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Chapter 1

Introduction

1.1 Motivation

Atherosclerosis is the most common form of cardiovascular disease, with cardiovascu-
lar disease being the primary cause of heart disease and stroke [3,4]. Atherosclerosis
is characterised by the chronic inflammation of the artery wall within the intima,
which is the innermost wall of the artery. The origin of the term “atherosclero-
sis” are the Greek words “athero”, “sclerosis” and “osis”. “Athero” means gruel
or paste, “sclerosis” means hardness, and “osis” is a Greek suffix that describes a
diseased condition [1]. The term therefore describes the accumulation of lesions and
the thickening of the intimal layer of arteries. It is characterised by the formation
of plaques on the artery wall. These plaques contain lipids, cells, debris and scar
tissue.

Plaque formation begins when cholesterol-carrying low density lipoproteins (LDL)
enter the intima through the endothelium [23, 38]. These lipoproteins are then
modified to become modified LDL (modLDL) [4, 33]. The presence of modLDL
triggers an inflammatory response, initiating immune cells (monocytes) to enter
the intima from the bloodstream [4,31]. Monocytes differentiate into macrophages,
which accumulate within the intima [4]. These macrophages consume modLDLs
[4, 6, 29] and convert to lipid-bearing foam cells [4], forming a plaque. Over time
however, foam cells undergo death and decay. This leads to cellular debris and
necrotic tissue amassing in a necrotic lesion core within the plaque, which in turn
stimulates further inflammation and monocyte recruitment [3]. If the cell death
becomes uncontrolled, the necrotic lesion core grows and the plaque becomes less
stable. As plaques grow, they acquire a cap of vascular smooth muscle cells (SMCs)
[3]. If this cap is thick, it may stabilise the plaque. The growth of these lesions
however may reduce blood flow in the lumen by more than fifty percent and cause
angina [4]. If the cap is thin or is disrupted, the plaque may rupture, releasing
cellular debris that create blood clots [4,33,35]. The blood clots may block arteries
and cause heart attacks or strokes.

Research has been undertaken to understand the mechanisms and pathogenesis of
atherosclerosis, though it is highly complex and not fully understood. Because ex-
perimental studies are complicated and resource-intensive, mathematical modelling
is a way of exploring and hypothesising about the mechanisms of atherosclerosis.
A number of mathematical models have been created to analyse the mechanisms
involved. These models include reaction-diffusion equations, multiphase equations,
and population-structured models. As new experimental and modelling results are
published, these models too change over time.
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The complexity of atherosclerosis means that simple and adaptable mathematical
models that capture only the most important processes may provide an easier and
more computationally efficient tool for analysing mechanisms of plaque formation,
compared to more specialised and complex models. Such mathematical models may
still be able to reflect the key results observed in more complex models without
requiring the same level of analytical and numerical complexity. One example of
this is reaction-diffusion equation models, which have been utilised by a number of
studies to model plaque dynamics [10,11,37].

1.2 Research questions and objectives

In this thesis, we aim to address the following key research questions. We ask
if we can replace the multiphase model of Watson et al. (2018) [44] by a reaction-
diffusion model. Our motivation is to understand if we can create a reaction-diffusion
framework that simply models key stages of atherosclerotic plaque dynamics while
retaining experimental validity and avoiding the complexity of the multiphase model.
We compare our model dynamics and results with those observed in Watson et al.
(2018) [44]. If the reaction-diffusion model is simpler and produces qualitatively
similar results, we will be able to conclude that the reaction-diffusion model could
be a more useful model than the multiphase model.

We then ask if this base reaction-diffusion model can be extended to produce models
that include more factors involved in plaque growth and results that are in qualitative
agreement with experimental observations. We analyse four reference models that
focus on different stages of plaque growth: the multiphase model of Watson et al.
(2020) [45] and the reaction-diffusion models of Chalmers et al. (2015, 2017) [10,11]
and Ougrinovskaia (2011) [37]. Their unique assumptions and equations that reflect
up-to-date understandings of plaque dynamics are simplified and incorporated into
submodels that we use to represent different stages of plaque formation. If we
are able to present models that produce results that qualitatively agree with those
of the reference models, we will have extended the reaction-diffusion framework
to simply describe the general progression of plaque growth. Our focus will be
on the numerical results of the models. This means that while we will describe
general plaque dynamics explained in Chapter 2, our comparison of model results
with experimental data and the broader biological literature will be in the form of
adopting the assumptions of up-to-date reference models.

To meet our thesis aims, our reaction-diffusion model framework must achieve the
following. First, the model must describe the key stages of atherosclerotic plaque for-
mation and demonstrate biological behaviours that reflect current understandings of
the mechanisms of atherosclerosis. Second, the model must be extendable to include
more equations and variables without adding unnecessary additional complexity.
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1.3 Thesis outline

We create reaction-diffusion models that represent the key stages of atheroscle-
rotic plaque formation. We begin in Chapter 2 by discussing the biology behind
atherosclerosis and the formation of atherosclerotic plaques. In Chapter 3 we re-
view existing models of atherosclerosis and discuss the different ways in which spe-
cific stages of atherosclerosis are modelled.

An initial two-species reaction-diffusion model for the migration of SMCs in mid-
stage atherosclerotic plaques is presented in Chapter 4. Our aim with this model is
to present a simpler alternative to the multiphase model of Watson et al. (2018) [44].
We consider two model variables: SMC density and platelet-derived growth factor
(PDGF) concentration. This reaction-diffusion model is used as a base submodel in
Chapters 5 and 6.

In Chapter 5 we extend the reaction-diffusion model from Chapter 4 to model the
synthesis of collagen. We introduce equations for extracellular matrix (ECM) density
and transforming growth factor-β (TGF-β) concentration, and investigate the effect
of SMCs on fibrous cap formation dynamics.

The base submodel is also extended in Chapter 6 to model the lesions in their
entirety from initiation. We consider the migration of modLDL and macrophages
and their interactions with SMCs and PDGF in the intima by introducing model
variables of macrophage density and modLDL concentration. Because the migration
of modLDL and macrophages occurs on a smaller timescale than SMCs, we explore
the reaction-diffusion model’s ability to accommodate equations that have varying
timescales.

The submodels presented in Chapters 4, 5 and 6 are synthesised in Chapter 7 to
present a multi-stage model of fibrous cap formation. We analyse which factors are
important to fibrous cap dynamics.

Chapter 8 extends the reaction-diffusion model of Chapter 7 by describing necrotic
core formation to provide a full model of atherosclerotic plaque formation. We
observe the dynamics of the necrotic core, and analyse the factors that affect plaque
stability.

We conclude the thesis in Chapter 9 by discussing reviewing our model results. We
compare our model with some relevant reference models and present some future
directions for our work.



Chapter 2

Atherosclerosis and atherosclerotic
plaque formation

This chapter outlines the biology of atherosclerosis, its mechanisms and pathogen-
esis. It is separated into five sections. The first section describes the structure of
the artery and affected regions of plaque formation. The remaining four sections
describe the four main stages of atherosclerotic plaque formation: lesion initiation,
SMC migration, collagen synthesis and necrotic core formation. These stages are
not distinct nor strictly chronological.

2.1 Artery structure

The artery wall (shown in Figure 2.1) consists of three main layers: the intima,
the media, and the adventitia. The intima is the innermost layer and is separated
from the media by an internal elastic lamina. The media is the middle layer and
is comprised of SMCs. The adventitia is the outer layer and consists of connective
tissues interspersed with fibroblasts and SMCs [33]. The lumen is the hollow space
enclosed by the artery walls, which carries the bloodflow.

The intima is covered by a monolayer of endothelial cells on the luminal side and
supported by the internal elastic lamina on the peripheral side. The endothelial cells
form the endothelium and act as a selectively permeable barrier between the intima
and the bloodflow in the lumen [33]. The endothelium therefore controls transport
between the artery wall and the bloodstream, such as the migration of SMCs from
the bloodstream into the intima [1].

The endothelial cells are subject to a number of forces including fluid shear stress.
Because cells are sensitive to changes in fluid shear stress, regions of changing shear
flow exhibit different properties. Regions of high shear flow show endothelial cells de-
forming and elongating in the direction of blood flow to form a smooth endothelium.
Regions of low shear flow however often occur in regions of arterial branching or cur-
vature, and endothelial cells in these regions exhibit no specific orientation [4, 33].
The endothelium is weakened in these regions and shows increased permeability to
larger molecules and small particles such as LDL. Plaque formation is more likely
to occur in these regions of low share flow [4,33].

The internal elastic lamina separates the intima from the media. Like the endothe-
lium, it selectively allows the migration of cells into the intima from the media.

The media is composed of SMCs and ECM. It is separated from the adventitia by
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another elastic layer known as the external elastic lamina. The vascular SMCs in
the media, when subject to certain stimuli, migrate from the media into the intima
through the internal elastic lamina [4].

The adventitia contains connective tissue, nerve fibers, lymphatic vessels, and smaller
blood vessels that allow transport to and from the outer artery wall. It serves a num-
ber of functions, including connecting the artery wall to the central nervous system
and facilitating transport to and from the outer artery wall [1]. Immune cells such
as macrophages, which are observed in the fibrous cap in the intima, have been
observed in the adventitia of advanced lesions [3]. There is limited evidence that
adventitial cells migrate towards the intima (in the context of native atherosclero-
sis) [18], and no report of accumulation of adventitial macrophages in early human
atherosclerosis [46].

Figure 2.1: A simplified representation of a cross-section through the
artery wall.

2.2 Lesion initiation

The process of lesion initiation is represented in Figure 2.2. Atherosclerosis is initi-
ated by the deposition of lipids in the intima. This may be caused by disruptions
in blood flow, which change the alignment of the endothelial cells. In regions of low
shear flow, junctions between endothelial cells become loose and their permeability
increases [4,33]. Molecules can therefore pass through these loose junctions, includ-
ing LDLs which are a type of lipoprotein that consist of a lipid centre containing
cholesterol [42]. LDLs do not generally pass through firm endothelial junctions, but
are able to pass through loose junctions via endocytosis [23,38]. Lipoproteins passing
through the intima may become trapped in the intima and accumulate, which pro-
motes the uptake of plasma LDL and triglyceride-rich lipoproteins by the endothelial
cells [4]. The accumulation of lipoproteins triggers changes to both lipoproteins and



2.2 Lesion initiation 10

endothelial cells. Accumulated lipoproteins in the intima become modified, un-
dergoing oxidation which produces inflammatory species [4, 33]. Endothelial cells,
in response to the oxidation of LDLs, express adhesion molecules and chemotactic
proteins such as P-selectin, E-selectin, VCAM1, and ICAM1 that promote the ad-
hesion of monocytes and other leukocytes [4, 31]. The presence of oxidised LDLs in
the intima has also been shown to up-regulate these adhesion molecules [38].

The expression of adhesion molecules by endothelial cells triggers the recruitment of
leukocytes including monocytes. Activated endothelial cells produce the monocyte
chemokine protein Monocyte Chemoattractant Protein 1 (MCP-1), which stimulates
monocytes to enter the intima [16, 31, 36]. Oxidised LDLs also cause MCP-1 to
be expressed by SMCs [38]. Upon entering the intima, monocytes differentiate
into macrophages in response to locally produced M-CSF and other cytokines [4].
Macrophages accumulate in the intima and uptake modLDL at a greater rate than
they uptake native LDLs [4, 6, 29]. As covered in the later section on necrotic
core formation 2.5, this process of modLDL uptake results in the conversion of
macrophages to foam cells.

Figure 2.2: A simplified representation of the initiation of lesions and
formation of foam cells. LDLs enter the intima past the endothelial
cells. The LDLs oxidise and activate the recruitment of monocytes.
Monocytes undergo differentiation into macrophages upon entering
the intima. ModLDL are uptaken by macrophages to form foam cells.

This initial stage of lesion initiation is therefore characterised by the accumulation
of modLDL and macrophages, and foam cells as atherosclerosis progresses, within
the intima.
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2.3 Smooth muscle cell migration

The accumulation of modLDL and macrophages within the intima produces inflam-
matory mediators and cytokines. Macrophages for example express growth factors
such as Transforming Growth Factors α and β (TGF-α and β) as well as platelet-
derived growth factor BB (PDGF-BB) [28, 46]. They also express other cytokines
such as Interleukin-10 (IL-10) and vascular cell adhesion molecule 1 (VCAM1) [3,28].
In healthy arteries, SMCs are located mostly in the media and exhibit a differenti-
ated (quiescent) phenotype. Quiescent SMCs exhibit a low rate of proliferation and
migration, and express contractile proteins [25]. SMCs exhibit phenotypic plastic-
ity, meaning that they are able to transform their phenotype [4,25,26]. In response
to cytokines such as PDGF-BB, SMCs in the media transform to a proliferative
stage and adopt a synthetic (de-differentiated) phenotype. Synthetic SMCs have
higher expression of ECM components and ECM-remodelling enzymes, are more
proliferative and can migrate into the intima from the surrounding media through
the internal elastic lamina [4]. Figure 2.3 shows the effect of cytokines and growth
factors on SMCs in the media and the migration of de-differentiated SMCs into the
intima.

In the intima, de-differentiated SMCs undergo clonal expansion. SMCs that domi-
nate the fibrous cap in the intima have been found to express genes associated with
differentiated SMCs, suggesting that de-differentiated SMCs can switch their pheno-
type back to a quiescent one [25,28]. Growth factors such as PDGF-BB drive SMC
dedifferentiation, proliferation, and migration [28]. PDGF-BB in particular acts as
a chemoattractant for SMCs [39], and SMCs are understood to migrate along a gra-
dient of PDGF-BB that increases from the media to the endothelium [36]. SMCs
are however affected by the production of cytokines such as interferon-γ (IFN-γ)
by oxidised lipoproteins and a change of macrophage phenotype, which promote
apoptosis and cause a decrease in SMC expansion rates [36].

As SMCs accumulate in the intima, this leads to an expansion of the intima (known
as diffuse intimal thickening) which is thought to predispose the artery for plaque
development [3]. The accumulation of SMCs and subsequent diffuse intimal thick-
ening is part of the pathological intimal thickening stage of atherosclerosis. In the
pathological intimal thickening stage, extracellular lipid pools are formed from the
accumulation of modLDL in the intima. These pools form within a layer of SMCs
and ECM [3].

As de-differentiated SMCs proliferate and migrate into the intima, they secrete ECM
proteins. This remodels the intimal ECM, which consists mainly collagen, into a
protective fibrous cap [3, 4, 25]. The mechanism of the synthesis of new collagen is
explained in the next section 2.4.
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Figure 2.3: A simplified representation of the formation of a fibrous
cap and necrotic core. In response to growth factors and cytokines,
SMCs migrate into the intima. SMCs synthesise ECM to produce a
fibrous cap. Both macrophages and SMCs uptake modLDL to create
foam cells. These foam cells contribute to the creation of a necrotic
core.

2.4 Collagen synthesis

The remodelling of the intimal ECM involves the replacement of existing intima
ECM with new ECM comprised of synthesised and deposited collagen. SMCs in
the intima deposit types I and III collagen, elastin and fibronectin, and synthesise
ECM molecules including type VIII collagen, osteopontin and tenascin [2]. The
synthesis of collagen by SMCs is affected by signalling pathways such as TGF-β,
PDGF, and myocardin-related transcription factor B (MRTF-B). TGF-β is secreted
by endothelial cells and expressed by macrophages [38], and promotes intimal growth
and stimulates SMC synthesis of collagen [22,34]. This was observed when increased
TGF-β expression in rats exhibited increased extracellular matrix deposition and
SMC nuclei prevalence in intimal lesions [40]. On the other hand, TGF-β has also
been observed to promote the SMC contractile phenotype, potentially leading to
phenotype switching [3].

The synthesized ECM creates a fibrous cap, which is mainly composed of collagen-rich
(mostly type I and III) fibre tissues, SMC, macrophages and T lymphocytes [38]. As
seen in Figure 2.3, this fibrous cap lies on top of the ECM. This fibrous cap forms the
atherosclerotic plaque and over time undergoes calcification, marking the transfor-
mation of the pathological intimal thickening to fibroatheromas [4]. Fibroatheromas
are necrotic cores (also known as atheromas) that are encapsulated by a fibrous cap
in the intima. Necrotic cores are comprised of extracellular lipid pools and dead
SMCs and macrophages. The formation of these cores is described further in the
next section 2.5. As fibroatheromas develop, the calcification of the plaque and
continued proliferation of SMCs leads to the increased thickening of the intima [4].



2.5 Necrotic core formation 13

The stability of this plaque is influenced by the integrity of the fibrous cap.

A number of factors degrade the fibrous cap. These include the effect of the necrotic
core, and macrophages. Macrophages, and other inflammatory cells, secrete matrix
metalloproteinase (MMP) which contribute to the lysis (cell breakdown) of extra-
cellular matrix (in particular MMP-165) [3, 24, 38]. MMPs are also expressed by
endothelial cells and SMCs. Cytokines such as IFN-γ and IL-1β, which are increas-
ingly expressed during inflammation, blunt collagen synthesis by SMC and drive
apoptosis [28]. The effect of the necrotic core on the fibrous cap is explained in Sec-
tion 2.5. These factors may degrade the fibrous cap, leaving it vulnerable to rupture
and thrombosis [4, 33, 35]. Vulnerable plaques generally have thin fibrous caps and
increased numbers of inflammatory cells [33], while ruptures frequently occur at the
lesion edges where foam cell density is greatest. Inflammation is therefore believed
to influence the degradation of the fibrous cap and the breakdown of the integrity
of the plaque.

2.5 Necrotic core formation

As modLDL and macrophages accumulate within the intima, macrophages ingest
modLDL to remove them from the intima [5]. Macrophages uptake modLDL through
phagocytosis and become lipid-laden [4]. These lipid-rich macrophages are termed
“foam cells”. Macrophages do not only ingest modLDL; they can produce cytotoxic
substances such as tumor necrosis factors (TNF), growth factors, precoagulation
substances (including tissue factors), and free radicals [38]. These substances can
cause damage to the endothelium and increase LDL oxidation. The production of
inflammatory species is therefore increased, leading to further SMC recruitment.

While SMCs contribute to the creation of the fibrous collagen cap as described
in Section 2.4, some SMCs also create foam cells. The proportion of SMCs that
migrate into intima undergo clonal expansion and redifferentiate into contractile
SMCs. These SMCs can then undergo trans-differentiation into macrophage-like
cells, which can uptake modLDL to create foam cells [4]. This phenotype-switching
has been linked to SMC apoptosis (rapid programmed cell death) and free choles-
terol in the tissue [3]. In animal models, up to 50% of foam cells are estimated to
be SMC-derived [3]. The retention of foam cells is mediated by a number of fac-
tors, including the expression of adhesion molecules such as intercellular adhesion
molecule-1 (ICAM-1), vascular cell adhesion molecule (VCAM-1) and fractalkine
(CX3CL1) [17].

The plaque grows as the atheroma and fibrous cap develop. Over time, the foam cells
in the atheroma undergo necrosis (non-programmed form of cell death characterized
by catastrophic loss of plasma membrane integrity and leakage of cell contents) and
apoptosis, leading to the accumulation of cell debris and cholesterol in the centre
of the plaque [3]. This forms a necrotic core in the plaque, as shown in Figure 2.3.
As the fibroatheroma develops and calcification increases, the plaque matures and
bulges into the artery wall [3, 4]. The necrotic core develops below the fibrous cap,
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which raises the risk of the rupture and release of the cell debris and cholesterol into
the bloodstream [4,33,35].

Plaque rupture occurs when the fibrous cap thins and the integrity of the plaque
breaks down. The exposure of collagen and lipids to the bloodstream contributes
to the accumulation and adhesion of platelets and formation of blood clots (throm-
bus), which may suddenly block the bloodstream [38]. This may cause a stroke or
myocardial infarction.



Chapter 3

Review of existing mathematical mod-
els

In this chapter, we review some of the mathematical models that describe various
mechanisms of atherosclerosis. We explore the different aspects of atherosclerosis
that are the focus of these models, and the different model types used. The models
that we are interested in are those for specific stages of atherosclerosis and the
dynamics of cells and particles inside the artery wall, rather than those that model
forces such as fluid flow, wall shear stress or cell transport. These models are
separated below into two general cases: models of inflammation, and models of
plaque formation.

Models of inflammation focus on the inflammatory and immunological processes of
atherosclerosis, rather than the direct mechanisms of cap formation. These processes
include LDL oxidation and macrophage recruitment. These models may directly de-
scribe the early stages of lesion core formation such as the conversion of macrophages
to foam cells.

Models of plaque formation focus on the creation of morphological features of the
atherosclerotic plaque, including the fibrous cap and necrotic core. These models
may also include the earlier stages of inflammation but focus on stages after lesion
initiation, such as SMC migration, ECM creation, and the accumulation of foam
cells and debris.

3.1 Models of inflammation

As described in Section 2.2, the oxidation of accumulated lipoproteins in the intima
produces inflammatory species. This triggers the expression of adhesion molecules
by the endothelial cells, which then promote the adhesion of monocytes. These
monocytes differentiate into macrophages in the intima. Macrophages accumulating
in the intima consume modLDL which results in the conversion of macrophages to
foam cells. These processes form the lesion initiation stage of atherosclerosis. A
number of models model this early stage [9, 14,30].

An ordinary differential equation (ODE) model which focuses on LDL oxidation
is presented in Cobbold et al. (2002) [14]. The model distinguishes six types of
LDL and models the process of LDL modification and high density lipoproteins
(HDL) oxidation. LDL are assumed to be oxidised by a free radical and undergo
Vitamin E and lipid oxidation. HDLs are modelled as inhibiting LDL oxidation and
a modulating force on inflammation. As an ODE model dependent only on time,
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the model does not model spatial changes in the different species of LDL on the
artery wall.

Another ODE model that separates LDL into classes is presented in Thon et al.
(2018) [43]. This model is a combination of three submodels which reflect various in
vitro experiments. LDL is distinguished into native LDL and modLDL, with only
modLDL being assumed to stimulate inflammation. The first submodel describes
the modification of LDL and its uptake due to phagocytosis by macrophages. The
second submodel focuses on HDL inhibition of LDL modification, and the third
submodel addresses the ingestion of modLDL by macrophages and the esterification
of free cholesterol within macrophages. While this model presents a comprehensive
description of LDL and macrophage dynamics, its level of detail and the eight ODEs
in the combined model make it complex and difficult to easily extend to include other
processes.

Khatib et al. (2007) [30] proposes a one-dimensional reaction-diffusion model with
two species: immune cells (monocytes, macrophages) and cytokines secreted by the
immune cells. Oxidised LDLs, which are assumed to be generated within the intima,
are not modelled explicitly and instead form the boundary condition which models
macrophages migration across the luminal boundary with oxidised LDLs acting as a
macrophage chemoattractant. There is no model mechanism for the removal of LDL,
and oxidised LDL are assumed to accumulate infinitely. Macrophages are assumed
to undergo recruitment from the lumen, which is promoted by pro-inflammatory
cytokines. This rate of recruitment is assumed to become saturated at high cytokine
densities. The accumulation of macrophages, and the propagation of inflammation
within the intima, is described as a traveling wave and is presented as dependent
on oxidised LDL concentration. There are no foam cell species in the model as the
dynamics of macrophages are assumed to be similar to that of foam cells.

A subsequent one-dimensional reaction-diffusion model by Younes et al. (2021) [47]
builds on the model of Khatib et al. (2007) to include oxidised LDL as a model
species. LDL enter the intima from the lumen, where they are assumed to undergo
oxidation and phagocytosis by pro-inflammatory macrophages. The model does
not distinguish between macrophages and monocytes, but extends the scope of the
model from Khatib et al. (2007) to include the mechanisms of foam cell production.
Foam cell production is modelled by the uptake of modLDL by macrophages. It
is assumed that all macrophages that uptake modLDL differentiate into foam cells.
This means that oxidised LDL concentration affects both inflammation and the rate
of foam cell production. The work of Khatib et al. (2007) and Younes et al. (2021)
therefore demonstrate the ability of reaction-diffusion models to be extended to
include new model species.

Reaction-diffusion models are therefore used by a number of research papers to
model the early stages of lesion initiation [10,11,30,37,47]. The model presented by
Chalmers et al. (2015) [11] explores the mechanisms of early atherosclerosis by pre-
senting equations for modLDL, chemoattractants, cytokines, macrophages/monocytes,
and foam cells. Macrophage chemotaxis is a key feature of this model, with macrophages
moving chemotactically up the gradients of both modLDL and chemoattractants
such as MCP-1. ModLDL stimulates macrophage ingress into the intima and foam
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cell and chemoattractant production. As with the previous two models [30, 47],
all macrophages that uptake modLDL differentiate into foam cells. Foam cells are
modelled as having no spatial movement. This model framework is extended in
Chalmers et al. (2017) [10] to include equations for HDL and their modulating ef-
fect on cholesterol in foam cells. We note that these models correctly predict that
the rate of accumulation of foam cells is proportional to the influx of modLDL, and
also offer some hypotheses on HDL dynamics that have not been observed in exper-
iments on real lesions. The terms and assumptions that reflect up-to-date general
lesion dynamics and the reaction-diffusion framework make the models useful refer-
ences for our research model. Further details of these models are explored in later
chapters (6.2 and 8.1.1).

Other research papers employ submodels, which are part of a larger framework
model, to model stages of inflammation. An example is Ougrinovskaia (2011) [37],
which presents a reaction-diffusion model with submodels that describe different
stages of atherosclerosis. One submodel incorporates three main lesion constituents:
modLDL, macrophages/monocytes and macrophage chemoattractants. The equa-
tions for these species model the early lesion initiation stage and ignore the conver-
sion of macrophages to foam cells. The uptake of modLDL by macrophages is still
described, and macrophages are assumed to move chemotactically up the gradient
of macrophage chemoattractants but not modLDL. A submodel described later in
the thesis examines the early lipid core formation stage by introducing equations
for foam cells and the early extra-cellular lipid pool core. This submodel builds
on the earlier submodel that modelled lesion initiation. The assumption that all
macrophages that uptake modLDL differentiate into foam cells is continued, but
foam cells are additionally assumed to undergo spatial motion. Foam cells diffuse
and are displaced by other cells. These later submodels therefore retain the dynam-
ics presented in earlier submodels while introducing the dynamics of different stages
of atherosclerosis. This model is explored in depth in later chapters (4.1.2, 6.1 and
8.1.2).

3.2 Models of plaque formation

Some models that describe the early lesion initiation stage of atherosclerosis also
include the later stage of necrotic core formation, which forms part of later stage
plaques. A model that is different to the spatially structured ODE and reaction-
diffusion models presented in Section 3.1 is that proposed by Ford et al. (2019) [19].
The model does not include spatial dependence but the cell populations are struc-
tured according to intra-cellular lipid load. The focus of the model is the dynamics
within the plaque rather than spatial patterns. The plaque is assumed to be com-
prised of live, apoptotic and necrotic macrophages with internalised lipid content.
The model equations distinguish between live and apoptotic macrophages within
the plaque, and the rate of production of necrotic macrophages is modelled by a live
macrophage cell death term. Macrophages are assumed to enter the plaque through
the endothelium, and migrate out of the artery. Within the plaque, macrophages
undergo apoptosis, phagocytosis of necrotic cells, efferocytosis (the phagocytosis of
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apoptotic cells), recruitment and necrosis. Rather than modelling the density or
total number of foam cells, the development of the necrotic core is modelled by the
total lipid load of necrotic macrophages in the plaque. This model is extended by
Chambers et al. (2023) [12] to account for local macrophage proliferation. Addi-
tional terms are added to the macrophage population equation which describe the
rate of proliferation of macrophages by cell division into two daughter cells and how
extra lipid is added to the macrophage population via cell proliferation. This is
a unique way of modelling necrotic core development that is an alternative to the
spatially dependent framework that our thesis focuses on.

Another type of model is a multiphase model [7, 32, 44, 45]. Multiphase models
consider various species such as SMCs and macrophages as separate distinct phases
by defining equations for each phase. Each phase generally has continuity equations
that describe various thermodynamic quantities, such as the conservation of mass
and momentum. The paper by Watson et al. (2018) [44] models the migration of
SMCs into the intima by proposing a model with two phases: matrix-synthesising
SMCs and a generic non-SMC phase (comprising of all other cells and tissues). A
non-volume-occupying species representing PDGF is modelled as being present only
in the generic non-SMC phase. The two phases are represented by their volume
fractions, and it is assumed that the remodelling of ECM and the distribution of the
deposited matrix is reflected by the SMC profile. Each phase is mass balanced, and
both phases are assumed to have the same constant total density. The two phases are
assumed to satisfy a no-voids condition so that the intima tissue is incompressible
and continuous. The model equation of the SMC phase assumes that SMCs migrate
chemotactically through the intima at a rate determined by a function that decreases
as the local PDGF concentration decreases. This chemotactic motion is modelled
as a mechanism of stress relief in the SMC phase. The stress is due to interphase
force exerted by the SMC phase on the non-SMC phase, and is therefore balanced
by an equal and opposite interphase force exerted by the non-SMC phase on the
SMC phase.

Watson et al. (2020) [45] extends the model in Watson et al. (2018) to include
an immobile ECM phase and another non-volume-occupying species representing
TGF-β. This model explicitly describes the mechanisms of the synthesis of a fibrous
cap through the model equation for ECM volume fraction in the intima. TGF-β
is assumed to stimulate ECM remodelling and matrix deposition, and SMCs are
assumed to degrade the ECM by the expression of MMPs. This method provides a
detailed insight into the mechanisms of SMCmigration and the formation of a fibrous
cap as physical forces. It is complex however, and the subsequent introduction of
new phases and species requires mass and momentum balancing. Further detail
on these models is provided in later chapters (4.1.1, 5.1). We note however that
the analysis of TGF-β and MMPs and their effects on cap dynamics reflect results
from recent studies [13,27]. We aim to reflect this analysis in our reaction-diffusion
models to present up-to-date understandings of plaque dynamics.

Friedman et al. (2015) [20] presents a reaction-diffusion model that models a number
of mechanisms of plaque formation, including the migration of SMCs and the syn-
thesis of ECM. It proposes fourteen variables which include LDL, MCP-1, MMPs,
SMCs, foam cells, macrophages, PDGF, ECM and T cells. The large number of
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variables and respective model equations allows the model to represent a wide range
of processes. SMCs are assumed to be attracted into the intima from the media by
PDGF and MCP-1, and to undergo chemotaxis by MCP-1 and PDGF and hapto-
taxis by ECM. Macrophages are assumed to migrate chemotactically up the MCP-1
gradient and uptake oxidised LDLs to convert into foam cells. The models are solved
numerically in two dimensions using the finite element method where the domain
is represented by a mesh of closed triangles, with each triangle having a defined
polygonal boundary. This allows a two-dimensional simulation of the cross-section
of an artery with a growing plaque.

We return to the reaction-diffusion framework model of Ougrinovskaia (2011) [37],
which also models the formation of a fibrous cap and necrotic core. As explained
in Section 3.1, the reaction-diffusion framework model is comprised of submodels
that model individual stages of atherosclerosis. The complete reaction-diffusion
model is comprised of five submodels that focus on the following stages: lesion
initiation, early lipid core formation, SMC migration, fibrous cap formation, and
atheroma formation. As outlined in the earlier section 3.1, submodels are able to
build on earlier submodels. The model equation for SMCs in the SMC migration
submodel describes SMC migration and proliferation in the intima. In the atheroma
formation submodel, coupling between the macrophage density and SMC population
is introduced to the model equation for SMCs to describe immune cell induced
apoptosis of SMCs. We note that there are no mass and momentum balancing
concerns when introducing coupling into reaction-diffusion equations. This relative
simplicity in introducing coupling and expanding model equations is an advantage
of the reaction-diffusion framework employed in this model. We compare this model
to the more recent multiphase model of Watson et al. (2018) [44] in the next chapter
4.

Our thesis aim is to create a reaction-diffusion framework that can be extended to
simply model key stages of atherosclerotic plaque dynamics while retaining experi-
mental validity. We are therefore interested in models that can serve as references.
We focus on five models described above: the multiphase models of Watson et al.
(2018, 2020) and the reaction-diffusion models of Chalmers et al. (2015, 2017)
and Ougrinovskaia (2011). The multiphase models of Watson et al. (2018, 2020)
are recent works from our research group and their results reflect up-to-date ex-
perimental observations on SMC, PDGF and ECM dynamics. As noted before,
multiphase models can be mathematically and computationally complex. Our in-
terest in these models is to produce qualitatively similar results while using a sim-
pler reaction-diffusion framework. The reaction-diffusion models of Chalmers et al.
(2015, 2017) [10,11] focus on the early stages of plaque formation, including modLDL
and macrophage dynamics. They also present results that reflect up-to-date exper-
imental observations which allow our models to reflect current experimental data
and the broader biological literature. These models are reaction-diffusion models
and therefore provide useful references to our thesis reaction-diffusion framework.
The reaction-diffusion model of Ougrinovskaia (2011) is comprised of submodels
that model individual stages of atherosclerosis. We recall that an objective of our
thesis is that our model must be extendable to include more equations and variables
without adding additional complexity. This model is therefore a useful reference in
analysing how the various submodels are married together.



Chapter 4

Creating the base model by mod-
elling smooth muscle cell and platelet-
derived growth factor characteris-
tics

In this chapter, our aim is to create a two species reaction-diffusion model that
models the SMC migration stage of atherosclerosis. The purpose of beginning with
a two species model is to establish a reaction-diffusion framework that can be ex-
tended in subsequent chapters to model other stages of atherosclerosis. Because we
intend to present a complete reaction-diffusion model that incorporates a number of
stages of atherosclerosis, including those that are mature, it is important to create
a biologically and mathematically sound submodel before extending it.

We detail two models created in our research group that model the SMC migration
stage of atherosclerosis: Watson et al. (2018) [44], and Ougrinovskaia (2011) [37].
The approach to modelling differs between the two models, with the former model
being a multiphase model and the latter being a reaction-diffusion model (as outlined
in the previous chapter 3). The assumptions of the model proposed in Watson et
al. (2018) reflect more recent understandings in research, but multiphase models
involve some complexity due to the physical forces that must be accounted for in
each phase. The submodel approach of Ougrinovskaia (2011) provides a simpler
reaction-diffusion framework which we aim to use but modify with more biologically
relevant assumptions and terms. We therefore compare the two models to analyse
the assumptions and terms used to describe the key dynamics of SMC migration
into the intima.

4.1 Two models: Watson et al. (2018); Ougri-

novskaia (2011)

Watson et al. (2018) models the preliminary stages of atherosclerotic plaque forma-
tion by modelling different dynamics as multiphase equations. For example, SMCs
are treated as a phase and non-SMC cells are treated as another distinct phase.
These phases are governed by mass balance and momentum balance conditions and
are generally also subject to conditions such as no voids conditions. These condi-
tions impose volume filling and mass and volume distribution in a system, allowing
the model to capture all dynamics in a closed system.
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On the other hand Ougrinovskaia (2011) models the preliminary stages of atheroscle-
rotic plaque formation as reaction-diffusion equations. Each relevant cell and growth
factor is modelled by a partial differential equation and is not treated as a phase.
This means that the formulation of the system is simpler, as there is no need for
mass or momentum balances.

4.1.1 Multiphase SMC and PDGF model (Watson et al.
(2018))

Watson et al. (2018) models the interaction between SMCs and PDGF with a
multiphase approach. This model represents two phases: SMCs; and all other cells
and tissues. SMCs are represented as a volume fraction denoted by s(x, t) and
all other cells and tissues are represented as a volume fraction denoted by w(x, t).
SMC dynamics are described by an elliptic parabolic PDE for SMC volume fraction.
PDGF is treated as volume free and its dynamics are described by a reaction-
diffusion equation for PDGF concentration.

The model accounts for early stage SMC migration and proliferation as a result of
PDGF expression at the endothelium. Its two phase formulation addresses volume
filling and exclusion in the intima. The model does not explicitly describe lesion cap
formation but focuses instead on accurately describing SMC migration and prolif-
eration. Due to fibrous collagen cap synthesis by SMCs, the multiphase approach is
intended to indirectly address fibrous collagen cap stability.

The multiphase approach requires the two phases to be mass and momentum bal-
anced. The model further assumes a no voids condition such that s + w = 1.
Denoting SMC volume fraction as s(x, t), all other cell and tissue volume fraction as
w(x, t), and PDGF concentration as g(x, t), mass balance is applied to each phase:

∂s

∂t
=

∂

∂x

(
νss

)
= Ss(g, s, w), (4.1)

∂w

∂t
=

∂

∂x

(
νww

)
= −Ss(g, s, w). (4.2)

It is assumed that both phases have the same constant density. Where the rate of
SMC production is denoted by Ss, mass transfers from the SMC phase to the other
cell and tissue phase as SMCs degrades.

For momentum balancing, it is assumed that inertial effects are negligible and there
are no external forces acting on the system. Where τs and τw represent the SMC
and other cell and tissue phase stress terms, and Fsw denotes the force exerted by
the SMC phase on the other cell and tissue phase, the momentum balance equations



4.1 Two models: Watson et al. (2018); Ougrinovskaia (2011) 22

become:

∂

∂x
(τss) = Fsw, (4.3)

∂

∂x
(τww) = −Fsw. (4.4)

We do not extensively describe the model simplification taken in Watson et al.
(2018). We can understand however that increasing the number of phases in this
system requires additional mass and momentum balancing, which potentially in-
troduces more complexity. We note that the equations (4.1), (4.2), (4.3) and (4.4)
produce the non-dimensionalised model equations for SMC and PDGF dynamics:

∂s

∂t
=

∂

∂x

[
(1− s)

∂

∂x
(sΛ)

]
+ rs(1− s)

(
1 +

Ag

gs + g

)
− βss, (4.5)

∂

∂x

[
(1− s)

∂g

∂x

]
= ηggs(1− s) + βgg(1− s). (4.6)

The first term on the right hand side of the first equation (4.5) represents the mass
balance of both phases. Expanding this term gives the effective nonlinear diffusion
and chemotaxis coefficients of SMCs which are proportional to a number of parame-
ters. Firstly, the definition of the two phases and no voids condition means that both
the diffusion and chemotaxis coefficient are proportional to the non-SMC phase. It is
therefore assumed that the non-SMC phase influences SMC migration in the intima.
The function Λ(g) represents the assumption that SMC motility is nonlinear and
influenced by local PDGF concentration g. Expanding the term via the chain rule
results in SMC motility being dependent on both local PDGF concentration and its
gradient. The second and third source terms describe SMC proliferation and decay
respectively. Proliferation is assumed to be logistic with respect to s, where r repre-
sents a rescaled mitosis rate, Ag represents the maximum possible PDGF-stimulated
increase in mitosis rate, and gs represents the half-maximal kinetic constant. It is
also assumed to be proportional to both local SMC and the non-SMC volume frac-
tions. Decay is assumed to be linearly proportional to local SMC volume fraction
and decay rate βs.

The second equation assumes that the characteristic timescale of PDGF diffusion
is significantly shorter than SMC migration. This means that PDGF is treated as
being at steady state within the intima. It also means that there is no advective
transport of PDGF within the non-SMC phase. The two terms on the right hand
side of the equation represent the dynamics of PDGF in the intima steady state:
SMC uptake and chemical decay. There are no source terms, and instead PDGF is
introduced at the endothelial boundary.

The boundaries are defined as the endothelial layer at x = 0, and the medial layer
at x = L where L is the length of the region between the two layers. The domain
is defined on a one-dimensional domain x ∈ [0, L] where L = 1. The boundary
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conditions are:

∂

∂x
(sΛ)

∣∣∣
x=0

= 0,
∂

∂x
(sΛ)

∣∣∣
x=1

=
dΛ

dg
s∗
∂g

∂x
, where Λ(g) =

χ

1 + (κg)n
,

∂g

∂x

∣∣∣
x=0

= −αg,
∂g

∂x

∣∣∣
x=1

= σg(g
∗ − g),

(4.7)

with initial condition
m(x, 0) = si, (4.8)

where si represents a small, uniform initial SMC population such that 0 < si ≪ 1.
This initial SMC population is required as the velocity of the SMC phase νs observed
in (4.1) creates a singularity when si = 0. At the medial boundary, s∗ and g∗

respectively denote some constant notional medial SMC volume fraction and PDGF
concentration such that s∗ < 1 and g∗ < 1.

At x = 0, there is zero flux for SMCs following the assumption that SMCs neither
enter the intima via the lumen nor exit via the endothelium. For PDGF, there is
an inward flux representing PDGF entering from the lumen.

At x = 1, it is assumed that SMC migration is entirely chemotactic and dependent
on the local PDGF gradient as well as the local SMC fraction volume. Passive
diffusion is negligible, meaning that the contribution proportional to ∂s

∂x
is zero. For

PDGF, the gradient at this boundary is set as negative to represent SMCs migrating
across the medial boundary by chemotaxis.

4.1.2 Reaction-diffusion model (Ougrinovskaia (2011))

The reaction-diffusion model of Ougrinovskaia (2011) shares a number of similarities
with Watson et al. (2018). It explores the dynamics behind cap formation, focusing
on the intermediate stages of atherosclerotic lesion formation. The domain of the
model systems is also a one dimensional slice of the intima with x = 0 at the
endothelial boundary and x = L the media boundary where L is the length of
the domain. Unlike the multiphase model of Watson et al. (2018), the partial
differential equation model individually accounts for a number of mechanisms rather
than treating them as phases. We focus on the model that explores the dynamics of
modLDL, macrophages, macrophage chemoattractant MCP-1, SMCs and PDGF.
This means that where non-SMC cells and tissue are treated as a volume-filling
phase w such that w = 1− s, the system includes equations for LDLs, macrophages
and macrophage chemoattractants. Further developments of the model, explored in
later stages of the thesis, include more mechanics such ECM and foam cells.

LDLs enter the intima where they oxidise to become modLDL; the model assumes
that this occurs fast enough to directly describe modLDLs influx σl at the x = 0
boundary. ModLDLs diffuse through the domain with respect to diffusion coefficient
Dl. They are assumed to be uptaken by both macrophages and foam cells (denoted
by N(x, t)) at a rate proportional to the function Tl(l) and to undergo linear decay
with respect to the degradation term dl.
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Macrophages also enter the intima, represented as an influx σm at the x = 0
boundary. Motility is described as being driven by diffusion and chemotaxis, with
macrophages diffusing through the domain with respect to diffusion coefficient Dm.
They move chemotactically along the gradient of MCP-1 with respect to chemotaxis
coefficient χm. As macrophages uptake modLDLs as described above, they are as-
sumed to convert to foam cells at a rate proportional to the function Tm(l). They
also undergo aptosis and necrosis, which are represented as a linear decay term dm.

Rather than migrating into the intima from the lumen, macrophage chemoattrac-
tants such as MCP-1 are mainly produced by endothelial cells. This is described
in two forms: firstly as an influx σp at the x = 0 boundary, and also as a source
term Sp. Macrophage chemoattractants diffuse through the domain with respect to
diffusion coefficient Dp. They are assumed to decay linearly with respect to with
respect to the decay term dp.

Smooth muscle cells are assumed to migrate from the media into the lumen which
is described as an influx σs at the x = 1 boundary. Unlike the flux conditions of
equations (4.7), this influx is constant and independent of chemoattractant gradient.
The flux terms are also different: while SMCs are described as diffusing through the
intima with respect to diffusion coefficient Ds and moving chemotactically along the
gradient of PDGF with respect to chemotaxis coefficient χs, they are also assumed to
undergo haptotaxis along the ECM. This haptotactic flux is described with respect
to haptotaxis coefficient hs. The source term is similar to that of equation (4.5),
proportional to logistic growth described by Ss(g) and mitosis. While SMCs are as-
sumed to undergo linear decay with respect to decay term ds, the model goes further
to describe SMC apoptosis in response to increased cytokines. This is represented
as proportional to a decay term dsm.

The differences in flux boundary conditions continue with PDGF. The model as-
sumes zero flux conditions at both boundaries, with only a source term Sg due to
PDGF elaboration by macrophages. PDGF is assumed to undergo diffusion with
respect to diffusion coefficient Ds and to decay linearly proportional to a decay term
dg.

The domain is defined on a one-dimensional domain x ∈ [0, L] where L = 1 and
time is denoted as t. Setting LDL concentration as l(x, t), macrophage density as
m(x, t), macrophage chemoattractant concentration as p(x, t), collagen concentra-
tion as x(c, t), PDGF concentration as g(x, t) and SMC density as s(x, t), the system
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of equations become:

∂l

∂t
= Dl

∂2l

∂x2
− µllm

1 + l
− dll, (4.9)

∂m

∂t
= Dm

∂2m

∂x2
− ∂

∂x

(
χmm

∂p

∂x

)
− µmlm

1 + l
− dmm, (4.10)

∂p

∂t
= Dp

∂2p

∂x2
− dpp, (4.11)

∂g

∂t
= Dg

∂2g

∂x2
+ σgm− dgg, (4.12)

∂s

∂t
= Ds

∂2s

∂x2
− ∂

∂x

(
χss

∂g

∂x
+ hs

∂c

∂x

)
+
(
1 +

rsg

Gs + g

)
s(1− s)− dss. (4.13)

The relevant boundary and initial conditions are:

∂l

∂x

∣∣∣
x=0

= − σl
Dl

,
∂l

∂x

∣∣∣
x=1

= 0,

∂m

∂x

∣∣∣
x=0

= −
σm − χmm

∂p
∂x

Dm

,
∂m

∂x

∣∣∣
x=1

= 0,

∂p

∂x

∣∣∣
x=0

= − σp
Dp

,
∂p

∂x

∣∣∣
x=1

= 0,

∂g

∂x

∣∣∣
x=0

= 0,
∂g

∂x

∣∣∣
x=1

= 0,

∂s

∂x

∣∣∣
x=0

= 0,
∂s

∂x

∣∣∣
x=1

=
σs
Ds

,

(4.14)

with initial conditions
s(x, 0) = 0, g(x, 0) = 0. (4.15)

We focus on the equations governing the dynamics of PDGF and SMCs: namely
the PDEs (4.12) and (4.13). By limiting the scope of the equations to only s and
g, the objective of this chapter is to capture the main dynamics of equations (4.6)
and (4.5) from the multiphase model in the simpler form of reaction-diffusion model
PDEs.

Both the multiphase model of Watson et al. (2018) and the reaction-diffusion model
of Ougrinovskaia (2011) describe the smooth muscle cell migration stage of cap
formation. The multiphase model is however a more recent model; the experimental
research findings used in it are more up-to-date and are reflected in the different
dynamics of PDGF and the boundaries. The inclusion of different phases also allows
for volume filling and exclusion in the intima. The multiphase model however is
complex. Its reliance on distinct phases makes it less easily adaptable to different
systems with large numbers of phases. Each additional phase introduces new mass
and momentum balance equations. The reaction-diffusion model is able to include
additional phases without requiring significant changes to other equations due to
changes in volume filling and exclusion. This need for all phases to be accounted
for in mass and momentum balance makes multiphase models less easily adaptable.

We note that the findings of the two models differ. In Ougrinovskaia (2011), the
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effects of varying the chemotaxis coefficient χs were analysed. It was found that while
χs had an effect on the distribution of SMCs (increasing the value of χs translated to
greater accumulation of SMCs at the endothelial boundary), the overall distribution
of SMCs throughout the intima was relatively flat. An increase in the value of χs by
approximately 102 was required to produce a significant increase in the accumulation
of SMCs at the endothelial boundary. It was therefore concluded that chemotaxis
alone was not the only contributor to SMC migration. We note however that in
this model, there is no influx of PDGF; PDGF is only expressed by macrophages.
As a result, the distribution of PDGF is very flat. This means that the rate of
chemotactic migration is near constant throughout the intima.

This differs from the results of Watson et al. (2018). As shown in 4.3.1, the PDGF
profile is not uniform. The model also assumes an inward flux of PDGF at the
endothelial boundary. In the multiphase model, SMC diffusion and chemotactic
migration coefficients are proportional to the SMC phase pressure function Λ(g)

and dΛ(g)
g

respectively. The findings are explained in detail in 4.4.2; we note that
a larger cap region was observed when the chemotaxis terms were increased. We
recall that in Ougrinovskaia (2011), increasing the chemotaxis coefficient did lead
to a larger cap region but that the distribution of SMCs throughout the intima was
still relatively flat, whereas in the multiphase model, there is a clear discernible
cap region. One explanation for this difference is the PDGF profile and constant
chemotaxis coefficient, which leads to less migration of SMCs towards the endothelial
boundary in Ougrinovskaia (2011) compared to Watson et al. (2018). To address
this, we may propose SMC flux terms that while simpler, can be combined with the
assumptions of cell movement up the PDGF gradient to reproduce the cap region
shown in Watson et al. (2018).

The goal of this new reaction-diffusion model that we propose in this chapter is
to create a model that retains the experimental validity of the multiphase model
within a simpler reaction-diffusion model framework. We begin with a PDE system
that models the smooth muscle cell migration stage of cap formation. We consider
two equations for SMC and PDGF dynamics. Analysis of this system allows us
to understand whether the model can replicate the observations of the multiphase
model. If it can, the model may provide a framework for larger models with more
equations and systems.

4.2 Model formulation and development

We model the smooth muscle cell migration stage by analysing SMC and PDGF
dynamics in the intima, the region between the endothelium and the media. Our
model represents a radial cross-section of diseased intima far from the circumferential
edges of the plaque. We assume PDGF is diffusible, acts as a SMC chemoattractant
and promotes SMC activation. We do not explicitly account for all the processes of
cap formation but instead assume that SMC and PDGF dynamics are relevant to
the initiation of cap formation. We assume that crowding has no effect on SMC and
PDGF dynamics and that PDGF is unaffected by SMC density within the intima.
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These dynamics are represented by two equations on a one-dimensional domain
with the endothelium at x = 0 and the media at x = L where L = 1. This simply
describes the interface between the intima and media as displayed in Figure 4.1.
The distance x is therefore the radial distance from the luminal edge of the intima
towards the media.

We model on two main quantities: SMC density and PDGF concentration. We do
not distinguish between different types of PDGF and focus on matrix-synthesising
SMCs. Our system therefore consists of the following key variables as a function of
distance x and time t:

s(x, t) = density of matrix-synthesising smooth muscle cells,

g(x, t) = concentration of PDGF and other SMC chemoattractants.

Figure 4.1: A simplified diagram of the inner arterial wall and the
model’s geometry.

4.2.1 Model equations

4.2.1.1 PDGF (g(x, t))

Let the concentration of PDGF g(x, t) be a function of time t and the radial distance
x. The model equation for g is:

∂g

∂t
= Dg

∂2g

∂x2
− dgg. (4.16)

Equation (4.16) models the net rate of PDGF production. PDGF diffuses through
the media with diffusion coefficient Dg, and decreases in proportion to the amount
of PDGF present with a constant of proportionality dg. There is no source term for
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PDGF as we assume that PDGF is introduced at the endothelial boundary into the
intima at a constant rate.

The time scales of PDGF and SMC production are different. PDGF production is
estimated to be of order 103 seconds, while the time scale for SMC production is
approximately a month. We are primarily interested in analysing SMC migration.
Due to this we use the fact that the time scale of PDGF dynamics is significantly
shorter than that of SMC production to set ∂g

∂t
= 0. This simplifies (4.16) to:

0 = Dg
∂2g

∂x2
− dgg. (4.17)

4.2.1.2 Smooth muscle cells (s(x, t))

The density of smooth muscle cells within the intima is modelled by:

∂s

∂t
= Ds

∂2s

∂x2
− ∂

∂x
(χss

∂g

∂x
) +

(
rs0 +

rsg

Gs + g
)s(1− s

k
)− dss. (4.18)

We assume that SMCs randomly migrate through the intima tissue with diffusion
coefficient Ds. They respond chemotactically to the growth factor concentration g,
where χs is the sensitivity of the SMCs to the chemoattractant. We note that in
Watson et al. (2018), χs(g) was a nonlinear function of PDGF concentration so
that cell motility was dependent on local g. Here we make a simplifying assumption
and follow Ougrinovskaia (2011) in assuming that χs is constant and independent of
g. We also assume that SMCs proliferate logistically with a mitosis rate dependent
on PDGF concentration. Logistic growth is dependent on the total cell and tissue
density k, while the mitosis rate is dependent on the base mitosis rate rs0, the
minimum mitosis rate rs, and the Michaelis-Menten kinetic constant Gs. SMCs are
assumed to die linearly at a rate ds.

4.2.2 Boundary and initial conditions

4.2.2.1 PDGF (g(x, t))

At the endothelial boundary we assume a constant influx of PDGF at rate αg. At
x = 0, this is represented as Jg|x=0 = −αg where Jg = −Dg

∂g
∂x

is the PDGF flux and
n̂ is the outward unit normal. This influx is the sole source of PDGF.

At x = 1 we assume that there is a flux of PDGF out of the intima at the medial
boundary. We require a chemical negative gradient of PDGF to drive SMC migra-
tion from the media into the intima. The medial flux of PDGF is assumed to be
dependent on the concentration of PDGF at the boundary as well as the perme-
ability σg at the medial boundary to PDGF. Unlike the boundary condition (4.7)
in Watson et al. (2018), we do not assume that there is some constant notional
medial PDGF concentration. The boundary condition is therefore equivalent to the
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boundary condition (4.7) for g∗ = 0. Hence at x = 1, Jg|x=1 = −σgg.

Therefore the boundary conditions for PDGF are:

∂g

∂x

∣∣∣
x=0

=
−αg

Dg

,
∂g

∂x

∣∣∣
x=1

=
−σgg
Dg

. (4.19)

4.2.2.2 Smooth muscle cells (s(x, t))

Zero flux conditions are held at the endothelial boundary so that no SMCs enter
the intima from the lumen. Hence at x = 0, we have Js|x=0 = 0 where Js =
−Ds

∂s
∂x

+ χss
∂g
∂x

is the SMC flux.

We assume that SMCs enter the intima from the media, driven entirely by chemo-
taxis up the chemical gradient of PDGF at x = 1. We model this by introducing a
constant s∗ which represents the fixed density of SMCs in the media. We assume
that this migration does not affect the medial density of SMCs. This means that at
x = 1, Js|x=1 = χss

∗ ∂g
∂x
.

Substituting the expressions for ∂g
∂x

at both boundaries in the expressions for the
flux of SMCs gives the boundary conditions:

∂s

∂x

∣∣∣
x=0

=
−αgχss

DgDs

,
∂s

∂x

∣∣∣
x=1

=
χsσgg(s

∗ − s)

DsDg

. (4.20)

We assume a small initial intimal SMC density. This is represented as an initial
condition s(x, 0) = s0 where s0 represents a small spatially uniform SMC profile
such that 0 < s0 ≪ 1.

4.2.3 Non-dimensionalisation

We non-dimensionalise our model, using tildes to denote non-dimensionalised quan-
tities. The key parameters x, t, s and g are non-dimensionalised as follows:

s = ks̃ , g = g0g̃ , t = τt0 , x = Lx̃ ,

where k represents the total cell and tissue density, g0 the characteristic PDGF
concentration, t0 the characteristic time scale of SMCs, and L the length of the
domain.
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The remaining model parameters are non-dimensionalised as follows:

dg =
Dgd̃g
L2

, Ds =
L2D̃s

t0
, ds =

d̃s
t0

, Gs = G̃sg0 ,

r =
r̃

t0
, χs =

χ̃sL
2

t0g0
, rs0 =

r̃s0
t0

, Ã =
rs
rs0

,

α =
α̃Dgg0
L

, σ =
σ̃Dg

L
.

(4.21)

Dropping the tildes for clarity, the model equations (4.16) and (4.18) and boundary
conditions (4.19) and (4.20) become:

0 =
∂2g

∂x2
− dgg, (4.22)

∂s

∂τ
= Ds

∂2s

∂x2
− ∂

∂x
(χss

∂g

∂x
) + rs0

(
1 +

Ag

Gs + g

)
s(1− s)− dss, (4.23)

with boundary conditions

dg

dx

∣∣∣
x=0

= −αg,
∂s

∂x

∣∣∣
x=0

=
−αgχss

Ds

,

dg

dx

∣∣∣
x=1

= −σgg,
∂s

∂x

∣∣∣
x=1

=
χsσgg(s

∗ − s)

Ds

.

(4.24)

The initial condition for s(x, t) is

s(x, 0) = s0, (4.25)

where s0 is non-dimensional.

4.2.4 Parameter values

Table 4.1: Base non-dimensionalised parameter values

Symbol Definition Value Reference
Ds Diffusion coefficient of SMC 1.0979 4.2.4.1

dg Rate of PDGF decay 0.075 [44]

ds Rate of SMC loss 0.4 [44]

n Exponent in the SMC pres-
sure function

1.8 [44]

κ Reciprocal of reference
PDGF concentration in
SMC pressure function

5.5 [44]

Gs Michaelis-Menten kinetic
constant

1.4 [44]

Continued on next page
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Table 4.1 – continued from previous page
Symbol Definition Value Reference

χs SMC motility coefficient 4.5952 4.2.4.1

A Maximal factor of PDGF-
stimulated increase in rate
of SMC proliferation

19 [44]

rs0 Baseline rate of SMC prolif-
eration

0.02 [44]

αg Rate of PDGF influx from
endothelium

0.55 [44]

σg Permeability of IEL to
PDGF

2 [44]

s0 Initial SMC concentration 1× 10−4 [44]

s∗ Concentration of synthetic
SMC in media

0.01 [44]

We note that our base case parameter values chosen in Table 4.2 are almost entirely
equal to the base case parameters set in Table 1 of Watson et al. (2018). The key
difference is the Λ(c) function used in multiphase model. As explained in Section
4.2.4.1, we replace the random motion and chemotaxis rate functions with constant
SMC diffusion and chemotaxis rates Ds and χs respectively.

4.2.4.1 SMC flux coefficients

We note that the non-dimensionalisation of most model parameters in Section 4.2.3
is the same as that of the multiphase model of Watson et al. (2018). This is because
many of the assumptions are the same between the two models. For example, we
assume the same characteristic timescale as the multiphase model to focus on SMC
dynamics, recalling that we treat PDGF as time-independent because its timescale
(time to reach steady state) is much shorter. Hence we set t0 = 2.5 × 106s, or
approximately one month.

A key difference however is the non-dimensionalisation of the rates of SMC random
motion and chemotaxis, given by Ds and χs respectively. In the Watson et al.
(2018), these rates are not constant but are given by functions dependent on the
non-linear SMC phase pressure function Λ(g). Specifically, the paper notes that the
SMC diffusion rate is determined by Λ(g) and the chemotaxis coefficient by dΛ

dg
. This

means that Ds ≡ Λ(g) and χs ≡ dΛ
dg

in the multiphase model.

We use the above equivalences to determine the values of Ds and χs. We note
however that when the derivative terms are expanded in (4.5), Ds is equivalent to
(1− s)Λ(g). Because our objective is to align our reaction-diffusion model with the
multiphase model, we address this discrepancy by following the equivalence noted in
Watson et al. (2018). This is acceptable because the scale of s leads to (1−s) being
close to 1, meaning that the difference between the two equivalences is small. We
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recall that our research question in this chapter is if we can create a reaction-diffusion
model that is able to produce qualitatively similar results to the multiphase model.
In Watson et al. (2018), the accumulation of SMCs near the endothelial boundary
was found to be an indicator of cap formation. To match our reaction-diffusion
model results with those of the multiphase model, we therefore try to demonstrate
the same potential for cap formation by producing similar maximum values of s at
the endothelial boundary. This means that the value of s(0, t) at steady state should
be similar between both models. We use this condition to determine the values of
Ds and χs.

We observe from the multiphase model in Figure 4.3b that at steady state, SMC vol-
ume fraction is approximately s(0, t) = 0.1995 at the endothelial boundary. There-
fore we choose the values of Ds and χs such that the steady state solution value
of s(x, t) is approximately s(0, t) = 0.1995 at x = 0 in the reaction-diffusion model
(shown in Figure 4.4b). To determine these values of Ds and χs, we recall that their
equivalent rate functions in the multiphase model are Λ(g) and dΛ

dg
. Because both

these functions are only dependent on g, we vary g until s(0, t) = 0.1995. This is
satisfied at approximately g = 0.312 which we obtain from (4.27). Evaluating Λ(g)
and dΛ

dg
for g = 0.312 returns the values of χs = 4.595 and Ds = 1.098.
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Figure 4.2: (a) SMC phase pressure function Λ(g) and (b) SMC phase pressure
function derivative dΛ

dg
against PDGF concentration g.

4.3 Results

4.3.1 Multiphase model

The numerical solutions for the time evolution of PDGF concentration and SMC
volume fraction for the multiphase model of Watson et al. (2018) are reproduced
in Figure 4.3a and Figure 4.3b respectively. In Figure 4.3a, g decreases constantly
over time until the solution profile reaches a steady state at around 15 months. The
numerical result in Figure 4.3b shows SMC migrate over time from the intimal layer
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(at x = 1) along the PDGF gradient towards the endothelium (x = 0). There is a
clear increase in SMC accumulation at the medial boundary. The SMC distribution
reaches steady state at around 15 months.

Table 4.2: Non-dimensionalised parameters used in Λ(c) function of Watson et al.
(2018).

Symbol Definition Non-dimensionalised value Reference
χ SMC motility coefficient 4.0 [44]

n Exponent in SMC phase
pressure function

1.8 [44]

κ Reciprocal of reference
PDGF concentration in
SMC phase pressure func-
tion

5.5 [44]
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Figure 4.3: Reproduced solutions of (a) PDGF concentration and (b) SMC volume
fraction of Watson et al. (2018).

4.3.2 Reaction-diffusion model

4.3.2.1 PDGF (g(x))

Equation (4.17) is solved to obtain the general solution

g(x) = c1e
√

dgx + c2e
−
√

dgx.
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Letting λ =
√
dg and noting the boundary conditions (4.19), the coefficient values

are:
c2 =

αg

λ
(
e−2λx σg−λ

λ+σg
+ 1
) ,

c1 =
−αg

(
e−2λ σg−λ

λ+σg

)
λ
(
e−2λ σg−λ

λ+σg
+ 1
) . (4.26)

This gives the general solution:

g(x) =
−αg

(
e−2λ σg−λ

λ+σg

)
λ
(
e−2λ σg−λ

λ+σg
+ 1
)eλx + αg

λ
(
e−2λ σg−λ

λ+σg
+ 1
)e−λx. (4.27)

The steady state solution (4.27) displayed in Figure 4.4a has a profile that is very
similar to that of the solutions in Figure 4.3a. We recall that the reaction-diffusion
model assumes that PDGF exists at steady state in the intima, unlike the multi-
phase model which assumes that PDGF concentration changes temporally due to
dependence on SMCs.

4.3.2.2 SMC (s(x, t))

The solutions of s as a function of x for different times t are displayed in Figure
4.4b. We observe that SMCs enter the intima at x = 1 and migrate towards the
endothelial boundary (x = 0), where the value of s is greatest. This is due to two
main factors. The value of g is greatest at this boundary as PDGF enters the intima
there. SMC proliferation is therefore also greatest here. Hence SMC density evolves
to be greatest at x = 0. SMCs also migrate towards the endothelial boundary due
to random motion and chemotactic flux, leading to SMCs accumulating near x = 0.
SMC density across the domain increases over time, rising at a greater rate at the
endothelial boundary. At around 17 months, the rate of SMC proliferation decreases
significantly. Figure 4.4c shows that SMC density reaches steady state at approx-
imately 22 months, which was longer than the steady state time of approximately
15 months observed in the multiphase model.

Comparisons between the profiles of g and s in Figures 4.3 and 4.4 demonstrate that
the reaction-diffusion model have the same potential for cap formation as observed
in the multiphase model. SMCs migrate towards the x = 0 boundary and proliferate
over time. Their accumulation eventually slows down and the system reaches steady
state. We note that these profiles resemble caps in the intima and provide a base
model for the early stages of cap formation. We further test the similarity between
the multiphase and reaction-diffusion models by conducting parameter sensitivity
analysis in Section 4.4.
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Figure 4.4: (a) Steady state solution of g, (b) solutions of s as functions of x at
t = 1.375, 5.5, 9.625, 17.875 and 22.0, and (c) the time evolution of total intimal
SMC density

∫
Ω
s(x)dx. All plots are solved with values from Table 4.1, Ds = 1.098

and χs = 4.595.

4.3.3 Steady state solution comparison

We compare the steady state solutions for g and s between the reaction-diffusion
model and multiphase model in Figures 4.5a and 4.5b. We recall that the equation
for the PDGF phase in the multiphase model was dependent on the SMC phase and
therefore time dependent. The equation for PDGF in the reaction-diffusion model
has no dependence on SMC density and is assumed to be time independent. To com-
pare the two we take both solutions at steady state. We observe in Figure 4.5a that
the spatial profiles of the two solutions are similar. Zero flux conditions are assumed
for both models at the endothelial boundary (x = 0), while at the medial boundary
(x = 1) the outwards flux of g is slightly greater for the reaction-diffusion model as
it is proportional to PDGF concentration rather than the difference between PDGF
concentration and a notional background concentration as in the multiphase model.
The difference in scale is due to the effect of SMCs on PDGF dynamics in the mul-
tiphase model. Because the multiphase model assumes that SMCs uptake PDGF,
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increasing SMC accumulation leads to PDGF depletion.

The comparison between the steady state solutions for SMCs of the reaction-diffusion
model and multiphase model are shown in Figure 4.5b. We note that at x = 0, the
densities/volume fractions of SMCs are equal. This is expected given our decision
to choose suitable values of χs and Ds based on the SMC density/volume-fraction
values at this boundary in the multiphase model. The spatial profiles of the two
models are different however. We note that the values of χs and Ds of the reaction-
diffusion model were chosen by evaluating Λ(g) for a fixed value of approximately g =
0.312 and are constant. The diffusion and chemotaxis coefficients of the multiphase
model, determined by Λ(g) and dΛ(g)

dg
respectively, change spatially based on the local

PDGF concentration. These changes are observed in Figures 4.2a and 4.2b. PDGF
concentrations near the x = 0 boundary for the multiphase model as observed in
Figure 4.5a are greater than the fixed value of approximately g = 0.312, while they
are lower near the x = 1 boundary. The diffusion and chemotaxis coefficients of
the multiphase are therefore lower than χs and Ds near x = 0 and greater near
x = 1. As a result SMC motility will be greater for the reaction-diffusion around
x = 0 and lower around x = 1. These differences in flux values result in the different
profile of SMC steady state solution of the reaction-diffusion model compared to the
multiphase steady state solution.
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Figure 4.5: Comparisons between steady state solutions of (a) g and (b) s of reaction-
diffusion model and Watson et al. (2018).

4.3.4 Reduced steady state solution

We reduce the model to analytically solve for a steady state solution of (4.29).
We first make a number of simplifications. We linearise the system about x = 0
by taking the McLaurin expansion of g(x, t) to O(x). Therefore we treat dg

dx
as a

constant by taking its value at the endothelial boundary. We further simplify the
Michaelis-Menten-governed proliferation term by assuming that approximating g
about x = 0 reduces the overall proliferation term to rs0. By taking the McLaurin
expansion of s(x, t) to O(x) simplifies the quadratic s in the proliferation term to
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s. We recall that we linearise about x = 0; therefore we use boundary condition of
g at this point. As a result our simplified system becomes:

0 =
d2g

dx2
− dgg, (4.28)

∂s

∂τ
= Ds

∂2s

∂x2
+ αgχs

∂s

∂x
+ (rs0 − ds)s, (4.29)

which yields an ODE and a linear homogenous second order PDE. The boundary
conditions become:

∂s

∂x
|x=0 =

−αgχss

Ds

,
∂s

∂x
|x=1 =

αgχs(s
∗ − s)

Ds

. (4.30)

We note that the gradient of g(x) observed in Figure 4.4a is largely similar at the
boundaries. The main difference between the reduced steady state solutions and
the steady state solutions of Section 4.3.2 is therefore the reduced source and sink
terms of s.

Solving for the steady state solution of (4.29) gives the general solution

s(x) = c1 exp(S1x) + c2 exp(S2x),

where S1 and S2 represent the conjugate real roots. From the boundary conditions
(4.30), we obtain the general steady state solution coefficients:

c1 =
αgχss

∗(
s1 +

αgχs

Ds

)(
expS1 − expS2

) ,
c2 =

αgχss
∗(

s2 +
αgχs

Ds

)(
expS2 − expS1

) .
We note that the source and sink terms of both models are different, with the
reduced source terms eliminating dependence on g. The flux term of the reduced
model is dependent on the influx of PDGF at x = 0 due to the linearisation of the g
about x = 0. We expect less overall SMC density across the domain but the profile
of the solution to be similar at the x = 0 boundary.

From the comparison of the steady state solutions in Figure 4.6, we observe that
the reduced steady state solution (4.29) is a good approximation of SMC density of
the reaction-diffusion model (4.22). As expected, SMC density across the domain is
lower for the reduced steady state solution though this difference appears to be of
scale rather than profile. The gradient at x = 0 is similar to the reaction-diffusion
steady state solution though the gradient at x = 1 is less steep.

The similarities shown in Figure 4.5b of the profiles of the reduced steady state
solution and reaction-diffusion model suggests that the main contribution of PDGF
to the dynamics of SMCs are the flux terms. In particular, the absence of the logistic
growth term in response to PDGF appears to have a negligible effect on the SMC
solution profile. These results raise questions on the impact of the logistic growth
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term compared to the flux terms on cap formation, and whether they contribute to
SMC dynamics more than the source term. We therefore investigate these questions
in the section below by performing parameter sensitivity analysis on terms that
affect the source and flux terms.
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Figure 4.6: Comparison between SMC steady state solutions of re-
duced steady state solution and reaction-diffusion model.

4.4 Parameter sensitivity

4.4.1 rs0

Following the observations in Section 4.3.4 we analyse the extent of the impact of
SMC proliferation on SMC dynamics. Proliferation is dependent on three factors:
the baseline proliferation rate rs0, the logistic growth term in response to PDGF,
and mitosis due to PDGF. We vary the baseline rate so there is no cell proliferation
(rs0 = 0). Where there is no cell proliferation we expect an overall lower SMC
density. We expect the impact on cell distribution to likely be greater at the x = 0
boundary where PDGF concentration is highest. The results in Section 4.3.4 suggest
that this will have a minor effect on the gradient of the steady state solution of s.

We compare the solution of s(x, t) with varying baseline rate of SMC proliferation
rs0 against the base case steady state solution, shown in Figure 4.7a. Where there
is no cell proliferation, we observe an expected overall decrease in SMC density.
The decrease in SMC density is greater at the endothelial boundary where PDGF
concentration is greatest as observed in Figure 4.4a. The gradient at this boundary
is also lower than the base case solution, though the decrease in gradient is lower at
the medial boundary (x = 1). These results suggest that while SMC proliferation
has an effect on the overall SMC density, it does not greatly affect the profile of
the solution. This suggests that the profile and greater distribution of SMCs due to
migration determines the synthesis of the fibrous cap near the endothelial boundary,
even without proliferation.
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For comparison, the solutions of Watson et al. (2018) with the same varying baseline
proliferation rates are shown in Figure 4.7b. While the observed SMC profile is
steeper in the reaction-diffusion model, the behaviour of decreased overall SMC
density, particularly near the x = 0 boundary, is comparable. These results lead
to the observations that SMC proliferation may not be necessary for cap formation
and that proliferation contributes greatest at the endothelial boundary where PDGF
enters the intima from the lumen. The similarity in results and analysis between
both models leads to two conclusions. We conclude that SMC proliferation may
not be necessary for cap formation due to its weak contribution to the distribution
of SMCs at the endothelial boundary in both models. We also conclude that the
similarity between models suggests that the reaction-diffusion model captures the
same dynamics as the more complex multiphase model.
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Figure 4.7: Comparisons of steady state solutions of s of (a) reaction-diffusion model
and (b) Watson et al. (2018) with rs0 = 0.0 and 0.02 at t = 22.0.

4.4.2 n

In the multiphase model, the parameter n is the exponent of the SMC phase pressure
function Λ(g). Varying n has an effect on both the diffusion and chemotaxis of SMCs
where the diffusion term is described by the function Λ(g) and the chemotaxis term

by dΛ(g)
dg

. The reaction-diffusion model does not have the λ(g) equation used in
the multiphase model. To replicate the changes to n, we observe that changes in
diffusion and chemotaxis due to varying n in the multiphase model correspond to
changes in the reaction-diffusion diffusion and chemotaxis coefficients Ds and χs

respectively. In Section 4.2.4.1, we obtained the corresponding values of Ds = 1.098
and χs = 4.595 when n = 1.8 by evaluating Λ(g) and dΛ(g)

dg
at a fixed value of

g = 0.312. By following the same process, we obtain the values of Ds = 1.4727 and
χ = 2.9822 when n = 1.0, and Ds = 0.7887 and χ = 5.2762 when n = 2.6. These
values show that as n decreases, Ds increases and χ decreases; the opposite occurs
when n increases. Varying n therefore changes the flux of the system to favour
chemotaxis or diffusion by respectively increasing or decreasing n.
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In the reaction-diffusion model, a greater value of χs creates a steeper gradient at
both boundaries while a lower value of Ds leads to less distribution of SMCs across
the domain. We therefore expect increasing n to lead to a steeper profile towards
the x = 0 boundary. On the other hand, a lower value of χs creates a lower gradient
at both boundaries while a greater value of Ds leads to increased distribution of
SMCs across the domain. We expect decreasing n to create a flatter profile of SMC
density.

We compare the solution of s(x, t) with varying n with the base case steady solution
(n = 1.8), shown in Figure 4.8a. As expected, we observe a steeper SMC profile
when χs is greater and Ds is lower (n = 2.6). Similarly, we observe a flatter SMC
profile when χs is lower and Ds is greater (n = 1.0). The changes in flux terms have
a significant effect on the profile of s in contrast to the effect observed due to change
in proliferation in Section (4.4.1).

The SMC steady state solutions of the multiphase model with the same varying
n are shown in Figure 4.8b. The results are consistent with those of the reaction-
diffusion model: a lower value of n corresponds to a flatter SMC profile while a higher
value corresponds to a steeper SMC profile with greater cap formation at the x = 0
boundary than the base case. Comparing the solutions of the two models shows
that the solution profiles are qualitatively similar. Both models show a significant
decrease in overall SMC recruitment when n = 1, with the greatest decrease being
at the endothelial boundary. Similarly SMC motility and chemotactic movement is
greater at this boundary when n = 2.6, suggesting higher cap formation. A difference
however is the profiles of the two solutions. We explain this by the diffusion and
chemotaxis coefficients changing with respect to g as opposed to the fixed values
of χs and Ds. As noted in Section 4.3.3, for n = 1.8 the diffusion and chemotaxis
coefficients of the multiphase are lower than χs and Ds near x = 0 and greater
near x = 1 such that SMC motility is greater for the reaction-diffusion around
these boundaries. Figures 4.9a and 4.9b show the different values of the diffusion
and chemotaxis coefficients of the multiphase model with respect to g for different
values of n. Because the local PDGF concentration at the x = 0 boundary is greater
than the fixed value g = 0.312 chosen in the reaction-diffusion model, the diffusion
and chemotaxis coefficients are lower around this boundary. Similarly, the opposite
occurs around x = 1.

The effect of varying n observed in both models suggests that differences in chemo-
taxis and diffusion have a significant impact on SMC profile. In particular, steeper
gradients and increased SMC density at the endothelial boundary for increasing
chemotaxis coefficients suggests that SMC motility may be important for potential
cap formation near the endothelial boundary. The similarities in profile and over-
all SMC recruitment also demonstrate that the reaction-diffusion model is able to
capture the same effects of varying diffusion and chemotaxis coefficients for s by
simplifying the diffusion and chemotaxis rates.
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Figure 4.8: Comparisons of steady state solutions of s of (a) reaction-diffusion model
and (b) Watson et al. (2018) for three values of n: n = 1.0, 1.8, and 2.6 at t = 17.0.
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Figure 4.9: Comparisons of plots of (a) SMC phase pressure function Λ(g) (equiva-

lent to Ds) and (b) SMC phase pressure function derivative dΛ(g)
dg

(equivalent to χs)
against PDGF concentration g for three values of n: n = 1.0, 1.8, and 2.6.

4.4.3 χs

In Section 4.4.2 the potential for cap formation was linked to the chemotaxis co-
efficient. When n was varied in the multiphase model, there was a corresponding
change in the chemotaxis and diffusion coefficients. Recalling the flux conditions
and our boundary conditions in Equation (4.24), we observe the effects of changes
to s when only the chemotaxis coefficient χs is varied.

We expect varying χs to increase the gradient of s at the x = 0 boundary and to
produce a greater cap region near this boundary due to increased cell motility. At
x = 1 an increased χs corresponds to greater SMC influx from the media; we expect
this to also increase the gradient of s at this boundary.
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These expectations are consistent with the findings shown in Figure 4.8a. We observe
that increasing χs leads to an overall increase in SMC recruitment and the opposite
for decreasing χs. Importantly, a higher value of χs (χs = 6.5) appears to create
a larger cap at the endothelial boundary while a lower value (χs = 2.5) leads to a
low SMC profile with a negligible cap region. These results support the results in
Section 4.4.2 that SMC motility may be important for cap formation. In particular,
it suggests that the potential for cap formation is highly influenced by chemotaxis.
Comparing these results with those in Section 4.4.1 suggests that SMC proliferation
is weaker than chemotaxis and that the magnitude of the proliferation term is smaller
the flux terms.
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Figure 4.10: Comparisons of steady state solutions of s of reaction-
diffusion model for three values of χs : χs=2.5, 4.595, and 6.5 at
t = 22.0.

4.5 Discussion

The results of the base case solutions in 4.3.2 show the accumulation of SMCs near
the endothelial boundary. This region is required for the creation of a fibrous cap:
though our model does not include ECM, SMCs synthesise ECM to create a collage-
nous cap [38] and we therefore assume that SMC distribution may be similar to that
of ECM. We also observe PDGF and its role in stimulating SMC proliferation and
migration. SMC random motion and chemotactic motility are both dependent on
the PDGF gradient, and changes to their rate coefficients affect the SMC distribution
and density in the intima. The analysis of the chemotaxis coefficient χs in Section
4.4.3 shows that chemotactic migration of SMCs determines the accumulation of
SMCs near the endothelial boundary, leading to the formation of a fibrous cap. The
results of Section 4.4.3 showed that SMC proliferation is weaker than migration, and
mainly affects SMC density and the size of the fibrous cap. The reaction-diffusion
model therefore models the SMC migration stage and the cap formation dynamics.

The goal of this model was to create a reaction-diffusion model that replicated the
observations of the multiphase model. In Section 4.3.2, we observed that the results
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of the reaction-diffusion model were directly comparable to those of the multiphase
model in Section 4.3.1. The PDGF and SMC profiles are similar and the steady state
solution comparisons in Section 4.3.3 showed that the differences in magnitude and
distribution between the results of the two models were minor. This was further
observed in Sections 4.4.2 and 4.4.1, where we varied the same parameters analysed
in Watson et al. (2018) and compared steady state solutions. These results therefore
show that the reaction-diffusion model is directly comparable to the multiphase
model.

We also note some advantages of the reaction-diffusion model framework over the
multiphase model. The analysis in Section 4.3.4 showed that the model could be
reduced to allow the model equation for s (4.29) to be analytically solved. This
was not possible for the multiphase model due to its complexities, such as the cou-
pling of different phases. The multiphase model also assumed complicated functions
that were simplified in the reaction-diffusion model, such as the parameter sensi-
tivity analysis of the exponent parameter n of the SMC phase pressure function
Λ(g) in Section 4.2.4.1. The phase pressure terms were simplified in the reaction-
diffusion model to be constant. The comparison of the steady state solutions for
different values of n between both models in Section 4.4.2 showed that the results
were qualitatively similar, and that the phase pressure terms could be simplified in
the reaction-diffusion model while still capturing the same general SMC dynamics
observed in the multiphase model. The simplicity of the reaction-diffusion model
therefore allows for analytical solutions while still producing comparable results to
the more complex multiphase model.



Chapter 5

Extending the base model by mod-
elling extra-cellular matrix and Trans-
forming Growth Factor-β character-
istics

In the previous chapter (4), we modelled the SMC migration stage in response
to PDGF. We recall that SMCs migrate and proliferate within the intima, which
we previously modelled as dependent only on PDGF. Within the intima, SMCs
also move through the extracellular matrix (ECM) and are stimulated by growth
factors such as transforming growth factor-β (TGF-β) to produce a matrix of fibrillar
collagens [2]. This matrix of collagens adds to the existing ECM and results in the
formation of a fibrous cap [38]. We previously assumed that SMC distribution may
be similar to that of ECM, and did not directly model the formation of a fibrous
cap. Our aim in this chapter is to model the formation of a fibrous cap by describing
the ECM synthesis stage of atherosclerotic plaque formation. We therefore extend
the previous model to include ECM and TFG-β.

The multiphase model of Watson et al. (2018) [44] was used as a reference model
and comparison tool to build our reaction-diffusion model framework in Chapter 4.
This model is extended by the multiphase model in Watson et al. (2020) [45], which
makes it a useful reference model for our model as we extend the previous reaction-
diffusion model. We note that the reaction-diffusion model in Ougrinovskaia (2011)
also models the dynamics of collagen, though it does not include growth factors
that stimulate collagen synthesis. The Ougrinovskaia (2011) model further includes
dependence on variables that represent cells such as macrophages that are not con-
sidered in this model. This means it is not a useful reference model for this chapter.
We instead refer to the multiphase model of Watson et al. (2020).

5.1 An extended model for cap formation: Wat-

son et al. (2020)

We recall that the first multiphase model of Watson et al. (2018) considered two
phases of SMC and other generic tissues but did not explicitly consider the formation
of a fibrous cap. This is addressed in this second multiphase model of Watson et al.
(2020) by including an intimal ECM phase. It is assumed that SMCs replace ECM
with a matrix of fibrous collagens. This process of collagen synthesis is a result of
SMCs stimulation by TGF-β. In the first multiphase model the diffusible growth
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factor PDGF and its effects on SMCs were modelled. The second multiphase model
extends this to include TGF-β as another cytokine.

We recall that the first multiphase model denoted SMC volume fraction as s(x, t),
the generic tissue volume fraction as w(x, t) and PDGF concentration as g(x, t). The
newly introduced ECM volume fraction and TGF-β concentration are denoted as
ρ(x, t) and T (x, t) respectively. As the second multiphase model is extension of the
first model, a number of assumptions are maintained. There is an assumed no voids
condition in the plaque so that s + ρ + w = 1. Like PDGF, TGF-β is present only
in the generic tissue phase as a diffusible growth factor. This means that T (x, t)
does not have any explicit volume in the model. The domain is treated as a one-
dimensional cross-section of the intima, bounded by the endothelium at x = 0 and
the SMC-bearing media at x = L where L = 1.

The multiphase model is comprised of model equations for the variables s, ρ, g and
T . The non-dimensionalised model equations are:

∂s

∂t
=
∂

∂x

[
(1− s− ρ)

∂

∂x

[
s(Λ + ρψ

]]
(5.1)

+ rss(1− s− ρ)
[
1 +

Agg

cg + g

]
− βss,

∂ρ

∂t
=rss(1− s− ρ)

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + σdT )

]
(5.2)

− βρρ(1− s− ρ)
[1 + ϵσρT

1 + σρT

]
,

∂

∂x

[
(1− s− ρ)

∂g

∂x

]
= ηgsg(1− s− ρ) + βgg(1− s− ρ), (5.3)

∂

∂x

[
(1− s− ρ)

∂T

∂x

]
= ηT sT (1− s− ρ) + βTT (1− s− ρ). (5.4)

Recalling that this multiphase model extends the first multiphase model, the model
equation for s in (5.1) preserves some of the dynamics of SMCs from first multiphase
model equation (4.5). The first differential term represents the mass balance of the
three phases of s, ρ and w. In the first multiphase model, the phase pressure
function in equation (4.5) (s(Λ)) described the effects of PDGF on the SMC phase.
This is expanded in (5.1) to include ECM dependence. A new function ψ(s, ρ) is
introduced that increases with increasing s and ρ so that the phase pressure function
becomes s(Λ+ρψ). Expanding the first term therefore gives the nonlinear diffusion,
chemotaxis and haptotaxis coefficients of s. The model equation continues to assume
that SMCs undergo random motion and chemotaxis, with SMC chemotactic motility
being dependent on both local PDGF concentration and its gradient. The function
ψ(s, ρ) introduces an additional assumption that SMCs may migrate haptotactically
along ECM gradients. We note that the source and sink terms are unchanged from
(4.5). This means that the model equation assumes SMCs proliferate logistically
at a rate determined by g and die at a linear rate, though with dependence on the
ECM phase. TGF-β does not affect SMC proliferation or death.

The presence of TGF-β is however relevant in the ECM phase. The first term in
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the model equation for ρ (5.2) models ECM proliferation as saturation kinetics with
dependence on TGF-β concentration. The rate of proliferation is further dependent
on a proliferation rate rs and local SMC and generic tissue volume fraction. The
last two terms in the equation are sink terms. The first sink term represents ECM
degradation by SMCs. This decay is assumed to be dependent on both PDGF and
TGF-β concentrations and is governed by a rate rd. The parameter Ad represents the
maximal factor of PDGF-stimulated increase in rate of ECM degradation by SMCs,
while σd represents the reciprocal of reference T for inhibition of ECM degradation
by SMCs. The final sink term represents ECM degradation by other factors in the
generic tissues. This degradation is assumed to be bound by a limiting function that
decreases degradation monotonically with TGF-β concentration. The parameter βρ
represents the baseline rate of ECM degradation by immune cells, while ϵ represents
the maximal factor of TGF-β-stimulated decrease and σρ represents the reciprocal
of reference TGF-β concentration.

Unlike SMCs, the ECM phase is assumed to be fixed because collagen forms a rigid
network. This means it does not diffuse or migrate. This is therefore represented
by the equation for ρ having no spatial derivative terms.

Equations (5.3) and (5.4) assume that the growth factors PDGF and TGF-β are
produced autocatalytically by SMCs and undergo decay. The first term of both
equations represent this uptake, which is proportional to a respective uptake rate µg

and µT as well as the local growth factor concentration and SMC volume fraction.
The last term in each equation represents growth factor decay, which is proportional
to the respective decay rates βg and βT .

The assumptions at the boundaries are the same as the first multiphase model.
At the endothelial boundary (x = 0) there is a zero flux condition for SMCs. At
the medial boundary (x = 1) it is assumed that there is a chemotactic influx of
SMCs. For PDGF, it is assumed that there is an inward flux at x = 0 and a
negative chemical gradient at x = 1 allowing SMCs to migrate across the medial
boundary chemotactically in response to PDGF. The dynamics of TGF-β are similar
to PDGF with an inward flux at x = 0 and a negative chemical gradient at x = 1.
The boundary conditions are therefore:

∂

∂x

[
s(Λ + ρψ)

]
= 0 at x = 0,

∂

∂x

[
s(Λ + ρψ)

]
=
dΛ

dg
sM

dg

dx
at x = 1,

∂g

∂x
= −αP at x = 0,

∂g

∂x
= σP (PM − g) at x = 1,

∂T

∂x
= −αT at x = 0,

∂T

∂x
= σT (TM − T ) at x = 1,

(5.5)

with initial conditions
s(x, 0) = si, ρ(x, 0) = ρi, (5.6)

where 0 < si ≪ 1 and 0 < ρi ≪ 1.

We recall that in the first reaction-diffusion model, we adapted elements of the first
multiphase model including biological assumptions and flux conditions. Our research
goal with the first reaction-diffusion model was to create a model that could provide
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qualitatively similar results to the more complex multiphase model of Watson et al.
(2018). This second multiphase model extends the first model by including the ECM
phase and TGF-β. In this chapter our research goal is not direct comparison with
the reference model, but to instead analyse the base model’s ability to be extended.
We take the same approach with the second multiphase model by adapting some
elements to produce a reaction-diffusion model that includes the extended phases of
ECM and TGF-β.

5.2 Model formulation and development

We model the early stages of cap formation by exploring SMC, ECM, PDGF and
TGF-β dynamics in the intima. Recalling this model extends the earlier reaction-
diffusion model in Section 4.2.1, we maintain many of the assumptions of the earlier
model. These include the spatial assumptions regarding the domain and the biolog-
ical assumptions around SMCs and PDGF.

Our system consists of the key variables as a function of distance x and time t:

s(x, t) = density of matrix-synthesising smooth muscle cells,

g(x, t) = concentration of SMC chemoattractant, such as PDGF,

ρ(x, t) = density of collagenous extra cellular matrix,

T (x) = concentration of TGF-β.

5.2.1 Model equations

5.2.1.1 SMC (s(x, t))

The density of smooth muscle cells within the intima is modelled by:

∂s

∂t
= Ds

∂2s

∂x2
− ∂

∂x
(χss

∂g

∂x
)− ∂

∂x

(
hρs

∂ρ

∂x

)
+ (rs0 +

rsg

Gs + g
)s(1− s)− dss. (5.7)

We keep the assumptions held in equation (4.18) and assume that cells have random
motility, chemotactic motion and undergo the same source and sink behaviour. We
follow however the assumption in equation (5.1) of Watson et al. (2020) that SMC
affinity for ECM leads to haptotactic SMC migration along ECM gradients. We
assume that this SMC haptotactic migration is not dependent on a nonlinear SMC
phase pressure function as in (5.1). Instead it is assumed to be linear with respect
to a haptotactic coefficient hρ and the ECM gradient ∂ρ

∂x
.
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5.2.1.2 ECM (ρ(x, t))

Collagen is assumed to form a rigid network which does not diffuse or migrate.
There are therefore no terms that produce spatial movement of ECM. We model
the density of ECM within the intima by:

∂ρ

∂t
= rss

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + γdT )

]
− βρρ

[1 + ϵγρT

1 + γρT

]
. (5.8)

Recalling that the multiphase model of Watson et al. (2020) extends many of the
assumptions of Watson et al. (2018), we adapt the source and sink terms from equa-
tion (5.2) of Watson et al. (2020). The first source term represents ECM synthesis
by SMCs [2]. This is modelled as saturation kinetics, where the synthesis term is
proportional to a baseline ECM production rate rs and SMC density. This rate of
ECM synthesis is also proportional to TGF-β concentration with cs representing
the half-maximal rate and As representing the maximal factor of TGF-β stimulated
ECM proliferation. ECM production is therefore upregulated by increasing TGF-β.

The first degradation term represents ECM degradation by SMCs. We assume that
this is dependent on local PDGF and TGF-β concentration, where SMC upregula-
tion is proportional to increasing PDGF and decreasing TGF-β. This degradation is
also proportional to a constant degradation term rd. The second degradation term
represents general ECM degradation. This is proportional to local ECM density and
a constant rate βρ and a function dependent on TGF-β concentration. We design
this function to decrease with increasing TGF-β concentration, where ϵ represents
the minimum possible rate of TGF-β-inhibited ECM degradation and γρ represents
the rate at which ECM decreases with increasing TGF-β.

5.2.1.3 TGF-β (T (x, t))

The concentration of TGF-β within the intima is modelled by:

∂T

∂t
= DT

∂2T

∂x2
− βTT. (5.9)

TGF-β is a diffusible growth factor which we assume to diffuse at a rate DT . We
note that the same assumptions regarding time scales in the first reaction-diffusion
model are true here. Like PDGF, TGF-β dynamics have a much shorter time scale
than those of SMCs and ECM. We therefore set ∂T

∂t
= 0 such that:

0 = DT
∂2T

∂x2
− βTT. (5.10)

The equation for PDGF (g(x, t)) remains unchanged from (4.17).
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5.2.2 Boundary and initial conditions

5.2.2.1 SMC (s(x, t))

The assumptions in (4.20) are maintained. At x = 0 we assume zero flux conditions
so that Js|x=1 = 0 where Js = −Ds

∂s
∂x

+ χss
∂g
∂x

+ hρs
∂ρ
∂x

is the SMC flux.

At x = 1 we assume there is an influx driven by the chemotactic response of SMCs
in the media to the chemical gradient of PDGF. This is proportional to the constant
s∗ which represents the concentration of existing synthetic SMC in media. Therefore
at x = 1, Js|x=1 = χss

∗ ∂g
∂x
.

Substituting the expressions for ∂g
∂x

at both boundaries in the expressions for the
flux of SMCs gives the boundary conditions:

∂s

∂x

∣∣∣
x=0

=
−αgχss

DgDs

+
hρs

Ds

∂ρ

∂x
,

∂s

∂x

∣∣∣
x=1

=
χsσgg(s

∗ − s)

DsDg

+
hρs

Ds

∂ρ

∂x
. (5.11)

We assume a small initial intimal SMC density. This is represented as an initial
condition s(x, 0) = s0 where s0 represents a small spatially uniform SMC profile
such that 0 < s0 ≪ 1.

5.2.2.2 ECM (ρ(x, t))

We assume that ECM does not diffuse or migrate, so that there are no spatial
derivative terms in the equation. Therefore no boundary conditions are required at
either of the boundaries.

5.2.2.3 TGF-β (T (x, t))

As TGF-β is a diffusible growth factor, it is assumed that there is a negative gradient
in T (x, t) at both boundaries. Like PDGF there is an inward flux at x = 0 and an
outward flux at x = 1. The boundary conditions are therefore:

∂T

∂x

∣∣∣
x=0

= −αT ,
∂T

∂x

∣∣∣
x=1

= −σTT. (5.12)

The boundary conditions for PDGF remain unchanged from (4.19) at x = 0 and
x = 1.
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5.2.3 Non-dimensionalisation

We non-dimensionalise our model, using tildes (except for t) to denote non-dimensionalised
quantities. The key parameters x, t, s, g, ρ and T are non-dimensionalised as:

s = ks̃, g = g0g̃, t = τt0, x = Lx̃, ρ = ρ0ρ̃, T = T0T̃ ,

where k represents the total cell and tissue density, g0 the characteristic PDGF
concentration, t0 the characteristic time value, L the length of the domain, ρ0 the
characteristic ECM density and T0 the characteristic TGF-β concentration.

The remaining model parameters are non-dimensionalised as:

dg =
Dgd̃g
L2

, Ds =
L2D̃s

t0
, ds =

d̃s
t0

, Gs = G̃sg0 ,

rs1 =
r̃s1
t0

, χs =
χ̃sL

2

t0g0
, rs0 =

r̃s0
t0

, Ã =
rs
rs0

,

α =
α̃Dgg0
L

, σ =
σ̃Dg

L
, rd =

r̃d
kt0

,

rs =
ρ0r̃s
kt0

, cs = T0c̃s , cd = g0c̃d , γd =
γ̃d
T0

,

βT =
DT β̃T
L2

, αT =
DTT0α̃T

L
, σT =

DT σ̃T
L

,

hρ =
h̃ρL

2

t0ρ0
, γρ =

γ̃ρ
T0

, βρ =
β̃ρ
t0

,

Dropping the tildes for clarity, the model equations (4.17), (5.7), (5.8), (5.10), and
boundary conditions (4.19), (5.11) and (5.12) become:

0 =
d2g

dx2
− dgg, (5.13)

∂ρ

∂τ
= rss

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + γdT )

]
− βρρ

[1 + ϵγρT

1 + γρT

]
, (5.14)

∂s

∂τ
=Ds

∂2s

∂x2
− ∂

∂x
(χss

∂g

∂x
)− ∂

∂x

(
hρs

∂ρ

∂x

)
+ rs0

(
1 +

Ag

Gs + g

)
s(1− s) (5.15)

− dss,

0 =
d2T

dx2
− βTT, (5.16)
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with boundary conditions

∂s

∂x

∣∣∣
x=0

=
−αgχss

Ds

+
hρs

Ds

∂ρ

∂x
,
∂s

∂x

∣∣∣
x=1

=
χsσgg(s

∗ − s)

Ds

+
hρs

Ds

∂ρ

∂x
,

dg

dx

∣∣∣
x=0

= −αg,
dg

dx

∣∣∣
x=1

= −σgg,

∂T

∂x

∣∣∣
x=0

= −αT ,
∂T

∂x

∣∣∣
x=1

= −σTT,

(5.17)

and initial condition

s(x, 0) = s0, (5.18)

where s0 is non-dimensional.

5.2.4 Parameter values

Table 5.1: Base non-dimensionalised parameter values from [45]

Symbol Definition Value
dg Rate of PDGF decay 0.075

rs Baseline rate of ECM phase synthesis
by SMCs

1.8

As Maximal factor of PDGF-stimulated
increase in rate of SMC proliferation

1.0

cs Exponent in SMC phase pressure func-
tion

0.3

rd Baseline rate of ECM degradation by
SMCs

1.5

Ad Maximal factor of PDGF-stimulated
increase in rate of ECM degradation by
SMCs

4.0

cd PDGF concentration for half-maximal
increase in rate of ECM degradation by
SMCs

2.5

γd Reciprocal of reference TGF-β concen-
tration for inhibition of ECM degrada-
tion by SMCs

0.5

βρ Baseline rate of ECM degradation by
immune cells

0.75

γρ Reciprocal of reference TGF-β concen-
tration for inhibition of ECM degrada-
tion by immune cells

10.0

ϵ Maximal factor of TGF-β stimulated
decrease in rate of ECM degradation
by immune cells

0.25

Continued on next page
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Table 5.1 – continued from previous page
Symbol Definition Value
Ds SMC diffusion coefficient 1.0979

χs SMC motility coefficient 4.5952

hρ SMC haptotaxis coefficient 2.0

rs0 Baseline rate of SMC proliferation 0.02

A Maximal factor of PDGF-stimulated
increase in rate of SMC proliferation

19.0

Gs PDGF concentration for half-maximal
increase in rate of SMC proliferation

1.4

ds Rate of SMC loss 0.4

βT Rate of TGF-β decay 20.0

αT Rate of TGF-β influx 2.5

σT Permeability of IEL to TGF-β 4.0

We note that the non-dimensionalisation of most model parameters in Section 5.2.3
is the same as that of the multiphase model of Watson et al. (2020). This is by
choice: many of the assumptions are the same between the two models. For example,
we assume the same source and sink phenomena of ECM: ECM is synthesised by
SMCs but is also degraded by both SMCs and growth factors. The equations used
in these source and sink terms are therefore the same between both models. We
note however that the multiphase model parameters are volume fractions rather
than the measures of concentration and density. This difference is exhibited in the
characteristic parameter values including ρ0 and T0. Parameters scaled using these
characteristic parameters are scaled to biologically appropriate base values.

5.2.5 Numerical analysis

5.2.5.1 Solution of T (x)

Solving (5.16) with respect to the boundary conditions (5.17) gives the general
solution:

T (x) = c1e
(λx) + c2e

(−λx),

where λ =
√
βT . The coefficients are:

c2 =

expλ

(
αT +

α2
T

βT

)
(βT + αT ) expλ+ (αT − βT ) exp−λ

,

c1 = c2 −
αT

βT
.

With the parameter values in Table 5.1, this gives the solution in Figure 5.1.
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We recall that the assumptions of equation (4.17) are continued in this model: the
solution of g is therefore the same as Figure 4.4a.

0 0.5 1
0

0.1

0.2

0.3

0.4

0.5

Figure 5.1: The steady state solution of T with values from Table 5.1.

5.2.6 Analytical results

The earlier multiphase model demonstrated that s approaches steady state as t
increases. However our new system does not have any crowding terms nor any voids
conditions that constrain ECM growth. The equation for ECM in (5.14) also has
no flux terms and is space independent with zero velocity. We use this to perform
simplified steady state analysis on (5.14) by fixing the values of the other model
variables at steady state. Doing so allows us to ensure that ρ at steady state is
bounded and behaves biologically.

We first consider PDGF and TGF-β concentrations for a certain point x∗, fixed at
g∗ and T ∗ respectively. Both g and T are time independent and are not affected by
s and ρ. From these values we consider SMC density s∗ also evaluated at the same
point at steady state. Evaluating the model equation for ρ (5.14) at steady state
where ∂ρ

∂τ
= 0 gives the equation:

0 = rss
∗
[
1 +

AsT
∗

cs + T ∗

]
− rds

∗ρ∗
[
1 +

Adg
∗

(cd + g∗)(1 + γdT ∗)

]
− βρρ

∗
[1 + ϵγρT

∗

1 + γρT ∗

]
.

Recalling that g∗ and T ∗ are fixed and do not change over time, we are able to
simplify as constants:

R∗
s = rs

[
1 +

AsT
∗

cs + T ∗

]
,

R∗
d = rd

[
1 +

Adg
∗

(cd + g∗)(1 + γdT ∗)

]
,

B∗
ρ = βρ

[1 + ϵγρT
∗

1 + γρT ∗

]
,
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where R∗
s, R

∗
d and B∗

ρ are positive. Our equation becomes:

∂ρ∗

∂τ
= R∗

ss
∗ −R∗

ds
∗ρ∗ −B∗

ρρ
∗.

At steady state,
R∗

ss
∗ =(B∗

ρ +R∗
ds∗)ρ∗,

=⇒ ρ∗ =
R∗

ss
∗

(B∗
ρ +R∗

ds
∗)
.

(5.19)

This simplified expression of ρ at steady state allows us to optimise the concentration
of ρ∗. To do this, we take the first derivative of ρ∗ with respect to s∗:

dρ∗

ds∗
=R∗

s(B
∗
ρ +R∗

ds
∗)−1

−R∗
sR

∗
ds

∗(B∗
ρ +R∗

ds
∗)−2,

=
R∗

sB
∗
ρ

(B∗
ρ +R∗

ds
∗)2

,

which is strictly positive for all values of s∗. We demonstrate this by solving dρ∗

ds∗

with T ∗ = 0.56 and g∗ = 0.78 where T ∗ and g∗ are fixed for x∗ = 0. Figure 5.2 shows
that dρ∗

ds∗
is strictly positive, leading to ρ∗ increasing monotonically for all values of

s∗.

This result of unbounded growth is unrealistic. We expect some maximal ρ∗ density
at a fixed point in the system which is not present in this current system. We also
consider that the model has no constraints on ECM proliferation from increasing
unboundedly. This is also a shortcoming of the reaction-diffusion model of Ougri-
novskaia (2011), which failed to account for volume-filling in the intima over time.
The multiphase model of Watson et al. (2020) aimed to address this problem by
assuming no voids conditions. Our solution to this unconstrained proliferation is to
introduce a source limiting term to the ECM source term in (5.14) so that ECM
proliferation saturates over time. We describe this source limiting term in Section
5.3.2.
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Figure 5.2: The solution of ∂ρ∗

∂s∗
against s∗ with T ∗ = 0.56 and g∗ =

0.78.

5.2.7 Issues with hρ

One issue observed in early numerical simulations is that the model becomes ill-
posed for large values of hρ. Watson et al. (2020) observed that the model was
only well-posed within the approximate range of 0 < hρ < 1.0, and noted that this
ill-posedness likely arose due to the haptotaxis term becoming too large. This issue
is unique to the multiphase model as the SMC flux is dependent on a coupled phase
pressure equation, involving both s and ρ. We recall that the boundary conditions
of s at x = 0 (5.5) assume zero flux. The chemotactic flux towards the endothelial
boundary must therefore be matched by an opposite diffusive flux. This is an issue
because both diffusion and haptotaxis are directly proportional to ρ, such that
increasing ρ requires the diffusive flux to change directions to balance the zero flux
condition at x = 0. If hρ becomes too large, the diffusive SMC flux sign becomes
negative, which makes the problem ill-posed. Our reaction-diffusion model avoids
this issue by not considering coupled phase pressure equations, with the flux terms
proportional to the gradients rather than to the densities.

It is still prudent to consider a solution to potential ill-posedness due to high ρ. To
do so we introduce the assumption that regions of high ECM density reduce SMC
motility. We understand that ECM presence stimulates SMC haptotactic migration,
with SMCs moving up the gradient of the ECM. This effect has a limit where ECM
density is high. Though the SMCs still experience the adhesive effect of the ECM
gradient, the highly dense ECM inhibits SMC motility. For simplicity, we only
consider this effect on SMC haptotaxis and not on chemotaxis. Our solution is
to make the haptotaxis coefficient a non-linear function of ρ. Noting that ECM
proliferation is dependent on s and that the gradient of ECM density is likely to
be highest at x = 0, we choose a haptotaxis coefficient function hρ(ρ) such that it
decreases monotonically with increasing ρ. We address this in Section 5.3.1.
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5.3 Changes to model

We identified the issue of proliferation that is unconstrained by ECM in Section
5.2.6. We therefore address the need for a limiting function on the ECM source
term that limits both SMC proliferation and ECM snythesis.

5.3.1 Haptotaxis function

The haptotaxis coefficient in (5.15) is a constant hρ. We recall that we introduced
in Section 5.2.7 the assumption that regions of high ECM density reduce SMC
motility which can be modelled with a non-linear haptotaxis coefficient function
hρ(ρ). For simplicity, we choose a haptotaxis coefficient function hρ(ρ) that decreases
monotonically with increasing ρ. One example of cell haptotaxis being modelled
non-linearly with non-diffusional ECM in the literature is given by Ganesan and
Lingeshwaran (2017) [21]. In this paper, a number of different non-linear haptotaxis
sensitivity functions are suggested for modelling cancer cell haptotaxis. One suitable
function is the logarithmic function:

hρ(ρ) =
hρ

1 + ξρρ
,

where hρ serves as the maximum value of this function and ξρ as a scaling parameter.
Implementing this leads to the flux term:

Js = −Ds
∂s

∂x
+ χss

∂g

∂x
+

hρ
1 + ξρρ

s
∂ρ

∂x
,

such that (5.15) becomes:

∂s

∂τ
=Ds

∂2s

∂x2
− ∂

∂x
(χss

∂g

∂x
)− ∂

∂x

( hρ
1 + ξρρ

s
∂ρ

∂x

)
(5.20)

+ rs0

(
1 +

Ag

Gs + g

)
s(1− s)− dss,

and the boundary conditions accordingly change to:

∂s

∂x

∣∣∣
x=0

=
−αgχss

Ds

+
hρ

1 + ξρρ

s

Ds

∂ρ

∂x
, (5.21)

∂s

∂x

∣∣∣
x=1

=
χsσgg(s

∗ − s)

Ds

+
hρ

1 + ξρρ

s

Ds

∂ρ

∂x
. (5.22)
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Figure 5.3: The solutions of hρ(ρ) =
hρ

1+ξρρ
with hρ = 10.0 and ξρ = 5.0,

10.0, 15.0 and 20.0 against ρ.

Figure 5.3 shows hρ(ρ) as a function of ρ for different values of ξρ. The haptotaxis
function decreases with increasing ρ, with the scaling parameter ξρ determining the
rate of decrease. We choose ξρ = 10.0 as the appropriate base value for future
simulations.

5.3.2 Source limiting function

The results in 5.2.6 showed that the absence of constraints on ECM growth leads
to unbounded growth. The proposed solution was to introduce a limit to the source
term of (5.14). We consider a limiting function ψ(ρ):

ψ(ρ) =
an

an + ρn
, (5.23)

where n is the function index and a is a scaling parameter.

As shown in Figure 5.4, the function decreases with increasing ρ and tends to zero
as ρ approaches 1.0. We apply this function to the ECM synthesis term, where it
operates as a nonlinear modulating factor. Therefore the dynamics of ρ become:

∂ρ

∂τ
= rsψ(ρ)s

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + γdT )

]
− βρρ

[1 + ϵγρT

1 + γρT

]
.
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Figure 5.4: The solution of ψ(ρ) over ρ(x, t) with a = 0.3 and n = 6.

5.3.2.1 Analysis

We perform the same steady state analysis as in Section 5.2.6, again considering
PDGF and TGF-β concentrations for a certain point x∗, fixed at g∗ and T ∗. From
these values we consider SMC density s∗ at the same point at steady state. This
gives the model equation for ECM density at this fixed point ρ∗:

∂ρ∗

∂τ
=rss

∗
(

an

an + ρ∗n

)[
1 +

AsT
∗

cs + T ∗

]
− rds

∗ρ∗
[
1 +

Adg
∗

(cd + g∗)(1 + γdT ∗)

]
− βρρ

∗
[1 + ϵγρT

∗

1 + γρT ∗

]
.

We define the constants:

R∗
s = rs

[
1 +

AsT
∗

cs + T ∗

]
,

R∗
d = rd

[
1 +

Adg
∗

(cd + g∗)(1 + γdT ∗)

]
,

B∗
ρ = βρ

[1 + ϵγρT
∗

1 + γρT ∗

]
,

where R∗
s, R

∗
d and R∗

ρ are positive. With ∂ρ
∂τ

= 0 at steady state our equation
becomes:

0 = R∗
ss

∗
(

an

an + ρ∗n

)
−R∗

ds
∗ρ∗ −B∗

ρρ
∗. (5.24)

For the sake of simplicity, we simplify the equation at steady state by setting the
index of ψ(ρ) to 1 such that:

ψ(ρ) =
a

a+ ρ
.

The equation then simplifies to:

0 = (B∗
ρ + aR∗

ds
∗)ρ∗

2

+ a(R∗
ds

∗ +B∗
ρ)ρ

∗ − aR∗
ss

∗,
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which gives the non-negative solution:

ρ∗ =
−(a∗(R∗

ds
∗ +B∗

ρ)) +
√
(a∗(R∗

ds
∗ +B∗

ρ))
2 + 4(B∗

ρ + aR∗
ds

∗)(a∗R∗
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∗)

2(B∗
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∗)

. (5.25)

Solving for dρ∗

ds∗
gives:

dρ∗
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=
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1

2
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) 1

2 ·(
2(B∗

ρ +R∗
ds

∗)

)−2

.

We choose the same steady state values as in 5.2.6, with T ∗ = 0.56 and g∗ = 0.78.
Figure 5.5 shows that dρ∗

ds∗
is no longer strictly positive but instead becomes negative

for increasing s∗.
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Figure 5.5: The solution of ∂ρ∗

∂s∗
against s∗ with a = 0.3, T ∗ = 0.56

and g∗ = 0.78.

We obtained a general solution of ρ∗ in equation (5.25) with the index n = 1.
Increasing the index to n = 2 such that:

h(ρ) =
a2

a2 + ρ2
,

allows equation (5.24) be simplified as:

ρ∗3 + a2ρ− s∗R∗
sa

2

R∗
Ds

∗ + β∗
ρ

= 0.
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Solving this as a depressed cubic gives the general solution with the index n = 2:

ρ∗ =(
γ

2
+ (

γ2

4
+
β2

27
)
1
2 )

1
3

+ (
γ

2
− (

γ2

4
+
β2

27
)
1
2 )

1
3 ,

(5.26)

with:

β = a and γ =
s∗R∗

sa
2

R∗
Ds

∗ + β∗
ρ

.

With the solutions of ρ∗ for equations (5.19) (5.25) (5.26), we are able to observe
the effect of the index n on the steady state value of ρ∗. We represent the solution
(5.19) where there is no source limiting function as having index n = 0. This allows
us to compare three solutions in Figure 5.6. The comparison shows the suppression
effect of the limiting function, with the steady state solutions of ρ∗ approaching a
limit for n = 1 and 2. We also observe that this suppression effect increasing with
the value of the index. We therefore choose the index value n = 6 for our limiting
function. This ensures that the suppression effect applies even for low values of ρ.
Figure 5.4 shows the solution of the limiting function ψ(ρ): the function decreases
rapidly for 0.2 < ρ < 0.5.
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Figure 5.6: The solutions of ρ∗ against s∗ with a∗ = 0.3, T ∗ = 0.2 and
g∗ = 0.5 for n = 0, 1 and 2.

5.3.3 Amended model

By implementing the changes outlined in subsections 5.3.1 and 5.3.2, the model
equations in 5.2.3 are amended such that:

0 =
d2g

dx2
− dgg, (5.27)
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with boundary conditions
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(5.32)

and initial condition

s(x, 0) = s0, (5.33)

where s0 is non-dimensional. The non-linear haptotaxis function h(ρ) is the kinetic
function:

h(ρ) =
hρ

1 + ξρρ
,

with scaling parameter ξρ. The source limiting function ψ(ρ) is:

ψ(ρ) =
a6

a6 + ρ6
.

The base parameter values for the newly scaled parameters hρ, ξρ and a are in Table
5.2. These are chosen as appropriate values that provide realistic results.

Table 5.2: Amended non-dimensionalised parameter values with values from 5.3.1
and 5.3.2.

Symbol Definition Non-dimensionalised value
hρ Haptotaxis coefficient 6.0

ξρ Scaling coefficient 10.0

a Scaling parameter 0.3
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5.4 Results

5.4.1 Base case simulation

We choose our base case parameter values from Tables 5.1 and 5.2. We recall that
T and g are both time independent and their steady state solutions are shown in
Figures 5.1 and 4.4a. The numerical solutions for the time evolution of s and ρ are
reproduced in Figures 5.7a and 5.7b respectively.

The solution profile of s in Figure 5.7a shows that the highest accumulation of SMCs
is at the endothelial boundary. This is expected given that SMC migration due to
chemotaxis and haptotaxis drives SMCs towards the endothelium. We observed in
Section 4.4.3 that this accumulation of SMCs is greatly affected by the chemotactic
movement of SMCs up the gradient of PDGF, and that PDGF concentration is
greatest near the endothelial boundary (as observed in Figure 4.4a). The effect of the
introduced haptotaxis term and dependence on ρ is explored further by parameter
sensitivity analysis. Figure 5.8a shows that SMC distribution reaches steady state
at around 25 months. This is slightly longer than the observed steady state time of
approximately 22 months in the previous model shown in Figure 4.4c.

The solutions of ρ as a function of x for different times t are shown in Figure 5.7b.
Both solutions displayed in Figures 5.7a and 5.7b display greater accumulation of s
and ρ near the endothelium, suggesting the formation of a cap. This ECM profile
is shaped by the ECM synthesis and decay terms in equation (5.28). We recall that
ECM synthesis is dependent on s and T . Noting that both s and T are greatest near
the x = 0 boundary (Figures 5.7a and 5.1 respectively), we expect ECM synthesis to
be greatest near the x = 0 boundary. Similarly, the second decay term in equation
(5.28) decreases with increasing T so that it is lowest near the boundary x = 0.
Figure 5.8b shows that the time to reach steady state is around 25 months, which
is similar to the observed steady state time for SMCs in Figure 5.8a. This suggests
the timescale of ρ is the same as that of s, which is expected given the dependence
of ρ on s. It also suggests that like s, the time scale for cap formation is shorter
than the time scale required to reach steady state. Intimal ECM density has already
plateaued by t = 10, and Figure 5.7b shows that the solution of ρ at t = 9.75 is only
marginally different to the steady state solution.

These base solutions show that with the base parameter values from Tables 5.1 and
5.2, the model equations demonstrate the initial stages of cap formation. ECM is
synthesised by SMCs and growth factors and accumulates mainly around the en-
dothelial boundary. It also undergoes general degradation and decay. The resulting
profile exhibits the formation of a cap region which grows before ECM and SMC
dynamics reach steady state.
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Figure 5.7: Solutions of (a) s and (b) ρ as functions of x with parameter values from
Tables 5.1 and 5.2 at t = 0.75, 3.0, 5.25, 9.75 and 30.0.
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Figure 5.8: Time evolutions of (a) total intimal SMC density
∫
Ω
s(x)dx and (b) total

intimal ECM density
∫
Ω
ρ(x)dx with parameter values from Tables 5.1 and 5.2 from

t = 0.0 to 30.0.

5.4.2 Parameter sensitivity

We recall that the model equations in Section 5.3.3 extend the earlier reaction-
diffusion model equations of Section 4.2.3 by introducing a number of new parame-
ters. We therefore perform parameter sensitivity analysis on three key parameters:
αT , hρ and αg.

The parameter αT determines the influx of TGF-β from the endothelium. If we
set its value to zero, we can observe the effects of T on ρ. The parameter hρ is
the haptotaxis constant coefficient that represents the haptotactic migration of s.
Finally, αg determines the influx of PDGF from the endothelium. We note that in the
model equation for ρ (5.30), the first degradation term represents ECM degradation
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by SMCs which is proportional to increasing g. SMC dependence on PDGF for
proliferation and migration also means that the changing solution of g will affect
the solution of s. This allows us to observe the effects of PDGF and SMCs on ECM
dynamics.

5.4.2.1 αT

Figure 5.9 compares the steady state solutions of T , s and ρ for αT = 0.0 and
αT = 2.5. The first case (αT = 0.0) is when there is no influx of TGF-β from the
endothelium compared to the second where the rate of TGF-β influx is the base
rate from Table 5.1 (αT = 2.5). We observe in Figure 5.9a that when αT = 0.0, the
absence of TGF-β influx results in zero T in the intima. The effect of this on ρ,
where the equation for ECM (5.30) depends on T in its source and sink terms, is that
the absence of T leads to reduced collagen at the endothelial boundary. We recall
that we have assumed no spatial movement and no boundary flux conditions for ρ
and that the source term in equation (5.30) is the only source of ECM. Therefore
a reduction in the magnitude of the source and sink terms is expected to affect ρ,
particularly in regions where there is a significant change in T when αT = 0. We
observe this near the endothelial x = 0 boundary, where the change in the value
of T is greatest (as shown in Figure 5.9a). This decrease was observed in Watson
et al. (2020), where the absence of T reduced the total collagen deposition by
approximately 15 percent and the average ECM volume fraction in the cap region
by approximately 40 percent [45]. In Figure 5.9c, the absence of T also results in a
decrease in ρ around x = 0. This observed decrease in ECM density is around 30
percent, which is similar to the observed 40 percent in Watson et al. (2020).

We observe in Figure 5.9b that the change in ρ due to the change in the value
of αT has a weak effect on the steady state solutions of s. We recall that the
haptotaxis function hρ(ρ) decreases with increasing ρ and that the term modelling
the haptotaxis rate is also proportional to the ECM gradient dρ

dx
. This suggests that

changes to the haptotaxis rate may have a weak effect on the dynamics of s. We
contrast this to Watson et al. (2020) where zero influx of TGF-β was observed
to lead to a small increase in s. This was due to the fact that in Watson et al.
(2020), the influx of the two growth factors TGF-β and PDGF is mass balanced.
A reduction in TGF-β influx is therefore balanced by a corresponding increase in
PDGF influx. As SMC proliferation is proportional to PDGF concentration, an
increasing PDGF influx lead to increasing s. This increase in s was also due to the
reduction in collagen which increased SMC proliferation due to a decrease in contact
inhibition. The difference in results between models is because we do not assume
mass balanced growth factors in this reaction-diffusion model.
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Figure 5.9: Comparisons of steady state solutions of (a) T , (b) s and (c) ρ for two
values of αT : αT = 0.0 and αT = 2.5 at t = 30.0.

5.4.2.2 hρ

In this reaction-diffusion model, the results of Section 5.4.2.1 suggest that changes to
ρ have a marginal effect on s. This was attributed to a weak haptotaxis coefficient
value which makes the system insensitive to changes in ρ and dρ

dx
. We therefore

perform parameter sensitivity analysis on hρ to test this effect.

We observe in Figure 5.10a that increasing haptotaxis coefficient values correspond
to greater values of s near the x = 0, as the greater haptotactic coefficient value
increases SMC migration towards this boundary. We observe however that this
changes around x = 0.4, where s becomes lower for greater values of hρ near the
x = 1 boundary. The same change is observed in the steady state solutions of ρ in
Figure 5.10b.

To explain this change, we recall that the value of g is lowest near x = 1 and that
the solution of g is unaffected by other variables. The rate of SMC proliferation,
which is dependent on g, is therefore also lowest near x = 1. As hρ and the rate of
SMC haptotactic migration up the gradient of ECM is increased, the rate of SMC
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proliferation near x = 1 is comparatively lower. SMCs therefore migrate towards
x = 0 at a greater rate than at which they proliferate, leading to the values of s
being lowest near x = 1.

We observe that ECM density and distribution follows that of SMC density and
distribution in Figure 5.10b. The values of ρ are greatest near x = 0 and lowest
near x = 1 for higher values of hρ, with the differences in magnitude occurring at
the same regions as s. This is because ρ has zero velocity in time and its synthesis
is dependent on s. These results demonstrate that changes in s are reflected in the
solutions for ρ and that ECM distribution is dependent on local SMC density. We
contrast this to what was observed in the parameter sensitivity analysis of αT , where
changes to ρ had a weak effect on s.
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Figure 5.10: Comparisons of steady state solutions of (a) s and (b) ρ for three values
of hρ: hρ = 5.0, hρ = 10.0 and hρ = 14.0 at t = 30.0.

5.4.2.3 αg

In the previous section 5.4.2.2, we observed that changes in s are reflected in the
solutions of ρ. We initially observed the effects of varying the influx of TGF-β in
Section 5.4.2.1. In this section we perform the same analysis on PDGF influx. SMCs
are dependent on PDGF for proliferation and the chemical gradient of PDGF for
chemotaxis. We recall that in Section 4.4.1, SMC proliferation was determined to
have a weak contribution to SMC distribution. SMC chemotactic migration however
was identified as influential to the profile of s and potential cap formation in Section
4.4.3. We therefore expect the main contribution of increasing αg on the dynamics of
s to be increasing gradients of g ( dg

dx
) and subsequent greater chemotactic migration

of s towards the x = 0 boundary.

Figure 5.11b confirms these expectations with the SMC distribution close to x = 0
being greater for greater values of αg. We also observe that the value of s is lower
near x = 1 for greater values of αg. This is because an increased PDGF influx
corresponds to a greater gradient of g as observed in Figure 5.11a.
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We expect changes in s to be reflected in the solutions of ρ. Figure 5.11c confirms
that ECM accumulation is dependent on local SMC density. We observe that ρ is
greatest close to x = 0 for greater values of αg and vice versa. Within the approxi-
mate region 0 ≤ x < 0.5, the value of s is greater when αg = 1.2 compared to when
αg = 0.55. The opposite holds within the region 0.5 ≤ x < 1. We observe that the
value of ρ reflects this difference in the values of s for the values of αg. ECM dis-
tribution is therefore dependent on SMC distribution. We note also that the effect
of the source limiting term is also evident in the ECM profile. When αg = 1.2, the
value of s at the x = 0 boundary is approximately s(0, t) = 0.94, which is more than
three times greater than the value of value of s (approximately s(0, t) = 0.26 at the
x = 0 boundary when αg = 0.55. The accumulation of ρ is suppressed at approx-
imately ρ(0, t) = 0.35.: the source limiting term therefore imposes a restriction on
the maximum value of ρ. As a result, while ECM distribution is dependent on SMC
density, SMC distribution is also a critical factor to the ECM profile.
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Figure 5.11: Comparisons of steady state solutions of (a) g, (b) s and (c) ρ for three
values of αg : αg = 0.2, αg = 0.55 and αg = 1.2 at t = 30.0.
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5.5 Discussion

The reaction-diffusion model in this chapter represents the collagen synthesis stage
of the formation of a collagenous cap. We observe from the results in Section 5.4.1
that SMCs accumulate near the endothelial boundary. Proliferation due to PDGF
stimulation is greatest in this region, and SMCs migrate chemotactically and hapto-
tactically towards this boundary. A SMC cap is therefore created near the endothe-
lial boundary. ECM is synthesised by SMCs, which are stimulated by TGF-β [2].
The aggregation of both SMCs and TGF-β is greatest near the endothelial boundary
and therefore ECM synthesis is greatest at this region. This creates a collagenous
cap region near the endothelial boundary.

The dynamics of the formation of the collagenous cap region are shown in the results
of parameter sensitivity analyses of αT , hρ and αg. We observe that ECM distri-
bution is dependent on SMC distribution: SMC distribution trends are reflected in
the distribution of ECM. The density of ECM however is constrained by the source
limiting term, which we introduced to prevent unbounded accumulation. The rate of
ECM accumulation is therefore limited by this term and is restricted to a maximum
value regardless of the local SMC density. Our results in Section 5.4.2.3 suggest
that for the base parameter values of Table 5.1, the magnitude of ECM density at
the endothelial boundary is already quite close to this maximum value.

We observed in Section 5.4.2.1 that the solutions of ρ have a weak effect on s. Sig-
nificant changes to ρ such as decreasing the value of ECM density at the endothelial
boundary by around 30 percent yielded little change to s. Changing the value of
the haptotaxis coefficient hρ in Section 5.4.2.2 resulted in some changes to s, though
this also corresponded to changes in ρ. The results therefore suggest that ρ has a
marginal effect on s while s has a greater effect on the dynamics of ρ.

Two main factors that contribute to cap formation were identified. The first is the
presence of TGF-β. Its absence leads to a reduction in ECM density by around 30
percent around the endothelial boundary. The second is the distribution of SMCs.
The results in Sections 5.4.2.2 and 5.4.2.3 show that the density and distribution of
ECM are determined by those of SMCs.

We therefore conclude that a greater distribution of SMCs close to the endothelial
boundary is critical to a larger fibrous cap region. SMC density affects the synthesis
of ECM but the growth of this cap region saturates with increasing ECM density
regardless of the local SMC density. Our model suggests that SMC density near
the endothelial boundary is relevant until the maximum value of ECM density is
reached.

The results of this section show that the base reaction-diffusion model described in
Chapter 4 can be extended to include TGF-β and ECM dynamics. Our model adopts
the assumptions from the reference models of Watson et al. (2018, 2020) to reflect
up-to-date experimental observations: we observe the formation of a collagenous cap
region near the endothelial boundary where the presence of a SMC cap stimulates
ECM synthesis. As with the reference model of Watson et al. (2020), our base
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model therefore can be extended to reflect more stages of plaque formation; our
reaction-diffusion model is however computationally and analytically simpler than
the multiphase model.



Chapter 6

Introducing early stages of lesion
growth by modelling macrophages
and modified low density lipopro-
tein characteristics

The two previous models addressed two intermediate stages of cap formation. The
first model in Section 4.2.3 modelled the stage of SMC migration in response to
PDGF. In the second model in Section 5.2.3, we extended this to include ECM and
TGF-β and modelled the formation of a collagen cap region. The results of this
model showed that SMC distribution had a significant effect on ECM distribution
and therefore the formation of a cap region.

In this section we continue to analyse the intermediate stages of cap formation,
though we introduce the early stage of lesion growth. This is the initial stage where
LDL begins to enter the intima which stimulates a number of responses including
monocyte differentiation into macrophages and modLDL uptake by macrophages [4].
To do so we introduce two variables representing modLDL and macrophages. We use
two models for reference: the reaction-diffusion model of Ougrinovskaia (2011) [37]
which analyses SMC migration during the early stages of lipid core formation, and
Chalmers et al. (2015) [11] which focuses on modLDL, monocytes and macrophages.
These two models are summarised in the next two sections. We note that variables
from other stages of cap formation (including foam cells) not included in the scope
of this model are excluded.

Both models begin by representing the initial stage of lesion growth by assuming
that the integrity of the endothelium has failed and that LDLs penetrate the arterial
wall, entering the intima through the endothelial boundary (x = 0). In the intima,
LDLs are oxidised and become modLDLs. This presence of modLDLs trigger a
number of responses. One response is the production of cytokines such as monocyte
chemotactic protein 1 (MCP-1) and PDGF. These cytokines attract monocytes to
migrate from the lumen and into the intima through the endothelial boundary [16,31,
36]. Monocytes differentiate into macrophages, which then consume the modLDLs
[4]. We note that this uptake of modLDLs leads to macrophages converting to foam
cells; we ignore this process at this stage of modelling.

The research objective is to create a reaction-diffusion model that simply describes
the general progression of plaque growth. The reference models of Ougrinovskaia
(2011) and Chalmers et al. (2015) therefore provide terms and assumptions that
reflect up-to-date results from experimental data and the broader biological litera-
ture. While both are reaction-diffusion models, we note that Chalmers et al. (2015)
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only describes the initial lesion initiation stage, while Ougrinovskaia (2011) provides
a submodel for the lesion initiation stage (which is part of a larger framework).

Our objective with this model is to therefore create a reaction-diffusion model for
the initial lesion initiation stage that takes the up-to-date assumptions and terms of
Chalmers et al. (2015), while also adopting the way Ougrinovskaia (2011) integrates
the lesion initiation stage into SMC and PDGF dynamics. This focus on the initial
lesion initiation stage is important because unlike the stages described in the models
in Chapters 4 and 5 the two phases integrated in this model (lesion initiation and
SMC migration) are of significantly different timescales. We recall that an objective
with our thesis model framework is that it must be extendable to include more equa-
tions and variables without adding unnecessary additional complexity. We therefore
investigate the framework’s ability to include a range of different timescales, and
any effect they have on dynamics.

6.1 Lesion initiation and smooth muscle cell mi-

gration: Ougrinovskaia (2011)

We recall that in Section 4.1.2, we focused on the submodel of the larger reaction-
diffusion model of Ougrinovskaia (2011). In that section the submodel explored the
dynamics of SMC recruitment. The model in this section is a submodel of the same
larger model. This means that its domain is a one dimensional slice of the intima,
with x = 0 at the endothelial boundary and x = L at the media boundary, where
L is the length of the domain. The domain is defined on a one-dimensional domain
x ∈ [0, L] where L = 1 and time is denoted as t. The model focuses on two main
stages: the recruitment of SMCs and the initial growth and influx of macrophages
and modLDLs. There are four equations for the dynamics of the following respective
species: modLDL concentration l(x, t), macrophage density m(x, t), SMC density
s(x, t) and PDGF concentration g(x, t).

The model assumes that modLDLs diffuse through the domain with respect to
diffusion coefficient Dl. They are assumed to be uptaken by both macrophages and
foam cells via Michaelis-Menten dynamics at a rate proportional to the uptake rate
µl, and to undergo linear decay with respect to the degradation term dl.

Macrophage motility is described as driven by random motion and chemotaxis, with
macrophages diffusing through the domain with respect to random motion coefficient
Dm. They move chemotactically along the gradient of the macrophage chemoattrac-
tant p with respect to chemotaxis coefficient χm. As macrophages uptake modLDLs
as described above, they are assumed to convert to foam cells at a rate proportional
the rate µm. They also undergo apoptosis and necrosis, which are represented as a
linear decay term dm.

SMCs have no newly introduced dependence on macrophages. SMCs dynamics are
therefore the same as in Section 4.1.2.
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On the other hand PDGF dynamics now include a source term with macrophage de-
pendence. PDGF-B, which is simplified as PDGF, is a chemoattractant and mitogen
for SMCs [28,36,46]. It is also elaborated by macrophages [28,46]: this elaboration
is proportional to the local macrophage density and the rate of production of PDGF
by macrophages σg.

The system of equations therefore become:

∂l

∂t
= Dl

∂2l

∂x2
− µl

ml

1 + l
− dll, (6.1)

∂m

∂t
= Dm

∂2m

∂x2
− χm

∂

∂x

(
m
∂p

∂x

)
− µm

ml

1 + l
− dmm, (6.2)

∂g

∂t
= Dg

∂2g

∂x2
+ σgm− dgg, (6.3)

∂s

∂t
= Ds

∂2s

∂x2
− χs

∂

∂x

(
s
∂g

∂x

)
+
(
1 +

rsg

Gs + g

)
s
(
1− s

)
− dss. (6.4)

At the endothelial boundary (x = 0), LDLs enter the intima where they oxidise
to become modLDLs. The model assumes that this occurs fast enough to directly
describe modLDLs influx σl at the x = 0 boundary. Macrophages and macrophage
chemoattractants also enter the intima, represented as an influx σm and σp respec-
tively at the x = 0 boundary. Zero flux conditions are assumed for both PDGF and
SMCs.

Zero flux conditions are assumed for modLDLs, macrophages and SMCs at the
medial boundary (x = 1). The model continues the assumption from the submodel
in Section 4.1.2 that SMCs enter the intima at a rate σs.

The boundary conditions are therefore:

∂l

∂x
=

−σl
Dl

at x = 0,
∂l

∂x
= 0 at x = 1,

∂m

∂x
= −σmDp + χmmσp

DpDm

at x = 0,
∂m

∂x
= 0 at x = 1,

∂g

∂x
= 0 at x = 0,

∂g

∂x
= 0 at x = 1,

∂s

∂x
= 0 at x = 0,

∂s

∂x
=
σs
Ds

at x = 1.

(6.5)
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6.2 Early stage plaque modelling, modLDLs and

macrophages: Chalmers et al. (2015)

Like the submodel outlined in the prior section, the model of Chalmers et al. (2015)
focuses on the initial lesion initiation stage. The domain is also the same as the
submodel with a bounded domain Ω representing the region of the intima between
the lumen and media. x ∈ Ω denotes position within the intima, with the x = 0
boundary representing the interface between the lumen and the intima and the
x = 1 boundary representing the interface between the media and the intima. Time
is denoted as t. The model does not however include the later stages of SMC
and PDGF growth and influx. To explain the model, we focus on macrophages
and modLDLs and disregard the other species. Macrophage density and modLDL
concentration is denoted by m(x, t) and l(x, t) respectively.

For modLDL, the assumptions are the same as in Ougrinovskaia (2011). They
diffuse, are uptaken by both macrophages and foam cells and undergo linear decay.

Macrophages are also assumed to undergo random motion and chemotaxis. In this
model however, macrophages move chemotactically in response to both modLDL and
macrophage chemoattractant such as MCP-1. This is simplified as moving chemo-
tactically along the gradient of modLDL. Aside from this difference, macrophages
dynamics in the intima are assumed to be the same as in Ougrinovskaia (2011).
They uptake modLDLs and undergo apoptosis and necrosis, the two sink terms
being expressed consistently with Ougrinovskaia (2011).

The equations are therefore:

∂l

∂t
= Dl

∂2l

∂x2
− µl

ml

1 + l
− dll, (6.6)

∂m

∂t
= Dm

∂2m

∂x2
− χm

∂

∂x

(
m
∂l

∂x

)
− µm

ml

1 + l
− dmm. (6.7)

The assumptions for the behaviour of modLDL at the boundaries are the same as
(6.5), with an influx of σl at x = 0. The flux of macrophages at x = 0 is however
not assumed to be constant as in (6.5). It is instead proportional to the function
ψ(p, q) = (1+A0q)(p− p0)H(p− p0), where p and q are variables for the concentra-
tion of chemoattractants and ES cytokines respectively. The value of this function
changes step-wise, with P0 representing the interstitial concentration of chemoat-
tractant. Increased macrophage chemoattractant and ES cytokine concentration
therefore leads to increased macrophage migration into the intima.

Both LDLs and macrophages are assumed to have zero flux at the x = 1 boundary.
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The boundary conditions become:

∂l

∂x
= −σl at x = 0,

∂l

∂x
= 0 at x = 1,

Dm
∂m

∂x
− χmm

∂l

∂x
= −σmψ(p, q) at x = 0, Dm

∂m

∂x
= χmm

∂l

∂x
at x = 1.

(6.8)

Both models share a number of assumptions. The assumptions towards modLDL
dynamics are the same: that modLDLs diffuse, are uptaken by macrophages and un-
dergo linear decay. There is a constant influx of modLDLs (denoted in both models
at rate σl) at the x = 0 boundary and zero flux conditions at the x = 1 boundary.
Macrophages are also assumed to undergo random motion and chemotaxis, though
the chemotactic concentration gradient differs between the models with Chalmers
et al. (2015) using the gradient of modLDL. Both models assume macrophages
uptake modLDLs and undergo apoptosis and necrosis. We note however that this
macrophage uptake is due to its conversion to foam cells and that foam cells are
disregarded in our current model.

The similarities between both models provide a foundation of agreed assumptions.
These shared assumptions are used as a useful reference for the formulation of our
reaction-diffusion model in the next section. The scope of this section’s model
however is limited to four key species: modLDLs, macrophages, SMCs and PDGF.

6.3 Model formulation and development

We model both the initial lesion initiation stage and the prior stage of SMC migra-
tion from the first reaction-diffusion submodel (Section 4.2). This is therefore an
extension of the first model of Chapter 4. It maintains the spatial assumptions in
Section 4.2 regarding the domain. We note that the model does not address ECM
and is limited to the following key variables as a function of distance x and time t:

g(x, t) = concentration of SMC chemoattractant, such as PDGF,

s(x, t) = density of matrix-synthesising smooth muscle cells,

l(x) = concentration of modLDL,

m(x, t) = density of macrophages.

6.3.1 Model equations

6.3.1.1 PDGF (g(x, t))

The assumptions held in equation (4.17) are continued in this system: that PDGF
diffuses through the media and decays, and that its timescale (a month) is signifi-
cantly shorter than that of SMC production. We however introduce a source term
with macrophage dependence. In the Ougrinovskaia (2011) submodel outlined in
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Section 6.1, this source term was due to PDGF-B (a variant of PDGF). PDGF-B is
a chemoattractant and mitogen for SMCs that is elaborated by macrophages [28,46].
The source term is therefore proportional to the local macrophage density and the
rate of production of PDGF by macrophages µg. The model equation is:

0 = Dg
d2g

dx2
− dgg + µgm. (6.9)

6.3.1.2 SMC (s(x, t))

The density of smooth muscle cells within the intima is modelled by:

∂s

∂τ
= Ds

∂2s

∂x2
− ∂

∂x

(
χss

∂g

∂x

)
+ rg

(
1 +

Ag

Gs + g

)
s(1− s

k
)− dss− dsmsm. (6.10)

We maintain the assumptions held in equation (4.18) around random motility,
chemotaxis, and the source and sink terms. We additionally assume that SMCs
undergo apoptosis (cell death) in response to increased cytokines [36]. While cy-
tokines are disregarded in our model, ES cytokines such as IFN-γ are produced by
macrophages consuming modLDL [36]. We therefore assume that IFN-γ presence is
proportional to macrophage density, meaning that the apoptosis term is proportional
to the local macrophage density and the death term dsm.

6.3.1.3 ModLDL (l(x, t))

We assume that modLDLs diffuse through the intima with diffusion coefficient Dl.
They are uptaken by macrophages, the rate of this uptake having an upper limit.
We model this by a saturating function with respect to modLDL concentration.
In our equation, this is represented by a Michaelis–Menten-type function. We also
assume that modLDLs experience loss generally, which is represented by a linear
decay term dl. The model equation is:

∂l

∂τ
= Dl

∂2l

∂x2
− µllm

γl + l
− dll. (6.11)

6.3.1.4 Macrophages (m(x, t))

Within the intima, macrophages randomly move with the random movement coef-
ficient Dm. We assume they move chemotactically along the gradient of modLDLs
with chemotactic coefficient χm. We note that the same assumptions of macrophage
flux within the intima as Chalmers et al. (2015) are used in this equation. However,
both Ougrinovskaia (2011) and Chalmers et al. (2015) assumed macrophage uptake
due to conversion to foam cells. We do not include this macrophage conversion term
as foam cells are not in the scope of this model. Finally, we assume general loss
and cell death of macrophages which is modelled by a death term with rate dm. We
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model the density of macrophages within the intima by:

∂m

∂τ
= Dm

∂2m

∂x2
− ∂

∂x

(
χmm

∂l

∂x

)
− dmm. (6.12)

6.3.2 Boundary and initial conditions

6.3.2.1 ModLDL (l(x, t))

We first note that in our model, we do not differentiate between LDL and modLDL.
This is because LDLs become modified by oxidants to form modLDLs after entering
the intima, which we assume to occur extremely quickly. Therefore the influx of non-
modLDLs is modelled as an influx of modLDLs. This influx at the x = 0 boundary
is constant at rate αl. This is represented as Jl|x=0 = αl where Jl = −Dl

∂l
∂x

is the
modLDL flux.

At x = 1 we assume zero flux conditions. This is represented as Jl|x=1 = 0. Therefore
the boundary conditions are:

∂l

∂x

∣∣∣
x=0

=
−αl

Dl

,
∂l

∂x

∣∣∣
x=1

= 0. (6.13)

We assume that initially, modLDLs exist at steady state in the intima and that
this steady state has been reached with very low macrophage presence. This is
to simulate the very early stages of lesion initiation, when significant monocyte
recruitment has not occurred and modLDL exists in vivo [15, 41]. We therefore
describe l(0, t) as the steady state solution of l(x, t) (6.11) when m(x, 0) = 0. The
steady state equation for l(x, 0) simplifies to:

Dl
∂2l

∂x2
− dll = 0,

which is solved with the boundary conditions (6.13) to give the steady state solution:

l(x, 0) =
(−αl

Dlγ
+

αl

Dlγ

1− exp (−γ)
exp (γ)

)
exp (γx) +

( αl

Dlγ

1− exp (−γ)
exp (γ)

)
exp (−γx), (6.14)

with γ =
√

dl
Dl
. The profile of equation (6.14) is Figure 6.1. We note that this profile

appears to be approximately constant: later results show that the solution profile
of l is flat.
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Figure 6.1: The initial condition solution of l(x, 0) which is the steady
state solution of l(x, t) when m(x, t) = 0.

6.3.2.2 Macrophages (m(x, t))

We first note that in our model, we do not differentiate between monocytes and
macrophages. Monocytes rapidly differentiate into macrophages when they leave
the bloodstream and enter the intima [4]. As a result we represent the influx of
monocytes into the intima as an influx of macrophages. We first assume this is
proportional to a rate αm and m. We however introduce the assumption that this
influx is saturated at high concentrations of modLDL. This is to simulate the sat-
uration of the production of monocyte chemoattractants such as MCP-1. These
chemoattractants are triggered at the endothelium by modLDL presence, resulting
in monocytes entering the intima [16, 31, 36]. They are not however in the scope of
this model. We therefore simulate this by assuming the influx to be saturated at
high concentrations of l which is represented by a Michaelis–Menten-type function
l

γ+l
. At x = 0, this is represented as Jm|x=0 =

αmlm
γ+l

where Jm = −Dm
∂m
∂x

+ χmm
∂l
∂x

is the macrophage flux into the intima.

At x = 1 we assume zero flux conditions. This is represented as Jm|x=1 = 0. Using
the boundary conditions of l (6.13) to substitute the value of ∂l

∂x
at both boundaries,

the boundary conditions of m are:

∂m

∂x

∣∣∣
x=0

=
−αmlm

γ+l
Dl − χmmαl

DmDl

,
∂m

∂x

∣∣∣
x=1

= 0. (6.15)

We assume there is an initial distribution of macrophages in the intima, with the ma-
jority accumulated at the endothelial boundary. This distribution simulates the early
stage of monocyte recruitment by describing a small initial influx of macrophages
from the lumen at the endothelial layer. We model this with a half-Gaussian func-
tion:

m(x, 0) =
m0

√
2

σπ
exp

(
− x2

2σ2

)
, (6.16)
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with m0 = 1.0 × 10−4 and σ = 0.05. The profile of this initial condition m(x, 0) is
shown in Figure 6.2.
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Figure 6.2: The initial condition of m(x, 0) where m(x, 0) is the half-
Gaussian function given in (6.16) with m0 = 1.0× 10−4 and σ = 0.05.

The boundary conditions for PDGF and SMCs at x = 0 and x = 1 remain unchanged
from (4.19) and (5.11). We continue to assume a small initial intimal SMC density,
represented by the initial condition s(x, 0) = s0 where 0 < s0 ≪ 1.

6.3.3 Non-dimensionalisation

We non-dimensionalise our model, using tildes (except for t) to denote non-dimensionalised

quantities. Setting s = ks̃, g = g0g̃, l = γl l̃, t = t0τ and x = Lx̃, we non-
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dimensionalise the remaining variables as:
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(6.17)

Dropping the tildes for clarity, the model equations (6.9), (6.10), (6.11), (6.12), and
boundary conditions (4.19), (5.11), (6.13) and (6.15) become:
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with boundary conditions
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and initial conditions

s(x, 0) = s0, (6.23)

l(x, 0) =
(−αl

Dlγ
+
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Dlγ

1− exp (−γ)
exp (γ)

)
exp (γx) +
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exp (−γx), (6.24)

m(x, 0) =
m0

√
2

σπ
exp

(
− x2

2σ2

)
, (6.25)

where s0 is non-dimensional, m0 = 1.0× 10−4, σ = 0.05 and γ =
√

dl
Dl
.
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6.3.4 Parameter values

Table 6.1: Base non-dimensionalised parameter values

Symbol Definition Value Reference
dg Rate of PDGF decay 0.075 [44]

µg Rate of production of PDGF by
macrophages

101 6.3.4.1

Ds Diffusion coefficient of SMC 1.0979 4.2.4.1

χs SMC motility coefficient 4.5952 4.2.4.1

rg Baseline rate of SMC proliferation 0.02 [44]

ds Rate of SMC decay 0.4 [44]

dsm Rate of SMC apoptosis 0.2 6.3.4.1

Gs Michaelis-Menten kinetic constant 1.4 [44]

A Maximal factor of PDGF-stimulated
increase in rate of SMC proliferation

19 [44]

αg Rate of PDGF influx from endothelium 0.55 [44]

σg Permeability of IEL to PDGF 2 [44]

s0 Initial SMC concentration 1× 10−4 [44]

s∗ Concentration of synthetic SMC in me-
dia

0.01 [44]

Dm Diffusion coefficient of macrophages 10−1 [11]

χm Macrophage motility coefficient 10−1 [11]

µm Rate of macrophage conversion 102 [11]

dm Rate of macrophage decay 10−1 [11]

Dl Diffusion coefficient of LDLs 103 [11]

µl Rate of LDL uptake by macrophages 105 [11]

dl Rate of LDL decay 101 [11]

αl Rate of LDL influx from endothelium 2× 102 6.3.4.1

αm Rate of macrophage influx from en-
dothelium

6× 10−1 6.3.4.1

6.3.4.1 Parameter value justification

The non-dimensionalisation of the model parameters in Section 6.3.3 is the same
as Chalmers et al. (2015) for the parameters: µl, Dm, dm, χm, dl, αl and αm. We
note however that the characteristic timescale t0 from Chalmers et al. (2015) is
19 days, which is approximately half of the characteristic timescale of our system
(approximately t0 = 1 month). The parameter values of Chalmers et al. (2015)
are however approximate and are estimated using order of magnitude assumptions.
We therefore rescale the base parameter values from Chalmers et al. (2015): the
difference between the timescales (and therefore non-dimensionalised values) is the
order of approximately two.
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The model in Chalmers et al. (2015) however has no base values of αl and αm

and instead takes different values of the two parameters. Values of αl are taken
between 1.0×102 and 7.0×102 while values of αm are taken between 5.0×10−1 and
8.0×10−1. We therefore choose appropriate intermediate values: we set αl = 2×102

and αm = 6× 10−1

The model equations for g and s also introduce the parameters µg and dsm. We note
that the analogous term for µg in Ougrinovskaia (2011) is σg, which is rescaled rather
than non-dimensionalised and its value is estimated based on reasonable results and
model sensitivity. We apply the same approach and set µg = 101 due to the scale of
m. The parameter dsm also has an analogous term in Ougrinovskaia (2011). Based
on the rescaling used in Ougrinovskaia (2011), we can estimate the value of dsm. We
therefore set dsm = 0.2.

6.4 Results

We recall that that the timescales of m and l, taken from Chalmers et al. (2015), are
shorter than s. The results from Chalmers et al. (2015) show that m and l approach
steady state before t = 4, as opposed to approximately t = 22. We therefore expect
m and l to reach steady state quicker than g and s in our model. This is expected
because the stages of lesion initiation and SMC migration are different, with the
latter being a later, intermediate stage of plaque formation.

We contrast this to the reaction-diffusion model of the previous chapter 5, where
the model equations for s and ρ were determined in Section 5.4.1 to have the same
timescales. We recall that the reference models of Watson et al. (2018, 2020)
and Chalmers et al. (2015) only consider distinct phases with different timescales:
for example, Watson et al. (2018, 2020) does not model lipids with SMCs. This
integration of phases with different timescales therefore departs from the approach
taken in our reference models. The effect of this difference on the results of the
model is therefore worth investigating. We aim to understand if there is a significant
difference in results between separating the phases with different timescales, and
integrating them.

To query the effect of this difference in timescales, we begin by solving the model
equations simultaneously with values from Table 5.1. We observe any differences
in dynamics by solving the equations for the SMC migration stage (equations for g
and s) after the equations for the lesion initiation stage (equations for m and l) have
reached steady state, and compare the results between the two types of solutions.

6.4.0.1 Base case simulation

We choose our base case parameter values from Table 6.1. We begin with the time
evolutions of the solutions of l and m in Figures 6.4a and 6.4b respectively.
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Figure 6.3b shows that the solution profile of m is not linear, with the greatest
macrophage density being near the endothelial boundary as macrophages randomly
move through the intima. Over time the value of m near x = 0 decreases while the
distribution of m across the domain increases. We recall that there is an influx of
macrophages into the intima at x = 0 and that macrophages move chemotactically
along the gradient of l. Figure 6.4b shows that the intimal macrophage density
increases rapidly over approximately half a month and decreases to reach steady
state at approximately t = 2.1. This is similar to the results from Chalmers et al.
(2015) which show m and l approaching steady state before t = 4.

We observe in Figure 6.3a that the solution profile of l decreases from the initial
condition steady state solution ((6.14) shown in Figure 6.1) over time. The solution
profiles of l are almost constant at each time. The total amount of intimal modLDL
as a function of time in Figure 6.4a shows that l decreases rapidly over about half a
month, and then increases to reach steady state at a slower rate. We recall that the
initial condition for l (6.14) is the steady state solution of (6.21) with zero m. We
therefore expect the rapid decrease in l as there is an initial non-zero macrophage
density (6.16) which m increases from. We also expect the time taken to reach
steady state to be the same for m and l due to the dependence of (6.21) on m. The
time to reach steady state is approximately 2.1 months for both l and m.

The equation for g in (6.18) introduces a source term which is proportional to rate
µg and dependent on m. Figure 6.3c shows that the effect of this term is small:
there is a small difference between the solutions of g at t = 0.04 and at steady
state t = 25.0. As m remains positive over time, g increases over time. Due to the
dependence on m, this change occurs on the same timescale as m and l. We choose
this base value of µg (µg = 10.0) due to our observations in Section 6.4.1.2 that
show that the dynamics of g are sensitive to changes in µg above the base value of
µg = 10.0.

The equation for s in (6.19) describes the effect of PDGF on the dynamics of s
through chemotaxis and SMC proliferation. We recall that the results from Section
4.4.3 showed that SMC proliferation has a weak effect on SMC dynamics, and that
the dynamics of s are more sensitive to changes in the chemotaxis term as observed
in Section 5.4.2.3. The results in Figure 6.3c however show minor changes in g and
dg
dx

over time. Because the changes to g and dg
dx

are small, we expect the effect of µg

and the introduction of m dependence on g to have a small effect on the dynamics
of s. We therefore compare these solutions with the solutions of s from the reaction-
diffusion model without m in Figures 4.4b and 4.4c. Comparing Figures 6.3d and
4.4b shows that the maximum value of s at x = 0 increases by a small amount when
m is introduced to the system. The difference in steady state time is also minor,
with the time to reach steady state in Figure 6.4c being about t = 24 compared to
the time to reach steady state of about t = 22 in Figure 4.4c.
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Figure 6.3: Solutions of (a) l, (b) m, (c) g and (d) s as functions of x with parameter
values from Table 6.1 at times t from t = 0.0 to 29.0.
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Figure 6.4: Time evolutions of the total quantity of (a) intimal modLDL
∫
Ω
l(x)dx,

(b) intimal macrophages
∫
Ω
m(x)dx, and (c) intimal SMCs

∫
Ω
s(x)dx with parameter

values from Table 6.1 from t = 0.0 to 29.0

6.4.0.2 Staggered solutions

We recall that the timescales of m and l are shorter than the timescale of the
evolution of s. As observed in Figures 6.4a and 6.4b, m and l approach steady state
at approximately t = 2.1 which is shorter than the observed time taken for s to
reach steady state in Figure 6.4c (approximately t = 22). This is because the stage
of lesion initiation is the initial stage where LDL begins to enter the intima. SMC
migration is a later, intermediate stage of plaque formation.

We query if our reaction-diffusion model can accommodate coupled equations with
significantly different timescales. In the previous section 6.4.0.1 we solved all equa-
tions simultaneously, which we refer to as “simultaneous solutions”. In this section
we solve the equations for the SMC migration stage (equations for g and s) after the
equations for the lesion initiation stage (equations for m and l) have reached steady
state, and compare the results between the two sections to observe any changes in
dynamics. We refer to solutions of g and s obtained after shorter timescale equations
have reached steady state as “staggered solutions”.
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We compare both simultaneous and staggered solutions solved with values from
Table 5.1 with a view to analyse at three main times: the time taken for the whole
system to reach steady state, the time taken to reach steady state for equations m
and l, and the time taken to reach steady state for equations g and s. We recall
that for staggered solutions, the equations for m and l are solved to steady state
first, after which the equations for g and s are solved. Because m and l have no
dependence on g or s, there is no difference in their solutions whether they are solved
simultaneously or otherwise. Therefore for staggered solutions, the time taken for s
to reach steady state is the difference between the time taken for the whole system
to reach steady state and the time taken to reach steady state for equations m and
l. We note that for simultaneous solutions, the time taken for the whole system
to reach steady state is equivalent to the time taken for s to reach steady state.
We can therefore compare the times taken for s to reach steady state: if the times
are similar, then this suggests that the equations for s approach steady state at
approximately the same time for both simultaneous and staggered solutions. We
also compare the total quantity of intimal SMCs in both solutions to analyse any
differences in dynamics: if the two are similar, then we will be able to conclude
that there is negligible difference in time taken to reach steady state and dynamics
between the simultaneous and staggered solutions.

Figures 6.5a, 6.5b and 6.5c compare simultaneous and staggered solutions with dif-
ferent values of αm. For the staggered solution, the equations for g and s are solved
starting from the times when the equations for m and l reach steady state as ob-
served in Section 6.4.1.1. Due to the dependence of g on m, we expect g to either
operate in the same timescale of m (when solved simultaneously) or to not change
over time (when solved after m has reached steady state). We observe that in all
three figures, the maximum values of the the total quantity of intimal SMCs for
both simultaneous and staggered solutions are equal.

We also compare the times taken for the whole system to reach steady state between
the simultaneous and staggered solutions. For the base value of αm (αm = 6.0 ×
10−1), we recall that the time to reach steady state of s for the simultaneous solutions
is approximately t = 24 in Figure 6.4c. The steady state time for the staggered
solutions with the same parameter values is approximately t = 26 in Figure 6.5a,
and the time to reach steady state of equations m and l is approximately t = 2.1
in Figure 6.5a. Given that the equation for s is solved for the staggered system
starting at t = 2.1, the time to reach steady state of the equation of s for the
staggered solution is therefore the difference between the time taken for the whole
system to reach steady state and the time to reach steady state for equations m and
l. We observe that this time is approximately t = 26 − 2.1 = 23.9, which is very
similar to the time to reach steady state of s for the simultaneous solutions (t = 24).
This result suggests that there is no difference in the dynamics of s between the
staggered and simultaneous solutions when solved with the base parameter values.

This analyses is continued for the solutions for αm = 2.0 and 8.0× 10−1. In Figure
6.5b for αm = 2.0, the steady state time of the staggered solutions is approximately
t = 26. The time to reach steady state for the simultaneous equations with the
same parameter values is approximately t = 24 and the time to reach steady state
of equations m and l is approximately t = 1.5. The time to reach steady state of the
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equation of s for the staggered solution is therefore approximately t = 26 − 1.5 =
24.5, which is very similar to the time to reach steady state of s for the simultaneous
solutions (t = 24). Similarly in Figure 6.5b for αm = 8.0×10−2, the steady state time
of the staggered solution is approximately t = 26. The time to reach steady state
for the simultaneous equations with the same parameter values is approximately
t = 24 and the time to reach steady state of equations m and l is approximately
t = 2.5. The time to reach steady state of the equation for s for the staggered
solution (t = 26 − 2.5 = 23.5) is therefore very similar to the time taken for the
whole system to reach steady state of the simultaneous equations (t = 24).

The results show that across the three values of αm, the time to reach steady state of
the equation for s for the staggered solution is very similar to the time to reach steady
state of the simultaneous equations. We also observe that in all three figures, the
maximum values of the the total quantity of intimal SMCs for both simultaneous
and staggered solutions are equal. This suggests that there is little difference in
dynamics whether equations are solved simultaneously or staggered. We therefore
solve the equations simultaneously for the remainder of the model analyses.
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Figure 6.5: Comparisons of time evolutions of the total quantity of intimal SMCs∫
Ω
s(x)dx between simultaneous and staggered solutions for three values of αm : (a)

αm = 6.0 × 10−1, (b) αm = 8.0 × 10−2, and (c) αm = 2.0 from t = 0.0 to 29.0.
Staggered equations are solved starting from the steady state times of m and l,
which is (a) t = 2.1, (b) t = 2.5, and (c) t = 1.5.
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6.4.1 Parameter sensitivity

The model equations in Section 6.3.3 introduce equations for m (6.20) and l (6.21),
which include new dependencies in the equations for g (6.18) and s (6.19). We
therefore perform parameter sensitivity analysis on four key parameters: αm, µg,
dsm and χm.

We recall that αm is the rate of macrophage influx into the intima: we therefore
expect changing αm to affect the dynamics of m. Both g and s are affected by
m due to two parameters: µg and dsm. For g, PDGF is produced by macrophages
proportional to rate µg and m, while for s we assume that SMC undergoes apoptosis
proportionally to the rate dsm and m.

The parameter µg is based on the introduced assumption that PDGF is elaborated
by macrophages. We therefore analyse the effects of varying µg. In Section 6.4.0.1
we observed that the base value of µg resulted in a small change in g. This suggests
that our equations are not highly sensitive to changes in µg.

The equation for s (6.19) has dependencies on m due to SMC apoptosis. We assume
SMC apoptosis is proportional tom and the rate of SMC apoptosis dsm. We therefore
analyse the direct effects of m on the dynamics of s by changing dsm. We recall
that changes in g affect the dynamics of s due to the dependence on g and ∂g

∂x

by the chemotaxis and proliferation terms in (6.19) and the boundary conditions
(6.22). This means that the dynamics of m have an effect on s directly due to the
SMC apoptosis term, and indirectly due to its effect on g and the chemotaxis and
proliferation terms of s. To understand the relative scale and effect of the parameters
µg and dsm on the dynamics of s, we compare the effects of the parameters.

The parameter sensitivity analysis of χs in the first reaction-diffusion model (Section
4.4.3) showed the significant effect of the chemotaxis parameter of the dynamics
of s. In equation (6.20) we assume that macrophages migrate chemotactically in
response to the gradient of l at a rate proportional to the chemotaxis parameter
χm. We therefore analyse the sensitivity of the dynamics of m and the rest of the
equations to changes in χm.

6.4.1.1 αm

Figure 6.6b compares the steady state solutions of m by using three values of αm:
αm = 8.0×10−2, 6.0×10−1 and 2.0. We note that αm = 6.0×10−1 is the base value
in Table 6.1. The other values of αm are chosen due to their difference in scale by
approximately 101 from the base value.

We observe in Figure 6.6b that the value of αm affects the magnitude and spatial
distribution of the steady state solution of m. For the base value of αm = 6.0×10−1,
the steady state solution is non-zero and m is greatest near the x = 0 boundary.
When αm is low (αm = 8.0 × 10−2), m decreases rapidly from the initial condition
value to near zero m. The time evolution of

∫
Ω
m(x)dx in Figure 6.7a shows this
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change over time. These results show that for low values of αm, there is insuffi-
cient macrophage influx to overcome the loss of macrophages due to death. These
dynamics change when αm is greater than the base value (αm = 2.0). Figure 6.6b
shows that m at steady state for this value of αm is greater than for the base steady
state solution (αm = 6.0× 10−1). This is expected due to the increase in the influx
of macrophages and therefore total macrophages in the intima.

We recall in (6.21) that macrophages uptake modLDL at rate µl with dependence
on m and l: changes to m affect the dynamics of l through this uptake term. When
αm is low (αm = 8.0× 10−2), m decreases to near zero. The absence of m therefore
removes the effect of this uptake term from the dynamics of l, meaning that there
is no modLDL loss. As observed in Figures 6.6c and 6.7b, this corresponds to more
modLDL in the intima. When αm is greater than the base value (αm = 2.0), we
observed greater m due to the higher rate of macrophage influx. The effect of the
macrophage uptake of modLDL is therefore greater and we therefore expect less
magnitude and spatial distribution of l: Figure 6.6c shows that the magnitude and
spatial distribution of the steady state solution of l is indeed lower than observed
for the base value steady state solution (when αm = 6.0 × 10−1). Figure 6.7b
demonstrates the effect of the increased rate of modLDL uptake by macrophages on
modLDL, as the total quantity of intimal modLDL

∫
Ω
l(x)dx decreases at a greater

rate than for the base value of αm.

Changes in m affect the dynamics of g in (6.18) due to the rate of production of
PDGF by macrophages, which is proportional to rate µg and m. We therefore
expect greater m to increase this production term, leading to greater g. Figure 6.6a
confirms this, with greater values of αm leading to a larger steady state solution of
g and the opposite for lower values of αm. The results also show a larger gradient
of g near the x = 0 boundary.

We recall that g affects the dynamics of s in (6.19) due to dependence on PDGF
for proliferation and chemotaxis, which are dependent on g and ∂g

∂x
respectively. As

observed in Section 5.4.2.3, more PDGF in the intima corresponds to more SMCs.
We note that the dynamics of s in (6.19) include a term for SMC death due to
apoptosis, proportional to apoptosis rate dsm and m. There are therefore two ways
by which macrophages affect the dynamics of s: SMC migration and proliferation,
which we expect to increase when αm is increased due to greater values of g and ∂g

∂x
;

and SMC death, which we also expect to increase when αm is increased. The effect
of increasing values of αm on the dynamics of s is shown in Figures 6.6c and 6.7c, as
we observe that the magnitude and spatial distribution of the steady state solutions
of s increase with greater values of αm. This suggests that the effect of the apoptosis
term is low, and that the effects of chemotaxis and proliferation dominate.
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Figure 6.6: Comparisons of steady state solutions of (a) g, (b) m, (c) l and (d) s for
three values of αm : αm = 8.0× 10−2, 6.0× 10−1 and 2.0 at t = 29.0.
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Figure 6.7: Comparisons of time evolutions of the total quantity of (a) intimal
macrophages

∫
Ω
m(x)dx, (b) intimal modLDL

∫
Ω
l(x)dx, and (c) intimal SMCs∫

Ω
s(x)dx for three values of αm : αm = 8.0× 10−2, 6.0× 10−1 and 2.0 from t = 0.0

to 29.0.

6.4.1.2 µg and dsm

As explained in Section 6.4.1.1, there are two ways by which macrophages affect the
dynamics of s: SMC migration and proliferation, and SMC death. The first is due
to the PDGF production term, which is dependent on m and the production rate
µg. The second is due to the the SMC loss due to SMC apoptosis term, which we
assume to be proportional to m and rate dsm. We observed in Section 6.4.1.1 that
greater values ofm due to increasing αm lead to increased s. This suggested that the
effect of the apoptosis term is smaller than the chemotaxis, influx and proliferation
terms. We therefore analyse this by comparing the effects of two parameters: µg

and dsm.

Figures 6.8a and 6.8b show the steady state solutions of g and s respectively for
varying values of µg, while Figure 6.8c shows the time evolution of the intimal
SMC density for those values. We note that the base values from Table 6.1 are
µg = 10.0 and dsm = 0.2. When µg is increased from the base value by a factor of 10
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(µg = 100.0), the changes in the steady state solutions of g and s are greater than
when µg is increased from zero to the base values. This suggests that the dynamics
of g are more sensitive to µg for values larger than the base value, and that an
increase from the base value by a factor of 10 can create significant changes in the
dynamics of g and s.

We directly compare these results to those in Figures 6.9a and 6.9b which show
the steady state solution of s and the time evolution of the intimal SMC density
of varying values of dsm. We compare the base value (dsm = 0.2) with an increase
by a factor of 10 (dsm = 2.0). The results from these figures show that increasing
the value of dsm to 2.0 leads to a smaller steady state solution of s and less intimal
SMC density at steady state, though this difference is minor. This suggests that for
values of dsm in this range, the parameter’s effect on s is small. As the parameter
only affects s, there are no changes to the solutions of the other variables.

We therefore query the relative effects of both µg and dsm given that both rates
are proportional to m. To do so we compare the steady state solution of s for the
base values of µg and dsm to the solution when both µg and dsm are increased. If
we increase µg to µg = 100.0 (increased from the base value by a factor of 10), we
observe an increase in g in Figure 6.10a. Based on earlier results we expect this to
result in increased s due to the chemotaxis and proliferation terms.

To understand the scale of change to the values of dsm required to counteract the
effect of the increased value of µg, we increase the value of dsm to dsm = 40.0
(increased from the base value by a factor of 200). Figures 6.10b and 6.10c show
that when dsm = 40.0 and µg = 100.0 the steady state solution of s and the intimal
SMC density is similar to those of the base values of dsm and µg. To achieve this
a much larger increase of dsm from the base value was required compared to the
increase of µg. This shows that for the base values of µg and dsm, the effect of
the SMC apoptosis term on the dynamics of s is weaker than the chemotaxis and
prolferation terms. The effects of m on the dynamics of s are therefore mainly
through the PDGF production term µg and changes to the g. These reflect the
importance of PDGF on SMC dynamics due to SMC chemotaxis and proliferation.
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Figure 6.8: Comparisons of steady state solutions of (a) g and (b) s at t = 29.0, and
(c) the time evolution of the total quantity of intimal SMCs

∫
Ω
s(x)dx from t = 0.0

to 29.0, with three values of µg: µg = 0.0, 10.0 and 100.0 and dsm = 0.2.
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Figure 6.9: Comparisons of steady state solution of (a) s at t = 29.0, and (b) the
time evolution of the total quantity of intimal SMCs

∫
Ω
s(x)dx from t = 0.0 to 29.0,

with two values of dsm: dsm = 0.2 and 2.0 and µg = 10.0.
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Figure 6.10: Comparisons of steady state solutions of (a) g and (b) s at t = 29.0,
and (c) the time evolution of the total quantity of intimal SMCs

∫
Ω
s(x)dx from

t = 0.0 to 29.0, with the base values of µg and dsm from Table 6.1 and the values
µg = 100.0 and dsm = 40.0

6.4.1.3 χm

The analyses in Sections 6.4.1.1 and 6.4.1.2 explained the two ways m affect the
dynamics of s: indirectly through its effect on g and ∂g

∂x
, and directly through the

SMC apotosis term. Section 6.4.1.1 focused on the effects of the rate of macrophage
influx αm on the dynamics of m; another key parameter we expect to affect m
is the macrophage chemotaxis coefficient χm. We assume in equation (6.12) that
macrophages move chemotactically along the gradient of modLDLs at a rate pro-
portional to chemotactic coefficient χm. This means that we expect varying χm to
affect the movement of macrophages towards the x = 0 boundary and the amount
and distribution of macrophages in the intima. We also expect the gradient of m
to change near the x = 0 boundary as the boundary condition (6.15) is affected by
χm. Due to the effect of m on the dynamics of s, changes in χm affect g and s,
particularly near the x = 0 boundary. We solve the model with three values of χm:
χm = 0.0, 1.0 and 10.0.
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Figure 6.11b shows the steady state solutions of m for the three values of χm.
Recalling the base value of χm = 0.1, we observe that increasing χm leads to a
greater distribution of m near the x = 0 boundary as the chemotactic movement of
macrophages towards x = 0 becomes greater. A greater value of χm also leads to a
more rapid recruitment of macrophages which produces a greater negative gradient
of m at the x = 0 boundary. This increase leads to greater overall m as shown in
Figure 6.12b where the intimal macrophage density increases with increasing χm.
The results also show that the base value of χm, taken from the values in Chalmers
et al. (2015), has a minor effect on m. This is evident in the small difference in
steady state solutions of m between the values χm = 0.0 and χm = 1.0, as the base
value (χm = 0.1) lies between them.

Because macrophages uptake modLDL in equation 6.21, greater m leads to greater
modLDL loss and therefore lower l. This is observed in Figures 6.11a and 6.12a,
where the scale of the steady state solutions and intimal concentrations of l are
inversely proportional to the scale of m.

The rate of PDGF production by macrophages is linearly proportional to m. In-
creasing χm, which we observe to increase the amount of macrophages in the intima,
leads to greater PDGF production and therefore increasing g. This was observed in
the results of both Sections 6.4.1.1 and 6.4.1.2: we observe the same dynamics in
Figure 6.11c. The steady state solutions of g show greater g and ∂g

∂x
near the x = 0

boundary. We expect the analyses of the effects of m on the dynamics of g and s
from both Sections 6.4.1.1 and 6.4.1.2 to hold: the greater values of g and ∂g

∂x
near

the x = 0 boundary result in increased accumulation of s near the x = 0 boundary
due to SMC proliferation and chemotaxis. We observe these dynamics in Figures
6.11d and 6.12c.
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Figure 6.11: Comparisons of steady state solutions of (a) l, (b) m, (c) g and (d) s
with three values of χm : χm = 0.1, 1.0 and 10.0 at t = 29.0.
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Figure 6.12: Comparisons of time evolutions of the total quantity of (a) intimal
modLDL

∫
Ω
l(x)dx, (b) intimal macrophages

∫
Ω
m(x)dx, and (c) intimal SMCs∫

Ω
s(x)dx with three values of χm : χm = 0.1, 1.0 and 10.0 from t = 0.0 to 29.0.

6.5 Discussion

The results of the parameter sensitivity analyses in Sections 6.4.1.1, 6.4.1.2 and
6.4.1.3 demonstrate a number of factors in the dynamics of two different stages
of cap formation. By varying parameters that affect the dynamics of macrophages
such as αm and χm, the results of Sections 6.4.1.1 and 6.4.1.3 showed that increasing
macrophage density corresponds to increasing modLDL uptake and therefore lower
modLDL concentration in the intima. The time evolutions of the total quantity of
macrophages and modLDL also showed that the timescales of m and l remained
short and that changes to the time to steady state due to varying parameters were
small. modelling the two stages of lesion initiation and SMC migration together,
despite the difference in timescale between the two stages, did not create any issues.

The results also showed that the dynamics of PDGF and SMCs were affected by
macrophages. This was due to two factors. The first factor was the effect of
macrophages on PDGF due to macrophages elaborating PDGF at a linear pro-
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duction rate µg. Increasing macrophage density therefore leads to an increase in
the magnitude of the PDGF production term, producing more PDGF in the in-
tima. This in turn leads to SMC proliferation increasing because the mitosis rate
depends on PDGF concentrations. We note that both macrophage density and
PDGF production are greatest near the endothelial boundary. SMC proliferation
therefore increases near this boundary, although we note that the aggregation of
SMCs was already greatest near this boundary. Changes in the dynamics of PDGF,
and therefore the magnitude of its concentration and gradient, affect SMCs through
the chemotaxis and proliferation terms.

The second factor that affected the dynamics of SMCs was the effect of macrophages
on SMCs directly due to SMC apoptosis, which is proportional to macrophage den-
sity and rate dsm. Section 6.4.1.2 compared the relative strength of both µg and
dsm on SMCs and showed that a greater change in scale from the base value was
required for dsm to have a balancing effect on a smaller change in scale for µg. This
demonstrated that the effect of SMC apoptosis on SMC dynamics is weak.

Our model suggests that the main contribution of macrophages to PDGF and SMC
dynamics is the elaboration of PDGF by macrophages. By affecting PDGF con-
centration in the intima, macrophages can indirectly stimulate the proliferation of
SMCs and contribute to the SMC profile and a fibrous cap.

We therefore explore the thesis objective of modelling stages of plaque formation
by extending the base reaction-diffusion model. We specifically take parameter
values and model assumptions from Chalmers et al. (2015) to reflect up-to-date
experimental observations on lesion growth and cap formation. The results above
demonstrate that our reaction-diffusion model captures the dynamics of modLDL,
macrophages, SMCs and PDGF.



Chapter 7

Integrating prior models to model
three key stages of cap formation

7.1 Integrating three stages: smooth muscle cell

migration, collagen synthesis, and lesion ini-

tiation

We recall the first three models in Chapters 4, 5 and 6. In Chapter 4, we proposed
a reaction-diffusion model that described the SMC migration stage by considering
two equations for SMC and PDGF dynamics. This reaction-diffusion model was in-
tended to adopt the more up-to-date biological assumptions of the multiphase model
of Watson et al. (2018) [44] while providing the simpler reaction-diffusion framework
employed in Ougrinovskaia (2011) [37]. The analyses of the first reaction-diffusion
model demonstrated that the reaction-diffusion model was comparable to the multi-
phase model in capturing SMC and PDGF dynamics. The reaction-diffusion model
was therefore used as a framework for subsequent models.

The second reaction-diffusion model in Chapter 5 built off the reaction-diffusion
model of Chapter 4. In that model, we expanded the scope of the reaction-diffusion
model framework of Chapter 4 to include the collagen synthesis stage of cap forma-
tion. This was because the multiphase model in Watson et al. (2020) [45] extended
the first multiphase model of Watson et al. (2018) by including SMC stimulation
by TGF-β and the movement of SMCs through the ECM. This meant additional
equations for ECM and TGF-β. The first reaction-diffusion model of Chapter 4 used
the first multiphase model of Watson et al. (2018) as a reference model; the sec-
ond reaction-diffusion model therefore used the multiphase model in Watson et al.
(2020) as a reference model. As a result, two equations for TGF-β and ECM were
introduced in addition to the equations for SMC and PDGF dynamics. To account
for the absence of volume filling and constraints on SMC proliferation and ECM
synthesis, we made two changes to the equations for SMCs and ECM. The first was
a nonlinear haptotaxis coefficient function to limit unconstrained SMC migration
towards the endothelial boundary. The second was a source limiting function on
ECM synthesis. To analyse the model, analyses were performed on the model equa-
tions of the second reaction-diffusion model. We note that we performed parameter
sensitivity analyses on the same parameters analysed in Watson et al. (2020). The
results of these analyses demonstrated that the second reaction-diffusion model was
comparable to the second multiphase model in capturing key aspects of the dy-
namics of PDGF, SMCs, ECM and TGF-β. This showed two things: that the base
reaction-diffusion model framework from Chapter 4, which was extended in Chapter
5, could be extended to capture the same general dynamics as the more complex
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multiphase model in Watson et al. (2020), and that SMC distribution near the
endothelial boundary was critical to size of a fibrous cap region.

The results of Chapters 4 and 5 affirmed the validity of the reaction-diffusion model
framework in its ability to be extended and its capture of key dynamics analysed in
Watson et al. (2018) and Watson et al. (2020). This allowed us to depart from using
the research of Watson et al. (2018) and Watson et al. (2020) in Chapter 6. The
reaction-diffusion model in Chapter 6 therefore used the models in Ougrinovskaia
(2011) and Chalmers et al. (2015) [11] as references to model the lesion initiation
stage of cap formation. We note that the aim of this third reaction-diffusion model
was to understand the scope and ability of the framework to include more stages
of cap formation. As a result, two equations for modLDL and macrophages were
introduced in addition to the equations for SMC and PDGF dynamics. These equa-
tions introduced a number of changes from the prior two reaction-diffusion models
and adopted some different assumptions to the reference models of Ougrinovskaia
(2011) and Chalmers et al. (2015). An example of a change from the earlier reaction-
diffusion models of Chapters 4 and 5 was the shorter timescale for the equations for
the lesion initiation stage compared to those of the SMC migration and collagen syn-
thesis stages. The analyses of the model equations showed that the shorter timescale
for the model equations for modLDL and macrophages did not affect the general
dynamics of SMCs and PDGF. The steady state times of SMCs were not signif-
icantly changed and the magnitude and distribution of the steady state solution
of SMCs were unchanged whether the model equations were solved simultaneously
or after the shorter timescale equations had reached steady state. Parameter sen-
sitivity analyses was also conducted on the parameters related to the introduced
equations of modLDL and macrophages and their interdependence with the equa-
tions for PDGF and SMCs. This analyses demonstrated that the reaction-diffusion
model captured the dynamics of modLDL, macrophages, SMCs and PDGF. Impor-
tantly it captured the dynamics of the early stage of cap formation and demonstrated
that the reaction-diffusion model framework could accommodate stages of different
timescales.

7.2 Model formulation and development

The aim of the model presented here is to combine the three reaction-diffusion mod-
els of Chapters 4, 5 and 6 to provide a continuous depiction of early lesion initiation
to the intermediate stage of collagen synthesis. These reaction-diffusion models only
modelled up to two stages of cap formation: we aim to model all three previously
modelled stages. This means that we no longer rely on reference models and in-
stead focus on integrating and expanding the model equations from the prior three
reaction-diffusion models. The model therefore introduces new interdependencies
as well as assumptions to capture more biological phenomena. As a result, we aim
to have a model that can model an increasing number of stages without significant
complexity and issues.
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7.2.1 Model equations

7.2.1.1 Macrophages (m(x, t))

The model equation for m holds the same base assumptions as (6.12). It assumes
that macrophages move randomly and move chemotactically along the gradient of
modLDLs. It also assumes general loss and cell death of macrophages which is
modelled by a linear decay term with decay rate dm.

We note that previous model equations for m did not consider any cell crowding
effects in the intima. In the third reaction-diffusion model, the model equation for ρ
(5.8) cell crowding was simulated by a source limiting function that constrained
ECM synthesis when ECM density exceeded some maximum carrying capacity.
In this model equation, we seek to represent spatial crowding between SMCs and
macrophages by introducing a new assumption: that SMCs constrain macrophage
spatial dispersion. We assume that macrophages are less motile than SMCs and are
therefore displaced by SMCs. To simulate this we assume that macrophages move
down the gradient of s at a rate governed by the taxis coefficient χms. This tactic
response to smooth muscle cells describes the inhibition of macrophage migration
where there is a high density of SMCs. We therefore model macrophage density
within the intima by:

∂m

∂τ
= Dm

∂2m

∂x2
− ∂

∂x

(
χmm

∂l

∂x
− χmsm

∂s

∂x

)
− dmm. (7.1)

7.2.1.2 ECM (ρ(x, t))

We assume that ECM dynamics are explicitly space-independent and model the
density of ECM within the intima by:

∂ρ

∂τ
=rssψ(ρ)

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + γdT )

]
− βρ(m)ρ

[1 + ϵγρT

1 + γρT

]
. (7.2)

We continue to use the base assumptions of equation (5.8): the first source term
describes ECM synthesis by SMCs which is proportional to a baseline ECM pro-
duction rate rs, local SMC density, the source limiting function ψ(ρ), and a kinetic
growth term dependent on T with cs representing the half-maximal rate and As

representing the maximal factor of TGF-β stimulated ECM proliferation. The first
degradation term represents ECM degradation by SMCs, which is dependent on s,
g and T . This degradation is proportional to a constant degradation term rd.

We note that the second degradation term represents general ECM degradation,
which in equation (5.8) was assumed to be proportional to ρ, the constant rate βρ
and a function of T . This general ECM degradation includes degradation due to
MMPs such as MMP-9, which are expressed by macrophages [3,24,38]. We therefore
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modify this degradation term to be a function of m. The solution profile of m in
Figure 6.3b shows that the distribution of m is greatest near the x = 0 boundary
and decreases across the domain towards the x = 1 boundary. The degradation
term cannot be linearly proportional to m as low values of m will make this term
negligible, but we also expect the effect of the term to increase with m. Because the
degradation term describes general degradation (including degradation unrelated to
macrophage-expressed MMPs), the function must be non-zero when m(x, t) = 0.
We therefore consider the increasing non-linear degradation rate function βρ(m):

βρ(m) = βρ(1 + ϵρm)2, (7.3)

where βρ is the baseline rate of ECM degradation by immune cells and ϵρ is the
scaling parameter. We choose this quadratic function because it is an increasing
function of m but increases at a lower rate at low macrophage density than for high
macrophage density. The function is also simple and provides reasonable values for
the expected range of values of m (approximately of order 10−2).

As shown in Figure 7.1, the function increases with increasing m from the baseline
value of βρ.

0 0.05 0.1
0

2

4

6

Figure 7.1: The solution of βρ(m) over m(x, t) with βρ = 0.75 and
ϵρ = 20.0.

The equations for PDGF (g(x, t)), SMCs (s(x, t)), TGF-β (T (x, t)) and modLDL
(l(x, t)) remain unchanged from (6.9), (6.10), (5.10) and (6.11) respectively.

7.2.2 Boundary and initial conditions

7.2.2.1 Macrophages (m(x, t))

In equation (7.1), we assumed that macrophage flux is comprised of a random motion
component and a component due to the chemotactic response to modLDL and
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SMCs. Random motion is assumed to be proportional to the diffusion coefficient
Dm, while the chemotactic movement along the gradient of modLDL and tactic
movement down the gradient of SMCs are proportional to coefficients χm and χms

respectively. The flux term Jm is therefore:

Jm = −Dm
∂m

∂x
+m

(
χm

∂l

∂x
− χms

∂s

∂x

)
. (7.4)

We continue the same assumptions towards flux conditions at the x = 0 and x =
1 boundaries as previous model boundary conditions (6.15). This means that at
x = 0, we assume an influx rate proportional to αm and m that is saturated at high
concentrations of modLDL. At x = 0, this is represented as Jm|x=0 = αmlm

γ+l
where

Jm = −Dm
∂m
∂x

+ χmm
∂l
∂x

− χmsm
∂s
∂x

is the macrophage flux into the intima.

We assume zero flux conditions at x = 1. This is represented as Jm|x=1 = 0. The
boundary conditions of m are therefore:

∂m

∂x

∣∣∣
x=0

=

−αmlm
1+l

+m
(
χm

∂l
∂x

− χsm
∂s
∂x

)
Dm

,
∂m

∂x

∣∣∣
x=1

= 0. (7.5)

The initial condition of m is unchanged from (6.16). The profile of this initial
condition m(x, 0) is shown in Figure 6.2.

The boundary conditions for PDGF, SMCs, TGF-β and modLDL at x = 0 and
x = 1 remain unchanged from (4.19), (5.11), (5.12) and (6.13) respectively. The
initial conditions for s(x, 0) and l(x, 0) (described in (6.14)) are also unchanged.

7.2.3 Non-dimensionalisation

We non-dimensionalise our model, using tildes (except for t) to denote non-dimensionalised
quantities. The key parameters x, t, m, l, s, g, ρ and T are non-dimensionalised as:

t = τt0, x = Lx̃, l = γl l̃, m = m0m̃, s = ks̃, g = g0g̃,

ρ = ρ0ρ̃, T = T0T̃ ,

where t0 represents the characteristic time value, L the length of the domain, γl the
saturation rate of modified LDL consumption, m0 the characteristic macrophage
density, k the total cell and tissue density, g0 the characteristic PDGF concentration,
ρ0 the characteristic ECM density and T0 the characteristic TGF-β concentration.
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The remaining model parameters are non-dimensionalised as:

dg =
d̃gDg

L2
, µg =

µ̃gg0Dg

L2m0

, αg =
α̃Dgg0
L

, σg =
σ̃Dg

L
,
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L2D̃s

t0
, ds =

d̃s
t0
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χ̃sL

2

t0g0
,
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t0
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rs0
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h̃ρL

2
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,
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,
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χ̃msL
2
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,
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, αl =

α̃lLγl
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,
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γlµ̃l
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,

rs =
ρ0r̃s
kT0

, cs = T0c̃s , cd = g0c̃d , γd =
γ̃d
T0

,

rd =
r̃d
T0

, γρ =
γ̃rho

T0
, βρ =

β̃ρ
m0t0

,

βT =
DT β̃T
L2

, αT =
DTT0α̃T

L
, σT =

DT σ̃T
L

.

(7.6)

Dropping the tildes for clarity, the model equations (6.11), (7.1), (7.2), (5.10), (6.9)
and (6.10) and boundary conditions (6.13), (7.5), (5.12), (4.19) and (5.11) become:

∂l

∂τ
= Dl

∂2l

∂x2
− µllm

1 + l
− dll, (7.7)

∂m

∂τ
= Dm

∂2m

∂x2
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∂x

(
χmm

∂l

∂x
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∂s

∂x

)
− dmm, (7.8)

0 =
d2g

dx2
− dgg + µgm, (7.9)
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∂τ
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∂2s

∂x2
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∂x

(
χss

∂g

∂x
+ hρ(ρ)s

∂ρ
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)
+ rs0(1 +
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)
s(1− s) (7.10)

− dss− dsmsm,
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∂ρ
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]
(7.11)

− βρ(m)ρ
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]
,

0 =
d2T

dx2
− βTT, (7.12)

with boundary conditions:
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and initial conditions:

s(x, 0) = s0, (7.14)

l(x, 0) =
(−αl

Dlγ
+

αl

Dlγ

1− exp (−γ)
exp (γ)

)
exp (γx) +

( αl

Dlγ

1− exp (−γ)
exp (γ)

)
exp (−γx), (7.15)

m(x, 0) =
m0

√
2

σπ
exp

(
− x2

2σ2

)
, (7.16)

where s0 is non-dimensional, m0 = 1.0 × 10−4, σ = 0.05 and γ =
√

dl
Dl
. The

non-linear haptotaxis function h(ρ) is the kinetic function:

h(ρ) =
hρ

1 + ξρρ
,

with scaling parameter ξρ. The source limiting function ψ(ρ) is:

ψ(ρ) =
a6

a6 + ρ6
,

where a = 0.3. The general ECM degradation rate function βρ(m) is:

βρ(m) = βρ(1 + ϵρm)2, (7.17)

where βρ is the baseline rate of ECM degradation by immune cells and ϵρ is the
scaling parameter.
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7.2.4 Parameter values

Table 7.1: Base non-dimensionalised parameter values

Symbol Definition Value Reference
dg Rate of PDGF decay 0.075 6.1

µg Rate of production of PDGF by
macrophages

101 6.1

Ds Diffusion coefficient of SMC 1.0979 6.1

χs SMC motility coefficient 4.5952 6.1

hρ SMC haptotaxis coefficient 2.0

rs0 Baseline rate of SMC proliferation 0.02 6.1

ds Rate of SMC decay 0.4 6.1

dsm Rate of SMC apoptosis 0.2 6.3.4.1

Gs Michaelis-Menten kinetic constant 1.4 6.1

As Maximal factor of PDGF-stimulated
increase in rate of SMC proliferation

19 6.1

αg Rate of PDGF influx from endothelium 0.55 6.1

σg Permeability of IEL to PDGF 2 6.1

s0 Initial SMC concentration 1× 10−4 6.1

s∗ Concentration of synthetic SMC in me-
dia

0.01 6.1

Dm Diffusion coefficient of macrophages 10−1 6.1

χm Macrophage motility coefficient 10−1 6.1

χms Macrophage dispersion constraint due
to cell crowding motility coefficient

0.5 7.2.4.1

µm Rate of macrophage conversion 102 6.1

dm Rate of macrophage decay 10−1 6.1

Dl Diffusion coefficient of LDLs 103 6.1

µl Rate of LDL uptake by macrophages 105 6.1

dl Rate of LDL decay 101 6.1

αl Rate of LDL influx from endothelium 2× 102 6.3.4.1

αm Rate of macrophage influx from en-
dothelium

0.9 7.2.4.1

dg Rate of PDGF decay 0.075 6.1

rs Baseline rate of ECM phase synthesis
by SMCs

1.8 5.1

cs Exponent in SMC phase pressure func-
tion

0.3 5.1

rd Baseline rate of ECM degradation by
SMCs

1.5 5.1

Ad Maximal factor of PDGF-stimulated
increase in rate of ECM degradation by
SMCs

4.0 5.1

Continued on next page
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Table 7.1 – continued from previous page
Symbol Definition Value Reference

cd PDGF concentration for half-maximal
increase in rate of ECM degradation by
SMCs

2.5 5.1

γd Reciprocal of reference TGF-β concen-
tration for inhibition of ECM degrada-
tion by SMCs

0.5 5.1

βρ Baseline rate of ECM degradation by
immune cells

0.75 7.2.4.1

ϵρ Scaling parameter of general ECM
degradation rate function βρ(m)

20.0 7.2.4.1

γρ Reciprocal of reference TGF-β concen-
tration for inhibition of ECM degrada-
tion by immune cells

10.0 5.1

ϵ Maximal factor of TGF-β stimulated
decrease in rate of ECM degradation
by immune cells

0.25 5.1

βT Rate of TGF-β decay 20.0 5.1

αT Rate of TGF-β influx 2.5 5.1

σT Permeability of IEL to TGF-β 4.0 5.1

7.2.4.1 Parameter value justification

The parameter values of the reaction-diffusion model are mostly unchanged from
the three prior reaction-diffusion models due to the same non-dimensionalisation of
parameters. There are three main exceptions to this: ϵρ, αm, and χms.

The parameter ϵρ is the scaling parameter of general ECM degradation rate function
(7.3): we assumed in the model equation for ρ (7.2) that the general ECM degrada-
tion term was additionally proportional to m. The base case solution profile of m in
Figure 6.3b from the reaction-diffusion model in Chapter 6 showed that the distri-
bution of m increases near the x = 0 boundary, with the maximum value of m(0, t)
at steady state being approximately m(0, t) = 0.018. The value of βρ(m) should
reasonably increase with m yet be sufficiently small to keep macrophage growth at
the same order of magnitude as the general ECM degradation term. The value of
ϵρ is therefore set to ϵρ = 20.0.

The parameter χms is a newly introduced parameter which represents the chemo-
tactic coefficient used in (7.1) to describe the constraint on macrophage dispersion
due to cell crowding. As this is a newly introduced term with no equivalent in the
previous models, we choose a value for the term that is reasonable. We therefore set
the base value of χms as χms = 0.5. We note that some numerical issues were faced
when χms > 2.0.
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The effect of χms reduces macrophage migration due to competition for space be-
tween macrophages and smooth muscle cells. As a result there is lower macrophage
density near the x = 0 boundary where SMC distribution is greatest. The effect of
the general loss and cell death term for macrophages in (7.1), which is proportional
to decay rate dm and m, is weaker where the value of m is lower. We observed in
the base case solution for m in Section 6.4.0.1 that the distribution of macrophages
is greatest near the x = 0 boundary. This means that the effect of this general
loss and cell death term is greatest near the x = 0 boundary. The rate of influx
of macrophages must therefore be sufficient to replace the macrophages that have
died. The previous base value of αm in Chapter 6 was αm = 6.0× 10−1; due to the
effect of χms on the dynamics of m, we increase this value to αm = 9.0× 10−1.

7.3 Results

7.3.0.1 Base case simulation

The solutions of the model equations (7.7), (7.8), (7.9), (7.10) and (7.11) are solved
with the parameter values from Table 7.1. To show the effect of the new parameters
χms and ϵρ, a comparison steady state solution is plotted against the steady state
solutions of the model variables where the values of the new parameters are set to
zero.

The model equation for m (7.8) expands the previous model equation (6.12) by
assuming that macrophages compete for space with SMCs. This competition is de-
scribed by a constraint-taxis term for macrophage dispersion that assumes macrophages
move away from the SMC gradient at a rate proportional to the taxis coefficient χms.
With χms = 0.5, αm = 0.9 and all other parameter values the same as those used in
the base case of the third reaction-diffusion model (Section 6.4.0.1), the solutions of
m as a function of x are shown in Figure 7.2a. Macrophages are most highly aggre-
gated near the x = 0 boundary and macrophage density decreases in the intima over
time. These are the same general dynamics of m observed in the base case results of
the third reaction-diffusion model (Section 6.4.0.1). Figure 7.3a compares the steady
state solution of m where χms = 0.5 and ϵρ = 20.0 to a comparison steady state
solution where χms and ϵρ equal zero. We observe that when macrophages compete
with SMCs for space, the aggregation of macrophages decreases near x = 0. As
shown in Figure 7.2d, SMC density is greatest near x = 0 and therefore macrophage
density decreases in this region. This decrease in the endothelial macrophage density
is approximately 40% from m(0, t) = 0.018 to m(0, t) = 0.011.

There are no changed assumptions or parameter values for the model equation for l
(7.7) from the third reaction-diffusion model (6.11). The modLDL profile shown in
Figure 7.2b is near constant, and the solutions of l as a function of x at increasing
times show that l increases over time. These same dynamics were observed in Section
6.4.0.1. The steady state solutions of l in Figure 7.3b show that l is greater when
χms = 0.5 and ϵρ = 20.0. This is because m is lower for non-zero values of χms,
leading to lower modLDL uptake by macrophages.



7.3 Results 109

The PDGF profile shown in Figure 7.2c shows the solutions of g as a function of x
at two times: the first near the beginning time value and the second at t = 29.0.
The model equation for g (7.9) and parameter values are unchanged from the third
reaction-diffusion model. The effect of non-zero ϵρ and χms on the dynamics of g
is shown in Figure 7.3c. PDGF production increases proportionally to macrophage
density at rate µg. The decrease in macrophage density near the x = 0 boundary
due to the cell crowding term at the rate governed by the chemotaxis coefficient χms

means that PDGF production is lower when χms is non-zero. We observe that the
difference in g between the two solutions in 7.3c is minor.

The model equation for s (7.10) combines the model equations for s of the second
and third reaction-diffusion models (5.7) and (6.10). The dynamics of s therefore
include haptotactic SMC migration along EMC gradients (hρ(ρ)s

∂ρ
∂x
) and apoptosis

(dsmsm). The parameter values are the same as in (5.7) and (6.10). The SMC
profiles of the solutions of s as a function of x in Figure 7.2d show that s increases
in the intima over time and that the density of SMCs is highest near the x = 0
boundary. This general SMC profile is the same as those observed in previous
models. We perform the comparison of the steady state solution of s between base
and zero values of ϵρ and χms in Figure 7.3d. We observe that due to the decrease
in macrophage density near the x = 0 boundary due to the cell crowding term, the
PDGF concentration in the intima is lower than when χms = 0. SMC proliferation,
which is stimulated by PDGF, is therefore lower, leading to decreased SMC density
near the x = 0 boundary.

The model equation for ρ (7.11) expands the model of the second reaction-diffusion
model (5.8) by introducing macrophage dependency in the general ECM degradation
term. The term is assumed to be proportional to ρ, the non-linear rate function
βρ(m) and a function dependent on T . As explained in Section 7.2.4.1, the value
of the scaling parameter ϵρ used in βρ(m) was set to ϵρ = 20.0 to yield appropriate
results. The ECM profile for the solution of ρ as a function of x in Figure 7.2e shows
that over time, ECM increases and accumulates largely near the x = 0 boundary.
This suggests the formation of a cap, which we also observed in the base ECM profile
of the second reaction-diffusion model (Figure 5.7b). The solution comparisons of ρ
in Figure 7.3e show the effect of both χms and ϵρ on the dynamics of ρ. We note that
because cell crowding leads to decreased macrophage density and therefore decreased
SMC density, the rate of ECM synthesis is smaller. This leads to decreased ECM
density in regions where SMC density is lower. The non-linear rate function βρ(m)
is a function of m that increases monotonically with m as observed in Figure 7.1. As
macrophage density is non-zero, the scale of the ECM degradation term is therefore
greater for all non-zero values of ϵρ. These two factors lead to a decrease in ECM
density when χms = 0.5 and ϵρ = 20.0, though these new elements do not change
the distribution of ECM and the formation of a cap around the x = 0 boundary.

The base case results therefore show that the general dynamics of the model variables
observed in previous reaction-diffusion models are continued to be observed in this
combined model. The reaction-diffusion model is therefore able to integrate and
expand the previous model equations. Three main changes were made: increasing
the value of αm, introducing macrophage dependence to the non-linear rate function
βρ(m), and introducing a constraint term for macrophage dispersion due to cell
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crowding at rate χms. The steady state solution comparison figures showed effects
of the above changes to the dynamics of the model variables. To understand the
relative contribution of these changes, we perform parameter sensitivity analysis on
three key parameters: αm, χms and ϵρ.
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Figure 7.2: Solutions of (a) m, (b) l, (c) g, (d) s and (e) ρ as functions of x with
parameter values from Table 7.1 at times t from t = 0.0 to 29.0.
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Figure 7.3: Comparisons of steady state solutions of (a) m, (b) l, (c) g, (d) s and
(e) ρ for parameter values ϵρ = 0.0 and χms = 0.0, and ϵρ = 20.0 and χms = 0.5 at
t = 29.0.

7.3.1 Parameter sensitivity

We perform parameter sensitivity analysis on three key parameters: αm, χms and
βρ. A key consideration in the analysis is the effect of these parameters on cap
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formation. In the analysis in Section 5.4.2, SMC distribution and density were
identified as being critical to a larger fibrous cap region. With the introduction of
m to the dynamics of ρ, we analyse the effects of macrophages on the formation of
a cap region.

7.3.1.1 αm

In the third reaction-diffusion model, the rate of macrophage influx into the intima
αm was determined to affect the density and spatial distribution of macrophages
in the intima (Section 6.4.1.1). This is also observed in our integrated reaction-
diffusion model in the macrophage steady state solution profiles in Figure 7.4a.
When αm = 0.4, the influx of macrophages is insufficient to overcome two factors:
the loss of macrophages due to decay and the constraint on macrophage dispersion
due to space competition with SMCs. The value of m therefore decreases to near
zero in the intima. For sufficiently high values of αm such as our base case value
αm = 1.0, we observe macrophages distributed in the intima with the greatest
distribution near the x = 0 boundary. When αm is increased to αm = 2.0, the
increased macrophage influx lead to greater m near the x = 0 boundary than the
value for the base value of αm as the rate of macrophage influx at the boundary is
greater.

The modLDL profile of the steady state solutions of l in Figure 7.4a shows that for
increasing values of αm, the steady state solution of l decreases.

There are no changes in parameter values from (6.9) in the model equation for
g (7.9). Figure 7.4d shows that for increasing values of αm, the magnitude of g
increases in the intima due to increased PDGF production.

The dynamics of s in equation (7.10) are dependent on g and ∂g
∂x

for proliferation
and chemotaxis of SMCs at the x = 1 boundary in (7.13). They are also dependent
on m due to the apoptosis decay term proportional to apoptosis rate dsm and m.
Figure 7.4b shows that the magnitude and spatial distribution of the steady state
solutions of s increase with greater values of αm.

The general loss term for ECM in the model equation for ρ (7.2) is proportional to the
non-linear degradation rate function βρ(m), ρ and a function dependent on T . We
recall that in the results of the second reaction-diffusion model (Section 5.4.2.3), the
distribution of s was observed to determine the distribution of ρ. The ECM profile
of the steady solutions of ρ in Figure 7.4e shows that this no longer holds. When
the value of αm is increased, we observe that the value of ρ near the x = 0 boundary
decreases. The value of ρ is greater in the approximate region 0.2 < x < 0.9 when
αm = 0.9 compared to when αm = 0.4, and there is a negligible difference in the
value of ρ in that region when αm = 0.9 compared to when αm = 2.0. We note that
Figure 7.4b show that the steady state solutions of s increase with greater values of
αm; the values of ρ do not increase proportionally.

This is due to the general loss term. The values of m, and therefore the effect of the
general loss term, are greatest near the x = 0 boundary as shown in Figure 7.4a.



7.3 Results 113

The synthesis of ECM due to SMCs in (7.2) is insufficient to overcome the effect of
the general loss term. The synthesis term is also constrained by the source limiting
function (5.23) and is therefore weaker when ρ is greater than approximately ρ > 0.1.
This changes as the value of m decreases away from the x = 0 boundary, resulting
in greater values of ρ in the approximate region 0.2 < x < 0.9. In the approximate
region 0.9 < x ≤ 1.0 however, the value of s is very similar for the three values of
αm in Figure 7.4b while the values of m are greater for larger values of αm in Figure
7.4a. The effect of the synthesis term is therefore similar for all three solutions of
ρ but the effect of the general loss term increases as αm increases. The change in
the total quantity of intimal ECM for the three values of αm is shown in Figure 7.5:
while the total quantity of intimal ECM is larger when αm = 0.9 compared to when
αm = 0.4, it is also larger compared to when αm = 2.0.

These results suggest that too many macrophages may lead to a reduction in ρ in
the intima as the general loss term becomes more dominant than the synthesis term.
This suggests that increasing the rate of macrophage influx, which we observed to
lead to more SMCs in the intima, does not necessarily lead to more ECM. We
note however that all three solutions demonstrate the formation of an ECM cap
region near x = 0. Therefore macrophages stimulate PDGF production, which in
turn drives SMC proliferation and leads to SMCs accumulate near the endothelial
boundary. ECM also accumulate near the boundary but at a decreased rate, not
only due to the cell crowding simulated by the source limiting function, but also due
to the presence of macrophages near this boundary which degrade ECM.
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Figure 7.4: Comparisons of steady state solutions of (a) m, (b) s, (c) l, (d) g and
(e) ρ for three values of αm : αm = 0.4, 0.9 and 2.0 at t = 29.0.
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Figure 7.5: Time evolution of the total quantity of intimal
macrophages

∫
Ω
m(x)dx with three values of αm : αm = 0.4, 0.9 and

2.0 from t = 0.0 to 29.0.

7.3.1.2 χms

Figure 7.7a shows the steady state solutions of m for three different values of χms.
Because macrophages compete with SMCs for space, their distribution decreases
near x = 0 where SMC density is greatest because the effect of the cell crowding
term increases. Increasing values of χms therefore increases the effect of the cell
crowding term and leads to lower m near the x = 0 boundary. We note that the
effect of χms on the distribution of macrophages is limited to regions of high SMC
density, and that from the approximate region 0.6 < x < 1.0, macrophage density
is equal. We contrast this to the effect of varying αm observed in Section 7.3.1.1,
where increasing αm lead to greater macrophage density across the domain.

As χms increases, the gradient of m at x = 0 becomes smaller as shown in the steady
state solution of m when χms = 0.9 (Figure 7.7a). For larger values of χms the
gradient approached zero at values (Figure 7.6 shows the steady state solution of m
for χms = 1.9) and macrophage density becomes very low. For values of χms > 2.0,
we observed issues with the numerical scheme, which may be due to numerical
instability as the sign of the gradient changed. Investigation of this issue was beyond
the scope of the thesis. The results nonetheless demonstrate that increasing values
of χms increases the effect of the cell crowding term and leads to lower m near the
x = 0 boundary.

Figure 7.7b shows that increasing values of χms lead to greater values of modLDL
concentration.

The changes in the spatial distribution of macrophages near the x = 0 boundary
affect the PDGF production by macrophages term in the model equation for g (7.9).
Figure 7.7c shows lesser PDGF concentration as χms increases due to decreasing
macrophage density near x = 0. We note that the difference in PDGF concentration
between the steady state solutions is small.
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The decrease in PDGF concentration as χms increases leads to decreased SMC pro-
liferation. In the results of the third reaction-diffusion model (Section 6.4.1.2), we
determined that changes to macrophage density have a weak direct effect on SMC
density, and that changes to PDGF concentration have a more important effect on
SMC dynamics due to proliferation and chemotactic movement. SMC density in
the intima is therefore lower as shown in Figure 7.7d. The minor differences in s
between the solutions is due to the small differences in g observed in Figure 7.7c.

The ECM steady state solutions in Figure 7.7e show minor changes to the ECM
profile. ECM aggregation remains greatest at the x = 0 boundary showing a cap
region. Near x = 0 (in the approximate 0 ≤ x < 0.2 region), we observe greater
ECM density for larger values of χms. This is because the rate of ECM proliferation
remains similar for the three values of χms due to the minor differences in s observed
in Figure 7.7d, while the effect of the ECM degradation term decreases due to lower
macrophage density observed near x = 0 in Figure 7.7a. Beyond the approximate
0 ≤ x < 0.2 region, we observe that the differences ECM density between the
solutions are marginal as differences in macrophage density and the effect of the
ECM degradation term become smaller. The scale of the differences in the ECM
steady state solution shows that changes to χms have a weak effect on the dynamics
of ρ, and that changes to macrophage density alone have a minor effect on ECM
density.
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Figure 7.6: Comparisons of steady state solutions ofm for three values
of χms : χms = 0.5, 0.9 and 1.9 at t = 29.0.
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Figure 7.7: Comparisons of steady state solutions of (a) m, (b) l, (c) g, (d) s and
(e) ρ for three values of χms : χms = 0.0, 0.5 and 0.9 at t = 29.0.

7.3.1.3 ϵρ

We have already observed the effects of changes to macrophage density on the general
ECM degradation term (7.2) in Sections 7.3.1.1 and 7.3.1.2. The scaling parameter
ϵρ affects the strength of the general ECM degradation term. Our parameter analysis
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of hρ in the second reaction-diffusion model (Section 5.4.2.2) showed that changes
to ρ have a weak effect on the dynamics of s. Changes to s and m due to varying
ϵρ are therefore minimal, so we focus on the dynamics of ρ. Figure 7.8 shows the
steady state solutions of ρ when ϵρ is varied. We observe that when ϵρ is increased,
ECM density decreases. This decrease is greatest near the x = 0 boundary because
macrophage density is highest around x = 0 and the effect of the degradation term
decreases by order 2 as macrophage density decreases. The ECM profile is preserved
when ϵρ changes however, with the greatest aggregation of ECM near the x = 0
forming a cap region.
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Figure 7.8: The steady state solutions of ρ with three values of ϵρ :
ϵρ = 0.0, 20.0 and 50.0 at t = 29.0.

7.4 Discussion

In this model we aimed to combine the three previous reaction-diffusion models
and model all three stages of cap formation: lesion initiation, SMC migration and
collagen synthesis. This allows us to provide a continuous depiction of early lesion
initiation to the intermediate stage of collagen synthesis. To accurately represent
these stages, the model must therefore reflect the base dynamics of the model vari-
ables analysed in the previous models. We retained the same non-dimensionalisation
(Section 7.2.3) and parameter values (Section 7.3.1) that were used in the previ-
ous reaction-diffusion models, with exceptions to this being parameters that were
changed in value to accommodate new assumptions and parameters.

The results of the base case solution in Section 7.3.0.1 showed that for all model
variables, the base dynamics observed in the base case solutions of the previous
reaction-diffusion models (Sections 5.4.1 and 6.4.0.1) were continued to be observed
in the combined reaction-diffusion model. For example, we consider the model vari-
ables in the lesion initiation and SMC migration stage. An increase in macrophage
density led to a corresponding decrease in modLDL concentration due to increased
modLDL uptake, and an increase in PDGF concentration due to more PDGF being
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produced by macrophages in total. This increase in PDGF concentration in the in-
tima corresponded to an increase in SMC proliferation and chemotactic movement.
The solution profiles of SMCs show that the aggregation of SMCs is greatest near
the endothelial boundary, forming a fibrous cap as required. These dynamics, and
the profiles of the model variable solutions, are consistent with those observed in
the base case results (Section 6.5) for the third reaction-diffusion model.

The new assumption of the model in this chapter was that SMCs constrain macrophage
spatial dispersion due to cell crowding. We observed in the parameter sensitiv-
ity analysis of χms (Section 7.3.1.2) that when the taxis term χms was non-zero,
macrophage aggregation decreased in regions of high SCM density (near the endothe-
lial boundary). The rate of macrophage influx αm was increased to accommodate
the reduction in macrophage density due to crowding by SMCs. The macrophage
solution profiles however show that macrophage aggregation remains greatest near
the x = 0 boundary which is consistent with the profile observed in Section 6.4.0.1.

We amended the model equation for ρ by introducing macrophage density depen-
dence to the ECM degradation term in the collagen synthesis stage. The analysis of
ECM solution profiles in Sections 7.3.0.1 and 7.3.1 showed that while the macrophage
dependence introduces new dynamics, the general pattern of ECM aggregation near
the endothelial boundary and the formation of a cap region are preserved. We re-
call that the parameter sensitivity analysis of αg in the second reaction-diffusion
model (Section 5.4.2.3) showed that the distribution of s was critical to determining
the distribution of ρ. This was shown to no longer hold in this integrated reaction-
diffusion model (Section 7.3.1.1). While greater macrophage density stimulated
further PDGF production and therefore SMC proliferation which led to increased
ECM synthesis, greater macrophage density also increased ECM general degrada-
tion. The total quantity of intimal ECM increased with increasing macrophage
density up to a certain point, after which it fell as the ECM degradation term be-
came dominant. Our model therefore suggests that while macrophage density is
another factor in SMC proliferation and ECM synthesis, high macrophage density
may lead to a reduction in overall ECM as loss becomes greater than synthesis. The
parameter sensitivity analysis of ϵρ demonstrated this by showing how increasing
the value of ϵρ increased the effect of the general degradation term, leading to a
reduction in ECM density. We note however that the ECM solution profiles in our
results all show the highest aggregation of ECM near the x = 0 boundary, forming a
cap region. The parameter analysis of χms and ϵρ showed that the ECM cap region
is maintained as these parameters vary, though the extent of their effects on the
dynamics of ρ differ. These results are significant because they show that the model
can be extended to include new assumptions and dependencies yet retain the core
dynamic of ECM cap formation.

Changes to the model equations for the stages of cap formation demonstrate key
dynamics observed in the previous models: the model reflects up-to-date assump-
tions and observations from the reference models. We concluded in the previous
two reaction-diffusion models (Sections 5.5 and 6.5) that the base reaction-diffusion
model framework can be extended to include new assumptions and dependencies.
The results of this integrated reaction-diffusion model in this chapter confirm these
conclusions and continue the thesis objective of creating an extendable reaction-
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diffusion model by showing that the model can combine a number of different effects
without changing its key dynamics.



Chapter 8

Describing late stage plaque forma-
tion by modelling foam cells and
debris characteristics

The previous four reaction-diffusion models described three main stages of cap for-
mation: lesion initiation, SMC migration and collagen synthesis. In the previous
chapter 7, the reaction-diffusion model was identified as being able to model an
increasing number of stages without significant complexity and issues. We therefore
extend the model to consider the final stage: the formation of the necrotic lesion
core. Our interest in the other three stages of cap formation was the dynamics in-
volved in the process of cap formation; the main interest in this stage is the necrotic
core’s position in the intima and its effects on plaque rupture.

We assume that macrophages uptake modLDL within the intima, and that macrophages
that have consumed a large amount of modLDL will become classified as macrophage
foam cells. Foam cells retain some of the same characteristics as macrophages, such
as MMP expression, but are assumed to be larger and less motile and to stop con-
suming modLDL. These foam cells accumulate in the intima, forming a lesion core.
The foam cells die and break down to form dead cells and debris. This breakdown
releases the internalised lipids, forming an extra-cellular lipid pool. As a result, the
lesion core, comprised of macrophage foam cells, extra-cellular lipids and debris,
becomes a necrotic core. This necrotic core is formed under the fibrous cap of ECM
and SMCs.

The aim of this model is to therefore model the necrotic core formation stage, and
capture all four main stages of plaque formation. We analyse the dynamics of foam
cells and debris in the formation of the necrotic lesion core as well as the effects of
newly-introduced interdependencies.

8.1 Necrotic core formation: two different ref-

erence models (Chalmers et al. (2017) and

Ougrinovskaia (2011))

To model the necrotic core formation stage, we review two reference models: Chalmers
et al. (2017) [10] and Ougrinovskaia (2011) [37]. We compare assumptions and terms
used to model the mechanisms of the creation of the lesion and necrotic core.



8.1 Necrotic core formation: two different reference models (Chalmers et al. (2017)
and Ougrinovskaia (2011)) 122

8.1.1 Foam cell generation and macrophage uptake of modLDL:
Chalmers et al. (2017)

The model of Chalmers et al. (2017) describes the necrotic core formation stage
by considering a lesion core that does not contain necrotic tissue such as debris.
We focus on three main variables of the model: modLDL, macrophages and foam
cells. We note that Chalmers’ model also considers HDL and its anti-inflammatory
properties, which is beyond the scope of our current model. ModLDL concentration,
macrophage density and foam cell density is denoted by l(x, t), m(x, t) and N(x, t)
respectively. Though this model is distinct from the earlier model of Chalmers et
al. (2015) [11], a number of assumptions are shared between the two models. These
include the flux boundary conditions and the functions used to describe modLDL
uptake by macrophages.

ModLDL is assumed to diffuse through the intima. It is consumed by macrophages
at a rate proportional to modLDL concentration and macrophage density. This
consumption is assumed to saturate for high levels of modLDL concentration and is
modelled as a Michaelis-Menten kinetic function. ModLDL also undergo chemical
decay, which is modelled by a linear term. These assumptions are captured in the
three terms on the right hand side of the model equation for l:

∂l

∂t
= Dl

∂2l

∂x2
− µl

ml

1 + l
− dll. (8.1)

Macrophages are assumed to undergo random motion and chemotactic migration,
moving chemotactically up the gradient of modLDL. This is described in the first
two right hand side terms of (8.2). Macrophages consume modLDL and convert to
foam cells at a rate proportional to consumption rate µm, local macrophage density
and a saturating Michaelis-Menten kinetic function with respect to modLDL con-
centration. Because the model considers HDL and its anti-inflammatory effects, it
assumes that foam cells convert back to macrophages due to HDL facilitating reverse
cholesterol transport (RCT) from foam cells. This is assumed to be proportional to
the rate that HDL removes lipid from foam cells, which is given by the proportion Θ
of foam cells, the local foam cell density and a saturating Michaelis-Menten kinetic
function with respect to HDL concentration. Finally, macrophages are assumed to
die linearly. These assumptions give the last three terms on the right hand side of
the model equation for m:

∂m

∂t
= Dm

∂2m

∂x2
− χm

∂

∂x

(
m
∂l

∂x

)
− µm

ml

1 + l
+ΘνN

hN

κ+ h
− dmm. (8.2)

Foam cells are assumed to undergo random motion. The rate of foam cell production
is the same as the rate of macrophage loss in (8.2) due to macrophage conversion.
They are assumed to revert to macrophages at the same rate of foam cell conversion
due to RCT described in (8.2). The model equation for N is therefore:

∂N

∂t
= DN

∂2N

∂x2
+ µm

ml

1 + l
−ΘνN

hN

κ+ h
. (8.3)
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The flux boundary conditions for macrophages and modLDL are the same as those
(6.2) in Chalmers et al. (2015). At x = 0, modLDL influx is assumed to be constant
and macrophage influx is proportional to a Heaviside function H(p − P0) where
P0 is the concentration of monocyte chemoattractant in the lumen of the artery.
ModLDL influx is therefore assumed to stop once the monocyte chemoattractant
concentration at the endothelial boundary reaches, or surpasses, that of P0. Zero
flux boundary conditions are assumed at x = 1 for both macrophages and modLDL.
For foam cells, zero flux boundary conditions are assumed at both boundaries. The
boundary conditions are therefore:

∂l

∂x
= −σl at x = 0,

∂l

∂x
= 0 at x = 1,

Dm
∂m

∂x
− χmm

∂l

∂x
= −σmH(p− P0) at x = 0, Dm

∂m

∂x
= χmm

∂l

∂x
at x = 1,

∂N

∂x
= 0 at x = 0,

∂N

∂x
= 0 at x = 1.

(8.4)

The key points of interest in these equations are therefore the term describing
macrophage conversion and the zero flux boundary conditions for foam cells. We
compare these assumptions with those held in the model equations of Ougrinovskaia
(2011) in the next section.

8.1.2 Lesion initiation and smooth muscle cell migration:
Ougrinovskaia (2011)

The reaction-diffusion model of Ougrinovskaia (2011) which is described in Section
4.1.2 of this thesis includes a submodel that describe the formation of the fibrous cap
over an extra-cellular lipid pool core. From the equations of that submodel, we focus
on the model equations for the following variables: modLDL concentration l(x, t),
macrophage density m(x, t), collagen density c(x, t), foam cell density N(x, t) and
debris density d(x, t). These model equations have many of the same assumptions
as the model equations described in that section.

ModLDL are assumed to diffuse through the domain, and are uptaken by macrophages
via Michaelis-Menten dynamics at a rate proportional to the uptake rate µl and un-
dergo linear decay. We note that the uptake term is modelled in the same manner
(8.1) as in Chalmers et al. (2017). The model equation for l is therefore:

∂l

∂t
= Dl

∂2l

∂x2
−
(µllm

1 + l

)
− dll. (8.5)

Macrophages undergo randommotion and chemotaxis, moving chemotactically along
the gradient of the macrophage chemoattractant p with respect to chemotaxis coef-
ficient χm. Due to the consumption of modLDL, macrophages convert to foam cells
at a rate proportional to the consumption rate µm, local macrophage density and
a saturating Michaelis-Menten kinetic function with respect to modLDL concentra-
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tion. We note that this term is also described in the same manner as the model
equation for macrophage density (8.2) in Chalmers et al. (2017). Macrophages are
also assumed to undergo apoptosis and necrosis, which is assumed to be linearly
proportional to macrophage density. The model equation for m is therefore:

∂m

∂t
= Dm

∂2m

∂x2
− χm

(
χmm

∂p

∂x

)
−
(µmlm

1 + l

)
− dmm. (8.6)

In our reaction-diffusion model, we describe the collagenous cap by modelling the
dynamics of plaque ECM. The reaction-diffusion model of Ougrinovskaia (2011)
instead models the dynamics of collagen in the ECM. Collagen is assumed to be
immotile and synthesised by SMCs that are activated by PDGF. This is modelled
in the first right-hand side term of (8.7) by a function of SMC density (s(x, t)),
collagen density and PDGF concentration (g(x, t)). The final right-hand side term
describes the degradation of collagens by collagen-degrading MMPs [3, 24, 38]. We
note that this is proportional to macrophage density. This is because in this model,
foam cells are assumed to remain a macrophage cell type and therefore exhibit some
of the same behaviours, including secreting collagen-degrading MMPs. The model
equation for c is:

∂c

∂t
=
( kcls

R2
c + c2

)
− dc(m+N)c. (8.7)

Foam cells are assumed to move randomly in the intima, though unlike the model
equation for foam cell density (8.3) in the model of Chalmers et al. (2017), they are
also assumed to be displaced by SCMs and macrophages. This is because foam cells
are assumed to be larger and less motile due to consuming modLDL, meaning that
SMCs and macrophages are able to physically displace them. Their displacement is
therefore assumed to move them away from regions of high SMC and macrophage
concentration, which is modelled as the second and third terms on the right-hand
side of equation (8.8). In the second last right-hand side term, the production of foam
cells is assumed to be due to the uptake of modLDL by macrophages and foam cells.
We note that this foam cell production term is different to that in (8.3), where foam
cell production was assumed to be due to the conversion of macrophages uptaking
modLDL only. In this model equation, foam cell density is assumed to increase
as foam cells continue to consume modLDL and foam cell volume increases. The
rate of foam cell production is therefore assumed to be proportional to a saturating
Michaelis-Menten kinetic function with respect to modLDL concentration and both
macrophage and foam cell density. The final right-hand side term describes the
linear death of foam cells. The model equation for N is therefore:

∂N

∂t
= DN

∂2N

∂x2
+ ρS

∂

∂x
(N

∂s

∂x
) + ρN

∂

∂x
(N

∂m

∂x
) +

(µll(m+N)

1 + l

)
− dNN. (8.8)

Debris is assumed to be the direct product of foam cell death. It is assumed to
be immotile, and has no other sources of production and is not removed from the
system. The model equation for d is therefore:

∂d

∂t
= dNN. (8.9)
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Zero flux boundary conditions are assumed at both boundaries for foam cells. Colla-
gen and debris are assumed to be immotile. The boundary conditions are therefore:

∂l

∂x
=

−σl
Dl

at x = 0,
∂l

∂x
= 0 at x = 1,

∂m

∂x
= −σmDp + χmmσp

DpDm

at x = 0,
∂m

∂x
= 0 at x = 1,

∂N

∂x
= 0 at x = 0,

∂N

∂x
= 0 at x = 1.

(8.10)

Both Ougrinovskaia (2011) and Chalmers et al. (2017) assume that foam cells are
produced by macrophages uptaking modLDL and converting. They also assume
zero flux boundary conditions at both boundaries for foam cells. We note three key
differences between the two models. The first is the rate of foam cell production,
which is assumed to be proportional to macrophage density in Chalmers et al. (2017)
and both macrophage and foam cell density in Ougrinovskaia (2011). In our reaction-
diffusion model, we adopt the simpler assumption in Chalmers et al. (2017) and do
not assume that the uptake of modLDL by foam cells increases foam cell density.
The second difference is that foam cells are assumed to be displaced by SMCs and
macrophages in Ougrinovskaia (2011). We use this assumption in our reaction-
diffusion model. This is because the displacement terms allow us to propose effects
that SMCs and macrophages may have on the spatial distribution of foam cells. They
also potentially produce more realistic distributions of necrotic cores deeper in the
intima, away from the endothelium. We finally note that the model of Ougrinovskaia
(2011) included collagen, which is assumed to be degraded by both macrophages and
foam cells. We adopt this assumption, and change the ECM degradation term in
our model equations to reflect the expression of MMPs by foam cells.

8.2 Model formulation and development

8.2.1 Model equations

8.2.1.1 Foam cells (N(x, t))

Foam cells are macrophages which have ingested modLDL and acquired a significant
amount of internalised lipid [4]. We assume they behave like other cells, including
SMCs and macrophages. We assume that foam cells move randomly through the
intima with the random movement coefficient DN but are also less motile than
SMCs or macrophages and are displaced by them. We model this by assuming that
foam cells move away from regions of high SMC and macrophage density. This
movement down the gradient of SMC and macrophage density is assumed to be
at a rate governed by the coefficient χsN and χmN respectively. Foam cells are the
result of macrophages consuming modLDL which we model by a saturating function
of modLDL concentration and macrophage density governed by the parameter µm.
The saturating kinetics are represented by a Michaelis–Menten-type function. We
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assume that foam cells die linearly at rate dN . We therefore model foam cell density
within the intima by:

∂N

∂τ
= DN

∂2N

∂x2
+

∂

∂x

(
NχmN

∂m

∂x
+NχsN

∂s

∂x

)
+
µmlm

γl + l
− dNN. (8.11)

8.2.1.2 Debris (d(x, t))

Debris is created by the death and decay of foam cells, leading to a lipid-rich necrotic
core, or equivalently an extra-cellular lipid pool core [3]. This core is not motile and
we assume that debris does not move. We further assume that debris dynamics do
not affect other variables. We therefore model debris density within the intima by:

∂d

∂τ
= dNN. (8.12)

8.2.1.3 Macrophages (m(x, t))

The model equation for m in this chapter is an extension of the previous chapter’s
model equation (7.1). It assumes that macrophages move randomly, move chemo-
tactically along the gradient of modLDLs and are displaced by SMCs. Macrophages
experience general loss and cell death which is modelled by a linear death rate dm.

Macrophages uptake modLDL to convert into foam cells. We model this as propor-
tional to a saturating function with respect to modLDL concentration and macrophage
density and at a rate µm. This term is the foam cell source term in (8.11). As ex-
plained in Section 2.5, macrophage-like trans-differentiated SMCs uptake modLDL
to create foam cells [3,4,25]. Our model does not distinguish between macrophages of
different origins. We therefore describe this uptake of modLDL by macrophage-like
cells as part of the general uptake of modLDL by macrophages.

We model macrophage density within the intima by:

∂m

∂τ
= Dm

∂2m

∂x2
− ∂

∂x

(
χmm

∂l

∂x
− χmsm

∂s

∂x

)
− µmlm

γl + l
− dmm. (8.13)

8.2.1.4 ECM (ρ(x, t))

The model equation for ρ in this chapter is an extension of (7.2). We recall that
foam cells are the result of macrophages uptaking modLDL; they are therefore still
a macrophage cell type and express MMPs [3,24,38]. The degradation of ECM due
to MMPs was included in the general ECM degradation term, which was modified
in (7.2) to be proportional to the non-linear degradation rate function βρ(m). This
degradation rate function is modified to include foam cell dependence:

βρ(m,N) = βρ(1 + ϵρmm+ ϵρNN)2, (8.14)
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where βρ is the baseline rate of ECM degradation by immune cells and ϵρm and ϵρN
are scaling parameters that represent the relative contributions of macrophages and
foam cells to ECM degradation from the production of MMPs.

We therefore model the density of ECM within the intima by:

∂ρ

∂τ
=rssψ(ρ)

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + γdT )

]
− βρ(m,N)ρ

[1 + ϵγρT

1 + γρT

]
.

(8.15)

The first term describes the synthesis of ECM by SMCs proportionally to a baseline
ECM production rate rs, s, the source limiting function ψ(ρ), and a kinetic growth
term dependent on T with cs representing the half-maximal rate and As represent-
ing the maximal factor of TGF-β stimulated ECM proliferation. The second term
assumes that ECM is degraded by SMCs, which is modelled by a function dependent
on s, g and T and proportional to a constant degradation term rd. The last term
represents the general degradation of ECM, which includes the degradation of ECM
due to MMPs.

The equations for PDGF (g(x, t)), SMCs (s(x, t)), TGF-β (T (x, t)) and modLDL
(l(x, t)) remain unchanged from (6.9), (6.10), (5.10) and (6.11) respectively.

8.2.2 Boundary and initial conditions

8.2.2.1 Foam cells (N(x, t))

Foam cells move randomly through the intima with the random movement coeffi-
cient DN . They are displaced by SMCs and macrophage, moving down the gradient
of SMCs and macrophages at a rate governed by the coefficient χsN and χmN re-
spectively. The foam cell flux is therefore:

JN = −DN
∂N

∂x
−N

(
χsN

∂s

∂x
+ χmN

∂m

∂x

)
. (8.16)

We assume that foam cells are unable to permeate the endothelial and medial bound-
ary, which we describe as zero flux conditions at both x = 0 and x = 1. The
boundary conditions are therefore:

∂N

∂x

∣∣∣
x=0

= −N
(
χsN

∂s

∂x
+ χmN

∂m

∂x

)
,
∂N

∂x

∣∣∣
x=1

= −N
(
χsN

∂s

∂x
+ χmN

∂m

∂x

)
. (8.17)

We assume there are no foam cells in the intima before the onset of cap fibrosis.
The initial condition is therefore zero: N(x, 0) = 0.
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8.2.2.2 Debris (d(x, t))

We assume no spatial movement for debris and no flux. No boundary conditions are
required for d(x, t). We assume that d(x, 0) = 0.

The boundary conditions for PDGF, SMCs, TGF-β, modLDL and macrophages
at x = 0 and x = 1 remain unchanged from (4.19), (5.11), (5.12), (6.13) and
(7.5) respectively. The initial conditions for s(x, 0), l(x, 0) (described in (6.14)) and
m(x, 0) (described in (6.16)) are also unchanged.

8.2.3 Non-dimensionalisation

We non-dimensionalise our model, using tildes (except for t) to denote non-dimensionalised
quantities. The key parameters x, t, m, l, s, g, ρ and T are non-dimensionalised as:

t = τt0, x = Lx̃, l = γl l̃, m = m0m̃, s = ks̃, g = g0g̃,

ρ = ρ0ρ̃, T = T0T̃ , N = N0Ñ , d = d0d̃,

where t0 represents the characteristic time value, L the length of the domain, γl the
saturation rate of modified LDL consumption, m0 the characteristic macrophage
density, k the total cell and tissue density, g0 the characteristic PDGF concentration,
ρ0 the characteristic ECM density, T0 the characteristic TGF-β concentration, N0

the characteristic foam cell density, and d0 the characteristic debris density.



8.2 Model formulation and development 129

The remaining model parameters are non-dimensionalised as:

dg =
d̃gDg

L2
, µg =

µ̃gg0Dg

L2m0

, αg =
α̃Dgg0
L

, σg =
σ̃Dg

L
,

Ds =
L2D̃s

t0
, ds =

d̃s
t0

, Gs = G̃sg0 , χs =
χ̃sL

2

t0g0
,

rs0 =
r̃s0
t0

, Ã =
rs
rs0

, hρ =
h̃ρL

2

t0ρ0
, ξ =

ξ̃

ρ0
,

dsm =
d̃sm
t0

,

Dm =
L2D̃m

t0
, χm =

L2χ̃m

t0γl
, χms =

χ̃msL
2

t0k
, dm =

d̃m
t0

,

Dl =
L2D̃l

t0
, dl =

d̃l
t0

, αm =
α̃mL

t0
, αl =

α̃lLγl
t0

,

µl =
γlµ̃l

t0
,

rs =
ρ0r̃s
kT0

, cs = T0c̃s , cd = g0c̃d , γd =
γ̃d
T0

,

rd =
r̃d
T0

, γρ =
γ̃rho

T0
, βρ =

β̃ρ
m0t0

,

βT =
DT β̃T
L2

, αT =
DTT0α̃T

L
, σT =

DT σ̃T
L

Dm =
L2D̃m

t0
, χmN =

L2χ̃mN

t0m0

, χsN =
χ̃sNL

2

t0k
, µm =

γlµ̃m

t0
,

dN =
d̃N
t0

, ϵsN =
ϵ̃sN
N0

, ϵmN =
ϵ̃mN

m0

.

(8.18)

Dropping the tildes for clarity, the model equations (6.11), (8.13), (8.15), (5.10),
(6.9), (6.10), (8.11) and (8.12), and boundary conditions (6.13), (7.5), (5.12), (4.19),
(5.11) and (8.17) become:

∂l

∂τ
= Dl

∂2l

∂x2
− µllm

1 + l
− dll, (8.19)

∂m

∂τ
= Dm

∂2m

∂x2
− ∂

∂x

(
χmm

∂l

∂x
− χsmm

∂s

∂x

)
− dmm, (8.20)

0 =
d2g

dx2
− dgg + µgm, (8.21)
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∂s

∂τ
=Ds

∂2s

∂x2
− ∂

∂x

(
χss

∂g

∂x
+ hρ(ρ)s

∂ρ

∂x

)
+ rs0(1 +

Ag

Gs + g

)
s(1− s) (8.22)

− dss− dsmsm,

∂ρ

∂τ
=rssψ(ρ(x))

[
1 +

AsT

cs + T

]
− rdsρ

[
1 +

Adg

(cd + g)(1 + γdT )

]
(8.23)

− βρ(m,N)ρ
[1 + ϵγρT

1 + γρT

]
,

0 =
d2T

dx2
− βTT, (8.24)

∂N

∂τ
= DN

∂2N

∂x2
+

∂

∂x

(
NχmN

∂m

∂x
+NχsN

∂s

∂x

)
+
µmlm

γl + l
− dNN, (8.25)

∂d

∂τ
= dNN. (8.26)

with boundary conditions:

∂m

∂x

∣∣∣
x=0

=

−αmlm
1+l

+m
(
χm

∂l
∂x

− χsm
∂s
∂x

)
Dm

,
∂m

∂x
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x=1
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∂l

∂x

∣∣∣
x=0
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−αl

Dl

,
∂l

∂x

∣∣∣
x=1
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∣∣∣
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= −αg,
dg
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∣∣∣
x=1

= −σgg,

∂s

∂x

∣∣∣
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∂ρ

∂x
,

∂s
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∂ρ
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∂N

∂x
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x=0
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χsN

∂s

∂x
+ χmN

∂m

∂x

)
,

∂N

∂x

∣∣∣
x=1

= −N
(
χsN

∂s

∂x
+ χmN

∂m

∂x

)
,

∂T

∂x

∣∣∣
x=0

= −αT ,
∂T

∂x

∣∣∣
x=1

= −σTT,
(8.27)

and initial conditions:

s(x, 0) = s0, (8.28)

l(x, 0) =
(−αl

Dlγ
+

αl

Dlγ

1− exp (−2γ)

)
exp (γx) +

( αl

Dlγ

1− exp (−2γ)

)
exp (−γx), (8.29)

m(x, 0) =
m0

√
2

σπ
exp

(
− x2

2σ2

)
, (8.30)

N(x, 0) = 0, (8.31)

d(x, 0) = 0, (8.32)

where s0 is non-dimensional, m0 = 1.0 × 10−4, σ = 0.05 and γ =
√

dl
Dl
. The
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non-linear haptotaxis function h(ρ) is the kinetic function:

h(ρ) =
hρ

1 + ξρρ
,

with scaling parameter ξρ. The source limiting function ψ(ρ) is:

ψ(ρ) =
a6

a6 + ρ6
.

where a = 0.3. The general ECM degradation rate function βρ(m,N) is:

βρ(m) = βρ(1 + ϵρmm+ ϵρNN)2, (8.33)

where βρ is the baseline rate of ECM degradation by immune cells and ϵρm and ϵρN
are scaling parameters.

8.2.4 Parameter values

Table 8.1: Base non-dimensionalised parameter values

Symbol Definition Value Reference
dg Rate of PDGF decay 0.075 6.1

µg Rate of production of PDGF by
macrophages

101 6.1

Ds Diffusion coefficient of SMC 1.0979 6.1

χs SMC motility coefficient 4.5952 6.1

hρ SMC haptotaxis coefficient 2.0

rs0 Baseline rate of SMC proliferation 0.02 6.1

ds Rate of SMC decay 0.4 6.1

dsm Rate of SMC apoptosis 0.2 6.3.4.1

Gs Michaelis-Menten kinetic constant 1.4 6.1

As Maximal factor of PDGF-stimulated
increase in rate of SMC proliferation

19 6.1

αg Rate of PDGF influx from endothelium 0.55 6.1

σg Permeability of IEL to PDGF 2 6.1

s0 Initial SMC concentration 1× 10−4 6.1

s∗ Concentration of synthetic SMC in me-
dia

0.01 6.1

Dm Diffusion coefficient of macrophages 10−1 6.1

χm Macrophage motility coefficient 10−1 6.1

χms Macrophage dispersion constraint due
to cell crowding motility coefficient

0.5 7.2.4.1

µm Rate of macrophage conversion 101 8.2.4.1

dm Rate of macrophage decay 10−1 6.1

Continued on next page
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Table 8.1 – continued from previous page
Symbol Definition Value Reference

Dl Diffusion coefficient of LDLs 103 6.1

µl Rate of LDL uptake by macrophages 105 6.1

dl Rate of LDL decay 101 6.1

αl Rate of LDL influx from endothelium 2× 102 6.3.4.1

αm Rate of macrophage influx from en-
dothelium

1.2 8.2.4.1

dg Rate of PDGF decay 0.075 6.1

rs Baseline rate of ECM phase synthesis
by SMCs

1.8 5.1

cs Exponent in SMC phase pressure func-
tion

0.3 5.1

rd Baseline rate of ECM degradation by
SMCs

1.5 5.1

Ad Maximal factor of PDGF-stimulated
increase in rate of ECM degradation by
SMCs

4.0 5.1

cd PDGF concentration for half-maximal
increase in rate of ECM degradation by
SMCs

2.5 5.1

γd Reciprocal of reference TGF-β concen-
tration for inhibition of ECM degrada-
tion by SMCs

0.5 5.1

βρ Baseline rate of ECM degradation by
immune cells

0.75 7.2.4.1

ϵρm Scaling parameter for m of gen-
eral ECM degradation rate function
βρ(m,N)

20.0 7.2.4.1

ϵρN Scaling parameter for N of gen-
eral ECM degradation rate function
βρ(m,N)

20.0 8.2.4.1

γρ Reciprocal of reference TGF-β concen-
tration for inhibition of ECM degrada-
tion by immune cells

10.0 5.1

ϵ Maximal factor of TGF-β stimulated
decrease in rate of ECM degradation
by immune cells

0.25 5.1

βT Rate of TGF-β decay 20.0 5.1

αT Rate of TGF-β influx 2.5 5.1

σT Permeability of IEL to TGF-β 4.0 5.1

DN Diffusion coefficient of foam cells 10−1 8.2.4.1

χsN Foam cell displacement by SMCs coef-
ficient

10−1 8.2.4.1

χmN Foam cell displacement by
macrophages coefficient

1.0 8.2.4.1

Continued on next page
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Table 8.1 – continued from previous page
Symbol Definition Value Reference
dN Rate of foam cell decay and debris pro-

duction
2.5 8.2.4.1

8.2.4.1 Parameter value justification

The reaction-diffusion model introduces six new parameters: DN , χsN , χmN , µm, dN
and ϵρN . The remaining parameter values are mostly unchanged from the previous
model (Section 7.2.3) except for αm.

The parameter value of αm is increased due to the assumption in the model equa-
tion for m (8.13) that macrophages convert into foam cells proportional to rate µm,
Macrophages are therefore lost to conversion and cell death. The rate of macrophage
influx is therefore increased to prevent macrophages density decreasing to unreason-
ably low values. The value of αm is increased from the base value of αm = 0.9 in
the previous reaction-diffusion model (Section 7.2.4.1) to αm = 1.2.

We note that the non-dimensionalisation and assumptions of the model equations
for N and d differ from those in Chalmers et al. (2017) and Ougrinovskaia (2011).
The parameter values used in those models are therefore not applicable. The values
are instead chosen to maintain reasonable amounts of macrophages, ECM, foam
cells and debris in the intima. We set DN = 10−1, χsN = 101, χmN = 100, µm = 101,
dN = 2.5 and ϵρN = 20.0.

8.3 Results

8.3.1 Base case simulation

The solutions of the model equations (8.19), (8.20), (8.21), (8.22) and (8.23) are
solved with the parameter values from Table 8.1. We recall that the model equations
represent the four stages of cap formation: lesion initiation, SMC migration, collagen
synthesis and the necrotic core formation.

The model equation for m (8.20) is an extension of the previous chapter’s equation
for m (7.1). The assumptions held in (7.1) are continued in this model. Figure 8.1a
shows that the pattern of macrophage dispersion is very similar to that observed in
Figure 7.2a. Macrophage density increases over time, with the greatest aggregation
of macrophages being near the endothelial boundary (x = 0). We note however that
this model introduces the assumption that macrophages ingest modLDL and con-
vert to foam cells, which is modelled in (8.13) by a saturating function of modLDL
concentration and macrophage density governed by the parameter µm. The effect
of this term is shown in Figure 8.2, where the steady state solution of m with
µm = 10.0 is compared against the steady state solution where µm = 0.0. The
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conversion of macrophages to foam cells leads to lower macrophage density across
the intima, though the foam cell conversion term does not change the macrophage
profile. The results therefore show that macrophages enter the intima at the en-
dothelial boundary. They move randomly, migrate chemotactically up the modLDL
gradient towards the endothelial boundary, and are displaced from regions of high
SMC density due to cell crowding. These dynamics lead to macrophages accumulat-
ing near the endothelial boundary. In addition to undergoing decay, macrophages
also convert to foam cells in the intima, leading to a decrease in macrophage density.

The solutions of N as a function of x at increasing times in Figure 8.1b show that
foam cells rapidly form in the intima. The initial condition for N is N(x, 0) = 0
and there is no influx of foam cells; the solution of N at t = 1.45 is greater than the
solutions at later times. Foam cell density therefore rapidly increases then decreases
over time until the solution of N reaches steady state. This decrease in foam cell
density is due the decay of foam cells which is described linearly at rate dN and the
decrease in macrophage density over time. Foam cells are created by the conversion
of macrophages to foam cells at the rate µm in the model equation for m (8.13). The
macrophage profile in Figure 8.1a shows that macrophage density is greatest near
the endothelial boundary meaning that macrophage conversion is greatest in this
region. The foam cell profile in Figure 8.1b however shows that the local maximum
is not at x = 0. This is due to the foam cell displacement terms in (8.13) which
describe the displacement of foam cells from regions of high SMC and macrophage
density at taxis rates χsN and χsN respectively. The SMC and macrophage profiles
in Figures 8.1g and 8.1a show that SMC and macrophage density is greatest near
the endothelial boundary. Foam cells are therefore displaced from this region and
instead reach their maximum density at approximately x = 0.2. These results show
that the creation of foam cells is dependent on macrophage density, though foam
cell density is also affected by the displacement of foam cells near the endothelial
boundary.

Debris is formed due to the death of foam cells. As described in the model equation
for N (8.11), the death rate of foam cells is linearly proportional to dN and foam cell
density. The rate of debris production in the model equation for d (8.12) is equal
to this death rate. The initial condition for d is d(x, 0) = 0 and there is no influx
of foam cells. Debris therefore accumulate in the intima over time until the profile
is proportional to that of foam cells. The profiles of the steady state solutions of d
and N at t = 29.0 in Figures 8.1c and 8.1b are qualitatively the same.

The model equation for ρ (8.15) is the same as the previous model’s equation for ρ
(7.2) except for the general ECM degradation term. The general ECM degradation
term is proportional to the non-linear rate function βρ(m,N), which was modified to
be a function of foam cell density in (8.14) such that the effect of the term increases
with foam cell density. Foam cell density is greatest in the region (near x = 0.2)
shown in Figure 8.1b. We note that this region is different to the local maximum of
m, which is at the endothelial boundary. The effect of this general ECM degradation
term on the dynamics of ρ is shown in Figure 8.3, where ECM density decreases due
to the increased degradation of ECM by both macrophage and foam cell expressed
MMPs. With all other terms the same as the model equation for ρ (7.2) in the
previous chapter’s reaction-diffusion model, the ECM profile in Figure 8.1d shows
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that the greatest aggregation of ECM is near the endothelial boundary. We therefore
continue to observe a cap region near the endothelial boundary.

There are no changed assumptions or parameter values for the model equation for l
(8.19), g (8.21) and s (8.22) from the model equations from the previous chapter’s
reaction-diffusion model. We therefore expect dynamics to be the same as those ob-
served in 7.3.0.1. Figure 8.1e shows the solutions of l as a function of x at increasing
times. The modLDL profile remains near constant, and modLDL concentration in-
creases over time as macrophage density decreases and modLDL uptake is reduced.
ModLDL therefore diffuses through the intima and is consumed by macrophages
until the dynamics reach steady state. Figure 8.1f shows the solutions of g as a
function of x at two times. PDGF concentration increases over time, with PDGF
production being linearly proportional to macrophage density. The solutions of s
as a function of x in Figure 8.1e show that SMC density increases over time. SMCs
move randomly in the intima, also moving chemotactically along the gradient of
PDGF and haptotactically along the gradient of ECM. This migration drives them
towards the endothelial boundary. Their proliferation rate also depends on PDGF
concentration which is greatest near the endothelial boundary. SMCs also continue
to undergo cell death and cytokine-stimulated apoptosis [36]. SMC density is great-
est near the endothelial boundary as shown in the SMC profiles in Figure 8.1e,
which display the distribution required for the formation of a fibrous collagenous
cap. We note that these dynamics are the same as those observed in the previous
reaction-diffusion model (Section 7.3.0.1). Because the model equations for l, g and
s are unchanged, the dynamics displayed in the results are also unchanged.

For the model equations that are unchanged from the previous reaction-diffusion
model, the base case results show that the general dynamics of the model vari-
ables are very similar to those observed in Section 7.3.0.1. This is demonstrated
in the solutions of l, g and s. The model equations for m, N , d and ρ however
include new assumptions and changed parameter values. Macrophages are now as-
sumed to convert to foam cells by consuming modLDL, meaning that the influx of
macrophages must be increased to compensate for this loss. The macrophage profile
however remains similar to that observed in the previous reaction-diffusion model,
with the aggregation of macrophages being greatest near the endothelial boundary.
The degradation of ECM due to MMPs is also assumed to be affected by foam
cells, which as macrophage-like cells still express MMPs [3,24,38]. The ECM profile
however shows that the formation of a collagenous cap near the endothelial bound-
ary is not affected by the change. The reaction-diffusion model therefore maintains
the general dynamics of the lesion initiation, SMC migration and collagen synthesis
stages of cap formation.

The necrotic core formation stage is modelled by the inclusion of foam cells and
debris. Foam cells are assumed to be the result of macrophages ingesting modLDLs,
and are displaced by SMCs and macrophages. Debris is formed from dying foam
cells, and is produced at a rate linearly proportional to foam cell density. This
dependence on foam cell density results in the debris profile being similar to that
of foam cells. To understand the effects of the parameters in the model equations
for N and d, we perform parameter sensitivity analysis on certain parameters in the
next section.
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Figure 8.1: Solutions of (a) m, (a) m, (b) N , (c) d, (d) ρ, (e) l, (f) g and (g) s as
functions of x with parameter values from Table 8.1 at times t from t = 0.0 to 29.0.
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Figure 8.2: The steady state solution of m as a function of x with
parameter values µm = 10.0, and µm = 0.0 at t = 29.0.
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Figure 8.3: The steady state solution of ρ as a function of x with
parameter values ϵρN = 20.0, and ϵρN = 0.0 at t = 29.0.

8.3.2 Parameter sensitivity

In Section 8.2.3 we introduced equations for N and d which included dependencies
on m and ρ. We therefore perform parameter sensitivity analysis on three new
parameters: χsN , χmN and µm, which govern these new terms.

The parameters χsN and χmN are the taxis rates that affect the displacement of
foam cells by SMCs and macrophages respectively. We therefore analyse the effects
of χsN and χmN on the magnitude and distribution of N .

The parameter µm is the rate at which macrophages uptake modLDL to convert into
foam cells. Because the creation of foam cells is dependent on this parameter, we
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analyse its effects on foam cell density. The parameter sensitivity analyses of these
parameters provide us an understanding of the dynamics of necrotic core formation.

8.3.2.1 χmN and χsN

The parameters χmN and χsN govern the taxis rates at which foam cells are displaced
by macrophages and SMCs respectively. Foam cells are assumed to move away from
regions of high macrophage and SMC density.

Figure 8.4a shows the steady state solutions ofN with three values of χmN . Macrophage
density is greatest near the endothelial boundary as shown in Figure 8.1a; the dis-
placement of foam cells by macrophages is therefore greatest near this boundary.
There is a moderate change to the position of the local maxima of the steady
state solutions. This is due to the macrophage profile which decreases sharply with
macrophage density being very low in the approximate region x > 0.2. The effect
of the term describing the displacement of foam cells by macrophages is moderate
in this approximate region relative to the changes to the value of χmN (changed by
a factor of approximately ten).

The debris profile of the steady state solutions in Figure 8.4b shows that the profile
is very similar to that of foam cells in Figure 8.4a. This result is expected because
the formation of debris is linearly proportional to foam cell density and the foam
cell decay rate dN .

Figure 8.5a shows the steady state solutions of N with three values of χsN . We
observe that as the value of χsN increases, the region in the intima where the aggre-
gation of foam cells is greatest moves further from the endothelial boundary. The
local foam density maximum value also decreases as the value of χsN increases, but
foam cell density deeper in the intima beyond the point of local maximum also in-
creases. Increasing the parameter value of χsN increases the displacement of foam
cells down the SMC gradient, leading to the local maximum of foam cell density
being further from the endothelial boundary. The decrease in the local foam cell
density maximum value is due to the SMC profile. SMC density is greatest near the
endothelial boundary and decreases along the intima as shown in Figure 8.1g. The
displacement of foam cells therefore decreases along the intima, leading to a smaller
local foam cell density maximum value the further foam cells become displaced.

When the value of χsN is large, such as when χsN = 3.0, we observe two potential
regions of local foam cell density maxima. The local foam cell density maximum
value in the intimal region is near approximately x = 0.5 due to the displacement of
foam cells from regions of high SMC density. The other potential local maxima of
the approximate region 0.2 < x < 0.4 occurs at approximately x = 0.3. This is due
to the displacement of foam cells by macrophages. The macrophage profile and rapid
decrease in macrophage density past the endothelial boundary to near zero beyond
approximately x = 0.4 (shown in Figure 8.1a) lead to the effect of the displacement
χmN taxis term being weaker than that of χsN . We note that the changes to the
values of χsN in Figure 8.5a are approximately of a factor of 3, compared to the
changes to the values of χsN in Figure 8.5a being approximately of a factor 10. It
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is clear that the dynamics of foam cell displacement are more sensitive to changes
to χsN .

Analysis of the effects of χmN and χsN on the location and scale of these peaks is
beyond the scope of this thesis, but is worth exploring in future work.

These results suggest that the region of greatest foam cell aggregation is affected
by χsN and χmN , with greater values of χsN and χmN driving foam cells away from
the endothelial boundary and deeper into the intima. Changes to the regions of
greatest foam cell aggregation are more sensitive to changes to the term describing
the displacement of foam cells by SMCs. The aggregation and density of debris is
dependent on foam cells and are very similar to those of foam cells.
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Figure 8.4: Comparisons of steady state solutions of (a) N and (b) d for three values
of χmN : χmN = 2.0, 10.0 and 120.0 at t = 29.0.
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Figure 8.5: Comparisons of steady state solutions of (a) N and (b) d for three values
of χsN : χsN = 0.2, 1.0 and 3.0 at t = 29.0.
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8.3.2.2 µm

We assume in the model equations for m (8.13) and N (8.11) that macrophages
consume modLDL and become foam cells. This conversion is modelled as being
proportional to the conversion rate µm, the local macrophage density, and a satu-
rating function with respect to modLDL concentration. In the model equation for
m (8.13), the conversion term is a sink term while it is a source term in the model
equation for N (8.11). We observe in Figure 8.6a that increasing values of µm lead
to decreasing macrophage density in the intima as more macrophages become foam
cells. When the rate of this conversion is very high, such as when µm = 15.0 in
Figure 8.6a, the conversion term dominates macrophage influx at the endothelial
boundary, leading to very low macrophage density in the intima.

The steady state solutions of N in Figure 8.6b show that for three values of µm

(µm = 6.0, 10.0 and 12.0), increasing the value of µm corresponds to greater foam
cell density. We also observe that the local maxima moves closer to the endothe-
lial boundary. This is because macrophage density is greatest near the endothelial
boundary meaning that the conversion rate is also greatest near this boundary. For
the largest value of µm (µm = 15.0) in Figure 8.6b however, the foam cell density
in the intima is lower than that for the smaller values of µm. As observed in Fig-
ure 8.6a, this is because macrophage density is very low for this value of µm as
the rate of macrophage conversion dominates the rate of macrophage influx. Be-
cause the conversion term is proportional to the local macrophage density, the rate
of macrophage conversion is very low despite the large value of µm. Macrophages
therefore become foam cells so quickly that they cannot contribute to the recruit-
ment of more macrophages via the boundary conditions. We also note that the
region of highest foam cell aggregation moves closer to the endothelial boundary as
µm increases, even when local macrophage density is low for large values of µm. This
is because macrophage density is greatest near the endothelial boundary. For very
large values of µm, macrophages are not able to proliferate beyond the endothelial
boundary where they enter the intima. The spatial distribution of foam cells is
therefore affected by the value of µm.

As observed in Section 8.3.2.1, the spatial distribution of debris is dependent on
that of foam cells. Figure 8.6c shows that the debris profile is qualitatively similar
to that of foam cells in Figure 8.6b.

The results show that when the rate of macrophages converting to foam cells in-
creases, macrophage density decreases. The rate of foam cell creation is equal to this
rate of macrophage conversion, which is proportional to µm and local macrophage
density. Foam cell density therefore does not necessarily increase as the value of
µm increases: if the value of µm is too high, macrophages convert into foam cells
at a rate that prevents macrophages from migrating through the intima, leading to
low densities of local macrophages except near the endothelial boundary. Because
macrophages aggregate near the endothelial boundary and the rate of macrophage
conversion is proportional to local macrophage density, the region of greatest foam
cell aggregation becomes closer to the endothelial boundary as the value of µm in-
creases.
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We note that this switch in behaviour observed in N and d as µm increases could
be analysed further through bifurcation theory or phase diagrams. This analysis is
beyond the scope of this thesis, but is worth exploring in future work.

Foam cell and debris dynamics are therefore dependent on macrophage density due
to the dependence of foam cell production on macrophage density. To accommo-
date the increase of the rate of macrophage conversion, macrophage influx must
be increased. We analyse the effects of increasing the influx of macrophages and
the rate of macrophage conversion on foam cell density, and observe its effects on
necrotic core dynamics. Because both foam cells and macrophages degrade ECM
and the collagenous cap at the endothelial boundary, we also analyse the effects of
macrophage influx and macrophage conversion on cap formation dynamics.

Figure 8.7a compares the steady state solutions of m for different values of αm and
µm. The blue curve is the steady state solution of m with all base parameter values
from Table 8.1 (αm = 1.2 and µm = 10.0). The green curve is the steady state
solution of m with the parameter values of values αm and µm increased to αm = 3.0
and µm = 20.0. The influx of macrophages is large enough to accommodate the
increased macrophage conversion rate and results in greater macrophage density
across the intima in the green curve compared to the base parameter value solution
(the blue curve).

This increased macrophage density and macrophage conversion rate lead to increased
foam cell density for the steady state solution of N with parameter values αm = 3.0
and µm = 20.0 in Figure 8.7b. The local maximum foam cell density value is greater
for the steady state solution of N with the increased parameter values of αm and µm

compared to the base solution, and the local maximum region is also further from
the endothelial boundary due to crowding because of the increased concentration of
macrophages near the boundary. Due to the linear dependence of the rate of debris
production on foam cell density, the debris profile with the increased parameter
values of αm and µm in Figure 8.6c is the same as the foam cell profile. The necrotic
core therefore becomes larger and is simultaneously deeper in the intima as the rate
of macrophage conversion and macrophage influx is increased.

The effect of this larger necrotic core on the ECM and collagenous cap is shown in
Figure 8.7d. Macrophages and foam cells are assumed to express MMPs that degrade
the ECM; the rate of general ECM degradation in the model equation for ρ (8.15)
is proportional to a function of both macrophage and foam cell density. Increased
macrophage and foam cell density therefore increases the rate of ECM degradation.
Our parameter sensitivity analysis of the macrophage scaling parameter ϵρ in the
general degradation rate function (Section 7.3.1.3) in the fourth reaction-diffusion
model showed that due the aggregation of macrophages at the endothelial boundary
and increased ECM degradation, high macrophage density leads to a decrease in
ECM density near the endothelial boundary.

Foam cells however are distributed away from the endothelial boundary. This means
that the degradation of the ECM is not isolated to regions near the endothelial
boundary. The ECM profile in Figure 8.3 showed that foam cells degrade the
ECM further towards the centre of the intima. Increasing the contributions of
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macrophages and foam cells to the degradation of ECM therefore leads to a de-
creases in ECM density across the intima as observed in Figure 8.7d. Biologically,
this can understood as the degrading and weakening of the fibrous collagenous cap.
A degraded fibrous cap may lead to plaque rupture due to the decreased integrity
of the plaque [4, 33,35].

We observe, when the rate of macrophage influx and macrophage conversion to
foam cells is increased, a larger necrotic core and diminished fibrous collagenous cap
form in the intima. We recall that in Section 5.4.2.3 we observed SMC distribution
having a critical role in the size and distribution of the collagenous cap. By varying
only µm and αm, we simulate a system where there is sufficient PDGF influx and
SMC proliferation. The results therefore suggest that even when ECM growth is not
low, an increase in macrophage density and a larger necrotic core may lead to the
degradation of the collagenous cap at the endothelial boundary. The role of SMCs
in helping to maintain a collagenous cap is therefore critical; this collagenous cap
may be degraded and weakened by excessive macrophages and foam cells.
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Figure 8.6: Comparisons of steady state solutions of (a) m, (a) N and (b) d for four
values of µm : µm = 6.0, 10.0, 12.0 and 15.0 at t = 29.0.
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Figure 8.7: Comparisons of steady state solutions of (a) m, (b) N , (c) d and (d)
ρ with the base values of αm and µm from Table 8.1 and the values αm = 3.0 and
µm = 20.0 at t = 29.0.

8.4 Discussion

This reaction-diffusion model describes the four main stages of cap formation: lesion
initiation, SMC migration, collagen synthesis and necrotic core formation. The
results of the base case solutions in Section 8.3.1 showed that the basic dynamics
of the first three stages of cap formation (lesion initiation, SMC migration, collagen
synthesis) are demonstrated in our model.

Our results showed the initiation of lesions in the intima due to the influx of modLDL
and macrophages at the endothelial boundary. Macrophages in the intima stimu-
lated the production of PDGF, leading to the proliferation of SMCs. SMCs entered
the intima from the lumen, migrating by random motion and chemotaxis and hap-
totaxis towards the endothelial boundary. The migration of SMCs led to the aggre-
gation of SMCs at the endothelial boundary, forming the SMC distribution needed
for a fibrous cap. ECM synthesis by SMCs, which is stimulated by TGF-β, and
ECM degradation due to macrophage-expressed MMPs led to ECM being mainly
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aggregated near the endothelial boundary. We note that macrophage foam cells are
assumed to express MMPs that degrade ECM and that their introduction to the
dynamics of ECM led to the decrease in ECM density away from the endothelial
boundary. These dynamics created a collagenous cap at the endothelial boundary.
The results therefore describe the key dynamics of the first three stages of atheroscle-
rotic plaque formation by describing the formation of a fibrous collagenous ECM cap
near the endothelial boundary.

The fourth and final stage of plaque formation is the necrotic core formation stage.
We assume that macrophages do not enter the intima as foam cells and that foam
cells are unable to cross the endothelial and medial boundaries. They are instead
converted from macrophages when macrophages consume modLDL, and are dis-
placed by SMCs and macrophages proportionally to the taxis coefficients χsN and
χsN respectively. We observed that when the effect of displacement was made
stronger by increasing the values of these coefficients, foam cells aggregation oc-
curred further away from the endothelial boundary. Because we assume no influx of
foam cells nor any existing initial foam cells in the intima, the production of foam
cells is dependent on the rate of macrophage conversion to foam cells. The effect
of this was that increasing this conversion rate generally led to an increase in foam
cell density and a corresponding decrease in macrophage density. This remained
the case until the rate of macrophage loss due to foam cell conversion was large
enough to dominate the influx of macrophages at the endothelial boundary, which
in turn limited the migration of macrophages through the intima. The result was
an overall decrease in macrophage density in the intima. This is because the rate of
macrophage conversion to foam cells is proportional to the local macrophage density,
meaning that foam cell production decreased despite a greater rate of macrophage
conversion. The results therefore suggest that the rate of macrophage conversion,
macrophage density and foam cell motility are significant factors in the way that
the presence of foam cells affects plaque growth.

The results showed that the spatial distribution of debris was very similar to that
of foam cells. The rate of production of debris is modelled as equal to the rate of
foam cell death, which is linearly proportional to local foam cell density. We recall
that foam cells, extra-cellular lipids (which we did not consider), and debris form
the necrotic core. The reaction-diffusion model therefore describes a collagenous
cap near the endothelial boundary and a necrotic core deeper in the intima. The
dynamics of the necrotic core, including its spatial characteristics, are dependent on
foam cells which in turn are affected by macrophages.

Macrophages and the necrotic core are also shown to have an effect on the stability of
the fibrous collagenous cap. We observed in Section 8.3.2.2 that due to macrophages
and foam cells degrading ECM, the size of the cap can decrease when macrophage
and foam cell density is large. When the influx of macrophages and the rate of
macrophage conversion to foam cells is increased, the necrotic core increases and
the rate of ECM degradation increases across the intima. This is because foam
cells are distributed deeper in the intima rather than primarily accumulating at the
endothelial boundary like macrophages. The decrease in the size of the collagenous
cap suggests that the cap can become smaller and weakened, leaving it vulnerable
to rupture [4, 33,35].
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We recall that our thesis objective is to create reaction-diffusion framework that can
be extended to model key stages of atherosclerotic plaque dynamics. The reaction-
diffusion model therefore shows how macrophages, first incorporated in the mod-
elling of lesion initiation, influence the later necrotic core formation stage which
affects cap dynamics depicted in the collagen synthesis stage. The four main stages
of cap formation are finally represented in this model, maintaining the key dynam-
ics observed in earlier reaction-diffusion models while describing the necrotic core
formation stage and its effects on collagen synthesis.



Chapter 9

Discussion and Conclusion

The results of each of the five submodels are discussed in their respective chapter
discussion sections (4.5, 5.5, 6.5, 7.4 and 8.4). In this section we summarise how
these results capture four key stages of atherosclerotic plaque formation: lesion
initiation, SMC migration, collagen synthesis, and necrotic core formation. We seek
a model that captures current understandings of the mechanisms of atherosclerosis
while being simple and extendable without introducing additional complexity. We
therefore compare the model results to the reference models used in this paper:
Watson et al. (2018, 2020) [44, 45], Ougrinovskaia (2011) [37], and Chalmers et al.
(2015, 2017) [10,11].

9.1 Lesion initiation

The initiation of lesions in the intima is described in the reaction-diffusion models of
Chapters 6, 7 and 8. We recall that atherosclerosis is initiated by the deposition of
lipids in the intima, and that LDLs pass through the endothelium and accumulate
in the intima [4, 23, 38]. LDLs then become modified, undergoing oxidation [4, 33].
In our model, the movement of LDLs through the endothelium into the intima is
modelled as an influx of LDLs at the endothelial boundary at a constant rate. We
assume that these LDLs oxidise immediately, and therefore treat the influx of non-
modLDLs as the same as that of modLDLs. In response to the inflammatory effect of
modLDLs, endothelial cells express adhesion molecules that promote the adhesion
of monocytes [16, 31, 36]. These monocytes differentiate into macrophages in the
intima [4]. We assume that this differentiation occurs immediately and model the
adhesion of monocytes as the influx of macrophages into the intima.

In the intima, modLDL is a chemoattractant and we model macrophages as moving
chemotactically up the gradient of modLDL. Macrophages uptake modLDL which
we model as a saturating function with respect to modLDL concentration. The
uptake of modLDL by macrophage-like trans-differentiated SMCs that create foam
cells [3, 4, 25] is not directly modelled as our model does not distinguish between
macrophages of different origins. We instead assume the uptake of modLDL by
macrophage-like cells is part of the general uptake of modLDL by macrophages.
The conversion of macrophages to foam cells is modelled as proportional to the rate
of lipid uptake by macrophages. We assume that foam cell production is only due
to the conversion of macrophages to foam cells.

Our results in Sections 6.4.0.1 and 7.3.0.1 show that the timescales of modLDL,
macrophage and foam cell dynamics are short, which reflects the short initial stage
at which these processes occur in the formation of atherosclerotic plaques. ModLDLs
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migrate through the endothelial boundary and diffuse in the intima where they are
rapidly consumed by macrophages. Macrophages are shown to accumulate at the
endothelial boundary, with macrophage density being highest near this region.

In our model, lesions are assumed to be comprised of lipid-laden foam cells. The
formation of lesions is therefore dependent on foam cells which are produced by
the conversion of modLDL-consuming macrophages to foam cells. The parameter
sensitivity analysis in Section 8.3.2.2 shows that high macrophage density leads to
high foam cell density. If the rate of this conversion is too high however, macrophages
become foam cells so quickly that they cannot contribute to the recruitment of more
macrophages. This leads to macrophage density in the intima becoming low, which
reduces foam cell density. Foam cell density is therefore shown to be dependent on
macrophage density. Our model therefore suggests that the early initiation and later
formation of lesions is significantly driven by inflammatory processes that affect the
presence of macrophages in the intima.

9.2 Smooth muscle cell migration

The inflammatory processes created by the presence of modLDL and macrophages
in the intima stimulate de-differentiated SMCs to migrate from the media through
the internal elastic lamina into the intima [4]. SMCs are modelled as migrating
from the medial boundary into the intima, where they migrate and proliferate. We
do not differentiate between phenotypes and only consider vascular SMCs that are
collagen-synthesising. PDGF, expressed by macrophages and endothelial cells, is a
strong chemoattractant to SMCs [39]. We assume that PDGF enter the intima via
influx at the endothelial boundary.

In the intima, the de-differentiation of SMCs is stimulated by growth factors in-
cluding PDGF, and undergo clonal expansion [28, 39]. We model this proliferation
of SMCs in the intima using a logistic growth function of PDGF concentration.
PDGF acts as a chemoattractant for SMCs which respond chemotactically to mi-
grate into the intima [36, 39]. This is modelled as SMCs moving chemotactically
up the gradient of PDGF. The expression of PDGF by macrophages is modelled
as a source term in the model equation for PDGF. SMCs undergo ES cytokine-
stimulated apoptosis [36]; these cytokines are produced by macrophages. We model
this apoptosis by assuming that the rate of apoptosis is proportional to macrophage
density. The presence of SMCs in the intima means that SMCs, macrophages and
foam cells occupy space in the intima, though macrophages are less motile than
SMCs and foam cells are less motile than both macrophages and SMCs. We assume
that they compete for space and that less motile cells are displaced by their more
motile competitors. This is modelled as the tactic movement of macrophages down
the gradient of SMCs, and the tactic movement of foam cells down the gradients of
SMCs and macrophages.

Our results in Sections 4.3.2 and 6.4.0.1 show that SMC proliferation and migration
is dependent on PDGF concentration. We recall that PDGF concentration is af-
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fected by macrophages due to their expression of PDGF. PDGF concentration and
macrophage density is greatest near the endothelial boundary, resulting in increased
SMC proliferation and migration. We observe SMC accumulation to be greatest near
this boundary. When comparing the effects of PDGF and macrophages on SMCs,
the results of Section 6.4.1.2 suggests that the effect of SMC proliferation, which is
stimulated by PDGF, is greater than that of SMC apoptosis. The main contribution
of macrophages on SMC dynamics is therefore through their effect on PDGF con-
centration (which SMC migration is driven by) rather than directly through SMC
apoptosis. The implications of these dynamics on cap stability are explained in the
next section.

9.3 Collagen synthesis

De-differentiated SMCs in the intima secrete ECM proteins which remodel the in-
timal ECM [2]. The synthesis of these secreted ECM proteins is stimulated by
TGF-β [22, 34]. This synthesis is modelled as a rate function dependent on SMC
and TGF-β density. The rate function is assumed to saturate with respect to ECM
density as unconstrained ECM proliferation is unrealistic. ECM is degraded by a
number of factors including MMPs, which contribute to the lysis of ECM [3,24,38].
MMPs are secreted by plaque SMCs, macrophages and foam cells. This is modelled
as two sink terms that are proportional to SMC density, and macrophage and foam
cell density respectively.

We assume that SMCs have an affinity for the ECM. This means that SMCs con-
tract towards regions of high ECM density. We model this as SMCs migrating
haptotactically up the gradient of ECM.

The results in Sections 5.4.1 and 7.3.0.1 show that the synthesis of ECM is de-
pendent on SMCs and TGF-β. The accumulation of SMCs near the endothelial
boundary leads to ECM density being greatest near this region, and local TGF-β
concentration influences the magnitude of ECM density. The magnitude and spatial
distribution of ECM creates a cap region near the endothelial boundary. We note
that models such as Watson et al. (2020) assume that SMC dynamics determine
ECM dynamics. Our results in Section 7.3.1.1 however show that this does not
hold where there is a high presence of macrophages in the intima. In the earlier
stage of SMC migration, we observed that macrophages express PDGF and there-
fore increase SMC proliferation, leading to increased ECM synthesis. Macrophages
however degrade ECM and also create foam cells by uptaking modLDL. Because
foam cells degrade ECM, high macrophage density in the intima leads to increased
ECM degradation due to MMP expression. The size of the fibrous cap therefore be-
comes larger as more SMCs proliferate in the intima, but decreases as inflammatory
processes increase macrophage and foam cell presence in the intima.
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9.4 Necrotic core formation

As the lesion core under the fibrous cap develops, foam cells undergo cell death and
create debris. Their accumulation forms a necrotic core in the plaque. Our model
assumes that the rate of debris creation is linearly proportional to foam cell density.

The results in Section 8.3.1 show that the size and profile of the necrotic core is influ-
enced by macrophages and foam cells. We assume that SMCs that change phenotype
to become macrophage-like convert into foam cells after uptaking modLDL [3,4,25].
Because our model variables do not differentiate between phenotypes, the creation
of foam cells from macrophage-like SMCs is included in the creation of foam cells
from macrophages. As explained in Section 9.1, foam cell density is dependent on
macrophage density, and a large amount of macrophages in the intima corresponds
to a large lesion core. Due to the corresponding large amount of debris situated
in the same region as foam cells, this translates to a large necrotic core. The dis-
placement of foam cells by macrophages and SMCs result in foam cells and debris
aggregating away from the endothelial boundary to where macrophage and SMC
density is least. The position of the necrotic core is therefore deeper in the intima
than the fibrous cap which lies near the endothelial boundary.

We recall that inflammatory responses in the intima due to the presence of modLDL
lead to the recruitment of monocytes, which differentiate into macrophages [4]. The
results in Section 9.3 show that high macrophage density degrades the fibrous cap,
while the results in Section 8.3.2.2 show that high macrophage density leads to a
larger necrotic core. High macrophage presence in the plaque therefore leads to the
degradation of the fibrous cap and the increase of the necrotic core. Plaque rupture
occurs when the integrity of the plaque breaks down and debris is released into the
bloodstream [4, 33, 35]. Our results therefore suggest that significant inflammation
may lead to plaque rupture due to the degradation of the fibrous cap and the increase
of the necrotic core.

9.5 Comparison with multiphase models of Wat-

son et al. (2018, 2020)

An aim of our research is to reproduce some of the observations of the multiphase
models of Watson et al. (2018, 2020) by using simpler reaction-diffusion models.
In Chapter 4 we aimed to simulate key cap formation dynamics of Watson et al.
(2018) as similarly as possible with our reaction-diffusion submodel. Our results
in Section 4.3.2 compared the solutions of PDGF concentration and SMC density
and showed that we were able to achieve qualitatively similar solutions of PDGF
concentration and SMC density. We performed parameter sensitivity analysis on the
same parameters analysed in Watson et al. (2018) and found that the qualitative
differences in solutions between the two models were minor. We also simplified
the non-linear SMC phase pressure functions using constant flux coefficients and
observed that SMC dynamics were qualitatively similar between the two models.
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These results showed us that the key aspects of a two-species multiphase model
could still be demonstrated in a simpler reaction-diffusion model.

In Chapter 5 we used the multiphase model of Watson et al. (2020) as a reference
model to model the collagen synthesis stage. The assumptions adopted from the
multiphase model are those for the dynamics of ECM synthesis and degradation,
SMC haptotactic migration, and TGF-β growth. We note that the increase of model
species in this multiphase model required mass and momentum balancing, whereas
our reaction-diffusion model did not require these complex considerations. The
multiphase model assumed that the rate of ECM proliferation is dependent on TGF-
β concentration. We adopted this assumption in our source term for ECM density,
though we added a source limiting term to limit ECM growth. The model also
assumed that ECM is degraded by SMC and non-SMC phases. Our model adopted
qualitatively similar terms in the model equation for ECM density. The rate of SMC
haptotactic migration in the multiphase model is modelled as a non-linear function
of SMC and ECM volume fraction that decreases as SMC and ECM volume fraction
become sufficiently large. We note that this was to address an issue with possible
ill-posedness due to diffusive SMC flux becoming negative, which could occur when
the gradient of ECM became too large and SMC haptotactic flux dominated. While
we do not have this issue in our model, our proposed solution was to use a decreasing
haptotactic coefficient function so that the rate of haptotactic flux decreases for high
values of ECM density. Our simpler reaction-diffusion submodel was therefore able
to adopt a number of key assumptions from the more complex multiphase model.
The simplicity of the reaction-diffusion submodels make the model framework more
easily extendable.

We note however that the multiphase models have features that our model lacks.
Because our model simplifies a number of the dynamics modelled in these multiphase
models, they lack some detail and complexity. An example is the absence of phase
mass and momentum balancing and no-voids conditions in our reaction-diffusion
model, which means that our model must introduce terms to simulate these terms.
In the multiphase model of Watson et al. (2018), no-voids conditions are imposed
on the SMC and non-SMC phases which ensures that the total mass in the volume is
constant. To simulate volume-filling in our reaction-diffusion, we instead introduced
source limiting constraints to impose an appropriate limit on ECM synthesis.

9.6 Comparison with Ougrinovskaia (2011)

The reaction-diffusion model of Ougrinovskaia was used as a reference model for
our reaction-diffusion model. An attractive feature of Ougrinovskaia (2011) was the
use of submodels, which we adopted in our model. The submodels of Ougrinovskaia
(2011) described the following stages of atherosclerotic plaque formation: lesion
initiation, early lipid pool core formation, SMC migration, fibrous cap formation,
and atheroma formation. These stages are described generally by the submodels of
our reaction-diffusion model.
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We note that key differences between our reaction-diffusion model and that of Ougri-
novskaia (2011) led to differences in some of our results. In Ougrinovskaia (2011),
zero initial conditions are assumed for modLDL and macrophages. Our model
instead assumes that there are existing modLDL and macrophages in the intima
to simulate a more realistic picture of the intima before the onset of inflamma-
tion. Ougrinovskaia (2011) assumes that ECM or collagen is only degraded by
macrophages and foam cells. We include the degradation of ECM due to MMP ex-
pression by SMCs and the effect of TGF-β on this MMP expression. Ougrinovskaia
(2011) further assumes that foam cells continue to uptake modLDL, which differs
from our assumption that foam cells in our model are saturated and can no longer
uptake modLDL. These differences lead to different numerical results between the
two models. We note however that both models conclude that inflammation and
immune responses are the main drivers of plaque rupture.

Despite the differences between the two models, the reaction-diffusion model of
Ougrinovskaia (2011) is an important reference for our reaction-diffusion model.
This is due to its use of submodels and relative ease in extension and simplicity
relative to more complex models, which align with our aim of creating a model that
captures current understandings of the mechanisms of atherosclerosis while being
simple and extendable without introducing additional complexity.

9.7 Comparison with Chalmers et al. (2015, 2017)

In Chapters 6 and 7 we used the reaction-diffusion models of Chalmers et al. (2015,
2017) as references for our submodels. Our submodels adopted similar assumptions
and non-dimensionalisation as these reaction-diffusion models. An example is the
assumption in Chalmers et al. (2017) that foam cells do not uptake modLDL (which
we adopted), compared to the assumption in Ougrinovskaia (2011) that they do.
Our results for the solutions of modLDL and macrophage density are qualitatively
similar to those observed in Chalmers et al. (2015, 2017).

We note however that the models include ES cytokines, HDL and monocyte chemoat-
tractants as model species. These models extend beyond the scope of our model to
describe the mechanisms of RCT and its modulating effect on macrophages. The
qualitative similarity of our reaction-diffusion submodels to the models of Chalmers
et al. (2015, 2017) is therefore limited to the model equations for modLDL and
macrophages.

9.8 Future directions

Our reaction-diffusion model we modelled four key stages of atherosclerotic plaque
formation: lesion initiation, SMC migration, collagen synthesis, and necrotic core
formation. Other models, such as Friedman et al. (2015) [20], Younes et al. (2021)
[47], and Chalmers et al. (2015, 2017) model the modulating effect of HDL on plaque
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formation. HDL inhibits the oxidation of LDL which leads to less modLDL entering
the intima, and facilitates RCT from foam cells which revert to macrophages [3,8,15].
RCT is therefore a mechanism for a reduction in the necrotic core. This may cause
the plaque to regress. Our model results show that by using submodels, we are able
to include stages relatively easily. Extending the existing model to include this stage
is probably feasible.

A number of simplifications made in our model reduce the accuracy and detail of our
results. An example is our simplification of phenotype-switching, which is observed
in SMCs and macrophages. As explained in Section 2.3, SMCs can undergo trans-
differentiation into macrophage-like cells, which can uptake modLDL to create foam
cells [4]. This is significant as up to 50% of foam cells are estimated to be SMC-
derived [3]. In our model, we simplify this change in phenotype by increasing the rate
of influx of macrophages into the intima. Macrophages can also change phenotype
to produce cytokines which promote SMC apoptosis [3,36]. We do not differentiate
between phenotypes in our model and generalise our macrophage species to include
all phenotypes. Models such as Cobbold et al. (2002) [36] distinguish between
numerous different types of cells and chemoattractants. Given our model’s relative
ease and simplicity in introducing new species, increasing the accuracy and details of
our description of the mechanisms of plaque formation should be a feasible extension
of our research.

Another cost of our model’s simplicity is the fixed intima. In our model, we assume
a fixed one-dimensional domain that represents the intima with stationary boundary
conditions. The advantage of this fixed domain is that we are able to perform rela-
tively simple numerical and analytical analysis. A fixed domain is also biologically
reasonable when SMC and ECM densities are not too large. For later stages of the
atherosclerotic plaque formation however, the intima distends and grows [3, 4]. To
more accurately model plaque formation, it requires the assumption of a moving
boundary. We also note that our domain is defined as the region of the intima
between its luminal edge and media. Expanding the domain past the intima could
allow us to model important phenomena such as SMC phenotype-switching: we
recall that quiescent SMCs adopt a de-differentiated phenotype in the media [25].
These complex extensions of the models are beyond the scope of this research as our
aim was to create a relatively simple reaction-diffusion model.

We note some research areas unexplored in this thesis that could form future work.
The first is the numerical issues with the solution of m observed in Section 7.3.1.1
for large values of χms (χms > 2.0). We noted that our results still demonstrated
the general effect of χms on macrophage dynamics; analysis on the cause of the
numerical issue could provide insights on the effects of a change in the sign of m
at the endothelial boundary on the system. Another potential research area is
analysis on the location and scale of local maxima in foam cell and debris density.
As observed in Section 8.3.2.1, the parameters χmN and χsN appeared to affect the
distribution of foam cell and debris. Steady state analysis of their distribution could
provide further insight into the influence of χmN and χsN . Our results also warrant
further analyses on the change in the foam cell dynamics as the value of µm increases.
We observed in Section 8.3.2.2 that up to a certain value of µm, foam cell density
increases with the rate of macrophage conversion. If the value of µm is too high
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however, macrophages convert into foam cells at a rate that prevents macrophages
from migrating through the intima, which leads to low values of macrophage and
foam cell density. This switch in behaviour may be analysed mathematically using
bifurcation theory or phase diagrams. Bifurcation analysis on a number of other
parameters, such as rs due to the importance of SMC distribution to the ECM
profile, could provide deeper insights into their effect on plaque dynamics. This
could be extended to suggest plaque rupture criteria and potential therapies.

9.9 Conclusion

Our research shows that reaction-diffusion models for different stages of plaque de-
velopment or combinations of stages are relatively simple and extendable without
introducing additional complexity or issues. When synthesised, they are able present
a simplified complete picture of atherosclerotic plaque formation. They should con-
tinue to be considered as a powerful tool in atherosclerosis modelling alongside more
complicated model formulations.



List of commonly used terms

ECM Extracellular matrix, a network of macromolecules mainly consisting of col-
lagen that is remodelled into a protective fibrous cap;

IFN-γ Interferon-γ, a cytokine that affects collagen synthesis and apoptosis;

IL-10 Interleukin-10, an anti-inflammatory cytokine that affects collagen synthesis
and apoptosis;

MCP-1 Monocyte Chemoattractant Protein-1, a chemoattractant that stimulates
monocyte migration;

MMP Matrix metalloproteinase, the main enzymes in collagen degradation.

modLDL Modified low density lipoproteins, oxidised LDLs that are uptaken by
macrophages;

PDGF Platelet-derived growth factor, a growth factor that drives SMC dedifferen-
tiation, proliferation, and migration;

SMC Smooth muscle cells, these cells migrate from the media into the intima form
a cap;

TGF-β Transforming Growth Factors-β, a growth factor involved in collagen syn-
thesis;



Appendix A

Method of Lines

To solve the differential equations in our models, we use the numerical method of the
method of lines. The method of lines is a finite differencing scheme that replaces the
spatial derivatives in a partial differential equation with algebraic approximations.
These approximations allow us to discretise in one spatial dimension, which reduces
the partial differential equation system into a system of ordinary differential equa-
tions which depend on time only. We can solve this system of ODEs using standard
numerical integration routines.

We choose this method for a few reasons. We note that stability is a concern in
all numerical schemes, and that identifying and fixing issues quickly and easily is
a priority. Inbuilt PDE solvers such as pdepe, while reliable and widely used, can
suffer from stability issues when there are significant differences in scale between
flux terms. This is a concern because our model systems include a number of partial
differential equations which introduce multiple potential sources of instability. Alge-
braically discretising partial differential equations in one spatial dimension allows us
to address instability by choosing appropriate stable spatial discretisation schemes.
We can then rely on time integrators based on stability regions. Choosing our own
appropriate stable spatial discretisation schemes also gives us greater control over
spatial discretisation, as opposed to relying on a blackbox inbuilt PDE solver.

Another reason for choosing the method of lines is its relative simplicity and ease
of use. While consideration must be given to analysing the spatial discretisation
scheme, the time derivative component is left to an inbuilt time integrator. This
makes the method both computationally and analytically simple, and offers an ap-
propriate degree of accuracy. This differs from more accurate yet complex numerical
methods that involve bespoke discretisation schemes in both space and time. There
are, however some problems with the method of lines: the method has stability is-
sues with purely elliptic partial differential equations and requires initial conditions
for all functions. We are able to work around these problems because none of our
model equations are purely elliptic, and we are able to use trivial initial conditions.
This relative simplicity and ease of use therefore makes the method of lines more
attractive for our models than other more complex schemes despite their potential
for greater accuracy and stability.

A.1 Spatial discretisation

We recall that the method of lines involves algebraically discretising partial dif-
ferential equations in one dimension, and then using time integrators for the time
dimension. The spatial domain is discretised into a grid with equal width subinter-
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vals. Our approach is to discretise the source terms in the equations at each grid
point. The flux terms are discretised with an appropriate discretisation scheme at
the interior grid points, and the boundary flux terms are imposed at grid points at
either end of the spatial domain.

Consider an arbitrary function f(t) = f(x, t) on a spatial domain x ∈ [0, 1] di-
vided into n equal subintervals with grid points xi = i∆x. By taking the interior
grid points, a partial differential equation can be expressed as the matrix ordinary
differential equation:

df̂

dt
= Af̂ + g(f̂), (A.1)

where f̂ represents the vector of grid values for the function evaluated for n + 1
grid points (f(xi, t) = fi with xi for i = 0, 1, ..., n). The operator A represents the
derivative operator which specifies the discretisation of the spatial derivative terms,
and g(f̂) represents the matrix of discretised source terms.

In the derivative operator A, the equation flux terms are discretised using central
differencing at the interior grid points. This means that for a given flux term Jf ,
the flux at xi is evaluating using the adjacent half-grid points:

∂

∂x
Jfi =

1

∆x

(
Jf

i+1
2

− Jf
i− 1

2

)
. (A.2)

Recalling that we discretise the flux term Jf using central differencing and take
half-points, the first order derivative terms at the half-points become:

∂fi+ 1
2

∂xi+ 1
2

=
1

∆x

(
fi+1 − fi

)
. (A.3)

To evaluate second order derivative terms, we use the relation (A.2) to obtain the
expression:

d2fi
dx2i

=
1

∆x

(∂fi+ 1
2

∂xi+ 1
2

−
∂fi− 1

2

∂xi− 1
2

)
. (A.4)

The non-derivative terms are evaluated at the half-points by taking the average of
the adjacent half-points:

fi+ 1
2
=

1

2

(
fi+1 − fi

)
. (A.5)

There is no need to evaluate the source terms at the half-points. We evaluate the
values of f in the matrix of discretised source terms g(f̂) at each interior grid point.

The boundary condition flux terms are solved differently. The derivatives at the
boundary x0 = 0 and xn = 1 are discretised using second-order forward and back-



A.1 Spatial discretisation 157

ward differencing respectively:

df0
dx0

=
4f1 − f2 − 3f0

2∆x
, (A.6)

dfn
dxn

=
−4fn−1 + fn−2 + 3fn

2∆x
. (A.7)

Given that we know the values of the interior grid points, we can solve for the
boundary values f0 and fn. We therefore express these differential algebraic equa-
tions (DAEs) as a vector γf , where the boundary values f0 and fn are expressed as
DAEs.

This yields the system of ODEs:

˙̂
f = Af̂ + γf + g(f̂), (A.8)

We are able to integrate these ODEs using the Matlab routine ode45: this routine’s
inbuilt scheme uses pairs of explicit Runge-Kutta formulas of order 4 and 5. We note
that this explicit method has conditional stability. The solver is able to address this
in some situations by adaptively changing its time-step sizes. We note that have not
performed stability analysis such as CFL condition or Neumann stability analysis for
our spatial discretisation. Our highly coupled systems make this analysis difficult.
We instead rely on chosing the appropriate spatial step sizes and the adaptive time-
stepping of ode45.
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