
Criticality and Anomalous Diffusion Underlying
Dynamical and Computational Properties

of Deep Learning Networks

Cheng Kevin Qu

School of Physics
Faculty of Science

The University of Sydney

A thesis submitted in partial fulfilment of requirements for the degree of
Doctor of Philosophy.

The research reported in this thesis was supported by the award of a Research Training
Program Fee-Offset Scholarship.

February 2025



Statement of originality

This is to certify that to the best of my knowledge, the content of this thesis is
my own work. This thesis has not been submitted for any degree or other purposes.

I certify that the intellectual content of this thesis is the product of my own work
and that all the assistance received in preparing this thesis and sources have been
acknowledged.

Cheng Kevin Qu, 28/Feb/2025



Authorship attribution statement

Listed below are involved references for Chapters 2–4 in this thesis. The * sign
indicates equal contribution.

Chapter 2:
Extended critical regimes of deep neural networks. arXiv e-prints, page
arXiv:2203.12967, March 2022.
Cheng Kevin Qu*, Asem Wardak* and Pulin Gong.
Under revision with major updates on the arXiv preprint version.
I was primarily responsible for this work, with an overall contribution of about
50%. I co-designed the study, performed the analysis and wrote the drafts of the
manuscript with the co-authors.

Chapter 3:
A Fractional Diffusion implementation of self-attention in Transformers.
Cheng Kevin Qu, Andrew Ly and Pulin Gong.
To appear on arXiv.
I was primarily responsible for this work, with an overall contribution of about
70%. I co-designed the study, performed the analysis and wrote the drafts of the
manuscript with the co-authors.

Chapter 4:
Main Text: Anomalous diffusion dynamics of learning in deep neural
networks. Neural Networks, 149, 18–28, 10.1016, Jan 2022.
Guozhang Chen, Cheng Kevin Qu and Pulin Gong.
Published.
I was partially responsible for this work, with an overall contribution of about
10%. I co-designed the study with the co-authors, interpreted the analysis done
by G.C. and P.G., and wrote the drafts of the paper.



Appendix: Dysonian dynamics of learning.
Cheng Kevin Qu and Pulin Gong.
In preparation.
I was primarily responsible for this work, with an overall contribution of about
80%. I co-designed the study, performed the analysis and wrote the drafts of the
manuscript with the co-authors.

In addition to the statements above, in cases where I am not the corresponding
author of a published item, permission to include the published material has been
granted by the corresponding author.

Cheng Kevin Qu, 28/Feb/2025

As the supervisor for the candidature upon which this thesis is based, I can confirm
that the authorship attribution statements above are correct.

Pulin Gong, 28/Feb/2025

iv



Abstract

Artificial neural networks, inspired by biological neural systems, harness modern
computing power to facilitate learning. The corresponding scaled-up models, known
as deep neural networks (DNNs), consistently achieve state-of-the-art performance
across various user-defined and scientific applications. Their success is largely driven
by the integration of diverse operators, such as linear and convolutional layers,
alongside self-attention blocks. The vast number of model parameters enable
extensive analysis of network properties, including width and depth, allowing
DNNs to be treated as mathematical objects in theoretical studies. Drawing
from neuroscience and statistical physics, we impose statistical assumptions on
artificial neural networks and their learning processes. In particular, heavy-
tailed, power-law distributions prevalent in many complex systems, give rise to
heterogeneity in neural connectivity, increasing the likelihood of extreme connection
strengths. Leveraging heavy-tailed non-Hermitian random matrix theory, we reveal
an extended criticality-like regime between the chaotic and ordered phases that
display ideal information propagation and training dynamics, further extending
classical Gaussian results. Next, we generalize the diffusion processes underlying
the self-attention mechanism of Transformers to the class of Lévy processes,
incorporating long-range interactions between tokens on the embedding space
manifold. This enhances the self-attention performance and gives rise to fractional
diffusion dynamics in its continuous space-time limit. Finally, we analyze the short-
and long-term behavior of stochastic gradient descent (SGD) in various settings,
revealing non-equilibrium dynamics driven by anomalous diffusion that naturally
arise and benefit the deep learning process. The findings presented in this thesis
illustrate the importance of developing theoretical tools for understanding shared
principles governing artificial and biological systems.
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Chapter 1

Introduction

Deep learning [1] has revolutionized the landscape of numerous fields, including
vision tasks [2], natural language processing [3], protein-folding [4], etc. Its
paradigm is based on two fundamental components: the artificial neural network
architecture inspired by the compact yet complex structure of the human brain;
and the training process that assimilates human learning experience by capturing
relevant knowledge from structured input data to make informed decisions within
specific domains. Despite the success of deep learning in various scientific fields,
its underlying principles remain largely unclear. Thus, understanding the field not
only offers guidance to more efficient approaches but also sheds light on shared
mechanisms between artificial and biological neural networks. We shift our focus
away from practical applications and employ theoretical methods to investigate
the foundations of deep learning.

The success of AlexNet [2] in the ImageNet Large Scale Visual Recognition
Challenge [5] has popularized the implementation of deep neural networks (DNNs).
Contrary to traditional models, deep networks are overparametrized which in-
corporate multiple layers to refine as well as extract progressively more abstract
features from the input datum. After training, DNNs can facilitate decisions
and predictions with higher accuracy in various scenarios, including supervised,
unsupervised, and reinforcement learning. In the case of supervised learning, every
input is paired with a label, and deep learning refers to minimization of a predefined
error function, which measures the discrepancy of a deep network’s output to the
ground truth. Computational power has been able to continuously upscale the
number of trainable parameters. Thus, for the past decade, the focal point of
machine learning has gradually shifted towards deep learning where these large
networks are particularly of great interest. Despite the success of deep learning, its
underlying principles remain largely unclear. With increasing complexity due to
the upscaling of trainable parameters, analytically solving the associated dynamics
quickly becomes infeasible.

1



1. INTRODUCTION

In this thesis, we leverage statistical physics and probability theoretical tools to
model the underlying structure of deep learning, displaying an interplay of discrete
and continuous dynamics. The precision of these approximation schemes scale
with the system size, leading to increasingly accurate results as the system grows.
For instance, the large width of hidden layers norms from Gaussian networks
can invoke the central limit theorem (CLT), allowing for a precise approximation
of the layerwise dynamics in a mean-field limit. Similarly, the characterization
of the rate-based model fixed points can be inferred from the spectral density
of the underlying Jacobian, a column-scaled connectivity matrix shifted by the
identity. In the case of infinite neuron sites, the limiting eigenspectrum can be
explicitly computed from non-Hermitian random matrix theory (RMT). We extend
these previous findings to study heavy-tailed networks where the general central
limit theorem (GCLT) and heavy-tailed non-Hermitian random matrix theory
must be incorporated. Large limits also appear in more sophisticated models
like Transformers where sequential embeddings are treated as spatial structures.
The SoftMax self-attention mechanism requires yield interactions between tokens
captured by the dot product, which describes their similarity. In the regime of
infinite-sequence length (spatial) and infinitesimal step sizes, the self-attention
mapping is described by a (second-order) continuity equation [6]. We further
generalize this to the fractional heat equation with dynamics associated to Lévy
processes. Last but not least, we unveil non-equilibrium dynamics in learning
constituting anomalous diffusion. Motivated by all the previous findings, we
consequently outline a new type of formulation of stochastic gradient descent as a
matrix-values process which allows one to captured the eigenvalue and eigenvectors
dynamics of the weight matrices.

1.1 Random neural networks

Understanding large neural networks, both artificial and biological, is of great
significance due to their natural emergence in complex systems. In both settings,
randomness is systematically introduced through inputs, environmental factors,
learning, and other sources, making the study of random neural networks crucial for
gaining insights into their information-processing capabilities. As a starting point,
previous studies have assumed Gaussian statistics underlying the connectivities
of networks [7, 8, 9, 10, 11], where the edge-of-chaos exists for various network
types. However, empirical observations often contradict the common statistical
Gaussianity assumption, which has been extensively explored in previous studies [12,
13, 14, 15]. To address this, we extend our analysis to more realistic heterogeneous
networks, where the connectivity strengths follow a scale-free distribution governed
by a power law. Under this property, a notion of extended criticality emerges for

2



1.1. Random neural networks

these networks, capturing inherent variability and complexity found in real-world
systems.

1.1.1 Fully-connect networks as Gaussian processes

We begin by considering a multilayer perception (MLP) or fully-connected feed-
forward neural network (FFNN) of fixed depth L. For an input x := x0 ∈ RN0 , it
propagates through the network based on

xli = ϕ(hli) , hli = W l
ijx

l−1
j + bli , l = 1, · · · ,L (1.1)

where ϕ : R → R is the activation function, typcically non-linear and hl,xl ∈ RNl .
Conventionally, the models are studied with (connectivity) weights and biases
following W l

ij ∼ N (0,σ2
w/Nl−1) and bj ∼ N (0,σ2

b ) respectively. In the infinite-
width limit, as Nl → ∞ for all l, these models converge to Gaussian processes [10].
For MLPs, it is important to understand the network hidden states by examining
the covariance matrix ql(x,x′) := E

[
hli(x)h

l
i (x

′)
]

constructed by the geometry of
two inputs as they propagate through the network layers. In the infinite-width
regime where the limits are taken recursively, i.e. N1 → ∞, then N2 → ∞, · · · ,
eventually NL → ∞, a mean-field limit can be obtained for these expressions for a
network with fixed depth

ql(x,x′) = σ2
b + σ2

wEzl−1
i ∼GP(0,Kl−1)

[
ϕ
(
zl−1
i (x)

)
ϕ
(
zl−1
i (x′)

)]
. (1.2)

Here zli is drawn from a Gaussian process with zero mean function and covariance
kernel ql−1. For bounded activation functions, the variance ql(x,x) and correlation
cl(x,x′) := ql(x,x′)/(

√
ql(x,x)

√
ql(x′,x′)) converge to some limiting value q∞

and c∞ respectively which depend on the phase (σw,σb) [9]. Other unbounded
activation functions, such as ReLU ϕ(x) = max{0,x} and its variants, have also
been extensively explored [11], resulting in distinct EOC curves, though derived
through comparable methods. However, the hyperbolic tangent function emerges
naturally in recurrent networks, and we will focus on this case due to its relevant
connections.

Prior to training, when the network parameters are randomly initialized, both the
hidden states across the network depth and the gradients of trainable parameters
with respect to the loss must be well-behaved. Ideally, substantial differences
between various input classes are expected, while the variability within the same
should remain minimal. Thus, a delicate balance of geometrical compression and
expansion is required to appropriately separate different classes and draw the
same together. On the other hand, we require suitable values of the gradients
as extremely large and small gradients can lead to chaotic and stagnant learning
respectively. The hidden states and gradients are thus connected through the

3



1. INTRODUCTION
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Figure 1.1: Phase transition of Gaussian networks. (a) The phase
transition of an infinite-width Gaussian MLP with tanh activation; red dashed
line represents the edge-of-chaos (EOC) (Eq. 1.3). (b–d) From top to bottom
are outputs of a FFNN at the chaotic phase, EOC and order phase (z axis with
scale 10−2) respectively, the network is of depth L = 300 and width Nl = 20 for
all l ∈ [0,L]. Adapted from [10, 11].
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1.1. Random neural networks

duality of forward and backward propagation through the (input-output) Jacobian
[16]. The edge of chaos (EOC) is the set of values for (σb,σw) ∈ (R+)2 that satisfy

χ1 := σ2
wE
[
ϕ′
(√

q∞ (σb,σw)Z
)2]

= 1, (1.3)

where Z ∼ N (0, 1). It is represented by the dashed red line in Fig. 1.1(a). In the
ordered phase (χ1 < 1) and chaotic phase (χ1 > 1), the correlation cl(x,x′) of any
input x ̸= x′ converges exponentially fast to 1 and some limiting value c ∈ (0, 1)
respectively. Moreover, one can expect the output of the neural network to be
constant in the first case and non-continuous almost everywhere in the second
(Fig. 1.1(b,d)). At the EOC (χ1 = 1), the correlation cl(x,x′) also converges to 1,
however, at a sub-exponential rate [11]. Any input pair would be indistinguishable
at sufficiently large depth, the information of the inputs can nonetheless be retained
at much deeper layers compared to the previous phases. The corresponding
loss landscape also exhibits smoother properties which allow for better learning
(Fig. 1.1(c)). Therefore, initialization of the weights at the EOC would be optimal
for training Gaussian networks as deeper information propagation can be achieved.

1.1.2 Rate-based models

The complex systematic dynamics observed in biological networks often necessitate
mathematical modeling to provide theoretical explanations and inferences. In
contrast, artificial networks are built upon a set of predefined operations inspired
by their biological counterparts. In both contexts, randomly connected firing-rate-
based models provide a foundational basis for examining the effects of biological
network connectivity whilst including sufficient nonlinearity to yield non-trivial
dynamics. A leaky version is described by an ordinary differential equation (ODE)
which evolves through time continuously [7]:

h′i(t) = −hi(t) +
N∑
j=1

Wijϕ (hj(t)) . (1.4)

The nonlinearity ϕ converts the internal neural activity to an output firing rate,
and a typical sigmoidal choice ϕ := tanh suppresses instability in neural activity.
Similarly, limiting dynamics of the system N → ∞ is of great interest under
the statistics Wij ∼ N (0, g2/N) where the gain parameter g controls the level
of fluctuations. At time t, the Jacobian matrix given by −I +W diagj ϕ

′ (hj(t))
reveals a phase transition with a critical value corresponding to the variance of the
connectivity strengths at g = 1. For values above this threshold (g > 1), a chaotic
phase emerges, characterized by a macroscopic number of unstable, nonzero fixed
points in the direction of the Jacobian eigenvalues with real parts exceeding zero.

5



1. INTRODUCTION
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Figure 1.2: Feedforward vs Recurrent. (a–b) Schematic information flow
of feedforward and recurrent types. The black arrows between the input and
hidden layer typically refer to a linear (affine) transformation followed by a
non-linear activation. The red arrows between the hidden and output layers
correspond to a continuous-time recurrent evolution as in Eq. 1.4 whereas the
blue arrows are similar to that of the black arrows (Eq. 1.1). (c) States of the
ith neuron from the hidden layers across the depth of a feedforward network
are discretely indexed (blue lines), while recurrent neural network states are
continuous in time (red curve).

Conversely, when g < 1, the system exhibits an ordered phase, where fixed-point
activity converges to zero.

The interplay between discrete and continuous dynamics has received growing
interest due to large depths and residual network (ResNet) skip-connections being
implemented in networks [17, 18]. For our case, when the bias term in the MLP
(Eq. 1.1) is set to zero, it can be viewed as an explicit Euler discretization of
the rate-based model above, and the layers across the depth of the network in
the former case can now be viewed as a time variable as presented in Fig. 1.2(c).
Without coincidence, Gaussian MLPs with zero biases and the same hyperbolic
tangent activation demonstrate equivalence to rate-based models in terms of fixed
point classification via σw ≡ g. This is due to the same structure of preactivation
layerwise Jacobians ∂hl/∂hl−1 = W l+1Dl where Dl

ij = ϕ′ (hli) δij. Assuming that
the input x0 is chosen that q1 = q∞ (Eq. 1.2), then the dynamics begin at the fixed
point and the distribution of Dl becomes independent of l, the EOC in Eq. 1.3
can equivalently be expressed as

χ1 =
1

N

〈
Tr(DW )⊤DW

〉
, (1.5)

directly linking criticality to the Jacobians [19]. As a result, MLPs and rate-based
models are unified through their shared Jacobian structure when governed by the
same framework of random Gaussian connectivity weights.

6



1.1. Random neural networks

1.1.3 Heterogeneous weights and extended criticality

Modern applications of DNNs demand heavy computational resources for the
learning process, especially for investigations of new scientific domains. On the
other hand, training networks from scratch has become less desirable for well-
established applications such as image recognition. Transfer learning effectively
mitigates this issue, i.e. fine-tuning pretrained networks, models successfully
trained on large datasets, on the downstream task is an efficient approach [20]. In
deep learning, strong evidence has been suggested against Gaussian randomness
induced by the process where the gradients of the loss are found to be heavy-tailed;
we defer a detailed discussion on learning to Section 1.4. Similarly, statistical
analysis on these large pretrained networks shows that their model weights are
generally non-Gaussian, and instead display heterogeneity in these connectivities
as shown in Fig. 1.3(a). The distribution of individual weight matrices either
fully-connected or convolutional has been found to display (truncated) power-law
properties that possess infinite second moments. Furthermore, these power-law
properties are also exhibited in the singular value spectrum of the fully-connected or
convolutional weight matrix (Fig. 1.3(b)), and the corresponding heavy-tailedness
demonstrates strong correlation with the performance of the model [13]. From
the perspective of heavy-tailed universality in statistical physics (Fig. 1.3(c)),
heavy-tailed singular spectrum generally originates from either strong correlations
between entries or random heterogeneity in the coupling strengths. This concept of
universality arises in systems with strong correlations, particularly near a critical
point or phase transition. It is identified by certain experimental observables that
display heavy-tailed behavior [12]. In our study, we explore this phenomenon
under the assumption of heavy-tailed random connectivity strengths (blue arrow in
Fig. 1.3). The analytical tools designed for Gaussian networks become impractical
in this context, necessitating further advancements.

Based on recent developments from heavy-tailed rate-based models (Eq. 1.4),
a notion of Anderson criticality has been derived for non-Gaussian cases where
an extended region is unveiled for heteogeneous connectivity [23]. Due to similar
components of the connectivity, the non-linear activation and in particular shared
Jacobian structure with MLPs, the same analysis can be performed by utiliz-
ing heavy-tailed non-Hermitian random matrix. By characterizing the averaged
Jacobian eigenvalues, we unveil a similar type of extended criticality-like phase
transition where the range of σw for information propagation expands; this phase
transition also remains consistent with the homogeneous case in Fig. 1.1. The
phenomenon of extended criticality has been observed in graph networks with
symmetric adjacency matrices [24, 25]. In contrast, infinite-width Gaussian net-
works are optimal only at the edge of chaos (EOC) (see Section 1.1.1), a condition
that is typically not maintained after training. Therefore, the study of random

7



1. INTRODUCTION
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Figure 1.3: Statistics of pretrained network weights. (a) Fitting entries
of the second convolution weight matrix W2

conv of AlexNet [2] pretrained on
the dataset ImageNet1K [5] to a Gaussian distribution and a Lévy α-stable
distribution (fitted α ≈ 1.46). See Chapter 2 for more fitted results. (b) The
singular value distribution of the convolution tensor in (a) show power-law decay.
The singular value decomposition (SVD) is performed as in [13], similar results
were obtained herein. (c) Heavy-tailed Universality in statistical physics [21, 22].
Both heavy-tailed random weights and strong correlations within the weights
can result in a heavy-tailed singular spectrum, though these phenomena are not
equivalent. In this work, we focus primarily on the former.
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1.2. Stochastic dynamical systems

heavy-tailed networks offers a compelling theoretical basis for understanding pre-
trained models, and we further elaborate on their dynamics under this statistical
framework in Chapter 2.

1.2 Stochastic dynamical systems
In the previous sections, we have discussed models at initialization including
FFNN (Eq. 1.1) and the rate-based model (Eq. 1.4) where the randomness is
quenched and the focus of interest revolves around fixed points of the system.
An extra layer of complexity is introduced when the underlying randomness also
evolves with respect to time. For example during each training step, the network
parameters are influenced by noise terms that vary in nature over time. In
neurobiological modeling, a more realistic extension of the rate-based model would
involve adopting a dynamic approach, where the total synaptic current accounts
for random fluctuations in the second term of Eq. 1.4 [26]. Other phenomena like
visual-spatial attention sampling can no longer be accurately described by an ODE
due to (time-dependent) random perturbations involved [27]. In these cases, the
complexity extends beyond static random variables and leads us to the following.

Stochastic processes are the class of random variables indexed by time, they
provide a starting point to model phenomena where random perturbations are
induced temporally. Under suitable assumptions, dynamics of the aforementioned
examples can be formulated by a stochastic differential equation (SDE):

dXt = µ(Xt, t)dt+ σ(Xt, t)dZt, X0 = x. (1.6)

Here µ : Rd × R+
0 → Rd and σ : Rd × R+

0 → Rd×d are the drift and diffusion
terms. The intuition behind this equation originates from perturbing an ODE by
a diffusion process encapsulated in the second term. The choice for Z is effectively
unlimited. However, to allow for a well-defined and rigorous construction with a
probabilistic point of view such as the Itô construction of Eq. 1.6, it requires Zt to be
a semimartingale [28], which includes the class of Lévy processes. These processes
sufficiently capture the complexity of the noise whilst maintaining the mathematical
formulation’s well-posedness due to their stationary and independent increments.
The the seminal Lévy-Khitchine formula [29] reveals that these processes are
classified by the characteristic function E

(
ei(u,X(t))

)
= etη(u) with symbol η(u) that

satisfies, for all t ≥ 0 and u ∈ Rd,

η(u) = i(b,u)− 1

2
(u, au) +

∫
Rd−{0}

[
ei(u,y) − 1− i(u, y)χ0<|y|<1(y)

]
ν(dy). (1.7)

Here b ∈ Rd, a is a positive definite symmetric d×d matrix and the Lévy measure ν
supported on Rd\{0} satisfies

∫
Rd\{0}min {1, |y|2} ν(dy) <∞. The corresponding
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1. INTRODUCTION

stochastic process enjoys the celebrated Lévy-Itô decomposition

X(t) = bt+
√
aB(t) +

∫
0<|x|<1

x[N(t, dx)− tv(dx)] +

∫
|x|≥1

xN(t, dx). (1.8)

The independent increments of Lévy processes naturally induce the Markovian
property, making the underlying semigroups defined by Ttψ(x) := E[ψ(Xt)|X0 = x]
and the infinitesimal generator

Hψ = lim
t↓0

Ttψ − ψ

t
(1.9)

very important as it encodes information on the probability density evolution of
the underlying process. For instance, the most studied case is when Z is chosen
as the Brownian motion Wt where b = 0, a = 1, and ν(Rd) = 0. Through the
Feynman-Kac formulation, this probabilistic evolution is also encapsulated by
a deterministic partial differential equation (PDE) known as the Fokker-Planck
equation

∂ρ

∂t
(x, t) +Hρ(x, t) = 0, Hρ(x, t) =

d∑
i=1

µi(x, t)
∂u

∂xi
+

1

2

d∑
i=1

d∑
j=1

γij(x, t)
∂2u

∂xi∂xj

(1.10)
where γij(x, t) =

∑d
k=1 σik(x, t)σjk(x, t) and ρ is the probability density function

of the underlying process Xt. In the pure diffusion case where the drift µ is zero in
Eq. 1.6, the heat equation is recovered in Eq. 1.10, demonstrating deep connections
between stochastic processes and parabolic PDEs. Here, we have provided an
overview of multi-dimensional SDEs which remain as powerful tool for modeling
in both deep learning and neuroscience. The underlying space can be further
generalized to non-Euclidean manifolds such as Sd−1 as we will discuss further in
Section 1.3.

In several experimental findings, the observations do not match Gaussianity as
the conventional literature has assumed. Recent works have shown modeling Z as a
Lévy-alpha stable process provides a more accurate depiction of the total synaptic
current in a heterogeneous network model [26, 30, 31]. This class of stochastic
process is defined by a stability parameter α that controls the heavy-tailedness of
each step size through time. In particular, jump sizes for infinitesimal time steps
∆t are sampled from the distribution symmetric α stable (SαS) distribution, i.e.
∆x := Zt+∆t − Zt ∼ Sα((∆t)

1/α) [32], which asymptotically possess a power-law
p(∆x) ∼ cα∆t|∆x|−1−α where cα := Γ(1 + α) sin(πα/2)/π is a normalization
constant. Correspondingly, the symbol of the characteristic function and generator
take form

η(u) = |u|α, H ≡ −(−∆)α/2, (1.11)

10



1.3. Mechanisms of sequential processing

for α ∈ (0, 2). A non-local operator Fractional Laplacian in turn becomes the
corresponding infinitesimal generator of the process, and the classical Laplacian is
recovered when α → 2 [33]. Such properties have been observed in many neurobio-
logical systems, including the membrane potential of spiking neural networks [26]
and visual spatial sampling in neural circuits [30, 31], we thus incorporate these
conditions respectively in the weights of feed-forward networks and the dynamics
of self-attention in Transformers (Section 1.3). Additionally, the learning dynamics
of deep networks have been modeled by SDEs driven by Lévy processes [34, 15],
matching the anomalous diffusion processes empirically found in Chapter 4.

1.3 Mechanisms of sequential processing

Feedforward networks, as discussed earlier, have proven to be highly effective for
processing spatial structures like images. Meanwhile, recurrent neural networks
(RNNs) have long been the preferred architecture for sequence processing [35].
Sequential data types with intrinsic temporal order commonly appear in speeches,
time series, particle diffusion, etc. While some sequential dynamics, like planetary
motion, can be derived from first principles of physics, other sequences, such as
speech and time series data, are often stochastic and influenced by random noise,
making their underlying mechanisms highly complex. Moreover, the corresponding
data processing objective is user-dependent – ranging from classification to next-
token-prediction. The former involves an encoding component and the latter
requires an additional decoding structure that integrates an auto-regression nature.
The significance of these applications and the difficulty in handling with these
data structures, make this a critical field of study.

Growing interactions between computers and human language have triggered
the necessity for programming machines to process and analyze natural language
data, hence natural language processing (NLP) has undergone rapid development.
Translational tasks, sentiment analysis, topic identification, and text summariza-
tion remain as the core applications of NLP. Before any attempts at modeling,
the intrinsic semantic component of human language must be represented in a
meaningful manner to models. This requires text to be digitalized in a certain
format and the state-of-the-art approach relies on token embedding. The modern
framework Word2Vec embeds words into a high-dimensional Euclidean space using
unsupervised learning techniques [36]. This approach captures semantic relation-
ships, ensuring that words with similar meanings or those frequently co-occurring in
sentences are mapped to nearby points in the embedding space (Fig. 1.4(a)). For a
θ-parametrized RNN fθ, these numeric representations are fed in an autoregressive
fashion (xt,ht) → (yt,ht+1) where xt, ht and yt are the input, hidden and output
vectors respectively. Here, the hidden states of ht display parallelisms to memory
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1. INTRODUCTION

of neural systems, recording partial information from the input-output pair up to
time t. The hidden states are updated over time for improved downstream tasks.
Multiple RNN blocks can be aggregated to construct a deep/stacked RNN. For
long-sequence processing, past information becomes more difficult to retain within
ht, and through the incorporation of forget gates, an updated model Long-short
term memory (LSTM) is thus proposed. The model is nonetheless prone to gradi-
ent explosion issues during learning [37]. Moreover, LSTM and its variants such
as Gated recurrent unit (GRU) [38] suffer from long dependencies despite their
improvements, the lack of parallelizability also results in slower processing times.

1.3.1 Self-attention

Recently, an alternative mechanism for sequential processing has taken inspiration
from a well-known neuroscience concept – Attention, defined by the concentration
of awareness on specific phenomena while excluding other stimuli. Analogously,
attention in the machine learning context refers to the process of determining
the relative importance of each component relative to the others in a sequence.
The groundbreaking Transformer model guided by attention has emerged as a
predominant architecture in deep learning [39]. Contrary to common belief, this
model consists of solely simple feed-forward layers such as fully-connected (or
convolutional) blocks, non-linear activations, LayerNorms, etc without the need
of any recurrent information flow. Transformers have attained benchmarks far
surpassing their predecessors and with minimal modifications, the architecture has
been successfully extended to other domains such as visual processing in which
outstanding results have also been attained [40].

We begin by briefly describing the mechanism of encoding in Transformers
which relies on the self-attention is also known as the Standard Scaled Dot-Product
Attention. In a NLP supervised learning setting such as classification, given
a sentence where each word is referred to as a token and indexed according
to a pre-defined dictionary, the index automatically maps each token onto a
high-dimensional word embedding which consists of trainable weights; positional
embeddings share a similar concept and are aggregated into the word embeddings,
typically through summation to obtain the overall embeddings X. As outlined in
Fig. 1.4(b), the embeddings X := (x1,x2, · · · ,xn) ∈ Rd×n are then used to

Attention(Q,K,V ) = AV ⊤ ∈ Rn×dv ; A = softmax

(
Q⊤K√
dk

)
(1.12)

to create the queries, keys and values Q = WQX, K = WKX, V = WVX from
linear projections of the embeddings based on WQ ∈ Rdk×d, WK ∈ Rdk×d and
WV ∈ Rdv×d respectively. The attention weights A is the row normalization of the
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Figure 1.4: Elements of Transformers. (a) The Word2Vec embeddings
projected on R2 [41]. (b) The Multi-head Attention block as described in
Eq. 1.12. The shadows of the queries, keys and values along with the scaled
dot-product attention are for multiple attention-heads of size H = 3. During
the encoding process, Q,K and V all share the same embedding inputs; for
decoding, inputs of K,V are different to Q. (c) Brownian motion in R2. (d)
Lévy process (α = 1.2) in R2.
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graph weights
C̃ij = exp(x⊤i W

⊤
QWKxj/

√
dk). (1.13)

and it transforms the values to the output of the self-attention block (Fig. 1.4(b)).
For general NLP tasks such as neural machine translation where both a source X
and target sequence X ′ under a different language are present, this necessitates
a decoding component, an additional cross-attention layer. In particular, the
encoded outputs of X would be used to generate the keys and values for the cross-
attention, whereas X ′ is used to construct Q [39], highlighted in the different color
shades for Q and K,V in Fig. 1.4(b). Our focus in the following is on the encoding
component of self-attention, which is central to deriving the corresponding first-
and second-order dynamics.

Transformers process all sequence components in parallel during training, en-
abling efficient matrix multiplications and exceptional scalability for handling long
sequences. Pretrained models have been shown to display remarkable properties
such as turing-completeness [42]. However, they suffer from many shortcomings as
a general input-output mapping. In particular, the self-attention mapping is not
Lipschitz, and consequently, the geometry of embeddings are not well-preserved
throughout layers, i.e. two non-overlapping tokens would progressively become
more similar across layers. Hence, other types of similarity measures such as the
L2 distance have replaced the original demonstrating more desirable properties
[43]. Furthermore, as computation scales in the self-attention block quadratically
(O(n2)) in the sequence length n, large efforts have been devoted to reducing this
computational complexity whilst minimizing the reduction in model expressivity.
Despite its roots in neuroscience, relatively little focus has been allocated to the
neurobiological underpinnings of the self-attention mechanism. In the following,
we explore how fractional diffusion-based sampling methods can be integrated into
self-attention, offering new perspectives on the model’s structure and efficiency.

1.3.2 Attention, Operators, and Diffusions

A core element of the self-attention mapping is the residual network (ResNet)
skip-connection, as it prevents the rank-collapse [44]. Similar to Fig. 1.2(c), this
provides a continuous-time view of the mapping, without loss of generality, let us
focus on the single-head case, alternatively expressing Eq. 1.12 as

xl+1
i = xli + ε

n∑
j=1

KijWV x
l
j (1.14)

where ε = 1 is the default step size implementation and K := softmax(C) is
obtained in a row-wise fashion. Entries of C are the pairwise dot-products between
queries and keys Cij := (qi)

⊤kj = x⊤i W
⊤
QWKxj, both WQ and WK are trainable
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1.4. Dynamics of stochastic gradient descent

weights which undergo training to yield appropriate attentiveness between all
tokens. Note that Eq. 1.14 is a specific realization of xl+1

i = xli + T (xli) that
corresponds to an Euler discretization with step-size 1 of the ODE ẋi = Tµ(xi)
for all i; the measure µ applies to the distribution of xi’s. A recently developed
architecture which applies the Sinkhorn algorithm iteratively approaching a bi-
normalized transition matrix in Eq. 1.14 has second-order dynamics represented
by the classical heat diffusion ∂tρ = ∆ρ underlying the transition of the values
[6]. Equivalently, the same diffusion type can be established through the Gaussian
kernel by replacing the dot-product with the L2 distance

C̃ij = exp
(
|xi − xj|2/2ε

)
(1.15)

where | · | is the Euclidean distance in the embedding space Rm and ε > 0 is the
kernel bandwidth. Here, we have made extra assumptions that WQ ∈ O(d) is
orthogonal and WQ = WK which are commonly assumed [43]. The (row) degree
matrix defined by Dii :=

∑n
j=1 C̃ij allows one to arrive at the graph Laplacian

L = D−1C̃ − I. In the limit of infinite data points, the graph Laplacian manifests
a continuous counterpart where the convergence is pointwise [45]

1

ε
lim
n→∞

N∑
j=1

Lijρ(xj) =
1

2
∆ρ (xi) +O

(
ε1/2
)
. (1.16)

for a smooth function ρ : Rd → R. In infinite sequence (n→ ∞) and infinitesimal
step size (ε → 0) limits, both of the above cases represent the infinitesimal
generator of a Brownian motion on the manifold M (Fig. 1.4(c)). Motivated
by a Fractional Neural Sampling (FNS) theory of spatiotemporal probabilistic
computations in neural circuits, we implement a partial realization of with only the
diffusion component in self-attention. Through the seminal Heat Kernel Dichotomy,
we use a counterpart of Eq. 1.15 that extends to a wider class of kernels that have
polynomial decay [46]. With appropriate assumptions, we implement the notion
of fractional diffusion in the self-attention mapping, enabling the occurrence of
long-range interactions in the embedding space. These effects correspond to a
discretized counterpart reminiscent of the Lévy process (Fig. 1.4(d)), with the
infinitesimal generator yielding the fractional Laplacian (Eq. 1.11) discussed above.
This construction also allows for a canonical decomposition of the attention weights
K, providing an interpretable view in low-dimensional spaces through the lens of
diffusion maps [47, 48].

1.4 Dynamics of stochastic gradient descent
Training algorithms for DNNs are the backbone of deep learning applications.
Stochastic gradient descent (SGD) has remained the state-of-the-art method due
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1. INTRODUCTION

to its effectiveness and efficiency. The objective function in deep learning can take
two forms: a loss function measuring the discrepancy between network predictions
and ground truth in supervised learning, or a reward function assessing an agent’s
performance in reinforcement learning. In the latter case, the loss can be framed
as a negative reward. However, our focus will be on the former, which is typical
for supervised learning tasks. The loss forms a highly complex landscape with
dimensions each corresponding to learnable parameters of the model. Stochasticity
introduced through random subsampling on the dataset at each time step has been
shown to reveal a non-trivial structure, often non-Gaussian [15]. In Chapter 4, we
quantify characteristics of SGD over short and long timescales and show anomalous
diffusive in various network settings. In the following Appendix 4.A as ongoing
work, we propose and outline a novel mathematical framework that models the
learning process as a matrix-valued stochastic system, offering deeper insights
into the evolution of the model’s parameters. We also discuss the implications
of this approach and its potential to enhance our understanding of deep learning
dynamics.

1.4.1 Anomalous diffusion dynamics

Let us consider a supervised learning setting where a labeled training dataset
D := {(xi, yi)}D1

i=1 with D training samples is present. Given some network NNΘ

parametrized by a set of trainable weights Θ (represented as a flattened vector),
we define the network prediction as ŷi = NNΘ(x

i). As a first-order optimization
method, SGD minimizes the empirical loss averaged L across the dataset

L(Θ) :=
1

D

D∑
i=1

fΘ(ŷ
i, yi) (1.17)

To avoid an instantaneous computation flux based on the entire dataset D, L is
is approximated by L̃k := |Bk|−1

∑
i∈Bk

fΘ(ŷ
i, yi). At each iteration k, the data

points of |Bk| := b (< D) are arbitrarily subsampled from D known as minibatches.
Under SGD, the weights undergo an iterative scheme

Θk+1 = Θk − ηk∇L̃k (Θk) ,

= Θk − ηk∇L (Θk) + Zk

(1.18)

where Zk = ηk(∇L (Θk) − ∇L̃k (Θk)) is the source of the minibatch noise and
adaptive learning rate schemes for ηk are also available. Additional terms such as
momentum or adaptive step sizes can also be introduced for accelerated learning
[49, 50, 51, 52]. The high-dimensional loss (Eq. 1.17) is generally non-convex [53,
54] and filled with local minima and saddle points that have bad generalization [55],
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1.4. Dynamics of stochastic gradient descent

i.e. overfitting to the training dataset whilst yielding significantly worse evaluation
performance. Not only gradient descent is computationally inefficient, but it also
frequently leads the optimizer to a sub-optimal solution.

The stochasticity induced by the minibatch noise in Eq. 1.18 is considered
beneficial, as the randomness provides the optimizer with a higher probability
to escape from bad local minima. Analysis on the trajectory of the learning
process through the time-average mean-squared displacement (TAMSD) unveils
non-equilibirum dynamics which are anomalous diffusive. In particular, subdiffusive
processes emerge early during training whilst superdiffusion occur at longer time-
scales, displaying small movements that are intermittently interrupted by long-
range jumps.

1.4.2 Continuous-time modeling

The realization of first-order training algorithms for deep neural networks operates
in iterative time steps (Eq. 1.18) which can be modeled by discrete-time stochastic
processes [56]. Under certain conditions, in the limit of infinitesimal learning
rates ηk → 0, the dynamics can be approximated by SDEs in the form of Eq. 1.6
[57, 58]. Additionally, provided that the second moment of the random noise Zk

remains finite, the stochastic process governing these dynamics can be modeled as
Brownian motion. Similar to the description in Eq. 1.18, almost all studies have
vectorized or flattened the parameters into a vector, ignoring the matrix structure.
As an increasing amount of work has applied random matrix theory (RMT) in
comprehending the singular values of the weight matrices [13], or furthermore
the eigenvalues of the Jacobian matrices [59], these quantities during learning
are of great significance. Therefore, we combine both aforementioned tools of
stochastic analysis and RMT to motivate a more complete description of deep
learning, where we briefly discuss the framework of modeling the weights as a
matrix-value diffusion process driven by a Ginibre ensemble [60], that in turn
elicits the eigenvalue dynamics during training.
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Chapter 2

Dynamical and computational
properties of heavy-tailed deep
neural networks

Abstract
In deep neural networks (DNNs), the assumption of Gaussian statistics in
theoretical studies has been pervasive. However, empirical data has shown
that heavy-tailed connectivity is prevalent in commonly used pretrained
DNNs. To elucidate the fundamental impact of such heavy-tailed connectivity
on the dynamical and computational properties of DNNs, we develop a
novel mean field theory that integrates theories of heavy-tailed random
matrices and non-equilibrium statistical physics. Our theoretical framework
demonstrates that heavy-tailed weights enable the emergence of the extended
criticality (edge-of-chaos) in a broad parameter region, leading to improved
and faster learning of real-world tasks without the need to fine-tune the
weight statistics, compared to networks with Gaussian weights. Notably, we
find that heavy-tailed DNNs exhibit multifractal eigenvectors and internal
neural representations of input data. Overall, our findings challenge the
commonly held assumption of Gaussian statistics in DNNs and offer new
insights into the underlying mechanisms of deep learning.

2.1 Introduction

Deep neural networks (DNNs) have achieved remarkable success in a wide range of
applications including visual object classification [2], natural language processing
[3], speech recognition [61] and advancing general scientific research [4]. These
systems pass input data through numerous hidden layers composed of neurons,
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2. HEAVY-TAILED DEEP NEURAL NETWORKS

resulting in complex activity dynamics to generate highly abstract representations
necessary for real-world classification tasks. Understanding the origin of such
complex dynamics in DNNs and their computation roles is thus a longstanding
topic of interest in artificial intelligence and has implications for gaining insight
into similar complex systems such as the brain [62]. Since the deep learning
revolution of the past decade [63], a classical theoretical framework has emerged
using a variety of physical and mathematical tools including statistical physics
as well as random matrix theory in order to understand the dynamics of signal
propagation through deep networks [64, 65]. Such works have made use of Gaussian
mean-field approaches to establish parameter phases of vanishing and exploding
signal propagation [9, 19], corresponding to the classical phases of order and chaos
respectively [16]. These important insights have informed initialization strategies
which lead to the faster and more successful training of deep neural networks,
such as concentrating the singular values of the Jacobian matrix across each layer
around 1 [66].

A majority of theoretical studies have generally assumed Gaussian random neural
networks or Gaussian initialization schemes. However, empirical evidence suggests
that during the training process, deep networks invariably exhibit heterogeneous,
heavy-tailed weights, independent of their specific optimization algorithm or
architecture [34, 56]. Additionally, sufficiently complex and well-trained DNNs
exhibit heavy-tailed mechanistic universality: the singular value spectra of large
weight matrices display a powerlaw whose tail exponent is negatively correlated with
generalization performance [13]. These empirical observations and the prevailing
theoretical practices raise fundamental questions about the impact of heavy-tailed
heterogeneity on the dynamical and computational properties of DNNs. Addressing
these questions would not only enable us to gain a better understanding of the
functional mechanisms of DNNs, but would also inform the design of future
systems.

Here, we develop a new theory for DNNs with random heavy-tailed connectivity
based on Lévy mean-field theory [26] and non-Hermitian random matrix techniques
[67]. We use the theory to map out an extended critical phase where DNNs
balance order and disorder in a broad region of parameter space, allowing for
deep information propagation. Fine-tuning or handcrafted inductive biases is
thus no longer required as predicted by conventional theory. While our theory
primarily focuses on random fully-connected neural network models, also known as
multilayer perceptrons (MLPs), in the infinite width limit, we have also conducted
empirical validation to confirm the presence of extended criticality in other network
architectures, such as convolutional neural networks (CNNs). Notably, initializing
DNNs in the extended criticality regime enhances generalization and accelerates
training, thus emerging as a potent initialization method that challenges the
conventional practice of employing homogeneous initial weights.
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2.2. Heavy-tailed statistics in pretrained networks

Our theory also reveals the emergence of multifractality in the eigenvectors of the
input-output layerwise Jacobians and principal directions of neural representations.
Multifractality is a phenomenon characterized by a spectrum of infinitely many
exponents that govern the scaling properties of a system [68]. In the context of
DNNs, multifractality in the critical phase is distinct from the classical Gaussian
network’s edge of chaos [16, 9]. It blends aspects of both localization and delocal-
ization, resulting in robust neural representations with lower effective dimension
for fully-connected DNNs. These properties persist in large pretrained networks.

Heavy-tailed connectivity has been previously observed in biological neural
networks [69], suggesting that our theory of extended criticality may have general
applicability to understanding neural systems. This hypothesis thus highlights the
potential of multifractality and extended criticality as general governing principles
of both artificial and biological intelligence.

2.2 Heavy-tailed statistics in pretrained networks

2.2.1 Distributions of pretrained weights

It has recently been shown that across a wide variety of architectures, the singular
spectra of weight matrices in pretrained DNNs are heavy-tailed (i.e. they have
power-law tails) [13]. Such heavy-tailed statistics could arise from correlations
within the weight matrices, or from the weight entries themselves originating from
a heavy-tailed distribution. We investigate the latter hypothesis for pretrained
network weight matrices from the PyTorch and TensorFlow libraries.

We individually fit all the entries of each weight matrix Wl or convolution tensor
Wl

conv (excluding the biases and batch-normalization layers as in [13]) between the
(l − 1)th and lth layers individually as a Lévy α-stable distribution (often termed
stable distribution) [70], which is defined by a characteristic function involving a
tuple (α, β,σ,µ) containing the stable, skewness, scale and location parameters
respectively,

φ(u;α, β,σ,µ) = e−|σu|α(1−iβsgn(u)Φ(u;α))+iuµ (2.1)

where sgn(u) is the sign of u and

Φ(u;α) =

{
tan
(
πα
2

)
α ̸= 1

− 2
π
log |u| α = 1

.

If a random variable X is drawn from a stable distribution, we denote it by
X ∼ Sα(β,σ,µ), or X ∼ Sα(σ) if it is symmetric with β = µ = 0 [32]. Apart
from Gaussian distributions for which α = 2, all stable distributions with α < 2
possess power-law tails, which is why α is also referred to as the tail index; the
scale parameter σ acts as a generalized notion of standard deviation.
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Figure 2.1: Distribution of weight matrix entries. (a–c) Results based
on pretrained networks from PyTorch and TensorFlow libraries. (a) All entries
of a selected W2

conv (over 7.37× 104 entries) from a pretrained VGG11 fitted to
both stable (solid green curve) and Gaussian (dashed orange curve) distributions
via maximum likelihood respectively; the stability parameter α is estimated
to be 1.38. Inset zooms in on the right tail of the distribution (log-log plot).
(b) The distribution of the stability parameter α (with a lower cutoff 0.5)
corresponding to each of 5568 weight matrices/convolution tensors from 53
networks, each pretrained on ImageNet1K. (c) Scatter plot of the fitted (α,σw)
for each pretrained network weight tensor in (b). The colorbar represents the
Top-5 test accuracy on ImageNet1K of the network corresponding to the tensor.
(d–h) Results based on training FC4 (fully-connected DNN with 4 hidden layers).
(d) The evolution of the stability parameter α of FC4 throughout 10 epochs of
training for FC4 with the default PyTorch uniform initialization for the fully-
connected weight matrices W1 (orange), W2 (green) & W3 (blue). Distribution
fitting is performed on the weights at the end of each epoch. Dotted grey lines
indicate the epochs of the spatial structures in (f–h). (e) Top-1 train (solid red
curve) and test (dashed blue curve) accuracy of FC4 recorded at the final step
of each epoch. Dotted grey lines are the same as in (d). (f–h) The top principal
direction (PD) of the second preactivation hidden layer corresponding to the
output from W2 (originally 784 reshaped to 28 by 28) at epochs 0, 5 and 10
respectively; colormap represents the value of the coordinates.
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2.2. Heavy-tailed statistics in pretrained networks

As an illustration, Fig. 2.1(a) displays the distribution of the entries in a selected
convolution weight matrix W2

conv between the first and second hidden layers
of the pretrained convolutional architecture VGG11. The distribution can be
better fitted by a stable distribution (dashed orange curve) with α < 2 than
a Gaussian distribution (solid green curve). We perform the same analysis to
5568 weight matrices/tensors (Fig. 2.1(b)) across a sum of 53 networks pretrained
on ImageNet1K from both the PyTorch and TensorFlow library and plot the
distribution of tail indices α (see Methods for fitting details); approximately
88.99% of the tail indices are lower than 1.9. The normalized scale parameters σw
vary considerably, particularly for lower values of α (Fig. 2.1(c)). The importance
of the normalized scale parameter lies in its ability to identify the criticality
type of heavy-tailed networks, which can be ordered, critical, or chaotic; this
will be further discussed in Section 2.3. For fully-connected weight matrices,
σw := 2

√
NwNhσ

α where W ∈ RNh×Nw ; the normalized scale parameter for 2D
convolution tensors adopts a different form, this is addressed later in Section 2.3.4.
The Shapiro-Wilk tests reveal that 99.58% of the weight matrices reject the null
hypothesis of Gaussian weights at the significance level of 2.5%. Additionally, over
67.62% of the p-value ratios of the Kolmogorov–Smirnov (KS) test with respect
to the maximum likelihood fit to the stable and normal distribution are strictly
greater than 1. While a network’s architecture is important for its performance,
weight matrices (or tensors) that display greater heterogeneity tend to produce
networks with better generalization [13]. This indicates a natural preference for
heavy-tailed weights, which is also shown in Figure 2.1(c). Although a perfect fit
to the stable distribution is hindered by finite-size effects, it is not necessary for
our Lévy mean-field analysis because the theory only requires the assumption of a
power-law tail in the large network limit.

2.2.2 Emergence of heavy-tailed weights during training

Similarly, we demonstrate that such heavy-tailed weights can emerge naturally
during the training process. We train a fully-connected DNN with the default
PyTorch setting of uniform initialization. In particular, this network which consists
of 4 hidden layers (FC4) is trained on the MNIST dataset [71] via standard
stochastic gradient descent (SGD) for 10 epochs (see Methods for network and
training setting). Using the same fitting method as in Section 2.2.1 above, we
monitor the stability parameters of the first 3 weight matrices during the process
(Fig. 2.1(d)). The Top-1 train and test accuracies both improve rapidly (Fig.
2.1(e)) whilst the values of α deviate from 2 and diverge to 1.46, 1.65 and 1.78 for
W1, W2 and W3 respectively at epoch 10. The spatial structure of the internal
representation for the hidden layers concurrently encounter interesting properties.
We perform principal component analysis (PCA) to the preactivation hidden layer
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at W2 and plot the corresponding top principal direction reshaped to a 28 by 28
image for different epochs. Prior to training, the weights remain Gaussian due to
the uniform initialization scheme applied and as a result, the top principal direction
at layer 2 produces a dense (delocalized) spatial structure (Fig. 2.1(f)). After only
5 epochs of training, the spatial structure of the neural representations undergoes
significant changes and becomes sparser, i.e. more localized, as depicted in Fig.
2.1(g), and this trend persists until the end of training, as shown in Fig. 2.1(h).
During this instance of training, not only do the weights deviate from Gaussian
statistics, the spatial structures of the neural representations simultaneously change
over the course. In Section 2.4, we delve deeper into the ability of heavy-tailed
networks to produce multifractal spatial structures in their neural representations
(Fig. 2.1(g–h)), this is a distinctive feature which sets them apart from Gaussian
networks.

Although the dynamics of DNNs during training may vary depending on the
specific instance, architecture, learning setting etc., recent studies [34, 30] have
used Lévy processes to model the optimization process; the latter article also
showed the anomalous diffusion dynamics in learning which does not commonly
appear in systems driven by Brownian motion at large time scales. Furthermore,
multiplicative noise combined with heavy-tailed structure also improves the capacity
for basin hopping and exploration of loss surfaces of deep learning which are in
general non-convex [56]. These theoretical and empirical analyses thus have
demonstrated that heavy-tailed weight distributions are common in DNNs.

2.3 Signal propagation through heavy-tailed net-
works

We now examine the signal propagation characteristics in random DNNs with heavy-
tailed weights. The investigation of this property holds crucial significance as it has
been shown that the precise training of DNNs relies on the ability of information to
traverse through them [16]. In the limit of large layer width, certain properties of
the network Jacobian become predictable using tools from mean-field theory and
non-Hermitian random matrix theory. Thus, through exploiting these techniques
for the layerwise Jacobian spectral density, we develop a theoretical probability
measure that enables quantification of signal propagation in fully-connected DNNs
with random heavy-tailed coupling. We further confirm the validity of this approach
through numerical experiments involving the propagation of circular manifolds
through random heavy-tailed networks. Based on the construction, we elucidate
an extended criticality transition diagram in the (α,σw) phase for α < 2 which
remains consistent with the Gaussian case (α = 2). We then show how this leads
to superior information propagation, faster and better training, which not only
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provides a different perspective on information propagation, but also serves as a
new initialization scheme.

We conduct supplementary experiments to showcase conventional CNNs (without
skip connections), such as AlexNet, also manifest remarkable training capabilities
when initialized in an extended critical state which closely resembles that of
fully-connected DNNs.

2.3.1 A feedforward network model with heavy-tailed weights

Consider a wide fully-connected DNN of depth L, so that each layer l has Nl

neurons described by a neural activity vector xl along with a weight matrix
Wl ∈ RNl×Nl−1 . Without loss of generality, we consider square weight matrices for
all layers where Nl−1 = Nl := N which allows for computation of the layerwise
Jacobian eigenvalues and eigenvectors. The propagation dynamics arising from
the input x0 ∈ RN is given by

xl = ϕ(hl) , hl = Wlxl−1 + bl , (2.2)

where the preactivation hl is the input at layer l; bl is a bias vector and ϕ is
an element-wise nonlinear activation function. For ϕ, we only consider sigmoidal
activation functions, or more generally, functions that are o(|x|); this is to guarantee
the finiteness of the αth-moment of the activation hidden length (see Appendix
2.B). Now consider the network’s preactivation input-output Jacobian given by

∂hL

∂h1
=

L−1∏
l=1

Wl+1Dl (2.3)

where Dl is a diagonal matrix with entries Dl
ij = ϕ′(hl

i)δij. We are interested
in understanding the spectral properties of the layerwise Jacobian Wl+1Dl for
heavy-tailed deep networks with randomly initialized weights and biases (often
abbreviated as WD in the main text). In particular, we take the weights and biases
to be drawn i.i.d. from a zero-mean and symmetrical α-stable distribution with
scale parameters σα

w/2N and σα
b /2 respectively, i.e. W l

ij ∼ Sα(σw/ (2N)1/α) and
bli ∼ Sα(σb/2

1/α) for all l = 1, · · · ,L. The weight connectivities have asymptotic
tails

pW l
ij
(x) ∼ cασ

α
w

2N
|x|−1−α (2.4)

for the probability density function p(x), where cα := Γ(1 + α) sin(πα/2)/π and
Γ is the Gamma function. Note that the layerwise Jacobian does not explicitly
depend on the bias term, unless otherwise stated, we only consider the DNN
system described by Eq. 2.2 where the biases are all set to zero.
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2.3.2 Extended criticality identified through Jacobian spec-
trum

The classical Gaussian mean-field approach identifies the transition to chaos by
computing the covariance of two inputs as they propagate through the layers of
DNNs [16, 9, 72, 19]. In these studies, chaos is characterized by the separation of
nearby points as they pass through network layers, with asymptotic expansions
yielding depth scales over which information transmission may amplify the mag-
nitude of a single input or decrease the correlation between two different inputs.
However, because variances of such inputs become infinite upon propagation by a
single layer for heavy-tailed networks, these covariances are no longer guaranteed
to be well-defined. For other systems such as recurrent neural networks (RNNs),
analyzing the fixed point requires one to examine the spectral radius of the Ja-
cobian matrix, which shares the same form as the layerwise Jacobian in Eq. 2.3
for fully-connected DNNs. The layerwise Jacobians of Gaussian networks have
confined spectral radius due to the finitely supported spectral density (Fig. 2.2(a)),
allowing one to classify fixed points based on whether the edge of chaos, σw = 1
is crossed. This is no longer the case for heavy-tailed networks as the Jacobian
spectral density has infinite support shown in Fig. 2.2(b), any fixed point is deemed
chaotic by conventional dynamical system theory [23]. As a result, the issues
observed in fully-connected DNNs with discrete layers and RNNs with continuous
dynamics attest the necessity of a new theoretical framework to understand the
dynamics of heterogeneous networks.

For this reason, we will directly compute the signal propagation properties of the
full input-output Jacobian in the stationary state, by observing that the layerwise
Jacobians are independent and identically distributed. Thus, diagonalizing the
layerwise Jacobians by Wl+1Dl = Q−1

l ΛlQl, where the columns of Ql are the
eigenvectors and the diagonal entries of Λl := diagk λk are the eigenvalues, and
moving into Schröndiger’s picture where the eigenvectors remain constant, the full
input-output Jacobian is

L−1∏
l=1

(Wl+1Dl) =
L−1∏
l=1

(Q−1
l ΛlQl) = Q−1

(
L−1∏
l=1

Λl

)
Q (2.5)

Due to the strong law of large numbers, each diagonal element of this product
indexed by k converges to the following magnitude almost surely for sufficiently
large depth L:

L−1∏
l=1

|λk| = exp

(
L−1∑
l=1

log |λk|

)
a.s.−−→ exp

(
(L− 1)

∫
C
log(|z|)ρ(z)dz

)
(2.6)

where ρ(z) is the eigenvalue density of the layerwise Jacobian. Thus, in the
stationary state where the eigenvalues no longer have dependence on l, signal
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Figure 2.2: Signal propagation measure for the Jacobian spectrum
and phase diagram for random deep networks. (a) The density of states
of the layerwise Jacobian WD for deep random networks with zero bias and
σw = 0.75, 1.5, 2.25, 3 (blue, yellow, green, red); α = 2.0. Insets for both (a–b)
depict the empirical eigenvalue distribution and characteristic spectral radius
(dashed circle) beyond which exponential suppression of eigenvalue density
dominates for σw = 1.5. Here the characteristic spectral is equivalent to
the spectral radius of the Jacobian. (b) Same as in (a) but for α = 1.2, the
characteristic spectral radius in this case is finite but the spectral radius is infinite.
(c) α—σw phase transition diagram. The colormap depicts the maximum L
such that the ratio of Jacobian averages Jf1 using f1(r) = sgn(log(r))| log(r)|L
between the given point and the edge-of-chaos ordered transition (red line) at
that α remains greater than unity, with a cutoff at 6. Green lines represent the
corresponding points at which this ratio equals unity using f2(r) = (r − 2)L

and L = 1, 11, 21, . . . , 101 (starting from the right), with the enclosed region
performing better than the edge-of-chaos ordered transition line with respect
to the Jacobian average Jf2 . Higher cutoffs and different Jacobian averages
yield qualitatively similar phase diagrams. (d) Jacobian average Jf for the
monotonically increasing functions f(x) = x, as a function of the weight gain
parameter σw and α = 1, 1.2, 1.4, 1.6, 1.8, 2 (blue, yellow, green, red, purple,
orange). The difference ∆Jf is computed against the value at the ordered
transition line. (e) Same as in (d) but with the function f(x) = log(x).
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propagation in the direction of a random eigenvector is dictated by the logarithmic
Jacobian average.

In view of Eq. 2.6 and a recent framework established for RNNs in [23], to analyze
this link between signal propagation and the (layerwise) Jacobian eigenvalue density
ρ(z) at random initialization, we compute averages over the eigenvalues of Wl+1Dl

Jf := ⟨f(|λi|)⟩ =
∫
C
f(|z|)ρ(z) dz (2.7)

where f is an increasing function which penalizes small eigenvalues and rewards
eigenvalues with large modulus. The local signal propagation ability of the deep
network can then be expressed using its Jacobian average Jf defined in Eq. 2.7. To
evaluate Jf , we need to first determine the spectral density of a column-structured
non-Hermitian heavy-tailed matrix, given Dl is a diagonal matrix. The first step
is to obtain the resolvent for the bipartization of WD, which after permutation
forms a quaternionic resolvent (Eq. 2.24). In the limit of large matrix size N → ∞,
the strong law of large numbers is invoked to obtain the diagonal entries of the
quaternionic resolvent which is a 2× 2 matrix (Eq. 2.25) [67]. The off-diagonal
entries of Eq. 2.25 allows for recovery of the limiting spectral density as in Eq. 2.26
(see Appendix 2.B for further details on ρ(z) as in Eq. 2.18). On the other
hand, information of the eigenvectors can be inferred from the diagonal entries of
Eq. 2.25, we will further discuss this in Section 2.4. To compare the local signal
propagation abilities between networks with different α, we first compute the
Jacobian average at the ordered transition line (α,σw) at which the fixed point
becomes non-negligible (q∗ ∼ 0.01, Fig. 2.2(c) solid red line). The ordered phase
corresponds to the region where the Jacobian eigenvalues with modulus greater
than unity are exponentially suppressed in probability. We then compute the
dimensionless ratio of Jacobian averages (Eq. 2.7) at parameters (α,σw) to their
values at the ordered transition (α,σw).

Evaluating the Jacobian average for Gaussian DNNs (α = 2) shows that it is
maximal at the classical edge-of-chaos transition, σw = 1, due to the concentration
of eigenvalues around zero in the chaotic regime despite a larger spectral radius.
Consequently, our characterization of deep information propagation is consistent
with those reported elsewhere for Gaussian DNNs [16]. More importantly, for α < 2
we find an extended region in phase space where the Jacobian average is greater
than that of the ordered transition (Fig. 2.2(c)), indicating signal propagation
through more layers in the network relative to the edge-of-chaos ordered transition
point (criticality).

To determine the continuous nature of the transition to chaos, we compute the
size of this extended critical region using monotonic averaging functions f which
progressively become more discriminatory between small and large eigenvalue
moduli with greater depth L, such as f1(r) = sgn(log(r))| log(r)|L (Fig. 2.2(c),
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colormap) and f2(r) = (r−2)L (Fig. 2.2(c), dashed green lines). Employing greater
values of L in the Jacobian average serves as a proxy for information being able to
penetrate a greater number of layers in the deep network. In heavy-tailed networks,
the chaotic phase continuously transitions into a critical regime where the ratio of
Jacobian averages remains greater than unity even for large L, predicting superior
propagation of information through deep networks compared to the edge-of-chaos
transition line. These results indicate that the edge-of-chaos criticality exists in an
extended region of non-zero area in the (α,σw)–parameter space.

Additionally, our form of extended criticality remains robust to changes in the
form of the Jacobian average for alternative increasing functions f . The Jacobian
averages Jf for the functions f(x) = x and f(x) = log(x) both reach their peak
value at σw = 1 for α = 2 (Fig. 2.2(d–e) orange lines). Conversely, when α < 2,
these averages continue to exceed Jf at (α,σw) across a broad spectrum of σw
values. More precisely, smaller α values result in a wider range of high Jacobian
averages, thereby expanding the critical regime for networks possessing a greater
degree of heterogeneity in their connectivity strengths (Fig. 2.2(d–e) non-orange
lines). Various forms of f universally distinguish Jf at (α,σw) and (α,σw). Hence
the phase transition diagram is insensitive to the specific form of Jacobian average
used in Eq. 2.7 and the extended critical regime closes into the classical edge-of-
chaos point σw = 1 (Fig. 2.2(c)) in the Gaussian limit, α = 2 (Fig. 2.2(d–e) orange
lines).

2.3.3 Layerwise contraction and expansion of neural mani-
folds

We next consider the propagation of manifold geometry through deep random
neural networks. It has been shown that random Gaussian feedforward networks
may be trained precisely when information can propagate through them [16],
which occurs at the classical edge of chaos [72, 9]. Through quantifying the
layerwise geometry of hl(θ) from a simple circular manifold input parameterized
by a scalar θ ∈ R, the classical ordered and chaotic regimes can be shown to
correspond with the uniform compression and nonlinear expansion of internal
neural representations respectively [9]. In particular, our findings demonstrate
that the parameter L depicted in Fig. 2.2(c) effectively controls the depth of the
fully-connected DNNs in situations where pairwise distances across the manifold
display significant fluctuations. Furthermore, the extended critical phase overlaps
with the ideal balance between contraction and expansion in neural manifolds,
leading to improved training performance (Section 2.3.4).

We study how this circular manifold propagates through random heavy-tailed
DNNs initialized at different (α,σw) without biases (see Methods for initialization
details of fully-connected weights). For α = 1, the ordered and chaotic phases
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Figure 2.3: Propagation of manifold geometry through deep random
networks. Propagation of a great circle through FC30 randomly initialized
with α = 1 projected to its three principal components (normalized), from
(a–c) σw = 0.1, 1, 3 respectively; all 3 axes have cut-offs at ±0.05. Insets show
the fraction of variance explained by the top 5 singular values with respect to
the manifold. The cyclic colorbar corresponds to the rotation angle θ of the
input manifold which is set between [0, 2π). The total variance and top singular
value pair from left to right are respectively (1.19× 10−17, 1.16× 10−17), (6.78×
103, 2.39× 103) & (1.11× 105, 1.58× 104). (d–f) Same as in (a–c) but for α = 2.
The total variance and top singular value pair from left to right are respectively
(4.11× 10−29, 2.28× 10−29), (3.08× 101, 1.70× 101) & (4.27× 104, 3.01× 102).
(g–i) A phase transition plot with the colormap representing the coefficient of
variation of pairwise distances as in Eq. 2.8 over an initially circular manifold
propagated through a deep random network described by Eq. 2.2 with 1000
neurons at each layer, averaged over 50 network ensembles. The transitions
are plotted for layer 15, 25 and 35 respectively. Overlaid are the theoretically
predicted critical transition lines from Fig. 2.2(c). The classical edge-of-chaos
point appears at (α,σw) = (2, 1).
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(Fig. 2.3(a, c) respectively) correspond to regimes of contraction and nonlinear
expansion which respectively occur uniformly throughout the manifold. Meanwhile,
a combination of contraction and nonlinear expansion of input points is displayed
along different parts of the manifold in the critical regime (Fig. 2.3(b)). Through
principal component analysis (PCA) performed on the neural representations,
the principal components (PCs) show the proportion of signal which has been
preserved (Fig. 2.3(a–c) insets). In the chaotic regime, a majority of the signal,
represented by the top 5 fraction of variance produces persists. On the other hand,
the ordered regime experiences contraction rather than noisy PC dispersion (top
singular value is small, Fig. 2.3 caption). Only the critical regime preserves the
signal by avoiding contraction while maintaining a significant proportion of data
in the first PC. For the Gaussian case α = 2, the ordered and critical regime both
preserve majority of the signal in the top two PCs but the chaotic regime mixes
the signal and noise, leading to de-correlation of the input manifold and hence
a much lower proportion of variance explained even for top PCs (Fig. 2.3(d–f)).
As σw increases, the singular value distribution becomes flatter and the projected
curves become more complex and entangled. Nonetheless, smaller values of α
can decelerate the reduction of the singular values for deeper layers (vanishing
length ql of Eq. 2.17) in the ordered regime whilst preserving the percentage of
the variance explained for the top PCs (i.e. hindering signal-noise mixing) in the
chaotic regime.

To further quantify the fluctuations of pairwise distances, we use the dimension-
less coefficient of variation

CV =
stdθ(∆h

l(θ))

⟨∆hl(θ)⟩θ
(2.8)

where ∆hl(θ) :=
∥∥hl(θ +∆θ)− hl(θ)

∥∥ is the change in Euclidean distance of the lth
hidden layer as its input angle is perturbed by a small ∆θ; the average and standard
deviation are taken over the angles θ ∈ [0, 2π). As shown in Fig. 2.3(g–i), both the
classical ordered and chaotic regimes have low fluctuations of pairwise distances,
as each regime contracts and nonlinearly expands neural inputs uniformly across
the ambient space and thus the manifold. However, the extended critical regime
displays large fluctuations of pairwise distances across the manifold and thus input
space, demonstrating that the network qualitatively balances the contraction and
expansion of neural inputs across space. Such balanced contraction and expansion
does not exist beforehand (Fig. 2.C.1(a–d)) but emerges upon propagation by a
number of layers in the network.

As the circular manifold propagates deeper through the network, the region
exhibiting simultaneous contraction and expansion evolves in a manner roughly
following the analytically predicted continuous phase transition parameterized by L
(Fig. 2.3(g–i), black lines). It is important to note that the extended critical regime
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is consistent with that of mixed contraction and expansion. The symmetry breaking
caused by the simultaneous balancing of contraction and expansion throughout
the neural manifold enables the propagation of information through many layers
when networks are trained in this critical regime, extending the findings in [16]
to heavy-tailed deep networks. The observed fluctuations of the classical critical
point at (α,σw) = (2, 1) are smaller than those deep in the extended critical phase
(Fig. 2.3(i)); this phenomenon potentially arises from a combination of finite-size
effects and the localization properties of the corresponding eigenvectors in each
regime.

2.3.4 Extended heavy-tailed initialization for deep neural
networks

To achieve successful training of a DNN, it is essential to initialize its weights
appropriately. Previous research has focused on investigating various techniques
to prevent gradient explosion or vanishing [5, 66, 73]. One of the best current
practices involves initializing networks with pretrained weights [74], which typically
have heavy-tailed distributions as shown in Fig. 2.1. Additionally, the relationship
between the signal propagation of the network and its dynamic critical regime
suggests that initializing deep networks within the extended critical phase enhances
their trainability. To verify this, we uniformly select parameters from a (α,σw)-
grid and train FC10 (Eq. 2.2, L = 10) with tanh activation for 650 epochs using
standard SGD (Fig. 2.4(a–c)); a small constant learning rate is applied to mitigate
the instability of the learning algorithm (see Methods for further training details).
For this section and onwards, we make the differentiation and term networks
initialized with weights α < 2 as heavy-tailed (initialized) neural networks and
Gaussian (initialized) neural networks for α = 2. DNNs are known to suffer
from the exploding or vanishing gradient problem under Gaussian initializations
far from the edge of chaos [16, 37]. To understand the advantage of pretrained
initialization, we show that such network architectures can be successfully trained
when initialized in the extended critical regime (Fig. 2.4), displaying a superior
test accuracy and loss after under 50 epochs (Fig. 2.C.2). The interval of successful
training for Gaussian initializations with α = 2 spans between 0.7 ≤ σw ≤ 1.5
due to finite-size effects of the 784-neuron layers as well as statistical fluctuations
from training, with the interval closing into the classical edge-of-chaos point at
(α,σw) = (2, 1) in the large network limit. By determining the epoch at which the
Top-1 testing accuracy reaches the threshold of 93% in Fig. 2.4(c), we observe that
the network achieves convergence to the desired weight configuration much more
rapidly when initialized in the extended critical regime. The difference in training
time due to variations in the initialization parameters spans multiple orders of
magnitude: networks initialized deep in the critical regime can be successfully
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Figure 2.4: Extended criticality displays superior generalization and
trainability for DNNs. (a–c) Results for FC10 trained on MNIST. (a) Top-1
test accuracy of FC10 at epoch 650 with quadric interpolation. The (α,σw)
initializations are realized for α = 1, 1.1, 1.2, · · · , 2 and σw = 0.25, 0.5, 0.75, · · · , 3.
Every network was trained for 650 epochs with a batch size of 1024 and learning
rate of 0.001 with the vanilla SGD algorithm. The colorbar has lower and upper
cutoff at the 5% and 95% percentile of the testing accuracies at epoch 650.
(b) The same as in (a) but with the colormap representing the test loss. (c)
The same as in (a) but with the colormap representing the earliest stopping
epoch reaching the Top-1 testing accuracy threshold of 93%. The colorbar has
lower and upper cutoff at the 5% and 95% percentile of the earliest epochs.
(d–f) Results for AlexNet trained on CIFAR10. (d) Top-1 train accuracy of
AlexNet at epoch 500 with quadric interpolation. The realizations of the training
initialization and colorbar bounds (5% and 95% percentile) are the same as
in (a). Every network was trained for 500 epochs with a batch size 256 and
learning rate of 0.001 with the vanilla SGD algorithm. (e) The same as in (d)
but the colormap representing the train loss. (f) The same as in (d) but with
the colormap representing the earliest epoch reaching the Top-1 train accuracy
threshold of 70%.
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trained in under 50 epochs, while deeply chaotic initialization prevents the network
from reaching a testing threshold of 93% even after training is stopped at 650
epochs. For the phase transition of the accuracy and loss at different epochs, please
see Fig. 2.C.2.

We further investigate the effect of batch sizes on networks initialized with
Gaussian and heavy-tailed weights. For our controlled experiment, we adhere to
vanilla SGD with the same learning rate to regulate the setting in Fig. 2.4, while
manipulating the batch size in exponential increments. To reduce discrepancies
between batch sizes, we plot the test accuracy after an extensive training time
for α = 1 and 2 each for 3 values of σw (Fig. 2.C.3), which represent the ordered,
critical and chaotic phase respectively. For α = 1, all networks are able to attain
very close to perfect accuracy for the large range of batch sizes ([16, 1024]). This
observation continues to hold for the Gaussian critical phase; but for the chaotic
phase there is already a non-negligible decline in test accuracy for larger batch
sizes and an even more consequential drop-off for the ordered regime (starting
from batch size 32). As expected, heavy-tailed networks maintain their robust-
ness of the Top-1 test accuracy across varying initialization regimes and batch sizes.

While CNNs utilize convolutional layers to process input data [75, 76, 2], they
display remarkably similar dynamics to Eq. 2.2, given a fundamental network
structure and the weights are Gaussian. In particular, the fixed point analysis for
the covariance matrix of different sites (within the same hidden layer at the same
depth) fundamentally shares the same mathematical structure with fully-connected
DNNs if the evolution equation for the layerwise deviation from the fixed point
is moved into Fourier space [77]. In view of the prominence of heterogeneous
coupling (Fig. 2.1) as well as similarities with fully-connected DNNs, we now
further demonstrate empirically the existence of the extended critical regime for
CNN architectures.

Firstly, note that convolution kernels can be of any arbitrary dimension, we
restrict our simulations to CNNs without biases where the layer tensors take
form of 2D convolutions tensors, i.e. Wl

conv2D ∈ Rk1×k2×cin×cout . Here k1 and
k2 are respectively the width and height of the convolution filters; cin and cout

are respectively the number of input and output channels. In a similar fashion,
entries of each individual convolution tensor from a CNN initialized at (α,σw) are
independently sampled from the distribution Sα

(
σw

(2k1k2cout)1/α

)
; the same scaling

as in [77] is recovered as α → 2. In order to fully contrast the effect of convolution
weights at different initialization distributions, the fully-connected weight matrix
entries in the network are uniformly sampled (see Methods more details).

We demonstrate our results for AlexNet [2] trained on a more complex CIFAR10
dataset [78]; each realized parameter pair (α,σw) of network initialization in
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2.4. Multifractality in heavy-tailed networks

Fig. 2.4(d–f) is the same as (a–c). In parallel to fully-connected DNNs, an
extended critical regime is also displayed for CNNs; these results suggest that the
extended criticality is a universal property of heterogeneous DNNs (additional
epochs can be found in Fig. 2.C.2).

The parameter space σw for high Top-1 accuracy significantly extends over a
larger region for lower values for α, underscoring the preference for heterogeneous
and heavy-tailed connectivities in DNNs concerning weight initialization and sub-
sequent performance after training (Fig. 2.1). The enhanced training performance
of the extended criticality regime in Fig. 2.4 coincides with very similar regions of
high CV (Fig. 2.3(g–i)), indicating the consistency between the duality of learning
and information propagation. Although the theory developed in Section 2.3 is
founded on fully-connected DNNs, it is worth noting that AlexNet yields similar
qualitative performance with effectively the same weight initialization scheme.
Thus our results provide a crucial theoretical and computational guideline for the
successful training and generalization of heterogeneous DNNs from the perspective
of extended criticality.

2.4 Multifractality in heavy-tailed networks

We have now investigated the impact of layerwise Jacobian eigenvalues on signal
propagation in DNNs, which is directly linked to the off-diagonal elements of
Eq. 2.25 described by Eq. 2.26. We next study the dynamics of the Jacobian
eigenvectors, which can be inferred from the diagonal elements of Eq. 2.25. In a
recent study [23], it has been demonstrated that the eigenvectors of the Jacobian
for heavy-tailed recurrent neural networks are multifractal. We illustrate that this
property extends to heavy-tailed DNNs. Moreover, this feature is present in the
top principal directions of neural representations at any depth. We demonstrate
that the delicate mixture of localized and delocalized properties of multifractality
generates more robust neural representations for fully-connected DNNs and benefits
pretrained network models.

2.4.1 Multifractal Jacobian eigenmodes

Spatial multifractality emerges in various complex systems, such as the distribution
of turbulent flow dissipation [79, 68]. It is a generalization of monofractality, where
a single exponent is insufficient to describe the underlying scaling properties of
complex systems; an entire spectrum of infinitely many exponents is required to
characterize the system’s effects.

Multifractals describe distributions of intensities or densities of quantities on
(measure) supports. Consider a probability measure of general quantities µi where
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i represents some spatial position. We impose that µi is normalized over an entire
system of size M , i.e.

∑
i µi = 1; hence µi can be interpreted as the probability

of finding the quantity at position i. Given a box measure µb(m) :=
∑

i∈b(m) µi,
here the box b(m) has size m ≪ M and forms a subset of the system. The qth

moment of the coarse-grained measure by an infinitely small scale m→ 0 satisfies
the relation

⟨µq
m⟩ :=

∑
b

µq
b(m) ∝

(m
M

)τ(q)
(2.9)

where τ(q) is defined as the mass exponent and M/m is the level of coarse-graining
[80]. For monofractals with fractal dimension Df ,

τ(q) = (q − 1)Df , (2.10)

there is a linear dependence of the mass exponent τ(q) on q. From a box-counting
perspective, this indicates that the quantities appearing in a box b(m) of size m
does not change meaningfully with respect to the location of the box. However,
this relation is violated in multifractals as discussed in the following.

Recent findings in the context of recurrent neural networks [23] have shown
that the right eigenvectors of its Jacobian for sigmoidal activation functions are
spatially multifractal over neural sites with a mixture of localized and delocalized
properties. Since the (preactivation) layerwise Jacobians in Eq. 2.3 share a similar
structure to that of RNNs where the connectivity matrix is multiplied by a diagonal
matrix with entries as the derivative of the activation function, these results can be
applied to fully-connected DNNs with the same techniques for deriving localization
properties of the left and right eigenvectors in terms of the inverse participation
ratio IPRq(v) =

∑N
i=1 |vi|2q for any normalized v ∈ RN (see Appendix 2.B.1). Such

multifractal localization over neurons is defined by a nontrivial dependence on q
of the (generalized) fractal dimension Dq appearing in the inverse participation
ratio [81]

IPRq(v) ∼ N (1−q)Dq (2.11)

for large system size N . Note that Dq = 0 (1) corresponds to localized (delocalized)
spatial profiles over neurons. Intuitively, a delocalized (eigen)vector has vi ∼ 1/

√
N

where the magnitude for all components are (roughly) the same. On the other
hand, if the vector is significantly different from zero only on one or a very
small number of sites, it is localized. Based on Eq. (2.11), the fractal dimension
corresponding to an eigenvector can be estimated via the asymptotic relation
Dq ∼ logN IPRq(v)/(1− q). Similar to the Jacobian spectral density, the IPR of
the left and right Jacobian eigenvectors can be inferred from Eq. 2.25 and have
the respective analytical expression as in Eq. 2.27.

To demonstrate such multifractality in DNNs, we first examine quantities as dis-
cussed above for the right eigenvectors of the layerwise Jacobians corresponding to
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Figure 2.5: Localization properties of preactivation layerwise Jacobian
eigenvectors. (a) Absolute site magnitudes of the right eigenvector of the
layerwise Jacobian matrix W6D5 with the largest eigenvalue modulus; there are
a total of 784 sites. Here D5 is computed for a single arbitrarily selected MNIST
image input. The network FC10 is randomly initialized at (α,σw) = (1.2, 1).
The inset zooms in on the the first 100 sites showing a mixture of localization
and delocalization across neuron sites. (b) The mean fractal dimension Dq ∼
logN IPRq(v)/(1− q) across 784 right eigenvectors of W6D5 as in (a) plotted
for α = 1.2 (dashed blue curve) and α = 2.0 (dashed red curve) with σw = 1
before training in both cases. The one standard deviation is represented by the
shaded area for α = 1.2 (red) and α = 2.0 (blue). (c) The average correlation
dimension D2 of the preactivation Jacobian Wl+1Dl eigenvectors vs layer l, i.e.
for l = 1, · · · , 10 (Eq. 2.2). The same image input as in (a) & (b) is used for
computing each Dl. The average of D2 is taken over 784 eigenvectors of Wl+1Dl

at each depth l; the one standard deviation is represented in the manner same
as (b) & (f). The dotted grey line coincides with D2 of the featured layer l = 5
plotted in (b) before training. (d) The average D2 plotted across layer l. Here for
each MNIST image sample, D2 is averaged over the eigenvectors. At each layer,
the average and standard deviation of D2 is taken across 1000 randomly selected
training samples. (e) Same as (a) but for α = 2.0. The activity fluctuations
spread evenly over the sites and remain delocalized. (f) Same as in (b) but after
training the corresponding networks for 650 epochs (solid curves). The training
algorithm setting for FC10 can be found in Methods. (g) Same as in (c) but
after training for 650 epochs. The dotted grey line coincides with D2 of the
featured layer l = 5 plotted in (f) after training. (h) Same as in (d) but after
training for 650 epochs.

a single input. Random heavy-tailed networks (before training) inherently possess
multifractal layerwise Jacobian eigenvectors (Fig. 2.5(a)) where the magnitudes of
neuron sites exhibit large fluctuations and the geometrical scaling varies from site
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to site (figure inset). Comparatively, the associated eigenvectors from Gaussian
networks contain evenly distributed magnitudes over the neurons (Fig. 2.5(e)
and inset). We compute Dq for both cases at the critical initialization where
σw = 1. At α = 1.2, the eigenvectors of W6D5 exhibit multifractality with high
variance (Fig. 2.5(b) dashed blue curve and shaded region), which persists even
after training (Fig. 2.5(f) solid blud curve). In contrast, for the Gaussian network,
the eigenvectors of W6D5 remain delocalized even after the completion of training.
This is illustrated by the minimal difference between the dashed and solid red
curves in Fig. 2.5(b, f). Although a perfect representation of delocalization, i.e.
⟨Dq⟩ = 1 ∀q for the Gaussian case (Fig. 2.5(b, e) red) is set back by finite size
effects and can only be achieved when the system size approaches infinity, the
difference between multifractality (α = 1.2) and delocalization (α = 2.0) is fully
displayed: the fractal dimension Dq corresponding to the heavy-tailed network, is
a non-trivial function which experiences a much more significant decrease with
respect to q relative to the Gaussian case.

Since Dq is a non-increasing function of q, the correlation dimension D2 (fractal
dimension evaluated at q = 2) can be directly used as a measure of delocaliza-
tion/localization of the associated vectors regardless of the finite size effects. At
σw = 1, Gaussian networks exhibit a notable prevalence of delocalized eigenvectors
throughout each layer, which again is retained from initialization and persist
after training (Fig. 2.5(c, g) red lines). Conversely, the Jacobian eigenvectors of
heavy-tailed networks demonstrate varying levels of multifractality throughout the
layers (Fig. 2.5(c, g) blue lines). Heavy-tailed networks demonstrate visibly greater
standard deviation at each layer l, indicating larger fluctuations in eigenvector
localization properties compared to Gaussian networks (Fig. 2.5(c, g) blue and
red shaded areas). The sudden decline of D2 at layer 10 is attributed to the fact
that the final readout layer comprises only 10 neurons in both cases. For other
regimes with non-unitary σw, the microscopic details of D2 vary from case to case
(Fig. 2.C.4). In the ordered regime σ2 = 0.25, the difference between eigenvector
localization properties of Gaussian and heavy-tailed networks decreases; for larger
values σw = 1.5, 3, we observe similar qualitative phenomena as in the critical
regime (σw = 1), but the Gaussian networks demonstrate larger fluctuations of
D2 within each layer due to the increase in the variance of associated weights
(Fig. 2.C.4 red shaded area). We expand our investigation to examine the dynamics
of large samples of image inputs based on D2. In this case, D2 is averaged across
all the corresponding eigenvectors for a single input (see Fig. 2.C.4(b, h)). Similar
patterns as in Fig. 2.C.4(c, g) are observed, albeit with smaller fluctuations across
the training samples. The overall shape of D2 remains similar to that for a single
input (Fig. 2.C.4(c)) and is preserved even after training, indicating that the
localization properties of Jacobian eigenvectors are persistently maintained across
the entire dataset.
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2.4. Multifractality in heavy-tailed networks

Heavy-tailed networks consistently reveal layerwise Jacobian eigenvectors with a
greater degree of localization, regardless of the value of σw. Our results presented
in Fig. 2.4 illustrate that improved training and generalization can be achieved
with smaller values of α. These heavy-tailed initialized networks display a more
prominent multifractal structure, which demonstrates the crucial role of these
unique characteristics induced by connectivity heterogeneity in facilitating informa-
tion propagation. In particular, an eigenvalue of a given eigenvector corresponding
to successive layers exhibit larger modulus than those at the ordered transition line,
quantified by the high Jacobian average (Eq. 2.7). This causes a subset of spatially
multifractal directions in neural space to consistently appear above the critical line
(Fig. 2.2), allowing the eigenvectors to experience expansion in those directions
while contracting others, a form of symmetry breaking. This balance between
contraction in some directions and expansion in others allows neural networks to
prioritize different parts of the input when training on the problem dataset. How-
ever, deep networks with Gaussian statistics have spatially delocalized layerwise
Jacobians eigenvectors, so that each direction appears equivalent to the network
even after quenching regardless of the problem data. Consequently, Gaussian deep
networks can only contract or nonlinearly expand and fold Jacobian eigenvectors
in all directions simultaneously without precision, corresponding to the classical
ordered and chaotic regimes respectively [7].

2.4.2 Multifractality emerging in neural representations

We continue to analyze the neural representations initialized under different regimes
before and after training on realistic datasets such as MNIST [71]. To comprehend
the activity patterns of the hidden layers hl ∈ RN produced by the network upon
presentation of the visual dataset, we compile the population responses to each of
the P images from the dataset into a matrix X ∈ RN×P . One useful measure to
characterize the dimensionality of X is via its effective dimension (ED) [82]:

ED(X) =
Tr(C)2

Tr
(
C2
) =

(∑N
i=1 λi

)2
∑N

i=1 λ
2
i

(2.12)

where λi for i = 1, · · · ,N are the eigenvalues of the covariance matrix C :=
1
P
XX⊤−x0x0

⊤; x0 ∈ RN is the centered manifold corresponding to X. Assuming
the covariance matrix is diagonalizable, it can also be expressed as

C =
1

P

N∑
i=1

R2
iuiui

⊤. (2.13)

The eigenvectors of the covariance matrix, denoted by ui, are referred to as
principal directions or principal axes and the associated principal component (PC)

39



2. HEAVY-TAILED DEEP NEURAL NETWORKS

is simply the projection Xui, i.e. the entries uij describes the weighting of the ith
on the jth feature of X. Their corresponding eigenvalues R2

i /P := λi, are arranged
in descending order. The effective dimension is essentially the participation ratio
of the covariance matrix eigenvalues and can be interpreted as approximately the
number of PCs required to maximally explain the variance of the data [83]. In the
following, we explore the properties of these geometrical quantities for Gaussian
and heavy-tailed initialized networks.
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Figure 2.6: Localization properties and effective dimensions of DNN
activations. (a–c) The top 2 PCs of the final activation layer xl (l = 9) of
a trained FC10 at epoch 650, the networks are initialized at α = 1.2 with
σw = 0.25, 1 and 3 respectively. The colorbar indicates the associated image
classes {0, 1, · · · , 9} of the MNIST test dataset. (d–f) The same as in (a–c)
but for α = 2. (g–i) The ED for each activation layer is computed based on
Eq. 2.12 for σw = 0.25, 1 and 3 respectively. The lines indicate the mean values
and the shaded area corresponds to the standard deviation, both averaged over
the batches of input images. The blue and red curves represent the network
initialized at α = 1.2 and α = 2.0 respectively. Dashed curves are computed
based on FC10 before training; solid curves after the networks have been trained
for 650 epochs. (j–l) The average correlation dimension D2 of the top 5 principal
directions is plotted over depth; the neural representations are obtained from the
full-batch MNIST train dataset. (m–o) Percentage of the cumulative variance
explained by the top 5 PCs plotted against layer l. Neural representations are
obtained as in (j–l).
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2.4. Multifractality in heavy-tailed networks

Based on the training results in Fig. 2.4 and 2.C.3, it is important to understand
how the neural representations in the critical, ordered and chaotic regime distin-
guish heavy-tailed and Gaussian initialized networks during training for real-world
datasets. Even though the overall train/test accuracy of FC10 is very similar
between Gaussian and heavy-tailed networks for σw ∈ [0.7, 1.5] which are close to
the critical regime (Fig. 2.4), it is important to note that the neural representations
across the network exhibit distinct properties. To show this, we perform PCA
on the hidden layers of relevant networks and study their underlying dynamics.
Upon projecting the final activation layer of the MNIST test dataset onto the
top two principal components as shown in Fig. 2.6, the separability of different
input classes in heavy-tailed DNN activations persists across a wider range of σ2
(Fig. 2.6(a–c)). However, the particular value of σw becomes extremely important
for Gaussian networks. Initialization within the ordered regime inhibits learn-
ing of Gaussian networks and simultaneously prevents dimensionality expansion
(Fig. 2.6(d)). On the other hand, the chaotic initialization causes the input classes
to be mixed back together, causing difficulties for classification (Fig. 2.6(f)). Only
with appropriate σw at the edge of chaos [9, 82] can Gaussian networks be trained
optimally (Fig. 2.6(e)). This finding highlights the importance of understanding
the dynamics of heavy-tailed networks, as they exhibit superior performance for
more extreme values of σw, even when trained using the same methods as Gaussian
networks.

At the criticality point, Gaussian networks expand dimensionality (ED) larger
than that of the original input to allow for better separation between different image
classes. Previous studies have shown trained DNNs often possess a hunchback
shape for their EDs across the network depth [84] which depicts a decoding
and encoding process, this finding matches with the red solid curve (α = 2)
in Fig. 2.6(h). In comparison, the ED of heavy-tailed networks is significantly
reduced across all layers as shown in Fig. 2.6(h) by the blue curves, indicating a
different input class separation mechanism with a higher degree of efficiency. For
the ordered regime σw = 0.25, Gaussian networks suffer from gradient vanishing
causing the weights to barely evolve [66], leading to very similar values of ED
before and after training across all layers (Fig. 2.6(g), solid and dashed red curve
overlap significantly); heavy-tailed networks continue to maintain their trainability
by suppressing dimensionality (Fig. 2.6(g) solid blue curve). Furthermore, this
observation remains valid even in the chaotic regime for heavy-tailed networks. In
this case, Gaussian networks face the problem of input signal mixing with noise due
to gradient explosion [66]. Consequently, the effective dimensionality is needlessly
increased, which makes decoding significantly more difficult (Fig. 2.6(i)).

Heavy-tailed networks effectively combat negative impacts from various settings
by compactly reducing the dimensionality of the neural manifolds. For all three
cases of initialization regimes discussed above, we find that the top principal
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direction of neural representations from heavy-tailed network (computed based
on Eq. 2.13) tend to be more localized than those of Gaussian networks due to
the lower values of D2 (Fig. 2.6(j–l)). Moreover, with the same number of top
principal direction, those from heavy-tailed networks account for similar levels of
variance in the data at σw = 1 (Fig. 2.6(n)) and a greater amount at σw = 0.25 and
σw = 3 (Fig. 2.6(m, o)) respectively. Unlike the layerwise Jacobian eigenvectors
(Appendix 2.B.1), majority of the principal direction for heavy-tailed DNNs of the
activations are relatively delocalized depending on the layer and σw (Fig. 2.C.5
blue curves). However, the Gaussian networks possess very delocalized principal
directions across all PCs (Fig. 2.C.5 red curves) and the associated cumulative
variance percentage of the PCs recovers to 1 at a similar rate for σw = 1 and slower
rate for σw = 0.25, 3 (Fig. 2.C.6). For preactivations, the localization degree of
the Jacobian eigenvectors generally become more intense as their rank based on
the corresponding eigenvalues increases (Fig. 2.C.8 blue curves). Consequently,
fewer top PCs can explain a higher proportion of the variance in the neural
representations for non-critical initialization (Fig. 2.C.9 blue curves). Besides the
concept manifold separability, the preactivation layers overall share qualitatively
similar characteristics as the activations (Fig. 2.C.7–2.C.9).

For fully-connected DNNs initialized with heavy-tailed weights, the leading
principal directions with multifractal characteristics reveal their heterogeneity in
feature selection, which remains robust against the specific values of σw. Employing
a similar reasoning as discussed in Section 2.4.1 regarding Jacobian eigenvectors, a
precarious combination of delocalized principal directions is required for Gaussian
DNNs for precise extraction of local input features from the internal neural space.
However, for heavy-tailed DNNs generally producing a lower effective dimension,
only a few yet robust multifractal components are necessary. In light of these
observations, heavy-tailed weights enable the effective balance of dimensions for
an extensive range of the scale parameters (Fig. 2.1(c)).

2.5 Discussion

In this study, we have developed a theoretical framework to study the widely
observed phenomenon of heavy-tailed universality in deep neural networks. Our
framework identifies an extended critical regime of enhanced signal propagation
which does not require fine-tuning of parameters, providing an initialization method
that enhances generalization and accelerates training. Furthermore, we have
discovered the emergence of multifractality in the eigenvectors of the input-output
layerwise Jacobians as well as principal directions of neural representations. This
multifractal property enhances robust neural representations for fully-connected
DNNs.
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2.5. Discussion

The properties of the extended critical phase generalizes the current analysis of
singular values [13] to a complete spectral theory of deep networks encompassing
eigenvectors, and thus the spatial properties of the system dynamics, as well as
eigenvalues [23]. We have obtained this more general formulation through the use
of dynamical systems theory, bypassing the singular values and opening up analysis
on the spatially local properties of signal propagation via the eigenvectors of WD.
Thus, we have established strong connections between the improved performance of
DNNs, spectral properties of layerwise Jacobian matrices and extended criticality.
The theory is also universal in the sense that the precise distributions of weights
are not required to be known apart from their tail asymptotics. Additionally, the
derived mean-field theory in Eq. (2.17) applies to all sigmoidal activation functions,
or more generally, functions that are o(|x|).

Our results on heavy-tailed DNNs indicate a change of view from the critical
point or line requiring fine-tuning of parameters, towards a novel, extended critical
regime. Previous studies have demonstrated that criticality between the ordered
and chaotic phases enables effective information propagation across layers [16,
9], and prevents gradient vanishing and explosion from back-propagation, thus
facilitating training. Aside from this functional advantage entailed by the edge of
chaos, our work has demonstrated a new type of initialization scheme aligned with
the extended criticality regime which supports superior information propagation.
This new notion of initialization improves trainablity and generalizability for
both fully-connected DNNs as well as a certain class of CNNs. In particular,
multifractality emerges as a consequence of heavy-tailed, heterogeneous weights
which does not appear in Gaussian networks. Because of multifractality which
balances localization and delocalization inherent in eigenvectors of heavy-tailed
networks, the trainability as well as generalizability of DNNs can be significantly
improved. Gaussian deep networks can only contract or nonlinearly expand and
fold neural representations in all directions simultaneously without precision,
corresponding to the classical ordered and chaotic regimes respectively [7].

The functional advantages of extended criticality thus illustrate a robust mecha-
nism by which DNNs can possess remarkable performance in solving real-world
problems. Our theory supplies the extended critical regime with multifractal
properties as a key guide for performing heavy-tailed initialization, thus providing
a principled explanation of the empirical observation that DNNs with more heavy-
tailed singular spectra of weight matrices generalize better [13]. As heavy-tailed
weights emerge during the training process from Lévy distributed gradients and
gradient noise [56, 30], our theory also provides a framework for understanding
complex learning dynamics [30, 85], which may result in more refined training
algorithms for different learning tasks.

The emergence of multifractal eigenvectors in the layerwise Jacobians and
principal direction of neural representations distinguishes the extended criticality of
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our theory from other schemes such as hierarchical modular networks with Griffiths
phases [24]. Moreover, Griffiths phases are clearly separated from the inactive and
active phases by a first-order phase transition at the critical spreading rate; the
extended critical regime instead reveals a second-order continuous transition with
the active chaotic phase such that the crossover region in phase space does not
diminish completely with increasing network size. A continuous transition also
exists between the extended critical and ordered phases, parameterized by the
cutoff of exponential suppression in the eigenvalue density.

Finally, criticality underlies a wide range of biological systems ranging from
families of proteins, networks of neurons to flocks of birds with crucial optimal
computational capabilities and large dynamical repertoires [86]. By linking heavy-
tailed statistical physics with machine learning via random matrix theory, our new
formalism on the concept of extended criticality implies prevalent applicability to
understanding these systems, suggesting that extended criticality with complex
dynamics can likely be a general governing principle of biological and artificial
intelligence.
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Supplementary Materials

In this section, we provide details on simulations and theory. Additional computa-
tional results are also included to complement the main text.

2.A Methods

Lévy alpha-stable distribution fitting. The fitting of the weights to a stable
and Gaussian distribution only include fully-connected weight matrices and convo-
lution tensors; the method of maximum likelihood estimation (MLE) is used for
finding the parameters associated to the aforementioned distributions, i.e. the tuple
(α, β,σ,µ) for stable distributions and the pair (µN ,σN ) for Gaussian distributions.
Weight entries with absolute values less or equal to 1× 10−5 are pruned. A total
of 33 networks are analyzed from Pytorch 1.9.0 (2068 weight matrices/convolution
tensors) and 20 from Tensorflow 2.9.2 (3776 weight matrices/convolution tensors),
all pretrained on ImageNet1K [5]. Shared network architectures by both libraries
including ResNet, DenseNet & VGG are only investigated from the Pytorch library.
Fig. 2.1(b–c) inclues a total of 5568 weight matrices/tensors out of 5844 since
matrices/tensors with fewer than 1000 entries are excluded from the analysis.

After obtaining the stability and scale parameter, α and σ after the stable
distribution fitting, we implement the following scale parameter normalization
scheme

σw = (2
√
NhNw)

1/ασ (fully-connected) (2.14)

σw = (2k1k2cout)
1/ασ (convolutional 2D) (2.15)

respectively for fully-connected weight matrices W ∈ RNh×Nw and convolutional
tensors Wconv2D ∈ Rk1×k2×cin×cout . Note that thescale normalization schemes in
Fig. 2.1(c) depend on both α and σ.

Fully-connected DNN architecture and weight initialization. The architec-
ture of the fully-connected DNNs trained in Fig. 2.1(d–h) (FC4) and Fig. 2.4(a–c)
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(FC10) follow as in Eq. 2.2 where xl = tanh(hl) for l = 1, · · · ,L− 1 and xL = hL

where a direct readout is used for the final layer. Biases for all layers are set to zero.
Cross-entropy loss is the only type of loss function used for all fully-connected
DNNs in this report. All fully-connected DNNs in the text are trained on MNIST,
in particular the input and hidden layers all have 784-neurons, except for the
(final) output layer which only has 10 neurons equivalent to the number of input
classes in the dataset.

As the biases in all fully-connected DNNs are excluded, only the weights need
to be initialized. A fully-connected DNN initialized at (α,σw) has all weight
connectivities W l

ij at each layer l independently sampled from the centered and
symmetrical stable distribution Sα(σw/(2

√
NlNl−1)

1/α) where Wl ∈ RNl×Nl−1 (in-
verse of Eq. 2.14).

Propagation of circular manifold. A full batch of inputs of x(θ) =
√
N [u0 cos θ+

u1 sin θ], θ ∈ [0, 2π) where a pair of random vectors u0 and u1 form an orthonormal
basis for a 2 dimensional subspace of RN is propagated through fully-connected
DNNs as in Eq. 2.2 (depth L = 35) randomly initialized based on the phase tran-
sition diagram in Fig. 2.2(c). The colormap represents the coefficient of variation
for the preactivation layers computed via Eq. 2.8 for l = 15, 25, 35.

Optimization settings for fully-connected DNNs. A standard stochastic
gradient descent (SGD) algorithm is used for the training of FC4 in Fig. 2.1(d–h)
with constant learning rate 0.5 and batch size 256.

A total of 132 FC10’s are trained also using a similar SGD setting: constant
learning rate 0.001 and batch size 1024, a small learning rate is chosen in this case
to mitigate the effect of the instability of the algorithm. We initialize the weights
based on the phase transition diagram in Fig. 2.2 with grid point realizations at
α = 1.0, 1.1, · · · , 2.0 increments of 0.1 and σw = 0.25, 0.5, · · · , 3.0 increments of
0.25.

Initialization and optimization settings for AlexNet. We train a downsized
version of AlexNet on the CIFAR10 dataset [78], please see Code availability for
the exact architecture. For one AlexNet initialized at (α,σw), the entries of 2D
convolutions tensors Wl

conv2D ∈ Rk1×k2×cin×cout are independently sampled from
the distribution Sα

(
σw

(2k1k2cout)1/α

)
(inverse of Eq. 2.15). All fully-connected weight

matrix entries in the network are initialized using the default uniform distribution
in Pytorch, i.e. for any W ∈ RNh×Nw , the entries are independently drawn from
Unif(−1/

√
Nw, 1/

√
Nw).

We adopt sigmoidal activation tanh and no biases are applied for consistency.
All networks are trained under the vanilla SGD algorithm with batch size 256 and
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learning rate of 0.001.

Multifractality of layerwise preactivation Jacobians for fully-connected
DNNs. The right eigenvectors of the preactivation layerwise Jacobian ∂hl+1

∂hl =
Wl+1Dl and principal directions of the neural representations at different layers
are explored with their localization properties computed based on Eq. 2.11 for
FC10. For Fig. 2.5(a–c, e–g) and Fig. 2.C.4, the microscopic statistics of the
layerwise Jacobian for one single input is examined. In Fig. 2.5(d, h), the layerwise
Jacobians corresponding to 1000 arbitrarily selected inputs are analyized. The
correlation dimension D2 is used as a measure for the degree of multifractality
throughout the text (Fig. 2.5).

Localization properties of neural representation principal directions. For
FC10, the activity manifolds of the preactivation layers hl are recorded. Principal
directions of the covariance matrix for each hl are obtained as in Eq. 2.13, then
their respective correlation dimensions D2 are computed in order to determine the
localization properties (Fig. 2.6).

Data availability. Weights of the networks pretrained on ImageNet1K can be
downloaded from the PyTorch and TensorFlow libraries. We used the MNIST [71]
and CIFAR10 [78] datasets for the training of fully-connected DNNs and AlexNet
respectively.

Code availability. The code used for generating all data, figures and network
training is available at the following GitHub repository: https://github.com/
CKQu1/extended-criticality-dnn.

2.B Lévy mean-field theory
Applying the generalized central limit theorem [32, 26] to Eq. 2.2 in the limit
N → ∞ yields the convergence of inputs hl

i over neurons i to a stable random
variable in distribution,

hl
i

i∼ Sα

( σα
w

2N

N∑
j=1

∣∣ϕ (hl−1
j

)∣∣α +
σα
b

2

)1/α


= Sα

[(
σα
w

2

∫
|ϕ(z)|αphl−1(z)dz +

σα
b

2

)1/α
]

.

(2.16)

Parameterizing the distribution of the neural input hl
i ∼ Sα((q

l/2)1/α) at layer l by
ql, we obtain a Lévy mean-field iterative map for ql from Eq. 2.16 by repeatedly
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applying the above derivation of stable distributions,

ql = σα
w

∫
|ϕ(z)|αpSα((ql−1/2)1/α)(z)dz + σα

b (2.17)

for l = 2, . . . ,L, where the initial condition is q1 = σα
wq

0+σα
b and q0 =

∑
i |x0

i |α/N
is the αth moment of the initial activity layer assuming that it is finite. The
parameter ql characterizes the fluctuations of the neural input distribution at layer
l and reduces to the classical normalized squared length when α = 2 [9].

Eq. 2.17 constitutes the Lévy mean-field equation for fully-connected DNNs.
The fixed point is then obtained by setting ql−1 = ql = q∗ for large l; in order to
guarantee the finiteness of the right-hand side of the equation, we assume that
ϕ(|x|) = o(|x|) using the little-o notation, which includes all sigmoidal functions.

Leveraging the statistical properties of the eigenvectors and eigenvalues of the
Jacobian as well as its constituent preactivation layerwise Jacobians Wl+1Dl gives
us a method to consistently characterize the onset of edge-of-chaos criticality.

2.B.1 Statistics of the Jacobian of heavy-tailed DNNs

The Jacobian operators of Gaussian random neural networks satisfy a circular
law with a finite spectral radius [87, 88] and delocalized eigenvectors [81] that
spread evenly across the neural sites. Because the maximum singular value of
heavy-tailed matrices is infinite [67], we develop a criterion for criticality using
the entire eigenvalue distribution of the Jacobian matrix. Since the Jacobian has
the form of a column-structured non-Hermitian heavy-tailed random matrix, we
employ recent results [23] on the statistics of matrices of the form χiWij.

Ref. [26] demonstrates the key properties of a time-varying Jacobian operator
around the stationary state in a recurrent neural network (RNN) context, which
is equal to the layerwise Jacobian with form WD of our feedforward network
around the fixed point due to Eq. 2.2. Exploiting the locally treelike properties
of heavy-tailed random matrices, a cavity approach is applied [89, 90, 23] to find
that its eigenvalue density ρ(z) has infinite support with an exponential cutoff at
large modulus [67], such that

ρ(z) =
y2∗ − 2 ∥z∥2 y∗∂∥z∥2y∗

π

〈
|χi|2SS ′

(∥z∥2 + |χi|2y2∗SS ′)2

〉
i

(2.18)

where ⟨..⟩i denotes averaging over i and any relevant random variables, χi =
σwϕ

′(hi) varies over neurons, S,S ′ ∼ Sα/2(1, (cα/4cα/2)
2/α, 0) are independent,

skewed stable random samples, and y∗ is found by solving the equation

1 =

〈(
|χi|2S

|z|2 + y2∗|χi|2SS ′

)α/2
〉

i

. (2.19)
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Conventional approaches for the edge-of-chaos transition would thus conclude that
heavy-tailed networks are always chaotic, ignoring the effect of exponential cutoff
in practice.

For self-containment of the report, the key steps and quantities of the derivation
for obtaining the spectral density of the heavy-tailed Jacobian (Eq. 2.18) from [23]
are applied to the layerwise Jacobian as in Eq. 2.3 which takes form Aij := Wijχj ,
i.e. a column-structured non-Hermitian heavy-tailed random matrix. We require
the finiteness ⟨|χk|α⟩ which is guaranteed by the sigmoidal activation function
ϕ = tanh and assume additionally that χj is independent of Wij. We define
GA(z) := (A− zI)−1 as the resolvent of the corresponding square matrix A.

Matrix resolvent

The (empirical) spectral density of non-Hermitian matrix ρ̂A(z) := ⟨δ (z − λk(A))⟩k
can be recovered via the relationship

ρA(z) = − lim
η→0

1

nπ
∂z̄

n∑
i=1

H−1(z, η)(i+n),i. (2.20)

The matrix H is a hermitization of A with the regulator η:

H(z, η) =

(
−ηIn A− zIn

A† − z̄In −ηIn

)
. (2.21)

with inverse:

H−1(z, η) = GH(z,0)(η) =

(
ηX X (A− zIN)(

A† − z̄IN
)
X ηY

)
(2.22)

where X =
(
(A− z)

(
A† − z̄

)
− η2

)−1 and Y =
((
A† − z̄

)
(A− z)− η2

)−1.

Quaternionic resolvent and Jacobian eigenvector localization properties

Permuting the nodes of H yields a matrix A with quaternionic elements

Aij =

(
0 Aij

Aji 0

)
, U(z, η) =

(
η z
z̄ η

)
. (2.23)

Now the cavity method can thus be applied to the quaternionic notion of the
resolvent

GA(U) = (A− U ⊗ In)
−1 . (2.24)
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Furthermore, writing its diagonal elements as

GA(U)ii =:

(
ai(z, η) bi(z, η)
b′i(z, η) ci(z, η)

)
(2.25)

allows one to express the quaternionic resolvent in terms of the usual version:
GA(U(z, η)) = GA−U(z,0)⊗In(η). If η ∈ iR+, ai, ci ∈ R+ and b′i = bi [67],

πρA(z) = − lim
t→0

⟨∂zbi(z, it)⟩i (2.26)

and the IPRs of the left and right eigenvectors of A are

IPR
(l)
q,A(z) = N1−q lim

t→0

⟨(Im ai(z, it))
q⟩i

⟨Im ai(z, it)⟩qi
, IPR

(r)
q,A(z) = N1−q lim

t→0

⟨(Im ci(z, it))
q⟩i

⟨Im ci(z, it)⟩qi
(2.27)

The Cavity method and resolvent recursion closure

Define A as an adjacency matrix of a weighted tree. Then for j, k ∈ ∂i, where ∂i
are the neighbouring nodes of i. A(i) is the adjacency matrix of a forest of isolated
trees with roots j ∈ ∂i. If j ̸= k, then j, k belong to distinct trees in A(i)

GA(U)ii =

(
Aii − U −

∑
j,k ̸=i

AijG
(i)
jkAki

)−1

. (2.28)

However, GA(z)jj ̸= GA(i)(z)jj in general. Removing another node from A(i) brings
the recursion to a second step [67, 90]:

G
(i)
jj =

Ajj − U −
∑

k∈∂j\i

AjkG
(i,j)
kk Akj

−1

(2.29)

where j ∈ ∂i. This allows termination of the recursion as G
(i,j)
kk = G

(j)
kk . Moreover,

(G
(i)
jj )j∈∂i and (G

(j′)
kk )k∈∂j′\i are equivalent in distribution for all j′ ∈ ∂i and

⟨f(G(i)
jj )⟩j∈∂i = ⟨f(G(j)

kk )⟩k∈∂j\i (2.30)

for any function f . Thus computing the diagonal elements GA(U)ii of the quater-
nionic resolvent can be obatained by solving for the recursive distributional equa-
tion:(
a
(i)
j b

(i)
j

b̄
(i)
j c

(i)
j

)
= −

( η z − Ajj

z̄ − Ajj η

)
+
∑

k∈∂j\i

(
|Ajk|2 c(j)k AjkAkj b̄

(j)
k

AkjAjkb
(j)
k |Akj|2 a(j)k

)−1

.

(2.31)
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Figure 2.C.1: (Extended Data Fig. 2.3(g–i)) The extended critical
regime balances contraction and expansion. (a–d) The coefficient of
variation of pairwise distances as in Eq. 2.8 are reproduced for layer 1, 2, 5 and
10 respectively.
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Figure 2.C.2: (Extended Data Fig. 2.4) Accuracy and loss phase
transition of DNNs at different epochs. (a) Top-1 test accuracy (top row)
and loss (bottom row) of FC10 at the end of epoch 10, 50 & 200 respectively.
The realizations of network initialization are the same as in Fig. 2.4. (b) Same
as in (a) but the train accuracy and loss of AlexNet are evaluated instead for
the colormap.
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Figure 2.C.3: (Extended Data Fig. 2.4) The effect of batch size on
different initializations. (a–d) The Top-1 testing accuracy of FC10 at epoch
1, 5, 50 and 100 respectively; the same training setting as in Fig. 2.4 is used.
All networks are initialized at α = 1 (dashed lines) and σw = 0.25, 1, 3 (blue,
orange, green). Batch sizes are realized at values of 8, 16, 32, · · · , 1024. The
accuracy for each setting of (α,σw) and batch size is averaged over 5 instances
of training; the shaded area corresponds to the standard deviation. (e–h) The
same as in (a–d) respectively except that α = 2 (solid lines).
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Figure 2.C.4: (Extended Data Fig. 2.5) Preactivation depth vs corre-
lation D2 of layerwise Jacobian eigenvectors. (a–c) The average correlation
dimension D2 of the preactivation Jacobian plotted against layer l before train-
ing. D2 is averaged across all eigenvectors of that specific layer. The red and
blue lines correspond to α = 1.2 and α = 2; σ2 = 0.25, 1, 3 for (a–c) respectively.
(d–f) Same as in (a–c) but after training FC10 for 650 epochs.
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Figure 2.C.5: (Extended Data Fig. 2.6) Correlation dimension D2 for
full-batch principal directions of FC10 activations. D2 of the top 200
principal directions of xl for l = 1, 4, 7. The dashed and solid lines depict FC10
before training and after being trained for 650 epochs respectively.

55



2. HEAVY-TAILED DEEP NEURAL NETWORKS

0.0
0.2
0.4
0.6
0.8
1.0

0.0
0.2
0.4
0.6
0.8
1.0

0.0
0.2
0.4
0.6
0.8
1.0

0.0
0.2
0.4
0.6
0.8
1.0

0.0
0.2
0.4
0.6
0.8
1.0

0.0
0.2
0.4
0.6
0.8
1.0

0 100 200
0.0
0.2
0.4
0.6
0.8
1.0

0 100 200
0.0
0.2
0.4
0.6
0.8
1.0

0 100 200
0.0
0.2
0.4
0.6
0.8
1.0

α = 1.2
α = 2.0

Before training
After training

l
=

1
l
=

4
l
=

7

σw = 0.25 σw = 1.0 σw = 3.0

PC dimension PC dimension PC dimension

C
um

ul
at

iv
e

va
ria

nc
e

%

Figure 2.C.6: (Extended Data Fig. 2.6) Cumulative variance of FC10
activation principal components. The cumulative variance of the top 200
principal components of h1 for l = 1, 4, 7. The dashed and solid lines depict
FC10 before training and after being trained for 650 epochs respectively.
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Figure 2.C.7: (Extended Data Fig. 2.6) Localization properties and
effective dimensions of DNN preactivations. (a–c) The top 2 PCs of
the second final preactivation layer hl (l = 9) of a trained FC10 at epoch 650,
the networks are initialized at α = 1.2 with σw = 0.25, 1 and 3 respectively.
Different colors represent the associated image classes of MNIST dataset. (d–f)
The same as in (a–c) but for α = 2. (g–i) The ED for each preactivation layer
hl is computed based on Eq. 2.12 for σw = 0.25, 1 and 3 respectively. The
lines indicate the mean values and the shaded area corresponds to the standard
deviation, both averaged over the batches of input images. The blue and red
curves represent the network initialized at α = 1.2 and α = 2.0 respectively.
Dashed curves are computed based on FC10 before training; solid curves after
the networks have been trained for 650 epochs. (j–l) The average correlation
dimension D2 of the top 5 principal directions is plotted over depth; the neural
representations are obtained from the full-batch MNIST train dataset. (m–o)
Percentage of the cumulative variance explained by the top 5 PCs plotted against
layer l. Neural representations are obtained as in (j–l).
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Figure 2.C.8: (Extended Data Fig. 2.6) Correlation dimension D2 for
full-batch principal directions of FC10 preactivations. D2 of the top 200
principal directions of h1 for l = 1, 4, 7. The dashed and solid lines depict FC10
before training and after being trained for 650 epochs respectively.
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Figure 2.C.9: (Extended Data Fig. 2.6) Cumulative variance of FC10
preactivation principal components. The cumulative variance of the top
200 principal components of h1 for l = 1, 4, 7. The dashed and solid lines depict
FC10 before training and after being trained for 650 epochs respectively.
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Chapter 3

A Fractional Diffusion
implementation of self-attention in
transformers

Abstract
The success of transformers in sequential modeling has inspired the
search for architectures that are more interpretable and align with
biological principles. A recent work on Fractional Neural Sampling
(FNS) has used stochastic differential equations (SDEs) driven by Lévy
processes to characterized neural circuits and sampling in visual-spatial
attention for cognitive functions. Motivated by this, we integrate
the corresponding fractional diffusion component into the attention
mechanism of transformers and refer to it as fractional self-attention
(FSA). Under appropriate constructions, FSA can be viewed as a
discretization of the fractional Laplacian with order α, which is precisely
the infinitesimal generator of a symmetric Lévy-α stable process. The
parameter α controls the jump size distribution of this underlying
stochastic process implicitly generated by self-attention and the non-
Gaussian case (α < 2) encourages long-range spatial interactions in the
embedding space. Though utilizing tools from geometric harmonics
and stochastic analysis, we construct a random walk counterpart of
fractional diffusion dynamics on a manifold. The model includes a
kernel bandwidth hyperparameter ε which naturally introduces the
notion of a continuous time scale, we also investigate how α affects the
model performance under various settings. Under small time scales,
tools from diffusion maps can additionally be leveraged to obtain
dimensionality reduction that respects the underlying geometry and
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3. FRACTIONAL SELF-ATTENTION

distribution of the initial embeddings and hidden states.

3.1 Introduction
Transformers have achieved great success in processing sequential data [39] in-
cluding natural language processing (NLP) [91, 92] and general time series [93,
94]. Beyond NLP, their applications extend to other domains such as computer
vision [95] and graph learning tasks [96]. Self-attention, the core component of
Transformer models, provides endless possibilities for re-innovation. It operates
within a feedforward framework, allowing simultaneous processing of an entire
n-token sequence [97] without relying on traditional recurrent neural network
structures [35]. Consequently, the computation in self-attention scales in quadratic
complexity with respect to n, i.e. O(n2) in big-O notation. This has spurred
considerable recent research focused on reducing computational complexity to
handle increasingly long sequences, reaching substantial progress [98, 99, 100, 27].
Moreover, the specific mechanisms within self-attention that drive its effectiveness
remain largely unclarified. Along this direction, a few other studies have treated
sequence embeddings that contain semantic and positional information as spatial
variables [101, 6], formulating the self-attention mapping as a continuous-time
dynamical system under an infinitesimal time and infinite sequence (n→ ∞) limit.
In particular, the bi-stochastic self-attention has limiting second-order dynamics
described by the heat equation under specific conditions, which underlies Brownian
motion [6]. Despite these advancements, the neurobiological relevance of newly
developed or improved Transformer models is often overlooked. For instance,
Brownian motion has been observed to be inefficient for sampling and unrealistic
for representing brain dynamics. The newly established fractional neural sampling
(FNS) theory instead employs stochastic differential equations (SDEs) driven by
Lévy motion to model population activity patterns emerging from spiking neural
circuits [31]. Under the FNS framework, spatiotemporal dynamics richer than
Brownian motion emerge, presenting a more realistic and efficient foundation
for (visual) attention sampling [102]. Similar fractional dynamics have also been
observed in neural circuits [26] which have significant implications for cognitive
functions such as visual-spatial attention [102, 30].

In this study, we construct a novel mechanism termed Fractional Self-Attention
(FSA) that integrates the fractional diffusion component of the FNS theory into
self-attention by adopting a dynamical system formulation. We define models
utilizing this mechanism as Fracformers, establishing a new class of architectures
that leverage principles underlying neuroscience to advance artificial intelligence
[103]. A distinction between FSA and the original architecture involves replacing
the dot-product between the queries and keys with a (geodesic) distance-based
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metric. For the integration of fractional diffusion, a power-law kernel must be
used in place of the original exponential kernel. Further conditions on the query
and key projection matrices such as weight-tying and orthogonality are required
only for relevant theoretical derivations However, these constraints remain fully
implementable during the training process without limiting practical applicability.

3.2 Results
Motivated by the stochastic dynamics underlying the theory of Fractional Neural
Sampling (FNS) established as a realistic construct for dynamics emerging in
neural circuits, we establish a new Fractional Self-Attention (FSA). Theoretically,
we prove that the second-order dynamics of the associated mapping converge
to an equation involving the fractional Laplacian, (−∆)α/2 [33]. This non-local,
pseudo-differential operator with fractional order α ∈ (1, 2] connects FSA to
stochastic dynamics on a manifold. In particular, the fractional Laplacian is
precisely the infinitesimal generator of a Symmetric α-stable (SαS) Lévy process
[104] which possesses heavy-tailed jump sizes spatially. Such large jumps for
α < 2 have been observed in visual-spatial attention sampling in the brain [30].
In the context of Transformer attention, they encourage important long-range
interactions between tokens that are geometrically distant from each other in the
embedding space. When α = 2, dynamics of the Brownian motion are recovered.
Our construction of FSA also connects to geometric harmonics. In particular, a
canonical eigendecomposition can be performed on the attention weights through
the lens of diffusion maps [47, 105], improving the interpretability of the attention
score. Additionally, it enables a dimensionality reduction of the attention score
that respects the underlying geometry of the embedding space as well as the
stochastic dynamics corresponding to the diffusion process.

3.3 Self-attention map as a dynamical system
The Transformer model employs self-attention mechanisms [97] in a feed-forward
manner as the key structure for processing information [39]. In this section, we
dissect the SA mechanism as a dynamical system. We establish its first-order
dynamics as a discretized form of an ordinary differential equation (ODE) under
appropriate assumptions, offering a continuous space-time perspective. Extending
this analysis enables us to examine its second-order dynamics, uncovering deeper
probabilistic foundations within the system’s behavior.

We first summarize the self-attention mechanism. The self-attention block in
the (l+1)th layer receives as input a sequence of n tokens embedded in a manifold
such as the Euclidean space, i.e., (xl1,xl2, · · · ,xln) where xli ∈ Rd. The self-attention
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3. FRACTIONAL SELF-ATTENTION

block projects these embedding vectors to queries, keys and values via q = WQx,
k = WKx and v = WV x, respectively, where WQ,WK ∈ Rdk×d and WV ∈ Rdv×d

are learnable projection matrices. For simplicity, we assume dk = dv = d unless
otherwise stated. The self-attention block then computes as output the new
embedding vector for each token using information across the entire input sequence
[106, 107, 6, 108]:

xl+1
i = xli +

n∑
j=1

KijWV x
l
j, (3.1)

where K = softmax(C) := NR(exp[C]). Here, the exponential function is applied
element-wise to the similarity matrix C ∈ Rn×n. The entries of the similarity
matrix are calculated as the dot products of the queries and keys, Cij := q⊤i kj =
x⊤i W

⊤
QWKxj. Furthermore, NR(·) represents an operation that row-normalizes

a matrix, resulting in a right-stochastic matrix that represents the Markovian
transition probability from one token, vi, to another, vj, in a single step: Kij ≡
P(V (1) = vj|V (0) = vi). Here V is the value matrix with row i as vi := WV xi.
Additionally, we use NC(·) to denote the column-normalization counterpart.

With the success of deep models such as GPT-3, which features up to 96 layers
[3], understanding the theoretical limiting behavior of self-attention in equation 3.1
becomes increasingly important. We now interpret the self-attention mechanism
as a dynamical system by taking the following limits in order: 1. Infinite particle
limit, n→ ∞. 2. Infinitesimal step size, ε→ 0. Through the residual form of the
self-attention in equation 3.1, we can establish it as a specific realization of the
form

xl+1
i = xli + T (xli) (3.2)

which also corresponds to an Euler discretization with step-size 1 of the ODEs:

ẋi(t) = T (xi(t)) for all i. (3.3)

Here, token embeddings xi’s are treated as spatial variables, while the layer l in
equations 3.1 and 3.2 as a time variable t. To bridge the connection between
discrete and continuous dynamics, the (push-forward) mapping T is constructed as

Tµ,ε(x) =

∫
Rd

kε(x,x
′)WV x

′dµ(x′), (3.4)

where kε(x,x′) := exp(x⊤Q⊤Kx′)/ε∫
Rd exp(x⊤Q⊤Kx′/ε)dµ(x′)

. Here, the underlying measure µ of the
particles is time-dependent and µ0 is the initial distribution at time t = 0 (or
equivalently at layer l = 0). The mapping T depends on the density µ ∈ P(Rd),
from which the embeddings x′ are sampled and can be identified with a density
function ρ of the particle (token) positions, i.e. dµ(x) = ρ(x)dx. The bandwidth
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3.4. Fractional diffusion

parameter ε which represents an infinitesimal step size serves as an important
component for proving that the ODEs (equation 3.3) can be written as a continuity
equation describing the second-order dynamics [109]:{

∂tµ+ div(µTµ) = 0 (t,x) ∈ R+ × Rd

µ|t=0 = µ0 x ∈ Rd,
(3.5)

where Tµ := Tµ|ε=1 (and similarly k := k|ε=1). The continuity equation provides a
deeper understanding of the evolution of the probability measure underlying the
particles. Upon setting µt :=

1
n
δxi(t) due to the permutation-equivariance of self-

attention, and ε = 1 in the equation 3.4, the original self-attention (equation 3.1)
can be recovered from equation 3.2 [106, 107, 110].

A recent work [6] considered a bi-stochastic form of self-attention, where an
iterative scheme of column (NC) and row normalization (NR) is applied to the
attention weights K. Under this construction and certain conditions on the
projection matrices (i.e., W⊤

KWQ = W⊤
QWK = −WV ), equation 3.5 reduces to the

spatially local heat equation [6]:

∂tρ−∆ρ = 0. (3.6)

Note that ρ := ρ(t,x) ∈ R+ × Rd is the infinitesimal generator of Brownian
motion with the initial condition ρ(0,x) = ρ0(x). Based on the above formulation,
the connection between self-attention mapping and the continuity equation as in
equation 3.5 is established.

In our work, inspired by the stochastic dynamics of Lévy processes underly-
ing fractional neural sampling (FNS) theory for brain dynamics, we extend the
functional advantages of a non-local fractional diffusion equation to a novel self-
attention mechanism which further generalizes equation 3.6. By carefully modifying
kε in equation 3.4, we re-design the self-attention mapping to incorporate the spa-
tially non-local fractional heat equation on a manifold (not necessarily Euclidean),
yielding a wider class of diffusion processes. Such non-local dynamics have been
found in a wide range of neurobiological systems [26, 30] and neural circuits specif-
ically based on the theory of FNS [31]. Drawing inspiration from these studies,
we realize Fractional Self-Attention (FSA) as a discretized counterpart of these
continuous-time systems, enabling tokens to interact in a fractional-diffusive-like
manner.

3.4 Fractional diffusion
In this section, we first introduce the fractional heat equation (equation 3.7),
where, combined with equation 3.6, allows us to draw connections to two diffusion
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3. FRACTIONAL SELF-ATTENTION

process types that could occur on a manifold, highlighting a dichotomy in their
corresponding spatial profiles. In particular, we showcase spatially local and
non-local heat kernels induced by the Heat Kernel Dichotomy [46], and elaborate
on their relation to Lévy α-stable processes, governed by the fractional order α in
equation 3.7. For α < 2, the heat kernel is non-local and is associated with the
α-stable Lévy process. When α = 2, a scaled Brownian motion

√
2Bt is recovered.

These stochastic dynamics are not inherent to self-attention itself, but arise from
the choice of kernels applied to the token embeddings, influencing the attention
weights K in equation 3.1 and thus their spatial interactions.

3.4.1 Local and non-local heat kernels

We begin by considering a spatially non-local generalization of equation 3.6 known
as the fractional heat equation on a closed and compact manifold M.

∂tρ+ (−∆M)α/2ρ = 0. (3.7)

where fractional Laplacian (−∆M)α/2 is a non-local, pseudo-differential operator
and α ∈ [1, 2] is its corresponding fractional order. There are several equivalent
definitions of the fractional Laplacian, which we will defer to the references cited
herein for further details [111, 33]. For this work, we focus on the case M = Rd

(written as ∆ := ∆Rd), and the operator is defined by a singular integral operator
as the following

(−∆)α/2u(x) = cd,α lim
ε↓0

∫
Rd\B(x,ε)

u(x)− u(y)

|x− y|d+α
dy, (3.8)

where cd,α :=
α2α−1Γ( d+α

2 )
πd/2Γ(1−α/2)

is a normalization constant and Γ is the Gamma function;
B(x, ε) is the open ball of radius ε centered at x. When α = 2, the operator
reduces to the standard Laplacian as defined in equation 3.6. To illustrate the
effects of fractional diffusion, we demonstrate in Fig. 1(a) the fractional Laplacian
applied to the (centered) Gaussian function f(x) := f(x; 0, 1) (we denote f(x;µ,σ)
as the probability density function of N (µ,σ)) for various values of α, comparing
the transformed functions (−∆)α/2f . Unlike the standard Laplacian, the fractional
counterpart applied to the function at x depends on the entire domain, rather
than just the local neighborhood around the point as indicated in equation 3.8.

The solution to equation 3.7 is related to an important class of heat kernels
known as the α-scale invariant heat kernel k which depends on the geodesic distance
dg(·, ·) on the manifold (for M = Rd, dg(x, y) = |x− y|). In particular, it can be
bounded asymptotically:

c1
td/α

Φ

(
C1

|x− y|
t1/α

)
≤ kt(x, y) ≤

c2
td/α

Φ

(
C2

|x− y|
t1/α

)
, (3.9)
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where c1, c2,C1,C2 are all positive constants and Φ : [0,∞) → [0,∞) is monotone
decreasing. Under technical conditions, such class of heat kernels is either local or
non-local. This seminal result is known as the Heat Kernel Dichotomy [46], stating
that given the intrinsic dimension of the manifold dM, for α ≤ dM + 1, either

1. k is local, i.e. α ≥ 2 and equation 3.9 holds with

Φ(z) = exp
(
−z

α
α−1

)
; (3.10)

or

2. k is non-local, i.e. α ∈ (0, 2) and equation 3.9 holds with

Φ(z) = (1 + z)−(dM+α). (3.11)

Here the parameter α is also referred to as the walk dimension of the heat kernel
which aligns with the fractional order in equation 3.7. Additionally, the intrinsic
dimension dM depends on the underlying manifold, e.g. dRd = d and dSd = d− 1
for the d-sphere manifold Sd :=

{
x ∈ Rd+1 : |x| = 1

}
.

For the classical case α = 21, the solution to equation 3.7 involves the well-known
Gaussian heat kernel in Rd:

kt(x, y) :=
1

(4πt)d/2
e−

|x−y|2
4t . (3.12)

In non-local case where α ∈ [1, 2), the corresponding kernel satisfies equation 3.9
with Φ as in equation 3.11. For example, the heat kernel on Rd when α = 1 is
given by the Poisson kernel:

kt(x, y) =
c̃d
td

(
1 +

|x− y|
t2

)− d+1
2

, (3.13)

where c̃d = Γ
(
d+1
2

)
/π(d+1)/2, remains consistent with the Heat Kernel Dichotomy.

The non-local kernel (equation 3.11) explicitly depends on the intrinsic dimension
d for M = Rd, which, as shown later in Section 3.5, aligns with either the
embedding or hidden layer dimension. In contrast, the local kernel (equation 3.10)
lacks such dependence. Consequently, higher-dimensional spaces lead to a faster
decay, making increasingly smaller distinctions between values α < 2 as shown in
Fig. 1(b). Due to the monotonicity of Φ, non-local kernels always intersect with
the local kernel at a single point which progressively becomes larger with respect to
the dimensionality d (Fig. 1(c)). For a more in-depth discussion on the fractional
Laplacian and its connection to the α-scale invariant heat kernel (equation 3.9),
refer to Appendix 3.A.2. Additionally, we provide a detailed analysis of the specific
case where M = Sd−1.

1An extra constant term is needed for equation 3.6, i.e. ∂tu = 1
2∆Mu.
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Figure 1: Fractional Laplacian, heat kernels and Lévy processes.
(a) Fractional Laplacian applied to the standard Gaussian probability density
function f(x) = (2π)−1/2 exp(−x2/2) for α = 1, 1.2, 1.4, · · · , 2 with colors
represented in the colorbar. (b) The non-local kernel (equation 3.11) for α =
1, 1.2, 1.4, · · · , 1.8 and d = 1, 2, 4, 8, 16, and the local kernel (equation 3.10) on a
log-log plot. (c) The intersection of the non-local kernel with the local kernel
for α = 1, 1.2, 1.4, · · · , 1.8 and d = 1, 2, 4, 8, 16, 32. (d) The probability density
function of a Gaussian (red) and Lévy α-stable distribution (blue). Inset zooms
in on the right tail on a log-log plot with the black dashed lines indicating the
tail asymptotics as in equation 3.14. (e) A sample path of Brownian motion
on R2, up to terminal time T = 10 simulated with 1000 steps. The green
cross and red circle markers are the starting ((x1,x2) = (0, 0)) and ending
points of the process respectively. (f) Same as in (a) but for the sample path
of a SαS Lévy process with stability parameter α = 1.2. (g) The contour
plot of a bi-modal Gaussian distribution centered at (−3, 0) and (3, 0) with
the covariance matrix I/2. (h) Assuming equivalence between the queries and
keys (Assumption 2). The thickness of the dashed lines reflects the strength
of attention weights between connected queries and keys, scaled by a constant,
based on FSA (equation 3.16) for α = 2. (i) Same as in (h) but for α = 1.2.
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3.5. Fracformer

3.4.2 Lévy process

An important feature of the fractional heat equation (equation 3.7) is its role
in describing the evolution of probability densities associated with a significant
class of stochastic processes—Lévy processes. We now establish this connection
by demonstrating how the α-scale invariant kernels (equation 3.9) serve as the
corresponding transition densities across space and time. First, we highlight the
difference in statistical properties between the Gaussian (α = 2) and (non-Gaussian)
heavy-tailed cases (α ≠ 2). Based on the Heat Kernel Dichotomy discussed earlier,
a well-behaved heat kernel (see Appendix 3.A.2) can be either spatially local
or non-local. It is well-known that the Laplacian is the infinitesimal generator
of Brownian motion, i.e. its time-dependent probability density function is a
solution to equation 3.7 where α = 2. Analogously, the fractional Laplacian is the
infinitesimal generator for a SαS Lévy process [104], which we will simply refer to
as a Lévy process herein unless otherwise stated.

Given a random variable X drawn from a stable distribution (see Appendix
3.A.3), we denote it by X ∼ Sα(β,σ,µ) or X ∼ Sα(σ) if it is symmetric and
centered with β = µ = 0 [32]. For infinitesimal time steps ∆t, the transition
probability for a Lévy process (α < 2) in R follows an α-scale invariant kernel
(equation 3.9). In particular, the corresponding increments ∆x := Lt+∆t − Lt ∼
Sα((∆t)

1/α) exhibit an asymptotic power-law:

k∆t(x,x+∆x) ∼ cα∆t|∆x|−1−α, (3.14)

where cα := Γ(1 + α) sin(πα/2)/π is a normalization constant. The slower asymp-
totic decay of Lévy increments allow extreme jump sizes to occur at a higher
probability (Fig. 1(d)). Therefore, unlike Brownian motion (Fig. 1(e)), the sample
paths of a Lévy process (Fig. 1(f)) contain sudden jumps of varying sizes, demon-
strating more irregularities in its motion. For more details on Lévy processes,
please see Appendix 3.A.2.

So far, we have introduced an extended class of stochastic processes that exhibit
richer dynamics beyond Brownian motion. As demonstrated by the FNS theory,
the heavy-tailed regime is more biologically realistic and efficient for neural circuits
[31] and spatial-visual sampling [30] compared to Brownian motion. In the next
section, we integrate these statistical mechanisms into Transformers by strategically
modifying the self-attention map (equation 3.1), leveraging the key concepts
discussed above.

3.5 Fracformer
We now integrate these fractional diffusion dynamics in our construction of the
fractional self-attention (FSA). The idea is based on the fractional heat kernel
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3. FRACTIONAL SELF-ATTENTION

driving the interactions between the queries and keys on the underlying manifold.
Since each token embedding represents a high-dimensional state xi ∈ Rd or,
more generally, xi ∈ M with intrinsic dimension dM, we assume that each token
embedding xi is sampled from an unknown probability measure µ ∈ P(M).
As demonstrated in Sec. 3.3, the residual form of the self-attention mechanism
represents a transition of the token embeddings, leading to a local operator under
certain assumptions [6]. Rather than using the dot product, which does not preserve
the geometrical structure of the underlying distribution of token embeddings, we
use a distance-dependent metric C̃ij to quantify the similarity between tokens. This
in turn allows us to realize a fractional diffusion according to the setup in Section 3.3
where either the local or non-local kernels (equations 3.10, 3.11 resp.) is applied to
the geodesic distance dg between the token embeddings. With additional conditions,
C̃ij exhibits more desirable properties such as Lipschitz continuity compared to
the dot product C used to obtain K in equation 3.1 [27, 43]. A difference worth
pointing out is that a larger value of Cij now indicates a weaker similarity, whereas
this is the opposite when using the dot product. Via an isometric embedding of the
tokens (or hidden states), we introduce spatially non-local diffusion dynamics into
self-attention and theoretically show that the transition of the values V involves
the fractional Laplacian as discussed in Section 3.4.

3.5.1 Geometry of embeddings

In our implementation of fractional diffusion, we preserve various geometrical
properties of the token embeddings. To accomplish this, we must generalize the
definition of the query projection as qi := ι(xi), where ι : M → Rd. While the
original self-attention mechanism applies a linear query projection through ι(xi) =
WQxi, and similarly for the key projection, this does not preserve geometrical
properties such as the distance between embeddings. Thus, an isometric embedding
is desirable in this situation. For an unknown M, the geodesic distance dg can
only be estimated with the presence of many data points (see Appendix 3.A.2).
However, embedding xi’s onto the Euclidean space Rd (or d-sphere Sd−1 through a
simple L2-normalization of the hidden states) can inherently eliminate the need
for this estimation (see Methods). An isometric embedding of M = Rd can
be exactly realized for ι(x) under the following assumptions. Assumption 1:
Orthogonality of the projection matrix (WQ,K ∈ O(d)) and single attention-head
H = 1. For general deep learning purposes, the orthogonality of a trainable weight
matrix can be enforced even during training by projecting the natural gradients
with respect to the loss from the Stiefel manifold onto the Euclidean space [112].
This condition has also been incorporated into other architectural designs for
Transformers to maintain the token embedding manifold structure and thereby
preserve the injectivity of the model input-output mapping [113]. Assumption
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2: Weight-tying preserving the symmetry between the queries and keys (Q = K).
This simple condition has motivated the development of new architectures [27].
Although enforcing this condition could potentially reduce model expressivity. On
one hand, this issue can be mitigated by increasing the number of attention block
layers [43]; on the other, the condition is optional for the general implementation
of FSA. The main importance of weight-tying between WQ and WK allows the
fractional diffusion limit of FSA to be derived in the limit. In a series of recent
studies [108], various types of assumptions on the key and query are imposed
to theoretically understand the mechanisms of self-attention such as Q⊤K ≻ 0
(positive-definiteness) and Q⊤K = I, etc.

When both assumptions are satisfied, we effectively have WQ = WK = I and
the Euclidean distance is preserved, i.e. |qi − kj| = |xi − xj|. Additionally, they
are essential for introducing a rotation-invariant heat kernel (see Appendix 3.A.2).
To this end, we now construct the fractional self-attention block. Building on
the previous section, we define an alternative construction of a stochastic matrix
that is eventually applied to the values. For 1 ≤ i, j ≤ n, we define the attention
score K(0) based on the construction in equation 3.15. When the Assumption 1
is guaranteed, we can also reduce the parameter of the Fracformer through the
following proposition.

Proposition 1. For single-head attention and WQ,K ∈ O(d), for M = R2 or Sd−1.
This is equivalent to having a projection matrices WQ = I and WK = W⊤

QWK.

We present the simple proof of this proposition in Appendix 3.A.4. The geodesic
distance between arbitrary xi,xj is generally not preserved, nonetheless, we have
achieved a meaningful and justified parameter reduction for FSA under the case
of Assumption 1.

3.5.2 Fractional self-attention

Suppose that we have n token embeddings (x1,x2, · · · ,xn) sampled from a manifold
M according to some probability measure dµ0(x) := ρ0(x)dvolx. Such settings
have been explored in algorithms like (fractional) diffusion maps [47, 48, 105] for
dimensionality reduction, with which our approach shares parallelisms. While we
do not aim to project these tokens onto a lower-dimensional space, we propose
constructing fractional self-attention, which asymptotically converges to operators
linked to Lévy processes under Assumption 1 & 2.

1. Define the entries of the diffusion matrix Kij based on all pairs of points
xi,xj in the dataset

C̃ij = Φ

(
ε−1 |WQxi −WKxj|

κ

)
(3.15)
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for Φ as equation 3.10 or 3.11 depending on α. To address the dependence
of the non-local kernel on d, we introduce an alternative d-independent
non-local kernel Φ̃ (equation 3.23) for α < 2, which will be used in the above
for large embedding dimensions (see Methods). Unless otherwise stated, we
set κ =

√
d/H as a distant-scaling constant. We also impose conditions on

WQ,K as discussed in Section 3.5.1.

2. The FSA block output is the transition of the values by the row-normalization
of equation 3.15

FAttn(X) := KV ⊤, K := NR(C̃). (3.16)

The kernel bandwidth ε of the (fractional) heat kernel kε also acts as a small time
increment ∆t. The scaling constant

√
d/H appears in the original dot-product

self-attention [39]. Additionally, for α = 2 our definition overlaps with that in [43].
For simplicity of the derivation in Theorem 1, the constant is set to κ = 1. Before
training, we always set ε = 1, nonetheless, the inclusion of ε remains important
for the derivation of Theorem 1 later on. Additionally, the spatial-continuous
analog can be recovered through the integral representations in equations 3.37–3.41,
Appendix 3.A.6. The hyperparameter α requires specification before training.

Diffusion maps are renowned for their effectiveness in non-linear dimensionality
reduction [47, 48]. The typical setup is that the underlying manifold as well as the
sampling density is unknown apriori, hence the geodesic distance must be estimated,
for instance through equation 3.30 in Appendix 3.A.2. However, introducing a non-
local heat kernel becomes feasible without this extra step by explicitly representing
the hidden states (embedding outputs) from a known manifold such as Rd or Sd−1.

Let us define the operator

Tµ0,ε[f ](x) =

∫
M
kε(x, y)f(y)ρ0(y)dvoly (3.17)

and the corresponding infinitesimal generator H[f ] := limε→∞
Tµ0,ε[f ]−f

ε
. Provided

the local coordinates, its volume form is dvolx :=
√
|g|dx1 ∧ · · · ∧ dxn.

3.5.3 Operator limits of FSA

Our formulation of FSA provides a principled framework for analyzing attention
scores and weights through their spectral properties. To this end, we first inves-
tigate the second-order dynamics derived from the infinitesimal generator in the
following theorem. We then highlight the advantages of the non-local case (α ̸= 2)
in comparison to the local case (α = 2) within a low-dimensional setting. Finally,
we explore the fundamental differences between the Laplace-Beltrami operator and
its fractional counterpart, shedding light on their distinct mathematical properties.
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Figure 2: PCA of token embeddings. (a–c) Top 3 principal components
of embeddings of a random input sentence (generated by GPT2) represented
by scattered black dots for pretrained ALBERT, BERT and GPT2 respectively.
The other colored points are the projections onto two principal components, i.e.
blue for PC1 vs PC2, green for PC1 and PC3 and orange for PC2 and PC3.

Theorem 1 (Fracformer’s PDE). Let µ ∈ P(M) be a probability measure supported
on M = Rd or Sd−1 with density ρ0 ∈ C3(M). Under Assumptions 1 and 2, as
the bandwidth parameter ε→ 0, the Fracformer operator has convergence

H[f ] =
(−∆M)α/2(fρ0)− f(−∆M)α/2ρ0

ρ0
(3.18)

in L2.
For a uniform initial density, i.e. ρ0 ≡ 1, H[f ] = (−∆M)α/2f , allowing us to

recover the fractional diffusion as in equation 3.7.

We outline the proof of Theorem 1 in Appendix 3.A.7, which is related to
the diffusion map algorithm leading up to eigen-decomposition and the spatially
continuous counterpart in Section 3.5.2 and Appendix 3.A.6, respectively. In the
mathematical formulation of our fractional self-attention (FSA), it is important to
account for the underlying geometry and distribution of the token embeddings,
which are generally complex and non-uniform, i.e. dµ(x) ̸= dx. To demonstrate
these non-trivial geometrical structures, we examine the embeddings of an iden-
tical input sequence in three different, popular, pre-trained Transformer models:
ALBERT [114], BERT [115] and GPT2 [116]. In Fig. 2(a,c), ALBERT and GPT2
reveal circular and spiral patterns, respectively. These geometrical structures have
been linked to the encoding of positional information within a sequence [117]. In
contrast, the clustering of embeddings in BERT has been associated with the
representation of semantic information [115] (Fig. 2(b)). Thus, the underlying
distribution µ0 plays an important role.

Now we demonstrate how non-local kernels allow for longer-range interactions
under non-uniform densities. As shown in Fig. 2, the embedding density is typically
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3. FRACTIONAL SELF-ATTENTION

non-uniform. In a low-dimensional setting, let us construct a distribution bimodal
2D-multivariate Gaussian distribution f2(x;µ,Σ). We construct µ1 and µ2 that
represent two distant clusters in the embedding space in Fig. 1(g),

ρ0(x) =
1

2
f2(x;µ1,Σ) +

1

2
f2(x;µ2,Σ).

After applying equation 3.15 in contrast to α = 2 (Fig. 1(h)), we can see that
the case α < 2 encourages more frequent interactions between tokens, especially
between the two modes µ1 and µ2 (Fig. 1(i)).

Our self-attention structure based on the stochastic dynamics of Lévy processes
can efficiently preserve these structures. Replicating these processes based on the
description of self-attention as equation 3.1 requires Assumptions 1 & 2 which can
be fulfilled during training.

3.6 Experiments
In this section, we showcase the performance of the Fracformer architecture across
various tasks and modalities. The stability parameter α is specified before training.
In Section 3.5, we have shown that fractional diffusion occurs exactly under
both Assumptions 1 & 2 which are only satisfied for a single attention head (see
Methods). For simplicity, we will abbreviate the original Transformer as DP due
to the dot-product operation being deployed in SA.

3.6.1 Text classification

We consider the IMDb movie review dataset [118] for binary text classification
which involves predicting whether a movie review expresses a positive or negative
sentiment. Fracformer includes the stability parameter α which controls the
jump-intensity of the underlying Lévy process.

Here we present results for models with and without orthogonal projection
matrices for the queries and keys. For WQ,K /∈ O(d), Fracformer with α = 1.2
achieves the highest median evaluation accuracy by the end of training for 20 epochs
across 5 trials (Fig. 3(a) blue curve). Although Transformer attains an accuracy
of ∼ 82.7% earlier in the learning process, its performance quickly plateaus after
epoch 7, whereas Fracformer continues to improve. When WQ,K ∈ O(d), almost
identical effects are observed but the test accuracy discrepancy between Fracformer
(α = 1.2) and the Transformer further expands. Exact opposite trends occur for
the test loss in Fig. 3(c–d). In Table 1, we perform a non-exhaustive parameter
sweep over α = 1, 1.2, · · · , 1.8 and find that for both cases of WQ,K ∈ O(d) and
WQ,K /∈ O(d), α = 1 yields the best performance. For further implementation
details, please refer to Methods.
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Figure 3: Learning curves for text classification. (a – b) The median test
accuracy percentage for Fracformer (FRAC) and Transformer (DP) over 5 trials
respectively for WQ,K /∈ O(d) and WQ,K ∈ O(d). The lower and upper parts of
the color shade represent the worst and best over the 5 trials at each epoch. The
blue and red curves represent the cases of the hyperparameter setting α = 1.2
and α = 2 for Fracformer. (c – d) Same as in (a – b) respectively but for the
test loss.
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Projection matrix Best Acc. (α < 2) α value Acc. (α = 2) Acc. (DP)
WQ,K /∈ O(d) 84.06± 0.26% 1 83.28± 0.21% 82.60± 0.36%
WQ,K ∈ O(d) 84.40± 0.19% 1 82.65± 0.28% 81.76± 0.23%

Table 1: Model performance on IMDb dataset with Q ̸= K. Column 1. Setup
of the query and key projection matrices WQ,WK . Column 2. Best mean
test accuracy across 5 iterations of trianing for the parameter search across
α = 1, 1.2, 1.4, 1.6, 1.8. Column 3. The α value corresponding to the accuracy
in Column 2. Column 4. The mean test accuracy for α = 2. Column 5. The
mean test accuracy for the Transformer (DP) in Fig. 3. The best accuracy for
each row is highlighted in bold.

3.6.2 Image processing

The notion of a sequence can be introduced to spatial structures such as images,
by feeding ordered and selected patches of fixed size in images to the attention
mechanism. Thus Vision Transformers (ViT) [40] have emerged as a promising
alternative for computer vision tasks. We train Fracformers and compare them to
the Transformer model class on CIFAR10 [78].

As in Section 3.6.1, effects of relaxing Assumption 1 are also further examined.
Throughout training, Fracformer (α = 1.2) dominates the performance of its
Gaussian counterpart (α = 2) and the Transformer model under the condition
WQ,K /∈ O(d) (Fig. 4(a)). When orthogonality is enforced (WQ,K ∈ O(d)), Frac-
former experiences a slight performance degradation which nonetheless outperforms
Transformer which has its median accuracy almost identical to the previous case
(Fig. 4(b)). Opposite trends are observed for the test loss in Fig. 4(c–d).

3.6.3 Pretrained analysis

Our findings indicate that Fracformer outperforms Transformer in both text and
image classification tasks. Additionally, its performance varies across different
hyperparameter configurations, particularly with respect to the choice of α. In the
following analysis, we further investigate the impact of α, demonstrating how the
spatially fractional regime (α < 2) contributes to improved results.

Fracformer hyperparameter ablation

In Fig. 3, a notable performance gap between the non-Gaussian and Gaussian case
has been observed. Here, we investigate the effects of α on the performance of
1-layer Fracformer. As the embedding layer evolves during training, we instead use
a set of pre-trained GloVe (Global Vectors for Word Representation) embeddings
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Figure 4: CIFAR10 classification. (a – b) The median test accuracy
percentage for 2-layer and 6-attention-head Fracformer and Transformer over
5 trials resp. for WQ,WK /∈ O(d) and WQ,WK ∈ O(d). The lower and upper
parts of the color shade represent the 25% and 75% percentile over the 5 trials at
each epoch. The blue and red curves represent the cases of the hyperparameter
setting α = 1.2 and α = 2 for Fracformer. (c – d) Same as in (a – b) resp. but
for the test loss. (c–d) Same as in (a - b) resp. but for the test loss.
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Dataset M WE fixed Best Acc. (α < 2) α value Acc. (α = 2)

MNIST Sd No 93.87± 0.35% 1.6 93.66± 0.41%
IMDB Rd Yes 62.89± 1.0% 1.4 62.74± 1.4%

Table 2: Model performance on IMDb dataset with Q ̸= K. Column 1.The
corresponding task for the Fracformer model. Column 2. The manifold M setup
for the model. Column 3. Whether pretrained word/token embeddings (WE)
are used during the training process. Column 4. Best mean test accuracy across
5 iterations of training for the parameter search across α = 1, 1.2, 1.4, 1.6, 1.8.
Column 5. The α value corresponds to the accuracy in Column 4. Column 6.
The mean test accuracy for α = 2.

[119], this will preserve the token embeddings and allow for a direct contrast later
on in our pretrained analysis. We repeat a similar training process as before on the
MNIST dataset for vision tasks and IMDb for text classification and summarize
the results in Table 2.

FSA as diffusion maps

The trainable parameters of Transformers are often dominated by linear/dense
layers instead of the actual self-attention layers. To understand the the impact of α
which controls the notion of non-locality of FSA, we again conduct our analysis for
a single-layer and attention-head Fracformer. As the embedding layer also evolves
during training, we dissect our experiments into two parts: 1. Text classification:
we fix the embedding layer to the set of pretrained GloVe embeddings that allows
us to control the hidden dimension. Thus for the same sequence, this would retain
the same pre-FSA hidden state representation and allow for a direct comparison.
2. Image classification: we keep the embedding layer as a learnable component
and examine the effects of the corresponding inductive bias introduced by α.

Through the lens of diffusion interactions on manifolds, we examine the properties
of FSA for pretrained Fracformers with (WQ = WK = I) as in Section 3.5.3, similar
to the demonstration in Fig. 3.A.1. We can obtain an eigen-decomposition of the
attention weights (equation 3.16)

Kε
ij :=

∑
m≥1

λεmψm(xi)ϕm(xj) (3.19)

where ϕm and ψm are the left and right eigenvectors of K; λm are the corresponding
eigenvalues (see Appendix 3.A.8 for more details). The diffusion distance between
two points is defined by

D2
t (xi,xj) =

∑
y

(p (t, y | xi)− p (t, y | xj))2w(y) (3.20)
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Figure 5: Fractional self-attention and diffusion maps. (a – b) The
top 2 principal components of the Fracformer embeddings tokens of a random
selected sequence from the IMDb dataset with with length of 512. For α = 1.2, 2
respectively, we plot the attention weights between all presented tokens which
are strictly greater than 5 × 10−17. The solid line thickness is scaled linearly
with respect to 5/(1− 5 log(Kij)), indicating the strength of the corresponding
attention weight between the tokens that encode both semantic and positional
information. The furthest tokens apart in the embedding space are presented
as red crosses and the dotted gray lines trace out the most likely path between
them; the tokens on this path are highlighted in green. The likelihood for α = 1.2
and α = 2 are (c – d) The diffusion map embeddings for the same sequence as
in (a,b) with the top 2 components of equation 3.21 for α = 1.2, 2 respectively.
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with the weight function w(y) = 1/ϕ0(y) accounting for the (empirical) local
density of points [47, 48]. The diffusion map is the mapping between the original
space and the first m eigenvectors

Ψt(xi) =
(
λt1ψ1(xi),λ

t
2ψ2(xi), . . . ,λ

t
mψk(xi)

)
. (3.21)

The following seminal result establishes the diffusion distance and the Euclidean
distance in the diffusion map space with all n− 1 eigenvectors

D2
t (xi,xj) = |Ψt(xi)−Ψt (xj)|2 (3.22)

Therefore we can obtain a canonical dimensionality reduction of the FSA through
equation 3.21, and the diffusion distance is retained to a certain degree depending
on the number of eigenvectors chosen and the eigenspectrum.

In Fig. 5(a–b), we randomly select a sequence of maximal length (n = 512)
and project the top two principal components of distant tokens onto R2 (see
Methods). We then visualize attention weights between tokens that exceed a
certain threshold, with line thickness representing interaction strength. We observe
that the heavy-tailed case α = 1.2 exhibits more frequent interactions in the
embedding space compared to α = 2. Additionally, we perform the diffusion map
algorithm to the sequence embedding and project the same tokens in (a–b) to the
top 2 components in Fig. 5(c–d). These tokens remain in proximity to each other
for α = 1.2, demonstrating the ability of non-local kernels to capture long-range
interactions.

3.7 Discussion
In this study, we adopt a novel approach by incorporating the dynamics and
statistical properties inspired by neurobiological systems [30, 31]. Specifically, we
integrate a broader class of fractional diffusion processes which appears in the theory
of Fractional Neural Sampling (FNS) [31] into the self-attention mechanism, termed
fractional self-attention (FSA). We demonstrate that the corresponding architecture
Fracformer reveals performance gains from heavy-tailed dynamics (α < 2), driven
by long-range spatial interactions, analogous to Lévy processes. Through utilizing
a time-scale parameter (kernel bandwidth), methods from diffusion maps help
facilitate meaningful low-dimensional token representations, beneficial for model
distillation and interpretability [120]. Additionally, under simple conditions on
the query/key projection matrices, we mathematically derive the corresponding
partial differential equation that describes the second-order dynamics of FSA,
which involves a non-local fractional Laplacian operator.

The non-locality of the fractional Laplacian should not be conflated with that
in non-local neural networks [121]. Transformers exhibit non-locality through
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self-attention, which allows tokens to interact globally, particularly during the
encoding process. The bi-stochastic self-attention map also contributes to a
non-local structure, but, as detailed in Section 3.3, its second-order dynamics
corresponds to the standard Laplacian [6]. Therefore, the concept of locality differs
for networks and operators. In our approach, we extend self-attention dynamics
to non-local operators, which serve as generators for broader classes of stochastic
processes known as Lévy processes. The heavy-tailed dynamics of Lévy processes
demonstrate desirable properties in self-attention and contribute to long-range
interactions in the embedding space.

In this work, we integrate biologically plausible mechanisms based on the
probabilistic nature of Lévy processes into artificial neural networks, showcasing
bio-inspired AI within the framework of Transformers [103]. We highlight the
significance of probabilistic sampling as a key element in both neuroscience and
machine learning. By connecting continuous space-time stochastic processes to
their discrete counterparts, we incorporate analogous dynamics into self-attention
networks. As a direction for future work, the drift term and momentum component
from the FNS theory can be additionally incorporated as part of the mechanism
which can potentially further enhance sampling efficiency.

3.8 Methods

3.8.1 Model implementations

Orthogonal and semi-orthogonal projection. A token’s query/key projection
involves a linear transformation ι : Rd → Rdk . When the number of attention
heads H > 1, strict orthogonality is no longer preserved due to the division of the
embedding dimension by H. Instead we have ι : Rd → Rd/H where H is chosen
so that d mod H ≡ 0. Enforcing an orthogonal matrix WQ can be implemented
in PyTorch, the projection for each attention head would be W (i)

Q x ∈ Rd/H where
W

(i)
Q is the submatrix [WQ](i−1)H:iH,: for i = 1, · · · ,H − 1. All the rows of WQ are

orthogonal, and this does not make W (i)
Q ∈ Rd/H×d semi-orthogonal from the left,

i.e. W (i)
Q x no longer preserves the Euclidean distance for x ∈ Rd.

Kernel function. As discussed in Section 3.4.1, the non-local kernel (equa-
tion 3.11) explicitly depends on the dimensionality for M = Rd. For many existing
Transformer architectures, the choice of the embedding dimension is typically
large [114, 115, 116], e.g. d = 512, 768, · · · . This high dimensionality causes the
intersection point with the local kernel to increase with respect to d, leading to a
diminishing distinction between the non-local and local kernels (Fig. 1(b–c)). To
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address this, we adopt an alternative formulation for the non-local case using

Φ̃(z) = (1 + z)1+α, α ∈ [1, 2). (3.23)

Scaling geodesic distances on the spherical manifold. Given M = Sd−1 for
α < 2, we have Φ = (1 + dg(xi,xj))

−dM−β, which has poor asymptotic properties
for large dk (assuming that WQ ∈ Rdk×dk). By inserting a scale parameter r =
π1/(1−dM)−1

π
into

Φ(dg(xi,xj)) = (1 + rdg(xi,xj))
−dM−β (3.24)

which corresponds to the radius of the (dk − 1)-sphere that the xi’s are embedded
on, this particular issue can be mitigated effectively. The intrinsic dimension of
the manifold dM = dk + 1 in this case.

Floating point errors. In the symmetrical case of Q = K and M = Sdk−1 (nor-
malized embeddings), arithmetic errors are particularly induced by the diagonal of
the dot-product matrix where the norm of each embedding could be evaluated to
be over 1, thus we mask the dot product with 1 along this diagonal.

Sequence paddings. Due to shorter sequences being padded, masks are typically
applied to keys but not queries. Hence for sequences with length shorter than
the pre-specified maximum, symmetry of the pairwise distance is not attained,
nonetheless this does not impact performance. As only limiting sequence lengths
are of interest theoretically, symmetry of pairwise token distance is always assumed
under Q = K.

3.8.2 Experimental details

Text classification. In Fig. 3, all models trained are of 6 layers and 8 attention
heads; we use an initial learning rate of 10−4 and decay it by a factor of 10 at
epoch 15. The Fracformers trained are trained for α = 1, 1.2, · · · , 2. For α < 2,
we use the d-independent non-local kernel as in equation 3.23 due to the large
embedding dimension d = 256 deployed.

Visual processing. In Fig. 4, all models trained are of 2 layers and 6 attention
heads; we use an initial learning rate of 10−4 and decay it by a factor of 10 at
epoch 200. The Fracformers trained are set at α = 1.2, 2 and the scaling-constant
in equation 3.15 is set to κ = 1. Additionally, the original non-local kernel function
(equation 3.11) is applied.
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Single-layer Fracformers. Table 2 presents results for Fracformers configured
with a single layer and a single attention head, using an embedding dimension of
d = 16. The projection matrices WQ = WK = I are set to the identity matrix in
order to satisfy Assumptions 1 & 2 in the main text. The pretrained semantic
embeddings are initialized with token and position embeddings from a set of pre-
trained GloVe embeddings [119] (dimension 50), which are projected onto the top
d principal components using principal component analysis (PCA). The training
setup follows the Text Classification methods above, with modifications: training
extends to 30 epochs, and the learning rate is set to 5e-4 with a decay factor of 10
applied at epoch 23.

Pretrained analysis. To illustrate long-range interactions between distant tokens
in the embedding space, we first arbitrarily select a maximum-length sequence
(512) and compute the center of the token embeddings as the mean coordinates
of the entire sequence. Next, we remove tokens located within a radius of 6.1
from this center and project the remaining ones onto R2 using PCA (Fig. 5(a–b)).
The diffusion map embeddings in the second column are obtained through the
algorithm as discussed in Section 3.6.3 (Fig. 5(c–d)), a diagonalization method is
also detailed in Appendix 3.A.8.
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3.A Theoretical results

3.A.1 Fractional Laplacian on manifolds

Given a square integrable function u ∈ L2(M), the fractional Laplacian is defined
spectrally through

(−∆M)α/2u(x) :=
∞∑
i=1

λ
α/2
i ⟨u,ϕi⟩L2(M) ϕi(x) (3.25)

for x in the fractional Laplacian domain. Given the compactness of the manifold,
the set {ϕi}∞i=1 composes the orthonormal eigenfunctions through −∆Mϕi = λiϕi

with countably many eigenvalues that satisfy 0 = λ1 < λ2 ≤ λ3 ≤ · · · with
limi→∞ λi = ∞.

For general manifolds M, the fractional Laplacian typically does not present a
form as in equation 3.8. Additionally, the operator applied to f(x) = (2π)−1/2 exp(−x2/2)
as in Fig. 1 takes form [122]:

(−∆)α/2f(x) = 2α
Γ
(
n+α
2

)
Γ
(
n
2

) 1F1

(
n+ α

2
,
n

2
,−|x|2

2

)
. (3.26)

where 1F1 is the hypergeometric function.

3.A.2 Heat kernels

A function k : [0,∞) × M × M → [0,∞) is a heat kernel if for almost every
x, y ∈ M and ∀s, t ≥ 0

1. Positivity: kt(x, y) ≥ 0.

2. Total mass inequality:
∫
y∈M kt(x, y)dvoly ≤ 1.

3. Symmetry: kt(x, y) = kt(y,x).
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4. Semi-group: ks+t(x, y) =
∫
z∈M ks(x, z)kt(z, y)dvolz.

5. Approximation of identity:

lim
t→0+

∥∥∥∥∫
y∈M

kt(x, y)f(y)dvoly − f(x)

∥∥∥∥
L2(M,g)

= 0, f ∈ L2(M, g) (3.27)

Every heat kernel gives rise to an associated semigroup

Ktf(x) =

∫
y∈M

kt(x, y)f(y)dvoly. (3.28)

A semigroup also gives rise to a quadratic form

ξ(f) = lim
t→0+

〈
f −Ktf

t
, f

〉
L2(M,g)

. (3.29)

Let us define dg : M × M → R+ as the geodesic metric given g, which is the
determinant of the matrix representation of the metric tensor on M. In general,
heat kernels can take various forms, but they must satisfy the conditions outlined
above. Our focus will be on stochastically complete heat kernels, meaning they are
normalized, or equivalently, the corresponding semigroups satisfy Kt1 = 1 ∀t > 0
(equation 3.28).

A quadratic form is regular if there exists a set C of continuous functions
with compact support (Cc(M)) that are also in the domain D(ξ) of ξ, i.e. C ⊂
Cc(M) ∩ D(ξ) such that C is dense both in Cc(M) and D(ξ) under appropriate
norms [105]. Assuming the following two conditions:

1. All balls defined with metric dg in M are relatively compact;

2. The heat kernel kt(x, y) is a stochastically complete and α-scale invariant
heat kernel such that the associated quadratic form is regular;

the Heat Kernel Dichotomy holds [46].

Let r0 = r0(M) be the minimum radius of the curvature of M. Then the
minimum branch separation s0 = s0(M) is defined as the largest positive number
such that |ι(x)− ι(y)| < s0, then dg(x, y) ≤ πr0 for ∀x, y ∈ M. For an unknown
manifold that satisfies the minimum branch separation, dg(x, y) can only be
estimated from the graph distance

dG(x, y) := min
P

(|ι (x0)− ι (x1)|+ · · ·+ |ι (xp−1)− ι (xp)|) (3.30)

over all paths P connecting x0 to xp where ι is an isometric embedding. This can
be realized via a computationally demanding Dijkstra’s algorithm [105].
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3.A.3 Lévy process

A Lévy α-stable distribution (often termed stable distribution) [70], is defined by a
characteristic function involving a tuple (α, β,σ,µ) containing the stable, skewness,
scale and location parameters respectively,

φ(u;α, β,σ,µ) = e−|σu|α(1−iβsgn(u)φ(u;α))+iuµ (3.31)

where sgn(u) is the sign of u and

φ(u;α) =

{
tan
(
πα
2

)
α ̸= 1

− 2
π
log |u| α = 1

.

For α < 2, the random variable associated with the stable distribution has infinite
mth-moment for m ≥ α.

An α-stable Lévy process Lt is a stochastic process with

1. L0 = 0.

2. Lt has independent increments.

3. (Lt − Ls) ∼ Sα((t− s)1/α) for all 0 ≤ s ≤ t.

4. Lt is stochastically continuous.

5. Lt is RCLL (right continuous with left limits) almost surely.

If β = µ = 0, then the process is SαS.

3.A.4 Orthogonal projection matrices

In the following, we present the proof for Proposition 1:

Proof. In Rd, the distance between each query-key pair under Assumption 1 follows

|qi − kj| = (|qi|2 − 2q⊤i kj + |kj|2)1/2,
= (|WQxi|2 − 2x⊤i W

⊤
QWKxj + |WKxj|2)1/2,

= (|xi|2 − 2x⊤i W̃Kxj + |xj|2)1/2,
= |xi − W̃Kxj|,

where W̃K := W⊤
QWK ∈ O(d), allowing us to set without loss of generality

Q = X and K := W̃KX. For M = Sd−1, the geodesic is simply the great circle
dg(qi, kj) = arccos(q⊤i kj). Following a similar line of reasoning, this result naturally
extends to the spherical manifold.
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3. FRACTIONAL SELF-ATTENTION

3.A.5 FSA on spherical manifold

To differentiate between local and non-local operators, one needs to remove the
sampling density or force a uniform grid [105]. Let us consider an example in
the low-dimensional setting on S1 where we create a grid of 500 evenly spaced
points. By Weyl’s law, the eigenvalues of the Laplace-Beltrami operator λj ∝ j2

for large j as shown by the dashed lines (red curves, Fig. 3.A.1(a)). Similarly,
we have the power spectra close to α/2 for fractional Laplacians (blue curves,
Fig. 3.A.1(a)). Under a uniform grid of the manifold, the Laplacian and frac-
tional Laplacian can be differentiated through the properties of their eigenspectrum.

The von-Mises Fisher distribution supported on Sd is given by

fd(x;µ,ω) = Cd(ω) exp
(
ωµ⊤x

)
; Cd(ω) =

ωd/2−1

(2π)d/2Id/2−1(ω)
(3.32)

the normalization constant Cd(ω) contains the modified Bessel function of the first
kind at order v: Iv(ω). The parameters µ ∈ Sd and ω ≥ 0 determine the mean
and concentration of the distribution respectively.

Similar to the Euclidean space cse, we display longer-range interactions from
the non-kernel under non-uniform densities. Consider the von Mises-Fisher distri-
bution (equation 3.32) parametrized by (µ,ω) which is the analog of the Gaussian
distribution on Sd; µ and 1/ω represent the location and dispersion respectively.
As shown in Fig. 2, the embedding density is typically non-uniform. In a low-
dimensional setting, let us construct a distribution bimodal von-Mises distribution
that represents two distant clusters in the embedding space in Fig. 3.A.1,

ρ0(x) =
1

2
fd(x;µ1,ω) +

1

2
fd(x;µ2,ω).

After applying equation 3.15, we can see that the case α < 2 encourages more
frequent interactions between tokens, especially between the two modes µ1 and
µ2 (Fig. 3.A.1(c)).

3.A.6 Continuous limits of the kernel construction

Here we outline a more general construction of the attention weights K in equa-
tion 3.16 encountered in diffusion maps [47]. Construct the diagonal matrix
Dii =

∑
j C̃ij and the new kernel K(a)

C̃(a) = D−aC̃D−a. (3.33)
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Figure 3.A.1: Token interactions and spectral properties of FSA.
(a) Eigenvalues of the fractional Laplacian for α = 1.2 (red) and α = 2 (blue)
computed based on the samples from a (deterministic) uniform grid on S2.
The bandwidth parameter ε = 1 × 10−4. (b) Probability density function of
the bimodal von-Mises Fisher distribution on S2 centered at µ1 = (0,−1, 0),
µ2 = (−1, 0, 0); ω = 50. (c) A sample size of 6 queries is drawn from the
distribution in (b), and mapped onto R2 through the stereographic projection.
Here we assume equivalence between the queries and keys (Assumption 2). The
thickness of the dashed lines reflects the strength of attention weights between
connected queries and keys, scaled by a constant, based on FSA (equation 3.15)
for α = 1.2 (top) and α = 2 (bottom).

After applying the weighted graph Laplacian normalization based on the parameter
a to form the new kernel (equation 3.33), the alternative kernel is simply its row-
normalization:

D(a) =
∑
j

C̃
(a)
ij , (3.34)

K(a) =
(
D(a)

)−1
C̃(a) ≡ NR(C̃

(a)). (3.35)

The case of equation 3.16 is equivalent to K(0) where we suppress the superscript
for notation simplicity. In the limit of an infinite sequence n→ ∞, the summation
of equation 3.15 can be written in the form of Monte Carlo integration:

lim
n→∞

1

n

n∑
i=1

K
(a)
ij =

∫
M
k(a)ε (x, y)q(y)dvoly ∝ q(x) +O(ε) (3.36)

where O(·) is the big-O notation.
We list the continuous counterpart of the kernel construction in Section 3.5.2

and the current section through integral representations

1. Set a rotation-invariant kernel for all pairs of points x, y ∈ M

c̃ε(x, y) = Φ

(
1√
ε
dg(x, y)

)
(3.37)
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3. FRACTIONAL SELF-ATTENTION

2. Let
qε(x) :=

∫
kε(x, y)q(y)dy (3.38)

and the new kernel

c̃(a)ε (x, y) :=
c̃ε(x, y)

qε(x)aqε(y)a
. (3.39)

Finally, apply the weighted graph Laplacian normalization to this kernel by setting

d(a)ε (x) :=

∫
X

k(a)ε (x, y)q(y)dy (3.40)

and by defining the anisotropic transition kernel

k(a)ε (x, y) :=
c̃
(a)
ε (x, y)

d
(a)
ε (x)

. (3.41)

The choice of normalization index a affects the operator limit of k(a)ε as ε→ 0
(equation 3.33–3.35). For α = 2, in the case of a = 12, the model removes the
effects of ρ and thus becomes agnostic of the initial sampling distribution of the
tokens/hidden states ρ. In our construction, the underlying manifold of the hidden
states is known, making information from the sampling density ρ crucial. Therefore,
we set a = 0 for FSA in equation 3.16.

3.A.7 Convergence of PDEs

Lemma 1. The infinitesimal generator from the normalization scheme in the
main text yields

Hf = −c(−∆)α/2(fρ)− f(−∆)α/2ρ

ρ
. (3.42)

Proof. First, we emphasize that our setting is slightly different from that of
diffusion maps, in our case the manifold M is known.

Step 1 : Similar to the standard case, we start from the diffusion equation [47,
123]

ut = −c(−∆)α/2u, u(x, 0) = f(x) (3.43)

for x ∈ M. The solution at time t = ε is

u(x, ε) =
1

Zα,d

∫
M
kε(x,x

′)f(x′)dvolx′ (3.44)

2Slight modifications are required as listed in Appendix 3.A.8
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where Zα,d is the normalization constant and kε depends on α. For small ε, we
can approximate u(x, ε) through a Taylor expansion

u(x, ε) = u(x, 0) +
∂

∂t
u(x, 0)ε+O(ε2) = f(x)− εc(−∆)α/2 +O(ε2). (3.45)

Step 2 : Fix a normalization scheme:

FAttn[f ](x) =

1
n

∑
j Φ
(

dg(x,xj)

ε1/α

)
f (xj)

1
n

∑
j Φ
(

dg(x,xj)

ε1/α

) . (3.46)

Step 3 : After taking the limit n → ∞, obtain the expression for the Taylor
expansion w.r.t ε:

lim
n→∞

1
n

∑
j Φ
(

dg(x,xj)

ε1/α

)
f (xj)

1
n

∑
j Φ
(

dg(x,xj)

ε1/α

) =

∫
M kε(x,x

′)f (x′) ρ(x′)dvolx′∫
M kε(x,x′)ρ(x′)dvolx′

=
(fρ) (x)− εc(−∆)α/2(fρ) (x) +O (ε2)

ρ(x)− εc(−∆)α/2ρ(x) +O (ε2)

=
[
(fρ) (x)− εc(−∆)α/2(fρ) (x) +O

(
ε2
)] 1

ρ(x)

(
1 + ε

(−∆)α/2ρ(x)

ρ(x)
+O

(
ε2
))

=f(x)− εc(−∆)α/2(fρ)(x)

ρ(x)
+ f(x)εc

(−∆)α/2ρ(x)

ρ(x)

=f(x)− ε
c

ρ(x)

(
(−∆)α/2(fρ)(x)− f(x)(−∆)α/2(ρ)(x)

)
+O(ε2)

The third equality was obtained through the expansion of the function 1/x:

1

ρ− εc(−∆)α/2ρ(x) +O (ε2)
=

1

ρ

(
1 + ε

(−∆)α/2ρ

ρ
+O

(
ε2
))

.

In the case of M := Rd, equation 3.42 further reduces to

Hf := −c(−∆)α/2(fρ)− f(−∆)α/2ρ

ρ

= −c
f(−∆)α/2ρ+ ρ(−∆)α/2f − Iα/2(f , ρ)− f(−∆)α/2ρ

ρ

= −c
ρ(−∆)α/2f − Iα/2(f , ρ)

ρ

= −c(−∆)α/2f + c
Iα/2(f , ρ)

ρ

(3.47)

where Iα/2(f , ρ) := cd,α/2
∫
Rd

(f(x)−f(y))(ρ(x)−ρ(y))
|x−y|d+α dy.
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3.A.8 Operator characteristics

Here we state the fractional diffusion map algorithm accredited to [105] for
general manifolds. Let us denote the normalized Gaussian kernel as G(z) :=

(2πϵ)−d/2 exp
(
− z2

2ϵ

)
. In order to remove the effects of the sampling density q, we

ought to replace the estimation of Step 2 in Section 3.5.2 with

q̂i =
1

n

n∑
j=1

G(dg(xi,xj)) (3.48)

and replace the entries of the diagonal matrix D used in equation 3.33 with q̂i above.
Then we proceed to obtain K(1) as usual, the goal is to obtain the eigenvalues and
eigenfunctions of the heat kernel in equation 3.35. In low-dimensional cases like in
Fig. 3.A.1 where M = S1, we simply set ρ to be the uniform grid and a = 0.

The diagonalization is conducted on a row-normalized matrix based on equa-
tion 3.33–3.35 (with a = 0 as in equation 3.16). First note that equation 3.16 is
adjoint to the symmetric matrix

K̂ = D−1/2KD−1/2, (3.49)

thus K share the same set of eigenvalues as K̂ which are all real (the matrix
(K̂ + K̂⊤)/2 can be made for the case of numerical stability):

1 = η0 ≥ η1 ≥ · · · ≥ ηn. (3.50)

Additionally, the eigenvectors of K̂ form an orthonormal basis {vj}. The left and
right eigenvectors of P , denoted ϕj and ψj are related to {vj} through

ϕj = D1/2vj, ψj = D−1/2vj (3.51)

and they are also bi-orthonormal, i.e. ⟨ϕi,ψj⟩ = δi,j. Set t = εα/2, then the
fractional Laplacian eigenvalues λi = −t−1 log ηi and the eigenfunctions ψ satisfy
Kψi = etλiψi for the heat kernel as in equation 3.35.
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Chapter 4

Anomalous diffusion dynamics of
learning in deep neural networks

Abstract
Learning in deep neural networks (DNNs) is implemented through mini-
mizing a highly non-convex loss function, typically by a stochastic gradient
descent (SGD) method. This learning process can effectively find good
wide minima without being trapped in poor local ones. We present a novel
account of how such effective deep learning emerges through the interactions
of the SGD and the geometrical structure of the loss landscape. We divide
our findings into two parts, providing an empirical examination on learning
dynamics and theoretical discussion for a new insights for modeling this
process. In the first part, we find that the SGD exhibits rich, complex
dynamics when navigating through the loss landscape; initially, the SGD
exhibits anomalous superdiffusion, which attenuates gradually and changes
to subdiffusion at long times when approaching a solution. Such learning
dynamics happen ubiquitously in different DNNs types such as ResNet and
VGG-like networks and are insensitive to batch size and learning rate. The
anomalous superdiffusion process during the initial learning phase indicates
that the motion of SGD along the loss landscape possesses intermittent, big
jumps; this non-equilibrium property enables the SGD to escape from sharp
local minima. For the second part which is ongoing work, we propose a
framework that models the evolution of weights as a matrix-valued stochastic
process during SGD, unlike traditional formulations that flatten all parame-
ters, disregarding the inherent matrix structure of the connectivities. This
approach enables the analysis of the eigenvalues and eigenvectors of the
connectivity matrix, offering deeper insights into how features are extracted
and learned throughout the training process.
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3. ANOMALOUS DIFFUSION

4.1 Introduction

Deep neural networks (DNNs) have achieved great success in many application
areas such as speech processing, visual object recognition, drug discoveries and
material identification [63, 124]. A crucial ingredient for the powerful DNNs is a
relatively simple stochastic optimization procedure, in particular, an algorithm
based on stochastic gradient descent (SGD). Despite its importance, the fundamen-
tal problem of why SGD is effective in finding a solution with good generalization
properties [53, 54] in a high-dimensional nonconvex loss function landscape re-
mains unclear. Here, we adapt methods from non-equilibrium, complex systems
to investigate the anomalous diffusion of SGD and explain how these dynamics
arise from interactions of SGD and the loss landscape.
Related Work. There is a long line of literature that focuses on the learning
dynamics of deep neural networks trained with SGD. One line of research has
indicated that the structure of the loss landscape is essential for understanding deep
learning dynamics. For instance, loss functions have been studied using random
matrix theory by drawing comparisons between DNNs and spin glass models [125]
along with algebraic geometry methods [55]. Through these methods, it has been
shown that the number of local minima decreases with depth asymptotically and
becomes more clustered in the parameter space. Additionally, visualization-based
methods have been investigated; examination on the principal components of SGD
trajectory has indicated that the inclusion of skip connections expedites training
by smoothing out the loss landscape [126]. Similarly, dimension reduction of the
loss landscape by interpolating between different initialization weights suggests
that SGD encounters saddle points and selects certain descent directions to settle
on final solutions [127]. These results rely on empirical observations and dimension
reduction techniques that overlook the information from lower-ranked principal
components. It has also been revealed that saddle points are the main obstacles
for the training process and a second order optimization method which escapes
saddle points was proposed [128], nonetheless first order methods are still pre-
ferred due to efficiency. In another line of research, SGD has been examined via
models of stochastic Langevin dynamics with an assumption that gradient noise
is Gaussian [129, 130]; in these studies, SGD has been assumed to be driven by
Brownian motion. However, it has been increasingly demonstrated that the SGD
walker exhibits highly anisotropic, Non-Gaussian dynamics in DNNs [131, 132,
133]. Hence, some researchers have tackled the problem by modeling the SGD as a
process exhibiting heavy-tailed behaviors. Particularly, a heavy-tailed behavior in
the stochastic gradient noise has been reported [34] and also confirmed in follow-up
studies [134]. They further proposed modeling the SGD as a single stochastic
differential equation driven by a Lévy alpha-stable process, invoking an existing
metastability theory [135] to justify why these dynamics would prefer wide minima
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[34]. However, the distribution of gradient noise have been found to be Gaussian
in the early phases, and changes throughout the training process [136]. Modelling
the gradient noise as a single type of noise is thus inappropriate.

Moreover, in relation to the interactions of SGD and the loss landscape, it has
been demonstrated that the anisotropic SGD noise strength inversely depends
on the landscape flatness in each principal component direction [85]. In another
recent study, [137] introduced a new approach for investigating the generaliza-
tion properties of dee p neural networks by utilizing results from heavy-tailed
random matrix theory. They empirically present a linear relationship between
the power law norm and generalization accuracy for pretrained networks due to
the heavy-tailed behavior of the singular spectrum of the weight matrices, which
is an indication that the weight matrices themselves exhibit heavy tails as well
[138]. There have also been advances in model-based segmentation methods [139].
Despite the progress made by these studies, a deep understanding of how the
interaction of SGD with the structure of the loss function gives rise to complex
learning dynamics, and whether and how such dynamics enable SGD to find wide
minima is still lacking.

Main Contributions. In this study, we first reveal the non-equilibrium, anoma-
lous diffusive nature of SGD in deep learning; these include superdiffusion during
the initial learning phase, which changes to subdiffusion at long times when ap-
proaching a solution at the final stage. We further reveal that, during training, the
SGD walker moves from rougher (fractal-like) regions to flatter regions of the loss
landscape. These properties are quite general across different neural network types
and optimization hyperparameter settings. We use the relation between the mean
squared loss of the landscape and the end-to-end distance along the SGD trajectory
[140] to quantify the roughness of the loss landscape, which reveals how fractal-like
it is. The fractal-like regions of the loss landscape possess varying slopes (Fig. 1)
and the corresponding loss gradients along the optimization trajectory display large
fluctuations with heavy-tailed distributions, thus resulting in superdiffusion which
consists of small movements that are intermittently interrupted by big jumps; this
property enables the SGD walker to effectively explore the loss landscape. Finally,
we develop a phenomenological model to reveal the mechanistic relationship be-
tween the fractal-like loss landscape and anomalous diffusive learning process. We
find that such anomalous diffusion dynamics result from the fractal-like structure
of loss landscape and further design an experiment to draw comparisons between
SGD dynamics on low-dimension landscapes with different fractal dimensions
(roughness) which illustrates the computational advantage of superdiffusion. A
subdiffusive process, on the other hand, consolidates the residence of the SGD
in the flatter areas with good solutions. By uniquely interrelating the structure
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Figure 1: Schematic diagram of non-convex loss landscape with a
fractal-like structure. (a) The log-value of loss landscape projected to 2D
shows complex structures. The training process based on SGD can be regarded
as a SGD optimizer moving on the loss landscape. (b) The fine structure of non-
convex loss landscape with a fractal structure shows self-affine and hierarchical
properties.

of the loss landscape and diffusion nature of SGD, our results thus offer a novel
perspective to understand how deep learning networks work.

4.2 DNNs setup and characterizations of anoma-
lous diffusion

DNN setup. We consider three classes of neural networks: 1) ResNet-14/20/56/110
[17], where each type is labeled with the total number of layers it has. 2)
“VGG-like” networks that do not contain shortcut/skip connections. We pro-
duce these networks simply by removing the shortcut connections from ResNets,
termed ResNet-14/20/56/110-noshort. 3) Vision Transformer (ViT) [141], where
an input image is split to a patches size of 2 and is mapped to 128 dimen-
sions. 5-head attention is used. The depth is 5, and the dropout rate is 0.1.
All models are trained by vanilla SGD on multiple datasets including MNIST
and CIFAR-10; two types of loss functions (i.e., cross-entropy, and Kullback
Leibler divergence losses) are applied. The training processes each run for 500
epochs. All networks are initialized in the standard procedures of the PyTorch
library (version 1.3.0). The overhead cost for training and analyzing each model
is approximately 20 hours on a single V100 GPU. Source code is available at
https://github.com/ifgovh/Anomalous-diffusion-dynamics-of-SGD.git.
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4.2. DNNs setup and characterizations of anomalous diffusion

4.2.1 Understanding SGD via anomalous diffusion

Given that the full-batch gradient descent is computationally expensive, in the
SGD algorithm, the weight parameters Θ = (Θ1, Θ2, · · · , Θd) are estimated by
minimizing the minibatch loss function ∇L̃(Θ) : Rd → R, according to

Θt+1 = Θt − η∇L̃t (Θt) , (4.1)

where Θt denotes the d-dimension weight vector (Θ1, Θ2, · · · , Θd) at time t, and η
is the learning rate. In the scenario of a feedfoward network, the minibatch gradient
is evaluated via backpropagation with complexity O(n

∏L
i=1Ni−1Ni) where n is the

number of SGD iterations in each epoch and Ni for i = 0, 1, · · · ,L is the dimension
of the layer of a network with L+ 1 layers including the input and output. The
partial absence of the dataset generates gradient noise Ut ≜ ∇L̃t (Θt)−∇Lt (Θt)
and the updating rule can be rewritten as:

Θt+1 = Θt − η∇Lt (wt) + Ut, (4.2)

Hence the SGD training process is also a random diffusive process, where w can be
geometrically interpreted as coordinates of the SGD optimizer in the loss landscape
L (Fig. 1). Recently, similar methods have also been developed for large-scale
graph conventional networks (GCNs), allowing them to be trained in a minibatch
fashion [142].
Anomalous diffusion. The loss function of DNN exhibits complex structures, as
demonstrated by the projected 2D loss landscape of ResNet-56-noshort [126] in
Fig. 1, analogous to complex energy landscape in physical systems [143, 144, 145,
146]. In these physical systems, energy landscapes possess fractal-like structures
and anomalous diffusion motions of particles stem directly from such kinds of
structures. In this study, we apply similar methods used in these systems to quantify
the diffusion process of the SGD optimizer. Particularly, the time-averaged mean
squared displacement (MSD) [147, 148] is used to characterize the dynamics of
SGD moving through the loss landscape, which is defined by

∆r2(tw, τ) =
1

T

tw+T∑
t=tw

d∑
i=1

(Θi (t+ τ)−Θi (t))
2 , (4.3)

where τ is the lag time, T is the length of the time interval [tw, tw + T ], and Θi(t)
is the value of the ith-coordinate weight at time t. tw is the time lapse after the
start of the training process (i.e., waiting time). The time variables t, tw, and T
are in units of iteration, and the unit time step corresponds to a single update
step of the weights.
Diffusion exponent. We characterize the diffusion dynamics based on time-
averaged MSD. Although ensemble-averaged MSD is the most appropriate in theory
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Figure 2: SGD dynamics are anomalous diffusion. (a) MSD ∆r2(τ) of
SGD as a function of lag time τ in interval [tw, tw + T ], T = 1000 for ResNet-14
(batch size of 1024, 500 epochs). (b) Same as in (a) but the starting time of
the interval tw gradually increases from 1 to 24000 steps, covering the whole
training process. (c) Logarithmic derivative β(τ) of the MSD shown in (b).
Inset: Logarithmic derivative β(τ) of the MSD shown in (a). The color scheme
is the same as in (b). (d) Same as in (b) but for T = 10000. (e) Same as in (a)
but for training ResNet-14 5000 epoch. (f-i) Same as in (a) but for ResNet-110
(batch size: 512), ResNet-56 (batch size: 128), ResNet-20-noshort (batch size:
128), and ResNet-20 (batch size: 128), respectively.
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for limiting dynamics [149], averaging ensembled trajectories in a high-dimensional
system is extremely expensive and hence impossible in practice. Additionally,
the ensembled-average MSD does not properly differentiate the type of diffusion
dynamics over different time intervals. Therefore, time-averaged MSD is a common
tool used to quantify anomalous diffusive processes [147, 148]. The no-averaged
MSD (Eq. 4.4) has been used to demonstrate how much the configuration of DNNs
and spin glass models at time tw + τ decorrelates from the one at time tw [132].

∆(tw, tw + τ) =
1

d

d∑
i=1

(Θi (t+ τ)−Θi (t))
2 . (4.4)

We have computed the no-averaged MSD and discovered that no-averaged MSD
curves are too noisy to characterize the diffusion process.

Brownian motion is identified by ∆r2(τ) ∝ τα, for large T with the diffusion
exponent α = 1; its MSD is a linear function of lag time τ . When α ≠ 1, the
corresponding diffusion process has a nonlinear relationship with respect to τ and
is defined as anomalous diffusion [150]. If 1 < α < 2, the process is superdiffusive;
superdiffusion consists of small movements that are intermittently interrupted by
long-range jumps. This process has been widely observed in complex physical and
biological systems [149]; the mixture of small movements and big jumps in this
process is essential for optimally transporting energy in turbulent fluid [151], and
for animals to optimally search for spatially distributed food [152]. If 0 < α < 1,
the optimizer is subdiffusive, indicating that it moves slower on average than a
normal diffusion process.

4.3 Results

4.3.1 Anomalous diffusive learning process

Characterization of anomalous diffusion. We first illustrate that anomalous
diffusion processes characterize SGD. As the findings of different DNN settings
are similar, we thus demonstrate all results in ResNet-14 with a batch size of 1024,
trained on CIFAR-10 with the cross-entropy loss function and a learning rate of
0.1, unless otherwise stated.

The MSD of each interval [tw, tw +T ] is calculated according to Eq. 4.3 (T = 1000)
for a given tw. To demonstrate how the diffusion dynamics of SGD optimizer change
during the training process, we change tw systematically. As shown in Fig. 2(a),
there are distinct regimes of the SGD characterized by the diffusion exponent α.
For the first regime tw < t0, t0 = 21000 (blue curve, Fig. 2(a)), MSD curves have
two segments on the scale τ ∈ [1,T ] with the smooth transitions around τ0 (τ0 is
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3. ANOMALOUS DIFFUSION

labeled in Fig. 2(a)). When the lag time τ > τ0, the MSD curves can be fitted to
∆r2(τ) ∝ τα with α > 1, indicating that the SGD optimizer exhibits superdiffusive
dynamics. However, when τ < τ0, α < 1, i.e. the SGD dynamics are subdiffusive
(Fig. 2(a)). The diffusion exponent α is calculated via the least-squared fitting
method. We determine τ0 by fitting ∆r2(tw, τ) ∝ τα for τ ∈ [τ ′,T ], and denote
τ ′ ∈ [0,T ) with the smallest value such that the root-mean-square deviation RMSE
< 0.03 as τ0.

During the initial phase of the training process, the interval of the superdiffusion
is much longer than that of the subdiffusion. Nevertheless, as tw increases, the
superdiffusion gradually attenuates, as demonstrated by the decrease of the diffusion
exponent α and the increase of τ0 (brown curve in Fig. 2(a); all curves are shown
in Fig. 2(b)). In the second regime tw > t0, the diffusion exponent α = 0.78, i.e.,
the subdiffusion process eventually becomes dominant, as shown by the red curve
in Fig. 2(a). To identify the change from the first regime to the second one, we
estimate t0 by fitting the MSD curves ([tw, tw + T ]). We shift tw from 1 to 23001,
and [t0, t0 + T ] is the first curve with the goodness of fit reaching RMSE < 0.03
(0.03 is the standard deviation of all RMSE values). These phenomena can be
summarized as below:

∆r2(tw, τ) ∝


τα1 if tw < t0, τ < τ0

τα2 if tw < t0, τ ≥ τ0

τα3 if tw ≥ t0

(4.5)

where α1,α3 ∈ (0, 1) and α2 > 1. Such processes can be further quantitatively
characterized by the logarithmic derivative of the MSD, β [153, 154],

β(tw, τ) =
ln ∆r2(tw, τ +∆τ)− ln ∆r2(tw, τ)

ln (τ +∆τ)− ln τ
, (4.6)

where (∆τ = 20, Fig. 2(c)); in the first regime, β quickly increases from a value
smaller than 1 to a value larger than 1, but in the second regime, β is larger than
1 only when τ > 532.

The time-inhomogeneous anomalous diffusion dynamics are not sensitive to the
interval T . For other values such as T = 5000, T = 10000, the SGD process
exhibits similar dynamics with a change from a superdiffusion-dominated regime
to a subdiffusion one. Figure 2(d) shows an example of T = 10000; supperdiffusion
quickly emerges at τ0 (blue curve) and gradually transitions back to a subdiffusion
process (red curve). Note that we show the results in 500 epochs (24000 steps)
because the dynamics after 500 epochs remain the same. The same model is
also trained for 5000 epochs, the corresponding MSD curves for tw > 24000 still
demonstrate subdiffusion (Fig. 2(e)).
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4.3. Results

Figure 3: Training dynamics of ViT with Adam are anomalous
diffusion. (a) MSD ∆r2(τ) of SGD as a function of lag time τ in interval
[tw, tw + T ], T = 1000 for ViT (batch size of 256, learning rate of 0.0001, 500
epochs). The starting time of the interval tw gradually increases, covering the
whole training process. (b) Logarithmic derivative β(τ) of the MSD shown in
(a). The color scheme is the same as in (b).

In addition, the time-inhomogeneous anomalous dynamics are not unique to
DNN models. Figures 2(f-i) illustrate results for several models and they also
demonstrate similar dynamics, including ResNet-110 (batch size: 512) as well as
the remaining ResNet-56, ResNet-20-noshort and ResNet-20 all with batch size
128. These models are trained with a learning rate of 0.1. We also train a Vision
Transformer (ViT) with an adaptive moment estimation (Adam) algorithm and
find that the training dynamics transfer from superdiffusion to subdiffusion (Fig. 3).
These results thus indicate that SGD generally possess an initial superdiffusion-
dominated phase, which gradually evolves to subdiffusion.

4.3.2 Effect of DNN Architectures and Training Hyperpa-
rameters

Effect of DNN architecture. Anomalous diffusion provides a way to identify
contributions of network structures and different hyperparameters to the training
process. To demonstrate this, we train two types of DNNs, i.e., ResNet and
VGG-like networks. VGG-like networks are produced simply by removing shortcut
connections from ResNets. As shown in Figs. 4(a-b) and (d-b), shortcut connections
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3. ANOMALOUS DIFFUSION

Figure 4: The effects of the depth, batch size, and shortcut connec-
tions of DNNs on the anomalous diffusion of SGD. The orange and blue
colors represent the network with/without shortcut connections (SC) respec-
tively. The digits in legends of the first reow (a-c) represent network depth; for
example, no SC 14 denotes ResNet-14-noshort. Those in the second row (d-f)
represent minibatch size; for example, no SC 128 denotes ResNet training using
the minibatch size of 128. (a) The diffusion exponents α on larger lag times
(τ > τ0) when tw = 1 as a function of minibatch size. (b) Similar to (a) but for
α in the second regime (when tw = t0). (c) The crossover τ0 as a function of
minibatch size. Here, τ0 is the lag time when the MSD curve transitions from
subdiffusion to superdiffusion when tw = 1. (d-f) Similar to (a-c) but for varying
network depth. The error bars represent the standard deviation calculated over
10 trials.
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Figure 5: The effect of learning rate on the anomalous diffusion of
SGD. All results are from ResNet-14 with a batch size of 1024 on CIFAR10
dataset. (a) The diffusion exponent α on larger lag times (τ > τ0) when tw = 1
as a function of learning rate η. (b) The loss value as a function of time. (c-f)
The MSD of SGD for the learning rates of 0.001, 0.01, 0.05, and 0.5, respectively.
Jet colormap represents the starting time point (tw) as in Fig. 2(b). One curve
represents MSD in 1000 steps. Inset: The MSD of SGD when tw = 1, 7001, 23001.
All black lines are eye guides.

103



3. ANOMALOUS DIFFUSION

do not change the diffusion exponent α significantly in both regimes, with α
being greater than 1. However, they do affect the scale range of superdiffusion
characterized by τ0 when tw = 1. τ0 indicates the crossover of MSD in the first
1000 steps. Specifically, with shortcut connections, τ0 is smaller than those without
shortcut connections, indicating that the scale of superdiffusion is elongated
(Fig. 4(c) and Fig. 4(f)). The superdiffusion dynamics enable the SGD walker to
explore larger areas of loss landscape in a fixed time than normal diffusion and
subdiffusion processes. From this perceptive, DNNs with shortcut connections can
facilitate training, which is consistent with previous studies [17, 126].
Effect of minibatch. The anomalous diffusion dynamics are not very sensitive
to minibatch sizes. As shown in Fig. 4(a), the diffusion exponent α in the first
regime does not significantly vary (±15%) with respect to the change of minibatch
size from 128 to 1024 in all networks, although τ0 decreases in ResNet-14/20 with
the increase of the minibatch size (Fig. 4(c)).
Effect of network depth. Furthermore, as shown in Fig. 4(d), α changes
nonlinearly with respect to the network depth. However, the network depth
reduces the scale range of superdiffusion, characterized by τ0 (Fig. 4(f)); this result
suggests that the deeper DNNs are more difficult to be trained [155] due to the
shorter scale of superdiffusion.
Effect of learning rate. We next study the effect of the learning rate η on the
anomalous diffusion processes. By varying learning rates from 0.001 to 0.5, we find
that it only influences the emerging sequence of the superdiffusion (Fig. 5(a)). As
shown in Fig. 5(b), DNN training with small learning rates is much slower than
that with large learning rates. Thus, a small or large learning rate can only slow
down or speed up the training procedure, but does not change the fundamental
occurrence of anomalous diffusion. When the learning rate is small (η < 0.05),
during 500 epochs, the training processes remain in the first regime; there is no
pure subdiffusion in Fig. 5(c) and Fig. 5(d). For example, when η = 0.001, the
MSD curves for tw < 5000 have only one segment instead of two and a diffusion
exponent of α = 2. This is because small learning rates delay the training process.
However, DNNs trained with larger learning rates grant superdiffusion in the first
regime and pure subdiffusion dynamics in the second regime, as shown in Fig. 5(e)
and Fig. 5(f).
These ablation analyses by varying the depth, batch size, learning rate and shortcut
connections indicate that the anomalous diffusive processes of SGD are universal
in various hyperparameter settings.

4.3.3 Heavy-tailed gradients

Lévy α-stable distribution. To gain further insights into the physical origin of
the anomalous diffusion, we next demonstrate the statistical property of minibatch
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Figure 6: The gradient is heavy-tailed. The distribution of minibatch
gradients ∇L̃(Θ) in the first regime can be fitted as a symmetric Lévy α-stable
distribution (red curve). Inset: the log-log plot of the positive part of the
distribution indicates that it has a power-law tail. (b) When t ∈ [1, 1000],
∇L̃(Θ) can be fitted in symmetric Lévy α-stable distribution with the stability
parameter αdist = 1.09. (c) Same as in (b) but for t ∈ [23001, 24000]. (d) The
fitted stability parameter in the interval of [tw, tw + T ] as a function of tw. (e)
Fluctuations of absolute value of change-of-loss ∆L decrease as tw increases.
Coloarmap is the same as in Fig. 2(a). (f) The moving variance of loss as a
function of time.
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gradients ∇L̃. We first introduce the definition of the Lévy α-stable distribution.
Given a Lévy stable random variable X, it is defined by the characteristic function
[70]

φ(u;αdist, β, γ, δ) = exp (iuδ − |γu|αdist(1− iβsgn(u)Φ)) (4.7)

where sgn(·) is the sign function and

Φ =

{
tan
(
παdist

2

)
αdist ̸= 1

− 2
π
log |t| αdist = 1

,

αdist is the stability parameter with the range 0 < αdist < 2. The probability
density function (PDF) decays with a power-law tail |x|−αdist−1 which is slower
compared to Gaussian distributions; thus the distribution is heavy-tailed [156].
When αdist = 2, the distribution is Gaussian. β is the skewness parameter. In par-
ticular, for a symmetric Lévy α-stable (SαS) random variable X, i.e. X ∼ SαS,
the skewness parameter β = 0 which indicates the PDF is symmetric around 0. γ
is the scale parameter and δ is the shift/location parameter.

Heavy-tailed gradients. We next estimate the minibatch gradient ∇L̃ in Eq. 4.1
(vanilla SGD) with respect to each wi at each time point. In the first regime (tw <
t0, t0 = 21000), it can be fitted to a symmetric Lévy α-stable distribution by the
maximum likelihood method; stability parameter αdist = 1.46528 [1.46509, 1.46546]
(the brackets denote the 95% confidence interval).

The power-law tail of the distribution of ∇L̃ shown in Fig. 6(a) inset further
validates the heavy-tailed distribution. We further compare log-likelihood ratios
between the fitted Lévy α-stable distribution and Gaussian distribution, and find
that the log-likelihood ratios (1.52× 109) are sufficiently positive, indicating that
the distributions follow a Lévy α-stable distribution (p < 10−15, Vuong test).

To illustrate the evolution of gradient distribution, we also fit the distributions
of gradients in intervals [tw, tw+T ] to Lévy α-stable distribution; the log-likelihood
ratios compared with Gaussian distribution are sufficiently positive. Figure 6(b)
demonstrates the distribution in the first interval, tw = 1; the stability parameter
αdist = 1.09 [1.05, 1.12] . Figure 6(c) demonstrates the distribution in the final
interval, tw = 23001 and correspondingly αdist = 1.58 [1.54, 1.63]. The stability
parameter αdist increases as training evolves (Fig. 6(d)), indicating a reduction in
the heavy-tailedness of gradient distribution. The fluctuations of gradient values
increase as the the tails of the distribution becomes heavier; as the changes of
gradient are directly related to the MSD (Eq. 4.1 and Eq. 4.2), the result regarding
the changes of gradient distributions is consistent with the time-inhomogeneous
anomalous diffusion dynamics where superdiffusion attenuates gradually to subd-
iffusion. It is also interesting to note that in the physics literature, it has been
found that the increase of the heavy-tailedness of step sizes of random walkers
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results in super-diffusive motions [149]. Such superdiffusive processes with inter-
mittent long-range jumps help the optimizer escape local minima, facilitating basin
hopping during the initial exploratory phase of training. This point is further
illustrated below, based on a phenomenological model of SGD. Entering and leaving
local minima give rise to the fluctuations of loss values (L). To demonstrate the
changes of these fluctuations, we first calculate the absolute value of change-of-loss
|∆L| = L(w(t+ 1)−w(t)). As shown in Fig. 6(e), as tw increases, |∆L| decreases.
Such behavior is further quantified by the decreasing moving variance of the loss
L against time (Fig. 6(f)); the moving variance is calculated over a sliding window
of 100 steps across neighboring L.

4.4 Discussion
We have revealed the anomalous diffusion nature of deep learning dynamics which
arises from the interactions of the SGD walker with the geometry structure of
the loss landscape. We have found that the SGD optimizer moves from rougher
(fractal-like) regions to flatter regions of the loss landscape. During this process, its
dynamics evolve from superdiffusion to subdiffusion. The superdiffusive dynamics
enable the SGD optimizer to rapidly explore the loss landscape without being
trapped in narrow minima; the subdiffusion, on the other hand, consolidates the
residence of the SGD in the flatter areas with good solutions. Additionally, we
have also outlined a framework that entails a more general description of the
training process in Appendix 4.A. We emphasize that in order to obtain analytical
results, matrix-valued stochastic differential equations (SDEs) must undergo further
progression, especially for modeling correlated tensor-valued processes.
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Supplementary Materials

4.A Dysonian dynamics of SGD

As stochasticity arises naturally when a network is being trained, an increasing
amount of work has applied random matrix theory (RMT) in describing the
singularvalues of the weight matrices [13], or the eigenvalues of the loss Hessian
[157]. There have also been tremendous efforts of using (discrete) stochastic
processes [56], or stochastic differential equations (SDEs) [57, 58] to describe
first-order optimization methods of deep neural networks (DNNs), most of which
consider the vectorized or flattened weights, ignoring the matrix structure. Thus,
we integrate tools from both stochastic analysis and RMT to propose a more
complete description of deep learning, where we outline a framework for modeling
the weights as a matrix-value diffusion process, in particular a random non-
Hermitian matrix driven by the Ginibre ensemble [60]; this in turn elicits the
eigenvalue dynamics during training which is generally disregarded in the context
of stochastic modelling. It is well known that the initialization of a random network
is crucial to training, i.e. bad initialization could consequentially retard training.

The first application of random matrices was introduced by Wigner to model
the nuclei of heavy atoms [158]. Since then, random matrices and matrix-valued
diffusion processes have gained interests in physics, biology, finance, etc [159].
Empirically, the training process contains highly complex dynamics, especially
at the beginning and the minibatch noise generated is often not Gaussian [34,
14]. Hence, we restrict ourselves to small learning rates, large batch sizes and
Gaussian initialization of weights prior to training which empirically allows one to
incorporate the Brownian motion. Under these conditions, one can understand how
the eigenvalues and eigenvectors of the weight matrices evolve during training, that
further elucidates the transformation of the input across all layers during learning.
Here, we outline a set of equations for describing the matrix processes of connectivity
weights in a multilayer perceptron during training. Given the underdevelopment
of matrix-valued stochastic differential equations (SDEs), especially in the non-
Hermitian setting, we outline our formulation and discuss the challenges faced
when tackling this problem.
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For our notation, we will denote by Mm,n(R) as the set of all m×n matrices with
entries in R; if m = n, we will write Mn(R) instead. The group of all invertible
matrices of Mp (general linear group) will be represented as GL(p). Similarly
for a matrix-valued Brownian motion B = (B)i,j in Mn,p, i.e. its entries Bi,j are
independent one-dimensional Brownian motions for 1 ≤ i ≤ n and 1 ≤ j ≤ p,
we write B ∼ BMn,p and B ∼ BMn if n = p. For A ∈ Mm,n(R) with columns
ai ∈ Rm, i = 1, · · · ,n, we define a function vec : Mm,n → Rmn via

vec(A) =

 a1
...
an

 . (4.8)

Throughout this section, bold letters represent matrices or vectors, while scalars
are represented in standard form unless otherwise stated.

4.A.1 Formulation and future directions

Recently, a resurgence of studies on mulilayer perceptrons (MLPs) has demon-
strated that with image patching or gating, MLPs can compete with convolution
neural networks (CNNs) and vision Transformers (ViT) in visual tasks [160, 161].
Despite the lack of convolutions or attention as well as the difficulty of training
historically, MLPs still have desirable qualities such as its simplicity and rich-
ness in input-output functional expressitivity [162, 163]. These results further
spark interests in research beyond various DNN architectures, and fundamental
apparatuses of neural information processing.

Let us again consider a wide MLP of depth L, so that both the pre- and post-
activation at each layer l have Nl neurons described by a neural activity vector xl

along with a weight matrix Wl ∈ MNl,Nl−1
(R). The propagation dynamics arising

from the input x0 ∈ RN is given by

xl = ϕ(hl) , hl = Wlxl−1 + bl , (4.9)

where hl is the pre-activation input at layer l, bl is a bias vector, and ϕ is an
element-wise nonlinear activation function. The training process of a supervised
learning task encompasses minimizing the discrepancy between the predictions of
the network and the data label of a training dataset D := {(xi, yi)}Di=1 where D
is the total number of training samples, the inputs xi and labels yi are samples
from the probability spaces (X ,PX ) and (Y ,PY) respectively. To do so efficiently,
a first-order algorithm stochastic gradient descent (SGD) or any of its variants
can be applied for this optimization problem. Let us write NNΘ : X → Y and
the network prediction as ŷi := NNΘ(x

i). For a pre-specified loss function f , the
overall (empirical) loss L(Θ) := 1

D

∑D
i=1 fΘ(ŷ

i, yi) is minimized via approximating

110



4.A. Dysonian dynamics of SGD

the overall loss L with minibatches L̃k := 1
|Bk|
∑

i∈Bk
fΘ(ŷ

i, yi) and realize Eq. 4.1
where Θ ∈ Rd corresponds to the flattened vector containing all the weights (and
biases).

SGD is a highly complex process where the training and testing accuracy
encounter rapid changes at early stages, and gradually stabilizes towards the end 1.
One can write down a general Itô SDE for describing the matrix diffusion process
as in Eq. (4.9) for l = 1, · · · ,L:{

dWl
t = −∇L(Wl

t)dt+ σl(Wl
t)dBt,

Wl
T1

= w̃l
0.

(4.10)

where σl : MNl,Nl−1
(R) → MNl,p is a measurable function and B ∼ BMp,Nl−1

is the matrix of independent Brownian motion processes. Note that we have a
set of coupled equation where there are also pairwise correlations between Wl’s
particularly introduced from backpropagation. For simplicity, let us consider
the case p = Nl−1 = Nl, enforcing a square matrix structure for the above so
the associated eigen-decomposition can be performed. A general Itô SDE for
describing the matrix diffusion process can be formulated as shown, but the
exploration of underlying eigenvalue and eigenvector dynamics remains largely
unexplored. Current studies have focused mainly on driftless cases with constant
diffusion terms, which only allows for addressing only additive noise [164, 165].
Future directions should explore the impact of multiplicative noise, non-square
matrices, general covariances and more complex interactions among layers to better
understand training dynamics.

1This is assuming that the learning hyperparameters such as the learning rate, batch size, etc
are fixed at some point.
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Chapter 5

Conclusion

In this thesis, we explored the inherent heterogeneity within various deep learning
models, challenging the conventional assumption of Gaussian statistics often used
in theory and practice. To address discrepancies between theoretical analyses and
commonly observed experimental results, we propose heavy-tailed dynamics as
a core distributional framework, where classical methods fall short due to the
divergence of second moments. The analytical tools employed, rooted in fields like
non-equilibrium statistical physics, condensed matter physics, stochastic analysis,
and geometric harmonics, provide precise descriptions of large systems, either in
the infinite system limit or under infinitesimally small time scales.

The class of Lévy α-stable distributions plays a key role in our studies, where
the case of the stability parameter α < 2 is subjected to an asymptotic power-
law tail. Moreover, the Gaussian dynamics is recovered when α → 2, enabling
reconciliation with the classically established theories. For development of a
more general framework for understanding deep neural networks motivated by
emprically found heavy-tailed weights [34, 13], our first study begins with the
fundamental MLP architecture with power-law weights Chapter 2. Treating a
MLP as a time-discretizaton of the rate-based model and along with their shared
Jacobian structure establish common ground where the same techniques from non-
Hermitican heavy-tailed random matrix theory can be transferred [23]. A similar
type of extended criticality can also be observed in both MLPs and convolutional
neural networks (CNNs) that closely match the experimental results such as
the phase transition of the performance according to our proposed initialization
scheme. Multifractality also emerges in spatial sites of the Jacobian eigenvector
and persists during training. We continue our investigation by adapting Lévy
processes which entail heavy-tailed jump sizes, we implement a spatially fractional
diffusion sampling method in the self-attention mapping of Transformers and
consequently derive the underlying second-order equation Chapter 3. In Chapter
4, we first demonstrate anomalous diffusion dynamics that emerge in the learning
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process of various types of deep networks, further reinforcing the importance
of heterogeneous neural networks. In the following Appendix 4.A, we outline a
formulation that puts forward a matrix-valued stochastic process description of
stochastic gradient descent, which is a part of ongoing work. To the author’s
knowledge, matrix-valued stochastic processes do not generally omit closed forms,
especially for deep learning as a complex system. A grounded approach would be
to examine special cases where isotropic (additive) noises are the driving process
of the SDE, from here onwards an analytical form can be thus derived for the
eigenvalue and eigenvectors dynamics.

It has been recognized that artificial intelligence (AI) systems excel in very
specific domains when compared to humans or animals but often lack general
flexibility and energy efficiency. For applications in reinforcement learning, small
perturbations to the environment or input pixels can leads to major performance
degradation [166]. Additionally, the training process of large models such as GPT3
consume overwhelming amounts of energy [167] in comparison to the human brain
[168]. Despite this, the development of deep learning architectures is frequently
detached from biologically plausible principles. Gaussian networks with indepen-
dent weights have been the central focus of many theoretical studies, providing
invaluable insights to aspects of their properties. Nonetheless, they become pro-
gressively difficult to apply in real-world scenarios as the finiteness of the second
moment is often violated in experimental observations. Additionally, the associ-
ated initialization scheme also relies on a high level of precision according to the
edge-of-chaos which scales inversely with respect to layer depth [77], contradicting
phenomena of commonly found complex systems operating in a region of stretched
criticality [24, 25]. Our framework for quantifying information propagation of
deep heterogeneous networks offers a more accurate explanation for the singular
value density found in pretrained models from the perspective of heavy-tailed
universality [13]. Similarly, major efforts have been directed towards designing
a more computationally efficient self-attention mapping in Transformers, where
the biological aspects of attention are vastly overlooked. Additionally, the global
nature of training models necessitate that weight parameters must be known for
computing gradients, diverging from local learning rules found in biological systems
[169]. These inadequacies are underpinned by the differences between artificial and
biological systems, and therefore push for a research direction that unifies both,
which has recently been proposed as Neuroscience-Inspired Artificial Intelligence,
or NeuroAI in short [170, 103]. On the contrary, deriving a unified theory for the
brain needs accurate experimental measurements which are generally difficult to
achieve. Observations of artificial networks can be obtained with greater precision
as they stand on a set of pre-defined rules. Established theories under imposed
assumptions can be relatively easily verified and specific dynamics unveiled from
the neurobiological systems can also be implemented as relevant mechanisms.
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Hence artificial neural networks serve not only as powerful learning tools but also
as a theoretical testbed for neuroscience.

For future directions, an immediate generalization would be to extend our
theory from MLPs [59] and RNNs [23] to other architectures such as CNNs.
Further incorporating correlations into the analysis of random networks would
be of great significance for gaining insights into heavy-tailed singular spectrum
observed in pretrained models [13]. Moreover, as the fundamental driving force
of applications, stochastic gradient descent (SGD) encompasses the evolution of
underlying networks towards feature extraction. Additional mathematical insights
are required for progression on the intersection of stochastic analysis and random
matrix theory such that a rigorous theory can be directly applied to create a
dynamical theory for learning. Free probability, a field that generalizes random
variables to non-commutative matrix objects, is undergoing active development
but remains limited by assumptions such as free independence [171]. Our ongoing
work explores these limitations, beginning with simpler covariance structures for
the driving process.

In the modern era of super-exponential data generation, deep learning has become
a critical tool for processing vast amounts of information, advancing both user-
centered applications and scientific discovery. As AI benefits from neuroscience,
the future of deep learning will depend on continued scientific advancements
towards the field specifically, fostering innovative methodologies in mathematics
and physics. In this thesis, we have illustrated the intersection between AI and
science by developing theoretical frameworks for heavy-tailed dynamics in deep
learning models and learning processes, offering new perspectives on the shared
principles governing both artificial and biological systems.
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