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Abstract

In this thesis, we explore practical areas in the theory of quantum error correction that have
become especially relevant in light of recent experimental advances. We address the question of
whether classical decoding calculations, which are required in order to detect, track and correct
errors, can be performed in real-time at a sufficient pace to keep up with the quantum clock
speed. Our investigation includes consideration of practical details, such as the communication
bandwidth that is required for the classical decoder to interact with the quantum control
hardware. We consider the technique of post-selection, which is often used to boost logical
performance in small-scale experimental demonstrations of quantum error correction. In
particular, we address the common criticism that post-selection is not scalable, and investigate
applications of post-selection for medium-scale state preparation circuits, which will continue
to be relevant in large-scale quantum computers. Finally, we address the problem of circuit
design, whereby theoretical constructs from quantum error correction are translated into a
gate-level set of instructions that can be executed on hardware, and in particular we search for

time-optimal circuits for detecting errors in topological codes.
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Introduction

1.1 The quantum promise

The advent of scalable quantum computing promises to unlock new computational capabilities
that will have a far-reaching impact across a wide range of industries and sciences. It has long
been speculated that this extra computational power may allow more accurate simulations of
nature [1]. The discovery of Shor’s algorithm [2] in 1994 provides an early concrete example of
a computational problem that cannot be solved using classical methods with any reasonable
amount of resources, but that can be solved efficiently on a quantum computer, with real
and significant consequences for cryptography. Some other known applications of quantum
computing include simulating quantum chemistry for drug discovery, simulating condensed
matter simulations for the design of solid state devices, and solving combinatorial optimization

problems that are relevant for finance and logistics.

Despite quantum computing existing as a field for 30 years, the exploration of applications
of quantum computing is still an active and evolving area of research, and new and more
efficient algorithms are being discovered regularly [3]. Recently, the field is also seeing increasing
amounts of interactions between industry and research as governments and businesses seek
to explore and understand the potential use-cases of quantum computing. It is difficult to

characterize in detail the exact impact that quantum computers will have, but what is known is
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that the impact is very likely to be large in scale, wide-ranging in scope, and new applications

and use-cases are likely to be discovered in a fast-moving and transformative fashion.

1.2 Development of quantum error correction

The primary challenge that must be overcome in order to build a quantum computer is that the
individual components are imperfect. The state of a quantum computer is stored in physical
systems called qubits. Qubits are prone to error when idling, and also when being manipulated
by the gates that make up a quantum computation. This can destroy the accuracy of the
computation, making it impossible to extract any useful output. It has always been recognised
that the question of whether or not it is possible to build a scalable quantum computer hinges

on whether we can find a way to correct errors [4-7].

A keystone result in quantum error correction (QEC) is the much-celebrated threshold
theorem [8], which gives conditions under which a perfect quantum circuit can be simulated
using a quantum circuit that is built out of noisy components. Importantly, the overhead
required is not too large so as to destroy the advantage gained by using a quantum computer.
Almost all research in the field of QEC, both leading up to [9-12] and following the threshold
theorem, is concerned with the details of how to map a perfect quantum circuit to a noisy
simulation of the circuit. Of particular interest is how this can be done as efficiently as possible,

and with the most relaxed assumptions about hardware.

The possibility of correcting errors in a computation is crucial not only from a theoretical
perspective, but also from a practical perspective. In order to perform a large quantum
computation, the qubits and gates used must be of sufficiently high quality that an error is
unlikely to occur at any point in the computation. Unfortunately, the physical qubits of today
do not meet that standard, and the physical qubits of the foreseeable future are unlikely to meet
that standard, barring major and unforeseen breakthroughs in the field of qubit engineering.
As such, the most impactful potential use-cases of quantum computing remain out of reach

until quantum error correction can be implemented at scale.

Despite the tantalizing and encouraging nature of the threshold theorem, in the past the gap
between what is possible in theory and what can be achieved experimentally has been very large.
As Steane initially observed in 1996 in regards to error correction, “the experimental production
of such states ...is a demanding task which remains to be addressed.” [10], and it has remained
so until very recently. As such, experimental quantum computing in the so-called NISQ era
(noisy intermediate-scale quantum era [13]) has instead been characterized by a focus on finding
application-specific and scale-specific advantage, including by supremacy experiments [14, 15], by
development of hybrid quantum-classical algorithms such as the VQE [16, 17] or QAOA [18, 19],

and by using error mitigation techniques [20] in place of scalable quantum error correction.
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1.3 Current state of play

It is now a very exciting time for experimental QEC, as advancements in hardware capabilities
begin to allow early demonstrations of QEC primitives that will be used by a general fault-
tolerant quantum computer. This includes, for instance, performing multiple rounds of error
correction or demonstrating a fault-tolerant gate. Results of this kind have been shown across
a wide range of hardware platforms, including qubits build from superconducting circuitry [21-
28], trapped-ion qubits [29-33], spins in diamond nitrogen-vacancy centres [34], as well as
neutral atoms [35]. The theory of QEC requires certain assumptions to be made about
hardware capabilities, including for example that parallel gate operations are available, that
noise is approximately local, and that qubits satisfy all of the DiVincenzo criteria [36]. These
experimental results are exciting, since they indicate that many hardware platforms now have
available these fundamental capabilities, and that they are of a sufficiently high quality that a
meaningful error correction result can be extracted. In some cases, a break-even point has been
reached [24-26, 30-33], whereby quantum error correction techniques are used to implement
an encoded operation that is better than the equivalent physical operation that is available
natively. These exciting results validate that quantum error correction is indeed possible across

a broad range of hardware platforms, and can be used to increase tolerance to errors.

More recently, a particularly encouraging class of results are scaling results. These state-of-
the-art demonstrations show quantum error correction being used to improve the performance
of a logical primitive, as the number of qubits use in the primitive is increased [35, 37]. These
results are impressive for two reasons. First, scaling results are cutting-edge in size, necessarily
involving quantum error correction using a large number of physical qubits. It is very encouraging
that hardware platforms are continuing to grow in number of qubits, whilst maintaining or
improving the ability to perform parallel high-quality operations on those qubits. Second,
scaling experiments allow an apples-to-apples comparison to be made between the encoded
primitive built using X physical qubits, and the encoded primitive built using Y > X physical
qubits. This comparison validates a fundamental hypothesis of quantum error correction: that
the additional error correction capability available in large systems can outweigh the additional
sources of error due to having more qubits. The implication is that it will be possible to make
the encoded operation arbitrarily accurate provided that hardware continues to improve and

scale.

Nevertheless, it remains a challenge for the future to demonstrate a scalable quantum error
correction capability that is also sufficiently flexible to be useful in a general quantum circuit.
In a recent talk entitled “What is your logical qubit?” [38], Jeongwan Haah takes an operational
interpretation of fault-tolerance, suggesting that “rather than saying by QEC we realized this
many logical qubits” we should instead say “by QEC we can do this, or that, more and/or

better”. Today’s experimental devices are still limited in size and error budget, which means
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that when choosing a primitive for a scaling experiment, experimentalists do not have the
luxury of considering how their chosen primitive will fit into a larger general purpose circuit.
Instead, primitives are carefully chosen and optimized to fit within the constraints of today’s
devices. From a theory perspective, this makes it difficult to use recent scaling experiments
to extrapolate overheads for general purpose error corrected quantum computation. Instead,
these recent experiments are best characterized as heralding a transitional period, where we
are beginning to see evidence that hardware is approaching the level required for general and

scalable fault-tolerant quantum computation.

These pioneering achievements in experimental QEC are still of value for theorists since they
provide key lessons that will continue to inform the ongoing development of the field, especially
regarding how to optimize QEC. These experiments can validate or challenge assumptions,
for instance they provide a high level of detail regarding error budgets for error correction
protocols, as well as what hardware platforms have available in terms of connectivity and
gates. Certain aspects of QEC come into sharp contrast in an experimental setting, such as
the difficulty of performing decoding calculations in real-time, or the incredible usefulness of
post-selection for minimizing logical failure probabilities. It should be recognized that the
lessons learned from these early demonstrations are not limited in scope to attempting to just
run this or that experiment on a particular device. It is still far from clear what the pathway to
a large-scale error corrected quantum computer will ultimately look like, and it will certainly
depend on current and future experimental capabilities. In terms of optimization, we remark
that a quantum computer is always going to be finite size—the cost function associated with
a fault-tolerant primitive in a large-scale quantum computer may not be the same as for a
current-day device, but it will still be important to compactify and optimize QEC, in order to
extract as much useful computation as possible. At this time, it is an opportunity for co-design
between QEC theory and experiments, with fertile data and guidance from experiments, and

the motivating prospect of seeing rapid and tangible reward for effort.

1.4 A framework for quantum error correction

In this section, we provide a brief overview of key concepts in quantum error correction. We start
in Subsection 1.4.1 by introducing some preliminary notation, before moving on to a description
of stabilizer codes, including their logical operators, errors and decoding in Subsection 1.4.2.
In Subsection 1.4.3, we introduce the toric code, a prototypical example of a topological code,
which is a focus of this thesis. Finally, in Subsection 1.4.4, we describe error-correction in the
circuit model, which is a framework for specifying gate-level instructions that can be executed

on hardware.
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1.4.1 Preliminary notation

We assume a level of familiarity with quantum mechanics and the stabilizer formalism, reviewed

in Ref. [39], and provide here only preliminary notation.

A qubit is a two-level system whose state space is the Hilbert space C?, spanned by a
computational basis commonly denoted by [0),]1). A system of n qubits has a state space
given by the tensor product of the state spaces of each of the n qubits. A 3-qubit basis state
can be written for example as |0) ® |1) ® |1) or as |011).

We define the single-qubit Pauli group in terms of its generators Py = (il, X, Z), where

and I is the identity operator, and i = /—1. We also introduce notation for the Pauli operator
Y =iXZ, as well as the X-type Pauli eigenstates X |+) = £ |4). Finally, the n-qubit Pauli
group consists of all n-fold tensor products of single-qubit Pauli operators. A 3-qubit Pauli can
be written for example as Z ® I ® Y, or as Z1Y3, although in the latter case care should be

taken not to confuse this with matrix multiplication.

1.4.2 Logical qubits

The key insight of quantum error correction according to John Preskill is that we can “fight
entanglement with entanglement” [40], meaning that if we encode quantum information into
patterns of entanglement that extend over many qubits, then that information will be inaccessible
by noise models that affect only a relatively few qubits. The stabilizer formalism provides
a powerful and flexible tool to compactly describe highly entangled subspaces of many-body

systems, making it extremely well suited to the task of quantum error correction.

In this subsection, we introduce stabilizer codes and their logical operators, which are a
central construct in quantum error correction. Then we discuss what kinds of errors can occur

on stabilizer codes, and how they can be detected and corrected.

Codespace A stabilizer code over n physical qubits is specified by writing down a set of
n — k independent and commuting Pauli operators with real prefactors, for any k& > 0. These
operators generate the stabilizer group, denoted S. The codespace is the shared (+1)-eigenspace

of all the stabilizers, which can be written

Sly) =) (1.2)



6 Introduction

for all stabiilizers S. The codespace is a 2¥-dimensional subspace of the full Hilbert space. We
can visualise the stabilizers as holding fixed the state of n — k virtual qubits, leaving k logical
qubits free for us to encode information into. For k& = 0, the codespace is 1-dimensional, which

defines a stabilizer state.

Logical operators The encoded quantum information can be manipulated by logical operators.
Logical operators are usually denoted with a bar, as in L, although the correspondence between
physical and logical operators depends on a choice of basis for the codespace. A logical operator

L must map the codespace into itself, and therefore satisfies

SLIy) = Ly), (1.3)

for all stabilizers S and code states |¢). Equivalently, we can say that a Pauli logical operator L
satisfies the condition that, for all stabilizers S, the operator LSL is also a stabilizer. Inspection
of Eq. (1.3) yields the interesting observation that logical operators that differ only by stabilizer
multiplication are equivalent on the codespace. As a result, we sometimes use the term “logical
operator” to refer to a whole equivalence class of logical operators. The exact meaning is usually
clear from context, though we sometimes disambiguate by using “logical representative” to refer
to a specific operator within a class. In particular, we define the code distance, denoted d, as
the weight of the least-weight logical Pauli operator, minimized over all logical representatives

from all non-trivial classes. The list [n, k, d] are collectively called the code parameters.

Errors Remarkably, all errors that can affect the physical qubits of a stabilizer code can be
effectively modelled as Pauli errors, due to the dynamics induced by stabilizer measurement.
Although the physical qubits may undergo more general interactions with the environment, the
subsequent act of measuring the stabilizers projects the system back onto a mutual eigenspace
of the stabilizer operators, and the net result is equivalent to acting on a code state by a Pauli
error. After acting on a code state |1)) with a Pauli error E, the system will be in an eigenspace
of stabilizer S that is determined by the commutation relation between E and S. In particular,

we have

SE) = +E[¢), (1.4)

where the plus sign holds if £ commutes with .S, and the minus sign holds if F anti-commutes
with S. We remark that, similarly to logical operators, errors that differ only by stabilizer
multiplication are equivalent on the codespace, up to a physically meaningless global phase. In
accordance with convention, a measurement outcome m = 0,1 of a given stabilizer indicates a
post-measurement state that is in the (—1)™-eigenspace of the stabilizer. With this convention, if
FE commutes with S, then a measurement outcome m = 0 will be observed, which we sometimes

refer to as a trivial outcome. Otherwise, if F anti-commutes with S, then a measurement
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outcome m = 1 will be observed, which we sometimes refer to as a non-trivial outcome, or

defect. The set of all measurement outcomes is called the error syndrome.

Decoding The inference problem of determining an error that is likely to have caused a given
syndrome is known as decoding. The aim of successful decoding is, given a code affected by
a Pauli error F, to find a Pauli correction C that returns the system state back to its initial
state. We can write this as

CEp) = [¢), (1.5)

or equivalently, we can say that C'E should be a stabilizer. In practice, of course, we do not
know the actual error E, we only know how it commutes with the stabilizers by the error
syndrome. This means that we cannot rule out the possibility that a correction operator that
was intended to satisfy Eq. (1.5), instead satisfies CFE 1)) = L |+)), where L is a non-trivial
logical operator that corrupts the encoded state. The best we can do is to use knowledge of an
error model to find a correction that is likely to return the system to its initial state. If we first
write down any dummy correction operator C’ that is consistent with the syndrome, then the
probability that applying €’ will result in a logical error equivalent to L can be computed by

explicitly summing over errors, as below:

PL= Y P(E). (1.6)

EC'~L

where P(E) denotes the probability of an error occurring according to an assumed noise model,
and ~ denotes equivalence up to multiplication by stabilizers. Then, the actual correction
operator we apply is C' = C'L, where L is chosen to maximize Eq. (1.6). A decoder that finds
an exact solution to Eq. (1.6) is called a maximum likelihood decoder. However, maximum
likelihood decoding usually takes a prohibitively long time since there are exponentially many
terms involved in the calculation, and research into decoding mainly involves finding efficient

approximations to maximum likelihood decoding.

1.4.3 The toric code

A concrete and well-studied example of a stabilizer code is provided by the toric code (also
called surface code), due to Kitaev [41]. Conventionally, the toric code is defined over a square
lattice with periodic boundary conditions, and with qubits attached to every edge in the lattice.

In the remainder of this discussion, we will refer to “edges” and “qubits” interchangeable.

The stabilizer group for the toric code is generated by two types of operators. For every
vertex v in the lattice there exists a star operator, denoted A,, which consists of the tensor

product of Pauli X-type operators on every edge that is incident to v. For every plaquette p in
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the lattice there exists a plaquette operator, denoted B, which consist of the tensor product

of Pauli Z-type operators on every edge contained in the boundary of p. Pictorially, this is

J@L
A, = ., B=@r@. (1.7)
@

The full stabilizer group is generated by the set of star operators and plaquette operators, and

expressed as

can be written

Strc = (Ay, By), (1.8)

where we understand v as running over all vertices, and p as running over all plaquettes. It can
be checked that these stabilizers commute, since star operators and plaquette operators always
overlap on an even number of qubits. The toric code belongs to a special class of stabilizer
codes known as Calderbank-Shor-Steane (CSS) codes, since its stabilizer group can be generated
using only pure X-type operators, and pure Z-type operators. We exclusively study CSS codes

in this work.

On the toric code, errors and logical operators are geometrically string-like and topological
in nature. The star operator at a vertex, for example, will detect any string of Z-type operators
that terminates at that vertex. Thus, Z-type errors correspond to open strings on the lattice
with defects located at their endpoints, and Z-type logicals (trivial or otherwise) correspond to
closed loops. Importantly, two Z-type strings are equivalent by stabilizer multiplication if they
(i) share the same defects, and (ii) can be smoothly deformed into one another. This means
that it is only the topological properties of a string that carry physical meaning. A similar
description holds for X-type operators, however in that case strings must be defined on the
dual lattice, where the roles of plaquettes and vertices are interchanged. A Pauli basis of logical

operators on the toric code can be expressed pictorially

Xl - G(\" ) Zl - Z ) XQ - XS I 22 = Z (19)

where the first diagram, for example, denotes an X-type string that wraps non-trivially around
the torus in the horizontal direction. We remark that the distance is given by the linear size of

the lattice. In particular, on a L x L lattice, the full set of code parameters is given [2L%,2, L].

An important property of the toric code is that it exhibits a threshold [42]. This means
that, under reasonable locality assumptions about the noise model, the probability of making a
mistake using Eq. (1.6) vanishes in the code distance, provided that the noise is sufficiently
weak. In that case, we refer to the noise strength as being below threshold. Equally important
from a practical perspective is the fact that the toric code admits an efficient decoder that
can replace Eq. (1.6), whilst still exhibiting threshold behaviour, although the threshold value
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will depend on the decoder being used. Broadly speaking, efficient decoders tend to exploit
materialised symmetries of topological codes (see Ref. [43] for a recent review). For example, in
relation to decoding Z-type errors (X-type errors can be decoded separately due to the CSS
property of the code), the product of all star operators on the toric code is the identity, since

each qubit is included in the support of two star operators. Thus we have

(HAU) ) = 0). (1.10)

for all states |1), which constraints the parity of X-type defects to be even. This means that
decoding can be viewed as a matching problem, requiring us to pair up nearby defects, and
this can be solved efficiently, for example by the minimum-weight perfect matching (MWPM)
decoder [42], or by the union-find (UF) decoder [44]. In this work, wherever we use a specific

decoding algorithim, we will provide a more detailed description of how it works.

1.4.4 The circuit model

Our treatment of quantum dynamics here is based around the quantum circuit model for com-

putation. In this model, complex quantum dynamics is composed from three basic components:

1. Preparation of a qubit into a pre-defined state (commonly |0)).
2. Evolution by a unitary gate from a pre-defined gate set

3. Measurement of a qubit in a pre-defined basis (commonly [0) /|1))

Two gates that we use in this thesis are the Hadamard (H) gate, and the controlled-not
(CNOT) gate. We define them in terms of their action under conjugation on Pauli operators.
The Hadamard gate is defined:

Z—X, X~ Z (1.11)

and the CNOT gate is defined
ZRQI—2ZI, IZ—7Z7 XI—XX, IX—I®X, (1.12)

where the first qubits is called the control qubit and the second qubit is called the target qubit.

A quantum circuit can be represented by a circuit diagram, for example pictured in Fig. 1.1.
Each horizontal line is a wire that corresponds to the state of the qubit over time, with time
flowing from left to right. A basis for initialization and measurement can be provided by

labelling qubit wires on the left and right, respectively, and each unitary operator is represented
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Fig. 1.1 A circuit with two qubits, labelled 0 and 1, both initialized into the |0) state. Qubit
1 undergoes a Hadamard, and then a CNOT gate is performed, controlled by qubit 1 and
targeted on qubit 2. Finally, qubit 1 is measured in the computational basis, which will yield a
random outcome.

by a block or other symbol in the bulk of the circuit. The action of a circuit can be understood

by considering how a complete set of stabilizers flows through the circuit.

In terms of fault-tolerance, the circuit model provides a gate-level specification of instructions
that can be implemented on hardware, and noise in each component gate can be individually
characterized and modelled. This framework is both accurate and flexible enough to quantita-
tively model the results of small-scale demonstrations of quantum error correction. Then, a
rough definition of a fault-tolerant circuit is one that can still operate as designed even when one
or more individual circuit components experiences an error. In particular, we discuss circuits

that extract syndrome information for topological codes in detail in Chapter 4.

We remark that the quantum circuit model provides a concrete setting to develop, study
and describe quantum dynamics including quantum error correction, and also allows a range
of different physical platforms for quantum computing to be compared on a common footing.
However, by using the circuit model, we are implicitly centering our discussion around active
error correction in gate-based quantum computers, although there do exist other modalities for

quantum computation.

1.5 Avenues of research

This thesis explores strategies for quantum error correction, especially regarding how to ensure
that QEC theory can be applied in practice. We focus on fundamental aspects of QEC that will
be required by any memory experiment, such as decoding and syndrome extraction. A large part
of this thesis can be described as compactifying QEC: reducing qubit and spacetime overheads
but also relaxing its hardware demands such as communication bandwidth requirements or
error budgets. This will be important for near-term demonstrations and also for quantum

computing at scale. We provide here a brief summary of each chapter, aligned with this theme:

Chapter 2: We address the question of whether classical decoding calculations, which are

required in order to detect, track and correct errors, can be performed in real-time at a sufficient
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pace to keep up with the quantum clock speed. Our investigation includes consideration of
practical details, such as the communication bandwidth that is required for the classical decoder

to interact with the quantum control hardware.

Chapter 3: We consider the technique of post-selection, which is often used to boost
logical performance in small-scale experimental demonstrations of quantum error correction. In
particular, we address the common criticism that post-selection is not scalable, and investigate
applications of post-selection for medium-scale state preparation circuits, which will continue

to be relevant in large-scale quantum computers.

Chapter 4: We address the problem of circuit design, whereby theoretical constructs from
quantum error correction are translated into a gate-level set of instructions that can be executed
on hardware, and in particular we search for time-optimal circuits for detecting errors in

topological codes.






Local predecoder to reduce the bandwidth and latency

of quantum error correction

Abstract
A fault-tolerant quantum computer will be supported by a classical decoding system

interfacing with quantum hardware to perform quantum error correction. It is important
that the decoder can keep pace with the quantum clock speed, within the limitations
on communication that are imposed by the physical architecture. To this end we
propose a local ‘predecoder’, which makes greedy corrections to reduce the amount of
syndrome data sent to a standard matching decoder. We study these classical overheads
for the surface code under a phenomenological phase-flip noise model with imperfect
measurements. We find substantial improvements in the runtime of the global decoder
and the communication bandwidth by using the predecoder. For instance, to achieve a
logical failure probability of f = 10~'® using qubits with physical error rate p = 1073
and a distance d = 22 code, we find that the bandwidth cost is reduced by a factor of
1000, and the time taken by a matching decoder is sped up by a factor of 200. To achieve
this target failure probability, the predecoding approach requires a 50% increase in the

qubit count compared with a standard matching decoder.
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2.1 Introduction

Performing complex calculations on a quantum computer will require maintaining quantum
information coherently for long periods of time. To achieve this with noisy devices, quantum
error correction (QEC) can be used, wherein measurements of code stabilizers throughout the
computation give rise to a syndrome that can be interpreted by decoding software, allowing errors
to be tracked and corrected [40, 45]. Current demonstrations of real-time error correction [22,
28, 30, 46, 47] are constrained by several pragmatic concerns. First, the classical decoder must
keep pace with the high rate at which syndrome data is produced. In addition, the amount
of syndrome measurement data transferred between the quantum layer and the decoding unit
may be limited by some maximum bandwidth set by device constraints. These constraints
are sufficiently stringent that it can be difficult to find a software-based solution to accelerate

classical decoding such that it runs at the speed that is demanded by the quantum hardware.

To accelerate the decoding problem and reduce the communication costs, we develop a
two-level decoding scheme for the surface code [41, 42] involving a local predecoder based
on cellular automata (CA) [42, 48-56]. Our decoding scheme is designed to correct sparsely
distributed errors by making greedy decoding decisions at the predecoder stage. The predecoder
corrects these simple errors, however, its local nature means that locations where multiple errors
have occurred may remain uncorrected. The predecoder sends the updated syndrome after it
applies its correction to a minimum-weight perfect matching (MWPM) decoder to complete

the decoding process.

As the CA can be implemented in parallel on dedicated hardware, without requiring long-
range communication with a central processing unit, we find that our implementation has a
significant impact on the latency and bandwidth requirements of the global decoding problem.
Specifically, by reducing the number of errors, and in turn the number of syndrome defects,
global decoding [42-44, 5763, 63-73] is simplified and can therefore be completed at a higher
speed. Moreover, by reducing the number of syndrome defects per unit volume, i.e., the defect
density, we can reduce the size of the message that needs to be passed to the global decoder

using a suitable strategy for data compression.

Previous and concurrent work has considered using the full hardware stack to distribute
and pipeline the QEC workload [48, 49, 51, 74-85]. Although some processing of the syndrome
measurement data can be carried out adjacent to the quantum layer, the amount of processing
that can be done is subject to device constraints such as thermal budgets. Within this setting,
several proposals have been made for two-level decoding schemes, including approaches where
the first stage has been implemented either by sophisticated neural networks [76-79], or by

lightweight decoders that correct the easy error configurations [80-83]. There also exist decoding
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schemes that attempt to correct all errors using on-chip cryogenic hardware at some expense to
the accuracy of the decoder [84-86].

In our approach, our local predecoder will always attempt to correct the error, and is
designed to be accurate wherever the error is sufficiently sparse. For almost all error rates below
threshold, up to p < 1.8%, this results in a reduction to the defect density of the syndrome,
with the defect density scaling quadratically in the error rate when predecoding is used, and
a 1000x reduction being attained at error rates p = 1073. The corresponding runtime of the
main MWPM decoder is made to scale quartically in the error rate, instead of quadratically as
for the case without predecoding. In the limit of large surface code patches and at error rate
p = 1073, a resulting speed-up of a factor of 1900 is possible, with a 200x speed-up realised at

this error rate for the d = 22 code.

In assessing the cost of the scheme, we find that entropic factors and small-size effects are
very important to consider when calculating the magnitude of logical failure rates [87]. As a
result, the cost of the predecoder is modest for systems that we expect may be experimentally
accessible in the near term, with only a 50% increase in the qubit count being required over a
wide range of error rates and code distances. For smaller codes with d < 9, only a 15% increase

is required.

The structure of this paper is as follows. In Section 2.2, we discuss fault-tolerant decoding
on the surface code and define the error model that we will use. In Section 2.3, we develop the
predecoding algorithm and its action on the syndrome history. In Section 2.4, we demonstrate
evidence of a threshold and study sub-threshold failure probabilities. In Section 2.5 we present
numerical results on the bandwidth reduction that is observed, and on a corresponding saving
in the runtime of a MWPM main decoder. In Section 2.6, we discuss the performance of the
predecoder over a practical regime. We identify combinatoric and finite-size effects that are
important to consider and provide evidence that the asymptotic scaling of failure probabilities
is a pessimistic estimator of performance in this regime. Finally, in Section 2.7, we conclude
and discuss future work. In Appendix 2.A, we generalize the predecoder to a parameterized
family of predecoders, allowing a smaller logical failure probability to be recovered by trading

off some of the bandwidth usage and latency savings.

2.2 Fault-tolerant error correction on the surface code

Our scheme can be defined over any topological code with arbitrary boundaries. For concreteness,
we choose here to focus on the rotated surface code with periodic boundaries, which allows a,
distance-d code to be encoded using d? physical qubits (see Fig. 2.1). Since the surface code is
of Calderbank-Shor Steane (CSS) type, we can deal with the correction procedure for Pauli-Z

and Pauli-X errors separately. We will concentrate on Pauli-Z type errors, but remark that an
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equivalent discussion will hold for the Pauli-X errors due to the duality of the different types of

stabilizer.

We demonstrate our decoding algorithm using an independent and identically distributed
(i.i.d.) noise model that introduces phase-flip errors, and where stabilizer measurements may also
give unreliable outcomes. This simplified noise model captures many of the phenomenological
features of the gate-based noise model that reflects the physics of locally interacting hardware.
We assume that all of the stabilizer generators of the code are measured simultaneously at
a fixed frequency, whose clock cycle defines a natural unit of time. All qubits experience an
i.i.d. dephasing noise channel, where the channel will introduce a Pauli Z error to a qubit with
probability p per unit time, otherwise the qubit experiences no error. Further, we assume that
the stabilizer measurements are imperfect, and that each measurement returns an incorrect

outcome with probability p.,, and we set p,, = p.

In order to protect encoded information we need to perform active error correction. As we
are considering faulty measurements, we cannot rely on any individual measurement outcome.
The standard approach, which we employ here, is to repeat each stabilizer measurement d
times in order to build up a (2+1)-dimensional set of outcomes referred to as the syndrome
history. The syndrome history will serve as the input to the decoding algorithm, and an example
syndrome history is shown in Fig. 2.1. A syndrome history variable is specified by an index v
over X-type stabilizers, and a time ¢, and is denoted s,(t). In particular, s,(t) is defined as the
parity of measurement outcomes of the X-type stabilizer associated to the index v taken at
times ¢,¢ — 1. Phase flip and measurement errors correspond to space-like and time-like edges
in the syndrome history respectively, and string-like error configurations create defects at their

endpoints.

A decoder takes this syndrome history and proposes a correction that will recover the
encoded state with high probability. That is, a decoder is an algorithm whose input is a
(241)-dimensional syndrome history and whose output is a Pauli operator that will return the
code to a code state. The decoder fails when the net result of the error and the correction
does not return the system to the same state that it started in, and an important quantity of

interest for a decoder is its failure probability with respect to a given noise model.

We remark that with this definition, a decoder is not concerned with the possibility that
a string of measurement errors will wrap non-trivially through the syndrome history in the
time-like direction. Although temporal errors can lead to logical failures during the execution
of fault-tolerant gates, the definition of logical failure that we use is well-suited to the situation
where the quantum code is being used as a memory. Since the decoders we consider are isotropic
in spacetime, the inclusion of temporal failures would not effect the results substantially, and

would increase logical failure probabilities by a constant factor of at most 3/2.
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Fig. 2.1 (top) The distance-4 rotated surface code. Qubits are denoted by dashed or solid
white circles. Periodic boundary conditions are enforced by identifying the dashed qubits along
the top row with the qubits along the bottom row, and identifying the dashed qubits along
the right column with the qubits along the left column. Pauli X-type (Z-type) stabilizers are
given by the product of Pauli X-type (Z-type) operators over white (shaded) squares. One
stabilizer of each Pauli type is shown. The surface code encodes two logical qubits into the
shared (+1)-eigenspace of the stabilizers. Logical operators are given by the product of Pauli
operators around a non-trivial cycle, and a Pauli X-type logical operator is shown. Logical
operators commute with all the stabilizers, implying that they have a non-trivial action that
preserves the logical code space. (bottom) The decoding lattice used for decoding phase-flip
noise and faulty X-type stabilizer measurements. Only two rounds of stabilizer measurement
are shown, although for a distance-4 code, four rounds of stabilizer measurement would be
required. Space-like edges correspond to possible locations of phase-flip errors, and time-like
edges correspond to possible locations of measurement errors. When an error occurs on an
edge, whether time-like or space-like, a pair of defects is created on the vertices contained in
the boundary of the edge. A single phase-flip error is shown, as well as an extended string-like
error consisting of a phase-flip error and a measurement error. The string-like error creates
defects at its endpoints.
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2.3 Decoding and predecoding

In this work we propose the use of a local predecoder to reduce the bandwidth demands and
latency for a global decoding algorithm, specifically, the MWPM decoder. We first briefly

review the well-studied matching decoder, before introducing our predecoder.

2.3.1 Minimum-weight perfect matching

Decoding the surface code for a local noise model involves pairing nearby defects of the syndrome.
This problem is particularly well suited for MWPM [42]; see Refs. [43, 88] for a review.

A perfect matching is a subgraph of some input graph such that each vertex of the output
subgraph has exactly one incident edge. Efficient algorithms are known to find a MWPM for a
graph, where the input graph has weighted edges, and the output graph is such that the sum
of the weights of its edges is minimal [89, 90].

It is well-known that an algorithm for MWPM can be used to correct the surface code
reliably [42]. In order to do so, we create the complete graph whose vertices correspond to
defects in the syndrome history. Weights are assigned to edges that connect defect pairs
in proportion to the probability that the defect pairs were created at the endpoints of one
string-like error. For an i.i.d. noise model together with measurement errors at the same rate
Pm = p, we have the simplification that weights are calculated from the taxicab metric on the
syndrome history. The output of the MWPM algorithm is a choice of edges that matches each
vertex to exactly one other vertex. From the output matching, a string-like Pauli operator can

be computed that will restore the system to the code state.

Assuming the MWPM algorithm has prior information about the error model, the decoder
requires a list of defects from the (2 + 1)-dimensional syndrome history. The latency and the
bandwidth requirements depend on the number of defects from this volume, as follows. Firstly,
the runtime of the MWPM decoder scales polynomially with the number of vertices of its input
graph, which we denote by |[W|. For instance, we use the Blossom V implementation [91], which
returns matchings over complete graphs, and find a typical runtime scaling like O(|]W|?). Second,
the bandwidth requirements for communicating the syndrome to the decoder may also depend
on the number of defects. Although sending the full record of all syndrome measurements
depends only on the spacetime volume V of the syndrome history, this is very inefficient in
the limit that the error rate is very small such that defects are sparsely distributed. Such a
syndrome history can be compressed such that the length of the message is proportional to the
number of defects produced by an error configuration, simply by sending a list of addresses
where defects are identified. Given that we can describe the address of a defect in the spacetime

volume V with log V' bits, we have that the syndrome can be communicated with a message of
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total length O(pV log V') on average, where p is the mean density of defects in the syndrome
history and we anticipate that p = 2p. (Note that fluctuations around this average message
size need to be considered, and we point the reader to Ref. [75] where this and other strategies

for syndrome compression are considered.)

As we have argued, we can improve the latency and the bandwidth required to use a global
decoder by minimising the number of defect locations that are communicated beyond the
quantum device. The goal of predecoding is to attempt to correct small errors locally, and only

to pass difficult error cases to the global decoder.

2.3.2 Predecoding

The predecoder is the first stage of a pipelined, two-stage decoding scheme. It can be understood
as a map on syndrome histories that returns a modified syndrome history and a partial correction.
The modified syndrome history then gets passed to a global decoder which returns a correction.
The total correction for the code is given by combining the partial correction returned by the
predecoder and the correction returned by the global decoder. Although it is useful to think of
the predecoder as a map on syndrome histories, it is also important to keep in mind that it is
implemented locally in space and time by a CA that can sit adjacent to the quantum layer.
Additionally, the CA and global decoder can both operate concurrently, with the predecoder
cleaning up the syndrome history as stabilizer measurements are taking place, and at the same
time the global decoder is working on processing the syndrome history from the previous error

correction round.

The predecoder is based on the greedy matching of nearest-neighbour defect pairs to reduce
the defect density. Such an approach works well when combined with syndrome compression
techniques to ensure that the bandwidth scales with the number of defects in the code. We
remark that, due to the ease and parallelisable nature of nearest-neighbour matchings, they have
attracted some attention recently. For example, the predecoder can be viewed as a truncated
version of a HDRG decoder [61], and a similar algorithm has been used to compute correlations
amongst errors for MWPM [83].

We now define the predecoder precisely. At each edge on the decoding lattice (space-like
and time-like) we define an update rule that determines whether a matching should be made
on that edge. In particular, a matching will be made if and only if the boundary of the edge
is contained inside the syndrome. If the edge is time-like, the defects on the boundary are
removed from the syndrome and no further action is taken. If the edge is space-like, the defects
are removed from the syndrome and a phase-flip is recorded. It is only the parity of phase-flips

that needs to be updated here, so only a single bit of local memory is required.



20 Local predecoder to reduce the bandwidth and latency of quantum error correction

As described thus far, these update rules are not well-defined because we have not specified
the order in which these matchings get carried out. To resolve this, we have that the matchings
get carried out in one concurrent step. A matching at any edge in the syndrome history is
always determined by the syndrome data prior to predecoding in the boundary of that edge.
More formally, the rules define a map on syndrome histories that outputs a modified syndrome

and a partial correction. The modified syndrome is given,

(1) = su(t) + 50(®) (X sult) + 50t +1) + 50t~ 1)), (2.1)

u~v
where sums are taken modulo 2. The partial correction returned by the predecoder is a
Pauli operator on the surface code. The partial correction on a qubit is determined by the
parity of all matchings made on space-like edges in the syndrome history corresponding to that

qubit. The partial correction can be specified by a bitstring z(, ), where non-zero entries of

u,v

T(yu,) indicate the presence of a correction. Specifically, we have:

Tu) = D Sult)su(t), (2.2)

where sums are taken modulo 2. One important quantity that characterizes the predecoder
is its @solation volume, which we denote V. The predecoder will only accurately correct a single
error if there are no other errors within a spacetime volume Vj of the error. By drawing an
isolated defect pair and by calculating the effect of other errors on nearby edges, we can compute
Vo = 57, and this is shown in Appendix 2.A. If error rates are large such that pVy > 1, then
there are very few isolated defect pairs in the syndrome history and predecoding is ineffective.
On the other hand, if error rates are sufficiently low that pVjy < 1, then most defect pairs are
isolated and predecoding can significantly reduce the bandwidth and latency of the scheme.
We refer to these as the high error-rate and low error-rate regimes respectively. Importantly,
we remark that the effectiveness of predecoding depends only on the error rate, and not on
the code size. When predecoding does result in savings, these savings do not saturate for large

code sizes.

We can now turn our investigation into the costs and savings of using the predecoder as the
first stage in a two-stage decoding scheme. We will explore the asymptotic QEC performance in
Sec. 2.4, the expected gains in latency and bandwidth in Sec. 2.5, and finally we will investigate
how this predecoder is expected to function in practice for fault-tolerant quantum computing
in Sec. 2.6.
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Fig. 2.2 (left) Failure probability as a function of code distance when the predecoder is used
together with MWPM for a range of error rates. We observe that the failure probability decays
exponentially in the code distance, indicating the presence of a threshold. (right) Gradients m
extracted from a linear fit log(f) = md of the decay of the failure probability, as a function of
physical error rate p. For small error rates (p < 1073), we find m = klog(p) for k = 0.33(1).

2.4 Asymptotic performance

In this section, we investigate the expected performance of predecoding for large code families.
We first demonstrate that failure probabilities are exponentially suppressed in the code distance
for small error rates when predecoding is used, indicating the existence of a threshold for the
scheme. We also compute the decay constant associated with the sub-threshold scaling of the
failure probability that characterizes this suppression in the limit of large codes and small error
rates. These should be understood as preliminary results that indicate the viability of the
scheme as a FTQEC protocol. A more in-depth analysis of the costs and benefits of the scheme

for real-time decoding applications are given in Secs. 2.5 and 2.6.
We follow Ref. [92] and use an ansatz for the sub-threshold scaling of the failure probability

f=C <p>kd (2.3)

Pth
where k is the decay constant, pi, is the threshold and C' is just a fitting constant. This

given by

empirical ansatz captures the scaling of logical failure probabilities with the code distance. At
the threshold error rate p = p., we have that the logical failure probability is independent of
the code distance. For sub-threshold error rates p < p., the ansatz describes a logical failure

probability that decays exponentially with the code distance.

For small error rates, the dominant failure mode for the scheme will be errors that have
low weight. Then, the exponent kd can be interpreted as the weight of the least-weight error

that results in a logical failure. We can make predictions for k for the scheme based on the
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greediness of the matchings made by the predecoder, and verify these predictions by exploring
logical failure probabilities at low error rates. For MWPM without predecoding, there exists
string-like errors of weight-d/2 that can cause the decoder to fail, so we have k = 1/2 in
that case. Consider taking such an error and removing a single phase-flip somewhere away
from the boundary of the string. This error will now be correctly decoded by the MWPM
algorithm. However, if we first run the predecoder over such an error, it will see a pair of
adjacent defects where the phase-flip was removed and will re-introduce the phase-flip back into
the code. If we follow that up with MWPM then the whole scheme will fail. This describes a
failing error of weight-(d/2 — 1). In fact, we can remove every third phase-flip from the bulk
of an error string and the predecoder will re-introduce those phase-flips back into the code.
This construction is similar to the Cantor set errors observed in hard-decision renormalization
group (HDRG)-style decoders [62], and leads us to predict a decay constant k = 1/3. We also
expect that the threshold of the scheme should not suffer drastically from predecoding. The
threshold error rate for standard MWPM with phenomenological noise and without predecoding
is p = 2.9% [57]. This error rate, which gives pVy = 1.7, is in the transition regime between low
and high error-rates as defined in Sec. 2.3. We therefore expect that many of the corrections

returned by the predecoder at this error rate are still accurate.

We use various numerical methods to extract the fitting parameters k, py, in Eq. (2.3). In
this and other simulations in this work, we used the qecsim software package [93], along with
other scientific [94] and matching software [91] to perform numerical computations. For each
code distance in the range 4 < d < 22, we performed a direct Monte Carlo simulation to attain
a failure probability at the error rate p = 0.02. In each case, the simulation was run until
ten logical failures were observed. For smaller error rates, it was not feasible to use direct
Monte Carlo simulation because it would take a prohibitively long time to observe any logical
failures. Instead, we used the splitting method [87, 95, 96]. The splitting method allows us
to compute the ratio of the failure probabilities at two different error rates by sampling from
the set of failing errors at each error rate. We multiply these ratios together to attain logical
failure probabilities at very small error rates, and we use the result of the direct Monte Carlo
simulation at p = 0.02 as a reference. At each error rate, we collected 1000 independent samples
via a Metropolis-Hastings algorithm and computed logical failure probabilities at error rates

down to p =1 x 107°.

We plot the failure probability against the code distance in Fig. 2.2. The failure probability
is exponentially suppressed in the code distance, indicating that the threshold is persistent when
the predecoder is run in combination with MWPM. We can also determine that the threshold
is approximately p = 2%, since the logical failure probability is independent of code distance at
this error rate. We compare this to the known threshold for MWPM under a phenomenological
phase flip error model which is 2.9% [57].
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We also extract the decay constant from our simulations in Fig. 2.2, and find k£ = 0.33(1),
consistent with our analysis above. We contrast this value against the decay constant for
MWPM, which is k£ = 0.5. In particular, we remark that the value k = 0.33(1) is extracted
from a fit at small error rates p < 5 x 1073, We find that closer to threshold, logical failure
probabilities are suppressed more strongly with the code distance, as seen in Fig 2.2. We believe
that this is because the number of least-weight failing errors under predecoding is relatively
small, and they become less important at larger error rates. Despite being designed to correct
sparse errors, we observe throughout this work that the predecoder is surprisingly accurate
even near threshold, and in Sec.2.6 we discuss the combinatoric factors and finite-size effects

that are responsible for this behaviour.

2.5 Bandwidth and latency

In this section, we study the effect that predecoding has on the defect density in a syndrome
history, as well as on the runtime of the main MWPM decoder. As the syndrome is defined in
a spacetime volume, the defect density can be thought of as the bandwidth per unit area of
the quantum layer required to transmit the syndrome. The defect density also determines the
size of the problem that must be solved by the main decoder. We provide the mean savings
to the defect density and MWPM runtime that are realized in the low error-rate regime, and
additionally provide the full defect count distribution since the worst-case bandwidth usage

and runtime are also important quantities of interest for real-time decoding.

2.5.1 Defect count distribution

We first develop a heuristic model for the distribution of defect counts and treat the defect
density as a parameter of this model. Let M be the random variable corresponding to the
number of defects sent to the main MWPM decoder in one syndrome history of spacetime
volume V. We do not yet specify whether predecoding is being used. We note that neither the
noise model nor the predecoder introduce any long-range correlations into the syndrome data.
If we coarse grain the syndrome history into suitably sized blocks, the total defect count is the
sum of many independent binomial random variables corresponding to whether or not there is
a defect pair in each block. The total expected number of defects is fixed by the defect density.
Since the blocks can be made small, up to a size 1}, the total defect count can be modelled
using a Poisson random variable. Technically, since the total defect number is constrained to be

even by an emergent symmetry [41], it is really M /2 that is Poisson-distributed and we have

M oV
-5~ Poisson ([)2) (2.4)
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where the mean defect density p depends on the error rate, as well as whether or not predecoding
is being used. It should be noted that Eq. (2.4) describes the number of defects in a full cycle
of fault-tolerant error correction. The distribution that describes the bandwidth usage during
each round of measurement is given by replacing V' by V/t, where t is the number of rounds of

stabilizer measurement and we expect to set ¢ = d.

2.5.2 Defect density with and without predecoding

We now study the defect density under MWPM-only and under predecoding. For the case
where no predecoding is performed, or in the high error-rate regime when predecoding is not
useful, the bandwidth density is proportional to the error rate with a coefficient of two to

account for the fact that a single fault creates two defects. We have

Pno pre = 2p. (2.5)

In the low error-rate regime and when predecoding is used, the defect density can be significantly
reduced. The probability of two errors occuring within a given spacetime volume Vj is given
by (Vop)?/2. Most of the error configurations that result in an inaccurate correction by the
predecoder leave behind two defects in the syndrome history after predecoding, and this is

shown in Appendix 2.A. These considerations lead to a defect density given by
pore = P Vo. (2.6)

We verified these predictions numerically. We used direct Monte Carlo methods to estimate
the defect density over a range of physical error rates when syndrome compression is used, and
when syndrome compression and predecoding are used together. For each physical error rate,
we computed the mean number of defects in the syndrome histories for codes of different sizes,
averaged over at least 10000 decoding cycles, with more decoding cycles used for small error
rates. We then fit a linear model in order to extract the defect density. In Fig. 2.3, we observe
that the defect density is reduced by a factor that scales quadratically in the physical error
rate, as predicted by Eq. (2.6). For small error rates p = 10™*, the defect density is reduced by
a factor 10° as compared to when no predecoding or syndrome compression is used. At more

moderate error rates of p = 1073, we still see reductions of order 1000.

We make two observations about these bandwidth savings. First, the mean bandwidth
savings do not depend on the size of the code, because when the predecoder encounters a difficult
error configuration in the syndrome history, it will only be deterred from performing greedy

matchings in a very small neighbourhood of that error. Second, bandwidth savings are made at
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Fig. 2.3 Defect density as a function of error rate. The defect density determines the required
bandwidth for transmitting syndrome information per unit area. When syndrome compression
is used (green), the defect density scales linearly in the error rate. When the predecoder is also
used (blue), the defect density scales quadratically in the error rate. The dotted green line
corresponds to Eq. (2.5), and the dotted blue line corresponds to Eq. (2.6) with Vp = 57. (red)
The bandwidth usage associated with an uncompressed syndrome history is independent of the
error rate. In order to make a fair comparison, we show density of vertices in the syndrome
history divided by 16. The factor 16 assumes that addresses require 16 bits to transmit, whereas
measurement data requires only one bit.
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Fig. 2.4 Histograms of the number of defects contained in a distance-20 syndrome history with
predecoding (blue) and without predecoding (green). The solid blue and green lines correspond
to the random variables described by Eq. (2.4) for p = p?Vj and p = 2p respectively.

all error rates below threshold, because the low error-rate regime is set by p = VO_1 =1.75%

and this value happens to be very close to the threshold for this scheme.

2.5.3 Worst-case performance for finite-size quantum computations

In a real device, it may be a requirement that the bandwidth usage never exceed some maximum
value. If the distribution of bandwidth used in a decoding cycle is highly skewed towards large
bandwidths, then the mean bandwidth saving is not a good metric for the efficacy of the scheme.
Instead, the efficacy depends on the frequency with which large bandwidth-demanding events

occur in the system.

We quantify this by following Ref. [80] and studying the top (1 — f)-percentile of the defect
count, denoted Mpyax and defined by P(M > My,.x) = f, where we set f = 1071 as a target
logical failure probability.

We collected data on the full histogram of defect counts generated by the Monte Carlo
simulations. In Fig. 2.4 we compare this data to our heuristic model in Eq. (2.4) for a few

select error rates and a spacetime volume corresponding to a distance d = 20 surface code.

When the spacetime volume is large, we can appeal to the law of large numbers. In that
case, the observed defect count will be close to its mean value with high probability, on a
logarithmic scale. For instance, for pV' > 1000, we have that Myax/pV < 1.4. In that case, we
may freely replace p with Mpax/V in Fig. 2.3, and the error bars would not be visible.



2.5 Bandwidth and latency 27

For small values of pV/2, the distribution can be seen to be skewed towards high bandwidths,
and this will slightly erode the savings to the bandwidth usage that are realized. This effect can
be straightforwardly calculated using properties of the Poisson distribution. We emphasize that
provided that multiplexed resource-sharing techniques are used [75, 80], the defect count can
be averaged over a spacetime volume that corresponds to the syndrome histories for all logical
qubits sharing a line of communication with the main decoder. This results in a bandwidth

distribution with smaller variation than would be observed for a single logical qubit.

We remark on the particular applicability of this scheme to performing entangling gates in
quantum computations. Certain schemes for performing entangling gates require that different
patches of surface code be fused together to form bigger patches of surface code. It may then
be the case that we require fault-tolerant quantum error correction to be carried out over a
large surface code patch. This will be difficult if the bandwidth savings saturate at large code
sizes due to any global conditionals in the predecoding algorithm. The local and greedy nature
of the CA predecoder is essential to it being able to reduce the density of defects, and it lends
itself naturally to this setting.

2.5.4 MWPM runtime and latency

The reduction to the defect density translates directly to a speed-up in the runtime of the
global decoder. In the implementation of MWPM that we use [91], the worst-case runtime
when applied to complete graphs is O(|]W|3), where |W| is the number of vertices. However,
significant effort has gone into ensuring that this algorithm runs faster in most cases. Matching
algorithms based on complete graphs generated by quantum error correction have been reported
to have more favourable scaling in practice than their worst-case behaviour would suggest [97].
In the inset to Fig. 2.5, we demonstrate that the runtime is well described by RT ~ [W|?2.

We can determine from Egs. (2.5) and (2.6) that the factor speed-up in the MWPM decoder

is expected to depend on the error rate as

RTpre (pVo )2 (2.7)

1%Tno pre 2

We can understand this speed-up by noting that this MWPM implementation requires a complete
graph to be constructed for every error configuration (although cf. [59]). This implementation
does not exploit the fact that isolated errors are easier to correct than large clusters of errors.
The runtime savings from predecoding arise by matching isolated pairs of defects greedily at
the start so they do not need to be included in the complete graph. In Fig. 2.5, we demonstrate
the speed-up in the limit where decoding is performed over a large spacetime volume. At error
rates p = 1073, we observe that the MWPM decoder is sped up by a factor of 1900. At error
rates p = 10™4, we observe a speed-up by a factor of 3.1 x 10°.
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There are two important caveats to note here. First is that these speed-ups are only fully
realised when the spacetime volume of the syndrome history is large. Specifically, the speed-up
arises only if there are enough defects in the syndrome history that the runtime of the MWPM
decoder is dominated by its asymptotic behaviour. For the implementation of MWPM that we
use, this is the case when there are more than 50 defects in the syndrome history. The relevant
spacetime volume here is the spacetime volume corresponding to a connected patch of surface
code that is being decoded as one logical unit. If there are not more than 50 defects in the
syndrome history both with and without predecoding, then the runtime savings reported above
are not fully realized. At error rate p =5 x 1072 and code distance d = 30 (sufficient to reach
logical failure probability f = 107'%) this condition is met. A 64x runtime speedup is realized,
and this is the full speed-up attainable at that error rate. At smaller error rates, this condition
is unlikely to be met when using a reasonably-sized surface code as a memory, but may be met
when decoding over a large surface code patch, for example when performing an entangling
gate. Nonetheless, at error rates p = 1072 and code distances d = 22 (sufficient to reach logical
failure probability f = 1071%), a direct comparison of runtimes still revealed a speed-up by a
factor of 200.

The second caveat is that the worst-case runtime is going to depend on the tail end of the full
defect distribution. This discussion is equally relevant to determining the worst-case runtime
for the MWPM under predecoding. If the worst-case runtime is significantly larger than the
mean runtime, then the mean runtime can be recovered by using multiplexed resource-sharing
techniques [75, 80].

2.6 Predecoding in practice

The diminished decay constant k¥ = 1/3 in the logical failure probability scaling of Eq. (2.3)
associated with the predecoder, compared with & = 1/2 for MWPM, means that larger codes
will be needed to achieve a target logical failure probability. We note, however, that this scaling
coefficient is describing the asymptotic performance and may not be capturing the relative
performance of the predecoding approach for practical code sizes. We now investigate the costs
associated with using the predecoder in regimes that are relevant to fault-tolerant quantum

computing.
2.6.1 Practical qubit cost of predecoding
In this section we develop an ansatz that explicitly includes entropic and finite-size effects. In

Fig. 2.6, we compare the code distance required to reach target logical failure probabilities
of f = 10715 both with and without predecoding. We find that, in order to accommodate
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Fig. 2.5 For each error rate, we plot the constant of proportionality extracted from a fit of runtime
RT = A(p)V?, where V is the spacetime volume of the syndrome history and the runtime
is for the global matching part of the decoding scheme, and is given in nanoseconds. (blue)
Predecoding is used. Markers are data points, and the dotted line is the fit A(p) = A(Vop/2)?p?,
for A =1.4 x 107*. (green) No predecoding is used. Markers are data points, and the dotted
line is the fit A(p) = Ap? for the same A = 1.4 x 10~%. (inset) we demonstrate the goodness of

the fit RT = A(p)V? (red) to data (black) for the example case of no predecoding at error rate
p=2x10"2
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Fig. 2.6 (main) The code distance (left axis) and number of qubits (right axis) required to
reach a target logical failure probability of f = 107! when predecoding is used (blue) and
when predecoding is not used (green). Distances are calculated by inverting Eq. (2.8), and
using ansétze Eq. (2.9) and Eq. (2.10), (2.11). The dashed line marks d = 9, below which
predecoding performs comparably to pure MWPM. (inset) the factor increase in the code
distance (left axis) and number of data qubits (right axis) required with predecoding compared
to without predecoding. The dashed-dotted line denotes the expected behaviour using Eq. (2.3)
with k = 1/3.
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the predecoding scheme, we must increase the qubit count by no more than 50%. We also
remark that as error rates become very small, there is no qubit cost associated with running
the predecoder. The decay constant k = 1/3 is therefore a pessimistic indicator of performance
(it would suggest that the qubit count need be increased by a factor 2.25x). Importantly, we
remark that Fig. 2.6 was generated by an ansatz we develop throughout this section, and not
by Eq. (2.3).

2.6.2 Structure of the failing error set: weight and multiplicities

To see why the increase in overhead is modest, we study in detail the structure of the failing

error set for small codes, which reveals a more complex resource cost for predecoding.

First, we note the importance of explicitly including entropic factors associated with the
number of errors that result in a logical failure (see [42, 87]). The reason for this is that, at
modest system sizes, we find that the multiplicity of low-weight errors is relatively small. These
multiplicities impact significantly on the leading order scaling due to the contribution from
low-weight logical errors. A second consideration is that the decay constant to fit Eq. (2.3)
assumes that the weight of the least-weight failing error is linear in the code distance. Although
this assumption is usually justified, in our case this is not strictly true for small codes due to

finite size effects that we will explore.

To capture these effects, we make use of the fact that the weight and multiplicity of the
least-weight failing error often provides much of the crucial information required in QEC for
decoding moderately sized codes [63]. That is, we can construct an ansatz for the logical failure
probabilities based on these data that will be relevant for a practical regime. We denote by
lw(d) the weight of the least-weight error that results in a logical failure, and we denote by A(d)
the multiplicity of such errors. We emphasize that both of these quantities depend not only on
the code, but also on the decoding scheme that is used. In particular, we have generally that
lw(d) < d/2, with the equality satisfied in the case of MWPM without predecoding. We will
use subscripts where necessary to indicate the decoding scheme. The failure probability of the
code is then given:

f=A(d)p™. (2.8)

We now investigate the minimum weight of such failing errors, followed by the multiplicity of

these errors.
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Fig. 2.7 (top) The weight of the minimum weight failing error, as a function of code distance.
The solid lines are analytic and are given by by Eq. (2.9) for the case of predecoding (blue), or
by d/2 for MWPM only (green). Data points are extracted as the gradients of linear fits of the
log failure probability to the log error rate (see Eq. (2.8)). (bottom) Multiplicity of least-weight
failing errors as a function of code distance. Data points are extracted as the intercepts of linear
fits of the log failure probability to the log error rate (see Eq. (2.8)). The dashed green line is a
fit for MWPM of form Eq. (2.11). The dashed blue line is a fit of form A(d) ~ 26272+ where
d = 6a + b — 2 for non-negative integer a and non-negative integer b < 6 and fitting parameter
a. When b = 0, the scaling of A(d) is described by Eq. 2.10, and this occurs here for distances
d = 4,10, 16.
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2.6.3 Minimum weight of failing error

If we follow the prescription in Sec. 2.4 for constructing least-weight failing errors, then taking

into account finite size effects leads to an ansatz:

() = |2 (5+1)] (2.9)

where Iwpe(d) = kd for k = 1/3 is recovered for large codes. We plot our data with the ansatz
in Fig. 2.7 to show the correlation between our model and our results. Since we have generally
that lw(d) > d/3, we remark that k = 1/3 is overly pessimistic for predicting logical failure
probabilities. It is particularly significant however that for d < 9 we have lw(d) = d/2. We
therefore expect the predecoder to perform comparably to MWPM for code sizes d < 9, with
performance differences arising only from combinatoric factors. In Fig. 2.8, we plot the code
distance required for a MWPM-only decoder to reach the same logical failure probability as
when predecoding is used. We call this quantity the effective MWPM distance and denote it d'.
We can see that the effective MWPM distance approaches the actual code distance for d < 9

and low error rates, indicating that predecoding comes at almost no cost in this regime.

2.6.4 Multiplicities of failing errors

Another important structural feature of the failing error set under predecoding is that there
are very few least-weight failing errors compared to higher-weight errors. This can be easily
visualized by considering some weight-d logical operator on the surface code. A weight-d/2
error that will cause a logical failure under MWPM can be constructed by placing a phase-flip
on any d/2 data qubits in the support of the logical. There are approximately ( d%) < 24 of
making this selection. On the other hand, with predecoding in place a weight-d/3 error will
only result in a logical failure if it is carefully constructed by taking a length d/2 contiguous
string of affected qubits, and then removing every third qubit from the support of the error.

This means that there are far fewer least-weight failing errors under predecoding.

We can formulate these statements into an ansatz for the multiplicites of failing errors with
and without predecoding. In both cases, there is a factor 2¢ that arises by counting the number
of logical operators in the surface code (see [87] for an explicit calculation of these combinatoric
factors). For the case of MWPM, there is an additional factor 2¢ due to the arguments above.

This gives the rough ansatz for the multiplicites

Apre(d) ~ 2¢ = 231Wpre(d)=2 (2.10)
Ano pre(d) ~ 4% = 2H1Wno pre(d) (2.11)
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where we have ignored the ceiling function in the second equality in Eq. (2.10). We remark
that strictly speaking, the above ansatz applies to predecoding only on code distances where
the ceiling function in Eq. 2.9 can be ignored. In a sense, this captures a situation where we
can only just form a failing error of weight Iwp.(d). We give a more sophisticated ansatz in

Fig. 2.7 and also compare these ansétze to numerical data.

To demonstrate the effect that these entropic factors can have on the scaling of logical
failure probabilities, we consider the probability that decoding will fail as a result of an error of
weight Iwpye, as compared to an error of weight 1wy pre. Using Eq. (2.8), along with Egs. (2.10),
(2.11), we have

lw re(d) d

Ano pre(d)plwno pre(d) 2p1/6
For p > 0.015, this predicts that the scaling of logical failure probabilities with code size will be

dominated by the more common weight d/2 errors, not by the much rarer weight d/3 errors.

In practice, a comparison that is relevant for assessing decoding performance for finite-size
codes is to fix the weight of the least-weight failing error and then compare the multiplicities
under predecoding to the multiplicities without predecoding. The second equalities above
allow us to make that comparison and indicate that the multiplicities are more favourable
when predecoding is performed for moderately sized codes. The distance-16 surface code under
predecoding highlights this point. Since we have that lwpe(16) = lwno pre(12), it would be
reasonable to expect that predecoding over a distance-16 surface code should perform similarly
to pure MWPM over a distance-12 surface code. In fact, from Fig. 2.8, we see that predecoding
over a distance-16 surface code outperforms pure MWPM over even a distance-13 surface code
due to the favourable multiplicities under predecoding. This effect becomes more pronounced

for larger code sizes.

We remark that in a practical regime set by some fixed target logical failure probability, the
exact form of Iwp,e(d) and the effect of multiplicities are both important to consider. Which
effect is more important depends on the underlying error rate. If error rates are low, then large
codes are not required and the precise form of lwyp.(d) for small codes must be considered.
On the other hand, if error rates are high, then large codes are required. The multiplicities of

least-weight failing errors becomes a significant effect that must be accounted for.

In this and the previous section we have developed numerical methods and ansétze that have
allowed us to understand the bandwidth usage and runtime savings resulting frome predecoding,
as well as the logical failure probabilities. We go on in Appendix 2.A to extend this analysis to
a parameterized family of predecoders that interpolates between the predecoder studied here,
and an implementation of a standard MWPM decoder, and we detail a trade-off between the

resource savings and the accuracy of the predecoder.
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Fig. 2.8 Effective MWPM code distance of the predecoding scheme as a function of error rate,
plotted for code distances d = 4, 6,8, 10,12, 14, 16, 18. Solid lines are color-coded to correspond
to dashed lines that provide the low error rate asymptotic behavior, as determined by the
weight of the least-weight failing error and given by Eq. (2.9).

2.7 Discussion

We have proposed a two-level decoding architecture for the surface code based on a local
predecoder that makes greedy matchings designed to clean up sparse errors. Our numerical
simulations demonstrate that the predecoder reduces the complexity and runtime of the
global matching decoder’s task, and also delivers substantial savings in the bandwidth density.
Remarkably, despite the predecoder’s intended design for low error rates, we find that these
advantages persist up to threshold error rates. These order of magnitude improvements come
at a modest increase in the qubit overhead to recover a commensurate logical failure probability
compared with global approaches to decoding. Our results therefore show that augmenting
our global decoder with a local predecoding system can help to address many of the practical

challenges involved with producing a large-scale quantum computing architecture.

We conclude by identifying some future directions for new research in this area. First, it has
been observed that quantum error-correcting systems can be markedly improved by specialising
a decoder to correct for the errors of a tailored code [98-101]. It will be interesting to find
more sophisticated predecoders that account for more realistic noise models. Furthermore,
we expect that we can design predecoders that are sensitive to hook error syndromes [98],
or perhaps flag stabilizer readings [102, 103], that indicate where a circuit noise model may
introduce a correlated error. We also note that a variant of the predecoder presented here
can be implemented within the quantum layer with Toffoli gates and qubit reset, offering the

prospect of predecoders requiring no mid-circuit measurement or classical processing.
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Lastly, it will be interesting to determine the role of predecoders as quantum technology
develops. In our work, we have proposed a very greedy decoder designed to significantly reduce
the bandwidth cost at the expense of logical failure probability. We contrast this with the
approach of Ref. [80], wherein a fast all-or-nothing decoder was studied that looks for a globally
optimal correction for certain errors, and calls for support from the global decoder where this
is not possible. Where the latter approach maintains a better logical failure probability, the
former demonstrates good performance for minimising the bandwidth cost, and particularly
for noisier near-term devices. Ideally, we may want to balance these considerations, and in
Appendix 2.A we study a method to interpolate between these two types of predecoders. Given
that recent experiments have demonstrated classical feedforward together with mid-circuit
measurements [22, 28, 30, 47|, we are already in a position to begin to design predecoder

experiments with real experimental hardware, to begin addressing these questions.
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2.A Recovering the subthreshold failure rate

If the performance reduction associated with using the predecoder is deemed too costly, then it
is possible to trade off decoding accuracy against bandwidth and runtime savings by reducing
the greediness of the matchings made by the predecoder. We do this by requiring that the
predecoder check that a particular defect pair is sufficiently well-isolated from any other defects

in the code before performing a correction.

More formally, we introduce a family of predecoders parameterized by a radius r, representing
this isolation distance. This family interpolates between the case r = 0, which was studied
in the main text, and the case r = oo, which is an implementation of the standard global

MWPM decoding algorithm. To define this family, we introduce a projector that is equal to
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one whenever a particular defect in a defect pair is well-isolated:

1 if S, L) <2
Hr(v,t)Z{ i L winenwn sull) < : (2.13)

0 otherwise

where B,.(v,t) is a ball with centre (v,t) and radius r on the decoding lattice, defined with
respect to the taxicab metric. Then, writing §,(t) = IL,(v, t)s,(t), we have that the action of

the radius-r predecoder results in a modified syndrome:

sh(t) = su(t) + 8 (t) (Z Gu(t) + 8u(t + 1) + 5,(t — 1)) : (2.14)

where sums are taken modulo 2. Further, the total correction is specified by a bitstring as in

Eq. (2.2), which is now given as

D) = D 5u(t)u(t), (2.15)

where sums are taken modulo 2. We roughly sketch how these rules can be implemented
using CA with only local communications. The CA will attempt to correct errors according to
the rules developed in Sec. 2.3, with a modification. When a CA sees a defect at a particular
time, it sends out its address to nearby CA up to a distance r from itself. With this message
passing in place, a CA will not immediately make a correction when it sees a pair of neighbouring
defects. Instead, it will wait r syndrome extraction cycles in order to gather more information.
If in that time it receives a signal indicating some nearby defect other than the defect pair
being corrected, it will not make the correction. These CAs require some additional memory

and processing overheads in order to store and propagate addresses.

The key parameter that characterizes a predecoder in this family is its isolation volume,
denoted by V,.. This determines both the accuracy of a given predecoder, as well as its bandwidth
and runtime savings in terms of a reduction to the defect density. The isolation volume can be
computed as in the main text for any r, and we show this in Fig. 2.9. We fit a cubic polynomial
to this data for » = 1,2, 3 and derive

Ve =4(F +1°2 +6(F + 1) + 1 (2.16)
where 7 = max(r,1). We remark that 7 appears instead of r because there is a sense in which

the r = 0 predecoder is singular in this family of predecoders, as discussed in Fig. 2.9.

We follow similar methods as in the main text to study the distribution of defect count
under the scheme for different values of the isolation radius r. The distribution is Poisson

distributed, as in Eq. 2.4, however the defect density that appears now depends on the isolation
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Fig. 2.9 Isolation volume of the predecoder for r = 0,1, 2. Black balls correspond to vertices
of the syndrome history, and sticks correspond to edges. For the case r = 1, r = 2, the red
vertical stick depicts a measurement error that has occurred. Another error on any yellow stick
will produce a defect that is within a distance r from the defects produced by the measurement
error, and will lead to an error configuration that will not be corrected by the predecoder.
Examples of such uncorrectable error configurations are shown in red. In this case, four defects
will be left behind in the syndrome history. By counting the yellow sticks, we determine V; = 57
and V5 = 163. The r = 0 case requires a special treatment. We again have a red vertical stick
depicting a measurement error, and yellow sticks represent sites of possible errors that would
result in error configurations that are not fully corrected by the predecoder. However, the
mechanism by which this occurs is slightly different, and at the bottom left we show an error
configuration that cannot be fully cleaned up by the predecoder. The predecoder attempts to
place a correction between all neighbouring defects, shown in blue at bottom centre, however
this introduces a correction at a site at which there was no error initially, shown at bottom
right. As such, two defects remain in the syndrome history. In this case, we have Vy =V} = 57,
but since here most weight-2 errors result in only two defects left in the lattice, we have that
Eq. (2.17) contains an additional factor 2 as compared to Eq. (2.6).
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Fig. 2.10 The defect density associated with predecoders for r = 0,1, 2,3,5. The black dashed
line corresponds to MWPM-only with syndrome compression. The markers are data points,
and the dotted lines correspond to Eq. (2.6) for » = 0, and to Eq. (2.17) for r > 0, where V; is
determined by Eq. (2.16). All predecoders exhibit bandwidth scaling with p? for sufficiently
low-error rates. Vertical lines can be traced to the bottom axis to determine the error rate at
which bandwidth savings take effect for a given r.

radius. In particular, if r > 0, we replace Eq. 2.6 with
ppre(r) = 2p2‘/} (2.17)

We remark that the defect density scales quadratically in the error rate for all values of r,
provided that the error rate is low enough. However, since Eq. (2.17) is only valid for p < 1/V,,
the error rate at which these bandwidth savings take effect is dependent on r. As we increase
r, the predecoder is more cautious and requires defect pairs to be more isolated before it will
make a greedy matching. This means that error rates must be lower before the defect density

is reduced. We compare this model to our numerical data in Fig. 2.10.

The increased caution taken by the predecoder for r > 0 also means that it is less likely to
introduce erroneous corrections that cause the scheme to fail. For instance, a least-weight error
that will cause the predecoder of radius r to fail can be constructed by taking a weight-d/2
contiguous error that fails under pure minimum-weight perfect matching and removing every

(7 +1)/(7 + 2) phase flip. We generalize Eq. (2.9) and write

Wpre, r(d) = H I ; (;l + 1)} (2.18)

where 7 = max(r,1). The qubit cost associated with running the predecoding scheme will

therefore decrease with r. In the limit of large code sizes and ignoring finite size effects, we have
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Fig. 2.11 (main) The code distance (left axis) and number of qubits (right axis) required to
reach a target logical failure probability of f = 101 for predecoders of radius r = 0, 1, 2, oo,
where r = oo indicates that no predecoding was performed. Distances are calculated by
inverting Eq. (2.8), and using ansatz Eq. (2.18) along with a similar ansatz to that described
in Fig. 2.7 for the multiplicities. These ansétze are linear fits to the logical failure probability
at low error rates. The dashed lines are color-coded and mark the maximum distance such that
IWpre, r(d) = d/2, below which the predecoder of radius r are expected to perform comparably
to pure MWPM. (inset) the factor increase in the code distance (left axis) and number of
data qubits (right axis) required with predecoding compared to without predecoding. The
dashed-dotted lines are color-coded and mark the expected behaviour using Eq. (2.3) with

k= (F+1)/(F +2).
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that the weight of the least-weight failing error is linear in the code distance, with decay constant
k= (F+1)/(2(f + 2)). For large r, the predecoder makes very few greedy matchings, and
the decay constant approaches the k = 1/2 that characterizes failure probabilites for MWPM.
Of course, for predecoding in practice, finite size and combinatoric effects are important, and
this can be seen in Fig. 2.11. In particular, we see that for the r = 2 predecoder and for code
distances d < 13, there is almost no qubit cost associated with running the predecoder at low

error rates.

Real devices are subject to multiple constraints simultaneously, and we may want to reduce
the defect density to some maximum allowed value whilst keeping the logical failure probability
as low as possible. This family of predecoders allows this trade-off by interpolating between pure
MWPM, which provides a high decoding accuracy, and the maximally greedy r = 0 predecoder,

which provides large savings to the bandwidth usage and runtime.

2.B Local implementation of predecoder

In this section, we provide a sketch of a local implementation of the predecoder update rules.
We envision using simple predecoder modules that each have access only to local syndrome

information, and are also capable of nearest-neighbour message passing.

In order to decode bitflip errors, say, we imagine a predecoder module for every Z-type
stabilizer in the code. The predecoder modules are equipped with some small amount of memory
for storing recent measurement outcomes and local corrections, and additionally in each gate

cycle the modules are equipped with the following capabilities:

e Receiving the new measurement outcome from the relevant stabilizer.
e Broadcasting a single bit to all neighbouring predecoder modules.

e Communicating to a global decoder in some cases, although the predecoders are designed

so that this is rare.

We provide a pseudocode implementation of the predecoder module in Algorithm 1, and
in Figure. 2.12 we illustrate the predecoder module in action, implementing the predecoder
update rules defined in Egs. (2.1), (2.2).
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Algorithm 1: The predecoder module. Note that in this implementation, a local
correction on a qubit is recorded once for each predecoder module attached to a
stabilizer that contains that qubit in its support. These corrections will always agree
and should be included into a Pauli frame when a correction is applied. In general,
flips due to measurement errors do not need to be recorded by the predecoder modules,
except in certain circumstances such as during the final round of measurements in a
lattice surgery operation.

Internal State: syndrome data (Spew, S, Sold), measurement data (m), round (),
corrections (¢y, Ce, Cs, Cy)-
Constants :address (v)

1 Function MainLoop is
2 Wait for new measurement outcome (mpew)
3 t+—t+1
4 Sold $— S
5 S — Snew
6 Snew ¢— M + Mpew (mod 2)
7 M — Mpew
8 BroadcastAllNeighbours(s)
9
10 Wait for syndrome data from neighbours (sy, Se, Ss, Sw)
11 s" +— s+ 5(Sold + Snew + Sn + Se + S5 + Sw) (mod 2)
12 for i in {n,e,s,w} do
13 ‘ ¢i <— ¢i+ss; (mod 2)
14 end
15 if s’ #0 then
16 ‘ SendToGlobalDecoder (v, t)
17 end
18 end
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Fig. 2.12 The predecoder in action. For clarity of presentation, we show only one round
of syndrome extraction, assuming perfect measurements and trivial syndrome information
in all other rounds. In the top panel, yellow circles are qubits that have experienced an
error, and yellow squares are predecoder modules with non-trivial syndrome information,
corresponding to s = 1 and Spew = Soid = 0 by line 9 in Algorithm 1. In the middle panel,
red squares are predecoder modules that have flipped their syndromes, corresponding to
$(Sold + Snew + Sn + Se + Ss + Sw) = 1 in Algorithm 1. Red circles are qubits in the support of a
local correction, corresponding to, for instance, ¢, = 1 for a predecoder module south of the
qubit after line 13 of Algorithm 1. Finally, in the bottom panel, yellow squares are predecoder
modules with syndrome information to be passed to a global decoder, corresponding to s’ = 1
after line 11 in Algorithm 1. Yellow circles are qubits with as-yet uncorrected errors.






Mitigating errors in logical qubits

Abstract

Quantum error correcting codes protect quantum information, allowing for large quantum
computations provided that physical error rates are sufficiently low. We combine post-
selection with surface code error correction through the use of a parameterized family
of exclusive decoders, which are able to abort on decoding instances that are deemed
too difficult. We develop new numerical sampling methods to quantify logical failure
rates with exclusive decoders as well as the trade-off in terms of the amount of post-
selection required. For the most discriminating of exclusive decoders, we demonstrate
a threshold of 50% under depolarizing noise for the surface code (or 32(1)% for the
fault-tolerant case with phenomenological measurement errors), and up to a quadratic
improvement in logical failure rates below threshold. Furthermore, surprisingly, with a
modest exclusion criterion, we identify a regime at low error rates where the exclusion
rate decays with code distance, providing a pathway for scalable and time-efficient
quantum computing with post-selection. We apply our exclusive decoder to the 15-to-1
magic state distillation protocol, and report a 75% reduction in the number of physical
qubits required, and a 60% reduction in the total spacetime volume required, including
accounting for repetitions required for post-selection. We also consider other applications,
as an error mitigation technique, and in concatenated schemes. Our work highlights the

importance of post-selection as a powerful tool in quantum error correction.
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3.1 Introduction

Quantum error correction (QEC) can facilitate large-scale quantum computations even with
relatively noisy components. Strategies for practical quantum error correction should have good
performance in terms of both the threshold and the rate that logical failure rates decay below
threshold, as well as modest hardware overheads such as the number of physical qubits per

logical qubit and the complexity of the circuits used to extract the error syndrome.

Correcting errors in a quantum code is a complex process with significant resource overheads,
and some strategies for practical quantum computing make use of the much easier task of
detecting errors, post-selecting the cases where no errors have occurred [104]. Post-selection
has played a key role in a number of recent experimental demonstrations of quantum error
correction [22-27, 29, 32, 35]. Unfortunately, many direct applications of quantum error
detection and post-selection are not scalable, as the probability of post-selection in a large
circuit becomes vanishingly small. Scalable approaches typically require small, fixed-distance

codes to ensure a reasonable overall probability of success.

Here, we investigate how to use the rich information contained in the error syndrome itself
to make better decisions on how to post-select results, essentially interpolating between the
extreme cases of error correction and error detection. Such an approach has been considered for
preparing magic states for state injection, since the circuits are so small that it is more efficient
to restart the procedure when errors are detected, in order to attain higher quality final states
or to reduce the overheads [105-109]. The numerical simulations required to study this regime
are challenging, and existing tools for QEC simulations such as the splitting method [87, 95]
are not directly applicable. As a result, little is known about the impact of such post-selection
methods on the performance of codes of interest such as the surface code, including thresholds

and logical failure probabilities, compared with the deterministic case.

We introduce an exclusive decoder that aborts for syndromes for which the uncertainty
in decoding exceeds some tolerance. We develop new numerical methods to characterise
the thresholds and sub-threshold behaviour of the surface code with the exclusive decoder,
demonstrating that exclusive decoding can give small surface codes the logical performance of

a much larger code with a fraction of the overhead.

A common (and well-warranted) criticism of many uses of post-selection in quantum error
correction and fault-tolerance is that they are not scalable. We numerically investigate the
abort probability of our exclusive decoder and find—remarkably—that the abort probability of
the exclusive decoder also exhibits threshold behaviour, for all but the most intolerant instance
of the decoder. That is, there is a threshold error probability, below which the abort probability

decreases exponentially in the distance of the surface code. This behaviour suggest that an
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Fig. 3.1 (left) A monolithic attempt at a medium-sized error-corrected computation, that is
guaranteed to return a result but requires large overheads to reach the desired target accuracy.
(right) A collection of lightweight, error-corrected attempts at the same computation. Each
attempt is run at some tolerance, and if the uncertainty associated with any correction exceeds
the tolerance, then the attempt is aborted. This approach is not guaranteed to return a result
but failure is heralded, and when a result is returned the accuracy can be very high with low
physical overheads.

exclusive decoding strategy can find application in large-scale fault-tolerant quantum computing

more broadly.

We investigate the use of exclusive decoding for medium-sized logical circuits, especially
relevant on near-term devices with limited logical qubits, and for state preparation and
distillation. The main idea is to break up a medium-sized error-corrected computation into
many light-weight attempts at the computation, which may or may not succeed but for
which failure can be heralded; see Fig. 3.1. The result is that the large-scale error-corrected
computations can be made accessible on smaller quantum devices and with lower spacetime
overheads. While the computation may need to be repeated for success, much like other error
mitigation strategies, the favorable behavior of the abort probabilities for the exclusive decoder
suggests that such an approach will be useful in near-term implementations of fault-tolerant
logic. We also explore applications of this decoding strategy to concatenated codes, and in

quantum communication.

3.2 Results

3.2.1 Exclusive decoding

Our exclusive decoder generalizes the concept of a decoder as used in quantum error correction.
A standard decoder is designed to take syndrome measurement data and output a logical
correction, and its performance is captured by the accuracy of this correction. However the
full set of syndrome data is a large, rich data set that contains more information than just

the most likely logical Pauli correction [110, 111], and specifically it includes information
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about the likelihood of correct decoding [112]. An exclusive decoder takes this same syndrome
measurement data, and outputs either (1) a recommended logical correction; or (2) an abort
mode where no logical correction can be identified as being correct to a sufficient degree of
certainty. The degree of certainty required is a design choice that will depend on the use-case,

and is a controllable parameter in the exclusive decoder.

Concretely, the system we study here is a generalisation of the minimum-weight perfect
matching (MWPM) decoder [42, 91], and we study its performance over the rotated surface
code with boundaries, which allows a distance-d code to be constructed out of n = d? physical
qubits. The standard MWPM decoder infers errors by matching defects into pairs, with a
minimum-weight matching corresponding to a most-likely error. However, on a surface code with
boundaries, it is possible to modify the MWPM decoder so that it returns a minimum-weight
correction for each logical equivalence class (see Appendix 3.A for implementation details).
With this modification, our exclusive decoder finds a global minimum-weight correction C, as
well as alternate corrections from each other equivalence class CL, where L is an X-type or
Z-type logical operator. Let A be the unsigned weight difference between the global least-weight
correction C' and the next-least-weight alternate correction, C’ that is logically inequivalent to
C, i.e. such that C'C is a logical operator. Then, the exclusive MWPM will abort if

1-— % > c (3.1)
where 0 < ¢ < 1 is a tuneable parameter that we call the exclusive tolerance. We also define
the ¢ = 0 case, which is a decoder that aborts if there is any non-trivial syndrome data. With
this definition, we have that a small value of ¢ means that C' and C’ must have a very large
weight difference, whereas an exclusive decoder with ¢ = 1 is the standard MWPM decoder
that will attempt to decode all syndrome errors, independent of their success probability. While
the exclusive MWPM decoder assumes perfect measurements as presented here, it can be

generalised to a fault-tolerant version (see Sec. 3.2.4).

The construction we have presented is similar to post-selection rules that have been studied
previously [109, 112], and is motivated by the fact that alternate corrections that are close
together in weight have a similar likelihood of occurring, making it impossible to be confident
which correction is the right one. In these situations, the exclusive tolerance is used to tune how
much uncertainty the decoder will tolerate before it decides to abort. Since the abort condition
for the exclusive decoder depends on A as a fraction of the code distance, we expect the choice
of tolerance to have an effect on asymptotic quantities, such as thresholds and asymptotic
overheads. In the following sections, we use sophisticated numerical tools (see Appendix 3.B)

to study the exclusive decoder as we take large code distances.
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Fig. 3.2 Probability of logical failure for the exclusive MWPM decoder used with the rotated
surface code, against depolarizing noise and in the code-capacity setting. Logical failures are
computed only on post-selected error configurations. The ¢ = 0 decoder is the zero-tolerance
decoder that aborts on non-trivial syndrome data, and the ¢ = 1 decoder is the standard
MWPM decoder with no post-selection. (left) Markers are data points computed using the
splitting method. Solid lines are failure probabilities extracted from a critical exponents
ansatz, and dashed vertical lines are the fitted threshold values. For values of the tolerance
c=0, 2/5, 1/2, 2/3, and 1, we find threshold values py, = 50%, 42%, 38%, 33%, and 15%,
respectively. (left inset) Threshold values plotted against the exclusive tolerance. The horizontal
dashed line is the threshold derived from the zero-rate Hashing bound in the non-post-selected
setting. (right) Decay of logical failure probabilities below threshold. For each error probability
below threshold, we fit the very general ansatz log(f) = dlog A(p) + log C(p) using data from
simulations over a range of code distances (see Appendix 3.D for details). The decay constants
A(p) are plotted with markers for each error probability. Solid lines correspond to the further
ansatz Eq. (3.2), which corresponds to writing log A(p) = klogp + log A. This ansatz is
applicable far below threshold and only counts contributions to the failure probabilities from
least-weight failing errors. The parameters k and A are determined by fitting, and in (right
inset) we plot the fitted values k against the tolerance c. The dashed line is Eq. (3.3). We
have that k > 1/2 for the exclusive decoder for all ¢ < 1, whereas standard error correction
techniques can achieve at best k = 1/2.

3.2.2 Exclusive decoder performance

Using simulations, we demonstrate that our exclusive decoder can lead to logical thresholds that
are substantially higher than those of a standard decoder. Equally striking, we demonstrate that
the scaling behaviour of the logical failure probability below threshold can also be significantly
enhanced by using an exclusive decoder. Together, these results indicate that post-selection

can provide significant additional power to error correction.

Thresholds. We estimate the threshold for the rotated surface code with the exclusive
decoder under a depolarizing noise channel in the code-capacity setting (meaning perfect
syndrome measurements). Logical failure probabilities are found by using the splitting method
to extrapolate down from logical failure probabilities determined analytically at p = 75%; see

Appendix 3.B for details. Our results are summarised in Fig. 3.2. The threshold value is
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pin = 50% at zero tolerance, and decreases smoothly down to the standard MWPM decoder
value of py, = 15% as the tolerance increases to one. We remark that the depolarizing channel
is known to have zero capacity for depolarizing strength in excess of p = 25%, due to the
no-cloning theorem [113-115]. The exclusive decoder is able to exceed this bound due to the
use of post-selection, and we discuss the exclusive decoder further in the context of quantum

channel capacities in Sec. 3.3.

One can gain some intuition about this improved decoder performance as follows. The
performance of a decoder is determined by probabilistic factors, which describe the likelihood
of a particular failing error occurring, and entropic factors, which arise by counting the number
of errors that typically cause failure [42]. Errors that cause failure with the exclusive decoder
are typically much less likely than errors that cause failure with a standard decoder, as will
be discussed in Sec. 3.2.2. Additionally, entropic considerations are more favourable towards
exclusive MWPM compared to standard MWPM. For both exclusive and standard MWPM,
there are entropic factors arising from (i) the number of least-weight logical operators in the
code, and (ii) the number of ways that w single-qubit Pauli operators can be placed onto the
support of a given least-weight logical operator, where w is the weight of a least-weight failing
error that is not aborted. Although the contribution from (i) is the same for exclusive decoding
as it is for standard decoding, the contribution from (ii) is smaller for exclusive decoding than
for standard decoding, and is not present at all in the case of a zero-tolerance decoder. This
means that both probabilistic considerations and entropic considerations are more favourable
towards the exclusive decoder. Large error probabilities are therefore required before entropic

factors will favour a failing error configuration, and this leads to a large threshold.

Sub-threshold scaling of logical failure probabilities. Along with improved thresholds,
our exclusive decoder provides up to a quadratic reduction in the observed logical failure
probability for error probabilities below threshold. Since this suppression is more rapid than
can be achieved with standard error correction techniques on the surface code, we say that
errors are super-suppressed below threshold. Scaling improvements of this type can be used to
reduce resource overheads, since fewer physical qubits are required to achieve commensurate

logical failure probabilities compared to the standard approach.

The failure probabilities of quantum error correcting codes well below threshold are deter-
mined by the weight and number of least-weight failing errors. In particular, if the weight of
the least-weight failing error is some fraction k of the code distance, then an ansatz logical

failure probabilities below threshold can be written

f=C(Ap)™ (3.2)
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where A¥® counts the number of least-weight failing errors. Since we expect to operate quantum
error correction well below threshold, this ansatz is the key relation that determines the resource
overheads for fault-tolerant quantum computation. In particular, the least fractional weight k

is a key quantity of interest.

For standard surface code error correction, there is no decoder that can correct all errors
of weight up to and including w = [d/2], which sets an upper bound k < 1/2. To see this,
take a logical operator L of weight d. We can split L into two parts L = E + E’ with weights
w = [d/2] and w’ = |(d — 1)/2]. Since E and E’ have the same syndrome, it is impossible to
simultaneously correct both of them. A signature of this problematic error configuration is
that the two alternate corrections are very close in weight; in the example above the weight
difference between the alternate corrections was equal to one. The exclusive decoder safeguards
against this by aborting if there exists minimum weight corrections in alternate sectors that

are close together in weight.

With the exclusive decoder, let w denote the weight of a failing error F that does not lead
to an abort. Let w’ denote the least-weight correction E’ in an alternate sector, then the failure
condition implies that w —w’ > d(1 — ¢). Additionally, we must have w + w’ > d, since F + E’
gives a logical operator. This gives a lower bound on the weight of failing errors. The exclusive
decoder can abort or correct any error with weight w < wmnin, which expressed as a fraction of

the code distance is wyiy, = kd with k£ given

k=1-— (3.3)

¢
5"
We show in Fig. 3.2 the subthreshold failure probabilities, and in particular we extract the least

fractional weight k as a function of the exclusive tolerance, which shows the agreement with
Eq. (3.3).

3.2.3 Abort probabilities

A key quantity of interest for an exclusive decoder is the probability with which it will abort.
The behavior of the abort probability will capture the trade-off being made for reduced logical
failure probabilities and boosted logical thresholds, in terms of (say) an increased time cost in
a ‘repeat until success’ approach. Our analysis shows that the abort probabilities for non-zero
tolerance exhibits threshold behaviour, meaning that the probability of aborting decreases
exponentially as a function of the code distance for error probabilities less than the abort
threshold. The existence of such an abort threshold suggests that the exclusive decoder may

find application in scalable approaches to fault-tolerance as well as near-term uses.
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Abort thresholds. In Fig. 3.3, we demonstrate numerical evidence of abort thresholds for
non-zero tolerance ¢ > 0. For the case of zero-tolerance, the exclusive decoder does not have an
abort threshold, and we characterize the abort probabilities for the zero-tolerance decoder in
App. 3.C.

For all tolerances ¢ > 0, the value of the abort threshold is much smaller than the value
of the logical threshold, and also for the value of the logical threshold for standard MWPM
decoding. This is as expected; the exclusive decoder will definitely abort on any low-weight
error that causes standard MWPM decoding to fail, but additionally will also abort on some
errors that would have been successfully corrected by standard MWPM decoding, since the
exclusive decoder can be quite cautious. This fact is significant, and has consequences for the
usefulness of the exclusive decoder for large codes. There are two regimes in which we can
imagine operating the exclusive decoder: (i) below the abort threshold; and (ii) above the
abort threshold but still below the logical threshold. In the first regime, the exclusive decoder
can be used on large codes since the time-cost does not blow up with the size of the code,
and we discuss these asymptotic overheads in Sec. 3.3.1. In the second regime, the practical
usefulness of the exclusive decoder is likely limited to small codes. We further discuss the scope

of use-cases in Sec. 3.3.

Scaling of abort probabilities. As with logical failure rates, the abort thresholds only tell
part of the story, and we also investigate the scaling of the abort probability as a function
of code distance both above and below the abort threshold. Below the abort threshold, we
study the decay of abort probabilities asymptotically. Above the abort threshold, we develop

an empirical ansatz to calculate abort probabilities for finite-size codes.

In the regime of error probabilities below the abort threshold of the protocol, we can expect

a similar ansatz to Eq. (3.2) to hold. That is, we expect to describe abort probabilities by
g = Cp(Ap)*. (3.4)

Here, kd is one less than the weight of the least-weight error that will lead to an abort, which
gives rise to an additional factor p as compared to Eq. (3.2). The factor A counts the number
of least-weight aborting errors. To find k, take an error E of weight w < d/2 that leads to an
abort, and let w’ denote the weight of the least-weight correction E’ that is inequivalent to E.
We have w' — w < (1 — ¢)d and w + w’ > d holding simultaneously, which gives 2w > ¢d, or
equivalently

k= 3 (3.5)

We remark that the more exclusive the decoder is, in terms of being intolerant of uncertainty, the

more slowly the abort probability decays in the code distance. In Fig. 3.3, we show the scaling
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Fig. 3.3 Probability that the exclusive MWPM decoder over the rotated surface code will abort.
The noise model is depolarizing noise in the code-capacity setting. (left) Markers are data points
computed using direct Monte Carlo estimation, and crossings indicate the existence of a threshold
with respect to abort probabilities. Solid lines are abort probabilities extracted from a critical
exponents ansatz, and dashed vertical lines are the fitted threshold values. For tolerances
¢ = 2/5, 1/2, 2/3, we observe abort threshold values pg, = 1.3(1)%, 2.1(1)%, 4.5(1)%,
respectively. Note that only data for tolerances in the range 0 < ¢ < 1 are shown. The
zero-tolerance case is omitted because it does not possess a threshold for aborts, and the
standard MWPM case is omitted because there are no aborts. (left inset) Threshold values for
the abort probability plotted against the exclusive tolerance. (right) Decay of abort probabilities
below threshold. For each error probability below threshold, we fit the very general ansatz
log(g) = dlog /NX(p) +log C(p). The decay constants 1~\(p) are plotted with markers for each
error probability. Solid lines correspond to the further ansatz Eq. (3.4), applicable far below
threshold, which corresponds to writing log A(p) =k log p+ log A. The parameters k and A are
determined by fitting, and in (right inset) we plot the fitted values of k against the tolerance c.
The dashed line is Eq. (3.5). We remark that the abort probability decays more slowly as the
tolerance to uncertainty is decreased.
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Fig. 3.4 The decay of acceptance probabilities as a function of the number of qubits in the code,
above the abort threshold. Data is for the exclusive decoder with depolarizing noise on the
rotated surface code, in the code-capacity setting. For each error probability above the abort
threshold, we fit the ansatz Eq. (3.6), which can also be written log h = nlog /~\h(p) +1og Ch(p),
where n is the number of qubits and in this case we have n = d?. Details of these fits can be
found in Appendix 3.D. We extract and plot Ay, as a function of the error probability and for
each value of the tolerance.

of the abort probabilities with the code distance, and in particular we see good agreement with
Eq. (3.5).

We are also interested in the abort probabilities for finite-size codes for error probabilities
that are larger than the abort threshold, but smaller than the logical threshold. It is less clear
a priori how abort probabilities will behave above the abort threshold. However, we empirically
observe that the acceptance probability, defined h = 1 — g, decays exponentially in the number

of qubits n in the code. That is, we have

h = Ch(p)An(p)" (3.6)

where C}, can be interpreted as a finite-size offset, and Ap < 1is the decay factor, and n is the
number of qubits with n = d? for the rotated surface code. In Fig. 3.4, we extract decay factor
Ay, for a range of error probabilities and exclusive tolerances. Since above the abort threshold,
the practical use of the exclusive decoder is limited to finite-size codes, Eq. (3.6) can be useful

to apply to small code instances.

3.2.4 Fault tolerant syndrome measurements

We now turn to the question of fault-tolerance and imperfect measurements. The general idea
of an exclusive decoder maps straightforwardly into the fault-tolerant case, and in particular
the MWPM-based decoders used for the surface code are naturally made fault-tolerant [42].
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There are a few subtleties that offer challenges for characterising the fault-tolerant case
numerically. A common setting in which decoders are numerically benchmarked in the fault-
tolerant setting involves taking periodic time-like and space-like boundary conditions. A minor
difficulty arises when generalizing exclusive MWPM to this setting, since it involves fixing
the parity of matches over an arbitrary subset of edges in the decoding graph. This should
be compared to the code-capacity regime with rough and smooth boundaries, where we only
needed to fix the parity of matches between bulk and boundary vertices (see Appendix 3.A).
This problem is still solvable in the fault-tolerant setting, since the decoder studied in Ref. [73]
utilizes a heuristic solution to this problem that can find low-weight corrections in alternate
sectors, and this subroutine can be used to implement a fault-tolerant version of exclusive
MWPM. Then, the abort condition can treat time-like errors in exactly the same way as

space-like errors.

We do study the exclusive decoder at zero-tolerance and with imperfect measurements
in Appendix 3.C. There, we set faulty measurements to occur with probability p,, = 2p/3,
and we report a fault-tolerant threshold value p = 32(1)%. As well as this, we develop a
sophisticated ansatz that captures subthreshold failure probabilities, and observe the scaling
relationship f o p?, as expected. Additionally, we introduce in Appendix 3.E the ezclusive
union-find decoder, which also generalizes to the fault-tolerant regime straightforwardly. We
expect Eq. (3.3) and Eq. (3.5) to still hold for the fault-tolerant exclusive MWPM decoder, and

the fault-tolerant exclusive union-find decoder.

Finally, we remark that future work is still required to generalize homology-based decoders,
such as maximum-likelihood decoding or exclusive decoding, to the fault-tolerant setting with

open time-like boundaries in a sliding-windows fashion [116, 117].

3.3 Discussion

The post-selection scheme presented here is a promising approach to protecting against noise in
the nascent era of fault-tolerance, where logical qubits may be limited in size. Post-selection can
enable more reliable calculations out of early-stage logical qubits that may not be sufficient for
a particular use-case using standard decoders. They can also allow for a reduction in resource

overheads. We now explore these applications in some detail.

3.3.1 Resource overheads

The exclusive decoder filters out the noisiest shots in a quantum computation. In the regime
of limited logical qubits, this decoder allows access to deeper logical circuits, and can reduce

footprints for fault-tolerant primitives. We view this regime of circuits as a natural sequel to
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NISQ (noisy intermediate-scale quantum) circuits, where logical encodings are combined with

post-selection to access early-stage fault tolerance on noisy intermediate-scale devices.

Deeper logical circuits. We analyze this trade-off in the low-error-probability regime. A
circuit volume ¢ can be executed using logical qubits at failure probability f, up to a target
accuracy € = ¢f. In the non-exclusive case, the scaling of f in the code distance is at best
f = p¥2. In the exclusive case, the scaling is improved to f = p*¢ for some 1 /2 <k <1

However, this comes at the cost of repetitions that must be performed
R=(1—-p")¢ (3.7)

where k& = 1 — k, since the computation must be restarted if any error correction cycle returns
an abort mode. We remark that R appearing in Eq. (3.7) is the number of repetitions that
are expected to be required. The actual number of repetitions required is described by an
exponential decaying random variable, so observing a number of repetitions much larger than

R becomes very unlikely.

If we take a fixed number of physical qubits, then using surface codes of a certain distance

4/2  This can be increased to ¢ = ep~ k¢

will set an accessible circuit volume gy = ep™ using
exclusive decoding techniques. If we only attempt to achieve a constant factor improvement,
then we can set a fixed a = /eq/qo. We also define the rescaled circuit volume = = go/+/e.
We can rewrite the number of repetitions required by Eq. (3.7) in terms of z and a, giving
R = (1—a/z)"% =~ exp(a?). This approximation is accurate provided that ¢ is small compared
to g2 /e. Finally, we can re-arrange to express the factor increase in circuit depth achievable in

terms of the number of repetitions we are willing to perform

log R
= gﬁ qo - (3.8)

For an entire algorithm where we might consider € /& 1, then this trade-off allows, for instance, a

2X increase in the accessible circuit depth, in exchange for repeating the circuit approximately
55 times. We remark that this trade-off is only available up to an upper bound ¢ < ¢3/e that
arises from the fact that the maximum boost to logical failure probabilities is quadratic, which

is achieved by the zero-tolerance decoder.

Reduced qubit overheads. An alternative but equivalent view is that we may want to
execute a fixed size circuit, but using a smaller number of physical qubits, i.e., using a smaller
distance code. We start with a fixed circuit of size g, executed using surface codes of distance

dp, and with mg physical qubits. Using a exclusive decoder with tolerance ¢ = 1 — 2k, this



3.3 Discussion 57

circuit can alternatively be implemented using distance d = dy/(2k) codes, and requiring

m = mq/(4k)? physical qubits. The target accuracy e remains unchanged.

If we assume that the number of repetitions required is not unreasonably large, so that

log R is small compared to ¢, then we can rewrite Eq. (3.7) in terms of circuit quantities as
log R = 62«/m/moflqﬂlf\/m/mo) ) (39)

This equation suggests that the exclusive decoder will allow large footprint reductions, at a
modest time-cost, when applied to circuits with low target accuracy €, but that also have a

small number of gates q.

Key application: distilling magic states. Motivated by conclusions drawn from Eq. (3.9),
we consider the exclusive decoder applied to medium-sized state preparation circuits. The
exclusive decoder is well-suited to this use-case, since the output of a state preparation circuit
is a quantum state that needs to be extremely high fidelity, since it will get consumed in a
much larger circuit. This small target accuracy allows an exclusive decoder to be used for a

footprint reduction, without also incurring a large overhead in terms of repetitions required.

As an example, we do a rough analysis of the 15-to-1 magic state distillation circuit [118],
in the fault-tolerant setting. We simulate the zero-tolerance exclusive decoder using a distance
d = 4 code in the fault-tolerant regime, and compare to a standard decoder using a distance
d = 8 code. We assume the decoders have similar logical performance, since the weight of
the least-weight failing error is equal to four in both cases. We have verified though direct
comparison that this assumption is quite generous towards the standard decoder since there
are many more failure mechanisms on the distance-8 code compared to the distance-4 code.
We use values for ¢ and € based on the 15-to-1 construction from Ref. [119], that has ¢ ~ 90
error correction cycles, an output accuracy limited by ez ~ 10p® ~ 107!, due to errors that
occur during faulty 7' measurement. We set an error probability p = 107%. Using the detailed
ansatz in Appendix 3.C, we have an expression for f and g, and can compute the total failure
probability of the circuit with the zero-tolerance decoder, e = fq ~ 5.8 x 10~'*. This means
approximately one in two hundred failures will be due to surface code failures, as opposed
to faulty T' measurement failures, so surface code failures contribute negligibly to the total
circuit accuracy with these parameters. We can also compute the amount to circuit repetitions
required using Eq. (3.17) with R = (1 — ¢g)79, and report that only 3.2 circuit repetitions are
required on average due to the use of the zero-tolerance decoder. We compare to the case of a
standard decoder using a distance d = 8 code with no repetitions, and assume this comparison
gives equal logical performance. Making this comparison, we report that the exclusive decoder
requires 25% of the physical qubits used by the standard decoder, and also requires 40% of

the total spacetime volume, including with repetitions, in order to achieve commensurate
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logical performance with the standard decoder. We remark that the logical performance of
the zero-tolerance decoder was better than it needed to be, since the logical accuracy of the
distillation protocol is bottlenecked by faulty 7" measurement, not by surface code failures. We
could have chosen a non-zero tolerance in order to reduce the number of repetitions, at the
expense of larger logical failure probabilities, provided we maintain ¢ < ep. In general the
optimal tolerance will balance savings that result from using a small code distance, with the

repetitions that are required when the decoder aborts.

We emphasize the usefulness of exclusive decoding applied to a range of medium-sized state
preparation tasks, beyond magic state distillation. Especially, the exclusive decoder is well suited
to quantum computing paradigms that involve breaking large computational tasks into smaller
and independent state preparation tasks, such as with error-correcting teleportation [104] or
quantum dynamical programming [120]. These paradigms can be cheap in terms of the on-line
part of the computation [121, 122], and the off-line part of the computation can be done using

low-distance codes with exclusive decoding.

3.3.2 Other applications

The exclusive decoder could also prove useful in schemes that use code-concatenation to achieve
higher encoding rates, such as Refs. [112, 123, 124]. An approach explored recently in Ref. [124]
involves soft information from an exclusive-style decoder being passed to the decoding algorithm
of the outer code. Our results can also be understood in this setting, since in the practical
limit where tolerance is large, abort modes can be effectively regarded as erasures on the
outer code. The exclusive decoder can then be viewed as a gadget that converts Pauli noise
into erasure noise. This is similar in spirit to previous work on erasure conversion via qubit
engineering [125-127], or using concatenation with small inner codes [128]. An exclusive-style
decoder that extracts soft information about logical Pauli noise for code-concatenation was
also studied in Ref. [112]. The success of this approach is based on the fact that structured
or biased noise can be exploited to achieve very large performance gains [100]. The quantum
erasure channel, in particular, is arguably the easiest-to-correct source of noise that can affect
a quantum computation—it has non-zero capacity up to p < 50% [129], it requires a weight-d
erasure error to fail a distance-d code, and it admits high performing and accurate decoders
[130]. The erasure channel is also conceptually straightforward relative to Pauli noise. Insights
gained from first considering erasure are often found also to be useful in the more general noise
setting, both in the context of designing decoders [44, 130-132], and designing error correcting
codes [133-135]. The conversion of Pauli noise to erasure noise at the surface code level by
the exclusive decoder may help to simplify the decoding problem faced by the outer code in a
concatenated scheme. If the outer code is a more exotic kind of code, for which decoding is

more challenging, then this will be an especially useful approach.
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Another use-case of the abort mode is to signal the level of sophistication of the decoder that
should be used to correct the error. A common design paradigm for high-performance real-time
decoders involves hierarchical decoding [76-83, 136], and we point the reader to Ref. [137]
for a recent perspective. In this paradigm, the first decoding stage is fast and efficient, but
may make mistakes more readily due to a lack of global syndrome information, for example.
This first stage is designed to correct the majority of sparse error configurations. The second
stage is powerful but costly, correcting the difficult corrections that are leftover by the first
stage. The exclusive techniques explored here are capable of filtering the easy errors from the
difficult errors, allowing sophisticated decoding to be called only when needed. As an example,
the pre-decoder studied in Ref. [136] is fast and efficient, but can in rare circumstances grow
the weight of an adversarial error by a factor 3/2. This leads to failure at the second stage
of decoding, and reduces the effective code distance. However, when combined with suitable
exclusive decoding, the protocol can correct up to the full code distance, whilst also correcting

typical sparse errors with high performance, maintaining the best of both worlds.

We also consider how our exclusive decoder fits into the existing framework that describes
quantum communication through noisy channels. In that framework, a channel with capacity
Q@ can be used to transmit m qubits with n uses of the channel, provided that m/n < @, and
with error vanishing in n (see Ref. [138, 139] for two surveys). However, the capacity depends
on the presence or absence of free classical communication. A forward classical side-channel
from sender to receiver will not increase the capacity [140]. A backwards classical side-channel
will increase the capacity to Qp > @ [141], and a two-way classical side channel will increase
the capacity further to Q2 > Qp > @ [129, 140]. A quantum error-correcting memory with
post-selection can be viewed as a communication protocol with two-way classical communication
via error-correcting teleportation [104, 142]. In this setting, transmission of a qubit is achieved
by first establishing a high-fidelity logical Bell pair shared between sender and receiver, and
then a logical qubit can be teleported through the Bell pair, requiring some forward classical
communication to pick a suitable Pauli correction [143]. Many attempts can be made at
establishing this Bell pair, since the receiver can ask the sender to keep trying until an exclusive
decoder does not return an abort on the receivers half of the Bell pair. In this picture, QEC
techniques are directly used to protect against noisy channels. This approach complements
the approach of Ref. [144, 145], where QEC techniques are used to fault-tolerantly implement
encoding and decoding circuits for communication with noisy local gates. Since we have used the
surface code in the current work, which has zero rate, we cannot hope to learn anything about
the region Qp > 0. However, it does raise an interesting question: is there a separation between
@Qp > 0, and the region where communication is not possible. Put another way, is it possible
to pass a constant number of qubits through a channel that has zero capacity? Unfortunately,
the zero-tolerance surface code protocol is not an example, since the 50% depolarizing channel

with a backward side-channel is known to have positive capacity [140]. However, the numerical
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tools we have developed allow us to study the asymptotics of error-correcting codes with huge
amounts of post-selection, and future work could explore better-performing codes to transmit

information through very noisy channels.
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3.A Implementing exclusive MWPM decoding

Here we describe how to construct a matching graph so that the matching returned by a
MWPM algorithm will correspond to a least-weight logical operator within a specified logical
sector. We follow the construction of Ref. [146], and focus on matching graphs for one sector of

the surface code, with boundaries.

The matching graph used for standard MWPM is shown in Fig. 3.5. It has bulk vertices
that correspond to defects in the code. Each pair of bulk defects is connected with an edge,
with a weight that reflects the probability of an error chain leading to a creation of the defect
pair. The standard matching graph also has boundary vertices that allow defects to be matched
to the boundary of the code. The connectivity of the boundary vertices allows every bulk node
the freedom to be matched to its nearest boundary, whilst placing no further constraint on the

matching.

We want to modify this graph in order to fix the parity of matches that connect defects to
a particular boundary. Very generally, if we choose some subset of the vertices of a graph V/,
then the parity of matches included in a perfect matching that pair vertices in V'’ with vertices
not in V' is fixed by the size of V. We therefore need to modify the matching graph to fix
the number of virtual boundary nodes at each boundary. A matching graph that does this is

shown in Fig. 3.5.

Note the small detail that, for every bulk defect, it is now necessary to include an edge
between the defect and both boundaries. This inclusion is important because, in the exclusive
setting, it can sometimes be optimal to match a defect to the more distant boundary. This can
be necessary in order to satisfy the parity constraints on that boundary, so that other bulk

defects are free to be matched with each other in a low-weight correction. This is contrasted to



3.B Numerical methods 61

(a) FELELLTT (b)

o T T T Y Y RPN
AN N,

e
-

e
-

e

AN

\,

’ ’
- Freerrenl -

Fig. 3.5 (a) The matching graph for standard MWPM for defects created by X-type Pauli
errors that condense on the smooth boundaries. There are three bulk defects, and therefore
three boundary defects, with each bulk defect connected to its nearest boundary. The boundary
defects are fully connected with each other, with some connections wrapping around the figure,
as indicated by edges that terminate in dots. A minimum weight perfect matching is indicated
in red. (b) A subset of a graph containing an odd parity of vertices. The parity of matches
between the subset and its complement is fixed to be odd. (c) The exclusive matching graph
has one set of boundary nodes for each boundary. On the right boundary, there is one boundary
vertex for every defect in the code, which fixes an odd parity of matches to the right boundary.
On the left boundary, there is one boundary vertex for every bulk defect, plus an additionally
boundary vertex to fix an even parity of matches to the left boundary.

the standard MWPM decoder, where it is never optimal to match a defect to the more distant
boundary.

We remark that the time-cost of this exclusive matching decoder on the surface code is
a constant factor overhead compared with a standard MWPM decoder. This is because the
MWPM subroutine must be called two times for both the X- and Z-type logical sectors in the

code. In the case where there are multiple logical qubits, the time-cost will scale linearly in the
number of logical qubits.

3.B Numerical methods

In this work, we develop new numerical methods that are used to compute the post-selected fail-
ure probabilities and acceptance probabilities presented in the main text. These methods make
use of the splitting method [87, 95] as a subroutine, which we review briefly in subsection 3.B.1.

In subsection 3.B.2 we show how the splitting method is used to develop the numerical methods
that are used in this work.
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Algorithm 2: The exclusive decoder for non-zero tolerance.

Input :List of defect locations b = (b;)i=1...n-
Input :Exclusive tolerance ¢ > 0
Output : A correction Cy, or abort.

1 Function Decode (b, ¢):

// base graph construction

2 l; +— location on left boundary that is closest to b;.

3 r; <— location on right boundary that is closest to b;.
4 g <— graph with vertices V =1lUbUr.

5 for i,7 in 1.n with i # j do

6 Add edge (l;,1;) with weight 0 to g.

7 Add edge (b;, b;) with weight d(b;,b;) to g. // d is distance on lattice
8 Add edge (r;,7;) with weight 0 to g.

9 end
10 for i in 1...n do

11 Add edge (1;,b;) with weight d(l;,b;) to g

12 Add edge (r;,b;) with weight d(r;,b;) to g
13 end
14

// modification to force parity of boundary matchings
15 T <— n mod 2
16 for m; in {0,1} do // parity of left boundary matchings

17 gr, <— a copy of g
18 if m; # m, then
19 Add vertex l,41 to gr, // dummy vertex, no location
20 for = 1...n do
21 ‘ Add edge (l,,41,1;) to gr, with weight 0
22 end
23 end
24 7 «— m + 7, (mod 2) // ensure even number of vertices
25 if 7w, # 7, then
‘ // same as above

26 end
27 CY <— MWPM(gy,) // two alternate corrections
28 end
29

// pick a correction or abort
30 (Cx,C%) <— corrections C'{ ordered by increasing weight.
31 if (w(C%)—w(Cx)) <d(l1—c)then // w is Pauli weight
32 ‘ return abort
33 else
34 ‘ return C'x
35 end

36 end
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3.B.1 The splitting method

The splitting method allows for the simulation of extremely rare events by computing and
multiplying together the ratios of probabilities of a sequence of increasingly rare events. We
give only a high-level overview of aspects of the splitting method that are relevant to this work,
and we point the interested reader to Ref. [95] or Ref. [87] for a more detailed explanation of

this method applied to quantum error correction.

The splitting method is very useful, for instance, for computing failure probabilities of
quantum error-correcting codes at small error probabilities. In particular, denote by P; a
family of error models, where we may imagine large j corresponding to a low-error probability
regime, and denote by F the set of error configurations that will cause a given decoder to fail.
The splitting method makes use of the acceptance ratio method from [96], for estimating the
free-energy difference between two canonical ensembles. The acceptance ratio method provides

a means to compute the ratio
Pjt1(F)

i = Pi(F)

(3.10)

provided samples of failing errors, i.e., samples drawn from P;(E|F) and from P;(E|F). Then,
provided that one has access to the direct probability Py(F), for example by direct Monte-Carlo
estimation, then the probability of failure at any error probability can be computed as a product

of these ratios:

i—1
Pj(F) = ]H RjiPo(F) (3.11)
§'=0

The quantity Po(F) may be computed using standard Monte-Carlo techniques at some error
probability where it is feasible to do so. This will likely be close to threshold, where the
failure probability does not vanish in the code distance, and in practice a rough estimate of the
threshold can be found by a preliminary sweep. Alternatively, Po(F) may be calculated using

analytic methods where possible.

We remark that the splitting method was used to compute abort probabilities of the exclusive
decoder below the abort threshold. The method was used as described, except with the failing
error set F replaced with the abort set A. Direct Monte-Carlo methods were used to compute
abort probabilities close to the abort threshold. More sophisticated methods were required to
compute post-selected failure probabilities, as well as for acceptance probabilities above the

abort threshold, and these methods are developed in the next section.

3.B.2 Splitting individual logicals

In this section, we develop a new method that is used to compute the post-selected failure

probabilities and acceptance probabilities presented in the main text.
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The splitting method cannot be directly applied in the current setting, for two reasons. The
first reason is that post-selected failure probabilities are conditional on the decoder accepting
the syndrome history. That is, if we denote by A the set of errors that lead to aborts, then
post-selected failure probabilities are given f = P(F|.A°). To use the splitting method, we
would need to compute the ratios of conditional probabilities, and this would require being
able to efficiently compute the conditional probability density function P;(E|.A¢), which we
cannot do. The second problem is that it is difficult to even sample from P;(E|A°) for low
error probabilities. If only local steps are used by a sampler, the sampler is no longer ergodic
because it cannot couple failing errors from different logical sectors without passing through
some error that causes the decoder to abort. On the other hand, if non-local steps are used by
a sampler, then a step that couples logical sectors is going to occur with a probability that is

exponentially small in the code distance.

To overcome these difficulties, we introduce a method that samples from each logical sector
separately, and at the end combines this sample data using a normalization procedure to
give the probabilities of failure due to each logical sector. Denote by L the set of all error
configurations E that are accepted by the decoder and are corrected by a Pauli correction C
resulting in a logical operator FC' = L. We then have, for instance, that F = X U)Y U Z for a
code that contains only one logical qubit. Applying the splitting method to each logical sector

separately allows us to calculate the unconditional sector probabilities:
Pj(L) = ccPy(L), (3.12)

where ¢, are as-yet unknown constants of proportionality that do not depend on j.

We now make use of our knowledge of the noise model, which in the main text was a
depolarizing noise model, with Py corresponding to a depolarizing parameter p = 75%. At
this error probability, the noise model has a symmetry, which is that all Pauli operators are
equally likely to occur. This fact can be exploited to relate the constants of proportionality. In
particular, it guarantees that Po(£) is independent of £. If we fix Py(£) = 1 without loss of
generality, then inspecting Eq. (3.12) leads us to conclude that ¢, must also be independent of

L, and we drop the subscript and write ¢, = c.

Finally, since post-selected failure probabilities involve ratios of unconditional sector proba-

bilities, the constant of proportionality cancels out, and we have:

X Pi(L) _

fi= > P (L) (3.13)
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Fig. 3.6 Fault-tolerant logical failure probabilities for the zero-tolerance exclusive decoder. The
decoder is used with the rotated surface code with n = d?, and with ¢ = d rounds of syndrome
measurement. The noise model is depolarizing noise of strength p, with measurement errors
occuring with probability p,, = 2p/3. (top) We plot the logical failure probability against the
code distance for a range of error probabilities near threshold, observing a threshold value of
p =~ 32% (bottom) We show the scaling of logical failure probabilities below threshold. Markers
correspond to data points, and the solid lines are the low-error probability ansatz Eq. (3.15),
along with Eq. (3.16).

Acceptance probabilities above the abort threshold can be computed up to a constant of
proportionality:
1 -
By =1 g5 =~ Y Py(L), (3.14)
L

and the constant of proportionality can be removed by fixing to direct Monte-Carlo estimates

of the abort probability taken near threshold.

We made special use of properties of the depolarizing noise channel at p = 75%. We
remark that this is not a significant limitation on the flexibility of the method. In general,
any splitting-style numerical method for computing probabilities of rare events will require
some regime where the probabilities of events can be calculated directly, either by analytic
methods or by Monte-Carlo estimation. All that is required is that a path of noise models
is constructed that connects a target noise model to some ‘nice’ noise model, such as the
completely depolarizing channel, and that samples are collected from every noise model along
the path.

3.C Additional numerical results

In this section, we expand on results relating to the zero-tolerance decoder. The additional

results that we show are:
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1. We demonstrate fault-tolerant thresholds for logical failure probabilities using the zero-

tolerance decoder, and show the subthreshold scaling behaviour of the failure probability.
2. We provide data on abort probabilities in the fault-tolerant regime.

3. We provide data on abort probabilities in the code-capacity regime, which was omitted

from the main text on account of there being no thresholds for aborts.

3.C.1 Zero-tolerance fault-tolerant performance

In this section we look at the fault-tolerant version of the exclusive decoder. We choose periodic
time-like and rotated periodic space-like boundary conditions, which are often convenient for
numerical work. We repeat ¢ = d rounds of syndrome measurement. The noise model is

depolarizing noise of strength p, with measurement errors occuring with probability p,, = 2p/3.

In Fig. 3.6, we demonstrate a fault-tolerant threshold value of 32%. This is smaller than
the code-capacity threshold, which is to be expected as a general principle since there are more

failure mechanisms in the fault-tolerant regime than there are in the code-capacity regime.

In the regime of small error probabilities, the logical failure probability is determined by

the number of least-weight failing errors, and we propose the ansatz

f = A(d)p’ (3.15)

where A(d) is related to the number of least-weight failing errors, and will be discussed
momentarily. In Fig. 3.8, we plot failure probabilities below threshold, and demonstrate good

/2 a5 would be the

agreement with Eq. (3.15). We observe that failures scale with p¢ instead of p
case with a standard decoder. In the fault-tolerant regime, just as in the code-capacity regime,
the zero-tolerance decoder attains a quadratic improvement to logical failure probabilities below

threshold, as compared to standard decoders.

We now look more closely at the combinatoric pre-factor A(d). We remark that the ansatz
Eq. (3.15) is slightly more general than, for instance, Eq. (3.2), since the form of A(d) is as-yet
unspecified. This more general ansatz is necessary, since an ansatz of form A(d) = C A% was
not observed to satisfactorily fit the data for small code distances, and we require an accurate
ansatz for fault-tolerant overhead estimation in Sec. 3.3.1. We now construct a sophisticated

ansatz for A(d) by explicitly counting least-weight failing errors.

In the zero-tolerance regime, a logical failure must result from either a logical operator in
the code, or a time-like string of measurement errors that wraps around the time-like direction.
It is possible to count the number of least-weight failing errors in this setting exactly, and

derive an ansatz for the post-selected failure rates that becomes exact in the low-error rate
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Fig. 3.7 Analytic data used for the low-error probability ansatz Eq. (3.16), which sets the
failure probability of the zero-tolerance decoder in the fault-tolerant regime as per Eq. (3.15).
Sectors are labelled first by a logical Pauli on each qubit, and then by the parity of Z-type (then
X-type) measurements in any time-slice. (top) Example error configurations from each sector
that contains a minimum-weight error. Red balls denote Pauli X-type errors or measurement
faults on Z-type stabilizers. Yellow balls denote Pauli Y-type errors. (bottom) Tabulated data
for each sector that contains a minimum-weight failing error. The times symbol next to each
sector label counts the number of other sectors that are equivalent to the given sector by a
combination of transversal hadamard and/or rotation.
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Fig. 3.8 Fault-tolerant abort probabilities for the zero-tolerance decoder. The decoder is
used with the rotated surface code with n = d? qubits, and with t = d rounds of syndrome
measurement. The noise model is depolarizing noise of strength p, with measurement errors

occurring with probability p,, = 2p/3. Data points are markers, and the solid line is the ansatz

Eq. (3.17) . (inset) A zoomed in view of the inverse of the acceptance probability (1 — go)~*.

This is the factor increase in the time cost of the protocol as a result of exclusive decoding for
one decoding cycle, since the computation may need to be repeated until the decoder accepts.

regime. For example, we consider the logical sector that involves no errors on the logical qubits,
but with a non-trivial string of faulty Z-type measurement outcomes, as shown in the top right
of Fig. 3.7. These error chains must be straight in order to be least-weight. Therefore, there
are only d/2 least-weight errors in this sector, one for each Z-type stabilizer in the code. Each
of these least-weight errors has probability pd, = (2/3)%p? of occurring, since they are made
up of measurement errors. Therefore, failure mechanisms from this sector contribute a term
(d/2)(2/3)? to the function A(d). All the least-weight failing errors are tabulated in Fig. 3.7,
and a careful consideration of all the failure mechanisms in the code leads to the following

ansatz

4d* (d | 1\ 2\ ¢ 1\¢
A(d) = — - (= 4d® <> 1
(d) 2 <d/2> <3) + (3> + 3 (3.16)
We plot subthreshold failure probabilities in Fig. 3.6, and see good agreement with the

ansatz for error probabilities p < 1073,

3.C.2 Zero-tolerance fault-tolerant abort probabilities

The fault-tolerant exclusive decoder at zero-tolerance does not possess a threshold for aborts,
since increasing the code distance will always increase the probability that a single error will
result in an aborted outcome. Despite the lack of threshold, the abort probability is still an

important quantity that sets the cost of the scheme.
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A first-order expression for the abort probability at zero-tolerance is given by the probability

that any error occurs in the code. To first order, we have that the abort probability is given:
g=1—(1—p)'" (1= p)'" ~ td*(p+ pm) (3.17)

where the approximation in the second equality holds when pd?t < 1. The abort probabilities
for the zero-tolerance case are sufficiently high that they can be studied effectively using pure
Monte Carlo sampling, and we compare Eq. (3.18) to numerical data in Fig. 3.8. We observe
that in this heavily post-selected regime, the abort probability increases quadratically with the

code distance at all error probabilities.

3.C.3 Zero-tolerance code-capacity abort probabilities

The zero-tolerance exclusive decoder in the code capacity setting does not possess a threshold
for aborts. We remark that abort probabilities in the code-capacity setting for the zero-tolerance
decoder are qualitatively identical to the abort probabilities in the fault-tolerant regime, which

were discussed in the previous section.

A first order expression for the abort probability is given by considering the probability of

any error occurring in the code:

2
g=1—1-p)% ~pd® (3.18)

where the approximation in the second equality holds when pd? < 1. We study the
abort probabilities using Monte Carlo sampling, and compare Eq. (3.18) in Fig. 3.9. As for
the fault-tolerant case, there is no threshold behaviour and the abort probability increases
quadratically with the code distance. The key difference between the fault-tolerant regime and
the code-capacity regime is that abort probabilities are an order of magnitude smaller in the

code-capacity regime, since there are fewer locations for errors to occur.
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Fig. 3.9 Code-capacity abort probabilities for the zero-tolerance decoder. The decoder is used
with the rotated surface code with n = d? qubits, and the noise model is depolarizing noise of
strength p. Data points are markers, and the solid line is the ansatz Eq. (3.18). (inset) A zoomed
in view of the inverse of the acceptance probability (1 — go)~!. This sets the time-overhead of
the exclusive decoder, since a computation may need to be repeated until the decoder accepts.
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3.D Supporting figures

This section does not contain any additional results not explored in the main text. This section
provides a more in-depth detailing of some of the data analysis and fitting procedures that
support the main text figures. This section contains the following figures.

o Critical exponent plots of logical threshold values

e Goodness of fit of exponential decay of failure probabilities below threshold

« Plot of offset C'(p) for failure probabilities below threshold.

e Critical exponents plots of abort threshold values

e Goodness of fit of exponential decay of aborts below threshold

« Plot of offset C(p) for abort probability below threshold

e Goodness of fit of exponential decay of acceptance probability above the abort threshold.

o Plot of offset C}, (p) for acceptance probability above the abort threshold.
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Fig. 3.10 Critical exponent plots for threshold values of failure. For each tolerance, we fit
an ansatz near threshold f = Az? 4+ Bz + C, where = (p — pyn)d ™" is the re-scaled error
probability, and A, B, C, py,, v are all extracted from fits. Markers are data points, plotted as a
function of the re-scaled error probability, and black lines are the ansatz. The fitted parameter
Pth is the abort threshold that we report in the main text.
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we plot the coefficient of correlation resulting from a linear fit log f against d. (bottom) We
plot the failure probability f against the code distance d at a subthreshold error probability
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A and C extracted by fitting.
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Fig. 3.12 The offset function C(p) is plotted, which is extracted from a linear fit of form
log f = dlog A(p) + log C(p), where f is failure probabilities of the exclusive decoder, with the
same code and error model as studied in the main text. Markers denote fitted values. We
remark that low-error probability ansatz of Eq. (3.2) assumes that C'(p) = C' is a constant, and
we plot this low-error probability ansatz using solid lines.
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an ansatz near threshold g = Az? 4+ Bz + C, where = (p — py,)d 7 is the re-scaled error
probability, and A, B, C, jin, 7 are all extracted from fits. Markers are data points, plotted as a
function of the re-scaled error probability, and black lines are the ansatz. The fitted parameter
Pth is the abort threshold that we report in the main text.
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Fig. 3.14 Goodness of fit of a model describing an exponential decay of abort probabilities below
the abort threshold, ie, the ansatz log g = dlog A(p) +1og C(p). (top) For each error probability,
we plot the coefficient of correlation resulting from a linear fit log g against d. (bottom) We
plot the failure probability f against the code distance d at a subthreshold error probability
p = 1073, Markers are data points and the solid lines are the ansatz log g = dlog]& +log C, for
A and C extracted by fitting.
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log g = dlog A(p) + log C(p), where g is abort probabilities of the exclusive decoder, with the
same code and error model as studied in the main text. Markers denote fitted values. We
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to the error probability, and we plot this low-error probability ansatz using solid lines.
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3.E Exclusive Union-Find

The notion of a exclusive decoder is not restricted to MWPM-based decoding, and is sufficiently
general to be applied to a range of underlying standard decoders from QEC. Here, we define a

exclusive variant of the union-find (UF) decoder [44].

The first stage of the standard union-find algorithm is syndrome validation, whereby an
initial error consisting of a Pauli part E and erasure part ¢ is mapped to a final erasure o’.
If the Pauli part F is contained in the final erasure, and the final erasure does not include a

logical operator, then a correction can be assured.

To generalize this, we define the survived distance dgy;v, which will measure the amount of
uncertainty in a correction. The survived code distance is defined with reference to the final
erasure o’. If we take a logical operator L, then it can be decomposed into a part with weight
w that shares no support with the final erasure, and a part with weight w’ that is entirely
supported on the final erasure, so that w +w’ > d. The surviving distance is then the minimum

weight w taken over all logical operators L. We propose a decoder that aborts whenever

1-— dsurv > c. (3.19)

We show now that this decoder can either successfully correct, or abort, all errors consisting
of a weight s Pauli part E, and a weight t erasure part o, provided (2s + t)/2 < kd, with k
given

k=1-— (3.20)

c
3

The UF decoder breaks the initial erasure ¢ up into connected components, called clusters,
and iteratively updates each cluster. Let [ denote the sum of the diameters of the clusters at
some point in the algorithm, and let w’ denote the weight of E supported on the clusters at
that point. The growth of a cluster is always accompanied by the discovery of at least one
new qubit in the support of E, and its inclusion into the cluster. This leads to a lower bound
w' > (I —t)/2. Further, if (E, o) results in failure, then we must also have the lower bound
w > dgury, where w is the weight of E not supported on the final clusters. Writing s = w + v/,

we can write
25+t > 2gury +1 > daure + 1 > 2d (1 - ;) . (3.21)

The first inequality above is the application of the bounds discussed in the previous paragraph,
which assume that the result of the UF algorithm is a non-trivial logical operator. The second
inequality uses the bound dgyv + [ > d, which is true since the minimization in the definition

of dguv can be carried out without loss of generality by considering only logicals that do not
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enter or exit each final cluster more than once. The last inequality follows from the assumption
that the decoder does not abort, and is the negation of Eq. (3.19).



Designing time-optimal syndrome extraction circuits

using Latin squares

Abstract

During a fault-tolerant computation, a quantum computer will constantly and repeatedly
be executing rounds of circuits that are designed to detect and control the spread of
errors. Here, we present a methodology for mapping a schedule tensor, which represents
an error-correcting circuit, onto a Latin square. This allows us to take advantage of
existing datasets and knowledge about the structure of Latin squares to quickly generate
large numbers of circuits, expanding the search space over which error-correcting circuits
can be optimized. Applying our methods to color code syndrome extraction on the
honeycomb lattice, we identify approximately 105000 depth-7 circuits that extract one
syndrome bit for every stabilizer (compared to a few hundred previously known circuits
of this type). On the 4.8.8 lattice, we find circuits that use 8 gate cycles to extract
2 syndrome bits for every weight-4 stabilizer, and 1 syndrome bit for every weight-8
stabilizer, which is more efficient than previously known circuits of this type. We conclude
by discussing certain heuristics and approaches that could be used to search through

this enlarged space to find circuits with good performance at all error rates.
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4.1 Introduction

In a large-scale error-corrected quantum computation, most of the physical quantum circuitry
is dedicated to the purpose of extracting syndrome information that allows errors to be
tracked and corrected. This offers a degree of freedom in designing the layout of this circuitry,
and optimizing over the large space of possible circuit implementations can yield significant
performance improvements in terms of logical accuracy, as well as the hardware demands such

as the physical noise threshold and connectivity requirements.

In this work, we develop a methodology that can be used to quickly generate a large number
of physically valid circuits for error-correction. We also define search criteria that are designed
to reduce spacetime overheads and minimize sources of circuit error. In particular, our method
assists in designing fast translationally invariant circuits that generate entanglement between
two subsystems in a bi-partite system of qubits. This is well-suited, for example, for extracting
syndrome information in a topological code, where the two subsystems correspond to data
qubits and ancilla qubits. However, we expect that our methods may also be useful for designing

more general error-correcting circuits and codes [147-152].

A key insight underpinning our work is that physically valid entangling circuits can often be
represented in terms of Latin squares. Latin squares are a very well-studied construction in the
field of combinatorics, partly out of mathematical curiosity and partly due to their usefulness
to experimental design, statistics and scheduling problems [153]. A Latin square is an n X n
matrix with n entries, such that no row or column contains the same entry more than once.
Roughly speaking, by interpreting the row indices as specifying a qubit from one subsystem,
and the column indices as specifying a qubit from another subsystem, then the Latin square
structure naturally describes physically valid circuits that entangle two subsystem so that no
single qubit is involved in more than one gate operation at any one time. This mapping allows
us to leverage existing datasets and knowledge about the structure of Latin squares in order to

quickly generate a large number of physically valid circuits.

In this work, we choose to apply our methods to the concrete task of optimizing syndrome
extraction circuits for the 2-dimensional color code [154]. The color code is closely related
to the surface code [41, 155], in particular inheriting its local stabilizer checks, which are
implementable on a 2-dimensional chip with nearest-neighbour connectivity. However, the color
code has a richer anyon structure [156] and consequentially admits a wider range of efficient and
fault-tolerant logical operations, with reduced overheads for universal computation compared
to the surface code [157-160].

The main drawback is that practical color code implementations have poorer logical per-
formance than the surface code [92], in terms of threshold and the logical failure probabilities
below threshold. Recent and ongoing optimization to the color code [71, 73, 161-164, 164-170],
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especially in terms of its decoding [71, 73, 161-164] and syndrome extraction circuits [164-168],
have brought its logical performance closer to that of the surface code, but further optimization

is required to close the gap.

Syndrome extraction on the color code is difficult primarily due to its relatively high-weight
stabilizers, compared to those of the surface code. There are consequentially many ways that a
mid-circuit fault in the ancillary subsystem can propagate dangerously back onto the data qubits,
leading to a damaging hook error [42] that diminishes the effective code distance. It is possible
to use additional fault-tolerant gadgetry to catch hook errors and also to reduce connectivity
requirements [103, 160, 171-174]. However, more lightweight circuit implementations have
fewer locations for possible errors to occur in the first place, which results in high thresholds
and good performance especially for realistic near-term error rates, although optimizing these

circuits becomes important [164, 166, 175].

Using our new framework, we are able to search through a much larger space of lightweight
color code circuits than has previously been possible. In particular, our enlarged search space
allows exploration of syndrome extraction circuit that are allowed to vary on plaquettes of
different color, which we conjecture will be an important ingredient in protecting against hook

errors without requiring additional fault-tolerant gadgetry [175].

We set up and perform three searches in this work, each search looking for circuits that
extract syndrome information on the color code using only a single ancilla qubit for every
stabilizer in the code. In our first two searches, we consider the color code on a honeycomb
lattice that has weight-6 stabilizers. Our first search yields circuits that extract a syndrome
using 6 gate cycles that entangle data qubits with ancilla qubits, followed by a single gate
cycle to disentangle ancilla qubits prior to measurement. Our second search yields circuits that
extract a syndrome using 7 gate cycles that entangle data qubits with ancilla qubits, and do
not require any disentangling of the ancilla qubits. Finally, in our third search, we consider the
color code on the 4.8.8 lattice, that has weight-4 stabilizers and weight-8 stabilizers. We find
circuits that use 8 gate cycles to entangle ancilla qubits with data qubits, and during that time
extract 1 bit of syndrome data for every weight-8 stabilizer in the code, and 2 bits of syndrome
data for every weight-4 stabilizer in the code, without requiring disentangling of the ancilla

qubits prior to measurement.

The structure of this chapter is as follows. In Section 4.2, we introduce preliminary concepts
such as the color code, as well as a more detailed description of Latin squares. In Section 4.3,
we develop our framework as it applies to syndrome extraction circuits for topological codes.
We introduce the schedule tensor, which is a key ingredient in our method, and provide general
remarks that relate the schedule tensor to Latin squares, for defining a search. In Section 4.4,
we apply our methods to the honeycomb lattice in Subsection 4.4.1 and Subsection 4.4.2, and to

the 4.8.8 lattice in Subsection 4.4.3. Finally, we conclude in Section 4.5 and discuss directions
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Fig. 4.1 The color code with boundaries, on the honeycomb lattice. A qubit exists for every
vertex in the lattice. An X-type stabilizer is shown in the bulk, and a Z-type stabilizer is shown
on the boundary. Stabilizers commute since all plaquttes share an even number of vertices.
Boundaries inherit the color of the plaquette that they do not touch.

for future work. In Appendix. 4.A, we provide a picture of a valid color code circuit returned

by each of our three searches, allowing an at-a-glance understanding of each of our key results.

4.2 Preliminaries

4.2.1 The color code

The 2-dimensional color code is a CSS stabilizer code, defined over a lattice with qubits located
on vertices of the lattice. For every plaquette p in the lattice, there is an X-type stabilizer that

we denote A,, and a Z-type stabilizer that we denote B, that can be written

Ay =1 Xo, By= ][ 2, (4.1)

v€EDp vEDp

where Op denotes the set of vertex included in plaquette p. Importantly, the lattice is tri-valent
and three-colorable, meaning that every vertex is contained in exactly three edges, and every
plaquette can be given one of three color labels (conventionally red, green and blue), with no
two plaquettes of the same color touching. In practice, the color code is often given colored
boundaries, that are used to condense defects of their own color, although in this work we do
not consider boundaries in any detail. A picture of the color code with colored boundaries is

shown in Fig. 4.1.

We make one motivating remark about the structure and geometry of defects on the color

code. An error process that separates two red (say) defects parallel to a red boundary is
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Order # reduced Latin squares # Latin squares

1 1 1

2 1 2

3 1 12

4 4 576

5 56 161280

6 9408 812851200 (~ 10?)

7 16942080 (~ 107) 61479419904000 (= 10'%)

8 535281401856 (=~ 10'%)  108776032459082956800 (=~ 10%°)

Table 4.1 Number of reduced and unreduced Latin squares.

relatively benign, since the defects can subsequently be condensed onto the red boundary using
a low-weight operator to leave behind a stabilizer. On the other hand, an error process that
separates a red defect orthogonally from the red boundary implements part of a least-weight
logical operator, which is very damaging. The most damaging spatial orientation of a hook error,
therefore, is color-dependent. We conjecture that by allowing syndrome extraction circuits to
vary on plaquettes of different color, it will be possible to orient hook errors in a more benign

way, and an optimal circuit will take advantage of this property.

4.2.2 Latin squares

Latin squares are a well-studied construction in the field of combinatorics, and play a key role
in this work. An order-n Latin square is an n X n matrix, filled with n symbols (usually the
integers 0,1...n — 1), such that no row or column contains the same symbol more than once.

An example of an order-6 Latin square is shown in Figure. 4.2.

A Latin square is said to be in reduced form if the first column and the first row are ordered.
A Latin square can be placed into reduced form by first permuting its rows to sort the first
column of the square, and then permuting the last n — 1 columns to sort the first row of the
square. Since these permutations are uniquely determined, the set of order-n Latin squares can
be grouped into well-defined equivalence classes, with class representatives given by the reduced
squares. Given a reduced Latin square L, there are exactly n!(n — 1)! equivalent squares that

we collectively refer to as the unreductions of L.

The number of reduced Latin squares for the first few orders can be counted by formulas
such as Ref. [176], and is available as sequence A000315 in the OEIS [177], reproduced here in
Table. 4.1. We also make use of a complete enumeration of all reduced Latin squares of orders
up to n < 7, available online at Ref. [178]. For the interested reader, we remark that this list of

reduced Latin squares can be constructed, for example, by randomly sampling Latin squares
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Fig. 4.2 An example of a Latin square (left), along with its binary representation (right). In
the binary representation, colored blocks indicate non-zero entries. As a visual aid, colors
are included to match matrix elements in the Latin square to corresponding non-zero entries
in the binary representation. As an additional visual aid, the matrix elements L;; = 5 are
circled in the Latin square, and the corresponding non-zero entries are emphasized in the binary
representation with increased opacity.

using an algorithm due to Jacobson and Matthews [179], until all the reduced squares have

been observed at least once.

Latin squares can be represented in a few different ways, and one representation that we
will make use of is the binary representation. The binary representation of an order-n Latin
square L is an (n X n x n) binary array. To construct the binary representation, we set the
(i, , k)-entry of the binary array to one whenever the (i, j)-entry of the Latin square is equal to
k, and all other entries are set to zero. The defining property of a Latin square, that each row
and each column has unique entries, translates into the property that every 1-dimensional slice

in the 3-dimensional binary representation has exactly one non-zero entry.

4.3 Single-ancilla Syndrome Extraction Circuits

In this section, we provide an overview of our approach to search through syndrome extraction
circuits. Certain aspects of our approach involves design choices that are made, for example,
when setting up the search space. We do not attempt to provide a completely general framework
to describe how these choices are made, we only provide a high-level description of the general

process.
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4.3.1 Structure of a SASEC

The basic building block of a SASEC is a circuit that entangles a single ancilla qubit with a
stabilizer of the code. Then, the outcome resulting from the measurement of the ancilla qubit
is correlated with the stabilizer eigenvalue. To measure a Z-type stabilizer, for example, we
introduce an ancilla qubit in the |0) state, and for every data qubit in the stabilizer, we perform
a CNOT gate controlled by the data qubit and targeted on the ancilla qubit. This correlates
the stabilizer with the ancilla-qubit Z operator, and a measurement of the ancilla qubit in the
(|0) / |1))-basis yields the stabilizer eigenvalue. This is shown in Fig. 4.3. A building block for
X-type syndrome extraction is attained by initializing in |4), swapping the direction of the

CNOT gates, and performing measurement in the (|+) / |—))-basis.

The entangling part of a SASEC can be constructed by placing down one of these building
blocks for every stabilizer in the code. However, these building blocks do not exist in isolation
from one another, since in general, a single data qubit will be involved in the extraction of
a syndrome for more than just one stabilizer. There are two considerations that arise here.
First, no single data qubit can be involved in two CNOT gates at the same time. We refer to
these constraints as physical constraints. Second, if the circuit is not designed carefully then
a Z-type ancilla can become entangled with an X-type ancilla, and vice versa, as shown in
Fig. 4.3. We refer to these as entanglement constraints. If a SASEC does not satisfy some
entanglement constraint, then we can rectify the problem by appending a disentangling part to
the circuit immediately prior to measurement, that acts only on the ancilla qubits. However,
this is not ideal, since it takes more time, increases the sources of error in the circuit, and

requires connectivity between ancilla qubits.

The CNOT gates that constitute the entangling part of the circuit are grouped into gate
cycles (sometimes called timesteps). Indeed, the entangling part of a SASEC is completely
defined by a schedule, that provides a group label for every CNOT gate in the circuit. This
grouping must satisfy the physical constraints, and the total number of gate cycles is called
the circuit depth. If a SASEC has a disentangling part, then the disentangling gates can also
be grouped into gate cycles, and we add the depth of the disentangling part to the circuit
depth. For instance, a “depth-(X+Y)” circuit is a circuit with a depth-X entangling part, and
a depth-Y disentangling part.

4.3.2 The schedule tensor

A translationally invariant SASEC over a topological code can be represented concretely in by
specifying the schedule on a primitive cell. A primitive cell is a set of data qubits and ancilla
qubits that tile to generate the full lattice. In Fig. 4.4, we show the primitive cells that we use
for the honeycomb and 4.8.8 lattice.
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Fig. 4.3 (left) A basic building block for a syndrome extraction circuit. Ancilla qubit a is used
to measure the code stabilizer (71 Z27324). The action is Z, — Z,(Z1Z27Z374) ~ 1, highlighted
in blue, and a subsequent measurement of Z, yields the stabilizer eigenvalue. (right) Interleaved
syndrome extraction circuit that requires disentangling. Ancilla qubit a is used to measure
code stabilizer (Z1Z5...), and ancilla qubit b is used to measure code stabilizer (X;Xs...).
The single-qubit operator Z, propagates first onto data qubit 1, and then onto ancilla qubit b.
It cannot do the same through data qubit 2 due to the time-ordering of the CNOT gates. The
action of the circuit is Z, — Z,Z,(Z1Z> . ..), and ancilla qubit a and ancilla qubit b end up
entangled, resulting in random measurement outcomes.
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Fig. 4.4 (left) A primitive cell for the honeycomb lattice, containing six data qubits and six
ancilla qubits. (right) A primitive cell for the 4.8.8 lattice, containing eight data qubits and
eight ancilla qubits. For both lattices, a single primitive cell is shown in full color, and the rest
of the lattice is shown faded in the background. On each plaquette, there is one ancilla for
the X-type stabilizer, and one ancilla for the Z-type stabilizer. The X-type ancilla qubits are
pictured off-center to the left, and the Z-type ancilla qubits are pictured off-center to the right.
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A flexible way to represent the entangling part of a SASEC on a primitive cell is by using a
schedule tensor. A schedule tensor is a (n x n x T') array of binary indicator variables, where
n is the number of ancilla qubits included in the primitive cell (equal to the number of data
qubits included in the primitive cell for stabilizer codes), and T is the depth of the entangling
part of the syndrome extraction circuit. The indicator variables themselves represent CNOT

gates between qubits, and we have:

1 if ancilla qubit ¢ interacts with data qubit j at time k,
0 otherwise.

Importantly, we remark that “ancilla qubit ¢” and “data qubit j” in Eq. 4.2 are not
necessarily contained in the same primitive cell. Instead, the value z;;, = 1 indicates that
there is a set of parallel CNOT gates applied between every ancilla qubit ¢ and data qubit j
that are connected, and this occurs at timestep k. An example of a schedule tensor and the

corresponding syndrome extraction circuit is given in Fig. 4.5.

One may be concerned whether it is sufficient to satisfy the physical constraints by working
in primitive cells. There are two conditions that are sufficient to satisfy the physical constraints.
The first condition applies to the primitive cell. We require that for any fixed data qubit
or ancilla qubit, the set of neighbouring qubits are given unique labels. This is the case for
the primitive cells chosen in Fig. 4.4, and can also be satisfied in general by coarse-graining
the lattice into primitive cells that are sufficiently large. The second condition applies to the
schedule tensor. We require that every 1-dimensional slice attained by fixing the time and
data qubit index and allowing the ancilla qubit index to vary, or by fixing the time and ancilla
qubit index and allowing the data qubit index to vary, must have at most one non-zero entry.
Together, these conditions imply that no single qubit will be involved in more than one CNOT

gate at any one time.

4.3.3 Defining a search

A search is defined by two things:

1. A mapping that allows a schedule tensor to be specified in terms of a Latin square.

2. A list of constraints on the Latin square that determines the disentangling circuit that

will be required, if any is required.

The output of the search is the set of valid squares that satisfy all constraints in step 2.
There is freedom over how these two steps are defined, and we only provide here a few remarks

and general notation. First, we remark that the mapping in step 1 can be quite straightforward,
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Fig. 4.5 (left) A schedule tensor for a depth-6 syndrome extraction circuit for the honeycomb
lattice color code, which also happens to be a binary representation of a Latin square. (right) A
depiction of the circuit represented by the schedule tensor at the k = 5 timestep. Behind each
(i)-labelled qubit that measures an X-type stabilizer is a (7 + 3)-labelled qubit not shown that
measures a Z-type stabilizer. Note that the circuit described here will also require a second
stage that disentangles the ancilla qubits prior to measurement.

as in Subsection 4.4.1 and Subsection 4.4.2, but can also be more flexible and involved as in
Subsection 4.4.3. In general, this choice of mapping will determine the size of the search space,

as well as how efficiently it can be searched through.

In regards to step 2, we introduce a notation for specifying an entanglement constraint on a
Latin square. Take two row indices ¢ and j, and a set of column indices ki, ko, . . ., kn,, Over a

Latin square L. Then, we introduce the following notation for a constraint:
{ij}{k‘lkg . km} means (Lik1 — ijl)(Likg — ijZ) ... (Likg — ij?,) >0 (43)

At a physical level, an entanglement constraint is specified by listing a pair of ancilla qubits of
different type, as well as their shared nearest-neighbour data qubits. Then, the constraint is on
the parity of time-orderings of CNOT gates between the ancilla qubits and the data qubits,
as in Ref. [166]. The map between this physical picture and the Latin square constraints in

Eq. 4.3 is provided by step 1 above.

We remark that we will often find it useful to group entanglement constraints into different
types in order to tailor the search, depending on what we are looking for. For example, in
Subsection 4.4.1, we find circuits that violate some entanglement constraints that are particularly
easy to clean up with a disentangling circuit prior to measurement, and in Subsection 4.4.3, we
speed up our search significantly by checking certain entanglement constraints early, using a

shortcutting method.
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4.4 Results

In this section, we provide details of three searches that we performed. In regards to the
honeycomb code, we report depth-(6+1) honeycomb circuits in Subsection. 4.4.1, and depth-7
honeycomb circuits in Subsection 4.4.2. In regards to the 4.8.8 lattice, we report time-optimal

circuits in Subsection 4.4.3.

4.4.1 Depth-(6+41) honeycomb circuits

In this subsection, we search for circuits with depth-6 entangling parts, but we allow these
circuits to leave entanglement between ancilla qubits that are located on the same plaquette.
Then, the leftover entanglement structure is very simple: the ancillary subsystem is described
by a product state over Bell pairs (ignoring entanglement with the data qubits), requiring only

a single additional gate cycle to disentangle.

Search definition The depth-6 search over the honeycomb code is the simplest search to
describe. This is because the schedule tensor has dimension 6 x 6 x 6, and since every data
qubit interacts with every ancilla qubit exactly once, then the schedule tensor is already the
binary representation of a Latin square. In particular, the (i, j)-th entry of a Latin square
simply gives the time at which ancilla qubit ¢ interacts with data qubit j, or equivalently gives

the location of the non-zero entry along the (i, j)-slice in the schedule tensor.

The set of entanglement constraints is also straightforward to write down in this case,
by inspection of the primitive cell in Fig. 4.4. We identify two types of constraints. Type-1
constraints relate ancilla qubits on adjacent plaquettes. For example, pick an ancilla qubit 0,
and an ancilla qubit 4 directly above it. These two qubits are of opposite Pauli type, but share
connections to data qubits 0 and 1. Therefore, {04}{01} is a type-I entanglement constraint.
Type-II entanglement constraints relate ancilla qubits on the same plaquette. For example,
{03}{012345} is a type-II entanglement constraint. The full set of entanglement constraints is
provided in Table 4.2.

The search is over all order-6 Latin squares, and the search criteria is for valid squares
that satisfy all the type-1 entanglement constraints. We allow circuits that may violate type-11

entangling constraints.

Valid circuits In reporting our results, we consider that two circuits may be related by a
simple lattice transformation, such as a translation, rotation, reflection or by interchanging the

role of X-type and Z-type ancilla qubits. Here, and for the remainder of this work, we report
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Type I constraints

{31}{01} {32}{12} {31}{23}
{32}{34} {31}{45} {32}{50}
{42}{25} {40}{54} {42}{41}
{40}{10} {42}{03} {40}{32}
{50}{43} {51}{30} {50}{05}
{51}{52} {50}{21} {51}{14}
Type II constraints

{03}{012345} {25}{012345} {14}{012345}

Table 4.2 Honeycomb constraints

all valid circuits returned by our search, and in parenthesis we report only valid circuits that

are distinct up to simple lattice symmetries.

We searched over close to a billion Latin squares, and found that there were 6444 (162)
circuits that left behind a Bell pair on all three colors of plaquettes, there were 0 (0) circuits
that left behind a Bell pair on two of the three colors of plaquettes, and there were 288 (4)
circuits that left behind a single Bell pair on only one out of the three colors of plaquettes.
Unfortunately, there were no circuits included in our search that left behind no entanglement
on the ancillary subsystem. An example of a circuit leaving behind a Bell pair only on green

plaquettes, and satisfying all other entanglement constraints, is shown in Fig. 4.9.

All valid circuits returned by our search require a single disentangling step to be applied
before the ancilla qubits can be measured. During the disentangling part of the circuit, the
data qubits are idling and accruing another round of errors as they idle. Alternatively, we could
imagine that we hot-swap another ancilla qubit in to replace any ancilla qubit that needs to
be disentangled. Then, while ancilla qubits from one round of syndrome extraction are being
disentangled and measured, the entangling part of the circuit for the next round of syndrome
extraction can begin. This requires more physical qubits, and more connectivity, but may result
in faster circuits and higher thresholds. Finally, we note that it may be possible to make use
of the leftover entanglement, or to design circuits that intentionally generate entanglement

between ancilla qubits, in order to ease connectivity requirements for Pauli measurement [168].

4.4.2 Depth-7 honeycomb circuits

In this subsection, we allow an additional timestep into the honeycomb circuits that we search
over, so that we are searching over depth-7 SASECs rather than the time-optimal depth-6
SASECs. The trade-off is that there are many more depth-7 SASECs than depth-6 SASECs.
This allows us to keep the search criteria strict, and the circuits that we find require no

disentangling part.
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Search definition A depth-7 circuit on the honeycomb lattice is described by a (6 x 6 x 7)
schedule tensor. A way to construct such a schedule tensor is to start with a binary representation
of an order-7 Latin square, which is a (7 x 7 x 7)-tensor, and take a (6 x 6 x 7) sub-block.
Equivalently, in terms of Latin squares, we start with a 7 x 7 Latin square, and look only
at the restriction to the first six rows and columns. The row indices of the restricted square
correspond to ancilla qubits, the column indices correspond to data qubits, and the entanglement
constraints in Table 4.2 are applied without any modification to the restricted square to define
a valid SASEC.

We have two remarks about the size of the search space. Our first remark is that the
search space does not include all depth-7 physically valid SASECs. As a counter-example,
consider a depth-7 circuit that is really a depth-6 circuit, followed by idling gates. This circuit
is represented by a 6 x 6 Latin square, which can not be found as the restriction of a 7 x 7
Latin square, since the last row and column of the (7 x 7)-square would have to be filled with

just one repeated symbol. Therefore, the search that we perform here is a limited search.

Our second remark is that the size of even this limited search space is large—it is equal to
the number of 7 x 7 Latin squares, which from Table 4.1 is approximately 10'. To see this,
observe that there is a one-to-one correspondence between restrictions of (7 x 7)-squares, and
(7 x T)-squares themselves. This is a result of the fact that the restriction has a well-defined
inverse operation, since the first six entries in any row or column of a (7 x 7)-square uniquely

determines the last entry.

Valid circuits We do not attempt to search through every restricted square, since the search
space is very large. Instead, we sampled 20 random unreduced squares for every reduced square,
sampling around 300 million squares. In total, we found 42 valid circuits. An example of one
of these circuits is shown in in Fig. 4.10, in Appendix 4.A. Extrapolating from this result, we
estimate that the total search space contains approximately 7 million (105000) valid circuits,
and valid circuits are sufficiently dense in the search space that they can be generated at a

reasonable rate.

To contextualize our result, we remark that the circuits reported here do not provide a
speed improvement on existing circuits, since depth-7 circuits have been found previously in
Ref. [166]. However, previously only a few hundred' depth-7 circuits were known, and they
were limited in the sense that the schedule was not allowed to vary on plaquettes of different
color. We therefore consider our result to be of practical significance. Since our circuits can very
on plaquettes of different color, we consider it likely that an optimization over this larger space

will find circuits that orient hook errors in a more benign way, yielding a further improvement

'There is a minor discrepancy on the exact number in the literature, with 292 reported in Ref. [164], and 234
reported in Ref. [166]
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Ly Lo Ls Ly
{173{12} {52}{56} {43}{12} {06}{56}
{52}{32} {17}{76} {06}{32} {43}{76}
{17}{03} {52}{47} {43}{03} {06}{47}
{52}{01} {17}{45} {06}{01} {43}{45}
{15}{0123} {15}{4567} {04}{0123} {04}{4567}
Global constraints

{07}{12} {42}{32} {07}{03} {42}{01}
{53}{12} {16}{32} {53}{03} {16}{01}
{16}{56} {53}{76} {16}{47} {53}{45}
{42}{56} {07}{76} {42}{47} {07}{45}
{27}{24} {63}{24} {27H{17} {63}{17}
{27}{60} {63}{60} {27}{53} {63}{53}

{26}{01234567} {37}{01234567}
Table 4.3 4.8.8 constraints

in terms of higher thresholds and smaller subthreshold failure probabilities for the color code

implemented on the honeycomb lattice.

Finally, we remark that it may be possible to use advanced methods from computational
group theory to speed up the search in this case. This is because the physical lattice symmetries
can be made to fix the first row and column of a Latin square, since a dummy row and
column is part of the construction. Then the lattice symmetries are a subgroup of the group
of permutations that reduce a Latin square, which can be identified one-to-one with the
unreductions of a given reduced square. The problem of finding valid Latin squares corresponds
to finding the transversal of the symmetry group in the set of unreduced squares, which is a
well-studied problem [180]. We did not attempt a more advanced search, but we expect a speed

up of up to the order of the size of the symmetry group (72x) may be possible.

4.4.3 Time-optimal 4.8.8 circuits

In this subsection, we search over SASECs for the color code defined on the 4.8.8 lattice.
The 4.8.8 lattice poses an interesting challenge, since it has stabilizers of differing weight. A
time-optimal SASEC will extract syndrome measurement data associated with red plaquettes
every four gate cycles, and will extract syndrome measurement data associated with green
and blue plaquettes every eight gate cycles. We successfully adapt out methods to this setting
and find depth-8 SASECs that achieve this time-optimality, providing a demonstration of the
flexibility of our Latin-square methodology.
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Fig. 4.6 (left) A view of a schedule tensor x;;; that represents a syndrome extraction circuit
for the 4.8.8 color code. Each colored block represents a part of the circuit that extracts
exactly one syndrome bit. There are two red blocks for every red plaquette, because syndrome
data associated with red plaquettes is extracted twice every cycle, once in the first four gate
cycles and once in the second four gate cycles. Within each colored block, there is exactly
one non-zero entry along every 1-dimensional slice. (right) Views of the schedule tensor after
being transformed according to Eq. (4.4). The entire 3-dimensional binary array is now a
representation of a Latin square, since every 1-dimensional slice has exactly one non-zero entry.
The red blocks that are not visible in the isometric projection are fixed by the transformation.

Search definition The schedule tensor for a depth-8 SASEC on the 4.8.8 lattice does not
immediately have the structure of a Latin square, since the Tanner graph over the primitive
cell defined in Fig. 4.4 is not fully connected. Assuming that red plaquettes are measured twice
in a syndrome extraction cycle, then in the schedule tensor this means that a 1-dimensional
slice obtained by fixing a red ancilla qubit ¢, and a data qubit j, and allowing the time index to
vary, will either have no non-zero entries if 7 is not connected to j, or two non-zero entries if ¢

is connected to j.

Fortunately, there is a simple transformation on the schedule tensor that can turn it into a
representation of a Latin square. The transformation shuffles around sub-blocks of the schedule
tensor. We introduce the permutation o4gg on {0,1,...,7} that swaps 0 with 1 and also swaps
4 with 5. In cycle notation, this is written o4gs = (01) (45). Then, the transformed schedule
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Fig. 4.7 A Latin square representing a schedule of a syndrome extraction circuit for the 4.8.8
color code. Column indices denote data qubits, but row indices do not denote ancilla qubits.
Instead, each colored block can be associated with an ancilla qubit. The top left red block
contains interactions involving the 0-ancilla qubit. The top right red block contains interactions
involving the 1-ancilla qubit. The bottom left red block contains interactions involving the
4-ancilla qubit. Finally, the bottom right red block contains interactions involving the 5-ancilla
qubit. A green or blue block at row index i contains interactions involving the i-ancilla qubit.

tensor is defined below:
Tij k <4,
G =14 " (4.4)
x0488(i)jk k 2 4.
We direct the reader towards Fig. 4.6 to convince themselves that this does indeed transform

;5% into a representation of a Latin square.

Finally, we can write down the Latin square corresponding to the transformed schedule,
however we have to make sure that we interpret the entries of this Latin square correctly. Since
the transformation from Eq. (4.4) permutes row indices over part of the schedule, it is no longer
the case that row indices of the Latin square will correspond to ancilla qubits. Instead, we refer
the reader to Fig. 4.7 to properly interpret all entries of the Latin square representation of a
4.8.8 schedule.

We remark that not all 8 x 8 Latin squares correspond to SASECs on the 4.8.8 lattice, since
we want to be able to measure the red plaquettes halfway through the circuit. For example,
this means that in row 0, the first four matrix elements must contain the integers 0, 1,2, and
3, since red plaquettes will be measured after the fourth timestep. The same constraint also
applies to the first four entries of row 4, to the last four entries of row 1, and to the last four
entries of row 5, where we note that row indexing starts from 0. We refer to these constraints

collectively as mid-cycle measurement constraints.
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Fig. 4.8 An 8 x 8 Latin square is constructed from four 4 x 4 Latin squares. Ly (green) and Ls
(blue) contain the integers 0, 1,2,3, and L; (yellow) and Ly (pink) contain the integers 4, 5,6, 7.
The matrix elements involved in the constraint {17}{12} are circled in red, and can be checked
by looking only at L.

Shortcut search Rather than initiate a search through all 8 x 8 Latin squares, of which there
are approximately 10?°, we restrict the search space by considering only candidate 8 x 8 Latin
square that are constructed from four 4 x 4 Latin squares. The details of this construction are
provided in Fig. 4.8. This limited search space still includes a total of 576* ~ 10'? squares,
however we can speed up our search dramatically by shortcutting the checking of entanglement
constraints. The entanglement constraints on the 4.8.8 lattice can be grouped into constraints
that are supported only on one of the (4 x 4)-squares shown in Fig. 4.8, and global constraints
that have to be checked on the full (8 x 8) square. For example, from Fig. 4.8, it can be seen
that the constraint {17}{12} involves matrix elements that all come from L;, whereas the
constraint {07}{12} involves some matrix elements from L;, and some matrix elements from
L3. A list of all entanglement constraints and their groupings is given in Table 4.3. With these
groupings, we can shortcut the search by rejecting a (4 x 4)-square immediately if it fails a
constraint. We find that there are only 16 valid configurations for each (4 x 4)-square, leaving
only 16* = 65536 (8 x 8)-squares that need to be explicitly checked, which can be searched

through in a matter of seconds.

We remark that there are many ways to construct an 8 x 8 Latin square from four 4 x 4 Latin
squares. The construction in Fig. 4.8 was carefully chosen such that a resulting (8 x 8)-square
could feasibly satisfy all the entanglement constraints from Table 4.3. An additional nice
property of the construction in Fig. 4.8 is that it guarantees that the resulting (8 x 8)-squares
will satisfy the mid-circuit measurement constraints, as well as certain global constraints such
as {07}{12}, for free.
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Valid circuits We searched through a total of 576* ~ 10'? squares using our shortcutting
method and found 2304 circuits that satisfied all of the entanglement constraints in Table. 4.3.
After taking symmetries into account, we discovered some new circuits, bringing the total up
to 5184 (162) circuits. This is because the action of the lattice symmetries does not respect the
process that we use to construct squares in our limited search space. As a result, the number
of squares that we have effectively searched through, ie squares for which we have checked a
symmetry-equivalent square, is larger than 576% ~ 10'2. An example of a valid circuit is shown
in two pages in Appendix 4.A, with the first four timesteps shown in Fig. 4.11, and the second

four timesteps shown in Fig. 4.12.

These circuits are able to extract syndrome information on the red plaquettes at twice the
rate as standard 4.8.8 circuits found in the literature. In theory, this allows red defects to be
tracked and corrected more accurately than blue defects or green defects. It would be interesting
to consider how a decoder can be designed to use this additional syndrome information most
effectively, or whether there are fault-tolerant gate constructions that can take advantage of the
more reliable data for red defects. Finally, we remark that recent work has explored measuring

stabilizers at differing frequencies for local implementations of LDPC codes [181].

4.5 Discussion

We have developed a methodology for generating a large number of physically valid, translation-
ally invariant stabilizer circuits that are defined on bi-partite connectivity graphs. We applied
our methodology to the two-dimensional color code, and generated many instances of space
and time-optimized syndrome extraction circuits for both the honeycomb lattice and the 4.8.8
lattice. In particular, we filtered these SASECs by minimizing the depth of the disentangling
part of the circuit to be applied prior to measurement, with a particular focus on enumerating
SASECs that did not require a disentangling part, where possible. We posit that by minimizing
the number of ancilla qubits and timesteps used, our circuits will perform well in the regime of
realistic near-term error rates, since with fewer gates there are also fewer locations where errors

can occur.

A very immediate and natural follow-up question, still focusing on color code optimization,
is what kinds of properties should we look for with regards to the entangling part of the circuit?
Put another way, it remains to benchmark the many circuits that we found to further optimize
for logical performance at all error rates. In the regime where errors are very unlikely to
occur, we expect that performance is going to be dominated to first order by the geometry of
hook errors, since the effective code distance sets the sub-threshold scaling of logical failure
probabilities with regards to the code distance. In practice our circuits could be filtered, for

example, by performing fault-tolerant simulations of a sample of the circuits that we report
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here, and applying a supervised learning technique to extract features with good predictive
power for quantities of interest, such as failure probabilities far below threshold. It is worth
remarking, however, that an optimal technique may not be a single fixed circuit. For example,
it may be the case that by randomly varying the syndrome extraction circuit round to round,
then there will be no single direction that hook errors can compound together harmfully, and
instead hook errors will propagate defects in a diffusive, random-walk fashion. Finding color
code circuits optimized for logical performance at all error rates is an active and ongoing area
of research, which will have a large impact on the practicality of color code based quantum

computing.

Moving away from color codes, we remark that the bi-partite system of qubits described
by our circuits does not necessarily need to correspond to a set of data qubits and a set of
ancilla qubits in a syndrome extraction circuit for a stabilizer code. For example, the circuits
based on time-dynamics such as Ref. [150], or the middle-out circuit of Ref. [167], do not use
ancilla qubits, but are still defined over a bi-partite connectivity graph (the hex-grid) and
could therefore be described by our methods. A recent shift in perspective is to consider
error-correcting circuits (also called space-time codes [147]) as a fundamental construction, as
opposed to starting with an error-correcting code and designing a circuit as an implementation
detail. In the past, brute-force searching over translationally invariant stabilizer codes has
yielded codes with interesting properties [61]—an intriguing possibility is to use our methods
to allow a brute-force search over translationally invariant stabilizer circuits, to hopefully find
space-time codes with interesting properties. A key question that will progress this line of

inquiry is what fault-tolerant criteria should be used to filter the most robust stabilizer circuits?

4.A Examples of circuits
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Fig. 4.9 A depth-(6+1) circuit for syndrome extraction on the honeycomb lattice color code.
On each plaquette, there are two ancilla qubits, drawn on top of each other, with the X-type
ancilla qubit labels covering the Z-type ancilla qubit labels. In timestep 7, all ancilla qubit
labels are shown.
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Fig. 4.10 A depth-7 circuit for syndrome extraction on the honeycomb lattice color code. On
each plaquette, there are two ancilla qubits, drawn on top of each other, with the X-type ancilla
qubit labels covering the Z-type ancilla qubit labels.
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Fig. 4.11 Timesteps 0,1, 2,3 of a depth-8 circuit for syndrome extraction on the 4.8.8 lattice
color code, extracting two syndrome bits for every red plaquette, and one syndrome bit for
every green and blue plaquette. Timesteps 4,5,6,7 are shown on the next page. On each
plaquette here and on the next page, there are two ancilla qubits, drawn on top of each other.
The X-type ancilla qubit labels are covering the Z-type ancilla qubit labels. All ancilla qubits
on red plaquettes are measured and reinitialized after the ¢ = 3 timestep.
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Fig. 4.12 Timesteps 4, 5,6, 7 of a depth-8 circuit for syndrome extraction on the 4.8.8 lattice
color code, extracting two syndrome bits for every red plaquette, and one syndrome bit for
every green and blue plaquette. Timesteps 0, 1,2, 3 are shown on the previous page. All ancilla
qubits are measured and re-initialized after the t = 7 timestep.






Conclusion

In this thesis, we have investigated challenges that must be overcome and techniques that can
be useful when implementing the theory of quantum error correction in practice. In particular,
we are motivated by recent advances in experimental quantum error correction, especially by
the prospect of current-day physical systems continuing to scale up, becoming capable of larger
and more complex fault-tolerant computations as they do so. Our thesis highlights a dichotomy
that exists within the development of fault-tolerance theory as it applies to practical questions:
(i) how can the theory of quantum error correction be optimized and compactified down to fit
within the constraints of a near-term device with limited components, and (ii), in doing so, how
can the techniques and frameworks that are developed be scaled back up to inform or renew

our understanding of the theory of fault-tolerance into the future?

In Chapter 2, we addressed the question of whether classical decoding calculations, which are
required to track and correct errors, can be performed in real-time at a sufficient pace to keep
up with the clock cycle of a quantum computer. We proposed a solution based on distributing
and pipelining the processing of syndrome data. Specifically, we used a greedy predecoder that
reduced the complexity of the decoding problem to be sent to a more sophisticated main stage
decoder. We took care to consider practical questions, such as where the processing will be
carried out and how much communication bandwidth will be required, but we also designed our
approach to scale, since the predecoding part of our solution was completely local with minimal

computational resource requirements. We found substantial improvements in the runtime of the
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global decoder and the communication bandwidth by using the predecoder. For instance, To
achieve a logical failure probability of f = 107! using qubits with physical error rate p = 1073
and a distance d = 22 code, we found that the bandwidth cost was reduced by a factor of
1000, and the time taken by a matching decoder was sped up by a factor of 200. To achieve
this target failure probability, the predecoding approach required a 50% increase in the qubit
count compared with the optimal decoder. We remark that in this chapter we re-examined
an assumption that has often been made in the development of QEC—that classical decoding
and communication can be performed instantaneously. After dropping this assumption, careful
considerations such as ours of how decoding will be implemented in practice has led to the
field of real-time decoding, which is related to the more general field of micro-architecture
design [74, 182], with the understanding that the entire classical-quantum interface, including
specification of where and when classical processing will be done, will need to scale up with
the quantum computer. This multidisciplinary field is especially interesting and active at the
moment, due to the diversity of promising hardware modalities that are currently building

infrastructure to transition from research-scale to industry-scale quantum computing.

In Chapter 3, we investigated post-selection. Post-selection is a powerful tool in experimental
QEC [22-27, 29, 32, 35] used for boosting logical performance when hardware components are
limited, but it is sometimes considered “cheating” under the presupposition that it will not scale.
We posed the question: can post-selection have a role to play in the future of fault-tolerant
quantum computing at scale, and if so, what is the nature of that role? Focusing on the
surface code, we introduced a parameterized family of exclusive decoders, which could abort
on decoding instances that were deemed too difficult. We developed new numerical sampling
methods specifically designed to simulate exclusive-style decoders with post-selection. We saw
significant improvements to post-selected logical performance, and observed a threshold of
50% under depolarizing noise for the surface code (or 32(1)% for the fault-tolerant case with
phenomenological measurement errors), and up to a quadratic improvement in logical failure
rates below threshold. A key and novel result, however, was the discovery of a low-error rate
regime where we observed that the exclusion rate decayed with code distance, providing a
pathway for scalable and time-efficient quantum computing with post-selection. In relation to
the first half of our question (can post-selection have a role to play?), these results provided
strong evidence in the affirmative. In relation to the second half of our question (what is the
nature of that role?), we provided several proposal applications. Most notably, we extrapolated
from analytic and numerical models to provide resource estimates for medium-scale circuits,
such as the 15-to-1 magic state distillation circuit, and reported that exclusive decoding resulted
in a 75% reduction in the number of physical qubits required, and a 60% reduction in the
total spacetime volume required. The reduction to qubit footprint is especially relevant to
near-term medium-scale QEC demonstrations with limited components, and the reduction to

spacetime volume will continue to be relevant in the future to large-scale general error-corrected
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quantum computers. We remark that magic-state distillation is an architectural element, and
understanding the role of post-selection is closely coupled to the broader question of how
to lay out designs for large-scale quantum computing architectures, which is a fertile and
largely unexplored area of research. We identify two future lines of research (i) to explore
whether better use of the syndrome data, in combination with exclusive decoding, can open
up new regimes of applicability, and (ii) can quantum computing architectures be designed to
exploit this? We also point out related work published concurrently [124] also explored similar
exclusive-style decoders, but focused on the orthogonal application of exclusive decoding for
code-concatenation. We believe that the technique of exclusive decoding, especially including
our specialized numerical sampling methods that we developed, will continue to be useful in

progressing inquiry into uses of post-selection for quantum computing at scale.

In Chapter 4, we developed a methodology for generating many instances of stabilizer
circuits, and for searching through these circuits filtering by their error-correcting properties.
From one perspective, circuit design can be viewed as a compilation problem, whereby an
abstract error-correcting code is compiled into a sequence of machine-level instructions that can
be executed on hardware, sensitive to device-level considerations such as connectivity, available
gate sets and component-level noise specifications. To this end, we showcased our methodology
by generating syndrome extraction circuits for the 2-dimensional color code, on both the
honeycomb lattice and on the 4.8.8 lattice. Our search yielded many instances of compact
circuits that were optimized to have a small space-time overhead, and also to perform well
against physically realistic near-term error rates, making them well-suited for use in current-day
experimental demonstrations of fault-tolerant computation with the color code [29, 31, 35, 183].
An open direction left for future work is to benchmark our circuits, to further optimize for

logical performance at all error rates.

An alternative perspective of circuit design, however, is that stabilizer circuits should be
viewed as a central object in the theory of fault-tolerance, capable of describing a more general
variety of fault-tolerant constructions. It is entirely possible that the architecture that will
eventually be used in large-scale fault-tolerant quantum computers is yet to be discovered. In
relation to the color code, our tools allowed a search through a larger space of compact syndrome
extraction circuits than has previously been possible. We hope that our methodology will also
be useful in the exploration of fault-tolerant stabilizer circuits to design better fault-tolerant

architectures for quantum computing at scale.
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