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Abstract

Informative path planning algorithms are used to guide agents in carrying out obser-
vation actions to best learn about their environment. Prior information, predictive
modelling and operational constraints are some of the considerations that go into this
engineering problem. This thesis take a head on, analytic Bayesian approach towards
the problem with aims to reduce the dependence on prior assumptions and to improve
the adaptability of autonomous information gathering algorithms.

First, conjugate priors are used to construct Bayesian sensor models. These keep
the Bayesian update step in closed-form, giving more readily applicable solutions and
algebraic context for numeric approximations that go beyond such forms.

These sensor models are then integrated into stochastic processes that model the
quantity of interest across the environment. Further, a novel alternative to Gaussian
processes is derived using the semi conjugate prior to the multivariate Gaussian distri-
bution. This allows for a Conjugate prior over the covariance matrix of the Gaussian
process while also permitting observations that have independent Gaussian noise. In
a novel finding, the covariance of this proposed model is more stable than that of
a canonical noisy t processes and its covariance converges to the that of the ground
truth when given the true mean and kernel function.

These models are then integrated into informative path planning algorithms using
Monte Carlo Tree search driven by the mutual information of each stochastic process.
The algorithms were then tested on a series of potassium density maps over New
South Wales Australia. The theoretical properties of each model were demonstrated
on the data set, with ¢ processes performing equally or better than Gaussian processes
depending on the priors used.
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Chapter 1

Introduction

1.1 Classical Robotics and Machine Learning

A robot’s ability to observe and act upon its surroundings is what distinguishes it from
a mere machine. Autonomy, adaptability and robustness are all qualities engineers

strive for motivating much of robotic research.

Due to the unpredictability of the world and the imperfect nature of sensors and con-
trols, robots must make autonomous decisions using incomplete information. Statis-
tics is the language used to quantify a robot’s incomplete understanding of the world,
often manifesting itself as a distribution over states. This may be a distribution over

the state of a robot’s joints, the environment, input controls and more.

In particular, Bayesian statistics has cemented itself as a pillar of classical robotics
(Thrun et al. (2005)), offering fundamental approaches to rich fields such as simultaneous
localisation and mapping (SLAM), partially observable markov decision processes
(POMDPs), control theory and more. In recent years, exciting developments in the
machine learning space, coupled with increasingly accessible compute have given rise
to new approaches towards these robotics problems. Deep reinforcement learning
based control, neural network driven state estimation and more. Machine learning

has had a particularly strong impact on perception models and sensor fusion. Envi-
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ronmental state estimation required for self driving vehicles has been a catalyst for

much of this research (Soori et al. (2023)).

Besides logistic challenges such as data collection and compute, a frequent limitation
of machine learning driven modes is poor explainability and statistical interpretability.
In contrast, Bayesian models are analytically tractable and statistically explainable.
Among many benefits, this is a desirable property when informing potentially dan-

gerous or costly decisions.

Intractable machine learning models are also often designed to be integrated within
classical methods. For example the integration of auto-encoders and convolutional
neural networks within visual SLAM systems (Gao and Zhang (2017); Taheri and Xia
(2021)).

Thus, despite the evolving fields in robotics featuring modern machine learning tech-
niques, classical Bayesian techniques are still relied upon to provide grounded results

and model architectures.

1.2 Informative Path Planning

This thesis will take an analytic Bayesian approach towards information gathering
and informative path planning. Information gathering is the process of making ob-
servations to gain information about some quantity of interest (QOI). It takes many
forms depending on the nature of the environment, modalities of observation, and all
other facets of the problem. In industry for example, focus groups are used to gain
information about a consumer market and geologic surveys are used to gain informa-
tion about the presence of minerals. Adjacently in research, information gathering is

the basis of scientific experiments (Lindley (1956)).

The "no free lunch theorem" from Wolpert (1996)! states there is no universally best
statistic model, and hence there is no universally best information gathering algo-

rithm. This makes designing autonomous information gathering algorithms challeng-

ISection 4.
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ing especially given limited prior information. They must be problem specific while

maintaining enough flexibility to adapt to unknowns in the environment.

Situations were the information gathering process is manual, laborious, dangerous
or inaccessible to humans motivates the intervention of robotic systems. To Auto-
mate these processes, robots must be equipped with the sensors required to observe
the QOI, the controls capable of situating these sensors and the the autonomy to
make informative actions in the field. Some examples include: SwagBot, an au-
tonomous swerve steer robot used to make observations across livestock pastures
(Wallace (2020); Sirius, an autonomous submarine used to make benthic observa-
tions (Jackson (2023)); Zoe, an autonomous rover used to make spectral observations
(Garza (2021)) and autonomous aerial vehicles used for terrain mapping (Popovié

et al. (2020)).

These platforms have automated laborious surveying tasks, optimized the information
gathering process and used robots to access fields of view and environments not easily

accessible to humans. Further, each case proved to be a challenging robotics problem.

In recent years, this problem has gained more attention with particular emphasis often
placed on optimizing the agents action sequence under time and energy constraints.

This will be discussed in more detail in Chapter 2.

This thesis aims to contribute to the field of informative path planning by focusing on
belief models, their information acquisition functions, and the integration of sensor
models into both. This thesis will approach the problem head on from an analytic

Bayesian perspective.

1.3 Thesis Approach to Information Gathering

Bayesian Solutions

When applied to information gathering, Bayesian models are capable of consolidat-

ing multiple, potentially conflicting results, to arrive at one posterior belief about



1.3 Thesis Approach to Information Gathering 4

the QOI. This allows for smooth, statistically justified transitions across beliefs as
data is collected. It also makes information-based metrics like entropy and mutual
information more readily available. Parametric approaches are discussed in how they

may support Bayesian models, however, they are not the focus of this thesis.

Analytic Solutions

Information gathering problems will be defined in a way that yields analytic solutions,
giving interpretable and computationally efficient solutions. Further, closed-form

solutions are also often easier to integrate into greater encompassing systems.

However convenient, they may have difficulty modelling an environment who’s ground
truth cannot be analytically expressed, or their algebraic constraints may inhibit the
model in other capacities. In any case, analytic models still give the foundation re-
quired to derive and approximate intractable models when they are necessary. Con-
sider for example how the Kalman filter (closed-form model) serves as a launch point

for the extended Kalman filter (approximation of intractable Bayes filtering model).

From Chapter 3 onwards this thesis specializes in cases where the QOI and observed
values belong to the real numbers. This excludes informative path planning problems
whose objective is to categorize elements in the environment. However, the stochastic
processes discussed in this thesis have shown to also be capable of represent categoric

beliefs Rasmussen et al. (2006)2.

This thesis will further specialize in cases where the QOI is continuously present in
the environment and thus may be mathematically described as a scalar field. Some
examples of physically observable scalar fields include, pasture height measured by a
depth camera, ocean surface temperatures measured by a thermometer or the vege-
tation indices of a forest measured by a multispectral camera. The models presented

in this thesis may be applied to each of these information gathering problems.

2Chapter 3.
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1.3.1 Thesis Contribution in the Context of Related Work

Analytic Bayesian sensor models are a well studied topic primarily motivated by con-
trol theory (Thrun et al. (2005)). Linear Gaussian sensor models are frequently used
for their analytic properties, however, it is rarely discussed why they have such prop-
erties and what the extent of these properties are. Chapter 3 studies these models
from the perspective of conjugate priors building off the statistic works of Fink (1997)
and Murphy (2007). The full breadth of analytic sensor models over the real num-
bers is outlined from this perspective and one step further is explored leveraging semi
conjugate priors. Some works have discussed this in a robotics context, particularly
the Bayes filtering works of Roth et al. (2017) and Huang et al. (2017). However,
few works have discussed this in the context of informative path planning. Chapter 3
further explores the informatic properties of these sensor models including the perti-
nent, mutual information between observations and the QOI. These become relevant
in later chapters when integrating these sensor models into stochastic processes and

informative path planning algorithms (IPPA)s.

Once observations have been made, machine learning / stochastic models may be
used to generated a belief model about the QOI that goes beyond observed locations.
There are many approaches to this depending on the available prior information,
properties of the QOI, available compute and more. When the QOI is categoric,
there are a variety of approaches proposed by researches (Section 2.4). When the
QOI can be represented as a scalar field however, Gaussian processes (GP)s are almost

unanimously used (Section 2.4.1).

There are many enhancements to classical Gaussian process regression people use to
improve their performance in an informative path planning context. These generally
involve incorporating prior beliefs about the QOI, learning correlations between other
environmental quantities, developing heuristic objective functions, developing multi
agent systems and more. Related work in this specific domain will be discussed in
Section 2.4.1. Further, GPs and their analytic and informative properties are explored

in great detail in Chapter 4.
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In accordance with the analytic Bayesian themes of this paper, Chapter 5 provides a
novel enhancement to the application of GPs to informative path planning, by placing
a conjugate prior over the covariance matrix, giving rise to ¢ processes TPs. This gives

the following advantages that cannot be addressed by GPs:

1. TPs scale the covariance of the data in a Bayesian way.
2. TPs are more robust to outliers.

3. TPs give an uncertainty model over the covariance of the QOI.

This chapter starts by exploring the history and limitations of canonical TPs building
a foundation of the works of Shah et al. (2014) and Rasmussen et al. (2006). However,
the inability to integrate Bayesian sensor models into canonical TPs motivates a new
unique stochastic process derived from the normal distribution’s semi conjugate prior.
Addressing this problem has been explored in few works (Yu et al. (2007) and Roetzer
(2020)) each with limited applications. This thesis presents a novel Monte-Carlo
mixture model based approach to approximate the posterior beliefs of this stochastic
process in a computationally efficient way. It was found, that the covariance of this
proposed model is more stable then that of a canonical TP and has the potential to

converge to the true variance of the data given the correct parameters.

This thesis further presents a novel approach to training canonical TPs building off

the techniques used to train GPs in Rasmussen et al. (2006).

In Chapter 6, a series simple yet principled IPPAs are outlined leveraging each
stochastic process. The solutions to each algorithm are approximated using Monte
Carlo tree search, a common approach among IPPAs. These IPPAs are then evaluated
on a data set of potassium density over New South Wales Australia. The advantages
and short comings of each stochastic process are then demonstrated across a variety

of statistic metrics.

Figure 1.1 shows how the fields discussed in this thesis are related and where the

discussions and contributions of this thesis lie.
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Review: Informative path planning using GPs

Contribution: Informative path planning using TPs

Review: Informative path planning using GPs

subject to noisy observations Review: Analytic

Contribution: Informative path planning using Bayesian sensor Sensor Models
TPs subject to noisy observations models

Contribution: Information theory of normal
sensors models

Information Gathering
Review: Information theory

Analytic Bayesian Statistics
Review: Conjugate priors & the exponential family

Review: GPs and TPs

Contribution: TP training, TP analysis and TPs using observations
subject to independent noise

Statistics

Figure 1.1 — Venn diagram showing the relationship between the fields discussed in
this thesis. The discussions and contributions of this thesis are also placed within
their respective fields.
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1.4 Thesis Outline

e Chapter 1 - Introduces analytic Bayesian statistics in the context of robotics
and informative path planning. The thesis approach, contributions and struc-

ture is also outlined.

e Chapter 2 - Introduces concepts of Bayesian statistics and information theory
in order to define the Bayesian informative path planning constraint problem.

Related informative path planning works are then discussed.

e Chapter 3 - Introduces Bayesian sensor models, conjugate priors, the expo-

nential family and their application to robotics and informative path planning.

e Chapter 4 - Introduces GPs in great technical detail and outlines how the

normal distribution’s conjugate prior is used to derive noisy GPs.

e Chapter 5 - Introduces TPs in great technical detail and outlines how the
covariance’s conjugate prior is used to derive the model. The limitations of

noisy TPs are then discussed and addressed.

e Chapter 6 - Integrates the models discussed in this thesis into their respective

IPPAs. The models are then evaluated on a geographic data set.

Chapter 4
Gaussian
Processes
Chapter 3
Bayesian Sensor Normal Sensor Gaussian Processes
= » With Independant
Models Models s
Noise
¢ Chapter 5 Chapter 6
Gamma Sensor o | Informative Path
» t Processes r g )
Models Planning
Semi Conjugate .
Normal Sensor > It:rocecsjsest‘. I\\lN o —
Models ndependant Noise

Figure 1.2 — Flow chart showing how the technical elements of this thesis are related.



Chapter 2

Informative Path Planning

Background and Related Work

This Chapter will discuss the Bayesian structure of informative path planning algo-
rithms (IPPA)s. Of particular interest in regards to this thesis is how uncertainty
about the quantity of interest is quantified and how this motivates the utility function

of information gathering algorithms.

2.1 Uncertainty About the Quantity of Interest

The following will be used consistently throughout this thesis:

e Let X denote the quantity of interest (QOI) considered within the full scope of

the information gathering problem.

e Let x; € X denote the QOI at index .

Index 7 often corresponds to a location in the environment or a point in time. In the
applications discussed in Chapter 6, ¢ corresponds to a point in a two dimensional
region. In the derivations discussed in Chapters 4 and 5 it more generally corresponds

to the independent variable on the horizontal axis.
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The QOI is the variable researchers wish to gain information about. It may be con-
tinuously present across the environment (e.g. temperature, air pressure or presence
of gold) or may be only present in discrete locations (e.g. tree girth, battery life or

plant type). It may refer to a continuous quantity or may be categoric.

As the objective of IPPAs is to reduce uncertainty about the QOI, it is crucial to
quantify this metric. Building of principles of encoding theory (MacKay (2003))?,
entropy is used to quantify uncertainty about the true state of X. For example the

uncertainty of tree girth considered across all trees in the forest of interest.

Interestingly, independent of encoding theory, entropy can also be derived axiomati-
cally. Csiszar (2008) shows this by stating the desired postulates of a quantification

of uncertainty, then derives it’s algebraic form.

In an informative path planning context, most applications tend to quantify uncer-
tainty about the QOI via the entropy of a probability distribution over the QOI (see
related work Section 2.4). The following are different forms of entropy that are used
depending on the nature of the QOI and it’s relationship to the environment. H(X)
will denote the entropy of X in all cases. The cardinality of X and z;’s state space

will prompt the type of entropy required.

Shannon Entropy

Shannon Entropy quantifies uncertainty about categoric variables that may be one
of m categories. It is a function of a probability mass function (PMF) over the QOL.
When the natural log is used (Equation 2.1), the unit of entropy is nats, when log

base 2 is used entropy is quantified in bits.

H(x) = = > pla;) In(p(z;)) (2.1)

=0

Where x; denotes the j category of z.

LChapter 4.
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Differential Entropy

Differential Entropy quantifies uncertainty about continuous variables. It is a function
of a probability distribution function (PDF) over the QOI. Unlike Shannon Entropy,
it does not have meaning directly rooted in encoding theory, but is rather a continuous
analogues of Shannon Entropy, as can be seen by its formulation. Differential Entropy

may be negative and changes depending on the parametrization of the QOI.
H(w) =~ [ () n(p(x)) da (2:2)

Entropy Rate

Entropy Rate quantifies uncertainty about a variable over some continuous latent
space (often physical space or time). It is frequently used to quantify the entropy of
a stochastic process that returns a PDF about z at each point in some continuous

latent space (Golshani (2015)).

e Let T be a continuous bounded latent space.

e Let x; be the QOl at t; € T
Then the Entropy rate over 7' is defined as:

H,(X) = H(zy,x2,...,Ty)
1 (2.3)
H(X)= lim —H,(x)

n—oo n,

2.2 Informativeness of Research Actions and Ob-

servations

The following will be used consistently throughout this thesis:

e Let a; € A be an observation action made about x;, where A is the space of

possible observation actions.
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e Let z; be the space of possible observation outcomes when making an observa-

tion about z;.

e Let Z; be an observation yielded from exercising observation action a;. Note Z;

is a particular instance of z;.

If the same observation action a; is exercised more than once, multiple observed
values (Z;) may be returned due to sensor noise. Thus additional notation is required
to differentiate multiple observations about the same x;. In cases where the sensor
is assumed to have no error or observations cannot be repeated, this notation is not
necessary.

o Let zz[j] = zv’l-[j] indicates the j** observation about z; has value Ez[j].

o Lot o S STy g sy

AR

Again, the purpose of making observations in the context of information gathering is
to reduce the uncertainty about X. Though as alluded to, sensor noise often results
in incomplete information. This motivates the quantification of the informativeness

of an observation.

The following will be defined over continuous variables. However, analogous forms
exist for the different types of entropy defined in Section 2.1. The below will also

exclude serial notation [j], as the below are defined for only one observation of z;.

Entropy of a Posterior Distribution

When an observation action (a;) is exercised it yields an observed value (Z;). The

conditional entropy of X given observed value Z; is written as H(X|z; = %;):
H(X|z=%)=— /p(X|zi =Z)In(p(X|z = %)) dx (2.4)

Note, this is simply the entropy of the posterior distribution p(X|z = ;).
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Conditional Entropy

Before an observation action (a;) is exercised, the observation outcome (Z;) is un-
known, thus the entropy of the posterior (Equation 2.4) is unknown. However, given
the required probabilities the expected entropy of the posterior distribution can be

solved. This defines the conditional entropy between X and z; denoted H(X|z;):

H(X|z) = — / p(z)H(X |2z = %) d

(2.5)
_ / / p(X, ) In(p(X |z = %)) dXdz

Informativeness

The informativeness of an observed value Z; denoted I(X;z; = Z;) quantifies the
amount of information gained about X (reduction in uncertainty) given observation

outcome Z;:

(X521 =7%) = H(X) - H(X|z = %) (2.6)

Mutual Information

As in defining conditional entropy (Equation 2.5), before an observation action (a;)
is exercised, the observation outcome (Z;) is not known. Again however, given the
required probabilities, the expected informativeness can be solved. This defines the

mutual information between X and z; denoted I(X; z;):
I(X;2) = H(X) = H(X]2) (2.7)

Mutual Information is always positive, that is to say observations are always expected
to be informative (MacKay (1992))?. However, the informativeness of an observation
(Equation 2.6) may still be negative. This may be the case given a surprising obser-

vation, suggesting less is known about X than previously thought (Lindley (1956))3.

2Equation 8.8.
3Discussion of Theorem 1, Page 991.
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2.3 Informative Path Planning

Suppose there is some QOI X distributed across an environment consisting of many
observable components z;. To reduce uncertainty about the QOI, observation actions

(a;) may be exercised giving observed values (%;).

Informative path planning applies to an agent in the environment capable of exercising
observation actions. However, there are almost always some constraints, usually in
the form of time and energy, limiting the agent’s ability to exercise these actions. A
research mission* will refer to the process of an agent exercising observation actions
until its budget has been exhausted. To motivate the canonical informative path
planning constraint problem, the following are defined, and will be used consistently

throughout this thesis:

e Let A, = {ay,...,a,} be a sequence of observation actions.
e Let B be the budget of the research mission.

e Let C': A, — R" be the cost of exercising a sequence of observation actions.

With all the above defined in this chapter, the most informative course of actions can

be expressed as:

cmax 1(X;Z,) (2.8)

Given m < n observation actions have been exercised, the subsequent most informa-
tive actions can be recursively defined. At a high level Murphy (2012)° defines this
class of problem as a sequential decision theory problem. This may also be defined as
an orienteering Problem, and in many cases a sub-modular or correlated orienteering

problem( 7.

Once the informative path planning constraint problem has been properly defined,

(IPPA)s® define a solution to the constraint problem. As the action space grows

4Some works refer to this as a campaign
5Section 5.7.3.3.
6Sometimes referred to as policies.
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exponentially, heuristics or analytic policies are almost always used in practice. On-
line or adaptive IPPAs update the action sequence considering information collected
throughout the research mission. Generally IPPAs follow the below structure (Fig-
ure 2.1):

Solve most
informative action
sequence:
Ai:n

Exercise first
Observation action:
aj

Update Posterior Obtain in situ
distribution: observation:
p(X|z;=%;) Z;

Figure 2.1 — IPPA flow chart. The dotted line indicates the next iteration of the cycle.

The right two bubbles of Figure 2.1 are primarily operational steps, and though
difficult engineering problems, they will not be the focus of this thesis. The left
two bubbles are the statistic and informatic steps of the algorithm, these will be the

primary topics of this thesis.

When using a Bayesian framework, these steps generally depend on the following

algebraic components:

e The prior p(X) defines the beliefs about X before the informative path plan-
ner has begun. This may be an uninformative prior (Murphy (2012))" under

circumstances with no prior information.

e Sensor model p(z;|z;). Note, p(x;]z;) is almost never given, as z; can rarely be

fixed as z;s are sampled. Further, it goes against canonical model structures.

e Probability update step p(X|z;) or p(X|z;). This is typically given by a stochas-
tic or machine learning model. Prior information about the correlation and

behaviour of X is often embedded in these models.

"Section 5.4.
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e Mutual information I(X;z;) determines which observation actions are likely to

be most informative. This is essentially the utility function® of the IPPA.

e Tree search over the action space (A) returning the most informative action

sequence while adhering to the agent’s operational constraints.

Autonomous Informative Path Planning

Autonomous IPPAs, require minimal intervention before and during a research mis-
sion. This invokes the need for robust IPPAs that can adapt to unknown environments
and unexpected observations. These are often related to online or active learning al-

gorithms taken from the field of machine learning.

2.4 Related Work - Applications of Informative
Path Planning Algorithms

To begin with, consider a naive IPPA. This usually takes the form of a coverage or
loan mower policy. When there is little concern for operational constraints or coverage
is a priority, this is an appropriate algorithm. Although naive, this is not always a
trivial problem, particularly when observing spatially complex environments or when
multiple agents are deployed (Viseras (2018)). This can also be used as a baseline for

comparison against other IPPAs (Arora (2018)).

If operational constraints limit the agent’s ability to observe the entire environment,
prior information and model assumptions may be used to develop a more strategic
IPPA. Garza (2021) discusses several settings where the QOI can be determined as a
function of multispectral data. Low resolution multispectral satellite data was used
to generate a prior distribution over the environment, and in-situ high resolution

multispectral data was collected as observation actions were exercised. Under this

8Sometimes referred to as an acquisition function in the context of IPPAs
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framework, locations where the satellite data offered less information about the QOI

became a more informative place for the agent to observe.

In the case where the QOI is a ratio of categories (eg. geologic categories: 20%
igneous rock, 80% sedimentary), Furlong (2018) assigns Dirichlet priors (conjugate
prior to the multinomial distribution) over the ratio of interest to regions across the
environment. The priors determine the mutual information of an observation in each

region, guiding the agent throughout the research mission.

Furlong (2018) also considers scenarios where there are multiple sensing modalities
on a robot. In the scenario he explores, there is a trade-off between sensor fidelity and
energy cost. To address this problem, changes in the environment were detected using
a low fidelity energy efficient sensor, prompting observations from the high fidelity

energy intensive sensor.

In other multi modal scenarios, there is a trade-off of high fidelity low field of view
sensors, versus low fidelity high field of view sensors. In a simulated environment
Arora (2018) addresses this problem by approximating the most informative action
sequence using different tree search algorithms. Observations made from aerial vehi-
cles face a similar trade off, where low fidelity high field of view observations can be
made from higher altitudes and vice-versa. Popovi¢ et al. (2017) propose a combi-
nation of global viewpoint selection and evolutionary optimization techniques in this

context.

Following observations, models may be used to propagate beliefs about the QOI
across the environment. How the model does this critically effects the most infor-
mative action sequence. In settings with multiple QOIs or latent variables, learning
correlations between variables in the field often becomes a driving factor of the IPPA.
Harrison et al. (2024) uses GP regression on meteorological data to simultaneously
model the QOIs and its correlations to other known latent variables in the environ-
ment. Similarly, Jackson (2023) learns the correlations of Benthic categories and other
environmental variables using an autonomous underwater vehicle. As these examples
demonstrate, learning correlations may be an adjacent objective of the research mis-

sion and simultaneously a tool to model the QOL.
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Quantifying the informativeness of an observation sequence is an analytically challeng-
ing task that must often be approximated. It depends on all the elements discussed
thus far, though particularly the model used to propagate beliefs about the QOI. In
the Benthic example, Jackson (2023) uses the Mahalanobis distance to choose obser-
vations that maximize the variety of categories, to best learn the covariance matrix.
In the multispectral case Garza (2021) uses the maxima of informativeness to approx-
imate the utility function. Popovi¢ et al. (2017) weigh the priority of minimizing the
entropy of unclassified areas and the absolute number of unclassified elements in the

environment.

Many of the methods discussed above rely on numeric approximations to model the
QOI or to determine the next best observation. Alternatively, this thesis focuses on
the exponential family and their conjugate priors to construct closed form IPPAs.
These outline what is tractably possible and serve as a strong foundation for models

that go beyond such forms.

2.4.1 Applications of (Gaussian Processes to Informative Path

Planning

The IPPAs considered in this thesis apply to when the QOI can be mathematically
described as a scalar field. Thus the QOI is numeric and continuously present across
the environment. In this case of informative path planning, GPs are almost unani-
mously used to model beliefs about of the QOI. In short, GPs are an analytic Bayesian
regression model driven by the covariance function relating instances of the QOI. In
geostatistic applications they are sometimes referred to as kriging models. GPs and

their informative properties will be discussed in great detail in Chapter 4.

Among the examples already mentioned; Binney et al. (2010) use GPs to model the
salinity of ocean water using measurements collected by an autonomous underwater
vessel; Wei and Zheng (2020) use GPs to model the strength of a wifi radio signal using
observations collected by an autonomous agent; Hitz et al. (2017) use GPs to model

the density of harmful microorganisms using samples collected by an autonomous
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surface vessel; Marchant and Ramos (2012) use GPs to model the ambient light in
an indoor environment using observations taken from an autonomous wheeled robot;
Rayas Fernandez et al. (2022) use GPs to model plant greenness as a proxy for plant

health, using observations taken from autonomous aerial vehicle.

Some of the properties of GPs that make them so well suited for informative path

planning are:

Their ability to spatially correlate the QOI in the environment.

Their ability to train model parameters on observed data.

Their ability to incorporate observations subject to Gaussian noise.

Their ability to quantify uncertainty of about the QOI.

Their ability to incorporate prior beliefs about the QOIL.

Their non parametric properties giving model flexibility.

A well cited disadvantage of GPs are their O(n?) time complexity. This limits the
amount of observations the model may be conditioned on without reaching computa-
tional constraints. To address this, Rasmussen et al. (2006)? outlines several methods
to approximate the posterior distribution of a GP and its likelihood functions while
reducing computational demands. Mishra et al. (2018) use sparse GPs to address
these computational constraints in a multi robot informative path planning applica-
tion. However, the majority of works simply limit the amount of observations the

agent may make.

Another challenge of applying GPs to informative path planning, is their inability to
calculate the mutual information of noisy observations. Thus, the objective function
of these IPPA must be approximated. In many applications this is done by discretizing
the environment into a finite set (Binney et al. (2010); Wei and Zheng (2020)) thus
giving:

I(X; 2y = Zy) = [(Xy; Zn = Zy,) (2.9)

9Chapter 8
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Where X, is a sufficiently large and representative set of points. This discretization

is also often used to define a finite action space (JA| € N).

Much of the theoretical research in this space aims at finding the best action sequence
given the intangible constraints of an infinite action space and an un-analytic objective

function.

In cases where GPs are used to models the QOI over a discretized environment (Equa-
tion 2.9); Mishra et al. (2018) use an A* based objective function to prioritize near by
high variance points; Wei and Zheng (2020) use a Q learning model to approximate
the most informative action sequence; Munoz et al. (2023) use a fast marching square
based function to determine the most unexplored areas; Harrison et al. (2024) use the
expected improvement for global fit (Lam (2008)) to capture how more observations

are required to capture volatile regions and more.

Instead of discretizing the environment, Hitz et al. (2017) discretize a set of paths
in continuous space then uses an evolutionary algorithm to shape the paths and
maximize information gain. Jakkala and Akella (2024) are able to optimize over a
continuous action space by using a converging sampling method driven by the sparse
GP optimization function. In a secondary step, a travelling salesman algorithm is

used to connect the set of observation actions.

Other unique applications of GPs to informative path planning include the use of
non-stationary GPs, allowing for a blend of kernel functions ot be used (Chen et al.
(2024)); the use of acquisition functions designed to find the maximum value of the
QOI in the environment rather than to reduce uncertainty (Marchant and Ramos
(2012)); and the use of GP mixture models to unify the beliefs of multiple agents
(Luo and Sycara (2018)).

As discussed in Section 1.3.1, this thesis will focus on the analytic properties of
informative Bayesian regression models. From this perspective, why GPs have such
favourable properties in the context of informative path planning is explored. Using
the same conjugate principals, a novel application of TPs to informative path planning

is then proposed as well as a unique Bayesian regression model based on the normal
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distribution’s semi conjugate prior.

As the emphasis of this research is placed on the application of stochastic processes to
informative path planning, when implementing these models into IPPAs, a standard
informative objective function, discretized action space and Monte Carlo Tree Search

algorithm is used. These will be discussed in greater detail in Chapter 6.



Chapter 3

Application of Conjugate Priors to

Normal Sensor Models

Bayesian sensors models play a crucial role within many fields of classical robotics.

This chapter begins by introducing the general Bayesian sensor model and how it
relates to Bayes filtering. The Bayesian update step following noisy measurements of

a scalar is then demonstrated in more detail.

It is shown how the normal distribution’s conjugate priors can be used to make
closed-form inferences about the quantity of interest and the sensor model’s likelihood
function. The informative properties of these distributions are also explored relating
the material to information gathering. Lastly, The analytic limits of the conjugate

prior are discussed motivating approximation methods used in later chapters.
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3.1 Bayesian Sensor Model

Building off the definitions of Chapter 2:

e Let x € R represent the QOI.
e Let z € R be the observation space about x.

e Let 2 € R be an observed value.

Using Murphy (2012)’s! nomenclature, the probabilities relevant to Bayesian sensor

models are:

e p(x) is the prior.
e p(z = Z|x) is the likelihood function? of x given that z = Z.
e p(2) is the posterior predictive.

e p(x|z) is the posterior distribution.

In a practical setting, typically only the prior p(z) and likelihood model p(z|x) are
given. These are parametrized by prior information and the sensor model respectively.

The posterior predictive can be solved by the sum rule giving:

p(z) = [ pela)p(a)da (3.1

In many situations Equation 3.1 is intractable. Though, fortunately in many appli-

cations it can be ignored as a normalizing constant.

The posterior distribution may be updated using Bayes rule giving:

(3.2)

IChapter 3.
2 Also referred to as an the inverse probability MacKay (2003) Section 2.3.
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3.2 Bayes Filtering and Kalman Models

Bayes filters are closely related to the general Bayesian sensor model outlined in
the previous section (3.1). They are essentially an extension of the Bayesian sensor
model to include control actions that change the state of x prompting recursive state

estimation. See Thrun et al. (2005) for a detailed outline of this framework.

When there is no control action and x is constant over time, Bayes filtering gives
the same framework as a Bayesian sensor model. From this perspective, much of the

methods used in Bayes filtering can be applied to the Bayesian sensor model.

In many cases, z and z are variables in separate domains representing different quan-
tities in the world. For example z may be a radar frequency and x may be the location

of a target. In such cases a function is required to relate x and z.

z = f(z) (3.3)

When z is subject to measurement error, the error is propagated through the function
manifesting itself as error about x. Generally, Gaussian white noise about z is no

longer Gaussian when propagated through f.

z=f(x) +e st. e~N(e0,0?) (3.4)

Linear Case - The Kalman Filter

When f is linear and the measurement noise and prior are Gaussian, the Bayesian

sensor model can be expressed a Kalman filter estimating a stationary state.
z=ar+b+e st. e ~N(e0,0?) (3.5)

In this special case, due to the linear properties of the normal distribution, p(z|z),

p(x|z) and p(z) are all tractable and normally distributed (Thrun et al. (2005))%.

3Section 2.4.3.
4Section 3.2.
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Non Linear Case - The Extended Kalman Filter

When f is not a linear function, normal distributions are not preserved throughout
the update step as they are in the Kalman filter. Further, in most cases the posterior

distribution is intractable.

The Extended Kalman Filter handles this case by approximating f as a linear function
using the Taylor series. Typically only the first two terms of the Taylor series are
used to give a linear approximation. However, higher order extended Kalman filters

also exist (Einicke (2012))°.

3.3 Conjugate Priors and the Exponential Family

If the Bayesian sensor mode is not intentionally designed to avoid tractability issues,
it will likely encounter such challenges. Numeric and computational methods can
be used to approximate integrals when necessary. However, these require time and

compute resources that often do not scale well to high dimensions (Fink (1997)).

A good place to start when deriving a tractable posterior distribution, is to choose a
prior that is naturally conjugate to the likelihood function p(z|z). When this is the
case, the prior is termed a conjugate prior. This guarantees the posterior distribution
will be a member of the same family as the prior, and will hence also be naturally

conjugate to the likelihood function (Raiffa and Schlaifer (1961))°.

In short, conjugate families are constructed by extracting the likelihood function’s
parameters and sufficient statistics” from the data. If there are a finite number of suf-
ficient statistics to describe the parameters of interest, this permits the dimensionality
of the data handled by Bayes’s theorem to be reduced. Note this does not necessarily

imply tractability, but it guarantees an analytic simplification in the Bayes update

5Chapter 10

STheorem 3.2.2.

"The statistics of the data that contain all the information required to update the parameters
DeGroot (2005) - Section 9.1.
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step and for the prior distribution to be closed under sampling. See Fink (1997) for

a detailed explanation.

One crucial limitation of this framework however, is that sufficient statistics of finite
dimensions only typically exist for distributions in the exponential family (DeGroot
(2005))%. Fink (1997) extrapolates on this stating that "it is only for these processes
that there must exist a set of simple operations for updating the prior into the pos-
terior". This limits viable conjugate priors over the real numbers to just the normal

distribution.

Implications for Analytic Informative Path Planning

When designing Bayesian IPPAs, the Bayesian update step p(X|Z, = Z,) is essential
in updating beliefs about the QOI and in determining the subsequent best observation.

If this step is to be analytic, P(X) must be naturally conjugate to P(Z,|X).

If z;,2; € R, this limits p(z) and p(z) to being normal distribution. If the domain
space of z; is changed to be different from R, the probability distribution belonging
to the exponential family over this domain is the only distribution that guarantees
a closed form Bayesian update step. For example if x;,z;, € R the corresponding
distribution in the exponential family would be x;,z; ~ G where G is the gamma

distribution.

Fink (1997) outlines a "complete compendium of conjugate priors" covering all do-

mains.

8Section 9.2.
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3.4 Noisy Measurements of a Scalar

Related work

The remaining sections of this chapter largely build on the works Kevin Murphy:
Bayesian Analysis of the normal distribution Murphy (2007) and Inferring an un-
known scalar from noisy measurements Murphy (2012)?. Gelman et al. (2013)1
discuss similar Bayesian models in the normal and categoric case with applications

to experiment design.

Normal Distribution Parametrized Using Precision

This chapter will express the variance of a normal distribution in terms of precision:

1
p= po (3.6)
Thus:
N (5 p,0%) = N (w; p, A7) (3.7)

This makes for less cumbersome equations.

Gaussian White Noise Sensor

This section will consider the simple case where z is a direct measurement of x. Thus
the function relating z to x (Equation 3.3) is simply the identity function. The prior
over x will be a normal distribution and the measurement noise will be Gaussian

white noise with known precision \.,. z, will be used to denote the true value of x.

p(x) = N (z; o, A ) (3.8)

r=z+¢€ st. e~N(e0,\1) (3.9)

9Section 4.4.2.1.
0Chapter 3.
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Where g is the expected value given by the prior, Ay is the precision of the prior
and A, is the true precision of the sensor’s Gaussian white noise. This gives the

conditional distribution:

p(2|Aer, 2) = N (232, 027) (3.10)

Given Equation 3.8 and 3.10 the posterior predictive of z is calculated as (Murphy
(2007))H:

= N (230, A2+ A1)

(3.11)

Combining the above Equations 3.8, 3.10 and 3.11 the posterior distribution is cal-
culated as (Murphy (2007))':

p(xAer, 2= 2) = -

p(z = Z|A.r) (3.12a)

= N(.T, M1, )‘I1>

where:
/*’LO)\O + 5)\;;7’

=00 AT 3.12b
251 Mo + Aos ( )
)\1 = )\0 -+ )\ZT (3120)

From the Perspective of Conjugate Priors

Remark the convenient property shown in Figure 3.1:

2~ N
x~N
zlx ~ N
z|Fnl o N

Figure 3.1 — If p(z) and p(z|z) are normally distributed then p(z), p(z|3!*") and
p(z|247]) are all normally distributed.

HEquation 36.
2Equations 28-30.
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This is because of the unique property that the normal distribution is the conjugate
prior to the mean of a normal distribution. From this perspective, the problem may
be interpreted as solving for the true mean of the posterior predictive. Figure 3.2

shows how the posterior distributions are updated following five observations.
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X = :
1
0.04 - 0.2 E
i
1
0.02 4 0.1 !
i
1
0.00 0.01 x%m
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X X
(a) Prior p(z) = N(2;0,3%) and z, = 4. (b) Posterior p(z|z[1® = 213,
— p(zlz[l 5]=Z'[1!5])
0.25 4 ) 0.25 4 — plzlXe Az)
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0.20 4 0.20 4
Bois Zo1s
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2 e
= o010 =010
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(¢) Posterior predictive p(z|A,,) and true dis- (d) Posterior predictive p(z|z[1:5] = 2[1:5]) ap-
tribution of z, p(z|\.r, x,) = N(2;4,1.5%). proaching p(z|A.r, z,).

Figure 3.2 — Prior and posterior distributions of  and z using a Normal Sensor model
with known variance. It can be seen the posterior predictive p(z|zl1® = z[1:5])
approaches the true likelihood model and the posterior distribution (p(z|z['*® =
#1191} more closely models the ground truth.
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3.4.1 Informativeness of an Observation

Before an observation is made, the differential entropy about x provided by the prior

is (Michalowicz et al. (2014))3:

H(@) = [ N(@ip0, 25 (N (@410, A5 1)) d

] (3.13)
zimum§5+

N = ~—

Following an observation, the differential entropy of x provided by the posterior dis-

tribution (Equation 3.12a) is:

H(z|z=2) = /./\/'(m;ul,/\l_l) In(N (z; p1, A\ 1)) do 510
:;m@ﬂ%+xﬂrw+; '

Taking the difference between Equation 3.13 and Equation 3.14 gives the informa-

tiveness Z provides about z:

mﬁ? (3.15)

As the informativeness is independent of the observed value Z, the mutual information

of an observation is I(z;2) = I(z;2 = 2).

Another unique property of using the conjugate prior to the mean of a normal distri-
bution is that it minimizes the mutual information between z and x. This is true for
all parameters and distributions in the exponential family and their conjugate priors

(Gutiérrez-Pena and Muliere (2004)).

In an informative path planning context where x € X is an element of the QOI,

Equation 3.15 returns the reduction in uncertainty about the observed instance x.

13Gection 4.19.
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3.5 Solving For the Precision of a Noisy Measure-

ment

Assumptions of this Model

Consider again the basic scenario used in Section 3.4, where z is a direct measurement
of z. However, in this case assume the true value of = (z,) is given and there is a
prior over the precision of the likelihood model A,. To serve this Bayesian model, the

prior and likelihood function are expressed in relation to \.:

p<)‘z) = g()\z; Qq, 60) (316)

p(zlz, \) = Nz, A1) (3.17)

Where G is the gamma distribution parametrized in terms of shape and rate respec-
tively. This could be used to tune a sensor model’s likelihood function in a controlled

environment where z, is ascertainable.

3.5.1 The Gamma Prior

As the normal distribution is the conjugate prior to the mean of a normal distri-
bution, the gamma distribution is the conjugate prior to the precision of a normal
distribution. This makes the gamma prior over A, (Equation 3.16) an analytically

convenient choice.

Under this parametrization, the posterior predictive p(z|z,) is no longer obtained by
integrating over x, as x, is given. Rather, A\, must be integrated over giving (Murphy
(2007))1

p(2) = [ plzler AJpO\)dA.

— / N (220, A71G (s a0, Bo)dA- (3.18)
= T(z;% go,?ao)

0

M Equation 91.
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Where 7T is the t-distribution parametrized in terms of mean, scale and degrees of

freedom respectively. Note, scale is not the same as variance.

Combining the prior p(A,), the likelihood function p(z|x,, A,) and posterior predictive

p(z|x,), the posterior distribution of A, can be calculated as (Murphy (2007))*:

p(A)p(z = Z[\.)
p(z =2

P\ |z, 2 =2) =

g()\za ()10,50)./\/’(2 = E;xﬂ >‘;1)

T(Z = éa Tr, %7 2CVO>

- g()\za aq, 61)
Where:
a1 = Qo + 5
1

b1 =Po+ 5(5 — ;)

Thus updating the posterior predictive to:

plale = 5) =T (z0,, 5 20
B

From the Perspective of Conjugate Priors

Remark the convenient properties outlined in Figure 3.3:

N~ G 2~ T
: z| T

zIA, ~ N
)\Z|é[1:n} ~G

(3.19a)

(3.19h)

(3.19¢)

(3.20)

Figure 3.3 — If p()\,) is gamma distributed and p(z|x;) is normally distributed then
p(X. 2019 is gamma distributed and p(z) and p(z|z,, 219)) are ¢ distributed.

This is because p(\,) was chosen to be the conjugate prior to the precision of a normal

distribution. From this perspective, the problem may be interpreted as solving for

IS Equation 90.
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the true precision of the posterior predictive. Figure 3.4 shows how the posterior

distributions are updated following five observations.
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(d) Posterior predictive p(z|z[1% = 2[1:5])) ap-

proaching p(z|A.r, ).

Figure 3.4 — Prior and posterior distributions of A\, and z using a Normal Sensor
model with unknown precision and given the true value of = (x;). It can be seen
the posterior predictive p(z|z[1:5} = 2[1:5]) approaches the true likelihood model and
the posterior distribution (p(\,|z!1) = 2[131)) more closely models the true sensor

noise.

In an informative path planning context, similar methods may be used to train the

precision of likelihood models in the field. However, as will be explored in the following

section, things become more complicated when the true value of z (z,) is not given.
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3.6 Noisy Measurements of a Scalar with Unknown

Precision

Section 3.4 considers the case where the likelihood function’s precision is given and
observations are used to reduce uncertainty about the true value of z. Conversely,
Section 3.5 considers the case where the true value of z is given and observations are
used to reduce the uncertainty about the likelihood function’s precision. This section
will address both, where neither the true value of x nor the likelihood function’s

precision is given.

3.6.1 Inference About Joint Probability Distributions

In the case where neither z, nor \,, is given, the prior is a joint probability over both

parameters:

p('ra )‘z> :p('rl)\z)p<)\z) (321&)

If x and A, are independent random variables, their joint probability can be separated
as:

x LA <= plx,\.)=plx)p(\,) (3.21Db)
Continuing with Murphy (2012)'%’s nomenclature distributions are termed as follows:

e p(x) and p(A,) are the prior marginal distributions of  and A, respectively.

o p(z[2") and p(),|2"") are the posterior marginal distributions of z and A,

respectively.

They can be thought of as marginals of their joint distribution. The marginal distri-

bution of x for example can be calculated as:

ple) = [ pler)pr.) di. (3.22a)

6 Chapter 4
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or

plalz = 3) = / pla, |z = %) d), (3.22h)
The Bayesian update step in this context is calculated as:

p(\2)p(z| A )p(2

= Z|\,, 1)
p(z=2)

(3.22¢)

p(ZL‘, )‘z|z = é) =

3.7 Conjugate Prior and Semi Conjugate Prior of

the Normal Distribution

When using Bayesian methods to solve for z, and \,,, using their respective conjugate

priors brought convenient analytic solutions (Figures 3.1 and 3.3).

3.7.1 Gamma Normal Conjugate Prior

The conjugate prior of the joint distribution (Equation 3.21a) is the gamma normal
distribution (GN). Tt is defined as follows and gives the following results (Murphy
(2012))'7:

z~T

2~ T

(z,X;) ~ GN (2, \2; po, Ko, g, Bo) N A~ G
= N (z; o, (RoA2)T")G(Az; ao, fo) x|l = il T
2|l — sl T

)\Z|Z[1:n] =30l o g

Figure 3.5 — If p(x, \,) is gamma normally distributed then, p(z) is t-distributed, p(z)
is t-distributed, p().) is gamma distributed, p(z|21™) is t-distributed, p(z|z[1)
is t-distributed and p(\,|z["™) is gamma distributed.

17Section 3
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This is an appealing choice as it gives closed-form solutions to all the desired distri-
butions. However, upon closer inspection its structure is problematic in the context

of inferring noisy measurements of a scalar. The gamma normal prior requires that:
(7, A2) ~ GN (=, A2; o, Ko, o, By) = Var[z] = kVar|[z] (3.23)

Thus, the precision of the likelihood function must be proportional to the precision
about x. This is necessary for the marginal distributions to integrate to a ¢ distribu-

tions (Murphy (2007)).

In practice, this would imply the sensor noise influences uncertainty about x even
before any observations are made. Further, in the multidimensional case it implies
the respective covariance matrices are proportional to each other. In some contexts
there is potential for this to be justified or salvaged, however, that is beyond the scope

of this thesis.

3.7.2 Gamma Normal - Semi Conjugate Prior

The semi conjugate prior'? of the normal distribution is defined in a way that allows

for the marginal priors of z and A, to be independent (Murphy (2012))%:

p(z, X.) = p(z)p(Az)
= N (z; o, Mo)G (A, 0, Bo)

(3.24)

Note the marginal priors p(x) and p(\,) both follow their respective conjugate priors,
hence the name semi-conjugate. However, their marginal posterior distributions are
tantalizingly?! intractable. When applying the semi conjugate prior to stochastic
processes in Section 5.4, their distributions are approximated using mixture models

and Monte-Carlo methods (Figure 5.7).

¥Equations 69-72.

19 Also referred to as the conditionally conjugate prior

20Gection 4.6.3.2.

2lpossessing a quality that arouses or stimulates desire or interest. Also mockingly or teasingly
out of reach Merriam-Webster (2004).
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In an informative path planning context it will be shown how the Gamma normal
semi conjugate prior may be used to reduce uncertainty about the covariance of the

prior and the QOI (Section 5.4).



Chapter 4

Gaussian Processes with Noisy

Observations

This section will introduce the Gaussian processes and discuss their Bayesian update
step. Continuing in the pursuit of analytic solutions applicable to informative path
planning, the conjugate prior to the mean of a multivariate normal will be used to
update the model given noisy observations. Further, the informativeness and mutual
information of observations will be discussed allowing for easy integration into IPPAs

in later chapters.

Gaussian processes (GPs) are a stochastic process used across many disciplines. The
models discussed in this chapter are based on the definitions in Rasmussen et al.
(2006) and Murphy (2012)'. GPs are considered a non parametric model, thus the
model will always fit the data. To emphasise this point, the parameters of a GP’s

kernel function are often referred to has hyperparameters.

There are many aspects of GPs that are researched including kernel function selection,
hyperparameter training, applications to classification, approximations for large data

sets and more.

This thesis will build off the non-parametric characteristics of GPs by analysing noisy

ISection 4.3.
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observations and the covariance matrix from a Bayesian perspective. This chapter
is largely a review of canonical GPs in preparation for Chapter 5 which puts a prior
over the covariance matrix and Chapter 6 which applies these models to informative

path planning.

4.1 Gaussian Processes With Exact Observations

4.1.1 Definition

As GPs will be used for informative path planning in later chapters, they will be
defined in the context of mapping spatial data. The following notation builds off
Rasmussen et al. (2006):

Variable Definitions

e Let t; represent the i location in the environment and the prior information

known at that location.
e Let x; represent the QOI at ¢;.
e let z; represent the space of possible observation of z;.
e Let Z; represent an observed value at ¢;.
e Let T be a continuous space of ;s.
e Let X be a continuous space of x;s indexed by 7.

e Let subscript , of a set denote the (1 : ¢) elements of the set (ie. X, =
{$1,...,Q§'q}).

e Let subscript ,, of a set denote (1 : n) elements of the set such that n < ¢ (ie.

Xn = {xl, ,xn} C Xq)

e Let subscript , of a set denote the (n + 1 : ¢q) elements of the set (ie. X, =

{Tnt1, . 2q}).
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Kernel Function Definition

The kernel function (k) defines the covariance between z;s as a function of their prior
information:

k(ti,t;) = cov(z;, x;) (4.1)

Building of the set notation defined earlier, this paper will use the following notation

to denote the blocks of a kernel matrix 2.

[ k(t,t), .. k(tt) k(ty, to1), . K(tty) ]
| B Ko (ta,t1), o K(t,tn) k(b tag1), o K(tn,ty)
q = =
Ko K. E(tnit,t), oo k(bngsstn)  K(tnar tag1), o K(tnsr,ty)
| k(tgt), o k(tgtn) k(tg tnia), o k(tgty) |
(4.2)

The kernel function is primarily what defines the behaviour and performance of a
GP. The examples in this chapter will use the radial basis function (RBF) kernel and
t; will be a location on the horizontal-axis with no additional prior information. It is

a popular kernel due to the smooth model beliefs it gives:

2
It =411

k(t,t;) =r’e” o (4.3)

Where ||.|| represents the geometric distance and r and [ are the radius and length

scale parameters respectively.

Gaussian Process Prior

o Let ¢p: T — X st. ¢(t;) = E[x;] which vectorizes as ¢(T') = {E[x1], ..., E[z,]]}

With T, X, ¢ and k expressed as a function of T'; a GP may be defined. GPs assume

every subset X, C X follows a ¢ dimensional Gaussian distribution with mean ¢(7')

2Also referred to as a Gram matrix in this context (Murphy (2012))
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and covariance Ky, Although multivariate Gaussian distributions are defined over
vectors of a finite dimension, what makes GPs a continuous stochastic process over
X is that X, may be defined so that any x; € X may also be in X,. With all the

above, the Gaussian prior over X is (Figure 4.1a):
p(X) = N(X;0(T), Kyy) (4.4)

By taking the marginal distributions of z; from P(X) (Equation 4.4), the prior for
x; is (Figure 4.1b):

p(xi) = N(2i; 0(ti), k(ti, i) (4.5)
3
— GP 0.40 1 — plx))
Ground Truth
2 0.35
0.30
11
0.25
z
x 0 < 0.20 4
I
= 0.15
1
0.10
-2 0.05
0.00
=3 i |
0 2 4 6 8 10 -4 -2 0 2 4
T xi
(a) GP of X over T. (b) Marginal distribution of z; at some point t;

(vertical slice at ¢;).

Figure 4.1 — GP using an RBF kernel with hyper parameters » = [ = 1 and prior
expectation ¢(z;) = 0. The blue line shows E[X] and the blue shading shows the
95% confidence interval. It can be seen the GP appears continuous over 7.

4.1.2 Posterior of Gaussian Process With Exact Observa-

tions

Following exact observations of X, denoted Zn (X, = Zn), the GP may be updated

giving posterior distribution P(X|Z,). To solve for this, it is useful to fist express
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the prior as:

ol fom] fro ),

p(X) =N ; ,
Because the observations in this case are exact, following observations Zn, X, is

known and no longer follows a distribution. Thus, p(X|Z,) can be expressed as the

conditional of the Gaussian Prior p(X,|X, = Z,) giving (Murphy (2012))3:

P(Xu| Xy = Zn) = N (X fis, 20) (4.6b)

where
fio = O(T.) + K K1 (2 — $(T,)) (4.6¢)
¥, = Ko — Ko KUK, (4.6d)

Note, 3, is a Schur complement of K44 with respect to K, (denoted Ky/,,). Figure 4.2

demonstrates a GP conditioned on exact observations.

The time complexity required to compute the posterior distribution is dominated
by obtaining inverse matrix K ! requiring time complexity O(n?) (Rasmussen et al.

(2006))*.

3Equations 15.6 - 15.9
4Section 1.2
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— Gp — GP

Ground Truth Ground Truth
2 2
Y —A Y
x 0 x 0
-1 =1
=2 =2
-3 T -3

0 2 4 6 8 10 0 2 4 6 8 10

T T
(a) GP with one point observed at t = 7. (b) GP with points 2 : 9 observed.

Figure 4.2 — Example of GP conditioned on exact observations (same parameters as
figure 4.1).

4.1.3 Informativeness of Exact Observations

To integrate GPs into an IPPA | it is necessary to quantify the informatic properties

of the stochastic process.

Uncertainty of a Gaussian Process

There are two approaches to calculating the entropy of a variable that follows a

stochastic process, both applicable to GPs.

e Approximation by discretization. This involves simplifying the GP to a mul-
tivariate Gaussian Distribution by fixing ¢. In this case, the entropy of X is
the differential entropy of the g-dimensional Gaussian distribution. This can be

taken from Arellano Valle et al. (2013)° as:

H(X) ~ //\/'(X;M,E) In(N(X; 1, X)) dX
j X (A7)
=3 In(27e) + 5 In(|%))

5Equation 6



4.1 Gaussian Processes With Exact Observations 44

Where p and ¥ are the mean and covariance of X'’s multivariate normal distri-

bution.

e Entropy Rate may also be used to quantify uncertainty across the continuous
domain of a GP. This is essentially the limit of the Entropy approximation by
discretization as the discretization approaches continuity (Equation 2.3). The

Entropy Rate of a GP is given by Feutrill and Roughan (2021)° as:

1 1 =

H(X) =5+ /_ In(f(\)) dA (4.8)

Where f()) is the spectral density of the GP. Although entropy rate is a more
complete definition of uncertainty, the spectral density of the GP must still be

approximated.

Of the two methods, the first which approximates H(X) by H(X,) is more convenient
to work with and sufficiently approximate for the purposes of most IPPAs. The rest
of this thesis will use this method to quantify the entropy of a stochastic process over

X.

Informativeness and Mutual Information

Unlike the uncertainty of X, the Informativeness of an observation can be calcu-

lated exactly. As shown below (Equation 4.9), the part of the equation that involves

SEquation 1.
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approximation by fixing ¢ cancels out (Arellano Valle et al. (2013))7:

I(X;Zn) :H(X)_H<X§Zn)

q—n

l

l

1I1(27T€) + ; 1I1(|qu|) - (

1 ‘qu’
’Knn| ’Kq/n|

In(27e) + ln<>
|Kq/n|

In(2re) + ; ln(|‘2x|))

NS OIS NS IR

1
In(2me) + 5 In(|Kpnl)

Where K/, is the Schur complement of K, with respect to K, as given by >,
(Equation 4.6d). Decomposing |K,,| into these components (Horn and Zhang (2005))®
results in the desired simplification cancelling out the terms that must be approxi-

mated.

Note the actual values of Z, do not effect their informativeness about X , thus

v

(X2, =27,) =1(X;Z,).

4.2 Application of Conjugate Priors for Noisy Ob-

servations

This section will use the conjugate prior to the mean of a multivariate Gaussian distri-
bution to solve for the posterior of a GP given noisy observations. As in Section 3.4,
it is assumed observations are direct measurements of the QOI subject to Gaussian

white noise.

o Let 9(t;) = Var(z;|z;) return the variance of the sensor model at ¢;. Note, it is

assumed the variance of the sensor at ¢; is known.

"Section 2.3.
8Equation 1.1.4.
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As Gaussian white noise implies independence, the multivariate distribution of ob-

servations given the true value of X, is:

P(ZnlXn) = N(Zp; X, 22) (4.10a)
where ) )
Y1) 0 0

S (4.100)
0 0 . Y(t,) ]

Y., is diagonal because it is assumed noise is independent. 1) does not affect the Prior
of the GP. However, it will affect the posterior. In most informative path planning
applications, independent noise is an appropriate assumption, as prior information

about the QOI is assumed to be independent of sensor properties.

Prior of Gaussian Process With Noisy Observations

Following from Section 3.4 the posterior predictive of Z can be calculated as (Murphy
(2007))°:
p(Z0) = [ p(Zal Xa)p(Xa)dX

- / N (Zn; X, R2)N (X 6(T,), Kopn)dX (4.11)
= N(Z;0(T,), ke + 22

Thus, Z is modelled by a GP with the same mean as X, just with wider variance. Z
can conveniently be modelled by a GP because the noise function was chosen to be
normal, and uniquely the conjugate prior to the mean of a normal distribution is the

normal distribution. See the the respective priors in Figure 4.3.

9Equation 213.
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— GP — GP
Ground Truth

(a) GP Prior over possible observations. (b) GP Prior over QOI.

Figure 4.3 — Comparison of GP prior over noisy observations (left) and the QOI (right).
Note the labels on the y-axis and the slightly wider confidence. This was using the
same kernel and prior as in Figure 4.1 and constant sensor noise ¢ (¢;) = 0.2 (This
gives 95% confidence interval of errors between (—0.86,0.86)).

Posterior of Gaussian Process With Noisy Observations

To solve the posterior of the of the GP with noisy observations the joint distribution

of observations and the QOI is constructed:

p( Zn >_N( Z, E Z, | COV(Zn, Zy)  cOV(Zy, X,) ) (412

X, X, 7 cov(Xy, Z,) cov(Xy, Xy)

q

Where the covariance of two vectors is defined to return the covariance matrix com-
prising of their elements. E[Z,],E[X,],cov(Z,, Z,) and cov(X,, X,) can be taken
form their respective marginal distributions Equations 4.11 and 4.4 respectively. The
other blocks of the covariance matrix can be simplified using additive properties of

covariance (Equation A.1).
Thus given Equations 4.12, 4.11 and 4.4 the joint prior can be expressed as:

([E ([ ] = )
X Xq ¢(Tq) an qu

q
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Note, X, is used rather than X, when observations are note exact. This is because X,
is not given following observations Zn, thus they must be included in the posterior.
As in the exact case (Equation 4.6), the posterior distribution is solved for as as the

conditional of the joint distribution:

p(Xq|Zn = Zn) = N (Xg; fig, iq) (4.14a)

where
fig = Qb(Tq) + K*n(Knn + EZ)_I(Zn - ¢(TN)) (4-14b)
i* = K. — K*n(Knn + Ez)_lKn* (4140)

See Figure 4.4 demonstrating the posterior of an GP given noisy observations.

— GP — GP
. Ground Truth . Ground Truth
2 2
x x
1 —A 1
X 0 X 0
x,
-1 -1 *
-2 -2
-3 -3
-4 -4
0 2 4 6 8 10 0 2 4 6 8 10
T T

(a) Posterior of GP following a noisy observations(b) Posterior of GP following noisy observations

at point 6. at points 1 : 8.

Figure 4.4 — GP with noisy observations (same parameters as Figure 4.3).

4.2.1 Informativeness of Noisy Observations

As in Section 4.1.3, uncertainty about X will be approximated by fixing ¢q. As dis-
cussed in relation to Equation 4.13a, when using noisy observations, p(X,|Z, = Zn) ~

N. Thus X,, must also be is included in the entropy of the posterior. For this case it
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is more clear to decompose entropy as follows:

H(X) =~ %111(2#6) + ;ln(|qu|) (4.15a)
H(Z,) = 2 n(2re) + ; (| Koo + 52 ) (4.15b)
H(X, Z,) ~ L 0 (2re) + ;1n(|zJ|) (4.15¢)

Where ¥; is the covariance matrix of the joint prior used in Equation 4.13a. Us-
ing the above equations (Equation 4.15), the mutual information can be written as

(Arellano Valle et al. (2013))1°

I(X:; Z,) = H(X) + H(Z,) — H(X, Z,,)
Kool | Ko + X, !)
13|

(
(\quHKnn + 2 |>
(5

=

Q

[\D\»— [\D\)—* [\D\P—‘ DN | —

5

4.15d
Ko + 52| S (4.15d)

In )
gl
1

In(|Kyql) — ln(‘iqq‘)

Where ¥, is the Schur complement of the joint covariance matrix between X, and
Z, (Equation 4.14c). Because the Z has a different covariance matrix than X, the

Schur complements cannot cancel out, thus the choice of ¢ will have an effect on

I(X; Z, = Z,).

As in the precise case (Section 4.1.3) the observed values Z, do not effect their

informativeness. Thus, again the informativeness of Z, is I(X; Z, = Z,) = I(X; Zy,).

When integrating noisy GPs into IPPAs, it is inconvenient that the mutual informa-
tion must be approximated and further involved computationally expensive opera-
tions, especially for large g. Section 6.3.1 will outline an approach to minimize this

computational overhead.

0Equation 3.
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4.3 Model Selection and Training

Bayesian probabilistic methods are the focus of this thesis. This entails defining
priors, observing values in the observation space and using Bayesian updates to infer
posterior distributions. However, other aspects of statistics and machine learning
are also important when modelling data in the context of informative path planning.
This section will briefly cover the application of parametric optimization to Bayesian

models particularly GPs.

GPs offer a non parametric Bayesian approach to modelling the QOI. However, the
covariance matrix of the GP still relies on the parameters of the kernel function!!.
Learning the kernel function of data is an extensively researched problem with many

approaches. It is often referred to as training the GP (Rasmussen et al. (2006))'%.

To determine how well the GP fits the observed data, loss functions are evaluated
using likelihood methods or cross validation. Kernel parameters can then be adjusted
to optimized these fit metrics using techniques such as back propagation, grid search
or partial derivatives. Learning rates, parameter bounds and other machine learning
principals may also be used to prevent overconfidence and over-fitting (Rasmussen

et al. (2006))'3.

Bayesian Model Selection

Selecting the parametric-form'* of the Kernel function is a separate problem. MacKay
(1992) outlies a hierarchical Bayesian Framework to select the most suitable kernel
function from a finite list. At the lowest level of the hierarchy are hyperparameters
which define priors over the next hierarchical variable kernel-parameters. lastly, a

finite set of model-structures define a set of parametric kernel functions (H).

Following observations, the posterior predictive likelihoods of Zn using different model-

structures are compared p(Zn|Hz) This involves approximating the integrals over the

" Sometimes referred to as hyperparameters
12Gection 2.3.

B Chapter 2.

14 Also referred to as a model structure
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kernel functions’ parameters which are often intractable. The model-structure that
gives the greatest likelihood of Zn using priors over the kernel parameters is chosen to
best model the data. One interesting property of this method is it naturally encour-

ages model simplicity, reducing over-fitting problems (Rasmussen et al. (2006))'.

Although this is termed Bayesian Model selection, often this is where the Bayesian
methods end. Rarely are posterior distributions over the kernel-parameters calculated

resulting in a Bayesian update step about the kernel function.

Kernel Parameter Training

To train the hyper parameters of a kernel function to fit the data, typically the log-
likelihood of the observed points (sometimes referred to as the evidence) is maximized.
This becomes an arg-max problem (Equation 4.16) that can be approached using
standard techniques.

max ln(p(Zn)) (4.16)
Where 0 are the kernel parameters being optimized.

Algorithm 2.1. from Rasmussen et al. (2006) outlines the most computationally
efficient way to approach this, leveraging the Cholesky factorization of cov(Z,, Z,).
Building off this, the derivative of the log likelihood may also be computed to leverage

gradient based optimizers.

To implement Algorithm 2.1. from Rasmussen et al. (2006), first consider:

Let L := Cholesky(K,, + X.,) (4.17a)
Let a: = LT\ <L\(Zn - gb(Tn))) (4.17b)

15Section 5.2.
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Then, the log likelihood of observed values can be expressed as (Equation A.2f):

In(p(Z)) = 5 (Zo — ST (K + 52) " (Z — 0(T3)) — 5 (| Koy + 2.) — 5 In(2m)

1, ~ “ n
= 5(Zu = &(To))a - ;(m(lii)) ~ 5 In(2m)
(4.17¢)
Where [; is the i the diagonal of L. Building off this, Its derivative may be expressed

as (Equation A.2g):

0 )= (o a2

O(Kpn + EZ))
00

4.1
20 (4.17d)

Note ¥, is included in the derivative giving the option to optimize for the noise

parameters as well, deeming it a white kernel.

The time complexity of computing the log likelihood and its derivative is dominated
by the need to invert the matrix, or alternatively compute the Cholesky decom-
position. Computing the Cholesky decomposition (Equation 4.17a) has complexity
(9(%3). Subsequently, solving the triangular system (Equation 4.17b) has complexity
O(";) Further computing the derivative has complexity O(n?). Thus, there is little
additional computational demand when using gradient based optimizers (Rasmussen

et al. (2006))'6.

Given Equations 4.17c¢ and 4.17d, the arg-max algorithm used in this thesis, is the
BFGS optimizer from the machine learning package Scikit-Learn (Pedregosa et al.
(2011)). Further, 5 random kernel parameter values are chosen as starting points.
The optimizer is then rerun using each starting to point to reduce the chance of

returning suboptimal local maximas.

Figure 4.5 demonstrates how kernel parameter training can be used to fit a GP to a
signal. It can be seen the trained kernel parameters using exact or noisy observations

yield GPs that better fits the signal.

16Section 5.4.1. and Algorithm 2.1.
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Figure 4.5 - GP with exact observations and noisy observations with o2 = 0.2.
Duvenaud (2014) - Chapter 2’s locally-periodic kernel was used with parameters
(r=1,11 = 0.5,p = 8,lp = 8). The left figures do not use any kernel parameter
training, while the right figures learn the periodicity and variance of the data. Note,
a cap was placed on the RBF length scale (l2) which determines how local the pe-
riodicity of the data is. This limits how much trust is placed on the periodic kernel
to limit potential over-fitting. Parameter training was done using Rasmussen et al.
(2006) - Algorithm 2.1. with python packages scikit-learn Pedregosa et al. (2011)
and Scipy Virtanen et al. (2020). It can be seen the figures on the right appear to
better model the ground truth.
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Discussion of Kernel Parameter Training Applied to Informative Path

Planning

Training kernel parameters can be a useful tool when modelling the QOI across an en-
vironment. Depending on the kernel structure, it may change the relative uncertainty
about X across the environment effecting which observation actions are expected to
be most informative. The expected informativeness of actions may be particularly
impacted when parameters are trained to correlate the QOI with known features in

the environment (Harrison et al. (2024)).

However, parameter training is not Bayesian. Particularly with few observations,
parameters training may lead to volatile sometimes idiosyncratic predictions. Of
particular harm to IPPAs are over-confident predictions which may lead to suboptimal

observation actions during a research mission with constrained resources.

The parameters of the kernel function should reflect the properties of the QOI and
their relationship to features in the environment. With the proper parametric form
and training techniques, these relationships can be autonomously learned in field

environments (Jackson (2023))'7.

Generally, some element of locality is included to limit the amount of confidence the
GP has about unobserved areas. This ensures the IPPA has somewhere to observe and
reinforces the intuitive assumption that observations should be somewhat spatially

correlated.

Chapter 6 will use the material discussed in this chapter including parameter training
to develop an IPPA that uses GPs to model the QOI across an environment. In this
application, bounds are placed on the length scale parameter of the kernel function,

limiting the undesirable properties of kernel parameter training discussed.

17Section 2.7.



Chapter 5

t Processes With Noisy

Observations

Motivation and History of t Processes

The performance of canonical GPs are strongly tied to their Kernel functions. With-
out training the kernel parameters of a GP, the value of observations do not effect the
covariance of the posterior distribution, thus limiting how much the model can adapt
to observed data. Further, training the kernel parameters poses the disadvantages

discussed in Section 4.3.

To address this in a Bayesian rather than a parametric way, a t process (TP)! is
derived by placing a prior over the covariance matrix of the GP p(3,). Following ob-
servations, the posterior of this distribution p(EI]Zn) is updated using a multivariate
analogues of the gamma distribution, the distribution used to solve for the precision
of a sensor model in Section 3.6.1. When taking a Bayesian approach to updating the
covariance matrix, the pitfalls of kernel parameter training such as over-fitting and
over confidence are avoided. Further, confidence about the covariance matrix is given

and uncertainty about the covariance permeates as uncertainty about X (Figure 5.1).

!Sometimes referred to as a student ¢ Process (STP) in other works



t Processes With Noisy Observations 56

TPs where initially dismissed by Rasmussen et al. (2006)? because of their inability
to analytically handle noisy observations. Rasmussen et al. (2006)’s framework® also
treats the degrees of freedom as a hyperparameter, limiting p(X,)’s interpretability

as a Bayesian prior.

Zhang and Yeung (2010) rebuts this by adding noise to the diagonals of the kernel
function (Section 5.3.2). Later however, Shah et al. (2014) points out it was incor-
rectly assumed by Zhang and Yeung (2010) that the noise was independent of the
TPs degrees of freedom, among other issues. Despite this, Shah et al. (2014) uses this
model showing how it acts as a GP that is more robust to outliers. Robustness against
outliers is a consistent theme across TP research (Roetzer (2020) *; Papadimitriou

and Sojoudi (2022); Andrade (2023)).

Wang et al. (2017) builds on the above by scaling the covariance matrix by an inverse
gamma prior as opposed to a inverse chi-squared distribution. This gives what they
term an Eztended t Process that allows for more specific priors over 3,. The marginals

of this process are referred to as extended t distributions.

Some approaches have been taken to approximate the posterior distribution of a TP
with independent noisy observations or adjacent problems. These will be discussed

in Section 5.3 of this chapter.

Chapter Outline

This chapter will begin by deriving the multivariate ¢ distribution using conjugate
Bayesian statistics. TP are then derived and their properties interpreted from this
perspective. TPs subject to noisy observations are then explored covering some of
related work. This thesis then proposes an efficient Monte Carlo sampling method to
approximate TPs subject to independent noisy observations. The ideas in this chapter

will be tied back to informative path planning an modelling the QOI throughout.

2Section 9.9

3Rasmussen et al. (2006) scales the covariance by a constant proportional to the inverse chi
squared distribution, resulting in a ¢ posterior distribution.

4Section 2.2.3.
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5.1 Deriving the Multivariate ¢t Distribution

The inverse Wishart Distribution is the conjugate prior to the covariance matrix of a
normal distribution (Murphy (2007))°. It is analogous to a multidimensional inverse

chi squared distribution. Suppose:
X eR? st. X ~N(X;p,2,) (5.1)

Y, € R7 is said to follow an inverse Wishart distribution with scale parameter ¥

and degrees of freedom v if:

Mk
29T (5)

Where v > n — 1, I'; is the multivariate gamma function and ¥ is an n dimensional

vtg+1

S~ IW(S,; W, 0) = 2, () eXp(—;tr(\DExl)> (5.2)

positive semidefinite matrix.

Eaton (2007)% shows the diagonals of the inverse Wishart distributions, ie. the vari-
ance of x; € X follow an inverse-Chi-squared distribution (ZX). The inverse-Chi-
squared distribution is a special case of the inverse-Gamma distribution such that

(Murphy (2007))7:

T2’U

Ig(x;(x = %,ﬁ = 7): IX(z;7,v) (5.3)

Where ZG is the inverse gamma distribution parametrized in terms of scale («) and
rate (f); and the inverse-Chi-squared distribution is parametrized in terms of shape

(1) and degrees of freedom (v).

In the one dimensional case, the more general inverse-Gamma distribution can be
used to model more specific priors over variance (Section 3.6). However, the multidi-
mensional analogues of the inverse-Gamma, the non central inverse Wishart is more
difficult to work with and is less researched. Most notably, when it is used as the

prior to the covariance matrix of a normal distribution, the posterior distribution of

SEquation 245
SChapter 8.
"Equation 286.
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x is not a t distribution Hillier and Kan (2022)3.

Posterior distribution of x using the Inverse-Wishart Prior

Suppose X € RY ~ N (X;u, ¥,) st. X, ~IW(X,;V,v). Then, the posterior of X
can be derived as follows (Murphy (2007)):

p(X) = [ (XIZ)p(S,)dE,

_ / N (X 11, ) IW(E0; U, 0)dE, (5.4)

:T(X;u, ,v—q+1)

1%
v—q+1
Note, v > g—1 = v —q+ 1 > 0. This ensures the ¢ distribution has a valid
parametrization. Also note, the Inverse-Wishart distribution only has mean and

covariance when v > 2 (Alvarez et al. (2016)!?), thus for the purposes of constructing

a TP the degrees of freedom are parametrized in a way such that v > 2.

Also note, the shape parameter of the T distribution is not the covariance of X. This

becomes an important detail when parametrizing TPs in terms of the kernel function.

(%

X ~T(X;p,¥,v) = cov(X) = 5
v_

v (5.5)

8Equation 16.
YEquation 272.
108ection 2.1 Paragraph 1
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5.2 Deriving the t Process

5.2.1 Deriving the t Process Prior

The definitions of X, T, Z, Z, K, k(.,.),o(.) and ¢(.) hold from the definition of GPs

(Section 4.1.1). Degrees of freedom are the only new parameter, parametrized as:

e Let v be the inverse Wishart prior’s degrees of freedom.

e Let vy > 2 be the surplus degrees of freedom of the inverse Wishart prior. vy > 2

to ensure the distribution has stable mean and mode.

e Let X, continue to be the covariance matrix over X, such that its dimensions

are implied by X or the Wishart’s shape parameter.

Because the shape parameter of a ¢ distribution is proportional to the covariance of
X (Equation 5.5), the inverse Wishart prior must be parametrized to preserve the

property cov(X) = ker(T,T). Giving (Tracey and Wolpert (2018))'*:
g~ IW(EQJ§ (UO - 2>qu; qg—1+ UO) (5'6)

Note, the degrees of freedom are now parametrized in terms of the dimension of X
and the surplus degrees of freedom. Given the prior over ¥, (Equation 5.6), the
posterior p(X) is given as (by Equation 5.4):

vy — 2 (5.7)
= T(X; o(T), 07[(%,1)0)

Vo

Due to the parametrization of the shape parameter of p(X,) and the degrees of free-
dom, the desired outcome of cov(X) = K, is obtained. To solve for the Marginal

distribution p(x;), the marginals of the inverse Wishart and Normal are used. This

HEquation 13.
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is found to be (Alvarez et al. (2016))'%:

p(zx) = IW(Exa (UO - 2)qua q— 1 + UO)
9 (5.8a)
— p(o?) = IX(U?; Mk’(ti, t), ’U())
Vo
Where o? is the variance of x; thus the " diagonal element of 3,. By applying
the marginal of 3, to the marginal of X |3, the posterior of x; is given as (Murphy
(2007))13:

plw) = [ plailo?)p(o?) do?

= [N olt), )T (03 k(s 1), wo) (5.8b)

(vo — 2)

— T(q;“ (b(ti)v k’(ti, ti>, UO)

This also maintains the desired property var(x;) = k(¢;,t;) (Equation 5.5). Alterna-
tively, Equation 5.8b can be derived as the marginal of the multivariate ¢ distribution

derived in Equation 5.7.

Note, although ¢ affects the parametrization of the latent covariance prior, it does not
affect the marginal distributions of x;. This is a necessary condition when defining
any stochastic process the same way as a GP. The properties of the inverse Wishart
distribution that make it a conjugate prior to the covariance of the multivariate
normal, are the same properties that give the TP its tractable forms. As the degrees

of freedom of a TP approach infinity, the prior over variance becomes more exact and

the TP approaches a GP (Shah et al. (2014)).

Figure 5.1 demonstrates the difference in TP and GP priors. Note the confidence

2

interval over o

corresponding to the TP and the slightly different shape given by the

TP’s marginals.

12Gection 2.1 Paragraph 4.
BEquation 167.
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Figure 5.1 — Comparison of TP prior (left) and GP prior (right). The most notable

difference is in the second row where TPs have a prior over 02 and GPs assume o

2
T

is given. The GP was constructed using RBF kernel with » =1 = 1. The TP used

the same kernel function and vg = 5.
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5.2.2 t Process Posterior With Exact Observations

As in the Gaussian case it is beneficial to first express the TP prior (Equation 5.7)

X.| |o(Ty) Yo |Kin K

When observations are exact, the posterior can be expressed as the conditional of the

¢ distribution p(X,|X, = Z,) (Ding (2016))™* giving:

?JO—2

Let: U,y = —— Ky, (5.10a)
Vo
p(X|Z) = T(X.; i, ¥, D) (5.10b)
st.

i=o(T.) + UV, (Z, — 6(T)) (5.10¢)
-t (W, — 0L, ) (5.10d)

n -+ vg
U =mn-+ v (5.10e)

Where S, is the Mahalanobis distance with respect to the ¢ prior’s shape parameter:
S = (A(Tn) = Zo)" U (B(T) = Zn) (5.10f)

This gives marginal distribution about z; (by Equation 5.8b):
(x| X, = Z,) = Tlay: fis, Ui, 0) st a; & X, (5.11)

As with GPs, the time complexity is of conditioning TPs is dominated by obtaining
the inverse matrix ¥, ! requiring time complexity O(n?). Thus, minimal additional
compute is required when conditioning TPs. An alternative way of expressing the

above Equations (5.10) in terms of K, can be found in Tracey and Wolpert (2018)1.

1Equation 4.
5Equations 14-16.
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5.2.3 Scaling Covariance by Mahalanobis Distance

When using exact observations, the mean of X’s posterior (E[X,|X, = Z,] Equa-
tion 5.10c) is the same as when using a GP. However, the covariance of a TP’s
posterior distribution is different to that of a GP’s. Further, the marginals of a GP

are normally distributed and the marginals of a TP are ¢ distributed.

The covariance of a TP is proportional to the covariance of a GP (compare Equations
5.10d and 4.6d). This drives the primary difference when modelling data with each
stochastic process. When using a TP, the scale of the covariance matrix it is fit
using the Mahalanobis distance of the observations with respect to W, and ¥(7},)
(Equation 5.10f). This is essentially a multivariate z-score. Yu et al. (2007) refers to
it as the explainability of the observed data. It quantifies by how much the observed

data deviates from their prior.

The expected Mahalanobis distance of X € R"™ ~ T (i, ¥, v) is n (Tracey and Wolpert
(2018)). If the observed Mahalanobis distance is greater than n, that suggests the
data was sampled from a distribution with a greater covariance than parametrized
by the prior. In response, the TP update step scales up the shape parameter of the
posterior ¢ distribution (Figure 5.2). Conversely, if the Mahalanobis is less than n,
the shape parameter of the posterior ¢ distribution is scaled down(Figure 5.3) (Shah
et al. (2014)).

Lastly remark, the spread of observed values are compared against the prior. Thus
TPs are not completely robust to incorrect kernel functions. However, approximately
correct kernels and a reasonable amount of observations were shown to still scale the

posterior covariance appropriately.

Relevance to Informative Path Planning

This scaling property is a useful tool when applied to informative path planning.
The confidence of the prior in many informative path planning cases is difficult to

gauge. However, it is a crucial aspect of the problem as it quantifies the uncertainty of
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unobserved areas, driving the objective function. TPs partially relieve this sensitivity
by scaling the variance of the prior in a Bayesian way. Thus throughout a research
mission, not only is the QOI learned, but the confidence of the regression model is

also learned. Further, this is done with almost no additional compute.
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Figure 5.2 — Comparison of TP (left) and GP (right) demonstrating the TPs ability
to scale the covariance of X. In this case, the prior variance was too large. It can
be seen however, the TP adjusts the variance of the model given observed data,
making the posterior more confident and giving a better fit to the ground truth.
The GP does not scale the covariance, resulting in ultimately the same confidence
as the prior away from observed points. Both models use a Duvenaud (2014)’s
Local Periodic Kernel with appropriate parameters (r = 1,11 = 1,p = 6,ls = 8)

and the TP starts with vy = 5.
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Figure 5.3 — Comparison of TP (left) and GP (right) demonstrating the TPs ability
to scale the covariance of X. In this case, the prior variance was too small. It can
be seen however, the TP adjusts the variance of the model given observed data,
making the posterior less confident and giving a better fit to the ground truth. The
GP does not scale the covariance, resulting in ultimately the same confidence as
the prior away from observed points. Both models use a Duvenaud (2014)’s Local
Periodic Kernel with appropriate parameters (r = 0.005,1; = 1,p = 6,12 = 8) and

the TP starts with vy = 5.



5.2 Deriving the ¢ Process 67

5.2.4 Discussion of t Process Shape

An important property of the resulting marginal ¢ distributions are their robustness
to outliers. This is a consequence of ¢ distributions having heavier tails (Shah et al.
(2014); Tracey and Wolpert (2018)) thus giving outliers greater likelihoods with re-
spect upper confidence bounds. The effect this has on the shape of the belief model
can be visualized by comparing sampled regressions from TP and GP priors (Tracey
and Wolpert (2018)). This is done by sampling a g dimensional point from the respec-
tive ¢ dimensional prior. Figure 5.4 compares sampled regressions from each prior
and sampled points from each marginal distribution. It can be seen that although the
priors have the same variance, the regressions and points sampled from the ¢ shaped

priors are more volatile and include more outliers.

Relevance to Informative Path Planning

In many informative path planning applications, the QOI does not follow a smooth
regression over the latent variable, and further has environmental features resulting in
outliers and sharp changes in the data. In these cases, it is advantageous to model the
QOTI using a TP, as they allocate more likelihood to outliers and irregular regressions

given the same kernel function.
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Figure 5.4 — Random regressions sampled from a TP prior and GP prior respectively.

Both have the same covariance generated from an RBF kernel with r =1 =1 and
the TP is given degrees of freedom vy = 5. It can be seen that regressions sampled
from the TP prior veer further from the mean as a consequence of the heavier tailed
multivariate ¢ distribution.

Similarly, 300 points are sampled from the priors’ marginal distribution. It can
also be seen that more outliers are sampled from the marginal ¢ distribution.
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5.2.5 Informativeness of Exact Observations
Uncertainty about X

As with GPs (Section 4.1.3) the uncertainty about X may be approximated by the
differential entropy of X,. In this case the discretized data follows a ¢ dimensional
t distribution. Expressing the shape parameter in terms of ¥ (Equation 5.10a) the

uncertainty can be approximated as:
1
H(X) ~ §1n(|qj|)+H(7;,vo) (512)

Where 7., is the ¢ dimensional unit ¢ distribution'® with vy degrees of freedom.
This uses the property that H(AX) = |A]+ H(X) (Cover and Thomas (2006))'" and
H(T,.4,) can be taken from Arellano Valle et al. (2013)'®,

Informativeness and Mutual Information

Unlike the Gaussian case (Equation 4.9) the values of the observed data will effect
the informativeness. This is a consequence of how the Mahalanobis scales the covari-
ance. Further, the informativeness of observed values must be approximated as it is

dependant on ¢:

I(X:Z,=2,)=H(X)-H(X|Z =2,

= SW(|]) + H(Tyn) = (5 (F1) + H(Ty i)

;m( :i;) av0) — H(To-nwp4n) (5.13)
~ (T (T ) < H (T, )

;m( Ynly 4 gy, 200) ~H (Tomnutn)

16Multivariate ¢ distribution with mean the 0 vector and shape the identity matrix.
"Theorem 8.6.4.
BEquation 7.
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Where H(Tyu,) — H(Tg—nwo+n) can be simplified as in Arellano Valle et al. (2013)7.

and ¢ = i%ﬁ’ is the scaling factor of the posterior t-distribution’s shape parameter

(Equation 5.10d).

Unlike informativeness however, the mutual information of exact observations can be

solved for in closed form:

=H(X)+ H(Z,) — H(X) By Z, € X when observations are exact.
= H(Zn)

1
= LW, ) + H(T,)

(5.14)
To be consistent with the entropy of a GP it can be seen that: vy — o0 =
H(Tnw,) — 5 In(2me).

B Discussion of Equation 7. (I)T(“}“n)
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5.3 t Processes with Noisy Observations

In Section 4.2 it was shown how the conjugate prior to the mean of a Normal Distri-
bution can be used to construct a GP with noisy observations. In the previous section
(5.2) it was shown how the conjugate prior to the covariance of a Normal Distribution
can be used to construct a TP. This section will explore how these concepts can be

combined to yield a TP with noisy observations.

In Section 3.7 the normal’s conjugate prior and semi-conjugate prior were discussed
with regards to a Bayesian sensor model that can simultaneously learn the QOI
and the precision of the sensor model. Modelling TPs with noisy observations is a
multivariate analogous of this. However, uncertainty is added to the covariance of

the prior, rather than the likelihood function.

The limiting factor when deriving this, is the algebraic form required to solve the

posterior p(X,|Z, = Z,) in closed-form. Further, the ¢ distribution is not part of the

exponential family and does not have a conjugate prior.

5.3.1 Intractable Posterior Distributions

This section will briefly discuss conceptually compelling implementations of TPs with

noisy observations. However, each of these cases have tractability issues.

Inverse Wishart Prior Over ¥, With Given X,

If an inverse Wishart prior is given to X, as in the TP case, and additionally the

observation noise is given X, the joint distribution p(Z,, X,) takes the form:

-2
LK‘I‘NUO)N(Zn;Xn)Zz> (5.15)

Vo

P(Zn, Xy |52) = T (Xg; 0(T,),

Although p(Z,, X,) has an analytic solution, p(X,|Z, = Z,) is intractable. This is

because of the sensitivity of obtaining a gamma function when integrating out .
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Approximations and related work pertaining to this process are covered in Section 5.4.
Note, if conversely Y, is given and ¥, ~ ZW, the process essentially has the same

form as expressed in Equation 5.15.

Inverse Wishart Prior Over X, and X,

If an inverse Wishart prior is given over both ¥, and ¥,, the joint distribution

p(Z,, X,) takes the form:

p(Zna Xq) - T(Xq; (b(T)v M
Vo

Kyg,00) T (Zn; X, MIM(T), wp) (5.16)

Wo

Where wy are the degrees of freedom of used to parametrize p(¥,). Again, although
p(Zn, X,) has an anaclitic solution, p(X,|Z, = Z,) is intractable. This is because the
mean of a ¢ distribution does not have a conjugate prior. Yu et al. (2007)?° discusses
the potential of this model describing it as "double robust control" making reference
to robust regression (Gelman et al. (2013))%'. Tang et al. (2017) later approximated

this model using the second order Taylor series.

Normal Inverse Wishart Conjugate Prior
The inverse Wishart conjugate prior over p(Z,, X,) takes form:

(20, X,) = /N( Zn ; ) , oZnn Tng )IW (2; Fon Lng ,v) (5.17)
X, |o(Ty), X Xy U Wy

Where k is a scalar, ¥ is a latent covariance variable and subscripts of > denote

block matrices. In this case p(X,|Z, = Z,) is intractable for the same reasons as

Equation 5.15. Note If n = ¢ the distribution would be tractable giving it its property

as a conjugate prior. Lastly, this model requires ¥, = s3>, which does not hold in

most applications.

20Gection 5.
21Gection 17.5.
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5.3.2 Tractable Solution - The Canonical Method

To the authors knowledge the only tractable approach to constructing a TP with noisy
observations, is using the conjugate prior to the covariance of the joint distribution
p(Z,,X,) as outlined in Shah et al. (2014). This will be referred to as the canonical
method in this thesis.

Recall, the joint distribution used by the GP (no prior over 3,) is (Equation 4.13a):

Z 7 T K, +%. K
p( ! \Ex,Ez)—N( NE L) | e B ) (5.18)
Xq Xq ¢(Tq) an qu

Shah et al. (2014) place an inverse Wishart prior over the joint covariance matrix of

p(Z,, X,) giving:

p(Z) =IW (2; (vo — 2) N g—1+ vg) (5.19)
K(I" qu

Where ¥ is the latent covariance matrix of the joint distribution. This gives joint

posterior distribution (by Equation 5.4):

p( ):T( : A1) il ‘ ,vo) (5.20)
X Xq ¢(TQ> UO an qu

q

Under this definition, the same principals of a regular TP follow (Equation 5.10)
with the detail that the posterior conditioned on Z,, includes X,,. Figure 5.5 demon-
strates the posterior of a TP given noisy noisy observations and the confidence of the

posterior’s variance.
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— TP —— TP - Mean Variance
Ground Truth | | e TP - Mode Variance

X
o
var(X)

(a) Posterior of TP following Noisy observa- (b) Posterior of covariance of TP following

tions at points 1 : 8. Noisy observations at points 1 : 8.

Figure 5.5 — TP using an inverse Wishart prior over the covariance of the joint dis-
tribution p(Z,, X,) with noisy observations. This was using an RBF kernel with
hyper parameters r = v = 1, prior expectation ¢(z;) = 0, ¥(¢;) = 0.2 and vy = 5.
The same mean, kernel parameters and ground truth are used as in Figure 4.4.
This figure can be compared with the GP that model the same data in Figure 4.4.
It can be seen the shape of the TP appears to reasonably follow that of a TP
subject to noisy observations and the posterior marginal variance (right) is in line
with the confidence of the regression model.

Limitation of Prior over Joint Covariance Matrix

~

The only data available in the Bayesian update step are noisy observation values (Z,)

and their prior p(Z,) = T (Zn; ¢(T5,), “2(Kpn + X.)). Observed values are used to

vo

calculated the Mahalanobis distance as:
Sp = (¢(Tn> - Zn)T(Knn + EZ)_I(Cb(Tn) - Zn) (5-21)

This quantifies how different the observed values are with respect to their prior.
However, because there is no distinction in confidence between the priors for ¥, and
Yz, there is no way to determine if >, or ¥, is driving the Mahalanobis distance.

Rasmussen et al. (2006)** refers to this as noise entanglement. Note, it cannot be

22Gection 9.9.
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assumed >, is known otherwise the Bayesian structure of p(X,Z) would take the

intractable form described in Equation 5.15.

3 3
— TP — TP
Ground Truth Ground Truth
2 2
x
pl pl
x i
x
x x x‘
x 0 x 0 A
x
%y "‘x *
-1 -1
-2 -2
-3 T T T T T T T T T -3 T T T T T T T
=20 =15 -10 -5 0 5 10 15 20 =30 =20 -10 0 10 20 30
T T
(a) Prior p(x) showcasing ¥, (b) Posterior p(X|Z = Z4) showcasing

COV(X)‘ZV4().

Figure 5.6 — This plot shows the canonical TPs limited ability to learn the covariance
matrix with noisy observations. 40 observations were made with given X, however,
cov(z) changed very little following the observations. The same kernel was used as
in figure 5.2 and 02 = 0.2 was used.

Even if 33, is correct, it was found scaling the covariance matrix using the Mahalanobis
distance of noisy observation will result in a larger posterior covariance. This results

in overall less confidence in the posterior distribution (Figure 5.6).

Limitations when applied to Informative Path Planning

When integrating this model into IPPAs, the confidence of the model can scale in
unpredictable ways. This can result in poor observation actions as was demonstrated

in Section 6.5.
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Informativeness of Observation

The informativeness of an observation takes similar form as when using exact obser-
vations (Equation 5.13). However, the Mutual Information of observations Z, and X
can no longer be solved for in closed form. The mutual information can be taken from
Arellano Valle et al. (2013)?* as the mutual information between sets of elements of

a multivariate ¢-distribution:

I(X; Zn)

1n<|\112 + \Ijrm||\11qq|

0] >+f(v,n, q)

1

T2
(5.22)

1

)

ln<‘qjqq|> +f(v,n,q)

W 7))

Where V¥ is the shape parameter in Equation 5.20, ¥, = %EZ and f(v,n,q) is a
lengthy function of v, n and ¢ taken from Arellano Valle et al. (2013). Note however,
f(v,n,q) will cancel out when comparing an observation sequence sequences of the
same length. Also note, the first term takes the same form as the mutual information

of a noisy Gaussian process.

23Equation 7.
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5.4 Approximation of ¢ Process With Independent

Noise

To address the limitations of the canonical noisy TP outlined in Section 5.3.2, this
section outlines a method of approximating a less conventional stochastic process that

preserves the independence of noise.

As discussed in Section 5.3.1 (Equation 5.15) if ¥, is given, and a prior is given over
¥, the joint posterior p(Z,, X,) does not follow a conventional distribution or have
tractable posterior distribution p(X,|Z,, = Zn) The joint distribution given ¥, can

be expressed as:

P(Zn Xo|22) = [ DSl S)p(X S, T)p(Zal S, B2, X,)
= [ pEIPX P20l Xor, 22) dZ,

= [ IW(Sa (00 = 2)Kagr g = 1+ 00N (X 6(T), TN (Zy; X 32) 5,

= T (X 0(T), UOU;QKW, 00 )N (Zy; X, 52)

(5.23)
This assumes sensor noise is conditionally independent of the covariance of the QOI
ie. p(3;|X.) = p(X,). This process will de termed a ¢ process subject to independent

noise in this thesis.

Related Work

Yu et al. (2007)%* addresses this intractability by expressing the posterior as a mixture
of GPs. In cases when the sample number is sufficiently large, the gamma scaling
factor used in their parametrization has small variance and is hence approximated by

it’s mode.

Roetzer (2020) approaches this as a special case of what he terms generalized student

t process regression. Under this framework ¢ Laplace approximation and variational

24Section 4.3.
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student ¢ approximation were used.

This thesis will use a similar method to Yu et al. (2007). However, the gamma
distribution will not be approximated by its mode and rather than using a mixture

of GPs, samples from the marginal distributions will be used for faster compute.

5.4.1 Approximation by Sampling

Although p(X,|X., Z, = Zn) does not have a closed form solution, values may be
sampled from p(X|%,, Z, = Zn) This is done by first sampling a covariance matrix,
3, ~ p(X;) then sampling from p(X|X,, %, = Sy T = Zn) Monte Carlo sampling
methods may then be used to approximate p(X|X,, Z, = Zn) by repeating this process

many times:

X ~p(X|8, Zn = Zy) = X ~p(X[8., 5 = 50, Zn = Zy) st Sy ~ p(Se)
(5.24)
p(X 2., X, = EA]Z,, — Zn) is calculated as the posterior distribution of a GP as X,
is given (Equation 4.14). This process is similar to the sequential sampling techniques
used in Gibbs sapling (Murphy (2012))?® to approximate multivariate distributions.
The sampling method is verified by showing the samples match that of a ¢ distribution
when ¥, = 0 (Figure 5.7a).

Given a sufficiently large number of samples, the first two moments of p(X|X,, Z, =
Zn) may be approximated. A parametric distribution is then used to approximate
p(zi|2,, Z, = Zn) giving the marginal PDFs of the stochastic process. The chosen
distribution is a mixture model of a t distribution and a normal distribution weighted
by the kernel function and the noise at ¢;.

o2 Ly k(t;,t;)

T N (80D + e

_oU

p(x;) ~ 'T(x; z;, 0; ;2, vo) (5.25)

Where Z and 6?2 are the arithmetic mean and variance of the sampled points respec-

tively. To justify the choice of this mixture model consider the two extreme cases:

25Section 24.2.1.



5.4 Approximation of ¢ Process With Independent Noise 79

First, suppose X, = 0, then the stochastic process defines a TP with exact obser-
vations (Section 5.2.2). In this case the first term of the the mixture model (Equa-
tion 5.25) is zero leaving just the ¢ distribution with vy degrees of freedom, matching

the marginals of a TP with exact observations (Equation 5.8b).

Second, suppose ¥, is very large, and K,,, = 01, where [,, is the n-dimensional
identity matrix and ¢ is a very small regularization value (to ensure K, is invertible).
Under this prior, the X,’s sampled from the Inverse-Wishart prior will be near zero
matrices, having a negligible impact on X, + ¥,. Thus, sampling z;s using Equa-
tion 5.24 is practically the same as sampling z; ~ N (x;;Z;,0%). This is reflected in
the mixture model (Equation 5.25) as the term with the ¢-distribution being near

zero leaving only the term with the normal distribution.

Between these cases, where neither Y, nor X, are negligible, the weighted average
of both cases are taken with respect to o2 and k(¢;, ;) (Equation 5.25). see figure

Zi

Figure 5.7 showing the approximation of p(x;|X,) in such a case.

Further, as more observations about X are made, the degrees of freedom of the ¢
distribution in the second term will increase. Thus the two terms will become more
similar, elevating errors that come as a result of suboptimal weights used by the

mixture model (Equation 5.25).
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(c) Approximation of p(x;|X.) by kernel den-
sity estimation using 10° samples (acting as
ground truth) versus approximation by Monte-
Carlo Sampling and the two term mixture

model using 300 samples.

1.2 1
— Dru(p(x|Da)|I7)

1.04

0.8

0.4

0.0 T T T T T
0 50 100 150 200 250 300
Sample Number

(b) Kullback—Leibler divergence (KLD) be-
tween true T-Distribution and approximation

by number of samples.

0.200 1 — Dou(p(x|Dy)|[KDE(x))
0.175
0.150 1
0.125

S

£ 0.100
0.075

0.050

0.025 4

0.000

0 50 100 Samp\f’\?umber 200 250 300

(d) KLD between approximation of p(x;|X.)
by kernel density estimation using 10® samples
(acting as ground truth) and approximation by
Monte-Carlo Sampling and the two term mix-

ture model using 300 samples.

Figure 5.7 — Demonstration that a mixture model of a Normal distribution and t-
distribution (Equation 5.25) is an appropriate approximation for p(z;|X,) with
as little as 300 samples. for these charts a noisy case of ¥, = 0.5 and ¥, ~

IW(X,;1,4) were used.
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5.4.2 Implementation and Computational Constraints

Using Monte Carlo sampling methods to approximate a posterior distribution raises

some computational concerns:

1. A sufficient number of covariance priors must be sampled from the inverse

Wishart prior.

2. The Posterior distribution must be computed with time complexity O(n?) for

each sampled covariance.

3. Values must be sampled from the posterior distribution to approximate the first

two moments of the marginal distributions p(z;|Z, = Z,,)

Firstly, The Inverse Wishart sampling function form scikit-learn (Pedregosa et al.
(2011)) is capable of sampling a high number of large covariance matrices at a suffi-
cient speed. Second, by leveraging the vectorization and einstein functions of numpy
(Harris et al. (2020)), the matrix computations used to condition the posterior dis-

tributions run at a sufficient speed.

Lastly, sampling values directly from each posterior distribution took the most amount
of time of all three steps. The best performing out of the box tool was found to be
the multivariate normal sampling tool from numpy?®. However, the sampling method
still relies on singular value decomposition which in this case has has time complexity
O(¢?) (Vasudevan and Ramakrishna (2017)). Further, this must be repeated for every
sampled covariance matrix. This was found to take an unpractical amount of time

considering most on demand applications.

To make this step more efficient, it must be first be recognized that each marginal

distribution (p(z;|Z, = Z,)) may be approximated independently from each other.
Thus each sampled posterior covariance matrix is made diagonal (Algorithm 5.1 line

12).

26numpy/random /mtrand.pyx



5.4 Approximation of ¢ Process With Independent Noise 82

This however, does not address the issue of sampling from multiple normal distri-
butions. To address this, a ¢ dimensional standard normal distribution is sampled
from m times (Algorithm 5.1 line 5) only once (rather than for each sampled covari-
ance). The standard deviation and mean of each posterior distribution calculated
from a sampled covariance matrix is then used to scale the random samples from
the standard normal distribution. This gives the same result as sampling from each
sampled multivariate distribution with covariance made diagonal m times. This is
not a heuristic, however, the marginal distributions are approximated independently
of each other resulting in more jagged approximations along the 7' axis given small

sample sizes.

The outline of the algorithm is as follows:

Algorithm 5.1: Monte Carlo Approximation of Posterior Marginal Distri-

butions
1: Let [ be the number of covariance matrices sampled.

2: Let m be the number of values to sample from each posterior distribution.

3: Input: p(X,), X, Z.

o

Output: posterior samples
Initialization: standard samples < sample(N,, m)

Step 1: Sample Prior Covariances

prior_ covs «— sample(p(X,), )

*

Step 2: Compute Posterior Means and Covariances

9:  posterior means + {E[p(X,)|2., Xe = B4, Zy = Z,] | B € prior_covs}
10:  posterior_covs + {Cov[p(X,)|., e = %4, Zn = Zy] | ©; € prior_covs}
11: Step 3: Extract Marginal Posterior Variances

12:  marginal posterior variances < {diag(Cov;) | Cov; € posterior covs}
13: Step 4: Generate Posterior Samples

14:  posterior_samples < {standard samples X s; + p; | (i1, 5?) €
(posterior _means, marginal _posterior variances)}

15: return posterior samples

Where N, is the ¢ dimensional standard normal distribution.
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The compute times on a MacBook-m1 are as follows:

Table 5.1 — Time it takes to approximate the posterior distribution using a varying
number of samples. Each sample used ¢ = 200 and n = 50.

50 100 200 500

50 1.39 1.63 2.09 3.42
100 1.61 1.89 2.39 3.99
200 1.72 216 291 5.75

When running the above, it appears the majority of the runtime is taken inverting
the sampled covariance matrices of size K,,, then sampling from the inverse Wishart
prior. For the use cases of this thesis, It was found 200 covariance samples () and 50

standard normal samples (m) gave a sufficiently precise estimation.

5.4.3 Performance of t Process Using Independent Noise

As discussed in Section 5.2.2 a TP with exact observations is capable of scaling the
covariance of the posterior to match the data (Figure 5.2 and Figure 5.3). However,
when using the canonical method (Section 5.3.2) to address noisy observations, the
TP fails to scale the covariance of the posterior as the Mahalanobis distance is trained

on noisy observations with respect to >, + X..

It was found the proposed model using independent noise could scale the covariance
matrix while using noisy observations (Figure 5.8). Further, given the correct kernel
function, the scaled posterior variance using independent noise appears to converge
to the scaled posterior variance of the TP using exact observations (Figure 5.6).
The expected values given by the model’s posterior using independent noise was also
slightly different than those of the canonical method. To the authors knowledge this

is the first comparison of this kind.
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(a) Prior p(z) showcasing X, and the jitter in
the confidence interval caused by the numeric

approximation.
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(¢) Prior p(z) plotted as the closed-form TP
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(b) Posterior p(z| Z49, X.) showcasing the more

accurate confidence over unobserved points.
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(d) Canonical method posterior p(z|Zy0, =)
showcasing the less accurate confidence over

unobserved areas.

Figure 5.8 — The proposed TP subject to independent noisy observations (top). The
canonical noisy TP (bottom). Though in both cases, the covariance scaled more
conservatively then when exact observations were used, this is to be expected as
noisy observations still regard information from the prior. Most notably the pro-
posed model adjusts the covariance more than the canonical TP using noisy obser-
vations. The same parameters are used as in Figure 5.6.
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Figure 5.9 compares: TPs with exact observations; GPs with exact observations;
canonical TPs with noisy observations; and the proposed TP with independent noise.
To analyse how well the models scale the covariance matrix, the model’s predictive
variance about x; at t; = 1,000 is tracked as more observations are made along the
T axis. The choice of large t; creates distance from the observed points making the
effect of their local covariances negligible. Thus, capturing only the effect of the
covariance scaling by the TPs. The same ground truth and parameters were used as
in Figure 5.8. Note the kernel function is scaled to the variance of the ground truth
in this case because the prior expected value is correct, and the kernel function is

approximately correct besides for the scaling parameter.
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g 5B —— TP-Independent-Exact
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Figure 5.9 — Comparison of stochastic processes scaling their covariance to a sin func-
tion. All the models use the locally periodic kernel, prior expectations and ground
truth function used in Figure 5.6. The numeric approximations were made with
1,000 samples.
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Firstly, Figure 5.9 shows the covariance of the GP (GP-Exact) is fixed, predicting x;
within a constant variance. The covariance of the TP using exact observations (TP-
Exact) converges to the variance of the ground truth function. The sampling method
5.24 using exact observations (TP-Independent-Exact) deviates very little from the
true TP validating the sampling method. The canonical TP using noisy observations
(TP-Noisy) is volatile, and does not converge to the true variance. The proposed TP
using independent noise (TP-Independent-Noisy) is more stable than the canonical

model and converges to the true variance while using noisy observations.

Application to Informative Path Planning

In most informative path planning applications observations will be subject to sensor
noise. The proposed t process subject to independent noise preserves the scaling prop-
erties of TPs using exact observations while still accommodating noisy observations,

making it a practical and informative option.

One disadvantage of applying the proposed method to IPPAs is that the mutual
information of an observation cannot be easily approximated. When the method is
applied in this thesis, the mutual information of a GP will be used as a proxy. The

other disadvantage of this method is the additional compute time required.
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5.5 Model Selection and Parameter Training

At a high level, the methods of model selection and kernel parameter training used
by GPs (Section 4.3) may be applied to TPs. When training TPs however, the kernel
function has moved from the covariance of the normal distribution, to the shape

parameter of the Inverse Wishart prior.

As in the Gaussian case, kernel parameter values are optimized by maximizing the
log likelihood of the observed values (Z,) (Equation 4.16). One difference however, is
that there is a strong argument to not train for the variance of the data as this will

be scaled already by the Bayesian properties of the TP.

5.5.1 Parameter Training Over Canonical t-Processes

When using exact observations or the canonical noise model, the log likelihood of
observed values is is calculated by their joint multivariate ¢ distribution, taking the

form (Tracey and Wolpert (2018))2":

vo+n Vg n 1 vo+n S,

I(p(Z,)) = D(Z5—) = T(5) = 5 Wn(ogm) — 5 (| Won]) - In(1 + FZ)
— g(vo, n) — ;m(\xpmy) _ D ; "1+ ig)

(5.26)

8 encapsulating the terms that are indepen-

Where g(n,vg) is a convenience function?
dent of the kernel function; ¥,,, may include canonical additive noise (Equation 5.20);
and S, is the Mahalanobis distance of the observed values with respect to ¥,,,, (Equa-

tion 5.10f).

Note, vy degrees of freedom are used rather than vy+n as Equation 5.26 measures the

log-likelihood over the prior. Though note, this is a design choice, optimizing using

2"Equation 27
*g(n,vo) = T(*5™) =T (%) — % In(vom)
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the likelihood of a ¢-distribution with vy 4+ n degrees of freedom may also be justified

(Yu et al. (2007)).

Building off of Algorithm 2.1 of Rasmussen et al. (2006), this thesis outlines a novel de-
composition of the multivariate ¢ distribution’s log likelihood function and derivative
to minimize the time complexity of the training algorithm. Analogous to Equations

4.17, first consider:

Let L := Cholesky(¥,,,) (5.27a)

Let o : = L™\ (L\W,,) (5.27b)

It follows (Equation A.3b):

n

In(p(Z,)) = 9(vo,m) — - (In(li)) -

i=1

_ 7 \T
Vo +n ln(l + (¢(Tn) Zn) o
2 Vo

) (5.27¢)

The derivative with respect to kernel hyperparameter § may also be written as (Equa-

tion A.3c):

;0 ln(p(Zv)) = ;6’ ((—;ln(]\lfnn\)>
0 vy +n Vn—gbZnTT\I/,:%Zvn—gblnT

1 Up +1n T 7v—1) OV¥nn
-3 G~ o(Tya O ) ) %)
(5.27d)

As with the time complexity of training GPs, the complexity of training TPs is
dominated by solving for the Cholesky decomposition and the subsequent linear sys-
tem, (9(%3) and (9(%2) respectively. Again as in the GP case, further computing the
derivative has complexity (9(";) and thus requires limited additional computational
demand. Thus the time complexity of training TPs and GPs using gradient based

optimizers are virtually the same.

To search for the maximum likelihood of the multivariate TP over the kernel param-
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eter space (Equation 4.16), equations 5.27¢ and 5.27d are given to the same BFGS

optimizer with 5 random start points as was used to train GPs (Virtanen et al.

(2020)).

Figures 5.10b and 5.10d show the results of training the TP over 40 exact and canon-
ical noisy observations. The optimal kernel parameters were found almost instantly
when run on a M1 processor. It can be seen the TP is better fit to the signal following

kernel parameter training in both cases.

5.5.2 Parameter Training Using Independent Noisy Obser-

vations

When training the kernel parameters of the proposed TP model, the likelihood of
observations subject to independent noise must be approximated. This is done using
the Monte-Carlo mixture model method described in Section 5.4.1. Unfortunately,
this approximation must be repeated to evaluate each new set of kernel parameters
throughout the optimization algorithm. Further, the derivative is not readily available

thus rendering gradient based optimizers unavailable.

This results in more computationally demanding optimization algorithms. Train-
ing the proposed method using 40 observations subject to independent noise (Fig-
ure 5.10f) took 35 seconds on an M1 processor, whereas the canonical TP trained
instantly. It was also found that the 'COBYLA’ optimizer from Scipy (Virtanen et al.

(2020)) was most roboust when optimizing over approximations of the log likelihood.

Although training the TP using independent noise takes more time, the results are
superior to the trained TP using the canonical noise model. When comparing Fig-
ure 5.10d to Figure 5.10f, it can be seen the proposed method is better able to learn
the periodicity of the signal.

Further, comparing the plots subject to noisy observations prior to training (Fig-

ure 5.10c and Figure 5.10e), it can be seen the proposed model better fits the data
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when using a suboptimal kernel function. Again, this because the covariance of the

proposed model better fits to the observed values using Bayesian methods.

More robust and computationally efficient parameter training algorithms is a promis-

ing avenue of future work.
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ing kernel parameter training.
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(d) TP of signal with canonical noisy observa-

tions using kernel parameter training.

—— TP - indi error parameter tuning
Ground Truth

10 20 30 40

o

—40 =30 -20 -10

(f) Proposed TP using independent noise of sig-

nal using kernel parameter training.

Figure 5.10 — Comparing TP training on signal with and without parameter training.
The same parameters were used as in the GP case (Figure 4.5) across all models.



Chapter 6

Application of Stochastic Processes

to Informative Path Planning

This section will combine ideas from Chapters 2, 4 and 5 to apply the stochastic

processes discussed in this thesis to the informative path planning constraint problem.

Firstly, simple but representative IPPAs are defined for each model. They are then
evaluated on a potassium density data set, using a variety of metrics to showcase

their strengths and weaknesses.

It was found when TPs were applied to this informative path planning problem,
they were able to successfully scale the prior, generally resulting in an better fit.
The improvement in fit was most noticeable given an under-confident prior, as the
Bayesian update step was able to make more pronounced changes. Given an over-
confident prior, the quality fit of the data was largely the same. The prediction error

was slightly greater, but made up for by the scaled variances.

A high level review of the application of GPs to informative path planning, a discus-
sion of related work and the proposed benefits of TPs in this context is covered in

Section 2.4.1.
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6.1 Stochastic Processes in Two Dimensional Space

Thus far GPs and TPs have been defined and exemplified in one dimensional space
(T C R). However, most physical environments occupy two or three dimensional
space. The examples in this chapter will assume the environment can be represented
in two dimensional space (T' C R?). In this context, the following variable domains

and function signatures change:

o i, € R?
o k:(R%RY) - R
e 0: R R
o R - R*
Figure 6.1 demonstrates a GP modelling two dimensional geographic data. The values

of the raster data correspond to the potassium density over a region in New South

Wales, Australia. The data set will be discussed in more detail in Section 6.3.
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Figure 6.1 — GP modelling two dimensional data. These figures demonstrate how
expected values and confidence disperse across the environment. The GP used
RBF kernel with r =0.5and [ = 7.
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It can be seen the GP can only roughly approximate the ground truth even when using
122 exact observations. This is largely due to the unpredictability and coarseness of
the data set. None the less, the GP captures the general trend of the data and

captures the uncertainty between observed locations.

6.2 Application of Stochastic Processes to Infor-

mative Path Planning

6.2.1 Problem Definition

This section outlines several IPPAs, each driven by the different stochastic processes
discussed in this thesis. In each case the environment will be a bounded, convex, two

dimensional space, and the agent will be subject to a travel distance constraint.

e Let T C R? st. T be a convex set!.

e Let t; = (t;,,t;,) € T represent the current location of the agent.

o Let c(a;) = [|t; — ]| = \/(tjo — tiy)% + (t;, — ti,)? be the cost of an observation
action. This is the distance the agent must travel from ¢; to ¢; in order to make

an observation about x;.

o Let c(Ar,) = X0 |[tie1 — ]| be the cost of an action sequence. This is the

geometric distance of the path across all points.

e Let By € RT be the starting budget of the research mission.

The definitions of X, Z, A, t;, x;, z; and a; follow directly from Chapter 2.

Following from Section 2.3, IPPAs will be defined as solutions to the following opti-
mization constraint problem:

max [(X;Z,) (6.1)

C(An)<B

'In a convex set, any two points in the set can be connected by a straight line contained in the
set. Defining T to be convex simplifies the cost function while maintaining generality.
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6.2.2 Stochastic Processes Using Exact Observations

When using GPs or TPs with exact observations to model the QOI, the mutual
information between observations and the QOI (1(X; Z,)) has a closed form solution.

This allows for more straight forward IPPAs.

Using Gaussian Processes With Exact Observations

When using GPs with exact observations the IPPA is derived from:

o p(X,) = N(z;; 9(t;), K,y) derived in Equation 4.5.

o p(X,|Z,) = N(X;[1,%) derived in Equation 4.6.

o I(X;Z,) = 2In(27e) + 5 In(|K,,|) derived in Equation 4.9.

Giving:
max [(X;Z,)
C(A1;n)<B
(5 In2me) + 5 In(|Ko)) o
= max — In(Z27we) + < In nn
St —till<B N2 2
Using t Processes With Exact Observations
When using TPs with exact observations the IPPA is derived from:
o p(X,) ~IW(E,; (vo —2) Ky, ¢ — 1 + 1) derived in Equation 5.6.
o p(X,) =T(X;o(T), U%gquq’ vg) derived in Equation 5.7
e p(X,|Z,) = T(X.; i, ¥, o) derived in Equation 5.10.
o [(Xy; Zy) = s n(|Vpp|) + H(Ts,) derived in Equation 5.14.
Giving:
max [(X;Z,)
C(A1;n)<B
(6.3)

= max (; In(|¥,.,|) + H('ﬁz,vo))

Z:‘lzl [[ti—1—ti||<B
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6.2.3 Informative Path Planning Tree Search Given Exact

Observations

When using exact observations, Equation 6.2 and Equation 6.3 define the optimization
constraint problem driving the IPPA when GPs and TPs are used to model the
QOI respectively. The solution to these constraint problem must now be found or
approximated by searching the action space (A). This will give the next observation
action to exercise. Once the action is exercised and the belief map is updated, the

next observation action is searched for again.

When using GPs or TPs, finding the optimal action sequence is an NP-hard problem,
especially if T is treated as a continuous space (Hitz et al. (2017)). To make the
problem more approachable, the continuous space T is discretized into a grid. Under
this discretization, the space of possible action sequences is finite. This is a common
simplification among IPPAs (Jakkala and Akella (2024)). Although finite, in practice
the action space is still far too large to search through completely, this motivates

analytic solutions, approximations or heuristic tree search techniques.

In many applications, the kernel function and occupancy map is given a priori. In this
context, the optimal action sequence may be derived prior to the mission, relieving
the need for online IPPAs. However, when the uncertainty of a belief model changes

in a spatially inconsistent way following observations, online IPPAs are optimal.

When using GPs or TPs, the kernel function determines the most informative action
sequence. In cases where the kernel function is trained in an anisotropic or spatially
inconsistent way, the most informative action sequence will change depending on

observed values. Thus, justifying an online algorithm.

It was found in other works with similar applications, that Monte-Carlo Tree Search
(MCTS) is a suitable technique to approximate the most informative action sequence
of an online IPPA (Arora (2018); Garza (2021)). The search algorithm is anytime
and well suited for approximating large search spaces. A thorough explanation of its

implementation into IPPAs can be found in Arora (2018)2.

2Section 3.2.3.
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To limit the search space, the available actions at each iteration in the tree search are

limited to a surrounding grid of available points (Figure 6.2). This also guides the

search in a reasonable direction.
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Figure 6.2 — Example of 6 observations, followed by an action sequence in the search
space going 5 observations deep. The star shows the agent’s current location; the
dotted line connects potential observation actions and the red grid shows the search
space of a 6" observation action.

6.3 Stochastic Processes Using Noisy Observations

When modelling the QOI using GPs or TPs subject to noisy observations, components

of the IPPA must be approximated. Using these stochastic processes requires a more

involved IPPA.

Gaussian Processes Using Noisy Observations

When using GPs with noisy observations, the mutual information of observations

must be approximated. The IPPA is hence approximated using:

o p(Xy) = N(wi; o(ti), K

)T rqq

e p(X,|Z,) = N(X;1,%) derived in Equation 4.14.

) derived in Equation 4.5.



6.3 Stochastic Processes Using Noisy Observations 99

o I(X;Z,) = I(Xy; Zy) = 5 In(|Kyq|) — %ln(|§~]qq|)) derived in Equation 4.15d.

Giving:
max [(X;Z,)
C(Alzn)<B
~ max (lln(quqD — 11H(|iqq|)))
S ltioa—ti|<B 2 9

Canonical t Processes Using Noisy Observations

As with the noisy GP case (Equation 6.4), when using canonical TPs with noisy
observations, the mutual information of observations must be approximated. The

IPPA is hence approximated using :

o p(X;) ~IW(E,; (vo—2)Kyq, ¢ — 1+ 1) derived from joint prior Equation 5.19.

o p(X,) =T (X;0(T), 22K, v) derived from joint prior Equation 5.20

vo

o p(X,|Z,) =T (Xs; i, ¥, 9) derived from joint prior using Equation 5.10.

o I(X;Z,)~ (X, Z,) =1 ln(%%—f(v?n, q) derived in Equation 5.22.

T2\ L e

Giving:

max [(X;Z,)
C(A1;n)<B

~ max <;hl(|\IIQQ| )—i—f(v,n,q))

Z’::l ”t’iflft’i”<B |\Ij=]/(‘yz+\ynn)

t Processes Using Independent Noisy Observations

t Processes using independent noisy observations as described in Section 5.4 do not
have closed form solutions for p(X|Z,), let alone I(X;Z,) or I(X,; Z,). Thus for
simplicity, action sequences in this case will be chosen using the same methods as

when using a GP.
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6.3.1 Informative Path Planning Tree Search Using Noisy

Observations

As described in Equation 6.4 and Equation 6.5, when using GPs or TPs subject to
noisy observations to model the QOI, the mutual information of observations must be
approximated. Thus, the objective function of the IPPA’s tree search algorithm must
be approximated. This is done by discretizing the environment into a finite number

of points (I1(X; Z,) =~ I(Xy; Z)).

The larger g is, the more representative the approximation is of the continuous envi-
ronment. However, the computational demands of a large ¢ must also be considered,

especially when integrated into an anytime heuristic tree search algorithm.

To choose what points to include in this approximation, the shape of the kernel func-
tion driving the mutual information is considered. When there is a length component

to the kernel function, the mutual information between points decreases with distance:
It =]l T = I(2i25) | (6.6)

Thus, points closer to the potential observation points (Z,) should be prioritized

when approximating I(X; Z,).

When evaluating the mutual information of an action sequence, a grid of points is
cast around each considered observation location Figure 6.3. This results in a collec-
tion of points that are representative of how the entropy of X will change following

observations Z,,.

To avoid large numeric issues when approximating mutual information, the budget
of the agent is temporarily reduced before running the MCTS algorithm. This limits

the depth of the search and thus the number of points on the comparison grid.
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Figure 6.3 — Example of 5 observations, followed by an action sequence in the search
space going 5 observations deep. The red dots show what points are evaluated
when approximating the mutual information of the observation sequence.
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6.4 New South Whales Potassium Mapping

This section will apply the abstract IPPAs of each stochastic process to real geologic
data. The strengths and weaknesses of each IPPA will then be demonstrated using a

variety of metrics.

6.4.1 New South Wales Potassium Data Set

To evaluate the proposed IPPAs, a series of research missions will be run on a dataset
of potassium density over NSW Australia (Figure 6.4). The potassium density mea-
sured as a percentage, is determined by the mineral composition of the subject rocks
or soil. The dataset was generated by the Mining Exploration and Geoscience Di-
vision of Regional NSW (Matthews (2023)). It was compiled by merging a series of

airborne radiometric surveys.

The resolution of the map is approximately 400m/pixel, varying slightly by region.

Potassium % values in the original data set range from -1.36% to 6.85%.

Figure 6.4 — Potassium density map over NSW Australia.
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Data Preprocessing

To generate a collection of comparable data sets to evaluate the proposed IPPAs on,
the NSW Potassium dataset is subdivided into 500 square regions. The potassium
density values in each region are then normalized to be between -1 and 1. Regions

with null values® are also ignored to control for size.

(a) NSW potassium data subdivided into re- (b) NSW normalized potassium data, exclud-

gions and normalized. ing regions with null values.

Figure 6.5 — NSW data preprocessing steps.

This leaves 236 regions with the following properties:

e size: 50km x 50km
e resolution: 125 x 125
e value rage: [—1,1]
These preprocessing steps provide a collection of coarse scalar fields to test the pro-

posed IPPAs on. Their consistent size and value range make for relatively comparable

error metrics reducing outliers in performance.

3Typically regions including bodies of water, cities or borders.
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6.4.2 New South Wales Potassium Informative Path Plan-

ning Algorithms

This section will make the abstract IPPAs outlined in Section 6.2 specific to the potas-
sium density data. In this simulation, the QOI is the normalized value of potassium
density. Thus, the objective of the IPPAs is to reduce the uncertainty about this

value.

This simulates the informative path planning constraint problem of an agent travel-
ling across the region making in-situ potassium density observations, giving physical

meaning to the variables:
e ¢ = (125 x 125) measured in 400mx 400m pixels.
e ¢(t) = 0 is the prior’s expected value.
e X C R?is the potassium density (normalized to be between -1, 1)
e By =500 (400m pixels) enough budget to circle the region’s perimeter.

When observations are specified as noise, they will be subject to Gaussian white noise

with standard deviation 0.1, otherwise observations will be exact:
e When noisy: p(z|z;) = N (z; 74, 0.1%)
e When exact: z; = x;

The informative path planning optimization constraint problem specific to the potas-

sium density simulation may be formulated as:

C(,IAHTL??SOO](X12527 Zn) (67)

Potassium Density Kernel Function

Each stochastic process used to model the QOI will be instantiated with a diagonally

anisotropic Matérn kernel function (Equation 6.8a) (Rasmussen et al. (2006))*. This

4Equation 4.1.4 and Section 4.2.
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is a stationary kernel function that spatially correlates the presence of potassium in

the region and allows the the length scale parameters to be trained in both axes.

k(ti,t;) =1 x

— (\/@(ti — ;) Mt~ tj))u/Cu <(ti — )Mt~ tj))

I'(u)2v
(6.8a)
where IC, is the modified Bessel function and:
L 0
M=" (6.8b)
0 I

The Matérn kernel function is a generalization of the RBF and exponential kernel
function (Genton (2002)). The u parameter will be fixed to a low value of 1.5, giving
relatively high likelihoods to less smooth regressions. This helps the model adapt to
the coarseness and apparent randomness of the data set’s ground truth. As the u

parameter approaches infinity, the Matérn kernel approaches the RBF kernel.

When the kernel parameters are not being trained for, a fixed length scale of 12
will be used equating to 4.8km. Otherwise they will be trained subject to bounds
[ € (3,20). The bounds prevent obscure behaviour in the event that the model cannot
fit to the data or in the event that the best fit goes against fixed prior beliefs about

the distribution of potassium.

In each case the radius parameter r will be fixed. Section 6.5.1 and Section 6.5.2 will
fix r to be too high and low respectively, to evaluate the performance of the IPPAs

under these challenging conditions.

Computational Constraints

The MCTS algorithm used to approximate the subsequent best observation action,
is given two seconds of compute time. Further, to encourage breadth first search, the
MCTS algorithm will not consider states that exceed a travel distance of 200 pixels.
To approximate the TP subject to independent noise, 200 covariance matrices are

sampled.
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6.4.3 Performance Metrics

Several metrics will be compared to evaluate the performance of each IPPA. To
improve the runtime of evaluating models, rather than evaluate the models using the
full resolution available (125%), the models will be evaluated using a resolution of 322.

This had negligible impact on the result trends.

The metrics at each point will be computed individually, rather than considering the
multidimensional distribution over X,. This is because the proposed TP subject to
independent noise does not approximate a multidimensional distribution, and further,

marginal distributions over x; are more important in many applications.

To define the performance metrics, the following notation is used:

o Let 7; be the true value of x at ¢;.

Mean Absolute Error

The mean absolute error quantifies the error of expected values given by the stochastic
process:
1 & .
Mean Absolute Error = — Z(E[aﬂZn =Z,] — Ti) (6.9)
n

i=1
Mean Squared Error
The mean squared error (MSE) quantifies the error of expected values given by the

stochastic process, penalizing errors quadratically:

MSE = izq:(E[mZn = Z)-m) (6.10)

i=1
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Average Variance

The average variance is not strictly a performance metric, however is useful when

contextualizing the other results.

1 & .
Average Variance = — Y Var[z;|Z, = Z,] (6.11)
n

i=1

In this section, average variance also serves as a proxy for entropy as the entropy of

mixture models is not easily approximated.

Mean Squared Prediction Error

The mean squared prediction error (MSPE) quantifies the expected MSE, given a
distribution over the QOI at a point ¢;:

q
MPSE = ~ S E[(; — 7)2|Z0 = 2]
N i=1
1< .
= Z(Var[xi] + (ElxiZ, = Z,) — Ti)z) (6.12)
i=1
1 q
= MSE + — > Var[xz;]
=1

As can be seen, this is effectively MSE (Equation 6.10) that additionally penalizes
variance. Hindley (2017)° refers to the terms in the second line of Equation 6.12 as
the process variance (variance of the stochastic process’s predictor) and estimation

variance respectively. See Equation A.4 for further decomposition of Equation 6.12.

Average Likelihood

The average likelihood of the ground truth 7; given by the probability distribution
at that point p(;|Z, = Z,) quantifies how well the distribution models the ground

SEquation A.7.
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truth. This simultaneously evaluates the error and confidence of a stochastic process.

1 < .
Average Likelihood = = Y p(z; = 1|2, = Z,,) (6.13)
noio

Average Log Likelihood

The average log likelihood of the ground truth given the probability distribution at
a point, quantifies how well a distribution models the ground truth, while penalising

low likelihood outliers exponentially.

1 < .
Average Log Likelihood = = Y In(p(z; = 1|Z, = Z,,)) (6.14)
o=

6.5 Results

To consolidate the topics discussed in this chapter, first, abstract IPPAs were defined
for each stochastic process discussed in this thesis (Section 6.2). Next, the NSW
potassium density data set was introduced (Section 6.4.1), and problem specific kernel
functions, operational constraints and computational constraints were set. Lastly, a
series of metrics were defined to quantify the performance of each IPPA given the

ground truth.

These models will be tested given an over-confident prior and an under-confident
prior, meaning the variance of the prior is less then and larger than that of the data
respectively ¢. The presented results train the anisotropic length scale kernel param-
eters after each observation, justifying the online MCTS policy. largely equivalent

results without kernel parameter training can be found in Section A.5.

Each TPPA is tested across 100 randomly selected regions from the NSW potassium
data set. To compare the results of each IPPA, each metric is averaged across the
tested regions and plotted with respect to the agents budget with a 1 standard devi-

ation buffer.

60One dimensional analogies of this this can be seen in Figure 5.2 and Figure 5.3.
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6.5.1 Results Given Under Confident Prior

This subsection will fix the radius parameter r of the kernel function (Equation 6.8a)
to be 1. This gives an under-confident prior over the distribution of potassium with
respect to the ground truth. Example runs of each IPPA given this prior can be found

in Figure A.1.

Figure 6.6 compares the performance of the IPPAs given the under-confident prior
and exact observations. Firstly, it is observed the MSE and Mean absolute error of
each IPPA decrease at a similar rate as the distance budget is exhausted (Figure 6.6b
and Figure 6.6e). This is to be expected as the stochastic processes are conditioned
on observations and the expected value of TPs and GPs are algebraically the same”.
On average, the IPPAs driven by TPs have slightly more error when compared to the
[PPAs driven by GPs. This is likely because the TPs prioritizes different points to

observe than the GP, especially under the time pressure of the MCTS algorithm.

Where the TP stands out, is their ability to recognize the prior is under-confident and
consequently scale down the covariance of the model (Figure 6.6f). Thus, even though
the TPs error is slightly greater, its MSPE is significantly smaller (Figure 6.6c).
Further, the lower variance is justified, as the likelihood of the ground truth is greater

when modelled using TPs (Figure 6.6a Figure 6.6d).

Figure 6.6 compares the results of the IPPAs subject to Gaussian white noise given
the under-confident prior. The IPPAs considered model potassium using noisy GPs,
canonical noisy TPs and TPs subject to independent noise. Overall, these results are
similar to the results using exact observations (Figure 6.6). However, it was shown
TPs using independent noise were capable of scaling the variance of the posterior
distribution just as the canonical TP did. Further, in part because the IPPA uses the
objective function given by a GP, errors were also smaller. Overall using the proposed

TP subject to independent noise resulted in a better fit with greater likelihood.

“Compare Equation 5.10c and Equation 4.6¢
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Figure 6.6 — IPPA performance given exact observations and under-confident prior.
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Figure 6.7 — IPPA performance given noisy observations and under-confident prior.
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6.5.2 Results Given Over-Confident Prior

This section will fix the radius parameter 7 of the kernel function (Equation 6.8a) to
be 0.32. This gives an over-confident prior with respect to the ground truth. Example

runs of each IPPA given this prior can be found in Figure A.2.

Figure 6.8 compares the results of the IPPAs driven by GPs and TPs given the over-
confident prior and exact observations. As with the under-confident case, the error

of the IPPAs driven by TPs is slightly greater than those using GPs.

Again, the notable difference in the mode performance lies in how variance is scaled.
In this case, the variance given by the prior is too small. Thus, at first, the TPs
increase the variance as observations are collected. After several observations, the
scale of the covariance begins to stabilize and the variance begins to decrease as

observations are used to better model the QOIL.

This increase in variance has a negative impact on the likelihood of well represented
data as the peaks of the marginal distributions (p(7;|Z, = Z,)) are lower. However,
poorly modelled data is given a greater likelihood as the tails of the marginal distri-
butions are wider. When using the log likelihood, this effect is made more intense as
outliers are penalized more severely. The likelihood of the ground truth when mod-
elled using TPs was slightly lower, likely due to the slightly greater absolute error.
However, the log likelihood was slightly greater as the TPs better captured outliers

due to their scaled variance and heavy tailed shape.

Figure 6.6 compares the results of the IPPAs subject to Gaussian white noise given
the over-confident prior. In this case, each IPPA fit the data with similar likeli-
hood. The GP and canonical TP scaled the variance in a similar way as when using
exact observations. However, the variance of the TP using independent noisy obser-
vations scaled the covariance differently. The variance increased at first recognizing
the under-confident prior, but then gradually decreased as observations were made.
Interestingly, this yielded the same likelihood as the other models, likely due to the
model’s greater absolute error as a consequence of conditioning the posterior closer

to the over-confident prior’s expectation of ¢(t) = 0.
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Figure 6.8 — IPPA performance given exact observations and over-confident prior.
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Figure 6.9 — IPPA performance given noisy observations and over-confident prior.
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6.5.3 Discussion

When TPs were applied to informative path planning in this simulation, they scaled
the variance in each scenario encompassing under-confident priors, over-confident

priors, exact observations and noisy observations.

In every scenario, canonical TPs gave slightly more absolute error than GPs. This
is because the TPs mutual information was found to prioritize less effective points.
However, due to the other properties of TPs, they generally modelled the ground
truth with equal or better likelihood. As the informativeness of an observation using
TPs depends on the values observed, the mutual information in this case is prone to
giving incorrect expectations. This can easily be addressed by experimenting with
different objective functions. Note that, this is not a consequence of TPs giving
poorer expected values, as the expected values of TPs and GPs are the same when
conditioned on the same points. Also note, this is not a consequence of TPs training
less effectively as the same behaviour can be seen when the kernel parameters are

fixed (Section A.5).

Generally it was found TPs outperformed the GPs most when given an under-
confident prior. This is because the under-confident prior is more susceptible to
change in a Bayesian framework. This property is rooted in the the fundamental

Bayesian sensor models outlined in (Chapter 3).

In this application, TPs subject to independent error performed comparably to the
canonical noisy TPs. When using the under-confident prior, the likelihood was greater
in part due to the shape of the marginal ¢ distributions and slightly lower variance,

but also as a consequence of using the GP’s objective function.

When the TPs subject to independent error were given an over-confident prior, the
variance of the data was scaled in a much different way to the canonical TP (Fig-
ure 6.9f). The variance increased to start, accounting for the overconfident prior,
but then decreased more rapidly eventually being inline with the variance of the GP.

Nonetheless, this gave approximately the same likelihood as the other models.
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Discussion of Prior Expectation and Kernel Functions

In this simulation, the true mean of the QOI is not given, and thus the prior expecta-
tion is assumed to be ¢(¢) = 0. In this context, the TP does not solve for the variance
of the QOI as could be done in more theoretical examples (Figure 5.9). Rather, the
TP scales the covariance of the posterior with respect to how different observed values
are from the prior’s expected value and kernel function. This can be though of as

scaling the confidence of the prior.

The geographic data in this simulation also does not have a true kernel function as
could be derived in more theoretical examples. Thus the covariance matrix is scaled
with respect to an approximate kernel function. This is also partially addressed in

the kernel parameter training step.

Although there cannot be performance guarantees in less controlled environments,
the scaling and wide tailed properties of TPs were still found to generally maintain

or improve performance while providing useful insight into properties of the prior.



Chapter 7

Conclusion

7.1 Thesis Summary

This thesis begins by introducing the relationship between the fields of statistics
and classical robotics. In particular, this thesis focuses on the robotic problem of

informative path planning, building of Bayesian statistics and information theory.

There are many topics of research in the field of informative path planning, includ-
ing tailored objective functions, problem specific perception, integration into robotic
systems and more. This thesis approaches the problem head on by taking an analytic

Bayesian approach.

This thesis first investigates Bayesian sensor models from the perspective of conjugate
priors, highlighting the importance of the exponential family in deriving analytic
solutions. The informative properties of these models are also discussed and later
applied to stochastic processes subject to noisy observations and informative path

planning.

In situations where the QQOI can be mathematically described as a scalar field, GPs
are by far the most popular belief model used by IPPAs. The related work and ap-
plications of these are specifically discussed. This thesis provides a detailed technical

review of GPs and the conjugate Bayesian properties that allow for the integration of
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normal sensor models. This chapter also provides the necessary background to derive
and analyse TPs and the proposed TP subject to independent noise. The informative
properties of the models and their ability to scale confidence in a Bayesian way are
explored in great detail. A novel approach to training the kernel parameters of TPs is

also outlined building of the work of Rasmussen et al. (2006) and Thrun et al. (2005).

Lastly, each model was integrated into a simple but representative IPPA. They were
then evaluated on a geographic data set of potassium density over NSW Australia.
In a novel finding, TPs and TPs subject to independent noise were able to equally
or better model the data due to their ability to scale the confidence of the prior and

capture outliers.

7.2 Contributions

Firstly, this thesis gives a complete overview of analytic informative path planning,
starting from principals of information theory, Bayesian sensor models and conjugate
priors, progressing all the way through to an application of informative path planning

on real data.

Using this approach, the limitations of canonical noisy TPs were explored and ad-
dressed by proposing a model that builds of the normal distribution’s semi conjugate
prior. This model has been discussed in few works, and must be approximated due
to its intractable form. This thesis outlines a novel Monte Carlo sampling method to
approximate the model’s posterior, outlines a kernel parameter training method and

showcases its benefits when compared against canonical noisy TPs.

Lastly, this thesis showcased a novel application of TPs to informative path planning

where their unique Bayesian properties were demonstrated.
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7.3 Future Work

This section will go into specific areas of this thesis and related work outlining po-
tential areas of future work and and their potential contribution to informative path

planning.

Chapter 5 (Equation 5.16) describe a process where separate priors are placed over
¥, and ¥, giving what Yu et al. (2007) describes as double robust control, and what
Tang et al. (2017) approximate using the second order Taylor series. This model has
the potential to scale the covariance of the data and the noise of observation making
a double robust model. This would allow researchers to place a prior over sensor
noise and the covariance of the QOI allowing the agent to scale these parameters in
a Bayesian way as observations are collected. This has the potential to make IPPAs

less sensitive to these parameter initializations and further correctly scale them.

In Chapter 5 (Figure 5.1) it was shown how using TPs can give a confidence interval
over the covariance of the QOI. Appling this to multi-output GPs, it would be
interesting to explore how the confidence of different outputs and their correlation
may vary. Confidence over correlations may help researchers evaluate hypotheses and
could help inform an agent of the next best observation action depending on the

agents objective.

Chapter 5 (Section 5.5) discusses and demonstrates kernel parameter training for
TPs. Exploring different optimizer to make searching the kernel parament space
more robust would be a practical improvement that builds of well studied fields. This

would generally stabilize the IPPAs using TPs.

In Chapter 5 (Equation 5.24) Monte-Carlo sampling methods were used to approx-
imate the posterior distribution of a TP with independent noise. This sampling
method has the potential to be sped up by exploiting the representation of the multi-
variate t-distribution shown in Ding (2016)*. This would be advantageous for online

IPPAs using TPs subject to independent noise.

'Equation 2.
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In Chapter 6 it was shown the mutual information given by a TP results in a slightly
less effective objective function then what is given by a GP. Experimenting with
different objective functions would build of a strong body of related work to potentially

improve the performance of IPPAs using TPs.

More generally, the multivariate normal distribution has many uses in engineering,
planning, robotics and more. It would be interesting to explore how placing a prior
over their covariance would affect the performance of these models in their applica-

tions.

7.3.1 Robotic Application

The most pertinent future work would be to test TP driven IPPAs on a physical
robotic informative path planning problem. Testing the proposed models given phys-
ical sensor noise and physically observed values would inform how to best implement

the model and how its properties are effected.

Building off the potassium density example (Section 6.4), one potential application
would be to mount a Geiger counter to a robotic agent tasked with making radiometric
observations in the field. In this context, a Bayesian sensor model would be used to

relate radiometric observations and the presence of potassium.

7.4 Concluding Remarks

Analytic Bayesian statistics is an essential tool for building computationally effi-
cient systems robust to uncertainty. Informative path planning is no exception with
standard approaches relying on stochastic processes, Bayesian sensor models and in-
formation theory. Building of these fundamentals has made for a fruitful avenue of

research with practical applications and promising future work.



Appendix A

Supplementary Equations and

Figures

A.1 Covariance Equations

Equation A.1 demonstrates how the additive properties of covariance can be used
to simplify the covariance of the QOI and an observation subject to Gaussian white

noise. This builds off the definitions of Section 4.2.

cov(z;, xj) = cov(x; + €, %)) where ¢ ~ N (e;0,9(t;))
= cov(x;, €;) + cov(xz;, x;
(23, €) (@4, ;) (A1)
= cov(z;, z;) by noise being independent of the QOI

- k(tl, t])
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A.2 Log Likelihood Equations

A.2.1 Multivariate Normal Distribution Log Likelihood

Equation A.2f shows how the log likelihood of a multivariate normal distribution can

be rearranged for computational efficiency (Rasmussen et al. (2006) Algorithm 2.1.):

Let K .= K,,, + X, (A.2a)

Let Y := Z, — ¢(T},) (A.2Db)

Let L := Cholesky(K) (A.2¢)
Let [;; := the " diagonal of L (A.2d)

Let a: = L'\ (L\Y)

(A.2e)
— Ky
Then ] ]
In(p(Z,)) = —5Y"K~'Y — S In(|K]) - gln(%r)
=y ety = Pnen
=—Y"a—-hn ;I (A.2f)

= ;Yoz — zn:(ln(ln')) - gln(Zﬁ)

i=1

The derivative may be calculated as (Rasmussen et al. (2006) Equation 5.9.):

s In(p(Z,)) = Y TR SR — (K 28
— ;angja — ;tr(K_lggl()
— ;(tr (O‘O‘ngf) —tr (Klggg) (A.2g)
- gr{ee g~ K 5g,)

= ;tr((aaT —~ K 8K)

96,
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A.2.2 Multivariate ¢t-Distribution Log Likelihood

Equation Equation A.3 shows how the log likelihood of a multivariate ¢ distribution
may be rearranged for computational efficiency:

Let the convenience Equations A.2b A.2¢ A.2 and A.2 hold except using:

U0—2

Let K 1= = (Ko + 2.) s
-
In72)) = g0, S 2 r 4 I = 00 = ),
— g(vy,n) — ;ln(|K|) B YT[;O_IY)
= goo,m) — 5 M(LLT]) ~ X (1 YUTOO‘)
— g(vo,n) — é(ln(zm) RS N y;a)
= g(vo,n) — i}(ln(lii)) Ul (d)(T")U_O Z”)TO‘)

(A.3b)
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The derivative of Equation A.3 may then be written as:

(6(Ty) — Z) "W M (B(T,) — Zn>))

Vo

1n(1 +

8 ~ 8 1 8 Vo +n
o (D) = 55 (=5 (1wl )+ 55 (-2

0 1 0 vo+n YTK-Y
(e Im(K) )+ (- In(14+ 2% %
90 <( 5 |>>+ae< o 1+ " )
vo+1n 1o 40K 1 40K
_ YT gy St
Wt YTK Y 2 90 5t 5)

vo+1n 1 70K, 1
_vo—l—YTaXZ
zltr( Vo +n < an 0K B 8K>

2 \vo+YTx 060 00

1 vo+1n T 1) 0K
= 5i(( sy < oo™ = 7))

2
-l sy X o~ ) )

(A.3c)

A.3 Mean Square Prediction Error

Equation A.4 shows how the MSPE (Equation 6.12) may be rearranged:

El(z - 1)
= E[z® + 272 + 77
= E[z?] — 27E[z] + 7* (A4)
= E[2?] + E[z]? — E[z]? — 2rE[z] + 72
= Var[z] + (E[z] — 7)°

A.4 Informative Path Planning Example Runs

The following two pages show runs of each IPPA given the under-confident and over-

confident prior respectively. The ground truth of this region is shown in Figure 6.1e.
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Figure A.1 — IPPAs of Section 6.4.2 given the under-confident prior. The ground
truth is shown in Figure 6.1e.
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Figure A.2 — IPPAs of Section 6.4.2 given the over-confident prior. The ground truth
is shown in Figure 6.1e.

A.5 Results Using Fixed Parameters

The results of Section 6.5 obtained using fixed kernel parameters are presented on

the following two pages.
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Figure A.3 — IPPA performance given exact observations and under-confident prior.
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Figure A.4 — IPPA performance given noisy observations and under-confident prior.
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Figure A.5 — IPPA performance given exact observations and over-confident prior.
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