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Abstract

Wireless networked control systems (WNCSs) consisting of plants, distributed sen-

sors, remote estimator actuators, and controllers are a key component for Industry

4.0 and have been widely applied in many areas such as industrial automation, vehicle

monitoring systems, building automation, and smart grids. In particular, providing a

high quality real-time remote estimation of dynamic system plant states is important

in ensuring control performance and stability of WNCSs. For large-scale WNCSs,

the limited communication resources and unreliable transmission in wireless commu-

nications have a significant effect on the remote estimation quality. Therefore, it is

challenging to design a transmission scheduling of wireless sensors to guarantee the

remote estimation performance. Most existing works on transmission scheduling in

wireless communication systems merely use general methods such as value iteration

and deep reinforcement learning (DRL) without considering the inherent features of

the sensor scheduling problems that are different from other problems. This thesis de-

rives several structural properties of the sensor scheduling problem and then develops

new DRL algorithms to minimize the remote estimation mean square error (MSE)

by using these properties. First, we derive the threshold structure of the optimal

scheduling policy and then propose a structure-driven deep Q-network (DQN) and

structure-driven deep deterministic policy gradient (DDPG). Second, we prove the

monotonicity of the Q function and use it to develop different types of monotonic critic

neural networks (NNs) that can be applied to the baseline DDPG and its variants. Fi-

nally, we obtain the convexity of the optimal value function and the greedy structure

of the optimal scheduling policy. To find the optimal scheduling policy in large-scale

systems, a structure-guided unified dual on-off policy (SUDO) DRL framework is

proposed based on the derived structural properties. Numerical results illustrate that

our proposed DRL algorithms can significantly improve the convergence speed and

estimation performance when compared to general DRL algorithms.
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Chapter 1

Introduction

This chapter first introduces the background of the research and describes the

foundations of remote state estimation systems. Then, it reviews related works in

the existing literature. Finally, it summarizes the motivation and highlights the main

contributions of this thesis.

1.1 Background

Wireless networked control systems (WNCSs) consisting of plants, distributed

sensors, remote estimator actuators, and controllers are a key component for Industry

4.0 [1, 2] and have been widely applied in many areas such as industrial automation [3–

6], vehicle monitoring systems [7], building automation [8], and smart grids [9]. Each

plant is measured by a sensor, which pre-processes the collected measurement and

transmits the local estimation to a remote estimator. The remote estimator estimates

the plants’ states based on the collected local estimations. The remote controller

generates control signals, and the wireless actuators receive the control signals and

control the processes.

1



Chapter 1. Introduction 2

Traditional control systems and WNCSs differ significantly in their design, imple-

mentation, and challenges. Traditional control systems typically rely on direct, wired

connections between system components, ensuring low-latency and highly reliable

communication. This wired infrastructure minimizes the risk of data loss and distur-

bances, making such systems more predictable and stable in performance. However,

their reliance on physical wiring limits flexibility and scalability, particularly in large-

scale or dynamic environments. In contrast, WNCSs utilize wireless communication

networks to interconnect sensors, controllers, and actuators. This networked approach

enables greater flexibility, scalability, and ease of deployment, especially in applica-

tions where wiring is impractical or cost-prohibitive. Nonetheless, it introduces new

challenges, primarily due to the constraints of the underlying communication net-

works. Wireless networks are inherently less reliable and more prone to interference,

latency, and packet loss compared to their wired counterparts. Limited bandwidth in

wireless communication further exacerbates the difficulty of ensuring timely and ac-

curate data transmission. These factors pose significant challenges to the design and

implementation of WCNCs, particularly in guaranteeing real-time remote estimation

and control.

To ensure the performance and stability of the WNCSs, it is essential to provide

high quality real-time remote estimation of dynamic system plant states [10, 11].

Unlike conventional control systems, which benefit from extremely low-latency and

highly reliable data transmission of wired networks, WNCSs face unique challenges.

Due to the limited bandwidth and unreliable nature of wireless networks, it is chal-

lenging to design a transmission scheduling policy for wireless sensors to guarantee

remote estimation performance. Inaccurate remote estimation can adversely affect
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the computation of control signals, potentially destabilizing the controlled plants

and significantly increasing the risk of catastrophe. In the open literature, many

heuristic policies such as round-robin scheduling [12], quality of service (QoS) based

scheduling [13], and event-triggered scheduling [14] have been proposed to schedule

the transmission without considering the meaning and importance of packets from

different sensors. Clearly, in wireless networked control applications, packets carrying

different sensing information have different importance in the overall performance of

WNCSs. Many studies have also investigated the optimal scheduling problems by

formulating the problems as a Markov decision process (MDP) problem and solving

them with conventional model-based solutions such as the policy-iteration algorithm

and value-iteration algorithm [15, 16]. However, these methods are not feasible in

large-scale scheduling problems because of the curse of dimensionality caused by high-

dimensional state and action spaces. Therefore, deep reinforcement learning (DRL)

has been developed to deal with large MDPs in large-scale systems by using deep

neural networks (NNs) as function approximators [17–19]. Furthermore, to improve

the performance of the scheduling policy, the properties of the optimal policy should

be used in policy design rather than using conventional general methods.

1.2 Foundation of WNCSs

This section introduces some basic elements and concepts of WNCSs in detail.
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1.2.1 Kalman Filter

Each sensor in the WNCS employs a classic Kalman filter, which is one of the

most popular methods to generate the state estimation in the presence of noisy mea-

surements and uncertain system dynamics [20, 21]. The Kalman filter generates state

estimates through a two-step process: prediction and update. In the prediction step,

the system model is used to project the current state estimate forward in time, creat-

ing an a priori estimate. In the update step, it incorporates new measurement data

to refine this prediction, producing an a posteriori estimate. This recursive process

allows the filter to continuously refine its state estimate, adapting to changing system

dynamics and measurement quality in real time. The Kalman filter has been proven

to be the optimal linear estimator in terms of minimum mean square error (MMSE),

provided that the covariance matrices of both the process and measurement noise are

accurately known [22]. The Kalman filter’s optimality relies on the assumptions of lin-

ear system dynamics and Gaussian noise distributions. To address diverse processes

and network models, various modified Kalman filters have been developed. [23, 24].

1.2.2 Wireless Channel

In the wireless network, the data packet from each plant is transmitted through

several frequency channels. In contrast to wired connections, wireless channels are

inherently stochastic, subject to time-varying fading, multipath propagation, and

interference. This results in packet losses, delays, and errors in data transmission

between sensors and the remote estimator, which presents a significant impact on

system performance and stability. The channel’s behavior is often modeled using sta-

tistical approaches, such as Rayleigh or Rician fading models, to capture its dynamic
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nature [25, 26].

1.2.3 Remote Estimator

Due to packet losses, transmission delays, and limited bandwidth, not all local

state estimations can be successfully received by the remote estimator. Thus, the

remote estimator considers the state estimation of each process for computing control

signals based on the current and historical received data. In WNCSs, the minimum

mean square error estimator is normally used, which requires knowledge of dynamic

processes [11, 27].

1.2.4 Scheduler

For generality, the wireless communication resources are limited, and the number

of sensors is assumed to be less than the number of sensors. Thus, the scheduler is a

key component in networked control systems that manage access to shared wireless

communication resources. Its primary role is to determine which sensors can trans-

mit their measurements at each time instant, effectively coordinating multiple data

streams over limited network channels. The scheduler receives commands from the

controller to make informed decisions about transmission scheduling, ensuring that

critical sensor measurements get priority when needed. Without proper scheduling,

network congestion could lead to packet collisions, data loss, and degraded control

performance. The scheduler thus acts as a traffic manager, optimizing network uti-

lization while maintaining the quality of control for all processes.
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1.2.5 Remote Controller and Stability

The remote controller is developed to stabilize the overall system to have a desir-

able steady state. There are many different types of controllers, including Proportional-

Integral-Derivative (PID) controllers, Linear Quadratic Regulator (LQR) controllers,

and Model Predictive Control (MPC). Stability is a fundamental requirement in re-

mote state estimation systems, particularly in the context of wireless networked con-

trol [28]. In this thesis, the stability of the remote state estimation system encom-

passes both the stability of the plant being monitored and the stability of the remote

estimator. The stability of the plant is measured by the magnitude of its steady state,

which is bounded in the stable systems [29]. The remote estimator is said to be stable

if the mean square error (MSE) of estimation is bounded and vice versa [30–32].

1.2.6 Performance Evaluation

In contrast to the conventional data-oriented performance evaluation, such as

reliability, data rate, delay, and latency, the performance in remote estimation is

usually measured by the MSE or estimation error covariance as it aims to provide an

accurate estimation [33–38]. In remote estimation, plants with diverse characteristics

have different effects on the system performance, which implies that the information

from sensors has different usefulness for the goal of data exchange. Therefore, various

goal-oriented metrics are also proposed for the different goals in the remote state

estimation system [39, 40].
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Figure 1.1: General system diagram of WNCS, the number of channels is assumed to
be less than the number of sensors, i.e., M < N .

1.2.7 General System Model

The general system model of the WNCS in this thesis is illustrated in Fig 1.1,

where the data from sensors are transmitted to the controller through a wireless

network, and the transmission is regulated by a scheduler. Our goal is to optimize

the remote estimation performance by designing the transmission scheduler effec-

tively based on the structural properties of the optimal scheduling policy. We clarify

these properties into three aspects: the threshold structure of the optimal policy,

the monotonicity of the Q value function, and the convexity of the optimal value

function. Comprehensive studies on these three topics are discussed in Chapters 2–4,

respectively.
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Figure 1.2: The reinforcement learning control loop.

1.3 Foundation of DRL

This section introduces some basic elements and concepts of DRL in detail.

1.3.1 Agent, Environment, and Interaction

The key components of a reinforcement learning algorithm are the agent, environ-

ment, and the interaction between them, as shown in Fig 1.2 [41]. During each time

step of the interaction, the agent observes the current state of the environment and

then takes action by using a policy, which is a state–action mapping function. After

that, the environment transits to the next state based on the received action and

then returns this next state and the reward to the agent. This loop repeats until the

environment terminates, such as when the time step or the state exceeds the given

constraint. The goal of the agent in a reinforcement learning algorithm is to maximize

the cumulative sum of the received reward signal [42].

1.3.2 Markov Decision Processes

Reinforcement learning problems are usually formulated as Markov decision pro-

cesses (MDPs), which are required to be a sequential decision-making problem that
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satisfies the Markovian properties [43]. The Markovian properties mean that the

probability of the environment transitioning to the next state only depends on the

current state and action rather than the history of previous states and actions. There-

fore, to formulate an MDP, we need to define four-tuple: states, actions, transition

probabilities, and rewards.

1.3.3 Primary Functions in Reinforcement Learning

The first primary function is the policy of the agent, which is a function that maps

the state to the action. The objective of the agent in an MDP is to find the optimal

policy that maximizes the expected sum of the long-term reward. Next, for each

policy, there are two functions evaluating how well the policy achieves this objective,

as given below [44, 45].

(1) Value function: It evaluates the quality of a given state estimation by estimating

the expected sum of the future reward starting from this state and then following

the current policy. By using the optimal policy, we derive the optimal value

function as defined follows:

V ∗(st) = max
π

E

[
∞∑
t′=t

γt
′−tr (st′)

]
, (1.3.1)

where st is the state at time step t, π is the policy, γ is the discount factor. and

r (·) is the reward function.

(2) Q function: It represents the expected sum of the future reward achieved by

the current policy after executing a given action with the given state. Thus,

the Q function is used to compare the value of different state–action pairs. The
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Q function is defined as:

Q(st, at)=E

[
∞∑
t′=t

γt
′−tr(st′)

∣∣∣at, at′=π∗(st′),∀t′>t

]
, (1.3.2)

where at is the executed action at time step t and π∗ is the optimal policy.

1.3.4 Exploration and Exploitation

A critical challenge in reinforcement learning is to balance the trade-off between

exploration and exploitation [46]. To achieve higher rewards, the agent exploits the

acquired knowledge to select the action that is more effective in generating the reward

based on past experience. However, to discover more effective actions that have not

been executed, the agent also needs to explore the state and action space. Thus, the

exploration consumes more time during the training but is important for better action

selections in the future. The exploration–exploitation dilemma is that focusing solely

on either exploration or exploitation will lead to failure in the task [41]. Therefore,

this trade-off is essential for the agent to learn an optimal policy efficiently.

1.3.5 Transitioning to Deep Reinforcement Learning

The conventional reinforcement learning methods are not feasible in MDPs with

high-dimensional or continuous state space and action space because of the curse of

dimensionality [47]. For example, the reinforcement learning algorithm cannot solve

the power allocation problem or the sensor scheduling problem with a large number

of sensors and channels [48, 49]. This limitation prompted the integration of deep

learning with reinforcement learning, resulting in the emergence of deep reinforcement
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learning (DRL). In DRL, deep neural networks (NNs) are used as function approxi-

mators to represent value functions, Q functions, or policies, allowing DRL agents to

deal with complex and high-dimensional MDPs [50].

1.3.6 Value-based and Policy-based DRL

DRL algorithms can be categorized into two approaches: value-based and policy-

based methods [51]. Value-based methods focus on approximating the optimal value

function or Q function. The policy is derived implicitly by selecting actions that

maximize these learned values [52]. For example, the deep Q network (DQN) al-

gorithm uses an NN to estimate the Q function of the given state–action pair and

then select the action with the highest Q value [53]. This method is sample efficient

but can only handle the problem with discrete and small action spaces. Policy-based

methods, such as soft actor–critic (SAC) [54] and trust region policy optimization

(TRPO) [55], learn the policy function directly without computing the value func-

tion. This method parameterizes the policy with the NN and updates it to maximize

the expected return. Without estimating the value function, it is often more stable

during training and can deal with large and continuous action spaces.

1.3.7 Off-policy and On-policy DRL

Two distinct approaches to training a DRL agent are off-policy methods, where

the agent learns from past experiences, and on-policy methods, where the agent learns

from current experiences. The off-policy method (e.g., DQN and deep deterministic

policy gradient (DDPG) [56]) updates the current policy based on data generated from

the past policy. By reusing the past data, the off-policy DRL has a higher sample
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efficiency and exploration effectiveness, but it also results in bias and instability during

the training as the behavior of current policy and past policies can be very different.

In contrast to the off-policy DRL, the on-policy DRL (e.g., TRPO and proximal policy

optimization (PPO)), which is more stable in the stochastic environment because the

agent learns from current experiences, has been used to solve more complex and larger

MDPs than the off-policy method. The disadvantage of the on-policy method is that

although the current generated data are discarded after the policy update to reduce

training bias and instability, it also leads to poor data efficiency as well as insufficient

exploration, and unbiased sampling may even be harmful to the performance [57].

1.4 Literature Review

This section presents a literature review of the existing works on transmission

scheduling. This topic has attracted significant research interest in both academic and

industrial fields, leading to numerous studies focused on solving the sensor scheduling

problem. To summarize them clearly, we classify these works into three categories:

communication transmission paradigm, derivation method for optimal scheduling pol-

icy, and structural features in the transmission scheduling problem.

1.4.1 Communication Transmission Paradigm

There are two different levels in communication transmission: technical (or data-

oriented communications); and semantics (or goal-oriented communications) [58, 59].

The goal of the technical level is to accurately transmit the information bit-by-bit,

while the semantic level aims to minimize the distortion and timing mismatch of the
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data between plants and the remote estimator [60].

Data-oriented Communications

We first focus on the works related to the transmission scheduling in wireless com-

munication systems that optimize the quality of service (QoS) performance, such as

throughput [61], transmission delay [62], latency [63], and reliability [64]. In [61], a

low-complexity and throughout-optimal scheduling algorithm was proposed for the

downlink multi-channel wireless networks. [62] used a dynamic programming ap-

proach to find the delay-optimal scheduling policy for a multi-user-multi-channel sys-

tem. [64] discussed cross-layer optimization methods for delay-aware and reliability-

aware scheduler design. However, these conventional transmission scheduling meth-

ods are communications-centric and are agnostic to upper-layer applications, i.e., a

scheduling policy does not take into account the meaning and importance of each

packet. Since packets contain different sensing information, different generated pack-

ets are of different importance in the overall WNCS performance. Also, the trans-

mission scheduling objective should be the WNCS performance rather than commu-

nications QoS.

Goal-oriented Communications

In WNCSs, which are also a kind of cyber-physical system, goal-oriented trans-

mission aims to minimize the distortion and timing mismatch of the data between the

edge devices and the remote destination [60]. Thus, the freshness of messages is crit-

ical, and monotonic functions of the age of information (AoI) are often introduced as

cyber-physical system performance metrics during dynamic scheduling [65, 66] and
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have attracted much attention [67]. The instantaneous remote estimation quality

and control performance of the cyber-physical systems in [10, 65, 68] were derived as

functions of individual devices’ AoI states.

In [69], the optimal scheduling problem of a multi-loop WNCS with limited com-

munication resources was investigated to minimize transmission power consumption

under a WNCS stability constraint. In [65, 68], optimal sensor scheduling problems

of remote estimation systems were investigated to achieve the best overall estimation

MSE. The recent work [70] reduces the computation complexity for solving optimal

scheduling problems through approximate dynamic programming. In [10], a joint

sensor–controller (uplink) and controller–actuator (downlink) transmission schedul-

ing problem was established and solved by the classic MDP framework. AoI-aware

dynamic scheduling of cyber-physical systems over limited communication resources

has attracted much attention in communications research [71]. In [65], an optimal

scheduling problem of a multi-sensor remote estimation system was considered to min-

imize the overall long-term estimation mean square error. The instantaneous mean

square error of each sensor is a function of the corresponding AoI. The scheduling

problem was formulated as a Markov decision process that can be solved by conven-

tional value and policy iteration methods. Furthermore, an optimal AoI minimization

scheduling problem was considered under an average transmission power constraint

in [16].

1.4.2 Derivation Method of Optimal Scheduling Policy

There are some heuristic scheduling policies, such as round-robin, greedy, and

event-triggered policies, which can be used in different kinds of systems. However,
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these methods have not considered the differences between transmitted data and

wireless channel states and have not used the Markovian property of the schedul-

ing problem to obtain the optimal scheduling policy. Thus, to solve the scheduling

problem that can be formulated as a Markov decision problem, some conventional

model-based and artificial intelligence methods have been proposed to derive the op-

timal policy.

Conventional Model-Based Algorithm

Many conventional algorithms, including dynamic programming, policy iteration,

and value iteration, have been used to solve the scheduling problem in WNCSs. To

solve the power scheduling problem in a simple single-loop networked control system,

dynamic programming was used to derive the optimal scheduling policy in [72]. Some-

times, the remote estimation systems are attacked by an eavesdropper, so a dynamic

programming algorithm was used to solve the transmission scheduling problem in a

single-sensor single-channel system under this scenario [73]. For more complex remote

state estimation systems with multiple sensors and a temporally correlated channel,

an optimal scheduling policy over the finite time horizon was developed through pol-

icy iteration in [74]. In [75], the authors allowed multiple sensors to transmit over the

same channel simultaneously and used an enhanced-exploration greedy least squares

temporal difference algorithm, which is a kind of value iteration to approximate the

optimal value function of the optimal scheduling policy. However, the conventional

model-based solutions used in these works are not feasible in large-scale scheduling

problems because of the curse of dimensionality caused by high-dimensional state and

action spaces.
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Artificial Intelligence Algorithm

In recent years, deep learning based artificial intelligence technology has been

developed to solve complex problems that cannot be solved by conventional methods.

Deep reinforcement learning (DRL) has been introduced to deal with large MDPs

by using deep NNs as function approximators [76, 77]. Some works [78–81] have

used the deep Q-network (DQN), a simple DRL method, to solve multi-sensor-multi-

channel scheduling problems in different remote estimation scenarios. In particular,

sensor scheduling problems for systems with 6 sensors have been solved effectively,

providing significant performance gains over heuristic methods in terms of estimation

quality. Advanced DRL algorithms with an actor–critic framework (consisting of an

actor NN and a critic NN), such as soft actor–critic (SAC) and deep deterministic

policy gradient (DDPG), were introduced to deal with large-scale semantic-aware

scheduling problems that cannot be handled by DQN [54, 56]. The more recent

work [82] used the proximal policy optimization (PPO) algorithm and novel action

mapping scheme to obtain optimal scheduling policy at a much larger scale compared

with other works.1

1The works [78–81] adopted the orthogonal multiple-access (OMA) scheme in the remote esti-
mation system, while [82] considered non-orthogonal multiple-access (NOMA) schemes. For OMA,
each channel can only be allocated to a single sensor; for NOMA, each frequency channel can be
assigned to multiple sensors simultaneously, and the packets from different sensors are detected by
processing the received superimposed signals [83].
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1.4.3 Structural Properties in Transmission Scheduling Prob-

lem

Many works have investigated the properties of the transmission scheduling policy

in the WNCSs or remote estimation systems (e.g., threshold structure, stability con-

dition) and then utilized these derived properties to develop novel algorithms [84, 85].

The key features this thesis exploits include the threshold structure of the optimal

scheduling policies, the monotonicity of the Q value function, and the convexity of

the optimal V value function.

The threshold structure means that there are switching boundaries dividing the

state space into multiple regions for different scheduling actions. In other words,

an optimal policy has a structure where the action only changes at the switching

boundaries of the state space. In particular, [86] focuses on an energy-constrained

single-sensor-single-channel system and proves that the optimal policy has a thresh-

old in terms of the sensor’s AoI, determining whether the sensor will be scheduled

or not. In [87], the authors considered a multi-sensor-multi-channel system, where

all channels are static, and each sensor has a constant packet-drop probability at all

frequency channels. This work also showed that the optimal scheduling policy has a

multi-dimensional threshold structure in terms of all sensor AoI. As an extension, the

work in [65] (a two-sensor system), assumed that different sensors could have differ-

ent numbers of packets for carrying each measurement. The demonstrated threshold

property of the optimal policy is related to the sensor AoI and the remaining packet

numbers of each sensor. However, to satisfy the prerequisite of proving these thresh-

old structures, there are two limitations of the channel models adopted in the above

studies: 1) fading channel models are commonly adopted in practice, where channel
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states are time-varying, and 2) wireless propagation via different frequency band-

widths has different properties, leading to different channel qualities. Beyond remote

estimation systems, in [88], the threshold structure of an optimal sensor scheduling

policy has also been identified for minimizing the average sum AoI. However, this

work only considered a single-channel system, and the transmission success or failure

was determined before a scheduling action.

1.5 Research Problems and Contributions

Although many works on remote state estimation have been reported in the lit-

erature to derive the optimal scheduling policy to maximize the overall estimation

performance with different methods, these works merely use the general frameworks

to solve specific scheduling problems without considering unique features that distin-

guish sensor scheduling problems from other MDPs. We also note that the drawback

of general DRL is that it often cannot perform policy exploration effectively for spe-

cific tasks [89], which can result in convergence to local minima or even complete

failure. This thesis aims to use the structural properties to guide DRL algorithms to

effectively solve optimal scheduling problems. We introduce our research problems

and contributions based on the subsequent chapters.

Our first research problem, presented in Chapter 2, is how to prove the threshold

structure of the optimal scheduling policy and then tailor the action selection method

during the DRL algorithm design to find the optimal policy effectively based on the

proved optimal policy structure. The optimal scheduling policy has been proven to

have many structural properties [65, 87, 90–93]. In addition, using the threshold

structure of the optimal policy during the training of algorithms has been proven
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to be an effective method for improving the performance in many different kinds of

systems, see for instance [86, 88, 94, 95]. However, these existing works consider the

threshold structure under a simple system or impractical assumptions and have not

solved scheduling problems in large-scale systems. The DRL has shown its potential

to solve MDPs with large state and action space and can also effectively improve

the performance of remote estimation when compared with the heuristic policy and

conventional model-based algorithm [17, 96, 97]. Thus, we naturally ask: is it possible

to investigate the structure of the optimal policy of a specific scheduling problem first

and then use the policy structure to tailor a DRL algorithm design to find the optimal

policy effectively? The main contributions of Chapter 2 are summarized as follows.

• We prove that the optimal sensor scheduling policy has a threshold structure

in terms of both the AoI states of all sensors and the corresponding channel

states, where the channel states of different sensors at different frequencies are

different. To the best of our knowledge, this is the first structural result of op-

timal scheduling policies over fading channels in the literature. In addition, we

show that such a structural property exists in a wide range of dynamic schedul-

ing and resource allocation problems, not limited to remote state estimations.

Interestingly, we also give a counterexample to show when such a property does

not exist.

• We first formulate the sensor scheduling problem as an MDP, and then develop

novel structure-enhanced DRL algorithms for solving the problem, building on

the derived threshold properties of the optimal policy. In particular, we design a

structure-enhanced action selection method, which tends to select actions that

obey the threshold structure. Such an action selection method can explore the
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action space more effectively and enhance the learning efficiency of DRL agents.

Furthermore, we introduce a structure-enhanced loss function to add penalties

to actions that do not follow the threshold structure. The new loss function

guides the DRL to converge to the optimal policy structure quickly. We apply

the proposed action selection method and the novel loss function to redesign the

most commonly adopted DRL frameworks for scheduling, i.e., DQN and deep

deterministic policy gradient (DDPG), referred to as the structure-enhanced

DQN and DDPG algorithms.

• Our extensive numerical results illustrate that the proposed structure-enhanced

DRL algorithms can reduce training time by 50% while reducing the remote

estimation mean square error by 10% to 25% compared to benchmark DRL

algorithms. Importantly, the structure-enhanced DRL algorithms can converge

and perform well under some system settings that cannot be solved by any of

the benchmark DRL algorithms.

My second research problem, discussed in Chapter 3, focuses on developing a

deeper understanding of the structural properties of optimal scheduling policies (e.g.,

the monotonicity of the critic neural network). These properties can be utilized to

enhance the approximation of the critic network to the Q-value function, thereby

enabling faster and more effective convergence during DRL algorithm training. In

the first research problem, we only investigate the properties of the optimal policy

itself rather than some functions related to the optimal policy in this kind of MDP.

There are two basic value functions of the optimal policy: the optimal value function

and the state action value function, measuring the value of the current state and

state–action pair, respectively. In different kinds of MDPs, these two value functions
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have been proven to have some structural features, such as monotonicity [98–100]

and convexity [101, 102]. In DRL algorithms with actor–critic frameworks, the critic

NN is used to estimate the optimal value or state action value. Therefore, we aim

to find some characteristics of the value function of the optimal sensor scheduling

policy and then use them to develop a novel actor–critic DRL algorithm to improve

the performance of the derived scheduling policy by regularizing the critic NN during

the training. The main contributions of Chapter 3 are summarized as follows.

• First, we mathematically prove that the state action value function of the op-

timal scheduling policy is a monotonic function in terms of the AoI states and

channel states of the system. Such a property has never been established in

the open literature. These results illustrate that a well-trained critic NN of the

scheduling policy should hold the same monotonicity.

• Second, by leveraging this theoretical property, we propose two monotonic

critic NN training methods: network architecture-enabled monotonicity and

regularization-based monotonicity. Specifically, the network architecture-enabled

method achieves the monotonic NN by limiting the weights and the architec-

ture of the NN and the regularization-based method obtains the monotonicity

by introducing the monotonic penalty term in the loss function. The proposed

training methods can be directly applied to the baseline DDPG and its variants.

• Last, our numerical results show that the proposed monotonicity-enforced DDPG

algorithms can reduce training time and improve training performance signifi-

cantly compared to the baseline DDPG.

Our third research problem, presented in Chapter 4, is how to prove that the
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optimal value function of the optimal scheduling policy is convex and then use all the

derived structural features of the optimal scheduling policy to develop a structure-

guided unified on-off policy DRL, which can solve large MDPs as on-policy DRL

while achieving similar performance as off-policy DRL. The main contributions of

this chapter are summarized as follows.

• We formulate the goal-oriented scheduling problem as an MDP and then derive

some structural properties of the formulated MDP. Firstly, we prove the mono-

tonicity of the optimal V function w.r.t channel states when the cost function

is monotonic. In addition, the optimal V function holds the asymptotic con-

vexity w.r.t AoI states if the cost function of the problem is asymptotic convex,

which is proven to exist in some goal-oriented communication systems in this

paper. Moreover, we also prove the greedy structure of the optimal policy un-

der the gateway conditions, indicating some actions cannot be optimal when

given a state, which is used to regularize the action selection of the scheduling

policy. To the best of our knowledge, these derived properties have not been

investigated in the existing literature.

• We propose the structure-guided unified on-off policy DRL based on the derived

properties and some structural features from the existing works. To improve

the exploitation performance, we introduce NNs’ structural evaluation terms,

structure score schemes, and prioritized replay buffer. The structural evaluation

terms are used to evaluate whether the NNs follow the derived structural prop-

erties at the given state. Based on these evaluation terms, we further introduce

a structure score scheme that assigns scores for different generated trajectories

to determine their values. Then, building on the derived score, we develop a
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prioritized replay buffer to store the past experience with different priorities.

This scheme and the new replay buffer can improve the sample efficiency and

training stability by reusing high-quality past data, which is more likely to be

the optimal policy.

• In addition to the exploitation, to improve the exploration performance of NNs,

we first develop a structure-guided action selection method, which discards the

action violating the greedy structure. This method can increase the exploration

effectiveness of actor NN as there is no need to waste time exploring the action

space that is certainly not optimal. Moreover, for the critic NN, we formulate

the structure-guided loss function to increase the convergence speed by utilizing

the evaluation terms to penalize the value estimations of the critic NN that do

not follow the proven structure.

• The comprehensive numerical experience shows that the developed structure-

guided unified on-off policy DRL algorithm can reduce by 25% to 45% remote

state estimation mean square error (MSE) while saving convergence time by

about 40% compared with benchmark on-policy DRL algorithm. By incorporat-

ing on-policy training methods, the proposed algorithm successfully addresses

scheduling problems in systems with up to 40 devices and 20 channels, a scale

at which benchmark off-policy DRL algorithms fail to converge. Furthermore,

the algorithm achieves a higher structure score compared to the benchmark

on-policy DRL algorithm, which implies that the derived scheduling policy is

closer to the optimal policy.
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1.6 Thesis Outline

The rest of this thesis is structured as follows: In Chapter 2, we introduce

the threshold structure of the optimal scheduling policy and develop the structure-

enhanced DRL by using this structure to solve the optimal scheduling problem. In

Chapter 3, we prove the monotonicity of the Q value function and propose a mono-

tonic critic NN by leveraging this property. In Chapter 4, we derive the convexity of

the optimal value function and develop structure-guided unified (dual) on-off policy

DRL based on all of the derived structural properties. Finally, in Chapter 5, we sum-

marize the main contributions and results of this thesis, followed by some possible

extensions of our research in future work.



Chapter 2

Structure-Enhanced DRL for
Optimal Transmission Scheduling

2.1 Introduction

Real-time remote state estimation is important in many networked control ap-

plications of Industry 4.0 such as industrial automation, vehicle monitoring systems,

building automation, and smart grids [103]. In particular, providing high-quality

real-time remote estimation of dynamic system plant states plays an important role

in ensuring the overall performance of these networked control applications [10, 11].

For large-scale WNCSs, transmission scheduling of wireless sensors over limited band-

width needs to be properly designed to guarantee remote estimation performance.

Different from the conventional evaluating metrics in wireless communication sys-

tems that aim to optimize QoS performance, remote estimation systems focus on

providing accurate state estimation [61, 62]. The remote estimator generates the

state estimation based on the latest received local state estimation, so it is difficult

to precisely estimate the current state of the process if the remote estimator has not

25
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received the information for a long time because of the limited communication re-

sources and packet loss [104, 105]. To measure the freshness of the information, the

AoI, which is defined as the time elapsed from the latest information was successfully

received, is used in many works as an evaluating metric [106]. However, the AoI has

not considered the inherent features of different processes and cannot show the per-

formance of the remote estimation directly. Therefore, the mean square error (MSE)

is the more appropriate metric for the remote state estimation system.

The DRL technology has been widely used to derive the scheduling policy to

minimize the MSE, and during the generation of the scheduling action, one needs to

take into account the AoI states and channel states [107, 108]. In this chapter, we

first prove that the optimal policy has a threshold structure w.r.t these two states and

then develop a structure-enhanced DRL (SE-DRL) algorithm for optimal scheduling

of the system to achieve the minimum overall estimation MSE.

Notation : Matrices and vectors are denoted by capital and lowercase upright

bold letters, e.g., A and a, respectively. Pr(·) and Pr(·|·) denote the probability and

conditional probability, respectively.

2.2 System Model

We consider a remote estimation system withN dynamic processes, each measured

by a sensor, which pre-processes the raw measurements and sends its state estimates

to a remote estimator through one of M wireless channels, as illustrated in Fig. 2.1.
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2.2.1 Dynamic Process Model and Local State Estimation

Each dynamic process n is modeled as a discrete-time linear time-invariant (LTI)

system as [78, 109, 110]

xn,t+1 = Anxn,t + wn,t,

yn,t = Cnxn,t + vn,t, n ∈ {1, . . . , N}, t ∈ {1, . . . },
(2.2.1)

where xn,t ∈ Rln is process n’s state at time t, and yn,t ∈ Ren is the state measurement

of the sensor n, An ∈ Rln×ln and Cn ∈ Ren×ln are the system matrix and the mea-

surement matrix, respectively, wn,t ∈ Rln and vn,t ∈ Ren are the process disturbance

and the measurement noise modeled as independent and identically distributed (i.i.d)

zero-mean Gaussian random vectors N (0,Wn) and N (0,Vn), respectively. We as-

sume that the spectral radius of An, ∀n, is greater than one, which means that the

dynamic processes are non-stationary,1 making the remote estimation problem more

interesting (see [66, 111]).

Due to the presence of noise in (2.2.1), each sensor n executes a classic Kalman

filter to pre-process the raw measurement and generate state estimate xsn,t at each

time t as [66, 109, 112]

xsn,t|t−1 = Anx
s
n,t−1 (2.2.2a)

Ps
n,t|t−1 = AnP

s
n,t−1A

>
n + Wn (2.2.2b)

Kn,t = Ps
n,t|t−1C

>
n (CnP

s
n,t|t−1C

>
n + Vn)−1 (2.2.2c)

xsn,t = xsn,t|t−1 + Kn,t(yn,t −Cxsn,t|t−1) (2.2.2d)

Ps
n,t = (In −Kn,tCn)Ps

n,t|t−1 (2.2.2e)

1When the spectral radius of An is greater than 1, the plant state, xn,t, grows exponentially fast
and hence the distribution of xn,t changes over time.
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Figure 2.1: Remote state estimation system with N processes and M channels.

where xsn,t|t−1 and Ps
n,t|t−1 are the prior state estimate and the corresponding estima-

tion error covariance of sensor n, respectively, xsn,t and Ps
n,t are the posterior state

estimate and the corresponding estimation error covariance of sensor n at time t,

respectively [29].

In particular, sensor n sends the estimate xsn,t to the remote estimator (not yn,t)

as a packet, once scheduled, and the local state estimation error covariance matrix is

defined as

Ps
n,t , E

[
(xsn,t − xn,t)(x

s
n,t − xn,t)

>] . (2.2.3)

Kn,t is the Kalman gain of sensor n, and In is an identity matrix. Note that (2.2.2a)

and (2.2.2b) present the prediction steps while (2.2.2c), (2.2.2d), and (2.2.2e) are

the updating steps. We note that local Kalman filters are commonly assumed to

operate in the steady state mode in the literature (see [66] and references therein2).

2The nth local Kalman filter converges to steady state if (An,Cn) is observable and (An,
√

Wn)
is controllable. [113]
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We thus assume that the error covariance matrix has converged to a constant, i.e.,

Ps
n,t = P̄n,∀t, n.

2.2.2 Wireless Communications and Remote State Estima-

tion

There are only M wireless channels (e.g., subcarriers) for the N sensors’ trans-

missions, where M ≤ N . We consider independent and identically distributed (i.i.d.)

block fading channels, where the channel quality is fixed during each packet trans-

mission and varies packet by packet, independently. Let the N×M matrix Ht denote

the channel state of the system at time t, where the element in the nth row and mth

column, say hn,m,t ∈ H ,
{

1, 2, . . . , h̄
}

, represents the channel state between sensor n

and the remote estimator at channel m. In particular, there are h̄ quantized channel

states in total.3 The distribution of hn,m,t is given as

Pr(hn,m,t = i) = q
(n,m)
i ,∀t, (2.2.4)

where
∑h̄

i=1 q
(n,m)
i = 1,∀n,m. The instantaneous full channel state Ht is available

at the remote estimator based on standard channel estimation methods [114–117].

The estimated channel state will be used for effectively generating the scheduling

command, see e.g., [118–121]. In addition, we also assume perfect synchronization

among all network nodes for theoretical analysis tractability.

The packet drop probability at channel state i′ ∈ H is denoted as p̃i′ . Without

loss of generality, we assume that p̃1 ≥ p̃2 ≥ · · · ≥ p̃h̄. We also define the packet

success rate for the channel state hn,m,t as pn,m,t ∈ {p1, . . . , ph̄}, where pi′ , 1− p̃i′ .
3We note that the discrete channel states are quantized from continuous fading channels in

practice, such as Rayleigh, Rican, and Nakigami channels; the channel state distributions can be
obtained by discretizing the corresponding continuous distribution.
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Due to the limited communication channels, only M out of N sensors can be sched-

uled at each time step. Let an,t ∈ {0, 1, 2, . . . ,M} represent the channel allocation

for sensor n at time t, where

an,t =

{
0, if sensor n is not scheduled

m, if sensor n is scheduled to channel m.
(2.2.5)

In particular, we assume that each sensor can be scheduled to at most one channel

and that each channel is assigned to one sensor [82, 122]. Then, the constraints on

an,t are given as
M∑
m=1

1 (an,t = m) ≤ 1,
N∑
n=1

1 (an,t = m) = 1, (2.2.6)

where 1(·) is the indicator function.

Considering schedule actions and packet dropouts, sensor n’s estimate may not be

received by the remote estimator in every time slot. We define the packet reception

indicator as

ηn,t =

{
1, if sensor n’s packet is received at time t

0, otherwise.

Considering the randomness of ηn,t and assuming that the remote estimator performs

state estimation at the beginning of each time slot, the remote state estimate that

minimizes the estimation MSE follows the stochastic recursion:

x̂n,t+1 =

{
Anx

s
n,t, if ηn,t = 1

Anx̂n,t, otherwise,
(2.2.7)

where An is the system matrix of process n defined in (2.2.1). If sensor n’s packet is

not received, then the remote estimator propagates its estimate in the previous time

slot to estimate the current state. From (2.2.1) and (2.2.7), we derive the estimation
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error covariance as

Pn,t , E
[
(x̂n,t − xn,t) (x̂n,t − xn,t)

>
]

(2.2.8)

=

{
AnP̄nA

>
n + Wn, if ηn,t = 1

AnPn,tA
>
n + Wn, otherwise,

(2.2.9)

where P̄n is the local estimation error covariance of sensor n defined under (2.2.3).

Let τn,t ∈ {1, 2, . . . } denote the age-of-information (AoI) of sensor n at time

t, which measures the amount of time elapsed since the latest sensor packet was

successfully received. Then, we have

τn,t+1 =

1, if ηn,t = 1

τn,t + 1, otherwise.
(2.2.10)

If a sensor is frequently scheduled at good channels, then the corresponding average

AoI is small. However, due to the scheduling constraint (2.2.6), this is often not

possible.

From (2.2.9) and (2.2.10), the error covariances can be written in terms of the AoI

as

Pn,t = f τn,t
n (P̄n), (2.2.11)

where fn(X) = AnXA>n + Wn and f τ+1
n (·) = fn(f τn(·)). It has been proved that the

estimation MSE, i.e., Tr(Pn,t), monotonically increases with the AoI state τn,t [66].

2.3 Problem Formulation and Threshold structure

In this section, we aim to find a dynamic scheduling policy π(·) that uses the

AoI states of all sensors, as well as the channel states to minimize the expected total

discounted estimation MSE of all N processes over the infinite time horizon.
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Problem 2.3.1.

max
π

lim
T→∞

E

[
T∑
t=1

N∑
n=1

−γt Tr(Pn,t)

]
, (2.3.1)

where γ ∈ (0, 1) is a discount factor.

Problem 2.3.1 is a Markovian sequential decision-making problem. This is because

the instantaneous estimation MSE, Pn,t, only depends on the AoI state τn,t in (2.2.11),

which is Markovian (2.2.10), and the channel states are i.i.d.. Therefore, we formulate

Problem 2.3.1 as an markov decition process (MDP).4

2.3.1 MDP Formulation

Given the observable state st, including both the channel state and the AoI state,

the scheduler generates an action at based on a policy π which is a state-action

mapping, i.e., at = π(st). An immediate reward is generated to measure the overall

estimation quality at the current time step, i.e., the negative sum of estimation MSE,

i.e.,
∑N

n=1−Tr(Pn,t), which is determined by st. Due to the Markovian property

of the decision-making process, the probability of state transitioning from one to the

next only relies on the current state and action, which can be written as Pr(st+1|st, at).

Under the state transition rule, the overall target of the MDP problem is to optimize

the policy π(·) for maximizing the expected total discounted reward over the infinite

time horizon. The formal definition of the MDP are given below:

1) The state of the MDP, taking into account both the AoI and channel states, is

defined as st , (τt,Ht) ∈ S , NN × HN×M , where τt = (τ1,t, τ2,t, . . . , τN,t) ∈ NN is

4Not all MDPs for transmission scheduling of remote estimation systems have a feasible solution.
However, once the remote estimation stability condition in terms of the dynamic process parameters
and the channel statistics is satisfied, the MDP has a solution. We assume that the remote estimation
stability condition of our system is satisfied, and only focus on the optimal solution of the MDP in
the rest of the chapter. The detailed stability condition can be found in our previous work [82].
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the AoI state vector.

2) The overall schedule action of theN sensors is defined as at = (a1,t, a2,t, . . . , aN,t)

∈ A , {0, 1, 2, . . . ,M}N under the constraint (2.2.6). There are N !/(N−M)! actions

of the N -choose-M problem in total.

3) The transition probability Pr(st+1|st, at) is the probability of the next state st+1

given the current state st and the action at. Since the state transition is independent

of the time index given the action a and the state s, we drop the subscript t here and

use s and s+ to represent the current and the next states, respectively. Due to the

i.i.d. fading channel states, we have

Pr(s+|s, a) = Pr(τ+|τ ,H, a) Pr(H+), (2.3.2)

where Pr(H+) can be obtained from (2.2.4), and Pr(τ+|τ ,H, a) =
∏N

n=1 Pr(τ+
n |τn,H,

an) and

Pr(τ+
n |τn,H, an) =


pn,m, if τ+

n = 1, an = m

1− pn,m, if τ+
n = τn + 1, an = m

1, if τ+
n = τn + 1, an = 0

0, otherwise,

(2.3.3)

which is derived based on (2.2.4) and (2.2.10).

4) The immediate reward at time t is defined as the negative sum estimation MSE,

i.e.,
∑N

n=1−Tr(Pn,t), to measure the overall remote estimation quality. Since Pn,t

defined in (2.2.11) is a function of the AoI state τn,t, the reward is denoted as r(st),

monotonically decreasing with each AoI state.

Note that the formulated MDP problem cannot be solved by conventional algo-

rithms such as value and policy iterations due to the high computation complexity

even for small-scale systems (e.g., N = 6 and M = 3) [123].
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2.3.2 Threshold Structure of the Optimal MDP Solution

Unlike the existing works [65, 87], which only considered oversimplified systems

over static channels, we aim to derive the structural property of the optimal policy

of the general multi-sensor-multi-channel system over fading channels as below.

Definition 2.3.1 (Channel-State Threshold Policy). For a channel-state threshold

scheduling policy, if channel m is assigned to sensor n at the state s = (τ ,H), then

for state s′ = (τ ,H′n,m), where H′n,m is identical to H except the sensor-n-channel-m

state with h′n,m > hn,m, then channel m is still assigned to sensor n.

Definition 2.3.2 (AoI-State Threshold Policy). For an AoI-state threshold scheduling

policy, if channel m is assigned to sensor n at the state s = (τ ,H), then for state

s′ = (τ ′(n),H), where τ ′(n) is idential to τ except sensor n’s AoI with τ ′n ≥ τn, then

either channel m or a better channel is assigned to sensor n.

Definition 2.3.1 states that sensor n is scheduled at channel m at a certain state,

if the channel quality of hn,m improves while the AoI and the other channel states

are the same, then the threshold policy still assigns channel m to sensor n. For

Definition 2.3.2, if the AoI state of sensor n is increased while the other states remain

the same, the policy must schedule sensor n to a channel that is no worse than the

previous one.

To illustrate that an optimal policy may have a threshold structure, we find the

optimal policy of a two-sensor-single-channel system by solving the MDP with the

conventional value iteration algorithm, which is illustrated in Fig. 2.2. We see that

action-switching curves exist in both AoI and channel state spaces, and the prop-

erties in Definitions 2.3.1 and 2.3.2 are observed. Inspired by the above result, in
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(a) Schedule actions at AoI states (b) Schedule actions at channel states

Figure 2.2: Structure of the optimal scheduling policy with N = 2 and M = 1, where
• and × represent the schedule of sensor 1 and 2, respectively.

the following, we will prove that the optimal policy has the structural properties in

Definitions 2.3.1 and 2.3.2.5

2.4 Proof of the Threshold Structure of Optimal

Policies

We derive the structural properties of the optimal scheduling policy by using

value iteration concepts, which require the definition of the optimal value function,

V ∗(st) : S → R, and the state-action value function, Q(st, at) : S ×A → R as below.

Given the current state st = (τt,Ht), the optimal value function is the maximum

expected discounted sum of the future reward, i.e., achieved by the optimal policy

5We note that in [65, 87], only threshold structural results in terms of the AoI states are proved
over static channels. Moreover, the proofs have some limitations: 1) In [65], the authors proved the
threshold structure for a multi-dimensional state and action scenario based on Theorem 8.11.3 in
[123], which, however, can only be used for single-dimensional scenarios. 2) In [87], the proof of the
optimal policy’s structural property only considered a part of the action space; however, the full
action space must be examined to show the optimality.
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π∗(·):

V ∗(st) = max
π

E

[
∞∑
t′=t

γt
′−tr (st′)

]
. (2.4.1)

The optimal value function satisfies the Bellman equation:

V ∗(st)=r(st)+γmax
at∈A

[∑
st+1

Pr(st+1|st, at)V ∗(st+1)

]
, (2.4.2)

where the optimal action a∗ is obtained by the optimal policy π∗(·), i.e.,

a∗t , π∗(st) = arg max
at∈A

[∑
st+1

Pr(st+1|st, at)V ∗(st+1)

]
. (2.4.3)

Given the current state-action pair st and at, the state-action value function, which is

also called the Q-value function, measures the expected discounted sum of the future

cost under the optimal policy π∗(·) as

Q(st, at) = r(st) + γ
∑
st+1

Pr(st+1|st, at)V ∗(st+1). (2.4.4)

From (2.4.2) and (2.4.4), it directly follows that the optimal value function and the

Q-value function satisfy:

V ∗(st) = Q(st, a
∗
t ) ≥ Q(st, at). (2.4.5)

For notation simplicity, we use a, s, s+ to represent at, st, st+1 in the following.

We prove the channel-state and the AoI-state threshold properties of the optimal

scheduling policy based on the classical value iteration algorithm, as it can achieve

the optimal solution [124, 125]. In the value iteration, the initial value function and

its t̃-th iteration are V 0(s) ∈ V and V t̃(s) ∈ V , respectively, where V is the set of any

measurable function, i.e., V : S → R. At the t̃-th iteration, we have V t̃+1 = B
[
V t̃
]
,

where B[·] : V → V is the Bellman operator:

B
[
V t̃
]

(s) = r(s) + γmax
a∈A

[∑
s+

Pr(s+|s, a)V t̃(s+)

]
. (2.4.6)

We next elucidate the convergence and the optimality of value iterations.
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Lemma 2.4.1 ([124, 125] ). If the optimal policy exists, then the operator B has

a unique fixed point V ∗ ∈ V and for all V 0 ∈ V, the sequence {V t̃} defined by

V t̃+1 = B[V t̃] converges in norm to V ∗, i.e.

lim
t̃→∞

V t̃ = V ∗. (2.4.7)

Before proceeding further, we derive the following technical lemma about the

monotonicity of the optimal value function.

Lemma 2.4.2 (Monotonicity). Consider states s = (τ ,H) and s′ = (τ ′(i),H), where

τ ′(i) = (τ1, . . . , τ
′
i , . . . , τN) and τ ′i ≥ τi. The following holds

V ∗(s′) ≤ V ∗(s). (2.4.8)

Proof. See Appendix A.1.

Lemma 2.4.2 will assist in the comparison of value functions with different AoI

states in the proof of the channel-state threshold and the AoI-state threshold prop-

erties.

2.4.1 Channel-State Threshold Property

In this part, we completely prove that the optimal policy of a general multi-sensor-

multi-channel system is of the channel-state threshold property.

Theorem 2.4.1. The optimal policy π∗(·) of the multi-sensor-multi-channel system

has the channel-state threshold property in Definition 2.3.1.

Proof. From the Q-value definition in (2.4.4), the theorem can be translated as: if

for state s = (τ ,H), the inequality Q(s, a∗) ≥ Q(s, a),∀a ∈ A exists, where a∗i = m,

then for state s′ = (τ ,H′i,m), where H′i,m and H are identical except the element
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h′i,m > hi,m, the following inequality holds Q(s′, a′∗) ≥ Q(s′, a), where a′∗ is the

optimal action at the state s′ with a′i
∗ = m. Since Q(s′, a′∗) ≥ Q(s′, a∗), we only need

to prove Q(s′, a∗) ≥ Q(s′, a′), where a′i 6= m. To prove Q(s′, a∗) ≥ Q(s′, a′), we will

prove Q(s′, a∗) ≥ Q(s, a∗) and then Q(s, a′) = Q(s′, a′). In the following, we use H′

to represent H′i,m for the notation simplicity.

First, from (2.2.4) and (2.2.10), we have

Pr(τ+|τ ,H, a) =
N∏
n=1

Pr(τ+
n |τn,hn, an) = Pr(τ+

i |τi,hi, ai) Pr(τ+
\i |τ\i,H\i, a\i), (2.4.9)

where τ\i = (τ1, . . . , τi−1, τi+1, . . . , τN) and a\i = (a1, . . . , ai−1, ai+1, . . . , aN) repre-

sent the AoI states and the actions of all sensors except sensor i, respectively, and

hi = (hi,1, hi,2, . . . , hi,M) is the vector channel states between sensor i and the remote

estimator and H\i = (h1, . . . ,hi−1,hi+1, . . . ,hN). By using (2.3.2) and (2.4.9), it can

be derived that

Q(s, a)=r(s) + γ
∑
s+

Pr(s+|s,H, a)V ∗(s+)

=r(s) + γ
∑
H+

∑
τ+

Pr(H+) Pr(τ+|τ ,H, a)V ∗(s+)

=r(s)+γ
∑
H+

∑
τ+
\i

∑
τ+i

Pr(H+) Pr(τ+
\i |τ\i,H\i,a\i) Pr(τ+

i |τi,hi, ai)V ∗(s+).

(2.4.10)

Based on (2.4.10), we have

Q(s′, a∗) = r(s′)+γ
∑
H′+

∑
τ+
\i

∑
τ+i

Pr(H′
+

) Pr(τ+
\i |τ\i,H\i, a

∗
\i) Pr(τ+

i |τi,h′i, a∗i )V ∗(s′
+

)

≥ r(s)+γ
∑
H+

∑
τ+
\i

∑
τ+i

Pr(H+) Pr(τ+
\i |τ\i,H\i,a

∗
\i) Pr(τ+

i |τi,hi,a∗i )V ∗(s+) = Q(s, a∗),

(2.4.11)

where the inequality is derived by replacing the parameter H′+ with H+, and then



Chapter 2. Structure-Enhanced DRL for Optimal Transmission . . . 39

using r(s′) = r(s), h′i,m > hi,m, a
∗
i = m, and the following inequality

p′i,mV
∗(1, τ+

\i ,H
+) + (1− p′i,m)V ∗(τi + 1, τ+

\i ,H
+)

≥ pi,mV
∗(1, τ+

\i ,H
+) + (1− pi,m)V ∗(τi + 1, τ+

\i ,H
+) (2.4.12)

achieved by p′i,m ≥ pi,m and V ∗(1,τ+
\i ,H

+) ≥ V ∗(τi+1,τ+
\i ,H

+) from Lemma 2.4.2.

Second, we derive that

Q(s, a)=r(s)+γ
∑
H+

∑
τ+
\i

∑
τ+i

Pr(H+) Pr(τ+
\i |τ\i,H\i, a

′
\i) Pr(τ+

i |τi,hi, a′i)V ∗(s+)

=r(s′)+γ
∑
H′+

∑
τ+
\i

∑
τ+i

Pr(H′
+

) Pr(τ+
\i |τ\i,H\i,a

′
\i) Pr(τ+

i |τi,h′i,a′i)V ∗(s′
+

)=Q(s′,a),

(2.4.13)

where the second equality is derived by replacing the parameter H′+ with H+, and

then using h′i,m > hi,m, a
′
i 6= m, and Pr(τ+

i |τi,hi, a′i)V ∗(s+) = Pr(τ+
i |τi,h′i, a′i)V ∗(s′

+).

2.4.2 AoI-State Threshold Property

We consider three network scenarios with different numbers of sensors and chan-

nels as below.

Two-sensor-single-channel systems

As presented in Theorem 2.4.2, we prove that the optimal policy of a two-sensor-

single-channel system is an AoI-state threshold policy in Definition 2.3.2. In other

words, if the optimal action at a state is to schedule sensor n, then the optimal action

is still to schedule sensor n at all states that only increase sensor n’s AoI.

Theorem 2.4.2. The optimal policy π∗(·) of the two-sensor-single-channel system has
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the AoI-state threshold property in Definition 2.3.2: suppose that for state s = (τ ,H),

the optimal action is to schedule sensor i, i.e. a∗i = 1, then for state s′ = (τ ′(i),H),

where τ ′i ≥ τi, the optimal action is still a′∗i = 1.

Remark 2.4.1 (Analytical Challenges). Although Theorem 2.4.2 looks simple, the

proof is highly nontrivial.

First, the main difficulty of the proof is that different actions cause the transi-

tion of the AoI states in multiple dimensions, resulting in the comparison of multi-

dimensional value functions. However, Lemma 2.4.2 can only compare the optimal

value functions with AoI state changes within one dimension. For example, given

states s = (τ ,H), s′ = (τ ′,H), and s◦ = (τ ◦,H), where τ = (τi, τj), τ
′ = (τ ′i , τj), τ

◦ =

(τ ′i , τ
′′
j ), τ ′i ≥ τi, and τ ′′j ≤ τj, it is easy to have V (s) ≥ V (s′), but is not possible to

compare V (s) and V (s◦).

Second, one may think that the proof of Theorem 2.4.2 is intuitive as a larger

AoI of sensor i results in a lower reward, and scheduling sensor i can improve the

reward more efficiently than scheduling other sensors. This is a misunderstanding.

Theorem 2.4.2 is equivalent to saying that the inequality Q(s′, a∗) ≥ Q(s′, a) can be

derived from Q(s, a∗) ≥ Q(s, a), where a∗i = 1. We drop the constant channel state,

H, in the optimal value functions for simplicity. Based on (2.4.4), Q(s′, a∗) ≥ Q(s′, a)

is equal to

pi,1V
∗(1, τj+1)+(1−pi,1)V ∗(τ ′i+1, τj+1)≥ pj,1V

∗(τ ′i+1, 1)+(1−pj,1)V ∗(τ ′i+1, τj+1),

(2.4.14)

and Q(s, a∗) ≥ Q(s, a) is equal to

pi,1V
∗(1, τj+1)+(1−pi,1)V ∗(τi+1, τj+1)≥ pj,1V

∗(τi+1, 1)+(1−pj,1)V ∗(τi+1, τj+1).

(2.4.15)
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We see that (2.4.14) cannot be derived directly based on (2.4.15), since it also related

to the packet success rates of different sensors, i.e. pi,1 and pj,1.

Proof. As mentioned in Remark 2.4.1, we will prove (2.4.14) based on (2.4.15), which

depends on the key technical lemma below in terms of the optimal value functions

and the packet success rates, which depends on the channel states.

Definition 2.4.1 (Meet and Joint [123, 126]). Let x′ ∨ x′′ = max{x′, x′′} and x′ ∧

x′′ = min{x′, x′′} denote the join and meet of two real numbers, respectively. Define

x′ ∨ x′′ = (x′1 ∨ x′′1, . . . , x′n ∨ x′′n) and x′ ∧ x′′ = (x′1 ∧ x′′1, . . . , x′n ∧ x′′n) as the joint and

meet of the vectors x′ and x′′ ∈ Rn, respectively.

Lemma 2.4.3 (Probabilistic Supermodularity, N = 2, M = 1). Given states s =

(τ ,H) and s◦ = (τ ◦,H), where τ ◦ = (τ ′′i , τ
′
j), τ

′′
i ≤ τi, τ

′
j ≥ τj, and i 6= j ∈ {1, 2}, the

following holds

pj,,1V
∗(s ∧ s◦) + (pj,1 − pi,1)V ∗(s ∨ s◦) ≥ pj,1V

∗(s) + (pj,1 − pi,1)V ∗(s◦). (2.4.16)

Proof. See Appendix A.2.

In what follows, we denote the state as s = (τi, τj), since the transition of the

channel states is constant during the proof. From (2.4.15), it directly follows that

pi,1V
∗(1, τj+1)≥pj,1V ∗(τi+1,1)−(pj,1−pi,1)V ∗(τi+1, τj+1). (2.4.17)

By applying Lemma 2.4.3 to the right-hand side of (2.4.17), we have

pi,1V
∗(1,τj+1)≥pj,1V ∗(τ ′i,1+1,1)−(pj,1−pi,1)V ∗(τ ′i+1, τj+1), (2.4.18)

which is exactly (2.4.14). Thus, we have proved Q(s′, a∗) ≥ Q(s′, a).
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Multi-sensor-single-channel systems

It is intractable to prove that the optimal policy has the AoI-state threshold prop-

erty in this case. Similar to the two-sensor case, we first try to prove the probabilistic

supermodularity. However, there are more than two AoI states changing when ap-

plying value iterations, making it difficult to find a set of useful inequalities to prove

the target inequality. We can also construct some other inequalities in terms of the

optimal value function and the packet success rates that can be used to prove the

threshold property, but these inequalities cannot be proved either.

Although the AoI-state threshold property of the optimal policy is not fully de-

rived, we prove an asymptotic structural property as below.

Theorem 2.4.3. The optimal policy π∗(·) of a multi-sensor-single-channel system

with N > 2 has an asymptotic AoI-state threshold property: suppose that for state

s = (τ ,H), the optimal action is to transmit the estimation of sensor i, i.e. a∗i = 1,

then for all states s′ = (τ ′(i),H), where τ ′i � τi, the optimal policy is still a′∗i = 1.

Theorem 2.4.3 shows that the threshold structure still exists in the optimal policy

of a multi-sensor-single-channel system, at least in the large AoI domain.

Proof. This theorem is equivalent to stating that if for state s = (τ ,H), the inequality

Q(s, a∗) ≥ Q(s, a),∀a ∈ A exists, where a∗i = 1, then for state s′ = (τ ′(i),H), where

τ ′i � τi, we have Q(s′, a∗) ≥ Q(s′, a). Similar to Theorem 2.4.2, we need to develop

the following lemmas yet in an asymptotic manner.

Lemma 2.4.4. Given states s = (τ ,H) and s′ = (τ ′(i),H), where τ ′i � τi, the

following holds

V ∗(s′)� V ∗(s). (2.4.19)



Chapter 2. Structure-Enhanced DRL for Optimal Transmission . . . 43

Proof. See Appendix A.3.

Based on Lemma 2.4.4, we derive the asymptotic probabilistic supermodularity

below.

Lemma 2.4.5 (Asymptotic Probabilistic Supermodularity, N > 2, M = 1). Given

states s = (τ ,H) and s◦ = (τ ◦,H), where τ = (τ1, . . . , τi, . . . , τj, . . . , τN) and τ ◦ =

(τ1, . . . , τ
′′
i , . . . , τ

′
j, . . . , τN) with τi � τ ′′i , τj ≤ τ ′j, and i 6= j ∈ {1, . . . , N}, the proba-

bilistic supermodularity in (2.4.16) holds.

Proof. See Appendix A.4.

In the following, we will prove Q(s′, a∗) ≥ Q(s′, a) based on Q(s, a∗) ≥ Q(s, a)

and similar to the proof of Theorem 2.4.2, we write the state as s = (τi, τj, τ\i,j).

Using (2.4.4), Q(s, a∗) ≥ Q(s, a) is equal to

pi,1V
∗(1, τj + 1, τ+

\i,j)≥ pj,1V
∗(τi+1,1,τ+

\i,j)−(pj,1−pi,1)V ∗(τi+1,τj+1,τ+
\i,j). (2.4.20)

By applying Lemma 2.4.5 to the right-hand side of (2.4.20), we have

pi,1V
∗(1, τj + 1, τ+

\i,j) ≥ pj,1V
∗(τ ′i+1,1,τ+

\i,j)−(pj,1−pi,1)V ∗(τ ′i+1,τj+1,τ+
\i,j), (2.4.21)

and thus

pi,1V
∗(1, τj+1, τ+

\i,j)+(1−pi,1)V ∗(τ ′i+1, τj+1, τ+
\i,j)

≥ pj,1V
∗(τ ′i+1, 1,τ+

\i,j)+(1−pj,1)V ∗(τ ′i+1, τj+1,τ+
\i,j), (2.4.22)

which is exactly Q(s′, a∗) ≥ Q(s′, a) based on (2.4.4).
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Multi-sensor-multi-channel systems

This case is more complex than the single-channel one, due to the increased state

dimension introduced by the multi-dimensional channel. Thus, the AoI-state thresh-

old property of the optimal policy cannot be derived strictly. In the following, we

develop another structural property of the optimal policy.

Proposition 2.4.1. If for state s = (τ ,H), the optimal action is a∗ = (a∗1, . . . , a
∗
i , . . . ,

a∗N), a∗i = m, and for state s′ = (τ ′(i),H), where τ ′i ≥ τi, the optimal channel assign-

ments except for channel m keep constant, i.e. a∗n = a′n
∗,∀a∗n 6= 0, and i 6= n, then

the optimal action for sensor j at state s′ is to not occupy channel m, if sensor j is

not scheduled at state s, i.e., aj
∗ = 0, and its channel condition is worse than that of

sensor i, i.e., hi,m ≥ hj,m.

Proposition 2.4.1 says that sensor i’s allocated channel won’t be occupied by other

sensors with worse channel conditions when sensor i’s AoI increases and the optimal

channel assignment rules for other channels remain the same.

Proof. This proposition equivalent to that if for state s = (τ ,H), the inequality

Q(s, a∗) ≥ Q(s, a) exists, where a∗i = m and a∗j = 0, then for state s′ = (τ ′(i),H), where

τ ′i ≥ τi, the following inequality holds Q(s′, a∗) ≥ Q(s′, a′), where a′j = m,∀hi,m ≥

hj,m and a∗\i,j = a′\i,j.

Therefore, we will prove Q(s′, a∗) ≥ Q(s′, a′) based on Q(s, a∗) ≥ Q(s, a) in the
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following. Taking (2.4.10) into Q(s, a∗) ≥ Q(s, a′), we have∑
τ+
\i,j

∑
H+

∑
τ+i

∑
τ+j

Pr(τ+
\i,j|τ\i,j,H\i,j, a

∗
\i,j) Pr(H+) Pr(τ+

i |τi,hi,a∗i ) Pr(τ+
j |τj,hj,a∗j)V ∗(s+)

≥
∑
τ+
\i,j

∑
H+

∑
τ+i

∑
τ+j

Pr(τ+
\i,j|τ\i,j,H\i,j,a

′
\i,j)Pr(H+) Pr(τ+

i |τi,hi,a′i)Pr(τ+
j |τj,hj,a′j)V ∗(s+).

(2.4.23)

Based on a∗\i,j = a′\i,j, we have

Pr(τ+
\i,j|τ\i,j,H\i,j, a

∗
\i,j) = Pr(τ+

\i,j|τ\i,j,H\i,j, a
′
\i,j). (2.4.24)

Thus, from (2.4.23), the following inequality can be derived∑
τ+i

∑
τ+j

Pr
(
τ+
i |τi,hi, a∗i

)
Pr
(
τ+
j |τj,hj, a∗j

)
V ∗
(
s+
)

≥
∑
τ+i

∑
τ+j

Pr
(
τ+
i |τi,hi, a′i

)
Pr
(
τ+
j |τj,hj, a′j

)
V ∗
(
s+
)
. (2.4.25)

For notation simplicity, the state can be rewritten as s = (τi, τj), because the states

except for τi and τj are constant. Based on a∗i = m, a∗j = 0, a′i = 0, and a′j = m, the

left-hand side and the right hand side of (2.4.23) are equal to
pi,mV

∗(1,τj+1)+(1−pi,m)V ∗(τi+1,τj+1)

pj,mV
∗(τi+1,1)+(1−pj,m)V ∗(τi+1,τj+1).

(2.4.26)

Then, the following inequality can be derived

pi,mV
∗(1, τj + 1)

≥ pj,mV
∗(τi+1, 1)+(pi,m− pj,m)V ∗(τi+1, τj+1)

≥ pj,mV
∗(τ ′i+1, 1)+(pi,m− pj,m)V ∗(τ ′i+1, τj+1), (2.4.27)

where the first inequality is derived by (2.4.23), (2.4.24), and (2.4.26), and the second

inequality is by using Lemma 2.4.2 and pi,m ≥ pj,m. The inequality (2.4.27) can be
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rewritten as

pi,mV
∗(1,τj+1)+(1−pi,m)V ∗(τ ′i+1,τj+1)≥ pj,mV

∗(τ ′i+1,1)+(1−pj,m)V ∗(τ ′i+1,τj+1).

(2.4.28)

According to the analysis from (2.4.23) to (2.4.26), it directly follows Q(s′, a∗) ≥

Q(s′, a′) from (2.4.28).

Remark 2.4.2 (Generality of the derived results). We note that all the theoretical

results proved in this section merely rely on two features of the formulated optimal

scheduling problem: 1) the reward function of each user is a monotonically decreasing

function in terms of its AoI state, and 2) the total reward function of the problem is the

sum of individual rewards. In other words, for other scheduling problems of different

systems, if the two features are satisfied, the structural properties still hold. For

example, if a scheduling problem is for minimizing the overall expected sum AoI (i.e.,

the instantaneous reward is r(st) =
∑N

n=1−τn,t), not the sum estimation MSE, then

the optimal policy does have the same structural properties. Similarly, considering

an AoI violation minimization problem for delay-sensitive applications with an AoI

threshold d [127], the instantaneous reward can be defined as r(st) =
∑N

n=1−1(τn,t >

d), satisfying the two features.

Remark 2.4.3 (Counterexample). We can show that if the considered optimal schedul-

ing problem of a multi-sensor remote estimation system has a reward function as the

negative product of the individual estimation MSE, i.e., r(s) = −
∏N

i=1 Tr(Pi,t), which

does not satisfy the second feature in Remark 2.4.2, then the threshold structure may

not exist. Fig 2.3 illustrates the optimal scheduling policy of a two-sensor-single-

channel remote estimation system with the constructed reward function. We see that

the optimal policy is not a threshold policy as in Theorem 2.4.2.
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Figure 2.3: The optimal policy of a two-sensor-single-channel scheduling problem with
the multiplicative reward function, where • and × represent the schedule of sensor 1
and 2, respectively.

2.5 Structure-Enhanced DRL

In the literature, DQN and DDPG are the most commonly adopted off-policy

DRL algorithms for solving optimal scheduling problems (see [78, 82, 128, 129]), and

they provide significant performance improvements over heuristic policies. Next, we

develop threshold structure-enhanced (SE) DQN and DDPG for solving Problem 2.3.1

based on the structural properties in Definitions 2.3.1 and 2.3.2. The performance

improvement of SE algorithms will be presented in Section 2.6.6

6Note that the DRL training is conducted offline, which requires knowledge of the state-transition
rules in Section 2.3.1, building on the channel statistics. Online fine-tuning techniques for model
mismatching issues during the deployment stage are beyond the scope of the work.
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2.5.1 Structure-Enhanced DQN

Based on (2.4.2) and (2.4.4), we have the Bellman equation in terms of the Q-

values of the optimal policy:

Q(st, at) = r(st) + Est+1

[
γmax

at+1

Q (st+1, at+1)

]
. (2.5.1)

A well-trained DQN uses a neural network (NN) with the parameter set θ to ap-

proximate Q(st, at) by Q(st, at;θ) and use it to find the optimal action, i.e., a∗t =

argmaxat∈AQ(st, at;θ). Considering the action space defined in Section 2.3.1, the

DQN has N !/(N − M)! Q-value outputs of different state-action pairs. To train

the DQN, one needs to sample data (consisting of states, actions, rewards, and next

states), define a loss function of θ based on the collected data, and minimize the loss

function to find the optimized θ. However, the conventional DQN training method

has never utilized structures of optimal policies before.

To utilize the knowledge of the threshold policy structure for enhancing the DQN

training performance, we propose 1) an SE action selection method based on

Definitions 2.3.1 and 2.3.2 to select reasonable actions and hence enhance the data

sampling efficiency; and 2) an SE loss function definition to add the penalty to

sampled actions that do not follow the threshold structure.

Our SE-DQN training algorithm has three stages: 1) the DQN with loose SE

action selection stage, which only utilizes part of the structural property, 2) the

DQN with tight SE action selection stage utilizes the full structural property,

and 3) the conventional DQN stage. The first two stages use the SE action selection

schemes and the SE loss function to train the DQN fast, resulting in a reasonable

threshold policy, and the last stage is for further policy exploration. In what follows,

we present the loose and tight SE action selection schemes and the SE loss function.
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Loose SE action selection

We randomly select an action aε from the entire action space with a probability

of ε for action exploration; with a probability of (1− ε), we generate the SE action â

as below. For simplicity, we drop the time index when describing action selections.

The threshold structure suggests that the actions of s and the state with a smaller

AoI or channel state are correlated. Thus, one can infer the action based on the action

at the state with a smaller channel, or AoI state, based on the channel-state and the

AoI-state threshold properties in Definitions 2.3.1 and 2.3.2, respectively. We only

consider the AoI-state threshold property for loose SE action selection, as it is difficult

to find actions that satisfy both structural properties at the beginning of training.

We will utilize both of them in the tight SE action selection stage.

Given the state s = (τ ,H), we define the state with a smaller sensor n’s AoI as

ṡ(n) = (τ̇ (n),H), where

τ̇ (n) = (τ1, . . . , τn − 1, . . . , τN). (2.5.2)

For each n, we calculate the corresponding action based on the Q-values as

ȧ(n) , (ȧ
(n)
1 , . . . , ȧ(n)

n , . . . , ȧ
(n)
N ) = arg max

ȧ
Q(ṡ(n), ȧ;θ). (2.5.3)

Recall that ȧ
(n)
n ∈ {0, 1, . . . ,M} is the channel index assigned to sensor n at the state

ṡ(n).

If ȧ
(n)
n > 0, then the AoI-state threshold property implies that channel ȧ

(n)
n or a

better channel is assigned to sensor n at the state s. We define the set of channels

with better quality as

M(n) , {m′|hn,m′ > h
n,ȧ

(n)
n
,m′ = 1, . . . ,M}. (2.5.4)

Then, the SE action for sensor n, say ân, is randomly chosen from the setM(n) with
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probability ξ, and is equal to ȧ
(n)
n with probability 1− ξ.

If ȧ
(n)
n = 0, then the AoI-state threshold property cannot help with determining the

action. Then, we define the action selected by the greedy policy (i.e., the conventional

DQN method) at the state s as

ã , (ã1, ã2, . . . , ãN) = arg max
a

Q(s, a;θ). (2.5.5)

Thus, we set the SE action of sensor n identical to the one generated by the conven-

tional DQN method, i.e., ân = ãn.

Now we can define the SE action for N sensors as â = (â1, â2, . . . , âN). If such an

action meets the constraint
M∑
m=1

1 (ân = m) ≤ 1,
N∑
n=1

1 (ân = m) ≤ 1, (2.5.6)

which is less restrictive than (2.2.6), we select the action a as â and assign the unused

channels randomly to unscheduled sensors; otherwise, a is identical to that of the

conventional method as ã.

Tight SE action selection

By using the loose SE action selection, we first infer the scheduling action of sensor

n at the state s based on the action of the state with a smaller AoI, ṡ(n). Then, we

check whether the loose SE action satisfies the channel-state threshold property as

below.

For notation simplicity, we use m > 0 to denote the SE channel selection for

sensor n. Given the state s, we define the state with a smaller channel m’s state for

sensor n as s̈(n,m) = (τ , Ḧ(n,m)), where Ḧ(n,m) and H are identical except the element
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ḧ
(n,m)
n,m = hn,m − 1. Then, we calculate the corresponding action

ä(n,m) , (ä
(n,m)
1 , . . . , ä(n,m)

n , . . . , ä
(n,m)
N ) = arg max

ä
Q(s̈(n,m), ä;θ). (2.5.7)

From the channel-state and the AoI-state threshold properties, the scheduling action

ä
(n,m)
n should be identical to m. Thus, if ä

(n,m)
n = m, then the SE action for sensor n

is ân = m; otherwise, ân is identical to the conventional DQN action. The SE action

satisfying both the threshold properties is â = (â1, â2, . . . , âN). If such an action

meets the constraint (2.2.6), then it is executed as a = â; otherwise, we select the

greedy action a = ã.

SE loss function

During the training, each transition (st, at, ât, ãt, rt, st+1) is stored in a replay

memory, where rt , r(st) denotes the immediate reward. Different from the conven-

tional DQN, we include both the SE action â and the greedy action ã, in addition to

the executed action a.

Let Ti , (si, ai, âi, ãt, ri, si+1) denote the ith transition of a sampled batch from

the replay memory. Same as the conventional DQN, we define the temporal-difference

(TD) error of Ti as

TDi , yi −Q(si, ai;θ), (2.5.8)

where yi = ri + γmaxai+1
Q(si+1, ai+1;θ) is the estimation of Q-value at next step.

This is to measure the gap between the left and right sides of the Bellman equa-

tion (2.5.1). Since the optimal scheduling policy satisfies the Bellman equation [76],

i.e., yi − Q(si, ai;θ) = 0, the DRL algorithm has to minimize the TD error. Differ-

ent from DQN, we introduce the action-difference (AD) error as below to measure

the difference of Q-value between actions selected by the SE strategy and the greedy
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Algorithm 1 SE-DQN for sensor scheduling in the remote estimation system

1: Initialize replay memory D to capacity N
2: Initialize policy network with random weights θ
3: Initialize target network with weights θ̂ = θ
4: for episode = 1, 2, . . . , E1 do
5: Initialize state s0

6: for t = 1, 2, . . . , T do
7: Generate ât and select action at by the loose SE action selection method of

SE-DQN
8: Execute action at and observe rt and st+1

9: Compute action ãt = arg maxaQ(st,a;θ)
10: Store transition (st,at, ât, ãt, rt, st+1) in D
11: Sample a random batch of transitions (si,ai, âi, ãi, ri, si+1)
12: Calculate TDi and ADi based on (2.5.8) and (2.5.9)
13: Update θ according to (2.5.12)
14: Every t′ steps set θ̂ = θt
15: end for
16: end for
17: for episode = E1, . . . , E2 do
18: Repeat algorithm from line 5 to line 15 by adopting the tight SE action selection

method
19: end for
20: for episode = E2, . . . , E do
21: Execute the DQN algorithm as in [78]
22: end for

strategy:

ADi , Q(si, âi;θ)−Q(si, ãi;θ). (2.5.9)

Since the optimal policy has the threshold structure, the inferred action â should be

identical to the optimal action ã. Thus, the DRL algorithm should minimize the AD

error (2.5.9).

Based on (2.5.8) and (2.5.9), we define the loss function of Ti as

Li(θ) =


α1TD

2
i + (1− α1)AD2

i , if ai = âi

TD2
i , otherwise,

(2.5.10)

where α1 is a hyperparameter to balance the importance of TDi and ADi. In other
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words, if the SE action is executed, both the TD and AD errors are taken into account;

otherwise, the conventional TD-error-based loss function is adopted.

Given the batch size B, the overall loss function is

L(θ) =
1

B

B∑
i=1

Li(θ). (2.5.11)

To optimize θ, we adopt the well-known gradient descent method and calculate the

gradient as below

∇θL(θ) =
1

B

B∑
i=1

∇θLi(θ), (2.5.12)

where ∇θLi(θ) is given as

∇θLi(θ) =


−2((1− α1)ADi∇θ (Q (si, âi;θ)−Q(si, ãi;θ))

+α1TDi∇θQ(si, ai;θ)), if ai = âi

−2(TDi∇θQ(si, ai;θ)), otherwise.

(2.5.13)

The details of the SE-DQN algorithm are given in Algorithm 1.

2.5.2 Structure-Enhanced DDPG

Different from the DQN, which has one NN to estimate the Q-value, a DDPG

agent has two NNs [56], a critic NN with parameter θ and an actor NN with the

parameter µ. In particular, the actor NN approximates the optimal policy π∗(s) by

µ(s;µ), while the critic NN approximates the Q-value of the optimal policy Q(s, a) by

Q(s, a;θ). In general, the critic NN judges whether the generated action of the actor

NN is good or not, and the latter can be improved based on the former. The critic

NN is updated by minimizing the TD error similar to the DQN. The actor-critic

framework enables DDPG to solve MDPs with continuous and large action space,

which cannot be handled by the DQN.

To solve our scheduling problem with a discrete action space, we adopt an action
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mapping scheme similar to the one adopted in [82]. We set the direct output of the

actor NN with N continuous values, ranging from −1 to 1, corresponding to sensors

1 to N , respectively. Recall that the DQN has N !/(N −M)! outputs. The N values

are sorted in descending order. The sensors with the highest M ranking are assigned

to channels 1 to M , respectively. The corresponding ranking values are then linearly

normalized to [−1, 1] as the output of the final outputs of the actor NN, named as the

virtual action v. It directly follows that the virtual action v and the real scheduling

action a can be mapped from one to the other directly. Therefore, we use the virtual

action v, instead of the real action a, when presenting the SE-DDPG algorithm.

Similar to the SE-DQN, the SE-DDPG has the loose SE-DDPG stage, the tight

SE-DDPG stage, and the conventional DDPG stage. The ith sampled transition is

denoted as

Ti , (si,vi, v̂i, ṽt, ri, si+1). (2.5.14)

We present the SE action selection method and the SE loss function in the sequel.

SE action selection

The general action selection approach for the SE-DDPG is identical to that of the

SE-DQN, by simply converting vi, vεi , ṽi, and v̂i to ai, aεi , ãi, and âi, respectively.

Different from DQN with ε-greedy actions, the action generated by the DDPG based

on the current state is

ṽi = µ(si;µ), (2.5.15)

and the random action vεi was generated by adding noise to the original continuous

output of the actor NN.
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SE loss function

Different from the SE-DQN, the SE-DDPG needs different loss functions for up-

dating the critic NN and the actor NN. For the critic NN, we use the same loss

function as in (2.5.11), and thus the gradient for the critic NN update is identical to

(2.5.12). Note that for DDPG, the next virtual action ṽi+1 is the direct output of the

actor NN given the next state si+1, i.e., ṽi+1 = µ(si+1;µ). Thus, when calculating

the TD error (2.5.8), we have yi = ri + γQ(si+1, µ(si+1;µ);θ).

For the actor NN, we introduce the difference between actions selected by the SE

strategy v̂i and the actor NN ṽi, when v̂i is executed, i.e., vi = v̂i. If the SE action is

not selected, then the loss function is the Q-value given the state-action pair, which is

identical to the conventional DDPG. Given the hyperparameter α2, the loss function

for the transition Ti is defined as

Li(µ) =

−α2Q(si, ṽi;θ) + (1− α2) (vi − ṽi)
2 , if vi = v̂i

−Q(si, ṽi;θ), otherwise,
(2.5.17)

and hence the overall loss function given the sampled batch is

L(µ) =
1

B

B∑
i=1

Li(µ). (2.5.18)

By replacing (2.5.15) and (2.5.17) in (2.5.18) and applying the chain rule, we can

derive the gradient of the overall loss function in terms of µ as

∇µL(µ) =
1

B

B∑
i=1

∇µLi(µ), (2.5.19)

where ∇µLi(µ) is given by:

∇µLi(µ) =


− α2∇ṽi

Q(si, ṽi;θ)∇µµ(si;µ)− 2(1− α2)

× (vi−µ (si;µ))∇µµ(si;µ), if vi = v̂i

−∇ṽi
Q(si, ṽi;θ)∇µµ(si;µ), otherwise,

(2.5.20)

where the action ṽi is replaced by µ(si;µ) based on (2.5.15). The details of the
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Algorithm 2 SE-DDPG for sensor scheduling in the remote estimation system

1: Initialize replay memory D to capacity N
2: Initialize actor network and critic network with random weights µ and θ
3: Initialize target network and with weight µ̂ = µ, θ̂ = θ
4: for episode = 1, 2, . . . , E1 do
5: Initialize a random noise N for action exploration
6: Initialize state s0

7: for t = 1, 2, . . . , T do
8: Generate v̂t and select action vt by the loose SE action selection method of

SE-DDPG
9: Mapping virtual action vt to real action at

10: Execute action at and observe rt and st+1

11: Compute action ṽt = µ(st;µ)
12: Store transition (st,vt, v̂t, ṽt, rt, st+1) in D
13: Sample a random batch of transitions (si,vi, v̂i, ṽi, ri, si+1)
14: Calculate TDi and ADi based on (2.5.8) and (2.5.9) but with the virtual actions

vi, v̂i, ṽi
15: Update θ and µ according to (2.5.12) and (2.5.19), respectively
16: Update the target network:

µ̂← δµ+ (1− δ)µ̂, θ̂ ← δθ + (1− δ)θ̂ (2.5.16)
17: end for
18: end for
19: for episode E1 = 1, 2, . . . , E2 do
20: Repeat algorithm from line 5 to line 18 by adopting the tight SE action selection

method
21: end for
22: for episode E2 = 1, 2, . . . , E do
23: Execute the conventional DDPG algorithm as in [56]
24: end for

proposed SE-DDPG algorithm are given in Algorithm 2.

2.6 Numerical Experiments

In this section, we evaluate and compare the performance of the proposed SE-DQN

and SE-DDPG with the benchmark DQN and DDPG.
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Table 2.1: Summary of Hyperparameters
Hyperparameters of SE-DQN and SE-DDPG Value

Initial values of ε and ξ 1
Decay rates of ε and ξ 0.999

Minimum ε and ξ 0.01
Mini-batch size, B 128

Experience replay memory size, K 20000
Discount factor, γ 0.95

Hyperparameters of SE-DQN
Learning rate 0.0001

Decay rate of learning rate 0.001
Target network update frequency 100

Weight of SE-DQN loss function, α1 0.5
Input dimension of network N +N ×M

Output dimension of network N !/(N −M)!
Hyperparameters of SE-DDPG

Learning rate of actor network 0.0001
Learning rate of critic network 0.001

Decay rate of learning rate 0.001
Soft parameter for target update, δ 0.005

Weight of critic network loss function, α1 0.5
Weight of actor network loss function, α2 0.9

Input dimension of actor network N +N ×M
Output dimension of actor network N
Input dimension of critic network 2N +N ×M

Output dimension of critic network 1

2.6.1 Experiment Setups

Our numerical experiments are simulated in Python and run on a computing

platform with an Intel Core i5 9400F CPU @ 2.9 GHz with 16GB RAM and an

NVIDIA RTX 2070 GPU. For the remote estimation system, we set the dimensions

of the process state and the measurement as ln = 2 and en = 1, respectively. The

system matrices {An} are randomly generated with the spectral radius within the

range of (1, 1.4). The entries of Cn are drawn uniformly from the range (0, 1), Wn

and Vn are identity matrices.

Since the SE-DQN and SE-DDPG require the discrete channel state space, the
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fading channel state is quantized into h̄ = 5 levels, and the corresponding packet drop

probabilities are 0.2, 0.15, 0.1, 0.05, and 0.01. The distribution of the discrete channel

states of each sensor-channel pair is generated based on Rayleigh distribution with

the random scale parameter sampled uniformly from the range of (0.5, 2) [130].

The NNs of the DQN and SE-DQN have the same hyperparameters, and each

has two hidden layers with 256 nodes. The NNs of the DDPG and SE-DDPG are

identical, and each of the actor and critic NNs has two hidden layers with 512 nodes.

All the NNs in these algorithms are fully connected neural network (FCNN). The

computation complexity of an FCNN is O
(∑L−1

l=1 ulul+1

)
, where ul is the number of

nodes in layer l and L is the total number of layers of the NN [131]. Based on our

computing platform, the inference time of the SE-DQN and SE-DDPG are 0.02 ms

and 0.04 ms, respectively. The settings of the other hyperparameters for Algorithm 1

and Algorithm 2 are summarized in Table 2.1. Note that the input dimensions of the

actor NN and the critic NN are different, as the inputs of the critic NN and the actor

NN are the state vector and the state-action pair, respectively. During the training,

we use the ADAM optimizer for calculating the gradient and reset the environment

for each episode with T = 500 steps. The episode numbers for the loose SE action, the

tight SE action, and the conventional DQN stages are 50, 100, and 150, respectively.

2.6.2 Performance Comparison

Fig. 2.4 and Fig. 2.5 illustrate the average sum MSE of all processes during the

training achieved by the SE-DRL algorithms and the benchmarks under some sys-

tem settings. Both of these two figures illustrate that the DRL methods outperform

the conventional heuristic benchmark scheduling methods, including round robin and
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Figure 2.4: Average sum MSE of all processes during training with N=6,M=3.

Figure 2.5: Average sum MSE of all processes during training with N=10,M=5.

greedy MSE. Fig. 2.4 shows that the SE-DQN saves about 50% training episodes for

the convergence, and also decreases the average sum MSE for 10% than the conven-

tional DQN. Fig. 2.5 shows that the SE-DDPG saves about 30% training episodes and

reduces the average sum MSE by 10%, when compared to the conventional DDPG.

Also, we see that the conventional DQN and DDPG stages (i.e. the last 150 episodes)

in Fig 2.4 and 2.5 cannot improve much of the training performance. This implies

that the SE stages have converged.

In Table 2.2, we test the performance of well-trained SE-DRL algorithms for

different numbers of sensors and channels, and different settings of system parameters,

i.e., An, Cn, and q
(n,m)
1 , . . . , q

(n,m)

h̄
, based on 10000-step simulations. We see that for

6-sensor-3-channel systems, the SE-DQN reduces the average MSE by 10% to 25%
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Table 2.2: Performance Comparison of the SE-DRL and the Benchmarks in terms of
the Average Estimation MSE

System Scale
(N,M)

Param.
setup

DQN SE-DQN DDPG SE-DDPG

(6, 3) 1 52.4121 47.6766 48.4075 47.0594
2 67.4247 49.8476 53.3675 44.7423
3 84.1721 59.9127 56.9504 55.2409
4 79.5902 65.1640 64.4313 58.5534

(6, 2) 5 55.7092 50.5983 51.3488 47.1210
6 − 80.2522 77.4124 72.4863
7 − 78.7715 85.3182 75.8465
8 − 58.6024 61.4121 57.8539

(10, 5) 9 − − 68.0247 62.4727
10 − − 89.6290 78.4138
11 − − 90.2812 81.1148
12 − − − 147.2844

(20, 10) 13 − − 181.4135 159.4321
14 − − 163.1257 142.1850
15 − − 173.0940 144.8166
16 − − 215.2231 160.2304

over DQN, while both DDPG and SE-DDPG achieve similar performance as the SE-

DQN. This suggests that the SE-DQN is almost optimal and that the DDPG and the

SE-DDPG cannot improve further. In 6-sensor-2-channel systems, the DQN cannot

converge in most experiments but the SE-DQN and SE-DDPG can still perform better

than DDPG. In 10-sensor-5-channel systems, neither the DQN nor the SE-DQN can

converge, and the SE-DDPG achieves a 10% MSE reduction over the DDPG. In

particular, the SE-DDPG is the only converged algorithm in Experiment 12. In 20-

sensor-10-channel systems, we see that the SE-DDPG can reduce the average MSE

by 15% to 25%. Therefore, the performance improvement of the SE-DDPG appears

significant for large systems.

In addition, to demonstrate that the SE-DRL algorithms can also be applied to

other scenarios, we consider a multi-sensor scheduling problem for minimizing the
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Figure 2.6: Average sum AoI of all processes during the training with N = 6,M = 3.

overall expected sum AoI as mentioned in Remark 2.4.3. In Fig 2.6, we see that the

SE-DQN can effectively reduce the average sum AoI by 10% compared with the DQN.

We also test the effectiveness of the channel-state threshold property and the loose

SE action selection stage in the SE-DRL algorithms. Fig. 2.7(a) illustrates that with-

out using the channel-threshold property in the SE-action selection process, although

the convergence speed is not affected much, such a training method does not con-

verge to a near-optimal policy and leads to a noticeably higher estimation MSE than

the original SE-DDPG. In Fig. 2.7(b), we see that if one disables the loose SE-action

selection stage, the training convergence time doubles compared with the original SE-

DDPG, though both converged algorithms provide similar performance. Thus, both

the channel-threshold-enabled action selection and the loose action selection stage are

critical to guarantee the performance of the SE-DRL algorithms.
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(a) SE-DDPG with and without using the
channel-state threshold property

(b) SE-DDPG with and without the loose SE-
action selection stage

Figure 2.7: Training performance comparison between SE-DDPG with different train-
ing settings, where N= 10,M= 5.

2.7 Conclusion

In this chapter, we have proved that the optimal scheduling policy of the remote

estimation system satisfies a number of threshold properties. Then, based on these

theoretical guidelines, we have developed the structure-enhanced deep reinforcement

learning (SE-DRL) algorithms for solving the optimal scheduling problem. In par-

ticular, we have proposed a novel action selection method and a new loss function

to improve training efficiency. Our numerical results have illustrated that SE-DRL

algorithms can save training time by 50% and reduce the estimation mean-square

error (MSE) by 10% to 25%, when compared with benchmark DRL algorithms. In

addition, the results also show that SE-DRL can effectively solve a range of optimal

scheduling problems, not limited to remote state estimation systems.



Chapter 3

Semantic-aware Transmission
Scheduling: a Monotonicity-driven
Deep Reinforcement Learning
Approach

3.1 Introduction

Different from the first generation of the 5G communications, which focused on

improving data-oriented performance (e.g., data rate, latency and reliability), the

6G is envisioned to support many emerging applications and adopt semantic-related

metrics for application-level performance optimization [67, 71, 132]. The potential

applications supported by 6G semantic communications can be divided into two cat-

egories: human-centered systems (e.g., Metaverse and XR [133]) and cyber-physical

systems (CPSs) (e.g., autonomous driving and networked robotics [60, 134]). For

the former, semantics is a measure of the meaning of information that a human can

understand; for the latter, semantics characterizes the usefulness of messages with

respect to the goal of data exchange.

In CPSs, semantic-aware transmission aims to minimize the distortion and timing

63
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mismatch of the data between the edge devices and the remote destination [60]. Thus,

the freshness of messages is critical, and monotonic functions of age of information

(AoI) are often introduced as semantic quality metrics [65, 135]. Semantic-aware (and

AoI-aware) dynamic scheduling of cyber-physical systems over limited communication

resources has attracted much attention in the communications society [136]. In [16],

an optimal AoI minimization scheduling problem was considered under an average

transmission power constraint and was formulated into a constrained MDP. Note

that the conventional Markov decision process (MDP) algorithms can only solve very

small-scale problems due to the high computational complexity introduced by the

curse of dimensionality. Heuristic scheduling policies without optimality guarantees

were proposed in were proposed in [137, 138].

The recent development of deep reinforcement learning (DRL) allows us to solve

large MDPs effectively with deep neural networks (NNs) for function approximations.

However, a major drawback of applying existing DRL methods in large-scale schedul-

ing problems is that training is usually very time-consuming and can often get stuck

in local minima. Therefore, in this chapter, we first prove the monotonicity of the Q-

value function w.r.t the AoI states and channel states, and then develop a monotonic

critic NN for the optimal semantic-aware scheduling.

3.2 System Model

We consider semantic communication in a CPS with N edge devices (e.g., sen-

sors and robots) and a remote destination (e.g., a remote estimator or controller)

connected by a wireless network with M < N channels (e.g., sub-carriers).
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At each time step t, the transmission scheduling action for device n is denoted by

an,t =

{
0 if device n is not scheduled,

m if device n is scheduled to channel m.
(3.2.1)

We assume that each device can be scheduled to at most one channel and that each

channel is assigned to one device, i.e.,
M∑
m=1

1 (an,t = m) ≤ 1,
N∑
n=1

1 (an,t = m) = 1, (3.2.2)

where 1(·) is the indicator function.

We consider independent and identically distributed (i.i.d.) block fading channels,

where the channel quality is fixed during each packet transmission and varies packet by

packet independently. The channel state of the system at time t is denoted by a N×M

matrix Ht, where the nth row and mth column element hn,m,t ∈ H ,
{

1, 2, . . . , h̄
}

represents the channel state between device n and the destination at channel m

quantized into h̄ levels. The distribution of the channel state hn,m,t is given as

Pr(hn,m,t = i) = q
(n,m)
i ,∀t, (3.2.3)

where
∑h̄

i=1 q
(n,m)
i = 1,∀n,m. A higher channel state leads to a large packet drop

probability. Let pn,m,t denote the packet drop probability at the channel state hn,m,t.

The instantaneous full channel state Ht is available at the remote estimator based on

standard channel estimation methods and all network nodes are in perfect synchro-

nization.
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3.2.1 Semantic Communication Performance

First, we define τn,t ∈ {1, 2, . . . } as the AoI of device n at time t, i.e., the time

elapsed since its latest device packet was successfully received [16, 66, 137]:

τn,t+1 =

1, at time t, device n’s packet is received,

τn,t+1, otherwise.
(3.2.4)

Next, we define a positive non-decreasing cost (or penalty) function gn(τn,t),∀n ∈

{1, . . . , N} as a semantic measurement of device n’s information. A higher AoI state

corresponds to an increased cost function, indicating poorer performance in semantic

communications. Semantic communication systems with varying functionalities pos-

sess distinct gn(·) functions. The scheduling algorithms proposed in the rest of this

section are general and applicable to any positive and non-decreasing cost function.

The remote state estimation system in section 2.2 is an example that shows how

to determine gn(·) in a specific semantic communication system.

3.3 Semantic-aware Transmission Scheduling

We aim to find a dynamic scheduling policy π(·) that minimizes the expected total

discounted cost function of all N devices over the infinite time horizon.

Problem 3.3.1.

min
π

lim
T→∞

Eπ
[

T∑
t=1

N∑
n=1

γtgn(τn,t)

]
, (3.3.1)

where γ ∈ (0, 1) is a discount factor.
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3.3.1 Markov Decision Process Formulation

Problem 3.3.1 is a sequential decision-making problem with the Markovian prop-

erty and hence can be cast as an MDP as below.

The state, action, and transition probability are the same as the MDP formulation

in section 2.3.1. The immediate reward (i.e., the negative sum cost of all edge devices)

at time t is defined as −
∑N

n=1 gn(τn,t).

3.3.2 Value Functions of the Optimal Policy

Similar to section 2.4, we define the optimal value function and Q-value function

as

V (st) = E

[
∞∑
t′=t

γt
′−tr (st′)

∣∣∣at′ = π∗(st′), ∀t′ ≥ t

]
, (3.3.2)

and

Q(st, at)=E

[
∞∑
t′=t

γt
′−tr(st′)

∣∣∣at, at′=π∗(st′),∀t′>t

]
, (3.3.3)

respectively. Thus, the V function measures the long-term performance given the

current state, while the Q function can be used to compare the long-term performance

affected by different current actions.

The relation between the two value functions is given by [76]

Q(st, at) = r(st) + γ
∑
st+1

Pr(st+1|st, at)V (st+1). (3.3.4)

In particular, the Q function satisfies the Bellman equation:

Q(st, at) = r(st) + Est+1

[
γmax

at+1

Q (st+1, at+1)

]
. (3.3.5)
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3.3.3 DDPG for scheduling policy optimization

A DDPG agent has two neural networks (NNs): an actor NN with the parameter

set α and a critic network with the parameter set β. In particular, the actor NN

aims to approximate the optimal policy π∗(s) by π(s;α) after well-training, while the

critic NN approximates Q(st, at) by Q(st, at;β). The overall training process for the

two NNs works iteratively based on sampled data named transitions. Each transition

Ti , (si, ai, ri, si+1), consists of the state, action, reward, and next state. To train the

actor NN, the critic NN’s Q values are utilized for characterizing the performance of

the actor NN’s policy over the sampled data; to train the critic NN, the transitions

generated by the actor NN’s policy are utilized to evaluate the accuracy of Q function

approximation. In particular, the approximation error given Ti is defined as the

temporal difference (TD) error

TD2
i , (yi −Q(si, ai;β))2 , (3.3.6)

where yi = ri +γmaxai+1
Q(si+1, ai+1;β−) is the estimation of the Q function at next

step and β− is the critic NN parameters from the previous iteration. In other words,

the training of the critic NN is to minimize the TD errors over the transitions, making

the approximated Q function satisfy the Bellman equation (3.3.5) [76].

Remark 3.3.1. Our work focuses on the effective training of the critic NN by utilizing

the partial monotonicity of the Q function discussed in the section below, and the

training method for the actor NN is identical to the baseline DDPG. Furthermore, the

proposed training methods can be applied to solve other DRL problems that involve

monotonic critic NNs and can seamlessly integrate with actor-critic DRL algorithms

like Twin Delayed DDPG (TD3) and Proximal Policy Optimization (PPO).
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3.4 Partial Monotonicity of Q Function

We establish the partial monotonicity of the Q function in terms of the AoI and

channel states as below.

Theorem 3.4.1 (Monotonicity of Q function w.r.t. AoI states). Consider action a =

(a1, . . . , aN), and states s = (τ ,H) and s′AoI = (τ ′(n),H), where τ ′(n) = (τ1, . . . , τ
′
n, . . . ,

τN), τ ′n ≥ τn. The following holds

Q(s′AoI, a) ≤ Q(s, a). (3.4.1)

Proof. For notation simplicity, we assume that an = m,∀m ∈ {1, . . . ,M}. From (3.2.3)

and (3.2.4), we have

Pr(τ+|τ,H,a) =
N∏
n=1

Pr(τ+
n |τn,hn, an) = Pr(τ+

n |τn,hn,an)Pr(τ+
\n|τ\n,H\n,a\n), (3.4.2)

where τ\n = (τ1, . . . , τn−1, τn+1, . . . , τN) and a\n = (a1, . . . , an−1, an+1, . . . , aN) rep-

resent the AoI states and the actions of all devices except device n, respectively;

hn = (hn,1, hn,2, . . . , hn,M) is the vector channel state between device n and the re-

mote estimator and H\n = (h1, . . . ,hn−1,hn+1, . . . ,hN). By using (2.3.2), (3.3.4),

and (3.4.2), it can be derived that

Q(s, a)=r(s)+γ
∑
H+

∑
τ+
\n

∑
τ+n

Pr(H+)Pr(τ+
\n|τ\n,H\n, a\n) Pr(τ+

n |τn,hn, an)V (s+).

(3.4.3)

Since the state s′AoI is identical to the state s except the device n’s AoI state τn, to

prove (3.4.1) from (3.4.3) and r(s′AoI) ≤ r(s), we only need to prove the following

inequality∑
τ ′n

+

Pr(τ ′n
+|τn,hn, an)V (s′AoI

+
) ≤

∑
τn+

Pr(τn
+|τn,hn, an)V (s+). (3.4.4)
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From (3.2.4), each of s+ and s′AoI
+ has two different states in (3.4.4) depending on

the different transition of device n’s AoI state. Then, by taking (2.3.3) into (3.4.4),

the latter is equivalent to

(1− pn,m)V(1,τ+
\n,H

+) + pn,mV(τ ′n+1,τ+
\n,H

+)

≤ (1− pn,m)V(1,τ+
\n,H

+)+pn,mV(τn+1,τ+
\n,H

+). (3.4.5)

By using Lemma 2.4.2, we have V(τ ′n+1,τ+
\n,H

+) ≤ V(τn+1,τ+
\n,H

+). The inequal-

ity (3.4.5) holds directly.

Theorem 3.4.2 (Monotonicity of Q function w.r.t. channel states). Consider action

a = (a1, . . . , aN), and states s = (τ ,H) and s′Ch = (τ ,H′n,m) where H′n,m is identical

to H except the device-n-channel-m state with h′n,m > hn,m.

(i) If an = m, then the following holds

Q(s′Ch, a) ≤ Q(s, a). (3.4.6)

(ii) If an 6= m, then the equality in (3.4.6) holds, i.e., we have

Q(s′Ch, a) = Q(s, a). (3.4.7)

Proof. (i) Based on (3.4.3), we only need to prove that∑
H′+

∑
τn+

Pr(H′
+

) Pr(τn
+|τn,h′n,an)V (s′Ch

+
)≤
∑
H+

∑
τn+

Pr(H+) Pr(τn
+|τn,hn,an)V (s+),

(3.4.8)

which is equivalent to

(1−p′n,m)
∑
H′+

Pr(H′
+

)V (1, τ+
\n,H

′+) + p′n,m
∑
H′+

Pr(H′
+

)V (τn + 1, τ+
\n,H

′+)

≤ (1−pn,m)
∑
H+

Pr(H+)V (1, τ+
\n,H

+) + pn,m
∑
H+

Pr(H+)V (τn+1, τ+
\n,H

+). (3.4.9)
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From (3.2.3), we have∑
H′+

Pr(H′
+

)V (τ+,H′
+

) =
∑
H+

Pr(H+)V (τ+,H+), (3.4.10)

where τ+ = (1, τ+
\n) or (τn + 1, τ+

\n). By using (3.4.10), the inequality (3.4.9) is

simplified as

(p′n,m−pn,m)
∑
H+

Pr(H+)
[
V (τn+1,τ+

\n,H
+)− V (1,τ+

\n,H
+)
]
≤0. (3.4.11)

Due to the facts that V(τn+1,τ+
\n,H

+)≤V(1,τ+
\n,H

+) and p′n,m ≥ pn,m, (3.4.11) holds

directly.

(ii) Let an = m̄ 6= m. Similar to the proof of (i), after simplifications, we only

need to prove the following equality

(pn,m̄−pn,m̄)
∑
H+

Pr(H+)
[
V (τn+1,τ+

\n,H
+)− V (1,τ+

\n,H
+)
]

= 0, (3.4.12)

which is directly valid.

3.5 Partially Monotonic Critic Neural Network

Building on the partial monotonicity of the Q function, we aim to develop novel

training methods guaranteeing the monotonicity of the critic NN that can help solve

Problem 3.3.1 more effectively compared to conventional learning methods. We con-

sider two partially monotonic critic NN training methods: (i) network architecture-

enabled monotonicity and (ii) regularization-based monotonicity in the sequel.

3.5.1 Network Architecture-enabled Monotonicity

There are many monotonic NNs developed to satisfy the monotonicity of the critic

NN [139–141]. We propose a three-layer critic NN architecture (a shallow NN) that
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directly guarantees the partial monotonicity of the Q function, as shown in Fig. 2 (a).

The critic NN integrates the outputs of two NN processing the state and the action

inputs separately. In particular, the state-processing part (on the top of Fig. 2(a))

has to be a monotonic decreasing function. We adopt the monotonic NN in [142],

which guarantees that the output is a monotonic decreasing function of the input

with the following conditions: 1) the activation functions are non-decreasing (e.g.,

sigmoid or ReLU), and 2) the weights satisfy

β
(1,2)

ī,j̄
β

(2,3)

j̄
≤ 0,∀ī ∈ {1, N(M + 1)}, j̄ ∈ {1, . . . , U}. (3.5.1)

In (3.5.1), β
(1,2)

ī,j̄
denotes the weight for the connection between ī-th input node and

the j̄-th hidden node, β
(2,3)

j̄
denotes the weight for the connection between the j̄-th

hidden node and the output node in the critic NN, and U is the size of the hidden

layer. There is no specific requirement on the parameters of the action-processing

part (at the bottom of Fig. 2(a)).

First, we adopt the sigmoid activation function with positive output. Then, to

satisfy the constraint (3.5.1) and to ensure negative Q value outputs (see the definition

in (3.3.3)) during training, we restrict the weights β
(1,2)

ī,j̄
and β

(2,3)

j̄
to be non-negative

and non-positive, respectively, i.e., β
(1,2)

ī,j̄
← max(0, β

(1,2)

ī,j̄
) and β

(2,3)

ī,j̄
← min(0, β

(2,3)

ī,j̄
).

The advantage of the presented approach is that the monotonicity is strictly and

automatically ensured by the NN architecture during the training at each time step.

A potential drawback is that the “shallow” monotonic critic NN has a single hidden

layer, limiting its capability for approximating complex functions, which are required

when solving scheduling problems with large state and action spaces. Note that

although there are some deep monotonic NN, such as deep lattice networks [143],

these NNs have very complex architectures and are computationally expensive for
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(a) (b)

Figure 3.1: Partially monotonic critic NNs. (a) A shallow critic NN with network
architecture-enabled monotonicity, where the NN has only one hidden layer. (b) A
deep critic NN with regularization-based monotonicity. The dashed lines represent
the connections with the weights meeting the constraint (3.5.1) and the straight lines
represent the unconstrained connections.

large inputs. Therefore, we propose the following approach for training a “deep”

monotonic critic NN, which is a multi-layer fully connected NN without a specific NN

architecture requirement.

3.5.2 Regularization-based Monotonicity

We introduce penalty terms in the loss function of the critic NN training to enforce

a monotonically decreasing relationship between the state input and the output. In

particular, we propose two types of penalty for monotonicity regularization.

Positive derivative penalty (type I)

Let si,j denote the j-th state of the length-N(M + 1) state vector si, which can

be an AoI state (i.e., j ≤ N) or a channel state (i.e., j > N). The partial derivative

of the Q function Q(si, ai;β) at the state input si,j is given as

QDi,j = ∇si,jQ(si, ai;β) ∀j ∈ {1, . . . , N(M + 1)}. (3.5.2)
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To enforce the critic NN approximating a monotonically decreasing function at si,j,

the corresponding positive derivative penalty is max(0,QDi,j).

The computation of the derivative (3.5.2) requires backward propagation, which

has a higher computational complexity than forward propagation, i.e., evaluating

a Q value by feeding the critic NN with an input. Thus, we propose a forward-

propagation-only penalty scheme below.

Positive increment penalty (type II)

We introduce the Q value increment from states si to s′i,j as

QIi,j = Q(s′i,j, ai;β)−Q(si, ai;β), (3.5.3)

where s′i,j is identical to si except for the j-th state with one-step increment, s′i,j =

si,j + 1. To enforce the critic NN approximating a monotonically decreasing function

from si to s′i,j, we define the positive increment penalty as max(0,QIi,j).

Potentially, given the vector state si and based on the penalty defined above

related to si,j, one can calculate penalty terms for all j ∈ {1, . . . , N(M + 1)}, leading

to high computational cost when N and M are large. Therefore, we propose a novel

scheme to compute the penalty effectively.

Stochastic penalty sampling scheme. First, given the state action pair (si, ai), we

define an effective set Ji ⊂ {1, . . . , N(M + 1)} of the individual states for penalty

calculation. From (3.5.2) and (3.5.3), a penalty term is effective if QDi,j or QIi,j

is positive and the Q value changes dramatically. From (3.4.7) of Theorem 3.4.2,

channel hn,m’s quality improvement does not change the Q value at all, if device n is

not scheduled at channel m. Thus, we can eliminate those cases when calculating the

penalty. We define an indicator on whether a channel state si,j with j > N should
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Table 3.1: Summary of Hyperparameters of different DDPG algorithms
Hyperparameters Value
Mini-batch size, B 128

Time horizon for each episode 500
Experience replay memory size, K 20000

Learning rate of actor network and critic network 0.0001 and 0.001
Decay rate of learning rate 0.001

Soft parameter for target update, δ 0.005
Input dimension of actor network N +N ×M

Output dimension of actor network N
Input dimension of critic network 2N +N ×M

Output dimension of critic network 1

be considered for penalty evaluation or not, i.e.,

I(si,j) =

j ai utilizes si,j’s corresponding channel,

Ø otherwise.
(3.5.4)

Then, the effective set for penalty calculation is

Ji={1, . . . , N, I(si,N+1), . . . , I(si,N(M+1))}. (3.5.5)

Second, we randomly generate a uniformly down-sampled set J̄i with size K �

N(M + 1) based on Ji. From (3.5.2) and (3.5.3), the loss function of the transition

Ti regularized by the penalty terms determined by J̄i is

Li(β)=

TD
2
i +
∑

j∈J̄i max (0,QDi,j) type I regularized,

TD2
i +
∑

j∈J̄i max (0,QIi,j) type II regularized.
(3.5.6)

A well-trained critic NN β should minimize both the TD error and the penalty term

in the loss function above.
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Figure 3.2: Average sum MSE during training with N = 6,M = 3. The critic NN
has only one hidden layer – a shallow NN setup.

Figure 3.3: Average sum MSE during training with N = 14,M = 7. The critic NN
has three hidden layers – a deep NN setup.

3.6 Numerical Experiments

In this section, we evaluate and compare the performance of the three monotonicity-

enforced training methods for DDPG proposed in the previous section, namely mono-

tonic architecture-based DDPG (MA-DDPG), type I monotonicity-regularized DDPG

(MRI-DDPG), and type II monotonicity-regularized DDPG (MRII-DDPG).

The computing platform for running the numerical experiments and the settings

of the remote estimation system are the same as section 2.2. In terms of the system

parameters, each process has a two-dimensional state and scalar measurement, i.e.,
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Table 3.2: Performance Comparison of the Different DDPG Algorithms

System Scale
(N,M)

Algorithms Training time
/episode (second)

Experiment 1 Experiment 2 Experiment 3 Experiment 4

NEC MSE NEC MSE NEC MSE NEC MSE

(6, 3) DDPG 3.10 − − − − 107 133.7559 − −
MA-DDPG 3.17 58 50.4761 80 80.3567 30 56.3479 56 66.5171
MRI-DDPG 4.69 74 57.3178 − − 82 61.4528 − −
MRII-DDPG 4.01 66 57.4541 − − 53 61.4805 − −

(14, 7) DDPG 6.16 189 160.6451 162 136.5146 − − − −
MRI-DDPG 8.15 148 122.1874 105 114.3175 204 140.6513 176 207.1918

MRII-DDPG 7.20 87 112.3492 60 108.8440 160 131.0342 113 187.2761
(20, 10) DDPG 8.32 193 210.6116 188 199.5522 213 175.2343 − −

MRI-DDPG 9.83 158 172.7708 163 181.6881 182 144.6849 127 180.3464
MRII-DDPG 9.37 116 155.7731 109 170.6473 131 134.4982 103 167.6880

ln = 2 and cn = 1. The spectral radius of An and the entries of Cn are randomly sam-

pled from the range (1, 1.3) and (0,1), respectively. The channel states are quantized

into h̄ = 5 levels from the Rayleigh fading channel with the scale parameter drawn

uniformly from the range (0.5, 2) [144]. The packet drop probabilities of different

levels are set as 0.2, 0.15, 0.1, 0.05, and 0.01. The critic NN for a 6-sensor-3-channel

system and other cases has 1 hidden layer and 3 hidden layers, respectively, each with

1024 nodes. The actor NN for all cases has 3 hidden layers with 1024 nodes. All the

NNs are fully connected NNs. The number of penalty terms evaluated is K = 2. The

setting of the other hyperparameters for the different DDPG algorithms are shown in

Table 3.1.

Figs. 3.2 and 3.3 show the average sum mean square error (MSE) of all processes

during the training achieved by different DDPG algorithms with N = 6, M = 3 and

N = 14, M = 7, respectively. Fig. 3.2 illustrates that the MA-DDPG reduces the

average sum MSE by 15% when compared to the MRI-DDPG and MRII-DDPG, while

the baseline DDPG cannot converge with the shallow critic NN. Thus, for a small-

scale system, MA-DDPG is the most effective algorithm. Fig. 3.3 shows that MRI-

DDPG and MRII-DDPG save about 15% and 50% training episodes for convergence,
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respectively, and also reduce the average sum MSE by 30% when compared to DDPG.

MRII-DDPG performs better than MRI-DDPG, since the state space is discrete, and

MRII-DDPG directly regularizes the Q function monotonicity at the discrete state

space. Note that MA-DDPG cannot converge due to its shallow NN architecture.

In Table 3.2, we evaluate the training time, the number of episodes for convergence

(NEC), and the performance of different DDPG algorithms (based on 20000-step

simulations) over different system scales and parameters. We see that for the 20-

sensor-10-channel systems, MRII-DDPG can reduce the average MSE by 27% when

compared to DDPG (at the cost of the increased training time per episode by 13%),

whilst saving more than 30% time for convergence (i.e., training time/episode ×

NEC), despite the extended training duration of each episode. In particular, MRII-

DDPG solves the scheduling problem in Experiments 4 and 5 effectively, while the

baseline DDPG fails to converge.

3.7 Conclusion

In this work, building on the monotonicity of the Q function of the optimal

semantic-aware scheduling policy, we have developed monotonicity-driven DRL al-

gorithms to solve the scheduling problems effectively and reduce the MSE by about

30% compared to the conventional DRL algorithm.



Chapter 4

Goal-oriented Transmission
Scheduling: Structure-guided DRL
with a Unified On-policy and
Off-policy Approach

4.1 Introduction

Conventional communications focus on accurate bit-by-bit data transmission, achiev-

ing near-Shannon-capacity efficiency in 5G networks [145–147]. However, as we tran-

sition to 6G, goal-oriented communications emerge as a transformative paradigm,

prioritizing application-driven objectives over raw data accuracy [71]. This shift is

critical for enabling intelligent and efficient next-generation networks. Goal-oriented

communications encompass two main categories: human-centric and machine-

centric. Human-centric applications, such as extended reality (XR) [133] and aug-

mented reality (AR) [148], focus on preserving semantic meaning for accurate human

comprehension. Machine-centric applications, including industrial Internet of Things

(IIoT) [10] and autonomous driving [149], prioritize transmitting information that

directly optimizes system performance. This paradigm shift transcends traditional

79
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communication approaches, enabling smarter, more efficient interactions between hu-

mans, machines, and their environments [145].

Efficient scheduling is crucial in goal-oriented communications to maximize the

performance of systems with limited communication resources. Scheduling deter-

mines how devices share communication channels, directly impacting the timeliness

and relevance of transmitted information—key factors for achieving system goals. Un-

like conventional communication systems that typically use throughput, latency, or

reliability as performance metrics, goal-oriented communications adopt application-

specific metrics that evaluate the importance of the transmitted information in achiev-

ing the desired objective. Among these, the age of information (AoI) [106], which

measures the freshness of data, is particularly important for machine-type appli-

cations where outdated messages can become irrelevant or even harmful to system

performance.

To address scheduling challenges, optimizing scheduling policies has garnered sig-

nificant attention in the communications community [71]. Existing works often use

AoI and related metrics to guide scheduling decisions. For example, in [150], a control

cost minimization problem in a single-loop network is reformulated as an AoI-based

optimization problem and solved using Markov decision processes (MDPs) with value

iteration. Beyond AoI, other metrics such as the value of information (VoI)[151] and

mean square error (MSE)[65] have been introduced to assess information importance

in various contexts. In [151], an optimal scheduling and power allocation problem

is proposed for a single-sensor-single-controller system, maximizing VoI through an

event-triggered policy. However, these approaches have notable limitations. Heuristic

methods, while computationally efficient, cannot guarantee optimality. On the other
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hand, conventional dynamic programming methods, such as value and policy iter-

ation, are computationally infeasible for large-scale systems with high-dimensional

state and action spaces. These challenges underscore the need for scalable and op-

timal solutions tailored to the complexities of modern goal-oriented communication

systems.

In recent years, deep reinforcement learning (DRL) has emerged as a powerful

tool for solving large-scale MDPs by leveraging deep neural networks (NNs) to ap-

proximate functions [78, 152, 153]. All these methods rely on off-policy DRL, where

the current policy is updated using data collected from past policies. While off-policy

methods exhibit high sample efficiency and effective exploration by reusing past data,

they also introduce training instability and bias due to potential discrepancies between

the behaviors of the current and past policies. In contrast, on-policy DRL provides

a more stable learning process by updating policies using data generated exclusively

by the current policy [82, 154]. This approach, which discards previously collected

data after each update to keep training data closely aligned with the current policy,

ensures greater stability in stochastic environments. While on-policy methods offer

stability and have been effectively applied in specific scenarios, they suffer from poor

data efficiency because generated data is discarded after each update. This ineffi-

ciency, combined with insufficient exploration, can sometimes hinder performance,

particularly in scenarios requiring unbiased sampling [57].

In this chapter, we prove the convexity of the optimal value function and then

merge the off-policy and on-policy DRL algorithms based on these properties. We

aim to integrate their strengths while mitigating weaknesses so that the developed

algorithm can solve the large-scale MDPs as the on-policy method and achieve a
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Figure 4.1: Goal-oriented communication system with N edge devices, M channels,
and a remote destination

similar performance as the off-policy method.

4.2 System Model

We consider a wireless goal-oriented communication system with N edge devices

(e.g., cameras or sensors), and a remote destination (e.g., a base station or remote

estimator) as illustrated in Fig 4.1. These devices transmit the local data to the

remote destination through M channels (e.g., subcarriers) where M < N .

4.2.1 Communication Model

In this chapter, the wireless channel model and the channel assignment are con-

sidered the same as the 3.2. The distribution of the channel state hn,m,t is given as

Pr(hn,m,t = i) = q
(n,m)
i ,∀t, (4.2.1)
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where
∑h̄

i=1 q
(n,m)
i = 1,∀n,m. The channel assignment for device n at time step t is

denoted as

an,t =

0, if no channel is allocated to device n at time t,

m, if channel m is allocated to device n at time t,
(4.2.2)

and is assumed to satisfy the constraint
N∑
n=1

1 (an,t = m) = 1,
M∑
m=1

1 (an,t = m) ≤ 1, (4.2.3)

where 1(·) is the indicator function. The constraint (2.2.6) means that each channel

is allocated to one device and each device can be scheduled to at most one channel

4.2.2 Goal-oriented Communication Performance Metric

We define τn,t ∈ {1, 2, . . . } as the AoI of the device n at time t, which refers to the

time elapsed since the last successful receive of device packet at the destination [66,

138]:

τn,t+1 =

1, if remote destination receive device n’s packet at time t

τn,t+1, otherwise.
(4.2.4)

To characterize the significance of different information in the goal-oriented com-

munication system under different scenarios, we define a positive cost function cn(τn,t),

∀n ∈ {1, 2, . . . , N} as critical metrics of device n, where lower cost value means better

performance. The cost function is non-decreasing w.r.t the AoI and varies between

different goals of the system. The remote state estimation system in section 2.2 is an

example of one of the goal-oriented communication systems and the cost function is

defined as

cn(τn,t) , Tr(Pn,t). (4.2.5)
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4.3 Goal-oriented Transmission Scheduling

Our goal is to find a stationary and deterministic transmission scheduling policy

π(·) that, considering the AoI states τt and the channel states Ht, minimizes the

infinity-horizon expected sum of cost function with a discount factor γ ∈ (0, 1) across

all N devices.

Problem 4.3.1.

min
π

lim
T→∞

Eπ
[

T∑
t=1

N∑
n=1

γtcn(τn,t)

]
. (4.3.1)

4.3.1 Markov Decision Process Formulation

Problem 4.3.1 is a sequential decision-making problem with the Markovian prop-

erty and hence can be cast as an MDP as below.

The state, action, and transition probability are the same as the MDP formulation

in section 2.3.1. The immediate cost (i.e., the sum cost of all edge devices) at time t

is defined as ct =
∑N

n=1 cn(τn,t).

4.3.2 Definition of value functions for the optimal policy

For the optimal scheduling policy of the formulated MDP, i.e., π∗(·), we define

the action-value function Q(st, at) : S ×A → R and the optimal state-value function,

V ∗(st) : S → R as below.

Given the current state st = (τt,Ht) and action at, the action-value function, also

known as Q function, represents the expected cumulative discounted cost of executing
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action at and following the optimal policy π∗(·), i.e.,

Q(st, at)=E

[
∞∑
t′=t

γt
′−tc(st′)

∣∣∣at, at′=π∗(st′),∀t′>t

]
, (4.3.2)

which satisfies the Bellman optimality equation:

Q(st,at)=c(st)+γ
∑
st+1

Pr(st+1|st,at) min
at+1∈A

Q(st+1,at+1). (4.3.3)

By utilizing the optimal policy π∗(·), we derive the optimal action as

a∗t , π∗(st) = arg min
at∈A

Q(st, at). (4.3.4)

Based on the Q-function and optimal action, we define the optimal value function,

also called the optimal V function, as

V ∗(st) = min
at∈A

Q(st, at), (4.3.5)

which is the minimum expected discounted sum of the future cost starting in state st

under the optimal policy π∗(·). Based on (2.4.4), (4.3.4) and (4.3.5), the optimal V

function and the Q function are related as:

Q(st, at) ≥ Q(st, a
∗
t ) = V ∗(st). (4.3.6)

4.4 Structural Properties of Optimal V Functions

and Optimal Policies

In this section, we derive structural properties of the optimal V function and the

optimal scheduling policy, which will be leveraged in the design of advanced DRL

algorithms in Section 4.5. Similar to the MDP formulation in Section 2.3.1, we use

a, s, and s+ to represent at, st, and st+1, respectively, for the notation simplicity in

this section.
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4.4.1 Monotonicity of Optimal V function

In our earlier chapter, we established the following result about the monotonicity

of the optimal V function w.r.t. the AoI state:

Lemma 4.4.1 (Monotonicity of optimal V function w.r.t. AoI states). Consider

states s = (τ ,H) and s′AoI = (τ ′(n),H), where τ ′(n) is identical to τ except for the nth

AoI state, which is τ ′n, and τ ′n ≥ τn, then, the optimal V function holds the inequality:

V ∗(s′AoI) ≥ V ∗(s). (4.4.1)

We now prove that the optimal V function is also monotonically decreasing in

terms of the channel states as below.

Theorem 4.4.1 (Monotonicity of the optimal V function w.r.t. channel states).

Consider states s = (τ ,H) and s′Ch = (τ ,H′(n,m)), where H and H′(n,m) are identical

except for the element in the nth row and mth column hn,m < h′n,m. The optimal V

function holds the inequality:

V ∗(s′Ch) ≥ V ∗(s). (4.4.2)

Proof. To prove Theorem 4.4.1 based on (4.3.6), it is sufficient to prove

Q(s, a∗) ≥ Q(s′Ch, a
∗), (4.4.3)

where a∗ is the optimal action w.r.t the state s, i.e., a∗ = π∗(s). From (2.2.5) and

(4.2.4), we have the transition probability of the AoI state

P(τ+|τ ,H, a)=
N∏
n=1

P(τ+
n |τn,hn, an)=P(τ+

i |τi,hi,ai) P(τ+
−i|τ−i,H−i,a−i), (4.4.4)

where a−i = (a1, . . . , ai−1, ai+1, . . . , aN) and τ−i = (τ1, . . . , τi−1, τi+1, . . . , τN) denote

all actions and AoI states without the device i, respectively, and hi = (hi,1, hi,2, . . . , hi,M)

represents the channel states of all channels between device i and the remote des-

tination, and H−i = (h1, . . . ,hi−1,hi+1, . . . ,hN). By replacing (4.3.5) and (4.4.4)
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in (2.4.4), we derive that

Q(s, a) = c(s)+γ
∑
H+

∑
τ+

P(H+) P(τ+|τ ,H, a)V ∗(s+)

= c(s)+γ
∑
H+

∑
τ+i

∑
τ+
−i

P(H+) P(τ+
i |τi,hi, ai) P(τ+

−i|τ−i,H−i,a−i)V ∗(s+).(4.4.5)

In the following, we represent H′i,m with H′ for the notation simplicity and prove (4.4.3)

with different cases of the optimal action a∗.

(a) If a∗i 6= m, then

Q(s, a∗)−Q(s′Ch, a
∗)

= [c (s)− c (s′Ch)] + γ

[∑
H+

∑
τ+

P(H+) P(τ+|τ ,H, a)V ∗(τ+,H+)

−
∑
H′+

∑
τ+

P(H′
+

) P(τ+|τ ,H′, a)V ∗(τ+,H′
+

)

]
= 0 (4.4.6)

where the first equality is from (4.4.5), and the second equality is from c (s) =

c (s′Ch), ∑
H+

P(H+)V ∗(τ+,H+)=
∑
H′+

P(H′
+

)V ∗(τ+,H′
+

) (4.4.7)

with i.i.d. fading channel and P(τ+|τ ,H, a) = P(τ+|τ ,H′, a) as a∗i 6= m.
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(b) If a∗i = m, then we have

Q(s, a∗)−Q(s′Ch, a
∗)

= [c (s)− c (s′Ch)]

+ γ

[∑
H+

∑
τ+
−i

∑
τ+i

P(H+) P(τ+
−i|τ−i,H−i,a−i) P(τ+

i |τi,hi,ai)V ∗(τ+,H+)

−
∑
H+

∑
τ+
−i

∑
τ+i

P(H+) P(τ+
−i|τ−i,H−i,a−i) P(τ+

i |τi,h′i,ai)V ∗(τ+,H+)

]

≥ 0, (4.4.8)

where the first equality is derived based on (4.4.5) and (4.4.7), and the second

inequality is based on the following inequalities

(1− pi,m)V ∗(1, τ+
−i,H

+) + pi,mV
∗(τi+1, τ+

−i,H
+)

≥(1− p′i,m)V ∗(1, τ+
−i,H

+)+p′i,mV
∗(τi+1, τ+

−i,H
+) (4.4.9)

achieved by pi,m ≥ p′i,m, a∗i = m and Lemma 4.4.1.

From Lemma 4.4.1 and Theorem 4.4.1, the optimal V function monotonically

increases with both the AoI and channel states.

4.4.2 Convexity of Cost function and Optimal V function

Since the input state of the optimal V function takes only discrete values, we

define its convexity as below.

Definition 4.4.1 (Discrete convexity of optimal V function and cost function w.r.t.

AoI). Consider states s = (τ ,H), s′AoI = (τ ′(n),H), and s′′AoI = (τ ′′(n),H), where

τ = (τ1, . . . , τn, . . . , τN), τ ′(n) = (τ1, . . . , τ
′
n, . . . , τN), τ ′′(n) = (τ1, . . . , τ

′′
n , . . . , τN), and
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τ ′n ≥ τn ≥ τ ′′n . The cost function and the optimal V function, exhibiting convexity,

are defined as satisfying the following inequalities:

αc(s′′AoI) + (1− α)c(s′AoI) ≥ c(s), (4.4.10)

αV ∗(s′′AoI) + (1− α)V ∗(s′AoI) ≥ V ∗(s), (4.4.11)

for any n ∈ {1, . . . , N}, where α ∈ [0, 1] and ατ ′′n + (1− α)τ ′n = τn.

Cost function Convexity

It is important to highlight that cost functions are often convex in practical ap-

plications. This implies that the cost can grow increasingly rapidly as the AoI state

increases. For problems that aim to optimise overall AoI performance, the cost func-

tion is typically a linear function of AoI, which satisfies the convexity property defined

above. In the context of the remote state estimation problem presented in Exam-

ple 2.2, we provide a rigorous proof below to demonstrate that the cost function

exhibits convexity when the AoI becomes large.

Lemma 4.4.2 (Asymptotic convexity of the cost function w.r.t. AoI in a remote

state estimation system of Example 2.2). 1) The convexity of each device’s

cost function: For device n, the cost function

cn(τ) = Tr
(
hτn(P̄n)

)
, (4.4.12)

as defined in (4.2.5), is asymptotically convex, i.e., the inequality αcn(τ ′) + (1 −

α)cn(τ ′′) ≥ cn(τ) holds when α ∈ [0, 1] and ατ ′′n + (1−α)τ ′n = τn, under the condition

τ ′ ≥ τ ≥ τ ′′ � 1.

2) The convexity of the overall cost function: For states s, s′AoI, and s′′AoI

defined in Definition 4.4.1, the inequality (4.4.10) holds under the condition τ ′n ≥

τn ≥ τ ′′n � 1.
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Proof. See Appendix B.1.

Optimal V function Convexity

For a system with two devices and one channel, the convexity of the optimal V

function is rigorously proven as follows:

Theorem 4.4.2 (Discrete Convexity of optimal V function w.r.t AoI states in two-de-

vice-one-channel systems). The optimal V function V (·) of the two-device-one-channel

system has the convexity in Definition 4.4.1 if the cost function c (·) is convex:

αc(s′′) + (1− α)c(s′) ≥ c(s). (4.4.13)

Proof. See Appendix B.2.

For a general system with multiple devices and multiple channels, proving the

convexity becomes challenging due to the increased dimensionality of the state and

action spaces. This higher dimensionality leads to a more complex set of transition

states, making it difficult to directly verify the convexity property across all possible

transitions. Instead, we establish the asymptotic convexity of the optimal V function

as follows:

Theorem 4.4.3 (Asymptotic discrete convexity of the optimal V function w.r.t

AoI states in multi-device-multi-channel systems). The optimal V function V (·) of

a multi-device-multi-channel system has an asymptotic convexity: suppose that the

cost function c(·) is convex, i.e.,

αc(s′′) + (1− α)c(s′) ≥ c(s). (4.4.14)

the value function V (·) is also convex i.e.,

αV ∗(s′′) + (1− α)V ∗(s′) ≥ V ∗(s), (4.4.15)
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for states s′′ = (τ ′′(i),H), s′ = (τ ′(i),H) and s = (τ ,H), where α ∈ [0, 1], ατ ′′i + (1 −

α)τ ′i = τi, and τ ′i ≥ τi � τ ′′i .

Proof. See Appendix B.3.

Theorem 4.4.3 means that the optimal V function has discrete convexity in a

multi-device-multi-channel system, at least when the corresponding AoI state of the

state s is relatively large compared to the state s′′. In a special case where the devices

have identical channel states (i.e., are co-located), we further establish the asymptotic

convexity of the optimal value function when the evaluated states s′AoI, s and s′′AoI all

correspond to large AoI values. This result is formalized below:

Proposition 4.4.1 (Asymptotic convexity of the optimal V function w.r.t. AoI

for co-located devices). Given states s, s′AoI, and s′′AoI defined in Definition 4.4.1

with τ ′n ≥ τn ≥ τ ′′n � 1, and assuming that the devices experience identical channel

conditions, the optimal V function V (·) of a multi-device-multi-channel system is

convex, provided the cost function c (·) is convex.

Proof. See Appendix B.4

Remark 4.4.1 (Why not channel state convexity?). The convexity of the optimal

V function with respect to channel states has not been derived because it is neither

meaningful nor necessary in this context. The cost function, and thus the optimal

V function, fundamentally depends on the AoI values rather than the channel states.

Channel states play an indirect role, and in systems with independent and fluctuating

channels, their specific values often become irrelevant, especially when a device is not

using a particular channel. Additionally, analysing convexity with respect to channel
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states would require comparing an overwhelming number of state combinations, mak-

ing it impractical and adding no significant insight. Focusing on AoI, which directly

impacts the system’s performance, provides a more relevant and useful understanding.

4.4.3 Greedy Structure of Optimal Policy

In this section, beyond analyzing the properties of the optimal V function, we aim

to establish the structure of the optimal scheduling policy. Deriving the structure of

the optimal scheduling policy for a general multi-sensor, multi-channel system is not

feasible due to the complexity of the problem. Instead, we focus on a special case

involving co-located devices with identical channel states. This simplification, which

focuses solely on the AoI states of different devices while disregarding variations in

their channel states, allows us to address the problem more tractably and extract

meaningful insights.

To achieve this, we first define the mandatory scheduling set as follows:

Definition 4.4.2 (Mandatory scheduling set). Consider an N-device-M-channel sys-

tem. If there exists a threshold τ̄ such that the asymptotic cost function satisfies the

following ordering inequality:

ci1(τ) ≥ ci2(τ) · · · ≥ ciN (τ), ∀τ ≥ τ̄ , (4.4.16)

where in ∈ {1, . . . , N} represents an device index, then the following holds:

Given the AoI state (τ1, . . . , τN), if there exists a largest number N̄ ≤ M such

that the set I , {i1, . . . , iN̄} includes the N̄ devices with the largest AoI states, each

greater than τ̄ , then I is defined as the mandatory scheduling set.

The mandatory scheduling set is time-varying due to the dynamics of the AoI

states. If the mandatory scheduling set exists, it is intuitive that all devices within
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the set should be scheduled. This is because the instantaneous cost of each device

in the set exceeds that of any device outside the set. Moreover, leaving a device in

the set unscheduled would result in a higher cost function compared to scheduling

a device not belonging to the set. This result and the detailed proof are provided

below.

Theorem 4.4.4 (Asymptotic greedy structure of the optimal scheduling policy for

co-located devices). Consider a multi-device-multi-channel system with co-located de-

vices. If the mandatory scheduling set in Definition 4.4.2 exists, the optimal policy

schedules all devices within the set, i.e., a∗n 6= 0,∀n ∈ I.

Proof. See Appendix B.5.

4.5 Structure-guided unified on-off policy DRL

In this section, we leverage the theoretical results obtained to develop a structure-

guided unified dual on-off policy (SUDO) DRL method. This approach combines

the strengths of both off-policy and on-policy DRL, utilizing the state-of-the-art on-

policy PPO algorithm, widely regarded as one of the most advanced DRL methods

available. First, we briefly overview PPO, which is less familiar than commonly used

off-policy DRL methods. Next, we present the proposed SUDO algorithm.

4.5.1 Overview of Vanilla PPO Algorithm

A PPO agent has two neural networks (NNs): an actor NN and a critic NN. The

actor NN, with the parameter set ϕ, approximates the original deterministic policy

π∗(s) by a stochastic policy π(ã|s;ϕ), which outputs a probability distribution over
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actions ã given the state s. Note that in our original scheduling problem, the action

a is selected from the discrete action space of size N !/(N −M)!. Here to apply the

PPO algorithm, which operates in a continuous action space, we implement an action

mapping method [82]. This approach maps the N -dimensional continuous action ã

generated by the actor NN into a corresponding discrete action a. For simplicity in

notation, the process of obtaining a from the actor NN ϕ is represented as a stochastic

function:

a = f(s;ϕ). (4.5.1)

The critic NN, with the parameter set ν, approximates the optimal V function

V ∗(s) as V (s;ν), outputting the estimated value of the optimal V function for a

given state s. Training a PPO agent involves two iterative steps: generating an

experience trajectory and updating both NNs.

Step 1: Experience generation. The PPO agent generates a trajectory of length

T , resulting in the trajectory:

TOn , {(st, ãt, ct)}T−1
t=0 . (4.5.2)

At each time step t, the actor NN uses the current stochastic policy π(ãt|st;ϕold) to

sample a continuous actionãt, which is then mapped to the discrete (real) scheduling

action at. The next state st+1 and the cost ct are obtained by executing the real

actionat. The critic NN computes the estimated optimal V function of the state

V (st;ν). Using the trajectory TOn, the advantage function At and the cost-to-go

function Ct are calculated as

At =
T−t−1∑
t̃=0

(γλ)t̃ζt+t̃, (4.5.3)

Ct = ct + γV (st+1;ν), (4.5.4)
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where λ is the generalized advantage estimation (GAE) parameter, and ζt = ct +

γV (st+1;ν)− V (st;ν). The trajectory is then updated as

T ′On , {(st, ãt, At, Ct)}T−1
t=0 . (4.5.5)

Step 2: NN update. To update the actor and critic NNs, the PPO agent randomly

samples B1 data points from T ′On to create a mini-batch dataset:

{(sl, ãl, Al, Cl)}B1

l=1 . (4.5.6)

For the critic NN, the temporal difference (TD) error is defined as:

TDl , Cl − V (sl;ν), (4.5.7)

and the loss function is given by

L(ν) =
1

B1

B1∑
l=1

TD2
l . (4.5.8)

For the actor NN, the loss function is defined as:

L(ϕ) =
1

B1

B1∑
l=1

(
min{q(sl;ϕ)Al, (4.5.9)

clip (q(sl;ϕ), 1− ε, 1 + ε)Al} (4.5.10)

− ωH(sl;ϕ)
)
, (4.5.11)

where

q(sl;ϕ) =
π(ãl|sl;ϕ)

π(ãl|sl;ϕold)
(4.5.12)

is the probability ratio, and

clip(x, xmin, xmax) = max{min{x, xmax}, xmin} (4.5.13)

is a clip function. Here, ε is a clipping hyper-parameter, ω is the weight for the

entropy loss, and

H(sl;ϕ) =
1

2
ln(2π · e · σ2

l )

represents the policy entropy loss used to encourage exploration, where σl is the
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deviation for action ãl when in state sl following the current policy. The clip function

ensures stable training by constraining large updates.

Finally, the critic and actor NNs are updated by minimizing their respective loss

functions using gradient-based optimization methods, such as the Adam optimizer.

4.5.2 Proposed structure-guided unified on-off policy DRL

The SUDO loss functions for actor NN and critic NN are consisted of the on-policy

and off-policy parts, i.e.,

LSUDO(ν) = LOn(ν) + β1LOff(ν) (4.5.14)

LSUDO(ϕ) = LOn(ϕ) + β2LOff(ϕ), (4.5.15)

where β1 and β2 are the hyperparameters to balance the on-policy and off-policy loss

functions.

Since the structural evaluation metrics of the critic NN and actor NN cannot test

the whole infinite state space, there exists a bias between the derived structure scores

and the actual structure of NNs. It makes some trajectories with better actual scores

cannot be stored in the replay buffer for the off-policy training. Therefore, the on-

policy part is necessary to alleviate this bias by ensuring each generated data will not

be discarded directly without use. In the following, we introduce these two different

parts of the loss functions.

The use of the policy gradient method and trust region optimization enables PPO

to train policy stably and solve MDPs with large state and action space, which cannot

be solved by off-policy DRL, such as DDPG and DQN. However, the conventional

PPO algorithm only learns from the data collected by the current policy and the

previous samples are discarded after updating two NNs. So, the PPO agent cannot
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utilize the off-policy data, leading to sample inefficiency and more likely to be stuck

into the local optimality. Another drawback of the PPO algorithm is that some

structures of the optimal V function and the optimal policy have not been utilized to

improve the training.

To improve the algorithm sample efficiency and take advantage of the proven prop-

erties of the optimal V function and the optimal policy, we propose 1) a structure-

guided (SG) action selection method based on Theorem 4.4.4 to select the

proper actions and supervise the training at the initial stage; 2) the structural

properties evaluation terms of NNs to calculate the differences of NNs’ V esti-

mations and generated actions between different states based on structural properties

of the optimal V function (monotonicity and convexity) and the optimal policy (ac-

tion monotonicity); 3) the structure score scheme to give the derived trajectory

with different scores by using the structural properties evaluation terms; 4) a pri-

oritized replay buffer to improve the sample efficiency by storing and reusing the

past trajectories data and giving the stored data with different sampling priorities

building on their score; and 5) a Structure-guided Unified (Dual) On-off pol-

icy (SUDO) loss function to penalize the values that do not follow the structure

based on the structural properties evaluation terms.

Our Structure-guided Unified (Dual) On-off policy DRL (SUDO-DRL) training

algorithm consists of two stages: 1) the co-located-condition training stage, which

uses the SG action selection method under the channel state space considered in

Theorem 4.4.4, 2) the general-condition training stage with the system in 3.2. The

structure score scheme, prioritized replay buffer and SUDO loss function are used in

all two stages. Each stage consists of on-policy part and off-policy part, where the
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Figure 4.2: Critic and Actor NNs’ structural property evaluation framework.

data are sampled from the current experience and the past experience, respectively.

The first stage utilizes the SG action selection scheme to enable the DRL agent to

learn the relationship between the scheduling action and AoI state rather than the

whole state space. The second stage uses both the on-policy and selective off-policy

data for the agent training to improve the sample efficiency and prevent it from getting

stuck in the local optimality. In what follows, we present the action mapping scheme,

SG action selection scheme, structural properties based evaluation terms of NNs,

structure score scheme, the prioritized replay buffer, and the SUDO loss function.

Structural Property Evaluation Framework

For each state-action pair (s, a), we evaluate the critic NN V (s;ν) based on the

proven structural properties of the optimal V function: monotonicity w.r.t. AoI

state (Lemma 4.4.1) and channel state (Theorem 4.4.1), as well as convexity w.r.t.

AoI state (Theorem 4.4.3). Additionally, we assess the monotonicity of the actor

π(ã|s;ϕ)’s output action w.r.t. channel state in the vicinity of s (Theorem 2.4.1)

using similar penalty metrics. The overall evaluation framework is illustrated in

Fig. 4.2.
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Monotonicity of the critic NN. For state s = (τ ,H), we define V́AoI and V́Ch to

evaluate the monotonicity of the critic NN w.r.t. AoI state and channel state, respec-

tively:

V́AoI = max
(
0, V (s;ν)− V (ŝ(n);ν)

)
(4.5.16)

V́Ch = max
(
0, V (s;ν)− V (ŝ(n,m);ν)

)
, (4.5.17)

where ŝ(n) = (τ̂(n),H) is identical to s except for a single-step increase in the n-th

AoI, i.e.,

τ̂(n) = (τ1, . . . , τn + 1, . . . , τN), (4.5.18)

and ŝ(n,m) = (τ , Ĥ(n,m)), where Ĥ(n,m) is identical to H except for the element at the

nth row and the mth column as min(hn,m + 1, h̄).

The monotonicity metrics (4.5.16) and (4.5.17) indicate that when monotonicity

is satisfied, the corresponding metric is zero. However, if monotonicity is violated, the

penalty becomes positive and increases proportionally with the extent of the violation.

Convexity evaluation of the critic NN. Similarly, the evaluation metric for convex-

ity of the critic NN is defined as:

V̆AoI =max
(
0, 2V (s;ν)− (V (š(n);ν) + V (ŝ(n);ν))

)
, (4.5.19)

where š(n) = (τ̌(n),H) is identical to s except for a single-step decrease in the nth

AoI,

τ̌(n) = (τ1, . . . , τn − 1, . . . , τN). (4.5.20)

Monotonicity evaluation of the actor NN. As established in Theorem 2.4.1, the

monotonicity of the actor NN differs from the structural properties of the critic NN,

which are evaluated over the entire state vector. Instead, the monotonicity of the

actor NN is assessed for each device’s action individually.
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Given state s and a corresponding sampled action for device n, is an = m 6= 0,

we define the state š(n,m) = (τ , Ȟ(n,m)), where Ȟ(n,m) is identical to H except for the

element at the nth row and mth column is max(hn,m − 1, 1). The actor NN’s action

for device n at state š(n,m) is then sampled as ach,n.

The evaluation metric for device n’s action monotonicity w.r.t. the channel state

is defined as

Λ́Ch,n = 1 (an 6= 0 and aCh,n 6= an) . (4.5.21)

Sampling over the trajectory for structural property evaluation. To efficiently eval-

uate the structural properties of a trajectory, we sample data points from it rather

than considering all data points. We randomly and uniformly sample K state-action

pairs ((s1, a1), . . . , (sk, ak), . . . , (sK , aK)) from the trajectory. For each state sk, the

structural evaluation metrics defined above, (4.5.16), (4.5.17), (4.5.19), and (4.5.21),

require analyzing changes in different device AoI and channel states. To simplify this

process, we uniformly sample Ξ devices for AoI-related evaluations and Ξ elements

from the N ×M channel state matrix for channel state evaluations.

To account for these sampled points, we introduce subscripts k and ξ to the

evaluation metrics, i.e., V́AoI,k,ξ, V́Ch,k,ξ, V̆AoI,k,ξ, and Λ́Ch,k,ξ. The sampled data will

be used in both the on-policy and off-policy parts.

Trajectory structure evaluation. Using the monotonicity evaluation metrics of the

critic neural network (NN), i.e., (4.5.16) and (4.5.17), we define the critic-monotonicity

(CM) score, which is calculated based on the sampled states as:

CM ,

∑K
k=1

∑Ξ
ξ=1

[
1(V́AoI,k,ξ = 0) + 1(V́Ch,k,ξ = 0)

]
2KΞ

. (4.5.22)
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Similarly, based on the convexity evaluation metric in (4.5.19), we define the critic-

convexity (CC) score as:

CC ,

∑K
k=1

∑Ξ
ξ=1 1(V̆AoI,k,ξ = 0)

KΞ
. (4.5.23)

Then, using the monotonicity evaluation metric of the actor NN from (4.5.21), we

define the actor-monotonicity (AM) score as:

AM ,

∑K
k=1

∑Ξ
ξ=1 1(Λ́Ch,k,ξ = 0)

KΞ
. (4.5.24)

A higher score for CM, CC and AM indicates that the trajectory data aligns more

closely with the theoretical structural properties of the optimal policy, suggesting

that the policy being evaluated is closer to the optimal policy. These scores will be

used in the off-policy part to select trajectories for storage in a replay buffer.

On-Policy Loss Function

The on-policy loss function in SUDO-DRL leverages the current trajectory to

create a mini-batch data set of size B1, following the PPO algorithm described in

Section (4.5.1). However, the key difference lies in the introduction of a penalty term

for violations of the structural properties in the critic loss function. This penalty

is computed based on {V́AoI,k,ξ}, {V́Ch,k,ξ}, and {V̆AoI,k,ξ} derived from the earlier

structural property evaluation samplings.

The loss function for the critic NN in the on-policy component is defined as:

LOn(ν) =
1

B1

B1∑
l=1

TD2
l +

1

KΞ

K∑
k=1

Ξ∑
ξ=1

(
V́AoI,k,ξ + V́Ch,k,ξ + V̆AoI,k,ξ

)
, (4.5.25)

where the first term represents the TD loss, and the second term penalizes deviations

from the theoretical structural properties.

The loss function for the actor NN remains the same as the conventional PPO
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algorithm, as shown in (4.5.11):

LOn(ϕ) = L(ϕ). (4.5.26)

Since the evaluation metric Λ́Ch,n for actor NN uses the executed action after mapping

rather than the virtual action generated directly from actor NN, this metric cannot

be used in the loss function as other metrics of critic NN.

Off-policy reply buffer

Unlike on-policy DRL, which discards sampled data from old policies entirely, off-

policy DRL retains this data in a replay bufferR and samples from it for updating the

actor and critic NNs. However, data generated by a policy that is far from optimal

can negatively impact training because it introduces bias and instability, hindering

the convergence toward the optimal policy. To address this, the off-policy part of

the proposed SUDO-DRL framework selectively stores high-quality data that aligns

well with the theoretical structural properties of the optimal policy, ensuring more

effective and stable training.

Structure-Guided Data Storage Scheme. Given the current trajectory {st, ãt, ct}T−1
t=0

with index u, we first calculate the average structure scores of the past ū trajectories.

The average CM score is computed based on (4.5.22) as:

CMAvg,u =
1

ū

u−1∑
ũ=u−ū−1

CMũ, (4.5.27)

Similarly, the average CC and AM scores are calculated as CCAvg,u and AMAvg,u,

respectively.

Next, we define the condition for storing trajectory u in the replay buffer as:

CMu ≥ CMAvg,u, CCu ≥ CCAvg,u, AMu ≥ AMAvg,u. (4.5.28)
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If the trajectory scores satisfy the constraint (4.5.28), all transitions (i.e., state-

action-cost-next-state tuples) within the trajectory is stored in R as:

XOff,t , (st, ãt, ct, st+1, pt,ϕt) , t = 0, . . . , t− 1, (4.5.29)

where ϕt is the weights of actor NN of the trajectory u and pt represents the tran-

sition priority indicator, defined based on the structural scores of the trajectory

as:

pu = CMu + CCu + AMu. (4.5.30)

Off-policy replay buffer sampling and loss functions

The off-policy loss function in SUDO-DRL samples past experiences to create an

off-policy batch data set of size B2, i.e.,

{XOff,b}B2

b=1 , (4.5.31)

according to their priority indicators. Next, the agent randomly samples a mini-batch

of data transitions {(sb,l, ãb,l, cb,l, sb,l+1, ϕb)}B1
l=1 from XOff,b.

The loss function for critic NN in the off-policy component is defined as:

LOff(ν) =
1

B2

1

B1

B2∑
b=1

B1∑
l=1

TD2
b,l. (4.5.32)

where TDb,l is the TD loss derived by using the old experience in the sampled mini-

batch of data transitions.

Without the data of the whole trajectory, the loss function for the actor NN only

considers the single-step advantage function as follows:

LOff(ϕ) =
1

B2

1

B1

B2∑
b=1

B1∑
l=1

$b · ζb,l, (4.5.33)

where

$b =
π(ãb,l|sb,l;ϕ)

π(ãb,l|sb,l;ϕb)
(4.5.34)
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Figure 4.3: SUDO-DRL Algorithm Architecture.

is the importance sampling ratio used to correct distribution mismatch and ζb,l = cb,l+

γV (sb,l+1;ν)− V (sb,l;ν) is the single-step approximation of the advantage function.

Structure-guided action selection for pre-training

In the pre-training stage, we initialize the system with co-located devices and

develop a novel SG action selection based on Theorem 4.4.4, which indicates that

devices in the mandatory scheduling set should be scheduled for the transmission.

Theorem 4.4.4 indicates that the devices in the priority scheduling set should be

scheduled for the transmission.
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Thus, to utilize the greedy structure based on Theorem 4.4.4 during the co-located-

condition training stage, we firstly derive the mandatory scheduling set I based on the

current state and the properties of the system according to Definition 4.4.2. Then, in

the action selection part, we use the stochastic policy π(ã|s;ϕ) to generate the action

until all devices n, that belong to both sets I are scheduled in the corresponding real

action at, i.e.,

an,t 6= 0,∀n ∈ I. (4.5.35)

The generated real action at and virtual action ãt are selected as the executed action

and stored data in the training, respectively.

The architecture and details of the SUDO-DRL algorithm are shown in Fig. 4.3

and Algorithm 3, respectively.

4.6 Numerical Experiments

In this section, we evaluate and compare the performance of the proposed SUDO-

DRL with the PPO as the benchmark on-policy DRL and DDPG [56], structure-

enhanced DDPG (SE-DDPG) in Chapter 2, and type II monotonicity-regularized

DDPG (MRII-DDPG) in Chapter 3 as the benchmark off-policy DRL.

4.6.1 Experiment Setups

The computing platform for running the numerical experiments and the settings

of the remote estimation system are the same as section 2.6.

For the fair comparison, the actor NN and critic NN of the SUDO-DRL and

benchmark agents are fully connected neural networks, which have three hidden layers
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Algorithm 3 SUDO-DRL for device scheduling

1: Initialize critic and policy network with random weights ν and ϕ, respectively
2: Initialize the environment with co-located devices
3: for episode = 1, 2, . . . , I1 do
4: Initialize state s0

5: for t = 0, 1, . . . , T do
6: Generate a trajectory TOn , {(st, ãt, ct)}T−1

t=0 by the SG action selection method and the
current policy π(·|·)

7: end for
. Structural Property Evaluation

8: Calculate the structural property evaluation metrics V́AoI,k,ξ, V́Ch,k,ξ, V̆AoI,k,ξ, Λ́Ch,k,ξ accord-
ing to (4.5.16), (4.5.17), (4.5.19), and (4.5.24)

9: Generate a batch of structural property evaluation metrics
{V́AoI,k,ξ, V́Ch,k,ξ, V̆AoI,k,ξ, Λ́Ch,k,ξ}K,Ξk=1,ξ=1

. On-policy Part
10: for t = 0, 1, . . . , T do
11: Compute the advantage function At in (4.5.3) and cost-to-go function Ct in (4.5.4) and

generate the data set T ′On in (4.5.5)
12: end for
13: for epoch = 1, . . . , E1 do
14: Sample a random mini-batch of data {(sl, ãl, Al, Cl)}B1

l=1 from data set T ′On of the current
trajectory

15: Calculate the on-policy loss function LOn(ν) in (4.5.25) and LOn(ϕ) in (4.5.26)
16: end for

. Off-policy Part
17: Calculate the structure score of the generated trajectory CMu, CCu, and AMu according

to (4.5.22), (4.5.23), and (4.5.24), and the priority pu according to (4.5.30)
18: Calculate the average structure score CMAvg,u, CCAvg,u, and AMAvg,u according to (4.5.27)

19: Store transition XOff,u , (TOn,u, pu, ϕu) of the current trajectory u in R if it meets the
constraints (4.5.28)

20: for epoch = 1, . . . , E2 do
21: Sample a batch of transitions {XOff,b}B2

b=1 based on sampling priority (4.5.30) from R
22: for b = 1, . . . , B2 do
23: Sample a mini-batch of data transitions {(sb,l, ãb,l, cb,l, sb,l+1, ϕb)}B1

l=1 from XOff,b

24: Calculate the off-policy loss function LOff(ν) in (4.5.32) and LOff(ϕ) in (4.5.33)
25: end for
26: end for
27: Update ν by minimizing the loss function LSUDO(ν) in (4.5.14)
28: Update ϕ by minimizing the loss function LSUDO(ϕ) in (4.5.15)
29: end for
30: Initialize the environment with the wireless communication model introduced in 2.2
31: Initialize replay buffer R
32: for episode = I1, . . . , I do
33: Repeat algorithm from line 5 to line 28 by adopting the action selection of conventional PPO

algorithm as in [155]
34: end for
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Table 4.1: Summary of Hyperparameters

Hyperparameters of SUDO-DRL and benchmarks Value

Critic NN learning rate 0.001

Actor NN learning rate 0.0001

Decay rate of learning rate 0.001

Discount factor, γ 0.99

GAE parameter, λ 0.99

Clipping parameter, ε 0.2

Policy entropy loss weight, ω 0.01

Decay rate of sampling priority, ρ 0.95

Unified on-off policy loss function hyperparameter, β 0.9

Number of epochs for on-policy part, E1 2

Number of epochs for on-policy part, E2 − E1 2

On-policy and off-policy mini-batch size, B1 128

Off-policy trajectory batch size, B2 4

Number of sampled states for score scheme, K 50

Number of tested AoI and channel state, N ′ 4

Number of past trajectories for average score computing, ū 50

Time horizon of each episode, T 128

Size of Replay buffer, R 200

Number of episodes for co-located-condition training stage, I1 10×N
Number of episodes for whole training, I 10000

Optimizer during training Adam

with the same nodes as in [82]. The input and output nodes are set according to the

requirements of each algorithm as follows. For the actor NN, the input dimension is

the same as the state dimension, i.e., N + N ×M , for all algorithms. The output

dimension is 2N for SUDO-DRL and PPO as discussed in Section 4.5.2, and N for the

benchmark off-policy DRL algorithms. In terms of the critic NN, the input dimension

is N + N ×M for the SUDO-DRL and PPO, and 2N + N ×M for the benchmark

off-policy DRL, while the output dimension is 1 for all evaluated algorithms.
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Figure 4.4: Average cost during training with N=40,M=20.

The setting of the training hyperparameters of the SUDO-DRL and PPO algo-

rithm is summarized in Table 4.1 The details and hyperparameters settings of the

other benchmark algorithms are shown in 2.6 and 3.6.

4.6.2 Performance Comparison of Different DRL Algorithms

Fig. 4.4 illustrates the average cost during the training of the SUDO-DRL algo-

rithms with and without the co-located-condition training stage, and the benchmark

PPO under the same system setting of a 40-device-20-channel system. It shows that

the proposed SUDO-DRL reduces the average cost by about 30% compared with

the conventional PPO, and the developed co-located-condition training method saves

more than 40% training episodes for convergence to the same point. Also, we see

that the average cost of the policy after co-located-condition training is lower than

the policy without co-located-condition training, i.e., the policy at the 400th episode,

which implies that the policy has reached a better point.
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Table 4.2: Emperical average cost of the SUDO-DRL algorithm and the Benchmarks

System Scale
(N,M)

Para. DDPG
SE-DDPG
Chapter 2

MRII-DDPG
Chapter 3

PPO SUDO-DRL

(10, 5) 1 89.26 77.14 84.00 119.63 85.52
2 98.87 87.30 90.28 123.01 95.82
3 − 106.60 119.55 195.37 121.31
4 83.12 78.21 80.88 120.93 80.68

(20, 10) 5 − 357.14 369.14 569.96 370.63
6 − − 445.87 584.37 426.29
7 − 407.20 441.73 731.94 417.90
8 − 290.72 307.94 376.16 308.91

(30, 15) 9 − − − 805.45 519.78
10 − − − 739.97 575.34
11 − − − 900.71 518.03
12 − − − 901.42 551.97

(40, 20) 13 − − − 1057.05 719.45
14 − − − 971.35 689.81
15 − − − 1291.54 994.80
16 − − − 1012.20 771.91

In Table 2.2, we examine the performance of the SUDO-DRL algorithm and bench-

mark algorithms. The performance is evaluated based on the empirical average cost

over 20000-step simulations under different system settings, including the param-

eters of dynamic processes and wireless communications system, i.e., An, Cn and

q1
n,m, . . . , q

h̄
n,m, as well as different system scales, i.e., (N,M). We see that the DDPG

can only work for the 10-device-5-channel system settings, and the SE-DDPG and

MRII-DDPG can only converge up to the 20-device-10-channel systems, but both

PPO and SUDO-DRL can work for 40-device-20-channel system scale. In particular,

in 10-device-5-channel systems, the proposed SUDO-DRL reduces the average cost

by 25% over the conventional PPO and achieves similar performance to the DDPG,

while it can converge in the 3rd parameter setup, where the DDPG fails to find an

effective scheduling policy. For the system scales that SE-DDPG and MRII-DDPG
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Figure 4.5: Structure score of actor NN during training with N=40,M=20.

can converge, the SUDO-DRL performs about 5% worse than these benchmark off-

policy algorithms. In other system settings, the SUDO-DRL provides a 25% to 40%

cost reduction when compared to the PPO. We can also see that the reduced costs

between PPO and SUDO-DRL become higher with the increase in the system scale.

In addition, we also test the effect of the proposed score scheme and the SUDO

loss function on the structure of the policy during the training of the SUDO-DRL

algorithm. Fig. 4.5 and Fig. 4.6 illustrate that the SUDO-DRL improves the structure

score of the actor NN and the convexity score of the critic NN about 25% compared

with the PPO. In Fig. 4.7, we see that both SUDO-DRL and PPO converge to the

monotonicity score of 100 while SUDO-DRL saves about 85% training episodes to

converge.

4.7 Conclusion

In this section, we have formulated the optimal goal-oriented transmission schedul-

ing problem as the MDP, and then proved that the optimal value function of the for-

mulated MDP has the monotonicity w.r.t. the channel states as well as the discrete
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Figure 4.6: Convexity score of critic NN during training with N=40,M=20.

Figure 4.7: Monotonicity score of critic NN during training with N=40,M=20.

convexity w.r.t. the AoI states. We also have proved that the optimal policy has

a greedy structure under some system settings. After that, we have developed the

Structure-guided Unified (Dual) On-off policy DRL (SUDO-DRL) algorithm based

on these proven structural properties for dealing with the formulated MDP. In par-

ticular, we have introduced the following novel methods to improve the exploration

effectiveness and sample efficiency: a structure-guided action selection method and

loss function, a structure score scheme to prioritize the generated data, and a pri-

oritized replay buffer to store and reuse the past data. The numerical results have

shown that the SUDO-DRL algorithm can improve by 25% to 45% performance while

saving convergence time by about 40% compared with the benchmark on-policy DRL
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algorithm. When compared with the benchmark off-policy DRL algorithms, it can

achieve a similar performance while solving the scheduling problem in the large-scale

system that off-policy DRL cannot converge.



Chapter 5

Conclusions and Future Work

This thesis studied different structural properties of the transmission scheduling

problem in a remote state estimation system, including the threshold structure of the

optimal scheduling policy, the monotonicity of the Q function, and the convexity of the

optimal value function. These properties are used to improve the conventional DRL

algorithms for better performance and convergence speed. This chapter summarizes

the main results and insights of this thesis, followed by a discussion of some possible

extensions in future work.

5.1 Summary of Results and Insights

Chapter 2 proved that the optimal scheduling policy of the remote estimation

system satisfies a number of threshold properties. Then, based on these theoretical

guidelines, we developed structure-enhanced deep reinforcement learning (SE-DRL)

algorithms, including SE-DQN and SE-DDPG, to solve the optimal scheduling prob-

lem. In particular, we have proposed a novel action selection method and a new loss

function to improve training efficiency. The developed SE action selection method

regularizes the selected actions based on the action of the state with a smaller AoI.

113
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The proposed SE loss functions are used to guide the trained policy to have the

optimal policy structure by penalizing the actions that do not follow the threshold

structure. Our numerical results have illustrated that SE-DRL algorithms can reduce

training time by 50% and reduce the estimation mean square error (MSE) by 10%

to 25%, when compared to benchmark DRL algorithms. The results also show that

SE-DRL can effectively solve a range of optimal scheduling problems, not limited to

remote state estimation systems.

Chapter 3 proved that the Q function of the optimal scheduling policy is mono-

tonic with respect to the AoI states and channel states. In addition, we show that

the monotonicity of the Q function also exists in the semantic-award transmission

scheduling problem in cyber-physical systems (CSPs), not limited to the remote state

estimation system. Then, building on this monotonicity, we have developed three dif-

ferent types of monotonicity-driven DRL algorithms: monotonic architecture-based

DDPG (MA-DDPG), type I monotonicity-regularized DDPG (MRI-DDPG), and type

II monotonicity-regularized DDPG (MRII-DDPG). The MA-DDPG algorithm guar-

antees the monotonicity of the Q function by using a three-layer monotonic NN with

unique architecture, which requires the activation functions to be non-decreasing

and the product of NN’s weights to be no-positive. The MRI-DDPG and MRII-

DDPG obtain the monotonic critic NN by introducing a positive derivative penalty

and positive increment penalty in the loss function, respectively. The developed

monotonicity-driven DRL algorithms solve the scheduling problems effectively and

improve performance by about 30% while reducing training episodes by about 50

Chapter 4 formulated the optimal goal-oriented transmission scheduling problem

as the MDP and then proved that the optimal value function of the formulated MDP
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has the monotonicity with respect to the channel states as well as the discrete convex-

ity with respect to the AoI states. We have also proved that the optimal policy has

a greedy structure under some system settings. We then developed the Structure-

guided Unified (Dual) On-off policy DRL (SUDO-DRL) algorithm based on these

proven structural properties for dealing with the formulated MDP. In particular, we

have introduced the following novel methods to improve the exploration effectiveness

and sample efficiency: a structure-guided action selection method and loss function,

a structure score scheme to prioritize the generated data, and a prioritized replay

buffer to store and reuse the past data. The numerical results have shown that the

SUDO-DRL algorithm can improve performance by 25% to 45% while reducing con-

vergence time by about 40% compared to the benchmark on-policy DRL algorithm.

When compared to the benchmark off-policy DRL algorithms, it can achieve a sim-

ilar performance while solving the scheduling problem in the large-scale system that

off-policy DRL cannot converge.

The above results are not only beneficial to the communications research com-

munity but also offer several important insights for the control community. First,

the proven threshold-based scheduling policies could help control researchers design

more efficient event-triggered control systems. Next, the proven monotonicity of the

Q function could inform the design of control laws in networked systems by establish-

ing a clear relationship between control actions and system states. Moreover, as the

proposed novel DRL algorithms provide high-quality remote state estimation, these

algorithms enable the remote controller to generate better control signals, which is

necessary for the overall stability of the networked control system.
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5.2 Future Work

We now propose some possible extensions of our problems that could potentially

be investigated in future work.

Future work could explore NOMA-based resource allocation problems, moving

beyond the current focus on sensor scheduling problems, which assume that each

sensor can be scheduled to at most one channel and each channel is assigned to only

one sensor. In this case, the action space becomes hybrid and large, i.e., the discrete

sensor scheduling and continuous power allocation, which makes the problem more

difficult to solve. More structural properties of the optimal resource allocation policies

can be investigated, such as the monotonicity of the allocated power with respect to

the AoI states and channel states, and then these properties can be used to develop

tailored DRL algorithms. To solve the resource allocation problems, we can also

consider the graph neural network (GNN) and zero-shot learning, which are powerful

deep learning methods.

In addition, hardware implementation and testing of the proposed algorithms in

the wireless networked control systems would provide valuable practical validation,

as the experiments in this thesis were conducted in simulation environments. Key im-

plementation challenges to investigate include real-time processing constraints, clock

synchronization between distributed nodes, system latency measurement and opti-

mization, and reliable wireless communication in noisy environments. The hardware

validation could focus on several aspects including measuring actual computation

times for the DRL algorithms on embedded platforms, evaluating control perfor-

mance under real wireless channel conditions, and esting the system’s robustness to

interference and packet losses.Such hardware implementations would provide crucial
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insights into scaling these systems for larger industrial deployments.

For the control community, these results also highlight some challenges, particu-

larly in terms of guaranteeing stability and performance bounds when using learning-

based scheduling policies in feedback control loops. The DRL-based solutions, while

effective, may need additional theoretical analysis to provide the rigorous stability

guarantees typically required in control theory.

In terms of the system model design, various scenarios can be investigated. First,

we should consider a more general communication system with Markov fading chan-

nels rather than the i.i.d. fading channels since the channel states between two con-

secutive time steps are usually not independent. Next, the control loop can also be

included in future work on the channel assignment or resource allocation problem so

that the derived policy needs to consider the control performance. Moreover, human-

centered systems (e.g., Metaverse and extended reality) have not been considered.

With the development of intelligent edge devices, the system is required to transmit

not only sensing information but also information from humans, which is difficult to

model mathematically. The large language models (LLMs) developed in recent years

can be an effective tool to solve such problems. How to schedule the information

generated by an LLM is an open challenge in future work.

Furthermore, some more advanced DRL algorithms based on structural properties

with lower computation complexity and better performance can be developed. For

example, an SE action selection with lower computation complexity can save much

training time, especially for the high-dimensional state and action space. In addition,

a more innovative approach to merging the on-policy and off-policy methods, which

enables the trained policy to perform better than the off-policy DRL while solving the
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large-scale scheduling problem as on-policy DRL, can be investigated in the future.



Appendix A

Proofs for Chapter 2.

Structure-Enhanced DRL for

Optimal Transmission Scheduling

A.1 Proof of Lemma 2.4.2

Similar to the Q-value function, we define a W-function for the value function,

W (s, a, V t̃) : S ×A× V → R

W (s, a, V t̃) = r(s) + γ
∑
s+

Pr(s+|s, a)V t̃(s+). (A.1.1)

According to Lemma 2.4.1, the converge of the optimal value function, V ∗(s), is

independent of the initial value function V 0(s). Therefore, given states s = (τ ,H)

and s′ = (τ ′(i),H), where τ ′i ≥ τi, we can assume that V 0(s) is monotonic, i.e.

V 0 (s′) ≤ V 0 (s) . (A.1.2)

119
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To prove Lemma 2.4.2 based on (A.1.2) and Lemma 2.4.1, it is sufficient to show that

the value function V 1(s) is monotonic, i.e.

V 1 (s′) ≤ V 1 (s) , (A.1.3)

and then the monotonicity of the value function can be preserved by the Bellman

operator B[·] from V 0(s) to V ∗(s). During the value iteration, we define the optimal

action and the optimal policy at t̃th iteration as

at̃ , πt̃(s) = r(s) + γ arg max
a∈A

[∑
s+

Pr(s+|s, a)V t̃−1(s+)

]
. (A.1.4)

From (2.4.6) and (A.1.4), it directly follows the relationship between the value func-

tion and the W-functions:

V t̃+1(s) = W (s, at̃, V t̃) ≥ W (s, a, V t̃). (A.1.5)

As we consider i.i.d. fading channel states, the transition probability of the channel

state H+ is independent of the number of iterations, the current state, and the action,

which implies that the channel states are constant. Therefore, for the convenience of

writing, we write the state as s = τ and s′ = τ ′.

To prove (A.1.3), we use the optimal action of the state τ ′ is a1 = π1
(
τ ′(i)

)
to

derive the following inequality,

V 1
(
τ ′(i)
)
− V 1 (τ )

≤ W (τ ′(i), a
1, V 0)−W (τ , a1, V 0)

= [r (τ ′)− r (τ )] + γ

[∑
τ\i+

∑
τ ′i

+

Pr(τ\i
+|τ\i,H\i, a1

\i) Pr(τ ′i
+|τ ′i ,hi, a1

i )V
0(τ ′

+
)

−
∑
τ\i+

∑
τi+

Pr(τ\i
+|τ\i,H\i, a1

\i) Pr(τi
+|τi,hi, a1

i )V
0(τ+)

]
≤ 0, (A.1.6)

where the first inequality is based on (A.1.5), and the first equality is based on (A.1.1),



Appendix A. Proofs for Chapter 2. Structure-Enhanced DRL . . . 121

and the last inequality is based on (A.1.2), r (τ ′) < r (τ ), and the following inequality,

Pr(τ ′i
+

= τ ′i + 1|τ ′i ,hi, a1
i )V

0(τ ′i + 1, τ\i
+) ≤ Pr(τi

+ = τi + 1|τi,hi, a1
i )V

0(τi + 1, τ\i
+)

(A.1.7)

Pr(τ ′i
+

= 1|τ ′i ,hi, a1
i )V

0(1, τ\i
+) = Pr(τi

+ = 1|τi,hi, a1
i )V

0(1, τ\i
+) (A.1.8)

achieved by (A.1.2), Pr(τ ′i
+ = τ ′i + 1|τ ′i ,hi, a1

i ) = Pr(τi
+ = τi + 1|τi,hi, a1

i ), and

Pr(τ ′i
+ = 1|τ ′i ,hi, a1

i ) = Pr(τi
+ = 1|τi,hi, a1

i ).

Thus, the monotonicity of the value function V 0(s) propagates through the Bell-

man operator B[·] to the optimal value function V ∗(s).

A.2 Proof of Lemma 2.4.3

In this proof, we also need the submodularity of the value function. Therefore,

similar to the proof of Lemma 2.4.2, we assume that the initial value function V 0(s)

is submodular and probabilistic supermodular. Thus, given states s = (τ ,H) and

s◦ = (τ ◦,H) where τ ◦ = (τ ′′i , τ
′
j) with τ ′′i ≤ τi and τ ′j ≥ τj, we obtain that

V 0 (s ∨ s◦) + V 0 (s ∧ s◦) ≤ V 0 (s) + V 0 (s◦) , (A.2.1a)

pj,1V
0 (s ∧ s◦) + (pj,1 − pi,1)V 0 (s ∨ s◦) ≥ pj,1V

0 (s) + (pj,1 − pi,1)V 0 (s◦) . (A.2.1b)

To prove Lemma 2.4.3 based on (A.2.1a), (A.2.1b) and Lemma 2.4.1, it is sufficient

to show that the value function V 1(s) is submodular and probabilistic supermodular,

i.e.

V 1 (s ∨ s◦) + V 1 (s ∧ s◦) ≤ V 1 (s) + V 1 (s◦) , (A.2.2a)

pj,1V
1 (s ∧ s◦) + (pj,1 − pi,1)V 1 (s ∨ s◦) ≥ pj,1V

1 (s) + (pj,1 − pi,1)V 1 (s◦) , (A.2.2b)

and then these properties of the value function can be preserved by the Bellman

operator B[·] from V 0(s) to V ∗(s). Similar to the proof of Lemma 2.4.2, we write the
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states as s = τ and s◦ = τ ◦, and then τ ∨ τ ◦ = (τi, τ
′
j) and τ ∧ τ ◦ = (τ ′′i , τj). In

terms of the policy, since we only consider the system with a single channel in this

proof, we write the optimal policy as πt̃(τ ) = i to represent that sensor i is scheduled

for the state τ , i.e. at̃i = 1.

In the following, we prove (A.2.2a) by cases (a) and (b), and (A.2.2b) by cases

(a’) and (b’) with different packet success rates.

(a) If pj,1 ≤ pi,1, then there are four cases with different optimal actions of states:

(a.1) π1(τ ∨ τ ◦) = π1(τ ∧ τ ◦) = i, (a.2) π1(τ ∨ τ ◦) = π1(τ ∧ τ ◦) = j, (a.3)

π1(τ ∨ τ ◦) = i, π1(τ ∧ τ ◦) = j, (a.4) π1(τ ∨ τ ◦) = j, π1(τ ∧ τ ◦) = i.

(a.1) If π1(τ ∨ τ ◦) = π1(τ ∧ τ ◦) = i, then

V 1(τ ∨ τ ◦) + V 1(τ ∧ τ ◦)− V 1(τ )− V 1(τ ◦)

≤ W (τ ∨ τ ◦, i, V 0) +W (τ ∧ τ ◦, i, V 0)−W (τ , i, V 0)−W (τ ◦, i, V 0)

= γpi,1
[
V 0(1, τ ′j + 1) + V 0(1, τj + 1)− V 0(1, τj + 1)− V 0(1, τ ′j + 1)

]
+ γ(1− pi,1)

[
V 0(τi + 1, τ ′j + 1) + V 0(τ ′′i + 1, τj + 1)

− V 0(τi + 1, τj + 1)− V 0(τ ′′i + 1, τ ′j + 1)
]

≤ 0, (A.2.3)

where the last inequality is based on (A.2.1a).

(a.2) If π1(τ ∨τ ◦) = π1(τ ∧τ ◦) = j, the proof is similar to the case (a.1) by showing

W (τ ∨ τ ◦, j, V 0) +W (τ ∧ τ ◦, j, V 0)−W (τ , j, V 0)−W (τ ◦, j, V 0) ≤ 0.



Appendix A. Proofs for Chapter 2. Structure-Enhanced DRL . . . 123

(a.3) If π1(τ ∨ τ ◦) = i, π1(τ ∧ τ ◦) = j, then

V 1(τ ∨ τ ◦) + V 1(τ ∧ τ ◦)− V 1(τ )− V 1(τ ◦)

≤ W (τ ∨ τ ◦, i, V 0) +W (τ ∧ τ ◦, j, V 0)−W (τ , i, V 0)−W (τ ◦, j, V 0)

= γ
[
pi,1V

0(1, τ ′j + 1) + (1− pi,1)V 0(τi + 1, τ ′j + 1)

+ pj,1V
0(τ ′′i + 1, 1) + (1− pj,1)V 0(τ ′′i + 1, τj + 1)

− pi,1V 0(1, τj + 1)− (1− pi,1)V 0(τi + 1, τj + 1)

− pj,1V 0(τ ′′i + 1, 1)− (1− pj,1)V 0(τ ′′i + 1, τ ′j + 1)
]

= γ
[
pi,1V

0(1, τ ′j + 1) + (pi,1 − pj,1)V 0(τ ′′i + 1, τj + 1)

− pi,1V 0(1, τj + 1)− (pi,1 − pj,1)V 0(τ ′′i + 1, τ ′j + 1)
]

+ γ(1− pi,1)
[
V 0
(
τi + 1, τ ′j + 1) + V 0(τ ′′i + 1, τj + 1)

− V 0(τi + 1, τj + 1)− V 0(τ ′′i + 1, τ ′j + 1)
]

≤ 0, (A.2.4)

where the last inequality is based on (A.2.1a) and (A.2.1b).

(a.4) If π1(τ ∨ τ ◦) = j, π1(τ ∧ τ ◦) = i, then

V 1(τ ∨ τ ◦) + V 1(τ ∧ τ ◦)− V 1(τ )− V 1(τ ◦)

≤W (τ ∨ τ ◦, j, V 0) +W (τ ∧ τ ◦, i, V 0)−W (τ , i, V 0)−W (τ ◦, j, V 0)

=γpj,1[V 0(τi+1, 1)−V 0(τ ′′i +1, 1)]+γ(1−pj,1)[V 0(τi+1, τ ′j+1)−V 0(τ ′′i +1, τ ′j+1)]

+γ(1− pi,1)[V 0(τ ′′i + 1, τj + 1)− V 0(τi + 1, τj + 1)]

≤γ(1−pi,1)[V 0(τi+1, τ ′j+1)+V 0(τi+1, τj+1)−V 0(τ ′′i +1, τ ′j+1)−V 0(τi+1, τj+1)]

≤0, (A.2.5)
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where the second inequality is based on Lemma 2.4.2 and the following inequal-

ity

pj,1
[
V 0(τi+1, 1)+V 0(τ ′′i +1, τ ′j+1)−V 0(τ ′′i +1, 1)−V 0(τi+1, τ ′j+1)

]
≤ pi,1

[
V 0(τi+1, 1)+V 0(τ ′′i +1, τ ′j+1)−V 0(τ ′′i +1, 1)−V 0(τi+1, τ ′j+1)

]
, (A.2.6)

and the last inequality is base on (A.2.1a).

(b) If pj,1 ≥ pi,1, the proof is similar to the case (a).

Similarly, we prove (A.2.2b) by different cases based on the packet success rates.

(a’) If pj,1 ≤ pi,1, then

pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

= pj,1
[
V 1(τi + 1, τj + 1)− V 1(τ ′′i + 1, τj + 1)

]
+ (pi,1 − pj,1)

[
V 1(τi + 1, τ ′j + 1)− V 1(τ ′′i + 1, τ ′j + 1)

]
,

≤ 0, (A.2.7)

where the last inequality is based on Lemma 2.4.2. Thus, V 1(s) is probabilistic

supermodular for states with pj,1 ≤ pi,1, and the optimal policy of V 1(s) has

property (ii) for the sensor with a higher packet success rate as Theorem 2.4.2

is directly following the probabilistic supermodularity of the value function.

(b’) If pj,1 ≥ pi,1, then there are four cases based on the optimal action of states:

(b’.1) π1(τ ) = π1(τ ◦) = i, (b’.2) π1(τ ) = π1(τ ◦) = j, (b’.3) π1(τ ) = i, π1(τ ◦) = j,

(b’.4)π1(τ )=j, π1(τ ◦)= i.
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(b’.1) If π1(τ ) = π1(τ ◦) = i, then

pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

≤ pj,1W (τ , i, V 0) + (pj,1 − pi,1)W (τ ◦, i, V 0)

− pj,1W (τ ∧ τ ◦, i, V 0)− (pj,1 − pi,1)W (τ ∨ τ ◦, i, V 0)

=pi,1
[
r(τi, τ

′
j)−r(τ ′′i , τ ′j)

]
+γpj,1

[
pi,1V

0(1, τj+1)+(1− pi,1)V 0(τi+1, τj+1)
]

+ γ(pj,1 − pi,1)
[
pi,1V

0(1, τ ′j + 1) + (1− pi,1)V 0(τ ′′i + 1, τ ′j + 1)
]

− γpj,1
[
pi,1V

0(1, τj + 1) + (1− pi,1)V 0(τ ′′i + 1, τj + 1)
]

− γ(pj,1 − pi,1)
[
pi,1V

0(1, τ ′j + 1) + (1− pi,1)V 0(τi + 1, τ ′j + 1)
]

≤γ(1− pi,1)
[
pj,1V

0(τi + 1, τj + 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1)

− pj,1V 0(τ ′′i + 1, τj + 1)− (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1)
]

≤ 0, (A.2.8)

where the second and last inequality is based on (A.2.1b)

(b’.2) If π1(τ ) = π1(τ ◦) = j, the proof is similar to the case (b’.1) by showing

pj,1W (τ , j, V 0)+(pj,1−pi,1)W (τ ◦, j, V 0)−pj,1W (τ∧τ ◦, j, V 0)−(pj,1−pi,1)W (τ∨

τ ◦, j, V 0) ≤ 0.

(b’.3) If π1(τ ) = i, π1(τ ◦) = j, then
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pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

≤ pj,1W (τ , i, V 0) + (pj,1 − pi,1)W (τ ◦, j, V 0)

− pj,1W (τ ∧ τ ◦, i, V 0)− (pj,1 − pi,1)W (τ ∨ τ ◦, j, V 0)

≤ γpj,1
[
pj,1V

0(τ ′′i + 1, 1) + (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1)

− pj,1V 0(τi + 1, 1)− (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1)
]

+ γpi,1pj,1
[
V 0(τi + 1, 1) + V 0(τ ′′i + 1, τj + 1)

− V 0(τ ′′i + 1, 1)− V 0(τi + 1, τj + 1)
]

+ γ[pj,1V
0(τi + 1, τj + 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1)

− pj,1V 0(τ ′′i + 1, τj + 1)− (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1)]

≤ γ [pj,1 − pj,1pi,1]
[
V 0(τ ′′i + 1, 1) + V 0(τi + 1, τj + 1)

− V 0(τi + 1, 1)− V 0(τ ′′i + 1, τj + 1)
]

≤ 0, (A.2.9)

where the second inequality is based on (A.2.1b), and the third inequality is

based on (A.2.1a) and the following inequality

pj,1[pj,1V
0(τ ′′i + 1, 1) + (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1)

− pj,1V 0(τi + 1, 1)− (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1)]

< [pj,1V
0(τ ′′i + 1, 1) + (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1)

− pj,1V 0(τi + 1, 1)− (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1)], (A.2.10)

and the last inequality is based on (A.2.1a) and pj,1 − pj,1pi,1 > 0.

(b’.4) If π1(τ ) = j, π1(τ ◦) = i, then according to case (a’) and pj,1 ≥ pi,1, we obtain

that π1(τ ∨ τ ◦) = j, which implies that

W
((
τi, τ

′
j

)
, j, V 0

)
≥ W

((
τi, τ

′
j

)
, i, V 0

)
, (A.2.11)
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based on (A.1.5). Using (A.1.1), then (A.2.11) is equal to

pj,1V
0(τi + 1, 1) + (1− pj,1)V 0(τi + 1, τ ′j + 1)

≥ pi,1V
0(1, τ ′j + 1) + (1− pi,1)V 0(τi + 1, τ ′j + 1), (A.2.12)

which is exactly

pj,1V
0(τi + 1, 1) + (pi,1 − pj,1)V 0(τi + 1, τ ′j + 1) ≥ pi,1V

0(1, τ ′j + 1). (A.2.13)

Similarly, we derive the following inequality based on (A.1.5), (A.1.1) and

π1(τ ◦) = i,

pi,1V
0(1, τ ′j + 1) + (1− pi,1)V 0(τ ′′i + 1, τ ′j + 1)

≥ pj,1V
0(τ ′′i + 1, 1) + (1− pj,1)V 0(τ ′′i + 1, τ ′j + 1) (A.2.14)

which is exactly

pi,1V
0(1, τ ′j + 1) ≥ pj,1V

0(τ ′′i + 1, 1) + (pi,1 − pj,1)V 0(τ ′′i + 1, τ ′j + 1). (A.2.15)

Then, we use the (A.2.13) and (A.2.15) to derive that

pj,1V
0(τi + 1, 1) + (pi,1 − pj,1)V 0(τi + 1, τ ′j + 1)

≥ pj,1V
0(τ ′′i + 1, 1) + (pi,1 − pj,1)V 0(τ ′′i + 1, τ ′j + 1), (A.2.16)

and thus

pj,1V
0(τi + 1, 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1)

≥ pj,1V
0(τ ′′i + 1, 1) + (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1), (A.2.17)

which is opposite to the (A.2.1b). Thus, this case cannot exist at the 1st

iteration.

Thus, the submodularity and the probabilistic supermodularity of the value func-

tion V 0(s) propagates through the Bellman operator B[·] to the optimal value function

V ∗(s).
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A.3 Proof of Lemma 2.4.4

Similar to the proof of Lemma 2.4.2, we assume that the initial value function

V 0(s) has the following property given states s = (τ ,H) and s′ = (τ ′(i),H) where

τ ′i � τi,

V 0 (s′)� V 0 (s) . (A.3.1)

To prove Lemma 2.4.4 based on (A.3.1) and Lemma 2.4.1, it is sufficient to show that

the value function V 1(s) has the same property, i.e.

V 1 (s′)� V 1 (s) . (A.3.2)

Similar to the proof of Lemma 2.4.3, we write the states as s = τ and s′ = τ ′(i), and

the action as π1(s) = i to represent a1
i = 1 for the state s. Moreover, we drop the

constant AoI states in different optimal value functions. For example, given states

τ = (τ1, . . . , τi, . . . , τN) and τ ′ = (τ1, . . . , τ
′
i , . . . , τN), we write them as τ = (τi) and

τ ′ = (τ ′i). In the following, we prove (A.3.2) by cases based on the optimal action of

states.

(a) If π1(τ ′) = i, then

V 1 (τ ′)− V 1 (τ ) (A.3.3)

≤ W
(
τ ′, i, V 0

)
−W

(
τ , i, V 0

)
(A.3.4)

= pi,1 [r(τ ′i , τj)− r(τi, τj)] (A.3.5)

+γ
[
pi,1V

0(1, τj+1)+(1−pi,1)V 0(τ ′i+1, τj+1)−pi,1V 0(1, τj+1)−(1−pi,1)V 0(τi+1, τj+1)
]

(A.3.6)

� 0, (A.3.7)

where the last inequality is base on (A.3.1).
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(b) If π1(τ ′) = j, then the proof is similar to the case (a) by showing W (τ ′, j, V 0)−

W (τ , j, V 0)� 0.

A.4 Proof of Lemma 2.4.5

Similar to the proof of Lemma 2.4.2, we assume that the initial value function

V 0(s) is probabilistic supermodular given states s = (τ ,H) and s◦ = (τ ◦,H), where

τ ◦ = (τ ′′i , τ
′
j) with τ ′′i � τi and τ ′j ≥ τj,

pj,1V
0 (s ∧ s◦) + (pj,1 − pi,1)V 0 (s ∨ s◦) ≥ pj,1V

0 (s) + (pj,1 − pi,1)V 0 (s◦) . (A.4.1)

To prove Lemma 2.4.5 based on (A.4.1) and Lemma 2.4.1, it is sufficient to show that

the value function V 1(s) is probabilistic supermodular, i.e.

pj,1V
1 (s ∧ s◦) + (pj,1 − pi,1)V 1 (s ∨ s◦) ≥ pj,1V

1 (s) + (pj,1 − pi,1)V 1 (s◦) . (A.4.2)

Similar to the proof of Lemma 2.4.4, we write the states as s = τ = (τi, τj) and s◦ =

τ ◦ = (τ ′′i , τ
′
j), and the action as π1(s) = i to represent a1

i = 1, then τ ∨ τ ◦ = (τi, τ
′
j)

and τ ∧ τ ◦ = (τ ′′i , τj). In the following, we prove (A.4.2) by case (a) and (b) based

on the packet success rates.

Then, we prove (A.4.2) by cases.

(a) If pj,1 ≤ pi,1, then

pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

= pj,1[V 1(τ )− V 1(τ ∧ τ ◦)] + (pi,1 − pj,1)[V 1(τ ∨ τ ◦)− V 1(τ ◦)]

≤ 0, (A.4.3)

where the last inequality is derived based on Lemma 2.4.2.

(b) If pj,1 ≥ pi,1, then there are ten cases based on the optimal action of states.
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(b.1) π1(τ ) = π1(τ ◦) = i, (b.2) π1(τ ) = π1(τ ◦) = j, (b.3) π1(τ ) = i, π1(τ ◦) =

j, (b.4) π1(τ ) = j, π1(τ ◦) = i, (b.5) π1(τ ) = π1(τ ◦) = k, (k 6= i, j) (b.6)

π1(τ ) = i, π1(τ ◦) = k, (b.7) π1(τ ) = k, π1(τ ◦) = i, (b.8) π1(τ ) = j, π1(τ ◦) = k,

(b.9) π1(τ ) = k, π1(τ ◦) = j, (b.10) π1(τ ) = k1, π
1(τ ◦) = k2.

For cases (b.1), (b.2), (b.3), and (b.4), the proof is the same as the proof of

Lemma 2.4.3, because the AoI state of sensors except for the sensor i and sensor

j are constant during the proof in these cases. Therefore, we only prove the

other cases in the following.

(b.5) If π1(τ ) = π1(τ ◦) = k, (k 6= i, j), then

pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

≤ pj,1W (τ , k, V 0) + (pj,1 − pi,1)W (τ ◦, k, V 0)

− pj,1W (τ ∧ τ ◦ k, V 0)− (pj,1 − pi,1)W (τ ∨ τ ◦, k, V 0)

= pi,1[r(s∨s◦)−r(s)]+γpj,1
[
pk,1V

0(τi+1, τj+1, 1)+(1−pk,1)V 0(τi+1, τj+1, τk+1)
]

+ γ(pj,1 − pi,1)[pk,1V
0(τ ′′i + 1, τ ′j + 1, 1) + (1− pk,1)V 0(τ ′′i + 1, τ ′j + 1, τk + 1)]

− γpj,1[pk,1V
0(τ ′′i + 1, τj + 1, 1) + (1− pk,1)V 0(τ ′′i + 1, τj + 1, τk + 1)]

− γ(pj,1 − pi,1)[pk,1V
0(τi + 1, τ ′j + 1, 1) + (1− pk,1)V 0(τi + 1, τ ′j + 1, τk + 1)]

≤ γpk,1[pj,1V
0(τi + 1, τj + 1, 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1, 1)

− pj,1V 0(τ ′′i + 1, τj + 1, 1)− (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1, 1)]

γ(1− pk,1)[pj,1V
0(τi + 1, τj + 1, τk + 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1, τk + 1)

− pj,1V 0(τ ′′i + 1, τj + 1, τk + 1)− (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1, τk + 1)]

≤ 0, (A.4.4)

where the second inequality is based on r(s ∨ s◦) − r(s) < 0, and the last
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inequality is base on (A.4.1).

(b.6) If π1(τ ) = i, π1(τ ◦) = k, then

pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

≤ pj,1W (τ , i, V 0) + (pj,1 − pi,1)W (τ ◦, k, V 0)

− pj,1Wτ ∧ τ ◦, k, V 0)− (pj,1 − pi,1)W (τ ∨ τ ◦, i, V 0)

≤ γpi,1
[
pi,1V

0(1, τ ′j + 1, τk + 1)− pk,1V 0(τ ′′i + 1, τ ′j + 1, 1)

− (pi,1 − pk,1)V 0(τ ′′i + 1, τ ′j + 1, τk + 1)
]

≤ γpi,1
[
(pi,1 − pk,1)V 0(τ ′′i +1, τ ′j+1, τk+1)−(pi,1−pk,1)V 0(τ ′′i +1, τ ′j+1, τk+1)

]
= 0, (A.4.5)

where the second inequality is based on (A.4.1), Lemma 2.4.2, and Lemma 2.4.4

with τi � τ ′′i as we can drop value functions with much lower value, and the

third inequality is based on Q(τ ◦, k) ≥ Q(τ ◦, i). For example, the following

equation is from Lemma 2.4.4, τi � τ ′′i and τk + 1 > 1,

(1− pi,1)V 0(τi + 1, τj + 1, τk + 1) + pk,1V
0(τ ′′i + 1, τj + 1, 1)

= (1− pi,1)V 0(τi + 1, τj + 1, τk + 1). (A.4.6)
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(b.7) If π1(τ ) = k, π1(τ ◦) = i, then

pj,1V
1(τ ) + (pj,1 − pi,1)V 1(τ ◦)− pj,1V 1(τ ∧ τ ◦)− (pj,1 − pi,1)V 1(τ ∨ τ ◦)

≤ pj,1W (τ , k, V 0) + (pj,1 − pi,1)W (τ ◦, i, V 0)

− pj,1W (τ ∧ τ ◦, k, V 0)− (pj,1 − pi,1)W (τ ∨ τ ◦, k, V 0)

≤ γpk,1[pj,1V
0(τi + 1, τj + 1, 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1, 1)

− pj,1V 0(τ ′′i + 1, τj + 1, 1)− (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1, 1)]

+ γ(1− pk,1)[pj,1V
0(τi + 1, τj + 1, τk + 1) + (pj,1 − pi,1)V 0(τ ′′i + 1, τ ′j + 1, τk + 1)

− pj,1V 0(τ ′′i + 1, τj + 1, τk + 1)− (pj,1 − pi,1)V 0(τi + 1, τ ′j + 1, τk + 1)]

≤ 0, (A.4.7)

where the second inequality is based on Lemma 2.4.4 and the last inequality is

base on the (A.4.1). For cases (b.8), (b.9), and (b.10) the proof is similar to

case (b.7)

Thus, the probabilistic supermodularity of the value function V 0(s) propagates through

the Bellman operator B[·] to the optimal value function V ∗(s).



Appendix B

Proofs for Chapter 4.

Goal-oriented Transmission

Scheduling: Structure-guided DRL

with a Unified On-policy and

Off-policy Approach

B.1 Proof of Lemma 4.4.2

To prove the inequality (4.4.12), it is sufficient to prove that

Tr(hτi−1
i (P̄i)) + Tr(hτi+1

i (P̄i)) ≥ 2 Tr(hτii (P̄i)). (B.1.1)

For notation simplicity, we drop the subscript i and notate τi − 1 as d during the

proof of (B.1.1) in the following.
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Based on the stable Kalman filter property [111], we have

P̄ = AP̄A> + W −K, (B.1.2)

where

K = AP̄C>
[
CP̄C> + V

]−1 (
AP̄A>

)>
. (B.1.3)

From (B.1.2), we derive that

A2P̄A2> −AP̄A> + AWA> = AKA>. (B.1.4)

Next, the matrix A can be written in Jordan normal form as

A = FJF−1, (B.1.5)

where J = diag(η1, . . . , ηr̄) and ηr̄ is the eigenvalue of the matrix A. Then, we start

to prove inequality (B.1.1)

Tr(hd(P̄)) + Tr(hd+2(P̄))− 2 Tr(hd+1(P̄))

= Tr
[
Ad
(
A2P̄A2>+P̄− 2AP̄A>+AWA>−W

)
Ad>

]
= Tr

[
Ad
(
AKA> −K

)
Ad>

]
= Tr

[
K′
(
A2d+2 −A2d

)]
=

r̄∑
r=1

K ′rr
(
η2d+2
r − η2d

r

)
≥ 0 (B.1.6)

where K ′rr are the diagonal element of K′ = F−1KF, and the first equality is by

using h(X) = AXA> + W and hτ+1(·) = h(hτ (·)), and the second equality is based

on (B.1.2) and (B.1.4), and the last equality is derived from (B.1.5), and the inequality

is from asymmetric and positive matrix K, max(η1, . . . , ηr) > 1, and τ � 1.

Then, similarly, to prove convexity of the overall cost function, it is sufficient to
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prove that

1

2
c(s′′) +

1

2
c(s′) ≥ c(s), (B.1.7)

which is equal to the inequality (B.1.1) based on the definition of the cost func-

tion (4.2.5) and c(st) =
∑N

i=1 ci(τi,t) in the remote state estimation system.

Therefore, the two different convexity conditions in Lemma 4.4.2 hold.

B.2 Proof of Theorem 4.4.2

At kth iteration of the value iteration, the optimal action and optimal policy is

defined as

ak , πk(s) = c(s) + γ arg max
a∈A

[∑
s+

P(s+|s, a)V k−1(s+)

]
. (B.2.1)

In order to prove Theorem 4.4.2, we define a Z-function at kth value iteration similar

to the Q-function, Z(s, a, V k) : S ×A× V → R:

Z(s, a, V k) = c(s) + γ
∑
s+

P(s+|s, a)V k(s+), (B.2.2)

which can be derived to the same equation as (2.4.10) but replacing V ∗(s+) with

V k(s+). From (2.4.6), (B.2.1), and (B.2.2), the relationship of the value function and

the Z-function is given as

V k+1(s) = Z(s, ak, V k) ≤ Z(s, a, V k). (B.2.3)

Based on Lemma 2.4.1, the convergence of the optimal V function does not depend

on the initial value function V 0(s) and the properties of V 0(s) are propagated by the

Bellman operator B[·] to V ∗(s). So, to prove Theorem 4.4.2 from Lemma 2.4.1, it is

sufficient to prove that V 1(s) holds the convexity i.e.,

αV 1(s′′) + (1− α)V 1(s′) ≥ V 1(s), (B.2.4)
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under the assumption that V 0(s) is convex, i.e.,

αV 0(s′′) + (1− α)V 0(s′) ≥ V 0(s), (B.2.5)

where s′′ = ((τ ′′i , τj) ,H), s′ = ((τ ′i , τj) ,H), s = ((τi, τj) ,H), and ατ ′′i + (1− α)τ ′i = τi

for α ∈ [0, 1] and τ ′i ≥ τi ≥ τ ′′i .

Since the channel states are considered to be i.i.d. and the transition probability

P(H+) is dependent only on the probability distribution (2.2.4), the channel states

are constant during each iteration. Thus, we write the state as s = τ , s′ = τ ′, and

s′′ = τ ′′ for the writing simplicity.

Thus, we prove (B.2.4) by cases with different optimal actions of states for the

first iteration, i.e., ǎ1 = π1(s′′), â1 = π1(s′), in the following.

(a) If ǎ1
i = â1

i = 1, then

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− Z(τ , ǎ1, V 0)

= [αc(′′) + (1− α)c(τ ′)− c(τ )]

+γ(1−pi,1)
[
αV 0(1,τj+1)+(1−α)V 0(1,τj+1)− V 0(1, τj+1)

]
+γpi,1

[
αV 0(τ ′′i +1,τj+1)+(1−α)V 0(τ ′i+1, τj+1)− V 0(τi + 1, τj + 1)

]
≥ 0, (B.2.6)

where the first inequality is derived from and (B.2.3), and the first equality is

from (B.2.2), and the last inequality is from (4.4.13) and (B.2.5).
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(b) If ǎ1
j = â1

j = 1, then

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− Z(τ , ǎ1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− c(τ )]

+γ(1−pj,1)
[
αV 0(τ ′′i +1,1)+(1−α)V 0(τ ′i+1,1)−V 0(τi+1,1)

]
+γpj,1

[
αV 0(τ ′′i +1,τj+1)+(1−α)V 0(τ ′i+1, τj+1)− V 0(τi + 1, τj + 1)

]
≥ 0, (B.2.7)

where the last inequality is derived based on (4.4.13), (B.2.5), and α(τ ′′i +1) +

(1− α)(τ ′i+1) = τi+1.

(c) If ǎ1
j = 1, â1

i = 1, then

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− αZ(τ , ǎ1, V 0)− (1− α)Z(τ , â1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− c(τ )]

+ αγ
[
(1−pj,1)V 0(τ ′′i +1, 1)+(pi,1−pj,1)V 0(τi+1, τj+1)

− (1−pj,1)V 0(τi+1, 1)−(pi,1−pj,1)V 0(τ ′′i + 1, τj + 1)
]

+γpi,1
[
αV 0(τ ′′i +1,τj+1)+(1−α)V 0(τ ′i+1, τj+1)− V 0(τi + 1, τj + 1)

]
≥ 0 (B.2.8)

where the last inequality is based on (4.4.13), (B.2.5), and Lemma 3 in [144].

(d) Based on Theorem 2 in [144], the case that ǎ1
i = 1, â1

j = 1 cannot exist at all

iteration during the value iteration.

Therefore, the Bellman operator B[·] preserve the convexity of the value function

V 0(s) to the optimal V function V ∗(s).
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B.3 Proof of Theorem 4.4.3

To prove Theorem 4.4.3, we require the lemma showing the optimal V function

has the asymptotic monotonicity as below.

Lemma B.3.1 (Asymptotic monotonicity of the optimal V function w.r.t AoI state [144]).

For states s = (τ ,H) and s′ = (τ ′(i),H), where τ ′i � τi, the optimal V function holds

the inequality:

V ∗(s′)� V ∗(s). (B.3.1)

Then, similar to the proof of Theorem 4.4.2, to prove Theorem 4.4.3 based on

Lemma 2.4.1, it is sufficient to prove that V 1(s) is asymptotically convex, i.e.,

αV 1(s′′) + (1− α)V 1(s′) ≥ V 1(s), (B.3.2)

under the assumption that the initial value function V 0(s) has the asymptotic con-

vexity, i.e.,

αV 0(s′′) + (1− α)V 0(s′) ≥ V 0(s), (B.3.3)

where s = (τ ,H), s′ = (τ ′(i),H), s′′ = (τ ′′(i),H), and ατ ′′i + (1−α)τ ′i = τi for α ∈ [0, 1]

and τ ′i ≥ τi � τ ′′i .

Therefore, in the following, we also write the states as s = τ , s′ = τ ′, and s′′ = τ ′′,

and prove (B.3.2) by cases (a) and (b) with different optimal actions ǎ1 = π1(τ ′′), â1 =

π1(τ ′).
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(a) If ǎ1 = â1, then

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− Z(τ , ǎ1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− c(τ )]

+ γ
∑
τ+
−i

P(τ+
−i|τ−i,H−i,ǎ1

−i)

[
α
∑
τ ′′i

+

P(τ ′′i
+|τ ′′i ,hi,ǎ1

i )V
0(τ ′′

+
)

+ (1− α)
∑
τ ′i

+

P(τ ′i
+|τ ′i ,hi,â1

i )V
0(τ ′

+
)−

∑
τ+i

P(τ+
i |τi,hi,ǎ1

i )V
0(τ+)

]

≥ 0 (B.3.4)

where the first inequality is from (B.2.3), and the first equality is from (B.2.2)

and ǎ1 = â1, and the final inequality is from (4.4.14) and the following equality

P(τ ′′i + 1|τ ′′i ,hi, ǎ1
i )V

0(τ ′′i + 1, τ+
−i) + P(τ ′i + 1|τ ′i ,hi, â1

i )V
0(τ ′i + 1, τ+

−i)

≥ P(τi + 1|τi,hi, ǎ1
i )V

0(τi + 1, τ+
−i), (B.3.5)

and

P(τ ′′i = 1|τ ′′i ,hi, ǎ1
i )V

0(1, τ+
−i) + P(τ ′i = 1|τ ′i ,hi, â1

i )V
0(1, τ+

−i)

≥ P(τi = 1|τi,hi, ǎ1
i )V

0(1, τ+
−i), (B.3.6)

achieved by (B.3.3), ǎ1 = â1, and α(τ ′′i +1) + (1− α)(τ ′i+1) = τi+1.
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(b) If ǎ1 6= â1, then

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− Z(τ , â1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− c(τ )] + γ

[
α
∑
τ ′′+

P(τ ′′
+|τ ′′,H, ǎ1)V 0(τ ′′

+
)

+ (1− α)
∑
τ ′+

P(τ ′
+|τ ′,H, â1)V 0(τ ′

+
)−

∑
τ+

P(τ+|τ ,H, â1)V 0(τ+)

]

≥ γ

[
α
∑
τ ′′+

P(τ ′′
+|τ ′′,H, â1)V 0(τ ′′

+
) + (1− α)

∑
τ ′+

P(τ ′
+|τ ′,H, â1)V 0(τ ′

+
)

−
∑
τ+

P(τ+|τ ,H, â1)V 0(τ+)

]
≥ 0 (B.3.7)

where the first equality is derived based on (B.2.2), and the second inequality

is based on (4.4.14), the following inequality∑
τ ′+

P(τ ′
+|τ ′,H, â1)V 0(τ ′

+
)�

∑
τ ′+

P(τ ′′
+|τ ′′,H, ǎ1)V 0(τ ′′

+
) (B.3.8)

achieved by Lemma B.3.1 and τ ′i � τ ′′i , and the last inequality is based on (B.3.3)

and replacing ǎ1 by â1 in (B.3.5) and (B.3.6).

Therefore, the asymptotic convexity of the value function V 0(s) is preserved by

the Bellman operator B[·] to the optimal V function V ∗(s).

B.4 Proof of Proposition 4.4.1

Before proving Proposition 4.4.1, we develop the following Lemma.

Lemma B.4.1. If the devices of the system are connected by a gateway, then for

states ṡ′′ = (τ ′′i , τ̇−i,H), s̈′ = (τ ′i , τ̈−i,H), ṡ = (τi, τ̇−i,H), and s̈ = (τi, τ̈−i,H), where
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ατ ′′i + (1 − α)τ ′i = τi, α ∈ [0, 1], and τ ′i ≥ τi ≥ τ ′′i � 1, then the optimal V function

holds the following inequality:

αV (ṡ′′) + (1− α)V (s̈′) ≥ αV (ṡ) + (1− α)V (s̈). (B.4.1)

Proof. See Appendix B.6.

Next, similar to the proof of Theorem 4.4.2, to prove Proposition 4.4.1 based on

Lemma 2.4.1, it is sufficient to prove that V 1(s) holds the following inequality

αV 1(s′′) + (1− α)V 1(s′) ≥ V 1(s), (B.4.2)

under the assumption that the initial value function V 0(s) holds the inequality:

αV 0(s′′) + (1− α)V 0(s′) ≥ V 0(s), (B.4.3)

where s′′ = (τ ′′(i),H), s′ = (τ ′(i),H) and s = (τ ,H), and ατ ′′i + (1 − α)τ ′i = τi for

α ∈ [0, 1] and τ ′i ≥ τi ≥ τ ′′i � 1.

We also write the states as s = τ , s′ = τ ′, and s′′ = τ ′′, and prove (B.3.2) by

cases (a), (b), and (c) with different optimal actions ǎ1 = π1(τ ′′), â1 = π1(τ ′).

(a) If ǎ1
i = m1, â

1
i = m2, then there are 2 cases with different packet drop rate:

(a.1) pi,m1 ≤ pi,m2 and (a.2) pi,m1 > pi,m2 .

(a.1) If pi,m1 ≤ pi,m2 and â1
j = m1, we define another action ȧ1, where ȧ1

i = m1, ȧ
1
j =

m2, and ȧ1
−i,j = â1

−i,j, then we have pj,m1 < pj,m2 and

P(τ ′i+1|τ ′i ,H, â1
i )
∑
τ+j

P(τ+
j |τj,H, â1

j)V
0(τ ′i+1, τ+

−i)

≥P(τ ′i+1|τ ′i ,H, ȧ1
i )
∑
τ+j

P(τ+
j |τj,H, ȧ1

j)V
0(τ ′i+1, τ+

−i). (B.4.4)
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Next, we derive that

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− αZ(τ , ǎ1, V 0)− (1− α)Z(τ , ȧ1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− αc(τ )− (1− α)c(τ )]

+ α
∑
τ ′′i

+

∑
τ+
−i

P(τ ′′i
+|τ ′′i ,H, ǎ1

i ) P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ ′′

+
)

+ (1−α)
∑
τ ′i

+

∑
τ+j

∑
τ−i,j

+

P(τ ′i
+|τ ′i ,H, â1

i ) P(τ+
j |τj,H, â1

j) P(τ+
−i,j|τ−i,j,H, â1

−i,j)V
0(τ ′

+
)

− α
∑
τ+i

∑
τ+
−i

P(τ+
i |τi,H, ǎ1

i ) P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ+)

− (1− α)
∑
τ+i

∑
τ+j

∑
τ−i,j

+

P(τ+
i |τi,H, ȧ1

i ) P(τ+
j |τj,H, ȧ1

j) P(τ+
−i,j|τ−i,j,H, ȧ1

−i,j)V
0(τ+)

≥αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ ′′

+
)

+ (1−α) P(τ ′i + 1|τ ′i ,H, ȧ1
i )
∑
τ+j

∑
τ−i,j

+

P(τ+
j |τj,H, ȧ1

j) P(τ+
−i,j|τ−i,j,H, ȧ1

−i,j)V
0(τ ′

+
)

− αP(τi + 1|τi,H, ǎ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ+)

− (1− α) P(τi + 1|τi,H, ȧ1
i )
∑
τ+j

∑
τ−i,j

+

P(τ+
j |τj,H, ȧ1

j) P(τ+
−i,j|τ−i,j,H, ȧ1

−i,j)V
0(τ+)

≥ 0, (B.4.5)

where the first inequality is from (B.2.3), and the first equality is derived based

on (B.2.2), and the second inequality is from (4.4.14), (B.4.4), and the following

equality

P(τ ′′i
+

= 1|τ ′′i ,H, ǎ1
i )V

0(1, τ+
−i) = P(τi

+ = 1|τi,H, ǎ1
i )V

0(1, τ+
−i), (B.4.6)
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and

P(τ ′i + 1|τ ′i ,H, â1
i )V

0(τ ′i + 1, τ+
−i)� P(τ ′i

+
= 1|τ ′i ,H, â1

i )V
0(1, τ+

−i), (B.4.7)

and

P(τi + 1|τi,H, ȧ1
i )V

0(τi + 1, τ+
−i)� P(τi

+ = 1|τi,H, ȧ1
i )V

0(1, τ+
−i), (B.4.8)

achieved by Lemma B.3.1, τ ′i + 1 � 1, and τi + 1 � 1, and the last inequality

is derived based on Lemma B.4.1 and the following equality

P(τ ′′i + 1|τ ′′i ,H, ǎ1
i ) = P(τ ′i + 1|τ ′i ,H, ȧ1

i ) = P(τi + 1|τi,H, ǎ1
i ) = P(τi + 1|τi,H, ȧ1

i ),

(B.4.9)

achieved by ǎ1
i = ȧ1

i .

(a.2) If pi,m1 > pi,m2 and ǎ1
j = m1, we define another action ȧ1, where ȧ1

i = m2, ȧ
1
j =

m1, and ȧ1
−i,j = ǎ1

−i,j, then we have pj,m1 > pj,m2 and

P(τ ′′i +1|τ ′′i ,H, ǎ1
i )
∑
τ+j

P(τ+
j |τj,H, ǎ1

j)V
0(τ ′′i +1, τ+

−i)

≥P(τ ′′i +1|τ ′′i ,H, ȧ1
i )
∑
τ+j

P(τ+
j |τj,H, ȧ1

j)V
0(τ ′′i +1, τ+

−i). (B.4.10)
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Next, we derive that

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− αZ(τ , ȧ1, V 0)− (1− α)Z(τ , â1, V 0)

≥αP(τ ′′i + 1|τ ′′i ,H, ȧ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ȧ1

−i)V
0(τ ′′

+
)

+ (1−α) P(τ ′i + 1|τ ′i ,H, â1
i )
∑
τ+j

∑
τ−i,j

+

P(τ+
j |τj,H, â1

j) P(τ+
−i,j|τ−i,j,H, â1

−i,j)V
0(τ ′

+
)

− αP(τi + 1|τi,H, ȧ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ȧ1

−i)V
0(τ+)

− (1−α) P(τi + 1|τi,H, â1
i )
∑
τ+j

∑
τ−i,j

+

P(τ+
j |τj,H, â1

j) P(τ+
−i,j|τ−i,j,H, â1

−i,j)V
0(τ+)

≥ 0, (B.4.11)

where the second inequality is from (4.4.14), (B.4.10), and the following equality

P(τ ′i
+

= 1|τ ′i ,H, â1
i )V

0(1, τ+
−i) = P(τi

+ = 1|τi,H, â1
i )V

0(1, τ+
−i), (B.4.12)

and

P(τ ′′i + 1|τ ′′i ,H, ǎ1
i )V

0(τ ′′i + 1, τ+
−i)� P(τ ′′i

+
= 1|τ ′′i ,H, ǎ1

i )V
0(1, τ+

−i),

(B.4.13)

and (B.4.8) achieved by Lemma B.3.1, τ ′′i + 1� 1, and τi + 1� 1, and the last

inequality is derived based on Lemma B.4.1 and the following equality

P(τ ′′i +1|τ ′′i ,H, ȧ1
i )=P(τ ′i +1|τ ′i ,H, â1

i )=P(τi +1|τi,H, ȧ1
i )=P(τi +1|τi,H, â1

i ),

(B.4.14)

achieved by ǎ1
i = ȧ1

i .
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(b) If ǎ1
i = m, â1

i = 0, then we assume that â1
j = m and we have

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− αZ(τ , ǎ1, V 0)− (1− α)Z(τ , â1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− αc(τ )− (1− α)c(τ )]

+ α
∑
τ ′′i

+

∑
τ+
−i

P(τ ′′i
+|τ ′′i ,H, ǎ1

i ) P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ ′′

+
)

+(1−α)
∑
τ ′i

+

∑
τ+
−i

P(τ ′i
+|τ ′i ,H, â1

i )P(τ+
−i|τ−i,H, â1

−i)V
0(τ ′

+
)

− α
∑
τ+i

∑
τ+
−i

P(τ+
i |τi,H, ǎ1

i ) P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ+)

−(1−α)
∑
τ+i

∑
τ+
−i

P(τ+
i |τi,H, â1

i ) P(τ+
−i|τ−i,H, â1

−i)V
0(τ+)

≥ αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ ′′

+
)

+ (1−α) P(τ ′i + 1|τ ′i ,H, â1
i ) P(τj + 1|τj,H, â1

j)
∑
τ−i,j

+

P(τ+
−i,j|τ−i,H, â1

−i,j)V
0(τ ′

+
)

− αP(τi + 1|τi,H, ǎ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ǎ1

−i)V
0(τ+)

+ (1−α) P(τi + 1|τi,H, â1
i ) P(τj + 1|τj,H, â1

j)
∑
τ−i,j

+

P(τ+
−i,j|τ−i,H, â1

−i,j)V
0(τ+)

≥ 0, (B.4.15)

where the second inequality is derived from (4.4.14) and the following equality

P(τ ′′i
+

=1|τ ′′i ,H, ǎ1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ǎ1

−i)V
0(1, τ+

−i)

=P(τi
+=1|τi,H, ǎ1

i )
∑
τ+
−i

P(τ+
−i|τ−i,H, ǎ1

−i)V
0(1, τ+

−i), (B.4.16)

and

P(τ ′i
+

= 1|τ ′i ,H, â1
i ) = P(τi

+ = 1|τi,H, â1
i ) = 0 (B.4.17)
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from â1
i = 0, and the inequality

P(τ ′i+1|τ ′i ,H, â1
i ) P(τj

+ =1|τj,H, â1
j)V

0(τ ′i+1, 1, τ ′
+
−i,j)

≥P(τi+1|τi,H, â1
i ) P(τj

+ =1|τj,H, â1
j)V

0(τ ′i+1, 1, τ+
−i,j) (B.4.18)

achieved from Lemma 4.4.1 with τ ′i ≥ τi, and the last inequality is based on

Lemma B.4.1 with the equality

P(τ ′i + 1|τi,H, â1
i ) = P(τi + 1|τi,H, â1

i ) = 1, (B.4.19)

and

P(τ ′′i +1|τi,H, ǎ1
i )=P(τi+1|τi,H, ǎ1

i )=P(τj+1|τj,H, â1
j) (B.4.20)

as ǎ1
i = â1

j .

(c) If ǎ1
i = 0, â1

i = m and ǎ1
j = m, we define another action ȧ1 where ȧ1

i = m, ȧ1
j = 0,
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and ȧ−i,j = ǎ−i,j, then we have

αV 1(τ ′′) + (1− α)V 1(τ ′)− V 1(τ )

≥ αZ(τ ′′, ǎ1, V 0) + (1− α)Z(τ ′, â1, V 0)− αZ(τ , ȧ1, V 0)− (1− α)Z(τ , â1, V 0)

= [αc(τ ′′) + (1− α)c(τ ′)− αc(τ )− (1− α)c(τ )]

+ α
∑
τ ′′i

+

∑
τj+

∑
τ−i,j

+

P(τ ′′i
+|τ ′′i ,H, ǎ1

i ) P(τj
+|τj,H, ǎ1

j) P(τ+
−i,j|τ−i,j,H, ǎ1

−i,j)V
0(τ ′′

+
)

+(1−α)
∑
τ ′i

+

∑
τ+
−i

P(τ ′i
+|τ ′i ,H,â1

i )P(τ+
−i|τ−i,H, â1

−i)V
0(τ ′

+
)

− α
∑
τi+

∑
τj+

∑
τ−i,j

+

P(τi
+|τi,H, ȧ1

i ) P(τj
+|τj,H, ȧ1

j) P(τ+
−i,j|τ−i,j,H, ȧ1

−i,j)V
0(τ+)

−(1−α)
∑
τi+

∑
τ+
−i

P(τi
+|τi,H,â1

i ) P(τ+
−i|τ−i,H, â1

−i)V
0(τ+)

≥ αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i ) P(τj + 1|τj,H, ǎ1

j)
∑
τ−i,j

+

P(τ+
−i,j|τ−i,j,H, ǎ1

−i,j)V
0(τ ′′

+
)

+(1−α) P(τ ′i + 1|τ ′i ,H, â1
i )
∑
τ+
−i

P(τ+
−i|τ−i,H, â1

−i)V
0(τ ′

+
)

−αP(τi + 1|τi,H, ȧ1
i ) P(τj + 1|τj,H, ȧ1

j)
∑
τ−i,j

+

(τ+
−i,j|τ−i,j,H, ȧ1

−i,j)V
0(τ+)

−(1−α) P(τi+1|τi,H, â1
i )
∑
τ−i,j

+

P(τi+1|τi,H, â1
i )V

0(τ+)

+ αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i ) P(τj

+ = 1|τj,H, ǎ1
j)
∑
τ−i,j

+

P(τ+
−i,j|τ−i,j,H, ǎ1

−i,j)V
0(τ ′′

+
)

≥ 0, (B.4.21)

where the second inequality is derived from (4.4.14) and the following equality

P(τ ′i
+
=1|τ ′i ,H, â1

i )
∑
τ+
−i

P(τ+
−i|τ−i,H, â1

−i)V
0(1, τ+

−i)

=P(τi
+=1|τi,H, â1

i )
∑
τ+
−i

P(τ+
−i|τ−i,H, â1

−i)V
0(1, τ+

−i), (B.4.22)
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and

P(τ ′′i
+

= 1|τ ′′i ,H, ǎ1
i ) = 0 (B.4.23)

from ǎ1
i = 0, and the inequality

P(τi + 1|τi,H, ȧ1
i )V

0(τi + 1, τ+
−i)� P(τi

+ = 1|τi,H, ȧ1
i )V

0(1, τ+
−i), (B.4.24)

achieved from Lemma B.3.1 and τi + 1� 1, and the last inequality is based on

Lemma B.4.1 with the equality

P(τ ′i + 1|τ ′i ,H, â1
i ) = P(τj + 1|τj,H, ȧ1

j) = 1, (B.4.25)

and

P(τj + 1|τj,H, ǎ1
j)=P(τ ′i + 1|τ ′i ,H, â1

i )=P(τi + 1|τi,H, ȧ1
i )=P(τi + 1|τi,H, â1

i ),

(B.4.26)

and the inequality V 0(τ ′′+) ≥ 0.

Therefore, the Bellman operator B[·] preserve this convexity of the value function

V 0(s) to the optimal V function V ∗(s).

B.5 Proof of Theorem 4.4.4

To prove Theorem 4.4.4, it is sufficient to prove that for each action a, where

ai = 0, aj = m for i ∈ I, j /∈ I, we can find a better action ȧ, where ȧi = m,

ȧj = 0 and ȧ\{i,j} = a\{i,j}. Therefore, based on (2.4.5), the actions a and ȧ follows the

inequality

Q(s, ȧ) ≤ Q(s, a), (B.5.1)

which implies that the optimal action of the device i cannot be idle, i.e., a∗ 6= 0 as

in Theorem 4.4.4. To prove (B.5.1), we develop the following lemma of the optimal
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V function in an asymptotic form. For writing simplicity, we write the AoI state as

δ = (δi, δj, δ\{i,j}) in the following.

By using (2.4.4), we have

Q(s, ȧ)=
∑
δ+\{i,j}

∑
G+

∑
δ+i

∑
δ+j

P
(
δ+
\{i,j}|δ\{i,j},ȧ\{i,j},G\{i,j}

)
(B.5.2)

×P(G+) P(δ+
i |δi, ȧi,Gi) P(δ+

j |δj, ȧj,Gj)υ(s+), (B.5.3)

and

Q(s, a)=
∑
δ+\{i,j}

∑
G+

∑
δ+i

∑
δ+j

P
(
δ+
\{i,j}|δ\{i,j},a\{i,j},G\{i,j}

)
(B.5.4)

×P(G+) P(δ+
i |δi, ai,Gi) P(δ+

j |δj, aj,Gj)υ(s+). (B.5.5)

Since ȧ\{i,j} = a\{i,j} and ai = ȧj = 0, we derive that

P(δ+
\{i,j}|δ\{i,j}, ȧ\{i,j},G\{i,j}) (B.5.6)

= P(δ+
\{i,j}|δ\{i,j}, a\{i,j},G\{i,j}), (B.5.7)

and

P(δ+
j = δj + 1|δj, ȧj,Gj)=P(δ+

i = δi + 1|δi, ai,Gi) = 1. (B.5.8)

Based on (B.5.3), (B.5.5), (B.5.7), and (B.5.8), the inequality (B.5.1) is equivalent to∑
δ+i

P(δ+
i |δi, ȧi,Gi)υ(s+) ≤

∑
δ+j

P(δ+
j |δj, aj,Gj)υ(s+). (B.5.9)

Next, the following equality

P(δ+
i = δi+1|δi, ȧi,Gi)υ(δi+1, δj+1, δ+

\{i,j},G
+) (B.5.10)

=P(δ+
j = δj+1|δj, aj,Gj)υ(δi+1, δj+1, δ+

\{i,j},G
+) (B.5.11)

and

P(δ+
i = 1|δi, ȧi,Gi) = P(δ+

j = 1|δj, aj,Gj) (B.5.12)

are obtained from ȧi = aj = m, gi,m = gj,m and (B.5.8). From (B.5.11) and (B.5.12),
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to prove (B.5.9), it is sufficient to show that

υ(1, δj+1, δ+
\{i,j},G

+) ≤ υ(δi+1, 1, δ+
\{i,j},G

+), (B.5.13)

when δi > δ̄ � 1.

The inquality (B.5.13) is equivalent to the following Lemma.

Lemma B.5.1. Consider a multi-device-multi-channel system with co-located de-

vices. For states s = (δ,G) and s◦ = (δ◦,G), where δ = (δi, δj, δ\{i,j}), and δ◦ =

(δ′i, δ
′′
j , δ\{i,j}) with δ′i ≥ δj ≥ δ′′j and δ′i � δi,∀i ∈ I, j /∈ I, the following inequality

hold

υ∗(s◦) ≥ υ∗(s). (B.5.14)

Proof. See Appendix B.7.

Therefore, the inquality (B.5.1) holds under Lemma B.5.1, which is exactly The-

orem 4.4.4.

B.6 Proof of Lemma B.4.1

Similar to the proof of Theorem 4.4.2, to prove Proposition 4.4.1 based on Lemma 2.4.1,

it is sufficient to prove that V 1(s) holds the following inequality

αV 1(ṡ′′) + (1− α)V 1(s̈′) ≥ αV 1(ṡ) + (1− α)V 1(s̈), (B.6.1)

under the assumption that the value function V 0(s) holds the inequality

αV 0(ṡ′′) + (1− α)V 0(s̈′) ≥ αV 0(ṡ) + (1− α)V 0(s̈), (B.6.2)

where ṡ′′ = (τ ′′i , τ̇−i,H), s̈′ = (τ ′i , τ̈−i,H), ṡ = (τi, τ̇−i,H), s̈ = (τi, τ̈−i,H), ατ ′′i + (1−

α)τ ′i = τi, α ∈ [0, 1], and τ ′i ≥ τi ≥ τ ′′i � 1.
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In the following, we write the state as ṡ′′ = τ̇ ′′, s̈′ = τ̈ ′, ṡ = τ̇ , and s̈ = τ̈ and

prove (B.6.1) based on different cases with different optimal actions ǎ1 = π1(τ̇ ′′), â1 =

π1(τ̈ ′).

(a) If ǎ1
i = m1, â

1
i = m2, then there are 2 cases with different packet drop rate:

(a.1) pi,m1 ≤ pi,m2 and (a.2) pi,m1 > pi,m2 .

(a.1) If pi,m1 ≤ pi,m2 and â1
j = m1, we define another action ȧ1, where ȧ1

i = m1, ȧ
1
j =

m2, and ȧ1
−i,j = â1

−i,j, then we have pj,m1 < pj,m2 and

P(τ ′i+1|τ ′i ,H, â1
i )
∑
τ̈+j

P(τ̈+
j |τ̈j,H, â1

j)V
0(τ ′i+1, τ+

−i)

≥P(τ ′i+1|τ ′i ,H, ȧ1
i )
∑
τ̈+j

P(τ̈+
j |τ̈j,H, ȧ1

j)V
0(τ ′i+1, τ+

−i). (B.6.3)



Appendix B. Proofs for Chapter 4. Goal-oriented Transmission . . . 152

Next, we derive that

αV 1(τ̇ ′′) + (1− α)V 1(τ̈ ′)− αV 1(τ̇ )− (1− α)V 1(τ̈ )

≥ αZ(τ̇ ′′, ǎ1, V 0) + (1− α)Z(τ̈ ′, â1, V 0)− αZ(τ̇ , ǎ1, V 0)− (1− α)Z(τ̈ , ȧ1, V 0)

= [αc(τ̇ ′′) + (1− α)c(τ̈ ′)− αc(τ̇ )− (1− α)c(τ̈ )]

+ α
∑
τ ′′i

+

∑
τ̇+
−i

P(τ ′′i
+|τ ′′i ,H, ǎ1

i ) P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇ ′′+)

+ (1−α)
∑
τ ′i

+

∑
τ+j

∑
τ̈+
−i,j

P(τ ′i
+|τ ′i ,H, â1

i ) P(τ̇+
j |τ̇j,H, â1

j) P(τ̈+
−i,j|τ̈−i,j,H, â1

−i,j)V
0(τ̈ ′+)

− α
∑
τ+i

∑
τ̇+
−i

P(τ+
i |τi,H, ǎ1

i ) P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇+)

− (1− α)
∑
τ+i

∑
τ̈+j

∑
τ̈+
−i,j

P(τ+
i |τi,H, ȧ1

i ) P(τ̈+
j |τ̈j,H, ȧ1

j) P(τ̈+
−i,j|τ̈−i,j,H, ȧ1

−i,j)V
0(τ̈+)

≥αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇ ′′+)

+ (1−α) P(τ ′i + 1|τ ′i ,H, ȧ1
i )
∑
τ̈+j

∑
τ̈+
−i,j

P(τ̈+
j |τ̈j,H, ȧ1

j) P(τ̈+
−i,j|τ̈−i,j,H, ȧ1

−i,j)V
0(τ̈ ′+)

− αP(τi + 1|τi,H, ǎ1
i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇+)

− (1− α) P(τi + 1|τi,H, ȧ1
i )
∑
τ̈+j

∑
τ̈+
−i,j

P(τ̈+
j |τ̈j,H, ȧ1

j) P(τ̈+
−i,j|τ̈−i,j,H, ȧ1

−i,j)V
0(τ̈+)

≥ 0, (B.6.4)

where the first inequality is from (B.2.3), and the first equality is derived based

on (B.2.2), and the second inequality is from (4.4.14), (B.6.3), and the following

equality

P(τ ′′i
+

= 1|τ ′′i ,H, ǎ1
i )V

0(1, τ̇+
−i) = P(τi

+ = 1|τi,H, ǎ1
i )V

0(1, τ̇+
−i), (B.6.5)
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and inequality

P(τ ′i + 1|τ ′i ,H, â1
i )V

0(τ ′i + 1, τ̈+
−i)� P(τ ′i

+
= 1|τ ′i ,H, â1

i )V
0(1, τ̈+

−i), (B.6.6)

and

P(τi + 1|τi,H, ȧ1
i )V

0(τi + 1, τ̈+
−i)� P(τi

+ = 1|τi,H, ȧ1
i )V

0(1, τ̈+
−i), (B.6.7)

achieved by Lemma B.3.1, τ ′i + 1 � 1, and τi + 1 � 1, and the last inequality

is derived based on (B.6.2) and the following equality

P(τ ′′i + 1|τ ′′i ,H, ǎ1
i )=P(τ ′i + 1|τ ′i ,H, ȧ1

i )=P(τi + 1|τi,H, ǎ1
i )=P(τi + 1|τi,H, ȧ1

i )

(B.6.8)

achieved by ǎ1
i = ȧ1

i .

(a.2) If pi,m1 > pi,m2 and ǎ1
j = m1, we define another action ȧ1, where ȧ1

i = m2, ȧ
1
j =

m1, and ȧ1
−i,j = ǎ1

−i,j, then we have pj,m1 > pj,m2 and

P(τ ′′i +1|τ ′′i ,H, ǎ1
i )
∑
τ̇+j

P(τ̇+
j |τ̇j,H, ǎ1

j)V
0(τ ′′i +1, τ̇+

−i)

≥P(τ ′′i +1|τ ′′i ,H, ȧ1
i )
∑
τ̇+j

P(τ̇+
j |τ̇j,H, ȧ1

j)V
0(τ ′′i +1, τ̇+

−i). (B.6.9)
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Next, we derive that

αV 1(τ̇ ′′) + (1− α)V 1(τ̈ ′)− αV 1(τ̇ )− (1− α)V 1(τ̈ )

≥ αZ(τ̇ ′′, ǎ1, V 0) + (1− α)Z(τ̈ ′, â1, V 0)− αZ(τ̇ , ȧ1, V 0)− (1− α)Z(τ̈ , â1, V 0)

≥αP(τ ′′i + 1|τ ′′i ,H, ȧ1
i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ȧ1

−i)V
0(τ̇ ′′+)

+ (1−α) P(τ ′i + 1|τ ′i ,H, â1
i )
∑
τ̈+j

∑
τ̈+
−i,j

P(τ̈+
j |τ̈j,H, â1

j) P(τ̈+
−i,j|τ̈−i,j,H, â1

−i,j)V
0(τ̈ ′+)

− αP(τi + 1|τi,H, ȧ1
i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ȧ1

−i)V
0(τ̇+)

− (1− α) P(τi + 1|τi,H, â1
i )
∑
τ̈+j

∑
τ̈+
−i,j

P(τ̈+
j |τ̈j,H, â1

j) P(τ̈+
−i,j|τ̈−i,j,H, â1

−i,j)V
0(τ̈+)

≥ 0, (B.6.10)

where the second inequality is from (4.4.14), (B.6.9), and the following equality

P(τ ′i
+

= 1|τ ′i ,H, â1
i )V

0(1, τ̈+
−i) = P(τi

+ = 1|τi,H, â1
i )V

0(1, τ̈+
−i), (B.6.11)

and

P(τ ′′i + 1|τ ′′i ,H, ǎ1
i )V

0(τ ′′i + 1, τ̇+
−i)� P(τ ′′i

+
= 1|τ ′′i ,H, ǎ1

i )V
0(1, τ̇+

−i), (B.6.12)

and (B.6.7) achieved by Lemma B.3.1, τ ′′i + 1� 1, and τi + 1� 1, and the last

inequality is derived based on (B.6.2) and the following equality

P(τ ′′i +1|τ ′′i ,H, ȧ1
i )=P(τ ′i +1|τ ′i ,H, â1

i )=P(τi +1|τi,H, ȧ1
i ) = P(τi +1|τi,H, â1

i )

(B.6.13)

achieved by ǎ1
i = ȧ1

i .
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(b) If ǎ1
i = m, â1

i = 0, then we assume that â1
j = m and we have

αV 1(τ̇ ′′) + (1− α)V 1(τ̈ ′)− αV 1(τ̇ )− (1− α)V 1(τ̈ )

≥ αZ(τ̇ ′′, ǎ1, V 0) + (1− α)Z(τ̈ ′, â1, V 0)− αZ(τ̇ , ǎ1, V 0)− (1− α)Z(τ̈ , â1, V 0)

= [αc(τ̇ ′′) + (1− α)c(τ̈ ′)− αc(τ̇ )− (1− α)c(τ̈ )]

+ α
∑
τ ′′i

+

∑
τ̇+
−i

P(τ ′′i
+|τ ′′i ,H, ǎ1

i ) P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇ ′′+)

+(1−α)
∑
τ ′i

+

∑
τ̈+
−i

P(τ ′i
+|τ ′i ,H, â1

i ) P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(τ̈ ′+)

− α
∑
τ+i

∑
τ̇+
−i

P(τ+
i |τi,H, ǎ1

i ) P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇+)

−(1−α)
∑
τ+i

∑
τ̈+
−i

P(τ+
i |τi,H, â1

i ) P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(τ̈+)

≥ αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇ ′′+)

+ (1−α) P(τ ′i + 1|τ ′i ,H, â1
i ) P(τ̈j + 1|τ̈j,H, â1

j)
∑
τ̈+
−i,j

P(τ̈+
−i,j|τ̈−i,j,H, â1

−i,j)V
0(τ̈ ′+)

− αP(τi + 1|τi,H, ǎ1
i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(τ̇+)

+ (1−α) P(τi + 1|τi,H, â1
i ) P(τ̈j + 1|τ̈j,H, â1

j)
∑
τ̈+
−i,j

P(τ̈+
−i,j|τ̈−i,j,H, â1

−i,j)V
0(τ̈+)

≥ 0, (B.6.14)

where the second inequality is derived from (4.4.14) and the following equality

P(τ ′′i
+
=1|τ ′′i ,H, ǎ1

i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(1, τ̇+

−i)

=P(τi
+=1|τi,H, ǎ1

i )
∑
τ̇+
−i

P(τ̇+
−i|τ̇−i,H, ǎ1

−i)V
0(1, τ̇+

−i), (B.6.15)

and

P(τ ′i
+

= 1|τ ′i ,H, â1
i ) = P(τi

+ = 1|τi,H, â1
i ) = 0 (B.6.16)
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from â1
i = 0, and the inequality

P(τ ′i+1|τ ′i ,H, â1
i ) P(τ̈+

j =1|τ̈j,H, â1
j)V

0(τ ′i+1, 1, τ̈+
−i,j)

≥P(τi+1|τi,H, â1
i ) P(τ̈+

j =1|τ̈j,H, â1
j)V

0(τi+1,1, τ̈+
−i,j) (B.6.17)

achieved from Lemma 4.4.1 with τ ′i ≥ τi, and the last inequality is based

on (B.6.2) with the equality

P(τ ′i + 1|τi,H, â1
i ) = P(τi + 1|τi,H, â1

i ) = 1, (B.6.18)

and

P(τ ′′i +1|τi,H, ǎ1
i )=P(τi +1|τi,H, ǎ1

i )=P(τ̇j +1|τ̇j,H, â1
j)=P(τ̈j +1|τ̈j,H, â1

j),

(B.6.19)

as ǎ1
i = â1

j .

(c) If ǎ1
i = 0, â1

i = m and ǎ1
j = m, we define another action ȧ1 where ȧ1

i = m, ȧ1
j = 0,
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and ȧ−i,j = ǎ−i,j, then we have

V 1(τ̇ ′′) + (1− α)V 1(τ̈ ′)− αV 1(τ̇ )− (1− α)V 1(τ̈ )

≥ αZ(τ̇ ′′, ǎ1, V 0) + (1− α)Z(τ̈ ′, â1, V 0)− αZ(τ̇ , ȧ1, V 0)− (1− α)Z(τ̈ , â1, V 0)

= [αc(τ̇ ′′) + (1− α)c(τ̈ ′)− αc(τ̇ )− (1− α)c(τ̈ )]

+ α
∑
τ ′′i

+

∑
τ̇+j

∑
τ̇+
−i,j

P(τ ′′i
+|τ ′′i ,H, ǎ1

i ) P(τ̇+
j |τ̇j,H, ǎ1

j) P(τ̇+
−i,j|τ̇−i,j,H, ǎ1

−i,j)V
0(τ̇ ′′+)

+(1−α)
∑
τ ′i

+

∑
τ̈+
−i

P(τ ′i
+|τ ′i ,H, â1

i )P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(τ̈ ′+)

− α
∑
τi+

∑
τ̇+j

∑
τ̇+
−i,j

P(τi
+|τi,H, ȧ1

i ) P(τ̇+
j |τ̇j,H, ȧ1

j) P(τ̇+
−i,j|τ̇−i,j,H, ȧ1

−i,j)V
0(τ̇+)

−(1−α)
∑
τi+

∑
τ̈+
−i

P(τi
+|τi,H, â1

i ) P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(τ̈+)

≥ αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i ) P(τ̇j + 1|τ̇j,H, ǎ1

j)
∑
τ̇+
−i,j

P(τ̇+
−i,j|τ̇−i,j,H, ǎ1

−i,j)V
0(τ̇ ′′+)

+ (1−α) P(τ ′i + 1|τ ′i ,H, â1
i )
∑
τ̈+
−i

P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(τ̈ ′+)

−αP(τi + 1|τi,H, ȧ1
i ) P(τ̇j + 1|τ̇j,H, ȧ1

j)
∑
τ̇+
−i,j

(τ̇+
−i,j|τ̇−i,j,H, ȧ1

−i,j)V
0(τ̇+)

− (1−α) P(τi+1|τi,H, â1
i )
∑
τ̈+
−i

P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(τ̈+)

+ αP(τ ′′i + 1|τ ′′i ,H, ǎ1
i ) P(τ̇+

j = 1|τ̇j,H, ǎ1
j)
∑
τ̇+
−i,j

P(τ̇+
−i,j|τ̇−i,j,H, ǎ1

−i,j)V
0(τ̇ ′′+)

≥ 0, (B.6.20)

where the second inequality is derived from (4.4.14) and the following equality

P(τ ′i
+
=1|τ ′i ,H, â1

i )
∑
τ̈+
−i

P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(1, τ̈+

−i)

= P(τi
+=1|τi,H, â1

i )
∑
τ̈+
−i

P(τ̈+
−i|τ̈−i,H, â1

−i)V
0(1, τ̈+

−i), (B.6.21)
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and

P(τ ′′i
+

= 1|τ ′′i ,H, ǎ1
i ) = 0 (B.6.22)

from ǎ1
i = 0, and the inequality

P(τi + 1|τi,H, ȧ1
i )V

0(τi + 1, τ̇+
−i)� P(τi

+ = 1|τi,H, ȧ1
i )V

0(1, τ̇+
−i), (B.6.23)

achieved from Lemma B.3.1 and τi + 1 � 1, and the last inequality is based

on (B.6.2) with the equality

P(τ ′′i + 1|τ ′′i ,H, ǎ1
i ) = P(τ̇j + 1|τ̇j,H, ȧ1

j) = 1, (B.6.24)

and

P(τ̇j +1|τ̇j,H, ǎ1
j)=P(τ ′i +1|τ ′i ,H, â1

i )=P(τi +1|τi,H, ȧ1
i )=P(τi +1|τi,H, â1

i ),

(B.6.25)

and the inequality V 0(τ̇ ′′+) ≥ 0. Therefore, the Bellman operator B[·] preserve

this property of the value function V 0(s) to the optimal V function V ∗(s).

B.7 Proof of Lemma B.5.1

Based on the monotonicity of the optimal V function in Lemma 4.4.1, to prove

Lemma B.5.1, it is sufficient to prove (B.5.14) hold when the state s = ŝ(j) = (τ̂ (j),H),

where τ̂ (j) = (τi, τj, τ−i,j) and τ ′j = τ ′i ≥ τj, i.e.,

V ∗(ŝ(j)) ≤ V ∗(s◦). (B.7.1)

Similar to the proof of Theorem 4.4.3, proving (B.7.1) is equivalent to proving

V 1(ŝ(j)) ≤ V 1(s◦) (B.7.2)

under the assumption of

V 0(ŝ(j)) ≤ V 0(s◦). (B.7.3)
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From the cost function ci(τ) ≥ cj(τ)∀i ∈ I, j /∈ I, τ � 1, and τ ′i = τ ′j � τi, we have

c(ŝ(j)) ≤ c(s◦). (B.7.4)

Similar to the proof of Theorem 4.4.4, in the 1st iteration, we can prove that the

optimal action of the device i w.r.t the state s◦ should be scheduled, i.e., a1 = π(s◦)

and a1
i 6= 0, under the assumption of the V 0 in (B.7.3). Since the devices are connected

by a gateway and the packet drop rate is independent of the scheduled device, we

represent the packet drop rate as pm = pi,m during the proof.

Thus, in the following, we write the state as s = τ , s′ = τ ′, and s′′ = τ ′′ and

prove (B.7.2) based on different cases with different optimal actions where a1
i 6= 0.

(a) If a1
i = m1 and a1

j = m2, then we define another action ȧ1 where ȧ1
i = m2,

ȧ1
j = m1, and ȧ1

−i,j = a1
−i,j for the state τ̂ (j) in first value iteration. By using

the actions a1 and ȧ1, we derive the AoI state transition probability as:

P(τ ′i
+
=1|τ ′i , a1

i ,Hi)=P(τ ′j
+
=1|τ ′j, ȧ1

j ,Hj)=(1−pm1), (B.7.5)

P(τ ′′j
+
=1|τ ′′j , a1

j ,Hj)=P(τ+
i =1|τi, ȧ1

i ,Hi)=(1−pm2), (B.7.6)

and

P(τ ′i+1|τ ′i , a1
i ,Hi)=P(τ ′j+1|τ ′j, ȧ1

j ,Hj)=pm1 , (B.7.7)

P(τ ′′j +1|τ ′′j , a1
j ,Hj)=P(τi+1|τi, ȧ1

i ,Hi)=pm2 . (B.7.8)



Appendix B. Proofs for Chapter 4. Goal-oriented Transmission . . . 160

Next, we have

V 1(τ ◦)− V 1(τ̂ (j))

≥ Z(τ ◦, a1)− Z(τ̂ (j), ȧ1)

=
[
c(τ ◦)− c(τ̂ (j))

]
+
∑
τ+
−i,j

P(τ+
−i,j|τ−i,j, a1

−i,j,H−i,j)

×

[∑
τ ′i

+

∑
τ ′′j

+

P(τ ′i
+|τ ′i , a1

i ,Hi) P(τ ′′j
+|τj, a1

j ,Hj)V
0(τ ◦+)

−
∑
τ+i

∑
τ ′j

+

P(τ+
i |τi, ȧ1

i ,Hi) P(τ ′j
+|τ ′j, ȧ1

j ,Hj)V
0(τ̂ (j)+

)

]

≥ 0, (B.7.9)

where the first inequality is derived from (B.2.2), the first equality is from (B.2.2)

and ȧ1
−i,j = a1

−i,j, and the last inequality is from (B.7.4), (B.7.5), (B.7.6), (B.7.7), (B.7.8),

and the following inequality:

(1−pm1)(1−pm2)
[
V 0(1,1, τ+

−i,j)−V 0(1,1, τ+
−i,j)

]
+ pm1(1−pm2)

[
V 0(τ ′i+1,1, τ+

−i,j)−V 0(1, τ ′j+1, τ+
−i,j)

]
+ (1−pm1)pm2

[
V 0(1, τ ′′j +1, τ+

−i,j)−V 0(τi+1, 1, τ+
−i,j)

]
+ pm1pm2

[
V 0(τ ′i+1, τ ′′j +1, τ+

−i,j)−V 0(τi+1, τ ′j+1, τ+
−i,j)

]
≥ 0, (B.7.10)

achieved from (B.7.3) and V 0(τ ′i +1, τ ′′j +1, τ+
−i,j) � V 0(τi + 1, 1, τ+

−i,j) with

Lemma B.3.1 and τ ′i + 1� τi + 1.

(b) If a1
i = m and a1

j = 0, then we also define the action ȧ1 where ȧ1
i = 0, ȧ1

j = m,

and ȧ1
−i,j = a1

−i,j. In case (b), the transition probability of the AoI states τ ′′j
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and τi in the inequality (B.7.9) of case (a) are replaced by

P(τ ′′j +1|τ ′′j , a1
j ,Hj) = P(τi+1|τi, a1

i ,Hi) = 1, (B.7.11)

P(τ ′′j
+

=1|τ ′′j , a1
j ,Hj) = P(τ+

i =1|τi, a1
i ,Hi) = 0, (B.7.12)

and the other parts are kept constant. Therefore, to prove V 1(τ ◦) − V 1(τ̂ (j))

in this case based on the proof of case (a), it is sufficient to prove that

(1− pm)
[
V 0(1, τ ′′j +1, τ+

−i,j)−V 0(τi+1, 1, τ+
−i,j)

]
+ pm

[
V 0(τ ′i+1, τ ′′j +1, τ+

−i,j)−V 0(τi+1, τ ′j+1, τ+
−i,j)

]
≥ 0, (B.7.13)

which is derived based on (B.7.3) and V 0(τ ′i+1, τ ′′j +1, τ+
−i,j)� V 0(τi+1, 1, τ+

−i,j)

by using Lemma B.3.1 and τ ′i + 1� τi + 1.

Therefore, the property of the value function V 0(s) as shown in (B.7.3) can be

preserved by the Bellman operator B[·] to the optimal V function V ∗(s).
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