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This thesla Suatisyes an lnvestigation of, three
distinot topics, each A& is rolatéd to the provlem
oF providing a mlerostopic theory of superdondustivity.

Fivsily, **wm Sehaviour of a charged,
ideal, 2-dimensional Bose gas is discussed (Chapter 1),
In contrast to the B-mma nal case, the 2-dimensional
pas dése nehb exhibit any condensaticn phemomanos © it is, |
nevertheless, whows fo undergo a trmmeition ( which 'is pearly )
O nivsAGAONS novibs &Y BTG o7 0
model TSR rETeEntUETIvITY I tRer- vy T mrII e with the
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by taking thin ('_' 7 ms, The most inbderesting
faaSure of thiz model is, howaver, that it demonstrates the
osurvesce of an essentially psrfect Medesner effect, withoul
sy irregularity in the tHgrmodynaniec properties such as She
apacifio neat,

Sevondly, the Neissner effect in the Bagol jubow

theary is OWiﬂelmm : .ml!{*. 17 onnpliceted

&y 5o fact Shat She Bogol jubov approxtmmtism: adhese vislntes

reqguirementa of gaago-invardiunce, This MMEfLal bty i shooule
vYauSed by first setting up a new method for MHating e
mgnetico reeponse of n aystem whioh iv dsdewihed Wy & wam
geuge-covariant hamiltondan (Chapter IX). This tessduus 16 Ll
thén ssployed to demonstrute the cccurrence of & Selismhay
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This thesis describes an investigation of three
distinct topiecs, each of which is rglated to the problem
or providing a mieroscopic theory of'auperoonductivity.

Pirstly, the magnetie behaviour of a charged,
ideal, 2-dimensional Bose gas is discussed (Chapter I).
In contrast to the 3-dimensional case, the 2~dimensional
gas does not exhibit any condensation phenomenon : it is,
nevertheless, shown to undergo a tramsition ( which is nearly
sharp) in the presence of a magnetic field, The Bose gas
model of superconductivity may then be reconciled with the
experimental faet that superconductivity is not destroyed
by taking thin ("2-dimensional®) films, The most interesting
feature of this model is, however, that it demonstrates the
occurrence of an essentially perfect Meissner effect, without
any irregularity in the thermodynamic properties such as the
specific heat,

Secondly, the Meissner effect in the Bogol jubov
theory is considered, Such a consideration is complicated
by the fact that the Bogoljubov approximation scheme violates
requirements of gauge-invariance, This difficulty is circum-
vented by first setting up a new method for finding the
magnetic response of a system which is described by a non
gauge~covariant hamiltonian (Chapter II), This technique is
then employed to demonstrate the occurrence of a Meissner

effect in the Bogoljubov theory (Chapter III),



Thirdly, the eigenvalue spectrum of the so-called
"quenched pair-correlation matrix", ?J'; , i8 considered,
for electrons in metals, A knowledge of this spectrum is
necessary before any guantitative theory of supercon-
ductivity can be attempted along the lines of the quasi-
chemical equilibrium approach. It is found (Chapter IV)
that the present method of evaluating’ﬁ; is unsatisfactory :
what is needed is a self-consistent method, which at no
stage refers explicitly to electrons which are not "quenched"

by the Fermi statistics of the assembly.
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PREFACE

The work embodied in this thesis falls into
three distinet parts :~ the magnetic behaviour of a
charged 2-dimensional Bose gas; the Meissner-Ochsenfeld -
effect in the Bogoljubov theory; and a study of pair
correlations in the quasi-chemical equilibrium approach
to superconductivity.

The Preaitble contains a very brief survey of
the main developments which have taken place towards a
fundamental theory of superconductivity, placing particular
emphasis on my own work in relation %o the field as a whole,

Chapter I contains an account of the magnetic
behaviour of the mathematical model of a charged ideal
2-dimensional Bose gas : the model is related to the case
of thin superconducting films in seetion 1.6, I am
indebted to Prof, M.R. Schafroth for socme pertinent criti-
ciems on the writing-up of this work,

A technique for evaluating the magnetic response
of a system when using an approximate Hamiltonian which is
not gauge-covariant is set forth in Chapter II. This work
was carried out Jointly by Profs. .J.M. Blatt, T. Matsubara



and myself : discussions with Profs. S.T. Butler and
M.E, Schafroth are also acknowledged. The method is then
applied to the (original) Bogoljubov theory in Chapter III,
The problem of investigating the Meissmer-Ochsenfeld
effeet in the Bogoljubov theory was suggested to me by
Prof. M.R., Schafroth, and my thanks are due tc him for
many illuminating suggestions and comments with regard to
subsequent work on the problem,

A study of the eigenvalue spectrum of the
"quenched pair-correlation matrix® of the guasichemical
equilibrium theory is carried out in Chapter IV, This
project was also suggested and supervised by Prof, M.R,
Schafroth : acknowledgement is due to Prof. J.M, Blatt who
drew to my attention the "separable potential™ employed
in section 4,3.

The preparation of this thesis was facilitated
by suggestions from Dr, M.J., Buckingham, who has been my
supervisor since Prof. Schafroth's death,

In gemeral, my thanks are due to Prof. H, Messel
for his constant interest and encouragement, and to
General Motors Holden Ltd, for their grant of a Research
Fellowship,
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Finally, I wish to take this opportunity to
pay tribute to the late Prof, M.R, Schafroth, His
qualities - not only as a physicist - have been an
inspiration to me, I shall always consider myself highly
privileged to have undertaken my Ph.D. under his super-
vision.
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PREAMBLE

Supt:tf: conductivity was discovered by Kamerlingh
Onnes in 1911, For many years afterwards it was thought
to consist simply of the vanishing of electrical resistance
below the critical temperature, A major advance in the
subject was the discovery in 1933 of the Meissner -
Ochsenfeld ( M-0 ) effect — i,e., the expulsion of a
magnetic field from the interior of a superconductor,
Phenomenological theories of both the thermodynamic and
electrodynamic properties followed, However, the problem
of providing a microscopic theory of superconductivity is
one which has defied solution until very recently,

The basic task of such a fundamental theory is
to provide an explanation of the M-0 effect : this effect
is characteristic of superconductors ( in contrast to, say,
the existance of a thermodynamic transition, which may
oceur for a variety of other reasomns), It is, moreover,
an equilibrium property ( in contrast to the vanishing of
electrical resistance), a feature which enables one in
principle to determine uniquely whether a given model dis-
plays a M~0 effect, by the use of Equilibrium Statistical
Mechanics,




A useful quantitative criterion for the
occurrence of a M~0 effect is the following : -~ We write
the relation between the magnetization ’lj and the magnetic
1nductionﬂ3, s in Fourier space, as

M(e) = x(a) Bla) (1)

2
and consider K(q) in the limit as q-> O, Then a 1/q

singularity characterizes a perfect or Londom (193§, 1950)
M-0 effect, in which the superconducting particles have
infinite correlation length in momentum space; a weaker
singularity corresponds to an imperfect M-0 effect, with
finite correlation length; while if K(q) is regular in q
the system is simply diamagnetic,

The most significant of the earlier attempts
towards providing a fundamental theory was made by
Frohlich (1950) when he suggested that the mechanism
responsible for superconductivity was the interaction
between electrons, du_e to their coupling with the lattice
vibrations or “"phonons" - this interaction is attractive
when the energy-difference between the electron states
involved is less than the phonon energy. Although quali-
tative arguments left little doubt that this was indeed
the correct mechanism, mathematical difficulties have
hindered the development of the theory.




Over the past few years it has become increasingly
plain that to derive the superconducting behaviour of
metals from the Frohlich Hamiltonian, one must use an
approximation technique which takes explicit account of
the pair correlations between electrons, Two main lines
of approach to this problem may be distinguished : - the
Quasichemical Equilibrium approach (Schafroth, Butler and
Blatt, 1956) and the theories of Bardeen-Cooper-Schrieffer
(1958) and Bogoljubov (1958 (a): (b); (e); 1959; Bogoljubov,
Tolmachov, Shirkov 1958)

A: The ichemical ibrium Approach

This approach is based on the remark (Schafroth
1955) that a charged ideal Bose gas exhibits a London type
-0 effect below its condensation temperature, Thus a
theory of superconductivity is established if charge-
carrying bosons can be shown to occur in a metal at low
temperatures: this is the case if the interaction between
electrons is such that it produces resonant states of
electron pairs, '

We now pause to make the following remark about
such a Bose gas model of superconductivity : - Unlike the
3-dimensional gas, the 2-dimensional Bose gas does not
condense, and no transition occurs in its thermodynamic
behaviour, It might thus be expected that a 2-dimenional
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charged Bose gas will not display a M-0 effect, which
would be in contradiction to the experimental fact that
thin films of superconducting material do indeed exhibit
the effect, For this reason, I have investigated the
2-dimensional Bose gas ( Chapter I ), and have shown that
in a magnetic field it undergoes a tramnsition which is
nearly sharp., Below this transition point it displays on
imperfect M-0 effect, which is experimentally indistin-
guishable from the London one, Also a critical field
guite analogous to the 3~dimensional case is found,
Probably the main interest of this model is, however, that
it gives an (essentially perfect) M-0 effect without any
irregularity in the thermodynamic properties,

In order to make a more detalled consideration
of the possibility of "resonant pairs" of electrons in
metals, the Quasichemical Equilibrium approach was
developed, This takes statistical correlations into
account exactly, but neglects dynamical correlations
between more than two particles. The thermodynamic be-
haviour of the system is now given in terms of an equili-
brium between the fermions ("atoms”) and diatomic "pseudo-
molecules™ , the latter obeying a kind of Bose statistics,
Under certain conditions there is a singularity in the
partition function - that is to say the system undergoes
a form of Bose-Einstein condemsation, producing a super-
conducting state,



e % .

Any attempt to derive a guantitative theory of
superconductivity from this approach requires a knowledge
of the pair correlations : that is, using the customary
terminology, a knowledge of the eigenvalue spectrum of
the "quenched 2-particle correlation matrix", To this
end, I have employed various model interactions to study
the eigenvalue spectrum ( Chapter IV ), The prescription
given for calculating the matrix elements, which involves
first calculating the correlation matrix for unguenched
electrons and subsequently introducing the statistical
Fermi quenching-factors

> -1
a(k) = L@L?(”"Ek)ﬂj (2)

is found to be inadequate, leading to unphysical results,
It is concluded that before a quantitative theory
of superconductivity can be deduced from the Quasichemical
Equilibrium approach we require a self-consistent method
of calculating the “quenched pair-correlation matrix" ,
which at no stage refers to unquenched electrons, Attempts
%o provide such a self-consistent method have to date not

proved amenable to solution,

B: The BCS and Bogol jubov Theories

Starting from an approximate Frohlich Hamiltonian,

BCS use a self-consistent method to set up wave functions
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describing a number of coherent electron pairs, First,
wave functions are constructed containing independent
pairs of opposite momentum and spin, and the beast of these
wave functions is chosen by means of a variation principle,
This theory has been very successful in accounting for
energetic quantities: however, it cannot be unambiguously
extended to the case when a magnetic field is present
because the approximate Hamiltonian used is not gauge~-
covariant, [BGS investigate the magnetic behaviour of
their model by assuming a particular gauge (the London
gauge, div A = 0 ), This choice is in fact a new and in-
dependent assumption of the theory, equivalent to assuming
the M-0 effect 1taelfj

Recently, Bogoljubov (1958 (a) ) has developed a
new method which combines the main features of the BCS
theory with greater mathematical transparency, This method
(in its original form) shares both the successes of the
BCS theory and the defect that the approximate Hamiltonian
violates gauge-covariance,

Bogeljubov's early papers contain no attempt at
a derivation of the M-0 effect, An attempt by Rickayzen
(1958) again assumes the London gauge, thus remaining in-
conclusive, On the other hand, Wentzel (1958), realizing
the gauge difficulty, follows a course which amounts to




—7-

treating the magnetic terms by a perturbation ox;pa:ision
in powers of the electron-phonon coupling constant, when
for the non-magnetic terms such an expansion is not
permissible, The consequent results differ from the later
calculations described below,

As a Tirst step towards a study of the M-0 effect
in the Bogoljubov theory, Blatt, Matsubara and myself (1959)
developed a technique for extracting unambiguous results
from non gauge-covariant approximations to gauge-covariant
Hamiltonians (Chapter II), I was then able to apply this
method to the Bogoljubov model, and show that it indeed
exhibits a M-0 effect (Chapter III), The resulting kernel
function K(q) differs from the London kermel at large q,
in the maymer anticipated by Pippeard (1953).

In a later version of his theory, Bogoljubov
introduced a concept of collective excitations by taking
a selective summation over the most singular terms in each
order of perturbation theory, These excitations have been
used by Blatt and Matsubara (1958 (b) ) to make a calcul-
ation of K(q) which fulfils gauge identities., Their result
was derived at the same time as my own: the two are in
agreement,

Finally, Bogoljubov (1958 (c); 1959) has developed
a new and more gemeral formalism which is explicitly gauge-
invariant (the so-called "method of the self-consistent
field"). The subsequent derivation of the M-0 effect is, in
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principle, a more sophisticated and rigorous vemi@ of
the Blatt-Matsubara calculation, In both these calculations
K(q) is found only in the limiting case of q —2 0 @
deviations from the London kermel at larger q (which
relate to the details of magnetic field penetration in

the superconductor) are not comsidered,




CHAPTER I,

MAGNETIC BEHAVIOUR OF A CHARGED

IDEAL 2 — DIMENSIONAL BOSE GAS,




1,1 INTRODUCTION

At a certain temperature , T, 6 , a 3-dimensional
ideal gas of charged particles obeying Bose-Einstein
statistics undergoes a sharp thermodynamic transition
(Einstein 1924, London 1938)’ 't for T<T, , a macroscopic
number of particles condemses into the ground state of
the system, It has been shown (Ginzberg 1952, Schafroth
1955, which we refer to as (I)) that these condensed
bosons then give rise to a perfect M-0 effect,

However, if one considers, as a mathematical
model, the 2-dimensional Bose gas, one finds that it does
not condense and no transition whatsoever appears in its
thermodynamic behaviour, The specific heat is a regular
function of temperature, proportional to T near absolute
zero, It might thence be expected (e.g. Feynman 1957) that
a 2-dimensional charged Bose gas will not display a M-0
effect, If this were the case it would be a discrepency
in any Bose gas model of superconductivity (Schafroth 1954,
Schafroth et al 1956, Bogoljubov et al 1958), because the
2-dimensional gas is relevant to very thin films of super—-
conducting material, which do indeed exhibit the M-0
phenomenon,

In this chapter, we show that (contingent upon
the fulfilment of a mwathematical restriction which is valid
for all practical applications to thin films) the
2-dimensional charged Bose gas in a magnetic field under—

Rl o -
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~goes a transition which is nearly sharp. Below this‘
transition point it displays an imperfect M-0 effect
which, although K(q) is regular in q, is practically
indistinguishable from a perfect one: above the transition
temperature there is only a slight dismagnetism,

Also the 2-dimensional gas has a critical field
quite analogous to the 3-dimensional case,

The noteworthy feature of the 2-dimensional model
is that it exhibits these superconducting properties, while
the thermodynamic functions remain analytic in the
temperature, with no sign of any discontinuity,

In section 2, the thermodynamics of the 2-dimensional
Bose gas are briefly set forth for subsequent use, and
contrasted with the 3-dimensicnal case., By considering a
weak, inhomogeneous magnetic field as a perturbation on
the field-free system, the kermel function K(q) is derived
in section 3 : the consequent magnetic behaviour is investi-
gated in section 4, The B-H curve, which gives the critical
field, is found in section 5, by calculating the partition
function in the presence of s homogeneous field,

Finally, in section 6, the mathematical abstraction
of a 2-dimensional gas is related to the case of very thin
films,
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1,2 THERNMODYNAMICS

The grand canonical partition function, & -a"n'.

for the ideal Bose gas (with an arbitrary number of
dimensions) is given by

2,2
Q = kT % in [1—@(#— ﬁ}r)] (2.1)

where @ = 1/kT, and p is the chemical potential, The number
of bosons, N, is given in terms of p by

N=- (-}'_Sl) (2-2)
a/u, T
o ; (203)
exp G(i} - uf] -1
To avoid negative occupation numbers, we require
N2=-a >0 (2.4)

(a) 3 dimensions:

If we simply replace sums by 3-dimensional integrals
in Eq (2.3), we get

(= <]
N 1 ¥ dx
v ,3 rl(%) exﬂ[ 8

(/]
with the thermal wavelength A defined by

2
22, 4t | (2.6)



-l2=-

The integral in Eq (2.5) is a regular function of ‘7'(111
the range allowed by Eq (2.4)), having a finite upper

bound at ’rL = 0, Thus below some critical temperature T ,

3/2
2mkT
#- (;—iz-g) 28002 . « & (2-7)

the expression (2,.5) for N is inadequate, and the singular
ground state must be considered separately,

The consequent specific heat at constant volume,
O.v(‘!), for the 3-dimensional gas is as shown in figure 1 -
its slope has a sharp discontinuity at '!c.

(b[ 2 dimensions:

The 2-dimensional counterpart of Eq (2,5) is

o
N 1 ax
nsyg= -3 f —— (2.8)
Sl s
i.e, n= = l! 1ln (1-0"1) (2.9)

A

where A is given by Eq (2,6), and V is the 2-dimensional
"volume",

The integral in this case diverges as 7 tends to
zero ¢ there is no upper bound, Thus the need to consider
the ground state separately, and the consequent transition

phenomena, no longer arise,
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For convenience, we introduce a "formal

temperature”, 1‘6(*), by

1
= 2.10
- e
(4]
)

T
i.e, exp(- !-9-) =1 -8 (2,11)

The specific heat is given by

[+2]
T i
ek 0 U, Eons (2.12)
i=1
!0
= exp ( - qy) (2.13)

- (2.14)

S
with
R

CV(T) is as shown in figure 2, As we expect, it is a
perfectly smooth function, Below the formal temperature, T o?
quantum mechanical effects come into play and G.'. falls from

z
the classical value, R, going to zero like §— ;— . .

1.3 CALCULATION OF THE KERNEL, K(g)
We first find the current demnsity induced in a

2-dimensional charged Bose gas by a weak, inhomogeneous
magnetic field, by enclosing the system in a square box with

(3) We note that in 3 dimensions, the formal temperature, !o'

and the transition temperature, '.l'c, are one and the same

thing: this is not the case in 2 dimensions.
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periodic boundary conditions, and then applying perturb-
ation theozw(x’ (in the form developed by Schafroth (1851))
to the distribution function, This perturbation theory
avoids difficulties arising from energy denominators in the
case of complete or near degeneracies,

For a gas of non-interacting ideal particles, with
masses m and charges e, the field-free hamiltonian is

2
P
H° = pz ﬁ (3.1)
The perturbation due to an inhomogencous magnetic field E(n),
with vector potential A, is given independent of the
dimensionality of the model by the transformation

[
2% = 3-3 1 (3.2)

(X) perturbation theory is valid for inhomogeneous fields, as
opposed to the case of homogeneous fields where an
arbitrarily small field produces gualitative changes in
the particle wave functions, once the volume is
sufficiently large.

(xx) In a 2~dimensional problem, the magnetic field, H, is a
pseudoscalar quantity. It may be represented by a vector
perpendicular to the model, in a 3-dimensional realization

thereof,

jinaio -
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Before proceeding, we note the following point:-
from dimensional considerations based on the Lorentz in-
variant transformation (3,2) and Maxwell's equatiou}\'s, one
finds that the charge, e, on a particle in n-dimensional
space has dimensions

o® ~ MmPr2 (3.3)

and thence

2
2 ~ 12 (3.4
me? )

Thus the quantity oz/mz, the "classical electron radius"
in 3 dimensions, is a dimensionless parameter in our
2~dimensional model,

It is convenient to expand the vector potential,
current density, and allied quantities in Fourier com-

ponents: e.g.

Alx) = 2 Alg) iLE (3.5)
~ny q Lo i =

Then, after the perturbation calculation is performed, the
current density 1 (q) is

uy O, A, (a) (3.6)

i, (q)--—-. 12 (T
2 2
Z :i;—l’z' ro('('?) & rﬁ‘i’i_‘?_) (3.7)




b=

F,(E) is the distribution function of the field-free Bose

gas (see Eq (2.3)). The above result is derived in ref, (I)

(with, of course, the sum over ) going from 1 to 3):

alternatively it may be read off from Eq (1.14) of Chapter II,
Making use of the fact that '2 is the only

vector contained in I‘“’ (g), we write

Iy (a) = alq?) 9,9, + v(a?) o2 §w (3.8)

and, in analogy to (I), we define I  and I, in 2 dimensions

R ) 2
IO: I|.l|.l = (a+2b) q (3.9)
p=1
2
I1EZ1 I"y g4, = (a+b) q4 (3.10)
r__"

Substituting from Egs (3.8), (3.9) and (3,.10) into Eq (3.6),
and using the readily verified fact that
I, = =g°% (3.11)
we get
2 q
1

This expression is explicitly gauge covariant : rewriting
in terms of the magnetic induction B (3 = curl }_) and the
magnetization M ( i=courl § )y one gets

M(q) = K(q) B (q) (3,13)
e Ay P Ay




2 2
(p+%) (
ol [

We proceed to simplify this erpression for the
kernel, Replacing sums by integrals

2
2y . ppr%) _:i’de (3.15)

K(QJ'-—E.?.W og:(:p_!)

me
There is no question as to the validity of taking prinecipal
values in the angular integration, since the integrand has
been obtained by rewriting the summand of Eq (3.14), which
is perfectly regular, Performing this angular integration

one gets

i. 94 for P >-§

(3.16)
0‘1-(~ *-5) - E@—Irorp" =

Making the change in variable x = aﬁzpz/zn, and using the
notation defined in section 2, Eq(3.15) becomes




. = (3.17)

- %-52— (3.18)

Of particular interest is the limiting case of
X, —> 0:

2 1/2
Lim K(q) = -— x 7—1 x fﬁ-’c) at (3.19)
T/_.,o 16nme el =1 5

Using Eq (2,11), this becomes

2 Tosm (1-0"%/! )

I(o)--gi;; ::z e (3.20)

For larger values of x (i,e. for X, >7 with ‘Z< ¥

or else X 1 with "‘L” 1 ), the kernel may be written as

K(g) = -;—:‘f_, . -;7 . F (a) (3.21)

where the leading term in the function F(q) depends on g

either logarithmically or not at all, In the limit as g
tends teo infinity, F(q) becomes unity.
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1,4 PENETRATION OF MAGNETIC FIELD,

We now investigate our model further, imposing
the requirement that the dimensionless parameter
2

———!' << 1 (4.1)
12me

That is, if we define a temperature To by

2 ~T
e “ & YVie (4.2)

12!102

we require that !o/rc shall be appreciably greater than
unity.

From now on, our attention is confined to
temperatures below T , since temperatures > T  are found
to be of no interest once the above assumption is made,
That is, ignoring terms of order exp (’!e /?) compared to
unity, Eq. (2.10) is simplified to read

-7
'yL = @ 0/! (4.3)

Using Eqs (4.2) and (4.3), the kernel in the

limit of zero q, Eq (3.20), may be written

K(0) = - %= exp (;9-;3) (4.4)

The kernel for the 2-dimensional Bose gas remains
finite as q tends to zero: however, we see that it becomes

very large as T decreases below !o. Above T o? the exponent

-
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i.e, the customary factor 4n of the 3-dimensional world
is replaced throughout by 2=,

The London kermel gives an exponential pene-

tration law,

~x/y

%—x-)- = @ (4.6)

We now consider the 2-dimensional Bose gas
kernel, Eq (3.17). Employing the asymptotic form of

Eq (4.5)

——>  T-HEOY

we find that the field at large distances within the gas
becomes a finite constant

Bﬁ: ? 51 — (4.8)
o 0
1mp(r - T;)

Por temperatures below T, such that 10/!(1-1/1' o %%

a detailed calculation gives
h1)

T
e i (- ) (4.9)
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where do is quite analogous to the penetration depth for
the 3-dimensional Bose gas:

1 T
r

Above T, the result (4.8) is adequate for all x > dygs

where

-1
2 T ) 4
- - ('aa n [_ 0 (4- c} 3

(]

2
“ R (4.12)
This penetration law is now as depicted in figure 3,

A gqualitative understanding of these results is
given by considering the "modified diamagnet™ kernel of (II)

' i
a®(Pw?

whose behaviour is similar to that ?f (3.17), with its
limiting forms (3.21) and (4,4). p~' can be interpreted as
the "correlation length" between particles, Substitution of
this kernel in Eq (4.5) readily gives the pemetration law

1/2 =
B (x) _ (nd)z-i-e"o—x o= d 1 14(ud 2 J
1i..l R « (14(pd)?) (4_.14)
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Figure 3: The law of field penetration for an inhomogeneous
magnetic field applied to a 2-dimensional charged
Bose gas ¢ (a) T>T,, (b) T'<T,. The broken line
is the "perfect" London exponential law.
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We define a temperature width, AT+ A’!L',
such that as the temperature decreases from (T_+ A'T)
to ('.l'c- AT), the field at great distances within the Bose
gas decreases from 99°%o0 to 1%/o of the external field,

Then . :
0 AT )]
e = 99
. [!: (!°+ AT

(4.15)
To AT
exp . (!';m) = 99
or

/ T

AT AT c
~ ~ 4,6 (4.16
. e = :

For T<T - AT, the field is almost enbirely
expelled at large distances within the gas : although it
does not have the ccmplete field expulsion characterizing
the perfect M -~ O effect of the London superconductor,
this result is (as we show below) experimentally indistin-
guishable from such a M - 0 effect,

For T >7  + A,!, the field penetrates undi-

minished except for a slight diamagnetism,
Thus we may interpret i'c as a transition

temperature, from a normal $o a superconducting state, The

width of this transition is givenr by Eq (4.16)
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Since the actual penetration law, as such,
has never been measured for a superconductor, it remains
%o calculate an experimentally measurable quentity which
is determined by the nature of the M-0 effect, Such a
quantity is the "statlic penetration depth", d, . For a
circular disk, radius R, of superconducting natexx.l,
d, is defined in terms of the total magnetic moment,

induced by an applied field: :

B 2
o o)
M= - 72 (R-4) (4.17)
Moreover, a‘ﬁu related to the kermel by

oo

BYV nK R
= — e (4.18)

k=t 52 (1-20K(z,/R))

}vh?rt)a Zy is the k-th positive zero of the Bessel function
Z)a
o

For T >7T , we readily find d_ = R, which is to
be expected, since ifi this ™normel" regioffl there is no
field expulsion, only slight diamagnetism,

Tor T<T - AT, a good approximation to d' is
obtained as followS:=

we first notice that the pemetration law for the
2~-dimensional gas, described by (4.? s may be agproximted
quite aoeurateg 'Ly the expression (4.14) for the "modified

diamagnet" kernel, I“q), provided we identify the quantities
d, p of Bq (4.13) as

d-d.

K z
oy <e i} .

c

For K1(q) we find (ef, (II))

dg = a(u %! (ud)z)(ﬂ- D (wa)? + Cﬁ(%)) (4.20)
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Henc; for our model, with R>>d (the usual experimental
case),

R [ !o T
dB 22 de 1+ 'z'a: exp - r(‘l— !:) (4.21)

Even for large values of the disk radius, R
we see that as T dtorosses below T_ the correlation length
between boscns, p becomes s0 lnsge compared to do that
the R dependmce in’ Eq (4 21) may be neglected - i.e,
the penetration depth, d_, is practically indiatinguiaha‘ble
from that corresponding fo0 the London kernel, with its
infinite correlation length,

1.5 CRITICAL FIELD

We consider a plane disk, containing a

2-dimenional Bose gas, in an "acting" homogeneous field H',
The grand canonical partition function, .-a.Q.’ may be
derived in a standard way (cf, Pauli 1930)

L= k1 :k'_ Z (1—013 [u H(-!v-e-D /a]} (5.1)

V=0
where V is the 2-dimensional "volume" of the disk, p the
chemical potential, and p ™ eh/2ne the Bohr magneton, The
limitation (2,4) on p is now relaxed somewhat : instead of
u<0 we require p < p.H' .

The expression (5,1) may be rewritten in a more
convenient form by expanding the logarithm, and performing

the summation over ¥ , to get
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= ]
= ia ’
v
F. %_ ;% ;‘ X .:_:;?fa.poﬂ‘) (5.3)

with A defined by Eq (2.6).
The magnetization, M, is derived from ()(E') by
use of the thermodynamic relation

_4 b_Q(H)) (5.4)
o

Before proceeding, it is necessary to determine
the precise nature of the "acting" field, H'. By a slight
modification of the argument presented in appendix II of (I),
it is found that for all values of H which need be con-
sidered, the dlameter of the boson's orbits is much larger

than the mean particle separation, provided that:

2
= N (5.5)
mc

This is, however, just the condition imposed on the model
earlier (i.e, Bq, (4,1)). The field produced by any one
such large orbit is negligible compared to the average
field, and therefore the "acting" field H' is to be identi-
fied with the average microscopic field, B,
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H =B=H+ 2l (5.6)

To derive the magnetization from Eqes. (5.2),
(5.,3) and (5.4), we first note that, for all fields of
any interest,

£ o ﬁ_ << 1 (5.7)

where T  is given by (2,10), We introduce x,
x = ap B (5.8)

Then in calculating M, two regions of temperature are
treated separately : (a) absolute zero, x>>1 and (b) finite

temperatures, x<<1,

(a.[ Absolute zmero : p .B >> kT

Here the equations for w and n are easily re-

duced %o

w = %5 in (1-oxp [— (x—an)]) (5.9)

1
P (5.,10)

<] -1

=]
R

Whenc

e
2
M -—-;22 [-—x_:-T" + 1n 6—0 (5.11)
e -

f.e. M= -m, {1 " ,2% 1n (;—}:E)} (5.12)
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In the region under consideration, T/T e g
the second term in the brackets is a negligible correction

temn,
Substituting (5,12) into Eq (5.6), the B-H curve
is seen to be the same as for the 3-dimensional Bose gas

at absolute zero (except that 4 — 2n) :

B (H) =0 s H<H, (5.13)
= H-H, o B,

with H, = 2mmp (5.14)

(b) Finite temperatures : p lB«kT

For x<<1, the sums (5,2) may, after some mani-
pulation, be approximated by (convergent) integrals.
Having done this, M(B) is calculated : all this is done in
an Appendix, Purely for reasons of formal convenience, we
define a field, By, by Eg (1.10), i.e.

T T
2n T
B, 'T“on!:m[fi'!!J {5.15)
We find, for 3131 »

e 3 2
2nM = ~ B exp '1'2'!'5} 1-%—5(3-:3) * 4 o0 (5.16)

To a good approximation, this leads to
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For T > !‘e, X is almost unity, corresponding to normal
diamagnetism : for T < T, X becomes very small, This
result provides an independent check of the results in
section 4, as follows:-~ For a strip of our Bose gas in the
limiting case of iafinite area, the ratio of the field at
large distances inside (B, ) to the (small) externmal
field (B,) mey be found in two ways.

(a) We first observe that in this limiting case
the inhomogeneities are negligible, and then apply the
homogeneous theory above, to get the expression (5.,18) for
Boo /Bo .

(b) Alternatively we may start fromthe inhomo-
geneous theory of sectionse 3 and 4, and then use the
asymptotic expression (4.8) to get B oo /Be when the size
of the strip becomes infinite, The resulting two equations
are identical.

For T > T, the result (5.17) is valid for all
fields which are of any interest — on the other hand, for
T < !c - A T we must also consider the case of n»m,.

In this region, e

ﬁu 1n(1n® B )
2nM = - —p =) (1 )
- = (F) e 0(1%1

(5.17)

(5.18)

(5.19)
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We now introduce a quantity !Ie, which is
subsequently identified with the critical field for a

superconductor,
2np 2mp
HO - lzo 1n &221 (5020)
i.e, H,=2mn (1- ;; ) (5.21)

Then Eq (5.19) becomes (neglecting the correction term in
the brackets)

6 aB
1 (f-22)
2nM = - H 1+ "'"&'9"" (5.22)
Tt:b T
where a = ™ ( 1 = !: )9 ( >> 1 b’ lq. (4-12)) (5023)

So for !'<5.'° -AT, and B >> B, the B - H curve
is described by

N

H-H =3 11+ P— (5.24)
*r)

Finally we notice that as H increases above Hc, the second
term in the brackets in Eq (5.24) becomes a small correction
term, and

B = ®H<H (5.25)
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Combining (5,17) and (5.24), the B-H curve at
finite temperatures less that T o locks as shown in figure 4,
This is quite analogous to the 3-dimensional
Bose gas, where
Sul |, H< H_' 2
f (5.26)

' . 1/f:)
H, = 4nnp (1 - L ) (5.27)

To sumarize, we see that for temperatures
above Tc the model exhibits only a slight diamagnetism,
Below T ot If a small homogeneous magnetic field is applied
to the surface of the 2-dimensional Bose gas, only a very
small fraction (given by (5.,17)) of this field pemetrates :
as the temperature decreases to zerc, the expulsion becomes
complete, (Any consideration of pemnetration effects at the
surface is, of course, outside the scope of this section).

Once the applied field exceeds some value, Hoy
it penetrates the Bose gas as a homogeneous field, with an
induction B~H ~ H ¢ Thus there is a critical field, H,,
given by Eq. (5.21), such that application of a field greater
than He destroys the superconducting properties of the model.
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1,6 COMMENTS ON THE MODEL

The 2-dimensional model developed above has a
3-dimensional realization in the case of a Bose gas
enclosed in a very shallow volume, of height & , If §
(which we take to be along the x co-ordinate axis) is
smaller than the thermal wavelength,

grog (ﬂzgi) - (6.1)

then the bosons will have their ]r.x component of momentum

in the ground state, k, = o, This system may be considered
as a 2-dimensional Bose gas,

Going back to Eq (3.6), one sees that if it is
interpreted in this light, the "2-dimemsional charge", e,
is given by

.2 R (3-dimensional csha,rgc on bosm!a (6.2)

Or, taking the boson mass and charge to be of the order
of the electrén values,

2 -2 -14
_Q__!- e ‘/!e = -?Egn—.y (603)

12me

Thus the assumption (4.1) under which the
2-dimensional model was investigated is walid for any
application to thin films of bosons, Even for ¢= 1070 cm.,
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the M-0 effect is nearly perfect : the correlation length
between bosons, p"1, although it remains finite, becomes
very large below Ic

To

wl ~ 1076 (193)1 (em.) (6.4)

As remarked in section 4, for T sufficiently less than To
the R dependence in the static penetration depth, Eq (4.16),
is entirely negligible,

Moreover, there is a critical field, H,»
analogous to that for the 3-dimensional gas; application
of fields greater than H, destroys the M-0 effect,

Thus a film of bosons, thin enough to be considered
as 2-dimensional, exhibits the essential features of a
superconductor: i,e, the Bose gas model is in accord with
the experimental fact that superconductivity is not destroyed
by going to very thin layers,

The main interest of this 2-dimensional model
lies, however, in the fact that it demonstrates the possi-
bility of the occurrence of a (essentially perfect) M-0
effect, without any irregularity in GV(T).
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APPENDIX TO 1.5

CALCULATION OF M (B) FOR FINITE TEMPERATURES

In this Appendix, we derive the expressions (5,16)
and (5.19) for M in the limit x<<1,
Introduecing 0,

(]

equation (5.3) can be rewritten as

o0
o0
ixo E: ~ix(1-
m? = ; . X ) 3" e irn (1.2)
= 1 SR 1=1 y

The expression has been put in this form for mathematical
convenience - since x<<1, we ean replace sums over i by
integrals, provided they converge at the lower limit, Such
is the case for the first term in (I.2), while the second
term is easily summed,
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we simplify the logarithmic term, and change the variable
of integration, to get

o0

2 = Jd‘t e —H- ? - In2zx (1.5)

o 1""

Malking use of the facts (see e,g. Whittaker and

Watson 1946) b
J-%-(et-e“)-lu (1.6)
0
ob
-t -zt
J at (sr - ﬁ' ‘+ (’) (107)
0 1-e

where '+ (z) is the logarithmic derivative of the gamma
function | (z), we have

e - #, (2) - 1n2x (1.8)

Finally, noting that mA? = T /7 (Eq (2.10)), we
get z in terms of the field B by

in §T > «}z(x) (1.9)
where ZB.' is introduced for formsl convenience :

-/

2ap B, = e (1.10)
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We now return to Eq (5,2) for w , and reduce

it in a similar manner,

o8
Z’ ~12x%
2 &
N —a— (+ix
i=1 i )

Z ixo ohx
o= ._12- (‘-%tmi)' e [1+1x:D (1.11)

)

-zt
%1 e ('_F"“ - -%-*%) (1.12)
e -

This integral is Binets® first expression for & (z), the
correction to the Stirling approximation to Inl (z) : i.e,

. =12xs
-a;"’w-iZ; -9-;,— (14ix) + 2x @ (z) (1.13)
with
r' 1 1
®(z) = 1In/ (z) - El—:) 1nz - z + 3 mzx:} (1.14)

The magnetization, M, is given by Eq (5.4). Bearing
in mind that we have W'(x,z) rather than WwW7(B), we use
the definitions of x and z, (5.8) and (I.4), to get

M= - % [(%D—C) + l'z'%! (31):] Wix,z) (1.15)
2
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Carrying out this operation,

-i2xz '
(c;zx) e g 44 + 20(2)+(1-22)2" () (1.16)

where @' (z) is the derivative of & (z), Performing the
summation in (I,16), and simplifying the result,

a2

£ (2) = gt - 20(z) - (1-22) @' (3) (1,18)

Thus M is given as a function of z, and thence of
B, by Eqe (I.,17) and (I.,9). It remains to eliminate z between
these equations, We do this separately for (i) z > 1 and (ii)
z < 1, to get BEqs (5.16) and (5.19) respectively,

§1!3’1

An asymptotic expamsion for ®(z), and thence for
Q'(z) and '+ (z), is given in terms of the Bernoulli numbers
by Binets® second expression for ®(z), This leads to

e =gt (wgteiye... ) (1.1
2>1
_‘\P(Ejl—lnz'.'!%("'.'g% 4‘.--) (1.20)




e
From (I,9) and (I.,20) we see that for B<B,,
z>1, Expanding & as a power series in (B/B,), and then
substituting into (I.19), we get

2
_‘3—.:-‘!-%%1— 1—%0- (%?) "’..u) (1021)

which leads te (5.16) for B < B, .

1111 L% 9

Using an expansion for 1n | (z) in powers of z,
we can find
£(z) =1 + 2lnz + (C = 1 + 1n2x) + & (z) (1.22)

z < 1

-’\fz (z) = % +C+ O(2) (1.23)

where C is the BEuler-Mascheroni constant, This region of
z is seen to be pertinemnt to B >> B.', where we derive

1/2
21n [(i;) (1n §; - c)]

—Lz-l--]_ng— 1 - 3 + LR (1024)
Mo 1 1!15;

and thence Eq (5.19).



CHAPTER II

NON _GAUGE-INVARIANT APPROXTMATIONS IN A

MAGNETIC SYSTEM,
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2,1 : A TECHNIQUE FOR NON GAUGE-INVARIANT APPROXIMATIONS,

The Meissner-Ochsenfeld effect is a particular
form of linear response of a system to an applied inhomo-
geneous magnetic field, A general procedure for calculating
such a response is outlined in this section., An identity,
derived from the requirement of gauge-invariance, is then
mentioned and a new technique for dealing with approximations
which violate this identity is given.

Consider a system of N particles with masses my
and charges e which in the absence of magnetic fields is
described by the hamiltonian

sa—a

H = + V (Il, x2’ [ AR R R ERENENES ] IN ) (1.1)
i=1 Do i

Such a system includes, in prineciple, a very accurate model

of a solid : namely a system of H.' nuclei and N, electrons

(ll, + N, = N) interacting with each other via Coulomb forces,
A magnetic field, with vector potential A, is now

introduced into the halilttm:lan(*) by means of the trans-

formation

%) This accounts for the orbital motion of charges; other

possible terms, depending explicitly on the field strength
3, would describe magnetic moment of spins, etec,, and will

not be considered.




P — K - T Al (1.2)

;&(x) may be expanded in Fourier components:

QX

Alx) = Z ' Alg) e =7 (1.3)
9
where there is a reality condition givingiéf (g) as
A¥a) = Al=q) (1.4)

We shall restrict ourselves to one Fourier component; this
is permissible for calculating the linear respomse, The
associated magnetic field is

Bla) = 1gxag) (1.5)

The current density operator,(g, is given by the
variational derivative of the transformed hamiltonian H(A).

3 ®=es b_%(ﬁ)_ (1.6)

The operator is thus
o i
Ha) = 3 (@ + 3 (2 (r7)

with the definitions
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2
1 e
1 () = Z e AW (1.8)

The total current demsity, i (3), is then found
from the distribution function, F(H(A)) of the system :

i = Trace j !‘} (1.9)

The following analogue of the Taylor expansion,
for matrix functions, (Schafroth 1951) is now used, In the
representation in which the operator Ao is diagonal

Neg |IB> = A, |n> (1.10)

the matrix elements of a function F‘(A.+8/\1) of a perturbed

operator are given by

<n Iro( Ae-o-&/\ 1) | n'> =<n| n'> Potxn)"' E<al /\1!n'>!‘1(hn, %!)
2
+ 6 Z (nl A 1|n")-<n‘|/\1|n'>r2(lnv1n: tkn-)
n"

. Ok 3) (1.11)




e

Here F, (xo. « « + 3 X,) are the difference

quotients of l‘o(xo) given by

xr F (
l'r(xo...., xr) -Z Oxi) (1.12)
imo || (mxy)

ix]

This theorem may now be applied to Eq (1.9) to
get an expression for the total current density in terms of
the field-free eigenvectors and eigenvalues of the field-
free hamiltonian (1.1):

H lx> = 2B (x> (1.13)
The current density, up to terms linear in A, is
3
1,(g) = ¢ z : Iy, () (1.14)
V= 1
with the quantity J'n, given by
Jpv - spv -k spy (1,15)
912
b - o (1.16)
"

(o]
L~ -ig _S_ <klj, (g)lk'><k"3:(-3)1101'1(31‘,31:,)

J, X!
(1.17)
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At this stage we remark that the vector potential
A (x) is not uniquely determined by B(x), but only up to

a gauge transformation G, :
G (A(x)) = A(x) + grad A\ (x) (1.18)

with A(E) an arbitrary scalar function, Since the choice

of gauge has no physical meaning, our theory has to obey
the requirement that all physical results are invariant
under the gauge transformation G, . This corresponds to
demanding that physical quantities be represented by gauge-
covariant operators: such an operator (0(A) say) is defined
by the requirement that for any scalar function /\ there
exists a unitary transformation U, such that

1,
U, O(A) U, = O(A + grad N ) (1.19)

The requirement of gauge-invariance is now seen
to impose on Eq(1.14) the condition that (for an isotropic

medium)

2 qp;uv - Z :py sy - 0 (1.20)

m

That is to say L and S'V are related by the gauge identity

gl a4,
Ay 8

This identity was first derived by Buckingham (1951).




—44-

It is often desirable to eliminate the vector
potential A from Eq (1.14) in favour of the physical
quantity B. Introducing the magnetization, M (i = ¢ curl M),
and using equations (1.5), (1.14), (1.15) and (1.21), we
get directly

%‘3"2_;2' Z Syu — 30 [ B,(@) (1.22)
m

The linear magnetic response may thus be characterized by
a "kermel" funection, K(q), such that
M (2) = K(a) B,(a) (1.23)

A number of alternative expressions for K(q) may
be given by use of the idemtity (1.21); in particular, if
one uses (1.21) to eliminate L from (1.22), one gets the
"normal form"

IB(Q) ‘;‘3‘ Z@' éuy‘% 3;;2) spy (’24‘)

In general, (1.21) generates a set of altemmative
expressions for K(q), which can be written in terms of a

parameter a as

K(q) = Ky(q) + o &) (1.25)

a

(For example the London gauge, div A = 0, corresponds to
thé choice a = 1),

L i
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If 8’” (q) and G(q) are calculated from a
gauge-covariant hamiltonian H, then of course G = 0, and
all the forms (1.25) are identical, However, if one
evaluates Suy by using the eigenfunctions of an approximate
(fieldmfree) hamiltonian ’ﬁ\, thereby losing gauge~
covariance, then in general the resulting approximste /8:3,
violates the identity (1.21). That is G X O, and one
gets an indeterminate result 69 for (1.25), depending

linearly on the parameter a
”~\ \ A
Ka) = By +a— (1.26)
q

However, there is still one well-defined value
N\
of @y a, say, for which K (a1) is closest 1o the

exact value K,
If the difference between true and approximate

hamiltonians be characterized by an expansion parameter £
H=T+€nm (1.27)

then the exact K may be expanded around ﬁa) in powers of &

WFa
K -i\(a) + £ /I\ (¢) + € K (a) + ... (1.28)
We now choose @ = @y by demanding that
Al
K (41) = 0 (1029)

Thus we have
Tl -k= O£ (1.30)
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i,e, the approximate kernel is as good as any other
physical quantity in the same degree of approximation in
H' + The ambiguity due to lack of gauge-covariance has
entirely disappeared.

This technique is illustrated in section 2,2
by a simple example (electrons moving in a weak periodic
potential), It is then applied to the more difficult task
of evaluating the M-0 effect in the Bogoljubov theory in

Chapter III,

It must be noted that the above method cannot
be used with a non gauge-covariant hamiltonian 'il\ §
unless ﬁ is itself defined as an approximation to an
exact, gauge—covariant hamiltonian, This is the case in the

Bogol jubov scheme,
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2,2 : A SIMPLE APFLICATION: PEIFRLS DIAMAGNETISM,

In this section, we consider the magnetic
behaviour of electrons moving in a periodic lattice. The
field~free hamiltonian for these electromns is

2
Q.‘.E‘; Vs v(;:)) ¥ (r) = E(k)%(r) (2.1)

where the potential V(z) has the translational symetry of

the lattice : i.e.
Vir +f ) =V (2.2)

fn being any one of the lattice vectors,
The electron wave~functlions then have the form

(Bloch 1928)
Nix) =

ik.r

o

u(x) (2.3)

with the function uk(gJ bhaving the same periodicity as the

lattice,
In the theory of metals, approximate wave functions

(O) 114:.‘_1_1:

(r) =e™ " uyr) (2.4)

¥y

are frequently employed when dealing with a weak potential,
The energy values in the approximation are

(o) 2
5 ik +E (2,5)
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and E, u,(r) are determined from the equation

o
-%= V +¥(z)) ulx) = E, ux) (2.6)

The expansion parameter & in this scheme is defined by

(o) (1)
H

H=H $.. £ (2.7)

where Il 15 the gauge~covariant hamiltonian (2,1), ard (o)
the approximate hamiltonian corresponding to the above
eigenvectors and eigenvalues,

This approximation scheme is an improvement on
the free electron one, in that the factor u,(};) in Eq(2.4)
contains the essential features due to the lattice,
Quantities such as the cohesive forces in metals due to
conduction electrons may be ealculated satisfactorarily by
use of the method, However, since the approximation is
better for small wave numbers k than for large ones, it may
be expected to lead to non gauge-invariant results for
magnetic quentities : this is found to be the case, The
difficulty is then overcome by applying the technique
described in the precegding seciion,
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We begin the calculation of the zeroth order
kernel, I(°)(q), for this exauple, by writing down the
expression for the matrix elements of J(o)(q) 3

2 i(k'-k-q).r
Breallsation (2.8)

<ly, (@) 120> = 58 (kokt), Jg; uy(z)

'
= o (k') X(g ~k-q) (2.9)

(Use has been made of the fact that uo(_:::) must be either

even or odd in r,)
=~ 1
Then, after the substitution k —» k - Kzﬂ ’

' ' ; (
k — ks I:'.'Lﬂ. s Bq (1,17) gives SuyO) as

2 2 2
2 . (eeliptd) (k- Kt
Stﬂ’(O) = - - Z nE, IX(E )lr, = T & (2.10)

with FO(E) the Fermi distribution function,

At this stage, some simplifying assumptions are
made as to the nature of Juo(;g) I 2 : since this calculation
is done to illustrate the technique developed in zection
2,1, such mathematical simpilfications are quite justified,

We put.

2 , |
luo(f)l ; = C {1+B % e (£ fn} Py 1 (2."11)
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This function provides a two-parameter fit (in terms of
a strength parameter B, and a range b) to the solution
of Bq. (2.6) for any specific V(r) : the free electron
case corresponds to the limit p —> 0, We also assume

b << a, a being the lattice spacing, The normalization
constant C is given by

c j,ue(;;)’ a dr = CV (1+B [ﬂ}] : ) =1 (2.12)

Substitution of Eq., (2.11) into (2,.8) leads,

_NE
kY

in the 1limit of infinite volume ,to the result

3
Xx) = ovibtx) +p (@—"-) Z&;-zsn) .
X

and

(2.13)
2,2

k
|X(x)| - 3(1:) + vpéﬂ—")]z&k—x Je (2.14)

The sum over ggn extends over all vectors of the reciprocal
lattice : & (_]5) is defined to be 1 if k = 0, zero otherwise,

Comparison of Eqs (2,10) and (2,14) now shows
that Sﬂy(O) can be separated into two parts, the first

(o)
(Suv ( 1)) corresponding to free electrons and the second

(o)
('ng ( 2)) containing perturbation effects due to the lattice
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2 2
(o) 2 () (k4)
Suy (1) t—m—nec Z kpk)‘ !1 vs iRl o (2.15)
k

2

21:
(0) .2 3( 'a_)
ay (AR rw 27 2 z kk, e X

Fonar wos (2.16)

The expression for L , Eq (1.16), is independent of the
approximation used

(o) ¥
L =L = = i N (2017)

Eqs (2.15) and (2.17) now deseribe the Landau
(1930) diamagnetism of a free electron gas., It is easy to
verify that

(2,18)
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o

(o)
3q,0
e . (éuw X 'Ss_v) Ry $H &< ﬁ! . ;12 (2.19)

4me
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(We have introduced the Fermi wave number, kgpy which is

related to the number of electroms by N = Vkr3/31:2.)
Corresponding equations with %SOJM) may be
obtained by :~ (a) assuming ZkF,s JC., » 1oe. kpa S ( if
there are N’ conduction electrons per lattice iom, this
corresponds to the assumption "< "/3 ), and (b) replac-
ing the sum over reciprocal lattice vectors X by (-%‘-)3 f d X
(this is permissible for b/a << | , which has already

been assumed)., The consequent results are

q (o) 15 o2
limq—-)o Z i:;l! spv (2)-572_‘5‘;2"
f‘-\‘

X [1+ @ (%)2}

q )
Hig 5o 3;" Z ('}Suv'% qv) By (2)

MY

J

Collecting all these resul®s, and neglecting

3

2¢b

-.'“.zg_i'? . 23; : bgﬂ (a) . {1+ 0(%)} (2.21)
(140223

Yk 2 b
terms of relative order ("/a) and B° (“/a) ,
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m, o, %r = oy PR - i‘g (2.22)

3 2

(

with numerical factors 0y = nT2n'/ 12, To=m 72n'/ 5.
Thus the approximate eigenfunctions have led to

a result which violates the gauge identity ¢ = 0. Referring

back to Eq (1.26) we see that K'°) will now depend on a

parameter a @

(o) (o) G(O)
(e) = EB + ;T (2.24)

For instance the London gauge, & = 1, would imply that the

system is an anti-superconductor)

The technique described in section 2.1 is now
applied to choose a best approximate kernel from the set
(2.24) : a = ay is selected according to the criterion that
x“)(u1) shall venish,

(1) (1)
The function S'lI , o+ @nd thence X (a), is found

by extending Eq (1.11) to get

+<k l.'J (—qlk'XkTH fk>




The matrix elements of H“) are readily found from Eq (2,7):

' 2
~i(k=k ),
<kl ™ = %J‘E e Uk )z (k). ¥ [uy(x) (2,26)
or, using the particular form (2,11),
/ 5

4 3/2 2 g -

ol 'S e - L i':; ve Z(xnb) - 5(1‘-'5"35:1)
X

(2.27)

Thus, substituting from Ege (2.9), (2.13) amd (2.27) into
(2.25), we get

2,2
(1 § % Sk
)(q) 2('53) Z' ﬂz(b) -(1)—("‘ b) e ¥ i

k'xx,

~~~ NN

§ (k- +)S Uk +X,) & (X~ X 1)

el ), Gloaie”y, Py (B B)
+8 ek +0)8 (k' =k =X)8(X - X, )

(2.28)

Making use of the fact that S“y is a symmetric tensor, this
may be reduced, after some manipulation, to
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)6 2b2
(1) 2
spw = A;(xnb) o Z (k+ -g) (k+ -T) X
L y (Jx-uc)
g ﬁ' (2.29)
A is a constant,
A = Gl Bz(b4 ‘N3 (2,30)
T me® T a% 0 &% T ’

(1 (1)
We now proceed to evaluate G )/qz and K, in

the limiting case of q << ky. First ¢'1) is found from

(1J . b)z
q —
q-ave Z 'MZ(an) 4 Z‘ .
x
2
(k. 0) ([~ 28] .9) (2 (k=X )
spe8e %] o
~RY Y~
(%,0)®
A
~ ¥k Z(xnb) © . _2)_15_,2 (2,32)

il

A partial integration has been perfoimed to reduce Fo'(kz/zm)
to 1"(]:2/2111). Replacing the sum over X by an integral,

(1) g9, 2 2 270y
Hig 5o = Suv %_ & W N (5] (2.33)
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(1) (o)
That is (sincs L =0, L being exact)
(M - (b)B L
mﬁl—:»o G /q2 = o B 3 X ? (2.34)

A similar, but more complicated, calculation gives

-

@) 2
1m‘1->o Z(% éav" %i;l)s"ymeA Zl(xnb) . x
g . X
2 z()é's)z
N
¥ _.!. & H- - 1 + —n_ (2n35)
{)ﬁ kp }{ %a }

(The complications arise tromzthe fact that we now have %o
consider terms up to order e/ k,z )Simpli:fying this ex~-

Pression, we get

3

(1) <2 24 -
lim, o Ky “sra’ (& ;, (2.36)

41 is now found from the condition

&M

(1)
K (ay) = I§(1’ +ay i 0 (2.37)
Thence, for small q, 2
$, "% i‘r (2,38)

F




g

Hence the above approximation scheme for
electrons moving in a (weak) periodic potential finally
gives a slightly modified Landau diamagnetism, with a

kernel (o)
Kg) =K LG8y (2:39)
2,3 2
- ::, . ’2 1-1 @) (1+9D°) (2.40)
kp

( T is a numerical constant, m 72n/18).
This is in gqualitative agreement with the result

first derived for a pericdic lattice by Peierls (1933), If

the assumed u.(z) given by Eq (2.11) is fitted to the actual
ground state Bloch function feor sodium, as given by Wigner

and Seitz (1934), the ensuing values of the parameters B and

b imply a diminution of the Landeu diamagnetism for sodium

by about 0,09°%/0., Thie compares favourably with a more detailed
caloulation recently made by Tani (1959), (usiag the sound
wave formalism to describe the lattice), who gets a correction

of 0,06%0.




CHAPTER III

MEISSNER ~ OCHSENFELD EFFECT

IN

THE BOGOLJUBOV THEORY
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3.1: INTRODUCTION,

Several attempts have so far been made
to derive the Meissner-Ochsenfeld effect (at absolute
zero) from the Bogoljubov theory of superconductivity,

with conflicting results.
(1) Rickayzen's (1958) calculation consists of a straight-

forward extension of the Bogoljubov transformation to the
case of a hamiltonian with magnetic field, Such a study
is complicated by the fact that while the Bogoljubov
hamiltonian as such is gauge covariant, a perturbation
treatment (such as that used to derive the thermodynamic
properties) to any finite order of perturbation theory
violates gauge covariance, As we have seen, the ensuing
difficulty is that indeterminate answers are obtained for
magnetic quantities, Since Rickayzen ignores this diffi-
culty, and makes an a priori choice of the 'London gauge'
(Y'A =0), his calculation is not conclusive,

(ii) Wentzel (1958)) realizing the gauge difficulty,
follows a course different from ours, Commencing with the
Frohlich hamiltonian, by successive canonical transformations
he eliminates the magnetic field from it, up to order AZ.
Such an elimination can only be performed in perturbation
series in the coupling constant g - this is done to order
83. Wentzel then gets an hamiltonian with magnetic field,
which is tractable: A Bogoljubov transformation may be
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applied, and the caleculation performed in a fully gauge
covariant mammer, The result is a London type M-0 effect,
but with a coefficient which differs from that obtained
from later calculations, This evaluation treats the mag-
netic terms by a perturbation theory first (expanding
them in powers of g), when for the non-magnetic terms such
an expansion is not permissible, It would appear that
Wentzel's result 1s due to some lack in cancellation
between a function of g, and its formal power-series ex-
pansion,

(i1i) Very recently, Blatt and Matsubara (1958 (b)),
using a concept of collective excitations as introduced
by Bogoljubov (Bogoljubov et al 1958) have made a calcul-
ation which fulfils gauge identities, They derive the
London kernel (in the limit of small wave number, i,.e.

q ->0). This ccllective excitation formalism may be inter-
preted as an alternative method of treating the higher
order terms in a perturbation calculation : the derivation
contains a selective summation over the most singular terms
in each order,

This calculation lacks rigour (for example,
certain terms in the transformed current density operator
are ignored, for simplicity), but it allows a simple physical
interpretation of the Bogoljubov theory.
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(iv) Subsequently, Bogoljubov (1958 (e); 1959) has

developed a new and powerful formalism - the "method of

the self-consistent field"™ - which avoids gauge difficulties,
In this method the parameters u and v involved in the trans—
formation of the Frohlich hamiltonian are so chosen that

the approximate hamiltonian remains gauge-covariant, The
consequent investigation of the M-0 phenomena is, in effect,"
a more rigorous and sophisticated version of the Blatt -
Matsubara calculation,

In this chapter the M-0 effect is derived
directly from the original Bogol jubov theory, without having
recourse to the collective txcitationn.[!hia calculation was
contemporaneous with that of Blatt and Matsubara : the later
calculation of Bogoljubov,(iv), supersedes both_.]

We have seen above that such a treatment is
complicated by its violation of gauge-covariance, giving rise
to indeterminate answers, However, it has been shown in
Chapter II that there is an unambiguous way of determining a
best approximation from those available, We thus use the
Bogol jubov porturbation scheme to define approximate eigen—
functions of the problem, and then apply the technique of
Chapter II to derive the magnetic response of the model,

For the case of small g, any finite order of
perturbation theory gives a diamagnetic kermel, corresponding
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t0 a finite correlation length ( cf, the discussion
following Eq (1) in the Pre;ble). This correlation length
becomes larger and larger as the calculation is extended
to higher orders, finally giving the singular London kermel
in the limit of infinite order, This is illustrated by
figure !0 (page 36a), The essential point is that to get
the long-range correlations required for a London-type =
M-0 effect it is necessary to go to very high order in the
original Bogoljubov perturbation scheme, The result is in
accord with the calculations (iii) and (iv) described above
(both of which only give K(q) for small q).

In the limit of large q, our K(q) differs
from the London one: it agrees with the kermel obtained by
BCS, which is understandable since in this limit the
ambiguity, due to gauge difficulties, arises only in terms
of second order of smallness,

Wentzel's result differs from ours in both
limits (Wentzel 1958, Gupta and Mathur 1959) by a factor
proportional to f’ y Where f 1is, in a sense, the expansion
parameter of the Bogoljubov theory. Rickayzen's calculation
corresponds to an ad hoc choice of the parameter a(q) = 1
(ef, Eq (1.25) of Chapter II), In fact, we find : (a) for
small q, @<<1 to the order of perturbation theory used by
Rickayzen, although a - 1 as the calculation is extended
to higher order; and (b) for large q, @« X 1. (However, as
remarked above, the choice of gauge parameter a is relatively
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unimportant in this region).

In section 2 the main features of the
Bogol jubov theory are summarized, The task of evaluating
K(g) to second order in this theory is carried out in
sections 3 and 4, for the cases of small and large q
respectively, This calculation is then extended (for small
q) to higher orders in section 5, (Mathematical details
associated with sections 3, 4 and 5 are presented in a
series of four appendices), Finally, the results are
summarized, and their phenomenoclogical implications dis-
cussed briefly, in section 6,

3,2 : THE BOGOLJUBOV THEORY,
In this section, we summarize, for subse-

quent use, the main formulae of the Bogoljubov theory. The
treatment outlined here is a refinement of the original
theory (1958 (a)) in that it involves renormalization of
both electron and phonon energies, thus greatly facilitating
the use of perturbation theory., Bogoljubov (1958 (b)) starts
from a modified Frohlich hamiltonian,
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e s (2.1)

1/2
’ {‘(2)@@) a’k: Byrg bp T Fally
ps
(35_'— -) ») .J

e R

(where A is a Lagrange parameter associated with the

restraint
1.
Z 8 g = N

k,s
and subsequently determined by the condition E = N,)
A canonical transformation is then made from the electron
and phonon operators, a-r y @ and b, to new 'fermion' and

-'.
phonon operators d , a and B

1-
Bt = U Yo Y Vi Y
Sl " %' "% “w
1.
Pp =R Bty by -

where u'r s @ an@d B obey thelr respective fermi and bose type
commutation rules, provided
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2 2 2 2
uk+vk-1,xp-—pp-1 (2.4)

The hamiltonian (2,.,1) is now written
1 L L} L]
H=Hy +H +Hy +H +H, +H; +70 (2.5)

where Ho is the 'zero-order' hamiltonian, with renormalized
fermion and phonon energies,

5 E(k)(“kod “("'“*') Zw(ﬁ)ﬁ’ﬁr (2.6)

J‘v-

and the remaining terms are given by

Hi, ) ;l 9@)(0:_\/91(&&'1); +%,12)(/(1F+.\F) X S
(k‘-ﬁz) * (g Hieagt “a ""’)(ﬂf%r)

Z 5(6)( )) (‘“‘ "{V)(/‘p"p) (2.7)

(ig ,{c 2, (°‘ %k "'°<m 4:)(/1’ +/p)

" Z(E(g)-,\)zu (o( oc¢+ “ock)

ko
O s A (o iyt r /3)

He e 2 (€@ 4 ) = {4 i) +
P +Z{w(f)(/4+x) w({)}/P/J

?":E‘
]
?-o'_\/_l -
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The remaining term is a constant,

U -Z (B(k) -2) 2v,° +Z w(p) np . (2.8)
i

The terms (2,7) are described in figure 5 by Feynman graphs:
unbroken lines represent fermions, broken lines phonons,

Time runs from left to right,

FYS

- -

|
/
R H.a
\\
\\ -
- ”
~ e
Fa
>
P He
’/ < —im A Ay s SBAERE
~
&
TS
‘ A
A,
(Fig. 5)

The transformation parameters u, v and p, A are
determined by the criterion that "dangerous' processes
(ereation of a virtual pair of fermions or phonons from the
vacuum) should compensate, One then writes Uy Vo in terms
of a function C(k) as
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Vgl g f | g
¢ 4{ *ml WS S Y56 (2.9)
where 4 (k) = E(x) - Ep (2,10)

and 0(3_:) is to be determined (to second order) from

@ W (ek') CC‘E")
k) = =N : : :

This equation has two solutions : the trivial solution

Ck) = © - (2.12)

and another solution which, for all practical purposes, is the

constant -#
C = ‘af- e eses (2.13)

Here W is some average phonon energy, and R. 18 defined

p = -25; (137—"; )k-k, (2.14)

is required to be small, The trivial solution (2.12) corres-
ponds to the normal state, which has a higher ground state
energy than the superconducting state, given by (2,13).
Finally, we mention that, to second order, the
renormalized fermion energy ('E (1 (lc_)) is given by



2 2 < 2
)| 8 +Z 26ee) (8 + v =Y@) +C) (2:15)

2V [wak) <2~ 24y

The noteworthy feature is that this fermion excitation
spectrum has an energy gap /\ above the ground state; the
magnitude of this gap is

kT
A =C= 1-:-?-3- (2.16)

3.3 : K(g) 70 SECOND ORDER : SMALL g.

The evaluation of the magnetic properties of the
Bogol jubov model is begun by writing down the appropriate
expressions for Sw and L, as defined by Eqs (1.16) and
(1.17) of Chapter II, Since the theory is concermed with
the limit of zerc temperature, only perturbations on the
ground state need be considered: hence, using the Frohlich
hamiltonian,

L = f‘é (3.1)
<ol3, ()l B> <3, (~a)| >
M _%Zv - jE L h” . + C.C. (3.2)
c :l° - li



o Bl e

8
with the operator 3p°(,§l) (Bq (1.¥9) of Chapter II) in

second quantized form

.'.
Jp.(g) =5 E (k-»k')‘l s xig (3.3)

K ,8

(ek'=g)

Making the Bogoljubov transformation'® (2.2)
‘r
into the operators a and a, the operator dpo(q) is given
(exactly) as

3,°(@ = 3,50 + 3,3 (@) (3.4)
i :(q)-—-‘lzk"@ S v )x \
i~ - X kt 3 k-3 k¢ %
t t >
¥ -
‘k-g.o ak-c-a-.o c:m-g, 1 ak—§,1

7(3.5)
(W)= - = %k‘l(uk_& vh_; - uk*gl vk_a)x

T T
» (ak-§,0 ak+§,1 v ak-gn “kﬂ,o) .

%) It is to be noted that a Bogoljubov transformation (2.2),
with fixed, field independent coefficients u and v does not
destroy the gauge~covariance of the hamiltonian,
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The vectors k, 5' of equation (3.3) have been rewritten
ask >k -, k >k +¥,. Invoking graphical re-
presentation, J,° and j,° may be expressed as in
figure 6, ( Wavy lines represent the action of the
external field, A.)

b

Ja

(Fig. 6)

The qualitative nature of the M-0 effect is
described by the behaviour of K(q) in the limit g >0
(ef, Eq(1) in the Preamble). We therefore expand the
matrix elements in (3.5) in this limit,

2 4
(éé) s p) "@ =

Crg g g gl T (e £.2) ]

(3.6)

e

4

R P W=

where

{ = o (F s §2 —xp) (3.7)
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(From now on we meglect the q dependence embodied in f,
as 1t gives rise to correction factors of order (Viy)?,
which are negligible for all q of any interest,)
Moreover, since all integrals over k have their daminating
contribution from the reglon |k| =~ kp, 1in (3.6) we
rewrite k.q (= kqx) as kpox : this approximation is as
good as those made in setting up the Bogol jubov theory
(e.ge (2.12)),

Thus the expansion (3.6) is an expansion in

powers of (qx/p), with

p = g (3.8)

Hence by "small q" we mean q < p : we shall now derive
K(q) in this limit, as a power series in (q/’). The case
of g >p ("large q"), which is relevent to pemetration
prhenomena, is deferred to section 4,

It is important to note that in the limit q < p,
the matrix element associated with j,° (i.e. scattering
of a fermion by the field) is of order unity; whereas that
associated with j,° (emission or absorption of & pair by
the field) ie of order 3 ,

In evaluating \S/w ¢ only those terms which
contain either J,° or j,° twice are pertinent : any term
containing each of 31°m .12° once is odd in k, and thus
vanishes identically on summation,
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The scheme so far is exact and gauge-covariant —
the approximation now enters, when the Bogoljubov treatment
is used to provide approximate eigenvalues and eigenvectors
of the field~-free hamiltonian, to calculate S;V .

(The quantity L is, of course, exsct, independent of the
approximation used for f;v )e

Formally, we proceed as follows:- we write

H=Hy+ Y (H +Hy) + Y% (0, + Hy + Hp) (3.9)

where Ho' etc.y, are as defined in the preceding section,

and Y is a formal expansion parameter, which we put = 1
finally., Terms of oxrder Tzn correspond, in effect, to graphs
with n closed phonon lines,

For order y2n ’ H. contains the energies of
fermions and phonons renormalized to this order. Hence the
eigenvalues for the energy dencminators in S/:v are known,

By application of perturbation theory ( with
corrected emergy denominators - cf, Morse and Feshbach 1953)
elgenvectors are then calculated, Eho eigenvector for
the state with, say, fermions k.0, Xpl, . + « « « + k, 1
and phonons Pgs Pos o o = o ¢ » pl is ropresonted:ln

"roth Ol"d..r by lk’og kz" o.vnt..kn 1’ p1' pz’ LA A AR 2} &'>.

and by {'k10,' ceeer By 15 Dgs enes p,,2>} wher

n

corrected to order \'2“;] For example, to second order,
the ground state is
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[o) ¥ [ke, Ky plkaDChart;p| H [0

{‘ °>}Z y 2 ko1, 50, K Do Koo 41| W [ k1 s
W Gktp n o) "
+lko ki p P XKoL p| W) | ko W15 pDs
eere SkkiipIH[o)

where these perturbation terms have the graphical repre-
gsentations

(Fig.7)

Using eigenv;.luu and eigenvectors calculated
to order Y22, g {Sf: is found, It may be shown (e.g.
Wentzel 1958) that in the Bogol jubov approximation gauge-
covariance is mno long/o{'&‘i;ulﬁlled identically to each
order in Y : i,e, Sy &lves rise to a® (™) wnion
violates the identity (1.21) of Chapter II, This diffi-
culty is overcome by using the technique developed in
Chapter II $o choose a best value for & in X'%){q.q).
In principle, this is done by choosing a = a,

guch that /I\(n)(q,c:‘) is a station;ﬁ approximation to

X(q) : in detail, we calculate K (qya) by use of wave-
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functions and energy values correct t¢ the next highest
order, and then choose & = a, such that the difference

A\
AR ) = & L, L R (3.11)

is minimized, In this way, ovr non gauge-invariant
-\
K (n)( q,%) may be used to get a well defined approximation,

of order 72", to X(q).
= = * * ¥

As a starting aporoximation, we take quantities
correct to second ordsr(‘) (i.e. t0 order ‘72. or n = 1)

The quantity

@) 5 Z (£5 =2 % ?/,), i

KB (‘i/) 3 ‘V‘ 2 Av o~ g StV
Vaard (3.12)

is regular as q tends to zeroc : this is because all terms
of order 1/ q2 involve an angular integration of the form

%) We avoid use of the mero order eigenfunctioms, since the
continuous energy spectrum so obtained is qualitatively
at fault in desecribing a spectrum with & gap. If one
uses such quantities, one encounters difficulties
stemming from the expansion of s spectrum with a gap

around a continuum,
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J(-} -% cos®6 ) a (cos © ) = 0 (3.13)
o
The leading term in /I\B(”(q) is then of order Y°, obtained

by the operator J 2° creating and then destroying a pair

R
of fermions, 2
20 Z&M 228k Gy o)+ O)
’ /.w ¢ (% 2)+3%2) G
For the case of q&, this reduces to

(1 2
?B )(q_) = -%%{1 +0(§) +(ﬁ(72)} (3.15)

In simplifying (3.14), we have used the relation

= i : (3.16)
> 7 -

/\( )(q)/q is defined from Eq (1.,21) of Chapter II by

/\(1)

T - > s 5

The 1/q° q“ term due to S's:,) has its leading coefficient

of order 72. This is because terms proportional to ‘l/i:,[2

must arise from the operator j? (ef. (3.6))3 but since j: is

a scattering operator, fermions must first be created from,
and finally destroyed to, the vacuum, by perturbations on

the ground state, | 0> , which are at least of order Y. Hence,

Al1)

Eplal - %ﬁ vO@° 0o } 3.18)

q q
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and, as we expected, the approximate wave-functions and
energies have violated the gauge condition G(q) = 0,
So our approximate kermel is to be chosen from

the infinite linear family

A1)
K (g =~ (f;,ﬂ‘;ﬂ L (3.19)

We therefore proceed to construct the quantity

A1)
AKX (qya), as defined by Eq (3,11). The lowest order
terms in A/I\(”(q,a) are clearly of order Y - that is
to say

o b ()]
ARy = ¥ J‘G(a,x)[l + 69(5'&)] (3.20)

A well-defined approximation to the exact kernel K(q) may
now be obtained from Eq(3,19) by choosing a = @4 4 such
that

1
J{( )(‘10“1) - 0 (3.21)
i.e. .
(1 (1)
q

Bearing in mind that O, contains either the
pair of operators j1°, J1° or the pair ,12°, 320’ it is
seen that the lowest order (T4J terme in the difference

A (2) A (1)
K (gu) - K (qy @) arise basically in three

ways,
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(i) The J1° operator scatters a fermion of a
pair which is created and destroyed by perturbations on
the zero-order ground state, | o>, of orders Y and Y3,
Schematiecally, such terms correspond to graphs such as
shown in figure 8, (We have 'exploded' the graph, into

its successive components).

(Fig.8)
Such terms have a leading component of order 1/ qz.

(11) A 12° operator creates a pair from the
vacuum, and destroys it back into the vacuum; the wave
functions in between having perturbations of order Y and 73,
or else of order Y* coupled to an unperturbed function,

Also in this class we include terms arising when
successive ,120 operators create (or ammihilate) four
fermions from the vacuum, and these fermions are amnihilated
(or created) by perturbations to the zero-order vacuum of
order 74.

X A R . F i
a5 !/' \\
@ @) )

(Figl 9)




(») Yodatd o,

oy > T 4y FJ
(e) Pyaka j >3
v i
(x*) g
‘\\‘ >}
(a) \ \ j
\‘/ £

Here the leading term will be of order 1/1.12.

(1ii) There is also a term of order Y4 in the
QW 3‘(%)

difference between éw and ) v arieing from

the difference in the two denominators (i,e, from the fact
that ¢k - W) ~ v*), mhis, in conjunction
with unperturbed wave functions, gives a contribution to
j{,(”(q,a), which is of order 1/u%,

The quantities f05(1)(q) m’ﬁlﬂl , defined in

(3.22), may be expanded in powers of ('-;3) :

(1) L 2
% - M 40, @ 4 ...) (3.23)

(1)
ﬁ/;;_m ,-( a1 @+ ...) (3.24)
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The coefficients all) ana »{!) are calculatea
in appendix A, This calculation is facilitated by the
renormaligzation of the phonons, and the requirement that
'dangerous' processes, giving rise to virtual creation of
a phonon peir (only), should compensate : many terms may
be eliminated as being down by factors of at least w/EF *

The argument given previously relevant to the

12- term of/x:"(q) (see (3.13)) gives immediately
q

(1)

&0

(3.15)

Evaluation of terms of type (i) yields (neglecting terms
&' e
of relative order !¢ exp (- "/f) and “E, on. i, 4

1 v
ui’-}“-mz)f (3.26)

To find 5;1) and bi") texrms of all three types

(i), (41) and (iii) must be considered, It is found that
the dominant contribution comes from the 'ladder graph'

type of terms in (ii) illustrated by fig, 9 (b) and (d) :
such terms are characterized by the fact that each altermate
energy denominator, in perturbation theory, contains only
fermions, and no phonons,

One gets

(]

& ““if’i’*fjﬂo) *O/)(%’,)} (3.27)
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A

Thence @, is chosen by the demand (3.21) that

(1) 4
) (a a.‘) vanish : ignoring terms of order (q/p) ’

- 1 1 )°
T (g oY )!—x( & oy
- 3 i M

16 (1-1n2) % m

2 2
= 2 == {1+ (9("/”) } (3.30)

and finally substituting into (3.19), to second order in
Y , we get the kernel in the limit ¢<p as

1)
K(q) =~ i\( (a2 q)

(3.31)

,JI."

n

e A LS
Lhi- e

Such a kernel describes a large diamagnetism,
rather than a London M-0 effect,
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3.4 : K(q) TO SECOND ORDER: LARGE gq.

In the region q > p (although still q << kr~1QE::)
the calculation of K(q) is straightforward, Using wave-
functions and energy values correct to second order in Y ,
as in the preceding section, we again get /I;(”(q) as given
by (3.14), ignoring terms of order J? and higher, Replacing
sums by integrals in (3,14) and making a change of variables

‘fo i ('gc)h

94 (31:{-!) k} x+5)
HORRS £~ J "7/ G v oo | S0

which is to be eveluated in the limit O < 1, with § -,
This evaluation, carried out in appendix B, yields

g 3 2, ¢ 1nft)e () o L 3
W -Fl | wSiule0® (4.2)
Also we have
2
A )

_2_(.1).,. ) -‘-k'-g)— k’ﬂ*’i ké k"& 1 ¥ e,
1‘2 Z X( b&hé !—ﬁ)) (4.3)

Again we may expand in powers of%:



/\(1) 2
gl (o Syl 0 | 1 o

Comparing equations (4,2) and (4.4), it is
apparent that, in the limit % << 1,

(1)

1 ~

i;( )(q) >> E__,Is.). (4.5)
q

1)
This then implies that K (q,¢) is very insemsitive to

variations in a,
@4 is evaluated, according to our criterion, in
Appendix C, In carrying out the resulting calculations, we
find it convenient to subdivide the region q > p into two
parts:
() n<aqg<np exp(f) (4.6)

(b) kg >q>p exp(p)

Physically, region (a) is the morc interesting
one, since it is relevant to g £ 10%m~1, 1In this region,
both J'&B(”(Q) and '3’ “’(q)/qa have leading terme which
aiffer from L £2/ 2 only by mumerical factors. a, 1is thus
& purely rnumerical constant, contalning any q dependence
only in correction terms. Hence, in region (=),

2
t(q)--%ﬂ:; iH(Q(%ln%)} L (4.7)
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1 1
In region (b),/a\( )(q)/q2 is smaller than/I\I(, )(q)

by a factor of less than -'f exp -Lf . We find (see

(€.13))
7 ot
oL = 0‘/%- W('?)[’*&(%ﬁe 'A“(/f%ef)) (4.8)

with 0 some numerical constant, The ensuing term

0]
1 AN 1
a;&\( )/q2 in K(q, @4) is, however, still smaller than?i ‘

throughout the region (b), by a factor (exp(-}—’)ln %)' That
is, in region (b),

K(q) = --#q% {1 Y (oxp(-'j:‘-) 1n -“E) L (4.9)

The results (4.7) and (4.9) may be collected
together by writing the kernel, in the limit q > p, as

x(q)--%f*(‘? 1+(O((%+up(§’-))1n%) I (4.10)

3,5 : X(q) TO HIGHER ORDER IN THE APPROXIMATION SCHEME,

The evaluation of the kermel is extended to nth
A (n) An) o
order by calculating ‘B and G /q° with eigenfunctions

correct up to terms proportional to -,213 and choosing ¢1(n)

by the eriterion (3.11)
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/\( ) A(n+1) A(n)
(Qo 1) = K (QO¢1) - K (q'“1) (5.1)
s o (5.2)

(n+1)
(Q (gya) is the kermel caleulated with eigenfunctions
correct to the next highest order,)
7\
The quantities IB(") and /@(n)/ a® now have the form

1
- = 24 )(l-a- terms of higher order in T) (5.3)
/a(n) /\(")
— 9;-2-— 1+ terms of higher order in ’(2> (544)

The leading terms are as calculated in the preceding secticus,
Klgo, as the lcwest order texrms in A/I\(n)(q_,a)

are obviously of order '2(n+1)' we can write

(5.5)
( 2(n+1 (
AT ol - Y v )J'é B n)(u terms of higher order in 1")
Alm)
&G 26e1) 4T 2
—q!— =Y . 1+ terms o:thigharordarin'r)
(5.6)

where j’é;n), %_(,n)/éz are found from those terms

(n)
corresponding to graphs with (n-t-'l) phonon lines, Then ay is

derived as



(n) 2 Jéw

@, -9 ;ﬁ,w [ 1+ terms of higher order in v2 } (5.7)

(n)
The leading term of ay is, of course, of zeroth order

in Y for all n,
Thus we have the result

) AQ

An) AN K G

- Eﬁ_ - 1+terms of higher order in ¥2 (5.8)

i

(n)
Strictly, a calculation of z (agay) would

(Q.r"'-')' ‘B

involve summation over all terms up to order y2n in equations
(5.3), (5.4), (5.5) and (5.6). Although this summation is
mathematically intractable, we may still improve the second
order calculation by taking /r\(")(q.a1 ) to be given by the
first bracket in Eq(5.8), ignoring the terms of relative
order Y2 and higher, Such a procedure avoids questions as

to whether the Bogoljubov expansion is uniformly convergent,
or, rather, is some form of asymptotic expansion,

This method for improving the second order
approximation to K(q) is Justified if and only if the re-
sulting I( )(q) tends uniformly to a limit as n tends to
infinity,
For the calculation of J‘é () and /j,(n)/q o
and thence I"”(q,a,), we again oon-:ldor separately the
regions q < p and q > p.



o Dl

(a) The region g < p -
In analogy to Eqs., (3.23) and (3.24), we expand

in powers of (q/p)2 as follows:

(n) g [(0) Mm) 2
'ﬁn (q) = 2 (ao +a, (D« .) (5.9)
(n) (n) (n) _2
_’,i’:_(ﬂl =L (b +b, &) +... (5.10)
a e \° s V% )

The methods used in appendix A to find the coefficients
3(1) and b(t) may be extended to higher orders to get

(appendix D)

(n:n) = 0 (5.10)
) -7, p (14 00) (511
ﬁbf,m) = T, fm (5.12)
e ") (205

where 't',) Y, are numerical constants, (Terms of relative

orders w/l!ln (w/l!) and '? exp (—%) have
been neglocted.)l‘ron these equations it follows that

A "j@m o c@l § _ R
gb_f’ TSR [H ai(;>)+(9£_2)} (5.14)

with f a numerical factor of order unity.
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Aln)
The improved approximate kernel, K (q,a4),

is now given by Egs (3.15), (3.18), (5.8)and (5.14) :

2\
2@ ~ - v (5.15)

n
g+ ff p

The behaviour of this kernel is depicted qualitatively in
figure 10 ( with p =~ ).

The kernel has a 1/ q2 singularity, which is cut

off below some (n)

q'o ' n/2

qi" =p u (5.16)

As we take higher and higher orders of perturbation theory
(i,e, n very large, and fn/z very small), the cut—off
occurs at smaller and smaller values of q, becoming in-
distinguishable from the London kermel :
o gk g R -I:, (5.17)

This result agrees with that of Blatt and
Matsubara, and that of Bogoljubov (1558 (e¢)j; 1959). This is
to be expected, since our calculation ( in which the
ladder graphs play a central role) is one way of treating
the leading contributions from high order terms, while the
collective excitation formalism (which involves a summation
over terms analogous to our 1£ddcr graphs) and the "method

of the self-consistent field"™ are altermative approaches



m)

-K(q) |




to these higher order terms,

Sb} The region g > : -

Extension of the calculation of section 4 to
higher orders in Y leaves the result (4.10) unchanged,
except for factors of the form (1+ O(P>) ) which are
to be neglected, The fact that the second order kernel is
essentially exact for q > p is explained by Eq (4.5), i.e.

1 A1)
2@ s> & {9 (5.18)

B q

so that the choice of @, is wnimportant,

3,6: SUMMARY AND COMMENTS

We now have the kernel, K(q), for all values of
q (except q 2 kp, which is a region of no interest). We
may consider separately the regions q > p and g < pu, where
p is given by Eq (3.8)

B o= kT ri—- (6.1)

i.e. TR 10t ™! (6.2)

The region q > p is relevant to calculation of
the pemnetration depth, as measured in static and microwave

experiments, and allied quantities, The behaviour of K(q)
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in the limit q — o describes the law of field penetration
at large distances within the superconductor - that is, it
describes the qualitative nature of the M-0 effect,

For q > p, the lowest order in our perturbation
gcheme gives the kernmel in a completely satisfactory manner:

xtw)--%fr?; ' (9&%“""’) mg-] (6.3)

For q < p, the lowest order calculation gives the
result (3.31)

K = - G + etz ; )3 (6.4)

dl‘."

A -
L |

However we saw in section 5 that an extension of the per-
turbation scheme to higher orders indicates that the London
kernel
K (q) = - = (6.6)
q
is the appropriate result for q < n,
The kernel described by Eqs (6.3) and (6.6)
above has features which differ from the pure London kermel
in the manner anticipated by Pippard (p"’ being Pippard's
"coherence length"). When treating penetration phenomena,
the so-called "London penetration depth™,
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...‘/z
S (Ei;—é) (6.7)

must be replaced by a penetration depth d,

A

L giﬁjf . S
a -#x(ﬂ’ )1/3 tas=(nn) + ... (6.8)
A

with 2
e B % m (6.9)
r =
= %— X m—c X (6.10)
. kr

E!ho calculation of d, for specimens of size R > > d,
follows the course outlined in section 1.3.]

This expr;ssion agrees well with experimental
results, For example, the experimentally measured penctration

depth at absclute zero, d,s for tin is

do(Sn, expt.) = 1.8 Ay (6.11)
(London interpreted this fact as implying that 30% o of the
electrons were superconducting at zeroc temperature), Sub-

stituting the relevant parameters for tin in Eq (6.8) gives

aots::, theoret,) = 1,8 AL (6.12)
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E point worth noting at this stage is the
following:~ the kermel calculated in lowest order remains
finite in the limit q — o (Bq (6.4)). Comparison with
the discussion of section 1,3 shows that there will be a
small residual field at great distances inside a specimen:

2

This is in contrast to the complete field e sion of the
kernel (6,6). However, experimental difficulties due to small
locked-in ::?oﬂ.o fluxes are such as to make a dgtection
of thoos:f ct (6.13) extrem difficult if (p,)”' is greater
than 1 em (Casimir 1958). t is, the kc:me.'l calculated
in lowest order (Eqs (6.3) and (6.45) and that found in the
limit of infinite order (Eqs (6,3) and (6,6), are from an
experimental point of view indist shable, There remain
significant differences in pr:lnciplo.i

An experimental test as to the nature of the
kernel at large ¢ is provided by measurements of the
magnetic susceptibility, X , of a very fine-grained
colloidal suspension of superconducting material, The
kernel (6,3) and (6,6) anticipates that X is given by

(May and Schafroth, 1959)

=
-’:—f: = 0,0108 F:‘?’;— <1+ (9(‘—;*33’—)) (6.14)

Here X, 4s the susceptibility corresponding to no field
penetration at all, and <E®> is defined by

o R P(R) AR
&R ) " J . (6.1
J f"(R) AR .15)

with £ (R) dR being the number of (spherieal) particles
with radius between R and R + dR, The expression (6.14) is

in contrast to that obtained from a pure Londen kernel,
which predicts



&9 -

3)-:'; --}5 35, ( + O (( ) (6.16)
Experimental results for X )  (Whitehead 1957)

are consistent with the (B/d)3 dependence of (6.,14) and

not with the (R/d)? London result, This fact gives rise

to an experimental paradox : experiments on macroscopic
specimens ( R >> d ) imply that 4 (T) varies like

[ - (/7 )4:1 ve , whereas experi ents on microscopie
specimens imply a [1—(!/1‘ 0)4’] - variation, This
conflict of results (which does not arise if experiments

on colloids are interpreted with the London kermel) is as

yet unresolved.



- 92 =

APPENDIX A : CALCULATIONS FOR @y IN 3.3

D)
b

The coefficients a.g”, az(’fix:ﬁd ‘bz(”, defined
by equations (3.23) and (3.24), are calculated in this
appendix, In evaluating integrals arising in the Bogoljubov
theory, we may utilize the fact that the dominant contrib-
ution comes from the Fermi surface: i,e, we replace

g /2n kdk by § f « Also, in general, we replace

the phonon energy W(g-y) by an average energy, wW ,
with W << Ep.

The coefficients are calculated under the
assumption that f is small, compared to unity : in getting
final results, quantities of order

Lon &l 5 K oew() Ll

J

m|g;

,\
g

(4.1)

are ignored, compared to unity.

(1) 30(1)11’0(1):

'Pirst, for the 12 coefficients, only terms of
type (i) (see 3ection 3) . need be considered, By an
earlier argument, exemplified by (3.13), we get immediately

(1
a

o

- 0 (102)

(1)
A variety of terms contribute to 'b. ¢ these

we have evaluated, It is found that, for various reasons,
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many may be neglected as being smaller than the leading
contribution by factors of at least % ﬂn% or ‘fexp(-,},.)
(ef, A.1).

The Bogoljubov formalism employed here leads to
the following simplications:

(a) The choice of the parameters u, v and p, A such
that “dangerous™ graphs compensate means that all graphs
with either two fermions or two phorons (only) in an inter-
mediate must compensate, to give zero contribution

(b) Due to renormalization of phonon energies, graphs
which contain internal phonon self-energy lines (e.g. fig.
11(a)) give contributions smaller than the leading one by
factors of at least &/E;, (cf, Bogoljubov 1958(b) ).
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Most of the remaining graphs (e.g. fig. 11(b))
contain four distinct fermion momenta (k, k', k", k''')
related by the requirement that

k"‘!!"” - 51 +§n (A.B)

The other graphs contain not more than three distinct
momentum indices, being of the type illustrated by figs.
11(e) and (4).

It is found that contributions from graphs of
type (d) differ from those of type (c) by factors f}r exp(- '7;)
they are therefore ignored,

We now calculate the total contribution to 'b:”
from graphs of type (c)(containing fermion self-energy parts):
the terms exemplified by (b) are then shown to be smaller
by factors of at least w@/Ey 1n (GJ’ /lg.

Collecting terms of type (c), we get

4y (b &) (uv+u'v) (/“*")2(/"*"'):

L[] = %( (& Sdksa
©) ’\'k k” (w +& + &’
N)ﬂ‘\’
(uu v ")Z
A """)3(5:5‘9 (‘w 5 Xze‘fnl-wq-*“ 5) (4.4)

] U
(u,v + -u-)
@) eeaE ‘e%a?)
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~ a\.(‘)
(where ¢ means 3 (k'), and so on), Utilizing the

r?m;.rks made at the beginning of this appendix, we have
1
J , to the approximation (A,1), as

- of ||| et @)
oo 0 (w+_(+§)3 SlIGT ! A

w w

(@)@ gy

This expression reduces to

(1 2
[bo )] -§- (1-1n2) (A.6)
(e)

We have yet to show that terms of type (b)
(containing four ((l:%;tinc’t fermion momentum indices) give a
contribution %o bo which is smaller than (A.6) by a factor

w /lr 1n kw/kﬂ Qualitatively, this may be understood as
follows: in general, the energy denominators are of the form

Wk + Elx) + £ (&)
and have a minimum value, of order W , when

k| = k. ( i 0(%)) (A.7)

~

1] = ke (14 OCE))
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Consequently, when we come to integrate over fermion
moementa, the dominent contributions cccur when all the
momenta have moduli of order k?' At this stage, the con-
dition (A.3) imposes a limitation on graphs of type (b) -
if l k' | l k" and , k"" be chosen to satisfy (A.7),
only a fraction of those k allowed by (A.3) will aatisfy
(A.7). Moreover, since this fraction is roughly w /Ir o

it is not surprising that a quantitative evaluation of
these integrals leads to a contribution to bo(1) which is
smaller, by such a fraction, than the contribution from
integrals without a constraint like (A,3), As a guantitative
example, we consider the graph described by fig. 11 (b1) :

e\/ g <Zﬁ@51 +Ail . "f;
L b &) & sz );, = aleicd (4.8)

va)ﬂp )a/

(5" Ktk k)

u i L7

(wv'+u' UV u"v 9 CCRSTAVY CRUER Ry

(w+’g"+2’ )’(9’4-1.«/ PE4s JUSE +£’”)

That is, replacing sums by integrals in the customary fashion,

(4] = ip m A4 A2 A 2"
(bl) (egeq )3(a>'+w+f+f)
| 2 .
2 by wfa o
where

f = fr{'+ 4"+ Eﬁé'x'—x’{xﬂm %ﬂ)

(A.9)




. a

Finally, BEq (A.9) reduces tc

B)) ) pumond- .zaﬁjj ey AZ L 2 & ()
[b° ‘](51) 2 f 0”0 (“’ '“f*‘f)S &

(A.10)

(A.11)

2 A A~
-2 P (Fug) ..

wihich justifies the remarks above.
Hence, colleciing all terms but neglecting relative

orders 50'/1, 1in (‘17/1!) and Jf exp(‘ '/)«;) . b‘(,” is
found from Bq (A.6) :

) 2
=4 (+-1m2) p (A.12)

(1) (1)
(2) sz E bz :

Fow we must consider texrms of the gemeral type (ii)

and (iii)(whose leading terms are proportional to —!-) as
well as the second order terms in the expansion o:t type (1)

in powers of (-3»). We can pick out certain terms, of type (ii),
which give a contribution larger than others by a factor of
(at least) '{ . These are the so-called ladder graph terms,

as illustrated by fig. 9 (b) and (d) - but not by (a) and (e).
They are characterized by the fact that each alternate energy
denominator contains no phonon terms (see e.g. equation (A4.17)
below), They do not contain either fermion or phonon self-
energy parts (such graphs are found to give contributions



oy

smaller than those due %o ladder graphs by factors of at
least f (fermion self-energy) or /]‘.! (phonon self-
energy))s nor do they contain the process whereby a fermion
pair is aunihilated and re-created by a phonon (these have
been found to differ from ladder graphs by factors of at

q w
least m - !;)o

An important property gz)t graphs of type sii) is
that their contributions to %B "(q) and to zﬁ) (q)/ 2
Q)

(1) n
J"é (a) and '?,. (a) / 2 say are
B ii g /
equal in magnitude, but opposite in sign, This may be
proved as follows:

In these graphs, the matrix elements for the two
0
12 operators contain different momentum indices : such is
not the case in types (i) and {iii), The consequent

1

Ej"é )(q) assumes the form
== 5

b

@'ég (a) g (,k k'~ 3 )f({kl ks [5'[ 1K' 00)
5)}" (-‘113)

Writing
(5.5.) L iz {(5.2}(&' .E') + (yg)t(i'xﬂq’.)} (‘.14)

(A.13) reduces to
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[J'Ch)(q) --Z .(mu;_m%(m o2k 0)  (A15)

k k'

i.e,
(1 1
[Jf'é )(q)] - - [A}‘ ’ (q)/qa] (4.16)
B ii -

Thus for terms of type (ii), there is no need to find 12(1)
and b;” separately.
Now we calculate a typical member of the ladder
graph terms, mnly that corresponding to fig. 9(d). The

1
contribution to 'b2 fhis graph ([», ] o+ o ) 1s

(e9'g) [ &Y/ &
L_[buﬂ E( )A.Z ’:‘k @5' (R Vj d ¢ fx/ykczf ;:—2

kl’ o

Mﬁrav

f,m)‘)(/,( ,\)“(uv+uv) (u'uv? “)2' -
a?’(w’+2’+?’9(a2 Ry v A

We now replace sums by Meyala in the uswal mamner, and
I~
perform the :ln‘tegration over 4; (noting that “n W/ =¥ )
/

C] =5 f lf (,:Lf %), Trey™ ){,...7 4@3’}
x{j—;- -l-('en-?--' + %A({'?f__’"y’))"'@(e 2}1.18)

- ;E f?[l+ ﬂf)] (4.19)




Summing over all ladder graphs leads to the result

[ (1)J m:' -1 f [H (9@9)] (4.20)

L,.G,

The fact that this result is of order f s rather
than P 2 s is a consequence of alternate energy denominators
containing no phonon contributions: the ensuing intermediate
state denominator 2'(;') + é" (k) in (A.17), for example,
then produces a factor '/f o« It is thus easy to under-
stand why the remaining terms of type (ii) (such as fig. 9(a)
and (e¢)), which do contain ph(mona in the intermediate state,
are found to be of orderf EM: this stage, it is also
easy to verify the remarks made on page ¢/~ 98 relevant to
graphs which differ from ladder graphs by containing fermion
or phonon self-energies, or the annihilation and re-creation
of a fermion pair by a phonon, For example, to find the con-
tribution to bz‘ of the graph illustrated by fig. 12,

k
.
30 )

we make the following alterations to Eq (A.17):-

(1) (uu"—vv")-—-)(uvmv)(uv-mv_})

Fig.12

where u' means u y etec,,

+ E' ‘yz
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(11) @(@x'x) — & ¥ (q)
(114) (F'+T"+ & w27) — (¥(g) +2?)

The alteration (ii) produces a factor of order q/kr s and
(i) together with (iii 1:)!. factor ‘-A“:"/‘J , resulting in a
nett contribution to bz which is smaller than that for

w q w ’
the true ladder graph by a factor %'_U-P .g.

Contributions to b(” and a(” also come from
type (1) graphs, by expanding the matrix elements for 31
according to (3.6). The resultant integrals are similar to
those for bgﬂ, except for a(:%.ctor of the form ¢/ (024-1 2)2.
Inspecting the results for b° s we find that introduction
of such a modification produces a factor exp(}l); thus,
within the approximation defined above, (A,.1), the contrib-
ution from type (i) terms is negligible. '

Finally, type (iii) terms, which are proportiocnal

to the energy corrections of order Y", are of the form

f J {A; (ghcg ) (A.21)

(1) (1)
That is, the consequent contributions to b2 and a, are

proportional to jD 2

Uging all these facts, and in particular the
equation (A,20) for the ladder graphs, we get the results
(3.27) and (3.28).
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APPENDIX B : EVALUATION OF AN INTEGRAL,

In this appendix we evaluate the integral (4.1),
pertinent to the magnetic response at large q. That is to
say, we calculate

Jf 0y L
e i f(yu)n Tl | YRl (g g

in the limiting case of o < |
First, we note that, putting § = 0,

- >
I (0) = S d.vj ax (3x V) (B.2)

i,e, I (0) =0 (303)

A direct expansion of (B.1), as such, is difficult:
we find it easier to expand the derivative of I(§ ) with
regard to O ., Since the constant term is lmown, (B,3), I(§)
is thus obtained,

Introducing new variables of integration :

s=y+Xx
(B.4)
t=y-x
(B.1) beccmes

3(;-4)" l) 2
har it As " st+b
I(5) ["(’J § J ]ﬁ 1o { YO Nt s (B,5)
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Then, differentiating with respect to §

ar(s) ....-2‘5 J (B.6)

ds
where, for convenlence, J is separated in three parts:

266 B
U:“J “a" d s&?q-’fﬁ'-_sﬁw
{3 6“5)(5 T TswsLews z ‘)}

Edsﬁ‘m— ﬂf‘f T 5z+ﬁﬁ(sls¥5535%&§ t? %:59 lﬁa}

[ MJ (=32) 8
e 53655

|
Jd. = — fdij a(fb
3 2 o J-s  EEHEET) R e s
From (B.6) it follows that those terms of J which are regular

in 4 give contributions to I(§ ) which are, at most, of
order $2 - this order we neglect, Thus we confine attention

to those terms in J‘, 32 and 13 which are singular in the
limit & - o.
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In J, and J,, putting d =0 gives rise to, at
worst, logarithmic singularities: these are then separated

out, to give
Jy==121n & + (terms regular in & ) (B.9)
J, = 2in & + (terms regular in & ) (B.10)

A more detailed treatment is required for 33,
which has a stronger ( 3'1) singularity, Performing the
integration over %,

3 _ o i 1/2
Jy==6 as 1n ({8280 (B.11)
s(s%+ §2) 6
°
This may be expressed as
[ o )
6 dr 1 dr 2 1/2}
J'3 = - g- ? ln( /I‘) - —217'? 14+r ) (3.12)
.  r(14x°)
=54 5 i
2
= - %’-i— -6lnd® 4 (torms regular in & ) (B.13)

Thus, collecting together the expressions for J 10
J2 and J 3» e have

%ﬁl -1’8‘3 +851m 5 + O0) (B.14)
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Using (B.3), the final expression, used in (4,2),
is now obtained :

1(5)-1533{“3%31:134»@(32)} (B.15)

A
The simplification of equation (4,3) for G(”(q_)
is carried through in a precisely analogous manner,
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APPENDIX C : CALCULATIOFS FOR %4 IN 3.4.

(1) (1)
The guantities ‘KB (q) and ng (a)/ ng
defined by (3.,20), are found here in the case of q >,

To illustrate the arzumsnt, we begin by o by evaluat-
ing the contributions [ R (q)_] [ﬂ (q)/q] '

from the ladder graph shown in fig. 9 (a).
‘:‘V)/l --[#)]

i =2
Reijual (&YZ (A’:-t)(bﬁ'y 3237")(/‘ > )ZG“ AV “x

(u v;,+u Vi UL LY L{u" fw}fx e .'\1‘%4_ _—Qq)(tl; v,
@ +2Xw+ﬁ5 XE+2'+’€' z )@ +’£_:+ ) sy,

/
w means U,

+ ]

We now replace sums by integrals, and mske the

y and sco on,

4
change in variables ‘; =y Cy y and 2'32'\“ kqeos O =

=k q x, ete, Terms of relative order (’:—1) | are ignored:

this corresponds to taking the normal state values of u and v,

In such case, the presence of matrix elementis (u*v_ -u_v+)
amounts to the requirement |x| > |y| o while the occurrence
of (wu_+vyv) implies |y| > [x|. (C.1) now

becomes



(c.2)

AR.

J JJ f x(xﬂ: X1+x“) (A+x 1;1"“7XA+I"%M){£Z1)

vwhere

Q&

A (c.3)

m
- X
q

E'valuation or (c.2), and all other integrals
associated with #65'1)(q) andj, )(q)/a°, is simplified

by considering two regicns of g values separately:

(a) pE>al(>u) (C.4)
AD>

(b) b 8< a <Xy (c.5)
/\LI

Region (a}:

Equation (C,2) becomes

[é1>(q;/qﬁj . -r-[f( (q)] -Tg_,f {u@(%)} (C.6)

2 2
where I is a numerical constant (I = T;' {1-0-111112—6(1112) - -’é } ),

A similar result holds for terms of type (112 in general, so
o, (1) R
that for these terms, both J{B (q) and g; (a)/q“ are
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1 2
proportional to ? f .
I% is readily verified that when terms of types
(1) and (iii) are calculated, by a procedure analogous
to that for the example just given, they give contributions
to J\{r:)(q) and ?fi)(q)/qz which are, in essence, of

the form _
' x
4

- 6 =
/5' W R ; AT M
9 = : G -
0

—J}a;'?(f/)‘ v

— —

(”!hus for A > 1, the contribution of these terms
tc /5, (q)/qz has a leading component _I_._’ f 2. while
q

(1)
their contribution to %B (q) is smaller by a factor 1/A .

To summarize, in region (a) we find by adding up

all terms,
N R o7 1
o}dn () = 07 ?f 1+67(/A)) (c.8)
(1) L A2 1
,5/ (q)/qz = 0*2 ? f (1* d ( /A )) (C.9)

where o, , O , are numerical factors



Region m 2

Returning to equation (C,2), we find that for
N <1 it becomes

(1) (1)
[ (Q.)/qa - - xﬂ (q)

2 2
= (numerical conatmt):%f N\ (14'(9( Aln A )) (c,10)
q

Besults of this form hold gemerally for type (ii)
terms, in the region (b) : they differ from those for
regior (a) by factors /\2.

FPor type (1) and (iii) terms, the form (C,7) may
be simplified, to get a contribution %o ,9/(”(:;)/:1 which
is again 1ike (C.10). However, the con'tributim ".'o (1)(q)
of such terms is seen to be proporticnal %o ;'Z f’ N\

that is, it is larger by a factor 1/A than contributions
of type (ii).

Cellecting the above results, in region (b) we
have

(1) 2
L
‘%3 (q) = 0‘3 ;g f N\ (1+ (¢ A1n A )) (C.11)

(1) Tt N
‘9/ (Q)/qz -U“?f A (14—(9(/\1:1/\)) (c.12)
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where 0“3. g, are again numerical factors,

Hence the result (4.8) follows

a1-°"//\ (10@((\111/\ ) ) (C.13)
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APPENDIX D : CALCULATIONS FOR a4 IN 3,5.

We now extend the procedure of Appendix A %o
evaluate the coefficients ao(n), az{n), bo(n) and ba(n)
in nth order of our perturbation scheme, This task is
greatly faciliated by the calculation for the case of n = 1 :
most of the remarks made there may be generalized to
arbitrary n.

(n)
(1) 8 :

It has beer seen earvlier ( (3.13) and (A.2) ) that
the —! term in both E_B(”(q) end J‘lfB(”(q) hag a co~
q

erﬁ:(;ic;nt zero, This property holds quite gemerally, for
n
xB (q,)o Thus

Du D (g g} £000) 0.1

P

= 0 (D.2)

(2) bo(n)'

Only gra of the general type (i) need be con-
n
sidered to find by . From the definition of FC™)(g), such

graphs will be of order Y2(2*1) _ 4yt 4s, they contain
(n+1) intermal phonon lines, each accompenied by a factor 32.
Thence, on replacing sums by integrals, a ra.m.'o:r."JQr""'1 arises,
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Most of the possible graphs may be neglected,

for the reasons detailed in dealing

with the case of n = 1 :

they give contributions smaller than the leading one by

factors of % 1n (g) or 1/f exp (

=Y/ P )e As before, there

remain graphs (containing fermion self-energy parts) which

lead to a result for b‘(:n) differing

numeriecal factor (e.g. %
the equation (5.13).

(n) o (n),

(3) 2 o&

22

(1-In2) for n = 1),

from fD“*‘ by a purely

Hence we get

We first consider type (1i) terms, which give
contributions %o aa(n) and bztn) equal in magnitude, but

opposite in sigm.

The contribution from a typical ladder graph in

nth order {as illustrated in fig,

ks

may be written as

) (k'g)

3 )

k -
':" k' §
' Fig.13.

3‘0

L&) = (i)Za‘

K
ey gt () Ot

ki’ g,*

X ek )"

- T

X.lz.(w_‘_ Z *'?X‘?‘Z +22'Xw+ Ei“'z"":g) - "( w f-?i-?*- 2%2’ 22-)

(p.3)
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Making the uswal approx:lmtionn, this reduces to

e ¢ A€ ¢ ot
DE"‘-, @-‘"ﬁfé 4-{‘)‘i C+$ 1t +f +,/C +§""

D.4)

. @)
jdfjdf“f (w-o-ZJ-?X?’-JZ‘)---- -(3'+Z‘X"+z¢2'42?)
Performing the integrations over ‘f1 g — g . s One by

one, and keeping only the most important terms, we get the
direct analogue of equation (A,18),

[bw._l ’(P r(/fL)%J (Hy'z) (D.5)
i o)

¢« =t p (+ Otp) ) (2.6)
&(4)

Summation over the similar contributions from all other ladder
graphs now introduces a factor, which is of order 41“1 : thus
we have that the comtribution of the ladder graphs to b, (™)

is P @09)) » up to some purely numerical factor,

As in the case of n = 1, all other possible graphs of type
(1i) give contributions which are smaller than those due to

ladder graphs by factors of at least f’ *
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It is easily seen thattype (i) contributions
are at least of order P net energy denominators of the
type which give rise to factors '/p in the ladder graphs
do not occur in type (i) graphs. Also, the argument used
to show that for n = 1, type (iii) terms are proportional
to P 2, is readily extended to show that, in general, these

terms are of order §£ -l

Thus the lowest order comtribution to ay™) and
hz(n) from type (ii) terms is proportional to f , while
that from types (1) amd (1i1) is proportiomal to p ™*1,
The relation between the coefficients valid for type (ii)
terms may then be utilized, to get

(n) (n)
b =-a (14» (9(}’1‘)) (D.7)
2 2

These results now give (5.12) and (5.14). The fact
that they are indefinite up tc purely numerical factors does
not concern us, as the essential feature which is needed is
that az(n) and b (n) remain of order f (being equal but

" n n+1

opposite in sign), while by iz of order f .



CHAPTER IV

PAIR CORRELATIONS IN THE

QUASICHEMICAL EQUILIBRIUM THEORY
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4.1 ¢ INTRODUCTION

The quasichemical equilibrium scheme is an
approximation method for evaluating the partition function
of a system of interacting fermions, It consists of treating
statistical correlations exactly, but neglecting dynamical
correlations between more than two particles; it is thus
an extension of the Bloch free-electron theory when applied

to metals,

The thermodynamic properties are obtained in the
form of an equilibrium between the fermions ("atoms™) and
diatomic "pseudo-molecules", the latter obeying something
like Bose statistics, Under certain conditions there is a
singularity in the partition function - that is to say the
thermodynamiec properties of the system undergo a transition,
Below this transition point, some of the p“udo—noloouios
will undergo a form of Bose~Einstein condensation, producing

a superconducting state (cf, Schafroth 1955).
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Any attempt at a detailed study of this system
requires a knowledge of the eigenvalue spectrum of the
"quenched 2-particle U-matrix"™ which is defined as follows:-
The 2-particle U-matrix between the pair of fermion states

ki, k, and the states ki, k, is

L -aH -an -
Uk |Up[kky > = <kEple -e Kk, > (1.1)
where H is the 2-fermion hamiltonian, complete with inter—

actions, and H° is that for two free fermions, The Fermi

stotistics of the system introduces "quenching" factors,

a(k) = 1 (1.2)

(with p the chemical potential) to give the "quenched

2-particle U-matrix", U, ,
1/2 /2
~ ] T . ] 3
ke[ Up |1y k> = q(k1)q(k2):l ﬁ,kzlvglk#?E(k,)q(k )
These quenching factors, which appear as a consequence of

the basic assumptions of the theory, are what one would

expect on physical grounds - the Pauli principle forbids

(1.3)
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any fully occupied state to take part in a correlation.
The eigenvalue spectrum, u,, is now obtained by bringing
the 'fr'z matrix into diagonal form:

Ny e wlrs (1.4)

Moreover it may be seen that if symmetrized and anti-

symmetrized eigenfunctions are introduced by writing

<k1kal o >-;—_§I<Ek1k2] o> +‘{—_;-.<{k112}|o'> (1.5)

<leykp] | T > = = <[] | o >3 <{kyky}lo >=< {kpllo>  (1.6)

then only the anti-symmetrized wave functions contribute to
the partition function,

The grnnd canonical potential, Q y = from which
all other thermodynamic functions may be derived — may now
be written (Schafroth, Butler and Blatt 1956)

alp=-&,)
S?_-—kTZlnh-e k)
k

2ap
+kT 2 1n(1-e u, )
a-
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( “'k is the energy, and .ap the activity, of the free
fermions),

This grand cancnical potential contains a
singularity, and the system undergoes a phenomenon similar
to Bose-Einstein condensatim'), if and when the largest
eigenvalue satisfies the relation

.2ﬂ+l max(u o ) = 1 (1.8)
Two cases may be distinguished:~ If the correlation matrix
is negative definite ("purely repulsive"), then all u, < 0,
and there is no transition: on the other hand, if at least
one eigenvalue u g4 > 0, then for sufficiently large values

of exp(2ap) a thermodynamic transition does occur,

%) Phe proof given by Schafroth, Butler and Blatt that the
transition is identical to the Bose~Einstein transition has
been shown to be inadequate (Blatt and Matsubara 1958(a)).
While the existence of the transition remains unaltered, the
nature of such a transition camnnot be inferred from Eq(1.7),
which ceases to be valid below the transition temperature, !c.
Although the actual evaluation of the partition function
below !c has yet to be performed, plausibility arguments
indicate that the condensation is in all respects similar

to a Bose-Einstein one,
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It is thus clear that a computation of the

quantity Tl,
= 02"'“

Yy max(u . ) (1.9)
is of particular interest, Such a calculation, in conjunction
with Eq (1.8), gives both a criterion for superconductivity,
and an estimate of the superconducting transition temperature
in terms of the m}r-oleotron interaction parameters,

The actual interaction between electrons in metals
congists of a screened Coulomb repulsion, together with the
partly attractive Friohlich interaction due to phonon exchange,
Since calculation of %'2 in terms of this interaction is
intraetable, we employ model interactions, which contain the
essential features, to investigate max(u . ).

As has been seen, the prescription for obtaining
AU'Z congists of

(1) first calculating the pair-correlation matrix, U,,
by use of the total and free-particle hamiltonians (H and H))
for unquenched electrons,

(ii) then finally multiplying by the statistical quench-
ing factors to arrive at 3'2‘

The ensuing results, for a variety of model inter-
actions, all indicate that this straight-forward calculation
of the quenched pair-correlation matrix is not adequate, and
leads to unphysical results, The trouble stems from the fact

that we have first considered the electrons without any
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gquenching effects (step (i)), introducing such effects
only as a final stage (step (ii)).

What is required is some form of self-consistent
evaluation, which at no stage refers to unquenched electrons

in the m.’talc
It should be noted that the failure to provide an

adequate formula to calculate u , does not affect the
validity of the thermodynamics of the quasichemical equili-

brium theory (e.g. Ba(1.7)) : the thermodynamics involves
only the spectrum u, , independent of its mode of evaluwation,

Section 2 contains an account of the simplifying
agssumptions and formalism which are introduced in order to
study Yy. This maximum eigenvalue is then obtained for some
particular model interactions in section 3, Finally the
need for self-consistency is discussed in section 4 : it is
stressed that before a quantitative theory of superconducti-
vity can be derived from the quasichemical equilibrium
approach, we must

(1) derive the correct expression for the partition
function below the transition temperature, and

(i) provide a self-consistent method of finding the
quenched 2-particle correlation matrix,

Both these problems are as yet unsolved,



4,2 ¢+ EVALUATION OF THE MAXIMUM EIGENVALUE,

In order to study the eigenvalue spectrum, and
in particular the maximum eigenvalue, of the quenched pair-
correlation matrix, the following simplifying procedure 1s
useful,

Particularizing to free electrons in a cubiecal box
with periodiec boundary conditions, the states k of the free
electrons are described by a wave vector X and a spin
variable s, Furthermore, we only consider translationally -
invariant interactions, so that U, conserves total momentum,
Hence, introducing the centre-of-gravity mementum K., = X, +
+X, and the relative momentum k., = % (51 - X 3)y we
have

L. f ¢t S . |}
iylep|Upkqiip> = eqpmymy|T5(Ky ) |Kgpmqm> & (KypKyp)  (2.1)
The eigenvalues of ffz may now be written us(Al_C), and derived
from the equation

Z g %'2';";'&2(5),512’132> =

1 1

|
Xq20 8482 (2.2)

= ug (K) B | ky048>

where S represents some form of "intermal quantum number"
for the molecule, The eigenvectors of 'ffz, appropriately
anti-symmetrized, have been written as
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<5 1lgkp]> = (X 44 X KI<ES | kg po 4> (2.3)
with
KB k848> = = KS|kpmp8 > (2.4)

Going to the limit of infinite volume, the
spectrum ug(K) is derived from the integral equation

Z A ;éxs(g';’;’@";“;ﬁzml?ﬂz} e
8132
- g0 §_(my3y) (2.5)

The eigenfunctions of this equation, ¢IB y have the usual

properties of orthogonality and completeness. They may be
interpreted as the wave functions (in momentum space) which
describe the pseudo-molecule,

At this stage we particularize to consideration of
the maximum eigenvalue, and furthermore we make the
assumption that this meximum is achieved for the centre-of-
gravity momentum, X, equal to zero : i.,e., we assume

max [“3(9] = max [ua(t))] (2.6)

Ehis assumption is demonstrably valid if the 2-particle
interaction can be separated into a centre-of-gravity and a
relative momentum part : evem if this is not the case, the

assumption is still in general a reasonable one,

-
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Also we assume that the electron-electron inter-
action is spin independent : this is indeed the case for
the screened Coulomb and Frohlich hamiltonians, This
assumption eliminates the sum over spins in the integral

equation (2,5).
With these two assumptions, the quantity Yl
(Eq(1.9)) is obtained as the maximum eigenvalue of the

integral equation
Js,k'xm,-z K'aysp) &) =7 $x (2.7)
with the kermel

2 1] L]
I(_.Ea.'zalg's‘az) = n(l:)okzt {G(p132|g 848,)-G (ks s, |k l.'sa)}x

g (2.8)
x ok ® n(k')

The functions G and Go are defined in terms of the total
and free-eclectron hamiltonians describing the relative motion
of unquenched pairs (Kr and H, ) @

G(y.'szl,k: 848,) = <ks,s, | e:a"r '2"1'2> (2,9)

1 H 1
N S I R W (2.10)
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E:n deriving Eq(2.8), use has been made of the idemtity

n(k) = 1 e 1 = g(k) (2.11)

a(E
o k‘“)-ﬂ

%, which differs from the thermal wave-length of Chapter I

by a factor Yix' s is defined as

2 a

with m the electron maJ
We now make a Legendre expsmsion of G(k , 15')
(forgetting the spin indices for the moment) to get

ol
6{k,X') = _2- (2141) G (k,k' ) P, (cos ©-) (2.13)
1=0 kk '

with ©- the angle between the vectors k and ,15'. Using
the addition theorem for spherical harmonics, we may rewrite
(2,13) in terms of the polar coordinates of the individual

voatorsgnndg' :

8 i (k') .
G(‘E.‘k_')l 4"2 El_k‘k't_ Yln(o)¢ ) Yl'ﬂ( 9) ¢’)

1=0 m=-1

(2.139

A precisely analogous expansion may be writtea down for the
Fourier transform, G(.E' 3' ) )of this function, In this way
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the 3-dimensional integral equation (2,7) for Y may be
reduced a set of 1-dimensional integral equations, with
eigenvalues 'fl corresponding to Rach value of 1 :

00

4n j ax'E (k') P06 )= ¥y P, () (2.14)

(0]

The eigenvectors ¢ (_g) have been expanded into "partial

waves" in the usual manner

ol
' §,00
¢ (k) = % (2141) —2— 2, (cos 6 ) (2.15)
k
1=0

Finally we observe that the calculation of
G, (r,r'), and thence G, (k,k') and K (k,k ), may be facili-

tated by a result derived by Blatt (1956) :
o0
_ 2

. 2K A
(o]

The functions ‘+1(I,r) are obtained from a Legendre
expansion of the eigenfunctions of the hamiltonian for
relative motion: that is

2 2
-g.. giki. + E(r)-&—]*&;lﬂ— #/1 -I(I)+1 (2.17)

where H:r has been writien
2 2
H, = - -E— YV  + V() (2,18)
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These functions '4« 1(x,r) are required teo satisfy the
boundary conditions

V1(Kx) = 0 for r =0

(2.19)
—  sin(Kr- 7 + 31))101:' Kr>>1

(with O, being the asymptotic phase-shift for the l-th
partial wave), The above expression (2,16) is invalid if
there exists a solution of nr corresponding to a bound
state - such is not the case in any model pertinent to

superconductors,
A Fourier transformation of G(E'E') leads to the
result °°_ 2.2
1 2 1
G'l(kok ) = 3 Jo. daK +1(xsk) '+1(I.k ) (2.20)
with "

1/2
Y1&x) = (B I (er)3y Ger) 1(Kr) ar (2.21)
0

jl(kr) being the spherical Bessel function of order 1,

Thus we see that, under the assumption (2,6), the
matrix elements of 'fi;(g-m are obtained by first using the
relative motion hamiltonian to get wave~functions for the
electron pairs: thence the unquenched correlation matrix
is comstructed by use of Eq(2,20), and the quenching effects
are introduced as a final stage in Eq(2,8)

res——
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As has been pointed out in the introduction,
we are obliged to use model interaction hamiltonians %o
study Tl s owing to the intractable nature of the actual
hamiltonian for electrons in metals,

The assumption that the interaction is spin
independent has been justified above : thus the effects
of electron spin enter only via the requirement that the
eigenvectors of the U, matrix be anti-symuetric, For pairs
with opposite spins (and therefore singlet spin wave
functions, which are anti-symmetric) the wave functions
¥(K,r) must be symmetric; i,e, for amti-parallel spin pairs,
the sum over 1 is restricted to even integers. Similarly,
for pairs with parallel spins (triplet spin state), the sum
over 1 is restricted to odd integers,

Moreover, since increasing 1 corresponds to an
increasing centrifugal repulsion term in the relative
motion hamiltonian (ef, (2,17)), that is to an inereasing
repulsive contribution to the pair correlations, we would
expect the maximum eigenvalue of %’2 to be achieved for 1 = 0,
Thus our attention will be focused on the 1 = 0 partial
wave, [—_!'he above arguments lead to an identification of
the superconducting state with electron pairs of opposite
spin -~ this is in accord with the basic assumption of the
BCS theory. Also we observe that a gas of charged spinless
bosons exhibits superconductivity below its transition
temperature, ‘!o, while bosons of spin 1 give rise to ferro-

magnetism with a Curie temperature T 6 — the fact that this
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latter phencmencn wisb@l is comparatively rare is in
harmony with our uaunpt:lonsj

To approximate the screemed Coulomb repulsion
together with the Prohlich interaction, we use a potential
V(r) which has some form of repulsive core for small r,
but which is attractive at larger distances,

By using a Born approximation to generate a trial
solution for use in the Friedgyman (1949) veriation principle
(see Blatt 1956), a quite general criterion may be given
for the occurrence of a positive eigenvalue correspeonding
to the partial wave 1 = O, Characterizing the potential by
ranges (r+,r_) and heights (Y’,Y_) for the attractive and
repulsive parts, the criterion becomes

Vr, >Vr (2,22)

This result is derived by observing that a sufficient
condition for 'ffz %o have at least one positive eigenvalue

is that
Trace ﬁz >0 (2,23)

It is to be noted that the requirement for a positive
eigenvalue is qualitatively weaker (for r w>T.) than that
for a bound state — the criterion for a bound state has
the general form

Y*r*z > V_r__2 + ‘hz/m (2.24)
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Blthough the prescription given for finding the matrix

elements of ’5"2 is found to lead to unphysical results, the
eriterion (2,22) remains valid : there is no need for
self-consistency if we restrict ourselves to diagonal
elements in an "improved Borm approxination"]

The specific model which is considered in detail
in section 3(a) does not possess any repulsive core :
however, it is easy to see that the unphysical results
obtained are not qualitatively altered by the introduction

of such a repulsion,
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4.3 : RESULTS FOR SPECIFIC MODELS,

(a) A "Separable Potential®,
If we consider the general form of Schrodinger's

equation,
(T+V) Y = E ¥ (3.1)

then those V-functions which can be written as
V¥ = g(r) Js(;;') ¥ (z) c,l_,r' (3.2)

define the class of "separable potentials", Such V-functions
are not really potentials in the strict sense : they
represent some form of velocity dependent interaction,
As a model interaction, we take a particular
member of the class of separable potentials, given by
~Ar 5 23

gr) = 52—, o -—’12—,’“— (3.3)

Qualitatively, this poton?:lnl represents an attractive
interaction with range A and "strength parameter" B,
(It may be shown that B > 2 corresponds to a bound state -

we of course restrict ourselves to B << 1),
Since the potential is isotropie, the partial

wave expansion of ¥(r) comtains only a 1 = 0 (S-wave) term:

¥ () - —pi2 (3.4)

Then -4« (Kr) is obtained from the inhomogeneous differ-
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ential equation

2
2 2 -AT
“‘Tji(x'rh K ’)l/(l.r) = - BA A(K) e (3.5)
with A(K) defined by
o0
Ar .
A(K) = A j e ﬁzL(x,r ) ar (3.6)
o

The solution of such a differential equation may be written
down as the general solution for the corresponding homo-
geneous equation, together with a particular solution for
the inhomogeneous case : doing this, and imposing the
boundary conditions (2,19) on the emsuing solution, we
finally get

~AT
’\/«(I,r) = - ';L:E-;/L:}! [o -coslr] + B(K/A) sinkr (3.7)

The functions A(y) and B(y) are given by the definitions

Aly) (= sinm)= oy 1/2
e e D 8]
B(y) (= cos vp--} Emrz)# %g:ﬁ-}] A(y) (3.9)

In order to calculate the matrix elements o:t?f;

(3.8)

in a momentum-space representation, we require the Fourier
transform of + (K,r). Use of Bq (2.21) yields
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1/2 in
& Y mo=e (6,0~ §, ()

+ é-bz( § (K=K}~ 6, (1K)

(3.10)

B __E
TR e
where N is defined by Eq (3.8), and the 5+ -function

has its conventional definition. The above expression may
be simplified to get

(-) ’\}/ (K, k)= B(y) B(y-x)- 5(r+x] + 2 Ay -2 e ;2;,

(3.11)

with
St | o (3.12)
y = KA i

and the symbol P denotes that principal values are to be
taken when integrating with respect to x or y. Gl.o(k,k')

may now be obtained from Eq., (220).
Thence Yy is finally derived as the maximum eigen-

value of the integral equation (cf, (2,14)).
00

4 de' Kxx') $(x) =7 ¢ (0 (3.13)

0

with the kernel K(x,x ) deseribed by
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K(x,x ) = (32(x)-1)n(x)n(x" ) B(x-x') (1)
( : 2% 2«151
‘fo — a(x)n(x') e
(x -12) (1+x )

v 2 (11)

' ' 42,2 2
+ MI_)%&L)___I_ q(x')n(x) e R o
(xz—x ) (1+x2

F--‘—-(El,: ({2'#Ax) \

x(x%-x

+ -12 omq(x x )xx'

: (14x2) (14x )\)_ ({?-1) E_(ﬁ"tk{‘l-’@})
g 9 2
4(:2-&{1—@} ) (x' +g1—]r§} )

(ii1)

({g +1) E_(1274A {14 fg})
4(:24- {11- {E}zj (x' 2+ {14- {g'ﬁ '

— |
(3.14)
The following notation has been introduced:-
o J 2
E(y) =~ e v 2 _ e‘ dz
’ K3
? (3.15)
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od
E (y) 0’2 2 ...,2 dz (3.15)
- _{;-‘ .

y 4

We now note one highly important physical fact:-
above the transition temperature, when the expression (1,7)
for the grand canoniecal potential 52 is perfectly
regular, the pseudo-molecular comtribution to . 4is unim-
portant, That is to say the chemical potential p in the
neighbourhood above the transition is given, at least
qualitatively, by its value for a degenerate free electron

Br? 2

gas :

with the Ferml wave-number kp glven by

3
N _Xp
v 3n
Thus in the region of superconducting transition temperatures
(i.e. T, ~ 3°K) the factor exp (2ap), which appears in
the above expression for the kernel, is an extremely large

one: 2 4
2ap 2t 10
e ~a B akr B e (3,18)

This factor is entirely compensated in the first temm,
(1), in the kermel K(x,x'), partly compensated in the temm
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(i1), and remains uncompensated in the remaining term
(iii), Thus the last term, although small by powers of
B, (tk].)" and A/k, (all of which are << 1), nevertheless
dominates the kermel by virtue of the vast factor exp(2au),
That is to say, our prescription for calculating
the matrix elements of %’2 has the feature that small side-
effects in the relative motion hamiltonian completely
dominate in 'ﬁ'z, while important effects are "quenched" out,
Physically, gll effects should be quenched,
Once the above basie fact has been noted, the

integral equation (3.13) may be solved, to get

2
2
2 .2 84 w5
e
Yy = '@B (ro) ?%T’I 1"'0(&:) +09(“) s B2
+U(p)
(3.19)

22

5 210'3 2
- % pz(i—) e 1+ @(;{:) + @ (#a) (<
o

+ O@)

There is therefore a positive eigenvalue greater than unity,
and consequently a transition, for all temperatures less
than the Fermi degeneracy temperature! (Unless the strength

parameter § is less than 107190 )
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(b) The Eckart Potential
The essentlial features of the above calculation

are unchanged if we take quite different model potentials,
As a further example, we quote the results obtained by
using the Eckart (1930) potential,

2 2 -AI

(14pe™>T)

(This potential is qualitatively different from that con-
sidered above, in that it is non-singular at r = o), Then
Tn is found to be

§ 2ot 2
16 Y2r' .2/ e (p
'Yl - B (E:) W 1+ (:Er.)
2
A
2 Cﬂ(k:’ (3.21)
+ J(B)

Furthermore, it may be shown that this result is not
significantly altered by the introduction of an infinitely
repulsive core (provided the radius of such a core is
appreciably less than A 1),
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4,4 : THE NEED FOR SELP-CONSISTENCY,

The results in section 4,3 have been seen to
lead to completely unphysical results, since they imply
that even for an extremely weak attraction, there exists
a transition with T 6 ~ 10* °k, Examining the mathematical
properties of the kermel (2,8), (2,20) for the integral
equation which gives Y, we can see that these unphysical
results will arise so long as +1(Lk) the k-space wave-
function of the interaction hamiltonian, belonging to the
energy value ﬁzlz/n] contains a component which is > >
exp(-k2t2) for k >> K, For if this is the case, then when
the integral over K is performed (Bq (2,20)), such a com-
ponent gives rise to & term in which the factor exp(2kot?)
is not compensated.

Since the wave-functions for unquenched electron
pairs will in gemeral contain such a (finite) texrm in the
limit k>>K, we conclude that any approach which first
computes the unquenched matrix Uz, and finally rinda'ﬁé,
is beset with the difficulty that features which dominate
the interaction hamiltonian, H, will be quenched out, while
small subsidiary effects in H play a dominant role, leading
t0 nonsensical results, These difficulties, with their
attendant unphysical results, will not be removed by a
relaxation of all the assumptions which have been made for

the sake of simpliecity (e.g. the assumption that
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max [us(sjj is achieved for K = 0, and that the screened
Coulomb plus Frohlich hamiltonian may be replaced by
models which contain the basic features),.

What is needed is a completely new pres—
cription for finding the eigenvalue spectrum of the "quenched
2-particle correlation matrix"™ — such a prescription will be
required to be self-consistent in the sense that it at ne
stage refers to "unquenched" elect

Formally such a prescription is eobtained by
first writing the density matrix Uy for the system of N
particles as a product of single-particle and two-particle
density matrices ’bL and U, (where statistical effects

are accounted for in W 4 and %2 be

W et Z 72 o

Plky.oo k) M

The sum ;I is extended over all assignments of the factors

Wy » U, to the N states ky , kpy eoue o ky. Self-

consistent matrices L(q' and "L, may now be chosen from

a variation principle :-—
Trace ( Uy 1n WU ) = maximm (4.2)

subject to
Trace ( Hy Uy) = E (4.3)
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If we assume uz = 0, the above equations may be solved
to get the Husimi (1940) solution for %1 : the extension

of such a calculation to include ’UL2 appears to be very
aifficult,

P——————

It is worth remarking ,S_ha.‘b the first step in

the semi-classital approximation to U, (Wigner 1932, Mayer
+1/2¢H. -aH +1/2 aH

and Band 1947), which replaces \e e e °/ by

t"“', is of interest because it satisfies the requirements
of self-consistency to a large extent, Quantitatively this
approximation is a poor one, because it converges in powers

of (tA)%— A~1 being the range of V(z), t defined by (2.12)—
which is a large factor in the region of superconducting
temperatures, However, due to the degree of self-consistency
introduced by olinina.“ing the term H. for unquenched electrons,
the results for 'l'l are no longer ically unreasonable:
the transition temperature in this approximation is given

by

A2
Hc x B T (4.4)

with B A~1 the strength and range parameters for our model

pot ontia.l_;:]

In coneclusion, it is to be observed that,
although the quasichemical equilibrium approach describes
the qualitative features of superconductivity satisfactorily,
two significant problems must be overcome before a quantita-
tive theory is possible on this basis, Firstly, in order to
gtudy the nature of the transition, and the thermodynamic
properties below such a transition, it is necessary to

evaluate the correct expression for the partition function .
of the system below ’l'e. Secondly, before any expressions

for (L ecan be put to quantitative use, a self-consistent
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method for computing the eigenvalue spectrum of the
quenched pair correlation matrix must be provided.
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