% Size of q is R^n where n=3
q = [p(t);h(t);L(t)];
assume(q,'positive') % all values of q are positive
% q = cat(1,p(t),h(t),L(t)); % another approach to generate q.

% Calculate the first and second time derivatives of q:
dq = diff(q);
ddq = diff(q,2);

t1 = L * (cos(p)*(1 - cos(h))) / h;
t2 = L * (sin(p)*(1 - cos(h))) / h;
t3 = L * sin(h) / h;

% Create the translation vector tv by concatenating vertically,
% size of tv is R^m where m=3 :
tv = [t1(t);t2(t);t3(t)];
% tv = cat(1,t1(t),t2(t),t3(t)); % another approach to generate tv.

% Calculate the second time derivate of tv
% it will be used later in the verification
ddtv = diff(tv,t,2);

% Now, Hessian of tv = grad(grad tv(q))
% the element-wise entry in Latex format is
% Htv(i,j,k) = \frac{\partial^2 tv_j}{\partial q_i \partial q_k}
% the inner partial is for q_k, and the outer partial is for q_i

xv
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n = size(q,1); % size of the column vector q
m = size(tv,1); % size of the column vector tv
Htv = sym(zeros(n, m, n));

for i = 1:n
for j = 1:m

for k = 1:n
Htv(i,j,k) = functionalDerivative(functionalDerivative(tv(j), q(k)), q(i));

end
end

end

% Display the Hessian tensor as a sequence of Hessian matrices,
% MATLAB, by default, displays the (... , ... , k) slides but
% we need to display (... , j , ... ) slides which can be done by using
% permute and switch j & k as follow:
H1 = permute(Htv(:,1,:),[1 3 2]); % Hessian of f1
H2 = permute(Htv(:,2,:),[1 3 2]); % Hessian of f2
H3 = permute(Htv(:,3,:),[1 3 2]); % Hessian of f3

% Calculating the Jacobian of tv can be done either with element-wise (as above)
% or using concatenation of derivative vectors as per the following,
% using jacobian(tv) will generate a matrix that includes diff(q) in it
% as it is a derivative w.r.t time.
% instead, we need the derivative of vector tv w.r.t the vector q.
% Using the element-wise transpose ensures that the outcome is a row vector.
J1 = functionalDerivative(tv(1),q).';
J2 = functionalDerivative(tv(2),q).';
J3 = functionalDerivative(tv(3),q).';

% Concatenating vertically to create the Jacobian matrix, however
% using (t) will generate error as MATLAB will mix between the function of
% time parentheses versus index parentheses. So, it is simply:
Jtv = [J1;J2;J3];

% Confirming the Hessian tensor via the second time derivative equation
% ddtv = dJtv * dq + Jtv * ddq
% the term (dJtv) is a matrix calculated via n-mode product of Htv (which is
% a 3rd-order tensor) and the vector dq as below.
% assume A = ddtv - Jtv * ddq
% assume B = dJtv * dq
% the idea is to confirm that A = B
A = ddtv - Jtv * ddq;

% Now, for the second part (i.e. B)
% dJtv is the time derivative of Jtv. So, applying the chain rule gives:
% dJtv = JJtv (x_n) dq
% where (x_n) is the n-mode product, and JJtv is the partial derivative
% of Jtv w.r.t vector q, or the "Jacobian of the Jacobian" of tv(q).
%
% JJtv is a 3rd-order tensor and can be calculated via double transpose of Htv,
% first transpose is between dim1 and dim3 (outer gradient), while
% second transpose is between dim1 and dim2 (inner gradient) as follow:
% JJtv = permute(permute(Htv,[3 2 1]),[2 1 3]) = permute(Htv,[2 3 1])

% Another method to calculate JJtv is to use element-wise derivative,
% the element-wise entry (in Latex format) is:
% JJtv(i,j,k) = \frac{\partial^2 tv_i}{\partial q_k \partial q_j}
%
% the Jacobian = \frac{\partial tv_i}{\partial q_j} which is the inner
% partial, while the outer partial is for q_k.

JJtv = sym(zeros(m,n,n));
for i = 1:m

for j = 1:n
for k = 1:n

JJtv(i,j,k) = functionalDerivative(Jtv(i,j), q(k));
end

end
end
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% Also, to confirm that both methods (double transpose and element-wise) produce
% the same result ...
% JJtv - permute(permute(Htv,[3 2 1]),[2 1 3]) = [0]_{m x n x m}

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Now, the n-mode product ...

% The use of tensor n-mode product (tensor x vector) can be achieved via the
% library mytensorprod.m downloaded from the link
% https://au.mathworks.com/matlabcentral/fileexchange/116860-mytensorprod
% but it requires MATLAB 2020b or later.
% Also, the built-in MATLAB function 'tensorprod' requires MATLAB 2022a

% Let us do n-mode product (mode 3) in simple math steps
% that is the dim-3 of the tensor multiplied by the vector dq,
% the outcome is a matrix (or 2D tensor).
% This product can be expressed in element-wise entry as follow (in latex format):
% y_{ij} = \sum {k=1}{K} x_{ijk} * v_k

% Initialising a matrix to hold the output of n-mode product ...
dJtv = sym(zeros(m,n));

k = 1:n; % for mode-3 product
for i = 1:m % for dim-1

for j = 1:n % for dim-2
aa = JJtv(i,j,k); % temporary variable, aa is still a 3D tensor

% convert from a tensor to a vector, otherwise the product will
% give error when multiplying a tensor by a vector directly
% the function 'length' returns the largest dimension, while the
% function 'size' returns two numbers.
aa = reshape (aa,[length(k),1]);

% finally, the n-mode product
dJtv(i,j) = sum(aa .* dq);

end
end

% Another solution for n-mode product is achieved by simply using the
% derivative of Jtv directly as follow:
%
% k = 1:n; % for mode-3 product
% for i = 1:m
% for j = 1:n
% % the element-wise multiplication ensures every row of the vector
% % is multiplied by the corresponding dq row
% % (it is not a matrix multiplication)
% dJtv(i,j) = sum(functionalDerivative(Jtv(i,j),q(k)) .* dq(k));
% end
% end

% Anyway ....
%
% Calculate the other side of the second time derivative equation:
B = dJtv * dq;

% Finally, C should be [0;0;0] if the equations above are correct
% using 'simplify' is important to achieve the final answer
C = simplify(A - B);



Appendix D

Energy Modelling

As an alternative approach to length modelling, Section 4.1.2, geodesic theory can
be applied to model the kinetic energy Ek of a massless particle moving along the
sensor path. Thus, Ek can be interpreted as a speci昀椀c kinetic energy [364] and
computed as indicated by previous studies [149, 365]:

Eki =
1

2

∫ 1

0

‖γ̇i(s)‖
2 dt

=
1

2

∫ 1

0

v̇2R2 + u̇2(c−R cos(v − ϕ))2 dt.

(D.1)

By substituting (4.17) into (D.1) and utilising the actuator curvature, i.e. c = 1
κ
,

the expression becomes:

Eki =
1

2

∫ 1

0

R2(∆vi + ψ)2 + h2
(

1−Rκ cos(vsi + t(∆vi + ψ)− ϕ)
)2

dt. (D.2)

This integral can be evaluated analytically. Solving and simplifying (D.2) yields the
energy equation:

Eki =
h2

2

[

1 +
κ2R2

2

(

1 +
sin 2α1 + sin 2α2

2(∆vi + ψ)

)

−
2κR(sinα1 + sinα2)

∆vi + ψ

]

+
R2

2
(α1 − α2)

2,

(D.3)

where α1 = ∆vi + ψ − ϕ+ vsi and α2 = ϕ− vsi.

Unlike the sensor length li, de昀椀ned in (4.18), which requires numerical integration
for evaluation due to its integral form, the energy Eki is derived through direct
mathematical operations, making its evaluation a simpler and more direct process.
Nevertheless, No further analysis will be provided as it is beyond the scope of this
thesis. Interested readers are encouraged to refer to the relevant literature cited
above.
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