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Abstract

The identification of mesoscale structures is essential to understand the organization of

complex networks. Despite the recognition of various structural patterns in many networks,

previous works on the detection of groups of users have focused on finding specific types,

such as assortative and core-periphery structures, and developing computational methods to

find these mesoscale structures within a network. In this thesis, we go beyond the problem of

detecting a specific type of mesoscale arrangement and instead ask what type of mesoscale

structures exist, how typical each is, and how we can interpret them. We start with introducing

a methodology that is able to identify and systematically classify all possible community

structure types in directed multi-graphs, based on the pairwise relationship between groups.

The data survey on 55 empirical networks shows that other structural patterns are typical

in networks. A particularly prevalent new type of relationship, which we call a source-

basin structure, reveals a new type of information flow from a sparsely connected group

of nodes (source) to a densely connected group (basin). To gain a better understanding

of the formation of these structures, we introduce and investigate a generative model of

network evolution with two communities that reproduces all four pairwise community types

that exist in directed networks: assortative, core-periphery, disassortative, and the newly

introduced source-basin type. With node connectivity changing during evolution, we find

that a difference in assortative preference of the two communities is a necessary condition

to obtain a core-periphery relationship and that a difference in the average in-degree of the

communities is a necessary condition for a source-basin relationship. We further apply the

methods developed to social media data and examine the significant role that community

structures play in networks. Notably, core-periphery or source-basin structures are obtained

in almost every network, confirming the widespread appearance of non-assortative structures

in social networks. A detailed study of source-basin structures reveals a new pattern of

information flow, where more central nodes having few interactions with each other influence

iv
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an actively interacting group. It also shows the potential of hitherto unidentified relationships

to explain the organization of complex networks.
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CHAPTER 1

Introduction

In the digital era, social media like Facebook, X(former Twitter), and Instagram, have

become an increasingly popular way that enables users to express their thoughts, receive

information, as well as to communicate, and collaborate with each other. With a vast amount

of information generated by users, social media provides many opportunities for the study of

human interaction, information dissemination, and community formation. These platforms

are characterized by not only a tremendous amount of connections but also multiple types of

interactions and content. For example, users can retweet, reply, or mention other users with

texts, photos, or even videos. These characteristics make social media a valuable information

source that offers rich context for studying complex systems and understanding human

behavior at scale.

Networks have become a popular approach to analyze social media data where each individual

can be represented by a node, and the interaction between individuals can be represented by

an edge [New18; Bar13]. This approach is used in the new field, known as computational

social science [Laz+09; Con+12], takes advantage of the scalability of the network approach

and goes beyond the traditional social analysis, which is limited to smaller datasets. Extensive

research has been conducted in this area such as political polarization [Cin+21; CM15],

information diffusion [Gle+14], and opinion mining [Mit+13; Cod+15].

The analysis of networks has traditionally been conducted at the micro level, focusing on

individual nodes and their local properties such as degree and neighbour, and at the macro

level, examining the network as a whole and considering global properties such as clustering

coefficient [New18; Bar13]. However, the microscale analysis often becomes computationally

intensive for networks with more than a few nodes, and the macroscale analysis tends to

1



2 1 INTRODUCTION

lose detailed information about the network’s structure. To balance the detail and overview,

mesoscale analysis based on groups of nodes provides an intermediate level of detail and

offers insights into the fundamental properties of underlying social organization and online

interaction. Previous analysis of mesoscale structures considered how different communities

of nodes relate to each other and has led to the development of various types of analysis,

including assortative structure where nodes are strongly connected within communities [For10;

OM+09]; core-periphery, in which information flows from a tightly connected core community

of users to a loosely connected periphery [BE00; ZMN15; Yan+18a]; hierarchical structure

where smaller groups are contained within larger ones [CMN08], and bow-tie structure with

a strongly connected core, an in-periphery influencing core and a out-periphery receiving

influence from core [YZN11] etc. Classic examples of well-known assortative structures

include the famous Zachary’s karate club [Zac77], scientific collaboration [Red98], and

ecosystem [BU89]. Core-periphery structures were also obtained in many fields such as

social [Yan+18b] and biological [BBB18] networks.

The structure of communities plays a vital important role in understanding the underlying

organization of the network and gaining insights into group-level relationships in networks.

Community structure is often related to the problem of finding communities, noted as com-

munity detection in network science [New18; GSA07; For10; FN22; Liu+20]. A substantial

amount of research has been conducted on this problem, providing mathematically and

computationally achievable algorithms. In particular, most approaches aim for assortative

communities with some representative algorithms such as modularity maximisation [CNM04;

Blo+08], spectral clustering [Von07] and infomap [RB08]. Some algorithms are designed

to identify core-periphery structures [BE00; Rom+17; Ell+20; KM17]. Apart from methods

that are targeted for specific types of mesoscale structure, an approach based on statistical

inference of network structure, which is represented through probabilistic models such as the

Stochastic Block Model (SBM) has gained increasing attention recently, leaving community

identification to the data to determine the most significant statistical signature that leads to the

clustering of nodes into blocks (communities) [HLL83; KN11; Pei19].
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Despite significant advancements in community detection algorithms, the interpretation and

explanation of these communities remain challenging and underdeveloped. While various

methods can effectively partition networks into subgroups, understanding the underlying

structure of these communities is still elusive. The exploration of community structure is

not merely an academic pursuit but holds significant implications for various real-world

applications such as political voting [Muc+10], social relationships [Red+11] and biological

studies [Lew+10; BBB18]. This gap between the ability to detect communities and the ability

to explain their formation and significance underscores the need for new theoretical and

computational frameworks that can explain the structural patterns hidden in the network. It

motivates us to explore the field of community structure to understand the organizational

patterns that drive the functionality and behavior of various systems. The problem we address

in this thesis is to quantify and interpret the existence of different mesoscale structures between

pairwise communities which we call as community structures. We develop mathematical

models and computational tools to obtain a deeper understanding of the presence and origin

of different community structures in networks.

We start with a review of graph theory, community structure analysis, existing community

detection methodologies, and network evolution models in Chapter 2. In Chapter 3, we focus

on the identification and classification of possible types of community structure between

pairwise communities using undirected and directed multi-graphs. In particular, we find a new

type, source-basin, where information flows from a sparsely connected source community

of users to a strongly connected basin. In real-world network data, we find the dominance

of assortative structure but also the ubiquitous appearance of non-assortative structures. To

gain a deeper understanding of underlying mechanisms of the formation of these structures,

we propose a network evolution model that shows the the emergence of community structure

types. In Chapter 4, we focus on directed networks and propose a simple generative model

that changes the connectivity of nodes to observe all structure types. We find the parameters

and conditions needed for the appearance of each community type. In Chapter 5, we apply the

methods developed in previous chapters to social media data and examine the significant role

that community structures play in the organization of networks. We take retweet and reply

user interactions from X focusing on three political debate events in Australia and Germany.
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Notably, core-periphery or source-basin structures are identified in almost all networks. In

particular, we find that source-basin structures revreal a new type of information flow winthin

networks that is different from classical core-periphery and play an important role in the

organization of user interaction on online social platforms.



CHAPTER 2

Review of existing methods

In this chapter, we review previous results that will in our analysis including graph theory,

community structures, and methods that are targeted for specific structures. Then, we explain

several representative, traditional and new community detection methods, including Louvain,

Spectral Clustering, Infomap, Stochastic Block Model and Deep Neural Network approach,

that have been used in this project. We also review social media data, and community detection

works based on it. Lastly, we review the concept of the network evolution model and introduce

several fundamental models.

2.1 Graph Theory

In recent years, graph theory has established itself as an important mathematical tool in a wide

variety of subjects, ranging from operational research and chemistry to genetics and linguistics

and from electrical engineering and geography to sociology and architecture [Wes+01].

In network science [New18; Bar13], the complex relationships between objects can be

represented as abstract networks with nodes and links. A node corresponds to an object

such as a human in social networks, a protein in protein-protein networks, and a city in

flight networks. The link between nodes corresponds to relationships such as the friendship

between two people, protein interaction, or a flight route. We introduce graph notations used

throughout our work.

Let G = (V,E) be a graph with node set V = {v1, ..., vn} and eij be a link (or edge) from

node vi to vj which can be directed (eji ̸= eij) or undirected (eji = eij). Multiple edges

between the same nodes may occur, which can be represented as multiplicity wij ∈ N of
5



6 2 REVIEW OF EXISTING METHODS

eij . The edge that starts and ends at the same node is called the self-edge. A graph with no

multi-edges and no self-edge is called a simple graph, and a graph with multi-edges is called

a multi-graph.

The fundamental mathematical representation of a network is the adjacency matrix defined as

n× n matrix A = {aij}, i, j = 1, ..., n with

aij =

1 , if an edge exists from node vi to vj

0 , otherwise
(2.1)

in simple graphs, and

aij =

wij , if an edge exists from node vi to vj

0 , otherwise
(2.2)

in multi-graphs.

The degree of a node vi is the number of edges connected to it which is defined as

ki =
n∑

j=1

aij (2.3)

For directed graphs, each node vi has three degree quantities: 1). in-degree which counts

the number of edges with node vi as end and is calculated as kin
i =

∑n
j=1 aji; 2). out-degree

which counts the number of edges starting from node vi and is calculated as kout
i =

∑n
j=1 aij;

3). total degree which is the sum of in and out degree ktotal
i = kin

i + kout
i . The degree matrix D

is defined as the diagonal matrix with the degrees k1, ..., kn on the diagonal.

Another matrix representation of graph is the Laplacian matrix which is defined as

L = D − A (2.4)

with D and A from Eqs. (2.1),(2.2),(2.3). The Laplacian matrix is a fundamental tool in graph

theory and network analysis, and is used to study the structural properties of graphs. It plays
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a crucial role in various applications, including spectral graph theory, random walks, and

network dynamics [New18].

While most studies of networks employed an abstraction in which a single type of relationship

is considered in systems, the complexity of real-world data often requires a more realistic

framework for the systems that objects interact with each other in complicated patterns that can

encompass multiple types of relationships [Kiv+14]. For instance, flights between two cities

are from multiple airlines [Car+13], and two humans can be friends and colleagues [RD03].

The " multilayer " feature is introduced to study complex systems such as sociology and

computer science. The multilayer network can be defined as a sequence of graphs {Gα} =

{Vα, Eα}, α = {1, ..., b}. Usually, the node sets are the same across the different layers (i.e.,

Vα = Vβ for all α, β), and multiple types of edges exist for different layers. In particular,

this approach can be beneficial for the study of social media data, which we will describe in

Sec. 2.3.

2.2 Community Structure

We are mostly interested in the analysis of network conducted on the intermediate level where

groups of nodes (or communities) share the same connectivity pattern. It benefits us by

providing insights into how nodes group together and interact, which is often overlooked in

micro or macro analysis. Classic examples of structures include assortative structure [For10;

OM+09], core-periphery [BE00; ZMN15; Yan+18a], hierarchical structure [CMN08], and

bow-tie structure [YZN11]. The emergence of these structures has shown in networks such as

assortative communities in karate club [Zac77], core-periphery in neuro network [BBB18]

and other non-assortative structures in various networks [MPA24; Moo+11; Pee15; Pee17] as

a result of interactions between nodes, and plays an important role in affecting the behaviour

of complex systems [BE00; Van+14]. As networks continue to grow in size and complexity,

mesoscale structure is an essential tool for understanding network organization and unlocking

the secrets of interconnected systems across various domains. In this project, we focus on
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relationships between pairwise communities, which we call community structure. Here, we

review two widely used structures in social analysis: assortative and core-periphery.

Assortative

Assortative community structure in network science refers to the organization of nodes within

a network into communities where nodes within the same community are more densely

connected to each other than to nodes in other communities [For10; OM+09]. The property

is shown in many networks, and the concept is now widely used in complex networks of

social, biological, technological, or informational fields, representing the nature of modular

connectivity patterns [AG05; Con+11a; Pow+11; GN02]. Many algorithms and methods

have been developed to detect assortative structures, ranging from classical techniques like

spectral clustering [Von07] and modularity optimization [CNM04; Blo+08] to more advanced

approaches incorporating dynamic processes taking place on networks [RB08] that we will

explain in the following section.

Core-Periphery

Core-periphery is a common notion in social analysis that refers to a specific organizational

pattern within a network where nodes are divided into two distinct groups: the core and the

periphery [BE00]. The core-periphery structure represents a network pattern that has a densely

connected core and a sparsely connected periphery influenced by the core. Another popular

hierarchy structure of core-periphery is identified by k-core decomposition that finds the

largest subset of nodes in k-shell such that every node has at least k connections to other nodes

in that subset [GYW21]. The periphery is in the outer shells and the cores are in the inner

shells. In this project, we will focus on the two-block model of core-periphery and not discuss

the k-core decomposition. The concept of core-periphery structure has now been widely

applied in many fields, such as social, biological and transportation, and reveals important

structure properties [Yan+18b; BBB18; Ver+16]. The intuitive ideas of core-periphery used

in 1990s research or before include a cohesive subgroup that cannot be further divided or two

groups of nodes the core group is densely connected, and the periphery is sparsely connected.

A definition of core-periphery was given by Borgatti and Everett in 1999. They proposed
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discrete and continuous models for core-periphery [BE00]. Based on this model, many

approaches have been proposed to detect core-periphery structure [Rom+17; Ell+20; KM17].

2.3 Community Detection

The study of community structure has a long history and is closely related to the ideas

of community detection in graph theory [GN02]. Community detection is a problem of

allocating users into groups according to their connectivity in such a way that nodes with

similar connectivity belong to the same group. We review five representative community

detection methods from different perspectives.

2.3.1 Modularity Maximisation

From social network analysis, a good group partition divides nodes into densely connected

subgroups, that is, assortative structure. To measure partition quality, Newman and Girvan

proposed a quality function called modularity [New06]. It is defined as the difference between

the fraction of edges within groups and the expected fraction in a randomized version of the

network.

We consider two nodes i and j with degree ki and kj respectively from a random undirected

network. Each edge starting from node i has equal probability links to 2m− 1 rest ending

point. Since node j has kj stubs, the probability of one edge from node i link to node j is
kj

2m−1
. The expected number of links between i and j is kikj

2m−1
. For large network, we use the

approximate expression 2m in the denominator. The difference is then calculated as

aij −
kikj
2m

Summing over all node pairs gives the equation for modularity

Q =
1

2m

∑
i,j

(aij −
kikj
2m

)δ(gi, gj)
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where gi, gj is the community assignment of node i, j.

The calculation of modularity gives a scalar value between -1 and 1, with a higher value

meaning a "better" community partition. By maximizing this objective function, we try to find

groups of nodes that have maximum edges within groups, that is, assortative communities as

described in Sec. 2.2. Many efforts have been made to search for assortative structure, and a

large number of algorithms have been proposed, most notably the Louvain method [CNM04;

Blo+08]. Introduced by Blondel et al. in 2008, the Louvain algorithm offers fast and accurate

estimates of a network’s assortative structure. The algorithm assumes we start with a weighted

network G that has a partition that each node belongs to a different community. The algorithm

is as follows:

(1) In the first phase, we consider node i and its neighbour j and move node i from its

community to the community of its neighbour if the moving can increase modularity.

Otherwise, we keep node i in its community. We do this process repeatedly and

sequentially for all nodes until the modularity cannot increase by this process. Then

the first phase is complete, and we start the second phase.

(2) In the second phase, we build a community network in which the nodes are the

communities of network G, and the weights of links are the sum of the weight of

the links between nodes in the corresponding two communities. Once we have the

community network, we can repeat our first phase in this new network. The loop

stops when modularity can not be improved.

The Louvain algorithm is highly regarded for its speed and scalability, making it suitable

for large networks with millions of nodes and edges [LF09; YAT16]. Its ability to uncover

assortative community structures and its practical efficiency has made it one of the most

widely used methods in complex networks and various application domains, from social

network analysis to biological network research [Cin+21; FWW17].
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2.3.2 Spectral Clustering

Spectral clustering algorithms aim to recover the hidden structured groups in the observed

networks that have a minimum number of edges between groups and a maximum number of

edges within groups [Von07]. Spectral clustering is based on local neighbour relationships

and detects communities by the properties of eigenvalues and eigenvectors of normalized

graph Laplacian matrix L, which is defined in Eq. (2.4).

The Laplacian matrix has a nice property that the smallest eigenvalue of L is 0, and the

corresponding eigenvector is the constant one vector 1. The unnormalized graph Laplacian

and its eigenvalues and eigenvectors can be used to describe many properties of graphs [Bol91].

One important example that can be used in spectral clustering is the connection between the

eigenvalue and the number of connected components.

Proposition from Ref. [Von07]: Let G be an undirected graph with non-negative weights.

Then the multiplicity k of the eigenvalue 0 of L equals the number of connected components

C1, ..., Ck in the graph. The eigenspace of eigenvalue 0 is spanned by the indicator vectors

1C1 , ...,1Ck
of those components.

The clustering problem in graph G with partition {g1 = {v11 , ...}, ..., gk = {vk1 , ...}} turns

out to be minimization of cut-edges (edge between communities), which is defined as

min cut(g1, ..., gk) :=
1

2

k∑
i=1

A(gi, ḡi)

where A(gi, gj) :=
∑

vi∈gi,vj∈gj aij is the sum of the possibly weighted edges between group

gi and gj and ḡi is the complement of subset gi.

However, the solution of mincut leads to the separation of individual nodes, which is not

satisfactory [Von07]. To overcome the problem of group size, Ratiocut is proposed, taking

account group size into objective function as
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minRatiocut(g1, ..., gk) :=
1

2

k∑
i=1

A(gi, ḡi)

|gi|

where |gi| is the number of nodes in group gi. The objective function takes a small value if

the size of the group |gi| is not large and balances the linking behaviour and group size. The

problem can be rewritten as

min
f

fTLf

subject to f ⊥ 1 ∥f∥ =
√
n

where fi,j :=


1√
|gj |

if vi ∈ gj

0 otherwise

This is a discrete optimization problem as the entries of the solution vector f are only allowed

to take discrete values, and the problem is NP-hard [Von07]. We use the relaxed versions of

this problem that fi takes arbitrary values in R [DCT19]. The relaxed problem becomes:

min
F∈Rn×k

Tr(F ′LF )

subject to F ′F = I

Rayleigh-Ritz theorem tells us that the solution is given by choosing F as the matrix, which

contains the first k eigenvectors of L as columns and uses the k-means algorithm on the rows

of the eigenvectors into k groups g′. Then, the communities of nodes are classified as

vi ∈ g if fi ∈ g′

vi ∈ ḡ if fi /∈ g′

The standard spectral algorithms proved to be efficient in speed and analytical tractability for

dense graphs where the average node degree scales with the size of the network [DCT19]. But

real networks typically are sparse that the average degree k is a constant and does not scale

with the size of the network. To overcome the problem of sparsity, instead of the Laplacian
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matrix, one important matrix is introduced: the n× n Bethe-Hessian Hr with r ∈ R [DCT19;

SKZ14]. The Bethe-Hessian matrix with parameter r = ζ can detect communities in sparse

and heterogeneous graphs. The Bethe-Hessian matrix is defined as

Hr = (r2 − 1)In +D − rA, r ∈ R

where |r| > 1 is a regularizer that is set to a well-defined value |r| = rc depending on the

graph.

Proposition from Ref. [DCT19]: In the sparse regime, there exists a value ζ ≤
√
cΦ for

which the components of the “second” eigenvector of Hζ align to the community labels. The

clustering process is similar to the standard one: we compute the eigenvectors associated with

the negative eigenvalues of both Hr and H−r, and cluster them with a standard clustering

algorithm such as k-means. Another advantage is that the number of communities can be

informed by the number of negative eigenvalues so that no prior information of k is needed.

2.3.3 Infomap

Instead of finding groups from the composition of network represented by adjacency mat-

rix, another motivation is to find how the information flows within the network such that

information tends to stay within communities rather than between communities. If we treat

network as a map of random walks which simulate the flow of information or movement

through the network, communities correspond to regions where random walkers are more

likely to stay for longer periods. Focusing solely on interconnection between nodes can give

an incomplete picture of the network dynamics, such as how frequently a node is visited,

the role a node plays in the information flow, or how certain nodes act as bridges between

communities [FN22; Ros+19].

Developed by Martin Rosvall and Carl T. Bergstrom in 2008, the Infomap algorithm became

an influential method for detecting communities in complex networks [RB08]. This approach

uses Markovian diffusion to model information flows of random walks in the network and

find system description of the probability flow which can be identified as groups of nodes.
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The flow of information is represented with directed weighted edge of network. In order to

capture dynamic behaviour of the system from information flow, the model use random walks

as a proxy since it only requires and uses information representation in the network.

To encode the path from random walks, Huffman coding [Sma+08] is used to give names

to nodes where similar nodes are given a short codeword and rare nodes are given a long

codeword. The length of codeword is then linked with the description of random walk using

Shannon’s source coding theorem [Sha48]. The average number of bits needed to describe a

single step in the random walk is bounded from below by the entropy H(P ) with P being the

distribution of visit frequencies to the nodes. This lower bound on code length is defined as L.

To capture important structure pattern of system, the model uses two levels of description,

one for clusters of the network and one for individual nodes within clusters. The partitioning

problem is then transferred as finding effective two descriptions defined as

minL(M) = qH(Q) +
M∑
i=1

piH(P )

where H(Q) is the entropy of cluster names and H(P ) is the entropy of within cluster

movements. q and pi are the probabilities of switching between clusters and moving within

clusters respectively.

The minimization problem is, however, infeasible even in small networks. Thus, greedy

search algorithms [CNM04; WT07] are used to find possible partitions. The result is refined

by a simulated annealing approach [GN05] with the heat-bath algorithm.

2.3.4 Stochastic Block Model

Apart from finding cohesive groups, grouping nodes with similar behaviour is another intuitive

motivation for the partitioning problem. Nodes are similar if they have similar connection

patterns with other nodes. The stochastic Block model(SBM) is proposed to detect com-

munities within networks by partitioning nodes into blocks or communities based on their

connection patterns [HLL83; KN11; Pei19]. In SBM, the probability of an edge existing



2.3 COMMUNITY DETECTION 15

between any two nodes depends on the communities to which these nodes belong, allowing for

distinct intra-community and inter-community connection probabilities. This model provides

a flexible framework for uncovering hidden community structures and has potential of finding

other structural patterns other than assortative and core-periphery in complex networks. The

associated inference techniques can be used to detect community structures in networks.

In this project, we use the inference approach proposed by Peixoto [Pei19; Pei21; Pei14a;

Pei17], which has available code implementation in package [Pei20] and whose core ideas

are reviewed below.

SBM assumes N nodes in the network are divided into B blocks bi ∈ {1, ..., B}. The linking

probabilities between two nodes i and j only depend on their block memberships. Nodes in

one block are statistically equivalent, meaning that they have the same linking probabilities as

group edge probability, which is defined as

pij = pbi,bj

where pij is the probability that an edge present between node i and j and pbi,bj is the

probability that an edge present between block bi and bj . With edge probability and block

assignment available, networks can be constructed by sampling edges between nodes with

conditional probability P (A|p,b).

The inference procedure is reversing the generative process in that we have an adjacency

matrix aij and aim for partition b that generates this A. This can be formulated as finding

P (b|A). From Bayes theorem, the probability can be written as

P (b|A) =
P (A|b)P (b)

P (A)
(2.5)

where the marginal likelihood integrated over the remaining model parameters P (A|b) is

P (A|b) =
∫

P (A|λ,b)P (λ|b)dλ
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where λ = {λrs} is average number of edges existing between any two nodes belonging to

group r and s. The evidence of the network is

P (A) =
∑
b

P (A|b)P (b)

which is the total probability over all possible b. P (b) and P (λ|b) in the above equations

are the prior distributions that represent our knowledge about the model before we observe

any data. Many algorithms have been proposed to solve the inference problem with different

approximation methods and priors.

The choice of prior distributions prompted to be "uninformative" when we have no prior

knowledge about the dataset so that each possible parameter combination should have an

equal probability of being chosen. With uninformative priors of block and edge probability,

the likelihood of the network can be re-interpreted as the joint likelihood of a microcanonical

model given by

P (A|b) = P (A|e,b)P (e|b)

where e = {ers} is the matrix of edge counts between groups. Inferring partitions from

posterior distribution of Eq. 2.5 using a non-parametric approach allows us finding not only

statistical significant partitions but also the optimal number of groups B which is an outcome

of the inference procedure.

The above posterior probability Eq. (2.3.4) can be reframed to descriptions of network by

information theory. Using the optimal lossless coding schemes like Huffman’s algorithm,

the asymptotic amount of information necessary to describe a variable is − log2 P (x)(in

bits) [Mac03]. Then, the numerator of the posterior distribution in Eq. (2.3.4) can be written

as

P (A|b)P (b) = P (A|e,b)P (e|b)P (b) = 2−Σ

where

Σ = − log2 P (A|e,b)− log2 P (e,b)
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is called the description length of the data. It measures the asymptotic amount of information

necessary to encode the data A together with the model parameters e and b. Therefore, the

model that maximizes the posterior distribution will minimize the description length.

With this interpretation, we can see how the Bayesian approach prevents overfitting. As the

number of groups increases, the information needed to describe the model − log2 P (A|e,b)

will decrease, and the information to transmit the parameters − log2 P (e,b) grows since

more parameters are used. Thus, the parameter information term can prevent overly complex

models.

Building on the basis of rigorous mathematical formulation, SBM has the benefit of providing

a statistical assessment of partition results. We can also gain information on the block

membership of each node by computing the probability of a node belonging to a block [Pei19].

With uninformative priors, the structural pattern that can be found by the model is not restricted

to a specific structure type, while methods introduced above (modularity maximization,

spectral clustering, and infomap) only look for specific structures. It is remarkable that we can

be convinced that any hidden structure discovered by SBM is from data, not from detection

methods.

Degree-corrected Stochastic Block Model

The shortcoming of standard SBM is that nodes in one block are indistinguishable. In

particular, nodes will be grouped to have similar degrees. But it is an unrealistic behaviour,

and many real networks have very heterogeneous degrees [New18]. To address this problem,

Karrer and Newman proposed a modified model, degree-corrected SBM [KN11]. In the

degree-corrected model, an extra set of parameters θ is added to each node to represent its

expected degree, and the edge probability pij now depends on the block membership of nodes

and their degrees

pij ∼ θiθjpbi,bj
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The marginal likelihood of network in Peixoto’s model takes the degree parameters k into

account and is calculated as the joint likelihood of a microcanonical model given by

P (A|b) = P (A|k, e,b)P (k|e,b)P (e|b)

and the description length is calculated as

Σ = − log2 P (A|k, e,b)− log2 P (k|e,b)− log2 P (e|b)

Hierarchical Stochastic Block Model (hSBM)

Though the standard SBM model has advantages in many aspects, it has a resolution limit of

Bmax ∝
√
N , which means the maximum number of groups can be found by SBM is bounded

by Bmax even data is generated with block number larger than this boundary value [Pei17;

Pei13]. This problem is solved by including a hierarchical layer [Pei14b]. In the model

proposed by Peixoto, after fitting SBM to adjacency aij , the partition result b can be used

to construct a block network where nodes are blocks and multi-edges are the edges between

blocks. The edge count between block nodes is the edge multiplicity between blocks. The

block network e can be treated as a multi-graph and described by another SBM. The partition

result of e can be used to construct another block network, and another SBM can be fitted.

Doing this repeatedly, a hierarchical SBM with hierarchical levels of partition can be obtained.

The number of groups, the partition and the matrix of edge counts in level l = {0, ..., L} are

denoted as Bl , bl and el. The posterior of hSBM is defined as

P ({bl}|A) =
P (A, {bl})

P (A)
=

P (A, {bl}, {el})
P (A)

and the description length can be presented as∑
= − log2 P (A|{bl}, {el})− log2 P ({bl}, {el})

Now, the maximum number of groups can be found by hSBM scales as Bmax ∝ N
logN

, which

is much larger than the previous limit. Another benefit of nested SBM is that it provides

different scales of description of data which is helpful for real network analysis.
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2.3.5 Deep Neural Networks for learning graph representation (DNGR)

With the fast and wide development of deep learning, solving community detection in deep

learning techniques received increasing attention, taking advantage of dealing with massive

and complex data, which is also very beneficial in network analysis. Many deep learning-

based methods have been proposed in recent years [Liu+20; Su+22]. Based on the different

deep neural networks used, these methods can be divided into convolutional networks, graph

attention networks, generative adversarial networks, and autoencoders. In this project, we

reviewed previous methods and found that most methods require additional attributes, which

are trained to find structural patterns in the model [Su+22; Roz21]. However, traditional com-

munity detection problem usually finds communities based only on connectivity information

and nothing else. The additional information requirement makes most deep learning-based

methods not fit our problem. Moreover, a lack of open-source coding increases the difficulty

of applying deep learning methods. Here, we take a survey of 63 state-of-art methods from

Refs. [Su+22; Roz21] and list all methods in Table. 2.1. We find that eight of them can

fit to traditional community detection problem that does not require additional metadata

and performs unsupervised learning. Among these eight methods, only four have open

source coding. Due to the easy implementation of Deep Neural Networks for learning graph

representation(DNGR) method, we use this method in the project.

Method Additional Feature Learning Open Source

Xin et al. Not required Surpervised ✗

SparseConv Not required Surpervised ✗

SparseConv2D Not required Semi-surpervised ✗

ComNet-R Not required Surpervised ✗

LGNN Required Supervised ✓

MRFasGCN Required Semi-supervised ✗

SGCN Required Unsupervised ✗

NOCD Required Unsupervised ✓
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GCLN Required Unsupervised ✗

IPGDN Required Unsupervised ✗

AGC Required Unsupervised ✓

AGE Required Unsupervised ✓

CayleyNet Required Semi-surpervised ✓

SENet Required Unsupervised ✗

CommDGI Required Unsupervised ✗

Zhao et al Required Unsupervised ✗

DMGI Required Unsupervised ✓

HDMI Required Unsupervised ✓

MAGNN Required Unsupervised ✓

HeCo Required Unsupervised ✓

CP-GNN Required Unsupervised ✓

SEAL Required Semi-surpervised ✓

DR-GCN Required Semi-surpervised ✗

JANE Required Unsupervised ✗

ProGAN Required Unsupervised ✗

CommunityGAN Not Required Unsupervised ✓

CANE Not Required Unsupervised ✗

ACNE Not Required Unsupervised ✗

semi-DNR Required Semi-supervised ✓

DNE-SBP Required Semi-supervised ✓

UWMNE Required Unsupervised ✗

sE-Autoencoder Required Semi-supervised ✗

DANE Required Unsupervised ✓

Transfer-CDDTA Required Unsupervised ✗

DIME Required Unsupervised ✓

GraphEncoder Required Unsupervised ✓

WCD Required Unsupervised ✗
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DFuzzy Not Required Unsupervised ✗

CDMEC Required Unsupervised ✗

DNGR Not Required Unsupervised ✓

DNC Not Required Unsupervised ✗

GRACE Required Unsupervised ✗

MGAE Required Unsupervised ✓

GUCD Required Unsupervised ✗

SDCN Required Unsupervised ✓

O2MAC Required Unsupervised ✓

DAEGC Required Unsupervised ✗

GEC-CSD Required Unsupervised ✗

MAGCN Required Unsupervised ✗

SGCMC Required Unsupervised ✓

DMGC Not Required Unsupervised ✓

TGA/TVGA Required Unsupervised ✗

VGECLE Not Required Semi-supervised ✗

DGLFRM Required Semi-supervised ✓

LGVG Required Semi-supervised ✗

VGAECD Required Unsupervised ✗

VGAECD-OPT Required Unsupervised ✗

ARGA/ARVGA Required Unsupervised ✓

CDCGS Not Required Unsupervised ✓

DMoN Required Unsupervised ✓

CD-ATTACK Required Unsupervised ✓

GALA Required Unsupervised ✓

ELM-CLR Required Unsupervised ✓
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TABLE 2.1. Deep Learning Method Table: 63 deep learning methods in
community detection problem. Columns include method name (Method), if
an additional feature required (Addtional Feature), clustering learning type
(Learning) and open source availability (Open Source).

DNGR is proposed to capture the structural information from the network through a process

in which the graph is first converted into a large collection of linear structures, and then low

dimensional feature representations are learned from linear structures [CLX16]. The process

includes capturing graph structural information by a random surfing model, which computes

the co-occurrence probability between nodes. This co-occurrence matrix represents nodes

connection behaviour, and a closer distance between nodes would have a higher co-occurrence

probability. The graph representation can be represented by the positive pointwise mutual

information(PPMI) matrix [LG14], which is rooted in the PMI matrix proposed by Church

and Hanks [CH90]. PMI matrix measures the association between two events and computes

as the probability of two events occurring together dividing by this probability would be if the

events were independent.

PMIi,j = log(
#(i, j) · |D|
#i ·#j

)

where |D| =
∑

i

∑
j #(i, j) and

PPMIi,j = max(PMIi,j, 0)

The resulting PPMI matrix can be used as graph representation fed into a deep neural network,

which is powerful in learning high dimensional representations. This method uses a stacked

denoising autoencoder, which consists of two steps: 1). encoding step where input features

is reduced by a function fθ1()̇. 2). decoding step where a reconstruction function gθ2()̇ is

used to reconstruct feature space from latent representation gained in the encoding step. The

community detection problem turns out to be finding the minimum loss function, which is

defined as
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min
θ1,θ2

n∑
i=1

L(x(i), Gθ2(fθ1(x̃
(i))))

where x̃(i) is corrupted input data of x(i) which is PPMI matrix of the underlying network, and

L is the standard squared loss. In the original paper of this method, the community detection

is done by applying the clustering algorithm k-means to the resulting node representation

matrix, and we keep this choice in our project [CLX16].

The advantage of this method is apparent that it does not require additional node attributes of

the network. In contrast, other methods build their method based on node attributes as feature

representations. Secondly, this method is unsupervised, which is well suited to a clustering

algorithm. Thirdly, this method extends previous work and could deal with weighted and

directed networks. The only disappointing requirement of this method is the number of

communities needed to give in the K-Means procedure. In our work, we address this by

applying the same choice used in another paper [RB08].

2.4 Social Media Data

Social media platforms have emerged as a global communication tool characterized by user-

generated content in multiple forms, including texts, images, videos, and links; multiple

types of interaction between users such as like, reply, retweet and mention; and real-time

information that enables the rapid dissemination and consumption of information. In particular,

the rich user interaction information from social media provides opportunities for identifying

groups of users with similar interactions within large-scale social networks such as retweet

multi-graphs with users as nodes and retweeting relationships as edges. This can fit into the

traditional community detection problem as described in Sec. 2.3, and many algorithms have

been used to uncover meaningful communities that reflect real-world social structures, such

as friend circles, political groups, or colleague networks [TL11; Cin+21].

The structures of communities also help in understanding the underlying social dynamics,

information diffusion, and influence patterns within the network. For example, political
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polarization can be found in political retweets that a highly segregated partisan structure, with

extremely limited connectivity between left- and right-leaning users [Con+11a]. Retweet inter-

actions between users are used to find political alignment [Con+11b], explain the information

dissemination between pro- and anti-vaccination users [MWW20] and detect extremist groups

in Twitter [BJC17]. Previous successful findings demonstrate that community detection on

social media data offers valuable insights into the underlying social structures of users.

2.5 Dynamical Network Models

To gain a better understanding of how different network community structures emerge,

we look into network models that describe the structure and dynamics of a network over

time. A dynamical network model is a framework that describes how the structure or

topology of networks evolve over time, allowing for the study of the mechanisms that bring

particular network topologies [Say15]. Different from temporal network where the edges

are time-dependent, dynamical network model focuses on the evolution of the nodes and

their interactions such as the addition and removal of nodes and edges, creating a changing

topology. The growth and evolution of networks have gained attention in the study of network

models, explaining phenomena in various domains, such as epidemiology, neuroscience,

social sciences, and ecology, where the interactions between entities and their temporal

evolution play a critical role. Some important works in this field include the Small-World

Model by Duncan Watts and Steven Strogatz [WS98] that captures the phenomenon where

most nodes are not neighbors but can be reached from every other node by a small number of

steps; Barabási–Albert Model that explains the presence of hubs or highly connected nodes in

networks via mechanisms of growth and preferential attachment [AB02]; and adaptive models

in which the state of nodes is related with the topology transformation of network [GDB06;

GS09]. Many network evolution models have been developed for the simulation and prediction

of the behaviour of real-world networks, revealing crucial insights into how complex systems

function and evolve. In particular, some works show the emergence of different types of

community structures, providing opportunities to gain insights about the mechanism of the

formation of community structures [XS04; Ure+23; KE02].



CHAPTER 3

Classification of Community Structure

3.1 Motivation

While the problem of partitioning a network in communities has received significant attention

and many methods have been developed, most algorithms are designed to identify specific

structures, such as assortative and core-periphery structures [CNM04; Blo+08; Von07; RB08].

This focus limits the discovery of mesoscale structures in networks and raises questions

about the relevance of specific structures within networks. For example, the extensively

studied political blog network [AG05] is used to evaluate algorithms for both assortative and

core-periphery structures, with different algorithms identifying each structure [KM17; Pei19].

However, compared to the development of community detection algorithms, there has been

little effort to interpret mesoscale structures in the underlying network. In this chapter, we

concentrate on the relationships between pairwise communities and propose an appropriate

classification method for different types of community structures. We introduce a systematic

classification of community structures in undirected and directed multi-graphs. Figure 3.1

illustrates the four types of structure present at the highest level of our classification in the

directed case.
25
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FIGURE 3.1. The four main types of community relationship in directed
graphs: Assortative (a), Core-periphery (b), Disassortative (c), and Source-
Basin (d). The left side corresponds to the graph with nodes coloured according
to their community assignment and directed edges coloured according to their
source nodes’ colour. The right side is a graphical representation of the edge
density matrix ω for the two communities.

3.2 Methodology

3.2.1 Density Matrix

The community detection problem in networks corresponds to partitioning a graph G (possibly

directed and weighted) with adjacency matrix Aij ∈ N into r = 1, 2, . . . , B disjoint groups

with Nr nodes. For a given community partition of Aij , we characterise the connection
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FIGURE 3.2. Community type classification. (a) The 3 possible community
types in graphs with undirected edges. (b) The 12 different possible config-
urations in directed graphs classified in four types. We use the convention
that the link direction corresponds to the flow of information (or influence)
so that a link from node i to j indicates that information is passing from i
to j (or that i influences j). Assortative (Disassortative) cases have the two
largest entries in the diagonal ωrr, ωss (anti-diagonal ωrs, ωsr). The remaining
8 cases have a densely connected community (top), in which nodes are well
connected to each other, and a loosely connected community (bottom). In
four Core-Periphery cases the influence flows from the well-connected core
to the weakly connected periphery while in the remaining four cases it flows
in the reverse direction. We name this reversed core-periphery structure a
source-basin structure.
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FIGURE 3.3. Illustration of our methodology for classifying community types.
(a) Applying a given community detection method to a network G, we obtain a
partition of the nodes in B communities (B = 4 in the example). (b) From the
node partition we construct the B×B density matrix ω from Eqs. (3.1) or (3.2).
(c) We apply the pairwise classification defined in Fig. 3.2 – and Eqs. (3.3)-(3.4)
– to ω considering all pairwise combinations of communities r, s and compute
the fraction of each of the four different types of community relationships,
where ‘A’ stands for ‘Assortative’, ‘CP’ stands for ‘Core-Periphery’, ‘D’ stands
for ‘Disassortative’ and ‘SB’ stands for ‘Source-Basin’.

between a pair of communities r and s based on their density ωrs which is given by the ratio

of existing links and possible links:

ωrs =


∑

i∈r,j∈s
Aij

NrNs
, if r ̸= s∑

i∈r,j∈s
Aij

1
2
Nr(Ns−1)

, if r = s
(3.1)

for undirected graphs (Aij = Aji) and

ωrs =


∑

i∈r,j∈s
Aij

NrNs
, if r ̸= s∑

i∈r,j∈s
Aij

Nr(Ns−1)
, if r = s

(3.2)

for directed graphs. Without loss of generality, we order the label of communities so that

ωrr ≥ ωss for r < s. Each community detection method applied to a network G will typically

provide a different B ×B density matrix ω and our methodology developed below applies to

any method.
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3.2.2 Classification

We now classify the relationship between a pair of communities r and s based on ωrs. In

the simplest case of undirected graphs g, there are three relevant quantities ωrr, ωss, and

ωrs = ωsr. Ranking these values by size, there are three possible configurations U1, U2, and

U3 [ZMN15; BBB18], as illustrated in Fig. 3.2(a). They correspond to the two previously

studied types of community structures – assortative and core-periphery – and a new case

– disassortative – that has strong connections between communities (the limiting scenario

ωrr = ωss = 0 corresponds to a bi-partite network). A categorical classification of the

pairwise interaction between communities r and s based on the ranking order of the ωrs

values can be written as
Assortative, if ωrs < min (ωrr, ωss),

Core-periphery, if min (ωrr, ωss) < ωrs < max (ωrr, ωss),

Disassortative, if ωrs > max (ωrr, ωss).

(3.3)

The case for directed graphs G leads to a wider variety of possible configurations between

communities r and s. Following the same approach employed for undirected graphs, we

obtain 12 possible configurations D1, D2, . . . , D12 based on the ranking of the four quant-

ities ωrr, ωrs, ωsr, and ωss. Figure 3.2(b) shows these twelve cases, grouped into 4 types.

Configurations with the same general interpretation are grouped into the same type, which

can be one of the three types observed in undirected graphs (Assortative, Core-Periphery,

and Disassortative) or one new type. In particular, in the new type of relationship – denoted

Source-Basin – influence flows from loosely connected source nodes to a basin of inter-

connected nodes. Contrary to the core-periphery relationship, the most influential and central

nodes (in the source community) do not form a core as they are more connected to nodes in

the other community (the basin) than to nodes in their own community.
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The categorical classification of the pairwise interaction between communities r and s into

different community structure types based on ω for a directed graph can be written as

Assortative, if max (ωrs, ωsr) < min (ωrr, ωss),

Core-Periphery, if min (ωrr, ωrs) > max (ωsr, ωss),

Disassortative, if min (ωrs, ωsr) > max (ωrr, ωss),

Source-Basin, if min (ωrr, ωsr) > max (ωrs, ωss).

(3.4)

The Assortative (Disassortative) interaction is thus defined naturally as having more links to

other nodes in the same (other) communities. Core-Periphery and Source-Basin are defined

as interactions that show a mixed behaviour, with one sparser community more linked to the

other community and one denser community more linked to itself. The difference between

the two types of interactions is that in the Core-Periphery the links (influence/information)

across communities flow preferentially from the denser to the sparser community, while in

the Source-Basin interaction the flow is in the reversed direction.

3.2.3 Prevalence

The final step of our methodology is to apply the pairwise classification we just intro-

duced to networks containing B > 2 communities. Our approach is to look at each of

the possible pairwise interactions, classify its structure type τ ∈ {"Assortative","Core-

Periphery","Disassortative","Source-Basin"} and measure the prevalence of different com-

munity structure types, as described in Fig. 3.3.

Consider a B ×B edge density matrix ω obtained applying a community-detection method

to a network g. The MB×B interaction classification matrix of ω contains the community

structure type τ of all pairs of communities r, s ∈ [0, B], with τ ∈ {‘Assortative’, ‘Core-

Periphery’, ‘Disassortative’, ‘Source-Basin’}, obtained using the classification introduced in

Fig. 3.2 and Eqs. (3.3)-(3.4). The fraction of τ of a network g is then given by counting how

often τ appears in M as

Pτ =
1

B(B − 1)

∑
r ̸=s

δτ,Mr,s , (3.5)
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where δx,y = 1 if x = y and δx,y = 0 if x ̸= 0.

Knowing Pτ for all structure types τ in a network g, we define the dominant type τd as the

τ with largest Pτ and occurring types τo as the set of τ ’s with Pτ > 0. We then compute

the dominance of each type τ over a set of networks g as the fraction of networks that has

dominant type τd = τ as

Dominance(τ) =
1

|g|
∑
g

δτ,τd , (3.6)

where |g| is the number of networks in g. Similarly, the occurrence of type τ is computed as

the fraction of networks in which τ occurs (τ ∈ τo) as

Occurrence(τ) =
1

|g|
∑
g

∑
τ ′∈τo

δτ,τ ′ . (3.7)

In the results reported in this paper we applied the analysis above only to communities with

more than 5 nodes, Nr > 5, because small communities play a minor role in explaining the

properties of the network and the classification of their structure types τ is often not robust

(when applying the tests reported in Appendix Sec. A2).

3.3 Survey

We test the methodology proposed above applying five community-detection methods to 52

real-world networks. The networks were retrieved from the Netzschleuder repository [Pei]

and were selected to include both directed (26) and undirected (26) networks from a variety of

domains and sizes (from 75 to 14,360 vertices and from 181 to 150,985 edges, see Appendix

Sec. A1 for details). The five community-detection methods – Louvain (modularity maximiza-

tion) [Blo+08; Ayn20], Infomap [RB08; Dan20], Spectral method [DCT19], degree-corrected

Stochastic Block Models (SBM) [Pei19; Pei20], and DNGR (Deep Neural networks for Graph

Representations) [CLX16] – were selected as representative of different approaches to this

problem (see Sec. 2.3 for details and our repository [Liu23] for the numerical implementa-

tion). As pointed out in the introduction, we are particularly interested in inference based
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FIGURE 3.4. Community types in empirical directed and undirected networks.
Top: fraction of networks (y-axis) in which each community type (x-axis) is
dominant. Bottom: fraction of networks (y-axis) in which each community
type (x-axis) occurs. For the Core-Periphery classification, both undirected and
directed networks are considered, and for the Source-Basin classification, only
directed networks are considered. See Sec. 2.3 for details on the community-
detection methods and the classification is calculated by Eqs. (3.6), (3.7). The
symbols with error bars were obtained in a null-model which considers a
random edge-density matrix ω (see Appendix Sec. A2 for details).

methods [NL07], in particular degree-corrected SBM, because of their weaker assumptions

on the possible structure of ω.

The results summarized in Fig. 3.4, averaging across both directed and undirected networks

(Source-Basin structures are averaged over directed networks), show that assortative rela-

tionships are the dominant relationship type in most networks for all methods. In the three

methods that target such structures (Spectral, Infomap, and Louvain), it is the dominant

structure in almost all cases (one exception of Louvain is found for a network with only

three communities detected, see Appendix Fig. A.1 for details) and there are in fact very

few networks in which non-assortative structures are detected. More interestingly, the SBM

method found non-assortative community relationships in a large fraction of the networks

(92%). This corresponds not only to the well-studied core-periphery relationship (84%), but
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FIGURE 3.5. Non-assortative relationships are found in a variety of empirical
directed and undirected networks. Left: fraction of non-assortative relationship
(y-axis) as a function of the number of nodes (x-axis), with each symbol
representing a network (coloured according to their categories). Right: Boxplot
of non-assortative fraction for networks grouped into their categories: Social
(S), Economic (E), Technological (T), Biological (B) and Informational (I).
The results correspond to the communities obtained using the SBM method.

also the disassortative (54%) and the intriguing source-basin relationship (81% of directed

graphs). A diverse distribution is also found using the DNGR method, with an even stronger

presence of the source-basin relationshop (92%). Similar results are observed when we

restrict the analysis to only undirected or directed networks, or compute the average fraction

of different community types, see Appendix Sec. A3. Overall, this finding demonstrates

that non-assortative communities are not only a theoretical possibility, they are typical in

empirical networks, as long as one uses methods that allow for this possibility and do not

focus exclusively on finding assortative partitions. These results confirm also the practical

importance of the theoretical advantages of inferential methods such as SBM, in particular of

not being restricted to specific community structures.

Given the flexibility of SBM described in Sec. 2.3.4, including the method’s freedom to

discover an optimal number of communities, we focus on this method and compare results

obtained in networks from 5 different domains. Figure 3.5 shows that economic and biological

networks have overall higher non-assortative fraction – with median fraction larger than 0.25

and higher variability – while social, technological, and informational networks have fewer

non-assortative interactions. In particular, the fact that SBM found such arrangements

indicates that they provide a more plausible partition of the nodes into communities than any
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partition that does not involve them. In the next section we obtain further insights on the

interpretation and significance of source-basin structures through the detailed study of two

particular cases.

3.4 Case Studies

We consider two case studies that aim to understand the significance and interpretation of the

less studied, non-assortative, community relationships that we found to be common in the

previous section. We focus on the SBM method because of its ability to detect such patterns.

We use a degree-corrected SBM [KN11] so that the community allocation of nodes is not

dominated by their number of links (degree) but instead by how these links are distributed

across other communities. We increase the number of blocks B from two until we detect the

first non-assortative communities because we are interested in the simplest settings in which

they appear.

3.4.1 Political Blog Network

The first case we consider is the famous blog network introduced in Ref. [AG05]. Each

node corresponds to a political blog active during the U.S. Presidential Election of 2004 and

each directed edge j 7→ i corresponds to a hyperlink from blog i to blog j (this choice of

edge direction corresponds to our convention of aligning it to influence or information flow).

Nodes have been self-reported or manually tagged as ‘liberal’ and ‘conservatives’, depending

on the alignment to the two main parties in USA’s political election in 2004. This network

has been extensively studied, e.g., the retrieval of the two groups has often been used as

a benchmark in the development of new community-detection methods. Importantly, only

assortative and core-periphery communities have been reported [KM17; Pei19], in line with

the limitations of traditional community-detection methods which target exclusively these

types of structures. In Fig. 3.6(a) we show that our more general approach finds source-basin

structures as a statistically significant partition of nodes already for B = 5. This analysis

reveals a fundamental difference between the liberal and conservative blogosphere, with
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FIGURE 3.6. New types of community structures are typical in online social
networks. Affiliation separation in (a) the political blog network [AG05] and
(b) the bushfire retweet network [Bed+22]. The partition into groups was
obtained using the degree-corrected SBM method with increasing number
of communities B. The main plot shows schematically how communities
divide and the type of pairwise interaction they share (communities at larger
B typically have the same interactions as their parent communities at lower B
so that only new interactions are indicated). The plot at the right shows for the
largest B the graphical representation of the density matrix ω (see Appendix
Fig. A.2 for the complete classification). The colours and labels in the plots
(starting at B = 2) are based on the manual classification of the political stance
of users (in all labeled and coloured groups, more than 73% of the classified
users shared the same classification).

conservative blogs organized internally in assortative and core-periphery structures, while

liberal blogs show the unusual source-basin structure. Looking at the 10 most referenced blogs

(top in out-degree), 4 belong to the source community and none to the basin community. This

surprising finding for the liberal blogosphere suggests that the information-source blogs (being
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heavily referenced) are not tightly connected with each other while information-receiver blogs

are less referenced by others but highly active in referencing others and strongly connected

with each other.

3.4.2 Bushfire Network in X

Having shown the appearance of new community structures in a well-known network, we

now focus on a social-media example obtained following practices in computational social

science (we explain in Sec. 5.2). The nodes in the resulting network correspond to 4,029

X users that were influential in the political debate around the role of climate change in the

severe bushfires in Australia in 2019-2020. The directed links i 7→ j reflect user j retweeting

a message originating with user i (information flows from i to j). A fraction of the most

influential messages were manually tagged as supporting or rejecting (i) a link between the

bushfires and climate; or (ii) a link between the bushfires and the action of arsonists [Bed+22].

This allows us to identify users that support the causal connection between climate change

and the bushfires and those that deny it in favour of the (unsubstantiated) claim that the

fires were due to arsonists. Our community detection results shown in Fig. 3.6(b) confirm

that the separation of these users into assortative communities is a dominant feature of the

network, and corroborates the significance of our approach (which is not based on content).

Beyond this expected result, we find that already with B = 4 communities there are non-

assortative relationships within the major assortative separation. Looking at the users in

these communities, we find that the source community contains high-profile users (9 of the

top-10 most retweeted users, 31% of the users are verified) who retweet more rarely (average

in-degree is 99). In contrast, the basin community has fewer high-profile users (0 of the

top-10 most retweeted users, only 7% of the users are verified) and they are more active in

the debate (average in-degree is 225).

Our finding and analysis of the source-basin structures in both cases discussed above suggests

a new picture for the flow of information in online networks. The group that act as a source

of information (within one of the sides of the polarized political debate) contains the more

central (high-status) nodes which do not interact significantly with each other. This possibly



3.5 DISCUSSION 37

happens because the source-users compete for the attention of the basin-users within their

side of the political division (i.e., on the same side of the main assortative division of the

network). In the basin community, the receivers are more strongly connected with each other,

discussing and referencing both source nodes and each other during the debate.

3.5 Discussion

This chapter introduced a methodology to identify and quantify the prevalence of unusual

communities in networks that can be applied to any directed multi-graphs. While the majority

of identification of mesoscale structures assume communities to have either assortative or core-

periphery connectivity patterns, we showed that this does not exhaust the possible connectivity

patterns between communities and that these additional patterns are not only possible, they

are typical – as long as communities are detected using methods that are agnostic about the

underlying type of communities – and essential to understand the underlying complex system.

In particular, we find a new structure, source-basin, that reveals a new type of organization of

social-media networks that has evaded previous analysis (mostly based on methods that target

specific structures) and is also typical in other networks. The appearance of source-basin in

both a paradigmatic network and a new social-media network confirms the potential of this

structure to reveal new insights into the organization and function of networks. To gain a

better understanding of the formation of these structures, a complimentary approach to our

data-driven methods of generative models is introduced in next chapter, which give rise to the

different community types we detect.



CHAPTER 4

Generative Model

4.1 Motivation

In Chapter 3, we introduced a classification of the possible pair-wise structures in the undirec-

ted and directed networks into four types: assortative (A), core-periphery (CP), disassortative

(D), and source-basin (SB). In this chapter, we seek for a simple network evolution model

that can generate all these structures.

Simple network-evolution models have been a fundamental tool for a deeper understanding

of the origin of network properties [New03; GS09]. Network growth models producing

community structures which are assortative [Sma+08] and disassortative [KE02] have been

introduced, providing insights into the drivers of these community types, while core-periphery

community structures have been found to emerge when a small amount of assortative attach-

ment occurs in the presence of preferential attachment [Ure+23]. Rewiring processes applied

to existing networks have shown how assortative community structures may emerge from

random networks [XS04]. More broadly, the drivers of segregation have been uncovered in

Schelling-type network models [HPZ11]. While most studies focused on undirected networks,

models with edge direction that combine preferential attachment and homophily have been

proposed and used to study the inequality in network algorithms [Esp+22].

In line with this tradition, in our work, we introduce a simple model that can explain the

emergence of all four community structure types observed in directed networks. Our model

considers generic processes that change the connectivity of nodes – adding, removing, or
38
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rewiring edges – and we observe the structure types that emerge as the long-term consequence

of this dynamical process of network evolution.

4.2 Model

4.2.1 General setting

Our goal is to find a simple network-evolution model that reproduces all four types of

community-structure discussed in Chapter 3. Accordingly, we consider the following simpli-

fying assumptions:

(i) the number of nodes is fixed, N(t) = N = constant, and we focus on the evolution

of the network connectivity Aij(t) over time t.

(ii) the allocation of each node in one of the two groups is known and remains unchanged

over t. We denote by g(i) the group g ∈ {0, 1} of node i. The sizes of each group

(the number of nodes belonging to them) is given by Ng =
∑N

i=1 δ(g(i)− g), where

δ(x) = 1 if x = 0 and δ(x) = 0 for x ̸= 0.

(iii) nodes in the same group g are identical (i.e., follow the same evolution rules).

(iv) nodes have agency in determining their incoming edges but not their outgoing ones

(i.e., they can deliberately choose who they are influenced by but not who they

influence).

We are interested in the equilibrium properties (t→∞) of large (N →∞) sparse (⟨Aij⟩ → 0)

networks. The choice of the initial network and group allocation is essential to determine

the sizes Ng of each group, as discussed above, but otherwise it will play no significant

role in the final state of the network or the community-relationship between the groups

(except in particular cases in which ⟨z⟩ remains constant). In our simulations we start with an

Erdős-Rényi directed graph with N nodes, ⟨z⟩
N−1

edge creation probability, and random group

allocation of nodes.
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4.2.2 Network evolution

We will evolve the connectivity of the network over time t step by step i.e. Aij(t) 7→

Aij(t+∆t); compute the density matrix in Eq. (3.2) at each time iteration t 7→ t+∆t; and

focus on the community-type classification defined in Eq. (3.4). To evolve A(t), we randomly

pick a focal node i and decide at random between two types of modification of its incoming

edges Aji (moves): a swap (with probability P S) or a change in number (with probability

1− P S) defined as follows:

Swap move: In this move we intend to model the extent into which nodes prefer assortative

edges (i.e., edges from nodes in the same group). This is implemented by randomly picking

two edges

• one existing (incoming) edge k 7→ i of node i (such that Aki = 1); and

• a non-edge j 7→ i (i.e., Aji = 0) as a candidate edge,

and deciding whether we rewire from edge k 7→ i to edge j 7→ i (at time t+∆t) depending

on the consistency between their groups g(k), g(j), and g(i). We give a preference to an

assortative edge (i.e., one coming from a node in group equal to g(i)) with probability

PA = PA
g = PA(g(i)), in which case we keep the edge coming from a node with group equal

to g(i). This implies that with probability 1−PA a preference is given to disassortative edges,

in which case we keep the edge coming from a node with group different from g(i). If both

candidate edge j 7→ i and existing edge k 7→ i are such that g(j) = g(k), we randomly pick

one to keep and delete the other. We investigate the simplest case in which the two edges

are chosen randomly (from all existing and non-existing edges). Alternative choices could

consider local searches.

Change move: In this move we intend to model the process of adding and removing edges,

and therefore how selective nodes are about the nodes they are influenced by. We first decide

either to remove or add edges with probability 1
2

(as shown in Appendix B2, this choice is

taken without loss of generality). To add an edge, we pick a random node j that does not
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have an edge pointing to i (i.e., Aji = 0) and add this edge j 7→ i. To remove, we delete with

probability α = αg = α(g(i)) each of the incoming edges of node i.

A summary of the evolution is given in Fig. 4.1 and a list of parameters in Table 4.1. The

implementation of our model can be found in the repository [Liu24]. The choice and

application of each move can depend on the group of the involved nodes g(i), but it remains

the same for all t. We consider ∆t = 1/N so that ∆t→ 0 as N →∞ and t 7→ t+ 1 after N

steps (i.e., on average each node is picked once).

Parameter Description Choice

Primitive Parameters

P S
g Probability of swap move P S

0 = P S
1 = P S

PA
g Probability of assortative move 0 ≤ PA

g ≤ 1

αg Probability of removing in-edge 0 ≤ αg ≪ 1

Ng Number of nodes Ng ≫ 1

Derived Parameters

βg Proportion of in-edges coming from

same group among all in-edges

Eqs. (4.3) and

(4.6)

⟨z⟩g Average in-degree ⟨z⟩g = 1/αg,

Eq. (4.2)

b Ratio between average in-degrees b ≡ ⟨z⟩0/⟨z⟩1
c Ratio of group sizes c ≡ N0/N1

TABLE 4.1. List of parameters used in our model (4 primitive parameters)
and calculations (4 derived parameters). In general, each parameter depends
also on the group g of the focal node (g ∈ {0, 1}). The last column indicates
the particular choices and ranges.
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FIGURE 4.1. The network evolution model represented as a decision tree.
The picture depicts the possible one-step alterations in the connectivity of the
network around the randomly chosen focal node (highlighted in the centre of
the top panel). The groups of nodes are represented in the picture by colours
g(i) = 0 in red and g(i) = 1 in blue. The swap move allows users to give
preference to edges (influence) from a user of the same group (assortative
choice with probability PA) or from the different group (disassortative choice
with probability 1 − PA), while the change move controls the number of
incoming edges users in a group will have on average (controlled by parameter
α). The algorithmic implementation of this model is described in Appendix
Algorithm 3 and codes can be found in the repository in Ref. [Liu24].

4.3 Structure types obtained from the model

Here we compute the types of structure – A, D, CP, SB as defined in Fig. 3.2 – obtained for

t → ∞ for different cases of the model introduced above. This is obtained by computing

the long-time t→∞ density matrix ω in Eq. (3.2) for the different parameters of our model

P S
g , P

A
g , αg, Ng and checking if the inequalities (3.4) defining each community type are
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satisfied. We are interested in finding the necessary conditions for the appearance of each

type and the parameter regime for which a type appears.

Our calculations rely on a key property of our model: the swap move controls assortativity

(while the change move is neutral about it) and the change move controls the in-degree (while

the swap move preserves it). Accordingly, we start our analysis by computing the average

in-degrees ⟨z⟩0 and ⟨z⟩1 as a function of the parameters of the change move and then proceed

with the analysis of the effect of the swap move at fixed average in degree.

4.3.1 Change move determines the average in-degree

The primary difference between the remove and add moves is that the former acts on each

edge while the latter is a single addition. For large average in-degrees ⟨z⟩ and small α≪ 1,

we can consider the action of this move as providing only a small modification of the in-degree

in a single time increment dt ∼ ∆t = 1/N . In a continuous and mean-field approximation,

the average degree ⟨z⟩ of nodes in any of the groups g will change as

d⟨z⟩
dt

= −α⟨z⟩1
2
+

1

2
, (4.1)

and therefore converge for large t and N towards the fixed point

d⟨z⟩
dt

= 0⇔ ⟨z⟩ = ⟨z∗⟩ = 1

α
, (4.2)

where for simplicity we omit the dependence on g.

4.3.2 General Solution

In this section we will compute the expected density matrix ωrs (at t → ∞) as a function

of the model parameters. We define βr(i) to be the probability that one of the in-edges of

node i is coming from a node j in the same group g(j) = g(i) = r. Denoting by esr the total

number of edges from nodes in group s to nodes in group r, βr at time t can be computed

in a mean-field approximation (i.e., for all i with the same g(i) = r) by the macroscopic
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assortativity of group g(i) = r as

βr(t) =
err(t)

err(t) + esr(t)
(4.3)

with s ̸= r. The denominator of Eq. (4.3) is the total incoming edges for nodes in group r. We

obtain the one-time evolution of βr(t) by considering how the number of within-group edges

err changes in one time step. This is done by computing the probabilities P± of increasing

(+) and decreasing (-) edges for each of the moves (swap or change) and incorporating the

effects into err

err(t+∆t) = err(t) + P swap+ − P swap− + P change+ − P change−⟨z⟩r, (4.4)

where the last term is multiplied by the average degree ⟨z⟩ because the removal of edges in

the change move (with probability α) applies to each of the existing edges independently.

Expressing the probabilities P± in Eq. 4.4 as a function of the model parameters, and using

Eq. (4.3), we obtain (see Appendix B1)

err(t+∆t) = Berr(t) + C, (4.5)

with B = B(t) = 1−P S
r

Nr

N(err(t)+esr(t))
[PA

r
Nr

N
+(1−PA

r )(1− Nr

N
)]−(1−P S

r )
Nr

2N(err(t)+esr(t))

and C = C(t) = [P S
r P

A
r + 1

2
(1−P S

r )]
N2

r

N2 . From Eq. (4.5), we obtain the solution as a function

of the initial condition at time t = 0 as

err(t) = BNterr(t = 0) +
BNt − 1

B − 1
C.

Since B < 1 for all t, BNt → 0 and err(t) → C
1−B

for t → ∞. In this limit (system at

equilibrium), we assume that the total number of edges err(t) + esr(t) is a constant (the

expected value at equilibrium) and that the average in-degree can be computed by Eq. (4.2).

Taking this into account, and introducing the results derived from Eq. (4.5) in Eq. (4.3), we

obtain the equilibrium probability of an assortative in-edge as

βr =
P S
r P

A
r + 1

2
(1− P S

r )

P S
r (P

A
r + (1− PA

r )
Ns

Nr
) + (1− P S

r )
N
2Nr

. (4.6)
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We can now use Eq. (4.6) to compute the expected number of edges between groups and

therefore the density matrix ωrs. Since in our model we only have two groups, an edge can

only be from one group or the other. The probability that an in-edge of node i is from a

different group is thus 1 − βr. The number of in-edges from nodes in the same group is

thus ziβr and the number of in-edges from the different group is zi(1− βr). Taking this into

account, we can compute the number of within group edges err and between group edges esr

as the sum of all edges ℓ ≡ j 7→ i as

err =
N∑
i=1

δ(g(i)− r)ziβr = Nr⟨z⟩rβr (4.7)

esr =
N∑
i=1

δ(g(i)− r)zi(1− βr) = Nr⟨z⟩r(1− βr) (4.8)

The density matrix – defined in Eq. (3.2) – of the network with two groups is then computed

as

ω =

 e00
N0(N0−1)

e01
N0N1

e10
N0N1

e11
N1(N1−1)

 =

 ⟨z⟩0β0

N0−1
⟨z⟩1(1−β1)

N0

⟨z⟩0(1−β0)
N1

⟨z⟩1β1

N1−1

 ≈
 ⟨z⟩0β0

N0

⟨z⟩1(1−β1)
N0

⟨z⟩0(1−β0)
N1

⟨z⟩1β1

N1

 (4.9)

where β0 and β1 are given by Eq. (4.6), ⟨z⟩0 and ⟨z⟩1 by Eq. (4.2), and the approximate

expression is used for large networks (N0, N1 ≫ 1 so that we can drop the subtraction of 1 in

the denominator).

The density matrix in Eq. (4.9), evaluated using Eq. (4.6), is the main result of our calculations.

In Fig. 4.2 we show how the results of a direct simulation of our model compares to the

prediction from these equations, confirming the agreement of the average density at long

times. Next we discuss the different types of community relationships – A, CP, D, and

SB, obtained from ω from Eq. (3.4) – for different combinations of the model parameters –

N0, N1, P
A
0 , P

A
1 , P

S
0 , P

S
1 , ⟨z⟩0, and ⟨z⟩1 – that appear in the computation of the density matrix

in Eq. (4.9).
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FIGURE 4.2. Density of edges ωrs between nodes in groups 0 and 1 as a
function of time t. The curves were obtained performing a direct simulation of
our model with parameters P S

0 = 0.7, P S
1 = 0.5, PA

0 = 0.9, PA
1 = 0.8, α0 =

0.2, α1 = 0.1, N0 = 67, N1 = 33. The horizontal straight line correspond to
the expected value for t→∞ and N →∞ obtained from Eq. (4.9).

4.3.3 Particular Cases

Equal average degrees ⟨z⟩0 = ⟨z⟩1 ⇒ no SB.

From the definition (3.4), the following conditions both hold if SB structure with group r as

basin and group s as source is observed

ωrr > ωrs ⇒
err

Nr − 1
>

ers
Ns

≈ err
Nr

>
ers
Ns

(4.10)

ωsr > ωss ⇒
esr
Nr

>
ess

Ns − 1
≈ esr

Nr

>
ess
Ns

(4.11)

with r, s ∈ {0, 1}, r ̸= s and large Nr and Ns. These two inequalities imply that err+esr
Nr

>

ess+ers
Ns

⇒ ⟨z⟩r > ⟨z⟩s. This is in contradiction to our hypothesis of ⟨z⟩r = ⟨z⟩s ⇒ err+esr
Nr

=

ers+ess
Ns

. This proof by contradiction, which applies not only to our model but to any network

partition into two groups, implies that a difference in average degree is essential for the

existence of the SB structure (the basin requires a higher in-degree than the source). This

proof by contradiction implies that a difference in average in-degree is a necessary condition

for the existance of the SB structure. The basin requires a higher in-degree than the source, in

line with the view that the the basin actively receives influence from both source and itself.The
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reversal of link direction maps in-degree to out-degree and SB to CP, so that equivalent

computations imply, by symmetry, that an out-degree difference between the two groups is a

necessary condition for the existance of CP structures. These two conditions apply not only

to our model but to any network partition into two groups.

Equal assortativity PA
0 = PA

1 ⇒ no CP.

The appearance of CP structure with group r ∈ {0, 1} as core and group s ∈ {0, 1} (s ̸= r)

as periphery implies the following two mutually conflicting inequalities

ωrr > ωsr ⇒ βr >
Nr

N
⇒ PA

r >
1

2
, (4.12)

ωrs > ωss ⇒ βs <
Ns

N
⇒ PA

s <
1

2
, (4.13)

where in the first step we used Eq. (4.9) and in the second step we used Eq. (4.6). This

demonstration shows that groups with equal tendency to establish assortative edges PA
0 = PA

1

could not support a CP structure and the CP structure only appears when one group prefers

assortative edges and the other group prefers disassortative edges.

Swapping regime P S → 1−.

Here we consider the case in which swap moves dominate over change moves. We denote

this by P S → 1− to convey that there are enough change moves to allow the average degree

to converge in Eq. (4.2) but that otherwise it plays no role. The probability of linking to the

same group, βr, is obtained by setting P S = 1 in Eq. (4.6) leading to

βr =
PA
r

PA
r + (1− PA

r )
Ns

Nr

. (4.14)

Using this expression in the computation of the density ω in Eq. (4.9) we obtain a simpler

separation of the parameter space into the community types. Fig. 4.3 shows that the four

structure types appear in the parameter space of PA
0 and PA

1 . An A relationship appears when

both groups strongly prefer linking to nodes in the same group, while D is formed in the

opposite situation. The CP structure appears when one group prefers assortative linking (being

the core) while the other group (the periphery) prefers to link to the different group, i.e. it is

influenced more by the core group than its own group. SB occurs for intermediate values of
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FIGURE 4.3. Parameter space for Eq. (4.9), which is valid in the limit P S →
1− with swap and change moves. The group size ratio c = N0

N1
= 2 and the

average in-degree ratio b = ⟨z⟩0
⟨z⟩1 = 0.5. Insets: examples of networks obtained

at the indicated parameters through direct numerical simulations of our model,
plotted using the NetworkX package. The node color indicates the group
membership of the node and the edge color indicates information source (same
as source node color).

PA, most strongly around PA
0 = PA

1 = 0.5 (no preference in terms of groups). Fig. 4.4 shows

the effect of asymmetric group sizes (N0 ̸= N1) and average degrees (⟨z⟩0 ̸= ⟨z⟩1), indicating

that the SB region in parameter space grows and is deformed with increasing asymmetry.

The effect of change moves P S < 1.

We now consider the effect of change moves in the picture discussed above (i.e., when

P S < 1). For simplicity, we assume the two groups have the same probability of choosing

the swap move, i.e. P S
0 = P S

1 . The effect of P S in reproducing the four community types

is shown in Fig. 4.5. As less swap moves are performed (P S decreases), more in-edges
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FIGURE 4.4. Effect of group-asymmetry in group size N (y axis) and in-
degree ⟨z⟩ (x axis) in the parameter space of assortative linking shown in
Fig. (4.3). The boundary of all structure types is computed from Eqs. (4.9),
(4.14), and (3.4) in the limit of t→∞, N →∞, and P S → 1−.

among all edges come from the change move and therefore the assortative probability PA

of the swap move plays a less significant role. The degree difference between the groups

becomes increasingly the only important distinction between them. As a result, the area of

SB in the PA parameter space increases with reducing P S . Surprisingly, there is a finite

value P S∗ > 0 such that SB is the only community type for any P S < P S∗ (see Appendix B3

for a computation of P S∗). An intuitive explanation for these results is that the change move

does not take the groups (colours) of nodes into account and therefore it effectively leads to

a weakening of the assortative moves (PA comes closer to 0.5), which is the SB region in

Fig 4.3.
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FIGURE 4.5. Probability of swapping P S affects the conditions for the ap-
pearance of different community relationships. The results shown in the figure
were computed using c = N0

N1
= 2, b = ⟨z⟩∗0

⟨z⟩∗1
= 1

2
, and P S

0 = P S
1 . The boundary

of all structure types is computed with Eqs. (4.9), (4.6), and (3.4), valid in
the limit of t→∞ and N →∞. Lines 1-4 indicate the boundaries between
A,D,CP and SB, see details in Appendix B3.

4.4 Discussions

In this chapter, we proposed a simple network-evolution model that generates directed

networks with the four different types of relationships between 2-communities of nodes. Our

mean-field calculations of the dependence of the relationship type (A, CP, D, SB) on the

model parameters reveal the necessary conditions and possible mechanisms behind their

creation. In particular, we find that a CP relationship cannot exist if both groups have the

same tendency to establish links within their own communities and that an SB relationship

cannot exist if the communities have the same average degree. Our analysis revealed a close

relationship between the difference in in-degree between the communities and the appearance

of the Source-Basin community type. These results generalize to the case of directed networks

to previous analyses on core-periphery in undirected networks, which have shown that CP

structure between two groups is highly related with degree difference [BL16; ZMN15] and

that no CP structure is found in two groups using a degree-correction method [KM18]. To

further clarify the connection between degree and structure type, we consider an alternative

definition of a density matrix ω̃ in which the number of edges ers is normalized by the product

of existing edges eres instead of the possible edges NrNS . This choice corresponds to relative
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connectivity between communities, normalized by their propensity of links, and is similar to

the approach used in degree-corrected stochastic block models. In this case, neither CP nor

SB are possible (as shown in Appendix Sec. B4) in the case of two communities, consistent

with previous observations (only A and D are possible).



CHAPTER 5

Social Media Data

5.1 Introduction

In this chapter we apply the methods and ideas discussed in the previous chapters to the study

of social media. Social media platforms, including X (former Twitter), Facebook, YouTube,

Instagram and LinkedIn, have become prevalent for individuals to express their opinions,

access news and information, and engage with others anytime and anywhere. The vast

amount of information from social media provides opportunities for the analysis of various

problems such as political polarization [Cin+21; CM15], information diffusion [Gle+14] and

opinion mining [Mit+13; Cod+15]. In particular, identifying groups of users with similar

connectivity pattern in a network approach attracts increasing attention in sociology studies,

and community detection becomes a standard practice that has been applied in many areas as

described in Sec. 2.4.

While previous analysis of mesoscale structures focuses on either assortative or core-periphery

connectivity patterns, our methodologies developed in Chapter 3 indicate that other patterns

are also possible and typical in networks, and can also reveal new types of community

structure [LAA23]. It motivates us to consider this approach in social media networks to gain

a deeper understanding of the organization and function of networks, taking advantage of the

interpretability of social media data. In this chapter, we propose a quantitative analysis of

social media data on X, focusing on interactions between users and textual data of tweets. We

measure the public mood from textual data of tweets and find communities based on user

activity including retweets and replies.
52
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5.2 X Data

We focus on the X platform due to its easy access to information including user’s profiles and

tweets. X allows users to communicate with friends or strangers by retweeting, replying, or

mentioning in tweets, which is a short textual message that can include multimedia content.

In our analysis, we include three datasets about specific events on X.

The first dataset is about Australian bushfire discussion on X from 2019 to 2020. The intensive

bushfires drew much attention all over the world and brought lots of discussions in online

social media. Specifically, we noticed that a political debate around the role of climate

change in bushfires happened on X. The data was obtained using the X streaming API by the

co-supervisor A/Prof. Tristram Alexander as follows

(1) Collect all tweets containing the word ‘climate’ between November 2019 to June

2020, and coming from accounts with Australia-specific locations in the user location

metadata.

(2) Identify the top 100 most retweeted tweets each day during this period.

(3) Capture the user timelines for the authors of these daily top 100 most retweeted

tweets.

(4) Keep activities in these top-user timelines that retweet or reply to other top users.

The dataset includes 4,071 unique users, 3,184,690 retweets, and 2,158,374 replies between

these users. User profile data is available such as verified and followers count, friend count,

and status count(see details in Appendix Sec. C3). The classification of these users was

obtained from Ref. [Bed+22], where a fraction of users were classified based on their tweets

where two categorical classifications were given as follows

• Arson-Fire indicates whether the tweet supported the view that bushfires were

caused by arsonists.

• Climate-Fire indicates whether the tweet supported the opinion that bushfires were

related with climate change.
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Users were classified into two categories: supporter and opposer in the Arson-Fire and

Climate-Fire classifications according to the majority labels of their tweets. 56 users were

selected in Arson-Fire classification and 194 users were selected in Climate-Fire classification.

The textual data of tweets extracted in step (1) was also recorded and split into daily sets. In

total, we collected 590,607 tweets and 27 words per tweet on average during 217 days from

November 2019 to June 2020.

In our analysis, we include two more X datasets which were obtained from Ref. [Gai+21]

about two political events in Germany, that is, Saxon state election voting in September

2019 and a violent attack on police on the New Year’s Eve of 2019(NYE) four months later.

The election was a nationwide political event where politicians amplified their voices on X.

The NYE incident generated a lot of discussion, and a debate about the role of left-wing

extremism and the deliberate provocation of police in this violence was raised on X. The

authors of Ref. [Gai+21] collected the data based on a set of seed users that were chosen

from the election candidates list. All tweets containing seed users in the form of retweets,

replies, and mentions were collected. The election datasets were restricted to a subset of

tweets containing election-related words from the time period between the 25th of July and

the 10th of September. The resulting dataset contains 41,815 users with 129,700 retweets and

80,470 replies. The NYE dataset was restricted to tweets containing incident-specific words

from December 31 until January 19. The dataset includes 13,551 with 24,278 retweets and

17,381 replies.

5.3 Characteristic of Bushfire Discussion

With the spontaneous nature of the content shared, social media platforms become a rich

resource for evaluating public happiness. By capturing real-time expressions of opinions,

emotions, and reactions from millions of users, social media provides valuable insights into

societal trends, public happiness, and collective behaviors [Mit+13; Cod+15]. In this section,

we measure the public sentiment during the period of the bushfire and identify a series of
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events that affect public happiness from the time-series tweets, gaining an understanding of

the characteristics of bushfire discussion.

5.3.1 Sentiment Analysis

We compute the sentiment of tweets collected in the bushfire dataset. The sentiment score for

a text is calculated based on the individual words used in the text. We use sentiment scores

collected by Warriner et al., where 13,915 of the most frequently used English words from

four sources were given ratings on valence which indicates the degree of pleasantness. In

Ref. [WKB13], each word was rated from 1 (unhappy) to 9 (happy). Then the average rating

over 20 responses became the word’s score. In this project, the valence score of a text is

computed by averaging the scores of all words appearing in this text.

Apart from the simple algorithm in Ref. [WKB13], we find that SentiStrength is a powerful

tool for informal English texts like tweets [The+10]. SentiStrength also uses a dictionary of

words with associated sentiment strength from 1( [no positive/negative emotion] to 5 [very

strong positive/negative emotion]). Moreover, Sentistrength developed many algorithms to

solve the problem of informal short text such as spelling correction, booster word list, negative

word list, etc. From SentiStrength, a single positive/negative scale of a text can be obtained

from -5 (negative) to +5 (positive).

5.3.2 Result

We apply two sentiment methods on the tweets during bushfire discusion. Fig. 5.1 shows the

average valence and SentiStrength values of the climate tweets by day during the 8-month

time span. The highlighted regions in this plot are early, height, and after stage of bushfire

which are defined from 12/11/2019 to 11/12/2019, from 14/12/2019 to 12/1/2020, and from

19/5/2020 to 17/6/2020, respectively [Bed+22]. Fig. 5.1a shows that public happiness is lower

than average valence (5.62) in the early and height stages. The figure indicates an increasing

trend in the early stage and the peak occurs when the UN climate conference is held. The

happiness decreases at the height of the bushfire and reaches its lowest point on the day of the
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’sackScomo’ protest. After the height stage, the happiness increases slowly, and many climate-

supporting events are discussed on X such as "Environment recovered during Covid-19",

"Earth Day", "BuildABetterFuture live stream". Public happiness drops dramatically when

ABC News publishes a video about the climate policy in Australia called "Climate Wars".

After this fall, the happiness rises again and peaks on World Ocean Day. The SentiStrength

method in Fig. 5.1b show similar trends with valence which corroborates our finding about

the happiness variation during bushfire obtained using valence. The analysis based on daily

tweets containing "climate" clearly shows that the public is unhappy about bushfires both in

valence and SentiStrength measures. We also find a clear impact of climate-specific events

on public happiness that climate-supporting events have a positive effect and bad news has a

negative effect.

5.3.3 Validation

We validate our machine-learning methods with manual ratings obtained from Ref. [Bed+22]

where random 120 tweets per day from selected 15 time periods were manually rated with

sentiment [positive, negative, N/A]. For simplicity, we assign the sentiment score to be +1

for positive, −1 for negative, and 0 for N/A. We compare the automated result with manual

ratings by two traditional methods: Pearson correlation coefficient and inter-coder agreement

by Cohen’s Kappa method [McH12] with a value closer to 1 meaning a stronger correlation.

Fig.5.2 shows a strong linear relationship between the automated result and manual rating

indicating that our automated methods agree with manual rating. The Pearson correlation

coefficient between valence and manual rating is 0.818, and the Pearson correlation coefficient

between SentiStrength and manual rating is 0.948 showing that both automated methods

perform well with SentiStrength performing closer to the human mind.

We further confirm the agreement with second manual ratings from Ref. [Bed+22] where

random 40 tweets per day from the same 15 time periods were rated. In almost all time

intervals, we get inter coder reliability κ > 0.81(κ = 0.76 on 2019-11-24 and κ = 0.64 on

2020-6-8). Overall, we have κ = 0.88 showing almost perfect agreement [LK77] between

manual ratings and automated results.
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(A)

(B)

FIGURE 5.1. Temporal sentiment trend in X. (a): Average valence of tweets
containing the word “climate” from November 2019 to June 2020 by day. The
standard deviation in grey is computed by Bootstrapping method where we
resample daily tweets with replacement for 1,000 iterations. The green, red
and blue regions indicates the early, height, after stage of bushfire defined in
Ref. [Bed+22]. (b): Average valence (red) and average SentiStrength (blue) of
tweets containing the word “climate” from November 2019 to June 2020 by
day. The green, red and blue regions indicate the early, height, after stages of
bushfire.

The validation provides further support for our findings of public happiness variation during

bushfires. The analysis provides us understanding of this discussion on X that the public

has the lowest happiness in the height stage of bushfire and their mood is related to climate-

specific events. After the successful studies in textual data of tweets, we are also interested in

how online users interact and involved in specific events. In the next section, we find groups

of users according to the user’s connectivity and analyze the structural pattern within the

user’s interaction.
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(A) (B)

FIGURE 5.2. Sentiment by machine-learning methods (a): valence and (b):
SentiStrength against manual ratings. Each point corresponds to a specific
date which is randomly selected from time window.

5.4 Community Structure

The identification of community structures based on network topology has been studied in

social sciences as described in Sec. 2.4. In this section, we focus on the interaction information

between users to have a deeper understanding of user’s involvement in political debates. We

take retweet and reply interactions of the three events in X since retweet interaction is

related to opinion communities while reply interaction reveals user’s participation in public

debate [Gai+21]. We construct a network with users as nodes and interactions as edges so

that we have two types of directed edges, retweet edge and reply edge. The retweet/reply

edge is directed from node i to j meaning user j retweet/reply node i, and has edge weight as

the multiplicity of retweet/reply. With two types of edges, we construct three networks for

each event: retweet-only network, reply-only network, and multilayer network that contains

both retweet and reply. The multilayer network as described in Sec. 2.1 is able to include two

valuable interaction information in X and provide a richer picture of user’s interaction patterns.

We focus on the largest connected component of each network with detailed information in

Table. 5.1. In the following sections, we apply the methodology developed in Chapter 3 and

analyze the community structures, which may reveal insights into political debates on social

media platforms. We use degree-corrected hierarchical Stochastic Block Model (hSBM),

which is described in Sec. 2.3.4, to detect communities due to its ability of having a larger
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resolution limit, providing various levels of fineness of communities, and allowing various

degrees within communities. The detailed procedure of community detection can be found in

Appendix Sec. C1.

Network Bushfire

Interaction retweet reply multilayer

Nodes 4,029 3,954 4,043

Edges 429,235 233,336

Network Election

Interaction retweet reply multilayer

Nodes 29,565 20,238 40,836

Edges 89,603 52,487

Network NYE

Interaction retweet reply multilayer

Nodes 9,232 6,147 13,385

Edges 20,307 12,191

TABLE 5.1. Network Information for bushfire, election, and NYE datasets.
The rows are interaction type of network (Interaction), the number of nodes
(Nodes) and the number of edges (Edges).

5.4.1 Bushfire

Hierarchical communities of nodes obtained from the hSBM model based on a directed

retweet multi-graph is shown in Fig. 5.3. In the most fine-grained level, level 3, nodes are

divided into 9 small communities where each community retweets itself more often than

retweets other communities, which corresponds to the assortative structure in classification of

Chapter 3. The manual classifications of Arson-Fire and Climate-Fire in Fig. 5.4 show that

the supporters of the climate theory view that bushfires were related with climate change,
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who supports the link of Climate-Fire and deny the link of Arson-Fire, and the supporters of

the arson theory view that bushfires were caused by arsonists, who hold opposite opinions of

two links, are separated into different groups in level 3. It indicates that communities found

by the hSBM model are aligned with users’ opinions on climate change and convinces us to

take a further look at the structural patterns of these communities. We apply the methodology

developed in Chapter 3 and find that even though all interactions between communities are

assortative (see Appendix Fig. C.2), some communities exhibit a relatively high density of

retweeting others. In particular, we notice that two communities with arson theory supporters

interact with each other but rarely interact with the other 7 communities that consist of climate

theory supporters.

These hierarchical structures provide not only a single representation of user communities

but also reveal how small communities merge at various levels. This offers opportunities to

analyze the hierarchical relationships of groups of users and gain an understanding of their

relative proximity. When we look at the upper levels of level 3, some small communities

represented as nodes in block multi-graph show similar connectivity and are grouped together

by the SBM model. In level 2, four communities are identified with two climate theory

supporter groups, one arson theory supporter group, and one mixed group. In level 1, we

identify one small community with arson theory supporters and one big community with the

rest of the users. From the hierarchical structure of communities, we notice two different

arson theory groups: a stubborn group that is isolated from other groups at all levels and an

interactive group that talks to climate theory supporters.

We are particular interested in level 2 where the number of communities and the size of

communities are intermediate such that we can analyze each community in detail. Besides

the two manual classifications, we identify the origin of the users as being Australian or not.

A detailed study of user profiles is listed in Table. 5.2 and shows that the four communities

consist of different types of users and can be summarised as international climate group,

Australian climate group, Australian mixed group, and international arson group. The special

stubborn group consists of famous climate change deniers such as @realDonaldTrump,

@RealJamesWoods, and @DonaldJTrumpJr accounts, while climate groups have accounts
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FIGURE 5.3. Top three level of communities from hSBM model based on
directed retweet multi-graph. Communities are plotted as nodes in levels where
level 1 has two communities, level 2 has four communities, and level 3 has
nine communities. Node size represents the corresponding community size,
and links within each layer correspond to the density between communities
computed by Eq. (3.1). Red and blue dashed links between levels exist if user
nodes are assigned in both partitions.

including climate activists and official accounts such as @GretaThunberg, @climatecouncil,

@ProfTerryHughes, @MikeCarlton01, @MrKRudd and @GrogsGamut, and mixed group

has influential media accounts: @SkyNewsAust and @BOM_au.

After showing the separation of users by hSBM model in level 2, we are also interested in how

these communities behave in the bushfire discussion. We answer this question by analyzing

the happiness of users from tweets that were split into 4 communities according to partition

in level 2 and were collected in a longer timeline from November 2019 to October 2020

with the same selecting criteria listed in Sec. 5.2. In Fig. 5.5, we noticed that all four groups
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(A) Arson-Fire (B) Climate-Fire

FIGURE 5.4. Distribution of classified users in the communities shown in
Fig. 5.3 based on Arson-Fire classification (left) and Climate-Fire classifica-
tion (Right) described in Sec. 5.2. We focus on the hierarchical structure of
communities between different levels and ignore the retweeting interactions
in each level. For each community (represented as a node), classification
result is shown in the format: Ci(N

O
i /N

S
i ) where NO

i and NS
i are the number

of opposers and supporters in community Ci, based on the corresponding
classifications. The size of node corresponds to the size of the community,
and the color of the node corresponds to the majority classification within that
community: blue represents communities dominated by users who support the
climate view, and red represents those dominated by users who support the
arson view. The edge color corresponds to the node color in lower levels.

show a similar trend overall, that is, a decreasing trend in the height stage of bushfire and an

increasing trend in the after stage of bushfire. However, they reacted differently in the early

stage of bushfires. The international climate group (community 0) and the Australian mixed

group (community 2) show increasing happiness, reach a peak at the UN Climate Conference,

and drop when approaching the height stage. The international climate group has the highest

average happiness among the four groups and reacted positively to climate-supporting events
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Community Name Nodes Australian Influential Users
0 international climate group 1,740 45% @GretaThunberg

@climatecouncil
@ProfTerryHughes

1 Australian climate group 1,248 87% @MikeCarlton01
@MrKRudd

@GrogsGamut
2 Australian mixed group 683 80% @SkyNewsAust

@BOM_au
@RealMarkLatham

4 international arson group 358 24% @realDonaldTrump
@RealJamesWoods
@DonaldJTrumpJr

TABLE 5.2. User features of 4 communities of bushfire retweet network. The
columns are the community label (Community), community name (Name)
which is manually given by us according to its features, number of nodes in
each community (Nodes), fraction of Australian accounts in each community
(Australian), and examples of influential users (Influential Users). The partition
corresponds to level 2 of hSBM applied to a retweet network.

such as the UN Climate Conference and Earth Day. In contrast, the Australian climate group

(community 1) has the lowest average happiness among four communities in three stages of

bushfires, showing their concerns about natural disasters. This group shows a strong negative

attitude towards bad climate news, such as the protest in Sydney and public suspicion of the

climate speech from one candidate of the Liberal National Party (LNP). The most interesting

group, the international arson group (community 4) consisting of climate change deniers,

shows no increase in climate-supporting events and consistently has relatively low happiness

except in one case where climate deniers cheer the climate change speech from Donald Trump.

On the same day, Australian users focused on Australian challenges on climate change and

thus two Australian groups have a negative mood.

The successful findings in both partitions of hSBM and sentiment analysis confirm the ability

of our automated methods in finding distinct groups of users based on their interactions and

providing useful insights into the underlying network. We then apply the same approach to

reply interaction in the bushfire discussion. The nodes are divided into two communities in
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FIGURE 5.5. Sentiment of four communities in bushfire discussion. The aver-
age valence value of each community is computed from the tweets containing
word "climate" during the time period from November 2019 to October 2020.
The standard deviation in grey is computed by the Bootstrapping method same
as Sec. 5.3.1.

level 1, eight communities in level 2 as shown in Fig. 5.6, and 21 communities in level 3.

The climate theory supporters and arson theory supporters are distributed across different

communities even in level 3, indicating that reply activity does not have strong alignment

with users’ political opinions but show user’s participation in political debates, which agrees

with previous works on political polarization [Gai+21].

As an important interaction type in online platforms, reply activity provides valuable in-

formation about users’ involvement in debates. We combine retweet and reply activities and

construct a multilayer network with 4,043 nodes and two types of edges. We identify hierarch-

ical communities by the hSBM model, with two communities in level 1, four communities in

level 2, and eight communities in level 3 shown in Fig 5.7. Fig. 5.8 shows that climate theory

supporters and arson theory supporters are separated into different groups. All classified users

based on Arson-Fire and more than 67% classified users based on Climate-Fire share one

single opinion within groups. The community structures in Fig 5.7 indicate that users have

different connecting preferences between retweet and reply activity and that retweet activity

is more assortative(83% assortative fraction in level 2 and 96% in level 3) than reply (67%

assortative fraction in level 2 and 64% in level 3). This agrees with the view that retweets
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(A) Level 1 (B) Level 2

FIGURE 5.6. Density matrices for the partition obtained by hSBM based
on bushfire reply network on level 1 (left) and level 2 (right). The blocks
are ranked according to community size Nr = {2413, 1541} (A), Nr =
{1276, 1115, 491, 394, 299, 252, 91, 36} (B). The labels in each entry of the
matrix correspond to the structure type τ where "A" stands for "Assortative",
"CP" stands for "Core-Periphery", "D" stands for "Disassortative" and "SB"
stands for "Source-Basin".

exhibit a highly polarized structure with users receiving information within groups [Con+11a;

Cin+21]. Notably, we observe non-assortative structures from level 2 with a core-periphery

structure between the arson theory supporter group and a mixed group in retweet network

and a source-basin structure between the mixed group and climate theory supporters in reply

network. In level 2, the retweeting core group has a high influence in retweet (436 average

out-degree) and receives a large quantity of information in reply (591 average in-degree).

Compared to information source groups in reply that have mostly climate theory supporters

and 33 influential users, the reply basin group has 0 users in the top 1% high influence users.

One potential explanation is that the mixed group contains activists of both climate theory

supporters and deniers such that the arson group gets news only from this group while climate

groups have many information sources and do not rely on this small group. On the other

hand, climate change as a popular trend attracts replies from both supporters and deniers.

Our findings on multilayer network privide a depper understanding on user’s interactions

including retweet and reply in political debates, and reveal important interaction structural

patterns that have not been reported in previous analysis. It also confirms the potential of our
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methodology to identify unusual structures which play important role in the organization and

function of underlying networks.

5.4.2 Election

After the successful study on bushfire discussion, we now turn to the analysis of election

voting in Germany. Fig. 5.9 shows the communities obtained from hSBM on election networks

are dominant by assortative structure and other structure types only appear in level 3 in both

retweet and reply networks. A detailed study on retweet communities in level 3 indicates that

a group with left-leaning politicians and activists such as Grüne, ParentsForFuture, Linke,

SPD (community 1) acts as core and is retweeted a lot by a public periphery (community 0) in

which only two users among 11,375 users from Antifa and Linke are identified. In contrast, a

source-basin structure appears within right-wing parties. The source (community 3) includes

many politicians with eight from Afd and others from Freie Wähler and Blaue Partei, while the

basin group (community 2) has many political activists from Pegida and Identitäre, and two

politicians from Der III. Weg and Freie Wähler. This finding demonstrates that the left-leaning

and right-leaning parties have different interaction patterns. It also reveals important insights

about the different nature between core-periphery and source-basin that core-periphery is

found between densely connected influential users and public, while source-basin is obtained

between active users and relative loosely connected influential users. The reply network,

however, could not find groups with different political opinions which confirms the statement

that reply activity is visible to all users and different opinions are possible to confront each

other while retweeting mainly happens from followers [Gai+21].

We continue our analysis using multilayer network, that includes retweet and reply interactions.

The communities by hSBM in Fig. 5.10 confirm the difference of interaction patterns between

the user’s retweet and reply activity. While most pairwise interactions between communities

are assortative in all levels, core-periphery structure can be obtained in level 2 in both retweet

and reply and source-basin structure starts appearing in a more fine-grained level. However,

the political parties of users are a bit mixed into groups in level 2 which might be due to the

fact that reply activity across different groups perturbs the identification of political groups.
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(A) Level 1 (B) Level 1

(C) Level 2 (D) Level 2

(E) Level 3 (F) Level 3

FIGURE 5.7. Density matrices for the top 3 levels of communities obtained
by hSBM based on bushfire multilayer network according to retweet inter-
action (Left) and reply interaction (Right). The blocks are ranked according
to community size Nr = {3421, 622} (A,B), Nr = {1870, 1551, 522, 100}
(C,D), Nr = {1870, 1001, 550, 315, 207, 49, 36, 15} (E,F). The labels in each
entry of the matrix correspond to the structure type τ and the robustness score
obtained from Eqn. (A.1).
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(A) (B)

FIGURE 5.8. Distribution of classified users in the communities shown in
Fig. 5.7 based on Arson-Fire classification (left) and Climate-Fire classifica-
tion (Right) described in Sec. 5.2. We focus on the hierarchical structure of
communities between different levels and ignore the retweeting interactions
in each level. For each community (represented as a node), classification
result is shown in the format: Ci(N

O
i /N

S
i ) where NO

i and NS
i are the number

of opposers and supporters in community Ci, based on the corresponding
classifications. The size of node corresponds to the size of the community,
and the color of the node corresponds to the majority classification within that
community: blue represents communities dominated by users who support the
climate view, and red represents those dominated by users who support the
arson view. The edge color corresponds to the node color in lower levels.

This finding indicates that the user’s whole activity in online social media is not strongly

polarized at a loose-grained level and that a finer partition should be considered.

5.4.3 New Year Eve(NYE)

The last dataset we used in our project is New Year Eve attack in Germany. We apply hSBM

on three networks of this dataset: retweet, reply and multilayer with retweet and reply. The

community structures obtained based on a single interaction type (see Appendix Fig. C.3)
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(A) Retweet (B) Reply

(C) Retweet (D) Reply

(E) Retweet (F) Reply

FIGURE 5.9. Density matrices for the top 3 levels of communities obtained
by hSBM based on election retweet network (Left) and reply network (Right).
The blocks are ranked according to community size Nr = {21743, 7822} (A),
Nr = {18150, 7822, 3593} (C), Nr = {11375, 6775, 5398, 2424, 2094, 1490}
(E), Nr = {15952, 4286} (B), Nr = {15952, 3351, 935} (D), Nr =
{6134, 5961, 3857, 1661, 924, 766, 365, 301, 269} (F). The labels in each entry
of the matrix correspond to the structure type τ .
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(A) Level 1 (B) Level 1

(C) Level 2 (D) Level 2

(E) Level 3 (F) Level 3

FIGURE 5.10. Density matrices for the top 3 levels of communities
obtained by hSBM based on election multilayer network accord-
ing to retweet interaction (Left) and reply interaction (Right). The
blocks are ranked according to community size Nr = {28617, 12219}
(A,B), Nr = {16458, 9460, 8046, 4113, 2759} (C,D), Nr =
{12966, 5627, 4152, 3326, 3215, 2556, 1969, 1688, 1200, 1038, 936, 568, 566, 521, 332, 176}
(E,F). The labels in each entry of the matrix correspond to the structure type τ .
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shows that communities have mostly assortative interactions with others and a small fraction

of non-assortative interactions is obtained in retweet (33% in level 2 and 29% in level 3) and

reply (7% in level 2 and 23% in level 3). The communities of multilayer network in Fig. C.4

also show the appearance of core-periphery structures with a larger fraction in retweet than

reply. However, in this dataset, the communities found in all three networks – retweet, reply

and multilayer – do not show a clear separation of political parties. It suggests a deeper

understanding of this dataset is needed.

5.5 Discussion

The large amount of information in social media is beneficial for the analysis of various

problems, while the complexity of social media data brings challenges. In this chapter, we

took a quantitative analysis of social media data including public happiness measurement

from textual data and group-level relationships analysis from the social interactions of users

based on network topology. The sentiment analysis on the bushfire dataset provides an

understanding of bushfire discussion, revealing that the public has the lowest happiness in

the height stage of bushfire, and climate change supporters have increasing happiness when

climate-supporting events occur while climate change deniers do not change their mood.

The analysis of social structures shows that the partitions found in retweet networks are

strongly polarized in bushfire and election events while reply networks do not show a clear

pattern in political view. This is in line with the interpretation that retweets align with political

opinions and replies illustrate user’s participation. Notably, core-periphery or source-basin

structures are identified in almost all networks, confirming the widespread appearance of

non-assortative structures in social networks. In particular, we identified a group of climate

activists in bushfire discussion who influence deniers of climate change theory through

retweets and frequently engage with climate theory supporters through replies. The data of

election voting in Germany reveals distinct interaction patterns within the left-wing and right-

wing parties. The left-leaning party exhibits a core-periphery structure with the public, while

the right-leaning party displays an internal source-basin configuration with more politicians in
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source and more political activists in basin. The detailed study on source-basin reveals a new

type of information flow from loosely connected influential users to actively interactive users

in social networks, which is different from classical core-periphery structures. The evidence

of the appearance of unusual community structures in networks that have not been reported in

previous analyses confirms the potential of our methodology developed in Chapter 3 in the

analysis of complex networks.

Multilayer networks have potential of considering multiple interaction types which are

common in social media, and give a richer picture of user’s interaction. In theory, multilayer

approach can provide information in more dimensions and find groups more successful than a

single layer. But in practice, we find that multilayer networks can find groups with political

preferences but users in different parties are a bit mixed. It might be the reason that replies

are not restricted to their own parties so that when we detect community based on retweets

and replies, the partition is not aligned with political affiliation perfectly as retweets. On the

other hand, the advantage of a multilayer is that users are partitioned considering multifaceted

features and a comprehensive analysis is possible. Multilayer feature also provides the same

standard for the comparison between multiple types of information.
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Conclusion

6.1 Summary of the main results

The information era brings us an enormous quantity of data that provides valuable information

for the analysis of social, biological, transportation, and financial systems. The network ap-

proach has become a convenient and easy-to-fit tool to gain an understanding of relationships

and interactions between elements of such complex systems. While mesoscale structures in

complex networks have been successfully explored using community-detection methods for

more than two decades, the majority of studies assume communities to have either assortative

or core-periphery connectivity patterns. In this project, we show that these two structures are

not all possibilities of connectivity patterns, and other structures are mathematically possible

and statistically typical in complex networks, as long as we use algorithms that are agnostic

about the type of structural pattern to detect communities. We introduce a methodology

to identify community structure types in undirected or directed multi-graphs. In particular,

through pairwise comparison on the connectivity strength between communities, we classify

four community structures in directed graphs: assortative(A), core-periphery(CP), disassort-

ative(D), and especially a new type of community structure, source-basin(SB), in which

information(influence) flows from sparsely connected source group to a strongly connected

basin group of information receivers. The newly introduced source-basin indicates another

type of organization of networks that has not been discovered in previous analysis and that

universally appear in all categories of empirical networks extracted from the Netzschleuder

repository.
73
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Despite the success of identifying all community structures within empirical networks, the

mechanism leading to the formation of these pair-wise structures is often unclear. To address

this problem, we proposed a simple generative model to mimic the evolution process of

networks with two communities. With the assumption that nodes have agency in determining

their incoming edges (who they are influenced by) but not their outgoing edges (who they

influence), the model parameter regimes show the necessary conditions for the appearance of

the four structure types and reveal possible mechanisms of the formation of these structures. In

particular, we find that core-periphery structure cannot be obtained if two groups have the same

preference on link assortativity, and source-basin structure only appears when two groups have

different degrees. Moreover, under in-degree variation condition, source-basin appears when

the link assortativity of both groups is close to a neutral state, and increasing (decreasing) link

assortativity in both groups leads to assortative (disassortative) structures, and asymmetric

assortativity results in core-periphery. In general, variations in group sizes and average degree

facilitate the appearance of source-basin and tighten the conditions of other structures.

Our generative model shows a close relationship between source-basin structure and the

difference in the in-degree of the two groups. The group with a higher in-degree is identified

as basin, who is influenced more by the source group with a lower in-degree possibly because

they are more restrictive about information sources. Moreover, source-basin is the only

arrangement when users only change their influence source numbers during the evolution

process, showing that when the only difference between two groups is in-degree, only source-

basin relationship can be observed. The source is the group that receives less influence and

the basin is the group that is influenced more. In the case of two groups discussed in Sec. 4,

we derived that a degree variability between the groups is a necessary condition for the

appearance of SB and CP structures (independent of the generative model). The close relation

between core-periphery and degree difference was shown in previous analysis on undirected

networks [BL16; ZMN15]. No core-periphery structure can be found in the two groups if we

use a degree correction method [KM18]. In the general case with more than two groups, no

such constraints apply and all four community types are possible when applying a pair-wise

classification (as done in [LAA23]).We further clarify the connection between degree and

structure type in the directed network by using an alternative definition of density matrix
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that takes degree into account. We find that neither source-basin nor core-periphery can be

obtained with the new density matrix, while other community structure types can appear.

Apart from the theoretical developments in classification and network evolution model of

community structure, we further investigate the significant role that community structures play

in the organization of networks through a quantitative analysis of social media data, taking

the advantage of interpretable user interactions in social media platform X that generates

vast quantities of information. In political debate events in Australia and Germany, we find

that retweet networks are very polarized, with distinct groups of users showing different

political preferences. The community structures found in bushfire and election datasets reveal

important mesoscopic pattern of user’ interaction. In particular, the bushfire has a mixed

group with climate activists who influence climate deniers through retweet and frequently

engage with climate supporters through reply. The election voting patterns in Germany reveal

distinct interaction patterns within the left-wing and right-wing parties.

The evidence of less-studied community structure types in almost all networks reveals a new

picture of organization in online networks. The source group acts as a source of information,

containing users that are more central and do not interact significantly with each other. The

basin group contains active users who reference both source nodes and each other. This is

different from the well-studied core-periphery case where influential users actively interact

and are well-connected with each other, while peripheral users do not communicate with

one another and receive most of their influence from the core group. Despite the successful

findings in social networks, the methodology we proposed can be applied to any directed

multi-graphs and we expect similar results can be found in studies of other areas. The fact

that such community patterns have not been previously reported in these cases, despite being

extensively studied networks and construction approaches, confirms both the potential of our

methodology and the limitations of community-detection methods that fix a prior specific

structures. We can thus expect that studies with networks in other areas will be similarly

successful in identifying less-studied structures and providing new insights not only on the

role of specific nodes and communities but also on the organization and function of the

network as a whole.
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6.2 Future outlook

Beyond the generalization of mesoscale structure type in directed networks, future work

should consider how to extend the applicability and interpretability of our methods and

findings. For instance, generalizations that overcome simplifying assumptions of our methods

could consider more general types networks (e.g., multi-layered) and definitions of community

type (e.g., beyond pairwise classification).

The generative model also performs on a simple setting, suggesting different extensions of

our model to consider more general cases and more realistic network-evolution processes. For

instance, one could consider local searches in the network when re-wiring and also processes

in which the group affiliation of nodes changes over time (depending on the neighbors). An

important extension would be to consider more than two groups, as this would lift many of

the restrictions on the appearance of SB and, therefore, potentially show a richer picture for

pairwise SB relationships. With more than two communities, a pairwise SB relationship

can occur because of the excess degree that the two communities acquire due to different

interactions with other communities. A direct application of these models to data would

require not only a combination of these different extensions but also longitudinal data to

distinguish between the rewiring preferences of different nodes.

The analysis on social media data suggests many improvements. For example, the mixture of

political parties found with multiple sources of information suggests that a finer community

level should be considered, one in which users are divided into relatively small communities

with specific features in both retweets and replies. The small mixed group in bushfire

discussion, which has interesting interaction patterns in retweets and replies, suggests a

detailed study on the users within this group. The pattern found in NYE dataset also suggests

a deeper analysis on online user’s involvement in this violence event. For sentiment analysis,

and interesting further exploration would be detailed study on the words used in different

communities and "word shift" graphs by Gallagher et al (2021) could be considered.
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APPENDIX A

Appendix A of Thesis

A1 Data

For the data survey in Sec. 3.3, we consider all networks from the Netzschleuder reposit-

ory Ref. [Pei] in Sec. 3.3(accessed Aug. 2022) which belong to one of 5 common domains

(Online Social, Economic, Technological, Biological, Informational) and satisfy the follow-

ing constraints: 1) number of nodes in the largest connected component is between 50 and

20, 000; 2) not bipartite; and 3) not multilayer and no multiple types of edges. For the list

of all networks see Table. A.1. In order to allow the systematic application of the different

community-detection methods, we removed all self-loops and we consider only the largest

connected component of the network. We found 52 networks with 26 undirected graphs and

26 directed graphs.

The data for the case study in Sec. 3.4.1 is from Ref. [AG05] and corresponds to polblogs

in the Netzschleuder repository. The data for the case study in Sec. 3.4.2 and Sec. 5.4.1 was

obtained from the online platform X as described in Sec. 5.2. This data is available in our

repository Ref. [Liu23]. The data for the case studies in Sec. 5.4.2 and Sec. 5.4.3 is from

Ref. [Gai+21].
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Type Name N E Information/Edge

Direction

Undirected facebook_friends 329 1954 –

ego_social/gplus_10032969

8645326486178

2211 79585 –

facebook_organizations/L1 5793 45266 –

facebook_organizations/L2 1429 32876 –

facebook_organizations/M1 3862 87324 –

facebook_organizations/M2 320 2369 –

facebook_organizations/S1 165 726 –

facebook_organizations/S2 5524 94218 –

blumenau_drug 75 181 –

celegans_metabolic 453 4574 –

fullerene_structures/C1500 1500 2250 –

human_brains/BNU100258

64_1_DTI_AAL

116 1563 –

interactome_pdz 161 209 –

budapest_connectome/

all_20k

1015 70654 –

celegans_interactomes/

wi2007

1108 1500 –

collins_yeast 1004 8319 –

interactome_vidal 2783 6007 –

interactome_yeast 1458 1948 –

kegg_metabolic/aae 880 2368 –

tree-of-life/394 786 3874 –

power 4941 6594 –

route_views/19971108 3015 5156 –

adjnoun 112 425 –
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polbooks 105 441 –

wiki_science 677 6517 –

bible_nouns 1707 9059 –

Directed anybeat 12645 67053 Different

qa_user/mathoverflow_c2a 13599 139534 Same

inploid 14360 57101 Same

faculty_hiring_us/domain

_natural_sciences

2142 30381 Same

faculty_hiring/business 113 8539 Same

faculty_hiring/computer

_science

206 4633 Same

faculty_hiring/history 145 4347 Same

un_migrations 232 11228 Same

celegansneural 297 2359 Same

cintestinalis 205 2854 Same

foodweb_little_rock 183 2476 Same

fresh_websAkatoreA 84 227 Same

interactome_figeys 2217 6438 Different

interactome_stelzl 1615 6075 Different

messal_shale 700 6414 Different

yeast_transcription 664 1066 Same

ecoli_transcription/v1.0 329 456 Same

celegans_2019/male_ chem-

ical

559 5246 Same

caida_as/20070917 8020 36406 Different

gnutella/04 10876 39994 Different

jung 6120 138706 Different

software_dependencies/jdk 6434 150985 Different

polblogs 1222 19086 Different
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webk/bwebkb_wisconsin_

link1

280 1106 Same

word_adjacency/darwin 7377 46279 Same

dblp_cite 12494 49687 Different

TABLE A.1. Datasets Table: 26 undirected graphs and 26 directed graphs.
Columns include network type(Type), network name(Name),node number(N),
edge number(E) and the consistency between information flow and edge
direction(Information/Edge Direction).

A2 Robustness Estimation

We test the statistical robustness of our classification of communities in types by (1) comparing

to a null model and (2) considering small perturbations of the underlying network.

A2.1 Null model

We consider a null model of random density matrix ωnull to assess the significance of the

results we obtained applying our pairwise classification of community types to ω. Since our

pairwise classification depends only on the ranking order of the entries in ω, we build ωnull

as a random B × B matrix with entries from 1 to B2. We then apply our classification –

defined in Fig. 3.2 of the manuscript – to obtain the interaction classification matrix M null, the

structure type fraction P null
τ from Eqs. (3.5), and the dominant type τ null

d and occurring types

τ null
o – from Eqs. (3.6) and (3.7) of the manuscript– for the null model. The result obtained

from this analysis represent our random expectation for an arbitrary partition of the network

g in B communities. We further propose a statistic over many networks g by generating

null models for each g with the same B obtained in the original analysis. This method is

summarized in Algorithm 1. The dominance and occurrence obtained using this null model

are reported in Fig. 3.4 of the manuscript.
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Algorithm 1 Density Null Model
Require: number of communities B of network g

1: Randomly assign ranking from 1 to B2 to ωnull
B×B

2: Compute M null from the classification in Fig. 3.2
3: Calculate P null

τ for community type τ from Eq. (3.5)
4: Get dominant type τ null

d and occurring types τ null
o

5: Repeat the steps above for many networks g to compute Dominance(τ)null and
Occurrence(τ)null from Eq. (3.6) and (3.7)

A2.2 Robustness of categorical classification

Our community structure classification is computed for a given partition of the network. In

practice, small variations of the network or algorithms (e.g., the initialization of optimization

steps) may result in (slightly) different partitions. To have a better understanding of the

robustness of our classification and results to such variations, we introduce a bootstrapping

method for estimating the uncertainty of the results obtained from our classification.

Algorithm 2 Bootstrapping Robustness Estimation
Require: Graph g, partition p

1: Create a rewiring graph g′

2: Compute density matrix ω′

3: Get M ′ using classification in Eqs. (3.3) or (3.4)
4: Repeat above procedure k times
5: Calculate certainty Prs from Eqs. (A.1)

Given a certain graph G (with N nodes and E edges) and partition p with its corresponding

pairwise community classification matrix M , we first rewire the graph by randomly choosing

E edges (with replacement) from the edge list of G. We denote this generated graph G′.

Then we compute the density matrix ω′ (based on G′ and p) and we obtain a new interaction

classification matrix M ′. We repeat this procedure k times and compute the certainty for each

pair of communities r and s, Prs, as the fraction of all k interaction classifications that are

equal to the original type

Prs =
1

k

k∑
1

δMrs,M ′
rs
. (A.1)
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FIGURE A.1. Fraction of non-Assortative relationships (y-axis) as a function
of the number of communities(x-axis) in empirical graphs. Each symbol
represents a partition result of a network obtained using a specific community-
detection method (see legend).

We applied this analysis in several cases and confirmed that our main conclusions remain

unchanged. In particular, for the two case studies reported in Sec. 3.4, we find that all

classifications for B = 5 lead to Prs > 0.99 except for one core-periphery classification in

the blogs network which had Pr,s = 0.86 (see Fig. A.2).

A3 Survey

Apart from dominance and occurrence shown in Sec. 3.2.3 of the main manuscript, we

also consider an intermediate quantity – denoted proportional occurrence – to measure the

classification result in empirical networks. Instead of focusing on the appearance of a type τ

or in the most dominant type τ , here we focus on the fraction Pτ of pairs of a given type τ

in each network. For each community structure type τ ∈ {"Assortative", "Core-Periphery",

"Disassortative", "Source-Basin"}, we average the fraction Pτ over a set of networks as

Proportional Occurrence(τ) =
1

|g|
∑
g

∑
τ ′∈τo

Pτ ′δτ,τ ′ . (A.2)
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FIGURE A.2. Density matrices for the partition obtained by SBM with
B = 5 for political blogs (left) and B = 4 for bushfire retweets(right).
Colours indicate the community densities ωr,s. The blocks b = 0, 1, . . . , 4
are ranked according to community size Nr = {354, 291, 291, 210, 76}(left)
and Nr = {1473, 1031, 956, 563}(right) from community 0 to community
4(left)/3(right). As noted in the main text, the edge direction of the political
blogs network is reversed when compared to the original dataset in order to
fit the convention used in our text. The labels in each entry of the matrix cor-
respond to the structure type τ and robustness score obtained from Eqs.(A.1)
(see Sec. A2, Algorithm 2), where "A" stands for "Assortative", "CP" stands
for "Core-Periphery", "D" stands for "Disassortative" and "SB" stands for
"Source-Basin". Left: Community 0 and 3 are in a Source-Basin relationship.
Communities 4 and 2 are in a Core-Periphery relationship and communities 2
and 1 are in a Core-Periphery relationship (i.e., community 2 is a periphery
in respect to 4 and core in respect to 1). Right: Community 0,1,2 are climate
change supporter groups. Community 0 and 2 are in a Source-Basin relation-
ship.

This section shows additional analyses of our survey results. The results obtained in our

survey using the proportional occurrence method are shown in Fig. A.3. Separated results for

directed and undirected networks are shown in Fig. A.4. Finally, the results obtained using

the DNGR method with different number of communities B are shown in Fig. A.5.
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FIGURE A.3. Average fraction of pairs of the different types τ (Assortative,
Core-Periphery, Disassortative, Source-Basin). For each network, we compute
the proportional occurrence of type τi defined as Eq.(A.2). The reported results
correspond to the average over 52 networks.

FIGURE A.4. Community structure type in empirical undirected graphs (left)
and directed graphs (right).Top: fraction of networks (y-axis) in which com-
munity type (x-axis) is dominant. Middle: weighted fraction of networks
in which community type appears. Bottom: fraction of networks in which
community type appears.
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FIGURE A.5. Community structure type obtained applying the DNGR method
to the empirical graphs in our survey. Results for three pre-defined number
of communities are shown B = 5, 10, 20. Overall, the results with different
B suggest an increasing occurrence of non-assortative structures and an in-
creasing dominance (and proportional occurrence) of Assortative structure as
B grows.
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Appendix B of Thesis

B1 Derivation of General Solution

In this appendix we show the steps in the demonstration of Eq. (4.5).We start by computing

the probabilities P± of increasing (+) and decreasing (−) edges for each of the moves, as

used in Eq. (4.4). To do so, we notice that the within group edges err is decided in four

possible edge updates:

• In swap move, an extra edge adds to etrr in the case that an edge k 7→ i from group

s to group r (g(k) = s, g(i) = r) rewires to an edge j 7→ i coming from group r

(g(j) = r). This happens when 1) we pick a focal node i in group r with probability
Nr

N
; 2) the node i plays assortative game with probability P S

r P
A
r ; 3) we pick an

existing edge k 7→ i that is from different group with probability 1− βr; and 4) we

pick an non-edge j 7→ i that has g(j) = r with probability Nr

N
. These 4 steps are

necessary and independent of each other. Therefore, the probability of gaining an

edge within group r is calculated as the product of their probabilities as

P+(swap) =
Nr

N
P S
r P

A
r (1− βr)

Nr

N
. (B.1)

• In swap move, errt decreases one edge in the case that an edge k 7→ i from group r

to group r (g(k) = g(i) = r) rewires to edge j 7→ i coming from group s (g(j) = s).

It happens when 1) we pick a focal node i in group r with probability Nr

N
; 2) the node

i plays disassortative game with probability P S
r (1 − PA

r ); 3) we pick an existing

edge k 7→ i that is from same group with probability βr; and 4) we pick an non-edge
96
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j 7→ i that has g(j) ̸= r with probability Ns

N
. As above, the probability of losing an

edge within group r is calculated as

P−(swap) =
Nr

N
P S
r (1− PA

r )βr
Ns

N
. (B.2)

• In change move, etrr increases by 1 when the add move is chosen and a new edge

j 7→ i coming from group r is added at random. It happens when 1) we pick a focal

node i in group r with probability Nr

N
; 2) node i plays add move with probability

(1− P S
r )

1
2
; and 3) we pick a non-existing edge to add with approximate probability

Nr

N
. The probability in this case is thus

P+(change) = (1− P S
r )

1

2

Nr

N

Nr

N
. (B.3)

• In change move, etrr decreases when an edge k 7→ i from group r is deleted. It

happens when 1) we pick a focal node i in group r with probability Nr

N
; 2) node i

plays remove move with probability (1− P S
r )

1
2
; and 3) for each existing incoming

edge from group r, we remove it with probability αrβr. The probability in this case

is thus

P−(change) = (1− P S
r )

1

2

Nr

N
βrαr. (B.4)

Introducing Eqs. (B.1)-(B.4) in Eq. (4.4), and using the definition of βr in Eq. (4.3), we obtain

err(t+∆t) = err(t)+
Nr

N
P S
r P

A
r (1−

err(t)

err(t) + esr(t)
)
Nr

N
−Nr

N
P S
r (1−PA

r )
err(t)

err(t) + esr(t)

Ns

N

+ (1− P S
r )

1

2

Nr

N

Nr

N
− (1− P S

r )
1

2

Nr

N

err(t)

err(t) + esr(t)
αr

1

αr

(B.5)

which can be simplified to Equation (4.5).

B2 Varying probability of remove move

In the evolution model introduced in Sec. 4.2.2, we chose the probability of choosing remove

or add move to be 1
2
. In this section, we show that this choice is not restricting the cases

obtained in our model because varying this probability our density matrix can be made
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invariant with a proper choice of other parameters. We define the probability of choosing

remove move as PR and the probability of add move as 1− PR. This probability affects the

average in-degree calculation, with Eq. (4.1) written as

d⟨z⟩
dt

= −α⟨z⟩PR + (1− PR), (B.6)

with the corresponding fixed point solution

⟨z∗⟩ = 1− PR

αPR
. (B.7)

With different PR, we can choose new α̃ = αPR

1−PR so that Eq. (4.2) still holds.

The proportion of assortative edges βr is also affected by PR, with Eq. (4.6) generalized to

βr =
P S
r P

A
r + (1− P S

r )(1− PR
r )

P S
r (P

A
r + (1− PA

r )
Ns

Nr
) + (1− P S

r )(1− PR
r ) N

Nr

, (B.8)

By choosing P̃ S
r = PS

r

2(1−PS
r )(1−PR

r )+PS
r

, we can also get the same equation as Eq. (4.6).

B3 Computation of P S∗

Here, we calculate that in the equilibrium of our model, there is a finite value P S∗ > 0 such

that for any probability of swap move P S < P S∗ only SB community types are obtained. We

compute P S∗ by considering the conditions for which no A,D, and CP can be obtained in our

model, that is, the boundary between SB and other types in Fig. 4.5 is outside the probability

space of PA
0 , P

A
1 ∈ [0, 1]. We check the conditions of A,D and CP structures from Eqs. (4.6),

(4.9) and (3.4) with assumption of P S
0 = P S

1 and b < 1.

(1) Assortative structure can not be obtained if the transition from SB to A (ω01 > ω00 to

ω01 < ω00) can not appear. The boundary (line 1 in Fig. 4.5) exceeds the probability

space if PA
1 > 1 when PA

0 = 1. The largest probability of swap move that does not

show A structure is then ω01 = ω00 with PA
0 , P

A
1 = 1 which we denote as P S∗(A)
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and is computed as the solution (for x) of the implicit equation

(1− b)(1 + x)(1 + c− x+ cx)

2x(1 + c− x+ cx+ b(1− c)(1 + x))
= 1. (B.9)

(2) Disassortative structure can not be obtained if the boundary between D and SB (line

2 in Fig. 4.5) exceeds the probability space, that is, boundary function PA
1 < 0 when

PA
0 = 0. The largest probability of swap move that does not show D structure is

then ω10 = ω11 with PA
0 , P

A
1 = 0 which we denote as P S∗(D) and is computed as

the solution (for x) of the implicit equation

bcx2 + 1
2
x(1− x)(b+ 2bc− 1) + 1

4
(1− x)2(bc+ b− c− 1)

x2(1− b+ bc) + 1
2
x(1− x)(c+ 1 + bc+ b)

= 0. (B.10)

(3) Core-periphery structure can not be obtained if the boundary between CP and SB

exceeds the probability space. Since we have two cases of CP with 1). group 1 is

core and group 0 is periphery with boundary shown as line 3 in Fig. 4.5 and 2). group

0 is core and group 1 is periphery with boundary shown as line 4 in Fig. 4.5. The

conditions of no CP would be PA
1 > 1 when PA

0 = 0 for the first case and PA
1 < 0

when PA
0 = 1 for the second case. The largest probability of swap move that does

not show first case of CP is ω01 = ω10 with PA
0 = 0, PA

1 = 1 which we denote as

P S∗(first CP) and is computed as the solution (for x) of the implicit equation

(1− bc)x2 + 1
2
x(1− x)(1 + 1

c+1
− b

c+1
− bc) + 1

4
(1− x)2(c+ 1− bc− b)

x2(1− bc+ b) + 1
2
x(1− x)(c+ 1− bc2 + b− bc)

= 1. (B.11)

The largest probability of swap move that does not show second case of CP is

ω00 = ω11 with PA
0 = 1, PA

1 = 0 which we denote as P S∗(second CP) and is

computed as the solution (for x) of the implicit equation

bcx2 + 1
2
x(1− x)(2bc+ b− c) + 1

4
(1− x)2(bc− c+ b− 1)

x2(c+ bc− b) + 1
2
x(1− x)(c+ 1 + bc− b)

= 0. (B.12)

The value of P S∗ is thus the minimum value among the above four values

P S∗ = min{P S∗(A), P S∗(D), P S∗(first CP), P S∗(second CP)}. (B.13)
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B4 No SB or CP in modified density matrix

Instead of comparing with the number of all possible links, another way of measuring the

density strength is dividing the number of links from group r to s by the product of all existing

out links of group r and existing in links of group s, defined as

ωrs =
ers

eout
r ein

s

(B.14)

where eout
r = err + ers is the total out degrees of group r and ein

s = ess + ers is the total in

degrees of group s.

This modified formula of density matrix takes degrees of nodes into account and thus removes

the effect of degree difference between groups. We notice that neither SB or CP structures

that requires different degrees between groups can be found with new density matrix.

We first show the conditions of SB structure are mutually conflicting. The case of group r as

source and group s as basin requires the following conditions

ωrr > ωrs ⇒
err

(err + esr)(err + ers)
>

ers
(ess + ers)(err + ers)

⇒ erress > ersesr (B.15)

ωsr > ωss ⇒
esr

(ess + esr)(err + esr)
>

ess
(ess + esr)(ess + ers)

⇒ erress < ersesr (B.16)

The conditions of CP structure are also mutually conflicting with following inequalities for

case of group r as core and group s as periphery

ωrr > ωsr ⇒
err

(err + esr)(err + ers)
>

esr
(ess + esr)(err + esr)

⇒ erress > ersesr (B.17)

ωrs > ωss ⇒
ers

(err + ers)(ess + ers)
>

ess
(ess + esr)(ess + ers)

⇒ erress < ersesr (B.18)

The above conditions show that CP and SB could not be observed in two groups setting using

modified density matrix which takes degrees into account.
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Algorithm 3 Description of the algorithm used to implement our model of network evolution.

Initialization:: Erdős-Rényi directed network with N nodes and 2/N < q < 1− 2/N
edge creation probability

1.: Randomly choose one node i ∈ [1, N ].
2.: Choose u ∈ [0, 1] uniformly at random and decide update:

(Swap) If u < PG(g(i)):
Randomly pick k such that Aki = 1 and j such that Aji = 0
If g(k) = g(j): update (Aki ← 1 and Aji ← 0) or (Aki ← 0 and Aji ← 1) by
chance.
If g(k) ̸= g(j): choose v ∈ [0, 1] and:

(A) If v < PA(g(i)) (assortative):
if g(k) = g(i): update (Aki ← 1 and Aji ← 0)
if g(j) = g(i): update (Aki ← 0 and Aji ← 1)

(D) If v ≥ PA(g(i)) (disassortative):
if g(k) = g(i): update (Aki ← 0 and Aji ← 1)
if g(j) = g(i): update (Aki ← 1 and Aji ← 0)

(Change) If u ≥ PG(g(i)):
Choose v ∈ [0, 1] uniformly at random:

(R) If v < 0.5 (remove):
update Aki ← 0 with probability α(g(i)) for all k such that Aki = 1.

(A) If v ≥ 0.5 (add):
update Aki ← 1 for a randomly picked k such that Aki = 0.

3.: Update t 7→ t+∆t; go to Step 1.
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Appendix C of Thesis

C1 Community Detection

We use degree-corrected hierarchical Stochastic Block Model(hSBM) as described in Sec. 2.3.4

to find communities of users in all networks of three datasets in Chapter 5. However, the

hSBM (as well as other community detection methods) has a shortcut that the exact solution

is computationally intractable and the application on empirical networks relies on approxima-

tions of optimum such that multiple partitions can be found with similar score on objective

function [Pei21]. The susceptible answers of community detection methods make the inter-

pretation of networks based on communities unreliable. In order to increase the robustness

of SBM result, we proposed a step-wise methodology including taking consensus partitions,

applying Metropolis-Hastings acceptance-rejection Markov chain Monte Carlo(MCMC) to

find optimal partition and extracting "stable" states as final result.

Consensus Partition One way to reduce the uncertainty is collectively analyzing many

outputs of community detection methods. We use the method proposed by Peixoto of taking

many different partitions and recovering one single partition that most results are aligned with.

We call this recovered partition a consensus partition. The advantage of this method is that it

provides us with a more robust answer than a single particular one.

Markov chain Monte Carlo(MCMC) While consensus partition provides a compact de-

scription of heterogeneous partition results, it does not guarantee an optimal solution that has

a minimum description length in the hSBM model. To further improve our result, we perform

an extra step with a Metropolis-Hastings acceptance-rejection MCMC to find the solution
102
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that has smaller and smaller description length and in the long enough time [Pei14a], find the

optimal solution. The process we apply MCMC is as follows

(1) Start from consensus partition

(2) Apply MCMC for 10000 times

(3) Record the 10000th partition and its description length

(4) Repeat steps (2),(3)

(5) Stop when the improvement on description length is small

C2 Community Information

For each network of three datasets in Sec. 5.2, we apply the hSBM model for 10 iterations

and find consensus partition from these 10 realizations. For multilayer bushfire network,

we take an extra MCMC step for 75 iterations to find optimal partition (see Fig. C.1). We

focus on top 3 levels with at least two groups detected. The community size is listed in

Table. C.1. Partition overlapping between single layer network (retweet-only and reply-only)

and multilayer network (retweet and reply) is shown in Table. C.3. Assortativity of all

networks is measured by three methods: Modularity, Assortative fraction, and Diagonal

Proportion, and the detail information is listed in Table. C.2. The density matrices for

partitions of bushfire retweet network and NYE retweet, reply, multilayer networks are shown

in Fig. C.2. Fig. C.3, and Fig. C.4. The abstract merging process of hierarchical partitions is

shown in Fig. C.5 for the election dataset and Fig. C.6 for the NYE dataset.

C3 User Feature

Twitter API provides more data than just tweet text and retweet/reply activity records. For the

bushfire data used in Sec. 3.4.2 and Sec. 5.4.1, the profile of all users was provided by the

co-supervisor A/Prof. Tristram Alexander. The user metadata includes many features, such as

verified account and location, providing further insights into the group’s role in this bushfire
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FIGURE C.1. Description length decrease during MCMC iterations for mul-
tilayer bushfire network. We start from the consensus partition obtained from
10 realizations of hSBM partitions and perform MCMC for 75 iterations. The
description length of partitions decreased for the first 62 iterations and then
became stable.

Network Bushfire
Interaction retweet reply multilayer
Level 1 2 2 2
Level 2 4 8 4
Level 3 9 21 8
Network Election
Interaction retweet reply multilayer
Level 1 2 2 2
Level 2 3 3 5
Level 3 7 9 16
Network NYE
Interaction retweet reply multilayer
Level 1 2 2 3
Level 2 4 6 9
Level 3 10 16 27

TABLE C.1. Community size information of hSBM model for bushfire, elec-
tion and NYE datasets detected by hSBM. The consensus partition is found
from 10 realizations of hSBM results for each network (except multilayer
bushfire network where the 70th partition result from MCMC is used).

discussion. The description of 5 user features used in this project is listed in Table. C.4. The

feature information of groups of users identified by the hSBM model is listed in Table. C.5.
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Network Bushfire
Interaction retweet reply multilayer-retweet multilayer-reply
Community Size 3 4 4 4
Modularity 0.18 0.09 0.31 0.27
Assortativity 1 0.17 0.83 0.67
Diagonal Proportion 0.85 0.33 0.69 0.51
Network Election
Interaction retweet reply multilayer-retweet multilayer-reply
Community Size 7 3 5 5
Modularity 0.37 0.24 0.44 0.33
Assortativity 0.57 1.0 0.8 0.9
Diagonal Proportion 0.10 0.90 0.75 0.61
Network NYE
Interaction retweet reply multilayer-retweet multilayer-reply
Community Size 4 6 3 3
Modularity 0.31 0.44 0.24 0.33
Assortativity 0.67 0.93 0.67 0.72
Diagonal Proportion 0.70 0.72 0.35 0.57

TABLE C.2. Assortativity measured in modularity, assortativity fraction and
diagonal proportion for three datasets. Assortativity is computed by Eqn. 3.5.
The diagonal proportion is computed by the inter-density divided by intra-
density. The community information used for each network is from one level
of hSBM model and the exact size is included in the table.

Climate Multilayer Election Multilayer NYE Multilayer
Retweet 0.43 0.38 0.46
Reply 0.004 0.01 0.12

TABLE C.3. Overlapping between partitions from single layer networks and
partitions from multilayer networks for three datasets. The overlapping is
calculated by Normalised Mutual Information (NMI). The table shows parti-
tions found by multilayer networks have around 40% overlapping with one
found by retweet networks, and have small overlapping with one found by
reply networks. The reason why retweet has a higher similarity is that three
datasets have more retweets than replies, and thus the community detection is
influenced more by retweet interactions.
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Feature Description
verified account if the user’s account is verified or not
followers count the count of user’s followers
friends count the count of user’s friends
status count the count of user’s status(including tweet/retweet/reply)
Australian check if the user is Australian account or not

TABLE C.4. Table of description of user features of bushfire data used in
Sec. 3.4.2 and Sec. 5.4.1. The verified account, followers, friends and status
count features are extracted from user profile in Twitter. The Australian check
is based on the location information in user profile.

Retweet Bushfire Network
Group Verified Account Followers Friends Status Australian

0 30% 392954 4000 25158 45%
1 25% 32196 2909 50791 87%
2 27% 468215 3497 35442 80%
4 21% 383859 10167 47308 24%

Multilayer Bushfire Network
Group Verified Account Followers Friends Status Australian

0 22% 19493 2749 40158 90%
1 35% 636953 4571 29763 34%
2 15% 137950 7993 44132 44%
3 51% 875915 2402 42087 93%

TABLE C.5. Detailed information of user features of from user profile for
bushfire datasets. The group information is from the second level of hSBM
partitions on retweet network and multilayer network.
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(A) Level 1 (B) Level 2

(C) Level 3

FIGURE C.2. Density matrices for the partition obtained by hSBM
based on bushfire retweet network on level 1 (A), level 2 (B) and
level 3 (C). The blocks are ranked according to community size
Nr = {3671, 358} (A), Nr = {1740, 1248, 683, 358} (B), Nr =
{1248, 1050, 621, 358, 225, 182, 178, 98, 69} (C). The labels in each entry of
the matrix correspond to the structure type τ where "A" stands for "Assortat-
ive", "CP" stands for "Core-Periphery", "D" stands for "Disassortative" and
"SB" stands for "Source-Basin".
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(A) Level 1 (B) Level 1

(C) Level 2 (D) Level 2

(E) Level 3 (F) Level 3

FIGURE C.3. Density matrices for the top 3 levels of partition ob-
tained by hSBM based on NYE retweet network(Left) and reply
network(Right). The blocks are ranked according to community
size Nr = {6471, 2761} (A), Nr = {5047, 2761, 744, 680} (C),
Nr = {5047, 2079, 496, 480, 376, 249, 202, 131, 119, 53} (E), Nr =
{4533, 1614} (B), Nr = {3043, 919, 877, 613, 362, 333} (D), Nr =
{2226, 651, 593, 530, 464, 353, 322, 251, 226, 138, 95, 93, 91, 83, 20, 11} (F).
The labels in each entry of the matrix correspond to the structure type τ
where "A" stands for "Assortative", "CP" stands for "Core-Periphery", "D"
stands for "Disassortative" and "SB" stands for "Source-Basin".
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(A) Level 1 (B) Level 1

(C) Level 2 (D) Level 2

FIGURE C.4. Density matrices for the top 2 levels of partition obtained
by hSBM based on NYE multilayer network according to retweet in-
teraction(Left) and reply interaction(Right). The blocks are ranked ac-
cording to community size Nr = {8075, 4142, 1186} (A,B), Nr =
{6929, 3331, 687, 631, 459, 422, 367, 351, 188} (C,D). The labels in each entry
of the matrix correspond to the structure type τ where "A" stands for "Assort-
ative", "CP" stands for "Core-Periphery", "D" stands for "Disassortative" and
"SB" stands for "Source-Basin".
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(A) Retweet

(B) Reply

(C) Multilayer

FIGURE C.5. Partitions from hSBM of election retweet network(TOP), reply
network(Middle) and multilayer network(Bottom). We ignore the retweet-
ing/replying interactions in each level and focus on the divide-and-conquer
structure. Each node represents a community with size corresponding to com-
munity size listed in Fig. 5.9, 5.10.
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(A) Retweet

(B) Reply

(C) Multilayer

FIGURE C.6. Partitions from hSBM model of NYE retweet network(TOP),
reply network(Middle) and multilayer network(Bottom). We ignore the
retweeting/replying interactions in each level and focus on the divide-and-
conquer structure. Each node represents a community with size corresponding
to community size listed in Fig. C.3, C.4.
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