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This thesis describes an investigation of three 
distinct topics, each of which is related to the problem 

or providing a microscopic theory of superconductivity.

Firstly, the magnetic behaviour of a charged, 

ideal, 2-dimensional Bose gas is discussed (Chapter I).

In contrast to the 3-dimensional case, the 2-dimensional 

gas does not exhibit any condensation phenomenon : it is, 

nevertheless, shown to undergo a transition ( which is pearly 

sharp) in the presence of a magnetic field. The Bose gas 

model of superconductivity may then be reconciled with the 

experimental fact that superconductivity is not destroyed 

by taking thin ("2-dimensional") films. The most interesting 

feature of this model is, however, that it demonstrates the 

occurrence of an essentially perfect Meissner effect, without 

any irregularity in the thermodynamic properties such as the 

specific heat.

Secondly, the Meissner effect in the Bogoljubov 

theory is considered. Such a consideration is complicated 

by the fact that the Bogoljubov approximation scheme violates 

requirements of gauge-invariance. This difficulty is circum­

vented by first setting up a new method for finding the 

magnetic response of a system which is described by a non 

gauge-covariant hamiltonian (Chapter II). This technique is 

then employed to demonstrate the occurrence of a Meissner 
effect in the Bogoljubov theory (Chapter III).



Thirdly, the eigenvalue spectrum of the so-called 

"quenched pair-correlation matrix", , is considered, 

for electrons in metals. A knowledge of this spectrum is 

necessary before any quantitative theory of supercon­

ductivity can be attempted along the lines of the quasi­
chemical equilibrium approach. It is found (Chapter IV) 
that the present method of evaluating U 2 is unsatisfactory : 

what is needed is a self-consistent method, which at no 

stage refers explicitly to electrons which are not "quenched" 

by the Fermi statistics of the assembly.
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PREFACE

The work embodied in this thesis falls into 
three distinct parts the magnetic behaviour of a 
charged 2-dimensional Bose gas; the Meissner-Ochsenfeld v 
effect in the Bogoljubov theory; and a study of pair 
correlations in the quasi-chemical equilibrium approach 
to superconductivity.

The Preamble contains a very brief survey of 
the main developments which have taken place towards a 
fundamental theory of superconductivity, placing particular 
emphasis on my own work in relation to the field as a whole.

Chapter I contains an account of the magnetic 
behaviour of the mathematical model of a charged ideal 
2-dimensional Bose gas : the model is related to the case 
of thin superconducting films in section 1 .6. I am 
indebted to Prof. M.R. Schafroth for seme pertinent criti­
cisms on the writing-up of this work.

A technique for evaluating the magnetic response 
of a system when using an approximate Hamiltonian which is 
not gauge-covariant is set forth in Chapter II. This work 
was carried out jointly by Profs. J.M. Blatt, T. Matsubara



- i i -

and myself i discussions with Profs. S.T. Butler and 
M.R. Schafroth are also acknowledged. The method is then 
applied to the (original) Bogoljubov theory in Chapter III. 
The problem of investigating the Meissner-0chsenfeld 
effect in the Bogoljubov theory was suggested to me by 
Prof. M.R. Schafroth, and my thanks are due to him for 
many illuminating suggestions and comments with regard to 
subsequent work on the problem.

A study of the eigenvalue spectrum of the 
"quenched pair-correlation matrix* of the quasichemical 
equilibrium theory is carried out in Chapter IV. This 
project was also suggested and supervised by Prof. M.R. 
Schafroth : acknowledgement is due to Prof. J.M. Blatt who 
drew to my attention the "separable potential" employed 
in section 4.3 .

The preparation of this thesis was facilitated 
by suggestions from Dr. M.J. Buckingham, who has been my 
supervisor since Prof. Schafroth*s death.

i x i

In general, my thanks are due to Prof. H. Messel 
for his constant interest and encouragement, and to 
General Motors Holden Ltd. for their grant of a Research 
Fellowship.
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Finally, I wish to take this opportunity to 
pay tribute to the late Prof. M.R. Schafroth. His 
qualities - not only as a physicist - have been an 
inspiration to me. I shall always consider myself highly 
privileged to have undertaken my Fh.D. under his super­
vision.



- i v -

CONTENTS

Page
PREAMBLE 1

CHAPTER I s MAGNETIC BEHAVIOUR OF A CHARGED. IDEAL.
2-PIMENSIONAL BOSE GAS

1.1 Introduction 9
1.2 Thermodynamics 11
1.3 Calculation of the Kernel, K(q) 13
1.4 Penetration of Magnetic Field 19
1.5 Critical Field 25
1.6 Comments on the Model 32

Appendix t o 1.5 34

CHAPTER II : NON GAUGE-INVARIANT APPROXIMATIONS IN A 
MAGNETIC SYSTEM

2.1 A Technique for Non Gauge-invariant
Approximations 39
A Simple Application: Peierls Diamagnetism 472.2



—V—

CHAPTER III : MEISSNER-0CHSENFELD EFFECT IN THE 
BOGOLJUBOV THEORY

Page
3.1 Introduction 58
3,2 The Bogoljubov Theory 62
3.3 K(q) to Second Order : small q 67
3.4 K(q) to Second Order : large q 80

3.5 K(q) to Higher Order in the
Approximation Scheme 82

3.6 Summary and Comments 87
Appendices

A Calculations for in 3.3 92
B Evaluation of an Integral 101

C Calculations for in 3.4 105
B Calculations for a^ in 3.5 110

CHAPTER IV : PAIR CORRELATIONS IN THE QUASICHEMICAL 
EQUILIBRIUM THEQff/

4.1 Introduction 114
4.2 Evaluation of the Maximum Eigenvalue 120

4.3 Results for Specific Models 129
4.4 The Need for Self-Consistency 136

REFERENCES 140



P R E A M B L E
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Super conductivity was discovered by Kamerlingh 
Onnes in 1911• For many years afterwards it was thought 
to consist simply of the vanishing of electrical resistance 
below the critical temperature. A major advance in the 
subject was the discovery in 1933 of the Meissner - 
Ochsenfeld ( M-0 ) effect - i.e. the expulsion of a 
magnetic field from the interior of a superconductor. 
Phenomenological theories of both the thermodynamic and 
electrodynamic properties followed. However, the problem 
of providing a microscopic theory of superconductivity is 
one which has defied solution until very recently.

The basic task of such a fundamental theory is 
to provide an explanation of the M-0 effect : this effect 
is characteristic of superconductors ( in contrast to, say, 
the existance of a thermodynamic transition, which may 
occur for a variety of other reasons). It is, moreover, 
an equilibrium property ( in contrast to the vanishing of 
electrical resistance), a feature which enables one in 
principle to determine uniquely whether a given model dis­
plays a M-0 effect, by the use of Equilibrium Statistical 
Mechanics.



A useful quantitative criterion for the 
occurrence of a M-0 effect is the following : - We write 
the relation between the magnetization M and the magnetic 
induction B , in Fourier space, as

M( q) = K(q) B(q)^  'V <>v 0

and consider K(q) in the limit as q-^ 0 . Then a

singularity characterizes a perfect or London (1936*, 1950) 
M-0 effect, in which the superconducting particles have 
infinite correlation length in momentum space; a weaker 
singularity corresponds to an imperfect M-0 effect, with 
finite correlation length; while if K(q) is regular in q 
the system is simply diamagnetic.

The most significant of the earlier attempts 
towards providing a fundamental theory was made by 
Fr'ohlich (19 50) when he suggested that the mechanism 
responsible for superconductivity was the interaction 
between electrons, due to their coupling with the lattice 
vibrations or "phonons" - this interaction is attractive 
when the energy-difference between the electron states 
involved is less than the phonon energy. Although quali­
tative arguments left little doubt that this was indeed 
the correct mechanism, mathematical difficulties have 
hindered the development of the theory.
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Over the past few years it has become increasingly 
plain that to derive the superconducting behaviour of 
metals from the Frohlich Hamiltonian, one must use an 
approximation technique which takes explicit account of 
the pair correlations between electrons. Two main lines 
of approach to this problem may be distinguished : - the 
Quasichemical Equilibrium approach (Schafroth, Butler and 
Blatt, 1956) and the theories of Bardeen-Cooper-Schrieffer 
(1958) and Bogoljubov (1958 (a)? (b); (0)5 1959? Bogoljubov, 
Tolraachov, Shirkov 1958)

A: The Quasi chemical Equilibrium Approach

This approach is based on the remark (Schafroth 
1955) that a charged ideal Bose gas exhibits a London type 
M-0 effect below its condensation temperature. Thus a 
theory of superconductivity is established if charge­
carrying bosons can be shown to occur in a metal at low 
temperatures: this is the case if the interaction between 
electrons is such that it produces resonant states of 
electron pairs.

We now pause to make the following remark about 
such a Bose gas model of superconductivity : - Unlike the 
3-dimensional gas, the 2-dimensional Bose gas does not 
condense, and no transition occurs in its thermodynamic 
behaviour. It might thus be expected that a 2-dimenional
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charged Bose gas will not display a M-0 effect, which 
would he in contradiction to the experimental fact that 
thin films of superconducting material do indeed exhibit 
the effect. For this reason, I have investigated the 
2-dimensional Bose gas ( Chapter I ), and have shown that 
in a magnetic field it undergoes a transition which is 
nearly sharp. Below this transition point it displays on 
imperfect M-0 effect, which is experimentally indistin­
guishable from the London one. Also a critical field 
quite analogous to the 3-dimensional case is found. 
Probably the main interest of this model is, however, that 
it gives an (essentially perfect) M-0 effect without any 
irregularity in the thermodynamic properties.

In order to make a more detailed consideration 
of the possibility of "resonant pairs" of electrons in 
metals, the Quasichemical Equilibrium approach was 
developed. This takes statistical correlations into 
account exactly, but neglects dynamical correlations 
between more than two particles. The thermodynamic be­
haviour of the system is now given in terms of an equili­
brium between the fermions ("atoms") and diatomic "pseudo- 
molecules" , the latter obeying a kind of Bose statistics. 
Under certain conditions there is a singularity in the 
partition function - that is to say the system undergoes 
a form of Bos e-Einstein condensation, producing a superb- 
conducting state.
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Any attempt to derive a quantitative theory of 
superconductivity from this approach requires a knowledge 
of the pair correlations : that is, using the customary 
terminology, a knowledge of the eigenvalue spectrum of 
the ”quenched 2-particle correlation matrix”. To this 
end, I have employed various model interactions to study 
the eigenvalue spectrum ( Chapter IV ). The prescription 
given for calculating the matrix elements, which involves 
first calculating the correlation matrix for unquenched 
electrons and subsequently introducing the statistical 
Fermi quenching-factors

is found to be inadequate, leading to unphysical results.
It is concluded that before a quantitative theory 

of superconductivity can be deduced from the Quasichemical 
Equilibrium approach we require a self-consistent method 
of calculating the ”quenched pair-correlation matrix” , 
which at no stage refers to unquenched electrons. Attempts 
to provide such a self-consistent method have to date not 
proved amenable to solution.

—  The BCS and Bogpljubov Theories

Starting from an approximate Frohlich Hamiltonian, 
BCS use a self-consistent method to set up wave functions
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describing a number of coherent electron pairs. First, 
wave functions are constructed containing independent 
pairs of opposite momentum and spin, and the best of these 
wave functions is chosen by means of a variation principle. 
This theory has been very successful in accounting for 
energetic quantities: however, it cannot be unambiguously 
extended to the case when a magnetic field is present 
because the approximate Hamiltonian used is not gauge- 
covariant. ^BCS investigate the magnetic behaviour of 
their model by assuming a particular gauge (the London 
gauge, div A = 0 ). This choice is in fact a new and in­
dependent assumption of the theory, equivalent to assuming 
the M—0 effect itself.J

Recently, Bogoljubov (1958 (a) ) has developed a 
new method which combines the main features of the BCS 
theory with greater mathematical transparency. This method 
(in its original form) shares both the successes of the 
BCS theory and the defect that the approximate Hamiltonian 
violat es gauge-covariance.

Bogoljubov*s early papers contain no attempt at 
a derivation of the M-0 effect. An attempt by Rickayzen 
(1958) again assumes the London gauge, thus remaining in­
conclusive. On the other hand, Wentzel (1958), realizing 
the gauge difficulty, follows a course which amounts to
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treating the magnetic terms by a perturbation expansion 
in powers of the electron-phonon coupling constant, when 
for the non-magnetic terms such an expansion is not 
permissible. The consequent results differ from the later 
calculations described below.

As a first step towards a study of the M-0 effect 
in the Bogoljubov theory, Blatt, Matsubara and myself (1959) 
developed a technique for extracting unambiguous results 
from non gauge-covariant approximations to gauge-covariant 
Hamiltonians (Chapter II). I was then able to apply this 
method to the Bcgoljubov model, and show that it indeed 
exhibits a M-0 effect (Chapter III). The resulting kernel 
function K(q) differs from the London kernel at large q, 
in the manner anticipated by Pippard (19 5 3).

In a later version of his theory, Bogoljubov 
introduced a concept of collective excitations by taking 
a selective summation over the most singular terms in each 
order of perturbation theory. These excitations have been 
used by Blatt and Matsubara (1958 (b) ) to make a calcul­
ation of K(q) which fulfils gauge identities. Their result 
was derived at the same time as my own: the two are in 
agreement.

Finally, Bogoljubov (1953 (c); 1959) has developed 
a new and more general formalism which is explicitly gauge- 
invariant (the so-called "method of the self-consistent 
field"). The subsequent derivation of the M-0 effect is, in
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principle, a more sophisticated and rigorous version of 
the Blatt-Matsubara calculation. In both these calculations 
K(q) is found only in the limiting case of q — ^  0 : 
deviations from the London kernel at larger q (which 
relate to the details of magnetic field penetration in 
the superconductor) are not considered.



C H A P T E R  I

MAGNETIC BEHAVIOUR OF A CHARGED

IDEAL 2 - DIMENSIONAL BOSE GAS.



At a certain temperature , T f a 3-dimensional 
ideal gas of charged particles obeying Bose-Einstein 
statistics undergoes a sharp thermodynamic transition 
(Einstein 1924, London 1938) : for T<T , a macroscopic
number of particles condenses into the ground state of 
the system. It has been shown (Ginzberg 1952, Schafroth 
19 5 5, which we refer to as (I)) that these condensed 
bosons then give rise to a perfect M-0 effect.

However, if one considers, as a mathematical 
model, the 2-dimensional Bose gas, one finds that it does 
not condense and no transition whatsoever appears in its 
thermodynamic behaviour. The specific heat is a regular 
function of temperature, proportional to T near absolute 
zero. It might thence be expected (e.g. Feynman 1957) that 
a 2-dimensional charged Bose gas will not display a M-0 
effect. If this were the case it would be a discrepency 
in any Bose gas model of superconductivity (Schafroth 1954, 
Schafroth et al 1956, Bogoljubov et al 1958), because the 
2-dimensional gas is relevant to very thin films of super­
conducting material, which do indeed exhibit the M-0 
phenomenon.

In this chapter, we show that (contingent upon 
the fulfilment of a mathematical restriction which is valid 
for all practical applications to thin films) the 
2-dimensional charged Bose gas in a magnetic field under-

1,1 INTRODUCTION
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-goes a transition which is nearly sharp. Below this 
transition point it displays an imperfect M -0  effect 
which, although K(q) is regular in q, is practically 
indistinguishable from a perfect one: above the transition 
temperature there is only a slight dismagnetism.

Also the 2~dimensional gas has a critical field 
quite analogous to the 3-dimensional case.

The noteworthy feature of the 2-dimensional model 
is that it exhibits these superconducting properties, while 
the thermodynamic functions remain analytic in the 
temperature, with no sign of any discontinuity.

In section 2, the thermodynamics of the 2-dimensional 
Bose gas are briefly set forth for subsequent use, and 
contrasted with the 3-dimensional case. By considering a 
weak, inhomogeneous magnetic field as a perturbation on 
the field-free system, the kernel function K(q) is derived 
in section 3 : the consequent magnetic behaviour is investi­
gated in section 4. The B-H curve, which gives the critical 
field, is found in section 5, by calculating the partition 
function in the presence of a homogeneous field.

Finally, in section 6, the mathematical abstraction 
of a 2-dimensional gas is related to the case of very thin 
films.
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1.2 TKEEKODYNAMICS

The grand canonical partition function, £  ~a 
for the ideal Bose gas (with an arbitrary number of 
dimensions) is given by

Q_ « kT 2  In 1-
> 2 ,  2expa((i--gj— ) ( 2 .1)

where a * 1/kT, and jji is the chemical potential. The number 
of bosons, N, is given in terms of \x by

* - - (-^-)
dytC T

2 — — i
k , p 2* 2exp/a(ii2m - '‘J

(2.2)

(2.3)
- 1

To avoid negative occupation numbers, we require

- a\x > 0 
(a) 3 dimensions:

(2.4)

If we simply replace sums by 3-dimensional integrals 
in Eq (2.3), we get

_ = N . 1
n ' 7

oo

1 /2
x dx

ref) x+r>
e  - 1

(2.5)

with the thermal wavelength X defined by
-v 2 Anaifi x . -1 S _ ( 2 .6 )
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The integral in Eq (2.5) is a regular function of >£ (in 
the range allowed "by Eq (2.4)), having a finite upper 
hound at T? = 0 .  Thus below some critical temperature Tc,

(2.7)

the expression (2.5) for N is inadequate, and the singular
ground state must be considered separately.

The consequent specific heat at constant volume,
Cy(T), for the 3-dimensional gas is as shown in figure 1 -
its slope ha3 a sharp discontinuity at T .c

(b) 2 dimensions:
The 2-dimensio2ial counterpart of Eq (2.5) is

o©

i.e. a « - In (1- e t  (2.9)

where \ is given by Eq (2.6), and V is the 2-dimensional 
"volume”.

The integral in this case diverges as tends to 
zero : there is no upper bound. Thus the need to consider 
the ground state separately, and the consequent transition 
phenomena, no longer arise.

_



I/L CL —

f i 3 . 1



- 13 -

For convenience, we introduce a "formal
(*)temperature", Tov , by

n = 1

i.e. exp(- Tjr̂) * 1 - e

(2

(2

The specific heat is given by

o©
+ S

T3? In S

with
exp ( - y )̂ 

Nk

(2

(2
(2

Cy(T) is as shown in figure 2. As we expect, it is a 
perfectly smooth function. Below the formal temperature, f Q, 

quantum mechanical effects come into play and Cy falls from

«-2 m rj
the classical value, R, going to zero like -j—  —

l i£3__CAXLCUXiAT^
We first find the current density induced in a 

2-dimensional charged Bose gas by a weak, inhomogeneous 
magnetic field, by enclosing the system in a square box with

( 3Sr)' We note that in 3 dimensions, the formal temperature, Tq, 
and the transition temperature, T , are one and the same

V

thing: this is not the case in 2 dimensions.

. 10)

11)

12 )

13)
14)



-  / 3 «L



periodic boundary conditions, and then applying perturb­
ation theory^x  ̂ (in the form developed by Schafroth (1951)) 
to the distribution function* This perturbation theory 
avoids difficulties arising from energy denominators in the 
case of complete or near degeneracies*

For a gas of non-interacting ideal particles, with 
masses m and charges e, the field-free hamiltonian is

(3.1)

The perturbation due to an inhomogeneous magnetic field •""W
with vector potential A, is given independent of the 
dimensionality of the model by the transformation

P n P §  A (*)C rs/ 'V (3.2)

( X )' Perturbation theory is valid for inhomogeneous fields, as 
opposed to the case of homogeneous fields where an 
arbitrarily small field produces qualitative changes in 
the particle >7ave functions, once the volume is 
sufficiently large.

(xx) jn a 2-dimensional problem, the magnetic field, H, is a 
pseudoscalar quantity. It may be represented by a vector 
perpendicular to the model, in a 3-dimensional realization 
thereof.
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Before proceeding, we note the following points- 
from dimensional considerations based on the Lorentz in- 
variant transformation (3.2) and Maxwell’s equation, oneA
finds that the charge, e, on a particle in n-dimensional 
space has dimensions

e2 ~  ML11! - 2  (3.3)
and thence

- 4  —  ' 2 0.4)me

O OThus the quantity e /me , the "classical electron radius" 
in 3 dimensions, is a dimensionless parameter in our 
2-dimensional model.

It is convenient to expand the vector potential, 
current density, and allied quantities in Fourier com­
ponents: e.g.

A(x) = A(q) (3.5)

Then, after the perturbation calculation is performed, the 
current density i (q) is

e
me

1
7 y « 1

(I +h 4 v > A„ (q) (3.6)

(3.7)



]?0(E) is the distribution function of the field-free Bose 
gas (see Eq (2.3)). The above result is derived in ref. (I) 
(•with, of course, the sum over V  going from 1 to 3): 
alternatively it may be read off from Eq (1.14) of Chapter II. 

Making use of the fact that q is the onlyrw
vector contained in I (q), we writeV /w

I|jy U )  = a(q2) q^q, + b(q2) q2 (3.8)

and, in analogy to (I), we define IQ and 1^ in 2 dimensions
fcy 2

1 . 5  2  V  - (a+2b) q2 (3.9)

J t = 2  V  = <«*) ^  O . 1 0 )
=1

Substituting from Eqs (3.8), (3.9) and (3.10) into Eq (3.6), 
and using the readily verified fact that

I 1 - -q2n (3.11)
we get

y * >  7  ‘V 2^  ( ^ - )  A (q) (3 .1 2 )

This expression is explicitly gauge covariant : rewriting 
in terms of the magnetic induction B (B = curl A) and the 
magnetization M ( i = c curl M ), one gets

M(q) - K(q) B (q) (3.13)
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K(q) e2 1 1_ — ? • -?' 7me q

(3.14)

We proceed to simplify this expression for the 
kernel. Replacing sums hy integrals

oo JIT

2(q)
f

2e2 1 1
me * 7 '

J0

-2

p ^ ( i >  <p 1  6

/ , r | )
(3.15)

There is no question as to the validity of taking principal 
values in the angular integration, since the integrand has 
been obtained by rewriting the summand of Eq (3.14), which 
is perfectly regular. Performing this angular integration 
one gets

f /37T
1 i £ ± )

q.crs)
d &

0

1

for
2 7

p

| for p < f
(3.16)

o oMaking the change in variable x = an p /2m, and using the 
notation defined in section 2, Eq(3.15) becomes
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K ( q )

with

1
7 T T  X q

A  1/2

<1-1-) oLx_____ 0_____

\ 2 2 A q
T5 F “

(3.17)

(3.18)

Of particular interest is the limiting case of
O j

jjMl E(q) * -
o 1 Sumc

e 1
---2 x e t -1

, 1 / 2x j (1-t) dt

Using Eq (2.11), this becomes

K(o ) 1 e
- m  ~

o/T
e

me ( - ' V t  )

(3.19)

(3.20)

For larger values of x0 (i.e. for xQ > ' with » < 1, 

or else xQ > 1 with > 1 ), the kernel may he written as

K(q) = - -2-S . Xj . F (q)
q

(3.21)
me

where the leading term in the function F(q) depends on q 
either logarithmically or not at all. In the limit as q 
tends to infinity, F(q) becomes unity.
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1,4 PENETRATION OF MAGNETIC FIELD.

We now investigate our model further, imposing 
the requirement that the dimensionless parameter

2e
12mc‘ «  1 (4.1)

Thai; is, if we define a temperature T by
V

e
12mc

-T
e o/T, (4.2)

we require that T(/ T o shall be appreciably greater than 
unity.

From now on, our attention is confined to 
temperatures below Tq, since temperatures > To are found 
to be of no interest once the above assumption is made. 
That is, ignoring terms of order exp (-To /T) compared to 
unity, Eq. (2.10) is simplified to read

~T
• e (4.3)

Using Eqs (4.2) and (4.3), the kernel in the 
limit of zero q, Eq (3.20), may be written

K ( 0 )
1
2tF exp ( T o T o ) 

\ T ~  ~ T~ / (4.4)

The kernel for the 2-dimensional Bose gas remains 
finite as q tends to zeros however, we see that it becomes 
very large as T decreases below Tc* Above Tq, the exponent
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i.e. the customary factor 4-n of the 3-dimensional world 
is replaced throughout by 2n.

The London kernel gives an exponential pene­
tration law,

¥ -V;
3= e (4.6)

We now consider the 2-dimensional Bose gas 
kernel, Eq (3.17). Employing the asymptotic form of 
Eq (4.5)

----- >  T-ZWIV) (4.7)

we find that the field at large distances within the gas 
becomes a finite constant

-------------------^ ^ —

l+expta2 - wr)
c

For temperatures below T^, such that T q/T(1-T/Tc) > 1 
a detailed calculation gives

¥ - v d
e 0 , #- «  Is-d - 1-)o c

(4.8)

T
------ t— r ~
1+exp(?p- -

c

» £— »  Tp—  (1- tjt~)

J
(4,9)
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where dQ is quite analogous to the penetration depth for 
the 3-dimensional Bose gas:

- 1/2
2 * < £  (1_ */T J
me*

Above Tc, the result (4.8) is adequate for all x > d^t 
where

(4.10)

2^2 /2rce n\
' l ~ s 7v me s

exp r _  /. T=ir (1- r=->c
(4.11)

«  d (4.12)

This penetration law is now as depicted in figure 3.

[a  qualitative understanding of these results is 
given by considering the "modified diamagnet" kernel of (II)

K1 (q)
3 2 / 2 2\d (q 4{i )

(4.13)

whose behaviour is similar to that of (3.17), with its 
limiting forms (3.21) and (4.4). u“ 1 can be interpreted as 
the "correlation length" between particles. Substitution of 
this kernel in Eq (4.5) readily gives the penetration law

B (x) M L 2± y I
1+(qd}2

-1
cr= d

1/2
o + ^ d ) 2) (4.14)



o

Figure 3: The law of field penetration for an inhomogeneous 
magnetic field applied to a 2~dimensional charged 
Bose gas : (a) T > T C, (h) T < T C . The broken line 
is the "perfect" London exponential law.
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We define a temperature width, A T +  A T ,
such that as the temperature decreases from (T + A T )  

to (Tc- AT), the field at great distances within the Bose 
gas decreases from 99°/o to 1°/o of the external field. 
Then * * $ ^

exp wr- (— — jj = 9 9

exp
[

1 q f A  T vT” KT~-‘ZT'c c 99

(4.15)

or
A  T* T A T

mmmmimvm

C

f
4.6 jjr~ 

o
(4.16)

For T < T - A T ,  the field is almost entirely
v*

expelled at large distances within the gas s although it 
does not have the complete field expulsion characterizing 
the perfect M - C effect of the London superconductor, 
this result is (as we show below) experimentally indistin­
guishable from such a M — 0 effect.

t
For T > T c + A T ,  the field penetrates undi­

minished except for a slight diamagnetism.
Thus we may interpret To aa a transition

temperature, from a normal to a superconducting state. The 
width cf this transition is given by Eq (4.16)

* m m m m.



Since the actual penetration law, as such, 
has never been measured for a superconductor, it remains 
to calculate an experimentally measurable quantity which 
is determined by the nature of the M-0 effect. Such a 
quantity is the "static penetration depth", d . For a 
circular disk, radius R, of superconducting 8 material, 
d is defined in terms of the total magnetic moment, Jl(,
’ induced by an applied field: >

Moreover, is related to the kernel by

(4.17)

OO

-___I
k*1

2vK(zk/R)
(4.18)

where z, is the k-th positive zero of the Bessel function
J0(z). K

For T > T , we readily find d ^  R, which is to 
be expected, since in this "normal" region there is no 
field expulsion, only slight diamagnetism.

For T<T - AT, a good approximation to d is 
obtained as follows

we first notice that the penetration law for the 
2-dimensional gas, described by (4.9)f may be approximated 
quite accurately by the expression (4.14) for the "modified 
diamagnet" kernel, K..,(q}, provided we identify the quantities 
d, of Eq (4.13) as1

(m )2 exp 1 (4.19)

For K^(q) we find (cf. (II))

ds *  d( 1+ fcT (ud)2) ( l +  <^(i*d) 2 + <^(§)J (4 .20)
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Hence for our model, with R » d  (the usual experimental 
case),

Even for large values of the disk radius, H, 
we see that as T decreases below T the correlation length 
between bosons, p~', becomes so large compared to d that 
the R dependence in Eq. (4,21) may be neglected - i.e. 
the penetration depth, d , is practically indistinguishable 
from that corresponding fo the London kernel, with its 
infinite correlation length*

1*5 CRITICAL FIELD
We consider a plane disk, containing a 

2-dimenional Bose gas, in an ’’acting’1 homogeneous field H* .
<7 oThe grand canonical partition function, e , may be 

derived in a standard way (cf. Pauli 1930)

OO

= kT , ̂ In

where V is the 2-disiensional "volume" of the disk, p the 
chemical potential, and po « ef\/2rc.c the Bohr magneton. The 
limitation (2,4) on p is now relaxed somewhat : instead of

ip<0 we require p < pQH .

The expression (5*1) may be rewritten in a more 
convenient form by expanding the logarithm, and performing 
the summation over y  , to get
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oo

i=1
„i!1“ ian h 'e ____  ̂o
i sinh(iapoH )

n = Nj  **
iap H* o

sinJi(ia|ioH')

(5.2)

(5.3)

with X defined by Eq (2.6).
The magnetization, M, is derived from £1(H ) by 

use of the thermodynamic relation

M (5.4)

Before proceeding, it is necessary to determine
ithe precise nature of the "acting15 field, H . By a slight 

modification of the argument presented in appendix II of (I),
tit is found that for all values of H which need be con­

sidered, the diameter of the boson*s orbits is much larger 
than the mean particle separation, provided that:

«  1 (5.5)

This is, however, just the condition imposed on the model 
earlier (i.e. Eq., (4,1)). The field produced by any one 
such large orbit is negligible compared to the average

tfield, and therefore the "acting" field R is to be identi­
fied with the average microscopic field, B.
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H * B * H + 2nM (5*6)

To derive the magnetisation from Eqs. (5*2)f 
(5.3) and (5.4), we first note that, for all fields of 
any interest,

«  1 (5.7)

where Tq is given by (2.10). We introduce x,

* =  ajioB (5.8)

Then in calculating M, two regions of temperature are 
treated separately : (a) absolute zero, x » 1  and (b) finite 
t emperatures, x «  1.

(a) Absolute zero : p qB »  kT 
Here the equations for ur and n are easily re­

duced to

<*r “ ln C1-exp (5 .9)

n 1
x-ap 
e -1

Whence
x

x-ap 
e -1

i *e* M =

(5.10)

(5.11)

( 5 .1 2 )
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In the region under consideration, T/T «  £ ,o
the second term in the brackets is a negligible correction 
term.

Substituting (5.12) into Eq (5*6), the B-H curve 
is seen to be the same as for the 3-dimensional Bose gas 
at absolute zero (except that 4-n — > 2n) :

B (H) » 0 , H<Ko

= H-H , H>H c 7 c

with H = 2nrm ̂c o 0

(b) Finite temperatures s p oB « k T

For x«1, the sums (5,2) may, after some mani­
pulation, be approximated by (convergent) integrals.
Having done this, M(B) is calculated : all this is done in 
an Appendix. Purely for reasons of foimal convenience, we 
define a field, by Eq (1.10), i.e.

B1 mT  *1  exp <_ *7  “  3 r J
V  V

We find, for B < B., ,

.13)

.14)

.15)

.16)

To a good approximation, this leads to
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(5.18)

(5.17)

For T > T , X  is almost unity, corresponding to normal c
diamagnetism s for T < T , becomes very small. This 
result provides an independent check of the results in 
section 4, as follows:- For a strip of our Bose gas in the 
limiting case of infinite area, the ratio of the field at 
large distances inside (B ̂  ) to the (small) external 
field (Bo) may be found in two ways.

(a) We first observe that in this limiting case 
the inhomogeneities are negligible, and then apply the 
homogeneous theory above, to get the expression (5.18) for

geneous theory of sections 3 and 4, and then use the 
asymptotic expression (4.8) to get B /B when the size 
of the strip becomes infinite. The resulting two equations 
are identical.

fields which are of any interest — on the other hand, for 
T < Tc - A  T we must also consider the case of B » B ^ .
In this region, ~

B o© /Bq .
(b) Alternatively we may start from tie inhomo-

For T > Tc, the result (5.17) is valid for all

27m
2nM * ---- - In (5.19)
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We now introduce a quantity H , which is
V

subsequently identified with the critical field for a 
superconductor,

2nt»0 ,— rr" In — 3—X 6X';B1
(5.20)

i.e. Hc « 2n\i Qn ( 1 - |—  ) ( 5 .2 1 )

Then Eq (5.19) becomes (neglecting the correction term in 
the brackets)

(5.22)
T m

where a S  ( 1 - )9 ( »  1 by Eq (4.12)) (5.23)
c

So for T<Tc -AT, and B »  B, , the B - H curve 
is described by

H - H * B c (5.24)

Finally we notice that as H increases above Hc, the second 
term in the brackets in Eq (5.24) becomes a small correction 
term, and

B ~  H -  Hc ( 5 .2 5 )
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Combining (5*17) and (5.24), the B—II curve at
finite temperatures less that T looks as shown in figure 4.

v

This is quite analogous to the 3-dimensional 
Bose gas, where

B = 0 H < H

H-H * , H > H *c 7 c

(5.26)

H = 47tn|i i 1 ( f- )c

3/2
(5.27)

To summarize, we see that for temperatures 
above T the model exhibits only a slight diamagnetism.

v

Below T , if a small homogeneous magnetic field is applied
to the surface of the 2~dimensional Bose gas, only a very
small fraction (given by (5.17)) of this field penetrates :
as the temperature decreases to zero, the expulsion becomes
complete. (Any consideration of penetration effects at the
surface is, of course, outside the scope of this section).

Once the applied field exceeds some value, H ,
it penetrates the Bose gas as a homogeneous field, with an
induction B ^ R  » H # Thus there is a critical field, H ,
given by Eq. (5.21), such that application of a field greater
than H destroys the superconducting properties of the model, c
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1.6 COMMENTS ON THE MODEL
The 2-dimensional model developed above has a 

3-dimensional realization in the case of a Bose gas 
enclosed in a very shallow volume, of height h m If £ 
(which we take to be along the x co-ordinate axis) is 
smaller than the thermal wavelength,

1/2
f J- o \

& << A n a f r 2 \ (6.1)

then the bosons will have their k^ component of momentum 
in the ground state, k^ = o. This system may be considered 
as a 2-dimensional Bose gas*

Going back to Eq (3.6), one sees that if it is 
interpreted in this light, the w2-dimensiona.l charge**, e, 
is given by p2 _ (3-dimensional charge on boson)

$

Or, taking the boson mass and charge to be of the order 
of the electron values,

e (6.2)

12me‘
•V*e c 2x10-14TTciTT (6.3)

Thus the assumption (4.1) under which the 
2-dimensional model was investigated is valid for any 
application to thin films of bosons. Even for cm.,
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the M-0 effect is nearly perfect : the correlation length 
between bosons, although it remains finite, becomes
very large below

-1 10-6 (103)
~T -  1

(cm.) (6.4)

As remarked in section 4, for T sufficiently less than Tc 
the R dependence in the static penetration depth, Eq (4.16), 
is entirely negligible.

Moreover, there is a critical field, H , 
analogous to that for the 3-dimensional gas; application 
of fields greater than Hc destroys the M-0 effect.

Thus a film of bosons, thin enough to be considered 
as 2-dimensional, exhibits the essential features of a 
superconductor: i.e. the Bose gas model is in accord with 
the experimental fact that superconductivity is not destroyed 
by going to very thin layers.

The main interest cf this 2-dimensional model 
lies, however, in the fact that it demonstrates the possi­
bility of the occurrence of a (essentially perfect) M-0 
effect, without any irregularity in G<r(T).
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APPENDIX TO 1.5

CALCULATION OF M (B) FOR FINITE TSMPERATUHES

In this Appendix, we derive the expressions (5,16) 
and (5.19) for M in the limit x<<1.

Introducing (T,

(T 5 (< 1) ( I . D

equation (5.3) can be rewritten as

oo
2n\ *

i=1

ix<r
e I ix

Hnfi^x)

OO

-ix \ V
•e I + Z — J ~i—  (1.2)

i=1 1

The expression has been put in this form for mathematical 
convenience - since x«1, we can replace sums over i by 
integrals, provided they converge at the lower limit. Such 
is the case for the first term in (1.2), while the second 
term is easily summed.

nX'

oo
di _ix<rJ ix
T e 1 1IHHP) -e•ixl p  —x( 1— (T jl

> -In | 1-e j (1.3)

Defining z,
z = | (1— <r) (1.4)
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we simplify the logarithmic term, and change the variable 
of integration, to get

nV

oo

I - '
-zt

dt e
o \ 1-@

^  I - 3.n2zx (1.5)

Making use of the facts (see e.g. Whittaker and 
Watson 1946) oo

i dt ( -x -zt \J  T  0
\ e e /

oo -zt \
dt i[ v -  - )

0 1-e /

** lnz (1.6)

'f vz) (1.7)

where ^ (z) is the logarithmic derivative of the gamma 
function jn (z)f we have

nX^ * (s) - ln2x ( 1 . 8 )

finally, noting tkit nXc = (Eq (2,10)), we
get z in terms of the field B by

mm gt m m (z) (i.B)

where is introduced for formal convenience :

* H o B1 = 6
- V T (1.10)



-  36 -

We now return to Eq (5*2) for (a t  , and reduce
it in a similar manner,

OO
-i 2xz

-ax2ar-   j -— *—
i=1 i^

(t+ix)

/

ixcr
e ix

sTnH-X;
-ix
e (1 .11)

f o O

= 2x (1 .12)

This integral is Binets’ first expression for $ (z)
correction to the Stirling approximation to InV(z)

oo

~a\̂ C4T«=
-i2xz

£.— -—  (1+ix) + 2x <$> (z)

the 
s i.e.

(1.13)

with
$(z) * In ^(z) - z-^) Inz - z + ln27t (1.14)

The magnetization, M, is given by Eq (5.4), Bearing 
in mind that we have U^(x,z) rather than <4T(B), we use 
the definitions of x and z, (5.8) and (1.4), to get

1-2z
~ 5 T UT(x, z) (1.15)
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Carrying out this operation,

oe2
i=1

-i2xz
xe + 2$(z)+(1-2z)$ (z) (1.16)

c
where $ (z) is the derivative of $ (z). Performing the
summation in (1*16)f and simplifying the result,

f (z) (1.17)

f (z) = 2i “ 2$(z) _ (1_2z) *' (z> (1 .1 8 )

Thus M is given as a function of z, and thence of 
B, by Eqs (1.17) and (1*9). It remains to eliminate z between 
these equations* We do this separately for (i) z > 1  and (ii) 
z < 1, to get Eqs (5.16) and (5.19) respectively.

(*) 5. > 1
An asymptotic expansion for $(z), and thence for 

(z) and ̂  (z), is given in terms of the Bernoulli numbers 
by Bluets' second expression for <±>(z). This leads to

z >1
f<z) * Sz 15z‘ • • • )

= - Inz + E (1+ ZE * • • • )

(1.19)

(1.20)
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From (1*9) and (1.20) we see that for 
z>1. Expanding z as a power series in (B/B^), and then 
substituting into (1.19)* we get

x 2m
O

1 B ( 1*  *  v r 3  < | - )  +

which leads to (5.16) for B <

(1 .2 1)

(ii) z < 1
Using an expansion for In Viz) in powers of zt 

we can find
f(z) - -1 + 21nz + (C - 1 + ln2rt) + (0 (z) (1.22)

z < 1

- f
(z) = ^  + C + tf(z) (1.23)

where C is the Euler-Mascheroni constant. This region of 
z is seen to be pertinent to B »  B^, where we derive

< U  - B —  * In
F1

[<

1 /2
21n I (|^) (in

1 ------- 1

B . « ]

111 ITT1
(1.24)

and thenoe Eq (5.19)



CHAPTER I I

NON GAUGE-INVARIANT APPROXIMATIONS IN A

MAGNETIC SYSTEM
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2.1 : A TECHNIQUE FOR NON GAUGE-INVARIANT APPROXIMATIONS.

The Meissner-Ochsenfeld effect is a particular 
form of linear response of a system to an applied inhomo­
geneous magnetic field. A general procedure for calculating 
such a response is outlined in this section. An identity, 
derived from the requirement of gauge-invariance, is then 
mentioned and a new technique for dealing with approximations 
which violate this identity is given.

Consider a system of N particles with masses m^ 
and charges e^, which in the absence of magnetic fields is 
described by the hamiltonian

Such a system includes, in principle, a very accurate model 
of a solid : namely a system of nuclei and electrons 
(Ni + Ng = N) interacting with each other via Coulomb forces.

A magnetic field, with vector potential A, is now

formation
x) This accounts for the orbital motion of charges; other 

possible terms, depending explicitly on the field strength 
B 9 would describe magnetic moment of spins, etc., and will 
not be considered.

d . D

( X \introduced into the hamiltonian' 9 by means of the trans-
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*1 c1 (i i ) (1.2)

A(x) may be expanded in Fourier components:

, _ iq.x 
A(x) * > A(q) e ~ ~

A .  /V /  | ^
(1.3)

where there is a reality condition giving A* (q) as

A*(q) = A(-q) (1.4)
/s.

We shall restrict ourselves to one Fourier component; this 
is permissible for calculating the linear response. The 
associated magnetic field is

B(q) * i q x A(q) (1.5)

The current density operator, j, is given by the 
variational derivative of the transformed hamiltonian H(A).

3 as — C
^ h (a )

The operator is thus

o 1
j(q) * j (q) + j (q)

( 1.6 )

with the definitions
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The total current density, i (q), is then found 
from the distribution function, E(H(A)) of the system :

i « Trace ***** (1.9)

The following analogue of the Taylor expansion, 
for matrix functions^(Schafroth 1951) is now used. In the 
representation in which the operator J\Q is diagonal

A 0 | * >  “ Kn I n > ( 1.10)

the matrix elements of a function (A0*£A1) of a perturbed 
operator are given by

<n l» 0 ( A 0+ ^ 1) U ' > » < n | n ' > F o( y + £<ii/A1 |n'>F1 (XnI+ l >̂~l <Q| A 1|n") <n"| A1|n'>P2(\n,Xn,,Xn,,)
.  0 ( 0 ( 1.11)
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Here ?r (xo, . . . f xp) are the difference 
quotients of F0(x0) given "by

r
Fr (x0, xT ) = *o<*t>

1^ *  'll (xi~z3)
±k3

( 1.12)

This theorem may now he applied to Eq (1.9) to 
get an expression for the total current density in terms of 
the field-free eigenvectors and eigenvalues of the field- 
free hamiltonian (1.1):

H I k >  -  Ejj. I k > (1 .13)

The current density, up to terms linear in Jif is

V s >  - 0
1

with the quantity y given by

(1.15)

(1.16)

1
-

c 2
k fk*

(q)/lC><k'| jy (-^)lk>J'1( \ , E k ,)

(1 .17)
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At this stage we remark that the vector potential
A (x) is not imiquely determined by B(x), but only up to 
a gauge transformation G A :

with A ( x )  an arbitrary scalar function. Since the choice 
of gauge has no physical meaning, our theory has to obey 
the requirement that all physical results are invariant 
under the gauge transformation G A , This corresponds to 
demanding that physical quantities be represented by gauge- 
covariant operators: such an operator (0(A) say) is defined 
by the requirement that for any scalar function A there 
exists a unitary transformation UA such that

to impose on Eq(1.14) the condition that (for an isotropic 
medium)

GA (A(x )) * A(x) + grad A  (x) (1.18)

vj' 0(A) UA «= 0(A + grad A ) (1.19)

The requirement of gauge-invariance is now seen

(1.2 0 )

That is to say L and y are related by the gauge identity

( 1.21)

This identity was first derived by Buckingham (1951)
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It is often desirable to eliminate the vector 
potential A from Eq (1.14) in favour of the physical 
quantity JB. Introducing the magnetization, (î  = c curl M), 
and using equations (1.5), (1.14), (1.15) and (1.21), we 
get directly

M,(q)

■'N
- 3L V s 1

J

( 1 . 2 2 )

The linear magnetic response may thus be characterized by 
a "kernel" function, K(q), such that

M(<i) « X U )  B (q) (1.23)K1 — P

A number of alternative expressions for K(q) may 
be given by use of the identity (1.21); in particular, if 
one uses (1.21) to eliminate L from (1.22), one gets the 
"normal form"

&p5(q) = b - ly*v 2

In general, (1.21) generates a set of alternative 
expressions for K(q), which can be written in terms of a 
parameter a as

K(q) « Kp(q) + a (1.25)
Q

(For example the London gauge, div A * 0, corresponds to 
thd choice a = 1).
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If SUy (l) and G-(q) are calculated from a 
gauge-covariant hamiltonian H, then of course G- e  0, and 
all the forms (1.25) are identical. However, if one
evaluates S by using the eigenfunctions of an approximate

*

(field»free) hamiltonian H , thereby losing gauge- 
covariance, then in general the resulting approximate ^8^“ 
violates the identity (1.21). That is Gr \ O f and one 
gets an ind et erminat e result for (1.25), depending
linearly on the parameter a

K(a) + a — *
q

(1.26)

However, there is still one well-defined value 
of a, say, for which K (a is closest to the
exact value K.

If the difference between true and approximate
hamiltonians be characterized by an expansion parameter £

H ■ H + C H' (1.27)
s\.then the exact K way be expanded around K(a) in powers of £

y\ y\ * 2K * K(a) + £ K (a) + £ K 

We now choose a =
/ \  1
K (a^) * 0

(a) + ...

by demanding that

Thus we have
' k  ( a p -  K

( 1 .28 )

(1.29)

5= (1.30)
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i.e. the approximate kernel is as good as any other 
physical quantity in the same degree of approximation in
tH , The ambiguity due to lack of gauge-covariance has 

entirely disappeared.
This technique is illustrated in section 2.2 

by a simple example (electrons moving in a weak periodic 
potential). It is then applied to the more difficult task 
of evaluating the M-0 effect in the Bogoljubov theory in 
Chapter III.

It must be noted that the above method cannot 
be used with a non gauge-covariant hamiltonian , 
unless H is itself defined as an approximation to an 
exact, gauge-c©variant hamiltonian. This is the case in the 
Bogoljubov scheme.
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2.2 : A SIMPLE APPLICATION: PEIEHLS DIAMAGNETISM.

In this section, we consider the magnetic 
hehaviour of electrons moving in a periodic lattice. The 
field-free hamiltonian for these electrons is

r)J ¥k (r
^  /  HL *n.
/

(r) = E(k)¥. (r)^ A ̂ ( 2. 1)

where the potential V(r) has the translational symetry of 
the lattice : i.e.

V(r + f  n ) = V(r) (2.2)

/ n being any one of the lattice vectors.
The electron wave-functions then have the form 

(Bloch 1928)
ik.r

= e ~ ~ uk (£> (2.3)

with the function Ujfr) having the same periodicity as the 
lattice*

In the theory of metals, approximate wave functions 

(o) ik.r
\  ^  =  0 uo ^ } (2.4)

are frequently employed when dealing with a weak potential. 
The energy values in the approximation are

(o)
e  o o  - y £ r  + Eo (2 .5 )
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and E # u (r) are determined from the equation O* O'"*

( 2.6)

The expansion parameter 6 in this scheme is defined by

the approximate hamiltonian corresponding to the above 
eigenvectors and eigenvalues.

the free electron one, in that the factor uQ(r) in Eq(2.4) 
contains the essential features due to the lattice. 
Quantities such as the cohesive forces in metals due to 
conduction electrons may be calculated satisfactorarily by 
use of the method. However, since the approximation is 
better for small wave numbers k than for large ones, it may 
be expected to lead to non gauge-invariant results for 
magnetic quantities : this is found to be the case. The 
difficulty is then overcome by applying the technique 
described in the precending section.

(o)  ( 1 )
H = H + £ H (2.7)

where II is the gauge-covariant hamiltonian (2.1), and

This approximation scheme is an improvement on

m
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We begin the calculation of the zeroth order 
kernel, K^°^(q)» for this example, by writing down the 
expression for the matrix elements of ^°^(q) :

<k|j (q) / k*> = (k+k1) I dr u (r)o v
2 i(k'-k-q).r

e (2.8)

q) (2*9)

(Use has been made of the fact that u (r) must be eithero —
even or odd in r*)~  t

Then, after the substitution k — » k *“ ^ ,
f i

k — > k+ ¥ “ , Eq (1.17) gives S
(o)

as

s (°)tiv
e2
5T5m c X !  V v  j l < k ‘

k k

<2. / 2
M j r “ >

25 i MWMWMMNM
2m (2 .1 0)

with Eq (E) the Fermi distribution function.

At this stage, some simplifying assumptions are 
made as to the nature of ju Q(r) j  ̂ : since this calculation 
is done to illustrate the technique developed in section 
2 .1 , such jaathematical simplifications are quite justified.
We put*
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This function provides a two-parameter fit (in terms of 
a strength parameter (3, and a range b) to the solution 
of Eq. (2.6) for any specific V(r) : the free electron 
case corresponds to the limit (3 — > 0. We also assume 
b «  a, a being the lattice spacing. The normalization 
constant C is given by

JtaE> Idr = CV ( < *  F ^ j 3 ) ( 2 . 12)

Substitution of Eq. (2.11) into (2.8) leads, 
in the limit of infinite volume>to the result

i
~ T

k2b2

£ ( * )  « CV- S(k) ♦ p % £ k )  S(k~Xn ) e

and
3

| X U ) | 2 - X
4V>

k2b 2

(2.13)

(2.14)

The sum over .X extends over all vectors of the reciprocal n
lattice : 6 (&) is defined to be 1 if k = 0, zero otherwise.

Comparison of Eqs (2.10) and (2.14) now shows
that S

(o)

(o)

can be separated into two parts, the first

/ \ o) \(1 )J corresponding to free electrons and the second

/ ( ° )  \V p y  (2 )/ containing perturbation effects due to the lattice
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k kIi y (2.15)

( o )The expression for L f Eq (1.16), is independent of the
approximation used

(o)
L (2.17)

Eqs (2.15) and (2.17) now describe the Landau 
(1930) diamagnetism of a free electron gas. It is easy to 
verify that

(1 ) - I*
(o)

0

l im
(o)

(1) = -

(2 .18)

(2 .19 )
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(We have introduced the Fermi wave number, kp, which is 

related to the number of electrons by K = Vkp^/3?t^.)

Corresponding equations with S^y°^(2) may be 

obtained by (a) assuming 2k̂ . < , i*e, k^a < tc ( if

there are oV5 conduction electrons per lattice ion, this 

corresponds to the assumption %/3 ), and (b) replac­

ing the sum over reciprocal lattice vectors by (l̂ -) 3 /?C^ 
(this is permissible for b/a «  / , which has already 

been assumed). The consequent results are

Collecting all these results, and neglecting
2 p -i 3

terms of relative order ( /a) and p ( /a) ,
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(2.22)

(2.23)

with numerical factors 0~  ̂ « it fin7/ 1 2, <r2 » n /in’/ 5.
Thus the approximate eigenfunctions have led to 

a result which violates the gauge identity G —  0. Referring 
hack to Eq (1.26) We see that will now depend on a
paramet er a :

(°)K (a)
( o )

a
q

(2*24)

For instance the London gauge, a * 1, would imply that the 
system is an anti-superconductor*.

The technique described in section 2.1 is now 
applied to choose a best approximate kernel from the set 
(2.24) : a = is selected according to the criterion that 

shall vanish.
( 1 ) ( 1 )The function , and thence K (a), is found

by ext ending Eq (1,11) to get

k,k*,kM
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(

/ 1 \The matrix elements of H v 1 are readily found from Eq (2 .7 ):

2
= H  |dr e (k-k'). V  /uQ(r)/ (2.26)

or, using the particular form (2 .1 1 ),

( D  .Ik > =
3/2 2 —i g

K Vn
& (k-k'-X )

'71 (2.27)

Thus, substituting from Eqs (2.9}» (2,13) and (2.27) into 
(2.25), we get

( DV  <«> i r-- »
2/ e

2 2 . 2
.3 ,  b 4 (cv )3 2 " (Xn + X »>T

I W «*kk k /■

* (k+k')jj(k+k")v
fi(k -k '+ 3)^(k-k"+4) S ( 4 -  )

r  + & (k-k " +q,) S (k ' -k "  - i )

2 • ̂  «2 ■pi /k k k x
,,2 'S»'S“» '5i“ )

( 2 .2 8 )

Making use of the fact that t y  is a symmetric tensor, this 
may be reduced, after some manipulation, to
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2, 2
( D

Sp.v *  A Z

xn
2 ---- 2

e Z  <*♦ #> <*+ %
X✓■OX

x F, /k* (&+&)
' ̂ r ..» — si-.

2̂ 1

(2.29)

A is a constant,

a  b  - 4 . 4 . p2 & 4 1 S5 1
me m a' 2 a

( 1 V  o Vi;We now proceed to evaluate G /  q and Eg in

the limiting case of q «  k*,. First G^ '  is found from

( D

(2.30)

( 1 )
lim S --rr

2 - (XJ>)n
v mA /  (V>) e 

J<L

(k.q)([k- |S].5 ) f,kz Ik2
Po (S } " F1 p P

(k-X ) ~ rr
2m<V>>

2 .m A
V "1 2 2
^ ( X ^ b )  e
X

2N
• — ^H

(2.31)

(2.32)

A partial integration has been performed to reduce Fo (kv2m) 
to F (k2/ 2m). Replacing the sum over X n by an integral,

lim
q .-*  o Z ( D

fv q2V 4. (2n)

2 2u2/a
’"172 d (2 .33 )
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(1) (o)
That is (sincd L « 0, L being exact)

limq->o
( o .

• / q2 (2.34)

A similar, but more complicated, calculation gives

lim
J*.V ■ <1q.-»o (xnh) a

2 2

X■Vt

(2.35)

(The complications arise from the fact that we now have to
2/ 2 \

consider terms up to order * ./Simplifying this ex­

pression, we get

(2.36)

<x.| Is now found from the condition

( 1)
K (a.,) (1 ) G ^  .*f tt ,, -"■'-n- 1 *= 0

q (2.37)

Thence, for small q.,
1 q*
F  T T (2 .38 )
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Hence the above approximation scheme for 
electrons moving in a (weak) periodic potential finally 
gives a slightly modified Landau diamagnetism, with a 
kernel

K(q) = a 1 > (2.39)

e2H
4mc4 k

1 - TP (l } (1+(^ | >  ) {  (2-40)
F

( t  is a numerical constant, n iT2n/l3),
This is in qualitative agreement with the result 

first derived for a periodic lattice by Peierl3 (1933). If 
the assumed uA(r) given by Eq (2.11) is fitted to the actual 
ground state Bloch function for sodium, as given by Wigner 
and Seitz (1934), the ensuing values of the parameters p and 
b imply a diminution of the Landau diamagnetism for sodium 
by about 0.09°/o. This compares favourably with a more detailed 
calculation recently made by Tani (1959), (using the sound 
wave formalism to describe the lattice), who gets a correction 
of 0 . 0 6 % .



C H A P T E R III

MEISSNER OCHSENEELD

IN

EFFECT

THE BOGOLJUBOV THEORY
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3,1! INTRODUCTION.

Several attempts have so far been made 
to derive the Meissner-Ochsenfeld effect (at absolute 
zero) from the Bogoljubov theory of superconductivity, 
with conflicting results,
(i) Bickayzen's (1958) calculation consists of a straight­
forward extension of the Bogoljubov transformation to the 
case of a hamiltonian with magnetic field. Such a study 
is complicated by the fact that while the Bogoljubov 
hamiltonian as such is gauge covariant, a perturbation 
treatment (such as that used to derive the thermodynamic 
properties) to any finite order of perturbation theory 
violates gauge covariance. As we have seen, the ensuing 
difficulty is that indeterminate answers are obtained for 
magnetic quantities. Since Rickayzen ignores this diffi­
culty, and makes an a priori choice of the *London gauge* 
( V ' A  = 0 ), his calculation is not conclusive.

(ii) Wentzel (1958)^realizing the gauge difficulty, 
follows a course different from ours. Commencing with the 
Frohlich hamiltonian, by successive canonical transformations 
he eliminates the magnetic field from it, up to order A .
Such an elimination can only be performed in perturbation 
series in the coupling constant g - this is done to order 
g^. Wentzel then gets an hamiltonian with magnetic field,
which is tractable: A Bogoljubov transformation may be
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applied, and the calculation performed in a fully gauge 
covariant manner. The result is a London type M-0 effect, 
hut with a coefficient which differs from that obtained 
from later calculations. This evaluation treats the mag­
netic terms by a perturbation theory first (expanding 
them in powers of g), when for the non-magnetic terms such 
an expansion is not permissible. It would appear that 
Wentzel*s result is due to some lack in cancellation 
between a function of g, and its formal power-series ex­
pansion.

(iii) Very recently, Blatt and Matsubara (1958 (b))f 
using a concept of collective excitations as introduced 
by Bogoljubov (Bogoljubov et al 1958) have made a calcul­
ation which fulfils gauge identities. They derive the 
London kernel (in the limit of small wave number, i.e. 
q —>o). This collective excitation formalism may be inter­
preted as an alternative method of treating the higher 
order terms in a perturbation calculation s the derivation 
contains a selective summation over the most singular terms 
in each order.

This calculation lacks rigour (for example, 
certain terms in the transformed current density operator 
are ignored, for simplicity), but it allows a simple physical 
interpretation of the Bogoljubov theory.
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(iv) Subsequently, Bogoljubov (1958 (0)5 1959) has 
developed a new and powerful formalism - the "method of 
the self-consistent field" - which avoids gauge difficulties. 
In this method the parameters u and v involved in the trans­
formation of the Frohlich hamiltonian are so chosen that 
the approximate hamiltonian remains gauge-covariant. The 
consequent investigation of the M-0 phenomena is, in effect,' 
a more rigorous and sophisticated version of the Blatt - 
Matsubara calculation.

In this chapter the M-0 effect is derived 
directly from the original Bogoljubov theory, without having 
recourse to the collective excitations.[This calculation was 
contemporaneous with that of Blatt and Matsubara : the later 
calculation of Bogoljubov,(iv), supersedes bothj

We have seen above that such a treatment is 
complicated by its violation of gauge-covariance, giving rise 
to indeterminate answers. However, it has been shown in 
Chapter II that there is an unambiguous way of determining a 
best approximation from those available. We thus use the 
Bogoljubov perturbation scheme to define approximate eigen­
functions of the problem, and then apply the technique of 
Chapter II to derive the magnetic response of the model.

For the case of small q, any finite order of 
perturbation theory gives a diamagnetic kernel, corresponding
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to a finite correlation length ( cf. the discussion
m

following Eq (1) in the Pre^ble). This correlation length 
■becomes larger and larger as the calculation is extended 
to higher orders, finally giving the singular London kernel 
in the limit of infinite order. This is illustrated by 
figure 70 (page 86a.). The essential point is that to get 
the long-range correlations required for a London-type 
M-0 effect it is necessary to go to very high order in the 
original Bogoljubov perturbation scheme. The result is in 
accord with the calculations (iii) and (iv) described above 
(both of which only give K(q) for small q).

In the limit of large q, our K(q) differs 
from the London one: it agrees with the kernel obtained by 
BCS, which is understandable since in this limit the 
ambiguity, due to gauge difficulties, arises only in terms 
of second order of smallness.

Wentzel's result differs from ours in both 
limits (Wentzel 1958, Gupta and Mathur 1959) by a factor 
proportional to , where j9 is, in a sense, the expansion 
parameter of the Bogoljubov theory, fiickayzen’s calculation 
corresponds to an ad hoc choice of the parameter a(q) =  1 

(cf. Eq (1.25) of Chapter II). In fact, we find : (a) for 
small q, a« 1  to the order of perturbation theory used by 
Rickayzen, although a -> 1 as the calculation is extended 
to higher order; and (b) for large q, a H 1. (However, as 
remarked above, the choice of gauge parameter a is relatively
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unimportant in this region).

m * m m m

In section 2 the main features of the 
Bogoljubov theory are summarized. The task of evaluating 
K(q) to second order in this theory is carried out in 
sections 3 and 4, for the cases of small and large q 
respectively. This calculation is then extended (for small 
q) to higher orders in section 5. (Mathematical details 
associated with sections 3 , 4 and 5 are presented in a 
series of four appendices). Finally, the results are 
summarized, and their phenomenological implications dis­
cussed briefly, in section 6.

3.2 : THE BOGOLJUBOV THEORY.
In this section, we summarize, for subse­

quent use, the main formulae of the Bogoljubov theory. The 
treatment outlined here is a refinement of the original 
theory (1958 (a)) in that it involves renormalization of 
both electron and phonon energies, thus greatly facilitating 
the use of perturbation theory. Bogoljubov (1958 (b)) starts 
from a modified Frohlich hamiltonian.
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H t(E(k)~X)ajcs ]̂cg V 1 t
Z _ J0/1Z )*p bp

(2.1)

t
V  ‘V s  bp +

(where X is a Lagrange parameter associated with the 
restraint

2  v v ■ sk, s<Â 9

and subsequently determined by the condition N * N.)
A canonical transformation is then made from the electron

•fand phonon operators, a , a and b, to new fermion 1 and
+phonon operators d , a and (3

t
V  * nk ako +  v

►t (2.2)
a-k -l = vk akl ~ vk ak0 4

t
bp “ xp Pp + **p p-p (2*3)

where , a and p obey their respective fermi and bose type
commutation rules, provided
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2 2 2 2
uk + vk ^ Xp “* “ 1 (2.4)

The hamiltonian (2.1) is now written

H * Hq + H* ♦ E2 + H* 1 + Hg* + Hr + U (2.5)

where HQ is the * zero-order1 hamiltonian, with renormalized 
fermion and phonon energies,

Ho « Z F(i0KX.+ «*l\l) +Z (2.6)
is r

and the remaining terms are given by



-  65 -

The remaining term is a constant,

O =J>] (E(k) -X) 2vk 2 <xr(p) np2 .. (2.8)
S p

The terms (2.7) are described in figure 5 by Feynman graphs: 
unbroken lines represent fermions, broken lines phonons.
Time runs from left to right.

(Fig. 5)

The transformation parameters u, v and n, X are 
determined by the criterion that ’dangerous* processes 
(creation of a virtual pair of fermions or phonons from the 
vacuum) should compensate. One then writes u^, vfc in terms 
of a function C(k) as



(2.9))
M  }

where (k) *= E(k) - Ej, (2 *10 )

and C(k) is to be determined (to second order) from

dCfc) * S  4 :  *-
fcOtrk') C M

f i n s '&')+£(.%) * t W ) (2.11)

This equation has two solutions : the trivial solution

C(k) = 0  .. (2.12)

and another solution which, for all practical purposes, is the 
constant (

£ =. (xr S •••• (2.13)

Here is some average phonon energy, and j , defined
as

(2.14)

is required to be small. The trivial solution (2.12) corres 
ponds to the normal state, which has a higher ground state 
energy than the superconducting state, given by (2.13).

Finally, we mention that, to second order, the 
renormalized fermion energy ( r l,) < *>) is given by
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x = i f S u S !  <2*15>

The noteworthy feature is that this fermion excitation 
spectrum has an energy gap A  above the ground state; the 
magnitude of this gap is

kT
A  * C « ^ (2.16)

3.3 : K(q) TO SECOND ORDER : SMALL q.

The evaluation of the magnetic properties of the 
Bogoljubov model is begun by writing down the appropriate 
expressions for and L, as defined by Eqs (1.16) and
(1.17) of Chapter II. Since the theory is concerned v/ith 
the limit of zero temperature, onl^ perturbations on the 
ground state need be considered: hence, using the Frohlich 
hamiltonian,

(3.1)

< ° l 3 u ( j p t g ;  ( - q ) | o >

k E 0  -

+ c.o (3.2)



-  68 -

with the operator j„°(q) (Eq (1.^) of Chapter II) in 
second quantized form

(k-k* =q)

(k+k^
f

“ks V sA* A-
(3.3)

Making the Bogoljubov transformation^ (2.2) 
into the operators a and a, the operator ^°(q) is given 
(exactly) as

(3.4)

3m (5 }“
A/

u
4  k-i

+ v x

f t  t(a a - a a
\ k - | , 0  k+ | ,0  k+§, 1 k- § , 1

t
1 k—Sf,

o
l(i2 l

(3.5)

z) It is to be noted that a Bogoljubov transformation (2.2), 
with fixed, field independent coefficients u and v does not 
destroy the gauge-covariance of the hamiltonian.



fThe vectors k, k of equation (3*3) have heen rewritten
as k —> k - ^/2» — => k + S/g. Invoking graphical re­
presentation, j-j0 and ^2° may expressed as in 
figure 6. ( Wavy lines represent the action of the 
external field, A.)

(Fig. 6)

The qualitative nature of the M-0 effect is 
described by the behaviour of K(q) in the limit q -> 0 

(cf. Eq(1) in the Preamble). We therefore expand the 
matrix elements in (3 .5 ) in this limit,

(« u + v
k+-^ k— k+^ k - i ■ ’

T 2 . 0
<c * 1 ‘)

(k.q)
2SC

( u  „  V  „ - U  „ V  „ )
' k-| k+| k*| k-|'

'k. q
l2m

->3s
SH<r

where
1 ,^ 2 2 2
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(Prom now on we neglect the q dependence embodied in f0, 
as it gives rise to correction factors of order 
which are negligible for all q of any interest.) 
lioreover, since all integrals over Jc have their dominating 
contribution from the region |k | ^  kj,t in (3 .6) we 
rewrite k.q ( =  kqx) as k^qx : this approximation is as 
good as those made in setting up the Bogoljubov theory 
(e.g. (2 .1 2 )).

Thus the expansion (3.6) is an expansion in 
powers of (q*/p)t with

2mC
W

Hence by "small q” we mean q <  p : we shall now derive 
K(q) in this limit* as a power series in (q/ ). The caser*
of q > p ("large q")f which is relevant to penetration 
phenomena, is deferred to section 4 .

It is important to note that in the limit q < 
the matrix element associated with (i.e. scattering 
of a fermion by the field) is of order unity; whereas that 
associated with jg0 (emission or absorption of a pair by 
the field) is of order A  .

In evaluating S u v  » only those terms which 
contain either or jg0 twice are pertinent : any term

containing each of j^0 and j2° o»ce is odd in k9 and thus 
vanishes identically on summation.
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The scheme so far is exact and gauge-covariant —  

the approximation new enters, when the Bogoljubov treatment 
is used to provide approximate eigenvalues and eigenvectors 
of the field-free hamiltonian, to calculate 
(The quantity L is, of course, exact, independent of the 
approximation used for y u V ).

Formally, we proceed as follows:- we write
M H

H - H0 + r (h !J + HjJ + Y2 (H1 + H2 + Hg) (3.9)

O

where H^, etc., are as defined in the preceding section, 
and Y is a formal expansion parameter, which we put * 1 

finally. Terms of order Y^ correspond, in effect, to graphs 
with n closed phonon lines.

For order Y2n , Ho contains the energies of
fermions and phonons renormalized to this order. Hence the 
eigenvalues for the energy denominators in 0^v are known.

By application of perturbation theory ( with
corrected energy denominators - of. Morse and Feshbach 1953)
eigenvectors are then calculated, |~The eigenvector for
the state with, say;fermions k^O, k2 1 , ........... , k^ 1

, p»j is represented in 2 ..... « 2

and phonons p^» P2» • .........
zeroth order by | k^O, k 2 1 , ...

and by | | k^O, ...., 15 p1?

■** !* Pi» p2

•••* pk 2^ when.
n

corrected to order Y 
the ground state is

For example, to second order,
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\o) + Y \ k o Jk'i}^  h// o )

(l ° > l  = ,  (/*,*'', *'*, n |  H, W >
+ M  „ '<W}(3>10)

l+.|/ro It'/; py P 'X ^ k 'tj p'j p I Hj'I <«>, k'lj f>),

L  +eft ' < & k'b‘ pjn/l °>
where these perturbation terms have the graphical repre­
sentations

(Pig.7)

Using eigenvalues and eigenvectors calculated 
2r A Wto order Y* A, a is found. It may be shown (e.g.

Wentzel 1958) that in the Bogoljubov approximation gauge-
covariance is no longer fulfilled identically to each

y\(n )order in Y : i.e. y gives rise to a G v ' which
violates the identity (1.21) of Chapter II. This diffi­
culty is overcome by using the technique developed in 
Chapter II to choose a best value for a in K'n ^(q,a).

In principle, this is done by choosing a =
such that (q,a1) is a stationary approximation to

W n + 1 )
t(q) : in detail, we calculate K (q,a) by use of wave-
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functions and energy values correct to the next highest 
order, and then choose a = a,, such that the difference

A  (n ) A  (n+1) A  (n )
A K  ( q , a )  -  K  ( q , a )  -  K  ( q , a )  (3 .11 )

is minimized. In this way, ovr non gauge-invariant 
E (n)(q,a) may be used to get a well defined approximation, 
of order Y2n, to K(q)*

m m m m s

As a starting approximation, we take quantities
ocorrect to second orderv ' (i.e. to order 7 , or n * 1 )

The quantity

(3.12)

is regular as q tends to zero : this is because all terms 
of order V Q2 involve an angular integration of the form

ar |
' We avoid use of the zero order eigenfunctions, since the 
continuous energy spectrum so obtained is qualitatively 
at fault in describing a spectrum with a gap. If one 
uses such quantities, one encounters difficulties 
stemming from the expansion of a spectrum with a gap 
around a continuum.



-  74 -

(T
I (“? ” 4  cos^  ) d (cos © ) = 0 (3.13)

The leading term in *'(q) is then of order Y°, obtained 
by the operator 32° creating and then destroying a pair

'HO, \ _ j_ JLf&'S ?  ^ I'~* U>r-t\ )
8 ( % ) s t  ( 2 ' V % ) + ? V 4 ) )  (3.14)

of fermions.
0 ( 0

For the case of q^i, this reduces to
a (1),
Kg <1 > 4 i 1 + ^ ( Y 2) (3.15)

In simplifying (3.14), we have used the relation

N y
3V "F (3.16)

/\(1 ) 9
Or ( q ) / q  is defined from Eq (1.21) of Chapter II by

w d , ,
g («i)

a (1)

r

L
Tq

(3.17)

/ 2 /W 1 \The 1/q term due to S v^' has its leading coefficient
2 ✓ 2 of order Y . This is because terms proportional to 1/q

must arise from the operator (cf. (3 .6)); but since is
a scattering operator, fermions must first be created from,
and finally destroyed to, the vacuum, by perturbations on
the ground state, ( 0 ^  , which are at least of order Y. Hence,

A < D ,  X
fi___ kLl L

"T
q

1
v

+ & ( * )  + 6? a 2) (3.18)
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and, as we expected, the approximate wave-functions and 
energies have violated the gauge condition Gr(q) =  0.

So our approximate kernel is to he chosen from 
the infinite linear family

K {1 )U )  - - {-̂ — 2 ♦ ^ 5 ) l> (3
x15n q 7

We therefore proceed to construct the quantity
A( 1) (q,a), as defined by Eq (3,11). The lowest order 

terms in A  K^^(q,a) are clearly of order Y^ - that is 
to say

A  = f & ( % * )  [_ I + )J (3

A well-defined approximation to the exact kernel K(q) may 
now be obtained from Eq(3*19) by choosing a = , such
that

i.e.
X  \q,a.,) 

\q )  ♦ a 1 0

(3

(3

Bearing in mind that 6 ^ ^  contains either the 
pair of operators 3^°, or the pair ;)2°, J2°, it is
seen that the lowest order (Y^) terms in the difference
f/\(2) x\(t) 1
] K (q,a) - K (q, a) f arise basically in three

• 19)

. 20)

• 2 1 )

. 22 )

ways
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(i) The operator scatters a fermion of a 
pair which is created and destroyed by perturbations on 
the zero-order ground state, | o^, of orders Y and Y^. 
Schematically, such terms correspond to graphs such as 
shown in figure 8 . (We have ’exploded* the graph, into 
its successive components).

(Pig,8)

PSuch terms have a leading component of order 1/q .

(ii) A jg0 operator creates a pair from the 
vacuum, and destroys it back into the vacuum? the wave 
functions in between having perturbations of order Y and Y^, 
or else of order Y^ coupled to an unperturbed function.

Also in this class we include terms arising when 
successive ^2° operators create (or annihilate) four 
fermions from the vacuum, and these fermions are annihilated 
(or created) by perturbations to the zero-order vacuum of 
order Y4 .

(Fig! 9)



-  77 -

Here the leading term will be of order 1/p ,

(iii) There is also a term of order Y^ in the
^  CO

difference between and ->/lW arising from
the difference in the two denominators (i.e. from the fact 
that £ ^ ( k )  - £ ^ ( k )  ~  Y^). This, in conjunction
with unperturbed wave functions, gives a contribution to 
< % ^ ( q , a ) ,  which is cf order l/|i2.

joi *| J
The quantities <^-^^(q) and , defined in

(3 .2 2), may be expanded in powers of (-̂ )P®

a  '” <4)B
L

“T (a0(1) ♦ a2(1) (£)* 4 ... ) (3.23)

# - ^ A a 2
L / 0 ) ( D  - 2+ b, (*) ...) (3.24)



-  78 -

The coefficients a ^ ^  arid b ^ ^  are calculated 
in appendix A. This calculation is facilitated by the 
renormalization of the phonons, and the requirement that 
dangerous1 processes, giving rise to virtual creation of 
a phonon pair (only), should compensate : many terms may 
be eliminated as being down by factors of at least •

The argument given previously relevant to the
1 1 )— k term of K' '(q) (see (3.13)) gives immediately 
<T B

( 1 )a 0 - 0 (3.15)

Evaluation of terms of type (i) yields (neglecting terms 
of relative order exp and ^  )

0 ) A , Zbc « 3. ( 1 - ln2 ) /  (3.26)

To find and b ^ ^  terms of all three types
2 2 >

(i), (ii) and (iii) must be considered. It is found that 
the dominant contribution comes from the * ladder graph* 
type of terms in (ii) illustrated by fig. 9 (b) and (d) : 
such terms are characterized by the fact that each alternate 
energy denominator, in perturbation theory, contains only 
fermions, and no phonons.
One gets

4 ’ < X f) * & ( % ) }  ( 3 . 2 7 )
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= ir f  l U  &(£) * ° { % ) \  (3.28)

Thence is chosen by the demand (3,21) that
<1 ), a, 4

y  (o.» a-j) vanish : ignoring terms of order ( ) ,

a 1 “  --------1--- — - T ~ * \ ) 2 <3.29)
3^ (1-In2 )j= + ( V (1)

+ — ■ - —  -—  . H b  1 ♦ ®  < V „ ) 2 r (3*30)16 (1-ln2)^> p* / ** j

and finally substituting into (3.19), to second order in 
Y , we get the kernel in the limit q<ii as

, , W D ,K(q) ^  K

“ “ ftr ♦ — -—  ------ ^ (3.31)
V J  16(1-ln2)/ ' p

Such a kernel describes a large diamagnetism, 
rather than a London TI-0 effect.
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3.4 : K(q) TO SECOND OBJEK: LARGE q.

8-1
In the region q > (i (although still q «

the calculation of K(q) is straightforward* Using wave- 
functions and energy values correct to second order in T , 
as in the preceding section, we again get K ^ ^ ( q )  as given 
hy (3.14), ignoring terms of order y  and higher. Replacing 
siims hy integrals in (3.14) and making a change of variables

= (jfc)y.

/^7x7 > T 2 + ity-x)l< s77 (4.1)

which is to be evaluated in the limit & < 1 , with S s ^  ,
<1

This evaluation, carried out in appendix B, yields

* ~ x3" J 1+ 7^2 q ln q + ( P t y  l ^  (4*2)

Also we have

^ 0 )G
~ T m - W  (4.3)

Again we may expand in powers of ^  :
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Ad), 2 f

G 5 ^  ' $ r *  ] 0
<1 q q ln' q* ®  (q} (4.4)

Comparing equations (4*2) and (4*4), it is 
apparent that, in the limit ^  «  1 ,

a O )K
B

(q) » la l (4.5)

A O )This then implies that K (q,a) is very insensitive to 
variations in a.

is evaluated, according to our criterion, in 
Appendix C. In carrying out the resulting calculations, we 
find it convenient to subdivide the region q > p into two 
parts:

(a) \i < q < \i exp(Jf) (4 .6)

(b) kF > q > [i exp (^)

Physically, region (a) is the more interesting 
one, since it is relevant tc q 10^em~^. In this region, 
both «W>j^1 ^(q) and *£> ^ ( q ) / q 2 have leading terms which 
differ from L f  /^2 only by numerical factors, is thus 
a purely numerical constant, containing any q dependence 
only in correction terms. Hence, in region (a),

K(q) 1 + (P (t in K.) (4.7)
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/\( ̂ ) p ^)In region (to), G (q)/q is smaller than (q)

by a factor of less than ^  exp . We find (see
(C.13))

= o- 3- eKr( " / )ĵ f+ c ^ t 0 (4.

with CT some numerical constant. The ensuing term

/\(1) , 2 „ A < Da^G /q in K(q, a^) is, however, still smaller than 1C

8 )

than

throughout the region (b), by a factor (exp^~)ln ^) • That 
is, in region (b),

[.. e?( „ , < ? , „ $ J l

The results (4.7) and (4*9) may be collected 
together by writing the kernel, in the limit q > n, as

(4.9)

+ exp (ji)y In ^ L (4 .10)

3.5 : K(q) TO lilGliaK OREKU IN 'i'HJS Ai'i’BOXBLVTIOH SCIiatE.

The evaluation of the kernel is extended to nth 
/\ (n) /\(n) . ,order by calculating Kg and G /q with eigenfunctions 

correct up to terms proportional to and choosing

by the criterion (3•1 1 )
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/ \ (n )  a ( h + 1 ) / \ (n )
AK (q.a.,) = X (*,«.,) -  X (q.a.,) (5.1)

(5.2)

A(n+ 1 )
(K (q,a) is the kernel calculated with eigenfunctions 
correct to the next highest order.)

The quantities and G^n V q ^  now have the form

/\(n) A ( 1 )
^  - %  (1+ terms of higher order in T

!)
(5.3)

a (“ ) a ( DG
q2 q

£ (1) / ?\terms of higher order in Y y  (5.4)

The leading terms are as calculated in the preceding sections. 
Also, as the lowest order terms in A K ^ n ^(q,a)

are obviously of order y2(n+1)^

A  (n) 2(n+1 ) (n)
A K b * Y -g

An)„AA G
q2 "

r ^ Y +
q

(5.5)

r ^

(5.6)
w(n) ^(n ) / 2

where » yL> /q are found from those terms
(n)

corresponding to graphs with (n+l) phonon lines. Then is
derived as
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<n) * &
(>l)

- ^  j 1+ ^ erms higher order in Y'
$

( n )
The leading term of is, of course, of zeroth order
in Y for all n.

(5.7)

Thus we have the result

/\(n) )a (1) G-(<) 2 ,
K (q.»<1-|)a!r jK-g - er~L7r—. 1+terms of higher order in Y^((5.8 )

A<n )Strictly, a calculation of K (q,a.j) would 
involve summation over all terms up to order Y in equations 
(5.3), (5*4), (5*5) and (5.6). Although this summation is 
mathematically intractable, we may still improve the second 
order calculation by taking (q,a^) to be given by the 
first bracket in Eq(5.8), ignoring the terms of relative

porder Y and higher. Such a procedure avoids questions as 
to whether the Bogoljubov expansion is uniformly convergent, 
or, rather, is some form of asymptotic expansion.

This method for improving the second order 
approximation to K(q) is justified if and only if the re- 
suiting K (q) tends uniformly to a limit as n tends to 
infinity.

a j J n )  2For the calculation of J* ^ and ^  / q ,
y\(n ),and thence K v /(qfa^)t we again consider separately the 

regions q < p and q > p .
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(a) The region q < u
In analogy to Eqs. (3.23) and (3.24), 

in powers of (q/V) as follows:
we expand

(5.9)

( 5.10)

The methods used in appendix A to find the coefficients 
a ^ ^  and b ^ ^  may be extended to higher orders to get 
(appendix D)

f

\

(n)
ao • 0 (5 .1 0 )

(n)
a 2 (' + (̂fj) (5.11)

(n)
bo

71H

“ \  f (5 .1 2 )

<*)
b2 — ,w 0 ♦ «#>')) (5.13)

where 
orders ^ E ^ l n have

T  T, are numerical constants. (Terms of relative
and -jf exp

been neglected.)From these equations it follows that
(n) ^

(4)

-  % \ =
T

with f a numerical factor of order unity.

/+ ( % ) ^ (5.14)



-  86 -

A(»),The improved approximate kernel, K 
is now given by Eqs (3.15), (3.18), (5.8)and (5.14) :

A (n )
K (q) n T . L (5.15)

q + t f  »

The behaviour of this kernel is depicted qualitatively in
1/4).figure 10 ( with

off below some q^n \
The kernel has a V ^ 2  singularity, which is cut

,(n) h/2
f * (5.16)

As we take higher and higher orders of perturbation theory 
(i.e. n very large, and f  n/''2 very small), the cut-off 
occurs at smaller and smaller values of q, becoming in­
distinguishable from the London kernel :

A(n)
lim K (q)YL-* °° (5.17)

This result agrees with that of Blatt and 
Matsubara, and that of Bogoljubov (1958 (c)| 1959). This is 
to be expected, since our calculation ( in which the 
ladder graphs play a central role) is one way of treating 
the leading contributions from high order terms, while the
collective excitation formalism (which involves a summation

/

over terms analogous to our ladder graphs) and the "method 
of the self-consistent field" are alternative approaches
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to these higher order terms.

(b) The region q > p : -
Extension of the calculation of section 4 to 

higher orders in Y leaves the result (4.10) unchanged, 
except for factors of the form (1-** O(f^) ) which are
to be neglected. The fact that the second order kernel is 
essentially exact for q > p is explained by Eq (4.5)* i.e.

/\(d  W o .
K (q) > > & (5.18)
B

so that the choice of is unimportant.

3.6; SUMMARY AND COMMENTS.

We now have the kernel, K(q), for all values of 
q (except q >, ky, which is a region of no interest). We 
may consider separately the regions q > p and q < p, where 
p is given by Eq (3.8)

(6.1 )

i.e. p »  10^ cm’-1 (6.2)

The region q > |i is relevant to calculation of 
the penetration depth, as measured in static and microwave 
experiments, and allied quantities. The behaviour of K(q)
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in the limit q — > o describes the law of field penetration 
at large distances within the superconductor - that is, it 
describes the qualitative nature of the M-0 effect.

For q > p, the lowest order in our perturbation 
scheme gives the kernel in a completely satisfactory manner:

K( q>y ) « - -yg—  L j 1 + iP + e ^  J In ^ (6.3)

For q < p, the lowest order calculation gives the 
result (3.31)

K(q<|t) -leo-in*) f
(6.4)

(6.5)

However we saw in section 5 that an extension of the per­
turbation scheme to higher orders indicates that the London 
kernel

Kj^(q) ** — “"2"" (6.6)

is the appropriate result for q < p .
The kernel described by Eqs (6.3) and (6.6) 

above has features which differ from the pure London kernel 
in the manner anticipated by Pippard (p~^ being Pippard's 
"coherence length"). When treating penetration phenomena, 
the so-called "London penetration depth",
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must be replaced by a penetration depth d,

(6.7)

[ The calculation of d, for specimens of size R > > df 
follows the course outlined in section I.3 J

This expression agrees well with experimental 
results. For example, the experimentally measured penetration 
depth at absolute zero, dQ, for tin is

dQ(Snf expt.) * 1.8 (6.11)

(London interpreted this fact as implying that 30°/o of the 
electrons were superconducting at zero temperature). Sub­
stituting the relevant parameters for tin in Eq (6.8) gives

d (Sn, theoret.) = 1.8 XTO ii (6 .12)
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. . . .  u  point worth noting at this stage is the 
following:- the kernel calculated in lowest order remains 
finite in the limit q — » o (Eq (6*4)). Comparison with 
the discussion of section 1 .3  shows that there will be a 
small residual field at great distances inside a specimen:

2
B oo * Bo ( **1XL> (6.13)

This is in contrast to the complete field expulsion of the 
kernel (6.6). However, experimental difficulties due to small 
locked-in magnetic fluxes are such as to make a detection 
of the effect (6,13) extremely difficult if (p^ )" 1 is greater 
than 10“4cm (Casimir 1958). That is. the kernel calculated 
in lowest order (Eqs (6.3) and (6.4)), and that found in the 
limit of infinite order (Eqs (6.3) and (6.6), are from an 
experimental point of view indistinguishable. There remain 
significant differences in principle!]

An experimental test as to the nature of the 
kernel at large q is provided by measurements of the 
magnetic susceptibility, X  , of a very fine-grained 
colloidal suspension of superconducting material. The 
kernel (6.3) and (6.6) anticipates that X  is given by 
(May and Schafroth, 1959)

*  0.0108 (6.14)

Here X c is the susceptibility corresponding to no field 
penetration at all, and <Rn > is defined by

o o
j  K ^ f ( R )  d K

J f(fO dR (6.15)

with j* (R) dR being the number of (spherical) particles 
with radius between R and R + dR. The expression (6.14) is 
in contrast to that obtained from a pure London kernel, 
which predicts
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X <R5>
d2<R'J>

(6.16)

Experimental results for (Whitehead 1957)
are consistent with the (ly'd)^ dependence of (6.14) and

A
not with the (IV'd) London result. This fact gives rise 
to an experimental paradox : experiments on macroscopic 
specimens ( R »  d ) imply that d (T) varies like
r  - v t1 - (T/T f whereas experiments on microscopic1—  c j- -1/3
specimens imply a M-( T / T c)^ J variation. This
conflict of results (which does not arise if experiments
on colloids are interpreted with the London kernel) is as 
yet unresolved.
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APPENDIX A : CALCULATIONS FOB a., IN 3.3

(f)
bo

The coefficients a ^  \  a g ^ ^ a n d  bg^^, defined 
hy equations (3.23) and (3.24), are calculated in this 
appendix. In evaluating integrals arising in the Bogoljubov 
theory, we may utilize the fact that the dominant contrib­
ution comes from the Fermi surface: i.e. we replace

g / 2tt J k dk by 
the phonon energy 
with 2 ; «  Ep.

. Also, in general, we replace 
UJ (k-k') by an average energy, 00 ,

The coefficients are calculated under the 
assumption that j> is small, compared to unity : in getting 
final results, quantities of order

2- J U  f- «  I ; Jf (r*f) «
(A.1)

are ignored, compared to unity. 

(1 ) a b

First, for the coefficients, only terms of 
/ / qtype (i) (see Section 3) need be considered. By an 

earlier argument, exemplified by (3.13), we get immediately
( D

0 (A.2)

A variety of terms contribute to b (1) : these
we have evaluated. It is found that, for various reasons,
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many may be neglected as being smaller than the leading 
contribution by factors of at least ^  n ^

(cf. A. 1).
- e . ^ fr

or exr(-0

The Bogoljubov formalism employed here leads to 
the following simplications:

(a) The choice of the parameters u, v and p, A such 
that "dangerousw graphs compensate means that all graphs 
with either two fermions or two phonons (only) in an inter­
mediate must compensate, to give zero contribution

(b) Due to renormalization of phonon energies, graphs
which contain internal phonon self-energy lines (e.g. fig. 
1 1 (a)) give contributions smaller than the leading one by 
factors of at least (cf. Bogoljubov 1958(b) ).

Fig. 11
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Most of the remaining graphs (e.g. fig, 11(h)) 
contain four distinct fermion momenta (k, k*, k", k*'•)A'' V  A/

related by the requirement that

k + k ’"  - k ’ + k "  (A.3)
A/ *** A/ A<

The other graphs contain not more than three distinct 
momentum indices, being of the type illustrated by figs.
1 1 (c) and (d).

It is found that contributions from graphs of
type (d) differ from those of type (c) by factors ^  exp(~ {̂) ;
they are therefore ignored.

We now calculate the total contribution to b ô
from graphs of type (c)(containing fermion self-energy parts); 
the terms exemplified by (b) are then shown to be smaller 
by factors of at least w/Ej, In /Ey)

Collecting terms of type (c), we get

X

(A.4)
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o- / ~.G) •(where c means £ (k ), and so on). Utilizing the 
remarks made at the beginning of this appendix, we haver o n(Jb0 J , to the approximation (A.1), as

c a  ■  *

,T-
UJ ou

J Jo o o

d^JL % f)(w+0(/ 4 %  + f )
(A.5)

U J  t v

faj)
This expression reduces to

2
(1-In2 ) j (A.6)

We have yet to show that terms of type (b) 
(containing four distinct fermion momentum indices) give a

( Dcontribution to bQ which is smaller than (A.6 ) by a factor 
^/ E p  In V00/ty• Qualitatively, this may be understood as 

follows: in general, the energy denominators are of the form

Gfb-tO +  Z & )  a- tct')
and have a minimum value, of order tv , when

i n  1

I k ' l  =  k F ( l  +  & ( % ) )
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Consequently, when we come to integrate over fermion 
momenta, the dominant contributions occur when all the 
momenta have moduli of order k̂ ,. At this stage, the con­
dition (A.3) imposes a limitation on graphs of type (b) - 
if | k* I I k w / and I k * b e  chosen to satisfy (A.7),1 /V 1 J 1 /v I ' /V I
only a fraction of those k allowed by (A.3 ) will satisfy 
(A.7). Moreover, since this fraction is roughly ^  /E-, , 
it is not surprising that a quantitative evaluation of 
these integrals leads to a contribution to b which is
smaller, by such a fraction, than the contribution from 
integrals without a constraint like (A.3). As a quantitative 
example, we consider the graph described by fig. 1 1 (b1 ) :

W * J s ' +M'LJs)

(A.8)

(u V-WyfrcVV q V X ^ 'W 'K '*  ~ V ‘̂ ") 
(pj + T+X'f (&±Zv,+ T,+T"Xw/+1' +?'")

That is, replacing sums by integrals in the customary fashion,
o>od

ft

Kbi) =jf
oo 0

2 If ‘f O * f j - f ' ' )

±i *■>

' f J*\dxjdf *  *

(A.9)

S7r -i l { '

1j'" - f ' + ■j" 7-X -X+JjCX+l

where
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Finally, Eq (A.9) reduces tc

(A.10)

(A,11)

which justifies the remarks above.
Hence, collecting all terms but neglecting relative 

orders <^/Ey **-n £*p(~ !j) , b<1> is
found from Eq (A.6) :

(1) 4
T

2
(1-ln2) j> (A.12)

(D (D
(2 ) ag y bg 2

Now we must consider terms of the general type (ii) 
and (iii)(whose leading terms are proportional to — 1 ), as 
well as the second order terms in the expansion of type (i) 
in powers of (^). We can pick out certain terms, of type (ii), 
which give a contribution larger than others by a factor of 
(at least) . These are the so-called ladder graph terms, 
as illustrated by fig. 9 (b) and (d) - but not by (a) and (c). 
They are characterized by the fact that each alternate energy 
denominator contains no phonon terms (see e.g. equation (A.17) 
below). They do not contain either fermion or phonon self­
energy parts (such graphs are found to give contributions
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smaller than those due to ladder graphs by factors of at 
least (fermion self-energy) or co/By (phonon self- 
energy))! nor do they contain the process whereby a fermion 
pair is annihilated and re-created by a phonon (these have 
been found to differ from ladder graphs by factors of at 
least 4  .

An important property of graphs of type (ii) is
V  O ) ,  / ( D ,that th e ir  contributions toc/b^ (q ) and to ^  ( cl)/  g

K  (1 )(q)- B
and

ii

o )
(,v 5* ii

say ( are

equal in magnitude, but opposite in sign. This may be 
proved as follows:

In these graphs, the matrix elements for the two 
o

^2 operators contain different momentum indices : such is 
not the case in types (i) and (iii). The consequent

1rorm 
ii

not the cas

( D

ii
y  W -  I  W(|k|,k.q, ’[ ,k' .q)

k k *  (A,13)
)•

Writing
(k.k') - -y iv*A/ A* (k.q)(k' .q) ♦ (kXq).(k'Xq) (A.14)

(A.13) reduces to
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(1)
B U )

ii
k k'/v 'V'

/ ( | * | , k . q, |k' | ,k' .q) (A.15)

i • © •

X (,,U)^ B -J ii

( D (q)/^ (A.16)
il

Thus for terms of type (ii), there is no need to find a,
( Dand tig separately.

Now we calculate a typical member of the ladder

( D

is

kk'k‘<1/  -'V»
£

)/ <i )( d )
\ 6 X+ 4 V

x u j Vu ' - C u < u - ‘,- v ‘v “) *  ,

' w r x ^  +  17 ]

=  f t  r l '  +  a ? }J
(A.19)
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Summing over all ladder graphs leads to the result

1--T“w ( D
_  2 - SC mm a 2 i f U  + °(f] (A.20)

h.Gr. L.O.

The
2

fact that this result is of order y  , rather
than y> , is a consequence of alternate energy denominators 
containing no phonon contributions: the ensuing intermediate

M 'V
state denominator d (k ) + & (k) in (A.17), for example,
then produces a factor l̂ y  . It is thus easy to under­
stand why the remaining terms of type (ii) (such as fig. 9(a) 
and (c))f which do contain phonons in the intermediate state, 
are found to be of order y  f At this stage, it is also 
easy to verify the remarks made on page 77 ~ 7  ̂re^e^ant to 
graphs which differ from ladder graphs by containing fermion 
or phonon self-energies, or the annihilation and re-creation
of a fermion pair by a phonon. For example, to find the con-

(t)
tribution to bg of the graph illustrated by fig. 1 2 ,

Fig.12

we make the following alterations to Eq (A.17):-
/ t u i ^ m n t i n  i t  i«(i) (u u" - v V*) (u v +u v ) (u v_+u v )

where u means u , etc.,
+ J E - W 2
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(ii) af(k'-k") w  U )

(iii) ( Co -t- i" + £' + i t )  — >

The alteration (ii) produces a factor of order q/kp , and
(i) together with (iii) a factor 00 /n , resulting in a(1) °nett contribution to b, which is smaller than that for
the true ladder graph by a factor , -w = ^

Contributions to b ( D and a ( D also come from'2 Cg
type (i) graphs, by expanding the matrix elements for 
according to (3,6). The resultant integrals are similar to
those for b ^ \  except for a^factor of the form 0^/(0^+ 
Inspecting the results for bQ , we find that introduction 
of such a modification produces a factor exp(~*); thus, 
within the approximation defined above, (A.1), the contrib­
ution from type (i) terms is negligible.

Finally, type (iii) terms, which are proportional 
to the energy corrections of order are of the form

f  - V*

A

f
t

J

1
(A

( D  ( DThat is, the consequent contributions to b2 and a2 are
2proportional to j? .

Using all these facts, and in particular the 
equation (A.20) for the ladder graphs, we get the results
(3.27) and (3 .28).

.2 1 )
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APPENDIX B : EVALUATION OF AN INTEGRAL.

In this appendix we evaluate the integral (4*1), 
pertinent to the magnetic response at large q. That is to 
say, we calculate ^r (' o*»-/) j. l

1  (b)= v  1 u  j(B.,

in the limiting case of b I

Pirst, we note that, putting b *= 0,

I  ( 0 ) S’ -  i1 dx iixfrll (B.2 )

i.e. I (0 ) - 0 (B.3)

A direct expansion of (B.1), as such, is difficult: 
we find it easier to expand the derivative of I( 5 ) with 
regard to 8 . Since the constant term is known, (B.3), I( b ) 
is thus obtained.

Introducing new variables of integration :
s « y + x 

t * y - x
(B.4)

J

(B.1) becomes
r  oo ,5

r 0 ) = 1oL
, ______________

A -*5-2. ^  ~5 j ( b , 5 )
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Then, differentiating with respect to S ,

dl( S ) m _ £
d 8 2

(B.6)

where, for convenience, J is separated in three parts:

J = J^ (B,7)

Prom (B.6) it follows that those terms of J which are regular 
in S give contributions to I( h ) which are, at most, of

c 2order d - this order we neglect. Thus we confine attention 
to those terms in J2 and which are singular in the 
limit S o .
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In J,j and putting b = 0 gives rise to, at 
worst, logarithmic singularities: these are then separated 
out, to give

= - 1 2  1 n b + (terms regular in b ) (B.9)

J0 = 2in & + (terms regular in b ) (B.10)

A more detailed treatment is required for J^, 
which has a stronger ( <̂ “1) singularity. Performing the
integration over t,

*  -  6 In
1/2  ^

(s2+ *2)
b J

(B.11)

This may be expressed as

,1
6
b

oo

dr
1-r ?  ln < 1/ r ) - dr

k  r(1+r ;o
17? ln[ 1+r2) (B.12)

3 2 .
•  # »  - 61n 0 + (terms regular in b ) (B.13)

Thus, collecting together the expressions for J^, 
and J^, we have

. 2*? + e U 5  ♦ (0(b)T T (B.14)
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Using (B.3), the final expression, used in (4.2), 
is now obtained :

I( S ) « ^  b /l+ b In b + (P ( b 2) j (B.15)

3 ( 0The simplification of equption (4.3) for Gr '(q) 
is carried through in a precisely analogous manner.
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APPENDIX C : CALCULATIONS FOR IN 3.4.

The quantities V  (q) and ^  (q)/q*t

defined by (3 .20), are found here in the case of q > p .

To illustrate the argument, we begin by evaluat­
ing the contributions and U  (q)/q2 9

1 U
from the ladder graph shown in fig. 9 (d).

(1) ( D

u means u , , and so on.
+ m .

We now replace sums by integrals, and make the
change in variables £ * p ^ , and k.c|̂ s= k 0. cos ®  *
■k a x, etc. Terns of relative order 0~) are ignored:“ q
this corresponds to taking the normal state values of u and v.
In such case, the presence of matrix, elements (u —u_v )

amounts to the requirement (x | > |y| , while the occurrence
of (u^u_ + v+v_) implies jyj > |x| . (C.1 ) now
becomes
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A  =  -  * -  (C.3)q C

Bvaluation of (C.2), and all other Integrals 
associated with and 1 (q)/q^, is simplified
by considering two regions of q values separately:

(C.4)

(C.5)

3
7F h fQl j

'i+ 0 $ (C.6)

where I is a numerical constant <F 1
T5

2 TT 21ln2-6(ln2 ) - ^

A similar result holds for terms of type (ii) in general, so
1/ (D (D 2that for these terms, both J i  -p (q) and ^  ( q ) /q are
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proportional to ^  ̂

It is readily verified that when terms of typos
(i) and (iii) are calculated, by a procedure analogous 
to that for the example just given, they give contributions

^) \ 1/ oto cJXff (q) and (q)/q which are, in essence, of(1)
B

the form
0)

o <
A ^

J
(A+ x)‘ / -  3 x (C.7)

Thiis for A  > 1 , the contribution of these terms
( D p  L 2tc ^  has a leading component , while

their contribution to q}3̂  ̂  (q) is smaller by a factor 1/ a  •

To summarize, in region (a) we find by adding up
all terms,

-  < rt h  f 2 ( 1+  ^ < 1/ a  ) )  ( c .8)

l 1 ) ( q ) / i2 = c r? ^  f  ( l +  ^ ( V a  ) )  (C.9)

where cr^ , CT^ are numerical factors
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Region (b) ;

Returning to equation (C.2), we find that for 
A  < 1 it becomes

( D
4 JbB <«)

€L &
(numerical constant )x ̂  f  A  (l+ A l n A n  (C.1 0 )

Results of this form hold generally for type (ii)
terms, in the region (b) : they differ from those for
region (aj by factors A*.

For type (i) and (iii) terms, the form (C.7) may
be simplified, to get a contribution to ^ 1 ^(q)/q2 which

o 4/(1)is again like (C.10 ). However, the contribution to <y\̂  (q)
of such terms is seen to bo proportional to f  A  •

q
that is, it is larger by a factor l//\ than contributions 
of type (ii).

Collecting the above results, in region (b) we
have

v (1) 2(Jy> (q) *
B

( D

cr^ A* y  A  (i+ Ain A ( c . 1 1 )

>  u > / , 2 ■ %  7 A  2(l+ C? ( A In A A (C.12)
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where CT^, cr^ are again numerical factors. 

Hence the result (4 .8) follows

« ^ / A (1+ (? ( A In A ) ) (C.13)
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APPENDIX P s CALCULATIONS FOE a -| IN 3.5.

We now extend the procedure of Appendix A to 
evaluate the coefficients a0 n̂ ^f b ^  and b0 n̂ ^
in nth order of our perturbation scheme. This task is 
greatly faciliated by the calculation for the case of n = 1 : 
most of the remarks made there may be generalized to 
arbitrary n.
(1 ) a ^ i

It has been seen earlier ( (3.13) and (A.2) ) that 
the -4r term in both ond has a co~

efficient
'(q)

zero. Tills prcpertjr holds 
. Thus

quit e generally# for

(D.2)

(2) b
( n )

Only graphs of the general type (i) need be con­
sidered to find bc . From the definition of G ^ n ^(q), such

graphs will be of order - that isf they contain
(n+1 ) internal phonon lines, each accompanied by a factor g^.
Thence, on replacing sums by integrals, a factor n+1 arises
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Most of the possible graphs may be neglected, 
for the reasons detailed in dealing with the case of n = 1 : 
they give contributions smaller than the leading one by 
factors of ^  In (Jlj or V f  e*P ( - V f  )• As before, there

remain graphs (containing fermion self-energy parts) which 
lead to a result for b^n  ̂ differing from by a purely

numerical factor (e.g. j  (1-ln2) for n * 1)* Hence we get 
the aquation (5.13),

(3) a <n), b <n >:

^e first consider type (ii) terms, which give 
contributions to and bg^n  ̂ eq.ua! in magnitude, but 
opposite in sign.

The contribution from a typical ladder graph in 
nth order (as illustrated in fig. 13 )

(iiv;±uyf(xptfQ h f A ) ...........~ v^ r)

(D.3)
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Making the usual approximations, this reduces to

Performing the integrations over /  , ---, fc , one by
' 1 'n

one, and keeping only the most important terms, we get the

(B.5)

e<4)
n+1

f  (1+ 0 ( f ) ) (D.6 )

Summation over the similar contributions from all other ladder
yiJ.1graphs now introduces a factor, which is of order 4 s thus 

we have that the contribution of the ladder graphs to 
is f ( 1+ (Of)) , up to some purely numerical factor.
As in the case of n * 1, all other possible graphs of type 
(ii) give contributions which are smaller than those due to 
ladder graphs by factors of at least y  .
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It is easily seen thattype (i) contributions
y. . Ji

are at least of order y  - energy denominators of the
type which give rise to factors V /  in the ladder graphs
do not occur in type (i) graphs. Also, the argument used
to show that for n * 1 , type (iii) terms are proportional 

oto y  , is readily extended to show that, in general, these 
terms are of order y  n+1.

Thus the lowest order contribution to a ^ 11̂ and 
bg^n  ̂ from type (ii) terms is proportional to y  f while 
that from types (i) and (iii) is proportional to y  n+^.
The relation between the coefficients valid for type (ii) 
terms may then be utilized, to get

(n) (n) / x \\
b «* - a V  + 0(f)J (D.7

These results now give (5.12) find (5.14). The fact
that they are indefinite up to purely numerical factors does
not concern us, as the essential feature which is needed is
that and b0 n̂  ̂ remain of order P (being equal but

2 2  (n) J rt+1
opposite in signj, while bo i3 of order y  .



CHAPTER IV

PAIR CORRELATIONS IN THE

QUASICHEMICAL EQUILIBRIUM THEORY
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4,1 : INTRODUCTION

The quasichemical equilibrium scheme is an 

approximation method for evaluating the partition function 

of a system of interacting fermions. It consists of treating 

statistical correlations exactly, but neglecting dynamical 

correlations between more than two particles; it is thus 

an extension of the Bloch free-electron theory when applied 

to metals.

The thermodynamic properties are obtained in the 

form of an equilibrium between the fermions ("atoms") and 

diatomic "pseudo-molecules", the latter obeying something 

like Bose statistics. Under certain conditions there is a 

singularity in the partition function - that is to say the 

thermodynamic properties of the system undergo a transition. 

Below this transition point, some of the pseudo-molecules 

will undergo a form of Bose-Einstein condensation, producing 

a superconducting state (cf. Schafroth 1955).
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Any attempt at a detailed study of this system 

requires a knowledge of the eigenvalue spectrum of the 

"quenched 2-particle U-matrix" which is defined as follows:- 

The 2-particle U-matrix between the pair of fermion states
i tk^f kg and the states k^f kg is

-aH -aHo
<^ 1k2 lU2 lk 1 k 2 >  = <  k 1k2 le ~e (k*kg> (1 .1 )

where H is the 2-fermion hamiltonian, complete with intern- 

actions, and Ho is that for two free feimions. The Fermi 

statistics of the system introduces "quenching” factors,

q.00 1
a([i
e + 1

( 1 .2 )

(with \l the chemical potential) to give the "quenched

These quenching factors, which appear as a consequence of 

the basic assumptions of the theory, are what one would 

expect on physical grounds - the Pauli principle forbids
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any fully occupied state to take part in a correlation.

The eigenvalue spectrum, u^. , is now obtained by bringing
/N/

the U2 matrix into diagonal form;

?2 |r>. vl<r> d.4)

Moreover it may be seen that if symmetrized and anti­

symmetrized eigenfunctions are introduced by writing

<k1k2 ' ^  > - ^ < C v 2l  I a‘ >  + 7=I< { k1k2] l cr>  <1-5)

< Bci1c2] \ <r >  = - <  [k2k il I*7* <  [k ik2] ̂  d * 6)

then only the anti-symmetrized wave functions contribute to 

the partition function.

The grand canonical potential, f t  , —  from which 

all other thermodynamic functions may be derived —  may now 

be written (Schafroth, Butler and Blatt 1956)

(1.7)
kA /

+kT
~ t 2an

2__j ln(l-e )
cr
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aji
( is the energy, and e the activity, of the free 
fermions).

This grand canonical potential contains a 
singularity, and the system undergoes a phenomenon similar 
to Bose-Einstein condensation*^, if and when the largest 
eigenvalue satisfies the relation

2a\i
e max(u ̂  ) * 1 (1 ,8 )

Two cases may be distinguished:- If the correlation matrix 
is negative definite ("purely repulsive"), then all u T  < 0, 
and there is no transition: on the other hand, if at least 
one eigenvalue Ug- > 0, then for sufficiently large values 
of exp(2a|i) a thermodynamic transition does occur.

*^ The proof given by Schafroth, Butler and Blatt that the
transition is identical to the Bose-Einstein transition has
been shown to be inadequate (Blatt and Matsubara 1958(a)).
While the existence of the transition remains unaltered, the
nature of such a transition cannot be inferred from Eq(1.7),
which ceases to be valid below the transition temperature, T .c
Although the actual evaluation of the partition function 
below T has yet to be performed, plausibility arguments

V

indicate that the condensation is in all respects similar 
to a Bose-Einstein one.
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It is thus clear that a computation of the 
quantity ym »

Yjj =  e 201,1 MifUj. ) (1 .9)

is of particular interest. Such a calculation, in conjunction
with Eq (1.8), gives hoth a criterion for superconductivity,
and an estimate of the superconducting transition temperature

tin terms of the iner-electron interaction parameters.
A

The actual interaction between electrons in metals 
consists of a screened Coulomb repulsion, together with the 
partly attractive Frohlich interaction due to phonon exchange. 
Since calculation of Ug in terms of this interaction is 
intractable, we employ model interactions, which contain the 
essential features, to investigate max(u ̂  ).

As has been seen, the prescription for obtaining 
Ug consists of

(i) first calculating the pair-correlation matrix, Ug, 
by use of the total and free-particle hamiltonians (H and Ho) 
for 'fluQuenched electrons,

(ii) then finally multiplying by the statistical quench- 
ing factors to arrive at Ug.

The ensuing results, for a variety of model inter­
actions, all indicate that this straight-forward calculation 
of the quenched pair-correlation matrix is not adequate, and 
leads to unphysical results. The trouble stems from the fact 
that we have first considered the electrons without any

x
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quenching effects (step (i)), introducing such effects 
only as a final stage (step (ii)).

What is required is some form of self-consistent 
evaluation, which at no stage refers to unquenched electrons 
in the metal.

It should be noted that the failure to provide an 
adequate formula to calculate u ^  does not affect the 
validity of the thermodynamics of the quasichemical equili­
brium theory (e.g. Eq(l.7)) : the thermodynamics involves 
only the spectrum u ^  , independent of its mode of evaluation.

Section 2 contains an account of the simplifying 
assumptions and formalism which are introduced in order to 
study Ym . This maximum eigenvalue is then obtained for some 
particular model interactions in section 3 . Finally the 
need for self-consistency is discussed in section 4 : it is 
stressed that before a quantitative theory of superconducti­
vity can be derived from the quasichemical equilibrium 
approach, we must

(i) derive the correct expression for the partition 
function below the transition temperature, and

(ii) provide a self-consistent method of finding the 
quenched 2-particle correlation matrix.

Both these problems are as yet unsolved.

x
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4.2 s EVALUATION OF THE MAXIMUM EIGENVALUE.

In order "to study the eigenvalue spectrum, and 
in particular the maximum eigenvalue, of the quenched pair- 
correlation matrix, the following simplifying procedure is 
useful.

Particularizing to free electrons in a cubical box 
with periodic boundary conditions, the states k of the free 
electrons are described by a wave vector and a spin
variable s. Furthermore, we only consider translationally - 
invariant interactions, so that Ug conserves total momentum. 
Hence, introducing the cent re-of-gravity momentum * X- ̂ + 

&&& relative momentum ^  (X-j “ &  2^9 we
have

= <j£12s1 a2 |u2(K1 2 )|k;|2B1 s2> & (£1 2-£ 1 2 > ^2*1)

The eigenvalues of U^ may now be written Ug(K), and derived 
from the equation

<.SS,£.12s132> <% 2 s1s2lU2(~ Jl i l2 s1s2 '> =

i?1 2 » 31 s 2 (2 .2)
* uS (K)<^ l ^ 1 2sia2̂ >

where S represents some form of "internal quantum number" 
for the molecule. The eigenvectors of U^, appropriately 
anti-symmetrized, have been written as

•v
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<gs llic1k2l>  - & (£ 1+Jl<2-£)<&|k12s1B̂ > (2.3)

with

^ S l~12s1s2‘> * ~ <̂ S l-21s2sl'> (2.4)

Going to the limit of infinite volume, the 
spectrum Ug(K) is derived from the integral equation

Si iSls2 J

«S<£> 3o) (2.5)

have the usualThe eigenfunctions of this equation, (V ,
T KS

properties of orthogonality and completeness. They may he 
interpreted as the wave functions (in momentum space) which 
describe the pseudo-molecule.

At this stage we particularize to consideration of 
the maximum eigenvalue, and furthermore we make the 
assumption that this maximum is achieved for the centre-of- 
gravity momentum, K, equal to zero : i.e. we assume

max [ y s > ]  s= max [«S<°J (2.6)

| This assumption is demonstrably valid if the 2-particle 
interaction can he separated into a centre-of-gravity and a 
relative momentum part s even if this is not the case, the
assumption is still in general a reasonable oneD
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Also we assume that the electron-electron int©in­
action is spin independent ! this is indeed the case for 
the screened Coulomb and Frohlich hamiltonians. This 
assumption eliminates the sum over spins in the integral 
equation (2 .5).

With these two assumptions, the quantity 
(Eq(1.9)) is obtained as the maximum eigenvalue of the 
integral equation

/
£ F <K ( ^ 1i 2 |k, s 18 2 )

J

with the kernel

(2.7)

I I V2+2 I t tK(kc3iS2 |k s^Sg) = n(k)e j ̂ (ks^Sgl^ s.jSgJ-G^ks.jSg |k s^Sg) >x

x e t n(k')
(2 .8 )

The functions G and G^ are defined in terms of the totalo
and free-electron hamiltonians describing the relative motion 
of unquenched pairs (H^ and HrQ) :

i -aH i ,
CKk8182|jt 3^2^ “  6  r S1S2 '> (2.9)

Go^~s1s2Ife' s1s2> = <  t s i s2 I ® r °Ife* s1s2> (2 .10)
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|~In deriving Eq(2.8), use has been made of the identity

n(k) 1

e *  +1

* 1 - q(k) ( 2 * 11)

t, which differs from the thermal wave-length of Chapter I 
by a factor Y 4tc 1 , is defined as

2m

with m the electron mass
We now make a Legendre expansion of G(k , k ) 

(forgetting the spin indices for the moment) to get
C>0

G(k,k') - 3 ^  (21+1) G1 (k,k') P-^cos -e-)

(2.12)

(2.13)
1*0 kk

with ~0~ the angle between the vectors k and k . Using
the addition theorem for spherical harmonics, we may rewrite
(2*13) in terms of the polar coordinates of the individual 

«vectors k and k :
A/ /N/

G(k,k')- 4 * 2 ]  J ]  ” 1" -  Y i > M < *'> f  )
1*0 m*~l

( 2.13a)

A precisely analogous expansion may be written down for the 
Fourier transform, Gr(r, ** ).of this function. In this way/V ^ )
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the 3-dimensional integral equation (2.7) for Y may be 
reduced a set of 1-dimensional integral equations, with 
eigenvalues Y^ corresponding to Cach value of 1  :

oo

4it dk'i^Ut.k’) ^ ( k ' ) - q  (2.14)

The eigenvectors i  <*) have been expanded into "partial 
waves" in the usual manner

CxO

<f> <*) “ /  (2 1+ 1 )
^l(k)
— ---  Px (cos 0 ) (2.15)

1*0

Finally we observe that the calculation of 
G^(r,r ), and thence Gr^(k,kf) and X^(k,k§), may be facili 
tated by a result derived by Blatt (1956) :

oo

2
n

(
-2K2t2 
e dK (2.16)

The functions ^(K,r) are obtained from a Legendre 
expansion of the eigenfunctions of the hamiltonian for 
relative motions that is

♦ V(r)+ i i i + U
mr (2.17)

where Hr has been written

* 2 2Hr - - 4 -  V  ♦ V(r) ( 2 .1 8 )
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These functions yj; ^(K^r) are required to satisfy the 
■boundary conditions

^ 1 (K,r) * 0  ̂for r * 0

sin(Kr- $ 1  ♦ for K r » l
(2.19)

J

(with being the asymptotic phase-shift for the 1 -th 
partial wave). The above expression (2.16) is invalid if 
there exists a solution of corresponding to a hound 
state - such is not the case in any model pertinent to 
superc onduct ors.

A Fourier transformation of GKr,^ ) leads to the
result

with

oO
(

2 .IT
}o

1 / 2

<#>

-2K2t2
dK ^ ( K . k )  ̂ ( K.k') (2 .20)

CO

-xj/1 (K,k) = (f) (krjj-^kr) •|1 (Ztr) dr (2 .2 1 )

j^(kr) being the spherical Bessel function of order 1.
Thus we see that, under the assumption (2.6), the

matrix elements of ^(K^O) are obtained by first using the 
relative motion hamiltonian to get wave-functions for the 
electron pairs: thence the unquenched correlation matrix 
is constructed by use of Eq(2.20), and the quenching effects 
are introduced as a final stage in Eq(2.8)

* £
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As has been pointed out in the introduction, 
we are obliged to use model interaction hamiltonians to 
study ym  . owing to the intractable nature of the actual 
hamiltonian for electrons in metals.

The assumption that the interaction is spin 
independent has been justified above : thus the effects 
of electron spin enter only via the requirement that the 
eigenvectors of the Ug matrix be anti-symmetric. For pairs 
with opposite spins (and therefore singlet spin wave 
functions, which are anti-symmetric) the wave functions 
¥(K,r) must be symmetric? i.e. for anti-parallel spin pairs, 
the sum over 1 is restricted to even integers. Similarly, 
for pairs with parallel spins (triplet spin state), the sum 
over 1  is restricted to odd integers.

Moreover, since increasing 1 corresponds to an
increasing centrifugal repulsion term in the relative
motion hamiltonian (cf. (2.17)), that is to an increasing
repulsive contribution to the pair correlations, we would
expect the maximum eigenvalue of U 2 to be achieved for 1 = 0 .
Thus our attention will be focused on the 1 = 0  partial
wave. | The above arguments lead to an identification of
the superconducting state with electron pairs of opposite
spin - this is in accord with the basic assumption of the
BCS theory. Also we observe that a gas of charged spinless
bosons exhibits superconductivity below its transition
temperature, T , while bosons of spin 1 give rise to ferro-
magnetism with a Curie temperature T - the fact that thisc
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latter phenomenon i i M  is comparatively rare is in 
harmony with our assumptions^]

To approximate the screened Coulomb repulsion 
together with the Frohlich interaction, we use a potential 
V(r) which has some form of repulsive core for small r, 
but which is attractive at larger distances*

By using a B o m  approximation to generate a trial 
solution for use in the Fried|man (1949) variation principle 
(see Blatt 1956), a quite general criterion may be given 
for the occurrence of a positive eigenvalue corresponding 
to the partial wave 1 * 0 .  Characterizing the potential by 
ranges (r ,r_) and heights (V ,V_) for the attractive and 
repulsive parts, the criterion becomes

V r > V rT  T  m m  m
( 2 .2 2 )

This result is derived by observing that a sufficient
iN/condition for Ug to have at least one positive eigenvalue

is that
Trace > 0 (2.23)

It is to be noted that the requirement for a positive 
eigenvalue is qualitatively weaker (for r+>r_) than that 
for a bound state —  the criterion for a bound state has 
the general form

V r 2 > V r 2 + 2/m+ + — — (2.24)
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Pa t( Although the prescription given for finding the matrix
elements of U 2 is found to lead to unphysical results, the 
criterion (2.2 2) remains valid s there is no need for 
self-consistency if we restrict ourselves to diagonal 
elements in an " improved Born approximation"^]

The specific model which is considered in detail 
in section 3 (a) does not possess any repulsive core : 
however, it is easy to see that the unphysical results 
obtained are not qualitatively altered by the introduction 
of such a repulsion.
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4*3 : RESULTS FOR SPECIFIC MODELS.

(a ) A "Separable Potential11.
If we consider the general form of Schrodinger*s

equation,
(T+V) Y - E ¥ (3.1)

then those V-functions which can be written as
f

V¥ * g(r) g(r') Y (r*) dr* (3.2)

define the class of "separable potentials". Such V-functions 
are not really potentials in the strict sense s they 
represent some form of velocity dependant interaction.

As a model interaction, we take a particular 
member of the class of separable potentials, given by

-Ar
o~ e 
r 9

3(3 h  \
4rcm (3.3)

Qualitatively, this potential represents an attractive 
interaction with range A and "strength parameter" p.
(It may be shown that p > 2 corresponds to a bound state -
we of course restrict ourselves to p «  1 ).

Since the potential is isotropic, the partial 
wave expansion of Y(r) contains only a 1 = 0 (S-wave) term:

f (r) - & (3.4)

Then ^  (Kr) is obtained from the inhomogeneous differ­
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ential equation

2 
L_
dr

d_^(K,r)^ K 2 ̂ js(K,r)» - P X ^ K )  e (3.5)

with A(K) defined by
oo

I , , ,
A(K) » A I e ys(K9r ) dr (3.6)

The solution of such a differential equation may he written 
down as the general solution for the corresponding homo­
geneous equation, together with a particular solution for 
the inhomogeneous case : doing this, and imposing the 
boundary conditions (2.19) on the ensuing solution, we 
finally get

+ B(K/A) sinKr (3.7)U x , r) -  -

r" -Ar
e -cosKr

r t+(K/A)z

The functions A(y) and B(y) are given by the definitions 

A(y) (5 siu^)= j=r— ---1 ^ / " o— 7--- 1//2 (3.8)
(y2+ h * i ¥  f)(y2+ b-/T)z)]

B(y) (« cob ii)» y (1+y2)+
2(yZ+ 1 )

A(y) (3.9)

In order to calculate the matrix elements of 
in a momentum-space representation, we require the Fourier 
transform of ^  (K,r). Use of Eq (2.21) yields
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1/2 i^(f) ^  (K,k)= e ( S+(k-K)~ $J-k-K)) +
+  e \  &+ (K-k)- 6+ (k+K))

2 k
71 k2+X2 sin %

J
(3.10)

where is defined by Eq (3.8), and the & + -function 
has its conventional definition. The above expression may 
be simplified to get

(~) ^  (K,k)« B(y) |j>(y-x)- &(y+x)j + -$■ A(y)

(3.11)

with
X

y

k/X

K/X (3.12)

and the symbol P  denotes that principal values are to be
taken when integrating with respect to x or y. Gr (k,k)1=0
may now be obtained from Eq. (320).

Thence is finally derived as the maximum eigen­
value of the integral equation (cf. (2,14)).

oO

4ti dx' K(x,x') <f> (x') = T <j> (x) (3.13)

with the kernel K(x,x ) described by



K(x,x ) * (B2(x )-1 )n(x)n(x ) S(x-x )
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The following notation has been introduced

.2
E (y) * - 8 -—♦ HP

z
e dz

a )

(ii)

(iii)

%

(3.14)

(3.15)
t
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E_(y) _2

C>0
(

e dz (3.15)

We now note one highly important physical fact:- 
above the transition temperature, when the expression (1 .7 ) 
for the grand canonical potential j 'L is perfectly 
regular, the pseudo-molecular contribution to Sl is unim­
portant. That is to say the chemical potential \i in the 
neighbourhood above the transition is given, at least 
qualitatively, by its value for a degenerate free electron 
gas 5

A ,2 _
11 “ 2m- — 25 (3.16)

with the Fermi wave-number ky given by

N
7 (3.17)

Thus in the region of superconducting transition temperatures
(i.e. T &  3°K) the factor exp (2oqi), which appears in c
the above expression for the kernel, is an extremely large 
one:

2a i*
e e

2t2kF 2 10
e (3.18)

This factor is entirely compensated in the first term,
(i), in the kernel K(x,x ), partly compensated in the term
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(ii) , and remains uncompensated in the remaining term
(iii) . Thus the last term, although small by powers of
P, (tkj»)~^ and X/ky (all of which are «  1), nevertheless 
dominates the kernel by virtue of the vast factor exp(2ĉ i).

That is to say, our prescription for calculating
/v /the matrix elements of Ug has the feature that small side- 

effects in the relative motion hamiltonian completely 
dominate in U^, while important effects are "quenched" out. 

Physically, §11 effects should be quenched.
Once the above basic fact has been noted, the 

integral equation (3.13) may be solved, to get

2 2V '
ym *  ^  p2(^ } fiTxpl1+(^l(Er) ( ,t>x

tf'(P)

2 25 2k0t
^ P̂ (]JT“) © *• 1+ iP ) ♦ iP ("feX)  ̂,t<X

- 1

(3.19)

& ( P)
There is therefore a positive eigenvalue greater than unity, 
and consequently a transition, for all temperatures less 
than the Fermi degeneracy temperature*. (Unless the strength 
parameter P is less than 10~^^ l)
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(b) The Eckart Potential
The essential features of the above calculation 

are unchanged if we take quite different model potentials.
As a further example, we quote the results obtained by- 
using the Eckart (1930) potential,

2 2 —Ar
V (r) - - x P x ------— 5 (3.20)

(1+Pe“Xr)

(This potential is qualitatively different from that con­
sidered above, in that it is non-singular at r * o). Then 
Yj£ is found to be

M 1 6 ^  p2(£_) 1
6 2ko* 2

o (k0t) 1+ ^ ( tTT“)O

♦ (ft( tA)
Ko

^  + <0(P) )

(3.21)

Furthermore, it may be shown that this result is not 
significantly altered by the introduction of an infinitely 
repulsive core (provided the radius of such a core is 
appreciably less than X ^).
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4.4 s THE NEED FOR SELF-CONSISTENCY.

The results in section 4.3 have been seen to 
lead to completely unphysical results, since they imply 
that even for an extremely weak attraction, there exists 
a transition with T q ~  10^ °K. Examining the mathematical
properties of the kernel (2 .8), (2.20) for the integral 
equation which gives rM» we can see that these unphysical 
results will arise so long as ^^(K,k) |"the k-space wave- 
function of the interaction hamiltonian, belonging to the 
energy value m~~j contains a component which is > >
exp(-k^t^) for k »  K. For if this is the case, then when 
the integral over K is performed (Eq (2.20)), such a com- 
ponent gives rise to a term in which the factor exp(2k*t ) 
is not compensated.

Since the wave-functions for unquenched electron 
pairs will in general contain such a (finite) term in the 
limit k»K, we conclude that any approach which first

/V
computes the unquenched matrix Ug, and finally finds 
is beset with the difficulty that features which dominate 
the interaction hamiltonian, H, will be quenched out, while 
small subsidiary effects in H play a dominant role, leading 
to nonsensical results. These difficulties, with their 
attendant unphysical results, will not be removed by a 
relaxation of all the assumptions which have been made for 
the sake of simplicity (e.g. the assumption that
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max (^Ug(K)J is achieved for K = 0, and that the screened
Coulomb plus Frohlich hamiltonian may he replaced by 
models which contain the basic features).

What is needed is a completely new pres­
cription for finding the eigenvalue spectrum of the "quenched 
2-particle correlation matrix*'—  such a prescription will be 
required to be self-consistent in the sense that it at no 
stage refers to **unquenched** electrons.

Formally such a prescription is obtained by 
first writing the density matrix for the system of N
particles as a product of single-particle and two-particle 
density matrices and ^  (where statistical effects
are accounted for in lAj and U  ).

U  ,
N (4.1)

The sum is extended over all assignments of the factors
1 X 1 $ 2 to the N states f kg.j •••• » kjj. Self-

consistent matrices IX and l/Cg may now be chosen from 
a variation principle :—

^2'j . • • • f . S elf—

Trace ( In N ) * maximum (4.2)

subject to
T ra ce  ( Hjj X C^ ) *  E ( 4 . 3 )
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If we assume XL g = 0, the above equations may be solved 
to get the Husimi (1940) solution for XL : the extension 
of such a calculation to include 'LL^ appears to be very
difficult.

,S. , is worth remarking that the first step in
the semi-classical approximation to Ug (Signer 1932, Mayer

•1/2aH0 -aH + 1/ 2  aH_\
e e byand Band 1947)^which replaces^

-aVe , is of interest because it satisfies the requirements 
of self-consistency to a large extent. Quantitatively this 
approximation is a poor one, because it converges in powers
of (tX)2—  X" 1 being the range of V(r), t defined by (2.12) 
which is a large factor in the region of superconducting 
temperatures. However, due to the degree of self-consistency 
introduced by eliminating the term H 
the results for Y^ are no longer 
the transition temperature in this approximation is given 
by

“ o *  (*.4)

for unquenched electrons, 
physically unreasonable:

the strength and range parameters for our model

In conclusion, it is to be observed that, 
although the quasichemical equilibrium approach describes 
the qualitative features of superconductivity satisfactorily, 
two significant problems must be overcome before a quantita­
tive theory is possible on this basis. Firstly, in order to 
study the nature of the transition, and the thermodynamic 
properties below such a transition, it is necessary to
evaluate the correct expression for the partition function\ v 
of the system below T . Secondly, before any expressions
for XL can be put to quantitative use, a self-consistent

with p, Xll 
potentials.|
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method for computing the eigenvalue spectrum of the 
quenched pair correlation matrix must he provided.
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